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THE EFFECT OF INLET CONDITIONS ON TURBINE ENDWALL LOSS 
 

JRKQ D. CRXOO1, CKULVWRSKHU J. CODUN2 
1UniYeUViW\ of O[foUd, O[foUd, UK, 2UniYeUViW\ of CambUidge, CambUidge, UK 

 

 

ABSTRACT 
There can be significant variation and uncertainty in the flow conditions entering a blade row. This paper explores how this 

variability can affect endwall loss in axial turbines.  
A computational study of three cascades with collinear inlet boundary layers is conducted. Endwall loss varies by more than a 

factor of 3 depending on the inlet conditions. This variation is caused by dissipation of Secondary Kinetic Energy (SKE). The results 
can be understood by observing that the inlet conditions predominantly control how secondary vorticity is distributed within the blade 
passage. Modestly-thick inlet boundary layers with high shape factor tend to displace vorticity towards the center of the passage. This 
displacement reduces vorticity cancellation, increasing secondary velocities and SKE. 

A general method is formulated to estimate SKE in preliminary design. Optimum aspect ratio is shown to depend on the inlet 
boundary condition. Strategies to reduce endwall loss and minimi]e sensitivity to inlet conditions are then highlighted. 

1 INTRODUCTION 
EndZall floZV W\picall\ caXVe one WhiUd of Whe efficienc\ loVV in WXUbomachineV [1]. In a[ial WXUbineV, WheVe loVVeV aUe laUgel\ 

geneUaWed b\ diVVipaWion in endZall boXndaU\ la\eUV and mi[ing indXced b\ Whe VecondaU\ floZV [2]. TheVe VecondaU\ floZV aUiVe aV Whe 
non-XnifoUm inleW floZ WXUnV WhUoXgh Whe blade paVVage, geneUaWing VWUeamZiVe ³VecondaU\´ YoUWiciW\ and bXlk floZ UoWaWion. In addiWion 
a nXmbeU of diVcUeWe YoUWical VWUXcWXUeV foUm, noWabl\ Whe HoUVe-Shoe VoUWe[ (HSV) V\VWem. ReYieZV of WhiV behaYioU aUe giYen b\ 
SieYeUding [3] and LangVWon [4]. 

ThiV papeU e[amineV hoZ Whe VecondaU\ floZ and aVVociaWed loVVeV aUe affecWed b\ Whe UoZ infloZ condiWionV. In gaV WXUbineV WheVe 
condiWionV aUe difficXlW Wo pUedicW becaXVe Whe\ aUe dependenW on Whe XpVWUeam main gaV paWh, VecondaU\ aiU V\VWemV, cleaUanceV, 
manXfacWXUing deYiaWionV and in-VeUYice deWeUioUaWion. DiUecW VimXlaWion of all poVVible effecWV iV infeaVible, eVpeciall\ dXUing Whe deVign 
pUoceVV. ThiV papeU WheUefoUe aimV Wo infoUm deVigneUV b\ conVideUing: 
x Which mechaniVmV conWUol VenViWiYiW\ Wo inleW condiWionV? 
x HoZ aUe WheVe mechaniVmV inflXenced b\ blade deVign? 
The papeU addUeVVeV WheVe TXeVWionV XVing a compXWaWional VWXd\ of lineaU caVcadeV, Zhich aUe ideall\ VXiWed Wo deWailed anal\ViV of Whe 
fXndamenWal mechaniVmV. 

1.1 PUHYLRXV SWXGLHV RI IQOHW BRXQGDU\ CRQGLWLRQV 
WiWh noWable e[cepWionV (e.g. [5]), almoVW all caVcade VWXdieV haYe conVideUed WXUbXlenW inleW boXndaU\ la\eUV ZiWh Vhape facWoU 

𝐻ଵଶ ൎ 1.3. In geneUal, neW loVV WendV Wo incUeaVe ZiWh boXndaU\ la\eU WhickneVV e[cepW foU YeU\ Whick pUofileV, [6]. 
Shape facWoUV in WXUbomachineV Zill Wend Wo be VignificanWl\ higheU Whan in WheVe caVcade WeVWV. The UefeUence fUame change beWZeen 

VWaWionaU\ and UoWaWing UoZV incUeaVeV Whe Vhape facWoU of Whe VWUeamZiVe floZ componenW. ThiV effecW iV compoXnded b\ XpVWUeam 
VecondaU\ floZV, annXlXV VWepV and Whe injecWion of loZ-momenWXm Vealing floZV. The aYailable daWa on Vhape facWoU (e.g. [7]) iV Woo 
VpaUVe Wo eVWimaWe Whe likel\ impacW on loVV. 

ThXV Whe VWaUWing poinW foU WhiV compXWaWional VWXd\ ZaV Wo inYeVWigaWe Vhape facWoU. FoU Whe Vame inleW boXndaU\ la\eU WhickneVV, 
FigXUe 1 VhoZV WhaW incUeaVing 𝐻ଵଶ fUom 1.3 Wo 2.6 incUeaVeV Whe Vi]e and VpanZiVe peneWUaWion of Whe VecondaU\ floZV, Zhich caXVeV Whe 
neW mi[ed-oXW endZall loVV Wo moUe Whan doXble. The neW maVV-aYeUage loVV incUeaVeV b\ oYeU 50%. 
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A ZideU VWXd\ foU Whe cXUUenW caVcadeV VhoZed WhaW Vhape facWoU had a geneUall\ gUeaWeU impacW on loVV Whan VkeZed [5] oU VWage-
like [8] inleW condiWionV. ThiV papeU WheUefoUe onl\ conVideUV collineaU inleW boXndaU\ la\eUV. 

1.2 TKH CRQWULEXWLRQ RI SHFRQGDU\ KLQHWLF EQHUJ\ 
Of Whe mechaniVmV WhaW conWUibXWe Wo endZall loVV, iW iV Whe kineWic eneUg\ of Whe VecondaU\ floZ WhaW iV moVW VenViWiYe Wo inleW 

condiWionV. FolloZing [9], FigXUe 2 VhoZV an appUo[imaWe bUeakdoZn of endZall loVV componenWV foU YaU\ing inleW boXndaU\ la\eU 
WhickneVV ߜଽ଼ and Vhape facWoU 𝐻ଵଶ. IW can be Veen WhaW Whe YaUiaWion of neW mi[ed-oXW loVV ZiWh inleW condiWionV iV dominaWed b\ changeV 
in Whe SecondaU\ KineWic EneUg\ (SKE); DenWon and PXllan [8] made a VimilaU obVeUYaWion. The majoUiW\ of Whe SKE doeV noW diVVipaWe 
befoUe Whe WUailing edge (TE) plane. 

TheUe iV VignificanW debaWe aV Wo ZhaW fUacWion of SKE Zill be Ueali]ed aV loVV in a mXlWiVWage machine. FoU WheVe calcXlaWionV beWZeen 
40% and 70% of Whe SKE haV alUead\ diVVipaWed ZiWhin half an a[ial choUd of Whe WUailing edge, aV Whe maVV-aYeUaged loVVeV in FigXUe 2 
indicaWe. DenWon [1] aUgXeV WhaW doZnVWUeam VWageV ma\ e[WUacW ZoUk fUom Whe piWch-ZiVe componenW of Whe UeVidXal SKE, bXW an\ 
UecoYeU\ of eneUg\ Zill be caVe-Vpecific and a Vmall fUacWion of Whe WoWal. ThXV foU VimpliciW\ WhiV papeU aVVXmeV WhaW all of Whe SKE Zill 
XlWimaWel\ be diVVipaWed aV loVV. 

1.3 A UVHIXO FUDPHZRUN WR AQDO\]H SHFRQGDU\ FORZ 
To e[plain Whe dUiYing mechaniVmV, WhiV papeU bUingV WogeWheU CompXWaWional FlXid D\namicV (CFD) VimXlaWionV and WheoUeWical 

meWhodV. The anal\ViV VhoZV WhaW iW iV XVefXl Wo WUeaW Whe geneUaWion of VecondaU\ floZ aV WZo diVWincW pUoceVVeV: 
1. The geneUaWion of VWUeamZiVe YoUWiciW\, geneUaWed b\ Whe conYecWion of Whe inleW floZ WhUoXgh Whe caVcade; 
2. The indXcWion of VecondaU\ YelociW\ and SKE b\ Whe YoUWiciW\ field. 
In UealiW\ WheVe pUoceVVeV aUe inWeU-dependenW, i.e. VecondaU\ YelociW\ Zill affecW VWUeamZiVe YoUWiciW\ geneUaWion. NoneWheleVV WhiV 
fUameZoUk iV helpfXl foU XndeUVWanding Whe ke\ effecWV. 

 
Figure 1: Effect of inlet shape factor on loss: 100q turning cascade, 

0.5𝐶௫ downstream of the trailing edge, ߜଽ଼/𝑝 𝑐𝑜𝑠 𝛼ଶ ൎ 0.95.  

