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Abstract

We present solutions of the radiative transfer equation for cylinders, hollow
hemi-ellipsoidal shells and tori for a uniform plasma of fixed geometry. The
radiative transfer equation is explicitly solved for two directions of emission,
parallel and perpendicular to the axis of symmetry. The ratio between the
fluxes in these two directions is also calculated and its use in measuring the
frequency resolved opacity of the plasma is discussed. We find that the optimal
geometry to use this ratio as an opacity measurement is a planar geometry.
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1. Introduction

Patch (1971) proposed a method to measure an inverse weighted opacity by
integrating the plasma transmissivity over a number of different path lengths [1].
This method has, to our knowledge, never been used experimentally. Preston et
al. [2], measured the K-shell emission of solid density magnesium by fitting the
self-emission of planar targets to the solution of the radiative transfer equation.
In their experiment, several targets with different thicknesses were used to obtain
different path lengths, and in this way, information of the opacity of the target

was obtained.
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However, it is possible to elliminate the need for using several targets, by
taking into account the geometry of the source. Bhatia and coworkers [3], 4] [5]
showed that the intensity of optically thick lines can in some cases be enhanced
with respect to their optically thin limit. Kerr et al. showed that this effect
was related to the ratio between the mean chord of the plasma and the
through the plasma to the detector [6] 7, 8]. Therefore the relative
intensity of lines in spectra will depend on the position of the detector with
respect to the source. This effect has been widely studied in astrophysics and
several approaches to characterize the geometry of astrophysical plasmas have

been proposed [7, [9].

This effect is also present in[High Energy Density (HED)|experiments [10] [11]

with the advantage that, contrary to most astrophysical cases, several [LOS| can
be observed at once. In this way, the differences in spectra from all [LOS| can
be linked to the optical depth, and from it, several plasma properties can be
studied. An experimental approach to this method which relies on keeping the
plasma geometry constant was previously suggessted by Mancini et al. [12].
We present a method to potentially measure the opacity of a plasma from its
self-emission using two perpendicular [LOS| namely, down the symmetry axis,
or Face-on and perpendicular to it, or Side-on. We asume a uniform steady-
state plasma whose geometry is constant in time. The method is presented for
cylinders, hollow hemi-ellipsoidal shells and plasma tori. The optimal case for
obtaining the most accurate opacity measurements using the Face-on and Side-

on emission is obtained for a planar geometry (cylinder, or planar ellipsoid).

2. Radiative transfer

As mentioned in the previous section, we assume a steady-state uniform
plasma. The one-dimensional radiative transfer equation then has the form

0I(v, z)

22— () = K1, 2), (1)
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Figure 1: Schematic drawing of a plasma cylinder. The radius is denoted R. The thickness
of the shell is H.

which, for a plasma with no external illumination, has the following solution

I,z = 1) (1= %) = 5() (1= e702), (2)

where S(v) is the source function.

However, in practical situations, a detector will measure the emitted flux,
not the intensity. Under the assumption that the detector is looking directly at
the plasma and sufficiently far from the source, so that all the rays reaching it

are parallel, the flux is defined by

F(y,z) = % /I(z/,z)dA, (3)

where A is the projected area seen by the detector and d is the distance from

the detector to the source.

3. Plasma cylinder

We will start with the simple case of a uniform plasma cylinder, which has
been discussed in depth in reference [I3]. Figure |1] shows a schematic drawing
of this geometry. We denote the thickness of the cylinder as H and its radius
as R.

From equation [3| the flux emitted in the axial direction (Face-on) is

Fro(v) = % / S() (1 -0 da, (4)



given that the thickness of the plasma is constant and equal to H in the axial

direction. Integrating over the projected Face-on surface, the total Face-on flux
is

Fro(v) = ”TEQS(V) (1 - e-~<V>H) . (5)

For the Side-on emission the path length and the projected surface depend on

the polar angle ¢. With this angle defined as in reference [13], this dependence
is

1(¢) = 2R sin(9), (6)

dA(¢) = HRsin(¢)do. (7)
with ¢ goes from 0 to m. The Side-on flux is then calculated as

HR

Fso(”): 2

S(0) [ (1 e RO sin)do, 0

which has the following exact solution

2HR
d2

Foo(v) = Z5() [1 = 2 (L1 (26(v)R) = h(26()R))] , )

2

where L,, is the modified Struve function of order n and I,, is the n-th order
modified Bessel function of the first kind [14]. Following Pérez-Callejo et al. [13]
the term in square brackets in equation [9] can be approximated by the function

1 — e 14550 E with an error of less than 5%, thus yielding

2HR
Fyo(v) = 2

S() (1 - 671'45'&(”)1?) . (10)

To simplify the notation we introduce the aspect ratio of the cylinder, a =
H/R, and the optical depth parameter v(v) = k(v)R. The ratio between the

Face-on flux and the Side-on flux can therefore be expressed as

Fro(v) m 1—e ) 1
Fulr) 20 1—c 1@ (1

This ratio is shown in figure [2| as a function of ~(v), where we compare
the result from equation [I1] with the exact solution (which uses equation [J).

