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Abstract
The recent surge in large-scale population health datasets, such as the UK

Biobank or the Adolescent Brain Cognitive Development (ABCD) study, requires
the development of scalable statistical methods that are capable of analysing the
rich multitude of data sources. This thesis focuses on the scalable analysis
of Magnetic Resonance Imaging (MRI) neuroimaging data, such as binary
lesion masks and task-based functional Magnetic Resonance Imaging (fMRI).
In particular, we introduce two Bayesian spatial models with sparsity priors on
the spatially varying coefficients and extend our work to suit the large sample
sizes found in population health studies.

Firstly, we propose a scalable hierarchical Bayesian image-on-scalar regression
model, called BLESS, capable of handling binary responses and of placing
continuous spike-and-slab mixture priors on spatially varying parameters. Thereby,
enforcing spatial dependency on the parameter dictating the amount of sparsity
within the probability of inclusion. The use of mean-field variational inference
with dynamic posterior exploration, which is an annealing-like strategy that
improves optimisation, allows our method to scale to large sample sizes. We
validate our results via simulation studies and an application to binary lesion
masks from the UK Biobank.

Secondly, we extend our method to account for underestimation of posterior
variance due to variational inference by providing an approximate posterior
sampling approach inspired by Bayesian bootstrap ideas and spike-and-slab priors
with random shrinkage targets. Besides accurate uncertainty quantification, this
approach is capable of producing novel cluster size-based imaging statistics, such
as credible intervals of cluster size, and measures of reliability of cluster occurrence.

Thirdly, we develop a Bayesian nonparametric scalar-on-image regression
model with a relaxed-thresholded Gaussian process prior on the spatially varying
coefficients in order to introduce sparsity and smoothness into the model. Our
main contribution is the improved scalability, allowing for larger sample sizes
and bigger image dimensions, which is made possible by replacing posterior
sampling with a variational approximation. We validate our results via simulation
studies and an application to cortical surface task-based fMRI data from the
ABCD study.
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Abstract

The recent surge in large-scale population health datasets, such as the UK Biobank
or the Adolescent Brain Cognitive Development (ABCD) study, requires the
development of scalable statistical methods that are capable of analysing the rich
multitude of data sources. This thesis focuses on the scalable analysis of Magnetic
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allows our method to scale to large sample sizes. We validate our results via
simulation studies and an application to binary lesion masks from the UK Biobank.

Secondly, we extend our method to account for underestimation of posterior
variance due to variational inference by providing an approximate posterior sampling
approach inspired by Bayesian bootstrap ideas and spike-and-slab priors with
random shrinkage targets. Besides accurate uncertainty quanti�cation, this approach
is capable of producing novel cluster size-based imaging statistics, such as credible
intervals of cluster size, and measures of reliability of cluster occurrence.

Thirdly, we develop a Bayesian nonparametric scalar-on-image regression model
with a relaxed-thresholded Gaussian process prior on the spatially varying coe�cients
in order to introduce sparsity and smoothness into the model. Our main contribution
is the improved scalability, allowing for larger sample sizes and bigger image
dimensions, which is made possible by replacing posterior sampling with a variational
approximation. We validate our results via simulation studies and an application
to cortical surface task-based fMRI data from the ABCD study.
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Medical imaging of the human body has greatly advanced the diagnosis of

diseases, the management of disease progression, and the research of biomarkers

for diseases. Most imaging procedures are entirely non-invasive, meaning that

no injections are required; however, they are capable of providing clinicians or

researchers with a view of internal body structures and/or organs. Common
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2 1. Introduction

imaging types include X-ray, computed tomography (CT), ultrasound, positron

emission tomography (PET) and magnetic resonance imaging (MRI) where each

type has its own unique advantages and disadvantages with respect to its usage for

providing medical care in a clinical setting or answering research questions in an

academic setting. Moreover, while some methods share similarities with respect to

their structure, each method requires the development of statistical methods and

preprocessing techniques that consider the complexities of each imaging modality

itself. In our work, we focus on developing statistical methods relevant towards

advancing the analysis of MRI data. However, we note that while most of our

statistical advancements have been inspired by MRI applications, speci�cally MRI

of the brain, their usage is not entirely exclusive to MRI.

In the neuroimaging community, large population health-based studies, contain-

ing a breadth of imaging, omics, electronic health records, and further data sources

depending on the study, have become available to researchers in the recent years.

The UK Biobank (Miller et al., 2016), the ABCD study (Casey et al., 2018), or the

Human Connectome Project (Van Essen et al., 2012) are some examples of studies

containing hundreds or thousands of subjects with various MRI modalities, such

as structural, functional and/or di�usion-weighted MRI. Population health-based

studies pose a huge increase in the sample size of studies, as previously studies

with MRI data were in the size of tens of subjects rather than thousands. Hence,

one of the main aims of our work is creating statistical models and algorithms for

parameter estimation, prediction, and inference that scale to thousands of subjects.

Besides the large sample sizes, imaging data usually consists of thousands to

millions of variables making up each image of a subject, for example a 3D volumetric

MRI scan with a resolution determined by the voxel size2� 2� 2 mm3, where a voxel

is de�ned as a volume in the 3D image, and the dimensions91� 109� 91 contains

a total of 902,629 spatial locations. Moreover, modern MRI scanners are able to

acquire images at an even better resolution; hence, decreasing the voxel size and

increasing the number of spatial locations within an image. Therefore, suggesting
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that we not only require more scalable methods for the increase in sample size but

also methods that can scale to the increase in spatial locations within an image.

However, signal in an image is also inherently sparse and only few spatial areas

are usually signi�cant in a statistical analysis. Another main aim of our work is

therefore to build statistical models which allow for sparsity and smoothness. Hence,

respecting the scarcity of signal and the spatial dependence between neighbouring

locations within the brain. Bayesian methods are capable of integrating both

sparsity and smoothness through prior speci�cations on our model parameters,

speci�cally we advance the areas of Bayesian structured shrinkage priors and

thresholded Gaussian process priors which allow us to utilise Bayesian variable

selection as a proxy for inference.

The rest of this chapter reviews the core topics that motivate this thesis, which

are MRI, large-scale population health data, the fundamental statistical theory we

build on, image-based regression problems, Bayesian variable selection, approximate

posterior inference, and �nally we describe the contributions of this thesis.

1.1 Magnetic Resonance Imaging

MRI is a non-invasive imaging tool used in clinical and research settings to diagnose

and monitor diseases and to study brain anatomy and activity. Magnetic resonance

(MR) images are created by using the magnetic properties of atomic nuclei, where

electromagnetic pulses induce in�nitesimal magnetic moments in tissue in a way that

can be measured by a MRI scanner (Jenkinson and Chappell, 2018). Most commonly

in MRI, hydrogen protons found within water or fat molecules are targeted as they

are abundant in the human body and possess the required spin property (Brown

and Semelka, 2011). The MRI scanner consists of a large superconducting coil

that creates a strong magnetic �eld which forces the hydrogen nuclei to align

in the direction of the magnetic �eld. Without an external magnetic �eld the

net magnetisation, de�ned as the sum of magnetisation from all nuclei, measured

amongst the hydrogen nuclei within the tissue is zero and no magnetisation can be
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detected. In the MRI scanner the tissue has a net magnetisation but is incredibly

weak relative to the �eld of the magnet.

Since the tissue magnetisation is so weak, it can only be detected in a plane

orthogonal to the external magnetic �eld. Hence, in a process called �excitation�

a second magnetic �eld is introduced with radio-frequency pulses which changes

the orientation of the magnetisation of the hydrogen nuclei to be orthogonal with

the initial magnetic �eld. The process of �relaxation� occurs when the radio-

frequency pulses stop, and orthogonal magnetisation is measured with receiver

coils as the hydrogen nuclei return to their original state, in alignment with the

static external magnetic �eld.

As described so far, the net magnetisation measured would be made up from

contributions of all hydrogen nuclei excited, e.g. the whole head. To enable image

formation, gradient coils are employed to induce spatial gradients in the magnetic

�eld (Jenkinson and Chappell, 2018). The application of these changing gradient

�elds introduces spatially dependent frequency and phase variations that can then

be transformed into a MR image by using Fourier transforms. For a more detailed

explanation on MRI physics, we refer the reader to Brown and Semelka (2011).

(a) T1-weighted (b) T2-weighted FLAIR

Figure 1.1: Examples of di�erent MRI modalities: (a) T1-weighted and (b) T2-weighted
FLAIR MRI scan in native space of a random subject from the UK Biobank.

MRI is capable of producing di�erent types of images that are called �modalities�;

each modality has a di�erent tissue contrast or captures a di�erent part of the brain

anatomy or metabolism. Two fundamental properties in MR are the T1 and T2
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relaxation rates, and their di�erent scanning sequences can emphasise di�erences

in tissue T1 or di�erences in tissue T2; these kind of scans are called T1-weighted

and T2-weighted, respectively. Figure 1.1 shows an example of a 2D axial slice of a

T1-weighted and a T2-weighted �uid attenuated inversion recovery (FLAIR) MRI

scan. In a T1-weighted MRI scan, white matter appears as brightest, grey matter

as darker and cerebral spinal �uid as darkest. On the other hand, in T2-weighted

images cerebral spinal �uid shows as most intense, grey matter as darker and

white matter as darkest. Di�erent contrasts enhance di�erent tissue types and

signal and therefore, T1-weighted scans are predominately used to discriminate

between tissue types and T2-weighted scans are used to identify brain structure

(Jenkinson and Chappell, 2018).

1.1.1 Functional MRI

Functional MRI (fMRI) enables the study of brain activity at rest or during

a speci�c task and requires the collection of a series of MRI scans over time.

As neuronal activity cannot be measured directly, the Blood Oxygenation Level

Dependent (BOLD) signal is recorded as a reasonable proxy as it measures changes

in metabolic demand (Buxton et al., 2004). These metabolic changes lead to changes

in localised blood volume, blood �ow, and oxygen extraction and interact with the

main magnetic �eld due to the magnetic properties of deoxygenated haemoglobin

found in blood. Hence, fMRI consists of rapidly acquiring T2� -weighted images,

where T2� relaxation time describes the observed relaxation in contrast to the true

transverse relaxation in T2-weighted images, that are able to detect changes in

blood oxygenation which correlates to the discovery of neuronal activity across

di�erent regions within the brain (Jenkinson and Chappell, 2018).

1.1.1.1 Preprocessing of fMRI

MRI data requires extensive preprocessing before starting any statistical analysis

and includes correcting for artifacts, enhancing the signal within an image, and

ensuring alignment within and between subjects' MRI scans. The following list
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provides a brief overview of commonly applied preprocessing steps for fMRI data

where most of these steps also apply to structural MRI:

ˆ Distortion correction : Dropout or geometric distortions occur due to

inhomogeneities of the main magnetic �eld induced by the interfaces between

air and tissue in the brain, such as sinus cavities or ear canals. Distortion

correction alleviates this issue by applying a �eld map which characterises

the main magnetic �eld.

ˆ Motion correction : Head motion, caused by a subject moving in a MRI

scanner, e.g. due to swallowing, causes a mismatch of all subsequent images

recorded in the time series. The phenomenon is called �bulk motion� and

can be corrected by realigning the images in the time series with a reference

image.

ˆ Slice timing correction : FMRI data is most commonly acquired with

2D MRI acquisition which means that 2D slices are collected consecutively

to acquire a full 3D MRI scan. This can be problematic as the di�erences

in acquisition times between the slices can cause bias in the downstream

modelling of the expected BOLD signal which assumes that all slices have

been collected at the same time. Slice timing correction reduces this e�ect by

choosing a reference slice and aligning the time measurements of all other slices

to the timing of the reference slice (Henson et al., 1999; Sladky et al., 2011).

It should be noted that most recent neuroimaging pipelines for large-scale

population health studies do not contain slice timing corrections as it can

potentially exacerbate already existing artefacts throughout the entire time

series and slice timing e�ects can be reduced with other measures, such as

a combination of short repetition times and interleaved acquisitions, spatial

smoothing, and the inclusion of temporal derivatives in statistical models.

ˆ Bias �eld correction : Bias �eld correction is necessary for images acquired

with MRI scanners of a �eld strength of greater or equal to 3T. While fMRI
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data is largely una�ected by the issue of broad variations in the intensity

across the image due to inhomogeneities in the excitation of the head, the

T1-weighted anatomical scan needed for downstream fMRI processing, such

as registration or brain extraction, is. One example of bias �eld correction is

the application of a high-pass �lter which removes any low-frequency signals

from the image (Friston et al., 2000).

