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Abstract

This thesis concerns the analytical and practical aspects of applying the

Closest Point Method to solve elliptic partial differential equations (PDEs)

on smooth surfaces and domains with smooth boundaries. A new numeri-

cal scheme is proposed to solve surface elliptic PDEs and a novel geometric

multigrid solver is constructed to solve the resulting linear system. The

method is also applied to coupled bulk-surface problems.

A new embedding equation in a narrow band surrounding the surface is

formulated so that it agrees with the original surface PDE on the surface

and has a unique solution which is constant along the normals to the sur-

face. The embedding equation is then discretized using standard finite

difference scheme and barycentric Lagrange interpolation. The resulting

scheme has 2nd-order accuracy in practice and is provably 2nd-order con-

vergent for curves without boundary embedded in R2.

To apply the method to solve elliptic equations on surfaces and domains

with boundaries, the “ghost” point approach is adopted to handle Dirich-

let, Neumann and Robin boundary conditions. A systematic method is

proposed to represent values of ghost points by values of interior points

according to boundary conditions.

A novel geometric multigrid method based on the closest point repre-

sentation of the surface is constructed to solve the resulting large sparse

linear systems. Multigrid solvers are designed for surfaces with or with-

out boundaries and domains with smooth boundaries. Numerical results

indicate that the convergence rate of the multigrid solver stays roughly

the same as we refine the mesh, as is desired of a multigrid algorithm.

Finally the above methods are combined to solve coupled bulk-surface

PDEs with some applications to biology.
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Chapter 1

Introduction

Surface partial differential equations (PDEs) have a wide range of applications in

science and engineering. For example, they arise in modelling pattern formation on

biological surfaces [6], ocean flows or atmospheric flows on the surface of the earth

[86], image de-noising [10] or segmentation [82] on curved surfaces, coupled bulk-

surface diffusion processes in cell biology [68], and interfacial flows with surfactant on

the interface [87]. Since analytical solutions of surface PDEs are difficult to obtain

in most applications, numerical methods are essential for these applications. Among

various numerical techniques to solve surface PDEs, the Closest Point Method [79,

61, 62, 59, 65] is a simple embedding method which works for a wide range of surface

PDEs.

This thesis makes substantial contributions to applying the Closest Point Method

to solve elliptic PDEs on surfaces. A new embedding equation for the surface elliptic

equation is formulated and discretized, and a 2nd-order convergence proof is obtained.

Also, a novel geometric multigrid algorithm is constructed based on the closest point

representation of the surface.

This chapter will mention several numerical methods for solving surface PDEs,

introduce the concepts of surface intrinsic differential operators, review the Closest

Point Method, and present the outline of the thesis.

1.1 Numerical methods to solve surface PDEs

There are a variety of numerical techniques to solve surface PDEs, typically depending

on the geometrical representation of the underlying surface and to some extent, the

background and expertise of the practitioner:

1



• One can find a parametrization of the surface [32], formulate and solve the PDE

in the parameter space.

• One can also build a Voronoi tessellation of the surface [50, 20], and formulate

a finite volume scheme for surface PDEs [45, 21, 22, 68].

• Based on a triangulation or a polygonal approximation of the surface, one can

solve the PDE on the approximated surface by finite differences [83] or finite

elements [23, 24].

• A novel type of surface finite element method [70, 69, 19] is based on the restric-

tion (trace) of a standard finite element space on a tetrahedral triangulation of

an outer domain that contains the surface. This method can handle PDEs on

moving surfaces [71].

• Based on a level set representation of the surface, one can formulate an embed-

ding PDE corresponding to the surface PDE, then use either finite differences

[9, 37] or finite elements [14, 25, 18] to numerically solve the PDE in the em-

bedding space. This level set approach is also desirable for PDEs on moving

surfaces [88, 26].

• Another embedding method is the diffuse interface approach [77, 54] which

introduces a diffuse interface region of a phase-field variable. The surface then

becomes the 1/2-level set of a phase-field variable, and an embedding PDE is

formulated based on the diffuse interface representation.

• Another method suitable for moving surfaces is the grid based particle method

[52, 51] which moves the interface by evolving a set of particles and local recon-

structions. One can then approximate surface differential operators using the

local reconstructions (see also the point cloud approach next).

• Starting from a point cloud (supposed to be sampled from the surface), one can

reconstruct the surface by radial basis functions (RBFs), and solve the PDE

on the reconstructed surface using RBF methods such as the RBF projection

method [33] and the RBF orthogonal gradients method [74]. There are also

other approaches to compute on point clouds with no reconstruction procedure

[60] or with only local reconstruction [57].

2



This thesis will adopt the Closest Point Method based on a closest point repre-

sentation of the surface. As we shall see later, the method extends surface function

to a narrow band so that the extended function is constant along the normals to the

surface. Therefore, we can replace the surface intrinsic differential operators with the

corresponding Cartesian differential operators to formulate an embedding equation in

the narrow band. We then discretize and numerically solve the embedding equation

in a banded, uniform Cartesian grid with finite differences.

1.2 Surface intrinsic differential operators

In this section we review several well-known definitions of surface intrinsic differential

operators (see e.g., [25, 65]) for two dimensional surfaces embedded in R3.

Suppose for the moment that u(y) is a scalar function defined on a smooth surface

S embedded in R3, and ũ(x) defined in R3 is an extension of u(y) such that ũ(y) =

u(y) for any y ∈ S. Let n(y) be the unit normal vector to S at y. The surface

gradient of u at y ∈ S is defined as

∇Su(y) = ∇S ũ(y) = ∇ũ(y)−
(
n(y) · ∇ũ(y)

)
n(y). (1.2.1)

If we define the projection matrix at y ∈ S to be

P (y) = I − n(y)n(y)T , (1.2.2)

where I is the identity matrix, then ∇Su(y) can be rewritten as

∇Su(y) = ∇S ũ(y) = P (y)∇ũ(y). (1.2.3)

We can also denote the surface gradient in components by

∇Su(y) = ∇S ũ(y) = (D1ũ(y),D2ũ(y),D3ũ(y))T , y ∈ S, (1.2.4)

where Di, i = 1, 2, 3 are the components of the surface gradient. We remark that the

Di’s actually depend on y.

Now suppose v(y) : S → R3 is a vector field defined on S, and it has an extension

ṽ(x) : R3 → R3 such that ṽ(y) = v(y) for all y ∈ S. Then the surface divergence of

v is defined as

∇S · v(y) = ∇S · ṽ(y) =
3∑
i=1

Diṽi(y), y ∈ S, (1.2.5)

3



where ṽi(y), i = 1, 2, 3 are the components of the vector field ṽ(y). After some

calculations (see Appendix A), we have

∇S · ṽ(y) = ∇ · ṽ(y)− n(y)T
(
∇ṽ(y)

)
n(y), y ∈ S, (1.2.6)

where ∇ṽ(y) is the Jacobian matrix of the vector function ṽ at y.

Furthermore, the surface Laplacian, or the Laplace–Beltrami function of a scalar

function u(y) with extension ũ(x) is defined as

∆Su(y) = ∆S ũ(y) = ∇S · ∇S ũ(y) =
3∑
i=1

DiDiũ(y), y ∈ S. (1.2.7)

After some manipulations (see Appendix A), we get

∆S ũ(y) = ∆ũ(y)− κ(y)
∂ũ

∂n
(y)− ∂2ũ

∂n2
(y), y ∈ S, (1.2.8)

where κ(y) = ∇ · n(y) is the mean curvature at y, ∂ũ
∂n

(y) = ∇ũ(y) · n(y), and

∂2ũ
∂n2 (y) = ∇

(
∇ũ(y) · n(y)

)
· n(y).

Remark 1.2.1 In general, one can define intrinsic differential operators on mani-

folds of any dimension and codimension [65], and the Closest Point Method is indeed

able to deal with these more general cases [79, 61]. However this thesis will focus on

analysis and applications where the underlying manifold is a curve embedded in R2

or a surface embedded in R3. We believe that some of the analysis and most of the

implementations can be extended to handle more general manifolds, and this is left as

future work. We state some results in arbitrary dimensions where doing so does not

complicate the presentation.

1.3 Review of the Closest Point Method

In this section, we review the concepts of closest point function, closest point exten-

sion, several closest point principles, and the original Ruuth–Merriman formulation

of the Closest Point Method [79]. We also discuss briefly the development and current

status of the Closest Point Method. Following [58], we use the terminology “surface”

and the notation S to refer to general manifolds.
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1.3.1 Closest point function and extension

Definition 1.3.1 (Closest point function) [58] For a given surface S embedded

in Rd, the Euclidean closest point function cp : Rd → Rd takes point x ∈ Rd and

returns a point cp(x) ∈ S ⊂ Rd which is closest in Euclidean distance to x. That is,

cp(x) = argmin
q∈S

‖x− q‖2.

If the surface S is smooth, there exists a tubular neighborhood [40, 65] B(S) of S
such that ∀x ∈ B(S), cp(x) is unique. For points which are not in B(S), there might

be multiple points that are closest to x. In this case we define cp(x) to return an

arbitrarily chosen closest point.

Theoretically a closest point representation [58] of S is defined once cp(x) is known

for every x ∈ Rd. In practice there are various methods to compute the closest

points for grid points and obtain a closest point representation for computation. For

example, we can use analytical formulae for simple geometries, minimize the squared

distance function by Newton’s method for parametrized surfaces [59, 16], or compute

the closest points from other representations of the surface such as a triangulation

[62, 59], a point cloud [60, 51], or a level set function [16].

The closest point representation of a surface leads to a natural extension of surface

data, namely the closest point extension [79, 62, 58]:

Definition 1.3.2 (closest point extension) Let S be a smooth surface embedded

in Rd, and let B(S) ⊂ Rd be a tubular neighborhood of S in which the closest point

function is uniquely defined. Then the closest point extension of a scalar function

u : S → R is function ũ : B(S) → R so that ũ(x) = u(cp(x)) for x ∈ B(S).

The closest point extension of a vector field v : S → Rd is ṽ : B(S) → Rd so that

ṽi(x) = vi(cp(x)) for x ∈ B(S) and i = 1, . . . , d.

1.3.2 Equivalence of differential operators

The closest point extensions ũ and ṽ defined in Definition 1.3.2 are constant in the

normal directions to the surface. This leads to simplified derivative calculations in

the embedding space, which can be summarized by several principles [79, 65]:

Principle 1 (Gradient principle) For a scalar function u defined on S ⊂ Rd, let

ũ(x) = u(cp(x)) defined in B(S) ⊂ Rd be the closest point extension of u, then

∇Su(y) = ∇ũ(y) for y ∈ S.

5



Principle 2 (Divergence principle) For a vector field v defined on S ⊂ Rd, let

ṽ(x) = v(cp(x)) defined in B(S) ⊂ Rd be the closest point extension of v, then

∇S · v(y) = ∇ · ṽ(y) for y ∈ S.

Principle 3 (Laplacian principle) For a scalar function u defined on S ⊂ Rd, let

ũ(x) = u(cp(x)) defined in B(S) ⊂ Rd be the closest point extension of u, ∆Su(y) =

∆ũ(y) for y ∈ S.

We now prove the principles for two-dimensional surfaces embedded in R3 using

the definitions introduced in Section 1.2. For a scalar function u, since its closest

point extension ũ is constant along the normals to S, we have n ·∇ũ = 0. Therefore,

from (1.2.1) the Gradient principle holds, and from (1.2.8) the Laplacian principle

holds. For a vector function v, since each component of its closest point extension ṽ

is constant along the normals to S, we have (∇ṽ)n = 0 where ∇ṽ is the Jacobian

matrix of ṽ. From (1.2.6) the Divergence principle holds.

The proof can be extended to general manifolds with arbitrary dimension and

codimension and this is done by [65]. The work [65] also discusses and proves cases

for higher order differential operators (e.g., the biharmonic operator).

1.3.3 Ruuth–Merriman Closest Point Method

After introducing the basic ingredients of the Closest Point Method, we review the

Ruuth–Merriman approach [79] by considering the diffusion equation on surface S,

ut(t,y) = ∆Su(t,y), (1.3.1a)

u(0,y) = u0(y), (1.3.1b)

where y ∈ S and t ≥ 0.

Using the Laplacian principle, we extend the surface PDE (1.3.1) to the following

embedding equation,

ũt(t,x) = ∆ũ(t, cp(x)), (1.3.2a)

ũ(0,x) = u0(cp(x)), (1.3.2b)

where x ∈ B(S) and t ≥ 0.

According to [79], the solutions of (1.3.1) and (1.3.2) agree at the surface. In

more detail, if u(t,y) is a solution of (1.3.1) for y ∈ S and ũ(t,x) is a solution of

(1.3.2) for x ∈ B(S), then u(t,y) = ũ(t,y) for t ≥ 0 and points on the surface

y ∈ S. Therefore, it appears that we only need to solve the embedding equation
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(1.3.2). However, directly discretizing (1.3.2) yields an unstable scheme as discussed

in [62, 85]. This is because the discretization matrix corresponding to ∆ũ(t, cp(x))

has eigenvalues with positive real parts. Various approaches [79, 62, 85] have been

adopted to overcome this unstability issue. One of them is the Ruuth–Merrimann

approach which evolves (1.3.2) explicitly in a stable manner, as we shall review next.

Starting from the initial conditions ũ(0,x) = u0(cp(x)), which correspond to a

closest point extension of the surface data u0, we have

∆ũ(0, cp(x)) = ∆ũ(0,x),

which means at t = 0, we can evolve equation (1.3.2a) simply by

ũt(t,x) = ∆ũ(t,x). (1.3.3)

However, after t > 0, as ũ(t,x) is evolved by (1.3.3), it no longer equals ũ(t, cp(x));

so we need to do the closest point extension ũ(t,x) := ũ(t, cp(x)) again if we still

want to evolve equation (1.3.2a) simply by (1.3.3).

Discretizing the above idea along the time direction by the forward Euler scheme

leads to the Ruuth–Merriman approach [79]. Starting from a closest point extension

of the initial data, at each time step we perform the following two steps.

Algorithm 1 (Ruuth–Merriman) 1. Perform a forward Euler time step with

step size ∆t in the embedding space:

wn+1(x) = ũn(x) + ∆t ·∆ũn(x), x ∈ Rd;

2. Perform a closest point extension for each point in the embedding space:

ũn+1(x) = wn+1(cp(x)), x ∈ Rd.

Now we still need to discretize in the spatial direction in order to get a complete

numerical scheme. The spatial discretization contains two parts: one for the evolving

step, the other for the extension step. For the evolving step, we use standard finite

difference schemes (e.g., the 1
∆x2
{−4, 1, 1, 1, 1} rule for the Laplacian in 2-D), and

this requires a difference stencil for each grid point. For the extension step, we need

to assign the value of each grid point to be the value of its closest point; since the

closest point is usually not a grid point, its value is obtained through interpolation of

the surrounding grid points. We call these grid points surrounding the closest point

the interpolation stencil. Figure 1.1 shows examples of interpolation stencils needed

to obtain the values of u at several closest points.
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Figure 1.1: Closest point extension-
s for grid points x1 and x2. For ex-
ample, bi-linear interpolation (smaller
interpolation stencil shaded in red) is
used to approximate u(cp(x1)), while
bi-cubic interpolation (larger interpola-
tion stencil shaded in blue) is used to
approximate u(cp(x2)).

S

x1

cp(x1)

x2

cp(x2)

As pointed out in [79], the order of the interpolation for the closest point ex-

tension should be high enough to yield a consistent scheme. Thus for a p-th order

difference scheme and a problem involving up to order-q derivatives the interpolation

order should be p+q (or higher) [79]. For example, if we want to solve the heat equa-

tion on surfaces with smooth solutions by the second-order centered finite difference

scheme for the Discrete Laplacian, then at least 4th-order (e.g. cubic polynomial)

interpolation should be used to ensure that the final difference scheme is second-

order.1 If the underlying PDE has smooth solutions, polynomial interpolations fulfill

the consistency conditions; and in particular we shall use tensor product Barycentric

Lagrange interpolation [8], which is a fast and stable form of Lagrange polynomial

interpolation. In this thesis we focus on elliptic PDEs with smooth solutions, and

use the barycentric Lagrange interpolation all the time. For PDEs with non-smooth

solutions, WENO interpolation [41] can be used; see [61] where the authors solve the

level set equations on surfaces.

In principle one can perform Algorithm 1 in the whole embedding space, but for

theoretical and practical reasons we’d like to do it in a narrow band surrounding

the surface. Following [62], the computational band contains two discrete sets of

points. The first list Binterp = {x1,x2, ...,xm} contains every grid point which can

appear in the interpolation stencil for some point on the surface S2. The second list

Bedge = {xm+1,xm+2, ...,xm+me} contains points which are not in Binterp but appear

in the difference stencil of some point in Binterp. Figure 1.2 shows an example of the

two lists Binterp and Bedge where the curve S is a circle embedded in R2. Algorithms

1We shall give detailed truncation error analysis for the shifted Poisson’s equation in Chapter 2.
2 As pointed out in [62], a practical Binterp is defined to be all points which can appear in some

interpolation stencil of cp(xi), where xi ∈ Binterp ∪Bedge.
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for the construction of these lists can be found in [62], and implementations can be

obtained from cpSurf [28] which is a surface computing software package using the

Closest Point Method.

Figure 1.2: (Figure taken from [62] Sec-
tion 2.2, with permission of the authors)
Examples of the lists of grid points Binterp

(indicated by •) and Bedge (indicated by
◦) where the curve S is a circle. The in-
terpolation stencil is a 4× 4 grid (arising,
for example, from using degree 3 barycen-
tric Lagrange interpolation) and the shad-
ed regions illustrate the use of this stencil
at the three points on the circle indicat-
ed by �. Five-point difference stencils are
shown for two example points in Binterp,
in one case illustrating the use of points
in Bedge.

ld

ld

ld

b

b b b b

b b b b

b b b

b b b b

b

b

b

b

b b b b

b b b b

b b b b

b b b bb

b

b

b

b b b b

b b b b

b

b

b

b

b

b

b

b b b b

b b b b

b

b

b

b

b b b b

b

b

b

b

b

b

b

b

b

b

b

b b b b b

b

b

b

b

b

b

b

b

b

b

b

b

b b b

b b b b

b

b

b

b

b

b

b

b

b b b

b b

b b

b b

b b

b

b

b

b

b b b b

b

b

b

b

b b b b

b

b

b

b

b b b b

b

b

b

b

b

b

b

b

b b b b

b b b b

b

b

b

b

b

b

b

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc bc

bc

bc

bc

bc

bc bc bc bc

bc

bc

bc bc

bc

bc

bc

bc

bc

bc bc bc bcbc

bc

bc

bc bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

With the above definition of Binterp and Bedge, Algorithm 1 can be implemented

as follows. In the beginning, we assign the value of ũ at each point in Binterp ∪Bedge

as the value at the corresponding closest point (either by evaluating the exact initial

surface data or through interpolation). Then we alternate between the following two

steps:

1. w(Binterp) = ũ(Binterp) + ∆t · ∆h(ũ(Binterp ∪ Bedge)), where ∆h is the discrete

Laplacian operator evaluating at points in Binterp using values of ũ at points in

Binterp ∪Bedge;

2. update ũ(Binterp ∪Bedge) by interpolating values of w(Binterp).

1.3.4 Development of the Closest Point Method

The Ruuth–Merriman approach works for a wide range of time-dependent surface

PDEs (see [79, 61]). However, this approach uses explicit time-stepping and its mod-

ification to an implicit scheme is not straightforward. Motivated by deriving implicit

time-stepping schemes to solve stiff PDEs, [62] introduces a stabilized discretization

for the embedding counterpart of the Laplace–Beltrami operator ∆ũ(cp(x)). The

stabilized operator in the embedding space turns out to be ∆ũ(cp(x)) − γ
(
ũ(x) −

ũ(cp(x))
)

(with a particular parameter γ). Intuitively, −γ
(
ũ(x)− ũ(cp(x))

)
could be

9



viewed as a penalty term that keeps the solution close to be constant along the nor-

mals. However the approach in [62] does not generate a solution constant along the

normals because ∆ũ(cp(x)) is not constant along the normals3. This makes analysis

for both the continuous equation and the numerical scheme difficult.

To overcome this problem, [85] proposes a new formulation of the embedding equa-

tion with a solution that is constant along the normals. Taking the Laplace–Beltrami

operator as an example, the embedding operator is now set to be [∆ũ](cp(x)) −
γ
(
ũ(x)− ũ(cp(x))

)
. Here the brackets [·] means that we first perform the Cartesian

Laplacian ∆ on ũ, and then evaluate ∆ũ at the closest point of x on the surface. For

general time-dependent surface PDEs, this new formulation actually ensures that the

solution of the embedding equation is constant along the normals to the surface, and

leads to a method-of-lines (MOLs) approach to solve surface PDEs.

Meanwhile, similar ideas are adopted by the current author in [16] to solve for the

first time elliptic PDEs on surfaces via the Closest Point Method. In fact, the key

contributions of this thesis are based on [16]. We shall outline these contributions

next.

1.4 Outline of thesis contributions

The remainder of the thesis presents new contributions to the Closest Point Method

to solve elliptic PDEs on general surfaces/domains (Chapters 2–4) and coupled bulk-

surface PDEs (Chapter 5).

In Chapter 2, we formulate a new continuous embedding equation for elliptic e-

quations on surfaces without boundaries. The embedding equation is then discretized

and analyzed for the shifted Poisson’s equation on surfaces without boundaries. The-

oretical 2nd-order convergence results are obtained when the embedding space is R2.

Numerical results show a 2nd-order convergence for both R2 and R3 embedding s-

paces.

In Chapter 3, we consider solutions of elliptic equations on surfaces and domains

with boundaries. The “ghost” points approach is adopted to handle boundary con-

ditions. A new method to represent values of ghost points by values of interior grid

points are introduced so that Dirichlet, Neumann and Robin boundary conditions

can be handled in a systematic way. Again numerical convergence studies show a

2nd-order accuracy of the method.

3We shall discuss this issue in more details in the next chapter.
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In Chapter 4, we develop a novel geometric multigrid solver based on the closest

point representation of the surface. The multigrid algorithm is initially designed for

surfaces without boundaries. It is then modified to work for domains and surfaces with

boundaries augmented by the ghost point ideas presented in Chapter 3. Numerical

examples indicate that the convergence rates of the multigrid algorithm almost stay

the same as we fix the meshsize of the coarsest grid and increase the number of grid

levels. This behaviour is considered optimal for multigrid schemes.

In Chapter 5, we combine the methods of the previous three chapters to solve

coupled bulk-surface PDEs. A new matrix formulation of the discretization for the

coupled bulk-surface elliptic equations is formed and a multigrid solver is also con-

structed. Both an alternating forward Euler time-stepping scheme and a method-

of-lines approach are proposed to solve coupled bulk-surface diffusion problems. As

biological applications, a bulk Fisher-KPP equation coupled with a surface diffusion

equation and coupled bulk-surface reaction-diffusion equations are solved.

Finally, we conclude the work of this thesis in Chapter 6.
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Chapter 2

Surface Elliptic Equations

This chapter focuses on the solution of elliptic PDEs on surfaces without boundaries

via the Closest Point Method. In Section 2.1 we formulate the continuous embedding

equation for the surface elliptic PDE. In Section 2.2 we discretize the embedding

equation for the surface Poisson’s equation and analyze the truncation error of the

numerical scheme. In Section 2.3 we analyze the stability of the difference scheme and

prove convergence for the shifted Poisson’s Equation on curves without boundaries

embedded in R2. In Section 2.4 we slightly modify the scheme so that we are able to

prove stability and convergence for the same equation on curves or surfaces without

boundaries embedded in R3. We also provide some numerical examples for the shifted

Poisson equation on various curves and surfaces to validate our analysis in Section 2.5.

Most contents of this chapter are based on [16] written by the current author. The

new part in this thesis is the stability and convergence proof for three-dimensional

embedding space in Section 2.4.

2.1 Continuous embedding equation

2.1.1 Embedding equation for the surface Poisson problem

For ease of derivation, we first focus on the shifted Poisson’s equation on a smooth

surface S without boundary:

−∆Su(y) + cu(y) = f(y), y ∈ S, (2.1.1)

where f(y) is some known function defined on the surface S, and we assume c to

be a positive constant for simplicity1. According to [4, Theorem 4.18], (2.1.1) has a

unique solution u(y) ∈ Ck+2 if f(y) ∈ Ck.
1 Our derivations and proofs also work for the case where c(y) is a surface function satisfying

c(y) ≥ C > 0, where C is a positive constant.
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Because S is smooth, there is a tubular neighborhood B(S) surrounding S [40, 65]

such that the closest point function cp (Definition 1.3.1) is well defined in B(S).

We want to define an embedding equation in B(S), whose solution agrees with the

solution of the surface PDE (2.1.1) on S.

We construct the right-hand side function f̃ in B(S) via the closest point exten-

sion,

f̃(x) = f(cp(x)), x ∈ B(S).

From this construction of f̃ and the idempotence of the closest point extension, we

have that

f̃(x) = f̃(cp(x)), x ∈ B(S). (2.1.2)

We also want to find a solution ũ in the band B(S) which is constant along the normal

direction to the surface, i.e., we will need to impose this condition on ũ,

ũ(x) = ũ(cp(x)), x ∈ B(S). (2.1.3)

Since ũ is constant along the normal direction to the surface, the Cartesian Lapla-

cian of ũ equals the Laplace–Beltrami function of ũ on the surface [79], and thus

−∆ũ(y) + cũ(y) = f̃(y), y ∈ S.

Replacing y with cp(x), we have

−[∆ũ](cp(x)) + cũ(cp(x)) = f̃(cp(x)), x ∈ B(S).

Here the square bracket [·] surrounding ∆ũ means that we first calculate the Cartesian

Laplacian of ũ(x), and then evaluate at the closest point of x on the surface. By

assumption, both f̃ and ũ are closest point extensions ((2.1.2) and (2.1.3)), so we

have

−[∆ũ](cp(x)) + cũ(x) = f̃(x), (2.1.4a)

subject to ũ(x) = ũ(cp(x)), x ∈ B(S). (2.1.4b)

Equation (2.1.4a) ensures that the embedding equation agrees with the original

surface PDE on the surface, and we will call it the consistency condition. Equation

(2.1.4b) forces ũ to be constant along the normal direction to the surface (so that we

can replace the surface Laplacian with the Cartesian Laplacian), and we will call it

the side condition. Combining the two equations (2.1.4a) and (2.1.4b), we get the

embedding equation,

− [∆ũ](cp(x)) + cũ(x) + γ(ũ(x)− ũ(cp(x))) = f̃(x), x ∈ B(S), (2.1.5)
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where γ is a parameter. As we shall show next, the choice of γ does not have much

impact on the continuous equation (2.1.5); but later in our numerical scheme, γ plays

a role in balancing the side and consistency conditions.

So far we have shown that the system (2.1.4) leads to equation (2.1.5). Following

the ideas of [85], we are going to show that in the continuous setting and if γ 6= −c,
equation (2.1.5) implies both equations (2.1.4a) and (2.1.4b). We rearrange equation

(2.1.5) as

− [∆ũ+ γũ](cp(x)) = f̃(x)− (γ + c)ũ(x), x ∈ B(S). (2.1.6)

Here the square bracket [·] surrounding ∆ũ + γũ means that we first calculate the

Cartesian Laplacian of ũ(x) and add the result to γũ(x), then evaluate the function

∆ũ+γũ at the closest point of x on the surface. The left-hand side of equation (2.1.6)

is constant along the direction normal to S, so the right-hand side f̃(x)− (γ+ c)ũ(x)

also has to be constant along the normal direction to S, i.e.,

f̃(x)− (γ + c)ũ(x) = f̃(cp(x))− (γ + c)ũ(cp(x)).

Since f̃(x) = f̃(cp(x)), if γ 6= −c, we have that ũ(x) = ũ(cp(x)), i.e., equation

(2.1.4b) holds. Substituting (2.1.4b) back into equation (2.1.5), we have that equation

(2.1.4a) holds. In other words, from equation (2.1.5) with γ 6= −c, we derive that

both equations (2.1.4a) and (2.1.4b) hold.

In summary, our logic is as follows: in order to solve the original surface PDE

(2.1.1), we seek ũ(x) in B(S) satisfying both the consistency condition (2.1.4a) and

the side condition (2.1.4b), which are in turn equivalent to equation (2.1.5) (provided

γ 6= −c). This equivalence can be summarized as the following theorem.

Theorem 2.1.1 1. If ũ ∈ B(S) is a solution of (2.1.4), then ũ is a solution of

(2.1.5).

2. If ũ ∈ B(S) is a solution of (2.1.5), and γ 6= −c, then ũ is a solution of (2.1.4).

Another natural question is whether the embedding equation (2.1.5) has a unique

solution that agrees with the solution of the original surface PDE (2.1.1). This is

confirmed by the following theorem.

Theorem 2.1.2 Assuming that the surface PDE (2.1.1) has a unique solution u, then

the embedding equation (2.1.5) has a unique solution ũ satisfying ũ|S = u provided

that γ 6= −c.
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Proof. Denote the unique solution for the surface PDE (2.1.1) as u, and define ũ

to be the closest point extension of u. Then it is straightforward to verify that ũ

is a solution of the embedding equation (2.1.5). Now we only need to prove that ũ

is the unique solution of (2.1.5). Suppose there are two different solutions ũ1 and

ũ2 for (2.1.5). Then from part 2 of Theorem 2.1.1, ũi(cp(x)) = ũi(x) (i = 1, 2)

which means that both ũ1 and ũ2 are constant along the normal directions to S, and

∆ũi(y) + cũi(y) = f(y) (y ∈ S, i = 1, 2) which means that both ũ1|S and ũ2|S are

solutions of the surface PDE (2.1.1). Since ũ1 6= ũ2 and the ũi’s are constant along

the normals, ũ1|S 6= ũ2|S . This contradicts the fact that (2.1.1) has a unique solution.

Remark 2.1.3 From the above two theorems the parameter γ does not have much

impact on the solution of the continuous embedding equation (2.1.5). Actually we can

set γ = 0 reducing (2.1.5) to −[∆ũ](cp(x)) + cũ(x) = f̃(x). The reduced equation

will still give us the unique solution which is the closest point extension of the solution

of the surface PDE (2.1.1).

