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Abstract— Phasor Measurement Units (PMUs) are essential
for real-time monitoring and improving grid observability. De-
termining the optimal PMU installation is critical, especially as
the penetration of renewable energy resources increases, as the
Optimal PMU Placement (OPMUP) can guarantee full system ob-
servability and reduce the installation cost. However, identifying
the optimal PMU installation is a prototypical combinatorial op-
timization problem, requiring substantial classical computational
resources. Furthermore, the significant expansion of the grid in
terms of renewable energy integration makes the determination
of optimal PMU placement increasingly computationally inten-
sive. In this work, a hybrid quantum-classical approach, Quan-
tum Approximate Optimization Algorithm (QAOA), is developed
to effectively solve the optimal PMU installation problem under
normal and channel limitation scenarios. A tailored objective
function is proposed for quantum optimization, which takes into
account both PMU placement cost and system observability con-
straints. To analyze the observability of QAOA-generated solution
distributions, recursion-based Depth-First Search and Breadth-
First Search algorithms are proposed for normal and channel-
limited scenarios. These methods determine solution feasibility on
classical computers with O(N +M) complexity, outperforming
the O(N2) complexity of inequality-based approaches, where N
and M denote the number of buses and branches, respectively.
In addition, the proposed quantum optimization framework
can significantly reduce the computational complexity from the
polynomial or exponential levels required by previous classical
methods, i.e., O(RN) on quantum circuits and O(R(M+N)) on
classical resources, where R is the repetition times of quantum
circuits executions. The proposed method is tested on IEEE 9-,
14-, 24-, and 30-bus systems, where better installation results are
achieved compared to the state-of-the-art results, providing a new
baseline for further quantum studies in OPMUP. Furthermore, a
landscape optimization strategy is introduced to improve QAOA
solution quality. This approach also reduces the time cost of
quantum computing resources, making it more efficient for cur-
rent quantum applications. Additionally, parameter studies are
conducted to identify key factors influencing QAOA performance.
This work is expected to lay the foundations for addressing
challenging power system problems through quantum technology
in the Noisy Intermediate Scale Quantum (NISQ) era.

Index Terms— Quantum Approximation Optimization Algo-
rithm (QAOA), Phasor Measurement Unit (PMU), Optimal
Placement, System Observability
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B Bus set with load injection
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C The appearing times of a specific solution string
Ij PMU-installed bus set, j = 1, ...,H
P Partially observable set
R Fully observable bus set
T , Fn Solution set yield by QAOA and feasible solution set,

where Fn ∈ T
V Bus set
E Branch set
Variables
I Current between 2 buses
U Voltage phasor
X, xi PMU placement binary sequence, i-th binary variable

xi ∈ X
H Number of installed PMUs
HB , HC Initilization Hamiltonian, problem Hamiltonian
O Number of observable buses given X
Y , yi Converted binary variables for quantum input
Constants
λ Penalty coefficients of the objective function
A Adjacent matrix of G
F Observability variable of the inequality-based observ-

ability modeling method
Z Impedance matrix
Y Branch visit indicator matrix
ω Channel Limitation
σx, σz Pauli-X operator, Pauli-Z operator
γ⃗, β⃗ QAOA trainable parameters
D Number of feasible solutions
G Graph representation of power grids
M Number of branches
N Number of buses
P1, P2 Penalty for installing PMU at less important bus, and

excessive PMU installing penalty
R Number of quantum circuits execution repetition times
s Number of QAOA layers
T Excessive PMU usage penalty threshold
Functions
G Observability modeling functions of previous work
L(·) Output the set of neighbors of the input bus
M Proposed observability modeling method
N (·) Output the number of neighbors of the input bus
ψ Variational wavefunction of QAOA
C(·) Cost function of the binary optimization problem
F Expectation function of the problem Hamiltonian in

the variational state

I. INTRODUCTION

The increasing integration of renewable energy resources
into power systems has facilitated decarbonization. However,
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the intermittent nature of renewable energy such as solar and
wind energy introduces significant fluctuations, underscoring
the importance of enhanced monitoring and control mech-
anisms to maintain system stability and efficiency. Manag-
ing these fluctuations requires extensive online computational
resources, optimal control strategies, and continuous state
monitoring to accurately model the rapidly changing electricity
generation. Phasor Measurement Units (PMUs) are vital in
this regard, offering high-resolution, real-time measurements
of current and voltage amplitude and phase in a synchronized
manner, providing a comprehensive view of the grid’s state.

However, considering the cost of installing PMUs and the
vast amount of data they generate and transmit to the com-
munication network, it is neither necessary nor recommended
to install PMUs at every bus in the grid, since current and
voltage phasors can also be derived using Ohm’s Law and
Kirchhoff’s Current Law (KCL) [1]. Therefore, it is essential
to determine the minimum number of PMUs needed to ensure
complete observability of the grid.

Generally, the Optimal PMU Placement (OPMUP) problem
is a prototypical combinatorial problem: a binary optimization
problem. This binary optimization problem is NP-hard, which
makes it very complicated to give out exact solutions based on
classical computers [2]. To address the issue of OPMUP, quan-
tum computing offers a promising solution. Leveraging the
unique properties of quantum mechanics, quantum computing
can tackle this complex problem that are insurmountable for
classical computers. Recent advancements in quantum hard-
ware and algorithms have inspired various applications in real-
world engineering challenges. For instance, the introduction
of IBM’s 127-qubit quantum computer and their roadmap
for 1000-qubit quantum processors in 2021 paved the way
for the rapid advancement of quantum computing. In 2023,
IBM further advanced this trajectory by releasing the Condor
quantum processor with 1,121 qubits, surpassing their previous
1,000-qubit goal and setting a new target of 10,000 qubits [3].

Previous work on OPMUP can be categorized into two main
types. The first type includes meta-heuristic methods, which
utilize intelligent search techniques to handle non-continuous
cost functions. This kind of searching technique involves Sim-
ulated Annealing (SA), Particle Swarm Optimization (PSO),
Genetic Algorithm (GA), Tree Search (TS), etc. In [4], a mul-
tistage SA method is proposed, considering the observability
constraints during iterations. In [5], an Exponential Binary
PSO (EBPSO) is performed, which can generate multiple
solutions. Ref [6] develops a Binary PSO (BPSO) integrating
a mutation strategy under PMU channel limitations. Ref [7]
proposes a Nondominated Sorting GA (NSGA), allowing
a trade-off between minimizing the number of PMUs and
maximizing observability. In [8], the vanilla GA is enhanced
by integrating immune system-inspired mechanisms, avoiding
premature stagnation in local optima. Refs [9], [10] utilize the
minimal spanning tree search to compute the observability, and
Ref [11] utilizes the reinforcement learning based tree search
method. Though constructing a single spanning tree can be fast
with linear complexity, it only guarantees a locally optimal
solution for the chosen spanning tree [12]. Although meta-
heuristic methods can adapt to large-scale problems, they can

be computationally intensive, especially for very large grids, as
they require numerous iterations to converge to a good solution
[13]. Moreover, the solutions provided by meta-heuristics are
often approximate and may not always be optimal [14].

The second type is deterministic techniques, which convert
OPMUP into multiple Integer Linear Programming (ILP) for-
mulations or employ combinatorial searching methods [15]–
[17]. Ref [17] conducts an exhaustive combinatorial search to
determine the OPMUP solutions with the highest redundancy.
Ref [18] utilizes ILP, considering both conventional and power
flow measurements. Ref [19] proposes a multiobjective ILP
method with heuristic searching techniques. Ref [20] intro-
duces an ILP method considering the realistic costs and the
upcoming constraints for modern power systems. Ref [21]
introduces the prioritization of the crucial buses in OPMUP
using the ILP method. Ref [22] applies ILP to study the
OPMUP with channel limitations. Ref [23] proposes a multi-
stage cost-effective placement strategy based on ILP. Ref [24]
studies OPMUP based on an equivalent linear formulation
of exhaustive search, which can guarantee a global optimum
at the cost of exponential complexity. Ref [25] proposes an
enumeration-based ILP to incrementally place PMUs to ensure
full system observability. Although ILP and combinatorial
search methods can effectively handle redundancy constraints,
they are also often computationally intensive, typically exhibit-
ing complexities of O(N2) or higher [17]–[25].

In OPMUP, determining the observability of a specific
placement can be divided into numerical observability and
topological observability. Numerical observability is based on
the mathematical solvability of the state estimation problem,
where continuous input variables are involved in determining
whether the Jacobian matrix is full-rank using the measured
data from PMU [26]. Topological observability considers the
connectivity of the graph and placement of the PMU, ensuring
that every bus and branch is sufficiently observable, which is
the crucial prerequisite for numerical observability [27]. In
most cases, the topological observability and the numerical
observability are equivalent [28]. Only under a few scenarios,
the topological observability may not guarantee numerical
observability [29]. Though topologically observable, if the
Jacobian matrix is rank-deficient due to the numerical co-
incidences of the system parameters, the gain matrix of the
state estimation problem is singular, which leads to numerical
unobservable [27], [30]. Despite its limitations, topological
observability remains essential for power system analysis,
as it establishes the basic framework upon which numerical
observability must build [27].

