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ABSTRACT

The It6 calculus is the theory of stochastic integrals fot X, dS,, where S is a
semimartingale, and X is a suitable previsible process. The approach most commonly
given in the literature is the ‘Strasbourg approach’, in which S is taken first to be an
L?-martingale, and an L’-isometry is used to define the integral. Then localization
and pathwise Stieltjes integration are used to extend to the case when S is a semi-
martingale. In this thesis a different, and more direct approach is given. The space
L? is replaced by LP for an arbitrary p € [0,00), with a particular interest shown in
the case when p = 0. The integral [ X dS is defined as an L?-valued Daniell integral
(the ‘Daniell’ analogue of L?-valued measures). The necessary theory of such Daniell
integrals is given in Chapters 2 and 3. In Chapter 4 the stochastic integral fXdSs
is defined and its properties given. It is necessary to place a dominated convergence
condition on . Processes satisfying this condition are called L?-integrators. A char-
acterization of LP-integrators in terms of uniform convergence is given at the end of
Chapter 4. A proof that all integrators have pathwise cadlag versions is given in Chap-
ter 5. Localization and processes of finite-variation are also considered in Chapter 5.
Quadratic variation, [$], and mutual variation, [R, S], are defined in Chapter 6 by a
martingale-free method, and its properties proven. The It6 formula is then stated and
proved. Martingales are for the first time introduced in Chapters 7 and 8. Some results
from the discrete-time theory (which are presented in Chapter 7) are used in Chap-
ter 8 to prove that all martingales are integrators. This Daniell method of stochastic
integration is seen to be consistent with and at least as powerful as the Strasbourg
method. Finally in Chapter 9 a proof is presented of the result of Bichteler, Del-
lacherie, Mokobodzki and Meyer, that the class of all (L°-)integrators is precisely the
class of all semimartingales. As prerequisites for this proof, Doob-Meyer decompo-
sitions for L'-integrators and local L'-integrators are obtained, and the class of all
semimartingales is proven to be invariant under change of the probability measure
(provided the two probabilities are equivalent).
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CHAPTER 1: INTRODUCTION

The purpose of this thesis is to develop the theory of the stochastic integral
foi X dS, where X and § are certain random processes of continuous time, and the
integral is to be thought of as a Stieltjes integral. (A random process X is to be
thought of as a random function ¢t — X; from [0,0) to R.) We shall define the
integral in a way that is different from that commonly given in the literature (the
‘Strasbourg approach’ see below). We shall use a method that gives the integral in
one step (unlike the Strasbourg approach).

These integrals arise in the theory of stochastic processes from, for example, the
theory of stochastic differential equations. Consider for example an ordinary differen-

tial equation
dz
(1) Eti = f(t7mt)7

for some suitable function f:[0,00) X R — R. Now it may be desirable to add some

‘noise’ to this equation and obtain the stochastic differential equation
(2) ‘ dXt == f(t,X-t) dt + G(t,Xt) dBt,

where B; denotes Brownian motion and the solution X is a random process. But what
does (2) mean? The problem being that we can not ‘divide’ by dt, since dB;/dt fails
to exist with probability one. The next attempt is to place an integral sign fot in front

of equation (2) to obtain

(3) thXg-}-/ f(s,Xs)ds—!-/ 0(s,X)dB,.
: 0 0
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There is no problem interpreting the first integral of (3): just consider it péthwise.
But if Wé try to interpret the second integral as a pathwise Stieltjes integral we run
into difficulty because B does not have finite variation. The It calculus allows us
to define such integrals in another way. We must in some way use the fact that we
have an underlying probability space. This restricts the class of integrands that we
may use: they must not depend on knowledge of the future. Stochastic differenfial
equations have many uses. They for example allow one to construct the diffusion
process associated with an elliptic operator, and in particular Brownian motion on a
Riemannian manifold.

We return to considering the integral fot X dS. The first thing to do is to intro-
duce a filtration (F;);cg+ on the underlying probability space (Q,F,P). This is an
increasing family of sub o-fields of . We shall require that § is adapted. That is, S,
is Fi-measurable for all ¢. (In probability theory o-fields represent knowledge. Thus
a filtration corresponds to the increasing of knowledge with time.) Next a class £ of
‘elementary’ processes is defined, and the integral J X dS is defined for X € & (see

Definitions (4.5) and (4.6)). The next step is to extend [ ... dS by taking limits.

The Strasbourg Approach. The approach to this imiting process most commonly
given in the literature is one that was worked out for the Séminaire de Probabilités
at Strasbourg in the year 1974—75 (see Meyer [Me]). We shall refer to this approach
throughout this thesis as the ‘Strasbourg approach’ or the ‘Strasbourg method’. As
I have indicated, we shall be using a method different from this, which I believe is
much cleaner. We now shall give an outline of the Strasbourg method as background
information. If M is an L?-martingale (of which Brownian motion is an example),

there is an increasing L'-process [M] (for a Brownian motion B, [B]: =) such that

(4) E(/XdM/YdM):E(/OOOXYd[M]> for all X,Y € &.
7



The left hand side of (4) is just the inner product of [ X dM and Y dM in L*(P). The
right hand side is the inner product of X and Y in L?(pps), where ups is a measure
defined by pmE = E(f " 1gd[M]). So [...dM is an isometry, and thus we can
extend its domain to the closure of £ in L?(ups). This closure is L2 ((0,00)xQ, P, par),
where P is the previsible o-field which will be defined in Chapter 4 (Definition(4.3)(b)).

Now having defined [ X dM, we define (X*M); = fotX dM to be f].(o’-t]xQX dM
when this exists. This defines an L?-martingale X*M. This however does not give
the most general integral possible. To generalise the integral further it is necessary, in
the Strasbourg approach, to use the method of localization. This increases the class
of integrands to the set of previsible processes X such that there exists a sequence
of stopping times (¢, ), such that firstly o, T 00, and secondly 10,0,)X is integrable
as above with respect to M on (0,%] for all £. Then X*M is defined by the formula
(X*M)o, rt = ((l(g,an]X »M ) ,- Another similar localization generalizes the class of
integrands to the class of local L?-martingales. Finally we can generalize still further
by considering processes S that are the sum of a local L%-martingale and a process
with paths of finite variation A. Define X=$ = XM + X+A, where the last term is
defined as a pathwise Stieltjes integral. A full development of the Strasbourg method

can be found for example in Rogers & Williams [RW].

The problem with the Strasbourg approach is that using L? places restrictions
on the processes in the {2 direction of the product [0,00) x . One way we might hope
to get around this problem is to replace L? by something larger such as L° (the space
of all random variables with the topology of convergence in probability). It is useful
however to use L? for arbitrary p € [0, 00) (we exclude L™ for technical reasons). The
case when p = 2 ties in nicely with the Strasbourg approach. The case when p=1is

useful when considering martingales and local martingales.

We shall start therefore with an adapted vector-valued function S:R*T — L? and
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define [ X dS for X € £ as above. We could think of the function S as defining an
LP-valued Stieltjes measure on (0, 00) x Q; but since L? (when p < 1) is not a Banach
space this does not seem pleasant. The way we shall take is based on that given in
Bichteler [Bi2]. We define something that is like an L'-norm on (0,00) x Q. That

something is an upper gauge.

In Chapter 2 we shall define what is meant by an upper gauge on an arbitrary
set, and prove analogues for upper gauges of the main theorems of integration theory.
This concept is based on something of the same name given in Bichteler [Bil]. The
definition that we shall give of measurability is different from that of Bichteler; but it

is sufficient for our purposes.

In Chapter 3 we shall consider linear maps J:£ — X, where € is a certain type
of subspace of real-valued functions on a set I and X is an F-space. Then we shall use
the theory of upper gauges to extend J to an ‘L'-closure’ of £. But in order to define
the upper gauge it is necessary firstly that X be a C-space (defined in Chapter 3),
and secondly J satisfies certain properties. This extension is precisely what is needed
to define the stochastic integral. In Chapter 3 it is shown that L? is a C-space for
0 < p < oo; but L* in general is not. It is this that prevents us using L in the

definition of the stochastic integral.

Then in Chapter 4 we apply this theory to the problem of extending [...dS
from £ to something useful. This places restrictions on S, and the concept of an
integrator results (in fact we have the term ‘LP-integrator’ for each p € [0, ©0)). Various
properties of the integral are then proven; for example X+(H-S) = (X H )»S. In §4.4
the power of using L® begins to be apparent. For instance we see that for each
ladcag process X (see (1.4) below), X+S is defined for all integrators S. Also fot XdS
1s expressed as a limit in probability of Riemann sums. Then a characterization of
integrators, given in Bichteler [Bi2] (Theorem 2.6), in terms of uniform convergence

of integrands is proved (thereby filling an apparent gap in Bichteler’s account). This
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is more useful functional analytically, because uniform convergence is easier to cope
with than dominated convergence (as is used in the original definition).

Up to this point integrators have been considered as functions from [0,00) to
L?. But in Chapter 5 we shall introduce stopping times and prove the.result, given in
Bichteler [Bi2], that an integrator has a pathwise cadlag version. This is done using
the method of upcrossings. The theory of localization is also developed in this chapter,
and is shown not to lead to any generalization of the stochastic integral (unlike the
Strasbourg approach). We also show that finite-variation processes are integrators
and also that Brownian motion is an integrator.

Next we come to a fundamental result, the 1t6 formula. This is proved in Chap-

ter 6. The one dimensional version of this result states that

0 559~ 750y = [ r(s)as+3 [ r(s)dis),

when § is a continuous integrator, f:R — R is a C? function, and [$] denotes the
quadratic variation process bf S. The definition of this process and that of the mutual
variation process [R,S] of two integrators R and S is also given in this chapter. The
important fact that [X-R,Y 5] = (XY )*[R, 5], is given, and proved using upper-gauge
methods. The chapter finishes with a formalization of the differential notation such
as used in equation (2) above. All this is done without ever using the concept of a
martingale!

However martingales are important in the It6 calculus. The rest of this thesis
therefore considers the connection between martingales and the Ité calculus. We
show that all local martingales, local submartingales, local supermartingales and local
quasimartingales are integrators. It is also proved that H*M is alocal martingale when
M is alocal martingale and H is a locally bounded previsible process. By proving that
a martingale is an integrator we can use a result of Chapter 5 to see that all martingales

have pathwise cadlag versions; thus avoiding the need for another upcrossing argument.
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This is the work of Chapter 8. In order to carry this out we shall need some resuits
from the discrete-time case; particularly some inequalities concerning the martingale
transform (the discrete-time analogue of H+X). The discrete-time theory needed is
given in Chapter 7. In that chapter discrete-time analogues of H*X and [X,Y] are
defined. This gives a foretaste of what is to follow in the continuous-time case. This
use of discrete-time theory is an extension of some work dQne by D. A. Edwards,
see [Ed]. It allows us to avoid the use at this sfage of the continuous-time Doob-Meyer
decomposition. We give at the end of Chapter 8 results that tie up the method of this
thesis with the Strasbourg approach. Finally we present a proof in Chapter 9 of the
result due to Bichteler, Dellacherie, Mokobodzki and Meyer that the class of integrators
is precisely the class of semimartingales. Also given in that chapter are Doob-Meyer
decomposition results for L*-integrators, local L'-integrators and submartingales. In
order to prove the characterization theorem, we give a proof that the class of all
semimartingales is invariant under change of probability measure, providing the two

probabilities are equivalent. This is made easy by the work of previous chapters.

There have been books written on the subject of the It calculus using vector-
valued measures instead of the Strasbourg approach; see for example Métivier & Pel-
laumail [MP]. The method presented in this thesis is completely different to that given

in these books (and I believe simpler).

Note. I have tried to make this thesis as self-contained as possible, even if this has
sometimes entailed giving more or less routine proofs of standard results. I have done
this partly because I hope the work will later be useful as a text for beginners in
stochastic analysis. But I have also sought to make it a manifesto for this particular
way of developing the theory; and I believe that in the end the provision of all essential
proofs may be the quickest method of convincing the sceptical reader that there is no

sleight of hand in my attempt to persuade him or her that this is indeed a direct,
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clean, and attractive way of establishing the theory.
§1.1 SOME NOTATION AND TERMINOLOGY

We include in this section some remarks about some terminology and notation

that we shall be using throughout this thesis.

(1.1)Number Sets. We shall assume throughout the following conventions for num-

ber sets.

N={0,1,2,...1}, Rt = [0,00), R = [~00, 0],

Q+ =Qn [0700)7 RTT = (0,00), Rt = [07001'

In general a superscript ‘+’ on a set X such as a set of numbers, or a function space,
will denote the set of non-negative elements of that set. We shall also use conventions

such as N for the set {1,2,3,...} (i.e. the elements of N that are greater than zero).

(1.2)Set Theory. When A and B are sets, A A B will denote the symmetric dif-
ference, (A\B) U (B\4), of 4 and B. B# will denote the set of functions from A to
B.

When P(s1,...,5,) is an n-ary predicate on a set I', and fi,..., fo: — T for
some set (), we will use [P(fi,...,fs)] to denote {w € Q| P(fi(w),... , fn(w)) }. So

for example if f,9:Q — R, then [f < g] denotes the set of points w €  such that

flw) < g(w).
When A is a subset of some set Q, we shall use 14 to denote the real-valued

function on ) that takes the value 1 on 4 and 0 on Q\A.

(1.3)Maxima, Minima and Vector Sublattices. If z,y € R then we shall use

z Vy and z Ay to denote the maximum and the minimum respectively of z and Y.
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We also shall use this notation pointwise when applied to R-valued functions. For
each z € R, we shall use zt and z~ to denote z V 0 and (—z) V 0 respectively. So
z =zt -2 and |z| = 2t + 2. Again we shall use this notation pointwise when it is

applied to R-valued functions. If T is a set then by a vector sublattice of R we shall

mean a real subspace of RT that is closed under the pointwise operations V and A.

(1.4)Cadlag and Ladcag Functions. Suppose that I' is a regular Hausdorff topo-
logical space. A function f:RT — T is said to be cadlig if and only if f is right
continuous and the limit f(¢—) = lim,q; f(s) exists in T for all € R**. A function
f:RTT — T is said to be ladcdg if and only if it is left continuous and the limit
f(t+) = lim,¢ f(s) exists in T for all ¢ € R*. Note here it is assumed that f(0+)
exists even though f(0) is not defined. This is to ensure that certain boundedness

properties hold for f.

The terms ‘cadlag’ and ‘ladcag’ originate from the French expressions ‘continu &
droite et limité a gauche’ (continuous on the right and limits on the léft) and ‘limité a
droite et continu a gauche’ (limits on the right and continuous on the left) respectively.
The first is in common usage, but the second is my own invention. I thought of using

‘caglad’ for ladcag but it sounds and looks too much like ‘cadlag’.

Now it is true that real-valued cadlag functions are bounded on each [0,5]. To
prove such results it is convenient to consider cadlag functions as continuous functions
on some topological space. Let R as a set be the disjoint union of R* and a copy of
R¥+. When t > 0 let t_ denote the corresponding element of the copy of RT*. Now
totally order R so that 0 < s_ < s <t_ < t whenever 0 < s < t and give R the order
topology. Now if fy: R — I is continuous, then f = fy|g+ is a cadlag function. Also
f(t=) = fo(t-) for all ¢ > 0. Now if conversely f:R+ — T'is cadlag, then by defining
fo(t) = f(t) and fo(t_) = f(t—), we obtain a continuous function fo: R — T such that

f = folr+ (it is here that the regularity of T is used). Thus we see that continuous
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functions on R are in one to one correspondence with cadlag functions on R*. Now
it is relatively easy to prove that the interval [0,b]g of R is a compact subset of R
for each b € R*. So a continuous image of it is also compact. Thus for each cadlag
function f:R* — T and b € RT, the set { f(¢)|0 <t < b}U{f(t—)|0 <t < bl}is
compact.

We can do a similar thing with ladcag functions. Le. take L to be RT™ disjoint
union with a copy of R™; writing elements of the copy of R* as ¢, etc. Now R and
L are order isomorphic via the map from R to L that sends ¢ to ¢, and ¢_ to t.
Thus cadlag functions and ladcag functions are in one to one correspondence. The
correspondence is as follows: the cadlag function f corresponds to the ladcag function
f- defined by f_(t) = f(t—). Conversely the ladcag function g corresponds to the

cadlag function g, defined by g4 (¢) = g(t+).

(1.5)Simple Functions. Suppose that X and Y are sets. Then a function f: X — Y
is said to be simple if and only if its range f(X) is a finite subset of ¥. This terminology

1s most useful when X is a measure space and Y is a set of numbers such as R.

(1.6)Partial Derivatives. Suppose that f:UU — C, where U is an open subset of R™.
We shall use i f to denote the partial derivative of f with respect to the k*® variable
when it exists. When o = (a1,...,a,) € N™ we shall let 8 denote the operator
I ...05m. We shall let |a| = a3 + -+ + o, so that || is the order of 2. Tt is also

convenient to use * to denote the monomial z$* ... 23" when z = (z4,... ,&n) € R™.

(1.7)F-Spaces. An F-space is a topological vector space such that its topology can
be given by a complete translation-invariant metric d. (A metric d is said to be
translation invariant if and only if d(z + 2,y + z) = d(z,y) for all z, y and z.) Now for
such a translation-invariant d, we can write d(z,y) = p(z — y), where p(z) = d(z,0).

We shall also refer to p as the metric. A subset E of a topological vector space X is said

14



to be bounded if and only if for each neighbourhood V of zero in X, thereis at; € RT
such that F Q tV for all ¢t > ty. When X is an F-space with (translation—invariant)

metric p, this condition is equivalent to sup,cg p(Az) — 0 as A | 0.
§1.2 L? SPACES FOR 0 < p < o©

Suppose that (2, F,P) is a probability space. We shall be using the spaces
LP(Q, F,P) for 0 < p < oco. The spaces LP(Q,F,P) for 1 < p < oo are familiar,
but for 0 < p < 1 the spaces L?(Q2,F,P) can also be defined. These are F-spaces
but not in general Banach spaces (they are not in general even locally convex: see
Rudin [Ru] (1.47) for the case 0 < p < 1). We are particularly interested in the
space L, since as we shall see it contains all the random variables, has the topology of
convergence in probability, and gives the most general class of integrators for stochastic

integration.

(1.8)Definition. Suppose that (£, F,u) is a measure space. When 0 < p < oo, L£?
denotes the set of all measurable f: Q2 — R such that fQ |fIPdp < co. L° denotes
the set of all measurable functions f: 2 — R. £ denotes the set of all measurable
functions f:Q — R such that |f| < ¢ a.e. for some c € RT. Welet L? (0 < p < o)
denote the set of all equivalence classes in L? of the equivalence relation of equality

almost everywhere. For 0 < p < oo we define

1/(1vp) 1/p
oot = ([ 17 a0) wd flp= ([ 15Pdn) " drager,

Then p, is a metric on L? that makes it into an F-space. For f € L=, we let
Poo(f) = ||fllco denote the least ¢ € RT such that |f| < c a.e. This is a norm on L
making it into a Banach space. When  is a probability we shall make L° into an

F-space by defining the metric po on L° by

polf)= [ANIfdn  forall £ g
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When necessary we shall denote the dependence of L? on (Q,F,u) by LP(Q,F,u),
Lr(Q), LP(F), LP(u) etc., and similarly for £P. For 1 < p < oo, pp = ||-|| is the usual

LP-norm, so L? is a Banach space in this case. O

We should here give the proof that p, for 0 < p < 1 is a metric. If 5, > 0 and
s+1=1then s > s and t* > t. Therefore 1 = s +t < s? + t?. For any z,y > 0 put
s=z/(x+y)andt=1y/(z +y) (unless z = y = 0) to give that (z +y)? < z? +yP. It
is now easy to see that p,(f) = [, |f|? dP defines a metric. The completeness of L?
for 0 < p < 1 is proved in just the same way as for 1 < p < oo by showing first that
S pp(fn) < co implies that Y o | fn converges a.e. and in LP. We also see that if

fa — fin L? then a subsequence (f,, )r converges a.e. to f.

(1.9)Proposition. Suppose that (Q,F,u) is a measure space. Then the following
hold.

(a) If 0 < p,g,r < oo satisfy 3 + ¢ = 7, then ||fgll- <||flpllglly for all € LP(p)
and g € L%(p). |
(b) If p is a probability and 0 < ¢ < p < oo, then LP(u) C L9(u) and the inclusion
LP(u) — L%(p) is continuous. In fact the following are true.
() g > 0 then | flly < || fllp for all £ € £2(1).
(ii) If ¢ = 0 then po(f) < pp(f) for all f € LP(u).

Proof:

(a) The cases where p = 0o or ¢ = oo are easy; so we shall suppose p,q,r < 0.

= 1, we have by Holder’s inequality that

r

Since W + q/

r/p /g
/ luv| dP < (/ Iulp/rdP) (/ |v|q/’"dﬂ3’> for u € LP/" and v € £L9/7.
Q Q Q

Now put u = [f|” and v = |g|" and raise both sides to the power 1/r to give the result.
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(b) This will clearly follow from (i) and (ii) (for the cases ¢ > 0 and ¢ = 0 respec-
tively).

(i) Clearly we may suppose that ¢ < p. Let 0 < r < oo such that % = ;7 + % then

1
q
by (a) luvlly < ||lu|lpllvll» for v € £P and v € L7. Let w = f and v = 1 to give the
result (|1, = 1).

(i) We can suppose that p > 0. There are two cases to consider: 0 < p < 1 and
1 < p < oo. Suppose first that 0 < p < 1. Then 1A|f] < (1A|f])? < | f|P; so integrating
over {) gives the result. Now suppose that 1 < p < co. Then po(f) < p1(f) < pp(f),

where the first inequality follows from the case when 0 < p < 1 and the second is

from (i). O

Now as we remarked, one of the useful facts about L is that it has the topology

of convergence in probability. Here is a proof of that fact.

(1.10)Proposition. Suppose that (Q, F,P) is a probability space. Then the follow-
ing hold.
(i) The topology of L°(P) is that of ‘convergence in probability’ i.e. if (Xa)o is a
net in L°(P) and X € L%(P) then

Xo — X in L°(P) <= P[|Xo - X|> A] — 0 for all X > 0.

(i) L°(P) is a topological algebra under the obvious pointwise definition of multipli-

cation.

Proof:

(i) Clearly without loss of generality we may assume that X = 0. Suppose then
that X, — 0 in L°. We have for A > 0 that x> < 75(1 A |Xq|). Thus taking
the expectation of both sides gives that P[|X,| > ] < =~ po(Xa). But po(Xa) — 0,

so P[|X4| > A] — 0 as required.
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Now suppose conversely that P[|X,| > A] — 0 for all A > 0. Then given ¢ > 0,
there exists an o such that P[|X,| > f] < £ for all @ > ag. So for & > o we have

that

po(Xa) =/ (1/\|Xa|)dP+/ (1A |Xa])dP
[Xol<e/2] 1 Xal>e/2]

So po(Xa) — 0 as required.

(i) We have to show that multiplication is continuous. Suppose that (X4)s and
(Yo)a are netsin L over the same directed set and X,Y € L° are such that X, — X
and Y, — Y in L°. We have to show that XY, — XY in L%, i.e. P[|XoYy — XV]| >
A} — 0 for each A > 0.

So suppose that A > 0 and that ¢ > 0. Take M > 0 such that P[|X| > M] < ¢
and P[|Y| > M] < £. Let n > 0 be such that 2M% + 5% < A, and let oy be such
that P[|Xo — X| > 5] < £ and P[|¥a — Y| > 7] < £ for all & > ag. Then on the set
O\ (IX] >MJU)Y]| > MU [|Xs = X| > g]U][[Ya=Y]| > n]) we have that

| XoYo — XY | < | Xo - X||Y |+ [ X|[Ya - Y]+ |Xo — X||Y, - Y]

< 2Mn + 152 < A

So we have that
([XaYe = XY| > M C[1X| > MU[Y| > M]U[|Xo — X| > 7] U [|Ya - Y| > g,

and therefore taking probability, it follows that P[|X,Y,—XY| > )] < ftstiti=c¢
for all & > ag. So P[| XY, — XY| > )] — 0 as required. O
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(1.11)Proposition. Suppose that (Q,F,u) is a measure space, and that 0 < p < co.

Then the following are true.
(i) For each f € LP(u) and t > 0, P p[|f] > 1] < £15-
(ii) For each measurable f:Q — R,

1712 = » / 2= ullf] > 1] dt

(where | fll, = oo if f ¢ £7).

Proof:

(i) We have that t*1;j754 < |f|?. So integrate to give the result.

(i) Deﬁne [:RT x Q- Rby f(t,w) = PP 5154 (w). Now the result follows from
the fact that [y [ f(t,w) dt u(dw) = [~ [ f(t,w) p(dw) dt. O
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CHAPTER 2: UPPER GAUGES

§2.1 DEFINITIONS

As we have mentioned in the introduction, we shall require an abstraction of
the L'-norm, called an upper gauge. In this chapter we shall define this concept and
develop the theory as far as is needed for later chapters. This is based on some of
the contents of Bichteler [Bil]. We shall drop his requirement that ®(Af) = |A\|®(f),

because this will not be true in our application.

(2.1)Definition. Suppose that I' is a set.
(a) A Stone lattice on I is a vector sublattice (see (1.3)) £ of R such that s € £ —
sAN1egf.
(b) Suppose that £ is a Stone lattice on I'. Then an upper gauge on the pair (T, &)
is a function @:(RT)T' — R such that the following hold.
(1) Fors € £* (where T ={s€ E|s>0}), ®(Xs) — 0 as A | 0.
(2) @(f) < ®(g) whenever f,g:T — RY such that f < g.
(8) K fu, fay.o 5T — Y, then 8(S2, ) < 5%, 8(F,).
(4) If s1,8p,-+- € £T are such that s; < s, < ... and sup,, ®(As,) — 0 as

AL 0, then ®(|sn, — $1n]) — 0 as n,m — oco.

(¢) An upper gauge space is a triple (I',£,®), where I' is a set, £ is a Stone lattice

on I' and @ is an upper gauge on (T, £). O

When (T',£,®) is an upper gauge space and f:I' — R, we shall take ®(f) to
mean ®(|f|). Now we will suppose until further notice that (T',€,®) is an upper

gauge space.
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Note.

1. (1) of Definition(2.1)(b) gives that ®(0) = 0. Therefore (3) of the same definition
gives that ®(f; +--- + fn) < ®(f1) + -+ + &(f»). Putting f = --- = f, = f gives
that ®(nf) < nd®(f).

2. The sum of two upper gauges is clearly also an upper gauge.

§2.2 ®-NULL SETS
(2.2)Definition. A set E CT is said to be ®-null if and only if ®(1g) = 0. 0O

The expressions ‘®-a.e.’ (‘®-almost everywhere’) and ‘for ®-a.a.z’ (‘for ®-almost
all z’) are defined in terms of this definition in the usual way. From (2) and (3) of

Definition(2.1)(b) we obtain the following proposition.

(2.3)Proposition.
(i) f EC F and F is ®-null, then E is also ®-null.
(i) If E1,E,,... are ®-null, then |JJ° | E, is also ®-null. O

Now concerning equality ®-a.e. we have the following.

(2.4)Proposition.
(i) Suppose that f,¢:T — R and f = g ®-a.e. Then ®(f) = ®(9g).
(ii) Suppose that f:T — R. Then f = 0 ®-a.e. if and only if ®(f)=0.

Proof:

(i) Let E = [f # g]. So we have |f| < |g|+ 3%, 15. Now E is ®-null, so ®(1g) = 0
and thus we have ®(|f]) < ®(|g]) + S oo, ®(15) = ®(|g|). Le. ®(f) < ®(g). The
reverse inequality is similar.

(ii) Suppose that ®(f) = 0, and let E = [f # 0]. We have that 1z < S UL
Applying @ gives that ®(1g) < 3.oo . ®(|f|) = 0. Therefore E is ®-null as required.

For the converse apply (i) with g = 0. ]
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§2.3 ®-FINITE FUNCTIONS

(2.5)Definition. A function f:T' — R is said to be ®-finite if and only if ®(Af) — 0
as A — 0 (or equivalently ®(A|f|) — 0 as A | 0). O

We see that (1) of Definition(2.1)(b) says that all elements of £ are ®-finite.

(2.6)Proposition. Suppose that f:T' — R is ®-finite, then ®(f) < oo and |f| < oo

d-a.e.

Note. @(f) < oo is not necessarily sufficient for f to be ®-finite (cf. L°-integrators

later). However it is sufficient in the case when ®(\g) = |A\|®(g) for all g and ).

Proof: By considering |f| we may assume without loss of generality that 7 =2 0. Now

®(2f) — 0 asn — oco. So for some n, ®(f) < oo. Thus ®(f) < n®(Lf) < co. Le.

®(f) < oo. Nowlet E =[f = c0]. Then1lg < Af for all A > 0. Thus applying ® gives
that (1) < ®(Af) - 0as A | 0. So ®(1g) = 0 and E is ®-null as required. O

(2.7)Definition. F(®) will denote the set of all &-finite f:T' — R (note real valued:
this is no real loss of generality by Proposition(2.6)). We have that F(®) is a Stone
lattice on I'. F(®) will denote the set of equivalence classes in JF (®) of the equivalence

relation of equality ®-a.e. O
We shall now proceed to show that F (®) is an F-space with ® as the metric.

(2.8)Lemma.
(i) I f1, f2,-- € F(®), f:T — R and &(f, — f) — 0 as n — oo, then f € F(®).
(@) If fi, fay--- € F(®) and 172, 8(fn) < oo, then S0 |fu| < 00 -ace. If
further we let f:T — R be such that f = 12 f, ®-a.e., then f € F(&) and
(f~N  fa) »0as N — oo.
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Proof:

(i) Given € > 0, let N be such that ®(fy — f) < £. Thenif 0 < A < 1, we have
that ®(Af) < @(Afn)+ &(f — fv) < @(Afn) + £. But (A fn) < £ for A sufficiently
small (fxy € F(®)), and so it follows that ®(Af) < ¢ for A sufficiently small. Thus
®(Af) — 0 as X | 0 as required.

(i) Let E = [3°7° , |fn] = o0]. Thenlg < 320 | fxl- Apply @ to give that ®(1g) <
Y omen B(fn) — 0 as N — co. Thus &(1z) =0, and so E is ®-null as required.

Now let f be as given in the statement. Then |f — Z§=1 fn[ < Nt | Fal
$-a.e. So applying ® gives that &(f — ZnN=1 fa) < Somen41 (fn) 2 0as N — oo
as required. That f € F(®) follows now from (i). O

(2.9)Theorem. F(®) is an F-space with metric & (This is finite by Proposition(2.6)).

Proof: The only non-trivial things to check are the following properties.
(i) Scalar multiplication is continuous.
(ii) The metric is complete.

Let us now prove these.

(i) Suppose that a,ao € R and f, fo € F(®). Then

®(af —aofo) < B((a — ao)fo) + &(a(f ~ fo)).

Now since fg is ®-finite it follows that ®((a —ag)fo) » 0 as & — . Take N € N
such that [ag| < N. Then for |a| < N, & (a(f - fo)) < ®(N(f — fo)) S N®(f - fo)-
So ®(a(f - fo)) = 0 as @ — g and &(F — fo) — 0. Therefore ®(af — agfy) — 0 as
o — ag and ®(f — fo) — 0. Le. scalar multiplication is continuous.

(ii) Suppose that fi, fa,-+- € F(®) are such that ®(fn — fm) — 0 as n,m — oo.

Then pick n; < ny < ... such that

(1) Q(frn— fm) < 2k for n,m > n;.
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Then applying Lemma(2.8)(ii) to the sequence fn,, frn, — fn, fns — frnyy--. we see that
there is an f € F(®) such that &(f,, — f) — 0 as k — oc. Now suppose that ¢ > 0 is
given, and take k such that &(f,, — f) < %, and 27k < £. We have, by (}), that for
cach n > nk, B(fa = 1) < B(fn = for) + B(far — ) < £+ 5 = €. S0 B(f — f) = 0

as n — oo. 4

(2.10)Proposition. Suppose that f1, fa,...,f € F(®) and ®(frn—f) — 0asn — co.

Then there is a subsequence (f,, )r of (fn)n such that f,, — f ®-a.e.

Proof: Pick n; <ny <... suchthat 3 72 &(f,, —f) < co. Then by Lemma(2.8)(ii)
> pen [frn — fl < 00 ®-a.e. So fr, — f B-ace. _ O

§2.4 INTEGRABILITY AND THE CONVERGENCE THEOREMS

(2.11)Definition. We say that a function f:I' — R is ®-integrable if and only if
for each ¢ > 0 there is an s € & such that &(f — s) < ¢ (or equivalently there is
a sequence (sn)n in € such that ®&(f — s,) — 0). £(®) will denote the set of all
®-integrable functions, so that £?(®) is the closure of £ in F(&) (£1(®) C F(&) by
Lemma(2.8)(i)). We let L'(®) denote the set of equivalence classes in £1(®@) of the

equivalence relation of equality ®-a.e. O

We have that L!(®) is a closed vector subspace of F(®) (and so is complete), and
that £(®) is a Stone lattice on I'. These are easily proved: for exampleif f,g € L1(9).
Let (sn)n and (t,), be ‘approximating’ sequences in & for f and g respectively. Then
(8n Vin)n is an ‘approximating’ sequence for f V g (see Lemma(2.12) below), and so
fVg e L£Y®). That £*(®) is closed under addition, scalar multiplication, taking
minima etc. is similar.

We shall proceed to give statements and proofs of the promised convergence

theorems. First we state and prove a lemma.
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(2.12)Lemma. Suppose that &1,...,2n,y1,...,Yn € R. Then

(@2 Ve Van) = (y Ve V) <o — | Ve Ve — gl

and (i Ao Azn) = (g1 Ao Ayn)| < o1 = 92| VooV Zn — yal-

Proof: Let 1 denote the right hand side. Then z; — 1 < yi < zk +nfork=1,...,n
Now take the maximum as k runs from 1 to n to give that (2 V---Vaz,) —7n <
(y1V---Vy,) < (mlv Van)+n. So|(@1 V- Van)—(y1V---Vyn)| < 7 as required.

The other formula is similar. O

(2.13)The Monotone Convergence Theorem.

Suppose that f1, fs,--- € L'(®) are such that 0 < f1 < f» < ... and sup,, ®(Afr)
— 0 as A | 0. Then there exists an f € L'(®) such that f = sup,, f, ®-a.e. and
®(f - fn) — 0 asn— oo. O

Proof: Given ¢ > 0 take 5, € £ such that ®(f, ~ 5,) < e2™". By replacing 5, by

V0 we may assume without loss of generality that 5, > 0. Let s, = §;V---V§, € &,

50 81 < 83 < . Now fr = fi V.-V fp, and so by Lemma(2.12), we see that
(1) (o= snl SUfr = 81| VooV | fr = 8al <Y1 — 3kl
k=1

Thus applying ® gives that

(1) B(fn—sn) <D B(fr —5t) <e
k=1

For 0 < A <1 we have by () that

oo N oo
sup 8(A| fr — sal) < D ®(A[fi — 5x]) < <Y @O\ fi - ) + + > ®(|fx ~ 5l).
n k=1 k=1 k=N+1



So given 1 > 0, there exists an N making the final term < 1. Then for X sufficiently
small the previous term is also < Z. So we see that sup, ®(A|fn —sn|) = 0as X | 0.
Therefore sup,, ®(As,) — 0, since sup,, ®(Asn) < sup,, ®(A|frn—s5|)+sup,, @(Af'n). So
we see that (4) of Definition(2.1)(b) applies to the sequence (s, ). Thus &(s, — sy, ) —
0 as n,m — co. Take N such that ®(s, — sp) < € for all n,m > N. Then by (1),
®(fn — fm) < 3¢ for all n,m > N. Thus ®(f, — fm) — 0 as n,m — oo, and so since
L'(®) is complete, it follows that there is an f € £1(®) such that ®(fn—f)—0
as n — oo. By Proposition(2.10), we see that a subsequence of (f,), converges to f

®-a.e. and so f = sup,, fr P-a.e. O

(2.14)The Dominated Convergence Theorem.

