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ABSTRACT

The Itó calculus is the theory of stochastic integralsINXy, dS,, where S is a
semimartingale, and X is a suitable previsible process. The approach most commonly
given in the literature is the ‘Strasbourg approach’, in which S is taken first to be an

L?-martingale, and an L?-isometry is used to define the infegral. Then localization
and pathwise Stieltjes integration are used to extend to the case when § is a semi-
martingale. In this thesis a different, and more direct approach is given. The space

L? is replaced by L? for an arbitrary p € [0,o0), with a particular interest shown in
the case when p = 0. The integral[X dS is defined as an L?-valued Daniell integral
(the ‘Daniell’ analogue of L?-valued measures). The necessary theory of such Daniell
integrals is given in Chapters 2 and 3. In Chapter 4 the stochastic integral IPS
is defined and its properties given. It is necessary to place a dominated convergence
condition on 5. Processes satisfying this condition are called L?-integrators. A char-
acterization of L?-integrators in terms of uniform convergence is given at the end of
Chapter 4. A proof that all integrators have pathwise cadlag versions is given in Chap-
ter 5. Localization and processes of finite-variation are also considered in Chapter 5.
Quadratic variation, [S], and mutual variation, [R,S], are defined in Chapter 6 by a

martingale-free method, and its properties proven. The Itó formula is then stated and
proved. Martingales are for the first time introducedin Chapters 7 and 8. Some results
from the discrete-time theory (which are presented in Chapter 7) are used in Chap-
ter 8 to prove that all martingales are integrators. This Daniell method of stochastic
integration is seen to be consistent with and at least as powerful as the Strasbourg
method. Finally in Chapter 9 a proof is presented of the result of Bichteler, Del-
lacherie, Mokobodzki and Meyer, that the class of all (L9-Jintegrators is precisely the
class of all semimartingales. As prerequisites for this proof, Doob-Meyer decompo-
sitions for L'-integrators and local L'-integrators are obtained, and the class of all
semimartingales is proven to be invariant under change of the probability measure
(provided the two probabilities are equivalent).
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CHAPTER 1: INTRODUCTION

The purpose of this thesis is to develop the theory of the stochastic integral

INX dS, where X and § are certain random processes of continuous time, and the

integral is to be thought of as a Stieltjes integral. (A random process X is to be

thought of as a random function — X; from to R.) We shall define the

integral in a way that is different from that commonly given in the literature (the

‘Strasbourg approach’ see below). We shall use a method that gives the integral in

one step (unlike the Strasbourg approach).

These integrals arise in the theory of stochastic processes from, for example, the

theory of stochastic differential equations. Consider for example an ordinary differen-

tial equation

(1) — =

for some suitable function f:[0,00) x R — R. Now it may be desirable to add some

^noise' to this equation and obtain the stochastic differential equation

(2) ) "Pe = f(t,X1) +

where B; denotes Brownianmotion and the solution X is a randomprocess. But what

does (2) mean? The problem being that we can not ‘divide’ by dt, since dB;/dt fails

to exist with probability one. The next attempt is to place an integral SraIin front

of equation (2) to obtain

(3) Xo=Xo+| 0(s,X.)dB,.0 D

iS



There is no problem interpreting the first integral of (3): just consider it pathwise.
IUE try to interpret the second integral as a pathwise Stieltjes integral we run

into difficulty because B does not have finite variation. The Itó calculus allows us

to define such integrals in another way. We must in some way use the fact that we

have an underlying probability space. This restricts the class of integrands that we

may use: they must not depend on knowledge of the future. Stochastic differential
equations have many uses. They for example allow one to construct the diffusion

process associated with an elliptic operator, and in particular Brownian motion on a

Riemannian manifold.

We return to considering the integralINX dS. The first thing to do is to intro-

duce a filtration on the underlying probability space (Q,F,P). This is an

increasing family of sub c-fields of 7. We shall require that § is adapted. That is, S,

is Fi-measurable for all ¢. (In probability theory o-fields represent knowledge. Thus

a filtration corresponds to the increasing of knowledge with time.) Next a class £ of

‘elementary’ processes is defined, and the integral [X 4S is defined for X € £

Definitions (4.5) and (4.6)). The next step is to extend f... dS by taking limits.

The Strasbourg Approach. The approach to this limiting process most commonly
given in the literature is one that was worked out for the Séminaire de Probabilités

at, Strasbourg in the year 1974—75 (see Meyer [Me]). We shall refer to this approach

throughout this thesis as the ‘Strasbourg approach’ or the ‘Strasbourg method’. As

Ihave indicated, we shall be using a method different from this, which Ibelieve is

much cleaner. We now shall give an outline of the Strasbourg method as background

information. If M is an L?-martingale (of which Brownian motion is an example),
there is an increasing L'-process [M] (for a Brownian motion B, [B], — t) such that

0) fv au) - E( [P xvai) for allX,Y€&.
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The left handside of (4) is just the inner product of {X dMand [YdMinL*(P). The

right hand side is the inner product of X and Y in L?(uy), where uy is a measure

defined by uuE = E(f1gd[M]). So f... dM is an isometry, and thus we can

extend its domain to the closure of £ in This closure is L?((0,00)x 0,P,ur),
where is the previsible c-field which will be defined in Chapter 4 (Definition(4.3)(b)).

Now having defined f X 4M, we define (X*M), — De:E
when this exists. This defines an L?-martingale X*M. This however does not give

the most general integral possible. To generalise the integral further it is necessary, in

the Strasbourg approach, to use the method of localization. This increases the class

of integrands to the set of previsible processes X such that there exists a sequence

of stopping times (c4), such that firstly c4 1 oo, and secondly is integrable

as above with respect to M on (0,1] for all t. Then X*M is defined by the formula

CQ ,Another similar localization generalizes the class of

integrands to the class of local L?-martingales. Finally we can generalize still further

by considering processes S that are the sum of a local and a process

with paths of finite variation A. Define = XM+X+A, where the last term is

defined as a pathwise Stieltjes integral. A full development of the Strasbourg method

can be found for example in Rogers & Williams [RW].

The problem with the Strasbourg approach is that using L? places restrictions

on the processes in the {2 direction of the product [0,00) x One way we might hope

to get around this problem is to replace L? by something larger such as L° (the space

of all random variables with the topology of convergence in probability). It is useful

however to use L? for arbitrary p € (we exclude for technical reasons). The

case when p = 2 ties in nicely with the Strasbourg approach. The case when p=1i1s

useful when considering martingales and local martingales.

We shall start therefore with an adapted vector-valued function — and
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define [X dS for X € £ as above. We could think of the function S as defining an

LP-valued Stieltjes measure on (0,00) x but since L? (whenp « 1) is not a Banach

space this does not seem pleasant. The way we shall take is based on that given in

Bichteler [Bi2]. We define something that is like an on (0,00) x Q. That

something is an upper gauge.

In Chapter 2 we shall define what is meant by an upper gauge on an arbitrary

set, and prove analogues for upper gauges of the main theorems of integration theory.

This concept is based on something of the same name given in Bichteler [Bil]. The

definition that we shall give of measurability is different from that of Bichteler; but it

is sufficient for our purposes.

In Chapter 3 we shall consider linear maps J:£ — X,where £ is a certain iype

of subspace of real-valued functions on a setIand X is an F-space. Then we shall use

the theory of upper gauges to extend J to an ‘L'-closure’ of £. But in order to define

the upper gauge it is necessary firstly that X be a C-space (defined in Chapter 3),

and secondly J satisfies certain properties. This extension is precisely what is needed

to define the stochastic integral. In Chapter 3 it is shown that L? is a C-space for

0 € p « oo; but L* in general is not. It is this that prevents us using L*?? in the

definition of the stochastic integral.

Then in Chapter 4 we apply this theory to the problem of extending [... dS

from £ to something useful. This places restrictions on S, and the concept of an

integrator results (infact we have the term ‘LP-integrator’ for eachp € [0,o0)). Various

properties of the integral are then proven; for example X+(H-S) = (XH In §4.4

the power of using L" begins to be apparent. For instance we see that for each

làdcàg process X (see (1.4) below), X*S is defined for all integrators S. AlsoI
is expressed as a limit in probability of Riemann sums. Then a characterization of

integrators, given in Bichteler [Bi2] ((Theorem 2.6), in terms of uniform

of integrands is proved (thereby filling an apparent gap in Bichteler's account). This
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is more useful functional analytically, because uniform convergence is easier to cope

with than dominated convergence (as is used in the original definition).

Up to this point integrators have been considered as functions from [0,00) to

L?. But in Chapter 5 we shall introduce stopping times and prove the result, A
Bichteler [Bi2], that an integrator has a pathwise cadlag version. This is done using

the method of upcrossings. The theory of localization is also developed in this chapter,

and is shown not to lead to any generalization of the stochastic integral (unlike the

Strasbourg approach). We also show that finite-variation processes are integrators

and also that Brownian motion is an integrator.

Next we come to a fundamental result, the 1tó formula. This is proved in Chap-

ter 6. The one dimensional version of this result states that

Q

when $ is à continuous integrator, f:R — R is a C? function, and [S] denotes the

quadratic variation process"S. The definition of this process and that of the mutual

variation process [R,S] of two integrators R and S is also given in this chapter. The

important fact that = (XY 5], is given, and provedusing upper-gauge

methods. The chapter finishes with a formalization of the differential notation such

as used in equation (2) above. All this is done without ever using the concept of a

However martingales are important in the Itó calculus. The rest of this thesis

therefore considers the connection between martingales and the Ité calculus. We

show that all local martingales, local submartingales, local supermartingales and local

quasimartingales are integrators. It is also proved that H*Mis a localmartingalewhen

Mis a local martingale andHis a locally bounded previsible process. By proving that

a martingale is an integrator we can use a result of Chapter 5 to see that all martingales

havepathwise cadlag versions; thus avoiding the need for another upcrossingargument.

Hu



This is the work of Chapter 8. In order to this out we shall need some results

from the discrete-time case; particularly some inequalities concerning the martingale

transform (the discrete-time analogue of H*X). The discrete-time theory needed is

given in Chapter 7. In that chapter discrete-time analogues of H*X and [X,Y] are

defined. This gives a foretaste of what is to follow in the continuous-time case. This

use of discrete-time theory is an extension of some work done by D. A. Edwards,

see [Ed]. It allows us to avoid the use at this stage of the continuous-time Doob-Meyer

decomposition. We give at the end of Chapter 8 results that tie up the methodof this

thesis with the Strasbourg approach. Finally we present a proof in Chapter 9 of the

result due to Bichteler, Dellacherie, Mokobodzki andMeyer that the class of integrators

is precisely the class of semimartingales. Also given in that chapter are Doob-Meyer

decomposition results for L'-integrators, local and submartingales. In

order to prove the characterization theorem, we give a proof that the class of all

semimartingales is invariant under change of probability measure, providing the two

probabilities are equivalent. This is made easy by the work of previous chapters.

There have been books written on the subject of the Itó calculus using vector-

valued measures instead of the Strasbourg approach; see for example Métivier & Pel-

laumail [MP]. The methodpresented in this thesis is completely different to that given

in these books (andIbelieve simpler).

Note. Ihave tried to make this thesis as self-contained as possible, even if this has

sometimes entailed giving more or less routine proofs of standard results.Ihave done

this partly becauseIhope the work will later be useful as a text for beginners in

stochastic analysis. ButIhave also sought to make it a manifesto for this particular

way of developing the theory; andIbelieve that in the end the provision of all essential

proofs may be the quickest method of convincing the sceptical reader that there is no

sleight of hand in my attempt to persuade him or her that this is indeed a
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clean, and attractive way of establishing the theory.

§1.1 SOME NOTATION AND TERMINOLOGY

We include in this section some remarks about some terminology and notation

that we shall be using throughout this thesis.

(1.1)Number Sets. We shall assume throughout the following conventions for num-

ber sets.

N— (0,1,2,...), R* —[0,oo), R = 0],

-Qn [0,oo), (0,0), R*-[0,oo).

In general a superscript ‘+’ on a set X such as a set of numbers, or a function space,

will denote the set of non-negative elements of that set. We shall also use conventions

such as No for the set {1,2,3,...} (i.e. the elements of N that are greater than zero).

(1.2)Set Theory. When A and B are sets, A A B will denote the symmetric dif-

ference, (A\B) U (B\A), of 4 and B. B# will denote the set of functions from A to

B.

When P(si,...,54) is an n-ary predicate on a set T', and fi,..., fo:— T for

P(fi(w),...,fa(w)) }. So

for example if f,g:(1 — R, then [f « g] denotes the set of points w € © such that

When A is a subset of some set Q, we shall use 14 to denote the real-valued

function on that takes the value 1 on 4 and 0 on Q\A.

(1.3)Maxima, Minima and Vector Sublattices. If z,y € R then we shall use

z V y and z ^ y to denote the maximum and the minimum respectively of z and y.
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We also shall use this notation pointwise when applied to R-valued functions. For

each z € H, we shall use z* and z^ to denote z V 0 and (—z) V 0 respectively. So

CEEE and |z| = zt + Again we shall use this notation pointwise when it is

applied to R-valued functions. If T is a set then by a vector sublattice of RT we shall

mean a real subspace of RT that is closed under the pointwise operations VV and A.

(1.4)Càdlàg and Làdcàg Functions. Suppose that T' is a regular Hausdorff topo-

logical space. A function f:R^ — T is said to be if and only if f is right

continuous and the limit = f(s) exists in T' for all t € R**. A function

f:R** — TP is said to be ladcdg if and only if it is left continuous and the limit

f(t+) = f(s) exists in T for all € R*. Note here it is assumed that f(0+)

exists even though f(0) is not defined. This is to ensure that certain boundedness

properties hold for f.

The terms ‘cadlag’ and ‘ladcag’ originate from the French expressions ‘continu a
droite et limité a gauche’ (continuous on the right and limits on theleft) and ‘limité a
droite et continu a gauche’ (limits on the right and continuous on the left) respectively.

The first is in common usage, but the second is my own invention.Ithought of using

‘caglad’ for ladcag but it sounds and looks too much like ‘cadlag’.

Now it is true that real-valued cadlag functions are bounded on each [0,5]. To

prove such results it is convenient to consider cadlag functions as continuous functions

on some topological space. Let R as a set be the disjoint union of R* and a copy of

When t > 0 let t_ denote the corresponding element of the copy of R^*. Now

totally order R so that 0 < < s <t_ < t whenever 0 < s < t and give R the order

topology. Now if fo:R—Iis continuous, then f = is a cadlag function. Also

f(t-) 2 for all ¢ > 0. Now if conversely f:R+ — Tis cadlag, then by defining

fo(t) = f(t) and = f(t—), we obtain a continuous function fg:R— T' such that

J = folr+ (it is here that the regularity of l' is used). Thus we see that continuous

13



functions on E are in one to one correspondence with cadlag functions on R*. Now

it is relatively easy to prove that the interval [0,b|g of Ris à compact subset of R

for each b € R*. So a continuous image of it is also compact. Thus for each càdlàg

function f: R* — T and b € RT, the set { f(¢)|0 <t <b}U{f(t—)|0 <t

compact.

We can do a similar thing with làdcàg functions. Le. take L to be disjoint

Mod E EORE C

L are order isomorphic via the map from R to L that sends ¢ to and to t.

Thus cadlag functions and ladcag functions are in one to one correspondence. The

correspondence is as follows: the cadlag function f corresponds to the ladcag function

f- defined by f_(t) = f(t—). Conversely the làdcàg function g corresponds to the

càdlàg function g.. defined by g4(t) = g(t+).

(1.5)Simple Functions. Suppose that X andY are sets. Then a function f:X —^ Y

is said to be simple if andonly if its range f(X) is a finite subset ofY. This terminology

is most useful when X is a measure space and Y is a set of numbers such as R.

(1.6)Partial Derivatives. Suppose that f:U — C, where U is an open subset of R^.

We shall use 8;f to denote the partial derivative of f with respect to the k'^ variable

when it exists. When o — € N" we shall let 0^ denote the operator

07^ We shall let |o| 2 o1 ----- o, so that |o is the order of 0^. It is also

convenient to use z^ to denote the monomial z?* ...z2^ when z — (z,,... uA

(1.7)F-Spaces. An F-space is a topological vector space such that its topology can

be given by a complete translation-invariant metric d. (A metric d is said to be

translation invariant if and only if d(z+z,y -- z) — d(z,y) for all z, y and z.) Now for

such a translation-invariant d, we can write d(z,y) — p(z — y), where p(z) — d(z,0).

We shall also refer to p as the metric. A subset Eof a topological vector space X is said

14



to be bounded if and only if for each neighbourhood V of zero inX, thereisa i9 c R*

such that E C tV for all t 2 t9. When X is an F-space with (translation-invariant)
metric p, this condition is equivalent to sup,cg — 0 as A|0.

$1.2 L? SPACES FORO X p X oo

Suppose that is a probability space. We shall be using the spaces

LP(Q,F,P) for 0 < p < co. The spaces LP(Q,F,P) for 1 < p < co are familiar,

but for 0 < p < 1 the spaces can also be defined. These are F-spaces

but not in general Banach spaces (they are not in general even locally convex: see

Rudin [Ru] (1.47) for the case 0 < p < 1). We are particularly interested in the

space since as we shall see it contains all the randomvariables, has the topology of

convergence inprobability, and gives the most general class of integrators for stochastic

integration.

(1.8)Definition. Suppose that (0,7,1) is a measure space. When 0 « p « oo, £?

denotes the set of all measurable f:€) — R such that fa Wa T < co. L° denotes

the set of all measurable functions f:2 — R. denotes the set of all measurable

functions f:Q — R such that |f| < ¢ a.e. for some c € RT. We let L? (0 < p < 0)
denote the set of all equivalence classes in £? of the equivalence relation of equality

almost everywhere. For 0 « p « oo we define

1/(1vp)

Then p, is a metric on L? that makes it into an F-space. For f €

Poo(f) = ||fllco denote the least c € R* such that |f| & c a.e. This is a norm on L*?

making it into a Banach space. When is a probability we shall make L? into an

F-space by defining the metric po on L° by

OR
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When necessary we shall denote the dependence of on (Q,F,u) by

L?(Q), L?(.£), etc., and similarly for £?. For 1 € p € oo, p, — is the usual

LP-norm, so L? is a Banach space in this case. N

We should here give the proof that p, for 0 « p « 1 is a metric. If s,> 0 and

s+1=1 then > s and > t. Therefore 1 = s +t < s? + For any z,y> 0 put

s — z/(z 4-y) and t 2 y/(zM(unless z — y — 0) to give that (z--y)? € z?--y?. Itis now easy to see that p,(f) = n |f|? dP defines a metric. The completeness of L?

for 0 < p < 1 is provedin just way as for 1 € p « oo by showing first that

pp(fn) < co implies that |fn converges a.e. and in LP.We also see that if

fa — fin LP then a subsequence (f,,)r converges a.e. to f.

(1.9)Proposition. Suppose that (Q,F,u) is a measure space. Then the following

hold.

(2) If0 < < oo satisfy + ¢ = 1, then for all f €

and g € L9(u).

(b)Ifp is a probability and 0 € q € p « oo, then £?(u) C L9(u) and the inclusion

L?(u) — L*(u)is continuous. In fact the following are true.

(ü) Ifq— 0 then po(f) < pp(f) for all f €

Proof:

(a) The cases where p — oo or q — oo are easy; so we shall suppose p,g,r « oo.

= 1, we have by Holder's inequality thatLdSince"E +P
ui WE

/ luv|dP « foru€LP"andv€Q Q Q

Now put u — |f|" and v — |g|" and raise both sides to the power 1/r to give the result.

Ho



(b) This will clearly follow from (i) and (ii) (for the cases ¢ > 0 and q — 0 respec-

tively).

(i) Clearly we may suppose that q « p. Let 0 « r < oo such that1— 4ithen1
q

by (a) « for v € £? and v € L7. Let u = f and v = 1 to give the

result = 1).

(i) We can suppose that p > 0. There are two cases to consider: 0 < p < 1 and

1 <p < oo. Suppose first that 0 < p < 1. Then 1A|f] < < so integrating

over {) gives the result. Now suppose that 1 < p < co. Then po(f) < p1(f) <
where the first inequality follows from the case when 0 < p < 1 and the second is

from (i). Oa

Now as we remarked, one of the useful facts aboutL is that it has the topology

of convergence in probability. Here is a proof of that fact.

(1.10)Proposition. Suppose that is a probability space. Then the follow-

ing hold.

(i) The topology of L°(P) is that of ‘convergence in probability’ i.e. if 9.09
net in L°(P) andX € L%(P) then

Xo — X in L°(P) <= — X| » A] — 0 forall À »0.

(à) L'(P) is a topological algebra under the obvious pointwise definition ofmultipli-

cation.

Proof:

(i) Clearly without loss of generality we may assume that X = 0. Suppose then

that X, — 0 in L°. We have for A > 0 that < 75(1 A Thus taking

the expectation of both sides gives that > A] < But po(X4) — 0,

so P[[X4| » A] — 0 as required.



Now suppose conversely that P[[X4| » A] — 0 for all A > 0. Then given ¢ > 0,

thereexists an oq such that P[|X,| > $] « $ for all a 2 a. So for o > og we have

]

So po(.X4) — 0 as required.

Gi) We have to show that multiplication is continuous. Suppose that (X4), and

(Ya)a are nets in L? over the same directed set and X,Y € L* aresuch that X, — X

and Y, — Y in L?. We have to show that X,Y4 — XY in L5, i.e. P|X,Ya — XY| »
A] — 0 for each A » 0.

So suppose that A > 0 and that ¢ > 0. Take M7 0 such that » M] « £
and P[|Y| > M] < £. Let n > 0 be such that 2M% + 5% < A, and let ag be such

that — X| E — Y| > 7] < £ for all a > ag. Then on the set

Q\ (IX| > > — X| > n]U[|Ya — Y] » n]) we have that

|XoYa -XY| & |Xa -X|Y|- |X|Ya -Y] - |Xa -X|lYa — Y|

« 45? «X.

So we have that

= >A C >M]U[|Xo — X| > [Ya Y|>
and therefore taking probability, it follows that P[| > < "dub
for all P O
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(1.11)Proposition. Suppose that (Q,F,u) is a measure space, and that 0 < p < co.

Then the following are true.

(ii) For each measurable f:Q — R,

HYn
Proof:

(i) We have that < So integrate to give the result.

e [RT x Q —Rby f(t,w) = Now the result follows from

the fact that fy[if(t,w)dtu(dw)= [ p(dw) dt. []



CHAPTER 2: UPPER GAUGES

§2.1 DEFINITIONS

As we have mentioned in the introduction, we shall require an abstraction of

the L!-norm, called an upper gauge. In this chapter we shall define this concept and

develop the theory as far as is needed for later chapters. This is based on some of

the contents of Bichteler [Bil]. We shall drop his requirement that ®(Af) = |A\|®(f),

because this will not be true in our application.

(2.1)Definition. Suppose that T' is a set.

(a) A Stone lattice on T' is a vector sublattice (see (1.3)) £ of RP suchthat sc £ —
(b) Suppose that £ is a Stone lattice on I. Then an upper gauge on the

(1) Fors€£* 2(s€£|s201), —0as A0.

(3) If f1,fa,...:T — RT, then

)

(2) ®(f) < ®(g) whenever — Rt such that f & g.

)

)(4) If € ET are such that s; € s» « ... and sup, — 0 as

A 10, then é(|s, — — 0 as n,m — oo.

(c) An upper gauge space is a triple (D,£,9), where T is a set, £ is a Stone lattice

on I' and $ is an upper gauge on (T,£). M

When (T,£,9) is an upper gauge space and f:I' — R, we shall take $(f) to

mean ®(|f|). Now we will suppose until further notice that (T',€,®) is an upper

gauge space.



Note.

1. (1) of Definition(2.1)(b) gives that ®(0) = 0. Therefore (3) of the same definition

gives that + fn) < ®(f1) +--+ + Putting f = --- = f, = S
that < nd®(f).

2. The sum of two upper gauges is clearly also an upper gauge.

§2.2 ®-NULL SETS

(2.2)Definition. A set E CT is said to be ®-null if and only if ®(1g) = 0. |

The expressions ‘@-a.e.’ everywhere’) and ‘for ®-a.a.z’ (‘for ®-almost

all 2’) are defined in terms of this definition in the usual way. From (2) and (3) of

Definition(2.1)(b) we obtain the following proposition.

(2.3)Proposition.

(i)IfEC F and F is 9-null, then E is also 9-null.

(ü) If E1, E;,... are 9-null, then E, is also 9-null.

Now concerning equality ®-a.e. we have the following.

(2.4)Proposition.

(i) Suppose that — R and f = g Then $(f) — (gs).

(ii) Suppose that f:T — R. Then f = 0 ®-a.e. if and only if $(f) — 0.

Proof:

(i) Let E — |f 7 g]. So we have |f| <|g|+ 15. Now E is so = 0

and thus we have < + Soo, = Le. 9(f) « $(g). The

reverse inequality is similar.

(ii) Suppose that ®(f) — 0, and let E — |f z 0]. We have that 1g < a fl.
Applying 9 gives that « ,®(|f|) = 0. Therefore E is ®-null as required.

For the converse apply (i) with g — 0. 0



§2.3 ®-FINITE FUNCTIONS

(2.5)Definition. A function f:T — R is said to be ®-finite if and only if 6(Af) — 0

as A — 0 (or equivalently ®(A|f|) — 0 as A [ 0). M

We see that (1) of Definition(2.1)(b) says that all elements of £ are ®-finite.

(2.6)Proposition. Suppose that f:T — R is $-finite, then ®(f) < co and |f| < oo

Note. @(f) < co is not necessarily sufficient for f to be ®-finite (cf.

later). However it is sufficient in the case when = for all g and A.

Proof: By considering |f| we may assume without loss of generality that Í 20. Now— 0 as n — oo. So for some n, « oo. Thus &(f) « < co. Le.

$(f) « oo. Nowlet E — |f — oo]. Then 1g « Af for all À » 0. Thus applying gives

that € 5 A|0. So — 0 and E is as required. N

(2.7)Definition. will denote the set of all 9-finite f:T — R (note real valued:

this is no real loss of generality by Proposition(2.6)). We have that J(&) is a Stone

lattice on T. will denote the set of equivalence classes in JF(9) of the equivalence

relation of equality ®-a.e. M

We shall now proceed to show that F(9) is an F-space with 9 as the metric.

(2.8)Lemma.

(i)I € F(®), — R and &(fn — f) — 0 as n— oo, then f CN
(i) If fi, € F(®) and 372 < oo, then T° < 00 PE;

further we let f:T — R be such that f — f, 6-a.e., then f € Z(9) and

$(f 5 0as N— oc.



Proof:
uGiven € 7 N be such that (fy — f) « 2. Then if 0 < A < 1, we have

that 6(Af) « - — fy) « - £. But « $ for A sufficiently

small (fy € F(®)), and so it follows that 9(Af) « € for A sufficiently small. Thus

®(Af) — 0 as A|0 as required.

(ii) Let E 2 [$77 2 oo]. Thenlg € Yeu Apply 9 to give that $(1z) «rds

So — 0 as N— oo. Thus $(1g) — 0, and so E is 9-null as required.

Now let f be as given in the statement. Then Fi — DO f| 3
$-a.e. So applying ® gives that ®(f — IIES T0729
as required. Thatf € F(®) follows now from (i). |

(2.9)Theorem. F(®) is an F-spacewith metric (This is finite by Proposition(2.6)).

Proof: The only non-trivial things to check are the following properties.

(i) Scalar multiplication is continuous.

(ii) The metric is complete.

Let us now prove these.

(i) Suppose that € R and f,f; € Then

$(af — < + &(o(f —

Now since fy is 9-finite it follows that — —» 0aso — oy. Take N € N

such that [ag] < N. Then for [af < N,&(a(f - fo)) « e(N(f — fo)) € — fo).

fo)) = 0 as — ag and &(F — fo) — 0. Therefore ®(af — agfy) — 0 as

a — ag and ®(f — fo) — 0. Le. scalar multiplication is continuous.

(ii) Suppose that fi, € F(®) are such that — fm) — 0 as n,m — oo.

Then pick n; « no « ... such that

(1) IG PE for n,m 2 n,.

PA



Then applying Lemma(2.8)(ii) to the sequence fn,, fn, — fn, TEE
there is an f € (6) such that ®(f,, — f) — 0 as k — oo. Now suppose that & » 0 is

given, and take k such that &(f,, — f) « £. We have, by (1), that for

PEBRE

as n— oo.
(2.10)Proposition. Suppose thatfi,fa,...,f € F(®) and 0asn — oo.

Then there is a subsequence (fn,)r of such that f,, — f ®-a.e.

Proof: Pick n; <... suchthat 3.72, —f) < co. Then by Lemma(2.8)(ii)
L]

$2.4 INTEGRABILITY AND THE CONVERGENCE THEOREMS

(2.11)Definition. We say that a function f:T — R is if and only if

for each £¢ > 0 there is an s € & such that &(f — < ¢ (or equivalently there is

a sequence (54), in £ such that 6(f — s,) — 0). £!(9) will denote the set of all

$-integrable functions, so that is the closure of £ in C Z($) by

Lemma(2.8)(i)). We let L'(®) denote the set of equivalence classes in of the

equivalence relation of equality ®-a.e. Li

We have that L!(®) is a closed vector subspace of F(®) (and so is complete), and

that is a Stone lattice on I'. These are easily proved: for example iff,g € £1().

Let and (14), be ‘approximating’ sequences in £ for f and g respectively. Then

Vin)n is an ‘approximating’ sequence for f V g (see Lemma(2.12) below), and so

fVg€ That £'(&) is closed under addition, scalar multiplication, taking

minima eíc. is similar.

