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Thesis

This dissertation supports the following thesis:

Differentiable programming introduces new foundational challenges.
First, it is subject to a classic expressivity versus efficiency tradeoff.
Second, there is a gap between the mathematical theories underpinning
learning and optimization on the one hand, and their actual imple-
mentations on the other hand. These challenges suggest developing
mathematical tools better tailored for what programs actually compute
and which properties they satisfy. We argue that category theory as a
backbone for denotational semantics, and other standard techniques from
programming language theory, can give a solid structural foundation to
differentiable programming, as needed to support the rapid growth of
AI and related fields over the past few years.
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Lay Abstract

Increasingly, computer software is used to manipulate continuous values, in domains
such as machine learning, probabilistic programming, and scientific computing. At
the same time, it is more and more common for such programs to be integrated
into safety-critical systems. Usually, these algorithms are analysed within a
known mathematical framework, e.g. convex differentiable functions, and call
subroutines computing programs satisfying strong mathematical properties, e.g.
computing exact derivatives. On top of the errors introduced by finite-precision real-
number arithmetic, such as floating point arithmetic, programming with continuous
values extends far beyond real arithmetic, involving objects such as probability
distributions, programs with unbounded loops, approximate solvers, functions
taking functions as arguments or returning functions, and more. What’s more, these
expressive programs may be implementations of differentiable functions for which we
wish to compute a derivative, expressed as a program, and obtained automatically.
This paradigm of automatic computation of differentiable functions expressed via
highly expressive programs has been called differentiable programming.

My thesis lays semantic foundations for differentiable programming. Programs
are interpreted as mathematical functions that go beyond the simple setting of
real-valued differentiable functions. This interpretation is compositional, which
means that the sequencing of programs is interpreted by function composition, and
this enables reducing the complexity of studying all programs to finitely many basic
building blocks. The key operation of interest here, differentiation, can then be stud-
ied on programs by the way it changes the basic blocks. In this dissertation, I develop
new expressive mathematical models for differentiable programming, using tools
from category theory, differential geometry, and programming language theory. They
enable the study of correctness and main properties of the fundamental algorithm
underpinning differentiable programming, so-called automatic differentiation (AD).





Abstract

This dissertation supports the broader thesis that categorical semantics is a powerful
tool to study and design programming languages. It focuses on the foundational
aspects of differentiable programming in a simply typed functional setting. Although
most of the category theory used can be boiled down to a more elementary
presentation, its influence was certainly key in obtaining the results presented
in this dissertation. The conciseness of certain proofs and the compactness of
certain definitions and insights were made easier thanks to my background in
category theory.

Backpropagation is the key algorithm that allows fast learning on neural networks.
It enabled some of the impressive recent advancements in machine learning. With
models of increasing complexity, data structures equally complex are required,
which calls for the ability to go beyond standard differentiability. This emerging
generalization was coined as differentiable programming. The idea is to allow users to
write expressive programs representing (a generalization of) differentiable functions,
whose gradient computation can be automated using automatic differentiation. In
this dissertation, I lay some foundations for differentiable programming. This
is done in three ways.

Firstly, I present a simple higher-order functional language and define automatic
differentiation as a structure-preserving program transformation. The language
is given a denotational semantics using diffeological spaces, and it is shown that
the transformation is correct, i.e. that AD produces programs that do compute
gradients of the original programs, using a logical relations argument.

Secondly, I extend the language from the previously described chapter to
introduce new expressive program constructs such as conditionals and recursion. In
such a setting, even first-order programs may represent functions that need not be
differentiable. I introduce better-fitted denotational semantics for such a language
and show how to extend AD to such a setting and what guarantees about AD now
hold. This extended language models the more realistic needs in expressiveness that
can be found in the literature, e.g. in modern probabilistic programming languages.

Thirdly, I present detailed applications of the developed theory. I first show a
general recipe for extending AD to non-trivial new types and new primitives. I then
show how the guarantees about AD are sufficient for usage in certain applications,



such as the change of variable formula of stochastic gradient descent, but how
it may not be sufficient, for instance, in simple gradient descent. Finally, more
applications in the specific context of probabilistic programming are explored.
First, a denotational proof that the trace semantics of a probabilistic program is
almost everywhere differentiable is given. Second, a characterization of posterior
distributions of probabilistic programs valued in Euclidean spaces is obtained:
they have densities with respect to (w.r.t.) some sum-of-Hausdorff measure on
a countable union of smooth manifolds.

Overall, these contributions give us better insights into differentiable program-
ming. They form a foundational setting to study the differentiability-like properties
of realistic complex programs, beyond usual settings such as differentiability or
convexity. They give general recipes to prove some properties of such programs and
modularly extend automatic differentiation to richer contexts with new types
and primitives.
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Foreword

Journey

I first learned about category theory during the first year of my master’s. I
quickly became interested in the depth of the theory, and its deep connection
to mathematics and computer science. Soon, this led me to try to do research
on this topic during internships. I had the pleasure to be supervised by Ohad
Kammar and Marcelo Fiore in Cambridge. They introduced me to Sam Staton, and
I learned about probabilistic programming and the exciting recent developments
in denotational semantics for higher-order probabilistic programs. I first joined
Sam for a research internship during my last year at ENS Paris-Saclay, where I
worked on quantum theory. This was a blast, but I really wanted to catch up on
these fancy, novel new developments in the theory of probabilistic programming.
Around the same time, I learned about differentiable programming from Matthijs
Vákár. I immediately thought there seemed to be interesting research to be done
for the programming language community on this topic. This seemed to be a
perfect middle ground to later bridge the gap between the very exciting explosion
of research in machine learning (AI more generally) and semantics for probabilistic
programming. Indeed, probability and differentiability have always been intertwined,
and both play a key role in some parts of machine learning and Bayesian inference.
I think this is how the idea that eventually led to this thesis was born: conduct,
with differentiable programming, a similar development to the one I saw with the
denotational semantics of probabilistic programming, eventually trying to catch up
with it and connect the two. As I said above, several applications fundamentally
need to reason about both differentiability and probabilities. The outline of my
dissertation, therefore, somewhat closely follows this idea. First, develop some
framework for differentiable programming for programs including higher-order
functions, which is the content of Chapter 2. It turns out that practice requires
going beyond usual differentiability: functions can be partial, conditionals can break
continuity (and therefore differentiability), and other programming features such as
recursion are non-trivial to reason about. This is the exploration that now forms
Chapter 3. Finally, I wanted to look at applications of the previously developed
theory. The first question was whether the theoretical guarantees were enough to



ensure the sound usage of AD in other algorithms. A second question was the
investigation of some links between differentiable and probabilistic programming.
This now forms Chapter 4 of this dissertation.

Publications

Chapter 2 is mainly taken from the published work [Huot et al., 2020], and its
extended journal version [Vákár, Staton, and Huot, 2022]. Chapter 3 and 4 are
based on Huot et al. [2023b] which was recently accepted at LICS 2023, extending
the workshop paper Lew, Huot, and Mansinghka [2021] (Chapter 3), and Lew, Huot,
and Mansinghka [2021] and Huot et al. [2023a] (Chapter 4). During my DPhil
in Oxford, I was also an author of the following papers that will not be the main
focus of this dissertation: Huot and Staton [2019a], Huot and Staton [2019b], Huot
and Shaikhha [2022] as well as Ghorbani, Huot, Hashemian, and Shaikhha [2022],
Shaikhha, Huot, Ghasemirad, Fitzgibbon, Jones, and Vytiniotis [2022a], Lew, Huot,
Staton, and Mansinghka [2023], Shaikhha, Huot, Smith, and Olteanu [2022b].

Prerequisites

Throughout the dissertation, familiarity with simply typed lambda calculus will be
assumed, as well as standard extensions such as term-recursion and algebraic
data types. Likewise, familiarity with programming language theory will be
assumed, which includes proofs by logical relations, rewriting rules, operational
and denotational semantics, soundness and adequacy of a semantics w.r.t. another,
call-by-value evaluation. Basic knowledge of calculus and topology will also be
assumed throughout the dissertation. Several proofs and sections utilize category
theory and will assume familiarity with the basic theory, which includes functors and
natural transformations, universal properties, presheaves, the Yoneda embedding,
adjunctions, monads, limits and colimits, initial algebras for an endofunctor,
categorical semantics of the simply-typed lambda-calculus in Cartesian closed

categories. These parts will be indicated with a
�

symbol. Particular sections or
points that will require or introduce more advanced category theory will be indicated

with a
�

symbol. In particular, some familiarity with fibrations and sheaves will be
helpful when reading Part II of Chapter 3. Chapter 3 will assume basic knowledge
and familiarity with real analytic functions. In the same chapter, familiarity with the
standard semantics of PCF in the category of complete partial orders and continuous
functions will help. Finally, Chapter 4 will assume some knowledge of topology,
measure theory and probability theory. In addition, albeit not strictly necessary,
basic knowledge and a certain familiarity with differential geometry will be useful.
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Syn Syntactic category for a language
ωPAP ω-PAP spaces and smooth maps
A×B Cartesian product of A and B
A+B Coproduct of A and B
AB Exponential object for morphisms from A to B
idA Identity morphism on A
f ; g Sequential composition

Differential Geometry
Ck Functions with continuous derivatives of order up to k
C∞ Functions which are Ck for all k
Hk k-Hausdorff measure
Jxf Jacobian matrix of f at x
∂f
∂x

Partial derivative w.r.t. variable x
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2 List of Abbreviations

T Tangent bundle functor on manifolds

General Math
ι injection
poset Partially ordered set
g ◦ f Function composition
Im Image
N Natural numbers
B Booleans
R Real numbers
Dom Domain
|X| Underlying set
A \B Set difference
Ā Smallest closed set containing A
∅ Empty set

I97

Measure Theory
≪ Absolute continuity
f∗µ Pushforward measure of µ along f
λ Lebesgue measure
µ, ν Distribution
ρ Density

Programming languages
Γ ⊢ t : τ Typing judgement for t in context Γ
λx.e Lambda Abstraction
≫= Monadic bind
µf.e Recursive term
fold Fold right operator
⟨t1, t2⟩ Pairing
JtK Denotational semantics of t



1
Introduction

1.1 The need for Differentiable Programming
The use of derivatives is ubiquitous in science. With the growing importance of
computer science in the past sixty years, increasingly complex programs have been
written as modelling and computational tools. From the early days of computer
science, there has been a need to compute derivatives of functions expressed as
programs. More recently, derivatives expressed as programs have been vastly
popularized by their extensive application for optimization in the field of machine
learning and AI, perhaps most spectacularly in the subfield of deep learning via
the backpropagation algorithm.

As the problem of computing derivatives of functions expressed as programs
is already quite old, a natural question is whether there is still a need to study it
further. The first way to compute approximate derivatives of functions is known as
the finite difference method. The idea is that the derivative f ′(x) of a differentiable
function f : R → R at x can be approximated as

f ′(x) ≈ f(x+ ϵ)− f(x)
ϵ

for a sufficiently small epsilon. While very simple to implement and fast to
run, it has one major drawback: it is usually not very accurate. In addition,
it can be quite tricky to make work in practical, complex cases. In brief, we
usually use floating point arithmetic for doing fast computations with reals on
computers. Two of the main most basic pieces of advice from the numerical
computing community are the following:

• Do not add a tiny number to a number

• Do not subtract two similar numbers

3



4 1.1. The need for Differentiable Programming

We could add a third: beware of overflow, so in particular beware when dividing by
a tiny number. Now let us look back at what the finite difference method does: it
computes x+ ϵ, so it adds a tiny number to a number. Then, it subtracts f(x) to
f(x + ϵ), two similar numbers. Finally, it divides by the tiny number ϵ.

The idea of automatic differentiation is instead to compute exact derivatives
(up to machine precision). It will produce a whole new program that computes
the derivative f ′. To do so, it will differentiate elementary blocks that compose a
program, and compose these derivatives via the chain rule. Basic blocks are typically
elementary functions such as exp,+, cos, whose derivatives are definable using a
few elementary functions, which are therefore exact. The chain rule only involves
products, which are numerically stable. The main limitation is that it requires access
to an analytic expression for the function we are implementing as such a program.

Recently, popular automatic differentiation tools such as TensorFlow [Abadi
et al., 2016] or PyTorch [Paszke et al., 2017] play a central aspect in machine learning,
as computing gradients is key to many optimization methods. In the early days of
automatic differentiation, one would only differentiate simple straight-line programs,
whose building blocks are elementary differentiable functions. In this situation,
semantic models and the correctness of the AD algorithm is pretty straightforward.
Nowadays, programs of increasing complexity are being written, and AD tools
need to adapt. These richer features include data structures such as arrays, lists,
trees, or dictionaries. They can also include conditionals, recursive programs, or
higher-order functions. Suddenly, the simple mental model of differentiating first-
order programs representing simple differentiable functions no longer applies. This
need for differentiation as a core operation in expressive languages is what we call
differentiable programming. It is the extension of automatic differentiation that
goes beyond differentiability and poses several interesting challenges in terms of
implementations, efficiency, accuracy, and correctness. In this dissertation, we will
lay some theoretical foundations for studying such languages, through the lens of
the study of programming languages, and programming language semantics.

With this view in mind, the study of differentiable programming raises several
basic semantics questions, such as

➠ What’s the meaning of differentiating a function w.r.t. a function? Do we
even need to answer this question to reason about higher-order programs?

➠ When a program represents a differentiable function, but its internals may
use non-smooth primitives such as conditionals, does AD compute the correct
derivative? More generally, what is AD computing exactly?

➠ Differentiable functions are usually defined on an open domain, so for programs
denoting generalized differentiable functions, does the domain need to be an
open set?

➠ Are the guarantees we can obtain on AD sufficient for usage in other al-
gorithms? For instance, is almost everywhere differentiability a desirable
property?
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1.2 Contribution and Outline
The objective of this thesis is to develop structural foundations for differentiable
programming, based on categorical models of higher-order functional languages,
to answer questions such as the ones above. More specifically, it aims at do-
ing the following:

(i) Argue that categorical semantics in specific sheaf models constitutes a pow-
erful mathematical language to reason about differentiable programming in
expressive higher-order functional languages.

(ii) Expand our understanding of mathematical differentiation, automatic differ-
entiation of programs, their links, and differences.

(iii) Provide a unified and modular approach to extending differentiation and its
variants, such as computing higher-order derivatives.

(iv) Showcase different applications of the framework by proving non-trivial
properties on differentiable programs and their usage in other algorithms.

In order to do so, this dissertation follows a linear structure, summarized as fol-
lows:

✚ Chapter 2 presents a simple higher-order language with smooth primitives,
defines AD as a source-to-source program transform, introduces a denotational
semantics for the language using a generalization of Euclidean spaces and
smooth functions, and shows that the transformed program does compute
correct derivatives.

✚ Chapter 3 shows how to go beyond standard differentiability, as is necessary
for a richer language including conditionals and recursion. First, it introduces
a new categorical model of generalized smooth spaces. Second, it proves
correctness of the AD transform in such a setting. Both are enabled by using
a general categorical methodology.

✚ Chapter 4 studies several applications of the theory of Chapter 3. It gives a
general recipe for extending the higher-order language with new types and
new primitives. It looks at gradient descent in the case where gradients
are computed using AD. Furthermore, it considers the differentiability of
probabilistic programs and the use of AD for the change of variable formula.
Finally, it gives a novel characterization of the posterior distributions of
probabilistic programs.
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2
Differentiable Programming in a smooth

setting

Summary. This chapter is about semantic correctness proofs of automatic
differentiation. We consider a forward-mode automatic differentiation method on a
higher-order language (Section 2.2.2) with algebraic data types (Section 2.4), and we
characterise it as the unique structure-preserving macro given a choice of derivatives
for basic operations (Section 2.5.1). We describe a rich semantics for differentiable
programming (Sections 2.3.2, 2.4.2), based on diffeological spaces (Section 2.3.1). We
show that it interprets our language, and we phrase what it means for the automatic
differentiation method to be correct with respect to this semantics (Theorems 2.3.2,
2.5.6). We show that our characterisation of automatic differentiation gives rise
to an elegant semantic proof of its correctness based on a gluing construction on
diffeological spaces (Section 2.5.2). We explain how this is, in essence, a logical
relations argument. We show how the analysis extends to AD methods for computing
higher-order derivatives using a Taylor approximation (Section 2.6).

Publication. The content of this chapter is taken from Huot et al. [2020], Vákár
et al. [2022], which were jointly written with Matthijs Vákár and Sam Staton.
Section 2.1 is taken from the same section in Huot et al. [2020], Vákár et al. [2022].
Sections 2.2-2.5 correspond to the same sections in Huot et al. [2020]. Section 2.6 is
extracted from Sections 2.2-6 in Vákár et al. [2022], avoiding redundancies between
the two papers. Section 2.7 is extracted from Sections 7-8 in Vákár et al. [2022].
Some differences include the following: the higher-order derivatives are delayed until
Section 2.6; the discussion and related work is only at the end; numerous figures
have been reworked, several proofs (e.g. Prop. 2.5.2) have been expanded to give
more details; the exposition of the Faà di Bruno formula has been expanded.

7
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Programs
denotational

semantics ��

automatic
differentiation // Programs

denotational
semantics��

Differential
geometry

math
differentiation // Differential

geometry

Figure 2.1: Overview of semantics/correctness of AD.

2.1 Introduction
Automatic differentiation, loosely speaking, is the process of taking a program
describing a function, and building the derivative of that function by applying
the chain rule across the program code. As gradients play a central role in many
aspects of machine learning, so too do automatic differentiation systems such as
TensorFlow [Abadi et al., 2016] or Stan [Carpenter et al., 2015].

Differentiation has a well-developed mathematical theory in terms of differential
geometry. The goal of this chapter is to formalize this connection between differential
geometry and the syntactic operations of AD. In this way we achieve two main things:

1. A compositional, denotational understanding of differentiable programming
and AD

2. An explanation of the correctness of AD

This intuitive correspondence (summarized in Fig. 2.1) is in fact rather compli-
cated. In this chapter, we focus on resolving the following problem: higher-order
functions play a key role in programming, and yet they have no counterpart in
traditional differential geometry. Moreover, we resolve this problem while retaining
the compositionality of denotational semantics.

2.1.1 higher-order functions and differentiation.
A major application of higher-order functions is to support disciplined code reuse.
Code reuse is particularly acute in machine learning. For example, a multi-layer
neural network might be built of millions of near-identical neurons, as follows.

neuronn : (realn × (realn × real))→ real

neuronn def= λ⟨x, ⟨w, b⟩⟩. ς(w · x+ b)
layern : ((τ1 × P )→ τ2)→ (τ1 × P n)→ τn2

layern
def= λf. λ⟨x, ⟨p1, . . . , pn⟩⟩. ⟨f⟨x, p1⟩, . . . , f⟨x, pn⟩⟩

comp : (((τ1 × P )→ τ2)× ((τ2 ×Q)→ τ3))→ (τ1 × (P ×Q))→ τ3

comp def= λ⟨f, g⟩. λ⟨x, (p, q)⟩. g⟨f⟨x, p⟩, q⟩

−5 0 5
0

0.5

1

x

ς(
x

)
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· · ·

· · ·

· · ·

1 2 3 k

1 2 m

1 2 n

Figure 2.2: The network in (2.1) with k inputs and two hidden layers.

(Here ς(x) def= 1
1+e−x is the sigmoid function, as illustrated.) We can use these

functions to build a network as follows (see also Fig. 2.2):

comp⟨layerm(neuronk), comp⟨layern(neuronm), neuronn⟩⟩ : (realk × P )→ real
(2.1)

Here P ∼= realp with p = (m(k+1)+n(m+1)+n+1). This program (2.1) describes
a smooth (infinitely differentiable) function. The goal of automatic differentiation
is to find its derivative.

If we β-reduce all the λ’s, we end up with a very long function expression just
built from the sigmoid function and linear algebra. We can then find a program
for calculating its derivative by applying the chain rule. However, automatic
differentiation can also be expressed without first β-reducing, in a compositional
way, by explaining how higher-order functions like (layer) and (comp) propagate
derivatives. We provide a semantic analysis of this compositional approach.

The general idea of denotational semantics is to interpret types as spaces and
programs as functions between the spaces. We propose to use diffeological spaces
and smooth functions Souriau [1980], Iglesias-Zemmour [2013] to this end. These
satisfy the following three desiderata:

• R is a space, and the smooth functions R→ R are exactly the functions that
are infinitely differentiable;

• The set of smooth functions X → Y between spaces again forms a space, so
we can interpret function types.

• The disjoint union of a sequence of spaces again forms a space, so we can
interpret variant types and inductive types.

We emphasise that the most standard formulation of differential geometry, using
manifolds, does not support spaces of functions. Diffeological spaces seem to us
the simplest notion of space that satisfies these conditions, but there are other
candidates Baez and Hoffnung [2011], Stacey [2011]. A diffeological space is in
particular a set X equipped with a chosen set of curves CX ⊆ XR and a smooth
map f : X → Y must be such that if γ ∈ CX then γ; f ∈ CY . This is reminiscent
of the method of logical relations.
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2.1.2 From smoothness to automatic derivatives at higher
types.

Our denotational semantics in diffeological spaces guarantees that all definable
functions are smooth. But we need more than just to know that a definable function
happens to have a mathematical derivative: we need to be able to find that derivative.

We focus on a simple, forward-mode automatic differentiation method, which
is a macro translation on syntax (called −→D in Section 2.2). We are able to show
that it is correct, using our denotational semantics.

Here there is one subtle point that is central to our development. Although
differential geometry provides established derivatives for first-order functions (such
as neuron above), there is no canonical notion of derivative for higher-order functions
(such as layer and comp) in the theory of diffeological spaces (e.g. Christensen and
Wu [2014]). We propose a new way to resolve this, by interpreting types as triples
(X,X ′, S) where, intuitively, X is a space of inhabitants of the type, X ′ is a space
serving as a chosen bundle of tangents over X, and S ⊆ XR × X ′R is a binary
relation between curves, informally relating curves in X with their tangent curves
in X ′. This new model gives a denotational semantics for automatic differentiation.

In Section 2.3 we boil this new approach down to a straightforward and
elementary logical relations argument for the correctness of automatic differentiation.
The approach is explained in detail in Section 2.5.

2.1.3 Summary of contributions.

We have provided a semantic analysis of automatic differentiation. Our syntactic
starting point is a well-known forward-mode AD macro on a typed higher-order
language (e.g. Shaikhha et al. [2019], Wang et al. [2019]). We recall this in Section 2.2
for function types, and in Section 2.4 we extend it to inductive types and variants.
The main contributions of this chapter are as follows.

• We give a denotational semantics for the language in diffeological spaces,
showing that every definable expression is smooth (Section 2.3).

• We show correctness of the AD macro by a logical relations argument (Theo-
rem 2.3.2).

• We give a categorical analysis of this correctness argument with two parts:
canonicity of the macro in terms of syntactic categories, and a new notion of
glued space that abstracts the logical relation (Section 2.5).

• We then use this analysis to state and prove a correctness argument at all
first-order types (Theorem 2.5.6).

• We show that our method is not specific to one particular AD macro, by also
considering an AD macro for computing higher-order derivatives (Section 2.6).
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2.2 A simple forward-mode AD translation

2.2.1 first-order differentiation: the chain rule and dual
numbers.

We will now recall the definition of gradient of a differentiable function, the goal of
AD and, and what it means for AD to be correct. Recall that the derivative of a
function f : R→ R, if it exists, is a function∇f : R→ R such that for all a,∇f(a) is
the gradient of f at a in the sense that the function x 7→ f(a)+∇f(a)·(x−a) gives the
best linear approximation of f at a. (The gradient ∇f(a) is often written df(x)

dx (a).)
The chain rule for differentiation tells us that we can calculate ∇(f ; g)(a) =

∇f(a) · ∇g(f(a)). In that sense, the chain rule tells us how linear approximations
to a function transform under post-composition with another function.

To find ∇f in a compositional way, using the chain rule, two generalizations
are reasonable:

• We need both f and ∇f when calculating ∇(f ; g) of a composition f ; g, using
the chain rule, so we are really interested in the pair (f,∇f) : R→ R× R;

• In building f we will need to consider functions of multiple arguments, such
as + : R2 → R, and these functions should propagate derivatives.

Thus we are more generally interested in transforming a function g : Rn → R into a
function h : (R× R)n → R× R in such a way that for any f1 . . . fn : R → R,

(f1,∇f1, . . . , fn,∇fn);h = ((f1, . . . , fn); g,∇((f1, . . . , fn); g)). (2.2)

Computing automatically the program representing h, given a program rep-
resenting g, is the goal of automatic differentiation. An intuition for h is often
given in terms of dual numbers. The transformed function operates on pairs
of numbers, (x, x′), and it is common to think of such a pair as x + x′ϵ for
an ‘infinitesimal’ ϵ. But while this is a helpful intuition, the formalization of
infinitesimals can be intricate, and the development in this chapter is focussed
on the elementary formulation in (2.2).

A function h satisfying (2.2) encodes all the partial derivatives of g. For
example, if g : R2 → R, then with f1(x) def= x and f2(x) def= x2, by applying (2.2) to
x1 we obtain h(x1, 1, x2, 0) = (g(x1, x2), ∂g(x,x2)

∂x
(x1)) and similarly h(x1, 0, x2, 1) =

(g(x1, x2), ∂g(x1,x)
∂x

(x2)). And conversely, if g is differentiable in each argument,
then a unique h satisfying (2.2) can be found by taking linear combinations of
partial derivatives, for example:

h(x1, x
′
1, x2, x

′
2) = (g(x1, x2), x′1 ·

∂g(x,x2)
∂x

(x1) + x′2 ·
∂g(x1,x)

∂x
(x2)).

(Here, recall that the partial derivative ∂g(x,x2)
∂x

(x1) is a particular notation for the
gradient ∇(g(−, x2))(x1), i.e. with x2 fixed. )

In summary, the idea of differentiation with dual numbers is to transform a
differentiable function g : Rn → R to a function h : R2n → R2 which captures g
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and all its partial derivatives. We packaged this up in (2.2) as an invariant which is
useful for building derivatives of compound functions R → R in a compositional
way. The idea of (first-order) forward-mode automatic differentiation is to perform
this transformation at the source code level.

We say that a macro for AD is correct if, given a semantic model J−K, the
program P representing g = JP K is transformed by the macro to a program P ′

representing h = JP ′K. This means in particular that P ′ computes correct partial
derivatives of (the function represented by) P .

Smooth functions.

In what follows we will often speak of smooth functions Rk → R, which are
functions that are continuous and differentiable, such that their derivatives are
also continuous and differentiable, and so on.

2.2.2 A simple language of smooth functions.

We consider a standard higher-order typed language with a first-order type real
of real numbers. The types (τ, σ) and terms (t, s) are as follows.

τ, σ, ρ ::= types
| real real numbers
| (τ1 × . . .× τn) finite product
| τ → σ function

t, s, r ::= terms
x variable

| c | t+ s | t ∗ s | ς(t) operations/constants
| ⟨t1, . . . , tn⟩ | case tof ⟨x1, . . . , xn⟩ → s tuples/pattern matching
| λx.t | t s function abstraction/app.

Figure 2.3: Syntax of our language

The typing rules are in Figure 2.4. We have included a minimal set of operations
for the sake of illustration, but it is not difficult to add further operations. We
add some simple syntactic sugar t− u def= t + (−1)× u. We intend ς to stand for
the sigmoid function, ς(x) def= 1

1+e−x . We further include syntactic sugar letx =
t in s for (λx.s) t and λ⟨x1, . . . , xn⟩.t for λx.casexof ⟨x1, . . . , xn⟩ → t. A ground
type is a type that does not contain a function type. A ground context is a
context where all the variables have ground types. A first-order term is a term
of ground type in a ground context.
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Γ ⊢ c : real
(c ∈ R)

Γ ⊢ t : real Γ ⊢ t : real
Γ ⊢ t+ t : real

Γ ⊢ t : real Γ ⊢ t : real
Γ ⊢ t ∗ t : real

Γ ⊢ t : real
Γ ⊢ ς(t) : real

Γ ⊢ t1 : τ1 . . . Γ ⊢ tn : τn
Γ ⊢ ⟨t1, . . . , tn⟩ : (τ1 × . . .× τn)

Γ ⊢ t : (τ1 × . . .× τn) Γ, x1 : τ1, ..., xn : τn ⊢ t : τ
Γ ⊢ case tof ⟨x1, . . . , xn⟩ → t : τ

Γ ⊢ x : τ
((x : τ) ∈ Γ)

Γ, x : τ ⊢ t : σ
Γ ⊢ λx : τ.t : τ → σ

Γ ⊢ t : τ → σ Γ ⊢ s : τ
Γ ⊢ t s : σ

Figure 2.4: Typing rules for the simple language.

2.2.3 Syntactic automatic differentiation: a functorial macro.
The aim of forward-mode AD is to find the dual numbers representation of a function
by syntactic manipulations. For our simple language, we implement this as the
following inductively defined macro −→D on both types and terms (see also Wang
et al. [2019], Shaikhha et al. [2019]):

−→
D (real) def= real× real
−→
D (τ → τ2) def= −→

D (τ)→ −→
D (τ2)

−→
D (τ1 × . . .× τn) def= −→

D (τ1)× . . .× −→D (τn)
−→
D (x) def= x
−→
D (c) def= ⟨c, 0⟩
−→
D (t+ s) def= case−→D (t) of ⟨x, x′⟩ → case−→D (s)

of ⟨y, y′⟩ → ⟨x+ y, x′ + y′⟩
−→
D (t ∗ s) def= case−→D (t) of ⟨x, x′⟩ → case−→D (s)

of ⟨y, y′⟩ → ⟨x ∗ y, x ∗ y′ + x′ ∗ y⟩
−→
D (ς(t)) def= case−→D (t) of ⟨x, x′⟩ → let y = ς(x)

in ⟨y, x′ ∗ y ∗ (1− y)⟩
−→
D (λx.t) def= λx.

−→
D (t)

−→
D (t s) def= −→

D (t)−→D (s)
−→
D (⟨t1, . . . , tn⟩) def= ⟨−→D (t1), . . . ,−→D (tn)⟩
−→
D (case tof ⟨x1, . . . , xn⟩ → s) def= case−→D (t) of ⟨x1, . . . , xn⟩ →

−→
D (s)

Figure 2.5: AD translation.

We extend −→D to contexts: −→D ({x1:τ1, ..., xn:τn}) def= {x1:−→D (τ1), ..., xn:−→D (τn)}. This
turns −→D into a well-typed, functorial macro in the following sense.
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Lemma 2.2.1 (Functorial macro). If Γ ⊢ t : τ then −→D (Γ) ⊢ −→D (t) : −→D (τ).
If Γ, x : τ2 ⊢ t : τ and Γ ⊢ s : τ2 then −→D (Γ) ⊢ −→D (t[s/x]) = −→D (t)[

−→
D (s)/x].

The lemma can be proved by a simple induction on t, but we will provide
a different argument in Section 2.5.

Example 2.2.1 (Inner products). Let us write τn for the n-fold product (τ×. . .×τ).
Then, given Γ ⊢ t, s : realn we can define their inner product

Γ ⊢ t ·n s def= case tof ⟨z1, . . . , zn⟩ →
case sof ⟨y1, . . . , yn⟩ → z1 ∗ y1 + · · ·+ zn ∗ yn : real

To illustrate the calculation of −→D , let us expand (and β-reduce) −→D (t ·2 s):
case−→D (t) of ⟨z1, z2⟩ → case−→D (s) of ⟨y1, y2⟩ → case z1 of ⟨z1,1, z1,2⟩ →
case y1 of ⟨y1,1, y1,2⟩ → case z2 of ⟨z2,1, z2,2⟩ → case y2 of ⟨y2,1, y2,2⟩ →
⟨z1,1 ∗ y1,1 + z2,1 ∗ y2,1 , z1,1 ∗ y1,2 + z1,2 ∗ y1,1 + z2,1 ∗ y2,2 + z2,2 ∗ y2,1⟩

Example 2.2.2 (Neural networks). In our introduction (2.1), we provided a program
in our language to build a neural network out of expressions neuron, layer, comp;
this program makes use of the inner product of Example 2.2.1. We can similarly
calculate −→D of such neural nets by mechanically applying the macro.

2.3 Semantics of differentiation
Consider for a moment the first-order fragment of the language in Section 2.2, with
only one type, real, and no λ’s or pairs. This has a simple semantics in the category
of cartesian spaces and smooth maps. Indeed, a term x1 . . . xn : real ⊢ t : real
has a natural reading as a function JtK : Rn → R by interpreting our operation
symbols by the well-known operations on Rn → R with the corresponding name.
In fact, the functions that are definable in this first-order fragment are smooth,
which means that they are continuous, differentiable, and their derivatives are
continuous, differentiable, and so on. Let us write CartSp for this category of
cartesian spaces (Rn for some n) and smooth functions.

The category CartSp has cartesian products, and so we can also interpret
product types, tupling and pattern matching, giving us a useful syntax for con-
structing functions into and out of products of R. For example, the interpretation
of (neuronn) in (2.1) becomes

Rn × Rn × R J·nK×idR−−−−−→ R× R J+K−−→ R JςK−→ R.

where J·nK, J+K and JςK are the usual inner product, addition and the sigmoid
function on R, respectively.

Inside this category, we can straightforwardly study the first-order language
without λ’s, and automatic differentiation. In fact, we can prove the following
by plain induction on the syntax:

The interpretation of the (syntactic) forward AD −→
D (t) of a first-order term t

equals the usual (semantic) derivative of the interpretation of t as a smooth function.
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However, as is well known, the category CartSp does not support function
spaces. We quickly review the argument here. For each natural number d, we
have polynomial terms

x1, . . . , xd : real ⊢ λy. ∑d
n=1 xny

n : real→ real

If we could interpret (real → real) as a Euclidean space RN for some N then,
by interpreting these polynomial expressions, we would be able to find continuous
injections Rd → RN for every d, which is topologically impossible for any d > N ,
for example as a consequence of the Borsuk-Ulam theorem.

This means that we cannot interpret the functions (layer) and (comp) from (2.1)
in CartSp, as they are higher-order functions, even though they are very useful
and innocent building blocks for differential programming. We call it innocent, as
any first-order function built using stackk,ln,m and other smooth first-order functions
is again an ordinary smooth function. The neural network nnn,m is a prime example.
Clearly, we could define neural nets such as (2.1) directly as smooth functions without
any higher-order subcomponents, though that would quickly become cumbersome
for deep networks. A problematic consequence of the lack of a semantics for
higher-order differential programs is that we have no obvious way of establishing
compositional semantic correctness of −→D for the given implementation of (2.1).

2.3.1 Diffeological spaces.
This motivates us to turn to a more general notion of differential geometry for our
semantics, based on diffeological spaces [Iglesias-Zemmour, 2013]. The key idea will
be that a higher-order function is called smooth if it sends smooth functions to
smooth functions, meaning that we can never use it to build first-order functions
that are not smooth. For example, (comp) in (2.1) has this property.

Definition 2.3.1. A diffeological space (X,PX) consists of a set X together with,
for each n and each open subset U of Rn, a set PUX ⊆ [U → X] of functions, called
plots, such that

• all constant functions are plots;

• if f : V → U is a smooth function and p ∈ PUX , then f ; p ∈ PVX ;

• if
(
pi ∈ PUi

X

)
i∈I

is a compatible family of plots (x ∈ Ui ∩ Uj ⇒ pi(x) = pj(x))
and (Ui)i∈I covers U , then the gluing p : U → X : x ∈ Ui 7→ pi(x) is a plot.

Definition 2.3.2. We call a function f : X → Y between diffeological spaces
smooth if, for all plots p ∈ PUX , we have that p; f ∈ PUY . We write Diff(X, Y ) for
the set of smooth maps from X to Y .

Smooth functions compose, and so we have a category Diff of diffeological
spaces and smooth functions.

A diffeological space is therefore a set equipped with structure. Many con-
structions of sets carry over straightforwardly to diffeological spaces. In particular,



16 2.3. Semantics of differentiation

the category is well-pointed, meaning that for f, g : X → Y , we have that f = g
iff f(x) = g(x) for all x : 1 → X. In particular, morphisms are monos if and
only if the underlying functions are injective.

Example 2.3.1. We can interpret a subset Y ⊆ X of a diffeological space X as a
subspace by taking the plots of X which factor over Y as its plots.

Example 2.3.2 (Cartesian diffeologies). Each open subset U of Rn can be given the
structure of a diffeological space by taking all the smooth functions V → U as PVU .
It is easily seen that smooth functions from V → U in the traditional sense coincide
with smooth functions in the sense of diffeological spaces. Thus, diffeological spaces
have a profound relationship with ordinary calculus.

Remark 2.3.1. In categorical terms, this gives a full embedding of CartSp in
Diff .

Example 2.3.3 (Product diffeologies). Given a family (Xi)i∈I of diffeological spaces,
we can equip the product ∏i∈I Xi of sets with the product diffeology in which U -plots
are precisely the functions of the form (pi)i∈I for pi ∈ PUXi

.

This gives us the categorical product in Diff .

Example 2.3.4 (Functional diffeology). We can equip the set Diff(X, Y ) of smooth
functions between diffeological spaces with the functional diffeology in which U -plots
consist of functions f : U → Diff(X, Y ) such that (u, x) 7→ f(u)(x) is an element
of Diff(U ×X, Y ).

This specifies the categorical function object in Diff .

Remark 2.3.2. This construction satisfies the usual universal property of function
spaces, making Diff a Cartesian-closed category.