 
Figure 2: Endwall loss breakdown with varying inlet conditions, 100q 

turning cascade. 
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1.4 SHFRQGDU\ FORZ TKHRU\ 
³ClaVVical´ VecondaU\ floZ WheoU\ iV geneUall\ capable of modelling SKE geneUaWion, bXW noW Whe oWheU componenWV of endZall loVV. 

Modelling Whe conYecWion of inleW YoUWiciW\, STXiUe and WinWeU [10] aUgXed WhaW VecondaU\ YoUWiciW\ iV pUopoUWional Wo WXUning and XVed a 
VWUeamfXncWion meWhod Wo calcXlaWe Whe indXced VecondaU\ YelociW\ field. ThiV papeU emplo\V Whe laWeU UefinemenWV of HaZWhoUne [11], 
MaUVh [12] and oWheUV.  InYiVcid, incompUeVVible floZ iV conVideUed and Whe flXid aW each VpanZiVe heighW iV aVVXmed Wo Uemain in a WZo-
dimenVional plane. ThXV Whe WheoU\ ignoUeV Whe ineYiWable WZiVW and conWUacWion of VWUeamWXbeV WhUoXgh Whe blade UoZ. AccoXnWing foU 
WheVe effecWV complicaWeV Whe anal\ViV conVideUabl\ (e.g. [13]). 

FoU a collineaU inleW boXndaU\ la\eU, Whe VecondaU\ YoUWiciW\ ߱௦௘௖  aW a giYen VpanZiVe heighW iV giYen b\ (afWeU [11]): 

߱௦௘௖ ൌ
߱ଵ

𝑐𝑜𝑠 𝛼ଶ
൬

𝑢ଵ 
𝑢ଶ 

𝐶௫

𝑝
𝛥𝑇∗ ൅ ฬ𝑠𝑖𝑛 𝛼ଵ െ

𝑢ଵ

𝑢ଶ
𝑠𝑖𝑛 𝛼ଶฬ൰ (1)    

The VecondaU\ YoUWiciW\ iV WhXV pUopoUWional Wo Whe inleW boXndaU\ la\eU (noUmal) YoUWiciW\ ߱ଵ aW WhiV heighW. IW iV alVo goYeUned b\ Whe 
inleW and e[iW floZ angleV (𝛼ଵ, 𝛼ଶ), Whe UaWio of VWUeamZiVe YelociWieV (𝑢ଵ/𝑢ଶ), Whe UaWio of piWch Wo a[ial choUd (𝑝/𝐶௫), and Whe non-
dimenVional diffeUence in WUanViW Wime beWZeen floZ paVVing oYeU Whe pUeVVXUe and VXcWion VXUfaceV of Whe blade (𝛥𝑇∗). ThiV laWWeU 
paUameWeU iV defined aV ([2]): 

𝛥𝑇∗ ൌ ර ൬
𝑈ଶ

𝑈௘
൰ 𝑑 ൬

𝑆
𝐶௫

൰ (2)   

ZheUe 𝑈௘ iV Whe boXndaU\ la\eU edge YelociW\, 𝑈ଶ Whe UoZ e[iW YelociW\ aW midVpan and 𝑆 Whe VXUface lengWh. The inWegUal iV peUfoUmed 
aUoXnd Whe blade peUimeWeU (e[clXding Whe VingXlaUiW\ aW Whe VWagnaWion poinW). The WUanViW Wime iV higheVW Zhen Whe pUeVVXUe VXUface 
YelociW\ iV loZ, Zhich WendV Wo be Whe caVe foU deVignV ZiWh higheU WXUning, loZeU WhickneVV and higheU lifW [2]. 

1.5 PDSHU OXWOLQH 
The papeU iV oUgani]ed aV folloZV: 

x SecWion 2 e[amineV Zhich chaUacWeUiVWicV of Whe YoUWiciW\ field aUe impoUWanW foU SKE geneUaWion; 
x SecWion 3 pUeVenWV a caVe VWXd\ of inleW condiWionV foU WhUee caVcadeV, compaUing CFD and VecondaU\ floZ WheoU\; 
x SecWion 4 e[amineV Whe ke\ mechaniVmV; 
x SecWion 5 conVideUV Whe implicaWionV foU deVign. 

2 INFLUENCE OF A VORTICIT< FIELD ON SKE 
In oUdeU Wo VeW Whe Vcene foU VXbVeTXenW anal\ViV, iW iV helpfXl Wo fiUVW conVideU Whe UelaWionVhip beWZeen Whe VecondaU\ YoUWiciW\ field 

and SKE (Whe Vecond bXlleW in VecWion 1.3). In paUWicXlaU, Zhich chaUacWeUiVWicV of Whe YoUWiciW\ field deWeUmine SKE, and Zhich ph\Vical 
mechaniVmV conWUol Whe behaYioU? 

FigXUe 3 VhoZV a Vimple model of Whe floZ in Whe blade paVVage jXVW XpVWUeam of Whe WUailing edge. The paVVage YoUWiciW\ iV 
UepUeVenWed b\ a Vingle VWUeamZiVe Rankine YoUWe[ of ciUcXlaWion Γ and diameWeU 𝐷. FoU an iVolaWed YoUWe[ Whe indXced YelociW\ field iV: 

𝑉ఏ ൌ ൜𝛤𝑟/ሺߨ𝐷ଶ/2ሻ , 𝑟 ൏ 𝐷/2
𝛤/ሺ2ߨ𝑟ሻ , 𝑟 ൒ 𝐷/2 (3)   

ZheUe 𝑟 iV Whe diVWance fUom Whe YoUWe[ cenWeU. In Whe boXnded paVVage, Whe YelociW\ field indXced b\ miUUoU YoUWiceV UeflecWed in Whe 
endZallV and bladeV aUe alVo VXpeUimpoVed. NXmeUical calcXlaWionV aUe peUfoUmed foU a paVVage heighW (ℎ/2) Wo ZidWh (𝑝 cos 𝛼ଶ) UaWio 
of 3.11 (maWching Whe 100q WXUning caVcade, Vee beloZ). The fiYe neaUeVW UeflecWed YoUWiceV ZeUe inclXded, VhoZn in FigXUe 3, ZiWh 
fXUWheU miUUoUV haYing minimal inflXence. 

The aYeUaged SKE iV deWeUmined b\ WhUee facWoUV, Whe fiUVW of Zhich iV CiUcXlaWion ડ. The indXced YelociW\ fUom Whe Rankine and 
UeflecWed YoUWiceV iV pUopoUWional Wo Γ, WhXV foU a giYen diameWeU and locaWion, SKE iV Vimpl\ pUopoUWional Wo Γଶ. 
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Figure 3: Set-Up of Rankine Vortex Model. 

 
Figure 4: Variation of area-averaged SKE with vorticity distribution 

in the Rankine Vortex Model. 

 
MoUe VXbWle aUe vorticity distribution effects, i.e. Whe YoUWe[ poViWion and diameWeU. CalcXlaWionV ZiWh conVWanW Γ and 450 

combinaWionV of YoUWe[ diameWeU, hoUi]onWal and YeUWical locaWion aUe VhoZn in FigXUe 4. The UeVXlWV VhoZ a Vi[-fold YaUiaWion in Whe 
aUea-aYeUaged SKE, Zhich WendV Wo incUeaVe ZiWh minimXm Zall diVWance 𝑑௠௜௡  (FigXUe 3) and decUeaVe ZiWh YoUWe[ diameWeU 𝐷. ThXV 
Whe UeVXlWV VhoZ WhaW vorticity concentrated in the center of the passage iV moVW damaging foU SKE. 

Anal\ViV of Whe model VhoZV WhaW WZo mechaniVmV caXVe Whe incUeaVe of SKE ZiWh MinimXm Wall DiVWance ࢔࢏࢓ࢊ: 
x The fiUVW mechaniVm iV independenW of Whe UeflecWed YoUWiceV, and WhXV applieV in boWh boXnded and XnboXnded Vpace. AV VhoZn in 

FigXUe 5(a), Whe indXced YelociW\ iV higheVW in Whe neaU-field of Whe YoUWe[. AV Whe YoUWe[ moYeV WoZaUdV Whe cenWeU of Whe paVVage 
(incUeaVing 𝑑௠௜௡), a gUeaWeU pUopoUWion of Whe high YelociW\ neaU-field fallV ZiWhin Whe boXnding bo[ of inWegUaWion, incUeaVing Whe 
aYeUage SKE. 

x The dominanW mechaniVm iV MiUUoU CancellaWion. AV VhoZn in FigXUe 5(b), moYing Whe YoUWe[ aZa\ fUom Whe Zall (incUeaVing 𝑑௠௜௡) 
UedXceV cancellaWion and incUeaVeV Whe aYeUage SKE. 
The decUeaVe of SKE ZiWh VoUWe[ DiameWeU ࡰ iV caXVed b\ a WhiUd ³Velf-cancelaWion´ mechaniVm (aV diVWincW fUom miUUoU 

cancellaWion). AV VhoZn in FigXUe 5(c), incUeaVing 𝐷 VpUeadV oXW Whe conVWiWXenW elemenWV of Whe YoUWe[ (ߜ𝛤). ThiV incUeaVeV Whe 
cancellaWion beWZeen WheiU indXced YelociW\ fieldV and UedXceV SKE. ThiV effecW iV akin Wo decUeaVing Whe Vi]e of Whe boXnding bo[ (aV in 
(a)), Zhile keeping aUea-aYeUaged YoUWiciW\ conVWanW. 
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Figure 5: Vorticity distribution mechanisms controlling SKE. For 

minimum wall distance 𝑑௠௜௡, (b) dominates over (a). 

