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Abstract. We are concerned with the isothermal limit of entropy solutions in L°°, containing
the vacuum states, of the Euler equations for isentropic gas dynamics. We prove that the entropy
solutions in L of the isentropic Euler equations converge strongly to the corresponding entropy
solutions of the isothermal Euler equations, when the adiabatic exponent v — 1. This is achieved by
combining careful entropy analysis and refined kinetic formulation with a compensated compactness
argument to obtain the required uniform estimates for the limit. The entropy analysis involves careful
estimates for the relation between the corresponding entropy pairs for the isentropic and isothermal
Euler equations when the adiabatic exponent v — 1. The kinetic formulation for the entropy solutions
of the isentropic Euler equations with the uniformly bounded initial data is refined, so that the total
variation of the dissipation measures in the formulation is locally uniformly bounded with respect
to v > 1. The explicit asymptotic analysis of the Riemann solutions containing the vacuum states is
also presented.
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1. Introduction. We are concerned with the isothermal limit of entropy so-
lutions in L°°, containing the vacuum states, of the Euler equations for isentropic
gas dynamics—a system that is the oldest, but still most prominent, paradigm for
the analysis of hyperbolic systems of conservation laws. The one-dimensional Euler
equations for barotropic gas dynamics take the form

Oip+ 0,m =0,

(1) 2

where p denotes the fluid density, p = p(p) is the pressure, and m = pu is the momen-

tum. When p >0, u:= % represents the fluid velocity.
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The pressure-density relation under consideration can be written by scaling as

oY

(1.2) p=— for y>1
Y

for ideal isentropic gases, while

(1.3) p=p

for the isothermal gas.
Consider the Cauchy problem for system (1.1) with large Cauchy data:

(1.4) (p,m)|t=0 = (po,m0) ()

and po(z) > 0.

The global existence of solutions with large initial data in L°° was first established
in DiPerna [14] for y =1+ ﬁ with k& > 2 integer. For the general interval 1 <~ < %
the global existence problem was solved in Ding, Chen, and Luo [11, 12] and Chen [2].
The adiabatic exponent range v > 3 was solved in Lions, Perthame, and Tadmor [19],
and the remaining case 5 < < 3 was closed in Lions, Perthame, and Souganidis [18].
Later, the existence problem for the general pressure p(p) with (1.2) as its leading
asymptotic term as p — 0 was solved in Chen and LeFloch [6, 7], whose approach
further simplifies the proofs for the ~-law case for all v > 1; see also [25].

For the isothermal case (1.3), the first existence result was obtained in Nishida
[21] for BV solutions without vacuum for large initial data. For general L*°-solutions
containing the vacuum states, it was first solved in Huang and Wang [16]; see also
[17] for a different approach.

For the isothermal limit when the adiabatic exponent v — 1, the previous analysis
is in the framework of BV solutions away from the vacuum. The first result was estab-
lished by Nishida and Smoller [22] in the Lagrangian coordinates. Chen, Christoforou,
and Zhang [4] established the L'-dependence estimate of the BV solutions with re-
spect to v > 1 in Eulerian coordinates. The isothermal limit for the BV solutions from
the full Euler equations away from the vacuum was solved by Chen, Christoforou, and
Zhang in [5]. Tt is well known that the vacuum states occur generically in the entropy
solutions of the Euler equations, even starting with the initial data without vacuum
states. A prototypical example is the Riemann problem with Riemann initial data
away from the vacuum for which there exists a global Riemann solution consisting
of two rarefaction waves with an intermediate vacuum state for the isentropic Euler
equations; see [3] and section 7.1 below. For the Riemann solution containing the
vacuum states, the fluid velocity w is bounded for v > 1 near the vacuum, while |u]
goes to oo as the density goes to 0 for v = 1; see also section 7.2. Another difference
is the sound speed as the speed of the pressure disturbance traveling through the
medium vanishes as the density goes to 0 for v > 1, while the sound speed c is a
fixed constant independent of the density for v = 1; see section 7.2. Therefore, the
isothermal limit of entropy solutions in L°°, containing the vacuum states, with large
initial data has been a longstanding open problem in the analysis of nonlinear partial
differential equations and mathematical fluid mechanics.

The main objective of this paper is to provide an affirmative answer to this prob-
lem by providing a rigorous convergence proof of the isothermal limit. More precisely,
we prove that the entropy solutions in L°°, containing the vacuum states, of the isen-
tropic Euler equations converge strongly to the corresponding entropy solutions of
the isothermal FEuler equations when the adiabatic exponent v — 1. This is achieved
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by combining careful entropy analysis and refined kinetic formulation with a com-
pensated compactness argument to obtain the required uniform estimates for the
isothermal limit. These effective approaches for the analysis of the isentropic Euler
equations are based on the subtle analysis for the Euler—Poisson—-Darboux equation,
while the entropy equation of the isothermal Euler equations is not governed by the
Euler—Poisson—-Darboux equation. The entropy analysis involves careful estimates for
the relation between the corresponding entropy pairs for the isentropic and isother-
mal Euler equations when the adiabatic exponent v — 1. The kinetic formulation for
the entropy solutions of the isentropic Euler equations with the uniformly bounded
initial data is refined, so that the total variation of the dissipation measures in the
formulation is locally uniformly bounded with respect to v > 1. The compensated
compactness argument is based on the H ~'-compactness of entropy dissipation mea-
sures, the div-curl lemma in [20, 26], and the Young’s measure presentation theorem
(cf. [1, 26]); see also [10, 15].

