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ABSTRACT

The main purpose of this thesis is the development of a new constitutive soil
model emphasising the use of thermodynamic principles. This new approach to
plasticity modelling, termed ‘hyperplasticity’, was first developed by Collins and
Houlsby (1997) and Houlsby and Puzrin (2000). This idea has been further extended
to continuous hyperplasticity in which smooth transitions between elastic and plastic
behaviour can be modelled (Puzrin and Houlsby, 2001b). Applying hyperplasticity to
this researh, a kinematic hardening model specified by means of two scalar
functionals is used to accommodate the effect of stress history on stiffness. A rate-
dependent calculation for an approximation of the incremental stress-strain response
is introduced. The model developed in the research is named ‘kinematic hardening
modified Cam-clay (KHMCC) model’ and requires eight parameters (plus an extra
parameter for rate-dependent analysis). Triaxial test results from the Asian Institute
of Technology (AIT) and cyclic undrained triaxial data from Chulalongkorn
University are employed to establish the soil parameters for the new model. The
model is initially developed in terms of triaxial stress-strain parameters for the
purpose of comparison with the experimental data on Bangkok clay. The model is
expressed in FORTRAN code for implementation into the OXFEM finite element
program. Two examples of real geotechnical projects in Bangkok (a road
embankment and tunnelling in soft ground) are analysed under plane strain
conditions. Comparisons of the numerical analysis results with field data are made.
In addition, factors affecting the results of the analysis such as stress history and Kj,

are investigated.
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Introduction

Chapter 1

Introduction

In soil mechanics research many constitutive models are currently built in
terms of sophisticated mathematics which can be difficult to employ in geotechnical
engineering practice. This research therefore aims to develop a new constitutive soil
model for application in engineering practice and also to capture the main
characteristics of soil behaviour.

There are many different groups of constitutive equations used to characterise
the stress-strain-strength behaviour of materials. These constitutive models should be
contrasted with the majority of conventional design methods, where much simpler
representations of material behaviour are used. Examples of conventional design
methods are stability analyses, typically assuming rigid perfectly plastic behaviour;

while separate deformation calculations often assume linear elastic behaviour.

1.1 Real soil behaviour

Practical analyses of geotechnical problems at this time still often assume
material behaviour to be linear elastic. However, real soils do not simply behave
linear elastically. Real soil behaviour is highly nonlinear, with both strength and
stiffness depending on stress and strain level. For realistic predictions, a more
complex constitutive model is therefore required. Before delving into the constitutive
theory, it is useful to consider real soils and identify some important aspects of their
behaviour. Thus, the following section will begin by considering the behaviour of
soils.

The stress-strain behaviour of soils can be divided into two categories: elastic
and elasto-plastic behaviour. However, it is well established that this behaviour is
controlled by strain amplitude. For instance, soils can be regarded as perfectly elastic
(fully recoverable) only under extremely small strain levels, and as the strain
amplitude increases the apparent stiffness decreases. The most challenging problem
is how to describe, accurately, the smooth transition zone varying from the small
strain level (elastic) to the large strain level (elasto-plastic). Several experimental
researches show that the transition of the stiffness with strain level depends on the

overconsolidation ratio (OCR) and the magnitude of the mean effective stress (p). An
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example of the variation of stiffness with strain is presented by Soga ef al. (1995), see
Figure 1.1, where the result from four torsional tests on isotropically normally
consolidated kaolin varied the stress level. Puzrin and Burland (1998) illustrate the
small-strain behaviour of soils, dividing behaviour into three regions by means of
strain level: linear elastic region (LER), small strain region (SSR) and large scale
yield state. The initial stress-strain curve is linear in the LER and continues with
logarithmic stress-strain relation in the SSR. This idea provides a good agreement

with the small-strain behaviour of samples of Bothkennar clay.

14 -
400 kPa | 0.4
Dkl 38 ;
an2f * + ¥ “'0‘3‘. » | O OCR=1
& 1o 200 KPs 0, ¢ ® OCR=4
=) R * 03+ o o
L ost ay \’\_ ¢
4 100 kPa ‘.‘ N . ~b‘ * ®
_-g 6F T wsweeey, ‘e ~ 02— ® (o]
B 4 [30kPe \\l ‘\"\ . . o3 3
S [ AAS 4 t
i Tl NN .
- - 0.1}
wn 2 \‘\‘:u‘l&:‘
0 I 1 ! Le¥upa]
10° i0* 10° 10° 10" 10° 0.0 I | | L |
Shear strain (%) 0 1§ 30 45 60 75 9
Direction of the major principal stress, o°
Figure 1.1 Dependence of shear Figure 1.2 Undrained shear strength
stiffness on stress level (Soga et al., anisotropy of Boston Blue Clay
1995) (Seah, 1990)

Another feature of the stress-strain curve is that there is usually an unload-
reload loop called a hysteresis loop. The openness of the hysteresis loop increases
with strain amplitude. This behaviour is actually an effect of the immediate past
history of the soil. Experimental observation shows that the tangential stiffness
observed for a subsequent stress path depends on the immediate past history of the
soil. Stress paths which represent a continuation of the immediate past stress path
result in the lowest stiffness, and those which involve a complete reversal of direction
result in the highest stiffness. Intermediate values are observed for stress paths that
represent a sudden change of direction from the immediate past history. An example
of the effect of immediate (or recent) stress history is given by Atkinson et al. (1990),
and will be studied in more detail in chapter 2.

In recent years special testing devices such as true triaxial, directional shear
cell and hollow cylinder apparatus have been developed. The effect of the magnitude

of the intermediate principal stress (o,) can be investigated using this special
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equipment. The relative magnitude of the intermediate principal stress (o,) is
expressed by the value of b = %. For example, the undrained shear strength of
1793

undisturbed Haney clay in plane strain condition is some 10% higher than in triaxial
compression, according to Vaid and Campanella (1974).

An anisotropic behaviour of soils is also observed by directional shear testing.
In fact, soils are likely to be isotropic in the plane normal to its deposited direction,
and are therefore called cross anisotropic or transversely isotropic. For instance, the
data on the undrained shear strength of reconsolidated Boston Blue Clay varied the

orientation of the major principal stress (o) to the direction of deposition (Seah,
1990). It shows that the undrained shear strength drops by 50% as the angle of o, to

the deposited direction increases from 0°-90° as shown in Figure 1.2.

1.2 Problems associated with soil models

Due to the complexity of real soil behaviour, a single constitutive model that
can describe all facets of behaviour, with a reasonable number of input parameters,
has not been achieved. Consequently, there are many soil models available, each of
which has different advantages and disadvantages. The constitutive soil models can
be divided into two groups: elastic and elasto-plastic models.

Firstly, the elastic constitutive models are considered. The simple linear
isotropic elastic models, which require only two material parameters, do not simulate
any of important behaviour of real soil identified above, especially the change in
stiffness.  Although, the linear cross-anisotropic elastic models, which require 5
parameters, can reproduce anisotropic stiffness behaviour; they still do not describe
the change in stiffness. Nonlinear elastic models, in which the material parameters
vary with stress-strain level, give a substantial improvement on the shape of stress-
strain curve; however, they still fail to model other behaviour. In particular, they
never offer an irrecoverable or plastic strain along an unload-reload path.

Secondly, the elasto-plastic constitutive models are introduced. Tresca and
Von Mises elastic perfectly plastic material models (Figure 1.3(a) and 1.3(b)), which
require an extra input parameter than elastic models, are not suitable for all soils. This
is because they assume that the stress-strain characteristic does not depend on the

mean effective stress (p). Thus, the extended Von Mises yield function, known as a
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Drucker-Prager (1952) yield function is considered instead (Figure 1.4(a)). However,
the Von Mises model can be used to simulate the undrained behaviour of saturated

clay, which the input parameter plays the role as the undrained shear strength (s,,).

v " A
o't G2

c's s
Figure 1.3 (a) Tresca yield surface in  Figure 1.3 (b) Von Mises yield
principal stress space surface in principal stress space

The Mohr-Coulomb is the most well-known elastic perfectly plastic soil model
(see Figure 1.4(b)). This still however has no requirement of hardening/softening law.
The Mohr-Coulomb elastic perfectly plastic model needs at least two extra input

parameters from elastic models: cohesion and friction angle (¢',¢"). Furthermore,

there are some modifications of the Mohr-Coulomb model such as:
(1) using two different friction angles based on conventional triaxial

compression and extension results ( ¢, , ¢, ); and

(i1) adding the plastic potential function which requires the angle of dilation
(v") and non-associated flow rule to describe the dilation behaviour,
especially for dense sands.
The problem with the Mohr-Coulomb model is a discontinuity of the expression at the
corners in the deviatoric plane (7 -plane) as shown in Figure 1.5. As a result, other
failure surfaces have been suggested which are continuous and correlate more with
experimental result in the 7 -plane. Matsuoka and Nakai’s criteria is the most well

known, see Figure 1.5.
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' A ‘A
G, G,

6'3 0'3
Figure 1.4(a) Drucker-Prager yield Figure 1.4(b) Mohr-Coulomb vyield
surface in principal stress space surface in principal stress space

However, the elastic perfectly plastic models behave as purely elastic when

the stress state is inside the yield surface and purely plastic on the yield surface. This
is far from the real soil behaviour. Hardening/softening plasticity formulations can be
introduced to improve the stress-strain behaviour beyond the yield state. A simple
possibility of the mathematic formulation is in the form of exponential function,
which gradually increases/decreases from the yield strength until an asymptotic value
is reaches, playing the role of a residual strength.

AC 4

Figure 1.5 Failure surfaces in the deviatoric plane (7 -plane)
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Introduction

In 1960’s, the critical state models, which will be described in more detail in
chapter 2, became the most successful models to describe normally consolidated soil
behaviour. The models still have some drawbacks which should be improved such as:

(1) they behave as the purely elastic inside the yield surface,

(i1) they disregard the effect of immediate stress history; and

(iii) they ignore the anisotropic behaviour.

AC 4 “0"1

(a) (b)

Figure 1.6 Schematic behaviour of multiple
yield surfaces model in z-plane

(a) Virgin condition (no stress history)

(b) After first loading from O to A

(c) After unloading from A to O

(c)

Presently there are several plasticity theories which try to improve the
problems of the critical state soil models. A multiple yield surface model is one
possible approach that has been suggested to model the aforementioned effects (see
Figure 1.6). The use of kinematic hardening plasticity with multiple yield surfaces

has proved to be a convenient framework for modelling the pre-failure behaviour of

1-6



Introduction

soils. This is because it can give a gradual change in stiffness, as more surfaces can
be used to increase the smoothness of the change. Furthermore, it is capable of
describing the effects of the immediate past history as well. The improvement of

anisotropic behaviour can be further included in the model.

1.3 Research objectives and structure of the thesis

Many plasticity theories are used and combined together to predict the stress-
strain response of soil in the overconsolidated state. The new constitutive model for
soil currently being developed is the multi yield surface type of model. Chapter 2
presents the background of constitutive soil models. Three examples of recently
developed soil models are illustrated; moreover, the model predictions and
comparisons are addressed in chapter 2.

A new development of a soil model based on thermomechanics is introduced
in chapter 3. The constitutive formulations in this chapter are developed based on the
modified Cam-clay model, which are presented in triaxial stress-strain parameters.
The incremental stress-strain calculation algorithms based on both rate-independence
and rate-dependence are presented in chapter 3.

Chapter 4 illustrates the experimental data from Bangkok clay, carried out by
Asian Institute of Technology (AIT) and Chulalongkorn University in Thailand. The
geological background for Bangkok clay and the testing programmes are stated here.
Prediction series of triaxial tests with the soil models are illustrated in chapter 5.
Comparisons between predictions and the experimental data from Bangkok clay are
also shown in chapter 5.

Chapter 6 explains the translation of the soil models from the triaxial stress-
strain parameters to generalised stress-strain parameters. The two-dimensional soil
models are implemented into the finite element program as new material subroutines.
A series of tests, which simulate the triaxial condition to test the new subroutines, are
carried out and presented in chapter 6. Two demonstrations using the models are
described in chapter 7. The comparisons between the analysis result and monitoring
data are also described in this chapter.

Finally, the conclusions on the development of new soil models are discussed

in chapter 8. Developments for future research are stated in this last chapter.
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Chapter 2

Constitutive model for soil

A simple elastic theory is used to model the basic features of the stress-strain
behaviour of soils in routine engineering. An example is the calculation of final
settlement of a rigid foundation, in which a single parameter for soil stiffness or
flexibility (such as the coefficient of volume change, m,) will be sufficient to provide
the solution. However, additional predictions such as profiles of surface and
subsurface settlement, horizontal and verticalk movements and soil-structure
interaction, require a relatively complex calculation and will usually need non-linear

stress-strain theory.

2.1 Constitutive models for soil
A general constitutive soil model can be written in the following form:
de = F(do, dt) (2.1)

Note that do and dt represent changes in effective stresses (not total stresses as in
other material models such as models for steel and concrete) and time respectively.
However, most soil models have been developed from the results of laboratory tests
with axi-symmetry condition (for example triaxia and oedometer tests).
Consequently, and for simplicity, the Cambridge parameters for stress and strain are
used to describe the stress-strain behaviour:

p=%; q=(0,~0,)

e, =(e,+2¢ ) & = —2(8""3_ )

where the subscripts a and r refer to axial and radial directions. The parameters p and

(2.2)

&, are mean effective stress and volumetric strain, whereas ¢ and & are deviatoric

stress and shear strain respectively. These parameters are related to the bulk modulus

K and shear modulus G by

dp dq
K= ; G=—
d. (2.3)

de,
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Note that the multiplier 3 is needed to ensure that G corresponds to the general
definition used in solid mechanics. Graham and Houlsby (1983) introduce a general

constitutive equation for elastic anisotropic soil as

s A
dq J 3G de,
where J results in cross-coupling between shear and volumetric behaviour. In the
case of naturally deposited soil, the stiffness depends on mode of deposition and its
stress history. The superscript * is introduced to distinguish the anisotropic modulus
from the isotropic modulus.

For amaterial which is elastic and isotropic, shear and volumetric stiffness are

decoupled, that is, J =0. The bulk modulus and shear modulus become elastic

following Hooke's law, and the elastic constitutive equation can be written in the

dey| |YK O dp
L el s

where K,G are elastic bulk modulus and elastic shear modulus respectively. Note

form:

that the elastic parameters can also be defined in the term of Young’'s modulus (E)

E and K = E

2-(1+v) S 3.(1-20)

and Poisson’sratio (v ) by therelations G =

2.2 Classical soil models

Many early developments of soil modelling are often referred to collectively
as Critical State Soil Mechanics (CSSM), introduced by Schofield and Wroth (1968).
CSSM combines three well-known concepts: the critical state line, normalisation with
respect to pre-consolidation pressure, and the state boundary surface (SBS). Based on
the critical state concept, a complete mathematical model of soil behaviour was
created by Roscoe, et a. (1963) and called Cam-clay model. The original Cam-clay
model developed for normally overconsolidated clay assumes that the energy is only
dissipated due to plastic shear distortion. Roscoe and Burland (1968) subsequently
developed the modified Cam-clay model (MCC), which considers both plastic
volumetric strain and plastic shear distortion in the formulation of the energy

dissipation equation.
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The shape of modified Cam-clay yield locus is assumed to be €liptical, as
shown in Figure 2.1(a). The equation of the yield locusis:

2

q
M2

Making use of the state boundary surface as a yield surface and combining this with

y=p*+——-pp, =0 (2.6)

an associated flow rule, the constitutive equation of modified Cam-clay can be
derived. The constitutive equation for plastic response may be expressed as:

(A-x)M?p*-q?) &« 2q(A-«x)
de, _ pv(M2p2+q2) pv viM2p? + ¢?) “Jdp 2.7
de, 29(2 - ) 4pq*(2-«) 1 | |dg '

Viszz‘qui V‘M4p4_q4) 3G
where v is a specific volume defined by v=1+e, eisavoid ratio, p is the measure

of size of the yield surface which depends on the stress history, and M, A, aswell as «

are the soil parameters that define the state boundary surface as shown in Figure 2.1.
(Note that the elastic bulk modulus for the MCC model is defined as: K = ﬂ) Thus,
K

the complete description of the model requires five parameters to specify the shape
and size of the yield locus at a given pressure and specific volume, as well as the
elastic properties of the material.

v .
Isotropic
qi NCL
csLTM
MCC yield surface
i«
> Swelling
p. P Line
i
|
L
P
(a) c In P

(b)

Figure 2.1 (a) Yield locus of Modified Cam-clay model; (b) Critical state soil
parameters definition

The basic critica state model is particularly successful in describing the
principal features of soft clay behaviour. The model provides good predictions of

volumetric strain for normally consolidated soils subjected to isotropic consolidation.



Constitutive model for soil

However, it also has disadvantages. It does not describe anisotropic consolidation
conditions because the shape of the modified Cam-clay yield surface is symmetric
about the p-axis. It also gives poor predictions for heavily overconsolidated clay, in
particular for shear strains, since it assumes purely elastic and reversible inside state

boundary surface.

2.3 Development in soil models

In order to represent more redlistic soil behaviour in amodel, it is necessary to
introduce plasticity within the SBS. To date, several approaches have been proposed.
There are two main ideas that are often used to introduce plastic strain inside the SBS.
The first involves mapping the stress inside the SBS to an image point on an extra
surface usually known as the bounding surface. The plastic behaviour is obtained by
relating the stress and the image points by means of the hardening rule. Examples are
the bounding surface model by Dafalias and Herrmann (1982), the Hashiguchi model
by Hashiguchi (1985); and the MIT-E3 model by Whittle (1993).

The other idea is to introduce multiple yield surfaces to give a smoother
transition between elastic and plastic behaviour. Thisidea can also describe the effect
of the recent past history. Illustrations of this idea include the multiple nested yield
surface by Mroz et a. (1978), multiple surface model by Prevost (1978); and the
continuous hyperplasticity model by Einav, Puzrin and Houlsby (2001).

2.3.1 The bounding surface concept

In the original bounding surface model by Dafalias and Herrmann (1982),
thereisa‘radial mapping rule’, in which each stress state inside the SBS is mapped to
a corresponding image point on the bounding surface. This idea can be applied to a
soil model as shown in Figure 2.2(a). The SBS is defined as the MCC yield surface
and a radial mapping rule is adopted to define the image stress (c*) from the current
stress state (o).

A smooth transition between elastic and plastic behaviours is obtained by

means of the hardening rule. The hardening rule can be written in the form:
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} (2.8)

where H,, is plastic stiffness at the image point; ¢ ando, are the distance between the

M

n

o
H=H_, +H, — {1+

0

current stress state and the SBS and the radial distance from SBS to the origin passing
the current stress state; Hyp and n are parameters for non-linear hardening. The plastic
strain increment at the current stress state is generated at a progressive rate which
depends on how near the stress is to the SBS; the plastic strain increment is

proportional to /6. At 6 =0, thevaueof H isequal to Hy, i.e., the model reducesto
the MCC model at this stage.

qa qi

CcsL
L % Jm

yield surface

c surface

" elasti

P. P

Figure 2.2(a) Bounding surface plasticity model ~ Figure 2.2(b) Kinematic yield surface model
The bounding surface models are efficient for computation, as they do not

require the multiplicity of surfaces necessary in the multi yield surface models. There

are however some drawbacks. A major deficiency of this concept is the requirement

for the choice of a number of arbitrary functions (such as a mapping rule and a

hardening rule) without obvious physical interpretation. For monotonic loading the

model predictions are quite redlistic and exhibit smooth transitions in response.

However, on unloading-reloading or a sudden change in the loading path, the models

are unredlistic. For example, in the case of ‘small’ strain levels, real soil is subjected

to a loading-unloading-reloading path (ABCDE) as illustrated in Figure 2.3. From A

to B, the stress-strain behaviour is plastic; next, the real soil behaves almost elastically

under a‘small’ unloading-reloading path (BCD) as shown in Figure 2.3(a). However,

for reloading from C to D, the bounding surface model will produce a stiffness at the

same stress level as the loading path (i.e. point A) as presented in Figure 2.3(b).

When loading from D to E the rea soil continuously shows a plastic stress-strain
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response. For the MIT-E3 model using the bounding surface concept, it employs
another rule called elastic hysteretic formulation (Hueckel and Nova, 1979) to solve
this problem. However, these effects can be simply described in terms of ‘recent
stress history’, Atkinson et a. (1990) and/or ‘immediate past history’, Houlsby
(1999). A dlight difference between these two terminologies is that the recent stress
history considers either a sudden change in the direction of the stress path or the time
spent at a constant stress state before an imposed change in stress, whereas the

immediate past history relates only to the change of stress path direction.

O-A GA

A C A C

€

mV

(a) (b)
Figure 2.3 Unloading-reloading response in the small strain region; (a) real soll
behaviour, (b) bounding surface model behaviour

2.3.2 Kinematic yield surfaces concept
A more realistic response of overconsolidated soil can be described by means
of the concept of kinematic hardening surface. A kinematic hardening surface is
located within the SBS and the elastic nucleus is encircled by the surface. When the
stress point touches the surface, then plastic strain will occur. The plastic strain
increment can be evaluated by the flow rule. The surface is dragged by the stress
point, following a kinematic hardening rule until the surface contacts the SBS. The
simplest of these models, involving only two distinct yield surfaces, is depicted in
Figure 2.2(b). Thistwo-surface model can describe three types of behaviour:
(@) Fully eastic, for stress states within the inner yield surface (elastic surface).
(b) Transitional zone, with the stress point on the inner yield surface but inside the
outer yield surface (point A)
(c) Fully plastic, when the inner yield and outer yield surface come into contact (point
B). Thisisthe normally consolidated state condition.
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The original idea of the kinematic hardening model was introduced separately
by Mroz (1967) and by Iwan (1967). Subsequently, the model has been extended to
multiple surfaces models by Prevost (1978). The best known of this is the multiple
“nested” yield surfaces model by Mroz et al. (1982). The multiple “nested” surfaces
model is based on the assumption that the yield surfaces do not overlap. In some
models overlapping is allowed, although this may occur only rarely.

The multiple yield surface models can successfully explain the effect of
immediate past history. However, there are again some disadvantages. Firstly, the
multiple surfaces model requires a considerable amount of calculation. This problem
can be reduced by using a rate-dependent algorithm, which will be addressed later.
Secondly, the multiple surfaces model requires a large number of hardening
parameters. This problem can be eliminated by introducing a function to replace a
large number of kinematic parameters.

2.4 Some recently developed soil models

This section will present some selected recent developments of constitutive
models for soil. Based on the two different approaches for plasticity inside the SBS,
the present research on constitutive models can be categorised into two groups as
already described in the previous section. However, there are some models which
merge the two ideas together and end up with somewhat complicated mathematical
expressions, which are practicable. The following will explain the developments of
some selected soil models which are a kinematic hardening model (Wood, 1995),
three-surface kinematic hardening model (Atkinson and Stallebrass, 1991) and the
MIT-E3 model (Whittle, 1993).

The first two models based on the kinematic hardening concept are selected to
present here. Both models are modified from an original ‘bubble’ model (Al Tabbaa
and Wood, 1989) to improve the transition zone between elastic behaviour and
elastoplastic behaviour. The parametric study for the kinematic hardening model
(Wood 1995) was done by Rouainia and Wood (2000) for Norrkoping clay. On the
other hand, the three-surface kinematic hardening model (Atkinson and Stallebrass,
1991) was laboratory validated by using a centrifuge model foundation test at City
University and aso numericaly implemented into a Finite Element analysis
(Stallebrass and Taylor, 1997).
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The MIT-E3 is the well known example based on the bounding surface
concept. The parametric studies for MIT-E3 model were done by Whittle (1993) for
Boston blue clay at MIT and Zdravkovic et al.(2001) for silt at Imperia College by
using specia equipment such as resonant column and large hollow cylindrical

apparatus respectively.

2.4.1 A kinematic hardening model (Wood, 1995)

The kinematic hardening framework was applied to the MCC model to
describe the behaviour of overconsolidated clay in a ‘bubble’ model, Al Tabbaa and
Wood (1989). The underlying assumption is that soil ‘structure’ is seen as a
strengthening contribution which is progressively removed by plastic strain. A
‘bubble’, hypothetically treated as a kinematically hardening yield surface, can
describe small strain  stiffness, degradation of stiffness with  strain - for
overconsolidated clays and hysteretic behaviour due to the immediate stress history.
In this model, a ‘structure surface’ is introduced to control the process of
‘destructuration’ through its interaction with the bubble, and this destructuration can
capture strain softening effects.

The model consists of three elliptical yield surfaces (Figure 2.4(a)). A
reference surface (rs) represents the intrinsic behaviour of the remoulded material. Its

eguation is defined as follows:

2 qz_ 2
(p-po) v

[

(2.9)

where (po,0) is the centre of this surface ( p, =% in the MCC model). The

parameter M, isthe ratio of the semi-axes of the yield surface, asin the MCC model.

Taking into account an unsymmetrical critical state cone between compression and

2mM

, Wh 0 i
L+ m)-@-m)-sn3g’ " oc S

extension, M, is further defined as: M, =

angle on the 7-plane related to the second and third stress invariants (J,, J3), that is

e

~Z<p=sn o5 | <= - Forthetriaxial compression case 6 = —, M,=M;
6 2J; 6 6
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whereas in the triaxial extension casef = —%, M, =mM . Note that normally the m

value should be between 1 and 0.7 for certain technical reasons.
A bubble with centre (p.,d.) and the size R times the size of the rs represents
the boundary of elastic response and the bubble’ s equation can be written in the form:
2
(p- pﬁ“%ﬂzpé (2.10)
A structure surface (ss) with sizer times the size of the rs takes the place of the outer
yield surface, or can be thought of as a bounding surface. The ss controls the process

of destructuration, with its mathematical equation given by:

—(r-1 2
(p—rp0)2+(q ( Mzﬂopo) —r
4

2

Ps (2.11)

where 7, is a dimensionless shear stress controlling the soil structure. The above
eguation indicates that both the size and location of the ss are affected by the process
of destructuration through the variable r. Note that the centre of the ss is
(rpo.(r =1)- 75, ).

The process of destructuration is controlled by the quantity r, which is
assumed to be a monotonic decreasing function of the plastic strain. A simple

exponential destructuration is then introduced as an example:

r =1+ (-1 exp( ke j (2.12)

A -k
where rg istheinitial vaue of r (theinitial degree of structure) probably related to the

sensitivity of the soil, and a genera destructuration strain, &,, is defined as

dey = \/(1— A)dgvp2 + Adgsp2 . The quantity de, increases whenever plastic strain
defor def occurs; the parameter A controls the relative influence that volumetric
and distortion effects have in causing destructuration. For A =1, the destructuration is
completely distortional, whereas for A = 0, the destructuration is fully volumetric. The

parameter k controls the rate of destructuration with strain, and 1 andx represent the
slope of the NCL and swelling linesin log v-log p space.

The elastic behaviour inside the bubble is assumed as behave as in the MCC
model, with the elastic strain increments as given in equation (2.5). The plastic
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strains occur when the stress state lies on the surface of bubble. The plastic strain
increment vector is assumed to lie in the direction of outward normal to the bubble at
the current stress. For the kinematic yield surface it is assumed that the size
parameter R is constant but the reference pressure pp will be varying. Therefore,
when a stress increment is applied, it will require the kinematic hardening bubble to

translate. Since the bubble and ss have the same shape, a conjugate stress state o can

be determined on the ss in the same geometric position as the current stress state on

the bubble:
Py _rf JPa
[G°_{(r—1)no po}]_ R[G {qa }J 22

It is assumed that translation of the centre of the bubble occurs along the line joining

the current stress state ¢ and the conjugate stress state o,. This ensures that the

bubble may touch the ss but can never intersect it. The constitutive equation can be
written into the form given below.

(a-q,)

(P=p)"  (p-ps)
{dgv"} y—

M, { } 214
= 2 . .
ds? | RppW \(a-a,) [q qb] 214

(p-p,) v

ey %N@ (5] ‘k(rr_l)J(l‘Axp—paf”[%y

and B, y are soil constants controlling the contribution and rate of change of
hardening. The scalar quantity b is the dot product between the vector joining the

stress state on the bubble ¢ and the conjugate stress state 6. on the ss and the

outward normal vector to the bubble. Because all the yield surfaces are eliptical in
(p,9) space, the maximum value of bk Will occur when the bubble is touching the ss
at apoint diametrically opposite to the conjugate stress state (Figure 2.4(b)).

The model uses both the concepts of a kinematic hardening yield surface and a
bounding surface. The elastic behaviour, when the stress state is inside the bubble,
can be described by means of the MCC model. The bubble kinematic yield surface

2-10
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can be used to describe the immediate stress history at the small strain level relatively
well. However, due to the limitation of a single kinematic yield surface, the soil
behaviour under a complex applied load history (such as cyclic loading) cannot be
captured by the model. The introduction of the structure surface (or bounding
surface) with the destructuration parameters can model aspects of the ansiotropic and
strain softening behaviour by alowing the centre of the structure surface to move. All
of the surfaces are élliptic in shape similar to the MCC yield surface. The model also
modifies the value of semi-axis ratio of (M) by considering the asymmetry of the
critical state cone in compression and extension. The plastic behaviour of
overconsolidated clay can be described by a hardening rule using the bounding
surface concept which uses a geometric mapping rule. The two hardening parameters

are added in order to describe nonlinear plasticity behaviour.

qh

max
Reference 7/

surface,rs /

A -
mno

A
7

Reference
surface, rs.~”

A/

L]
Y.

Structure
surface, ss

Structure surface, ss

(a) (b)
Figure 2.4 (a) Elastic bubble, reference surface (rs), and structure surface (ss) for
destructration model in triaxial space; (b) Conjugate stress (6.) and corresponding

stress (o6, ) on extreme bubble for definition of bya,, Wood (1995)

2.4.2 Three-surface kinematic hardening model (Atkinson and Stallebrass, 1991)
The three-surface kinematic hardening (3-SKH) soil model was formulated

specifically to simulate the behaviour of clays in overconsolidated states and during

early stages of loading. The model gives an improvement to the ‘bubble’ model of Al

Tabbaa and Wood (1989), so that the effect of immediate stress history and yield at

small strains or changes in the stresses can be modelled. The mode is represented in

p-g space in Figure 2.5(a). It requires three yield surfaces. Modified Cam-clay SBS

(referred to as the bounding surface), and two nested kinematic surfaces (yield surface
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and history surface), which are geometrically similar to the bounding surface. The
surfaces are defined by the following equations:

2

Bounding surface: (p—p, ) +% = p? (2.15)
2
History surface: (p-p.) +(qK/I—q;) =T?%p? (2.16)
i 2 (q_ Uy )2 2@2 42
Yield surface: (p-p,) +T:T S?p (2.17)
where (po,0), (Pa,ga) and (pyn,gp) are the coordinates of the centre of the bounding

surface ( p, =% in the MCC model), the history surface and the yield surface

respectively, and (p,q) is the current stress state. The sizes of the history and yield
surfaces are controlled by the two fixed ratios T and S.

A

SBS

History
surface

(b)

Bounding surface

(a)
Figure 2.5 (a) The three-surface kinematic hardening model (3-SKH) in triaxial
space; (b) lllustrating the principle of the translation rule for the kinematic surfaces,
Atkinson and Stallebrass (1991)

The model can give three types of behaviour, which depend on where the
stress state is in the yield surfaces, and the location of each yield surfaces themselves.
If the stress state is within the inner yield surface, deformations are governed by the
isotropic elastic constitutive equation (equation 2.5) as in the MCC model; however,
elastic swelling is defined as a linear on the log v-log p space. Otherwise, the stress-
strain behaviour is elastoplastic with the associated flow rule on all surfaces, and an

appropriate hardening rule. The constitutive equation is of the form given below.
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) (a-a,)
{dgvp}_l (p=p.)"  (p=P)= {dp o1
de?[ bl y@-9) (@-9))" ||dg |
(p-py) vE ( vE j
whereh = hy + H; + H, , and ho=%(p(p—pb)+Q%]-

A andx” represent the slope of the NCL and swelling lines in the log v-log p space.
The above equations can be reduced to the MCC constitutive equation when all the
surfaces are in contact (h = hp). Otherwise, the general case has to include H; and H,
terms, which are functions of the position of the history and yield surfaces
respectively. The functions H; and H, have to be added to ensure that they will give a
smooth change in stiffness, so an exponent is introduced as a hardening modulus

parameter, . The general hardening function can be finally expressed in the form:

h=—t [(p—pb)-(p(p—pb)+q(q_%)]+(bl]Wp382+(bﬁjwp§} (2.19)

A -K M ? B, e
where b; is the dot product of the normal vector at point B and vector B (the
movement vector from the point B on the history surface to the point C on the
bounding surface). b, is the dot product of the normal vector at point A and vector y
(the movement vector from the point A on the yield surface to the point B on the
history surface). These can beillustrated in Figure 2.5(b).

The model adds another kinematic hardening yield surface to improve the
variation of the elastoplastic stiffness; this make an improvement from the original
‘bubble’ model by Al Tabbaa and Wood (1989). The modifications on the effect of
recent stress history and yield at small strains are obtained by means of the two
kinematic and one outer yield surfaces with the same elliptical geometry. The size of
each surface is controlled by two fixed ratios (T, S). The model captures three types
of behaviour, depending on where the stress state is in the yield surfaces and the
location of each yield surfaces themselves. The elastic behaviour occurs, when the
stress state is inside the yield surface. The plastic behaviour of the overconsolidated
clay can be described by the kinematic hardening rule. The hardening exponent ()

is adopted in order to explain the smooth transition of stiffness.
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2.4.3 The MIT soil models (Whittle, 1993 and Pestana and Whittle, 1999)

Research at the Massachusetts Institute of Technology (MIT) has developed a
series of generalised rate independent models for clays based on the theory of
incremental linear elasto-plasticity. This model evolved from MIT-E1. Its key
features are an anisotropic yield surface, kinematic plasticity and strain softening
behaviour under undrained condition for normally consolidated clays. Subsequently,
the further developments on model, MIT-E3, describe the rate independent behaviour
of normally to moderately overconsolidated clays (OCR<S8). The two additional
features incorporated into MIT-E3 are small strain nonlinear elasticity using a closed
hysteric loop and bounding surface plasticity.

The MIT-E3 model’s conceptual framework can be subdivided into three
components:

(a) an anisotropic yield surface with hardening rule and flow rule;

(b) a closed symmetric hysteresis loop; and

(c) a bounding surface plasticity formulation.

Table 2.1 Comparison between transformed variables for MIT-E3

Variables Generalised space Triaxial space
Effective stress o ,; (p, q )
Strain &y (5 v & )
o (Qp .0, ), where
Yield surface gradient | — > Where fis yield function o o
oo, 0 = I and O = L
P ap q aq
og
0 . . P . P |, where P =—=
Plasticity flow 6_g’ , where g is plastic ( ’ q) P op
Oj
direction og
potential function and P, = %
Anisotropic axis b, (Lb)

The anisotropic model always has to deal with all six components of the stress-strain

or some meaningful definitions. The constitutive relations have been presented in the
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original paper in terms of generalised effective stresses. However, in order to be
equivalent to other models, the MIT-E3 model equation will be expressed in triaixal
stress-strain parameters. This will make the MIT-E3 model formulation slightly
different from the original work. For more detail see Potts and Zdravkovic (1999).
Table 2.1 presents a comparison between the transformed variables that are used in

the original paper and variables in the triaxial case.

(a) An anisotropic yield surface
The yield function (Figure 2.6(a)) is assumed to be an anisotropic form of the

elliptical modified Cam-clay yield written in the form:

S=lg=p-b) -M’p(p.-p)=0 (2.20)
where b is the direction of the yield surface axis and M defines the ratio of the semi-
axes of the ellipsoid, which is slightly different from the critical state definition.

The failure criterion, at which critical state behaviour is exhibited, is defined
by an anisotropic conical surface:
h=(g—p-&) -k p* =0 (2.21)
where & describes two boundaries of the critical state cone in compression and
extension. Its axis of symmetry is on the direction & from p-axis, and a constant &
parameter defines the half range of critical state cone. These two parameters (&, k)
can be fully defined by the friction angles measured in triaxial compression and

extension tests (¢, ¢, based on Mohr-Coulomb’s failure criteria):

1 1
5 2( c e)’ 2( c+ e)

where C, :\/gm—¢}c; C, :\/z 6Sir‘1¢}5 .
3 3—sing,. 3 3+singy,

Note that the direction of anisotropy of the yield surface (b) does not generally

coincide with the direction of anisotropy of the critical state cone (&) as shown in

Figure 2.6(a).

Flow rule

The model uses a non-associated flow rule with the flow direction defined as:
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de? | |P,| M?p.r,
{des}—”{a}“”{m{@ +<rc>q}} 2.2)

o

where O, =6—:2(q— pb) is shear component of the yield surface gradient
q

3-(1-K
and x :( A j{ ! K [Ej}, Mk, =(—°NC) is the stress ratio at the K

A—& )| 3G\ 14+ 2K,

normally consolidated condition. The parameter », describes the location of the

current stress state relative to the failure surface (Figure 2.6(b)):

R, _a +b -d

0" ¢

CR, b'—d’

|

c

where: p R, is the vector between py and R., p,R, is the vector between C and R,

a =M (p,—phb =(b-ENg-pb).c = plk> —(b— &) andd” = b7 +a’c’).
The value of r. imply the following:

r, =1 the current stress state is on the axis of the bounding;

0 <r, <1 the current stress state lies inside the critical state cone;

r. =0 the current stress state is on the critical state cone;

r, < 0 the current stress state is outside the critical state cone;

and < > is a Macaulay bracket to make a more robust expression for 7, .