We shall proceed to give statements and proofs of the promised convergence

theorems. First we state and prove a lemma.

pz



(2.12)Lemma. Suppose that z4,...,24,91,..., € R. Then

(zi V: & le V |lzs —

and ECT |FS LAS

Proof: Let 5 denote the right hand side. Then —7 < yi < zk +nfork=1,...,n

Now take the maximum as k runs from 1 to n to give that (z0;

VB CH <7as required.

The other formula is similar. O

(2.13)The Monotone Convergence Theorem.

Suppose that € are such that 0 < fi < f» andsup, 9$(Af,)— 0 as A|0. Then there exists an f € Ci(9) such that f — sup,f, ®-a.e. and

®(f — fn) 0 asn—oo.
Proof: Given ¢ > 0 take 5, € £ such that ®(f, P replacing 8$, by

$5 V0 we may assumewithout loss of generality that §,, > 0. Let

TEE . Now fr=fi V---V fp, and so by Lemma(2.12), we see that

(1)
k=1

Thus applying 9 gives that

$(f.—s)«
DP

For 0 « A € 1 we have by (1) that

oo oohy

5 3En k=1k=1 k=N+1

p



So given 7 » 0, there exists an Nmaking the final term < 2. Then for A sufficiently

small the previous term is also « LE So we see that TO
E ED

Therefore — 0, since sup, $(As4) € sup, —54])-sup, 9(A/,). So

we see that (4) of Definition(2.1)(b) applies to the sequence Thus $(s,—54,) —
0 as n,m — oo. Take N such that $(s, — s4) « & for all n,m 2 N. Then by (1),

— fm) < 3c for all n,m > N. Thus — fm) — 0 as n,m— oo, and so since

L'(9) is complete, it follows that there is an f € £!($) such that

as n — oo. By Proposition(2.10), we see that a subsequence of (f,), converges to f
®-a.e. and so f = sup,, fr P-a.e. N

(2.14)The Dominated Convergence Theorem.

Suppose that € f:T R, fo, — f ®-ae. as n — oo, and

for some non-negative g € F(®), |fu| < g ®-a.e. for all n. Then f € £1(&) and

=0asn— oo.
Proof: By replacing f,, f and g by and respectively, where E

is the $-null set outside which f,— f pointwise and |f,,| « g for all n, We can assume

without loss of generality that f, — f everywhere and < g everywhere for all n.

Let RS
and ER form>n.

Then € 0 < hr, < 2g and ha T hn as m — oo. Thus we see that

hy € by the Monotone Convergence Theorem (2.13). Now h,,|0 pointwise so

hi — hn T hi. Thus applying the Monotone Convergence Theorem (2.13) again gives

that = $(h; — (hi — — 0 as n — oo. But since |f, — f| € ham, it

follows that — fm) — 0 as n,m— co. Therefore by the completeness of Li(&)

that there exists an f € such that ®(fn—F) — 0. Now using Proposition(2.10)

we see that f = f ®-a.e. The theorem now follows. a
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§2.5 ®-MEASURABILITY

We would like to have some concept of measurable function when considering

upper gauges. We think of ®-measurable functions as those functions that would be

$-integrable if only they were not too big. We make this concept precise by ‘clipping’

the function with an element of £^ as follows.

(2.15)Definition. A function f:T — R is said to be ®-measurable if and only if

EFSCR M

We note immediately that all &-integrable functions are $-measurable. Now we

show that ®-measurable functions that are not too big are ®-integrable.

(2.16)Proposition. If f:T — R is ®-measurable and |f| < g for someRSEN
then f €

E

Proof: Take s, € £* such that ®(s, — g) — 0, and let f, — (f ^ORE
So f. € But f — (f ^g) V (—g), and so by Lemma(2.12) we have that

|fn= < — g|. Thus &(s, —g) — 0 gives that &(f, — f) — 0. But f, € £1(8),
so f € L1(®) as required. M

(2.17)Proposition. Iffi,fs,...:T — R are $-measurable, and f:T — R is such

that f, — f ®-a.c., then f is ®-measurable.

Proof: Suppose that s € Then (fo As) V (=s) = (f As) V (—s) ®-a.e. But also

[fs ^ s) V < sand (fn As) V (—s) € L2(®). Thus it follows by the Dominated

Convergence Theorem (2.14) that (f ^ s) V (—s) € C!(&) as required. M

Now we show that ®-measurability corresponds to the usual measure theoretic

idea of measurable function (that defined by the use of
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(2.18)Definition. If A C T then A is said to be ®-measurable if and only if 1, is

$-measurable. M(®) will denote the set of all $-measurable subsets of T. M

(2.19)Proposition.

(i) M(®) is a o-field on T' that contains all the ®-null subsets ofI.

(ü) Suppose that f:T — R. Then f is ®-measurable if and only iff!(B) € M(&)

for all Borel subsets B ofR.

Proof:

(i) It is easy to show that $-null sets are in M(9). Thus @ € M(®). It remains

only to show that the following hold.

(a) M(9) IMe

(b) € M(®) = € M(9).

For (a) suppose that 4 € M(®) and that s € £*. Then

L1(®). So € M(®). For (b) let 4 — UT,A,. Then for s € £^, —
VY(14, As) € L*(®) by the Monotone Convergence Theorem (2.13) or the

Dominated Convergence Theorem (2.14). Thus 4 € M(®) as required.

(ii) Suppose first that f is It is enough to show that [f > o] € MC3
for all o € R, since the intervals (o,oo] generate the c-field of Borel subsets of R.

First we show that (f — o)* is $-measurable. Suppose that s € £*, and let

sn = (ns) Al. So s, € £T and s, T1uzo. Let fa — (f ^ns) V (-ns) and g, =

o)* ^s. Therefore by the

Dominated Convergence Theorem (2.14) we have that (f — o)* ^s € L1(®). Thus it

follows by definition that (f — a) is ®-measurable.

Now let hp, = Thenfors € = n((f—o)* ^ $(s^1)) €

since € £*. So h, is $-measurable. But h, — OE

[f > a] € M(®) by Proposition(2.17). It now follows that f € M(®) for all

Borel subsets B of R as required.



Now suppose conversely that € M(®) for all Borel subsets B of R. Then

PEA]

Ín E »» has PAM Eu

Then f, — f, and so it is enough by Proposition(2.17) to show that f, is ®-

measurable. Thus without loss of generality f —pO where €

R\{0} and 4;,...,A, are disjoint ®-measurable subsets of I'. Suppose that s € £+.
Then (f As) V (=s) = > AIF) € L1(®) (since 4i,...,A, are disjoint).

Thus f is ®-measurable as required. 0

As a corollary we have that the sum, product, maximum, minimum etc. of ®-

measurable functions are ®-measurable. The following shows that one can replace £

by £}(®) in Definition(2.15).

(2.20)Proposition. Suppose that f:T' — R. Then f is ®-measurable if and vy aid

(f ^g)V (—g) € £C! (&) for allg€ C'(9) with g > 0.

Proof: The ‘if’ part is easy since £ C For the ‘only if’ part suppose that f
is $-measurable and g € with g > 0. Then (f Ag)V (—9) is $-measurable by

the above comment and |(f A g) V (—g)| < g. So by Proposition(2.16) it follows that

(f ^g) V (—g) € £1(9) as required.

82.6 c-FINITE UPPER GAUGE SPACES

(2.21)Definition. An upper gauge space (T,£,) is said to be c-finite if and only

if there exist € £ such that P —UJ? [s,# 0].

We note immediately the following result.

(2.22)Proposition. Suppose that (T,£,9) is a c-finite upper gauge space. Then

there exist 1 co pointwise as n — oo.
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Proof: We have that there are t1,15,--- € & such that I' = [t,# 0]. Let

Now we can give a generalization of Proposition(2.16) in the case of o-finite

upper gauge spaces.

(2.23)Proposition. Suppose that (T,£,9) is a upper gauge space, and that

f: 5 R is ®-measurable and ®-finite. Then f is ®-integrable.

Proof: By Proposition(2.22), let 51,55,--- € £* be such that s, 1 oo. Let f, —
(f ^54) V So that f, € £1(9), f, — f and « € F($). Thus by the

Dominated Convergence Theorem (2.14), we have f € £!(9) as required. C]

In the o-finite case we have another characterization of M(®).

(2.24)Proposition. Suppose that is a o-finite upper gauge space. Then

M(®) is the smallest o-field containing all ®-null subsetsofT' andmakingall elements

of £ measurable.

Proof: Let F be the smallest c-field containing all $-null subsets of I" and making
all elements of £ measurable. Now clearly 7 C M(®).

Suppose that f € £!(9). Then by Definition(2.11) and Proposition(2.10) there

exist s1,82,-++ € £ such that s, — f ®-a.e. Suppose s, — f outside the ®-null set E.

Let $4 — and f=Ir\gf. Then s, is F-measurable, therefore so is (since

S, = sp ®-ae.). But 5, — f so f is F-measurable. Therefore f is F-measurable

(again since f = f $-a.e.). We have shown therefore that all ®-integrable functions

are J-measurable.

To complete the proof suppose that 4 € M(®). We have to show that A € 7.

By Proposition(2.22) let € £* be such that s, 1 oo. Now 14^54 € L1(®) by

the definition of ®-measurability (Definition(2.15) and (2.18)). Thus by abovel4 As,
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is F-measurable and so by letting n— oo we see that 14 is Z-measurable. Le. A €

as required. N



CHAPTER 3: VECTOR-VALUED INTEGRALS

§3.1 DEFINITIONS

In this chapter we shall apply the theory of upper gauges given in Chapter 2 to

the following extension problem. We are given a set I' with a Stone lattice £ on it,

an F-space X, and a linear map J:£ — X. We require an extension of J to some

‘L'-closure’ of £ (i.e. a closure with respect to an upper gauge). In order to do this we
shall have to place restrictions on J and X. The restriction on X is that it must be a

C-space, a concept that we shall now define. (This restriction is necessary in order to

prove that property (4) of Definition(2.1)(b) is satisfied by our upper gauge.)

(3.1)Definition. A C-space is an F-spaceX such that if 2;,25,--- € X aresuch that

the set

(Y € a4 € F and

(where F denotes the scalar field) is bounded in X, then z,— 0 in X. Og

We note that any closed subspace of a C-space is also a C-space. The spaces that

we are interested in, namely L? (0 € p < oo) basedon a probability space, will, in §3.7,

be shown to be C-spaces. Not all Banach spaces are C-spaces (consider for example

L*? in Proposition(3.20), also the sequence space cq is not a C-space). However all

Hilbert spaces are C-spaces. We give here an elementary proof of this fact.

(3.2)Proposition. Suppose that is a Hilbert space. Then isa C-space. Infact if

P Il <c
wheneverr€ and ny < -+- < n,, then z,, — 0.

Proof: By thinking of H as a real space with the inner product

suppose that 7H is a real Hilbert space.



Suppose that y € H and N € Nsg. Then take ny < < n,. to be the

elements n of {1,...,N} such that (z,,y) > 0. We have that pO CE E

EE 7 ERU CERT CET RF

Similarly $77 i(z4,y)- « c||y|, and thus adding this to the previous formula gives

y)| € 2e||y||. Thus we have that

(1) CE] as n — ooforally€H.

Now suppose for a contradiction that z, -» 0. Then there exists ¢ > 0 such that

> € for infinitely many n. Define ny < ny <... inductively as follows: let n

be such that ||z4,||2e, given n1 <++ < with k > 1, take

such that |[z4,]|2€ and |(z«,,24,)| « 2^* for j < k. We have

r

> ey > "n
IEG IS k=j+1

3j=1
<1.

Therefore

=2» BT2 >CE1Xj«k&r

Letting r — co gives the required contradiction.
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(8.3)Definition. Suppose that X is a real C-space. Then an integral space

is a triple (I',£,J), where T' is a set, £ is a Stone lattice on and J: £ — X is linear

and satisfies the following.

(1) l|u| s) is à bounded subset of XX for all s c £7.
(2) € €, 54,|0 pointwise —5 J(s,) — 0 in X.

J is then known as an X-valued preintegral on We shall say that (T,£,J) is

c-finite if and only if T — z 0] for some € £. N

These axioms correspond to those of Bichteler for an stochastic integrator in

[Bi2]. We shall now suppose unless otherwise indicated that X is a real C-space, and

that (T,£,J) is an X-valued integral space. Also in order to construct an upper gauge

we shall suppose also that A’ comes equipped with a (translation invariant) metric p.

§3.2 THE UPPER GAUGE CORRESPONDING TO J

(3.4)Definition. £?. denotes the set of all functions u:I— R* such that there exist

$1,82,-++ € ET such that s, T u pointwise. Now define 9: Ed

FT=sup{p(J(s))|s€& |s|<u}, RT oy

«uc £5. ), when f:T — RT.

(It is clear that the first formula defines an increasing function 6; on £^ , and thus
inc

the second formula extends the first. So we see that the definition of ®;is consistent.)
Again we put = when f:T — R.

(3.5)Theorem. is an upper gauge on (T,£).

In order to prove this we shall require the following result, which is of interest

in its own right. First note that it is clear that ® is increasing; i.e. it satisfies (2) of

Definition(2.1)(b).



inc
(3.6)Proposition. € EF,w:T — Rt andu,, pointwise, then u € £*
and $;(u,)T

Proof: For each k = 1,2,..., take € such that 7 ug as n — co.

Let 54 — 51,4 V 85,4. So 54 € £*, and it is easy to check that s, 1 u. SEES E
Now suppose that 0 < ¢ < ® Then by definition there exists 1 € £ such that

t|€ v and p(J(t)) » c. Put t4 — V(—s4). Then t, € £ and [t4|€ s € us.
EE E [tt # 0] N # 0] = we obtain that t= As, T

Therefore applying (2) of Definition(3.3) to the decreasing sequence — we

obtain that — J(¢*)in X. So J(t4) — J(t)inX. Thus e(J(t«)) — p(J(t)) » c,

and so there exists no such that p(J(i4,)) » c. But for n 2 no, we have that

LM ES P » cfor all n 2 no. 1 s(n) now

M

Proof of Theorem(3.5): We have to prove that (1), (2), (3) and (4) of Defini-

tion(2.1)(b) hold.

(1) Suppose that

Definition(3.3) .A is bounded in X'. Thus $ =sup,4p(Az) — 0 as A|0.

(2) This is easy.

(3) FirstIclaim that

(1) $7(s -t) € 95(s) 4 95(t) for all s,t € £*.

Suppose that u € £ is such that |u| < Let v = (uA s) V(—s) and w 2 u— v. So
ES J(v)+J(w), and so

e(J(u)) « p(J(v)) -- p(J(w)) € 4- (1) now follows from the definition of

[NR

NextIclaim that

$;(u v) € 9;(u) 4 95(v) ORTd
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Take € £* and € £* such that s, 1 u and t, Tv. Then by (1),

< +@5(t,). Let n— oo and use Proposition(3.6) to give (1).

Now suppose that fi, — RT. Then we have to show that

Tl

Clearly we may suppose that the right hand side is finite. Given ¢ > 0take v, € &*
such that f, < un and < @5(fn) + £27^. Then

N
=Fu $;{»3 (by Proposition(3.6))

ny
€ lim — (by (D)

<>[X079 T E.

LL

And thus (*) now follows.

(4) Suppose that s; < s; < ... in and sup, — 0 as XA | 0. Let

u =lim,_,o 8, SO u € E Now $;(u — s4) decreases as n increases. Iclaim

$;(u— s4)|0. For suppose not. Then there exists ¢ > 0 such that RCT
for all n. By Proposition(3.6) it follows that for each n, ® — ME
as m— oo with m » n. Thus we must have that for each n, there is an m » n such

that — 54) » &. Using this take n « na « ... such that

for k — 1,2... . By the definition of 6; there exists for each k, a € £ such that

tk] < — $n, and >. Let 2 = so » €, and put

N € € }.
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Iclaim that A is bounded in X. Forif z = Sp, € A < an < 1);

then z = J(t), where t = Sot € £ and € »» < Therefore

for A > 0, we have that p(Az) — p(J(At)) < and so ARES

sup, — A|0. Thus Ais bounded. But X is a C-space; therefore z), — 0

as k — oo, which gives a contradiction, since > ¢ for all k. O

§3.3 THE INTEGRAL AND THE CONVERGENCE THEOREMS

We can now use this upper gauge to extend J to a larger space than £.

(3.7)Definition. Let £!(J) denote Then f... dJ: £1(J) — X is the unique

linear map extending J and satisfying:

foralfeZ(J)

Consistency: (f) implies that f... dJ:£1(J) — X is continuous (with the topology

given by 97) and therefore it is unique if it exists (since £ is dense in £1(J)). To prove

the existence of dJnote that p(J(s)) < s € £ by the definition of $ ;.

So J:£ — X is continuous when £ has the topology given by $;. Therefore (using

approximating sequences and the completeness of X) there is a continuous linear

extension of J to £L(J). To prove (1), suppose that f € and take € £

such that — f) — 0. Then J(s,) — f f dJ. But

n— oo to give (1). |

Now using the Monotone Convergence Theorem (2.13), the Dominated Conver-

gence Theorem (2.14), and the fact that $j(f, — f) 2 0 —(by (1) of Definition(3.7)), we have immediately the
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(3.8)The Monotone Convergence Theorem.

Suppose that € L*(J) are such that 0 x fi < fo» < ... and

sup,®7(Afn) — 0 as A|0. Then there exists an f € C!(J) such that f = sup,, fn
9 — f.) —^ 0 and f > [fd]inX. []

(3.9)The Dominated Convergence Theorem.

Suppose that fi, € iT R, fn — f as n — oo, and

for some non-negative g € |fn| < g ®s-a.e. for all n. Then f € £1(J),

— f) ^0 and [f, dJ —^ f f dJ in X. M

We shall need the following result in the next chapter.

(3.10)Proposition. Suppose that X is a C-space and that (T,£,J) is a c-finite X-

valued integral space. Let F be the smallest o-field making all the elements of £

measurable. Then the following hold.

(i) f E CT is ®;-null then there exists an A € F such that E C A and A is

9;-null.

(ii) is the set of subsets E ofT'such that there exist A,B € F such that

andB\A is ®

(iii) If f:T — Rí(resp. R) is 9;-measurable then there exists F-measurable function

g:T' — R(resp. R) such that f — g ® j-a.e.

Proof:

(i) We have that 9;(1g) — 0, and so by Definition(3.4), there exist ON
such that 1g x u, for all n, and $;(u,)|0. Now since u, € £* We have that wu, is

F-measurable. Let 4 =RS A€ FandEC A. But1, < Un, and so

9;(14) € Let n — oo to give that $ ;(14) — 0 as required.

(ii) Letting G denote the set described in the statement, we have to show that Q —
M($7). We know by Proposition(2.24) that is the o-field
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and the 9;-null subsets of T. Now G C since if E € G, take A and B as in

the statement. Then E is the union of A € 7 and the 6;-null set EVA. To prove the

reverse inclusion note that § is a o-field and that 7 C G. We have only to check that

G contains all the subsets of I'. Now if E C T' is ®-null then by (i) there

exists B € F such that E C B and Bis ® Take 4 = @ to show that E c C.

(iii) Let R = R(resp.R), and let C be a countable class of subsets of R that

as a o-field, the Borel o-field of R. For each C € C, by (ii), let Ac, Bc € F be such

that Ac C f71(C) C Bg and is Let E = Ucee(Bo\Ac); so Eis a

© element ofF (since C is countable). Define g:T' — R by

f(z), fre TAE,
cy zi| if ze E.

Then g = f Now for each C € C, g7}(C) = Ac\E € Fif 0 ¢ C, and

BcUE € £F if0c C. Le. g(C) € F for all C € C. Now because C

generates the Borel c-field of R, this gives that ¢ is F-measurable as required.

§3.4 INDEPENDENCE OF THE CHOICE OF METRIC ON X

Now we have supposed that our C-space X comes equipped with a metric p. We

now consider the effect of changing this metric. The following result shows that things

are not changed too much.

(3.11)Proposition. Suppose that X is a C-space and that p and p! are two transla-

tion invariant metrics for X. Suppose that J) is an integral

and ®; denote the upper gauges defined using p and p' respectively. Then for all

€ 7 0 there exists ó » 0 such that

=
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and vice versa (i.e. the result of interchanging the roles of ®; and $'). Thus 9; and

give the same topology on RT, and so = and £!($7) =

This will follow from the following result by putting — X, T to be the identity

and taking px and py to be p and p' respectively.

(3.12)Proposition. Suppose that X and y are(C-spaces with translation invariant

meírics px and py respectively, and that T:X — is linear and continuous. Suppose

that is an X-valued integral space. Then TJ is a Y-valued preintegral on

(T',£), and foreach & » 0, there exists a § > 0 such that

$;(f) «6 «c.
Thus£($5) C C £(TJ),andT f f4J — f f d(TJ)forall f €L1(J).
Proof: Using the continuity of T it is easy to show that TJ satisfies (1) and Poi
Definition(3.3) and is hence a Y-valued preintegral. By the continuity of T we can

take dg > 6; > +--+ > 0 such that §,,|0 and

(1) px(z) < bp =

Now define — R* by

0, ifA-0,

27", «A « &,

em P= óp.

Then py(Tz) « 6(px(z)) for all € X, and 6 is increasing and right continuous. Now

Iclaim that $7;(f) « for all :T — R*. Consider first uv € £^ We have



|s€ £,

&sup(6(px(J(s))) |s€ |s| &u)

(since 0 is increasing).

For a general function f:T' — RT, take €
1nc such that uw, > f and

|$;(f). Then € « by above. Now let n — oo

and use the right continuity of 6 to prove that < Thus

which gives the result as required.

§3.5 EXAMPLES AND ALTERNATIVE CHARACTERIZATIONS
OF X-VALUED INTEGRAL SPACES

We have the following characterization of X-valued preintegrals.

(3.13)Proposition. Suppose that T' is any set, £ is any Stone lattice on D,Xisa

real C-space and that J:£ — X is linear. Then J is a X-valued preintegral on (T',£)

if and only if

(T) € £, sp — 0 pointwise and |s,| « t € £* for all n. —
Proof: The ‘only if’ part follows from the Dominated Convergence Theorem (3.9).
For the ‘if’ part suppose (1) is satisfied. We have to show that (1) and (2) of Def-

inition(3.3) hold. (2) is easy; we consider (1). Thus suppose that s € £* and let

A-—i(J(u)uc£, l|u| € s). We have to show that p(Az) — 0 as X|0;

so suppose not. Now sup,c4p(Az) = sup(p(J(u))|u € £, |u| < As }, which de-

creases as A > 0 decreases. But since this does not tend to zero as À |. 0, it. must be



greater than ¢ for all A > 0 for some ¢ > 0. Taking A = 1 we have that there exists

un € such that |un| < +s and > e. But by (1) (with s as t) we have that

J(u4) — 0 which is a contradiction. 4d
The following is analogous to the Riesz representation theorem.

(8.14)Theorem. Suppose that T is a locally compact Hausdorff space, X is a real

C-space, and that J:Co(T') — X is linear and continuous. Then (T,Cy(T),J) is an

X -valued integral space.

Note. Here denotes the Banach space of all continuous functions, f:T —
that ‘vanish at infinity’ in the sense that for all ¢ > 0 there exists a compact subset

K ofIsuch that |f| « € outside K. Co(T) has the supremum norm.

Proof: Let £ = Co(T); then £ is a Stone lattice on T. We have only to check (2)

of Definition(3.3); so suppose that s,|0 pointwise in £. Given e » 0 there exists a

compact K C I' such that s; « ¢ outside K. Now [s, « &] is open and [s, « e] 1 T. So

by the compactness ofK there exists an ng such that [s,, < ¢] 2 K. Thus 0 < s,, < ¢

on I' for all n > ny. Hence s, — 0 uniformly, and therefore by continuity of J,

O

(3.15)Proposition. Suppose that T' is any set and that € is a Stone lattice on T

consisting of bounded functions and such that the constant function 1 is an element

of €. Suppose further that X is a real C-space, and that J:£ — X is Linear, and

continuous when £ has the supremum norm. Then

81,89, €ET, 5,10 = lim exists in A.
n—oo

If the limit must always be zero then we see that (T,£,J) is an X-valued integral
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Note. The continuity of J is equivalent to (1) of Definition(3.3).

Proof: We construct a compact Hausdorff space n a way similar to that used to

construct the Stone-Cech compactification. Define j:T' — RE by j(z). — s(z). Give

R^ the product topology and let K = j(I'). K is a closed subset of llall]

(where ||s]| supr |s|), and thus we see that K is compact Hausdorff. Also we have

that j mapsIinto K with dense range.Iclaim that the following are true.

(i) For each s € £, there exists a unique à € C(K) such that s =

^

(iii) If s tin£ then 8 «f.

)

(i) The function s — à:£ — C(K) is linear.

)

)(i

To prove (i), define 5:K — R by § = where 7, is the st} projection from R¢ onto

R. (ii), (iil) and (iv) now follow from (i).

Let £ = € £}. Then £ is a vector sublattice of C(K) containing the

constant functions. Also it follows from the construction of à as 7,Ix, that £ separates
the points of K. By a well-known theorem, such vector sublattices of C(K) (i.e. those

separating points and containing the constant functions) are dense in CFem
that their closures are subalgebras and apply the Stone-Weierstrass approximation

theorem or otherwise.)

Now since £ is dense in C(K) the mapping 8 — J(s):£ — X (s is determined

by $ by (i)) extends (using (iv)) to a unique continuous linear map J:C(K) — X.

By Theorem(3.14), (K,C(K),J) is an X-valued integral space. Now suppose s,,|0

pointwise in £1. Then $, decreases as n increases. Let u — Then by the

Dominated Convergence Theorem (3.9), J(s,,) — J(8,) —ETEf and thus

(ERSTER OO

83.6 THE NECESSITY OF THE C-SPACE CONDITION

We shall now show that our assumption that X is a C-space is necessary.



(8.16)Theorem. Suppose that X is a real F-space such that whenever is an

integral space (ignoring the requirement that X be a C-space), the function

® (RT) — defined by Definition(3.4) is an upper gauge on (T,£). Then X is a

C-space.

Proof: Suppose that € X are such that

ai,...,an€[-1,1]},

is bounded in XY. Take I' = Ns and £ to be the set of all real-valued functions on

with finite support. Define J:£ — X by J(s) —
that (I',£,J) is an X-valued integral space.

Let sn for n — 1,2,... . Then s, 1 1, and so 1 € £?,. For A » 0,
IE and so sup, 9;(As,) — 0 as A |0 by

the boundedness of A. Thus since ®; satisfies (4) of Definition(2.1)(b) we see that

p(z4) = :Sn—1)) X — 0 as

n — oo, i.e.,— 0 as required. N

$3.7 EXAMPLES OF C-sPACEs: L? SPACES

Throughout this section we shall assume that (Q,F,P) is a probability space.

It remains to give the promised proof that LP(Q2,F,P) is a C-space for 0 < p < oo.

This is required in order to apply the results of this chapter to the theory of stochastic

integration in the next chapter. The proof we shall give is based on one given in

Rolewicz [Ro] (see Proposition To give that proof we shall need to use the

Rademacher functions on [0,1].

(8.17)Definition. The Rademacher functions are the functions R

defined by = O



Thinking about this definition we see the Rademacher functions are ‘square

waves’. It is best to think of as independent identically distributed random

variables on [0,1] (with Lebesguemeasure as the probability measure), the distribution

being that taking £1 with equal probability 1/2. Thinking in this way we see that

72)s: where $ runs over all finite subsets of N49, is an orthonormal set in

L?|0,1]. In fact it is complete, although we shall not need this fact. We give now one

half of an important result for Rademacher functions.

(3.18)Theorem (Khintchine’s Inequality).

Let R be the real vector space spanned by the Rademacher functions. Then if

0 € p € oo and R is given the topology inherited from L?[0,1], the inclusion map

R — L?|0,1] is continuous. For 0 « p & oo this meansthat there is a constant

kp € (0,00) such that for allN and all a1,...,aw € R we have

N WE T D 1/p

d Ji M .
LEM

Proof: Since the inclusion L? — L? is continuous, we may assume without loss of

generality that p = 0. Suppose that f = € R. For A > 0,let A =[|f| > }],

and n = pA, where denotes Lebesgue measure. LetIdenote [0,1]. We have that

pi

2
A

[d E<IKN
n

EDS Xn1

V InRTEh = 0 if k [ by the orthonormality of the
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n

Ln

(by the Cauchy-Schwarz inequality).

Now by Bessel’s inequality and the fact that is orthonormal, we see that

— < = 5. But also we have that
2.2 _ 1 2 2 ~~ :

a2) . So we obtain that

N
X a;

n=1

Now given ¢ > 0, take 0 < A < ¢. We have shown that

= where n= > A].

But as f — 0 in L?, y — 0. Therefore there exists a 6 » 0 such that MAP rap

f € E such that po(f) « 6. This gives the required continuity. m

(3.19)Theorem. For 0 € p « oo, is a C-space. In fact if Xi,X2,--. €

LP(Q,F,P) are such that the set PT
[-1,1]] is bounded in L?. Then the following hold.

(ui) X, — 0 a.s. and in L7.

Note. Here we are assuming that p « oo. This is necessary (see next result).

Proof: Consider first the case when p > 0. There is a constant C € (0, 00) such that

< C forall Y € A. Now by Theorem(3.18), we have for v € Q, that

P» <k,( 2029CMn=1

46



Raise both sides to the power p, integrate with respect to w, and interchange the order

of integration on the right hand side togive that

p

EET UE,
H

< Cdt=0

Now let N— oo and use the monotone convergence theorem to obtain that

E p/2

/ Y x]
T po

So parts (i) and (ii) now follow. For part (iii), let ¥ = xiy^, Then |X4| €

Y € LP, and so |X,|[? « Y? € Now X, — 0 a.s. Therefore the dominated

convergence theorem gives that [, |X,|PdP — 0 as required.