Remark 2.1.4 We introduce γ into the formation of (2.1.5) to ensure numerical

stability and convergence. The choice of γ typically depends on numerical parameters.

For example, we choose γ = O( 1
∆x2

) for Laplacian operators where ∆x is the mesh

size.

2.1.2 More general elliptic operators

The above ideas extend naturally to more general linear elliptic surface PDEs,

−∇S · (A(y)∇Su(y)) + c(y)u(y) = f(y), y ∈ S, (2.1.7)

where A(y) is a symmetric and positive semi-definite matrix.

Again we construct f̃(x) = f(cp(x)), x ∈ B(S), and would like to enforce the side

condition ũ(x) = ũ(cp(x)) for the solution ũ defined in B(S). Using the generalized

closest point principle ([65, Theorem 4.3]), the following equations agree with surface

PDE (2.1.7) on the surface,

−[∇ · (A(cp(x))∇ũ)](cp(x)) + cũ(x) = f̃(x), (2.1.8a)

subject to ũ(x) = ũ(cp(x)), x ∈ B(S). (2.1.8b)

Here the square bracket [·] surrounding ∇·(A(cp(x))∇ũ) means that we first perform

the gradient on ũ, multiply it by A(cp(x)), then take the divergence, and finally
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evaluate the results at cp(x). Adding (2.1.8a) and (2.1.8b) together, we have

− [∇ · (A(cp(x))∇ũ)](cp(x)) + cũ(x) + γ(ũ(x)− ũ(cp(x))) = f̃(x), x ∈ B(S),

(2.1.9)

Like for the Poisson case in Section 2.1.1, we have the following two theorems.

Theorem 2.1.5 1. If ũ ∈ B(S) is a solution of (2.1.8), then ũ is a solution of

(2.1.9).

2. If ũ ∈ B(S) is a solution of (2.1.9), and γ 6= −c, then ũ is a solution of (2.1.8).

Theorem 2.1.6 Assuming that the surface PDE (2.1.7) has a unique solution u, then

the embedding equation (2.1.9) has a unique solution ũ satisfying ũ|S = u provided

that γ 6= −c.

The proofs of the above two theorems are similar to the Poisson case in Sec-

tion 2.1.1. The only difference is that we replace ∆ũ with ∇ · (A(cp(x))∇ũ).

We focus our derivation and analysis on the surface Poisson problem via the em-

bedding equation (2.1.5). In most cases it is straightforward to extend our approach

to more general elliptic operators (e.g., we investigate an example with variable dif-

fusion coefficients in Section 4.1.5.6).

2.1.3 A comparison with the Macdonald–Brandman–Ruuth
approach

If we apply the approach in [62, 59] to the Laplace–Beltrami operator in (2.1.1), and

extend the right hand side via the closest point extension, then we get the following

continuous embedding equation,

−∆(ũ(cp(x))) + cũ(x) + γ(ũ(x)− ũ(cp(x))) = f̃(x), x ∈ B(S). (2.1.10)

Note that the only difference between (2.1.5) and (2.1.10) is that in (2.1.5) we first

perform the Cartesian Laplacian operator on ũ and then evaluate at cp(x), while in

(2.1.10) we first do the closest point extension of ũ and then perform the Laplacian.

One can show (similar to [59]), that equation (2.1.10) agrees with the original surface

PDE (2.1.1) on the surface, and it has a unique solution provided that γ 6= −c. We

can re-arrange (2.1.10), solving for ũ(x), to obtain

ũ(x) =
1

c+ γ

(
f̃(x) + γũ(cp(x)) + ∆(ũ(cp(x)))

)
.
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From this, ũ is not necessarily constant along the normals to S because ∆(ũ(cp(x))) is

not constant along the normals in general. This makes analysis of the method difficult.

Furthermore, it would also be difficult to make ũ constant along the normals to S by

modifying the right-hand side (e.g., via some other method of extension).

In contrast, our new embedding equation (2.1.5) not only agrees with the original

surface PDE (2.1.1) on the surface, but also has a solution ũ which is constant in

the normal direction to S. The latter property is crucial to the convergence analysis

for our numerical discretization in the next section. In addition to these advantages

for analysis, (2.1.5) can lead to a consistent discretization with a sparser coefficient

matrix than the one resulting from (2.1.10); we discuss this further in Remark 2.2.2.

Furthermore, as we shall see in Chapter 4, the construction of our multigrid solver

relies on the property of ũ being constant along the normal direction to S. Finally, as

noted in Section 2.1.2, our new approach extends naturally to non-constant-coefficient

problems.

2.2 Numerical discretization

Similar to [62], we derive a matrix formulation of a finite difference scheme for the

embedding equation (2.1.5).

2.2.1 Construction of the difference scheme

In Section 1.3.3 we reviewed the definition of the two lists of discrete points in [62] as

shown by Figure 1.2. The first list Binterp = {x1,x2, ...,xm} contains every grid point

which can appear in the interpolation stencil for some point on the surface S. The

second one Bedge = {xm+1,xm+2, ...,xm+me} contains points which are not in Binterp

but appear in the difference stencil of some point in Binterp. Let B be a set of grid

points such that Binterp ∪Bedge ⊆ B. Let n = ‖B‖ be the number of points in B. We

introduce the vector uh ∈ Rn with entries ui ≈ ũ(xi) for each grid point xi ∈ B, and

similarly, fh ∈ Rn with entries fi = f̃(xi).

There are two closest point extensions in (2.1.5); we can use different degrees

of interpolation for the closest point evaluations of ∆ũ and ũ. If we use degree p

interpolation for [∆ũ](cp(x)), and degree q interpolation for ũ(cp(x)), then for each

grid point xi ∈ B, we have the following discretized equation,

−
∑

xj∈Ip(cp(xi))

ωj

( ∑
xk∈Diff(xj)

lkuk

)
+ cui + γ

(
ui −

∑
xj∈Iq(cp(xi))

ω̄juj

)
= fi. (2.2.1)

17



Here Ip(cp(xi)) is the degree p interpolation stencil for point cp(xi), Diff(xj) is the dif-

ference stencil for point xj, and Iq(cp(xi)) is the degree q interpolation stencil for point

cp(xi); ωj are the weights of the interpolation scheme for evaluating [∆ũ](cp(x)), ω̄j

are the weights of the interpolation scheme for evaluating ũ(cp(x)), and lk are the

weights for the difference scheme approximating the Laplacian operator.

Since the interpolation and difference schemes are linear combinations of the en-

tries of uh, we can write equation (2.2.1) in matrix form. Denote the discrete solution

by a column vector uh, the discrete right-hand side function by a vector fh, the iden-

tity matrix by Ih, the closest point interpolation matrices of degrees p and q by Eh
p

and Eh
q , and the discrete Laplace matrix by Lh. The matrix form of the difference

scheme for the embedding equation (2.1.5) is

−Eh
pL

huh + cuh + γ(Ih −Eh
q )uh = fh. (2.2.2)

We recall that the points in Bedge do not belong to any of the interpolation stencils,

which means that the columns in Eh
p corresponding to points in Bedge are all zero

columns, so the rows in Lh corresponding to points in Bedge can vary arbitrarily while

Eh
pL

h stays unchanged. Thus we see that no boundary condition for the discrete

Laplace matrix is needed, since the discrete Laplacian at any points in Bedge does not

contribute to the closest point evaluation of Lhuh.

After discretizing the Laplacian the closest point extension operators we still need

to make a choice of the parameter γ. As discussed in Section 2.1, the choice of γ does

not have much impact on the continuous embedding equation (2.1.5), but it is crucial

for numerical computing. According to [62], a typical choice of γ is 2d
∆x2

, where d is

the dimension of the embedding space and ∆x is the grid size. In [62], this choice

of γ is motivated by stabilizing the implicit time-stepping scheme for the in-surface

heat equation.

The choice of γ = 2d
∆x2

is not obvious simply from (2.2.2), but it turns out to be a

good choice there. In Section 2.3 we show that for the shifted Poisson’s equation on

a curve without boundary embedded in R2, the coefficient matrix corresponding to

(2.2.2) is diagonally dominant by rows when we choose γ = 2d
∆x2

, p = 1, q = 3, and Lh

as the Laplacian matrix from the standard centered finite difference scheme. A 2nd-

order convergence result naturally follows (see Theorem 2.3.1). Although there’s no

such clean result where the embedding space is R3, numerical results in Section 2.5

show that γ = 2d
∆x2

is still a good choice. In Section 2.4 we choose different γ’s

for different grid points to construct a convergence proof for 3-D embedding space.

Although γ varies for different grid points, values taken are of size O( 1
∆x2

).
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2.2.2 Truncation error

We denote the restriction operator which evaluates the continuous function at the

grid points by Rh, and denote the coefficient matrix in the difference scheme (2.2.2)

by Ah, i.e.,

Ah = cIh −Mh, where Mh = Eh
pL

h − γ(Ih −Eh
q ). (2.2.3)

Then we prove a theorem showing the form of the truncation error.

Theorem 2.2.1 Assume that ũ ∈ Ck(Rd) is a solution of (2.1.5), where d is the

dimension of the embedding space and k ≥ max{4, p + 3, q + 1} (p and q are the

polynomial interpolation degrees for the discrete closest point extension of ∆ũ and ũ

respectively). Let Lh be a second-order approximation to the Cartesian Laplacian ∆

(in the ∞-norm), and γ = O( 1
∆x2

). We have the following form of the truncation

error2,

AhRhũ(x)−Rhf̃(x) = O(∆xp+1) +O(∆xq−1) +O(∆x2), (2.2.4)

where Ah is as given in (2.2.3), and Rh is the restriction operator mentioned before.

Proof Let w(x) = ∆ũ(x), x ∈ B(S); then w(x) ∈ Ck−2(Rd). As mentioned before,

since ũ is constant along directions normal to S, w(y) = f̃(y) for any y ∈ S. We

evaluate w at the closest points on S through degree p interpolation, which will

introduce an interpolation error. Since k ≥ p+3, k−2 ≥ p+1, we have the following

standard error estimate for degree p polynomial interpolation,

Eh
pR

hw(x)−Rhf̃(x) = O(∆xp+1). (2.2.5)

Furthermore, since ũ ∈ Ck(Rd), k ≥ 4, the Laplacian matrix Lh is a second-order

approximation to ∆, we have that

Rhw(x) = LhRhũ(x) +O(∆x2). (2.2.6)

Substituting (2.2.6) into (2.2.5), we get

Eh
p (LhRhũ(x) +O(∆x2))−Rhf̃(x) = O(∆xp+1),

Since we are using local polynomial interpolation, ‖Eh
p‖∞ is bounded above by some

constant independent of ∆x, so Eh
pv = O(∆x2) for v = O(∆x2). We thus get

Eh
pL

hRhũ(x)−Rhf̃(x) = O(∆xp+1) +O(∆x2). (2.2.7)

2If v is a column vector, then by v = O(∆xk) we mean that ‖v‖∞ ≤ C∆xk, where k and C are
positive constants.
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Finally, we estimate the error of evaluating ũ(cp(x)) by degree q interpolation. Be-

cause ũ ∈ Ck(Rd) and k ≥ q+ 1, once again we have the standard interpolation error

estimation,

(Ih −Eh
q )Rhũ(x) = O(∆xq+1). (2.2.8)

Multiplying equation (2.2.8) by γ = O( 1
∆x2

) and adding the results with equation

(2.2.7), we have that equation (2.2.4) holds. �

Remark 2.2.2 According to (2.2.4), if we pick p = 1, q = 3, we will get a difference

scheme for the embedding equation (2.1.5) with second-order truncation error in the

∞-norm. Contrasting this discretization with the method of Macdonald–Brandman–

Ruuth [59, 62], we note that discretizing (2.1.10) to second-order consistency requires

cubic interpolations in both terms. Because lower degree interpolations have smaller

stencils, a discretization of (2.1.5) will yield a coefficient matrix that is sparser than

that of (2.1.10). For example, for a curve in two dimensions, our new approach is

roughly 34% sparser, and it is 50% for a surface in three dimensions.

2.3 Convergence for curves without boundary in

two dimensions

In this section, we aim to prove convergence of the difference scheme (2.2.2) in the

restricted case of curves without boundary in two dimensions.

Theorem 2.3.1 Suppose that we wish to solve the embedding equation (2.1.5) on

a smooth curve without boundary in R2, and that the solution ũ of the embedding

equation satisfies the assumptions in Theorem 2.2.1. If in (2.2.2) we choose γ = 4
∆x2

,

p = 1, q = 3, and Lh as the Laplacian matrix from the standard 1
∆x2
{−4, 1, 1, 1, 1}

finite difference stencil, then the difference scheme (2.2.2) is second-order convergent

in the ∞-norm.

If the embedding space is R2, when picking γ = 4
∆x2

, p = 1, and q = 3, the

coefficient matrix becomes

Ah = cIh −Mh, where Mh = Eh
1L

h − 4

∆x2
(Ih −Eh

3 ). (2.3.1)

We prove Theorem 2.3.1 using the following theorem and two propositions.
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Theorem 2.3.2 If the embedding space is R2, then Ah defined by (2.3.1) (i.e., γ =
4

∆x2
, p = 1, q = 3, and Lh is the Laplacian matrix from the standard 1

∆x2
{−4, 1, 1, 1, 1}

finite difference stencil) is an M-Matrix, with positive diagonal entries akk > 0, non-

positive off-diagonal entries akj ≤ 0, k 6= j, and each row sums up to c:

akk +
∑
k 6=j

akj = c. (2.3.2)

Proposition 2.3.3 (Varah 1975 [84]) Assume that A is diagonally dominant by rows

and set c = mink(|akk| −
∑

j 6=k |akj|). Then ‖A−1‖∞ ≤ 1/c.

Proposition 2.3.4 If ‖(Ah)−1‖∞ ≤ 1/c, then the difference scheme (2.2.2) is second-

order convergent in the∞-norm provided that the scheme has second-order truncation

error in the ∞-norm.

Theorem 2.3.2 indicates that the coefficient matrix Ah satisfies the assumption of

Proposition 2.3.3, which means that the claim of Proposition 2.3.3 holds: ‖(Ah)−1‖∞ ≤
1/c. This is in turn the assumption of Proposition 2.3.4, so the claim of Proposition

2.3.4 holds. Putting the theorem and propositions together, Theorem 2.3.1 holds.

Proof of Proposition 2.3.3 The following proof is from [84]. Since

‖A−1‖−1
∞ = infx

‖Ax‖∞
‖x‖∞

,

we need only show that c‖x‖∞ ≤ ‖Ax‖∞ for all x. Take some vector x and let

|xk| = ‖x‖∞. Then

0 < c ≤ |akk| −
∑

j 6=k |akj|
0 < c|xk| ≤ |akkxk| −

∑
j 6=k |akj||xj|

≤ |akkxk| − |
∑

j 6=k akjxj|
≤ |
∑

j akjxj| ≤ maxk |
∑

j akjxj| = ‖Ax‖∞.

�

Proof of Proposition 2.3.4 Choosing p = 1, q = 3, the truncation error estimate

(2.2.4) becomes AhRhũ(x) − Rhf̃(x) = O(∆x2). From the discrete linear system

(2.2.2) we have thatAhuh−Rhf̃(x) = 0. Subtracting these two results givesAh(uh−
Rhũ(x)) = O(∆x2). Because the∞-norm of (Ah)−1 is bounded by a positive constant

1/c, which is independent of ∆x, we get uh −Rhũ(x) = (Ah)−1O(∆x2) = O(∆x2),

i.e., the difference scheme (2.2.2) is second-order convergent in the ∞-norm. �
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Proof of Theorem 2.3.2 The proof contains two steps.

Step 1 We first show that each row of Mh sums up to zero.

Taking all ui to be 1 in equation (2.2.1), the left-hand side minus c becomes

−
∑

xj∈Ip(cp(xi))

ωj

( ∑
xk∈Diff(xj)

lk

)
+ γ

(
1−

∑
xm∈Iq(cp(xi))

ω̄m

)
. (2.3.3)

Consistency of the finite difference scheme implies that
∑
xk∈Diff(xj)

lk = 0, for any xj ∈
Binterp. By the construction of the interpolation weights,

∑
xm∈Iq(cp(xi))

ω̄m = 1. So

(2.3.3) equals 0, i.e., each row of Mh sums up to zero.

Step 2 We then prove that all the off-diagonal entries of Mh are non-negative,

thus all the diagonal entries are non-positive since each row of Mh sums up to zero.

For convenience (not necessity) we first rearrange Mh as

Mh = Eh
1 (Lh +

4

∆x2
Ih) +

4

∆x2
(Eh

3 −Eh
1 )− 4

∆x2
Ih.

S

∆x

∆x

a

b

(a) Relative position of the
closest point � in the stencil

00

10

20

30

01

11

21

31

02

12

22

32

03

13

23

33

(b) Local index for points
in the stencil

+ − − +

− + + −

− + + −

+ − − +

(c) Signs of the weights of
bi-cubic interpolation for
the closest point �

Figure 2.1: Information for a 4× 4 stencil surrounding the closest point �.

We then investigate the result of multiplying the i-th row of Mh by the column

vector uh. Figure 2.1(a) shows the position of cp(xi) (indicated by �). cp(xi) is in

the middle block of the bi-cubic interpolation stencil, and its relative position in the

stencil is as shown in Figure 2.1(a). For clarity of notation, we number the points in

the bi-cubic interpolation stencil by a local index as shown in Figure 2.1(b). Denote

the points in the stencil with respect to the local index by Xlm (0 ≤ l,m ≤ 3), the

corresponding values at these points by Ulm (0 ≤ l,m ≤ 3), the bi-cubic interpolation
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weights at points Xlm by ω̄lm (0 ≤ l,m ≤ 3), and the bi-linear interpolation weights

at points Xnk by ωnk (0 ≤ n, k ≤ 1). The i-th entry of Mhuh becomes

ω11(U10 + U01 + U12 + U21)/∆x2

+ω12(U11 + U02 + U13 + U22)/∆x2

+ω21(U20 + U11 + U22 + U31)/∆x2

+ω22(U21 + U12 + U23 + U32)/∆x2

+4
( ∑

0≤l,m≤3

ω̄lmUlm −
∑

1≤l,m≤2

ωlmUlm

)
/∆x2 − 4uhi /∆x

2. (2.3.4)

By the notation mentioned before, Ulm (0 ≤ l,m ≤ 3) are just the values of uh at the

points in the bi-cubic interpolation stencil written in the local index. The point xi

might not be contained in the interpolation stencil, so we still write uhi in its global

index. As l and m go from 1 to 3, Xlm might or might not be xi, depending on whether

the grid point xi is in the interpolation stencil of cp(xi) or not. In either case the

negative coefficient of uhi only contributes to the diagonal entry in the corresponding

row of the matrix Mh, but the coefficient does not contribute to the off-diagonal

entries of Mh. So we only need to show that all the coefficients of Ulm, excluding

the potential contribution from the negative coefficient of uhi , are non-negative for all

0 ≤ l,m ≤ 3.

If cp(xi) coincides with some grid point xj, then all the interpolation weights

vanish except for the weight at xj which is 1, so it is obvious that the above claim is

true. Now we only consider cases where cp(xi) does not coincide with any grid point,

which is the case illustrated in Figure 2.1.

In the rest of the proof, it might be helpful to keep in mind the signs of the bi-

cubic interpolation weights ω̄lm (0 ≤ l,m ≤ 3) for cp(xi) at each point of the stencil.

Figure 2.1(c) shows the signs of the bi-cubic interpolation weights for cp(xi) (indicated

by �) which is in the middle block of the bi-cubic interpolation stencil. These signs

can be obtained by straightforward computations, and they do not depend on the

precise location of cp(xi). Since we interpolate in a dimension-by-dimension fashion,

the weights at each of the points are obtained by multiplication of the corresponding

weights in the x and y directions. For instance, if we want to compute the bi-

cubic interpolation weight at the lower-left corner point ω̄00, we first compute the

weight in the x direction, ω̄x00 = −a(∆x−a)(2∆x−a)
6∆x3

, and the weight in the y direction,

ω̄y00 = − b(∆x−b)(2∆x−b)
6∆x3

, and then we multiply the weights in the two directions to get

ω̄00 = ω̄x00ω̄
y
00. Here we have used the superscripts x and y in the notations ω̄x00 and

ω̄y00 to indicate the weights in the x and y directions, respectively. We shall use this
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notation in the following proof. The bi-cubic weights at other points, and the bilinear

weights, can be computed in the same way. Some of their values will be presented in

the rest of the proof when necessary.

Now let us finish the proof by calculating the coefficients of Ulm. There are three

cases for the coefficients of Ulm as l,m go from 1 to 3. We only need to verify that

for each of the three cases, the coefficients of Ulm are positive.

1. Four corner points: (l,m) = (0, 0), (0, 3), (3, 0), (3, 3).

The only contribution for the row entries corresponding to these four points

are the bi-cubic interpolation weights ω̄00, ω̄03, ω̄30, ω̄33, which happen to be

positive in 2-D.

2. Four center points: (l,m) = (1, 1), (1, 2), (2, 1), (2, 2).

There are some positive contributions from the linear combinations of the

weights in the centered difference scheme; so we only need to show at each

of these four center points, the positive weight of the bi-cubic interpolation

minus the bi-linear interpolation weight is larger than zero. For the sake of

symmetry, we only show that ω̄11−ω11 > 0, i.e., ω̄x11ω̄
y
11−ωx11ω

y
11 > 0. Since ω̄x11,

ω̄y11, ωx11, and ωy11 are positive, it is enough to show that

ω̄x11 > ωx11 and ω̄y11 > ωy11. (2.3.5)

By straightforward computation, ω̄x11 = (∆x+a)(∆x−a)(2∆x−a)
2∆x3

, ωx11 = ∆x−a
∆x

, ω̄y11 =
(∆x+b)(∆x−b)(2∆x−b)

2∆x3
, ωy11 = ∆x−b

∆x
. It is then straightforward to verify that (2.3.5)

holds for any 0 < a < ∆x and 0 < b < ∆x.

3. Eight edge points: (l,m) = (1, 0), (2, 0), (0, 1), (0, 2), (1, 3), (2, 3), (3, 1), (3, 2).

Again by symmetry we only need to show that the row entry corresponding to

(l,m) = (1, 0) is positive, i.e., ω11

∆x2
+ 4ω̄10

∆x2
> 0, where ω11 > 0, but ω̄10 < 0. So

we need to show that |ω11| > 4|ω̄10|, i.e., |ωx11ω
y
11| > 4|ω̄x10ω̄

y
10|. In fact we can

show that

ωx11 > 6|ω̄x10|, and ωy11 ≥
8

9
|ω̄y10|. (2.3.6)

Again by straightforward computation, ωx11 = ∆x−a
∆x

, |ω̄x10| = a(∆x−a)(2∆x−a)
6∆x3

,

ωy11 = ∆x−b
∆x

, |ω̄y10| =
(∆x+b)(∆x−b)(2∆x−b)

2∆x3
. Again one can straightforwardly verify

that (2.3.6) holds for any 0 < a < ∆x and 0 < b < ∆x.

Thus, Theorem 2.3.2 holds: the diagonal entries ofAh = cIh−Mh are all positive,

the off-diagonal entries are all non-positive, and each row sums up to c. �
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Remark 2.3.5 The M-Matrix result of Theorem 2.3.2, at least for our particular pa-

rameter choices, does not hold in 3-D. The Barycentric Lagrange interpolation weights

at the corners of the interpolation stencils are negative. In the next section, we shall

make a minor modification to the interpolation matrix for closest point extension so

that we get an M-Matrix in 3-D and fulfill the convergence condition. This special

modification is adopted for a theoretical reason, in practice we can still use Barycentric

Lagrange interpolation in 3-D and obtain 2nd order convergence (see the numerical

results in Section 2.5.3).

2.4 Convergence for three dimensional embedding

space

We cannot straightforwardly extend the M-Matrix proof from two dimensions to three

dimensions because of the negative tricubic interpolation weights at the corners of

the 4 × 4 × 4 stencil. We overcome this problem by introducing a new 4th-order

approximation to u(cp(x)) without using corner points of the 4× 4× 4 stencil. This

new approximation will still be a linear combination of values of grid points in the

4× 4× 4 stencil. Thus for each grid point xi we have the following discretization for

[∆u](cp(xi))− γ(xi)
(
u(xi)− u(cp(xi))

)
,

∑
xj∈I1(cp(xi))

ωj

( ∑
xk∈Diff(xj)

lkuk

)
− γi

(
ui −

∑
xj∈I3(cp(xi))

ω̃juj

)
. (2.4.1)

Here I1(cp(xi)) is the tri-linear interpolation stencil for point cp(xi), Diff(xj) is the

standard 2nd-order difference stencil for point xj, and I3(cp(xi)) tri-cubic interpola-

tion stencil for point cp(xi); ωj are the weights of the linear interpolation scheme for

evaluating [∆ũ](cp(x)), ω̃j are the weights of the 4th-order approximation scheme for

evaluating ũ(cp(x)), lk are the weights for the difference scheme approximating the

Laplacian operator, and γi = γ(xi) is the weight determining the amount of penal-

ization at point xi. Note that different γi’s are chosen for different grid points. We

also emphasize that although we use the tri-cubic interpolation stencil I3(cp(xi)), the

weights ω̃j’s are NOT the tri-cubic interpolation weights. They will be determined

later for our M-Matrix construction.

Since everything is linear, (2.4.1) has the corresponding matrix form,

M̃h = Eh
1L

h − Γh(Ih − Ẽh
3 ), (2.4.2)
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where Eh
1 is the usual linear interpolation matrix for closest point extension, Lh

is the 2nd-order Laplacian matrix, Γh is a diagonal matrix determining how much

one wants to penalize for different grid points, Ih is the identity matrix, Ẽh
3 is an

approximation matrix still to be determined evaluating values at closest points up to

4th-order accuracy. A new discretization for the embedding equation (2.1.5) becomes

Ãhuh = fh, where Ãh = −Eh
1L

h + Γh(Ih − Ẽh
3 ) + cIh. (2.4.3)

Our goal is to determine Ẽh
3 and Γh so that scheme (2.4.3) is 2nd-order consistent

to the embedding equation (2.1.5) and so that Ãh is an M-Matrix for any positive

c. Scheme (2.4.3) thus yields solutions which are 2nd-order convergent to the exact

solutions of the embedding equation (2.1.5).

2.4.1 Illustration of the ideas in two dimensions

To illustrate how we determine ω̃j’s and construct Ẽh
3 in 3-D, we first consider the

2-D case. Figure 2.2(a) shows the position of cp(xi) (indicated by �) in the middle

block of the 4× 4 stencil. We denote by a and b the lengths of the red line segments

indicating the relative position of cp(xi) in the stencil as shown in Figure 2.2(a). We

then draw a horizontal line intersecting with the vertical grid lines at y0, y1, y2 and

y3.

Figure 2.2: Illustration of approximating u(cp(xi)) in two dimensions.
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(b) Local index for points in
the stencil

We approximate u(cp(xi)) along the x-direction using cubic interpolation,

u(cp(xi)) ≈ −a(∆x− a)(2∆x− a)

6(∆x)3
u(y0) +

(∆x+ a)(∆x− a)(2∆x− a)

2(∆x)3
u(y1)

+
(∆x+ a)a(2∆x− a)

2(∆x)3
u(y2)− (∆x+ a)a(∆x− a)

6(∆x)3
u(y3). (2.4.4)
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If we approximate u(ym)’s (m = 0, 1, 2, 3) via cubic interpolation using values of grid

points lying along the y-directions, then we would get the usual bi-cubic interpolation

for u(cp(xi)). Instead of doing this, we make use of the following relationship,

uxx(y1) ≈ u(y0)− 2u(y1) + u(y2)

∆x2
(2.4.5)

From (2.4.5) we solve for u(y0) to get

u(y0) ≈ 2u(y1)− u(y2) + ∆x2uxx(y1). (2.4.6)

Similarly, we approximate u(y3) by

u(y3) ≈ 2u(y2)− u(y1) + ∆x2uxx(y2). (2.4.7)

Substituting equations (2.4.6) and (2.4.7) into (2.4.4), and merging the coefficients

of u(y1) and u(y2), we get the following approximation for u(cp(xi)),

u(cp(xi)) ≈ −a(∆x− a)(2∆x− a)

6∆x
uxx(y1) +

∆x− a
∆x

u(y1)

+
a

∆x
u(y2)− (∆x+ a)a(∆x− a)

6∆x
uxx(y2). (2.4.8)

Now the remaining question is to approximate u(y1), u(y2), uxx(y1) and uxx(y2)

by values of grid points in the 4 × 4 stencil. We approximate u(y1) and u(y2) via

cubic interpolation along the y-direction:

u(y1) ≈ −b(∆x− b)(2∆x− b)
6(∆x)3

u10 +
(∆x+ b)(∆x− b)(2∆x− b)

2(∆x)3
u11

+
(∆x+ b)b(2∆x− b)

2(∆x)3
u12 −

(∆x+ b)b(∆x− b)
6(∆x)3

u13; (2.4.9)

u(y2) ≈ −b(∆x− b)(2∆x− b)
6(∆x)3

u20 +
(∆x+ b)(∆x− b)(2∆x− b)

2(∆x)3
u21

+
(∆x+ b)b(2∆x− b)

2(∆x)3
u22 −

(∆x+ b)b(∆x− b)
6(∆x)3

u23. (2.4.10)

Notice that (2.4.9) and (2.4.10) do not involve values of u at the corner points.

To approximate uxx(y1) and uxx(y2), we first use centered finite differences to

approximate uxx at grid points with local indices (11), (12), (21), and (22), and then

perform linear interpolation along the y-directions. We have

uxx(y1) ≈ ∆x− b
∆x

u01 − 2u11 + u21

(∆x)2
+

b

∆x

u02 − 2u12 + u22

(∆x)2
; (2.4.11)
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uxx(y2) ≈ ∆x− b
∆x

u11 − 2u21 + u31

(∆x)2
+

b

∆x

u12 − 2u22 + u32

(∆x)2
. (2.4.12)

Again (2.4.11) and (2.4.12) do not have values at the corner points.