To determine the topological observability, Refs [31], [32]
utilize the simple fact that the bus placed with a PMU or its
neighbors placed with a PMU can be observed. This method
can be fast, but it may not model the observability correctly,
which will be further discussed in Section II-A. Refs [18],
[29], [33]–[36] utilize inequality constraints to determine the
observability of buses. Though this method can measure the
observability correctly, the number of inequality constraints
is O(N), and it typically requires O(N2) complexity. In
addition, handling the inequality constraints is a challenge
for the current quantum computing algorithms. Currently, to
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encode the inequality constraints, at least O(N) extra qubits
are required to encode the inequality constraints [37], [38]. At
the current Noisy Intermediate Scale Quantum (NISQ) stage,
given that the feasible qubit resources on both the quantum
simulators and real quantum computers are relatively few
and expensive, it is not economical to embed such inequality
constraints in terms of budget and time.

Quantum computing and algorithms have demonstrated
impressive advantages in solving real-world problems, espe-
cially in optimization. Quantum algorithms take advantage of
quantum mechanics to give faster and more optimal solutions
in various complicated optimization problems compared with
the classical computing method. Such applications can be
found in the area of financial portfolio optimization [39],
traffic flow optimization [40], drug discovery [41], and power
system optimization [42], etc. Ref [43] processes the financial
data via quantum RAM and applies the quantum algorithm
to speed up the portfolio optimization. Ref [44] develops a
Quantum Annealing (QA) strategy to optimize the traffic flow
and reduce the number of congested roads compared with
the previous baselines. Ref [45] proposes a quantum machine
learning method for protein structure discovery, suggesting the
potential of quantum hardware as the size of the problem
expands. In power systems, recent applications include the
hybrid quantum algorithms in power system fault diagnosis
[46], unit commitment [47], and quantum neural networks in
power flow analysis [48].

As for OPMUP, Ref [31] is the first to apply QA to
determine the optimal placement, assuming all buses are zero-
injection. In [49], a Quantum Particle Swarm Optimization
(QPSO) algorithm is developed and tested on both zero-
injection and non-zero injection scenarios. The proposed
QA optimization method in [31] demonstrates both supe-
rior solution quality and reduced execution time compared
to the CPLEX solver. However, the observability modeling
method used in this approach cannot reliably ensure accurate
observability, which may result in suboptimal solutions for
larger problem sizes. Additionally, the tests are only compared
against the CPLEX solver, without evaluation against other
benchmark methods. In [49], the QPSO method achieves better
or equivalent solutions compared to previous benchmarks.
However, the high computational complexity of their observ-
ability modeling algorithm represents a significant bottleneck
for the overall algorithm.

In this work, we develop an end-to-end optimization method
based on the Quantum Approximate Optimization Algorithm
(QAOA) to solve the OPMUP problem on both normal and
channel limitation scenarios. The tailored objective function
is designed to minimize the number of installed PMUs while
encoding observability constraints by adding penalties to so-
lutions that result in unobservable outcomes. To determine
observability, we employ efficient modeling algorithms with
O(M+N) complexity for both normal and channel limitation
scenarios, significantly improving upon the O(N2) complexity
of traditional methods while eliminating the need for extra
qubits compared with the ILP method. This enables the
proposed QAOA optimization approach to rapidly assess the
feasibility of generated solutions. In this study, only PMU

measurements are considered, excluding conventional and
power flow measurements. The proposed approach uses both
quantum and classical resources of O(RN) and O(R(N +
M)), demonstrating theoretical speedup from exponential or
polynomial. In terms of outcomes, it achieves better results
compared to benchmark models on IEEE 9-, 14-, 24-, and
30-bus systems when using quantum optimization on both
normal and channel limitation scenarios. Generally, the main
contributions and novelties can be summarized as:

1) This paper presents the first end-to-end QAOA optimiza-
tion approach for OPMUP, integrating a tailored objective
function that accounts for both PMU installation and ob-
servability constraints across normal and channel limita-
tion scenarios. To ensure precise observability, recursion-
based Depth-First Search (DFS) and Breadth-First Search
(BFS) algorithms are proposed for normal and chan-
nel limitation situations, respectively, achieving O(N +
M) complexity—outperforming conventional O(N2) in-
equality methods. Notably, the proposed methods require
no extra qubits compared with ILP, making them more
practical for NISQ-era applications. As for the outcome,
the first QAOA optimization baseline for OPMUP across
both normal and channel limitation scenarios is validated
on real quantum computers and quantum simulators. The
results exceed benchmark methods on both normal and
channel limitation situations, demonstrating the potential
of quantum optimization to surpass classical approaches,
especially with the ongoing advancements in quantum
hardware.

2) The developed QAOA optimization method for OPMUP
demonstrates the theoretical speedup compared with the
previous baselines from exponential or polynomial com-
plexity to O(RN) on quantum resources and O(R(N +
M)) on classical computers, thereby enhancing scalabil-
ity and efficiency for large-scale optimization problems
in the future.

3) This paper introduces a landscape optimization strategy
for QAOA, incorporating penalty terms as classical post-
processing adjustments to the quantum energy function
without adding computational complexity. It enhances the
quality of the solution set while also reducing implemen-
tation time on quantum computing resources, providing a
more practical and cost-effective approach for NISQ-era
applications.

4) The parameter studies analyze key factors affecting
QAOA performance, providing insights into optimizing
the number of QAOA layers based on the problem scale.
This guidance enhances the adaptability and efficiency of
QAOA in solving large-scale optimization problems.

The remainder of this paper is organized as follows: Sec-
tion II formulates the problems and the corresponding ob-
jective function, Section III introduces the detailed QAOA
optimization solutions, Section IV shows the numerical case
studies and conclusions are drawn in Section V.

II. PROBLEM FORMULATION

Assume a grid system as G = (V, E) where V denotes the
bus set (node) and E is the edge set (branch). The number
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of buses is N and the number of edges is M . The adjacency
matrix for this graph G is A. For further analysis, an adjacency
list function L is also defined, where L(·) will output the
set of neighbors of the input node. Therefore, a function
N (·) can also be adapted to count the total number of the
adjacent neighbors of a specific node. We assume that the
line impedances of the branches are known and denote the
impedance matrix as Z.

In this paper, we consider both the zero-injection and non-
zero injection scenarios. In addition, the PMU channel limita-
tion scenario is also studied. Assume that all the injections are
in the form of current and need to be measured by a PMU or
calculated via KCL. In addition, only the PMU measurement is
considered, while conventional measurement and power flow
measurement are not involved. In this paper, it is also assumed
that the reliability of PMUs is guaranteed and all PMUs can
function well. The overall process of the developed method
is illustrated in Fig. 1. In the next section, the mathematical
modeling of the power grid will be demonstrated.

A. Objective Function for OPMUP

For the simplicity of formulation, we use the zero-injection
scenarios to illustrate the proposed method, and the non-zero
injection scenario can be trivially extended. The main task of
the OPMUP is to determine the minimum number of PMUs
that must be placed on certain buses to ensure full observability
of the system. In this paper, the full observability is defined
as follows:

Definition 1 (Fully Observable). A bus is called fully observ-
able if its voltage phasor and all the currents on its connected
branches are known.

To determine the observability of a bus, the following rules
can be utilized:

(i) A PMU placed at a specific bus, which can measure the
voltage phasor of this bus and all the currents on the
connected branches.

(ii) The branch current can be calculated by Ohm’s Law if
the voltage phasor at both ends of that branch is known.

(iii) If the voltage phasor at one end of the branch and the
current on the branch are known, the voltage phasor at
the other end can be calculated via Ohm’s Law.

(iv) If a bus i is connected to N (i) branches and (N (i)− 1)
branch currents are known, the last unknown current can
be calculated via KCL.

Therefore, assume X ∈ RN×1 is the binary sequence that
determines the placement of the PMU installation, xi ∈ X
represents the i-th binary variable for the placement of the
PMU on the bus i, where i ∈ N . If xi = 1, then a PMU will
be installed on bus i, and the opposite for xi = 0. O is the
number of observable buses in a specific placement X. As a
result, the objective function can be expressed as:

min

N∑
i=1

xi

s.t. O = N.

(1)

Fig. 1. The overall quantum optimization process for OPMUP.

We can further write this function in the form:

min

N∑
i=1

xi + λ(N −O), (2)

where λ is the penalty coefficient. In the numerical examples,
for IEEE 9-, 14-, 24-, and 30-bus systems, hyperparameter λ
is set to 20, 50, 100, and 300, respectively. If the system is
not fully observable under a specific placement, the penalty
λ will be incurred for this placement sequence. Obviously,
less observability will lead to a larger penalty. In most PMU
placement studies, partially observable buses often appear,
which also appear in this study. In this paper, the rigorous
definition of partially observable can be expressed as:

Definition 2 (Partially Observable). A bus is called partially
observable if its voltage phasor is known.