Now we consider the case when p = 0. Letting F =>,X2zoo] bC
show that P(E) = 0. Suppose not and take § such that 0 « 6 « P(E). We shall

use po to denote the metric on L%(Q,F,P) as usual, but use po for the corresponding

metric on L°[0,1]. Let R denote the real linear span of the Rademacher functions as

in Theorem(3.18). By Theorem(3.18), there is an x » 0 such that

ANIGE 1

For v» € f), let fy, —» so fw,, € R. Now since .A is bounded in L9,
there is a A > 0 such that

(1) po(XY) « né forall Y € A.

Now as N— oo, b» 2 E. So there is anNsuch that

> > 6. Let A= X2 > Then forw € 4,

So from (t) we see that poCe > 1. We have thus proved that

14(w) < ho



Integrate with respect to w to give that

H ACOREY
Dp

SES -(by interchanging the order of integration)
1 i

X -—n n6dt

(by (1) since» € A for each t)

—6.
So we have shown that P(A) « 6, which is a contradiction. Thus P(E) = 0 and we

have proved part (i). Parts (ii) and (iii) are now easy in this case. D

Concerning the case p — oo we have the following result.

is a C-space if and only if it is finite dimensional.

Note. It follows from this proposition and Theorem(3.16) that L*? can not be used

as à range space in this theory of vector-valued integrals. We shall not therefore be

able to define L*?-integrators.

Proof: We say that A € F is (P-)atomic if and only if P(A) > 0 and there does not

exist B € F such that B C A and 0 « P(B) « P(A).Iclaim that either

(1) f 2 Ai U--- UAw for some pairwise disjoint atomic FIER EE
Or

(2) There exist pairwise disjoint 41,43,--. € 7 such that P(A4) » 0.

For suppose (1) does not hold. Then (1is not atomic. Thus we can write Q —
with B; € F disjoint, and > 0. We can not have that both À; and

B; are finite disjoint unions of atomic sets; therefore without loss of generality is
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not such a union. with as {) to give By = Ay UB, with A,, € Fdisjoint,

P(42),P(B2) > 0, and B; not a finite disjoint union of atomic sets. Continuing by

induction gives A;, as in (2) and thus proves (2).

If (1) holds then let G denote the set of unions from {41,...,AN}. So G is the

c-field generated by (41,...,Aw). We have that for all F € F there exists an 4 € G
such that P(FA A) = 0. Thus L* is spanned by the subset {14,,...,14,}. Le. L®
is finite dimensional.

If (2) holds then put X, —14,. So (Y € Noo, €

is bounded in But = 1 for all n, and so X, -» 0 in L*?. Thus

L*? is not a C-space.

Thus if L?? is à C-space, it must be finite dimensional. The converse is CAM

since any finite-dimensional real vector space is a C-space. N



CHAPTER 4: THE STOCHASTIC INTEGRAL

84.1 THE SETUP AND DEFINITIONS

(4.1)Definition. Suppose that (£2,F,P) is a probability space.

(a) A filtration on (Q,F,P) is a family of o-fields such that F; C Ffor all

and F, C foralls <tin
(b) A filtration on 7,P) is said to be right continuous if and only if

LIO

(c) A standard filtration on (€),F, P) is a filtration (J1);eg« that is right continuous

and such that each F; contains all the P-null sets in 7.

(d) A standard setup is a quadruple (Q,F,P, such that 7,P) is a com-

plete probability space, and (F;);cg+ is a standard filtration on (Q,F,P) m

Throughout this chapter, and most of the rest of this thesis, we shall assume

that is a standard setup. The intuitive idea behind this definition

is that t € R^ represents time, and that 7, is our knowledge at time t. This increases

as time ? increases. The condition that the filtration is right continuous is just a

convenient condition to make the mathematics more pleasant. We shall use £? and

L? to denote C?((), and L?(Q,P) respectively.

Before we continue we should comment on a convention that we shall use. Given

a function X:R^ x (€) — A for some set A, we will consider X also as a function

X:R* — A? by putting X(t)(v) — X(t,v). It is convenient also to write X, for X(t)

(this is standard practice in the theory of randomprocesses). Thus X can be regarded

three things: a family of functions from (2 to A, a function — 4% and

a function X:R* x 0 — A. We shall use a similar convention for functions defined on

the set x Q.

We can now make some more definitions.
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(4.2)Definition.

(a) A function X:R* x (à —R (resp. X:R** x € — R) is said to be an adapted

process or just a process if and only if X; is for all t € R* (resp.

t € We shall assume throughout that all processes are adapted. An

L?-process is a process X such that X; € L? for all t.

If X:R* x 0 — A or X:R** x à — A for some set A, then the functions

(t are known as the paths of X.

A cadlag process (resp. continuous process) is a process X:R* x Q — R for

which all its paths are càdlàg (resp. continuous). (See (1.4) for the meaning of

cadlag.)

A lddcdg process is an process X:RTT x — R for which all its paths are ladcag.

(See (1.4) for the meaning of làdcàg. Note in particular that this insists on the

existence for each c of X.(w) for all 1 € R^ including t — 0.)

For each cadlag process X, X_ denotes the ladcag process given by =

= limpsXo(w). For each ladcag process X, X, denotes the càdlàg

process given by = = lim,X;(w). The two operations X

X_ and X — X. are mutual inverses (see (1.4)).

Given two process X and Y we say that X and Y are indistinguishable if and

only if the paths ? — X,(w) and t — Y;(w) are the same for a.a.w. A set

E C R* x Q is said to be evanescent if and only if it is a subset of a set of the

form R* x Fwhere F C Q is P-null. So we see that two processes X and Y are

indistinguishable if and only if [X # Y] C R* x f) is evanescent.

If x Q — R, then we define x 0 — R* by VIR
where the supremum is evaluated pointwise on Q. Similarly if x Q —

EoIP
authors omit the modulus sign from the definition of X*. u
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1. As in (c) and (d) above we shall use the convention that an adjective such as

‘left continuous’, when applied to a process, refers to the paths.

2. If X is a cadlag (resp. ladcag) process, then X* is real-valued and is a cadlag

(resp. ladcag) process. (In order to see that X; is J;-measurable, note that the

supremum can be replaced, by the right (resp. left) continuity of X, by a supremum

over the countable set NQ) U {¢} (resp. NQ).)

3. Indistinguishable processes are to be thought of as the same process. We shall

often write X = Y when X and Y are indistinguishable processes. This should not

cause any confusion. (This is part of a general philosophy of ignoring P-null

(4.3)Definition.

(a) A previsible rectangle is a subset of R** x Q of the form (s,t] x F, where 0 «
F€F,.

(b) The previsible c-field P is the c-field on R** x Q generated by the set of all

previsible rectangles. Elements of Pwill be called previsible sets.

(c) A previsible process is a function X:R** x 0 R that is P-measurable. (Since

a previsible process is adapted it is acceptable to use the term ‘process’ here.)

m"

(4.4)Proposition.

(i) Every left-continuous adapted process X:R** x is

(ii) P is the smallest c-field making all the làdcàg processes X:R^*^ x 0 — R mea-

surable.

Proof:

(i) The function (t,w) — previsible when 0 € a « b « oo and

C is a real-valued 7,-measurable random variable. (Take C as a limit of simple
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random variables.) For a general left-continuous adapted process X:R** x Q — R,

P (ON

= > )
k=0

Then X(™ is previsible and X(™ — X pointwise. Thus X is previsible.

(3) Let € denote the smallest c-field making all làdcàg processes X:R^* x Q — R

measurable. Now since all such processes are previsible by (i), it follows that C 7.

For the reverse inclusion suppose that is a previsible rectangle. Then 1g is a làdcàg

process and therefore is §-measurable. Thus R € C, and since the previsible rectangles

generate P, it follows that P C C as required. 0

(4.5)Definition. We shall denote the real vector subspace of RR^^x? spanned by

(1n)n, as E runs over all the previsible rectangles, by £. Elements of £ will be known

as elementary previsible processes (note that all such objects are previsible processes).

Equivalently we see that £ consists of the processes X:R** x Q — R of the form

g ON
k=0

wherer € N,0=1) <--- < t, < fork = 0,... ,7—1, Ck is a simple real-valued

random variable.

We shall again use £^ to denote the set of elements X of £ such that X > 0.

As in Chapter 3, £7. will denote the set of F:R** x Q — R* such that there exists a

sequence (X4), in £* such that X4 f F pointwise. All elements of £*‘nc are previsible,

since they are pointwise limits of elements of £. []

$4.2 THE STocHAsTIC INTEGRAL

Our aim is to define an integral[X dS when S is a suitably nice càdlàg process,

known as an integrator, and X a suitable previsible process. To do this we need to
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introduce an upper gauge on the set R** x (1. It is easy to see that £ is a Stone lattice

on x §. Ingiving the definition of an integrator it is convenient to define it as an

L?-valued function. We shall see in the next chapter that this leads to a (pathwise)
càdlàg process.

(4.6)Definition. Suppose that 0 € p « oo and that S:R* — LP? is a vector-valued

function that is adapted in the sense that 5, (meaningS(t)) is for all ¢ €

R^. Then the linear map f... d$:£ — L? is defined by f X d$ — -

Su), when X € £ is given by (1) of Definition(4.5). It is easy to check that this is

For X € £, define also f;X dS = [1,9,XdS for all t € R*, and define an

adapted function — L? by (XS), = XdS. M

(4.7)Definition. Suppose that 0 € p « oo. An is a vector-valued

adapted function S:R* — LP that satisfies the following condition.

(1) € £, — 0 pointwise, and « Y € £* for all n, then

UP L?.

E right continuous, since as we

shall see (Corollary(4.18)) it will follow from the above definition that they are cadlag

as LP-valued functions.

Now we see, from Proposition(3.13), that an adapted function — LP is

an L?-integrator if and only if f... dS is an L?-valued preintegral on E
Thus from Definition(3.3) the following result follows.

(4.8)Proposition. Suppose that 0 < p < ©. A vector-valued adapted function

S:R* — LP? is an L?-integrator if and only if the following hold.
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(1) For each t € R*,I... dS:€ — L? is continuous when £ is given the supremum

(2) € €, X4,|0 pointwise —» [ — 0 in

Another characterization of LP-integrators will be given in $4.5.

. By applying the work of Chapter 3 to the LP-valued integral space (RTF x Q,¢&,

J... dS), the stochastic integral with respect to an LP-integrator can now be con-

structed. We thus make the following definition (cf. Definition(3.4)).

(4.9)Definition. Suppose that 0 < p < co and that S is an LP-integrator. Then

define ®%: _, Rt by

€&, |X|<F} forall Ir

PL(X)=inf{®L(F)|X<Fe&l.} forallX:R**^xQ—RT.

"
The following two results follow at once from Theorem(3.5) and Proposition(3.6).

(4.10)Theorem. Suppose that 0 € p « co and that S is an L?-integrator. Then

(RT* x is a o-finite upper-gauge space. O

(4.11)Proposition. Suppose that Fy, € £5, F:RT x Q — R* and that

F. 1 F pointwise. Then F € £i, and for each L?.integrator S (0€ p « oo),

$5(F.) 1 95(F). =
The following follows from Proposition(3.10) (observing that P is the smallest

making all the elements of £ measurable).
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(4.12)Proposition. Suppose that 0 < p < co and that S is an LP-integrator. Then

the following are true.

(iIfECRT" x Q is ®%-null, then there exist an A € P such that E C A and A

is 95-null.
M(9*) is the set of subsets E ofR** x Q such that there exist A,B c P such

that A C E C B and is

(iti) If X:R** x Q0 — R(resp.R) is ®%-measurable, then there exists a previsible

x Q — R(resp.R) such that X =Y

Suppose we have an L?-integrator S. Then the obvious definition for the set of

processes integrable with respect to S is However it is more convenient to

restrict to the previsible processes in this set. This causes no real loss of generality

because of Proposition(4.12)(iii) above. Thus restating Definition(3.7) in this special

case; we give the following definition of the stochastic integral.

4.13)Definition. Suppose that 0 € p « oo and that S is an L?-integrator.g
a) C!(S, L?) will denote the vector space of all previsible elements of £1(®%). TheE

(L?-)stochastic integral is the unique linear map PE

tending the linear map [... dS:& — given in Definition(4.6) and satisfying,

(1) PpMEZ) 200 uM

We note here that by Proposition(2.23) that L?) consists of the previsible

elements of

(b) A!(S, L?) will denote the vector space of all previsible processes X:R^* x

R such that gxnX € £!(S,L?) for all t € R^. For each X € A!(S,L?),

define f!X d$ — dS for all t € R^. Also define X*5:R* — L? by

(XS), = X dS. M



It is convenient just to note that a consequence of (1) of Definition(4.13)(a) is

that. f... dS:C!(S,L^) — L? is continuous (with the topology on £!(.,L?) given by

. $7). This is just what we used in its definition in terms of a limit.

We shall be mainly interested in the case when p — 0, since this gives the biggest

class of integrators and classes of integrable processes as we shall now see.

(4.14)Proposition. Suppose that 0 q «€ p « oo and that S is an LP-integrator.

Then S is also an L*-integrator, LP) C and the two definitions of

4S agree on C!(S,L?). Furthermore we have that for each & » 0 there exists a

6 > 0 such that ®%(X) < ¢ whenever ®%(X) <

Proof: Apply Proposition(3.12) with (R** x Q,£,f... dS) as (T,£,J) and the in-

clusion L? — L? as T:X y. Od

Note.

1. From their definitions in terms of C!(S,L?), C1(S, and f ... dS, we see that

L?) C A!(S,L*) and the two definitions of X*S agree for all X € L?).

2. By taking 0 in the proof of Proposition(3.12) to be identity when q — 0, and

À e AG^O/^P) when 0, we can see that actually « if

q » 0, and $$ « $7 if q —0.
(4.15)Notation. FromProposition(4.14) above we can see that the case p — 0 gives

the most general definition of stochastic integration. In view of this we shall use the

term ‘integrator’ to mean L’-integrator, and when S is an integrator, we shall denote

£1(S,L*) and A!(S, L^) by £1(S) and A!(S) respectively. O

84.3 THE CONVERGENCE THEOREMS AND OTHER PROPERTIES

Using the Monotone Convergence Theorem (3.8) and Dominated Convergence



Theorem (3.9) of Chapter 3 we get immediately the following versions of the conver-

gence theorems.

Monotone Convergence Theorem.

Suppose that 0 € p « oo, S is an L?-integrator, x 0 — R*
are previsible and satisfy 0 < X; < X, < ..., and sup,®%(A\X,,) — 0 as A |0.

Then € and there exists X € C!(S,L?) such that X — sup,X,

— X) — 0, and [X, dS — [X dS in LP. "
Dominated Convergence Theorem.

Suppose that 0 € p « oo, S is an L?-integrator, €

X:R** x € R such that X, — X pointwise, andfor somenon-negativeY € F(®%),

€ Y for all n. Then X € C(S,L?), -X) —0, and [ — [ X dS

N

4.18)Corollary. If 0 € p « co and S is a L?-integrator, then as a vector-valued&

function, S:R* — L?, it is càdlàg.

Proof: For each t € RT, $; — Sy -- dS. So by the Dominated Convergence

Theorem (4.17) (with Y — for some b € R*) we have for tj € R* that

St — Si, in L? as t|to (use a sequence of values for t). Similarly if 0 « ty « oo, then

— +JR TR dS in L? as t T N

(4.19)Proposition (Linearity in the Integrator).

Suppose íhat 0 € p « oo, R and S are L?-integrators and that c R.

Then aR + 8S is also an L?-integrator, C'(R,L?) n £!(S,L?) C L'(aR+ BS,LP)

and A'(R,L?) AY(S,LP) C +BS,LP). For each X € LP),
X d(aR+8S) =a [X [XdS. For cachX € L?),X-(aR+

85) 2 o(X*R) 8(X*S).



Proof: Put T = aR+35. It is easy to check that

(1) JXdT =a forallX€&.

It is easy to verify using (1) that T is an L?-integrator. Let $ — 47^ + ®%. Then

is an upper gauge on P EET L(S,LP).

Then X is previsible and $-finite. Thus we see that X € £!(®), and so there exist

€ £ such that 6(X,—X) — 0. ButlettingN € Nbesuch that |8| « N,

we have using (1) that 97. « N95,-N65 — N6. So 67(X, — X) — 0 and therefore

X € L^). Now also $5,67 « 6; so —X) 5 0and62(X,—X)— 0. But

OTI n — co we obtain that

JXdT =a [XdS. The rest of the proposition is now easy to prove. [J

(4.20)Proposition. Suppose that 0 € p « oo and that S is an LP-integrator. Then

every evanescent set E C R** x Q is ®%-null.

Thus the values of f X dS and X*S when they exist are not altered by replacing

X by a previsible process indistinguishable from it.

Proof: By definition E C R** x Ffor some P-nullsubset Fof 0. Let A, — (0,n]xF.

Thenly, € £ and 14, € EF Now for each X € £ such that

|X| we have that [X dS = 0 outside the null set F,and sop,([XdS) = 0.

Therefore taking the supremum gives that ®%(1g++xr) = 0. So x F is ®%-null
and therefore so is E. m

(4.21)Theorem. Suppose that 0 € p « oo, S is an L?-integrator, and that H €

Then the following are true.

G) H*S is an L?-integrator (and in particular it is adapted).

(i) x Q — R is previsible and XH €
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(iii) IfX € L^), thenfXd(H-8) |XHd$ and (X) —
(iv) M(H*S,LP) (X |1:R** x Q5 R is previsible and XH € A!(S,L?)).
(v)IfX € then = (XH)-S.

Proof: It is clear that (iv) and (v) follow from (ii) and (iii). So we just consider (i),

(ii) and (ili). Take Hi, € £ such that ®%(H, — < =. Then

— H)) — 0 as n — oo for all t € R*. We present the proof as a

series of numbered steps.

(1) H-S is adapted and[X d(H*5) — f XHdS for all X € £.

Proof: Clearly — (H*5), in L?, and since (H,*S), is (by

inspection), it follows that (H*5), is also J;-measurable. Thus H*S is adapted. For

the second part, we need only by linearity, consider the case when X = 1g, where

R is a previsible rectangle (s,1] x F (0 € s « t « oo and F € 7,). In this case-[1rH,dS = 1p — Now let n — oo, observing that both sides

converge in L?, to give that dS = 1p((H*S); — (H*S),). But the right hand

side is just. f 1nd(H*S), and so (1) is proven.

From(1) it follows that H*S is an L?-integrator (use the DominatedConvergence

Theorem (4.17) to verify (1) of Definition(4.7)).

(2) If K1, € L?) and X € &, then — .,(X)| « —

K,)).
Proof: For each Y € £ such that |Y| < |X|, we have by (1), that f Y —
JY — and so

0

Now take the supremum over all such Y to give that POE
CI Reverse the roles of K; and to complete the proof.
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(3) = ®%(XH) for all X € £.

Proof: Temporarily fix n. Then H, € £. Therefore as Y runs over the set (U €

< |X|}, runs over all of the set {U € £||U| < But [Yd(H,"S)

= [YH,dS, and so by applying p, to both sides and taking supremums, we obtain

$5 = ®%(XH,). Let n — oo to give the result, since —

240/078 — 0, and ol < — 0

(by (2)).

Now define 9,V: 5 R* by &(X) — 92(X|H|) and V — 92,, 4- &.
Then @ and ¥ are upper gauges on (RTF x Q,&) (to check (4) of Definition(2.1)(b)

for @, use the Monotone Convergence Theorem (2.13)).

(4) If X € C'(H-:S,L?) and XH € then / Xd(H:5) 2 [XHdS and

Proof: X is both ®%, and $-finite and is therefore also VU-finite (V — APEX
But X is previsible and thus it follows that X € £!(¥). Take therefore X;,X,,--- € £

such that ¥(X,—X) — 0. Now since 97,5,9 « V, it follows that 67,,(X,,—X) — 0

and ®(X, — X) — 0. The latter gives that $5(X,H — XH) — 0. But (1) and (3)

give that f/ X,d(H*S) =[X,HdS and that $5 = H) respectively. So

letting n — oo gives that [X d(H*S) = [XHdS and that ®%, = H) as

required.

(5) The proof of part (ii) of the theorem.

Let € ET be such that U, T co pointwise. Suppose that x Q — R

is previsible. Then X is in the right hand side of (ii) if and only if XH is ®%-finite.
This holds if and only if X is ®-finite. Thus to prove (ii) it is enough to show that

X is if and only if X is $-finite. Suppose first that X is

and put X, — (X V So X,, € XH € and

X5 — X pointwise. Now |X4| < |X| € for all n, and so by the Dominated

Convergence Theorem (2.14), we have that $7, ,(X,— X) — 0. So by (4) applied to
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Xr — Xm, we obtain that ®(X, — = — — 0 as n,m— oo. Thus by

the completeness of F(®), thereis a Y € LEON that $(X, — Y) — 0. Therefore

by Proposition(2.10) a subsequence of converges to Y 6-a.e. and so Y — X

$-a.e. We have therefore that X € as required. The converse is similar.

Now part (iii) of the theorem follows from part (ii) and step (4). Nu

(4.22)Corollary. Suppose that 0 € p « oo, S is an L?-integrator, and that X €

uU =sup{pp([Y dS) |Y €

Proof: That the right hand side of (1) is no bigger than the left hand side follows

easily from (1) of Definition(4.13)(a). For the reverse inequality note that 1X —
X € L£!(S,L?) (here 1 denotes the constant function taking value 1), and so by

= (by Theorem(4.21)(iii))

— sup os(f Z d(X*8)) |Z €€, VA «1] ur € £x.)

=sup{pp([ ZX |Z|«1) (by Theorem(4.21)(iii))

as required. M

(4.23)Proposition. Suppose that 0 € p « oo, S is an LP-integrator, and that

x Q — R is given by = 7 To

i,« oo, and for k — 0,...,r — 1, Cx is a boundedF;,-measurable real-valued random

CR

Proof: Suppose that M€ R* is a bound on the absolute values of Cs,...,C,.,. Put

PEDSeo NC
k=0
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where for k = 0,...,7—1, Ck,» is a simpleF;,-measurable real-valued randomvariable,

bounded in absolute value by M, and tending to pointwise as n — oo. Then

X(9) € £, X0? 5 X pointwise and |X?| € € £* for all n. So by the

Dominated Convergence Theorem (4.17), we have that X € C!(S, and [X dS =

[Xn dS =»Or O

§4.4 SOME RESULTS IN THE THEORY OF L°-STOCHASTIC INTEGRATION

In this section we shall be considering integration and shall prove

some results about the existence of stochastic integrals which are not generally true

for the other L? spaces. These results will illustrate the power of considering L°-
integrators. In the Strasbourg approach these would require the use of localization

(see §5.3). We shall be using the notation and terminology of (4.15). Recall also the

definition of X* given in Definition(4.2)(g).

(4.24)Theorem. Suppose that S is an integrator. Then the following are true.

(i) IfX:R** x Q — R is a ládcàg process, then X € A!(S).

(ii) For every b € R** and & » 0, there exists a 6 » 0 such that §) <e

for each làdcàg process X:R** x € — R such that po(X}) <

Note. A net PSPof ladcag processes is said to converge uniformly inprobability to

a làdcàgprocessX on (0,5] x if and only if po — 0. Thus part (ii) shows

that in this case TO — X)) — 0, and hence alsoIN hPen

in probability.

Before proving this we need a couple of lemmas.

(4.25)Lemma. Suppose that S is an integrator, X € &Finc , and that [X # 0] C

R** x F, where F € F. Then ®%(X) < P(F).

63



Proof: Y € & is such that |Y| < X. Then [Y # 0] C xF. Therefore

JY dS is zero outside F (see Definition(4.6)), and thus we have that 1^|f Y dS| € 1r.

By taking expectation we obtain that po (JYdS) < P(F). Now take the supremum

over all such Y to give that ®%(X) < P(F) as required.

(4.26)Lemma.

(i) Suppose that X:R** x (à — R* is given by =

where 0 — 1g « --- « t, « oo, and for k — 0,...,r —1, C, is a non-negative

Fi,-measurable random variable. Then X € E
(ii) IfX:R** x € — R* is a non-negative increasing left continuous process, then

Xe&t

Proof:

(i) For k = 0,...,r — 1, take simple non-negative Fy,-measurable random vari-

ables such that Ck, T pointwise as n — oo. Letbeum =

Then XC? € £* (see Definition(4.5). But X0? T1 X
pointwise; so X € £1.
(ii) Define X("):R*+ x — Rt by

PEA]
SE
kz0

Then X(? t X pointwise. But by (i), X? € and so by Proposition(4.11) it

follows that X € £F. NI

Proof of (4.24): We shall prove part (ii) first.

(ii) Take À 7 0 such that « $, and then take 6 » 0 such that »
A| « $, whenever W € L? with « 6. Now suppose that X:R^* x Q — R

is a ladcag process such that « 6. X* € £i, by Lemma(4.26)(). Putinc
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Z We have that

e VA LAS

Now if £t E T X* then on ETE T liz»xZ. Thus €

&£t.. But [Z 2 A] C R** x [Xf » A]. Therefore by Lemma(4.25) it follows that

(2) CIEIPSE AE

(since po( X7) « 6). Now llizexjZ| € So $5(Xo5xo) « $ gives that

(3)

From (1), (2) and (3) we deduce that 9$(Z) « e. But OD

« € as required.

(i) For b € R**, we have that — — 0 as A|0. Therefore (ii)

applied with AX in placeofX gives that — 0as A|0.

is ®%-finite. But it is also previsible. Thus it is an element of £!(S). So X € A!(S).

We shall now show that in the L? case the requirement in Proposition(4.23) that

Co,..., be bounded may be removed.

(4.27)Proposition. Suppose that S is an integrator and that X:R^^ x — R is

given by
r—1

k=0

where 0 = < < t, < 00, and for k = 0,...,7 — 1, Ck is a Fi,-measurable
real-valued random variable. Then X € C!(S) and f X d$ — Or

Proof: Wehavethat X € A!(S) by Theorem(4.24)(i). Thus X — € L£1(S).

Put X9 (X An) V(-n). Then X? 5 X pointwise and |X(?| « |X| € ay



for all n. Thus by the Dominated Convergence Theorem (4.17), [ dS — f X dS

in probability. By Proposition(4.23) we have that [X(™dS = ((Cx ^ n) V— Thus letting n — co gives that [X dS = — $4.)

as required. 0

(4.28)Proposition. Suppose that S is an integrator and that X:R** x QR isa

ladcag process. Then for each t € RT,

Lini

xCLP.[ Per in probability,
1LS

POM E XdS in probability,
k=0

as — tk) — 0 with 0 = tg < < t, = t. (We have that X € A*(S) b

Theorem(4.24)(i).)

Proof: By Theorem(4.24)(i), X* € A*(S). Suppose that 0 = £m) £m) =1
and that QUA -Du

NONO TOLt, s

ESk=0
Now since X* has monotone paths we have that

SNOMYDER
[EN

<

(O

Le. IZ». X loqxoX"* € for all.But Z(?,Ww? 5

pointwise. Thus from the Dominated Convergence Theorem (4.17), we obtain that
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[20 4$,[ ds — De:dS in probability (we know that W(™) ¢ by

Proposition(4.27)). By evaluating [Z(") dS and [W(™) dS using Proposition(4.27),

this gives that

LORS t

|X dS in probability,
k

PE 0

Tai t

and » MCA
ES d —|XdS in probability.t

k-0

Now since L° is a metric space the consideration of sequences is enough to prove the

N

We can now give the following corollary to Proposition(4.28).

(4.29)Corollary. Suppose that S is an integrator and that X is a cadlag process.

Then X.. € A!(S) and for all t € R*,

r—1 T

»» / PON in probability,
0

k-0

Proof: X_ is a ladcag process, and therefore is, by Theorem(4.24)(i), an element

of A!(S). Now since U U.. and U — U, are mutual inverses, applying Proposi-

tion(4.28) to X_ gives the result. Hu

$4.5 AN ALTERNATIVE CHARACTERIZATION OF L?-INTEGRATORS

We shall now give a characterization of integrators that will be needed later.

This result can be found in Bichteler [Bi2) (Theorem 2.6), though his proof appears to

be incorrect (or at best incomplete). Also the proof here for the case p > 0 is simpler

than his; it uses the ‘Stone-Cech’ argument (see the proof of Proposition(3.15)) rather

than uniform spaces.



(4.30)Theorem. Suppose that 0 < p < oo, and that S:Rt — LP is adapted. Then

5 is an L?-integrator if and only if the following conditions are satisfied.

(1) S is right continuous in probability (i.e. $4, — S, in probability as u|t for all

€ RT,I... dS:£ — L? is continuous when £ is given the supremum

norm.

Proof: The necessity of (1) and (2) follows from Corollary(4.18) and Proposition(4.8)

respectively. Now suppose that S satisfies (1) and (2). By Proposition(4.8), we have

only to check that (2) of that proposition is satisfied by S. We consider first the case

when p = 0. Define ®% as in Definition(4.9). We do not of cause know that ® is

an upper gauge; but clearly it satisfies (2) of Definition(2.1)(b). Also, from (2) of the

hypothesis, ®% satisfies (1) of Definition(2.1)(b). As in the proof of Theorem(3.5), we

can prove that ®%(X + < ®%4(X) + ®%(Y) for all X,Y € £T. NowIclaim that

the following is true.

(a) For each t € RY, — 0 as u|t.