We then substitute (2.4.9), (2.4.10), (2.4.11) and (2.4.12) into (2.4.8) to get the

final approximation for u(cp(xi)) using values of grid points in the 4 × 4 stencil

except those at corner points. Up to now we have constructed a new approximation

to u(cp(xi)). We shall check two properties of this approximation: 1. it is 4th-order

accurate; 2. it indeed leads to non-negative off-diagonal weights for M̃h provided that

we choose proper γi’s.

The first property is easy to prove. Since we use 2nd-order approximation to uxx

everywhere and 4th-order approximation to u everywhere, the final approximation to

u is 4th-order accurate.

The second property, which is crucial to our whole construction and proof, is

more difficult to achieve and check. We categorize the grid points appearing in the

approximation scheme into 3 different types:

(1) Points in the center with local indices: (11), (12), (21), (22);

(2) Points on the top and bottom edges: (10), (20), (13), (23);

(3) Points on the left and right edges: (01), (02), (31), (32).

We first consider points of type (1). The coefficient of point with local index (11) is

γi

(
∆x−a

∆x
(∆x+b)(∆x−b)(2∆x−b)

2(∆x)3
+ 2a(∆x−a)(2∆x−a)

6(∆x)3
∆x−b

∆x
− (∆x+a)a(∆x−a)

6(∆x)3
∆x−b

∆x

)
+
(
− ∆x−a

∆x
∆x−b

∆x
4

(∆x)2
+ a

∆x
∆x−b

∆x
1

(∆x)2
+ ∆x−a

∆x
b

∆x
1

(∆x)2

)
, (2.4.13)

where the terms in the first big brackets (pre-multiplied by γi) come from approxima-

tion of u(cp(xi)), and the terms in the second big brackets come from approximation

of [∆u](cp(xi)). We wish to choose γi so that (2.4.13) is non-negative. One can check

that

2
a(∆x− a)(2∆x− a)

6(∆x)3

∆x− b
∆x

− (∆x+ a)a(∆x− a)

6(∆x)3

∆x− b
∆x

≥ 0. (2.4.14)

In fact, (2.4.14) is equivalent to 3(∆x− a) ≥ 0 after cancelling out common factors.

Also, it is obvious that a
∆x

∆x−b
∆x

1
(∆x)2

≥ 0, and ∆x−a
∆x

b
∆x

1
(∆x)2

≥ 0. Thus it is sufficient

to choose γi s.t.

γi
∆x− a

∆x

(∆x+ b)(∆x− b)(2∆x− b)
2(∆x)3

=
∆x− a

∆x

∆x− b
∆x

4

(∆x)2
. (2.4.15)
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From (2.4.15) we solve for γi and get

γi =
8

(∆x+ b)(2∆x− b)
. (2.4.16)

Since (2.4.16) is independent of a and is invariant if we change b into ∆x − b, this

choice of γi will ensure the coefficients of the other points of type (1) with indices

(12), (21) and (22) to be non-negative.

We then prove that this choice of γi given by (2.4.16) will also result in non-

negative coefficients for points of type (2) and (3). For points of type (2), consider

for example the coefficient of point (10):

− γi
∆x− a

∆x

b(∆x− b)(2∆x− b)
6(∆x)3

+
∆x− a

∆x

∆x− b
∆x

1

∆x2
. (2.4.17)

To check that (2.4.17) is non-negative, we substitute (2.4.15) into (2.4.17) and cancel

out the common factors to get 3∆x− b ≥ 0, which is trivially true. By symmetry all

other points of type (2) have positive coefficients.

For points of type (3), consider for example the coefficient of point (01):

− γi
a(∆x− a)(2∆x− a)

6(∆x)3

∆x− b
∆x

+
∆x− a

∆x

∆x− b
∆x

1

∆x2
. (2.4.18)

To check that (2.4.18) is non-negative, we substitute (2.4.15) into (2.4.18) and cancel

out the common factors to get

4a(2∆x− a) ≤ 3(∆x+ b)(2∆x− b). (2.4.19)

One can show that

4a(2∆x− a) ≤ 4∆x2, for any 0 ≤ a < ∆x,

and

3(∆x+ b)(2∆x− b) ≥ 6∆x2, for any 0 ≤ b < ∆x.

Therefore (2.4.19) holds and (2.4.18) is indeed non-negative. By symmetry all other

type (3) points have positive coefficients.

In summary, if we approximate u(cp(xi)) by (2.4.8) where u(y1), u(y2), uxx(y1)

and uxx(y2) are approximated by (2.4.9), (2.4.10), (2.4.11) and (2.4.12) respectively,

and choose γi = 8
(∆x+b)(2∆x−b) , then all the coefficients except the one of ui in scheme

(2.4.1) are non-negative. Thus the resulting matrix M̃h given by (2.4.2) only has

non-negative off-diagonal entries. Since each row of M̃h sums up to 0, M̃h can only

have non-positive diagonal entries. Therefore, Ãh = −M̃h + cIh is an M-matrix for

any positive c.
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2.4.2 Construction and proof in three dimensions

In this section, we straightforwardly extend the ideas for two dimensions in Section

2.4.1 to three dimensions. Suppose the closest point cp(xi) � lies in the 4×4×4 stencil

as shown in Figure 2.3. We denote by a, b and c the lengths of the red line segments

indicating the relative position of cp(xi) in the stencil as shown in Figure 2.3. We

then draw a horizontal line which is orthogonal to the y-z plane and intersects with

four faces parallel to the y-z plane at y0, y1, y2, and y3.

Figure 2.3: Illustration of the approximation of u(cp(xi)) (indicated by �).
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We approximate u(cp(xi)) along the x-direction using cubic interpolation,

u(cp(xi)) ≈ −a(∆x− a)(2∆x− a)

6(∆x)3
u(y0) +

(∆x+ a)(∆x− a)(2∆x− a)

2(∆x)3
u(y1)

+
(∆x+ a)a(2∆x− a)

2(∆x)3
u(y2)− (∆x+ a)a(∆x− a)

6(∆x)3
u(y3). (2.4.20)

Notice that (2.4.20) is exactly the same as (2.4.4) in Section 2.4.1. Using the ideas in

Section 2.4.1, we continue to obtain the following approximation to u(cp(xi)),

u(cp(xi)) ≈ −a(∆x− a)(2∆x− a)

6∆x
uxx(y1) +

∆x− a
∆x

u(y1)

+
a

∆x
u(y2)− (∆x+ a)a(∆x− a)

6∆x
uxx(y2). (2.4.21)
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Note that (2.4.21) is exactly the same as (2.4.8) in Section 2.4.1. The differences

between 2-D and 3-D come from the approximation of u(y1), u(y2), uxx(y1), and

uxx(y2) using values of grid points, although the spirit is the same.

We approximate u(y1) and u(y2) through bi-cubic interpolations of grid point

values along the y-z plane:

u(y1) ≈
∑

0≤j,k≤3

ω̃jku1,j,k, (2.4.22)

u(y2) ≈
∑

0≤j,k≤3

ω̃jku2,j,k, (2.4.23)

where ω̃jk (0 ≤ j, k ≤ 3) are the bi-cubic weights along the y-z plane. We approximate

uxx(y1) and uxx(y2) using bi-linear interpolations of uxx’s calculated by centered finite

differences at grid points:

uxx(y1) =
(∆x− b)(∆x− c)

∆x2

u0,1,1 − 2u1,1,1 + u2,1,1

∆x2
+
b(∆x− c)

∆x2

u0,2,1 − 2u1,2,1 + u2,2,1

∆x2

+
(∆x− b)c

∆x2

u0,1,2 − 2u1,1,2 + u2,1,2

∆x2
+

bc

∆x2

u0,2,2 − 2u1,2,2 + u2,2,2

∆x2
(2.4.24)

uxx(y2) =
(∆x− b)(∆x− c)

∆x2

u1,1,1 − 2u2,1,1 + u3,1,1

∆x2
+
b(∆x− c)

∆x2

u1,2,1 − 2u2,2,1 + u3,2,1

∆x2

+
(∆x− b)c

∆x2

u1,1,2 − 2u2,1,2 + u3,1,2

∆x2
+

bc

∆x2

u1,2,2 − 2u2,2,2 + u3,2,2

∆x2
(2.4.25)

Similar to the 2-D case, we categorize grid points appearing in the approximation

scheme into four types:

(1) 8 center points.

(2) 16 points in the center of top, bottom, front and back faces.

(3) 8 points in the center of left and right faces.

(4) 8 points on some of the edges of top and bottom faces.

Points of type (4) do not appear in 2-D, these are actually corner points of the

bi-cubic interpolation stencils along the y-z plane to approximate u(y1) and u(y2).

It is obvious that they contribute positive coefficients to our final scheme.

Points of type (1)–(3) are similar to the 2-D cases.

For points of type (1), we consider the coefficient of point (111) without loss of

generality. Using similar arguments to the 2-D case, it is enough to pick γi s.t.

γi
∆x−a

∆x
(∆x+b)(∆x−b)(2∆x−b)

2(∆x)3
(∆x+c)(∆x−c)(2∆x−c)

2(∆x)3
= ∆x−a

∆x
∆x−b

∆x
∆x−c

∆x
6

(∆x)2
. (2.4.26)
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From (2.4.26) we solve for γi to get

γi =
24(∆x)2

(∆x+ b)(2∆x− b)(∆x+ c)(2∆x− c)
. (2.4.27)

Notice that the expression of γi (2.4.27) is independent of a, and invariant if we

replace b by ∆x− b or replace c by ∆x− c.
For points of type (2), we consider for example the coefficient of point (110):

−γi∆x−a
∆x

(∆x+b)(∆x−b)(2∆x−b)
2(∆x)3

c(∆x−c)(2∆x−c)
6(∆x)3

+ ∆x−a
∆x

∆x−b
∆x

∆x−c
∆x

1
∆x2

. (2.4.28)

One can check that (2.4.28) is non-negative. In fact, after substituting (2.4.26) into

(2.4.28) and cancelling out the common factors, (2.4.28)≥ 0 simply reduces to c ≤ ∆x.

By symmetry all other type (2) points have positive coefficients.

For points of type (3), consider for example the coefficient of point (011):

− γi
a(∆x− a)(2∆x− a)

6(∆x)3

∆x− b
∆x

∆x− c
∆x

+
∆x− a

∆x

∆x− b
∆x

∆x− c
∆x

1

∆x2
. (2.4.29)

To check that (2.4.29) is non-negative, we substitute (2.4.27) into (2.4.29) and rear-

range to obtain

4a(2∆x− a) ≤ (∆x+ b)(2∆x− b)(∆x+ c)(2∆− c). (2.4.30)

One can show that

4a(2∆x− a) ≤ 4∆x2, for any 0 ≤ a < ∆x,

(∆x+ b)(2∆x− b) ≥ 2∆x2, for any 0 ≤ b < ∆x,

(∆x+ c)(2∆x− c) ≥ 2∆x2, for any 0 ≤ c < ∆x.

Therefore (2.4.30) holds and (2.4.29) is non-negative. By symmetry all other type (3)

points have positive coefficients.

To conclude, we have constructed a specific approximation to evaluate the values

at closest points so that the coefficient matrix for the difference scheme is an M-

Matrix satisfying the condition of Proposition 2.3.3. Also, since the approximation to

u(cp(xi)) is 4th-order accurate and γi is of order O( 1
∆x2

), the overall scheme has 2nd-

order truncation error. Thus using Proposition 2.3.4 our modified scheme is 2nd-order

convergent. To be more precise, we have the following theorem,
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Theorem 2.4.1 Suppose that we wish to solve the embedding equation (2.1.5) on

a smooth curve or surface without boundary embedded in R3, and the solution ũ of

the embedding equation satisfies the assumptions in Theorem 2.2.1. Denote Lh as

the standard Laplacian matrix with stencil 1
∆x2
{−6, 1, 1, 1, 1, 1, 1}, define Ẽh

3 by the

approximations (2.4.21) – (2.4.25), and let Γh be an diagonal matrix whose diagonal

entries are defined by (2.4.27). Then Ãh defined by (2.4.3) is an M-Matrix, and

scheme (2.4.3) gives a numerical solution that is 2nd-order accurate to ũ.

2.5 Numerical examples

2.5.1 Shifted Poisson’s equation on a unit circle

We solve the shifted Poisson’s equation −∆Su+u = f on the unit circle S; the exact

solution is chosen as sin(θ)+sin(12θ), and we compute the right-hand side function f

from the exact solution. The discrete right-hand side is then obtained by evaluating

the closest point extension of f at the grid points in the computational band. We

construct Mh = Eh
1L

h− 2d
∆x2

(Ih−Eh
3 ), and the coefficient matrix is Ah = Ih−Mh.

We use the sparse direct solver MATLAB’s backslash to solve the resulting linear

systems. After solving the linear system, we obtain the discrete solution defined on

the banded grid points. To calculate the errors, we then place many sample points on

S, estimate the numerical solution at these points by cubic interpolation of the values

at the surrounding grid points, and compute the ∞-norm of the errors at the sample

points on S. Table 2.1 shows second order convergence of the relative errors in the

∞-norm. Alternatively, the exact closest point extension of the exact solution can be

performed onto the computational grid, and the errors can be directly calculated at

the grid points; similar results are observed in this case.

Table 2.1: Convergence study for the shifted Poisson’s equation on a unit circle
showing 2nd-order convergence.

∆x 0.1 0.05 0.025 0.0125 0.00625 0.003125 0.0015625
‖u−uh‖∞
‖u‖∞ 6.51e-2 1.85e-2 4.76e-3 1.19e-3 2.97e-4 7.38e-5 1.85e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.81 1.95 2.00 2.00 2.01 2.00

2.5.2 Shifted Poisson’s equation on a bean-shaped curve

Again we solve the shifted Poisson’s equation −∆Su + u = f , but this time on a

bean-shaped curve (see Figure 2.4).
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Figure 2.4: Computational grids for the Closest Point Method on a bean-shaped
curve with ∆x = 0.1 (left) and ∆x = 0.05 (right).

This bean-shaped curve is constructed from a sequence of control points in R2;

the Matlab function ‘cscvn’ [81] is used to get a parametric cubic spline curve passing

through these points. This results in (x(t), y(t)) parameterized by t ∈ [0, T ]. We

obtain a closest point representation from this parametrization as follows: we fix a

grid point, then construct the squared distance as a function of the parameter t. Next

we minimize that function (over the parameter t) using Newton’s method [12]. This

is repeated for each grid point in the computational band.

We construct the exact solution in terms of the parametrization, u(t) = sin(2π
T
t)+

sin(20π
T
t). The Laplace–Beltrami operator of u in terms of this parametrization is

∆Su(t) = 1√
ẋ2(t)+ẏ2(t)

d
dt

(
1√

ẋ2(t)+ẏ2(t)

du(t)
dt

)
. The right-hand side function is f(t) =

−∆Su(t) + u(t). Again we construct the discrete right-hand side and coefficient

matrix, solve the resulting linear system to get the numerical solution, and compute

the ∞-norm of the error on the bean-shaped curve. Table 2.2 shows second order

convergence results.

Table 2.2: Convergence study for the shifted Poisson’s equation on a bean-shaped
curve showing 2nd-order convergence.

∆x 0.1 0.05 0.025 0.0125 0.00625 0.003125 0.0015625
‖u−uh‖∞
‖u‖∞ 6.19e-2 1.17e-2 3.59e-3 8.77e-4 2.35e-4 5.32e-5 1.38e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.40 1.71 2.03 1.90 2.14 1.95
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2.5.3 Shifted Poisson’s equation on a unit sphere

To make an exact solution and do convergence study, we parameterize a sphere in

spherical coordinates (θ, φ, r): x = r sinφ cos θ, y = r sinφ sin θ, z = r cosφ, where

θ is the azimuth ranging from 0 to 2π, φ is the elevation from 0 to π, and r is the

radius.

We emphasize that the parametrization is not used in our algorithm: it is only used

to compute the error. For simplicity, we solve the equation on a unit sphere centered

at the origin, and choose the exact solution as the spherical harmonic u(θ, φ) =

cos(3θ) sin(φ)3(9 cos(φ)2−1). The right-hand side function is −∆Su+u = −29u(θ, φ).

Table 2.3 shows the results using the standard dimension-by-dimension Barycentric

Lagrange interpolation for discrete closest point extension of the solution. Table 2.4

shows the results using the specially designed approximation for discrete closest point

extension of the solution described in Section 2.4.2. We can see that both the standard

interpolation and the custom approximation give 2nd-order convergence results.

We also numerically verify the fact that the standard interpolation yields a coef-

ficient matrix Ah which is not an M-Matrix, while the approximation described in

Section 2.4.2 does yield a coefficient matrix Ãh which is an M-Matrix. We first verify

that each row of the coefficient matrix does sum up to the shift c. We then check

the number of positive off-diagonal entries of the coefficient matrix. If there are no

positive off-diagonal entries in the coefficient matrix then it is an M-Matrix, otherwise

it is not an M-Matrix. Table 2.5 shows that Ãh is indeed an M-Matrix while Ah is

not.

Table 2.3: Convergence study for the shifted Poisson’s equation on a unit sphere
using the Barycentric Lagrange interpolation.

∆x 0.4 0.2 0.1 0.05
‖u−uh‖∞
‖u‖∞ 4.21e-1 1.24e-1 2.81e-2 7.06e-3

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.77 2.14 1.99

Table 2.4: Convergence study for the shifted Poisson’s equation on a unit sphere
using the specific approximations described in Section 2.4.2.

∆x 0.4 0.2 0.1 0.05
‖u−uh‖∞
‖u‖∞ 4.45e-1 1.26e-1 2.90e-2 7.25e-3

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.82 2.12 2.00
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Table 2.5: Verification of the M-Matrix property in 3-D

(a) Number of non-zero entries and positive off-diagonal entries of Ah resulting from
the standard Barycentric Lagrange interpolation.

∆x 0.4 0.2 0.1 0.05

nnz(Ah) 78016 205686 702714 2697038

#(positive off-diagonal entries) 21704 54202 188314 717906

(b) Number of non-zero entries and positive off-diagonal entries of Ãh resulting from
the specific approximation described in Section 2.4.2.

∆x 0.4 0.2 0.1 0.05

nnz(Ãh) 49176 129422 441842 1695758

#(positive off-diagonal entries) 0 0 0 0

For all the above numerical tests including the sphere example, we use MATLAB’s

backslash to solve the linear system. This works well for curves embedded in 2-D,

but for spheres embedded in 3-D we are experiencing memory bottleneck and low

speed. In Chapter 4, we shall construct a geometric multgrid method to overcome

these issues. Examples on other surfaces and with various coefficients will then be

considered.
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Chapter 3

Elliptic Equations on Domains and
Surfaces with Boundaries

Now that we are able to solve elliptic equations on surfaces without a boundary, we

move on to consider elliptic equations on surfaces with a boundary. The work [59]

adopted the Closest Point Method to solve the Laplace–Beltrami eigenvalue problem-

s with Dirichlet and homogeneous Neumann boundary conditions on surfaces with

a boundary. We shall follow and extend the ideas in [59] to handle more general

boundary conditions.

Notice that smooth surfaces are manifolds embedded in the Euclidean space, and

domains with a curved boundary can be regarded as codimension-0 manifolds. So we

first consider the solution of elliptic PDEs on domains with a boundary, which will

develop the key ideas to handle boundary conditions for surfaces with a boundary.

There exists vast literature on solving PDEs on general domains using a Cartesian

grid. Some well-known methods are the immersed boundary method [72, 73, 38], im-

mersed interface method [53, 55, 56] and the ghost fluid method [29, 30]. References

on elliptic PDEs include [42, 35, 34, 93, 44]. These references embed the domain

into a larger Cartesian grid and handle the boundary conditions with the help of grid

points outside the domain – the so-called “ghost” points. Among the ghost point

approaches there is a systematic method called the matched interface and boundary

(MIB) method [93, 92, 90, 89] which extends the solution smoothly across the inter-

face/boundary and disassociates the discretization of internal PDEs and boundary

conditions.

One crucial step of the ghost point approach is to extend the solution from interior

grid points to ghost points so that boundary conditions are satisfied. This solution

extension step is not trivial in dimensions higher than one. Typical implementations
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require computing the intersection points of the boundary and grid lines along co-

ordinate directions [34, 93, 44]. For Neumann and Robin boundary conditions one

usually needs to compute the normals at intersection points to evaluate the deriva-

tives along the normals at the boundary [93, 92, 90]; and the implementations for

3-D problems require a lot more effort than 2-D problems [89]. We shall introduce

a new method for the solution extension based on the closest point representation of

the boundary of the domain. The implementations for arbitrary dimensions are quite

straightforward in the existing framework of the Closest Point Method. With the ex-

tended solution it is straightforward to solve elliptic PDEs on domains with a curved

boundary. Combining the ghost point approach to handle boundary conditions and

the method of dealing with surface differential operators, it is not difficult to solve

elliptic equations on surfaces with a boundary.

The rest of this chapter is organized as follows. In Section 3.1 we review the ghost

point idea in 1-D, present several well-known theorems, and introduce a new simple

method to extrapolate values of ghost points from values of interior grid points. In

Section 3.2 we extend the new extrapolation method from Section 3.1 to higher di-

mensions, and systematically construct schemes to solve elliptic equations on domains

with Dirichlet, Neumann and Robin boundary conditions. In Section 3.3 we combine

the ideas in Section 3.2 and the previous chapter to solve elliptic equations on curves

and surfaces with boundaries.

3.1 Ghost points approach in 1-D

We start this section with reviewing the ghost point idea by considering Poisson

problems on an interval with Dirichlet and Neumann boundary conditions. We then

introduce a new method to extrapolate values of ghost points from interior grid points.

This new extrapolation method perhaps seems slightly awkward for 1-D problems, but

it gives a great flexibility to handle general boundary conditions in higher dimensional

spaces.

3.1.1 Dirichlet boundary conditions

Consider the following 1-D Poisson’s equation with Dirichlet boundary conditions:

− u′′(x) = f(x), x ∈ (a, b), (3.1.1a)

u(a) = ua, u(b) = ub. (3.1.1b)
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Suppose the interval [a, b] lies in a 1-D uniform grid x0, x1, . . . , xn−1, xn such that

x0 ≤ a < x1 and xn−1 < b ≤ xn. Points x0 and xn are not in the interior of

the interval, and they are the so-called ghost points. For ease of analysis for the

Dirichlet boundary condition case, here we have assumed that the ghost points x0

and xn could potentially be boundary points. However, for the analysis of Neumann

boundary conditions and practical computing, ghost points refer to grid points strictly

exterior to the domain. For grid points x1, . . . , xn−1 in the interior of the interval, we

can discretize (3.1.1a) using the centered finite difference scheme:

− ui−1 − 2ui + ui+1

∆x2
= fi, i = 1, 2, . . . , n− 1, (3.1.2)

where ∆x is the grid size, fi = f(xi), and ui is the numerical value at xi. We need to

extrapolate u0 and un from values of interior points. The simplest way to do this is

constant extrapolation:

u0 = ua, un = ub. (3.1.3)

Combining (3.1.2) and (3.1.3), we obtain a complete discretization for problem (3.1.1),

−ua − 2u1 + u2

∆x2
= f1,

−ui−1 − 2ui + ui+1

∆x2
= fi, i = 2, . . . , n− 2, (3.1.4)

−un−2 − 2un−1 + ub
∆x2

= fn−1.

The matrix form of (3.1.4) is

1

∆x2


2 −1
−1 2 −1

. . . . . . . . .

−1 2 −1
−1 2




u1

u2
...

un−2

un−1

 =


f1 + ua

∆x2

f2
...

fn−2

fn−1 + ub
∆x2

 . (3.1.5)

It is well known that if x0 = a and xn = b, then scheme (3.1.4) yields 2nd-order

convergent solution to the solution of (3.1.1) given enough smoothness of f . The

convergence results when x0 < a and b < xn are summarized in the following theorem.

Theorem 3.1.1 (Jomaa and Macaskill 2005 [43]) Suppose (3.1.1) has an exact so-

lution u(x) ∈ C4. Let τi be the truncation error of scheme (3.1.4) at xi, and ei =

ui − u(xi) be the error, for i = 1, 2, . . . , n − 1. Assume that a − x0 = α∆x and

xn − b = β∆x where 0 < α, β < 1 are constants, then τ1 = O( 1
∆x

), τn−1 = O( 1
∆x

),

τi = O(∆x2) for i = 2, . . . , n− 2, and ei = O(∆x) for i = 1, 2, . . . , n− 1.
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Remark 3.1.2 We cite Theorems 3.1.1 from [43], but prove it using our own methods

which can also be applied to prove Theorems 3.1.4 and 3.1.5 for Neumann boundary

conditions. Nevertheless, we refer the interested readers to [43] for a different proof

and more detailed analysis on the constants in front of the error bounds.

Proof of Theorem 3.1.1. Using a Taylor expansion, it is straightforward to show

that

τi = −u(xi−1)− 2u(xi) + u(xi+1)

∆x2
− f(xi) = O(∆x2), i = 2, . . . , n− 2.

Since u(x0) = ua − α∆xu′(a) + O(∆x2) and α is a constant, ua = u(x0) + O(∆x).

Therefore,

τ1 = −ua − 2u(x1) + u(x2)

∆x2
−f(x1) = −u(x0)− 2u(x1) + u(x2)

∆x2
−f(x1)+O(

1

∆x
) = O(

1

∆x
).

Similarly, τn−1 = O( 1
∆x

).

Let A be the coefficient matrix of the linear system (3.1.5), e = (e1, . . . , en−1)T ,

and τ = (τ1, . . . , τn−1)T , then Ae = τ . Using the explicit formula of the inverse of

tridiagonal matrix A in [91], we know that

(A−1)j,k =

(
j(n− k)

n
−max(j − k, 0)

)
∆x2, 1 ≤ j, k ≤ n− 1. (3.1.6)

When k = 1, (A−1)j,1 =
(
1− j

n

)
∆x2 = O(∆x2). When k = n−1, (A−1)j,n−1 = j

n
∆x2

is at most O(∆x2). For k = 2, . . . , n− 2, (A−1)j,k can be at most O(∆x) due to the

max(j − k, 0)∆x2 term. Since e = A−1τ ,

ei = (A−1)i,1τ1 +
n−2∑
k=2

(A−1)i,kτk + (A−1)i,n−1τn−1. (3.1.7)

Since (A−1)i,1τ1 = O(∆x),
∑n−2

k=2(A−1)i,kτk is at most O(∆x2), and (A−1)i,n−1τn−1 is

at most O(∆x), ei = O(∆x) for i = 1, 2, . . . , n− 1. �

From Theorem 3.1.1, constant extrapolations near the boundary points yield an

O( 1
∆x

) (inconsistent) truncation error. Nevertheless, the overall error is O(∆x) due

to the O(∆x2) factors in the first and last columns of A−1. The intuition is that the

error near the boundary equals the corresponding truncation error O( 1
∆x

) integrated

twice and thus multiplied by a factor of ∆x2. It is natural for us to expect O(∆x2)

error if we use linear extrapolation near the boundary points. To be more precise, we

still assume that a− x0 = α∆x and xn − b = β∆x, and let

u0 =
ua − αu1

1− α
, un =

ub − βun−1

1− β
. (3.1.8)
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Combining (3.1.8) with (3.1.2), we obtain a new discretization for problem (3.1.1),

− 1

∆x2

(
ua

1− α
−
(

2 +
α

1− α

)
u1 + u2

)
= f1,

−ui−1 − 2ui + ui+1

∆x2
= fi, i = 2, . . . , n− 2, (3.1.9)

− 1

∆x2

(
ub

1− β
−
(

2 +
β

1− β

)
u1 + u2

)
= fn−1.

The matrix form of (3.1.9) is

1

∆x2


2 + α

1−α −1

−1 2 −1
. . . . . . . . .

−1 2 −1

−1 2 + β
1−β




u1

u2
...

un−2

un−1

 =


f1 + ua

(1−α)∆x2

f2
...

fn−2

fn−1 + ub
(1−β)∆x2

 .

(3.1.10)

Since we assumed that α and β are both less than 1, the first and last row of the

coefficient matrix in (3.1.10) are well defined. Actually when α approaches 1, we can

multiply the first row of (3.1.10) and get u1 = ua. This is trivially true since x1 = a

when α = 1. As for the truncation errors and errors of scheme (3.1.9), we have the

following theorem.

Theorem 3.1.3 (Jomaa and Macaskill 2005 [43]) With the same assumptions and

notations as for Theorem 3.1.1, the truncation errors of scheme (3.1.9) are τ1 = O(1),

τn−1 = O(1), and τi = O(∆x2) for i = 2, . . . , n − 2; the errors are ei = O(∆x2) for

i = 1, . . . , n− 1.

Proof. Like for the proof of Theorem 3.1.1, it is easy to show that τi = O(∆x2) for

i = 2, . . . , n− 2. Since ua = (1− α)u(x0) + αu(x1) +O(∆x2),

τ1 = − 1

∆x2

(
ua

1− α
−
(

2 +
α

1− α

)
u(x1) + u(x2)

)
− f(x1)

= − 1

∆x2

(
u(x0)− 2u(x1) + u(x2) +O(∆x2)

)
− f(x1) = O(1).

Similarly, τn−1 = O(1). Let A be the coefficient matrix of (3.1.10). Using the formula

in [91],

(A−1)j,k =

{
[j + α

1−α(j − 1)][n− k + β
1−β (n− k − 1)]

n+ ( α
1−α + β

1−β )(n− 1) + α
1−α

β
1−β (n− 2)

−max(j − k, 0)

}
∆x2.

Again, with some calculations we can show that (A−1)j,1 = O(∆x2), (A−1)j,n−1 is at

most O(∆x2), and (A−1)j,k is at most O(∆x) for k = 2, . . . , n− 2. We can then use

(3.1.7) to obtain that ei = O(∆x2) for i = 1, . . . , n− 1. �
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3.1.2 Neumann boundary conditions

In this section we consider the shifted Poisson’s equation with Neumann boundary

conditions,

− u′′(x) + cu(x) = f(x), x ∈ (a, b), (3.1.11a)

u′(a) = u′a, u′(b) = u′b, (3.1.11b)

where c is a positive constant. Suppose that the interval [a, b] is embedded in a 1-D

uniform grid x0, x1, . . ., xn−1, xn such that x0 < a ≤ x1 and xn−1 ≤ b < xn. For grid

points x1, . . ., xn−1 in the interior of the interval, we can discretize (3.1.1a) using the

centered finite difference scheme:

− ui−1 − 2ui + ui+1

∆x2
+ cui = fi, i = 1, 2, . . . , n− 1, (3.1.12)

where ∆x is the grid size, fi = f(xi), and ui is the numerical value at xi. Using linear

approximations near the endpoints of the interval, we have

u0 = u1 − u′a∆x, un = un−1 + u′b∆x. (3.1.13)

Combining (3.1.12) and (3.1.13), we obtain a complete discretization for problem

(3.1.11),

−−u1 + u2

∆x2
+ cu1 = f1 −

u′a
∆x

,

−ui−1 − 2ui + ui+1

∆x2
+ cui = fi, i = 2, . . . , n− 2, (3.1.14)

−un−2 − un−1

∆x2
+ cun−1 = fn−1 +

u′b
∆x

.