2.3.2 Semantics and correctness of AD.
We can now give a denotational semantics to our language from Section 2.2. We
interpret each type τ as a set JτK equipped with the relevant diffeology, by induction
on the structure of types:

JrealK def= R
J(τ1 × . . .× τn)K def= ∏n

i=1JτiK
Jτ → σK def= Diff(JτK, JσK)

A context Γ = (x1 : τ1 . . . xn : τn) is interpreted as a diffeological space JΓK def=∏n
i=1JτiK.

Now, well typed terms Γ ⊢ t : τ are interpreted as smooth functions JtK : JΓK→
JτK, giving a meaning for t for every valuation of the context. This is routinely
defined by induction on the structure of typing derivations. Constants c : real
are interpreted as constant functions; and the first-order operations (+, ∗, ς) are
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interpreted by composing with the corresponding functions, which are smooth.
For example, Jς(t)K(ρ) def= ς(JtK(ρ)), where ρ ∈ JΓK. Variables are interpreted
as JxiK(ρ) def= ρi. The remaining constructs are interpreted as follows, and it is
straightforward to show that smoothness is preserved.

J⟨t1, . . . , tn⟩K(ρ) def= (Jt1K(ρ), . . . , JtnK(ρ))
Jλx:τ.tK(ρ)(a) def= JtK(ρ, a) (a ∈ JτK)
Jcase tof ⟨x1, x2⟩ → sK(ρ) def= JsK(ρ, JtK(ρ))
Jt sK(ρ) def= JtK(ρ)(JsK(ρ))

As is standard in a Cartesian-closed category, the interpretation J−K respects
the βη-equational theory:

Proposition 2.3.1 (Soundness). Let Γ ⊢ t, s : τ . If t βη= s, then JtK = JsK.

Notice that a term x1 : real, . . . , xn : real ⊢ t : real is interpreted as a smooth
function JtK : Rn → R, even if t involves higher-order functions (like (2.1)). Moreover
the macro differentiation −→D (t) is a function J−→D (t)K : (R × R)n → (R × R). This
enables us to state a limited version of our main correctness theorem:

Theorem 2.3.2 (Semantic correctness of −→D (limited)). For any term
x1 : real, . . . , xn : real ⊢ t : real, the function J−→D (t)K is the dual numbers represen-
tation (2.2) of JtK. In detail: for any smooth functions f1 . . . fn : R→ R,

(f1,∇f1, . . . , fn,∇fn); J−→D (t)K =
(
(f1 . . . fn); JtK,∇((f1 . . . fn); JtK)

)
.

For instance, if n = 2, then J−→D (t)K(x1, 1, x2, 0) = (JtK(x1, x2), ∂JtK(x,x2)
∂x

(x1)).
More generally, this is sufficient to show that −→D (t) computes the correct partial
derivatives of t, and therefore correct gradients.

Proof. We prove this by logical relations. Although the following proof is elementary,
we found it by using the categorical methods in Section 2.5. We sketch the key
arguments here, the fuller proof will again be given in Section 2.5.

For each type τ , we define a binary relation Sτ between curves in JτK and curves
in J−→D (τ)K, i.e. Sτ ⊆ PR

JτK × PR
J
−→
D (τ)K

, by induction on τ :

Sreal
def= {(f, (f,∇f)) | f : R→ R smooth}

S(τ1×...×τn)
def= {(⟨f1, ..., fn⟩, ⟨g1, ..., gn⟩) | (f1, g1) ∈ Sτ1 , ..., (fn, gn) ∈ Sτn}

Sτ→σ
def= {(f1, f2) | ∀(g1, g2) ∈ Sτ .(x 7→f1(x)(g1(x)), x 7→f2(x)(g2(x))) ∈ Sσ}

Then, we establish the following ‘fundamental lemma’:

If x1 : τ1, . . . , xn : τn ⊢ t : τ2 and, for all 1 ≤ i ≤ n, fi : R → JτiK
and gi : R→ J−→D (τi)K are such that (fi, gi) is in Sτi

, then we have that(
(f1, . . . , fn); JtK, (g1, . . . , gn); J−→D (t)K

)
is in Sτ2 .
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This is proved routinely by induction on the typing derivation of t. The case for
∗ relies on the precise definition of −→D (t ∗ s), and similarly for +, ς.

We conclude the theorem from the fundamental lemma by considering the case
where τi = σ = real, m = n and si = yi.

2.4 Extending the language: variant and induc-
tive types

In this section, we show that the definition of forward AD and the semantics
generalize if we extend the language of Section 2.2 with variants and inductive
types. As an example of inductive types, we consider lists. This specific choice is only
for expository purposes and the whole development works at the level of generality
of arbitrary algebraic data types generated as initial algebras of (polynomial) type
constructors formed by finite products and variants.

Similarly, our choice of operations is for expository purposes. More generally,
assume given a family of operations (Opn)n∈N indexed by their arity n. Further
assume that each op ∈ Opn has type realn → real. We then ask for a certain
closure of these operations under differentiation, that is we define

−→
D (op(t1, . . . , tn)) def= case−→D (t1) of ⟨x1, x

′
1⟩ → . . .→ case−→D (tn) of ⟨xn, x′n⟩ →

⟨op(x1, . . . , xn),∑n
i=1 x

′
i ∗ ∂iop(x1, . . . , xn)⟩

where ∂iop(x1, . . . , xn) is some chosen term in the language, involving free
variables from x1, . . . , xn, which we think of as implementing the partial derivative
of op with respect to its i-th argument. For constructing the semantics, every
op must be interpreted by some smooth function, and, to establish correctness,
the semantics of ∂iop(x1, . . . , xn) must be the semantic i-th partial derivative of
the semantics of op(x1, . . . , xn).

2.4.1 Language.
We assume given a countably infinite set of labels L. We additionally consider
the following types and terms, where ℓi ∈ L.

τ, σ, ρ ::= types
| list(τ) list
| {ℓ1 τ1

∣∣∣ . . . ∣∣∣ ℓn τn} variant
t, s, r ::= terms

| τ.ℓ t variant constructor
| [ ] | t :: s empty list and cons
| case tof {ℓ1 x1 → s1

∣∣∣ · · · ∣∣∣ ℓn xn → sn} pattern matching: variants
| fold (x1, x2).tover s from r list fold

Figure 2.6: Syntax for the extended language.
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We extend the type system according to:

Γ ⊢ t : τi
Γ ⊢ τ.ℓi t : τ

((ℓi τi) ∈ τ)
Γ ⊢ [ ] : list(τ)

Γ ⊢ t : τ Γ ⊢ s : list(τ)
Γ ⊢ t :: s : list(τ)

Γ ⊢ t : {ℓ1 τ1

∣∣∣ . . . ∣∣∣ ℓn τn} for each 1 ≤ i ≤ n: Γ, xi : τi ⊢ si : τ
Γ ⊢ case tof {ℓ1 x1 → s1

∣∣∣ · · · ∣∣∣ ℓn xn → sn} : τ

Γ ⊢ s : list(τ) Γ ⊢ r : σ Γ, x1 : τ, x2 : σ ⊢ t : σ
Γ ⊢ fold (x1, x2).tover s from r : σ

Figure 2.7: Typing rules for the extended language.

We can then extend −→D to our new types and terms by

−→
D ({ℓ1 τ1

∣∣∣ . . . ∣∣∣ ℓn τn}) def= {ℓ1
−→
D (τ1)

∣∣∣ . . . ∣∣∣ ℓn
−→
D (τn)}

−→
D (list(τ)) def= list(−→D (τ))

−→
D (τ.ℓ t) def= −→

D (τ).ℓ−→D (t)
−→
D ([ ]) def= [ ]
−→
D (t :: s) def= −→

D (t) :: −→D (s)
−→
D (fold (x1, x2).tover s from r) def= fold (x1, x2).−→D (t) over−→D (s) from−→

D (r)
−→
D (case tof {ℓ1 x1 → s1

∣∣∣ · · · ∣∣∣ ℓn xn → sn}) def=
case−→D (t) of {ℓ1 x1 →

−→
D (s1)

∣∣∣ · · · ∣∣∣ ℓn xn →
−→
D (sn)}

Figure 2.8: AD translation for the extended language.

To demonstrate the practical use of expressive type systems for differential
programming, we consider the following two examples.

Example 2.4.1 (Lists of inputs for neural nets). Usually, we run a neural network
on a large data set, the size of which might be determined at runtime. To evaluate a
neural network on multiple inputs, in practice, one often sums the outcomes. This
can be coded in our extended language as follows. Suppose that we have a network
f : (realn× P )→ real that operates on single input vectors. We can construct one
that operates on lists of inputs as follows:

g
def= λ⟨l, w⟩.fold (x1, x2).f⟨x1, w⟩+ x2 over l from 0 : (list(realn)× P )→ real

Example 2.4.2 (Missing data). In practically every application of statistics and
machine learning, we face the problem of missing data: for some observations,
only partial information is available. In an expressive typed programming language
like we consider, we can model missing data conveniently using the data type
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maybe(τ) = {Nothing
∣∣∣ Just τ}. In the context of a neural network, one might use

it as follows. First, define some helper functions

fromMaybe def= λx.λm.casemof {Nothing _→ x
∣∣∣ Justx′ → x′}

fromMayben def= λ⟨x1, ..., xn⟩.λ⟨m1, ...,mn⟩.⟨fromMaybex1 m1, ..., fromMaybexnmn⟩
: (maybe(real))n → realn → realn

map def= λf.λl.fold (x1, x2).f x1 :: x2 over l from [ ] : (τ → σ)→ list(τ)→ list(σ)

Given a neural network f : (list(realk) × P ) → real, we can build a new one
that operates on on a data set for which some covariates (features) are missing, by
passing in default values to replace the missing covariates:

λ⟨l, ⟨m,w⟩⟩.f⟨map (fromMaybekm) l, w⟩
: (list((maybe(real))k)× (realk × P ))→ real

Then, given a data set l with missing covariates, we can perform automatic
differentiation on this network to optimize, simultaneously, the ordinary network
parameters w and the default values for missing covariates m.

2.4.2 Semantics.
In Section 2.3 we gave a denotational semantics for the simple language in dif-
feological spaces. This extends to the language in this section, as follows. As
before, each type τ is interpreted as a diffeological space, which is a set equipped
with a family of plots:

• A variant type {ℓ1 τ1

∣∣∣ . . . ∣∣∣ ℓn τn} is inductively interpreted as a disjoint union
and U -plots given by

J{ℓ1 τ1

∣∣∣ · · · ∣∣∣ ℓn τn}K
def= ⊎n

i=1JτiK

PU
J{ℓ1 τ1

∣∣∣...∣∣∣ℓn τn}K

def=

[
Uj

fj−→ JτjK→
n⊎
i=1

JτiK
]n
j=1

∣∣∣ U =
n⊎
j=1

Uj, fj ∈ P
Uj

JτjK


• A list type list(τ) is interpreted as a set of lists and U -plots given by

Jlist(τ)K def=
∞⊎
i=1

JτKi

PUJlist(τ)K
def=

[
Uj

fj−→ JτKj →
∞⊎
i=1

JτKi
]∞
j=1

∣∣∣ U =
∞⊎
j=1

Uj, fj ∈ P
Uj

JτKj


The constructors and destructors for variants and lists are interpreted as in the
usual set theoretic semantics, showing immediately that the βη-laws are respected
by the interpretation. It is routine to show inductively that these interpretations
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are smooth. Thus every term Γ ⊢ t : τ in the extended language is interpreted as
a smooth function JtK : JΓK → JτK between diffeological spaces.

In this section we focused on a language with lists, but other inductive types
are easily interpreted in the category of diffeological spaces in much the same way.

Remark 2.4.1 (
�

). The categorically minded reader may regard this as a conse-
quence of Diff being a category of concrete sheaves, a particular case of Grothendieck
quasitopos (see e.g. Baez and Hoffnung [2011]). Indeed, a Grothendieck quasitopos
is complete and cocomplete and so the category of algebras for the endofunctor
associated to any algebraic data type has an initial object. The set-like description
comes from these categories being concrete.

2.5 Categorical analysis of forward AD and its
correctness

�

This section has three parts. First, we give a categorical account of the
functoriality of AD (Example 2.5.1). Then we introduce our gluing construction,
and relate it to the correctness of AD (Diagram 2.3). Finally, we state and
prove a correctness theorem for all first-order types by considering a category
of manifolds (Theorem 2.5.6).

2.5.1 Syntactic categories.

Γ ⊢ case ⟨t1, . . . , tn⟩of ⟨x1, . . . , xn⟩ → s = s[t1/x1 , . . . ,
tn/xn ] : τ

Γ ⊢ s[t/y] #x1,...,xn= case tof ⟨x1, . . . , xn⟩ → s[⟨x1,...,xn⟩/y] : τ
Γ ⊢ case ℓi tof {ℓ1 x1 → s1

∣∣∣ · · · ∣∣∣ ℓn xn → sn} = si[t/xi
] : τ

Γ ⊢ s[t/y] #x1,...,xn= case tof {ℓ1 x1 → s[ℓ1 x1/y]
∣∣∣ · · · ∣∣∣ ℓn xn → s[ℓn xn/y]} : τ

Γ ⊢ fold (x1, x2).tover [ ] from r = r : τ
Γ ⊢ fold (x1, x2).tover s1 :: s2 from r = t[s1/x1 ,

fold (x1,x2).tover s2 from r/x2 ] : τ
Γ ⊢ u = s[[ ]/y], r[s/x2 ] = s[x1::y/y]⇒ s[t/y] #x1,x2= fold (x1, x2).r over t from u : τ
Γ ⊢ (λx.t) s = t[s/x] : τ
Γ ⊢ t #x= λx.t x : τ1 → τ2

We write #x1,...,xn= to indicate that the variables are fresh
in the left hand side.

Figure 2.9: Standard βη-laws (e.g. Pitts [1995]) for products, functions, variants and
lists.

Our language induces a syntactic category as follows.
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Definition 2.5.1. Let Syn be the category whose objects are types, and where a
morphism τ → σ is a term in context x : τ ⊢ t : σ modulo the βη-laws (Fig. 2.9).
Composition is by substitution.

For simplicity, we do not impose arithmetic identities such as x+ y = y + x in
Syn. As is standard, this category has the following universal property.
Lemma 2.5.1 (e.g. Pitts [1995]). For every bicartesian closed category C with
list objects, and every object F (real) ∈ C and morphisms F (c) ∈ C(1, F (real)),
F (+), F (∗) ∈ C(F (real) × F (real), F (real)), F (ς) ∈ C(F (real), F (real)) in C,
there is a unique functor F : Syn→ C respecting the interpretation and preserving
the bicartesian closed structure as well as list objects. In particular, F ({ℓ1 τ1

∣∣∣ . . . ∣∣∣
ℓn τn}) = ∑

1≤i≤n F (τi).
Proof. The functor F : Syn → C is a canonical denotational semantics for the
language, interpreting types as objects of C and terms as morphisms. For instance,
F (τ → σ) def= (Fτ → Fσ), the function space in the category C, and F (t s) is the
composite F (t s) def= (Ft, Fs); eval.

When C = Diff , the denotational semantics of the language in diffeological
spaces (Sections 2.3, 2.4.2) can be understood as the unique structure preserving
functor J−K : Syn→ Diff satisfying JrealK = R, JςK = ς and so on.
Remark 2.5.1. More generally, this lemma will generalize without further issues
to a language with an arbitrary set of basic types B ∈ B, for which one must provide
F (B). It will also generalize to the language having arbitrary primitives c : τ → σ]
(for constants take τ = 1) for which one must provide F (c) ∈ C(F (τ), F (σ)). Here,
F (τ) is defined as the structure preserving extension of the assignment F . For
instance, if τ = B1 × B2 for two basic types Bi, then F (τ) def= F (B1)× F (B2). It
will also straightforwardly extend to a language admitting arbitrary algebraic data
types. With a little more care, this can also be extended to a language with partiality
and recursion [Vákár, 2020a][Section 3.3].
Example 2.5.1 (Canonical definition of forward-mode AD). The forward AD macro
−→
D (§2.2,2.4.1) arises as a canonical Cartesian closed functor on Syn. Consider the
unique Cartesian closed functor F : Syn→ Syn such that F (real) = real ∗ real,
and

F (c) = −→D (c)
F (ς) = x : F (real) ⊢ −→D (ς(x)) : F (real)
F (+) = z : F (real)× F (real) ⊢ case z of ⟨x, y⟩ → −→

D (x+ y) : F (real)
F (∗) = z : F (real)× F (real) ⊢ case z of ⟨x, y⟩ → −→

D (x ∗ y) : F (real)
Then for any type τ , F (τ) = −→D (τ), and for any term x : τ ⊢ t : σ, F (t) = −→D (t) as
morphisms F (τ)→ F (σ) in the syntactic category.
Example 2.5.2 (Soundness of the denotational semantics). Our interpretation
J−K : Syn→ Diff also arises as a canonical Cartesian closed functor. It is given
by JrealK = R and the syntactic primitives are interpreted by their corresponding
smooth primitives, e.g. JςK = ς. The soundness therefore amounts to Diff being a
bicartesian closed category with list objects.



2. Differentiable Programming in a smooth setting 23

2.5.2 Categorical gluing and logical relations.
Gluing is a method for building new categorical models which has been used for many
purposes, including logical relations and realizability Mitchell and Scedrov [1992].
Our logical relations argument in the proof of Theorem 2.3.2 can be understood in
this setting. In this subsection, for the categorically minded, we explain this, and
in doing so we quickly recover a correctness result for the more general language
in Section 2.4 and for arbitrary first-order types.

We define a category GlU whose objects are triples (X,X ′, S) where X and X ′
are diffeological spaces and S ⊆ PUX × PUX′ is a relation between their U -plots.
A morphism (X,X ′, S) → (Y, Y ′, T ) is a pair of smooth functions f : X → Y ,
f ′ : X ′ → Y ′, such that if (g, g′) ∈ S then (g; f, g′; f ′) ∈ T . The idea is that
this is a semantic domain where we can simultaneously interpret the language
and its automatic derivatives.

Proposition 2.5.2. The category GlU is bicartesian closed, has list objects, and
the projection functor proj : GlU → Diff ×Diff preserves this structure.

Proof. The category GlU is a full subcategory of the comma category idSet ↓
Diff(U,−)×Diff(U,−). The result thus follows by the general theory of categorical
gluing (e.g. [Johnstone et al., 2007, Lemma 15]). As every category defined by
a universal property, GlU is defined up to unique isomorphism. Another way
to describe an object in GlU is as a pair (X,S) where X is an object of the
product category Diff ×Diff , i.e. X is a pair (X1, X2) of diffeological spaces, and
S ⊆ PUX ×PUX′ . For convenience, let us write Diff2 def= Diff ×Diff . Let us further
write f : U → Diff2(X, Y ) for a pair of morphisms f1 : U → Diff(X, Y ), f2 : U →
Diff(X, Y ) and we call f a plot if both f1 and f2 are.

Then, the function space [(X,S)⇒ (Y, T )] in GlU is given by(
Diff2(X, Y ), {f : U → Diff2(X, Y ) plot | ∀r ∈ U.∀g ∈ S. λr. f(r)(g(r)) ∈ T}

)
The product space [(X,S)× (Y, T )] is given by(

X × Y, {f : U → X × Y plot | ∀r ∈ U. π1f(r) ∈ S, π2f(r) ∈ T}
)

The coproduct space [(X,S) + (Y, T )] is given by(
X + Y, {f : U → X + Y plot | f = ιX ◦ g, g ∈ S or f = ιY ◦ g, g ∈ T}

)
where ιX is the inclusion X → X + Y .
The list object space [list(X), T ] on [X,S] is defined recursively by(

list(X), {f : U → list(X) plot | f = ι1 or f = ιX×list(X) ◦ g, g ∈ S × T}
)

where by S × T we mean {f : U → X × list(X) | π1 ◦ f ∈ S, π2 ◦ f ∈ T}.
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We give a semantics L−M = (L−M0, L−M1, S−) for the language in GlR, interpreting
types τ as objects (LτM0, LτM1, Sτ ), and terms as morphisms. We let LrealM0

def= R and
LrealM1

def= R2, with the relation Sreal
def= {(f, (f,∇f)) | f : R → R smooth}. We

interpret the constants c as pairs LcM0
def= c and LcM1

def= (c, 0), and we interpret +,×, ς
in the standard way (meaning, like J−K) in L−M0, but according to the derivatives
in L−M1, for instance, L∗M1 : R2 × R2 → R2 is

L∗M1((x, x′), (y, y′)) def= (xy, xy′ + x′y).

At this point one checks that these interpretations are indeed morphisms in GlR.
This amounts to checking that these interpretations are dual numbers representations
in the sense of (2.2). The remaining constructions of the language are interpreted
using the categorical structure of GlR, following Lemma 2.5.1.

Notice that the diagram below commutes. One can check this by hand or note
that it follows from the initiality of Syn (Lemma 2.5.1). Indeed, all the functors
preserve all the structure, and both paths from Syn to Diff ×Diff agree on base
types and primitives. Therefore, both paths from Syn to Diff × Diff are the
unique structure-preserving functor with the given choice of interpretation for base
types and primitives, and are thus equal.

Syn (id,
−→
D (−)) //

L−M
��

Syn× Syn
J−K×J−K
��

GlR proj
//Diff ×Diff

(2.3)

We thus arrive at a restatement of the correctness theorem (Theorem 2.3.2), which
holds even for the extended language with variants and lists, because for any
x1 : real, . . . , xn : real ⊢ t : real, the interpretations (JtK, J−→D (t)K) are in the image of
the projection GlR → Diff×Diff , and hence J−→D (t)K is a dual number encoding of JtK.

2.5.3 Correctness at all first-order types, via manifolds.
We now generalize Theorem 2.3.2 to hold at all first-order types, not just the reals.

So far, we have shown that our macro translation (Section 2.6.4) gives correct
derivatives to functions of the real numbers, even if other types are involved in the
definitions of the functions (Theorem 2.3.2). We can state this formally because
functions of the real numbers have well understood derivatives (Section 2.6.1).
There are no established mathematical notions of derivatives at higher types,
and so we cannot even begin to argue that our syntactic derivatives of functions
(real→ real)→ (real→ real) match with some existing mathematical notion.

However, for functions of first-order type, like list(real) → list(real), there
are established mathematical notions of derivative, because we can understand
list(real) as the manifold of all tuples of reals, and then appeal to the well-known
theory of manifolds and jet bundles. We do this now, to achieve a correctness
theorem for all first-order types (Theorem 2.5.6). The key high level points are that
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• manifolds support a notion of differentiation, and an interpretation of all
first-order types, but not an interpretation of higher types;

• diffeological spaces support all types, including higher types, but not an
established notion of differentiation in general;

• manifolds and smooth maps embed full and faithfully in diffeological spaces,
preserving the interpretation of first-order types, so we can use the two notions
together.

We now explain this development in more detail.
For our purposes, a smooth manifold M is a second-countable (4.4.5) Hausdorff

(4.4.1) topological space together with a smooth atlas: an open cover U together with
homeomorphisms

(
ϕU : U → Rn(U)

)
U∈U

(called charts) such that for all opens U, V ∈
U and charts ϕU : U → Rn, ψV : V → Rm, the function ϕ−1

U ;ϕV : ϕU (U ∩ V )→ Rm

is smooth. A function f : M → N between manifolds is smooth if smooth for all
charts ϕU : U → ϕU(U) ⊆M and ψV : V → ψV (V ) ⊆ N of M and N , respectively,
we have that the function ϕ−1

U ; f ;ψV is smooth on its domain (ϕU)(U ∩ f−1(V )).
Let us write Man for this category.
Our manifolds are slightly unusual because different charts in an atlas may have

different finite dimension n(U). Thus we consider manifolds with dimensions that
are potentially unbounded, albeit locally finite. This does not affect the theory
of differential geometry as far as we need it here.

Each open subset of Rn can be regarded as a manifold. This lets us regard the
category of manifolds Man as a full subcategory of the category of diffeological
spaces. We consider a manifold (X, {ϕU}U) as a diffeological space with the same
carrier set X and where the plots PUX are the smooth functions in Man(U,X). A
function X → Y is smooth in the sense of manifolds if and only if it is smooth in
the sense of diffeological spaces Iglesias-Zemmour [2013].

Remark 2.5.2 (
�

). For the categorically minded reader, this means that we have
a full embedding of Man into Diff . Moreover, the natural interpretation of the
first-order fragment of our language in Man coincides with that in Diff . That is,
the embedding of Man into Diff preserves finite products and countable coproducts
(hence initial algebras of polynomial endofunctors).

Proposition 2.5.3. Suppose that a type τ is first-order, i.e. it is just built from
reals, products, variants, and lists (or, again, arbitrary inductive types), and not
function types. Then the diffeological space JτK is a manifold.

Proof. This is proved by induction on the structure of types. In fact, one may
show that every such JτK is isomorphic to a manifold of the form ⊎n

i=1 Rdi where
the bound n is either finite or ∞, but this isomorphism is typically not an identity
function.

The constraint to first-order types is necessary because, e.g. the space Jreal→
realK is not a manifold, because of a Borsuk-Ulam argument.
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We recall that the derivative of any morphism f : M → N of manifolds is given
as follows. For each point x in a manifold M , define the tangent space TxM to be the
set {γ ∈Man(R,M) | γ(0) = x}/ ∼ of equivalence classes [γ] of smooth curves γ in
M based at x, where we identify γ1 ∼ γ2 iff ∇(γ1; f)(0) = ∇(γ2; f)(0) for all smooth
f : M → R. Observe that the charts around a point x in a manifold M determine
the dimension dimx(M) of M at x and let Tx(M) def= Rdimx(M) be the tangent space
at x. The tangent bundle of M is the set T (M) def= ⊎

x∈M Tx(M). The charts of M
equip T (M) with a canonical manifold structure. Then for smooth f : M → N ,
the derivative T (f) : T (M) → T (N) is defined as T (f)(x, [γ]) def= (f(x), [γ; f ]).
All told, the derivative is a functor T : Man → Man.

As is standard, we can understand the tangent bundle of a composite space
in terms of that of its parts.
Lemma 2.5.4. There are canonical isomorphisms T (⊎∞i=1 Mi) ∼=

⊎∞
i=1 T (Mi) and

T (M1 × . . .×Mn) ∼= T (M1)× . . .× T (Mn).
Proof. For products, see e.g. Lee [2013, ex. 3-2]. For disjoint unions, notice that
smooth curves into a disjoint union of manifolds always factor over a single inclusion,
because R is connected.
Lemma 2.5.5. A smooth function f : T (M)→ T (N) is of the form T (g) for some
g : M → N iff for all smooth curves γ : R→M , we have that T (γ); f = T (γ; g).
Proof. This is well-known. It follows immediately from the (geometric) definition
of T (M) as equivalence classes [γ] of curves γ that we are using.

We define a canonical isomorphism ϕ
−→
D T
τ : J−→D (τ)K → T (JτK) for every type τ ,

by induction on the structure of types. We let ϕ
−→
D T
real : J−→D (real)K → T (JrealK) be

given by ϕ
−→
D T
real (x, x′)

def= (x, [t 7→ x+ x′t]). For the other types, we use Lemma 2.5.4.
We can now phrase correctness at all first-order types.
Theorem 2.5.6 (Semantic correctness of −→D (full)). For any ground τ , any first-
order context Γ and any term Γ ⊢ t : τ , the syntactic translation −→D coincides with
the tangent bundle functor, modulo these canonical isomorphisms:

J−→D (Γ)K J
−→
D (t)K//

ϕ

−→
D T
Γ

∼=
��

J−→D (τ)K

ϕ

−→
D T
τ

∼=
��

T (JΓK)
T (JtK)

// T (JτK)

Proof. For any curve γ ∈ Man(R,M), let γ̄ ∈ Man(R, T (M)) be the tangent
curve, given by γ̄(x) = (γ(x), [t 7→ γ(x + t)]). First, we note that a smooth map
h : T (M)→ T (N) is of the form T (g) for some g : M → N if for all smooth curves
γ : R→M we have γ̄;h = (γ; g) : R→ T (N). This generalizes (2.2). Second, for
any first-order type τ , SJτK = {(f, f̃) | f̃ ;ϕ

−→
D T
τ = f̄}. This is shown by induction on

the structure of types. We conclude the theorem from diagram (2.3), by putting
these two observations together.
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2.6 Higher-order AD via Taylor approximations
The source and target languages of the AD macro are the same, so we can always
compute higher derivatives by applying the AD macro several times. However,
unless further optimisations are performed, this will introduce redundancies.

Notably, as our functions are smooth, partial derivatives commute: ∂
∂xi

∂
∂xj
f =

∂
∂xj

∂
∂xx

f for all smooth function f . The symmetries of the higher-order Jacobian
tensor are complex in general, and it is not immediately clear what optimisations
would be sufficient to avoid these redundancies.

Alternatively, remember that dual numbers represent the algebra of truncated
Taylor series of order 1. By truncating at a higher-order k, we get a more complex
algebra, allowing us to compute k-th order derivatives. This is the idea of jet-based
AD which we expore in this section. As we will see, even though the combinatorics is
much more involved in the new chain-rule, the rest of our analysis from Sections 2.2-
2.5 carries through seamlessly in this richer context.

2.6.1 higher-order differentiation: the Faà di Bruno formula
and Taylor approximations.

We now generalize the dual number approach (Section 2.2.1) in two directions:

• We look for the best local approximations to f with polynomials of some
order R, generalizing the use of linear functions (R = 1). This will allow us
to compute higher derivatives in one AD pass.

• We can work directly with multivariate functions Rk → R instead of functions
of one variable R → R (k = 1). This will first allow us both to compute
several partial derivatives in one AD pass, but it will also allow us to compute
non-diagonal higher-order derivatives in one pass. For instance, with k = 2,
this will allow us to compute a Hessian term of the form wTHv by pushing
forward two vectors v and w (e.g. hot vectors), instead of merely vTHv.

We will write α for the tuple (α1, . . . , αk).
To make this precise, we recall that, given a smooth function f : Rk → R and

a natural number R ≥ 0, the R-th order Taylor approximation of f at a ∈ Rk is
defined in terms of the partial derivatives of f :

Rk → R

x 7→
∑

{α∈Nk |
∑k

i=1 αi≤R}

1
α1! · . . . · αk!

∂α1+...+αkf

∂xα1
1 · · · ∂xαk

k

(a) ·
k∏
i=1

(xi − ai)αi

The partial derivatives of f are evaluated at a point a, and are therefore simply
reals. Overall, the formula is an R-th order real polynomial in the xi. Similarly
to the case of first-order derivatives, we can recover the partial derivatives of f
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up to the R-th order from its Taylor approximation by evaluating the series at
basis vectors. See Section 2.6.2 below for an example.

In general, we would have kR R-th order partial derivatives. However, recall
that the ordering of partial derivatives does not matter for smooth functions by the
Schwartz-Clairaut theorem. So instead, we only need to account for an unordered
sequence of natural numbers α1, . . . , αk accounting for the order of each partial
derivative. For R-th order partial derivatives, we must have ∑i αi = R. This
is known as the multiset counting number, and there are

(
R+k−1
k−1

)
such tuples.

So there will be
(
R+k−1
k−1

)
R-th order partial derivatives, and altogether there are∑R

j=0

(
j+k−1
k−1

)
=
(
R+k
k

)
summands in the R-th order Taylor approximation, by the

Hockey-stick identity. Since there are
(
R+k
k

)
partial derivatives of fi of order ≤ R,

we can store them in the Euclidean space R(R+k
k ). The same combinatorics shows

that this can also be regarded as the space of k-variate polynomials of degree ≤ R,
with the identification ∂α

∂xα
i
7→ xαi .

We will use a convention of coordinates

(yα1...αk
∈ R)α∈{(α1,...,αk)∈Nk|0≤α1+...+αk≤R}

where yα is intended to represent a partial derivative ∂α1+...+αkf

∂x
α1
1 ···∂x

αk
k

(a) for some function
f : Rk → R. We will choose these coordinates in lexicographic order of the
multi-indices (α1, . . . , αk), that is, the indexes in the Euclidean space R(R+k

k ) will
typically range from (0, . . . , 0) to (R, 0, . . . , 0).

The (k,R)-Taylor representation of a function g : Rn → R is a function h :(
R(R+k

k )
)n
→ R(R+k

k ) that transforms the partial derivatives of f : Rk → Rn of
order ≤ R under postcomposition with g:

(∂α1+...+αkfj(x)
∂xα1

1 · · · ∂xαk
k

)(R,0,...,0)

α=(0,...,0)

n
j=1

;h =
(∂α1+...+αk((f1, . . . , fn); g)(x)

∂xα1
1 . . . ∂xαk

k

)(R,0,...,0)

α=(0,...,0)

n
j=1

(2.4)
Thus, the Taylor representation generalizes the dual numbers representation (R =
k = 1). The geometric picture is revised as follows. In the standard dual-number
case, we are pushing forward a curve γ : R→M along a function M → N (where
M,N are smooth manifolds), and from the curve γ we only remember its value and
velocity at 0, i.e. γ(0) and γ′(0). With a higher R, we remember higher derivatives
of γ. With a higher k, γ can be seen as a k-dimensional surface on M , and in
this case we remember k directional derivatives of γ at 0.

To explicitly calculate the Taylor representation for a smooth function, we recall
a generalization of the chain rule to higher derivatives. The chain rule tells us
how the coefficients of linear approximations transform under composition of the
functions. The Faà di Bruno formula [Savits, 2006, Encinas and Masque, 2003,
Constantine and Savits, 1996] tells us how coefficients of Taylor approximations
– that is, higher derivatives – transform under composition. The formula has a
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complex combinatorics, so let us introduce it step by step. First, recall the simple
chain rule for functions f, g : R → R

(f ◦ g)′ = (f ′ ◦ g) · g′

and note that it introduces a product, so that when differentiating once more,
by the product rule we get:

(f ◦ g)′′ = ((f ′ ◦ g) · g′)′

= (f ′ ◦ g)′ · g′ + (f ′ ◦ g) · g′′

= (f ′′ ◦ g) · g′ · g′ + (f ′ ◦ g) · g′′

More generally, when differentiating n-times, we will need the general Leibniz
rule which generalizes the product rule:

(f · g)(n) =
∑

k1+k2=n

n!
k1!k2!

fk1 · gk2

In fact, as the second order derivative already introduces the product of 3 terms,
we will need the general Leibniz rule for m factors:

(f1 · . . . · fm)(n) =
∑

k1+...+km=n

n!
k1! . . . km!

∏
1≤i≤m

fki
i

Using this, one can show that the higher-order chain rule for functions f, g :
R → R is given by

(f ; g)(n) =
∑

1≤k≤n
(f ; g(k)) ·

∑
{e,k|

∑
i
ei=k,

∑
i
eiki=n}

n∏
i=1

n!
ei!

(f (ki))ei

We can rewrite it in a more compact form as follows:

(f ; g)(n) =
∑

1≤k≤n
G(k, f, g) · F (n, k, f)

whereG(k, f, g) = f ; g(k) and F (n, k, f) = ∑
{e,k|

∑
i
ei=k,

∑
i
eiki=n}

∏n
i=1

n!
ei!(f

(ki))ei .
More generally, the multivariate form from Savits [2006, Theorem 2.1] is given

as follows. Given functions f = (f1, . . . , fl) : Rk → Rl and g : Rl → R, for
α ∈ Nk with α1 + . . . + αk > 0,

∂α1+...+αk(f ; g)
∂xα1

1 · · · ∂xαk
k

=
∑

{β∈Nl | 1≤
∑

i
βi≤
∑

i
αi}

G(β, f, g) · F (α,β1, f)

where G(β, f, g) = f ; ∂β1+...+βlg

∂y
β1
1 ···∂y

βl
l

and

F (α,β, f) =
∑

{(e1,...,eq)∈(Nl)q |e1
j +...+eq

j =βj ,(e1
1+...+e1

l
)·α1

i +...+(eq
1+...+eq

l
)·αq

i =αi}

q∏
r=1

l∏
j=1

α1! · . . . · αk!
erj !

(
1

αr1! · . . . · αrk!
∂α

r
1+···+αr

kfj
∂α

r
1x1 · · · ∂α

r
kxk

)er
j
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where (α1
1, . . . , α

1
k), . . . , (α

q
1, . . . , α

q
k) ∈ Nk are an enumeration of all the vectors

(αr1, . . . , αrk) of k natural numbers such that αrj ≤ αj and αr1 + . . . + αrk > 0 and
we write q for the number of such vectors. The details of this formula reflect the
complicated combinatorics that arise from repeated applications of the chain and
product rules for differentiation that one uses to prove it. Conceptually, however, it
is rather straightforward: it tells us that the coefficients of the R-th order Taylor
approximation of f ; g can be expressed exclusively in terms of those of f and g.

Thus, the Faà di Bruno formula uniquely determines the Taylor approximation
h :

(
R(R+k

k )
)n
→ R(R+k

k ) in terms of the derivatives of g : Rn → R of order ≤ R,
and we can also recover all such derivatives from h.