To prove (a), suppose that it fails for some t € R*. Then there exists an € » 0 such

that > € for all v » t. NowIclaim that for each u » 1, there exist

v' and X such that t « v' « u, X € £, |X| € andpo(fXdS) » &. To

P IDEE S

E po(fYdS) > Now as u'| E
probability (by (1) and an inspection of Definition(4.6)). Therefore there exists a u'

such that t < v' « u, and poMETAds) > ¢. Take X Now using

this define inductively u; > us > > t and X;,Xs, € £ such that for each n,

€ 1o, and po(f dS) » &. Let Qn =[X,, dS, and take

€ Noo, 01,...,€[-1,1]]-
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Iclaim that Ais boundedin L?. Suppose that Q — 1; 9nQ« € A (o5,..., €

Thenlet X =po so X € £,|X|€ and Q — f X dS. Thus

po(AQ) < for all A > 0. So po(AQ) < — 0 as

À|0. Le. A is bounded in L?. Therefore since L" is a C-space, Q4 — 0 in probability.

But » € for all n. This gives the required contradiction, and so (a) is proven.

Nowwe shall prove that (2) of Proposition(4.8) holds. So suppose that X1,X5,...

€ £* are such that X,|0 pointwise. Then by scaling, we may assume that X4 « 1

Suppose that ¢ > 0. Write

Ta —1

(b)
|

EDDR MAIU

where 0 = EE < oo, and for k = 0,...,r, — 1, cim is a simple uo
measurable random variable with 0 < < 1. Now by (a) take mui
such that

©) > E
pz

ME EU by

Ta —1

HUUTE 3 CC(usAe(m)FAOF

ADE
k=0

So Y, € £* and Y, « U, « X4. Now since

Lo

— E > CMSNIU)k-0

iu



it follows that < < BE
AUR. S0 Z, <Vo < Xp, Zp,| V,,|0.Now

0x X.—Z4.«& x2

43 Therefore AISpy $i
and so

(f) <3

Define a random variable H,:Q — RY by Hp(w) = |Zn(t,w)]. I claim

that H,|0 pointwise. Now suppose that y > 0 is given. For each v c €, let

K,(w) = {t € RTT |V,(t,w) > n}. Then | and K,(w) is compact (by

the definitions of U,, and V4). Therefore there exists an n such that K,(w) = O (n

depending on w). Thus Z,(t,w) < < n for all t € and so < 7.

Thus we have proved that H,|0 pointwise as required.

Now take b € RT such that [X; # 0] C (0,5] x Q, and then, by (2), take > 0

such that

(g) was) «t.
Put W,, = Z, An; then by (g),

(h) Poqi| EE for all n.

Now [H, > n]| Take ng such that P[H, > 7] < £ for all n > ny. But for each n,

Zn = Wy, outside Rt" x [H, > and thus [Z,dS = [W,dS outside [H,, > 5]. S

by the definition of po, we obtain that

) EA for all n 2 no.



Therefore from (f), (h) and (i) we deduce that po(fbe « for all n Z ng. We

have thus shown that fX,dS — 0 in probability as required.

Now consider the case when p > 0. Suppose that € £F such that

X,|0 pointwise. By RT such that [X; # 0] C (0,5] x Q, and applying

Proposition(3.15) with x © as T', the set of restrictions of elements of £ as £,

IN... dS as J, and L? as X, we deduce that lim, JX» dS exists in L?. But from

the case when p = 0, we obtain that X,dS — 0 in probability, and so this limit

must be zero. Hence (2) of Proposition(4.8) is verified. O

(4.31)Proposition. Suppose that 0 < p < oo, and that S:R* — is adapted and

such thatI...d$:€ — LP is continuous for all t € R*, when £ has the supremum

norm. Then for each 1 € R*,the limit lim,:S, exists in L?. (So if this limit is 9, for

all t, then S is an LP-integrator.)

Proof: Fix a 1 € R*, and suppose that u, » t and u,|t. Then let X, —
So X4, € £* and X,|0 pointwise. Therefore as in the proof of Theorem(4.30) the

limitI E D dS exists in L?. But JXn dS = $,, — $1, and so we must have

that o Su, exists in L?. Now since L? is a metric space we will have completed

the proof if we show that the value of this limit is independent of the choice of (u,);.

So suppose also that v4, > t such that v,|t. Let wi > wy > --- > t be such

that = Then w,|t and so lim,—co Sw,
must exist in L?. So Su, and must both be equal to this. Thus

Su, = Sy, as required. O



CHAPTER 5: INTEGRATORS AS PATHWISE CADLAG PROCESSES

We shall present in this chapter, firstly a proof that an integrator has a pathwise

cadlag version, and then some results that require us to think of integrators as pathwise

cadlag processes.

We shall assume throughout this chapter that is a standard

setup, and will use the notation (£, P, etc.) of Chapter4

$5.1 AN INTRODUCTION TO STOPPING TIMES

(5.1)Definition.

(a) A stopping time is a function — R* such that [|o « t| € 7; for € RT.

(b) For o,7:Q — RT such that ¢ € r, we let (c,7] denote the subset {(t,w) €

Rt x Q|o(w) « t € r(v)) of R^ x Q. Similarly we define [0,7] and

(c) If and 7 are stopping times, then (o,7], (0,7), [0,7] and 7) are called

stochastic intervals.

(d) A stopping time c is said to be finite if and only if c « oo on Q. It is said to

be bounded if and only if c € b on § for some b € RT. It is said to be simple if

and only if its range is a finite set. It is said to be c-simple if and only if

its range is countable. (I apologize for this double usage of the letter o.) Od

(5.2)Proposition. Suppose that c:à — R*. Then the following are equivalent.

(1) e is a stopping time.

(2) « t| € 71 forallt € R*.

(3) (0,00) € P (see Definition(4.3)(b)).

Proof: First suppose (1) and deduce (2). We have <t] = FyLE

for all t € R* as required.



Now suppose (2) holds and deduce (1). For ¢ > 0 we have [0 <t] = <

t+ £] € Fite and thus [0 < t] € Fi+e = by the right continuity of the

filtration. So (1) holds as required.

Now suppose (1) and deduce (3). We have (0,00) = Jcq+(g,00) x [0 < ¢] € P,

since the right hand side is a countable union of previsible sets.

Finally suppose (3) and deduce (2). We note that for 4 € P,

(1) EP for all t € R*.

This is true because the set of all A satisfying (T) form a c-field which contains all the

previsible rectangles, and therefore it must be a superset of P. Now take A to be the

set (0,00). Then (T) says that [c « t| € 7 for all t as required. O

It follows from (3) above that (c,7] € P when c « 7 are stopping times (since

RNC DUE
We shall now see that given a stopping time c, we have a o-field F, analogous

to for t € RT.

(5.3)Definition. Suppose that c is a stopping time. Then we define F, to be the

set ofallA € F such that <t] € F; forall t € RT. 0

It is easy to show that F, is a o-field when o is a stopping time. Corresponding

to Proposition(5.2) we have the following characterizations of F,.

Suppose that c is a stopping time andA € F. Then the following

are equivalent.

CUP
(2) Anjo <t]€ F, forallt€RT.

(3) (R** x A)N (0,00) € P.



(4) & is a stopping time, where & is equal to c on A, but equal to infinity on A.
Proof: Taking & as in (4), we have that [0 < t] = « t]. Thus A € 7
if and only if & is a stopping time. I.e. (1) holds if and only if (4) holds. For the

rest of the proof apply Proposition(5.2) to c, noting that [o « 1) 2 An|e « t] and

(6,00) = (RTT x 4) N (0,00). N

Suppose that c: () —5 R* and that X is a real-valued function defined

on a subset ofR* x (e.g. on RT x ©). Then welet X, denote the real-valued function

defined by X5(w) — X5(,)(w) on the subset of () for which the right hand side exists.

N

We shall now give many elementary properties of stopping times in the following

proposition.

(5.6)Proposition.

(a) If c and T are stopping times such that e < 7, then F, C F-.
(b) If1€ R* and :à — R* by r(w) — t for all v, then T is a stopping time and

EN
(c) Ifcand 7 are stopping times then so are oc V 7 and 0 AT.

(d) Suppose thaí (c4), is a sequence of stopping times and o,|o pointwise, where

c:Q — R*. Then c is also a stopping time and F, =

(e) Suppose again that (04), is a sequence of stopping times, but this 1 c
pointwise, where Q — RT. Then again ¢ is a stopping time.

(f) Suppose that o is a stopping time. Then there exists a sequence (04), ofstopping

times such that c,|c, and each c, satisfies certain properties which are given

by the following statements.

(i) If o is finite, we can take each c,, to be a finite c-simple stopping time.

(ii) Ifo is bounded, we can take each a, to be a boundedsimple stopping time.
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(iii) If c is any stopping time, we can fake each c; simple (but not

necessarily finite) stopping time.

(g)IfX is a cadlagprocess andc is a finite stopping time, thenX, is

Proof:

(a) ForA € Z, andt € R*, An[r « t] 2 (An|e « t)n[r « t] € 7, since

VESLEE
(b) This is easy.

(c) ForteR*,levrz«tj2le«tjn[r€ andle^r&t]

(d) We have for t € R*, that [o « t| 2 « t| € Fi. So c is a stopping

time (here we have used (2) of Proposition(5.2)) Now if A € (oo,Fo, then for

t€ R*, An[e « t] 2 « t]) € Fi, and so A € 7, (using here (2) of

Proposition(5.4)). The reverse inclusion is just a consequence of (a).

IET
(f) For cases (i) and (ii), define op, by op(w) = E

For case (iii), let = inf{t € D,, |t > o(w)}, whereD, (k27^|k 2

U {oo}.

(g) First suppose that c is finite and c-simple, and let D C R* be the countable

range of c. ThenifB is a Borel subset of R, [X, € B] = € B]N[o = s]) € F.

So for t € R*, € < t] = € [0 = s]) € Fi. Thus

[X, € B] € F, as required. For a general c. Let (c4), be as in (f)(i. Then

Xo, — X, pointwise. But X, is J,-measurable by the special case. Thus X; is

Fo-measurable, since Fo = Fo, by (d). N

(5.7)Lemma. Ifc is a stopping time, then 15,5. € Du1nc'

Proof: Let A, — Urbes ((k27^,(k x [e € k27"]). Then l4, € £ and

Thus € .as required. N
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(5.8)Definition. If A C R* x Q, then the début of A is the function c:Q — R*
defined by o(w) = inf{t € RT |(¢,w) € A}, where by convention inf Z — oo. N

The following gives a sufficient condition for the début of [X € B] to bea

stopping time. In fact a more general theorem, known as the Début Theorem, can be

proved. For a statement of this result see Rogers & Williams [RW] Theorem VI.3.4.
For a proof of the Début Theorem see 81V.50 of Dellacherie & Meyer [DM]. However

the following lemma will be sufficient for the requirements of this thesis.

(5.9)Lemma. Suppose that T' is a topological space and that X:R* x 5 T is an

adapted process (with respect to the Borel c-field on such that each path of X is

either left or right continuous. Then the début of [X € U] is a stopping time for each

open subset U ofT.

Proof: Let c be the début of [X € U], and suppose that t € R^. Fore € Q, e(w) «t

if and only if X,(w) € U for some s € [0,2). Now since the path £ — is left or

right continuous, this holds if and only if X,(v») € U for some q € [0,2)1Q. Therefore

LE € U] € 7, and so c is a stopping time. Od

§5.2 PATHWISE CADLAG VERSIONS OF INTEGRATORS

The main theorem that we shall give here says that given an integrator 9, we

can modify each random variable S; on a null set to get a process that is (pathwise)

càdlàg. This theorem is in Bichteler [Bi2] (Proposition 2.5). After we have proved

this we shall think of all integrators as (pathwise) càdlàg process. Thus we will have

immediately that is a càdlàg process whenever S an integrator and X € A!(S).

Recall that the term ‘integrator’ means

(5.10)Theorem. Suppose that S is an integrator. Then there exists a (pathwise)

cadlag process x — R such that S; = R; a.s. for all t € Rt.



Note.

1. The process KE must be unique up to indistinguishability. R is known as a cadlig

versionof 5.
2. In view of this theorem and Theorem(4.30), we can see that an LP-integrator is

a cadlag process S such that for each t € RT,IN... d$:£ — L? is continuous when a
is given the supremum norm.

Proof: First we show that there exists a càdlàg process R:R*^ x € — R such that

S, — R4 as. for all 1 € Rt. We use the technique of upcrossings that is used in

the proof of the martingale convergence theorems. For each ¢ € QT, pick a random

variable CI) — R such thatS, — a.s. Now for each a,b € Q such that a « b, and

N€ Nsg, let denote the number of upcrossings of (a,b) by Le.

— sup[n € N|there exist s & € s, &t4 N]n Q

such that $,,(w) « a and §;,(w) > b for each k }.

We shall now show that ue» is measurable and is finite a.s.

N,a and b, and let F= [0,N]NQ. Take Fy,F5,... to be finite subsetsof

such that F4, 1 F and 0,N € F), for all n. Let U,, denote the number of upcrossings of

(a,b) by It is an easy exercise to show that U, is measurable and bounded.

Fix n for a moment and define stopping times 01,02,...,79,71,72,... by

uc) IN

= NAinf{gq € Fr |g > and S,(w) < a},

= NNinf{q € F, |g > and > b} fork=1,2,...

It is another easy exercise to check that these are in fact stopping times.

r = Up(w), the following are true.



€ a and $,, (v) 2 b for k 2 1,.

(w) € a or — N.

Tr+1(w) =N and = N for all k > r + 1.

These give that

| — - TN

(6s
(since CN :S, 2 b—a when k € r — U4(v), : > —

and NO S,(w) = 0 when k » r -- 1). The sum is really just a fixed

finite sum, since U, is bounded. Now put X 7°1, So X € £ and (1) gives

U, < ([xas+ )
But |X| € so for À 7» 0 we have that

» "

g

Now we allow n to go to infinity. We have that U, f Therefore uc» is

measurable, and from (3) we deduce that

a A » ~à) —— en

So we see that Pe — 0 as A|0. Thus ue» < 00 a.s.

NSS m +b) —oo]. Then E is P-null, and therefore

by redefining each [y to be zero on E, we may assume that E — (2. So uc» eoe

everywhere for all N and all a « 5 in Q. Now for each € € and t € R^, the

78



limits and exist in R. For if the first does not, there exist

a,b € Q such that € a « b « limsup,, So if we take N » t,

we have that = oo, which is a contradiction. The other limit is similar. Let

R:R* x Q — Rby Ry(w) = lim);S,(w). Then Ris a cadlag adapted process. R, = Si

a.s. for all t, since S is càdlàg as a function from R* to L" (by Corollary(4.18)).

We have to show that R can be replaced by R. Le. R; and R,. are real valued.

Define stopping times by letting o, be the début of [|R| > (use Propo-

sition(5.9)). Now o4|c for some stopping time c. We shall show that e — co a.s.

Suppose that N € ThenIclaim that

(5) Jemds

To prove this take 71,72,... to be finite simple stopping times such that T,|c4, AN

pointwise as k — co (use Proposition(5.6)(f)(ii)). Now R., = Ro -- f1(9,,] dS. Let

k — oo, and use the Dominated Convergence Theorem (4.17) to give (5). Now

if < N, then we have that |R, > n, since R is càdlàg. Therefore

|Ro,an(w)| > n. Thus 1,<n) € 2|Ro,an|. Therefore applying po and using (5)

gives that

1
EAE TZiEas)LU

—0

But Plo < N] < Ploy, < NJ, and so it follows that Plo < N] = 0. Now < oo] =

€ N], and thus [¢ < oo] is P-null as promised. Modifying R on the set

R* x [ec « oc] to be zero there, we may assume that c — oo everywhere. So o4 1 oo

everywhere. Now for w € Q and t € RY, 0,(w) 1 oo. Take n such that o,(w) » t.

Then € n whenever 0 < s < Therefore |Ri—(w)] & n « oo;

thus showing that FH, and R,. are real valued as required. gd

We can now prove a result of which (5) in the above proof is a special case.
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(5.11)Proposition. Suppose that S is an integrator and that c is a finite stopping

time. Then 1(o,,; € £!(S) and f[1(9,, d$ — S, — So (remember that S is now consid-

ered as a pathwise cadlag process).

Proof: Take to be finite c-simple stopping times such that c4|c (use

Proposition(5.6)(f)(i)). Then supposing the proposition is true for finite c-simple

stopping times, we have that 1(9,,,; € and that d$ — 55, — So for all

n. Now € for all n. So we may apply the Dominated Convergence

Theorem (4.17), and let n — oo, to give the required result. Thus without loss of

generality, we may assume that c is a finite c-simple stopping time. In fact from the

proof of Proposition(5.6)(f)(i), we may assume that c has its range contained in the

CE some n.

We shall now assume that these conditions hold. We have that Aw] € £, and

IBSdS= Sean — So. So letting N— oo, and using the Monotone Convergence

Theorem (4.16), we see that it is enough to show that is ®%-finite. Now suppose

that ¢ > 0 is given, and then take N such that P|e » N] « 2. Let X —
Then since 15 an element of £*, and increases to X as m — oo, we have

that X € Now [X £ 0] € R** x [c » N], and so it follows by Lemma(4.25),

that $$(AX) < Plo > N] « $ for all A > 0. Now writing = AX +Mgoan,

and applying $5 gives that

« TY
« P + TOY

when A » 0 is sufficiently small. Le. — 0 as A|0 as required.

(5.12)Corollary. Suppose that S is an integrator, X € A!(S) and that c is a finite

stopping time. Thenlo,1X € C'(S) and dS — (X*S),.
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Proof: Replace S by X*S in Proposition(5.11) and apply Theorem(4.21).

We can now prove two more results of a similar nature.

(5.13)Proposition. Suppose that S is an integrator, c «| T are finite stopping

times, and that C is an F,-measurable random variable. Then Cli, € C(S) and

Ie
EN FR) 0)

Proof: Let X =Cl, Suppose first that C — 1. Then X — €

£1(S), by Proposition(5.11). Also by the same proposition, f X dS — 5$. — S,.

Now suppose C — lp, with F € F,. Then let & be the stopping time that is

equal to c onPand equal to 7 outside F. Then the above case applied with c replaced

by & gives that [X dS — S, — Sa —1p(5, — S.) as required. So by linearity the case

when C is a simple F,-measurable random variable is proven.

Now suppose only that C > 0. Then take simple F,-measurable random vari-

ables > 0 such that Cp, T C. Let X;, = So X, T X. Now since

X is a ladcag process, we have by Theorem(4.24)(i), that X € A!(S). So by Corol-

GB IT
Let n — oo, using the Dominated Convergence Theorem (4.17) on the left hand side

(with X as the dominating function), to give the result in this case. For the most

general case, write C — C* — C^ and use linearity. N

This has the following corollary which is a generalization of Proposition(4.27).

(5.14)Corollary. Suppose that $ is a integrator and that X — V.epa

where0= 0g < +++ < 0, < 00 are stopping times, and fork = 0,...,7—1, Cy is aFo,-measurable random variable. Then X € £*(S) and[X dS =

Proof: Just apply Proposition(5.13) to each term of the sum. N

81



§5.3 LOCALIZATION

(5.15)Definition.

(a) I£ X:R* x Q0 — R càdlàg process and c is a stopping time, then X? will

denote the cadlag process given by X7 = —

(b) A family X of cadlag processes is said to be stable under stopping if and only if

the following properties hold.

(1) IfX and Y are indistinguishable càdlàg processes andX € X, then Y € X.

(2) I£X € X and c is a stopping time, then X? c X.

Property (1) says that X can be thought of as a family of equivalence classes of

cadlag processes under the equivalence relation of indistinguishability (cf. Note 2

after Definition(4.2)).

Suppose that AX is a family of cadlag processes that is stable under stopping.

Then a càdlàg process X is said to be a local X-process if and only if there

exist stopping times such that c4 T oo and € X for all n. The

sequence (0,is known as a reducing sequence of X into X. The family of local

X-processes will be denoted by Clearly X C Alo. When the elements of

X are described by a name (e.g. ‘martingale’), then the local will

be described by prefixing that name by the word ‘local’. L]

Note. Suppose that X is a family of càdlàg processes that is stable under stopping,

X is à local X-process with a reducing sequence of X into X, and is

any sequence of stopping times such that r4, T oo. Then (o4 ^ is also a reducing

sequence ofX intoX (since — ( Thus we see that any finite collection

of local X-processes has a common reducing sequence (take the termwise minimum).

This is useful when proving certain facts about Xj... For example the result that if

is closed under pointwise addition, then so is
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The following result says that using localization twice does not give any more

processes than those obtained by one application.

(5.16)Proposition. Suppose that X is a family of càdlàg processes that is stable

under stopping. Then (Xoc)ioc = Xoc-

Proof: Suppose that X € and suppose that is a reducing sequence

of X into Xjoc. Then € Ajo. for all n. For each n, let (7, be a reducing

sequence of into X. Take k,, such that P[r, < On and let ap, =

).So an is a stopping time (since [an < t] = Joo,[or € Fy

for all t). But also = ((X=)™*=)*" € X. Now a4 increases with n. We have

that

[on « 04 - 2 yLE PA
and so taking probability of both sides gives that Pla, « c4, —27^| « Let

E = Use < 0, — Then E is P-null and a, 7 co outside E. Thus

adjusting o;, to be equal to oo on E gives a reducing sequence of X into X is

changed to a process indistinguishable from it). Thus X € Ais. as required. O

The concept of localization is used in the Strasbourg approach to the Itó calculus.

In that approach integration is first done with respect to L?-martingales and then one

extends to local L?-martingales using the formula — X*(S7). We ask the

question can we increase our class of integrators by considering local integrators? The

answer as we shall see is no. But first is the concept meaningful?

(5.17)Proposition. The family of all integrators is stable under stopping. In fact

if S$ is an integrator, c is a stopping time and X € A!(S), then $7 is an integrator,

X € and (X-5)" — Also we have that S? S.
Proof: We have that 57 — by applying Proposition(5.11) to the stopping

time c ^ t, which is finite (actually bounded) even though e may not bea finite



stopping time. Thus by Theorem(4.21)(i), we obtain that S is an integrator. Given

X c A!(S), we have that € A'(S). So by Theorem(4.21) parts (iv) and (v),

we obtain that X € A!(S7) and that X-«(5*) — — —
as required. M

Now we can show that localization introduces no new integrators.

5.18) Theorem. IfS:R* x is a local integrator, then S is an integrator.&

C0 EE o integrators. We

have to check that (1) of Definition(4.6) holds. So suppose that X, and Y are as in this

axiom, and suppose that A > 0 and ¢ > 0. Take b € R* such that [Y z 0] C (0,5] x Q,

and take N such that Ploy <b] < $. Now S?" is an integrator. So fX, — 0

in probability. Therefore there exists an no such that PIJ | >Al < £ for all

n Z no. Now [X,dS=[ on the set [oy > b]. Therefore

ENCRE

Apply P to give that INP So [X,dS—0

in probability as required. O

There is another form of localization which is used in the Strasbourg approach to

the Itó calculus in order to increase the class of integrands of the stochastic integral.

We shall see (Theorem(5.21)) that it does not generalize our stochastic integral. First

we shall define this concept.

(5.19)Definition. Suppose that X is a family of previsible processes such that

(1) X € X, ois a stopping time =1X € X.



Then we shall say that a previsible processes X is locally in X if and only if there

exist stopping times such that c, T oo and X € X for all n. The set

of all previsible processes locally in X is denoted by 1X. (04), is known as a reducing

sequence of X into X. When the elements of Y" are described by an adjective (e.g.

‘bounded’), the elements of 1X will be described by the result of prefixing the adjective

by the word ‘locally’. Thus we see for example that a previsible process X is locally

bounded if and only if there exist stopping times 01,05,... such that c4 1 oo and X

is bounded as a function on (0,0,] for all n. OJ

The analogous remarks to those given in the note after Definition(5.15) hold

here. Also we have the following analogue to Proposition(5.16).

(5.20)Proposition. Suppose that X is a family of previsible processes satisfying (1)

of Definition(5.19) and that either,

(1) X € X whenever X is a previsible process indistinguishable from an element of

2

(2) X € X whenever X is a previsible process, and c and 7 are two stopping

E EBITE€ X.

Then 1X =1X.

Proof: If (1) holds then essentially the same proof as for Proposition(5.16) works

here; so suppose that (2) holds and suppose that X c llX. Then let (c4)4 be a

reducing sequence of X into lX. Then for each n, let be a reducing sequence

€ X for all k (by (2)), and ax 1 oo as k —^ oo. Thus X € 1X as required. [J

(5.21)Theorem. If S is an integrator, then — A!(S) (A!(S) clearly satis-

fies (1) of Definition(5.19)).



Proof: Suppose that X € 1A*(S) and let (c,), be a reducing sequence of X into

Al(S). Fix b € R*. We have to show that N

such that P|ew « b] « 2. Define a stopping time 7 by

T(w) | ni SICCA <b,

ron otherwise.

So [r « oo] 7 |ew « b], and therefore P[r « oo] « $. Now by Lemma(5.7),1.5) €

and therefore € So by Lemma(4.25), « P[r « oo] « £.
Therefore

JIN §
< a0X)+

(since AlesAbu Xes)

SE OEE

for A > 0 sufficiently small, since QD TDI ES X €

A!(S)). is 5-finite and therefore is an element of C!(S) as required. L1

Recall that in Definition(5.19) we defined the concept of a ‘locally bounded

previsible process’. This concept is useful since such processes are always in and

all ladcag processes are locally bounded. This is the content of the next proposition.

(5.22)Proposition.

(i IfX:R^* x R is any locally bounded previsible process, then X € A!(S)

for all integrators S.

(ü) IfX:R** x 0 — R is a làdcàg process, then X is a locally bounded previsible

process.



Note. We see that by combining (i) and (ii), we obtain an alternative proof of The-

orem(4.24)(1).

Proof:

(i) Suppose that S is an integrator. Then any bounded previsible process is in

A!(S). Thus X is locally in A!(S), and so X € A!(5) by Theorem(5.21).

(ü) We have seen already that X is previsible so it remains

to show that X is locally bounded. Let e, be the début of [|X| » n]. Then c, is a

stopping time and by construction |X| € n on (0,04). But X is has left continuous

paths. Therefore |X|<n on (0,0,]. Clearly c4|co, and so we are done. O

§5.4 CONTINUOUS INTEGRATORS AND

A PATHWISE CONVERGENCE RESULT

An important subclass of the class of cadlag processes is the class of continuous

processes. Thus it is important to know whether is continuous when 5$ is. We

shall prove that it is.

(5.23)Theorem. Suppose that $ is an integrator, X € A!(S) and that b c R*.

(i) For each À € (0,1], » A] &

Proof:

(i) Let & be the début of [|X+S| > A], ¢ = Now on the set [(X*S)7 » A],

we have that 2 A. So Now take expectations to

give that P[(X*S)z » X] & But (X*5), — X dS. So »
PES S From this (1) clearly follows.

(ü) Let c 2 If c 2 0 then X-S — 0 on (0,5) x Q, and so the

result is trivial. So suppose that ¢ > 0. Then from the definitions of py and ®% we
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see that c € (0,1]. So by (i) with A = c we obtain that P[((X*S); » c] « c. Thus

— Ta dP € c — 2c as

O

(5.24)Notation. Suppose that X:R* x Q — Ris a cadlag process. Then we define

AX:R** x05 AX — X — X_. Le. so that (AX); = Xy — AX is an

adapted process. O

(5.25)Theorem. Suppose that S is an integrator and that X € A!(S). Then
A(X*S) 2 XAS (where the equality is that of indistinguishability).

Proof: Let G be the set of all the X € A!(S) such that A(X*S) — XAS. NowI
claim that the following holds.
(1) Hf. X3, € Q are such that X,, — X pointwise and |X,| < Y for all n, for

some Y € then X € G.
To see this, note that $* (1o, «o(X5 X)) — 0 for all b € RT by the Dominated
Convergence Theorem (4.17). Fix b € R*. Then (X,*S — X-S); — 0 in probability
as n — oo by Theorem(5.23). Let n1 « n3 «€ ... that (X4,*9 — — 0
a.s. as k — oo, and let E be a P-null subset of Q such that +S — XS); — 0
everywhere on QVE. We have — X4,AS on (0,5] x (OVE). Let k — oo
and use that each path converges uniformly on [0,5] to give that A(X*S) — XAS on

(0,5] x (QVE). Now let b run over all of N to give that X €
Now let C be the set of all A € P such that 14 € C. Then C is a monotone

class by (1). It also contains the ring of subsets generated by the set of all previsible
rectangles (it is easy to check that £ C G). Therefore by a monotone class argument
C — P. Thus Q contains all the simple previsible processes. If X € A!(S) with
X > 0 then there exist simple non-negative previsible processes X1,X»,... such that
X4 1 X. (f) (with Y — X) then shows that X € G. For a general X € A!(S),
X — X* — X- € Q as required. Od

Now since a càdlàg process X is a continuous process if and only if AX = 0, we
obtain immediately the following corollary.

($.26)Corollary. If S is a continuous integrator and X € A!(S), then X*S isa
coníinuous process. N

85.5 INCREASING AND FINITE-VARIATION PROCESSES

In this section we will consider the cadlag processes A for which the integral

JX dA can be defined pathwise. Three questions arise. Firstly are such processes



integrators? Secondly to what extent do the two sets of processes integrable with

respect to A agree? Thirdly do the two possible definitions of[X dA agree? We shall

give some positive answers to these. First we define the class of processes considered.

(5.27)Definition.

(a) A function o:R* —R is said to have finite variation if and only if « oo

for all 1 € R*,where is defined by

Va(t) = sup{ — ate) [r €N, <--- <i,=1}

Va is known as the variation of a.

(b) A càdlàg process is said to have finite variation if and only if all its paths have

finite variation. If4 is such a process, then we define V4 pathwise. We shall use

the term ‘finite-variation process’ to mean a cadlag process with finite variation.

(c) An increasing process is a càdlàg process such that all its paths are increasing.