The matrix form of (3.1.14) is

1

∆x2


1 + c∆x2 −1

−1 2 + c∆x2 −1
. . . . . . . . .

−1 2 + c∆x2 −1

−1 1 + c∆x2




u1

u2
...

un−2

un−1

 =


f1 − u′

a

∆x

f2
...

fn−2

fn−1 + u′
b

∆x

 .

(3.1.15)

The following theorem shows the consistency and convergence of scheme (3.1.14).

Theorem 3.1.4 With the same assumptions and notations as for Theorem 3.1.1, the

truncation errors of scheme (3.1.14) are τ1 = O(1), τn−1 = O(1), and τi = O(∆x2)

for i = 2, . . . , n− 2; the errors are ei = O(∆x) for i = 1, . . . , n− 1.
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Proof. Same as for Theorem 3.1.1, it is not difficult to show that τi = O(∆x2)

for i = 2, . . . , n − 2. Since u(x1) = u(a) + u′(a)(x1 − a) + O(∆x2) and u(x0) =

u(a) + u′(a)(x0 − a) + O(∆x2), we know that u(x0) = u(x1) − u′(a)∆x + O(∆x2).

Therefore,

τ1 = −u(x1)− u′(a)∆x− 2u(x1) + u(x2)

∆x2
+ cu(x1)− f(x1)

= −O(∆x2) + u(x0)− 2u(x1) + u(x2)

∆x2
+ cu(x1)− f(x1) = O(1) +O(∆x2) = O(1).

Similarly, τn−1 = O(1).

Let A be the coefficient matrix of linear system (3.1.15), e = (e1, . . . , en−1)T , and

τ = (τ1, . . . , τn−1). Then e = A−1τ . Using the formula in [91],

(A−1)j,k = − ∆x2

sin(φ)

(
cos((j − 1

2)φ) cos((n− k − 1
2)φ)

sin((n− 1)φ)
+ sin(max(j − k, 0)φ)

)
, (3.1.16)

where φ = arccos(1 + c
2
∆x2). We point out that φ is an imaginary number because

1 + c
2
∆x2 is a real number larger than 1. It follows that sin(φ) = eiφ−e−iφ

2i
is also an

imaginary number, where i is the imaginary unit. Furthermore, sin(mφ) = eimφ−e−imφ

2i

is also an imaginary number for any real number m. Nevertheless, formula (3.1.16)

still yields (A−1)j,k that are real numbers because the two cosine terms are real and the

imaginary factors in the sine terms are cancelled out through multiplication. Now we

show that sin(φ) = O(∆x). This is because sin2(φ) = 1− cos2(φ) = − c
2
∆x2 is of size

O(∆x2)1 . Furthermore, one can show that sin((n−1)φ) = O(1), and cos(jφ) = O(1)

for any j between 0 and n. Therefore, (A−1)j,k = O(∆x) for 1 ≤ j, k ≤ n− 1. Using

the relation between errors and truncation errors (3.1.7), we obtain that ei = O(∆x)

for i = 1, . . . , n− 1. �

To obtain an overall 2nd-order scheme we need quadratic approximations around

the endpoints of the interval. We shall give a derivation for the approximations near

point b; the case for point a is similar. Our goal is to represent un by {un−2, un−1, u
′(b)}

so that u′(b) is approximated by the derivative of a quadratic polynomial. We first

build a quadratic polynomial using the stencil {xn−2, xn−1, xn},

q(x) = (x−xn−1)(x−xn)
(xn−2−xn−1)(xn−2−xn)

un−2 + (x−xn−2)(y−xn)
(xn−1−xn−2)(xn−1−xn)

un−1 + (x−xn−2)(y−xn−1)
(xn−xn−2)(xn−xn−1)

un.

Taking the derivative of q(x), we have

q′(x) = 2x−(xn−1+xn)
(xn−2−xn−1)(xn−2−xn)

un−2 + 2x−(xn−2+xn)
(xn−1−xn−2)(xn−1−xn)

un−1 + 2x−(xn−2+xn−1)
(xn−xn−2)(xn−xn−1)

un.

1 As discussed before, sin(φ) is an imaginary number, so sin2(φ) < 0.
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Assuming the relationship u′(b) = q′(b) and using the fact that xn− b = β∆x, we get

u′(b) =
1− 2β

2∆x
un−2 −

2− 2β

∆x
un−1 +

3− 2β

2∆x
un. (3.1.17)

Solving for un from (3.1.17), we obtain that

un =
2u′(b)∆x+ (2β − 1)un−2 + (4− 4β)un−1

3− 2β
. (3.1.18)

Similarly, we have the following representation of u0 if a quadratic approximation is

used near point a,

u0 =
−2u′(a)∆x+ (4− 4α)u1 + (2α− 1)u2

3− 2α
. (3.1.19)

Combining (3.1.12) with the quadratic approximations (3.1.18) and (3.1.19), we ob-

tain the following discretization for problem (3.1.11),

−−u1 + u2

∆x2
+

3− 2α

2
cu1 =

3− 2α

2
f1 −

u′a
∆x

,

−ui−1 − 2ui + ui+1

∆x2
+ cui = fi, i = 2, . . . , n− 2, (3.1.20)

−un−2 − un−1

∆x2
+

3− 2β

2
cun−1 =

3− 2β

2
fn−1 +

u′b
∆x

.

The matrix form of (3.1.20) is

1

∆x2


1+ 3−2α

2 c∆x2 −1

−1 2+c∆x2 −1
. . . . . . . . .

−1 2+c∆x2 −1

−1 1+ 3−2β
2 c∆x2




u1

u2
...

un−2

un−1

=



3−2α
2 f1− u′

a

∆x

f2
...

fn−2
3−2α

2 fn−1+ u′
b

∆x

 .

(3.1.21)

The following theorem shows that a 2nd-order convergence results from scheme (3.1.20).

Theorem 3.1.5 With the same assumptions and notations as for Theorem 3.1.1,

the truncation errors of scheme (3.1.20) are τ1 = O(∆x), τn−1 = O(∆x), and τi =

O(∆x2) for i = 2, . . . , n− 2; the errors are ei = O(∆x2) for i = 1, . . . , n− 1.

Proof. Same as for Theorem 3.1.1, it is not difficult to show that τi = O(∆x2) for

i = 2, . . . , n − 2. From the definition of the truncation error and using the fact that

−u′′(x1) + cu(x1) = f(x1), we obtain that

τ1 = −−u(x1) + u(x2)

∆x2
+

3− 2α

2
cu(x1)− 3− 2α

2
f(x1) +

u′(a)

∆x

= −−u
′(a)∆x− u(x1) + u(x2)

∆x2
+ cu(x1)− f(x1) +

1− 2α

2
u′′(x1)

= −
u(x1)−u′(a)∆x− 1−2α

2 u′′(x1)∆x2−2u(x1)+u(x2)

∆x2
+cu(x1)−f(x1). (3.1.22)
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Using the Taylor expansion for u′(x), we know that

u′(a) = u′(x1)− (1− α)u′′(x1)∆x+O(∆x2). (3.1.23)

Substituting (3.1.23) into (3.1.22), we have

τ1 = −
(
u(x1)− u′(x1)∆x+ 1

2u
′′(x1)∆x2

)
− 2u(x1) + u(x2)

∆x2
+ cu(x1)− f(x1) +O(∆x)

= −u(x0)− 2u(x1) + u(x2) +O(∆x3)

∆x2
+ cu(x1)− f(x1) +O(∆x)

= O(∆x2) +O(∆x) = O(∆x) (3.1.24)

Similarly, τn−1 = O(∆x).

Let A be the coefficient matrix of linear system (3.1.21), e = (e1, . . . , en−1)T , and

τ = (τ1, . . . , τn−1). Then e = A−1τ . Using the formula in [91], we can prove again

that (A−1)j,k = O(∆x) for 1 ≤ j, k ≤ n − 1. Using the relation between errors and

truncation errors (3.1.7), we obtain that ei = O(∆x2) for i = 1, . . . , n− 1. �

3.1.3 Extrapolation augmented with interpolation

Until now we have only used values of grid points to extrapolate values of ghost points.

Actually the points used for extrapolations do not have to be grid points in the first

place. We can choose any points in the interior or on the boundary of the interval as

extrapolation points, and then interpolate values of these extrapolation points from

values of grid points. As we shall see next, this new extrapolation strategy yields

similar results to the normal extrapolation method. However, the new method can

be easily generalized to handle boundary conditions in higher dimensional spaces as

we will see in Section 3.2.

We first look at an example (Figure 3.1) of using linear extrapolation to impose a

Dirichlet boundary condition augmented with linear interpolation in 1-D. The hori-

zontal axis represents positions of points, and the vertical direction represents values

of u. Our goal is to represent the value un at the ghost point xn by values of the

grid points and the boundary point b. Previously we used the grid point xn−1 and

the boundary point b to construct a linear polynomial, and then evaluated it at xn

to obtain un. Now instead of xn−1 we use y = 2b− xn which is the mirror point of xn

with respect to b. If we were able to know u(y), then via linear extrapolation

un = 2u(b)− u(y). (3.1.25)

However, since y is typically not a grid point, we obtain its value via interpolation of

grid point values. We then substitute the representation of u(y) by grid point values

into (3.1.25) to obtain un, and solve for un if the representation of u(y) involves un.
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xn−2 xn−1 xnby

un−2

un−1

u(y)

u(b)

un

(a) Situation when β ≥ 1
2 (b− xn−1 <

∆x
2 ). Here xn − b = b− y.

xn−2 xn−1 xnby

un−2

un−1

u(y) u(b)
un

(b) Situation when β < 1
2 (b− xn−1 >

∆x
2 ). Here xn − b = b− y.

Figure 3.1: Illustration of linear extrapolation augmented with linear interpolation
to impose Dirichlet boundary conditions in 1-D.
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For ease of illustration we use linear interpolation to obtain u(y). The details of

the interpolation for u(y) are as follows. Depending on the position of xn, y might

fall between xn−2 and xn−1 or between xn−1 and xn. Using the same notation as in

Theorem 3.1.1, let xn− b = β∆x. If β ≥ 1
2

(b− xn−1 ≤ ∆x
2

), then y lies between xn−2

and xn−1 (see Figure 3.1(a)). In this case, we can approximate u(y) through linear

interpolation of un−2 and un−1:

u(y) ≈ xn−1 − y
∆x

un−2 +
y − xn−2

∆x
un−1 = (2β − 1)un−2 + (2− 2β)un−1. (3.1.26)

Combining (3.1.25) and (3.1.26), we obtain the following approximation of un using

the values of grid points,

un = 2u(b)− [(2β − 1)un−2 + (2− 2β)un−1], when β ≥ 1

2
. (3.1.27)

If β < 1
2

(b − xn−1 >
∆x
2

), then y lies between xn−1 and xn (see Figure 3.1(b)). In

this case, we would like to approximate u(y) via linear interpolation of un−1 and un:

u(y) ≈ xn − y
∆x

un−1 +
y − xn−1

∆x
un = 2βun−1 + (1− 2β)un. (3.1.28)

Combining (3.1.25) and (3.1.28), un satisfies the following relationship,

un = 2u(b)− [2βun−1 + (1− 2β)un]. (3.1.29)

Since the approximation of u(y) involves un, the right hand side of (3.1.29) also

contains un. Solving un from (3.1.29) we get

un =
u(b)− βun−1

1− β
, when β <

1

2
. (3.1.30)

Note that (3.1.30) can be directly obtained by constructing a linear polynomial

through xn−1 and b and then evaluating at xn. The above extrapolation method

depending on the relative position of b is reasonable in the following sense. If b is not

close to xn−1 (β < 1
2
), we use the normal extrapolation scheme (3.1.30) to obtain un.

If b is close to xn−1 (β ≥ 1
2
), especially when b is approaching xn−1 (β → 1), (3.1.30)

is not a stable scheme to compute un; in this case, we use the alternative scheme

(3.1.27) which involves two interior grid points and the boundary point b.

The above procedure can be summarized as follows. We first compute the mirror

point y = 2b − xn of xn with respect to the boundary b. We then find the linear

interpolation stencil containing y and represent u(y) by interpolation of grid point

values. Finally we compute un through linear extrapolation un = 2u(b) − u(y), and
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xn−2 xn−1 xnby

u′(b)

un−2

u(y)

un−1

un

Figure 3.2: Illustration of 2nd-order approximation of Neumann boundary condition
augmented with quadratic interpolation in 1-D.

solve for un if the representation of u(y) involves un. The whole procedure seems a

bit tedious for this simple 1-D problem. However, as we shall see in Section 3.2.1, this

procedure can be extended in a straightforward manner to handle Dirichlet boundary

conditions in higher dimensional spaces.

Similarly, we can find a 2nd-order approximation for Neumann boundary condi-

tions using the centered finite difference scheme augmented with quadratic interpola-

tions. As shown in Figure 3.2, we find the point y = 2b− xn, and approximate u′(b)

via the centered finite difference scheme,

u′(b) =
un − u(y)

2β∆x
. (3.1.31)

Solving (3.1.31) for un, we obtain that

un = 2βu′(b)∆x+ u(y). (3.1.32)

Using the quadratic interpolation stencil {xn−2, xn−1, xn}, u(y) can be approximated

with the following Lagrange polynomial interpolation,

u(y) ≈ (y−xn−1)(y−xn)
(xn−2−xn−1)(xn−2−xn)

un−2 + (y−xn−2)(y−xn)
(xn−1−xn−2)(xn−1−xn)

un−1 + (y−xn−2)(y−xn−1)
(xn−xn−2)(xn−xn−1)

un
= (2β2 − β)un−2 + (−4β2 + 4β)un−1 + (2β2 − 3β + 1)un

(3.1.33)

48



Substituting (3.1.33) into (3.1.32), and solving for un, we obtain that

un =
2u′(b)∆x+ (2β − 1)un−2 + (4− 4β)un−1

3− 2β
. (3.1.34)

Again the above procedure seems unnecessary for 1-D problems since (3.1.34) is ex-

actly the same as (3.1.18) which was obtained in a more straightforward manner.

However, as we shall see in Section 3.2.2, it can be easily extended to handle Neu-

mann boundary conditions in higher dimensional spaces.

3.2 Ghost point approach for domains in higher

dimensional spaces

In this section, we extend the ideas in Section 3.1.3 to handle general boundary

conditions in higher dimensions. We start with an example of obtaining values of ghost

points via linear extrapolation and interpolation for Dirichlet boundary conditions in

two dimensions. We shall study how to represent values of ghost points using values

of the remaining grid points, and construct a complete scheme to solve Poisson’s

equation on a domain in Rn (n ≥ 2) with smooth boundary. Similar ideas are then

applied to solve elliptic equations with Neumann and Robin boundary conditions.

3.2.1 Dirichlet boundary conditions

xi

cp(xi)

yi

xj
cp(xj)yjΩ (interior)

Figure 3.3: Illustration of linear extrapolation augmented with linear interpolation
to impose Dirichlet boundary conditions for a two dimensional domain.
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Figure 3.3 illustrates how to obtain the values of ghost points using linear extrap-

olations augmented by linear interpolations. As discussed in Section 3.1.1, we define

ghost points to be grid points strictly outside the domain Ω. For each ghost point

xi, let cp(xi) be the point on the boundary of the domain which is closest to xi in

Euclidean distance, and let yi = 2cp(xi)− xi be the mirror point of xi with respect

to cp(xi). Assuming the Dirichlet boundary condition u(x) = g(x) where x ∈ ∂Ω,

for each ghost point xi, we know the value u(cp(xi)) = g(cp(xi)) at its closest point

cp(xi). We can then approximate u(xi) by values of interior and boundary points

using linear extrapolation,

u(xi) = 2u(cp(xi))− u(yi). (3.2.1)

Since yi is typically not a grid point, we obtain its value through linear interpolation

of grid point values. Depending on the position of the ghost point, the interpolation

stencil of the mirror point might or might not contain ghost points. For example,

in Figure 3.3, the interpolation stencil of yi contains only interior grid points, while

the interpolation stencil of yj contains both interior and ghost points. If we replace

u(yi) with the linear interpolation of grid point values in equation (3.2.1) for every

ghost point xi, then we obtain a system of linear equations. We regard the values of

ghost points as unknowns, and the values of the remaining grid points (including grid

points in the interior and on the boundary) as knowns. Solving this linear system, we

can represent the values of ghost points by values of grid points in the interior and

on the boundary.

Notice that the representation of values at ghost points by values of the remaining

grid points only depends on the boundary conditions; it does not rely on the equation

we want to solve in Ω, nor on the scheme we use to discretize the interior equation.

Therefore, we are able to separate the discretization of the PDE and the boundary

conditions. We do not need to explicitly make special adjustment to the difference

scheme for grid points near the boundary.

Consider the following Poisson’s equation in Ω ⊂ Rn,

−∆u(x) = f(x), x ∈ Ω, (3.2.2a)

u(x) = g(x), x ∈ ∂Ω. (3.2.2b)

For all the grid points in the interior and on the boundary of Ω, we use the standard

centered finite difference scheme to discretize (3.2.2a); for all the ghost points, we use

the extrapolation method mentioned before to represent their values by the values of
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the remaining grid points according to the boundary condition (3.2.2b). To be more

precise, we shall introduce a matrix formulation of this strategy.

Let G be the set of all ghost points. We first need to determine what G is. If

we use linear extrapolation to impose the Dirichlet boundary condition, then the set

G should contain every ghost point which can appear in the interpolation stencil for

some yi. Since yi is in the interior of Ω, it is enough to choose the set G containing

every ghost point which can appear in the interpolation stencil for some point on ∂Ω.

In practice, we choose

G = {xi | 0 < dist(xi,Ω) ≤ p+ 1

2

√
d∆x},

where p is the augmenting interpolation degree, d is the dimension and ∆x is the

grid size. This choice of G also works for Neumann/Robin boundary conditions.

Furthermore, it is suitable for higher order approximations of boundary conditions,

as we shall discuss in Section 3.2.4.

Let u be the column vector storing the values of all grid points, let uG be the

column vector storing the values of ghost points in G, let uI be the column vector

storing the values of non-ghost points2. If we number the grid points properly, then

u =

(
uI
uG

)
.

Let ni be the length of uI , ng be the length of uG, and n = ni+ng be the length of u.

Let fI be the column vector storing the values of function f evaluated at interior and

boundary grid points. Let L be the Laplacian matrix corresponding to the Laplacian

operating on the non-ghost points. Note that L is a rectangular matrix of size ni×n
since the Laplacian stencil for points close to or on the boundary also involves ghost

points. To make the structure of L more clear, we denote L as L = (LII LIG), where

LII is an ni × ni matrix corresponding to the contributions of interior and boundary

grid points, and LIG is an ni×ng matrix corresponding to the contributions of ghost

points. Then the discretization of (3.2.2a) becomes

−Lu = − (LII LIG)

(
uI
uG

)
= fI . (3.2.3)

Let cp(G) be the set of the closest points of ghost points, and Y be the set of mirror

points of ghost points with respect to the boundary: Y = {y|y = 2cp(xi)−xi, xi ∈
G}. Let uY be the column vector storing the values of points in Y . Let gcp(G) be the

2Here “non-ghost” points refer to grid points which are not ghost points. Non-ghost points could
appear either in the interior or on the boundary of the domain.
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column vector storing the values of function g evaluated at the points in set cp(G).

Let Ep
Y be an ng × n matrix that uses degree p polynomial to interpolate the values

of points in Y from values of grid points:

uY = Ep
Yu (3.2.4)

With the definition of Ep
Y , we can discretize (3.2.1) as uG = 2gcp(G) −Ep

Yu, or

uG +Ep
Yu = 2gcp(G). (3.2.5)

Let

IG =
(
Ong×ni Ing×ng

)
, (3.2.6)

then equation (3.2.5) becomes

(IG +Ep
Y )u = 2gcp(G).

In other words, the discretization of (3.2.2b) becomes

Bu = gcp(G), where B =
1

2
(IG +Ep

Y ). (3.2.7)

For convenience, we partition the ng × n matrix B into two parts,

B = (BGI BGG) .

Combining (3.2.3) and (3.2.7), we obtain a complete discretization for (3.2.2),(
−L
B

)
u =

(
−LII −LIG
BGI BGG

)(
uI
uG

)
=

(
fI
gcp(G)

)
, (3.2.8)

where B is defined by (3.2.7). We can directly solve the linear system (3.2.8) to

obtain u. Alternatively, as discussed before, we could first represent values of ghost

points by values of the remaining grid points, i.e., representing uG by uI ,

uG = −B−1
GGBGIuI +B−1

GGgcp(G); (3.2.9)

and then substitute (3.2.9) back into (3.2.8), reducing it to a system containing only

uI as unknowns, (
−LII +LIGB

−1
GGBGI

)
uI = fI +LIGB

−1
GGgcp(G). (3.2.10)

Notice that (3.2.10) is a generalization of scheme (3.1.10) for 1-D Poisson’s equation

with Dirichlet boundary conditions. Both schemes (3.1.10) and (3.2.10) discretize the

Laplacian operator for non-ghost points using the centered finite difference scheme,
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and extrapolate the values of ghost points from values of non-ghost points so that the

Dirichlet boundary condition is satisfied. We expect that (3.2.10) would have similar

consistency properties to (3.1.10). However, the analysis of stability and convergence

for scheme (3.2.10) is much more challenging and left as future work. In this thesis, we

focus on the numerical study of scheme (3.2.10). As we shall see in Section 3.2.5, 2nd-

order convergence results are observed if centered finite differences for the Laplacian

and linear extrapolation for the Dirichlet boundary condition are used.

3.2.2 Neumann boundary conditions

In Section 3.2.1 we discussed how to handle Dirichlet boundary conditions for the

Poisson problem in a domain with a smooth boundary. We shall use similar ideas

to deal with Neumann boundary conditions in this section. As we have seen in the

previous section, the discretization of the PDE and the boundary condition can be

separated. The only question is how to extrapolate values of ghost points from values

of the remaining grid points according to the boundary conditions.

We consider the shifted Poisson’s equation with Neumann boundary conditions,

−∆u(x) + cu(x) = f(x), x ∈ Ω, (3.2.11a)

∂u

∂n
(x) = h(x), x ∈ ∂Ω, (3.2.11b)

where c is a positive constant, and n is the outward pointing normal vector.

Although we are dealing with Neumann boundary conditions, Figure 3.3 still

illustrates the necessary idea. We shall approximate the normal derivative at cp(xi)

via centered finite differences acting along the line jointing xi to yi,

h(cp(xi)) =
∂u

∂n
(cp(xi)) ≈

u(xi)− u(yi)

‖xi − yi‖2

, (3.2.12)

where yi = 2cp(xi) − xi. Recall that the ghost point xi is strictly outside Ω, so

‖xi−yi‖2 > 0 and the right hand side of (3.2.12) is well defined. However, ‖xi−yi‖2

might almost be zero when xi is very close to ∂Ω. To avoid the numerical instability

of dividing by tiny numbers, we multiply (3.2.12) by ‖xi − yi‖2 = 2‖xi − cp(xi)‖2

and obtain the following approximation for u(xi),

u(xi) = u(yi) + 2h(cp(xi))‖xi − cp(xi)‖2. (3.2.13)

Notice that when xi approaches ∂Ω (xi → yi), equation (3.2.13) simply reduces to

u(xi) = u(yi), which is trivially true. Let hcp(G) be the column vector storing the
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values of function h evaluated at the closest points of the ghost grid points. Let d

be the column vector storing the distances between the ghost points and their closest

points,

d = (‖xi − cp(xi)‖2, i = 1, . . . , ng) .

Let hcp(G)d be the column vector storing the product of the corresponding entries of

hcp(G) and d,

hcp(G)d = (h(cp(xi))di, i = 1, . . . , ng) .

Let IG be defined by (3.2.6), and define Eq
Y as the degree q interpolation matrix so

that uY = Eq
Yu. Then the matrix form of the discretization of (3.2.13) is

(IG −Eq
Y )u = 2hcp(G)d,

which can be written as

Bu = hcp(G)d, where B =
1

2
(IG −Eq

Y ). (3.2.14)

The disretization for the interior equation (3.2.11a) is again standard. Let L,

u and fI be defined similarly in Section 3.2.1, and let II =
(
Ini×ni Oni×ng

)
. The

discretization of (3.2.11a) in matrix form is

Au = fI , where A = −L+ cII . (3.2.15)

Combining (3.2.15) and (3.2.14), and using a similar matrix partition to the one in

Section 3.2.1, we obtain the following complete discretization for problem (3.2.11),(
A
B

)
u =

(
AII AIG

BGI BGG

)(
uI
uG

)
=

(
fI

hcp(G)d

)
, (3.2.16)

where A is defined in (3.2.15) and B is defined in (3.2.14). Again we can either solve

(3.2.16) directly, or reduce it to an ni × ni linear system via representing uG by uI .

To be more precise, we first represent uG by uI ,

uG = −B−1
GGBGIuI +B−1

GG(hcp(G)d); (3.2.17)

and then substitute (3.2.17) back into (3.2.16) to obtain(
AII −AIGB

−1
GGBGI

)
uI = fI −AIGB

−1
GG(hcp(G)d). (3.2.18)
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3.2.3 Robin boundary conditions

In this section we consider Poisson’s equation with Robin boundary conditions,

−∆u(x) = f(x), x ∈ Ω, (3.2.19a)

u(x) + ϕ(x)
∂u

∂n
(x) = h(x), x ∈ ∂Ω. (3.2.19b)

The method to deal with Robin boundary conditions is a combination of the method

to handle Dirichlet and Neumann boundary conditions. For each ghost point xi, we

evaluate the boundary condition (3.2.19b) at its closest point cp(xi),

u(cp(xi)) + ϕ(cp(xi))
∂u

∂n
(cp(xi)) = h(cp(xi)). (3.2.20)

Let yi = 2cp(xi) − xi, then we can approximate u(cp(xi)) by 1
2
(u(xi) + u(yi)),

and approximate ∂u
∂n

(cp(xi)) by u(xi)−u(yi)
2‖xi−cp(xi)‖2 . Substituting these approximations into

(3.2.20), we obtain that

1

2
(u(xi) + u(yi)) + ϕ(cp(xi))

u(xi)− u(yi)

2‖xi − cp(xi)‖2

= h(cp(xi)). (3.2.21)

Rearranging (3.2.21) we obtain that(
‖xi − cp(xi)‖2 + ϕ(cp(xi))

)
u(xi) +

(
‖xi − cp(xi)‖2 − ϕ(cp(xi))

)
u(yi)

= 2‖xi − cp(xi)‖2h(cp(xi)).
(3.2.22)

Let D be an ng×ng diagonal matrix whose diagonal entries are the distances between

the ghost points and their closest points,

D =

 ‖x1 − cp(x1)‖2

. . .

‖xng − cp(xng)‖2


ng×ng

. (3.2.23)

Let Φ be an ng × ng diagonal matrix whose diagonal entries are the values of the

function ϕ evaluated at the closest points of the ghost points,

Φ =

 ϕ(cp(x1))
. . .

ϕ(cp(xng))


ng×ng

. (3.2.24)

Let IG, Eq
Y and hcp(G)d be defined as in Section 3.2.2, then the matrix form of

discretization (3.2.22) becomes

Bu = hcp(G)d, where B =
1

2
[(D + Φ)IG + (D −Φ)Eq

Y ]. (3.2.25)
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As in the Dirichlet boundary condition case, for the non-exterior grid points we have

−Lu = − (LII LIG)

(
uI
uG

)
= fI . (3.2.26)

Combining (3.2.25) and (3.2.26), we obtain the matrix form for the discretization of

(3.2.19), (
−L
B

)
u =

(
−LII −LIG
BGI BGG

)(
uI
uG

)
=

(
fI

hcp(G)d

)
, (3.2.27)

where B is defined by (3.2.25). The linear system (3.2.27) has the same structure

as (3.2.8) and (3.2.16). Therefore, we can either solve (3.2.27) directly or reduce it

to a smaller system with only non-exterior grid points values as unknowns: We first

represent uG by uI ,

uG = −B−1
GGBGIuI +B−1

GG(hcp(G)d); (3.2.28)

and then substitute (3.2.28) back into (3.2.27) to obtain(
−LII +LIGB

−1
GGBGI

)
uI = fI +LIGB

−1
GG(hcp(G)d). (3.2.29)

3.2.4 Higher order approximations for boundary conditions

From the analysis for the one dimensional case in Section 3.1, we expect that lin-

ear extrapolation augmented with linear interpolation would be enough to yield a

2nd-order scheme for Dirichlet boundary conditions in higher dimensions, and 2nd-

order approximation for the normal derivative combined with quadratic interpolation

for values of the mirror points would be enough to give us a 2nd-order scheme for

Neumann boundary conditions. The numerical results in Section 3.2.5 roughly a-

gree with these expectations. Nevertheless, an extra order of approximation to the

boundary condition typically helps us to obtain numerical results with smaller errors

and better convergence in practice. Therefore, we discuss how to obtain higher order

approximations for boundary conditions in this section.