In this paper, only fully observable buses will be considered
as observable ones. Finding the optimal solution to this ob-
jective function requires substantial computational resources.
Classical combinatorial search requires exponential compu-
tational power to identify global optimal solutions, while
most ILP methods, with a complexity of O(poly(N)), are
typically only capable of finding suboptimal solutions. Due
to limited computational resources, most studies have adopted
ILP-based methods with similar objective functions. In the
following Section II-B.1, we will discuss their mathematical
formulations and inherent limitations. Afterward, the proposed
observability modeling algorithm and the quantum solutions
will be illustrated in Section II-B.2 and Section III-A.

B. Observability Modeling Algorithm

1) Previous Observability Modeling Method G: To deter-
mine observability under a specific PMU installation, based on
the review of the previous paper, the observability modeling
method can be categorized into 2 kinds (denoted as Gt, t =
1, 2). G1 uses the trivial fact that the bus neighboring the PMU-
installed bus is fully observable [31], [32]. However, G1 is
not accurate in identifying all observable buses. The IEEE 9-
bus system is used as an illustrative example in Appendix I,
demonstrating that under a specific placement, G1 incorrectly
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Fig. 2. Observability visualization for IEEE 9-bus system. In (a), the PMUs
are placed in buses 4 and 8. Based on rule (i)-(iv) (M1), all the buses can
be observable. In (b), according to the observability method G1, only buses
1, 2, 4, 5, 7, 8, and 9 can be observed.

suggests that the system is not fully observable, whereas it is,
in fact, fully observable. The outcomes of G1 and the proposed
method are shown in Fig. 2 (a). Thus, it can be inferred that G1
tends to include fewer observable buses and does not guarantee
the precise computation of the observability of the power grid.
G2 applies the inequality constraints to determine the

observability conditions [18], [29], [33]–[36], and typically
O(N) inequality constraints are set up to model the precise
observability. To ensure the system is fully observable and
minimize the number of PMU installations, the objective
function can be formulated as:

min

N∑
i=1

xi

s.t. [F]N×1 = [A]N×N ∗ [X]N×1 ≥ [1]N×1,

(3)

where F ∈ RN×1 is the observability variable, and the
overall number of inequality constraints is O(N). Although
several of the inequality constraints can be canceled during the
processing, the number of constraints can still be approximated
as O(N). In this optimization constraint, F indicates that each
bus requires a PMU placed on that bus or buses connected to it
through transmission lines, and 1 is a vector with all elements
1. Thus, only if F ≥ 1, the full observability of the system
can be satisfied. Regarding the complexity of the computation,
for each placement X, the check of the observability of the
inequality is quadratic with the number of buses N (O(N2)).
In addition, to handle the O(N) inequality constraints, Ref
[38] illustrates that to process one inequality constraint in the
form of:

∑N
i=1 xi ≤ θ, O(θN) extra qubits are needed. Thus,

given the constraints O(N), the number of additional qubits
required can be approximated as O(N2). Given the limitations
of hardware resources, it is not economically feasible to adopt
G2 for quantum optimization methods.

Empirically, to handle the inequality constraints, even if
Ref [31] utilizes G1 to largely simplify the observability
constraints, for the IEEE 9-bus system, another 9 qubits are re-
quired. This is even worse for the IEEE 14-bus system, where
21 extra qubits are demanded. Thus, it is not recommended to
adopt the G2 to the quantum algorithm for OPUMP.

2) Proposed method: Given the above limitations of Gt ,
we propose a graph-based recursion searching method M1.
In terms of KCL, we take advantage of rule (iv) to design
the recursion scheme. The recursive base is the initial PMU
placement sequence, where the node installed with a PMU
can be fully observed. The recursive target is to find all fully
observable nodes starting with the initial placement recursively

through rules (i) to (iv).
Suppose that the H PMUs are installed in terms of the

initialization set Ij , j = 1, 2, ...,H , and these buses placed
with PMUs will be fully observed. A fully observable bus set
can be denoted as R, where the initial placement from I is
used to initialize R. For each node j, j ∈ I in the initialization
set, its neighbors p ∈ L(j) will be at least partially observed
based on the rule (iii) where we can calculate the voltage
phasor of p as Up = Uj − ZjpIjp, where Zjp and Ijp
can be obtained from the line impedance matrix Z and the
output of PMU placed at j. Since Up and the current of
one of its connected branches is known (Ijp), p can be called
a partially observed node. During the recursive process, any
fully observable bus will have at least one neighbor that is at
least partially observable. In this paper, the partially observed
nodes are treated as not fully observable ones in our quantum
algorithm iterations. One can also prove that the partially
observable node must satisfy the following:

Lemma 1 (Partially Observable Lemma). For any partially
observable bus, at least one current in its connected branch
is known.

The proof of Lemma 1 is given in Appendix II. Based on
this observation, the recursion can be designed as: beginning
with an observable node j ∈ I, since all nodes in the neighbor
set L(j) are partially observable (the voltage phasor and one
current connecting j), we can use rule (ii)-(iv) to determine
whether any of the nodes p ∈ L(j) can be fully observable.
Since p has N (p) neighbors and according to rule (iv), it is
required to obtain the current of its (N (p) − 1) connected
branches to make p fully observable.

A trivial case is that p has only one neighbor, which
is j. Since j is placed with a PMU, then j is observed.
Another trivial case is that if p has two neighbors, then p
can be directly observed and added to R (Ijp is known and
applies rule (iv) to compute the other current). Afterward,
p will be processed in this recursive manner in a similar
way. According to Lemma 1, since the voltage phasor of the
partially observable bus is known, we only need to check the
branch current to determine whether the partially observable
bus can be observed during the recursion process. During
recursion, the processed buses that are determined to be fully
observable will also go into the recursion process immediately,
while the partially observable nodes will be stored until they
can be determined as observable.

The other case is that p has multiple neighbors, and since
only one neighbor of p is known (j), p is partially observed.
Thus, the recursion process starting from j is terminated, and
the algorithm will try to search in I to see if there are other
observable nodes that have not been into the recursion yet.
As previously mentioned, a partially observable set denoted
as P(·) will be utilized to memorize these partially observ-
able nodes and their corresponding known current during the
recursion, where only if the number of known current exceeds
(N (p)− 1), p can be fully observable. During the recursion,
if P(p) ≥ (N (p) − 1) occurs, p can be observed and added
to R. As a result, p will enter the recursion process and will
be removed from the set P .
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In general, starting with the initial placement I, it can be
recursively computed to find the potential observable neigh-
bors of j ∈ I and the recursion will stop if all nodes that can
be observed are traversed. Given that the adjacency matrix A
and the bus set V are constant when the grid system is fixed,
only the placement X is the input variable. Thus, in the zero-
injection scenario, we can useM1 to represent this Algorithm
1 and the pseudocode can be summarized in Algorithm 1:

Algorithm 1: Proposed observability modeling algo-
rithm: zero-injection

Input : Adjacency matrix A, placement sequence X,
bus set V

Output: Total number of observed buses O

1 CalObservability(A, X, V):
2 // Initialize placement and

observation sets
3 I ← Initial placement based on X;
4 R ← I;
5 P ← {};
6 // Calculate neighbors counter for

each node in V
7 Q← N (V) ; // Q ∈ RN×1, counter of

neighbors for all the nodes in V
8 for j ∈ I do
9 TryObservedNode(j);

10 end for
11 O ← length of R;
12 return O;

13 TryObservedNode(j):
14 for p ∈ L(j) do
15 if p /∈ R then
16 if p /∈ P then
17 // Add p to the potential

observation set P if not
already included

18 P.add(p);
19 end if
20 // Increase the counter for

potential observation
21 P[p]← P[p] + 1;
22 if P[p] ≥ Q[p]− 1 then
23 R.add(p);
24 // Remove p from potential

observation list
25 delete P[p];
26 TryObservedNode(p);
27 end if
28 end if
29 end for

M1 will take the adjacency matrix A, given placement
sequence X, and the bus set V as input, and output will yield
the total number of observed buses O.

As illustrated in Fig. 2, assume that two PMUs are installed
on the bus 4 and 8 initially. Thus, I andR can be initialized as
{4, 8}. Starting with buses 4, buses 1, 5, and 9 can be partially
observed and added to: P[1] = 1,P[5] = 1, and P[9] = 2.
Apparently, it can be calculated that:

P[1] = 1 ≥ N (1)− 1 = 0, (4)
P[5] = 1 ≥ N (5)− 1 = 1, (5)
P[9] = 2 ≥ N (9)− 1 = 1. (6)

Therefore, bus 1, 5, and 9 will be added to R =
{1, 4, 5, 8, 9} and eliminated from P . Since buses 1, 5, and
9 are observed, they will be implemented with recursion,
respectively. Buses 1 and 9 have no neighbors to do the
recursion since buses 4 and 8 are installed with PMUs already.
The recursion on bus 5 will make bus 6 partially observable
and P[6] = 1. Since bus 6 has 3 neighbors, the recursion
starting from 4 is end. Then bus 8 will be implemented with
recursion, resulting in bus 7 being observable since it only
has 2 neighbors. Thus, it can be updated that P[6] = 2 ≥
N (6) − 1 = 2 and bus 6 is observable. Lastly, bus 3 can be
observable following the recursion, similarly.