D

Now suppose that o: — R is a function of finite variation. Then V, is an

increasing function R^ — R* and V,(0) = 0. It is standard analysis that V, is cadlag

(resp. continuous) if and only if o is càdlàg (resp. continuous). We let

RS i(V,c o), E

So a = ot) — V, = oP) + a7), and and are increasing functions.

When A is a process of finite variation A(*) and are defined pathwise. It is nice

to know that the following holds.

(5.28)Proposition. If A is a finite-variation process, then V4 is a càdlàg adapted

process, and hence so are AU? and



Proof: The only non trivial thing to check is that V4 is adapted. This clearly follows

if we show that

(1) = lim3 ma

for all cádlàg functions o: R* — R of finite variation (apply (1) pathwise to A).

To prove (1) observe first that the right hand side is evidently no bigger than the

left hand side. For the reverse inequality, suppose that we are given a partition

0 — 1o «xi,— t. Then increase 1by small quantities to give another

ETT
— differs by less than a given > 0 from —

(use the right continuity of o). Now the right hand side of (1) is greater than or equal

to — and hence, since € > 0 was arbitrary, it is also greater than

or equal to 35, — o(t&)| as required. Li

We are now able to complete the definitions.

(5.29)Definition. Suppose that 0 < p < oo. Then a càdlàg process A is said to

have L?-variation if and only if A has finite variation, Ag € L? and V4 is an L?-

process. We shall use the term 'L?-variation process? to mean a càdlàg process with

L?-variation. Also the term variation! will be taken to mean L!-variation.

A cadlag process with bounded variation or a bounded-variation process is a finite-

variation process A such that V4 is bounded as a function on R* x €). It is clear that

for each L?-variation process 4, 4 is an L?-process, and AU and are

L?-processes.

Warning. Some authors (e.g. Rogers & Williams [RW]) take the term 'L?-variation'

to mean that (V4), — is an element of L?. But it is more convenient

for us to use the term as above.



Suppose that o:R* — R is a càdlàg function with finite variation. Then V4, o(?

are cadlag increasing functions. We have Lebesgue-Stieltjes measures on R**
associated with each of these. Now for f:R*^ — R Borel such thatI|f| « oo,

we can and do define

urLT
This 1s the Lebesgue-Stieltjes integral. T'his we can use to defineIXdA pathwise

for A a process of finite variation. The following theorem shows that this is consistent

with the stochastic integral.

(5.30)Theorem. Let [... dA denote the stochastic integral andI... dA denote

the Stieltjes integral evaluated pathwise. Suppose that 0 € p « oo.

(a) IfA is an increasing LP cadlag process, then the following hold.

(i) A is an LP-integrator.

(ü) C!(A,L?) consists of the previsible processes X:R** x Q — R such that

ne |X|dA is finite a.s. and is an element of LP.

"OB

(b) IfA is an L?-variation process, then the following hold.

(i) A is an L?-integrator and 9^, « .
(ü) L^) C C1(A,L?). (Note that by (a)(ii), £(V4,L?) is characterized

by the pathwise Stieltjes integral with respect to V4.)

(iii) IfX € L?), then

D
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Note. When p = 0 part (a) says that for A an increasing process, the stochastic

integral d4 and the pathwise Stieltjes integral Ia ... dÀ have the same domain,
and agree on that domain. Part (b) says that when A is a finite-variation process, the

stochastic integral has a domain bigger than or equal to that of the pathwise integral,

and they agree on the smaller domain.

Proof:

(a) We have by inspection that

(1) : forallX€&.0

For (1), suppose that (X),andY are asin (1) of Definition(4.7). Then X4 dA)— 0 by using the dominated convergence theorem twice (once for the Stieltjes integral

and once for the expectation implicit inp,). But by (1), this means that f/ X,dA — 0

in L?. Thus (i) is proven.

Now we consider (ii) and (iii).Iclaim that

eJ e^(F)- p, for all F € &..0

For if X € £ is such that |X| < F, then by (1), pp(fX dA) < pp So the

left hand side is no bigger than the right hand side. For the reverse inequality, let

€ £* be such that X, 1 F. Then apedA) < ®%(F). Use (1), let and

use the monotone convergence theorem to give that FdA) «
Iclaim further that

(3) Ppv Xz« e^(X) for all previsible X:R** x Q— R*.

Forif X « F € &i,then « 9^(F) by (2). Now (3)

follows from the definition of as an infimum (Definition(4.9)).

p)



Suppose now that X € Iclaim that € L?,

(4) [xi [x2 #400)=pp
To prove this, note by (3), that p,(A fj^ |X|dA) < — 0 as A |0. Thus

Jo |X|dA is finite a.s. and is an element of L7. Hence XdA exists and is an

element of LP. To prove (4), let X1,X5,-.- € £ be such that ®4(X, — X) — 0.

Then taking |X, — X| as X in (3) gives that fj" |X, — X|dA — 0 in L?. Thus

[5X«dA fj XdA and fj — [7 |X|dA in L7. Now by (1) and (2),

[XndA= [°X,dA and = |Xn] dA). So letting n— co gives (4).

We have thus proven one half of (ii) and all of (iii). We shall now consider

the other half of (ii). So suppose that x — R is previsible and such that

|X|dA € LP. We have to show that X € £!(A,L?). Take € £* such

that U, 1 oo, and let X4, — (X ^ U,)V(CU4). We have that X, € C!(A,L?),

X, — X pointwise, and — X|dA) — 0. By (4), 9&4(X, — X4) =

— 0 as n,m — co. So there exists an X such

that ®%(X, — X) — 0. Now by Proposition(2.10), a subsequence of converges

$^-a.e.to X. Thus X — X ®%-a.e. Therefore X € as required.

(b) For (i), note that and are by (a)(i). Thus A — AC? —

ACO is an. L?-integrator. For X € £, it is clear that MxdA| « f |X|dV4. Therefore
by applying p,, and taking the supremum over all X € £ such that |X| « F, we

obtain that « ef,(F) for all F € £.. Now by taking infima, we deduce that

$^(X) « 9f (X) for all functions X:R** x Q — R*. Part (ii) clearly follows as

a result of the inequality 47, « 91,.To prove (iii), suppose that X €

Then X € C'(A,L?) by (i), and so X € £!(AG),L7?) (since AC — i(V4 A))

Therefore (a)(ii) gives that f X dA? — X So subtracting gives the first

part of (iii). For the second part, note that the right hand side is, by (a)(iii), just

$$,(X). Therefore use the inequality 97, « a
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(5.31)Corollary. Suppose that A is a finite-variation process andX € Then

X*À is also a finite-variation process and Vx.4 — |X|-V4.

Proof: We have that X*A — hxdA, and that the integral can be viewed as being

pathwise by Theorem(5.30). The result now follows from the theory of Lebesgue-

Stieltjes integration. N

§5.6 BROWNIAN MOTION AS AN INTEGRATOR

The only examples of integrators we have so far are the processes of finite vari-

ation. Since these could be dealt with by pathwise methods, it is important to give

examples that are not of finite variation. In this section we will consider one such

example namely that of Brownianmotion. We give first the definition.

(5.32)Definition. For d € Ns, a d-dimensional Brownian motion is a continuous

adapted process B:R* x € — R^ such that the following hold.

(1) I£ s « t in R*, then B,— B, is an N(0,1 — s) randomvariable i.e.

for all Borel subsets F of R%.
(2) I£ s « t in R*, then B,— B, is independent of the c-field 7, i.e.

P(An[B,— B, € F])- P(A)P[B, — B, e F],

for all A € 7, and all Borel subsets F of R?.

Note.

1. We observe that a d-dimensional Brownian motion satisfies the following prop-



(1) If 5 « t in R*, then B,— B, is an N(0,t — s) randomvariable.

(2) Ha < 19 LEE ir < om Drs TR —By,...,By, — B,Lad

are independent random variables.

(3) For all w € Q, the path ¢ — By(w) is continuous.

Property (2) follows from (2) of Definition(5.32). A family of R¢-valued randomvari-

ables on any probability space (Q,F,P), satisfying (1), (2) and (3) is what

is generally known as a d-dimensional Brownianmotion. We shall call such an object

a raw Brownian motion (since there is no filtration).

2. For this to be an example it is necessary to know that d-dimensional Brownian

motions exist for some choices of a standard setup (Q0, F.,P,(F;):). It is well known

that there exists a space with a raw d-dimensional Brownian

motion B defined on it, and such that B, has any distribution desired. Assuming

this fact (whose proof is too long to justify including it here), we can first complete

(Q,F,P), and therefore assume it is already complete. Then we define a standard

filtration (Z;), on it as follows. Let 77? be the smallest c-field that contains all the

P-null sets and makes B, measurable for 0 € s « t. Then take F; = aneFo. It
can then be shown that B is a d-dimensional Brownian motion with respect to the

standard setup (2,,
3. If B (B!,...,B?) is a d-dimensional Brownian motion and 1 < « d

distinct, then (B^,...,B^) is an r-dimensional Brownian motion. In particular

for k =1,...,d, B* is a 1-dimensional Brownian motion.

4. We shall see in the next chapter that almost all paths of a 1-dimensional Brow-

nian motion fail to have finite variation. Thus pathwise Stieltjes integration will not

work for this process.

Our aim now is to show that nevertheless any 1-dimensional Brownian motion

is an integrator. By considering B— By (which gives the same values for integrals) we
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may as well assume that B has zero start; i.e. Bg = 0.

(5.33)Lemma. Suppose that B is a zero start 1-dimensionalBrownianmotion. Then

B4 € £? for allt€ RT, and

d) for allX,Y c €.0

Proof: B, is N(0,t) and therefore an element of £2. To prove the formula suppose

that X,Y c £ and write

r—1 r—1

=> and Yi(w) =>D]
where 0 — io «€ --- « t, « oo, and for k — 0,...,r—1,Cy and D, are simple

random variables. Thus

r—1

> C&Di(
k,l—0

Now if 0 < k <I<r —1, — is Fy-measurable and therefore inde-

pendent of By, — By. Thus — By,)(Bu,, — By)] = —

— By) = 0. A similar statement is true when | « k. For the case

when k = I, we have that — Bi, = — =

— tx). Putting these together we see that

r—1

zu IS
k=0

as required. n

We now prove a result of more general application than for Brownianmotion. It

is related to the Strasbourg approach. We shall use it when considering consistency

with the Strasbourg approach in Chapter 8.
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(5.34)Theorem. Suppose that S:R* x Q — R is a L? càdlàg process. Further sup-

pose that is a measure on (R** x such that x Q) « oo for all b c R*,
and also thatE(fXdSf Y dS) — xq XY dp forall X,Y € Then the following

hold.

(i) S is an L?-integrator.

(ü) £(S,I2) 2C(R** x

(iii) E(fXdS[YdS) = qXY du for all X,Y € L£3(S,
(iv) = X2 for all previsible X:R*+ x 0 — R.

Proof:

(i) We have only to check that (1) of Definition(4.7) holds. So suppose that

and Y satisfy the conditions given in (f) of Definition(4.7). Then E[(fX4, =

[X2 du — 0 by the dominated convergence theorem of ordinary integration theory.

But this is just saying that f X4 dS — 0 in L? as required.

(ii) FirstIclaim that

1/2
$2(F)- d F2

To prove this, suppose that X € £ is such that |X| < F. Then dS) =

ui < MiF 5o the left hand side is no bigger than the right hand

side. For the reverse inequality, let X;,X5,--- € £^ be such that X, 7 F. Then

(f x2du)" = p2(fXr dS) < ®%(F). So letting n — co and using the monotone

convergence theorem gives the required inequality.

Now using a similar argument to that used in the deduction of (3) in the proof

of Theorem(5.30), we obtain that

1/2

e {i beD for all previsible X:R^* x 0 — R.
RttxQ

n



Now suppose that X € £1(S,L?). Then $2(X) « oo, and so (2) gives that X €

This proves one half. NowIclaim that

1/2
(3) $2(X)- d D for all X € C!(S,Z?).

For this is true if X € £ by (1). For general X € £!(S,L^), take X1, X5,--- € € such

that — X) — 0. Then by (2) with X, — X as X, we obtain that X, — X

in L?(u). But we know that (3) holds with X, replacing X (by (1)). Let n — oo to

give (3) in full generality.

Now suppose that X € £?(u). Take U;,U5,-.- € £* such that U,, 1 oo, and let

X, 2 (XAU,)V ThenX, € £!(S,L2), andX, — X pointwise and in L?(u).

So by (3), — X4) — (f(X« — E — 0 as n,m — oo. Thus we see

that there exists X € £!(92) such that 62(X, — X) — 0. A subsequence of

converges ®%-a.e. to X by Proposition(2.10) and so X =X $2-a.e. Thus X € £!(92)

(iii) Take Xi,X5,-.- € £ and € £ such that $2(X,,—X) 0 and —Y) — 0. Then also X, — X and Y, — Y in by (2). Now (iii) is true with X

and Y replaced by X, and Y, respectively. So let n, — oo to give the general result.

(iv) We know that this holds for X € £!(S,L?). But if X & £!(S,L?) it follows

by (ii) that both sides are infinite, and so (iv) holds in this case also. (Since 92(AX) —
we have that X is 92-finite if and only if €2(X) « oo.) m

Now by applying this theorem to a zero start Brownian motion with yp as the

restriction of the product of Lebesgue measure and P to P, we obtain the following

corollary.

(5.35)Corollary. Suppose that B is a zero start 1-dimensional Brownian motion.

Then the following properties hold.

(i) B is an L?-integrator.



(i) C!(B,L?) consists of all the previsible X:R** x — R such that E([~~XZ dt)
Een

X,Y € L?).
v) X2 for all previsible X:R** x Q0 5 R.



CHAPTER 6: QUADRATIC VARIATION AND THE ITO FORMULA

$6.1 MOTIVATION

To evaluate ordinary (Lebesgue) integrals such asIN s? ds, we do not do it using

the definition in terms of limits and supremums etc. Instead we use the Fundamental

Theorem of Calculus. This states that if f:|a,b] — R is a C? function, where —oo <
a<b<oo,then

b

(1) f(b) - f(a) — / f(t)dt.
Thus in the theory of stochastic integration we would hope for some result analogous

to this. To see what form this might take, we observe that if f:R — R is C! and

a:R* — R is continuous with finite variation, then

D Fatt) = =|
From this formula we might expect that f(S:) — =IN when f:R — R

is C! and S is a continuous integrator. However this is not generally true. Suppose

we formally expand in a Taylor series

1 1 H LI

+ = + dSe + Sf AIC "t
We would expect the term if"(5,)(dS,)? to make no contribution to an integral.

But it turns out that h can be made meaningful as an increasing process [5],

which is not generally zero. This process is called the quadratic variation of S. So we

have '(d54)? — d[S],. Putting this in the Taylor series, and putting (dS;)* = 0 for all

k 2 3 hints at the following formula.

g OLE]

This indeed is the true formula; it is valid for all continuous integrators and all C?
functions f:R — R. (3) is(he 1-dimensional case of) the Itó formula.
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§6.2 QUADRATIC VARIATION AND MUTUAL VARIATION

(6.1)Definition. Suppose that R and 9$ are integrators. Then we define

i H

[R, = —RoSo-/ jo as-|S_dR.
[uU0

le. [R,S] = RS— R¢So — R_*S — So [R,S] is a càdlàg adapted process. It is

called the mutual variation of R and S. Clearly is bilinear. We denote [5,5] by

[S] and call it the quadratic variation of S. [1

Now in what sense is [R,5), 'IdRdS’? This is answered by the following

(6.2)Proposition. Suppose that R and S are integrators and that t € RY. Then

(1) — Ry, — Su) — [R, in probability,
k=0

as — tk) = 0 with 0 = tg < < t, = t. In fact when s « t in R^,
Li

(2) mHASC — St) md W^ S) - Pip in probability,
k-—0

as — tx) — O0 with s — do « «t, —t.
Proof: We consider (1). We have for 0 2 1o « --- « t, — t that

7 7

= CM
7

Sty
kz0 k=0

7 7
m

7

Fm)
E — >HR S4)

k=0

r—1

m> T7
k=0

t D

MI S_ DEAiu
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in probability as — tx) — 0. But by Definition(6.1), the limit is [£,S], as

required. For (2) suppose that s — n EE o?» = t and QUA — —0
(n)RUE(EE mu — s such that E E — 0.

Let 0 = mu « < vg,’ =t be the partition of [0,1] formed by combining those for

[0,5] and [s,1] (i.e. — Ps = mu for k — and E ies

Then

PE

> — Rm n! Sym) E > ! — NULS k+1
k=0 M k=0

[P

— >(R, — m

k kPk=0 M

in probability as n— oo as required. 0

(6.3)Proposition. Suppose that R and S are integrators. Then the following prop-

(i) [S] is an increasing zero start cadlag process.

(ii) [R,S] is a finite-variation process, and therefore, by Theorem(5.30)(b)(ii), it is

an integrator.

(iii) (Integration by Parts)R;S;—RoSo = [,R— dS+J; S_ dR+[R,S); forallt € R™.

(iv) A[R, S] 2 ARAS (the equality being indistinguishability). So |R,S] is contin-

uous whenever R or $ is continuous.

(v) RS is an integrator.

Proof:

(i) The only non trivial thing to check is that [5] is increasing. Suppose that s « t

are in RT. Then (2) of Proposition(6.2) (with R = §) expresses [S]; — as a limit

in probability of non-negative random variables. Thus [5], « [S], a.s. So on letting

E — 7 [S1]; we have that E is P-nul. For o € Q\E, t —
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is increasing, since [S] is càdlàg. Thus by modifying [S] on an evanescent set, we see

that [5] is increasing.

(ii) Since [-,] is bilinear, we see that [R,S] = [3(R+ S)] — [3(R— S)]. Thus [R,S]

is the difference of two increasing process, and therefore has finite variation.

(ili) This just Definition(6.1) rewritten.

(iv) We have that [R, = by definition. So Theorem(5.25)

gives that

A[R, S] -A(RS) -R-AS—

-RS-R.S.— $.(R— R.)

— ARAS,

as required.

(v) We see that (iii) expresses RS as a sum of integrators (using (ii and Theo-

rem(4.21)(i)). Therefore RS an integrator (by Proposition(4.19)). C

Of cause we as yet have no examples to show that [E,S] need not be zero. We

now give such an example.

(6.4)Proposition.

(i) IfB is a 1-dimensional Brownianmotion, then |B], — 1 for all t.

()IfB2 (B!,...,B?) is a d-dimensional Brownian motion, then — 6;t
for all i, j and t.

Proof:

(i) FirstIclaim that for an N(0,1) random variable X,

(1) E(X?) 21 and E(X*)=3.

Hs



Let 2 E(e**X). So 2e-* Then

uM AO —e
EC MV2,

Thus E(X?)=—¢"(0)= 1, and E(X*)= = 3. So (1) is proven.

Now suppose that s « t are in R*, and let X — (t — — B,). Then X

is N(0,1) and B, — B, — (t— s)!/?X. Therefore (1) gives that

(2) E((By—B,?)2t-s and E((B. — B,)*)23(t—sy.Now suppose that t € R* and that 0 — 1o < --- <t, = t. Let § = supy(tp+1 S =

«0:2 EE —tx)?. Then by Proposition(6.2), S —in probability as §|0. Now E(S) = — Bu)?= — tk) = 1,
and

HERE - LR+>C[Ld n)k—0 m

=Y ru uluy t>IU: m PM =

k=0 T

(TEES
DET,

kl

E
Thus E[((S — £)?] 2 E(S?)- -- ? 2 2n —^ 0 as 6 | O (sincem « t6). Le.

in L? as 6|0, and therefore it follows that [B], — t.

(i) We have proved this result in the case when i— 7; so we consider the case when

i# j. In this case B?) is a 2-dimensional Brownian motion. Thus

1/v2 1/42\ [B
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is also a 2-dimensional Brownian motion, since the 2 x 2 matrix is orthogonal. Thus

UA — B?) are 1-dimensional Brownian motions. Therefore (i)

gives that [B*,B7] — Ir AACE — = 1¢ = 0 as required. [J

We can use this to prove a fact about Brownian motion stated in the previous

chapter, namely that almost all paths of a Brownianmotionfail to have finite variation.

(6.5)Proposition. Suppose that B is a 1-dimensional Brownian motion. Then for

almost all » € Q, we have that for each a « b in RY, the function t — By(w) has

infinite variation on the interval [a,b]. (The variation of a function o:|a,b] — R on

[a,b] is defined to be the supremum of all the sums — a(tr)|, where

ERTERE

Proof: For each a « bin R*,letE,denote the set of all v € € such that t — Bi(w)

has finite variation on [a,b]. We will show first that each E,p is P-null. Let V(w)

denote the variation of t — on [a,b]. Then on the set E,;,we have for a =

to < +++ <t,=b that

r—1r—1

> (Bis Lu< d P>PM
7

kzÜ PU

< m PM | Vv
0 as — 0.

k

But by (2) of Proposition(6.2), — B4, — [B];- |B], in probability as

— t) — 0. Now [B]; — [B]; — b — a Z0 a.s., and so it follows that E,
must be P-null. Let E — UT Then E is P-null, and the conclusion of

the proposition is true for all » € QVE. []

Concerning processes of finite variation we have the following result.

HS



(6.6)Proposition. Suppose that S is an integrator and that A is a finite-variation

process. Then for each t € RT,

=
usi

Thus if either S or A is continuous, then [S,A] = 0.

Proof: Supposethat 0 — £9 « « t, — t. Then 94Au — $4(Anu

+ Ay — St). So by summing up for = — 1 this gives that

PY = J LetSARE mu
0 through a sequence of values to give that

t E
PEL

/ re0 0

where the first integral is a pathwise Stieltjes integral (use the dominated convergence

theorem), and the second integral is a stochastic integral (use Corollary(4.29)). We

have therefore from Definition(6.1) that

t LU
LE n S_dA +Ji A_dS

0 0

-nIRE-V'(AS)uxt

$6.3 THE MUTUAL VARIATION OF TWO STOCHASTIC INTEGRALS

Suppose that R and S are integrators, X € A(R) and Y € Then from

the heuristic formula ‘(X dR)(Y dS) = (XY)(dR dS)’ we would expect that

(1)
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This is indeed the case. The result was first given by Kunita and Watanabe in

the case when RE and S are L?-martingales, see [KW]. Also see IV.28 of Rogers &
Williams [RW]. In this section we shall present a proof of (1) in the case when R and

$ are any integrators,X € A!(R), and Y € A!(S). We shall need the following result.

(6.7)Theorem.

(a) Suppose that — R are such that o and f are increasing and right

EPPEE

R*. Then the following are true.

(i) y is càdlàg with finite variation.

V.(t) - & (att) — ^ — &(s)) ^ for all s « tin R*.

IORR RAP

(b) IfR and S are integrators then the following hold.

CEEES ag

COM EPe RE ACC
X,Y:R^^ x Q0 — R.

Part (b)(ii) of this result in the case when R and S are L?-martingales is one of

the Kunita-Watanabe inequalities (see IV.28 of Rogers & Williams [RW]).

Proof:

(a) Suppose that s — io « --- « t, — t. Then using the Cauchy-Schwarz inequality

we have that

1/2

CU=s).PCMEM
-a(s))^ (8() — &(s))^.
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Put s = 0 and take the supremum to give that « oo. Le. y has finite variation.

To show that "y is càdlàg it is enough to show it is right continuous (it is the difference

of two increasing functions; therefore left and right limits exist). But € R* with

> to, then — < (a(t) — — Bi)

completes the proof of (1). For (ii) take general s « t in (1) and take the supremum.

2 |t. This

Now we consider (iii). Clearly without loss of generality we need only consider

the case when f,g > 0. Let 4 denote the set of pairs (f,g) of non-negative Borel

functions — for which (iii) holds.Iclaim that the following are true.

(1) If f,g:R** — R™ are Borel, and € A such that f, f f and

gn 1 g pointwise, then (f,g) € A.

(2) If f,g: — R* are Borel, € A such that f,|f 19
pointwise, f" fi do « oo, and g1dB < oo, then (f,g) € A.

(3) If are disjoint Borel subsets of R^* such that for k = 1,...,r,

(14,,14,) € AA, and for some 0, € R*, f = arly, and

(1) and (2) follow easily from the monotone convergence theorem and the dominated

convergence theorem respectively. For (3) we have

co u oc

Ji dV.,Es»» / 14, dv,0 pm 0

T s E 1/2

<>AR l4,2 14, 3Pa 1] 0

(since (14,,14,) € .A)
fore] 1/2 T oo p.

< (>a / ywda 9»i| 30 p [Uk=1

(by the Cauchy-Schwarz inequality)

E VESe)0
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as required.

I"EE Nel Borel and (14,14) € A},

and AisBorelandAN(0,n]€Gforalln€N}.
We havethat G contains all sets of the form (s,#] (s < t inR*) and therefore all disjoint

unions of these by (3). These disjoint unions form a ring of subsets of R'**,call it R.

It now follows that R C H. By (1) and (2), H is a monotone class (i.e. closed under

taking countable increasing unions and countable decreasing intersections). Therefore

^ contains the monotone class generated by R. But by the monotone class lemma

this is just the o-ring generated by R, i.e. the Borel o-field of RT". Thus we have

shown that H contains all the Borel subsets of Now if A is a Borel subset of

R**, then An(0,n] € G for all n and AN(0,n] T A. Thus A € G by (1). So G contains

all the Borel subsets of R**. Therefore if f,g:R^* — R* are simple Borel functions,

then (f,g) € A by (3). Now for general Borel functions f,g:R** — there exist

sequences ),and of simple Borel functions from R** to R* such that f, 1 f
and 1 g pointwise. Therefore (f,g) € A by (1). This proves (iii) in full generality.

(b) It is enough to prove (1), since (ii) follows from (i) by applying (a)(iii) pathwise.

To prove (i) fix some s < ¢ in RT, and for each cadlag process DX — X, — X,.

Then we have to show that (D[R,S]? « D|R]D[S]. This we prove in the same way

as the Cauchy-Schwarz inequality. We have for each A € R that D[R+ AS] z 0 a.s.,

and so expanding by bilinearity gives that D[R] S] A? D[S] Z 0 a.s. for each

€ R. Thus P[D[R] + + > 0 for all A € Q] = 1, and therefore by

continuity in A,

(1) P[D[R]+ + > 0 for all A € R] = 1.

We will have completed the proof if we show that 5b? x ac, whenever a,b,c € R satisfy

Z0 and a-- cÀ? > 0for allA€ R. Nowif ¢ = 0 then b = 0, and so b? < acis

HU



trivial. If ¢ > 0 then put A =E to give that a — > 0, which on rearranging gives

M

We now can now state and prove the promised theorem.

(6.8)Theorem. Suppose that R and S are integrators, X € A!(R) and Y € A!(S).

Then XY € € A'([R,S]) and [X-R,Y*S] — (XY 5].

Note.

1. Putting R = S and X — Y shows that if $ is an integrator, and X € A!($),

then X? € A!([S]). This by means thatIh < a.s. for

each t € RT.
2. Putting Y = 1 gives that [X*R,S] = X*[R, 5] for all X € A!(R).

Proof: Suppose throughout that Rand S are integrators. We shall present the proof

as a series of numbered steps.

(1) If € are such that |[X,| < Y for all n, and X, — X

pointwise, then [X,"R, — [X*R,S]; in probability for each t € RT.
Proof: By replacing X,, by X,— X and Y by 2Y, we may assume that X = 0. Now by

the definition of [.,-] and Theorem(4.21), [X,*R,S|; = SiIN fR)- d$ —

[fo dR. By the Dominated Convergence Theorem (4.17), — 0.

Therefore by Theorem(5.23), (X,*R); — 0 in probability. From Theorem(4.24)(ii),

it now follows that — 0. Thus dS — 0 in prob-

ability. We have also that — 0 and X,S_dR — 0 in probability,

by the Dominated Convergence Theorem (4.17) using dominating processes Y and

Y5. respectively. (YS. € A!(R) by Theorem(4.21)(iv), since by Theorem(4.24)(1),

S. € It is now clear that [X,*R,S] — 0 in probability as required.

Now let

€ (Vrs) = X*[R,S]}
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Note that 1 €

(2) I. X5, € Y € A!(R) n and X:R** x Q — R are such

that X» — X pointwise, and |Xn| < Y for all n, then X € Cs.
Proof: We have that [X4*R,5), — S] for all t € R*. Solet n — oo, and

use (1) on the left hand side and the Dominated Convergence Theorem (4.17) on the

right hand side to give (2).

(3) £ € Cns.
Proof: Clearly by linearity we need only consider the case when X = 14, with A a

previsible rectangle (s,2] x F (0 € s < t < co and F € Now (X*R)y = 1p(Runt —

Runs), and thus it follows using Proposition(6.2) that [X*R,S], — S]u —

[R, — (X*[R,S]), as required.

(4) 14 € Cn,s for all A € 7.

Proof: Let

and

Then R is a ring (it is the ring of subsets generated by the set of all previsible rect-

angles), and & C G by (3). Now § is a monotone class by (2), and R generates P as

a o-ring. Thus by the monotone class lemma, § = P as required.

(5) Cg,s 2 A!(R) nA!
Proof: Suppose that X is an element of the right hand side. Then by writing X —
X* — X^ we may assume that X Z 0. Take simple previsible Xi, X5,...:R*^* x 5

R* such that X, 1 X. Then X, € Cn,s for all n, by (4) and linearity. Therefore

X € Cn,s by (2) with Y — X.

(6) I£X € A!(R), then X? € AY([R]).

Proof: By considering |X| we may suppose without loss of generality that X > 0.