ˆ Brain extraction : The process of removing the skull and all other non-brain

tissue, also called �skull-stripping�, and is an important preprocessing step as

many subsequent analyses depend on having a brain-only image.

ˆ Spatial smoothing : The smoothing is accomplished with the convolution of

a 3D image with a 3D Gaussian kernel in order to remove a certain level of

high-frequency information. Smoothing reduces the variance of the noise and,

as long as not too much high spatial frequency is lost, generally results in an

increase in signal-to-noise ratio for voxel- or vertex-wise analyseswhere a voxel

or a vertex are spatial locations in the volume or on the surface depending on

the representation of a MRI scan. However, note that it has been argued by

Mejia et al. (2020) that spatial smoothing can introduce signal contamination

if performed in volumetric-based representations of MRI data as locations that

are close in the volume are potentially far apart on the surface in the cortex,

which is then a motivation to work with a cortical surface representation of

the data (see Section 1.1.3). Nevertheless, spatial smoothing can still aid in

decreasing the variability in spatial localisation across subjects that cannot be

removed by registration and might be necessary to achieve a certain degree of

smoothness required in statistical analyses, that for example involve Gaussian

random �eld theory.

ˆ Co-registration : The process of spatial normalisation that registers each

scan collected in a fMRI time series to the subject's anatomical structural

image.
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ˆ Registration : Inter-subject registration or spatial normalisation of each

subject's MRI scan to a common template, often to the Montreal Neurological

Institute (MNI) template, in order to enable the statistical analysis between

multiple subjects as it is essential to match up spatial locations between

subjects before performing any group analyses.

For a more extensive overview on preprocessing pipelines, please refer to Glasser

et al. (2013) for a description of the the minimal preprocessing pipelines of the Human

Connectome Project (HCP), to Alfaro-Almagro et al., 2018 for the preprocessing

pipeline of the UK Biobank (UK Biobank) and to Poldrack et al., 2011 for practical

recommendations for preprocessing fMRI data.

1.1.1.2 Task-based fMRI Analysis

Functional MRI uses changes in BOLD signal across the brain and over time in

order to evaluate brain function. There are two types of fMRI: resting-state and

task-based fMRI. The former investigates the brain activity when a subject is at

rest and the later studies brain activity when a subject is asked to perform a task

in the scanner. Generally, in a fMRI experiment subjects are asked to respond

to certain stimuli that a researcher has designed. These stimuli can be shown

to the subject very brie�y in event-based design or for a prolonged period in a

block design. Moreover, stimuli are usually repeated within an imaging session in

equally spaced time intervals in order to increase statistical power by acquiring

more data from a subject. Figure 1.2 (a) provides an example of a block design

where the stimulus onset timings recorded in red show that the stimuli are presented

to the subject for a prolonged time period. In order to acquire a full fMRI time

series, the BOLD signal for a subject is recorded across multiple time points as

a separate image at each time point.

The resulting BOLD signal time series, shown in blue in Figure 1.2 (a), is

then compared to the experimental design, shown in red in Figure 1.2 (a), to

identify which areas in the brain are activated. For each region of the brain which is

responsive to the task, the predicted BOLD activation is then acquired by convolving
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(a) BOLD Signal Time Series
(b) HRF

Figure 1.2: (a) Illustration of BOLD fMRI time series in active voxel with the BOLD
signal (blue), the stimulus time series (red) and the convolved approximation of the HRF
with the stimulus onset timings which is the predicted BOLD activation (green). (b)
Illustration of the HRF.

the hemodynamic response function (HRF) with the time series of the experimental

design, shown in green in Figure 1.2 (a). The BOLD response measured with the

HRF function across time then acts as a reasonable proxy to neuronal activity

across the brain (Poldrack et al., 2011; Jenkinson and Chappell, 2018).

The statistical analysis of fMRI data is most commonly performed in two steps:

a subject-level and a group-level analysis. Moreover, the analysis is performed one

voxel or vertex at a time which is often referred to as a �mass-univariate� approach.

In the �rst-level analysis, a separate linear regression model is constructed for each

subject i and each spatial locationj with the following equation:

Yi;j = X i;j � i;j + � i;j � i;j � N (0; � 2
i;j I t i );

wheret i is de�ned as the number of time points collected in a fMRI study,Yi;j 2 R t i

contains the observed BOLD signal across time for each subjecti and each spatial

location j , X i;j 2 R t i � P is the design matrix containing the intercept, the predicted

BOLD activation (see Figure 1.2) and other confounds for each subjecti and each

spatial location j , whereP de�nes the number of covariates in the analysis, and� i is

de�ned as a random error term which is normally distributed with variance� 2
i;j . The

output of each regression in the �rst-level analysis is the subject-speci�c parameter

estimates� i;j 2 RP at each voxel or vertexj and the within-subject variance for
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each contrast of interest, see Figure 1.3 (a) for an illustration of the subject-level

analysis within the two-step procedure of fMRI analysis.

(a) Subject-level (b) Group-level

Figure 1.3: Illustration of the two-stage voxel- or vertex-wise modelling approach used
for fMRI data. (a) In the �rst- or subject-level analysis, a regression associating the
BOLD signal across all recorded time points with the predicted BOLD activation and
other confounds is performed for each subject at each voxel or vertex separately. (b) In
the second- or group-level analysis, a regression associating the coe�cient of the predicted
BOLD response, which was acquired during the �rst-level analysis for each subject and
voxel or vertex, with group di�erences and other confounds is performed to make inference
about group averages or between-group di�erences witĥ� G.

The second-level analysis takes the subject-speci�c parameter estimates for the

BOLD signal, in Figure 1.3 (a) the estimates for� i;j; 1 for each subjecti = 1; : : : ; N

whereN is the number of subjects in the study and spatial locationj = 1; : : : ; M

whereM is the number of voxels or vertices, and inputs them into a group-level

regression to identify group averages or between-group di�erences. The linear model

for the group analysis can be expressed by

Yj;G = X j;G � j;G + � j;G � j;G � N (0; � 2
j;G I N );

whereYj;G is de�ned by the subject-speci�c parameter estimates for the BOLD signal

contrast �̂ j; 1, X j;G is the group-level design matrix containing group membership and

other confounds, such as age or sex, and� j;G is the random error term of the group

analysis. The parameter vector of the group analysis� j;G contains the coe�cients of

interest on which inference on group di�erences is performed on, see Figure 1.3 (b)

for an illustration of the setup of a second stage group-level analysis. In summary,

in a mass-univariate group-level fMRI analysis the collection ofM regressions
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performed at each voxel or vertix location results in a parameter map which can be

overlayed on a MNI template to display the results of the group-level fMRI analysis.

1.1.2 Brain Lesion Masks

(a) FLAIR MRI Scan (b) FLAIR + Lesion Mask (c) Zoomed in Scan

Figure 1.4: (a) T2-weighted FLAIR MRI scan in native space, (b) FLAIR MRI scan
with overlaid contours of the respective lesion mask and (c) zoomed in version of FLAIR
MRI scan with overlaid contours of a lesion mask from (b) to highlight the outlines of
lesions.

It is also possible to derive other measures of interest from MRI scans, such as

lesion masks, which quantify whether or not a lesion is present at each location

within an image, see Figure 1.4 (b) for an example of contours of a lesion mask

overlayed on a T2-weighted FLAIR MRI scan. Lesions can occur due to various

reasons, such as ageing or disease development and progression, e.g. with multiple

sclerosis. For example, lesions of presumed vascular origin occur more frequently

in the brain with increased age and are associated with cognitive decline as the

lesion burden increases (Wardlaw et al., 2013; Debette and Markus, 2010). In

T2-weighted, FLAIR and proton density-weighted brain images those white matter

lesions appear as hyperintense areas in the brain.

The MRI scans however also require preprocessing in order to be utilised for the

quantitative analysis of lesions. Firstly, researchers create binary lesion masks for

every subject which mark the presence or absence of a lesion at a location within

the brain. Lesions segmentation can either be performed manually by radiologists or

automatically via procedures, such as BIANCA (Gri�anti et al., 2016). In this thesis
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we focus on large-scale lesion mapping studies, such as the UK Biobank (Miller

et al., 2016), hence fully automated algorithms are preferable and allow for a fast

and reproducible method of creating lesion maps for thousands of subjects. After

performing manual or automatic lesion segmentation the masks are registered from

native space to a common anatomical atlas for group analysis. Spatial alignment to

a standard space therefore ensures that lesion localisations are comparable across

subjects and analyses (Bordin et al., 2021). Note that binary image data are

registered to an atlas where interpolation will produce grey values between 0 and 1.

The traditional approach is to threshold the interpolated data at some value (e.g.

0.5) to keep the data in binary form (Kindalova et al., 2021).

1.1.3 Volumetric and Cortical Surface Representations

Figure 1.5: Illustration of volumetric and surface-based representation for MRI data.

In general, MRI data can be analysed and displayed in the form of volumetric

as well as cortical surface images, see Figure 1.5 for an illustration of the two

representations. Volumetric data consists of 3D brain volumes where each is

composed of thousands or millions of equally sized volumetric elements that are

called voxels. While the analysis of volumetric data is still the most common practice
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in the neuroimaging community, cortical surface data is becoming increasingly more

popular with more preprocessing, analysis and display tools, such as theHuman

Connectome Workbench(Marcus et al., 2011) orciftiTools for data visualisation

in R, being available. Cortical surface data compared to volumetric data represents

cortical grey matter as a 2D manifold surface (Fischl, 2012; Glasser et al., 2013).

Mejia et al. (2020) highlight the bene�ts of analysing MRI data with a cor-

tical surface-based representation as it provides better whole brain visualisation,

dimension reduction as only the surface is of interest in addition to being able to

downsample the data without signi�cant signal loss, removal of not needed tissue

types and improved neurobiological signi�cance of distances, see Figure 1.6. In

order to improve the signal detected within fMRI studies, a common preprocessing

step is to apply spatial smoothing of the data prior to the analysis. However,

applying volumetric-based spatial smoothing introduces bias in the form of signal

contamination and the potential for identifying more false positives due to the

folding of the brain as areas that are nearby in the folded cortex can be far apart

in the unfolded cortex. Hence, the bene�t of smoothing on the cortical surface is

that the signal-to-noise ratio is enhanced by strengthening the signal in the same

brain region of interest (Brodoehl et al., 2020). To further highlight this issue, we

display a zoomed in T1-weighted scan in Figure 1.6 where various locations in the

image are marked. The �gure illustrates that traditionally used Euclidean distances

in volumetric representations can enlarge bias in Bayesian spatial models or when

spatial smoothing is applied as a preprocessing step for fMRI data. For example, it

would result in the mixing of signals from locations 1A, 1B, and 1C, as well as those

from locations 2A and 2B, and in a Bayesian spatial model the signal coming from

locations 1A, 1B, and 1C (and locations 2A and 2B) would be assumed to be highly

correlated. However, when using a cortical surface-based representation the locations

that do not contain any cortical grey matter would be removed from the image,

such as location 1C and 2A, as they cannot exhibit any relevant task activation.

Furthermore, the signal coming from locations 1A and 1B is not highly correlated

but exhibits low dependence on the surface when measured with a geodesic distance.
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Figure 1.6: Illustration for distances in volumetric space. For one random subject from
the UK Biobank, an axial slice of the T1-weighted image is displayed. Locations 1A, 1B,
and 1C are close in terms of Euclidean distance in volumetric space, but are neurologically
dissimilar, as location 1A lies in grey matter, 1B also falls in grey matter, however on
the opposite sulcus bank, and 1C is located in cerebral spinal �uid between sulci banks.
Therefore, locations 1A and 1B may exhibit task activation, while location 1B would not
be expected to exhibit any task-related activation. Similarly, locations 2A and 2B are
neighbouring in volumetric space, but location 2B lies in grey matter while location 2A
lies in white matter and therefore would not be expected to exhibit task-related activation.
(Figure replicated from Mejia et al. (2020).)

Lastly, cortical surface data has been shown to have improved cross-subject

spatial alignment when registered to a common template by �rst mapping each

hemisphere of the cortex onto the surface of a sphere with minimal distortion

(Fischl et al., 1999a; Fischl et al., 1999b), see Figure 1.7 for an illustration of

going from an in�ated to a spherical representation of MRI data. The process

of acquiring cortical-surface fMRI data from volumetric data is described in the

following steps (Mejia et al., 2020):

1) Identi�cation of cortical grey matter ribbon from a high-resolution structural

MRI scan (Dale et al., 1999).