3) Observability Modeling for Non-Zero Injection: Similar
to the zero-injection scenario, the observability modeling of
the non-zero injection can be trivially extended as M∗

1.
Assume the bus set with the load as B, if each bus q ∈ B is
fully observable, then (N (q) + 1) should be either calculated
or measured since the injection current exists. In this case, if
a bus with load cannot be directly measured by an installed
PMU, then all of its connected branches (apart from the load
injection) should be calculated in order to apply rule (iv)
to compute the injection current. The observability modeling
under the non-zero injection scenario can be described as
O =M∗

1(A,X,V,B).
4) Observability Modeling Considering PMU Channel Lim-

itations: The cost of PMU can heavily rely on the technical
configurations, especially the number of channels [50]. Given
the high cost of unlimited PMU measurement capabilities,
the OPMUP problem is examined under the more realistic
constraint of limited available measurement channels [51].

In previous work, assuming a bus i is placed with a
PMU and the channel limitation is ω, another binary decision
variable is involved in determining whether the PMU channel
is installed at a branch ip, p ∈ L(i). However, for quantum
optimization, this will increase O(ωH) qubits involved in the
QAOA optimization (H is the number of installed PMUs). In
the NISQ era, due to the limited quantum resources, especially
the available qubits in both the quantum simulator and the
quantum computers, it is not economical to increase more
binary variables for QAOA. Therefore, we first introduce
the following two methods as a proof of concept and for
quantum demonstration, providing a foundational approach to
explore the feasibility and effectiveness of QAOA in solving
the problem of OPMUP within current quantum hardware
constraints.

For this task, 2 BFS-based greedy search algorithms M2

and M3 are proposed, both utilizing a recursive approach
inspired by the recursion strategy from M1, where they use
greedy and random channel selection strategies respectively.
Specifically, for M2, when a bus is placed with a PMU, the
measurement channel will be installed on the branches, where
the bus on the other end has more neighbors. Since QAOA
can generate a more abundant solution set than the classical
method, it is very likely for QAOA to pinpoint the global
optimum. In M3, the measurement channel will be randomly
selected to install on the connecting branches of a PMU-
installed bus. Since quantum optimization can leverage the
randomness in generating a large solution space and process-
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ing it in parallel [52], QAOA may have the capability to handle
the randomness of the measurement channel selection as well.
Empirical results from numerical examples demonstrate that
the proposed M2 and M3 can guarantee better or equivalent
results compared with the previous.

For both M2 and M3, assume H PMUs are installed, and
a queue Q is initialized with each PMU-installed bus j, j =
1, ...,H . If a PMU is placed at bus j and the number of its
neighbors satisfies N (j) ≤ ω + 1, then bus j becomes fully
observable, and each of its neighboring buses p ∈ N (j) will
be marked as visited with their observability count updated as
P(p) = P(p)+1. If P(p) ≥ N (p)−1, p will enter the queue.
After all p ∈ N (j) is processed, j will be out of the queue,
the branch jq will not be visited in the following recursion
(A symmetric matrix Y is utilized, where the entry Y[jq] =
Y[qj] = 1 if jq is visited, otherwise Y[jq] = Y[qj] = 0), and
such j will not enter the queue again.

The other case is that N (j) > ω + 1, and the observability
of bus j is not determined. The measurement channel will be
selected based on different strategies. InM2, the measurement
channel will be installed on the branches jp, p ∈ N (j) where:
(1), jp has not been visited (Y[jp] = 0), (2), p ∈ N (j) has
more neighbors. If the number of unvisited branches of j is
less than ω, there will be measurement channel redundancy at
j, and these redundant channels will still be placed at p with
more neighbors, where p ∈ N (j) and Y[jp] = 1. Thus, after
the updating of the channel placement for j, the total known
branches of j can be counted as P =

∑
j Y[jp], p ∈ N (j). If

j is determined to be fully observable, j will enter Q again.
Otherwise, j is partially observable. ForM3, the measurement
channel and the redundant channel will be randomly selected,
while the other recursion procedures are the same as M2.
In both methods, if any PMU-installed bus j is partially
observable during its first iteration, but is further determined
to be fully observable in the following iterations, j will enter
Q again. During the iterations of the PMU-installed buses,
though they may be determined to be fully observable, some
of their neighbors may not be visited. Therefore, if the PMU-
installed buses are determined to be fully observable during
the recursion, they will always enter Q twice to ensure there
are no unvisited neighbors.

Apart from the PMU-installed buses, for bothM2 andM3,
those who enter Q are all fully observable, and all of their
neighbors will be processed. Thus, they will not reenter Q
and will only be iterated once. The overall algorithms of M2

and M3 are illustrated in Appendix IV.
5) Complexity analysis of the proposed Observability mod-

eling algorithm: As for the computation complexity analysis
of a placement X, for M1, in the recursion part, if the
graph G is fully observable, every bus i will only enter
the recursion process once, resulting in O(N) complexity.
For every branch in the fully observable situation, it will be
checked at most twice, yielding a O(2M) complexity. Thus,
the total complexity is O(M + N). As for M2 and M3, if
all the buses are fully observable (which is the worst case for
the algorithm), all the branches will be only visited once, the
PMU-installed buses will be iterated twice, and the remaining
buses will be iterated once, resulting in O(M+N) complexity.

Generally, the proposed observability modeling method can
cost fewer computational resources than G2 of O(N2). In
the next section, we will introduce the quantum optimization
method to solve the objective function proposed.

III. QUANTUM OPTIMIZATION METHOD

In this section, the QAOA solution strategy will be de-
veloped to solve the OPMUP objective function, as shown
in Fig. 1. For simplicity of demonstration, M is applied to
denote the observability modeling regardless of the zero, non-
zero injection, or channel limitation scenarios. Empowered
by the quantum principle of superposition, QAOA can solve
the combinatorial optimization problem more efficiently by
exploring multiple solutions in the large searching space
simultaneously, which is typically suitable for OPMUP.

A. QAOA for OPMUP

In quantum circuits, qubits are used as the basic data
structure, and each binary variable xi ∈ X is encoded into the
qubit form. However, the binary data input required for QAOA
is {−1,+1}. Thus, an input transformation is necessary to
convert the {0, 1} binary string to {−1,+1} string Y :

yi = −2xi + 1, (7)

where Y = [y1, y2, ..., yi, ..., yN ], yi ∈ {−1,+1}. Thus, the
original objective function can be rewritten as:

minC(Y ) = −
N∑
i=1

(yi − 1)/2 + λ(N −M(−Y − 1

2
)). (8)

On quantum computers, an N qubits string |Y ⟩ =
|y1...yi...yN ⟩ will denote the state of placement. Each qubit
|yi⟩ is the superposition of the quantum states |0⟩ and |1⟩,
where |yi⟩ = ai |0⟩+bi |1⟩, ai and bi are the complex probabil-
ity amplitudes associated with |0⟩ and |1⟩, and |ai|2+|bi|2 = 1.
|0⟩ and |1⟩ are the eigenstates of the Pauli-Z operators σz with
the eigenvalues of 1 and -1, respectively. As a result, we could
further measure |0⟩ to represent 1 and measure |1⟩ to represent
−1, which can be executed on quantum circuits, validating the
motivation of the input transformation in Eq. (7).

The main task of QAOA is to find the minimum expec-
tation value of the energy state described by the problem
Hamiltonian HC . The first step of QAOA is to convert the
classical objective function into a problem Hamiltonian HC =
C(σz

1 , σ
z
2 , ..., σ

z
i , ..., σ

z
N ). To encode the objective function

into the QAOA form explicitly, a problem Hamiltonian HC

will be constructed as:

HA = −
N∑
i=1

σz
i − 1

2
, (9)

HA′ = λ(N −M(cat(−σ
z
i − 1

2
))), (10)

HC = HA +HA′ , (11)

where cat(·) is the function that concatenates the in-
put variables into a string (concatenate {σz}N1 into
[σz

1 , ..., σ
z
i , ..., σ

z
N ]). The input for M(·) will take the con-

catenated and converted strings ({0, 1} binary) to calculate
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the observability modeling. Thus, we can have |Y ⟩ as the
mapping of Y to quantum circuits. For quantum computing,
the expectation value of the energy associated with the state
|Y ⟩ reflects the quality of the solution, and the objective is to
minimize this expectation to achieve optimal solutions. This
expectation value, described by the problem Hamiltonian HC ,
for a given |Y ⟩ is expressed as C(|Y ⟩) = ⟨Y |HC |Y ⟩.