Suppose that fi,fs,--- € L}(®), f:T — R, f, — f ®-ae. as n — oo, and
for some non-negative g € F(®), |fu| < g ®-a.e. for all n. Then f € LY(®) and
®(fn—f)—0asn— oco.

Proof: By replacing f,, f and g by Ingfr, Ir\gf and 1r\pg respectively, where E
is the ®-null set outside which f, — f pointwise and |f,,| < g for all n, We can assume

without loss of generality that f, — f everywhere and |7n] < g everywhere for all n.

Let hn = sup{|fi — fil |k,1 2 n},

and hn,m:sup{lfk—fljlnék,lém} for m > n.

Then hppm € £Y(®), 0 < A, < 2g and hpnm T hn as m — oo. Thus we see that
hy € L}(®) by the Monotone Convergence Theorem (2.13). Now h, | 0 pointwise so
hy — hn T h1. Thus applying the Monotone Convergence Theorem (2.13) again gives
that ®(h,) = @(h1 — (h1 — hn)) — 0 as n — co. But since |fn — fm| < Anam, it
follows that &(fn — fm) — 0 as n,m — co. Therefore by the completeness of L(®)
that there exists an f € £}(®) such that ®(fn—F) — 0. Now using Proposition(2.10)

we see that f = f ®-a.e. The theorem now follows. g
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§2.5 ®-MEASURABILITY

We would like to have some concept of measurable function when considering
upper gauges. We think of $-measurable functions as those functions that would be
®-integrable if only they were not too big. We make this concept precise by ‘clipping’

the function with an element of €1 as follows.

(2.15)Definition. A function f:T — R is said to be ®-measurable if and only if
(fANs)V(—s) € LYDP) for each s € £T. O

We note immediately that all $-integrable functions are ®-measurable. Now we

show that ®-measurable functions that are not too big are ®-integrable.

(2.16)Proposition. If f:T' — R is ®-measurable and |f| < g for some g € L1(9),
then f € L(®).

Proof: Take s, € £+ such that ®(s, — g) — 0, and let f, = (f A sn) V (—sn)
So fn € L}(®). But f = (f Ag)V (—g), and so by Lemma(2.12) we have that
|fn = fI < |sn — g|- Thus (s, — g) — 0 gives that &(f, — f) — 0. But f, € L1(®),
so f € £L1(®) as required. O

(2.17)Proposition. If fi, fs,...:T — R are ®-measurable, and f:T — R is such

that f, — f ®-a.c., then f is ®-measurable.

Proof: Suppose that s € £¥. Then (f, A s) V (—s) — (f As)V(—s) ®-a.e. But also
((fn A8)V (=s)| < s and (fn As)V (—s) € L2(®). Thus it follows by the Dominated
Convergence Theorem (2.14) that (f A s) V (—s) € L1(®) as required. O

Now we show that ®-measurability corresponds to the usual measure theoretic

idea of measurable function (that defined by the use of o-fields).
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(2.18)Definition. If A C T then A is said to be ®-measurable if and only if 1, is

®-measurable. M(fb) will denote the set of all ®-measurable subsets of T'. O

(2.19)Proposition.
(i) M(®) is a o-field on T that contains all the ®-null subsets of I.
(ii) Suppose that f:T' — R. Then f is ®-measurable if and only if f~1(B) € M(®)
for all Borel subsets B of R.

Proof:
(i) It is easy to show that ®-null sets are in M(®). Thus @ € M(®). It remains
only to show that the following hold.
(a) Ae M(®) = T'\4 e M(®).
(b) A, 42, - € M(®) = U2, 4, € M().
For (a) suppose that 4 € M(®) and that s € £1. Then IpaNs=1ANs-14As€
L1(®). So T'\A € M(®). For (b) let A = [J°° A,. Thenfors € £+, 14 A s =
Hmpy oo VA (14, As) € L*(®) by the Monotone Convergence Theorem (2.13) or the
Dominated Convergence Theorem (2.14). Thus 4 € M(®) as required.
(ii) Suppose first that f is $-measurable. It is enough to show that [f > o] € M (®)
for all @ € R, since the intervals (@, co] generate the o-field of Borel subsets of R.
First we show that (f — @)t is ®-measurable. Suppose that s € £F, and let
sn = (ns) A1l. So s, € £T and s, T Ls>0)- Let fo = (f Ans)V (—ns) and g, =
(fn—asn)™ As. So fn,gn € LY(®), |gn| < s and gn — (f — a)t A s. Therefore by the
Dominated Convergence Theorem (2.14) we have that (f — o)t As € L1(®). Thus it
follows by definition that (f — a)T is ®-measurable.
Now let hp, = (n(f—a)T)Al. Thenfors € £, hpns = n((f—a)tAL(sAl)) €
L1(®), since 2(s A1) € £, So hy, is ®-measurable. But h, — 1i¢>q], and thus
[f > o] € M(®) by Proposition(2.17). It now follows that f~Y(B) € M(®) for all

Borel subsets B of R as required.
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Now suppose conversely that f~1(B) € M(®) for all Borel subsets B of R. Then

let
22m 3

f,n = Z kz_nl[kz—n<f<(k+l)2—n] - 2n1[f<_2n] + 2n1[f>2u]
k= ~—22n

Then fn — f, and so it is enough by Proposition(2.17) to show that f, is ®-
measurable. Thus without loss of generality f = Y ._, axla,, where aj,...a, €
R\{0} and 4i,..., A, are disjoint ®-measurable subsets of I'. Suppose that s € £+.
Then (f As)V (=s) = > po; or(la, A 'al—k]s) € L1(®) (since 4i,..., A, are disjoint).

Thus f is ®-measurable as required. 0

As a corollary we have that the sum, product, maximum, minimum etc. of ®-

measurable functions are ®-measurable. The following shows that one can replace £

by £}(®) in Definition(2.15).

(2.20)Proposition. Suppose that f:T' — R. Then f is ®-measurable if and only if
(fAg)V(—g) € L(®) for all g € L*(®) with g > 0.

Proof: The ‘if’ part is easy since £ C £L1(®). For the ‘only if’ part suppose that f
is ®-measurable and g € L1(®) with g > 0. Then (f A g) V (—g) is ®-measurable by
the above comment and |(f A g) V (—g)| < g. So by Proposition(2.16) it follows that

(f ANg)V(—g) € L1(®) as required. O
§2.6 o-FINITE UPPER GAUGE SPACES

(2.21)Definition. An upper gauge space (T, &, ®) is said to be o-finite if and only
if there exist 51,82, € € such that ' = |J°° _[s, # 0]. |

We note immediately the following result.

(2.22)Proposition. Suppose that (T',£,®) is a o-finite upper gauge space. Then

there exist s;,$;,--- € £7 such that s, T co pointwise as n — oo.
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Proof: We have that there are t1,15,--- € & such that I' = [J°°, [t, # 0]. Let

$n =713 p_; |tn|.- Then s, 1 co as required. O

Now we can give a generalization of Proposition(2.16) in the case of o-finite

upper gauge spaces.

(2.23)Proposition. Suppose that (T, £, ®) is a o-finite upper gauge space, and that
f:T' — R is ®-measurable and ®-finite. Then f is ®-integrable.

Proof: By Proposition(2.22), let s1,s2,--+ € £ be such that s, T co. Let f, =
(f Asn) V (=sn). Sothat fr € LY(®), fn — f and |fa| < |f| € F(®). Thus by the
Dominated Convergence Theorem (2.14), we have f € £1(®) as required. O

In the o-finite case we have another characterization of M(®).

(2.24)Proposition. Suppose that (T',£,®) is a o-finite upper gauge space. Then
M(®) is the smallest o-field containing all ®-null subsets of T' and making all elements

of £ measurable.

Proof: Let F be the smallest o-field containing all ®-null subsets of I' and making
all elements of £ measurable. Now clearly F C M(®).

Suppose that f € £(®). Then by Definition(2.11) and Proposition(2.10) there
exist s1,82,-++ € € such that s, — f ®-a.e. Suppose s, — f outside the ®-null set E.
Let 3, =1r\gsn and f= Ir\gf. Then s, is F-measurable, therefore so is 5, (since
§n = s, ®-ae.). But 5, — f so f is F-measurable. Therefore f is F-measurable
(again since f = f ®-a.e.). We have shown therefore that all ®-integrable functions
are J-measurable.

To complete the proof suppose that 4 € M(®). We have to show that 4 € F.
By Proposition(2.22) let 53,55, -+ € £ be such that s, | co. Now14As,, € L1(®) by

the definition of ®-measurability (Definition(2.15) and (2.18)). Thus by abovel4 A s,
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1s F-measurable and so by letting n — oo we see that 14 is F-measurable. l.e. 4 € F

as required. O
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CHAPTER 3: VECTOR-VALUED INTEGRALS

§3.1 DEFINITIONS
In this chapter we shall apply the theory of upper gauges given in Chapter 2 to
the following extension problem. We are given a set I' with a Stone lattice &£ on it,
an F-space X, and a linear map J: £ — X. We require an extension of J to some
‘L'-closure’ of £ (i.e. a closure with respect to an upper gauge). In order to do this we
shall have to place restrictions on J and X. The restriction on X is that it must be a
C-space, a concept that we shall now define. (This restriction is necessary in order to

prove that property (4) of Definition(2.1)(b) is satisfied by our upper gauge.)

(8.1)Definition. A C-space is an F-space X such that if z1,z,,--- € X are such that

the set

A:{ZnN__:lanmn[NEN>0,an€ﬂ:and lan|<lforn=1,...,N}

9

(where F denotes the scalar field) is bounded in X, then z, — 0 in X. O

We note that any closed subspace of a C-space is also a C-space. The spaces that
we are interested in, namely L? (0 < p < oo) based on a probability space, will, in §3.7,
be shown to be C-spaces. Not all Banach spaces are C-spaces (consider for example
L% in Proposition(3.20), also the sequence space ¢ is not a C-space). However all

Hilbert spaces are C-spaces. We give here an elementary proof of this fact.

(3.2)Proposition. Suppose that H is a Hilbert space. Then 'H is a C-space. In fact if
1,23, € H have the property that for some constant ¢ € R, ||zn, +-+-+ 2, Il <c

whenever r € Ny and ny < -+ < n,, then z,, — 0.

Proof: By thinking of H as a real space with the inner product Re(:,-), we may

suppose that 7 is a real Hilbert space.
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Suppose that y € H and N € Nsg. Then take ny < .-+ < n,. to be the
elements n of {1,...,N} such that (z,,y) > 0. We have that Ei\;l(zn,y>+ =
(Tn, + - 4+ 2n,,y) < clly||. Let N — oo to give that Sz, y)t < cly]-
Similarly 3> (z,,y)” < ¢|ly||, and thus adding this to the previous formula gives
Yoo {znyy)| < 2¢|jy||. Thus we have that

(1) (Tn,y) — 0 as n — oo for all y € H.

Now suppose for a contradiction that z, -» 0. Then there exists ¢ > 0 such that
|zn|l > € for infinitely many n. Define n; < ny < ... inductively as follows: let n;
be such that ||z,] > ¢, given ny < -+ < np_; with k > 1, take using (1) ng > ng—1

such that ||z, || > € and [(zn,,2n, )| < 27F for j < k. We have

r

Z I-’Zinj,-’ﬂnk ’<Z Z 2—k

1<j<ksr i=1 k=j+1

<22“j
j=1

<1

Therefore
¢ > o, + -+ on, |
= Z Hmnknz +2 Z wn37$’nk
1€i<kgr
>re— 2.
Letting » — oo gives the required contradiction. U
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(8.3)Definition. Suppose that X is a real C-space. Then an X -valued integral space
is a triple (I', £, J), where T is a set, £ is a Stone lattice on T, and J: £ — X is linear
and satisfies the following.

(1) {J(u)|ue &, |ul<s}isabounded subset of X for all s € £7.

(2) s1,82,--- €&, 5, | 0 pointwise = J(s,) — 0in X.
J is then known as an X-valued preintegral on (T',£). We shall say that (T,&,J) is

o-finite if and only if I’ = |J2_, [s, # 0] for some s, 89, -+ € £. O

These axioms correspond to those of Bichteler for an stochastic integrator in
[Bi2]. We shall now suppose unless otherwise indicated that X is a real C-space, and
that (T', £, J) is an X-valued integral space. Also in order to construct an upper gauge

we shall suppose also that A’ comes equipped with a (translation invariant) metric p.
§3.2 THE UPPER GAUGE CORRESPONDING TO J

(3.4)Definition. £ denotes the set of all functions u:I' — R+ such that there exist
$1,82,-++ € ET such that s, T u pointwise. Now define & ;: (ﬁ"’)r — R by

®s(u) =sup{p(J(s))|s €& |s|<u}, when u € &7

inc?

;(f) =inf{®;(u)|f <ve€ &L},  when £:T - RT.

(It is clear that the first formula defines an increasing function ®; on £

, and thus
the second formula extends the first. So we see that the definition of & is consistent. )

Again we put ®;(f) = ®,(|f|) when f:T — R. O
(3.5)Theorem. ®; is an upper gauge on (T,8).

In order to prove this we shall require the following result, which is of interest
in its own right. First note that it is clear that & is increasing; i.e. it satisfies (2) of

Definition(2.1)(b).
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(8.6)Proposition. Ifuj,us,--- € Er ,u:T — RY and u,, | u pointwise, then u € o
and ®5(un) T ®5(u).

Proof: For each k = 1,2,..., take sy 1,8k,2,- - € £T such that s, T ug as n — oco.
Let sp =81,V -+ Vsppn. Sos, € ET, and it is easy to check that s, T u. Sou€ EL..

Now suppose that 0 < ¢ < @ j(u). Then by definition there exists ¢ € £ such that
t| <wand p(J(2)) > c. Put tn = (t Asn)V(=s,). Then t, € € and |tn| < sn < Un.
Now since t = t+ — 1~ and [tt # 0] N [t~ # 0] = & we obtain that t= =t A s, T 2.
Therefore applying (2) of Definition(3.3) to the decreasing sequence (t* — ¢¥),,, we
obtain that J(¢3) — J(¢*)in X. So J(tn) — J(t)in X. Thus p(J () — p(J(2)) > ¢,
and so there exists ng such that p(J(tn,)) > ¢. But for n > ng, we have that
[tnel < $ny < un and so @ 5(u,) > p(J(tno)) > cforall n > ng. ®5(us) T ®s(n) now

follows. U

Proof of Theorem(3.5): We have to prove that (1), (2), (3) and (4) of Defini-
tion(2.1)(b) hold.

(1) Suppose that s € £7. Put A = {J(t)|t € £, |t{| < s}. Then by (1) of
Definition(3.3) .A is bounded in X'. Thus & ;(As) = sup,c 4 p(Az) — O as A | 0.

(2) This is easy.

(3) First I claim that
(1) Pr(s+1t) < @s(s)+ Bs(2) for all s,t € £7.

Suppose that u € £ is such that |u| < s+1¢. Let v = (u A s)V(—s)and w = u —v. So
v,w€ €, o] <5, |w| <tand u=v+w. We have that J(u) = J(v) + J(w), and so
p(J(u)) < p(J(@)) + p(J(w)) < @5(s) + ®1(t). (1) now follows from the definition of
.

Next I claim that

(1) Cr(u+v) < ®5(u) + Dy(v) for all u,v € &7 _.

e ”
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Take s1,82,+-- € ¥ and 1,15, € £F such that s, T u and t, T v. Then by (1),
P1(sn +1n) < ®5(s5) + @5(t,). Let n — oo and use Proposition(3.6) to give (}).

Now suppose that fi, fs,...:T' — RT. Then we have to show that

() o:( L 1) < i B5(f2).

n=l

Clearly we may suppose that the right hand side is finite. Given ¢ > 0 take u, € &F

inc

such that f, < un and ®5(uy) < @5(fn) + €2™™. Then

o(Sa)n(E)

N—oo

N
= lim ®; ( Z un> (by Proposition(3.6))

n=1

N-—oo

N
< lim Y @) (by (1)

< Z (I'J(fn) + €.
n=1

And thus (*) now follows.

(4) Suppose that s; < s, < ... in £ and sup, ®s(Asn) — 0 as XA | 0. Let
v = lim,_,o 8, SO u € S{I';C. Now @;(u — s,) decreases as n increases. I claim
®;(u — sn) | 0. For suppose not. Then there exists ¢ > 0 such that Q(u—s,)>¢
for all n. By Proposition(3.6) it follows that for each n, ® s(sm, — 5n) T @r(u—sp,) > ¢
as m — oo with m > n. Thus we must have that for each n, there is an m > n such
that ® ;(s;m — s5,) > €. Using this take n; < ns < ... such that P y(Snppy — Sny) > €
for k =1,2... . By the definition of & there exists for each k, a ty € £ such that

tkl < $nypy — 8y, and p(J(tk)) > €. Let 2 = J(tr), so p(zx) > €, and put

A={2g=1ak$k[NEN>o al,.-.,OLNE[—l,l]}.
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I claim that A is bounded in X. Forif z = Sp., akes € A (=1 < a,...,on < 1)
then z = J(t), where t = Zi\le aptr. Sot € £ and [t| ch\;l ltk] < $ny,.. Therefore
for A > 0, we have that p(Az) = p(J(At)) < ®7(Asny,, ), and so sup,c 4 p(Az) <
sup, ®s(Asn) — 0as A | 0. Thus A is bounded. But X is a C-space; therefore z), — 0

as k — oo, which gives a contradiction, since p(z) > ¢ for all k. O

§3.3 THE INTEGRAL AND THE CONVERGENCE THEOREMS
We can now use this upper gauge to extend J to a larger space than £.

(3.7)Definition. Let £1(J) denote £L(®). Then [... dJ: L1(J) — X is the unique

linear map extending J and satisfying:

(1) p(/fdJ) < ®5(f) forall fe L)

Consistency: (1) implies that f... dJ:£Y(J) — X is continuous (with the topology
given by &) and therefore it is unique if it exists (since £ is dense in £1(J )). To prove
the existence of [ ... dJ note that p(J(s)) < ®s(s)forall s € £ by the definition of & ;.
So J:£ — X is continuous when £ has the topology given by @ ;. Therefore (using
approximating sequences and the completeness of X ) there is a continuous linear
extension of J to £L(J). To prove (1), suppose that f € LY(J) and take s1,89,--- € £
such that ®;(s, — f) — 0. Then J(s,) — [ fdJ. But p(J(sn)) < ®s(sn). So let

n — oo to give (1). O

Now using the Monotone Convergence Theorem (2.13), the Dominated Conver-
gence Theorem (2.14), and the fact that ®(f, — f) =0 = [f.d] — [ fdJ

(by (1) of Definition(3.7)), we have immediately the following results.
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(3.8)The Monotone Convergence Theorem:.

" Suppose that fi,fa,--- € L3(J) are such that 0 < fi < fo < ... and
sup, ®7(Afn) — 0 as A | 0. Then there exists an f € L£L*(J) such that f = sup,, fn
®y-ae, ®5(f~ fo) »0and [ frdJ > [fdJ in X. g

(3.9)The Dominated Convergence Theorem.

Suppose that fi, f2,--- € L}(J), i:T - R, fn — f ®j-ae. as n — oo, and
for some non-negative g € F(®;), |fn| < g ®s-a.e. for all n. Then f € L1(J),
®(fn—f)—0and [ fndJ — [fdJin X. O

We shall need the following result in the next chapter.

(3.10)Proposition. Suppose that X is a C-space and that (T,&,J) is a o-finite X-
valued integral space. Let F be the smallest o-field making all the elements of £
measurable. Then the following hold.
(i) f E C T is ®;-null then there exists an A € F such that E C A and A is
® ;-null.
(ii) M(®) is the set of subsets E of ' such that there exist A,B € F such that
ACECB and B\A is ® 7-null.
(iii) If f:T — R(resp. R) is ® y-measurable then there exists F-measurable function

¢:T' — R(resp. R) such that f = g ® j-a.e.

Proof:

(i) We have that ®;(1g) = 0, and so by Definition(3.4), there exist Ug, Uz, - € EF

inc

such that 1z < u, for all n, and ®5(un) | 0. Now since u,, € £F

‘ncs We have that u,, is

F-measurable. Let A = [)>" [un > 1],50 4 € F and E C A. But 14 < Un, and so
®7(14) < ®5(un). Let n — oo to give that ®;(14) = 0 as required.
(ii) Letting G denote the set described in the statement, we have to show that § =

M(@5). We know by Proposition(2.24) that M(®;) is the o-field generated by F
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and the & y-null subsets of T. Now G C M(&), since if E € G, take A and B as in
the statement. Then F is the union of 4 € F and the ®y-null set E\A. To prove the
reverse inclusion note that § is a o-field and that 7 C G. We have only to check that
G contains all the ®;-null subsets of I'. Now if E C T is ®-null then by (i) there
exists B € F such that E C B and B is ® j-null. Take 4 = @ to show that E € G.

(iii) Let R = R(resp. R), and let C be a countable class of subsets of R that generates,
as a o-field, the Borel o-field of R. For each C € C, by (ii), let Ac, B¢ € F be such
that Ac € f71(C) C B¢ and Bg\Ag is ®s-null. Let E = Ucece(Bo\Ac); so Eis a

® s-null element of F (since C is countable). Define g:T' — R by

f(w)7 ifze F\Ea
9(z) ={

0, ifz e E.

Then g = f ®j-a.e. Now for each C € C, g7}(C) = Ac\E € Fif 0 ¢ C, and
97(0)=BcUE € Fif0eC. Le. ¢7}(C) € F for all C € C. Now because C

generates the Borel o-field of R, this gives that ¢ is F-measurable as required. [
§3.4 INDEPENDENCE OF THE CHOICE OF METRIC ON X

Now we have supposed that our C-space X comes equipped with a metric p. We
now consider the effect of changing this metric. The following result shows that things

are not changed too much.

(8.11)Proposition. Suppose that X is a C-space and that p and p' are two transla-
tion invariant metrics for X. Suppose that (T',&, J) is an X-valued integral space and
®; and ®; denote the upper gauges defined using p and p' respectively. Then for all

€ > 0 there exists 6 > 0 such that

@J(f)<5 = Qif(f)<57
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and vice versa (i.e. the result of interchanging the roles of ® ; and ®';). Thus ®; and

®'; give the same topology on R, and so F(®;) = F(®';) and L1 (®) = L£1(d').

This will follow from the following result by putting Y = X, T to be the identity

and taking px and py to be p and p' respectively.

real
(8.12)Proposition. Suppose that X and ) are{C-spaces with translation invariant

metrics px and py respectively, and that T: X — ) is linear and continuous. Suppose
that (I',€,J) is an X-valued integral space. Then TJ is a Y-valued preintegral on

(T',&), and for each € > 0, there exists a § > 0 such that

‘I‘J(f) < = q)TJ(f) <eE&.

Thus F(®5) € F(®1s), L) C LYTT), and T [ f dJ = [ § d(TJ) for all f € L1(J).

Proof: Using the continuity of T it is easy to show that T'J satisfies (1) and (2) of
Definition(3.3) and is hence a Y-valued preintegral. By the continuity of T' we can
take g > 6; > -+ > 0 such that §,, | 0 and

(1) px(z) < b, = py(Tz) < 27",

Now define §:R* — R+ by

0, ifAr=0,
00) = { 27", if §pp1 <A < 6,

o, if A ;Z 50.

Then py(Tz) < §(px(z)) for all = € X, and 6 is increasing and right continuous. Now
I claim that ®75(f) < 6(®(f)) for all f:T' — R*. Consider first u € £+

inc*

We have
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that

ry(u) =sup{ py(TJ(s))|s €E, |s|<u}

<sup{8(px(J(s))) |s €&, |s|<u}

< (2 5(u)) (since 6 is increasing).

For a general function f:T' — R, take uy,us,--- € &F

inc

®5(un) | 5(f). Then &1;(f) < Cr5(un) < 0(®5(un)) by a,bove.v Now let n —» o

such that uw, > f'and

and use the right continuity of 6 to prove that ®7;(f) < 8(®s(f)). Thus
®s(f) <bn = @rs(f) <277,

which gives the result as required. O

§3.5 EXAMPLES AND ALTERNATIVE CHARACTERIZATIONS

OF X-VALUED INTEGRAL SPACES

We have the following characterization of X-valued preintegrals.

(8.13)Proposition. Suppose that T' is any set, £ is any Stone lattice on X isa
real C-space and that J: £ — X is linear. Then J is a X-valued preintegral on (T, £)
if and only if

(1) s1582,-+- € £, sp — 0 pointwise and |s,| < t € £F for all n = J(sn) — 0.

Proof: The ‘only if’ part follows from the Dominated Convergence Theorem (3.9).
For the ‘if’ part suppose (1) is satisfied. We have to show that (1) and (2) of Def-
inition(3.3) hold. (2) is easy; we consider (1). Thus suppose that s € £t and let
A={J(u)|veé& |ul <s} We have to show that sup,ec4 P(Az) — 0 as X | 0;
so suppose not. Now sup,c 4 p(Az) = sup{p(J(u)) |u € £, |u] < s }, which de-

creases as A > 0 decreases. But since this does not tend to zero as \ 1 0, it must be
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greater than ¢ for all A > 0 for some ¢ > 0. Taking A = & we have that there exists
un € £ such that |un| < +s and p(J(un)) > e. But by (1) (with s as ¢) we have that

J(un) — 0 which is a contradiction. d

The following is analogous to the Riesz representation theorem.

(8.14)Theorem. Suppose that T is a locally compact Hausdorff space, X is a real
C-space, and that J: Co(T') — X is linear and continuous. Then (T, Cy(T),J) is an

X -valued integral space.

Note. Here Co(T") denotes the Banach space of all continuous functions, f:T' — R,
that ‘vanish at infinity’ in the sense that for all ¢ > 0 there exists a compact subset

K of I such that |f| < € outside K. Cy(T') has the supremum norm.

Proof: Let £ = Co(T); then £ is a Stone lattice on I'. We have only to check (2)
of Definition(3.3); so suppose that s, | 0 pointwise in £. Given ¢ > 0 there exists a
compact K C I' such that s; < ¢ outside K. Now [s,, < ¢]is open and [s,, < ¢] 1 T. So
by the compactness of K there exists an ng such that [$ny < €] D K. Thus 0 < s, < €

on I' for all n > ny. Hence s, — 0 uniformly, and therefore by continuity of J,

J(sn) — 0. O

(8.15)Proposition. Suppose that T' is any set and that £ is a Stone lattice on T
consisting of bounded functions and such that the constant function 1 is an element
of £. Suppose further that X is a real C-space, and that J:£ — X is Iinear, and

continuous when £ has the supremum norm. Then

81,89, €ET, 5,1 0 = lim J(sn) exists in X.

n—oo

If the limit must always be zero then we see that (T',€,J) is an X-valued integral

space.
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Note. The continuity of J is equivalent to (1) of Definition(3.3).

Proof: We construct a compact Hausdorff space in‘ a way similar to thaf used to
construct the Stone-Cech compactification. Define j:T' — RE by i(z)s = s(z). Give
R the product topology and let K = j(I'). K is a closed subset of Iecel=Isll lIs]]]
(where ||s|| = supr |s]), and thus we see that K is compact Hausdorff. Also we have
that j maps I into K with dense range. I claim that the following are true.

(i) For each s € £, there exists a unique § € C(K) such that s = 5o0j.

~

)
(ii) The function s — §:€ — C(K) is linear.
(i) If s <tin & then § < 1.

)

(iv

To prove (i), define §: K — R by § = m,|x where 7, is the st} projection from R onto

18] = ||s|| for all s € £.

R. (i), (iil) and (iv) now follow from (i).

Let £ = {3]|s € £}. Then £ is a vector sublattice of C(K) containing the
constant functions. Also it follows from the construction of § as =, |k, that & separates
the points of K. By a well-known theorem, such vector sublattices of ¢ (K) (i.e. those
separating points and containing the constant functions) are dense in C (K). (Show
that their closures are subalgebras and apply the Stone-Weierstrass approximation
theorem or otherwise.)

Now since £ is dense in C(K) the mapping § — J(s):£ — X (s is determined
by & by (i)) extends (using (iv)) to a unique continuous linear map J:C(K) — X.
By Theorem(3.14), (K,C(K),J) is an X-valued integral space. Now suppose s,, | 0
pointwise in £*. Then §,, decreases as n increases. Let 4 = limy, o0 $5. Then by the
Dominated Convergence Theorem (3.9), J(s,) = J(4n) = [énd] — fudJ, and thus

Bmp, oo J(s5,) exists. O

§3.6 THE NECESSITY OF THE C-SPACE CONDITION

We shall now show that our assumption that X is a C-space is necessary.
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(8.16)Theorem. Suppose that X is a real F-space such that whenever (I',€,J) is an
X -valued ini‘egral space (ignoring the requirement that X be a C-space), the function
®;:(RY)T — R defined by Definition(3.4) is an upper gauge on (T,£). Then X is a

C-space.

Proof: Suppose that z;,z,,--- € X are such that
A= {0 anzn|N €Nso, a,...,an € [-1,1]},

is bounded in X. Take I' = N and £ to be the set of all real-valued functions on T
with finite support. Define J: £ — X by J(s) = >oo 1 8(n)zy,. Now it is easy to show
that (I',£,J) is an X-valued integral space.

Let sn =141, .. ny forn=1,2,... . Then s, 1 1, and so 1 € & . For A > 0,
sup, ®7(Asn) < @5(A1) = sup,c 4 p(Az), and so sup, ®s(Xs,) — 0 as A | 0 by
the boundedness of A. Thus since ®; satisfies (4) of Definition(2.1)(b) we see that
®7(sn —8m) — 0 as n,m — co. So plzy) = p(J(.sn - sn_l)) < @5(sp —8n-1) — 0 as

n — oo, i.e. , — 0 as required. O
§3.7 EXAMPLES OF C-SPACES: L? SPACES

Throughout this section we shall assume that (Q,F, P) is a probability space.
It remains to give the promised proof that LP(Q2,F,P) is a C-space for 0 < p < o0.
This is required in order to apply the results of this chapter to the theory of stochastic
integration in the next chapter. The proof we shall give is based on one given in
Rolewicz [Ro] (see Proposition II1.8.6). To give that proof we shall need to use the

Rademacher functions on [0, 1].

(8.17)Definition. The Rademacher functions are the functions T1,72,...:]0,1] - R

defined by r,(t) = sgn[sin(2"7t)). O
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Thinking about this definition we see 1;hat the Rademacher functions are ‘square
waves’. It 1s best to think of 71,7,,... as independent identically distributed random
variables on [0,1] (with Lebesgue measure as the probability measure), the distribution
being that taking £1 with equal probability 1/2. Thinking in this way we see that
(HnESlrn)S’ where S runs over all finite subsets of Ny, is an orthonormal set in
L?[0,1]. In fact it is complete, although we shall not need this fact. We give now one

half of an important result for Rademacher functions.

(3.18)Theorem (Khintchine’s Inequality).

Let R be the real vector space spanned by the Rademacher functions. Then if
0 < p < o0 and R is given the topology inherited from LP[0,1], the inclusion map
R — L*[0,1] is continuous. For 0 < p & oo this means that there is a constant

kp € (0,00) such that for all N and all a1,...,an € R we have

(fjaz)l/2<kp (/01 P>1/p.

n=1
Proof: Since the inclusion LP — L° is continuous, we may assume without loss of

N
E QnTn
n=1

generality that p = 0. Suppose that f = Eszl anTn € R. For A > 0,let A =[|f| > }],

and n = pA, where p denotes Lebesgue measure. Let I denote [0,1]. We have that

N 2
2>
2> [ (o)

N

= / <Z airi + 2 Z akazrkrl>

NAN T k<IKN

N

=(1—'I])Zai—2 Z akal/ TLT
n=1 k<IKN A

(since fI\A rET] + fA PRT] = fI m&71 = 0 if k # [ by the orthonormality of the Tk’s)
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N

covE( g00) (5 ()"

n=1 k<IKN

(by the Cauchy-Schwarz inequality).

Now by Bessel’s inequality and the fact that (ryr;)k<; is orthonormal, we see that
2
Zk<l<N (fArkrl) = Ek<l<N<1A,7‘k’r'l>2 < |14ll2 = . But also we have that

2,2 _ 1 2,2 < L(VTN 232 :
2 k<I<N 039 = 5 D a0l < 3(30,_; a2)”. So we obtain that

N

N> (1=n=-+20)) d=(1-n-20)|f|3.

n=1

Now given ¢ > 0, take 0 < A < ¢. We have shown that
feR = |fll: <A1-n-+20)7"*  where n = u[|f] > Al.

But as f — 0in L% n — 0. Therefore there exists a 6§ > 0 such that | fll2 < € for all

f € R such that po(f) < §. This gives the required continuity. O

(3.19)Theorem. For 0 < p < oo, LP(Q,F,P) is a C-space. In fact if X1,X,,-+- €
LP(Q, F,P) are such that the set A = {2  a,X,|N € Nso, ai,...,an €
[~1,1]} is bounded in LP. Then the following hold.

() T2 1Xal? < oo a5

(i) (D2, 1Xa)' € 12,

(iii) X5, — 0 a.s. and in L?.

Note. Here we are assuming that p < co. This is necessary (see next result).

Proof: Consider first the case when p > 0. There is a constant C € (0, 00) such that
Jo|YIPdP < Cforall Y € A. Now by Theorem(3.18), we have for w € Q, that

(g:lxn(w)z)l/z <k, (/01 ,érn(t)xn(w) pdt>l/p_
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Raise both sides to the power p, integrate with respect to w, and interchange the order

of integration on the right hand side to give that

s N »/2 1
[(Em)"wen] |
o\, 0 Jo

1
< kg/ Cdt = Ck?.
0

P

S
Y () Xn(w)| P(dw)dt

Now let N — oo and use the monotone convergence theorem to obtain that

oo »/2
/ <Z X§> dP < CI? < co.
Q n=1

So parts (i) and (ii) now follow. For part (iii), let ¥ = (22, X2)"/%. Then |X,| <
Y € L?, and so [X,|? < Y? € L'. Now X, — 0 a.s. Therefore the dominated
convergence theorem gives that [, |X,|P dP — 0 as required.

Now we consider the case when p = 0. Letting F = [Z:;l X2 = oo] we must
show that P(E) = 0. Suppose not and take § such that 0 < 6§ < P(E). We shall
use po to denote the metric on L°(2, F,P) as usual, but use g for the corresponding
metric on L°[0,1]. Let R denote the real linear span of the Rademacher functions as

in Theorem(3.18). By Theorem(3.18), there is an n > 0 such that

(1) f€R, po(f)<n = |fll2 <1

For w € Q, let fyo = ZnNzl Xn(w)rn so fnw € R. Now since A is bounded in IL°,

there is a A > 0 such that
(1) pg(%Y) < né forall Y € A.

Now as N — oo, [Zf:l X2 > X1 [ X2 > X?] D E. So there is an N such that
P X2> 22 > 6 Let A= [N x2 > A?]. Then for w € 4, |3 fnol, > 1.
So from (}) we see that 5, (%f}v,w) > 1. We have thus proved that

14(w) < %ﬁo (%fN,w) for all w € 0.
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Integrate with respect to w to give that

1 ~ (1
P < = [ ok ) Pldo)

1 1
= - —E Tnt.Xn>dt
nApO(An=1 ()

(by interchanging the order of integration)
1 1
< - / né dt
7 Jo
(by (%) since Zivzl () X5 € A for each t)

= 4.

So we have shown that P(4) < §, which is a contradiction. Thus P(E) = 0 and we

have proved part (i). Parts (ii) and (iii) are now easy in this case. O

Concerning the case p = co we have the following result.
(3.20)Proposition. L*(Q,F,P) is a C-space if and only if it is finite dimensional.

Note. It follows from this proposition and Theorem(3.16) that L™ can not be used
as a range space in this theory of vector-valued integrals. We shall not therefore be

able to define L*™-integrators.