The rest of this paper is organized as follows: In section 2, we state some existence
results and properties of entropy solutions of the compressible Euler equations and
present the main theorem of this paper, Theorem 2.3, regarding the isothermal limit of
the entropy solutions. The uniform L*°-estimate of the entropy solutions with respect
to the adiabatic exponents v > 1 is shown in section 3, while the refined kinetic formu-
lation is obtained in section 4. The uniform relation between the corresponding en-
tropy pairs for the isentropic and isothermal Euler equations is established in section 5.
In section 6, we complete the proof of the main theorem, Theorem 2.3. Finally, in
section 7, the explicit asymptotic analysis of the Riemann solutions containing the
vacuum states is presented. In particular, the phenomenon of decavitation is shown
as v — 1, which is different from the formation of cavitation and concentration in the
vanishing pressure limit (equivalently, the high Mach limit) presented in Chen and
Liu [8].

2. Entropy solutions of the compressible Euler equations. In this section,
we first present some existence results and properties of entropy solutions of the

compressible Euler equations (1.1), which can be rewritten as a hyperbolic system of
conservation laws of the form

(2.1) U + 9, FOU)=0

. 2 -1 .
with U = (p,m), FO(U) = (m, - +p®(p)), and 0 := I+ > 0. The pressure-density
relation (1.2) can be rewritten as
20+1

(9) _Pr
(2.2) P = S

System (2.1) represents the isentropic Euler equations when 6 > 0 and the isothermal
Euler equations when ¢ = 0. Then the entropy pair (nig),qﬁg)) of the mechanical

energy and energy flux is of the form

1 m?2 1m3 d(pe®
(2.3) m@@%mm=<m+m@@ﬂ;+m02ym

3, );

where e (p) = [/ p(?#ah' is the specific internal energy. Notice that ¢ (p) = p?,

which implies that lim, .o c(e)(p) =0, while c(o)(p) =1.
We now introduce the following broad class of entropy solutions.
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DEFINITION 2.1. Let 8 > 0. A wvector function U(t,x) = (p,m)(t,x) € L=(R?)
is called an entropy solution of the Cauchy problem (1.1)—(1.4) with initial data
(po,mo)(z) € L=(R) if, for any test function ¢ € C§°(R3),

(2.4) /R

and, for any test function ¢ € C(‘)”(Ri) with ¢ >0,

e

For system (2.1), a general entropy pair (7, q) obeys the following linear hyperbolic
system:

(U0 + FOU) 9, ¢) dadt + / Uo(2)¢(0,2)dz =0,
R

2
+

17 (U) 06 + ¢V (U) 0:0) dadt + / 0 (Uo) (2)$(0, x) da > 0.

2 R

(2.6) Vq(p,m) = Vn(p,m)V (F@ (p,m)) "

A weak entropy is an entropy n(p,m) that vanishes at p =0 (vacuum), and then the
corresponding pair (1, q) is called a weak entropy pair. Notice that u(t,z) := 7:((;”;) is
not well-defined on the vacuum set {p(¢,z) = 0}, which is one of the main reasons why
the weak entropy is used, while the momentum function m(t, ) itself is well-defined to
be 0 on {p(t,x) =0} almost everywhere. We will often use m and u ="} alternatively
when p > 0 without ambiguity.

Any entropy solution (p,m)(t,z) is also required (whenever available) to satisfy

the additional entropy inequality

(2.7) din(p,m) + 0zq(p,m) <0

in the sense of distributions for any weak entropy pair (7,q)(p,m) satisfying that
n(p, m) is a convex function with respect to (p,m).
Asin [2, 6, 7, 11, 12, 14, 16, 18, 19], the weak entropy n(p,u) satisfies

02

(2.8) {%" ~2Pd,m=0  for p>0,

n|p:0 ::05

and the corresponding entropy flux q(p,u) satisfies

B ?'(p) _
0pq(p,u) =udpn + P Ouny  Ouq(p,u) = pdpn + udun

for a general pressure function p(p), including p®) (p) for # > 0.

2.1. Isentropic case. When 0 > 0, the Riemann invariants of system (2.1) are

0) _ 7, (_pyirl’

w; =5 for j=1,2.
The weak entropy kernel of (2.1) is
(7] 1-0 1—6
P <0 2 0 TN
29) X os —w=ag[(F) (s —w)’] 7 =ap[(w” —s)(s —w”)] 7
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1=
with ag = 07 (f_ll[l — 727 dr) ' which is a fundamental solution of (2.8), deter-
mined by

8ppx(‘9) — 730X =0 for p >0,
X(e) ‘p:O =0, X(pe) |p=0 = 0u=s,

where we have used the notation: [z] = max(0,z). Then we have the following rep-
resentation of weak entropy pairs.

LEMMA 2.2. For 6 >0, the weak entropy pair of (2.1) can be represented as
m
1 (p,m; 1)) =/RX(9)(p;s— S ls)ds,
m m
00 pms) = [ (05 (1= 00 (pis = i) ds
R

for any 1 € C%(R). Furthermore, 1'% (p,m;v) is convex if and only if ¢ is convex
(cf. [19]).

Using the standard change of variable s =u + %7’, we have

0 1-0
(2.10) 0 omi) =ao [ (52 = (= s F u(s)as
Pl bt ST dr
fR[l — 722 dr
P’ 21 %%
(2.11) a9 (p,m;1) :a(;/R(95+ (1— G)U)[(?) — (u—s) ]+29 P(s)ds

1—6
_ pr (u + peT) (u+ %7)[1 — T2]+29 dr
- - )
fR[l — 72]}9 dr

In particular, the energy-energy flux pair (77,@ , q£9)) may also be obtained by choosing

W= lg2_ 1
—2 20(20+1)

THEOREM 2.3 (Existence Theorem for 6 > 0). For any 6 > 0, there exist both
a bounded entropy solution (p,m)(t,x) of the Cauchy problem (1.1) and (1.4) on R%
and a corresponding bounded dissipation measure D®) <0 on Ri x R such that the
weak entropy kernel x\9 (p;s — %) satisfies the kinetic formulation:

(2.12) 0 + 0, ((0s + (1 — 9)%);&‘”) =0, DO (t, ;)

with initial data (po,mo)(x) such that po(x) >0 a.e. x €R and (po, 72¢)(x) € L=(R).
Moreover, (p,m)(t,x) satisfies that

L>(R)

6 _ 0 _

p(t,{E) 0 N Po 0

and supp DO (t,z;-)  [~w” ,w’].
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See [2, 6, 7, 11, 12, 14, 18, 19, 23] for the details.

