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Abstract

This thesis concerns the analytical and practical aspects of applying the
Closest Point Method to solve elliptic partial differential equations (PDEs)
on smooth surfaces and domains with smooth boundaries. A new numeri-
cal scheme is proposed to solve surface elliptic PDEs and a novel geometric
multigrid solver is constructed to solve the resulting linear system. The

method is also applied to coupled bulk-surface problems.

A new embedding equation in a narrow band surrounding the surface is
formulated so that it agrees with the original surface PDE on the surface
and has a unique solution which is constant along the normals to the sur-
face. The embedding equation is then discretized using standard finite
difference scheme and barycentric Lagrange interpolation. The resulting
scheme has 2nd-order accuracy in practice and is provably 2nd-order con-

vergent for curves without boundary embedded in R2.

To apply the method to solve elliptic equations on surfaces and domains
with boundaries, the “ghost” point approach is adopted to handle Dirich-
let, Neumann and Robin boundary conditions. A systematic method is
proposed to represent values of ghost points by values of interior points

according to boundary conditions.

A novel geometric multigrid method based on the closest point repre-
sentation of the surface is constructed to solve the resulting large sparse
linear systems. Multigrid solvers are designed for surfaces with or with-
out boundaries and domains with smooth boundaries. Numerical results
indicate that the convergence rate of the multigrid solver stays roughly

the same as we refine the mesh, as is desired of a multigrid algorithm.

Finally the above methods are combined to solve coupled bulk-surface

PDEs with some applications to biology.
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Chapter 1

Introduction

Surface partial differential equations (PDEs) have a wide range of applications in
science and engineering. For example, they arise in modelling pattern formation on
biological surfaces [6], ocean flows or atmospheric flows on the surface of the earth
[86], image de-noising [10] or segmentation [82] on curved surfaces, coupled bulk-
surface diffusion processes in cell biology [68], and interfacial flows with surfactant on
the interface [87]. Since analytical solutions of surface PDEs are difficult to obtain
in most applications, numerical methods are essential for these applications. Among
various numerical techniques to solve surface PDEs, the Closest Point Method [79,
61, 62, 59, 65] is a simple embedding method which works for a wide range of surface
PDEs.

This thesis makes substantial contributions to applying the Closest Point Method
to solve elliptic PDEs on surfaces. A new embedding equation for the surface elliptic
equation is formulated and discretized, and a 2nd-order convergence proof is obtained.
Also, a novel geometric multigrid algorithm is constructed based on the closest point
representation of the surface.

This chapter will mention several numerical methods for solving surface PDEs,
introduce the concepts of surface intrinsic differential operators, review the Closest
Point Method, and present the outline of the thesis.

1.1 Numerical methods to solve surface PDEs

There are a variety of numerical techniques to solve surface PDEs, typically depending
on the geometrical representation of the underlying surface and to some extent, the

background and expertise of the practitioner:



One can find a parametrization of the surface [32], formulate and solve the PDE

in the parameter space.

One can also build a Voronoi tessellation of the surface [50, 20|, and formulate
a finite volume scheme for surface PDEs [45, 21, 22, 68].

Based on a triangulation or a polygonal approximation of the surface, one can
solve the PDE on the approximated surface by finite differences [83] or finite
elements [23, 24].

A novel type of surface finite element method [70, 69, 19] is based on the restric-
tion (trace) of a standard finite element space on a tetrahedral triangulation of
an outer domain that contains the surface. This method can handle PDEs on

moving surfaces [71].

Based on a level set representation of the surface, one can formulate an embed-
ding PDE corresponding to the surface PDE, then use either finite differences
9, 37] or finite elements [14, 25, 18] to numerically solve the PDE in the em-
bedding space. This level set approach is also desirable for PDEs on moving
surfaces [88, 26].

Another embedding method is the diffuse interface approach [77, 54] which
introduces a diffuse interface region of a phase-field variable. The surface then
becomes the 1/2-level set of a phase-field variable, and an embedding PDE is

formulated based on the diffuse interface representation.

Another method suitable for moving surfaces is the grid based particle method
[52, 51] which moves the interface by evolving a set of particles and local recon-
structions. One can then approximate surface differential operators using the

local reconstructions (see also the point cloud approach next).

Starting from a point cloud (supposed to be sampled from the surface), one can
reconstruct the surface by radial basis functions (RBFs), and solve the PDE
on the reconstructed surface using RBF methods such as the RBF projection
method [33] and the RBF orthogonal gradients method [74]. There are also
other approaches to compute on point clouds with no reconstruction procedure

[60] or with only local reconstruction [57].



This thesis will adopt the Closest Point Method based on a closest point repre-
sentation of the surface. As we shall see later, the method extends surface function
to a narrow band so that the extended function is constant along the normals to the
surface. Therefore, we can replace the surface intrinsic differential operators with the
corresponding Cartesian differential operators to formulate an embedding equation in
the narrow band. We then discretize and numerically solve the embedding equation

in a banded, uniform Cartesian grid with finite differences.

1.2 Surface intrinsic differential operators

In this section we review several well-known definitions of surface intrinsic differential
operators (see e.g., [25, 65]) for two dimensional surfaces embedded in R?.

Suppose for the moment that u(y) is a scalar function defined on a smooth surface
S embedded in R?, and @(x) defined in R3 is an extension of u(y) such that a(y) =
u(y) for any y € S. Let n(y) be the unit normal vector to S at y. The surface
gradient of u at y € S is defined as

Vsuly) = Vsily) = Vi(y) - (n(y) - Vily))n(y). (1.2.1)
If we define the projection matrix at y € S to be
P(y) =I-n(y)n(y)", (1.2.2)
where I is the identity matrix, then Vsu(y) can be rewritten as
Vsu(y) = Vsi(y) = P(y)Vi(y). (1.2.3)
We can also denote the surface gradient in components by
Vsu(y) = Vsi(y) = (Dri(y), Dri(y), Dsi(y))". Yy €S, (1.2.4)

where D;, i = 1,2, 3 are the components of the surface gradient. We remark that the
D;’s actually depend on y.

Now suppose v(y) : S — R? is a vector field defined on S, and it has an extension
v(x) : R® — R3 such that v(y) = v(y) for all y € S. Then the surface divergence of

v 1s defined as

Vs-v(y) =Vs-d(y) = mei(y), yes, (1.2.5)



where 7;(y), i = 1,2,3 are the components of the vector field ¥(y). After some

calculations (see Appendix A), we have

Vs-o(y) =V-o(y) —n(y) (Vo(y))nly), yeS, (1.2.6)

where Vo(y) is the Jacobian matrix of the vector function v at y.
Furthermore, the surface Laplacian, or the Laplace—Beltrami function of a scalar

function u(y) with extension u(x) is defined as

Asu(y) = Ast(y) = Vs - Vsi(y) = ZDiDiﬂ(yL yeS. (1.2.7)

After some manipulations (see Appendix A), we get

Asily) = Aily) ~ sy () - D i) yes.  (12s)

where k(y) = V - n(y) is the mean curvature at y, %(y) = Vi(y) - n(y), and

i (y) = V(Viy) - nly)) -nly)

Remark 1.2.1 In general, one can define intrinsic differential operators on mani-
folds of any dimension and codimension [65], and the Closest Point Method is indeed
able to deal with these more general cases [79, 61]. However this thesis will focus on
analysis and applications where the underlying manifold is a curve embedded in R?
or a surface embedded in R®. We believe that some of the analysis and most of the
implementations can be extended to handle more general manifolds, and this is left as
future work. We state some results in arbitrary dimensions where doing so does not

complicate the presentation.

1.3 Review of the Closest Point Method

In this section, we review the concepts of closest point function, closest point exten-
sion, several closest point principles, and the original Ruuth—Merriman formulation
of the Closest Point Method [79]. We also discuss briefly the development and current
status of the Closest Point Method. Following [58], we use the terminology “surface”

and the notation S to refer to general manifolds.



1.3.1 Closest point function and extension

Definition 1.3.1 (Closest point function) [58] For a given surface S embedded
in RY, the Euclidean closest point function cp : RY — R? takes point € € R? and

returns a point cp(x) € S C R? which is closest in Euclidean distance to . That is,

cp(x) = argmin||x — q||2-
qEeS

If the surface S is smooth, there exists a tubular neighborhood [40, 65] B(S) of S
such that Va € B(S), cp(x) is unique. For points which are not in B(S), there might
be multiple points that are closest to . In this case we define cp(x) to return an
arbitrarily chosen closest point.

Theoretically a closest point representation [58] of S is defined once cp(x) is known
for every & € RY. In practice there are various methods to compute the closest
points for grid points and obtain a closest point representation for computation. For
example, we can use analytical formulae for simple geometries, minimize the squared
distance function by Newton’s method for parametrized surfaces [59, 16], or compute
the closest points from other representations of the surface such as a triangulation
(62, 59], a point cloud [60, 51], or a level set function [16].

The closest point representation of a surface leads to a natural extension of surface

data, namely the closest point extension [79, 62, 58]:

Definition 1.3.2 (closest point extension) Let S be a smooth surface embedded
in R, and let B(S) € R? be a tubular neighborhood of S in which the closest point
function is uniquely defined. Then the closest point extension of a scalar function
u: S — R is function @ : B(S) — R so that a(x) = u(cp(x)) for x € B(S).
The closest point extension of a vector field v : S — R? is v : B(S) — R? so that
vi(x) = vi(cp(x)) for x € B(S) andi=1,...,d.

1.3.2 Equivalence of differential operators

The closest point extensions @ and v defined in Definition 1.3.2 are constant in the
normal directions to the surface. This leads to simplified derivative calculations in

the embedding space, which can be summarized by several principles [79, 65]:

Principle 1 (Gradient principle) For a scalar function u defined on S C R%, let
() = u(cp(x)) defined in B(S) C R? be the closest point extension of u, then
Vsu(y) = Vu(y) fory € S.



Principle 2 (Divergence principle) For a vector field v defined on S C R?, let
v(x) = v(cp(x)) defined in B(S) C R? be the closest point extension of v, then
Vs-v(y)=V-o(y) fory €.

Principle 3 (Laplacian principle) For a scalar function u defined on S C R?, let
@(x) = u(cp(x)) defined in B(S) C R? be the closest point extension of u, Asu(y) =
At(y) fory € S.

We now prove the principles for two-dimensional surfaces embedded in R? using
the definitions introduced in Section 1.2. For a scalar function u, since its closest
point extension % is constant along the normals to S, we have n - Vi = 0. Therefore,
from (1.2.1) the Gradient principle holds, and from (1.2.8) the Laplacian principle
holds. For a vector function v, since each component of its closest point extension ©
is constant along the normals to S, we have (Vo)n = 0 where Vv is the Jacobian
matrix of ¥. From (1.2.6) the Divergence principle holds.

The proof can be extended to general manifolds with arbitrary dimension and
codimension and this is done by [65]. The work [65] also discusses and proves cases

for higher order differential operators (e.g., the biharmonic operator).

1.3.3 Ruuth—Merriman Closest Point Method

After introducing the basic ingredients of the Closest Point Method, we review the

Ruuth—Merriman approach [79] by considering the diffusion equation on surface S,

) = Asu(t,y), (1.3.1a)
) = uo(y), (1.3.1b)

(t,
(0

U, Y
u(0,y
where y € § and ¢t > 0.

Using the Laplacian principle, we extend the surface PDE (1.3.1) to the following

embedding equation,

w(t,x) = Au(t,cp(x)), (1.3.2a)
w(0,x) = wup(cp(x)), (1.3.2b)

where € B(S) and ¢t > 0.

According to [79], the solutions of (1.3.1) and (1.3.2) agree at the surface. In
more detail, if u(¢,y) is a solution of (1.3.1) for y € S and u(t,x) is a solution of
(1.3.2) for &« € B(S), then u(t,y) = a(t,y) for t > 0 and points on the surface
y € §. Therefore, it appears that we only need to solve the embedding equation

6



(1.3.2). However, directly discretizing (1.3.2) yields an unstable scheme as discussed
in [62, 85]. This is because the discretization matrix corresponding to Au(t, cp(x))
has eigenvalues with positive real parts. Various approaches [79, 62, 85] have been
adopted to overcome this unstability issue. One of them is the Ruuth-Merrimann
approach which evolves (1.3.2) explicitly in a stable manner, as we shall review next.

Starting from the initial conditions %(0,x) = wug(cp(x)), which correspond to a

closest point extension of the surface data ug, we have
AU(0,cp(x)) = Au(0, x),
which means at ¢t = 0, we can evolve equation (1.3.2a) simply by
w(t,x) = Au(t, x). (1.3.3)

However, after ¢t > 0, as u(t, ) is evolved by (1.3.3), it no longer equals u(t, cp());
so we need to do the closest point extension a(t,x) := u(t,cp(x)) again if we still
want to evolve equation (1.3.2a) simply by (1.3.3).

Discretizing the above idea along the time direction by the forward Euler scheme
leads to the Ruuth—-Merriman approach [79]. Starting from a closest point extension

of the initial data, at each time step we perform the following two steps.

Algorithm 1 (Ruuth—Merriman) 1. Perform a forward Euler time step with
step size At in the embedding space:

W' (x) = 0" (x) + At - AT (), x € RY

2. Perform a closest point extension for each point in the embedding space:

,anJrl(

x) = w" " (cp(x)), x € R

Now we still need to discretize in the spatial direction in order to get a complete
numerical scheme. The spatial discretization contains two parts: one for the evolving
step, the other for the extension step. For the evolving step, we use standard finite
difference schemes (e.g., the ﬁ{—él, 1,1,1,1} rule for the Laplacian in 2-D), and
this requires a difference stencil for each grid point. For the extension step, we need
to assign the value of each grid point to be the value of its closest point; since the
closest point is usually not a grid point, its value is obtained through interpolation of
the surrounding grid points. We call these grid points surrounding the closest point
the interpolation stencil. Figure 1.1 shows examples of interpolation stencils needed

to obtain the values of u at several closest points.
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Figure 1.1:  Closest point extension-
s for grid points ®; and @,. For ex-
ample, bi-linear interpolation (smaller
interpolation stencil shaded in red) is
used to approximate wu(cp(x;)), while
bi-cubic interpolation (larger interpola-
tion stencil shaded in blue) is used to
approximate u(cp(xs)).

As pointed out in [79], the order of the interpolation for the closest point ex-
tension should be high enough to yield a consistent scheme. Thus for a p-th order
difference scheme and a problem involving up to order-¢q derivatives the interpolation
order should be p+ ¢ (or higher) [79]. For example, if we want to solve the heat equa-
tion on surfaces with smooth solutions by the second-order centered finite difference
scheme for the Discrete Laplacian, then at least 4th-order (e.g. cubic polynomial)
interpolation should be used to ensure that the final difference scheme is second-
order.! If the underlying PDE has smooth solutions, polynomial interpolations fulfill
the consistency conditions; and in particular we shall use tensor product Barycentric
Lagrange interpolation [8], which is a fast and stable form of Lagrange polynomial
interpolation. In this thesis we focus on elliptic PDEs with smooth solutions, and
use the barycentric Lagrange interpolation all the time. For PDEs with non-smooth
solutions, WENO interpolation [41] can be used; see [61] where the authors solve the
level set equations on surfaces.

In principle one can perform Algorithm 1 in the whole embedding space, but for
theoretical and practical reasons we’d like to do it in a narrow band surrounding
the surface. Following [62], the computational band contains two discrete sets of
points. The first list Bjpterp = {®1, T2, ..., &} contains every grid point which can
appear in the interpolation stencil for some point on the surface S%. The second list
Beige = {Tm+1, T2, ... Timtm, } contains points which are not in By, but appear
in the difference stencil of some point in Bj,erp. Figure 1.2 shows an example of the

two lists Biyterp and Begge Where the curve S is a circle embedded in R2. Algorithms

"'We shall give detailed truncation error analysis for the shifted Poisson’s equation in Chapter 2.
2 As pointed out in [62], a practical Binterp is defined to be all points which can appear in some
interpolation stencil of cp(x;), where @; € Binterp U Bedge-



for the construction of these lists can be found in [62], and implementations can be
obtained from cpSurf [28] which is a surface computing software package using the
Closest Point Method.

Figure 1.2: (Figure taken from [62] Sec- O o ¢ o o o s o s 00
tion 2.2, with permission of the authors)
Examples of the lists of grid points Bjnterp
(indicated by «) and Begge (indicated by
o) where the curve S is a circle. The in-
terpolation stencil is a 4 x 4 grid (arising,
for example, from using degree 3 barycen- ¢

tric Lagrange interpolation) and the shad- o
ed regions illustrate the use of this stencil — ©

at the three points on the circle indicat-  °
ed by ¢. Five-point difference stencils are
shown for two example points in Bjyterp,
in one case illustrating the use of points

lIlBedge. 0O 0 0 0o 0o 0 O

With the above definition of Bjyerp and Begge, Algorithm 1 can be implemented
as follows. In the beginning, we assign the value of @ at each point in Bj,erp U Bedge
as the value at the corresponding closest point (either by evaluating the exact initial
surface data or through interpolation). Then we alternate between the following two

steps:

1. w(Binterp) = W Binterp) + At - Ap(@(Binterp U Bedge)), where Ay is the discrete
Laplacian operator evaluating at points in Bj,er, using values of @ at points in
Binterp U Bedge;

2. update @(Binterp U Beage) by interpolating values of w(Bjnterp)-

1.3.4 Development of the Closest Point Method

The Ruuth—Merriman approach works for a wide range of time-dependent surface
PDEs (see [79, 61]). However, this approach uses explicit time-stepping and its mod-
ification to an implicit scheme is not straightforward. Motivated by deriving implicit
time-stepping schemes to solve stiff PDEs, [62] introduces a stabilized discretization
for the embedding counterpart of the Laplace—Beltrami operator Aa(cp(x)). The
stabilized operator in the embedding space turns out to be Aa(cp(x)) — v (a(x) —
@(cp(x))) (with a particular parameter 7). Intuitively, —y(@(z) — @(cp(x))) could be

o O O o O

(@]

o



viewed as a penalty term that keeps the solution close to be constant along the nor-
mals. However the approach in [62] does not generate a solution constant along the
normals because Aw(cp(x)) is not constant along the normals®. This makes analysis
for both the continuous equation and the numerical scheme difficult.

To overcome this problem, [85] proposes a new formulation of the embedding equa-
tion with a solution that is constant along the normals. Taking the Laplace-Beltrami
operator as an example, the embedding operator is now set to be [Ad](cp(x)) —
v(a(x) — @(cp(x))). Here the brackets [-] means that we first perform the Cartesian
Laplacian A on u, and then evaluate Au at the closest point of x on the surface. For
general time-dependent surface PDEs, this new formulation actually ensures that the
solution of the embedding equation is constant along the normals to the surface, and
leads to a method-of-lines (MOLSs) approach to solve surface PDEs.

Meanwhile, similar ideas are adopted by the current author in [16] to solve for the
first time elliptic PDEs on surfaces via the Closest Point Method. In fact, the key
contributions of this thesis are based on [16]. We shall outline these contributions

next.

1.4 Outline of thesis contributions

The remainder of the thesis presents new contributions to the Closest Point Method
to solve elliptic PDEs on general surfaces/domains (Chapters 2-4) and coupled bulk-
surface PDEs (Chapter 5).

In Chapter 2, we formulate a new continuous embedding equation for elliptic e-
quations on surfaces without boundaries. The embedding equation is then discretized
and analyzed for the shifted Poisson’s equation on surfaces without boundaries. The-
oretical 2nd-order convergence results are obtained when the embedding space is R2.
Numerical results show a 2nd-order convergence for both R? and R? embedding s-
paces.

In Chapter 3, we consider solutions of elliptic equations on surfaces and domains
with boundaries. The “ghost” points approach is adopted to handle boundary con-
ditions. A new method to represent values of ghost points by values of interior grid
points are introduced so that Dirichlet, Neumann and Robin boundary conditions
can be handled in a systematic way. Again numerical convergence studies show a

2nd-order accuracy of the method.

3We shall discuss this issue in more details in the next chapter.

10



In Chapter 4, we develop a novel geometric multigrid solver based on the closest
point representation of the surface. The multigrid algorithm is initially designed for
surfaces without boundaries. It is then modified to work for domains and surfaces with
boundaries augmented by the ghost point ideas presented in Chapter 3. Numerical
examples indicate that the convergence rates of the multigrid algorithm almost stay
the same as we fix the meshsize of the coarsest grid and increase the number of grid
levels. This behaviour is considered optimal for multigrid schemes.

In Chapter 5, we combine the methods of the previous three chapters to solve
coupled bulk-surface PDEs. A new matrix formulation of the discretization for the
coupled bulk-surface elliptic equations is formed and a multigrid solver is also con-
structed. Both an alternating forward Euler time-stepping scheme and a method-
of-lines approach are proposed to solve coupled bulk-surface diffusion problems. As
biological applications, a bulk Fisher-KPP equation coupled with a surface diffusion
equation and coupled bulk-surface reaction-diffusion equations are solved.

Finally, we conclude the work of this thesis in Chapter 6.

11



Chapter 2

Surface Elliptic Equations

This chapter focuses on the solution of elliptic PDEs on surfaces without boundaries
via the Closest Point Method. In Section 2.1 we formulate the continuous embedding
equation for the surface elliptic PDE. In Section 2.2 we discretize the embedding
equation for the surface Poisson’s equation and analyze the truncation error of the
numerical scheme. In Section 2.3 we analyze the stability of the difference scheme and
prove convergence for the shifted Poisson’s Equation on curves without boundaries
embedded in R2. In Section 2.4 we slightly modify the scheme so that we are able to
prove stability and convergence for the same equation on curves or surfaces without
boundaries embedded in R3. We also provide some numerical examples for the shifted
Poisson equation on various curves and surfaces to validate our analysis in Section 2.5.

Most contents of this chapter are based on [16] written by the current author. The
new part in this thesis is the stability and convergence proof for three-dimensional

embedding space in Section 2.4.

2.1 Continuous embedding equation

2.1.1 Embedding equation for the surface Poisson problem

For ease of derivation, we first focus on the shifted Poisson’s equation on a smooth

surface § without boundary:

—Asu(y) +cu(y) = fly), yEeS, (2.1.1)

where f(y) is some known function defined on the surface S, and we assume ¢ to
be a positive constant for simplicity'. According to [4, Theorem 4.18], (2.1.1) has a
unique solution u(y) € C*2 if f(y) € C*.

L Our derivations and proofs also work for the case where c(y) is a surface function satisfying
c(y) > C > 0, where C is a positive constant.

12



Because S is smooth, there is a tubular neighborhood B(S) surrounding S [40, 65]
such that the closest point function cp (Definition 1.3.1) is well defined in B(S).
We want to define an embedding equation in B(S), whose solution agrees with the
solution of the surface PDE (2.1.1) on S.

We construct the right-hand side function f in B(S) via the closest point exten-
sion,

f(@) = f(cp(@), e BS).
From this construction of f and the idempotence of the closest point extension, we
have that

f(2) = f(ecp(@)), @€ B(S). (2.1.2)
We also want to find a solution @ in the band B(S) which is constant along the normal

direction to the surface, i.e., we will need to impose this condition on u,
u(x) = u(cp(xz)),  x € B(S). (2.1.3)

Since 4 is constant along the normal direction to the surface, the Cartesian Lapla-

cian of 4 equals the Laplace-Beltrami function of 4 on the surface [79], and thus

—Ad(y) +cu(y) = f(y), yeES.

Replacing y with cp(x), we have

~[Ad)(ep(x)) + cilep(x)) = fep(x)), = € B(S).
Here the square bracket [-] surrounding A% means that we first calculate the Cartesian
Laplacian of @(x), and then evaluate at the closest point of  on the surface. By
assumption, both f and @ are closest point extensions ((2.1.2) and (2.1.3)), so we

have

—[Aw](cp(x)) + cu(z) = f(x), (2.1.4a)
subject to @(x) = u(cp(x)), x € B(S). (2.1.4Db)

Equation (2.1.4a) ensures that the embedding equation agrees with the original
surface PDE on the surface, and we will call it the consistency condition. Equation
(2.1.4b) forces @ to be constant along the normal direction to the surface (so that we
can replace the surface Laplacian with the Cartesian Laplacian), and we will call it
the side condition. Combining the two equations (2.1.4a) and (2.1.4b), we get the

embedding equation,
— [Ad)(ep()) + ci() + y(i(z) — alcp(z)) = f(z), =€ B(S), (2.1.5)
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where 7 is a parameter. As we shall show next, the choice of v does not have much
impact on the continuous equation (2.1.5); but later in our numerical scheme, ~y plays
a role in balancing the side and consistency conditions.

So far we have shown that the system (2.1.4) leads to equation (2.1.5). Following
the ideas of [85], we are going to show that in the continuous setting and if v # —¢,
equation (2.1.5) implies both equations (2.1.4a) and (2.1.4b). We rearrange equation
(2.1.5) as

— [Al+ i) (cp(x)) = f(x) — (v + o)a(x), =< B(S). (2.1.6)

Here the square bracket [-] surrounding A% + 4 means that we first calculate the
Cartesian Laplacian of @(x) and add the result to ya(x), then evaluate the function
At+~u at the closest point of  on the surface. The left-hand side of equation (2.1.6)
is constant along the direction normal to S, so the right-hand side f(x)— (v + ¢)i(x)

also has to be constant along the normal direction to S, i.e.,

f(@) = (v + o)i(m) = flep(@)) — (v + ¢)a(cp(x)).

Since f(x) = f(cp(x)), if ¥ # —c¢, we have that @(x) = a(cp(x)), ie., equation
(2.1.4b) holds. Substituting (2.1.4b) back into equation (2.1.5), we have that equation
(2.1.4a) holds. In other words, from equation (2.1.5) with v # —¢, we derive that
both equations (2.1.4a) and (2.1.4b) hold.

In summary, our logic is as follows: in order to solve the original surface PDE
(2.1.1), we seek u(x) in B(S) satisfying both the consistency condition (2.1.4a) and
the side condition (2.1.4b), which are in turn equivalent to equation (2.1.5) (provided

v # —c). This equivalence can be summarized as the following theorem.

Theorem 2.1.1 1. If u € B(S) is a solution of (2.1.4), then @ is a solution of
(2.1.5).

2. If u € B(S) is a solution of (2.1.5), and vy # —c, then @ is a solution of (2.1.4).

Another natural question is whether the embedding equation (2.1.5) has a unique
solution that agrees with the solution of the original surface PDE (2.1.1). This is

confirmed by the following theorem.

Theorem 2.1.2 Assuming that the surface PDE (2.1.1) has a unique solution u, then
the embedding equation (2.1.5) has a unique solution U satisfying t|s = u provided
that v # —c.
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Proof. Denote the unique solution for the surface PDE (2.1.1) as u, and define

=g

to be the closest point extension of u. Then it is straightforward to verify that

=g

is a solution of the embedding equation (2.1.5). Now we only need to prove that
is the unique solution of (2.1.5). Suppose there are two different solutions @; and
Uy for (2.1.5). Then from part 2 of Theorem 2.1.1, u;(cp(x)) = w;(x) (i = 1,2)
which means that both @; and 1, are constant along the normal directions to &, and
At (y) + cu(y) = f(y) (y € S, i = 1,2) which means that both @;|s and s|s are
solutions of the surface PDE (2.1.1). Since @; # w9 and the @;’s are constant along

the normals, @ |s # @s|s. This contradicts the fact that (2.1.1) has a unique solution.

Remark 2.1.3 From the above two theorems the parameter v does not have much
impact on the solution of the continuous embedding equation (2.1.5). Actually we can
set v = 0 reducing (2.1.5) to —[Ad](cp(x)) + ci(x) = f(x). The reduced equation
will still give us the unique solution which is the closest point extension of the solution
of the surface PDE (2.1.1).

Remark 2.1.4 We introduce v into the formation of (2.1.5) to ensure numerical
stability and convergence. The choice of v typically depends on numerical parameters.
For example, we choose v = O(ﬁ) for Laplacian operators where Az is the mesh

size.