Proof: We say that A € F is (P-)atomic if and only if P(A) > 0 and there does not
exist B € F such that B C 4 and 0 < P(B) < P(4). I claim that either

(1) @=A4;U---U Ay for some pairwise disjoint atomic Ai,..., AN € F;
or

(2) There exist pairwise disjoint A;, A4,,--- € F such that P(4,) > 0.
For suppose (1) does not hold. Then £ is not atomic. Thus we can write ) — A;UB;y,
with A;, B; € F disjoint, and P(4;),P(B;) > 0. We can not have that both A; and

B; are finite disjoint unions of atomic sets; therefore without loss of generality B is
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not such a union. Répeat with B; as {) to give By = Ay UB, with A,, B, € F disjoint,
P(42),P(B2) > 0, and B, not a finite disjoint union of atomic sets. Continuing by
induction gives A;, Az,... as in (2) and thus proves (2).

If (1) holds then let G denote the set of unions from {41,...,AN}. So G is the
o-field generated by {4;,...,An}. We have that for all F € F there exists an 4 € G
such that P(F' A A) = 0. Thus L* is spanned by the subset {14,,...,14, }. Le. L®
1s finite dimensional.

If (2) holds then put X, = 14,. So {3 4, X,|N € Nso, a1,...,an €
[=1,1]} is bounded in L®. But || X,|lec = 1 for all n, and so X, = 0 in L>. Thus
L is not a C-space.

Thus if L* is a C-space, it must be finite dimensional. The converse is easy,

since any finite-dimensional real vector space is a C-space. O
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CHAPTER 4: THE STOCHASTIC INTEGRAL

84.1 THE SETUP AND DEFINITIONS
(4.1)Definition. Suppose that (£2,F,P) is a probability space.

(a) A filtration on (Q,F,P) is a family (F;);cg+ of o-fields such that F; C F for all
tcRT and F, C F; for all s <tin R™T.

(b) A filtration (Fi):er+ on (Q,F,P) is said to be right continuous if and only if
Fi=(\s»¢Fs forall t € R,

(c¢) A standard filtration on (Q,F,P) is a filtration (F;):;cg+ that is right continuous
and such that each F; contains all the P-null sets in F.

(d) A standard setup is a quadruple (Q, F,P, (F;)ser+) such that (2, F,P) is a com-

plete probability space, and (F;);cg+ is a standard filtration on (Q,F,P) O

Throughout this chapter, and most of the rest of this thesis, we shall assume
that (Q,F,P,(F:)ier+) is a standard setup. The intuitive idea behind this definition
is that ¢ € R™ represents time, and that F; is our knowledge at time ¢. This increases
as time ? increases. The condition that the filtration is right continuous is just a
convenient condition to make the mathematics more pleasant. We shall use £? and
L? to denote LP(2, F,P) and L?(Q2, F,P) respectively.

Before we continue we should comment on a convention that we shall use. Given
a function X:R* x @ — A for some set A, we will consider X also as a function
X:R*t — A% by putting X (¢)(w) = X(t,w). It is convenient also to write X; for X(t)
(this is standard practice in the theory of random processes). Thus X can be regarded
three things: a family (X;);cg+ of functions from (2 to A, a function X: Rt — 4% and

a function X:RT x Q@ — A. We shall use a similar convention for functions defined on

the set R™1 x Q.

We can now make some more definitions.
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(4.2)Definition.

(a)

(b)

A function X:R* x Q@ — R (resp. X:RT* x @ — R) is said to be an adapted
process or just a process if and only if X; is F;-measurable for all ¢ € R™ (resp.
t € Rt*). We shall assume throughout that all processes are adapted. An

LP-process is a process X such that X; € L? for all ¢.

If X:R*"xQ — 4 or X:Rtt xQ — A for some set A, then the functions

(t— Xt(w))weﬂ are known as the paths of X.

(¢) A cadlig process (resp. continuous process) is a process X:RT x @ — R for

which all its paths are cadlag (resp. continuous). (See (1.4) for the meaning of

cadlag.)

(d) A lddcdg process is an process X:R*T x Q — R for which all its paths are ladcag.

(f)

(See (1.4) for the meaning of ladcag. Note in particular that this insists on the

existence for each w of lim,}; X,(w) for all ¢ € R™ including t = 0.)

For each cadlag process X, X_ denotes the ladcag process given by (X_):(w) =
Xi—(w) = limps Xo(w). For each ladcag process X, X. denotes the cadlag
process given by (X4 ):(w) = X¢y(w) = lim,); X,(w). The two operations X

X_ and X — X, are mutual inverses (see (1.4)).

Given two process X and Y we say that X and Y are indistinguishable if and
only if the paths ¢ — Xy(w) and t — Y;(w) are the same for a.a.w. A set
E C R™ x Qis said to be evanescent if and only if it is a subset of a set of the
form RT x F where F C Q is P-null. So we see that two processes X and Y are

indistinguishable if and only if [X # Y] C Rt x © is evanescent.
If X:RT x Q0 — R, then we define X*:R* x Q@ — R+ by X = SUPg <<t | Xsly
where the supremum is evaluated pointwise on Q. Similarly if X:RT+ x Q — R,

we define X*:R** x 0 — R+ by X = SUPg<,g¢ |[Xs|. We note that some

authors omit the modulus sign from the definition of X*. O
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Note.

1. Asin (c) and (d) above we shall use the convention that an adjective such as
‘left continuous’, when applied to a process, refers to the paths.

2. If X is a cadlag (resp. ladcag) process, then X* is real-valued and is a cadlag
(resp. ladcag) process. (In order to see that X is F,-measurable, note that the
supremum can be replaced, by the right (resp. left) continuity of X, by a supremum
over the countable set ([0,¢] N Q) U {¢} (resp. (0,] N Q).)

3. Indistinguishable processes are to be thought of as the same process. We shall
often write X =Y when X and Y are indistinguishable processes. This should not

cause any confusion. (This is part of a general philosophy of ignoring P-null sets.)

(4.3)Definition.
(a) A previsible rectangle is a subset of RTt x Q of the form (s,t] x F, where 0 <
s <t<ooand F € F,.
(b) The previsible o-field P is the o-field on Rt x  generated by the set of all
previsible rectangles. Elements of P will be called previsible sets.
(c) A previsible process is a function X:R*T x Q — R that is P-measurable. (Since
a previsible process is adapted it is acceptable to use the term ‘process’ here.)

O

(4.4)Proposition.
(i) Every left-continuous adapted process X:RT+ x  — R is previsible.

(ii) P is the smallest o-field making all the ladcag processes X:R*T+ x 0 — R mea-

surable.

Proof:
(i) The function (t,w) — C(w)l(q,4(t) is previsible when 0 < a < b < oo and

C is a real-valued F,-measurable random variable. (Take C as a limit of simple
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random variables.) For a general left-continuous adapted process X:RT+ x Q — R,
let X(M:RT+ x Q — R by

22m 41

an)(w) = E Xiz-n(0)ira~n (k41)2-7(1)-
k=0

Then X(™ is previsible and X(™ — X pointwise. Thus X is previsible.

(ii) Let G denote the smallest o-field making all ladcag processes X:RT+ x O — R
measurable. Now since all such processes are previsible by (i), it follows that G C P.
For the reverse inclusion suppose that R is a previsible rectangle. Then 1y, is a ladcag
process and therefore is §-measurable. Thus R € G, and since the previsible rectangles

generate P, it follows that P C G as required. 0

(4.5)Definition. We shall denote the real vector subspace of RR*¥*% spanned by
(Ir)r, as R runs over all the previsible rectangles, by £. Elements of £ will be known
as elementary previsible processes (note that all such objects are previsible processes).

Equivalently we see that £ consists of the processes X: R+ x Q — R of the form

) Xi(@) = 3 Colellin i (d)
k=0

wherer € N,0 =1y < -+ < t, < oo, and for k = 0,.... ,7—1, Cf is a simple real-valued
Fi,-measurable random variable.

We shall again use £% to denote the set of elements X of £ such that X > 0.
As in Chapter 3, & will denote the set of F:R** x  — R+ such that there exists a

sequence (X, ), in €1 such that X,, T F pointwise. All elements of £+

‘nc are previsible,

since they are pointwise limits of elements of £. ]
§4.2 THE STOCHASTIC INTEGRAL

Our aim is to define an integral J X dS when § is a suitably nice cadlag process,

known as an integrator, and X a suitable previsible process. To do this we need to
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introduce an upper gauge on the set RT* x (. It is easy to see that £ is a Stone lattice
on RT x €. In giving the definition of an integrator it is convenient to define it as an
LP-valued function. We shall see in the next chapter that this leads to a (pathwise)

cadlag process.

(4.6)Definition. Suppose that 0 < p < co and that §:R™ — L? is a vector-valued
function that is adapted in the sense that S; (meaning S(t)) is Fi-measurable for all ¢ €
R¥. Then the linear map [... dS:€ — LP is defined by [ X dS = Y722 Ck(stw ~
Su.), when X € £ is given by () of Definition(4.5). It is easy to check that this is
well defined.

For X € £, define also [ X dS = [1,9,X dS for all t € R*, and define an
adapted function X+S:R* — L? by (XS), = [ X dS. O

(4.7)Definition. Suppose that 0 < p < co. An LP-integrator is a vector-valued

adapted function S:R* — L? that satisfies the following condition.

(1) If X1,Xp,--- € £, Xn — 0 pointwise, and |X,| < ¥ € &* for all n, then
andS——»Oian. d

Note. We have not assumed that LP-integrators are right continuous, since as we
shall see (Corollary(4.18)) it will follow from the above definition that they are cadlag

as LP-valued functions.

Now we see, from Proposition(3.13), that an adapted function S:R*T — LP is
an LP-integrator if and only if [... dS is an LP-valued preintegral on (R x Q, &).

Thus from Definition(3.3) the following result follows.

(4.8)Proposition. Suppose that 0 < p < . A vector-valued adapted function

S:R* — LP is an LP-integrator if and only if the following hold.
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(1) For eacht € R, f; ... dS: & — L? is continuous when £ is given the supremum

normi.

(2) X1,X5,--- € &, Xy | 0 pointwise —= [ X,,dS — 0in LP. O

Another characterization of LP-integrators will be given in §4.5.

. By applying the work of Chapter 3 to the LP-valued integral space (R™F x Q, &,
J ... dS), the stochastic integral with respect to an LP-integrator can now be con-

structed. We thus make the following definition (cf. Definition(3.4)).

(4.9)Definition. Suppose that 0 < p < co and that S is an LP-integrator. Then

define ®%: (R+)RT7 %2 _, Rt by

L(F) =sup{pp([ X dS)| X €&, |X|<F} for all F € &

inc?

LX) =inf{®%(F)|X <Fe &} forall X:R** x 0 — R*.

O
The following two results follow at once from Theorem(3.5) and Proposition(3.6).

(4.10)Theorem. Suppose that 0 < p < oo and that S is an LP-integrator. Then
(RT* x Q,£,8%) is a o-finite upper-gauge space. O

(4.11)Proposition. Suppose that Fi,Fy,--- € £F

inc?

F:Rtt xQ — R* and that
F. 1 F pointwise. Then F € £  and for each LP-integrator § (0 < p < ),

inc

PL(F,) 1 ®%(F). O

The following follows from Proposition(3.10) (observing that P is the smallest

c-field making all the elements of £ measurable).
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(4.12)Proposition. Suppose that 0 < p < co and that S is an LP-integrator. Then
the following are true. 4
(i) If E CRT™ x Q is ®%-null, then there exist an A € P such that E C A and A
is ®%-null.
(ii) M(®%) is the set of subsets E of R* x Q such that there exist A, B € P such
that AC E C B and B\ A is ®%-null.
(iti) If X:RTT x Q@ — R(resp.R) is ®%-measurable, then there exists a previsible

Y:RT* x Q — R(resp.R) such that X =Y ®%-ae. U

Suppose we have an LP-integrator 5. Then the obvious definition for the set of
processes integrable with respect to S is L}(®%). However it is more convenient to
restrict to the previsible processes in this set. This causes no real loss of generality
because of Proposition(4.12)(iii) above. Thus restating Definition(3.7) in this special

case; we give the following definition of the stochastic integral.

4.13)Definition. Suppose that 0 < p < oo and that S is an L?-integrator.
g
(a) £1(S,L?) will denote the vector space of all previsible elements of £!(®%). The
(L?-)stochastic integral is the unique linear map [ ... dS:L*(S,LP) — LP ex-

tending the linear map [ ... dS:& — L? given in Definition(4.6) and satisfying,
() Pp (/Xd5> < ®%(X)  forall X € LY(S,LP).

We note here that by Proposition(2.23) that £1(S, L?) consists of the previsible
elements of F(®%).

(b) A(S,LP) will denote the vector space of all previsible processes X:RT+ x Q —
R such that 1¢g gxnX € L£3(S,L?) for all ¢ € RT. For each X € AL(S,I?),
define [ X dS = [1(oqxaX dS for all t € R*. Also define X+S:R* — L? by
(X-S), = [ X dS. O
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It 1s convenient just to note that a consequence of (1) of Definition(4.13)(a) is
that [... dS:L(S,L?) — LP is continuous (with the topology on £(S, L?) given by

- ®%). This is just what we used in its definition in terms of a limit.

We shall be mainly interested in the case when p = 0, since this gives the biggest

class of integrators and classes of integrable processes as we shall now see.

(4.14)Proposition. Suppose that 0 < ¢ < p < oo and that S is an LP-integrator.
Then S is also an L9-integrator, L£'(S,L?) C L(S,L?) and the two definitions of
[ ... dS agree on L£'(S,LP). Furthermore we have that for each ¢ > 0 there exists a
6 > 0 such that ®%(X) < ¢ whenever ®%(X) < §.

Proof: Apply Proposition(3.12) with (R*+ x Q,&, [... dS) as (I',£,J) and the in-
clusion [P «— L%as T: X — ). O

Note.

1. From their definitions in terms of £(§, L?), £1(S,L%) and [ ... dS, we see that
A(S,LP) C AY(S,L?) and the two definitions of XS agree for all X € A*(S, L?).

2. By taking @ in the proof of Proposition(3.12) to be identity when ¢ = 0, and
A XAAD/AAP) when g > 0, we can see that actually (8%)1/(170) < (§2)1/01P) i

g>0,and 8% < L if ¢ = 0.

(4.15)Notation. From Proposition(4.14) above we can see that the case p = 0 gives
the most general definition of stochastic integration. In view of this we shall use the

term ‘integrator’ to mean L’-integrator, and when § is an integrator, we shall denote

L(S8,L%) and AY(S,L°) by £1(S) and Al(S) respectively. O
§4.3 THE CONVERGENCE THEOREMS AND OTHER PROPERTIES

Using the Monotone Convergence Theorem (3.8) and Dominated Convergence
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Theorem (3.9) of Chapter 3 we get immediately the following versions of the conver-

gence theorems.

(4.16)The Monotone Convergence Theorem.

Suppose that 0 < p < oo, S is an LP-integrator, X1,Xs,...:RTT x Q — R*
are previsible and satisfy 0 < X; < X, < ..., and sup, ®%(A\X,,) — 0 as A | 0.
Then X1, X,,--- € L(S, L?) and there exists X € L*(S, LP) such that X = sup, X,
82-a.e., 8(X, — X) — 0, and [ X, dS — [ X dS in LP. 0]

(4.17)The Dominated Convergence Theorem.

Suppose that 0 < p < oo, S is an LP-integrator, X;,Xs,--- € L*(S,LP),
X:R** x Q — R such that X,, — X pointwise, and for some non-negative Y € F(®%),
| Xn| <Y for all n. Then X € L*(S,LP), ®%(X, - X) — 0, and [ X, dS — [ X dS
in LP. U

4.18)Corollary. If 0 < p < oo and S is a LP-integrator, then as a vector-valued
8.

function, S: Rt — LP?, it is cadlag.

Proof: For each t € RT, §; = So + [1(g,4xa dS. So by the Dominated Convergence
Theorem (4.17) (with ¥ = 1¢g4xo for some b € RT) we have for ¢, € RT that
St — Si,in LP as t | to (use a sequence of values for ¢). Similarly if 0 < ¢y < oo, then

S-t i So + f]-(O,to)xﬂ dSin L?P as t T to. O

(4.19)Proposition (Linearity in the Integrator).

Suppose that 0 < p < oo, R and S are LP-integrators and that o, € R.
Then aR + 3§ is also an LP-integrator, L*(R,L?) N L(S,L?) C L'(aR + BS,LP)
and A'(R,L?) N AY(S,LP) C AY(aR + BS,LP). For each X € LY(R,LP)N L}(S,L?),
[ X d(aR+B8S)=a [ X dR+B [ X dS. For each X € A'(R, LPYNAY(S, LP), X+(aR+
BS) = a(X*R) + B(X-S).
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Proof: Put T = aR + 5. It is easy to check that

(1) JXdT=a [XdR+B[XdS foral X €&,

It is easy to verify using (1) that T is an L?-integrator. Let @ = &% + ®%. Then &
is an upper gauge on (R™" x ©,£). Suppose now that X € LY(R, L?) N L(S, LP).
Then X is previsible and ®-finite. Thus we see that X € £!(®), and so there exist
X1,X5,-- € Esuchthat ®(X,—X) — 0. But letting N € N be such that |a[, |3]| < N,
we have using (1) that % < N&% + N®% = N®. So #7.(X, — X) — 0 and therefore
X € LY(T, L?). Now also &%, 9% < &; so ®%,(X,~X) — 0 and ®%(X,,~X) — 0. But
(1) gives that [ X, dT = a [ X, dR + 8 [ X, dS. So letting n — co we obtain that
JXdT =a [XdR+ B [ X dS. The rest of the proposition is now easy to prove. [

(4.20)Proposition. Suppose that 0 < p < co and that S is an LP-integrator. Then

every evanescent set E C RT™ x Q is ®%-null.

Thus the values of [ X dS and XS when they exist are not altered by replacing

X by a previsible process indistinguishable from it.

Proof: By definition E C R x F for some P-null subset F of . Let A, = (0,n]x F.

Thenly, € £ and 14, T Ig++xp. Thuslg++xp € EF

inc*

Now for each X € £ such that
| X| <1g++xF, we have that [ X dS = 0 outside the null set F, and so p, ([ X dS) = 0.
Therefore taking the supremum gives that ®%(1g++xr) = 0. So RT* x F is ®%-null

and therefore so is E. O

(4.21)Theorem. Suppose that 0 < p < oo, § is an LP-integrator, and that H €
A'(S,LP). Then the following are true.

(i) H+S is an LP-integrator (and in particular it is adapted).
(i) LY(HS,LP)={X|X:R** x Q — R is previsible and XH € £*(5,L?)}.
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(iii) If X € LY(H-S,LP), then [ X d(H+S) = [ XH dS and ®%.4(X) = ®%(X H).
(iv) AY(H-S,L?) = {X | X:R™* x Q — R is previsible and X H € A'(S,L?)}.
(v) It X € A}(H+S,LP), then X~(H+S) = (XH)-S.

Proof: It is clear that (iv) and (v) follow from (ii) and (iii). So we just consider (i),
(i) and (ili). Take Hi,Hs,--- € & such that ®%(H, — 19 nxoH) < %. Then
(o, gxo(Hn — H)) — 0 as n — oo for all ¢ € RT. We present the proof as a
series of numbered steps.
(1) H-S is adapted and [ X d(H+S) = [ XH dS for all X € £.
Proof: Clearly (H,*S); — (H*S): in L?, and since (H,*S); is F;-measurable (by
inspection), it follows that (H+S); is also F;-measurable. Thus H*S is adapted. For
the second part, we need only by linearity, consider the case when X = 1g, where
R is a previsible rectangle (s,t] X F (0 < s <t < o0 and F € F). In this case
flRHn dsS = 1p ((Hn'S)t - (Hn'S)s). Now let n — oo, observing that both sides
converge in L?, to give that [1zH dS = 1p((H*S); — (H*S),). But the right hand
side is just [1r d(H"S), and so (1) is proven.
From (1) it follows that H»S is an LP-integrator (use the Dominated Convergence
Theorem (4.17) to verify (1) of Definition(4.7)).
(2) If K1, K> € A'Y(S,LP) and X € &, then |8} o(X) — 8% o(X)| < 8% (X (K1 —
K,)).
Proof: For each Y € £ such that |Y| < |X|, we have by (1), that [Y d(K;*S) =
JYd(K,*S)+ [Y(K; — K5)dS, and so

pr (J Y d(Ks+S)) < po(J Y d(KoS)) + py ([ Y (Ks — Kz) d)

< B o(X) + B%(X (K - Ka)).

Now take the supremum over all such Y to give that % .s(X) < &% o(X) +

PLX (K - K,)). Reverse the roles of K; and K> to complete the proof.
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(3) ®4.5(X) = ®%(XH) for all X € €.
Proof: Temporarily fix n. Then H, € £. Therefore as Y runs over the set {U €
E[U] < |X|}, YHy, runs over all of the set {U € £||U| < |XH,|}. But [Y d(H,"S)
= [YH,dS, and so by applying p, to both sides and taking supremums, we obtain
that % o(X) = ®%(XH,). Let n — oo to give the result, since [®%(XH,) —
8%(XH)| < B4(X (Ho—H)) — 0, and [8%_o(X)~%.5(X)| < 4(X(Ho—H)) — 0
(by (2)).

Now define &, ¥:(Rt)F™" %% _, R* by &(X) = ®%(X|H|) and ¥ = &%, . + &.
Then @ and ¥ are upper gauges on (RTF x Q,&) (to check (4) of Definition(2.1)(b)
for @, use the Monotone Convergence Theorem (2.13)).

(4) If X € LY(H-S,L?) and XH € L'(S,LP), then [ X d(H'S) = [ XHdS and

% 5(X) = ®%L(X H).

Proof: X is both ®%,, ;-finite and ®-finite and is therefore also ¥-finite (¥ = % s+ 9).
But X is previsible and thus it follows that X € £!(¥). Take therefore X;,X,,--- € £
such that ¥(X, —X) — 0. Now since ®%,.5,® < U, it follows that &%, (X, ~X) — 0
and ®(X, — X) — 0. The latter gives that ®%(X,H — XH) — 0. But (1) and (3)
give that [ X, d(H-S) = [ X, H dS and that ®%.5(Xy) = ®L(X, H) respectively. So
letting n — oo gives that [ X d(H*S) = [ XH dS and that %, ((X) = ®%L(X H) as
required.
(5) The proof of part (ii) of the theorem.

Let Uy,Us,--- € ET be such that U, T co pointwise. Suppose that X:RTT x Q — R
is previsible. Then X is in the right hand side of (i) if and only if X H is ®%-finite.
This holds if and only if X is ®-finite. Thus to prove (ii) it is enough to show that
X is ®% c-finite if and only if X is ®-finite. Suppose first that X is %, s-finite
and put X, = (X AUyn) V (-Un). So X, € L} H*S,LP), X, H € L£Y(S,L?) and
X — X pointwise. Now |X,| < |X| € F(®%.5) for all n, and so by the Dominated

Convergence Theorem (2.14), we have that &%, (X, — X) — 0. So by (4) applied to
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Xr ~— Xm, we obtain that ®(X, — X,,) = &%, (X, — X.,) — 0 as n,m — oo. Thus by
the completeness of F(®), thereis a Y € .7:(<I>).such that ®(X,, —Y) — 0. Therefore
by Proposition(2.10) a subsequence of (X, ), converges to ¥ ®-a.e. and so Y = X
®-a.e. We have therefore that X € F(®) as required. The converse is similar.

Now part (iii) of the theorem follows from part (ii) and step (4). g

(4.22)Corollary. Suppose that 0 < p < oo, S is an LP-integrator, and that X €
LY(S,L?). Then

(1) @5(X) = sup{pp ([ Y dS) |Y € LY(S,L?), |Y|<|X]}.

Proof: That the right hand side of (1) is no bigger than the left hand side follows
easily from () of Definition(4.13)(a). For the reverse inequality note that 1X =
X € L'(S,L?) (here 1 denotes the constant function taking value 1), and so by

Theorem(4.21), we have that 1 € £*(X-S, L?). Thus

P2 (X) = ®5.5(1) (by Theorem(4.21)(iii))
=sup{pp(de(X'S))|ZEg, ’Z| <1} (Sincel Egi—ir;c)
=sup{pp([ZXdS)|Z €€, |7|<1} (by Theorem(4.21)(iii))

<sup{p,(J Y dS) ¥ € £1(5,17), [¥|<|X]},
as required. 0

(4.23)Proposition. Suppose that 0 < p < oo, S is an LP-integrator, and that
X:R** x Q — R is given by Xy(w) = Y1_; Cr(wlle, 14,](t), where 0 =g < -+ <
tr < o00,and fork =0,...,7r—1, C is a bounded F;, -measurable real-valued random

variable. Then X € £1(S,L?) and [ X dS = Y124 C(Suess — Sur)-

Proof: Suppose that M € RT is a bound on the absolute values of Cg,...,Cr_;. Put
r—1
X:7w) =Y Cknl@ i pupal (0,
k=0
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wherefor k = 0,...,7—1, C » is a simple F;, -measurable real-valued random variable,
bounded in absolute value by M, and tending to C} pointwise as n — oco. Then
X ¢ &, X" — X pointwise and |X™| < M1, xq € EF for all n. So by the
Dominated Convergence Theorem (4.17), we have that X € £1(S5,L?) and [ X dS =
Imp—eo [ X dS = EZ;E Cr(Sty4, — St ) as required. O

§4.4 SOME RESULTS IN THE THEORY OF L°-STOCHASTIC INTEGRATION

In this section we shall be considering L’-stochastic integration and shall prove
some results about the existence of stochﬁstic integrals which are not generally true
for the other L? spaces. These results will illustrate the power of considering L°-
integrators. In the Strasbourg approach these would require the use of localization
(see §5.3). We shall be using the notation and terminology of (4.15). Recall also the
definition of X* given in Definition(4.2)(g).

(4.24)Theorem. Suppose that S is an integrator. Then the following are true.
(i) I X:RTt x Q — R is a ladcag process, then X € A1(S).
(ii) For every b € R and ¢ > 0, there exists a § > 0 such that @%(1(0,b]XQX) <e

for each ladcag process X:R™ x Q — R such that po(X}) < 6.

Note. A net (X("‘))a of ladcag processes is said to converge uniformly in probability to
aladcag process X on (0, 5] x 2 if and only if pg ((X("‘) —X);{) — 0. Thus part (i) shows
that in this case @%(1(0’;,])(9()(("‘) - X)) — 0, and hence also fob X 48 — fob XdS
in probability.

Before proving this we need a couple of lemmas.

(4.25)Lemma. Suppose that S is an integrator, X € &

inc

, and that [X # 0] C
R** x F, where F € F. Then ®%(X) < P(F).
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Proof: Supposethat Y € & is suchthat |Y| < X. Then [Y # 0] C R*+xF. Therefore
J'Y dS is zero outside F' (see Definition(4.6)), and thus we have that 1A| [ Y dS| < 1r.

By taking expectation we obtain that po (/Y dS) < P(F). Now take the supremum

over all such Y to give that ®%(X) < P(F) as required. O
(4.26)Lemma.

(i) Suppose that X:R++ x Q — R is given by X:(w) = S 1_o Cr(@) Lty 00411 (1),

where 0 = tg < --- < t, < o0, and for k = 0,...,7r — 1, C} is a non-negative

Fi,-measurable random variable. Then X € Ei';c.

(ii) If X:R™T x @ — R™ is a non-negative increasing left continuous process, then

Xe&r

inc*

Proof:

(i) For k = 0,...,r — 1, take simple non-negative F, -measurable random vari-
ables Cj,1,Ck2,... such that Ck, T Cr pointwise as n — oco. Let an)(w) =
S Crn(@)l(sy,80,,(t). Then X(™ € £ (see Definition(4.5)). But X 7 X
pointwise; so X € &1 .

(ii) Define X("):R*T+ x O — Rt by

22" 1

TR S S T

k=0

Then X(™ 1 X pointwise. But by (i), X(™ € &, and so by Proposition(4.11) it

follows that X € £F . O
Proof of (4.24): We shall prove part (ii) first.

(ii) Take X > 0 such that ®%(X(o5xn) < %, and then take § > 0 such that P[|W] >
A < £, whenever W € L° with po(W) < 6. Now suppose that X:RT+ x Q) — R

is a ladcag process such that po(X}) < 8. X* € £ by Lemma(4.26)(ii). Put

mnc
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Z =1 pxaX"*. We have that
(1) VA :1[Z>>\]Z +1[Z<)\]Z-

Now if £+ > Y(n) T X* then g+ > 1(0’b]xg1[y(n)>>\]y(n) Tl[z>>\]Z. Thus l[z>>\]Z €
EY.. But [Z > A\ CRTF x [X} > A]. Therefore by Lemma(4.25) it follows that

(2) B5(lz>n2) <PIX; >N < 3,
(since po(Xy) < 8). Now [Liz¢xZ| < Mg pxn- So ®L(Myo5xn) < 5 gives that

(3) ®5(1z<nZ) <

o

From (1), (2) and (3) we deduce that $%(Z) < e. But [LgsxeX| < Z. Thus
% (1(0,5x0X) < € as required.

(i) For b € R*™, we have that po((AX);) = po(AX}) — 0 as X | 0. Therefore (ii)
applied with AX in place of X gives that ®%(X(g4x0X) — 0as A | 0. Thus 1 X
is ®%-finite. But it is also previsible. Thus it is an element of £*(S). So X € A'(S).

O

We shall now show that in the L° case the requirement in Proposition(4.23) that

Coy--.,Cr_1 be bounded may be removed.

(4.27)Proposition. Suppose that S is an integrator and that X:R™T x ) — R is

given by
r—1
Xo(w) = Crlw)ly, 1401 (1),
k=0

where 0 =ty < -+- < t, < o0, and for k = 0,...,7 — 1, Ok is a Fi, -measurable

real-valued random variable. Then X € £1(S) and [ X dS =S¢ Cr(Stpyr — Sti)-

Proof: We have that X € A'(S) by Theorem(4.24)(i). Thus X = L, x0X € L£1(S).
Put X" = (X An)V (—=n). Then X(™ — X pointwise and |X(™| < |X| € L£1(S)
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for all n. Thus by the Dominated Convergence Theorem (4.17), [ X dS — [ X dS
in probability. By Proposition(4.23) we have that [ X(™dS = S317¢ ((Cx Am)V
(=n))(Stps — St.)- Thus letting n — oo gives that [ X dS = s Cr(St5pr — Sti)

as required. ' O

(4.28)Proposition. Suppose that S is an integrator and that X:R*t* x Q - R is a

ladcag process. Then for each t € R,

P—

1
Zth (Stizr — Su) —>/ XdSs in probability,
k=0
r—1

and X+ (Stipr — Su) —>/ XdSs in probability,
k=0

as supy(tp+1 — tx) — 0 with 0 = ¢ < --- < t, = t. (We have that X € A*(S) b
Theorem(4.24)(i).)

Proof: By Theorem(4.24)(i), X* € A*(S). Suppose that 0 = tgn) < < t&:) =1

and that supk(tgc_gl - t( )) — 0 as n — oo. Define Z(W, W(™):R++ x O — R by
( ) T —1
Z, Z Xt(n) Ly A (),
Pp—1
W(n) Z X e (W)l(_t(n) t(7f|-)1](t)'

Now since X* has monotone paths we have that

1280} [ w) Z H s g ) @)

k+1

Le. |ZM W] < Lo gxaX* € L1(S) for all n. But Z(W, W™ — 14 4.0X

pointwise. Thus from the Dominated Convergence Theorem (4.17), we obtain that
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fZ("’) dS,fW(n) ds — fOtX dS in probability (we know that Z(™ W™ ¢ £1(S) by
Proposition(4.27)). By evaluating [ Z(") dS and [ W(™ dS using Proposition(4.27),
this gives that

T —1 1
Z X, (S,my = S,m)) — / XdSs in probability,
k k41 k 0
k=0 .
Tp—1 ¢
and };) Xt;n)+(5t2121 - Stin)) — /0 X dS  in probability.

Now since L° is a metric space the consideration of sequences is enough to prove the

resulf. O

We can now give the following corollary to Proposition(4.28).

(4.29)Corollary. Suppose that S is an integrator and that X is a cadlag process.
Then X_ € AY(S) and for all t € RT,

r—1

t
E X (Stipr — S1) = / X_dS  in probability,
0

k=0

as supy(te+1 — k) = 0 with 0 =ty < --- < t, =t.

Proof: X_ is a ladcag process, and therefore is, by Theorem(4.24)(i), an element
of A}(S). Now since U — U and U — U, are mutual inverses, applying Proposi-

tion(4.28) to X_ gives the result. O
84.5 AN ALTERNATIVE CHARACTERIZATION OF LP-INTEGRATORS

We shall now give a characterization of integrators that will be needed later.
This result can be found in Bichteler [Bi2] (Theorem 2.6), though his proof appears to
be incorrect (or at best incomplete). Also the proof here for the case p > 0 is simpler

than his; it uses the ‘Stone-Cech’ argument (see the proof of Proposition(3.15)) rather

than uniform spaces.
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(4.30)Theorem. Suppose that 0 < p < oo, and that S:Rt — Llp is adapted. Then
S is an LP-integrator if and only if the following conditions are satisfied.
(1) S is right continuous in probability (i.e. S, — S; in probability as u | t for all
teRT)
(2) For eacht € R, fot ... d58:& — LP is continuous when £ is given the supremum

norm.

Proof: The necessity of (1) and (2) follows from Corollary(4.18) and Proposition(4.8)
respectively. Now suppose that S satisfies (1) and (2). By Proposition(4.8), we have
only to check that (2) of that proposition is satisfied by S. We consider first the case
when p = 0. Define % as in Definition(4.9). We do not of cause know that ®% is
an upper gauge; but clearly it satisfies (2) of Definition(2.1)(b). Also, from (2) of the
hypothesis, ®% satisfies (1) of Definition(2.1)(b). As in the proof of Theorem(3.5), we
can prove that ®%(X +Y) < ®%4(X) + ®%(Y) for all X,Y € £T. Now I claim that

the following is true.
(a) For each t € RY, ®4(1(1 uxn) — O as u | t.

To prove (a), suppose that it fails for some ¢t € R*. Then there exists an ¢ > 0 such
that ®G(1;ujxa) > € for all w > ¢. Now I claim that for each u > ¢, there exist
v and X such that ¢t < u' < u, X € &, |X| < Lw yxq, and po(f X dS) > e. To
prove this claim, note that since ®%(1¢¢uxn) > €, there must be a ¥ € £ such that
Y| < Lrujxa, and po(fY dS) > 6. Now as u' | ¢, [1y yxoY dS — [Y dS in
probability (by (1) and an inspection of Definition(4.6)). Therefore there exists a u'
such that ¢t < v’ < u, and pg (fl(ul,u]xQY dS) > €. Take X =1(y yxnY. Now using
this define inductively u; > up > --- > t and X;, X5, -+ € £ such that for each n,

[ Xn| € Lupyyun)xas @and po ([ Xr dS) > c. Let Qn = [ X, dS, and take

A={TN  0.Qn|N €Nsg, a1,...,an€[-1,1]}.
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I claim that A is bounded in L°. Suppose that Q@ = "7 . 0,Qn € A (ay,...,an €
[-1,1]). Thenlet X = Z —sonXn;s0 X €&, |X| <lzu,xa,and @ = [ X dS. Thus
po(AQ) < @%( M1,y xq) for all A > 0. So supges po(AQ) < BL( N(1uyxn) — 0 as
) 1 0. Le. Ais bounded in L°. Therefore since L? is a C-space, @, — 0 in probability.
But po(@n) > ¢ for all n. This gives the required contradiction, and so (a) is pro&en.

Now we shall prove that (2) of Proposition(4.8) holds. So suppose that X;,X,,...
€ €T are such that X,, | 0 pointwise. Then by scaling, we may assume that X; <1

Suppose that ¢ > 0. Write

(b) | Xnltw) = Y CRP @ o (1),

k+1
k=0

where 0 = tf,”) <. < tﬁ;‘) < o0, and for k = 0,...,r, — 1, C,(cn) is a simple f(n)-

measurable random variable with 0 < C,(cn) < 1. Now by (a) take ugc ") (t(n) tg:gl)
such that

rn—1
(c) Z Q%’(l(ti:n),ui:n)]xﬂ) < £27

k=0

Then define V,,,U,:RT" x Q@ — R by

Tn—1
(d) 't w) Z C(n) ( () tg:;)l (t)
T —1
(e) Un(taw) = Z C](c )(w)l[ (n) 4(n) ](t)
k=0
SoY, €€t and Y, <U, < X,. Now since
Py =1
Xn(i,w) — Yn(t,w) = kZ_O C](cn)(w)].(tin) (n)]( )
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it follows that Y(X,. ~ ¥2) < 45 881y oy 1) < 5§27 Now put Z, = ¥; 2
o ANYp,and Vi, = Ui A~ AUR. S0 Z, €&, Z, < Vo< Xpn, Z, | 0,and V,, | 0. Now
0< X0 — Zn < X0 o(Xk — Yi). Therefore PUXn — Zn) < D3 BUXK— Vi) < 5

and so

(f) p0</XndS—/anS> <3 for all n.