2.6.2 Example: a two-dimensional second order Taylor
series

As an example, we can specialize the Faà di Bruno formula above to the second order
Taylor series of a function f : R2 → Rl and its behaviour under postcomposition
with a smooth function g : Rl → R:

∂2(f ; g)(x)
∂xi∂xi′

(a) =
l∑

j=1

∂g(y)
∂yj

(f(a))∂
2fj(x)
∂xi∂xi′

(a) +
l∑

j,j′=1

∂2g(y)
∂yj∂yj′

(f(a))∂fj
′(x)
∂xi

(a)∂fj(x)
∂xi′

(a),

where i, i′ ∈ {1, 2} might either coincide or be distinct.
Rather than working with the full (2, 2)-Taylor representation of g, we ignore

the non-mixed second order derivatives yj02 = ∂2fj(x)
∂x2

2
and yj20 = ∂2fj(x)

∂x2
1

for the
moment, and we represent the derivatives of order ≤ 2 of fj : R2 → R (at
some point a) as the numbers

(yj00, y
j
01, y

j
10, y

j
11) =

(
fj(a), ∂fj(x)

∂x2
(a), ∂fj(x)

∂x1
(a), ∂

2fj(x)
∂x1∂x2

(a)
)
∈ R4

and we can choose a similar representation for the derivatives of (f ; g). Then, we
observe that the Faà di Bruno formula induces the function h : (R4)l → R4

h((y1
00, y

1
01, y

1
10, y

1
11), . . . , (yl00, y

l
01, y

l
10, y

l
11)) =

g(y1
00, . . . , y

l
00)∑l

j=1
∂g(y1,...,yl)

∂yj
(y1

00, . . . , y
l
00) · y

j
01∑l

j=1
∂g(y1,...,yl)

∂yj
(y1

00, . . . , y
l
00) · y

j
10∑l

j=1
∂g(y1,...,yl)

∂yj
(y1

00, . . . , y
l
00) · y

j
11 +∑l

j,j′=1
∂2g(y1,...,yl)
∂yj∂yj′

(y1
00, . . . , y

l
00) · y

j
10 · y

j′

01

 .

In particular, we can note that

h((y1
00, y

1
01, y

1
10, 0), . . . , (yl00, y

l
01, y

l
10, 0)) =


g(y1

00, . . . , y
l
00)∑l

j=1
∂g(y1,...,yl)

∂yj
(y1

00, . . . , y
l
00) · y

j
01∑l

j=1
∂g(y1,...,yl)

∂yj
(y1

00, . . . , y
l
00) · y

j
10∑l

j,j′=1
∂2g(y1,...,yl)
∂yj∂yj′

(y1
00, . . . , y

l
00) · y

j
10 · y

j′

01

 .
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We see that we can use this method to calculate any directional first and second
order derivative of g in one pass. For example, if l = 3, so g : R3 → R, then the
last component of h((x, x′, x′′, 0), (y, y′, y′′, 0), (z, z′, z′′, 0)) is the result of taking
the first derivative in direction (x′, y′, z′) and the second derivative in direction
(x′′, y′′, z′′), and evaluating at (x, y, z).

In the proper Taylor representation, we explicitly include the non-mixed second
order derivatives as inputs and outputs, leading to a function h′ : (R6)l → R6.
Above, we have followed a common trick to avoid some unnecessary storage and
computation, since these extra inputs and outputs are not required for computing
the second order derivatives of g. For instance, if l = 2 then the last component
of h((x, 1, 1, 0), (y, 0, 0, 0)) computes ∂2g(x,y)

∂x2 (x, y).

2.6.3 Example: a one-dimensional second order Taylor
series

As opposed to (2,2)-AD, (1,2)-AD computes the first and second order derivatives
in the same direction. For example, if g : R2 → R is a smooth function, then
h : (R3)2 → R3. An intuition for h can be given in terms of triple numbers. The
transformed function operates on triples of numbers, (x, x′, x′′), and it is common
to think of such a triple as x + x′ϵ + x′′ϵ2 for an ‘infinitesimal’ ϵ which has the
property that ϵ3 = 0. For instance, we have

h((x1, 1, 0), (x2, 0, 0)) = (g(x1, x2),
∂g(x, x2)

∂x
(x1),

∂2g(x, x2)
∂x2 (x1))

h((x1, 0, 0), (x2, 1, 0)) = (g(x1, x2),
∂g(x1, x)

∂x
(x2),

∂2g(x1, x)
∂x2 (x2))

h((x1, 1, 0), (x2, 1, 0)) =

(g(x1, x2),
∂g(x1, x)

∂x
(x2),

∂2g(x, x2)
∂x2 (x1) + ∂2g(x1, x)

∂x2 (x2) + 2∂
2g(x, y)
∂x∂y

(x1, x2))

We see that we directly get non-mixed second-order partial derivatives but not
the mixed-ones. We can recover ∂2g(x,y)

∂x∂y
(x1, x2) as

1
2(h((x1, 1, 0), (x2, 1, 0))− h((x1, 1, 0), (x2, 0, 0))− h((x1, 0, 0), (x2, 1, 0)))

More generally, if g : Rl → R, then h : (R3)l → R3 satisfies:

h((x1, x
′
1, 0), . . . , (xl, x′l, 0)) =


g(x1, . . . , xl)∑l
i=1

∂g(x1,...,xl)
∂xi

(x1, . . . , xl) · x′i∑l
i,j=1

∂2g(x1,...,xl)
∂xi∂xj

(x1, . . . , xl) · x′i · x′j

 .

As we have seen with the example of ∂2g(x,y)
∂x∂y

(x1, x2), we can more generally always
recover the mixed second order partial derivatives with several calls to h on different
arguments (3 in the case of a second-order derivative). This is therefore different
from the (2,2) method, which was more direct as it only required one call to h.
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−→
D (τ → σ) def= −→

D (τ)→ −→
D (σ)

−→
D (τ1 × . . .× τn) def= −→

D (τ1)× . . .× −→D (τn)
−→
D (real) def= real(

R+k
k ) (type of tuples of reals of length

(
R+k
k

)
)

−→
D ({ℓ1 τ1

∣∣∣ . . . ∣∣∣ ℓn τn}) def= {ℓ1
−→
D (τ1)

∣∣∣ . . . ∣∣∣ ℓn
−→
D (τn)}

−→
D (list(τ)) def= list(−→D (τ))

Figure 2.10: Higher-order AD translation on types

Remark 2.6.1. In the rest of this section, we study forward-mode (k,R)-automatic
differentiation for a language with higher-order functions. The reader may like to
fix k = R = 1 for the standard automatic differentiation with first-order derivatives,
based on dual numbers, that we have seen in Sections 2.2-2.5.

2.6.4 AD for higher-order derivatives
The aim of higher-order forward-mode AD is to find the (k,R)-Taylor representation
of a function by syntactic manipulations, for some choice of (k,R) that we fix. For
our simple language, we implement this as the following inductively defined macro
−→
D (k,R) on both types and terms. For the sake of legibility, we simply write −→D (k,R)
as −→D here and leave the dimension k and order R of the Taylor representation
implicit. The following definition is for general k and R, but we treat specific
cases afterwards in Examples 2.6.1 and 2.6.2.

Here, (∂β1···βnop)(x1, . . . , xn) are some chosen terms of type real in the language
with free variables from x1, . . . , xn. We think of these terms as implementing
the partial derivative ∂β1+...+βnJopK(x1,...,xn)

∂x
β1
1 ···∂x

βn
n

of the smooth function JopK : Rn → R
that op implements.

Remark 2.6.2. As in the (1, 1) case, all the action of the AD transform happens
at the level of primitives, and the macro extends in a homomorphic way to the rest
of the constructs of the language.

For example, we could choose the following representations of derivatives of
order ≤ 2 of our example operations

∂01(+)(x1, x2) = 1 ∂02(+)(x1, x2) = 0
∂10(+)(x1, x2) = 1 ∂11(+)(x1, x2) = 0
∂20(+)(x1, x2) = 0
∂01(∗)(x1, x2) = x1 ∂02(∗)(x1, x2) = 0
∂10(∗)(x1, x2) = x2 ∂11(∗)(x1, x2) = 1
∂20(∗)(x1, x2) = 0
∂1(ς)(x) = let y = ς(x) in y ∗ (1− y)
∂2(ς)(x) = let y = ς(x) in

let z = y ∗ (1− y) in z ∗ (1− 2 ∗ y)



2. Differentiable Programming in a smooth setting 33

−→
D (x) def= x
−→
D (c) def= ⟨c, 0⟩
−→
D (λx.t) def= λx.

−→
D (t)

−→
D (t s) def= −→

D (t)−→D (s)
−→
D (⟨t1, . . . , tn⟩) def= ⟨−→D (t1), . . . ,−→D (tn)⟩
−→
D (τ.ℓ t) def= −→

D (τ).ℓ−→D (t)
−→
D ([ ]) def= [ ]
−→
D (t :: s) def= −→

D (t) :: −→D (s)
−→
D (case tof ⟨x1, . . . , xn⟩ → s) def= case−→D (t) of ⟨x1, . . . , xn⟩ →

−→
D (s)

−→
D (case tof {ℓ1 x1 → s1

∣∣∣ . . . ∣∣∣ ℓn xn → sn}) def=

case−→D (t) of {ℓ1 x1 →
−→
D (s1)

∣∣∣ . . . ∣∣∣ ℓn xn →
−→
D (sn)}

−→
D (fold (x1, x2).tover s from r) def= fold (x1, x2).−→D (t) over−→D (s) from−→

D (r)
−→
D (op(t1, . . . , tn)) def= case−→D (t1) of ⟨x1

0...0, . . . , x
1
R,0...0⟩ →

...
case−→D (tn) of ⟨xn0...0, . . . , xnR,0...0⟩ →
⟨D0...0op(x1

0...0, . . . , x
1
R,0...0, . . . , x

n
0...0, . . . ., x

n
...0),

. . . ,
DR...0op(x1

0...0, . . . , x
1
R,0...0, . . . , x

n
0...0, . . . ., x

n
R,0...0) ⟩

where D0...0op(x1
0...0, . . . , x

1
R,0...0, . . . , x

n
0...0, . . . ., x

n
R,0...0)

def= op(x1
0...0, . . . , x

n
0...0)

Dα1....αkop(x1
0...0, . . . , x

1
R,0...0, . . . , x

n
0...0, . . . ., x

n
R,0...0)

def= (for α1 + . . . + αk > 0)
α1! · . . . · αk! ·

∑
{β∈Nl | 1≤β1+...+βl≤α1+...+αk} ∂βop(x1

0...0, . . . , x
n
0...0)·∑

{(e1,...,eq)∈(Nl)q | e1
j +...+eq

j =βj ,(e1
1+...+e1

l
)·α1

i +...+(eq
1+...+eq

l
)·αq

i =αi}∏q
r=1

∏l
j=1

1
er

j ! ·
(

1
αr

1!·...·αr
k

! · x
j
α1...αk

)er
j

.

Figure 2.11: Higher-order AD translation on terms

Note that our rules, in particular, imply that −→D (c) = ⟨c, 0, . . . , 0⟩.
We extend −→D to contexts: −→D ({x1:τ1, ..., xn:τn}) def= {x1:−→D (τ1), ..., xn:−→D (τn)}.

Example 2.6.1 ((1, 1)- and (2, 2)-AD). Our choices of partial derivatives of the
example operations are sufficient to implement (k,R)-Taylor forward AD with R ≤ 2.
To be explicit, the distinctive formulas for (1, 1)- and (2, 2)-AD methods (specializing
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our abstract definition of −→D (k,R) above) are

−→
D (1,1)(real) = (real× real)
−→
D (1,1)(op(t1, . . . , tn)) =

case−→D (1,1)(t1) of ⟨x1
0, x

1
1⟩ → . . .→ case−→D (1,1)(tn) of ⟨xn0 , xn1 ⟩ →

⟨op(x1
0, . . . , x

n
0 ),∑n

i=1 x
i
1 ∗ ∂iop(x1

0, . . . , x
n
0 )⟩

−→
D (2,2)(real) = real6

−→
D (2,2)(op(t1, . . . , tn)) =

case−→D (2,2)(t1) of ⟨x1
00, x

1
01, x

1
02, x

1
10, x

1
11, x

1
20⟩ →

...
case−→D (2,2)(tn) of ⟨xn00, x

n
01, x

n
02, x

n
10, x

n
11, x

n
20⟩ →

⟨op(x1
00, . . . , x

n
00),∑n

i=1 x
i
01 ∗ ∂îop(x1

00, . . . , x
n
00),∑n

i=1 x
i
02 ∗ ∂îop(x1

00, . . . , x
n
00) +∑n

i,j=1 x
i
01 ∗ x

j
01 ∗ ∂î,jop(x1

00, . . . , x
n
00),∑n

i=1 x
i
10 ∗ ∂îop(x1

00, . . . , x
n
00),∑n

i=1 x
i
11 ∗ ∂îop(x1

00, . . . , x
n
00) +∑n

i,j=1 x
i
10 ∗ x

j
01 ∗ ∂î,jop(x1

00, . . . , x
n
00),∑n

i=1 x
i
20 ∗ ∂îop(x1

00, . . . , x
n
00) +∑n

i,j=1 x
i
10 ∗ x

j
10 ∗ ∂î,jop(x1

00, . . . , x
n
00)⟩

where we informally write î for the one-hot encoding of i (the sequence of length n
consisting exclusively of zeros except in position i where it has a 1) and î, j for the
two-hot encoding of i and j (the sequence of length n consisting exclusively of zeros
except in positions i and j where it has a 1 if i ̸= j and a 2 if i = j)

As noted in Section 2.6.2, it is often unnecessary to include all components of the
(2, 2)-algorithm, for example when computing a second order directional derivative.
In that case, we may define a restricted (2, 2)-AD algorithm that drops the non-mixed
second order derivatives from the definitions above and defines −→D (2,2)′(real) = real4

and
−→
D (2,2)′(op(t1, . . . , tn)) = case−→D (2,2)′(t1) of ⟨x1

00, x
1
01, x

1
10, x

1
11⟩ →

...
case−→D (2,2)′(tn) of ⟨xn00, x

n
01, x

n
10, x

n
11⟩ →

⟨op(x1
00, . . . , x

n
00),∑n

i=1 x
i
01 ∗ ∂îop(x1

00, . . . , x
n
00),∑n

i=1 x
i
10 ∗ ∂îop(x1

00, . . . , x
n
00),∑n

i=1 x
i
11 ∗ ∂îop(x1

00, . . . , x
n
00) +∑n

i,i′=1 x
i
10 ∗ xi01 ∗ ∂ˆ̂iop(x

1
00, . . . , x

n
00)⟩.

Example 2.6.2 (Inner products, continued from 2.2.1). To illustrate the calculation
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of −→D (2,2)′, let us expand (and β-reduce) −→D (2,2)′(t ·2 s):

case−→D (2,2)′(t) of ⟨z1, z2⟩ → case−→D (2,2)′(s) of ⟨y1, y2⟩ →
case z1 of ⟨z1, z

′
1,1, z

′
1,2, z

′′
1⟩ → case y1 of ⟨y1, y

′
1,1, y

′
1,2, y

′′
1 , ⟩ →

case z2 of ⟨z2, z
′
2,1, z

′
2,2, z

′′
2 , ⟩ → case y2 of ⟨y2, y

′
2,1, y

′
2,2, y

′′
2 , ⟩ →

⟨z1 ∗ y1 + z2 ∗ y2,

z1 ∗ y′1,1 + z′1,1 ∗ y1 + z2 ∗ y′2,1 + z′2,1 ∗ y2,

z1 ∗ y′1,2 + z′1,2 ∗ y1 + z2 ∗ y′2,2 + z′2,2 ∗ y2,

z′′1 ∗ y1 + z′′2 ∗ y2 + y′′1 ∗ z1 + y′′2 ∗ z2+
y′1,1 ∗ y′1,2 + y′2,1 ∗ y′2,2 + z′1,1 ∗ z′1,2 + z′2,1 ∗ z′2,2⟩

As for the first-order derivatives case, this turns −→D into a well-typed, functorial
macro in the following sense.

Lemma 2.6.1 (Functorial macro). If Γ ⊢ t : τ then −→D (Γ) ⊢ −→D (t) : −→D (τ).
If Γ, x : σ ⊢ t : τ and Γ ⊢ s : σ then −→D (Γ) ⊢ −→D (t[s/x]) = −→D (t)[

−→
D (s)/x].

Now, generalising Theorem 2.3.2, we obtain a correctness theorem for higher-
order AD:

Theorem 2.6.2 (Semantic correctness of −→D (limited)). For any term
x1 : real, . . . , xn : real ⊢ t : real, the function J−→D (k,R)(t)K is the (k,R)-Taylor
representation (2.4) of JtK. In detail: for any smooth functions f1 . . . fn : Rk → R,

(∂α1+...+αkfj(x)
∂xα1

1 · · · ∂xαk
k

)(R,0,...,0)

α=(0,...,0)

n
j=1

; J−→D (k,R)(t)K =
(∂α1+...+αk((f1, . . . , fn); JtK)(x)

∂xα1
1 · · · ∂xαk

k

)(R,0,...,0)

α=(0,...,0)

n
j=1

.

For instance, if n = 2, then J−→D (1,1)(t)K(x1, 1, x2, 0) =
(
JtK(x1, x2), ∂JtK(x,x2)

∂x
(x1)

)
.

Proof. Similarly to the first-order derivatives case, for each type τ , we define logical
predicates Sτ between (open) k-dimensional plots in JτK and (open) k-dimensional
plots in J−→D (k,R)(τ)K, i.e. Sτ ⊆ PRk

JτK × PRk

J
−→
D (k,R)(τ)K

, by induction on τ :

Sreal
def=

f,(∂α1+...+αkf(x)

∂xα1
1 · · · ∂xαk

k

)(R,0,...,0)

α=(0,...,0)

 ∣∣∣∣ f : Rk → R smooth


S(τ1×...×τn)
def= {((f1, . . . , fn), (g1, . . . , gn)) | (f1, g1) ∈ Sτ1 , . . . , (fn, gn) ∈ Sτn}

Sτ→σ
def= {(f1, f2) | ∀(g1, g2) ∈ Sτ .(x 7→f1(x)(g1(x)), x7→f2(x)(g2(x))) ∈ Sσ}

Then, we establish the fundamental lemma of logical relations, proved by induction
on the typing derivation of t:
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If x1:τ1, ..., xn:τn ⊢ t : σ and, for all 1≤i≤n, fi : Rk → JτiK and
gi : Rk → J−→D (k,R)(τi)K are such that (fi, gi) is in Sτi

, then we have that(
(f1, . . . , fn); JtK, (g1, . . . , gn); J−→D (k,R)(t)K

)
is in Sσ.

We again conclude the theorem from the fundamental lemma by considering
the case where τi = σ = real, m = n and si = yi.

2.6.5 Correctness of higher-order automatic differentiation
We now generalize Theorem 2.6.2 to hold at all first-order types, not just the reals.

We recall how the Taylor representation of any morphism f : M → N of
manifolds is given by its action on jets [Kolář et al., 1996, Chapter IV]. For
each point x in a manifold M , define the (k,R)-jet space T (k,R)

x M to be the set
{γ ∈ Man(Rk,M) | γ(0) = x}/ ∼ of equivalence classes [γ] of k-dimensional
plots γ in M based at x, where we identify γ1 ∼ γ2 iff all partial derivatives of
order ≤ R coincide in the sense that

∂α1+...+αk(γ1; f)(x)
∂xα1

1 . . . ∂xαk
k

(0) = ∂α1+...+αk(γ2; f)(x)
∂xα1

1 . . . ∂xαk
k

(0)

for all smooth f : M → R and all multi-indices α = (0, . . . , 0) . . . , (R, 0, . . . , 0). In
the case of (k,R) = (1, 1), a (k,R)-jet space is better known as a tangent space.
The (k,R)-jet bundle (a.k.a. tangent bundle, in case (k,R) = (1, 1)) of M is the set
T (k,R)(M) def= ⊎

x∈M T (k,R)
x (M). The charts of M equip T (k,R)(M) with a canonical

manifold structure. The (manifold) diffeology of these jet bundles can be concisely
summarized by the plots PUT (k,R)(M) = {f : U → |T (k,R)(M)| | ∃g ∈ PU×Rk

M .∀u ∈
U.(g(u, 0), [v 7→ g(u, v)]) = f(u)}.
Then T (k,R) acts on smooth maps f : M → N to give T (k,R)(f) : T (k,R)(M) →
T (k,R)(N) is defined as T (k,R)(f)(x, [γ]) def= (f(x), [γ; f ]). In local coordinates, this
action T (k,R)(f) is seen to coincide precisely with the (k,R)-Taylor representation
of f given by the Faà di Bruno formula [Merker, 2004]. All told, the (k,R)-jet
bundle is a functor T (k,R) : Man → Man [Kolář et al., 1996].

Similarly to the first-order case (Lemma 2.5.4), we can understand the jet
bundle of a composite space in terms of that of its parts.

Lemma 2.6.3. There are canonical isomorphisms T (k,R)(⊎∞i=1 Mi) ∼=
⊎∞
i=1 T (k,R)(Mi)

and T (k,R)(M1 × . . .×Mn) ∼= T (k,R)(M1)× . . .× T (k,R)(Mn).

Proof. This is the same as for the tangent bundle functor. For disjoint unions, notice
that smooth morphisms from Rk into a disjoint union of manifolds always factor
over a single inclusion, because Rk is connected. For products, it is well-known that
partial derivatives of a morphism (f1, . . . , fn) are calculated component-wise [Lee,
2013, ex. 3-2].
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Again similarly to the first-order case, we define a canonical isomorphism ϕ
−→
D T
τ :

J−→D (k,R)(τ)K→ T (k,R)(JτK) for every type τ , by induction on the structure of types.
We let ϕ

−→
D T
real : J−→D (k,R)(real)K → T (k,R)(JrealK) be given by ϕ

−→
D T
real (x, x′)

def= (x, [t 7→
x+x′t]). For the other types, we use Lemma 2.6.3. We can now phrase an analogue
of the correctness at all first-order types (Theorem 2.5.6) to the higher-order setting:

Theorem 2.6.4 (Semantic correctness of −→D (k,R) (full)). For any ground τ , any first-
order context Γ and any term Γ ⊢ t : τ , the syntactic translation −→D (k,R) coincides
with the (k,R)-jet bundle functor, modulo these canonical isomorphisms:

J−→D (k,R)(Γ)K
J
−→
D (k,R)(t)K

//

ϕ

−→
D T
Γ

∼=
��

J−→D (k,R)(τ)K

ϕ

−→
D T
τ

∼=
��

T (k,R)(JΓK)
T (k,R)(JtK)

// T (k,R)(JτK)

Proof. Again, this is essentially identical to the (1, 1) case we proved in Section 2.5.3,
in the proof of Theorem 2.5.6. For any k-dimensional plot γ ∈Man(Rk,M), let
γ̄ ∈ Man(Rk, T (k,R)(M)) be the (k,R)-jet curve, given by γ̄(x) = (γ(x), [t 7→
γ(x + t)]). First, we note that a smooth map h : T (k,R)(M) → T (k,R)(N) is of
the form T (k,R)(g) for some g : M → N if for all smooth γ : Rk → M we have
γ̄;h = (γ; g) : Rk → T (k,R)(N). This generalizes (2.4). Second, for any first-order
type τ , SJτK = {(f, f̃) | f̃ ;ϕ

−→
D T
τ = f̄}. This is shown by induction on the structure

of types. We conclude the theorem from diagram (2.3), by putting these two
observations together.

2.7 Conclusion

2.7.1 Summary
We have shown that diffeological spaces provide a denotational semantics for a higher-
order language with variants and inductive types (Sections 2.3,2.4). We have used
this to show correctness of a simple forward-mode AD translation (Theorem 2.3.2,
Theorem 2.5.6). The method is not tied to this specific translation, as we illustrated
in Section 2.6. We have shown that not only can AD be seen as a functor, it also
preserves all the categorical structure that is present in the syntax (Example 2.5.1).
Subject to this constraint of being a structure preserving functor, AD is canonically
determined once we specify its effect on all primitives operations of the language.

The structure of our elementary correctness argument for Theorem 2.3.2 is a
typical logical relations proof. As explained in Section 2.5, this can equivalently be
understood as a denotational semantics in a new kind of space obtained by categorical
gluing. Our semantics using diffeological spaces is interesting as it simply consists
of sets with structure, while its categorical foundation (i.e. being a Grothendieck
quasi-topos) makes is suited for the semantics of very expressive languages.
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Finally, we have used this denotational semantics to phrase and prove semantic
correctness of our AD transform for programs between first-order types, which
might have higher-order subprograms. Overall, then, there are two logical relations
at play. One is in diffeological spaces, which ensures that all definable functions
are smooth. The other is in the correctness proof (equivalently in the categorical
gluing), which explicitly tracks the derivative of each function, and tracks the
syntactic AD even at higher types.

2.7.2 Related work and context
AD has a long history and many implementations. AD was perhaps first phrased
in a functional setting in Pearlmutter and Siskind [2008], and there are now a
number of teams working on AD in the functional setting (e.g. Wang et al. [2019],
Shaikhha et al. [2019], Elliott [2018]), some providing efficient implementations.
Although that work does not involve formal semantics, it is inspired by intuitions
from differential geometry and category theory.

We add to a very recent body of work on verified automatic differentiation.
Much of this is concurrent with and independent of the work we presented. In the
first-order setting, there are recent accounts based on denotational semantics in
manifolds [Fong et al., 2019] and based on synthetic differential geometry [Cruttwell
et al., 2019], as well as work making a categorical abstraction [Cockett et al., 2020]
and work connecting operational semantics with denotational semantics [Abadi and
Plotkin, 2020, Plotkin, 2018]. Recently there has also been significant progress at
higher types. The work of Brunel et al. gives formal correctness proofs for reverse-
mode derivatives on computation graphs [Brunel et al., 2019]. The work of Barthe
et al. [2020] provides a general discussion of some new syntactic logical relations
arguments including one very similar to our syntactic proof of Theorem 2.3.2.

The differential λ-calculus [Ehrhard and Regnier, 2003] is related to AD, and
explicit connections are made in Mak and Ong [2020], Manzyuk [2012]. One
difference is that the differential λ-calculus allows the addition of terms at all types,
and hence vector space models are suitable, but this appears peculiar with the
variant and inductive types that we consider here.

Finally, we emphasise that we have chosen the neural network (2.1) as our running
example mainly for its simplicity. There are many other examples of AD outside the
neural networks literature: AD is useful whenever derivatives need to be calculated
on high dimensional spaces. This includes optimization problems more generally,
where the derivative is passed to a gradient descent method (e.g. Robbins and Monro
[1951], Kiefer et al. [1952], Qian [1999], Kingma and Ba [2014], Duchi et al. [2011],
Liu and Nocedal [1989]). Other applications of AD are in advanced integration
methods, since derivatives play a role in Hamiltonian Monte Carlo [Neal et al., 2011,
Hoffman and Gelman, 2014] and variational inference [Kucukelbir et al., 2017].

2.7.3 Discussion
Derivatives of higher-order functions. In our gluing categories Gl (Sec-
tion 2.5.2), we have avoided the question of what semantic derivatives should be
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associated with higher-order functions. The logical relations argument allows any
derivative-like for higher-order functions that will preserve the correct-notion of
derivative when eventually going back to first-order. This sidesteps the whole
idea of defining them as limits, or as tangents in certain function spaces. In fact,
higher-order functions will typically have several "derivatives" in our sense. For
an intuition, consider a second-order function f : (R → R) → R. Given that
D(R → R) = R2 → R2, we will have df : (R2 → R2) → R2. However, the
correctness criterion only forces df to behave in a certain way when given an input
of the form T (f) : R2 → R2. Such T (f) are a strict subset of smooth functions
R2 → R2. This is easily seen as T (f) is linear in its second argument. Therefore, a
correct df is in a sense free to choose what it does with functions (R2 → R2) which
are not of the form T (f). In Vákár et al. [2022], we construct an explicit such
definable df that is semantically different from what our AD macro produces (i.e.
D(f) ̸= df). We see this as a ‘feature not a bug’, as it is in general very hard to have
geometric intuition in such infinite dimensional spaces, and it is therefore unclear
whether a tangent space which would be a vector space would even be something
reasonable to ask on a function space. As the vast majority of optimisation reduces
to a finite dimensional setting, we leave the investigation of canonical ways to do
AD on functions spaces for future work. Indeed, while derivatives of higher-order
functions are of deep interest and have rightly been studied in their own right in
differential geometry, we believe the situation is subtly different in computer science:

• In programming applications, we usually use higher-order programs only to
construct the first-order functions that we ultimately end up running and
calculating derivatives of. Automatic differentiation methods can exploit this
freedom: derivatives of higher-order functions only matter in so far as they
can be used to construct the correct derivatives of first-order functions, so we
can choose a simple and cheap notion of derivative among the valid options.
Therefore, the fact that our semantics does not commit to a single notion of
derivative of higher-order functions can be seen as modelling the pragmatics
of programming practice.

• While function spaces in differential geometry are typically infinite dimensional
objects that are unsuitable for representation in the finite memory of a
computer, higher-order functions as used in programming are much more
restricted: all they can do is call a function on finitely many arguments and
analyse the function outputs. As such, function types in programming can be
thought of as (locally) finite dimensional.

We now make some connections to the state of the art in AD implementation.
As is common in denotational semantics research, we have here focused on an
idealized language and simple translations to illustrate the main aspects of the
method. There are a number of points where our approach is simplistic compared
to the advanced current practice, as we now explain.

Representation of vectors. In our examples, we have treated n-vectors as
tuples of length n. This style of programming does not scale to large n. A
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better solution would be to use array types, following Shaikhha et al. [2019]. Our
categorical semantics and correctness proofs straightforwardly extend to cover
them, similarly to our treatment of lists. What differs is the API of terms, but
this is easily accommodated.

Efficient forward-mode AD. For AD to be useful, it must be fast. The
syntactic translation −→D that we use is the basis of an efficient AD library [Shaikhha
et al., 2019]. However, numerous optimizations are needed, ranging from algebraic
manipulations, to partial evaluations, to the use of an optimizing C compiler. The
resulting implementation is performant in experiments [Shaikhha et al., 2019].
In Shaikhha et al. [2022a], we validated some of these manipulations using our
semantics, and showed the correctness of their similar AD macro, using a similar
logical relations argument as used here.

Efficient reverse-mode AD. One goal of the simplicity and modularity of our
work on forward-mode AD was to inspire other refinement and generalizations. An
important one is reverse-mode, where the computation of the derivative goes in the
opposite direction as the compute flow for the primal, exploiting the symmetry in
the chain rule. This is usually much more efficient for computing the gradient of a
function Rn → R on one pass, whereas it would typically require n passes for forward-
mode. Speed being the main attraction of reverse-mode AD, its implementations
tend to rely on mutable state, control operators and/or staging [Pearlmutter and
Siskind, 2008, Carpenter et al., 2015, Wang et al., 2019, Brunel et al., 2019], which
we have not considered here. It was noted in Brunel et al. [2019] that using the linear
structure of the function space for derivative pat is key to avoid code duplication and
unnecessary evaluations. In Wang et al. [2019], some impure features (references)
are used to ensure efficiency. In short, extra features accounting for more control in
the language seem necessary to accurately model and prove correct a performant
reverse AD algorithm. This was more recently completed in a body of work [Radul
et al., 2022, Smeding and Vákár, 2022, Krawiec et al., 2022]. Pursuing on this
work, we have also investigated an efficient version of reverse-mode that will be
purely functional [Huot and Shaikhha, 2022].

Other language features. The idealized languages that we considered so far do
not touch on several useful language constructs. For example, the use of functions
that are partial (such as division) or partly smooth (such as ReLU); phenomena
such as iteration, recursion; and probabilities. As diffeological spaces are based on
Euclidean spaces and smooth maps, perhaps we can construct generalized smooth
spaces based on a different "first-order category". This will be investigated in detail
in the next chapter. Secondly, first-order types are all instances of manifolds with
trivial tangent bundle. In practice, types corresponding to more general manifolds
like spheres are also used (see constraint types in Stan [Carpenter et al., 2017] and
bijectors in TensorFlow [Dillon et al., 2017]). We leave this to future work.
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Differentiable Programming beyond

smoothness

Summary. This chapter introduces a denotational model for a higher-order-
recursive language with conditionals, and shows the correctness of the automatic
differentiation program transformation in this richer setting, going beyond differ-
entiability. In the first part of this chapter, we first explain the revised first-order
setting when there are conditionals in the language (Section 3.2), following Lee
et al. [2020]. We then define our recursive higher-order language (Section 3.3) and
introduce a novel denotational model for it (Section 3.4). Using a revised version
of logical relations for this new setting, we give a revised correctness theorem for
automatic differentiation (Section 3.5).

In the second part of this chapter, we use more advanced tools from category
theory to prove that the denotational semantics is sound and adequate (Section 3.6),
and that automatic differentiation is correct (Section 3.7).

This chapter can be thought of as a natural extension to Chapter 2, which goes
beyond differentiability in two ways. First, we introduce conditionals, which can
break continuity (and therefore differentiability). Second, we explore an effectful
setting with partiality and recursion. Therefore, more sophisticated tools are
required when reasoning about effectful recursive languages, and new theory needs
to be used for reasoning about functions which are not differentiable everywhere.

In the next chapter (Chapter 4), we will investigate applications of the theory
developed in this chapter, and see how the guarantees on automatic differentiation
obtained in this chapter affect the correct usage of derivatives obtained by automatic
differentiation in other algorithms.

Publication. This chapter is based on joint work with Alex Lew, Sam Staton,
and Vikash Mansinghka. It largely extends Lew, Huot, and Mansinghka [2021] with
all the categorical machinery needed for the proofs. The proofs and the categorical
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machinery are quite simplified compared to our original account, and this is my own
work. The technical content of this chapter roughly covers Sections II-III in Huot
et al. [2023b], which was recently accepted at LICS 2023. Many of the ideas were
developed together in a collaborative process, but, except where explicitly noted,
the presentation of the definitions and proofs in this thesis are my own.

3.1 Introduction

3.1.1 Motivation
In this chapter, we explore a richer theory, compared to Chapter 2. We are interested
in more expressive functional languages, which include recursion, conditionals, and
partiality. Many elementary functions such as tan or division are partial, and AD
is often applied to programs containing such partial functions. In addition. it is
common for AD to be applied to functions with non-differentiable points, such
as ReLU in deep learning. This raises the question of the guarantees of AD in
such a setting. Recursion is another common feature, which is used for instance in
iterative optimisation methods such as gradient descent or in defining expressive
neural networks such as recurrent neural network. Therefore, more generally, we
need to go beyond diffeological spaces and develop semantics models to account
for these new features. We would also like the new denotational semantics to be
quite flexible and powerful, allowing us to interpret a rich language which could
easily be extended. Furthermore, we would obviously still need to be able to talk
about smoothness in some sense and show some important properties of AD and
generalized derivatives. Another application area for AD on languages that need
higher-order functions, conditionals and recursion is probabilistic programming
languages [Cusumano-Towner et al., 2019, Bingham et al., 2019, Ścibior et al.,
2017, 2018]. Inference in probabilistic programming languages is tightly linked to
AD, as several inference methods rely on computing deterministic derivatives of
programs. Notably, Hamiltonian Monte Carlo (HMC) is an Metropolis-Hasting
(MH) algorithm that requires the gradient of the joint density of the probabilistic
program, and the Jacobian determinant is used in the change of variable formula.

3.1.2 Overview of the technical results
This chapter is divided into two parts. The first part will not make heavy use of
category theory, it presents AD as a program transform on a richer language, and
introduces a new semantic model for reasoning about differentiable programming.
The second part focuses on the underlying categorical machinery and proofs that
underlie this foundation for differentiable programming.

In the first part, we will first recall (Section 3.2) the work of Lee et al. [2020]
on a first-order language with conditionals. They introduced an elegant new
semantic model in terms of piece-wise analytic functions. After defining a simple
AD transform on the language, we will see that AD computes intensional derivatives:
they generalize the usual derivative to this new class of functions. A key insight is
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that what AD computes is intensional: it does not only depend on the semantics of
the program, but also on its representation. Second, we will extend the language of
Lee et al. [2020] to a higher-order recursive language, and extend AD to this setting
(Section 3.3). We will then introduce a new semantic model, ωPAP (Section 3.4),
generalizing the piece-wise analytic functions of Lee et al. [2020] to a much richer
setting, that can serve as a sound and adequate model of our language. Finally,
we give a correctness theorem for AD (Theorem 3.5.3) in Section 3.5.

To do so, in the second part, we introduce the categorical machinery allowing
us to do this. One main idea is that what makes the category of diffeological spaces
so well-behaved is that it can be seen as a category of concrete sheaves. We will
recall the basic theory of concrete sheaves, and we will build a new model on these
principles. In fact, for the semantics model to interpret a language with recursion,
we will need some kind of ωcpo-structure on the homsets. To do this, we will reuse
the idea of "ω-concrete sheaves" introduced in Vákár et al. [2019] and expanded
in Matache et al. [2022]. We will prove that ωPAP is an instance thereof, thus
showing that it forms a well-behaved category (Section 3.6). To show properties of
the language using logical relations like arguments, we will use the version of gluing
developed by Katsumata [2013], called fibrations for logical relations (Section 3.7).
They conveniently and elegantly allow us to reason denotationally about expressive
functional languages, including with recursion.

To summarize, we make the following key contributions:

• We introduce ωPAP -spaces, an expressive model for a higher-order recursive
functional language with smooth primitives.

• We define AD on the language and show that AD computes intensional
derivatives, in the sense of Lee et al. [2020].

• We show how the categorical machinery used is suited for studying differen-
tiable programming, but also more generally for the semantics of higher-order
recursive functional languages.

Part I

3.2 PAP functions on Euclidean spaces
In practice, AD is often applied to functions with non-differentiable points. For
instance, neural networks using ReLU(x) = max(0, x) define non-differentiable
functions, but the ‘derivatives’ of losses involving those functions are computed
using automatic differentiation systems. A natural question is whether this matters
at all because the issues rarely occur (e.g. on a set of Lebesgue measure 0). Lee
et al. [2020] showed that the issue is actually subtle, and we will also see in the next
chapter more subtleties showing how non-intuitive it can be, depending on the usage
of the derivatives produced by AD. This section closely follows the development
of Lee et al. [2020], on which our work is based.
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First, as the following theorems show, this is bound to be a subtle analysis
problem. One may think that functions that are almost everywhere differentiable
compose, but this is not always the case.

