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Geometry from quantum temporal correlations
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In this Letter, we show how Euclidean three-space uniquely emerges from the structure of quantum temporal
correlations associated with sequential measurements of Pauli observables on a single qubit. Quite remarkably,
the quantum temporal correlations which give rise to geometry are independent of the initial state of the qubit,
which we show enables an observer to extract geometric data from sequential measurements without the observer
having any knowledge of initial conditions. Such results suggest the plausibility that space itself may emerge
from quantum temporal correlations, and we formulate a toy model of such a hypothetical phenomenon.
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I. INTRODUCTION

There is a growing consensus in theoretical physics that
spacetime is not a primitive notion [1]. In particular, opposed
from a process of quantization where our quantum descrip-
tions of nature are derived from a classical starting point
which assumes the existence of space and time, it is now
widely held that the notions of space and time should emerge
from a more fundamental description of reality, whether it be
a quantum description or something else altogether [2—4].

While there are various proposals for realizing such a
viewpoint, in this Letter we show how three-dimensional
Euclidean geometry uniquely emerges from the structure
of quantum femporal correlations associated with sequen-
tial measurements of spin observables on a single qubit.
Mathematically speaking, we show that, given a matrix rep-
resentation of the Clifford algebra of R3, then the Euclidean
metric on R3? manifests itself in the representation as the
two-time correlation function on the three-dimensional space
spanned by the Pauli spin matrices. Quite remarkably, it turns
out that the two-time correlation function which gives rise to
the Euclidean metric on the space of Pauli observables is inde-
pendent of the initial state of the qubit prior to measurement,
which we show enables an observer to infer such geometric
structure without any knowledge of initial conditions.

As there has been much work inspired by the curious fact
that the state space of a single qubit is the three-dimensional
Bloch ball [5-8], our results reveal yet another intriguing
connection between a quantum bit of information and the local
spatial geometry of our world. Moreover, as this connection
between quantum information and space relies crucially on
temporal correlations, our results link together at once the
notions of quantum information, space, and time.

II. MATHEMATICAL THEOREM

We now formulate a theorem which serves as the math-
ematical foundation for our results, the proof of which will

“Contact author: fullwood @hainanu.edu.cn

2469-9926/2025/111(5)/052438(5)

052438-1

be given in a later section. To set the stage, let A denote a
finite-dimensional quantum system and let Obs(A) denote the
algebra of observables on A whose underlying set consists
of all Hermitian operators on the associated Hilbert space
Ha. A real linear subspace G C Obs(A) will be referred
to as a y space if there exists a basis B of & such that
ﬁiﬁj + ﬁjﬁi = 23,']'1 for all ﬁi, ﬁj € B, where 1 € ObS(A)
denotes the identity operator. Such a basis B will be referred
to as a y basis for S. We note the the algebra generated by a
y space of dimension d > 0 yields an operator representation
of the real Clifford algebra generated by R¢ with respect to
the Euclidean metric. In such a case, the associated quantum
system A may be viewed as a system consisting of |d/2]
qubits. The prototypical example of a y space is the three-
dimensional space Bauli spanned by the Pauli spin matrices
Oy, 0y, and o, which are a y bases of ‘Pauli.

Now let p be a density operator on 4 and let S C Obs(A)
be a linear subspace, possibly different from a y space. Sup-
pose that the system A is initially prepared in state p, after
which sequential measurements are performed at times #; and
t; > t; of observables ¢} and 0, in &. If the system A evolves
trivially between measurements, then the two-time correlation
function with respect to the initial state p is the function
&, 1 & x 6 — R given by [9,10]

&,(01, 02) =Y 1 Tr[PpPi03], )

where € = ), A;P; is the spectral decomposition of ¢, and
{7} is the set of distinct eigenvalues of ¢;. Our main result is
the following.

Theorem 1. A real linear subspace & C Obs(A) is a y
space if and only if for every state p on A, the two-time
correlation function &, : & x & — R given by Eq. (1) yields
a real inner product on G, independent of p.

We note that while there are known results about quantum
temporal correlations which are equivalent to the = state-
ment of Theorem 1 in the case of a single qubit [11-13], no
connection to geometry seems to have ever been articulated.
In any case, the fact that the two-time correlation function
&, yields an inner product on y spaces is quite remarkable
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since, for general spaces of observables &), is not linear in
its first argument, or even symmetric [10]. Moreover, the fact
that &, is independent of p for y spaces is perhaps even more
remarkable, as it renders the knowledge of an initial state as
being superfluous information for any process consisting of
sequential measurements of y observables.