The obtaining of the increment plastic volumetric and shear strains also needs plastic
scalar multiplier (dA ), which is obtained from the standard plasticity equation. In this
KQ, de, +3GQ, de,

case dA = .
H+KQ,P,+3GQO,P,

The elasto-plastic modulus H is selected to describe the slope A in the v-In p
plot for all radial consolidation paths, strain hardening, peak strength, strain softening

and critical state condition for undrained shearing of K normally consolidated clays.

P
H= 21\42(/1 K j-K{pCZ L - S,M2p6x<rc>qu} (2.23)

—K

where §, is a material parameter which influences the strain softening behaviour.
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Hardening rule
The model assumes two hardening rules to describe changes in size and

orientation of the yield surface respectively:

d
DLe = ¢ der (2.24)
p.
2%
db="(r)(q ~ pb)de (2.25)

c

where ¢ is a scalar, obtained from the consistency requirement (df = 0). In this

2 - . . .
case: ¢ :i{ ! -i—‘PO <r >M}, with ¥, being a material constant

p. |M’p. P, ! .

controlling the rate of rotation of the yield surface. r, is a relative ratio between

orientation of the yield surface and the critical state cone, which is graphically
illustrated in Figure 2.6(b) and is defined as:

CR, _k-|p-¢

O'R, k

. =

X

The value of r, imply the following:

r. =1 the axis of yield surface coincides with the axis of the critical state cone;
0 <r <1 the axis of yield surface lies inside the critical state cone;

r. =0 the axis of yield surface is on the critical state cone;

r. <0 the axis of yield surface is outside the critical state cone.

The equation (2.25) describes rotational hardening of the yield surface and hence

controls the rate of change of anisotropy of the clay. The variable 7, is controlled by
the degree of anisotropy: 0 <r <1 (If , =1, the clay is an isotropic material). From

the fact that the axes of anisotropy does not rotate outside the critical state cone, thus

Macaulay bracket is introduced in the expression for 7.
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Figure 2.6 (a) MIT-E3 model in triaixal space; (b) Image stress point on the bounding

surface and the radial mapping rule, Whittle (1993)

(b) Hysteretic behaviour

The hysteretic model describes a closed symmetric hysteresis loop. The
elastic hysteretic formulation is based on Hueckel and Nova (1979) and consists of (i)
a criterion for identifying the load reversal point and (ii) an expression of tangential
stiffness, which is a function of the current stress state and the load reversal point.

The nonlinear tangential bulk modulus inside the hysteresis loop is expressed by

vp

= m (2.26)

5=Cn-(Ing, + g, )" (2.27)

where x, defines the initial slope in of the swelling line in v-In p plot, C and n are
material constants which characterise the non-linear behaviour in unloading, and @

describes non-linearity at small strain due to undrained shearing. The variables &,
and &, are dimensionless parameters which relate the current stress state (p,q) to the

stress reversal state (p,,,.q,,, )
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p/p,, for p>p,.,
& ={ (2.28)
"\ Pw/p for p.>p
& =n—1,, (2.29)

where 7 =g/ p is the stress ratio. The major assumption of the perfectly hysteretic

model is that the strains are fully recovered in a stress cycle. A further assumption is
that there is uncoupling between volumetric and shear behaviour in the perfectly
hysteretic model. Therefore, the elastic shear modulus (G) can be described by the
elastic relation, in which a constant Poisson’s ratio (or K/G constant) is used.

Another feature of this formulation is that the hysteretic behaviour is only a
function of the last load reversal point and maintain no memory of any previous
loading history. The definition of the load reversal point is achieved by introducing a
scalar strain amplitude parameter which describes the strain history from the

immediate stress reversal point as follows:

-

A load reversal point then occurs when the magnitude of y reduces, i.e. Ay <0.

&, —&

v vVrev

&, —€

if & %0

i 4 =0 (2.30a)

Srev

However, as the condition above is difficult to implement in an analysis, a more

robust expression is presented by Potts and Zdravkovic (1999):

r=\le, e, ) +e.—e,,) (2.30b)

(¢) Bounding surface plasticity

In the case of normally consolidated clay, the bounding surface is described by
the yield function; whereas, for overconsolidated clay, a radial mapping rule defines a
unique image point on the bounding surface (Figure 2.6(b)). Plastic behaviour at the
current stress state (py) is linked to the plastic behaviour at the image point /. The
plastic strain increments at py depend on the loading condition defined as:

>0 Loading

2.31
<0 Unloading ( )

KQ,de, +3GQ,de, = {

where O, and O, are the yield surface gradients at the image stress point in the

volumetric and deviatoric directions respectively.
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The MIT-E3 model assumes separate mapping rules for the elasto-plastic
modulus A and flow direction P,, P at the current stress state p, inside the bounding

surface. The flow direction and modulus are given in the forms:

P P _P g e
P _ ) pr po ol
{P} { » } (2.32)
q a7

H=H,+H, g, (2.33)
pC _p(‘ pC _pC
where Ppo :{szcrc+771Qq1}, g, = <0 g, =—° =<0 and
pc_pcoj pCO_pCOi
H, = 2L(pc - pco)thlel ; in which p_ and p, . are the reference pressure of the
Ky

yield surface at the current stress state py and at the first yield, and 2 and y are

dimensionless input parameters.

The MIT soil models have been developed based on experimental data,
especially that on Boston Blue clay. The conceptual framework encompasses three
concepts:

(a) Kyp normally consolidated yield surface, which allows yield surface distortion;
(b) a perfectly hysteretic model, which give a smooth changes of tangential
stiffness during unloading; and

(c) a bounding surface model with the radial mapping rule, which describes the

plastic behaviour inside yield surface by using the non-linear hardening rule.

2.5 Evaluation and Prediction of Models

In general, after the development of the model formulation, a parametric study
is carried out mostly by an evaluation of model against laboratory data especially
triaxial test. The simulation of a stress path triaxial test is carried out by using a
computer program which models the test as a single element. A set of model
parameters for any particular soil are obtained by using the procedure outlined above
excepted some special model parameters which may require sophisticated apparatus

such as resonant column and large hollow cylinder.
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2.5.1 A kinematic hardening model (Rouainia and Wood, 2000)

The kinematic hardening model has been specifically tested for its ability to
reproduce a series of triaxial test results for Norrkoping clay from Sweden (Rouainia
and Wood, 2000). The thirteen model parameters have been estimated by using an
automatic optimization procedure. The assumption that all samples from the same

depth have the same initial conditions such as stress state, location of yield surface
and structure surface is made. However, the value of x , A", r,, and 77, have been
varied with depth in order to improve the match for the test concerned. The resulting

set of model parameters, which has been used for matching the data at 5Sm depth, is

shown in Table 2.2.

Table 2.2 Kinematic hardening model parameters for Norrkoping clay at depth
5m (After Rouainia and Wood, 2000)

Symbols Physical meaning Value
K Slope of swelling line in In v—In p plot 0.0297
1y Poissons’s ratio 0.22
ya Slope of NCL in In v—In p plot 0.252
M Critical state stress ratio 1.35
m Ratio of extension and compression strength 0.85
R Ratio of size of bubble and reference surface 0.145
b Stiffness interpolation parameter 1.980
4 Stiffness interpolation exponent 1.547
k Destructuration parameter 4.16
A Destructuration strain parameter 0.494
Peo Initial centre of reference surface 13.28
Ty Initial degree of structure 1.75
N Anisotropy of initial structure 0.50

The simulations of the consolidation procedure for all tests follow the stress
path in Figure 2.7. The optimization has been done using a Kj-consolidated undrained
compression and extension triaxial test (CKoUC and CK,UE) with approximately the
same effective stresses at the starting point (Figure 2.8). Other predictions based on

the optimized parameters have been carried out, which are
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(1) isotropic normally consolidated undrained compression tests with four
different pressures of 40, 50, 58 and 100 kPa (Figure 2.9);

(i1) anisotropic normally consolidated undrained compression tests with four
different initial stresses (Figure 2.10); and

(ii1) isotropic overconsolidated undrained compression tests with three different

overconsolidation ratios of 2, 5 and 9 (Figure 2.11).

q q

1a) (b)

Figure 2.7 Stress path during consolidation procedure
(1 =in-situ stress state; s = stress state at start of shearing);
(a) isotropic starting stress, (b) anisotropic starting stress,
Rouainia and Wood (2000)

It is not surprising that the normally consolidated undrained compression tests
(Figure 2.8 and 2.9) can be predicted well by the kinematic hardening model. This is
because the outer surface of the kinematic hardening model uses the MCC model
yield surface that generally gives a good prediction for the normally consolidation
clay. An improvement of the M value offers a slightly better prediction for
anisotropic normally consolidated undrained compression tests. This model gives
relatively accurate predictions for the overconsolidated sample, especially for the
stress path direction (Figure 2.10). The model can also describe the softening
behaviour due to the destructuration process (that allows the yield surface to relocate)
as shown in Figure 2.10. When actually presenting the tests results, however,
Rouainia and Wood changed some parameters including 4, B,y , k and ry for two
drained compression tests. It seems unreasonable to tune some parameters to offer a
better prediction of drained shear behaviour.

However, the simulation still requires at least another set of experimental
triaixal extension tests. The two predictions of drained shear tests are not enough to

make a conclusion. Moreover, there is still no evidence on hysteretic behaviour,
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especially the effects of immediate stress history on the unload-reload stress-strain

response.
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2.5.2 Three-surface kinematic hardening model (Stallebrass and Taylor,

1997)

A set of 3-SKH model parameters is obtained for comparison with the
experimental data from Speswhite kaolin as shown in Table 2.3 (Stallebrass and
Taylor, 1997). All eight parameters in the model are assumed to be constant, except

the elastic shear modulus ( G ), which varies with p and OCR according to the power

function. Five of the parameters (x, A, M, G, and e, ) carry the same meanings

and significance as previously defined in the MCC model. T and S can be evaluated
from two sets of isotropic consolidation stress paths (Figure 2.12(a)):
(1) a stress path after swelling from half of the maximum stress history (O-B-A); and
(i1) a stress path after one cycle of stress reversal (O-B-A-B-A).

The typical plots of secant bulk modulus (XK ) against p can be used to estimate T

and S values (Figure 2.12(b)). However, the exponent for the hardening modulus, ¥

is the only parameter that cannot be obtained directly from the experimental data; it

has to be derived from parametric studies.

Table 2.3 3-SKH model parameter for Speswhite kaolin (After Stallebrass,
1990)

Symbols Physical meaning Value
K Slope of swelling line in In v—In p plot 0.005
A Slope of NCL in In v—In p plot 0.073
M Critical state stress ratio 0.89

T Ratio of size of history to bounding surface 0.25

S Ratio of size of yield surface to history surface 0.08

4 Exponent in hardening modulus 2.5
Void ratio of isotropically normally

b consolidated soil at reference pressure p,=1kPa 1994

G Elastic shear modulus 60000*

0.65
*Calculate from G = 1964(£] -OCR"?
D,
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Stress path followed: O-B-A-B-A

Stress—strain response measured twice along B-A

g
A B 5
—— o] ur.ﬂ
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(a)
* Alter stress reversal
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Ap’=2TSp, - end of elaslic strains
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=
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(b)
Figure 2.12 Sketch showing (a) isotropic stress
path required to determine values for
parameters T and S; (b) typical stiffness plots
from T and S can be estimated, Atkinson, et al.

(1991)

Figure 2.14 Comparison between stiffness data
computed from a single element simulation and

measured data, Atkinson, et al. (1991)

q q’

(a) (b)

Figure 2.13 Typical stress path showing the recent stress history (AO) and its

sudden change of direction; (a) Anticlockwise direction (negative &), (b) Clockwise

direction (positive @ ), Atkinson, et al. (1991)
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sesasa Expearimental data
Three-surface model (3-SKH)

10 1.5 2:0
Shear strain: %

Figure 2.15 Cycle of loading during test, p;; = 300 kPa,
Pmax = 720 kPa: comparison between predicted and

measured stress-strain response, Atkinson, et al. (1991)

A study of the effect of recent stress history has been experimentally carried
out by Atkinson et al. (1991), who use test procedures as illustrated in Figure 2.13.
The simulations of tests have been numerically reproduced by following the same
stress paths. Figure 2.14 shows a comparison between experimental secant shear
modulus data and the model predictions. A study of the hysteresis loop has been done

by means of unload-reload shear stress at constant p. The comparison between the

model prediction and experimental data is shown in Figure 2.15.

The 3-SKH model is developed with the purpose of describing the effect of
recent stress history. Therefore, the presented paper emphasises only this effect.
Although the 3-SKH model can explain the variation of shear modulus due to a
sudden change of stress path direction during shearing process, the curve is still not
smooth. This might be a result of the fact that number of the kinematic yield surfaces

The 3-SKH model could show two sudden changes of
For the

is limited to only two.

elastoplastic behaviour when the inner surface touches the outer surface.
hysteretic behaviour, the prediction of the unload-reload shear stress-strain shape is

correct. The magnitude still needs improvement nevertheless.
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A yield surface shape that uses the elliptic modified Cam-clay yield surface
can explain the normally consolidated behaviour. The model still needs a proof of
anisotropic behaviour particularly on Ky-consolidated undrained/drained compression

and extension tests.

2.5.3 The MIT-E3 model (Whittle et al., 1994)

The fifteen input parameters for the MIT-E3 model can be evaluated directly
or indirectly based on laboratory tests, as presented in Table 2.4. The parameters that
can be directly measured from = standard laboratory  tests are:

ey, Kover K/G, @rer by Aandk,. The remaining input constants must be

determined from parametric studies:
(i) C, n are the parameters for the nonlinear in perfect hysteretic volumetric
response and % is the controlling parameter for the amount of irreversible
volumetric strain, which can be selected to match swelling curves from the CRS
consolidometer (Figure 2.16);
(i) S; and M are established from the Kj-consolidated undrained shear
compression and extension (CK,UC and CKy)UE) at OCR = 1.0, which control the
shape of the undrained path in both compression and extension (Figure 2.17);
(ili) w and y are nonlinear secant shear modulus at small strain level and shear-
induced pore pressure at large strain level during undrained shear condition
respectively, which can be measured from the secant modulus and excess pore
pressure; and
(iv) w, controls the rate of change of the anisotropic direction (yield surface

rotation), which suggested the reasonable values between 75 to 200 based on the

parametric studies (Figure 2.18).
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Table 2.4 MIT-E3 parameters for Boston Blue Clay and their requirement of
laboratory tests, (Whittle, 1993)

Input parameter
Test type OCR | Test detail and measurement
Direct Indirect
Odeometer or » )
- initial void ratio, e,
Constant Rate of Con h
) - slop of NCL line on e-In p plot ep, A
Strain _ ) ) (22.0, 1.60,
. - swelling at two levels include (1.12,0.184)
consolidometer 0.20)
two unload-reload cycles
(CRS) Test
K-consolidation 14 effective stress path during K Kove, K/'G
triaxial test consolidation and swelling (0.48, 1.90) N
S, M
) - two tests in different modes at , ,
Undrained shear Brc» Pre o,y
1,2 | OCR =1 (e.g. CK,UC, CK,UE)
test o 0 4.5,0.866
- one CK,UC test at OCR=2 (33474597 (
0.07, 0.5)
Resonant column
o Direct measurement of G, K,
or 1n-situ cross _ 6 lastic sh loci _
rom elastic shear wave velocit
hole test Y (0.001)
. . . . Vo
Special tests 1 drained triaxial strain path test _
(100)

Remark: Figures in brackets are the model parametric values for Boston Blue Clay

Void Ratio, e

@

\O

S
T

0.85F

CRS Data: BBC
(Ghantous, 1982)

¢ g= 1.168

— MIT-E3
e, 1.14
a', (kPa)| 100
Kone 0.48
A 0.184
L 0.001

C 22

n 1.6

h 0.2

{

Lo b e v baaadaa s o e o]

0.80 L
0.1

1.0
Vertical Effective Stress, O"V (ksc)

—

o__L.I__I_A_

S

Figure 2.16 Consolidation data and MIT-E3 prediction for
Boston Blue Clay, Whittle, et al. (1994)
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Figure 2.17 Ky-consolidated undrained triaxial compression and extension shear data and

Vo

MIT-E3 prediction for Boston Blue Clay, Whittle, et al. (1994)
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Figure 2.18 Parametric studies of v, value and MIT-E3 prediction of

drain strain path triaxial test, Whittle, et al. (1994)
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Figure 2.19 Ky-consolidated undrained plan strain compression and extension shear data
varied OCR = 1-4 and MIT-E3 prediction for Boston Blue Clay, Whittle, et al. (1994)

The MIT-E3 model offers accurate predictions for Boston Blue Clay as shown
in Figures 2.16, 2.17 and 2.19. This is because the model contains many advantages
of theories such as the bounding surface theory (Dafalias and Herrmann, 1982), the
elastic hysteretic formulation (Hueckel and Nova, 1979) and the anisotropic yield
surface and critical state cone. In particular, the stress path of anisotropic
consolidated tests can be simulated by the MIT-E3 model as presented in Figures 2.17
and 2.19. Although the hysteresis loop can be reproduced by the MIT-E3 model, it is
controlled by the stress reversal point. This cannot be used to explain the complicated
unloading response; for instance the three different unloading paths from A to B in the
generalised stress space as illustrated in Figure 2.20. The elastic hysteretic
formulation (Hueckel and Nova, 1979) cannot be used to distinguish the responses
from these three different unloading paths because they are unloaded from the same

reversal stress point (i.e. point A).
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Figure 2.20 Three different unloading paths in generalised stress space

2.6 Comparison of models

Table 2.5 Evaluation of some selected soil models

Model Behaviour

Normally consolidated line

Elastic behaviour
Smooth transition of
stiffness during unloading
Variation of stiffness at
small strain level
Hysteretic behaviour
Immediate past history
Flow rule

Hardening rule
Anisotropy

Strain softening

Rate dependent

Law of Thermodynamics
Number of model
parameters

Physical meanings of
model parameters

Laboratory testing to
evaluate model parameters

Mathematic equations

Implementation on
computer program

Evaluation
MCC, Roscoe 3-SKH, MIT-E3
and Burland |KH, Wood 1995| Atkinson, ef al. Whittle 19’93
1968 1991
Linear on v-log p| Linear on log v- | Linear on log v- |Linear on v-log p
plot log p plot log p plot plot
Linear Linear Linear Non-linear
No Yes Yes Yes
No Yes Yes Yes
No Yes Yes Yes
No Yes Yes No
Associated Associated Associated Non-associated
Isotropic Kinematic Kinematic Isotropic
No Yes No Yes
No Yes No Yes
No No No No
Satisfied ? ? ?

5 13 8 15
Good Poor Fair Poor
Good Poor Fair Poor
Easy Complicated Fair Complicated
Easy Fair Fair Complicated

2-32




Constitutive model for soil

Each soil model described above tries to explain the behaviour of
overconsolidated soil with the aim of generating plastic behaviour inside the SBS
which could not be previously achieved by a conventional plasticity model. Of the
several frameworks of plasticity theory with mathematically sophisticated equations,
most are based on two different concepts: bounding surface models (Dafalias and
Herrmann, 1982) and kinematic hardening models (Mroz, 1967 and Iwan, 1967).
There are some advantages and disadvantages in relation to both concepts. The
models introduced previously are compared in Table 2.5. The author’s comments in
Table 2.5 present not only the facts but also the author’s views especially in the last
four lines. For instance physical meanings of model parameters: ‘good’ for the MCC
model means that the author is of the opinion that all the physical meanings of the

parameters are well defined; however, ‘poor’ for the MIT-E3 model refers to a lack of

clear definition for the physical meanings of some of the model parameters.

Table 2.6 Comparison of physical meaning of soil model parameters

Symbols
Physical meaning of MCC, Roscoe 3-SKH, MIT-E3
parameter and Burland |[KH, Wood 1995| Atkinson, et al. Whittle 19’93
1968 1991

Normally consolidated line ALK A% K* VEN < A, Ky
Reference of yield surface De Do Py P (o)
Elastic parameter G*orv G*(v) G* K/G
Critical state parameter M My M M (c)
Anisotropic parameters - m, 1 - Kone, #'re, @'re
Non-linear hardening
parameter } By v hy, ¥
Non-linear at small strain - rod kv TS v Cn o
Parameters describe the effect ) Rr TS )
of immediate history o ’
Strain softening parameter - ro - S;
Total no. of parameter 5 13 8 15

Remark: symbols in brackets are those used in the original papers

The nature of the model parameters is an important factor in indicating the
laboratory testing requirements to define the constitutive equations. Table 2.6

summarises the physical meanings of model parameters used in each model.
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The MIT model was developed strictly based on the bounding surface theory.
The considerable experimental research on Boston Blue Clay was used to validate the
model. The MIT-E3 model is developed from the MCC model, but their features are
distinctively different.  Firstly, the elliptic modified Cam-clay yield surface is
replaced by a twisted elliptic shaped yield surface. The unsymmetrical critical state
cone is defined using two different values of compression and extension Mohr-
Coulomb’s friction angles. Although these two modifications enable the model to
exhibit the anisotropic behaviour relatively well, a few criteria (such as the change of

yield surface direction, b and the location of the critical state cone axis, &) have to be

carefully defined. The MIT-E3 model uses the non-associated flow rule which has to
assume another arbitrary function for plastic flow potential. The two hardening rules
which describe the changes in size and orientation of the yield surface are also
assumed. The hysteresis behaviour based on only one point of stress reversal state
could not sufficiently describe the effect of the immediate stress history especially the
complicated stress path (such as cyclic loading). The irrecoverable strain from each
loading cycle could not be captured by the model. The MIT-E3 bounding surface
uses two different radial mapping rules for the gradient of plastic flow and hardening
modulus at image stress point. As a result, the final model employs many
complicated mathematic expressions as well as model parameters. The most
important shortcoming of the MIT model is the implementation in numerical
calculations. This is because the model is not a standard elastic-plastic model, thus
some special techniques are required such as hystersis formulation and mapping
algorithm for bounding surface plasticity.

On the other hand, the 3-SKH model, Atkinson, et al. (1991) and the
kinematic hardening model, Wood (1995) are based on the same original idea of the
‘bubble’ model, Al Tabbaa and Wood (1989). These tried to improve the original
bubble model by adding an extra intermediate yield surface in order to deal with
moderate strain levels. The bubble surface (or inner surface) covers the elastic
behaviour at small strain, whereas the bounding surface (or outer surface), which acts
as the modified Cam-clay yield surface, gives the prediction of strength near failure.
As a result, they can give a smoother transition response from small strain level

(elastic) to large strain level (near failure). However, there is still a question whether

2-34



Constitutive model for soil

it is logical to limit the numbers of multiple yield surfaces to 3 surfaces. The models
cannot produce the response to cyclic loading behaviour which has a small change of
stress amplitude. These models could be extended to an infinite number of yield
surfaces. However, the infinite yield surface must be based on a theoretical basis if
unwarranted complexity is to be avoided.

All three examples of the recent soil models are originally modified from the
MCC model and add somewhat considerable arbitrary changes. This is because they
aim to generate plasticity behaviour inside the SBS which could not be achieved by
the MCC model. Some models contain many advantages of theories such as
anisotropic yield surface, hysteretic formulation and process of destructuration. Thus,
they give a better quality in terms of laboratory prediction. However, they express the
models too complicatedly, thereby making it impracticable. This research tries to
bridge between the theoretical and practical aspects. Although the new model may
not give better prediction qualities than those three models, the new model can
address some of the weak points that can not be achieved by other models. The

developing process of the new model will be explained in the next section.
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Chapter 3
Hyperplasticity Theory

The specification of a conventional plasticity model requires the definition of
the incremental stress-strain response, which consists of the following: (i) the elastic
response, (ii) the yield surface, (iii) the flow rule or plastic potential and (iv) the
hardening rule including strain hardening and yield surface translation rules.
Plasticity models for the prediction of the behaviour of realistic soil usually employ a
non-associated flow rule. Although many variants of plasticity theory have been
proposed for soil, they are flexible enough to disobey the Laws of Thermodynamics.
In contrast plasticity theories rigorously based on thermodynamic frameworks have
also been developed over the years such as thermodynamics of internal variables
(Coleman and Gurtin, 1967 and Lubliner, 1972). Ziegler (1983) has shown that a
constitutive model of a deformable solid may be completely defined by the use of two
potential functions: energy and dissipation. This is a unique characteristic that means
that the constitutive model could be written in a compact and consistent framework
for the computation of the stress-strain response. Collins and Houlsby (1997) recently
developed an approach called ‘“hyperplasticity” theory which adopts Ziegler’s
concept.

It is important to clarify that an alternative plasticity approach termed
“hypoplasticity” originally proposed by Kolymbas (1977) has no thermodynamic
basis and fundamentally ignores the Law of Thermodynamics. It is totally different
and not related to the hyperplasticity theory; therefore, the author will not consider to

this concept.

3.1 Hyperplasticity theory

Houlsby and Puzrin (1999) illustrate an approach to plasticity based on
generalised thermodynamics, which is called hyperplasticity theory. In that approach,
the entire constitutive model is specified by two scalar potential functions: an energy
function and a dissipation function (or yield function).

The energy function can be defined by using one of four alternative forms,
which are internal energy (u), Helmholtz free energy (f), Gibbs free energy (g) or
enthalpy (#). They are not independent, but related by Legendre transformations.
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An assumption that the dissipation is a function of the thermodynamic state
and the rate of change of material state is introduced. In fact it is sufficient to
consider that the dissipation function depends only on the rate of change of the

internal variable, ¢, . The dissipation function can be written in four possible ways,

depending on which form of the energy function is specified:

dzde(al.j ore,,a, sor@,dl.j)ZO (3.1)

ii>%is

where the thermodynamic state of the material depends not only on strain (&), stress
(o), temperature (@) or specific entropy (s), but also kinematic internal variables
() and e represents one of the four energy functions.

A yield function is defined as a degenerate special case of the Legendre

transformation of the dissipation function:
yzye(ay.orglj,ay.,sor@,;(y)zo (3..2)

od*

where the dissipative generalised stress can be given as y, = P
y

Due to the fact that the dissipation is homogeneous and first order in the rate of
internal variables, the relation for the Legendre-Fenchel transformation is written in

this special case as

Ay =p6,-d° =0 (3.3)
The flow rule, following the Legendre-Fenchel transformation, becomes ¢; = 1 sy ,
Xij

where A is an arbitrary non-negative multiplier.

Therefore, a constitutive framework for materials can be fully defined by using two
potential functions: energy function and dissipation function. Table 3.1 summarises
the formulations that define the constitutive law based on Gibbs free energy (g) and

Helmbholtz free energy (f). Note that thermal effects will be ignored in this research.

3.2 Hyperplasticity model for rate-dependent material

Houlsby and Purzin (2002) derived a rate-dependent plasticity model from two
potential functions. The energy function does not change from the rate-independent
model, but the dissipation function is no longer a potential. Instead, two potentials are

used that are force potential (z) and flow potential (w). They are related by a
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Legendre-Fenchel transformation, and the sum of these two potentials is equal to the

dissipation function (d). Table 3.2 presents the comparison between rate-dependent

and rate-independent formulas.

Table 3.1 Basic formulations for hyperplasticity theory

Gibbs free energy (g) | Helmholtz free energy (f)

Energy function g= g(o-l.j,aij) f=f (gl.j,aij)
Dissipation function d=d?* (O-ij NN )Z 0 d=d’ (gy_ N )z 0
Generalised stress _ og _ of

i —E Xy = —gy
Formula for stress and strain o og o o

Y oo, ' oe,
Dissipative generalised stress od od”

i~ 5 a, X :?‘-{”_

Yield function

Y= yf'(ey,aij,;(y): 0

Formula for flow rule

Lol

G, = A
' oy

Table 3.2 Comparison of formulations between rate-independent and rate-

dependent hyperplasticity

Definition

Rate-independent model

Rate-dependent model

First potential

The same definition of energy functions (g, £, 4, u)

Second potential

dissipation function (d) and

force potential (z) and flow

yield function (y) potential (w)
Dissipative od 0z
Xi= Xi =3
generalised stress da, da,

Legendre-Fenchel

transformation

Ay =g,6,—d=0

Formula for flow

rule

Oy

X

a; =
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An example of a simple elastic-viscoplastic model is presented by Houlsby

and Puzrin (2002). The simplest form of one-dimensional viscosity model is the

linear viscosity model, which is given in terms of dissipation function as: d = ua’.

Combing the elastic perfectly plastic model of d = c|0'z

, the dissipation function of the

simple elastic-viscoplastic model becomes:

d =da|+ pa’ (3.4)
Following the definition of rate-dependent formulations expressed in Table 3.2, the
linear viscosity formula can be calculated as summarised in Table 3.3.

The linear viscosity model is sufficient and may be suitable to simulate the
conventional triaxial experiment data, since the strain rate is not too high. However,
for other complicated geotechnical problems, the more sophisticated rate process
theory may be required. Houlsby and Purzin (2002) also produce the rate-dependent
formula based on a rate process theory, Mitchell (1976).

This following considers a more sophisticated form of rate-dependence for soil
behaviour. The rate process theory is regarded as a thermally activated process,
providing a useful theory for soil mechanics. The final result of the theory is that the
rate of change of state depends on the driving force in the form of exponential

function. Denoting the rate of change of state as ¢ and the driving force as y, the

expected relation of rate process is & o« exp(%j - exp(— %j . This can be rewritten
in the form: a = Asinh[%), where 4 and B are functions of the temperature.

Therefore, the viscous dissipation is defined as d = ya =%sinh‘1 (%) Finally,

adding a dissipative plasticity term and changing the constants, the dissipation
function is expressed as:
d= c|0'(| + rasinh™ (ﬁj (3.5)
r

Following the definition of rate-dependent formulations expressed in Table 3.2, the

rate process viscosity formula can be produced as shown in Table 3.3.
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Table 3.3 Summary of the formulations of the rate-dependent models (After
Houlsby and Purzin, 2002)

Linear viscosity
Definition Rate process theory
model
Dissipation ) S
d= c|a| + uo = c|a| + prasinh” ( )
function
Force z=c|0't|+'u.2 z=c|d|+,u{0ksinh ( J+r—\/r +a }
potential 2
2 —

Flow _ <|;(|—c> T '[COSh | | ]
potential 2u
F la f — _

R I “'Si“hw C>J'Sg<z>
flow rule Y7 Hr

Note that, for small strain rate, (¢ approach to small value); the flow potential

2
. . . . x| -c
function can be approximated to be of the linear viscous type: w = <||2—> (because
Y7,

2

cosh(x)zl+x7+~- ).

3.3 Multiple internal variables and continuous internal function

Puzrin and Houlsby (2001b) describe the idea of extending the single yield
surface to multiple yield surface hyperplasticity. It still based on the concept that the
entire constitutive response is the product of the derivative of two scalar potential
functions. Finally, these are further extended to be internal functions, which represent
infinite number of internal variables. The principal advantage of this development is
that it provides realistic modelling of kinematic hardening and smooth transitions
between elastic and elastic-plastic behaviour.

The multiple internal variables approach is developed to be applied to a more
For instance, the case of N internal variables would mean that the

complex case.

function for the Gibbs free energy g(o, 0) 1is simply generalised to

ij? lj’

The corresponding differentiation }l] = _aﬁ_g is replaced

i

1 N
glo,,a),...a",0).



—m

by y, =-

)

oa

0g
)
ij
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where n=1..N. The formulae of the multiple internal variables

hyperplasticity are presented in Table 3.4. Although the use of multiple internal

variables allows these changes to be divided into a number of smaller steps, a

completely smooth transition can only be achieved by introducing an infinite number

of internal variables. Such an idea leads to the concept of an internal function rather

than internal variables.

Table 3.4 Examples of comparisons between different formulations

Single internal Multiple internal Internal function
variable variables
Oy-8 Oij» & Oi>€j
Variables Y zn) ' ) R
@js Xy Xy > X a,(n). 7, (n)
Typical
energy g(o,,a;) g(ay.,a;.l) .. .,al.(jN)) I§(0U9dy (m).mdn
Y

function(al)
Typical

d¢(c,,al,....a™, . . %
dissipation d* (a[j LNy ) (1) : -](N)) J dv = J.d “(oya; (), a; (n).m)dn

Q.. O Y
function(al) ’ ’
Typical . N

yi(o,,al’,. . al", e . . B
y]eld yg(O'!/,OCij,Zl]): 0 M ! A](N) ! yg - J.yg(o—ijaaij (77)9 Xij (77)977)6177 =0

. Xi'sos Xy )=0 Y
function(al)
. __ 08 o __ 08 ) :_6_g:_jid,7
Typical ' Ooy R ' do; 300
derivatives ~ __0g —m ___ 08 7 () =— og
' day v da;"” v oa,(n)

In general, the internal function will be expressed in terms of an internal co-

ordinate7 , so the internal function can be written as ¢, (77). The "hat" notation is

used to distinguish any variable which is a function of the internal co-ordinate, from a

previously used variable with the same name.

As an example of the Gibbs free

energy, the free energy function will now become a free energy functional

glo,,a;(n),0]. Note: the square brackets [ ] distinguishes a functional from a

3-6




Hyperplasticity theory

function. In loose terms, a functional may be defined as a "function of a function". It

is assumed that the expression for the functional can be written in the particular form:

g[ag,dij,ﬁ]=J-g(o]/.,o?y.(n),@,n)dn, where Y is the domain of 7. For other
Y

formulas of the continuous internal variable hyperplasticity are also concluded in
Table 3.4.

However, the conventional partial derivative of a function with respect to a
variable cannot accommodate the Legendre formula for the continuous internal
function. In order to deal with the derivative of a funtional with respect to a function,
a concept of Frechet derivative is requied. The Frechet differential is explained in
Puzrin and Houlsby (2001d) and is used in derivation of incremental response of

material behaviour.

3.4 Strain hardening model

There are two explanations for the strain hardening behaviour of material after
yield. One is the translation of the yield surface, known as kinematic hardening and
the other is the change of yield surface size, known as isotopic hardening. Puzrin and
Houlsby (2001b) develop the fundamentals of kinematic hardening for
hyperplasticity, in which the hardening terms are introduced into the energy function.
In contrast, for isotropic hardening, the hardening terms enter the dissipation function.
Real material behaviour may involve both isotropic and kinematic hardening. This
leads to the idea of merging the two hardening approaches together.

The one-dimensional hardening model can be illustrated simply by using the
frictional slip and linear spring model (Figure 3.1). The linear spring component
represents a stored energy term in the internal energy function () (equivalent to the
Helmholtz free energy function (f), by neglecting the thermal term). The dissipative
energy can be generated in a frictional slip component, and will always give a positive

dissipated energy for both slip directions.
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(b)

Figure 3.1 Friction slip and spring model for illustration

(a) Isotropic hardening; (b) Kinematic hardening

The conventional one-dimensional isotropic hardening model can be

illustrated by using the friction slip and spring model (Figure 3.1(a)). The constitutive

equation expressed in the product of the derivative of the two potential functions is

shown in Table 3.5.

Table 3.5 Comparisons of constitutive formulations for hardening behaviour

Conventional Modified
Kinematic hardening
isotropic hardening isotropic hardening

Helmholtz 2

f=2le-af f=Z(e-a) + 12
free energy, f 2
Gibbs  free o2 o’ Ha?

g=———-o«a g=—"— -oua
energy, g 2E 2F 2
Dissipation d= + HB)-la

. d =(c, + Ha)-|d (C.O p)la d=c-|d
function, d ¢ =p- |d| =0
Generalised _ _ _
_ X=0 Xo=0, X3=0 y=0-Ha
stress, y
Dissipative X, = (c0 + H,H)- Sg(d)
generalised 2 =(c, +Ha)-sg(a) —A-sgla) y=c-sgla)
stress, y Xp =N\
Yield
y:|a—(cO+Ha)|:0 y=|0'—(c0+HﬂM=O y:|O'—Ha|—c:0

function, y
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However, the conventional isotropic hardening model faces a problem of an
unrealistic unloading curve (Figure 3.2(a)). As a result, the proper way to solve this
problem is by adding an extra constraint condition into the dissipation function by

introducing a new parameter f. The physical meaning of parameter # is the

cumulative magnitude of internal variable . Thus, the yield range of modified
isotropic hardening model will expand, even when loading (positive« ) or unloading
(negativeer ). This phenomenon has been investigated quite often in the cyclic
loading response. An example of one-dimensional loading and unloading response is

presented in Figure 3.2(b).

3.4.2 Kinematic hardening model

The kinematic hardening model for hyperplasticity was fully developed by
Puzrin and Houlsby (2001b). The hardening term is expressed in the energy function
rather than the dissipation function as in the case of isotropic hardening (Table 3.5).
An example of a one-dimensional kinematic hardening is also shown in Figure 3.1(b)
and its stress-strain response in Figure 3.2(c).