Furthermore, we assume the deterministic string Yk out of
the 2N N -qubit candidate strings on the computational basis,
where each |yk,i⟩ = |0⟩ or |1⟩, yk,i = ⟨yk,i|σz

i |yk,i⟩, and
Yk = [yk,1, ..., yk,i, ..., yk,N ]. To map C(Yk) to C(|Yk⟩):

C(Yk) = −
N∑
i=1

yk,i − 1

2
+ λ(N −M(−Yk − 1

2
)) (12)

= −
N∑
i=1

⟨yk,i|σz
i |yk,i⟩ − 1

2
+ λ(N −M(−Yk − 1

2
))

(13)

= −
N∑
i=1

⟨yk,i|σz
i |yk,i⟩ − 1

2

+ λ(N −M(cat(−⟨yk,i|σ
z
i |yk,i⟩ − 1

2
))) (14)

= ⟨Yk|Hc |Yk⟩ ≡ C(|Yk⟩) (15)

As a result, we have mapped the 2N classical cost function
C(Yk) to 2N quantum cost function C(|Yk⟩). Then 2N |Yk⟩
forms the complete basis of the N -bit Hilbert space for the
N -bit quantum states. In that case, |Y ⟩ can be expressed as
the linear combination of |Yk⟩: |Y ⟩ =

∑2N

k=1 αk |Yk⟩, where∑2N

k=1 |αk|2 = 1. We can further have:

C(|Y ⟩) = ⟨Y |HC |Y ⟩ = (

2N∑
k=1

αk ⟨Yk|)HC(

2N∑
k=1

αk |Yk⟩)

(16)

=

2N∑
k=1

α2
k ⟨Yk|HC |Yk⟩ (17)

=

2N∑
k=1

α2
kC(|Yk⟩) (18)

And now the OPMUP problem is converted into the problem
of finding the expectation value of the minimum energy state
described by the obtained Hamiltonian problem HC .

Thus, we have built the overall forward process. To initialize
the quantum circuit, the initialization Hamiltonian HB creates
a superposition of all N quantum states. The most common
approach is to construct HB as a sum of Pauli-X operators
acting on each of the N qubits as HB =

∑N
i=1 σ

x
i [53].

Therefore, all N qubits are initialized to |+⟩⊗N states. By
applying the problem Hamiltonian HC and the initialization
Hamiltonian HB , the variational wavefunction of QAOA can
be generated as:

|ψs(γ⃗, β⃗)⟩ = e−iβsHBe−iγsHC ...e−iβ1HBe−iγ1HC |+⟩⊗N
,

(19)
where the variational wavefunction can be parameterized
by 2s trainable parameters γ⃗ = (γ1, γ2, ..., γs) and β⃗ =

(β1, β2, ..., βs). The number of parameters s also indicates that
the circuit has s layers. Finally, we obtain the expectations of
the problem Hamiltonian HC in the variational state as:

Fs(γ⃗, β⃗) = ⟨ψs(γ⃗, β⃗)|HC |ψs(γ⃗, β⃗)⟩ . (20)

To update the trainable parameters γ⃗ and β⃗, multiple ap-
proaches can be applied on classical computers to search for
the optimal ⟨γ⃗∗, β⃗∗⟩ to minimize Fs(γ⃗, β⃗). A common method
is COBYLA, which is a derivative-free optimization approach
without the requirements for smooth objective functions [54].

As the power grid size grows, with more buses and branches
added, the increasingly complex landscape of the solution
space may constrain QAOA’s ability to obtain the global opti-
mum. Therefore, selecting the appropriate number of QAOA
layers s is essential for the success of QAOA. Additionally,
increasing the number of QAOA layers s can also boost the
possibility of success.

Regarding QAOA implementation, Qiskit is often utilized
to simulate quantum circuits [55]. The simulated quantum
circuit will be run repeatedly R times and generate a subset
of the solution distribution T from the candidate strings
2N . Unlike the traditional optimization method, the quantum
optimization method will yield the distribution of the solution
to the problem. Yet we can still sample the solution strings
from the distribution that produce the least PMU installations.
Within the subset, solution strings can appear multiple times,
with a higher frequency of occurrence indicating a more
probable solution. Assume that there are D feasible solution
strings (that can make the system fully observable) within
the feasible solution set F ∈ T . For each feasible solution
string Fn, n = 1, ...., D, the corresponding appearing times
are denoted as Cn, and the corresponding probability can be
formulated as P (Fn) =

Cn∑D
m=1 Cm

.

B. Complexity Analysis

The complexity of the overall process comes from both
quantum circuits and classical computers. The cost of quantum
computation involves the initialization of the quantum state
and the implementation of the QAOA layer. On classical
computers, the observability modeling algorithm M will take
the strings generated by quantum circuits to compute the
observability. Besides, the parameter updating of QAOA is
also conducted on classical computers via COBYLA, and
the number of iteration steps is represented as u, where u
is approximated as O(poly(s)) via empirical simulations for
heuristic parameter optimization method [53]. In this study,
simulations of the COBYLA iteration steps k are also con-
ducted, suggesting a k = O(poly(s)) relation. The desired
convergence precision ratio of QAOA can be described as:
C(X)

CSOTA
≥ ϵ∗, where the target is to optimize ϵ∗ ≥ 1, indicating

QAOA can surpass the performance of the SOTA.
For one iteration, given the placement X, the initial state

preparation will cost N Hadamard gates to create a super-
position of all possible states, which is at an O(N) cost.
As for each QAOA layer, the initialization Hamiltonian HB

requires the number of gates equal to the qubits, thus O(N)
gates are involved. The number of gates to implement the
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problem Hamiltonian HC is divided into two parts (HA and
HA′ respectively). The implementation of HA will use O(N)
single-qubit to do the summation. For HA′ , the observability
modeling algorithm will be carried out on classical computers,
and the output will serve as a constant offset to the energy
computed by the quantum circuit, which does not require
additional quantum gates for its implementation. In other
words, HA′ uses classical computation results to adjust the
quantum measurement or final interpretation of the quantum
states. Thus, HA′ will cost O(M +N) on classical computers
and the total cost of obtaining HC is O(2N +M).

Since there are s QAOA layers and R repeating times,
assume the total iteration step is k, the total cost will be:

O(kRN) +O(ksR(3N +M))→ O(poly(s)R(3N +M)),
(21)

where O(poly(s)RN) and O(poly(s)R(N+M)) are the costs
of quantum circuits and classical computers, respectively. In
this paper, it is empirically discovered that poly(s) ≪ R,
thus, the complexity of the developed hybrid algorithm is
O(RN) for quantum circuits execution and O(R(N +M))
for a classical computer execution.

C. QAOA Training Landscape Optimizing with Strategic
Penalties

During the iterative refinement of QAOA, the objective is
to adjust the vector of control parameters γ⃗ and β⃗, in order
to optimize the expected value of the problem Hamiltonian
Fs(γ⃗, β⃗). In this subsection, we propose a constrained op-
timization method for the landscape of QAOA during the
training phase, which aims to promote the quality of the
solution and improve convergence.

The solution set generated by QAOA contains a large
number of strings that cannot guarantee full observability or
use too many PMUs. In addition, the generated solution set is
random, where the quantum circuits have no prior knowledge
about the power grid. One of the crucial reasons is that the
PMUs are installed at several less important nodes, which is
unnecessary. Thus, we can add strategic penalties to optimize
the QAOA training landscape. The penalties can be categorized
into two kinds: penalties for improper placement P1, and for
redundant placement P2.

For P1, based on graph theory, Lemma 2 is proposed as:

Lemma 2 (Degree-Prioritized Placement Lemma). For a grid
that contains at least one bus with a degree of 3 or greater,
installing PMUs on buses with a degree of 1 or 2 is less critical
compared to installation on buses with a degree of 3 or more.

The proof of Lemma 2 can be found in the Appendix III.
In most power systems, it is common for buses to have 3 or
more neighbors. According to Lemma 2, for any placement
X, if a node with a degree of 1 or 2 is installed with a PMU,
then a penalty can be added to the corresponding problem
Hamiltonian. For example, as illustrated in Fig. 2, taking into
account the strategic importance of buses 1 and 4 demonstrates
that a PMU installed at bus 4 would cover more buses, whereas
a PMU at bus 1 would only make itself observable.

Additionally, penalties may be imposed for excessive PMU
installations, even when the system achieves full observability.
The penalty threshold T can be established using baseline
methods from prior research, which provide benchmarks on
the number of PMUs typically required. For instance, most
previous work has reported 7 PMUs for the IEEE 30-bus
system, and T = 7 can be chosen as the threshold. If no
existing work provides baseline results, T can be established
by running the developed QAOA method H times and taking
the ceiling of the average optimal results across H imple-
mentations. Thus, the modified problem Hamiltonian can be
formulated as:

HC =



HC if ∀xi = 0 when L(xi) ≤ 2,
and

∑N
i=1 xi ≤ T

HC + P1 if ∃xi = 1 when L(xi) ≤ 2,
and

∑N
i=1 xi ≤ T

HC + P2 if ∀xi = 0 when L(xi) ≤ 2,
and

∑N
i=1 xi > T

HC + P1 + P2 if ∃xi = 1 when L(xi) ≤ 2,
and

∑N
i=1 xi > T

(22)
where P1 and P2 are the constant value penalties. In this work,
P1 and P2 are both set to 500. The determination process is
carried out on classical computers that also do not need extra
quantum gates and qubits. Similarly, the penalty will be added
to the energy computed by the quantum circuits as an offset.
The mapping process is the same as the QAOA implementation
illustrated in Section III-A.