Remark 2.4. The kinetic formulation (2.12) is equivalent to the weak entropy
inequality (2.7) for L* solutions. See Chen and Perepelitsa [9], Perthame [23], and
Perthame and Tzavaras [24].

2.2. Isothermal case. When 0 =0, the Riemann invariants are
w](-o) = pe(_l)jﬂ% for j=1,2.

Then typical weak entropy pairs are

£ m

J m
(2.14) ne(pym) =pi=ei= ¢ ge(p,m) = (; +&ne  for e (~1,1).

This generates the following family of weak entropy pairs.

LEMMA 2.5. When 6 =0, the entropy pair (09, ¢(®),
{77(0) (psms ) = [ me(p,m)ib(8) dg,
¢ (pm; ) = [1, (2 +&)nelp,m)u(€) de,

is a weak entropy pair of (2.1) for any ¢ € L>°(R) with suppi(-) € (—1,1). Further-
more, N (p,m;1h) is convex for any ¢ > 0.

(2.15)

The representation formula (2.15) is the result in [16, Lemma 2.1]. It has also
been shown in [16, Lemma 3.1] that, for any { € (—1,1), ne(p,m) is strictly convex,
which implies that 1(®) (p,m;1)) is convex for any 1 > 0.

THEOREM 2.6 (Compactness Framework for 8 = 0). Let (p°,m®)(t,x) be a se-
quence of approzimate solutions of (2.1) with 8 =0 satisfying

(2.16)  0<p(t,2) <C, |m*(t, )| < p*(t,2)(|Inp*(t,2)| + C) a.e. (t,x) €R?,
where C >0 is a constant independent of €. Assume that there exists a small constant

0 >0 such that, for any & € (=4,9),

—1
loc

(2.17) Ome (p°,m®) 4+ Opqe(p®,m®)  is compact in H,

for the weak entropy pairs (ne,qe) defined in (2.14). Then there exist both a subse-
quence (still denoted) (p*,m®)(t,x) and a vector function (p,m)(t,z) such that

(p°,m®)(t,z) = (p,m)(t,x) in LY

loc

(R2) for allp € [1,00) ase—0.

Remark 2.7. In [16], Theorem 2.6 is stated when condition (2.17) holds for the
case that § = 1. It can be directly checked that Theorem 2.6 is still valid as stated
above for some small constant § > 0, by following the same argument as in [16].

Remark 2.8. Condition (2.16) is equivalent to
0<w\”(p(t,x),m*(t,z)) <C  for j=1,2,

where C' >0 is a constant independent of .

2.3. Main theorem. We now state the main theorem of this paper. Since our
main focus is on the isothermal limit § — 0, we always assume 6 € (0, 6] for some
fixed 6y € (0, 00) without loss of generality; for simplicity, we take any fixed 6y € (0,1)
in our analysis from now on throughout this paper.
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THEOREM 2.9 (Main Theorem). For 6 >0, let (p®, m@)(t,z) be entropy solu-
tions of (2.1) satisfying (2.12)-(2.13) with initial data (p((]e),mée))(a:), as constructed in
Theorem 2.3. Assume that there exists a constant wo >0 (e.g., wWo = SUPgp<g, w((f)))
independent of 0 € (0,0¢] such that the initial data (péa)7mge))(x) satisfy that

(0) (0 1
(2.18) |m(%) @)l (oo (32) <wy  aezecR.
po ()

Then there exist both a subsequence (still denoted) (p'®,m®)) and a vector function
(p,m) such that

(0, m D) (t,x) = (p,m)(t, ) in L],

loc

(R2) for allp€[1,00) asf—0,
and (p,m)(t,x) is an entropy solution of (2.1) with 0 =0 satisfying
0<p(t,z) <e™, |m(t,x) <p(t,z)(|Inp(t,z)| +wo) a.e. (t,x) €R?,

and the entropy inequality (2.7) in the sense of distributions for any weak entropy
pair (ne,qe) for & € (=2 +1,v/2 —1). In particular, for any nonnegative function
(&) € L(R) with suppp(€) € (—V2+1,v/2 — 1), (p,m)(t,z) satisfies

9 (p,m; ) + 9.4V (p,m; 1) <0

in the sense of distributions.

3. Uniform L°°-estimate. In this section, we establish the uniform L°°-estimate
of the entropy solutions in Theorem 2.3 with respect to the adiabatic exponents v > 1,
i.e., 6>0.

LEMMA 3.1 (Uniform L>®-Bound with respect to 6 > 0). Let (p(9,m(®)(t,2)
be the entropy solutions of (2.1) with initial data (p(()e),mge))(x) satisfying (2.18), as
constructed in Theorem 2.3. Then, for almost everywhere (t,z) € R%

(3.1) 0<pW(ta)<e™,  [m@(ta) < p@(t,2) (| lnp® (¢, 2)] + wo),

and (n£0),q£0))(p(9) (t,z),m O (t,x)) are uniformly bounded with respect to 6 € (0,6;].