Since the extrapolation (or approximation) step and the augmenting interpolation

step are separated, we can first make an extrapolation or approximation along the

one-dimensional normal direction, and then interpolate values of the points needed

for extrapolation or approximation. For example, Figure 3.4 illustrates quadratic

extrapolation for Dirichlet boundary conditions. For each ghost point xi, we first

find its closest point cp(xi) on ∂Ω, then define yi = 2cp(xi) − xi, and finally let
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xi

cp(xi)

yi

zi

Ω (interior)

Figure 3.4: Illustration of higher order approximations for boundary conditions.

zi = 2yi − cp(xi). We construct a quadratic polynomial along the normal direc-

tion by interpolating (xi, u(xi)), (yi, u(yi)) and (zi, u(zi)), and then we evaluate the

polynomial at cp(xi) to obtain

u(cp(xi)) =
1

3

(
u(xi) + 3u(yi)− u(zi)

)
. (3.2.30)

Let IG, Ep
Y and gcp(G) be defined as in Section 3.2.1, and define Ep

Z as the degree

p interpolation matrix which interpolates the value of zi from values of grid points:

uz = Ep
Zu. Then the discretization of (3.2.30) becomes

Bu = gcp(G), where B =
1

3

(
IG + 3Ep

Y −E
p
Z

)
. (3.2.31)

One can then substitute (3.2.31) into (3.2.8) to obtain a new complete scheme for

(3.2.2).

Similarly, one can construct a third order approximation for Neumann boundary

conditions. Let us take a second look at Figure 3.4. To approximate the normal

derivative at cp(xi), we build a cubic polynomial p(x) along the normal direction

interpolating at points {xi, cp(xi),yi, zi}, and compute the first derivative of the

polynomial at cp(xi),

∂u

∂n
(cp(xi)) ≈ p′(cp(xi)) =

2u(xi) + 3u(cp(xi))− 6u(yi) + u(zi)

6‖xi − cp(xi)‖2

. (3.2.32)

Let IG, Eq
Y , and hcp(G)d be defined as in Section 3.2.2. Let Eq

Z be the degree q

interpolation matrix for the values of zi’s: uz = Ep
Zu. Let Eq

cp(G) be the degree q
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interpolation matrix for the closest points of the ghost points: ucp(G) = Eq
cp(G)u.

Then the discretization of (3.2.32) is

Bu = hcp(G)d, where B =
1

6

(
2IG + 3Eq

cp(G) − 6Eq
Y +Eq

Z

)
. (3.2.33)

Finally, we add up the approximations for u(cp(xi)) and ϕ(cp(xi))
∂u
∂n

(cp(xi)) to

obtain an approximation for the Robin boundary conditions. With the same notations

as before, the matrix form of the new high order approximation for Robin boundary

condition is

Bu = hcp(G)d, where B =
1

3
D
(
IG + 3Ep

Y −E
p
Z

)
+

1

6
Φ(2IG + 3Eq

cp(G)− 6Eq
Y +Eq

Z).

(3.2.34)

In practice, we usually use the same degree of interpolation for the approximation

of u(cp(xi)) and ∂u
∂n

(cp(xi)), i.e., p = q in (3.2.34). In this case, our discretization

becomes

Bu = hcp(G)d, whereB =
1

3
(D + Φ) IG+

1

2
ΦEq

cp(G)+(D −Φ)Eq
Y−
(

1

3
D − 1

6
Φ

)
Eq
Z .

(3.2.35)

3.2.5 Numerical examples for Poisson problems on two di-
mensional domains

In this section, we consider several numerical examples on different domains in R2.

Problems in three dimensions will be solved with a multigrid method in the next

chapter.

3.2.5.1 Poisson problems on a disk

First of all, we consider Poisson’s equation with Dirichlet boundary conditions (3.2.2)

on a disk centered at origin with radius
√

2. The exact solution u(θ, r) is chosen

to be r5 sin(2θ) in polar coordinates. The right hand side function f = −∆u =

−21r3 sin(2θ) is then computed using ∆u = 1
r
d
dr

(
r du
dr

)
+ 1

r2
d2u
dθ2

. Dirichlet boundary

conditions are specified according to the value of the exact solution. We apply dis-

cretization (3.2.7) with p = 1 (linear extrapolation augmented by linear interpolation)

to handle the boundary conditions. Table 3.1(a) shows 2nd order convergence result-

s for the corresponding scheme (3.2.8). We also tested discretization (3.2.31) with

p = 2 (quadratic extrapolations augmented by quadratic interpolations) for boundary

conditions. From Table 3.1(b), when using the higher order approximation to handle

boundary conditions we still obtain 2nd-order convergence results. This is because
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we are still using 2nd-order approximation to the Laplacian in the interior of the

domain. Nevertheless, the errors from the scheme with a higher order approximation

to boundary conditions are smaller than those from the lower order approximation

to boundary conditions.

Table 3.1: Convergence study for Poisson’s equation on a disk with Dirichlet bound-
ary conditions.

(a) Linear extrapolation and linear interpolation

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 1.53e-1 3.69e-2 9.04e-3 2.24e-3 5.65e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.05 2.03 2.02 1.98

(b) Quadratic extrapolation and quadratic interpolation

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 1.76e-2 2.34e-3 3.00e-4 6.63e-5 1.71e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.91 2.96 2.18 1.95

We then solve the shifted Poisson’s equation with Neumann boundary conditions

(3.2.11) on the same disk. The same exact solution u = r5 sin(2θ) is chosen. The shift

is chosen to be c = 1, and the right hand side function, f = −∆u+u = −20r3 sin(2θ).

On the boundary ∂u
∂n

= 20 sin(2θ). We discretize the Neumann boundary conditions

by (3.2.14) with q = 2 and (3.2.33) with q = 3, and the corresponding convergence

numerical results are shown in Tables 3.2(a) and 3.2(b) respectively. From Table 3.2

we can see that the lower order discretization (3.2.14) gives roughly 2nd order con-

vergence results, while the higher order discretization (3.2.33) gives clear 2nd order

convergence results with smaller numerical errors.

We finally consider Poisson’s equation with Robin boundary conditions (3.2.19)

on the same disk. Again the exact solution is chosen to be u(θ, r) = r5 sin(2θ), and

f(θ, r) = −21r3 sin(2θ). On the boundary u+ϕ ∂u
∂n

= h, where ϕ(θ, r) = 2+cos(θ), and

h(θ, r) = 4
√

2 sin(2θ) + 20(2 + cos(θ)) sin(2θ). We test the lower order approximation

(3.2.25) with q = 3 and the higher order approximation (3.2.35) with q = 3 to

handle Robin boundary conditions. Table 3.3(a) shows roughly 2nd-order convergence

results for the lower order approximation (3.2.25). Table 3.3(b) shows clear 2nd-order

convergence for the higher order discretization (3.2.35) with smaller numerical errors

than those in Table 3.3(a).
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Table 3.2: Convergence study for the shifted Poisson’s equation on a disk with
Neumann boundary conditions.

(a) 2nd-order approximation for the normal derivative augmented by
quadratic interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 4.89e-2 1.57e-2 4.42e-3 1.16e-3 3.07e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.64 1.83 1.92 1.92

(b) 3rd-order approximation for the normal derivative augmented by cubic
interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 1.18e-2 3.15e-3 7.97e-4 2.00e-4 4.96e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.90 1.98 2.00 2.01

Table 3.3: Convergence study for Poisson’s equation on a disk with Robin boundary
conditions.

(a) Lower-order discretization (3.2.25) augmented by cubic interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 3.48e-2 1.27e-2 3.87e-3 1.04e-3 2.24e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.45 1.72 1.89 2.22

(b) Higher-order discretization (3.2.35) augmented by cubic interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 1.36e-2 3.61e-3 8.65e-4 2.08e-4 5.03e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.90 2.06 2.06 2.05

60



3.2.5.2 Poisson problems on a bean-shaped domain

In this section, we investigate Poisson problems on a domain surrounded by a bean-

shaped curve. The bean-shaped curve is a parameterized spline curve defined in Sec-

tion 2.5.2 (see Figure 2.4). To solve Poisson problems on the bean-shaped domain, we

first need to clarify which grid points are exterior to the domain. A general approach

would be finding the closest point representation of the domain; another method is to

find the closest points of the boundary of the domain and the signed distance func-

tions. Here we make use of the parametrization of the boundary of the domain. After

obtaining a parametrization (x(t), y(t)) of the bean curve as described in Section 2.5.2,

we compute the unit tangent vector field (tx, ty) =

(
ẋ(t)√

ẋ2(t)+ẏ2(t)
, ẏ(t)√

ẋ2(t)+ẏ2(t)

)
. The

outward unit normal vector field is then either (ty,−tx) or (−ty, tx). In other words,

we have the analytical expressions of the outward unit normal for each point on the

bean curve. For each grid point xi, we find its closest point cp(xi) and compute the

vector xi − cp(xi); if this vector has the same direction as the outward normal, then

xi is an exterior grid point, otherwise xi is an interior grid point.

We choose the exact solution to be u(x, y) = x6y6 +x6 +y6 +sin(2πx)+sin(2πy)+

cos(2πx) + cos(2πy). We then compute the right hand side function and set up

different kinds of boundary conditions according to this exact solution. Table 3.4

shows the convergence results for solving Poisson’s equation (3.2.2) with Dirichlet

boundary conditions. The Dirichlet boundary conditions are set up to match the

exact solution evaluated on the boundary. Table 3.5 shows the convergence results

for solving the shifted Poisson’s equation (3.2.11) with Neumann boundary conditions.

The Neumann boundary conditions are set up to match the normal derivatives of the

exact solution on the boundary. Table 3.6 shows the convergence results for solving

Poisson’s equation (3.2.19) with Robin boundary conditions. The Robin boundary

conditions are set up by computing h = u+ϕ ∂u
∂n

on the boundary, where ϕ is chosen to

be 2 +x+ y. All of the numerical results share similar trends with the corresponding

problem on a disk as discussed before.

3.3 Elliptic equations on surfaces with boundaries

In the previous chapter, we investigated how to solve elliptic PDEs on curves and

surfaces without boundaries. In Section 3.2, we discussed how to deal with boundary

conditions for domains which could be regarded as codimension-0 manifolds embed-

ded in Rn. Now we are ready to combine the ideas of handling surface differential
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Table 3.4: Convergence study for Poisson’s equation on a bean-shaped domain with
Dirichlet boundary conditions.

(a) Linear extrapolation and linear interpolation

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 1.89e-1 4.58e-2 1.13e-2 3.10e-3 8.89e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.05 2.01 1.87 1.80

(b) Quadratic extrapolation and quadratic interpolation

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 9.35e-2 1.81e-2 4.67e-3 1.19e-3 2.99e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.37 1.96 1.98 1.99

Table 3.5: Convergence study for the shifted Poisson’s equation on a bean-shaped
domain with Neumann boundary conditions.

(a) 2nd-order approximation for the normal derivative augmented by
quadratic interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 4.91e-1 1.13e-1 4.58e-2 1.21e-2 3.11e-3

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.11 1.31 1.92 1.96

(b) 3rd-order approximation for the normal derivative augmented by cubic
interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 2.72e-1 7.57e-2 1.58e-2 3.95e-3 9.38e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.84 2.26 2.00 2.07
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Table 3.6: Convergence study for Poisson’s equation on a bean-shaped domain with
Robin boundary conditions.

(a) Lower-order discretization (3.2.25) augmented by cubic interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 2.20e-1 4.50e-2 1.49e-2 3.77e-3 8.51e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.29 1.60 1.98 2.15

(b) Higher-order discretization (3.2.35) augmented by cubic interpolations

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 2.30e-1 5.54e-2 1.32e-2 3.28e-3 7.88e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.05 2.07 2.01 2.06

operators and boundary conditions to solve elliptic PDEs on curves and surfaces with

boundaries.

Suppose we have a set of grid points surrounding the curve or surface with a

boundary. If a grid point does not lies on the boundary but its closest point lie on the

boundary, then we define this grid point to be a ghost point. For all the grid points

that are not ghost points, we apply discretization (2.2.1) as discussed in the previous

chapter. For all the ghost points, we shall modify the ideas described in Section 3.2 to

handle boundary conditions. The details shall be described for Dirichlet, Neumann

and Robin boundary conditions.

3.3.1 Dirichlet boundary conditions

In this section we consider the following surface Poisson’s equation on S with bound-

ary ∂S,

−∆Su(x) = f(x), x ∈ S, (3.3.1a)

u(x) = g(x), x ∈ ∂S. (3.3.1b)

Figure 3.5 illustrates the method to extrapolate values of ghost points according

to Dirichlet boundary conditions. The point xi is a ghost point, cp(xi) is its closest

point, yi = 2cp(xi) − xi, and zi = 2yi − cp(xi). Let ũ be the extended solution

which is constant along the normal directions to the curve. For the ghost point xi,

we can use linear extrapolation to obtain ũ(xi): ũ(xi) = 2ũ(cp(xi)) − ũ(yi). Since

63



xi

cp(xi)

yi

zi

S

cp(yi)

cp(zi)

Figure 3.5: Handling Dirichlet boundary conditions for a curve with a boundary.

ũ(yi) = ũ(cp(yi)),

ũ(xi) = 2ũ(cp(xi))− ũ(cp(yi)). (3.3.2)

LetG be the set of all ghost points, and cp(Y ) = {cp(yi)|yi = 2cp(xi)−xi, xi ∈ G}.
Define ucp(Y ) be the column vector storing the values of ũ at points in cp(Y ). Define

Ep
cp(Y ) be the degree p interpolation matrix interpolating values of points in cp(Y )

from grid points values: ucp(Y ) = Ep
cp(Y )u. Let uI , uG, u, gcp(G) and IG be defined

as in Section 3.2.1. Then (3.3.2) can be discretized as uG = 2gcp(G) −Ep
cp(Y )u, or

Bu = gcp(G), where B =
1

2
(IG +Ep

cp(Y )). (3.3.3)

Note that (3.3.3) is similar to the discretization (3.2.7) for the codimension-0 case

before. The difference is that in (3.3.3) we use Ep
cp(Y ) while in (3.2.7) we used Ep

Y .

Similarly to Section 3.2.4, we can also use a higher order extrapolation to obtain

values of ghost points as shown in Figure 3.5,

ũ(xi) = 3ũ(cp(xi))− 3ũ(cp(xi)) + ũ(cp(xi)). (3.3.4)

Let cp(Z) = {cp(zi)|zi = 2cp(yi) − cp(xi), xi ∈ G}. Define ucp(Z) be the column

vector storing the values of ũ at points in cp(Z). Define Ep
cp(Z) be the degree p

interpolation matrix interpolating values of points in cp(Z) from grid points values:

ucp(Z) = Ep
cp(Z)u. Then (3.3.4) can be discretized as uG = 3gcp(G) − 3Ep

cp(Y )u +

Ep
cp(Y )u, or

Bu = gcp(G), where B =
1

3

(
IG + 3Ep

cp(Y ) −E
p
cp(Z)

)
. (3.3.5)

As mentioned before, for grid points that are not ghost points, we can use the

discretization (2.2.1) with c = 0, which has matrix form (2.2.2). Let M = Ep1L −
γ(I−Ep2), where Ep1 and Ep2 are interpolation matrices for the closest points of grid
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points with degrees p1 and p2 respectively, I is the identity matrix, L is the Laplacian

matrix, and γ is a numerical parameter determining the amount of penalization. We

partition M into M =

(
MI

MG

)
, where MI is made of the first ni rows of M

corresponding to the non-exterior points, and MG is the rest ng rows which shall be

abandoned. Then the matrix form of the discretization of (3.3.1) becomes(
−MI

B

)
u =

(
fI
gcp(G)

)
, (3.3.6)

where B can be chosen to be either (3.3.3) or (3.3.5).

3.3.2 Neumann boundary conditions

In this section, we consider the shifted surface Poisson’s equation on S with boundary

∂S,

−∆Su(x) + cu(x) = f(x), x ∈ S, (3.3.7a)

∂u

∂µ
= h(x), x ∈ ∂S. (3.3.7b)

Here µ denotes the co-normal vector which is normal to ∂S but tangent to S. If S is

a curve with a boundary, then µ is just the tangent vector at the end point of S.

xi

cp(xi)yi

zi

S

cp(yi)

cp(zi)

µ

n
θi

Figure 3.6: Handling Neumann boundary conditions for a curve with a boundary.

Figure 3.6 illustrates how to handle Neumann boundary conditions for a curve

with a boundary. Let di = xi− cp(xi), n be the unit normal vector at cp(xi), and µ

be the unit co-normal vector at cp(xi). Let θi denote the angle between the co-normal

vector µ and the vector di. Then we have

∂ũ

∂di
(cp(xi)) =

∂ũ

∂µ
(cp(xi)) cos(θi) +

∂ũ

∂n
(cp(xi)) sin(θi).
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Remembering that ũ is constant along the normals to S, we have ∂ũ
∂n

(cp(xi)) = 0,

and thus
∂ũ

∂di
(cp(xi)) =

∂ũ

∂µ
(cp(xi)) cos(θi). (3.3.8)

If we approximate ∂ũ
∂di

(cp(xi)) by centered finite difference scheme, then we obtain

∂ũ

∂µ
(cp(xi)) cos(θi) =

ũ(xi)− ũ(yi)

‖xi − yi‖2

. (3.3.9)

Let di = ‖xi− cp(xi)‖2. Noting that ũ(yi) = ũ(cp(yi)) and yi = 2cp(xi)−xi, (3.3.9)

becomes
∂ũ

∂µ
(cp(xi)) cos(θi) =

ũ(xi)− ũ(cp(yi))

2di
. (3.3.10)

Let d̃ be the column vector storing the product of di and cos(θi): d̃ =
(
di cos(θi), i =

1, . . . , ng
)
. In practice, we obtain di cos(θi) by computing the dot product of di and

µ where di = xi− cp(xi) and the co-normal vector µ is known from the geometry of

the surface.

Let hcp(G) be the column vector storing the function h evaluated at the closest

points of the ghost points. Define hcp(G)d̃ =
(
h(cp(xi))d̃i, i = 1, . . . , ng

)
. Define

Eq
cp(Y ) to be the degree q interpolation matrix so that ucp(Y ) = Eq

cp(Y )u. Then the

discretization for (3.3.7b) becomes

Bu = hcp(G)d̃, where B =
1

2

(
IG −Eq

cp(Y )

)
. (3.3.11)

Similarly to (3.2.33), we can also construct a higher order scheme to handle Neumann

boundary conditions. Let Eq
cp(G) be the degree q interpolation matrix for the closest

points of ghost points: ucp(G) = Eq
cp(G)u. Let Eq

cp(Z) be the interpolation matrix

which interpolates the values of cp(zi)’s from values of grid points: ucp(Z) = Eq
cp(Z)u.

Then a higher order discretization for (3.3.7b) is

Bu = hcp(G)d, where B =
1

6

(
2IG + 3Eq

cp(G) − 6Eq
cp(Y ) +Eq

cp(Z)

)
. (3.3.12)

LetA = −M+cI whereM = Ep1L−γ(I−Ep2), and partitionA intoA =

(
AI

AG

)
.

Then the matrix form of discretization for (3.3.7) becomes(
AI

B

)
u =

(
fI
hcpd̃

)
, (3.3.13)

where B can be chosen to be either (3.3.11) or (3.3.12).
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Remark 3.3.1 The Neumann boundary condition specifies the derivative of u along

the co-normal vector µ, but we are only able to approximate the derivatives along

the vector di via finite differences. We overcome this issue by linking the derivatives

along different directions via a factor of cos(θi) to obtain (3.3.10). Our method is in

contrast to the approach in [59] where the authors focused on solving surface elliptic

eigenvalue problems with homogeneous boundary conditions and ignored the cos(θi)

term. This is because ∂u
∂µ

= 0 on the boundary for homogeneous Neumann boundary

conditions and the left hand side of (3.3.10) simply vanishes regardless of what cos(θi)

is.

Remark 3.3.2 Note that our technique for non-homogeneous Neumann boundary

conditions (and Robin boundary conditions as we shall see next) requires additional

geometric information compared to the Dirichlet case. We need to compute the inner

product between the co-normal vector µ and the vector di = xi − cp(xi). In our

experiments, we shall use explicitly an analytical representation of the co-normal.

Further research could investigate approximating this inner product purely from a

closest point representation of the surface (and perhaps an additional closest point

representation of the boundary itself).

3.3.3 Robin boundary conditions

We finally investigate Poisson’s equation on S with Robin boundary conditions,

−∆Su(x) = f(x), x ∈ S, (3.3.14a)

u(x) + ϕ(x)
∂u

∂µ
= h(x), x ∈ ∂S. (3.3.14b)

For each ghost point xi, we approximate (3.3.14b) at the corresponding closest point

cp(xi). Multiplying both sides of (3.3.14b) by cos(θi), and using (3.3.8) we obtain

that

ũ(cp(xi)) cos(θi) + ϕ(cp(xi))
∂ũ

∂di
(cp(xi)) = h(cp(xi)) cos(θi). (3.3.15)

Substituting the approximations ũ(cp(xi)) = 1
2

(
ũ(xi) + ũ(cp(yi))

)
and ∂ũ

∂di
(cp(xi)) =

ũ(xi)−ũ(cp(yi))
2di

into (3.3.15), and multiplying both sides by di, we obtain that

1

2

(
ũ(xi) + ũ(cp(yi))

)
di cos(θi) +

1

2
ϕ(cp(xi))

(
ũ(xi)− ũ(cp(yi))

)
= h(cp(xi))di cos(θi).

(3.3.16)
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Define ng × ng diagonal matrix

D̃ =

 d1 cos(θ1)
. . .

dn cos(θng)


ng×ng

.

Let Φ be defined as in (3.2.24). Then the matrix form of the discretization of (3.3.14b)

becomes

Bu = hcp(G)d̃, where B =
1

2
[(D̃ + Φ)IG + (D̃ −Φ)Eq

cp(Y )]. (3.3.17)

Similarly to (3.2.35), we can construct a higher order approximation for (3.3.14b),

Bu = hcpd̃, whereB =
1

3

(
D̃ + Φ

)
IG+

1

2
ΦEq

cp(G)+
(
D̃ −Φ

)
Eq

cp(Y )−
(

1

3
D̃ − 1

6
Φ

)
Eq

cp(Z).

(3.3.18)

Let M = Ep1L−γ(I−Ep2), and partition M into M =

(
MI

MG

)
. Then the matrix

form of the discretization for (3.3.14) becomes(
−MI

B

)
u =

(
fI

hcp(G)d̃

)
, (3.3.19)

where B can be chosen to be either (3.3.17) or (3.3.18).

3.3.4 Numerical examples for Poisson problems on curves
and surfaces with boundaries

In this section, we numerically solve surface Poisson problems with Dirichlet, Neu-

mann and Robin boundary conditions on a semicircle, a sine-shaped curve and a

hemisphere. We use lower order approximations (3.3.3), (3.3.11) and (3.3.17) to han-

dle boundary conditions. For convenience we choose the augmenting interpolation

degree to be 3 for all test cases, i.e., we choose p = 3 in (3.3.3) and q = 3 in (3.3.11)

and (3.3.17).

3.3.4.1 Semicircle

Table 3.7 shows the results of the convergence study on a semicircle centered at the

origin with radius
√

3. The exact solution is cos(θ) + sin(10θ). The right hand side

function and boundary conditions are set up according to the exact solution and the

geometry of the semicircle for each case.

68



Table 3.7: Convergence study for Poisson problems on a semicircle centered at the
origin with radius

√
3. The exact solution is cos(θ) + sin(10θ).

(a) Poisson’s equation (3.3.1) with Dirichlet boundary conditions. The bound-
ary conditions are dealt by linear extrapolation (3.3.3) and augmented by
cubic interpolation.

∆x 0.05 0.025 0.0125 0.00625 0.003125
‖u−uh‖∞
‖u‖∞ 5.19e-3 1.24e-3 3.05e-4 7.41e-5 1.83e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.07 2.02 2.04 2.02

(b) Shifted Poisson’s equation (3.3.7) with Neumann boundary conditions.
The boundary conditions are dealt by 2nd-order approximation (3.3.11) and
augmented by cubic interpolation.

∆x 0.05 0.025 0.0125 0.00625 0.003125
‖u−uh‖∞
‖u‖∞ 2.09e-2 5.03e-3 1.27e-3 3.18e-4 7.88e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.06 1.99 1.99 2.01

(c) Poisson’s equation (3.3.14) with Robin boundary conditions and ϕ(θ) =
2 + cos(θ). The boundary conditions are dealt by (3.3.17) and augmented by
cubic interpolation.

∆x 0.05 0.025 0.0125 0.00625 0.003125
‖u−uh‖∞
‖u‖∞ 3.69e-2 8.79e-3 2.21e-3 5.52e-4 1.36e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.07 1.99 2.00 2.02
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3.3.4.2 Sine-shaped curve

We solve surface Poisson’s equations with various boundary conditions on a sine-

shaped curve parameterized by (t, sin(t)) where t ∈ [0, 3
2
π]. Figure 3.7 shows the

banded computational grids with different mesh sizes. Table 3.8 shows the results of

the convergence study. The exact solution is cos(t) + sin(10t). The right hand side

function and the boundary conditions are set up according to the exact solution and

the geometry of the sine-shaped curve for each case.
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Figure 3.7: Computational grids for the Closest Point Method on a sine-shaped
curve with ∆x = 0.1 (left) and ∆x = 0.05 (right).

3.3.4.3 Hemisphere

Table 3.9 shows the results of the convergence study on a hemisphere centered at the

origin with radius
√

2. The exact solution is cos(3θ) sin(φ)3(9 cos(φ)2− 1). The right

hand side function and boundary conditions are then set up according to the exact

solution and the geometry of the hemisphere for each case.

3.4 Conclusion and discussion

In summary, we adopted the ghost point approach in a systematic manner to han-

dle Dirichlet, Neumamnn and Robin boundary conditions for Poisson problems on

domains and surfaces with boundaries. We think this method could be extended to

handle general (nonlinear) boundary conditions with the form G
(
x, u(x), ∂u

∂n
(x)
)

= 0

where x is on the boundary. In particular, for the grid points which are not ghost

points we discretize the elliptic equation using standard finite differences. For each

70



Table 3.8: Convergence study for Poisson problems on a sine-shaped curve parame-
terized by (t, sin(t)) where t ∈ [0, 3

2
π]. The exact solution is cos(t) + sin(10t).

(a) Poisson’s equation (3.3.1) with Dirichlet boundary conditions. The boundary
conditions are dealt by linear extrapolation (3.3.3) augmented by cubic interpolation.

∆x 0.0125 0.00625 0.003125 0.0015625 0.00078125
‖u−uh‖∞
‖u‖∞ 7.82e-4 1.94e-4 5.17e-5 1.20e-5 3.42e-6

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.01 1.91 2.11 1.80

(b) Shifted Poisson’s equation (3.3.7) with Neumann boundary conditions. The
boundary conditions are dealt by 2nd-order approximation (3.3.11) augmented by
cubic interpolation.

∆x 0.0125 0.00625 0.003125 0.0015625 0.00078125
‖u−uh‖∞
‖u‖∞ 3.25e-2 7.92e-3 1.88e-3 4.21e-4 8.49e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.04 2.08 2.16 2.31

(c) Poisson’s equation (3.3.14) with Robin boundary conditions and ϕ(t) = 2+sin(t).
The boundary conditions are dealt by (3.3.17) augmented by cubic interpolation.

∆x 0.0125 0.00625 0.003125 0.0015625 0.00078125
‖u−uh‖∞
‖u‖∞ 2.82e-2 6.95e-3 1.67e-3 3.75e-4 7.64e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.02 2.06 2.15 2.29
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Table 3.9: Convergence study for Poisson problems on a hemisphere centered at the
origin with radius

√
2.

(a) Poisson’s equation (3.3.1) with Dirichlet boundary condi-
tions. The boundary conditions are dealt by linear extrapolation
(3.3.3) augmented by cubic interpolation.

∆x 0.4 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 5.21e-1 1.58e-1 4.14e-2 1.05e-2

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.73 1.93 1.98

(b) Shifted Poisson’s equation (3.3.7) with Neumann boundary
conditions. The boundary conditions are dealt by 2nd-order
approximation (3.3.11) augmented by cubic interpolation.

∆x 0.4 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 1.91e-1 4.12e-2 1.09e-2 2.71e-3

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.21 1.92 2.00

(c) Poisson’s equation (3.3.14) with Robin boundary condition-
s and ϕ(θ, φ) = 2 + cos(θ). The boundary conditions are dealt
by (3.3.17) augmented by cubic interpolation.

∆x 0.4 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 2.5e-1 3.40e-2 1.84e-2 4.51e-3

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.76 2.01 2.03
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ghost point xi we can discretize G
(
x, u(x), ∂u

∂n
(x)
)

= 0 at cp(xi) using the method-

s described in this chapter. Combining these two parts of the discretized equation

together, we obtain a system of (nonlinear) equations. One could then use exist-

ing solvers for nonlinear equations such as Newton’s methods [46]. The particular

structure of the system could also potentially be exploited for increased efficiency.
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Chapter 4

Multigrid Solvers

In the previous two chapters we mainly focused on numerical examples in two di-

mensions, where the resulting linear systems are solved by sparse direct solvers (e.g.,

Matlab’s backslash). However, for problems where the embedding space is R3, fast

and robust iterative linear system solvers are desired. We decide to adopt the geomet-

ric multigrid method (see e.g., [13, 39]) because it is quite effective in solving linear

systems arising from discretization of elliptic operators. Some literature on multigrid

method for surface PDEs [48, 49, 11] is based on the finite element method. We shall

construct multigrid solvers in the setting of the Closest Point Method.

In Section 4.1, we develop a V-Cycle multigrid scheme to solve linear systems

arising from elliptic equations on curves and surfaces without boundaries1. In Sec-

tion 4.2, we modify the relaxation scheme in the algorithm of Section 4.1 to make

it work on codimension-0 domains. Finally in Section 4.3, we further modify the

relaxation method so that the multigrid algorithm can be adapted to elliptic PDEs

on curves and surfaces with boundaries. Numerical tests will be conducted in each

section to illustrate the efficiency of our multigrid algorithm. We shall see that for

all our test cases, the convergence speed almost stays the same as we increase the

number of grid levels, just as it does for the most basic multigrid solvers applied to

elliptic equations on regular square domains.

1The W-Cycle scheme is also briefly mentioned and tested, and it has slightly faster convergence
speed than the V-Cycle scheme. However, we shall focus on the V-Cycle scheme because it yields
similar results to the W-Cycle scheme with less computational cost.
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4.1 Multigrid solvers for surfaces without bound-

aries

Based on the closest point representation of the surface, we shall construct the relax-

ation scheme on each grid level and the restriction/prolongation operators transfer-

ring data between coarse and fine grids. A closest point method V-Cycle multigrid

algorithm will be constructed and tested, and a W-Cycle scheme will also be briefly

mentioned and tested. Most contents of this section are based on [16] written by the

current author.