2.1.2 More general elliptic operators

The above ideas extend naturally to more general linear elliptic surface PDEs,

— Vs (A(y)Vsu(y)) + c(y)u(y) = f(y), yE€S, (2.1.7)

where A(y) is a symmetric and positive semi-definite matrix.

Again we construct f(x) = f(cp(x)), € B(S), and would like to enforce the side
condition @(x) = u(cp(x)) for the solution @ defined in B(S). Using the generalized
closest point principle ([65, Theorem 4.3]), the following equations agree with surface
PDE (2.1.7) on the surface,

~[V - (A(ep(2) V)] (cp(x)) + ca(z) = f(=), (2.1.8a)
subject to  w(x) = u(cp(x)), = € B(S). (2.1.8b)

Here the square bracket [-| surrounding V- (A(cp(x))Va) means that we first perform
the gradient on u, multiply it by A(cp(x)), then take the divergence, and finally

15



evaluate the results at cp(x). Adding (2.1.8a) and (2.1.8b) together, we have

— [V - (A(ep(2)) V)] (cp(@)) + cii(@) +(@(@) — @(cp(x))) = f(x), =€ B(S),
(2.1.9)

Like for the Poisson case in Section 2.1.1, we have the following two theorems.

Theorem 2.1.5 1. If u € B(S) is a solution of (2.1.8), then @ is a solution of
(2.1.9).

2. Ifa € B(S) is a solution of (2.1.9), and ~y # —c, then @ is a solution of (2.1.8).

Theorem 2.1.6 Assuming that the surface PDE (2.1.7) has a unique solution u, then
the embedding equation (2.1.9) has a unique solution U satisfying u|s = u provided
that v # —c.

The proofs of the above two theorems are similar to the Poisson case in Sec-
tion 2.1.1. The only difference is that we replace A with V - (A(cp(x))Va).

We focus our derivation and analysis on the surface Poisson problem via the em-
bedding equation (2.1.5). In most cases it is straightforward to extend our approach
to more general elliptic operators (e.g., we investigate an example with variable dif-

fusion coefficients in Section 4.1.5.6).

2.1.3 A comparison with the Macdonald—-Brandman—Ruuth
approach

If we apply the approach in [62, 59] to the Laplace-Beltrami operator in (2.1.1), and
extend the right hand side via the closest point extension, then we get the following

continuous embedding equation,
— A(a(ep(x))) + cu(x) + vy(a(x) — u(cp(x))) = f(:v), x € B(S). (2.1.10)

Note that the only difference between (2.1.5) and (2.1.10) is that in (2.1.5) we first
perform the Cartesian Laplacian operator on @ and then evaluate at cp(x), while in
(2.1.10) we first do the closest point extension of 4 and then perform the Laplacian.
One can show (similar to [59]), that equation (2.1.10) agrees with the original surface
PDE (2.1.1) on the surface, and it has a unique solution provided that v # —c. We

can re-arrange (2.1.10), solving for @(x), to obtain

@) = —= (@) + vilen(@)) + Ala(ep(a)).
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From this, @ is not necessarily constant along the normals to S because A(u(cp(x))) is
not constant along the normals in general. This makes analysis of the method difficult.
Furthermore, it would also be difficult to make @ constant along the normals to S by
modifying the right-hand side (e.g., via some other method of extension).

In contrast, our new embedding equation (2.1.5) not only agrees with the original
surface PDE (2.1.1) on the surface, but also has a solution @ which is constant in
the normal direction to §. The latter property is crucial to the convergence analysis
for our numerical discretization in the next section. In addition to these advantages
for analysis, (2.1.5) can lead to a consistent discretization with a sparser coefficient
matrix than the one resulting from (2.1.10); we discuss this further in Remark 2.2.2.
Furthermore, as we shall see in Chapter 4, the construction of our multigrid solver
relies on the property of 4 being constant along the normal direction to S. Finally, as
noted in Section 2.1.2, our new approach extends naturally to non-constant-coefficient

problems.

2.2 Numerical discretization

Similar to [62], we derive a matrix formulation of a finite difference scheme for the

embedding equation (2.1.5).

2.2.1 Construction of the difference scheme

In Section 1.3.3 we reviewed the definition of the two lists of discrete points in [62] as
shown by Figure 1.2. The first list Bjnterp = {1, T2, ..., T, } contains every grid point
which can appear in the interpolation stencil for some point on the surface S. The
second one Begge = {Tm11, Tm+2, ---s Tmtm, } contains points which are not in Biperp
but appear in the difference stencil of some point in Bjperp. Let B be a set of grid
points such that Bipterp U Begge C B. Let n = || B|| be the number of points in B. We
introduce the vector u”" € R"™ with entries u; =~ @(x;) for each grid point &; € B, and
similarly, f* € R" with entries f; = f(z;).

There are two closest point extensions in (2.1.5); we can use different degrees
of interpolation for the closest point evaluations of A4 and 4. If we use degree p
interpolation for [Aa](cp(x)), and degree ¢ interpolation for a(cp(x)), then for each

grid point x; € B, we have the following discretized equation,

_ Z wj< Z lkuk> + cu; +7(u,~ — Z wjuj> = fi. (2.2.1)
) z;) )

x; €l (cp(x;) @y, € Diff( xj €l (cp(x;)
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Here I,,(cp(x;)) is the degree p interpolation stencil for point cp(x;), Diff(z;) is the dif-
ference stencil for point z;, and I,(cp(x;)) is the degree ¢ interpolation stencil for point
cp(x;); w; are the weights of the interpolation scheme for evaluating [Au|(cp(x)), w;
are the weights of the interpolation scheme for evaluating u(cp(x)), and [y are the
weights for the difference scheme approximating the Laplacian operator.

Since the interpolation and difference schemes are linear combinations of the en-
tries of u”, we can write equation (2.2.1) in matrix form. Denote the discrete solution
by a column vector u”, the discrete right-hand side function by a vector f”, the iden-
tity matrix by I”, the closest point interpolation matrices of degrees p and ¢ by Eg
and Eél, and the discrete Laplace matrix by L". The matrix form of the difference
scheme for the embedding equation (2.1.5) is

- E;thuh +cul +y(I" — Eg)uh = " (2.2.2)

We recall that the points in Bgg do not belong to any of the interpolation stencils,
which means that the columns in E}’,‘ corresponding to points in Bgge are all zero
columns, so the rows in L" corresponding to points in B4y can vary arbitrarily while
E;th stays unchanged. Thus we see that no boundary condition for the discrete
Laplace matrix is needed, since the discrete Laplacian at any points in Begge does not
contribute to the closest point evaluation of L"u".

After discretizing the Laplacian the closest point extension operators we still need
to make a choice of the parameter . As discussed in Section 2.1, the choice of « does

not have much impact on the continuous embedding equation (2.1.5), but it is crucial

2d
Az

the dimension of the embedding space and Az is the grid size. In [62], this choice

for numerical computing. According to [62], a typical choice of v is where d is
of ~ is motivated by stabilizing the implicit time-stepping scheme for the in-surface
heat equation.

The choice of ¥ = 2% is not obvious simply from (2.2.2), but it turns out to be a
good choice there. In Section 2.3 we show that for the shifted Poisson’s equation on
a curve without boundary embedded in R?, the coefficient matrix corresponding to
(2.2.2) is diagonally dominant by rows when we choose v = Az—jQ, p=1,¢=3,and L"
as the Laplacian matrix from the standard centered finite difference scheme. A 2nd-
order convergence result naturally follows (see Theorem 2.3.1). Although there’s no
such clean result where the embedding space is R3, numerical results in Section 2.5
show that v = AZ—gQ is still a good choice. In Section 2.4 we choose different +’s
for different grid points to construct a convergence proof for 3-D embedding space.

Although ~ varies for different grid points, values taken are of size O(x55).
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2.2.2 Truncation error

We denote the restriction operator which evaluates the continuous function at the
grid points by R", and denote the coefficient matrix in the difference scheme (2.2.2)
by A" i.e.,

At =cI"— M", where M"=E}L"—~(I"—- E}). (2.2.3)
Then we prove a theorem showing the form of the truncation error.

Theorem 2.2.1 Assume that @ € C*(R?) is a solution of (2.1.5), where d is the
dimension of the embedding space and k > max{4,p + 3,q + 1} (p and q are the
polynomial interpolation degrees for the discrete closest point extension of Aw and U
respectively). Let L" be a second-order approzimation to the Cartesian Laplacian A
(in the oo-norm), and v = O(A%Cz). We have the following form of the truncation

error?,

A"RMi(x) — R f(x) = O(AzP™) + O(Az7Y) + O(Az?), (2.2.4)

where A" is as given in (2.2.3), and R" is the restriction operator mentioned before.

Proof Let w(x) = At(zx), v € B(S); then w(z) € C¥~2(R?). As mentioned before,

since @ is constant along directions normal to S, w(y) = f(y) for any y € S. We
evaluate w at the closest points on & through degree p interpolation, which will
introduce an interpolation error. Since k > p+3, k—2 > p+ 1, we have the following

standard error estimate for degree p polynomial interpolation,
h ph hE( +1
E R'w(x) — R"f(z) = O(Az"™). (2.2.5)

Furthermore, since @ € C*(RY), k > 4, the Laplacian matrix L" is a second-order

approximation to A, we have that
R'w(xz) = L"R"u(x) + O(Az?). (2.2.6)
Substituting (2.2.6) into (2.2.5), we get
E)NL'"R'u(z) + O(Az?)) — R"f(x) = O(Az"M),

Since we are using local polynomial interpolation, HES |loo is bounded above by some
constant independent of Az, so Elv = O(Az?) for v = O(Az?). We thus get

E'L"R"i(z) — R"f(z) = O(A2"™) + O(Az?). (2.2.7)

2If v is a column vector, then by v = O(Az¥) we mean that ||v||.. < CAz*, where k and C are
positive constants.
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Finally, we estimate the error of evaluating @(cp(x)) by degree ¢ interpolation. Be-

cause @& € C*(R?) and k > ¢+ 1, once again we have the standard interpolation error

estimation,

(I" — EMR'a(z) = O(Az"™). (2.2.8)
Multiplying equation (2.2.8) by v = O(ﬁ) and adding the results with equation
(2.2.7), we have that equation (2.2.4) holds. [

Remark 2.2.2 According to (2.2.4), if we pick p =1, ¢ = 3, we will get a difference
scheme for the embedding equation (2.1.5) with second-order truncation error in the
oo-norm. Contrasting this discretization with the method of Macdonald—Brandman—
Ruuth [59, 62], we note that discretizing (2.1.10) to second-order consistency requires
cubic interpolations in both terms. Because lower degree interpolations have smaller
stencils, a discretization of (2.1.5) will yield a coefficient matriz that is sparser than
that of (2.1.10). For example, for a curve in two dimensions, our new approach is

roughly 34% sparser, and it is 50% for a surface in three dimensions.

2.3 Convergence for curves without boundary in
two dimensions

In this section, we aim to prove convergence of the difference scheme (2.2.2) in the

restricted case of curves without boundary in two dimensions.

Theorem 2.3.1 Suppose that we wish to solve the embedding equation (2.1.5) on
a smooth curve without boundary in R?, and that the solution @ of the embedding
equation satisfies the assumptions in Theorem 2.2.1. If in (2.2.2) we choose vy = ﬁ,
p=1,q=3, and L" as the Laplacian matriz from the standard ﬁ{—él, 1,1,1,1}
finite difference stencil, then the difference scheme (2.2.2) is second-order convergent

in the co-norm.

If the embedding space is R?, when picking v = Aiﬂ, p =1, and ¢ = 3, the

coeflicient matrix becomes

4
A" =cI" — M" where M"=E!'L" - E(I’L — EY). (2.3.1)

We prove Theorem 2.3.1 using the following theorem and two propositions.
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Theorem 2.3.2 If the embedding space is R?, then A" defined by (2.5.1) (i.e., v =
Ai:ﬂ, p =1, ¢ =3, and L" is the Laplacian matriz from the standard ﬁﬂ{—él, 1,1,1,1}
finite difference stencil) is an M-Matriz, with positive diagonal entries ay, > 0, non-

positive off-diagonal entries ay; <0, k # j, and each row sums up to c:

age + Y arj = c. (2.3.2)
k#j
Proposition 2.3.3 (Varah 1975 [84]) Assume that A is diagonally dominant by rows
and set ¢ = ming(|agk| — 324 lar;|). Then |A™ | < 1/c.

Proposition 2.3.4 If||(A") 7| < 1/c, then the difference scheme (2.2.2) is second-
order convergent in the co-norm provided that the scheme has second-order truncation

error in the oco-norm.

Theorem 2.3.2 indicates that the coefficient matrix A" satisfies the assumption of
Proposition 2.3.3, which means that the claim of Proposition 2.3.3 holds: ||(A")7Y|. <
1/c. This is in turn the assumption of Proposition 2.3.4, so the claim of Proposition

2.3.4 holds. Putting the theorem and propositions together, Theorem 2.3.1 holds.

Proof of Proposition 2.3.3 The following proof is from [84]. Since
Az

]|

A~ = infy

we need only show that c||z||. < ||Az||. for all . Take some vector  and let

|z| = ||@]|0o- Then
0 < e < aml =2, lan]
0 < cloy| < apkmi| — 3254 laks| |z
< kx| = | D21 @rss]
<[22, awjrs| < maxy | 32 akjzg| = || Az .

Proof of Proposition 2.3.4 Choosing p = 1, ¢ = 3, the truncation error estimate
(2.2.4) becomes A"R"i(x) — R"f(x) = O(Az?). From the discrete linear system
(2.2.2) we have that A"u”—R"f(x) = 0. Subtracting these two results gives A" (u"—
RMi(x)) = O(Ax?). Because the oo-norm of (A")~1 is bounded by a positive constant,
1/c, which is independent of Az, we get u" — R"u(x) = (A")'O(Az?) = O(Ax?),

i.e., the difference scheme (2.2.2) is second-order convergent in the oco-norm. |
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Proof of Theorem 2.3.2 The proof contains two steps.

Step 1 We first show that each row of M" sums up to zero.

Taking all u; to be 1 in equation (2.2.1), the left-hand side minus ¢ becomes

- > wj( > zk> —1—7(1 - > wm>. (2.3.3)
x;€lp(cp(xi)) x, €Diff(x;) xm€lg(cp(;))
Consistency of the finite difference scheme implies that »

2 €Diff(x;) l =0, for any x; €

Binterp. By the construction of the interpolation weights, wm = 1. So

xm€lq(cp(xi))
(2.3.3) equals 0, i.e., each row of M" sums up to zero.

Step 2 We then prove that all the off-diagonal entries of M" are non-negative,
thus all the diagonal entries are non-positive since each row of M" sums up to zero.

For convenience (not necessity) we first rearrange M" as

4 4

4
h h h h h h h
h 0 1 P B + 1= J= 1+
| 30 3
0]
Ay A 20 21 %2 23 - [+ o]+ |-
\ o 11 12\ 13 — 1+ 1+ -
Az 1S 00 01 02! 03 + - = Ty

(a) Relative position of the (b) Local index for points (c) Signs of the weights of
closest point ¢ in the stencil in the stencil bi-cubic interpolation for
the closest point ¢

Figure 2.1: Information for a 4 x 4 stencil surrounding the closest point ¢.

We then investigate the result of multiplying the i-th row of M" by the column
vector u”. Figure 2.1(a) shows the position of cp(z;) (indicated by ¢). cp(x;) is in
the middle block of the bi-cubic interpolation stencil, and its relative position in the
stencil is as shown in Figure 2.1(a). For clarity of notation, we number the points in
the bi-cubic interpolation stencil by a local index as shown in Figure 2.1(b). Denote
the points in the stencil with respect to the local index by Xj,, (0 < I,m < 3), the
corresponding values at these points by Uy, (0 < [, m < 3), the bi-cubic interpolation
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weights at points Xj,, by Wi, (0 < 1,m < 3), and the bi-linear interpolation weights
at points X, by wnr (0 < n,k < 1). The i-th entry of M"u" becomes

wi1(Uro + Ut + Uiz + Uay) /Ax®

+wia(Uny + Uoz + Urs + Unp) / Az®
+wa1 (Uso + Uny + Usa + Usy) /Az®
+was(Ust + Utz + Usg + Usy) /A

+4( S Gl — > wlmUlm> JAZ? — dul ) Ag?. (2.3.4)
0<I,m<3 1<1,m<2

By the notation mentioned before, Uy, (0 < I,m < 3) are just the values of u” at the
points in the bi-cubic interpolation stencil written in the local index. The point «x;
might not be contained in the interpolation stencil, so we still write w” in its global
index. As [ and m go from 1 to 3, X}, might or might not be x;, depending on whether
the grid point @; is in the interpolation stencil of cp(a;) or not. In either case the
negative coefficient of u} only contributes to the diagonal entry in the corresponding
row of the matrix M", but the coefficient does not contribute to the off-diagonal
entries of M". So we only need to show that all the coefficients of Uy, excluding
the potential contribution from the negative coefficient of u?, are non-negative for all
0<l,m<3.

If cp(a;) coincides with some grid point x;, then all the interpolation weights
vanish except for the weight at «; which is 1, so it is obvious that the above claim is
true. Now we only consider cases where cp(x;) does not coincide with any grid point,
which is the case illustrated in Figure 2.1.

In the rest of the proof, it might be helpful to keep in mind the signs of the bi-
cubic interpolation weights iy, (0 <1, m < 3) for cp(x;) at each point of the stencil.
Figure 2.1(c) shows the signs of the bi-cubic interpolation weights for cp(a;) (indicated
by ¢) which is in the middle block of the bi-cubic interpolation stencil. These signs
can be obtained by straightforward computations, and they do not depend on the
precise location of cp(«;). Since we interpolate in a dimension-by-dimension fashion,
the weights at each of the points are obtained by multiplication of the corresponding
weights in the x and y directions. For instance, if we want to compute the bi-
cubic interpolation weight at the lower-left corner point gy, we first compute the
weight in the x direction, @f, = —%

b(Az—b)(2Az—b

Oy = _T)’ and then we multiply the weights in the two directions to get

Woo = Wiywhy. Here we have used the superscripts « and y in the notations @, and

, and the weight in the y direction,

Wy to indicate the weights in the z and y directions, respectively. We shall use this
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notation in the following proof. The bi-cubic weights at other points, and the bilinear
weights, can be computed in the same way. Some of their values will be presented in
the rest of the proof when necessary.

Now let us finish the proof by calculating the coefficients of Uy,,. There are three
cases for the coefficients of Uy, as [, m go from 1 to 3. We only need to verify that

for each of the three cases, the coefficients of Uy, are positive.

1. Four corner points: (I, m) = (0,0), (0, 3), (3,0), (3, 3).
The only contribution for the row entries corresponding to these four points
are the bi-cubic interpolation weights gy, wWoz, W3g, W33, which happen to be

positive in 2-D.

2. Four center points: (I,m) = (1,1),(1,2),(2,1),(2,2).
There are some positive contributions from the linear combinations of the
weights in the centered difference scheme; so we only need to show at each
of these four center points, the positive weight of the bi-cubic interpolation
minus the bi-linear interpolation weight is larger than zero. For the sake of
symmetry, we only show that @y —wq; > 0, i.e., @l 0f, —wf wi; > 0. Since wf;,

7y €T y . . . .
Wi, wiy, and wy, are positive, it is enough to show that

of, > wy and @) > wi). (2.3.5)
By straightforward computation, @f; = (Am+a)(A2Z;§)(2Ax_a), wip = A§2a> Wy, =
(A””“’)(AQZ;‘;)(?M‘”, wl, = 22=b Tt is then straightforward to verify that (2.3.5)

holds for any 0 < a < Az and 0 < b < Az.

3. Eight edge points: (I,m) = (1,0),(2,0),(0,1),(0,2),(1,3),(2,3),(3,1),(3,2).
Again by symmetry we only need to show that the row entry corresponding to
(I,m) = (1,0) is positive, i.e., 2 + % > 0, where wy; > 0, but @;p < 0. So
we need to show that |wyi| > 4|wigl, i.e., |whw!,| > 4|@f,wi,|. In fact we can
show that

8
wi > 6lwf,], and Wi, > 5\@?{0]. (2.3.6)

Again by straightforward computation, w? = 22=¢ |gz | = 2&s-a)@lr—a)

Az 6Az3 )
P Az+b)(Az—b)(2Az—b . : :
wi) = 2 ol | = (Aztb)( ;Axg)( v Again one can straightforwardly verify

that (2.3.6) holds for any 0 < a < Az and 0 < b < Az.

Thus, Theorem 2.3.2 holds: the diagonal entries of A" = cI"— M" are all positive,

the off-diagonal entries are all non-positive, and each row sums up to c. [ |
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Remark 2.3.5 The M-Matrix result of Theorem 2.3.2, at least for our particular pa-
rameter choices, does not hold in 3-D. The Barycentric Lagrange interpolation weights
at the corners of the interpolation stencils are negative. In the next section, we shall
make a minor modification to the interpolation matriz for closest point extension so
that we get an M-Matriz in 3-D and fulfill the convergence condition. This special
modification is adopted for a theoretical reason, in practice we can still use Barycentric
Lagrange interpolation in 3-D and obtain 2nd order convergence (see the numerical
results in Section 2.5.3).

2.4 Convergence for three dimensional embedding
space

We cannot straightforwardly extend the M-Matrix proof from two dimensions to three
dimensions because of the negative tricubic interpolation weights at the corners of
the 4 x 4 x 4 stencil. We overcome this problem by introducing a new 4th-order
approximation to u(cp(a)) without using corner points of the 4 x 4 x 4 stencil. This
new approximation will still be a linear combination of values of grid points in the

4 x 4 x 4 stencil. Thus for each grid point a; we have the following discretization for

[Au](ep(:)) — v(@:) (ul@) — ulep(:))),

Z Wy ( Z lkuk> — Y <UZ — Z CT)jUj) . (241)
() ) )

;€] (cp x, €Diff(x; x;€l3(cp(x;

Here I;(cp(x;)) is the tri-linear interpolation stencil for point cp(«;), Diff(x;) is the
standard 2nd-order difference stencil for point @;, and I3(cp(x;)) tri-cubic interpola-
tion stencil for point cp(x;); w; are the weights of the linear interpolation scheme for
evaluating [Ad](cp(x)), w; are the weights of the 4th-order approximation scheme for
evaluating @(cp(x)), Iy are the weights for the difference scheme approximating the
Laplacian operator, and v; = y(x;) is the weight determining the amount of penal-
ization at point ;. Note that different 7;’s are chosen for different grid points. We
also emphasize that although we use the tri-cubic interpolation stencil I3(cp(«;)), the
weights w;’s are NOT the tri-cubic interpolation weights. They will be determined
later for our M-Matrix construction.

Since everything is linear, (2.4.1) has the corresponding matrix form,

M" = E"Lh —Th(I1" — EV), (2.4.2)
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where E! is the usual linear interpolation matrix for closest point extension, L"
is the 2nd-order Laplacian matrix, I'" is a diagonal matrix determining how much
one wants to penalize for different grid points, I" is the identity matrix, E~§L is an
approximation matrix still to be determined evaluating values at closest points up to

4th-order accuracy. A new discretization for the embedding equation (2.1.5) becomes
Ahyh = f' where A" = —EF'L" + TMI" — EN) + eI, (2.4.3)

Our goal is to determine E~§L and T" so that scheme (2.4.3) is 2nd-order consistent
to the embedding equation (2.1.5) and so that A" is an M-Matrix for any positive
c. Scheme (2.4.3) thus yields solutions which are 2nd-order convergent to the exact

solutions of the embedding equation (2.1.5).

2.4.1 Illustration of the ideas in two dimensions

To illustrate how we determine w;’s and construct E! in 3-D, we first consider the
2-D case. Figure 2.2(a) shows the position of cp(x;) (indicated by ¢) in the middle
block of the 4 x 4 stencil. We denote by a and b the lengths of the red line segments
indicating the relative position of cp(;) in the stencil as shown in Figure 2.2(a). We

then draw a horizontal line intersecting with the vertical grid lines at yq, Y1, y2 and

Ys.

Figure 2.2: Tllustration of approximating u(cp(x;)) in two dimensions.

03 13 23 38
a
vt W b‘*ya***w 2 12 e P
\ or 1 20 \ 31
'S 00 10 20 |g30
(a) Hlustration of approximation (b) Local index for points in
of u at cp(x;) ¢ the stencil

We approximate u(cp(x;)) along the z-direction using cubic interpolation,
_a(Az —a)(2Az — a) (Az + a)(Az — a)(2Azx — a)
u(cp(azz)) ~ 6(AZL’)3 u(yO) 2(Al‘)3 u(yl)
(Az + a)a(2Az — a) ~ (Az+a)a(Az —a)

(2.4.4)
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If we approximate u(y,,)’s (m = 0, 1,2, 3) via cubic interpolation using values of grid
points lying along the y-directions, then we would get the usual bi-cubic interpolation
for u(cp(a;)). Instead of doing this, we make use of the following relationship,

_ u(yo) — 2u(yr) +ul(ye)
Uz (Y1) A A (2.4.5)

From (2.4.5) we solve for u(yy) to get

u(yo) = 2u(y1) — u(ys) + Azt (y1). (2.4.6)
Similarly, we approximate u(ys) by

u(ys) & 2u(ys) — u(yr) + Ar g, (yo). (24.7)

Substituting equations (2.4.6) and (2.4.7) into (2.4.4), and merging the coefficients

of u(yy) and u(yz), we get the following approximation for u(cp(x;)),

uepw)) ~ ~HELTDERTTD, ) By,
() - Bz + ‘gz(fx =Y () (2.4.8)

Now the remaining question is to approximate u(y1), u(yz), U (y1) and u.(ys)
by values of grid points in the 4 x 4 stencil. We approximate u(y;) and u(yz) via

cubic interpolation along the y-direction:

. b(Az —b)(2Ax — D) (Az 4+ b)(Az — b)(2Az — b)
u(y)) ~ - 6(Az)? uo + 2(Ar) Uy
(Az + b)b(2Az — b) (Az +b)b(Ar —b)
2(A1‘)3 U192 — 6(A(L’)3 U13, (249)
_ b(Ax —b)(2Az —b) (Az + b)(Az — b)(2Ax — b)
uwy:) ~ — 6(Az)? U0 + 2(Ar) Ug1
(Az + b)b(2Az — b) (Az + b)b(Az — b)
Q(Al‘)?’ U929 — 6(Ax)3 U23. (2410)

Notice that (2.4.9) and (2.4.10) do not involve values of u at the corner points.
To approximate ., (y1) and u..(ys), we first use centered finite differences to
approximate u,, at grid points with local indices (11), (12), (21), and (22), and then

perform linear interpolation along the y-directions. We have

Ax — bugy — 2uyy + ug ium — 2uy9 + Uz
Az (Ar)? Az (Ar)? ’

Uz (Y1) ~ (2.4.11)
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- )NA$—5U11—2U21+U31 b uig — 2ugs + usp
TN (Az)? Az (Az)?
Again (2.4.11) and (2.4.12) do not have values at the corner points.
We then substitute (2.4.9), (2.4.10), (2.4.11) and (2.4.12) into (2.4.8) to get the

final approximation for u(cp(x;)) using values of grid points in the 4 x 4 stencil

(2.4.12)

except those at corner points. Up to now we have constructed a new approximation
to u(cp(ax;)). We shall check two properties of this approximation: 1. it is 4th-order
accurate; 2. it indeed leads to non-negative off-diagonal weights for M™" provided that
we choose proper ~;’s.

The first property is easy to prove. Since we use 2nd-order approximation to
everywhere and 4th-order approximation to u everywhere, the final approximation to
u is 4th-order accurate.

The second property, which is crucial to our whole construction and proof, is
more difficult to achieve and check. We categorize the grid points appearing in the

approximation scheme into 3 different types:
(1) Points in the center with local indices: (11), (12), (21), (22);
(2) Points on the top and bottom edges: (10), (20), (13), (23);
(3) Points on the left and right edges: (01), (02), (31), (32).