Proposition 3.2.1 ([Lee et al., 2020]). There exist functions f : (0, 1)→ (0, 1) and
g : (0, 1)→ [0, 1] such that f and g are almost everywhere (a.e.) differentiable and
continuous, but g ◦ f fails to be a.e. differentiable.

Recall that the chain rule was key to obtaining a compositional AD macro already
at first-order. When restricting to almost everywhere differentiable functions whose
composition is almost everywhere differentiable, we might expect the chain rule to
hold almost everywhere. Lee et al. [2020] also showed that this is not the case either.

Proposition 3.2.2 ([Lee et al., 2020]). There exist functions f, g : (0, 1)→ (0, 1)
such that f, g and g ◦ f are a.e. differentiable and continuous, but such that it is
not true that g′(f(x)) is defined for almost all x ∈ (0, 1).

Proposition 3.2.3 ([Lee et al., 2020]). There exist functions f, g : (0, 1)→ (0, 1)
such that f, g and g◦f are a.e. differentiable and continuous, but for some measurable
subset A ⊆ (0, 1) with non-zero measure, we have f ′(x) = 0 and (g ◦ f)′(x) ̸= 0 for
all x ∈ A.

We also want to match what is done in practice where AD systems do differentiate
programs at the points of non-differentiability, going beyond a semantics saying
that the program is undefined at those points, as is done e.g. in Abadi and
Plotkin [2020]. This justifies introducing a strictly stronger property than almost
everywhere (a.e.) differentiability that will be better behaved. The resulting
functions are called PAP functions.

Definition 3.2.1 (piecewise representation). Let U ⊆ Rn, V ⊆ Rm, and f : U → V .
A piecewise representation of f is a countable family {(Ai, fi)}i∈I such that:

(1) the sets Ai form a partition of U ;

(2) each fi : Ui → Rm is defined on an open domain Ui ⊇ Ai;

(3) for all x ∈ Ai, fi(x) = f(x).

The PAP functions are those with analytic piecewise representations:

Definition 3.2.2 (analytic function). If the Taylor series of a smooth function f
converges pointwise to f in a neighborhood around x, we say that f is analytic at
x. An analytic function is a function that is analytic at every point in its domain.

Definition 3.2.3 (analytic set). We call a set A ⊆ Rn an analytic set iff there
exist finite collections {g+

i }i∈I and {g−j }j∈J of analytic functions into R, with open
domains X+

i and X−j , such that

A = {x ∈ (
⋂
i

X+
i ) ∩ (

⋂
j

X−j ) | ∀i.g+
i (x) > 0 ∧ ∀j.g−j ≤ 0}

That is, analytic sets are subsets of open sets carved out using a finite number of
analytic inequalities, strict or not strict.
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Definition 3.2.4 (PAP function). We say f is piecewise analytic under analytic
partition (PAP) if there exists a piecewise representation {(Ai, fi)}i∈I of f such that
the Ai are analytic sets and the fi are analytic functions.
We call such a representation a PAP representation.

Example 3.2.1. • The usual elementary operations on reals +,−, ∗, cos, exp
are analytic and therefore PAP.

• Functions like max,min are PAP.

• Compositions of PAP functions are PAP.

Lee et al. [2020] use PAP functions to give a semantics to a simple first-order
language. Their language has real number constants c, primitive real-valued
functions f : Rnf → R, as well as an if construct for branching. The language
is given in Figure 3.1.

τ ::= types
| real real numbers

t ::= terms
| x variable
| c | f(t1, . . . , tn) constants/operations
| if t1 > 0 then t2 else t3 conditionals

Γ ⊢ x : τ
((x : τ) ∈ Γ)

∀i = 1 . . . n Γ ⊢ ti : real
Γ ⊢ f(t1, . . . , tn) : real

(f operation)

Γ ⊢ c : real
(c ∈ R)

Γ ⊢ t1 : real Γ ⊢ t2 : τ Γ ⊢ t3 : τ
Γ ⊢ if t1 > 0 then t2 else t3 : τ

Figure 3.1: Types, terms and type system of Lee et al. [2020]’s language

Well-typed expressions t in the language denote functions JtK : Rn → R of an
input vector x ∈ Rn (for some n). We have

JcKx = c

JxiKx = x[i]
Jf(t1, . . . , tn)Kx = f(Jt1Kx, . . . , JtnKx)
Jif t1 > 0 then t2 else t3 Kx = [Jt1Kx > 0] · (Jt2Kx) + [Jt1Kx ≤ 0] · (Jt3Kx)

Proposition 3.2.4 ([Lee et al., 2020]). Constant functions and projection functions
are PAP. Suppose that every primitive operation f : Rn → R is PAP. Then all
well-typed expressions Γ ⊢ t : real denote PAP functions.

PAP functions are not necessarily differentiable everywhere. But Lee et al. [2020]
define intensional derivatives, which do always exist for PAP functions:
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Definition 3.2.5 (Intensional derivative of PAP representation). Let γ = {(Ai, fi)}i
be a PAP representation of some function f . An intensional derivative of γ is the
representation Dγ := {Ai,Dfi}i where Dfi : Ui ⊇ Ai → Rn×m is the usual derivative
of the analytic function fi : Ui ⊆ Rn → Rm.

Definition 3.2.6 (intensional derivative). Let f be PAP. Define ∂•f to be the set

∂•f := {g | Dγ PAP representation of g, γ PAP representation of f}

Each df ∈ ∂•f is an intensional derivative of f .

In the simple case where f : R → R is PAP, this simply says that a function
g : R → R is an intensional derivative of f if there exists a PAP representation
{(Ai, fi)}i∈I of f such that when x ∈ Ai, g(x) = f ′i(x). Unlike traditional derivatives,
they are not unique. For instance, for every analytic set A ⊆ R, and any x ∈ A,
the two sets A1 = A ∩ (−∞, x) and A2 = A ∩ (x,+∞) are analytic. Therefore, we
can always refine a piecewise representation by changing A into A1, A2, {x}. On the
analytic set {x}, there are infinitely many analytic functions that agree with a PAP
function f on this point, but have different derivatives. To see that, define analytic
functions fc(y) = cy + (f(x) − cx) for c ∈ R on a neighbourhood of x. We have
fc(x) = f(x) and f ′c(y) = c. This gives f infinitely many intensional derivatives,
with any possible value for an intensional derivative at x. More generally, this
can happen at countably many points.

Still, PAP functions enjoy the following desirable properties:

Proposition 3.2.5 ([Lee et al., 2020]). 1. Almost-everywhere differentia-
bility. PAP functions are differentiable (in the classical sense) almost
everywhere. Any intensional derivative will agree almost-everywhere with
the true derivative.

2. Closure under differentiation. Any intensional derivative of a PAP
function is a PAP function.

3. Closure under composition. PAP functions compose.

4. Chain rule for intensional derivatives. If df, dg are intensional deriva-
tives of f and g respectively, and if h := g ◦ f , then dh(x) := dg(f(x)) · df(x)
is an intensional derivative of h, where · is matrix composition.

Similarly to the smooth case, we will use dual-numbers to propagate derivatives
as well as primal values to ensure a nice compositionality rule. The following is
a slight reformulation from what is exposed in Lee et al. [2020].

Definition 3.2.7. A function g : R2n → R2m is a dual-number intensional
representation of a PAP function f : Rn → Rm if

g(x, dx) = (f(x), df(x) · dx)

where · is matrix-vector product, and df is an intensional derivative of f .
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Lee et al. [2020] then give a simple AD algorithm D for their language (Figure 3.2)
and show that, when applied to an expression t, it is guaranteed to yield some
intensional derivative of JtK as long as each primitive f comes equipped with a
definable intensional derivative. Essentially, this proof is based on an analogue to
the chain rule for intensional derivatives. Note that this assumes an extended target
language for the AD macro, which supports product types and enough primitives
operations to encode valid dual-number intensional derivatives fD for all primitive
operations f . For instance, if f = cos, the target language needs a primitive
cosD : real × real → real × real. Of course, in practice, cosD would itself be
implemented as a composition of simpler primitives. Its first component would be
cos and its second component could be implemented with − and sin, as cos′ = − sin.

DJrealK def= real× real
D(x) def= x

D(c : real) def= ⟨c, 0⟩
D(f(t1, . . . , tn)) def= fD(D(t1), . . . ,D(tn))
D(if t1 > 0 then t2 else t3 ) def= if t1 > 0 thenD(t2) elseD(t3)

Figure 3.2: Simple AD macro

Proposition 3.2.6 ([Lee et al., 2020]). If for all primitive operations f , D(f) is
a dual-number intensional representation for f , then for any well-typed program t,
DJtK is a dual-number intensional representation of JtK.

3.3 A higher-order language with conditionals
and recursion

As we discussed in Section 3.1, we are interested in defining AD on a higher-order
recursive language with conditionals, extending both Lee et al. [2020] and our work
from Chapter 2. This will introduce several new semantics challenges, including

• Domain of partial functions. Programs will now denote partial functions,
and we need to make decisions as to what the allowed domains of partial
functions should be.

• Reasoning about recursion. Our semantics model will need some sort of
ωcpo-enrichment to support recursion, and it might not be immediately clear
what properties of AD should be satisfied for recursive programs.

• Reasoning about intensional derivatives. In the smooth setting, we could
at least rely on the tangent bundle functor to provide a semantic account of
the syntactic transform D at first-order. There is no equivalent for intensional
derivatives in the literature.
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3.3.1 Language
We present our extended language in Figure 3.3. It is parametrized by a set
of (partial) operations f on booleans (e.g. =,min,max), natural numbers (e.g.
+, ∗), reals (e.g. tan, log, ∗) and mixed (e.g. >: real × real → B). Compared to
Section 3.2, we now allow arbitrary terms of type B in the condition of conditionals.
We assume that the real primitives represent partial analytic functions, which,
as argued by Lee et al. [2020], covers almost all of the primitives encountered
e.g. in machine learning and optimization. We assume constants c for all the
basic types B,N, real. The language is now higher-order and contains lambda
abstraction and application. It also contains recursive terms µf.t. For instance,
the factorial function could be written as

µ fact : N→ N.λn : N.if n = 0 then 1 elsen ∗ fact (n− 1)

Similarly to Section 2.4 in Chapter 2, we can easily extend the language to support
algebraic data types without any further complication.

τ ::= types
| real real numbers
| B booleans
| N natural numbers
| τ1 × τ2 product
| τ1 → τ2 function

t ::= terms
| x variable
| c | f(t1, . . . , tn) constants/operations
| if t1 then t2 else t3 conditionals
| λx.t | t s function abstraction/app.
| µf.t recursive function

Γ, f : τ1 → τ2 ⊢ t : τ1 → τ2

Γ ⊢ µf.t : τ1 → τ2

Γ ⊢ t : B Γ ⊢ t2 : τ Γ ⊢ t3 : τ
Γ ⊢ if t1 then t2 else t3 : τ

Figure 3.3: Types, terms and type system of our language

Example 3.3.1 (Simple recurrent neural network (RNN)). The basic idea of a
recurrent neural net is to feed the output of the layer back to it, along with its input,
a certain number of times, before the final result is obtained. This is for instance
somewhat natural in natural language processing, where the next input is usually the
next word, but the feeding back loop serves for tracking long-distance relationships
between words. We can abstractly write it in our language as

λinput : realk.λlayer : realk × realk → realk.µRNN : N→ realk.λn : N.
if n = 0 then input else layer (input, RNN (n− 1))
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where layer represents one layer on the recurrent neural network (which is usually
a whole neural network), and input represents the input to the neural network,
which in this case is assumed to be given as a tuple of reals, as is often the case in
practice.

3.3.2 AD macro
We now present the AD transform on the types and terms of our extended language in
Figure 3.4. Similarly to all the AD macros we previously defined in this dissertation
(Figures 2.5,2.8,2.11), the transformation is homomorphic in all the constructs
of the language, and the non-trivial action happens at the primitives, i.e. AD
is structure-preserving on the types and terms of our language. For each type
τ , we define a dual number type DJτK, by induction on types. The AD macro
translates terms of type τ into terms of type D(τ). For all the primitives f of
the language, we assume given primitives fD that are the AD translation of the
primitives, with the appropriate type. For instance, as >: real × real → B, we
have >D: (real× real)× (real× real)→ B. As said in Section 3.2, this is not a
limitation as in practice all these primitives can be implemented as composition
of simpler primitives, but this choice simplifies the presentation. For instance, if a
primitive f represents a partial function Rn → R, then we could assume that for
every 1 ≤ i ≤ n, we have the primitive ∂if representing the i-th partial (intensional)
derivative of f . In this case, fD can be implemented as

fD
def=λdx1, . . . λdxn.case dx1 of ⟨x1, δx1⟩ → . . .→ case dxn of ⟨xn, δxn⟩ →
⟨f(x1, . . . , xn), ∂1f(x1, . . . , xn) ∗ δx1 + . . .+ ∂nf(x1, . . . , xn) ∗ δxn⟩

As in Sections 2.2.3 and 2.6 in Chapter 2, our macro in functorial, i.e. it
preserves typing, substitution, and βη-equality.

Lemma 3.3.1 (Functoriality of AD). For all well-typed terms t1, t2 of the language,
we have:

• If Γ ⊢ t1 : τ , then D(Γ) ⊢ D(t1) : D(τ).

• D(t1[t2/x]) = D(t1)[D(t2)/x].

• If t1
βη= t2, then D(t1)

βη= D(t2).

3.3.3 Operational semantics
We now define a standard call-by-value big-step operational semantics for our
language. The values are given by the following grammar

v ::= x | c | f | λx.t | µf.t | ⟨v1, v2⟩

The operational semantics ⇓ is given in Figure 3.5.
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DJrealK = real× real
DJBK = B
DJNK = N

DJτ1 × τ2K = DJτ1K×DJτ2K
DJτ1 → τ2K = DJτ1K→ DJτ2K

D(x) def= x

D(c : real) def= ⟨c, 0⟩
D(c : B) def= c

D(c : N) def= c

D(f(t1, . . . , tn)) def= fD(D(t1), . . . ,D(tn))
D(λx.t) def= λx.D(t)
D(t s) def= D(t)D(s)
D(⟨t1, t2⟩) def= ⟨D(t1),D(t2)⟩
D(case tof ⟨x1, x2⟩ → s) def= caseD(t) of ⟨x1, x2⟩ → D(s)
D(µf.t) def= µf.D(t)
D(if t1 then t2 else t3 ) def= if D(t1) thenD(t2) elseD(t3)

Figure 3.4: AD macro for our higher-order recursive language

c ⇓ c
t2 ⇓ λx.t t1 ⇓ v1 t[v1/x] ⇓ v2

t2t1 ⇓ v2

∀i, ti ⇓ vi t ⇓ f
t(t1, . . . , tn) ⇓ f(v1, . . . , vn)

t1 ⇓ True t2 ⇓ v
if t1 then t2 else t3 ⇓ v

t1 ⇓ False t3 ⇓ v
if t1 then t2 else t3 ⇓ v

t ⇓ ⟨v1, v2⟩ t2[v1/x1, v2/x2] ⇓ v
case tof ⟨x1, x2⟩ → t2 ⇓ v

t[µf.t/f ] ⇓ v
µf.t ⇓ v

Figure 3.5: Big step operational semantics
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3.4 ωPAP spaces
Recall that CartSp is not Cartesian closed. For the same reason, the category
where objects are natural numbers n and morphisms n → m are PAP functions
Rn → Rm is also not Cartesian closed. In addition, lacking an obvious ωcpo-
structure, it would not support the interpretation of recursion either. We introduce
a new convenient setting for differentiable programming, that generalizes PAP
functions, with a sheaf-like flavour, like diffeological spaces [Iglesias-Zemmour, 2013]
or quasi-Borel spaces [Heunen et al., 2017].

3.4.1 ωPAP
We first define PAP spaces, which are like diffeological spaces except that the
plots are now PAP functions.

Definition 3.4.1 (c-analytic set). A set A ⊆ Rn is c-analytic if it is a countable
union of analytic subsets of Rn.

Definition 3.4.2 (PAP space). A PAP space X is a tuple (|X|,PX) of a carrier
set |X| with collections PAX ⊆ |X|A, called plots in X, for each c-analytic set A,
satisfying:

1. Every map from the one point of R0 to |X| is a plot in X.

2. If ϕ ∈ |X|A is a plot in X and f : A′ → A is a PAP function between
c-analytic sets A′ and A, then ϕ ◦ f is a plot in X.

3. Suppose the c-analytic sets Aj ⊆ A form a countable partition of the c-analytic
set A, with inclusions ij : Aj → A. If ϕ ◦ ij is a plot in X for every j, then ϕ
is a plot in X.

Definition 3.4.3 (PAP homomorphism). A homomorphism of PAP spaces f :
X → Y is a map between their carrier sets |X| and |Y | with the property that f ◦ ϕ
is a plot in Y whenever ϕ is a plot in X.

Definition 3.4.4. An ωcpo is a partially ordered set closed under least upper bounds
of countable chains. A continuous function between ωcpo’s is a monotone function
that preserves least upper bounds.

Example 3.4.1. (N ∪ {∞},≤) is an ωcpo where every element is smaller than ∞
and otherwise it’s the natural order on N. A continuous function f : (N ∪ {∞},≤
)→ (N ∪ {∞},≤) is an increasing function f : N→ N and such that f(∞) =∞.

Example 3.4.2 (Discrete-order). Every set X can be made into an ωcpo with the
discrete order =.

Example 3.4.3. Every set X can be made into an ωcpo, by adding a new least
element ⊥, and with the discrete order = on X.

More generally, every ωcpo (X,≤), X ⊔ {⊥} can be made into an ωcpo where
the order on X is the same, and ⊥ ≤ x for every x ∈ X.
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ωPAP -spaces are PAP with an extra ωcpo-structure and an extra closure
condition for the plots.

Definition 3.4.5 (ωPAP space). An ωPAP space consists of a triple (|X|,PX ,≤X)
such that (|X|,PX) is a PAP space and (|X|,≤X) is an ωcpo, satisfying the following
additional condition. Whenever (αi)i is an ω-chain in PAX under the pointwise order,
(∨i∈N αi)(x) := ∨

i∈N(αi(x)) defines a plot ∨i∈N αi ∈ PAX .
Homomorphisms of ωPAP spaces X → Y are defined to be functions from |X|

to |Y | that are both PAP morphisms and ωcpo morphisms. We write ωPAP for the
category of these spaces and homomorphisms.

Definition 3.4.6 (ωPAP). We call ωPAP the category whose objects are ωPAP
spaces and whose morphisms are ωPAP morphisms between them.

3.4.2 Examples of ωPAP spaces
We now look at several examples of ωPAP -spaces. The proof that all of these
examples are indeed ωPAP -spaces, satisfying the usual universal properties, is
postponed to Section 3.6 in Part II.

Example 3.4.4 (PAP-spaces). Every PAP-space X := (|X|,PX) can be seen as a
ωPAP -space where the order is given by equality.

Example 3.4.5. Any analytic set A can be given the structure of an ωPAP-space
(A,PA,=) where for every c-analytic set C, the plots PCA are given by

PCA := {f : C → A | f is a PAP function}

More generally, any c-analytic set can be given the structure of ωPAP-space (A,PA,=
) in the same way, with

PCA := {f : C → A | f is a PAP function}

With the example above, we see that PAP functions f : A → B between c-
analytic sets A,B can be seen as ωPAP -morphisms between ωPAP -spaces. More
generally, arbitrary subsets of Rn can be equipped with an ωPAP-structure.

Example 3.4.6 (Arbitrary subsets of Rn.). As in the previous example, we equip
sets U ⊆ Rn with the discrete partial order and take as plots PAU the PAP functions
from A to U .

Example 3.4.7 (Domain restriction). If Y is a ωPAP space, X ⊆ Y a subspace,
and f : Y → Z is a ωPAP -morphism, then f |X : X → Z, the restriction of f to
X, is a ωPAP -morphism.

Example 3.4.8 (Codomain restriction). If Y is a ωPAP space, f : Y → Z is
a ωPAP -morphism, X ⊆ Z a subspace containing f(Y ), then f : Y → X, the
corestriction of f to X, is a ωPAP -morphism.
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Example 3.4.9 (Products). Given ωPAP spaces X and Y , define X × Y to be
their product as ωcpo’s, with plots ⟨f, g⟩ ∈ PAX×Y whenever f ∈ PAX and g ∈ PAY .

More generally, given ωPAP spaces Xi for i ∈ I, we can define ∏i∈I Xi by their
product as ωcpos, with plots f ∈ PA∏

i∈I
Xi

whenever each projection πi ◦ f ∈ PAXi
.

Example 3.4.10 (Coproducts). Let I be a countable index set, and Xi a ωPAP
space for each i ∈ I. Then ⊔

iXi is again an ωPAP space, with carrier set ⊔i |Xi|,
and the partial order inherited from each Xi. A function f : A→ ⊔

i |Xi| is a plot if
there exists a countable partition {Aj}j of A into analytic sets, such that for each j,
there is a plot fj : Uj ⊇ Aj → Xkj

, where kj ∈ I, such that on Aj, f(x) = inkj
fj(x),

i.e., if the preimage of each Xi under f is a countable union of disjoint analytic
sets for each i.

Example 3.4.11 (Exponentials). Let X and Y be ωPAP spaces. Then Y X is again
a ωPAP space, with carrier set ωPAP (X, Y ). The partial order is the pointwise
partial order. A function f : A→ |Y X | is a plot if uncurry f : A×X → Y is an
ωPAP morphism.

Example 3.4.12 (Algebraic data types). If X is a ωPAP -space, then list(X), the
set of finite lists of elements of X, is a ωPAP -space, where the set is given as in the
category of sets and functions, and where the plots are given inductively as follows:

PAlist(X) = {f : A→ list(X) | f = ι1 or f = ιX×list(X)◦⟨f1, f2⟩, f1 ∈ PAX , f2 ∈ PAlist(X)}

More generally, the same idea will work for any algebraic data type.

3.4.3 A partiality monad on ωPAP

To interpret functions which can be partial, and recursion, we need a way to encode
partiality semantically. This is a non-trivial challenge, and it is possible to formulate
reasonable-sounding solutions that turn out not to work. For instance, we might
think that partial functions f : U ⇀ V definable using recursion are almost PAP in
the following sense: there exists an analytic partition {Ai}i∈I of U , and analytic
functions {fj}j∈J for some subset of indices J ⊆ I, such that f is defined exactly on⋃
j∈J Aj and f(x) = fj(x) whenever x ∈ Aj. This is the definition we would obtain

if a partial function f : U ⇀ V is characterized by a total function U → V + 1
where + is the coproduct of ωPAP -spaces. However, consider the program cantor
in Figure 3.6. It denotes a partial function that is undefined outside of [0, 1], and
also on the 1

3 -Cantor set. This region cannot be expressed as a countable union of
analytic sets ∪i∈I\JAi, and therefore it cannot denote a ωPAP -function R→ R + 1
(see Proposition 3.4.1). Therefore, this candidate notion of PAP partial function
is too restrictive: some recursive programs do not satisfy it.
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def cantor (x : R) : R
if x <= 1/3 then

return cantor(3*x)
elif x <2/3 then

return x*x
else

return cantor(3*x -2)

Figure 3.6: This program can be seen as a piecewise function, constantly ⊥ on the
1
3 -Cantor set, but defined elsewhere in (0, 1).

Proposition 3.4.1. The 1
3-Cantor set cannot be expressed as a countable union of

analytic sets.

Proof. Each analytic set on R is an open set subjected to finitely many analytic
inequalities. The zero set of a real-analytic function on R is either countable or
whole of R (by Theorem of isolated zeros). Thus, these finitely many inequalities
must together carve out countably many isolated points (e.g., −sin(x) <= −c and
sin(x) <= c carve out a countable collection of x’s). But the Cantor set is made of
uncountably many isolated points, and thus cannot be obtained in this way.

Instead, we will only force the domain of the partial function to be a c-analytic
set, but not the complement of its domain. That is, a partial function X → Y will
be represented by a total function X → LY , where LY is defined as follows.

• The underlying set is |LY | := |Y | ⊔ {⊥}.

• The order structure is given by ∀x ∈ |Y |,⊥ ≤LY x and ∀x, x′ ∈ |Y |, x ≤LY x
′

iff x ≤Y x′.

• Plots are given by

PALY :=
{
g : |A| → |Y | ⊔ {⊥} | ∃B c-analytic s.t. g−1(|X|) = B

and g|B ∈ PBY
}

This definition is inspired by similar constructs present in Vákár et al. [2019],
Vákár [2020a], and we will see in Part II that they are all instances of a more
general categorical construction.

We also have ωPAP -morphisms

• returnX : X → LX given by λx.inl x

• ≫=X,Y : LX × (X → LY ) → LY given by λ(x, g).match xwith inr⊥ 7→
inr⊥, inl x 7→ g(x)
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where inl, inr are respectively left and right injections (as set functions: they
are not ωPAP -morphisms).

L extends to ωPAP-morphisms f by Lf(x) = f(x) and Lf(⊥) = ⊥. Overall,
we have a (commutative) monad L : ωPAP → ωPAP :

Proposition 3.4.2. L : ωPAP → ωPAP is a (strong, commutative) monad.

The proof is postponed to Section 3.6 in Part II.
Given a ωPAP -morphism f : A→ LB where A,B are c-analytic sets, we write

f̃ : Dom(f) → B for its corresponding partial function, which is PAP.

3.4.4 Denotational semantics
We can give a denotational semantics to our language using ωPAP -spaces and
morphisms. A program Γ ⊢ t : τ is interpreted as a ωPAP -morphism JtK : JΓK→
LJτK, where L now indicates that programs represent partial functions. In particular,
first-order programs t are interpreted as partial PAP functions, which generalizes the
semantics from the previous section. Substitution is no longer given by composition
in the category, but by composition in the Kleisli category, which is the usual
composition of effectful programs.

The semantics of types is given by

JrealK def= (R, PAP (−,R),=)
JBK def= 1 + 1
JNK def= ∑

i∈N 1
J(τ1 × . . .× τn)K def= ∏n

i=1JτiK
Jτ → σK def= ωPAP (JτK,LJσK)

A context Γ = (x1 : τ1 . . . xn : τn) is interpreted as the product space JΓK def=∏n
i=1JτiK. The semantics of well-typed terms is given by

JxK(ρ) def= return ρ(x)
JcK(ρ) def= return c

Jf(t1. . .tn)K(ρ) def= Jt1K(ρ)≫= (λx1.Jt2K(ρ)
≫= . . .≫= (λxn.f(x1, . . . , xn)))

J⟨t1, t2⟩K(ρ) def= Jt1K(ρ)≫= (λx.Jt2K(ρ)≫= (λy.return (x, y)))
Jλx : τ.tK(ρ) def= return λv.JtK(ρ[x 7→ v])
Jcase t1of ⟨x1, x2⟩ → t2K

def= Jt1K(ρ)≫= (λv.Jt2K(ρ[x 7→ v])f)
Jt1 t2K(ρ) def= Jt1K(ρ)≫= (λf.Jt2K(ρ)≫= f)
Jif t1then t2else t3K(ρ) def= Jt1K(ρ)≫= λb.if b then Jt2K(ρ)else Jt3K(ρ)
Jµf.λx.tK(ρ) def= return ∨

i∈N fi

where f0 = λx.inr ⊥ and fi+1 = λv.JtK(ρ[f 7→ fi, x 7→ v]).
We can give a standard call-by-value evaluation to our language, e.g. following

Pitts [2012]. Then, our denotational semantics in ωPAP is sound and adequate.
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Theorem 3.4.3. The denotational semantics in ωPAP of our language is sound
and adequate w.r.t. the operational semantics (Section 3.3.3).

The proof will be given in Section 3.6.

Definition 3.4.7. A ground type is a type from the grammar of our language
(Figure 3.3) which does not involve arrow types (τ1 → τ2). When we further restrict
the type to not contain B or N, we call it a real ground type. A (real) ground context
is a context where all the variables have (real) ground type.

In addition to giving a sound and adequate semantics to our language, ωPAP -
spaces are conservative over PAP functions defined on c-analytic sets (see The-
orem 3.6.2). This implies the following result

Proposition 3.4.4. Let Γ ⊢ t : τ be a well-typed term, where Γ is a real ground
context and τ a real ground type. Then JtK : JΓK→ LJτK represents a PAP function
f : A → JτK defined on a c-analytic set A. It is in particular almost-everywhere
differentiable.

The proof of Proposition 3.4.4 will also be given in Section 3.6.

3.5 Correctness of AD
To show the correctness of our AD macro, we first need to refine Definition 3.2.7 to
account for partial functions defined on a c-analytic set A instead of the whole of Rn.

Definition 3.5.1 (Dual-number intensional representation). Let A ⊆ Rn and
B ⊆ Rm be c-analytic sets. A function g : A × Rn → B × Rm is a dual-number
intensional representation of a PAP function f : A→ B if for all x ∈ A, dx ∈ Rn

we have
g(x, dx) = (f(x), df(x) · dx)

where · is matrix-vector product, and df is an intensional derivative of f .

Similarly to intensional derivatives, dual-number intensional representations com-
pose:

Proposition 3.5.1. Let f1 : A → B and f2 : B → C be PAP, and g1, g2 be
dual-number intensional representations of f1, f2 respectively. Then, g2 ◦ g1 is a
dual-number intensional representation of f2 ◦ f1.

In the smooth case in the previous chapter, we proved that AD is correct in the
sense that on every first-order term t (i.e. a term with a ground type in a ground
context), AD produces a term D(t) that computes a dual-number representation of t.
The relied on the fact on the fact that the input and output terms of AD represent
smooth functions. In this generalized setting, the analogue definition of correctness
for AD is that it computes some dual-number intensional representation of t.
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Theorem 3.5.2 (Semantic correctness of D (limited)). For any term
x1 : real, . . . , xn : real ⊢ t : real, the PAP function J−→D (t)K : A× Rn → R× R is a
dual-number intensional representation of JtK : A ⊆ Rn → R.

Theorem 3.5.2 will be proved as a special case of the following Theorem 3.5.3.
More generally, this will hold for every first-order term as for any real ground
context Γ, JΓK is isomorphic to Rn for some n, and likewise, for every real ground
type τ , JτK is isomorphic to Rm for some m.

Theorem 3.5.3 (Semantic correctness of D). For any term well-typed term Γ ⊢ t : τ
of real ground type τ in a real ground context Γ, the PAP function J−→D (t)K : A×Rn →
Rm × Rm is a dual-number intensional representation of JtK : A ⊆ Rn → Rm.

In particular, D produces correct gradients almost-everywhere. To visualize
this with a diagram, we define a binary relation R such that fRg if f is PAP
and g a dual-number intensional representation of f . Recall that in the smooth
case, this binary relation was functional, with fRT (f), and T could even be
made into a functor. Using the notation f oo // g if fRg, Theorem 3.5.3 can
be summarised as the following diagram:

Γ ⊢ t : τ D(−) //

J−K
��

DΓ ⊢ Dt : Dτ
J−K
��

JΓ ⊢ t : τK oo // (JDΓ ⊢ Dt : DτK)

The proof of Theorem 3.5.3 is delayed until Section 3.7.
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Part II �

As discussed in Section 3.1, in this part we first develop the categorical machinery
allowing us to show that

(i) ωPAP forms a very well-behaved category, giving a sound and adequate
denotational semantics to our higher-order recursive language (Section 3.6).

(ii) Our AD transform (Figure 3.4) is correct (Theorem 3.5.3), i.e. it computes
dual-number intensional representations (Section 3.7).

3.6 ωPAP as a category of ω-concrete sheaves
In this section, we will recall some of the formalism developed in Matache, Moss,
and Staton [2022] on categories of concrete sheaves with recursion. They form
very-well behaved categories that give sound and adequate models for fine-grained
call-by-value PCF languages. We will show that ωPAP is an instance of such a
category, and gives a sound and adequate semantics to our language (Figure 3.3).

3.6.1 Background: Categories of concrete sheaves with
recursion

A category of sheaves is a well-behaved subcategory of a category of presheaves. In
particular, they are locally-presentable and so complete and cocomplete [Adámek
and Rosicky, 1994]. The intuition is that they are well-chosen presheaves that
‘believe’ in certain colimits in the base category. For instance, it is well-known
that the Yoneda embedding Y : C → Ĉ from a small category C to its category
of presheaves Ĉ does not preserve all colimits that C may have. This means for
instance that for objects A,B of C for which the coproduct exists, there is a presheaf
P such that Ĉ(Y(A+B), P ) ̸∼= Ĉ(Y(A), P )×Ĉ(Y(B), P ). One can e.g. take Pc def=
Y(A)c⊔Y(B)c. Intuitively, P ‘does not perceive’ that Y(A+B) is the coproduct of
Y(A) and Y(B). If, on the other hand, we restrict to the full subcategory C̃ of Ĉ of
objects for which the canonical map Ĉ(Y(A), P )× Ĉ(Y(B), P )→ Ĉ(Y(A+B), P )
is an isomorphism, then Y : C → C̃ will preserve coproducts. The theory of
Grothendieck sheaves is the generalization of this idea, ensuring that Y preserves
certain colimits and that C̃ is a well-behaved category. When further restricting
to a subcategory of sheaves satisfying a concreteness condition, the objects will
behave like sets with structure [Baez and Hoffnung, 2011]. One can show that e.g.
diffeological spaces [Iglesias-Zemmour, 2013], Quasi-Borel spaces [Heunen et al.,
2017], and PAP-spaces (Definitions 3.4.2 and 3.4.3) are of this form.

3.6.1.1 Concrete sites and sheaves

In this dissertation, we are only interested in concrete sheaves, and will not
need the full theory of sheaves. Instead, we recall the minimum setting from
Matache et al. [2022].
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Definition 3.6.1. A concrete category is a category C with a terminal object ⋆
such that the functor C(⋆,−) : C→ Set is faithful.

Example 3.6.1. Let OpenCont be the category whose objects are open subsets
U of Rn (for all n ∈ N), and whose morphisms U → V are continuous functions.
R0 is a terminal object, and OpenCont(R0,−) simply sends an open set to its
underlying set, and sends a continuous function to its underlying function. Therefore,
OpenCont(R0,−) is faithful and OpenCont is concrete.

Definition 3.6.2. A concrete site (C,J ) is a small concrete category C with an
initial object 0, together with a coverage J , which specifies for each object c a set J (c)
of families of maps with codomain c . We call such a family {fi : ci → c}i∈I ∈ J (c)
a covering family and say it covers c. The coverage must satisfy the following
axioms.

1. For every map h : d → c in C, if {fi : ci → c}i∈I covers c, then there is a
covering family {gj : dj → d}j∈I′ of d such that every h ◦ gj factors through
some fi.

2. If {fi : ci → c}i∈I covers c, then ⋃
i∈I Im(|fi|) = |c|.

3. The initial object 0 is covered by the empty set.

4. The identity is always covering.

5. If {fi : ci → c}i∈I ∈ J (c) and {gij : cij → ci}j∈Ji
∈ J (ci) for each i, then

{fi ◦ gij : cij → c}i∈I,j∈Ji
∈ J (c).

Example 3.6.2 (Cartesian spaces and smooth maps). CartSp is a concrete site,
where {fi : Ui → V }i is a covering family if ⋃i fi(Ui) = V , i.e. the images of the fi
cover the codomain V in the usual sense.

Example 3.6.3. Similarly to CartSp, OpenCont is a concrete site, where {fi :
Ui → V }i is a covering family if ⋃i fi(Ui) = V , i.e. the images of the fi cover the
codomain V in the usual sense. Its initial object is the empty set.

Example 3.6.4 (Standard Borel spaces). The category Sbs has objects the Borel
subsets of R and morphisms the measurable functions between these objects. It is a
concrete site where the coverage contains the countable sets of inclusions functions
{Ui → U}i such that U = ⋃

i Ui and the Ui are disjoint.

Definition 3.6.3. A concrete sheaf X on a concrete site (C,J ) is a set |X|,
together with, for each object c ∈ C, a set PcX of functions |c| → |X|, such that

• each PcX contains all the constant functions;

• for any map h : d → c ∈ C, and any g ∈ PcX , the composite function
g ◦ |h| : |d| → |X| is in PdX ;

• for each function g : |c| → |X| and each covering family {fi : ci → c}i∈I , if
each g ◦ |fi| ∈ Pci

X , then g : |c| → |X| ∈ PcX .
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Definition 3.6.4. A morphism α : X → Y between concrete sheaves is a function
α : |X| → |Y | that preserves the structure, namely if g ∈ PcX , then α ◦ g ∈ PcY .

Example 3.6.5. Let Cont be the category defined as follows. Its objects are pairs
(X,PX) where for each open U ⊆ Rn, PUX ⊆ XU is closed under the following
axioms:

• Constant functions are in PUX .

• If f ∈ PUX and g : V → U is continuous, then f ◦ g ∈ PVX .

• If {Ui}i∈N is an open cover of an open U , and for all i, fi ∈ PUi
X , such that

for all i, j ∈ N2, fi and fj agree on Ui ∩ Uj, then f : U → X defined by
x ∈ Ui 7→ fi(x), is an element of PUX .

Its morphisms X → Y are functions α : X → Y such that α ◦ f ∈ PUY whenever
f ∈ PUX . Then, Cont is a category of concrete sheaves on the concrete site
OpenCont.

Example 3.6.6. Diffeological spaces and Quasi-Borel spaces are examples of
categories of concrete sheaves and morphisms between concrete sheaves. Other
examples are given in Baez and Hoffnung [2011].

3.6.1.2 ω-Concrete sheaves

To interpret recursion, the concrete-sheaf structure will not be sufficient in general.
Instead of evoking what is to my knowledge the yet-to-be-formalised theory of
enriched sheaves over the category of ωcpo’s, we continue with the setting from
Matache et al. [2022].