The kinematic hardening model is a key stage in developing a model with
multiple internal variables and its extension to a continuous internal functional. Only
the continuous kinematic hardening functional model can accommodate a smooth

transition of stiffness during unloading and reloading under the cyclic stress history.
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%
E-H
E+ ///
ct . oc e Figure 3.2 One-dimensional plot of
e /,// loading and unloading response
/// E // ! - (a) Conventional isotropic hardening
/// ¢ (b) Modified isotropic hardening
/ (c) Kinematic hardening
T-c

(c)

3.5 Kinematic hardening function for a continuous hyperplasticity model

Based on the kinematic hardening function in section 3.4.2, the bilinear stress-
strain behaviour can be described by a single internal variable. By using the multiple
internal variables, this idea can be extended to explain a piecewise linear stress-strain
behaviour. Finally, for non-linear stress-strain behaviour, a continuous internal
function is required. The comparison of the bilinear, piecewise and non-linear stress-

strain behaviours is illustrated in Figure 3.3.

c c
¢ A A

\
\

(a) (b) (c)
Figure 3.3 Stress-strain relationships

(a) Bilinear; (b) Piecewise linear; (c) Non-linear
The concept of kinematic hardening hyperplasticity with a continuous internal

function can be employed to describe a continuous smooth transition from elastic to

plastic behaviour, including the case of a small finite area of the truly elastic region.
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The stress history is memorised within the internal variables function &;(7),

expressed in terms of an internal co-ordinater; .

Research on the determination of the suitable kinematic hardening function is

needed to construct a complete stress-strain curve. Starting from the definition of

n
total strain: & = %—i-'[o?(n)dn and combining with the yield function for kinematic
0

. . Aoal o Fo-¢
hardening: y:‘a—Ha‘—c:O. These leads to 5:E+J 7 dn
0

The following method is presented by Puzrin and Houlsby (2001d) to produce
the kinematic hardening function. Assuming the ¢ function is independent with time,

then

ole . A
Derivative with respect to time: ¢ = 94 I 94 n +L(O-/C)-g , but the last term
. H H(o/c) ¢

becomes zero since o — é(O'/C) =0.
o/c 1

+_([ﬁd77

. o . 1
First derivative with respect to stress: — = —
do E
o d’¢ 1 1
Second derivative with respect to stress: S =——
do® ¢ H(o/c)

Therefore, the hardening function can be expressed as:

(2
c c de (3.6)
do?

As an example, the hyperbolic stress-strain relationship (Figure 3.4) can be

2 2
written in the form: & = - - . Thus, d b; =l- 2 . By substituting it into
E c-o do” FE (c - 0')
. . . o) 1 E (c - 0)3
equation (3.19), the hardening function becomes H| — |=—-—————_. It can thus
c c c
be expressed in the terms of internal co-ordinate:
E(l-n)
H(n)= E(l-n) (3.7)

2



Hyperplasticity theory

Figure 3.4 Hyperbolic stress-strain relationship

The continuous hyperplasticity approach allows the definition of a material
model, which gives a continuous smooth stress-strain response. However, in applying
this numerically, the continuous non-linear function has to be replaced by a piecewise

linear function. The implementation details will be given in the next section.

3.6 Hyperplasticity models for soil mechanics

The hyperplasticity model for soil behaviour was first introduced by rewriting
the modified Cam Clay equation in the form of the dissipation function using a single
kinematic variable (Collins and Houlsby, 1997). Further development has continued
leading to the latest version called “kinematic hyperplasticity modified Cam-clay
model (KHMCC)” by Houlsby (2001).

In general, the development of a new material model starts from a simple
formula. Further mathematic expressions are then added to better predict stress-strain
behaviour. The model formulae and parameters should have physical meaning.
Finally, the model parameters also need tuning to correspond with experimental
results.

The following section describes the development of a new constitutive model
for soil mechanics, which begins with the one-dimensional elasticity model. The
model is then manipulated into the elasto-plastic model with a single internal variable,
multiple internal variables and a continuous internal function respectively. In
addition, the model will extend to two-dimension including triaxial stress-strain
parameters. This is useful for validation of the model with the triaxial experimental

data. The research aims to develop a soil model which will address some of the weak
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points of the MCC model, specifically the fact that it cannot model small strain
stiffness or the effect of immediate stress history. All expressions thus need to be
consistent with the CSSM terminology. Lastly, summaries of the new constitutive
model will be presented in tables. The description of the development can be

illustrated as a diagram shown in Figure 3.5.

Linear model Logarithmic model
Triaxial 1-D 1-D  Triaxial

g Section ¢ ¢
Elasticity 3.6.1 —»o—»I)

Elastic perfectly

. l l<— 3.6.2 —>£—>
plasticity l
Elasto-plasticity with

<+—3.6.3 —

single yield surface l
Elasto-plasticity with 36.4
multiple yield surface I l
Elasto-plasticity with
infinite yield surface © 3.6.5

O+————0

Figure 3.5 Diagram illustrate the development of kinematic hardening models

3.6.1 Elastic model

A basic one-dimensional elastic model (linear spring model) gives a linear

: : : o
relationship between stress and strain (& :E)’ where E represents a modulus of

elasticity. From the formulation in Table 3.1, the relations can be reduced to

Relationship of two potentials: f=g+oe (3.8a)
0 0
Stress-strain definition: o= l, g=—5 (3.8b)
oe oo
. ot .. o' f o'g
Stiffness and flexibility definition: do = Py de, de = —Fda (3.8¢)
&£ o

Following the relations in equation 3.8(b), the Helmholtz free energy (f) and the

Gibbs free energy (g) can be calculated as:
Es’ o o’
=|o-de=|Es-ds=——and g=—|s-do=—|—=-do=——
Thus, the one-dimensional linear elastic model can be written in the form of energy

functions, which are presented in equation 3.9.
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Linear model Loganthmlc model

Trla)ﬂal 1- D TrlaX|aI
Sectlon

Elasticity 3. 6 1 —»o—»o

Elastic perfectly

‘ 2 2
plasticity 3 6 2 Eg O

=—— 3.9
Elasto-plasticity with 3 6 3 f - H g - ( . )
single yield surface 2 2E
Elasto-plasticity with

multiple yield surface 3 6 4

Elasto-plasticity W|th
infinite yield surface

<—365—>
The physical meaning of the Helmholtz free energy can be thought of as an amount of
stored energy in a spring. On the other hand, the Gibbs free energy is known as a
(negative) complementary energy in solid mechanics terminology.

In soil mechanics, a logarithmic elastic stress-strain relation can be used to fit

consolidation behaviour, Butterfield (1979). The one-dimensional logarithmic elastic

relation is ¢ = Klog(ij, where o, (arbitrary constant) and x represent the
Oy

reference-stress and logarithmic elastic flexibility. From the relation in equation

3.8(b), the Helmholtz free energy (f) and the Gibbs free energy (g) can be worked out

as:

f= IG -de = JGO exp(ﬁj -de = k0o, exp[ﬁj and
K K

g=-yg.da=_jxlog(azo]=_,{{log[azo}l}

Therefore, the energy functions of the one-dimensional logarithmic elastic model

become:

Linear model Logarithmic model
Triaxial 1-D 1-D  Triaxial

Section
Elasticity £<—<£<f 3.6.1 L f — KUO eXp ﬁ
’
Elastic perfectly l<— 3 £ 2 l K
plasticity e
Elasto-plasticity with 3 £ 3 1 (3 ° 1 0)
single yield surface l l . o
Elasto-plasticity with 364 g=—/<c70110g —
multlple yield surface i O-O
Elasto-plasticity with 365

infinite yield surface

Note the definition ilog(x)= xlog(x)- x, so that diilog(x) = log(x).
x

2
From the definition of stiffness equation 3.8(c), it becomes K = Z S =2 This leads
&£ K

to the idea that the elastic modulus is linear proportional to the stress.
For the triaxial stress-strain model, the definition of the triaxial stress-strain

parameters and elastic bulk modulus (K) and shear modulus (G) are presented in
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equation 2.2 and 2.3 respectively. Since, it is a fact that the elastic moduli of soils is
non-linear, i.e. the tangent moduli depend on the stress level, the bulk and shear

moduli may be written in the form of a power function of mean stress p:

£:;{£J ,ﬁzgx[ij (3.11)
pe \p.) p. b,

where p, and n represent the reference mean stress and power order. This expression
can be reduced to simple linearity where 7 is equal to unity (i.e. K « p, G < p). In
this research an assumption that the shear modulus (G) vary linearly with pressure
(le.G= gxp)1 is made.

The formulation in Table 3.1 for the triaxial stress-strain case is slightly more
complicated than for the one-dimensional case. It can be expressed in the form as
Relationship of two potentials: f=g+(ps, +qs,) (3.12a)

Triaxial stress-strain parameter definition:

o 9. _ 0% _ % (3.12b)

- ’ - D) v 3€S_
P oe. "1™ e, op oq

Stiffness and flexibility matrix for triaxial stress-strain parameter:

o’f  of o’ g
dp| | og?  os,0s, |[ds,) [de,| | >  opoq |[dp (3.12¢)
{dq}_ o'f  of {da}’{d&}_ _ g o2 {dq}

0¢,0e,  Og] opdq &g’

The linear elastic modulus is displayed in equation 2.3 which are dp = Kde, and
dq=3g pde . Thus, following the relation in equation 3.12(b), the Gibbs free
energy (g) can be worked out as

pE
6g.p

2
g=—[e, dp+g(g)=-L+g(g). and g =—[&, -dg+g,(p)=——1—+g,(p)

2K

Assuming there is no coupling term between p and ¢, g can then be expressed in
equation 3.13.

For the Helmholtz free energy (f), the assumption that p depends on not only

. . . 3g.&!
g, but also ¢, is made, and can be written in the form: p =K (gv +%€9] The

" The subscript x is introduced to distinguish g, from g of the Gibbs free energy
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2
£ : . . .
% term is added in order to generate the complete mathematic relation between g

and f as in equation 3.12, which introduces a small change from the original
definition. Following the same procedure for defining g, f can also be evaluated and

presented as in equation 3.13.

Linear model Loganthmlc model
Triaxial 1-D Secti D TrlaX|aI 5 2
ection
Elasticity <—361—>O;>o f _ K + 3gxgs
= (C"V ,
Elastic perfectly 3. 6 2 2 2

plasticity (

Elasto-plasticity with 3, 6 3 3 ‘ 1 3)
single yield surface p 2 q 2
Elasto-plasticity with 3, 6 4 g = —
multiple yield surface 2K 6
&P

Elasto-plasticity W|th

infinite yield surface 3. 6 5

For example, from equation 3.12(c) the linear elastic stiffness matrix can be

expressed as:

Oz g |1 ¢ g
K¢ - op’ opoq |_| K 3g.p’ 3g.p’
0'g 0’g _q 1
Cpdq  og° 3g.p’ 3g.p

Comparing this matrix with the elastic stiffness matrix for anisotropic soil in equation

q
3g.p

2

2.4 (Graham and Houlsby, 1983), the cross-coupling term (— j comes from

the second differentiation. This term also represents “stress-induced anisotropy”.

For the triaxial stress-strain parameters, the energy function can be calculated

based on the logarithmic elasticity in volumetric behaviour, which is de, zfdp.
p

_dq

. Thus, following
3g.p

Conversely, the deviatoric term is still linear elasticity: de, =

the equation 3.12(b), the Gibbs free energy (g) is calculated:

g =—[e,dp+g,(q)=—m, -ilog(ij +g,(¢), and

Po

qz
6g.p

g=-[sdg+g,(p)=-——+g.(p)

and the final g expression is shown in equation 3.14. Similar to the linear case, p

g, +3g.&2/2

J . The term
K

should be modified and written in the form: p = p, exp(
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3g.&; / 2 is added in order to generate the complete mathematic solution of equation

3.12, which introduces an insignificant modification from the original definition. The
Helmholtz free energy (f) can be evaluated in the same way as procedure for defining

g and it is presented in equation 3.14.

Linear model Logarithmic model
Triaxial 1-D 1-D  Triaxial
Section ¢ 8 + 3 g / 2
Elasticity <—$<—361—>o f — @0 exp x-S
Elastic perfectly

K
plasticity ‘7 3 f 22— 3 1 4
Elasto-plasticity with L ( * )

single yield surface ~—363 2
et — -nog[ij— d

multiple yield surface p 6g p
Elasto-plasticity with 1 3 £ 5 I 0 *

infinite yield surface

For example, from equation 3.12(c) the logarithmic elastic stiffness matrix can

be expressed as:

g _Pg| |k, @ 4
Ke_| o apog|_|p 3g.p  3g.p’
_Og  _Og| | __4 !
opdqg g’ 3g.p>  3g.p
where the cross-coupling term (— 3 l 2] comes from the second differentiation and
g.pP

introduces the stress-induced anisotropy to the material.

3.6.2 Elasto-plastic model with single internal variable

The linear elasto-plastic model has been mentioned in section 3.5; while, the
logarithmic elasto-plasticity model will be stated in this section. A single internal
variable model offers a sudden change of modulus at yield. It behaves as purely
elastic under the yield surface and plastic once yield is reached. The stress-strain
curve is composed of two straight lines (i.e. linear elastic and perfect plastic), and it is
sometimes called the bi-linear model.

A perfectly plastic model is a special case of the elasto-plastic model, in which
there is an absence of hardening or softening. The stress-strain relations are

8=%+0{ and 8=K10g(i

j+ o for linear and logarithmic elasticity respectively,
Oy

which o refers to the plastic strain. Following the stress-strain relation in equation
3.8(b), the calculation of energy functions can be processed as:

Linear model:
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f:IE(g—a)-dg:
g=-f[Z+

f= IO‘O exp(ﬂj -de :crolcexp(
K

Logarithmic model:

= —I Klog o

Hyperplasticity theory

Ele —
(8 a) and
2
2
c=———-o0xa
2F
g—aj and
K

-do =-o,kilog| —

- oa
Oy

The energy functions of the linear and logarithmic perfect plastic model are in

equations 3.15 and 3.16 respectively.

Linear model Loganthmlc model

Tnamal 1- D Tna)ual

Section
Elasticity <— 3. 6 1 —»o—»o

Elastic perfectly 3, 6 2

plasticity
4—3 6 3
_73 6 4—>
+— 3. 6 5

Logarithmic model

1-D  Triaxial
Section ¢

4—361—»04%)

Elasto-plasticity with
single yield surface

Elasto-plasticity with
multiple yield surface

Elasto-plasticity with
infinite yield surface

Linear model
Triaxial 1-D
Elasticity

Elastic perfectly
plasticity

or ._I<—3 6 2
Elasto-plasticity with «—363—»0—

single yield surface

Elasto-plasticity with
multiple yield surface «+—3.6.4 I
ity with +— 3.6.5

infinite yield surface

f= E(g—oe)2
2 b
(3.15)
2
=————0oa
Y
oo ).
K
(3.16)
g =—o,kilogl — |- o
Oy

The plasticity can be modelled by using the friction slip component which

generates the dissipative energy in form the d =

, where c is a friction stress in the

slip component. The yield function can be calculated using Legendre transformation

x 8a S8\

in equation 3.17.

Linear model Logarithmic model
Triaxial 1-D . 1-D  Triaxial
Section ¢
Elasticity -~ 3.I5.1 —»O0——»O
Elastic p.er_fectly 3.6.2
plasticity l
Elasto-plasticity with 3.6.3
single yield surface l
Elasto-plasticity with
multiple yield surface 3'1“ I
ity with «——3.65

infinite yield surface

y=[z]-c=0

( )) thus the dissipation and yield function are written in the form as

(3.17)
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. . _ 0
Note that the generalised stress is defined by y = —a—e, where e represents one of the
a

four choices of the energy function. Thus, the yield surface in the case of one-
dimensional elastic perfectly plastic becomes y = |G| —c =0, and can be drawn as in
Figure 3.6(a). If the hardening term is addressed by replacing the slip friction
component (c) with the linear hardening term (Hea ), the yield function
becomes y = |a| —Ha =0. For this case the yield surface can be plotted as in Figure
3.6(b). If the hardening term is also added into the energy function, the yield surface
might be illustrated as in Figure 3.6(c). This could be a benefit for developing a
model to describe the consolidation behaviour. To deal with this, the model with a
kinematic hardening function is considered in the next section.

A

(a) (b) (c)
Figure 3.6 One-dimensional yield surfaces;
(a) Elasto-plasticity, (b) Elasto-plasticity with linear hardening term,

(c) Elasto-plasticity with hardening function in the energy potential

For triaxial stress-strain parameters, the energy function has been referred to in

equation 3.13 and 3.14, but the plasticity terms («,,,) have been not yet

considered. Following the formulas in equation 3.12(b), the energy potential can be

expressed as equation 3.18 for the linear model and equation 3.19 for the logarithmic

model.
Linear model Logarithmic model
Triaxial 1-D Secti 1-¢D Trizxial 3 ( 2
ection
N\, — &
Elasticity «— 3.6.1 —»O f _ K (5‘ —a )+ g)u K q
. l - v P s
Elastic perfectly 3.6.2 2 2

plasticity e
Elasto-plasticity with 3.6.3 (3 * 1 8)
single yield surface T l p 2 q 2
Elasto-plasticity with —_—— -

Elasto-plasticity with
infinite yield surface

multiple yield surface :1‘*3'15'44’ I 8= K 6gxp (pap + qaq )

+— 3.6.5 —
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Linear model Loganthmlc model
Trla)ﬂal 1- -D Triaxial

Elasticity :?::LOHO f KD, exp( (gv -a, )+ 3gx (gs -a, )2 /2J ,

Elastic perfectly K

plasticity ‘—I%sfz 3 19
Elasto-plasticity with 363 ( * )
single yield surface ‘—]7 l p q 2
B =i, silog - |~ (pa, +qa,)
0 X

Elasto-plasticity W|th
infinite yield surface

<—365—>

The dissipation potential has to be chosen in order to correspond with the

2

elliptical yield surface of the MCC model y =y ot —c¢* =0, where cis half of

the major axis of the elliptical yield surface. The reader should be reminded that the

definition of the generalised stress (), the two generalised stresses are defined

oe _ Oe .
» X, =———, Where e represents one of the four choices of the energy

as:y, =———
r oo, oa

q
function.

Firstly, assuming the dissipation is proportional to the rate of internal

variables, which is in the form of d o \/c) + M*a] . Next, by using the Legendre

aa.d Xy = od . Thus, the dissipation function and the
a

transformation, we get y o = 5
P aaq

yield function become as in equation 3.20.

Linear model Loganthmlc model

Tnamal 1- D Tna)ual
Section

Elasticity <— 3. 6 1 —»o—»o 3 3 3
Elastic perfectly <—362 C"\’ap +M Olq :0,
plasticity

1/ +, >IM?

(3.20)

Elasto-plasticity wi

single yield surface' 3 6 3—

Elasto-plasticity with

multiple yield surface 364 I

Elasto-plasticity with

infinite yield surface 365

Note that the shape of yield surface depends on the definition of generalised stresses
(X, X,)-

The shape of yield function in the case of triaxial elastic perfectly plastic
2
9 > > =0, and can be drawn as in Figure 3.7(a). Similar to the

one-dimensional case, a development for the consolidation model requires an

modification of the yield function. If the slip friction component (¢) is replaced by the

2

—(Hocp)2 =0.
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For this case, the elliptic yield surface can be plotted as in Figure 3.7(b). If the
hardening term is also added in the energy function, the yield surface may be
illustrated as in Figure 3.7(c). This may also be described with the model with a

kinematic hardening function which will be considered in the next section.

q q

A A
A A
"/ = p \"/ =p

(@) (b)

-
|

Figure 3.7 Yield surfaces in triaxial

stress plot;

(a) Elasto-plasticity, (b) Elasto-

A > p
Uap plasticity with hardening function,
(c) Elasto-plasticity with hardening

function in the energy potential

3.6.3 Elasto-plastic model with single kinematic internal variable
The single kinematic hardening model is similar to the perfect plasticity
model. The slight difference is that a hardening term is added in the energy potential

function. For the linear elasticity model, the hardening term in the energy function is

Ha?

calculated by integration of Ha term, which ista da = . The linear energy

potentials are stated in the equation 3.21.
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Linear model Loganthmlc model
Trla)ﬂal 1- D TrlaX|aI
Section 2 2
Elasticity 4— 3. 6 1 —»O—»o f E(g - a) HO!
- s
Elastic perfectly 3, 6 2 2 2
plasticity (3 2 1)
Elasto-plasticity with 5 2 :
single yield surface o Ha
Elasto-plasticity with 3, 64 g = —E —oa+ 2
multiple yield surface

Elasto-plasticity W|th

infinite yield surface 3. 6 5

In contrast, the logarithmic model uses an exponential hardening term, which

is calculated fromjcf0 exp(%)-da =0, exp(%j, to be included in the energy

function as in equation 3.22.

Linear model Loganthmlc model

Tnamal 1-D Secti D Tna)ual
ection
N N 6 X E—a (04
Elasticity H R f =o,kexp| —— |+o,Aexp =)
Elastic perfectly K
plasticity 3 6 2
Elasto-plasticity with
single yield surface 3 f -3 . O a
Elasto-plasticity with 364
multiple yield surface l O-O
Elasto-plasticity with 365

infinite yield surface

(3.22)

Nevertheless, for the dissipation and yield function, the expressions used are likewise
the same as in equation 3.17.

A special feature of the consolidation behaviour of soil is that when the stress
state is touching the yield surface, the yield surface will translate and expand along
the p-axis (in triaixal stress space) as illustrated in Figure 3.6(c). This leads to the

idea of controlling the amount of the yield surface expansion to equal the amount of

the translation of yield surface’s centre, i.e. substituting ¢ = Ha or ¢ =0, exp[%j
into equation 3.17. Thus, the yield surface becomes y:| ;(|—Ha =0 for linear
model, and y = | )(| -0, exp(%} =0 for logarithmic model.

The triaxial stress-strain models for the elasto-plastic model with the
kinematic internal variable are now considered. The hardening terms are required in
the equations 3.18 and 3.19 for explication of the kinematic hardening behaviour. For
the linear elastic model, the separated linear hardening terms of volumetric and shear

behaviour are used in the energy potential, which are calculated from
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2

H,a, H,a, _
J.Hpap-dap =T andJ.anq-daq =T respectively. The use of the

dissipation function and yield function are the same as in equation 3.20.

Linear model Loganthmlc model 2

TrlaX|aI 1- D TnaX|aI
Section

Elasticity <— 3. 6 1 —»o—»o H a

2 2
Elastic perfectly + : ’ + - ;
plasticity R?’ f 2 2 2 3 23
Elasto-plasticity wi - 363 »b__ wi ( ’ )

single yield surfac p 2 q 2
Elasto-plasticity with - - - ( )
multiple yield surface 3 f 4 g 2K 6g p pap + q aq
Elast ici WIth x
infinite yield surface 365 H P H 2
Pap qaq
+ +
2 2

Note that for the consolidation behaviour, the term c¢ is replaced by H &, as in

equation 3.20. The yield function becomes y=,/y,+y./M*—H,a,=0 as

illustrated in Figure 3.7(c).

For the logarithmic relation, the hardening term ( p_) is assumed in terms of

an exponential function. We know from the one-dimensional model that the

a
hardening function of &, is Ap, -exp[ij. The hardening function of the triaxial

model (in terms of ¢, &, ) is assumed as following the elastic term in the Helmholtz

a, +3g&] /2

free energy (f), which is ﬂpo-exp( P

J. Therefore, the final energy

potentials end up with the form as in equation 3.24.

2
(gv —ap)+ 3gx(gs —aq) /2
f = np, exp
Linear model Loganthmlc model K
Triaxial 1- D Trlaxml
Sectlon
Elasticity 3 6.1 —>04>o

Elastic perfectly

plasticity
icity with 1

a, +3gef/2}

L +ﬂp0-exp[#

Z J 2 (3.24)
£ =—Kp, -ilog(ﬁl—q——(pap +qaq)
L Dy

1

smgle yield surface

Elasto-plasticity with
multiple yield surface

6g.p

a +3ge’/2
+Ap, -exp{—p ﬂg S/ J

Elasto-plasticity with

O 3
infinite yield surface ©
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a, +3g¢&l)2

For the consolidation behaviour ¢ = p_ = Ap, ~exp( P

J is replaced into

equation 3.20. This idea is employed to control the expansion of yield surface and
translation of yield surface’s centre occurring simultaneously.
In Collins and Houlsby, (1997), the MCC model was displayed in the

thermomechanics framework, in which the two potentials are defined as:

g= —Kp(log[ﬁl - lj “ L _(pa +qa,)+(1-x)p, exp( il j

6G A—xK

a : :
d=p, exp(rp’(}/a; + M2
This model is an application of the single kinematic hardening model, in which the
shear modulus (G) is constant and the kinematic hardening term is defined following

the MCC model. The elastic and plastic bulk modulus are related to x and A values

as K= and K » :§ respectively, where x and A are defined as two constant
K

slopes of the consolidation curve in In v—In p'plot. This model is one type of the

elasto-plastic model with a single kinematic hardening yield surface, in which one of
its main drawbacks is that it is purely elastic inside the yield surface and plastic on the

yield surface.

3.6.4 Elasto-plastic model with multiple kinematic internal variables
Combining the idea of kinematic hardening and multiple internal variables
together, the piecewise linear stress-strain response can be built. This model can be
thought as a series of spring and friction slip components in the multiple yield
surfaces model, Iwan (1967). Following this approach, the one-dimensional linear
model with multiple kinematic internal variables can be formulated as shown in
equation 3.25 for the energy functions and equation 3.26 for the dissipation and the

yield function, Puzrin and Houlsby (2001b).
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Linear model Logarithmic model
Triaxial 1-D Secti 1lD Triaxial )
ection 2
n
Elasticity i 3.5.1 RN S f . E(&' — a) " Z Hla[
l l B ’
Elastic perfectly 3, 6 2 l 2 i-1 2

plasticity

(3.25)

Elasto-plasticity with

single yield surface f 2 n a2
—_ 1 1
with 364 g - oo +
multlple yield surface l 2E i—1 2
i=
ity with
mfmlte yield surface © 365
Linear model Logarithmic model
Triaxial 1-D 1-D  Triaxial
i Section L n
Elasticity 3. 6 1—>»0—»0 d _ . _ C. = 0
o e =26\, Vi =X 6=
astic perfectly .
plasticity 3f 2 =1 (3 26)
Elasto-plasticity with 3.6.3 :

'S

N N n
single yield surface i *

Elasto-plasticity with ! and ¢ =a—§a[=0
multiple yield surface i I i=1

Elasto-f icity with X 3.6.5

infinite yield surface

Note that the total of an internal variable is the sum of each kinematic internal

variable, which plays the role of the plastic strain. This may be thought of as a

. .. . *
constraint condition, i.e. ¢ =a — Z a,=0.
i=1

The dissipation function is computed from the summation of the dissipative

energy of each slip friction element, where c, is the friction stress of the i"™ element.

The Legendre-Fenchel transformation is used for the evaluation of the yield functions.

A simple form of the friction stress is linearly proportional to the maximum friction

stress (or size of outer yield surface). Thus, c, is generally defined as ¢, = [ch +c,,
n

where n, c, represent the number of the internal variable and an amount of elastic

region (for simplicity sometimes ¢, is set to zero). In this research, c; is defined as

c, = (—je . Furthermore, for consolidation behaviour the size of each yield surface is
n

simply defined as ¢, = [in Q.
n

For the logarithmic relation, based on equation 3.22, the energy function of the
one-dimensional logarithmic model with multiple kinematic internal variables can be

written into the equation 3.27.
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Linear model Logarithmic model

Triaxial 1-D . 1-D  Triaxial
Section L

Elasticit i«—i«—sm—»o—»o E—qa L .
e T = K - € + . /1.6 —
P 7=, cexp = v 3 e G

Elastic perfectly l
i

plasticity 3
Elasto-plasticity with

| (3.27)
single yield surface 363 . o ! ai
Elastoplasticity with | g =—ko, -llog| — —O'a+0'0-2/1iexp—
multiple yield surface i 3'f'4 O-O i=1 /Ii
Elasto-plastici witho 3.6.5
infinite yield surface e
The dissipation function and the yield function of the logarithmic multiple internal
variables model also uses equation 3.26. In addition, for consolidation behaviour the
. . . a ) (i
size of each yield surface is defined as ¢, = o, exp| — |-| — |.
A, n
For the triaxial stress-strain parameters, the energy functions of linear and
logarithmic multiple kinematic hardening models are evaluated and presented in
equation 3.28 and 3.29 respectively.
K 3gv (SS - aq )
f=—|le,—a, |+ ———=
Linear model Logarithmic model 2 P 2
Triaxial 1-D Section 1-D  Triaxial
Elasticity 3.6.1 ' n H CZ2 H 0!2
i + Pl pii + 91 g5k
Elastic p_er_‘fectly —3.6.2
plasticity l i=1 2 2 (3 28)
Elasto-plasticity with 363 2 2 :
single yield surface i _ p q ( + )
Sl sty Ls-fA 770Kk e P TI%
Elasto-plasticity with § 365 n | 2 H o
infinite yield surface p’iap’i q’iaq’i
+> +
= 2
2
_ e, -a,)+32.(e. o, /2
S =Kp, exp
Linear model Logarithmic model K
Triaxial 1-D Section 11D Triaxial )
Elasticity 3.6.1 —»0——»0 z ap,i + 3giaq,i /2
l £ + Z/II. Do - €Xp
Elastic perfectly 362 - A
plasticity l i=1 i 3 29
Elasto-plasticity with 363 2 ( : )
single yield surface i 1 p q (
to-plasticity wi =— ilo - a+a)
rI|E1IuItipIer yield sl.rfatc'; '73'15'4 £ o g 0 6G P&, T4%
Elasto plasticity with 36.5
’ " a,, +3g.a;, /2
+ Z’L‘po 28Y p)

For the second potentials, the dissipation function and the yield surface are
modified from equation 3.20, taking into account the multiple internal variables. The

final expressions are shown in equation 3.30.
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) D q.i
Linear model Logarithmic model i=1
Triaxial 1-D Secti 1lD Triaxial
ection
Elasticity i 3. 6 1—»0—»0 2 2 2
) Vv, = ;(p’i+;(q’i/M -c, =0
Elastic perfectly 3, 6 2
plasticity
Elasto-plasticity with 3, 6 3 n (3 ° 3 O)
. . -~ *
single yield surface i and cC = -— E a — 0
to-plastici i p p pit 4
El wit] 36.4 i—1
multiple yield surfaci l =
Elasto-plasticity with I
infinite yield surface 3.6.5 " n

Note that the total of an internal variable is the sum of each kinematic internal

variable, which plays the role of the plastic strain. These may be thought of as two
constraint conditions, which are ¢, =a, —Zam =0, ¢, =0, —Zaqﬂ. =0 fora,
and o .- In addition, for consolidation behaviour in the triaxial case the size of each

yield surface can be defined as: c, —( jH a, and
n

a,, +3gal, /2
A

l

¢, =P, exp( } (nj for the linear and logarithmic model respectively.

3.6.5 Elasto-plastic model with continuous kinematic internal function

Following the idea of the continuous kinematic internal functionc,(77), a

smooth stress-strain curve can be generated. This idea is further developed from the
multiple kinematic hardening model, in which the summation of finite internal
variables is replaced by the integral of the internal function, Puzrin and Houlsby
(2001b). The energy functions of the one-dimensional models are shown in equations

3.31 and 3.32 for the linear and logarithmic models respectively.

Linear model Logarithmic model
Triaxial 1-D Section 11D Trijxial E( 2 1 ﬁ AD
i
&— a) a
Elasticity 3. 6 1—>0—»0 f — + I dn
s
Elastic perfectly 3. 6 2 £ 2 0 2

plasticity - l 3 3 1
Elasto-plasticity with 36, 34>i 1A ( : )

single yield surface - i O Ha
to-p icity with —364—» g = — _O-a+ dn
multlple yield surface i 2E 2
Elasto-plasticity with 365 0

infinite yield surface
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1

4 A
+ | Ao, -exp| — |dn,
j{ ' p(z)n

g =—ko, -ilog| — i .[/10'0 exp(ajdn
o, A

Linear model Logarithmic model
Triaxial 1-D 1-D  Triaxial

i r
Section _
Elasticity i.—i«— 3.6.1 —»ﬁ—»ﬁ f = KO, - CXP[

Elastic perfectly l l_ﬁ 3 £ 2 J

plasticity

|

(3.32)

Elasto-plasticity with 3

single yield surface
Elasto-plasticity with
L

multiple yield surface

Elasto-plasticity with
infinite yield surface

The continuous dissipation energy and yield function are additionally shown in

equation 3.33 by Puzrin and Houlsby (2001b).

Linear model Logarithmic model
Triaxial 1-D ) 1-D  Triaxial
Section L .
Elasticity 3s1—>o—>o d — @ d‘d?] ;2 C" =0
Elastic perfectly l l 3, 6 2 £ 0

plasticity ‘—(I
Elasto-plasticity with — 3 6 34>i . (3 . 3 3)

single yield surface «
and ¢ :a—jadn =0
0

Elast icity with
multlple yield surface 1‘* 3f .4
Elasto-plasticity with
infinite yield surface © 3.6.5
1

Note that the total of an internal variable constraint condition is ¢ =« —J-dd n=0.
0

A simple form of the ¢ function can be defined as a linear function in the internal

coordinate. Thus, the ¢ is generally defined as¢ = cn +¢,, where ¢, ¢, are arbitrary
constants. In this research, for simplicity ¢, is set to zero, thus ¢ becomes c7.

Moreover, for consolidation behaviour of the infinite yield surface model it is simply

. a
defined as ¢=Han and ¢=p, exp(Tp]-n for linear and logarithmic model

respectively.
For triaxial stress-strain parameters model, the energy formulations are

expressed by equations 3.34 and 3.35 for the linear and logarithmic models

respectively.
2
K(gv—a ) 3G(g -a )
Linear model Logarithmic model f o 2 2
Triaxial 1-D . 1-D  Triaxial
i Section L L 4y ~2 L N
Elasticity 361—»0——0 HPaP anq J
+ '[ + n
Elasti rfectl
asptlle‘:s‘t)iecit;ct Yoo I‘* 3 6 2 0 2 2 334
Elasto-plasticity with — 3, 6 3 2 2 ( : )
single yield surface p q ( o + qa )
e Il l g=—"———-(p
multlple yield survf:ce 4*35 4 I 2K 6G P g
Elasto-plasticity wit I 2NN LA
infinite yield surfacel 3.6.5 ! Hp 12) Hq ; J
+ j + n
) 2

3-28



Hyperplasticity theory

& -« 3Gle. —a f
f:@o.exp[ ! pJ+ (S q)
K 2

Linear model Logarithmic model
Triaxial 1-D 1-D  Triaxial

Section 1 ~ A A2
Elasticity i 361 —»i—»o A (24 » +3 ga q /2
_ I + | Ap, -exp| ———— |dn
N ) A
Elasto-plasticity with 2
single yield surface i . p q ( )
Elasto-plasticity with g=—Kp0-110g R pap+qaq
multiple yield surface 364 pO 6G
e psiotywin {1 L. :
infinite yield surface 1 . ap + 3gaq / 2

+J./1p0 -exp| ———— |dn
0 2{

The dissipation and yield function can be modified based on the multiple yield

(3.35)

surfaces model in equation 3.30, and thus the formulations become as in equation

3.36.

Linear model Logarithmic model

Triaxial 1-D . 1-D  Triaxial
Section L

Elasticity 3.6.1 —»O0—»0

Elastic perfectly l

plasticity 3.6.2

(3.36)

Elasto-plasticity with

+—3.6.3
single yield surface

Elast: icity with

multlple yield surface 3'15'4
Elast icity wit| 365

|nf|n|te yield surfac

Note that the total internal variables are calculated from the integration of the
kinematic internal variable, which plays the role of the plastic strain. The particular
case of the ¢ function is simply defined as a liner function with an internal

coordinate, which is ¢ =c#n. In addition, for consolidation behaviour of the triaxial
. oA . a,+3ga 32 / 2 _
case it can be defined as: ¢ = H ,&,n7 and ¢ = p, exp 7 -7 for the linear

and logarithmic model respectively.

The models, however, need an expression of the kinematic hardening function
which corresponds to the observed stress-strain curve. This process involves much
trial and error in order to define the mathematic formulae. Some selected hardening

functions, which are suitable for soil behaviour, will be presented in the next section.
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3.7 Continuous hardening function

In the previous section, the continuous hardening functions are required to
define the stress-strain response for the continuous hyperplasticity model. The
continuous function provides a smooth transition of the stiffness from elastic stiffness

(when 7 =0) to plastic stiffness (when 77 =1). In order to construct the stress-strain

curve, some components of the curve must be decided upon such as the initial slope,
the asymptotic slope, and the secant or tangential slope at particular stress. This is
because a particular hardening function is able to define only one particular stress-
strain curve, for example the kinematic hardening function in equation 3.7 is used to
generate the curve in Figure 3.4. The research is conducted separately for linear and

logarithmic stress-strain relations.

3.7.1 Linear volumetric stress-strain relation

Puzrin and Houlsby (2001d) showed how to define a new hardening function
based on a particular curve (backbone curve). An example of a specific form of the
hyperbolic curve is also given in that paper. A more general hyperbolic curve, which
can control the asymptote (c) and the rate of change of slope by adjusting two
additional parameters (a, b), is shown in Figure 3.8(a). A hardening function for the
general hyperbolic curve is in the form:

~_ E-(1-n)
= SPin (3.37)

c/c,

0.5

> ¢c/c

(a) (b)
Figure 3.8 Hyperbolic stress-strain backbone curve

(a) Horizontal asymptote (b) Sloping asymptote
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This following section shows a mathematic proof of the hyperbolic hardening

function (equation 3.37) based on work by Puzrin and Houlsby (2001a).