To understand the potential use of this expression, consider an experiment in
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Figure 2: Ratio between the Face-on and Side-on flux for a cylinder (given by equations|§|
and as a function of v(v). y(v) can be obtained from a measurement of this ratio. In the
limit of high values of v(v) this ratio tends to the ratio between the emitting surface areas in
the Face-on and Side-on directions. For optically thin radiation, this ratio is 1, as radiation
escapes the plasma isotropically. We show the exact solution (solid line) and the result from

the approximation (dotted) for comparison.

which the aspect ratio a is known and the Face-on and Side-on spectra are
measured. Equation [L1] allows the use of their ratio as a function of frequency
to obtain y(v), and thereby its frequency dependent opacity (y(v) = k(v)R).
The accuracy of the measurement will depend on the limit

Fto/Fso(v(v) = 00) _ 145
Fto/Fso(y(v) = 0) a’

(12)

as when this ratio is greater, the flux ratio is more sensitive to differences in
opacity. From equation [12]it follows that in cylindrical geometries, the highest

sensitivity with this method is obtained for low aspect ratios.

4. Hemispherical shell

We now consider the case of a hemispherical shell of thickness Ar consisting
of a plasma of opacity x(v). The hemisphere lies on the XY plane (figure [3)).

The flux emitted in the z direction (Face-on) is

Frolv) = 35 [ S0)(1 =5 aa, (13)
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Figure 3: Schematic drawing of a hemispherical shell. The radius is denoted R. The thickness
of the shell is Ar.

where Ar’ is the path traveled in the direction of emission for a given ray.
Under the assumption that Ar is small with respect to the radius of the sphere,
we take Ar’ = Ar/cos(), where 6 is the polar angle. Defining in this case
~v(v) = k(v)Ar, this equation has the solution

Fro) = T 5(0) [1 -1 50) -2 0P E )] (1
where E(z) is the first order exponential integral function [I4].

The term in square brackets in equation [I4] can be approximated by a func-
tion of the form (1 —e~%7(")). The value of b that minimizes the difference is 1.5,
which yields a maximum error of ~ 30% for v(v) — 0, quickly dropping below
5% for v(v) > 0.45. A comparison between the exact value and the exponential

approximation is shown in figure [4f With this approximation

T 2
Frolv) = -5() (1= exp [-157(0)]). (15)
The Side-on emission is
Faov) = T 50) [1 = e (1 = 9(0) ~ 490 Ea2v())]  (16)

Using the same approximation, the Side-on flux is given by

TR?

Foolv) = 55 5(v) (1 — exp [=37(v)]) - (17)
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Figure 4: Comparison between the exact value of the square brackets in equation (solid
line) and the approximation given in equation [15| (dashed line). The limits in the x-axis have

been chosen so that the calculations converge, and the asymptotic behavior can be observed.

The comparison between the flux from both views as a function of v(v) =
k(v)Ar is shown in figure[5| For high values of + this ratio tends asymptotically
to 2, which is the ratio between the surface areas seen by the Face-on and Side-
on detectors. For optically thin radiation, this ratio is 1, as opacity effects are
negligible and radiation escapes the plasma isotropically.

In this particular geometry, the range of the Face-on to Side-on ratio is a
factor of 2. Given that this range determines the sensitivity of the opacity
measurements obtained from the flux ratio, using a cylinder with H/R < 0.725

is preferrable to a spherical shell (see equation .

5. Symmetric hemi-ellipsoid

We consider now a symmetric hemi-ellipsoidal shell as shown in figure [6]
The thickness of the shell is Ar, and v(v) = k(v)Ar as in the spherical case.
The aspect ratio of the ellipsoid is denoted a = Ry/R;. We also assume Ar to

be small compared with the two main radii of the hemi-ellipsoid. Proceeding as
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Figure 5: Ratio between the Face-on and Side-on flux for a hemispherical shell as a function
of y(v). v(v) can be obtained from a measurement of this ratio. In the limit of high values of
~(v) this ratio tends to 2. For optically thin radiation, this ratio is 1, as radiation escapes the
plasma isotropically. We show the exact solution, given by equations and (solid line)
and the result from the approximation, given by equations and |17 (dotted) for comparison.