Definition 3.6.5. An ω-concrete sheaf on a site (C,J ) is a concrete sheaf X
together with an ordering ≤X on |X| that equips X with the structure of ωcpo,
such that each PcX is closed under pointwise suprema of chains with respect to the
pointwise ordering. A morphism α : X → Y of ω-concrete sheaves is a continuous
function between ωcpo’s, α : |X| → |Y |, that is also a morphism of concrete sheaves.

ω-concrete sheaves form a category ωConc(C,J ), which is a Cartesian-closed
category with binary coproducts [Matache et al., 2022].

Example 3.6.7. The category of ω-diffeological spaces [Vákár, 2020a] and of ω-
Quasi-Borel spaces [Vákár et al., 2019] are examples of categories of ω-concrete
sheaves.

3.6.1.3 Partiality: admissible monos and a partiality monad

To model recursion, we first need to define a (strong) partiality monad L on
ωConc(C,J ) (Section 3.4.3). There are many choices for the lifting of the plots, so
we parametrize the definition of partiality monad by a class M of monomorphisms
from the site (C,J ), which we call admissible monos.
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Recall that, in any category, monos with the same codomain are preordered.
If m1 : d1 ↣ c,m2 : d2 → c then m1 ≤ m2 iff there exists f : d1 → d2 such that
m2 ◦ f = m1 We write Sub(c) for the poset quotient of the set of monos with
codomain c. For any class M of monos, we write SubM(c) for the full subposet
of Sub(c) whose elements have representatives in M.

Definition 3.6.6. A class M of admissible monos for a concrete site (C,J )
consists of, for each object c ∈ C, a set of monos M(c) with codomain c satisfying
the following conditions

1. For all c ∈ C, 0→ c ∈M(c).

2. M contains all isomorphisms.

3. M is closed under composition.

4. All pullbacks of M-maps exist and are again in M (This makes SubM a
functor Cop → Set).

5. For each c, the function SubM(c)→ Set(|c|, {0, 1}) is componentwise injective
and order-reflecting, and the image of SubM is closed under suprema of ω-
chains.

6. Given an increasing chain in SubM(c), (cn ↣ c)n∈N, denote its least upper
bound by c∞ ↣ c. Then the closure under precomposition (with any morphism)
of the set {cn ↣ c∞}n∈N contains a covering family of c∞.

Now, given a class M of admissible monos, we can define a partiality monad
LM on the category of ω-concrete sheaves:

Definition 3.6.7. We define the (strong) partiality monad LM associated to the
class of admissible monos M as

• |LMX| = |X| ⊔ {⊥}

• ∀x ∈ |X|,⊥ ≤LMX x

• ∀x, x′ ∈ |X|, x ≤LMX x′ iff x ≤X x′

•

PcLMX
def=
{
g : |c| → |X| ⊔ {⊥} | ∃c′ ↣ c ∈M(c) s.t. g−1(|X|) = Im(|c′|)

and g|Im(|c′|) ∈ Pc
′

X

}
The strong monad structure is exactly the same as the maybe monad on Set.

Proposition 3.6.1 ([Matache et al., 2022]). LM : ωConc(C,J )→ ωConc(C,J )
is a strong monad.
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3.6.1.4 Conservativity result

This is best summarised by quoting Matache et al. [2022]:

Suppose we write programs in a language with higher-order recursion
and a type real of real numbers. If all the primitive functions are
continuous, does that mean that the definable functions real → real
are all continuous? In general, suppose we have some set X and a class
C of operations over it. If we write programs over X in a language with
higher-order recursion, are the definable functions real→ real in the
class C? In a language with recursion, the definable functions need not
terminate and so might be partial. Thus, more precisely, we should
investigate the definable partial functions real → real. We would
characterize these partial functions, and their domains of definition. For
example, if all the primitive operations are continuous, then we might
prove that the definable functions real→ real are partial continuous
functions whose domain is an open set. The theory of ω-concrete sheaves
is a good setting for this.

Definition 3.6.8 (Subcanonical site). A site (C,J ) is subcanonical if every
representable presheaf C(−, A) is a concrete sheaf.

Example 3.6.8. CartSp,Sbs,OpenCont are all subcanonical. This boils down to
the following facts. All constant functions are smooth/measurable/continuous respec-
tively. Smooth/measurable/continuous functions compose. Smoothness/continuity
are local properties, and measurable functions are stable under countable gluing.

Definition 3.6.9. Let C be any category of M any class of monos containing the
isomorphisms, closed under composition, and all of whose pullbacks exist and are
again inM. Then pCM, the category ofM-partial maps in C, has the same objects
as C but morphisms c→ b are equivalence classes of pairs (m : d ↣ c, f : d→ b)
with m ∈ M, where (m1 : d1 ↣ c, f1 : d1 → b) is equivalent to (m2 : d2 ↣ c, f2 :
d2 → b) iff there exists an isomorphism i : d1 → d2 such that m2 ◦ i = m1 and
f2 ◦ i = f1. Composition is given by pullback.

We denote by KlT (C) the Kleisli category for the monad T on the category C.

Theorem 3.6.2 ([Matache et al., 2022]). If (C,J ) is a subcanonical concrete site
with an admissible class of monos M, then the functors C → ωConc(C,J ) and
pCM → KlLM(ωConc(C,J )) are full and faithful.

3.6.1.5 Soundness and adequacy

Matache et al. [2022] defined a language PCFv, a call-by-value variant of PCF. It
has product, sum types, and a recursion operator similar to ours, and is presented
as a fine-grained call-by-value language. This language is essentially equivalent to
our language (Figure 3.3), except that we have extra base types real and B, and
more basic primitives involving these types. Our conditional is definable using their
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sum types. They give their language a standard call-by-value operational semantics,
which translates directly to an operational semantics for our language. In summary,
even though their theorem is stated for PCFv, it directly applies to our language,
without needing further changes or extra proofs, as long as we also interpret our
base types and primitives in the model, as is standard Moggi [1991].

Theorem 3.6.3 ([Matache et al., 2022]). A concrete site with a class of admissible
monos, (C,J ,M), presents a sound and adequate model of PCFv in ωConc(C,J ).

3.6.2 ωPAP: a category of ω-concrete sheaves
Having recalled the general setting of ω-concrete sheaves, we now show how ωPAP
is an instance of this general construction. To do so, we will define the category
cPAP and show it is a concrete-site (which is the one for ωPAP) in Section 3.6.2.2.
We will define a set of admissible monos for cPAP in Section 3.6.2.3. In order
to achieve this, we will need a key technical proposition (Proposition 3.6.4) and
a few other technical lemmas, proved in Section 3.6.2.1.

3.6.2.1 C-analytic sets

The definition of c-analytic sets does not require that the analytic sets that make
up a c-analytic set be disjoint, but it turns out that it is always possible to partition
a c-analytic set into countably many pairwise disjoint analytic sets.

Proposition 3.6.4. For any c-analytic set A, there exists a countable collection of
pairwise disjoint analytic sets {Ai}i∈N such that A = ∪i∈NAi.

This is an important property, and most of the rest of this section is devoted
to proving the proposition. The proof is due to Alex Lew.

Let {Ai}i∈N be a countable set of analytic subsets of Rn.
Each analytic set Ai is associated with an open domain Ui and a finite number

Ji of analytic functions {fij}j∈[1,...,Ji], so that Ai = {x ∈ Ui | ∀j.fij ≤ 0}. Because
any open set is a countable union of open balls in Rn, we can assume without loss
of generality in the definition of a c-analytic set A that the Ui are open balls.

Definition 3.6.10. A simple analytic set is a set A = {x ∈ Bϵ(x0) | ∀i ≤ I.g+
i (x) >

0 ∧ ∀j ≤ J.g−i (x) ≤ 0}, for natural numbers I and J and some 0 < ϵ ≤ ∞ and
x0 ∈ Rn.

Lemma 3.6.5. The complement of any simple analytic set is a finite union of
pairwise disjoint simple analytic sets.

Proof. A point x can fail to be in a simple analytic set A for I + J + 1 mutually
exclusive reasons, each of which applies to a simple analytic set of points:

1. If ϵ < ∞, it can fail to lie in Bϵ(x0). The set of points outside Bϵ(x0)
is simple analytic: h−1 (x) := ϵ − ||x − x0||22 is real analytic, and consider
{x ∈ Rn | h−1 (x) ≤ 0}.
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2. (For each 1 ≤ i ≤ I.) It can lie within Bϵ(x0), and satisfy g+
n (x) > 0 for

all n < i, but fail to satisfy g+
i (x) > 0. Let h+

n (x) = g+
n (x) for n < i, and

h−1 (x) = g+
i (x). Then the set of all such points is {x ∈ Bϵ(x0) | ∀n < i.h+

n (x) >
0 ∧ h−1 (x) ≤ 0}.

3. (For each 1 ≤ j ≤ J .) It can lie within Bϵ(x0), and satisfy g+
i (x) > 0 for all

i ≤ I, and satisfy g−n (x) ≤ 0 for all n < j, but fail to satisfy g−j (x) ≤ 0. Let
h+
i (x) = g+

i (x) for all i ≤ I, h−n (x) = g−n (x) for all n < j, and h+
I+1(x) = g−j (x).

Then the set of all points to which this reason applies is {x ∈ Bϵ(x0) | ∀i ≤
I + 1.h+

i (x) > 0 ∧ ∀n < j.h−n (x) ≤ 0}.
The union of these simple analytic sets is the complement of A.

Corollary 3.6.5.1. If A1, . . . , An are simple analytic sets, then ∪i≤nAi is a finite
union of disjoint analytic sets.
Proof. We have ∪Ai = ∩Ai = ∩(∪m≤Mi

Bim), where {Bim}m≤Mi
is a representation

of Ai’s complement as a disjoint union of finitely many simple analytic sets.
Distributing, this is in turn equal to ∪m1≤M1 · · · ∪mn≤Mn (∩i≤nBimi

). Each element
of this large union is analytic, because it is the intersection of n analytic sets.
Furthermore, these analytic sets are pairwise disjoint: any pair will disagree on
mi for some i, and so the intersection will include disjoint sets Bimi

and Bim′
i
, for

mi ̸= m′i. Because these two sets are disjoint, the overall intersections will be
disjoint.
Corollary 3.6.5.2. If A1, . . . , An are simple analytic sets, then An \ ∪i<nAi is a
finite union of disjoint analytic sets, each of which is a finite intersection of simple
analytic sets.
Proof. An \ ∪i<nAi = An ∩ (∪i<nAi), and by the previous corollary, the right-hand
term can be rewritten as a finite union of disjoint analytic sets ∪i<mBi. The
intersection is then equal to ∪i<mAn ∩ Bi. Each element of this finite union is
analytic, because analytic sets are closed under intersection. They are also disjoint,
since the Bi are disjoint.
Lemma 3.6.6. Let A = ∪n∈NAn be a countable union of simple analytic sets An.
Then there are countably many pairwise disjoint analytic sets {Bm}m∈N such that
A = ∪m∈NBm.
Proof. Consider the countably many disjoint sets A′k = Ak \ (∪i<kAi). Each A′k can
itself be expressed as a countable union of pairwise disjoint sets, by the previous
corollary.
Corollary 3.6.6.1. Every c-analytic set A can be written as a countable disjoint
union of analytic sets.
Proof. Any open domain U can be expressed as a countable union of open balls.
Therefore, in a countable union of arbitrary analytic sets, any analytic set A with
a complicated open domain U can be replaced by countably many analytic sets
with open-ball domains (and the same defining inequalities as A). We conclude
with Lemma 3.6.6, using the fact that a countable family of countable families is a
countable family.
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Next, we show a corollary that will be useful in the next section.

Corollary 3.6.6.2. An inclusion U ⊆ V of c-analytic sets U, V is a PAP function
U → V .

Proof. By Corollary 3.6.6.1, we can write U = ⊔i∈NAi and V = ⊔j∈NBj where
the Ai and Bj are analytic sets. Analytic sets are closed under intersection, so
{Ai ∩ Bj}i∈N,j∈N is a countable partition of U into analytic sets. Hence, {(Ai ∩
Bj, id)}i∈N,j∈N is a piecewise representation of the inclusion U ↣ V .

Finally, we show a few closure properties of c-analytic sets.

Lemma 3.6.7. If f : U → V is analytic and A ⊆ V is analytic, then f−1(A) is
analytic.

Proof. By definition, A = {x ∈ (⋂iX+
i ) ∩ (⋂j X−j ) | ∀i.g+

i (x) > 0 ∧ ∀j.g−j (x) ≤ 0}
for some analytic functions g+

i , g
−
j . Thus,

f−1(A)

= {x ∈ f−1
(

(
⋂
i

X+
i ) ∩ (

⋂
j

X−j )
)
| ∀i.g+

i (f(x)) > 0 ∧ ∀j.g−j (f(x)) ≤ 0}

= {x ∈ (
⋂
i

f−1(X+
i ) ∩ (

⋂
j

f−1(X−j )) | ∀i.(g+
i ◦ f)(x) > 0 ∧ ∀j.(g−j ◦ f)(x) ≤ 0}

As f is analytic, it is continuous and so the sets f−1(X+
i ) and f−1(X−j ) are open.

And again, as f is analytic, so are the functions g+
i ◦ f and g−j ◦ f .

Corollary 3.6.7.1. If f : U → V is PAP and A ⊆ V is c-analytic, then f−1(A) is
c-analytic.

Proof. By Corollary 3.6.6.1, we can write A = ⊔iAi for analytic sets Ai. Thus,
f−1(A) = f−1(⊔iAi) = ⊔if−1(Ai) and it is sufficient to show that each f−1(Ai) is
c-analytic.

f is PAP so there exists a partition U = ⊔iBi where Bi are analytic sets
and analytic functions fi : Ui → Rn such that f |Bi

= fi. Therefore, f−1(A) =
⊔if−1

i (A) ∩Bi. Each f−1
i (A) is analytic by Lemma 3.6.7, and so each f−1

i (A) ∩Bi

is analytic. This means f−1(A) is indeed c-analytic.

3.6.2.2 Category cPAP

Definition 3.6.11 (cPAP). We call cPAP the category whose objects are c-analytic
sets and whose morphisms are PAP functions between them. Composition is given
by the usual composition of functions.

Lemma 3.6.8. cPAP is a concrete category.

Proof. • cPAP has a terminal object. The analytic set R0 is terminal.

• The functor hom(1,−) : cPAP → Set is faithful. The functor is the
identity on morphisms.
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Proposition 3.6.9. cPAP is a concrete site, where the coverings for a c-analytic
set U are given by countable c-analytic partitions of U , i.e., {(Ui)i | ∪iUi = U ∧∀i ̸=
j, Ui ∩ Uj = ∅}.

Proof. First, note that our definition for the coverings is a well-defined, as inclusions
are PAP functions by Corollary 3.6.6.2.

We now show that the given coverings satisfy the 5 axioms of a concrete site.

1. Suppose we have a cPAP morphism g : C → D, and a c-analytic partition
{Di}i∈I of D. Then we wish to find a partition of C so that g can be
represented as a piecewise gluing of functions with codomains Di. First, note
that since they are objects of cPAP, each Di can be further partitioned into
countably many distinct analytic subsets {Dij}j∈Ji

, Dij ⊆ Di. Furthermore,
because g is a morphism, it has a PAP representation {(Ck, gk)}k∈K for
analytic subsets Ck ⊆ C and analytic functions gk. For each i, j, k define
Cijk = {c ∈ Ck | gk(c) ∈ Dij}: since gk is an analytic function and Dij is an
analytic set, Cijk is analytic. Define g∗ijk to be the restriction of gk to Cijk.
Then {(Cijk, g∗ijk)}i∈I,j∈Ji,k∈K is a piecewise representation of g in which each
piece’s codomain is Di for some i.

2. Let {fi : ci → c}i∈I be a covering of c. Then ⋃i∈I Im(|fi|) = |c|. This follows
from the definition of partition.

3. The initial object 0 is covered by the empty set.

4. The identity is always covering.

5. Let {fi : ci → c}i∈I be a covering of c and {gij : cij → ci}j∈Ji
be a cover of ci

for each i. Then {fi ◦ gij : cij → c}i∈I,j∈Ji
∈ J (c). This also follows from the

definition of partition, and the fact that a countable union of countable sets is
countable.

Lemma 3.6.10. cPAP is a subcanonical site.

Proof. Let X be a representable presheaf on cPAP. Then, up to natural isomorphism,
X maps a c-analytic set A to cPAP(A,B) for some fixed c-analytic set B. Consider
a covering family {(Ai)}i∈I for A, and a compatible collection of plots ϕi ∈ X(Ai),
which can be identified (via the natural isomorphism) with cPAP morphisms
ϕi : Ai → B. Then we must show that there is a unique ϕ ∈ X(A) whose
restriction to each Ai is ϕi. To see this, note that each ϕi has a PAP representation
{(Aij, ϕij)}j∈Ji

. By the definition of a covering family on cPAP, the Ai are disjoint,
and so {(Aij, ϕij)}i∈I,j∈Ji

is a PAP representation; the ϕ we are looking for is the
function it represents.



3. Differentiable Programming beyond smoothness 67

3.6.2.3 Admissible monos for cPAP

As an admissible set of monos, we choose those given by the monos defined on an c-
analytic subset of their domain of definition. More formally, we define MPAP

for cPAP as follows:

MPAP (B) = {m : A↣ B PAP | A
PAP∼= A′, A′ is a c-analytic subset of B}

Proposition 3.6.11. MPAP is an admissible class of monos.

Proof. 1. For all c ∈ C, 0→ c ∈MPAP (c): the empty-set is c-analytic.

2. MPAP contains all isomorphisms: clear.

3. MPAP is closed under composition: clear.

4. All pullbacks of MPAP -maps exist and are again in MPAP : this amounts to
showing that the preimage B := f−1(A) for a PAP function f and a c-analytic
set A is c-analytic. This is true by Corollary 3.6.7.1.

5. For each c, the function SubM(c)→ Set(|c|, {0, 1}) is componentwise injective
and order-reflecting, and the image of SubM is closed under suprema of ω-
chains: the function is the identity on sets, and is thus injective and order-
reflecting. Given an omega chain {Ai ⊆ B}i∈N, we have i < j ⇒ Ai ⊆ Aj.
Let A := ⋃

i∈NAi ⊆ B. It is a countable union of c-analytic sets and is thus a
c-analytic set.

6. Given an increasing chain in SubM(c), (cn ↣ c)n∈N, denote its least upper
bound by c∞ ↣ c. Then the closure under precomposition (with any
morphism) of the set (cn ↣ c∞)n∈N contains a covering family of c∞: as shown
in the previous point, c∞ is c-analytic and by Corollary 3.6.6.1, c∞ = ⊔Ai
where Ai are analytic sets. Thus, (cn ∩ Ai ↣ c∞)n∈N,i∈N is a covering family
of c∞ that is contained in the closure by precomposition of (cn ↣ c∞)n∈N.

3.6.2.4 Soundness, adequacy, and conservativity

We can now prove Proposition 3.4.4 and Theorem 3.4.3.
Proposition 3.4.4. Let Γ ⊢ t : τ be a well-typed term, where Γ is a real
ground context and τ a real ground type. Then JtK : JΓK → LJτK represents
a PAP function f : A → JτK defined on a c-analytic set A. It is in particular
almost-everywhere differentiable.

Proof. As we have shown that cPAP is a subcanonical (Proposition 3.6.10) concrete
site (Proposition 3.6.9) with an admissible class of monos (Proposition 3.6.11), by
Theorem 3.6.2 we have that the embeddings of PAP functions into ωPAP , and the
one from partial PAP functions to the Kleisli category for L are full and faithful.
In particular, this means that a term Γ ⊢ t : τ of ground type in a ground context



68 3.7. Logical relations arguments via categorical gluing

whose semantics is in the Kleisli category for L, can in fact be seen as a partial
PAP function defined on a c-analytic set.

Theorem 3.6.12. ωPAP has products, coproducts, exponentials and L : ωPAP →
ωPAP is a strong lifting monad.

Proof. It follows directly from the fact that we have seen that ωPAP is a category
of ω-concrete sheaves for the concrete site cPAP (Proposition 3.6.9), and L is
obtained from an admissible class of monos on cPAP (Propositions 3.6.11 and
3.6.1), by Proposition 7.5 in Matache et al. [2022].

Theorem 3.4.3. The denotational semantics in ωPAP of our language is sound
and adequate w.r.t. the operational semantics (Section 3.3.3).

Proof. The result is now immediate by applying Theorem 3.6.3 to the concrete site
(PAP,JPAP ,MPAP ) with the admissible class of monos MPAP .

3.7 Logical relations arguments via categorical
gluing

The goals of this sections are threefold:

• Introduce fibrations for logical relations [Katsumata, 2013], a version of cate-
gorical glueing that is particularly well-suited for logical relations arguments
on rich effectful languages, as a replacement for the argument using syntactic
categories from Section 2.5.

• Use this framework to prove the correctness of AD for PAP functions, i.e.
that AD computes intensional derivatives (Theorem 3.5.2).

• Demonstrate the elegance of a fully categorical reasoning, in the case of AD.

Compared to the argument in Section 2.5, the situation here is more involved,
for several technical reasons. First, our language (Figure 3.3) is more expressive
than in Chapter 2, and in particular we have to reason with recursion. This makes
it challenging to adapt the argument using syntactic categories that we had in
Section 2.5. Second, the logical relation itself is not as simple and well-behaved
as in Section 2.5, as PAP functions have several intensional derivatives. Third,
the use of conditionals and non-smooth operations in the language implies that
we have to be careful with the logical relations on types which are interpreted as
coproducts, i.e. booleans JBK = 1 + 1 in our case. Very similar challenges appear
are also explored and explained in depth in Vákár [2020a].

Our solution to these problems is a particularly nice setting of categorical
gluing, introduced in Katsumata [2013], of fibrations for logical relations, which
we recall in Section 3.7.1. In Section 3.7.2 we then use their framework to prove
Theorem 3.5.2. This latter section is fairly technical and separated in three parts.
Section 3.7.2.1 constructs a nice setting for reasoning about the correctness of AD
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by constructing a convenient gluing category. This plays the role of setting the
right framework for reasoning. In the proof of correctness of AD in Section 2.5,
the analogous role was played by reasoning with Cartesian-closed categories and
syntactic categories. Section 3.7.2.2 then plays the role of constructing the specific
logical relations needed for our correctness argument. The analogous role in the
proof in Section 3.7.1 was the construction of the functor L−M : Syn→ GlR. Finally,
Section 3.7.2.3 shows how to prove Theorem 3.5.2.

3.7.1 Fibrations for logical relations
We recall the bare minimum of fibration theory that is required for our purpose.
Roughly speaking, fibrations offer a useful point of view as the functor p : Gl →
C from a gluing category (sometimes called a scone or subscone [Mitchell and
Scedrov, 1992]) to the base category is an example fibration, with particularly nice
properties. This was explored in detail in Katsumata [2013], Katsumata [2005],
and we follow closely their development.

3.7.1.1 Fibrations

We first recall some basic facts from the theory of fibrations. See Jacobs [1999]
for the standard textbook reference on the subject. Fibrations are particular
kinds of functors that generalise the case of a forgetful functor from a category
of predicates on objects and predicate-preserving morphism to the underlying
category of objects and morphisms.

Definition 3.7.1. Let p : E → B be a functor. A morphism h in E is said to be
above a morphism w in B if p(h) = w. A morphism f : X → Y ∈ E is Cartesian
over u : I → J ∈ B if pf = u and every g : Z → Y ∈ E for which pg = u ◦ w for
some w : pZ → I, there is a unique h : Z → X ∈ E above w with f ◦ h = g.

Definition 3.7.2. A fibration is a functor p : E→ B such that for every Y ∈ E
and u : I → pY ∈ B, there is a Cartesian morphism f : X → Y ∈ E above u. It is
also called fibred category or category (fibred) over B.

Example 3.7.1. Let Pred be the category whose objects are pairs (X,S) of a set
X and a subset S ⊆ X, and morphisms (X,S)→ (Y, T ) are functions f : X → Y
such that f(S) ⊆ T . Let p : Pred→ Set be the functor that forgets the subsets S.
It is a fibration.

A very standard way to construct new fibrations from known ones is by the
technique of ‘change-of-base’.

Proposition 3.7.1. (Change-of-base) Let p : E→ B be a fibration and K : A→ B
be a functor. Form the pullback in Cat:

A×B E //

K∗(p)
��

E
p

��
A

K
// B
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In this situation, the functor K∗(p) is also a fibration.

Example 3.7.2. Consider the functor K : Set× Set → Set that sends pairs of
sets to their product. In this case,

BRel //

K∗(p)
��

Pred
p

��
Set× Set

K
// Set

BRel is a category of functions that preserve a binary relation. An object in BRel
is a binary relation S ⊆ X × Y , and a morphism S ⊆ X × Y → R ⊆ X2 × Y2 is a
function f : X × Y → X2 × Y2 such that for all (x, y) ∈ S, f(x, y) ∈ R.

Proposition 3.7.2. (Composition) Let p : E → B and r : B → A be fibrations.
Then rp : E→ A is also a fibration, in which f ∈ E is a Cartesian morphism iff f
is a Cartesian morphism for p and p(f) is a Cartesian morphism for r. For each
I ∈ A one obtains a fibration pI : EI = (rp)−1(I)→ BI = r−1(I) by restriction.

Definition 3.7.3. Given a fibration p : E→ B, the fibre category over I ∈ B is the
subcategory EI of E whose objects are above I and morphisms above idI .

An intuition for the Cartesian-morphism in fibrations is that of weakest-precondition.
In the example of p : Pred → Set, given a function f : S → T and a predicate
A ⊆ T , the Cartesian lifting of p can be chosen to be f : (f−1(A), S) → (A, T )
and f−1(A) is indeed the smallest set B such that for all x ∈ B, f(x) ∈ A. This
analogy is explored in greater detail in Melliès and Zeilberger [2015]. By contrast,
opfibrations can be given an analogy in terms of strongest post-condition.

Definition 3.7.4. p : E→ B is an opfibration if pop : Eop → Bop is a fibration.

Example 3.7.3. p : Pred→ Set is an opfibration.

3.7.1.2 Fibrations for logical relations for effectful languages

As we discussed, a view on fibrations is a generalized forgetful functors from
categories of predicates on the objects of a category to the underlying category,
the simplest example being p : Pred → Set, which is both a fibration and an
opfibration, and a morphism f : (A, S)→ (B, T ) in Pred is determined by its type
and the underlying morphism p(f) : S → T . Katsumata [2013] considers the class of
fibrations that will behave similarly to Pred→ Set as fibration for logical relations.

Definition 3.7.5. A partial order bifibration with fibrewise small products is a
faithful functor p : E→ B such that

• p is a fibration

• p is an opfibration

• each fibre category is a partial order
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• each fibre category has meets, and the inverse image functors preserve them

Definition 3.7.6 ([Katsumata, 2013]). A fibration for logical relations over a
bi-CCC B is a partial order bifibration p : E→ B with fibrewise small products such
that E is a bi-CCC and p strictly preserves the bicartesian-closed structure.

One very convenient of fibrations for logical relations is that, similarly to
fibrations, they are closed under change-of-base.

Proposition 3.7.3 ([Katsumata, 2013]). The pullback of a fibration for logical
relations along a finite product preserving functor is a fibration for logical relations.

In particular, the usual subscone fibration [Mitchell and Scedrov, 1992] is
recovered as a change of base along the functor B(1,−) : B → Set.

Definition 3.7.7 ([Katsumata, 2013]). Let p : E → B be a functor. Given
X, Y ∈ E, and f : pX → pY , we write f : X •→ Y to denote the following
proposition: ∃

•
f : X → Y.p(

•
f) = f . We say that f has a lift (in E).

The setting of Katsumata [2013] works for fairly general languages with effects.
One way to describe them is in terms of algebraic operations, or equivalently
in terms of generic effects.

Definition 3.7.8 ([Plotkin and Power, 2003]). Let C be a category and T a strong
monad on it. Given objects C and D of C, a (D,C) algebraic operation or generic
effect for is a morphism C → TD.

A lambda-calculus with effects is parametrised by a set of base types and
(effectful) primitives, each having an arity and coarity, describing the number and
types of arguments and return values. This is encapsulated as a signature:

Definition 3.7.9 ([Katsumata, 2013]). A λc-signature Σ is a tuple (B,K,O, ar, car :
K
⋃
O → GType(B)) where B is a set of base types, K a set of effect-free constants,

O a set of algebraic operations, and GType(B) the set of ground types on B. ar, car
are the arity and co-arity functions.

Definition 3.7.10 ([Katsumata, 2013]). Let Σ be a signature. A λc(Σ)-structure is
a tuple A = (B, T, A, a) where B is a bi-CCC, T a strong monad on B, A a functor
B → B.

In other words, a λc(Σ)-structure gives an interpretation of the base types
and primitives of the language. Note that we can always extend A to a structure
preserving functor AJ−K : Gtype(B) → B. A property is the choice for any base
type b ∈ B of a predicate V b in the category of predicates E over values of type b,
and of a predicate Cb over computations T (Ab) of type b. In more detail

Definition 3.7.11 ([Katsumata, 2013]). A property over a λc(Σ)-structure A is a
pair (V,C) of functors V,C : B → E such that p ◦ V = A and p ◦ C = T ◦ A

The question of interest is then whether all programs preserve the property,
which is answered by the following theorem.
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Theorem 3.7.4 (Logical relations, [Katsumata, 2013]). Let Σ be a signature,
A = (B, T, A, a) be an λc(Σ)-structure, p : E→ B be a fibration for logical relations
and (V,C) be a property over A. If the property satisfies the following conditions

• for all b ∈ B, return has a lift

• for all k ∈ K, AJkK has a lift

• for all o ∈ O, JoK has a lift
then for all well-typed terms x1 : b1, . . . , xn : bn ⊢ t : b, AJtK lifts to the total
category.

3.7.1.3 Fibrations for logical relations for effectful languages with re-
cursion

So far, we have reviewed the way to use fibrations for logical relations for higher-
order effectful languages, but not for languages with recursion. We review this next,
still closely following Katsumata [2013]. The main new ingredient that is required
is an ωcpo-structure with some compatibility conditions, which we review next.
Definition 3.7.12 ([Katsumata, 2013]). An ωcpo-enriched bi-CCC is a bi-CCC C
such that each homset is an ωcpo, and the composition, tupling (−,−), projections,
cotupling [−,−], injections, currying λ(−) and application of the bi-CC structure
on C are all monotone and continuous.
Definition 3.7.13 ([Katsumata, 2013]). A pseudo-lifting monad on an ωcpo-
enriched bi-CC category B is a monad on the underlying non-enriched category,
with a distinguished morphism at each component I, btI : 1→ TI, that is the least
morphism.
Definition 3.7.14 ([Katsumata, 2013]). An ωcpo-enriched λc(Σ)-structure is a
tuple (B, T, A, a) such that B is an ωcpo-enriched bi-CCC, T is a pseudo-lifting
monad over B and (B, T, A, a) is a λc(Σ)-structure.
Definition 3.7.15 ([Katsumata, 2013]). We call X ∈ E above TI ∈ B admissible if

• ⊥pX : 1 •→ X

• for all Y ∈ E and ω-chain fi ∈ B(pY, pX) such that fi : Y •→ X, we have⊔∞
i=0 fi : Y •→ X.

We can now phrase an analogue of Theorem 3.7.4 for a language with recursion.
Theorem 3.7.5 (Logical relations for language with recursion, [Katsumata, 2013]).
Let Σ be a signature, A = (B, T, A, a) an ωcpo-enriched λc(Σ)-structure, p : E→ B
a fibration for logical relations and (V,C) be a property over A. If the property
satisfies

• the conditions of Theorem 3.7.4,

• for all b ∈ B, Cb is admissible.
Then for all well-typed terms of the language with iteration, x1 : b1, . . . , xn : bn ⊢ t : b
we have AJtK : ∏i V bi

•→ Cb.
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3.7.2 Correctness of AD
As we discussed in the beginning of Section 3.7, this section is divived in three parts.

First, in Section 3.7.2.1, we construct a suitable category of predicates on
ωPAP × ωPAP (i.e. a fibration for logical relations). The emphasis on suitable
comes from the following point. In the case Pred → Set, a predicate is a (class
of) momomorphism A↣ S, which are morphisms in Set. We could hope that in
our case, our logical predicate of interest Rτ would be a monomorphism Rτ ↣
JτK × JD(τ)K in ωPAP , relating pairs of curves as in the proof in Section 2.5.
However, it turns out that the relevant Rτ we came up with is not a concrete sheaf,
i.e. not an object in ωPAP , as it does not satisfy the concreteness axiom. We
instead develop an alternate route by showing it is a sheaf in a certain category of
sheaves Sh(Inj). We obtain our fibration for logical relations on ωPAP × ωPAP
by change-of-base from the one obtained by a category of predicates on Sh(Inj).

Second, in Section 3.7.2.1, we construct a property on the fibrations for logical
relations on ωPAP we constructed in Section 3.7.2.1 that will mimic correct dual-
numbers (Equation 2.2), but adapted to work for PAP functions. A first key
change compared to the dual-number case is that derivatives are not unique any
more, and this makes this logical relation more complex. The second key change
is that the logical relation has a definition for values and computations, as is
typical for effectful languages.

Lastly, we will show the correctness of AD (Theorem 3.5.2) by combining these
elements with Theorem 3.7.5.

3.7.2.1 A fibration for logical relations on ωPAP × ωPAP

We first define a specific fibration for logical relations based on a category of
predicates on a category of Grothendieck sheaves. Its site is defined as follows.

Definition 3.7.16. We define the category Inj, a subcategory of cPAP , whose
objects are c-analytic sets and morphisms are PAP injections.

Lemma 3.7.6. Inj is a site, with coverage J where coverings are given as in cPAP.

Proof. The proof for the case of cPAP carries through to this restricted setting. In
particular, in cPAP the important stability axiom only used inclusions which are
PAP injections, and is therefore still valid.

We now define the category of sheaves Sh(Inj):

Definition 3.7.17. Let Sh(Inj) be the category of sheaves on the site Inj.

Lemma 3.7.7. Sh(Inj) is a Grothendieck topos, and in particular it is Cartesian-
closed, complete and co-complete.

Proof. This is standard sheaf theory, see e.g. MacLane and Moerdijk [2012].

We now define the category of predicates on Sh(Inj). By a subsheaf P of F
in Sh(Inj), we mean a sheaf F such that for all c-analytic set A, P (A) ⊆ F (A),
and P (f) is the restriction of F (f) for all morphisms f .
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Definition 3.7.18. We denote by Sub(Sh(Inj)) the category whose objects are
pairs of sheaves (P, F ) of Sh(Inj), where P is a subsheaf of F , and morphisms
(P, F )→ (P ′, F ′) are natural transformations F → F ′ that restrict to the subsheaves.

Lemma 3.7.8. The second projection (P, F ) 7→ F is a fibrations for logical relations
p : Sub(Sh(Inj))→ Sh(Inj).

Proof. As Sh(Inj) has pullbacks, p is a fibration. It is clearly faithful. By the
theory of gluing ([Carboni and Johnstone, 1995, Johnstone et al., 2007, Johnstone,
2002, Mitchell and Scedrov, 1992]), as Sh(Inj) is a CCC and has an epi-mono
factorisation system, Sub(Sh(Inj)) is a CCC, has finite colimits, and p preserves
the CCC-structure. In addition, each fibre category is a partial order and has
small products. It remains to show that cod is an opfibration and that p preserves
coproducts. By Lemma 4.6 in Kammar and McDermott [2018], it suffices to show
that monos are closed under coproducts, as we already have the other conditions
for having a factorization system for logical relations. The arrow category on
Sh(Inj) is cocomplete, as Sh(Inj) is (it is a topos). As Sh(Inj) is a topos, it has an
epi-mono factorization system, and therefore it has image factorization. Therefore,
the category of monos is a reflective subcategory of the arrow category. As such,
it is cocomplete, and in particular it has coproducts. So monos are closed under
coproducts, and we conclude by Lemma 4.6 in Kammar and McDermott [2018], as
said above.

Using the fibration for logical relations p : Sub(Sh(Inj)) → Sh(Inj), we now
construct a new one on ωPAP × ωPAP by change of base. Let F : ωPAP ×
ωPAP → Sub(Sh(Inj)) be the functor given by F (X, Y ) = X×Y N, where X×Y N

forgets that it is an ω-concrete sheaf on the site cPAP , and only remembers that it
is in particular a sheaf on the site Inj. As Y → Y N and (X, Y )→ X ×Y are limits,
they are product-preserving functors. The restriction functor ωPAP → Sh(Inj) is
product-preserving, and therefore F is a composition of product-preserving functors
and is product preserving. Therefore, by Proposition 3.7.3, the pullback of p
along F is a fibration for logical relations. We denote this pullback by π : Gl :→
ωPAP×ωPAP . An object in Gl is a triple (X1, X2, S) where X1 and X2 are objects
of ωPAP and S is a subsheaf of X1 ×XN

2 seen as sheaf in Sh(Inj). A morphism
f : (X1, X2, S)→ (Y1, Y2, T ) is a pair of ωPAP morphisms (f : X1 → Y1, g : X2 →
Y2) such that for all c-analytic set A and plot ϕ : A → X1 × XN

2 respecting the
predicate S (i.e. ϕ ∈ S(A)), the plot (f × (N ⇒ g)) ◦ ϕ : A → Y1 × Y N

2 respects
the predicate T , i.e. is an element of the set T (A). Unveiling the definition a bit
more, ϕ consists of a plot ϕ1 : A→ X1 and a family of plots (ϕ2,i : A→ X2)i∈N, and
(f, g) is a morphism in Gl if for all such

(
ϕ1 : A→ X1, (ϕ2,i : A→ X2)i∈N

)
∈ S(A),(

f ◦ ϕ1, (g ◦ ϕ2,i : A → X2)i∈N
)
∈ T (A).