General hyperbolic curve (Backbone curve)

. . ~ ~ ~ Aa ~ o—¢C
Now, consider the first loading from y =c¢, and y = o — Ha thus,a = 7

For the case ¢ =cn and assuming the hardening function as in equation 3.37, we

obtain:

o/c ofc
o o-cn o 2(a—1) o-cn
. —Ldn=— d
’ E+£ A TETE !(1—77)1’ !

2(a—1) ( ! —(b—Z)G—CJ

2+
E b-1)b-2)E (c — (')')b_2

Next, following the method presented by Puzrin and Houlsby (2001d) for general

H(n), we obtain:

d25:2(a—1)[ 1 ]: 1
do’ E \cl-o/c) ) cH(o/c)

2
Thus, the loading curve can be defined by d 82 =— ! , which is exactly the same

do®  cH(o/c)

as equation 3.6.
The modified version of the hyperbolic hardening function is shown in
equation 3.38.
= E-l=rn) (3.38)
2(a-1)
The modification gives a sloping asymptote (when 7 approaches to 1), which is
controlled by the parameter r, see Figure 3.8(b). The r-value should be between 0

(asymptote approaches vertical) and 1 (horizontal asymptote).

Consolidation loading curve
Now, we consider the loading curve of the consolidation model.
o

From j=¢é=pn=Han=,and 7 = o — Hé thus,d = ——.
H-(1-7)
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So, ¢ =

TR

/e
o
+ ,\—dﬂ
l H-(1-n)
o/c

Differential with respect to time: & = 94 J -
o H- (1 - 77)

1 UJ/'C

—t |
E H'(l—ﬁ)
d’e 1

Second derivative with respect to stress: —=—
do*  H(o/c)(c~o)

o dn

. o ) de
First derivative with respect to stress: =

—_— d
do g

Swelling unloading curve

For the unloading curve, unloading from o, (maximum stress history) and
yieldup too , we get o, = ﬁx(l + 77*), and o = f?x(l - 77*) (see Figure 3.9), where

D, = Hé for the consolidation model.

A

Outer yield surface

Figure 3.9 lllustration of the yield surfaces during on unloading from o&,, and yield up too

The results are 7%= 22— dn*_ 20, -, and o _l=n*
O-m+o- do (O-m+(7) o, 1+77*

So g=3+TLdU=3+”f g d;;+j In__ap

©E qni(-n) " E GH(-n) " . A(+n)

Differential with respect to time:

EJFTA dn+| — o __ o, ,?*=E+’]‘A—
E H(-n) " \A*(1-n*) H*(+n*)) E 3H(1-n)
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2 * -
Second derivative with respect to stress: d i =— ! dn =— g
do® H*(1-n*) do  H*o(o, +0)

2

Thus, the swelling unloading curve is defined by d = — .
do’ H*o(o, +0)

P A InvV A

v

m

(a) (b)
Figure 3.10 Consolidation loading and unloading curve

(a) Linear stress-strain relation, (b) Logarithmic stress-strain relation

Evaluation of the hardening parameter
Using the hardening function in equation 3.38, the linear consolidation

K-1-rn)

, which has four parameters
2a, -1

hardening function can be written as H b, =

(K, ap, b, and r) in total. The following are four conditions defining the components

of the consolidation curve (see Figure 3.10(a)):

1. Initial bulk modulus K, K = d_p

de

Vie,—0

Il
|
+
>
QU
S

1
2. Tangential bulk modulus K, at particular p, — _—
r K, K 4 H,(-n)

I
3. Plastic modulus K, (or asymptotic slope), — =—+ | ———
’ KP K 2[ Hp (1 - 77)

4. Secant modulus K at particular p”,
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1

1 1 p /C
= 4 _ _ pm - p d77
Ksec K pm_p 0 Hp(1+77) Hp(l_n)

Thus, the above four conditions are adequate to estimate the linear consolidated
parameters.

On the shearing behaviour, the shear modulus (G) is assumed to be linearly

proportional to the mean stress that is G=g_p. The shear hardening function is

3g,p-(1-7n)"
2(aq —1) '

parameters (g, a4, b,) are evaluated by using the shear stress-strain curve. Firstly, the

assumed by equation 3.37, which is H .= The additional three

gy value can be obtained from the initial shear modulus (shearing after the

consolidation process), which is G,, =g, p., where p. represents consolidation

pressure. The a, and b, parameters are observed using the parametric study based on

experimental results.

3.7.2 Logarithmic volumetric stress-strain relation

Consolidation loading curve

Consider first loading from 7 = ¢ =no, exp(%], and y = o — o, exp(

)

A»| SN

thus, a = ﬂ:log(

i)

,]*
£ = Klog(iJ + J-/i log(L]d n, where n* is the largest active internal
0 Oy (1 + 77)

O,
coordinate.

Differentiating with respect to time:

- U . . n* .
é=K2+I/1£dU+/110g 77*=KE+I/12d77,since1+77*=i,
c O y O

9
oy (1+7%) o )

x A

: . ds x A
First derivative with respect to stress: — = — + J.—d n
do o o

It is noteworthy that the definition of the conventional slope of the consolidation line

de Thus,

s — = aﬁ L
d(logo) do d(logo)

n*
=K+ J./Idn. The slope of the consolidation
0

line should go to A, when 7 approaches to 1, and equal tox, when 1 =0.
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As a result, a possible function A is assumed in the form of the power

function:
A=(A-x)n+1)p" (3.39)
where n is the degree of power function and x, A are the slope of the swelling line

and normally consolidated line.

Swelling unloading curve

The form of A is probably best determined from the unloading curve.

&= Klog[ ) jzlog[m}im Iﬂlog{ﬁjdm,

where o, represents the stress history.

Differential with respect to time:

. 6., [ G j - o - o .
E=k—+ |Alog ——— |dn+| A*logl —— |- A *logl ——— | |'n*
e wi-r9) )

. n* .
é=K£+I/’t£d77
c 3 O

8 A
Og 0) 0

n*
. o . k A
First derivative with respect to stress: — =— J.— n, so
o o

This leads to the same equation as derived from the loading curve.

Evaluation of the hardening parameter

There are three parameters (x,A, and n) for the logarithmic hardening
function (equation 3.39). The x and A are the conventional soil parameters, which
respectively represent the slope of swelling line and normally consolidated line. The
n value can be obtained using the measure of the slope at half of the maximum past

pressure (o,,/2).

1 .
Let ' = de at < = (see Figure 3.10(b)),
d(loge) o, 2
then from Figure 3.9, n*= In9 _ 1 .
c,+o 3
Thus, =3"*""_in which the n value can be obtained.
k' -k
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For the shearing behaviour, the assumption of the shear modulus which is

linearly proportional to pressure is still used (G =g, p). The shear hardening

g (-n)

2(a—1)

shear hardening parameters (g, a, b) are evaluated by using the same methodology

function also uses the form of equation 3.37, which is g = The three

described in the linear model.

3.8 Summarised table of the hyperplaticity soil model

One-dimensional model

Table 3.6 The development of formulae for one-dimensional model

Model Linear stress-strain Logarithmic elastic stress-strain
1. Elasticity o’ _ ( o j
g=—— g = —ko,ilog| —
model 2E Oy
’ o
=——-o0xa =-o,k1log — |-
2. Perfect £=75F g=-0,Kli g( o j oa
plasticity model )
y=|r]=c=0 y=lz-c=0
2 2
o Ha
3. Work g=-p"o + 5 g= —O'OK'ilOg(£] —oa+o,A exp[gJ
hardening %o A
plasticity model y=|r-c=0 y= |;(| —-c=0
. 2 n 2 n
4. Multi work g=-2 _oa+ Z ez g =-Ko, .ilog(:—-J —oa+o, .Z;Ll_ exp(j)
hardening 22 i1 ’ - ’
plasticity model V= |;(,| —c, = Vi = |Z,| —¢ =0
. 2 L /yna2 [ A
5. Continuous g= % _us H dn | §=-x0, -ilog(:] —-oa+ jxlao -exp(jfjdn
work hardening 2E 0 ’ ’
plasticity model y=|7-¢=0 y=r-¢=0
e d .
Note: the definition ilog(x)= xlog(x)- x, so that d—llog(x) = log(x)
X
This section will summarise all the developed models, based on

hyperplasticity theory. Each model is defined by two potentials (energy function and
dissipation or yield function). The following section will present the model by using

the Gibbs free energy (g) and the yield function (y).
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The study begins with the elasticity model, followed by the perfectly plastic

model, the kinematic work hardening plasticity model, and the multi work hardening

plasticity model respectively. The development ends with the continuous work

hardening plasticity model (plus the consolidation variant for consolidation

behaviour). The above development is applied to both the linear and logarithmic type

of stress-strain behaviour as summarised in Table 3.6.

Triaxial stress-strain model

Table 3.7 The development formulae of triaixal model

Model

Linear volumetric

stress-strain

Logarithmic volumetric

stress-strain

1. Elastici 2 2 2
v g:_p__ 1 g=—/<po-ilog(£J— q
model 2K 6g.p Py) 68.p
P4 p) & ( )
2. Perfect 8775k 62.p (P‘Zp qaq) g =—kp, 1 Og(poj 62.p ra,+qa,
lasticity model
P Y yEAxL A IM? —c=0 vt MY —c=0
pZ 6]2 ( ) p qz ( )
8§=—"7,-7 _—\p& +qa g = —Kp llog— — —\pa J,-qa
3. Work 2K 6g.p r ¢ 0 (poJ 6g.p r q
. Ha® Ha’ 43052 /2
hardening P A p[Off/}
plasticity model

yz,/;(;+;(;/M2 -c=0

2
14 q — . -ilool £ |- 4 _(
= _ ~pa, +qa, | §=—Hp, -ilog ra, +qa
4. Multiwork |~ 2K 6g. (ba, +qa, ' (OJ 6g.p = " ¢
. W H o) H ol n a  +3g.a’ /2
hardenlng +Z p,lapl q,zaql +Z/1,.p0-exp[ Pl /fl q,i J
plasticity model 2 2 = i
V=X T g I M7 =, =0 Vi =Xt Ky I M? =, =0
2 2 2
p q p q
g=—"—-—"—-\pa, +qa,| g=-1p llog[— - ~(pa, +qa
5. Continuous 2K 6g.p ( ! ! ’ Po) 08.p ! !
i LA &> H,G? L G, +38G2 /2
work hardening +J‘ oZp Do gy +I’1p0 exp[ » 4‘37 Ul
plasticity model 0 2 0 A
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This section summarises the triaxial stress-strain models; the model formulae
are expressed in two types of stress-strain relation. The triaxial model development is

concluded in Table 3.7 in a similar pattern to that of the one-dimensional model.

Continuous kinematic hardening model with consolidation variant

The final soil models developed, which are used in this research, are
summarised in Tables 3.8 and 3.9 for linear and logarithmic models, respectively. The
ultimate models require eight parameters (for linear), or seven parameters (for

logarithmic) plus one parameter (u) for rate-dependent. They describe a smooth

change of response between elastic to elastic-plastic, a hystersis loop due to the
immediate stress history, and can accurately predict the strength as well as the rate-
dependence process. The significant advantage of this model is that it tries to
compensate for the separate prediction of small strain level (e.g. cyclic behaviour) and
large strain level problem (e.g. strength). The implementation of the model will be

presented in the next section.

Table 3.8 Triaxial linear volumetric stress-strain model with continuous

kinematic hardening plasticity plus consolidation variant

Constants K g, M, a, by, 1, a, b,
> P tH,a Ha!
14 q »“p g
=———-—"——\pa, tqa )+ + d
& 2K 6g.p (p r q) -([ 2 2 7
Potential . . 5
p=Ay.+y /M —H an=0
functions YENL T X Tl
1 1
c,=a, —jdpdnzo, c, =a, —Ja dn=0
0 0
Basic 2
o gvz—a—gzﬁ—q—2+ap,gsz—a—gzi+aq
derivatives o K 6g.p oq 3g.p
Hardening A 1-rn) . 1-7n)"
)= S A= e
functions 2a, -1 2la, -1
Notes creplaced by p.n= H ,a,n for consolidation variant
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Table 3.9 Triaxial logarithmic volumetric stress-strain model with continuous

logarithmic work hardening plasticity plus consolidation variant

Constants po (reference pressure), x, 4, M, g, a, b
Definitions | Note the definition ilog(x)= xlog(x)- x, so that %ilog(x) = log(x)
_ 2 L a,+38a4’/2
g:—/(pollog(ﬁj——q —(pap +qaq)+p0'|./1exp L1 \dn
py) 6g.p 0 A

Potential a, +386%/2

=12+ 72 IM? - p,exp| L—T-2L—n=0
functions YN T Po %P A

1 1
c; =a, —Idpdnzo, c,=a, —Iaqdn =0
0 0
Basic
V——a—g—xlog(ij— 1 ~ta,, __a_g_ 9 +ta,

derivatives op Py) 6g.p dq 3g.p

. \ A-x

An)=(A-x)n+1)y", where n =|log — /log(3)|-1
Hardening K—-x
functions 1-n)

sl)=U

2(a—-1)
a, +3ga

Notes .

/2
Replaced ¢ by p.n=p, exp(#q]n for consolidation variant
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3.9 Calculation algorithms

The potentials to define the constitutive model for soil behaviour have been
proposed in the previous section. In order to develop the stress-strain response, the
incremental response is introduced. One of the benefits of the hyperplasticity theory
is that the rate-dependent plasticity can be derived from two potential functions. The
following section will show two separate algorithms used to provide the stress-strain

increment.

3.9.1 Rate independent formulation
Calculation

The derivation of the incremental response begins with the differentiation of
the energy function. For example, based on Gibbs free energy function, the further

differential, which gives the rate of the variables, can be shown below.

82 o 0’g
de, = -——=—da 3.40
j [ 60,00, (?ak, %4 " s 00, " (340)
. 0’g 0’8 .
dy, =— d ——da 3.41
YT ed,00, M da0h, N (3-41)
A HE
In addition to flow rule da, =A(77)2Ji and combing it with the consistency
NE 58 NE
equation dy*® =6Ldal./. + = 2 da; + 2 dy; =0, the final constitutive equation,
do, ~ Oa,; or;,

which eliminates the d, term, becomes

~g ~g ~g 2 A 2 A
dp® = oy daij " éyA ddij n an = Aa g do'l.]. 0’8 - d =0 (3.42)
oo, oa, oy oa, oo,  oOa,da,

y y

The overall increment response can be represented together in matrix form:

lor0 lor0 0 0
0’g 0’g
- -1 -——2 _d 0
Ag; or AO'ij 20, ao—i}' I 90, 8a n dO'ij
0 ' oe de,
e R T R
0 * * aZU [A\U
NE NE
» 0 P 0
i 6‘71; 605{/ |
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e G A

oo, 0o, Oy ao?k,aal.j’

and

* A A Y ~
where y (O'fj’ai/):y(o'fj’“i/’li/(o'i/’“y))a thus

e e AN
oG, 0, Of, 06,04,

)

Included in the total strain definition is dgi/ = dg; +dal.j, where

24 L ALE
_o8 from the hyperelasticity theory and da; = IA a)i

dej =—
0o, 00; i

dn from flow

rule. Note that: the last row (consistency equation) in equation 3.43 must be modified
to be A(7) =0 when the stress state is inside yield surface (elastic).
Error control

In a numerical calculation, with the stress state approaching to the yield
surface, the update stress routine at this point will not necessary give the exactly
response on the yield surface. This error will bring the calculation result outside the
yield surface, and the error may accumulate in every step of the calculation. The
following error control routines named “alpha” and “beta” techniques (following the
Greek alphabet), are consequently introduced. The former brings the yield value back
to the actual yield surface after use of a large increment step. The value of zero on the

right-hand side of the consistency equation is replaced by —-ay,,, where
v, represents the value of previous step of yield function and o =0 to 1 (depending

on how much the stress state will be moved back to actual yield surface, wherear =1
for moving stress state to actual yield surface).

The principle of the second technique is that a tolerance on the yield surface,
f 1is allowed. This tolerance makes the yield surface into a zone (rather than a
boundary as usual). The zone should be not too large (usually around 0.1 or 0.01 %
of yield surface size). The yield condition should therefore be replaced by some
figures, which are a function of the tolerance f (i.e.y = f (ﬂ)) rather than y =0 as
usual.

Flow chart

The flow chart of calculation is illustrated in Figure 3.11(a)
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Define two potentials:
- Energy function (ex. g)
- Yield function (y)

Y

Set up initial condition

and Specify control condition

(First two lines in governing matrix)

A

/

Calculate governing matrix components

(ex. elastic stiffhess, plastic stiffness etc.)

A
Calculate yield value (y)

Y

Hyperplasticity theory

Define two potentials:

- Energy function (ex. g)

- Flow potential (w)

\ J
Set up initial condition

and Specify control statement

(S,E and T)

A J

Set up rate-dependent constants

(u,dtand &)

Apply consistency eq.

(plastic calculation)

No

A=0

Elastic calculation

Dt

If A4>0

-

|Update state parameters |

3.7.2 Example of rate-independent triaxial test

(@)

Figure 3.11 Calculation flow chart

Calculate matrix components

(A, B, and C)

\ J
Solve for o}

'

| Update state parameter (a) |

Y
| Update stress and strain |

y

(b)

(a) Rate-independent algorithm, (b) Rate-dependent algorithm

An example of triaxial stress-strain parameters for the rate-independent

calculation algorithm is presented. Assuming that there are n numbers of yield

surfaces, the governing matrix size becomes [(2+n)nv]+1, where nv is a number of
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stress-strain parameters (nv = 2 for triaxial case). The governing matrix for strain

controlled triaxial undrained test is :-

0 o 0 1 0 0 0 000
0 0 1 0 0 0 0 =000
0E 98 g 1 0 o0 00 0
op dpoq
Ag aZg aZg dp
0 - £ 0 -1 0 1 0 000 |y,
dqop  og 9
0 d
0 0o 0 o0 -1 o 2 00 of |
0 X, de
0 0 0 0 0 o0 -1 2 0 0 of |9,
0 = Xy, da,
& Vi Y 28 0 0 > 0 .0 0 0 A,
: op oq oa, Oa, :
0 0 0 0 0 -1 0 P g0 o0l|y”
aZPn n
_a'yno An
. 0 0 0 0 0 -1 2 900
a/}‘/‘]n
Dy Wy g D W 00 0
op op oa, Oa
oy, 0 0 2 0 2
where, Yo = Pu | P g o, Oz ,
dp Op o, ©Oa,dp Oy, Oa,dp
W, _ . |, O O, 0¢
9 oq |0y, Oa,dq Oy, oa,oq ’
¥ _ W, |, g o, 0¢
oa, Oa, |0y, aapj oy, Oa,da,
», _ %, | 0% o, 0Og
oa, Oa, |0y, Oa,da, Oy, aaqi

3.9.3 Rate dependent formulation
Calculation

The incremental response for rate-dependence can be derived in the same way

as the rate-independence except that the internal kinematic variable rate (027) is

calculated from the flow potential. For example, assuming that the model is defined
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based on the Gibbs free energy function, the incremental relations in equation 3.40

. o A ow .
and incorporates the derivative of flow potential &, =——, the incremental response

Xy
can be re-expressed in the form:
0’8 0’8 0
dey =-——5—do, ~ [| =L lan-ar (3.45)
' 0o, 00, 0o, 0a, Oxy
2 A 2 A
Ay =-—98 4o 08 0w, (3.46)

ij A K~ A A : A
aaﬁéak, aal.jéak, 0¥

In addition the boundary conditions during the calculation (ex. undrained condition,
stress control etc.) are introduced by the controlling statement:

Sy doy +Ey -dey =T, -dt (3.47)
where S and E are stress and strain control matrices, and T is the strain or stress rate
vector.

Substituting de; into equation (3.47), the equation becomes:

0% 0’8 ow
S +E.|—-——=—||-do,=|T,—E. - . -dt 3.48
{ ijkl ijmn [ 80mn86k, J] kl |: ij ijmn I( aGmnaC’ek[ 81’\/([ 77 ( a)

or, in the matrix form: (S +E- A)- do = {T -E- I(B~C)~ dn}- dt (3.48b)
2 A 2 A
where A:—a—g, B:_ﬁ—gA’ and C= 814} )
00,00y 0o ,0ay, Ox;

Error control
The accuracy of the rate-dependent calculation algorithm mainly depends on the time

step and the viscosity coefficient (,u) The artificial rate-independent process can be
approached by assuming a small value of viscosity. This would lead to a numerical

problem in the calculation of &, , because of the factor 1/ in the 027 term. A

ij b
reasonable time step and strain rate must be tuned to correspond to the viscosity
value, otherwise errors from rate process would dominate.

Flow chart

The flow chart of rate-dependent algorithm is illustrated in Figure 3.11(b).
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3.9.4 Example of rate-dependent triaxial test
An example of triaxial stress-strain parameters for the rate-dependent calculation
algorithm will also be presented. Assume that there are n numbers of yield surface;

the governing matrix for strain controlled triaxial undrained test as follows:

_Og O
00+01' p’ apaQ.dp
0 0] [1 0| ¢ 2¢|| |dg
oqdp 04’
3.49
0’g o’g ow (349)

_JfELfo s opoa,,  opoa,, | oz, |||
o) |1 o) ng|| o o’g ow

oqoa, — oqoa, | |01,

3.9.5 Comparison between two approaches

The most obvious benefit of the rate-dependent calculation is the including
rate dependency for materials which can exhibit any significant rate effects. Another
advantage of the rate-dependent procedure is that it is not necessary to stick with the
consistency condition (during the plasticity condition, the state always stays on the
yield surface). Thus, the higher complexity of numerical calculation is not required
for the rate-dependence. This may not require some error controlling by special
procedures that the rate-independent does. From the mathematic viewpoint, the
algorithm for rate-independence has to deal with the large size of the governing
matrix; on the other hand, the rate-dependent algorithm operates on smaller sized

matrices. As a result, it is logically shown that the computing time is reduced.
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Chapter 4

Review of experimental work

In order to develop a constitutive soil model, relevant experimental soil data
are required. Two separate sets of experimental data for Bangkok clay have been
obtained from the Asian Institute of Technology (AIT), and Chulalongkorn University
in Bangkok, Thailand. The data set from AIT was gathered for the purpose of
studying the stress-strain behaviour of Bangkok clay inside the State Boundary
Surface (SBS). The experimental data set from Chulalongkorn University is focused
on the cyclic behaviour of Bangkok Clay, which is mostly concentrated on exploring
the undrained cyclic shear strength. The main purpose of this chapter is to present
and reproduce some key results from the experimental work on Bangkok clay. The
test data has been locally published as Masters theses at AIT and Chulalongkorn
University, the original copies of which are difficult for the reader to access.
Therefore, this chapter summarises the experimental techniques and conditions from
which the data is obtained. This chapter starts with a description of Bangkok clay
properties followed by the experimental programs, testing conditions and finally an
illustration of the experimental results. The advantages and disadvantages of these

experimental data are also discussed.

4.1 Geology Condition

The Central Plain of Thailand consists of a flat, marine delta deposit about
300km measured north to south and about 200km east to west. These sediments
comprise alternate layers of stiff clay and dense sand aquifers down to 500m depth.
Generally, the topmost layer contains 2m thick weathered clay underlain by about 9m
of very soft clay, and followed by about 4m of soft to medium clay. Stiff clay is
encountered starting from a depth of about 15m. The thick deposit of soft clay is the
cause of substructure problems associated with low strength and high compressibility.
As a result, research on the stress-strain-strength of Bangkok clay has been

significantly developing for some time in Thailand.
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4.2 Experimental program

Experimental tests from AIT were carried out mainly by triaxial test in a
comprehensive manner, by controlled stress and strain. The studies involving a ten-
year research programme, were primarily intended to investigate the state boundary
surface for Bangkok clay. Details of each experimental program were stated in the
author’s master thesis, Likitlersuang (2000). Other experimental programs have also
been active at AIT, including the study of the consolidation behaviour of Bangkok
clay with constant rate of strain consolidation testing (CRS).

For cyclic data, Teachavorasinskun and Thongchim (2001) studied the cyclic
behaviour of clay by two testing procedures (staged cyclic loading test, SC, and
continuous cyclic loading test, CC). The shear modulus and damping ratio during
undrained cyclic loading at varying stress amplitude were obtained. The stress rate
effect on the stiffness of clay was pointed out, Teachavorasinskun and Thongchim

(2002).

4.2.1 Sample preparation

The AIT clay samples used in the following analysis are undisturbed soft
Bangkok clay taken from a site within the AIT campus. Samples are collected by
using 7.5cm diameter, 90cm long thin-walled piston samplers from depth of 3 to 4m.
The observation of ground conditions underlying the site is shown in Figure 4.1. By
assuming the soil profile as shown, the pre-consolidation pressure can be roughly
estimated. The pre-consolidation pressure varies with depth in the deposit; this may
result from the combination of effects of the river deposition and the oscillation of
ground water level.

After sampling, the tube containing the soil sample, is immediately sealed
with paraffin wax and the samples are kept in a cold wet room to prevent the loss of
moisture content. Before testing, the index properties: particle distribution, specific
gravity and Atterberg limits are carried out according to the ASTM (1965) standard
procedure. The general index properties of soil samples are presented in Table 4.1.

The cyclic tests are performed on undisturbed samples collected at depth of
about 6m from a site in Chulalongkorn University. The natural water content, and

plasticity index of the tested samples vary in the ranges 65-70%, and 39-40%
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respectively.  The maximum past stresses vary with depth, which can be
approximated from in-situ stress based on OCR values of about 1.00-1.30 (lightly

overconsolidated clay).

Table 4.1 General Bangkok soft clay index properties

Property Value
Natural water content (%) 80-90
Liquid Limit (%) 95-110
Plastic Limit (%) 35-40
Plasticity Index 55-75
Liquidity Index 0.7-0.8
Average unit weight (kN/m”) 14.8
Specific gravity 2.7
Sand content (%) 5
Silt content (%) 25
Clay content (%) 75

4.2.2 Equipment accuracy

The triaxial equipment is made up of three main parts: triaxial cell, loading
device and readout unit. The triaxial cell can accommodate the soil specimen which
has the nominal dimensions of S0mm diameter and 100mm length. To allow drainage
to occur during the saturation and consolidation processes, saturated porous stones
and circular filter papers are placed at both ends of the specimen. In extension tests
the filter paper strips are added around the specimen spirally. The specimen is also
enclosed in a rubber membrane and sealed with two O-rings on each end.

For loading, the cell pressure is applied by self-compensating mercury
columns and dead weight suspended from a hanger. The Bourden type of pressure
gauge with an accuracy of 1kPa (0.01kg/cm?) is used. The axial load is applied by a
one-ton capacity frame and measured using a load cell. The change in volume is
measured through a 10 or 25cm’ capacity burette. The pore pressure and axial
displacement are measured by a pressure transducer of 1,000kPa (10kg/cm?) capacity
and displacement transducer respectively. Some of the experimental work was done
ten years ago, when the electronic transducers were not so common as now. A dial

gauge with an accuracy of 0.0lmm was used for measuring axial displacement at that
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time. The accuracy achieved for load and displacement measurements varies between
the different theses cited here as different calibration procedures were used by
different authors. However, the accuracy of strain measurement of these data sets can
be estimated, based on the accuracy of the devices and dimensions of the specimen. It

is of the order of 10™ for axial strain and 10 for volumetric strain.

4.2.3 Testing program

The triaxial program consists of three main processes. sample preparation,
consolidation and shearing process. The essential process of sample preparation is
to ensure that entire specimen is fully saturated, because of the simplicity of pore
pressure measurement and analysis. The specimen is saturated by balancing cell
pressure and back pressure, and then leaving the specimen for at least 24 hours before
testing.

After fully saturating the specimen, the consolidation process is implemented.
This consolidation process is done by two different approaches. isotropic
consolidation and Ko-consolidation. In the first approach, the loading increment ratio*
is set to unity for the sample. The next incremental load will apply after leaving the
previous load 24 hours for ensuring fully drainage occur. The latter approach is more
complicated because cell pressure and axial stress must be applied simultaneously in
order to maintain the absence of lateral strain for Ko-consolidation or other anisotropic
consolidation condition. The reduction of pressure is required for preparation of
overconsolidated samples. The overconsolidated ratio (OCR) is defined as the ratio
between the maximum past mean effective normal stress (pmax) and the current mean
effective normal stress (p).

The shearing process begins after 24 hours of consolidation or swelling to
ensure full dissipation of excess pore pressure. For stress controlled tests (only the
CID-0, CID-180, CKoD-0, CKD-180, CAD-0 and CAD-180 tests), a mean normal
stress increment of 10kPa is used and the sample is left for 24 hours to alow the
drainage to occur. For strain controlled tests (all directions of the CID, CKoD and
CAD tests except 0° and 180° directions), the displacement rate applied for drained

tests was 0.0024mm/min and the cell pressure was continuously adjusted to maintain

! Loading increment ratio is defined as the next load increment divided by the current applied load
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the stress direction. Undrained tests (CIU tests) were conducted with constant cell
pressure and involved increasing the axial load for compression and increasing the
cell pressure for extension during undrained shearing. The sample was sheared at a
displacement rate of 0.009mm/min.

For cyclic undrained tests, the samples are firstly saturated and then
consolidated to the prescribed initial isotropic consolidation pressures: 50kPa and
100kPa. The samples tested were in a lightly overconsolidated state. The shearing
under undrained conditions was performed as stress controlled with varying rate of
loading. The shear stress amplitudes are varied from small, and moderate to large
stress levels: 0.3, 0.5 and 0.8 times unconsolidated undrained shear strength, g,

(measured from UU-test, where ¢, =2s,). In order to keep the load frequencies

constant at 0.1Hz and 1Hz, the rates of loading applied have to be automatically
adjusted corresponding with amplitude level. The testing schemes are summarised in

Table 4.2.

Table 4.2 Test scheme for cyclic undrained tests

Initial consolidation Load frequency Stress amplitude,
stress, (Din) (Hz) (@/Pini)
0.1, 1.0 0.24, 0.40
50 0.1, 1.0 0.40, 0.60
0.1, 1.0 0.60, 0.83
0.1, 1.0 0.32,0.34
100 0.1, 1.0 0.56, 0.52
0.1, 1.0 0.80, 0.74

4.3 AIT experimental data

The available triaxial experimental data from AIT are briefly summarised in
Table 4.3. The triaxial experimental data can be categorised into three groups:
consolidation data, undrained shear data and drained shear data. The detail of each

group is explained and illustrated as follows.

4-6



Review of experimental work

Table 4.3 Available triaxial experimental test data from AIT

Author Year | Test OCR? n 3 Direction* [Number of tests.

Kim 1991 CIU 1.00-4.25 0 - 9
CK,UC | 1.00-2.75 | 0.49-0.09 - 7

CKL,UE | 1.00-2.75 | 0.49-0.09 - 7
Gurung 1992 CIP 1.00-16.00 0 - 10
CIU |1.00-16.00 0 - 10
Uchaipichat 1998 | CIDC 2.75 0 0-180 15
Navaneethan 1999 | CIDE 2.75 0 180-360 15
Khan 1999 | CK,DC 1.85 0.23 0-180 8
CK,DE 1.85 0.23 180-360 8

CK,UC 1.85 0.23 - 1

CK,UE 1.85 0.23 - 1

Tuladhar 2000 | CADC 1.00 -0.27 0-180 8
CADE 1.00 -0.27 180-360 8

CAUC 1.00 -0.27 - 1

CAUE 1.00 -0.27 - 1

4.4 Consolidation data

Though there are several tests on consolidation, only some data on
consolidation hysteresis behaviour can be used. The complete load-unload-reload
loops are required for capturing the behaviour due to immediate stress history. The
consolidation data are divided into four types based on testing equipment and

condition.

4.4.1 Isotropic consolidation data from triaxial test

The isotropic consolidation data are achieved from the consolidation stage of
the isotropic fan tests that were done by Uchipichat (1998) and Navaneethan (1999).
These two investigations prepared every specimen as an overconsolidated sample at

constant OCR value in isotropic consolidation condition; the consolidation stress path

*The definition of OCR-value is based on mean effective stress (p) rather than the original work that
use the definition based on vertical effective stress (O'L )

3 7] is initial stress ratio (p/q) before shearing the samples

* The direction of stress paths is measured from the p-axis in a counter clockwise direction
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is shown in Figure 4.2(a). The data on consolidation stage can be used to construct a
consolidation curve. Furthermore, the CID-0 and CID-180 tests, equivalent to
isotropic reload and unload consolidation respectively, can provide further
information on the consolidation curve to obtain the effect of immediate stress history
as shown in Figures 4.3(a) and (b).

However, there are two disadvantages with the isotropic consolidation data.
Firstly, according to the large load increment in the consolidation process, only one
data point on swelling back curve was observed. As a result, an accurate hysteresis
loop cannot be built. However, there are still enough data points to form completely a
reload and unload curve from CID-0 and CID-180 tests. Although, from this data it is
not possible to generate the hysteresis loop, the behaviour on changing of tangent
stiffness due to immediate stress past history of soil can be observed.

Another, rather insignificant, problem is the discontinuity of the consolidation
curve, caused by the use of different samples. Every specimen does not necessarily
have the same specific volume or void ratio. The consolidation curve between two
samples on unloading and reloading therefore might not coincide. In order to reduce
this complication on analysis, the assumption that every specimen has the same
specific volume after the consolidation process finished is proposed. This assumption
will not affect the actual behaviour of soil; it merely shifts the starting point of every

test to coincide as shown in Figure 4.3(c).

4.4.2 Anisotropic consolidation data from triaxial test

The anisotropic consolidation or Kj-consolidation conditions involve zero
lateral strain during the consolidation process. Since the K, value of Bangkok clay is
less than unity, the slope of consolidation stress path will be positive as shown in
Figure 4.2(a).

The Ky-consolidation data can be obtained from the consolidation process for
the K, fan tests, studied by Khan (1999). The thesis investigated the behaviour of
Bangkok clay varying stress path from 0° to 360°. During the consolidation phase,
every specimen was consolidated in Ky-consolidation condition along both loading
and swelling paths, depicted in Figure 4.2(a). However, after back-calculation to

establish the K, condition, it is found that there are small radial strains on the
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swelling paths. This mean that the Ky-consolidation condition occurs only on the

loading paths, whereas on the swelling paths should be treated as a stress path

control.

_—"1n=0.23

Ko-consolidation

- Isotropic
- 25 consolidation 150
— I ~ ! — l—» p
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Figure 4.2 (a) Consolidation stress path, (b) Drained shear stress path

(i) Isotropic fan test, Uchipichat (1998) and Navaneethan (1999),
(i) Ko fan test, Khan (1999),

(iii) Anisotropic fan test, Tuladhar (2000)
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Unlike the K fan tests, in the anisotropic fan test, investigated by Tuladhar
(2000), the samples were not prepared in an anisotropic consolidation condition. To
eliminate the complicated process on anisotropic consolidation, the samples were first
consolidated to a certain value of p on the isotropic condition, then sheared vertically
until they reached a certain negative ¢ value. The consolidation stress path is also

shown in Figure 4.2(a).
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4.4.3 Consolidation data from Oedometer

An oedometer or one-dimensional consolidometer was first introduced by
Terzaghi. This test is performed to measure one-dimensional consolidation behaviour
of soil, since the soil specimen is placed inside a constraining metal ring, allowing
only vertical compression and swelling to occur. The nominal size of the specimen is

63.5mm in diameter and 25.4mm thick. The load is applied by a lever arm, and
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compression is measured by a dial gauge with an accuracy 0.0lmm. The specimen is
kept under water to maintain the saturation of the soil sample. The load increment
ratio is set to unity, and remains at this level for at least 24 hours until the next load
increment applied.

The consolidation data from oedometer can be simplified as a K-
consolidation condition, because there is no lateral strain occuring during the
compression. Data interpretation on the logarithmic or square root of time plot are
required to evaluate the end of primary consolidation. The calculated effective stress
is based on the assumption of a parabolic pore water pressure distribution and if the
tests are slow enough there will be zero pore pressure at the end of each stage. The
analysis must be repeated at every data point to generate the complete consolidation
curve. The oedometer test data were obtained by Seah and Hassan (1999). The
oedometer tests were conducted with one loading increment per day up to a maximum
vertical pressure of 1,600kPa. The tests were performed on samples from 3.5m and
4.5m. The oedometer results at 3.5m are shown in Figure 4.4(a).

The weak point of the data comes from the limitation of the oedometer itself.
Firstly, there are fewer data points on the consolidation curve, particularly during the
swelling curve. This is because the assumption of pore pressure distribution cannot
be applied to the water absorbed during the swelling process. Thus, the data
interpretation procedure (logarithmic or square root time plot) cannot be processed on
the unloading curve correctly. The data point was therefore observed only at the end
of the testing program. Moreover, due to the inconstant strain rate during the testing

programme, the effect of viscosity is included in the consolidation result.