We first consider points of type (1). The coefficient of point with local index (11) is

i <Aq;—a (Az+Db)(Axz—b)(2Az—b) + 2a(Aw—a)(2Aa:—a) Az—b (Az+a)a(Az—a) Ax—b)

t\ Az 2(Ax)3 6(Ax)3 Az 6(Ax)3 Az
Az—a Az—b__ 4 a Az—b_ 1 Az—a b 1
+< T TAz Az (Az)? + As s (Az)2 +  As E(AW)? (2.4.13)

where the terms in the first big brackets (pre-multiplied by ;) come from approxima-
tion of u(cp(x;)), and the terms in the second big brackets come from approximation
of [Au](cp(;)). We wish to choose v; so that (2.4.13) is non-negative. One can check
that

a(Ar —a)(2Az —a) Az —b  (Az+a)a(Az —a) Az —b

2 6(Ax)3 Ax 6(Ax)3 Ax

> 0. (2.4.14)

In fact, (2.4.14) is equivalent to 3(Axz — a) > 0 after cancelling out common factors.

Also, it is obvious that ALxAX;b(A;z)? > 0, and Az;a&@ > 0. Thus it is sufficient

to choose 7; s.t.

Az —a(Az +b)(Ar —b)(2Az —b) Ar—alAxz—b 4

T AL 2(Ar)3 Ar Az (Ax)? (24.15)

28



From (2.4.15) we solve for ~; and get

8
T A+ b)(287 — b)

(2.4.16)

Since (2.4.16) is independent of a and is invariant if we change b into Az — b, this
choice of 7; will ensure the coefficients of the other points of type (1) with indices
(12), (21) and (22) to be non-negative.

We then prove that this choice of v; given by (2.4.16) will also result in non-
negative coefficients for points of type (2) and (3). For points of type (2), consider
for example the coefficient of point (10):

Az —ab(Az — b)(2Ax — b) N Arx—alAzx—0b 1
T A 6(Ax)3 Ar Az Ax?
To check that (2.4.17) is non-negative, we substitute (2.4.15) into (2.4.17) and cancel

out the common factors to get 3Axz — b > 0, which is trivially true. By symmetry all

(2.4.17)

other points of type (2) have positive coefficients.
For points of type (3), consider for example the coefficient of point (01):
a(Arz —a)2Azx —a) Az —b Ar—alAx—0b 1
i 6(Ax)3 Ar Az Az A2
To check that (2.4.18) is non-negative, we substitute (2.4.15) into (2.4.18) and cancel

out the common factors to get

(2.4.18)

4a(2Az — a) < 3(Azx +b)(2Ax — D). (2.4.19)
One can show that
4a(2A1 — a) < 4Az?, for any 0 < a < Az,

and
3(Az + b)(2Ax — b) > 6Az?, for any 0 < b < Aw.

Therefore (2.4.19) holds and (2.4.18) is indeed non-negative. By symmetry all other
type (3) points have positive coefficients.

In summary, if we approximate u(cp(x;)) by (2.4.8) where u(y1), u(y2), tz(y1)
and u,,(y2) are approximated by (2.4.9), (2.4.10), (2.4.11) and (2.4.12) respectively,
and choose v; = W, then all the coefficients except the one of u; in scheme
(2.4.1) are non-negative. Thus the resulting matrix M”" given by (2.4.2) only has
non-negative off-diagonal entries. Since each row of M” sums up to 0, M" can only
have non-positive diagonal entries. Therefore, A" = —M" + ¢I" is an M-matrix for

any positive c.
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2.4.2 Construction and proof in three dimensions

In this section, we straightforwardly extend the ideas for two dimensions in Section
2.4.1 to three dimensions. Suppose the closest point cp(a;) ¢ lies in the 4 x4 x 4 stencil
as shown in Figure 2.3. We denote by a, b and c the lengths of the red line segments
indicating the relative position of cp(x;) in the stencil as shown in Figure 2.3. We
then draw a horizontal line which is orthogonal to the y-z plane and intersects with

four faces parallel to the y-z plane at yg, y1, Y2, and ys.

Figure 2.3: Illustration of the approximation of u(cp(;)) (indicated by ©).
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We approximate u(cp(x;)) along the z-direction using cubic interpolation,

_a(Az —a)(2Ar — a) (Az + a)(Az — a)(2Az — a)
(Az + a)a(2Az — a) (Az + a)a(Az — a)

(2.4.20)

Notice that (2.4.20) is exactly the same as (2.4.4) in Section 2.4.1. Using the ideas in

Section 2.4.1, we continue to obtain the following approximation to u(cp(a;)),

a(Az — a)(2Az — a) Ax —a

ulep(an)) ~ ~ TSI () + 2L ()
—i—&u(yQ) _(Ars ng(xm - “)um(yQ). (2.4.21)
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Note that (2.4.21) is exactly the same as (2.4.8) in Section 2.4.1. The differences
between 2-D and 3-D come from the approximation of u(y), w(ys), Uz(y1), and
Uz (Y2) using values of grid points, although the spirit is the same.

We approximate u(y;) and u(ys) through bi-cubic interpolations of grid point

values along the y-z plane:

u(y)) & Y Dt (2.4.22)
0<j5,k<3

u(ye) & Y @itk (2.4.23)
0<j5,k<3

where @, (0 < j, k < 3) are the bi-cubic weights along the y-z plane. We approximate
Uz (Y1) and ., (y2) using bi-linear interpolations of wu,,’s calculated by centered finite

differences at grid points:

(Az —b)(Az — ) up11 — 2u111 + Uz 11 n b(Az — ¢) ug a1 — 2121 + U221

taa(yn) = Ax? Ax? Ax? Ax?
(Az —b)cugro —2ur12 + U2 bc up22 — 2Ui29 + U2 (2.4.24)
Az? Az? Az? Ax? o
o (1) = (Az —b)(Az —c)uy11 — 2ug1 1 + Uz N b(Ax — ¢)ui o1 — 2ug21 + U321
Ax? Ax? Ax? Ax?
(Az —b)cuy o —2u212 + Uz 2 be U129 — 2Uz29 + U322 (2.4.25)
Az? Az? Az? Ax? o

Similar to the 2-D case, we categorize grid points appearing in the approximation

scheme into four types:

(1) 8 center points.
(2) 16 points in the center of top, bottom, front and back faces.
(3) 8 points in the center of left and right faces.

(4) 8 points on some of the edges of top and bottom faces.

Points of type (4) do not appear in 2-D, these are actually corner points of the
bi-cubic interpolation stencils along the y-z plane to approximate u(y;) and u(ys).
It is obvious that they contribute positive coefficients to our final scheme.

Points of type (1)—(3) are similar to the 2-D cases.

For points of type (1), we consider the coefficient of point (111) without loss of

generality. Using similar arguments to the 2-D case, it is enough to pick ~; s.t.

Az—a (Az+b)(Az—b)(2Az—b) (Az+c)(Az—c)(2Az—c) _ Az—a Az—bAz—c 6 (2426)

ViTAz 2(Az)3 2(Ax)3 Az Az Az (Ax)?°
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From (2.4.26) we solve for ~; to get

- 24(Ax)?
T (Ar+ h)2Ar — b)(Ar + ) 2Ar —¢)’

(2.4.27)

Notice that the expression of ~; (2.4.27) is independent of a, and invariant if we
replace b by Ax — b or replace ¢ by Az — c.
For points of type (2), we consider for example the coefficient of point (110):

Ax—a (AZL‘-"-b)(A.T—b)(QAI—b) C(ALE—C)(QAQT—C) + Axrx—a Axz—b Ax—c 1 (2428)

~ViTAz 2(Az)3 6(Ax)3 Az Az Az Az?’

One can check that (2.4.28) is non-negative. In fact, after substituting (2.4.26) into
(2.4.28) and cancelling out the common factors, (2.4.28)> 0 simply reduces to ¢ < Ax.
By symmetry all other type (2) points have positive coefficients.

For points of type (3), consider for example the coefficient of point (011):

a(Arx —a)2Ar —a) Az —bAz —c Ax—alAx—bAx—c 1
+

., (24.29
7 6(Ax)3 Azx Az Azx Az Az Az? ( )

To check that (2.4.29) is non-negative, we substitute (2.4.27) into (2.4.29) and rear-

range to obtain
4a(2Az — a) < (Az 4+ b)(2Az — b)(Az + ¢)(2A — ¢). (2.4.30)
One can show that
4a(2Ar — a) < 4Az?, for any 0 < a < Az,

(Az + b)(2Az — b) > 2Az?, for any 0 < b < A,
(Az + ¢)(2Ax — ¢) > 2A2?, for any 0 < ¢ < Aw.

Therefore (2.4.30) holds and (2.4.29) is non-negative. By symmetry all other type (3)
points have positive coefficients.

To conclude, we have constructed a specific approximation to evaluate the values
at closest points so that the coefficient matrix for the difference scheme is an M-
Matrix satisfying the condition of Proposition 2.3.3. Also, since the approximation to
u(cp(;)) is 4th-order accurate and =; is of order O(553 ), the overall scheme has 2nd-
order truncation error. Thus using Proposition 2.3.4 our modified scheme is 2nd-order

convergent. To be more precise, we have the following theorem,
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Theorem 2.4.1 Suppose that we wish to solve the embedding equation (2.1.5) on
a smooth curve or surface without boundary embedded in R®, and the solution @ of
the embedding equation satisfies the assumptions in Theorem 2.2.1. Denote L" as
the standard Laplacian matriz with stencil ﬁ{—G, 1,1,1,1,1,1}, define E~§ by the
approximations (2.4.21) — (2.4.25), and let T" be an diagonal matriz whose diagonal
entries are defined by (2.4.27). Then A" defined by (2.4.3) is an M-Matriz, and

scheme (2.4.3) gives a numerical solution that is 2nd-order accurate to .

2.5 Numerical examples

2.5.1 Shifted Poisson’s equation on a unit circle

We solve the shifted Poisson’s equation —Agu+wu = f on the unit circle S; the exact
solution is chosen as sin(f) 4 sin(126), and we compute the right-hand side function f
from the exact solution. The discrete right-hand side is then obtained by evaluating
the closest point extension of f at the grid points in the computational band. We
construct M" = EpL" — 2%(I" — E}), and the coefficient matrix is A" = I" — M™".

We use the sparse direct solver MATLAB’s backslash to solve the resulting linear
systems. After solving the linear system, we obtain the discrete solution defined on
the banded grid points. To calculate the errors, we then place many sample points on
S, estimate the numerical solution at these points by cubic interpolation of the values
at the surrounding grid points, and compute the oco-norm of the errors at the sample
points on §. Table 2.1 shows second order convergence of the relative errors in the
oo-norm. Alternatively, the exact closest point extension of the exact solution can be
performed onto the computational grid, and the errors can be directly calculated at

the grid points; similar results are observed in this case.

Table 2.1:  Convergence study for the shifted Poisson’s equation on a unit circle
showing 2nd-order convergence.

Ar 0.1 005 0025 00125 0.00625 0.003125 0.0015625
% 6.51e-2 1.85¢-2 4.760-3 1.19¢-3 2.97e-4  7.38¢-5  1.85¢-5
log, % 1.81 195 200  2.00 2.01 2.00

2.5.2 Shifted Poisson’s equation on a bean-shaped curve

Again we solve the shifted Poisson’s equation —Agsu + u = f, but this time on a

bean-shaped curve (see Figure 2.4).
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Figure 2.4: Computational grids for the Closest Point Method on a bean-shaped
curve with Az = 0.1 (left) and Az = 0.05 (right).

This bean-shaped curve is constructed from a sequence of control points in R
the Matlab function ‘cscvn’ [81] is used to get a parametric cubic spline curve passing
through these points. This results in (z(¢),y(t)) parameterized by ¢t € [0,T]. We
obtain a closest point representation from this parametrization as follows: we fix a
grid point, then construct the squared distance as a function of the parameter t. Next
we minimize that function (over the parameter ¢) using Newton’s method [12]. This
is repeated for each grid point in the computational band.

We construct the exact solution in terms of the parametrization, u(t) = sin(%5¢)+
sin(QOT”t). The Laplace—Beltrami operator of u in terms of this parametrization is

_ 1 d 1 du(t) . _ . . . _
Asu(t) = NETTETD 4 ( JETw o ). The right-hand side function is f(t)
—Asu(t) + u(t). Again we construct the discrete right-hand side and coefficient

matrix, solve the resulting linear system to get the numerical solution, and compute
the oo-norm of the error on the bean-shaped curve. Table 2.2 shows second order

convergence results.

Table 2.2:  Convergence study for the shifted Poisson’s equation on a bean-shaped
curve showing 2nd-order convergence.

Az 0.1 005 0025 0.0125 0.00625 0.003125 0.0015625
% 6.19¢-2 1.17¢-2 3.59¢-3 8.77c-4 2.35c-4 5325  1.38¢-5
log, It llee 240 171 203 1.90 2.14 1.95
2 u—ulloc
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2.5.3 Shifted Poisson’s equation on a unit sphere

To make an exact solution and do convergence study, we parameterize a sphere in
spherical coordinates (6, ¢,7): = = rsin¢cosf, y = rsin¢sind, z = rcos ¢, where
0 is the azimuth ranging from 0 to 27, ¢ is the elevation from 0 to m, and r is the
radius.

We emphasize that the parametrization is not used in our algorithm: it is only used
to compute the error. For simplicity, we solve the equation on a unit sphere centered
at the origin, and choose the exact solution as the spherical harmonic u(6, ) =
cos(36) sin(¢)3(9 cos(¢)?—1). The right-hand side function is —Agsu+u = —29u(6, ¢).
Table 2.3 shows the results using the standard dimension-by-dimension Barycentric
Lagrange interpolation for discrete closest point extension of the solution. Table 2.4
shows the results using the specially designed approximation for discrete closest point
extension of the solution described in Section 2.4.2. We can see that both the standard
interpolation and the custom approximation give 2nd-order convergence results.

We also numerically verify the fact that the standard interpolation yields a coef-
ficient matrix A" which is not an M-Matrix, while the approximation described in
Section 2.4.2 does yield a coefficient matrix A" which is an M-Matrix. We first verify
that each row of the coefficient matrix does sum up to the shift ¢. We then check
the number of positive off-diagonal entries of the coefficient matrix. If there are no
positive off-diagonal entries in the coefficient matrix then it is an M-Matrix, otherwise
it is not an M-Matrix. Table 2.5 shows that A" is indeed an M-Matrix while A" is

not.

Table 2.3:  Convergence study for the shifted Poisson’s equation on a unit sphere
using the Barycentric Lagrange interpolation.

Az 0.4 0.2 0.1 0.05

bowlle 42101 12401 28le2 7.06e-3
log, ol 177 214 1.99

Table 2.4: Convergence study for the shifted Poisson’s equation on a unit sphere

using the specific approximations described in Section 2.4.2.
Ax 0.4 0.2 0.1 0.05

w4 45e-1 1.26e-1 29062 7.25¢-3
log, = 182 212 200
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Table 2.5:  Verification of the M-Matrix property in 3-D

(a) Number of non-zero entries and positive off-diagonal entries of A" resulting from
the standard Barycentric Lagrange interpolation.

Ax 0.4 0.2 0.1 0.05
nnz( A") 78016 205686 702714 2697038

#(positive off-diagonal entries) 21704 54202 188314 717906

(b) Number of non-zero entries and positive off-diagonal entries of A" resulting from
the specific approximation described in Section 2.4.2.

Ax 0.4 0.2 0.1 0.05
nnz(A") 40176 120422 441842 1695758
#(positive off-diagonal entries) 0 0 0 0

For all the above numerical tests including the sphere example, we use MATLAB’s
backslash to solve the linear system. This works well for curves embedded in 2-D,
but for spheres embedded in 3-D we are experiencing memory bottleneck and low
speed. In Chapter 4, we shall construct a geometric multgrid method to overcome
these issues. Examples on other surfaces and with various coefficients will then be

considered.
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Chapter 3

Elliptic Equations on Domains and
Surfaces with Boundaries

Now that we are able to solve elliptic equations on surfaces without a boundary, we
move on to consider elliptic equations on surfaces with a boundary. The work [59]
adopted the Closest Point Method to solve the Laplace—Beltrami eigenvalue problem-
s with Dirichlet and homogeneous Neumann boundary conditions on surfaces with
a boundary. We shall follow and extend the ideas in [59] to handle more general
boundary conditions.

Notice that smooth surfaces are manifolds embedded in the Euclidean space, and
domains with a curved boundary can be regarded as codimension-0 manifolds. So we
first consider the solution of elliptic PDEs on domains with a boundary, which will
develop the key ideas to handle boundary conditions for surfaces with a boundary.
There exists vast literature on solving PDEs on general domains using a Cartesian
grid. Some well-known methods are the immersed boundary method [72, 73, 38|, im-
mersed interface method [53, 55, 56] and the ghost fluid method [29, 30]. References
on elliptic PDEs include [42, 35, 34, 93, 44]. These references embed the domain
into a larger Cartesian grid and handle the boundary conditions with the help of grid
points outside the domain — the so-called “ghost” points. Among the ghost point
approaches there is a systematic method called the matched interface and boundary
(MIB) method [93, 92, 90, 89] which extends the solution smoothly across the inter-
face/boundary and disassociates the discretization of internal PDEs and boundary
conditions.

One crucial step of the ghost point approach is to extend the solution from interior
grid points to ghost points so that boundary conditions are satisfied. This solution

extension step is not trivial in dimensions higher than one. Typical implementations
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require computing the intersection points of the boundary and grid lines along co-
ordinate directions [34, 93, 44]. For Neumann and Robin boundary conditions one
usually needs to compute the normals at intersection points to evaluate the deriva-
tives along the normals at the boundary [93, 92, 90]; and the implementations for
3-D problems require a lot more effort than 2-D problems [89]. We shall introduce
a new method for the solution extension based on the closest point representation of
the boundary of the domain. The implementations for arbitrary dimensions are quite
straightforward in the existing framework of the Closest Point Method. With the ex-
tended solution it is straightforward to solve elliptic PDEs on domains with a curved
boundary. Combining the ghost point approach to handle boundary conditions and
the method of dealing with surface differential operators, it is not difficult to solve
elliptic equations on surfaces with a boundary.

The rest of this chapter is organized as follows. In Section 3.1 we review the ghost
point idea in 1-D, present several well-known theorems, and introduce a new simple
method to extrapolate values of ghost points from values of interior grid points. In
Section 3.2 we extend the new extrapolation method from Section 3.1 to higher di-
mensions, and systematically construct schemes to solve elliptic equations on domains
with Dirichlet, Neumann and Robin boundary conditions. In Section 3.3 we combine
the ideas in Section 3.2 and the previous chapter to solve elliptic equations on curves

and surfaces with boundaries.

3.1 Ghost points approach in 1-D

We start this section with reviewing the ghost point idea by considering Poisson
problems on an interval with Dirichlet and Neumann boundary conditions. We then
introduce a new method to extrapolate values of ghost points from interior grid points.
This new extrapolation method perhaps seems slightly awkward for 1-D problems, but
it gives a great flexibility to handle general boundary conditions in higher dimensional

spaces.

3.1.1 Dirichlet boundary conditions

Consider the following 1-D Poisson’s equation with Dirichlet boundary conditions:

—u"(z) = f(x), € (a,b), (3.1.1a)
u(a) = uq, u(b) = up. (3.1.1b)
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Suppose the interval [a,b] lies in a 1-D uniform grid xg,z1,...,2,_1,2, such that
zo < a < z; and z,-1 < b < x,. Points zy and z, are not in the interior of
the interval, and they are the so-called ghost points. For ease of analysis for the
Dirichlet boundary condition case, here we have assumed that the ghost points xg
and z,, could potentially be boundary points. However, for the analysis of Neumann
boundary conditions and practical computing, ghost points refer to grid points strictly
exterior to the domain. For grid points x1,..., 2, 1 in the interior of the interval, we

can discretize (3.1.1a) using the centered finite difference scheme:

Ui—1 — 2U; + Ui .
- i —f, i=1,2....n—1, (3.1.2)

where Az is the grid size, f; = f(z;), and u; is the numerical value at x;. We need to

extrapolate uy and wu,, from values of interior points. The simplest way to do this is
constant extrapolation:

Uy = Ug, Uy = Up. (3.1.3)
Combining (3.1.2) and (3.1.3), we obtain a complete discretization for problem (3.1.1),

Ug — 2Up + Us

e P
Uim1 — 2U; + Uipq .
— AL = fi, 1=2,...,n—2, (3.1.4)
Up—p — 2Up_y +Up 7
AxQ - n—1-
The matrix form of (3.1.4) is
2 -1 uy fi+ 3
1 -1 2 -1 (75) f2
A2 S : : (3.1.5)
-1 2 -1 Up—2 Jn—2
-1 2 Up—1 Jn1+ 2

It is well known that if 2o = a and x, = b, then scheme (3.1.4) yields 2nd-order
convergent solution to the solution of (3.1.1) given enough smoothness of f. The

convergence results when zy < a and b < x,, are summarized in the following theorem.

Theorem 3.1.1 (Jomaa and Macaskill 2005 [43]) Suppose (3.1.1) has an exact so-
lution u(x) € C*. Let 7; be the truncation error of scheme (5.1.4) at z;, and e; =
u; — u(z;) be the error, fori = 1,2,...,n — 1. Assume that a — z9 = aAx and
T, — b = BAx where 0 < o, 8 < 1 are constants, then 7 = O(ﬁ), Tho1 = O(ﬁ),
7, =O0(A2?) fori=2,....n—2, and ¢; = O(Az) fori=1,2,...,n— 1.
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Remark 3.1.2 We cite Theorems 3.1.1 from [43], but prove it using our own methods
which can also be applied to prove Theorems 5.1.4 and 3.1.5 for Neumann boundary
conditions. Nevertheless, we refer the interested readers to [43] for a different proof

and more detailed analysis on the constants in front of the error bounds.

Proof of Theorem 3.1.1. Using a Taylor expansion, it is straightforward to show
that

w(xi—1) — 2u(z;) + u(wiqr)
Ax?
Since u(zg) = u, — aAzu'(a) + O(Az?) and « is a constant, u, = u(xg) + O(Axz).

Therefore,

T — —

— f(z) =O0(Az?), i=2,...,n—2.

r= M T2 A )y, W) 22D U)o o0 = 0(5).
Similarly, 7,-1 = O(x).

Let A be the coefficient matrix of the linear system (3.1.5), e = (e1,...,e,1)%,
and 7 = (7,...,7_1)7, then Ae = 7. Using the explicit formula of the inverse of

tridiagonal matrix A in [91], we know that

n

(A, = (‘M — max(j — k,O)) A, 1<jk<n-—1 (3.1.6)

When k= 1 (A1)1 = (1) Aa% = O(A#?). When k= n 1 (A1) 1 = S0
is at most O(Az?). For k=2,...,n—2, (A™");x can be at most O(Az) due to the

max(j — k,0)Az? term. Since e = A7,
n—2
e = (Afl)mﬁ + Z(Ail)ﬁkﬂc + (A71>m717n71_ (3.1.7)
k=2

Since (A™1);171 = O(Ax), Z;S(Afl)i’km is at most O(Az?), and (A1), .17, 18
at most O(Ax), e; = O(Az) fori =1,2,...,n — 1. |

From Theorem 3.1.1, constant extrapolations near the boundary points yield an
O(%) (inconsistent) truncation error. Nevertheless, the overall error is O(Az) due
to the O(Az?) factors in the first and last columns of A~!. The intuition is that the
error near the boundary equals the corresponding truncation error O(ﬁ) integrated
twice and thus multiplied by a factor of Az?. It is natural for us to expect O(Ax?)
error if we use linear extrapolation near the boundary points. To be more precise, we

still assume that a — ro = aAx and z,, — b = SAz, and let

Uqg — QU Up _5un—1
Uy = —]—"—"""", Up = W

(3.1.8)

11—«
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Combining (3.1.8) with (3.1.2), we obtain a new discretization for problem (3.1.1),

1 Ug 5 a n f
_ — — | u U =
Az2 \1 -« 1—a/) ! 2 b

Ui—1 — 2U; + Ui -
_ o — f i=2...n-2 (3.19)

1 s
_m<1libﬂ <2+m) U1+U2) = fn—l-

The matrix form of (3.1.9) is

2+ ﬁ -1 Uy f1 (1—a) A:c2
-1 2 -1 Us f2
1 . . . . .
2 . . . .
B 12 s Foa
-1 2+ % Up—1 Jno1+ W
(3.1.10)

Since we assumed that « and 8 are both less than 1, the first and last row of the
coefficient matrix in (3.1.10) are well defined. Actually when a approaches 1, we can
multiply the first row of (3.1.10) and get u; = u,. This is trivially true since x; = a
when a = 1. As for the truncation errors and errors of scheme (3.1.9), we have the

following theorem.

Theorem 3.1.3 (Jomaa and Macaskill 2005 [43]) With the same assumptions and
notations as for Theorem 3.1.1, the truncation errors of scheme (3.1.9) are 1 = O(1),
Tuo1 = O(1), and 7, = O(Az?) fori = 2,...,n —2; the errors are e; = O(Az?) for
i=1,...,n—1.

Proof. Like for the proof of Theorem 3.1.1, it is easy to show that 7, = O(Az?) for
i=2,...,n—2. Since u, = (1 — a)u(xg) + au(z;) + O(Az?),

no= o (lﬁ“a - (2+ 12) u() —i—u(xg)) o)

— L (uln) — 2u(er) + ) + O(AT) — f) = O()

Similarly, 7,,-1 = O(1). Let A be the coefficient matrix of (3.1.10). Using the formula
in [91],

— Dl —k+ 25—k —
(A_l)jk:{m 25l = Dlln =k + 50—k~ 1)
n—l—( +1ﬁ)(n—1)+ﬁm<n—2)

— max(j — k, 0)} Ax?.

Again, with some calculations we can show that (A™');; = O(Az?), (A™1),,_ is at
most O(Az?), and (A1), is at most O(Az) for k =2,...,n — 2. We can then use
(3.1.7) to obtain that e; = O(Az?) fori=1,...,n— 1. |
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3.1.2 Neumann boundary conditions

In this section we consider the shifted Poisson’s equation with Neumann boundary

conditions,

—u"(z) + cu(z) = f(z), =z € (a,b), (3.1.11a)
u'(a) =ul, u'(b)=u, (3.1.11b)

where ¢ is a positive constant. Suppose that the interval [a, b] is embedded in a 1-D
uniform grid x, 1, ..., T,_1, , such that zo < a < 2y and x,,_1 < b < x,,. For grid
points x1, ..., £, 1 in the interior of the interval, we can discretize (3.1.1a) using the

centered finite difference scheme:

-1 — 2u; + .
_ i AZQ—i_uH—i—cui:fi, i=1,2,....n—1, (3.1.12)

where Az is the grid size, f; = f(z;), and w; is the numerical value at x;. Using linear

approximations near the endpoints of the interval, we have
up = up — U, AT, Uy = up_q + uyAz. (3.1.13)

Combining (3.1.12) and (3.1.13), we obtain a complete discretization for problem
(3.1.11),

—U + U2 u

Az e = TR
71— _2 7 7 .
_dim A1;2+“+1+cui — f, i=2,...n-2 (3.1.14)
Up— — Up—1 _ w,
A,T2 +cun—1 - fn—1+ A:L‘

The matrix form of (3.1.14) is

1+ cAz? -1 Ul f1 — Z;m
) -1 2+ cAx? -1 Us fo
-1 2+ CA1:2 -1 Up—2 fn_g
-1 1+ cAz? Up_1 fa1+ K?E
(3.1.15)

The following theorem shows the consistency and convergence of scheme (3.1.14).

Theorem 3.1.4 With the same assumptions and notations as for Theorem 3.1.1, the
truncation errors of scheme (3.1.14) are 11 = O(1), 7,_1 = O(1), and 7, = O(Az?)

fori=2,...,n—2; the errors are e;, = O(Azx) fori=1,...,n—1.
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Proof. Same as for Theorem 3.1.1, it is not difficult to show that 7, = O(Ax?)
for i = 2,...,n — 2. Since u(x;) = u(a) + v'(a)(x; — a) + O(Az?) and u(zy) =
u(a) + u'(a)(zg — a) + O(Az?), we know that u(zg) = u(z;) — v'(a)Az + O(Az?).