2) Application of a mesh to the white matter surface, the internal boundary

of the cortical grey matter, to form a 2D manifold within each hemisphere,

which is geometrically smoothed.
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Figure 1.7: Example mapping of cortical surface task-based fMRI data, speci�cally
contrast of parameter estimate (COPE) coe�cients from the �rst level analysis of a
task-based fMRI experiment of a random subject from the ABCD study, onto a sphere.
The left side shows a four-way view of the COPE coe�cients on an in�ated surface showing
the lateral or exterior (top) and medial or interior (bottom) views of both hemispheres.
The right side shows the same COPE coe�cients on a spherical surface which showcase
the bene�t of cortical surface data which can easily be mapped onto di�erent surface
representations and hence mathematically convenient measure of geodesic distance along
the cortical surface can be leveraged.

3) In�ation of the surface to a sphere with minimal distortions (Fischl et al.,

1999a; Fischl et al., 1999b).

4) Registration of subjects to a standard template space by aligning anatomical

folding patterns (Fischl et al., 1999a; Fischl et al., 1999b).

5) Application of volume-to-surface transformation to each cortical grey matter

ribbon for each fMRI volume to obtain cortical surface fMRI time series.

The output of the above process is a triangular mesh consisting of approximately

30,000 vertices within each hemisphere.

1.2 Large-scale Population Health Datasets

The last decade of brain imaging has brought immense insight into our understanding

of the human brain. However, many �ndings su�er from small and unrepresentative



16 1.2. Large-scale Population Health Datasets

samples. In addition, environmental and genetic factors that may explain individual

di�erences are often ignored. These limitations are being addressed in large-scale

epidemiological studies, such as the UK Biobank (UKBB) (Miller et al., 2016),

the Human Connectome Project (HCP) (Van Essen et al., 2013) or the ABCD

study (Casey et al., 2018), by collecting data on thousands (instead of tens) of

subjects. While the main advantage of these data sources lies in their larger

sample sizes, they are also more comprehensive due to their inclusion of multiple

high-dimensional imaging modalities as well as numerous environmental factors,

neuro-cognitive scores, and other clinical data. Many existing methods for brain

mapping are either simplistic, ignoring complex spatial dependency, or are not

scalable to large-scale studies.

1.2.1 UK Biobank

The UKBB is a prospective epidemiological study with a predominantly healthy

cohort of approximately 500,000 participants, mostly with white British ancestry,

aged between 40 to 69 years at recruitment. The study includes questionnaires data,

physical and cognitive measures, biological samples, including genotyping (Sudlow

et al., 2015), and additionally has been extended to provide imaging data for a subset

of approximately 100,000 subjects from the original cohort (Miller et al., 2016).

The brain imaging consists of six modalities: T1-weighted, T2-weighted FLAIR,

susceptibility weighted, resting-state fMRI, task-based fMRI and di�usion-weighted

MRI (Alfaro-Almagro et al., 2018). While the primary goal of brain imaging in a

clinical setting is the diagnosis and monitoring of disease progression, the UKBB

provides the option for researchers to identify predictive biomarkers which enable the

possibility of early disease intervention or prevention. In the real data application

of Chapter 2 and 3, we utilise the brain lesion masks derived from the T2-weighted

FLAIR MRI scans to �nd associations between ageing and lesion incidence. Within

our analysis we use the data, speci�cally the brain lesion masks, that has been

preprocessed with the pipelines developed by Alfaro-Almagro et al. (2018).
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1.2.2 ABCD Study

The Adolescent Brain Cognitive Development (ABCD) study is a population-

based health study following the brain development and health of approximately

11,875 participants who are aged between 9 to 10 years old. The children are

routinely examined across a time span of ten years into their adulthood across

21 acquisition sites. The primary goal of the study is to assess development and

addiction behaviours of adolescents by measuring their brain structure and function

(Casey et al., 2018; Karcher and Barch, 2021). However, the ABCD data contains

various additional data sources and has therefore been used for other applications

beyond its original study goal, such as identifying the e�ect of social media on

childhood development via wearables data (Bagot et al., 2018), the overall impact

of screen use in adolescents (Bagot et al., 2022), or the in�uences of puberty

hormones or environmental factors towards the physical and mental development in

children (Karcher and Barch, 2021). The study contains a breath of data sources

including multiple imaging modalities, such as structural, resting state and task-

based functional, and di�usion weighted MRI, as well as a collection of biospecimen

data, behavioural assessments, wearables data and other environmental factors

assessed via questionnaires which were answered by the children as well as their

parents (Casey et al., 2018; Uban et al., 2018; Luciana et al., 2018). The real data

application in Chapter 4 utilises the task-based fMRI data of the ABCD study,

speci�cally the 2-back vs 0-back contrast of the emotional n-back task, alongside

the total composite score for cognition and other confounds, such as age, sex, or

family income. The data has been preprocessed with the minimally processed

pipeline developed by Glasser et al. (2013).

1.3 Image-based Regression Problems

Neuroimaging data is most commonly analysed with mass-univariate approaches

that �t a regression at each voxel or surface element independently. While this

approach is fast, it ignores any spatial dependence that exists across the brain.
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On the other hand, Bayesian spatial models address this limitation by building a

single multivariate model that captures the spatial dependence across the brain.

However, Bayesian spatial models are usually estimated via Markov chain Monte

Carlo (MCMC) sampling which is computationally costly or even infeasible for

larger sample sizes that can be found in large-scale population-based health studies,

such as the ABCD study or the UKBB. In the following section, we will review

various types of image-based regression problems - scalar-on-image, image-on-scalar,

and image-on-image regression models - that tackle complex problems within the

area of neuroimaging applications. Note that we generalise regression problems to

generalised linear models in the following examples and hence, the output scalar

or image can be binary in nature, for example.

1.3.1 Scalar-on-Image

Figure 1.8: Scalar-on-image regression illustration where the output is a scalar and
the input covariates are spatial locations of an image. The bottom row represents the
general formula for scalar-on-image regression problems and the top row visualises an
example of a scalar-on-image regression with a scalar outputyi , e.g. a disease severity
score, intercept � 0, lesion mask (green outlines the white matter mask) / covariate map
X i , parameter map � (s) , and error term � i . Note that in the formula the output image
y i and the parameter map� (s) are unravelled vectors of sizeM but in the example we
display them as 2D matrices for illustration purposes.

Scalar-on-image regressions model the associations between a scalar outcome of

interest yi for each subjecti = 1; : : : ; N and an image, where each image location

sj = 1; : : : ; M for all M spatial locations is treated as a covariatex i (sj ), see
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Figure 1.8 for an illustration. The model also includes an intercept� 0 and a

random error term � i for each subjecti . Statistical methods for scalar-on-image

regressions can be split in projection-based approaches, sparsity-inducing models or

a combination of both. Generally, strong model assumptions are needed to overcome

the inherent non-identi�ability problem due to the number of parameters in the

model far exceeding the number of subjects (Happ et al., 2018). While various

model approaches for scalar-on-image regression problems may provide a similar

predictive performance, the estimated model coe�cients may vary starkly between

the approaches which renders the interpretability of the estimates di�cult. Happ

et al. (2018) provide an overview of possible model assumptions, such as using

basis function approaches, dimension reductions methods, or smoothing and/or

sparsity priors, to insure identi�ability. In the following examples we highlight

various state-of-the art improvements for scalar-on-image regression problems and

how they achieve identi�ability by enforcing certain structural assumptions.

Firstly, projection-based methods re-express a coe�cient image by expanding it

with a set of basis functions. Reiss and Ogden (2010) propose a functional principal

components regression which models the image coe�cients by approximating the

coe�cient function via B-splines. However, neuroimaging data often exhibits regions

with sparse e�ects and/or sharp edges which the above approach is unable to

estimate well. Another basis expansion approach was proposed by Reiss et al. (2015)

which utilises a wavelet expansion for the regression coe�cients. Unfortunately,

the above method requires each predictor image to be of equal dimension and the

image size needs to be a power of two which is prohibitive with many imaging

modalities exhibiting various image sizes.

Alternatively, many approaches acquire model identi�ability by proposing a

Bayesian model and enforcing regularisation via smoothing and sparsity priors.

Huang et al. (2013) aim to predict cognitive outcomes via di�usion tensor imaging

by introducing an Ising prior into the model which performs variable selection

and therefore aids in identifying locations in the image which are predictive of

the outcome of interest. Goldsmith et al. (2014) extend the above model by
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modelling the regression coe�cients as a product of two latent spatial processes

through an Ising prior, which induces sparsity into the model, and a conditional

autoregressive prior, which smooths the nonzero coe�cients. Similarly, Li et al.

(2015) place a Dirichlet process prior on the nonzero coe�cients. However, these

prior speci�cations are computationally costly and exhibit additional di�culties

as the parameter estimation su�ers from phase transitions where a small change

in hyperparameters leads to a signi�cant change in the fraction of coe�cients

estimated as zero or nonzero. Other methods focus on Bayesian nonparametric

models, Kang et al. (2018) introduce a class of piecewise smooth, sparse and

continuous spatially varying regression coe�cient functions called soft-thresholded

Gaussian process priors. This class of priors provides a gradual transition between

zero and nonzero coe�cients of nearby voxels.

1.3.2 Image-on-Scalar

Figure 1.9: Image-on-scalar regression illustration where the output is an image and the
input covariates are scalars. The bottom row represents the general formula for image-on-
scalar regression problems and the top row visualises an example of a image-on-scalar
regression with a lesion mask (green outlines the white matter mask) / output image
y(s) , intercept � 0, scalar covariatex i , e.g. age, parameter map� (s) , and error term � i .
Note that in the formula the input image X i and the parameter map� (s) are unravelled
vectors of sizeM but in the example we display them as 2D matrices for illustration
purposes.

In image-on-scalar regression problems the imageyi (sj ) for each subjecti is

the response at every spatial locationsj for all j = 1; : : : ; M and the covariatesx i

are scalar in nature, see Figure 1.9. Hence, providing insight into spatial patterns
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and heterogeneity across individuals by capturing the associations between clinical

covariates, such as age, sex, disease duration, disease severity etc., and a type

of imaging modality, such as structural, functional, or di�usion-weighted MRI.

The complexity of image-on-scalar regression lies in the high-dimensional nature

of the imaging data as the outcome, the spatial correlations and sparse signal

within the data, and the low sample sizes compared to the number of parameters

required for modelling the imaging outcome.

Initial approaches to image-on-scalar regression problems build a spatially

varying coe�cients model and place a smoothing prior, speci�cally a multivariate

conditional autoregressive prior on the coe�cients (Ge et al., 2014). However,

this approach only utilises smoothing and induces no sparsity in the model. Zeng

et al. (2022) build a Bayesian hierarchical model with a global-local spike-and-

slab prior which performs image smoothing and variable selection simultaneously.

The bene�t of the global local feature is that sparsity is induced at two levels

where the global prior achieves sparsity at a covariate level and the local prior

achieves sparsity at a voxel level.

Other methods approximate the spatially varying coe�cient functions in image-

on-scalar regression problems with spline functions. For example, Li et al. (2020) use

bivariate spline functions over triangulation. Another approach is formulated by Yu

et al. (2021) which propose �exible multivariate splines over triangulations to handle

the irregular domain of objects of interest on the images. Hence, being able to

model spatial heterogeneity and being able to account better for spatial correlations.

Lastly, we provide an overview on some Bayesian nonparametric model ap-

proaches that utilise a di�erent form of regularisation to handle spatially varying

coe�cient models. Zhang et al. (2023) estimate spatially varying coe�cient functions

via deep neural networks which aids in accounting for spatial smoothness, subject

heterogeneity, and interpretability. A downside of Bayesian nonparametric models is

usually that the computational cost is high due to MCMC sampling. Whiteman et al.

(2023) propose a Bayesian spatial model for the analysis of group-level neuroimaging
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data with Gaussian process priors on the spatially varying coe�cients and a non-

stationary model for the error process. Computational tractability is ensured via

the Vecchia approximation of Gaussian processes which is an ordered conditional

approximation that leads to a sparse Cholesky factor of the precision matrix (Vecchia,

1988). Moreover, the above spatial model speci�cation allows for better calibrated

inference results compared to simply smoothing the data prior to analysis as a

preprocessing step which is common practice in neuroimaging applications otherwise.