IV. NUMERICAL EXAMPLES

In this section, the case studies have been carried out on
IEEE 9-, 14-, 24-, and 30-bus systems. The experiments are
tested on both an IBM noiseless quantum simulator (ibmq-
qasm-simulator, with a maximum of 32 qubits) [56], the IBM
real quantum computer (IBM-Brisbane, with a maximum of
127 qubits) [57], and on a local classical server (2 Intel Xeon
6542 CPUs). The quantum simulators can also be simulated
on classical computers, with a maximum limit of 30 qubits. In
each experiment, the involved qubits equal the test system size
N . The QAOA layers s for IEEE 9-, 14-, and 24-bus systems
are 7, and 9 for the 30-bus system. Due to budget constraints
and limited access to IBM quantum resources, the IEEE 9-bus
test is conducted on IBM’s real quantum computer, while the
IEEE 9-, 14-, and 24-bus systems are evaluated using the IBM
quantum simulator. The IEEE 30-bus system is tested on local
classical servers. In this study, it is assumed that the placement
of the PMUs costs the same on different buses. Conventional
and power flow measurements are not taken into account for
the analysis, and we assume all PMUs work well. The quantum
circuits are executed R = 10, 000 times for the IEEE 9- and
14-bus systems, R = 300, 000 times for the 24-bus system,
and R = 500, 000 times for the 30-bus system.

A. Benchmark Tests for PMU Placement: Zero-Injection

In the zero-injection scenarios, the results of the 9-bus
system tested on the proposed method and the benchmarks
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are listed in the first column of Table I (denoted as Z).
The 9-bus case is tested both on the quantum simulator
and quantum computer (labeled as QC), where the proposed
quantum optimization method performs the same best results
on both platforms. The results of the 14-, 24-, and 30-bus
systems are listed in the 1-3 columns of Table II. The first
column of Table IV shows the installations for IEEE 9-, 14-,
24-, and 30-bus systems under zero-injection scenarios with
full observability. The following observations can be made:

• In the 9-bus test case, both the quantum simulator and
quantum computers can provide the global optimum
results, with 2 PMUs required. Though with the inherent
noise and gate errors, the real quantum computer can still
illustrate the potential in finding the optimal solutions.
Notably, noise and gate errors are the two primary factors
contributing to the prolonged execution duration of quan-
tum optimization processes on real quantum computers,
compared to noiseless quantum simulators. As shown in
Table X, the total execution duration increases signifi-
cantly from 1,062.90 seconds on quantum simulators to
15,571.54 seconds on real quantum hardware. As quan-
tum technology advances, particularly in noise reduction
and error mitigation, the execution duration is expected
to decrease, enabling quantum optimization to be applied
to significantly larger problem instances more efficiently.

• In the 14-, 24-, and 30-bus systems, the experiments
are not tested on quantum computers due to budget and
time constraints. On quantum simulators, the proposed
method demonstrates better or equivalent performance
to the previously best-reported results, demonstrating the
installation of 3, 5, and 5 PMUs in respective scenarios.

• It should be noted that with the growing problem size, the
number of repetition times of the QAOA circuit execution
R should be increased accordingly, which is another
key factor to guarantee a good performance of QAOA.
The quantum circuits will be repeatedly implemented, on
the one hand, to refine the parameters to converge on
the optimal or near-optimal results [58]. On the other,
sufficient repetitions are demanded to sample all possible
states within the superposition in order to locate the
global optimal solutions.

• Ref. [31] listed in Table I and Table II utilizes the QA
method to determine the minimum number of PMUs.
The proposed QAOA method utilizes real quantum com-
puters equipped with superconducting qubits, which are
designed to execute quantum gates and circuits in line
with the gate model of quantum computing. In contrast,
the D-Wave system for QA operates on the adiabatic
quantum computation model without employing quan-
tum gates. Conducting the sole QA process on D-Wave
systems can be efficient for certain optimization tasks
of QUBO format, with a relatively fast complexity of
O(Re− 1

N ) on D-Wave QPU [59]. For [31], the QUBO
form converting and the quantum system embedding
requires O(N2) complexity on a classical computer and
D-Wave QPU respectively, thus the overall complexity
is O(N2 + Re−

1
N ). However, the utility of QA is also

TABLE I
MINIMUM NUMBER OF PMUS FOR FULL OBSERVABILITY: IEEE 9-BUS

SYSTEM BENCHMARK COMPARISON

IEEE IEEE
9-bus-Z 9-bus-I

Proposed method 2 3
Proposed method on QC 2 3

Ref. [31] 3 4
Ref. [17] NA 3
Ref. [18] NA 3
Ref. [34] NA 3
Ref. [60] NA 4
Ref. [61] NA 4
Ref. [62] 2 NA
Ref. [63] 3 3

TABLE II
MINIMUM NUMBER OF PMUS FOR FULL OBSERVABILITY: IEEE 14-, 24-,

30-BUS SYSTEM BENCHMARK COMPARISON

IEEE IEEE IEEE IEEE IEEE IEEE
14-bus-Z 24-bus-Z 30-bus-Z 14-bus-I 24-bus-I 30-bus-I

Proposed method 3 5 5 7 8 10
Ref. [31] 4 7 10 NA NA NA
Ref. [9] 3 NA 5 NA NA NA
Ref. [17] 3 6 7 7 8 10
Ref. [18] 3 NA 7 NA NA NA
Ref. [22] 3 NA 7 NA NA NA
Ref. [29] 3 NA 7 NA NA NA
Ref. [34] 3 6 7 NA NA NA
Ref. [60] 4 7 10 NA NA NA
Ref. [61] 4 NA 10 NA NA NA
Ref. [62] NA 7 NA NA 8 NA
Ref. [63] 3 NA NA 7 NA NA
Ref. [64] NA NA NA 7 10 11
Ref. [65] NA NA NA 7 9 NA
Ref. [66] NA NA 7 NA NA 10
Ref. [67] NA NA 7 NA NA 10
Ref. [68] NA 7 10 NA NA NA

confined to problems that can be reformulated into the
QUBO format, limiting their broader applicability. In Ref.
[31], the observability modeling method is simplified to
G1 in order to convert the objective function into the
QUBO form. The use of the G1 observability modeling
approach results in an increased number of PMUs for
full system observability, requiring 3, 4, 7, and 10 PMUs
in respective scenarios. Additionally, this methodology
tends to produce suboptimal results in larger systems.
For example, when applied to the IEEE 57 and 118-bus
systems, Ref. [31] needs 17 and 32 PMUs respectively,
compared to the 12 and 28 PMUs typically required by
most benchmark methods.

B. Benchmark Test For PMU Placement: Non-Zero Injection

As for the non-zero injection scenarios, the results of the 9-
bus system are shown in the second column of Table I (denoted
as I). The results of the 14-, 24-, and 30-bus systems are shown
in the 4-6 columns of Table II. The second column of Table
IV illustrates the PMU placement solutions for IEEE 9-, 14-,
24-, and 30-bus systems under the non-zero injections. From
Table II, we can see that:

• In the 9-bus case, similar to the zero-injection scenarios,
the performance of the proposed quantum optimization
method is still the best on both the quantum simulators
and the quantum computers, with 3 PMUs required to
make the system observable.
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TABLE III
BASELINE METHODS COMPUTATION COMPLEXITY

Complexity
Proposed method O(RN) on QC, O(R(N +M)) on classical

Ref. [31] O(N2) on classical, O(N2 + e−
1
N ) on QPU

Ref. [9] O(N2 logN)

Ref. [17] O(2N )
Ref. [18] O(poly(N))
Ref. [22] O(poly(N))
Ref. [29] O(poly(N))
Ref. [34] O(poly(N))
Ref. [60] O(poly(N))
Ref. [61] O(poly(N))
Ref. [62] O(poly(N))
Ref. [63] O(poly(N))

Ref. [64] O(2N )
Ref. [65] O(poly(N))
Ref. [66] O(poly(N))
Ref. [67] O(poly(N))
Ref. [68] O(poly(N))

• For the 14-, 24-, and 30-bus systems, on quantum
simulators and classical servers, the proposed quantum
optimization method can outperform the other classical
methods, where 7, 8, and 10 PMUs are installed to
guarantee full observability.