Proof. Using Theorem 2.3 and condition (2.18), for each fixed 6 > 0, the entropy
solution (p@,m®)(t,z) of (2.1) satisfies that, for a.e. (t,x) € RZ,

®) o 0 — (p®
(3:2) PUALLLY L. 1 f((g))((tif)) <y EED)
which implies
(3.3) 0<pO(t,z) < (1+ GwO)% <e™o for a.e.(t,z) €ERZ.
On the other hand,
1m0 (¢,2)| (p®(t,))" 1
PO (t,x)e » Do < pO(t x)e” T w0 for a.e. (t,z) €RZ.
Using
(3.4) p?—1—60Inp>0 for any p>0 and 6 > 0,
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()01
ENCIZMESE

we see that p(g)e = e_%((”(e))e_l_mnp(s)) <1 so that

[m (0 (¢,2)|
o (t,x)e /Do) <L eWo for a.e.(t,x) € ]Rf_,

which is uniformly bounded with respect to 6 € (0, 6y].
We now show the uniform boundedness of the energy-energy flux pair (nig),qie)).
From (2.3), for 6 > 0, we have

2 20_1

p 1m3

p29_1 1

+——)).

(6) (0)
(3'5) (77* y Qx Y W01

+m

Based on estimates (3.2)—(3.3) and formula (3.5), it suffices to estimate (7:’;)6;2 .
P 3

first obtain from (3.3)—(3.4) that

1— (pl@)? wg

2 <wpe3 — (p(o))% lnp(e) < woe% +3e 1.

|m (9] 1 1
(p®)3 <wolp®)7 + (o)

Then there exists a universal constant C' := C'(wo,6p) > 0 independent of 6 € (0, 6]
such that

[m (@[>
o

1 (0)y20 _ 1 . (00 _ 1
<C(p)i <c, mw)% gc(pw))gw <c.

|m®] 4
Thus, the uniform boundedness of (n,(ka), q,(ke))(p(e) (t,z),m @ (t,z)) with respect to 6 €
(0,6p] follows. This completes the proof. 0

4. Refined kinetic formulation for 6 > 0. In this section, we show that the
total variation of the dissipation measures in the kinetic formulation of the entropy
solutions of the isentropic Euler equations (2.1) with initial data satisfying (2.18) are
locally uniformly bounded with respect to 6 € (0,6p]. As indicated in Theorem 2.3, for
fixed 6 > 0, (p(?,m(?) is an entropy solution of (2.1) satisfying the kinetic equation
(2.12) with kernel x(¥) defined in (2.9) and the dissipation measure D(®) on R2 x R.

LEMMA 4.1 (Uniformly Bounded Total Variation of the Dissipation Measures).
Let the initial data (pgg),m(()e))(x) satisfy (2.18). Assume that the entropy solutions
(p 9, m)(t,x) and the dissipation measures DO (t,x;s) are as constructed in The-
orem 2.3. Then the total variation of the dissipation measures D(G)(t@;s) 1s locally
uniformly bounded with respect to 6 € (0,00]: For any compact set K & Ri, there
exists C(wg; K) >0 such that

(4.1) [ 1D 0)[(5) ds < s ),
R
and supp DO (t, ;) C [—wo, wo].

Proof. For any convex function 9 (s), i.e., 1" (s) > 0, it follows from Theorem 2.3
that the entropy solutions (p(®), m(?)) satisfy

(4.2) O (@, m ;) + 8,4 (p,m ;) = / DO (t,;5)9" (s)ds <0
R

in the sense of distributions, since D@ (¢,2;5) <0 on ]R?Ir x R.
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In (4.2), we choose §)(s) = th.(s) := 55° = ggrzgryy With ¢4/(s) = 1, which leads to
(4.3) 0" (00, m@;90) + 0,04 (0@, m ;)

:/D(Q)(t,x;s)ds:—/ |DO (£, 2;5)|ds
R R

in the sense of distributions. We take the smooth cutoff function ¢(t, ) >0 as a test
function in (4.3) such that ¢ =1 on K, and K= supp ¢ is compact in ]R so that
K C K €R?%. Then we have

/\D(f)) 5 8)|(K)ds < — /(D(G)(-,-;s)7<p>ds
R
:/K (nﬁa)(p(”)vm(g))@w+q£9)(,0<‘9)7m(9))8w<p) dedt
SC‘(’LU(ﬁI()7

where we have used Lemma 3.1, D (¢, z;5) < 0, and (4.2) by taking ¢ as the test

function. Therefore, we conclude that the total variation of D) (t,z;s) is locally

uniformly bounded with respect to 6 € (0,6y] as measures, as indicated in (4.1).
Moreover, we know that supp D@ (¢, z;-) C [~ w(()e),wé ]. Since 0 < wée) < wg, we

conclude that supp D) (t,z;-) C [~wo, wo]. 0

5. Relation between (née), qée)) and (¢, g¢). In this section, we show a uni-
form relation between a family of weak entropy pairs (née),qée)) and the correspond-
ing entropy pair (n¢,q¢) on any function (p(®,m(®)) satisfying (3.1) with respect to
0e (0, 90]

The weak entropy pairs (775(9), qg(e)) of system (2.1) with 6 > 0 under consideration
are

& _(myelny o5t
e1—ez\p T 1— 20
(5.1) TR P i e e P
Jpe?-[1 - 72 27 dr

1—-6

]
pr +pP1)et- e +%T)[1—T2]_f7dr

10
fRe"“*&z) [1—72] 2 dr

These entropy pairs are obtained by choosing 9 (s) in (2.10)—(2.11) as

1—6
fR[l—TQ]deT £ g

& el
Jpe?@= 1 —72] 277 dr

(5:3) v (s) =

We first consider the uniform boundedness of (1729), qée)).

LEMMA 5.1. For any function (p(9),m?) satisfying (3.1), (n (9),qé0))(p(9),m(9))
defined in (5.1)—(5.2) are uniformly bounded with respect to 68 € (0,6p] when & €
(V2 +1,v/2-1].