1.3.3 Image-on-Image

Figure 1.10: Image-on-image regression illustration where both the output and the
input are an image with M spatial locations. The bottom row represents the general
formula for image-on-image regression problems and the top row visualises an example of
a image-on-image regression with a lesion mask (green outlines the white matter mask) /
output image y(s) , intercept � 0, T1-weighted MRI scan / covariate map X i , parameter
map � (s) , and error term � i . Note that in the formula the output image y i , the input
image X i , and the parameter map � (s) are unravelled vectors of sizeM but in the
example we display them as 2D matrices for illustration purposes.

Image-on-image regression approaches face the same issues as image-on-scalar

regression, see Section 1.3.2, regarding the high dimensionality of the data and

the complex spatial dependence structures between imaging outcomeyi (sj ) and

imaging predictorsx i (sj ). Mass-univariate approaches are the most commonly used

method to estimate coe�cients in image-on-image regression problems. For example,

Sweeney et al. (2013) propose voxelwise logistic regression models to associate a

combination of imaging modalities, such as T1-weighted, T2-weighted, FLAIR,

and proton attenuation MRI images, with lesion incidence. Similarly, Hazra et al.
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(2019) uses a mass-univariate approach that includes prediction from neighbouring

voxel locations within a certain Euclidean distance. Another key example for

the need of image-on-image regression is proposed in the analysis by Tavor et al.

(2016) who aim to associate task-based functional MRI with measurements from

resting state functional MRI in order to show that individual di�erences in brain

response are due to the structure of the brain and individual behaviours. Not

only do these approaches neglect any spatial correlations in the data by assuming

independence and an identical linear relationship across voxels but the latter also

�ts a model for each individual separately, averages the results across individuals,

and then uses the average for out-of-sample predictions which contradicts the

initial assumption of their work that individual variation is present in the imaging

outcome, the tasked-based fMRI data.

On the other hand, Guo et al. (2022) develop a spatial Bayesian latent factor

regression model to reduce the image dimensions with latent factors. Moreover,

Gaussian process priors are placed on the spatially varying coe�cient functions in

order to capture the spatial dependence structures inherent in the data. Concretely,

the outcome image is modelled with a linear combination of basis functions. In

a next step, the basis functions are further decomposed into a few latent factors

and a loading matrix. Lastly, a scalar-on-image regression is �tted by using the

latent factors as an output and a summary of the imaging predictors as an input to

the regression. The downside of this approach is that multiple imaging modalities

are summarised as one entity in the scalar-on-image regression problem in order

to lower the computational cost of the method by combining the cumulative e�ect

across multiple imaging modalities. However, this is a disadvantage if there are

imaging modalities with di�erent image dimensions and one is interested in the

individual e�ect of the separate imaging modalities (Guo et al., 2022). Another

example of a Bayesian spatial model for image-on-image regression is given by

Roy et al. (2021) who develop a product of independent Gaussian process priors

with a smooth covariance kernel that model continuous signals and are sparse

and piece-wise smooth. The latter work also provides an overview of all three
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types of regression - scalar-on-image, image-on-scalar, and image-on-image - with

simulation studies for each regression type.

1.4 Bayesian Variable Selection

Variable selection has become particularly relevant for applications where the

number of parameters far exceeds the number of subjects. Bayesian neuroimaging

models usually su�er from exactly this problem and hence lend itself to utilising

Bayesian variable selection. Generally, the process of variable selection allows for

�nding a subset of features that are most predictive of the outcome and hence

decrease the identi�cation of spurious associations. Other advantages of variable

selection include the improved and simpli�ed interpretation of coe�cients in high-

dimensional settings, the potential avoidance of over�tting and the better tackling of

the issue of multicollinearity, and further insights into how the data was generated

(Tadesse and Vannucci, 2022). There are three categories of approaches that employ

variable selection: criteria-based methods, such as performing a subset selection in

a regression based on, for example the Akaike information criterion (AIC) or the

Bayesian information criterion (BIC) (Miller, 2002), penalised likelihood methods,

which shrink negligible coe�cients to zero (Ormerod et al., 2017), and Bayesian

approaches with shrinkage priors (George and McCulloch, 1993; Polson and Scott,

2010). In the following subsections we will mainly focus on Bayesian variable

selection approaches, which can be divided into methods that use a mixture of two

distributions, so called spike-and-slab priors, and unimodal continuous shrinkage

priors, so called global-local shrinkage priors.

1.4.1 Spike-and-Slab Priors

One of the most commonly applied techniques for Bayesian variable selection is

spike-and-slab regression which aims to identify a selection of predictors within

a regression model. The original formulation of the spike-and-slab mixture prior

places a mixture of a point mass at zero and a di�use distribution on the coe�cients

(Mitchell and Beauchamp, 1988), see Figure 1.11 (a). This approach requires the
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(a) Discrete Spike-and-Slab Prior (b) Continuous Spike-and-Slab Prior

Figure 1.11: Illustration of (a) discrete spike-and-slab prior (solid blue) which is a
mixture of a point mass prior at zero (spike; dotted green) and a di�use Normal distribution
(slab; dashed red) and (b) continuous spike-and-slab prior (solid blue) with a mixture of
two Gaussian distributions with a very small variance (spike; dotted green) and a large
variance (slab; dashed red). (Figure replicated from Tadesse and Vannucci (2022).)

calculation of posterior probabilities for all2P submodels, whereP is the number of

covariates. George and McCulloch (1993) and George and McCulloch (1997) have

hence increased the computational feasibility of spike-and-slab regression problems

by introducing the continuous mixture of Gaussians formulation where the spike

distribution is not de�ned by a point mass prior but by a normal distribution

with a small variance, see Figure 1.11 (b). While these are the most commonly

applied versions of a spike-and-slab prior, there are many other versions of the

spike-and-slab prior available. For example, other versions include non-local prior

densities (Johnson and Rossell, 2010; Shin et al., 2018) or the spike-and-slab LASSO

priors (Ro£ková and George, 2018; Deshpande et al., 2019).

The general setup of a simple normal spike-and-slab regression, modelling the

association between a set of covariatesX 2 RN � P and a dependent variable

y 2 RN via unknown parameter estimates� = ( � 1; : : : ; � P )T 2 RP , is hereby
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typically described by:

y j � ; � 2 � N (X� ; � 2I )

(discrete) � j j
 j � (1 � 
 j ) � 0(� j ) + 
 j N (0; � 1)

(continuous) � j j
 j � (1 � 
 j ) N (0; � 0) + 
 j N (0; � 1)


 j � � Bernoulli(� );

where� 2 is the residual variance,� 0 is the spike variance,� 1 is the slab variance,

and � 0(�) is the Dirac function with a point mass at zero. The introduction of

the binary latent variables 
 = ( 
 1; : : : ; 
 P )T hereby enables the identi�cation of

high-probability subsets of predictors. Concretely, variable selection is performed

by including the variable x j in the model and estimating� j with a non-zero value if


 j = 1 and excluding variablex j if 
 j = 0, in the case of the discrete formulation the

coe�cient value for � j is exactly zero and in the case of the continuous formulation

the coe�cient value for � j is shrunk to a value close to zero (Mitchell and Beauchamp,

1988; George and McCulloch, 1993). Continuous spike-and-slab regressions are

therefore able to selectively shrink negligible coe�cients to zero while leaving the

larger parameters una�ected. The amount of regularisation is in�uenced by the

spike and slab variance of the Gaussian mixture prior� 0 and � 1, respectively.

1.4.2 Global-local Shrinkage Priors

An alternative to mixture priors is given by unimodal priors which are also capable

of inducing sparsity into models and therefore performing variable selection. Often

the downside of models with spike-and-slab priors on the coe�cients is their large

computational cost due to the evaluation of2P models. However, it should be

noted that this argument is no longer as impactful today as alternatives for model

estimation, such as stochastic search variable selection (George and McCulloch,

1997) or variational inference (Carbonetto and Stephens, 2012; Titsias and Lázaro-

Gredilla, 2011), have been proposed. Nevertheless, the computational cost of

unimodal shrinkage priors is usually lower (Tadesse and Vannucci, 2022). Another

advantage of global-local shrinkage priors, similarly to continuous mixture shrinkage
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priors, is that they only shrink coe�cients to a value close to zero which is

favourable in certain applications where many of the parameters are expected

to be negligible but not exactly zero. Generally, the class of global-local scale

mixture of normal priors is de�ned by

� j j � 2; � 2
j � N (0; � 2� 2

j )

� 2
j � � (� 2

j );

where� 2 de�nes the global variance component,� 2
j the local variance component

for each coe�cient j = 1; : : : ; P, and � (� 2
j ) the prior distribution on � 2

j de�ning a

particular type of global-local shrinkage prior. Polson and Scott (2010) provide an

extensive overview of sparsity priors that can be achieved with the above formulation

of global-local scale mixture priors by changing the prior formulation on� 2
j . For

example, the horseshoe prior (Carvalho et al., 2010) is de�ned by placing a Half-

Cauchy prior on � 2
i � C+ (0; 1). Hence, in the special case of the horseshoe prior

the global variance parameter� 2 is responsible for pulling all coe�cients towards

zero while letting some coe�cients escape the shrinkage due to the thick tails of

the Half-Cauchy distribution for the local variance parameters� 2
j . Di�erent levels

of the global variance parameter� 2 allow for varying degrees of sparsity in the

model where a large value correlates with very little shrinkage and a small value

induces a lot of regularisation (Piironen and Vehtari, 2017).

1.5 Approximate Posterior Inference

Posterior inference on the latent variables or model parameters while account-

ing for the observed datay is most commonly performed via MCMC sampling

through methods, such as Metropolis-Hastings (Metropolis et al., 1953; Hastings,

1970), Hamiltonian Monte Carlo (Girolami and Calderhead, 2011) or Gibbs algo-

rithm (Geman and Geman, 1984), which acquire an approximate posterior density

p( jy ) = p(y j )p( )
p(y ) , wherep(y j ) de�nes the likelihood, p( ) the prior, and p(y )

the model evidence, by implementing the following steps:
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1) Constructing an ergodic Markov chain on whose stationary distribution is

the posterior distribution p( jy ).

2) Sampling from the chain in order to acquire a collection of samples from the

stationary distribution.

3) Approximating posterior distribution with summary statistics derived from

the collection of samples.

While MCMC sampling is the gold standard for most applications due to guarantees

of (asymptotically) exact samples from the target density, it can be prohibitive if it

takes too long to reach the stationary distribution, a scenario which can occur if

sample sizes are too large or models too complex (Blei et al., 2017). Neuroimaging

applications in combination with large-scale population health datasets exhibit both

of these issues and hence require faster approximate posterior inference techniques,

such as variational inference, that can manage the complex model structures and

can also be scaled to datasets of the size of the UKBB or the ABCD study. In

the following subsections, we will describe how to acquire approximate posterior

densities through the application of variational inference, a method which we utilise

throughout this thesis for posterior inference.

1.5.1 Mean-�eld Variational Inference

Variational inference (Jordan et al., 1999; Wainwright and Jordan, 2008) approxi-

mates posterior densities through optimisation by applying the following steps:

1) Identify a family of approximate densities, called variational densities,Q.

2) Find a member of that family q� ( ) 2 Q which matches the posteriorp( jy )

as closely as possible by minimising the Kullback Leibler (KL) divergence

between those two distributions

q� ( ) = arg min
q( )2Q

KL (q( )jjp( jy )) :
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3) Acquire approximate posterior density through the optimised variational

density q� ( ).

The complexity of the optimisation problem is de�ned by the choice of variational

family Q with the trade-o� between choosing a �exible member of the family which

captures the target posterior density well and selecting a simple variational family

which facilitates e�cient computation (Blei et al., 2017). Throughout this work, we

focus on simpler variational families, such as mean-�eld variational inference (MFVI)

(Bishop, 2006), instead of more �exible families, such as structured variational

inference (Ho�man and Blei, 2015) or mixtures of variational densities (Bishop,

1998). In MFVI, the parameters of interest = (  1; : : : ;  M )T are assumed to be

mutually independent and hence can each be estimated by optimising an individual

factor in the variational density q( ), so that

q( ) =
MY

j =1

qj ( j );

for each density qj ( j ).

The KL divergence is de�ned by

KL (q( )jjp( jy )) = Eq [ln f q( )g] � Eq [ln f p( jy )g]

= Eq [ln f q( )g] � Eq [ln f p(y j )p( )g] + ln f p(y )g;

where the expectations are taken with respect to the variational densityq( ).