C. Benchmark Tests for PMU Placement: Channel Limitations

As for the channel limitation scenarios, among all 4 test
systems, the maximum degree of the node is 7, and if the
channel limitation is 6 and this node is placed with a PMU, it
can still be fully observable since the last 1 branch current can
be calculated via KCL. Thus, the number of PMU channels
from 1 to 5 is studied. The number of installed PMUs for 9-,
14-, 24-, and 30-bus cases are demonstrated in Table V, VI,
VII, and VIII respectively. The detailed installation results are
shown in Table IX. For the 9-bus system, since there are no
previous studies on it and the system is trivial, the Brutal-Force
(BF) algorithm can be utilized to find the global optimum.
The following observations can be concluded from Table V,
VI, VII, VIII, and IX:

• For 9- and 14-bus systems, the proposed method with
bothM2 andM3 demonstrates equivalent performances.
The global optimum is achieved by both observability
modeling strategies on the 9-bus system. In addition, the
proposed method with both strategies outperforms the
baseline results on the 14-bus system.

• For the 24-bus system, the proposed quantum optimiza-
tion method with M2 and M3 illustrates the outperfor-
mance compared with the benchmark results. Notably,
applying the random neighbor selection strategy (M3)
illustrates better results than applying the greedy strategy
(M2) when the channel limitation is 2. When the test sys-
tem is relatively small, adding an amount of randomness
can benefit the performance of the quantum optimization
method within the capability of the quantum computation
resources, thus boosting the optimization performance.

• For the 30-bus system, the performance of the proposed
quantum optimization method using both M2 and M3

still beats the baseline outcomes. Different from the 24-
bus case results, the proposed method withM2 produces
better outcomes than M3 when the channel limitation is

Fig. 3. The theoretical quantum speedup in comparison with the combina-
torial search Method.

set to 4 and 5. As the problem size grows, the randomness
utilizing M3 also grows, which requires an increasing
number of quantum computation resources to handle
the randomness. Thus, greedy selection strategy M2 is
much more likely to be recommended as the system size
expands significantly.

D. Theoretical and Numerical Complexity Analysis of the
Quantum Speedup

In Table III, the theoretical computation complexity of the
baseline methods is summarized. As indicated previously, Ref.
[31] utilizes QA techniques, which costs O(N2) on classical
computers to form the adjacency matrix and O(N2 + e−

1
N )

on QPU for the QA process [59]. Ref [9] utilizes the Minimal
Spanning Tree technique, where the complexity to generate a
spanning tree is O(M logM). In addition, for each spanning
tree, O(N) complexity is needed to determine the observ-
ability of the generated spanning tree. Given that power grids
are often sparse, the assumption that M = O(N) can be set,
and the overall complexity for [9] is O(N2 logN). For Refs

TABLE IV
PMU INSTALLING SOLUTIONS OF THE PROPOSED METHOD

Zero-injection Non-zero injection
9-bus 4, 6 4, 6, 8

14-bus 2, 4, 13 2, 4, 5, 6, 9, 10, 13
24-bus 6, 9, 10, 17, 23 2, 3, 8, 9, 10, 13, 16, 18
30-bus 2, 6, 10, 12, 27 2, 3, 5, 6, 9, 10, 12, 15, 19, 27
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Fig. 4. Distributions of the PMU requirements across IEEE 9-, 14-, 24-, and 30-bus systems with and without landscape optimizing.

TABLE V
MINIMUM NUMBER OF PMUS UNDER CHANNEL LIMITATION: IEEE-9

BUS SYSTEM

Test System Channel Limitation ω
1 2 3 4 5

Proposed Method with M2 3 2 2 2 2
Proposed Method with M3 3 2 2 2 2
BF algorithm 3 2 2 2 2

TABLE VI
MINIMUM NUMBER OF PMUS UNDER CHANNEL LIMITATION: IEEE-14

BUS SYSTEM

Test System Channel Limitation ω
1 2 3 4 5

Proposed Method with M2 7 4 3 3 3
Proposed Method with M3 7 4 3 3 3
Ref. [69] 7 5 4 3 NA
Ref. [51] 7 5 4 3 3
Ref. [70] NA NA 4 4 NA
Ref. [29] NA NA 4 3 NA

TABLE VII
MINIMUM NUMBER OF PMUS UNDER CHANNEL LIMITATION: IEEE-24

BUS SYSTEM

Test System Channel Limitation ω
1 2 3 4 5

Proposed Method with M2 10 7 6 5 5
Proposed Method with M3 10 6 6 5 5
Ref. [69] 10 7 6 6 NA
Ref. [70] NA NA 9 7 NA

[17] and [64], vanilla binary search is involved, yielding an
exponential complexity O(2N ). Refs [18], [22], [29], [34],
[60]–[63], [65]–[68] apply inequality constraints, and the most

TABLE VIII
MINIMUM NUMBER OF PMUS UNDER CHANNEL LIMITATION: IEEE-30

BUS SYSTEM

Test System Channel Limitation ω
1 2 3 4 5

Proposed Method with M2 13 8 7 6 6
Proposed Method with M3 13 8 7 7 7
Ref. [69] 13 8 7 NA NA
Ref. [51] 14 9 8 7 7
Ref. [70] NA NA 9 8 NA
Ref. [29] NA NA 7 7 NA

common solvers (Gurobi, CPLEX) can solve such ILP in
O(poly(N)) complexity.

Empirically, based on the numerical results of the IEEE 9-,
14-, 24-, and 30-bus systems and the computation complexity
obtained in Section III-B, the approximate computation cost
of the QAOA optimization method based on the computation
complexity can be calculated. The iteration step k of COBYLA
for 9-, 14-, 24-, and 30-bus systems are 173, 176, 184, and
223, respectively, which indicates a fast convergence speed.
Assume that the execution cost of quantum circuits is the
same as that of classical computers. The theoretical execution
counts of quantum optimization combine the execution cost
of both quantum circuits and classical computers. Compared
with the combinatorial search method in [17], the speedup
can be visualized in Fig. 3, where the y-axis is displayed on
a logarithmic scale to clearly visualize the computation cost
and speedup. From Fig. 3, we can see that:

• When the problem size is small, QAOA underperforms
the classical combinatorial search due to the repeated
times R. However, as the number of buses increases,
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TABLE IX
PMU INSTALLING SOLUTIONS FOR CHANNEL LIMITATION SCENARIO

Channel Limitation ω
1 2 3 4 5

9-bus (M2) 3, 7, 9 3, 8 1, 8 1, 6 1,6
9-bus (M3) 1, 2, 9 1, 8 2, 6 6, 8 4, 8
14-bus (M2) 1, 2, 5, 7, 9, 11, 12 2, 5, 6, 7 2, 9, 13 1, 4, 13 2, 4, 13
14-bus (M3) 2, 3, 4, 7, 11, 12, 14 2, 4, 10, 13 1, 4, 6 2, 9, 13 2, 4, 6
24-bus (M2) 2, 5, 8, 9, 10, 11, 12, 21, 22, 23 2, 8, 10, 12, 14, 20, 21 2, 10, 13, 20, 21, 24 1, 9, 12, 20, 21 6, 9, 10, 17, 23
24-bus (M3) 2, 3, 6, 8, 9, 10, 13, 18, 20, 21 2, 9, 11, 12, 20, 21 3, 8, 10, 13, 20, 21 9, 10, 13, 20, 21 3, 10, 13, 20, 21
30-bus (M2) 2-4, 7, 10, 13, 15, 16, 19, 22, 24, 26, 28 1, 9, 10, 14, 15, 25, 28, 29 2, 6, 8, 10, 15, 26, 27 2, 6, 10, 11, 12, 27 2, 6, 10, 11, 12, 27
30-bus (M3) 2, 3, 6, 11, 13, 15, 16, 19, 21, 22, 27, 28, 30 1, 9, 10, 14, 15, 25, 28, 29 2, 6, 8, 10, 15, 26, 27 1, 6, 10, 15, 22, 27, 29 1, 6, 12, 20, 22, 28, 30

TABLE X
COMPARISON OF QAOA PERFORMANCE WITH AND WITHOUT STRATEGIC PENALTY OPTIMIZATION

EW EO VW VO KW KO ZW ZO

9-bus 3.34 3.26 0.33 0.35 0.05 0.08 1,062.90 s 524.54 s
9-bus-QC 4.18 3.82 0.89 0.38 0.01 0.04 15,571.54 s (374 s) 10,124.87 s (363 s)

14-bus 4.84 4.77 0.21 0.22 0.01 0.03 1,187.03 s 582.09 s
24-bus 7.62 7.74 0.31 0.26 2.44×10−3 2.46×10−3 3,631.72 s 2,866.49 s
30-bus 10.44 10.2439 0.54 0.58 3.00×10−4 5.00×10−4 139,308.93 s 120,724.99 s

the computation cost required by QAOA grows much
more slowly compared to combinatorial search. Conse-
quently, quantum optimization becomes more efficient for
larger problem sizes. The speedup becomes even more
pronounced as the problem size increases to a 40-bus
system, where the theoretical speedup is about 104.

• However, in the NISQ era, the performance of quan-
tum computing is still restricted by the limited coher-
ence times, gate fidelities, and the number of available
qubits [71]. Despite this, the advancements in quantum
hardware are expected to enhance the capabilities of
quantum computing, making it a more viable tool for
solving large-scale optimization problems in the future.