Therefore,

u(x1) —u'(a)Ax — 2u(xy) + u(xz)

T = — N + cu(zy) — f(z1)
2 —
- BT ey “ ) ) )~ flan) = 001) +0(A?) = 0().
Similarly, 7,—1 = O(1).
Let A be the coefficient matrix of linear system (3.1.15), e = (eq,...,e,1)7, and
T=(71,...,7Tn_1). Then e = A~'7. Using the formula in [91],
- Az? (cos((j — 3)¢)cos((n —k—3)9) .
oo 2 2 _
(A7)jk Sin (@) < sin((n = 1)9) + sin(max(j — k,0)¢) |, (3.1.16)
where ¢ = arccos(1 + gA:BQ). We point out that ¢ is an imaginary number because
1 + £Az? is a real number larger than 1. It follows that sin(¢) = eié_{w is also an

eimq}_e—imd)
2i

is also an imaginary number for any real number m. Nevertheless, formula (3.1.16)

imaginary number, where i is the imaginary unit. Furthermore, sin(m¢) =

still yields (A1), x that are real numbers because the two cosine terms are real and the

imaginary factors in the sine terms are cancelled out through multiplication. Now we
show that sin(¢) = O(Ax). This is because sin®(¢) = 1 — cos?(¢) = —£Aa? is of size
O(Ax?)! . Furthermore, one can show that sin((n—1)¢) = O(1), and cos(j¢) = O(1)
for any j between 0 and n. Therefore, (A1), = O(Az) for 1 < j,k <n —1. Using
the relation between errors and truncation errors (3.1.7), we obtain that e; = O(Ax)
fori=1,...,n— 1 [ |

To obtain an overall 2nd-order scheme we need quadratic approximations around
the endpoints of the interval. We shall give a derivation for the approximations near
point b; the case for point a is similar. Our goal is to represent w,, by {u,_2, u,_1, 4’ (b)}
so that u/(b) is approximated by the derivative of a quadratic polynomial. We first
build a quadratic polynomial using the stencil {z, 2, ,_1,Z,},

_ (@—a1)(@—an) (2—2n_2)(y—2n) (2=2n-2)(y—2n_1)
q(x) o (xn—fon—l)(ﬁn—Qfxn)un_Q + (In—lffn—Q)(xn—I*mn)un_l + (mn7$n—2)(fbn71n—1) n:

Taking the derivative of ¢(z), we have

2$7($n72+mn)
wnfl*zn72)($n71*xn

2$7($n72+$n71)

’ _ 22— (zn—1+2n)
q (ZU) - : xnfl‘an)(xn*ﬁnfl

(In72*xn71)($n72*xn

yUn—2 | yUn—1 7 | yUn-

1 As discussed before, sin(¢) is an imaginary number, so sin®(¢) < 0.
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Assuming the relationship «'(b) = ¢’(b) and using the fact that x,, —b = Az, we get
1-28 92923 323

/ pu— p—
u'(b) = R n—e = T U1 T e (3.1.17)
Solving for u,, from (3.1.17), we obtain that
2u'(b)A 26 — 1)up— 4 -4 _
_ 2u'(b)Az + (28 — Dun—s + ( B)un L (3.1.18)

tn = 3283

Similarly, we have the following representation of ug if a quadratic approximation is
used near point a,

—2u'(a)Az 4+ (4 — 4a)ug + (2a0 — 1)uy

3 — 2« '

Combining (3.1.12) with the quadratic approximations (3.1.18) and (3.1.19), we ob-

tain the following discretization for problem (3.1.11),

u = (3.1.19)

_U1+U2+3—20é 3—2af u:z
- cup = —_a
Ax? 2 ! 2 LAy
Uiy — 2U; + Ujqy .
n Ax? Stew = fi, i=2...,n-2, (3.1.20)
o —wy  3-28 _ 3-95 4
N + 5 Clin-1 = 5 foo1 + Ao
The matrix form of (3.1.20) is
14322 cAz?  —1 u Blap M
) -1 2+cAz? -1 U 3
4Am2 . . . . . . : — :
—1 2+4cAx? -1 Up_o fos
-1 1+¥CA952 Up—1 3*22afn_1_|_z;bx

(3.1.21)

The following theorem shows that a 2nd-order convergence results from scheme (3.1.20).

Theorem 3.1.5 With the same assumptions and notations as for Theorem 5.1.1,
the truncation errors of scheme (3.1.20) are 1, = O(Ax), T,-1 = O(Ax), and 7; =
O(Ax?) fori=2,...,n—2; the errors are e; = O(Ax?) fori=1,...,n— 1.

Proof. Same as for Theorem 3.1.1, it is not difficult to show that 7, = O(Az?) for

1=2,...,n — 2. From the definition of the truncation error and using the fact that
—u"(x1) + cu(z1) = f(x1), we obtain that
- 3—2 3—2 !
= - u(xlA);;u(xz) + 5 acu(xl) T o af(xl) + UA(z)
—u(a)Axr — 1—-2
- ol Al;(fl) +ulz2) +cu(z1) — f(z1) + 2 a“//(xl)

_ _u(xl)—u/(a)Am—%Z’:’éﬁlpm?_%(m)—ku(m)+Cu(z1)_f(x1)_ (3.1.22)
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Using the Taylor expansion for u/(z), we know that
u'(a) = u/(11) — (1 — a)u"(z1) Az + O(Az?). (3.1.23)

Substituting (3.1.23) into (3.1.22), we have
(w(zr) — o/ (z1) Az + 30/ (21)Az?) — 2u(z1) + u(zs)

T o= - AL? + cu(z1) — f(z1) + O(Ax)
— 3
= o) = ) H e LOIRD) 4 u(en) - (o) +0(a)
= O(Az?) 4+ O(Az) = O(Ax) (3.1.24)
Similarly, 7,,—1 = O(Ax).
Let A be the coefficient matrix of linear system (3.1.21), e = (eq,...,e,1)7, and
T = (71,...,7a_1). Then e = A~'7. Using the formula in [91], we can prove again
that (A™1);x = O(Ax) for 1 < j,k < n — 1. Using the relation between errors and
truncation errors (3.1.7), we obtain that e; = O(Az?) fori =1,...,n — 1. |

3.1.3 Extrapolation augmented with interpolation

Until now we have only used values of grid points to extrapolate values of ghost points.
Actually the points used for extrapolations do not have to be grid points in the first
place. We can choose any points in the interior or on the boundary of the interval as
extrapolation points, and then interpolate values of these extrapolation points from
values of grid points. As we shall see next, this new extrapolation strategy yields
similar results to the normal extrapolation method. However, the new method can
be easily generalized to handle boundary conditions in higher dimensional spaces as
we will see in Section 3.2.

We first look at an example (Figure 3.1) of using linear extrapolation to impose a
Dirichlet boundary condition augmented with linear interpolation in 1-D. The hori-
zontal axis represents positions of points, and the vertical direction represents values
of u. Our goal is to represent the value u, at the ghost point x, by values of the
grid points and the boundary point b. Previously we used the grid point x,,_; and
the boundary point b to construct a linear polynomial, and then evaluated it at x,
to obtain u,,. Now instead of x,,_1 we use y = 2b — x,, which is the mirror point of x,,

with respect to b. If we were able to know wu(y), then via linear extrapolation
Up, = 2u(b) — u(y). (3.1.25)

However, since y is typically not a grid point, we obtain its value via interpolation of
grid point values. We then substitute the representation of u(y) by grid point values

into (3.1.25) to obtain w,, and solve for u, if the representation of u(y) involves u,,.

45



Tp_o Yy Tp_1 b Ty

(a) Situation when 8> % (b—z,_1 < %) Here x,, —b=b—y.

Tn—2 Tn—1 Yy ?; Tn

(b) Situation when 8 < 3 (b—2,_1 > &%). Here 2,, —b=b—y.

Figure 3.1: Illustration of linear extrapolation augmented with linear interpolation
to impose Dirichlet boundary conditions in 1-D.
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For ease of illustration we use linear interpolation to obtain u(y). The details of
the interpolation for u(y) are as follows. Depending on the position of z,, y might
fall between x,,_, and x,,_; or between z,_; and z,. Using the same notation as in
Theorem 3.1.1, let x,, — b= SAz. If 5 > % (b—x, 1 < %), then y lies between x,,_»
and x,_; (see Figure 3.1(a)). In this case, we can approximate u(y) through linear

interpolation of u,_» and u,_1:

Tpo1 — — Ty
u(y) ~ #‘yun_z + %un_l = (28 = Dtp_s + (2—28)un_1.  (3.1.26)
Combining (3.1.25) and (3.1.26), we obtain the following approximation of u, using

the values of grid points,

= 2u(b) — [(28 — Dns + (2 — 28)up_1], when 8 > % (3.1.27)

If3<i(b—mz,1 >4, then y lies between z,_; and z, (see Figure 3.1(b)). In

this case, we would like to approximate u(y) via linear interpolation of u,_; and u,:

Tn —Y Y— Tp-1

u(y) ~ Ay Un-1 + Ry Un = 2BUp—1 + (1 — 28)up. (3.1.28)

Combining (3.1.25) and (3.1.28), u,, satisfies the following relationship,
up = 2u(b) — [2Bup—1 + (1 — 208)uy,]. (3.1.29)

Since the approximation of u(y) involves u,, the right hand side of (3.1.29) also

contains u,. Solving u,, from (3.1.29) we get

o u(b) B ﬁun—l
R

Note that (3.1.30) can be directly obtained by constructing a linear polynomial

1
,  when f§ < 3 (3.1.30)

through z,_; and b and then evaluating at z,. The above extrapolation method
depending on the relative position of b is reasonable in the following sense. If b is not
close to z,—1 (8 < 1), we use the normal extrapolation scheme (3.1.30) to obtain w,,.
If b is close to x,,—1 (8 > %), especially when b is approaching z,,_; (f — 1), (3.1.30)
is not a stable scheme to compute u,; in this case, we use the alternative scheme
(3.1.27) which involves two interior grid points and the boundary point b.

The above procedure can be summarized as follows. We first compute the mirror
point y = 2b — x,, of x,, with respect to the boundary b. We then find the linear
interpolation stencil containing y and represent u(y) by interpolation of grid point

values. Finally we compute w,, through linear extrapolation u, = 2u(b) — u(y), and
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Tpn—2 Yy Tpn—1 b T

Figure 3.2: TIllustration of 2nd-order approximation of Neumann boundary condition
augmented with quadratic interpolation in 1-D.

solve for u, if the representation of u(y) involves u,. The whole procedure seems a
bit tedious for this simple 1-D problem. However, as we shall see in Section 3.2.1, this
procedure can be extended in a straightforward manner to handle Dirichlet boundary
conditions in higher dimensional spaces.

Similarly, we can find a 2nd-order approximation for Neumann boundary condi-
tions using the centered finite difference scheme augmented with quadratic interpola-
tions. As shown in Figure 3.2, we find the point y = 2b — x,,, and approximate u’(b)
via the centered finite difference scheme,

Uy, — u(y
u'(b) = ZB—Ai) (3.1.31)
Solving (3.1.31) for u,, we obtain that

Up = 264’ (b)Ax + u(y). (3.1.32)

Using the quadratic interpolation stencil {x,_s, x,_1,z,}, u(y) can be approximated
with the following Lagrange polynomial interpolation,

~ (Y—2n—1)(y—2zn) (y—2n—2)(y—2n) (Y—2n—2)(y—Tn-1)
u<y) ~ ( n—Q_xn—i)(xn—Q_xn)un72 + (xn—l_xn—z)(xn—l_xn)unil + (Z'n_xn—z)(rn_xnl—l)

= (28° " Blup o + (48 + 48)un_s + (367 — 36 + L)u,

Unp,
(3.1.33)
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Substituting (3.1.33) into (3.1.32), and solving for u,, we obtain that

20/ (b)Az + (268 — Vup—o + (4 — 48)up—1
3_23 '

Uy =

(3.1.34)

Again the above procedure seems unnecessary for 1-D problems since (3.1.34) is ex-
actly the same as (3.1.18) which was obtained in a more straightforward manner.
However, as we shall see in Section 3.2.2, it can be easily extended to handle Neu-

mann boundary conditions in higher dimensional spaces.

3.2 Ghost point approach for domains in higher
dimensional spaces

In this section, we extend the ideas in Section 3.1.3 to handle general boundary
conditions in higher dimensions. We start with an example of obtaining values of ghost
points via linear extrapolation and interpolation for Dirichlet boundary conditions in
two dimensions. We shall study how to represent values of ghost points using values
of the remaining grid points, and construct a complete scheme to solve Poisson’s
equation on a domain in R” (n > 2) with smooth boundary. Similar ideas are then

applied to solve elliptic equations with Neumann and Robin boundary conditions.

3.2.1 Dirichlet boundary conditions

Q (interior) .

Figure 3.3: Illustration of linear extrapolation augmented with linear interpolation
to impose Dirichlet boundary conditions for a two dimensional domain.
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Figure 3.3 illustrates how to obtain the values of ghost points using linear extrap-
olations augmented by linear interpolations. As discussed in Section 3.1.1, we define
ghost points to be grid points strictly outside the domain 2. For each ghost point
x;, let cp(x;) be the point on the boundary of the domain which is closest to x; in
Euclidean distance, and let y; = 2cp(x;) — @; be the mirror point of @; with respect
to cp(x;). Assuming the Dirichlet boundary condition u(x) = g(x) where & € 09,
for each ghost point x;, we know the value u(cp(x;)) = g(cp(a;)) at its closest point
cp(x;). We can then approximate u(x;) by values of interior and boundary points

using linear extrapolation,
u(zi) = 2u(ep(zi)) — u(y,). (3.2.1)

Since y; is typically not a grid point, we obtain its value through linear interpolation
of grid point values. Depending on the position of the ghost point, the interpolation
stencil of the mirror point might or might not contain ghost points. For example,
in Figure 3.3, the interpolation stencil of y; contains only interior grid points, while
the interpolation stencil of y; contains both interior and ghost points. If we replace
u(y;) with the linear interpolation of grid point values in equation (3.2.1) for every
ghost point x;, then we obtain a system of linear equations. We regard the values of
ghost points as unknowns, and the values of the remaining grid points (including grid
points in the interior and on the boundary) as knowns. Solving this linear system, we
can represent the values of ghost points by values of grid points in the interior and
on the boundary.

Notice that the representation of values at ghost points by values of the remaining
grid points only depends on the boundary conditions; it does not rely on the equation
we want to solve in €2, nor on the scheme we use to discretize the interior equation.
Therefore, we are able to separate the discretization of the PDE and the boundary
conditions. We do not need to explicitly make special adjustment to the difference
scheme for grid points near the boundary.

Consider the following Poisson’s equation in {2 C R",

— Au(z) = f(x), =€, (3.2.2a)
u(xz) = g(x), x e . (3.2.2b)

For all the grid points in the interior and on the boundary of €2, we use the standard
centered finite difference scheme to discretize (3.2.2a); for all the ghost points, we use

the extrapolation method mentioned before to represent their values by the values of
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the remaining grid points according to the boundary condition (3.2.2b). To be more
precise, we shall introduce a matrix formulation of this strategy.

Let G be the set of all ghost points. We first need to determine what G is. If
we use linear extrapolation to impose the Dirichlet boundary condition, then the set
G should contain every ghost point which can appear in the interpolation stencil for
some y;. Since y; is in the interior of €2, it is enough to choose the set G' containing
every ghost point which can appear in the interpolation stencil for some point on 9f2.
In practice, we choose
ptl

G ={z; | 0 < dist(x;,2) < 5

VdAz},

where p is the augmenting interpolation degree, d is the dimension and Az is the
grid size. This choice of G also works for Neumann/Robin boundary conditions.
Furthermore, it is suitable for higher order approximations of boundary conditions,
as we shall discuss in Section 3.2.4.

Let u be the column vector storing the values of all grid points, let ug be the
column vector storing the values of ghost points in G, let u; be the column vector

storing the values of non-ghost points?. If we number the grid points properly, then

Let n; be the length of u;, ny be the length of ug, and n = n; +n,4 be the length of u.
Let f; be the column vector storing the values of function f evaluated at interior and
boundary grid points. Let L be the Laplacian matrix corresponding to the Laplacian
operating on the non-ghost points. Note that L is a rectangular matrix of size n; x n
since the Laplacian stencil for points close to or on the boundary also involves ghost
points. To make the structure of L more clear, we denote L as L = (L;; L), where
L is an n; X n; matrix corresponding to the contributions of interior and boundary
grid points, and L¢ is an n; X ng matrix corresponding to the contributions of ghost

points. Then the discretization of (3.2.2a) becomes

Ug

—Lu=—(L;; L) ( i ) - f1. (3.2.3)

Let cp(G) be the set of the closest points of ghost points, and Y be the set of mirror
points of ghost points with respect to the boundary: Y = {y|y = 2cp(x;) — x;, x; €
G}. Let uy be the column vector storing the values of points in Y. Let gep() be the

2Here “non-ghost” points refer to grid points which are not ghost points. Non-ghost points could
appear either in the interior or on the boundary of the domain.
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column vector storing the values of function g evaluated at the points in set c¢p(G).
Let EY. be an n, x n matrix that uses degree p polynomial to interpolate the values

of points in Y from values of grid points:
uy = EYu (3.2.4)
With the definition of EY,, we can discretize (3.2.1) as ug = 2gcp(a) — Eyu, or
ug + Eju = 2g.pc)- (3.2.5)

Let
IG = (Ongxni Ingxng) , (326)

then equation (3.2.5) becomes
(Ie + Ey)u = 2gep(c)-
In other words, the discretization of (3.2.2b) becomes
1
Bu = gey(), where B = §(IG + EY). (3.2.7)
For convenience, we partition the n, X n matrix B into two parts,
B = (BGI ng) .
Combining (3.2.3) and (3.2.7), we obtain a complete discretization for (3.2.2),
—L —Ly —Lic ) ( uy ) ( Jr )
" - , 3.2.8
( B ) < B¢ B UG 9ep(G) (3.28)
where B is defined by (3.2.7). We can directly solve the linear system (3.2.8) to

obtain u. Alternatively, as discussed before, we could first represent values of ghost

points by values of the remaining grid points, i.e., representing ug by uy,
Uq = _BaéBGIUI + Béngcp(G); (329)

and then substitute (3.2.9) back into (3.2.8), reducing it to a system containing only

u; as unknowns,
(—L[[ + ngBééBG[> ur = f[ + ngBééng(G). (3210)

Notice that (3.2.10) is a generalization of scheme (3.1.10) for 1-D Poisson’s equation
with Dirichlet boundary conditions. Both schemes (3.1.10) and (3.2.10) discretize the

Laplacian operator for non-ghost points using the centered finite difference scheme,
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and extrapolate the values of ghost points from values of non-ghost points so that the
Dirichlet boundary condition is satisfied. We expect that (3.2.10) would have similar
consistency properties to (3.1.10). However, the analysis of stability and convergence
for scheme (3.2.10) is much more challenging and left as future work. In this thesis, we
focus on the numerical study of scheme (3.2.10). As we shall see in Section 3.2.5, 2nd-
order convergence results are observed if centered finite differences for the Laplacian

and linear extrapolation for the Dirichlet boundary condition are used.

3.2.2 Neumann boundary conditions

In Section 3.2.1 we discussed how to handle Dirichlet boundary conditions for the
Poisson problem in a domain with a smooth boundary. We shall use similar ideas
to deal with Neumann boundary conditions in this section. As we have seen in the
previous section, the discretization of the PDE and the boundary condition can be
separated. The only question is how to extrapolate values of ghost points from values
of the remaining grid points according to the boundary conditions.

We consider the shifted Poisson’s equation with Neumann boundary conditions,

— Au(x) + cu(xz) = f(x), =€, (3.2.11a)
ou
—(x) = h(x), x € 0, 3.2.11b
o () = h(a) (3:2.11)
where c is a positive constant, and n is the outward pointing normal vector.

Although we are dealing with Neumann boundary conditions, Figure 3.3 still
illustrates the necessary idea. We shall approximate the normal derivative at cp(x;)
via centered finite differences acting along the line jointing x; to vy;,

Ou u(x;) — u(y:)

hiep(i)) = 5 (cp(xi)) ~ i (3.2.12)

where y; = 2cp(x;) — x;. Recall that the ghost point x; is strictly outside €2, so
|z; — yill2 > 0 and the right hand side of (3.2.12) is well defined. However, ||x; —y;/|2
might almost be zero when «; is very close to 0€). To avoid the numerical instability
of dividing by tiny numbers, we multiply (3.2.12) by ||z; — yi|l2 = 2||z; — cp(=;) |2

and obtain the following approximation for u(x;),
u(x;) = u(y;) + 2h(cp(x;))||x; — cp(x;)]|2- (3.2.13)

Notice that when @; approaches 02 (x; — vy;), equation (3.2.13) simply reduces to

u(x;) = u(y;), which is trivially true. Let hgyg) be the column vector storing the
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values of function h evaluated at the closest points of the ghost grid points. Let d
be the column vector storing the distances between the ghost points and their closest
points,

d=(|lz; —cp(xi)|l2, i=1,...,ny).

Let hcpe)d be the column vector storing the product of the corresponding entries of
hepc)d = (h(cp(x;))d;, i=1,...,n,).

Let I be defined by (3.2.6), and define EY. as the degree ¢ interpolation matrix so

that uy = E{wu. Then the matrix form of the discretization of (3.2.13) is
(Ic — EY)u = 2hyyc)d,
which can be written as
Bu = hy,g)d, where B = %(IG — E}). (3.2.14)

The disretization for the interior equation (3.2.11a) is again standard. Let L,
u and f; be defined similarly in Section 3.2.1, and let Iy = (Inixni Onixng). The

discretization of (3.2.11a) in matrix form is
Au = f;, where A =—L + clj. (3.2.15)

Combining (3.2.15) and (3.2.14), and using a similar matrix partition to the one in

Section 3.2.1, we obtain the following complete discretization for problem (3.2.11),

A _ ([ An Agg ur \ f;
( B >'u,— ( Bar Bge ) < uG ) - < hepicyd ) ; (3.2.16)

where A is defined in (3.2.15) and B is defined in (3.2.14). Again we can either solve
(3.2.16) directly, or reduce it to an n; X n; linear system via representing ug by u;.

To be more precise, we first represent ug by uy,
Ug — —B&éBG]’U/] + Béé(hcp(g)d), (3217)
and then substitute (3.2.17) back into (3.2.16) to obtain

(A[[ — A[G’BééBG[) ur = f[ — Angéé(th(G)d). (3218)
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3.2.3 Robin boundary conditions

In this section we consider Poisson’s equation with Robin boundary conditions,

— Au(x) = f(x), x €, (3.2.19a)
u(x) + go(w)g—Z(zc) = h(xz), x €. (3.2.19b)

The method to deal with Robin boundary conditions is a combination of the method
to handle Dirichlet and Neumann boundary conditions. For each ghost point x;, we

evaluate the boundary condition (3.2.19b) at its closest point cp(x;),

u(ep(i)) + @(Cp(wi))g—z(cp(wi)) = h(cp(i)). (3.2.20)

Let y; = 2cp(x;) — x;, then we can approximate u(cp(x;)) by 3(u(x;) + u(y:)),

and approximate 2%(cp(x;)) by % Substituting these approximations into

on
(3.2.20), we obtain that

S(u(x) +uly:)) + ¢(cp(a;)) 2;@3}1 ;p?(;:)i?h = h(cp(a;)). (3.2.21)

DN | —

Rearranging (3.2.21) we obtain that

([lz; — cp(a)|l2 + lep(e)))u(e;) + ([|2; — cp(es)||2 — w(ep(a:)))u(y:)
= 2|lz; — cp(@i)||2h(cp(x:)).
(3.2.22)

Let D be an ny x n, diagonal matrix whose diagonal entries are the distances between

the ghost points and their closest points,

|21 — cp(z1)]|2
D = ) (3.2.23)

Iz, = cplan)l2 ),

Let @ be an n, x n, diagonal matrix whose diagonal entries are the values of the

function ¢ evaluated at the closest points of the ghost points,
p(cp(e1))
P = . (3.2.24)
p(ep(xy,))

NgXMNg

Let I, E{ and h.y@)d be defined as in Section 3.2.2, then the matrix form of

discretization (3.2.22) becomes
1
Bu = heyg)d, where B = 5[(D + ®)I; + (D — ®)EY]. (3.2.25)
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As in the Dirichlet boundary condition case, for the non-exterior grid points we have

—Lu:—@HL@(uI):ﬁ. (3.2.26)

7€

Combining (3.2.25) and (3.2.26), we obtain the matrix form for the discretization of

(3.2.19),
—L —L; —Lic ur Jr
u = = , 3.2.27
()= Cosl e ) (i) = (o) 02
where B is defined by (3.2.25). The linear system (3.2.27) has the same structure
as (3.2.8) and (3.2.16). Therefore, we can either solve (3.2.27) directly or reduce it

to a smaller system with only non-exterior grid points values as unknowns: We first

represent ug by uy,
ue = —BgiBeorur + B (Repa)d); (3.2.28)
and then substitute (3.2.28) back into (3.2.27) to obtain

<_LH + LIGBéé*BGI) u; = f[ + LIGBaé;(hcp(G)d>~ (3.2.29)

3.2.4 Higher order approximations for boundary conditions

From the analysis for the one dimensional case in Section 3.1, we expect that lin-
ear extrapolation augmented with linear interpolation would be enough to yield a
2nd-order scheme for Dirichlet boundary conditions in higher dimensions, and 2nd-
order approximation for the normal derivative combined with quadratic interpolation
for values of the mirror points would be enough to give us a 2nd-order scheme for
Neumann boundary conditions. The numerical results in Section 3.2.5 roughly a-
gree with these expectations. Nevertheless, an extra order of approximation to the
boundary condition typically helps us to obtain numerical results with smaller errors
and better convergence in practice. Therefore, we discuss how to obtain higher order
approximations for boundary conditions in this section.

Since the extrapolation (or approximation) step and the augmenting interpolation
step are separated, we can first make an extrapolation or approximation along the
one-dimensional normal direction, and then interpolate values of the points needed
for extrapolation or approximation. For example, Figure 3.4 illustrates quadratic
extrapolation for Dirichlet boundary conditions. For each ghost point x;, we first

find its closest point cp(a;) on 0L, then define y; = 2cp(x;) — @;, and finally let
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QO (interior) .

Figure 3.4: TIllustration of higher order approximations for boundary conditions.

z; = 2y; — cp(x;). We construct a quadratic polynomial along the normal direc-
tion by interpolating (x;, u(x;)), (y;, u(y;)) and (z;, u(2;)), and then we evaluate the
polynomial at cp(«;) to obtain

u(ep(e;)) = = (w(@;) + 3u(y:) — u(z)). (3.2.30)

Wl =

Let I;, EY and geyq) be defined as in Section 3.2.1, and define E7, as the degree
p interpolation matrix which interpolates the value of z; from values of grid points:

u, = E%u. Then the discretization of (3.2.30) becomes
1
Bu = gep(c), where B = 2 (I + 3By — Ey). (3.2.31)

One can then substitute (3.2.31) into (3.2.8) to obtain a new complete scheme for
(3.2.2).

Similarly, one can construct a third order approximation for Neumann boundary
conditions. Let us take a second look at Figure 3.4. To approximate the normal
derivative at cp(x;), we build a cubic polynomial p(z) along the normal direction
interpolating at points {x;,cp(x;), y;, z;}, and compute the first derivative of the
polynomial at cp(x;),

O e 2u(@:) + Bu(ep(@) — Guly) + u(=)
2 (ep(ai)) ~ p(cp(:)) ety |

(3.2.32)

Let I, EY, and hg)d be defined as in Section 3.2.2. Let EY, be the degree ¢

interpolation matrix for the values of z;’s: u, = E u. Let Egp(G) be the degree ¢
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interpolation matrix for the closest points of the ghost points: ucyq = E
Then the discretization of (3.2.32) is

q
cp(@) ¥

Bu = heyc)d, where B = - (21 + 3E¢ o — 6EY + E}). (3.2.33)

D~

Finally, we add up the approximations for u(cp(a;)) and ¢(cp(x;)) 9% (cp(x;)) to
obtain an approximation for the Robin boundary conditions. With the same notations
as before, the matrix form of the new high order approximation for Robin boundary

condition is

—6E] +E7).
(3.2.34)

In practice, we usually use the same degree of interpolation for the approximation

1 1
Bu = hoygyd, where B = 2D (I +3E] — E}) + @216 +3E], g,

of u(cp(e;)) and 2% (cp(x;)), ie., p = ¢ in (3.2.34). In this case, our discretization
becomes

1 11
Bu = hyyg)d, where B = (D + ®) Ig+-®E! ; +(D — ®) E{ — (—D - —q>) EL.