Remark 3.7.1. Before moving on, let us say a few words on this category of
predicates Gl. We could have chosen the category Sh(Inj) to be sheaves on the
site cPAP instead. This would not change much, but this is a bit overkill for our
purpose and simply adds some unnecessary complexity. The property we will define
for the correctness of AD will require to be indexed by all c-analytic sets A, instead
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of simply the one object R, as it was the case in Section 2.5. However, to do so it will
be sufficient to consider Inj as we did. One main reason we have partial functions
which force the definition of a lift for LR, as well as for R. A second reason is
that the non-uniqueness of intensional derivatives creates a technical complication.
Compared to the case of true derivatives, knowing a correct intensional derivative
at a single point is essentially useless information, as intensional derivatives are
always free to take an arbitrary value on a countable set of points. More generally,
it is unclear whether a dual-number intensional representation h : R2n → R for a
PAP function f : Rn → R is determined by a property like Equation 2.2. That is,
the problem is that the input space R is smaller than Rn, and the quantification
only shows that h is ‘correct’ on a set of at most the size of R inside Rn, which
is Lebesgue-negligible. This problem disappears e.g. when we can show that h is
correct on each open of an open cover of its domain.

3.7.2.2 A property for the correctness of AD

We now define the property we will use for the correctness of AD, that is the
analogue in the setting of fibrations for logical relations [Katsumata, 2013] to
the usual logical predicates.

Definition 3.7.19. Let f : A ⊆ Rn → R be a PAP function. Given any intensional
derivative g : A→ Rn of f (Definition 3.2.6), we call πi ◦ g : A→ R an i-th partial
intensional derivative of f .

We write hoti for the vector in Rn that consist only of zeros, except it has a
single 1 at the i-th position. Given any dual-number intensional representation
g : A× Rn → R2 of f , define the PAP function gi : A→ R2 given by

gi(x) = g(x, hoti)

gi is called an i-th partial dual-number intensional representation of f , and its
second component is an i-th partial intensional derivative of f . We write ∂iDNRf
for the set of i-th partial dual-number intensional representations of f .

We extend the definition of ∂iDNRf to all natural numbers i by setting ∂iDNRf =
{λx.0} for any i > n.

Definition 3.7.20. Let V (R) := (R, (R2)N, VR) ∈ Gl where for each c-analytic set
A, we have

VR(A) = {(f : A→ R, (gi : A→ R2)i∈N) | f, g ωPAP,∃ h ωPAP
and linear in its second argument, ∀i ∈ N, h(−, hoti) = gi ∈ ∂iDNRf}

Likewise, let C(R) := (LR,L(R2)N, CR) ∈ Gl where for each c-analytic set A,
we have

CR(A) = {(f : A→ LR, g : A→ L(R2)N | Dom(f) = Dom(g) and
∀i.(f̃ , g̃i) ∈ VR(Dom(f))}
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Let V (B) = (B,BN, VB) ∈ Gl where for each c-analytic set A, we have

VB(A) = {f : A→ B, g : A→ BN | ∀i ∈ N, gi = f}

Let C(B) = (LB,LBN, CB) ∈ Gl where for each c-analytic set A, we have

CB(A) = {(f : A→ LB, g : A→ LBN) | Dom(f) = Dom(g) and
∀i ∈ N.(f̃ , g̃i) ∈ VB(Dom(f))}

Lemma 3.7.9. We have defined a property for our language.

Proof. The only thing to show is that VR, CR, VB, CB are subsheaves of R×(R2)N,LR×
L(R2)N,B× BN,LB× LBN respectively. It is immediate for the C’s once we have
shown the result for the V ’s. For VR, it amounts to showing two things. First,
whether partial intensional derivatives restrict to a subset of the domain of a
function, which is evidently true. Second, whether partial intensional derivatives
glue if they agree on their intersection, which as for usual derivatives, is true as
well. For VB, it is immediate as it is an equalizer of B × BN, which exists in any
topos and the canonical map VB ↣ B× BN is a mono.

Let us now look a bit more into what morphisms preserving the property look like.

Definition 3.7.21. Let V (Rk) := (Rk, ((R2)N)k, VRk) where for each c-analytic set
A, we have

VRk(A) = {(f : A→ Rk, g : A→ ((R2)N)k) | ∀1 ≤ j ≤ k, (πjf, πjg) ∈ VR(A)}

Let f : Rn → LR be a PAP function. We define V (f) to be pairs of functions
(f, h), where h : ((R2)N)k → L(R2)N is ωPAP , and such that for any c-analytic set
A, and any (g1, g2) ∈ VRk(A), (f ◦ g1, h ◦ g2) ∈ CR(A).

This means that given a PAP functions g1, . . . , gn : A → R, h will send i-
th partial intensional representations of each of the gi to i-th partial intensional
representations of f ◦ ⟨g1, . . . , gn⟩. Note that if A ⊆ Rk, this will be trivially
satisfied for any i > k.

Let us now see how we will interpret and a lift primitive t : real2 → real of our
language. This interpretation will only be required for the correctness proof. We set
JtKωPAP×ωPAP = (JtK,∏i∈NJD(t)K). In other words, we make countably many copies
of the semantics of the AD-translation of t. We can now more generally show that
every primitive of the language, whose semantics is interpreted in ωPAP × ωPAP
following the example above, will lift to Gl.

Finally, to satisfy the conditions of Theorem 3.7.5, we need to show that for
each base type B, C(B) is admissible (Definition 3.7.15).

Lemma 3.7.10. C(B) is admissible.

Proof. This means we need to find a lift for ⊥ : 1 → LB and a lift for the sup∨
i∈N(fi, gi) of an omega chain (fi, gi) : (X, Y )→ (LB,L(B)) of morphisms which

each have a lift.
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• lift for ⊥ : 1→ LB. We chose (⊥B,⊥B, (⊥,⊥)) where ⊥ : A→ LB represents
the function with empty domain.

• lift for the sup ∨
i∈N(fi, gi). Assume that for all i ∈ N,

·
(fi, gi): (X, Y,R) →

C(B). This means that for all c-analytic set A, and all r ∈ R(A) ⊆ PAX×Y ,
we have (fi × gi)(r) ∈ CB(A). Let r ∈ R(A). We need to show that
(∨i∈N(fi × gi))(r) ∈ CR(A). By hypothesis, (fi × gi)(r) is just a pair of
identical morphisms Bi → 1 + 1. As composition is continuous and lubs are
computed point-wise, we have (∨i∈N(fi × gi))(r) = ∨

i∈N(fi × gi)(r) which is a
pair of identical morphisms B → 1 + 1, which is an element of CB(A).

Lemma 3.7.11. C(R) is admissible.

Proof. This means we need to find a lift for ⊥ : 1 → LR and a lift for the sup∨
i∈N(fi, gi) of an omega chain (fi, gi) : (X, Y )→ (LB,L(R)) of morphisms which

each have a lift.

• Lift for ⊥ : 1→ LR. We chose (⊥R,⊥R×R, (⊥, (⊥,⊥))) where ⊥ : A→ LR is
the nowhere defined function.

• Lift for the sup ∨i∈N(fi, gi). Assume
·

(fi, gi): (X, Y,R)→ C(R). This means
that every all c-analytic set A, and every r ∈ R(A) ⊆ PAX × PAY , we have
(fi × gi)(r) ∈ CR(A). Let r ∈ R(A). As lubs are computed pointwise, we
need to show that (∨i∈N(fi× gi))(r) ∈ CR(A). By hypothesis, for every i ∈ N,
(fi × gi)(r) ∈ CR(A) and we can write it as (fi × gi)(r) = (ki : Bi ⊆ A ⊆
Rn → R, (li,j : Bi → R2)j∈N) such that there exists hi ωPAP and linear in
its second argument such that ∀j ∈ N, hi(−, hotj) = li,j ∈ ∂jDNRki. Each
hi : Bi × Rn → R2 is a dual-number intensional representation of ki. Let
B = ∨

i∈NBi. B is c-analytic. We show that the (hi)i∈N form an ω-chain.
As Bi ⊆ Bi+1, Dom(hi) ⊆ Dom(hi+1). For any x ∈ Bi, v ∈ Rn, we have, by
definition and right linearity of the hi:

hi+1(x, v) =
∑

1≤j≤n
hi+1(x, v · hotj)

=
∑

1≤j≤n
vi · hi+1(x, hotj)

=
∑

1≤j≤n
vi · li+1,j(x)

=
∑

1≤j≤n
vi · li,j(x)

=
∑

1≤j≤n
vi · hi(x, hotj)

=
∑

1≤j≤n
hi+1(x, v · hotj)

= hi(x, v)
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and therefore hi ≤ hi+1 as the order on functions A→ LR2 is pointwise. Let
h = ∨

i∈N hi : B × Rn → R2. h is ωPAP. We show that this is a dual-number
intensional representation of k := ∨

i∈N ki.
For each i ∈ N, letBi = ⋃

j∈NCi,j be a representation ofBi as a countable union
of simple analytic sets (Definition 3.6.10) Ci,j , and (Ci,j×Rn, hi,j)j∈N be a PAP
representation for hi. By construction, B = ⋃

i,j∈NCi,j is a representation of B
as a countable union of simple analytic sets. Let ϕ : N×N2 be a bijection. For
every k ∈ N, let C ′k = Cϕ(k) \

⋃
p<k Cϕ(p). Then C ′k is a finite union of disjoint

analytic sets (Corollary 3.6.5.2), and are thus analytic sets. Furthermore, the
(C ′k)k∈N are disjoint (by construction), and form a partition of B. Therefore,
B = ⋃

k∈NC
′
k is a c-analytic partition of B. Let h′k : C ′k × Rn → R2 be

given by h′k(x) = hϕ(k)(x). The (h′k)k∈N are real analytic function and thus
(C ′k × Rn, h′k)k∈N is a PAP representation for h. In addition, on each C ′k, we
have h(x, dx)|C′

k
= hϕ(k)(x, dx) = (kϕ(k)(x), dkϕ(k)(x) · dx) = (k(x), dk(x) · dx),

using the definition of h, hϕ(k) being a dual-number intensional representation
of kϕ(k), and the definition of k. The last equality also uses the fact that
(C ′j, kj)j∈N is a PAP representation of k, and therefore that (C ′j, dkj)j∈N is an
intensional derivative of k. This means that h is a dual-number intensional
representation of k.
Finally, note that ∀j ∈ N, lj := h(−, hotj) = ∨

i∈N hi(−, hotj) = ∨
i∈N li,j.

Therefore, (∨i∈N(fi × gi))(r) = (∨i∈N ki, (∨i∈N li,j)j∈N) = (k, (lj)j∈N) ∈ CR(A).

3.7.2.3 Correctness of AD

Lemma 3.7.12. ωPAP is an ωcpo-enriched bi-CCC.

Proof. Each homset is an ωcpo by forgetting the PAP-structure. For composition
and coproducts, it is immediate as lubs are taken point-wise. For products, if f =∨
i∈N fi and g = ∨

i∈N gi, then (f, g) = (∨i∈N fi,∨i∈N gi) = ∨
i∈N(fi, gi). Finally, if fi :

X × Y → Z, for currying we have (∨i∈N fi)(x, y) = ∨
i∈N fi(x, y) = ∨

i∈N λ(fi)(x)(y).
As lubs are taken pointwise, we have ∨i∈N λ(fi)(x)(y) = (∨i∈N λ(fi)(x))(y). This
means that λ(∨i∈N fi) = ∨

i∈N λ(fi). The monotonicity part is similar.
In summary, it follows from the fact that the forgetful functor ωPAP → ωCPO

preserves and reflects limits, coproducts, exponentials, and the ωcpo-structure.

Lemma 3.7.13. Every primitive of the language has a lift in Gl, where the
semantics in ωPAP × ωPAP is given by JtKωPAP×ωPAP := (JtK,LN⇒ JD(t)K).

Proof. By construction, D sends a PAP primitive f to a dual-number intensional
derivative of f . Suppose f : R → LR. Let (g : A → R, (gi : A → R2)i∈N) ∈
VR(A). There exists h ωPAP such that for all i ∈ N, h(−, hoti) = gi. Then,
JfKωPAP×ωPAP (g, (gi)i∈N) = (JfK ◦ g, (JD(f)K ◦ gi)i∈N). Thus, for all i ∈ N, JD(f)K ◦
gi = JD(f)K ◦ h(−, hoti) ∈ ∂iDNR(JfK ◦ g). Therefore, JfKωPAP×ωPAP ∈ V (JfK) and
the semantics of f has a lift. A similar argument shows that the same holds for
f : Rn → LR.
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It remains to show that primitives like >: real × real → B lift. This is clear,
however, as D(>) simply returns >, and the condition in CB directly holds.
Theorem 3.7.14. For any x1 : real, . . . , xn : real ⊢ t : real, JtKωPAP×ωPAP has a
lift in Gl.
Proof. We have done all of the work in the previous subsections. We simply check
the condition to apply Theorem 3.7.5.

First, note that we indeed have a semantics in ωPAP × ωPAP , given by
JtKωPAP×ωPAP := (JtK,LN⇒ JD(t)K), extending what we have seen in Section 3.7.2.2.
Then,

• We have defined a fibrations for logical-relations π : Gl→ ωPAP × ωPAP
in Section 3.7.2.1.

• We have defined a property (V,C) in Gl in Section 3.7.2.2.

• We check that x 7→ return(x) lifts, but this is immediate.

• Each primitive has a lift, by Lemma 3.7.13.

• ωPAP is an ωcpo-enriched bi-CCC by Lemma 3.7.12.

• L is a pseudo-lifting monad. It means that we have an algebraic element
⊥A : 1→ LA that is interpreted in LA as the bottom element. This is true
by construction.

• C(R) is admissible, by Lemma 3.7.11.

• C(B) is admissible, by Lemma 3.7.10.

Corollary 3.7.14.1 (Correctness of AD (limited)). For any term
x1 : real, . . . , xn : real ⊢ t : real, the PAP function J−→D (t)K : A× Rn → R× R is a
dual-number intensional representation of JtK : A ⊆ Rn → R.
Proof. Let x1 : real, . . . , xn : real ⊢ t : real. By Theorem 3.7.14, JtKωPAP×ωPAP has
a lift. Consider the c-analytic set Rn and the pair

(idRn , λx : Rn.
∏

i≤k≤n
(πk(x), [i = k]π′i(x))i∈N)

where, by convention, πi(x) = π′i(x) = 0 whenever i > n. We use Iverson brackets,
[i = k], which equals to 1 when the condition is satisfied, and 0 otherwise. This
pair is an element of VRn(Rn). This means that

(JtK, (L(N⇒ JD(t)K)) ◦ (λx : Rn.
∏

i≤k≤n
(πk(x), [i = k]π′i(x))i∈N)) ∈ CR(Rn)

Unraveling the definition of CR(Rn), this means that for all i ∈ N, JD(t)K(x, hoti) =
g(x, hoti) is an i-th intensional partial representation of JtK, for some PAP function g
that is linear in its second argument. As JD(t)K is also linear in its second argument,
we have that JD(t)K = g is a dual-number intensional representation of JtK.
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With the same proof, Theorem 3.7.14 gives us directly the stronger result
at all ground types:

Corollary 3.7.14.2 (Correctness of AD (full)). For any term well-typed term Γ ⊢ t :
τ of ground type τ in a ground context Γ, the PAP function J−→D (t)K : A×Rn → R×R
is a dual-number intensional representation of JtK : A ⊆ Rn → R.

3.8 Conclusion and Related work

3.8.1 Summary
We introduced ωPAP -spaces (Section 3.4) as a model for a higher-order recursive
language, with conditionals and partial piece-wise analytic primitives (Section 3.3).
We have seen that they correspond to ω-concrete sheaves (Section 3.6), a similar
construction to diffeological spaces, that is also endowed with the structure of ωcpo,
enabling the interpretation of recursion. Morphisms of ωPAP -spaces generalize PAP
functions (Section 3.2), which are piece-wise analytic functions, stable under the
language construct of conditionals. They are almost-everywhere differentiable and
enjoy many desirable properties. In general, they have infinitely many intensional
derivatives, and each agrees almost-everywhere with the true derivative. We have
seen that intensional derivatives is what AD systems compute (Theorem 3.5.3),
thus providing some correctness guarantee on what AD produces, even on such
an expressive language. To show this, we used the setting of fibrations for logical
relations (Section 3.7), a categorical version for doing logical relation arguments for
effectful recursive languages. We have seen that the fact that the derivatives are
intensional, and therefore non-unique, made more complex the logical relations.

3.8.2 Related work and context
Non smooth differentiation. Optimisation of non-smooth functions in machine
learning has been studied extensively [Bolte et al., 2021, Lee et al., 2018, Duchi
et al., 2011, Khan and Barton, 2015, Shamir and Zhang, 2013, Astorino and Fuduli,
2007]. de Amorim and Lam [2022] develop a calculus and denotational semantics
based on Schwartz distributions, to study AD in a non-smooth setting. Their
calculus has desirable properties but does not seem to be easily implementable, and
is not easily linked to current practices in machine learning. Optimisation has been
studied in non-smooth settings for a long time, see e.g. Lewis and Overton [2013].

Guarantees on AD beyond the smooth setting. Beck and Fischer [1994]
studied the problem of conditionals for AD in a first-order setting, getting results
which are essentially subsumed by Lee et al. [2020]. Ablin et al. [2020] studied AD
for functions defined as a minimum. Kakade and Lee [2018] showed a correctness
argument and a cheap gradient principle [Griewank and Walther, 2008] for AD in a
non-smooth setting, where AD computes subgradients. Griewank and Walther [2008]
study AD in a non-smooth setting in their Chapter 14. Bolte and Pauwels [2020]
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give a non-smooth calculus adapted for AD in machine learning, in a restricted
first-order setting that covers most of deep-learning architectures, and prove a
result of convergence of stochastic gradient descent with AD-computed derivatives.
To do so, they rely on the work developed in [Bolte and Pauwels, 2021], where
a theory generalized derivatives is developed, called conservative field, that are
set-valued. Sherman et al. [2021] provide a higher-order calculus and AD, gives a
denotational in a category of sheaves on a site of smoothish functions. Lee et al.
[2023] considers a restricted first-order language, and studies the correctness of AD
for neural-networks with machine-representable parameters.

Other logical relations proofs for AD. The logical relations argument we
presented in Chapter 2 inspired several other recent work Lew et al. [2023], Lew et al.
[2021], Vákár [2020a], Vákár [2020b], Krawiec et al. [2022], Lucatelli Nunes et al.
[2022], Vákár and Smeding [2022], who used similar logical relations arguments,
and a similar logical relations argument was found around the same time [Barthe
et al., 2020]. This seems to indicate a strong versatility of logical relations for
reasoning about differentiable programming, and in particular for the correctness of
AD. It would be interesting if similar logical relations could be developed for other
properties that are related to differentiability, such as Clarke subdifferentials.

3.8.3 Discussion
Higher-order derivatives. Similarly to what we presented in Section 2.6, we
could define jet-based AD for computing higher-order intensional derivatives in one
pass of an AD macro. This should not present any additional challenges in terms of
semantics. Likewise, whether one wishes to do efficient implementations of AD, for
instance using reverse-mode, correctness arguments for reverse-mode in a smooth
setting might be adapted to the ωPAP -setting, as PAP functions obey a chain-rule.
We see this investigation of efficient implementations as orthogonal to the semantic
considerations of what differentiation even means in a non-differentiable setting,
though it is obviously of key importance in practice.

Other language features and primitives. We have studied a higher-order
recursive language with PAP primitives, but these primitives were first-order opera-
tions. Even though our language is very expressive, some differentiable functions
can only be represented approximately by programs, and naively differentiating
the approximation will usually not lead to an approximation of the derivative
[Griewank and Walther, 2008][Chapter 15]. This is for instance the case for ordinary
differential equation solvers and other functions defined implicitly by equations,
e.g. by the implicit function theorem. In such a case, one may wonder whether
we can treat such higher-order constructs as primitives, equipped with custom
derivatives, that will extend the language and AD in a sound way. This will be
explored in the next Chapter.
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4
Some applications of the ωPAP framework

Summary. The goal of this chapter is to explore some of the applications of the
ωPAP -framework we developed in the Chapter 3.

As we have discussed in Chapter 1, AD is often called by other algorithms,
which usually expect certain mathematical guarantees on what AD computes.
These might not always be satisfied: AD may incorrectly differentiate a program
when differentiating its code, e.g. when the differentiability of the program is
not immediately obvious when looking at its code. This is for instance the case
when ignoring probabilistic effects [Lew, Huot, Staton, and Mansinghka, 2023]. In
addition, naively differentiating the code can yield correct but with suboptimal
computational performance [Chen et al., 2018]. These programs are then better
considered as black-box primitives that need to be equipped with custom derivatives.

In this chapter, we then contribute to the following. From the programming
side, we show how to extend AD to new expressive types and primitives. We
recover some constructs from the literature and give a general recipe for doing so
(Section 4.1). We then investigate the usage of AD for computing derivatives, as
needed in certain other algorithms. We first look at AD-computed derivatives in
the context of optimization, and more specifically for gradient descent (Section 4.2).
We show that gradient descent may fail when the gradient is computed by AD,
even when the initialization or the learning rate is randomized, but we prove that
it almost surely converges when both are randomized (Theorem 4.2.5). Finally,
we investigate the interaction between PAP functions and measures. To do so,
we first introduce a monad of measure on ωPAP (Section 4.3). We then prove
a new result about the pushforward of the Lebesgue measure by PAP functions
(Theorem 4.4.15 in Section 4.4). After giving a semantics to an extension to our
language (Figure 3.3) with standard probabilistic constructs as found in probabilistic
programming, we use this result to prove a novel characterization theorem about
the posterior distribution of closed probabilistic programs (Theorem 4.4.18).

Together, these results demonstrate the value of denotational reasoning with
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ωPAP, a model that is general enough to interpret very rich language features
and allows to reason about differentiability, yet specific enough to reject many
pathological and non-computable examples.

Publication. This chapter is based on joint work with Alex Lew, Sam Staton,
and Vikash Mansinghka. Section 4.1 is partly based on material from Lew, Huot,
Staton, and Mansinghka [2023], which appeared at POPL 2023. Section 4.4 is
based on material from Huot, Lew, Staton, and Mansinghka [2023a]. The technical
content of this chapter roughly covers Sections IV-V in Huot et al. [2023b], which
was recently accepted at LICS 2023. Many of the ideas were developed together
in a collaborative process, but, except where explicitly noted, the presentation of
the definitions and proofs in this thesis are my own.

4.1 Modular extensions to the language
In this section, we show that the expressive power of ωPAP -spaces seamlessly
supports other powerful languages extensions. We first give a simple, general recipe
that does not explicitly requires category theory to soundly extend forward-mode
AD to new types and primitives. This is an equivalent formulation to the one using
gluing or logical relations directly, but I thought it might give a clearer picture
in the particular context of AD. I demonstrate the recipe on several examples,
some coming from the recent literature.

4.1.1 General recipe
To add new base types and primitives that are correctly supported by AD, our
method involves three simple key steps:

1. Define the translation D(τ) for each new type τ .

2. Define correctness at type R→ JτK. For each type τ , we define a notion
of derivative for R→ JτK functions: a relation between an R→ JτK function
and an R→ JD(τ)K function encoding what it means to be a derivative.

3. For every primitive f involving τ , provide correctness-preserving
translations fD. For arbitrary functions f : Jτ1K→ Jτ2K, we define correctness
as the preservation of this relationship. As a pair of commutative diagrams:

R

Jτ1K Jτ2K

∀ g g;f

f

=⇒
D(R)

JD(τ1)K JD(τ2)K

gD (g;f)D

fD

For Sections 4.1.1.1 and 4.1.1.2, the underlying semantics is in Diff . Let
us first demonstrate how this recipe recovers the base case of AD for smooth
primitives Rn → R.



4. Some applications of the ωPAP framework 85

4.1.1.1 Forward-mode AD on primitives R → R

Assume that we start with a simply-typed lambda calculus whose only ground types
are non-continuous types, such as N or B. Suppose that we enrich the language by
introducing the type real and new first-order primitives using this type (e.g. the
usual elementary functions). We are interested in defining AD on the extended
language, and by design the non-trivial part will happen on the new type real.

First, the goal is now to define AD on this new type real, which we can do as fol-
lows:

Definition 4.1.1 (D(−) on type R).

D(real) := real× real

Second, we define correctness at type R → JrealK as follows:

Definition 4.1.2 (Correct dual-number derivative at type real). Let f : R →
JrealK, g : R→ JrealK× JrealK be smooth. We say that g is a correct dual-number
derivative of f if for all reals θ, we have g(θ) = (f(θ), f ′(θ)).

Expectedly, Definition 4.1.2 recovers the usual formula for dual numbers. Thirdly,
we need to show that every new primitive f involving the type real – e.g. elementary
functions cos, sin, exp,+, ∗, . . . – are correctness-preserving.

Definition 4.1.3 (Correctness preserving translation). Let f : R → R be a
differentiable function. Then fD : R × R → R × R is a correctness preserving
translation of f if for all differentiable h : R→ R,

fD(h(θ), h′(θ)) = ((f ◦ h)(θ), (f ◦ h)′(θ))

This is simply a restatement of Equation 2.2. In other words, we have two
ways of looking at correct derivatives at play here. One is the usual notion of
derivatives as limits, seen as an abstract property. The second way is as functions
preserving this property on pairs of functions (f, g) where g has the property of
being the derivative of f , by sending such pairs of functions to some other such pair
of functions. We can now define what it means for the syntactic transformation
D(−) to be semantically correct:

Definition 4.1.4 (Correctness of D(·)). The AD macro D(·) is correct if, for all
closed terms ⊢ t : real→ real, J⊢ D(t) : R×R→ R×RK is a correctness preserving
translation of J⊢ t : real→ realK.

We now look at two other examples.

4.1.1.2 Adding a type real∗ for reals that do not need to be used
smoothly

Similarly to types such as B or N for which we do not track any sort of differentiability
or derivative, we could track that a function f : R×R→ R is only differentiable in its
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first argument, and have AD ignore the second one. To do this, a way is to add a new
type real∗ of reals that do not need to be used smoothly. The semantics of real and
real∗ have the same underlying set, but different diffeologies (Definition 2.3.1). More
precisely, Jreal∗K = ⊔

r∈R 1 is an uncountable coproduct of singletons, i.e. we have

PR
Jreal∗K = {f : R→ R | f is constant}

The AD macro D(·) does not attach dual numbers to non-smooth values,
i.e. we define

D(real∗) := real∗

From a user’s perspective, values of non-smooth type are allowed to be used non-
smoothly, whereas values of smooth type must be used smoothly. We can reflect
this in the type of new primitives ≤: real∗ × real∗ → B. In addition to ≤, we
introduce a coercion ⌊·⌋ : real∗ → real from a non-smooth type to a smooth
type, but not in the other direction. The intuition is that you are always allowed
to promise (unnecessarily) to use a value smoothly, but not to go back on your
promise. Smooth and non-smooth types can be mixed to create functions whose
types perform fine-grained tracking of which arguments they are differentiable
with respect to. For example, a term ⊢ t : R × R∗ → R is guaranteed to have
a denotation differentiable with respect to its first argument, but not its second.
The key feature unlocked by this fine-grained tracking is that we can now assign
more permissive types to some terms.

We define correctness at type R→ Jreal∗K as follows. We say that g : R×R→
Jreal∗K is a correct dual-number derivative of f : R → Jreal∗K if for all reals
θ, dθ, we have g(θ, dθ) = f(θ).

We define D(≤) := ≤ and JD(⌊−⌋)K(θ) := (θ, 0). One quickly verifies that they
are correctness-preserving. Another way to phrase it is that no information can
‘leak’ from the smooth world to the non-smooth world.

4.1.2 Adding new higher-order primitives
Sometimes it is not clear how differentiating the code of a program, that we abstractly
know represents a differentiable function, would lead to the correct derivative. This is
for instance the case for iterative methods. The simplest example is perhaps finding
the root of a smooth function. For instance, it is known that the roots of a polynomial
vary smoothly with the coefficients, but by Galois theory there is no closed-form
formula for such roots for polynomials of degree 5 and beyond. To compute these
roots approximately, standard procedures involve variants of Newton’s method.

Another iterative method used in numerical computing is the CORDIC (for
coordinate rotation digital computer) algorithm. It is used to compute efficiently
trigonometric functions and their inverses, and can also be used to compute square
roots, multiplication, division, logarithms and exponentials. It is a simple algorithm
that can be implemented in a few lines of code, and that is used in many embedded
systems, typically computing one bit of precision at each iteration. Note that
the CORDIC algorithm is not a numerical method, but a method that computes
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exactly the result of the operation it is designed for, up to a fixed number of bits of
precision. Naively differentiating the code of an implementation of CORDIC would
not lead to the correct derivative, and in fact would typically return a derivative
of 0. This reminds us that the correctness of AD is not a trivial property, as
it depends on the representation of the code of the function being differentiated.
Thus, if we wanted to use AD to compute the derivative of a higher order function
that implements CORDIC, we would need to add it as a new primitive to the
language, and equip it with a custom derivative.

This idea is explored in the case of AD for computable reals in the thesis
of Sherman [2020]. We show how to interpret such primitives and their custom
derivatives in Diff . For each primitive, its derivative satisfies the logical relations for
the correctness AD. We treat separately the case of an ODE Solver in Section 4.1.3,
which is not discussed in Sherman [2020].

integral01 : (real → real) → real. This primitive can be given a semantics
both in Diff or in ωPAP . It takes a smooth function f and returns

∫ 1
0 f(x)dx.

The tangent part of its AD translation returns
∫ 1

0 f
′(x)dx. In more detail, we

can first show that Jintegral01K : (R → R) → R is a morphism in Diff . Let
f : R → (R → R) be a plot, i.e. a smooth function f : R × R → R. We have to
show that u 7→

∫ 1
0 f(u, x)dx is smooth. This is well-known, e.g. by the Leibniz

integral rule. We now define Jintegral01DK : (R× R→ R× R)→ R× R by

Jintegral01DK(df) =
∫ 1

0
df(x, 0)dx

By also using the Leibniz integral rule, this shows that we have a morphism in Diff .
It is immediate that integral01 preserves the logical relations. More generally,
we can add a primitive integral : real∗ × real∗ → (real → real) → real (see
Section 4.1.1.2 for the definition real∗) such that

JintegralK(a, b)(f) =
∫ b

a
f(x)dx

Instead, we may also allow the integration bounds to smoothly depend on the
parameters from the context. In this case we would have a primitive integral :
real × real → (real → real) → real such that the tangent part will be given
by the full Leibniz integral rule:

π2JintegralDK(da, db)(df) = π2

∫ b

a
df(x, 0)dx + π1

(
df(db) ∗D db −D df(da) ∗D da

)
where −D, ∗D are the dual-number translations for −, ∗ respectively.

argmax : (real× real→ real)→ (real→ real). This primitive takes a smooth
function g(x, y) and returns h(x) := argmaxy∈Rg(x, y). Of course, g might not have
a unique maximum in general, and in fact the algorithms implementing argmax
may also fail to find it for various reasons. We can encode this information by
making argmax a partial function, defined on a reasonable subset of (R×R→ R).
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Assume that g is smooth and g(x,−) has a unique maximum for all x. Furthermore,
assume that the second order derivative ∂2

2g(x, y) < 0 at the maximum y = h(x),
where we use ∂i for the ith partial derivative. At the maximum, the partial derivative
must vanish, hence ∂2g(x, h(x)) = 0. Differentiating w.r.t. x, we obtain

∂1∂2g(x, h(x)) + h′(x)∂2
2g(x, y) = 0

This simply means that h′(x) = −∂1∂2g(x,h(x))
∂2

2g(x,y) . This can be viewed as a corollary
of the implicit function theorem. We define the set

X := {g : R×R→ R | g is smooth,∀x, g(x,−) has a unique maximum, ∂2
2g(x, y) < 0}

X can be given the structure of a diffeological space by restriction of the one on the
function space R× R→ R. Therefore, we can interpret JargmaxK : X → (R→ R)
as a morphism in Diff . We can also reflect this syntactically as follows. We can
introduce a new type χ to the language, and primitives argmax : χ → (real →
real), ⌊−⌋ : χ → (real × real → real) and assert : (real × real → real) → χ.
J⌊−⌋K is just an inclusion map, whereas JassertK : (R × R → R) → JχK⊥ will
be a partial function (for the partiality monad (−) + 1 on Diff). That way, a
user can assert that a function satisfies the condition required for argmax to
produce a result. Should the given program g not satisfy the conditions, the
semantics of argmax g will simply be ⊥. One can for instance extend AD with
D(χ) = D(real× real→ real). The definition for correct dual-number derivatives
at type χ is simply the obvious one inherited from restricting correctness at the
type (real × real → real).

firstroot01 : (real → real) → real. This primitive takes a smooth function f
and returns the smallest x ∈ [0, 1] such that f(x) = 0. The tangent part of the AD
translation is essentially another application of the implicit function theorem, and
works as follows. First, recall that the input function f : R→ R may also depend
on the context Γ. For simplicity in the exposition, assume Γ = {x : R}. Therefore,
f is really a smooth function R × R → R, and we are interested in f(x, y) = 0.
The implicit function theorem in this case states that if ∂f

∂y
(x0, y0) ̸= 0, then on an

open U ⊆ R containing x0, there exists a smooth function g : U → R such that
g(x0) = y0 and f(x, g(x)) = 0 for all x ∈ U . Moreover, we have

∂g

∂x
(x) = −

∂f
∂x

(x, g(x))
∂f
∂y

(x, g(x))
(4.1)

In our case, note that the output of x : real ⊢ firstroot01 f will be g(x), and thus
its derivative should return g′(x) as computed in Equation 4.1. The more general
case involves the Jacobian matrix of f . Similarly to the case of argmax, we add a
new type Y , encoding the restrictions on the valid inputs to firstroot01. We define

JYK = {f : R→ R | f smooth,∀x ∈ R, f ′(x) ̸= 0,∃x ∈ [0, 1], f(x) = 0}

This is given the structure of diffeological space by restriction of the one on R⇒ R.
Jfirstroot01K : JYK → R is a morphism in Diff . Indeed,let f : U → JYK be a
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plot, i.e. a smooth function f : U × R → RR such that for all x, y, ∂f
∂y

(x, y) ̸= 0.
Then, Jfirstroot01K ◦ f is the smooth function g : U → R such that for all x ∈ U ,
f(x, g(x)) = 0, which is a plot. Similarly to the case of argmax again, we can
equivalently see Jfirstroot01K as a morphism (R → R) → R + 1.

4.1.3 Differentiating an ODE solver
As a last example of primitive we could add to the language, we add an ODE
solver and show how to do differentiation of ODE solutions, somewhat following
Chen et al. [2018].

Somewhat similarly to what we have seen with implicit differentiation, an
unknown function can be uniquely defined as satisfying an ordinary differential
equation (ODE) with initial condition, which in its simplest form is given by

dh(t)
dt

= f(h(t), t, θ) h(0) = c

where c is the fixed initial condition, h the unknown function of interest, f a fixed
function, and θ a parameter of interest, w.r.t. which we want to differentiate h.
One intuition for the situation can be given as follows. If t represents time, let h(t)
represent the position of a boat at time t, with a known initial position c at time 0.
f can then describe wind conditions, i.e. following Newton’s laws, the forces acting
on the boat determine the evolution of its velocity and position. In this situation,
the derivative we are interested in captures the change in the final position of the
boat after time t has passed when we slightly modify the wind conditions.

In the simplest case, where θ, t ∈ R, and if there is a unique solution to
the problem (e.g. if f is locally-Lipschitz in its second variable, by the Cauchy-
Lipschitz theorem), we therefore obtain a partial function h : R × R → R, and
we wish to compute ∂h(t,θ)

∂θ
.

In general, neither h nor its derivative will admit analytic formulas. More
precisely, the solution can be expressed as an integral, which is typically intractable.
Instead, h will usually be well approximated by ODE solvers, which use iterative
methods such as Euler’s or Runge-Kutta’s. We can add a higher-order primitive
ODESolve : real∗ → real∗ → real∗ → (real × real → real) → real such that
JODESolveK(t0, t1, c, f) returns the unique solution h to the ODE:

dh(t)
dt

= f(h(t), t) h(t0) = c

at the value t1, which can be shown to be formally given by

h(t1) :=
∫ t1

t0
f(h(t), t)dt

When giving a semantics to ODESolve in Diff , we must again restrict its domain
appropriately. For instance, if f is locally Lipschitz in its first argument and Lipschitz
in its second, we are ensured that a unique global solution h defined on all of R exists.

One main idea from Chen et al. [2018] is that one can compute the gradient of h
using the adjoint method [Pontryagin, 1987]. One can show that the gradient of h
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will also satisfy an ODE. Both the value and the derivative can then be computed
by a single call to an ODE solver, but for an augmented ODE ([Chen et al., 2018]).
Therefore, we can define a new primitive ODESolveD such that D(ODESolve) =
ODESolveD, and such that ODESolveD implements the augmented ODE solver
which returns (h(t, θ), ∂h(t,θ)

∂θ
) (remember that θ comes from the context Γ, which

every term is allowed to depend on). This primitive is a very powerful abstraction,
and Chen et al. [2018] showed that it can be used to replace residual or recurrent
networks for supervised learning, by simply considering a neural-network followed
by an ODE solver, through which one does backpropagation for the learning phase.