4.1.1 The Multigrid “smoother”: weighted Jacobi iteration

One of the key ingredients of a multigrid algorithm is the “smoother” [13, 39], which

damps out high-frequency errors and thus smooths the solution at each grid level.

One good choice of “smoother” is the weighted Jacobi iteration: suppose we want to

solve Ahuh = fh, starting from some initial uh, we update the iterates by

uh := uh + ωdiag(Ah)−1(fh −Ahuh), (4.1.1)

where 0 < ω ≤ 1 is the weight parameter. One possible approach is to simply use

this standard weighted Jacobi iteration on the discretization (2.2.3) of our embedding

equation (2.1.5). An alternative strategy, and the one we propose here, is based

instead on considering the earlier constrained system (2.1.4): we want to ensure that

the solution satisfies the constraint (2.1.4b) so we re-extend the solution following

each weighted Jacobi iteration.

4.1.2 Ruuth–Merriman smoothing strategy

The idea of this new smoothing strategy stems from the original Ruuth–Merriman

approach for time-dependent surface PDEs [79]. In the continuous setting, if the

solution ũ is constant along the direction normal to the surface, then the Cartesian

Laplacian of ũ agrees with the Laplace–Beltrami function of ũ on the surface. So,

roughly speaking, Lhuh is consistent with ∆S ũ on the surface, provided that uh is

constant along the normals to the surface. Here uh is the discrete solution and Lh is

the usual Cartesian Laplacian matrix. Under this side condition, we can replace Mh

with Lh in one iteration, where Mh = Eh
pL

h − γ(Ih −Eh
q ) was defined in equation

(2.2.3). Let Ãh = cIh − Lh be the shifted Cartesian Laplacian matrix. Starting

from an initial uh which is constant along the normal direction to the surface, in one
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iteration we do the standard Jacobi iteration with respect to the Ãh = cIh − Lh

(instead of Ah = cIh −Mh), and then immediately do a closest point extension to

ensure the discrete solution is still constant along the normal direction to the surface:

uh := uh + ωdiag(Ãh)−1(fh − Ãhuh), (4.1.2a)

uh := Ehuh. (4.1.2b)

Typically one needs to pick a weight ω strictly less than one for smoothing because

pure Jacobi iteration (ω = 1) cannot damp out the high frequency errors (see e.g.,

[13]). As we shall see in Section 4.2, for codimension 0 domains we do need ω < 1

to obtain desired convergence rate for the V-Cycle scheme. However, for curves

and surfaces with codimension higher than 0, picking ω = 1 (using the pure Jacobi

iteration) seems to yield good convergence results in practice (see the numerical results

in Section 4.1.5). One possible explanation is that a closest point extension step

(4.1.2b) is done immediately after the relaxation step (4.1.2a) for the surface cases,

and this extension step might have helped eliminate high frequency errors. In our

multigrid algorithm we use pure Jacobi iteration (ω = 1) for curves and surfaces with

or without boundaries, and weighted Jacobi iteration (0 < ω < 1) for codimension 0

domains.

We also remark that interpolation Eh with a sufficiently high degree should be

used in order to avoid introducing interpolation errors which dominate over the errors

from the discrete Laplacian Lh. In particular, we need to use cubic interpolation to

build Eh if we use a second-order difference scheme to build Lh.

4.1.3 Restriction and prolongation operators

In a multigrid algorithm, one also needs to build restriction operators which restrict

data from fine grid to coarse grid and prolongation operators which prolong data from

coarse grid to fine grid.

For practical efficiency, we would like to perform the computation in narrow bands

with bandwidths shrinking proportional to the grid sizes. This makes the coarse grid

band wider than the fine grid band (see Figure 4.1). Some coarse grid points are

out of the range of the fine grid band, which means there are no fine grid points

surrounding those “outer” coarse grid points; in those cases the standard restriction

strategies such as “injection” and “full weighting” [13] do not work. We overcome

this problem with the help of the closest point extension. When restricting the values
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of points on the fine grid to the coarse grid, we assign the value of each coarse grid

point to be the value of its corresponding closest point, which in turn is obtained by

interpolating the values of fine grid points surrounding the closest point. Naturally, we

can construct the prolongation operators in the same way2: take the value of each fine

grid point to be the value of its corresponding closest point, which is obtained through

interpolation of values of coarse grid points. Similar to the closest point extension on

a single grid, the restriction and prolongation operators have corresponding matrix

forms; we denote the restriction matrix by E2h
h , and the prolongation matrix by Eh

2h.

Figure 4.1 illustrates the process of doing restriction and prolongation.

coarse

fine

restriction

prolongation

Figure 4.1: Illustration of Restriction and Prolongation.
Blue circles indicate the coarse grid points, red dots indicate the fine grid points.
Restriction: restrict quantities from fine grid to coarse grid using E2h

h .
Prolongation: prolong quantities from coarse grid to fine grid using Eh

2h.

4.1.4 Closest Point Method V-Cycle algorithm

Armed with the smoothing strategy in Section 4.1.2 and the construction of the re-

striction and prolongation operators in Section 4.1.3, we propose the Closest Point

Method V-Cycle Multigrid algorithm. We remark that this algorithm does not ex-

plicitly involve the side condition as in (2.1.5), but instead follows each iteration with

a closest point extension as in the original Ruuth–Merriman approach [79].

2An alternative approach is simply to use one of the standard nest-grid multigrid approaches
(although we have not tested this here).
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Algorithm 2 (Closest Point Method V-Cycle Algorithm) Denote by Bh and

B2h the fine and next coarser grids. Denote by Eh and E2h the extension matrices on

the fine and next coarser grids (see Sec. 2.2.1). Denote the shifted Cartesian Laplacian

matrix, the solution and right-hand side on the fine grid by Ãh = cIh −Lh, uh, and

fh, and the corresponding variables on the next coarser grid by Ã2h = cI2h − L2h,

u2h, and f 2h. Let E2h
h and Eh

2h be the restriction and prolongation matrices (which

are also extensions as in Sec. 4.1.3). We compute uh = V h(uh,fh) by recursively

calling:

1. Starting from some initial guess uh which is constant along the normals to the

surface (e.g., uh = 0h) on the finest grid, do ν1 steps of Jacobi iteration with

respect to Ãh, each step followed by a closest point extension:

for i = 1 : ν1, do

uh := uh + diag(Ãh)−1(fh − Ãhuh);

uh := Ehuh.

2. Compute the residual and restrict it to the coarser grid,

rh := fh − Ãhuh, (4.1.3)

f 2h := E2h
h r

h.

If B2h is the coarsest grid, solve A2hu2h = f 2h directly; else

u2h := 02h,
u2h := V 2h(u2h,f 2h).

(4.1.4)

3. Correct the fine grid solution using coarse grid solution:

uh := uh +Eh
2hu

2h.

4. Do ν2 steps of Jacobi iteration with respect to Ãh, each step followed by a closest

point extension:

for i = 1 : ν2, do

uh := uh + diag(Ãh)−1(fh − Ãhuh);

uh := Ehuh.

Remark 4.1.1 If we perform (4.1.4) ν times in Step 2, then we obtain the ν-Cycle

scheme (see e.g., [13]). In particular, if ν = 2 then we get the W-Cycle scheme. As

we shall see in Section 4.1.5, the W-Cycle scheme performs similarly to the V-Cycle

scheme, so we shall focus on the development and test of V-Cycle schemes.
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4.1.5 Numerical examples for curves and surfaces without
boundaries

We test our V-Cycle solver for the shifted Poisson’s equation on several curves and

surfaces without boundaries. We use cubic (degree 3) interpolations to construct Eh’s

on each grid level. In each round of the V-Cycle, ν1 = 3 pre-smoothings and ν2 = 3

post-smoothings are applied. For the restriction and prolongation operators, linear

(degree 1) interpolations are used for the closest point extensions. The linear system

on the coarsest grid level is solved with Matlab’s backslash. The stopping criteria for

all the tests are ‖xk+1 − xk‖∞/‖xk‖∞ < 10−6, where xk and xk+1 are the iterative

solutions after the k-th and (k + 1)-st rounds of V-Cycles.

As described in Algorithm 2, we shall start from zero initial guesses for our tests.

We also conduct experiments starting from random initial guesses with magnitude

around 0.5, and our multigrid algorithm can eliminate the high frequency part of the

initial errors effectively. The convergence results for the cases with random initial

guesses are similar to those with a zero initial guess. So we shall only present results

with zero initial guesses for all the following tests.

4.1.5.1 Unit circle

We consider the simplest example from Section 2.5.1, where we solve the shifted

Poisson’s equation −∆Su+ u = f on the unit circle. The exact solution is chosen to

be sin(θ) + sin(12θ).

To test the convergence rate of our multigrid solver, we keep the coarsest grid

size unchanged, and reduce the finest grid size. Figure 4.2(a) shows the rate of

decrease of the residuals of the algebraic linear systems, and Figure 4.2(b) shows the

rate of decrease of the numerical errors. Before the numerical solutions achieve the

stopping criterion, they have already reached the limit of the discretization errors,

and the errors will not decrease after that; so in Figure 4.2(b) as the number of V-

Cycles increases, the errors first decrease and then stay almost the same. This same

behaviour is also observed in the residuals in Figure 4.2(a): as the number of V-Cycles

increases, the residuals initially decrease. However, because we introduce additional

discretization errors to the original linear system Ahuh = fh (by performing discrete

closest point extensions after each smoothing step), the residuals eventually stagnate

at the level of this additional discretization error. In both Figures 4.2(a) and 4.2(b),

the rate of decrease (the slope of the lines) stays almost the same as we refine the

finest mesh, which is expected and desirable in a multigrid algorithm.
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(b) Decrease of relative errors

Figure 4.2: Convergence results on a circle, where the curves show a sequence of
progressively finer grids, each solved with the V-Cycle multigrid method. Each curve
shows how the relative residuals/errors decrease as the number of V-Cycles increases.
Here N = 1

∆x
, where ∆x is the grid size of the finest mesh for that curve. For each

case we fix the grid size of the coarsest grid to be 0.2, which corresponds to N = 5.
The horizontal lines in (b) are the numerical errors given by Matlab’s backslash.

We also test the W-Cycle scheme applied to the same problem, and the conver-

gence results are recorded in Figure 4.3. Comparing the results in Figures 4.2 and 4.3,

we observe that the W-Cycle scheme convergences faster than the V-Cycle scheme

in the first few cycles. However, the W-Cycle scheme still needs roughly the same

number of cycles as the V-Cycle scheme to reach the stopping criterion. In the rest

of this thesis we shall focus on the V-Cycle scheme since it generally costs less.

4.1.5.2 Bean-shaped curve

We test the shifted Poisson’s equation on the bean-shaped curve as in Section 2.5.2,

and the same exact solution is chosen for convergence studies. Figure 4.4(a) shows

the numerical solution for the embedding equation with meshsize ∆x = 0.1. Fig-

ure 4.4(b) shows the convergence results of the multigrid method. Note again that

the convergence rate (slope of lines) is essentially independent of the finest grid size.

4.1.5.3 Unit sphere

In this section we consider the same numerical example as in Section 2.5.3. We solve

the equation on a unit sphere centered at the origin, and choose the exact solution as

the spherical harmonic u(θ, φ) = cos(3θ) sin(φ)3(9 cos(φ)2 − 1). The right-hand side

function is −∆Su+u = −29u(θ, φ). Figure 4.5(a) shows the numerical solution for the
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Figure 4.3: W-Cycle convergence results for the shifted Poisson’s equation on the
unit circle. The horizontal lines in (b) are the numerical errors given by Matlab’s
backslash.
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Figure 4.4: V-Cycle convergence results on a bean shaped curve. The horizontal
lines in figure (b) are the numerical errors given by Matlab’s backslash.
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embedding equation with grid size ∆x = 0.1, visualized using the parametrization.

Figure 4.5(b) shows the convergence results of the multigrid method.

(a) Numerical solution
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Figure 4.5: V-Cycle convergence results on a unit sphere.

Besides convergence studies, we also investigate the computational cost includ-

ing the degrees of freedom and matrix storage for the discrete linear system (see

Table 4.1). Because our 3-D computation is performed in a narrow band with band-

width proportional to the mesh size ∆x, the number of degrees of freedom scales like

O(∆x−2), just as if we performed a finite difference method to solve Poisson’s equa-

tion in R2. Since we use the standard 7-point stencil, the number of nonzero entries

(nnz) of the Laplacian matrix Lh is about 7 times the number of degrees of freedom.

Since we use degree 3 polynomial interpolation in a dimension by dimension fashion,

the number of nonzero entries of the interpolation matrix Eh
3 is about 43 = 64 times

the number of degrees of freedom. The matrix Ãh used in our Ruuth–Merriman s-

moothing approach is simply the diagonally shifted Laplacian so nnz(Ãh) = nnz(Lh).

From the analysis in Sections 2.3 and 2.4, Mh has nearly the same sparsity pattern

as Eh
3 , except that Mh might have more diagonal entries than Eh

3 , so the number of

nonzero entries of Mh is about 64 or 65 times the number of degrees of freedom.

We also compare the CPU times for solving the linear system by Matlab’s back-

slash and our V-Cycle multigrid scheme. Table 4.2 shows the performance compari-

son. Computations were performed on a 3.47 GHz Intel Xeon X5690 6-core processor,

with 100 GB memory. For the smallest problem, Matlab’s backslash works better than

multigrid; but for larger problems, multigrid works better. Furthermore, the CPU

time of multigrid scales roughly as O(∆x−2), i.e., proportional to the number of de-

grees of freedom, which is optimal and what we expect for a multigrid scheme. We
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Table 4.1: Computational cost for the Closest Point Method on a sphere. As we
decrease the mesh size by a factor of 2, the number of degrees of freedom (DOFs, i.e.,
length(uh)) increases by a factor of 4. nnz(Lh) ≈ 7×DOFs, nnz(Eh) ≈ 64×DOFs,
nnz(Mh) ≈ 64.5×DOFs.

∆x length(uh) nnz(Lh) nnz(Eh3 ) nnz(Mh)

0.2 3190 20758 204160 205686
0.1 10906 71962 697984 702714
0.05 41870 277358 2679680 2697038
0.025 166390 1103734 10648960 10717230
0.0125 663454 4402366 42461056 42731646
0.00625 2651254 17593318 169680256 170760222

observe similar scaling results for CPU times when applying our V-Cycle multigrid

algorithm to other surfaces without boundaries (e.g., the torus in Section 4.1.5.4 and

the Dziuk surface in Section 4.1.5.5) and the variable diffusion coefficient example in

Section 4.1.5.6.

∆x Backslash V-Cycle

0.2 0.169 0.294
0.1 1.046 0.551
0.05 6.967 1.326
0.025 59.94 4.377
0.0125 466.5 16.66
0.00625 N/A 67.42

Table 4.2: CPU time for solv-
ing the linear system arising from
the Poisson’s equation on a u-
nit sphere with the Closest Point
Method. Matlab’s backslash ver-
sus V-Cycle multigrid method.

4.1.5.4 Torus

Again, to calculate an exact solution, we begin with a parametrization of a torus:

x(θ, φ) = (R + r cosφ) cos θ, y(θ, φ) = (R + r cosφ) sin θ, z(θ, φ) = r sinφ, where φ, θ

are in the interval [0, 2π), R is the distance from the center of the tube to the center

of the torus, and r is the radius of the tube.

We test the shifted Poisson’s equation −∆Su + u = f on a torus with R = 1.2,

and r = 0.6. The exact solution is chosen as u(θ, φ) = sin(3θ)+cos(2φ), and the right

hand side function is f(θ, φ) = 9 sin(3θ)
(R+r cosφ)2

− 2 sinφ sin(2φ)
r(R+r cosφ)

+ 4 cos(2φ)
r2

+ u(θ, φ). Figure 4.6

shows the numerical solution and the multigrid convergence results.

4.1.5.5 A level set example

Following Dziuk [23], we consider the surface defined by S = {x ∈ R3 | (x1 −
x2

3)2 + x2
2 + x2

3 = 1}, and the shifted Poisson’s equation −∆Su + u = f on S.
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(a) Numerical solution
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Figure 4.6: V-Cycle convergence results on a torus.

The exact solution is chosen to be u(x) = x1x2. We compute the right-hand side

function by f = −∇S · v, where v = ∇Su = ∇u − (∇u · n)n, and ∇S · v =

∇ · v −
∑3

j=1(∇vj · n)nj. Here n is the normal vector, and in this case, n(x) =(
x1 − x2

3, x2, x3(1− 2(x1 − x2
3)) ) / (1 + 4x2

3(1− x1 − x2
2))1/2

)
. For each grid point,

we compute the closest point on S by minimizing the squared distance function using

Newton’s method. Figure 4.7 shows the numerical solution and multigrid convergence

results.

(a) Numerical solution
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Figure 4.7: V-Cycle convergence results on the Dziuk surface.
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4.1.5.6 Variable diffusion coefficients on a sphere

Finally, we consider an example with scalar variable diffusion coefficients,

−∇S · (a(y)∇Su(y)) + cu(y) = f(y), for y ∈ S.

To formulate the continuous embedding equation, we simply choose A(cp(x)) to

be a(cp(x)) in the general embedding equation (2.1.9), and get

−[∇·(a(cp(x))∇ũ)](cp(x))+cũ(x)+γ(ũ(x)−ũ(cp(x))) = f̃(x), x ∈ B(S). (4.1.5)

Like for the Poisson case before, embedding equation (4.1.5) can be discretized us-

ing standard finite differences and interpolation schemes, see also [85]. The matrix

formulation of the discretization is −EhL̃huh + γ(Ih −Eh)uh = fh, where

L̃h = Db
xdiag(Af

xa
h)Df

x +Db
ydiag(Af

ya
h)Df

y +Db
zdiag(Af

za
h)Df

z .

Here, we have used similar notations to those in [85]. Db
x is the matrix corresponding

to backward differences in the x direction, Df
x is the matrix corresponding to forward

differences in the x direction; Db
y, D

f
y , Db

z and Df
z have similar meanings. The

column vector ah has the i-th entry equal to a(cp(xi)), where xi is the i-th grid

point. Af
x is the forward averaging matrix corresponding to calculating the average

of two neighboring values of ah along the positive x direction. Af
xa

h is a column

vector and diag(Af
xa

h) is a diagonal matrix with diagonal entries equal to Af
xa

h;

diag(Af
ya

h) and diag(Af
za

h) have similar meanings.

In the multigrid algorithm, we continue to use the Ruuth–Merriman style relax-

ation strategy, except for changing Lh to L̃h.

We test on a unit sphere. We choose the exact solution to be u(φ) = cosφ, the

diffusion coefficient a(φ) = cosφ + 1.5, and the right hand side function is f(φ) =

2 cosφ(cosφ+ 1.5)− (sinφ)2 + u(φ). The multigrid convergence results are shown in

Figure 4.8 and look similar to the Poisson problems shown earlier.

4.2 Multigrid solvers for codimension 0 domains

In this section, we modify several ingredients in Algorithm 2 to obtain a new V-Cycle

scheme working on codimension 0 domains. Here, our relaxation method is based on

the weighted Jacobi iteration and extrapolation of ghost point values according to

boundary conditions. As we shall see next, the modified relaxation method is simi-

lar to the Ruuth–Merriman smoothing strategy discussed in Section 4.1.2. Roughly
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Figure 4.8: V-Cycle convergence results for a variable diffusion coefficient example.

speaking, at each relaxation step, we first update interior point values using the

weighted Jacobi iteration on the differential equation, and then “extend” the solution

from interior points to exterior (ghost) points so that the boundary condition is satis-

fied. We also make minor modifications to the standard restriction and prolongation

matrices used to transfer data between the fine and next coarser grid levels.

4.2.1 V-Cycle Scheme for codimension 0 domains

As we noticed in Section 3.2, the discretizations of Poisson problems on codimension

0 domains with different boundary conditions share the common form,(
AI

B

)
u =

(
AII AIG

BGI BGG

)(
uI
uG

)
=

(
fI
g

)
. (4.2.1)

Here, AIu = fI corresponds to the discretization of the interior differential equation

for non-ghost points3, and Bu = g corresponds to the discretization of the boundary

condition for ghost points. As discussed in Section 3.2, we can represent the values

of the ghost points by values of non-ghost points,

uG = −B−1
GGBGIuI +B−1

GGg. (4.2.2)

The ideas of the modified relaxation method for codimension 0 domains are as

follows. Starting from an initial u, we first use the weighted Jacobi iteration to update

the values of non-ghost points uI using values of all grid points u,

uI := uI + ωdiag(AII)
−1(fI −AIu), (4.2.3)

3Here non-ghost points refer to grid points which are not ghost points.
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where 0 < ω < 1. Then we use (4.2.2) to update uG using uI so that boundary

conditions are satisfied after each iteration.

Note that the above relaxation method is analogous to the Ruuth–Merriman s-

moothing strategy for surface elliptic equations in Section 4.1.2. Both strategies first

use the standard weighted Jacobi iteration to update the solution according to the

differential equation, and then immediately modify the solution so that a certain type

of “constraint” is satisfied. In particular, for the usual elliptic equation on a general

domain the constraint is the boundary condition, while for a surface elliptic equation

it is the side condition: enforcing the solution to be constant along the normals to

the surface.

Now, we still need to modify the restriction and prolongation operators to con-

struct a complete multigrid algorithm. The restriction operator restricts the residual

from fine grid to coarse grid. Because relaxations are only performed for non-ghost

points (as seen in equation (4.2.3)), we do not need to compute or restrict residuals

at the ghost points. We consider the new restriction operator I2h
h that restricts the

residual of non-ghost points from a fine grid to a coarse grid: f 2h
I = I2h

h f
h
I . Since the

non-ghost points on the coarse grid form a strict subset of the non-ghost points on the

fine grid, we perform “injection” when doing restriction, i.e., taking the value of each

non-ghost point on the coarse grid to be the value at the corresponding point on the

fine grid. The new prolongation operator interpolates the values from coarse grid to

fine grid. Since the values of ghost points can be represented by values of non-ghost

points at each grid level, we only need to interpolate the values of non-ghost points

on the fine grid from values of coarse grid points when doing prolongation. We denote

the prolongation operator by Ih2h so that uhI = Ih2hu
2h.

Armed with the new relaxation method and the construction of the restriction and

prolongation operators, we obtain the following V-Cycle algorithm for codimension 0

domains.

Algorithm 3 (V-Cycle Algorithm for Codimension 0 domains) Denote by Bh

and B2h the fine and next coarser grids. Let all variables with superscript h be defined

on the fine grid, and all variables with superscript 2h be defined on the coarse grid.

Let ω ∈ (0, 1) be the weight parameter of the weighted Jacobi iteration. Let I2h
h and

Ih2h be the restriction and prolongation matrices. For all the grid levels except the

finest one, set g = 0. We compute uh = V h(uh,fh, gh) by recursively calling:
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1. Starting from some initial guess uh (e.g., uh = 0h) on the finest grid, perform

ν1 steps of the modified weighted Jacobi iteration,

for i = 1 : ν1, do

uhI := uhI + ωdiag(Ah
II)
−1(fhI −Ah

Iu
h),

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh.

2. Compute the residual for non-ghost points and restrict it to the coarser grid,

rhI := fhI −Ah
Iu

h,

f 2h
I := I2h

h r
h
I .

If B2h is the coarsest grid, solve (4.2.1) directly; else

u2h := 02h,
u2h := V 2h(u2h,f 2h, g2h).

3. Correct the values of non-ghost points on the fine grid using coarse grid values,

uhI := uhI + Ih2hu
2h.

Then modify the values of ghost points on the fine grid,

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh.

4. Perform ν2 steps of the modified weighted Jacobi iteration,

for i = 1 : ν2, do

uhI := uhI + ωdiag(Ah
II)
−1(fhI −Ah

Iu
h),

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh.

4.2.2 Numerical results for codimension 0 domains

In this section, we test the Multigrid Algorithm 3 applied to Poisson problems on sev-

eral 2-D and 3-D domains with Dirichlet, Neumann and Robin boundary conditions.

The right hand functions are computed from the exact solutions and the partial d-

ifferential equations. The boundary conditions are set up according to the exact

solutions and the geometry of the boundaries. For all test cases, we use the lower

order approximation to boundary conditions augmented with quadratic interpolation.

In other words, for Dirichlet boundary conditions we use discretization (3.2.7) with
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p = 2; for Neumann boundary conditions we use discretization (3.2.14) with q = 2;

while for Robin boundary conditions we use discretization (3.2.25) with q = 2.

For each test case, the parameters in the multigrid algorithm are set up as follows.

The weight ω in the weighted Jacobi iteration is chosen to be 0.8. In each round

of the V-Cycle, ν1 = 3 pre-smoothings and ν2 = 3 post-smoothings are applied.

“injection” is used to build the restriction operators, and linear interpolations are

used for the construction of prolongation operators. The linear system on the coarsest

grid level is solved with Matlab’s backslash. The stopping criteria for all the tests are

‖xk+1−xk‖∞/‖xk‖∞ < 10−6, where xk and xk+1 are the iterative solutions after the

k-th and (k + 1)-st rounds of V-Cycles.

4.2.2.1 Poisson problems on a disk

We first consider the test cases in Section 3.2.5.1, where we solve Poisson problems

with Dirichlet, Neumann and Robin boundary conditions on a disk centered at the

origin with radius
√

2. For each case of boundary conditions, the exact solution is

chosen to be r5 sin(2θ) in polar coordinates. Figure 4.9 shows the V-Cycle convergence

results for Poisson’s equation with Dirichlet boundary conditions (3.2.2). The relative

residuals and errors are measured only for non-ghost grid points. Figure 4.9(b) shows

that the relative errors change in a similar way to the test cases on curves and surfaces

without boundaries in Section 4.1.5. The errors first decrease and then stay almost

the same as we perform V-Cycles, and the rate of decrease does not deteriorate as we

refine the finest grid level. Figure 4.9(a) shows that the relative residuals decrease all

the way as we perform V-Cycles, and do not stay the same even when the relative

errors do. This is in contrast to the cases in Section 4.1.5 where the trends of residuals

and errors are similar. The reason is that we are only measuring the residuals for

non-ghost points. We perform iterations to solve the exact original linear system

for the rows corresponding to non-ghost points, and there are no interpolation errors

introduced as in the case of curves and surfaces in Section 4.1.5.

Figure 4.10 shows the V-Cycle convergence results for the shifted Poisson’s equa-

tion with Neumann boundary conditions (3.2.11) with c = 1. Figure 4.11 shows the

V-Cycle convergence results for Poisson’s equation with Robin boundary conditions

(3.2.19) where ϕ = 2 + cos(θ) in polar coordinates. The convergence results for Neu-

mann and Robin boundary conditions are similar to the case of Dirichlet boundary

conditions.
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Figure 4.9: V-Cycle convergence results for Poisson’s equation on a disk with Dirich-
let boundary conditions.
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(b) Decrease of relative errors

Figure 4.10: V-Cycle convergence results for the shifted Poisson’s equation on a disk
with Neumann boundary conditions.
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Figure 4.11: V-Cycle convergence results for Poisson’s equation on a disk with Robin
boundary conditions.

4.2.2.2 Poisson problems on a bean-shaped domain

We then investigate the test cases in Section 3.2.5.2, where Poisson problems are

solved on a domain surrounded by a bean-shaped curve as parametrized in Sec-

tion 2.5.2. The test cases are set up exactly as in Section 3.2.5.2. We adopt our

multigrid algorithm to solve the linear system for each of the test cases. Figure 4.12

shows the V-Cycle convergence results for Poisson’s equation with Dirichlet bound-

ary conditions (3.2.2). Figure 4.13 shows the V-Cycle convergence results for the

shifted Poisson’s equation with Neumann boundary conditions (3.2.11) with c = 1.

Figure 4.14 shows the V-Cycle convergence results for Poisson’s equation with Robin

boundary conditions (3.2.19) where ϕ = 2+x+y. All the V-Cycle convergence results

are similar to the disk cases in Section 4.2.2.1.

4.2.2.3 Poisson problems inside a unit ball

Finally we look at a 3-D example where the underlying domain is a unit ball. We

choose the exact solution u(x, y, z) = sin(x) sin(y) sin(z)+sin(4x) sin(4y) sin(4z). We

compute the right hand side function straightforwardly by taking the Laplacian of u.

The Dirichlet boundary condition are set up by evaluating u on the boundary. For the

Neumann conditions, we calculate ∂u
∂n

by computing the dot product of
(
∂u
∂x
, ∂u
∂y
, ∂u
∂z

)
and ( x√

x2+y2+z2
, x√

x2+y2+z2
, x√

x2+y2+z2

)
. The Robin boundary conditions are set up by

computing u+ϕ ∂u
∂n

on the boundary where ϕ = 2+xyz. Figure 4.15 shows the V-Cycle

convergence results for Poisson’s equation with Dirichlet boundary conditions (3.2.2).

Figure 4.16 shows the V-Cycle convergence results for the shifted Poisson’s equation
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Figure 4.12: V-Cycle convergence results for Poisson’s equation on a bean-shaped
domain with Dirichlet boundary conditions.
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Figure 4.13: V-Cycle convergence results for the shifted Poisson’s equation on a
bean-shaped domain with Neumann boundary conditions.
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Figure 4.14: V-Cycle convergence results for Poisson’s equation on a bean-shaped
domain with Robin boundary conditions.

with Neumann boundary conditions (3.2.11) with c = 1. Figure 4.17 shows the

V-Cycle convergence results for Poisson’s equation with Robin boundary conditions

(3.2.19). The convergence results are similar to the previous 2-D examples.

We also record the CPU times of our multigrid algorithm for the Poisson’s equation

in the unit ball with Dirichlet boundary conditions. The CPU times for problems

with Neumann and Robin boundary conditions are similar to the Dirichlet case. The

computations were performed on the same machine as in Section 4.1.5.3. Table 4.3

shows the CPU times and the ratios between them as we refine the mesh. As we can

see in Table 4.3, the CPU time increases by a factor of about 5.5 when we refine the

mesh size by a factor of 2. We can not obtain the optimal factor of 4 as for the sphere

case in Section 4.1.5.3. The reason is that (Bh
GG)−1 appears in Algorithm 3 when we

perform relaxation and prolongation. The matrix (Bh
GG)−1 is large and dense when

∆x is small, so it is not plausible to compute and store (Bh
GG)−1 directly. We need

to solve a linear system with coefficient matrix Bh
GG to update the values of ghost

points when we perform relaxation and prolongation in Algorithm 3. Although we

can not achieve the the optimal computational cost in this case, we think that the

CPU times are still reasonable.