2 376
(3.2.35)

W

3.2.5 Numerical examples for Poisson problems on two di-
mensional domains

In this section, we consider several numerical examples on different domains in R2.
Problems in three dimensions will be solved with a multigrid method in the next

chapter.

3.2.5.1 Poisson problems on a disk

First of all, we consider Poisson’s equation with Dirichlet boundary conditions (3.2.2)

on a disk centered at origin with radius v/2. The exact solution u(f,r) is chosen

to be 7°sin(20) in polar coordinates. The right hand side function f = —Au =
—21r%sin(26) is then computed using Au = 14 (rd¥) 4 r%%. Dirichlet boundary

conditions are specified according to the value of the exact solution. We apply dis-
cretization (3.2.7) with p = 1 (linear extrapolation augmented by linear interpolation)
to handle the boundary conditions. Table 3.1(a) shows 2nd order convergence result-
s for the corresponding scheme (3.2.8). We also tested discretization (3.2.31) with
p = 2 (quadratic extrapolations augmented by quadratic interpolations) for boundary
conditions. From Table 3.1(b), when using the higher order approximation to handle

boundary conditions we still obtain 2nd-order convergence results. This is because
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we are still using 2nd-order approximation to the Laplacian in the interior of the
domain. Nevertheless, the errors from the scheme with a higher order approximation
to boundary conditions are smaller than those from the lower order approximation

to boundary conditions.

Table 3.1: Convergence study for Poisson’s equation on a disk with Dirichlet bound-
ary conditions.

(a) Linear extrapolation and linear interpolation

Az 0.1 0.05  0.025 0.0125 0.00625
”“m'l'm 1.53e-1 3.69e-2 9.04e-3 2.24e-3  5.65¢-4
e 205 203 202 198
(b) Quadratic extrapolation and quadratic interpolation
Az 0.1 0.05  0.025 0.0125 0.00625
”“”jjﬂ'oo 1.76e-2 2.34e-3 3.00e-4 6.63e-5 1.71e-5
O 291 296 218 195

We then solve the shifted Poisson’s equation with Neumann boundary conditions
(3.2.11) on the same disk. The same exact solution u = 7° sin(26) is chosen. The shift
is chosen to be ¢ = 1, and the right hand side function, f = —Au+u = —20r?sin(26).
On the boundary g—:‘l = 20sin(20). We discretize the Neumann boundary conditions
by (3.2.14) with ¢ = 2 and (3.2.33) with ¢ = 3, and the corresponding convergence
numerical results are shown in Tables 3.2(a) and 3.2(b) respectively. From Table 3.2
we can see that the lower order discretization (3.2.14) gives roughly 2nd order con-
vergence results, while the higher order discretization (3.2.33) gives clear 2nd order
convergence results with smaller numerical errors.

We finally consider Poisson’s equation with Robin boundary conditions (3.2.19)
on the same disk. Again the exact solution is chosen to be u(f,r) = r°sin(26), and
f(0,7) = —21r3sin(26). On the boundary u+gpg—z = h, where ¢(0,r) = 2+cos(f), and
h(6,r) = 4v/2sin(20) +20(2 + cos(f)) sin(26). We test the lower order approximation
(3.2.25) with ¢ = 3 and the higher order approximation (3.2.35) with ¢ = 3 to
handle Robin boundary conditions. Table 3.3(a) shows roughly 2nd-order convergence
results for the lower order approximation (3.2.25). Table 3.3(b) shows clear 2nd-order
convergence for the higher order discretization (3.2.35) with smaller numerical errors
than those in Table 3.3(a).
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Table 3.2:  Convergence study for the shifted Poisson’s equation on a disk with

Neumann boundary conditions.

(a) 2nd-order approximation for the normal derivative augmented by

quadratic interpolations

Az 0.1 005 0025 00125 0.00625
”“—“’;['w 4.89¢-2 1.57¢-2 4.4%2-3 1.16¢-3 3.07e-4

lu—u?"||oo
1.64 1.83 1.92 1.92

108, =il

(b) 3rd-order approximation for the normal derivative augmented by cubic

interpolations

Az 0.1 0.05  0.025 0.0125 0.00625
Jlu—u o 1.18¢-2 3.15¢-3 7.97e-4 2.00e-4 4.96e-5

lu—u?"|
= 1.90 1.98 2.00 2.01

Table 3.3: Convergence study for Poisson’s equation on a disk with Robin boundary
conditions.

(a) Lower-order discretization (3.2.25) augmented by cubic interpolations

Az 0.1 0.05  0.025 00125 0.00625
”“‘"1’@ 3.48¢-2 1.27¢-2 3.87e-3 1.04e-3 2.24e-4

log, % 145 172 189 222

(b) Higher-order discretization (3.2.35) augmented by cubic interpolations

Az 0.1 0.05  0.025 0.0125 0.00625
”“ml'w 1.36e-2 3.61e-3 8.65¢-4 2.08¢-4 5.03e-5
log, =l 190 206 206 205
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3.2.5.2 Poisson problems on a bean-shaped domain

In this section, we investigate Poisson problems on a domain surrounded by a bean-
shaped curve. The bean-shaped curve is a parameterized spline curve defined in Sec-
tion 2.5.2 (see Figure 2.4). To solve Poisson problems on the bean-shaped domain, we
first need to clarify which grid points are exterior to the domain. A general approach
would be finding the closest point representation of the domain; another method is to
find the closest points of the boundary of the domain and the signed distance func-
tions. Here we make use of the parametrization of the boundary of the domain. After

obtaining a parametrization (z(t), y(t)) of the bean curve as described in Section 2.5.2,

Va2 (O)+52 (1) /32 () +52()
outward unit normal vector field is then either (¢,, —t,) or (—t,,t,). In other words,

we compute the unit tangent vector field (¢,,t,) = £(t) y(t) ) The

we have the analytical expressions of the outward unit normal for each point on the
bean curve. For each grid point x;, we find its closest point cp(x;) and compute the
vector x; — cp(x;); if this vector has the same direction as the outward normal, then
x; is an exterior grid point, otherwise x; is an interior grid point.

We choose the exact solution to be u(z,y) = 2°y®+ 25 +yb +sin(2rx) +sin(27y) +
cos(2mx) + cos(2my). We then compute the right hand side function and set up
different kinds of boundary conditions according to this exact solution. Table 3.4
shows the convergence results for solving Poisson’s equation (3.2.2) with Dirichlet
boundary conditions. The Dirichlet boundary conditions are set up to match the
exact solution evaluated on the boundary. Table 3.5 shows the convergence results
for solving the shifted Poisson’s equation (3.2.11) with Neumann boundary conditions.
The Neumann boundary conditions are set up to match the normal derivatives of the
exact solution on the boundary. Table 3.6 shows the convergence results for solving
Poisson’s equation (3.2.19) with Robin boundary conditions. The Robin boundary
conditions are set up by computing h = u—i—gag—fb on the boundary, where ¢ is chosen to
be 2+ z +y. All of the numerical results share similar trends with the corresponding

problem on a disk as discussed before.

3.3 Elliptic equations on surfaces with boundaries

In the previous chapter, we investigated how to solve elliptic PDEs on curves and
surfaces without boundaries. In Section 3.2, we discussed how to deal with boundary
conditions for domains which could be regarded as codimension-0 manifolds embed-

ded in R™. Now we are ready to combine the ideas of handling surface differential
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Table 3.4: Convergence study for Poisson’s equation on a bean-shaped domain with

Dirichlet boundary conditions.

(a) Linear extrapolation and linear interpolation

Az 0 005 0025 0.0125 0.00625
lowllee 78961 4.58¢-2 1.13e2 3.10e-3 8.89%-4

e 205 201 187 1.0
(b) Quadratic extrapolation and quadratic interpolation
Az 0.1 0.05  0.025 0.0125 0.00625
”“m’l'w 9.35¢-2 1.81e-2 4.67¢-3 1.19e-3 2.99e-4
lu—u® o 237 196  1.98 1.99

O i

Table 3.5: Convergence study for the shifted Poisson’s equation on a bean-shaped

domain with Neumann boundary conditions.

(a) 2nd-order approximation for the normal derivative augmented by

quadratic interpolations

Az 0.1 0.05 0.025 0.0125 0.00625
Zl"” 4.91e-1 1.13e-1 4.58e-2 1.21e-2 3.11le-3

log, % 211 131 1.92 1.96

(b) 3rd-order approximation for the normal derivative augmented by cubic

interpolations

Az 0.1 0.05  0.025 0.0125 0.00625
bowllee 27201 757e2 1582 3.950-3 9.38¢4
log, % 1.84 226 200 207
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Table 3.6: Convergence study for Poisson’s equation on a bean-shaped domain with
Robin boundary conditions.

(a) Lower-order discretization (3.2.25) augmented by cubic interpolations

Az 0.1 0.05 0.025  0.0125 0.00625

”“ﬁﬂ'w 2.20e-1 4.500-2 1.49e-2 3.77e-3 8.5le-4
log, =l 999 160  1.9%  2.15

(b) Higher-order discretization (3.2.35) augmented by cubic interpolations
Ax 0.1 0.05 0.025 0.0125 0.00625

[l 9301 5.54c-2 1322 3.280-3 7.880-4
log, = 205 207 201 206

operators and boundary conditions to solve elliptic PDEs on curves and surfaces with
boundaries.

Suppose we have a set of grid points surrounding the curve or surface with a
boundary. If a grid point does not lies on the boundary but its closest point lie on the
boundary, then we define this grid point to be a ghost point. For all the grid points
that are not ghost points, we apply discretization (2.2.1) as discussed in the previous
chapter. For all the ghost points, we shall modify the ideas described in Section 3.2 to
handle boundary conditions. The details shall be described for Dirichlet, Neumann

and Robin boundary conditions.

3.3.1 Dirichlet boundary conditions

In this section we consider the following surface Poisson’s equation on § with bound-

ary 08,

— Agsu(x) = f(x), x€S, (3.3.1a)
u(x) = g(x), x€IS. (3.3.1b)

Figure 3.5 illustrates the method to extrapolate values of ghost points according
to Dirichlet boundary conditions. The point ; is a ghost point, cp(x;) is its closest
point, y; = 2cp(x;) — @;, and z; = 2y; — cp(x;). Let @ be the extended solution
which is constant along the normal directions to the curve. For the ghost point x;,

we can use linear extrapolation to obtain @(x;): u(x;) = 2a(cp(x;)) — u(y;). Since
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Figure 3.5: Handling Dirichlet boundary conditions for a curve with a boundary.

u(y:) = ulep(yi)),

u(x;) = 2u(cp(x;)) — u(ep(y;)). (3.3.2)
Let G be the set of all ghost points, and cp(Y') = {cp(y;)|y; = 2cp(x;) — @i, x; € G}.
Define wqp(y) be the column vector storing the values of % at points in c¢p(Y’). Define
Ep
ep(
from grid points values: Wy y) = Efp(y)u. Let us, ug, u, gep(e) and I be defined

Y) be the degree p interpolation matrix interpolating values of points in cp(Y’)

as in Section 3.2.1. Then (3.3.2) can be discretized as ug = 2gcpc) — EY,

1
Bu = ng(G)? where B = §(IG + Efp(Y)) (333)

Note that (3.3.3) is similar to the discretization (3.2.7) for the codimension-0 case
before. The difference is that in (3.3.3) we use E] |y while in (3.2.7) we used Ey..
Similarly to Section 3.2.4, we can also use a higher order extrapolation to obtain

values of ghost points as shown in Figure 3.5,
u(x;) = 3u(cp(x;)) — 3u(cp(x;)) + u(cp(x;)). (3.3.4)

Let cp(Z) = {cp(zi)|zi = 2cp(y;) — cp(x;), x; € G}. Define ucp(z) be the column
vector storing the values of @ at points in cp(Z). Define Efp(z) be the degree p
interpolation matrix interpolating values of points in c¢p(Z) from grid points values:
Uep(z) = Efp(z)u. Then (3.3.4) can be discretized as ug = 3gcp(@) — 3Efp(y)u +

Efp(y)u, or

1
Bu = geyq), where B = g(IG +3EL v — B2 z)- (3.3.5)

As mentioned before, for grid points that are not ghost points, we can use the
discretization (2.2.1) with ¢ = 0, which has matrix form (2.2.2). Let M = EP'L —

~v(I—EP?), where EP* and EP? are interpolation matrices for the closest points of grid
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points with degrees p; and p, respectively, I is the identity matrix, L is the Laplacian

matrix, and ~ is a numerical parameter determining the amount of penalization. We

partition M into M = ( MI ), where M is made of the first n; rows of M
G

corresponding to the non-exterior points, and Mg is the rest n, rows which shall be

abandoned. Then the matrix form of the discretization of (3.3.1) becomes

( _JJ;L )“ - ( gcf(IG) ) : (3.3.6)

where B can be chosen to be either (3.3.3) or (3.3.5).

3.3.2 Neumann boundary conditions

In this section, we consider the shifted surface Poisson’s equation on S with boundary

oS,

— Asu(x) + cu(z) = f(x), x €S, (3.3.7a)
Ju

o = @), weos (3.3.7h)

Here p denotes the co-normal vector which is normal to S but tangent to S. If S is

a curve with a boundary, then p is just the tangent vector at the end point of S.

s cp(z)

Figure 3.6: Handling Neumann boundary conditions for a curve with a boundary.

Figure 3.6 illustrates how to handle Neumann boundary conditions for a curve
with a boundary. Let d; = @; — cp(;), n be the unit normal vector at cp(x;), and p
be the unit co-normal vector at cp(x;). Let 6; denote the angle between the co-normal
vector p and the vector d;. Then we have

ou ou ou

od, (cp(z:)) = %(Cp(fﬂi)) cos(0;) + %(Cp(fb‘i)) sin(6;).
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Remembering that @ is constant along the normals to S, we have 9% (cp(x;)) = 0,
and thus i o
5 (ep(i)) = 5 ep() cos(6). (3.3.8)

If we approximate g—i(cp(mi)) by centered finite difference scheme, then we obtain

@c ) cos :a<$z)_a(yz)
(epled) e = el

B (3.3.9)

Let d; = ||&; — cp(;)||2. Noting that u(y;) = u(cp(y;)) and y; = 2¢p(x;) — @, (3.3.9)

becomes
il _a(w;) — u(ep(yi))
%(cp(wl)) cos(0;) = 5, : (3.3.10)

Let d be the column vector storing the product of d; and cos(6;): d = (d; cos(b;), i =
1,... ,ng). In practice, we obtain d; cos(6;) by computing the dot product of d; and
p where d; = x; — cp(x;) and the co-normal vector p is known from the geometry of
the surface.

Let heye) be the column vector storing the function A evaluated at the closest
points of the ghost points. Define hcp(G)d = (h(cp(:ci))czi, i =1,...,ny). Define
Egp(y) to be the degree ¢ interpolation matrix so that wepy) = Egp(y)'u,. Then the

discretization for (3.3.7b) becomes
i 1
Bu = heyad, where B = - (Ig = Elyy,) ) (3.3.11)

Similarly to (3.2.33), we can also construct a higher order scheme to handle Neumann
boundary conditions. Let Egp(G) be the degree ¢ interpolation matrix for the closest
points of ghost points: wepy@) = Egp(G)u. Let Egp(z) be the interpolation matrix
which interpolates the values of c¢p(2;)’s from values of grid points: Uep(z) = Egp( z2) U
Then a higher order discretization for (3.3.7b) is

—6EL v+ Egp(z)). (3.3.12)

Bu = ho,g)d, where B = (2IG + 3Egp

(G)

| =

Let A = —M+-cI where M = EP' L—(I—EP?), and partition A into A = < jl )
G

Then the matrix form of discretization for (3.3.7) becomes

( %f >u = ( hj;d ) : (3.3.13)

where B can be chosen to be either (3.3.11) or (3.3.12).
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Remark 3.3.1 The Neumann boundary condition specifies the derivative of u along
the co-normal vector u, but we are only able to approximate the derivatives along
the vector d; via finite differences. We overcome this issue by linking the derivatives
along different directions via a factor of cos(6;) to obtain (3.3.10). Our method is in
contrast to the approach in [59] where the authors focused on solving surface elliptic
eigenvalue problems with homogeneous boundary conditions and ignored the cos(6;)
term. This is because Ba_:: = 0 on the boundary for homogeneous Neumann boundary
conditions and the left hand side of (3.3.10) simply vanishes regardless of what cos(6;)

1S.

Remark 3.3.2 Note that our technique for non-homogeneous Neumann boundary
conditions (and Robin boundary conditions as we shall see next) requires additional
geometric information compared to the Dirichlet case. We need to compute the inner
product between the co-normal vector p and the vector d; = x; — cp(x;). In our
experiments, we shall use explicitly an analytical representation of the co-normal.
Further research could investigate approximating this inner product purely from a
closest point representation of the surface (and perhaps an additional closest point

representation of the boundary itself).

3.3.3 Robin boundary conditions

We finally investigate Poisson’s equation on & with Robin boundary conditions,

— Asu(z) = f(x), x €S, (3.3.14a)
u(x) + go(a:)g—z = h(xz), x€IS. (3.3.14b)

For each ghost point «;, we approximate (3.3.14b) at the corresponding closest point
cp(x;). Multiplying both sides of (3.3.14b) by cos(6;), and using (3.3.8) we obtain
that

ou

i(ep(a)) cos(8) + (ep(:)) 5 (ep(@.)) = hlep(a) cos(8). (3.3.15)

Substituting the approximations @(cp(x;)) = 3 (@(x;) 4+ @(cp(y;))) and g—i(cp(a}i)) =

W into (3.3.15), and multiplying both sides by d;, we obtain that

(@(e;) + @(cp(ys)))d; cos(0;) + %sﬂ(cp(mi)) (@(z;) — a(cp(ys))) = h(ep(e;))d; cos(6;).
(3.3.16)

N | —
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Define n, x n, diagonal matrix

d; cos(6;)

D =
dy, cos(0,,)

NgXng

Let @ be defined as in (3.2.24). Then the matrix form of the discretization of (3.3.14b)

becomes
. 1 - .
Bu = hqy,g)d, where B = 5[(D +®)I;+ (D — @)Egp(y)]. (3.3.17)

Similarly to (3.2.35), we can construct a higher order approximation for (3.3.14b),

- 1/ 1 - 1.1
Bu = hod, where B = 5 (D+ @) o+ @Y ¢ +(D - ) EL, - <3D - 6«1:) oL

(3.3.18)

M, ) Then the matrix

Let M = EP* L —~(I — E??), and partition M into M = ( M
a

form of the discretization for (3.3.14) becomes

—M; - Sr
( » >u _ ( w ) | (3.3.19)

where B can be chosen to be either (3.3.17) or (3.3.18).

3.3.4 Numerical examples for Poisson problems on curves
and surfaces with boundaries

In this section, we numerically solve surface Poisson problems with Dirichlet, Neu-
mann and Robin boundary conditions on a semicircle, a sine-shaped curve and a
hemisphere. We use lower order approximations (3.3.3), (3.3.11) and (3.3.17) to han-
dle boundary conditions. For convenience we choose the augmenting interpolation
degree to be 3 for all test cases, i.e., we choose p =3 in (3.3.3) and ¢ = 3 in (3.3.11)
and (3.3.17).

3.3.4.1 Semicircle

Table 3.7 shows the results of the convergence study on a semicircle centered at the
origin with radius v/3. The exact solution is cos(#) + sin(10). The right hand side
function and boundary conditions are set up according to the exact solution and the

geometry of the semicircle for each case.
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Table 3.7:  Convergence study for Poisson problems on a semicircle centered at the
origin with radius v/3. The exact solution is cos(#) 4 sin(106).
(a) Poisson’s equation (3.3.1) with Dirichlet boundary conditions. The bound-

ary conditions are dealt by linear extrapolation (3.3.3) and augmented by
cubic interpolation.

Az 0.05 0.025  0.0125 0.00625 0.003125

bowlle 51903 12403 3.05e-4 TAled  1.83e-5
log, =l 207 202 204 2.02

(b) Shifted Poisson’s equation (3.3.7) with Neumann boundary conditions.
The boundary conditions are dealt by 2nd-order approximation (3.3.11) and
augmented by cubic interpolation.

Az 005 0025 00125 0.00625 0.003125
”“m'jw 2.09¢-2 5.03¢-3 1.27¢-3 3.18¢-4  7.88¢-5
log, W 206  1.99  1.99 2.01

(c) Poisson’s equation (3.3.14) with Robin boundary conditions and ¢(6) =
2+ cos(6). The boundary conditions are dealt by (3.3.17) and augmented by
cubic interpolation.

Az 0.05 0.025  0.0125 0.00625 0.003125

”mtﬂw 3.69¢-2 8.79¢-3 2.21e-3 5.52%-4  1.36e-5
log, =l 207 199  2.00 2.02
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3.3.4.2 Sine-shaped curve

We solve surface Poisson’s equations with various boundary conditions on a sine-
shaped curve parameterized by (¢,sin(¢)) where ¢ € [0, 2n]. Figure 3.7 shows the
banded computational grids with different mesh sizes. Table 3.8 shows the results of
the convergence study. The exact solution is cos(t) + sin(10¢). The right hand side
function and the boundary conditions are set up according to the exact solution and

the geometry of the sine-shaped curve for each case.

-1.5
-1

Figure 3.7: Computational grids for the Closest Point Method on a sine-shaped
curve with Az = 0.1 (left) and Az = 0.05 (right).

3.3.4.3 Hemisphere

Table 3.9 shows the results of the convergence study on a hemisphere centered at the
origin with radius v/2. The exact solution is cos(36) sin(¢)®(9 cos(¢)? — 1). The right
hand side function and boundary conditions are then set up according to the exact

solution and the geometry of the hemisphere for each case.

3.4 Conclusion and discussion

In summary, we adopted the ghost point approach in a systematic manner to han-
dle Dirichlet, Neumamnn and Robin boundary conditions for Poisson problems on
domains and surfaces with boundaries. We think this method could be extended to
handle general (nonlinear) boundary conditions with the form G (z, u(x), 2%(x)) = 0

where « is on the boundary. In particular, for the grid points which are not ghost

points we discretize the elliptic equation using standard finite differences. For each
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Table 3.8: Convergence study for Poisson problems on a sine-shaped curve parame-
terized by (¢,sin(¢)) where ¢ € [0, 27]. The exact solution is cos(t) + sin(10¢).

(a) Poisson’s equation (3.3.1) with Dirichlet boundary conditions. The boundary
conditions are dealt by linear extrapolation (3.3.3) augmented by cubic interpolation.

Az 0.0125 0.00625 0.003125 0.0015625 0.00078125
= 7.82e-4 1.94e-4 5.17e-5 1.20e-5 3.42e-6

lu—u"lo

(b) Shifted Poisson’s equation (3.3.7) with Neumann boundary conditions. The
boundary conditions are dealt by 2nd-order approximation (3.3.11) augmented by
cubic interpolation.

Az 0.0125 0.00625 0.003125 0.0015625 0.00078125
el 39502 7923 188e3  42led  8.49eH
log, =l 204 208 2.16 2.31

(¢) Poisson’s equation (3.3.14) with Robin boundary conditions and ¢(t) = 2+ sin(¢).
The boundary conditions are dealt by (3.3.17) augmented by cubic interpolation.

Az 0.0125 0.00625 0.003125 0.0015625 0.00078125
= 2.82e-2 6.95e-3  1.67e-3 3.75e-4 7.64e-5

QhHOO

log, =t 2.02 2.06 2.15 2.29
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Table 3.9: Convergence study for Poisson problems on a hemisphere centered at the
origin with radius V2.
(a) Poisson’s equation (3.3.1) with Dirichlet boundary condi-

tions. The boundary conditions are dealt by linear extrapolation
(3.3.3) augmented by cubic interpolation.

Az 0.4 0.1 0.05  0.025
% 5.21e-1 1.58¢-1 4.14e-2 1.05¢-2
log, fr=trl= 173 193 1.98

(b) Shifted Poisson’s equation (3.3.7) with Neumann boundary
conditions. The boundary conditions are dealt by 2nd-order
approximation (3.3.11) augmented by cubic interpolation.

Az 0.4 0.1 0.05  0.025
% 1.91e-1 4.12¢-2 1.09¢-2 2.71e-3
log, =l 221 192 2.00

(c) Poisson’s equation (3.3.14) with Robin boundary condition-
s and ¢(0, ¢) = 2+ cos(#). The boundary conditions are dealt
by (3.3.17) augmented by cubic interpolation.

Az 04 01 0.05 0025
% 2.50-1 3.40e-2 1.84e-2 4.5le-3
log, Il 176 201 2.03
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ghost point &; we can discretize G (z, u(x), 3%(x)) = 0 at cp(z;) using the method-

s described in this chapter. Combining these two parts of the discretized equation
together, we obtain a system of (nonlinear) equations. One could then use exist-
ing solvers for nonlinear equations such as Newton’s methods [46]. The particular

structure of the system could also potentially be exploited for increased efficiency.
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Chapter 4

Multigrid Solvers

In the previous two chapters we mainly focused on numerical examples in two di-
mensions, where the resulting linear systems are solved by sparse direct solvers (e.g.,
Matlab’s backslash). However, for problems where the embedding space is R3, fast
and robust iterative linear system solvers are desired. We decide to adopt the geomet-
ric multigrid method (see e.g., [13, 39]) because it is quite effective in solving linear
systems arising from discretization of elliptic operators. Some literature on multigrid
method for surface PDEs [48, 49, 11] is based on the finite element method. We shall
construct multigrid solvers in the setting of the Closest Point Method.

In Section 4.1, we develop a V-Cycle multigrid scheme to solve linear systems
arising from elliptic equations on curves and surfaces without boundaries'. In Sec-
tion 4.2, we modify the relaxation scheme in the algorithm of Section 4.1 to make
it work on codimension-0 domains. Finally in Section 4.3, we further modify the
relaxation method so that the multigrid algorithm can be adapted to elliptic PDEs
on curves and surfaces with boundaries. Numerical tests will be conducted in each
section to illustrate the efficiency of our multigrid algorithm. We shall see that for
all our test cases, the convergence speed almost stays the same as we increase the
number of grid levels, just as it does for the most basic multigrid solvers applied to

elliptic equations on regular square domains.

IThe W-Cycle scheme is also briefly mentioned and tested, and it has slightly faster convergence
speed than the V-Cycle scheme. However, we shall focus on the V-Cycle scheme because it yields
similar results to the W-Cycle scheme with less computational cost.
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4.1 Multigrid solvers for surfaces without bound-
aries

Based on the closest point representation of the surface, we shall construct the relax-
ation scheme on each grid level and the restriction/prolongation operators transfer-
ring data between coarse and fine grids. A closest point method V-Cycle multigrid
algorithm will be constructed and tested, and a W-Cycle scheme will also be briefly
mentioned and tested. Most contents of this section are based on [16] written by the

current author.

4.1.1 The Multigrid “smoother”: weighted Jacobi iteration

One of the key ingredients of a multigrid algorithm is the “smoother” [13, 39], which
damps out high-frequency errors and thus smooths the solution at each grid level.
One good choice of “smoother” is the weighted Jacobi iteration: suppose we want to

solve A"u” = " starting from some initial u”", we update the iterates by
u' = u" + wdiag(A") T — A, (4.1.1)

where 0 < w < 1 is the weight parameter. One possible approach is to simply use
this standard weighted Jacobi iteration on the discretization (2.2.3) of our embedding
equation (2.1.5). An alternative strategy, and the one we propose here, is based
instead on considering the earlier constrained system (2.1.4): we want to ensure that
the solution satisfies the constraint (2.1.4b) so we re-extend the solution following

each weighted Jacobi iteration.