4.2 Automatic Differentiation in Optimisation
In this section, we will first recall the most standard setting in which derivative
of functions are used for optimisation: the algorithm of gradient descent, and its
theoretical guarantees (Section 4.2.1). Then, we will see how this algorithm can
unfortunately fail, in spite of a programs’ semantics verifying the condition, when
the function’s derivative is computed by AD (Section 4.2.2). Fortunately, we will
give a sufficient condition to ensure the almost-sure convergence of the algorithm
when the derivatives are computed with AD (Section 4.2.3).

4.2.1 Quick recap
In optimisation, a very common technique for minimizing or maximizing a function
f : Rd → R is gradient descent/ascent. We review the basic theory [Polyak, 1987].
The problem is finding the minimum of a function

x∗ = argminx∈Rd f(x)

To do so, the method of gradient descent uses a greedy approach by locally following
the steepest descent, which can be shown to be given by the gradient:

xn+1 := xn − ϵ∇f(xn) (4.2)

When ϵ is too big, or when the function does not have a mimimum (e.g. when
it is not lower-bounded), then we cannot hope to converge to a minimum. These
are the two main technical requirements for convergence:

Definition 4.2.1. Let L ∈ R>0. A differentiable function f : Rd → R is L-smooth
if its gradients are Lipschitz continuous, i.e for all x, y ∈ Rd

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥

Definition 4.2.2. A function f : Rd → R is bounded below if there exists R > 0
such that for all x ∈ Rd, f(x) ≥ R.

Theorem 4.2.1. Let f be L-smooth, bounded below, and 0 < ϵ < 2
L

. Then, for any
initial x0 ∈ Rd, following the method from Equation 4.2, the gradient of f tends to
0:

limt→∞∇f(xn) = 0
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and the function f(x) monotonically decreases on values of the sequence {xn}n∈N,
that is for all n ∈ N, f(xn+1) ≤ f(xn).

Note that we are actually not guaranteed to converge to a minimal point. A
particular nice setting is that of strictly convex functions, which always have
a unique global minimum:

Definition 4.2.3. A function f : Rd → R is convex if for all x < y ∈ Rd, 0 < λ < 1,

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

f is strictly convex if the inequality is strict whenever x ̸= y.

The convergence of gradient descent to a minimum point can be ensured in the
stronger setting when f is strongly convex, which implies it is also strictly convex:

Definition 4.2.4. A function f : Rd → R is strongly convex if there exists m > 0
such that for all x, y ∈ Rd, 0 < λ < 1,

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) + m

2 λ(1− λ)∥x− y∥2
2

Theorem 4.2.2. Let f be as in Theorem 4.2.1 and strongly convex. Then, for
0 < ϵ < 2

L
and any initial x0 ∈ Rd, the method from Equation 4.2 converges to the

unique global minimum x∗ of f , with the rate of geometric progression:

∥xn − x∗∥ ≤ cqn 0 ≤ q < 1

Similarly, there are convergence theorems for the case where the gradient is
computed with stochastic error, which is often called stochastic gradient descent
(see e.g. [Polyak, 1987], Chapter 4). We will not need to review the many variations
of all these theorems, it suffices to say that this is a well-studied topic with many
subtle variations, and as more generally in analysis, counterexamples are numerous
and not always intuitive. We will only be interested in gradient descent where the
stochasticity comes from randomizing the starting rate ϵ or the initial point x0, but
where the function being optimized and its gradient are non-probabilistic. We will
now see this in action, with new results based on PAP functions.

4.2.2 Failure of Gradient descent with intensional deriva-
tives

PAP functions are in particular almost everywhere differentiable. We have also
seen that for differentiable functions, AD produces the correct derivative almost
everywhere (Theorem 3.5.3). As the gradient descent algorithm only requires finitely
many steps, the call to AD to compute gradients will only be at finitely many points
xn, which represent a negligible subset of the points. It is therefore tempting to
believe that an analogue of the theorem of convergence of gradient descent should
hold for PAP functions: the set of potential problems is negligible, so maybe it will
be fine. We show that these intuitions are wrong: it is not sound in general to use
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intensional derivatives as a substitute for proper gradients in a gradient descent
algorithm, even in the nicest settings where the program represents a smooth convex
function. Even when randomizing the initial point x0 in the GD algorithm, we
might fail to reach a critical point with good probability.

Proposition 4.2.3. Let ϵ > 0. There exists a program P such that JP K : R→ R
satisfies the condition of Theorem 4.2.2, and yet, for all x0 ∈ R, the gradient descent
method (Equation 4.2) diverges to ∞, when the gradients are computed with AD
(as in Figure 3.4).

Furthermore, this remains true for more sophisticated versions of gradient
descent, e.g. when the rate ϵ is changing at each step.

Proof. Let ϵ > 0. Let P be the closed program defined by the following Python
code, where lr is our chosen rate ϵ.

# Recursive helper
def g(x, n):

if x > 0:
return ((x - n) * (x - n)) / (lr * 2)

if x == 0:
return x / lr + n*n / (2*lr)

else:
return g(x+1, n+1)

def P(x) = g(x,0)

This can easily be written in our language with recursion and conditionals (Fig-
ure 3.3), but it would slightly impact readability.

JP K is PAP, and by inspection, we see that JP K = x 7→ x2

2ϵ . This is proved by
simple induction on N in the recursive function g defining P . Now, let us show that
f := JP K satisfies the hypothesis of Theorem 4.2.2.

• f is strongly convex: this is well-known for the x2 function

• f is bounded below: f ≥ 0

• f is L-smooth for some L:

∇f(x)−∇f(y) = 2x
2ϵ −

2y
2ϵ = 1

ϵ
(x− y)

And therefore f is 1
ϵ
-smooth.

This means that for all 0 < ϵ′ < 2
1
ϵ

= 2ϵ, gradient descent on f converges to the
global minimum 0. Now, let us see that this is not the case when we use the
intensional derivatives for f computed by AD, in the case ϵ′ := ϵ.

Applying our standard AD macro to P , we obtain a PAP function P ′ that
returns x

ϵ
when x ∈ R>0, and (x+⌊|x|⌋+1)−(⌊|x|⌋+1)

ϵ
when x ∈ R<0−{−n | n ∈ N}, and

1
ϵ

for x ∈ {−n | n ∈ N}.
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Let x0 ∈ R be any initialization for the gradient descent algorithm. Then, after
one step of gradient descent, we obtain x1 := x0 − ϵ × P ′(x0). If x0 > 0, then
JP ′(x0)K = x0

ϵ
and thus x1 = 0. When x0 < 0 is not an integer, JP ′(x0)K = x0

ϵ
as

thus x1 = 0 as well. Finally, when x0 < 0 is an integer, JP ′(x0)K = 1
ϵ

and therefore
x1 = x0 − 1. In any case, x1 is a non-positive integer, and for x2 we will always
have x2 = x1 − 1. Therefore, xn → −∞ as t→∞.

A similar program P can be constructed when the learning rate is non-fixed.
The recursive program inside P ’s definition simply calls ϵ(n) instead of using ϵ, and
the analysis will be very similar, except that x1 will not necessarily be an integer
when x0 is a non-positive integer, but this happens for almost no x0.

The proof applies to an idealized setting where gradient descent is run with real
numbers, rather than floating-point numbers, but in our experiment (Figure 4.1
and 4.2), PyTorch did diverge on this program. This particular example and the
PyTorch implementation is due to Alex Lew.
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import torch

# Recursive helper
def g(x, lr, n):

if x > 0:
return ((x - n) * (x - n)) / (lr * 2)

if x == 0:
return x / lr + n*n / (2*lr)

else:
return g(x+1, lr, n+1)

# Create a pathological loss function for a particular learning rate
def make_loss(lr):

def l(x):
return g(x, lr, 0)

return l

# Randomly initialize a position for SGD
position = torch.rand(1, requires_grad=True)

# Set up SGD and loss function
optim = torch.optim.SGD([position], lr=0.1, momentum=0)
l = make_loss(0.1)

# Run SGD
for i in range(100):

optim.zero_grad()
loss = l(position)
loss.backward()
optim.step()
print(position, loss)

Figure 4.1: PyTorch implementation of the example of failure of gradient descent with
intensional derivatives.
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tensor([0.], requires_grad=True) tensor([0.1078], grad_fn=<DivBackward0>)
tensor([-1.], requires_grad=True) tensor([0.], grad_fn=<AddBackward0>)
tensor([-2.], requires_grad=True) tensor([5.], grad_fn=<AddBackward0>)
tensor([-3.], requires_grad=True) tensor([20.], grad_fn=<AddBackward0>)
tensor([-4.], requires_grad=True) tensor([45.], grad_fn=<AddBackward0>)
tensor([-5.], requires_grad=True) tensor([80.], grad_fn=<AddBackward0>)
tensor([-6.], requires_grad=True) tensor([125.], grad_fn=<AddBackward0>)
tensor([-7.], requires_grad=True) tensor([180.], grad_fn=<AddBackward0>)
tensor([-8.], requires_grad=True) tensor([245.], grad_fn=<AddBackward0>)
tensor([-9.], requires_grad=True) tensor([320.], grad_fn=<AddBackward0>)
tensor([-10.], requires_grad=True) tensor([405.], grad_fn=<AddBackward0>)
tensor([-11.], requires_grad=True) tensor([500.], grad_fn=<AddBackward0>)
tensor([-12.], requires_grad=True) tensor([605.], grad_fn=<AddBackward0>)
tensor([-13.], requires_grad=True) tensor([720.], grad_fn=<AddBackward0>)
tensor([-14.], requires_grad=True) tensor([845.], grad_fn=<AddBackward0>)

Figure 4.2: A run of the program from Figure 4.1. The loss function is everywhere
equal to x2

2lr . The value of the position keeps decreasing by 1 each iteration, and the loss
itself keeps growing. We only show the first few steps as the program diverges.

Similar counterexamples can be constructed for some variants of the gradient
descent algorithm, e.g. when the rate is ϵ is random but the initial point x0 is fixed.

Proposition 4.2.4. Let x0 be a fixed initial point. Then there exists a program P
such that JP K : R→ R satisfies the conditions of Theorem 4.2.1, and ∇JP K(x0) ̸= 0,
and yet, for all ϵ > 0, the gradient descent method yields xn = x0 for all n ∈ N,
when the gradients are computed with AD.
Proof. Simply choose P (x) = if x = x0 then (x0)2 elsex2 , for which AD will give
the intensional derivative 0 at x0.

The counterexamples constructed for the proofs of the theorems above are all
specifically tied to a specific learning rate. It is therefore reasonable to think that
by also randomizing the initial learning rate, one might be able to avoid such
counter-examples with probability 1. This is actually the case, as we will now show.

4.2.3 Almost-sure Convergence of Gradient Descent with
intensional derivatives

Theorem 4.2.5 (Convergence of Gradient Descent with intensional derivatives).
Let f be differentiable and PAP, bounded below, L-smooth. Let (ϵ, x0) be drawn
uniformly randomly on (0, 2

L
)×Rd. Then, when gradient descent computes gradients

using AD, the true gradient tends to 0 with probability 1:

limt→∞∇f(xn) = 0

Furthermore, with probability 1, the function f(x) monotonically decreases: f(xn+1) ≤
f(xn).
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If f is additionally strongly convex, then, with probability 1, gradient descent
converges to the global minimum of f .

Proof. Given a fixed intensional derivative ∇f of f , let Fint(ϵ, x) = (ϵ, x− ϵ∇xf).
Let Ftrue(ϵ, x) = (ϵ, x− ϵ∇∗xf) where ∇∗xf is the true gradient of the differentiable
function f . We restrict the domain of Ftrue and Fint to (0, 2

L
)× Rd. For δ > 0 and

n ∈ N, we define

X∗n,δ := {(ϵ, x0) ∈ (0, 2
L

)× Rd | |∇∗f(π2F
n
true(ϵ, x0))| ≤ δ}

where gn is the n-fold composition of a function g with itself. As f is L-smooth,
∇∗f is locally L-Lipschitz and thus continuous. Therefore, by the first conclusion
of Theorem 4.2.1, for any δ > 0,

∞⋃
t=0

X∗n,δ = (0, 2
L

)× Rd

We define similarly, for any δ > 0,

Xn,δ := {(ϵ, x0) ∈ (0, 2
L

)× Rd | |∇∗f(π2F
n
int(ϵ, x0))| ≤ δ}

We will show by induction on n ∈ N that Xn,δ and X∗n,δ only differ by a null-set, i.e.
that there exists null-sets Nn,δ and Mn,δ such that Xn,δ ∩N c

n,δ = X∗n,δ ∩M c
n,δ. This

implies that
∞⋃
n=0

Xn,δ ⊇
∞⋃
t=0

Xn,δ ∩Nn,δ

=
∞⋃
n=0

X∗n,δ ∩Mn,δ

⊇ (
∞⋃
n=0

X∗n,δ) ∩ ((0, 2
L

)× Rd −
∞⋃
n=0

Mn,δ)

= (0, 2
L

)× Rd ∩ ((0, 2
L

)× Rd −
∞⋃
n=0

Mn,δ)

= (0, 2
L

)× Rd −
∞⋃
n=0

Mn,δ

As a countable union of null-sets is a null-set, this means that ⋃∞n=0 Xn,δ equals
(0, 2

L
)× Rd up to a null-set, as desired.

By induction on n ∈ N, we show the following property:

∀A ⊆ (0, 2
L

)× Rd measurable of measure 0,

{(ϵ, x) | F n
true(ϵ, x) ∈ A} is measurable with measure 0

If n = 0, F n
true is the identity and it’s obvious. Let n ∈ N such that the property

holds. Let A ⊆ (0, 2
L

) × Rd be of measure 0. To use the induction hypothesis, it
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suffices to show that F−1
true(A) has measure 0. The Jacobian matrix of Ftrue is an

(n+ 1)× (n+ 1) matrix, given by

J(Ftrue)ϵ,x =
(

1 0Tn
Jxf

T In − ϵHxf

)

where In is the n× n identity matrix, 0n the zero vector in Rn, Jxf is the Jacobian
of f at x, Hxf its Hessian matrix at x, and (−)T is the transpose operation.

The rank of J(Ftrue)ϵ,x is lower bounded by one plus the rank of In− ϵHfx. The
latter is strictly less than n exactly when 1

ϵ
is an eigenvalue of Hfx. For a fixed

x, this can only occur for finitely many ϵ (at most n). Thus, J(Ftrue)ϵ,x has max
rank n+ 1 almost everywhere. Denote by R the set on which Ftrue has max rank.
f being PAP, F is PAP as well. Therefore, Ftrue is almost everywhere real analytic.
Denote by C the set on which Ftrue is real analytic. Let N = R ∩ C. Note that N c

is a null-set. On N , F is F ∈ C1 and its Jacobian is invertible. Therefore, by the
implicit function theorem, the result is locally true around any point x ∈ N . This
means, for all x ∈ N , there exists a neighborhood Ux of x such that F−1

true(A) ∩ Ux
is a null-set. We can use a countable cover {Ui}i∈N of N of such neighborhoods,
and thus

F−1
true(A) = F−1

true(A) ∩ (N ∪N c)
⊆ F−1

true(A) ∩
[
(
⋃
i∈N

Ui) ∪N c
]

⊆
[⋃
i

F−1
true(A) ∩ Ui

]
∪ Z

F−1
true(A) is measurable as A is, and as null-sets are closed under countable unions,

this shows that F−1
true(A) has measure 0, which concludes the induction.

Now, we show by induction on n ∈ N that for almost all (ϵ, x0) ∈ (0, 2
L

)× Rd,

F n
true(ϵ, x0) = F n

int(ϵ, x0)

Once again, the base case is immediate. Let n ∈ N such that the property holds. As
∇f is an intensional derivative of f , for almost all x ∈ R, we have that ∇xf = ∇∗xf .
Therefore, for almost all (ϵ, x), we have that Ftrue(ϵ, x) = Fint(ϵ, x). Let A be the set
of points on which they differ. By the previous proposition, F−1

true(A) has measure 0.
Therefore, F n+1

true and F n+1
int may differ only on the set F−1

true(A), which has measure
0. This concludes the induction.

As a corollary of what we have just shown, we have that for almost all (ϵ, x0), xn
is the same, whether it was obtained from true or AD-computed gradients. Indeed,
xn is either π2F

n
true(ϵ, x0) or π2F

n
int(ϵ, x0), and we have shown that F n

true(ϵ, x0) and
F n
true(ϵ, x0) agree almost everywhere. Therefore f(xn−1) ≤ f(xn) remains true

almost-everywhere for all n, as a countable union of null-sets is a null-set. Finally,
if f is strongly convex, then {xn}n∈N will reach the global minimum. As xn is the
same, whether it was obtained from true or AD-computed gradients, for almost
all (ϵ, x0), this means that gradient-descent with AD-computed gradients will also
almost surely converge to the global minimum.
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This theorem ensures that gradient descent will converge as expected when
intensional gradients are used, at the reasonable cost of only getting almost-sure
convergence. This makes a precise statement for the informal and slightly erroneous
argument that can be found in the literature, e.g. in Mazza and Pagani [2021].

4.3 A monad on ωPAP
In this section, we construct a commutative monad T : ωPAP → ωPAP . We will
use it in the next section for giving a semantics to an extension to our language
(Figure 3.3) with probabilistic constructs, closely following Vákár et al. [2019].
In such a case, terms will denote certain unnormalized probability kernels, and
in particular closed terms ⊢ t : τ will denote measures on JτK. In the case of
τ = realn, closed terms will be s-finite measures [Staton, 2017], and our main
result in the next Section (Theorem 4.4.18) will be a more precise characterization
of definable measures.

The construction of the monad relies on two main ingredients: Theorem 4.3.1
from Kammar and McDermott [2018] which is based on factorization systems
(Section 4.3.1), and the construction in Section 4.3.5 which follows closely ideas
developed in Vákár et al. [2019]. The construction builds a natural transformation
E : RX → JX, where RX is a “randomization functor” (Section 4.3.4), which can
be seen as a source of randomness for probabilistic computations. E sends such a
source of randomness to a measure µ, seen as an expectation operator f 7→

∫
fdµ.

Expectation operators can be seen to live within a continuation monad JX, and
our commutative monad T (Theorem 4.3.11 in Section 4.3.6) is extracted as a
commutative submonad of the continuation monad, with the help of Theorem 4.3.1.

4.3.1 Background: Factorizations systems
Definition 4.3.1. A weak factorization system in a category C is a pair (L,R)
of classes of morphisms of C such that:

1. Both L and R are closed under composition and contain all isomorphisms

2. every morphism f factors:
X Y

Z

∀f∈C

∃l∈L ∃r∈R

3. lifting property for every commuting square
A B

C D

∀l∈L

∀u

∀r∈R

∀v

, there exists

a morphism d : C → B making the following diagram commute:
A B

C D

l

u

r

v

d
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Definition 4.3.2. An orthogonal factorization system is a weak factorization
system (L,R) in which solutions to lifting problems are unique.

Definition 4.3.3. An (epi,mono)-factorization is an orthogonal factorization
system (L,R) in which the left class are epis and the right class are monos. In this
case, we will suggestively write the classes (E ,M).

Definition 4.3.4. A epi e is a strong epi if in each square
P A

Q B

e

f

m∃d

g

whenever

m is mono.

Definition 4.3.5. A dense function is a continuous function e : X ↠ Y between
ωcpo’s such that the smallest ω-chain-closed subset U ⊆ Y with e[X] ⊆ U is Y
itself.

Definition 4.3.6. A full function is a continuous function m : X ↣ Y between
ωcpo’s such that m(x) ≤ m(x′) implies x ≤ x′ for each x, x′ ∈ X.

Definition 4.3.7. A full mono between categories of ω-concrete sheaves is a full
mono between them as ωcpos.
A densely strong epi e : X ↠ Y between ω-concrete sheaves is an ω-concrete sheaf
morphism that maps the plots PUX into a Scott dense subset of PUY w.r.t the pointwise
order.

f (E ,M) is a factorization system on C, then for every morphism f : A→ B we
denote by (f e, fm) the pair of morphisms obtained from a factorization of f . We
denote by f [A] the image of A by f , i.e. f e : A→ f [A] and fm : f [A]→ B.

Definition 4.3.8 ([Kammar and McDermott, 2018]). We say that (E ,M) is closed
under an endofunctor S on C if for every e : A → B ∈ E, we have Se : SA →
SB ∈ E.

Theorem 4.3.1 ([Kammar and McDermott, 2018]). Let C be a category, (E ,M) a
factorization system, S and T monads over C, and m : S → T a monad morphism.

• If (E ,M) is closed under S then m[S] is a monad, and me,mm are monad
morphisms. As a consequence, every algebra for m[S] induces an algebra for
S.

• If, moreover, (E ,M) is closed under products, S and T are strong monads,
and m is a strong monad morphism, then m[S] is a strong monad and me,mm

are strong monad morphisms

• If the right class of (E ,M) consists of monos, then S need only be a monad
structure.
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4.3.2 Background: transfinite induction
Definition 4.3.9. A well-order on a set S is a total order on S with the property
that every non-empty subset of S has a least element in this ordering.

Definition 4.3.10. The Principle of Transfinite Induction. is defined as follows.
Let C be any well-ordered set. Let P be a property with

∀α ∈ C, (∀β ∈ C, β < α→ P (β))→ P (α)

Then, the following holds:
∀α ∈ C,P (α)

Using it is similar to normal proof by induction with case analysis.

Example 4.3.1. Let us prove the classic result that every infinite ordinal can be
written uniquely as the sum of a limit ordinal and a finite ordinal.

We do this with a proof by transfinite induction. If α is a limit ordinal then
α = α+ 0. If α = β + 1 and β = γ + δ then α = γ + δ + 1 where γ is a limit and
δ + 1 is a finite ordinal, as wanted. The case where α = 0 is not needed because this
holds vacuously for finite ordinals.

To see that this sum is unique, suppose this is true for β, and let α = β + 1.
Then β = γ + δ and α = γ + (δ + 1). If α = γ′ + δ′, where γ′ is a limit ordinal,
then δ′ > 0 because α is a successor and so β = γ′ + (δ′ − 1). Since this sum is
unique for β, we have γ = γ′ and δ′ − 1 = δ as wanted. For a limit ordinal, this is
immediate as γ + δ is not a limit ordinal if δ ≠ 0. So α = α + 0 = γ + δ, which
implies δ = 0 and α = γ, as desired.

4.3.3 Orthogonal factorization system in ωPAP
We wish to prove that densely strong epis and full monos form an orthogonal
factorization system on ωPAP. The proofs in this section are due to Alex Lew.

First, we prove a useful lemma:

Lemma 4.3.2. Let X be an ωPAP space and let S0 ⊆ |X|U be a set of functions.
Then the following transfinite recursion is well-defined, and converges to S = Cl

|X|
U,ωS0,

the closure of S0 under lubs of increasing ω-chains:

• At step 0, return S0.

• At step α = β+1, return Sα = Sβ
⋃{∨i∈N fi | ∀i ∈ N, fi ∈ Sβ, (fi)i∈N ω-chain}.

• At step λ, where λ is a limit ordinal, return Sλ = ⋃
β<λ Sβ.

Proof. First, note that Sα ⊆ Sβ whenever β ≥ α. We show this by transfinite
induction on β:

• If β = α, then Sβ = Sα.
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• If β = γ + 1 > α, then Sα ⊆ Sγ ⊆ Sβ, where the first inclusion holds by the
inductive hypothesis and the second by the definition of Sβ = Sγ+1.

• If β > α is a limit ordinal, then it explicitly is a union of sets, including Sα.

Furthermore, we now show by transfinite induction that if Sα = Sβ for some
β > α, then Sγ = Sα for all γ > α:

• If α < γ < β, then the result is immediate: we know Sα ⊆ Sγ ⊆ Sβ, and so
when Sα = Sβ, all of the set inclusions must be equalities.

• If α < β, then either β = α+ 1 or α+ 1 < β. So, by the last bullet, Sα+1 in
particular is equal to Sα, and thus we know that the ‘step’ operator that adds
all lubs of chains in Sα leaves Sα unchanged. If α+ 1 < β we then conclude
by using the induction hypothesis.

• Now suppose γ > β. Let α = λ+ n, γ = δ +m.

– If λ = δ, then we’re done: the set does not change under our ‘step’
operation, and so Sλ+k = Sα for all k ≥ n.

– If λ ̸= δ, then Sδ = (⋃ϵ≤α Sϵ)⋃ (⋃δ>ϵ>α Sϵ). The second of these, by
induction, is equal to Sα, and the first must be equal to Sα by the subset
property proven above. Because the ‘step’ operation leaves Sα unchanged,
this also proves Sδ+m = Sα.

Assuming the axiom of choice, the set |X|U can be well-ordered and therefore
has an initial ordinal α. Let α+ be the initial ordinal of the successor cardinal to
|α| (i.e. the first cardinal strictly greater than |α| = ||X|U |). We now show that
Sα+ = Sα++1 and therefore that Sα+ = Sβ for all β > α+.

Suppose by way of contradiction that Sα+ ≠ Sα++1. Then, by the point above,
for all γ < δ ≤ α+, we have Sγ ̸= Sδ. We can now define an injective mapping from
Sα+ to |X|U . For each input β < α+, we choose an element of Sβ+1 \ Sβ. That is:

• For β = 0, choose any element of S1 \ S0.

• For β = γ + 1, choose any element of Sγ+2 \ Sγ+1, which must be non-empty
by assumption.

• For β a limit ordinal, choose any element of Sβ+1 \ Sβ, which must be non-
empty.

So this shows that |Sα+| ≤ ||X|U | = |Sα| < Sα+ , where the last inequality comes
from the hypothesis. This is a contradiction, and therefore Sα = Sα+ . We now
know that the process converges in at most α steps.

We finally need to show that Sα = Cl
|X|
U,ωS0. By a clear inductive argument,

we have that Sβ ⊆ Cl
|X|
U,ωS0 for all β. Furthermore, let (fi)i∈N be an ω-chain in Sα.

Then, take the supremum ordinal β = ∨
i∈N βi, where βi is the minimum ordinal

where fi ∈ Sβi
. By construction, Sβ must contain f , the lub of (fi)i∈N. As Sβ ⊆ Sα,

this shows that Sα is closed under lubs of omega-chains and contains S0, and
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thus contains the smallest such closure Cl|X|U,ωS0, therefore finally concluding that
Sα = Cl

|X|
U,ωS0.

As a result, we can reason about sets of the form Cl
|X|
U,ωS0 using transfinite

induction. Spelling out what that means in our case, for a claim of the form
∀x ∈ Cl

|X|
U,ωS0, P (x), we must prove:

• Base case: ∀x ∈ S0, P (x).

• Inductive case: for any ordinal α, assuming P holds for all x′ ∈ ⋃
β<α Sβ,

prove that for all x ∈ Sα, P (x) holds.

But note that in our setting, for limit ordinals α, the inductive case is trivial,
because Sα = ⋃

β<α Sβ. Thus, it suffices to consider the successor case where
α = β + 1: in this case, the new elements of Sα for which we must prove P
are just lubs of elements from Sβ (for all of which P holds by induction). This
yields a simpler inductive principle:

• Base case: ∀x ∈ S0, P (x).

• Inductive case: suppose (fi)i∈N is an ω-chain of U → |X| functions, and let
f = ∨

i∈N fi. Then, show that if P (fi) holds for all i ∈ N, then P (f) holds.

We can now begin in earnest, with the three requirements for a weak fac-
torization system.

Lemma 4.3.3. The classes M of full monos and E of densely strong epis in ωPAP
are closed under composition.

Proof. Let f : X ↣ Y, g : Y ↣ Z be full monos in ωPAP. Suppose (f ; g)(a) ≤
(f ; g)(b) for some a, b ∈ |X|. Rewriting, we have that g(f(a)) ≤ g(f(b)), and since
g is a full mono, this implies that f(a) ≤ f(b). Because f is a full mono, we have
that a ≤ b, as required.

Now consider densely strong epis f : X ↠ Y, g : Y ↠ Z. We wish to show that
their composition f ; g is densely strong. Clearly f ; g is a morphism, so the main
task is to show that (f ; g)[PUX ] is dense in PUZ , i.e., that PUZ = Cl

|Z|
U,ω

(
(f ; g)[PUX ]

)
.

First, we know that Cl|Z|U,ω
(
(f ; g)[PUX ]

)
⊆ PUZ : by the definition of an ωPAP

morphism, (f ; g)[PUX ] ⊆ PUZ , and plots are closed under taking lubs. For the
inclusion in the other direction, it suffices to show that g[PUY ] ⊆ Cl

|Z|
U,ω

(
(f ; g)[PUX ]

)
,

because g is a densely strong epi: taking the lub-closure on both sides, we get
PUZ ⊆ Cl

|Z|
U,ω

(
(f ; g)[PUX ]

)
.

Now consider an arbitrary element g ◦ p ∈ g[PUY ]. Since f is a densely strong
epi, we know p ∈ Cl|Y |U (f [PUX ]). We prove, by induction on the transfinite process
of taking this closure, that g ◦ p ∈ Cl|Z|U

(
(f ; g)[PUX ]

)
:

• (Step 0.) Let p = f ◦ q for some q ∈ PUX . Then g ◦p = (f ; g)◦ q ∈ (f ; g)[PUX ] ⊆
Cl
|Z|
U

(
(f ; g)[PUX ]

)
.
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• (Step α.) Let p = ∨
i∈N pi for a chain of plots (pi)i∈N, where pi is introduced at

a step αi < α. Then, by the induction hypothesis, g ◦ pi ∈ Cl|Z|U
(
(f ; g)[PUX ]

)
for all i ∈ N. Then, g ◦ p = g ◦ ∨i∈N pi = ∨

i∈N(g ◦ pi) is also in the closure.

This completes the proof.

We must also prove that M and E contain all isomorphisms.

Lemma 4.3.4. The full monos and densely strong epis contain all isos.

Proof. Let f : X → Y be an iso, and g : Y → X its inverse. First, we show that f
is a full mono. If f(x) ≤ f(y), then x = g(f(x)) ≤ g(f(y)) = y, by monotonicity of
g. Second, we show that f is also a densely strong epi; in fact, f [PUX ] = PUY . As f
is a morphism, it guarantees that f [PUX ] ⊆ PUY . Furthermore, any plot p ∈ PUY is
the image of g ◦ p ∈ PUX under f .

Lemma 4.3.5. Every ωPAP morphism f : X → Y factors through E and M:
X Y

Z

∀f

∃e∈E ∃m∈M

Proof. Let f : X → Y and let Z be the following ωPAP space:

• carrier set: |Z| = ClYω f [|X|], the lub-closure of f [|X|] ⊆ |Y | under the order
≤Y .

• order: a ≤Z b iff a ≤Y b.

• plots: PUZ = Cl
|Z|
U,ω(f [PUX ]).

Let’s first check that this is an ωPAP space, by checking the axioms:

• All constant maps are plots. Let z ∈ |Z|. If z = f(x) for some x ∈ |X|,
then the constant map λu.z = f ◦ (λu.x) is a plot because λu.x is. Otherwise,
by transfinite induction on the lub-closure process, z = ∨

i∈N zi, where, by
the induction hypothesis, λu.zi ∈ PUZ for all i ∈ N Then, as lubs in PUZ are
computed pointwise, we have λu.z = ∨

i∈N λu.zi ∈ PUZ .

• Plots are closed under precomposition with PAP functions. We
again proceed by transfinite induction on the plots p ∈ PUZ . In the base case,
p = f ◦ q for some plot q ∈ PUX . Letting g : V → U be any PAP function,
we have that g; q ∈ PVX and therefore g; p = f ◦ (g; q) ∈ f [PVX ] ⊆ PVZ . In
the inductive case, p = ∨

i∈N pi for plots pi ∈ PUZ , where, by the induction
hypothesis, when g : V → U is PAP, g; pi ∈ PVZ . Then, as lubs are taken
pointwise, g; p = g;∨i∈N pi = ∨

i∈N(g; pi) ∈ PVZ .
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• Plots are closed under gluing along an analytic partition. Let {Ai}i∈N
be an analytic partition of U , and pi ∈ PAi

Z be plots. We proceed by transfinite
induction: the inductive hypothesis is that for all collections {pi}i∈N in which
each plot pi was introduced at a step with ordinal β or lower, the piecewise
gluing p of the pi’s along the Ai’s is a plot in PUZ . In the base case, β = 0 and
we have that every pi = f ◦ qi for some qi ∈ PAi

X . The gluing of the pi along
Ai yields f ◦ q, where q ∈ PUX is the gluing of the qi along Ai. Since q ∈ PUX ,
f ◦ q ∈ f [PUX ] ⊆ PUZ , as desired. In the inductive case, the (pi)i∈N are lubs,
pi = ∨

j∈N p
j
i , where pji ∈ PAi

Z is a plot of order lower than β. Now consider
pj := ∨

i∈N p
j
i , the gluing of pji along Ai, which by induction is a plot in PUZ .

Lubs act pointwise, so we can compute lubs separately on each component of
the partition. Doing so, we find that ∨j∈N pj = p, the piecewise gluing of the
pi. Thus p ∈ PUZ .

• Closure under lubs. this is true by construction: PUZ = Cl
|Z|
U,ω(f [PUX ]).

We can now consider the epi-mono factorization of f . Let fe : X ↠ Z be the
function taking x to f(x) (viewed as an element of |Z|), and fm : Z ↣ Y be the
inclusion of |Z| in |Y |. Clearly f = fe; fm, so all that remains is to show that fe is
a densely strong epi and fm is a full mono. fe is an epi as its underlying function
is an epi in Set. That fe is a densely strong epi is a direct consequence of our
definition of Z’s plots: we define them to be the lub-closure of f [PUX ] = fe[PUX ].
That fm is a full mono is also immediate: fm(x) ≤Y fm(y) if and only if x ≤Z y,
because fm(x) = x, fm(y) = y, and ≤Y =≤Z on their shared domain.

Now, the final functoriality property.

Lemma 4.3.6. In the following diagram, the morphism d making the diagram

commute is unique.
A B

C D

f∈E

∀u

g∈M

∀v

∃d

Proof. By Kammar and McDermott [2018], this is equivalent to the following
functoriality condition. Whenever we have a commuting square:

X Y

X ′ Y ′

g1

f

g2

f ′

Then, given epi-mono factorizations (e,m) and (e′,m′) of f and f ′ respectively,
there is a unique morphism h, making the following diagram commute:

X A Y

X ′ A′ Y ′

g1

e∈E

∃h

m∈M

g2

e′∈E m′∈M

We prove this alternative formulation of the condition. The existence and
uniqueness of a Scott-continuous map h : A → A′ comes from the orthogonal
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factorization system of full monos and dense epis in ωcpo. So we only need to show
that this morphism is a PAP-morphism. Let p ∈ PUA . Because e is a densely strong
epi, such a plot is in the closure Cl|A|U,ω(e[PUX ]). We proceed by transfinite induction
on the plot p.

• Let p = e ◦ q for some plot q ∈ PUX . Then, p;h = q; e;h = q; g1; e′. As g1; e′ is
a morphism, its composition with q yields a plot.

• In the inductive case, we assume p = ∨
i∈N pi for plots pi introduced at some

earlier step. By the induction hypothesis, pi;h is a plot in A′. Then, by
monotonicity of h, h(p(a)) = h(∨i∈N pi(a)) = ∨

i∈N h(pi(a)), and since pi;h are
plots by the induction hypothesis, so is their lub.

Therefore, combining Lemmas 4.3.3, 4.3.4, 4.3.5 and 4.3.6, we have shown:

Theorem 4.3.7. The full monos and densely strong epis form an orthogonal
factorization system in ωPAP.

4.3.4 A randomization monad structure
Definition 4.3.11 ([Kammar and McDermott, 2018]). A strong monad structure
T over a Cartesian closed category C is a triple (T, return,≫=) consisting of an
assignment of an object TX and a morphism returnX : X → TX for every object
X, and an assignment of a morphism ≫=X,Y : TX × (TX)X → TY .

Definition 4.3.12. A strong monad is a strong monad structure T satisfying the
monad laws, expressed in the Cartesian closed internal language as:
(return x)≫= f = f(x) a≫= return = a (a≫= f)≫= g = a≫=(λx.f(x)≫= g)

Definition 4.3.13. We define the space of random seeds Ω ∈ ωPAP as follows.

Ω =
⊔
i∈N

Ri

As Ri are measurable spaces, Ω inherits the structure of a measurable space.
The Lebesgue measure λRi on Ri extends to a measure µ on Ω given by µ(A) =∑
i∈N λRi(A ∩ Ri).

We will often write λ for the Lebesgue measure on Ri, and by slight abuse of
notation, this extended Lebesgue measure on Ω.

Definition 4.3.14. We define the following functor R: ωPAP → ωPAP, which we
call a randomisation functor, by R := Ω⇒ L(−).

The randomisation functor R has the following monad structure.

• returnX = λx.λr.match rwith [] 7→ x; _ 7→ ⊥ : X → RX
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• ≫=X,Y = λµ.λk.λr.match rwith s : xs 7→ do⊥ {xs1 ← take ⌊s⌋xs;x ←
µ(xs1);xs2 ← drop⌊s⌋xs; k(x)(xs2)}; _ → ⊥ : RX × (X ⇒ RY ) → RY .
⌊−⌋ : R → N is the usual floor function, and the take and drop partial
functions fail on negative arguments, or if their first argument exceeds the
length of their second argument. In other cases, casenxs returns the first n
elements of the list xs, and dropnxs returns xs missing its first n elements.

4.3.5 An expectation operator
We first show how every ωPAP space X can be seen as a measurable. First, we
show how to do it for c-analytic sets.

Lemma 4.3.8. • c-analytic sets are Borel sets.

• cPAP-morphisms are Borel measurable.