4.3 Multigrid solvers for surfaces with boundaries

In this section, we combine the ideas in Algorithm 2 and Algorithm 3 to develop a

V-Cycle scheme for elliptic equations on curves and surfaces with boundaries.
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∆x CPU time Ratio
0.2 0.158
0.1 0.927 5.8
0.05 4.779 5.2
0.025 26.46 5.5
0.0125 149.0 5.6

Table 4.3: CPU time for applying the Multigrid Algorithm 3 to solving the Poisson’s
equation in a unit ball with Dirichlet boundary conditions.
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Figure 4.15: V-Cycle convergence results for Poisson’s equation in a ball with Dirich-
let boundary conditions.
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Figure 4.16: V-Cycle convergence results for the shifted Poisson’s equation in a ball
with Neumann boundary conditions.
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Figure 4.17: V-Cycle convergence results for Poisson’s equation in a ball with Robin
boundary conditions.

4.3.1 V-Cycle scheme for surfaces with boundaries

From Section 3.3, the discretization for elliptic PDEs on curves and surfaces with

boundaries has the following form,(
AI

B

)
u =

(
AII AIG

BGI BGG

)(
uI
uG

)
=

(
fI
g

)
. (4.3.1)

Here, AIu = fI is the discretization for the embedding equation at non-ghost points,

and Bu = g corresponds to the discretization of the boundary condition for ghost

points. For details about AI and B, we refer readers back to Section 3.3.

We shall adopt Ruuth–Merriman relaxation strategy as we did for surfaces without

boundary in Section 4.1.2, but we shall do something similar to what we did for

codimension 0 domains in Section 4.2 for the boundary conditions. Let Ã = cI −L,

and ÃI be the rows of Ã corresponding to non-ghost points. On each grid level,

we perform Jacobi iterations for the non-ghost points with respect to ÃI , and then

update values of ghost points by (4.2.2) so that boundary conditions are satisfied. We

then perform a closest point extension for the solution, and update values of ghost

points by (4.2.2) again. The details can be found in Algorithm 4.

We build the restriction and prolongation operators using the methods described

in Section 4.1.3. The restricted residuals and prolonged solutions at the ghost points

are either meaningless or incorrect, but they can simply be discarded because we do

not need them. Since we only perform relaxation for non-ghost points, residuals at

the ghost points are not needed. Also, to ensure that the boundary conditions are

still satisfied after prolongations, we apply (4.2.2) to compute values of ghost points
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from values of the remaining grid points right after prolongations. The detailed

implementations are described in Algorithm 4.

Algorithm 4 (V-Cycle Algorithm for surfaces with boundaries) Denote by Bh

and B2h the fine and next coarser grids. Let E be the closest point extension matrix at

each grid level, L be the Laplacian matrix, and Ã = cI−L. Let all variables with su-

perscript h be defined on the fine grid, and all variables with superscript 2h be defined

on the coarse grid. Let E2h
h and Eh

2h be the restriction and prolongation matrices. For

all the grid levels except the finest one, set g = 0. We compute uh = V h(uh,fh, gh)

by recursively calling:

1. Starting from some initial guess uh (e.g., uh = 0h) on the finest grid, perform

ν1 steps of the modified Jacobi iteration,

for i = 1 : ν1, do

uhI := uhI + diag(Ãh
II)
−1(fhI − Ãh

Iu
h),

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh,

uh := Ehuh,

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh.

2. Compute the residual for non-ghost points and restrict it to the coarser grid,

rhI := fhI − Ãh
Iu

h,

rhG := 0hG,

f 2h := E2h
h r

h.

If B2h is the coarsest grid, solve (4.3.1) directly; else

u2h := 02h,
u2h := V 2h(u2h,f 2h, g2h).

3. Correct the values of non-ghost points on the fine grid using coarse grid values,

uh := uhI +Eh
2hu

2h.

Then modify the values of ghost points on the fine grid,

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh.
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4. Perform ν2 steps of the modified Jacobi iteration,

for i = 1 : ν2, do

uhI := uhI + diag(Ãh
II)
−1(fhI − Ãh

Iu
h),

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh,

uh := Ehuh,

uhG := −(Bh
GG)−1Bh

GIu
h
I + (Bh

GG)−1gh.

4.3.2 Numerical results for curves and surfaces with bound-
aries

In this section, we test the Multigrid Algorithm 4 applied to Poisson problems on

several curves and surfaces with boundaries. The right hand functions are computed

from the exact solutions and the partial differential equations. The boundary condi-

tions are set up according to the exact solutions and the geometry of the boundaries.

For all test cases, we use the lower order approximation to boundary conditions aug-

mented with cubic interpolation. In other words, for Dirichlet boundary conditions

we use discretization (3.3.3) with p = 3; for Neumann boundary conditions we use

discretization (3.3.11) with q = 3; while for Robin boundary conditions we use dis-

cretization (3.3.17) with q = 3;

For each test case the parameters in the multigrid algorithm are set up as fol-

lows. Jacobi iteration is used for relaxations. Numbers of pre-smoothings and post-

smoothings vary a little for different cases, as can be seen in each specific example.

Cubic interpolations are used for closest point extensions on each grid level. For the

restriction and prolongation operators, linear interpolations are used for the closest

point extensions. The linear system on the coarsest grid level is solved with Matlab’s

backslash. The stopping criteria for all the tests are ‖xk+1 − xk‖∞/‖xk‖∞ < 10−6,

where xk and xk+1 are the iterative solutions after the k-th and (k + 1)-st rounds of

V-Cycles.

4.3.2.1 Semicircle

We first look at Poisson problems on a semicircle centered at the origin with radius√
3. The test cases are the same as the ones in Section 3.3.4.1. In each round of the

V-Cycle, ν1 = 3 pre-smoothings and ν2 = 3 post-smoothings are applied. Figure 4.18

shows the V-Cycle convergence results for Poisson’s equation with Dirichlet boundary

conditions (3.3.1). Figure 4.19 shows the V-Cycle convergence results for the shifted
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Poisson’s equation with Neumann boundary conditions (3.3.7) with c = 1. Figure 4.20

shows the V-Cycle convergence results for Poisson’s equation with Robin boundary

conditions (3.3.14) where ϕ = 2 + cos(θ). We observe similar convergence results to

the test cases for curves without boundaries in Section 4.1.5.
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Figure 4.18: V-Cycle convergence results for Poisson’s equation on a semicircle with
Dirichlet boundary conditions. The horizontal lines in (b) are the numerical errors
given by Matlab’s backslash.
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Figure 4.19: V-Cycle convergence results for the shifted Poisson’s equation on a
semicircle with Neumann boundary conditions. The horizontal lines in (b) are the
numerical errors given by Matlab’s backslash.
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Figure 4.20: V-Cycle convergence results for Poisson’s equation on a semicircle with
Robin boundary conditions. The horizontal lines in (b) are the numerical errors given
by Matlab’s backslash.

4.3.2.2 Sine-shaped curve

We re-solve problems on a sine-shaped curve from Section 3.3.4.2 with our multi-

grid method. In each round of the V-Cycle, ν1 = 5 pre-smoothings and ν2 = 5

post-smoothings are applied. Figure 4.21 shows the V-Cycle convergence results for

Poisson’s equation with Dirichlet boundary conditions (3.3.1). Figure 4.22 shows the

V-Cycle convergence results for the shifted Poisson’s equation with Neumann bound-

ary conditions (3.3.7) with c = 1. Figure 4.23 shows the V-Cycle convergence results

for Poisson’s equation with Robin boundary conditions (3.3.14) where ϕ = 2 + sin(t).
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Figure 4.21: V-Cycle convergence results for Poisson’s equation on a sine-shaped
curve with Dirichlet boundary conditions. The horizontal lines in (b) are the numer-
ical errors given by Matlab’s backslash.
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Figure 4.22: V-Cycle convergence results for the shifted Poisson’s equation on a
sine-shaped curve with Neumann boundary conditions. The horizontal lines in (b)
are the numerical errors given by Matlab’s backslash.
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Figure 4.23: V-Cycle convergence results for Poisson’s equation on a sine-shaped
curve with Robin boundary conditions. The horizontal lines in (b) are the numerical
errors given by Matlab’s backslash.
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4.3.2.3 Hemisphere

Finally we re-solve surface Poisson problems on a hemisphere centered at the origin

with radius
√

2 from Section 3.3.4.3 with our multigrid method. In each round of

the V-Cycle, ν1 = 5 pre-smoothings and ν2 = 5 post-smoothings are applied. Fig-

ure 4.24 shows the V-Cycle convergence results for the surface Poisson’s equation with

Dirichlet boundary conditions (3.3.1). Figure 4.25 shows the V-Cycle convergence re-

sults for the shifted surface Poisson’s equation with Neumann boundary conditions

(3.3.7) with c = 1. Figure 4.26 shows the V-Cycle convergence results for the surface

Poisson’s equation with Robin boundary conditions (3.3.14) where ϕ = 2 + cos(θ).

0 2 4 6 8 10
10

−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

 number of v−cycles

 |
|f

h
−

A
h
u

h
||

∞
/|
|f

h
||

∞

 

 

N=5

N=10

N=20

N=40

N=80

(a) Decrease of relative residuals

0 2 4 6 8 10
10

−4

10
−3

10
−2

10
−1

10
0

number of vcyles

 |
|u

h
−

u
||

∞
/|
|u

||
∞

 

 

N=5

N=10

N=20

N=40

N=80

(b) Decrease of relative errors

Figure 4.24: V-Cycle convergence results for Poisson’s equation on a hemisphere
with Dirichlet boundary conditions.
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Figure 4.25: V-Cycle convergence results for the shifted Poisson’s equation on a
hemisphere with Neumann boundary conditions.
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Figure 4.26: V-Cycle convergence results for Poisson’s equation on a hemisphere
with Robin boundary conditions.

We also record the CPU times of our multigrid algorithm for the Poisson’s equation

on the hemisphere with Dirichlet boundary conditions. The CPU times for problems

with Neumann and Robin boundary conditions are similar to the Dirichlet case. The

computations were performed on the same machine as in Section 4.1.5.3. Table 4.3

shows that the CPU time for the hemisphere problem scales similarly to the sphere

case in Section 4.1.5.3, which is desired for a multigrid algorithm.

∆x CPU time Ratio
0.2 0.173
0.1 0.336 1.9
0.05 1.141 3.4
0.025 4.347 3.8
0.0125 16.52 3.8

Table 4.4: CPU time for applying the Multigrid Algorithm 4 to solving the Poisson’s
equation on a hemisphere with Dirichlet boundary conditions.
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In summary, for all the test cases including curves and surfaces with or without

boundaries and codimension zero domains, we observe optimal multigrid convergence

rates. Also, the numerical solutions given by our multigrid solvers match those solved

by direct methods and are 2nd-order convergent to the exact solutions. For 3-D

examples the multigrid solvers are much faster than direct solvers for fine grids.
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Chapter 5

Applications to coupled
bulk-surface partial differential
equations

In this chapter, we combine the methods in the previous chapters to solve a particular

type of coupled bulk-surface partial differential equations. This type of coupled bulk-

surface PDE system can be regarded as a combination of a PDE on a general domain

with Robin type boundary conditions and a PDE on a surface (which is the boundary

of the domain). Such type of coupled bulk-surface PDEs has wide applications in

cell biology [68, 66, 76, 64] when there is coupled dynamics in the bulk and on the

membrane of a cell. Another application is to model biological invasions in the bulk

coupled with fast diffusion on the boundary of the bulk [7, 78].

There exists vast literature on solving PDEs on general domains, and the relatively

new part for solving the coupled bulk-surface PDEs is to solve the surface PDEs.

Therefore, the methods for solving coupled bulk-surface PDEs actually mainly depend

on the methods to solve surface PDEs. All the methods for solving surface PDEs

reviewed in Section 1.1 can be possibly extended to solve coupled bulk-surface PDEs.

Some of the existing references are [68] using finite volume methods, [15, 27, 63, 64]

using finite element methods, [60] using the Closest Point Method, and [1] using the

diffuse domain approach.

We shall adopt the Closest Point Method to handle surface PDEs, and use the

finite difference method augmented by the ghost point approach to deal with PDEs

on domains with the coupling Robin type boundary conditions. Actually, this idea

has already been adopted by Macdonald, Merriman and Ruuth to solve coupled bulk-

surface reaction-diffusion equations for surfaces defined by point clouds in [60]. Start-

ing from the ideas in [60], we construct a discretization for the coupled elliptic and
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parabolic equations and investigate several new numerical examples in this chapter.

In Section 5.1, we construct a discretization for the coupled Poisson’s equations and

propose a multigrid algorithm for solving the resulting linear systems. In Section 5.2,

we introduce two methods: an alternating forward Euler time-stepping scheme and

a method-of-lines approach for coupled time-dependent problems. In Section 5.3, we

apply our method to solve the Fisher-KPP equation on a two dimensional domain

coupled with a diffusion equation on its curved boundary. In Section 5.4, we apply

our method to investigate the coupled bulk-surface reaction-diffusion systems.

5.1 Coupled elliptic equations

As a model problem, we consider the coupled elliptic equations which was studied by

Elliott and Ranner in [27],

−∆v + v = f in Ω, (5.1.1a)

(αv − βu) +
∂v

∂n
= 0 on S, (5.1.1b)

−∆Su+ u+
∂v

∂n

∣∣∣
S

= g on S. (5.1.1c)

Here Ω is a bounded domain in Rn(n = 2, 3) with the smooth boundary S, α and

β are positive constants, f and g are known functions in Ω and S respectively, and

n is the unit normal on S pointing outwards from Ω. We refer readers to [27] for a

finite element approach to solve (5.1.1). In this thesis, we shall use a finite difference

method augmented by the ghost point approach and the Closest Point Method to

solve (5.1.1).

5.1.1 Numerical discretization

Rearranging (5.1.1b) and substituting it into (5.1.1c), we rewrite problem (5.1.1) as

follows,

−∆v + v = f in Ω, (5.1.2a)

αv +
∂v

∂n
= βu on S, (5.1.2b)

−∆Su+ (1 + β)u = g + αv|S on S. (5.1.2c)

To discretize the coupled bulk-surface elliptic problem (5.1.2), we set up two com-

putational grids: B(Ω) for v and B(S) for u. We then decouple problem (5.1.2)

into two sub-problems and discretize them separately on B(Ω) and B(S). We regard
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(5.1.2a) and (5.1.2b) as a shifted Poisson’s equation for v in Ω with Robin boundary

conditions, and discretize this problem on B(Ω) using the methods in Section 3.2.3.

The only extra ingredient we need is to evaluate u on S, and this can be done via

interpolations using values of grid points in B(S). We regard (5.1.2c) as a shift-

ed Poisson’s equation for u on S, construct an embedding equation for it using the

methods in Section 2.1.1, and discretize the embedding equation on B(S) using the

methods in Section 2.2. Again the extra step is to interpolate v on S using values of

grid points in B(Ω).

In more detail, we construct the matrix formulation for the discretization of (5.1.2).

Let V = I ∪ G denote the set of grid points in B(Ω), where I denotes the set of grid

points in the interior or on the boundary of Ω and G denotes the set of exterior (ghost)

grid points. Let nv = ‖V‖, ni = ‖I‖, and ng = ‖G‖. Let U denote the set of grid

points in B(S), and nu = ‖U‖.
Let Lv be the Laplacian matrix of v and Iv be the identity matrix for v. Define

Av = −Lv + Iv. (5.1.3)

Let AIV = (AII AIG) be the first ni rows of Av corresponding to the non-ghost

points. We discretize (5.1.2a) for the non-ghost points of v,

AIV v = AIIvI +AIGvG = fI . (5.1.4)

For each ghost point xi ∈ G, we evaluate the coupled boundary condition (5.1.2b)

at cp(xi),

αv(cp(xi)) +
∂v

∂n
(cp(xi)) = βu(cp(xi)). (5.1.5)

Let yi = 2cp(xi) − xi, then we can approximate u(cp(xi)) by 1
2
(u(xi) + u(yi)),

and approximate ∂u
∂n

(cp(xi)) by u(xi)−u(yi)
2‖xi−cp(xi)‖2 . Substituting these approximations into

(5.1.5), we obtain that

1

2
α(v(xi) + v(yi)) +

v(xi)− v(yi)

2‖xi − cp(xi)‖2

= βu(cp(xi)). (5.1.6)

Rearranging (5.1.6) we obtain that

1
2

(α‖xi − cp(xi)‖2 + 1) v(xi) + 1
2

(α‖xi − cp(xi)‖2 − 1)) v(yi)
= β‖xi − cp(xi)‖2u(cp(xi)).

(5.1.7)

LetD be the ng×ng diagonal matrix whose diagonal entries are the distances between

the ghost points and their closest points,

D =

 ‖x1 − cp(x1)‖2

. . .

‖xng − cp(xng)‖2


ng×ng

.
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Let EGU be the ng × nu interpolation matrix interpolating values of u at cp(G) from

values of points in U :

ucp(G) = EGUu. (5.1.8)

Let IG =
(
Ong×ni Ing×ng

)
. Let Y = {yi | yi = 2cp(xi)− xi, xi ∈ G} and define Eq

Y

as the degree q interpolation matrix interpolating values of points in Y from points

in V : vY = Eq
Y v. Then the discretization for (5.1.7) becomes

Bv − βDEGUu = 0, where B =
1

2
[(αDIG + IG) + (αDEq

Y −E
q
Y )]. (5.1.9)

If we partition B into (BGI BGG) and let

BGU = −βDEGU , (5.1.10)

then (5.1.9) can be written as

BGIvI +BGGvG +BGUu = 0. (5.1.11)

We then use methods as in Section 2.2 to discretize equation (5.1.2c) for u. To

be more precise, we choose p = 1, q = 3, γ = 2d
∆x2

and c = 1 + β in discretization

(2.2.2). We modify the notations in (2.2.2) to make it clear that the matrices are

defined for the surface quantity u. Let Iu be the identity matrix for u, Lu be the

Laplacian matrix for u, E1
U be the linear closest point extension matrix for u, and

E3
U be the cubic closest point extension matrix for u. With this modified notation,

the coefficient matrix of (2.2.2) becomes

Au = −E1
ULu +

2d

∆x2
(Iu −E3

U) + (1 + β)Iu. (5.1.12)

Let EUV be the nu × nv interpolation matrix interpolating values of v at cp(U) from

values of points in V :

vcp(U) = EUV v. (5.1.13)

Let g be the column vector storing the function g evaluated at the closest points of

grid points in U . Then (5.1.2c) is discretized as

Auu− αEUV v = g. (5.1.14)

Define

BUV = −αEUV . (5.1.15)

If we partition BUV into (BUI BUG), then (5.1.14) can be written as

BUIvI +BUGvG +Auu = g. (5.1.16)
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Combining (5.1.4), (5.1.11) and (5.1.16), we finally obtain a complete discretiza-

tion for problem (5.1.2), AII AIG O
BGI BGG BGU

BUI BUG Au

 vI
vG
u

 =

 fI
0
g

 (5.1.17)

Here, AIV = (AII AIG) is the first ni rows of the discrete bulk Laplacian matrix Av

defined by (5.1.3). Au is the discrete extension of the shifted surface Laplacian defined

by (5.1.12). B = (BGI BGG), defined by (5.1.9), and BGU , defined by (5.1.10),

correspond to the disretization of the coupling Robin boundary conditions. BUV =

(BUI BUG), defined by (5.1.15), corresponds to the contribution of the bulk quantity

v to the surface quantity u.

5.1.2 Multigrid solvers

For 2-D problems, one can simply use a sparse direct solver such as MATLAB’s

backslash to solve the linear system (5.1.17), but for 3-D problems iterative solvers

are needed. We shall develop a multigrid solver by combining the ideas in Algorithm 2

for surfaces without boundary and Algorithm 3 for codimension 0 domains.

When doing relaxation at each grid level, we alternate between relaxing for v in

the bulk and relaxing for u on the surface. More precisely, in each relaxation we

first perform one step of weighted Jacobi iteration for non-ghost point values of v

and modify ghost point values of v according to the discretized coupled boundary

conditions (5.1.11):

vI := vI + ωdiag(AII)
−1(fI −AIv), (5.1.18a)

vG := −B−1
GG(BGIvI +BGUu). (5.1.18b)

We then perform one step of Jacobi iteration and closest point extension for u:

u := u+ diag(Au)
−1(g −BUV v −Auu), (5.1.19a)

u := EUu. (5.1.19b)

Notice that when doing Jacobi iteration, we useAu defined by (5.1.12) instead of using

(1 + β)Iu − Lu as we did in Multigrid Algorithm 2 for surfaces without boundary.

This is because using Au is more accurate in practice, especially for 3-D problems.

Also, note that when computing the residual in (5.1.19a), we need to subtract an

extra term BUV v.

Armed with the above relaxation strategy, we obtain the following multigrid al-

gorithm.
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Algorithm 5 (V-Cycle Scheme for Coupled Bulk-Surface Poisson Problem)

Denote by (B(Ω)h,B(S)h) and (B(Ω)2h,B(S)2h) the fine and next coarser grids for

(v, u). Let all variables with superscript h be defined on the fine grid, and all vari-

ables with superscript 2h be defined on the coarse grid. Let ω ∈ (0, 1) be the weight

parameter of the weighted Jacobi iteration. Let I2h
h and Ih2h be the restriction and

prolongation matrices for v. Let E2h
h and Eh

2h be the restriction and prolongation

matrices for u. We compute (vh,uh) = V h(vh,uh,fh, gh) by recursively calling:

1. Starting from some initial guess (vh,uh) (e.g. vh = 0h and uh = 0h) on the

finest grid, perform ν1 steps of relaxation for v and u,

for i = 1 : ν1, do

vhI := vhI + ωdiag(Ah
II)
−1(fhI −Ah

Iu
h),

vhG := −(Bh
GG)−1(Bh

GIv
h
I +Bh

GUu
h);

uh := uh + diag(Ah
u)
−1(gh −Bh

UV v
h −Ah

uu
h),

uh := Eh
Uu

h.

2. Compute the residuals and restrict them to the coarser grid,

rhI := fhI −Ah
Iu

h,

f 2h
I := I2h

h r
h
I ;

rhu := gh −Bh
UV v

h −Ah
uu

h,

g2h := E2h
h r

h
u.

If
(
B(Ω)2h,B(S)2h

)
are the coarsest grids, solve (5.1.17) directly; else

v2h := 02h,
u2h := 02h,

(v2h,u2h) := V 2h(v2h,u2h,f 2h, g2h).

3. Correct the values on the fine grid using coarse grid values,

uh := uh +Eh
2hu

2h,

uh := Eh
Uu

h;

vhI := vhI + Ih2hv
2h,

vhG := −(Bh
GG)−1(Bh

GIv
h
I +Bh

GUu
h).
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4. Perform ν2 steps of relaxation for v and u,

for i = 1 : ν2, do

vhI := vhI + ωdiag(Ah
II)
−1(fhI −Ah

Iu
h),

vhG := −(Bh
GG)−1(Bh

GIv
h
I +Bh

GUu
h);

uh := uh + diag(Ah
u)
−1(gh −Bh

UV v
h −Ah

uu
h),

uh := Eh
Uu

h.

5.1.3 Numerical examples

For simplicity, we set α = β = 1 in all the following numerical examples. In order

to obtain 2nd-order convergence results, we use cubic interpolation in both (5.1.8)

when interpolating v on the surface and (5.1.13) when interpolating u on the surface.

It is typically enough to set the interpolation degree q of Eq
Y in (5.1.9) to be 2, but

using cubic interpolation for Eq
Y seems to give smaller numerical errors. We shall set

q = 3 for 2-D problems to gain extra accuracy but q = 2 for 3-D problems to save

computational cost.

5.1.3.1 Disk

We consider problem (5.1.1) for a disk centered at the origin with radius
√

2. The

exact solution in the disk is chosen to be v(x, y) = exp(−x(x − 1)y(y − 1)). We

calculate the right hand side function of v by forming f = −∆v + v. We then set

up the exact solution u on the circle by computing u = 1
β
(αv + ∇v · n)|S , where

n = (x/(x2 +y2)1/2, y/(x2 +y2)1/2). Finally, we calculate the right hand side function

of the equation for u to be g = −∆Su + (1 + β)u − αv|S . Here we compute ∆S by

∇S ·w, where w = ∇Su = ∇u− (∇u · n), and ∇S ·w = ∇ ·w −
∑2

j=1(∇wj · n)nj.

Figure 5.1 shows the numerical solutions with ∆x = 0.025. Table 5.1 records the

convergence results of the solutions solved with MATLAB’s backslash for the coupled

disk-circle Poisson’s equation. We observe 2nd-order convergence results for both u

and v.

We also test the Multigrid Algorithm 5 applied to the above problem. We use cubic

interpolations to construct Eh
U ’s on each grid level. In each round of the V-Cycle,

ν1 = 3 pre-smoothings and ν2 = 3 post-smoothings are applied. We choose ω = 0.8

when doing weighted Jacobi iteration for v. For the restriction and prolongation

operators, linear interpolations are used for both u and v. The linear system on

the coarsest grid level is solved with Matlab’s backslash. The stopping criterion is
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(a) Numerical solution of u (b) Numerical solution of v

Figure 5.1: Numerical solutions for the coupled disk-circle Poisson problem with
∆x = 0.025.

Table 5.1: Convergence study for the coupled disk-circle Poisson’s equation solved
with MATLAB’s backslash.

(a) Relative errors on the circle

∆x 0.1 0.05 0.025 0.0125 0.00625
‖u−uh‖∞
‖u‖∞ 1.63e-2 3.95e-3 9.51e-4 2.26e-4 5.77e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.04 2.05 2.07 1.97

(b) Relative errors in the disk

∆x 0.1 0.05 0.025 0.0125 0.00625
‖v−vh‖∞
‖v‖∞ 9.26e-3 2.30e-3 5.57e-4 1.28e-4 3.44e-5

log2
‖v−v2h‖∞
‖v−vh‖∞ 2.01 2.05 2.13 1.89
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‖xk+1−xk‖∞/‖xk‖∞ < 10−6, where xk and xk+1 are the iterative solutions after the

k-th and (k + 1)-st rounds of V-Cycles. Figure 5.2 shows the V-Cycle convergence

results for u and v; the relative errors of both u and v decrease in a desirable manner

similar to what we observed in the previous chapter.
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(b) Decrease of relative errors in the disk

Figure 5.2: V-Cycle convergence results for the coupled disk-circle Poisson problem.

5.1.3.2 Ellipsoid

We now consider problem (5.1.1) in a 3-D bulk surrounded by an ellipsoid x2

a2
+ y2

b2
+

z2

c2
= 1, where a = 1, b = c = 0.8. The exact solution in the bulk is chosen to be

v(x, y, z) = exp(−x(x−1)y(y−1)z(z−1)). We calculate the right hand side function

of v by forming f = −∆v + v. We then set up the exact solution u on the circle by

computing u = 1
β
(αv +∇v · n)|S , where

n =

(
x

a2
√
x2/a4 + y2/b4 + z2/c4

,
y

b2
√
x2/a4 + y2/b4 + z2/c4

,
z

c2
√
x2/a4 + y2/b4 + z2/c4

)
.

Finally we calculate the right hand side function of the equation for u to be g =

−∆Su + (1 + β)u − αv|S . Here we compute ∆S by ∇S · w, where w = ∇Su =

∇u− (∇u · n), and ∇S ·w = ∇ ·w −
∑3

j=1(∇wj · n)nj.

We test the Multigrid Algorithm 5 applied to the coupled bulk-surface Poisson’s

equations for the ellipsoid. Figure 5.3 shows the numerical solution of u and v re-

stricted on the surface with ∆x = 0.1. Table 5.2 records the numerical errors of the

multigrid algorithm, and it roughly shows 2nd-order convergence results. Figure 5.4

shows V-Cycle convergence results for u and v. Again the decrease of relative errors

for both u and v are well behaved.
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(a) u (b) v restricted on the surface

Figure 5.3: Numerical solutions of u and v for the coupled bulk-surface Poisson
problem for an ellipsoid with ∆x = 0.1.

Table 5.2: Convergence study for the coupled bulk-surface Poisson’s equation for an
ellipsoid solved by the multigrid method.

(a) Relative errors on the surface

∆x 0.2 0.1 0.05 0.025 0.0125
‖u−uh‖∞
‖u‖∞ 3.25e-2 8.85e-3 2.58e-3 6.34e-4 1.57e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.88 1.78 2.02 2.02

(b) Relative errors in the bulk

∆x 0.2 0.1 0.05 0.025 0.0125
‖v−vh‖∞
‖v‖∞ 1.45e-2 5.92e-3 1.66e-3 4.47e-4 1.14e-4

log2
‖v−v2h‖∞
‖v−vh‖∞ 1.29 1.83 1.90 1.97
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(b) Decrease of relative errors in the bulk

Figure 5.4: V-Cycle convergence results for the coupled bulk-surface Poisson problem
for an ellipsoid.

5.2 Coupled diffusion equations

Having investigated coupled bulk-surface elliptic problems, it is natural for us to add

time derivatives and consider the following coupled diffusion equations with source

terms,

vt = ∆v + f in Ω, (5.2.1a)

∂v

∂n
= βu− αv on S, (5.2.1b)

ut = ∆Su−
∂v

∂n
+ g on S. (5.2.1c)

Again we can replace ∂v
∂n

by βu−αv in (5.2.1c), and obtain a surface PDE equiv-

alent to (5.2.1c),

ut = ∆Su− βu+ αv + g on S. (5.2.2)

Similarly to Section 5.1, we shall discretize (5.2.2) instead of (5.2.1c).

System (5.2.1) without source terms f and g was investigated by Novak et al. in

[68]. We refer readers to [68] for a finite volume approach to solving system (5.2.1)

and its applications to cell biology. In this thesis, we focus on the numerical solutions

for (5.2.1) using the spatial discretizations in Section 5.1.1.