3 A CASE STUD< OF INLET CONDITIONS 
AWWenWion noZ WXUnV Wo Whe meWhodV and ke\ UeVXlWV of a compXWaWional VWXd\ of inleW condiWionV foU 3 WXUbine caVcadeV. 

3.1 TXUELQH CDVFDGHV 
The WhUee caVcadeV aUe deVigned Wo achieYe diffeUenW floZ WXUning ZiWh VimilaU VXcWion VXUface loading and WhickneVV diVWUibXWionV. 

Ke\ paUameWeUV aUe giYen in Table 1. FigXUe 6(a) compaUeV Whe geomeWU\ and FigXUe 6(b) pUeVenWV midVpan VWaWic pUeVVXUe coefficienWV. 
The deVignV haYe VimilaU peak YelociW\ locaWion and leYel of diffXVion on Whe afW VXcWion VXUface. The pUeVVXUe Vide YelociW\ dUopV aV 
WXUning incUeaVeV, aV e[plained b\ [2]. The midVpan e[iW Mach nXmbeU, 0.7, and Re\noldV nXmbeUV baVed on a[ial choUd, 200,000, aUe 
bUoadl\ W\pical of aeUo engine loZ pUeVVXUe WXUbineV. ApaUW fUom Whe UeVXlWV in VecWion 5.2 Whe calcXlaWionV aUe peUfoUmed foU an aVpecW 
UaWio of ℎ/𝐶௫ ൌ 3. 

3.2 CFD CDOFXODWLRQV 
A half-paVVage domain iV VimXlaWed ZiWh a Vingle YiVcoXV endZall and an inYiVcid Zall aW midVpan. PUofileV of VWagnaWion pUeVVXUe 

and WempeUaWXUe, angle and WXUbXlence TXanWiWieV aUe Vpecified aW Whe inleW, locaWed 0.8𝐶௫ XpVWUeam of Whe leading edge. A mean VWaWic 
pUeVVXUe condiWion iV Vpecified aW Whe domain oXWleW, 1.2𝐶௫ doZnVWUeam of Whe WUailing edge. SWUXcWXUed meVheV aUe geneUaWed ZiWh Whe 
RollV-Ro\ce PADRAM code [14], ZiWh a ma[imXm 𝑦ା of aUoXnd XniW\ on all ZallV. Each gUid haV aUoXnd 107 cellV, giYing good meVh 
independence aV VhoZn in [2]. 

SWead\, fXll\ WXUbXlenW Re\noldV-AYeUaged-NaYieU-SWokeV (RANS) calcXlaWionV aUe peUfoUmed XVing Whe RollV-Ro\ce VolYeU 
HYDRA [15] ZiWh Whe WZo-eTXaWion SheaU-SWUeVV-TUanVpoUW model of MenWeU [16]. MaUconcini eW al. [17] haYe VhoZn WhaW VXch RANS 
calcXlaWionV can pUedicW endZall loVV Wo a VimilaU degUee of accXUac\ aV LaUge Edd\ SimXlaWion. ThiV UeVXlW UeflecWV Whe laUgel\ inYiVcid 
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mechaniVm WhaW pUodXceV VecondaU\ floZ and deWeUmineV Whe kineWic eneUg\ of Whe conVWiWXenW YoUWiceV. FigXUe 7 compaUeV pUedicWionV 
XVing WheVe CFD meWhodV Wo endZall loVV meaVXUed b\ [7], [18] and [19]. The aYeUage eUUoU iV aUoXnd 10%, cloVe Wo Whe e[peUimenWal 
XnceUWainWieV. 

3.3 IQOHW CRQGLWLRQV 
TZo inleW boXndaU\ la\eU VhapeV aUe VWXdied. FigXUe 8(a) compaUeV noUmali]ed YelociW\ foU a W\pical flaW-plaWe WXUbXlenW pUofile and 

a laminaU-like BlaXViXV pUofile. FigXUe 8(b) VhoZV Whe YoUWiciW\ diVWUibXWionV. The WXUbXlenW pUofile haV higheU leYelV of YoUWiciW\ cloVe Wo 
Whe Zall (𝑧/ߜଽ଼ ൏ 0.06) Zhile Whe laminaU-like pUofile haV higheU YoUWiciW\ aZa\ fUom Whe Zall. The pUodXcW of YelociW\ and YoUWiciW\ in 
FigXUe 8(c) iV impoUWanW foU VecondaU\ floZ geneUaWion and Zill be diVcXVVed in VecWion 4.2. InWegUal paUameWeUV of Whe WZo pUofileV aUe 
giYen in Table 2. The fUeeVWUeam WXUbXlenW kineWic eneUg\ and Vpecific UaWe of diVVipaWion aUe choVen Wo giYe a WXUbXlence inWenViW\ of 5% 
and a lengWh Vcale of 0.1𝐶௫, UepUeVenWaWiYe of a mXlWiVWage WXUbine [20]. TXUbXlence paUameWeUV foU Whe WXUbXlenW boXndaU\ la\eU pUofile 
ZeUe Vcaled fUom a VepaUaWe flaW-plaWe calcXlaWion. FoU Whe laminaU-like pUofile, local WXUbXlence inWenViW\ ZaV mainWained aW 5% ZiWh a 
conVWanW Vpecific UaWe of diVVipaWion; alWeUnaWiYe diVWUibXWionV VhoZed minimal effecW on Whe floZ field and loVV. 

 
Figure 6: Turbine cascade geometry and pressure distributions. 

 
Figure 7: Experimental validation. 

 

 

CaVcade 𝛼ଵ 𝛼ଶ 
𝑈ଵ

𝑈ଶ
 

𝑝
𝐶௫

 ℎ
𝑝 cos 𝛼ଶ

 Δ𝑇∗ 

90q WXUning 40q -50q 0.75 0.73 6.40 0.57 
100q WXUning 40q -60q 0.55 0.96 6.22 1.90 
110q WXUning 40q -70q 0.36 1.40 6.28 10.12 

Table 1 Two-Dimensional cascade design parameters. 
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Figure 8: Inlet boundary layer velocity, vorticity and product. 

 
PUofile ߜ/∗ߜଽ଼ ߜ/ߠଽ଼ 𝐻ଵଶ 

TXUbXlenW 0.143 0.111 1.29 
LaminaU-Like 0.379 0.145 2.62 

Table 2 Integral parameters for the inlet boundary layer profiles. 

3.4 DHILQLWLRQV RI LRVV DQG SKE CRHIILFLHQWV 
KineWic eneUg\ loVV coefficienWV aUe defined b\ e[WUacWing daWa half an a[ial choUd doZnVWUeam of Whe WUailing edge. The neW paVVage 

loVV coefficienW e[clXdeV Whe inleW loVV and iV defined aV: 

௣௔௦௦ߞ ൌ  
൫𝑢ଶധധധ

ଶି௜௦ െ 𝑢ଶି௠௜௫
ଶ ൯

𝑢ଶധധധ
ଶି௜௦

 (4)    

ZheUe 𝑢ଶധധധ
ଶି௜௦ iV Whe maVV-aYeUaged VTXaUe of iVenWUopic e[iW YelociW\, calcXlaWed fUom Whe inleW WoWal and e[iW VWaWic condiWionV, and 𝑢ଶି௠௜௫ 

iV obWained fUom a conVWanW-aUea mi[ing calcXlaWion of Whe e[iW floZ Wo XnifoUm condiWionV. The paVVage loVV WhXV inclXdeV all fXWXUe 
mi[ing. 