4.4.4 Consolidation data from CRS test

In order to improve the one-dimensional consolidometer test, the constant rate
of strain (CRS) consolidometer is introduced. This is because the conventional
consolidometer usually applies the load increment ratio equal to one for the duration
of one day, giving a total testing period consisting of one to two weeks. The resulting
compression curve may be poorly defined, especially near the maximum past stress.
For example, in sensitive clay, it is frequently recommended to use a low strain rate in

order to capture the behaviour near the maximum past stress. However, a small strain
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rate test will make the data interpretation difficult because it may not see a distinct

break (end of primary consolidation) due to the creep effect.
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Figure 4.4 One-dimensional Consolidation data at 3.5m (Seah and Hassan, 1993)
(a) Oedometer tests, (b) CRS tests
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In the CRS consolidometer test, the soil sample is loaded continuously, rather
than incrementally, at the rate required to produce a desired constant rate of strain one
dimensionally with one end drainage at the top. Back pressure can be applied on the
sample to improve the degree of saturation. The pore water pressure develops at the
lower end of the sample. During the test, continuous reading of the loads
corresponding to the strain and the pore water pressure at the base are obtained.
These data allow a continuous compression curve to be produced with greater
objectivity.

The CRS consolidometer used consists of base plate from a triaxial cell,
sample-retaining ring from oedometer and loading cell at a constant speed. The
sample size is the same as the oedometer sample, and the pressure transducer is
connected at the base plate to measure the pore water pressure. In order to achieve
the single drainage condition, a coarse porous stone is attached to the top cap.

The CRS tests were carried out by Seah and Hassan (1999), and Seah and
Juirnarongrit (1999). The CRS tests were conducted with three different strain rates
between 10” and 2x10° /s. The tests were performed up to a maximum vertical
pressure of 1,600kPa on samples from 3.5 and 4.5m. The CRS results, at depth of
3.5m, are shown in Figure 4.4(Db).

4.5 Undrained shear data

The undrained shear data can be divided into two groups based on the
consolidation process.

The isotropic consolidation undrained shear (CIU) data come from two studies
which were done by Kim (1991) and Gurung (1992). Kim’s CIU tests were done by
varying the OCR value from 1.00 to 4.25, but each specimen was not consolidated to
the same pre-consolidation pressure. To reduce the complexity of analysis, the data
was normalised by the maximum past value of mean stress, which is equal to the
vertical pre-consolidation stress in this case. The normalised undrained stress path of
the OCR value varying from 1.00 to 4.25 is shown in Figure 4.5(a). Another source
of CIU data is obtained from Gurung (1992). The CIU tests were carried out by
varying the OCR value from 1.00 to 16.00, consolidated to the same value of

maximum past pressure.
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The Ko-consolidation undrained shear (CKoU) data has also been obtained
from Kim (1991). These CKoU tests were done by varying the OCR value from 1.00
to 4.25, in which each specimen was consolidated under Ko-swelling conditions at the
same maximum past pressures. There are two sets of data, namely compression
(CKoUC) and extension (CKoUE) as shown in Figure 4.5(b).
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Figure 4.5 Undrained shear test (Kim, 1990)
(a) CIU test (b) CKU test

A possible weak point of Kim's undrained shear dataisits unreliability due to
the fact that the research investigation took a total of four years. Every soil sample
was collected from the site at the same time and kept for more than two years.
Therefore, the in-situ stress and moisture content might decrease due to aging effects.
The specimen may be stiffer than its original behaviour. For Gurung's data, the
electronic data is not supplied directly, however the secondary data were measured
from the stress-strain curve by Likitlersuang (2000). Asaresult, an error from human

measurement is added into these data.

4.6 Drained shear data
There are three complete sets of investigations on the triaxia drained
behaviour of overconsolidated clay. Each study program consists of two phases: the

consolidation phase and shearing phase. For the consolidation phase, each study
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consolidated the specimens using different consolidation conditions, namely the
isotropic, Ky, and anisotropic condition. The different consolidation stress paths are
already described in the consolidation data section as illustrated in Figure 4.2(b). For
the shearing phase, all studies sheared the specimens varying the stress path direction
from 0° to 360° as presented in Figure 4.2(b).

The isotropic fan tests (CID) were carried out by Uchaipichat (1998) and
Navaneethan (1999), (compression and extension drained shear tests respectively). A
total of 30 tests were sheared in a comprehensive manner which spread from the
centre point in a fan shape and all have the same stress history from the isotropic
overconsolidated stage. Therefore, the isotropic data can be used to validate the soil
model efficiently; by using the soil model to generate the numerical stress-strain data

in each shearing direction, a comparison with experimental data can be obtained. A
plot of volumetric and shear strain parameter (/. + &) contour can be constructed

as shown in Figure 4.6.

However, the stress-strain data, which were tested under different rates of
strain conditions, can be observed from the contour plot. The CID-0 and CID-180
tests were carried out by stress controlled conditions which use the load increment
equal to 20kPa and 10kPa per step for loading and unloading respectively, and takes
24 hours allowing for the drainage. Thus, the CID-0 and CID-180 tests have taken 9
days and 6 days respectively. For other strain controlled tests, the strain increment of
0.0024mm/min have been used. The average time of strain controlled tests is roughly
3 days. The result of the using of two different rates is implied in Figure 4.6, where
the contour points of CID-0 and CID-180 tests are very close together than others.
The viscosity effects or rate effects have to be considered, as a result.

The Ky fan test (CKD) and anisotropic fan test (CAD) were carried out by
Khan (1999), and Tuladhar (2000), respectively. The CKD and CAD tests were
sheared in a comprehensive manner, which spread from the centre point in a fan
shape. However, in the consolidation process, the CKD tests were consolidated with
the Ky-condition, the CAD tests on the other hand were consolidated by the isotropic
condition first and then constant-p shearing until they reach the anisotropic line as

already described in consolidation data. The CKD and CAD test data can be used to
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validate the model on anisotropy behaviour. Nevertheless, the difference of testing

rate can be observed in these test data as well.
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Figure 4.6 Contour plot of volumetric and shear strain parameter
(vJe© + &) of CID-tests (after Uchaipichat, 1998 and Navaneethan, 1999)

4.7 Cyclic undrained data

Research on the cyclic behaviour of Bangkok clay from Chulalongkorn
University mainly focused on exploring the undrained cyclic shear strength. An
assumption is stated that there are some links between the cyclic shear strength and

several physical parameters such as stress amplitude, rate of loading, strain level and
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number of load cycles. The shear stress amplitude was defined, based on the

unconsolidated undrained (UU-Test) shear strength (g, =2s,), as small, moderate,

and large amplitude levels. The cyclic tests data were carried out under initial
isotropic consolidation stress: S0kPa and 100kPa. The rate of loading was at two
constant frequencies of 0.1Hz and 1.0Hz.

The cyclic undrained shear strength behaviour can be determined by the
values of secant shear modulus (Gsge) and damping ratio (4.) as shown in Figure 4.7.
The initial shear modulus obtained at a small strain level of about 0.02-0.05% were
measured for all samples and compared with the shear wave velocity measurement at
field, which gave a reasonable agreement value about 13-15MPa. Moreover, the

semi-log plot of the shear modulus (G) with the single amplitude shear strain (g, ) is

illustrated. The calculation of the damping ratio, which can represent the shape of
hystersis loop, was performed in this research. The relationship between the damping
ratio and the single amplitude shear strain is shown in Figure 4.7. Moreover, the
effect of rate of loading on cyclic properties was investigated. Because of the small
frequency difference between 0.1Hz and 1Hz, it does not show a significant effect on
shear modulus and damping ratio.

Due to the lack of the information on stress history of tested samples,
estimations of maximum stress past are required. Based on the other research on
Bangkok clay, there is some evidence showing that the top Bangkok clay soil layer is
lightly overconsolidated (approximated OCR value about 1.20). The maximum past
stress can be roughly estimated from the OCR value and in-situ stress. However, the
research pointed out that the in-situ stress of tested samples is around 90-100kPa.

These experimental data on cyclic load are particularly useful for the
validation of the model, because they consider the variation of stiffness at small strain
level. However, some significant information about testing procedure such as
sampling procedure, maximum past stress and also the parameter definitions used in
this research is not available. The confusion of stress-strain parameters has to be
eliminated by using Cambridge triaxial stress-strain parameters. The evidence on the
monotonic undrained compression test found that Chulalongkorn’s clay samples are

slightly stiffer than AIT’s samples. The natural water content and plasticity index are
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also illustrated this same trend. However, this is not a significant issue for the
parametric evaluation and will be discussed in the next chapter.

G (MPa)

[ T T[]
+0g/p=0.32_|

= g/p =0.56| |
4 g/p =0.80

P XA

(1]
>

Ly ™ V(_)

0.0010 0.0100 0.1000 1.0000

(@)
he (%)
45 111
40 A +0g/p=0.32| ||
A = g/p =0.56
4+ g/p =0.80

30
25

20 &

10

“k

0 V(_)
0.0010 0.0100 0.1000 1.0000

(b)
Figure 4.7 Cyclic Undrained Shear Test varying shear stress magnitude (g/p)
at confining pressure (p.) = 100kPa (Teachavorasinskun and Thongchim, 2001)

(a) Plot of shear modulus (G) vs. single amplitude shear strain (yg,)
(b) Plot of damping ration (h;) vs. single amplitude shear strain (yg,)
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4.8 Conclusion

Almost all soil models focus on either large strain (near failure) or small strain
behaviour. It is rarely the case that a soil model can describe both behaviours. In
order to develop a model, the experimental data at both small strain and large strain
behaviours, which are carried out on the same material, are required.

A series of experimental investigations on stress-strain-strength behaviour of
Bangkok clay were carried out at AIT and Chulalongkorn University. There are
several categories of testing programs: consolidation test, undrained shear test and
drained shear test as well as cyclic loading test.

Consolidation data can be divided into four types, based on the testing
equipment and conditions: isotropic triaxial consolidation, anisotropic triaxial
consolidation, oedometer test and CRS consolidometer test. The triaxial
consolidation data is mainly obtained from of the consolidation phase of undrained
shear and drained shear tests. The research on one-dimensional consolidation was
investigated widely at AIT, employing an improved consolidometer called a CRS
consolidometer. Although, there are many sets of consolidation data available, only
some of them can be used to construct the hysteresis loop, which is important for the
current research.

The undrained and drained shear data can be divided into two groups based on
the consolidation process: isotropic and anisotropic consolidation. The accuracy of
the undrained shear data is subjected to the testing programme which took about four
years. This makes the sample stiffer than its original behaviour due to aging effects.
The drained shear data are obtained from the three series of the fan test. The major
disadvantage of drained shear data is the usage of different testing conditions, namely
the stress-controlled test on the horizontal direction and the strain-controlled test in
the other directions. These two different testing conditions also used two different
rates of loading, which is significant for the analysis using rate-dependent calculation.
The result is implied in the plot of strain contour as illustrated in Figure 4.6.

The experimental data at small strain levels can be achieved from the research
on cyclic undrained shear at Chulalongkorn University. This research provides the
information on the variation of shear modulus and damping ratio. However, although

the rate of loading was studied in the research, it does not point out that different rates
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of loading would produce significantly different effects. Due to the lack of stress
history information, reasonable values have to be estimated. Moreover, evidence on
monotonic undrained compression test found that Chulalongkorn’s samples are

slightly stiffer than those of AIT.
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Chapter 5

Comparisons, Results and Discussion

A hyperplasticity model in terms of triaxial stress-strain parameters has been
developed as presented in chapter 3. The experimental data for Bangkok clay have
been obtained from AIT and Chulalongkorn University. All experimental programs
have been already described in the previous chapter. In this chapter, some
comparisons between experimental data and model predictions based on a particular
set of parameters will be presented. The comparisons can be categorised into four
types based on the type of data: consolidation, undrained, drained, and cyclic
undrained data.

The predictions of the KHMCC model are compared with all experimental
data. Both linear and logarithmic stress-strain relations are used. The linear model,
however, seems to provide a better result than the logarithmic model, especially on
swelling data from consolidation tests. Another advantage of using the linear model
is the simplicity of the calculation. Nevertheless, from the CSSM viewpoint, the

definition of compression parameters (ﬂ,zc) is defined based on v-log p plot. The log

v-log p plot introduced by Butterfield (1979) shows that it is not necessary to retain
with the v-log p plot in describing the consolidation behaviour. The compression
curve can be defined in other ways, and one possible stress-strain relation is a simple
linear one. As a result, the simple linear stress-strain relation is used to define the soil
behaviour in this research.

Tables 5.1(a) and (b) summary all parameters and their physical meaning
based on Bangkok clay experimental data for the linear model and the MCC model

respectively.
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Table 5.1(a) Summary of KHMCC parameters for Bangkok clay

Parameter Value Physical meaning
K 5200 (kPa) Initial bulk modulus
o >0 Non-linear kinematic hardening
b > parameter for p-direction
r 0.8
Jo 60 Elastic shear modulus gradient
a, 3.5 Non-linear kinematic hardening
b, 2.5 parameter for g-direction
M 0.9 Slope of critical state line in g-p plane

Viscosity coefficient (for rate-

# ) dependent calculation)

Table 5.1(b) Summary of MCC parameters for Bangkok clay

Parameter Value Physical meaning
Slope of swelling consolidation line on
K 0.045
log v-log p plot
Slope of virgin consolidation line on
A 0.38
log v-log p plot
Je 60 Elastic shear modulus gradient
M 0.9 Slope of critical state line in g-p plane
Viscosity coefficient (for rate-
a dependent calculation)
Reference pressure of initial yield
Dx -
’ surface (kPa)

5.1 Implementation in FORTRAN code

The linear continuous kinematic hardening plasticity model (Table 3.8) is
incorporated into the computer software. Firstly, the research takes advantage of the
smooth continuous response which is obtained using the multiple yield surfaces
model. The implementation is achieved using the symbolic calculation software,
Maple 7. Although, the Maple 7 code provides a smooth response following the large
number of the kinematic internal variables, the calculation time is considerable (2-3

hours per 1000 calculation cycles). This result comes from the fact that a large
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amount of computer memory is needed for symbolic calculation, and an experiment
has revealed that the symbolic calculation is 100 times more time-consuming than
arithmetic calculation.

In order to make the smooth continuous plasticity model more practical, the
multiple yield surfaces model is considered. The numerical approach for the multiple
yield surfaces model is implemented in FORTRAN 90. This will give an advantage
in the next stage of the research on application into the OXFEM program, because
OXFEM was written in FORTRAN. Numerical problems such as rounding error can
be controlled by using double precision numbers (10™'® accuracy) rather than single
precision (10™). The calculation accuracy also depends on other factors (eg. number
of yield surfaces, time step, and viscosity coefficient). The greater the number of
yield surfaces used, the smoother the response generated. Use of too many yield
surfaces, however, may lead to a computation time problem. This study uses fifty
yield surfaces for comparisons with triaxial experimental data and ten yield surfaces

for cyclic data. The effect of viscosity will be described in the next section.

5.2 Consolidation behaviour prediction

The consolidation behaviour prediction is calculated from the KHMCC
model, however, the model can be reduced to the one-dimensional model as shown in
Table 3.6. The evaluation based on a rate-dependent algorithm assumes the set of
viscosity parameters to have no effect. This seems to be artificial rate-independence,

which use a small viscosity value . The study on the viscosity effect on the stress-
strain behaviour has found that the strength of material depends on a product of
coefficient of viscosity and strain rate (u¢) as shown in Figure 5.1(a). This
relationship is in terms of an exponential function, i.e. the material strength will grow

rapidly with increasing of ué value (see Figure 5.1(b)). However, at small values ¢,

the rate effect will not be significant. This leads to an approximation of the rate-
independent response.

The predicted results compare isotropic consolidation along unloading-
reloading curves in term of mean stress (p). The evaluation has found that the linear
model gives a more reasonable volumetric strain on the swelling path than the

logarithmic model. This continuous kinematic hardening model results comply
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strictly with the Masing rules. It always gives a symmetric closed hysteresis loop
when the stress path returns to the same maximum past stress. In reality, some

investigations into cyclic loading often find that there is a small drift (A ) of strain

occurring in every cycle as illustrated in Figure 5.2(a). As a result, the research has
considered this effect by introducing a special mechanism called a ratchetting’
mechanism. It is biased in one direction by adding an “engine” (Figure 5.2(b)).
However, this idea has not been implemented in the final model yet. This model leads

to a complicated yield condition.

p p (kPa)
ate, = 0.1
300 500
450
250 |
1€ =100 400 /
™ 350
200 |
. 300
150 | ue =10 He = 250
200
100 \
) 150 |
ué=0.1 L
50 | 100 |
50 |
0 &v 0
0.000 0.040 0.080 0.120 0.160 0.200 0.001  0.01 0.1 1 10 100 1000
ué (kPa)
(a) (b)

Figure 5.1 The effect of viscosity coefficient of rate-dependent material
(a) Stress-strain curves with varying viscosity coefficient; (b) Plot of predicting

solution of rate-dependent material with Logarithmic of u& value

(@) (b)

Figure 5.2 (a) A small drift during a cyclic loading; (b) Rachetting mechanism model

' This word comes from the ratchet in bicycle that always gives a rotation in only the forward direction.
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The comparison between model prediction and isotropic consolidation data is
presented in Figure 5.3. There are four tests with two different strain rates, i.e.
isotropic consolidation unload and reload with average displacement rate 1.0x10™
mm/min (curve A, B) and controlled stress path test at 14° and 194° with rate 2.4x107
mm/min (curve C, D). The model prediction uses two different values of strain rates
(i.e. 1.67x107s™" and 4x10%™). Note that the viscosity coefficient’ is assumed to be

in the order of 10*°kPa-s, thus ué values are approximately 0.005kPa and 0.1kPa

respectively. These two values do not significant affect the analysis result (see Figure
5.1(b)). Although, the volumetric behaviour given by the controlled stress path tests
at 14° and 194° does not conform to the condition of isotropic consolidation, they are
very close to the p-axis, thus the volumetric behaviour can be approximately treated

as isotropic consolidation.

gy A/Prmax
0.150 1.20
0.100 1.00 |- — CS Line /
0.050 Model /
0.80 |
© Data
0.000 : p (kPa) /
~—_ 200 250
O 0.60
-0.050 . C
A . f
-0.100 | 0.40 1 '\.\
'I l. : -."
_ L Q o t (* H
0-150 0.20 | HIR
g 8 %/ . s
-0.200 19 < y
0.00 ‘ ‘ ‘ P/Pmax
0.00 020 040 060 08 100 120 1.40

Figure 5.3 Isotropic consolidation prediction

. _ L ) . . Figure 5.4 Prediction of isotropic
A — isotropic consolidation loading (1.0 x 10" mm/min)

B — isotropic consolidation unloading (1.0 x 10™*mm/min) consolidation undrianed shear stress
C — controlled stress path 14° (2.4 x 10*mm/min) _
D — controlled stress path 194° (2.4 x 10*mm/min) paths varying OCR from 1.00 to 4.25

The KHMCC model prediction of consolidation behaviour seems to be in
good agreement with experimental evidence. The KHMCC model is sufficient to
explain the behaviour of the consolidation paths for both reloading and unloading and

to describe the rate-effect on consolidation. Nevertheless, it does not accurately

? Dynamic viscosity (kPa s)
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predict behaviour in the heavily overconsolidated zone. This can be replaced by a

more suitable hardening function that requires further research.

5.3 Isotropic behaviour prediction

The model which has its yield surface centre located on the p-axis will show
an isotropic behaviour (e.g. symmetry of stress paths on p-axis; same magnitude of
shear strengths between compression and extension etc). The simply isotropic yield
criteria such as the von-Mises yield criterion will produce a symmetric stress-strain
response. However, the fact is that the critical state cone is not symmetric on the
hydrostatic axis (p-axis). The magnitude of the critical state cone (M) depends on
where the state is in stress space. Although, the Matsuoka-Nakai yield criterion can
continuously predict the variation of the critical state cone magnitude, it involves a
complicated mathematical expression. In developing a model for triaxial data, the
two different M values are needed (M for compression and Mg for extension). Note
that the relation of M-value can be linked with the friction angle (Mohr-Coulomb

6sin gy Moo= 6sin ¢y,

ield criteria); M . = ; =
Y M= e M T g,

, where ¢;., ¢, denote triaxial

compression and extension friction angles respectively. Thus, the modification of the

A \2 A \2

. . . . v X A A

yield function becomes y = ;(;+< 42 +< Z> -H,a,n=0.
MC ME

The triaxial form of the KHMCC model (Table 3.8) is written in FORTRAN
code to predict the isotropic consolidation tests. The multi yield surfaces are dragged
in the line of stress history on the p-axis, and the centres of all yield surfaces are
located on this axis. It guarantees that the model will respond isotropically. After the
consolidation stage, the tested samples are sheared under two conditions (undrained
shear and specific stress direction drained shear tests). The results and comparison

details will be illustrated in the following section.

5.3.1 Isotropic undrained behaviour
The KHMCC model was used to simulate a set of isotropic consolidation
triaxial undrained compression tests for OCR-values varying from 1.00 to 4.25. The

normalised stress paths are shown in Figure 5.4. Figures 5.5 to 5.8 present the
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KHMCC model predictions of the isotropic undrained compression tests with OCR
values of 1.00, 1.24, 2.15 and 2.75 respectively. The figures also show a comparison
between the KHMCC model and the MCC model. It shows that the normally
overconsolidated clay (Figure 5.5) is fully predicted by both the MCC model and the
KHMCC model, but the KHMCC model gives a slightly better prediction than the
MCC model. The undrained stress-strain response of normally consolidated clay
exhibits only plastic behaviour because the stress path drags along the yield surface
boundary, which is in the plastic region. Thus, the MCC model can capture this
special behaviour.
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Figure 5.5 Prediction of isotropic consolidation undrained test at OCR = 1.00
(a) Stress path; (b) Shear stress-strain curve
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Figure 5.6 Prediction of isotropic consolidation undrained test at OCR = 1.24
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(a) Stress path; (b) Shear stress-strain curve
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(a) (b)
Figure 5.7 Prediction of isotropic consolidation undrained test at OCR = 2.15

(a) Stress path; (b) Shear stress-strain curve
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(a) (b)
Figure 5.8 Prediction of isotropic consolidation undrained test at OCR = 2.75

(a) Stress path; (b) Shear stress-strain curve

On the other hand, the lightly and moderately overconsolidated samples
(Figures 5.6, 5.7 and 5.8) can still use the MCC model to predict their behaviour;
however it does not fit very well for both stress path and stress-strain responses. This
is due to the limitation that the MCC model only gives the elastic response for the
stress state inside the yield surface. The multiple yield surface model can

accommodate the smooth transition change from elastic stiffness to elastic-plastic
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stiffness. Figures 5.6, 5.7 and 5.8 show that the KHMCC model can capture the
transition of shear stiffness. However, the undrained stress path pattern (Figure 5.4)
does not fit well with all tests, especially heavily overconsolidated samples. This is
because the KHMCC model is strictly based on the CSSM assumption, i.e. every
sheared sample must reach the same final state called “critical state”. The
experimental data, however, did not show a unique critical state. This may be due to
localisation in which each element of the sample does not yield at the same time.
Another way of explaining the phenomenon is the introduction of a strain softening
function, an agenda for further research.

The final version of the KHMCC model cannot accurately give the prediction
of the undrained shear strength especially for the heavily overconsolidated sample.
The most significant advantage over the MCC model is that it can give a smooth
transition of stiffness without any additional expression. This benefit can be applied

for the cyclic loading response, the details of which are in the following section.

5.3.2 Isotropic drained behaviour

A set of data for isotropic consolidation triaxial drained tests has been
obtained in the testing program with variation of stress path direction from 0°-360°.
The data are compared with the prediction for the models and some selected results
are presented in Figures 5.9, 5.10 and 5.11. The figures also show a comparison
between the KHMCC model and the MCC model.

The stress history is simplified in the testing program which is illustrated in
Figure 4.4(a). Every sample is in the moderately overconsolidated state (OCR =
2.75) after the isotropic consolidation history path. The samples are then sheared in
the particular direction with strain being controlled. The artificial rate-dependent

process is used for this prediction, using a p& value equal to 0.1kPa. This value has a

very small effect on the result following the rate-effect in the consolidation behaviour
prediction section (see Figure 5.1(b)).

Figures 5.9(a) and (b) show the volumetric and shear stress-strain curves of the
CID-56 and CID-236 tests as illustrated by the small diagram. There are three stress-
strain curves, i.e. data, MCC model prediction and KHMCC model prediction.
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Figures 5.10(a) and (b) present the volumetric and shear stress-strain curves of the

CID-135 and CID-315 tests.
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Figure 5.9 Prediction of isotropic consolidation drained test at 56° and 236° direction of

OCR = 2.75; (a) Volumetric stress-strain curve; (b) Shear stress-strain curve
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Figure 5.10 Prediction of isotropic consolidation drained test at 135° and 315° direction of

OCR = 2.75; (a) Volumetric stress-strain curve; (b) Shear stress-strain curve
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Figure 5.11 Prediction of shear stress-strain curve of isotropic consolidation
drained test at 90° and 270° direction of OCR = 2.75

Figure 5.11 presents the shear stress-strain curve of the CID-90 and CID-270
tests. Due to the fact that the MCC model does not describe the transition of stiffness,
the stress-strain response from the MCC prediction gives a sudden change of stiffness
from elastic to plastic. The KHMCC model not only accommodates the change of
stiffness, but also gives a better prediction of shear strength as shown in Figure 5.11.
However, the prediction of KHMCC model exhibits a symmetric stress-strain
response about the p-axis. This limitation of the KHMCC model will be tackled in
the next section which deals with the prediction of the stress-strain behaviour with an

anisotropic stress history.

5.4 Anisotropic behaviour prediction

Following the stress history, the anisotropic consolidation stress path will
make the yield surface centres move from the p-axis. This leads to the observation of
an unsymmetric behaviour about the p-axis. Although, the KHMCC model does not
have a rotated yield surface shape, the KHMCC model with multi yield surface can be
sufficient to describe the anisotropy phenomenon. The benefit of the multi yield
surfaces model is that, after any stress history, each of the yield surface will memorise
its location following the stress path. Then, during the next loading, the stress-strain

response will exhibit the behaviour according to the past stress history. The
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prediction of the shear strength can be improved using the inequality of critical state
cone magnitude (M). In this stage, however, the two different M values are used for
the triaxial model (in p-g space).

Incorporating the KHMCC model (Table 3.8) into the FORTRAN code, the
prediction of anisotropic consolidation tests is processed. Firstly, the multi yield
surfaces are dragged following the anisotropic consolidation stress history as shown in
Figure 4.5. After the consolidation stage, the tested samples are sheared into two
conditions (undrained shear condition and some specific stress direction drained shear
condition). The results and comparison details will be described in the following

section.
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Figure 5.12 Prediction of Ky consolidation

Figure 5.13 Prediction of Ky consolidation

undrained compression shear stress paths varying undrained extension shear stress paths varying

OCR from 1.00 to 2.75

OCR from 1.00 to 2.75

5.4.1 Anisotropic undrained behaviour

The KHMCC model is used to simulate two sets of K, consolidation triaxial
undrained tests with varying OCR-values from 1.00 to 2.75, both in compression and
extension tests. The normalised stress paths are shown in Figures 5.12 and 5.13 for
compression and extension tests respectively. Figures 5.14 to 5.17 present the model

predictions of the Ky undrained compression tests with OCR values 1.00, 1.24, 2.15
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and 2.75 respectively, and Figures 5.18 to 5.21 exhibit the model predictions of the K

undrained extension tests with varying the OCR values 1.00, 1.24, 2.15 and 2.75

respectively. These plots show the comparison between the experimental data, the

MCC model and the KHMCC model prediction.
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Figure 5.14 Prediction of Ky consolidation undrained compression test at OCR = 1.00
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Figure 5.15 Prediction of Ky consolidation undrained compression test at OCR = 1.24

(a) Stress path; (b) Shear stress-strain curve
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Figure 5.17 Prediction of Ky consolidation undrained compression test at OCR = 2.15

(a) Stress path; (b) Shear stress-strain curve

For the K) undrained compression test, the KHMCC model provides a better

prediction of shear strength and variation of shear stiffness than the MCC model.

Considering the normally consolidated sample (Figure 5.14), the KHMCC model

gives a poor result for stress path and variation of stiffness. This may be due to the

fact that the undrained stress path of the normally overconsolidated sample is dragged
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along the yield surface boundary. Thus the yield surface shape could be improved by,
for example, deforming the yield surface shape or rotating the yield surface axis
around the p-axis.  Moreover, there is also the problem for the heavily
overconsolidated sample (Figure 5.17, OCR = 2.15), which is the same as presented in
the isotropic undrained test. It is not necessary to reach the exact same point when
shearing approaches its final stage. This may be described by introducing the concept

of localisation or strain softening function.
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Figure 5.18 Prediction of Ko consolidation undrained extension test at OCR = 1.00

(a) Stress path; (b) Shear stress-strain curve
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Figure 5.19 Prediction of Ky consolidation undrained extension test at OCR = 1.24

(a) Stress path; (b) Shear stress-strain curve
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Figure 5.20 Prediction of Ko consolidation undrained extension test at OCR = 1.78

(a) Stress path; (b) Shear stress-strain curve
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Figure 5.21 Prediction of Ky consolidation undrained extension test at OCR = 2.15

(a) Stress path; (b) Shear stress-strain curve

-0.05

For the K undrained extension test, the prediction exhibits the same trend as

the compression tests except for the prediction of shear strength. The KHMCC model

underestimates the shear strength value, compared to the MCC model. This may be

due to the effect of the M-value, i.e. M is more than Mg, when keeping ¢;.= ¢;, asa
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material constant. However, this seems to be unsuitable for the explanation of the
experimental data from AIT because the data shows that the extension shear strength
is slightly higher than the compression shear strength. The KHMCC model allows the
use of the same M-value for both compression and extension, M¢= Mg (as shown in
Table 5.1). The prediction of shear stiffness on the extension side is reasonably
accurate, compared with the compression side. This simplification to the model

reasonably compensates for the shortfall of the model.

5.4.2 Anisotropic drained behaviour

Like the isotropic consolidation data, the data for the anisotropic consolidation
triaxial drained test are provided by the varying stress path directions from 0°-360°.
Figures 5.22 to 5.25 show the comparison of the prediction of the KHMCC model and
the MCC model with experimental data from AIT. Figures 5.22(a) and (b) show the
volumetric and shear stress-strain curves of the CKD-45 and CKD-225 tests as shown
in the small diagram. Figures 5.23(a) and (b) present the similar curves of CKD-135
and CKD-315 tests. Figures 5.24(a) and (b) exhibit the volumetric stress-strain plots
of CKD-0 and CKD-180 tests respectively; on the other hand, Figure 5.25 presents the
shear stress-strain curve of CKD-90 and CKD-270 tests.

kP
P (kPa) o)
45° 480 ‘ ‘ 150
- T A R R L
» |160 N — Model
550 - 110
225 140 .." — MCC y
: 9 | L
120 | - | @ Dat o s —
100 Ff /o° rﬁl"
50 |f .°
80 0 I°
-0.100 -0.050 5300 0.050 .10+ ) 0L
7ol 0150 0100 -0.050 0400 0.050 0.1 0.1
20 | ) —_—
*eqe -t 7
© 50
(@) (b)

Figure 5.22 Prediction of Ko consolidation drained test at 45° and 225° direction

of OCR = 2.75; (a) Volumetric stress-strain curve; (b) Shear stress-strain curve
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Figure 5.23 Prediction of Ky consolidation drained test at 135° and 315° direction

of OCR = 2.75; (a) Volumetric stress-strain curve; (b) Shear stress-strain curve
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Figure 5.24 Prediction of volumetric stress-strain curve of Ko consolidation drained test
of OCR = 2.75; (a) 0° direction; (b) 180° direction
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Figure 5.25 Prediction of shear stress-strain curve of Ko consolidation drained test
at 90° and 270° direction of OCR = 2.75

From Figures 5.22 to 5.25, the model behaves in the same way as predicted in
the isotropic drained tests except in Figure 5.22. This may due to the fact that CKD-
45 path is close to the Ky-line representing the past stress history direction. The
KHMCC model therefore responds suddenly to a change of stiffness. The prediction
of shear stress-strain behaviour (Figure 5.25) is accurate. On the other hand, the
predictions of consolidation behaviour (Figures 5.24(a) and (b)) are not efficient.
This is because the CKD-0 and CKD-180 data was obtained using a different rate of
loading to the other CKD tests. This leads to the problem of how to select the
appropriate viscosity coefficient to represent all tests. However, the overall
predictions are seen to describe the main characteristics both for shear and

consolidation stress-strain behaviour (Figures 5.22 and 5.23).

5.5 Cyclic behaviour prediction

The most important advantage of the KHMCC model is that it can simulate the
smooth transition of stiffness before failure occurs. This advantage is crucial in
construction work, because the stress-strain behaviour is actually limited under a
certain value (i.e. the strength divided by a safety factor), which is much lower than
the peak strength. In recent years, models for the small strain behaviour of soils have

been developed independent of the model of prediction of strength behaviour, as there
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is no theoretical framework to describe both behaviours in an uncomplicated way.
However, hyperplasticity with a continuous kinematic hardening function can explain
both.

The data on cyclic loading from Bangkok clay can be used to validate the
hyperplasticity model. The testing program concerns the undrained cyclic behaviour
whose details have been described in section 4.7. However, the original paper
(Teachavorasinskun et. al, 2001 and 2002) uses a slightly confusing concept that
mixes up the definition between two-dimensional (MIT) and three-dimensional
(Cambridge) stress-strain parameters. To avoid this, all definitions are transferred to
the terms of three-dimensional stress-strain parameters. Table 5.2 represents the
definitions of the cyclic stress-strain parameters used in this research.

For the simulation of cyclic tests, the shear modulus gradient (g,) is taken at a
slightly higher value than for static tests, i.e. g = 150 in cyclic tests, while g, = 60 in
static tests. The evidence from the monotonic undrained compression test found that

Chulalongkorn’s clay samples are slightly stiffer than AIT’s samples.

le >
o
\/

i%iv

(@)

(b)

Figure 5.26 (a) Mohr’s circle represents the strain parameters for undrained

condition; (b) Definition of damping ratio
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Table 5.2 The definitions of cyclic stress-strain parameters

Definition Description
Y ;A = (& ;‘93) ; in undrained condition y,, =1.5¢, | Single amplitude shear strain
E . . " q
G = ———; in undrained condition G = — Secant shear modulus
2(1 - v) g,
h, =—%—; where 4, and A, represent the area of
47A
E . .
Damping ratio
hysterisis loop and the area of elastic zone (show in
Figure 5.26)

Figures 5.27 and 5.28 present the simulated result of cyclic undrained shear
tests with varying confining pressure (p.) of 50 and 100kPa respectively. The results
exhibit the variation of shear modulus and damping ratio with single amplitude shear
strain. The prediction of cyclic undrained triaxial tests are good for both the normally
consolidated sample (p. = 100kPa) and lightly overconsolidated sample (p. = 50kPa).
The N-value in Figures 5.27 and 5.28 represent the number of testing cycles.
Although, the testing program has not been continued until failure (excess pore
pressure develops due to the cyclic load), the first ten cycles are sufficient to represent
the cyclic behaviour. The effect of viscous behaviour on cyclic properties can
actually be investigated by the KHMCC model. However, because of the
inconsiderable amount of the frequency difference in the data, it does not show a
significant effect.

The prediction of the cyclic test at small strains is the most important
advantage of the multiple yield surface model. In particular, the rate-dependent
model shows the deformed elliptical shape of hysteresis loops during the cyclic load.
The area of the hysteresis loop becomes larger when the number of cycles increases.

This evidence is exhibited on the damping ratio Figures 5.27(b) and 5.28(b).
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Figure 5.27 Prediction of cyclic undrained shear test varying shear stress

magnitude (g/p) at confining pressure (pc) = 50kPa, N = number of cycles

(a) Plot of shear modulus (G) vs. single amplitude shear strain (y,,)

(b) Plot of damping ratio (%, ) vs. single amplitude shear strain (y,)
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Figure 5.28 Prediction of cyclic undrained shear test varying shear stress
magnitude (q/p) at confining pressure (p;) = 100kPa, N = number of cycles

(c) Plot of shear modulus (G) vs. single amplitude shear strain (y,,)

(d) Plot of damping ratio (4, ) vs. single amplitude shear strain ()
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5.6 Conclusion and Future work

The hyperplasticity model based on two potential functions can define the
constitutive law for an engineering material, especially soil. The advantage is that a
continuous kinematic hardening function can exhibit a continuous stress-strain
response. The KHMCC model with a linear stress-strain relationship has been finally
proposed for the implementation. A parametric study on Bangkok clay is based on
two sources of research. All predictions of the experimental result have been
processed by FORTAN 90 with the assumption that stress-strain is uniformly
distributed under the triaxial condition (axi-symmetry condition). Every sample is
consolidated following its stress history and sheared in its specific condition such as
undrained, drained or cyclic undrained condition.

The prediction for consolidation behaviour is more accurate than shear
behaviour. Since, the consolidation prediction only acts on the p term of the model,
there is no p-g coupling term that affects the stress-strain response. The real-time
analysis can be done by means of adjusting the viscosity coefficient and the rate in the
rate-dependent analysis.

The prediction for pure shear behaviour can be determined from the CID-90
and CID-270 tests. These two tests are used to evaluate the magnitude of the critical
state cone both on the compression and extension sides. The evidence on anisotropic
tests, however, shows that the extension strength is slightly higher than compression.

Thus, for simplicity for the downside of the model, the assumption that M . = M, has

been proposed in this study.

The isotropic consolidated tests are accurately predicted in terms of stress path
and shear strength. On the other hand, the anisotropic consolidated samples are
slightly inaccurate, especially the stress path. The variation of shear stiffness is
relatively well fitted for both isotropic and anisotropic consolidated tests. However,
the prediction of the shear strength of the heavily overconsolidated sample should be
improved.