5.2.1 Alternating explicit time stepping

In Section 5.1.1, we have investigated the spatial discretizations, so we only need

to add time discretization to numerically solve the coupled bulk-surface diffusion
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problem (5.2.1). As a first attempt, we alternately update v and u using forward

Euler time stepping. Starting from some initial v and u, at each time step, we first

evolve v at the non-ghost points according to (5.2.1a), then update v at the ghost

points so that the coupled boundary condition (5.2.1b) is (approximately) satisfied,

and finally evolve u in the narrow band according to (5.2.1c).

More precisely, we construct a matrix formulation of the above procedure. Let

Lv be the Laplacian matrix for v. Let LIV = (LII LIG) be the first ni rows of Lv

corresponding to the non-ghost points for v. Suppose E1
U , E3

U , Lu and Iu are as

specified in (5.1.12). We let

Mu =

(
E1
ULu −

2d

∆x2
(Iu −E3

U)

)
− βIu. (5.2.3)

Let B = (BGI BGG) be defined by (5.1.9), BGU defined by (5.1.10), and BUV =

(BUI BUG) defined by (5.1.15). Suppose that we want to evolve (5.2.1) from time 0

to T . First, we divide [0, T ] uniformly into N subintervals with time step ∆t. Let

vn = (vnI ,v
n
G)T and un be the numerical solution at time n∆t. Let fnI be the source

function f evaluated at the non-ghost points of v and gn be the source function g

evaluated at the closest points of grid points of u at time n∆t.

For n = 0, 1, . . . , N − 1, we perform the following three steps:

vn+1
I = vnI + ∆t(LIV v

n + fnI ), (5.2.4a)

vn+1
G = −B−1

GG(BGIv
n+1
I +BGUu

n), (5.2.4b)

un+1 = un + ∆t(Muu
n +BUV v

n+1 + gn). (5.2.4c)

We can also first evolve u and then evolve v at each time step, which yields similar

results to (5.2.4). Although (5.2.4) is only first order accurate in time, we choose

∆t = O(∆x2) for stability reasons. Therefore, (5.2.4) is 2nd-order with respect to ∆x

in practice as we will see in Section 5.2.3.

5.2.2 Method-of-lines time stepping

We need to choose ∆t = O(∆x2) to ensure the stability of an explicit scheme because

of the diffusion operators in problem (5.2.1). It is desirable for us to construct implicit

schemes to increase the time step ∆t from O(∆x2) to O(∆x). Although the scheme

(5.2.4) is easy to understand and implement, modifying it into an implicit scheme is

not straightforward. Instead, in this section we investigate a method-of-lines (MOLs)

approach [80] to solve (5.2.1). In other words, we first discretize the coupled problem
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(5.2.1) spatially to obtain a system of ODEs, and then apply standard ODE solvers

to the semi-discretized problem along the time direction.

Notice that we can represent vG by vI and u according to the discretized coupled

boundary condition (5.1.16):

vG = −B−1
GG(BGIvI +BGUu). (5.2.5)

Thus we can set up a new solution vector

s =

(
vI
u

)
,

and construct an operator A so that As approximates the diffusion operators of v

and u. Using the same notations as in Section 5.2.1, and eliminating vG using (5.2.5),

dv∆v at non-ghost points of the bulk can be approximated as

LIV v = (LII −LIGB−1
GGBGI)vI −LIGB−1

GGBGUu. (5.2.6)

du∆S − βu+ αv in the band surrounding the surface can be approximated as

BUV v +Muu = (BUI −BUGB
−1
GGBGI)vI + (Mu −BUGB

−1
GGBGU)u. (5.2.7)

Combining (5.2.6) and (5.2.7), we obtain that

As =

(
LIV v

BUV v +Muu

)
=

(
LII −LIGB−1

GGBGI LIGB
−1
GGBGU

BUI −BUGB
−1
GGBGI Mu −BUGB

−1
GGBGU

)(
vI
u

)
.

Therefore, the semi-discretized ODE system becomes

st = As+ h, (5.2.8)

where s =

(
vI
u

)
, A =

(
LII −LIGB−1

GGBGI LIGB
−1
GGBGU

BUI −BUGB
−1
GGBGI Mu −BUGB

−1
GGBGU

)
, and h is

the source term. h might depend on t, x and s linearly or nonlinearly.

One can then choose his/her favourite time stepping methods to solve the ODE

system (5.2.8). The simplest scheme is still the forward Euler time stepping method,

sn+1 = sn + ∆t(Asn + hn). (5.2.9)

It might cost too much memory to directly construct A in (5.2.8) for 3-D problems,

because there are several matrix inversions involved in the construction of A. There-

fore, we construct a scheme which does not need to construct A explicitly but is

equivalent to scheme (5.2.9):

vnG = −B−1
GG(BGIv

n
I +BGUu

n), (5.2.10a)

vn+1
I = vnI + ∆t(LIV v

n + fnI ), (5.2.10b)

un+1 = un + ∆t(Muu
n +BUV v

n + gn). (5.2.10c)
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In order to choose ∆t = O(∆x), we need to handle the linear operatorA implicitly.

In this thesis we shall use the IMEX linear multistep schemes from [3]. A first order

method is the IMEX Euler scheme:

(I −∆tA)sn+1 = sn + ∆thn. (5.2.11)

A second order method is the semi-implicit backward difference formula (SBDF-2):

(I − 2

3
∆tA)sn+1 =

4

3
sn − 1

3
sn−1 +

4∆t

3
hn − 2∆t

3
hn−1. (5.2.12)

We need to solve large linear systems at each time step if IMEX schemes are used. For

2-D problems sparse direct solvers can be used, but for large 3-D problems, efficient

iterative solvers and preconditioners are needed. One possibility is to construct a

multigrid algorithm using the ideas in Algorithm 5, and this is left to future work.

5.2.3 Numerical examples

5.2.3.1 Ellipse

For simplicity, we choose α = β = 1 in equation (5.2.1). The boundary is an el-

lipse x2

3
+ y2

2
= 1. The exact solution v in the interior of the ellipse is chosen as

e−5t sin(x) sin(2y). Since this exact solution v satisfies vt = ∆v, the source function

f of v is set to be 0. We then set the exact solution u = v + ∂v
∂n

according to the

coupled condition (5.2.1b) on the boundary. Finally we calculate the source function

g of u according to g = ut −∆Su+ u− v.

We first test the alternating forward Euler time-stepping scheme (5.2.4) applied to

the above problem. We choose ∆t = 1
4
∆x2, and evolve to T = 0.5. Figure 5.5 shows

initial u and v, and Figure 5.6 shows numerical solutions for u and v at T = 0.5. As

time evolves, the patterns of u and v do not change while their magnitudes decay by

about a factor of 10. This is because the initial v is an eigenfunction of the Laplacian

operator in the bulk and the initial u is an eigenfunction of the Laplace-Beltrami

operator on the ellipse. Both u and v decay with time and their magnitudes are

about e−5t. Table 5.3 records the relatives errors of u on the ellipse and v in the

interior. We can observe 2nd-order convergence for both u and v.

We then test the forward Euler scheme (5.2.9) applied to (5.2.8), which is a MOL

approach. We choose ∆t = 1
4
∆x2. Table 5.4 records the numerical errors. These

errors are similar to those in Table 5.3 where alternating forward Euler scheme (5.2.4)

is used.
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(a) u at time 0 (b) v at time 0

Figure 5.5: Initial u and v for the coupled bulk-surface diffusion equation where
the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
∆x = 0.05.

(a) u at time 0.5 (b) v at time 0.5

Figure 5.6: u and v at time T = 0.5 for the coupled bulk-surface diffusion equation
where the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
∆x = 0.05.
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Table 5.3: Convergence study for the coupled bulk-surface diffusion equation where
the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
Alternating forward Euler stepping scheme (5.2.4) is used and ∆t = 1

4
∆x2.

(a) Relative errors on the ellipse

∆x 0.4 0.2 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 1.18e-1 3.48e-2 7.59e-3 2.09e-3 5.08e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.76 2.19 1.86 2.04

(b) Relative errors in the bulk

∆x 0.4 0.2 0.1 0.05 0.025
‖v−vh‖∞
‖v‖∞ 5.00e-2 1.51e-2 4.13e-3 1.14e-3 3.00e-4

log2
‖v−v2h‖∞
‖v−vh‖∞ 1.73 1.87 1.86 1.93

Table 5.4: Convergence study for the coupled bulk-surface diffusion equation where
the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
Forward Euler MOL scheme (5.2.9) is used and ∆t = 1

4
∆x2.

(a) Relative errors on the ellipse

∆x 0.4 0.2 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 1.51e-1 3.72e-2 9.43e-3 2.30e-3 5.79e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.02 1.98 2.04 1.99

(b) Relative errors in the bulk

∆x 0.4 0.2 0.1 0.05 0.025
‖v−vh‖∞
‖v‖∞ 7.60e-2 2.00e-2 4.59e-3 1.52e-3 3.65e-4

log2
‖v−v2h‖∞
‖v−vh‖∞ 1.92 2.12 1.59 2.06
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Finally we test SBDF-2 scheme (5.2.12) applied to (5.2.8). We choose ∆t = 1
4
∆x.

In the first time step IMEX-Euler scheme (5.2.11) is used. Table 5.5 shows the

numerical errors. Again we observe 2nd-order convergence results for ∆x. Since

∆t = O(∆x), the results indicate that the SBDF-2 scheme is also 2nd-order in time.

Table 5.5: Convergence study for the coupled bulk-surface diffusion equation where
the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
SBDF-2 scheme (5.2.12) is used and ∆t = 1

4
∆x.

(a) Relative errors on the ellipse

∆x 0.4 0.2 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 1.10e-1 2.84e-2 7.15e-3 1.64e-3 4.12e-4

log2
‖u−u2h‖∞
‖u−uh‖∞ 1.96 1.99 2.12 2.00

(b) Relative errors in the bulk

∆x 0.4 0.2 0.1 0.05 0.025
‖v−vh‖∞
‖v‖∞ 8.46e-2 2.06e-2 4.66e-3 9.78e-4 2.37e-4

log2
‖v−v2h‖∞
‖v−vh‖∞ 2.04 2.15 2.25 2.05

5.2.3.2 Ball-sphere

We consider the coupled bulk-surface diffusion problem (5.2.1) with diffusion in the

unit ball coupled with diffusion on the unit sphere. This example was tested by the

authors of [68]. In their test, α = β = 1 and the source functions f = g = 0. With

the spherical coordinates (θ, φ, r) (x = r sinφ cos θ, y = r sinφ sin θ, z = r cosφ), the

exact solutions are chosen to be

u = Ae−k
2t cos(φ),

v = e−k
2t sin(kr)− kr cos(kr)

(kr)2
cos(φ), (5.2.13)

where k = 1.527338738, and A = sin(k) + cos(k)
k
− sin(k)

k2
([68]). We choose ∆t = 1

8
∆x2

and evolve the scheme (5.2.4) to T = 0.1.

Figure 5.7 shows the numerical solutions of u and v on the surface at time 0.1

with ∆x = 0.2. Table 5.6 shows the convergence results of the alternating forward
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Euler time stepping scheme (5.2.4). Table 5.7 shows the convergence results of the

MOL foward Euler time stepping scheme (5.2.9) with implementation (5.2.10).

(a) u at time 0.1 (b) v restricted on the surface at time 0.1

Figure 5.7: Numerical solutions of u and v at time T = 0.1 for the ball-sphere
coupled diffusion equation with ∆x = 0.2.

5.3 Fisher-KPP equation in the bulk coupled with

diffusion on the curve

In 2013, Berestycki, Roquejoffre and Rossi proposed a model in [7] to describe bio-

logical invasions in the plane coupled with fast diffusion on a line. Propagations of

biological species can be modeled by the Fisher-KPP equation [31, 47]. As pointed

out in [7], the usual Fisher-KPP equation has a spreading speed [2, 5] describing how

fast the species propagate asymptotically. The work [7] investigates the spreading

speed of the Fisher-KPP equation on a two dimensional domain influenced by a cou-

pled diffusion equation on a line in the plane. The model equation proposed in [7] is

vt = dv∆v + v(1− v) in Ω, (5.3.1a)

−dv
∂v

∂y
= βu− αv on R, (5.3.1b)

ut = duuxx − βu+ αv on R, (5.3.1c)

where the domain Ω = {(x, y) : x ∈ R, y > 0} is the upper half plane and R is

the real line. Roughly speaking, the key result of [7] is that when the ratio between

the diffusion coefficients du
dv

exceeds some critical value, the propagation speed of the
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Table 5.6: Convergence study for the coupled ball-sphere diffusion equation. Scheme
(5.2.4) is used and ∆t = 1

8
∆x2.

(a) Relative errors on the sphere

∆x 0.2 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 1.53e-3 3.37e-4 8.05e-5 1.98e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.18 2.07 2.02

(b) Relative errors in the ball

∆x 0.2 0.1 0.05 0.025
‖v−vh‖∞
‖v‖∞ 4.17e-3 9.87e-4 2.46e-4 6.28e-5

log2
‖v−v2h‖∞
‖v−vh‖∞ 2.08 2.00 1.97

Table 5.7: Convergence study for the coupled ball-sphere diffusion equation. Scheme
(5.2.9) with implementation (5.2.10) is used and ∆t = 1

8
∆x2.

(a) Relative errors on the sphere

∆x 0.2 0.1 0.05 0.025
‖u−uh‖∞
‖u‖∞ 1.14e-3 2.25e-4 5.23e-5 1.28e-5

log2
‖u−u2h‖∞
‖u−uh‖∞ 2.34 2.10 2.03

(b) Relative errors in the ball

∆x 0.2 0.1 0.05 0.025
‖v−vh‖∞
‖v‖∞ 2.51e-3 1.01e-3 2.92e-4 7.18e-5

log2
‖v−v2h‖∞
‖v−vh‖∞ 1.31 1.80 2.02
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Fisher-KPP equation is increased. This result explains several biological phenomena

in reality. To state one example from [7], in the middle of the 14th century, the spread

of “Black death” plague was enhanced by relatively faster spread on the Silk Road

and commercial roads in Europe. For detailed biological applications and theoretical

analysis, we refer readers to [7] and the references therein.

In this thesis, we are interested in the case where Ω is a general bounded domain

with a curved boundary ∂Ω and the coupled diffusion happens on ∂Ω = S. If we

replace −∂v
∂y

by ∂v
∂n

in (5.3.1b), and replace uxx by ∆Su in (5.3.1c), then we obtain

the following system,

vt = dv∆v + v(1− v) in Ω, (5.3.2a)

dv
∂v

∂n
= βu− αv on S, (5.3.2b)

ut = du∆Su− βu+ αv on S. (5.3.2c)

The system (5.3.2) is also studied by Dawson [17] in a project supervised by the

author and Colin Macdonald. Equation (5.3.2) is actually a special case of the coupled

diffusion system (5.2.1) with the source function in v being v(1 − v). Therefore, we

can adopt scheme (5.2.4) to solve system (5.3.2). A minor modification is that the

diffusion coefficients du and dv need to be considered when building matrices.

We investigate the example where Ω is a unit disk and ∂Ω = S is a unit circle.

We choose α = 0.1 and β = 5. The initial condition is set to be u0 = 0 and

v0(x, y) =


(
1− (x− 7

8
)2 − y2

)2
,
√

(x− 7
8
)2 + y2 ≤ 1

16

0,
√

(x− 7
8
)2 + y2 > 1

16

∆x = 0.02, ∆t = ∆x2

5 max(du,dv)
. We run the alternating forward Euler time-stepping

scheme to time 25. Figure 5.8 shows the numerical solutions of v in the unit disk for

different sets of (du, dv). The first column of Figure 5.8 displays the results when there

is no fast diffusion (du = dv), the second column shows the results with moderate fast

diffusion (du = 10dv), and the third column records the results of strong fast diffusion

(du = 50dv). We can see clear enhancement of propagation of v near the boundary

by coupling to the fast diffusion of u. Figure 5.9 shows the corresponding u on the

circle.

Further tests such as the effects of curvatures and their analysis are left as future

work.
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(m) dv = 0.001, du = dv (n) dv = 0.001, du = 10dv (o) dv = 0.001, du = 50dv

Figure 5.8: Simulation results of problem (5.3.2) – v in the disk. α = 0.1, β = 5,
∆x = 0.02, ∆t = ∆x2

5 max(du,dv)
.
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(m) dv = 0.001, du = dv (n) dv = 0.001, du = 10dv (o) dv = 0.001, du = 50dv

Figure 5.9: Simulation results of problem (5.3.2) – u on the circle. α = 0.1, β = 5,
∆x = 0.02, ∆t = ∆x2

5 max(du,dv)
.
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5.4 Coupled bulk-surface reaction-diffusion system

Finally, we consider the coupled bulk-surface reaction-diffusion equations [60, 64]

modelling Turing pattern formation both in the bulk and on the surface. Following

the abbreviation in [64], we call the bulk-surface reaction-diffusion equations BSRDEs

for short. As pointed out in [64], classical Turing analysis states that patterns on a

single domain can be formed only if there is a sharp contrast between the diffusion

coefficients of the two species [36, 67]. In other words, if we are only solving a single

reaction-diffusion system either in the bulk or on the surface, then Turing pattern

formation requires strong contrast of diffusion coefficients in the bulk or on the surface

respectively. A natural question is whether robust patterns can be formed without

this contrast either in the bulk or on the surface when there are coupled bulk-surface

reaction-diffusion systems. Mathematically, the BSRDEs can be written as [60, 64]:

ut = Du∆Su+ γS(f(u, v)− α1u+ β1U), on S (5.4.1a)

vt = Dv∆Sv + γS(g(u, v)− α2v + β2V ), on S (5.4.1b)

Ut = DU∆U + γΩf(U, V ), in Ω (5.4.1c)

Vt = DV ∆V + γΩg(U, V ), in Ω (5.4.1d)

DU
∂U

∂n
= γS(α1u− β1U), on S (5.4.1e)

DV
∂V

∂n
= γS(α2v − β2V ), on S. (5.4.1f)

In this thesis we shall only focus the numerical solutions of BSRDEs and some in-

tuitive explanations of the numerical results. For the detailed biological background

and analysis of Turing diffusion-driven instability, we refer readers to [64] and ref-

erences therein. In 2014, Madzvamuse and Chung investigated bulk-surface finite

element methods and fully implicit time-stepping schemes for BSRDEs in [63]. In

2015, their methods are applied to solve such systems for a unit ball and sphere to

verify the theoretical analysis in [64]. The method we shall use has been described

in Sections 5.1.1 and 5.2.1. As mentioned in the beginning of this chapter, the main

idea of our method was originated in [60] where the authors solved BSRDEs in the

Drosophila embryo.

We shall solve the BSRDEs (5.4.1) by forward Euler time stepping using the spatial

discretization in Section 5.1.1. In order to do so, we regard (5.4.1) as a combination

of two bulk-surface diffusion problems. One consists of (5.4.1a), (5.4.1c) and (5.4.1e)

and the other is made of (5.4.1b), (5.4.1d) and (5.4.1f). At each time step we shall use

the alternating forward Euler scheme (5.2.4) to evolve each of the two bulk-surface
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diffusion problems successively. The first bulk-surface diffusion problem has a surface

variable u satisfying (5.4.1a) with source function γSf(u, v), and a bulk variable U

satisfying (5.4.1c) with source function γΩf(U, V ). The two equations are coupled by

the boundary condition (5.4.1e). The alternating forward Euler scheme (5.2.4) can

almost be directly applied except that the parameter γS , and the diffusion coefficients

Du & DU need to be considered. After evolving u and U , one can then evolve v and

V using scheme (5.2.4) in the same way.

To test the effectiveness of our method, we consider the coupled ball-sphere

reaction-diffusion example in [64] with exactly the same parameters. We shall see

that our method generates similar results to those in [64], and thus also verifies the

theoretical analysis in [64]. In this test, Ω is a unit ball and S is a unit sphere. The

source functions f and g are chosen according to the Brusselator model [75],

f(u, v) = a− u+ u2v, g(u, v) = b− u2v.

Same as in [64], we choose a = 0.1, b = 0.9, γΩ = γS = 500, α1 = β1 = 5
12

,

α2 = β2 = 5. We fix Du = DU = 1, and solve the system (5.4.1) with different sets of

Dv and DV . We choose ∆x = 0.05 and ∆t = 1.25e−5. We build two computational

bands for the bulk and surface. The computational band containing the bulk has

55179 grid points and the computational band surrounding the surface has 36830 grid

points. Starting with the equilibrium state of the system (u, v, U, V ) = (1, 0.9, 1, 0.9)

perturbed randomly with magnitude around 0.01, we run the simulation to time 0.15

when all patterns seem to be stable and stop changing.

Figures 5.10–5.13 show different patterns of u on the surface and U in the bulk

for different sets of Dv and DV . All the results are similar to the test results in [64].

Figure 5.10 shows that when the diffusion coefficients, both on the surface and

in the bulk are the same, no pattern is formed either on the surface or in the bulk.

Figure 5.11 shows that when the diffusion coefficients, both on the surface and in the

bulk have sharp contrast, spots are formed both on the surface and in the bulk. The

results of these two figures are consistent with the classical Turing analysis.

Figure 5.12 shows the results when there is a sharp contrast between the diffusion

coefficients on the surface (Du = 1, Dv = 20) while the diffusion coefficients in the

bulk are the same. Spots are observed to form on the surface due to the sharp diffusion

coefficients contrast. Although there’s no difference between the diffusion coefficients

in the bulk, the quantities on the surface drive the quantities in the bulk to form

patterns of small balls near the surface due to the coupling Robin type boundary
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conditions (5.4.1e) and (5.4.1f). For regions of the volume further from the surface,

the coupling becomes weaker and no obvious patterns can be observed.

Figure 5.13 shows the results when there is a sharp contrast between the diffusion

coefficients in the bulk (DU = 1, DV = 20) while the diffusion coefficients on the

surface are the same. According to Figure 5.13(a) and (b), no obvious patterns are

formed for the quantities on the surface. Figure 5.13(d) shows various patterns in

the bulk. Spots occur in the central regions of the bulk due to the sharp contrast of

the diffusion coefficients in the bulk. Meanwhile, spherical layers are formed near the

boundary because of the coupling to surface quantities on the surface. Figure 5.13(c)

indicates that some weak patterns are formed for the bulk quantities restricted on

the surface.

Figures 5.12 and 5.13 show that the coupling Robin type boundary condition

seems to introduce a boundary layer when the dynamics in the bulk and surface have

sharp contrast. This phenomenon is discussed in more detail in [64].
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(a) u on the sphere (b) u on the cut sphere

(c) U restricted on the sphere (d) U on a cross section of the ball

Figure 5.10: Solutions of BSRDEs with (DV , Dv) = (1, 1). The diffusion coefficients
both on the surface and in the bulk are the same (Du = Dv = 1, DU = DV = 1).
The scales of the colobars show that u and U vary within a small magnitude of 10−4,
which indicates that there is no patterns formed either on the surface or in the bulk.
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(a) u on the sphere (b) u on the cut sphere

(c) U restricted on the sphere (d) U on a cross section of the ball

Figure 5.11: Solutions of BSRDEs with (DV , Dv) = (20, 20). The diffusion coeffi-
cients both on the surface and in the bulk have a big contrasts (Du = 1� Dv = 20,
DU = 1� DV = 20). There are spots formed both on the surface and in the bulk.
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(a) u on the sphere (b) u on the cut sphere

(c) U restricted on the sphere (d) U on a cross section of the ball

Figure 5.12: Solutions of BSRDEs with (DV , Dv) = (1, 20). The diffusion coefficients
on the surface have big contrast (Du = 1, Dv = 20) while the diffusion coefficients in
the bulk are the same. Figures (a) and (b) show that spots are formed on the surface.
Figures (c) and (d) show that small balls are formed in regions of the volume close
to the surface, while no obvious patterns are formed far from the surface in the bulk.
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(a) u on the sphere (b) u on the cut sphere

(c) U restricted on the sphere (d) U on a cross section of the ball

Figure 5.13: Solutions of BSRDEs with (DV , Dv) = (20, 1). The diffusion coefficients
in the bulk have big contrast (DU = 1, DV = 20) while the diffusion coefficients on
the surface are the same. Figures (a) and (b) show that there are no obvious patterns
formed on the surface. Figure (c) shows that some weak patterns of the bulk quantity
U restricted on the surface are formed. Figure (d) shows that in the bulk, various
patterns are formed. Spherical patterns appear near the surface while in the middle
of the bulk, spots are formed.
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Chapter 6

Conclusions

The Closest Point Method is a simple embedding technique to solve PDEs on smooth

surfaces. This thesis makes substantial contributions to solving elliptic and parabolic

surface PDEs via the Closest Point Method from both analysis and practice points

of views. A new embedding equation for surface elliptic equations was formulated

and discretized, and a 2nd-order convergence proof was obtained. Also, a novel

geometric multigrid solver based on the closest point representation of the surface

was constructed.

In Chapter 2, we applied the Closest Point Method to solving elliptic equations

on curves and surfaces without boundaries. A continuous embedding equation in

a narrow band surrounding the surface was formulated by adding the closest point

extension of the surface PDE and a penalty term which is the difference between

the solution itself and its closest point extension. The embedding equation not only

agrees with the original surface PDE on the surface, but also has a unique solution

which is constant along the normal directions to the surface. The embedding equation

was then discretized by a standard centered finite difference scheme and barycentric

Lagrange interpolation. Dedicated interpolation degrees and the penalty coefficient

γ can be chosen so that the resulting scheme is provably 2nd-order consistent, and

furthermore 2nd-order convergent when the embedding space is R2. The scheme can

be further modified to be provably 2nd-order convergent when the embedding space

is R3, but in practice the unmodified scheme works well enough to yield 2nd-order

convergence results.

In Chapter 3, we solved elliptic equations on surfaces and domains with bound-

aries. The “ghost” point approach was adopted to handle Dirichlet, Neumann and

Robin boundary conditions. A new extrapolation method was constructed to repre-

sent values of ghost points by values of interior points according to boundary condi-

tions. Combining the method to handle boundary conditions with the discretization
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of the surface elliptic operators in Chapter 2, one can then straightforwardly solve

elliptic equations on surfaces and domains with boundaries.

In Chapter 4, we developed geometric multigrid solvers to solve the large sparse

linear system arising from the discretization of the embedding equation. Special

relaxation schemes and restriction/prolongation operators were constructed in the

framework of the Closest Point Method. Multigrid solvers were constructed suc-

cessively for surfaces without boundaries, codimension 0 domains and surfaces with

smooth boundaries. Numerical tests indicate that the closest point multigrid solvers

have almost constant convergence speed as the number of grid levels increase, which

is the primary desirable property of normal multigrid algorithms.

In Chapter 5, we combined all the methods from the previous three chapters to

solve the coupled bulk-surface PDEs. Coupled bulk-surface elliptic problems and dif-

fusion problems, bulk Fisher-KPP equations coupled with surface diffusion equations,

and coupled bulk-surface reaction-diffusion equations were solved. Convergence stud-

ies for elliptic and diffusion problems illustrated 2nd-order accuracy of our discretiza-

tion for bulk-surface coupled problems. The numerical simulations of the coupled

Fisher-KPP-diffusion equations and coupled bulk-surface reaction-diffusion equation-

s matched the theoretical analysis in literature and plausible biological phenomena.
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Appendix A

Surface differential operators in
Cartesian Space

In Chapter 1, we introduce the definition of surface differential operators of surface

functions by differentiating the extended functions in the embedding space. In this

appendix we prove the formulas for surface divergence (1.2.6) and surface Laplacian

(1.2.8). For ease of notation, we omit the tilde ˜ above the functions and the argument

y ∈ S. We also use the Einstein summation convention to achieve notational brevity.

Proposition A.0.1

∇S · v = ∇ · v − nT
(
∇v
)
n, (A.0.1)

where ∇v is the Jacobian matrix of v.

Proof.

∇S · v =

(
∂

∂xi
− ninj

∂

∂xj

)
vi =

∂vi
∂xi
− ni

∂vi
∂xj

nj = ∇ · v − nT
(
∇v
)
n.

Proposition A.0.2

∆Su = ∆u− κ ∂u
∂n
− ∂2u

∂n2
, (A.0.2)

where κ = ∇ · n, ∂u
∂n

= ∇u · n, and ∂2u
∂n2 = ∇

(
∇u · n

)
· n.

Proof. According to the defintion of Laplace–Beltrami operator, we have

∆Su = ∇S · ∇Su =

(
∂

∂xi
− ninj

∂

∂xj

)(
∂

∂xi
− nink

∂

∂xk

)
u

=

(
∂

∂xi

∂

∂xi
− ninj

∂

∂xj

∂

∂xi
− ∂

∂xi

(
nink

∂

∂xk

)
+ ninj

∂

∂xj

(
nink

∂

∂xk

))
u

(A.0.3)

135



Notice that

∂

∂xi

(
nink

∂

∂xk

)
= nink

∂

∂xi

∂

∂xk
+
∂ni
∂xi

nk
∂

∂xk
+
∂nk
∂xi

ni
∂

∂xk
= nink

∂

∂xi

∂

∂xk
+
∂ni
∂xi

nk
∂

∂xk
,

(A.0.4)

and

ninj
∂

∂xj

(
nink

∂

∂xk

)
= nininjnk

∂

∂xj

∂

∂xk
+ ninj

∂(nink)

∂xj

∂

∂xk
= njnk

∂

∂xj

∂

∂xk
.

(A.0.5)

Substituting equations (A.0.4) and (A.0.5) into equation (A.0.3), we have

∆Su =
∂

∂xi

∂

∂xi
u− ∂ni

∂xi
nk

∂u

∂xk
− ninj

∂2u

∂xi∂xj
. (A.0.6)

Notice also that

κ
∂u

∂n
= (∇ · n)(∇u · n) =

∂ni
∂xi

nk
∂u

∂xk
, (A.0.7)

and
∂2u

∂n2 = ∇
(
∇u · n

)
· n = nj

∂

∂xj

(
ni
∂u

∂xi

)
= ninj

∂2u

∂xi∂xj
. (A.0.8)

Substituting (A.0.7) and (A.0.8) into (A.0.6), we finally prove that

∆Su = ∆u− κ ∂u
∂n
− ∂2u

∂n2
.
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