The neW, mi[ed-oXW endZall loVV coefficienW ߞ௘௡ௗ iV defined in Whe W\pical manneU b\ VXbWUacWing Whe pUofile loVV, Zhich iV defined 
XVing Whe midVpan YelociWieV (𝑈): 

௘௡ௗߞ ൌ ௣௔௦௦ߞ െ
ሺ𝑈ଶି௜௦

ଶ െ 𝑈ଶି௠௜௫
ଶ ሻ

𝑈ଶି௜௦
ଶ  (5)    

In line ZiWh GUegoU\-SmiWh eW al. [18], VecondaU\ YelociW\ componenWV aUe defined UelaWiYe Wo Whe midVpan floZ angle aW each 
piWchZiVe locaWion. The VecondaU\ YelociW\ field iV e[WUacWed aW Whe WUailing edge plane, ZheUe Whe majoUiW\ of Whe SKE haV \eW Wo mi[ oXW. 
The local SKE coefficienW iV giYen b\: 

𝑆𝐾𝐸∗ ൌ
𝑉௡௢௥௠

ଶ ൅ 𝑉௭
ଶ

𝑈ଶି௜௦
ଶ  (6)   

ZheUe 𝑉௭ iV Whe VpanZiVe YelociW\ and 𝑉௡௢௥௠  iV Whe VecondaU\ YelociW\ componenW paUallel Wo Whe endZall.  The maVV-aYeUaged SKE 
coefficienW iV giYen b\: 

ௌ௄ாߞ ൌ
𝑉௡௢௥௠

ଶ ൅ 𝑉௭
ଶധധധധധധധധധധധധധധ

𝑢ଶധധധ
ଶି௜௦

 (7)   

3.5 EQGZDOO LRVV VDULDWLRQV DQG WKH RROH RI SKE 
FigXUe 9(a-c) VhoZ CFD pUedicWionV of neW mi[ed-oXW endZall loVV foU Whe WhUee caVcadeV. SeYeUal ke\ UeVXlWV aUe noWed: 

x EndZall loVV iV loZeVW foU Whin boXndaU\ la\eUV and incUeaVeV b\ a facWoU of 3 o 4 depending on Whe inleW condiWionV. 
x FoU boWh inleW pUofile VhapeV, incUeaVing Whe boXndaU\ la\eU WhickneVV ߜଽ଼ caXVeV endZall loVV Wo fiUVW UiVe befoUe plaWeaXing and 

gUadXall\ decUeaVing. ThiV behaYioU iV conViVWenW ZiWh pUeYioXV VWXdieV, e.g. [6], [8]. 
x EndZall loVV foU Whe laminaU-like pUofile (high Vhape facWoU) can be moUe Whan doXble WhaW of Whe WXUbXlenW pUofile. 
x SenViWiYiW\ Wo inleW condiWionV iV higheVW foU Whe higheU-WXUning caVcade. 
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Figure 9: Endwall loss (a-c) and SKE at TE plane (d-f). 

FigXUe 9(d-f) VhoZ Whe SKE coefficienWV ߞௌ௄ா . CompaUing ZiWh FigXUe 9(a-c), Whe YaUiaWionV in SKE cloVel\ maWch Whe changeV in 
endZall loVV ZiWh inleW condiWionV. AV pUeYioXVl\ VhoZn in FigXUe 2, iW iV WheUefoUe Whe SKE WhaW dUiYeV Whe VenViWiYiW\ Wo inleW condiWionV. 

The claVVical WheoU\ in eTXaWion (1) iV XVed Wo pUedicW Whe YoUWiciW\ field foU each caVe, and VecondaU\ YelociWieV aUe calcXlaWed XVing 
a VWUeamfXncWion. DeWailV aUe giYen in Appendi[ A. FigXUe 9(d-f) compaUeV Whe SKE pUedicWionV Wo Whe CFD. The diVcUepancieV aUe 
geneUall\ laUgeVW foU Whe laminaU-like pUofileV, Zhich haYe gUeaWeU VWUeamWXbe conWUacWion and WZiVW, and foU Whe 110q WXUning caVcade 
Zhich haV Whe laUgeVW acceleUaWion (Table 1). NoneWheleVV Whe WheoU\ achieYeV UeaVonable TXanWiWaWiYe agUeemenW and capWXUeV all of Whe 
ke\ WUendV noWed aboYe. IW can WhXV be conclXded WhaW Whe WheoU\ offeUV a XVefXl, Vimplified model WhaW can giYe inVighW inWo Whe XndeUl\ing 
ph\VicV. 

3.6 VRUWLFLW\ DQG SKE FLHOGV 
FigXUe 10 VhoZV CFD pUedicWionV of VWUeamZiVe YoUWiciW\ aW Whe WUailing edge plane foU Whe 100q WXUning caVcade. TZo boXndaU\ 

la\eU WhickneVVeV aUe VhoZn foU boWh pUofile VhapeV. In each caVe, moVW of Whe negaWiYel\-Vigned VecondaU\ YoUWiciW\ UollV Xp inWo Whe 
PUeVVXUe SXUface (PS) leg of Whe HoUVe Shoe VoUWe[ (HSV) and migUaWeV Xp Whe blade SXcWion SXUface (SS). AddiWional YoUWe[ VWUXcWXUeV 
aUe eYidenW VXch aV Whe coXnWeU YoUWe[ (poViWiYe YoUWiciW\ cloVe Wo Whe SS) and negaWiYe YoUWiciW\ indXced b\ VpanZiVe migUaWion of 
boXndaU\ la\eU flXid on Whe blade SS. FoU a laminaU-like, Whick boXndaU\ la\eU, FigXUe 10(d) VhoZV WhaW VecondaU\ YoUWiciW\ iV diVplaced 
fXUWheU fUom Whe ZallV (i.e. WoZaUdV Whe paVVage cenWeU) compaUed Wo Whe oWheU caVeV. AccoUding Wo Whe Rankine model WhiV diVplacemenW 
Zill caXVe an incUeaVe in SKE, aV iV obVeUYed in FigXUe 9(e). 

The WheoU\ in FigXUe 12 pUedicWV Vimple diVWUibXWionV of paVVage YoUWiciW\ Zhich aUe XnifoUm acUoVV Whe paVVage. NoneWheleVV iW Zill 
be VhoZn WhaW WheVe diVWUibXWionV poVVeVV VimilaU chaUacWeUiVWicV Wo Whe CFD YoUWiciW\ fieldV in FigXUe 10. 

The aVVociaWed VecondaU\ floZ VWUeamlineV and SKE fieldV aUe VhoZn in FigXUe 11 (CFD) and FigXUe 13 (WheoU\). CleaU diffeUenceV 
aUe eYidenW in Whe deWailV of Whe VecondaU\ floZ and Whe locaWion of high SKE UegionV, laUgel\ dXe Wo Whe lack of VWUeamWXbe WZiVW in Whe 
WheoU\. NoneWheleVV Whe global leYel of SKE UeVpondV Wo inleW condiWionV in a VimilaU manneU Wo Whe CFD, aV obVeUYed in FigXUe 9(d-f). 
The Rankine model helpV Wo e[plain WhiV obVeUYaWion: Whe deWailed YoUWe[ VWUXcWXUeV cloVe Wo Whe paVVage boXndaUieV in FigXUe 10 haYe 
minimal effecW on Whe oYeUall leYel of SKE becaXVe of miUUoU cancellaWion (FigXUe 5(b)). InVWead iW iV Whe ³bXlk´ chaUacWeUiVWicV of Whe 
YoUWiciW\ field WhaW conWUol Whe oYeUall SKE. The folloZing VecWion diVcXVVeV WheVe effecWV in deWail. 
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Figure 10: Streamwise vorticity at trailing edge plane, CFD, 100q 
turning cascade. Negative values associated with passage vortex. 

 
FigXUe 11: SecondaU\ KineWic EneUg\ aW WUailing edge plane, 

CFD, 100q WXUning caVcade. Same caVeV aV FigXUe 10. 

 
Figure 12: Streamwise vorticity at trailing edge plane, secondary 

flow theory, 100q turning cascade. 

 
FigXUe 13: SecondaU\ KineWic EneUg\ aW WUailing edge plane, 

VecondaU\ floZ WheoU\, 100q WXUning caVcade. 

4 KE< MECHANISMS CONTROLLING SKE 
ThiV VecWion deWailV Whe mechaniVmV dUiYing Whe YaUiaWion of SKE ZiWh inleW condiWionV. In line ZiWh Whe Rankine model, Whe effecWV 

of ciUcXlaWion and YoUWiciW\ diVWUibXWion aUe conVideUed. 