Substituting in Bayes rule for the posterior densityp( jy ) = p(y j )p( )
p(y ) in the KL-

divergence results in an optimisation objective which is usually not computable as

it requires the computation of the log model evidencelnf p(y )g. Hence, variational

inference employs a di�erent optimisation objective, the so called evidence lower

bound (ELBO), where the maximisation of the ELBOL(q) is equivalent to the

minimisation of the KL-divergenceKL (q( )jjp( jy )) up to an added constant and

is de�ned via Jensen's inequality (Jordan et al., 1999) by

lnf p(y )g� L (q)

= Eq[lnf p(y j )g] + Eq[lnf p( )g] � Eq[lnf q( )g]

= Eq[lnf p(y j )g] � KL (q( )jjp( ))
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as the combination of expected likelihood and negative KL-divergence between the

variational density q( ) and the prior p( ). Hence, the ELBO lower bounds the

log of the model evidence aslnf p(y )g � L (q) which holds for everyq( ) due to

KL (�jj� ) � 0. Hence, the above equations highlight that the log model evidence can

be re-expressed through adding the KL-divergenceKL (q( )jjp( jy )) and the ELBO

L(q) together showcasing that maximising the ELBO is proportional to minimising

the KL-divergence up to an added constant (Blei et al., 2017; Jordan et al., 1999).

1.5.2 Coordinate Ascent Variational Inference

The algorithm for solving the optimisation problem de�ned by variational inference is

called coordinate ascent variational inference (CAVI) (Bishop, 2006); see Algorithm 1

for a step-by-step description. CAVI is an iterative algorithm which alternates the

following steps until convergence, de�ned as the di�erence in ELBO values between

two consecutive iterations dropping below a pre-de�ned convergence threshold� :

1) For a factor j �x the other variational factors
Q

j 6= ` q̀ ( ` ).

2) Update the factor qj ( j ) via the exponentiated expected log of the complete

conditional

qj ( j ) / expf E � j [lnf p( j j � j ; y )g]g;

where the complete conditional is given by the conditional density given all the

other parameters and the expectation is taken with respect to the variational

densities not equal toj .

3) Repeat steps 1) and 2) for allj and then iterate the whole process until

convergence is reached.
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Algorithm 1: Mean-�eld CAVI (adapted from Blei et al. (2017)).
Input: Joint p( ; y ), data y .
Output: Variational density q( ) =

Q M
j =1 qj ( j ).

Initialisation: Variational factors qj ( j ), � convergence threshold.
while ELBO � ELBO old < � do

for j 2 f 1; : : : ; M g do
Set qj ( j ) / expf E � j [lnf p( j j � j ; y )g]g.

Compute ELBO L(q) = Eq[lnf p( ; y )g] � Eq[lnf q( )g].
Return: Optimised variational density q� ( ).

While variational inference can provide fast approximations to posterior inference

problems, it is known to underestimate posterior variance (Yao et al., 2018). The

under-penalisation of approximations with too-light tails leads to poor uncertainty

quanti�cation and hence should be used with care for this purpose. Moreover,

variational inference is sensitive to parameter initialisation and convergence can

be di�cult to assess (Blei et al., 2017; Yao et al., 2018).

1.6 Contributions of Thesis

The main contribution of this thesis is the development of scalable Bayesian spatial

models with shrinkage or sparsity priors for massive neuroimaging datasets. We

achieve scalability to the large sample sizes of population health-based studies and

large number of parameters in imaging applications by deriving variational inference

and approximate posterior sampling algorithms. Moreover, we account for the

spatial dependence between neighbouring locations in an MRI scan and for the

sparse nature of e�ects in an image by proposing structured spike-and-slab priors

or relaxed thresholded Gaussian process priors. There are three main chapters,

the �rst two describe an image-on-scalar regression problem with an application to

lesion mapping in the UKBB and the last one describes a scalar-on-image regression

with an application to task-based fMRI in the ABCD study.

In Chapter 2, we develop a Bayesian spatial image-on-scalar regression model

with a structured spike-and-slab prior, called BLESS, which we apply to a large-

scale lesion mapping study, the UK Biobank. Within this work, we also utilise

dynamic posterior exploration
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In Chapter 3, we extend BLESS to provide more accurate uncertainty quanti�-

cation of spatially varying coe�cients by employing Bayesian bootstrap methods

and a class of jittered spike-and-slab priors. Furthermore, we develop cluster size-

based imaging statistics, such as credible intervals of cluster size and measures

of reliability of cluster occurrence.

In Chapter 4, we develop a Bayesian scalar-on-image regression model with

a relaxed-thresholded Gaussian process prior where we derive a variational ap-

proximation to the posterior. In our real data application, we apply the model

to cortical surface data to identify associations between intelligence and task-

based functional MRI, which evaluates the cognitive abilities of the participants

performing the task, in the ABCD study.
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In this chapter, we develop a hierarchical Bayesian spatial model with a

structured spike-and-slab prior for the analysis of binary lesion masks. The

spike-and-slab prior provides Bayesian variable selection, and we also propose

a variational approximation to the posterior for parameter estimation and inference.

The variational approximation allows us to scale our approach to large sample

sizes and high-dimensional image-based regression problems. Lastly, we provide

33
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extensive simulation studies and a real data application to the UK Biobank

where we aim to identify associations between lesion incidence and age while

accounting for confounding variables, such as sex, head size scaling factor and

age-by-sex interaction.

2.1 Introduction

2.1.1 Motivation for Analysis of Lesion Masks

Magnetic resonance imaging (MRI) is a non-invasive imaging technique to study

human brain structure and function (see Section 1.1 for a review). Accumulated

damages to the white matter, known as lesions, appear as localised hypo-/ hyperin-

tensities in MRI scans (Wardlaw et al., 2013). The total burden of these lesions is

often associated with cognitive disorders, ageing and cerebral small vessel disease

(Wardlaw et al., 2013; Wardlaw et al., 2015). Lesion prevalence is higher for older

adults (Gri�anti et al., 2018) and for individuals with cerebrovascular risk factors,

such as hypertension, alcohol consumption or smoking history (Rostrup et al., 2012).

White matter lesions are also an overall indicator of poor brain health and have

been found to triple the risk of stroke and double the risk of dementia and death,

and are associated with cognitive impairment, functional decline, sensory changes

or motor abnormalities (Debette and Markus, 2010). Not all white matter lesions

however are attributed to ageing or an increased cerebrovascular risk burden. For

example, white matter hyperintensities can also occur due to multiple sclerosis,

Alzheimer's disease or as a result of a stroke (Debette and Markus, 2010; Prins and

Scheltens, 2015). While white matter lesions due to vascular origin are a result of

chronically reduced blood �ow and incomplete infarction leading to altered cerebral

autoregulation, the non-vascular demyelination as seen in multiple sclerosis is caused

by an autoimmune response against myelin proteins (Sharma and Sekhon, 2021).

Regardless of etiology, an important clinical feature is the spatial location of lesions;

while noting that lesions exhibit a high level of variability, together with the size

and number of lesions, for both between and within subjects, as seen in the binary

lesion masks in Figure 2.1. Elderly patients tend to present scattered lesions which
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later form to con�uent lesions whereas white matter lesions of non-vascular origin

have a particularly heterogeneous presentation where the disease course can result

in rapid progression or alternation between relapses and remissions (Sharma and

Sekhon, 2021). Identifying spatial locations in the brain where lesion incidence is

associated with di�erent covariates (e.g. age, hypertension, cardiovascular disease) is

known as lesion mapping and is an essential tool to locate the brain regions that are

particularly vulnerable to damage from various risk factors and inform development

of interventions to reduce incidence or severity of disease (Veldsman et al., 2020).

Figure 2.1: Contours of binary lesion masks from four healthy subjects from the UK
Biobank with varying lesion numbers and sizes, where green outlines indicate lesions
which show the heterogeneity of lesion incidence at various 2D axial slices from the 3D
lesion mask, see Section 1.1.2 for further detail.

2.1.2 Mass-univariate Methods and Other Spatial Models

Lesion mapping falls under the category of image-on-scalar regression problems,

where the output is an image and the input is a scalar quantity, for which we

provide an overview in Section 1.3.2 in the Introduction. In this section, we focus

on approaches which are commonly, but not exclusively, used for lesion mapping.

The standard practice for lesion mapping is mass-univariate (Rostrup et al., 2012).

In this approach a logistic regression model is �tted at each voxel or spatial location

independently, any form of spatial dependence among neighbouring locations is

ignored. Moreover, most methods fail to address the problem of complete separation

which often occurs in logistic regression models when the output variable separates

a subject-speci�c predictor variable or a combination of input features perfectly

and hence leads to in�nite and biased maximum-likelihood estimates (Firth, 1993).

This problem can be addressed with a logistic regression approach known as Firth
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Regression, which utilises a penalised likelihood approach and produces mean-bias

reduced parameter estimates (Firth, 1993; Kosmidis et al., 2020).

Bayesian spatial models on the other hand are capable of accounting for the

spatial dependence structure among neighbouring voxels in a single joint model.

For example, Ge et al. (2014) have developed a Bayesian spatial generalised linear

mixed model (BSGLMM) with a probit link function where the probability of lesion

presence is modelled via a linear combination of �xed and random e�ects and

subject-speci�c covariates. BSGLMM places a spatial smoothing prior directly on

the parameters, speci�cally a conditional autoregressive model prior (Besag, 1974),

which may induce bias due to oversmoothing of regression coe�cients. Moreover,

BSGLMM relies on MCMC methods for posterior computation which do not scale

well to the large sample sizes found in the UK Biobank.

In order to address the limitations of previous methods, we propose a multivariate

Bayesian model for lesion mapping in large-scale epidemiological studies that (1)

uses variable selection and shrinkage priors, (2) takes into account the spatial

dependency through a parameter that controls the level of sparsity rather than

directly smoothing regression coe�cients, and (3) relies on variational inference for

an approximation to the posterior. Hence, this allows us to �t the model to thousands

of subjects and appropriately account for the spatial dependency in lesion mapping

studies containing over 50,000 voxel locations. We also want to acknowledge that

other model choices in the literature may better capture the association between

lesions and covariates (Li et al., 2020; Zeng et al., 2022; Whiteman, 2022); however,

we favour a model that enables us to scale parameter estimation and inference to

large-scale epidemiological studies, see Section 1.3 for a detailed literature review.

2.1.3 Bayesian Variable Selection

In this section, we provide a short overview on the literature of Bayesian variable

selection. For a more thorough review, please see Section 1.4. We utilise Bayesian

variable selection to improve brain lesion mapping by shrinking small coe�cients

towards zero, thus helping with prediction, interpretation and reduction of spurious
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associations in high-dimensional settings. A commonly applied technique for

Bayesian variable selection is spike-and-slab regression which aims to identify a

subset of predictors within a regression model. The original spike-and-slab mixture

prior places a mixture of a point mass at zero and a di�use distribution on the

coe�cients (Mitchell and Beauchamp, 1988). George and McCulloch (1993) and

George and McCulloch (1997) have increased the computational feasibility of spike-

and-slab regressions by introducing a continuous mixture of Gaussians formulation

where the spike distribution is de�ned by a normal distribution with a small variance

rather than a point mass prior. The binary latent variable, sampled from a Bernoulli

distribution with an inclusion probability, determines which mixture component a

variable belongs to and enables variable selection. Overall, the options of continuous

shrinkage priors in the literature are large, see Piironen and Vehtari (2017) for

a comparison of di�erent methods.

The spike-and-slab regression is also able to incorporate spatial information,

replacing the exchangeable Bernoulli prior on the inclusion indicator variables,

with a structured spatial prior using a vector of inclusion probabilities. Previous

examples of introducing structure within a spike-and-slab regression include the

placement of a logistic regression product prior (Stingo et al., 2010) on the latent

variables in order to group biological information for a genetics application, an Ising

prior which incorporates structural information for a high-dimensional genomics

application (Li and Zhang, 2010) or a structured spike-and-slab prior with a spatial

Gaussian process prior (Andersen et al., 2014).

2.1.4 Approximate Posterior Inference

The gold standard of parameter estimation and inference for spike-and-slab regression

with a continuous mixture of Gaussians prior is Gibbs sampling (George and

McCulloch, 1993). However, in high-dimensional regression settings as well as

large sample size scenarios other more scalable approximate methods are required

due to the intense computational burden.



38 2.1. Introduction

Expectation propagation (EP) (Minka, 2013) or variational inference (Jordan

et al., 1999) algorithms rede�ne the problem of approximating densities through

optimisation (Blei et al., 2017). Both of these methods have been extensively studied

for spike-and-slab regression problems (Hernández-Lobato et al., 2013; Carbonetto

and Stephens, 2012). The EP algorithm however poses several challenges as it is

computationally intensive for even moderate sample sizes, there is no guarantee

of convergence, and its poor performance for multimodal posteriors due to the

problematic need to incorporate all modes in its approximation (Bishop, 2006).