Proof. For simplicity of notation, we drop the superscript in (p(e),m(e)) in this
proof.
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|§| < 1. By definition,

First, € € [-v2+1,v/2-1] i

we have
m _er p¥—1 gt 1-6
) JLy (pere P e @ T em @ [ - 2 7 dr
‘nf ('O’m)|: 1 1-0
f_ 69(1’52) [1—72] 2 dr
£ m er pf—1
< sup (pel 2 pe1-¢2 0 )
TE[-1,1]
m| . _l€] €] er_pf-1
S (pe%) 1-¢2 sup <p1_17§2 e1-¢2 . 6 )
T€[-1,1]
T o_
< 61|_§£‘2 wo sup (Pli 1|—£5|2€1552 £ 7 1).
T€[-1,1]
When p>1,
. .0 o_
sup (p _1E£2615£2p91>:p1—41‘f£|261‘,§5‘2991 Se(l—l‘f\ )w0+ §2w0<6w0
TE[-1,1]
when p € [0,1),
__lel_ _gr_pf-a 1__lel_ __lgl_pf-1 1 2lEl
sup (p T-eZpT1-€2 0 ) =p 1-e2p 1-e2 0 Sp 1—¢e2 < 1 gewo7
T€[—1,1]
where we have used (3.4) and 2—— 1 <wp. The argument for the uniform boundedness
of qée)(p(e),m(e)) is similar. d

The main estimate of this section is the following:

PROPOSITION 5.2. Given any 6 >0 and any function (p'@,m(®) satisfying (3.1),
then, for any interval [a,b] € (—v2 + 1,v/2 — 1), there exists C := C(wo;a,b) > 0
independent of 6 € (0,0¢] such that

(0)

[0 (01, m ) = (0 m )|+ [g¢” (07 ;m ) = a0, m )| < OV

for any £ € [a,b].

Proof. For simplicity, we drop the superscript in (p(‘g),mw)) in the proof. We
divide the proof into four steps
1. The difference between 77 ) and ne is

(5.4) 1" (p,m) — ne(p,m)

R A e 25
f pei=€ v (ei¢ —pi=€)et-[1 - 72 27 dr

fil eﬁ [1- TQ]i?;:dT
= W), fe())
=W (), fe() = Fe(©)) + fe(©),
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is a C'-function in 7 € [-1,1], and

[3a 1-9
e0(1-¢2)[] — 21720
v (7) = L7l

1 9(1)5:52) 2 %
f_l e [1—72]2dr

may be regarded as a probability measure over C([—1,1]) for each fixed 6 > 0.
2. Claim 1: For any C'-function f(7) and 6 € (0, 6],

O () = FE) <Ol =V for any €€ (—V/3+1,v2—1),

where C' > 0 is a constant independent of 6 € (0,6p], f € C*([-1,1]), and £ €

The claim can be shown as follows: Notice that

(5.6) (", £() = £
| U 0) — FE©)eTE 1 - dr
fReeu%s?)T[l _ 7.2];2;99(17_
_ JelF() — F©IeTTE (1 - 2 dr
- fReﬁT[l —72]};99(17
S lf ) ST (1 2E) T ar

Jr e (eﬁT[l — 72

[
]
il
]

B TG £ )l o ot 3 Ml Clics e S ) I
fremE (e - r2)h) T (R - e)h) T ar
[LIF) = f©)er e T dr

€, 10 9® ’
f_llelfﬁﬂe RO dr

where h(0) = 25 >0, and g(1) = 175?7 + 3In(1 — 72) with ¢/(§) = 0 and ¢ (7) =

—% which is singular near 7 = +1. Again, using the Taylor expansion, we have

for some 7 between & and 7.
On the other hand, when 7 € (—3,3), 7 must be in (=3, 3) for any £ € (—v2+
1,v/2—1). Then we have

(5.7) o) —g(€)> —
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Thus, we see from (5.6)—(5.7) that

e [ 10() — (e T ar

0
(W 1) = 1) < L
f21 e " 9n® dr
2
f”i(fg |F(€+/h( €)le= 25" ds
S A/ h(6) —
[P e
72‘/;1(9)
| le™2
<O f' e v/ I( - <C||f’||Loo\/5,
—?s s
3+\f

where C' > 0 is a generic constant independent of 8 > 0. We conclude the proof of
Claim 1.

3. Claim 2: For any interval [a,b] € (—v/2+1,v/2—1), there exists C' = C(wo; a, b) >
0 independent of 6 € (0, 6] such that, for any (p, m) satisfying (3.1), f¢(7) defined in
(5.5) satisfies that

| £ ()] < C(wos a,b) for any € € [a,b] and 7 € [-1,1].

This can be seen as follows: First, we have

f pefl 3 ﬂ_j'_PG*lT)
! e 1—¢2\p 6 .
ff(T) 1_52 0 pe

We consider two cases.
Case 1: p>1. Then

0
—1 ‘5‘ m 2l *1 1€] w
6:8) 1< g e I < K pementao < M,
where we have used that
€] 0 Im|  p%—1
5.9 < — —1<6 < eWo —t—< .
( ) 1_52—27 > 0w, p=>~€ 7, p + 0 = Wo

Case 2: p€[0,1). Then, for any ¢ € [a,b] € (—vV2+1,v2—1),

1—p? e (mpr=p?) o —21n
(5.10) |f5'(7)|§2709p61_52<|p\+ o) “np‘pel €L, (wg—21n )

wo 1

_ 2lel
<gezp -[lnp| < C(wo;a,bd)

N | =

for C'(wo;a,b) > 0 depending only on wy and (a,b), but independent of 8 € (0, 6],
where we have used (5.9) 121?2 > 6(a,b) > 0 for some d(a,b) depending on
(a,b).

Therefore, Claim 2 follows by combining estimates (5.8)—(5.10) together.