4.1.2 Ruuth—Merriman smoothing strategy

The idea of this new smoothing strategy stems from the original Ruuth-Merriman
approach for time-dependent surface PDEs [79]. In the continuous setting, if the
solution « is constant along the direction normal to the surface, then the Cartesian
Laplacian of u agrees with the Laplace-Beltrami function of @ on the surface. So,
roughly speaking, L"u" is consistent with Ag@ on the surface, provided that u” is
constant along the normals to the surface. Here u” is the discrete solution and L” is
the usual Cartesian Laplacian matrix. Under this side condition, we can replace M"
with L" in one iteration, where M" = E]?Lh —y(I" — Eél) was defined in equation
(2.2.3). Let A" = ¢I" — L" be the shifted Cartesian Laplacian matrix. Starting

from an initial u" which is constant along the normal direction to the surface, in one
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iteration we do the standard Jacobi iteration with respect to the A" = c¢I" — L"
(instead of A" = cI" — M"), and then immediately do a closest point extension to

ensure the discrete solution is still constant along the normal direction to the surface:

u =u + wdiag(fih)_l(fh - Ahuh), (4.1.2a)
u" = E"u. (4.1.2b)

Typically one needs to pick a weight w strictly less than one for smoothing because
pure Jacobi iteration (w = 1) cannot damp out the high frequency errors (see e.g.,
[13]). As we shall see in Section 4.2, for codimension 0 domains we do need w < 1
to obtain desired convergence rate for the V-Cycle scheme. However, for curves
and surfaces with codimension higher than 0, picking w = 1 (using the pure Jacobi
iteration) seems to yield good convergence results in practice (see the numerical results
in Section 4.1.5). One possible explanation is that a closest point extension step
(4.1.2b) is done immediately after the relaxation step (4.1.2a) for the surface cases,
and this extension step might have helped eliminate high frequency errors. In our
multigrid algorithm we use pure Jacobi iteration (w = 1) for curves and surfaces with
or without boundaries, and weighted Jacobi iteration (0 < w < 1) for codimension 0
domains.

We also remark that interpolation E" with a sufficiently high degree should be
used in order to avoid introducing interpolation errors which dominate over the errors
from the discrete Laplacian L. In particular, we need to use cubic interpolation to

build E" if we use a second-order difference scheme to build L".

4.1.3 Restriction and prolongation operators

In a multigrid algorithm, one also needs to build restriction operators which restrict
data from fine grid to coarse grid and prolongation operators which prolong data from
coarse grid to fine grid.

For practical efficiency, we would like to perform the computation in narrow bands
with bandwidths shrinking proportional to the grid sizes. This makes the coarse grid
band wider than the fine grid band (see Figure 4.1). Some coarse grid points are
out of the range of the fine grid band, which means there are no fine grid points
surrounding those “outer” coarse grid points; in those cases the standard restriction
strategies such as “injection” and “full weighting” [13] do not work. We overcome

this problem with the help of the closest point extension. When restricting the values
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of points on the fine grid to the coarse grid, we assign the value of each coarse grid
point to be the value of its corresponding closest point, which in turn is obtained by
interpolating the values of fine grid points surrounding the closest point. Naturally, we
can construct the prolongation operators in the same way?: take the value of each fine
grid point to be the value of its corresponding closest point, which is obtained through
interpolation of values of coarse grid points. Similar to the closest point extension on
a single grid, the restriction and prolongation operators have corresponding matrix
forms; we denote the restriction matrix by E?" and the prolongation matrix by E&, .

Figure 4.1 illustrates the process of doing restriction and prolongation.

@)

prolongation
c ® @)

©)
©)

_»_-Orestriction

O] ocoarse

fine

Figure 4.1: TIllustration of Restriction and Prolongation.

Blue circles indicate the coarse grid points, red dots indicate the fine grid points.
Restriction: restrict quantities from fine grid to coarse grid using E2".
Prolongation: prolong quantities from coarse grid to fine grid using E%, .

4.1.4 Closest Point Method V-Cycle algorithm

Armed with the smoothing strategy in Section 4.1.2 and the construction of the re-
striction and prolongation operators in Section 4.1.3, we propose the Closest Point
Method V-Cycle Multigrid algorithm. We remark that this algorithm does not ex-
plicitly involve the side condition as in (2.1.5), but instead follows each iteration with

a closest point extension as in the original Ruuth-Merriman approach [79].

2An alternative approach is simply to use one of the standard nest-grid multigrid approaches
(although we have not tested this here).
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Algorithm 2 (Closest Point Method V-Cycle Algorithm) Denote by B" and
B?" the fine and next coarser grids. Denote by E" and E*" the extension matrices on
the fine and next coarser grids (see Sec. 2.2.1). Denote the shifted Cartesian Laplacian
matriz, the solution and right-hand side on the fine grid by A" = cI" — L, u", and
f". and the corresponding variables on the next coarser grid by A%*" = cI*h — L2h,
u?, and f*. Let E?" and Eb be the restriction and prolongation matrices (which
are also extensions as in Sec. 4.1.3). We compute u" = V*(u", f) by recursively
calling:

1. Starting from some initial quess u" which is constant along the normals to the
surface (e.g., u" = 0") on the finest grid, do v, steps of Jacobi iteration with
respect to A", each step followed by a closest point extension:

fori=1:vy, do
ul = w4 diag(AM) (1 — Aluh);
u' = EMl
2. Compute the residual and restrict it to the coarser grid,
rho= - Atul, (4.1.3)
f2h — E,th’rh.
If B? is the coarsest grid, solve A*"u®' = £ directly; else

u2h = 02h

uh = V2h’<u2h [E0) (4.1.4)

3. Correct the fine grid solution using coarse grid solution:

u" = u" 4+ Ej)u®.

4. Do vy steps of Jacobi iteration with respect to A", each step followed by a closest
point extension.
fori=1:uvy, do
u' = w4+ diag(AM)H(f - AMul),
u' = EM
Remark 4.1.1 If we perform (4.1.4) v times in Step 2, then we obtain the v-Cycle
scheme (see e.g., [13]). In particular, if v = 2 then we get the W-Cycle scheme. As
we shall see in Section 4.1.5, the W-Cycle scheme performs similarly to the V-Cycle

scheme, so we shall focus on the development and test of V-Cycle schemes.
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4.1.5 Numerical examples for curves and surfaces without
boundaries

We test our V-Cycle solver for the shifted Poisson’s equation on several curves and
surfaces without boundaries. We use cubic (degree 3) interpolations to construct E"’s
on each grid level. In each round of the V-Cycle, v; = 3 pre-smoothings and v, = 3
post-smoothings are applied. For the restriction and prolongation operators, linear
(degree 1) interpolations are used for the closest point extensions. The linear system
on the coarsest grid level is solved with Matlab’s backslash. The stopping criteria for
all the tests are ||2""! — xF||o/||2*||c < 1076, where ¥ and x**! are the iterative
solutions after the k-th and (k + 1)-st rounds of V-Cycles.

As described in Algorithm 2, we shall start from zero initial guesses for our tests.
We also conduct experiments starting from random initial guesses with magnitude
around 0.5, and our multigrid algorithm can eliminate the high frequency part of the
initial errors effectively. The convergence results for the cases with random initial
guesses are similar to those with a zero initial guess. So we shall only present results

with zero initial guesses for all the following tests.

4.1.5.1 Unit circle

We consider the simplest example from Section 2.5.1, where we solve the shifted
Poisson’s equation —Agsu + u = f on the unit circle. The exact solution is chosen to
be sin(6) + sin(126).

To test the convergence rate of our multigrid solver, we keep the coarsest grid
size unchanged, and reduce the finest grid size. Figure 4.2(a) shows the rate of
decrease of the residuals of the algebraic linear systems, and Figure 4.2(b) shows the
rate of decrease of the numerical errors. Before the numerical solutions achieve the
stopping criterion, they have already reached the limit of the discretization errors,
and the errors will not decrease after that; so in Figure 4.2(b) as the number of V-
Cycles increases, the errors first decrease and then stay almost the same. This same
behaviour is also observed in the residuals in Figure 4.2(a): as the number of V-Cycles
increases, the residuals initially decrease. However, because we introduce additional
discretization errors to the original linear system A"u" = f" (by performing discrete
closest point extensions after each smoothing step), the residuals eventually stagnate
at the level of this additional discretization error. In both Figures 4.2(a) and 4.2(b),
the rate of decrease (the slope of the lines) stays almost the same as we refine the

finest mesh, which is expected and desirable in a multigrid algorithm.

79



- e -N=10 - e -N=10

- * —N=20 - * -N=20
o'l N N=40 || I N=40 ||
oo - —=—N=80 S —=—N=80
_s Sy N=160 - N=160
E Tk - - e - | % N=320 ¢ Tk m ke — o o e = o 0 N=320
< 107 ¥ —*—N=640|] 3 107 \ ——N=640|]
e \8
-:3 ?
< g0 = 107
T 10 = 10°F \g\
_E_ =
107 o 107 \ .
1075 L L L L L L L 1075 L L L L f i L
o 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8
number of v—cycles number of v—cycles
(a) Decrease of relative residuals (b) Decrease of relative errors

Figure 4.2: Convergence results on a circle, where the curves show a sequence of
progressively finer grids, each solved with the V-Cycle multigrid method. Each curve
shows how the relative residuals/errors decrease as the number of V-Cycles increases.

Here N = ﬁ, where Ax is the grid size of the finest mesh for that curve. For each

case we fix the grid size of the coarsest grid to be 0.2, which corresponds to N = 5.
The horizontal lines in (b) are the numerical errors given by Matlab’s backslash.

We also test the W-Cycle scheme applied to the same problem, and the conver-
gence results are recorded in Figure 4.3. Comparing the results in Figures 4.2 and 4.3,
we observe that the W-Cycle scheme convergences faster than the V-Cycle scheme
in the first few cycles. However, the W-Cycle scheme still needs roughly the same
number of cycles as the V-Cycle scheme to reach the stopping criterion. In the rest

of this thesis we shall focus on the V-Cycle scheme since it generally costs less.

4.1.5.2 Bean-shaped curve

We test the shifted Poisson’s equation on the bean-shaped curve as in Section 2.5.2,
and the same exact solution is chosen for convergence studies. Figure 4.4(a) shows
the numerical solution for the embedding equation with meshsize Ax = 0.1. Fig-
ure 4.4(b) shows the convergence results of the multigrid method. Note again that

the convergence rate (slope of lines) is essentially independent of the finest grid size.

4.1.5.3 Unit sphere

In this section we consider the same numerical example as in Section 2.5.3. We solve
the equation on a unit sphere centered at the origin, and choose the exact solution as
the spherical harmonic u(6, ¢) = cos(36) sin(¢)?(9 cos(4)* — 1). The right-hand side
function is —Asu+u = —29u(0, ¢). Figure 4.5(a) shows the numerical solution for the
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Figure 4.3:  'W-Cycle convergence results for the shifted Poisson’s equation on the
unit circle. The horizontal lines in (b) are the numerical errors given by Matlab’s
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embedding equation with grid size Ax = 0.1, visualized using the parametrization.

Figure 4.5(b) shows the convergence results of the multigrid method.
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Figure 4.5: V-Cycle convergence results on a unit sphere.

Besides convergence studies, we also investigate the computational cost includ-
ing the degrees of freedom and matrix storage for the discrete linear system (see
Table 4.1). Because our 3-D computation is performed in a narrow band with band-
width proportional to the mesh size Ax, the number of degrees of freedom scales like
O(Ax™2), just as if we performed a finite difference method to solve Poisson’s equa-
tion in R2. Since we use the standard 7-point stencil, the number of nonzero entries
(nnz) of the Laplacian matrix L" is about 7 times the number of degrees of freedom.
Since we use degree 3 polynomial interpolation in a dimension by dimension fashion,
the number of nonzero entries of the interpolation matrix E} is about 43 = 64 times
the number of degrees of freedom. The matrix A" used in our Ruuth-Merriman s-
moothing approach is simply the diagonally shifted Laplacian so nnz(A") = nnz(L").
From the analysis in Sections 2.3 and 2.4, M" has nearly the same sparsity pattern
as E%, except that M" might have more diagonal entries than E”, so the number of
nonzero entries of M" is about 64 or 65 times the number of degrees of freedom.

We also compare the CPU times for solving the linear system by Matlab’s back-
slash and our V-Cycle multigrid scheme. Table 4.2 shows the performance compari-
son. Computations were performed on a 3.47 GHz Intel Xeon X5690 6-core processor,
with 100 GB memory. For the smallest problem, Matlab’s backslash works better than
multigrid; but for larger problems, multigrid works better. Furthermore, the CPU
time of multigrid scales roughly as O(Ax~?), i.e., proportional to the number of de-

grees of freedom, which is optimal and what we expect for a multigrid scheme. We
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Table 4.1: Computational cost for the Closest Point Method on a sphere. As we
decrease the mesh size by a factor of 2, the number of degrees of freedom (DOFss; i.e.,
length(u")) increases by a factor of 4. nnz(L") ~ 7 x DOFs, nnz(E") ~ 64 x DOFs,
nnz(M") ~ 64.5 x DOFs.

Az length(u") nnz(L")  nnz(E})  nnz(M?)

0.2 3190 20758 204160 205686
0.1 10906 71962 697984 702714
0.05 41870 277358 2679680 2697038

0.025 166390 1103734 10648960 10717230
0.0125 663454 4402366 42461056 42731646
0.00625 2651254 17593318 169680256 170760222

observe similar scaling results for CPU times when applying our V-Cycle multigrid
algorithm to other surfaces without boundaries (e.g., the torus in Section 4.1.5.4 and
the Dziuk surface in Section 4.1.5.5) and the variable diffusion coefficient example in
Section 4.1.5.6.

Ax Backslash  V-Cycle

0.2 0.169 0.294 Table 4.2: CPU time for solv-
0.1 1.046 0.551 ing the linear system arising from
0.05 6.967 1.326 the Poisson’s equation on a u-
0.025 59.94 4.377 nit sphere with the Closest Point
0.0125 466.5 16.66 Method. Matlab’s backslash ver-
0.00625 N/A 67.42 sus V-Cycle multigrid method.

4.1.5.4 Torus

Again, to calculate an exact solution, we begin with a parametrization of a torus:
x(0,¢) = (R+rcoso)cost, y(0,¢) = (R+rcos¢)sinb, z(0, ) = rsin ¢, where ¢, 0
are in the interval [0, 27), R is the distance from the center of the tube to the center
of the torus, and r is the radius of the tube.

We test the shifted Poisson’s equation —Agu 4+ u = f on a torus with R = 1.2,
and r = 0.6. The exact solution is chosen as u(6, ¢) = sin(360) 4 cos(2¢), and the right
hand side function is f(6, ¢) = om0 __ 28indsin@9)  1cos@9) (9 ). Figure 4.6

(R+rcos ¢)? r(R+r cos ¢) r2
shows the numerical solution and the multigrid convergence results.

4.1.5.5 A level set example

Following Dziuk [23], we consider the surface defined by § = {x € R? | (z; —
73)* + 23 + 22 = 1}, and the shifted Poisson’s equation —Asu +u = f on S.
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Figure 4.6: V-Cycle convergence results on a torus.

The exact solution is chosen to be u(x) = x125. We compute the right-hand side
v = Vsu = Vu — (Vu-n)n, and Vg - v
V-v— Z?Zl(ij -n)n;. Here n is the normal vector, and in this case, n(x) =
(1 — 23, xa, 23(1 —2(2x1 —23)) ) / (1 +423(1 — 1 — 2%))'/? ). For each grid point,

we compute the closest point on § by minimizing the squared distance function using

function by f = —Vs - v, where

Newton’s method. Figure 4.7 shows the numerical solution and multigrid convergence

results.
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4.1.5.6 Variable diffusion coefficients on a sphere

Finally, we consider an example with scalar variable diffusion coefficients,

— Vs - (a(y)Vsu(y)) + cu(y) = f(y), for y € S.

To formulate the continuous embedding equation, we simply choose A(cp(x)) to

be a(cp(x)) in the general embedding equation (2.1.9), and get
~[V-(alep(®)) V)| (ep(@))+et(z)+y(a(x) —a(cp(®)) = f(z), @€ B(S). (4.1.5)

Like for the Poisson case before, embedding equation (4.1.5) can be discretized us-
ing standard finite differences and interpolation schemes, see also [85]. The matrix

formulation of the discretization is — E" L"u" + ~(I" — EM)u" = f", where
L" = D!diag(Ala")D! + D'diag(A!a") D] + D!diag(Ala")D!.

Here, we have used similar notations to those in [85]. D? is the matrix corresponding
to backward differences in the z direction, D/ is the matrix corresponding to forward
differences in the x direction; D}, D}, D? and D/ have similar meanings. The
column vector a” has the i-th entry equal to a(cp(x;)), where x; is the i-th grid
point. A is the forward averaging matrix corresponding to calculating the average
of two neighboring values of a” along the positive x direction. Afa" is a column
vector and diag(AZa") is a diagonal matrix with diagonal entries equal to Ala";
diag(AJa") and diag(Afa") have similar meanings.

In the multigrid algorithm, we continue to use the Ruuth-Merriman style relax-
ation strategy, except for changing L" to L".

We test on a unit sphere. We choose the exact solution to be u(¢) = cos ¢, the
diffusion coefficient a(¢) = cos¢ + 1.5, and the right hand side function is f(¢) =
2cos p(cos ¢ + 1.5) — (sin ¢)? + u(¢). The multigrid convergence results are shown in

Figure 4.8 and look similar to the Poisson problems shown earlier.

4.2 Multigrid solvers for codimension 0 domains

In this section, we modify several ingredients in Algorithm 2 to obtain a new V-Cycle
scheme working on codimension 0 domains. Here, our relaxation method is based on
the weighted Jacobi iteration and extrapolation of ghost point values according to
boundary conditions. As we shall see next, the modified relaxation method is simi-

lar to the Ruuth—Merriman smoothing strategy discussed in Section 4.1.2. Roughly
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Figure 4.8: V-Cycle convergence results for a variable diffusion coefficient example.

speaking, at each relaxation step, we first update interior point values using the
weighted Jacobi iteration on the differential equation, and then “extend” the solution
from interior points to exterior (ghost) points so that the boundary condition is satis-
fied. We also make minor modifications to the standard restriction and prolongation

matrices used to transfer data between the fine and next coarser grid levels.

4.2.1 V-Cycle Scheme for codimension 0 domains

As we noticed in Section 3.2, the discretizations of Poisson problems on codimension

0 domains with different boundary conditions share the common form,

A; A A us J1
u = = . 4.2.1
( B ) ( Bgr Bae Ug g ( )
Here, A;ju = f; corresponds to the discretization of the interior differential equation
for non-ghost points®, and Bu = g corresponds to the discretization of the boundary

condition for ghost points. As discussed in Section 3.2, we can represent the values

of the ghost points by values of non-ghost points,
ug = —BgiBarur + BElg. (4.2.2)

The ideas of the modified relaxation method for codimension 0 domains are as
follows. Starting from an initial w, we first use the weighted Jacobi iteration to update

the values of non-ghost points u; using values of all grid points w,

wy = uy +wdiag(Ar) ' (fr — Agu), (4.2.3)

3Here non-ghost points refer to grid points which are not ghost points.
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where 0 < w < 1. Then we use (4.2.2) to update ug using u; so that boundary
conditions are satisfied after each iteration.

Note that the above relaxation method is analogous to the Ruuth-Merriman s-
moothing strategy for surface elliptic equations in Section 4.1.2. Both strategies first
use the standard weighted Jacobi iteration to update the solution according to the
differential equation, and then immediately modify the solution so that a certain type
of “constraint” is satisfied. In particular, for the usual elliptic equation on a general
domain the constraint is the boundary condition, while for a surface elliptic equation
it is the side condition: enforcing the solution to be constant along the normals to
the surface.

Now, we still need to modify the restriction and prolongation operators to con-
struct a complete multigrid algorithm. The restriction operator restricts the residual
from fine grid to coarse grid. Because relaxations are only performed for non-ghost
points (as seen in equation (4.2.3)), we do not need to compute or restrict residuals
at the ghost points. We consider the new restriction operator I*" that restricts the
residual of non-ghost points from a fine grid to a coarse grid: f2" = I?" fI. Since the
non-ghost points on the coarse grid form a strict subset of the non-ghost points on the
fine grid, we perform “injection” when doing restriction, i.e., taking the value of each
non-ghost point on the coarse grid to be the value at the corresponding point on the
fine grid. The new prolongation operator interpolates the values from coarse grid to
fine grid. Since the values of ghost points can be represented by values of non-ghost
points at each grid level, we only need to interpolate the values of non-ghost points
on the fine grid from values of coarse grid points when doing prolongation. We denote
the prolongation operator by I so that u? = I}, u®".

Armed with the new relaxation method and the construction of the restriction and
prolongation operators, we obtain the following V-Cycle algorithm for codimension 0

domains.

Algorithm 3 (V-Cycle Algorithm for Codimension 0 domains) Denote by B"
and B*" the fine and next coarser grids. Let all variables with superscript h be defined
on the fine grid, and all variables with superscript 2h be defined on the coarse grid.
Let w € (0,1) be the weight parameter of the weighted Jacobi iteration. Let I" and
I} be the restriction and prolongation matrices. For all the grid levels except the

finest one, set g = 0. We compute u = V*(u", f*, g") by recursively calling:
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. Starting from some initial guess u" (e.g., u" = 0") on the finest grid, perform

vy steps of the modified weighted Jacobi iteration,

fori=1:v, do
uy = up +wdiag(A}) 7 (ff — Ajul),

ug = —(Bgg) ' Bau + (Bea) 9"

. Compute the residual for non-ghost points and restrict it to the coarser grid,

h ._  ph h, . h
r; = f; — Aju”,
2h . y2h..h
o= I"r;.

If B* is the coarsest grid, solve (4.2.1) directly; else

u2h = 02h’
u2h — V2h(u2h,f2h,g2h).

. Correct the values of non-ghost points on the fine grid using coarse grid values,
ul =l 1w
Then modify the values of ghost points on the fine grid,
ug = —(Bga) " Bul + (Bia) 9"
. Perform vy steps of the modified weighted Jacobi iteration,

fori=1:uvy, do
wp = uj+wdiag(A})7(f] — Aju®),

ug = _(BgG)_lBgIU]}+(BgG)_lgh~

4.2.2 Numerical results for codimension 0 domains

In this section, we test the Multigrid Algorithm 3 applied to Poisson problems on sev-
eral 2-D and 3-D domains with Dirichlet, Neumann and Robin boundary conditions.

The right hand functions are computed from the exact solutions and the partial d-

ifferential equations. The boundary conditions are set up according to the exact

solutions and the geometry of the boundaries. For all test cases, we use the lower

order approximation to boundary conditions augmented with quadratic interpolation.

In other words, for Dirichlet boundary conditions we use discretization (3.2.7) with
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p = 2; for Neumann boundary conditions we use discretization (3.2.14) with ¢ = 2;
while for Robin boundary conditions we use discretization (3.2.25) with ¢ = 2.

For each test case, the parameters in the multigrid algorithm are set up as follows.
The weight w in the weighted Jacobi iteration is chosen to be 0.8. In each round
of the V-Cycle, v; = 3 pre-smoothings and v, = 3 post-smoothings are applied.
“injection” is used to build the restriction operators, and linear interpolations are
used for the construction of prolongation operators. The linear system on the coarsest
grid level is solved with Matlab’s backslash. The stopping criteria for all the tests are
|2*tt — 2| oo /|| 2] 00 < 1075, where ¥ and x**1 are the iterative solutions after the
k-th and (k + 1)-st rounds of V-Cycles.

4.2.2.1 Poisson problems on a disk

We first consider the test cases in Section 3.2.5.1, where we solve Poisson problems
with Dirichlet, Neumann and Robin boundary conditions on a disk centered at the
origin with radius v/2. For each case of boundary conditions, the exact solution is
chosen to be r° sin(20) in polar coordinates. Figure 4.9 shows the V-Cycle convergence
results for Poisson’s equation with Dirichlet boundary conditions (3.2.2). The relative
residuals and errors are measured only for non-ghost grid points. Figure 4.9(b) shows
that the relative errors change in a similar way to the test cases on curves and surfaces
without boundaries in Section 4.1.5. The errors first decrease and then stay almost
the same as we perform V-Cycles, and the rate of decrease does not deteriorate as we
refine the finest grid level. Figure 4.9(a) shows that the relative residuals decrease all
the way as we perform V-Cycles, and do not stay the same even when the relative
errors do. This is in contrast to the cases in Section 4.1.5 where the trends of residuals
and errors are similar. The reason is that we are only measuring the residuals for
non-ghost points. We perform iterations to solve the exact original linear system
for the rows corresponding to non-ghost points, and there are no interpolation errors
introduced as in the case of curves and surfaces in Section 4.1.5.

Figure 4.10 shows the V-Cycle convergence results for the shifted Poisson’s equa-
tion with Neumann boundary conditions (3.2.11) with ¢ = 1. Figure 4.11 shows the
V-Cycle convergence results for Poisson’s equation with Robin boundary conditions
(3.2.19) where ¢ = 2+ cos(f) in polar coordinates. The convergence results for Neu-
mann and Robin boundary conditions are similar to the case of Dirichlet boundary

conditions.
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Figure 4.9: V-Cycle convergence results for Poisson’s equation on a disk with Dirich-
let boundary conditions.
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Figure 4.10: V-Cycle convergence results for the shifted Poisson’s equation on a disk
with Neumann boundary conditions.
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Figure 4.11: V-Cycle convergence results for Poisson’s equation on a disk with Robin
boundary conditions.

4.2.2.2 Poisson problems on a bean-shaped domain

We then investigate the test cases in Section 3.2.5.2, where Poisson problems are
solved on a domain surrounded by a bean-shaped curve as parametrized in Sec-
tion 2.5.2. The test cases are set up exactly as in Section 3.2.5.2. We adopt our
multigrid algorithm to solve the linear system for each of the test cases. Figure 4.12
shows the V-Cycle convergence results for Poisson’s equation with Dirichlet bound-
ary conditions (3.2.2). Figure 4.13 shows the V-Cycle convergence results for the
shifted Poisson’s equation with Neumann boundary conditions (3.2.11) with ¢ = 1.
Figure 4.14 shows the V-Cycle convergence results for Poisson’s equation with Robin
boundary conditions (3.2.19) where ¢ = 2+x+y. All the V-Cycle convergence results

are similar to the disk cases in Section 4.2.2.1.

4.2.2.3 Poisson problems inside a unit ball

Finally we look at a 3-D example where the underlying domain is a unit ball. We
choose the exact solution u(z,y, z) = sin(z) sin(y) sin(z) 4 sin(4x) sin(4y) sin(4z). We
compute the right hand side function straightforwardly by taking the Laplacian of w.
The Dirichlet boundary condition are set up by evaluating u on the boundary. For the
Neumann conditions, we calculate g—:i by computing the dot product of (%, g—;‘, g—g)
and ( e nyHQ, e fy2+z2, e fy2+z2 ) The Robin boundary conditions are set up by
computing u+gpg—z on the boundary where ¢ = 2+zyz. Figure 4.15 shows the V-Cycle

convergence results for Poisson’s equation with Dirichlet boundary conditions (3.2.2).

Figure 4.16 shows the V-Cycle convergence results for the shifted Poisson’s equation

91



10 T T 10 T T T T
— & -N=10 A - e -N=10
2 - -N=20 - % ~N=20
107 N=40 [] N=40
—&—N=80
10° N=160
_C:Z g F-—-—t o -—»o-—-o--9--6--6----—--—-
< 102 1 S
= 1 T
= =}
< 107 ] 2
= \
10 107 \,
107° 1
107‘0 L L L L L L L 1074 L L L L
0 1 2 3 4 5 6 7 8 0 2 4 6 8 10
number of v—cycles number of v—cycles
(a) Decrease of relative residuals (b) Decrease of relative errors

Figure 4.12: V-Cycle convergence results for Poisson’s equation on a bean-shaped
domain with Dirichlet boundary conditions.
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Figure 4.13:  V-Cycle convergence results for the shifted Poisson’s equation on a
bean-shaped domain with Neumann boundary conditions.
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Figure 4.14: V-Cycle convergence results for Poisson’s equation on a bean-shaped
domain with Robin boundary conditions.

with Neumann boundary conditions (3.2.11) with ¢ = 1. Figure 4.17 shows the
V-Cycle convergence results for Poisson’s equation with Robin boundary conditions
(3.2.19). The convergence results are similar to the previous 2-D examples.