4.1 SHFRQGDU\ CLUFXODWLRQ 
B\ definiWion, Whe ciUcXlaWion of Whe inleW boXndaU\ la\eU (noUmal) YoUWiciW\ iV Vimpl\ Whe fUeeVWUeam YelociW\ 𝑈ଵ. B\ conVideUing 

geneUali]ed poZeU-laZ pUofileV, Appendi[ B VhoZV WhaW Whe WheoU\ in eTXaWion (1) implieV WhaW Whe WoWal VecondaU\ ciUcXlaWion 𝛤௦௘௖  iV alVo 
independenW of Whe inleW boXndaU\ la\eU Vhape and WhickneVV. IW iV giYen b\ Whe folloZing fXncWion of blade deVign: 

𝛤௦௘௖

𝑈ଶ𝑝 𝑐𝑜𝑠 𝛼ଶ
  ൌ 𝑈∗ 𝛥𝑇∗𝐶௫

𝑝 𝑐𝑜𝑠 𝛼ଶ
൅ ฬ

𝑈ଵ

𝑈ଶ

𝑠𝑖𝑛 𝛼ଵ

𝑐𝑜𝑠 𝛼ଶ
െ 𝑈∗ 𝑡𝑎𝑛 𝛼ଶฬ (8)   

ZheUe: 
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𝑈∗ ൌ ቀ1 െ  ඥ1 െ ሺ𝑈ଵ/𝑈ଶሻଶቁ (9)   

SXbVWiWXWing YalXeV foU Whe 3 caVcadeV (Table 1) VhoZV WhaW ciUcXlaWion incUeaVeV ZiWh WXUning: Γ௦௘௖/𝑈ଶ𝑝 𝑐𝑜𝑠 𝛼ଶ ൌ1.55, 1.63 and 2.28 foU 
Whe 90q, 100q and 110q WXUning caVcadeV UeVpecWiYel\. ThiV incUeaVe iV dUiYen b\ Whe incUeaVe in WUanViW Wime Δ𝑇∗ ZiWh WXUning foU WheVe 
WhUee deVignV: higheU WXUning incUeaVeV cUoVV-paVVage pUeVVXUe gUadienWV [2], Wending Wo depUeVV Whe pUeVVXUe Vide YelociW\ aV in FigXUe 
6(b). ThiV change in ciUcXlaWion e[plainV Zh\ Whe WheoU\ pUedicWV an incUeaVe in SKE ZiWh WXUning foU Whe WhUee caVcadeV, FigXUe 9(d-f). 

The behaYioU of Whe CFD iV moUe comple[ Whan Whe WheoU\, bXW Whe fiUVW-oUdeU WUendV aUe conViVWenW. AV in Whe Rankine model, FigXUe 
14(a) VhoZV SKE noUmali]ed ZiWh Whe VTXaUe of Whe WheoUeWical ciUcXlaWion (eTXaWion (8)) and Whe paVVage aUea: 

𝛱ௌ௄ா ൌ
ௌ௄ாߞ ቀℎ

2 𝑝 𝑐𝑜𝑠 𝛼ଶቁ
𝛤௦௘௖

ଶ /𝑈ଶ
ଶ  (10)   

The Πௌ௄ா paUameWeU iV a fXncWion of Whe vorticity distribution alone and iV diVcXVVed fXUWheU in VecWion 5.1. FigXUe 14(a) collapVeV Whe 
CFD daWa foU Whe WhUee caVcadeV ZiWhin a VpUead of �10% foU Whe WXUbXlenW pUofile and �20% foU Whe laminaU-like pUofile. The gUeaWeU 
VpUead in Whe laWWeU caVe iV conViVWenW ZiWh Whe eUUoUV in FigXUe 9(d-f) and iV in paUW dXe Wo gUeaWeU VWUeamWXbe conWUacWion Zhen Whe inleW 
Vhape facWoU iV high. The collapVe foU Whe WheoUeWical UeVXlWV in FigXUe 14(b) iV mXch cloVeU. 

 
Figure 14: SKE normali]ed using theoretical circulation (eq. (10)). 

 
Figure 15: Secondary Circulation predicted by CFD. 

The VecondaU\ ciUcXlaWion in Whe 3D CFD iV onl\ looVel\ coUUelaWed Wo Whe WheoU\ becaXVe of iWV Vimplif\ing aVVXmpWionV. The laUgeVW 
diffeUence iV caXVed b\ YiVcoXV diVVipaWion, Zhich haV Whe gUeaWeVW effecW in UegionV of high YelociW\ gUadienWV i.e. high YoUWiciW\. In 
geneUal WheVe UegionV aUe cloVe Wo Whe paVVage ZallV ZheUe Whe YoUWiciW\ haV liWWle impacW on SKE (VecWion 2). ThXV Whe CFD VhoZV 
geneUall\ loZeU VecondaU\ ciUcXlaWion, bXW Whe diffeUenceV aUe noW impoUWanW foU SKE. 

FigXUe 15 pUeVenWV ciUcXlaWion calcXlaWed b\ inWegUaWing negaWiYe VWUeamZiVe YoUWiciW\ aW Whe WUailing edge fUom CFD. The ciUcXlaWion 
iV loZeVW foU Whin inleW boXndaU\ la\eUV Zhen Whe floZ VpaWial gUadienWV (and Vo diVVipaWion) aUe gUeaWeVW. The CFD alVo VhoZV a VmalleU 
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incUeaVe in ciUcXlaWion ZiWh WXUning Whan Whe WheoU\, again indicaWing incUeaVing YiVcoXV diVVipaWion Zhen VecondaU\ YelociWieV aUe laUgeVW, 
i.e. foU Whe 110q WXUning caVcade. ThiV effecW ZaV obVeUYed foU a laUge nXmbeU of caVcadeV in [9]. 

4.2 VRUWLFLW\ DLVWULEXWLRQ EIIHFWV 
NoUmali]ed SKE (Πௌ௄ா, FigXUe 14) YaUieV ZiWh inleW condiWionV dXe Wo YoUWiciW\ diVWUibXWion effecWV. TheVe can be TXanWified b\ 

conVideUing eTXiYalenWV Wo Whe Zall diVWance 𝑑௠௜௡ and diameWeU 𝐷 in Whe Rankine model in VecWion 2: 
VoUWiciW\ Wall DiVWance ࢔࢏࢓ି࣓ࢾ. FoU each locaWion in Whe WUailing edge plane Whe diVWance Wo Whe cloVeVW boXndaU\ Zall (𝑑௠௜௡ , FigXUe 

3), iV eYalXaWed in Whe plane peUpendicXlaU Wo Whe bXlk pUimaU\ floZ (𝛼ଶ) diUecWion. The aYeUage YoUWiciW\ Zall diVWance iV When defined 
b\ inWegUaWion acUoVV Whe paVVage: 

ఠି௠௜௡ߜ ൌ
∬ ߱௦௘௖𝑑௠௜௡ d𝑦∗𝑑𝑧

∬ ߱௦௘௖ d𝑦∗𝑑𝑧
 (11)   

Onl\ Whe negaWiYe YoUWiciW\ aVVociaWed ZiWh Whe paVVage YoUWe[ iV conVideUed, and 𝑦∗ ൌ 𝑦 cos 𝛼ଶ iV noUmal Wo Whe pUimaU\ floZ (Vee FigXUe 
20). ThXV ߜఠି௠௜௡ iV a YoUWiciW\-ZeighWed Zall diVWance. 

VoUWiciW\ InWegUal DiameWeU ࡰ′. An eTXiYalenW YoUWe[ diameWeU iV defined b\ calcXlaWing an inWegUal diameWeU fUom Whe WZo-
dimenVional aXWocoUUelaWion 𝑅 of Whe (negaWiYel\-Vigned) YoUWiciW\ field (FigXUe 10): 

𝐷ᇱ ൌ  ඨඵ 𝑅 𝑑𝑦∗𝑑𝑧 (12)   

The inWegUal iV peUfoUmed oYeU Whe enWiUe Uange of Whe aXWocoUUelaWion. ThiV appUoach iV analogoXV Wo Whe calcXlaWion of WXUbXlence inWegUal 
Wime and lengWh VcaleV fUom a hoW-ZiUe Vignal. 

 
Figure 16: Vorticity distribution effects:  vorticity wall distance 

 ఠି௠௜௡ and effective vorticity diameter 𝐷′. Contours of normali]edߜ
SKE from the Rankine model in section 2. 

FigXUe 16(a) VhoZV 𝐷′ and ߜఠି௠௜௡ aV inleW condiWionV YaU\. Each line inWeUpolaWeV beWZeen Whe CFD UeVXlWV, and V\mbolV VhoZ 
incUemenWV of ߜଽ଼/𝑝 cos 𝛼ଶ ൌ 0.05. The WhUee caVcadeV VhoZ VimilaU WUendV foU Whe WXUbXlenW and laminaU-like inleW pUofileV. The WheoU\ 
in FigXUe 16(b) VhoZV VimilaU TXaliWaWiYe behaYioU. ConVideUing fiUVW Whe 100q WXUning caVcade, iW can be Veen WhaW: 
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x IncUeaVing ߜଽ଼ incUeaVeV boWh YoUWiciW\ Zall diVWance ߜఠି௠௜௡  and inWegUal diameWeU 𝐷′. TheVe effecWV simply mimic the distribution 
of inlet vorticity, Zhich diVplaceV aZa\ fUom Whe Zall and becomeV moUe diffXVe aV ߜଽ଼ incUeaVeV. Ma[imXm SKE occXUV Zhen Whe 
oppoVing effecWV of ߜఠି௠௜௡  and 𝐷′ aUe balanced. 

x IncUeaVing inleW Vhape facWoU (WXUbXlenW o laminaU-like) pUedominanWl\ incUeaVeV ߜఠି௠௜௡ and WhXV UedXceV miUUoU cancellaWion 
(FigXUe 5(b)). ThiV incUeaVe in Zall diVWance iV alVo eYidenW in Whe conWoXU ploWV in FigXUe 10 and FigXUe 12. 
The WheoU\ alVo e[plainV Zh\ incUeaVing Vhape facWoU moYeV YoUWiciW\ aZa\ fUom Whe Zall (incUeaVing δனି୫୧୬). ThiV effecW iV dUiYen 

b\ Whe dependenc\ of VecondaU\ YoUWiciW\ on Whe pUodXcW of inleW YoUWiciW\ and YelociW\, ߱ଵ𝑢ଵ, foU WZo of Whe WhUee WeUmV in eTXaWion (1). 
AV VhoZn in FigXUe 8(c), WhiV pUodXcW iV a ma[imXm aW Whe Zall foU Whe WXUbXlenW pUofile bXW peakV aW aUoXnd 𝑧/ߜଽ଼ ൎ 0.6 foU Whe laminaU-
like pUofile. ThiV VhifW UeflecWV a moUe gUadXal incUeaVe in YelociW\ and decUeaVe in YoUWiciW\ ZiWh heighW foU Whe laminaU-like pUofile. 