Define a random variable H,:Q — RY by Hp(w) = sup,ecg++ |Zn(t,w)]. I claim
that H, | 0 pointwise. Now suppose that > 0 is given. For each w € (1, let
K,(w) = {t € Rt |V,(t,w) > n}. Then K,(w) | &, and K,(w) is compact (by
the definitions of U,, and V,,). Therefore there exists an n such that K,(w) = & (n
depending on w). Thus Z,(t,w) < V,.(t,w) < n for all ¢ € R, and so Hp(w) < 7.
Thus we have proved that H, | 0 pointwise as required.

Now take b € R™ such that [X; # 0] C (0,b] x 2, and then, by (2), take n > 0
such that

b
(8) Wesa.nd|W|<n=:,»po(/o st><§,

Put W,, = Z, An; then by (g),

(h) Po (/ W, d5> <3 for all n.

Now [H, > n] | &. Take ng such that P[H, > 7] < £ for all n > ny. But for each n,
Zn = Wy, outside Rt x [H, > 7], and thus [ Z,dS = [ W, dS outside [H,, > 75]. So
by the definition of pg, we obtain that

(i) po(/anS—/WndS>QP[Hn>n]<§ for all n > ny.
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Therefore from (f), (h) and (i) we deduce that pg (f X, dS) < ¢ forall n > ny. We
have thus shown that [ X, dS — 0 in probability as required.

Now consider the case when p > 0. Suppose that X;,X,, -+ € £ such that
X, | 0 pointwise. By taking b € R™ such that [X; # 0] C (0,8] x Q, and applying
Proposition(3.15) with (0,b] x © as T, the set of restrictions of elements of £ as €,
fob ... dS as J, and L? as X, we deduce that lim, oo [ X dS exists in L?. But from
the case when p = 0, we obtain that [ X, dS — 0 in probability, and so this limit

must be zero. Hence (2) of Proposition(4.8) is verified. O

(4.81)Proposition. Suppose that 0 < p < oo, and that S:RT — L? is adapted and
such that fot ...dS:E& — LP is continuous for all t € R", when £ has the supremum
norm. Then for each t € R, the limit lim,; S, exists in LP. (So if this limit is Sy for

all t, then S is an LP-integrator.)

Proof: Fix a ¢t € R*, and suppose that u, >t and u, | t. Then let X, = Lt u,)x0-
So X, € £1 and X,, | 0 pointwise. Therefore as in the proof of Theorem(4.30) the
limit ]imn_,ooan dS exists in L?. But an dS = S,, — S, and so we must have
that lim,—, o S, exists in LP. Now since L? is a metric space we will have completed
the proof if we show that the value of this limit is independent of the choice of (% )n.
So suppose also that v, > t such that v, | ¢. Let wy > wy > --- > t be such
that {w;,ws,...} = {u1,ua,...} U {v1,vs,...}. Then w, | t and so lim,— o Sw,
must exist in L?. So imp—,00 Sy, and limy,_, o S,, must both be equal to this. Thus

im,—eo Su, = limp o0 Sy, as required. O
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CHAPTER 5: INTEGRATORS AS PATHWISE CADLAG PROCESSES

We shall present in this chapter, firstly a proof that an integrator has a pathwise

cadlag version, and then some results that require us to think of integrators as pathwise

cadlag processes.

We shall assume throughout this chapter that (Q,F,P,(F;)ecr+) is a standard

setup, and will use the notation (£, P, etc.) of Chapter 4

§5.1 AN INTRODUCTION TO STOPPING TIMES

(5.1)Definition.

(a) A stopping time is a function ¢:Q — R such that [¢ < #] € F; for all t € RT.

(b) For o,7:Q — RT such that ¢ < 7, we let (0,7] denote the subset {(t,w) €
Rt xQ|o(w) < t € 7(w)} of RT x Q. Similarly we define (¢,7), [o,7] and
[, 7).

(c) If 0 and 7 are stopping times, then (o,7], (0,7), [0,7] and [o,7) are called
stochastic intervals.

(d) A stopping time o is said to be finite if and only if ¢ < co on Q. It is said to
be bounded if and only if ¢ < b on § for some b € RT. It is said to be simple if
and only if its range ¢(Q2) is a finite set. It is said to be o-simple if and only if

its range is countable. (I apologize for this double usage of the letter o.) O

(5.2)Proposition. Suppose that o:Q — Rt. Then the following are equivalent.
(1) o is a stopping time.
(2) [c <tle FforalltcRT.
(3) (0,00) € P (see Definition(4.3)(b)).

Proof: First suppose (1) and deduce (2). We have [c <t] = oo ,[0 <t— 2] € F

n=1

for all t € R™ as required.
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Now suppose (2) holds and deduce (1). For ¢ > 0 we have [0 < t] = (oo, [0 <
t+ £] € Fite and thus [0 < ] € (),5¢ Fi+e = F¢ by the right continuity of the
filtration. So (1) holds as required.

Now suppose (1) and deduce (3). We have (0,00) = J cq+(g,00) x [0 < ¢ € P,
since the right hand side is a countable union of previsible sets.

Finally suppose (3) and deduce (2). We note that for 4 € P,

() {we|(tw)e A} e F, for all t € R™.

This is true because the set of all A satisfying (}) form a o-field which contains all the
previsible rectangles, and therefore it must be a superset of P. Now take A to be the

set (0,00). Then (1) says that [ < t] € F; for all ¢ as required. O

It follows from (3) above that (¢,7] € P when ¢ < 7 are stopping times (since

(0,7] = (0,00) \ (7, 00)).

We shall now see that given a stopping time o, we have a o-field F, analogous

to F; for t € RT.

(5.3)Definition. Suppose that ¢ is a stopping time. Then we define F, to be the
set of all A € F such that ANfoc <t] € F; for all t € RT. O

It is easy to show that 7, is a o-field when o is a stopping time. Corresponding

to Proposition(5.2) we have the following characterizations of F,.

(5.4)Proposition. Suppose that o is a stopping time and A € F. Then the following

are equivalent.
(1) Ae Fs.
(2) Anfo <t] € F, forallt € RT.
(3) (RT* x 4) N (o,00) € P.

73



(4) & is a stopping time, where & is equal to o on A, but equal to infinity on {2\ A.

Proof: Taking & as in (4), we have that [0 < t] = AN[oc < t]. Thus 4 € F,
if and only if & is a stopping time. I.e. (1) holds if and only if (4) holds. For the
rest of the proof apply Proposition(5.2) to &, noting that [f < ] = ANfo < t] and
(6,00) = (RTT x 4) N (o, 00). O

(5.5)Notation. Supposethat o: € — R and that X is a real-valued function defined
on a subset of R x ) (e.g. on RT x Q). Then welet X, denote the real-valued function
defined by X, (w) = X,(u)(w) on the subset of () for which the right hand side exists.

O

We shall now give many elementary properties of stopping times in the following

proposition.

(5.6)Proposition.

(a) If o and T are stopping times such that ¢ < 7, then F, C F-.

(b) Ift € Rt and 7:Q — R by 7(w) = t for all w, then T is a stopping time and
Fr=F.

(c) If 0 and T are stopping times then so are oV 7 and o A T.

(d) Suppose that (o) is a sequence of stopping times and 0, | o pointwise, where
0:Q — R*. Then o is also a stopping time and F, = Norei Fou-

(e) Suppose again that (o,), Is a sequence of stopping times, but this time o, T ¢
pointwise, where o: Q — RT. Then again ¢ is a stopping time.

(f) Suppose that o is a stopping time. Then there exists a sequence (0, ), of stopping
times such that o, | 0, and each o, satisfies certain properties which are given
by the following statements.

(i) If& is finite, we can take each o, to .be a finite o-simple stopping time.

(ii) If o is bounded, we can take each o, to be a bounded simple stopping time.
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(iii) If o is any stopping time, we can take each o, to be a simple (but not

necessarily finite) stopping time.

(g) If X is a cadlag process and o is a finite stopping time, then X, is F,-measurable.

Proof:

() For A e Fo,andt € RY, An[r <t]=(4Nnje <t))N[r < t] € F, since
Anfe <t),[r <t € Fu

(b) This is easy.

(c) Forte R, [evr<tj=[c <tJN[r<t| € Fr,and [c AT <t]=[o <tJU[r <
t] € Fi.

(d) We have for t € R*, that [0 < ¢} = Jo—,[on < t] € Fi. So o is a stopping
time (here we have used (2) of Proposition(5.2)). Now if A € (.., Fo, then for
teRY, Anfo <t] =Use,(AN[on < t]) € Fi, and so A € F, (using here (2) of
Proposition(5.4)). The reverse inclusion is just a consequence of (a).

(e) Fort e RY, [0 < t] = Nor,ylon < 1] € Fu.

(f) For cases (i) and (ii), define o, by op(w) =inf{k27" |k € N, k27" > o(w)}.
For case (iii), let on(w) = inf{t € Dn [t > o(w)}, where Dr, = { k27" [k = 0,.... , 227}
U{oo}.

(g) First suppose that ¢ is finite and o-simple, and let D C R be the countable
range of 0. Then if B is a Borel subset of R, [X, € B] = J,cp([Xs € B]N[o = s]) € F.
Sofor t € R*, [Xo € BlN[o < t] = U,epiect([Xs € BN [0 = s]) € F;. Thus
(X, € B] € F, as required. For a general ¢. Let (o), be as in (f)(i). Then
Xo, — X, pointwise. But X, is F, -measurable by the special case. Thus X, is

Fo-measurable, since Fo = (o, Fo, by (d). ; O

(5.7)Lemma. If o is a stopping time, then 1(; o) € ET

e’

Proof: Let A4, = Uiz__:)_l (k27" (k +1)27"] X [0 < k27"]). Then 14, € £ and

14, T 00) Thus 1, o) € Siic as required. O

75



(5.8)Definition. If A C R x Q, then the début of A is the function o:9 — R*

defined by o(w) = inf{t € R |(¢,w) € A}, where by convention inf & = cc. O

The following gives a sufficient condition for the début of [X € B] to be a
stopping time. In fact a more general theorem, known as the Début Theorem, can be
proved. For a statement of this result see Rogers & Williams [RW] Theorem VI.3.4.
For a proof of the Début Theorem see §IV.50 of Dellacherie & Meyer [DM]. However

the following lemma will be sufficient for the requirements of this thesis.

(5.9)Lemma. Suppose that I is a topological space and that X:RT x Q — T is an
adapted process (with respect to the Borel o-field on I') such that each path of X is
either left or right continuous. Then the début of [X € U] is a stopping time for each

open subset U of T'.

Proof: Let o be the début of [X € U], and suppose that t € RT. Forw € Q, o(w) < ¢
if and only if Xs(w) € U for some s € [0,t). Now since the path ¢t — Xy(w) is left or
right continuous, this holds if and only if X,(w) € U for some ¢ € [0,1)N Q. Therefore

o <t = Usero,nngXe € U] € Fy, and so ¢ is a stopping time. O

§5.2 PATHWISE CADLAG VERSIONS OF INTEGRATORS

The main theorem that we shall give here says that given an integrator §, we
can modify each random variable S; on a null set to get a process that is (pathwise)
cadlag. This theorem is in Bichteler [Bi2] (Proposition 2.5). After we have proved
this we shall think of all integrators as (pathwise) cadlag process. Thus we will have
immediately that X+S is a cadlag process whenever S an integrator and X € A(S).

Recall that the term ‘integrator’ means L’-integrator.

(5.10)Theorem. Suppose that S is an integrator. Then there exists a (pathwise)

cadlag process R:RT x Q@ — R such that S; = R, a.s. for all t € Rt.
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Note.

1. The process K must be unique up to indistinguishability. R is known as a cadldg
version of §.

2. In view of this theorem and Theorem(4.30), we can see that an LP-integrator is
a cadlag process S such that for each £ € RT, fot ... dS8:& — L? is continuous Wheh &

is given the supremum norm.

Proof: First we show that there exists a cadlag process R:R*T x @ — R such that
S; = Ry a.s. for all t € Rt. We use the technique of upcrossings that is used in
the proof of the martingale convergence theorems. For each ¢ € QT, pick a random
variable gq:Q — R such that gq = S, a.s. Now for each a,b € Q such that a < b, and

N € Nsg, let U}J’b) denote the number of upcrossings of (a,b) by (gq)qE[O,N]ﬂQ' Le.

U](\?’b)(w) :sup{’ne N|there exist 81 <t1 LK 8y Stn n [O)N]HQ

such that S, (w) < @ and §;, (w) > b for each k }.

We shall now show that UJ(\?’b) is measurable and is finite a.s.
Sofix N, a and b, and let F = [0, N]NQ. Take Fy, Fs,... to be finite subsets of F'

such that F,, T F'and 0, N € F), for all n. Let U, denote the number of upcrossings of

(a,b) by (Sq)ger,. It is an easy exercise to show that U, is measurable and bounded.

Fix n for a moment and define stopping times ¢1,03,...,7,71,72,... by

To(w) = 0,
ok(w) = N Ainf{ g € Fr|q > Th—1(w) and S,(w) < a},

mi(w) = N Ninf{q € F, |q¢ > ox(w) and S,(w) > b} fork=1,2,...

It is another easy exercise to check that these are in fact stopping times. Now if

r = Up(w), the following are true.
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So.(w)<aand S, (w)=bfork=1,...,r.
5'0T+1(w) <aoroppy(w)=N.
Tr+1(w) = N and og(w) = 7i(w) = N for all k > r + 1.

These give that

1 - . 5
) 00 € g (L o)+ (o= 8%,
(since S, (w) — 8o, (w) = b— a when k < r = Up(w), S'T,,_H(w) - gar_,_l(w) > —(a-—
S'N(w))+, and S, (w) — S5, (w) = 0 when k > r 4+ 1). The sum is really just a fixed
finite sum, since U, is bounded. Now put X =Y 77 1, 5. So X € £ and (1) gives
that

(2) U, < — (/XdS+(a—.§N)+> as.

S b—a

But | X| < 1(o,njxq; so for A >0 we have that

A A -
®) w(302) < 8 ( 2 lomn ) + 0 (725 la = 7).

Now we allow n to go to infinity. We have that U, T U](\?’b). Therefore U](\‘,"b) is

measurable, and from (3) we deduce that

e A A ~
@ 0T <98 lamina ) + oo (e - 57 ).

So we see that po()\U](\?’b)) — 0 as A | 0. Thus UJ(\?’b) < 00 a.s.

Now let E = -, Ua’bEQ:a@[UJ(\?’b) = o0]. Then E is P-null, and therefore
by redefining each S”q to be zero on E, we may assume that £ = &. So UI(\?’b) < oo

everywhere for all N and all @ < b in @. Now for each w €  and t € R™T, the
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limits limg); So(w) and limgq; Sy(w) exist in R. For if the first does not, there exist

a,b € Q such that liminf,); So(w) < @ < b < limsup,, S¢(w). So if we take N > t,
we have that UJ(\?’w(w) = oo, which is a contradiction. The other limit is similar. Let
R:R* x @ — Rby Ry(w) = limg|; S,(w). Then Ris a cadlag adapted process. R, = S;
a.s. for all ¢, since S is cadlag as a function from R* to L? (by Corollary(4.18)).

We have to show that R can be replaced by R. Le. R; and R;_ are real valued.
Define stopping times 01,02,... by letting o, be the début of [|R| > n] (use Propo-
sition(5.9)). Now o, | o for some stopping time ¢. We shall show that o = co a.s.

Suppose that N € Nsg. Then I claim that
(5) Ry Aan=Ro + /1(0,(,”,\]\7] ds a.s.

To prove this take 71, 75,... to be finite simple stopping times such that 7, { o, AN
pointwise as k — oco (use Proposition(5.6)(f)(ii)). Now R., = Ro + [1(o,r,]dS. Let
k — oo, and use the Dominated Convergence Theorem (4.17) to give (5). Now
if op(w) < N, then we have that |R, (.,)(w)| > n, since R is cadlag. Therefore
|Ro, an(w)| > n. Thus 1, <n) € 2|Ro,an|. Therefore applying py and using (5)

gives that

1
Ple, < N] < po(%Ro) + po( /1(0,anl\N] dS)

n
< po(2Ro) + ®%(£10,n)x0)
— 0 as n — 0o.
But P[o < N] < Plon, < NJ, and so it follows that Ploc < N] = 0. Now [¢ < o0] =
UNn=1lc € N}, and thus [¢ < oco] is P-null as promised. Modifying R on the set
Rt x [0 < o0] to be zero there, we may assume that ¢ = co everywhere. So o, T oo
everywhere. Now for w € Q and t € R, 0,(w) T co. Take n such that o,(w) > t.
Then |Ry(w)| < n whenever 0 < s < o,(w). Therefore |Ry(w)|, |Ri—(w)] € n < o0

thus showing that R; and R, are real valued as required. d
We can now prove a result of which (5) in the above proof is a special case.

79



(5.11)Proposition. Suppose that S is an integrator and that o is a finite stopping
time. Then 1(g,¢) € £L*(S) and [1(g,0)dS = S, — S (remember that S is now consid-

ered as a pathwise cadlag process).

Proof: Take 01,02,... to be finite o-simple stopping times such that ¢, | o (use
Proposition(5.6)(f)(i)). Then supposing the proposition is true for finite o-simple
stopping times, we have that 1¢o .1 € L£1(S) and that fl(O,cn] dS =5,, — S for all
n. Now [lg,0,]l < Lo,0,) for all n. So we may apply the Dominated Convergence
Theorem (4.17), and let n — oo, to give the required result. Thus without loss of
generality, we may assume that ¢ is a finite o-simple stopping time. In fact from the
proof of Proposition(5.6)(f)(i), we may assume that ¢ has its range contained in the
set { k27" |k € N} for some n.

We shall now assume that these conditions hold. We have that 19 -an € £, and
fl(o,o/\N] dS = Soan — So- So letting N — oo, and using the Monotone Convergence
Theorem (4.16), we see that it is enough to show that 1 ] is ®%-finite. Now suppose

that ¢ > 0 is given, and then take N such that Plc > N] < £. Let X = 1,an,0l-

Nt

Then since L;an,0am] 15 an element of £7T, and increases to X as m — oo, we have
that X € &F_. Now [X # 0] £ R*F x [¢ > N], and so it follows by Lemma(4.25),
that ®%(AX) < Plg > N] < £ for all X > 0. Now writing Mg,0] = AX + Mg 0Ny,

and applying ®% gives that

@?9()\1(0,0]) < @%(AX) + @%(Al(o,a/\N])
< '25‘ -+ q)OS(Xl(O,N]XQ)
<eg,

when A > 0 is sufficiently small. L.e. @%(x\l(o,a]) — 0 as A | 0 as required. ]

(5.12)Corollary. Suppose that S is an integrator, X € A*(S) and that o is a finite
stopping time. Then1(g X € £1(S) and 191X dS = (X*5),.
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Proof: Replace § by X-S in Proposition(5.11) and apply Theorem(4.21). U

We can now prove two more results of a similar nature.

(5.13)Proposition. Suppose that S is an integrator, ¢ < T are finite stopping
times, and that C is an F,-measurable random variable. Then Cl(, ) € L}(S) and
J Clgr dS = C(S: = S).

Here of course (Cl(y,)(t,w) = C(w)lo,n(t,w).

Proof: Let X = Cl, ). Suppose first that C = 1. Then X =1, =1,/ —L0,0] €
L'(S), by Proposition(5.11). Also by the same proposition, [ X dS = 5. — S,.

Now suppose C' = 1p, with F € F,. Then let & be the stopping time that is
equal to o on F and equal to 7 outside F'. Then the above case applied with o replaced
by & gives that [ X dS = S; — S5 =1p(S. — S5) as required. So by linearity the case
when C is a simple F,-measurable random variable is proven.

Now suppose only that C' > 0. Then take simple F,-measurable random vari-
ables C1,C3,--- > 0 such that Cp, T C. Let X, = Cpl(s,. So X, T X. Now since
X is a ladcag process, we have by Theorem(4.24)(i), that X € A!(S). So by Corol-
lary(5.12), X =1¢o,nX € L*(S). Now by the previous case [ X, dS = Cpn(S: — So).
Let n — oo, using the Dominated Convergence Theorem (4.17) on the left hand side
(with X as the dominating function), to give the result in this case. For the most

general case, write C = C* — '~ and use linearity. U

This has the following corollary which is a generalization of Proposition(4.27).

(5.14)Corollary. Suppose that S is a integrator and that X = E;;ﬁ Cil(oy,on41]>

where 0 = 0¢ < -+ < 0, < 00 are stopping times, and fork = 0,...,7—1, Cy is a Fo, -

measurable random variable. Then X € £*(S) and [ X dS = 373 Ci(S

Ck+1 So'k)’
‘Proof: Just apply Proposition(5.13) to each term of the sum. 0
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§5.3 LOCALIZATION

(5.15)Definition.

(a)

(b)

If X:RT x — R is-a cadlag process and ¢ is a stopping time, then X will
denote the cadlag process given by X7 = Xop: — Xo-
A family & of cadlag processes is said to be stable under stopping if and only if

the following properties hold.
(1) If X and Y are indistinguishable cadlag processes and X € X, thenY € X.
(2) If X € X and o is a stopping time, then X° € X.
Property (1) éays that X can be thought of as a family of equivalence classes of
cadlag processes under the equivalence relation of indistinguishability (cf. Note 2
after Definition(4.2)).
Suppose that X is a family of cadlag processes that is stable under stopping.
Then a cadlag process X is said to be a local X -process if and only if there
exist stopping times o1,03,... such that ¢, T 0o and X°~ € X for all n. The
sequence (0, ), is known as a reducing sequence of X into X'. The family of local
X-processes will be denoted by Ajo.. Clearly X C Alo.. When the elements of
X are described by a name (e.g. ‘martingale’), then the local X'-processes will

be described by prefixing that name by the word ‘local’. U

Note. Suppose that X is a family of cadlag processes that is stable under stopping,

X is a local X-process with (0,)» a reducing sequence of X into X, and (7,)n is

any sequence of stopping times such that 7, T co. Then (¢, A 7, ) is also a reducing

sequence of X into X (since X»"™ = (X )™ ). Thus we see that any finite collection

of local X-processes has a common reducing sequence (take the termwise minimum).

This is useful when proving certain facts about Xj... For example the result that if X

is closed under pointwise addition, then so is Xjc.
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The following result says that using localization twice does not give any more

processes than those obtained by one application.

(5.16)Proposition. Suppose that X is a family of cadlag processes that is stable

under stopping. Then (Xoc)ioc = Xoc-

Proof: Suppose that X € (Xjoc)ioc and suppose that (¢,), is a reducing sequence
of X into Xjoc. Then X" € Ao, for all n. For each n, let (7, 1)r be a reducing
sequence of X°* into X'. Take k,, such that P[r, x, < On—27" <277, and let o, =
infryn(or ATrk, ). So oy is a stopping time (since [an < t] = oo, [0 ATrk, < t] € Fy
for all ¢). But also X% = ((X=)™*=)*" € X. Now a,, increases with n. We have

that

[an < on—27"] C U [Trk, < 0r—277],

and so taking probability of both sides gives that Pla, < o, — 27" < 2771, Let
E =Ny Ui ylan < 0, —27"]. Then E is P-null and &, T o outside E. Thus
adjusting o, to be equal to co on E gives a reducing sequence of X into X (X%~ is

changed to a process indistinguishable from it). Thus X € Xj,. as required. O

The concept of localization is used in the Strasbourg approach to the It6 calculus.
In that approach integration is first done with respect to L?-martingales and then one
extends to local L?-martingales using the formula (X*S)° = X+(S9). We ask the
question can we increase our class of integrators by considering local integrators? The

answer as we shall see is no. But first is the concept meaningful?

(5.17)Proposition. The family of all integrators is stable under stopping. In fact
if § is an integrator, ¢ is a stopping time and X € A'(S), then S° is an integrator,

X € AY(S7) and (X+5)7 = X+(8°). Also we have that §° =1( ,"S.

Proof: We have that §7 = 1(9,0*S by applying Proposition(5.11) to the stopping

time o A t, which is finite (actually bounded) even though ¢ may not be a finite
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stopping time. Thus by Theorem(4.21)(i), we obtain that S is an integrator. Given
X € AY(S), we have that 1¢5 ,jX € A'(S). So by Theorem(4.21) parts (iv) and (v),
we obtain that X € A(S9) and that X+(5%) = (X1(0,0))"S = 1(g,0"(X*8) = (X-5)°

as required. U

Now we can show that localization introduces no new integrators.
(5.18)Theorem. If S:R™ x @ — R is a local integrator, then S is an integrator.

Proof: Let (o), be a reducing sequence of S into the ciass of all integrators. We
have to check that (1) of Definition(4.6) holds. So suppose that X,, and Y are as in this
axiom, and suppose that A > 0 and ¢ > 0. Take b € RT such that [Y # 0] C (0,5] x Q,
and take N such that Ploy < b < £. Now S°¥ is an integrator. So [ X, dS°" — 0
in probability. Therefore there exists an ng such that P H J XndSer ‘ > )\] < £ for all
n > ne. Now [ X,dS = [ X,dS°" on the set [oy > b]. Therefore

(1] XndS| > A € [|f XndS™™| > A} Ulow < 8],

Apply P to give that P[UXndS|>A] <f+s=cforalln >2ne So [X,dS—0

in probability as required. O

There is another form of localization which is used in the Strasbourg approach to
the It6 calculus in order to increase the class of integrands of the stochastic integral.
We shall see (Theorem(5.21)) that it does not generalize our stochastic integral. First

we shall define this concept.

(5.19)Definition. Suppose that X is a family of previsible processes such that

(1) X € X, o is a stopping time == 1, X € .
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Then we shall say that a previsible processes X is locally in X if and only if there
exist stopping times 61,02,... such that o, T 00 and 1y ,,]X € & for all n. The set
of all previsible processes locally in X is denoted by lX. (o4,), is known as a reducing
sequence of X into X. When the elements of X are rdescribed by an adjective (e.g.
‘bounded’), the elements of 1X will be described by the result of prefixing the adjective
by the word ‘locally’. Thus we see for example that a previsible process X is locally
bounded if and only if there exist stopping times ¢1,03,... such that ¢, T co and X

is bounded as a function on (0,0,] for all n. [

The analogous remarks to those given in the note after Definition(5.15) hold

here. Also we have the following analogue to Proposition(5.16).

(5.20)Proposition. Suppose that X is a family of previsible processes satisfying (1)
of Definition(5.19) and that either,
(1) X € X whenever X is a previsible process indistinguishable from an element of
X;
or,
(2) L4,ovrX € X whenever X is a previsible process, and o and T are two stopping
times such that 1 X € A and 1 X € X.
Then 1X =1X.

Proof: If (1) holds then essentially the same proof as for Proposition(5.16) works
here; so suppose that (2) holds and suppose that X € 11X. Then let (o,), be a
reducing sequence of X into lX. Then for each n, let (7,,x)r be a reducing sequence
of 1(g,5,)X into X. We have that 15,5, rr, ] X € X. Let ap = \/5_ (0 A Ty t). Then
10,05} X € X for all k (by (2)), and oy T oo as k — oo. Thus X € 1X as required. [

(5.21)Theorem. If S is an integrator, then 1A'(S) = AY(S) (AY(S) clearly satis-
fies (1) of Definition(5.19)).
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Proof: Suppose that X € 1A*(S) and let (0,), be a reducing sequence of X into
AY(S). Fix b € RT. We have to show that 1o sxaX € L1(S). Given & > 0, take N

such that Plony < b] < £. Define a stopping time 7 by

T(w) =

{ UN(w), if aN(w) < b,

0, otherwise.

So [r < o] = [on < b, and therefore P[T < oco] < £. Now by Lemma(5.7), I+ «) €
&t and therefore 0ol o) € &l.. Soby Lemma(4.25), ®%(0ol(;,00)) < P[r < 0] < £.
Therefore

G (Mo,5)x0X) < B5(M(0,04 A0 X) + B5(M(oynbeX)
< B5(M(0,0 A0 X ) + 25(00L(r,009)
(since Moy nbs X < 00l 7,00))
< B5(M(o,0nnn)X) + 5

< g,

for A > 0 sufficiently small, since 1(g,o5 8] X = Lo 5]x0d(0,05] X € L£1(S) (Lgo,omX €

AY(S)). Sol(pxnX is ®4-finite and therefore is an element of £(S) as required. O

Recall that in Definition(5.19) we defined the concept of a ‘locally bounded
previsible process’. This concept is useful since such processes are always in A*(S), and

all ladcag processes are locally bounded. This is the content of the next proposition.

(5.22)Proposition.

(i) If X:R** x @ — R is any locally bounded previsible process, then X € A'(S)
for all integrators S.
(i) If X:R*t* x @ — R is a ladcag process, then X is a locally bounded previsible

process.
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Note. We see that by combining (i) and (ii), we obtain an alternative proof of The-
orem(4.24)(i).

Proof:

(i) Suppose that S is an integrator. Then any bounded previsible process is in
A*(S). Thus X is locally in A'(S), and so X € A}(S) by Theorem(5.21).

(i) We have seen already that X is previsible (Proposition(4.3)(i)), so it remains
to show that X is locally bounded. Let ¢, be the début of [|X| > n]. Then 7, is a
stopping time and by construction |X| < n on (0,0,). But X is has left continuous

paths. Therefore | X| < n on (0,0,]. Clearly o, T 00, and so we are done. O

§5.4 CONTINUOUS INTEGRATORS AND

A PATHWISE CONVERGENCE RESULT

An important subclass of the class of cadlag processes is the class of continuous
processes. Thus it is important to know whether X+*S is continuous when S is. We

shall prove that it is.

(5.23)Theorem. Suppose that S is an integrator, X € A'(S) and that b € R¥.
(i) For each X € (0,1], P[(XS); > A} < 3®%(1¢0,5xaX).
(i) po((X+8);) <28%(L(o4xaX) /2.

Proof:

(i) Let & be the début of [|X+S| > )], andlet ¢ = 5Ab. Now on the set [(X-S); > )],
we have that |(X=S),| = X. So Yix-5)7 > < F(1A[(X+5)5]). Now take expectations to
give that P[(X-$); > A] < 3p0((X*5)s). But (X+5)o = [1(5,,X dS. So P[(X-S); >
Al < %CPOS(I(O,O]X). From this (i) clearly follows.

(il) Let ¢ = ®%(1(,p)x0X )% If ¢ = 0 then X-§ = 0 on (0,8] x 0, and so the

result is trivial. So suppose that ¢ > 0. Then from the definitions of py and ®% we
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see that ¢ € (0,1]. So by (i) with A = ¢ we obtain that P[(X*S)} > ¢] < ¢. Thus
po ((X+8);) = f[(X_S)ch] 1TA(X-S); dP + f[(X-S);>c] IA(X=5);dP < c+¢ = 2¢ as

required. O

(5.24)Notation. Suppose that X:RT x Q@ — R is a cadlag process. Then we define
AX:RTT x0Q - Rby AX = X — X_. Le. so that (AX); = Xy — X;,—. AX is an

adapted process. O

(5.25)Theorem. Suppose that S is an integrator and that X € A!(S). Then
A(X-S) = XAS (where the equality is that of indistinguishability).

Proof: Let G be the set of all the X € A!(S) such that A(X-S) = XAS. Now I
claim that the following holds.
(1) If X;,X,,--- € G are such that X,, — X pointwise and |X,| < Y for all n, for
some Y € A'(S), then X € G.
To see this, note that @%(1(0,6]XQ(X,L - X)) — 0 for all b € RT by the Dominated
Convergence Theorem (4.17). Fix b € RT. Then (X,*S — X+5); — 0 in probability
as n — oo by Theorem(5.23). Let n;y < ny < ... be such that (X, *5 — X-S); — 0
a.s. as k — oo, and let E be a P-null subset of @ such that (X, S — X-S); — 0
everywhere on Q\E. We have A(X,,*S) = X, AS on (0,b] x (Q\E). Let k£ — o©
and use that each path converges uniformly on [0,5] to give that A(X+S) = XAS on
(0,b] x (\E). Now let b run over all of N to give that X € .
Now let C be the set of all 4 € P such that 14 € G. Then C is a monotone
class by (1). It also contains the ring of subsets generated by the set of all previsible
rectangles (it is easy to check that £ C G). Therefore by a monotone class argument

C = P. Thus G contains all the simple previsible processes. If X € A!(S) with
X > 0 then there exist simple non-negative previsible processes X;,Xs,... such that
Xn 1T X. (1) (with ¥ = X) then shows that X € G. For a general X € A(S5),
X = X1 — X~ €@ as required. O

Now since a cadlag process X is a continuous process if and only if AX =0, we
obtain immediately the following corollary.

(8.26)Corollary. If S is a continuous integrator and X € A'(S), then X-S is a
continuous process. U

§5.5 INCREASING AND FINITE-VARIATION PROCESSES

In this section we will consider the cadlag processes A for which the integral

J X dA cen be defined pathwise. Three questions arise. Firstly are such processes
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integrators? Secondly to what extent do the two sets of processes integrable with
respect to A agree? Thirdly do the two possible definitions of [ X dA4 agree? We shall

give some positive answers to these. First we define the class of processes considered.

(5.27)Definition.
(a) A function a:RT — R is said to have finite variation if and only if V4 (t) < oo

for all t € RT, where V,(t) is defined by
Va(®) = sup{ T2 la(tirs) — alta)| |7 €N, 0=t < - <ty = 1)

V. 1s known as the variation of a.

(b) A cadlag process is said to have finite variation if and only if all its paths have
finite variation. If 4 is such a process, then we define V4 pathwise. We shall use
the term ‘finite-variation process’ to mean a cadlag process with finite variation.

(c) An increasing process is a cadlag process such that all its paths are increasing.

O

Now suppose that a:RT — R is a function of finite variation. Then V, is an
increasing function R™ — R* and V,(0) = 0. It is standard analysis that V, is cadlag

(resp. continuous) if and only if « is cadlag (resp. continuous). We let
o) = (Vo + @), and ol 7 = (Vo — ).

So o = o) — o), V, = olP) + o), and a(*) and o) are increasing functions.
When A is a process of finite variation A(*) and A(~) are defined pathwise. It is nice

to know that the following holds.

(5.28)Proposition. If A is a finite-variation process, then V, is a cadlag adapted

process, and hence so are A(T) and A(7).
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Proof: The only non trivial thing to check is that V4 is adapted.' This clearly follows

if we show that

(1) Vo(t) = lim_ g ot A (B +1)27") — a(t AR27T)),

for all cadlag functions a:R*T — R of finite variation (apply () pathwise to A).
To prove (}) observe first that the right hand side is evidently no bigger than the
left hand side. For the reverse inequality, suppose that we are given a partition
0 =%y <.+ <t, =t. Then increase ig,...,t,—1 by small quantities to give another
partition 0 = s¢ < -+ < s, = t with s;1,...,8,—1 dyadic rationals, and such that
SrCs la(sk41) — a(si)| differs by less than a given e > 0 from 2;;2 la(tet1) — a(te)]
(use the right continuity of @). Now the right hand side of () is greater than or equal
to Zz;}) |a(sg+1) — ask)|, and hence, since € > 0 was arbitrary, it is also greater than

or equal to 37—t |a(tks1) — aftr)| as required. O

We are now able to complete the definitions.