The simulation of the cyclic undrained tests gives an accurate result. The
variation of the shear modulus is simulated by the model accurately all shear strain

amplitudes. The damping ratio is also well predicted at all shear strain amplitudes.
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This leads to the significant benefit of the model that it can simulate both the
monotonic loading and the cyclic loading behaviour by a unique constitutive law.

However, this version of the hyperplasticity model still has to be improved.
The suggested information is summarised below:

1. Because the model is based strictly on the Masing rule; it always gives a
symmetric closed hysteresis loop when the stress path returns to the same maximum
past stress. Further research has to introduce a ratchetting mechanism that will
provide an unsymmetrical hysteresis loop and a small drift after one load cycle.

2. The investigation shows that it is not necessary to strictly enforce the CSSM
assumption that every sheared sample must reach the same critical state. Further
research should consider either the concept of localisation or the strain softening
phenomenon. The localisation idea assumes that material consists of two zones i.e.
elastic and plastic zones’, where the ratio of these two zone’s volume controls the
material behaviour. This idea implies that all material elements do not necessarily
reach the yield state at the same time. In contrast, the strain softening will result in a
softening behaviour after material yield. The yield surface will move inward or
shrink when the stress state touches the yield surface. These two concepts might be
used to explain the behaviour of heavily overconsolidated clay.

3. The fact that the magnitude of the critical state cone (M) depends on where
the stress state is in stress space. For the generalised stress-strain model, the general
expression to evaluate the shape of critical state cone has to be considered.

4. For the better prediction of anisotropy, the yield surface shape may be
improved by, for example, deforming the yield surface shape or rotating the yield
surface axis around the p-axis. These ideas are believed to be able to generate

anisotropy.

3 the plastic zone is sometimes called the shear band

5-25



Implementation into finite element code

Chapter 6

Implementation into Finite Element Code

In recent times, the finite element method has been used in engineering
practice including for the analysis of geotechnical problems. A finite element
program OXFEM has been developed at the University of Oxford over the last ten
years. The nested yield surface model, a multi yield surface soil model, has been
implemented into OXFEM (Augarde, 1997). Based on the hyperplasticity approach
(Collins and Houlsby, 1997, and Houlsby and Puzrin, 2000), rate independent
plasticity is not difficult apply in OXFEM. Nonetheless, the rate-dependent
calculation is distinctively different from the classical plasticity theory. The rate-
dependent stress-strain algorithm must be further developed and included in the
OXFEM code.

This chapter focuses on the implementation of the new constitutive law using
the finite element method, and the two-dimensional finite element formulation for
geotechnical problems is summarised. The KHMCC and MCC models are
represented in terms of generalised stress-strain parameters. The models are also

reduced for the analysis of the two-dimensional problem.

6.1 Stress-strain definition

The formulation of an element stiffness matrix is based on the isoparametric
method used in the derivation of small strain finite element equations. If
deformations are defined by continuous functions u, v and w in the x, y and z
directions respectively, the strains (assuming small strain theory and a compression

positive sign convention) are defined as (Howatson, Lund and Todd, 1991):

ou ov ow
* ox 7 oy Oz
(6.1)
ov Ou. ow Ov ow Ou

T n T Ty e T e e
As the six strains are a function of only three displacements, they are not independent.
However, to analyse a real geotechnical problem, some assumptions and
idealisations must be made. Due to the special geometric characteristics of many

problems such as retaining walls, continuous footings and stability of slopes, they can
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be treated in soil mechanics as plane strain problems. If the z dimension of the
problem is large, the conditions consistent with these approximations are defined as:

& —_a_w—0~ __a_W_@_O. __a_w_a_u—o 62
T Ty T T T & (6.2)

Some special geometries, for example circular footings, single piles or
caissons and cylindrical triaxial specimens, have rotational symmetry about a vertical
axis through the centre. These types regularly use a cylindrical coordinate » (radial
direction), z (axial direction) and € (circumferential direction). Due to the symmetry,
there is no displacement in the @ direction and the displacement in » and z directions
are independent of @. This is called the axi-symmetry condition. The strains can be
reduced to (Timoshenko, 1951):

ou ov u ov Ou
=—— 82 === &p=——, rz =< " 0 = 7/z :0 63
- oz o 0 p Ve o oz Vo =720 (6.3)

For these two cases, the strain variables are reduced to three and four

unknowns respectively for the plane strain and axi-symmetric cases.

6.2 Generalised soil model

The constitutive models explained in the previous chapter are in the form of
triaxial stress-strain parameters. In the finite element method, however, generalised
stress-strain (three-dimensional) parameters are required. The following table shows
comparisons between triaxial, generalised and two-dimensional stress-strain

parameters.

Table 6.1 Comparisons between triaxial and generalised stress-strain parameters

Generalised Two-dimensional
Variables Triaxial stress-strain
stress-strain stress-strain
T
{0-1762763’64}
o, where
. T
Stress parameters equivalent to {ar ,0,,0, }
i,j=1...6 ,
{0-11 502,,033,07 }
o o, +0o,+0 20 +0 o
Mean stress kk p — ( 1 2 3) p — 7 z _ kk
3 3 3 3
=0, -0
O o, =0, — p-0,where 1=9:79
. . !
Deviatoric stress 0, =0,——-90; 3,
3 i=1...4and = Eo-ij'o-ij
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1, i=1-3
51’ = .
0 i=4
T
{51a52a53a54}
&; where
Strain parameters equivalent to {5, ,E. 5 E. }T
ij=1..6
T
{511a522a533a2512}
Volumetric strain Ee g =& T&, té&; £, =2¢ +e. =¢y
v e =2(c.—s)
€ &l =& ——0, where S
Deviatoric strain g =g —%511 3 5
i=1..4 = 58,; i
o
Bulk modulus (K) 3K =~ k=L k=2
i g, g,
Shear modulus (G) 2G=— 26 =—+ 36=1
£ £ &£

The MCC model and KHMCC model can be transformed into the generalised stress-

strain parameters shown in Table 6.2. The simplicity of the generalisation from

triaxial conditions is a feature of the approach in which the model is defined entirely

by scalar functions.

Table 6.2 Generalised soil models

2
olo
g:—/c%-ilog e —i-——o-yay +(A-x) i -exp( Y j
3 Oow ) 4 80u 3 A—K
MCC T
_ Xk +§_ XiXi  Oxom -exp Y|
model | ” "\ 9 T2 )2 3 A—k
where subscript 0, x represent the reference (initial) and the reference point
of yield surface
2 o A 19 alal
g _ O-kk 3 _ O'U alj + I kk ij l] d}?
KHMCC 18K 4 g0, 3
model ) 3 }2, 7
A Zkk ijAi YA _
y—\/9 2 Allzj Hpakkn_o
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6.3 Two-dimensional soil model for OXFEM

Taking advantage of the special geometry arising in many geotechnical
problems, some assumptions are made to reduce the amount of calculation in the
finite element analysis. In this research, the two-dimensional analysis, such as plane
strain and/or axi-symmetry is used. However, a transformation from generalised
stress-strain parameters to two-dimensional stress-strain parameters is required and is
shown in Table 6.2. The two-dimensional version of the MCC model and KHMCC

model defined by two scalar functions is presented in Table 6.3.

Table 6.3 Two-dimensional soil models

=— -1lo -=-
g 3 gl 4
zo-oi gx
i=l1

3

3
ZGin Zai
MCC | _ (/1 _ K). i=1 _exp| 2

3 A—K
model

i=1

3 3 3 2 .2
K‘ZO‘OI. ZO‘i 3 Z(O'i )+ 20, (
i=1 _

i1 i1
3
O;
i1

3 a
Z(O-i 'ai)+2o-4 fj

N 3 ? 3 : Ay &’ ’
KHMCC Hp(zdfj Hq[Z(“f)“( 24j J
d

1
i=1
model .[ * 3 d
0
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6.4 Solution scheme

There are two levels for the calculation of the stress-strain relationship, i.e. the
incremental stress-strain for each single element, and the incremental load-
deformation behaviour of the global problem. The former calculation uses exactly the
same algorithm as in the case of the triaixal stress-strain calculation explained in
chapter 3. The latter one, on the other hand, has to deal with a slightly more

complicated situation, which will be discussed in this section.

6.4.1 Incremental stress-strain solution at element level

The incremental stress-strain solution at the element level is still based on rate-
dependent calculations mentioned in section 3.9.3. However, there exists no
requirement for a constraint statement during the finite element calculation. The

incremental response can be rewritten in the form:

2 A 2 A
__9¢ do; =de, +1| agA -afv 7 vdt (6.4)
oo, ' do,0a, 0,
or, in the matrix form: A-do=de— {[(B : C)dﬂ}dt (6.5)
2 A 2 A
where A =— o8 , B=— 8gﬂ ,andC:aIM.
00,00, do,0a, ox,;

The incremental stress can be solved from equation 6.5 in the form
do=A" -(ds - {J (B-C)d n}dt). Compared with the formulation of the elasto-plastic
constitutive matrix, the relation between incremental stress and incremental strain
takes the form dczD-(ds—ds”), where D or A 'represents the purely elastic

stiffness matrix.

6.4.2 Modified Newton-Raphson (MNR) method
Commonly, the analysis of any boundary value problems can be expressed by
the governing finite element equations which can be reduced to the following

incremental form:
K, -Ad, =Af' (6.6)
where K' is the incremental global stiffness matrix, Ad, ' is the vector of

incremental nodal displacements, Af,' is the vector of incremental nodal forces and

6-5



Implementation into finite element code

superscript i is the increment number. To obtain a solution to the boundary value
problem, the change in boundary conditions is normally applied in the form of a series
of increments, in which the governing equation of each increment must be solved.

The final solution is obtained by summing the results of each increment. Normally,
the incremental global stiffness matrix K, depends on the current stress and strain

level and therefore is not constant, except in the linear elasticity case. If sufficiently
small increments are used, the integration of piecewise linear increments represents
non-linear constitutive behaviour. There are several strategies to solve the non-linear
governing equation. However, only two categories of solution algorithm are
considered: the Euler scheme and Newton-Raphson (NR) scheme (Burd, 1986).

The simplest solution strategy is the Euler scheme, also called the tangential
stiffness method. According to this approach, the incremental stiffness matrix is

assumed constant over each increment and is calculated by using the current state
from the beginning of each increment (i.e. K' is calculated by usingAd,'). This is

equivalent to making a piecewise linear approximation to the non-linear constitutive
behaviour as illustrated in Figure 6.1(a). Explicitly, the accuracy of the solution
depends on the size of load increments. For example, if the increment size was
reduced so that more increments were needed to reach the same accumulated load, the

tangent stiffness solution would be nearer to the true solution.

A A
Force Force
—
IS A3
Af? AR |
True solution True sojution
Af1 Eul h Af' Newton-Raphson scheme
uler scheme
. > |<—>1|<—>|<—>| Displacement
A_(IEGJ |A2d,|;5 Displacement Ad ' Ad 2 Ad G
Ad o

(a) (b)
Figure 6.1 Solution schemes for Finite Element Analysis;

(a) Euler scheme, (b) Newton-Raphson (NR) scheme
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An alternative is the NR method as illustrated in Figure 6.1(b). This method
uses the equilibrium equation. The first calculation is essentially the same as in the
Euler method. However, there will be a solution error after the first increment, and
the predicted incremental displacements are used to calculate the unbalanced force (or
residual load), a measure of the error in the analysis. After that, a residual load is
calculated, and the step repeated. The iterative process is repeated until the residual is
small. The incremental displacements are equal to the sum of the iterative
displacements. The next increment is equal to the amount of the unbalanced load plus
the usual increment. This scheme will reduce the amount of the error accumulation
due to the unbalanced load of each calculation step. Nonetheless, it is observed that
this scheme might be unstable if too large an increment is applied. This is because a
huge unbalanced force is reapplied in the next calculation stage. The numerical
stability can be improved by using a factor (normally between 0 and 1), which scales
down the unbalanced force. This method has to recalculate and invert the incremental

global stiffness matrix for each iteration. This is the most time-consuming process.

A
Force
_—

AP
Af?

True solution
Af!

Modified Newton-Raphson
scheme

|<—>1|<—>|<—>| Displacement
Ad ' Ad 2 Ad, g’

nG nG nG

Figure 6.2 Modified Newton-Raphson (MNR) method

A further solution technique called the Modified Newton-Raphson (MNR)
method, Potts and Zdravkovic (1999), improve the time-consuming in each increment
by using the stiffness of the first iteration or the elastic stiffness rather than
recalculation of the tangential stiffness for each iteration (see Figure 6.2). This may
requires storage in the computer memory to memorise all elements of the stiffness

matrix during the updated process.
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The present version of OXFEM employs the NR algorithm. The OXFEM
code could be improved by introducing the MNR algorithm. This might need some
modification of storage to memorise all elements of the stiffness matrix. However,

the NR algorithm has proved to be acceptable for this research.

6.5 Choice of element type

In finite element analysis, the geometry of the boundary value problem must
be defined. Simplifications and approximations may, however, be necessary during
this process, and the geometry of the problem must be approximated as accurately as
possible. The isoparametric formulation employs shape functions in terms of
coordinates and nodal displacements. For the two-dimensional problem, high order
isoparametric elements with mid-side nodes can be reasonably used to reproduce
curved boundaries.

The simple three-noded triangle can generate only a linear boundary, and
offers a constant strain inside its element, and is thus inappropriate for this research.
The chosen element for the research is the six-noded triangle for two-dimensional
analysis (Figure 6.3), which requires three nodes at each corner and three nodes in the

mid-side. Hence, it can produce a parabolic curved boundary.

(a) (b)
Figure 6.3 Two-dimensional elements used to model the soil;

(a) Three-noded triangle, (b) Six-noded triangle

6.6 Analysis types

In solid mechanics, the constitutive behaviour is formulated as a relationship
between changes in total stress and strain, whereas in geotechnical problems the
constitutive behaviour is expressed in term of effective stress parameters. The finite
element formulation employed here can be used to analyse the following two classes

of problems:
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1. Fully drained problems (effective stress analysis) in which there is no
change in pore pressure, Au =0. This implies that the changes in effective and total
stress are the same, i.e. A6 =Ac’, and that the stiffness matrix D contains the
effective components. For example, in the case of linear elastic behaviour D will be
based on a drained Young’s modulus, £, and drained Poisson’s ratio, v’ .

2. Fully undrained problems (total stress analysis) in which the stiffness matrix
D is expressed in terms of total stress parameters. For linear elasticity D is based on

an undrained Young’s modulus, £, and undrained Poisson’s ratio, v, .

The results from both problems are classified in terms of changes in total stress. No

information is provided on changes in pore pressure.

6.7 Test problems

The triaxial formulation of the MCC and KHMCC model have been tested and
validated with experimental data from AIT and Chulalongkorn University as
presented in chapter 5. However, before the implementation of the generalised
model, testing of the two-dimensional formulation should be made. The FEM result
should be consistent with the calculation from the single element program. The
purpose of these tests is to verify the new material subroutine, the interface between
old OXFEM code and the new subroutine as well as the rate-dependent algorithm,

before applying them to geotechnical field problems.

x

=

[y (=]

: :

g q q 3

v R % ¥
50 mm 25 mm
(@) (b)

Figure 6.4 Test models for triaxial problem;

(a) plane strain case, (b) axi-symmetry case, (c) boundary conditions

A series of artificial triaxial tests is carried out by both the single element

program and the FEM model presented in Table 6.4. The tests are simplified as plane
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strain condition (PS) and axi-symmetry (AS). Eight 6-noded elements are used, the
dimensions of which are shown in Figures 6.4(a) and 6.4(b) for the PS and AS
analyses. The boundary conditions are illustrated in Figure 6.4(c).

Three material subroutines are called from the main OXFEM program: the
Elastic Von Mises soil model (EVM), the MCC model and the KHMCC model. The
parameters for the EVM model are assumed as: elastic shear modulus G = 1000kPa ,

Poisson’s ratio v =0.35, and undrained shear strength s, =100kPa. For the MCC

and KHMCC models, the parameters used are as in Tables 5.1 and 5.2.

Firstly, all tests are simulated by applying a series of equivalent nodal loads
simulating confining pressures during the consolidation stage. The equivalent nodal
force is calculated based on the virtual work principle, which assumes that the work
done by the equivalent nodal load must be equal to the amount of work done by the
pressure. All tests are consolidated to 100kPa. Then, applying negative loading
allows the samples to swell back to 80kPa. Thus, after the consolidation stage, all
specimens are lightly overconsolidated (OCR = 1.25). Next, the applied displacement
is applied solely at the top during the shearing stage. The displacement prescribed is
applied incrementally until the sample goes beyond yield. The increment details for

each test are illustrated in Table 6.4.

Table 6.4 Artificial Triaxial Tests for Validation of KHMCC and MCC models

Consolidation stage Shearing stage
Problem
No. Model Inc. per Real time Inc. per | Real time
(PS/AS) | Cal. Step Cal. Step
step step (sec) step step (sec)
1 EVM PS 20 5kPa - 20 5x10™m -
2 EVM AS 20 S5kPa - 20 5x10™*m -
3 MCC AS 10* 10°kPa 10 10° 10°m 0.1
4 KHMCC AS 10* 10°kPa 10 10° 10°m 0.1

6.8 Comparison of results

For the EVM model, only 10 steps per loading stage have been calculated
since the elastic stiffness matrix is based on the closed form solution. The elastic
calculation is sufficiently robust for a large loading stage. The plane strain and axi-

symmetric elastic result can be calculated by using Hooke’s law, which are:
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Plane strain (PS):

Axi-symmetry (AS):
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Figure 6.5 Finite element calculation based on the EVM model;

(a) Volumetric stress-strain curve, (b) Shear stress-strain curve

For example, Figure 6.5 shows the FEM calculation of test no.2. At yield state
(0, =280kPa, and o,=80kPa), the strain should be & =0.082963,

g, =—0.017037 based on the elastic solution. This stress state just reaches the yield

condition and is the maximum shear stress that is still in the elastic range. Thus,
compare the elastic solution with the results from the FEM analysis, which are

o, =280.061kPa, o, =80.061kPa ande¢, =0.082396, &, =-0.017079. The errors

are in the range of 0.08% for the stress and 0.68% for the strain which are sufficiently
acceptable. Applied loading cannot be applied beyond this state; otherwise a huge
amount of plastic strain would cause a numerical problem. However, by prescribing
the displacement it is possible to avoid this problem. After yield, the stresses remain

the same due to the EVM vyield condition. On the other hand, the plastic strain will
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cause the shear strain to keep increasing. Figure 6.5 illustrates that the FEM

calculation give an accurate result for the EVM material behaviour.

Volumetric stress-strain Stress path
p (kPa) q (kPa)
120 70
100 60 &
50 |
80 |
40 |
60 |
30 |
+ FEM
40 ¢
. 20 |
— Single element
27 10 |
o ‘ | | e o ‘ p (kPa)
0.000 0.050 0.100 0.150 0.200 0 50 100 150 200
(a) (b)
Shear stress-strain Strain path
q (kPa) €s
70 0.090
0.080 |
60 |
0.070 |
50 |
0.060 |
40 ¢ 0.050 -
30 0.040 |
0.030 |
20
0.020 |
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0.010 |
0 L I L I €s 0.000 O o o o o L gy
0.000 0.020 0.040 0.060 0.080 0.100 0.000 0.050 0.100 0.150 0.200
(c) (d)

Figure 6.6 Comparison of Finite element and Single element calculations based on the MCC
model; (a) Volumetric stress-strain curve, (b) Stress path, (c) Shear stress-strain curve, (d) Strain
path.
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Volumetric stress-strain Stress path
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Figure 6.7 Comparison of Finite element and Single element calculations based on the KHMCC
model; (a) Volumetric stress-strain curve, (b) Stress path, (c) Shear stress-strain curve, (d) Strain
path.
For the rate-dependent calculation of the MCC and KHMCC models, the
calculation must be applied with very small increments. This is because instability of
the plastic strain will occur when the displacement is applied in large steps. There is
no closed form solution for the MCC and KHMCC models unlike the EVM model.
The comparison can be made only between the FEM and the single element

calculation. The eight elements of the FEM calculations are not significantly different
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from the single element. The difference between two calculations is in the order of
10™kPa (0.0001%) for the stresses and 107 (0.0002%) for the strains. Figures 6.6 and
6.7 show the results of tests no. 3 and 4 as compared with the single element
calculations where the line represents the single element calculation. The data points
represents the FEM results which are the average from the Gauss points of the top
element. The number of data points plotted is reduced by a factor of 100 and 1000

during the consolidation and shearing stages respectively.

6.9 Conclusion

The models based on triaxial stress-strain parameters are developed from
experimental data on Bangkok clay as described in chapter 5. However,
implementation in the finite element program OXFEM is required for the generalised
models. As a result, this chapter presented the translation of models in the terms of
the generalised stress-strain parameters. This procedure needs some mathematical
processes and programming. Artificial triaxial tests are analysed to verify the
material subroutine and calculation procedure. The computer codes for rate-
dependent calculation of the MCC and KHMCC models are presented in Appendix B.

The analyses discovered that the numerical calculations are very robust in the
elastic range. The increments in the elastic range can be quite large. After the tests
reach yield state the numerical instability may occur, especially in the EVM and MCC
model. This comes from a sudden change of the behaviour from the elastic to the
plastic region. In the EVM model, the plastic range is unable to be observed by load
control because the perfectly plastic behaviour will occur after yield. The calculations
are processed using rate-independence. The analysis result is in an acceptable range
compared with the elastic solution. For the MCC and KHMCC model, the numerical
calculations are carried out using rate-dependence which is able to control the
numerical instability. By comparing between single element and FEM analyses, the
results found are that the difference is tiny. Thus, this exercise verifies that the
subroutine developed can be employed for the geotechnical field problem, which will
be discussed in the next chapter.

In addition, the analyses also found that the numerical calculation using
displacement control is slightly more robust than load control. Especially in the
shearing process where load control is not possible because a large plastic strain will

occur when the sample reaches yield. The rate-dependent algorithm with
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displacement control will respond giving a smooth stress-strain behaviour, whereas
for load control it gives a slight non-smooth stress-strain response. This is because
the strain and strain rate are constant at any calculation step of the displacement

controlled problem.



Application to geotechnical problems

Chapter 7

Application to Geotechnical Problems

This chapter presents the application of the finite element method to the
analysis of geotechnical construction problems. This exercise applying the finite
element method is presented for the purpose of demonstrating the new constitutive
model. This is to prove that the newly developed model can be employed in
engineering practice as stated in the objectives of the research. Any further advanced
analysis such as considering the boundary effect is beyond the scope of the research
and will therefore be disregarded.

The construction problems can be categorised into two classes which are
equilibrium dominated and deformation compatibility dominated. The former relates
to the strength problem for example, shallow foundations and embankment problem.
The analysis with the advanced soil model is expected to offer an indifferent strength
prediction from the analysis with simple soil model. However, the latter deals with
the deformation problem such as earth retaining structures, and tunnelling problems.
A better deformation prediction is expected to be generated if the advanced soil model
is employed. The construction of a road embankment and tunnelling-induced

settlement are selected as two examples for this research.

7.1 Road embankment

Earth embankments are built frequently for highway purposes in Thailand.
The subsoil conditions for the road embankment are mainly thick soft clay which is of
low strength and high compressibility. The design of road elevations and fill
thickness are based on the classical Terzaghi consolidation theory, which employs
compression ratio (CR) and recompression ratio (RR) as two key parameters for the
prediction of settlement and uses undrained shear strength as a strength parameter.

Embankment geometry is usually simple but, due to the weakness of the
subsoil, the embankment can be built only to a height of approximately 3m to 4m.
However, higher embankments are regularly needed in lowland area to protect from
floods. As a result, special construction methods such as reinforcement with
geotextiles and/or staged construction are necessary. In staged construction, the

embankment is constructed in stages and after each stage, a consolidated time is
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required for dissipation of excess pore water pressures. This process leads to a gain in
soil strength of the soft clay.

Highway No. 34 (Bangna-Trad) is one of the most economically important
highways, and problems have occurred with excessive settlement caused by the
underlying poor compressible subsoil along the route (Figure 7.1). A study of
settlement of highway no. 34 is presented by Seah (1998). The highway was initially
constructed as a two-lane highway in 1969 with design elevation of 2 to 2.8m (above
mean sea level) from chainage Okm to 55km. Ultimately, the highway was upgraded
to an eight-lane highway, and some part of roadway was on improved subsoil, using

soil cement column ground improvement.

/i~ Bang Khen
© | Nong Chok

Nonthaburi :
304/
O Minburi
Bangkapi

iy : 3.5m 2.75m
y Phra Khanong Lat Kabang Pavement houlder

Bangna

0,
5% L35y

e

:—=FPMZMMT; Qr'ij l:HONBU_Ijjj@.
Figure 7.1 Route of Highway No. 34 Figure 7.2 Typical Cross section of Highway
(Bangna-Trad Road), Seah (1998) No. 34, Seah (1998)

7.1.1 Embankment geometry and soil conditions

The construction of Bangna-Trad highway has been documented by the
Department of Highway Thailand since 1980. The typical highway cross section is
shown in Figure 7.2. However, the historical record provides only a single settlement
point at any section of road embankment. The settlement profiles are unavailable for
comparison with settlement analyses. The comparison can be only made using the
maximum settlement at the centre of the road embankment.

The original ground conditions and consolidation characteristics before
construction are represented by Seah (1998). The subsoil condition is composed of a

thick layer of very soft Bangkok clay, together with a sand layer underneath. The
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thickness of the compressible clay layer varies from 14 to 24m (average 20m) as
shown in Figure 7.3. It can be assumed that the sand layer is rigid and a drainage
boundary. The soft clays have not commonly experienced greater vertical stresses in
the past. Consequently, they are normally or very lightly overconsolidated. The
typical unit weight of Bangkok soft clay is estimated to be 20kN/m’ (this value is
quite high for a normally consolidated clay; however, it is for the simplicity).
However, there is no recorded data on the embankment material. The embankment
fill is modelled in the same manner as the soft ground. The unit weight of

embankment fill is estimated to be 20kN/m>.

7.1.2 Data collection

The measurement of settlement data along the outbound highway has been
recorded since 1969 without any ground improvement. After that, this route was
rehabilitated to raise the pavement in 1981, because of the substantial settlement over
ten years. The settlement profile along the 55km recorded in 1979 is shown in Figure
7.4. These numbers include the settlement due to land subsidence or ground water
pumping. The land subsidence problem has been a major environmental issue in
Bangkok since the 1970s. The Asian Institute of Technology (AIT) and the
Department Mineral Resources (DMR) have been conducting research and monitoring
programmes to study the effect of pumping on the subground. The typical
piezometric pressure profile in Bangkok generated by deep pumping is illustrated in
Figure 7.5. The rate of settlement due to the deep pumping in 1979 and 1997
obtained from AIT’s reports is around 3 to Scm per year. Therefore, the settlement
due to only land subsidence over ten years is approximately 30 to 50cm. This is a
significant result which affects the settlement prediction. Thus, the model predictions
should include the effect of land subsidence before being compared with the field
data.
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Figure 7.3 Thickness of compressible clay layer along Bangna-Trad highway, Seah (1998)
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7.1.3 Finite element mesh
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Figure 7.5 Typical piezometric

pressure profile in Bangkok due

to deep pumping, Seah (1998)

As the soft clay is weak, the road embankment is normally built to a height of

approximately 2m to Sm. For this research, the height is assumed as 3.5m. The mesh

is generated by using the commercial finite element program I-DEAS. The finite

element mesh used for the analysis is shown in Figure 7.6. The problem is analysed

in two-dimensional plane strain condition, which consists of 449 six noded triangular

elements. Due to the symmetry of problem geometry, the finite element mesh can be
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reduced by half. The block of ground analysed is 20m thick and 30m wide. It is
assumed that there is a 10kPa surcharge applied on the ground surface (representing

made ground, vegetation etc.).
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Figure 7.6 Finite Element Mesh for Embankment of Highway No. 34

7.1.4 Constitutive models

The analyses are carried out using three constitutive models; elastic Von Mises
(EVM), modified Cam-clay (MCC) and kinematic hardening modified Cam-clay
(KHMCC) model. The EVM model parameters are the Elastic shear modulus (G),
Poisson’s ratio (v ), and Undrained shear strength (s,). In the case of purely elastic
undrained analysis (EVM-1), the v value is set to be 0.499 rather than 0.5 as the
infinite value of bulk modulus will cause a numerical problem, and s, is set to be very
high (10,000kPa). The elastic-plastic undrained analysis (EVM-2) is also considered
by setting the value of s, to be the undrained shear strength soft clay (10kPa). On the
other hand, for drained analysis (EVM-3), the v value is assumed to be 0.2 which is
reasonable for soft clay and the value of s, is set to be high because the purely elastic
behaviour is intended in this analysis. The MCC and KHMCC model parameters use
almost the same values that are evaluated by parametric study with the experimental

data in Table 5.1(a) and 5.1(b), the bulk and shear modulus, however, are modified to
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correspond more closely to the field data. A summary of model parameters are shown

in Table 7.1 including their physical meanings.

Table 7.1 Input parameters and their physical meaning for road embankment

and homogenous soil layering case of tunnelling analyses

FE Run Model Parameter Value Physical meaning
L | VM Elastic o099 | Unained Poisor's atio
Undrained analysis) s, 10000 (kPa) Assumed gzgi:%g:hxil;irfor purely
EVM-2 (Undrained G 7500 (kPa) Linear elastic shear modulus
EM2, TL2 analysis) % 0.499 Undrained Poisson’s ratio
y Sy 10 (kPa) Undrained shear strength
. G 7500 (kPa) Linear elastic shear modulus
EM3, TL3, EVM-3 (Elastic % 0.2 Drained Poisson’s ratio
TL . . -
6 Drained analysis) 5, 10000 (kPa) Assumed very high va!ue for purely
elastic behaviour
. Slope of swelling consolidation line on
K 0.05 log v-lo lot
EM4, EMS, Sl fvir, %n I%plli)dati n line on
EMS, EMI0, MCC 2" 04 ope of virgin conso on line o
TL4. TL7 log v-log p plot
’ Jo 80 Elastic shear modulus gradient
M 0.9 Slope of critical state line in g-p plane
K 4000 (kPa) Initial bulk modulus
EMS5, EM7, Z” ;2 Non-linear kinematic. hardening
r” 08 parameter for p-direction
EM9, EM11, KHMCC :
Jo 50 Elastic shear modulus gradient
TL5, TL8 a, 3.5 Non-linear kinematic hardening
b, 2.5 parameter for g-direction
M 0.9 Slope of critical state line in g-p plane

7.1.5 Analysis results

The analyses are conducted under plane strain conditions and can be divided

into two calculation stages. Firstly, the initial stress, stress history, and self weight of

the ground are set up. In addition, the ground is loaded by a 10kN/m? surcharge,

approximately equivalent to half a metre of soil in the first stage. This surcharge can

also eliminate the numerical problem due to the zero stresses at the ground surface

elements. The initial effective stress condition is assumed as shown in Figure 7.7(a).

After applying the initial conditions; the 3.5m of embankment is applied by means of

the vertical distributed nodal point load calculated by the virtual work principle. The

effect of the lateral load due to the triangular shape of the embankment is considered

later in the analysis.

The embankment construction is assumed as a ten staged
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construction is which ten steps of calculation is applied for the loading stage.
Descriptions of the road embankment analyses are summarised in Table 7.2.
Normally consolidated soil Overconsolidated soil

vertical stress (kPa
(kPa) vertical stress history (kPa)

0 T T 0 T T
) 100 200 300 ) 100 200 300
5 L 5 L
10 + 10
E B
15 | =
£ £19 |
[} (]
© ©
20 | 20 |
-25 | 25 |
-30 -30
(a) (b)

Figure 7.7 Distribution of vertical stress with depth; (a) in-situ vertical stress for
overconsolidated soil and normally consolidated soil. (b) maximum past vertical stress

for overconsolidated soil

Table 7.2 Description of finite element analyses of road embankment

Surface Horizontal Maximum
FE Run Model Analysis type K,
crust load settlement (cm)
EM1 EVM-1 Undrained 1 - - 2.06
EM2 EVM-2 Undrained 1 - - 10.83
EM3 EVM-3 Drained 1 - - 6.10
EM4 MCC Drained 1 - - 32.77
EMS5 KHMCC Drained 1 - - 20.81
EM6 MCC Drained 0.7 - - 42.84
EM7 KHMCC Drained 0.7 - - 24.19
EMS MCC Drained 1 Yes - 32.14
EM9 KHMCC Drained 1 Yes - 20.43
EMI10 MCC Drained 1 - Yes 29.74
EMI11 KHMCC Drained 1 - Yes 19.67

The ground settlement profiles for analyses EM1 to EMS5 are shown in Figure

7.8.  The analyses EM1 and EM3 offer only purely elastic stiffness when the soil
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elements do not reach yield. Since the yield stress is set a a very high value the
settlement profile show less value than the other profiles. The undrained analysis
EM1 shows a small heave outside the embankment. The analysis EM2 with the input
being true undrained shear strength gives the large settlement under the embankment
and also creates heave outside the embankment. Only analyses EM1 and EM2 show
heave outside the embankment because in the undrained analysis the total volume of
the ground block must be unchangeable. The heave tries to compensate the volume of
trough under the embankment. Analysis EM4 with the MCC model provides the
maximum settlement profile due to the sudden change in behaviour from elastic to
plastic. Since the soil elements underneath the embankment are subjected to the huge
embankment load, the plastic strain dominates. The lower value of plastic stiffness of
the MCC model producesthe larger plastic strain. The settlement that comes from the
accumulation of the vertical displacement of al the elements underneath the
embankment is also deeper in the case of the MCC model. In contrast, the shallower
settlement trough is expected for the variational plastic stiffness value in the case of
the KHMCC mode!.

0.050 S

0.000 “\ "__”_X‘Xwgf. =o--” i - X(m)

-0.050

-0.100

-0.150

------- EM1 (Elastic undrained)

-0.200 1
0.200 ---x--- EM2 (EVM undrained)

-0.250 - —— EMS3 (Elastic drained)

—»— EM4 (MCC)

-0.300 1 — EMS5 (KHMCC)

-0.350
Settlement (m)

Figure 7.8 Predictions of the settlement profile after the embankment construction

Note that Figure 7.8 implies that right-hand side boundary of the 30m wide

ground mesh is not close enough to the embankment to affect the analysis results
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except for the analysis EM2 which uses a very low input value of undrained shear
strength (10kN/m?).

The stresses are controlled by the initial ground conditions and applied nodal
loads. Therefore, they do not vary significantly in each case from analyses EM1 to

EMS5. The typical horizontal (o) and vertical (o)) stress contours selected from

anaysis EM4 with the MCC model are in the ranges of -200 to 5kPa and -220 to
-25kPa respectively as shown in Figures 7.9(a) and (b), where the negative sign
convention indicates compression. The strains are controlled by the constitutive

model and the analysis condition (i.e. drained or undrained). The horizonta (¢, ) and
vertical (¢,) strain contours of analysis EM4 are in the range of -0.02 to 0.02 and

-0.06 to 0.01 respectively as shown in Figures 7.9(c) and (d). The patterns of strain
distribution for analyses EM4 and EM5 respectively, using the MCC and KHMCC
models, are similar except for the contour range of -0.02 to 0.01 for the KHMCC
model as shown in Figure 7.10(d). This is because the analysis EM4 shows a deeper
settlement than EM5 and hence higher plastic strains are expected for the lower
plastic stiffness. The analyses EM1 and EM3 with purely elastic responses exhibit a
unique pattern of strain distribution. The maximum compressive strain of analysis
EM3 however is two times larger than analysis EM1 due to the difference between
undrained and drained analysis as shown in Figures 7.10(a@) and (c). For the
undrained analysis EM2 with low s,, the strain distribution takes no identifiable form:
the plot is scattered, however it can be represented as a dip line under the
embankment (see Figures 7.10 (b) and 7.11(d)). Thisis because the stress amplitude
of amost al elements reaches yield as shown in Figure 7.11(b). The stress amplitude
(6! — 0 )/2) and strain amplitude ((s,,, — &,y )/2) vaues can imply the state of
stress and strain in the yield condition. Figures 7.11(a) and (c) show the typical stress
and strain amplitude contours of the embankment, which are selected from analysis
EMA4,

Figure 7.12(a) shows the nodal force vector for al noda points in the problem.
The nodal force is determined by the boundary conditions and ground conditions.
The force on the surface boundary corresponds to the applied surcharge load from the
embankment. Both sides of the boundaries correspond to the roller support condition
(fixed horizontal movement) and the nodal forces distribute in a triangular pattern

which corresponds to the horizontal stress. The nodal forces at the bottom boundary
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correspond to the total reaction force due to the gravity load and the applied surcharge
embankment. The nodal displacement vectors for al nodal points of analyses EM4,
EM2 and EM3 are shown in Figures 7.12(b), (c) and (d) respectively. For undrained
anaysis EM2 (Figure 7.12(c)), all displacement vectors move outward due to the
embankment surcharge as expected. On the other hand, all displacements for drained
analyses EM4 and EM 3 (Figures 7.12(b) and (d)) surprisingly move inward due to the
embankment surcharge. There are still no obvious evidence that shows this
phenomenon occurring for the drained case. The critical process of embankments on
soft clay is during the construction, which must be analysed as undrained or partially
drained, rather than drained condition. Few data exist for drained settlement of
embankment on soft clays.