The diffeUenceV beWZeen Whe 3 deVignV aUe alVo noWeZoUWh\. The WheoU\ in FigXUe 16(b) VhoZV neaU-idenWical behaYioU, Zhile Whe 
CFD UeVXlWV in FigXUe 16(a) VhoZ WhaW higheU-WXUning deVignV Wend Wo haYe higheU Zall diVWance and VmalleU diameWeU. ThiV UeVXlW UeflecWV 
Whe incUeaVe in VWUengWh of Whe VecondaU\ floZV ZiWh higheU WXUning. FiUVW, VWUongeU VecondaU\ floZV Uoll-Xp moUe Ueadil\, Wending Wo 
concenWUaWe YoUWiciW\ (loZeU 𝐷′) aZa\ fUom Whe ZallV (higheU ߜఠି௠௜௡). Second, aV noWed aboYe, VWUongeU VecondaU\ floZV Zill caXVe 
higheU YiVcoXV diVVipaWion Zhich laUgel\ aWWenXaWeV YoUWiciW\ in Whe neaU-Zall UegionV. ThXV Whe Uemaining YoUWiciW\ iV moUe concenWUaWed 
WoZaUdV Whe paVVage cenWeU (higheU Zall diVWance) foU Whe higheU WXUning caVcade. 

5 DESIGN AND PERFORMANCE IMPLICATIONS  
The implicaWionV foU WXUbine deVign and peUfoUmance aUe noZ conVideUed. TZo pUacWical TXeVWionV aUe conVideUed: 

x HoZ can SKE be pUedicWed in Whe geneUal caVe? 
x HoZ can SKE and VenViWiYiW\ Wo inleW condiWionV be UedXced? 

5.1 UQLYHUVDO SFDOLQJ LQFOXGLQJ AVSHFW RDWLR 
SeYeUal VWXdieV VhoZ WhaW endZall loVV YaUieV inYeUVel\ ZiWh Vpan, bXW iW Zill be VhoZn WhaW WhiV iV onl\ VWUicWl\ WUXe Zhen inleW 

condiWionV Vcale ZiWh Whe blade choUd and piWch. MoVW aXWhoUV conVideU a non-dimenVional aVpecW UaWio of Vpan-Wo-a[ial-choUd (ℎ/𝐶௫), 
bXW Whe cXUUenW anal\ViV demonVWUaWeV WhaW Whe UaWio of Vpan Wo Whe effecWiYe e[iW paVVage ZidWh, ℎ/𝑝 cos 𝛼ଶ, iV moUe fXndamenWal. ThiV 
definiWion iV cloVe Wo Whe Vpan-Wo-WhUoaW UaWio XVed in Whe coUUelaWion of CUaig and Co[ [21]. 

SWUeamfXncWion calcXlaWionV (Appendi[ A) aUe peUfoUmed foU Whe 100q WXUning caVcade ZiWh mXlWiple poZeU-laZ inleW pUofileV 
(eTXaWion (B3)). MainWaining Whe diVWUibXWion of ߱௦௘௖  aV a fUacWion of Vpan, Whe domain piWch ሺ𝑝 cos 𝛼ଶሻ and heighW (ℎ/2) aUe When 
V\VWemaWicall\ VeW Wo 50%, 100% and 200% of WheiU oUiginal YalXeV, giYing 9 diffeUenW domain Vi]eV. The UeVXlWV collapVe Wo Whe folloZing 
UelaWionVhip, aV in eTXaWion (10): 

ௌ௄ாߞ ൎ 2 ቀ
𝑝 𝑐𝑜𝑠 𝛼ଶ

ℎ ቁ ൤
𝛤௦௘௖

𝑈ଶ𝑝 𝑐𝑜𝑠 𝛼ଶ
൨

ଶ

𝛱ௌ௄ா  (13)   

The facWoU 2 on Whe UighW-hand-Vide aUiVeV UeflecWV conWUibXWionV fUom boWh endZallV. The oWheU WhUee facWoUV UeVpecWiYel\ capWXUe: 
1. The inYeUVe aVpecW UaWio ሺ𝑝 𝑐𝑜𝑠 𝛼ଶ /ℎሻ, VeW b\ 3D deVign. 
2. The VTXaUe of non-dimenVional VecondaU\ ciUcXlaWion, a fXncWion of Whe 2D VecWion deVign onl\ (eTXaWion (8)). 
3. The effecWV of YoUWiciW\ diVWUibXWion, 𝛱ௌ௄ா . 
AV FigXUe 17 VhoZV, Whe laWWeU paUameWeU iV a fXncWion of inleW condiWionV: 

𝛱ௌ௄ா ൌ 𝑓 ൬
ଽ଼ߜ

𝑝 𝑐𝑜𝑠 𝛼ଶ
, 𝐻ଵଶ൰ (14)   

ThUee UegimeV aUe indicaWed on FigXUe 17. FoU Whin boXndaU\ la\eUV (ߜଽ଼/𝑝 𝑐𝑜𝑠 𝛼ଶ ൏ ~0.1), 𝛱ௌ௄ா  incUeaVeV pUopoUWionall\ ZiWh Whe 
boXndaU\ la\eU WhickneVV, dUiYen b\ incUeaVing YoUWiciW\ Zall diVWance ߜఠି௠௜௡. A bXffeU Uegion VepaUaWeV WhiV Uegime fUom Whe Whick 
boXndaU\ la\eU Uegime, ZheUe SKE dUopV ZiWh incUeaVing ߜଽ଼ dXe Wo incUeaVing YoUWiciW\ diameWeU 𝐷′. The caVe of lineaU pUofileV (𝑛 ൌ 1) 
agUeeV ZiWh HaZWhoUne¶V anal\ViV [22].  
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Figure 17: Vorticity Distribution function 𝛱ௌ௄ா and flow regimes, from secondary flow theory calculations. Hatched areas indicative approximate 

ranges for gas turbine stages and cascade data. (Circled outliers are low aspect ratio cases with midspan vorticity reflection.)  

The ploW alVo inclXdeV appUo[imaWe UangeV foU aeUo engine High PUeVVXUe TXUbineV (HPT), LoZ PUeVVXUe TXUbineV (LPT) and caVcade 
e[peUimenWV in Whe liWeUaWXUe. IW can be Veen WhaW: 
x 𝛱ௌ௄ா iV geneUall\ higheU foU engineV Whan caVcade VWXdieV pUedominanWl\ dXe Wo higheU Vhape facWoU. ThiV obVeUYaWion paUWl\ e[plainV 

Zh\ endZall loVV iV W\picall\ mXch higheU in engineV Whan caVcadeV. 
x 𝛱ௌ௄ா iV geneUall\ higheVW foU HPTV. LPTV geneUall\ haYe Vmall choUd and piWch, pXVhing ߜଽ଼/𝑝 𝑐𝑜𝑠 𝛼ଶ inWo Whe Whick boXndaU\ la\eU 

Uegime ZheUe 𝛱ௌ௄ா  iV loZeU. 
x TheUe ma\ be VignificanW Vcope Wo UedXce SKE in engineV, aV diVcXVVed in VecWion 5.3. 

TogeWheU ZiWh eTXaWion (13), FigXUe 17 enableV SKE Wo be eVWimaWed foU an\ caVcade ZiWh a collineaU inleW boXndaU\ la\eU. 