(5.29)Definition. Suppose that 0 < p < co. Then a cadlag process A is said to
have LP-variation if and only if 4 has finite variation, 4g € L? and Vy is an LP?-
process. We shall use the term ‘L?-variation process’ to mean a cadlag process with
L?-variation. Also the term ‘“ntegrable variation’ will be taken to mean L!-variation.
A cadlag process with bounded variation or a bounded-variation process is a finite-
variation process A such that V4 is bounded as a function on R x €. It is clear that
for each LP-variation process 4, 4 is an LP-process, and A1) and A(-) are increasing

LP-processes. O

Warning. Some authors (e.g. Rogers & Williams [RW]) take the term ‘LP-variation’
to mean that (V4)eo = imi—oo(Va): is an element of L?. But it is more convenient

for us to use the term as above.
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Suppose that a: Rt — R is a cadlag function with finite variation. Then V,,, a{*
and o(7) are cadlag increasing functions. We have Lebesgue-Stieltjes measures on RT+
associated with each of these. Now for f:RTT — R Borel such that fooo |f1dVy < o0,

we can and do define

/Ooofda: /wada<+>_Awfda<—>.

This 1s the Lebesgue-Stieltjes integral. This we can use to define fooo X dA pathwise
for A a process of finite variation. The following theorem shows that this is consistent

with the stochastic integral.

(5.30)Theorem. Let [... dA denote the stochastic integral and f0°° ... dA denote
the Stieltjes integral evaluated pathwise. Suppose that 0 < p < 0.
(a) If A is an increasing L? cadlag process, then the following hold.
(i) A is an LP-integrator.
(i) L'(A,L?) consists of the previsible processes X:Rtt x Q — R such that
fooo |X| dA is finite a.s. and is an element of LP.

(iii) If X € L1(A, L?), then

/XdA:/OoonA a.s. and ®%(X) :pp</0°o]X’dA).

(b) If A is an L?-variation process, then the following hold.
(i) A is an LP-integrator and 9% < &7, .
(i) LY(Va,L?) C LY(A,LP). (Note that by (a)(ii), L(Vy4, L?) is characterized
by the pathwise Stieltjes integral with respect to Vy4.)
(iii) If X € L*(V4,LP), then

/XdA:/O XdAa.s.and@i(X)gpp</ ledVA>.
0
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Note. When p = 0 part (a) says that for A an increasing process, the stochastic
integral [ ... d4 and the pathwise Stieltjes integral fooo ... dA have the same domain,
and agree on that domain. Part (b) says that when A4 is a finite-variation process, the
stochastic integral has a domain bigger than or equal to that of the pathwise integral,

and they agree on the smaller domain.

Proof:

(a) We have by inspection that
(1) ' /XdA:/ XdA forall X €&.
0

For (i), suppose that (X ), and ¥ are as in (1) of Definition(4.7). Then p,( [, X, dA)
— 0 by using the dominated convergence theorem twice (once for the Stieltjes integral
and once for the expectation implicit in p,). But by (1), this means that [ X, d4 — 0
in L?. Thus (i) is proven.

Now we consider (i) and (iii). I claim that
(2) 8 (F) = pp (/ FdA) forall F € £F .
0

For if X € £ is such that |X| < F, then by (1), pp(f X dA) < pp (57 FdA). So the
left hand side is no bigger than the right hand side. For the reverse inequality, let
Xi1,Xs,+-- € EY be such that X,, T F. Then pp ([ Xn d4) < ®%(F). Use (1), let and
use the monotone convergence theorem to give that p,([ Fd4) < &% (F).

I claim further that
(3) Pp (/ X dA) < ®%(X)  for all previsible X:R*T x Q — R
0

Forif X < F € &, then p,([;° X dA4) < pp(fy° FdA) = &% (F) by (2). Now (3)

follows from the definition of $%(X) as an infimum (Definition(4.9)).
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Suppose now that X € L1(4,LP). I claim that [, |X|d4 € L?,

(4) /XdA:/OOOdeA and <I>§(X)=pp</ooo|X)dA>.

To prove this, note by (3), that p,(X [;° |X|d4) < ®5(AX) — 0 as A | 0. Thus
Jo |X|dA is finite a.s. and is an element of L?. Hence f,~ X d4 exists and is an
element of LP. To prove (4), let X;,X,--- € £ be such that (X, — X) — 0.
Then taking |X, — X| as X in (3) gives that [~ |X, — X|dA — 0 in L?. Thus
Jo XndA — [[TXdA and [ |Xn|dA — [7|X|dA in L?. Now by (1) and (2),
[XndA= [°X,dA and % (X,) = pp( [y | Xn|dA). So letting n — co gives (4).

We have thus proven one half of (ii) and all of (iii). We shall now consider
the other half of (ii). So suppose that X:R™* x § — R is previsible and such that
[ |1X|dA € LP. We have to show that X € L!(A4,L?). Take Uy,Us,--- € £T such
that U, T oo, and let X,, = (X A Uy,) V (=U,). We have that X,, € L'(4,L?),
X, — X pointwise, and pp(fooo |Xn— X|d4) — 0. By (4), (X, —~ Xp) =
po(fy | Xn —Xpn|dA) — 0 as n,m — oco. So there exists an X € L1(®%) such
that ®% (X, — X) — 0. Now by Proposition(2.10), a subsequence of (Xn)n converges
3% -a.e.to X. Thus X = X ®%-a.e. Therefore X € L£1(®%) as required.

(b) For (i), note that A(*) and A(~) are LP-integrators by (a)(i). Thus A = A(+) —
A7) is an LP-integrator. For X € &, it is clear that |f X dA| < [|X|dV4. Therefore
by applying p,, and taking the supremum over all X € £ such that |X| < F, we
obtain that &% (F) < @}, (F) for all F € &) . Now by taking infima, we deduce that
&% (X) < @}, (X) for all functions X:RTH x @ — RT. Part (i) clearly follows as
a result of the inequality &% < @, . To prove (iil), suppose that X € £}(Vy4,L?).
Then X € L'(4,LP) by (i), and so X € LY(A®), L?) (since A = 1(V, £ 4)).
Therefore (a)(iii) gives that [ X dA®) = [ X dA®). So subtracting gives the first
part of (iii). For the second part, note that the right hand side is, by (a)(iii), just

@7, (X). Therefore use the inequality &%, < o7, . a
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(5.31)Corollary. Suppose that A is a finite-variation process and X € A'(Vy). Then

XA is also a finite-variation process and Vx.4 = | X|"V4.

Proof: We have that X+4 = fOtX dA, and that the integral can be viewed as being
pathwise by Theorem(5.30). The result now follows from the theory of Lebesgue-

Stieltjes integration. U
§5.6 BROWNIAN MOTION AS AN INTEGRATOR

The only examples of integrators we have so far are the processes of finite vari-
ation. Since these could be dealt with by pathwise methods, it is important to give
examples that are not of finite variation. In this section we will consider one such

example namely that of Brownian motion. We give first the definition.

(5.32)Definition. For d € Ny, a d-dimensional Brownian motion is a continuous
adapted process B: Rt x Q — R? such that the following hold.

(1) If s < tin RY, then B; — B, is an N(0,? — s) random variable i.e.

ns e () o (55)

for all Borel subsets F of R%.

(2) If s <tin RT, then B; — B, is independent of the o-field F; i.e.

P(AN[B, - B, € F]) = P(A)P[B; — B, € F),

for all A € F, and all Borel subsets F' of R¢. O

Note.
1. We observe that a d-dimensional Brownian motion satisfies the following prop-

erties.
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(1) If s < ¢t in R, then B, — B, is an N(0,t — s) random variable.
(2) IfO < t() < e K tr < oo, then BtoaBtl - BtO,Btz - Bt17---7Bt-, —Bt

T=1

are independent random variables.
(3) Fof all w € Q, the path ¢t — By(w) is continuous.
Property (2) follows from (2) of Definition(5.32). A family of R¢-valued random vari-
ables (B;)icr+ on any probability space (Q,F,P), satisfying (1), (2) and (3) is what
is generally known as a d-dimensional Brownian motion. We shall call such an object
a raw Brownian motion (since there is no filtration).

2. For this to be an example it is necessary to know that d-dimensional Brownian
motions exist for some choices of a standard setup (2, F.,P,(F;):). It is well known
that there exists a probability space (2, F,P) with a raw d-dimensional Brownian
motion B defined on it, and such that By has any distribution desired. Assuming
this fact (whose proof is too long to justify including it here), we can first complete
(Q,F,P), and therefore assume it is already complete. Then we define a standard
filtration (F;); on it as follows. Let F; be the smallest o-field that contains all the
P-null sets and makes B, measurable for 0 < s < t. Then take F; = ﬂs>t Fo.o It
can then be shown that B is a d-dimensional Brownian motion with respect to the

standard setup (2, F ,P, (F)¢).

3. If B=(B',...,B%) is a d-dimensional Brownian motion and 1 < iy,...,i, < d
“are distinct, then (B%,...,B%) is an r-dimensional Brownian motion. In particular
for k =1,...,d, B* is a 1-dimensional Brownian motion.

4. We shall see in the next chapter that almost all paths of a 1-dimensional Brow-
nian motion fail to have finite variation. Thus pathwise Stieltjes integration will not

work for this process.

Our aim now is to show that nevertheless any 1-dimensional Brownian motion

is an integrator. By considering B — By (which gives the same values for integrals) we
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may as well assume that B has zero start; i.e. By = 0.

(5.33)Lemma. Suppose that B is a zero start 1-dimensional Brownian motion. Then

By € L? for all t € RT, and

[E(/XdB/YdB):[E(/ Xthdt> for all X,Y € €.
0

Proof: B;is N(0,t) and therefore an element of £2. To prove the formula suppose

that X,Y € & and write

r—1
= Cr(wl(y, t,44(t),  and Z Dr(w)hzy, 11141 (8)s
k=0

where 0 = tp < -+ < t, < o0, and for k = 0,...,7» — 1, C, and Dy are simple

Fi, -measurable random variables. Thus

r—1

/ X dB / YdB =Y CiDi(Bu,, — Bo)(Buy, — Bu).
k=0

Now if 0 < k < <r—1, CoDi(By,,, — By, ) is Fy,-measurable and therefore inde-
pendent of By, — By,. Thus E[CyDy(By,,, — By, )(By,, — By)] = E[CeDi(By,,, —
By )JE(By,, — By) = 0. A similar statement is true when [ < k. For the case
when k = I, we have that E[C;Dy(By,,, — By, )] = E(CkDr)E[(By,,, — By,)?] =
E(CkDp)(tk+1 — tx). Putting these together we see that

r—1

[E(/XdB/YdB> D E(CkDr)(thsr — th) = (/ det)
k=0

as required. O

We now prove a result of more general application than for Brownian motion. It
1s related to the Strasbourg approach. We shall use it when considering consistency

with the Strasbourg approach in Chapter 8.
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(5.84)Theorem. Suppose that S:R1 x Q — R is a L? cadlag process. Further sup-
pose that p is a measure on (R** x Q,P) such that u((0,8] x Q) < co for all b € R,

and also that E(f X dS [V dS) = [o, o XY duforall X,Y € £. Then the following
hold.

(i) S is an L*-integrator.

(i) L1(S,L?) = L2(R** x Q,P, ).
(iii) E(f X dS [Y dS) = [qrs g XY du for all X,Y € L£3(S, I?).
(iv) ®L(X) = (Jrrs g X2 dp)*"* for all previsible X:R*+ x @ — R.

Proof:

(1) We have only to check that (1) of Definition(4.7) holds. So suppose that (X, )»
and Y satisfy the conditions given in (1) of Definition(4.7). Then E[([ X, dS)*] =
J X2du — 0 by the dominated convergence theorem of ordinary integration theory.
But this is just saying that [ X, dS — 0in L? as required.

(ii) First I claim that

1/2
(1) ®L(F) = (/ F? dp) forall F e & .
R++x0

To prove this, suppose that X € £ is such that |[X| < F. Then pp(f X dS) =
(f X? dy,)l/2 < (f F? d/,L)l/z. So the left hand side is no bigger than the right hand
side. For the reverse inequality, let X;,X5,--- € £ be such that X, 7 F. Then
(fx2 d,u)l/2 = p2(f X dS) < ®%(F). So letting n — co and using the monotone
convergence theorem gives the required inequality.

Now using a similar argument to that used in the deduction of (3) in the proof

of Theorem(5.30), we obtain that

1/2
(2) </ X2 dp) < ®%(X) for all previsible X:R™" x 0 — R.
R++x0
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Now suppose that X € £1(5, L?). Then ®%(X) < o0, and so (2) gives that X € £3(p).

This proves one half. Now I claim that

1/2
(3) PL(X) = (/ X? dﬂ) for all X € £*(S,L?).
R++xQ

For this is true if X € £ by (1). For general X € £(S, L?), take X7, X>,--- € € such
that #4(X, — X) — 0. Then by (2) with X, — X as X, we obtain that X, — X
in L?(p). But we know that (3) holds with X,, replacing X (by (1)). Let n — oo to
give (3) in full generality.

Now suppose that X € £%(u). Take Uy, Us,--- € £T such that U, T co, and let
Xn = (X AUL)V(=U,). Then X,, € £*(S,L?), and X,, — X pointwise and in L*(p).
So by (3), ®4(X, — Xm) = (J(Xy — Xn)? dp)l/z — 0 as n,m — oo. Thus we see
that there exists X € £1(®%) such that ®%(X, — X) — 0. A subsequence of (X,)x
converges ®%-a.e. to X by Proposition(2.10) and so X = X ®%-a.e. Thus X € £(®%)
as required.
(iii) Take X7,X2,+- € £ and ¥;,Ys,--- € £ such that #%(X, —X) — 0 and $%(Y, —
Y) — 0. Then also X,, — X and ¥,, — Y in L?(p) by (2). Now (iii) is true with X
and Y replaced by X,, and Y, respectively. So let n — oo to give the general result.
(iv) We know that this holds for X € £!(S,L?). But if X ¢ L£(S,L?) it follows
by (ii) that both sides are infinite, and so (iv) holds in this case also. (Since $%(AX) =
|A|@%(X), we have that X is ®%-finite if and only if ®%(X) < 0.) O

Now by applying this theorem to a zero start Brownian motion with p as the
restriction of the product of Lebesgue measure and P to P, we obtain the following

corollary.

(5.35)Corollary. Suppose that B is a zero start 1-dimensional Brownian motion.

Then the following properties hold.

(i) B is an L*-integrator.
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(i) £(B,L?) consists of all the previsible X:R** x @ — R such that E([* X dt)
< oo.

(iii) E(f X dB [ Y dB) = E([>° X,Y; dt) for all X,Y € L}(B, L?).

(iv) ®%(X) = E([° X2 dt)'"” for all previsible X:R*+ x Q — R. O
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CHAPTER 6: QUADRATIC VARIATION AND THE ITO FORMULA

§6.1 MOTIVATION
To evaluate ordinary (Lebesgue) integrals such as fot s? ds, we do not do it using
the definition in terms of limits and supremums etc. Instead we use the Fundamental
Theorem of Calculus. This states that if f:[a,b] — R is a O function, where —oco <

a < b< oo, then

b
1) £(b) - f(a) = / f(t)dt.

Thus in the theory of stochastic integration we would hope for some result analogous
to this. To see what form this might take, we observe that if f:R — R is ¢! and

a:R*T — R is continuous with finite variation, then

2) Fatt) - 7(a(0) = | ' (als)) das).

From this formula we might expect that f(S:) — f(So) = fot f'(S)dS when f:R — R
is C! and S is a continuous integrator. However this is not generally true. Suppose

we formally expand in a Taylor series

F(Se+d80) = F(S0) + 7/(5) S, + 55 (5) (A8 + 51" (S(48,)° + ..

We would expect the term 3f"(S:)(dS:)? to make no contribution to an integral.
But it turns out that fot (dS)?’ can be made meaningful as an increasing process [5],
which is not generally zero. This process is called the quadratic variation of S. So we
have ‘(dS:)* = d[S];’. Putting this in the Taylor series, and putting (dS;)* = 0 for all

k > 3 hints at the following formula.

@ s -5 = [ £(s)as+3 [ 7s)ais)

This indeed is the true formula; it is valid for all continuous integrators and all (2

functions f:R — R. (3) is (nhe 1-dimensional case of) the It6 formula.
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§6.2 QUADRATIC VARIATION AND MUTUAL VARIATION

(6.1)Definition. Suppose that R and S are integrators. Then we define

t 1
[R, )¢ = R.S: — RoSo —/ R_ ds—/ S_dR.
0

0
le. [R,S] = RS — R¢So — R_*S — 5_*R. So [R, 5] is a cadlag adapted process. It is
called the mutual variation of R and S. Clearly [-, -] is bilinear. We denote [5, 5] by

[S] and call it the guadratic variation of §. ]

Now in what sense is [R,S5]; ¢ fot dRdS’? This is answered by the following

result.

(6.2)Proposition. Suppose that R and S are integrators and that t € RY. Then

r—1

(1) Z(R‘tk+1 - Rtk)(stk+1 - Stk) — [Ra S]t in probability,

k=0
as supy(tk+1 —tk) = 0 with 0 = ¢y < --- < t, = t. In fact when s < t in R™,

r—1

(2) Z(Rtk+1 - Rtk)(stk+1 - Stk) - [Ra S]t - [R7 S]s in probability,

k=0

as supy(te+1 —tx) = Owiths =1ty < --- < t,=1.

Proof: We consider (1). We have for 0 =ty < --- < ¢, = ¢ that

r=1 r—1
Z(Rtk+1 - Rik)(Stk-H - Sik) = E(RikH Stk+1 - Rth Stk
k=0 k=0
— R4, (St40 — Sty) — 84, (Ree ., — Ry))
r—1
= RiSt — RoSo — > Rey(Susys — Sa)
k=0
r—1
- Z Stk(Rtk-H - Rtk)
k=0

t t
—-)Rtst—Roso—/ R_dS—/ S_ dR,
]

0
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in probability as supy(tx+1 — tx) — 0. But by Definition(6.1), the limit is [R, S]: as

required. For (2) suppose that s = tgn) < < tg:) =t and supk(t(n) - tgcn)) — 0

k+1
as n — oc. Then choose 0 = “gn) << u;:) = s such that squ(Ugc?jq-)1 - ui,n)) — 0.

Let O:vgn) <---<vg:)

= t be the partition of [0, ] formed by combining those for
[0,5] and [s,t] (i.e. gn = Pﬁ + Tn, vi”) = ui") for k = 0,...pn, and vgcn) = tgch_)pn for

k= pn,...,qn). Then

Py —1 gn—1
n —R n n - n = n _R n S (n _S n
> (Bym —B@)(Sym —Sym)= 3 (Bym — Ryw)(5,) = 5,pm)
k=0 k=0
Pn_l
- .R (n _R n S n _’S n
2 By, = Bym)Sygy, = Sugm)

— [R, §}i — [R, 5],

in probability as n — co as required. O

(6.3)Proposition. Suppose that R and S are integrators. Then the following prop-
erties hold.
(i) [S] is an increasing zero start cadlag process.
(ii) [R,S] is a finite-variation process, and therefore, by Theorem(5.30)(b)(ii), it is
an integrator.
(iii) (Integration by Parts) R;S;—RoSo = [, R— dS+ J; S_ dR+[R,S); forallt € R™.
(iv) A[R,S] = ARAS (the equality being indistinguishability). So [R,S] is contin-
uous whenever R or S is continuous.

(v) RS is an integrator.

Proof:

(i) The only non trivial thing to check is that [S] is increasing. Suppose that s <t
are in RT. Then (2) of Proposition(6.2) (with R = §) expresses [S]; — [S]. as a limit
in probability of non-negative random variables. Thus [S], < [S]; a.s. So on letting

E = U, 1cq+ie<t|1S]e > [S]i], we have that E is P-null. For w € Q\E, ¢ — [S}y(w)
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is increasing, since [S] is cadlag. Thus by modifying [S] on an evanescent set, we see
that [S] is increasing.

(ii) Since [-,] is bilinear, we see that [R, S] = [3(R+ )] — [3(R = S)]. Thus [R, 5]
is the difference of two increasing process, and therefore has finite variation.

(iii) This just Definition(6.1) rewritten.

(iv) We have that [R, §] = RS—R¢So—R_*S—S5_*R by definition. So Theorem(5.25)
gives that

A[R,S] = A(RS) — R_AS — S_AR
=RS-R_S_-R_(S—8_)—S_(R-R_)
= (R—R-)(S-5-)

= ARAS,

as required.

(v) We see that (iii) expresses RS as a sum of integrators (using (ii) and Theo-

rem(4.21)(i)). Therefore RS an integrator (by Proposition(4.19)). O

Of cause we as yet have no examples to show that [R, S] need not be zero. We

now give such an example.

(6.4)Proposition.
(i) If B is a 1-dimensional Brownian motion, then [B]; =t for all t.
(i) If B = (B',...,B%) is a d-dimensional Brownian motion, then [B?, B}, = §; ;1
for all ¢, j and t.

Proof:

(i) First I claim that for an N (0,1) random variable X,

(1) E(X*)=1 and E(X*)=3.
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Let ¢(t) = E(¢"X). So ¢(t) = e~*'/2. Then

¢'(1) = —te™" /2, ¢"(t) = (=1 +1%)e™" /2,
(ﬁ’“(t) — (3t _ t3)e—t2/2, ¢iV(t) - (3 — 62 + t4)€_t/2.
Thus E(X?) = —¢"(0) = 1, and E(X*) = ¢'V(0) = 3. So (1) is proven.

Now suppose that s < ¢ are in R*, and let X = (¢t — s)~%/2(B; — B;). Then X

is N(0,1) and B; — B, = (t — s)*/2X. Therefore (1) gives that
(2) E((B:—Bs)*)=t—s and E((B;- B,)*) =3(t—s)>.

Now suppose that t € R and that 0 = %9 < --- < t, = . Let § = supy(tp+1 —1tk), S =
;;E(Btk“ — B, )%, and n = Z;]é(tk+1 —tx)?. Then by Proposition(6.2), S — [B]:
in probability as § | 0. Now E(S) = Y720 E[(Buys — Bu)?]l = Spmo(ters — tk) = 1,

and

r—1
[E(Sz) = E( (Btk+1 - Bik )4 + Z(Bik-n - Btk)z(Btz-H - Btt)2>

k=0 k£l
r—1
= 3(tk+1 - tk)z + Z E[(Btk+1 — By, )2]E[(Btz+1 - Btl)z]
k=0 k#l
=30+ > (tke1 — t)(tigr — 1)
k£l
=30+ ) (tes — te)(tirs — 1) =1
el
= 29 + t°.

Thus E[(S —t)?] = E(S?) — 2¢E(S) +t* = 2n — 0 as § | 0 (since n < t§). Le. § — ¢
in L? as § | 0, and therefore it follows that [B]; = t.
(i) We have proved this result in the case when ¢ = 7; so we consider the case when

i # j. In this case (B*, B?) is a 2-dimensional Brownian motion. Thus

1/v2 1/4/2 )\ [ B
(1/\/5 —1/ﬂ) (Bf>

104



is also a 2-dimensional Brownian motion, since the 2 X 2 matrix is orthogonal. Thus
%(Bi + B7) and -lﬁ(Bi — BY) are 1-dimensional Brownian motions. Therefore (i)

gives that [B*, B/] = %[%(BI + BY)] — %[%(BZ — B)] = 3t — 1t = 0 as required. [

We can use this to prove a fact about Brownian motion stated in the previous

chapter, namely that almost all paths of a Brownian motion fail to have finite variation.

(6.5)Proposition. Suppose that B is a 1-dimensional Brownian motion. Then for
almost all w € (1, we have that for each a < b in R, the function t — By(w) has
infinite variation on the interval [a,b]. (The variation of a function a:la,b] — R on
la,b] is defined to be the supremum of all the sums Zz;é la(tr+1) — e(tr)|, where

a=t0<---<tr=b.)

Proof: Foreach ¢ < bin RT, let E, ; denote the set of all w € Q such that ¢ — By(w)
has finite variation on [a,b]. We will show first that each E,p is P-null. Let V(w)
denote the variation of ¢ — Bi(w) on [a,b]. Then on the set E, ;, we have for a =

to < -+ < t, =b that

r—1 r—1
Z(Btk-u - Btk)z < S‘;P |Btk+1 - Bikl Z lBtk+1 - Btk|
k=0 k=0

< Slltp lBtk-{»l - Btk ’ 14

— 0 as  sup(tg4+1 —tx) — 0.
k

But by (2) of Proposition(6.2), Z;E(Btk“ — B,,)? — [B]s — |B]. in probability as
supy(th+1 — tx) — 0. Now [B]y — [Bl, = b — @ # 0 a.s., and so it follows that E,
must be P-null. Let £ = Ua,beQ+:a<b Eqp. Then E is P-null, and the conclusion of

the proposition is true for all w € Q\E. O

Concerning processes of finite variation we have the following result.
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(6.6)Proposition. Suppose that S is an integrator and that A is a finite-variation

process. Then for each t € R,

(S, Al = (AS)u(AA)..

ugt
Thus if either S or A is continuous, then [S, A] = 0.
Proof: Supposethat0 =1y <--- <t, =t. Then S, , As,,,— St At = Sty (Atys—
Ay) + Ay (Sty, — St.)- So by summing up for & = 0,...,r — 1 this gives that

StAt—SOAU = 2;1; Stk+1(Atk+1 _Atk)—*_zz_.—j) Aik (Stk+1 '—Stk)' Let Supk(tk+1‘tk) -

0 through a sequence of values to give that
t ¢
SiAr — SoAp = / S'dA—i—/ A_dS,
0 0

where the first integral is a pathwise Stieltjes integral (use the dominated convergence
theorem), and the second integral is a stochastic integral (use Corollary(4.29)). We

have therefore from Definition(6.1) that

t k4
[S, A}y = S1A: — So Ao — / S_dA + / A_dS
0 0

_ / (5-5.)aa
= S(AS)u(AA),

ut

as required. 0
§6.3 THE MUTUAL VARIATION OF TWO STOCHASTIC INTEGRALS

Suppose that R and S are integrators, X € A(R) and Y € A}(S). Then from
the heuristic formula ‘(X dR)(Y dS) = (XY )(dRdS)” we would expect that

(1) [X*R,Y~5] = (XY )R, S].
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This is indeed the case. The result was first given by Kunita and Watanabe in
the case when R and S are L’-martingales, see [KW]. Also see IV.28 of Rogers &
Williams [RW). In this section we shall present a proof of (1) in the case when R and
S are any integrators, X € A'(R), and Y € A?(S). We shall need the following result.

(6.7)Theorem.

(a) Suppose that o,,7:RT — R are such that o and B are increasing and right
continuous, and |y(t) — v(s)| < (a(t) — a(s))1/2 (B(t) — ﬂ(s))llz for all s < tin
R*. Then the following are true.

(i) v is cadlag with finite variation.
(i) Va() = Va(s) < (alt) = a(s))"/* ((t) — B(s))"/* for all s <t in R*.
(i) [ |fgldVy, < (S If[2 da)*” (J2°19]? dB)'"* for all Borel functions f,g:
R** — R.
(b) If R and S are integrators then the following hold.
(i) IR, ST — [R, S)s| < ([R)e — [R])*/?([S): — [S)s)*/? for all s <t in R*.
(i) [&\XY|dViag < ([ZI1X12dR]) (Y [2d]S)"* for all previsible
X, Y:RTT xQ = R.

Part (b)(ii) of this result in the case when R and S are L%-martingales is one of
the Kunita-Watanabe inequalities (see IV.28 of Rogers & Williams [RW]).
Proof:

(a) Suppose that s =ty < --- < t, = t. Then using the Cauchy-Schwarz inequality

we have that

()
3 rlteen) = 1t < 3 (eltirs) — () (Bltes) — B(tr))
k=0 k=0
r—1 1/2 yr—1 1/2
< ( (altass) - a(tw)) (Z(ﬁum) _ ﬁ(m))

= (a(t) — o(s))* (B(2) - B(s))*"*.
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Put s = 0 and take the supremum to give that V,(t) < co. Le. v has finite variation.
To show that v is cadlag it is enough to show it is right continuous (it is the difference
of two increasing functions; therefore left and right limits exist). But if ¢,1y € R* with
t > tg, then [7(t) = (to)| < (a(t) — a(te))" (B(2) — B(to))

completes the proof of (i). For (ii) take general s < ¢ in (1) and take the supremum.

Y2 0 ast | . This

Now we consider (iii). Clearly without loss of generality we need only consider
the case when f,g > 0. Let .4 denote the set of pairs (f,g) of non-negative Borel

functions f,g:RT™T — R™ for which (iii) holds. I claim that the following are true.
(1) If f,g:R*" — R™ are Borel, and (f1,91),(f2,92), - € A such that f, T f and
gn T g pointwise, then (f,g) € A.
(2) If f,g:R** — R* are Borel, (f1,91),(f2,92),- -+ € Asuchthat f, | fandgn | g
pointwise, fooo f1da < oo, and fooo g1 dB < oo, then (f,g) € A
(3) If 4;,...,A, are disjoint Borel subsets of RT* such that for k¥ = 1,...,r,
(14,,14,) € A, and for some ag,...,an,b1,...,0, € R, f =371 aply, and
g=>1_1bkl4a,, then (f,g9) € A
(1) and (2) follow easily from the monotone convergence theorem and the dominated

convergence theorem respectively. For (3) we have

[+ T oo
/ fg dV,.Y = 2 a,kbk / ]'Ak dV—Y
0 k=1 1]

T oo 1/2 oo 1/2
< aib (/ 14, da) (/ 14, dﬁ)
; kOk o .

(since (14,,14,) € A)

r oo 1/2 T fo o) 1/2
< (Z a%c A ]-Ak da) (Z biA 1Ak dﬂ)
k=1 k=1

(by the Cauchy-Schwarz inequality)

_ (/wﬁ da>1/2 (/wg%w)l/z,
0 0
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as required.

Let G={ACR"' |Ais Borel and (14,14) € A},

and H={ACR'"|Ais Borel and AN(0,n] € G for all n € N}.

We have that G contains all sets of the form (s,#] (s < ¢ in R™) and therefore all disjoint
unions of these by (3). These disjoint unions form a ring of subsets of R*™, call it R.
It now follows that R C H. By (1) and (2), H is a monotone class (i.e. closed under
taking countable increasing unions and countable decreasing intersections). Therefore
H contains the monotone class generated by R. But by the monotone class lemma
this is just the o-ring generated by R, i.e. the Borel o-field of RT+. Thus we have
shown that H contains all the Borel subsets of RTT. Now if A is a Borel subset of
R*T, then AN(0,n] € G for all n and AN(0,n] T A. Thus A € G by (1). So G contains
all the Borel subsets of RTT. Therefore if f,g:RTT — R™ are simple Borel functions,
then (f,g) € A by (3). Now for general Borel functions f,g:R*+ — R™, there exist
sequences (f,)n and (gn)n of simple Borel functions from R to R™ such that f, T f
and g, T g pointwise. Therefore (f,g) € A by (1). This proves (iii) in full generality.

(b) It is enough to prove (i), since (ii) follows from (i) by applying (a)(iii) pathwise.
To prove (i) fix some s < ¢ in RT, and for each cadlag process X, let DX = X, — X,.
Then we have to show that (D[R, S])*> < D[R] D[S]. This we prove in the same way
as the Cauchy-Schwarz inequality. We have for each A € R that D[R + AS] > 0 a.s,,
and so expanding by bilinearity gives that D[R]+ 2AD[R, S]+ A2>D[S] > 0 a.s. for each
X € R. Thus P[D[R] + 2AD[R,S] + A>D[S] > 0 for all A € Q] = 1, and therefore by

continuity in A,
(1) P[D[R] + 2AD[R,S] + X*D[S] > 0 for all X € R] = 1.

We will have completed the proof if we show that b? < ac, whenever a,b, c € R satisfy

a,c > 0and a+2bXA+cA? > 0forall A € R. Now if ¢ = 0 then b = 0, and so b? < acis
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trivial. If ¢ > 0 then put A = —% to give that a — % 2 0, which on rearranging gives

that b* < ac. O

We now can now state and prove the promised theorem.

(6.8)Theorem. Suppose that R and S are integrators, X € A*(R) and Y € A'(S).
Then XY € A*(Vig,s)) € A'([R, S]) and [X*R,Y-S] = (XY )[R, S].

Note.

1. Putting R = S and X = Y shows that if S is an integrator, and X € A(S),
then X% € A'([S]). This by Theorem(5.30)(a)(ii) means that fot X2 d|S] < oo a.s. for
each t € RT.

2. Putting Y = 1 gives that [X*R,S] = X*[R,S] for all X € A'(R).

Proof: Suppose throughout that R and S are integrators. We shall present the proof
as a series of numbered steps.

(1) If X;,X>,...,X,Y € A*(R) are such that |[X,| < Y for all n, and X, — X

pointwise, then [X,"R, S}; — [X*R, S]; in probability for each ¢ € R™.

Proof: By replacing X, by X,, — X and Y by 2Y, we may assume that X = 0. Now by
the definition of [-, -] and Theorem(4.21), [X,*R, S|, = S fot X,dR— fot(Xn'R).. ds —
JY XnS- dR. By the Dominated Convergence Theorem (4.17), ®%(1(0,qx0Xn) — 0.
Therefore by Theorem(5.23), (X,*R); — 0 in probability. From Theorem(4.24)(ii),
it now follows that ®% (19 gxa(Xn*R)-) — 0. Thus fot(Xn-R)_ dS — 0 in prob-
ability. We have also that [ X,dR — 0 and [, X,S_dR — 0 in probability,
by the Dominated Convergence Theorem (4.17) using dominating processes Y and
Y S_ respectively. (Y.S_ € A'(R) by Theorem(4.21)(iv), since by Theorem(4.24)(i),

S_ € AY(Y+R).) 1t is now clear that [X,,*R,S] — 0 in probability as required.

Now let

Crs ={X € AY(R)NA(Vin,5) | [X*R,S] = X-[R, 5]}
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Note that 1 € Cr.s.

(2) I X1,X5, € Crys, ¥ € AY(R) N AX(V[n,q), and X:R*+ x Q — R are such

that X» — X pointwise, and |Xn| < Y for all n, then X € Cr.s.

Proof: We have that [X,*R,S); = (Xn'[R, S]): for all ¢ € RT. So let n — oo, and
use (1) on the left hand side and the Dominated Convergence Theorem (4.17) on the
right hand side to give (2).

(3) £CCrys.
Proof: Clearly by linearity we need only consider the case when X = 14, with 4 a
previsible rectangle (s,2] x F (0 < s <t < oo and F € F;). Now (X*R)y = 1p(Runt —
Runs), and thus it follows using Proposition(6.2) that [X*R, S}, = 1r([R,S}unt —
[R, S]uns) = (X*|R, S])w as required.

(4) 14 €Crsforall A €P.
Proof: Let

g:{AG'PﬂAECR,s},

and R={ECR™™ xQllgef}.

Then R is a ring (it is the ring of subsets generated by the set of all previsible rect-
angles), and R C G by (3). Now G is a monotone class by (2), and R generates P as
a o-ring. Thus by the monotone class lemma, G = P as required.

(5) Cr,s = AY(R)NAY(Vig,g))-
Proof: Suppose that X is an element of the right hand side. Then by writing X =
X* — X~ we may assume that X > 0. Take simple previsible X;,Xs,...:RTT x Q —
R* such that X, T X. Then X, € Cgrs for all n, by (4) and linearity. Therefore
X €Cgr,s by (2) with Y = X.

(6) If X € AY(R), then X?* € AX(|R)).
Proof: By considering |X| we may suppose without loss of generality that X > 0.
Put X, = X An. Then X, T X pointwise. Now by (5), X, € Cg,g for all n, and
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X, € Cr,x,,-r for all n and m. Thus we see that [X,*R, X\n*R] = X,*[R,Xm"R] =
Xn (Xm[R]) = (XX m )*[R]. So we have that

1
/ XnXm d[R] = [Xn*R, XmR):.
0

Let n — oo and then m — oo using the monotone convergence theorem pathwise on

the left hand side and (1) on the right hand side (with ¥ = X) to give that
t
/ X?d[R] = [X'Rl; <00  as.
0

(T) If X € AY(R) and Y € AX(S), then XY € AX(Vig,g))-
Proof: By (6), X2 € A'([R]) and Y2 € AY([S]). Therefore by Theorem(6.7)(b)(ii),
XY € A{(Vig,s)) as required.