Analyses EM6 and EM7 consider the effect of effective stress ratio (Kg). In

analyses EM1 to EM5, an assumption of K, =1 ismade. However, the actua ground

does not have isotropic stress conditions. Severa experimenta datafrom AIT such as
Kim (1991) and Khan (1999) conclude that the value of Ky is less than unity and
around 0.6t0 0.8. Thus, in analysisEM6 and EM7, K, = 0.7 is assumed.

In addition, the most critical issue for embankments on soft clay is the strength
of the clay. The top soil layer normally has a high strength and OCR value due to its
stress history. The crust can have a marked effect on the behaviour of an
embankment. To illustrate the effect of the surface crust, analyses EM8 and EM9
with a distribution of OCR as shown in Figure 7.7 have been performed. The
comparisons of the results after considering the effect of Ko and the effect of the
surface crust are shown in Figure 7.13.

The effect of surface crust makes the settlement profile slightly shallower as
shown in Figure 7.13. This stress history effect can be modelled by specifying the
maximum past stress (see input to OXFEM in appendix A). In contrast, the effect of
Ko makes the settlement profile deeper, when reducing the Ko value from 1.00 to 0.70.
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Application to geotechnical problems
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-0.450
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Figure 7.13 Predictions of the settlement profile with effect of the surface crust and

stress ratio (Kp)

The replacement of the soil embankment by a vertical nodal load can accurately
approximate a uniform wide embankment. The triangular embankment should be
replaced by vertical and horizontal distributed nodal load. However, the horizontal
load is relatively small compared with the whole size of the embankment. The
approximations of embankment nodal loads in the analyses are displayed in Figures
7.14(a) and (b). The evaluation of horizontal loads starts from the definition of active

pressure: o, =K, o, and then calculates the active force: P, =1/2K, o h. The
summation of all horizontal nodal loads must be equal P, =1/2K o h and this

amount has to triangularly distribute along the distance L as shown in Figure 7.14(c).
The analysis results of EM10 and EM11 considering the effect of horizontal nodal
load are presented in Figure 7.15. As the displacement vector moves inward, the
lateral load on the opposite side will cancel the displacement vector. Thus, the lateral

load makes the trough slightly shallower and wider.
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Y,y K,o,(h/L)

(2) (b) (c)

Figure 7.14 Equivalent nodal force of soil embankment load

(a) Vertical nodal load; (b) Effect of lateral nodal load; (¢) Estimation of lateral nodal load

0.000 x x x x -
x (m
i 25 30 (m)
-0.050 -
-0.100 -
0.150 -
-0.200
— EM4 (MCC)
-0.250 - ——EMS5 (KHMCC)
------- EM10 (MCC-lateral load)
0300+ - - - -EM11 (KHMCC-lateral load)
-0.350

Settlement (m)

Figure 7.15 Predictions of the settlement profile with effect of lateral nodal load

Figure 7.16(a) presents the effect of the horizontal shear nodal force under the
triangular embankment. The horizontal shear force tries to drag the horizontal
displacement in the outward direction from the embankment. This leads to the
reduction of the vertical settlement and can be illustrated by the displacement vector

as shown in Figure 7.16(b).
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Figure 7.16 The nodal force and displacement vector of the analyses EM10
(a) The nodal force vector of EM10; (b) The nodal displacement vector of EM10
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7.2 Tunnelling

The analysis of tunnels using the finite element method is commonly used in
practical design. In the conventional designs, the load characteristics are determined
by a technique which is mostly elastic and movements by a technique which is
principally empirical. Nevertheless, there two techniques are not linked. In order to
progress the understanding of design methods for building interaction with tunnelling-
induced settlements, much research on tunnelling has been conducted such as Lee and
Rowe (1989) and Addenbrooke et al. (1997).

The Civil Engineering Research Group at Oxford University has also been
undertaken the tunnelling research since 1993. A number of two-dimensional finite
element analyses of a building and ground were carried out by Liu (1997). A nested
yield surface model offering a variation of stiffness was implemented in the finite
element for this study. The other factors affecting the tunnelling-induced settlement

such as percentage of volume loss, in-situ stress ratio (K = o, /o, ), density of soil,

choice of external fixity to lining, and modification of parameters for the nested yield
surface model were further studied by Bloodworth (2002).

For three-dimensional numerical modelling, the tunnelling processes for
assessment of damage to buildings were analysed by Augarde (1997). Then, three-
dimensional finite element modelling of lined tunnelling problems was performed by
Augarde and Burd (2001). The choice of structural liner was studied using two
different elements to model the tunnel lining.

As stated in the introduction, this tunnelling problem is used to demonstrate
the new constitutive model. The analysis procedure here is performed by following

the standard approach from previous research by Bloodworth (2002).

7.2.1 Empirical prediction of tunnelling-induced settlement
An empirical formulation for predicting the short-term transverse settlement
trough could be approximated by a normal distribution or Gaussian curve. The

equation for the assumed trough shape is:
x2
S=8§,.. expl —— 7.1
p[ Y j (7.1)

where S is the maximum settlement above the tunnel axis and x is the transverse

distance from the tunnel axis. The width of the settlement trough is defined by the
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parameter i (distance from the axis to the inflexion point of Gaussian curve) which
varies according to the depth of the tunnel and the nature of the ground. O’Reilly and
New (1991) expressed the trough width parameter in the form of i = K -z, where z is
the depth of the tunnel axis below ground level. For cohesive soil K is normally in the
range of 0.4 to 0.5.

Another parameter to control the amount of settlement is the volume loss (V7).
The volume loss can be estimated by using the volume of the settlement trough (V) or
the displacement of tunnel lining after excavation. For the undrained analysis, the
volume losses calculated from both definitions must be the same. Integrating

equation 7.1 to evaluate the volume of the trough, the expression

becomesV, =27 -iS

max °

7.2.2 Model ground conditions and input soil properties

The numerical research and design on tunnelling, especially in soft clay are
widely studied in Thailand due to the fact that a large tunnel project for a subway
system is currently under construction by the Metropolitan Rapid Transit Authority
(MRTA). The typical geological condition of MRTA project is displayed in Figure
7.17(a). The tunnel mainly involves excavation in stiff to very stiff clay using an
Earth Pressure Balance shield (EPB). The dimension of the shield machine is 6.45m
in diameter and 6m in length and the cutting speed can reach to 100mm/min.

Lin et al. (2002) has been studied three-dimensional deformation due to use of
EPB shield tunnelling in Bangkok subsoil. Additionally, this analysis presents the
field instrumented data of the MRT Blue Line Subway tunnel (RE-5T-06). The
observations of settlement trough at various depths for various stages of tunnel
advancement are recorded. The plane strain condition can be assumed when the
tunnel goes far enough through the observed station. The tunnel lies on the dense
sand layer, which is assumed to be rigid and a drainage boundary for analysis as
shown in Figure 7.17(b).

The two-dimensional plane strain condition is assumed for the analysis of
MRTA project, as shown in Figure 7.17(b). In general, the soils have much stiffer
behaviour when further soils have been deposited on the top. The first 2.5m is made
ground, and can be assumed as a crust. However, this crust has not induced much

effect on the settlement trough, so the high OCR value of the top soil layer can be
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disregarded. Therefore, the 14m top of Soft Clay to Medium Clay can be modelled as
normally or very lightly overconsolidated. Next, the second layer of Stiff Clay to
Very Stiff Clay can be assumed for the rest of ground between 14m to 25m. The
typical unit weight of Bangkok soft clay is still estimated to be 20kN/m’ for all layers
and the initial stress and stress history can also be assumed as in Figure 7.12(a).

The typical construction design and analysis in Bangkok assumes the first
dense sand layer as a rigid layer. This is due to the fact that the engineering properties
such as compressibility, strength and drainage are distinctively different from the
adjacent clay layers. The analysis here therefore approximates the first dense sand as

a rigid foundation as shown in Figure 7.17(b).

0m 1 0m Y
Made ground
25m 25m—+
Soft Clay Soft to Medium Clay
23 m
12.8 m 12.8 m
B Medium Clay £
c 14 m c 14 m
2 S
I Stiff Clay g
q’ w - -
I 18.7m L 18.7 m—- Stiff to Very stiff Clay
Very stiff Clay ( 4+ v +Yr
25m 25m
1st Dense sand )AL
26.7m
Assumed rigid foundation
Very stiff Clay
339m

(a) (b)
Figure 7.17 (a) Typical geological condition of Metropolitan Rapid Transit Authority (MRTA) project at
Bangkok Thailand; (b) Assumed ground condition for analysis of MRTA project, Lin et. al (2002)

7.2.3 Model of lining

In order to model the concrete lining for the MRTA project, there are several
alternatives to model the lining; both in terms of the liner structures and constitutive
laws. In Augarde and Burd (2001), a comparison between the linings modelled by

shell elements and continuum elements was made. The paper reported that the liner
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behaviour depends on the stiffness ratio between soil and liner (E,,/E,,, ). For

liner
small values of this stiffness ratio, the liner behaves as a stiff tube and displacements
are small. For the larger values of the stiffness ratio, the liner response is more
flexible and displacements are larger. In addition, the paper noted that the shell
element formulations do not exhibit flexural behaviour that is excessively stiff (called
over-stiff).

In this research, the liner structural elements use 16 six-noded continuum
elements with an aspect ratio (thickness/radius) of 0.1. The elastic Von Mises (EVM)
constitutive law is selected for modelling of concrete lining. The concrete properties

were assumed as follows: Young’s modulus £ = 24GPa, Poisson’s ratio v = 0.2, and

compressive strength f = 30MPa. These properties can be converted to the EVM’s

parameters where shear modulus G = 10GPa, and s, =15MPa. The liner behaves as a
flexible liner according to Augarde and Burd (2001). This is because the stiffness

ratio between soil and liner (£, /E,,,, ) is around 0.3 to 0.5.

liner

7.2.4 Finite element mesh

c
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Figure 7.18 (a) Finite element mesh
for MRTA project; (b) Tunnel lining

details

Layer of continuum
lining elements

(b)

The mesh for tunnel problem is generated by using the commercial finite

element program [-DEAS. In this study, the tunnel problem is simulated as a two-
dimensional plane strain problem with 1105 six-noded triangular elements. By taking
advantage of the symmetry of the problem one can reduce the amount of calculation
by half. The boundary conditions are assumed as roller supports for the side and fixed
supports for the bottom. The finite element mesh for the MRTA project is presented
in Figure 7.18(a). Moreover, the detail of tunnel lining mesh is shown in Figure

7.18(b).

7.2.5 Choice of constitutive model

The analyses of the tunnel problem have been carried out using several
advanced soil models. The models are generally claimed their own advantages for
prediction of the settlement trough due to tunnel excavation. The simplest linear
elasticity model is still used to analyses the tunnel problem; however, some
modifications have been added such as anisotropic or nonlinear elasticity,
Addenbrooke et al. (1997). The results of elastic analyses indicate that the settlement
profile is too shallow and too wide when being compared with field data. Linear
isotropic elasticity predicts a profile of the wrong shape. Linear anisotropic elasticity
offers a better shape of the settlement profiles. However, it does not considerably
improve the prediction. Nonlinear elasticity provides a transition of stiffness;
however, the unloading stiffness is still based on the exact loading curve which is in

the wrong direction. To provide this, the plasticity models are recommended.
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For plasticity models, several elastic perfectly plastic soil models have been
proposed. For instance Von Mises, Mohr-Coulomb, Drucker-Prager (1952) and
Matsuoka-Nakai (1974). However, the critical state model known as the MCC model
is also used. These models offer the elastic behavior solely within the yield surface.
Thus, using them to predict the settlement may not be correct, especially for
overconsolidated soils. Several advanced models such as the Bubble model, (Al-
Tabbaa and Wood, 1987) and MIT-E3 model, (Whittle, 1993) are still difficult to use
according to the complication of their expressions, which may not be implemented in
numerical code easily.

The Three-surface kinematic hardening model, (Atkinson and Stallebrass, 1991)
has been employed in the CRISP finite element program to demonstrate the effect of
recent stress history on a two-dimensional tunnel problem, (Stallebrass, Jovicic and
Taylor, 1994). The study illustrates that the surface settlement profiles were
significantly affected by the recent stress history. This evidence implies that the
multiple yield surfaces model, which explains the immediate stress history, is able to
improve the numerical prediction of ground movements around a tunnel. Thus, the
KHMCC model with multiple kinematic hardening yield surfaces should exhibit the

effects of immediate stress history on tunnelling-induced settlement.

7.2.6 Analysis result

The analyses are done in plane strain conditions for different soil models. The
analyses are divided into three calculation stages. At first, initial stress, stress history,
and self-weight of the ground are set up. In addition, the ground is loaded by a
10kN/m” surcharge, which is approximately equivalent to 0.5m of soil. Next, the
tunnel elements are removed and the lining elements are inserted. Finally, the internal
pressure is incrementally applied, divided into 100 steps of loading. The internal
pressure, which controls the volume loss, is calculated and replaced by the nodal
force. The volume loss can be calculated from either the surface trough or the
displacement of the lining. In general, the volume loss should be controlled in the
range of 1 or 2% of tunnel volume.

All descriptions of the two-dimensional plane strain finite element analyses are
summarised in Table 7.3. Analyses TL1 to TL5 for homogeneous soil have been
performed using three models (i.e. EVM, MCC and KHMCC). Three different sets of
EVM can be categorised, i.e. EVM-1 for elastic undrained analysis, EVM-2 for elastic
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Von Mises undrained analysis and EVM-3 for elastic drained analysis as given in
Table 7.1. For MCC and KHMCC the model parameters in the analyses TL4, TLS,
TL6 and TLS8 are presented in Table 7.1. Furthermore, the effect of K, has been
considered in analyses TL6 to TL8. In analyses TL9 to TL11 the soil stratum is
separated into two layers: the top soft to medium clay layer of 14m and the bottom
stiff to very stiff clay layer of 9m as illustrated in Figure 7.17(b). The input

parameters are modified for both layers as summarised in Table 7.4.

Table 7.3 Description of finite element analyses of MRTA-project

FE Run Model Analysis type K, No. of layer Volume loss (%)
TL1 EVM-1 Undrained 1 1 1.582
TL2 EVM-2 Undrained 1 1 3.639
TL3 EVM-3 Drained 1 1 1.811
TL4 MCC Drained 1 1 1.037
TLS KHMCC Drained 1 1 1.314
TL6 EVM-3 Drained 0.7 1 1.758
TL7 MCC Drained 0.7 1 1.503
TLS8 KHMCC Drained 0.7 1 1.565
TL9 EVM-3 Drained 1 2 1.430

TL10 MCC Drained 1 2 0.828
TL11 KHMCC Drained 1 2 0.886

Table 7.4 Input parameters for two layer analyses

FE Run Model Parameter Top layer Bottom layer
EVM-3 (Elastic G 6000 (kPa) 9000 (kPa)

TL9 Drained analysis) ) 0.2 0.2
rained analysts S, 10000 (kPa) 10000 (kPa)

K 0.0625 0.0417

TL10 MCC A 0.4 0.4

2 64 96

M 0.9 0.9
K 3200 (kPa) 4800 (kPa)

a, 2.0 2.0

b, 2.5 2.5

TL11 KHMCC R 0.8 0.8

2 40 60

a, 3.5 3.5

b, 2.5 2.5

M 0.9 0.9

The ground settlement profiles for three different constitutive models as well as

the empirical formula prediction are shown in Figure 7.19. Using the empirical
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formula in equation 7.1 to predict a settlement trough; assuming the parameter
i=0.5-z, the volume loss can be calculated as 1.295%. All predictions are
consistent with the observed data from MRTA project (Lin et. al, 2002) except TL2.
All calculations are done without consolidation analysis (i.e. fully undrained analysis
or fully drained analysis), the undrained analyses TL1 and TL2 only show the total
stress result. In analysis TL1 undrained conditions are assumed with very high
undrained shear strength, thus the settlement trough is much shallower than the result
from TL2. Analysis TL2 gives the deepest trough as the analysis is done with the
actual undrained shear strength, which is at a lower strength than in other analyses.

On the other hand, the drained analyses TL3, TL4 and TL5 show effective stress
behaviour. All predicted troughs are consistent with the empirical formula and the
field data as shown in Figure 7.19(a). However, this cannot confirm the accuracy of
the model behaviour since only one set of field data is used as a comparison. Analysis
TL3 with the EVM model illustrates a slightly deeper and wider trough than the other
predictions do. Analysis TL4 with the MCC model shows a small heave at the far end
of the boundary. This may be due to the flow direction of strain vectors which move
inward to the tunnel for the elements near the tunnel and move upward for the ground
surface elements at the farther side. Analysis TL5 with the KHMCC model gives a
shallower and wider trough shape than TL4. These predictions can be improved by
modifying the ground, such as stress history or soil layering.

The analyses TL6, TL7 and TL8 with a reduction of K, from 1.00 to 0.70 show
a deeper and narrower trough than TL3, TL4 and TL5. This may be due to the
direction of major principal stress which is in the vertical direction when K less than
1.00, and this results in the major principal strain also approximately in the vertical
direction. Thus, the vertical displacement is expected to be higher than in analysis
with Ky equal to 1.00. This was also found by Addenbrooke etz. al (1997), in which
analyses were carried out reducing of K, from 1.50 to 0.50 around the tunnel zone.
The settlement troughs of TL6, TL7 and TL8 are illustrated in Figure 7.19(b), and
compared with TL3, TL4 and TLS5.

The analyses improved by splitting the ground into two regions as shown in
Figure 7.19(b) as presented in analyses TL9, TL10 and TL11. In these analyses, the
stiffness values of the top and bottom layer can be adjusted until satisfied. For the
consistency of all model comparisons, however, the stiffness parameters are modified

from the analyses TL3, TL4 and TL5 by a factor of 0.8 and 1.2 for the top and bottom

7-25



Application to geotechnical problems

soil layers respectively as illustrated in Figure 7.20. The analyses results of TL9,
TL10 and TL11 are displayed in Figure 7.19(c), and are comparable with TL3, TL4
and TLS.

The horizontal (o, ) and vertical (o) stress contours for analysis TL4 with the

MCC model are in the range of -390 to OkPa and -490 to -10kPa respectively as
presented in Figures 7.21(a) and (b). This case is presented since the stresses are
similar for each of analyses TL1 to TL11. The horizontal stress increases at the
crown and reduces at the springline of the tunnel as shown in the contour plot in
Figure 7.21(a). On the other hand, the vertical stress decreases at the crown and
becomes greater at the springline of the tunnel. The strains, however, depend
principally on the choice of the constitutive model and the analysis conditions (i.e.

drained or undrained analysis). The horizontal (¢, ) and vertical (¢,) strain contours

from analysis TL4 are in the range of -0.005 to 0.007 and -0.006 to 0.005 respectively
shown in Figures 7.21(c) and (d). Figure 7.22 presents four examples of vertical
strain contours from analyses TL2, TLS, TL7 and TL10. The undrained analysis TL2
with the low input shear strength as shown in Figure 7.22(a) indicates that the vertical
strains are tensile for all elements above the tunnel. This causes a deep settlement
trough. The result of analysis TL5 (Figure 7.22(b)) with the KHMCC model shows a
smoother transition of vertical strain than for the MCC model. The reduction of K
leads to an increase in the vertical strain as shown in Figure 7.22(c). Figure 7.22(d)
shows the discontinuity of the stress contour at the boundary between soft and stiff
clay due to the sudden change of stiffness from a soft to a stiff layer.

The stress and strain amplitude contours from analyses TL4 and TL2 are
presented in Figure 7.23. Figures 7.23(b) and 7.23(d) illustrate the state of soil

elements around the tunnel reaching the yield state (i.e.(gmax —5mm): s,/G). This

comes from the fact that the soil elements near the tunnel reach the yield state first
and then the stress will gradually transfer to the adjacent elements. Figures 7.23(a)
and 7.23(c) exhibit the typical stress and strain amplitude contour of analysis TL4
since they are moderately similar in each analysis except in some details such as

magnitude of contours.
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Figure 7.19 Predictions of settlement trough for MRTA-project; (a) Homogenous soil

layering analyses (TL1 to TL5), (b) Effect of K, analyses (TL6 to TL8), (¢) Two sail
layer analyses (TL9 to TL11)
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Figure 7.20 Relative input stiffness parameters between homogenous and two layering
analyses
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Application to geotechnical problems

Figures 7.24(a) and (b) show the nodal force vectors for all nodal points around
the tunnel in analysis TL4. The nodal forces for all analyses should be the same
because they are constrained by the same boundary and ground conditions. The
surface boundary corresponds to the applied surcharge load. Both side boundaries
utilise the roller support condition. The nodal forces at the bottom boundary conform
with the total reaction force due to the gravity load and the applied surcharge load.
The nodal force around the lining presents the reaction of the concrete lining
subjected to the simulated internal pressure. The nodal displacement vector for all
nodal points in analysis TL4 is shown in Figures 7.24(c) and (d). The nodal
displacements are concentrated around the tunnel and reduce to small values in the far
field. All displacements are toward to the tunnel as expected. The movements are

significant at the crown and decrease towards the springline.

7.3 Conclusion

These two exercises on finite element analysis are presented in this chapter to
illustrate the soil models as applied to Bangkok clay. The road embankment problem
is related to the strength of the soft ground. The problem is analysed under two-
dimensional plane strain conditions in order to reduce the amount of calculation.
Using 449 six-noded triangular elements is sufficient to model a ground block. The
undrained analysis can be only carried out using the EVM model (EM1 and EM?2)
because of the limitation of OXFEM code. For the rest of the analyses (EM3 to
EMI11), drained condition are analysed using the EVM, MCC and KHMCC models.
The analyses found that the strength does not vary too much among the constitutive
laws, whereas the deformation shape depends much on the constitutive law. The
analysis results exhibit a smooth distribution of stresses and strains as shown in the
contour plots. These two-dimensional analyses concern some factors such as surface
crust and Ky. The effect of a surface crust makes the settlement profile slightly
shallower due to the higher stiffness of the overconsolidated state of the crust layer.
The reduction of K from 1.0 to 0.7 makes the settlement profile much deeper. The
approximation of the soil embankment by nodal forces can be reasonably assumed.
However, the triangular embankment should be replaced by not only the vertical
nodal force but also the horizontal nodal force. The analysis considering the effect of
lateral load discovered that the effect can be disregarded, because the horizontal load

is relatively small compared with the load from whole embankment.
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The critical problem for the tunnel is not the strength of soil but rather the
excessive settlement trough. An empirical formulation to predict tunnelling-induced
settlement is widely used in practice. However, there is no better solution than finite
element analysis to calculate the stress-strain behaviour around a tunnel. In this study,
the tunnel is smulated as a two-dimensiona plane strain problem with 1105 six-
noded triangular elements, analysed by using three different models i.e. the EVM,
MCC and KHMCC models. The undrained analysis can only be analysed using the
EVM model (TL1 and TL2) and the other analyses (TL3 to TL11) are carried out in
drained conditions. The comparisons of the settlement trough prediction found that
all predicting troughs except TL2 are consistent with the empirical formula and the
field data. However, this cannot guarantee the accuracy of all models since only one
set of field data is used for comparison. The anayses with a reduction of Ky show
deeper and narrower troughs as expected. A discontinuity of the stress-strain contours
is found from the two layer analyses, and this is due to the sudden change of stiffness
from soft to stiff.

For the embankment problem with 449 nodes, the analysis time is roughly about
30 minutes wheress it is spent aimost 2 hours for the tunnelling problem with 1105
nodes. The running time of the analysis with KHMCC model using 50 yield surfaces
Is dightly longer than the MCC case (single yield surface) about 10-20%. This is
implied that the analysis time mainly uses for the globa load-deformation matrix
operation rather than the updating of the stress-strain at element level. The former is
controlled by size of problems, but the latter depends on the choice of constitutive
model used.

However, these two examples of anaysis prove the ability of soil model to be
employed in practice. In further analysis, more complicated factors need to be dealt
with, such as consolidation analysis, because the limitation on total stress calculation
in the present version of OXFEM is constrained to analyse problems for only fully

undrained or drained conditions.



Concluding remarks

Chapter 8

Concluding Remarks

8.1 Summary of research

Research at Oxford University on constitutive modelling for soils concentrates
principally on the use of plasticity theory for building soil models. In much of the
recent work there has been an emphasis on the use of thermodynamic principles to
develop a new approach to plasticity modelling termed hyperplasticity. This project
is a programme of development of practical soil models, especially clay models,
based on hyperplasticity theory.

There are many soil models with their authors each claiming their advantages
over other soil models. There is still no explicit model which explains fully the
behaviour of soil subjected to general construction processes. Since some of the
models are based on laboratory research and are described in terms of sophisticated
expressions, they are rarely used in practice. This project tries to develop a practical
constitutive soil model to employ in geotechnical work. The research tasks can be
separated into three main areas:

(1) building a theoretical soil model based on the hyperplasticity concept,

(i1) evaluation the soil model parameters based on experimental data, and

(ii1) implementation of the soil model in a finite element program.

8.1.1 Theoretical soil models

The most important feature of the new approach is that the entire constitutive
behaviour can be derived from two scalar potentials. Applying the hyperplasticity
idea to soil models, the kinematic hardening model is selected as a key stage in
developing a model with a continuous internal functional. The continuous kinematic
hardening functional model can accommodate a smooth transition of stiffness during
unloading and reloading below the maximum past stresses. While the continuous
hyperplasticity approach can offer a continuous smooth stress-strain response, in
numerical applications, the continuous function has to be replaced by a series of
piecewise linear functions, which are implemented in terms of multiple internal

variables.
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This research develops a new constitutive model for soil mechanics that makes
use of two underlying stress-strain relationships: linear and logarithmic. At this stage,
the development of research is directed to an elasto-plastic model with a continuous
hardening function in terms of triaxial stress-strain parameters. The ultimate model is
called kinematic hardening modified Cam-clay model (KHMCC), which requires
eight parameters (for linear stiffness), or seven parameters (for logarithmic stiffness)

plus one parameter (u) for rate-dependence.

8.1.2 Evaluation of model parameters

In order to evaluate the model parameters, the experimental data for Bangkok
clay obtained from Asian Institute of Technology (AIT) and Chulalongkorn
University are employed. The experimental data at both the small strain level and
large strain are required to explain the variation of stiffness from small to large strain
levels. The AIT data contains information on triaxial tests at large strain level. On
the other hand, the small strain data is provided by the research on cyclic undrained
shear at Chulalongkorn University.

Based on the results of the study, the linear stress-strain model is proposed for
this study. All predictions are simulated by assuming uniform stress-strain
distribution in axi-symmetry conditions. Every sample is consolidated following its
stress history and sheared in its specific condition such as undrained, drained or cyclic
undrained condition where the rate effects are concerned. Utilising these results,

model parameters for Bangkok clay are proposed.

8.1.3 Implementation of software

From a numerical aspect, an incremental response calculation is required to
evaluate the stress-strain response. There are two calculation algorithms (i.e. rate-
independent and rate-dependent) considered here. These two algorithms are initially
implemented using FORTRAN 90 for the triaxial calculation. Further development of
soil models in the form of generalised stress-strain parameters is performed to link the
model to the OXFEM finite element program. This research considers special
conditions, such as two-dimensional plane strain and axi-symmetry. The model
requires the transformation from generalised stress-strain to two-dimensional stress-

strain relation.
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The calculation of global incremental load-deformation behaviour has to deal
with a slightly more complicated algorithm than the incremental stress-strain in a
single element calculation. The present version of OXFEM employs the Newton-
Raphson (NR) algorithm. Before starting the analysis, some triaxial problems are
tested to make sure that the subroutines developed and the link between the old code

and new subroutine are correct.

8.1.4 Applications

Two application examples of geotechnical construction are selected: analysis
of a road embankment and estimation of tunnelling-induced settlement. The problems
are simplified into two-dimensional plane strain conditions, and symmetry is used to
reduce the amount of calculation. The mesh is generated using the I-DEAS
commercial programme. These finite element analyses are calculated using OXFEM
including the subroutines developed by the author. All analyses are carried out using
three constitutive models: elastic Von Mises (EVM), modified Cam-clay (MCC) and
kinematic modified Cam-clay (KHMCC) model. The model parameters are
employed from the parameters derived from laboratory testing except in the EVM

model, which have been estimated from the MCC parameters.

8.2 Conclusions
The conclusions from this research can be summarised as follows:

1. The KHMCC model is categorised as a multiple yield surface model. However,
there is another idea called bounding surface plasticity which addresses some of the
weak points of critical state soil models. Although the bounding surface concept,
such as in the MIT-E3 model (Whittle, 1993), offers efficient computation and a
sufficiently accurate prediction of stress-strain-strength behaviour, there are still two
major drawbacks. The bounding surface concept requires some arbitrary functions
(such as a mapping rule and a hardening rule) without obvious physical meaning, and
the concept cannot explain the effect of immediate past history such as a hysteresis
loop on unloading-reloading. These two deficiencies can be described by the multiple
yield surface idea. There are also some disadvantages of the multiple yield surface
model; for example the nested yield surface model (Mroz ef al., 1982). The multiple
yield surface model requires a considerable amount of calculation in each yield

surface and needs a large number of hardening parameters. These problems can be
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eliminated by introducing a functional (loosely defined as function of a function).
This mathematical framework provides the concept that all yield surfaces are reduced
to a single structure with different sizes and a large number of kinematic parameters

are replaced by a function. These have been included in the current research.

2. A bubble model (Al Tabbaa and Wood, 1989) applies the kinematic hardening idea
to the MCC model. An improvement on the bubble model, to consider the effect of
immediate stress history, has been explored in the three-surface kinematic hardening
(3-SKH) soil model (Atkinson and Stallebrass, 1991). This model was intended to
improve the original bubble model by adding an extra intermediate yield surface in
order to deal with moderate strain levels. However, there is still a question whether it
is logical to limit the number of multiple yield surfaces to three surfaces. The models
cannot produce the response to cyclic loading behaviour which has a small change of
stress amplitude. These models could be extended to an infinite number of yield
surfaces. This can be dealt with by using a continuous functional which provides a
mathematical framework for generating a smooth curve. This concept has been

applied in the KHMCC model.

3. All recent soil models aim to generate plasticity behaviour inside the SBS which
could not be achieved by the MCC model. Some models contain many advantages of
theories such as anisotropic yield surface, hysteretic formulation and process of
destructuration. Therefore, they give a better quality in term of laboratory prediction.
However, these theories make the model too sophisticated. They are rarely used in
practice. This research tries to link between the theoretical and practical sides.
Although the new model does not give the best predictive qualities, it can resolve

some of the weak points that cannot be explained by other models.

4. In order to define the continuous kinematic hardening model, we need an
expression for the kinematic hardening function, which relates to the observed stress-
strain curve. This process involves much trial and error in order to define the
mathematical formulae. The research leads to a recommendation for a hyperbolic
function. The hyperbolic shape is controlled by four parameters (i.e. £, a, b and r
referred to equation 3.38), which have physical meaning. The initial slope of the

curve (E) refers to the elastic modulus while the asymptotic slope (related to
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parameter r) defines the plastic modulus. The remaining parameters (a and b), which
control rate of change of slope, can be evaluated by the definition of secant modulus

and/or tangential modulus at particular stresses.

5. Both numerical approaches to determine the incremental stress-strain (rate-
independent and rate-independent) are implemented. The rate-independent
calculation requires some consistency conditions which involve a higher complexity
of computation than rate-dependence. It also requires some error control that the
rate-dependent algorithm does not need. The most obvious benefit of the rate-
dependent calculation is the inclusion of rate dependency for materials which can
exhibit any significant rate effects. In addition, for the rate-independent approach, the
updated strain increment, consistency condition, hardening rule as well as the error
controls are included in the governing matrix. In contrast, only the updated strain
increment appears in the governing matrix for the rate-dependent calculation.
Therefore, the algorithm for rate-independence has to deal with larger sizes of
governing matrix than the rate-dependent. As a result, the rate-dependence reduces

the computing time considerably.

6. The KHMCC model prediction of consolidation behaviour is more accurate than
its prediction of other behaviours. This is because the consolidation prediction only
acts on the p term of the model but does not deal with the p-g coupling term. The
prediction of pure shear behaviour (i.e. CID-90 and CID-270) can be used to estimate
critical state parameters (M¢, Mg). However, Mg is normally slightly higher than M.

For simplicity, the assumption of M . = M . is made in this research. The isotropic

consolidated drained tests are accurately predicted in terms of stress path and shear
strength using KHMCC model. On the other hand, the anisotropic consolidated
drained predictions are slightly inaccurate, especially in terms of stress path. The
prediction of the variation of shear stiffness is relatively accurate for both isotropic
and anisotropic consolidated tests. The simulation of the cyclic undrained tests gives
accurate results. The variation of the shear modulus and the damping ratio are
accurately simulated by the KHMCC model. The main advantage of the model is that
it can predict both the monotonic loading and cyclic loading response by the same

constitutive law.
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7. The road embankment problem based on the field data from the Bangkok project
was selected as the first problem for study of a geotechnical application. The most
critical issue of embankments on soft clay is the strength of soft ground during the
construction period, as a low undrained shear strength cannot resist the high
embankment load. The analyses discovered that the stress fields do not vary much
among the constitutive soil models. Although, this study does not predict the
undrained behaviour with the soil models used, the drained long-termed settlement
prediction is calculated. This restriction in the analysis comes from a constraint of the
present version of the OXFEM finite element program, in which it does not include
code dealing with consolidation analysis. The comparison of the settlement profile
with field data can not be made, because only a single settlement point at each road
section was recorded. In addition, this series of two-dimensional analyses also
includes studies of some aspects of the embankment problem such as the effect of a
surface crust, K, and lateral shear force. The effect of a surface crust makes the
ground response stiffer. On the other hand, the ground response is softer when the K
is reduced. Theoretically, the lateral shear force must be included in the nodal force
for the embankment analysis. However, the research found that this effect can be
disregarded according to the small effect of lateral load compared with the whole size

of the embankment.

8. The second geotechnical problem considered in this study is the biggest public
transportation underground tunnel in Bangkok named MRTA. The important
problem of the tunnel is not the strength of soil but the excessive settlement trough.
The series of two-dimensional analyses also include some modifications to the ground
such as anisotropic ground (reduction of Kj) and layered ground. The analyses found
that the displacement fields depend much on the models used. The result of analysis
with the KHMCC model offers a better transition of stress-strain than the MCC
model. The reduction of K, leads to an increase in the vertical strains which lead to a
deeper and narrower settlement trough. The two-layer analyses show a discontinuity
of the stress contour at the boundary between soft and stiff clay due to the sudden

change of stiffness from the soft to stiff layer.

9. From the analyses of two geotechnical problems, it can be concluded that for the

analysis of the strength problem it is not necessary to utilise an advanced soil model.
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The models such as the EVM and the MCC model can also provide a sufficient
strength prediction. In contrast, for the analysis of displacement problem, the
advanced soil models which give a transition of stiffness from small strain to large
strain level are recommended. The KHMCC model is therefore one of the possible

soil models used to predict this problem. The effect of past stress history and K can

also be described by the KHMCC model.

8.3 Recommendations
Research on constitutive models for soils requires further work. Some

recommendations for future research are as follows:
1. To improve the stress-strain response, the continuous hardening function (I:I (77))

should be modified to generate a better stress-strain curve. The present version of the
KHMCC model assumes the stress-strain curve to be hyperbolic. Other forms of

continuous hardening function might be introduced.

2. The fact that soils are likely to be anisotropic, with their behaviour depending on
the direction of deposition, is important. The multiple yield surface concept can
accommodate the anisotropic behaviour by means of memorisation of the yield
surface locations from the past stress history. However, this is still not sufficient to
explain the experimental results. To improve this, the model should introduce other
yield criteria or/and anisotopic yield surface shape. Firstly, this is because the yield
criteria such as the Matsuoka-Nakai criterion offer a smooth change of yield strength
in the deviatoric plane. In the Matsuoka-Nakai criterion, the magnitude of critical
state cone will depend on where the stress state is in the deviatoric plane. Secondly,
the anisotropic yield surface shape, e.g. the deformed elliptical shape or the rotating

elliptical shape, is believed to be able to describe the anisotropic behaviour.

3. The laboratory investigation shows that every sheared sample is not necessarily
enforced to reach the same critical state as stated in the CSSM assumption. This is
especially the case for samples on the dry side of CSL. An improvement of the model
prediction should introduce some ideas to account for the aforementioned
phenomenon. The concepts of localisation and strain softening are believed to be able

to explain the behaviour of heavily overconsolidated clay. The localisation idea
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assumes that all material elements do not necessary reach the yield state at the same
time. The material consists of both an elastic zone and a shear band (plastic zone),
where the ratio of these two volumes controls the material behaviour. In contrast,
strain softening allows the yield surface to move inward or reduce its size when the

stress state touches yield surface.

4. Although the cyclic undrained triaxial tests are predicted quite well by the KHMCC
model, the prediction of behaviour of soil at small strain level needs still to be
improved in future research. Experimental results for the Bangkok clay at small strain
levels from apparatus such as a directional shear cell and hollow cylinder are

currently unavailable.

5. Development of rate process theory (Houlsby and Purzin, 2002) could provide
improvements to the prediction of short-term consolidation behaviour (before the end

of primary consolidation) as well as long term creep behaviour.

6. A constraint of the present version of the OXFEM finite element program is that it
does not include the code dealing with consolidation analysis. Thus, the consolidation

code should be added in the OXFEM program.