Poor variational approximations can arise due to slow convergence, a simplistic

choice of variational families, or due to underestimation of the posterior variance as

the KL-divergence tends to under-penalise thin tails (Yao et al., 2018).

2.1.4.1 Local Variational Approximations

For a review on variational inference, we refer the reader to Section 1.5. In this work

we make use of local variational approximations. Generally, local approximations

identify bounds on functions over individual variables within a model compared to

the previously described global approach to variational inference which identi�es

a bound on a function over all random variables within the model (Bishop, 2006).

In our work, we speci�cally require a bound on the logistic sigmoid function

which is de�ned by

� (x) =
1

1 + exp(� x)

and is neither convex nor concave. Jaakkola and Jordan (2000) develop a variational

approximation to the posterior for logistic regression problems, where the logistic

sigmoid function appears in the likelihood. The lower bound on the sigmoid

function can be represented through the functional form of a Gaussian where �rstly

the sigmoid function is transformed by taking the log and then by decomposing
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the function, so that

lnf � (x)g = � lnf 1 + exp(� x)g

= � lnf exp(� x=2)[exp(x=2) + exp(� x=2)]g

= x=2 � lnf exp(x=2) + exp(� x=2)g;

where the latter term f (x) = � lnf exp(x=2) + exp(� x=2)g is a convex function

of the variable x2. By utilising the framework of complex duality (Rockafellar,

1972; Jordan et al., 1999) one can approximate a convex functionf (x) by a simpler

linear function �x � f (x) where the tightest bound is obtained by optimising the

introduced variational parameter� which identi�es the slope of the linear function.

The optimal linear function is given by the tangent line to the functionf (x) by

identifying the intercept g(� ) = maxx f �x � f (x)g. Hence, in the case of the logistic

sigmoid function we identify the lower bound for the now convex functionf (x)

by using the conjugate function which is de�ned as

g(� ) = max
x2

n
�x 2 � f (

p
x2)

o

and the stationarity condition which yields

0 = � �
dx
dx2

d
dx

f (x) = � +
1

4x
tanh

� x
2

�

:

By rearranging above equation, one can de�ne� as a new variational parameter in

lieu of � where the valuex corresponds to the contact point on the tangent line

for a particular value � . This de�nition leads to the following equation:

� (� ) = �
1
4�

tanh

 
�
2

!

= �
1
2�

�

� (� ) �
1
2

�

:

Ultimately, this expression also allows for (1) the simpli�cation of the conjugate

function g(� ), (2) the rede�nition of the bound f (x), and (3) the �nal expression of

the bound on the sigmoid function via the variational parameter� , so that

(1) g(� ) = � (� )� 2 � f (� ) = � (� )� 2 + ln f exp(�=2) + exp(� �=2)g

(2) f (x) � �x 2 � g(� ) = �x 2 � �� 2 � lnf exp(�=2) + exp(� �=2)g

(3) � (x) � � (� ) exp
n
(x � � )=2 � � (� )(x2 � � 2)

o
:
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The bound now has the form of an exponential of a quadratic function ofx which

lends itself to acquiring a conjugate Gaussian posterior de�ned through a logistic

function and when using a Gaussian prior on the parameters. For more details

on this approach, we refer the reader to a description by Bishop (2006) and the

original work by Jaakkola and Jordan, 2000.

2.2 Methods

Our model for BayesianLesion Estimation with a Structured Spike-and-Slab

(BLESS ) prior is formulated as a Bayesian spatial hierarchical generalised linear

model. While we speci�cally focus on neuroimaging applications within this thesis,

the model can be applied to any form of spatial binary data on a lattice and can

equally be extended to various neuroimaging modalities other than lesion masks.

Throughout this thesis we use boldface to indicate a vector or matrix. We model

the binary data yi (sj ) for every subjecti = 1; : : : ; N at voxel location sj 2 B 2 R3,

j = 1; : : : ; M , with a Bernoulli random variable with lesion probability pi (sj ). For

computational reasons, we choose to model the binary data via a probit link function

which de�nes the relationship between the conditional expectation� i (sj ) and the

linear combination of input featuresx i containing P subject-speci�c covariates,

spatially varying parameters� (sj ) and a spatially varying intercept � 0(sj ). Despite

the availability of the bound for the logit, described in Section 2.2.2, it is only an

approximation that breaks the conjugacy in the later stages of the hierarchical

model and hence we use the probit link in combination with a data augmentation

approach for de�ning the likelihood. While the data comprise an image for each

subject, we store the data as unraveledM -vectorsy i for each subject orN -vectors

y (sj ) for each voxel.

The Bayesian spatial generalised linear model for subjecti at location sj is speci-

�ed as

[yi (sj )jpi (sj )] � Bernoulli[pi (sj )] (2.1)

� � 1 (pi (sj )) = � i (sj ) = x T
i � (sj ) + � 0(sj ); (2.2)
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where the equations re�ect the random and systematic component, respectively and

the link function is given by the cumulative Gaussian density� (�).

Furthermore, we reparameterise the Bayesian probit regression model de�ned in

Equation (2.1) and (2.2) exactly via the data augmentation approach by Albert

and Chib (1993) by introducing latent normal variables in Equation (2.3) and

(2.4) into the model in order to ease the computational complexity. This approach

assumes that the probit regression has an underlying normal regression structure

on latent continuous data. These independent continuous latent variableszi (sj )

for every subjecti = 1; : : : ; N and spatial location j = 1; : : : ; M are drawn from

the following normal distribution

zi (sj )j� i (sj ) � N (� i (sj ); 1) (2.3)

where the conditional probability of yi (sj ) = 1 is given by

Pr[yi (sj ) = 1 jzi (sj )] =

8
<

:
1; zi (sj ) > 0;

0; zi (sj ) � 0:
(2.4)

2.2.1 Prior Speci�cations

We build a Bayesian hierarchical regression model by placing a continuous version

of a spike-and-slab prior on the spatially varyingP-coe�cient vector � (sj ). The

continuous mixture of Gaussians with two di�erent variances, consisting of the

spike and the slab distribution, is given by

� p(sj ) j 
 p(sj ) � N (0; � 0 [1 � 
 p(sj )] + � 1
 p(sj )) ; (2.5)

where 
 p(sj ) is a latent binary indicator variable for covariatep = 1; : : : ; P and

locations j = 1; : : : ; M , � 0 is the spike variance and� 1 is the slab variance which

determine the amount of regularisation. Variable selection is implemented via the

latent variables 
 p(sj ) localising the spatial e�ect of each variable. Due to the

continuous spike-and-slab speci�cation, the variance within the spike distribution is

always � 0 > 0 which ensures the continuity of the spike distribution and therefore

the derivation of closed form solutions of the variational parameter updates. The
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slab variance on the other hand is set to a �xed value to include the range of all

possible values of the spatially varying coe�cients. The combination of a small

spike variance and a large slab variance with latent indicator variables for every

covariate and location introduces a selective spatial shrinkage property that shrinks

smaller coe�cients close to zero and leaves the large parameters una�ected.

In order to account for the spatial dependence across the brain, we place an

independent logistic regression prior with non-exchangeable inclusion probabilities

on the latent binary indicator variables
 (sj ) sampled from a Bernoulli distribution,

similar to Stingo et al. (2010). The prior is non-exchangeable because we incorporate

structural information via the sparsity parameter � (sj ) 2 RP which ensures that

certain voxel locations are more likely to be included in the model than others.

In the context of brain imaging data this means that voxels that are nearby each

other are expected to have a similar inclusion probability. Speci�cally, we model

the latent variables 
 p(sj ) via


 p(sj ) j � p(sj ) � Bernoulli(� [� p(sj )]); (2.6)

where � (�) is a sigmoid function.

The hierarchical spatial regression model is completed by placing a spatial prior

on the sparsity parameter� T =
h
� T (s1); : : : ; � T (sM )

i
: a length PM column vector.

We choose a multivariate conditional autoregressive (MCAR) prior as a spatial prior

for computational reasons (Gelfand and Vounatsou, 2003). Alternative priors could

be considered in lieu of this type of a simple smoothing prior; however, this would

signi�cantly increase the computational complexity of the model at hand.

The full conditional distribution for � (sj ) is given by the following multivariate

normal distribution and utilises the notation de�ned by Mardia (1988):

h
� (sj ) j � (� sj ); � � 1

i
� MVN

 P
sr 2 @sj � (sr )

n(sj )
;

�
n(sj )

!

; (2.7)

where � is a symmetric positive de�nite smoothing matrix. The sum
P

sr 2 @sj

de�nes the sum over the neighbourhood voxels at locationsj , @sj de�nes the set

of neighbours at locationsj and n(sj ) is the cardinality of the neighbourhood
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set. For our MRI scans we consider only neighbours sharing a face, so therefore

most of the interior of the brain hasn(sj ) = 6 neighbours whereas locations near

the brain mask haven(sj ) < 6.

We then describe the joint distribution over the sparsity parameters, up to a pro-

portionality constant, by utilising Brooks's lemma (Brook, 1964) which is given by:

� (� j � ) / exp

8
<

:
�

1
2

X

sj � sj 0

[� (sj ) � � (sj 0)]T � � 1[� (sj ) � � (sj 0)]

9
=

;
; (2.8)

where the sum
P

sj � sj 0 describes the sum over neighbourhood voxels, andsj � sj 0

indicates that sj and sj 0 are neighbours. This joint prior distribution is improper

and not identi�able according to Besag (1986). However, the posterior of� is

proper, if there is information in the data with respect to the sparsity parameters.

Lastly, we �nish specifying the Bayesian hierarchical regression model by placing an

uninformative, conjugate Wishart prior over the precision matrix� � 1 to fully

specify the model with

� � 1 � Wishart(�; I ); (2.9)

where the degrees of freedom are given by� = P and the scale matrix is de�ned

by the identity matrix I (Ge et al., 2014).

2.2.2 Variational Posterior Approximation

A variational approximation to the posterior allows for using optimisation instead

of MCMC sampling for a more scalable approach to posterior inference. We opt for

variational inference due to the non-conjugacy in the hierarchical model induced

by specifying a logistic function around the sparsity parameters� in the inclusion

probabilities of the spike-and-slab priors. Local variational approximations solve this

problem by �nding a bound on an individual set of variables via a �rst-order Taylor

approximation (Jaakkola and Jordan, 2000). For general variational inference, we

then require the full joint distribution of the Bayesian spatial regression model,
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consisting of the likelihoodp(Y jX ; � ; � 0) and the joint prior p(Z ; � ; � 0; 
 ; � ; � � 1),

which is given by

p(Y ; Z ; X ; � ; � 0; 
 ; � ; � � 1) = p(Y jZ )p(zjX ; � ; � 0)p(� 0)p(� j
 )p(
 j� ) (2.10)

p(� j� � 1)p(� � 1):

We write the entire set of model parameters as	 = f Z ; � ; � 0; 
 ; � ; � � 1g

where the conditional distribution of each model parameter , where the elements

in the model parameters are indexed byj , is obtained asp( jy ) = p( ;y )
p(y ) . We

acquire an approximation to the exact posterior by �rstly specifying a family of

densitiesQ over each element of the model parameter j and secondly identifying the

parameters of the candidate distributionq( j ) 2 Q that minimises the Kullback-

Leibler (KL) divergence, given by

q� ( j ) = arg min
q( j )2Q

KL f q( j ) jj p( j jy )g: (2.11)

We aim to minimise the di�erence between the exact posteriorp( j jy ) and the

variational distribution q( j ) to �nd the best approximate distribution q� ( j ).