Since a y space of dimension d = 3 is necessarily isomor-
phic to the space Pauli spanned by the Pauli spin matrices,
it follows from Theorem 1 that the space Bauli is the unique
space of observables, on any quantum system, whose temporal
correlations yield the structure of Euclidean three-space. As
such, Theorem 1 establishes a striking connection between the
local geometry of our world and quantum temporal correla-
tions whose significance is not yet well understood. Moreover,
a precise physical mechanism responsible for this connec-
tion is not yet known. Nevertheless, the precise relationship
between quantum temporal correlations between sequential
measurements on a single qubit and the local geometry of our
world is succinctly captured by the equation

EF-0,5-0)=T"5,

where 7 - § denotes the dot product in R3, and we suppress
the subscript on the two-time correlation function & due to its
independence of the initial state p.

III. HYPOTHETICAL MODEL FOR THE EMERGENCE OF
SPACE

The usual meaning given to the Pauli spin matrices is
that they represent observables associated with orthogonal
directions in a preexisting space, which, for example, may
be identified with orientations of a Stern-Gerlach apparatus
located in some laboratory. In light of Theorem 1, however,
it seems reasonable to suggest that perhaps the notion of
space itself may emerge from temporal correlations associated
with sequential measurements of some yet to be discovered
observables represented by the Pauli spin matrices. While it
is not at all evident at this point how this may actually occur
in nature, we nevertheless put forth a germ of an idea which
we hope may eventually shed some light on the hypothetical
phenomenon.

For this, imagine a universe consisting of a single observer
and a single qubit, and that there is no preexisting space
in this universe. We do assume, however, that the observer
experiences a personal notion of time, and that the observer
is equipped with some probe which enables them to measure
the qubit in some abstract sense. The outcomes of such mea-
surements will then be viewed as a form of “sensory data”
internal to the observer. We further assume that the possible
measurements induced by this probe yield a set of observables
mathematically represented by the y-space Pauli, which we
recall is the real linear span of the Pauli spin matrices o,
oy, and o;. We now utilize Theorem 1 to show how the qubit
may serve as a reservoir of quantum information from which
Euclidean geometry emerges as the structure of temporal cor-
relations associated with the sensory data resulting from the
observer’s measurements, thus forming the local geometry of
their world. In particular, we show how the qubit contains
the necessary information required for the observer to extract
the Euclidean metric on Pauli from a processing of quantum

information associated with the sequential measurements of
the qubit, without the observer having any knowledge of the
state of the qubit at any moment in time.

Solet7- o, §-0 € Pauli for some 7,5 € R3, and suppose
the observer chooses to perform N sequential measurements
on the qubit at times #; < --- < ty, with 7 - o being measured
at times ¢ = ty—; and 5 - o being measured at times ¢ = ty;
forall k € {1,..., [N/27}. We let x; denote the measurement
outcome at time ¢t =¢; forall i € {1, ..., N}. By Theorem 1,
the two-time correlation function &), as given by Eq. (1) is
independent of p, from which it follows that the correlations
between x; and x;;; are independent of the state of the qubit
prior to measurement at time ¢ = t;, and are thus independent
of i. Moreover, we also know from Theorem 1 that gp is
an inner product, and is thus symmetric in its arguments. It
then follows that x;x;;; may be viewed as the product of a
sequential measurement of 7 - o followed by § - o, even if, at
time t = ¢;, it was § - o that was measured instead of 7 - 0. As
such, the products x;x;;; may be viewed as the outcome of
N — 1 runs of a sequential measurement of 7 - o followed by
§ - o, thus for every initial state p we have

N—1
XX
gp(;.g,g.g)zy.gx—z'—l Hitl N> 1.
N —1
Moreover, since |x;| = ||7 || and |x;| = ||5 ||, it follows that
N-1
0 ~ cos™! —Zi:l il
(N — Dlx1x]

where 6 is the angle between 7 and 5.

Therefore, as the observer interacts with the qubit by
making sequential measurements, they may process the in-
formation in the form of successive products x;x;y;, which
accumulates over time to form the information required for the
structural realization of Euclidean three-space. We note that
if the measurements induced by the observer’s probe are not
accurately modeled by the space Pauli, then it follows from
Theorem 1 that the temporal correlations associated with the
observer’s measurements will not yield a Euclidean structure
on the space of observables induced by the probe.