7. In future analyses, the use of techniques other than the Newton-Raphson (NR)
method for solution of the incremental load-deformation is recommended to improve
the running speed and/or accuracy, particularly for larger size problems including

three-dimensional analyses.

This research aims to build a new constitutive soil model, in particular clay
model. Based on the continuous hyperplasticity concept, the research produces a
satisfied model which can generate the smooth transition behaviour from elastic to
plastic. Although the model does not substantially improve the prediction qualities, it
can describe the effects of immediate stress history which is a strong point of the
model. The model also includes the rate effect which is useful for the analysis of a
staged construction process. Two geotechnical applications of the model confirm

that it is undoubtedly used for the geotechnical engineering.
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APPENDIX A

This following section lists the new input modules for OXFEM. These will be
included in the OXFEM manual. The new input modules are for specifying two
material types, initial states and rate-dependent calculation.

Material properties

*MATERIALS

For mtyp = 9; Kinematic Hardening Modified Cam Clay model (KHMCC)

Property number (in

Constant properties Descriptions
specification list)
pi K Initial bulk modulus
P2 a, . . . .
Non-linear kinematic hardening
J %] by .. . . .
parameter in isotropic (p) direction
P4 r
Ds fe Elastic shear modulus gradient
Ds a, Non-linear kinematic hardening
p7 b, parameter in deviatoric (g) direction
Ds M Slope of critical state line
Viscosity coefficient (for rate-
P9 H

dependent calculation)

For mtyp = 12; Modified Cam Clay model (MCC)

Property number
(in specification list) Constant properties Physical meaning
. Slope of swelling consolidation line on
P " log v-log p plot
o e Slope of virgin consolidation line on
log v-log p plot
D3 o Elastic shear modulus gradient
P4 M Slope of critical state line
Viscosity coefficient (for rate-
Ps a dependent calculation)
Ps Pxo Reference stress of initial yield surface

Specification of initial states
*INITIAL_STATE
Z Om Oy Ojimx O

vlmax

Z; Op Oy Opppax O

v2max
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.. etc.
This module follows the *INTIAL module which contains information about initial

stresses in the order of o, ,0, (initial horizontal and vertical stress) and also includes

the information of stress history in the order of &, .., 0, ... (Maximum past horizontal

vmax

and vertical stress).

Calculation information

*CALCULATION_TIME

filename

nstep; tol; time;

nstep, tol, time,

.. etc.

The CALCULATION module contains calculation information especially for rate-

independent model. In order to provide the rate-dependent calculation, time;
th

(calculation time in i loading stages) is introduced into the

CALCULATION_TIME module.
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APPENDIX B

Dottt et sk skl skt ok ok kol ok N[CC - Subroutine % % s sk skoskskoskstoskostok sk desde s skl ok deokodok |
!

! This file contains a range of subroutines for a Modified Cam Clay model. These
! routines have been written by Suched Likitlersuang. Feb 2003

1 3k sk sk sk sk sk sk sk sk sk stk sk skl sk sk sk sk sk sk sk sk skok sk skokosk ko sk Mathematic Deﬁnition**************************************|

double precision function ilog(x) ! ~~r~~r~r~~~ Integration of log(x)
use utils
implicit none
real (kind=dp), intent(in) :: x
ilog=x*log(x)-x
end function ilog

| 3k sk sk sk sk sk sk sk sk sk sk sk sk skeosk sk skl sk skl sk skok sk skokskoskokskok Constitutive Equation sk 3k sk sk sk sk sk sk ske sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk kol sk kol sk skokskoskok k|

subroutine makeAA MCC(STRESS,PROP,alpha,AA) ! ~~~~~~~~~ Elastic Compliance (d2g/dsigma2)
use utils
use maxdim
use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR),PROP(MPROP),alpha(MSTR)
real (kind=dp), intent(out) :: AAMMSTR,MSTR)
real (kind=dp), external :: delta
real (kind=dp) :: kappa,gx,p,divSTS(MSTR),divSTS2
integer :: iSTR,jSTR
kappa = PROP(1)
gx =PROP(3)
p = (STRESS(1)+STRESS(2)+STRESS(3))/3.0d0
divSTS2=0.0d0
do iISTR=1,MSTR
divSTS(iSTR)=STRESS(iSTR)-p*delta(iSTR)
if (ISTR==4) then
divSTS2=divSTS2+2*divSTS(iSTR)**2
else
divSTS2=divSTS2+divSTS(iSTR)**2
end if
end do
do iSTR=1,MSTR
do jSTR=1,MSTR
if (ISTR<=3).and.(jSTR<=3)) then
if (ISTR==jSTR) then
AA(STR,jSTR)=(kappa/(9.0d0*abs(p)))+(1.0d0/(3.0d0*gx*abs(p))) &
+(divSTS2/(18.0d0*gx*abs(p)**3))-(divSTS(iSTR)/(3.0d0*gx *p**2))
else
AA(GSTR,jSTR)=(kappa/(9.0d0*abs(p)))-(1.0d0/(6.0d0*gx*abs(p))) &
+(divSTS2/(18.0d0*gx*abs(p)**3))-((divSTS(iSTR)+divSTS(GSTR))/(6.0d0*gx*p**2))
end if
else if ((ISTR<=4).and.(jSTR<=4)) then
if (ISTR==4).and.(jSTR==4)) then
AA(STR,jSTR)=1.0d0/(gx*abs(p))
else
AA(ISTR,jSTR)=-STRESS(4)/(3.0d0*gx*p**2)
end if
else
AA(ISTR,jSTR)=0.0d0
end if
end do
end do
end subroutine makeAA MCC

subroutine makeBB_ MCC(STRESS,alpha,BB) ! ~~~~~~~~~ Stress-plastic coupling term (d2g/dalphadsigma)
use utils
use maxdim
use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR),alpha(MSTR)
real (kind=dp), intent(out) :: BB(MSTR,MSTR)
real (kind=dp), external :: delta
integer :: iSTR,jSTR
do iSTR=1,MSTR
do jSTR=1,MSTR
if (ISTR==jSTR) then
BB(iSTR,jSTR)=1.0d0
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else
BB(iSTR,jSTR)=0.0d0
end if
end do
end do
end subroutine makeBB_MCC

subroutine makeCC_MCC(STRESS,PROP,alpha,CC) ! ~~~~~~~~~ Plastic Rate-dependent (dw/dchi)
use utils
use maxdim
use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR),PROP(MPROP),alpha(MSTR)
real (kind=dp), intent(out) :: CC(MSTR)
real (kind=dp), external :: macaulay,delta
real (kind=dp) :: kappa,lambda,gx,M,px0,mu
real (kind=dp) :: px
real (kind=dp) :: p,divSTS2,chip,divchi2,alphap,divalpha2
real (kind=dp), dimension(MSTR) :: divSTS,divchi,divalpha
real (kind=dp) :: chi(MSTR),Yhat,temp
integer :: iSTR
kappa = PROP(1)
lambda = PROP(2)
gx =PROP(3)
M  =PROP(®4)
mu =PROP(5)
px0 =PROP(6)
p = (STRESS(1)+STRESS(2)+STRESS(3))/3.0d0
do iSTR=1,MSTR
divSTS(iSTR)=STRESS(iSTR)-p*delta(iSTR)
end do
alphap=alpha(1)+alpha(2)+alpha(3)
px =px0*exp(abs(alphap)/(lambda-kappa))
do iISTR=1,MSTR
divalpha(iSTR)=alpha(iSTR)-(alphap/3.0d0)*delta(iSTR)
if (ISTR==1).or.(iISTR==2).0r.(iISTR==3)) then
chi(iSTR)=STRESS(iSTR)-px
else
chi(iSTR)=STRESS(iSTR)
end if
end do
chip=(chi(1)+chi(2)+chi(3))/3.0d0
divchi2=0.0d0
do iSTR=1,MSTR
divchi(iSTR)=chi(iSTR)-chip*delta(iSTR)
if (ISTR==1).or.(iISTR==2).0r.(iISTR==3)) then
divchi2=divchi2+divchi(iSTR)**2
else
divchi2=divchi2+2.0d0*divchi(iSTR)**2
end if
end do
do iISTR=1,MSTR
temp=sqrt(chip**2+1.50d0*(divchi2)/M**2)
Yhat=temp-abs(px)
if (Yhat==0.0d0) then
CC(iSTR)=0.0d0
else if (temp==0.0d0) then
CC(iSTR)=0.0d0
else if (STRESS(iSTR)==0.0d0) then
CC(iSTR)=0.0d0
else
if (ISTR==1).or.(iISTR==2).or.(iISTR==3)) then
CC(iSTR)=macaulay(Yhat)/(2.0d0*temp*mu)*(2.0d0/3.0d0*chip+3.0d0*divchi(iSTR)/M**2)
else
CC(iSTR)=macaulay(Yhat)/(2.0d0*temp*mu)*(3.0d0*divchi(iSTR)/M**2)
end if
end if
end do
end subroutine makeCC_MCC

subroutine makeiAA MCC(STRESS,PROP,iAA) | ~~~~~~~~~ Elastic Stiffness (AA"-1)
use utils
use maxdim
use values
implicit none

A4
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real (kind=dp), intent(in) :: STRESS(MSTR), PROP(MPROP)
real (kind=dp), intent(out) :: IAA(MSTR,MSTR)
real (kind=dp) :: kappa,gx,p
integer :: iSTR,jSTR
kappa = PROP(1)
gx =PROP(3)
p = (STRESS(1)+STRESS(2)+STRESS(3))/3.0d0
do iSTR=1,MSTR
do jSTR=1,MSTR
if (ISTR<=3).and.(jSTR<=3)) then
if (iISTR==jSTR) then
iAA(ISTR,jSTR)=(4.0d0/3.0d0*gx *abs(p))+STRESS(iSTR)*STRESS(jSTR)/(kappa*abs(p))
else
iAA(iSTR,jSTR)=(-2.0d0/3.0d0*gx*abs(p))+STRESS(iSTR)*STRESS(jSTR)/(kappa*abs(p))
end if
else if ((ISTR<=4).and.(jSTR<=4)) then
if (ISTR==4).and.(jSTR==4)) then
iAA(ISTR,jSTR)=(gx*abs(p))+(STRESS(iSTR)*STRESS(jSTR)/(kappa*abs(p)))
else
iAA(iISTR,jSTR)=STRESS(iSTR)*STRESS(jSTR)/(kappa*abs(p))
end if
else
iAA(iISTR,jSTR)=0.0d0
end if
end do
end do
end subroutine makeiAA MCC

| kskskokskok ok skokskoskskoskokokokok kool skl sk skskkkk ok (Cg|culation Strain * % %% % sk sk sk skskskokskokskokokosdokosdosdosososkok skokskokskokskokokokokokokokoskok |

subroutine makeSTRAN MCC(STRESS,PROP,alpha,STRAN) ! ~~~mmmmmmn~ Calculation strain
use utils
use maxdim
use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR),PROP(MPROP),alpha(MSTR)
real (kind=dp), intent(out) :: STRAN(MSTR)
real (kind=dp), external :: delta
real (kind=dp) :: kappa,gx,px0,p0,p,divSTS(MSTR),divSTS2
integer :: iSTR
kappa = PROP(1)
gx =PROP(3)
px0 =PROP(6)
p0 =2.0d0*px0 ! Reference pressure
p =(STRESS(1)+STRESS(2)+STRESS(3))/3.0d0
divSTS2=0.0d0
do iSTR=1,MSTR
divSTS(iSTR)=STRESS(iSTR)-p*delta(iSTR)
if (ISTR==1).or.(iISTR==2).0r.(iISTR==3)) then
divSTS2=divSTS2+divSTS(iSTR)**2
else
divSTS2=divSTS2+2.0d0*divSTS(iSTR)**2
end if
end do
do iISTR=1,MSTR
if (ISTR==1).or.(iISTR==2).0r.(iSTR==3)) then
STRAN(iSTR)=(kappa/3.0d0)*log(abs(p/p0))*(p/abs(p))+divSTS(iSTR)/(2.0d0*gx*abs(p)) &
-(divSTS2/(12.0d0*gx*p**2))+alpha(iSTR)
else
STRAN(ISTR)=divSTS(iSTR)/(gx*abs(p))+alpha(iSTR)
end if
end do
end subroutine makeSTRAN_MCC

Pskskkskkokskokokskokskokskokokkokkok ok kb Creation of Elastic Stiffness Matrix %% %k sk skskskorskskkokskosdok sk sokoskokskskskok ok ok ko |

subroutine mtyMCCD(INDEX,PROP,STRESS,STATE,D)
use utils
use maxdim
use values
implicit none
integer, intent(in) :: INDEX(MINFO)
real (kind=dp), intent(in) :: PROP(MPROP),STATE(MAXSTA),STRESS(MSTR)
real (kind=dp), intent(out) :: DIMSTR,MSTR)
call makeiAA_MCC(STRESS,PROP,D)
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end subroutine mtyMCCD
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1 3k 3k sk sk sk sk sk sk sk sk sk sk sk skosk sk kol sk skok sk skok skoskokskskok Main MCC model Subroutine sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk kol sk kol sk skok sk skokoskoskokoskoskokoksk ok |

subroutine MCC(INDEX,PROP,dt, DSTRAN,STATE,STRESS)
use utils
use maxdim
use values
implicit none
integer, intent(in) :: INDEX(MINFO)
integer :: NPROP,NGAU,NSTR,MP
integer :: iSTR,jSTR
real (kind=dp), external :: delta
real (kind=dp), intent(in) :: dt, PROP(MPROP),DSTRAN(MSTR)
real (kind=dp), intent(inout) :: STRESS(MSTR),STATE(MAXSTA)
real (kind=dp) :: alpha(MSTR)
real (kind=dp) :: iIAA(MSTR,MSTR)
real (kind=dp) :: STRAN(MSTR),dsig(MSTR)
real (kind=dp) :: AA(MSTR,MSTR),BB(MSTR,MSTR),CC(MSTR)
real (kind=dp) :: DIMSTR,MSTR),H(MSTR)

MP=matMCC
if (MP==matMCC) then ! for MCC model

do iSTR=1,MSTR
alpha(iSTR)=STATE(STR)

end do
Icall makeAA MCC(STRESS,PROP,alpha,AA) | o elastic flexibility matrix
call makeBB_MCC(STRESS,alpha,BB) | ~~~~~~ stress-plastic coupling
call makeCC_MCC(STRESS,PROP,alpha,CC) | ~~~~~~ plastic (rate-dependent)
call makeiAA MCC(STRESS,PROP,iAA) | ~~~~~~ elastic stiffness matrix

| e Calculation process
do iSTR=1,MSTR
do jSTR=1,MSTR
D(iSTR,jSTR)=BB(iSTR,jSTR)*CC(jSTR)
end do
H(@iSTR)=DSTRAN(IiSTR)-SUM(D(STR,1:MSTR))*dt
end do
do iSTR=1,MSTR
dsig(iISTR)=SUM(IAA(iSTR,1:MSTR)*H(1:MSTR))
end do

| s update STATE (STRESS,STRAN,alpha)

do iSTR=1,MSTR
STRESS(iSTR)=STRESS(iSTR)+dsig(iSTR)
alpha(iSTR)=alpha(iSTR)+CC(iSTR)*dt
STATE(iSTR)=alpha(iSTR)

end do

end if
end subroutine MCC

PRk ok ok Tnitialisation of State variables (Yield surface location) *##dsksssisiotk|

subroutine makeINI_ MCC(MP,STRESS0,PSTRESS,PROP,STATE)
use utils
use maxdim
use values
integer, intent(in) :: MP
real (kind=dp), intent(in) :: STRESSO(MSTR),PSTRESS(MSTR)
real (kind=dp), intent(out) :: STATE(MAXSTA)
real (kind=dp), intent(inout) :: PROP(MPROP)
real (kind=dp) :: alpha(MSTR)
real (kind=dp) :: kappa,lambda,gx,M,mu
real (kind=dp) :: px0,pmax,p0
real (kind=dp) :: dsig(MSTR), CC(MSTR), STRESS(MSTR)
real (kind=dp) :: STRLEN, dt
integer :: iSTR,iYIELD,istep,nstep,istage
STATE(1:MAXSTA) = 0.0d0
p0 = (STRESSO(1)+STRESS0(2)+STRESS0(3))/3.0d0 ! ~~~~~~~ initial mean stress
pmax = (PSTRESS(1)+PSTRESS(2)+PSTRESS(3))/3.0d0 ! ~~~~~~~ historical mean stress
px0 = pmax/2.0d0
if (abs(p0) > abs(pmax)) then
print*, "ERROR INPUT STRESS HISTORY"
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stop
end if

if (MP == matMCC) then ! ~~~~~~~~ MCC model
kappa =PROP(1)
lambda =PROP(2)
gx =PROP(3)

M  =PROP(#4)
mu =PROP(5)
PROP(6) = px0 ! Reference yield surface

do iSTR=1,MSTR
if (ISTR==1).or.(iISTR==2).0r.(iISTR==3)) then
STRESS(iSTR)=px0
else
STRESS(iSTR)=0.0d0

end if
alpha(iSTR)=0.0d0
end do
do istage=1,2
if (istage == 1) then
do iSTR=1,MSTR
if (iSTR==1).0r.(iSTR==2).0r.(iSTR==3)) then
dsig(iSTR)=(PSTRESS(iSTR)-STRESS(iSTR))
else
dsig(iSTR)=0.0d0
end if
end do
else if (istage == 2) then
do iSTR=1,MSTR
if (ISTR==1).or.(iISTR==2).0r.(iISTR==3)) then
dsig(iSTR)=(STRESSO(iSTR)-PSTRESS(iSTR))
else
dsig(iSTR)=0.0d0
end if
end do
end if
STRLEN=sqrt(dsig(1)**2+dsig(2)**2+dsig(3)**2)
if (STRLEN < 1.0d-2) then
nstep=1
dt=1.0d1
else if (STRLEN < 1.0d1) then
nstep=10
dt=1.0d2
else if (STRLEN < 1.0d2) then
nstep=100
dt=1.0d3
else if (STRLEN > 1.0d2) then
nstep=1000
dt=1.0d4
end if
do istep=1,nstep
call makeCC_MCC(STRESS,PROP,alpha,CC) ! ~~~r~~ plastic (rate-dependent)
| update STATE (STRESS,alpha)
do iSTR=1,MSTR
STRESS(iSTR)=STRESS(iSTR)+(dsig(iSTR)/nstep)
alpha(iSTR)=alpha(iSTR)+CC(iSTR)*dt
STATE(iSTR)=alpha(iSTR)
end do
end do
end do
end if

end subroutine makeINI MCC
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!********************************* KHMCC - subroutine ***********************************|
!

! This file contains a range of subroutines for a Kinematic Hardening Modified Cam Clay model. These

! routines have been written by Suched Likitlersuang. Feb 2003

| 3k sk sk sk sk sk sk sk sk sk stk sk skl sk sk sk sk sk sk sk sk skok sk skokosk ko sk Mathematic Deﬁnition**************************************|

double precision function macaulay(x) ! ~~~~~~~~~ Macaulay function
use utils
implicit none
real (kind=dp), intent(in) :: x
macaulay=(x+ABS(x))/2.0d0
end function macaulay

double precision function delta(i) ! ~~~~~~~~~ Kronecker's delta
implicit none
integer, intent(in) :: i
if ((i==1).or.(i==2).o0r.(i==3)) then
delta=1.0d0
else
delta=0.0d0
end if
end function delta

Voot stttk sk sk sk sk ookl ok skl skokok ksl ok k- Constitutive Equation e 3t s s sfe sk sk s sk st she sheske s sk sk st sk sk sk ke sk sk sk st skeskesk sk sk sk skoskoskokokokok |

subroutine makeAA KHMCC(STRESS,PROP,alpha,AA) ! ~~~~~~~~~ Elastic Compliance (d2g/dsigma2)
use utils
use maxdim
use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR),PROP(MPROP),alpha(MSTR,MAXYIELD)
real (kind=dp), intent(out) :: AAMSTR,MSTR)
real (kind=dp), external :: delta
real (kind=dp) :: K,gx,p,divSTS(MSTR),divSTS2
integer :: iSTR,jSTR
K =PROP(1)
gx = PROP(5)
AA(I:MSTR,1:MSTR) = 0.0d0
p = (STRESS(1)+STRESS(2)+STRESS(3))/3.0d0
divSTS2 = 0.0d0
do iSTR=1,MSTR
divSTS(iSTR)=STRESS(iSTR)-p*delta(iSTR)
if (iISTR==1.0r.iISTR==2.0r.iSTR==3) then
divSTS2=divSTS2+divSTS(iSTR)**2
else
divSTS2=divSTS2+2.0d0*divSTS(iSTR)**2
end if
end do
do iSTR=1,MSTR
do jSTR=1,MSTR
if (ISTR<=3).and.(jSTR<=3)) then
if (iISTR==jSTR) then
AA(STR,jSTR)=(1.0d0/(9.0d0*K))+(1.0d0/(3.0d0*gx*abs(p))) &
+(divSTS2/(18.0d0* gx*abs(p)**3))-(divSTS(iSTR)/(3.0d0*gx*p**2))
else
AA(STR,jSTR)=(1.0d0/(9.0d0*K))-(1.0d0/(6.0d0*gx*abs(p))) &
+(divSTS2/(18.0d0*gx*abs(p)**3))-(divSTS(iSTR)+divSTS(jSTR))/(6.0d0*gx*p*p)
end if
else if ((ISTR<=4).and.(jSTR<=4)) then
if (ISTR==4).and.(jSTR==4)) then
AA(ISTR,jSTR)=1.0d0/(gx*abs(p))
else
AA(STR,jSTR)=-STRESS(4)/(3.0d0*gx*p**2)
end if
else
AA(ISTR,jSTR)=0.0d0
end if
end do
end do
end subroutine makeAA_KHMCC

subroutine makeBB_ KHMCC(STRESS,alpha,BB) | ~~~~~~~~~ Stress-plastic coupling term (d2g/dalphadsigma)

use utils
use maxdim
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use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR),alpha(MSTR,MAXYIELD)
real (kind=dp), intent(out) :: BBI(MSTR,MSTR,MAXYIELD)
real (kind=dp), external :: delta
integer :: iSTR,jSTR
BB(1:MSTR,1:MSTR,1:MAXYIELD) = 0.0d0
do iSTR=1,MSTR
do jSTR=1,MSTR
if (ISTR==jSTR) then
BB(STR,jSTR,1:MAXYIELD)=1.0d0
else
BB(iSTR,jSTR,1:MAXYIELD)=0.0d0
end if
end do
end do
end subroutine makeBB_ KHMCC

subroutine makeCC_KHMCC(STRESS,PROP,alpha,CC) ! ~~~~~~~~~ Plastic Rate-dependent (dw/dchi)
use utils
use maxdim
use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR),PROP(MPROP),alpha(MSTR,MAXYIELD)
real (kind=dp), intent(out) :: CC(MSTR,MAXYIELD)
real (kind=dp), external :: macaulay,delta
real (kind=dp) :: K,ap,bp,r,gx,aq,bq,M,mu,eta
real (kind=dp) :: p,chip,divchi2,alphap,divalpha2
real (kind=dp), dimension(MSTR) :: divchi,divalpha
real (kind=dp) :: chiMSTR,MAXYIELD),hp(MAXYIELD),hq(MAXYIELD),Yhat,temp
integer :: iSTR,iYIELD
K =PROP(1)
ap = PROP(2)
bp = PROP(3)
r = PROP(4)
gx = PROP(5)
aq = PROP(6)
bq = PROP(7)
M =PROP(8)
mu = PROP(9)
divchi(1:MSTR) = 0.0d0
divalpha(1:MSTR) = 0.0d0
CC(1:MSTR,1:MAXYIELD) = 0.0d0
p = (STRESS(1)+STRESS(2)+STRESS(3))/3.0d0
do iYIELD=1,MAXYIELD
eta=real(iYIELD)/rea( MAXYIELD)
hp(iYIELD)=K*(1.0d0-r*eta)**bp/(2.0d0*(ap-1.0d0))
hq(iYIELD)=3.0d0*gx*abs(p)*(1.0d0-eta)**bq/(2.0d0*(ag-1.0d0))
if iYIELD==MAXYIELD) then
hq(MAXYIELD)=3.0d0*gx*abs(p)*(1.0d-5)**bq/(2.0d0*(aq-1.0d0))
end if
alphap=alpha(1,iYIELD)+alpha(2,iYIELD)+alpha(3,iYIELD)
do iSTR=1,MSTR
divalpha(iSTR)=alpha(iSTR,iYIELD)-(alphap/3.0d0)*delta(iSTR)
if (ISTR==1).or.(iISTR==2).0r.(iISTR==3)) then
chi(iSTR,iYIELD)=STRESS(iSTR)-hp(iYIELD)*alphap &
-2.0d00*hq(iYIELD)*divalpha(iSTR)/3.0d0
else
chi(iSTR,iYIELD)=STRESS(iSTR)-hq(iYIELD)/3.0d0*divalpha(iSTR)
end if
end do
chip=(chi(1,iYIELD)+chi(2,iYIELD)+chi(3,iYIELD))/3.0d0
divchi2=0.0d0
do iSTR=1,MSTR
divchi(iSTR)=chi(iSTR,iYIELD)-chip*delta(iSTR)
if (iISTR==1.0r.iSTR==2.0r.iISTR==3) then
divchi2=divchi2+divchi(iSTR)**2
else
divchi2=divchi2+2.0d0*divchi(iSTR)**2
end if
end do
do iSTR=1,MSTR
temp=sqrt(chip**2+1.50d0*(divchi2)/M**2)
Yhat=temp-hp(iYIELD)*abs(alphap)*eta
if (Yhat==0.0d0) then
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CC(iSTR,iYIELD)=0.0d0
else if (temp==0.0d0) then
CC(STR,iYIELD)=0.0d0
else if (STRESS(iSTR)==0.0d0) then
CC(STR,iYIELD)=0.0d0
else
if (iISTR==1).0r.(iSTR==2).0r.(iISTR==3)) then
CC(STR,iYIELD)=macaulay(Yhat)/(2.0d0*temp*mu)*(2.0d0/3.0d0*chip+3.0d0*divchi(iSTR)/M**2)
else
CC(iSTR,iYIELD)=macaulay(Yhat)/(2.0d0*temp*mu)*(3.0d0*divchi(iSTR)/M**2)
end if
end if
end do
end do
end subroutine makeCC_KHMCC

subroutine makeiAA KHMCC(STRESS,PROP,iAA) | ~~~~~~~~~ Elastic Stiffness (AA"-1)
use utils
use maxdim
use values
implicit none
real (kind=dp), intent(in) :: STRESS(MSTR), PROP(MPROP)
real (kind=dp), intent(out) :: IAA(MSTR,MSTR)
real (kind=dp) :: K,gx,p
integer :: iSTR,jSTR
K =PROP(1)
gx = PROP(5)
iAA(1:MSTR,1:MSTR) = 0.0d0
p = (STRESS(1)+STRESS(2)+STRESS(3))/3.0d0
do iSTR=1,MSTR
do jSTR=1,MSTR
if (ISTR<=3).and.(jSTR<=3)) then
if ISTR==jSTR) then
iAA(iSTR,jSTR)=(4.0d0/3.0d0*gx*abs(p))+K*STRESS(iSTR)*STRESS(jSTR)/p**2
else
iAA(ISTR,jSTR)=(-2.0d0/3.0d0*gx*abs(p))+K*STRESS(iSTR)*STRESS(jSTR)/p**2
end if
else if (ISTR<=4).and.(jSTR<=4)) then
if (ISTR==4).and.(jSTR==4)) then
iAA(ISTR,jSTR)=(gx*abs(p))+(K*STRESS(iSTR)*STRESS(jSTR)/p**2)
else
iAA(GSTR,jSTR)=K*STRESS(iSTR)*STRESS(jSTR)/p**2
end if
else
iAA(ISTR,jSTR)=0.0d0
end if
end do
end do
end subroutine makeiAA KHMCC

| sskskrssks kR k kR R Rk Cglculation Strain * %% % %5 skttt skttt skokotookok ook ok ok |

subroutine makeSTRAN _KHMCC(STRESS,PROP,alpha,STRAN) ! ~~~~~~~m~rm Calculation strain

use utils

use maxdim

use values

implicit none

real (kind=dp), intent(in) :: STRESS(MSTR),PROP(MPROP),alpha(MSTR,MAXYIELD)

real (kind=dp), intent(out) :: STRAN(MSTR)

real (kind=dp), external :: delta

real (kind=dp) :: K,gx,p,divSTS(MSTR),divSTS2

integer :: iSTR,deta

K =PROP(1)

gx = PROP(5)

STRAN(1:MSTR) = 0.0d0

p = (STRESS(1)+STRESS(2)+STRESS(3))/3.0d0

divSTS2=0.0d0

do iISTR=1,MSTR
divSTS(iSTR)=STRESS(iSTR)-p*delta(iSTR)
if ISTR==1.0r.iSTR==2.0r.iSTR==3) then

divSTS2=divSTS2+divSTS(iSTR)**2
else
divSTS2=divSTS2+2.0d0*divSTS(iSTR)**2

end if

end do
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deta=1.0d0/real( MAXYIELD)
do iSTR=1,MSTR
if ISTR==1.0r.iSTR==2.0r.iSTR==3) then
STRAN(ISTR)=p/(3.0d0*K)+divSTS(iSTR)/(2.0d0*gx*abs(p))-(divSTS2/(12.0d0*gx *p**2)) &
+SUM(alpha(iSTR,1:MAXYIELD))*deta
else
STRAN(STR)=divSTS(iSTR)/(gx*abs(p))+SUM(alpha(iSTR, |:MAXYTELD))*deta
end if
end do
end subroutine makeSTRAN_KHMCC

1 3k 3k sk sk sk sk sk sk sk sk skoske sk skl sk skok sk skokosk skokok sk Creation OfElaStiC Stiffness Matrix sk 3k sk sk sk ik sk sk sk sk sk sk sk sk sk sk sk skosk sk kol sk skokoskokokskokokskk )

subroutine mtyKHMCCD(INDEX,PROP,STRESS,STATE,D)
use utils
use maxdim
use values
implicit none
integer, intent(in) :: INDEX(MINFO)
real (kind=dp), intent(in) :: PROP(MPROP),STATE(MAXSTA),STRESS(MSTR)
real (kind=dp), intent(out) :: DOIMSTR,MSTR)
D(1:MSTR,1:MSTR) = 0.0d0
call makeiAA_ KHMCC(STRESS,PROP,D)

end subroutine mtyKHMCCD

Pk sk ks kR Rk R kR Rk k% Vain KHMCC model subroutine *%% %% s ks ook stokosskotsook skt ko okt okok |

subroutine KHMCC(INDEX,PROP,dt, DSTRAN,STATE,STRESS)
use utils
use maxdim
use values
implicit none
integer, intent(in) :: INDEX(MINFO)
integer :: NPROP,NGAU,NSTR,MP
integer :: iYIELD,iSTR,jSTR
real (kind=dp), external :: delta
real (kind=dp), intent(in) :: dt, PROP(MPROP),DSTRAN(MSTR)
real (kind=dp), intent(inout) :: STRESS(MSTR),STATE(MAXSTA)
real (kind=dp) :: alpha(MSTR,MAXYIELD)
real (kind=dp) :: iIAA(MSTR,MSTR)
real (kind=dp) :: STRAN(MSTR),dsig(MSTR)
real (kind=dp) :: eta,deta
real (kind=dp) :: AA(MSTR,MSTR),BB(MSTR,MSTR,MAXYIELD),CC(MSTR,MAXYIELD)
real (kind=dp) :: DOIMSTR,MSTR,MAXYIELD),H(MSTR)

MP=matKHMCC
if (MP==matKHMCC) then ! for mutiyield surface kinematic hardeing MCC model
deta=1.0d0/real MAXYIELD)
do iSTR=1,MSTR
do iYIELD=1,MAXYIELD
alpha(iSTR,iYIELD)=STATE((iSTR-1)*MAXYIELD+YIELD)

end do
end do
Icall makeAA KHMCC(STRESS,PROP,alpha,AA) | ~~~~~~ elastic flexibility matrix
call makeBB_ KHMCC(STRESS,alpha,BB) | stress-plastic coupling
call makeCC_KHMCC(STRESS,PROP,alpha,CC) R ] plastic (rate-dependent)
call makeiAA KHMCC(STRESS,PROP,iAA) ] elastic stiffness matrix

| ~~~~~~ Calculation process
do iSTR=1,MSTR
do jSTR=1,MSTR
do iYIELD=1,MAXYIELD
D(@STR,jSTR,iYIELD)=BB(iSTR,jSTR,iYIELD)*CC(jSTR,iYIELD)
end do
end do
H@GSTR)=DSTRAN(STR)-(SUM(D(@STR,1:MSTR,1:MAXYIELD))*deta)*dt
end do
do iSTR=1,MSTR
dsig(iSTR)=SUM(AA(STR,1:MSTR)*H(1:MSTR))
end do

|~ update STATE (STRESS,STRAN,alpha)

do iSTR=1,MSTR
STRESS(iSTR)=STRESS(iSTR)+dsig(iSTR)
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do iYIELD=1,MAXYIELD
alpha(iSTR,iYIELD)=alpha(iSTR,iYIELD)+CC(®iSTR,iYIELD)*dt
STATE((iSTR-1)*MAXYIELD+{YIELD)=alpha(iSTR,iYIELD)
end do
end do
end if
end subroutine KHMCC

PrssdckoorRRkk Tnitialisation of State variables (Yield surface location) **##diisksotk|

subroutine makeINI KHMCC(MP,STRESS0,PSTRESS,PROP,STATE)
use utils
use maxdim
use values
integer, intent(in) :: MP
real (kind=dp), intent(in) :: STRESSO(MSTR),PSTRESS(MSTR)
real (kind=dp), intent(out) :: STATE(MAXSTA)
real (kind=dp), intent(inout) :: PROP(MPROP)
real (kind=dp) :: alpha(MSTR,MAXYIELD), hp(MAXYIELD)
real (kind=dp) :: K,ap,bp,r,gx,aq,bq,M,mu,p,alphap,chip
real (kind=dp) :: px0,pmax,p0
real (kind=dp) :: CCOMSTR,MAXYIELD)
real (kind=dp) :: dsig(MSTR), STRESS(MSTR)
real (kind=dp) :: STRLEN, dt
integer :: iSTR,iYIELD,istep,nstep,istage
STATE(1:MAXSTA) = 0.0d0
p0 = (STRESSO(1)+STRESS0(2)+STRESS0(3))/3.0d0 ! ~~~~~~~ initial mean stress
pmax = (PSTRESS(1)+PSTRESS(2)+PSTRESS(3))/3.0d0 ! ~~~~~~~ historical mean stress
px0 = pmax/2.0d0
if (abs(p0) > abs(pmax)) then
print*, "WARNING: ERROR INPUT STRESS HISTORY"

end if

if (MP==matKHMCC) then ! ~~~~~~~~ KHMCC model
K =PROP(1)
ap =PROP(2)
bp =PROP(3)
r =PROP(4)
gx =PROP(5)
aq =PROP(6)
bq =PROP(7)
M =PROP(8)
mu =PROP(9)

do iSTR=1,MSTR
if (ISTR==1).or.(iISTR==2).or.(iISTR==3)) then
STRESS(iSTR)=px0
do iYIELD=1,MAXYIELD
eta=real(iYIELD)/real(MAXYIELD)
hp(iYIELD)=K*(1.0d0-r*eta)**bp/(2.0d0*(ap-1.0d0))
alpha(iSTR,iYTELD)=px0/(3.0d0*hp(iYTELD))
end do
else
alpha(iSTR,1:MAXYIELD)=0.0d0
end if
end do
do istage=1,2
if (istage == 1) then
do iSTR=1,MSTR
if (ISTR==1).or.(iISTR==2).0r.(iISTR==3)) then
dsig(iSTR)=(PSTRESS(iSTR)-STRESS(iSTR))
else
dsig(iSTR)=0.0d0
end if
end do
else if (istage == 2) then
do iSTR=1,MSTR
if (ISTR==1).or.(iSTR==2).0r.(iISTR==3)) then
dsig(iSTR)=(STRESSO(iSTR)-PSTRESS(iSTR))
else
dsig(iSTR)=0.0d0
end if
end do
end if
STRLEN=sqrt(dsig(1)**2+dsig(2)**2+dsig(3)**2)
if (STRLEN < 1.0d-2) then
nstep=1
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dt=1.0d0
else if (STRLEN < 1.0d1) then
nstep=10
dt=1.0d0
else if (STRLEN < 1.0d2) then
nstep=100
dt=1.0d1
else if (STRLEN > 1.0d2) then
nstep=1000
dt=1.0d2
end if
do istep=1,nstep
call makeCC_KHMCC(STRESS,PROP,alpha,CC) ! ~~~~mm~ plastic (rate-
dependent)
e update STATE (STRESS,alpha)
do iISTR=1,MSTR
STRESS(iSTR)=STRESS(iSTR)+(dsig(iSTR)/nstep)
do iYIELD=1,MAXYIELD

alpha(iSTR,iYIELD)=alpha(iSTR,iYIELD)+CC(iSTR,iYIELD)*dt
STATE((iSTR-
1)*MAXYIELD+YIELD)=alpha(iSTR,iYIELD)
end do
end do
end do
end do
end if
end subroutine makeINI_KHMCC
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