4. Claim 3: For any (p,m) satisfying (3.1),

(5.11) |fe(€)|<CO  forany £€(—V2+1,V2-1),

where C' := C(wg) > 0 is a constant depending only on wg, but independent of

0€ (0,0 and € € (—vV2+1,v2—1).
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This can be seen as follows: Similarly to Lemma 5.1, we have

Imp &L g Ll 522/;9971 §22

|f£(f)‘§(p€ 4 )1*5 p 1-&ler-¢ —pi-¢€ ‘
€| _ _lel €2 01 e
<61—52wop1 -2 eT-¢7 7 _ pi-e? |,

o_
Then statement (5.11) is clear when p=0. When p > 0, we use that limgy_,q Pt =
p? for any § to obtain

€2 01 2 0 d €2 51 52 0 2 sy d/pf—1
Toe2 0 _ ,1-e2 — ez 5 \ds= - 52 s ( )d .
€ p /0 ds (e ) 5= 1-—¢&2 / € ds s s

[ e
0

€| 2 s 4 s _
SCﬂlil—gﬁ? max (elff2ps )/ i(p 1)‘ ds
5€(0,6) o |ds s

1\_5£|2 p’ —1—0lnp
0

52
—s W
<Cer-&"p

0 _1_
§Cp171‘f&‘2p 19 01np,

since p9 —1—0Ilnp >0, where we have used the fact that

d/ps—1 1 s s 1, . . ,
&( s ):?(SP Inp—p +1):8*2(P Inp®—p +1)20 for s € (0,6].

On the other hand, the Taylor expansion with respect to 6 gives

(5.12)
1€

_lel 1 - _l&el ~ ~
p1 1-¢2 (p9 —1—6Inp) = §p1 -2 (In p)?0* < CH? for some 6 € (0,6).

Then we conclude Claim 3.
5. Combining Claims 1-3 above together, we see from (5.4) that

[ (p.m) = ne(p,m)| < (" (), fe(r) = Je(©)] + 1e(©)]
<C|f' e~ VE+Co<CV.

The proof for the estimate that |qée)(p(9),m((’)) — qe(p®,m®)| < CVo follows
the same argument. This completes the proof. 0

By a similar computation to (5.12), we obtain

(5.13)
1 (0, m @) = 5O (o m@)| + |¢ (1, m @) = ¢V (o, m )| < C0,

Remark 5.3. From this lemma, we can see that the restriction that & € (—v/2 +
1,v/2 — 1) is natural for Claims 1-2 in steps 2-3 in the proof above.
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6. Proof of the main theorem. We divide the proof of the main theorem,
Theorem 2.9, into three steps.

1. For any @ > 0, assume that (p(®),m(?) is the corresponding entropy solution
of (2.1), constructed in Theorem 2.3. It follows from (3.1) that the solution sequence
(p9,m®) is uniformly bounded with respect to 8 € (0, 6], which satisfies condition
(2.16) in Theorem 2.6.

We now show that the solution sequence (p(®,m(®) satisfies condition (2.17) in
Theorem 2.6 for any & € (0,1/2 — 1). Notice that

(6.1) Oune (0, m ) + Duge (p ", m ) =5 117+ 7
with
'=0,(ne(p @) =0 (o) + 02 (e (0. m ) — 4 (6, m ),
I = / " ()" (5) DO (t,2;5) ds.
~wo
By Proposition 5.2, we have
HJ1 |- K)<C’K\f—>0 as 0 =0

for any subset K € Rﬁ_. This implies that Jl(a) is compact in H; !

loc*

Notice that supp D) (¢, x; ) C [~wo, wo]. By (5.3), we see that, for s € [—wq,wo),

%5 1 oy =6
Oy & e f ((Ior)wrdr 262 ey
(d) ) ( ) (1 —62) f 169(1 &2 (1_7_2) 2799(17' - (1 _62)26 ¢ < ()

where we have used the fact that eﬁ > 1 when &7 > 0. Thus, JQ(Q) is uniformly
bounded as a Radon measure sequence, which implies that Jz(e) is compact in ngcl 4
for g € (1,2).

Combining the compactness of both J ) and J2 above together, we conclude
that

Jl(e) + J2(9) is compact in I/Vlgcl’q for g € (1,2).
On the other hand,
Jl(e) + J(O) Ame(p @, m®) + 9,q¢ (9, m?) is uniformly bounded in I/Vlgcloo

Then the interpolation embedding compactness (cf. [11, 13]) implies that Jle) +J
Hlog -compact. Therefore, the solution sequence (p(®), m(?)) satisfies condition (2 17)

We now employ Theorem 2.6 to conclude that (p(®), m(?)(t, z) (extracting a subse-
quence if necessary) strongly converges to a function (p,m)(t,z) € L> a.e. (t,z) € R%.
From the uniform estimates in section 3, we conclude that

0<p(t,z) <e™, |m(t,z)| <pt z)(|Inp(t,z)| +wo) a.e.(t,z) €R3.

2. We next prove that (p,m)(t,x) satisfies the energy inequality. For any fixed
0 >0, (p@ m®@)(t,x) satisfies

(6.2) o (0@, m @) + 0,4 (p@,m®) <0
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in the sense of distributions. Notice that (5.13) holds for any (p,m) satisfying (3.1).
Taking 6 — 0 in (6.2), we have

i (p,m) + 0:¢'" (p,m) <0

in the sense of distributions. This shows that (p,m) is an entropy solution of system
(2.1) with # =0 in the sense of Definition 2.1.

3. For £ € (—v/2+1,4/2 — 1), there exists a nonpositive measure D(t, ;&) such
that

/(wéa))"(s) DO (t,z;s)ds — D(t,z;¢)  in Radon measures as 6 — 0.
R

Taking the weak limit in (6.1), we conclude that, for each £ € (—v2+1,v/2 — 1),

Oine(p,m) + 0pqe(p,m) = D(t,2;£) <0

in the sense of distributions. This implies that (p,m) satisfies the entropy inequality
(2.7) with entropy pairs (7¢,ge) in the sense of distributions.