(8) I X € AY(R) and Y € AY(S), then [X*R,Y*S] = (XY)[R, S).
Proof: By applying (7) with 1 as X, we find that Y € A(Vig,g). But by applying (7)
with 1 as Y, and Y+S as S, we find that X € AX(Vjgy.s)- Thus by (5), it follows
that [R,Y*S] = Y[R, S] and [X*R,YS] = X+[R,Y*S]. Combining these gives that
[X*R,Y*S] = X*[R,Y*S] = X+(Y*[R, §]) = (XY )[R, S| as required.

This completes the proof of the theorem:. O

Concerning localization we have the following corollary.

(6.9)Corollary. IfR and S are integrators, and ¢ is a stopping time, then [R%, 5] =
(R, S)°.

Proof: Since R? = 1(¢"R and §7 = 1(g,"S by Proposition(5.17), take X =Y =
1(g,0) in Theorem(6.8). Ol
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86.4 THE IT6 FORMULA

We shall state and prove this important result first for continuous integrators.

We do this because the result is simpler to state and prove in this case.

(6.10)Theorem (The Itd Formula).
Suppose that § = (S%,...,8%):RT x Q — D, Whére D is an open subset of R,

and S',...,5% are continuous integrators. Suppose that f: D — R is a C? function.

Then for t € RT,

F(8e) = £(So) = Z/af(sozsz Z/B@f d[s*, 57.

2,7=1
In particular we see that f(S) is a continuous integrator.

In order to prove this we need a lemma.

(6.11)Lemma. Suppose that D is an open subset of R, N € NU{oo}, and f: D — C
is CN. Then there exists a sequence of polynomial functions py,ps,...:R® — C such
that 8%p,, — 0%f uniformly on all compact subsets of D for all o € N¢ with |a| < N

(Here we are using the notation of (1.6).)

Proof: It is enough to assume N < oo, and show that given K C D compact and
e > 0, there exists a polynomial p: R* — C such that |§%f — §%p| < € when |a| < N
(For if this is the case then for general N, take K1, K2,... to be compact subsets
of D such that int K,, T D. Then take p,:R® — C to be a polynomial such that
|6%f — 8%p,| < = on K, when |a] < N An.)

By rescaling we may assume without loss of generality that K is a subset of
an open cube U = HZ=1(ak,ak + 27). Take a C'* function of compact support

p:R% — [0,1] such that p = 1 in a neighbourhood of K and suppp C U N D. Thus
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pf = f in a neighbourhood of K, and pf is a C¥ function on R? (it is assumed to be

zero outside D) with support a compact subset of U N .D. Define g: R¢ — C by

g9(z) = > (pf)(z +27E).

fezd

So g is CN on R%. Let T¢ = R?/27Z¢, and identify functions on T¢ with suitably
periodic functions on RY. Thus g: T¢ — C. Now to complete the proof we shall first
approximate g by a C'* function h, then approximate h by a trigonometric polynomial
T. Finally we shall approximate T by a polynomial p on K.

Take ¢:R? — RT to be a C* function with compact support such that fRd ¢ =1,

and define for § > 0, ¢5: T¢ — RT by

¢s(z) = 517 T ¢<:c —1—627r€> .

¢ezd

Then ¢5:Td — RT is COO’ and fT‘l ¢)5 = 1. Define gs: ‘B’d —C by

gs(z) = Ad bs(z — y)g(y) dy.

By differentiation under the integral sign, it follows that gs is C*°. By a change of
variables gs(z) = [;. ¢s(y)g(z — y)dy. So for |a| < N, we have by differentiation
under the integral sign that 8%gs(z) = [1. ¢s(y)0%g(z — y) dy. Now since [;, ¢s =1,

we deduce that

8%gs(z) — %g(z) = . ¢s(y)(0%g(z — y) — 8%g(z)) dy

Therefore

|0%gs(z) — 0%(z)| < . ¢s(y)|0%g(z — y) — 8%g(z)| dy

< sup  |0%(z —y) — 0%g(z).
YyESUPP ¢
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Now 0%g is uniformly cont;nuous on T¢, and as § | 0, supp ¢s is eventually contained

in -any given neighboﬁrhood of 0 in T¢. Thus sup|0%®gs — 8%g| — 0 as § | 0. Take

6 > 0 such that ]3"‘95 d%g| < £ on all of T? when || < NV, and put b = gs.
Suppose that u: T¢ — C is C®. Let (c¢)geze be the Fourier coefficients of u.

These are given by

1 .
— —iz-§
ce = (o) /Td u(z)e dz.

By integration by parts we have that

)¢ ———1 & =l or all o d
() (16)%ce = o) /wa u(z)e ¢ d for all o € N¢,

Thus sup; [{¥c¢| < ﬁ J7410%u] < oo for all @ € N¢. Therefore 2¢ lee] < oo. So we
see that 3, cee®t converges uniformly with respect to z. But since (z — %) is
a complete orthonormal basis for L2(T¢) (with inner product {v,w) = ('2_177)_d J74 v@)

this sum must converge to u. Thus we have shown that

u(z) = z cee™t uniformly with respect to z.
fezd

We have, by applying this to 0% and using (1), that for each o € N¢,

(1) 0%u(z) = Z (1€)% cee™® uniformly with respect to z.
g€ze

Now take u = h, and using (}), take F to be a finite subset of Z¢ such that 7: T¢ — C,
defined by T(z) = 3 _,cp cee®t, has the property that |9%h — 8*T| < £ on T% when
la| < N

To complete the proof consider T as a function on RY. From the power series

expansion for e®, we obtain that

T Z(CEZ%M )

)
EEF k=0
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Let

nle) = 3 (00 2 #(i0)" ).
(el k=0
Then 8%¢, — 0T uniformly on compact subsets of R for all a. Take p = gy,
choosing n so that |0%T — 0%¢n| < § on K when |a| < N. Now we have the result,
since on K, [0%f — 8%p| < |0%g — 8%h|+ |0%h — O°T|+|0°T — 0°p| < 5+ 5+ 5 =¢,
when |a| < N. (Note that f = g in a neighbourhood of K. So §%f = 9%g on K.) U

Proof of (6.10): Consider D and § as fixed, and let A denote the set of all C?
functions f: D — R such that for all £ € RT,

d " .
(1) F(82) — f(So) = E/O 8;F(8)dS* +1 / 8;8; £(S)d[S*, §9).

Then clearly A is a vector subspace of C?(D;R). I claim further that fg € A whenever

f,g € A. Suppose then that f,g € A, and let F = f(S) and G = g(§). Then

d t
(2) F,—F, = 2/ 8;f(S)dS* + E / 8;8;£(8)d[S, §7),
(3) Gi-a=3 [ Cbi9(5)dSi + Z / 8:0;9(S) dS', 57].

Thus we see that F and G are integrators, and that

(4) / FdG = Z / £(5)3ig(S) dS + Z / £(5)8:8;9(S) dIS*, ),

1,7=1

(5) /GdF Z/g(S@f )dS® + 22/ (5)8:8;£(85)d[S", 57],

1,7=1

6  [(£GL=Y / 8:(5)8;9(S) d]S*, 57].

1,j=1
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((4) and (5) follow from (2) and (3) using Theorem(4.21). (6) follows from (2) and (3)
using Theorem(6.8) together with Proposition(6.6).) Therefore the integration by

parts formula Proposition(6.3)(iii) gives that

k4 1
Fth—FoGO:/ FdG—i-/ GdF + [F,Gl,
0

0

- Z / )0:9(S) + 9(S)3: () dS’

+%‘Z/ 8)8:8;9(S) + 8; £(5)0;9(5)
+ 8;£(5)8;9(S) + 9(5)8:0; £(S)) d[S*, 57]

—Z/ 8:(f9)(S)dS* + 1 Z/ 8:8,(9)(S) dIS", 57).

1,7=1

So we have that fg € A as required.

Now the constant functions and the projections onto the coordinates are all
elements of A. So it follows that all (restrictions to D of ) polynomial functions p: R¢ —
R are in A. Now suppose that f: D — R is any C? function. Then by Lemma(6.11),
there exist polynomial functions p1, p2,...:R% — R such that 8*p, — 0°f uniformly

on compact subsets of D when |a| < 2. We have that

(1) palSi) - pn<so>—2 [ amais)asi+ s [ dspa(s)aist, 1.

1,7=1

We intend to let n — oo in (7). Consider the first term on the right hand side.
Fix i, and let U;n = 3ipn(S) — 8;f(5). Then U, — 0 pointwise as n — oo (since
{8.(w)]0 < u<s}isacompact subset of D for all s € RT and w € Q). Therefore
by Theorem(4.24)(ii), ®%: (1(0,4xaUi,n) — 0. Thus fot U;ndS* — 0 in probability. Le.
fot 0;pn(S)dSt — fot 9;f(8) dS* in probability as n — co. The second term of the right
hand side of (7) is similar (or even can be dealt with as pathwise Stieltjes integrals).

So letting n — oo in (7) gives (1). O
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Now to state and prove the general 1t6 formula (for discontinuous processes) we

need another definition.

(6.12)Definition.
(a) Suppose that a:RT™ — R is cadlag and has finite variation. Then « is said
to consist purely of jumps if and only if a(t) = >, ¢, Aa(s) (where Aa(s)‘ =
a(s) — a(s—) as for processes) for all ¢ € R™.

(b) A jump process is a finite-variation process whose paths consist purely of jumps.

O

Note.

1. In (a) the sum is a countable sum, and converges absolutely, since « has finite
variation.

2. From (a), we must have that a(0) = 0 if o consists purely of jumps.

3. If o consists purely of jumps, then clearly Ao completely determines a.

4. If a:Rt — R is cadlag with finite variation, then on defining a;:R*™ — R by
as(t) = X, Da(s), and putting ac = o — oy, we have that a¢ is a continuous
function of finite variation, a; consists purely of jumps, and ¢ = a¢ + . Any such
decomposition is unique, since given such a decomposition we must have Aoy = A«

(since Aag = 0).

(6.13)Theorem (The Ité Formula).

Suppose that § = (S*,...,5%):R* x Q — D, where D is an open subset of
R¢, §1,...,5¢ are integrators, and the range of S_ is contained in D. Suppose that

f:D — R is a C? function. Then for t € R,

d t ) d t
780 =50 = % [[af(s-yasi+1 Y [ 0,5 s’ 8]+ 7,

1,5=1
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where J is a jump process characterized by

AJ = AF(S) - Zaf(s JAS -1 }: 8;0;f(S_)AS'ASI.

i=1 7,j=1

In particular we see that f(S) is an integrator.
To prove this we shall need the following technical lemma.

(6.14)Lemma. Suppose that D is an open subset of R, o = (e,...,04):RT — D
is cadlag, a(t—) € D for all t € R™, and Y, |Aa(s)|® < oo for all t € R*. Then if
we fix b € RT, and define for each C? function f: D — R,

I =>

t<h

fla(t)) = f(e Z@f(a )) Ao(t

[T

d
Z ) Aai(t)Aej(t)],

we have that J has the following properties.
(i) J(f) < oo for all C? functions f: D — R.
(i) If f1,f2,...: D — R are C? functions such that fn,8;fn,8:0; fn — 0 uniformly

on compact subsets of D for all ¢ and j, then J(f,) — 0.

Proof: Let K = {a(?)|t € [0,0] }U{a(t—)|t € (0,b] }. Then K is a compact subset
of D (see (1.4)). Let § > 0 be such that C C D, where C = {z € R?| infpek |z —p| <

6 }. C is compact.

Let P={tec(0,b]|aft) #ft—)},
and P ={te P[]Ac(t)| > 6},
and ={te€ P||Aa(t)| <6}
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So P is the disjoint union of P; and P;. Now since ), |Aa(t)]* < oo, we have that

P is a countable set and P; is a finite set. Define for each C? function f: D — R, and

k=12,
d
() = S| H(elt) = F(att=) = 3 8:f (alt=) Aa(t
1€EP; =1
d
~1 3 et (alto)) sl

Then J(f) = J1(f) + J2(f). We shall now obtain an estimate for Jo(f). Let m(f) =
sup{ |8;0;f(z)||z € O, 1<4,j <d}. Iclaim that if z € K and h € R® such that
|h| < 6, then

< dm(f)|R}*.

() |[fe+h) - f2) - Zafm)h——zaaf 2)hik;

,j=1

To prove (1), let g(t) = f(z + th). Then by Taylor’s theorem, g(1) = g(0) + ¢'(0) +
39" (6) for some 6 € (0,1). Now for 0 <t < 1, we have that ¢"(t) = Em 1 0:0; f(z +
th)h;h;, and so

d

") < 3 m(f)lhiky]  (since z +th € C)

i,j=1
d

< Y m(f)(5RE + 3h)

1,7=1

< dm(f)|h)?.

Thus [g(1) - g(0) — ¢'(0) — 34" (0)| < 319" (0)I + 319" (0)] < dm(f)|h|*. This is just (}).
Now for ¢t € P,, take z = a(t—) and h = a(t) — a(t—) in (}), and sum over all

t € P, to give that

(%) Tao(f) <dm(f) Y |Aa(t)].

teP,
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Now the sum is finite by the hypothesis on a. So J2(f) < co. But since P; is a finite
set, J1(f) < co. It follows that J(f) = J1(f) + J2(f) < oo; thus proving (i). For (ii)
we have that m(f,) — 0 as n — oo, and so (}) gives that Jy(fn) — 0. But clearly

J1(fn) — 0, since P is a finite set. Thus J(fn) = J1(fn)+J2(fn) — 0 as required. [

Proof of (6.13): Given cadlag processes X,Y:R™ x @ — R, write X =Y to mean
that X — Y is a jump process. We see that ‘=" is an equivalence relation. Regard §
and D as fixed, and let A denote the set of C? functions f: D — R such that
d d
1) ()~ f(S0) = 3 0:f(S- )8+ 5 Y 0:0;£(S-)[S", 7).
i=1 iyj=1

Then A is a vector subspace of C'2(D;R). The proof of Theorem(6.10) can be adapted
easily (replace certain equals signs by ‘=’) to show that fg € A whenever f,g € A.
Thus again all polynomial functions lie in 4.

Suppose that f: D — R is any C? function. Take by Lemma(6.11) a sequence
of polynomial functions p1,ps,...:R? — R such that 8%p, — 8°f uniformly on all

compact subsets of D when |a| < 2. Then since p,, € A we have that

(2) Pn(S2) = pr(S0) = Z / Bipn(S_) dS*
+3 Z / 8:0;pn(S-) d[S",57) + I,
) 0

for all ¢+ € RT, for some jump process J(™). Apply A to this equation using Theo-
rem(5.25) and Proposition(6.3)(iv) to give that

d
Apn(8) =Y ipn(S-)AS* + Z 3;0;pn(S-)AS'AST + AT,
=1 i,5=1
Thus

d
(3) AT = Ap,(S) }:azpn AS‘—%Z B;pn(S_)ASTASY.
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Letting n — oo in (2) will prove the result provided, there is a jump process J such

that Jt(n) — J; in probability for all t € RT, and such that

d d
(4) AT = Af(S) =D 0 F(S)AS =1 > 8:8,f(5-)AS'AS’.
=1

4,j=1

Now Y, < (ASL)? = 3, <, A[S% < o0 as. and so Lemma(6.14) applies to (a.a.)
paths of §. Thus we can define J:RT x Q@ — R by

d

d
5)  Je=), (A F(80) =Y 8if(Su-)ASL =5 8:8; f(su_)As;;Asg;).

ut i=1 i,5=1

Then if we knew that J; were F;-measurable for all ¢, J would be a cadlag adapted
process, and hence a jump process satisfying (4). Now from Lemma(6.14)(ii) applied
with p, — f as f,, and each path of S as ¢, we obtain that IJEn) — J¢| — 0 a.s. for all
t. lLe. an) — J; a.s. for all t. Thus we see that J; is F;-measurable for all ¢. But also

this shows that J is the required jump process. (]

(6.15)Example (Brownian Motion).

Suppose that B = (B*,...,B%):RT x Q@ — R? is a d-dimensional Brownian
motion. Then we have seen (Proposition(6.4)(ii)) that [B*, B/]; = é; ;¢ and so the It6

formula (Theorem(6.10)) gives that for every C? function f:R¢ — R
d t . 1
#B) - £B) =Y [ 05(B)ap + 1 [ An(B)ds,
i=1 0
where here A denotes the Laplacian operator E‘Ll 0? and not the jumps (I apologize

for this abuse of notation). O
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$6.5 THE DIFFERENTIAL NOTATION

It is a notational convenience sometimes to write dX = H dS as shorthand for
X, = Xo + fOtH dS. In this short section we shall make this notation precise. We
shall suppose that bP denotes the vector space of all bounded previsible processes'
X:RT* x Q — R, and so 1bP denotes the vector space of all local bounded previsible
processes X:RT* x Q0 — R. Let Z denote the class of all integrators. We shall use the
convention that indistinguishable processes are the same. Let dZ = Z/C, where C is
the subspace of 7 consisting of those processes with constant paths (i.e. the processes
S € T such that S; = Sp for all t € R™). Let d:Z — dI denote the quotient map (so
d ‘forgets’ the starting point). Now make the following definition.

(1) A=1bP & dZ as vector spaces.

Define a multiplication on A by the following formula.

(2) (X+dR)Y +dS)= XY +d(X-S+Y-R+[R,S])forall X,Y c1bP and R,5 € 1.
ILe. so that it extends the pointwise multiplication on 1bP, and the following properties
hold.

(3) XdS =d(X-5)for all X €1bP and S € I.

(4) dRdS =d|R,S] for all R, S € T.

Now this makes .4 into a commutative algebra over R. The only difficult thing to check
is that the multiplication given by (2) is associative. But this amounts to proving the

following properties.
(5) X(Y dS) = (XY)dS for all X,Y €1bP and S € T.
(6) X(dRdS) = (X dR)dS for all X € IbP and R, § € T.
(7) dR(dS dT) = (dRdS)dT for all R, S, T € T.
But (5) and (6) follow from Theorem(4.21)(v) and Theorem(6.8) (see Note 2 after the

statement) respectively. For (7) we have to show that [R,[S,T]] = [[R,S],T]. But
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since [S,T] has finite variation, Proposition(6.6) gives that

ut

=Y AR, AS, AT,

ut

which is clearly symmetric in R, S and 7. The 1 of the algebra A is the previsible

process 1.
It is clear that 1bP is a subalgebra of 4, and that dZ is an ideal of A.

Now we can state the It6 formula as follows. Suppose we have S, f, D etc. asin

Theorem(6.10). Then

d

d
df(S) = 8:f(S)dS*+3 > 8:8;£(5)dS* dS’.

=1 1,7=1

We shall also write dR, = H;dS; to mean dR = H dS when this is convenient.

So for example with B, f etc. as in Example(6.15) we have

d
df(By) = _ 8;f(B:)dB; + 3 Af(B) dt.

=1

(We use dt as shorthand for dI;, when I; =t for all t.)
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CHAPTER 7: DISCRETE-TIME MARTINGALES

In order to study continuous time martingales (the subject of the next chapter)
we shall require some results from the discrete time case. In this chapter we present

these results. This approach to the proof that martingales are integrators is due to D.

A. Edwards [Ed].

§7.1 CONDITIONAL EXPECTATION

Suppose that (Q,F,P) is a probability space. Then suppose we have a o-field G
on () with G C F, and an L' real-valued random variable X. Then 4 — fA XdP:G —
R is a signed measure on the measurable space (2,G). This measure is absolutely
continuous with respect to P|g. Thus by the Radon-Nikodym theorem, it follows that
there exists an L! G-measurable real-valued random variable Y such that f 4 XdP =
[, Y dP forall A € G. Moreover Y is unique up to equality P-a.e. This ¥ is called the

conditional expectation of X with respect to G. l.e. we make the following definition.

(7.1)Definition. Suppose that (2, F,P) is a probability space, § is a o-field on
with ¢ € F and X is an L' real-valued random variable. Then the conditional

ezpectation of X with respect to G is the unique L' G-measurable real-valued random

variable E(X|G) such that

(1) /AIE(Xlg)dP = /AXdP for all A € G.

O

(7.2)Properties. Suppose that (2, F,P) is a probability space. Then we see that
conditional expectation satisfies the following properties. (Where we suppose if not

stated otherwise that G is a o-field such that G C F.)
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1) E(+|G) is linear.
E

2) E(X|G) < E(Y|G) whenever X <Y in L.

(1)
(2)
(3) It X € L! is G-measurable, then E(X|G) = X.
(4) |E(XI9)| < E(JX||G) for all X € L*.
(5) (The Tower Property) If G and H are o-fields such that H C G C 7, then
E[E(X|G)|H] = E(X|H) for all X € L*.
(6) For each X € L', E(X|{@,Q}) is constant and takes the value E(X).
(7) E[E(X|G)] = E(X) for all X € L.
(8) If X is G-measurable, and Y € L' such that also XY € L', then E(XY|G) =
XE(Y|G).
(Let p and v be the measures given by du = Y dP and dv = XY dP. Then X € L*()
and dv = X dp. Thus E(XY|G)dP|¢ = dv|g = X du|g = XE(Y|G)dP|g.)
(9) (Jensen’s Inequality) If ¢: R — R is convex and X € L? such that also ¢oX € L*,
then $oE(X|G) < E(¢0X|9).
(The proof is a trivial modification of the proof of Jensen’s inequality for E(-).)
(10) Suppose that 1 < p < co. Then for each X € L?, E(X|G) € L? and |[E(X|G)]|, <
X
(When p < oo, apply Jensen’s inequality (9) with ¢(z) = |X|P.)
(11) (The Monotone Convergence Theorem) If X1, X5,--- € L', X € L',and X,, 1 X
a.s., then E(X,,|G) T E(X|G) a.s. O

§7.2 DISCRETE-TIME PROCESSES

(7.3)Definition. If (2, F,P) is any probability space, then a discrete-time filtration
on (Q,F,P) is a family (Fp)nen of o-fields on § such that F,, € F,, whenever n < m,
and F, C F for all n. O

Throughout the rest of this chapter we shall assume that (Q,F,P) is a probability

space with a given discrete-time filtration (F,)nen on it.
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(7.4)Definition.

(a) An (adapted) process is a family of random variables X = (X, )nen such that
X, is Fp-measurable for all n. As before the term ‘process’ will be taken to
mean adapted process. We shall say that X is an L?-process (0 < p < oo) if and
only if X is a process such that X, € L? for all n. A process X is bounded if
and only if || X ||ec < o0, where I X |loc = sup, || Xnllco-

(b) A stopping time is a function ¢:Q — N U {oo} such that [¢c < n] € Fy, for all
n € N. As in Chapter 5, a stopping time ¢ is said to be finite if and only if
o < oo, and is said to be bounded if and only if ¢ < N for some N € N.

(¢) foisa stopping time then the o-field F, is defined by
]—‘a:{Ae}"\Aﬂ[agn]E]-"nforallnEN}.

(d) If o is a finite stopping time and X is a process, then the random variable X, is
defined by Xo(w) = Xo(u)(w). Xo is Fo-measurable.

(e) A martingale (resp. submartingale, supermartingale) is an L'-process X such
that X, = E(Xn|Fn) (resp. Xn < E(Xm|Fn), Xn > E(Xn|Fn)) whenever
n < m. An L?-martingale (1 < p < o0) is an LP-process that is also a martingale
(and similarly for submartingales and supermartingales).

(f) A previsible process is a family of random variables H = (Hyp)nen such that Hy,

is Fn-1-measurable for all n € N (where F_; is taken to be Fo). O

Note.

1. We have analogues of some of the results given in §5.1. For example we have the
following results.
(i) If o and 7 are stopping times, then so are c A7 and o V 7.
(ii) Ifn € Nand 7(w) = nfor allw € Q, then 7 is a stopping time and F, = F,.

(iii) If ¢ and 7 are stopping times such that ¢ < 7, then F, C F-.
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2. We have clearly that an L®-process X is a martingale (resp. submartingale,

supermartingale) if and only if E(X,, — X,|Fr) = 0 (resp. > 0, < 0) whenever n < m.

§7.3 THE MARTINGALE TRANSFORM AND MUTUAL VARIATION

For discrete-time processes we have the following analogues of the stochastic

integral and mutual variation.

(7.5)Definition.

(a) If X is a process and H is a previsible process, then we define the process
HxX, called the martingale transform of X with respect to H, by (HxX), =
HoXo+ Y pey He(Xik — Xp—1). It is easy to see that this is adapted.

(b) If X and Y are processes, then the mutual variation process [X,Y] is given
by [X,Y]n = Xo¥o + 3700 (Xis1 — X)) (Vi1 — Yi). We shall call [X, X] the
quadratic variation of X and denote it by [X]. | O

We have that HxX and [X,Y] are linear in both variables. Also the following
proposition (the proof of which is a trivial piece of algebra and will be left to the

reader) is the discrete-time analogue of Theorem(4.21) and Theorem(6.8).

(7.6)Proposition.
(i) If X is a process and H and K are previsible processes, then Hx(K*X) =
(HK)*X.
(ii)) If X and Y are processes, and H and K are previsible processes, then
[HxX,K+Y] = (HK)x[X,Y]. Putting in particular K = 1 gives that [H+X,Y]
= Hx[X,Y]. d

Now we shall consider the connections between the martingale transform, mutual

variation and martingales.
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(7.7)Proposition. Suppose that 1 < p,q < oo are such that & + % < 1, and that H

is an LP-previsible process. Then taking r such that % =

+ 2 (andsol <7 < o0),

1
P
the following results hold.

(i) If M is an Li-martingale, then HxM is an L"-martingale.

(ii) If H > 0 and X is a L?-submartingale (resp. Li-supermartingale), then H*X is

a L"-submartingale (resp. L"-supermartingale).

Proof: Note that from the inequality ||[UV ||, < |U||,{|V]lq (see Proposition(1.9)(a)),
it follows that HxX is an L"-process whenever X 1s an L?-process.

(i) We have that (H*M )41 — (H*xM), = Hpy1(Mni1 — My). Therefore it follows
that E[(H*M )41 — (HxM)n|Fpn] = Hop1E(Mpy1 — My |Fr) = 0 (since Hpyy is Fo-
measurable).

(ii) We have that E[(H*X )py1 — (H*X)n|Fr] = Hng1E(Xnp1 — Xn|Fn) > 0 (resp.

< 0). O
(7.8)Proposition. Suppose that 1 < p,q¢ < oo with %—i—% <1, M is an LP-
martingale, and that N is an LY-martingale. Then taking r such that % = ;7 + %,

we have that M N — [M, N] is an L"-martingale.

Proof: Let X = MN —[M,N]. Then Xp41~Xpn = (Mpt1Nnt1—MpNp) —(Mpy1—
M,)(Npy1 — Np) = Mp(Npy1 — No) + No(Mpy1 — My). Thus on defining previsible
processes H and K by Hy = Ky = 0, H, = M,_; for n > 0, and K,, = N,_; for
n > 0, we see that X = HxN + K«M. Thus by Proposition(7.7)(i), X is an L"-

martingale as required. O

§7.4 SOME GENERAL RESULTS

In this section we shall present some well-known results, which we shall need

later.
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(7.9)Theorem (Optional Stopping).

Suppose that X is a martingale (.resp. submartingale, supermartingale), and
o and 7 are bounded stopping times such that ¢ < 7. Then X,,X, € L' and
Xo = E(X,|Fs) (resp. Xo < E(X-|Fo), Xo 2 E(X-|F0)).

Proof: We consider only the case when X is a martingale; the other cases being
similar. Take N € N such that 0 < ¢ < 7 < N. We have that |X,|, |X-| < 0, | Xnl,
and so X5, X, € L*. Suppose that 4 € F,, and define a previsible process H by H,, =
Lano<ngr (AN[e < n < 7] = (AN[e < n—1])\[7 < n~1] € Fr_; for all n, so H really
is previsible). We see therefore by Proposition(7.7)(i) (with p = o0 and ¢ = r = 1)
that H+xX is a martiﬁgale. Thus 0 = E[(H*X )o] = E[(H*X)n] = E[(14(Xr — X0)].
Le. fA XodP = fA X, dP for all A € F,. So X, = E(X;|Fs) as required. O

In a similar fashion we have the following result.

(7.10)Proposition. Suppose that X is a martingale (resp. submartingale, super-
martingale), and o is any stopping time. Then (Xoan)n is also a martingale (resp.
submartingale, supermartingale). Here we mean with respect to the given filtration

and not (Foan)n-

Proof: Let Hy, =15y Then [0 > n] = Q\[ec <K n-1] € Fp—1 andso H = (Hyp)n is
a non-negative previsible process. Now Xoan = (H*X),. Thus the result now follows

by using Proposition(7.7). O

(7.11)The Doob-Meyer Decomposition.

Suppose that X is an L'-process. Then there exist unique M and A such that
X = M+ A, with M a martingale, and A an L*-previsible process with Ay = 0. Given
this decomposition, which is called the Doob-Meyer decomposition of X, A is increas-

ing (resp. decreasing) if and only if X is a submartingale (resp. supermartingale).
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Proof: If M and A satisfy the requirements of the Doob-Meyer decomposition of X,
then by applying E(-|F,.) to the equation (My+1 — My) + (Ant1 — 4n) = Xpng1 — Xy,

we obtain that

(T) An+1 - An = [E(Xn+1 - an:n) foralln € N.

Thus summing up gives that

(1) An= ) E(Xs1 — Xl F).

So the uniqueness of M and A has been demonstrated.

For the existence of M and A, define 4 by (1), and put M = X — A. From (}),
it is clear that A is previsible with A4g = 0. Also from (1) follows (}). From (f) we
deduce that E(Mp4+1 — M,|F,) = 0, and hence that M is a martingale. The last

statement of the result follows from (7). O

When considering a supermartingale X, we see from (7.11), that X = M — A for
some martingale M and some increasing previsible process A with 4y = 0. We shall

also refer to X = M — A as the Doob-Meyer decomposition of X.
§7.5 SOME ESTIMATES FOR MARTINGALE TRANSFORMS

Our aim in this section is to prove inequalities of the form ||[(H*M )|, <
CpllH|loo||Mp||p for H a previsible process, M an LP-martingale and n € N. The

first to be considered is the case when p = 2.

(7.12)Proposition. Suppose that M is an L?-martingale and that H is a bounded

previsible process. Then HxM is an L?-martingale and

I(H*M)nll2 < [|Hllool|Mnllz  for allm € N.
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Proof: Tt follows from Proposition(7.7)(i), that H*M is an L*-martingale. Novvr
by Proposition(7.8), we have that (HxM)? — [H+M] is a martingale which is zero
at time zero. So E[(HxM)2] = E([H*M],). Similarly E(M2) = E([M].). But
(HxM)] = H?*x[M)] < ||H|%.[M], by Proposition(7.6)(ii), and the fact that [M] is
increasing. Thus it follows that E[(H*M)2] < ||H|2E(M?2). Take square roots to

give the result. U

Next we consider the case when p = 1. In this case we only get a weak version of
the inequality (see Proposition(7.14)(ii)). In order to prove this result we shall need

a preliminary result.

(7.13)Proposition. Suppose that Z is a supermartingale, 0 < ¢ < oo such that

0 < Z < ¢, and that H is a bounded previsible process. Then
E[(H*Z2)2] < 8c||H|2.E(Z,) forallneN.

Proof: Fix n. We may assume that Hy = Z; = 0 for all £ > n, since on putting
H, = Z; = 0 for k > n, the value of (H*Z), is not changed, ||H|/o is not made
bigger, and Z remains a supermartingale.

Let Z = M — A be the Doob-Meyer decomposition of Z. Then by construction

M and A are L®-processes. We have that M = Z + A and so M? = Z? + 2Z A + A*.
Thus

(1) E(M7,, — M}\F) = BE(Z},, — Z}|Fr) + 2E(Zrsr1 Akt — ZAr|Fr)

+ AL - AL

(Recall that A is previsible.) Now E(Zg+1|Fk) = Zk+E(Zk+1—Zk|Fi) = Zi—(Ags1—
Ak). Thus E(Zk+1Ak+1 — ZkAlek) = E(Zk+1‘fk)Ak+1 - ZkAk = Zk(Ak+1 - Ak) -
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Ap+1(Ak+1 — Ar). Substituting this in (1) gives that

(2) E(MZ,, — M2|Fe) = E(Z24, — Z2F%) + 2Zk(Ars1 — 4z)
— (Aps1 — Ar)’

S E(Zip — ZE1Fe) + 2Z( A — 4p).

Now take expectation, sum up for k = 0,...,n, add E(M?) = E(Z2), and use the fact

that Zn+1 =0+to give that

(3) E(Mn.;) < 2E

zn: Zn(Ak1 — Ak)} .
k=0

Since A is increasing and 0 < Z < ¢, we see that the right hand side of (3) is bounded
above by 2CE(An+1). But An+1 = Mn+1, and so E(An+1) = [E(Mn+1) = E(Mo) =
E(Zo). Thus we have that

(4) E(Ai-{»l) = E(Mi-u) < 2¢E(Zo)-

From Hn+1 = 0, it follows that (H*Z)n = (H*Z)n+1 = (H*M)n.+.1 -+ (H*A)n+1.
Thus

I(H*Z)nllz < [(H*M)nsallz + [[(H*A)n+1 2
< [[Hlloo | Mntallz + [ H oo || An+1ll2
(first term by Proposition(7.12),
the second since |(H*A)n+1] < [|HlooAn+1)

< 2| Hlloo[2¢E(Z0)1* (by (4)).

Squaring now gives the result. O
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(7.14)Proposition.

(i) If X is a non-negative supermartingale, and H is a bounded previsible process,

then 1;or eachn € N, and each A > 0,
AP[[(HxX)n| > Al < 6]|H||oE(Xo0)-

(ii) If M is a martingale, and H is a bounded previsible process, then for eachn € N,

and each A > 0,
AP[(H*M)n| > A} < 12|/ H||oo|| Ma 2.

(iii) If X is any L'-process, and H is a bounded previsible process, then for each

n € N, and each A > 0,

n—1

P(HX)n| > X < 12| Hlo | 3 [ECE = Xnal)] + 1Ko

k=0

Note. The expectation in the inequality of (iii) is an expression similar to one that

occurs in the definition of quasimartingales (see Definition(8.8)(d) and (e)).

Proof:

(i) Fix n € N and A > 0. Suppose that 0 < ¢ < co. Define a stopping time ¢
by ¢ = inf{k|Xix > c}, and a process Z by Z = L5 Xk Now Zp = Xonr —
ljo<i)Xo. But (Xoak)k is @ supermartingale by Proposition(7.10), and (L,<xXo )k is

an increasing process; thus Z is a supermartingale. By construction 0 < Z < ¢, and

Z
so Proposition(7.13) applies to Z. We obtain therefore (using also that Zg < Xo) that
(1) E[(H*Z)n] < 8c|| H|ZE(Zo) < 8c|| H[( E(Xo).
Now on the set [ > n] we have that (H*X), = (H*Z),. Therefore

(2) ([(H*X)nl > Al C [0 <n]U[[(H*Z)n| > Al
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Now [0 < n] = [Xoan > ¢], and 50 Ljpqp) < %XU,\n. Thus taking the expectation
of both sides gives that Plc < n] < 2E(Xoan). Now by Optional Stopping (Theo-
rem(7.9)), E(Xonn) < E(Xy). Thus

(3) Pl < n] <

o=

E(Xo).
Now 1jj(Hx2).|>2] < $z(HxZ)2. Taking the expectation of both sides and using (1)

gives that
8¢
(4) Pl(H*Z)a| > N < 3 HIIE(Xo)-

Formulae (2), (3) and (4) together give that

(5 PlIE=X)a > 2] < (£ + 511 ) ECEo)

Now since Z and o do not appear in (5), it is true for all ¢ such that 0 < ¢ < co. If
|Hl|jso > 0 then put ¢ = A\/(4]|H||cc) to give the result. When ||H || = 0, the result
is trivial.

(i) This follows immediately from part (iii).