It is also important to emphasize here that, while Theo-
rem 1 is a statement about two-time correlations, we are able
to exploit the fact that the two-time correlation function &,
on Pauli is independent of p by extracting N — 1 two-time
measurements from N sequential measurements, without ever
having to reprepare the state of the qubit. This fact is crucial
since the observer in our model can only ever probe the qubit,
and thus does not have the ability to prepare the qubit in a
fixed state.

Proof of Theorem 1. Let A be a finite-dimensional quantum
system, let & C Obs(A) be a real linear subspace, and let d
denote the dimension of G.

(=): Suppose G is a y space, let {0}, ..., 04} be ay basis
for G, and let p be a density operator on H,. We will now
show that the two-time correlation function &, : & x & — R
yields a real inner product on & which is independent of p.
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Solet & =}, 1,0} be an arbitrary element of &. We then
have

# = (Sa0)(S00) - S
1 J L]

=Y k(00 + 0;0)+ Y 110}
i) i

= xr281+ Y A1

i#j i

=Y M1,

so that the distinct eigenvalues of & are £A, where A =

VY, A7. Now let IT* be projection operators such that & =
ATt — AT~ and I + 1~ = 1. It then follows that

+_1 1
m _2<1i/\ ) )

thus for all &2 € Obs(A) we have

E(O, P)=ATr[ITp T 2] — A Tr[I1 p I~ 2]

A 2

1
= ETI”[/O{@ 211,

where {-,-} denotes the anticommutator. Now let & =
> M O; be the expansion with respect to the y basis of an
element of & possibly different from &'. We then have

60, 2) =6, Y 16,3 w0
i J

1
= ETI‘ P Xi:kiﬁi,ij:ﬂjﬁj

1
=§thmM@@H

ij

= %Z)"#/ Tr[p268;;1] = Z)»illi,

ij

thus &), is a real inner product on & which is independent of
0, as desired. ]

We now prove the converse. An observable will be referred
to as dichotomic if and only if its set of distinct eigenvalues is
{£1}.

(«): Suppose that for every density operator p on Hy,
the two-time correlation function &, : & x & — R given by
Eq. (1) yields a real inner product on & which is independent
of p,and let {0, ..., 0;} be an orthonormal basis of & with
respect to the real inner product induced by &,. We will now
show that these assumptions imply that & is a y space, and
that {0}, ..., O,} is a y basis for G.

Claim 1. O} is dichotomic for alli € {1, ..., d}.

Proof. Let 0 € Obs(A) be an observable, and suppose
O =Y, ;P is the spectral decomposition of &'. We then have

6,(0.0) =) LTilPpPO) =) 1 TilpP,OP]

=Z}J@Mm=ﬂP§)m}
=Trlp 0",

so that for all & € & we have &,(0, 0) = Tr[p 0*]. From
the assumption that {ﬁ’,-};":1 is an orthonormal basis of & with
respect to the inner product induced by &), together with the
assumption that &, is independent of p, it then follows that
for every state p on A we have Tr[p 0?] = 1. As the identity
operator 1 is the only operator X such that Tr[pX] =1 for
all states p on A, it follows that ﬁiz =1forallie{l,...,d},
thus &; = +1 or 0 is dichotomic forall i € {1, ..., d}.

We now claim that J; # 1 foralli € {1, ..., d}. Indeed,
for a contradiction, suppose without loss of generality that
0 = %1. It then follows that the set of distinct eigenvalues
of 0, is necessarily {1}, so that &, = I1T — 1~ for some
orthogonal projection operators I1* such that [T+ 4 1~ = 1.
Then for a given initial state p, we have

E,(O), Or) = E,(X1, 0y) = £6,(1, 03)
=+ Tr[1pl0,] = £Tr[p O].

Now since ¢} and O, are assumed to be orthogonal with
respect to the inner product induced by &), and since &,
is independent of p, it follows that Tr[p 5] = 0 for every
state p on A. Writing ITT = )", P; as a sum of orthogonal
one-dimensional projectors and taking p = P; for some j, we
then have

0 = Tr[P; 03] = Tr[P;(TT* — 117)]

=Tr [Pj (ZP,- - n—)} =Tr [P} =Te[P,] = 1,

which is obviously absurd as 0 # 1. It then follows that &; #£
+1 foralli € {1, ...,d}, thus &; is in fact dichotomic for all
ief{l,...,d}, as desired.