In particular, for any nonnegative (&) € L>®(R) with suppy(¢) € [—v2 + 1,
V2 —1], (p,m) satisfies

9 (p,m; ) + 9.4V (p,m; 1) <0

in the sense of distributions.
This completes the proof of Theorem 2.9.

7. Convergence of Riemann solutions containing the vacuum states. In
this section, we show the pointwise convergence of Riemann solutions that include the
vanishing vacuum states between the two rarefaction waves and the limit of one-sided
vacuum states, which are discussed in sections 7.1 and 7.2, respectively. Naturally, all
the Riemann solutions in this section satisfy the conditions of Theorem 2.9, especially
(2.18).

Consider the Riemann solutions of system (2.1) for § > 0 with initial data

(o, —)(x) =

mo (pr,ur) for z <0,
Po

(pr,ur) for = > 0.

LEMMA 7.1. For 0 >0, the shock curves are

) 1 1 p%@Jrl _p2L9+1
(7.1) Sy tup=ug — <p7_p73>297+1 for ur >ugr and pr, < pr,

20+1 20+1

1 Lyp —p
7.2 S g =g — (7 — 7)7}% L d
(7.2) 5 tUR=UL oL om %11 for ur, >ugr and pr, > pr,

and the respective solutions of shocks S;e), 7=1,2, are

(p(e)’u(o)) _ (pr,ur) for x < ot,
(PR, UR) for x> ot
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with shock speed o := 124 = prtn—pLuL — Correspondingly, the rarefaction curves are

o PR—PL
(7.3) Rge) : wga)(pR,uR):wge)(pL,uL) ::wg‘g) forup, <ugr and pr, > pr,
(7.4) Rée) : wée)(pR,uR):wge)(pL,uL) zzwée) forur <ugr and pr < pg,

where the respective solutions of rarefaction waves R;e), i=12, are

(pr uL) for £ <2\ (pp,up),
0) ., (0)) _ (-1)70(2—w) 1 240wl N
(o, u?) = (( ) 9(+1 : ))é’ 1) Jor Aﬁ»g)(pL,UL) <% <A§9)(PR,UR),

(PR, uR) for $ = A§9) (PR, UR),

where /\§»9) (p,u)=u+ (=1)7p%, j=1,2, are two eigenvalues.
For 6 =0, the shock curves are

1 1

(7.5) S§O): uR:uL—\/(—)(pR—pL) for up >ug and pr, < pgr,
PL PR
1 1

(7.6) Séo): uR:uL—\/(—)(pR—pL) for ur, >ugr and pr, > pr,
PL PR

and the respective solutions of shocks Sj(.o), i=1,2, are

(p(o)’u(o)): (pr,ur) for x < ot,
(PR, UR) for x> ot

with shock speed o := % = BRURZPLUL = (Yorrespondingly, the rarefaction curves are

PR—PL
(7.7) Rgo) : wgo)(pR,uR):wgo)(pL,uL)zt wgo) forup, <ugr and pr, > pr,
(7.8) Réo) : wéo)(pR,uR) = wéo)(pL,uL) =: wéo) for ur, <ugr and pr, < pg,

. . A )
where the respective solutions of rarefaction waves R; ) are

(pr,ur) for % S)\E-O)(,OLUL),
(0 u®) = (w0 E1 2 = (<)) for A (prun) < 5 < A (o ur),
(PR uR) for 3 ZAEO)(pR,uR),

where A§-O)(p, u)=u+ (—1)7, j=1,2, are two eigenvalues.

From (7.1)—(7.2) and (7.5)—(7.6), if pp =0 or pr =0, then p;, = pr = 0, which
indicates that, for # > 0, shock waves cannot connect with a vacuum state. However,
for # >0, (7.3) and (7.7) show that the right-states of R§9) and Rﬁo) may be a vacuum
state pg =0, while (7.4) and (7.8) show the left-states of Rée) and Rgo) may also be
a vacuum state pr, =0. Based on the above analysis, we now separate our discussion
into the two-sided nonvacuum case and the one-sided vacuum case.
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7.1. Two-sided nonvacuum case. For this case, p;, > 0 and pgr > 0, and the
possible vacuum occurs in the middle state. The general statement is the following:

PROPOSITION 7.2. For fized (pr,ur) and (pr,ur) with pr, >0 and pr >0, there
exists a unique Riemann solution (p@,u(®) for 6 >0, and (p@,u®) = (p(® 4 ()
as 0 —0.

Proof. We divide the proof into four steps.

1. For 6 > 0, by [10], we have the following phase plane for fixed (pr,,u) as shown
in Figure 7.1 on which (0, ugf)) with ul? =y + 5 PL 5 the intersect point of R§9) and
{p =0}, and Régr & ))
1V from 1V,

o If (pr,ur) € I9), then the solution (p(@,u(?) is Sf)) + Rée).
o If (pr,ug) € II(G) then the solution (p®,u(®) is 550) + 550).
o If (pr,ug) € III(9 , then the solution (p(e) u(®) is R" S’ég).
o If (pr,ug) € IV’ ), then the solution (p®@,u®) is R\ + R{) with the middle
state pg\? > 0.
o If (pr,ug) € IV, then the solution (p®,u®) is R + R with the middle
state p]\z =0.

is the 2-rarefaction curve startmg from (0,uey’) separating region

m‘:ﬁm

The criterion for the last case is p( ) =0 if and only if 51 =ur + 7% <u
= 52
2. For 6 = 0, we have the following phase plane for fixed (pr,ur) as shown in

Figure 7.2 similarly, on which Rgo) and {p =0} do not intersect.

u e R

©
\"A R

©.u,)

P
2
Dy
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€1 then the solution (p©@,u®) is S\” + R{".