5.2 E[DPSOH: AVSHFW RDWLR SHOHFWLRQ 
To illXVWUaWe Whe implicaWionV of Whe aboYe meWhod, a Vimple pUeliminaU\ deVign pUoblem iV conVideUed. AV VhoZn in FigXUe 18, a 

paUallel dXcW of fi[ed heighW ℎ haV a giYen inleW boXndaU\ la\eU heighW ߜଽ଼ and Vhape facWoU 𝐻ଵଶ. The blade 2D deVign, and WhXV piWch-Wo-
choUd UaWio, iV fi[ed. The deVigneU mXVW VelecW Whe blade a[ial choUd, Zhich VeWV Whe piWch and WhXV Whe aVpecW UaWio ℎ/𝑝 𝑐𝑜𝑠 𝛼ଶ. The 100q 
WXUning caVcade pUofile iV XVed and foU VimpliciW\ onl\ Whe SKE conWUibXWion Wo loVV iV conVideUed. 

 
Figure 18: Aspect Ratio Study. 

FoU diffeUenW UaWioV of boXndaU\ la\eU WhickneVV Wo Vpan ߜଽ଼/ℎ, FigXUe 19 VhoZV hoZ SKE YaUieV ZiWh inYeUVe aVpecW UaWio foU (a) 
WXUbXlenW and (b) laminaU-like inleW pUofileV. S\mbolV VhoZ CFD calcXlaWionV and lineV VhoZ eVWimaWeV fUom FigXUe 17 and eTXaWion 
(13). In geneUal Whe eVWimaWeV giYe VimilaU WUendV and leYelV Wo Whe CFD, ZiWh SKE W\picall\ 3 WimeV higheU foU Whe laminaU-like pUofileV. 
EUUoUV in Whe eVWimaWeV foU indiYidXal caVeV aUe in line ZiWh FigXUe 9(e): Whe WXUbXlenW caVe iV moUe cloVel\ pUedicWed and WheUe iV a ZideU 
VpUead foU Whe laminaU-like pUofile. 

FoU Whin boXndaU\ la\eUV (ߜଽ଼/ℎ ൎ 0.005), FigXUe 19 VhoZV WhaW SKE iV almoVW inVenViWiYe Wo aVpecW UaWio. ThiV behaYioU occXUV 
becaXVe Πௌ௄ா iV UoXghl\ pUopoUWional Wo ߜଽ଼/𝑝 cos 𝛼ଶ in Whe Whin boXndaU\ la\eU Uegime (FigXUe 17). FUom eTXaWion (13): 

midVpan-V\mmeWU\

ૡૢࢾ
૚૛ࡴ

࢞࡯

ࢎ

blade
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ௌ௄ாߞ ∝ ቀ
𝑝 𝑐𝑜𝑠 𝛼ଶ

ℎ
ቁ ൬

δଽ଼

𝑝 cos 𝛼ଶ
൰  ൌ

δଽ଼

ℎ
 (15)   

FoU Whick inleW boXndaU\ la\eUV (ߜଽ଼/ℎ ൌ 0.25), FigXUe 19 VhoZV WhaW SKE WendV Wo incUeaVe moUe Uapidl\ ZiWh 𝑝 𝑐𝑜𝑠 𝛼ଶ /ℎ Whan a 
Vimple inYeUVe UelaWionVhip. ThiV WUend occXUV becaXVe incUeaVing 𝑝 cos 𝛼ଶ UedXceV ߜଽ଼/𝑝 cos 𝛼ଶ, WhXV incUeaVing Πௌ௄ா (Whe Whick 
boXndaU\ la\eU Uegime in FigXUe 17). ThXV YoUWiciW\ diVWUibXWion effecWV compoXnd Whe inflXence of aVpecW UaWio. 

ThiV Vimple e[eUciVe doeV noW inclXde oWheU componenWV of loVV, foU e[ample endZall boXndaU\ la\eU diVVipaWion Zhich iV inYeUVel\ 
pUopoUWional Wo aVpecW UaWio [2]. NoneWheleVV iW demonVWUaWeV WhaW Whe choice of opWimal aVpecW UaWio Zill depend on Whe inleW condiWionV 
of Whe inVWalled blade UoZ. 

5.3 SWUDWHJLHV WR RHGXFH LRVV 
The findingV highlighW meanV Wo UedXce SKE and VenViWiYiW\ Wo inleW condiWionV. 
FiUVW, Whe VecondaU\ ciUcXlaWion (eTXaWion (8)) can be UedXced b\ caUefXl blade deVign. FoU giYen floZ angleV, WhiV can be achieYed 

b\ incUeaVing pUeVVXUe VXUface YelociWieV Wo UedXce Whe WUanViW Wime diffeUence Δ𝑇∗. ThiV Zill UeTXiUe Whickening of blade pUofileV in Whe 
endZall Uegion (e.g. aV demonVWUaWed b\ [7]), caUefXl choice of lifW coefficienW, and WUade-off ZiWh pUofile loVV. 

Second, eVWimaWeV of inleW condiWionV VhoXld be XVed Wo chooVe a moUe opWimal aVpecW UaWio in pUeliminaU\ deVign. 
ThiUd, caUefXl deVign of XpVWUeam componenWV and Veal geomeWUieV VhoXld be XVed Wo conWUol Whe inleW condiWionV. RedXcing Whe 

Vhape facWoU of Whe VWUeamZiVe floZ componenW can be e[pecWed Wo be paUWicXlaUl\ beneficial. 
Finall\, Whe anal\ViV VhedV neZ lighW on VecondaU\ floZ conWUol meWhodV, VXch aV endZall conWoXUing and fenceV. In geneUal VXch 

meWhodV help Wo conWUol Whe WUajecWoU\ of YoUWical VWUXcWXUeV in Whe paVVage. The cXUUenW anal\ViV VhoZV WhaW WheVe appUoacheV Zill be 
moVW effecWiYe aW minimi]ing SKE Zhen Whe\ moYe WheVe YoUWiceV WoZaUdV Whe paVVage ZallV, and ideall\ Whe coUneUV, in oUdeU Wo ma[imi]e 
miUUoU cancellaWion (FigXUe 5(b)). 

 
Figure 19: SKE vs. Inverse Aspect Ratio (AR) for different inlet 
conditions, 100q turning cascade. Symbols are CFD, lines show 

preliminary design estimates using Figure 17 and eq. (13). 

6 CONCLUSIONS 
A CFD VWXd\ of WXUbine caVcadeV haV VhoZn WhaW neW endZall loVV can YaU\ b\ moUe Whan a facWoU of 3 depending on Whe inleW 

condiWionV, Wending Wo be higheVW Zhen Whe inleW Vhape facWoU iV high and boXndaU\ la\eU WhickneVV iV of Whe oUdeU of Whe WhUoaW ZidWh. 
TheVe YaUiaWionV in endZall loVV aUe dUiYen b\ an oUdeU-of-magniWXde YaUiaWion in SecondaU\ KineWic EneUg\ (SKE). 
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ClaVVical VecondaU\ floZ WheoU\ UepUodXceV Whe SKE WUendV of Whe CFD VWXd\ Wo a UeaVonable degUee of accXUac\. The WheoU\ pUedicWV 
WhaW oYeUall VecondaU\ ciUcXlaWion dependV onl\ on blade deVign, Wending Wo incUeaVe ZiWh blade WXUning. In conWUaVW, inleW condiWionV 
affecW loVV b\ conWUolling the distribution of vorticity ZiWhin Whe paVVage. The CFD UeVXlWV aUe moUe comple[ Whan Whe WheoU\ bXW e[hibiW 
VimilaU chaUacWeUiVWicV. 

TZo global chaUacWeUiVWicV of Whe YoUWiciW\ diVWUibXWion affecW SKE geneUaWion: 
1) VoUWiciW\ Wall DiVWance: AV inleW boXndaU\ la\eU WhickneVV and Vhape facWoU incUeaVe, VecondaU\ YoUWiciW\ moYeV aZa\ fUom Whe 

paVVage ZallV. The incUeaVed Zall diVWance UedXceV cancelaWion ZiWh UeflecWed YoUWiciW\ and incUeaVeV Whe global leYel of SKE. 
2) VoUWiciW\ ConcenWUaWion: ThickeU inleW boXndaU\ la\eUV caXVe Whe VecondaU\ YoUWiciW\ Wo become moUe diffXVe. ThiV effecW UedXceV 

SKE b\ incUeaVing cancellaWion beWZeen Whe conVWiWXenW elemenWV of Whe YoUWiciW\ field. 
SKE iV WhXV laUgeVW foU high Vhape facWoU and modeUaWe inleW boXndaU\ la\eU WhickneVV, Zhen WheVe WZo mechaniVmV balance. 

A geneUali]ed pUeliminaU\ deVign meWhod foU eVWimaWing SKE haV been foUmXlaWed and demonVWUaWeV WhaW Whe choice of opWimal blade 
aVpecW UaWio dependV on Whe inleW condiWionV. FoU YeU\ Whin inleW boXndaU\ la\eUV SKE iV inVenViWiYe Wo aVpecW UaWio. 