Ar

Figure 6: Schematic drawing of a symmetric hemi-ellipsoidal shell. The radius in the basis
plane is denoted R;; the radius in the vertical direction is Ry = aR;. The thickness of the

shell is Ar, as in the previous section.
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Figure 7: Value of bf ,(a) such that 1—exp [ bglol (a)’y] is the best fit to the exact solution for
the Face-on flux of a hemi-ellipsoidal plasma with ratio Ro/R1 = a (solid line). The dashed

line corresponds to a polynomial fit valid for values of a between 0.3 and 3.

in the spherical case, the flux emitted in the Face-on direction is given by

2 /2
Fro(v) = g /0 sin(6) cos(6) (1— <”)S‘“<“’><1+m2<e>)) o, (18)

which we will write as

Frov) = T §(0) G5 . 5(0). (19)

where G2 21, asymptotically tends to 1 for high values of v(v).

The function Ge” cannot be expressed as an analytical function, and must
be calculated numerically. In a similar way to the previous section, we also
approximate it by a function of the form (1 — exp[— be”( )7]), where here bgﬁ
depends on a. The values of the function bgﬁ that minimise the difference
between the true value and the approximation for different values of a, and all

7 values are shown in figure[7] A polynomial fit to these values is
b0 (a) = —0.08a% + 0.82a + 0.75. (20)
And we approximate the Face-on flux of a symmetric hemi-ellipsoid as

2 X
Ffo(y) = %S(y)(l — e—biu(a)v(u)). (21)
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Figure 8: Comparison between the exact value for Gglol (a,7v) (solid line) and the function

fo
1 — e %u(®)7 (dashed line). The aspect ratio for this example is a = 0.3.

An example of the comparison between the exact value and the approxima-

tion is shown in figure [0] This example corresponds to an aspect ratio a = 0.3.

The Side-on emission of the hemi-ellipsoid is given by

2 /2
Fua(v) = “55(0) [ costais

/2 —27(v) cos(0)/ cos 1 tan?(0)
/ cos?() (1_6 (1) cos(0)/ cos(9) (14222122 ) . (22)
0

which we write as

Fao(v) = T 8()Gi (a1 (4), (23)

where G%7,(a, v(v)) asymptotically tends to 1 for high values of v(v). Using the

€

same approach as previously, equation [23| can be written as

waR% S(v) —2b%% (a)y(v)
Fso_?.?<l_e ! ) @

where as before, 057 (a) is approximated as

50 (a) = —0.013/a> + 0.298/a + 1.191. (25)

10
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Figure 9: Comparison between the exact value for Gf (a,~) (solid line) and the function

1 — e~ bi1()7 (dashed line). The aspect ratio for this example is a = 0.3.

The ratio of Face-on to Side-on flux from in a hemi-ellipsoidal shell depends
only on y(v) and a. As previously discussed, the bigger the range covered by
this ratio, that is, the greater the ratio

Fro/Fso(a,y(v) — 00)
Fto/Fso(a,y(v) — 0)

(26)

the more precise an opacity measurement will be. This ratio is shown in fig-
ure [10], where we show how for small values of a (when the geometry becomes
planar), the ratio in equation [26| and therefore the accuracy of an opacity mea-

surement, is seen to be greatest.

6. Torus

The final geometry that we consider is a torus where the radius of revolu-
tion is denoted R and the radius of the revolving circle is denoted r. This is
schematically shown in figure Here we only consider R > r.

The Face-on emission (in the direction of the axis) can be considered as the

Side-on emission of a series of differential cylinders with thickness Rdf and, as

11
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Figure 10: The ratio between the Face-on/Side-on flux for optically thick to optically thin
radiation in a symmetric hemi-ellipsoidal plasma as a function of its aspect ratio a = Ra/R1.
The greatest sensitivity is obtained for low aspect ratios, that is, when the hemi-ellipsoid

becomes planar.

obtained in section (3| has the form [I3]

4rar? T
Fro) = T 50) L~ T (ba@y) - hw))] . @D)
where for the toroidal geometry, v(v) is defined as x(v)r, and a = R/r. So, the

Face-on flux of a torus is given to a good approximation by

drar?

Fro=—2

S() [1 - e—1'457<V>} . (28)

The Side-on emission of a torus has two different components: rays leaving
the torus through its inner hole and then reentering before escaping, and rays
that do not go through the hole. The paths that these two different kinds of

rays travel are given by

Azp, =2 |(R + 7sin¢) cos(d) — /(R + rsin ¢)2 cos2(f) — 4Rr sin (/5} . (29)

and

Axnp = 2(R + rsin ¢) cos(h), (30)

12



Figure 11: Schematic diagram of a plasma torus. r is the radius of the revolving circle, and

R is the revolving radius. The azimuthal and polar angles ¢ and 6 are defined as shown.

where Az corresponds to rays that go through the central hole and Ax,y
corresponds to rays that do not. The total Side-on flux is the sum of these two

contributions, which is

472

FSO(V) = ?