Hence as part of the variational approach, rather than computing the KL-divergence

which contains the log-marginal of the data, a quantity that is often not computable,

the evidence lower bound (ELBO)L (q) (Blei et al., 2017)

lnf p(y )g � L (q) = Eq(	 ) [ln f p(Y ; X ; 	 )g] � Eq(	 ) [ln f q(	 )g] (2.12)

is optimised instead. The derivation of the variational distributions and the ELBO

can be found in Appendix Section A.1. The variational densityqj ( j ) is derived by

taking the exponentiated expected log of the complete conditional given all the other

parameters and the data which is de�ned byqj ( j ) / expf E � j [logf p( j j � j ; X )g]g

where the expectation is over the �xed variational density of other variables � j ,

given by
Q

`6= j q̀ ( ` ). By determining the variational distributions q, we successively

update each parameter , while holding the others �xed, via mean-�eld coordinate

ascent variational inference (Bishop, 2006). Further details on initialisation and

convergence of variational inference are also found in the Appendix Section A.1.
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2.2.3 Dynamic Posterior Exploration

Dynamic posterior exploration (DPE) (Ro£ková and George, 2014) is an annealing-

like strategy which �xes the slab variance to a large, �xed value. The procedure

works by starting in a smooth posterior landscape and aims to discover a sparse,

multimodal posterior by gradually decreasing the value of the spike parameter

until it approximates the spike-and-slab point mass prior. When the starting spike

variance is large, we should be able to easily identify a small set of local optima

by maximising the ELBO. Thereafter, the technique uses the result as a warm

start for the next optimisation with a reduced spike variance which leads to a more

peaked posterior until the last value within a range of spike variances is evaluated

and a stable solution to the optimisation problem is found.

Algorithm 2: DPE for BLESS-VI
Result: Estimated parameter estimates from variational posterior

distribution by performing DPE.
Set: V = f � (1)

0 ; : : : ; � (K )
0 g: sequence of spike variances ;� 1: large, �xed slab

variance;  (K ) : initialised parameters ( = f Z ; � ; � 0; 
 ; � ; � ; � � 1g); � :
convergence criterion;K : number of spike variances in DPE sequence

for k = K, . . . , 1 do
Set current spike variance� 0 = � (k)

0 in DPE sequence.
while ELBO � ELBO old < � do

for j 2 f 1; : : : ; M g do
Set qj ( j ) / expf E � j [lnf p( j j � j ; y )g]g.

Compute ELBO L(q) = Eq[lnf p( ; y )g] � Eq[lnf q( )g].
Set initial values for next DPE iteration to variational posterior mean of
optimised variational densities ^ (k) and use as warm start.

Return: Optimised variational densitiesq� (�) at spike variance� (1)
0 in

the DPE sequence.

The process of dynamic posterior exploration can be split into three parts, see

the description below and Algorithm 2. Firstly, we perform parameter estimation

via variational inference over a sequence ofK increasing spike variances� 0 2 V =

f � (1)
0 ; : : : ; � (K )

0 g. After the initial evaluation of the backwards DPE procedure with

� (K )
0 � � 1, every subsequent optimisation is run with a successively smaller� 0 and

initialised with the previously estimated variational parameters as a �warm start�

solution. Secondly, the output of every optimisation run within the sequence of
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spike parameter valuesV is thresholded via the posterior inclusion probabilities.

The thresholding rule for BLESS is based on the following inclusion probabilities


̂ p(sj ) =

8
<

:
1; if P(
̂ p(sj ) = 1 jY ; �̂ ; �̂ 0; �̂ ) > 0:5;

0; if P(
̂ p(sj ) = 1 jY ; �̂ ; �̂ 0; �̂ ) � 0:5;
(2.13)

which is equivalent to the local version of the median probability model de�ned

by Barbieri and Berger (2004) and Barbieri et al. (2021). Furthermore, the

determination of active versus inactive voxels based on the inclusion probability

P(
̂ p(sj ) = 1 jy ) is equivalent to thresholding the parameter estimateŝ� themselves

where the threshold is given by the intersection of the weighted mixture of the

spike-and-slab priors (George and McCulloch, 1993; Ro£ková and George, 2014).

For BLESS, we choose the former thresholding rule based on the posterior inclusion

probabilities considering that thresholding the parameterŝ� would require the

calculation of a di�erent set of intersection points for every coe�cient due to

the non-exchangeable nature of the spatial prior within the inclusion probability.

Thirdly, the estimated posterior with the smallest spike variance� 0 within the

range of parametersV is used. We do not assert that this� 0 is optimal per se,

but that our annealing-like strategy obviates the need for a precise determination

of � 0 as the estimates for the larger e�ects tend to stabilise at a particular solution

of variational posterior parameters.

This behaviour can be validated by two types of plots. Regularisation plots

enable the examination of the estimated coe�cients over a sequence of spike

variances. For each� 0, the colour of the parameter values indicates whether or

not a variable is included in (red) or excluded from (blue) the model based on the

thresholded posterior probability of inclusion. Figure 2.2(a) illustrates how the

negligible coe�cients are drawn to zero as the values of� 0 decrease, while the larger

parameters of the active voxels stabilise and are una�ected by regularisation. Hence,

for the plot in Figure 2.2(a) this occurs at a log-spike variancelog(� 0) � � 6 where

a local optimum has been identi�ed and any further decrease in spike variance only

leads to further shrinkage of the negligible coe�cients.
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(a) Regularisation Plot (b) Marginal Plot

Figure 2.2: (a) Regularisation plot (active voxel: red, inactive voxel: blue) and (b) plot
of marginal posterior of 
̂ under � 0 = 0 over a sequence of equidistant� 0 2 V within
log-space for the simulation study described in Section 2.3.1 for sample sizeN = 1,000
and base rate intensity � = 3 , where base rate intensity de�nes the base rate number of
lesion presence in each quadrant of a simulated image. Both plots indicate that parameter
estimates have stabilised past spike variances oflog(� 0) � � 6 within the DPE procedure.
The regularisation plot also shows how negligible (blue) coe�cients are progressively
shrunk towards 0 while the larger (red) coe�cients remain almost unregularised.

A complementary plot, especially useful when overplotting makes the regularisa-

tion plot di�cult to interpret, is the log-marginal posterior plot lnf � � 0=0 (
 jY ; �̂ ; �̂
� 1

)g

for the latent variables. The maximum value of this quantity yields the posterior

closest to approximating the point mass prior which is the goal of backwards DPE.

Since our model contains intractable integrals, we use a variational approximation

to the marginal posterior of 
 under the prior of � 0 = 0. We utilise Jensen's

inequality to bound the marginal probability integrating out the parameters� , � 0

and the latent variablesZ via their respective variational approximation. The other

model parameters�̂ and �̂
� 1

are regarded as nuisance parameters. Speci�cally,

the log-marginal posterior under� 0 = 0 and its approximation

lnf � � 0=0 (
 jY ; �̂ ; �̂
� 1

)g (2.14)

= ln

8
<

:

Z Z Z
q(Z ; � 
 ; � 0)

p(Y ; Z ; � 
 ; � 0; 
 ; �̂ ; �̂
� 1

jX 
 )
q(Z ; � 
 ; � 0)

dZ d� 
 d� 0

9
=

;
(2.15)

� Eq(Z ;� 
 ;� 0 )

�

ln
�

p(Y ; Z ; � 
 ; � 0; 
 ; �̂ ; �̂
� 1

jX 
 )
��

� (2.16)

Eq(Z ;� 
 ;� 0 ) [ln f q(Z ; � 
 ; � 0)g] ;

where� 
 = � 
̂ , can be used to determine whether or not the parameters identi�ed

as active have stabilised by checking a single quantity rather than the solution

path of all parameters of the model. Figure 2.2(b) illustrates the marginal
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lnf � � 0=0 (
 jY ; �̂ ; �̂
� 1

)g, showing a plateau for any log-spike variancelog(� 0) � � 6

indicating a good approximation of the point mass prior. The marginal plot

can be used in an equivalent manner to the regularisation plot as a sanity check

for visualising the stabilisation of large e�ects and continued shrinkage for the

negligible coe�cients at the end of the annealing-like process.

2.3 Results

2.3.1 Simulation Study

In this section, we �rstly explain the process of simulating lesion data where

the ground truth is known but the data generating mechanism is intentionally

di�erent from the model at hand. We perform various simulation studies to

assess the performance of BLESS by comparing the parameter estimates and

predictive performance of our method to the mass-univariate approach, Firth

regression (Firth, 1993), and the Bayesian spatial model, BSGLMM (Ge et al.,

2014). For comparison, the latter is adopted to �t a Bayesian hierarchical modelling

framework, similar to BLESS, where we add a spatially varying intercept� 0(sj )

to match the setup of BLESS. For Firth regression, which �ts an independent

probit regression model with a mean bias reduction for every voxel location, we

use the R packagebrglm2 (Kosmidis, 2021).

The main aim of many neuroimaging studies lies in the provision of accurate

inference results. We therefore tailor the assessment of simulation studies to

the evaluation of inference results rather than on coverage probabilities. We

compare inference results by assessing true positive (TP), false positive (FP), true

negative (TN), and false negative (FN) discoveries in the following measures: (1)

sensitivity/true positive rate (TPR = TP
TP + FN ), (2) true discovery rate (TDR =

TP
TP + FP ), (3) speci�city/1 - false positive rate (FPR = FP

FP+ TN ), and (4) false discovery

rate (FDR = FP
FP+ TP ). Note that all above inference evaluation criteria are averaged

results across a 100 simulated datasets for increased robustness of the results, so for

exampleFPR = n� 1
simFPRk wherek = 1; : : : ; nsim and nsim is the number of simulated
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datasets. Lastly, we provide extensive simulation studies on the performance of

BLESS compared to a frequentist, mass-univariate approach as well as a Bayesian

spatial model with a simulation study addressing varying sample sizesN , base

rate intensities � , and sizes of e�ect within an image. Base rate intensities hereby

provide an indicator for the magnitude of various regression coe�cient e�ect sizes

where a smaller� value yields smaller regression coe�cients.

2.3.1.1 Data Generating Process

For simulating the data, we adopt a data generating process that is di�erent from

our model in order to guarantee a fair comparison between the method we propose,

BLESS, to the other methods, BSGLMM and Firth regression. We therefore

use a data generating mechanism which simulates homogeneous regions of lesions

proposed by Ge et al. (2014), with intensities that vary over subjects, which allows

us to provide a fair comparison among the three methods evaluated. For our

study, we considerP = 2 e�ects in addition to an intercept, which we label sex

and group (e.g. patient and control). We simulate 2-D binary lesion masks of size

50 � 50, thus M = 2; 500, with homogeneous e�ects in each25 � 25 quadrant.

The e�ect of sex leads to 4 times more lesions on the right side of an image for

female subjects compared to the baseline. The second e�ect of group membership

introduces an e�ect of 4 times more lesions within the lower left quadrant of an

image for subjects within group 2. A Poisson random variable with base rate�

determines the number of lesions. The true parameter values for the spatially

varying coe�cients � (s) are not set but rather inferred by drawing a large sample

through the data generating mechanism described below:

1) Draw the number of lesionsn` for quadrant, ` 2 f I; II; III; IV g starting with

quadrant I in the top left corner and going clockwise where a quadrant contains

M=4 voxels, within an image from a Poisson random variablen` � Poisson(�c )

where� dictates the base rate number of lesion presence andc is the e�ect

setting.
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c =

8
>>>>><

>>>>>:

(1; 1; 1; 1); if xgender = 0 (male) and xgroup = 1;

(1; 1; 1; 4); if xgender = 0 (male) and xgroup = 2;

(1; 4; 4; 1); if xgender = 1 (female) andxgroup = 1;

(1; 4; 4; 4); if xgender = 1 (female) andxgroup = 2:

2) Draw n` lesion locations uniformly within each quadrant.

3) Draw the lesion sizes from a discrete random variable, taking on lesion size

f 1; 9; 25g with equal probabilities.

4) Create binary lesion masksy i by combining the lesion locations from the 4

quadrants sampled above for every subjecti = 1; : : : ; N .

Note that lesions are allowed to intersect with each other and merge into bigger

lesion formations. In subsequent evaluations we exclude the outer two edge voxels

for every quadrant in order to reduce edge e�ects. Figure 2.3 shows an example of

the generated binary lesion masks for randomly selected subjects and the empirical

lesion probabilities for a subset ofN = 250 subjects for every con�guration of

sex and group membership at� = 3. The overall maximum lesion intensity

lies at approximately 0.25.