We also record the CPU times of our multigrid algorithm for the Poisson’s equation
in the unit ball with Dirichlet boundary conditions. The CPU times for problems
with Neumann and Robin boundary conditions are similar to the Dirichlet case. The
computations were performed on the same machine as in Section 4.1.5.3. Table 4.3
shows the CPU times and the ratios between them as we refine the mesh. As we can
see in Table 4.3, the CPU time increases by a factor of about 5.5 when we refine the
mesh size by a factor of 2. We can not obtain the optimal factor of 4 as for the sphere
case in Section 4.1.5.3. The reason is that (Bl;)~! appears in Algorithm 3 when we
perform relaxation and prolongation. The matrix (B&,)~! is large and dense when
Az is small, so it is not plausible to compute and store (B.)~! directly. We need
to solve a linear system with coefficient matrix B, to update the values of ghost
points when we perform relaxation and prolongation in Algorithm 3. Although we
can not achieve the the optimal computational cost in this case, we think that the

CPU times are still reasonable.

4.3 Multigrid solvers for surfaces with boundaries

In this section, we combine the ideas in Algorithm 2 and Algorithm 3 to develop a

V-Cycle scheme for elliptic equations on curves and surfaces with boundaries.
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Table 4.3:

Az CPU time Ratio
0.2 0.158

0.1 0.927 5.8
0.05 4.779 5.2
0.025 26.46 5.5
0.0125 149.0 5.6

equation in a unit ball with Dirichlet boundary conditions.
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Figure 4.17: V-Cycle convergence results for Poisson’s equation in a ball with Robin
boundary conditions.

4.3.1 V-Cycle scheme for surfaces with boundaries

From Section 3.3, the discretization for elliptic PDEs on curves and surfaces with

boundaries has the following form,

(AI)UZ(AH AIG)('U/I):(]&I>‘ (4.3.1)
B Bgr Bge Uug g

Here, A;u = f; is the discretization for the embedding equation at non-ghost points,
and Bu = g corresponds to the discretization of the boundary condition for ghost
points. For details about A; and B, we refer readers back to Section 3.3.

We shall adopt Ruuth—Merriman relaxation strategy as we did for surfaces without
boundary in Section 4.1.2, but we shall do something similar to what we did for
codimension 0 domains in Section 4.2 for the boundary conditions. Let A = ¢I — L,
and A; be the rows of A corresponding to non-ghost points. On each grid level,
we perform Jacobi iterations for the non-ghost points with respect to A;, and then
update values of ghost points by (4.2.2) so that boundary conditions are satisfied. We
then perform a closest point extension for the solution, and update values of ghost
points by (4.2.2) again. The details can be found in Algorithm 4.

We build the restriction and prolongation operators using the methods described
in Section 4.1.3. The restricted residuals and prolonged solutions at the ghost points
are either meaningless or incorrect, but they can simply be discarded because we do
not need them. Since we only perform relaxation for non-ghost points, residuals at
the ghost points are not needed. Also, to ensure that the boundary conditions are

still satisfied after prolongations, we apply (4.2.2) to compute values of ghost points
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from values of the remaining grid points right after prolongations. The detailed

implementations are described in Algorithm 4.

Algorithm 4 (V-Cycle Algorithm for surfaces with boundaries) Denote by B"
and B! the fine and next coarser grids. Let E be the closest point extension matriz at
each grid level, L be the Laplacian matriz, and A =cI—L. Let all variables with su-
perscript h be defined on the fine grid, and all variables with superscript 2h be defined
on the coarse grid. Let E2" and E& be the restriction and prolongation matrices. For
all the grid levels except the finest one, set g = 0. We compute u* = V*(u", f*, g")

by recursively calling:

1. Starting from some initial quess u” (e.g., u" = 0") on the finest grid, perform

vy steps of the modified Jacobi iteration,

fori=1:vy, do

uf = ul + diag(Al)TH(fE - Alul),

ug, = —(Big) 'Béuf+ (Bhg) 9",
u = Ehuh,

ug, = —(Bgg) ' Beyup + (Bgg)'g"

2. Compute the residual for non-ghost points and restrict it to the coarser grid,

h ._  gh ih. h
r; = fi —Aju’,
h . (h
re = 0g,
f2h = E,th’rh.

If B?" is the coarsest grid, solve (4.5.1) directly; else

u2h = 02h

w2 = V2h’(u2h7 £2h, g?hy.
3. Correct the values of non-ghost points on the fine grid using coarse grid values,
u" = ul + By u®.
Then modify the values of ghost points on the fine grid,

ul, = —(Blg) 'Beul + (Big) 'g".
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4. Perform vy steps of the modified Jacobi iteration,

up = ulf + diag(Aly) 7 (fT - Aul),
wlh = —(Blig) Bhyul + (Blo)'g"
ul = Ehuh,

ug, = —(Btg) ' Béui+ (Bg)'g"

4.3.2 Numerical results for curves and surfaces with bound-
aries

In this section, we test the Multigrid Algorithm 4 applied to Poisson problems on
several curves and surfaces with boundaries. The right hand functions are computed
from the exact solutions and the partial differential equations. The boundary condi-
tions are set up according to the exact solutions and the geometry of the boundaries.
For all test cases, we use the lower order approximation to boundary conditions aug-
mented with cubic interpolation. In other words, for Dirichlet boundary conditions
we use discretization (3.3.3) with p = 3; for Neumann boundary conditions we use
discretization (3.3.11) with ¢ = 3; while for Robin boundary conditions we use dis-
cretization (3.3.17) with ¢ = 3;

For each test case the parameters in the multigrid algorithm are set up as fol-
lows. Jacobi iteration is used for relaxations. Numbers of pre-smoothings and post-
smoothings vary a little for different cases, as can be seen in each specific example.
Cubic interpolations are used for closest point extensions on each grid level. For the
restriction and prolongation operators, linear interpolations are used for the closest
point extensions. The linear system on the coarsest grid level is solved with Matlab’s
backslash. The stopping criteria for all the tests are ||zft! — x¥|| . /||2*|l < 107°,
where ¥ and x**! are the iterative solutions after the k-th and (k + 1)-st rounds of
V-Cycles.

4.3.2.1 Semicircle

We first look at Poisson problems on a semicircle centered at the origin with radius
V3. The test cases are the same as the ones in Section 3.3.4.1. In each round of the
V-Cycle, v; = 3 pre-smoothings and v, = 3 post-smoothings are applied. Figure 4.18
shows the V-Cycle convergence results for Poisson’s equation with Dirichlet boundary

conditions (3.3.1). Figure 4.19 shows the V-Cycle convergence results for the shifted
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Poisson’s equation with Neumann boundary conditions (3.3.7) with ¢ = 1. Figure 4.20

shows the V-Cycle convergence results for Poisson’s equation with Robin boundary

conditions (3.3.14) where ¢ = 2 4 cos(f). We observe similar convergence results to

the test cases for curves without boundaries in Section 4.1.5.
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Figure 4.18: V-Cycle convergence results for Poisson’s equation on a semicircle with
Dirichlet boundary conditions. The horizontal lines in (b) are the numerical errors
given by Matlab’s backslash.
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Figure 4.20: V-Cycle convergence results for Poisson’s equation on a semicircle with
Robin boundary conditions. The horizontal lines in (b) are the numerical errors given
by Matlab’s backslash.

4.3.2.2 Sine-shaped curve

We re-solve problems on a sine-shaped curve from Section 3.3.4.2 with our multi-
grid method. In each round of the V-Cycle, v; = 5 pre-smoothings and v, = 5
post-smoothings are applied. Figure 4.21 shows the V-Cycle convergence results for
Poisson’s equation with Dirichlet boundary conditions (3.3.1). Figure 4.22 shows the
V-Cycle convergence results for the shifted Poisson’s equation with Neumann bound-
ary conditions (3.3.7) with ¢ = 1. Figure 4.23 shows the V-Cycle convergence results
for Poisson’s equation with Robin boundary conditions (3.3.14) where ¢ = 2+ sin(?).
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Figure 4.21: V-Cycle convergence results for Poisson’s equation on a sine-shaped
curve with Dirichlet boundary conditions. The horizontal lines in (b) are the numer-
ical errors given by Matlab’s backslash.
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4.3.2.3 Hemisphere

Finally we re-solve surface Poisson problems on a hemisphere centered at the origin
with radius v/2 from Section 3.3.4.3 with our multigrid method. In each round of
the V-Cycle, v; = 5 pre-smoothings and vy = 5 post-smoothings are applied. Fig-
ure 4.24 shows the V-Cycle convergence results for the surface Poisson’s equation with
Dirichlet boundary conditions (3.3.1). Figure 4.25 shows the V-Cycle convergence re-
sults for the shifted surface Poisson’s equation with Neumann boundary conditions
(3.3.7) with ¢ = 1. Figure 4.26 shows the V-Cycle convergence results for the surface
Poisson’s equation with Robin boundary conditions (3.3.14) where ¢ = 2 4 cos(6).
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Figure 4.25: V-Cycle convergence results for the shifted Poisson’s equation on a
hemisphere with Neumann boundary conditions.

101



: 10 ; . . :
— 6 -N=5 \ -6 -N=5
~* ~N=10 A\ —* -N=10
N=20 \ N=20
—e—N=40 P —=—N=40
N=80 1 10F % N=80 1
3 N--0--6--cc--o0-0--0
= \ 38 \
= \ E
_38 e e i e i = \ Y — % — - — - k- — K- — &
5 107 1 = 10
<
< EX \
107 1 107
10’4 L L L L 10 4 L L L L
0 2 4 6 8 10 0 2 4 6 8 10
number of v—cycles number of vcyles
(a) Decrease of relative residuals (b) Decrease of relative errors

Figure 4.26: V-Cycle convergence results for Poisson’s equation on a hemisphere
with Robin boundary conditions.

We also record the CPU times of our multigrid algorithm for the Poisson’s equation
on the hemisphere with Dirichlet boundary conditions. The CPU times for problems
with Neumann and Robin boundary conditions are similar to the Dirichlet case. The
computations were performed on the same machine as in Section 4.1.5.3. Table 4.3
shows that the CPU time for the hemisphere problem scales similarly to the sphere

case in Section 4.1.5.3, which is desired for a multigrid algorithm.

Az CPU time Ratio

0.2 0.173

0.1 0.336 1.9
0.05 1.141 3.4
0.025 4.347 3.8
0.0125 16.52 3.8

Table 4.4: CPU time for applying the Multigrid Algorithm 4 to solving the Poisson’s
equation on a hemisphere with Dirichlet boundary conditions.
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In summary, for all the test cases including curves and surfaces with or without
boundaries and codimension zero domains, we observe optimal multigrid convergence
rates. Also, the numerical solutions given by our multigrid solvers match those solved
by direct methods and are 2nd-order convergent to the exact solutions. For 3-D

examples the multigrid solvers are much faster than direct solvers for fine grids.
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Chapter 5

Applications to coupled
bulk-surface partial differential
equations

In this chapter, we combine the methods in the previous chapters to solve a particular
type of coupled bulk-surface partial differential equations. This type of coupled bulk-
surface PDE system can be regarded as a combination of a PDE on a general domain
with Robin type boundary conditions and a PDE on a surface (which is the boundary
of the domain). Such type of coupled bulk-surface PDEs has wide applications in
cell biology [68, 66, 76, 64] when there is coupled dynamics in the bulk and on the
membrane of a cell. Another application is to model biological invasions in the bulk
coupled with fast diffusion on the boundary of the bulk [7, 78].

There exists vast literature on solving PDEs on general domains, and the relatively
new part for solving the coupled bulk-surface PDEs is to solve the surface PDEs.
Therefore, the methods for solving coupled bulk-surface PDEs actually mainly depend
on the methods to solve surface PDEs. All the methods for solving surface PDEs
reviewed in Section 1.1 can be possibly extended to solve coupled bulk-surface PDEs.
Some of the existing references are [68] using finite volume methods, [15, 27, 63, 64]
using finite element methods, [60] using the Closest Point Method, and [1] using the
diffuse domain approach.

We shall adopt the Closest Point Method to handle surface PDEs, and use the
finite difference method augmented by the ghost point approach to deal with PDEs
on domains with the coupling Robin type boundary conditions. Actually, this idea
has already been adopted by Macdonald, Merriman and Ruuth to solve coupled bulk-
surface reaction-diffusion equations for surfaces defined by point clouds in [60]. Start-

ing from the ideas in [60], we construct a discretization for the coupled elliptic and
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parabolic equations and investigate several new numerical examples in this chapter.
In Section 5.1, we construct a discretization for the coupled Poisson’s equations and
propose a multigrid algorithm for solving the resulting linear systems. In Section 5.2,
we introduce two methods: an alternating forward Euler time-stepping scheme and
a method-of-lines approach for coupled time-dependent problems. In Section 5.3, we
apply our method to solve the Fisher-KPP equation on a two dimensional domain
coupled with a diffusion equation on its curved boundary. In Section 5.4, we apply

our method to investigate the coupled bulk-surface reaction-diffusion systems.

5.1 Coupled elliptic equations

As a model problem, we consider the coupled elliptic equations which was studied by
Elliott and Ranner in [27],

—Av+v = f in{, (5.1.1a)
v
(av — Pu) + m 0 onS, (5.1.1b)
—A3u+u+@ = g onS. (5.1.1c)
onls

Here €2 is a bounded domain in R™(n = 2,3) with the smooth boundary S, « and
B are positive constants, f and g are known functions in {2 and § respectively, and
n is the unit normal on S pointing outwards from 2. We refer readers to [27] for a
finite element approach to solve (5.1.1). In this thesis, we shall use a finite difference
method augmented by the ghost point approach and the Closest Point Method to
solve (5.1.1).

5.1.1 Numerical discretization

Rearranging (5.1.1b) and substituting it into (5.1.1c), we rewrite problem (5.1.1) as

follows,
—Av+v = f inQQ, (5.1.2a)
av + g—:; = fu onS, (5.1.2b)
—Asu+ (1+p)u = g+av|s onS. (5.1.2¢)

To discretize the coupled bulk-surface elliptic problem (5.1.2), we set up two com-
putational grids: B(Q2) for v and B(S) for u. We then decouple problem (5.1.2)
into two sub-problems and discretize them separately on B(2) and B(S). We regard
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(5.1.2a) and (5.1.2b) as a shifted Poisson’s equation for v in {2 with Robin boundary
conditions, and discretize this problem on B(f2) using the methods in Section 3.2.3.
The only extra ingredient we need is to evaluate v on &, and this can be done via
interpolations using values of grid points in B(S). We regard (5.1.2¢) as a shift-
ed Poisson’s equation for u on S, construct an embedding equation for it using the
methods in Section 2.1.1, and discretize the embedding equation on B(S) using the
methods in Section 2.2. Again the extra step is to interpolate v on S using values of
grid points in B(£2).

In more detail, we construct the matrix formulation for the discretization of (5.1.2).
Let V = Z UG denote the set of grid points in B({2), where Z denotes the set of grid
points in the interior or on the boundary of Q2 and G denotes the set of exterior (ghost)
grid points. Let n, = ||[V||, n; = ||Z||, and ny, = ||G|. Let U denote the set of grid
points in B(S), and n, = ||U||.

Let L, be the Laplacian matrix of v and I, be the identity matrix for v. Define

A,=—L,+1, (5.1.3)

Let Ay = (A Ajg) be the first n; rows of A, corresponding to the non-ghost
points. We discretize (5.1.2a) for the non-ghost points of v,

Apyv=Avr+ Aigug = fr. (5.1.4)
For each ghost point x; € G, we evaluate the coupled boundary condition (5.1.2b)
at cp(@x;),
av(cp(x;)) + g—:;(cp(:cl)) = Su(cp(x;)). (5.1.5)
Let y; = 2cp(x;) — x;, then we can approximate u(cp(x;)) by %(u(ml) + u(y;)),
u(@i)—u(yi)

and approximate g—Z(cp(wi)) by 5 . Substituting these approximations into

l[zi—cp(zi)]|2
(5.1.5), we obtain that

10[ VL5 v i /U(wl) _ U(yl) = pulcplx;
500 +vly) + g T = fulep() (5.1.6)

Rearranging (5.1.6) we obtain that
3 (allzi = ep(@i)l|2 + 1) v(@i) + 5 (allz; — cp(@i) 2 — 1) v(y:)
(5.1.7)
= Blle; — cp(ai) [[2ulep(:)).
Let D be the n, xn, diagonal matrix whose diagonal entries are the distances between

the ghost points and their closest points,

|21 — cp(z1)||2
D=

0, — b2 ),
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Let Eqy be the n, X n, interpolation matrix interpolating values of u at cp(G) from
values of points in U:

Uepg) = Equu. (5.1.8)
Let I = (Ongxm Ingmg)- Let Y = {vy; | yi = 2cp(x;) — x;, x; € G} and define EY.
as the degree ¢ interpolation matrix interpolating values of points in ) from points

in V: vy = E{v. Then the discretization for (5.1.7) becomes
Bv — fDEgyu = 0, where B = %[(Q/DIG + 1) + (a«DEY. — EY). (5.1.9)
If we partition B into (Bg; Bag) and let
Bcy = —8DEcy, (5.1.10)
then (5.1.9) can be written as
Bgvr + Bogvg + Bapu = 0. (5.1.11)

We then use methods as in Section 2.2 to discretize equation (5.1.2¢) for u. To
be more precise, we choose p =1, ¢ = 3, v = A2—;l2 and ¢ = 1 + [ in discretization
(2.2.2). We modify the notations in (2.2.2) to make it clear that the matrices are
defined for the surface quantity w. Let I, be the identity matrix for w, L, be the
Laplacian matrix for u, E}; be the linear closest point extension matrix for u, and
E} be the cubic closest point extension matrix for w. With this modified notation,

the coefficient matrix of (2.2.2) becomes

2d
A,=—-E/L, + R(Iu — E})+ (1+ B)L,. (5.1.12)

Let Eyy be the n, x n, interpolation matrix interpolating values of v at cp(U) from

values of points in V:
VepU) = EUv’U. (5113)

Let g be the column vector storing the function g evaluated at the closest points of

grid points in U. Then (5.1.2¢) is discretized as
A,u—aFEyyv =g. (5.1.14)

Define
BUV = —OéEUv. (5115)

If we partition Byy into (By; Byg), then (5.1.14) can be written as
Byvr + Bygvg + A,u = g. (5.1.16)
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Combining (5.1.4), (5.1.11) and (5.1.16), we finally obtain a complete discretiza-
tion for problem (5.1.2),

A A O Uy f T
Bgr Bge Beu v | = O (5.1.17)
By; Bye A, u g

Here, A;y = (Ajr Ajg) is the first n; rows of the discrete bulk Laplacian matrix A,
defined by (5.1.3). A, is the discrete extension of the shifted surface Laplacian defined
by (5.1.12). B = (Bgr Bge), defined by (5.1.9), and Bgy, defined by (5.1.10),
correspond to the disretization of the coupling Robin boundary conditions. Byy =
(Byr Bug), defined by (5.1.15), corresponds to the contribution of the bulk quantity

v to the surface quantity w.

5.1.2 Multigrid solvers

For 2-D problems, one can simply use a sparse direct solver such as MATLAB’s
backslash to solve the linear system (5.1.17), but for 3-D problems iterative solvers
are needed. We shall develop a multigrid solver by combining the ideas in Algorithm 2
for surfaces without boundary and Algorithm 3 for codimension 0 domains.

When doing relaxation at each grid level, we alternate between relaxing for v in
the bulk and relaxing for u on the surface. More precisely, in each relaxation we
first perform one step of weighted Jacobi iteration for non-ghost point values of v
and modify ghost point values of v according to the discretized coupled boundary

conditions (5.1.11):

vy = v +wdiag(A;) T (fr — Av), (5.1.18a)
ve = —Bgi(Bgrv;r + Boyu). (5.1.18b)

We then perform one step of Jacobi iteration and closest point extension for u:

= u +diag(A,) (g — Byyv — Au), (5.1.19a)
.= Eyu. (5.1.19b)

Notice that when doing Jacobi iteration, we use A, defined by (5.1.12) instead of using
(14 p)I, — L, as we did in Multigrid Algorithm 2 for surfaces without boundary.
This is because using A, is more accurate in practice, especially for 3-D problems.
Also, note that when computing the residual in (5.1.19a), we need to subtract an
extra term Byyv.

Armed with the above relaxation strategy, we obtain the following multigrid al-

gorithm.
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Algorithm 5 (V-Cycle Scheme for Coupled Bulk-Surface Poisson Problem)
Denote by (B(Q)", B(S)") and (B(Q)*, B(S)?") the fine and neat coarser grids for
(v,u). Let all variables with superscript h be defined on the fine grid, and all vari-
ables with superscript 2h be defined on the coarse grid. Let w € (0,1) be the weight
parameter of the weighted Jacobi iteration. Let I?" and IJ, be the restriction and
prolongation matrices for v. Let EX* and EL be the restriction and prolongation

matrices for u. We compute (v", ul) = V(v u, £, g") by recursively calling:

1. Starting from some initial guess (v, u") (e.g. v" = 0" and u" = 0") on the

finest grid, perform vy steps of relaxation for v and u,

fori=1:v, do

v = o] +wdiag(A7) " (f] — Aju”),

ve = —(Bgg) (Bgvp + Byu®);

u' = u'+ diag(A}) N (g" — Byyv" — Agu”),
u" = Epu"

2. Compute the residuals and restrict them to the coarser grid,

o= g AR,
12h = I 'rlv

rt = g"— Bl v"— Al
g = E"r"

If (B(Q)*", B(S)*") are the coarsest grids, solve (5.1.17) directly; else

,UQh = 02h’
u2h = 02h7
(,v2h7 u2h) — VQh(’UQh, ’U,Qh, f2h’ g2h)'

3. Correct the values on the fine grid using coarse grid values,

u" = u"+ Eju

u" = Elu"

o = ol I vt

ve = —(Be)  (Bgvp + Biyu").
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4. Perform vy steps of relaxation for v and u,

fori=1:uvy, do

v = o] +wdiag(A}) 7 (f] — Aju”),

vg = —(Bga) (Bgvy + Boyu'):

u" = u"+ diag(A") 7 (g" — Bl v — Alul),
u" = Epu

5.1.3 Numerical examples

For simplicity, we set a = = 1 in all the following numerical examples. In order
to obtain 2nd-order convergence results, we use cubic interpolation in both (5.1.8)
when interpolating v on the surface and (5.1.13) when interpolating u on the surface.
It is typically enough to set the interpolation degree ¢ of EY. in (5.1.9) to be 2, but
using cubic interpolation for EY. seems to give smaller numerical errors. We shall set
q = 3 for 2-D problems to gain extra accuracy but ¢ = 2 for 3-D problems to save

computational cost.

5.1.3.1 Disk

We consider problem (5.1.1) for a disk centered at the origin with radius v/2. The
exact solution in the disk is chosen to be v(z,y) = exp(—z(z — l)y(y — 1)). We
calculate the right hand side function of v by forming f = —Awv + v. We then set
up the exact solution u on the circle by computing u = %(av + Vv - n)|s, where
n = (z/(x® +4?)"2,y /(x> +y*)'/?). Finally, we calculate the right hand side function
of the equation for u to be ¢ = —Agu + (1 + f)u — awv|s. Here we compute Ag by
Vs - w, where w = Vsu =Vu— (Vu-n), and Vg -w =V - w — Z?Zl(ij )N,

Figure 5.1 shows the numerical solutions with Az = 0.025. Table 5.1 records the
convergence results of the solutions solved with MATLAB’s backslash for the coupled
disk-circle Poisson’s equation. We observe 2nd-order convergence results for both u
and v.

We also test the Multigrid Algorithm 5 applied to the above problem. We use cubic
interpolations to construct E%’s on each grid level. In each round of the V-Cycle,
vy = 3 pre-smoothings and v, = 3 post-smoothings are applied. We choose w = 0.8
when doing weighted Jacobi iteration for v. For the restriction and prolongation
operators, linear interpolations are used for both u and v. The linear system on

the coarsest grid level is solved with Matlab’s backslash. The stopping criterion is
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(a) Numerical solution of u (b) Numerical solution of v

Figure 5.1:  Numerical solutions for the coupled disk-circle Poisson problem with
Az = 0.025.

Table 5.1: Convergence study for the coupled disk-circle Poisson’s equation solved
with MATLAB’s backslash.

(a) Relative errors on the circle

Az 0.1 0.05  0.025 0.0125 0.00625

”umjw 1.63¢-2 3.95¢-3 9.51le-4 2.26e-4 5.77e-5

O 204 205 207  1.97
(b) Relative errors in the disk

Ar 0.1 0.05  0.025 0.0125 0.00625

letil996e-3 2.30e-3 5.57e-d 128ed  3.44e-5

log, lr=7 = 201 205 213 189
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|2* ! — 2¥|| oo /|| 2] 0o < 1075, where ¥ and x**1 are the iterative solutions after the
k-th and (k + 1)-st rounds of V-Cycles. Figure 5.2 shows the V-Cycle convergence
results for u and v; the relative errors of both u and v decrease in a desirable manner

similar to what we observed in the previous chapter.
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(a) Decrease of relative errors on the circle (b) Decrease of relative errors in the disk

Figure 5.2: V-Cycle convergence results for the coupled disk-circle Poisson problem.

5.1.3.2 Ellipsoid

We now consider problem (5.1.1) in a 3-D bulk surrounded by an ellipsoid i—; + Z—z +
i—; =1, where a = 1, b = ¢ = 0.8. The exact solution in the bulk is chosen to be
v(z,y, z) = exp(—z(x—1)y(y —1)z(2 —1)). We calculate the right hand side function
of v by forming f = —Awv 4+ v. We then set up the exact solution u on the circle by

computing u = %(om + Vv - n)|s, where

n = z 5 y ) z ‘
az\/xQ/a4+y2/b4+22/c4 b2\/x2/a4+y2/b4+22/04 02\/m2/a4+y2/b4+22/c4

Finally we calculate the right hand side function of the equation for u to be g =
—Asu + (1 4+ B)u — av|s. Here we compute Ags by Vs - w, where w = Vgu =
Vu—(Vu-n),and Vs -w =V -w — Z;’.:l(ij “n)n,;.

We test the Multigrid Algorithm 5 applied to the coupled bulk-surface Poisson’s
equations for the ellipsoid. Figure 5.3 shows the numerical solution of u and v re-
stricted on the surface with Ax = 0.1. Table 5.2 records the numerical errors of the
multigrid algorithm, and it roughly shows 2nd-order convergence results. Figure 5.4
shows V-Cycle convergence results for u and v. Again the decrease of relative errors

for both v and v are well behaved.
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Figure 5.3:
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(b) v restricted on the surface

Numerical solutions of u and v for the coupled bulk-surface Poisson
problem for an ellipsoid with Az = 0.1.

Table 5.2: Convergence study for the coupled bulk-surface Poisson’s equation for an
ellipsoid solved by the multigrid method.

(a) Relative errors on the surface

Az 0.2 0.1 0.06  0.025 0.0125

”ﬂﬁ’lw 3.256-2 8.85e-3 2.58¢-3 6.3de-4 1.57e-4

log, ”I;;jffl}‘w 188 178 202 202
(b) Relative errors in the bulk

Az 0.2 0.1 0.06  0.025 0.0125

““mﬂw 1.456-2 5.92e-3 1.66e-3 4.47e-4 1.14e-4

log, lt=7ll= 129  1.83 190  1.97
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Figure 5.4: V-Cycle convergence results for the coupled bulk-surface Poisson problem
for an ellipsoid.