Since 0O; is dichotomic for all i, we let Hf denote the
associated projection operators onto the +1 eigenspaces of
Oy, sothatforalli € {1,...,d} wehave 0; = I — I1; and
i+ =1.

Claim 2. Let i, j € {1,...,d} with i ## j. Then
dichotomic.

Proof. Let i, j e {l,...,d} with i # j. For an arbitrary
initial state p we have

Trlp (O + )1 = E,(0; + O, G, + 0)) = 2,

0+ 0;

is
7

where the first equality follows from the previously proved
fact that &,(0, 0) = Tr[p 0] for all observables ¢ € &, and
the second equality follows from the Pythagorean Theorem.

‘We then have
@+ﬂy
Tr -7 =1
[”( V2 ]
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for all states p on A, from which it follows that either
O+ 0
V2

or (0, + 0;)/+/2 is dichotomic. However, since &; and &
are dichotomic their traces are both integers, so that taking
the trace of both sides of Eq. (3) yields a contradiction; thus
O+ 0})/ /2 is necessarily dichotomic, as desired. [ |

Since (0; + 0})/ /2 is dichotomic for all i and j with i #
Jj, we let Hiij denote the associated projection operators onto

the £1 eigenspaces of (J; + ﬁj)/ﬁ, so that
O+ 0,
V2

foralli, je{l,...,d} withi# j.Nowleti, je{l,...,d}
with i # j, so that we have

O+ 0, = ﬁ(njj - 10;). “4)

Multiplying both sides of Eq. (4) on the left by &; and using
the fact that 07 = 1 yields

=41 3)

=T, —-T; and I+ =1

0,0; = V20,1 — T17) — 1, (5)
and similarly we have
0,0, =20, —11;)) — 1. (6)
Adding Egs. (5) and (6) then yields
{0, 0;} = (0;+ 0;)* —21. ©)

Now since
2 __ + —\2
(ﬁi"‘ﬁj) —Z(H,‘j_n,'j)
_ +32 +17— -1+ —\2
— 2((1—1”-) - HUHU - Hijnij + (H,‘j) )
= 2(IT; + ;) = 21,

it follows from Eq. (7) that {0}, &;} =0 for i # j. This
together with the fact that &7 = 1 for all i yields the anti-
commutator {0;, 0;} = 28;;1 forall i, j € {1,...,d}, thus &
is a y space and {0}, ..., 04} is a y basis for G, as desired.

IV. CONCLUDING REMARKS

In this Letter, we established an intriguing connection
between a quantum bit of information, space, and time. In
particular, we showed that the the structure of temporal corre-
lations between sequential measurements of Pauli observables

on a single qubit is equivalent to the Euclidean metric on the
three-dimensional space ‘Bauli spanned by the Pauli spin
matrices. Conversely, we showed that the space Lauli is in
fact uniquely characterized by this property, as we proved
that Pauli is the only space of observables on a single
qubit whose two-time correlation function is precisely the
Euclidean metric.

A conspicuous feature of the temporal correlations which
give rise to geometry is the fact that they are independent of
initial conditions, which enables an observer to extract the
associated geometric structure from sequential measurements
of a qubit without ever having to prepare the qubit in a fixed
state. With this in mind, we formulated a toy model of how
Euclidean three-space may emerge from quantum temporal
correlations in a hypothetical universe consisting of a single
qubit and a single observer. In our model, the qubit exists
in a realm without any preexisting space, as it serves as a
reservoir from which an observer may extract the informa-
tion necessary for a geometric structure to emerge from the
correlations between their sequential measurements of the
qubit over time. Of course the question remains as to how
the metric of spacetime may emerge in such a framework,
and more generally, how gravity may enter the picture. As the
viewpoint espoused in this work sees geometry as a structure
on a space of observables, perhaps the recent work [14] on
quantum observables over time may provide an avenue for
future investigation along these lines.

Upon discovering the fundamental law of the lever,
Archimedes is said to have summarized his discovery via
the poetic statement “Give me a lever long enough and a
fulcrum on which to place it, and I shall move the world.”.
In a similar vein, we summarize the results of this Letter with
the following statement:

“Give me a qubit for long enough and a probe in which to
measure it, and I shall extract the geometry of our world.”
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