E. Analysis of QAOA Landscape Optimizing

In Fig. 4, according to the obtained P (Fn) in Section III-
A, the distributions of the solution strings for the IEEE 9-
, 14-, 24-, and 30-bus systems are presented. The expected
number of installed PMUs and their associated variance are
quantitatively assessed for two scenarios: with and without
landscape optimization application (see Table X for detailed
values). These values are denoted as EO and VO for the
optimized scenario and EW and VW for the non-optimized
scenario, respectively (a subscript of ”O” indicates the appli-
cation of optimization, and ”W ” indicates that no optimization
is applied.). We also record the probability of the optimal
results in the solution distributions as KW and KO, which is
emphasized in darker blue in Fig. 4. In addition, the execution
time costs ZW and ZO for both strategies are also counted.

According to Table X, we have the following observations:

• The expectation and variance values after landscape
optimization change slightly, indicating that landscape
optimization does not have a significant impact on the
overall quality of the solution distribution.

• Landscape optimization boosts the performance of QAOA
in finding the optimal solutions. Since only the optimal
solution strings are utilized as the results in OPMUP,

landscape optimization is recommended in order to in-
crease the probability of locating the optimal solutions.

• Notably, the execution time of QAOA after landscape
optimization has a significant decrease: on the quantum
simulator, the implementation time dropped by about
50% for the IEEE 9- and 14-bus system, and 23% for
the 24-bus system when using landscape optimization.
When implementing the developed methodology on the
real quantum computer for the 9-bus system, the to-
tal execution time decreases from 15571.54 seconds to
10124.87 seconds by 35%, while the execution time
on the quantum computer itself decreases from 374
seconds to 363 seconds by 3% with landscape optimiza-
tion strategy (implementing on quantum computers still
requires classical computation resources to implement
the QAOA parameter optimization). As for the 30-bus
system, where the quantum circuits are simulated on
classical servers, the total time decreases by 14% utilizing
landscape optimization. Generally, landscape optimiza-
tion has demonstrated significant empirical benefits for
boosting the efficiency of QAOA.

Landscape optimization techniques involve imposing addi-
tional constraints or penalties to guide the search toward more
favorable regions of the solution space. Thus, the performance
of QAOA can be enhanced in terms of the execution time and
the probability in finding the optimal solutions.

F. Analysis of QAOA parameters

The analysis of the QAOA parameters is also conducted on
IBM quantum simulators and classical servers for the OPMUP.
The QAOA circuits have 2s trainable parameters γ⃗ and β⃗, and
the number of these parameters can impact the optimization
results. It should be noted that all the parameters are randomly
initialized. With fewer parameters, the optimization landscape
is less complex, allowing faster convergence. For example, in
Fig. 5(a), since the optimization landscape is simple and the
initial state is close to the optimal results, QAOA can easily
converge. However, given the limited repeating times R, a



14

Fig. 5. The quantum optimization performance with different numbers of
parameters for IEEE 9, 14, and 24-bus systems.

small number of parameters can limit the expressive power of
QAOA, reducing its ability to approximate complex solutions
accurately and potentially leading to suboptimal results [72],
[73]. In contrast, more parameters generally enhance the
ability of the QAOA circuit to represent complex and accu-
rate approximations of the optimal solution. However, as the
number of parameters increases, the optimization landscape
becomes more complex for the optimization algorithm, which
can also impose challenges in finding global optimals [72],
[73]. For example, in Fig. 5(c), as we move from point B
toward a higher number of parameters, the number of installed
PMUs increases, indicating poorer search results.

In Fig. 5, the performance of quantum optimization is
analyzed under various parameter settings. For simple test
cases such as the 9-bus system, both a few parameters and a
reasonable increase in the number of parameters can guarantee
optimal results. For more complex systems, such as the 14-
bus and 24-bus systems, a moderate increase in the num-
ber of parameters generally benefits the QAOA optimization
performance. However, applying too many parameters can
sometimes lead to worse results, highlighting the need for
careful parameter management to avoid suboptimal solutions.
For larger test cases such as the 30-bus system, increasing
the number of QAOA parameters enhances the representation
power of the quantum circuits. This results in a monotonic de-
crease in the number of required PMUs installed for the 30-bus
system as the number of parameters increases. Consequently,
as the problem size grows, maintaining a sufficient number of
QAOA parameters is essential to preserve the representation
power of the quantum circuits, ensuring high solution quality
as the complexity of the problem increases. Generally, more
parameters do not necessarily guarantee the optimal solution,
and the parameter settings need to be carefully balanced to
navigate the optimization landscape effectively based on the
problem size.

V. CONCLUSION

In this work, an end-to-end QAOA optimization method
is proposed as a pioneering trial to determine the OPMUP

for both normal and channel limitation situations. A tai-
lored objective function that incorporates both the number
of installed PMUs and observability constraints is introduced.
Furthermore, more efficient observability modeling algorithms
with a complexity of O(M +N) are proposed to evaluate the
quality of the solutions generated by QAOA, without requiring
any extra qubits compared with ILP. Overall, the proposed
QAOA optimization costs O(RN) on quantum circuits and
O(R(N+M)) on classical computers, which is more efficient
than the binary search, meta-heuristic, and ILP methods.

In the numerical studies, the proposed method is tested on
the IEEE 9-, 14-, 24-, and 30-bus systems under both normal
and channel limitation scenarios, achieving results that are
better than previous benchmarks. The empirical outcomes es-
tablish the first benchmarks of QAOA applications in OPUMP.
Furthermore, the developed quantum optimization method
illustrates the theoretical potential to exponentially surpass
binary search in terms of implementation counts for OPMUP,
given the advancements in quantum hardware. An experiment
of landscape optimization is also conducted, demonstrating
that it can boost the performance of QAOA in terms of
efficiency and the ability to locate optimal results, providing
a more applicable and economical strategy for NISQ-era
quantum applications. Lastly, a parameter study is conducted,
empirically illustrating that increasing the number of param-
eters can enhance performance to some extent. However, in-
volving too many parameters can complicate the optimization
landscape and potentially compromise performance.

In our future work, the proposed quantum optimization
method will be extended to real-time grid management, en-
abling periodic updates to PMU placement recommendations
in response to system changes, such as variations in load
injections or modifications in grid topology.

APPENDIX I
COMPARISON OF OBSERVABILITY MODELING METHODS

To demonstrate the insufficiency of G1 in Section II-B.1, in
this section, the illustration of obtaining the observability of
the given IEEE 9-bus system example based on G1 and the
proposed M1 is given. And it is assumed that buses 4 and 8
are placed with PMUs.

As shown in Fig. 4, if PMUs are installed at buses 4 and
8, buses 1, 2, 4, 5, 7, 8, and 9 can be observed. However,
based on a rule (iv), since the currents I45 and I75 are known,
we can calculate I56 and I36 with KCL: I56 = −I45, I76 =
−I87, I36 = −I56 − I76.

Then U6 and U3 can be computed via rule (iii): U6 =
U5 − Z56I56,U3 = Z36I36 +U6.

Thus, the IEEE-9 bus system can be fully observable.

APPENDIX II
PROOF FOR LEMMA 1

In this section, the proof for the Partially Observable Lemma
in Section II-B.2 is given. The Lemma is recapped as:

Lemma 1 (Partially Observable Lemma). For any partially
observable bus, at least one current in a connected branch is
known.
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Proof:
• Assume a bus i ∈ E and its connected buses j, j ∈ L(i).

For any partially observable buses, it is not possible that
they are directly connected to a PMU since a PMU
can make it fully observable if there are no channel
limitations.

• We want to prove that if only Ui is known, then at least
one current in the connected branch Iij is required to
be known. This can be proved by contradiction. If no
currents connected to i are known and Ui is known, and
i is not placed with a PMU, then Ui can only be obtained
via rule (iii). However, the assumption that no currents
are known leads to the impossibility of applying Ohm’s
law to determine Ui, hence the assumption is false.

APPENDIX III
PROOF FOR LEMMA 2

In this section, the proof for the Degree-Prioritized Place-
ment Lemma in Section III-C is demonstrated. The Lemma is
recapped as:

Lemma 2 (Degree-Prioritized Placement Lemma). For grid
that containing at least one bus with a degree of 3 or greater,
installing PMUs on buses with a degree of 1 or 2 is less critical
compared to installation on buses with a degree of 3 or more.

Proof:
• In any connected (excluding circular and fully connected)

graph where there exists at least one node A with a degree
greater than or equal to 3, there must exist at least one
node B with a degree of 1 or 2 that is connected to A.

• If a PMU is installed at A, then B can be fully observable.
However, if B is placed with a PMU, it is possible that A
is not fully observable. Thus, it is more optimal to install
a PMU at the buses with 3 more degrees.

APPENDIX IV
PROPOSED ALGORITHM UNDER CHANNEL LIMITATION

In this section, the details of the proposed observability
modeling function for channel limitation scenarios discussed
in Section II-B.4 are shown.

The detailed algorithm ofM2 is illustrated in Algorithm 2.
The differences ofM2 andM3 are in the second block of the
Algorithm 2, where the neighbors of j during the iterations
are randomly selected.
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