€ 119 then the solution (p(®,u(?) is S':EO) + Séo).
pr.ur) € ITI) then the solution (p(©), u() is REO) + 550,

If (pr,ur) € IV® then the solution (p(®,u(?)) is R§°) + R§0>.

Then we have the existence and uniqueness of the Riemann solution (p(®),u(?)
for all > 0.

3. For the shock curves, the direct computation leads to (S?), Ség)) — (Sgo), Sgo))
and the shock speed o(®) — ¢(©) uniformly as @ — 0, since p;, and pg > 0. Similarly
to the computation of (5.12), for the case that pr, > 0 and pr > 0, (R§9>,R§">) —
(R, R?) and

It (pR7 UR
If (pr,ur
Tf (

e o o
— — — —

()\gg), /\59)) =(u—p’ u+p’) = (A(lo),)\éo)) =(u—1u+1) uniformly as 6 — 0.

Thus, we conclude that the shock and rarefaction wave curves converge strongly, for
the two-sided nonvacuum case.

4. With the convergence of each wave curve, we turn to the convergence of the
corresponding Riemann solutions (p(?),u(?)). The argument is divided into two cases:

Case 1: pg\? > 0 for all 8 > 0. In this case, for the fixed left-state (pr,ur), the
right-state (pr, ur) belongs to (Nse (o.g,] (IOuIr®urrr® UIVl(g)). The conclusion
of step 3 leads to the uniform convergence of (p(® u(®) = (p© 4(®)) as 6 — 0.

Case 2: There exists 0, such that pSZ*) = 0. For this case, (pr,ur) € IVQ(Q*) S0
that the solution (p(%), u(%)) is Rge*) + R§0*> with 5;9*) < féa*). Notice that

6 6 ( 6
59)— ge)Z(uR—%)—(UL+%):(UR—UL)_%~

There exists 8, < 0. such that ég) < 559) for 6 < @,, which leads to pgff) > 0. The rest
of the argument is the same as in Case 1. O

Remark 7.3. Since pr, > 0 and pr > 0 in Proposition 7.2, condition (2.18) is
satisfied.

Remark 7.4. In Case 2 of step 4 in the proof above, we observe that the centered
vacuum state with pg\ff) = (0 vanishes when 6 is small enough. This represents the phe-
nomenon of decavitation as v — 1, which is different from the formation of cavitation
and concentration in the vanishing pressure limit (equivalently, the high Mach limit)
is presented in Chen and Liu [8].

7.2. One-sided vacuum case. Next, we consider the one-sided vacuum case.
Without loss of generality, we assume that pr, = 0, which connects Ré‘g) with Réo).
Notice that the fluid velocity uy is not well-defined in the vacuum with py, = 0 in
general. In the following analysis, we fix the right-state (pg,ur).

For § >0, the Riemann solution (p(?),u(?)) as shown in Figure 7.3 is

(Higtehys, Trgta)

6
Pr x 6
71 T for ur — % < 7 <ugr + pk,

(60, u) =
(PR, UR) for £ >up + p%,

0 ] 0
and p(®) =0 when <up— pTR. Moreover, u'? (t,z) = ur — pTR at § =ur — pTR +0.
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t A
R;t))
P, =0 (Pr>ttg) x
Fic. 7.3.
t A
R
pr=0 (pog-tig) x
Fic. 7.4.

For § =0, the Riemann solution (p(®),u(?)) as shown in Figure 7.4 is
(p(o)vu(o))_{ U,R+17

(pret—ur=l L _1) for £ <
>ugr+ 1.

(pR,uR) for

+l8 I8

Moreover, u(® (t,z) — —oo and m® (t,z) — 0 as £ — —o0.
A

For # — 0, it is direct to see that ug — pTR — —o0 and ug —|—p% — ug + 1, which
leads to (p(@,u(®) — (p© ().

Then we conclude the following:

PROPOSITION 7.5. For fized (pr,ur) with pr > 0 and p;, = 0, there exists a
unique Riemann solution (p9,u®) for >0, and (p?,u®) — (p(0 u®) as 6 — 0.

Remark 7.6. For the case: pr =0 and pr, > 0, the same convergence result can
be obtained similarly.

Notice that

lim lim (O (t,2)) =0, giﬂ(l) O (t,z)) =1,
—

6—0 2
z sur—2R40

which indicate the order of the limits on the sound speed ¢(® close to the vacuum
cannot be exchanged in general.

Here, uy, does not have a direct definition on the vacuum and may be defined
only as the limit from the nonvacuum region. In this case, we may regard u(LG) as
u®(t,2) =up — % at § =ug— % +0, which varies with . When 6 is small enough,
it is direct to see that u(LQ) =upR — % < 0. Then

0 0
pr—1 Pr—1
_— <
) UuR + 0 < wo,

i +

which indicates (2.18).
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Fig. 7.5.

For the direct definition of (p(L Ll )) close to the vacuum states and (2.18), we

construct a family of Riemann solutions (pfq),ufq)) approaching (p(®), u(9) with the

initial data satisfying (2.18). Choose the initial data

) , (9)
0) (8 (py uy’) for z <0,
(P uD)(0,0) =4 LT

(pr,uR) for >0

0 _( (0)\6
with p( ) = O(07) and u(Le) =up— W. It is direct to check that (pff),uff))(O, x)
satisfy (2.18).
Then the Riemann solutions (pff),uff)) as shown in Figure 7.5 are

6 6 (6
(P, uf) for 2 <uf” + (o))",
0 6 z _ 0 z PN )
(PE4)7UE4)) ((Qt Zi};+pR)%’ t+091f1 /)R) for uL ( )0< <UR+PRa
(pr,uR) for £ >uR+p%

When 6 — 0, we see that p(L‘g) — 0, u( ) —00, u(L)Jr ( (9)) — —o0, and uRer%%
ugr + 1. Then we conclude that (p(Ae) uff)) (p(O), u(),
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