(i) Fix n € N, and define processes Y and Z by

3
|
-

Vi =E E(X; — X1 |F) T+ X7 | Fel,

s
il
[

3
|

and Zk =F E(Xj —Xj+1\.7:j)— +X,: ]:k s
k of

r
[
Il

when k < n, and Y, = X, Zp = X when k > n. Now Vi > E(Yi+1|Fk) and

Zy 2 E(Zk41|Fk). SoY and Z are non-negative supermartingales. Thus (i) applies
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toY and Z. Now Xy = Y; — Zy for k < n. So (HxX ), = (H+Y ), — (H*Z)n. Thus

for A > 0 we have that

AP[[(H*X )n| > N < AP[(H*Y)n| > 2]+ AP[|(H*Z)n| > 3]

< 12| H||E(Yo + Z0)  (by (i)

But
n-—1
E(¥o + 20) = E| 3 [ECKn = X )] + 1Kol
k=0
and so the result now follows. O

Now to obtain an inequality for the case 1 < p < oo, we shall use interpolation
for the range 1 < p < 2. Then to deal with the range 2 < p < oo we shall use the

following duality result.

(7.15)Proposition. Suppose that 1 < p,q,r < oo are such that % + % +i<1, M
is an LP-martingale, N is an L9-martingale and that H is an L"-previsible process.

Then for each n € N,
E[(H*M),N,] = E[M,(H*N )y).

Proof: By Proposition(7.7)(i) and Proposition(7.8), (H*M)N — [H+M, N]| is a mar-
tingale. It is zero at time zero. Thus E[(H*M),N,] = E([H*M,N],). But by
Proposition(7.6)(ii), [H*M, N} = Hx[M, N], and so we obtain that E[(H*M),Ny] =
E[(Hx|M,N)),). Now similarly E[M,(H*N),] = E[(H*[M,N}]),]. Thus the result

now follows. O

(7.16)Proposition. Suppose that 1 < p < oo. Then there exists a constant Cj,
depending only on p, such that 0 < C, < oo, and for each L?-martingale M, and each

bounded previsible process H,

|(H*M)allp < Coll Hllcol Mall,  forall n € N.
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Proof: We have already proved this result for the case when p = 2 with Cy =1
(Proposition(7.12)). We shall consider now the case when 1 < p < 2. We shall deduce
this case by interpolation (the Marcinkiewicz interpolation theorem see Sadosky [Sa]
Theorem 4.1 of Chapter 4). In order to give a self contained account we shall prove
the result from first principles.

Fix n. Without loss of generality we can assume that ||H|| = 1. For each A > 0
define martingales X(* and YM by

(1) XM= E@} 1> Mn|Fr),

(2) Y = E(ag, 1< MalFi)-

So X,(CA) + YISA) = M) when k < n, and YM is bounded. From Proposition(7.14)(ii)

and Proposition(7.12) we obtain that

(3) APHEX V)| > 31 < 120XV,

2
(4) FPIESY V).l > 3] <YV

(The inequality (4) being deduced from Proposition(7.12) using o?P[|U| > o] <
E(U?).) Now since (H+xM), = (H+*X),, + (HxY™M),, we have that [|[(H*M),| >
A C[[(H*xXN),] > 2] U [[(HxYPM)y| > 2]. Therefore from (3) and (4) we obtain

that

) PI(EM)] > N < 51XVl + 55 1VVIR
Therefore

©  WEMI=p [ WTRE M > A

(by Proposition(1.11)(ii))

< 24p / Y2 XV d) + dp / 2PV |2 .
0 0
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Now
(7) /Ooo )\P—ZHX,(LA)Hld)\:/""/)\P—21|Mnl>x](w)jMn(,w)|P(dw)dA
M ()]
/IM [/ NP2 AP (dw)

(by interchanging the order of integration)

= — p.
LA
And similarly we have that
® [ erBa= [t ) M) P &
:// Mo ()37 dAP(dw)
0 J 10 (w)]
1
] YRS
o

Therefore (7) together with (8) and (9) gives that

Q (Eeanaly < (22 + 222 ) 1,

Thus we have proved the result when 1 < p < 2 with

24p  4p Y7
10 C,o=| —+ ——— 2).
(10) b= (2L +52) T a<e<y

Now we consider the case when 2 < p < co. Let ¢ be such that 1 rea 1 =1;s0

1<g<2. If Nisan L?%martingale, then
E[(HxM)nNy)| = |[E[Mn(H=*N)y,]| (by Proposition(7.15)
S| Mapll(H*N)nllq (by Hoélder’s inequality)
< CyllH oo | Mnllp|| Nnllq (by the previous case).

Now N, can be any L? F,-measurable random variable desired (let Ny = E(U|F%),
where U is the desired random variable). Thus ||[(HxM )|, < CgllH| ool Mrllp as
required (C, = Cy). U
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CHAPTER 8: MARTINGALES AND THE STOCHASTIC INTEGRAL

In this chapter we shall consider the connections between our theory of stochastic
integration and martingales. Among the results proven are that all local martingales
are integrators, and that H*M is a local martingale, when M is a local martingale,
and H is a locally bounded previsible process. Our approach to the theory will also

be proved to be equivalent to the Strasbourg approach (see Chapter 1).
§8.1 UNIFORM INTEGRABILITY

In order to obtain convergence in L? in certain situations, we shall need the
concept of uniform integrability and uniform LP. In this section we present some

results which we shall need.

Throughout this section we shall assume that (2, F,P) is any probability space.

(8.1)Definition. If X C L', we say that X is uniformly integrable if and only if

sup/ |X|dP — 0 as N — co.
Xex J|X|>N]

If0 < p < oo and X C LP, we say that X is uniformly L? if and only if { | X|? | X € X'}
is uniformly integrable. Note that the terms ‘uniformly L'’ and ‘uniformly integrable’

are equivalent. O

We see at once that a subset of a uniformly integrable subset of L? is also
uniformly integrable. Finite subsets of L' are automatically uniformly integrable.
A finite union of uniformly integrable subsets of L! is also uniformly integrable. If
X,Y C L*, X is uniformly integrable, and for each Y € ), thereis an X € X such that

|X| 2 |Y|, then Y is also uniformly integrable. Similar facts are true for uniformly L?

subsets of LP.

Here is an alternative characterization of uniform integrability.

139



(8.2)Proposition. Suppose that X C L'. Then X is uniformly integrable if and
only if the following properties aré satisfied.
(1) supxex [[X |1 < oo
(2) For each ¢ > 0, there exists a § > 0 such that [, |X|dP < ¢ for all X € X, and
all A € F such that P(4) < 6.

Proof: Suppose that X is uniformly integrable. For X € X and N € N, write
X| = 237 + N AIX|. Then Zx > 0 and [, Z$VdP < [y n [X[dP. So
supxex Jo ZE{N) dP — 0 as N — oo. Now suppose that ¢ > 0 is given, and take

N such that supyex [, Zg(N) dP < %£. Then for each 4 € F,

sup/ 1 X|dP < sup/Z‘(XN)dP—I— sup/(N/\]Xl)dP
XedJAa XexJq XeX JA

< £+ NP(4).
Putting A = Q gives (1). Taking é = ¢/(2N) gives (2).

Now suppose conversely that X satisfies (1) and (2) above. Then let C =
supyex | X |15 so C < co. We have for each X € X, that P[|X| > N] < %[ X|h < —]%
Now suppose that ¢ > 0 is given. Let § > 0 be that given by (2), and then take Ny such
that NQO < 6. For N > Ny and X € X, we have that P[|X| > N] < & < §. Therefore
by (2), f[|X;>N] | X|dP < e. Hence supycy f[iX|>N] | X|dP € ¢ for all N < Np. Le.

SUPycx f[|X|>N] | X|dP — 0 as N — oco. So X is uniformly integrable as required. [J

This characterization of uniformly integrable makes it easier to prove certain

results about uniform integrability. For instance the following proposition.

(8.3)Proposition. If 0 < p < oo, X,Y C LP are uniformly L?, and o, € R, then

the set aX + Y ={aX +pY | X € X, Y € Y} is uniformly L?.

PROOF: When p = 1, this follows easily using Proposition(8.2). For general p, use

the case when p = 1, and that |aX + Y|P < 2P|a|?|X|? + 27|6|P|Y|P, which follows
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from the inequality (s + t)? < 2P(sP + t?) that holds for all s,t € RT. To prove this

inequality, note that s +1 < 2(sVt). Therefore (s+1)? < 2P(sP ViP) < 27(s? +1P). [

(8.4)T:héorem. Suppose that 0 < p < oo, X1,Xa,--+ € L? and that X is a real-
valued random variable. Then the following are equivalent.

(1) (Xn)r is uniformly L? and X,, — X in probability.

(2) X € L? and X,, — X in L?.

Proof: Suppose that (1) holds. We shall deduce (2). A subsequence (X, )i of (Xn)n

converges a.s. to X. Thus by Fatou’s Lemma,

/|X|P dP:/liminf\XnkP dP
Q Q k—o00

gliminf/ | X0, [P dP
Q

k—oc0
< sup [ Xn |} < oo,
by (1) of Proposition(8.2). Let Y, = X, — X|?. So (Yn)n is uniformly integrable
(since (X, — X)n in uniformly L? by Proposition(8.3)). Now suppose that ¢ > 0 1s

given. Take N such that sup, f[ Y,dP < 5. Since Y, — 0 in probability, take

Y, >N]
ng such that fQ(N AYn)dP < £ for all n > ng. Then for each n > no,

/YndP:/ YndP+/ Y, dP
e (Yo >N] [Yn <N
<§+/Q(N/\Yn)dP
<:+:i=¢
Thus fn Y, dP — 0 as required.
Now suppose conversely that (2) holds. We shall deduce (1). Clearly X, — X
in probability. Let Y, = |X,, — X |?. We shall show that (¥, ), is uniformly integrable.

But since f[Yn>N] Y, dP < ||Y,]||1, we have that for each N and ng,

sup/ Y,dP < sup / Y, dP A sup [|Yn]:.
Yo >N] [Y.>N]

n 1€n<ng n>ng
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Now suppose that ¢ > 0 is given. Take ng such that the second term on the right hand
side is < €. Then take Ny such that the first term on the right hand side is < ¢ for all
N > Ny (since {Y1,...,Y,,} is uniformly integrable). Thus sup, f[Yn>N] Y,dP < ¢
for all N > Ny. We see therefore that (Y, ), is uniformly integrable. So (X, — X ), is

uniformly LP, and hence (X,), is also uniformly L? by Proposition(8.3). O

(8.5)Proposition. Suppose that 0 < p < ¢ < oo and that X' is a bounded subset of

L9, Then as a subset of L?, X is uniformly L?.

Proof: The case when ¢ = oo is easy; so suppose that ¢ < co. By replacing X by
{|X|P|X € X}, and ¢ by g/p we may also assume without loss of generality that
p=1 Sol=p<qg< . Let'rbesuchthat1<r<ooand%+%:1. Also let

C =supxeyx | X||g- So C < co. Then for X € X,

/ X|dP =/1[,Xl>N];X|dP
[1X|>N] Q

< pxsmll-11 X g (by Holder’s inequality)
< C(P[IX| > N/,

But P[|X| > N] < (#[1X[l)* < (§)?, and s0 supx e Jjix)5n X[ dP < C(5)Y" — 0
as N — oo. O

§8.2 UNIFORM INTEGRABILITY AND CONDITIONAL EXPECTATION

We shall present here a couple of results which will be used in the theory of mar-
tingales. These results show that certain families defined using conditional expectation

are uniformly integrable.

(8.6)Proposition. Suppose that 1 < p < oo and that X C LP is uniformly LP. Then

(E(Xlg))XEX‘gC}. is uniformly L?. (G is assumed to denote a o-field on 1.)
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Note. Taking X to consist of one element shows that (E(X]g))gc}_ is uniformly L?

for all X € LP.

Proof: Since by Jensen’s inequality (see (9) of (7.2)), |[E(X|G)I” < E(|X|?|G), we
may, by replacing & by {|X|P|X € X }, assume that p = 1. Suppose that ¢ > 0 1s
given, and take (using Proposition(8.2)) § > 0 such that [, |X|dP < ¢ forall X € X,
and all A € F such that P(4) < 6. Let C = supyex | X|h; so C < co. Take Ng such
that = < 6. Now suppose that N > Ny, X € X and that G C F. Let Y = E(X|9).
Then [|Y| > N] € G, and P[[Y] > N] < %Y1 < %[/ X[l1 <§é. Thus

/ Y|P < / E(1X]|)dP
[lY|>N] Y |>N]

= / |X|dP
(1Y ]>N)

< e.
So supxex gcr f[|E(X1g)|>N] IE(X|G)|dP < e for all N > Ny. Thus proving that
(E(Xlg)>xex ¢c 5 is uniformly integrable. O

We shall also require the following technical lemma.

(8.7)Lemma. Suppose that Go,G1,... are o-fields on Q such that F 2 Go 2 G1 2
..., and that Xy, X;,--+ € L* satisfy the following properties.

(1) For each n, X, is Gn-measurable.

(2) 22 E[JE(Xn — Xn-1]Gn)[] < 0.

Then (X,)S2, is uniformly integrable.
Note. (2) is satisfied when E(X,|Gm) < Xm for n < m, and im0 E(X5) < c0.

Proof: Define Y, for n =0,1,... by

Yo = €[l + X [ - XoalG)] | 6]

k=1
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Then since

Al

we see that |X,| < Y,. Therefore it is enough to prove that (¥,)52, is uniformly

n=0

X, = [E[Xo + > E(Xi — Xx-1/Gk)
k=1

integrable.

Now we have that Y, > 0, E(Y,|Gn+1) < Ynt1, and that limn oo E(Yn) < o0,
Let o = limp o0 E(Yy). So 0 € a < co. Given € > 0, take no such that o — : <
E(Y,,) < a. By applying Proposition(8.2) to the uniformly integrable set {Y,}, take
& > 0 such that [, [Y,|dP < £ whenever A € F with P(4) < §. Let Ny be such that
]—f}‘; < §, and f[Yn>N] Y, dP < ¢ whenever N > Ny and n < ng. Then for N > Ny and

TLZTZ(),

/ Y, dP = E(Y,) — / Y, dP
[Y.>N] [Y.<N]

<E(Y,) - / Y, dP
[Ya<N]

(since E(YnylGr) < Ya)

— E(Y,) - E(Ya,) + / Y, dP
Yo >N]

since P[Y,, > N] < —]%E(Yn) < -ﬁ—o < §. Thus sup,, f[Yn>N] Y,dP <eforall N > Ny

as required. O

§8.3 CONTINUOUS-TIME MARTINGALES

We shall suppose throughout the rest of this chapter that (2, F,P,(F:)iecr+) is
a standard setup. We shall now define martingales, submartingales and supermartin-
gales. In this case of continuous time we shall require them to be cadlag processes.

The prefix ‘pre’ will be used when this requirement is dropped.
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(8.8)Definition.

(a) A premartingale (resp. presubmartingale, presupermartingale) is a vector-valued
adapted function X:RT — L! such that X, = E(X|F) (resp. X, < E(X:|Fs),
X, > E(X¢|Fs)) whenever s,t € R are such that s < 2.

(b) A martingale (resp. submartingale, supermartingale) is a cadlag process X such
that (X:); is a premartingale (resp. presubmartingale, presupermartingale).

(c) Suppose that 1 < p < co. A martingale (resp. submartingale, supermartingale)
X is said to be an LP-martingale (resp. LP-submartingale, L?-supermartingale)
if and only if Xt € LP? for all t € R* (i.e. X is an LP-process). (Similarly for
premartihgdles etc.)

(d) If X:R* — L' is adapted, then we define

r=-1
Var(X) = sup E [ Z E(Xy, — X [Fr )+ | X, I} )
0=to<--<tr<oo [ 1g
and for b € RT,
r=1
Varb(X) = sup E [ Z ‘E(Xik - th+1 U:‘Lk)l + \Xt'r |j| s
0=to<-<tr=b g

(the supremum being taken over all partitions 0 = t¢ < --- < t, = b of [0,]).

(e) A quasimartingale is a cadlag process X such that Var(X) < oo. g

Note.

1. It is easy to see that if X is a premartingale, presubmartingale or a presuper-
martingale, then Vary(X) < oo for all b € R™.

2. It is also easy to prove that a non-negative supermartingale X is a quasimartin-
gale and that Var(X) = E(X,).

3. The class of all quasimartingales forms a vector space and Var is a norm on it.
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4. If X:RT — L' is adapted, then Var,(X) < Vary(X) < Var(X) for all s < ¢in

RT.
(8.9)Notation. We shall use ||-||cc to denote the supremum norm on €. O

The following theorem can now be proved using the results of Chapter 7. This
method of proof is due to D. A. Edwards (see [Ed]), though he did not obtain the

results (iv) and (v) below.

(8.10)Theorem.

(i) If Z is a presupermartingale such that 0 < Z < ¢ (c € R"), and b € R™, then
E[(H"Z)}] < 8¢|H| E(Zy) forall HEE.
(ii) If X is a non-negative presupermartingale and b € R™, then
AP[|(H=X)p| > A] < 6]|H||coE(Xo)  forall H € £ and A > 0.
(iii) If M is a premartingale and b € R™, then
AP[[(H*M)p| > A} < 12]|H|| oo || Ma |} for all H € £ and A > 0.

(iv) Suppose that X:R*™ — L' is an adapted vector-valued function and that b € R™

is such that Vary(X) < oo. Then
AP[|[(H*X)p| > A} € 12||H|eo Vary(X)  forall H € £ and A > 0.

(v) For each p such that 1 < p < oo, there is a constant C, depending only on p

such that 0 < Cp < oo, and such that for each L?-premartingale M and b € RY,

|(H-M)slp < CollHll oo Mll,  for all H € €.
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Proof: We shall indicate only how to deduce (i) from Proposition(7.13), since the
other parts are deduced in the same way from Proposition(7.14) and Proposition(7.16).
So suppose that Z, ¢ and b are as in the statement of (i), and that H € £. With-
out loss of generality we can assume that [H # 0] C (0,b] x Q. So Hyw) =
ST Cr(w)sy,6052)(t), Where 0 = 29 < -+ < i, = b, and for k = 0,...,7 — 1, C
is an simple F;, -measurable random variable. Now (H*Z), = Z;;%) Cr(Zgypy — 21y )-
By putting ¢tz = b and Cy = 0 for k > r, and C_; = 0, and then applying Proposi-
tion(7.13) with (F,)x as the discrete-time filtration, (Zy, )x as Z, and (Ck—1)x as H,

we obtain that E[(H*Z)%] < 8¢||H||coE(Zo) as required. O

(8.11)Theorem. Suppose that X is an L*-cadlag process such that Vary(X) < oo

for all b€ RT. Then X is an integrator.

Proof: By Theorem(8.10)(iv), Jj‘ dX:£ — L° is continuous. Thus by Theo-

rem(4.30), it follows that X must be an integrator. O

The hypothesis of Theorem(8.11) is satisfied by all martingales, submartingales,
supermartingales and quasimartingales. Thus we have immediately the following re-

sult.

(8.12)Theorem. All martingales, submartingales, supermartingales and quasimart-

ingales are integrators. O

Note. All that is stated here is that the processes are L%-integrators. It is not true

in general that all martingales are L-integrators (see Bichteler [Bi2] 3.7 and 7.2).

The assumption in Theorem(8.11) that X is cadlagis a strong one. The following
result enables one to prove that certain adapted X:R™ — L' are integrators, and hence

deduce the existence of cadlag versions of X.
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(8.13)Proposition. Suppose that X:R* — L' is an adapted vector-valued function
such that Vary(X) < oo for all b € RT. Then for each t € R™, the limit lim, ¢ Xu
exists in LY. If this limit is X, for all t € RY, then X is an integrator, and so by

Theorem(5.10) there exists a cadlag process Y such that Y; = X; a.s. for all 1 € RT.

Proof: Fix t € R*. Then we see by Theorem(4.31) (since j: dX:S — LY is
continuous) that lim,|; X, exists in LY. Let Z; denote this limit. We have to show
that Z; € L' and that X, — Z; in L'-norm. Take u, > t such that u, | . Then by
Lemma(8.7) applied with G, = Fu,, we obtain that (X, ) is uniformly integrable.
But X, — Z in probability. So by Theorem(8.4), Z; € L' and X,, — Z; in L
norm. But L! is"a metricvspace; so it follows that X, — Z; in L'-norm. Now if
Z, = X, a.s. for all t € RT, then it follows that X is an integrator by Theorem(4.30).

O

We can now use Proposition(8.13) to prove the existence of cadlag versions of

premartingales, presubmartingales and presupermartingales.

(8.14)Theorem.

(i) If M is a premartingale, then M is an integrator, and hence there exists a
martingale N such that Ny = M, a.s. for all t € RT.
(ii) If X is a presubmartingale such that the increasing function t — E(Xy) is right

continuous, then X is an integrator, and hence there exists a submartingale Y

such that Y; = X, a.s. for all t € RT.

Proof:

(i) M satisfies the hypothesis of Proposition(8.13), and so for each t € R™, the limit
lim, ; M, exists in L'. Denote this limit by Z;. Now since M is a premartingale,

M; = E(M,|F;) for all s > t. Let s | t to give that My = E(Z;|F;) = Z; (since
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the convergence is in L'). Proposition(8.13) now shows that M is an integrator, and
hence has a cadlag version.

(i) Again X satisfies the hypothesis of Proposition(8.13). For ¢ € RT, let Z; denote
the limit in L?, lims); X,. We have that X; < E(X,|F;) for all s > ¢. Let s | ¢
to deduce that X; < Z;. But E(Z;) = lim,;: E(X,) = E(X¢), and so Xy = Z; a.s.
Thus Proposition(8.13) again proves that X is an integrator, and hence has a cadlag

version. O

We have commented on the fact that L'-martingales are not necessarily L'-
integrators. But when 1 < p < oo, we do have that all L?-martingales are L*-

integrators, as the following result states.

(8.15)Theorem. Suppose that 1 < p < co. Then all LP-martingales are LP-integra-
tors. Futhermore if M is an LP-martingale and H € A'(M, L?), then H*M is also an

LP-martingale.

Proof: Suppose that M is an LP-martingale. Then by Theorem(8.10)(v), we see that
the mapping fob ...dM:€£ — LP is continuous. Thus by Theorem(4.30), it follows
that M is an LP-integrator as required. Now suppose that H € A'(M,L?). We know
that H*M is an LP-process. Thus it remains to see that it is a martingale. But since
M is an L*-integrator and H € A(M, L), this will follow from (i) of the following

lemma. O

(8.16)Lemma.
(i) If M is a martingale and an L*-integrator, and H € A*(M,L'), then H*M is a
martingale and an L*-integrator.
(ii) If X is a submartingale and an L’-integrator, and H € A'(M, L") with H > 0,

then H*X is a submartingale and an L*-integrator.
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Proof:

(i) We already know that H*M is an L*-integrator by Theorem(4.21)(i). We have to
show that H*M is a martingale. Firstly consider the case when H € £. To show that
(H-M), = E[(H-M),|F,] when u < v in R™, write He(w) = 352 Crl(w Mty 11421 (2)s
where 0 =ty < --- < t, < oo, for k=0,...,7—1, Cf is an simple F, -measurable ran-
dom variable, and v and v occur in the set {to,...,¢.}. Now apply Proposition(7.7)(i)
with (M¢, ) aé M (t, = t, if k 2 r), (Cr—1)r as H (Cr = 0 if k is not one of
0,...,7 — 1), and (Fy, )& as the filtration.

Now consider general H. Take Hy,H,--- € £ such that &}, (Lo, qxa(Hn -

H)) — 0 for all t € RT. Then (HnM); — (H*M); in L'-norm for all #. Thus if

u < v in RY, then (H,"M), = E[(H,*M),|F,] for all n. Let n — co to deduce that
(H-M), = E[(H-M),|7.}.

(ii) The proof here is the same as for (i), except when approximating H by Hi, Hs,. ..

€ £, take H, > 0 (by replacing H, by H; if necessary). O
§8.4 SOME GENERAL RESULTS

We shall present here some results some of which are the continuous-time ana-
logues of those appearing in §7.4. The first is an analogue of Theorem(7.9). All these

results are well known, but are included for completeness.

(8.17)Theorem (Optional Stopping).
Suppose that X is a martingale (resp. submartingale, supermartingale), and

that o and T are bounded stopping times such that ¢ < 7. Then X,,X, € L' and
Xo = E(X,|F,) (resp. Xo < E(X-|Fo), Xo 2 E(X;|Fs)).

Proof: If 0 and 7 are simple stopping times, then this result follows directly from
Theorem(7.9). For general ¢ and 7 take finite simple stopping times ¢1,03,... and

T1,T2,... such that o, | o, 7, | 7 and o, < 7, (see the proof of Proposition(5.6)(f)).
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Now I claim that X, € L* and X,, — X, in L'-norm. It is enough, by Proposi-
tion(8.4), to prove that (X,,)n is uniformly integrable. In the martingale case this
follows from Proposition(8.6), since X,, = E(Xos,|F0,) by the simple case. In the
submartingale case we have that E(X,, ) > E(Xo) so in this case use Lemma(8.7)
with G, = F,, (see the note afterwards). Similarly X, € L' and X,, — X, in
L'-norm.

Suppose that X is a martingale. If A € F, then A € F,, for all n. Thus
from the simple case, [, X, dP = [, X, dP for all n. Let n — oo to give that
4 XodP = [, X, dP. Thus X, = E(X.|F;) as required. The submartingale and

supermartingale cases follow in the same way. O

We have the following analogue of Theorem(7.10). (Recall from §5.3 that X7 =
Xa/\t - XO)

(8.18)Theorem. If X is a martingale (resp. submartingale, supermartingale), and ¢

is a stopping time, then X° is a martingale (resp. submartingale, supermartingale).

Proof: We could deduce it from Proposition(7.10) using an argument similar to the
deduction of Theorem(8.17) from Theorem(7.9). Alternatively we can deduce it from
Theorem(8.17) as follows. We know that X,a¢ € L' by Theorem(8.17). We consider
the case when X is a martingale (the other cases being similar). Suppose that ¢ and 3
are bounded stopping times such that o < 8. Then E(X§ — X7) = E(Xong —Xona) =
0, since Xona = E(Xong|Fonra) by Theorem(8.17). The result now follows from the

following lemma. 0

(8.19)Lemma. Suppose that X:RT — L! is a vector-valued adapted function such
that, E(X, — X,) = 0 (resp. > 0, < 0), whenever ¢ and 7 are finite simple stop-
ping times such that ¢ < 7. Then X is a premartingale (resp. presubmartingale,

presupermartingale).
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Note. In order to prove that X is a premartingale, it is enough to show that E(X, —
Xo) = 0 for all finite simple stopping times o. (Since subtraction gives the hypothesis

of the lemma.)

Proof: We consider only the case ‘= 0’ (the others are similar). Suppose that s <
are in RT and that F € F,. Let o be the finite simple stopping that is equal to s
on F, and equal to ¢t outside F. Let 7 be the constant stopping taking the value 2.
Then by hypothesis, 0 = E(X, — X,) = fF(Xf — X,)dP. Thus we see that X is a

premartingale as required. O

Recall that if Z is a non-negative supermartingale, then Z is a quasimartingale
and Var(Z) = E(Z,) (see Note 2 after Definition(8.8)). Thus we see that if X is a
cadlag process and X = Y — Z, where Y and Z are non-negative supermartingales,
then X is a quasimartingale and Var(X) < E(Yp) + E(Zg). We shall need the fol-
lowing converse of this result in order to prove the theorem of Bichteler, Dellacherie,
Mokobodzki and Meyer concerning the characterization of integrators. The result is

due to Rao and Stricker. The proof given is essentially that given in Rogers and

Williams [RW].

(8.20)Theorem(Rao, Stricker).
Suppose that X is a quasimartingale. Then there exist unique non-negative

supermartingales Y and Z such that
X=Y-27 and Var(X) = E(Ys) + E(Z).

We have further that if X = U—V, where U and V are non-negative supermartingales,

then U —Y =V — Z is a non-negative supermartingale.

In order to prove this we shall use the following lemma which is a generalization

of the monotone convergence theorem.
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(8.21)Lemma. Suppose that (2, F,u) is any measure space, and that (fo)acr is a
net in L'(p) such that the following properties hold.
(1) (fa)a 1s increasing; ie. fo < fz when o < .

(2) sup, fg fodp < .

Then the net (fo)o is convergent in L*(p).

Proof: Let C = sup,, J, fxdp. Now take a1 < @ < ... such that [ fa, dp — C.
By the monotone convergence theorem there exists f € L'(u) such that fo, T f a.e.
We have that [, fo, du — [ f du, and so fo, — fin LY (w).

Now I claim that fs < f a.e. for all 8 € I. For suppose that 3 € I. Then
take v; € I such that v; > 8 and 41 > oy. Given yn—1 € I, take 7, € I such that
Yn 2 Yno1 and v5, = ap. Let ¢ = lim,—co f,. Then fg < g a.e. and f < g a.e. Now |
Jog9du < C= [, fdu;sog=f ae Hence fg < f a.e. as required.

Suppose that ¢ > 0 is given. Then take n such that ||f,, — fll1 < ¢. Thus for
B > a, we have that fo, < fs < f, and so ||fs — fll1 <. Hence fg — f in L'(u) as
B — oo. O

Proof of (8.20): For t € R, let F; denote the set of finite subsets ¢ of [t,00) such
that t € £. For £ € F; define

(i)( [ZE(th 'th-l-l \ft;,) +X‘t:‘f
k=0

ol

where ¢ = {tg,...,t,} with t = #g < --+ < t,. We shall present the proof as a series of
numbered steps.

(1) @7(6) < @ (n), when £, € Fu with £ .
Proof: It is enough to consider the case when n = £ U {u} with v ¢ {. Suppose that

E={to,...,trp witht =19 < --- <t,. Ift <u <tgy: then

E(Xy, = Xonss 1P )E = (E(Xuy — XulFo) + E[E(Xu — Xy 2 |F) | F))
< [E(th - Xu|ftk)i + E[[E(Xu - 'X‘tk-{-l’fu)ilftk]‘
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So applying E[-|F] and adding the other terms gives that Q{*(¢) < Q¥ (n). The
case when u > t, is similar.

(2) The net ( (i)(g))gep (where Fy has the partial order ‘C’) is convergent in L*.
Proof: We have that sup, E| (i)(é)] < Var(X) < oo. Therefore use Lemma(8.21)

together with (1).
Now let Pt( ) =lim¢ o0 Q(i)(f)

3) P() is a non-negative presupermartingale.
g g

Proof: Suppose that s < ¢ in Rt. Then for ¢ € F, such that ¢ € £,

QB (¢) > E[QF (6N [t,00)) | Fl-

Let ¢ — oo through those £ € F; such that ¢ € £, to give that PE > [E(Pt(i)\}'s) as
required.
(4) X = P(H) — P(5) and Var(X) = E(PT) + E(F{7).
Proof: We have that X; = Q{7 (¢) — Q{7(¢) for all ¢ € F,. Let £ — oo to give the
first result. From this we obtain that Var(X) < (P0(+)) + [E(Pé_)). For the reverse
inequality, note that [E[QS”({)] -HE[QE,-—)(‘S)] < Var(X) for all £ € Fy. Now let £ — oo.
(5) If X = U — V, where U and V are non-negative presupermartingales, then
U — P =V — P(-) is a non-negative presupermartingale.
Proof: For s < tin R, E(Xs — X¢|Fs)t < E(U, —Uy|Fs). Sofort € RT, Q{7 (¢) < U
for all £ € F;. Let £ — oo to give that Pt(+) < U, a.s. Thus U — P() is non-negative.

Now suppose that s < ¢ in RT. Then for each { € F, such that ¢ € £ we have that
E[QLF () - Q7 (€ N [t 00))|F] < E(Us — Tl ).

Thus letting £ — oo subject to ¢ € £ gives that E(P(+) t(+)lfs) < E(Us — U|Fs).

It now follows that U — P{t) is a presupermartingale.
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(6) If in the situation of (5) above E(Up) + E(Vo) = Var(X), then U = P*) and
V=P,
Proof: Let S denote the non-negative presupermartingale U — P(+) = ¥V — P(=). Then
Var(X) = E(Us) + E(Vo) = E(PT) + E(P{7) + 2E(S0) = Var(X) + 2E(S,). Thus
E(So) = 0. But for each t € R, E(S:) < E(S0) (since S is a presupermartingale), and
so it follows that S; = 0 as required.
(7) For each t € R, 2SR Pt(i) in L' as s | t and so by Proposition(8.13), P(+)
and P(-) have cadlag versions Y and Z respectively.
Proof: By Proposition(8.13), the limit lim, |, P\ exists in L'. Denote this limit by
Rgi). Now R(¥) is a non-negative presupermartingale; since if s < ¢ are in R, and
A € F,, then for all § > 0, [, PE)dP > [, P{T)dP; so letting & | 0 gives that
fA R(si) dP > fA Rii) dP. Now since P(¥) is a presupermartingale, it follows that
R®) < P& (since Rii) = lim, ¢ E(Ps(i)¢ft) in L'). Now since X is cadlag we have
from (4), that X, = lim,;; X, = R{™ — R{™). Thus by (5), P < R®), and so

RF) = P as required.
Now we see from (1)—(7) that the theorem holds. d

(8.22)Corollary. The class of all quasimartingales is stable under stopping (see
§5.3).

Proof: The class of all non-negative supermartingales is stable under stopping by
Theorem(8.18), and so therefore is the class of their differences. But this is the class

of quasimartingales by Theorem(8.20). O
§8.5 LOCAL MARTINGALES

Recall the work of §5.3. Theorem(8.18) above proves that the classes of all
martingales, submartingales and supermartingales are stable under stopping. Thus we

can talk about local martingales, local submartingales and local supermartingales. By
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Corollary(8.22) we can talk about local quasimartingales. Now if X is an LP-martingale
(1 < p< o) and ¢ is a stopping time, then the martingale X° is an LP-martingale,
since Xont = E(X¢|Font) € LP by the Optional Stopping Theorem(8.17). Thus we
can also talk about local L?-martingales. The class of LP-integrators (0 < p < )
is also stable under stopping (since S° = 1 ¢*S whenever S is an integrator and o
is a stopping time). Hence we can also talk about local LP-integrators. All local LP-
integrators are integrators by Theorem(5.18). By Theorem(8.12) and Theorem(5.18)

we have the following theorem.

(8.23)Theorem. All local martingales, local submartingales, local supermartingales,

and local quasimartingales are integrators. O
In fact more is true. We have the following result.

(8.24)Theorem. All local martingales, local submartingales, local supermartingales,

and local quasimartingales are local L'-integrators.

In order to prove this we need the following lemma. This can be found in

Edwards [Ed] (Theorem 5).

(8.25)Lemma. If X is a non-negative supermartingale, then X is a local L'-integra-

tor.

Proof: Suppose that 0 < ¢ < oo, and let ¢ be the début of [X > c]. Let A be the
increasing non-negative cadlag process given by A; =1j,<4Xo. (For each Borel subset
B of R\{0}, [4: € B] = [0 < t|N[X, € B] € F;. Thus Ais adapted.) Let Z =15 ) X.
So X° = Z + A — X,, and it follows that Z = X° — A + X, is a supermartingale
(since X° is a supermartingale, and A is increasing). Moreover 0 < Z < ¢, and so by

Theorem(8.10)(i), we have that for each b € RT,

E[(H*2)}) < 8¢c||H||eoE(Z0) forall H € €.
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Thus fob ... dZ:& — L?is continuous. Hence by Theorem(4.30), Z is an L*-integrator,
and therefore certainly an L'-integrator. Now since A is an increasing L' cadlag
process, we have that A is an L’-integrator by Theorem(5.30)(a)(i). Thus X° =
Z + A — X, is an L'-integrator.