Put X4, — X ^n. Then X, 1 X pointwise. Now by (5), X, € Cn,n for all n, and

Igi



X4 € Cn,x,.-n for all n and m. Thus we see that [X,*R, — X,(R, X4-R] —
Xn = So we have that

i

/ XnXm dR] = [Xn*R,
0

Let n — oo and then m — oo using the monotone convergence theorem pathwise on

the left hand side and (1) on the right hand side (with Y — X) to give that

JES
(T) X € A!(R) and Do

Proof: By (6), X? € A!([R]) and Y? € A!([S]). Therefore by Theorem(6.7)(b)(ii),

XY € as required.

(8) X € A!(R) and Y € A!(5), then [X*E,Y*5] (XY [R, 5].
Proof: By applying (7) with 1 as X, we find that Y € But by applying (7)

with 1 as Y, and Y*S as S, we find that X € Thus by (5), it follows

that [R,Y*5] Y*[R, 5$] and [X*R,Y*5] — Y*S]. Combining these gives that

[X-R,Y-S] 2 X*[R,Y*5] 2 X-«(Y*[R, 5]) 2 (XY S] as required.

This completes the proof of the theorem.

Concerning localization we have the following corollary.

(6.9)Corollary. IfRand S are integrators, and & is a stopping time, then [R?,$7] —
FE

Proof: Since E? — and 5? — by Proposition(5.17), take X — Y —
in Theorem(6.8). O



86.4 THE FORMULA

We shall state and prove this important result first for continuous integrators.

We do this because the result is simpler to state and prove in this case.

(6.10) Theorem (The Itó Formula).

Suppose that § = x 0 2 D, where D is an open subset of R*,
and are continuous integrators. Suppose that f:D — R is a C? function.

Then for t € RT,- — »n 6,/(S)dS!i CIR

In particular we see that f(S) is a continuous integrator.

Inorder to prove this we need a lemma.

(6.11)Lemma. Suppose that D is an open subset of N € NU{oo}, and f:D — C

is CN. Then there exists a sequence ofpolynomial functions — C such

that 8%p,, — 0%f uniformly on all compact subsets ofD for all « € N¢ with |a| < N

(Here we are using the notation of (1.6).)

Proof: It is enough to assume N « oo, and show that given K C D compact and

> 0, there exists a polynomial p:R* — C such that — < € when |a| < N

(For if this is the case then for general N, take Ki, to be compact subsets

of D such that intK, T1 D. Then take p,:R^— C to be a polynomial such that

— < 2 on when |a]<NAn.)

Bym"we may assume without loss of generality that K is a subset of

an open cube U — ICR+ 27). Take a function of compact support

p:R% — [0,1] such that p = 1 in a neighbourhood of K and suppp C UND. Thus
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pf — f in à neighbourhood of K, and pf is a C^ function on R (it is assumed to be

zero outside D) with support a compact subset of U1D. Define g: ol

= > +27).

So g is CN on RY. Let T¢ = R?/27Z¢, and identify functions on T¢ with suitably

periodic g: 17 — C. Now to complete the proof we shall first

approximate g by a C*? function h, then approximate hby a trigonometric polynomial

T. Finally we shall approximate T' by a polynomial p on K.

Take ¢:R? — RT to be a function with compact support such that EE

and define for § > 0, ¢5:T¢ — RT by

DICES 3 TE
Then T2 — R* is Ce, and bs — 1. Define gs: ENS

gs(z) = 3 — y)g(v) dv.

By differentiation under the integral sign, it follows that gs is C*°. By a change of

variables gs(z) — y)dy. So for |a| < N, we have by differentiation

under the integral sign that = — y) dy. Now since ¢s = 1,

we deduce that

CaCENEa

Therefore

[AP s g(z — y) — 0?g(«)| dy

EMT ET
RF

FCR
y€supp ó;
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Now 0%¢ is uniformlymon T7, and as 6|0, supp ds is eventually contained

in any given neighbourhood of 0 in Thus sup — 0%g| — 0 as 6|0. Take

6 > 0 such that 8*g|€ £ on all of T^ when |o|€N, and put ^ — gs.

Suppose that u:T¢ — C is C®. Let be the Fourier coefficients of u.

These are given by
1E

ce = VD u(z)e EE

By integration by parts we have that

O"u(z)e "dz forall a€ N*(1) (1€)%ce = Zr) Ja ("car z or all a €

Thus sup; € GuyITE N?. Therefore ER

cee®t converges uniformly with respect to z. But since (z is

a complete orthonormal basis for L2(T¢) (with inner product (v,w) — E
this sum must converge to u. Thus we have shown that

EES> t uniformly with respect to z.

1A

We have, by applying this to and using (1), that for each o € N¢,

(i) >(i£)?ege? uniformly with respect to z.

£cz4

Now take u — h, and using (1), take F to be a finite subset of Z7 such that T: T? — C,

defined by T(z)— M
le| « N

To complete the proof consider T' as a function on R?. From the power series

expansion for e?, we obtain that

oo

I=
ut: 3193 0
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q(2) Yc> JI£cF EIU

Then 0*g, — O*T uniformly on compact subsets of R^ for all a. Take p = gu,

choosing n so that |O^T' — 0^q,| $ on K when |o| & N. Now we have the result,

since on K, [0%f — 0%p| < |0%g— + |0%h— 0°T|+ |0°T—O?p| & $-
when |a| < N. (Note that f = g in a neighbourhood of K. So §%f = 0%g on K.) L1

Proof of (6.10): Consider D and S as fixed, and let .A denote the set of all C?
functions f:D— R such that for all t € R*,

d P

3/DNEM

d t

ES TEE

Then clearly A is a vector subspace of C?(D;R).Iclaim further that fg € .Awhenever

f,g € A. Suppose then that f,g € A, and let F — f(S) and G — g(S). Then

d t d t

Fy, = 6,f(8)d5* - 1 V7 / 8,0;f(8) d(S^, S7],
i—1

d i d D

ES/ JiDEPi=1 70 0

Thus we see that F and G are integrators, and that

1 p d 1

EDS EI
i=1 £,7—1

ES
d t

CMM |
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((4) and (5) follow from (2) and (3) using Theorem(4.21). (6) follows from(2) and (3)

using Theorem(6.8) together with Proposition(6.6).) Therefore the integration by

parts formula Proposition(6.3)(ii) gives that

H i

Re| GdF +
0

BSi—1

ax
SE GOT yfi,j—1

So we have that fg € A as required.

Now the constant functions and the projections onto the coordinates are all

elements of A. So it follows that all (restrictions to Dof) polynomial functions p: R¢ —
R are in A. Now suppose that f:D — Ris any C? function. Then by Lemma(6.11),

there exist polynomial functions pi, — R such that — 8°f uniformly

on compact subsets of D when |o| < 2. We have that

[ à 3IA Ca)
i-1

We intend to let n — oo in (T). Consider the first term on the right hand side.

Fix i, and let = — 8;f(S). Then — 0 pointwise as n — oo (since

€ u € s) is a compact subset of D for all s € RT and w € Q). Therefore

by Theorem(4.24)(ii), — 0. Thus IN dS* — 0 in probability. Le.

hro Ih (S)dS* inprobability as n— co. The second term of the right

hand side of (7) is similar (or even can be dealt with as pathwise Stieltjes integrals).

So letting n— oo in (77) gives (1). M



Now to state and prove the general 1t6 formula (for discontinuous processes) we

need another definition.

(6.12)Definition.

(a) Suppose that — R is cadlag and has finite variation. Then a is said

to consist purely of jumps if and only if a(t) = Aa(s) (where AS=

o(s) — a(s—) as for processes) for all t € R*.

(b) A jump process is a finite-variation process whose paths consist purely of jumps.

a

Note.

1. In (a) the sum is a countable sum, and converges absolutely, since « has finite

variation.

2. From (a), we must have that o(0) — 0 if o consists purely of jumps.

3. If o consists purely of jumps, then clearly Ao completely determines o.

4. E o: R* — R is càdlàg with finite variation, then on defining oy: R^ — R by

function of finite variation, a; consists purely of jumps, and = ac +aj. Any such

decomposition is unique, since given such a decomposition we must have Ao; — Aa

(since Aag = 0).

(6.13)Theorem (The Ité Formula).

Suppose that § = x Q — D, where D is an open subset of

Re, are integrators, and the range of S_ is contained in D. Suppose that

f:D—R isa C? function. Then for t € R*,

d H i p

/ | 87]+Js,
i=1



where J is a jump process characterized by

AJ=Af(S)— 35 )ASAS.
i—1 DEM

In particular we see that f(S) is an integrator.

To prove this we shall need the following technical lemma.

(6.14)Lemma. Suppose that D is an open subset of R^, a — (01,...,aq)R* D

is cadlag, a(t—)

we fix b € RT, and define for each C? function f:D — R,

J(f)2 — f(a )^e(t
i—1

-i3 8:0; f
LM

we have that J has the following properties.

(i) J(f) « oo for all C? functions f:D— R.

(ü) If fs, f2,...:D — R are C? functions such that f,—^ 0 uniformly

on compací subsets of D for alli and j, then J(f,) — 0.

Proof: Let K — (o(t)|t € [0,5] jU(o(t—)|t € (0,b] }. Then K is a compact subset

of D (see (1.4)). Let § > 0 be such that C C D,where C 2 € | infjvex |z — p| €

6 V. C is compact.

Let P— (t € o(t) Z o(t-)

and

eR AF
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So P is the disjoint union of P; and P;. Now since < oo, we have that

P is a countable set and P, is a finite set. Define for each C? function f:D — R, and

—))
icP

d

-$PILL
Then J(f)— Ji(f) + J2(f). We shall now obtain an estimate for Jo(f). Let m(f) =

sup{ 18;0;f(z)||z € C, Iclam that if z € K and h € R^ such that

IE

flz f(z)- z)h;h;| «i1

To prove (1), let g(t) = f(z + th). Then by theorem, g(1) = g(0) + +

39"(6) for some 0 € (0,1). Now for 0 € t € 1, we have that g"(1) — 8,0;f(z+
th)h;h;, and so

d

23 (since z + th €C)
|

p

Du EX Li

Thus |g(1)-g(0)— — & 21g"(0)|-- 21g"(0)) & d This is just (1).

Now for t € P,, take z = a(t—) and h = a(t) — in (1), and sum over all

i€ P; io give that

3) EPNOR

MU



Now the sum is finite by the hypothesis on a. So < oo. But since P; is a finite

set, J1(f) < co. It follows that J(f) — Ji(f) -- Ja(f) € oo; thus proving (i). For (ii)

we have that m(f,) — 0 as n — oo, and so (1) gives that — 0. But clearly

Ji(fa) — 0, since P, is a finite set. Thus J(f4) = J1(fn)+J2(fn) — 0 as required. [I

Proof of (6.13): Given càdlàg processes X,Y:R* x Q — R, write X Y to mean

that X — Y is à jump process. We see that 'z' is an equivalence relation. Regard 5

and D as fixed, and let A denote the set of C? functions f:D — R such that

CES SXELM
Then A is a vector subspace of C?(D;R). The proof of Theorem(6.10) can be adapted

easily (replace certain equals signs by ‘=’) to show that fg € A whenever f,g € A.

Thus again all polynomial functions lie in A.

Suppose that f:D — R is any C? function. Take by Lemma(6.11) a sequence

of polynomial functions — R such that 8%p, — uniformly on all

compact subsets of D when |a|< 2. Then since p,, € A we have that

(2) fi-i
n:35[LS

for all t € R*, for some jump process Apply A to this equation using Theo-

rem(5.25) and Proposition(6.3)(iv) to give that

VRE LE y. HRUN
[ES] DESI

Thus

d

Ey DX BRUNEE
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Letting n — oo in (2) will prove the result provided, there is a jump process J such

Dr:pu— J; in probability for all t+ € RT, and such that

d Di

(4) AT = 1 >mr i,j21

Now — A[S'], « oo as. and so Lemma(6.14) applies to (a.a.)

paths of $. Thus we can define J:R* x Q — R by

pi Di

CESSU SIR ijj21

Then if we knew that J; were J;-measurable for all t, J would be a cadlag adapted

process, and hence a jump process satisfying (4). Now from Lemma(6.14)(ii) applied

with p, — f as f,, and each path of S as o, we obtain thatn— — 0 a.s. for all

t. Le. Je — J4 a.s. for all t. Thus we see that J; is for all t. But also

this shows that J is the required jump process. M

(6.15)Example (Brownian Motion).

Suppose that B — (B!,..., R* x € — R is a d-dimensional Brownian

motion. Then we have seen (Proposition(6.4)(ii)) that [B*,B7], — and so the Itó

formula (Theorem(6.10)) gives that for every C? function f: R^ —^ R

d D D

- » Y n EE|Af(B,)ds,

where here A denotes the Laplacian operator»0? and not the jumps (I apologize

for this abuse of notation). N



$6.5 THE DIFFERENTIAL NOTATION

It is a notational convenience sometimes to write dX = HdS as shorthand for
Xo dS. In this short section we shall make this notation precise. We

shall suppose that bP denotes the vector space of all bounded previsible processes
X:R** x 5 R, and so Ib denotes the vector space of all local bounded previsible

processes X:R^* x €) 2 R. Let Z denote the class of all integrators. We shall use the

convention that indistinguishable processes are the same. Let dZ = Z/C, where C is

the subspace of 7 consisting of those processes with constant paths (i.e. the processes

S € T such that $, — Ss for all t € R*). Let d:Z — dZ denote the quotient map (so

d ‘forgets’ the starting point). Now make the following definition.

(1) A — IbPQdI as vector spaces.

Define a multiplication on A by the following formula.

(2) (X+dR)Y+dS)= XY+d(X-S+Y-R+[R,S]) forall X,Y c1bP and R,S € I.

Le. so that it extends the pointwise multiplication on 1bP, and the following properties

hold.

(3) XdS =d(X-S) for all X €1bP and S € I.

(4) dRdS — d|R,S] for allR,ScI.

Now this makes .4 into a commutative algebra over R. The only difficult thing to check

is that the multiplication given by (2) is associative. But this amounts to proving the

following properties.

(5) X(Y dS) 2 (XY)dS for all X,Y € IbP and $ € T.

(6) X(dRdS) = (X dR)dS for all X € IbP andR,9 € T.

(7) dR(dSdT) = (dRdS)dT for all R,S,T € T.

But (5) and (6) follow from Theorem(4.21)(v) and Theorem(6.8) (see Note 2 after the

statement) respectively. For (7) we have to show that [R,[S,T]] = [[R,S],T]. But

pss:



since [S,T] has finite variation, Proposition(6.6) gives that

ut
3 NN
uxt

which is clearly symmetric in R, S and T. The 1 of the algebra .A is the previsible

process 1.

It is clear that ]b/P is a subalgebra of .A, and that dZ is an ideal of A.

Now we can state the Itó formula as follows. Suppose we have 5S, f, D etc. asin

Theorem(6.10). T
d pi

SE E ER
i=1

We shall also write dR, = H;dS; to mean dR = HdS when this is convenient.

So for example with B, f etc. as in Example(6.15) we have

i

df(B)) =>
_
8,f(B))4 dt.

i1

(We use dt as shorthand for when I;— t for all D



CHAPTER 7: DISCRETE-TIME MARTINGALES

In order to study continuous time martingales (the subject of the next chapter)

we shall require some results from the discrete time case. In this chapter we present

these results. This approach to the proof that martingales are integrators is due to D.

A. Edwards [Ed].

§7.1 CONDITIONAL EXPECTATION

Suppose that (Q,F,P) is a probability space. Then suppose we have a c-field G
on f) with G C F, and an real-valued randomvariable X. Then 4 — nXdP:G —
R is a signed measure on the measurable space (2,G). This measure is absolutely

continuous with respect to P|g. Thus by the Radon-Nikodym theorem, it follows that

there exists an L! G-measurable real-valued random variable Y such that A

J,Y dP forall A € G. Moreover Y is unique up to equality P-a.e. This is called the

conditional expectation of X with respect to C. Le. we make the following definition.

(7.1)Definition. Suppose that (Q, is a probability space, G is a c-field on €)

with G C £ and X is an L! real-valued random variable. Then the conditional

expectation of X with respect to G is the unique L! Q-measurable real-valued random

variable E(X|G) such that

REL=IRE: for all A € g.

O

(7.2)Properties. Suppose that is a probability space. Then we see that

conditional expectation satisfies the following properties. (Where we suppose if not

stated otherwise that § is a o-field such that G C F.)

125



1) is linear.

=2) E(X|G) < E(Y|G) whenever X <Y in L'.

(1)

(2)

(3) IfX € L! is G-measurable, then E(X|g) — X.

e
5) (The Tower Property) If G and H are c-fields such that C Q C F, then

E[E(X|G)|H] = E(X|H) for all X € L*.

(6) For each X € L',E(X|{@,}) is constant and takes the value E(X).

(7) E[E(X|G)] = E(X) for all X €

(8) If X is G-measurable, and Y € L! such that also XY € L!, then E(XY|G) =

XE(Y|G).

(Let and v be the measures given by du — Y dP and dv — XY dP. Then X € L'(y)

and dv — X dy. Thus E(XY |g) 2 dv|g — X du|g —XE(Y|9)
(9) (Jensen’s Inequality) If 9: R — R is convex andX € L! such that also $oX € L',

then dcE(X «
(The proof is a trivial modification of the proof of Jensen's inequality for E(-).)

(10) Suppose that 1 € p « oo. Then for eachX € L^, € L? and &

(When p « oo, apply Jensen's inequality (9) with ¢(z) = |X|P.)

(11) (The Monotone Convergence Theorem) I£X;,X;,-.. € L',X € L',andX41 X

a.s., then E(X4|O) 1 E(X|O) a.s. m

$7.2 DISCRETE-TIME PROCESSES

(7.3)Definition. If is any probability space, then a discrete-time filtration
on (Q,F,P) is a family of o-fields on § such that F,, F,,whenever n < m,

and F, C F for all n. Od

Throughout the rest of this chapter we shall assumethat is a probability

space with a given discrete-time filtration )nen on it.
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(7.4)Definition.

(a) An (adapted) process is a family of random variables X = (X,)nen such that

X, is £,-measurable for all n. As before the term ‘process’ will be taken to

mean adapted process. We shall say that X is an L?-process (0 € p € oo) if and

only if X is a process such that X, € L? for all n. A process X is bounded if

and only if |X < 00,where les— |

A stopping time is a function c:Q — NU {oo} such that [c € n] € 4 for all

n € N. As in Chapter 5, a stopping time c is said to be finite if and only if

c « co, and is said to be bounded if and only if c X N for some N € N.

TS time then the o-field 7, is defined by

<n]€ F,forall n e N}.

(d) If c is a finite stopping time and X is a process, then the random variable X, is

defined by — Xe is Fo-measurable.

(e) A martingale (resp. submartingale, supermartingale) is an Li-process X such

that X, — (resp. X4 € X. 2 whenever

n € m. Àn L?-martingale (1 € p < 00) is an LP-process that is also a martingale

(and similarly for submartingales and supermartingales).

(f) A previsible process is a family of randomvariables H= (Hp)nen such that H,

is for all n € N (where F_; is taken to be 4). 0

Note.

1. We have analogues of some of the results given in §5.1. For example we have the

following results.

(1) If 0 and 7 are stopping times, then so are c A7 and 0 V 7.

(ii) Ifn € Nand7(w) = nfor € Q, then 7 is a stopping time andF,=

(iii) If ¢ and 7 are stopping times such that c € 7, then J, C
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2. We have clearly that an L!-process X is a martingale (resp. submartingale,

supermartingale) if and only if — X4|J) — 0 (resp. 2 0, € 0) whenever n € m.

$7.3 THE MARTINGALE TRANSFORM AND MUTUAL VARIATION

For discrete-time processes we have the following analogues of the stochastic

integral and mutual variation.

(7.5)Definition.

(a) If X is a process and H is a previsible process, then we define the process

called the martingale transform of X with respect to H, by (H*X)4 —
P10.

CE.

NE 3 8

(b) If X and Y are processes, then the mutual variation process [X,Y] is given

by = XoYo + — — Yi). We shall call [X,X] the

quadratic variation of X and denote it by [X]. Ll

We have that H«X and [X,Y] are linear in both variables. Also the following

proposition (the proof of which is a trivial piece of algebra and will be left to the

reader) is the discrete-time analogue of Theorem(4.21) and Theorem(6.8).

(7.6)Proposition.

(i) If X is a process and H and K are previsible processes, then Hx(K*X) =

(ii) If X and Y are processes, and H and K are previsible processes, then

[H«X,K*Y|] - (HK)«|X,Y]. Putting in particular K = 1 gives that |H«X,Y]

— Hs[X,Y].

Now we shall consider the connections between the martingale transform, mutual

variation and martingales.



(7.7)Proposition. Suppose that 1 < p,q < oo are such that- < 1, and that H

is an L?-previsible process. Then taking r such that = —£42 (and sol <r < oo),"p
the following results hold.

(i) IfM is an then H*M is an L"-martingale.

(ii)IfH> 0 andX is a L3-submartingale (resp. then H*X is

a (resp. L"-supermartingale).

Proof: Note that from the inequality ||UV||.« ||U||5]|V || (see Proposition(1.9)(a)),

it follows that is an L'-process whenever X is an L?-process.

(i) We have that (H«M)441 — (H«M), = — My). Therefore it follows

that EL M)s41 — (H«M)s|Z4] 2 —
9 0 (since Hai is

measurable).
(ii) We have that E[(H*X — Fr] = — > 0 (resp.

« 0). Li

(7.8)Proposition. Suppose that 1 € p,q oo with X 1, M is an L?-1
E

martingale, and that N is an L*-martingale. Then taking v such that 1 =
]

uL
H
p

we have that MN— [M,N] is an L"-martingale.

Proof: Let X — MN—[M,N]. Then X441— X4 ^

— Np) 2 Ma(Ns41— Ns)- M5). Thus on defining previsible

processes H and K by Hy = Ky = 0, H, = M,_; for n > 0, and K,, = N,_; for

n > 0, we see that X = HxN+ Thus by Proposition(7.7)(i), X is an L"-

martingale as required. []

$7.4 SOME GENERAL RESULTS

In this section we shall present some well-known results, which we shall need

later.



(7.9)Theorem (Optional Stopping).
Suppose that X is a martingale (resp. submartingale, supermartingale), and

c and 7 are bounded stopping times such that ¢ < 7. Then X,,X, € L' and

Xo = (resp. Xo < Xo 2

Proof: We consider only the case when X is a martingale; the other cases being

similar. Take N€ N such that 0 < ¢ <7 < N. We have that |X|, <»Pe
and so X,,X. € L!. Suppose that A € £5, and define a previsible processHby H4 —
Lano<ngr <n <7] = LE
is previsible). We see therefore by Proposition(7.7)(i) (with p — oo and q — r — 1)

that H*X is a martingale. Thus 0 = E[(H«X)o] 2 2 — Xe)].

Le. npou nX.dP for all ECDE LJ

In a similar fashion we have the following result.

(T.10)Proposition. Suppose that X is a maríingale (resp. submartingale, super-

martingale), and c is any stopping time. Then is also a martingale (resp.

submartingale, supermartingale). Here we mean with respect to the given filtration

and not

Proof: Let Hy, Then [0 > n] = € n—-1] € 74-1 and so H— (H4), is

a non-negative previsible process. Now = (H*X),. Thus the result now follows

by using Proposition(7.7). O

(7.11)The Doob-Meyer Decomposition.

Suppose that X is an L!-process. Then there exist uniqueM and A such that

X =M+A, with Ma martingale, and À an L!-previsible process with Ag = 0. Given

this decomposition, which is called the Doob-Meyer decomposition ofX, A is increas-

ing (resp. decreasing) if and only ifX is a submartingale (resp. supermartingale).
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Proof: IfM and A satisfy the requirements of the Doob-Meyer decomposition of X,

(lo

we obtain that

EP — Án -— 5 ex s for all n N.

Thus summing up gives that

"n—1
CEP

k—0

So the uniqueness of M and A has been demonstrated.

For the existence of M and A, define A by (1), and put M— X — A. From (1),

itis clear that A is previsible with Ag — 0. Also from (1) follows (1). From (1) we

deduce that — M,|F,) = 0, and hence that M is a martingale. The last

statement of the result follows from (1). Od

When considering a supermartingale X, we see from (7.11), that X =M— A for

some martingale M and some increasing previsible process A with Aj — 0. We shall

also refer to X =M— A as the Doob-Meyer decomposition of X.

§7.5 SOME ESTIMATES FOR MARTINGALE TRANSFORMS

Our aim in this section is to prove inequalities of the form <
for H a previsible process, M an L?-martingale and n € N. The

first to be considered is the case when p — 2.

(7.12)Proposition. Suppose that M is an L?-martingale and that H is a bounded

previsible process. Then is an L?-martingale and

< N.
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Proof: It follows from Proposition(7.7)(i), that H«M is an L?-martingale. Now

by Proposition(7.8), we have that (H«M)? — [H«M] is à martingale which is zero

at time zero. So = E([H*M],). Similarly E(M2) = E([M].). But
[H«M] — H?«(M] « ||H||2,[M], by Proposition(7.6)(ii), and the fact that [M] is

increasing. Thus it follows that < Take square roots to

give the result.

Next we consider the case when p — 1. In this case we only get a weak version of

the inequality (see Proposition(7.14)(ii)). In order to prove this result we shall need

a preliminary result.

(7.13)Proposition. Suppose that Z is a supermartingale, 0 < c¢ < oo such that

0 < Z < ¢, and that H is a bounded previsible process. Then

E[((H«Z)2] « 8c|| H|];E(Zo) for all n € N.

Proof: Fix n. We may assume that Hj — Z, — 0 for all k » n, since on putting

Hy — Zy — 0 for k » n, the value of is not changed, is not made

bigger, and Z remains a supermartingale.

Let Z =M— A be the Doob-Meyer decomposition of Z. Then by construction

Mand A are L®-processes. We have that M= Z + MGE RUEEPPR
Thus

(1) Va

te

(Recall that A is previsible.) Now = =

Thus E(Zk41Àxk41 — LIVVIS = Va — AY: = TS -— ru132



— Ar). Substituting this in (1) gives that

(2) S07

Now take expectation, sum up for k — 0,...,n, add E(M2) — E(Z?), and use the fact

HEN EI — to give that

© OREL
LE)

Since A is increasing and 0 € Z « c, we see that the right hand side of (3) is bounded

above by ERR ButE x and so E(An41) =IPES =

E(Zo). Thus we havethat

c =

From = 0, it follows that (HxZ) s (EPA -— (H*M)s41 E

(0:EF:

< + [1H oo ||Ant1ll2
(first term by Proposition(7.12),

the second since |(H*A)n+1] <
(by

Squaring now gives the result.



(7.14)Proposition.

(i) IfX is a non-negative supermartingale, and H is a bounded previsible process,

then for each n € N, and each À » 0,

AP[[(H+X)n| > A] « ||;E(Xo).

(ü) IfMis a martingale, andHis a boundedprevisible process, then for each n € N,

and each A > 0,

(üi) IfX is any L!-process, and H is a bounded previsible process, then for each

n € N, and each A »0,
n-—i

IS TM:Xk=0
Note. The expectation in the inequality of (iii) is an expression similar to one that

occurs in the definition of quasimartingales (see Definition(8.8)(d) and (e)).

Proof:

(i) Fix n € N and A > 0. Suppose that 0 « c « oo. Define a stopping time c

by ¢ = > c}, and a process RM —

Xo. But is a supermartingale by Proposition(7.10), and Xo)k is

an increasing process; thus Z is a supermartingale. By construction 0 <Z < ¢, andZz

so Proposition(7.13) applies to Z. We obtain therefore (using also that Zo < Xo) that

e E[(H*Z);] €8e] « 8e] H|;

Now on the set [o 7» n] we have that (H*X), = (H*Z),. Therefore

(2) > Al C [0 <n] > Al.
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Now [0 < n] = [Xoan > ¢], and s0 < 2Xonn- Thus taking the expectation

of both sides gives that Plc < n] < 2E(Xoan). Now by Optional Stopping (Theo-

rem(7.9)), E(Xonn) < Thus

(3) IP.

IN Taking the expectation of both sides and using (1)

gives that

Te "(4) » ÀJ & xzHiis ECXo).

Formulae (2), (3) and (4) together give that

(5

Now since Z and c do not appear in (5), it is true for all c such that 0 « c « oo. If

> 0 then put c — A/(A4||H |o.) to give the result. When ||H||;; — 0, the result

is trivial.

(ii) This follows immediately from part (iii).

(ii) Fix n € N, and define processes Y and Z by

30 0 ^3 E(X; -X. ^.i=k

when k < n, and = Zp = when k > n. Now > and

2 So Y and Z are non-negative supermartingales. Thus (i) applies
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to Y and Z. Now X, = — for k So (HxX), = (H*Y), — Thus

for A > 0 we have that

> N < > 2] + > 3]

+ Zo) (by (i).

Lo

2»kz0
and so the result now follows. []

Now to obtain an inequality for the case 1 « p « oo, we shall use interpolation

for the range 1 « p « 2. Then to deal with the range 2 « p « oo we shall use the

following duality result.

(7.15)Proposition. Suppose that 1 < p,q,r € oo are such that P + IE
is an L?-martingale, N is an L9-martingale and that H is an L"-previsible process.

Then for each n € N,
2 ),].

Proof: By Proposition(7.7)(i) and Proposition(7.8), (H«M)N— [H«M,N] is a mar-

tingale. It is zero at time zero. Thus E[((H«M),N,] — But by

[H«M,N] 2 H«[M,N], and so we obtain that =

E[(Hx|M,N)),). Now similarly E[M,(H*N),] = Thus the result

now follows. O

(7.16)Proposition. Suppose that 1 < p < oo. Then there exists a constant Cj,

depending only on p, such that 0 € C, « oo, and for each L?-martingaleM, and each

bounded previsible process H,

ETE ES



Proof: We have already proved this result for the case when p = 2 with C3 — 1

(Proposition(7.12)). We shall consider now the case when 1 « p « 2. We shall deduce

this case by interpolation (the Marcinkiewicz interpolation theorem see Sadosky [Sa]

Theorem 4.1 of Chapter 4). In order to give a self contained account we shall prove

the result from first principles.