The anal\ViV highlighWV oppoUWXniWieV Wo UedXce endZall loVV and VenViWiYiW\ Wo inleW condiWionV, in paUWicXlaU b\ incUeaVing pUeVVXUe 
Vide YelociWieV Wo UedXce VecondaU\ ciUcXlaWion. 
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NOMENCLATURE 
S\mbolV 
𝐶௫ a[ial choUd 
𝑑௠௜௡  YoUWiciW\ minimXm Zall diVWance 
𝐷 Rankine YoUWe[ diameWeU 
𝐷′ eTXiYalenW diameWeU foU diVWUibXWed YoUWiciW\ (eT. (12)) 
ℎ Vpan 
𝐻ଵଶ Vhape facWoU ൌ  ߠ/∗ߜ
𝑝 piWch 
𝑅 WZo-dimenVional aXWocoUUelaWion of YoUWiciW\ 
𝑆 VXUface diVWance 
𝑆𝐾𝐸∗ local SecondaU\ KineWic EneUg\ (eT. (6)) 
𝑈 fUeeVWUeam YelociW\ 
𝑉 YelociW\ 
𝑉௡௢௥௠  in-plane VecondaU\ YelociW\  
𝑊 VpanZiVe YelociW\ 
𝑥 a[ial cooUdinaWe 
𝑦 piWchZiVe cooUdinaWe 
𝑦∗ piWchZiVe cooUdinaWe noUmal Wo Whe e[iW floZ ൌ 𝑦 cos 𝛼ଶ 
] VpanZiVe cooUdinaWe 
𝛼 piWchZiVe floZ angle  
Γ ciUcXlaWion 
ଽ଼ boXndaU\ la\eU WhickneVV foU 𝑉ߜ ൌ 0.98𝑈 
 diVplacemenW WhickneVV ∗ߜ
ఠି௠௜௡ߜ  YoUWiciW\-ZeighWed minimXm Zall diVWance (eT. (11)) 
Δ𝑇∗ non-dimenVional WUanViW Wime diffeUence (eT. (2))  
 loVV coefficienW ߞ
 momenWXm WhickneVV ߠ
𝛱ௌ௄ா YoUWiciW\ diVWUibXWion facWoU (eT. (10)) 
߰ VWUeamfXncWion 
߱ YoUWiciW\ 
SXbVcUipWV and AbbUeYiaWionV 
1 inleW 
2 oXWleW 
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𝑒 boXndaU\ la\eU edge (fUeeVWUeam)  
𝑒𝑛𝑑 endZall 
𝑝𝑎𝑠𝑠 paVVage 
𝑃𝑆 PUeVVXUe SXUface 
𝑠𝑒𝑐 VecondaU\ 
𝑆𝐾𝐸 SecondaU\ KineWic EneUg\ 
𝑆𝑆 SXcWion SXUface 
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APPENDI; A: APPLICATION OF THEOR< 
ETXaWion (1) iV applied aW each VpanZiVe heighW. FigXUe 20 VhoZV Whe nomenclaWXUe and cooUdinaWe V\VWem. AV in Whe CFD, a half-

Vpan caVcade iV conVideUed. The pUimaU\ floZ e[iW angle 𝛼ଶ iV aVVXmed conVWanW and eTXal Wo Whe fUeeVWUeam YalXe, and Whe YelociW\ 𝑢ଶሺ𝑧ሻ 
iV Whe iVenWUopic YalXe, calcXlaWed b\ conVideUing Whe kineWic eneUg\ deficiW of Whe incoming boXndaU\ la\eU flXid: 
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1
2

ሺ𝑈ଶ
ଶ െ 𝑢ଶ

ଶሻ ൌ
1
2

ሺ𝑈ଵ
ଶ െ 𝑢ଵ

ଶሻ (A1) 

An alWeUnaWiYe meWhod Wo calcXlaWe 𝑢ଵ/𝑢ଶ iV Wo appl\ conWinXiW\ Wo each Vlice bXW WhiV giYeV XnUealiVWicall\ high SKE.  
The VecondaU\ YelociWieV 𝑉௡௢௥௠ሺ𝑦, 𝑧ሻ and 𝑊ሺ𝑦, 𝑧ሻ aUe noUmal Wo 𝛼ଶ, and aUe calcXlaWed XVing a VWUeamfXncWion ߰ [10]: 

𝑊 ൌ
𝑑߰
𝑑𝑦∗ ,  𝑉௡௢௥௠ ൌ െ

𝑑߰
𝑑𝑧

 (A2) 

𝑉௡௢௥௠  and 𝑦∗ aUe Whe YelociW\ and diVWance peUpendicXlaU Wo Whe pUimaU\ floZ, Vee FigXUe 20. The VWUeamfXncWion iV calcXlaWed nXmeUicall\ 
fUom Whe YoUWiciW\ giYen b\ eTXaWion (1), afWeU [10]: 

߲ଶ߰
߲𝑦∗ଶ ൅

߲ଶ߰
߲𝑧ଶ ൌ െ߱௦௘௖  (A3) 

 
Figure 20 Definitions for application of secondary flow theory. 

APPENDI; B: SECONDAR< CIRCULATION 
The ciUcXlaWion of Whe VecondaU\ YoUWiciW\, Γ௦௘௖ , iV eTXal Wo Whe aUea-inWegUal of ߱௦௘௖  acUoVV Whe paVVage: 

𝛤௦௘௖ ൌ ඵ ߱௦௘௖𝑑𝑦∗𝑑𝑧 ൌ ሺ𝑝 𝑐𝑜𝑠 𝛼ଶሻ ൬
ℎ
2

൰ ௦߱௘௖തതതതതത (B1) 

ZheUe Whe oYeU-baU indicaWeV aUea aYeUaging. FUom eTXaWion (1), Whe aUea-aYeUage VecondaU\ YoUWiciW\ iV giYen b\: 

߱௦௘௖തതതതതത ൌ ൜
߱ଵuଵ

uଶ

തതതതതതത
ൠ

𝐶௫𝛥𝑇∗

𝑝 cos 𝛼ଶ
൅ ฬሼ߱ଵതതതതሽ

sin 𝛼ଵ

cos 𝛼ଶ
െ ൜

߱ଵuଵ

uଶ

തതതതതതത
ൠ tan 𝛼ଶฬ (B2) 

FoU a poZeU-laZ pUofile, YelociW\ and YoUWiciW\ aUe giYen b\: 

𝑢ଵ

𝑈ଵ
ൌ  ൝ቀ

𝑧
ߜ

ቁ
ଵ/௡

, 𝑧 ൑ ߜ

1          ,         𝑧 ൐ ߜ
 (B3) 

ωଵ ൌ  ቐ
𝑈ଵ

𝑛ߜ ቀ
𝑧
ቁߜ

ଵି௡
௡ , 𝑧 ൑ ߜ

0          ,         𝑧 ൐ ߜ
 (B4) 

The aUea-aYeUage inleW YoUWiciW\ in eTXaWion (B2) iV WhXV: 

ሼ߱1ሽതതതതതത ൌ
2
ℎ

𝑈ଵ

𝑛ߜ
න ቀ

𝑧
ߜ

ቁ
ଵି௡

௡ 𝑑𝑧
ఋ

଴
ൌ

𝑈ଵ

ሺℎ/2ሻ (B5) 

FUom eTXaWion (A1), Whe oXWleW YelociW\ iV giYen b\: 

uଶ

𝑈ଶ
ൌ ൞ඨ1 െ ൬

𝑈ଵ

𝑈ଶ
൰

ଶ

൭1 െ ቀ
𝑧
ቁߜ

ଶ
௡

൱ , 𝑧 ൑ ߜ

1          ,         𝑧 ൐ ߜ

 (B6) 
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ThXV foU 𝑧 ൑  :Whe pUodXcW of inleW YoUWiciW\ and YelociW\ UaWio iV ߜ

߱ଵ𝑢ଵ

𝑢ଶ
ൌ

𝑈ଵ

𝑛ߜ ൬
𝑈ଵ

𝑈ଶ
൰ ቀ

𝑧
ቁߜ

ଶି௡
௡ ቌ1 െ ൬

𝑈ଵ

𝑈ଶ
൰

ଶ

൭1 െ  ቀ
𝑧
ቁߜ

ଶ
௡൱ቍ

ି଴.ହ

   (B7) 

The aYeUage can be obWained b\ inWegUaWion: 

൜߱1
𝑢ଵ

𝑢ଶ
ൠ

തതതതതതതതത
ൌ

2
ℎ

න
߱ଵ𝑢ଵ

𝑢ଶ
𝑑𝑧

ఋ

଴
ൌ

𝑈ଶ

ሺℎ/2ሻ ቌ1 െ  ඨ1 െ ൬
𝑈ଵ

𝑈ଶ
൰

ଶ

ቍ (B8) 

SXbVWiWXWing eTXaWionV (B5) and (B8) inWo (B2), and When ߱௦௘௖തതതതതത inWo eTXaWion (B1) giYeV Whe UeVXlW in eTXaWion (8) in Whe main We[W. 
 