(1
)
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Figure 2.3: (1) Binary lesion masks indicating lesion presenceyi (sj ) = 1 and lesion
absenceyi (sj ) = 0 for every subject i = 1 ; : : : ; N and voxel location j = 1 ; : : : ; M for the
4 di�erent con�gurations of covariates of sex and group membership. (2) Aggregated
empirical lesion maps for every combinations of male vs. female and group 1 vs. group 2.
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We compare the point estimates of the parameter estimateŝ� 0, �̂ 1 and �̂ 2

to the truth where we determine truth by averaging the (homogeneous) rate

within each quadrant for each of the four group-sex subject types, for a very

large sample size of 100,000 observations. Under the assumption of homogeneity,

we can acquire the true coe�cient values by solving the following equation for

each of the four group-sex combinations

� � 1 (pi (sj )) = � 0(sj ) + � 1(sj )x i; 1 + � 2(sj )x i; 2; (2.17)

which leads to the ground truth parameter estimates� 0 = � 1:7933, � 1 = 0:6559

and � 2 = 0:6237for a base rate intensity� = 3, for example. Note that under the

homogeneity assumption we can acquire a single true value by averaging across the

quadrants of e�ect for the covariate sex (quadrantII and III or the covariate group

(quadrant IV ) or the intercept (all quadrants) for reporting purposes. However, for

the evaluation of results we use the acquired true values for each spatial location

j = 1; : : : ; M (see the de�nition of evaluation criteria in Section 2.3.1.2). The

other averaged true parameter values for the intercept as well as the e�ects sex

and group are reported in Table 2.1.

� 0 � 1 � 2

� = 1 -2.0868 0.5882 0.5586
� = 2 -1.7933 0.6559 0.6237
� = 3 -1.6089 0.7051 0.6685

Table 2.1: True parameter estimates averaged across quadrants for di�erent base rate
intensities � = 1; 2; 3, which represent di�erent magnitudes of lesion numbers and therefore
small, medium, and large regression coe�cients respectively.� 0 is averaged across all four
quadrants, � 1 is averaged across its area of e�ect which is across quadrantII and III ,
and lastly � 2 is averged across its area of e�ect which is across quadrantIV .

2.3.1.2 Results Interpretation

Our simulation study evaluates the performance of BLESS for a broad set of

scenarios with varying sample sizesN = f 500;1,000; 5,000g, base rate intensities

� = f 1; 2; 3g and sizes of spatial e�ect, where25% (group e�ect) or 50% (sex

e�ect) of the image are active, compared to BSGLMM and Firth regression. The
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true and estimated parameter estimates are available in the appendix alongside

more sensitivity analyses from simulation studies with di�erent spatial priors,

varying magnitudes of the slab variance, and various neighbourhood structures in

Section A.4, A.5 and A.6 respectively. We focus on the e�ect map for the covariate

sex and generate 100 datasets for each sample size and base rate scenario to provide

robustness by averaging over the results of each dataset. Parameter estimate

results are then evaluated through absolute biasn� 1
simM � 1 P nsim

k=1
P M

j =1 j �̂ k(sj ) � � (sj )j,

variance of each model's parameter estimaten� 1
simM � 1 P nsim

k=1
P M

j =1 Var(�̂ k(sj )) , and

mean squared error (MSE)n� 1
simM � 1 P nsim

k=1
P M

j =1 (�̂ k(sj ) � � (sj ))2 for all j = 1; : : : ; M

and k = 1; : : : ; nsim. The predictive results are evaluated through comparing the

true lesion rate to the predicted lesion rate with the evaluation metrics absolute

bias, variance and MSE in each quadrant̀ 2 f I; II; III; IV g and across each

simulated datasetk = 1; : : : ; nsim. The true lesion rate is acquired by drawing

100,000 subjects for each sex and group membership combination and averaging the

lesion masks across those draws. The predicted lesion rate is acquired by calculating

the predicted probability of a lesion occurring at each locationj = 1; : : : ; M , for

each subjecti = 1; : : : ; N , and across each simulated datasetk = 1; : : : ; nsim, so

that the predicted lesion probability for a single subject, voxel, and simulated

dataset is acquired by�( �̂ 0(sj ) + x T
i �̂ (sj )) .

The quality of parameter estimates and prediction for BLESS, BSGLMM and

Firth regression are evaluated via absolute bias, variance and mean squared error

(MSE) in Table 2.2. BLESS exhibits low bias for the evaluation of the parameter

estimates for the sex e�ect and moreover outperforms the mass-univariate approach

when comparing the quality of the coe�cients via MSE. For example, the MSE

of the parameter estimates for a small sample sizeN = 500 and low base rate

intensity � = 1 is approximately 5 times larger for Firth regression with a value

of 0.0563 compared to our method BLESS with a value of 0.0106. This showcases

how BLESS adequately regularises negligible coe�cients to zero while the larger

e�ects are una�ected by shrinkage. The quality of the predictive performance is

determined by comparing the true empirical lesion rates to the estimated lesion
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Parameter Estimate: Bias Variance MSE
N=500 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3
BLESS 0.1022 0.0942 0.0849 0.0014 0.0019 0.0020 0.0106 0.0024 0.0020
BSGLMM 0.4412 0.4388 0.4290 0.0117 0.0080 0.0067 0.0125 0.0082 0.0068
Firth 0.1670 0.1402 0.1344 0.0562 0.0348 0.0272 0.0563 0.0348 0.0272
N=1,000 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3
BLESS 0.0662 0.0601 0.0581 0.0010 0.0010 0.0010 0.0010 0.0011 0.0010
BSGLMM 0.3594 0.3404 0.3275 0.0063 0.0045 0.0039 0.0064 0.0046 0.0039
Firth 0.1290 0.0993 0.0912 0.0271 0.0171 0.0135 0.0271 0.0171 0.0135
N=5,000 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3
BLESS 0.0401 0.0389 0.0333 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002
BSGLMM 0.2534 0.2493 0.2481 0.0018 0.0014 0.0012 0.0018 0.0014 0.0012
Firth 0.0645 0.0498 0.0409 0.0053 0.0034 0.0027 0.0053 0.0034 0.0027

Predictive Performance: Bias Variance MSE
N=500 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3
BLESS 0.0078 0.0052 0.0032 0.0011 0.0017 0.0018 0.0022 0.0031 0.0034
BSGLMM 0.0027 0.0025 0.0020 0.0002 0.0004 0.0007 0.0002 0.0004 0.0007
Firth 0.0170 0.0140 0.0122 0.0009 0.0016 0.0022 0.0018 0.0032 0.0043
N=1,000 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3
BLESS 0.0015 0.0007 0.0013 0.0004 0.0005 0.0007 0.0008 0.0010 0.0012
BSGLMM 0.0010 0.0018 0.0020 0.0001 0.0002 0.0003 0.0001 0.0002 0.0003
Firth 0.0082 0.0082 0.0056 0.0005 0.0008 0.0011 0.0009 0.0016 0.0021
N=5,000 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3 � = 1 � = 2 � = 3
BLESS 0.0006 0.0000 0.0008 0.0001 0.0001 0.0001 0.0001 0.0002 0.0003
BSGLMM 0.0004 0.0008 0.0001 0.0000 0.0001 0.0001 0.0000 0.0001 0.0001
Firth 0.0010 0.0015 0.0020 0.0001 0.0002 0.0002 0.0002 0.0003 0.0004

Table 2.2: Evaluation of parameter estimates from the methods, BLESS, BSGLMM and
Firth Regression via bias, variance and MSE of the spatially varying coe�cients �̂ 1, and
the predictive performance. Improved bias and MSE for prediction for BLESS compared
to Firth regression due to selective shrinkage property of BLESS.

probabilities. BLESS yields slightly better predictive results with respect to MSE,

by exhibiting less biased estimates, compared to Firth regression for all scenarios

except for the instance with low sample size and base rate intensity (N = 500,

� = 1) where Firth regression exhibits a slightly lower MSE. This result motivates

the usage of BLESS for studies with larger sample sizes where BLESS outperforms

the mass-univariate approach.

Our simulation study enforces 50% of the voxels as active on the right side of an

image for the covariate sex. Hence, by knowing the true location of the e�ect, we

can evaluate the quality of the inference results of BLESS compared to BSGLMM

and Firth regression. E�ect detection for BLESS is determined by utilising the

latent variables 
̂ , marking voxels sj signi�cant if P(
̂ p(sj ) = 1 jy ) > 0:5. For

BSGLMM and Firth regression we acquire test statisticst = �̂=� �̂ and threshold

them at a signi�cance level of 5%. We perform a multiple testing adjustment via a

Benjamini-Hochberg procedure (Benjamini and Hochberg, 1995). All methods have
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(a) TPR (b) TDR (c) FPR (d) FDR

Figure 2.4: Evaluation of inference results from the methods, BLESS, BSGLMM and
Firth Regression (FDR correction at 5%) via True Positive Rate (TPR), True Discovery
Rate (TDR), False Positive Rate (FPR) and False Discovery Rate (FDR) for parameter
estimate �̂ 1. BLESS outperforms Firth regression and BSGLMM with consistently high
TPRs and low FPRs for various sample sizes and base rate intensities.

comparable results with respect to their performance in parameter estimation and

prediction. However, the evaluation of the inference results in Figure 2.4 showcases

that the Bayesian spatial model BSGLMM has a particularly high number of false

positives and hence a very low level of speci�city compared to the other methods.

BLESS's key advantage is therefore shown by comparable levels of sensitivity and

high values of speci�city for all con�gurations of sample size and base rate intensity.

2.3.2 UK Biobank Application

2.3.2.1 Dataset Description and Model Estimation

Our motivating data set is from the UK Biobank, a large-scale biomedical database

containing imaging data from predominately healthy individuals. With a target of

100,000 subjects, there is currently imaging data available for 40,000 participants

(Miller et al., 2016). We refer the reader to Miller et al. (2016) for a detailed

description of the scanning and processing protocols and Section 1.2.1 for a general

overview of the UK Biobank. Our goal is to map the in�uence of risk factors on

the incidence of white matter hyperintensities to understand their potential clinical

signi�cance and how they may contribute to neurological and cognitive de�cits.

Our data set consists ofN = 38,331 subjects for which white matter hyperintensity

binary lesion masks have been generated via the automatic lesion segmentation

algorithm BIANCA (Gri�anti et al., 2016). The binary lesion maps in subject
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space are then registered to a common 2mm MNI template across subjects. Each

3D binary image with voxel size2 � 2 � 2 mm3 and dimensions91 � 109� 91

contains a total of 902,629 voxel locations. Our region of interest lies in the white

matter tracts of the brain and hence the total number of voxels is restricted to

M = 54,728 by masking the 3D-lesion masks. We are interested in modelling the

in�uence of age on lesion incidence while accounting for the confounding variables

sex, head size scaling factor and the interaction of age and sex. In order to ensure

interpretability across studies we have chosen confounds based on research by

Alfaro-Almagro et al. (2021) where a head size scaling factor is commonly included

to normalise brain tissue volumes for head size compared to the MNI template.

The mean age of the participants in our study is63:6 years (� 7:5 years) and

53:04% of individuals are female (20,332 women).

(a) Regularisation Plot (b) Marginal Plot

Figure 2.5: (a) Regularisation plot for the age coe�cients of an axial slice (z = 45, third
dimension of the 3D image, plotting all 54; 728coe�cients would lead to severe overplotting)
(active voxel: red, inactive voxel: blue) and (b) plot of marginal posterior of 
̂ under � 0 = 0
over a sequence of equidistant� 0 2 V within log-space (� 0 = f exp(� 10); : : : ; exp(� 3)g).
Parameters stabilise across warm-start initialisations. Small e�ects are shrunk to 0 (blue)
and large e�ects are almost unregeluarised (red).

For model estimation, we �rstly perform backwards dynamic posterior explo-

ration over � 0 = f exp(� 10); : : : ; exp(� 3)g to help with the optimisation of the

variational parameters; otherwise, we �t the model identically to the simulation

study as described in the previous section. The regularisation and marginal plot

for this application to the UK Biobank are displayed in Figure 2.5 and exhibit

the same behaviour as in the simulation studies where likely negligible coe�cients
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are shrunk to zero and relevant coe�cients are left una�ected by regularisation,

see the regularisation plot in Figure 2.5 (a).

2.3.2.2 Results Interpretation
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Figure 2.6: Comparison of results between (a) BLESS and (b) Firth Regression for
a single axial slice (z = 45, third dimension of 3D image). (1) spatially varying age
coe�cient maps. (2) Thresholded age signi�cance maps where the threshold for BLESS
is determined via the probability of inclusion/exclusion P(
 p(sj )j�̂ ; �̂ ) � 0:5 and Firth
regression via the test statistic t = j�̂= �̂ �̂ j � 1:96 (signi�cant voxels: red, not sign�cant
voxels: blue, FDR-correction applied at 5%). The parameter map estimated via BLESS
in (1a) exhibits a larger spatial area with values close to 0 compared to Firth in (1b).

Figure 2.6 compares the raw age e�ect size images of our method (a) BLESS,

estimated via variational inference, to (b) the mass-univariate approach Firth
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