We now let ¢ run through the set Nso. Let o, be the début of [X > n]. Then
on | o0 and X°* is an L'-integrator. So (o,)» is a reducing sequence of X into the

class of all L'-integrators, and X is therefore a local L'-integrator as required. O

Proof of (8.24): By Theorem(5.16), it is enough to prove that all martingales,
submartingales, supermartingales and quasimartingales are local L'-integrators. But
since all such processes are local quasimartingales (take the sequence of constant stop-
ping times 0,1,2,... as the reducing sequence), it is enough to consider quasimartin-
gales. But by Theorem(8.20) any quasimartingale is the difference of two non-negative

supermartingales, and so it is a local L'-integrator by Lemma(8.25). 4

Note. Suppose that we are given a submartingale X, and suppose that for some
b € Rt, we take Y and Z to be cadlag processes given by Y; = E(X;"|F¢) and
Z, =Y, —X,fort < b,and ¥; = Yy, Z; = Zp for t > b. Then we have that
Xyne = Yy — Z, for all t and that Y and Z are non-negative supermartingales. In this
way we see that X is a local difference of two non-negative supermartingales. Thus we
can avoid the use of the Rao-Stricker Theorem when proving that all local martingales,
local submartingales and local supermartingales (but not local quasimartingales) are

local L-integrators.

We can now use Theorem(8.24) to prove the following important result, which

is a continuous-time analogue of Proposition(7.7).

(8.26)Theorem.

(i) If M is a local martingale, and H is a locally bounded previsible process, then
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H-M is a local martingale.
(ii) If X is a local submartingale (resp. local supermartingale), and H is a non-
negative locally bounded previsible process, then H+X is a local submartingale

(resp. local supermartingale).

Proof:

(i) By Theorem(8.24) there are stopping times 71,03,... such that o, T oo, and
such that for each n, M?» is a martingale and an L'-integrator, and H is bounded on
(0, 0). Now since (H*M)“» = (1(0,0,1H)* (M) (use the formula 57 =10,0*S’) and
10,0, H € A (M, L1), it follows from Lemma(8.16)(i) that (H*M)°" is a martingale.
So H*M is a local martingale as required.

(i) Similar (use Lemma(8.16)(ii)). O

§8.6 MUTUAL VARIATION OF MARTINGALES AND LocAL MARTINGALES

When M and N are local martingales we can give the following characterization
of [M,N]. In this case, this is often given as definition of [M,N]. See for example
Theorem IV.26.4 of Rogers & Williams [RW] together with the comment after its

statement.

(8.27)Theorem. Suppose that M and N are local martingales. Then [M, N] is the
unique (up to indistinguishability) cadlag process that satisfies the following proper-

ties.
(1) [M, N] has finite variation and [M, Ny = 0.
(2) MN — [M,N] is a local martingale.
(3) A[M,N] =AM AN.

In order to prove this it is necessary to prove a couple of lemmas first.

158

f



(8.28)Lemma. If A is a integrable-variation process with Ay = 0, then for each

b € RT, and each bounded martingale Z,

E(ZyAs) = E[/obZdA},

where the integral is a pathwise Stieltjes integral.

Proof: Let 0 =t; < --- < t, =b. Then

E(ZoAs) =E| > Zu(As, — Atk_l)}
- k=1

=E — 5’: E[Zb(Atk - Atk—l)lftk]}

b k=1

=E - i Zy, (Aygy — Atk_l)} (since Zi, = E(Z5|F,))

k=1
r b
:[E/UdA},
LSO

where U(w) = ZZ=1 Zy, (“’)l(tk_utk](t)‘

Now let sup,(tx — tk—1) — O through a sequence of partitions of [0,8], and use

the dominated convergence theorem twice on the right hand side, to give the required

result. O

(8.29)Lemma. If M is a continuous local martingale with finite variation, and My =

0, then M = 0.

Proof: Let (0,)n be a reducing sequence of M into the class of all martingales. By
replacing o, by on AT, where 7, is the début of [V > n] (Vi is the variation process
of M; see §5.5), we may assume that Vs is bounded for all n (since Viygen = Var )

Thus it is enough to prove the following statement (just apply it to M°" ).
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(1) If M is a martingale with bounded variation (i.e. VM is bounded on Rt x Q)
and My = 0, then M = 0.

To prove this, suppose that b € R*t. Then by taking Z = A = M in Lemma(8.28),

we obtain that E(M2) = E(f’ M dM). But M is continuous, and therefore previsible

(when restricted to RT™ x Q). So fZ MdM = (M-M),. Now by Lemma(8.16)(ii)

(M is a L'-integrator, since it has integrable variation), M*M is a martingale. Thus

E[(M+M),] = 0, and so E(M?) = 0. This is for all b € RT; so M = 0. O

Proof of (8.27): We know already (Proposition(6.3)(ii) and (iv)) that [M, N| sat-
isfies (1) and (3). Now MN — [M,N] = MyNoy + M_*N + N_-M (by Proposi-
tion(6.3)(ii1)).” So MN — [M, N is a local martingale, since M_*N and N_-M are
local martingales by Theorem(8.26)(3).
Now suppose that A is any cadlag process satisfying (1), (2) and (3). ILe. the

following hold.

(i) A has finite variation and Ao = 0.

(i) MN — A is a local martingale.

(i) AA=AMAN.
Let Z = [M,N]— A. Then from (1), (2), (3), (1), (ii) and (iii), we see that Z is a local
martingale, has finite variation, Zo = 0 and AZ = 0. The last property says that Z is
continuous. So Lemma(8.29) applies to Z and gives that Z = 0. So A = [M, N], and

the required uniqueness is proved. 0

§8.7 L®-MARTINGALES AND THE STRASBOURG APPROACH

In this section we shall present the long awaited proof that the approach to the
1t6 calculus given in this thesis is consistent with the Strasbourg approach. In order
to do this we shall use the following version of Theorem(8.27) for L?-martingales. (See

Theorem IV.26.2 of Rogers and Williams [RW]. He proves it by a different method.)
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(8.30)Theorem. Suppose that M and N are L?-martingales. Then [M,N] is the
unique cadlag process such that the following hold.

(1) [M, N has integrable variation and [M,N]s = 0.

(2) MN — [M, N} is a martingale.

(3) A[M,N] =AM AN.

Proof: The uniqueness follows immediately from Theorem(8.27). So we only have to
show that [M, N|] satisfies (1), (2) and (3) above. By polarization we need only consider
the case where M = N (i.e. use the formula [M,N] = [$(M + N)] — [3(M — N)]).
First I claim that M? is a submartingale. Certainly it is an L*-process. If s < ¢ in
Rt, then M? — M? = (M, — M,)* + 2M,(M; — M,). So by applying E[-|F,], and
noting that E[M(M; — M,)|Fs] = ME[(M; — M,)|F,] = 0, we obtain the following

statement which is enough to prove that M? is a submartingale.
(a) E(M? — M2|F,) = E[(M; — M,)*|F,] >0, for each s < ¢in R™.

So if o is a stopping time bounded above by b € R™, then by the Optional Stopping
Theorem(8.17) 0 < M2 < E(M?|F,). Thus using Proposition(8.6) we obtain that

(b) The set { M2 | < b is a stopping time } is uniformly integrable for each b € R™.

Now let X = M?—[M]. Then by Theorem(8.27), X is a local martingale. Let (o5 ) be
a reducing sequence of X into the class of all martingales. For each bounded stopping
time o, E(XZ") = 0 by the Optional Stopping Theorem(8.17). Le. E([M]s,ra) =
E(M?

2 na —ME). But (M2 ,.)n is uniformly integrable by (b), and ([M]s,ra)n is

increasing. So letting n — oo gives that
(c) E([M]s) = E(MZ2 — M?) for all bounded stopping times c.

Taking o to be the constant stopping time ¢ gives that E([M];) < oo, and so [M];

is an L'-process. Thus (1) is verified. We may rewrite (c) as E(Xo — Xo) = 0.
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So by Lemma(8.19), X is a martingale. Le. (2) is proven. We already know (3)
(Theorem(8.27) or Proposition(6.3)(iv)). O

Now for each L2-martingale M, we associate a measure up on (R™1 x Q,P) by
defining up E = E(fooo 1g d[M]). So for each non-negative previsible process H: RT x
Q — RT,

(1) A++XQHdMM=E(Ade[M]>

We can now prove the following theorem.

(8.31)Theorem. Suppose that M:RT x @ — R is an L?-martingale. Thgn the fol-
lowing hold.
(i) M is an L*-integrator, and H*M is an L*-martingale for all H € A*(M, L?).
(i) LY(M,L?) = LC2(RTT x Q, P, unm).
(iii) E(f HdIM [ KdM) = [qu1, o HK duny for all H, K € LY(M, L?).
(iv) ®2,(H) = (Jrrs o H? dun)’”” for all previsible H:R** x @ — R.

Proof: We already know that (i) holds (see Theorem(8.15)). Next we shall prove (iii).
Suppose that H,K € L*(M,L?). Then let X = (H-M)(K-M) — [H-M,K-M]. By
Theorem(8.30), X is a martingale. Thus E(X;) = 0. But by Theorem(6.8), X =
(H-M)(K-M) — (HK)"[M]. So E(X;) = 0 gives that

k4 1 t
E(/ HdM/ KdM) =E(/ HKd[M]) =/ HK dpp.
0 0 0 (0,8]xQ

Let t — oo to give (iii). Now we see that pps satisfies the hypothesis of Theorem(5.34)

and so the rest of the result now follows from that theorem. O

We have the following corollary.

162



(8.32)Corollary. If M is an L?-martingale, then pps is the unique positive measure

on (Rt x Q,P) such that
(1) um((s,4] x F) = EQp(M: — M,)*] = EQLp(M] — M),
whenever s <t in RT and F € F,.

Proof: Putting H = K = 1(, 4« in (iii) of Theorem(8.31) gives the first equality
of (1). The second equality follows from (a) in the proof of Theorem(8.30). For
uniqueness note that (1) determines pps on the set of previsible rectangles. This is a

semi-ring that generates P as a o-field. So the usual monotone class argument proves

the result. ' O

So from Theorem(8.31) we see that for each L?-martingale M, we have that
LY(M,L*) = L%(pm), and that the stochastic integral f...dM:LY(M,L*) — L? is
the unique linear isometry from £2(uas) to L? extending the mapping S dM: € —
L? that is defined in Definition(4.6). This is precisely how (the first version of) the
stochastic integral is defined in the Strasbourg approach.

The next step in the Strasbourg approach (after defining H*M as in Defini-
tion(4.13)(b)) is to use localization to define integration with respect to local L%
martingales (only H+M is defined). This is clearly consistent with our integral by the
work of §5.3. Integrals with respect to finite-variation processes are defined pathwise
in the Strasbourg approach. By Theorem(5.30) this is consistent with our integral.
Then the integrals are taken with respect to processes that are a sum of a local L2-

martingale and a finite-variation process. We thus arrive at the following conclusion.

(8.33)Conclusion. Our stochastic integral is defined and is equal to the Strasbourg

integral, whenever the latter is defined. O

When we have a continuous local martingale M, we can determine A'(M), and

see that it is the same set as that given by the Strasbourg approach. (A continuous
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local martingale M is a local bounded martingale, and hence a local L%-martingale.
For if (0'n)n is a reducing sequence of M into the class of all martingales, let 7, be the
début of [|M — M| > n]. Then (0, A Tn)n is a reducing sequence of M into the class

of all bounded martingales.)

(8.34)Theorem. Suppose that M is a continuous local martingale. Then AY (M) is

the set of all previsible processes H such that fot H?d[M] < oo a.s. for all t € RY.

Proof: If H € A'(M), then by Theorem(6.8), H? € A*([M]), and so [ H? d{M] < oo
a.s. for all t € RT. Now suppose conversely that H is a previsible process such that
fot H%d[M] <.oc0 é;s. for all ¢ € RT. Then let (0,), be a reducing sequence of
M into the class of all L?-martingales. Replacing ¢, with the minimum of o, and
the début of [H?+[M] > n], we may assume that (H?+[M])° is bounded. Thus for
each n, [°(Lo,oongH)? d[M°"] = (H*+[M]){" is a bounded random variable, and
so has finite expectation. Now apply Theorem(8.31)(ii) to give that 1o o, aqH €
LMo, L*) C LY(M°"). Thus kg, H € A'(M°). But M°* = 1(g,,"M and so
by Theorem(4.21)(iv), 10,0, H = I%O’UH]H € AY(M). Now use Theorem(5.21) to give
that H € A*(M) as required. O
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CHAPTER 9: THE CHARACTERIZATION OF
INTEGRATORS AS SEMIMARTINGALES

The purpose of this chapter is to present a proof of the theorem of Bichteler,
Dellacherie, Mokobodzki and Meyer that characterizes integrators as semimarﬁngales.
In doing this we shall also find a characterization of local L'-integrators, and prove
the existence and uniqueness of various versions of the Doob-Meyer decomposition of

certain types of process.

As usual we shall assume unless otherwise stated that (2, F,P,(F¢)ier+) is a

standard setup.

§9.1 DEFINITIONS

(9.1)Definition. A semimartingale is a cadlag process § such that 5 = M + A for

some local martingale M, and some finite-variation process A. O

We have immediately, from Theorem(8.23) and Theorem(5.30), the following

theorem (which is clearly one half of the characterization theorem).

(9.2)Theorem. All semimartingales are integrators. U

§9.2 SOME CHARACTERIZATIONS OF LOCAL L'-INTEGRATORS

AND THE D00OB-MEYER DECOMPOSITION

In this section we shall derive a Doob-Meyer decomposition result for local L'-

integrators. In order to get uniqueness we shall need the following concept.
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(9.3)Definition. An integrable-variation process A is said to be natural if and only if
[Z, A] is a martingale for all bounded martingales Z. (Note that by Proposition(6.6),
(Z,A] =), AZu DAL O

Note.

1. Since [Z,4)° = [Z, A°] (by £ropesiiies(6.6)), the class of all natural integrable-
variation processes is closed under stopping. Thus we may talk about local natural
integrable-variation processes.

2. It has been shown (firstly by C. D oléans) that an integrable-variation process
is natural if and only if it previsible (when restricted to R x Q). We shall not
need this result, and content ourselves with referring the reader to Pellaumail [Pe] or
Theorem 9.12 of Métivier & Pellaumail [MP] for more information. Also a development
of the Doob-Meyer decomposition in terms of previsible processes is given in Section 6

of Chapter VI of Rogers & Williams [RW].

Our aim here is to get a decomposition of each local L'-integrator as the sum
of a local martingale and a local natural integrable-variation process. In order to do

this we shall require the following tool.

(9.4)Definition.
(a) For each b € H'F, let P, denote the restriction of the previsible o-field P to
(0,8] x © (i.e. the o-field of all previsible subsets of (0,5] x ).
(b) For each L'-integrator S, define As:{J,cgp+ Po» — R by AsE = E(f1£dS) (s €
L1(S,L'), since 0 <1p <o pxa)- O

(9.5)Proposition. Suppose that S is an L'-integrator.
(i) For each b € R, \s is a signed measure on ((0,5] x ©,Ps).
(ii) For each previsible rectangle R = (s,t] x F (s < t in R" and F € F,), AsR =
Jp(8:—S,)dP.
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(iii) S is a martingale if and only if As = 0.

(iv) S is a submartingale if and only if As = 0.

Proof:

(i) Clearly Mg is finitely additive. Now if Ey,E;,--- € Pp, and E, | E, thenlg, T
1z. So by the Monotone Convergence Theorem (4.16), we see that [1g, dS — [1pdS
in L[*-norm. Take expectations to give that AsE, — AsE. These facts are enough to
show that \g is a measure.

(ii) We have that flR dS =1p(S;—S,). Now take expectations to obtain the result.
(iii) Suppose that As = 0. Then for each s < ¢ in R* and F € F,, we have by (ii)
that [-(S; — 5s)dP = 0. So § must be a martingale.

Now suppose conversely that S is a martingale and that E € P, for some b € R+.
Then by Proposition(8.16)(i), 1g*S is a martingale, and so E[(15*S)] = 0. But this
just says that AgE = 0.

(iv) This similar to (iii). O

(9.6)Lemma. Suppose that \:|J, Py — R is a signed measure on each ((0,5] X Q,P)
for each b € RT and that all evanescent sets are A-null. Then there exists a unique
natural integrable-variation process A with Ay = 0 such that A = \4. If further A >0,

then A is increasing.

Proof: First suppose that A is as stated in the conclusion, and that Z is a bounded
martingale. Then since [Z, A] is a martingale, E([Z, A]:) = 0. But by Proposition(6.6),
(2,4 = Y u; AZu A4y = [J(Z — Z_)dA. So E(fy ZdA) = E(J; Z- dA). But
the left hand side is just E(Z;A4;) by Lemma(8.28). The right hand side however is
f(o,t]xﬂ Z_dX (since A = A4). Thus we have proved that

(1) E(Z:A+) = / Z_d\ for all bounded martingales Z.
(0,t] %0
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Now Z; can be any bounded Fi-measurable random variable desired (let Z be the
bounded martingale such that Z; = E(U|F;) for all , where U is the desired random
variablé, by using Theorem(8.14)(i)). So A; is uniquely determined by (1).

Now we consider the existence of A. Write A = AT — A~ (the Jordan decompo-
sition of signed measures). Then it is enough to prove existence for A, So we may
assume that A > 0.

For each X € L, let Z(X) denote the unique (up to indistinguishability)
bounded martingale such that Z,(X) = E(X|F;). For each ¢ € R™, define a mea-
sure v; on (Q,F) by

2) w(F) = /( e Z_(15) dA.

(This is well defined as a function on F, since evanescent sets are A-null. It is clear that
v, is finitely additive. If Fy,F,,--- € F and F,, T F, then Z_(1p,) 1 Z_(1r) outside
an evanescent set. Thus the monotone convergence theorem gives that v F,, T v F,
and so 14 is a measure as stated.) Now all P-null sets are v4-null, and so by the
Radon-Nikodym theorem there exists 4; € L* such that dv; = A;dP.

From (2) we see that if s < ¢, then v, < 14, and so A, < A, a.s. Also v = 0,
and so Ag = 0 a.s. I claim that A:RT — L! is adapted. In order to prove this we

shall need to know that

(3) E(XAy) = / Z_(X)d\  forall X € L%,
(0,5]xQ

To prove (3), note that it is clear when X =1p (F € F) by (2). Hence by linearity (3),
holds for all simple X € L*. For a general X, derive (3) by uniform approximation
of X by simple elements of L.

Now suppose that X € L. Then E[XE(4:|F:)|F:] = E(X|F)E(A:|Fe) =
E[E(X|F:)A4¢|F:]. So taking expectations gives that E[XE(A¢|F:)] = E[E(X|F;)A..
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But since Z_ (E(X|F;)) = Z_(X) on the set (0,t] x ©, (3) gives that E[E(X|F:)Ad =
E(XA:), and so E[XE(A¢|F;)] = E(X A¢). But this is for all X € L*; so E(4|F) =
A;. Therefore A; 1s Fi-measurable as required.

Now putting X = 1 in (3) gives that E(A;) = A((0,1] x ), and so ¢ — E(A4)
is right continuous. Thus by Theorem(8.14)(ii), A has a cadlag version, and so we
may assume that A is a cadlag process. Now by defining a set E as in the proof of
Proposition(6.3)(i), we can prove that A is an increasing process (we already know
that 4, < A; a.s. whenever s < t). We have that 49 = 0, so it remains to check that
) = A4, and that [Z, 4] is a martingale for all bounded martingales Z.

Suppose that s < t are in RT and that F € F,. Then since Z_(1r) = Ir+xF on

the set (s,%] x £, if follows that

Eflp(4c — A,)] = / Z_(r)@)  (om (3) by subiraction)
5,8 %
= )\(((s], t] x F).
But the left hand side is just A4 ((s,%] X F). So X and A4 agree on the collection of
previsible rectangles. Now by a monotone class argument A = A4.

Putting X = Z; in (3) gives that (1) above holds for this A. By reversing
the argument used there to deduce (1), we see that E([Z, A]¢) = 0 for each bounded
martingale Z. Now suppose that Z is a bounded martingale and that ¢ is a bounded
stopping time. Then from the formula [Z,4] = 3, AZ, AA,, we clearly have that
[Z,4]° = [Z°,A]. Thus E([Z,A]7) = 0, and so taking t to be an upper bound for
o, this says that E([Z, A],) = 0. Thus by Lemma(8.19), [Z, 4] is a martingale as

required. O
Here is the first decomposition result.
(9.7)Theorem (The Doob-Meyer Decomposition).

Suppose that S is an L*-integrator. Then there exist unique cadlag processes M

and A such the following properties hold.
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(i) S=M+ A
(ii) M is a martingale and an L'-integrator.

(iii) A is a natural integrable-variation process with Ag = 0.

Proof: Supposethat A4 is any natural integrable-variation process, andlet M = S§—A.
Then M and A are L'-integrators (see Theorem(5.30)), and Ay = As — Aa. By
Proposition(9.5)(iii), M is a martingale if and only if Ap; = 0. But this is so if and
only if A4 = As. So by Lemma(9.6), A is uniquely determined by (i), (ii) and (iii).
For the existence of the decomposition just take, using Lemma(9.6), 4 to be such that

As = As. |

We can now give the local version of this result.

(9.8)Theorem (The Doob-Meyer Decomposition).
Suppose that S is a local L'-integrator. Then there exist unique cadlag processes
M and A such the following properties hold.
(i) S=M+ A.
(ii) M is a local martingale.

(iii) A is a local natural integrable-variation process with Ay = 0.

Proof: Let (o). be a reducing sequence of S into the class of all L'-integrators. Let
§o» = M) + A(™) be the decomposition of §° that is given by Theorem(9.7). Now
suppose that n,m € N are such that n < m. Then §° = (M(™))7» 4 (A(M))on is
also a decomposition of $°» that satisfies the properties of Theorem(9.7). Thus by
uniqueness in that theorem, we have that M(™) = (M(™)o» and A" = (A(™))o=,
Therefore there are cadlag processes M and A such that M°» = M(™ and 4°» = A(™)
for all n. These M and A are easily seen to satisfy (i), (ii) and (iii).

Now we consider the uniqueness of the decomposition. Suppose that § = M +

A is another decomposition of S satisfying (i) and (iii). Then take (,). to be a
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sequence of stopping times that is a reducing sequence of M and M into the class
of all martingales, and a reducing sequence of 4 and A into the class of all natural
integrable-variation processes. Then §™» = M™ + A™ = M™ + A™. So by the
uniqueness in Theorem(9.7), M™ = M and A™ = A™. Thus M = M and 4 = 4

as required. O

This now allows us to give the following characterization of local L'-integrators.

(9.9)Theorem. Suppose that S is a cadlag process. Then the following are equiva-
lent.
(1) § is a local L'-integrator.
(2) S is a local quasimartingale.
3) S is the sum of a local martingale and a local integrable-variation process.
g g

In particular, we have that all local L*-integrators are semimartingales.

Proof: We have from Theorem(9.8), that (1) implies (3). From Theorem(8.24), we
have that (2) implies (1). Thus to complete the proof we need to show that (3)
implies (2). But if X is the sum of a martingale and an integrable-variation process,
then it is easy to see that Vary(X) < oo for all b € RT. That (3) implies (2) is now

clear. O

Now concerning the Doob-Meyer decomposition of submartingales we have the

following result. (Recall that all local submartingales are local L'-integrators.)

(9.10)Theorem.
(i) K X is a local submartingale, and X = M + A is its Doob-Meyer decomposition
(as given by Theorem(9.8)), then A is an increasing process.
(ii) If X is a submartingale that is bounded below on RTxQ,and X =M+ Ais
its Doob-Meyer decomposition, then M is a martingale and A is an increasing

L*-process.
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Proof:

(i) First I claim that if X is a submartingale and an L'-integrator,and X = M + A
is its Doob-Meyer decomposition as given in Theorem(9.7), then A is increasing. To
prove this claim, note that A4 = Ax > 0 (see Theorem(9.5)(iv) and the proof of
Theorem(9.7)). Thus A is increasing by Lemma(9.6). The required result now follows
from this claim by localization (as in the proof of Theorem(9.8)).

(ii) By part (i), A is increasing. By adding a constant to X, we may assume that
X > 0. Now the proof proceeds as the proof of Theorem(8.30) (with X, A and M
here playing the roles of M2, [M] and X of Theorem(8.30)). O

The hypothesis in Theorem(9.10)(ii) that X is bounded below can clearly be
weakened to that the set { X, |o < b is a stopping time } is uniformly integrable for

all b € RT. Such processes are said to be of class (DL).
§9.3 CHANGE OF PROBABILITY

In order to prove the theorem of Bichteler et al., we shall have to consider the

effect of changing the probability measure on (2, F).

(9.11)Definition. Two o-finite measures p and v on a measurable space (Q,F) are
said to be equivalent if and only if they have the same null sets (i.e. for E € F,
u(E) = 0 if and only if ¥(E) = 0). In this case, we have by the Radon-Nikodym
theorem, that dv = hdy and du = k dv for some h € L*(p) and k € L*(v). We must
have that hk =1 and h,k > 0 a.e. O

Suppose that P is a probability on (,F) equivalent to P. Then (Q,F, P,(Fu)i)
is also a standard setup. The spaces L°(P) and L°(P) are the same, and have the
same topology. Thus we see that the class of all integrators is unchanged by replacing

P by P. Also £}(S), A*(S), [ X dS, X*S and [R,S] remain unchanged. But the

corresponding L? objects (for p > 0) are changed (unless for example the densities in
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both directions are bounded). The classes of all martingales and all local martingales
are clearly also affected; but the class of semimartingales is not. We shall now prove

this result. The proof illustrates something the power of our theory.

(9.12)Theorem. Suppose that P is a probability on (Q,F) equivalent to P. Then

the class of all P-semimartingales is the same as the class of all P-semimartingales.

Proof: We shall write E for expectation with respect to P, and E for expectation
with respect to P. Let z € L(P) and w € L'(P) be such that dP = zdP and
dP = wdP. Now let Z be the P-martingale such that Z, = E(z|F;) for all ¢, and
W be the P-martingale such that W; = E(w|F;) for all ¢ (use Theorem(8.14)(i)).
Then by the definition of conditional expectation, we see that dP|z, = Z,dP|r, and
dP|z, = W;dP|z,. Thus ZW = 1. Now Z and W are integrators by Theorem(8.12).
Let X = Z_-W.

Now suppose that S is a P-semimartingale. Then § = So + M + 4, where M
is a local P-martingale with My = 0, and A is a finite-variation process with 4o = 0.

Now define
(1) N =M +[M,X],

I claim that N is a local P-martingale. To prove this we shall use the differential

notation that was discussed in §6.5. We have that
dN =(1+dX)dM =(1+ Z_dW)dM.
Therefore

d(NZ)=N_dZ +Z_dN +dN dZ (by Proposition(6.3)(i))
=N_dZ +(Z_ +dZ)(1+ Z-dW)dM
=N_dZ +(Z_ + Z2dW +dZ + Z_dZ dW)dM
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=N_dZ+Z2_(1+ Z_dW + W_dZ + dZ dW)dM
=N_dZ+Z_(1+d(ZW))dM

=N_dZ+7Z_dM (since ZW =1).

le. NZ=N_*Z+Z_*M. But Z and M are local P-martingales. Therefore NZ is a
local P-martingale by Theorem(8.26)(1). Now suppose that ¢ is a stopping time such
that (NZ) is a P-martingale. Then for each bounded stopping time a, E(Nopa) =
E(NoraZona), since dﬂi’lgr

cha

- Za/\a dP'.’F

oNna

by the optional stopping theorem(8.17).
Le. E(N2) = E[(NZ)Z], and so E(NZ) = 0. It now follows from Lemma(8.19) that

N° is a P-martingale. Therefore N is a local P-martingale as required.

Now we have that § = S¢ + N + B, where

N=M+[M,X] and B=A4-[MX]

N is a local ﬂz"-martingale, and B is a finite-variation process. Thus § is a P-
semimartingale as required. By symmetry we also have that all p—semimartingales

are P-semimartingales. O

89.4 THE PROOF OF THE CHARACTERIZATION THEOREM

The idea of the proof is to show that given an integrator .S, we can change the
probability to make S into a local quasimartingale. Then by the work of §9.2, § is
a semimartingale with respect to this new probability. Finally Theorem(9.12) shows
that S is a semimartingale with respect to the original probability. The method we
shall use is based on that in Dellacherie & Meyer [DM] (see Theorem VIIL.80). We

shall require the following ‘minimax’ theorem.
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(9.13)Theorem.

Suppose that K is a compact convex subset of a real topological vector space E,
A is a non-empty convex family of continuous real-valued affine functions on K, and
that ¢ € R is such that for each f € A, there exists an = € K such that f(z) < c.

Then there exists an zo € K such that f(zo) < ¢ for all f € A.

Note. By a real-valued affine function on K, we shall mean a function of the form

z+— Tz + o, where T: E — R is linear, and o € R.

Proof: First we shall prove the following statement.

(1) If f1,--., fn € A, then there exists an z € K such that fy(z) < cfork =1,...,n.
To prove this, define §: K — R™ by 6(z) = (fi(z), ... , fn(z)), and let M = (—oo, c|™.
We have to show that §( K)NM # @. Suppose, for a contradiction, that §( K)NM = <.
Then since §(K) is compact, M is closed, and both are convex, it follows that there

is a linear map v:R™ — R such that

®) sup (M) < inf v8(K).

(See for example Theorem 3.4(b) of Rudin [Ru].) Now write v(t) = a1t1 + -+ + antn.
Then since supy(M) < oo, we must have that a;,...,a, > 0. Let a = a3 + -+ + an.
Then a > 0, since v # 0. By replacing v by ?.1'[% we may assume that a; +---+an = 1.
Let f =ayfi + -+ anfn. Then f € A (since A is convex). So there exists an z € K
such that f(z) < ¢. But f(z) = v8(z) > v(c,...,¢) = ¢, by (1), since (c,...,c) € M.
This is a contradiction, and so (1) is proved.

Now for each f € A, let Ky = {z € K| f(z) < ¢}. Then each Ky is a closed
subset of K, and (}) says that the family (Kf)sea has the finite intersection property.
Thus nfeA K; # &, since K is compact. Let z¢ be an element of this intersection.

O
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(9.14)Lemma. Suppose that (2, F,P) is any probability space, X Is a non-empty
bounded convex subset of L°(P), and also that X C L'(P). Then there exists a
probability P on (Q,F) equivalent to P, with bounded density with respect to P, and
such that supxcx E(X) < oo. (Where again E and E denote expectations with respect

to P and P respectively.)

Proof: First we shall prove the following statement.
(1) For each ¢ > 0, there exists a random variable V such that 0 <V < 1, E(V) 2>
1—¢,and supyexy E(XV) < 0.
To prove (), let Ke ={V € L®°(P)|0 <V <1,E(V)>1~¢}. Then K. isa weak™
compact convex subset of L®(P) (= L*(P)*). Now for each ¢ > 0, and each X €
X, P[IX| > ¢ = P[le™'X| > 1] < E(LA |7 X]) = po(c™'X). But since X is
bounded in L°(P), supxcx po(c ™1 X) — 0 as ¢ — co. Now take ¢ > 0 such that
supgcx po(¢™'X) < e Then P[|X| > ¢] < e forall X € &. For X € &, let
Vx = Ijx|<q- Then Vx € K., and E(XVx) < ¢. Now apply Theorem(9.13) with
(U~ E(XU))XGX as A, L°°(P) with the weak* topology as E, and K. as K, to give
that there exist a V € K. such that E(XV) < ¢ for all X € X. Thus () is proven.
Now using (1), take Vo, Vi,... to be random variables such that for each n,
0K Vo <1,E(Vp) 21-2"" and supxex E(XVa) < 0. Let ¢, € [0,00) be such that
E(XV,) < ¢, for all X € X, and then take ag,a1, -+ > 0 such that > 0. jan <
and > 00 anc, < 0o. Now let H = S 0 @nVn. This sum converges uniformly; so
H is bounded. We have that H > 0 a.s., since P[V,, = 0] < 27". For each X € &,
E(XH) =32  anE(XV,). Sosupxex E(XH) < 3> o @nCn < 00. Therefore define
P by dP = cH dP, where ¢ = E(H)™, to give the result. O

(9.15)Proposition. Suppose that S is an integrator. Then there exists a probability
P equivalent to P, with bounded density with respect to P, and such that S is an

Ll(@)-process with \Ta—;b(S) < oo for all b € RT. So S is a local P-quasimartingale,
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and hence also a local L' (P)-integrator. (\//':rb denotes Vary evaluated with respect to

B

Proof: Recall that S} = supgc,«|Su]. Take a3, az,--- > 0 such that po(anSy) <
9-". Then since S50, po(anSf) < oo, it follows that 377, anS; < oo as. Let
V denote this sum. By replacing P by the probability with density ¢/(1 + V) with
respect to P (¢ € (0,00) chosen appropriately), we may assume that V' € L*(P).
But S < -al—nV. So §* € L*(P). Therefore Sy € L'(P) for all t € R*; ie. Sis an
L*(P)-process.

Now since S is an integrator, there exist 6; > §o = -+ > 0 such that
8% (8l (no1,mxa) <277 forn=1,2,...
Define a previsible process W:R™* x Q — R by
W = i bnl(n—1,n]x0-
n=1

I claim that W is ®%-finite. For suppose that ¢ > 0. Then take n € Nsg such that

27" < £, and then take A € (0,1] such that ®%(Ado1(o,njxa) < 5. Then

BLOW) < 8%(Mol(omxa) + O E5(8xlk-1,kxa)
k=n-+1
<5+ Z 27k <¢,
k=n+1

as required.
Nowlet H={H c E||H|<W},and X ={ fHdS|H € H}. Then X satisfies
the hypothesis of Lemma(9.14) (X is bounded in L°(P), since supxcx po(AX) <

®%(AW) — 0 as A | 0). Thus by that lemma there exists a probability P equivalent
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to P, with bounded density with respect to P, and such that supxcx (EE(X) < co. Let
¢ denote this supremum.

Now suppose that b € RT, and take n € Ny¢ such that n > b. Suppose that
0=ty <---<tr=b,andfork=0,...,7r —1, Cy is a simple F;,-measurable random
variable such that |Ck| < 1. Define H € £ by

r—1

He(w) = bn Y Cr(@)hity 421 (B):

k=0

Then H € H, and so fHdS ¢ X. Therefore [E(f HdS) < e lLe.

r-1
E [Z Cr(Stys — Stk)] < et
k=0

Now E[Ck(Stpys — Su)] = E[CXE(Stpyy — S| Fu)]- So taking Cp to be 1 on the set

where the conditional expectation is positive and —1 elsewhere gives that

1
E[ 'E(S‘tk+1 - S'tk“;r'tk)l < 65;1'
1]

3
1

E3
I

Now add E(|S3|), and take the supremum over all partitions 0 =to <--- <tr = b, to

give that Vary(§) < 61 + E(]Ss]) < o as required. O

(9.16)Theorem (Bichteler, Dellacherie, Mokobodzki and Meyer).

A cadlag process is an integrator if and only if it is a semimartingale.

Proof: We have already proved (Theorem(9.2)) that all semimartingales are inte-
grators. So suppose that S is an integrator. Then by Proposition(9.15), there is a
probability P equivalent to P such that S is a local P-quasimartingale. But by The-

orem(9.9), we see that § is a P-semimartingale, and so by Theorem(9.12), S is a

P-semimartingale. D
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Tt might be hoped that the class of local L*-integrators is the same as the class of
integrators. This is not the case. It is for this reason that we have to change the prob-
ability in order to prove Theorem(9.16). From Theorem(9.9) and Theorem(9.16), the
only difficulty is that a finite-variation process may not be a local integrable-variation

process. This is where the conjecture breaks down. Here is a counter example.

(9.17)Example. Take (©,F,P) to be a complete probability space with a non-
negative random variable U on it such that E(U) = oo. Then define a standard
filtration (F3): on (Q,F,P) as follows. For ¢t < 1, let F; be the set of null sets
and their compliments. For t > 1, let 7y = F. Define an increasing process A
by A; = 1[1,00)(75)[/'.' Nowrif o is a stopping time, then since for t < 1, [¢ < 1] is
F,-measurable, and hence has probability 0 or 1, it follows that o is a.s. equal to a
constant or ¢ > 1 a.s. Thus it is clear that it is impossible for there to exist stopping
times (o, )n such that ¢, T oo, and such that A°~ is an L'-process. Thus A can not

be a local L*-integrator. But A is an increasing process and so is an integrator by

Theorem(5.30). O

A similar construction will give examples of martingales that are not local L-
martingales. It is examples like these that cause problems in the Strasbourg approach.

The use of L® and upper gauges, as we have seen, totally avoids these problems.
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