Fix n. Without loss of generality we can assume that ||H||= 1. For each A > 0

define martingales X?) and YO9 by

be Mn]Fr),

(2)

So + — My, when k € n, and is bounded. From Proposition(7.14)(ii)

and Proposition(7.12) we obtain that

SOME

2

Q FF
(The inequality (4) being deduced from Proposition(7.12) using o?P[|U| » o] «€

E(U?).) Now since (H«M), — we have that »
A] € » 2] » 2]. Therefore from (3) and (4) we obtain

that

249

(6)

(by Proposition(1.11)(ii))

0 0

IT



Now

(7) f EE
NL iy P

Ninterchanging the order of integration)

=
——||IM

And similarly we have that

E M a0 0 Ja

o? eEJi /t B.C
1

dlPE:
Therefore (7) together with (8) and (9) gives that

9 [C

Thus we have proved the result when 1 < p < 2 with

77 RE10 e PAR

Now we consider the case when 2 « p « oo. Let q be such thati"Ru i—1;so

1«q«2.1fN is an L*-martingale, then

(by Proposition(7.15)

(by Hólder's inequality)

| (by the previous case).

Now N, can be any L? F,-measurable random variable desired (let Ni = E(U|F%),

where U is the desired random variable). Thus| € as

required (C, — C,). L)



CHAPTER 8: MARTINGALES AND THE STOCHASTIC INTEGRAL

Inthis chapter we shall consider the connections between our theory of stochastic

integration and martingales. Among the results proven are that all local martingales

are integrators, and that is a local martingale, when M is a local martingale,

and H is a locally bounded previsible process. Our approach to the theory will also

be proved to be equivalent to the Strasbourg approach (see Chapter 1).

§8.1 UNIFORM INTEGRABILITY

In order to obtain convergence in L? in certain situations, we shall need the

concept of uniform integrability and uniform LP. In this section we present some

results which we shall need.

Throughout this section we shall assume that (2,F,P) is any probability space.

(8.1)Definition. If X C L!, we say that X is uniformly integrable if and only if

sup| |X|dP — 0
xex J|X|>N]

If 0 « p « co and X C LP,we say that X is uniformly L? if and only if { |X|? |X € X )

is uniformly integrable. Note that the terms ‘uniformly L!’ and ‘uniformly integrable’

are equivalent.

We see at once that a subset of a uniformly integrable subset of is also

uniformly integrable. Finite subsets of L! are automatically uniformly integrable.

A finite union of uniformly integrable subsets of L! is also uniformly integrable. If

X,Y C X is uniformly integrable, and for each Y € y, thereis anX € X such that

IX|Z |Y], then is also uniformly integrable. Similar facts are true for uniformly L?

subsets of L?.

Here is an alternative characterization of uniform integrabihty.
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(8.2)Proposition. Suppose that X C L!. Then X is uniformly integrable if and

only if the following properties are satisfied.

(1) supxex < oo.

(2) For each & » 0, there exists a 6 » 0 such that f, |X|dP « & for all X € X, and

Y <

Proof: Suppose that A is uniformly integrable. For X € X and N € N, write

MET

dP — 0 as N — oo. Now suppose that & » 0 is given, and take

N such that supxex fjzo dP « $. Then for each A € 7,

oy) «EEsup [ |X)P
DET Xex XeX JA

SEE

Putting A = Q gives (1). Taking é = ¢/(2N) gives (2).

Now suppose conversely that X satisfies (1) and (2) above. Then let C =

suPxcx so C « co. We have for each X € X, that P[|X| > N] < < $.
Now suppose that ¢ > 0 is given. Let § > 0 be that given by (2), and then take Ng such

that E « 6. For N2 No and X € X, we have that > N] < £ « 6. Therefore

by (2), |X|dP < ¢ for all N < Np. Le.

cx — 0 as N— co. So X is uniformly integrable as required. [J

This characterization of uniformly integrable makes it easier to prove certain

results about uniform integrability. For instance the following proposition.

(8.3)Proposition. If0< p < oo, X,Y C LI? are uniformly L?, and o,8 € R, then

the set aX -8y uniformly L?.

PRoor: When p — 1, this follows easily using Proposition(8.2). For general p, use

the case when p — 1, and that |o.X 4- 8Y|? « 2?|a|?|X|? -- which follows
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from the inequality (s -- t)? « 2?(sP + t?) that s,t € RT. To prove this

inequality, note that s +1 < Therefore < VIP) « 2P(s? -tP). [J

(8.4)Theorem. Suppose that 0 « p « oo, X1, Xs,--- € L? and that X is a real-

valued random variable. Then the following are equivalent.

(1) (X«)« is uniformly L? and X4, — X in probability.

(2) X € L? andX, — X in L*.

Proof: Suppose that (1) holds. We shall deduce (2). A subsequence (Xp, of (Xn)n

converges a.s. to X. Thus by Fatou’s Lemma,

/ Peu Ji liminf |? dP
Q "do

|Pon
Qk—oo

by (1) of Proposition(8.2). Let Y, — |X, — X|?. So is uniformly integrable

(since (X, — X), in uniformly L? by Proposition(8.3)). Now suppose that & » 0 is

given. Take N such that sup, Y,dP < $. Since Y, — 0 in probability, take

no such that e^Y4)dP « $ for all n 2 ng. Then for each n 2 no,

E |2 [Y,2N]

Ja Y, dP — 0 as required.

Now suppose conversely that (2) holds. We shall deduce (1). Clearly X, — X

in probability. Let Y, — |X,— X We shall show that is uniformly integrable.

But since ESY,dP < ||Y,]||1, we have that for each N and ns,

Lu
sup| Y,dP& sup JiIY,2.N] ME n>ng

IE



Now suppose that ¢ > 0 is given. Take ng such that the second term on the right hand

side is « ce. Then take No such that the first term on the right hand side is « € for all

N > Ny (since {Y1,...,Y,,} is uniformly integrable). Thus sup, S E

for all N> Ny. We see therefore that (Y,), is uniformly integrable. So (Xn, — X)4 is

uniformly L?, and hence (X4), is also uniformly L? by Proposition(8.3). O

(8.5)Proposition. Suppose that 0 < p < q € co and that X is a bounded subset of

L3. Then as a subset of L?, X is uniformly L?.

Proof: The case when q — oo is easy; so suppose that q « oo. By replacing X by

€ X}, and q by g/p we may also assume without loss of generality that

p=1 Sol=p<qg<oo. Let 7 be such that 1 <7 <coand;+ =1.C — supxcx |X||,. So C < co. Then for X € X,

/ Q

< lg (by Hólder's inequality)

« C(P[|X| »

CLR CECEPOP UIP. EU

EM O

§8.2 UNIFORM INTEGRABILITY AND CONDITIONAL EXPECTATION

We shall present here a couple of results which will be used in the theory of mar-

tingales. These results show that certain families defined using conditional expectation

are uniformly integrable.

(8.6)Proposition. Suppose that 1 € p « co and that X C L? is uniformly LP. Then

pPis uniformly LP. (G is assumed to denote a o-field on 2.)
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Note. Taking X to consist of one element shows that (E(X19))gc is uniformly L?

for all X € LP.

Proof: Since by Jensen's inequality (see (7.2)), < E(|X[?|G), we

may, by replacing & by {|X|P|X € X 1, assume that p — 1. Suppose that ¢ > 0 is

given, and take (using Proposition(8.2)) 6 » 0 such that f, |X|dP « for all X €

and all A € F such that P(A) « é. Let C — supyex so C « oo. Take No such

that « 6. Now suppose that N2 No, X € X and that G C 7. Let Y — E(X|g).

MAP EE MNT

Ji PP.JTS

=Ji |X|dP

«n

|ECX|g)|dP € & for all N > Ny. Thus proving that

(E(X xex gc; 1$ uniformly integrable.

We shall also require the following technical lemma.

(8.7)Lemma. Suppose that are c-fields on Q such that F 2 Go 2 G1 2
...,and that Xe, € L! satisfy the following properties.

(1) For each n,X, is

(2) De 30€
7 « oo.

Then (X4)22., is uniformly integrable.

Note. (2) is satisfied when < Xm for n < m, and E(X4) « oo.

Proof: Define Y, for n = 0,1,... by

p

Es



Then since

X, = EX, + P.C
k=1

we see that |X,| < Y,. Therefore it is enough to prove that (¥,)52, is uniformly

integrable.

Now we have that > 0, E(Y,|Gn+1) < and that < 00.

Let a = impoE(Y,). So 0 € o « oo. Given ¢ > 0, take ng such that a — § <

< a. By applying Proposition(8.2) to the uniformly integrable set take

6 » 0 such that f, [Y4,| dP « $ whenever 4 € Fwith P(A) « 6. Let No be such that

ha Fr E ES « & whenever N 2 Ne and n « no. Then for N > Ny and

nZ no,

[Pes

« E(Y;)3 Y,, dP
[Ya <N]

(since E(Y4,10,)€
Y, dP

PAPST

since P[Y, » N] « < x; « 6. Thus sup, Jry. € for al N 2

as required. M

$8.3 CoNTINUOUS-TIME MARTINGALES

E

a standard setup. We shall now define martingales, submartingales and supermartin-

gales. In this case of continuous time we shall require them to be càdlàg processes.

The prefix ‘pre’ will be used when this requirement is dropped.
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(8.8)Definition.

(a) A premartingale (resp. presubmartingale, presupermartingale) is a vector-valued

adapted function X:R^ — L! such that X, — (resp. X; &«

X, 2 whenever € R* are such that s « t.

A martingale (resp. submartingale, supermartingale) is a cadlag process X such

that (X4) is a premartingale (resp. presubmartingale, presupermartingale).

Suppose that 1 < p < co. A martingale (resp. submartingale, supermartingale)

X is said to be an L?-martingale (resp. L?-submartingale, L?-supermartingale)

if and only if Xi € L? for all € R* (i.e. X is an L?-process). (Similarly for

etc.)
If X:RT — L? is adapted, then we define

r-—1

Var(X) = sup z|> — [FrlH |Xs,|0—io«:«t.«oo nen

and for b € RT,

Lini

Van(X)— sup E|3[20 |«tb k—0

(the supremum being taken over all partitions 0 — tg --: « t, — b of [0,5]).

(e) A quasimartingale is a càádlàg process X such that Var(.X) « oo. L

Note.

1. It is easy to see that if X is a premartingale, presubmartingale or a presuper-

martingale, then Vary(X) < oo for all b €

2. It is also easy to prove that a non-negative supermartingale X is a quasimartin-

gale and that Var(X) = E(X,).

3. The class of all quasimartingales forms a vector space and Var is a norm on it.
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4. If. X: R* — L' is adapted, then < Vary(X) < Var(X) for all s & tin

R*.

(8.9)Notation. We shall use ||-||; to denote the supremum norm on £. N

The following theorem can now be proved using the results of Chapter 7. This

method of proof is due to D. A. Edwards (see [Ed]), though he did not obtain the

results (iv) and (v) below.

(i)IfZ is a presupermartingale such that 0 € Z « c (c € R*), and b € R*, then

^forall H c €.

(ü) IfX is a non-negative presupermartingale and b € R*,then

> forall H € £ and ^ » 0.

(üi) IfM is a premartingale and b € R*,then

for all H € € and A » 0.

(iv) Suppose that X:R* — L! is an adapted vector-valued function and that b c R*
is such that Vary(X) < oo. Then

> A} € forall H € £ and A > 0.

(v) For each p such that 1 « p « oo, there is a constant C, depending only on p

such that 0 € C, « oo, and such that for each L?-premartingaleM and b € R*,

all HEE
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Proof: We shall indicate only how to deduce (i) from Proposition(7.13), since the

other parts are deduced in the sameway fromProposition(7.14) and Proposition(7.16).

So suppose that Z, c and b are as in the statement of (i), and that H € £. With-

out loss of generality we can assume that [H # 0] C (0,b] x Q. So =

Where 0 = < --- < t, = b, and for k = 0,...,7 — 1, Cy
is an simple -measurable random variable. Now (HZ), =

By putting 44 — b and Cy = 0 for k > r, and C_; = 0, and then applying Proposi-

tion(7.13) with as the discrete-time filtration, (Zi,)& as Z, and (Cx-1)s as H,

we obtain that E[(H*Z)2] €8c||H as required. N

(8.11)Theorem. Suppose that X is an process such that Vary(X) < oo

for all b€ RT. Then X is an integrator.

Proof: By Theorem(8.10)(iv), dX:£ — L° is continuous. Thus by Theo-

rem(4.30), it follows that X must be an integrator. N

The hypothesis of Theorem(8.11) is satisfied by all martingales, submartingales,

supermartingales and quasimartingales. Thus we have immediately the following re-

sult.

All martingales, submartingales, supermartingales and quasimart-

ingales are integrators. Li

Note. All that is stated here is that the processes are L%-integrators. It is not true

in general that all martingales are L-integrators (see Bichteler [Bi2] 3.7 and 7.2).

The assumption inTheorem(8.11) that X is cadlag is a strong one. The following

result enables one to prove that certain adapted — L! are integrators, and hence

deduce the existence of cadlag versions of X.
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(8.13)Proposition. Suppose that X:R* — L! is an adapted vector-valued function

such that Vary(X) < oo for all b € RT. Then for each t € RY, the limit lim,Xu
exists in If this limit is X; for all t € RT, then X is an integrator, and so by

Theorem(5.10) there exists a càdlàg process Y such that Y, — X. a.s. for all t € R*.

Proof: Fix t € R*. Then we see by Theorem(4.31) (since Iu dX:£ — L? is

continuous) that lim,;X, exists in L?. Let Z, denote this limit. We have to show

that Z; € L! and that X, — Zi in L'-norm. Take u, » t such that u,|t. Then by

Lemma(8.7) applied with G, — we obtain that (X,, is uniformly integrable.

But X,, — Z, in probability. So by Theorem(8.4), Zi € D? and — Zi inJ
norm. But L!is'a HE so it follows that X, — Z; in L!-norm. Now if

Z, — X,a.s.for all t € R*, then it follows that X is an integrator by Theorem(4.30).
N

We can now use Proposition(8.13) to prove the existence of cadlag versions of

premartingales, presubmartingales and presupermartingales.

(8.14)Theorem.

(i) If M is a premartingale, then M is an integrator, and hence there exists a

martingaleN such that N4 — M4 a.s. for all t € RT.

(ü) IfX is a presubmartingale such that the increasing function t — is right

continuous, then X is an integrator, and hence íhere exisís a submartingale Y

such that Y, — X4 a.s. for all 1t € R*.

Proof:

(i) Msatisfies the hypothesis of Proposition(8.13), and so for each t € the limit

lim,;M, exists in L!. Denote this limit by Z;. Now since M is a premartingale,

M; = E(M,|F;) for all s » t. Let s |t to give that My; = — Zi (since
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the convergence is in L'). Proposition(8.13) now shows that M is an integrator, and

hence has a cadlag version.

(ii) Again X satisfies the hypothesis of Proposition(8.13). Fort € RT, let Z; denote
the limit in X,. We have that X, « E(X,|Ji) for all s » t. Lets it
to deduce that X; < Z;. But E(Z;) — lim,E(X,) — E(Xi), and so X, — Zi a.s.

Thus Proposition(8.13) again proves that .X is an integrator, and hence has a càdlàg

N

We have commented on the fact that L'-martingales are not necessarily L/-

integrators. But when 1 « p « oo, we do have that all L?-martingales are L?-

integrators, as the following result states.

(8.15)Theorem. Suppose that 1 « p « oo. Then all L?-martingales are L?-integra-

tors. FuthermoreifM is an L?-martingale andH € A!(M,L?), then H*M is also an

LP-martingale.

Proof: Suppose that Mis an L?-martingale. Then by Theorem(8.10)(v), we see that

the mappingIN... dM:£ — LP is continuous. Thus by Theorem(4.30), it follows

that M is an LP-integrator as required. Now suppose that H € A!(M,L?). We know

that H*M is an LP-process. Thus it remains to see that it is a martingale. But since

M is an and H € A!(M,L?), this will follow from (i) of the following

O

(8.16)Lemma.

(i)IfM is a martingale and an L*-integrator, and H € then HMis a

martingale and an L*-integrator.

(ii)IfX is a submartingale and an L!-integrator, andH € A!(M,L!) with H2 0,

then H*X is a submartingale and an L!-integrator.



Proof:

(i) We already know that H*Mis an by Theorem(4.21)(i). We have to

show that H*M is a martingale. Firstly consider the case when H € £. To show that

= E[(H-M),|F,] when u < v in write Hy(w) =

where 0 — tq € « t, « oo, for k — 0,...,r—1, Cy is an simpleF,-measurable ran-
dom variable, and and v occur in the set Now apply Proposition(7.7)(i)

with (M) " M (ty, — t, ii k Z r), as H (Cy — 0 if kis not onei

0,...,7 — 1), and (Fy, as the filtration.

Now consider general H. Take Hi, € £ such that ®};
H)) — 0 for all t € R*. Then (H4*M), — (H*M); in L'-norm for all t. Thus if

uw < vin RY, then (H,"M), = E[(H,*M),|F,] for all n. Let n — oo to deduce that

SNE
(ii) The proof here is the same as for (i), except when approximatingHbyHi,

€ £, take H,> 0 (by replacing H, by H; if necessary). Od

$8.4 SOME GENERAL RESULTS

We shall present here some results some of which are the continuous-time ana-

logues of those appearing in $7.4. The first is an analogue of Theorem(7.9). All these

results are well known, but are included for completeness.

(Optional Stopping).

Suppose that X is a martingale (resp. submartingale, supermartingale), and

that c and 7 are bounded stopping times such that c < 7. Then X, € L! and

Xe — (resp. Xo < Xe 2

Proof: If c and 7 are simple stopping times, then this result follows directly from

Theorem(7.9). For general c and 7 take finite simple stopping times 71,05,... and

Such that o4|0, 7,|7 and 0, < 7, (see the proof of Proposition(5.6)(f)).
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Now Iclaim that X, € L! and X,, — X, in L'-norm. It is enough, by Proposi-

tion(8.4), to prove that is uniformly integrable. In the martingale case this

follows from Proposition(8.6), since X,, = by the simple case. In the

submartingale case we have that E(X,,) > so in this case use Lemma(8.7)

with G, = F,, (see the note afterwards). Similarly X. € I! and X,, — X,; in

Suppose that X is a martingale. If A € F, then A € F,, for all n. Thus

from the simple case, [, dP = [,X, dP for all n. Let n — oo to give that

J,XodP = [,X,dP. Thus X, = as required. The submartingale and

supermartingale cases follow in the same way. N

We have the following analogue of Theorem(7.10). (Recall from $5.3 that X7 —
Xont mPen

(8.18)Theorem. IfX is a martingale (resp. submartingale, supermartingale), and c

is a stopping time, then X° is a martingale (resp. submartingale, supermartingale).

Proof: We could deduce it from Proposition(7.10) using an argument similar to the

deduction of Theorem(8.17) from Theorem(7.9). Alternatively we can deduce it from

Theorem(8.17) as follows. We know that Xa: € L' by Theorem(8.17). We consider

the case when X is a martingale (the other cases being similar). Suppose that and3
are bounded stopping times such that a < 8. Then — = E(Xong— =

0, since Xora = Fora) by Theorem(8.17). The result now follows from the

following lemma. M

(8.19)Lemma. Suppose that X:R* — L! is a vector-valued adapted function such

that, E(X, — X,) = 0 (resp. > 0, < 0), whenever c and 7 are finite simple stop-

ping times such that c < v. Then X is a premartingale (resp. presubmartingale,

presupermartingale).



Note. In order to prove that X is a premartingale, it is enough to show that E(X,—

Xo) = 0 for all finite simple stopping times o. (Since subtraction gives the hypothesis

of the lemma.)

Proof: We consider only the case ‘= 0’ (the others are similar). Suppose that s & t

are in R* and that F € F,. Let be the finite simple stopping that is equal to s

on F, and equal to t outside F. Let 7 be the constant stopping taking the value 1.

Then by hypothesis, 0 = E(X, — X,) = nee — X,)dP. Thus we see that X is a

premartingale as required. OJ

Recall that if Z is a non-negative supermartingale, then Z is a quasimartingale

and Var(Z) — E(Zo) (see Note 2 after Definition(8.8)). Thus we see that if X is a

càdlàg process and X — Y — Z, where Y and Z are non-negative supermartingales,

then X is a quasimartingale and Var(X) € E(Yo) -- E(Zo). We shall need the fol-

lowing converse of this result in order to prove the theorem of Bichteler, Dellacherie,

Mokobodzki and Meyer concerning the characterization of integrators. The result is

due to Rao and Stricker. The proof given is essentially that given in Rogers and

Williams [RW].

(8.20)Theorem(Rao, Stricker).

Suppose that X is a quasimartingale. Then there exist unique non-negative

supermartingales Y and Z such that

X=Y-2 Var(X) = + E(Zo).

We have further that ifX = U—V, where U andV are non-negative supermartingales,

then U—Y =V — Z is a non-negative supermartingale.

Inorder to prove this we shall use the following lemma which is a generalization

of the monotone convergence theorem.



(8.21)Lemma. Suppose that is any measure space, and that (fo)eer is à

net in such that the following properties hold.

(1) (fa)a is increasing; Le. fo < fs when a & f.
(2) sup, fo < oo.

Then the net is convergent in

Proof: Let C = sup, J, fo dp. Now take a1 < a < ... such that fa, dp — C.

By the monotone convergence theorem there exists f € L'(u) such that fo, T f
We have that EETC EP— fin

NowIclaim that fg« f a.e. for all 8 € I. For suppose that 8 € I. Then

take y; €Isuch that 41 2 f and 44 2 o4. Given € I, take y4 €Isuch that

Yn 2 and vn 2 ap. Let g — f,. Then fg<g a.e. and f < g a.e. Now
|

fo9gdu€ C 9 Jg f dui so g — f &.e. Hence fg& f a.e. as required.

Suppose that € » 0 is given. Then take n such that ||fo, — « &. Thus for

B > a, we have that fo, < fs € f, and so ||fg — f|; « e. Hence fg — f in L'(u) as

"
Proof of (8.20): For t € R*, let F; denote the set of finite subsets £ of [£,oo) such

that i€ €. For £ € F, define

(Pe) POLES 6 7,k—0

where ¢ = {tg,...,t,} with t = tg < --+ < t,. We shall present the proof as a series of

numbered steps.

Q) « Q(y),when € F.with £ C v.
Proof: It is enough to consider the case when n = £ U {u} with u ¢ {. Suppose that

trpwitht <t,. If ty <u then

CI
< - 2 BHE[E(X, mPONI
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So applying E[-|F:] and adding the other terms gives that QC?(g) « The

case when u > t, is similar.

(2) The net ( 0) cer, (where Fj has the partial order ‘C’) is convergent in

Proof: We have that sup, E| S203) < Var(X) < oo. Therefore use Lemma(8.21)

together with (1).

Now let Iss) SUI)
3) is a non-negative presupermartingale.g

Proof: Suppose that s « t in R*. Then for £ € F, such that t€ £,

E

Let £ — oo through those £ € F; such that 1 € £, to give that PO as

required.

(4) X 2 PC? — PC) and 2 -Proof: We have that X, — — for all £ € Let £ — oo to give the

first result. From this we obtain that Var(X)<0 For the reverse

inequality, note that Io) let £ — oo.

(5) If X — U — V, where U and V are non-negative presupermartingales, then

U— V — is a non-negative presupermartingale.

Proof: For s « tin R*,E(X,— X4|7,)* « E(U, Sofort c R*,QC) « U.

for all £ € Fi. Let £ — oo to give that < Uy a.s. Thus U— P() is non-negative.

Now suppose that s « t in RT. Then for each { € F, such that t € € we have that

Re

Thus letting £ — oo subject to t € £ gives that — < —

It now follows that U — P(t) is a presupermartingale.



(6) If in the situation of (5) above E(Uo) -- E(Vo) Var(X), then U — PC? and

y 2 PO.
Proof: Let $ denote the non-negative presupermartingale U—PC — V — Then

AE 022 E330 OE
E(So) = 0. But for each t € R*, E(S;) « E(So) (since S is a presupermartingale), and

so it follows that S; = 0 as required.

(7) For each t € RT,LE a in L! as s|t and so by Proposition(8.13), PC?
andP( have càdlàg versions Y and Z respectively.

Proof: By Proposition(8.13), the limit P{*) exists in L'. Denote this limit by

n». Now R(9?) is a non-negative presupermartingale; since if s « t are in RES
A € then for all ó > 0, n25% nL2 dP; so letting ó|0 gives that

fA dP z n dP. Now since P(*) is a presupermartingale, it follows that

« PO (since in L!). Now since X is càdlàg we have

from (4), that X, — X, — RÜ— RÜ?. Thus by (5), PU? « and so

RE) = as required.

Now we see from (1)—(7) that the theorem holds. a

(8.22)Corollary. The class of all quasimartingales is stable under stopping GES

Proof: The class of all non-negative supermartingales is stable under stopping by

Theorem(8.18), and so therefore is the class of their differences. But this is the class

of quasimartingales by Theorem(8.20). N

88.5 LOCAL MARTINGALES

Recall the work of $5.3. Theorem(8.18) above proves that the classes of all

martingales, submartingales and supermartingales are stable under stopping. Thus we

can talk about local martingales, local submartingales and local supermartingales. By
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Corollary(8.22) we can talk about local quasimartingales. Now ifX is an L?-martingale

(1 € p € oo) and c is a stopping time, then the martingale X? is an L?-martingale,

since = € LP by the Optional Stopping Theorem(8.17). Thus we

can also talk about local L?-martingales. The class of LP-integrators (0 < p <

is also stable under stopping (since S° = lg whenever is an integrator and c

is a stopping time). Hence we can also talk about local L?-integrators. L?-

integrators are integrators by Theorem(5.18). By Theorem(8.12) and Theorem(5.18)
we have the following theorem.

(8.23)Theorem. All localmartingales, local submartingales, local supermaríingales,
and local quasimartingales are integrators. [LJ

In fact more is true. We have the following result.

(8.24)Theorem. martingales, local submartingales, local supermartingales,
and local quasimartingales are local L!-integrators.

In order to prove this we need the following lemma. This can be found in

Edwards [Ed] (Theorem 5).

(8.25)Lemma.IfX is a non-negative supermartingale, then X is a local SITE
tor.

Proof: Suppose that 0 « c « oo, and let c be the début of [X » c]. Let A be the

increasing non-negative cadlag process given by A; = Xo. (For each Borel subset

BofR0), [A4, € B] 2 |o « t]n[Xe € B] € 7,. Thus Ais adapted.) Let Z

So X° — Z-- A — Xo, and it follows that Z — X? — A -- Xo is a supermartingale

(since X? is a supermartingale, and A is increasing). Moreover 0 < Z & c, and so by

Theorem(8.10)(i), we have that for each b € RT,

for all H € £.
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NEIh...dZ:& — L?is continuous. Hence by Theorem(4.30), Z is an L?-integrator,

and therefore certainly an L'-integrator. Now since A is an increasing JR
process, we have that A is an L’-integrator by Theorem(5.30)(a)(i). Thus X* —
Z + A — Xo is an L!-integrator.

We now let c run through the set Let c4 be the début of [X » n]. Then

on|oo and is an L!-integrator. So (04)4 is a reducing sequence of X into the

class of all L'-integrators, and X is therefore a local L!-integrator as required. N

Proof of (8.24): By Theorem(5.16), it is enough to prove that all martingales,

submartingales, supermartingales and quasimartingales are local L'-integrators. But

since all such processes are local quasimartingales (take the sequence of constant stop-

ping times 0,1,2,... as the reducing sequence), it is enough to consider quasimartin-

gales. But by Theorem(8.20) any quasimartingale is the difference of two non-negative

supermartingales, and so it is a local L'-integrator by Lemma(8.25). N

Note. Suppose that we are given a submartingale X, and suppose that for some

b € R*, we take Y and Z to be cadlag processes given by Y; — E(X; |Z4) and

Z, — Y, — X, for t < band ¥; = Ys, Z; = Zp for t > b. Then we have that
Xy — Yi — Z4 for all ? and that Y and Z are non-negative supermartingales. In this

way we see that X is a local difference of two non-negative supermartingales. Thus we

can avoid the use of the Rao-Stricker Theoremwhen proving that all local martingales,

local submartingales and local supermartingales (but not local quasimartingales) are

local L!-integrators.

We can now use Theorem(8.24) to prove the following important result, which

is a continuous-time analogue of Proposition(7.7).

(i)IfM is a local martingale, and H is a locally bounded previsible process, then
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H*M is a local martingale.

(ii) If X is a local submartingale (resp. local supermartingale), and H is a non-

negative locally bounded previsible process, then H*X is a local submartingale

(resp. local supermartingale).

Proof:

(i) By Theorem(8.24) there are stopping times such that c4 T coo, and

such that for each n, is a martingale and an L!-integrator, and H is bounded on

Now since = (use the formula 'S? — 1,15") and
OU L^),it follows from Lemma(8.16)(1) that (H*M)?" is amartingale.

So H*M is a local martingale as required.

(ii) Similar (use Lemma(8.16)(ii)). O

MUTUAL VARIATION OF MARTINGALES AND LOCAL MARTINGALES

When MandN are local martingales we can give the following characterization

of [M,N]. In this case, this is often given as definition of [M,N]. See for example

Theorem IV.26.4 of Rogers & Williams [RW] together with the comment after its

(8.27)Theorem. Suppose that M and N are local martingales. Then [M,N] is the

unique (up to indistinguishability) cadlag process that satisfies the following proper-

ties.

(1) [M,N] has finite variation and [M, = 0.