/2
S(v) l/o (a + sin ¢) sin ¢do

a—sin ¢

</arcsin( “*Si“qb) |:1 . e—2’y(u) [(a+sin ) 0059—\/(a+sin ¢)?2 cos? 9—4asin¢]:| cos 0dO+
0

w/2 i
/ [1 _ o~ 2W)(atsing) wsﬂ cos edﬂﬂ , (31)

rcsin( Z;:E i )

which we write as

(4a + m)r?

Fu() = A 068, (0.5 0) (32)
where G2, asymptotically tends to 1 for high values of v(v).
The function GS. can be approximated as (1 — exp[—bsor(a)7]) (where v =

kr). The values of by,(a) that best fit the exact solution for different aspect

ratios is shown in figure [12| together with a fit given by

bior(a) = 1.7143(2.1582 — ¢~ 0-60222a) (33)

13
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Figure 12: Value of bsor(a), such that the function 1—exp[—btor(a)y] minimizes the differences
with the exact solution for the Side-on emission of a plasma torus with aspect ratio a = R/7.
As the aspect ratio increases, and the torus becomes two-dimensional, bior(a) tends to an

asymptotic value of ~ 3.7.

With this approximation, the total flux for Side-on emission of a torus is
r? _ y
Foolv) = (da+m) S (v) [1 — e bror(@( )} . (34)
An example is shown in figure where the aspect ratio of the torus is
a=3.

In this geometry the ratio between the Face-on/Side-on flux for high and

low values of (v) is

Fpo/Fsola,y(v) = 00)  bior(a)

Fto/Foola,v(v) = 0) — 1.45 (35)

As previously discussed, the higher this ratio, the more sensitive the mea-
surement of opacity of the material. It can be seen from equation [35] that this
ratio is highest for a torus with a high aspect ratio, that is, one whose three-
dimensional features are least important. The maximum value for the ratio in
equationis obtained for the limit @ = R/r — oo, and is ~ 2.5, which is greater

than the spherical case, but far from the value for the planar hemi-ellipsoid.

14
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Figure 13: Comparison between the exact value for the Side-on emission of a torus (solid
line), given by the integral in equation and the function 1 — e~0tor(a)y (dashed line). The

aspect ratio for this example is a = 3, and b¢or(3) = 3.44.

7. Summary and conclusions

We have presented expressions for the Face-on and Side-on emission of cylin-
ders, hemi-ellipsoidal shells and toroidal plasmas. Table [1| summarizes the re-
sults obtained for the different geometries studied. Note that the parameters
a and v have different definitions depending on the geometry. The functions
bgﬁ (@), b5 (a) and byor(a) are given in equations and |33| respectively. It
can be seen how in all cases, the Face-on/Side-on flux ratio can be approximated
with a similar functional form. The exact expressions for the Face-on/Side-on

flux ratio are given below for comparison.

e Cylinder:

(v) =2 [t =] (36)
2@ 0) L@ 0))

Fy,
FSO

— Hemispherical shell:

Fro )y —g 1770 = 5() —7()*Pr(1())]
Fao [1— e (1 = 2y(v)) — 47(v)2E1 (29(v))]

15



— Hemi-ellipsoidal shell

Ffo V) — g . Gzlol(a’a,)/(y))
Foo ) = 0 Gilan ) &)
— Torus
Froo  dma [1=3 (L) = h(2y(v)
P " Tatn Gigy (1)) (39

In table 1} we show for comparison the exact solution of the Face-on/Side-
on ratio compared with the approximations used in this paper. These
calculations provide the theoretical basis for using the ratio between the
Face-on and the Side-on flux to measure opacity of a plasma of known

geometry.

We found that in the cylindrical, hemi-ellipsoidal and toroidal cases, an
opacity measurement would be most sensitive to the flux ratio in the
limit of a two-dimensional plasma (planar disk, planar hemi-ellipsoid and
two-dimensional ring respectively). In particular, we have found that the
greatest sensitivity is achieved in the limit of a planar plasma. This is not
a surprising result, given that in a planar geometry, the Face-on and Side-
on fluxes can be made arbitrarily different depending on the ratio between
the plasma height and radius, whereas in the hemi-ellipsoidal case, these

fluxes are intrinsically related by the symmetry of the plasma.
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