5.2 Coupled diffusion equations

Having investigated coupled bulk-surface elliptic problems, it is natural for us to add

time derivatives and consider the following coupled diffusion equations with source

terms,
vy = Av+f inQ, (5.2.1a)
g—:i = pfu—av onS, (5.2.1b)
ug = Agsu— g—z +g onS. (5.2.1c)

Again we can replace g—;’b by fu— v in (5.2.1¢), and obtain a surface PDE equiv-
alent to (5.2.1¢),
u = Asu—Pu+av+g onS. (5.2.2)

Similarly to Section 5.1, we shall discretize (5.2.2) instead of (5.2.1c).

System (5.2.1) without source terms f and g was investigated by Novak et al. in
[68]. We refer readers to [68] for a finite volume approach to solving system (5.2.1)
and its applications to cell biology. In this thesis, we focus on the numerical solutions

for (5.2.1) using the spatial discretizations in Section 5.1.1.

5.2.1 Alternating explicit time stepping

In Section 5.1.1, we have investigated the spatial discretizations, so we only need

to add time discretization to numerically solve the coupled bulk-surface diffusion
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problem (5.2.1). As a first attempt, we alternately update v and u using forward
Euler time stepping. Starting from some initial v and u, at each time step, we first
evolve v at the non-ghost points according to (5.2.1a), then update v at the ghost
points so that the coupled boundary condition (5.2.1b) is (approximately) satisfied,
and finally evolve u in the narrow band according to (5.2.1c).

More precisely, we construct a matrix formulation of the above procedure. Let
L, be the Laplacian matrix for v. Let L;y = (L;; L;g) be the first n; rows of L,
corresponding to the non-ghost points for v. Suppose E{;, E}, L, and I, are as
specified in (5.1.12). We let

2d

M, = (E}]Lu — A_x2<

I, - Eg)) — BI,. (5.2.3)
Let B = (Bgr Bge) be defined by (5.1.9), Bgy defined by (5.1.10), and Byy =
(Byr Bye) defined by (5.1.15). Suppose that we want to evolve (5.2.1) from time 0
to T. First, we divide [0, 7] uniformly into N subintervals with time step At. Let
v" = (v, v%)T and u™ be the numerical solution at time nAt. Let f7 be the source
function f evaluated at the non-ghost points of v and g" be the source function g
evaluated at the closest points of grid points of u at time nAt.

Forn=0,1,..., N — 1, we perform the following three steps:

oM = ol + AHLpv" + f), (5.2.4a)
vt = —BgL(Bervi™ + Bopu), (5.2.4b)
u" = w4+ At(Mu” + Byyo™t + g"). (5.2.4¢)

We can also first evolve u and then evolve v at each time step, which yields similar
results to (5.2.4). Although (5.2.4) is only first order accurate in time, we choose
At = O(Az?) for stability reasons. Therefore, (5.2.4) is 2nd-order with respect to Az

in practice as we will see in Section 5.2.3.

5.2.2 Method-of-lines time stepping

We need to choose At = O(Ax?) to ensure the stability of an explicit scheme because
of the diffusion operators in problem (5.2.1). It is desirable for us to construct implicit
schemes to increase the time step At from O(Az?) to O(Az). Although the scheme
(5.2.4) is easy to understand and implement, modifying it into an implicit scheme is
not straightforward. Instead, in this section we investigate a method-of-lines (MOLs)

approach [80] to solve (5.2.1). In other words, we first discretize the coupled problem
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(5.2.1) spatially to obtain a system of ODEs, and then apply standard ODE solvers
to the semi-discretized problem along the time direction.

Notice that we can represent vg by v; and w according to the discretized coupled
boundary condition (5.1.16):

Vg = —Béé(BGI’U] + BGU'U,). (525)
Thus we can set up a new solution vector
-(%)
u

and construct an operator A so that As approximates the diffusion operators of v
and u. Using the same notations as in Section 5.2.1, and eliminating v using (5.2.5),

d,Av at non-ghost points of the bulk can be approximated as
Lyyv = (L — LigBg,Ber)vr — LigBgiBauu. (5.2.6)
d,As — Pu + av in the band surrounding the surface can be approximated as
Byyv + M,u = (By; — BygBgiBar)vr + (M, — BueBgiBeov)u.  (5.2.7)

Combining (5.2.6) and (5.2.7), we obtain that

As — Lyv _( Lu- L;cB;Bgr L;cB;Bau vr
BUv’lJ -+ Muu BUI — BUGBéé*BGI Mu — BUGBéé‘BGU u )

Therefore, the semi-discretized ODE system becomes

s;=As+h, (5.2.8)

V1 L;; — L;¢B;5Ber L;cB;.Bey :

here s = A= &G GG ,and h is
e ( u ) (BUI — ByeBgiBar M, — BygBgLBoy )M

the source term. h might depend on ¢, & and s linearly or nonlinearly.
One can then choose his/her favourite time stepping methods to solve the ODE
system (5.2.8). The simplest scheme is still the forward Euler time stepping method,

s"th = s" + At(As" + h"). (5.2.9)

It might cost too much memory to directly construct A in (5.2.8) for 3-D problems,
because there are several matrix inversions involved in the construction of A. There-
fore, we construct a scheme which does not need to construct A explicitly but is

equivalent to scheme (5.2.9):

’Ug = —Béé(BGI’U? + BGU’U,TL>7 (5210&)
VI = ot 4+ AH(Lpu™ + f), (5.2.10b)
u"t = u" + At(Mu" + Byyv" + g"). (5.2.10c)
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In order to choose At = O(Ax), we need to handle the linear operator A implicitly.
In this thesis we shall use the IMEX linear multistep schemes from [3]. A first order
method is the IMEX Euler scheme:

(I — AtA)s"™ = s" + Ath". (5.2.11)

A second order method is the semi-implicit backward difference formula (SBDF-2):

2 4 1 4AL 20t
(I — gAtA)SnJrl = §Sn — gsn_l + Thn — Thn_l. (5212)

We need to solve large linear systems at each time step if IMEX schemes are used. For
2-D problems sparse direct solvers can be used, but for large 3-D problems, efficient
iterative solvers and preconditioners are needed. One possibility is to construct a

multigrid algorithm using the ideas in Algorithm 5, and this is left to future work.

5.2.3 Numerical examples

5.2.3.1 Ellipse

For simplicity, we choose @ = 5 = 1 in equation (5.2.1). The boundary is an el-
lipse %2 + % = 1. The exact solution v in the interior of the ellipse is chosen as

e ?'sin(x) sin(2y). Since this exact solution v satisfies v; = Av, the source function

f of v is set to be 0. We then set the exact solution u = v + g—fl according to the
coupled condition (5.2.1b) on the boundary. Finally we calculate the source function
g of u according to g = u; — Asu + u — v.

We first test the alternating forward Euler time-stepping scheme (5.2.4) applied to
the above problem. We choose At = %‘AxQ, and evolve to T' = 0.5. Figure 5.5 shows
initial u and v, and Figure 5.6 shows numerical solutions for v and v at T'=0.5. As
time evolves, the patterns of v and v do not change while their magnitudes decay by
about a factor of 10. This is because the initial v is an eigenfunction of the Laplacian
operator in the bulk and the initial u is an eigenfunction of the Laplace-Beltrami
operator on the ellipse. Both v and v decay with time and their magnitudes are

about et

Table 5.3 records the relatives errors of u on the ellipse and v in the
interior. We can observe 2nd-order convergence for both v and v.

We then test the forward Euler scheme (5.2.9) applied to (5.2.8), which is a MOL
approach. We choose At = }lAﬁ. Table 5.4 records the numerical errors. These
errors are similar to those in Table 5.3 where alternating forward Euler scheme (5.2.4)

is used.
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(a) uw at time 0 (b) v at time 0

Figure 5.5: Initial v and v for the coupled bulk-surface diffusion equation where

the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
Az = 0.05.
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(a) u at time 0.5 (b) v at time 0.5

Figure 5.6: w and v at time T" = 0.5 for the coupled bulk-surface diffusion equation
where the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
Ax = 0.05.
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Table 5.3: Convergence study for the coupled bulk-surface diffusion equation where
the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
Alternating forward Euler stepping scheme (5.2.4) is used and At = {Az?.

(a) Relative errors on the ellipse

Az

0.4 0.2 0.1 0.05 0.025

llulloe

lu—u"lo

O

1.18e-1 3.48e-2 7.59e-3 2.09e-3 5.08e-4
1.76 2.19 1.86 2.04

(b) Relative errors in the bulk

Az 0.4 0.2 0.1 0.05 0.025
”“ijl’(;')'w 5.000-2 1.5le-2 4.13¢-3 1.14e-3 3.00e-4
||U7U2hHoo

108 o—or

1.73 1.87 1.86 1.93

Table 5.4: Convergence study for the coupled bulk-surface diffusion equation where

the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
Forward Euler MOL scheme (5.2.9) is used and At = 1Az?.

(a) Relative errors on the ellipse

0.4 0.2 0.1 0.05 0.025

1.51e-1 3.72e-2 9.43e-3 2.30e-3 5.79e-4
2.02 1.98 2.04 1.99

(b) Relative errors in the bulk

Az 04 02 01 005 002
loosilee 76002 2.00e2 4.59¢-3 1523 3.65e-4
||U_U2hHoo

108, To—or e

1.92 2.12 1.59 2.06
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Finally we test SBDF-2 scheme (5.2.12) applied to (5.2.8). We choose At = $Az.
In the first time step IMEX-Euler scheme (5.2.11) is used. Table 5.5 shows the
numerical errors. Again we observe 2nd-order convergence results for Ax. Since
At = O(Ax), the results indicate that the SBDF-2 scheme is also 2nd-order in time.

Table 5.5: Convergence study for the coupled bulk-surface diffusion equation where
the “surface” is an ellipse and the bulk is the domain surrounded by the ellipse.
SBDF-2 scheme (5.2.12) is used and At = TAw.

(a) Relative errors on the ellipse

Az 0.4 0.2 0.1 0.05 0.025

lowl 101 2.84c-2 T5e3 LGde-3 4124
log, el 196 199 212 200

(b) Relative errors in the bulk
Ax 0.4 0.2 0.1 0.05 0.025

”””j}"l';ﬂ” 8.460-2 2.066-2 4.66e-3 9.78e-4 2.37e-4
log, lt=7ll= 204 215 225 205

5.2.3.2 Ball-sphere

We consider the coupled bulk-surface diffusion problem (5.2.1) with diffusion in the
unit ball coupled with diffusion on the unit sphere. This example was tested by the
authors of [68]. In their test, « = f = 1 and the source functions f = g = 0. With
the spherical coordinates (0, ¢,r) (z = rsingcosf, y = rsin¢gsinf, z = rcos ¢), the

exact solutions are chosen to be

u = Ae*'cos(¢),

2 sin(kr) — kr cos(kr)
v = e e cos(¢), (5.2.13)

where k = 1.527338738, and A = sin(k) + %(k) — S”;c# ([68]). We choose At = §Az?
and evolve the scheme (5.2.4) to T' = 0.1.
Figure 5.7 shows the numerical solutions of u and v on the surface at time 0.1

with Az = 0.2. Table 5.6 shows the convergence results of the alternating forward
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Euler time stepping scheme (5.2.4). Table 5.7 shows the convergence results of the

MOL foward Euler time stepping scheme (5.2.9) with implementation (5.2.10).
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0.1
N 0 N 0
0 0
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-0.2
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> 0.3 > -0.2

o o
s 0 . os
0 ~Q 0
05 05 N s
X X

y a7
(a) u at time 0.1 (b) v restricted on the surface at time 0.1

Figure 5.7:  Numerical solutions of u and v at time 7" = 0.1 for the ball-sphere
coupled diffusion equation with Az = 0.2.

5.3 Fisher-KPP equation in the bulk coupled with
diffusion on the curve

In 2013, Berestycki, Roquejoffre and Rossi proposed a model in [7] to describe bio-
logical invasions in the plane coupled with fast diffusion on a line. Propagations of
biological species can be modeled by the Fisher-KPP equation [31, 47]. As pointed
out in [7], the usual Fisher-KPP equation has a spreading speed [2, 5] describing how
fast the species propagate asymptotically. The work [7] investigates the spreading
speed of the Fisher-KPP equation on a two dimensional domain influenced by a cou-

pled diffusion equation on a line in the plane. The model equation proposed in [7] is

v = dyAv+ov(l—v) inQ, (5.3.1a)
_d”g_;) = pu—av onR, (5.3.1b)
Uy = dylg, — Pu+av on R, (5.3.1¢)

where the domain Q = {(z,y) : * € R, y > 0} is the upper half plane and R is
the real line. Roughly speaking, the key result of [7] is that when the ratio between

the diffusion coefficients ‘;—“ exceeds some critical value, the propagation speed of the
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Table 5.6: Convergence study for the coupled ball-sphere diffusion equation. Scheme
(5.2.4) is used and At = Az,

(a) Relative errors on the sphere

Az 0.2 01 005 0025
bl 153¢-3 3.37e-d 8.05e-5 1.98¢-5
log, == 218 207 2.02

(b) Relative errors in the ball

Az 0.2 01 005 0025
[l 41703 9.8Te-d 24604 6.280-5
log, fr=—trl= 208 200 197

Table 5.7: Convergence study for the coupled ball-sphere diffusion equation. Scheme
(5.2.9) with implementation (5.2.10) is used and At = $Az?.

(a) Relative errors on the sphere

Az 0.2 01 0.05  0.025
lo—wloe 11463 22564 5.23e-5 1.28-5

lu—u?"oo

log, == 234 210  2.03

(b) Relative errors in the ball
Az 0.2 0.1 0.05 0.025

[[o—v"]| o 2.51e-3 1.0le-3 2.92e-4 7.18e-5

l[olloo

log, Le=""lles 131 180  2.02

l[o—v"loo

122



Fisher-KPP equation is increased. This result explains several biological phenomena
in reality. To state one example from [7], in the middle of the 14th century, the spread
of “Black death” plague was enhanced by relatively faster spread on the Silk Road
and commercial roads in Europe. For detailed biological applications and theoretical
analysis, we refer readers to [7] and the references therein.

In this thesis, we are interested in the case where €2 is a general bounded domain

with a curved boundary 02 and the coupled diffusion happens on 092 = §. If we

v
on

the following system,

replace —g—; by in (5.3.1b), and replace u,, by Agsu in (5.3.1c), then we obtain

vy = dyAv+v(l—v) in Q, (5.3.2a)

0
dv£ = fu—av onS, (5.3.2b)
U = dyAsu— pu+av onS. (5.3.2¢)

The system (5.3.2) is also studied by Dawson [17] in a project supervised by the
author and Colin Macdonald. Equation (5.3.2) is actually a special case of the coupled
diffusion system (5.2.1) with the source function in v being v(1 — v). Therefore, we
can adopt scheme (5.2.4) to solve system (5.3.2). A minor modification is that the
diffusion coefficients d, and d, need to be considered when building matrices.

We investigate the example where € is a unit disk and 02 = § is a unit circle.

We choose o = 0.1 and 8 = 5. The initial condition is set to be ug = 0 and

2
(-39, Jo- D e <t
Uo(l‘,y) = 7\2 9 1
Az = 0.02, At = —22 __ We run the alternating forward Euler time-stepping

5 max(du,dv)
scheme to time 25. Figure 5.8 shows the numerical solutions of v in the unit disk for

different sets of (d,, d,). The first column of Figure 5.8 displays the results when there
is no fast diffusion (d, = d,), the second column shows the results with moderate fast
diffusion (d, = 10d,), and the third column records the results of strong fast diffusion
(d, = 50d,). We can see clear enhancement of propagation of v near the boundary
by coupling to the fast diffusion of u. Figure 5.9 shows the corresponding u on the
circle.

Further tests such as the effects of curvatures and their analysis are left as future

work.
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5.4 Coupled bulk-surface reaction-diffusion system

Finally, we consider the coupled bulk-surface reaction-diffusion equations [60, 64]
modelling Turing pattern formation both in the bulk and on the surface. Following
the abbreviation in [64], we call the bulk-surface reaction-diffusion equations BSRDEs
for short. As pointed out in [64], classical Turing analysis states that patterns on a
single domain can be formed only if there is a sharp contrast between the diffusion
coefficients of the two species [36, 67]. In other words, if we are only solving a single
reaction-diffusion system either in the bulk or on the surface, then Turing pattern
formation requires strong contrast of diffusion coefficients in the bulk or on the surface
respectively. A natural question is whether robust patterns can be formed without
this contrast either in the bulk or on the surface when there are coupled bulk-surface

reaction-diffusion systems. Mathematically, the BSRDEs can be written as [60, 64]:

u = DyAsu+ vs(f(u,v) —aqu+ f1U), on S (5.4.1a)
v = DyAsv 4+ vs(g(u,v) —agv + V), on S (5.4.1Db)
U= DyAU +yof(U,V), inQ (5.4.1c)
V, = Dy AV + 70g(U, V), in Q (5.4.1d)
DUg—Z =vs(aqu — pU), onS (5.4.1e)
Dvg—z = vs(agv — B2V), on S. (5.4.1f)

In this thesis we shall only focus the numerical solutions of BSRDEs and some in-
tuitive explanations of the numerical results. For the detailed biological background
and analysis of Turing diffusion-driven instability, we refer readers to [64] and ref-
erences therein. In 2014, Madzvamuse and Chung investigated bulk-surface finite
element methods and fully implicit time-stepping schemes for BSRDEs in [63]. In
2015, their methods are applied to solve such systems for a unit ball and sphere to
verify the theoretical analysis in [64]. The method we shall use has been described
in Sections 5.1.1 and 5.2.1. As mentioned in the beginning of this chapter, the main
idea of our method was originated in [60] where the authors solved BSRDEs in the
Drosophila embryo.

We shall solve the BSRDEs (5.4.1) by forward Euler time stepping using the spatial
discretization in Section 5.1.1. In order to do so, we regard (5.4.1) as a combination
of two bulk-surface diffusion problems. One consists of (5.4.1a), (5.4.1¢) and (5.4.1¢)
and the other is made of (5.4.1b), (5.4.1d) and (5.4.1f). At each time step we shall use

the alternating forward Euler scheme (5.2.4) to evolve each of the two bulk-surface
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diffusion problems successively. The first bulk-surface diffusion problem has a surface
variable u satisfying (5.4.1a) with source function vsf(u,v), and a bulk variable U
satisfying (5.4.1c¢) with source function o f(U, V). The two equations are coupled by
the boundary condition (5.4.1e). The alternating forward Euler scheme (5.2.4) can
almost be directly applied except that the parameter s, and the diffusion coefficients
D, & Dy need to be considered. After evolving u and U, one can then evolve v and
V' using scheme (5.2.4) in the same way.

To test the effectiveness of our method, we consider the coupled ball-sphere
reaction-diffusion example in [64] with exactly the same parameters. We shall see
that our method generates similar results to those in [64], and thus also verifies the
theoretical analysis in [64]. In this test, 2 is a unit ball and S is a unit sphere. The

source functions f and g are chosen according to the Brusselator model [75],

flu,v) =a—u+uv?v, glu,v)=>b—uv.

5
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ay = P = 5. We fix D,, = Dy = 1, and solve the system (5.4.1) with different sets of
D, and Dy,. We choose Az = 0.05 and At = 1.25¢7°. We build two computational

bands for the bulk and surface. The computational band containing the bulk has

Same as in [64], we choose a = 0.1, b = 0.9, 79 = 75 = 500, a1 = [ =

55179 grid points and the computational band surrounding the surface has 36830 grid
points. Starting with the equilibrium state of the system (u,v, U, V) = (1,0.9,1,0.9)
perturbed randomly with magnitude around 0.01, we run the simulation to time 0.15
when all patterns seem to be stable and stop changing.

Figures 5.10-5.13 show different patterns of v on the surface and U in the bulk
for different sets of D, and Dy . All the results are similar to the test results in [64].

Figure 5.10 shows that when the diffusion coefficients, both on the surface and
in the bulk are the same, no pattern is formed either on the surface or in the bulk.
Figure 5.11 shows that when the diffusion coefficients, both on the surface and in the
bulk have sharp contrast, spots are formed both on the surface and in the bulk. The
results of these two figures are consistent with the classical Turing analysis.

Figure 5.12 shows the results when there is a sharp contrast between the diffusion
coefficients on the surface (D, = 1, D, = 20) while the diffusion coefficients in the
bulk are the same. Spots are observed to form on the surface due to the sharp diffusion
coefficients contrast. Although there’s no difference between the diffusion coefficients
in the bulk, the quantities on the surface drive the quantities in the bulk to form

patterns of small balls near the surface due to the coupling Robin type boundary
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conditions (5.4.1e) and (5.4.1f). For regions of the volume further from the surface,
the coupling becomes weaker and no obvious patterns can be observed.

Figure 5.13 shows the results when there is a sharp contrast between the diffusion
coefficients in the bulk (Dy = 1, Dy = 20) while the diffusion coefficients on the
surface are the same. According to Figure 5.13(a) and (b), no obvious patterns are
formed for the quantities on the surface. Figure 5.13(d) shows various patterns in
the bulk. Spots occur in the central regions of the bulk due to the sharp contrast of
the diffusion coefficients in the bulk. Meanwhile, spherical layers are formed near the
boundary because of the coupling to surface quantities on the surface. Figure 5.13(c)
indicates that some weak patterns are formed for the bulk quantities restricted on
the surface.

Figures 5.12 and 5.13 show that the coupling Robin type boundary condition
seems to introduce a boundary layer when the dynamics in the bulk and surface have

sharp contrast. This phenomenon is discussed in more detail in [64].
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u at time 0.15 Part of u at time 0.15
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U restricted on S at time 0.15 Part of U at time 0.15
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0.9998 0.9998
(¢c) U restricted on the sphere (d) U on a cross section of the ball

Figure 5.10: Solutions of BSRDEs with (Dy, D,) = (1,1). The diffusion coefficients
both on the surface and in the bulk are the same (D, = D, = 1, Dy = Dy = 1).
The scales of the colobars show that v and U vary within a small magnitude of 1074,
which indicates that there is no patterns formed either on the surface or in the bulk.
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Figure 5.11:  Solutions of BSRDEs with (Dy, D,) = (20,20). The diffusion coeffi-
cients both on the surface and in the bulk have a big contrasts (D, = 1 < D, = 20,
Dy =1 < Dy = 20). There are spots formed both on the surface and in the bulk.
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u at time 0.15 Part of u at time 0.15
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(c) U restricted on the sphere (d) U on a cross section of the ball

Figure 5.12:  Solutions of BSRDEs with (Dy, D,) = (1,20). The diffusion coefficients
on the surface have big contrast (D, = 1, D,, = 20) while the diffusion coefficients in
the bulk are the same. Figures (a) and (b) show that spots are formed on the surface.
Figures (¢) and (d) show that small balls are formed in regions of the volume close
to the surface, while no obvious patterns are formed far from the surface in the bulk.
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Figure 5.13: Solutions of BSRDEs with (Dy, D,) = (20, 1). The diffusion coefficients
in the bulk have big contrast (Dy = 1, Dy = 20) while the diffusion coefficients on
the surface are the same. Figures (a) and (b) show that there are no obvious patterns
formed on the surface. Figure (c) shows that some weak patterns of the bulk quantity
U restricted on the surface are formed. Figure (d) shows that in the bulk, various
patterns are formed. Spherical patterns appear near the surface while in the middle
of the bulk, spots are formed.
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Chapter 6

Conclusions

The Closest Point Method is a simple embedding technique to solve PDEs on smooth
surfaces. This thesis makes substantial contributions to solving elliptic and parabolic
surface PDEs via the Closest Point Method from both analysis and practice points
of views. A new embedding equation for surface elliptic equations was formulated
and discretized, and a 2nd-order convergence proof was obtained. Also, a novel
geometric multigrid solver based on the closest point representation of the surface
was constructed.

In Chapter 2, we applied the Closest Point Method to solving elliptic equations
on curves and surfaces without boundaries. A continuous embedding equation in
a narrow band surrounding the surface was formulated by adding the closest point
extension of the surface PDE and a penalty term which is the difference between
the solution itself and its closest point extension. The embedding equation not only
agrees with the original surface PDE on the surface, but also has a unique solution
which is constant along the normal directions to the surface. The embedding equation
was then discretized by a standard centered finite difference scheme and barycentric
Lagrange interpolation. Dedicated interpolation degrees and the penalty coefficient
~ can be chosen so that the resulting scheme is provably 2nd-order consistent, and
furthermore 2nd-order convergent when the embedding space is R%2. The scheme can
be further modified to be provably 2nd-order convergent when the embedding space
is R?, but in practice the unmodified scheme works well enough to yield 2nd-order
convergence results.

In Chapter 3, we solved elliptic equations on surfaces and domains with bound-
aries. The “ghost” point approach was adopted to handle Dirichlet, Neumann and
Robin boundary conditions. A new extrapolation method was constructed to repre-
sent values of ghost points by values of interior points according to boundary condi-

tions. Combining the method to handle boundary conditions with the discretization
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of the surface elliptic operators in Chapter 2, one can then straightforwardly solve
elliptic equations on surfaces and domains with boundaries.

In Chapter 4, we developed geometric multigrid solvers to solve the large sparse
linear system arising from the discretization of the embedding equation. Special
relaxation schemes and restriction/prolongation operators were constructed in the
framework of the Closest Point Method. Multigrid solvers were constructed suc-
cessively for surfaces without boundaries, codimension 0 domains and surfaces with
smooth boundaries. Numerical tests indicate that the closest point multigrid solvers
have almost constant convergence speed as the number of grid levels increase, which
is the primary desirable property of normal multigrid algorithms.

In Chapter 5, we combined all the methods from the previous three chapters to
solve the coupled bulk-surface PDEs. Coupled bulk-surface elliptic problems and dif-
fusion problems, bulk Fisher-KPP equations coupled with surface diffusion equations,
and coupled bulk-surface reaction-diffusion equations were solved. Convergence stud-
ies for elliptic and diffusion problems illustrated 2nd-order accuracy of our discretiza-
tion for bulk-surface coupled problems. The numerical simulations of the coupled
Fisher-KPP-diffusion equations and coupled bulk-surface reaction-diffusion equation-

s matched the theoretical analysis in literature and plausible biological phenomena.
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Appendix A

Surface differential operators in
Cartesian Space

In Chapter 1, we introduce the definition of surface differential operators of surface
functions by differentiating the extended functions in the embedding space. In this
appendix we prove the formulas for surface divergence (1.2.6) and surface Laplacian
(1.2.8). For ease of notation, we omit the tilde ~ above the functions and the argument

y € §. We also use the Einstein summation convention to achieve notational brevity.

Proposition A.0.1
Vs-v=V-v—n"(Vu)n, (A.0.1)

where Vv is the Jacobian matriz of v.

Proof.

vg.v:@_n. .i)vi:%_n%nj:v.v_nﬁ(v@)n

n
a{L‘i v a(L'j 81’2 Z@xj

Proposition A.0.2

2
ASU—AU—K%—au

1 (A.0.2)

where/i:v-n,T Vu-mn, andg%:V(Vu-n)-n.

Proof. According to the defintion of Laplace—Beltrami operator, we have

0 0 0 0

_ (29 i_n,nii_i<n,n i>+m, 4 (nin 0 ) Ju
-\ Ox; Ox; “Or; 0r; 0w\ k@xk T or k@xk

(A.0.3)
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Notice that
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(A.0.4)
and
R TN k@xk N J k@xjﬁxk " Oxy; Omy k@xjﬁxk'
(A.0.5)

Substituting equations (A.0.4) and (A.0.5) into equation (A.0.3), we have

o 0 on; Ou 0%u
A _ _ Y, i ——. A.0.
st ox; &viu 0x; "k oxy, nty O0x;0x; (A.0.6)
Notice also that 8 5 5
U n; u
Ko =(V-n)(Vu-n) = oz, nkﬁ_xk’ (A.0.7)
and ('92 0 0 0?
U U
Substituting (A.0.7) and (A.0.8) into (A.0.6), we finally prove that
ou  0*u

ASU_AU—/{%—%
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