(2) MN— [M,N] is a local martingale.

(3) A[M,N] 2AMAN.

In order to prove this it is necessary to prove a couple of lemmas first.
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If A is a integrable-variation process with Ag = 0, then for each

b € RT, and each bounded martingale Z,

dE

where the integral is a pathwise Stieltjes integral.

Proof: Let 0 — 1; < --- < t, =b. Then

ins =»» An (C
Now let — — 0 through a sequence of partitions of [0,5], and use

the dominated convergence theorem twice on the right hand side, to give the required

jl

(8.29)Lemma.IfM is a continuous localmartingale with finite variation, and My =

0, then M

Proof: Let (04), be a reducing sequence of M into the class of all martingales. By

replacing c4, by 04 ^T4, where 74 is the début of [Vas > n] (Vy is the variation process

of M; see $5.5), we may assume that Vase. is bounded for all n (since Ves — Var)

Thus it is enough to prove the following statement (just apply it to M?"H



(1) IfM is a martingale with bounded variation (i.e.Vy is bounded on R* x Q)

and My = 0, then M= 0.

To prove this, suppose that b c R*. Then by taking Z = A = M in Lemma(8.28),

we obtain that E(M2) = E(f’MdM). But M is continuous, and therefore previsible

(when restricted to R^^ x Q). So f — Now by Lemma(8.16)(ii)

(M is a L'-integrator, since it has integrable variation), M*M is a martingale. Thus

E((M*M)] 0, and so E(M?) — 0. This is for all b €R*; so M— 0. 0

Proof of (8.27): We know already (Proposition(6.3)(ii) and (iv)) that [M,N] sat-

isfies (1) and (3). Now MN — [M,N] = + M_*N + N_-M (by Proposi-

So MN — [M,N] is a local martingale, since M_*N and N_-M are

local martingales by Theorem(8.26)(1).

Now suppose that A is any cadlag process satisfying (1), (2) and (3). Le. the

following hold.

(i) A has finite variation and A, = 0.

(ii) MN— Ais a local martingale.

(ii) AMAN.

Let Z 2 [M,N]— A. Then from (1), (2), (3), (1), (ii) and (iii), we see that Z is a local

martingale, has finite variation, Zo = 0 and AZ = 0. The last property says that Z is

continuous. So Lemma(8.29) applies to Z and gives that Z = 0. So A — [M,N], and

the required uniqueness is proved. i

$8.7 AND THE STRASBOURG APPROACH

In this section we shall present the long awaited proof that the approach to the

Itó calculus given in this thesis is consistent with the Strasbourg approach. In order

to do this we shall use the following version of Theorem(8.27) for L?-martingales. (See

Theorem IV.26.2 of Rogers and Williams [RW]. He proves it by a different method.)
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Suppose that M and N are L?-martingales. Then [M,N] is the

unique cadlag process such that the following hold.

(1) [M,N] has integrable variation and [M,N]; = 0.

(2) MN— is a martingale.

(3) AM,N] 2 AM AN.

Proof: The uniqueness follows immediately from Theorem(8.27). So we only have to

show that [M,N] satisfies (1), (2) and (3) above. By polarizationwe needonly consider

the case where M = N (ie. use the formula [M,N] — [2(M4 — — N))).

FirstIclaim that M? is a submartingale. Certainly it is an If s < t in

Rt, then M? — M? = (M; — M,)* + 2M,(M; — M,). So by applying E[-|F,], and

noting that — = — M,)|F,] = 0, we obtain the following

statement which is enough to prove that M? is a submartingale.

(a) E(M? — M2|F,) = E[(M; — M,)*|F,] > 0, for each s < tin RT.

So if c is a stopping time bounded above by 5 € R^, then by the Optional Stopping

Theorem(8.17) 0 €« M2 « E(M2|,). Thus using Proposition(8.6) we obtain that

(b) The set (M2 |o & b is a stopping time} is uniformly integrable for each b c R*.

Now let X — M?—[M]. Then by Theorem(8.27), X is alocal martingale. Let be

a reducing sequence of X into the class of all martingales. For each bounded stopping

time o, — 0 by the Optional Stopping Theorem(8.17). Le. Aa) =

E(M2A, — Me). But (M2, is uniformly integrable by (b), and ([M]s,^o)n is

increasing. So letting n— oo gives that

(c) — M2) for all bounded stopping times o.

Taking o to be the constant stopping time 1 gives that « oo, and so [M];

is an L'-process. Thus (1) is verified. We may rewrite (c) as E( Xo — Xo) = 0.
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So by Lemma(8.19), X is a martingale. Le. (2) is proven. We already know (3)

(Theorem(8.27) or Proposition(6.3)(iv)). O

Now for each L?-martingaleM, we associate a measure uy on (R^* xQ,P) by
defininguyE — 1gd[M]). So for each non-negative previsible process H:R**x
Q — RT,

(1)

We can now prove the following theorem.

(8.31)Theorem. Suppose that M:R* x (à — R is an L?-martingale. Then the fol-

(i) M is an L?-integrator, and H*M is an L?-martingale for all H € A^ (M,I?).

(ü) C(M,L?) -C(R** x Q,P,uy).

(i) E(f HdMf K4M) 2 HKduy for allH,K €

(iv) = H?"EHO ENR

Proof: We already know that (1) holds (see Theorem(8.15)). Next we shall prove (iii).

Suppose that H,K € £!(M,L?). Then let X — — |H:M,K-M]. By

Theorem(8.30), X is a martingale. Thus E(X;) = 0. But by Theorem(6.8), X =

(H-MY(K*M) — So E(X;) = 0 gives that

kA 4 t

zu 2)ziHE -/ HK duy.0 0 0

Let t — oo to give (iii). Now we see that pps satisfies the hypothesis of Theorem(5.34)

and so the rest of the result now follows from that theorem.

We have the following corollary.



(8.32)Corollary. IfM is an L?-martingale, then uw is the unique positive measure

on (R** x Q,P) such that

©) x F) -M]- -M;)],

whenever s « t in R* andF € £,.

Proof: Putting H = K = 1(, in (iii) of Theorem(8.31) gives the first equality

of (1). TEE equality follows from (a) in the proof of Theorem(8.30). For

uniqueness note that (1) determines uy on the set of previsible rectangles. This is a

semi-ring that generates 7 as a c-field. So the usual monotone class argument proves
|

So from Theorem(8.31) we see that for each L?-martingale M, we have that

LY(M,L?) — and that the stochastic integral f...dM:— L? is

the unique linear isometry from to L? extending the mapping HS

L? that is defined in Definition(4.6). This is precisely how (the first version of) the

stochastic integral is defined in the Strasbourg approach.

The next step in the Strasbourg approach (after defining H*M as in Defini-

tion(4.13)(b)) is to use localization to define integration with respect to local L^.
martingales (only H*M is defined). This is clearly consistent with our integral by the

work of $5.3. Integrals with respect to finite-variation processes are defined pathwise

in the Strasbourg approach. By Theorem(5.30) this is consistent with our integral.

Then the integrals are taken with respect to processes that are a sum of a local "2
martingale and a finite-variation process. We thus arrive at the following conclusion.

(8.33)Conclusion. Our stochastic integral is defined and is equal to the Strasbourg

integral, whenever the latter is defined. Od
When we have a continuous local martingaleM,we can determine A!(M), and

see that it is the same set as that given by the Strasbourg approach. (A continuous

HO



local martingale Mis a local bounded martingale, and hence a local antTCA
For if is a reducing sequence ofMinto the class of all martingales, let 7, be the

début of [LM— Mo| » n]. Then (e ^ is a reducing sequence of M into the class

of all bounded martingales.)

(8.84)Theorem. Suppose that M is a continuous local martingale. Then is

the set ofallprevisible processes H such that nH? d|M] « oo a.s. for all t € R*.

Proof:IfH€ A!(M), then by Theorem(6.8), H? € A!([M]), and soINH? d|M] « oo

a.s. for all t € R*. Now suppose conversely that H is a previsible process such that

IH?d|M] a.s. for all + € RT. Then let (c4), be a reducing sequence of

M into the class of all L?-martingales. Replacing c, with the minimum of c, and

the début of [H?*[M] » n], we may assume that (H?+[M])° is bounded. Thus for

Rae EE OS MS

so has finite expectation. Now apply Theorem(8.31)(ü) to give that 44H €

€ Thus 9,,,,H € But M?* — and so

by Theorem(4.21)(iv), — oo.H € A!(M). Now use Theorem(5.21) to give

that H € A*(M) as required. 0



CHAPTER 9: THE CHARACTERIZATION OF

INTEGRATORS AS SEMIMARTINGALES

The purpose of this chapter is to present a proof of the theorem of Bichteler,

Dellacherie, Mokobodzki and Meyer that characterizes integrators as

In doing this we shall also find a characterization of local L!-integrators, and prove

the existence and uniqueness of various versions of the Doob-Meyer decomposition of

certain types of process.

As usual we shall assume unless otherwise stated that is a

standard setup.

$9.1 DEFINITIONS

(9.1)Definition. A semimartingale is a càdlàg process S such that 5 — M EB.

some local martingale M, and some finite-variation process A. LJ

We have immediately, from Theorem(8.23) and Theorem(5.30), the following

theorem (which is clearly one half of the characterization theorem).

(9.2)Theorem. All semimartingales are integrators.

§9.2 SOME CHARACTERIZATIONS OF LOCAL L!-INTEGRATORS
AND THE DooB-MEYER DECOMPOSITION

In this section we shall derive a Doob-Meyer decomposition result for local L!-
integrators. In order to get uniqueness we shall need the following concept.
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(9.3)Definition. An integrable-variation process A is said to be natural if and only if

[Z,A] is a martingale for all bounded martingales Z. (Note that by Proposition(6.6),
N

Note.

1. Since [Z,4)° = A°] (by the class of all natural integrable-

variation processes is closed under stopping. Thus we may talk about local natural

integrable-variation processes.

2. It has been shown (firstly by C. Doléans) that an integrable-variation process

is and only if it previsible (when restricted to R*^ x (?). We shall not

need this result, and content ourselves with referring the reader to Pellaumail [Pe] or

Theorem 9.12 ofMétivier & Pellaumail [MP] for moreinformation. Also a development

of the Doob-Meyer decomposition in terms of previsible processes is given in Section 6

of Chapter VI of Rogers & Williams [RW].

Our aim here is to get a decomposition of each local L'-integrator as the sum

of a local martingale and a local natural integrable-variation process. In order to do

this we shall require the following tool.

(a) For each b € R*, let P, denote the restriction of the previsible c-field P to

MONETA
(b) For each L!-integrator $, define As: P» — R by AsE —

since 0 < S X x0)-

(9.5)Proposition. Suppose that S is an L!-integrator.

(i) For each b € R*, As is a signed measure on ((0,0] x P,).
(ü) For each previsible rectangle R — (s,t| x F (s « t in R* and F € AsR —



(iii) § is a martingale if and only if As = 0.

(iv) S is a submartingale if and only if As = 0.

Proof:

(i) Clearly is finitely additive. Now if Ey, € Ps, and E,|E, thenlg, T
1z. So by the Monotone Convergence Theorem (4.16), we see that 1g,dS — [1pdS
in L[*-norm. Take expectations to give that AsE, — AsE. These facts are enough to

show that As is a measure.

(ii) We have that dS —1p(9,— 5,). Now take expectations to obtain the result.

(iii) Suppose that As — 0. Then for each s « t in R* and F € 7,, we have by (ii)

that — S,) dP — 0. So S must be a martingale.

Now suppose conversely that S is a martingale and that E € P,for someb € R*.
Then by Proposition(8.16)(1i), lg*S is a martingale, and so — 0. But this

just says that = 0.

(iv) This similar to (iii). M

(9.6)Lemma. Suppose that A:(J,P— R is a signed measure on each ((0,6] x
for each b € RT and that all evanescent sets are A-null. Then there exists a unique

natural integrable-variation process A with Ay = 0 such that A = A4. Iffurther A20,
then À is increasing.

Proof: First suppose that A is as stated in the conclusion, and that Z is a bounded

martingale. Then since [Z,A] is a martingale, E([Z,A];) — 0. But by Proposition(6.6),

[2,4] = Yue; Ady 7
- Z-)dA. So E(f;ZdA) — E(f;Z- dA). But

the left hand side is just E(Z;A4:) by Lemma(8.28). The right hand side however is

ER Z_ dX (since À — A4). Thus we have proved that

(1) = / yA for all bounded martingales Z.
(OPES!
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Now Z, can be any bounded Fi-measurable random variable desired (let Z be the

bounded martingale such that Z; = for all 1, where U is the desired random

NSby using Theorem(8.14)(i)). So A; is uniquely determined by (1).

Now we consider the existence of A. Write A — A* — A7 (the Jordan decompo-

sition of signed measures). Then it is enough to prove existence for

assume that A > 0.

For each X € L*, let Z(X) denote the unique (up to indistinguishability)

bounded martingale such that Z,(X) — E(X|Z;). For each 1 € R^, define a mea-

sure v; on (Q,F) by

2) A J"
(This is well defined as a function on since evanescent sets are A-null. It is clear that

is finitely additive. If Fy, € F and T F, then Z_(1p,) 1 Z_(1F) outside

an evanescent set. Thus the monotone convergence theorem gives that |wF,

and so 1; is a measure as stated.) Now all P-null sets are and so by the

Radon-Nikodym theorem there exists 4; € such that dv; = A; dP.

From (2) we see that if s € t, then v, € 14, and so A, € A; a.s. Also vg = 0,

and so Ag = 0 a.s. Iclaim that A:RT — L! is adapted. In order to prove this we

shall need to know that

3) E(XA,) —| — fora X € L*.

To prove (3), note that it is clear when X — 1p (F € F) by (2). Hence by linearity (3),

holds for all simple X € L??. For a general X, derive (3) by uniform approximation

of X by simple elements of L?*.

Now suppose 0E DRS ESO =

So taking expectations gives that E[XE(A«|7:)] — E[E(X A4].
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But since (E(X|Z;)) 2 Z-(X) on the set x (3) gives that E[ECX Ac] —
E(X4), and so 2 E(X But this is for all X € L**; so —
A4. Therefore ÀÁ; 1s ES

Now putting X — 1 in (3) gives that E(44) — A((0,1] x Q), and so t —
is right continuous. Thus by Theorem(8.14)(ii), A has a càdlàg version, and so we

may assume that A is a cadlag process. Now by defining a set E as in the proof of

Proposition(6.3)(i), we can prove that A is an increasing process (we already know

that 4, < A; a.s. whenever s < t). We have that Ao — 0, so it remains to check that

à 2 A4, and that [Z,A]is a martingale for all bounded martingales Z.

Suppose that s < t are in RT and that F € F,. Then since Z_(1r) = on

ENER EIA it follows that

MP MES|PRE
= A UE

But the left hand side is just x F). So À and A4 agree on the collection of

previsible rectangles. Now by a monotone class argument À — A4.
Putting X = Z; in (3) gives that (1) above holds for this A. By reversing

the argument used there to deduce (1), we see that E([Z,A];) — 0 for each bounded

martingale Z. Now suppose that Z is a bounded martingale and that c is a bounded

stopping time. Then from the formula [Z,A4] — $7,«,AZ,AA, we clearly have that

[Z,A]? — [Z^,AJ. Thus E([Z,A]7) — 0, and so taking t to be an upper bound for

c, this says that E([Z,A]J;) — 0. Thus by Lemma(8.19), [Z,A] is à martingale as

required. IN

Here is the first decomposition result.

(9.7)Theorem (The Doob-Meyer Decomposition).

Suppose that S is an L'-integrator. Then there exist unique cadlag processesM

and A such the following properties hold.
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ORENER

(ii) M is a martingale and an L'-integrator.

(iii) A is a natural integrable-variation process with Ag = 0.

Proof: Suppose that A is any natural integrable-variation process, M— 5—A.

Then M and A are L!-integrators (see Theorem(5.30)), and A — As — A4. By

Proposition(9.5)(ii), M is a martingale if and only if Ap; = 0. But this is so if and

only if A4 = As. So by Lemma(9.6), A is uniquely determined by (i), (ii) and (iii).

For the existence of the decomposition just take, using Lemma(9.6), 4 to be such that

VEPR
We can now give the local version of this result.

(9.8)Theorem (The Doob-Meyer Decomposition).

Suppose that S is a local L!-integrator. Then there exist unique càdlàg processes

M and A such the following properties hold.

(i) S=M+A.

(ii) M is a local martingale.

(iii) A is a local natural integrable-variation process with Ay = 0.

Proof: Let (c4), be a reducing sequence of 5 into the class of all L'-integrators. Let

S7» 2M94.A(? be the decomposition of §° that is given by Theorem(9.7). Now

suppose that n,m € N are such that n € m. Then S?» — 4 is

also a decomposition of that satisfies the properties of Theorem(9.7). Thus by

uniqueness in that theorem, we have that = and = (A(™))o=,
Therefore there are cadlag processesMand A such that M?» = M(™ and 4°» = A(™)

for all n. These M and A are easily seen to satisfy (i), (ii) and (iii).

Now we consider the uniqueness of the decomposition. Suppose that § =

A is another decomposition of S satisfying (ii) and (iii). Then take (T,), to be a
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sequence of stopping times that is a reducing sequence of M and M into the class

of all martingales, and a reducing sequence of 4 and A into the class of all natural

integrable-variation processes. Then S§™ = M™ + A™ = M™ + A™. So by the

uniqueness in Theorem(9.7), M™ = and A™ = A™. Thus M=M and 4 = 4
as required. Nu

This now allows us to give the following characterization of local L'-integrators.

(9.9)Theorem. Suppose that S is a cadlag process. Then the following are equiva-

lent.

(1) S is a local L!-integrator.

(2) S is a local quasimartingale.
(3) S is the sum of a local martingale and a local integrable-variation process.

In particular, we have that all local L*-integrators are semimartingales.

Proof: We have from Theorem(9.8), that (1) implies (3). From Theorem(8.24), we

have that (2) implies (1). Thus to complete the proof we need to show that (3)

implies (2). But if X is the sum of a martingale and an integrable-variation process,

then it is easy to see that Vary(X) < oo for all b € R*. That (3) implies (2) is now

clear. Od

Now concerning the Doob-Meyer decomposition of submartingales we have the

following result. (Recall that all local submartingales are local L'-integrators.)

(9.10)Theorem.

(i) is a local submartingale, and X =M+A is its Doob-Meyer decomposition
(as given by Theorem(9.8)), then A is an increasing process.

(ii)IfX is a submartingale that is bounded below on x Q, and X = M+ A is

its Doob-Meyer decomposition, then M is a martingale and A is an increasing

L*-process.



Proof:

(i) FirstIclaim that if X is a submartingale and an L'-integrator, and X =M+A

is its Doob-Meyer decomposition as given in Theorem(9.7), then A is increasing. To

prove this claim, note that À4 — Ax > 0 (see Theorem(9.5)(iv) and the proof of

Theorem(9.7)). Thus A is increasing by Lemma(9.6). The required result now follows

from this claim by localization (as in the proof of Theorem(9.8)).

(ü) By part (1), A is increasing. By adding a constant to X, we may assume

X > 0. Now the proof proceeds as the proof of Theorem(8.30) (with X, A and M

here playing the roles of M?, [M] and X of Theorem(8.30)). Ll

The hypothesis in Theorem(9.10)(ii) that X is bounded below can clearly be

weakened to that the set { X, |o <b is a stopping time} is uniformly integrable for

all b € R*. Such processes are said to be of class (DL).

$0.3 CHANGE OF PROBABILITY

In order to prove the theorem of Bichteler et al., we shall have to consider

effect of changing the probability measure on (2,7).

(9.11)Definition. Two c-finite measuresiand v on à measurable space (Q,F) are

said to be equivalent if and only if they have the same null sets (ie. for E € 7,

p(E) — 0 if and only if v(E) — 0). In this case, we have by the Radon-Nikodym
theorem, that dv = k dv for some h € and k € L*(v). We must

have that hk = 1 and h,k > 0 a.e. i

Suppose that P is a probability on 7) equivalent to P. Then

is also a standard setup. The spaces L'(P) and L?(P) are the same, and have the

same topology. Thus we see that the class of all integrators is unchanged by replacing

P by P. Also C!(S), A!(S), f X dS, X*S and [R,5] remain unchanged. But the

corresponding L? objects (for p » 0) are changed (unless for example the densities in
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both directions are bounded). The classes of all martingales and all local martingales

are clearly also affected; but the class of semimartingales is not. We shall now prove

this result. The proof illustrates something the power of our theory.

(9.12)Theorem. Suppose that P is a probability on (Q,F) equivalent to P. Then

the class of all P-semimartingales is the same as the class of all P-semimartingales.

Proof: We shall write E for expectation with respect to P, and E for expectation

with respect to P. Let z € L'!(P) and w € L'(P) be such that EE
dP = wdP. Now let Z be the P-martingale such that Z; = E(z|F;) for all ¢, and

W be the P-martingale such that W; = E(w|F;) for all (use Theorem(8.14)(i)).

Then by the definition of conditional expectation, we see that dP|z, — dP|z, and

dP|z, 2 W. dP|z,. Thus ZW — 1. Now Z and W are integrators by Theorem(8.12).
Let X = Z_-W.

Now suppose that S is a P-semimartingale. Then § = So +M+ A, where M

is a local P-martingale with Mo — 0, and A is a finite-variation process with 4 = 0.

Now define

(1) N=M+[M,X],

Iclaim that N is a local P-martingale. To prove this we shall use the differential

notation that was discussed in §6.5. We have that

dN =(1+dX)dM Z_dW)dM.

Therefore

d(NZ)=N_dZ + Z_dN +dNdZ (by Proposition(6.3)(1))

=N_dZ + (Z_ +dZ)(1 + Z-dW)dM

=N_dZ+(Z_ +dZ + Z_dZ dW)dM
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=N_dZ+2_(1+Z_dW +W_dZ + dZ

=N_dZ + Z_(1+d(ZW)) dM

=N_dZ+Z_dM (since ZW

le. NZ + Z_*M. But Z andM are local P-martingales. Therefore NZ is a

local P-martingale by Theorem(8.26)(1). Now suppose that c is a stopping time such

that (NZ) is a P-martingale. Then for each bounded stopping time a, —
Zona), sincedP|.c^a -— S dP|zona by the optional stopping theorem(8.17).

Le. = and so E(NZ) = 0. It now follows from Lemma(8.19) that

N° is a P-martingale. Therefore NV is a local P-martingale as required.

Now we have that § = So +N+B,where

N=M+[MX] and B=A4-[MX]

N is a local P-martingale, and B is a finite-variation process. Thus § is a

semimartingale as required. By symmetry we also have that all P-semimartingales
are P-semimartingales. N

$9.4 THE PROOF OF THE CHARACTERIZATION THEOREM

The idea of the proof is to show that given an integrator .S, we can change the

probability to make S into a local quasimartingale. Then by the work of 89.2, § is

a semimartingale with respect to this new probability. Finally Theorem(9.12) shows

that $ is a semimartingale with respect to the original probability. The method we

shall use is based on that in Dellacherie & Meyer [DM] (see Theorem We

shall require the following ‘minimax’ theorem.
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(9.13)Theorem.

Suppose that K is a compact convex subset ofa real topological vector space E,

A is a non-empty convex family of continuous real-valued affine functions on K, and

that c € R is such that for each f € A, there exists an = € K such that f(z) < c.

Then there exists an zo € K such that < ¢ for all f € A.

Note. By a real-valued affine function on K, we shall mean a function of the form

zo Tz o, where T:E— Ris linear, and a c R.

Proof: First we shall prove the following statement.

(1) If fn € A, then there exists an z € K such that fy(z) < cfork =1,...,n.

To prove this, define0:K— R^ by 6(z) — (fs(z),... ; and let M— (—oo,c]".
We have to show that §(K)NM# @. Suppose, for a contradiction, that §(K)NM= OG.

Then since §(K) is compact, M is closed, and both are convex, it follows that there

is a linear map y: — R such that

(See for example Theorem 3.4(b) of Rudin [Ru].) Now write v(t) = +++ +
Then since supy(M) < oo, we must have that a1,...,a, > 0. Let a + +++ + an.

Then a > 0, since # 0. By replacing y by Fu? we may assume that a;+---+an = 1.

Let f +--+anfn. Then f € A (since A is convex). So there exists an z € K

such that f(z) « c. But f(z) = v8(z) > v(c,...,¢) = c, by (1), since (c,...,c) € M.

This is a contradiction, and so (1) is proved.

Now for each f € A, let K; — (z € K|f(z) & cj. Then each K; is a closed

subset of K,and (}) says that the family has the finite intersection property.

Thus Nica K;# since K is compact. Let zo be an element of this intersection.
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(9.14)Lemma. Suppose that is any probability space, X is a non-empty

bounded convex subset of L°(P), and also that X C L'(P). Then there exists a

probability P on (Q,F) equivalent to P, with bounded density with respect to P,

such that E(X) « oo. (Where again E and E denote expectations with respect

to P and P respectively.)

Proof: First we shall prove the following statement.

(f) For each & » 0, there exists a random variable V such that 0 & V & 1, E(V)2

1—e,and supxcx E(XV) « oo.

To prove (f), let K,- (V € «1, EV) 21—6j. Then KL isa e
compact convex subset of L®(P) (= L*(P)*). Now for each c » 0, and each X €

X, > ¢ = > 1] < = But since & is

bounded in supxcx — 0 as ¢ — oo. Now take ¢ > 0 such that

X) € &. Then » c] & & for all X € X. For X € let
Vx = Then Vx € K,, and E(XVx) € c. Now apply Theorem(9.13) with

ULE(XU))xc as L**(P) with the weak* topology as E, and K, as K, to give

that there exist a V € K, such that E(XV) « c for all X € X. Thus (1) is proven.

Now using (1), take Vo, Vi,... to be random variables such that for each m,

0€ V, « 1, E(V,) 2 1-27" and supyex E(XV4) « oo. Let c; € [0,00) be such that

E 0 such that $77. a4 « oo

and $57. anc, < 00. Now let H = This sum converges uniformly; so

H is bounded. We have that H > 0 a.s., since P[V,, = 0] < 27". For each X €

E(XH) Sosupxex E(XH) < 0 < 00. Therefore define

P by dP = cHdP, where c = E(H)™, to give the result. M

(9.15)Proposition. Suppose that S is an integrator. Then there exists a probability

P equivalent to P, with bounded density with respect to P, and such that S is an

L(P)-process with ERE < oo for all b € RT. So § is a local P-quasimartingale,
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and hence also a localL'(P)-integrator.Mdenotes Var, evaluated with respect to

P.)

Proof: Recall that $7 — Take » 0 such that po(anSy) <

27^. Then since po(a4S5) < oo, it follows that « oo as. Let

V denote this sum. By replacing P by the probability with density V) with

E n ANE L(P).
But $7 «€ So $7 € L'(P). Therefore 5, € L'(P) for all t € R*; ie. S is an

Now since S is an integrator, there exist 6; > 69 >= +--+ > 0 such that

E

Define a previsible process W:R** x 0 —
W->n=1

Iclaim that W is ®%-finite. For suppose that ¢ > 0. Then take n € such that

(0,1] such that < 5. Then

BLOW) < + >
co

E
< $+ >k=n+1

as required.

Nowlet H={H c E||H|<W},andX € H}. Then Xsatisfies
the hypothesis of Lemma(9.14) (X is bounded in L°(P), since po(AX) &

— 02s A|0). Thus by that lemma there exists a probability P equivalent



to P, with bounded density with respect to P, and such that supxcx E(X) « oo. Let

¢ denote this supremum.

Now suppose that b € R*, and take n € N5o such that n Z b. Suppose that

Q— t9 « «t, — b, and for k 2 0,...,r — 1, Cx is a simple random

variable such that |C;| € 1. Define H € £ by

nr—1

= bn> 42)k-—0

Then H € H, and so [HdS € X. Therefore

=»en FOI
k=0

Iren CERE the set

where the conditional expectation is positive and —1 elsewhere gives that

1

J I2 <=

Now add and take the supremum over all partitions 0 <--- <tr = b, to

give that ES « oo as required. N

(Bichteler, Dellacherie, Mokobodzki and Meyer).

A càdlàg process is an integrator if and only if it is a semimartingale.

Proof: We have already proved (Theorem(9.2)) that all semimartingales are inte-

grators. So suppose that S is an integrator. Then by Proposition(9.15), there is a

probability P equivalent to P such that S is a local P-quasimartingale. But by The-

orem(9.9), we see that S is a P-semimartingale, and so by Theorem(9.12), $ is à

P-semimartingale.



It might be hoped that the class of local L*-integrators is the same as the class of

integrators. This is not the case. It is for this reason that we have to change the prob-

ability in order to prove Theorem(9.16). FromTheorem(9.9) and Theorem(9.16), the

only difficulty is that a finite-variation process may not be a local integrable-variation

process. This is where the conjecture breaks down. Here is a counter example.

(9.17)Example. Take to be a complete probability space with a non-

negative random variable U on it such that E(U) = oo. Then define a standard

filtration on (Q,F,P) as follows. For ¢t < 1, let 7, be the set of null sets

and their compliments. For t > 1, let Fy = F. Define an increasing process A

by A; = STA Now if c is a stopping time, then since for t « 1, |o € B
F,-measurable, and hence has probability 0 or 1, it follows that c is a.s. equal to a

constant or € 2 1 a.s. Thus it is clear that it is impossible for there to exist stopping

times (04), such that c4 T oo, and such that A7" is an L!-process. Thus À can not

be a local L'-integrator. But A is an increasing process and so is an integrator by

Theorem(5.30). N

A similar construction will give examples of martingales that are not ITE
martingales. It is examples like these that cause problems in the Strasbourg approach.

The use of L^ and upper gauges, as we have seen, totally avoids these problems.
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