Proof. • Let A = ⋃
i∈NAi be a c-analytic set, where the Ai are analytic sets.

An analytic function f : U → R is continuous and so Borel measurable.
(0,∞), (−∞, 0] are measurable, and so are f−1((0,∞)), f−1((−∞, 0]). Mea-
surable sets are closed under finite intersection, so each Ai is measurable.
Measurable sets are also closed under countable union, so A is measurable.

• Let f : A→ B be a cPAP-morphism. It is in particular PAP. Let A = ⊔
i∈NAi

be a c-analytic partition of A such that (Ai, fi)i∈N is a representation of f .
The (fi)i∈N are analytic functions, and they are therefore continuous and thus
measurable. The restriction of a measurable function to a measurable subset
is measurable, so the (fi|Ai

)i∈N are measurable. Measurable functions are
closed under countable gluing, and so f is measurable.

Therefore, c-analytic sets A inherit the structure of measurable space from the
Borel one of Rn, and PAP morphisms A→ B are measurable. Next, every ωPAP
space X can be seen as a measurable space where the measurable sets are the finest Σ
algebra such that for every c-analytic set A, and every plot p ∈ PAX , p is measurable.

Let W be the set of extended non-negative real weights ([0,∞],P[0,∞],≤[0,∞])
where PA[0,∞] = Meas(A, [0,∞]), and≤[0,∞] is the usual linear order. Meas(A, [0,∞])
represents the set of measurable functions from the Borel set A to the Borel set
[0,∞]. Note that every morphism f ∈ ωPAP (X,W) is measurable. Indeed, let
B ⊆ W be measurable. Then, f−1(B) is measurable iff for every plot p ∈ PAX ,
p−1(f−1(B)) is measurable. However, p−1(f−1(B)) = (f ◦ p)−1(B) is the preimage
of the measurable set B by the plot f ◦ p which is a measurable function by
construction, and is therefore measurable.

A randomization α ∈ RX represents an intensional description of a measure on
X by pushing forward the (extended) Lebesgue measure λ on Ω. The undefined
part of α shaves some of the measure. Similarly to Vákár et al. [2019], Dom(α) :=
α−1[x ∈ |LX| | x ̸= ⊥] is a c-analytic set, and for every weighting function
w : X → W, the composition w ◦ α : Dom(α) → W is an ωPAP-morphism (and
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by construction, all these functions are measurable). Let J := ((−)⇒W)⇒W
be the continuation monad.

Definition 4.3.15. We define an expectation operator E : RX → JX by

Eα[w] :=
∫
Dom(α)

λ(dr)w(α(r))

Proposition 4.3.9. The expectation operator above is well-defined, an ωPAP-
morphism, and a strong monad structure morphism.

Proof. The proof follows the following three steps:

1. E is a well-defined function

2. E is an ωPAP morphism

3. E is a strong monad structure morphism

E is a well-defined function. We need to show that Eα[w] is well-defined, and
that Eα ∈ JX, i.e. that it is an ωPAP morphism (X ⇒W)→W.

1. Eα[w] is well-defined. Note that, by the universal property of the coproduct,
we can write α as a coproduct α = [αi]i∈N where αi : Ri → LX. There-
fore,

∫
Dom(α) λ(dr)w(α(r)) = ∑

i∈N
∫
Dom(αi) λ(dr)w(αi(r)). By Lemma 4.3.8,

Dom(αi) is a Borel set and w◦αi a Borel measurable function, so each integral∫
Dom(αi) λ(dr)w(αi(r)) is well-defined and valued in [0,∞], and therefore so is

the countable sum of integrals. Thus, Eα[w] is a well-defined expression.

2. Eα is ωPAP for every random element α ∈ RX. Let ϕ ∈ PAX→W be a
plot, i.e. a ωPAP-morphism ϕ : X × A → W. We need to show that
λa.

∫
Dom(α) λ(dr)ϕ(a, α(r)) ∈ PAW, i.e. is measurable. Write α as a coproduct

by the universal property of coproducts: α = [αi]i∈N. Let gi : Dom(αi)×A→
W be defined by g(ω, a) = ϕ(αi(ω), a). It is an ωPAP-morphism as it is the
composition of the PAP morphisms ϕ and αi × id. It is therefore measurable.
Therefore, the question is the measurability of a 7→ ∑

i∈N
∫
Dom(αi) g(a, r)λ(dr).

By the Fubini-Tonelli theorem for the σ-finite measure λ, for every i ∈ N, a 7→∫
Dom(αi) g(a, r)λ(dr) is measurable. Pointwise limits of measurable functions

are measurable, and therefore a 7→ ∑
i∈N

∫
Dom(αi) g(a, r)λ(dr) is measurable.

E is an ωPAP morphism. Let ϕ ∈ PARX , i.e. a ωPAP-morphism ϕ : A ×
Ω → LX. We have to show that λa.Eϕ(a,−) ∈ PAJX , i.e. that λa.λw.Eϕ(a,−)[w] ∈
ωPAP (A × (X → W),W). Let (ψ,w) ∈ PBA×(X→W). We therefore need to show
that λb.Eϕ(ψ(b),−)[w(b)] ∈ PBW, i.e. is measurable.

λb.Eϕ(ψ(b),−)[w(b)] = λb.
∫
Dom(ϕ(ψ(b),−))

λ(dr)w(b, ϕ(ψ(b), r))

The only change from the argument used in showing that Eα is ωPAP is that now the
integration bounds can also depend on the external parameter b. ϕ(ψ(−),=) : B ×
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Ω→ LX is a partial function, so its domain is of the form ⊔
i∈NBi×Ci for c-analytic

sets Bi ⊆ B,Ci ⊆ Ri. For each i ∈ N, λb : Bi.
∫
Ci
λ(dr)w(b, ϕ(ψ(b), r)) is measurable

by the argument in the previous point (Eα is ωPAP). Measurable functions are
stable under countable gluing, and therefore λb.

∫
Dom(ϕ(ψ(b),−)) λ(dr)w(b, ϕ(ψ(b), r))

is measurable.
E is a strong monad structure morphism. We need to show that E preserves
return and bind, and that E is a natural transformation.

• Ereturn = λx.λw.
∫
R0 λR0(dr)w(x) = λx.δx = return, where w(x) appears by

using the definition of returnX and δ is the dirac measure.

• The question is whether the following equality holds: λα : RX.λf : X →
RY. Eα≫=(λx.Ef(x)) = λα : RX.λf : X → RY. E(α≫= f). Expanding the
LHS and RHS, we get, for all α : RX, f : X → RY,w : Y →W:

(Eα≫=(λx.Ef(x)))[w]
= Eα[λx.Ef(x)[w]]

=
∫
Dom(α)

λ(dr)
∫
Dom(f(α(r)))

λ(dr′)w(f(α(r))(r′))

=
∑
i∈N

∑
j∈N

∫
Ri∩Dom(α)

λ(dr)
∫
Rj∩Dom(f(α(r)))

λ(dr′)w(f(α(r))(r′))

=
∑
n∈N

∑
p∈N

∫
Rp∩Dom(α)

λ(dr)
∫
Rn−p∩Dom(f(α(r)))

λ(dr′)w(f(α(r))(r′))

=
∑
n∈N

∫
R
λ(ds).10≤s≤n

∫
R⌊s⌋∩Dom(α)

λ(dr1)
∫
Rn−⌊s⌋∩Dom(f(α(r1)))

λ(dr2)w
(
f(α(r1))(r2)

)
=
∑
n∈N

∫
Rn+1∩Dom(α≫= f)

λ(dr).
(

match rwith s : xs 7→ xs1 = take ⌊s⌋xs;

xs2 = drop⌊s⌋xs;w
(
f(α(xs1))(xs2)

))
=
∫
Dom(α≫= f)

λ(dr).
(

match rwith s : xs 7→ xs1 = take ⌊s⌋xs;

xs2 = drop⌊s⌋xs;w
(
f(α(xs1))(xs2)

))
=
∫
Dom(α≫= f)

λ(dr).
(

match rwith s : xs 7→ do⊥ {xs1 ← take ⌊s⌋xs;

x← α(xs1);xs2 ← drop⌊s⌋xs;w(f(x)(xs2))}
)

= Eλr.match rwith s:xs 7→do⊥ {xs1←take ⌊s⌋xs;x←α(xs1);xs2←drop⌊s⌋xs;f(x)(xs2)}; _→⊥[w]
= E(α≫= f)[w]

where we used, in order: the definition of ≫=J , the definition of E twice,
splitting the domain of α and f(α(r)) as well as Fubini-Tonelli to swap sum
and integral, the bijective change of variable (n, p) = (i + j, i), express the
sum on p as an integral on s, refactor the triple integral as one, the fact that
R0 is not part of Dom(α≫= f), un-splitting the domain of Dom(α≫= f),
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adding monadic composition (which is fine as we are restricted to the domain
of Dom(α≫= f)), the definition of E, the definition of ≫=R.

• For every morphism f : X → Y , we have

• For every morphism f : X → Y , we have

ERf = λα.λw.Ef◦α[w] def. Rf

= λα.λw.
∫
Dom(f◦α)

λ(dr)w ◦ (f ◦ α)(r) def. E

= λα.λw.
∫
Dom(α)

λ(dr)(w ◦ f◦)α(r) f total, ◦ associative

= λα.λw.Eα[w ◦ f ] def. E
= J f ◦ E def. J f

We have constructed a monad structure of randomisable elements, and defined
an expectation operator E. We now we need to show that the image of E in JX,
which we denote by TX, defines a commutative monad T .

4.3.6 A ωPAP monad of measures
Besides the orthogonal factorization system, we also need to prove the following
result, in order to show that the factorization system is closed under the random-
ization monad structure and apply Theorem 4.3.1.

Proposition 4.3.10. The densely strong epis are closed under

• countable products: for every countable I ⊆ N and every I-indexed family
(ei : Ai ↠ Bi)i∈I of densely strong epis, their Cartesian product is also a
densely strong epi.

• the lifting monad L: if e : A↠ B is a densely strong epi, then L(e) : LA↠ LB
is also a densely strong epi

• exponentiation with U : if e : A ↠ B is a densely strong epi, then for every
representable U , the exponential eU : AU ↠ BU is also a densely strong epi.

Proof. 1. Closure under countable products. Let ei : Xi → Yi be densely
strong epis. We need to show that ∏i∈N ei : ∏i∈NXi →

∏
i∈N Yi is a densely

strong epi, i.e. that for every family of plots (pi : U → Yi)i∈N ∈ PU∏
i∈N Yi

arises
as the image of a plot in PU∏

i∈NXi
or as a lub of such plots. It is known that lubs

in ωcpo commute with countable products, i.e. ∨i∈N∏j∈N(pij) = ∏
j∈N

∨
i∈N(pij).
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Therefore, if for each j ∈ N, the plot pj is a limit of plots pij which are in the
image of ej, i,e, pj = ∨

i∈N p
i
j, then

p =
∏
j∈N

pj =
∏
j∈N

∨
i∈N

pij =
∨
i∈N

∏
j∈N

(pij)

and therefore p is the lub of (∏j∈N(pij))i∈N, and each of which is in the image
of ∏i∈N ei by assumption on the pij.

2. Closure under the lifting monad L. Given a densely strong epi e : X → Y ,
recall that we have Le : LX → LY = λ[↑ x.e(x),⊥.⊥]. Every plot p : U →
LY of LY corresponds to some plot p : V ⊆ U → Y in Y . In addition, by
the densely strong epi property of e, every plot p : V → Y of Y arises either
as the image under e of some plot in X, or as a lub of ‘simpler’ plots in Y .
That is every plot p of Y can be written as p = ∨

i∈N e ◦ qi where the qi are
plots in X. By transfinite induction, we show that plots in LY are images of
lubs of images of plots of LX by Le:

• If p is the image of some plot in PUX under e, then for all c-analytic sets
V containing U , p is also a plot in PVLY and arises as the image under
Le of some plot in PVLX with the same domain U .

• Let p = ∨
i∈N pi where the plots (pi)i∈N in PUY are such that the property

already holds for each pi by the induction hypothesis. Then, for any
V containing U , pi are plots in PVLY whose lub in PVLY is p, which is
therefore in the closure of Le’s image.

3. Closure under exponentiation with representables. Recall that given a
densely strong epi e : X → Y , and a representable U , we have U ⇒ e : (U →
X) → (U → Y ) = λg.λr.e(g(r)). Now consider a plot in U → Y , i.e., the
currying of some morphism p : V ×U → Y . We need to show that it is of the
form λ(v, u).e(g(v, u)) for some g : V × U → X, or in the lub closure of such
morphisms. As e is a densely strong epi, the plots in PWY are in the image
e[PWX ], or lubs of them. This is in particular true for W = U × V , and we are
done.

Theorem 4.3.11. T defines a locally continuous commutative submonad of J .

Proof. By Theorem 4.3.7, we have an orthogonal factorization system on ωPAP.
By Proposition 4.3.10, if ei are densely strong epis, then so are L(e),Ri ⇒ e
and ∏

i i ∈ Nei. Therefore, so is R(e) = ⋃
i∈N Ri ⇒ Le. By Section 4.3.4, R

is a monad structure, and the continuation monad J is known to be a strong-
monad. Furthermore, by Proposition 4.3.9, E is a strong monad structure morphism.
Therefore, by Theorem 4.3.1, the image of E induces a strong monad T on ωPAP.
Similarly to Vákár et al. [2019],

For commutativity, the proof is the same as for the case in Vákár et al. [2019],
and essentially comes from the fact that our measures are s-finite, and thus enjoy a
Fubini theorem [Staton, 2017]. In more detail, the following argument is a simple
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adaptation of the proof of the same result in Vákár et al. [2019], whose credit
therefore goes to these authors.

CX,Y :={⟨µ, ν⟩ ∈ TX × TY | µ≫=λx.ν≫=λy.return(x, y) =
ν≫=λy.µ≫=λx.return(x, y)}

Note that CX,Y is closed under suprema of ω-chains. Indeed, let µ ∈ TX and
ν ∈ TY . Then, there exist ω-chains µn ∈ RX and νm ∈ RY such that µ = supn µn
and ν = supm νm. Then,

µ≫=λx.ν≫=λy.return(x, y)
= (sup

n
µn)≫=λx.(sup

m
νm)≫=λy.return(x, y)

= sup
n

sup
m

(µn≫=λx.νm≫=λy.return(x, y)) by continuity of bind

= sup
n

sup
m

(νm≫=λy.µn≫=λx.return(x, y)) by our assumptions

= (sup
m
νm)≫=λy.(sup

n
µn)≫=λx.return(x, y) by continuity of bind

= ν≫=λy.µ≫=λx.return(x, y).

Therefore, it follows that T is a commutative monad if we can show that RX×RY ⊆
CX,Y for all ωPAP spaces X, Y .

Let µ ∈ RX and ν ∈ RY . There exists ωPAP morphims f, g such that µ = f∗λ
and ν = g∗λ. By the universal property of coproducts, there exists ωPAP-morphisms
fi, gi such that µ = ∑

i∈N fi,∗λ and ν = ∑
i∈N gi,∗λ. Then, for every measurable

h : X × Y →W, we have

µ≫=λx.ν≫=λy.h(x, y)

=
∫
X
f∗λ(dx)

∫
Y
g∗λ(dy)h(x, y) def. bind

=
∫

Ω
λ(dr)

∫
Ω
λ(dr′)h(f(r), g(r′)) property pushforward measure

=
∑
i∈N

∫
Ri
λ(dr)

∑
j∈N

∫
Rj
λ(dr′)h(fi(r), gj(r′)) def µ, ν above

=
∑
i∈N

∑
j∈N

∫
Ri
λ(dr)

∫
Rj
λ(dr′)h(fi(r), gj(r′)) Lebesgue integral of function ≥ 0

=
∑
i∈N

∑
j∈N

∫
Rj

∫
Ri
λ(dr)λ(dr′)h(fi(r), gj(r′)) Fubini’s theorem for σ-finite measures

=
∑
i∈N

∫
Rj
λ(dr′)

∑
j∈N

∫
Ri
λ(dr)h(fi(r), gj(r′)) Lebesgue integral of function ≥ 0

=
∫

Ω
λ(dr′)

∫
Ω
λ(dr)h(f(r), g(r′)) def µ, ν

ν≫=λx.µ≫=λy.h(x, y) def. bind
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Remark 4.3.1. It might be confusing that we call monad of measures our monad
of expectation operators. However, on Rn and c-analytic subsets A of Rn (and in
particular on submanifolds of Rn, see Lemma 4.3.12 below), every element Eα ∈ TA
defines a linear map on the σ-compact topological space A. Therefore, by the Riesz
representation theorem ([Kowalski, 2011], Theorem 5.2.1), every such expectation
operator comes from a unique measure µ on the measurable space A. In this case, it
is therefore justified to call measures our expectation operators, implicitly applying
the bijection µ 7→ λf.

∫
fdµ when necessary.

Lemma 4.3.12. Every manifold M ⊆ Rn is a c-analytic subset of Rn.

Proof. As is recalled in the proof of Theorem 4.4.19, local charts (ϕi)i of an embedded
d-dimensional smooth manifold M ⊆ Rn can be chosen to be analytic functions
ϕi : Vi ⊆ M → Rn. As Rd is an analytic set, we deduce that each Vi

ϕi∼= Rd is an
analytic set, and as a countable family of charts {Vi}i∈N covers the manifold M ,
M = ⋃

i∈N Vi is c-analytic.

4.4 Differentiability and measures: pushforward
of PAP functions

Probabilistic programming languages enable the representation of probability
distributions and general measures by adding support for random sampling and
soft conditioning to deterministic languages. These languages are often used to
model real-world phenomena, and questions of interest can be framed in terms
of expectations under these models. Inference algorithms are typically used to
estimate posterior distributions, and many probabilistic programming languages
offer automated tools to run these algorithms. However, these tools typically
assume certain properties of the programs written by the user, such as having a
density with respect to a well-behaved reference measure, typically the Lebesgue
measure, or the density being differentiable.

We study verifying properties that hold for all programs in expressive proba-
bilistic languages. We introduce a monad on ωPAP that interprets closed programs
as s-finite measures Staton [2017], following the approach of Vákár et al. [2019].
By interpreting probabilistic programs as ωPAP measures, we prove that all closed
programs of type Rn denote distributions supported on a countable union of smooth
submanifolds of Rn. Consequently, these programs admit convenient densities with
respect to a particular class of reference measures (Theorem 4.4.18). This result
demonstrates the extensional properties of the measures that probabilistic programs
represent and provides a foundation for reasoning about these programs.

The result is relevant for the automatic computation of densities or Radon-
Nikodym derivatives of probabilistic programs, key ingredients in higher-level
algorithms such as importance sampling and MCMC. Suppose a user has constructed
two closed probabilistic programs of type realn, p and q, and wishes to use q as an
importance sampling proposal for p. If JpK is absolutely continuous with respect
to JqK (JpK ≪ JqK), such an importance sampler does exist, but implementing it
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requires computing importance weights: this means that at a point x ∼ JqK, we must
compute dJpK

dJqK(x). Now if JpK and JqK are both absolutely continuous with respect
to the Lebesgue measure on Rn, we can compute probability density functions ρp
and ρq for JpK and JqK respectively, and then compute the importance weight as
the ratio of these densities. However, not all programs denote measures that have
densities with respect to the Lebesgue measure. Indeed, consider, the program that
samples u ∼ Unif(0, 1), and returns (u, u) ∈ R2. Because it is supported only on a
1-dimensional line segment within the plane, it has no density function with respect
to the Lebesgue measure in the plane. That is, there is no nonnegative function ρ
such that the probability of an event E ⊆ R2 is equal to

∫∫
R2 1E(x, y) · ρ(x, y)dxdy.

Our result gives us an alternative to the Lebesgue measure: we can compute the
density of JpK (and JqK) with respect to the Hausdorff measures over the manifolds
on which they are supported. Computing densities with respect to Hausdorff
measures has previously been proposed by Radul and Alexeev [2021]. Our result is
that, unlike the Lebesgue base measure, this choice does not exclude any possible
programs a user might write, because every program is absolutely continuous with
respect to such a base measure.

We first briefly recall the setting of probabilistic programming (Section 4.4.1).
Then, we recall some background in differential geometry that will be needed to
phrase the theorem and key in the proofs (Section 4.4.2). Following this, we prove
Theorem 4.4.15 in Section 4.4.5. It gives a characterization of the pushforward of
the Lebesgue measure on Rn by PAP functions. They represent measures with
a density w.r.t. some well-behaved class of measures, which we call s-Hausdorff.
They represent a natural generalization of the Lebesgue measure on curved spaces.
Finally, we prove the main theorem of this section (Theorem 4.4.18) in Section 4.4.6
about the posterior distributions of closed probabilistic programs.

4.4.1 Probabilistic programming
To reason about probabilistic programs, we extend our core calculus (Figure 3.3) with
the standard effectful operations exposed by probabilistic programming languages
(PPLs): sample samples a real from the uniform distribution on (0, 1), and score r
reweights program traces (to implement soft constraints). See Staton [2017] for an
introduction, and similar design is underlying many PPLs Cusumano-Towner et al.
[2019], Carpenter et al. [2015], Goodman and Stuhlmüller [2014], Goodman et al.
[2012], Dash et al. [2022] Their typing rules are given in Figure 4.3.

Γ ⊢ e : real
Γ ⊢ score e : 1 Γ ⊢ sample : real

Figure 4.3: Type system of the probabilistic part of the language

A standard semantics for first-order probabilistic programs is as unnormalized
probabilistic kernels. Programs are interpreted as functions sending values for
variables in the context to measures, where the measure represents the posterior
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distribution of possible return values of the program. For a higher-order recursive
language such as ours, a measure-based semantics is given by Vákár et al. [2019] in
the category of ω-Quasi-Borel spaces. They are an analogue of ωPAP where the
plots are obtained from measurable functions instead of PAP functions.

We revise the interpretation of the deterministic part (Figure 3.3) of the language,
replacing the partiality monad L by our monad of measures T . The semantics
of types is mostly unchanged, except Jτ → σK := ωPAP (JτK, T JσK). A term
Γ ⊢ t : τ is now interpreted as a morphism JΓK → T JτK. The interpretation
of terms using return and ≫= are now those of the monad T . We need to
adapt the semantics of recursion as Jµf.λx.tK(ρ) = return ∨

i∈N fi, where f0 =
λx.λr.inr ⊥, fi+1 = λv.JtK(ρ[f 7→ fi, x 7→ v]). The only other change is in the
semantics of primitive operations representing partial functions f : realn ⇀ real.
In this case, if Dom(f) = A ⊆ Rn, then JfK : Rn → TR is given by λx : Rn.(if x ∈
A then Jscore 0K else Jscore 1K); return f(x), where ; is the Kleisli composition,
and we now define JscoreK. The semantics of the new constructs score and
sample are given respectively by

Jscore tK(ρ) = λf.JtK(ρ)(λw.max(0, w) · f(⋆))

JsampleK(ρ) = λf.
∫

[0,1]
f(x)dx

where ⋆ is the only element of the terminal object 1.
Staton [2017] showed that closed first-order programs do not denote arbitrarily

measures, but only s-finite ones. An s-finite measure is a countable sum of finite
measures, and they enjoy many desirable properties. For instance, a version of
Fubini’s theorem holds for s-finite measures, giving a semantic justification for the
reordering of two independent probabilistic computations. We will show that if we
further restrict the primitives to be PAP, instead of merely measurable, we can
prove a much stronger restriction on the class of definable measures.

The proof of Theorem 4.4.15 is fairly technical, and requires more concepts
from analysis and differential geometry, which we will recall in Section 4.4.2. In
Section 4.4.3, we define s-Hausdorff measures and give some basic properties on
them. Finally, in Section 4.4.5 we will introduce and prove the necessary lemmas
building up to Theorem 4.4.15.

4.4.2 Background: differential geometry
In this section, we quickly recall some basic facts about topology, smooth manifolds,
Sard’s theorem, and the co-area formula from differential geometry.

4.4.2.1 General Topology

A general topological space can be extremely poorly behaved, and look nothing like
our intuitive geometric notion of space. A fairly common restriction is to ask for the
space to be Hausdorff. See e.g. Kelley [2017] for a general reference on topology.
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Definition 4.4.1. A Hausdorff space X is a topological space where for any two
distinct points x, y ∈ X, there exist neighborhoods Ux, Uy of x and y respectively,
such that Ux ∩ Uy = ∅.

A classic counterexample to Hausdorff-spaces is a real line with 2 distinct
points, both representing 0. There are several useful ways to quantify whether
a topological space is made of ‘one block’.

Definition 4.4.2. A topological space is connected if it cannot be written as a
disjoint union of two or more open subsets.

A stronger notion of connectedness is path-connected:

Definition 4.4.3. A topological space X is path-connected if for every pair of points
x, y ∈ X, there exists a continuous function c : [0, 1]→ X such that c(0) = x and
c(1) = y.

It is well-known that a path-connected space is connected, but that the reciprocal
is not true in general. A classic example of a connected yet not path-connected
space is the curve of sin( 1

x
) to which one adjoins the vertical closed interval (−1, 1)

centered on 0. This interval is connected to the rest of the curve, but any path
from a point on the rest of the curve to this interval will have infinite length, and so
cannot be the image of a continuous function from the closed interval (0, 1) to this
space. However, the converse is true in the case of subspaces of Euclidean spaces.

Proposition 4.4.1. If U is an open and connected subset of Rn (with the usual
topology), then U is path-connected.

Likewise, certain topological are in the sense too big for our geometric intuitions
to usually carry to such settings. Separable spaces are a restriction making
topological spaces better behaved.

Definition 4.4.4. A topological space is separable if it contains a countable, dense
subset.

Euclidean spaces and smooth manifolds (Section 4.4.2.2) are separable. For
instance, rational points Qn ⊂ Rn form a dense subset of Rn. The space of bounded
continuous functions R→ R, on the other hand, is not separable. To see this, there
is an uncountable subset I of such functions such that for all f, g ∈ I, ∥f − g∥ ≥ 1
whenever f ̸= g. Therefore, given a countable subset C of the set of bounded
continuous functions R→ R, there is a function f ∈ I that is at distance at least
1
2 from every element of C, and therefore C is not dense in the set of bounded
continuous functions R→ R. This used a standard technique to show that a space
is not separable: showing that it has a uncountable set of disjoint opens.

Definition 4.4.5. A topological space X is second-countable when its topology has
a countable base. More precisely, there exists a countable set {Ui}i∈N of opens Ui of
X such that every open of X can be written as a union of a subfamily of {Ui}i∈N.

Proposition 4.4.2. A second-countable space is separable.
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Finally, Lindelöf spaces have a particularly nice property that will be useful
in some of the proofs.

Definition 4.4.6. A topological space is a Lindelöf space when every open cover
has a countable subcover.

Proposition 4.4.3. A separable space is Lindelöf.

Corollary 4.4.3.1. Open subsets of Rn are Lindelöf.

4.4.2.2 Smooth manifolds

Smooth manifolds (Section 2.5.3) are a well-studied notion of curved spaces that
generalize Euclidean spaces. Common examples include lines, spheres, and tori,
and are closed under finite products or countable unions. They will form the
basis for the support of our base measures.

Definition 4.4.7. A smooth manifold M is a second-countable Hausdorff topological
space together with a smooth atlas: an open cover U together with homeomorphisms
(ϕU : U → Rn)U∈U called charts such that ϕV ◦ ϕ−1

U is smooth on its domain of
definition for all U, V ∈ U . A function f : M → N between manifolds is smooth if
ϕV ◦ f ◦ ϕ−1

U is smooth for all charts ϕU , ϕV of M and N .

As we have justified in the previous section, Hausdorff second-countable spaces
will behave more like the intuitive notion of space we have from elementary geometry.
A smooth-manifold is such a space that moreover locally looks locally like a Euclidean
space. An obvious example is a sphere, that looks locally like a plane, when one
zooms in enough. When there exists a global bound K on the local dimensions n of a
smooth manifold, it is well known by a theorem of Whitney ([Whitney, 2012]) that the
manifold can be embedded as a submanifold of a Euclidean space, that is its topology
is given by restricting the standard one from the surrounding Euclidean space.

4.4.2.3 Hausdorff measure

There is a very natural distribution on smooth manifolds that generalizes the
Lebesgue measure on Euclidean spaces and matches our intuitive notions of area
and volume for curved spaces.

Definition 4.4.8. The k-Hausdorff measure of a metric space (X, d) is defined as

Hk(S) := limδ→0 inf
{∑

i

diam(Ui)k | S ⊆
⋃
i

Ui, diam(Ui) < δ
}

where diam(U) := sup {d(x, y) | x, y ∈ U} and diam(∅) := 0.

Intuitively, it means that the d-dimensional volume of S is defined as the
smallest d-dimensional volume of a ball-cover of S.

Definition 4.4.9. The Hausdorff dimension is then defined as dimHaus(S) :=
inf{k | Hk(S) = 0}.
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The Hausdorff measure computes the sizes of sets S in a dimension-dependent
way:

• The 0-Hausdorff measure counts the points in S.

• The 1-Hausdorff measure sums the lengths of curves within a set. It will be
infinite on surfaces, and 0 on sets of isolated points.

• The 2-dimensional Hausdorff measure sums the areas of surfaces, and will be
infinite on volumes and 0 on curves. More generally, the k-Hausdorff measure
will quantify k-dimensional volumes.

For smooth manifolds, the Hausdorff dimension matches the intuitive notion of
dimension, e.g. a sphere in R3 has Hausdorff dimension 2 , a path on such a sphere
will have Hausdorff dimension 1, and an open of Rn has dimension n.

4.4.2.4 Sard’s theorem

We recall the Morse–Sard theorem [Morse, 1939, Sard, 1942], a standard re-
sult in analysis.

Definition 4.4.10. Let f : Rn → Rm be differentiable. The critical set X of f is
defined as X := {x ∈ Rn | rank(Jxf) < m}.

Theorem 4.4.4 ([Sard, 1942]). Let f : Rn → Rm be Ck, where k ≥ max{n−m+, 1}.
Let X ⊆ Rn be the critical set of f . Then the image f(X) has Lebesgue measure 0
in Rm.

We will use a generalization of this theorem:

Theorem 4.4.5 ([Sard, 1965]). Let f : N →M be Ck between smooth manifolds
of dimensions n and m respectively, where k ≥ max{n−m+, 1}. Let X ⊆ Rn be
the critical set of f . Then the image f(X) has m-Hausdorff measure 0 in M .

4.4.2.5 Area and Co-area formulas

The area formula generalizes the well-known change-of-variable formula for a diffeo-
morphism between opens of Euclidean spaces, and the co-area formula generalizes
the Fubini-Tonelli theorem. The general setting in which they can be defined is
in the context of geometric measure theory. Just as the Hausdorff measure on
manifolds generalizes the Lebesgue measure on Euclidean spaces, this theory extends
to an even slightly more general setting, based on rectifiable sets (Definition 4.4.11).
We recall some basic definitions and facts of the theory. We will not quite require
the full power and generality of this theory, but this version will be convenient for
us. See Simon [1983] for an introduction to geometric measure theory.

Definition 4.4.11. A set M ⊆ Rn+k is said to be countably n-rectifiable if
M ⊆ M0

⋃ (⋃∞j=1 Fj(Rn)) where Hn(M0) = 0 and Fj : Rn → Rn+k are Lipschitz
functions.
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There are several equivalent characterisations, we give 2 additional ones.
Lemma 4.4.6. • M is countably n-rectifiable iff M = M0

⋃(⋃∞j=1 Fj(Anj )) where
Hn(M0) = 0 and Fj : Aj → Rn+k are Lipschitz, Aj ⊆ Rn.

• M is countably n-rectifiable iff M ⊆ ⋃∞j=0 Nj where Hn(N0) = 0 and Nj, j ≥ 1
are n-dimensional embedded C1 submanifolds of Rn+k.

We can define the gradient of functions defined on countably n-rectifiable sets.
Definition 4.4.12. Let f : U → Rm be a locally Lipschitz function, where U ⊆ Rn+k

is an open containing the n-rectifiable set M . We define the gradient of f , ∇Mf ,
Hn-a.e. on M according to ∇Mf(x) = ∇Njf(x) whenever x ∈ Nj and f |Nj

is
differentiable (which is true Hn-a.e. by Rademacher’s theorem and Nj being C1).

This means ∇Mf(x) ∈ TxM for Hn-a.e. x ∈ M , and is up a Hn-measure
zero in M , independent of the decomposition ⋃∞j=0 Nj used. We have not defined
formally defined the generalized tangent space for n-rectifiable sets, but suffices
to know it agrees Hn-a.e. with the one on the manifolds Nj. Similarly, for the
differential at x dMfx : TxM → Rm.

When f : Rn → Rn is differentiable, we have the following Jacobian term
Jf in the change of variable formula:

Jf(x) = | det dfx|

where dfx : Rn → Rn is the linear function for the derivative of f at x. This
formula is only valid when the input and output spaces have the same dimension
n, but it admits the following generalizations:
Definition 4.4.13. If n > m, we can define the Jacobian JMf(x) for Hn-a.e.
x ∈M as

JMf(x) =
√

det(dMf ∗x ◦ dMfx)
where dMf ∗x : Rm → TxM is the adjoint of dMfx.
Definition 4.4.14. Similarly if n < m, we can define the Jacobian JMf(x) for
Hn-a.e. x ∈M as

JMf(x) =
√

det(dMfx ◦ dMf ∗x)
Theorem 4.4.7 (Area formula).∫

A
JMf dH

n =
∫
Rn
H0(A ∩ f−1(y))dHn(y)

for any Hn-measurable set A ⊆M .
And if g is any non-negative Hn-measurable function on M , we get the more

general ∫
M
g JMf dH

n =
∫
Rn

(∫
f−1(y)

g dH0
)
dHn(y)

In case f is one-to-one, this becomes the classic formula of change-of-variables,
stated in a slightly more general setting:∫

M
g JMf dH

n =
∫
Rn
g ◦ f−1dHn
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In addition, there is another very useful formula that generalizes the Fubini-
Tonelli theorem, called the co-area formula:

Theorem 4.4.8 (Co-Area formula). Let f : A ⊆ Rn → Rm be Lipschitz on A
measurable. Let g ≥ 0 be a measurable function on E, or gJMf be integrable. If
n ≥ m, then ∫

A
g JMf dH

n =
∫
Rm

(∫
f−1(y)

g dHn−m
)
dHm(y)

To see how this is a generalization of the Fubini-Tonelli theorem, we can apply
the co-area formula in two ways. Take A = Rn in both cases, and f the projection
onto the first m (resp. n−m) coordinates. In any case, Jf(x) = 1 and the Hausdorff
measure reduces to the Lebesgue measure λn, and we have

∫
Rn
g dλn =

∫
Rm

( ∫
Rn−m

g dλn−m
)
dλm =

∫
Rn−m

( ∫
Rm

g dλm
)
dλn−m

We will often write λ instead of λn for the Lebesgue measure on Rn or an
a open subset of Rn.

4.4.3 s-Hausdorff measures
This part is novel. We will characterize the pushforward of the Lebesgue measure
by PAP functions as those having a density w.r.t. some measure in a set of natural
measures on Rm. These new measures extend the well-known Hausdorff measure
on a manifold to a generalization that includes a countable sum of these base
measures, which we call s-Hausdorff measures.

Definition 4.4.15 (s-Hausdorff measure on Rm). For each 0 ≤ k ≤ m, let {Mk
i }i∈N

be a countable family of k dimensional smooth submanifolds of Rm. Let Mk :=⋃
i∈NM

k
i and equip Mk with the k-Hausdorff measure. This measure extends to a

measure µk on Rm by assigning measure 0 to every (Borel) measurable set outside
Mk. Let µ := ∑

0≤k≤m µ
k. We call such a µ an s-Hausdorff measure.

Example 4.4.1. 1. The Lebesgue-measure on Rm is s-Hausdorff.

2. The k-Hausdorff measure on an k-dimensional manifold M ⊆ Rm is s-
Hausdorff.

3. The sum of finitely many s-Hausdorff measures with disjoint support is s-
Hausdorff.

4. The Dirac measure δx at a point x ∈ Rm is s-Hausdorff.

5. More generally the measure given by a countable sum of 0-dimensional
Hausdorff measure on 0-dimensional submanifolds of Rm is the counting
measure, and is s-Hausdorff.

Indeed, we can see it as follows:
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1. Rm is a smooth submanifold of Rm of dimension m, and it is well-known
that Hm coincides with the Lebesgue measure in this case, and is therefore
s-Hausdorff.

2. Is a special case of the definition of s-Hausdorff for the case of a family of
manifolds consisting of only one manifold

3. This follows from the fact that a finite union of countable sets is countable.

4. A single point x ∈ Rm is a 0-dimensional submanifold of Rm. H0|{x} extended
to Rm by assigning measure 0 to every measurable set outside of {x} coincides
with the Dirac measure δx, which is therefore s-Hausdorff.

5. Follows from the previous point and the definition of s-Hausdorff measure
allowing a countable union of manifolds.

4.4.4 Infinite densities
Unfortunately, it is very easy to write a closed probabilistic program ⊢ t : Rm for
which the support of its posterior distribution is a k dimensional submanifold of Rm

but where its density w.r.t. the k-Hausdorff measure on that manifold would be
infinite. The simplest example is a program sampling from the Lebesgue measure
on R, which can be simulated using sample and score, and returns the constant
real 1. Its posterior distribution will be supported on the 0-dimensional manifold
{1}, but will have infinite density w.r.t. the reference s-Hausdorff measure δ1, and
yet it is absolutely continuous with respect to it.

More generally, it is easy for a PAP function f : A → R for which f(A) is a
manifold M , and yet f∗λ will have infinite density w.r.t. that manifold Hausdorff
measure Hk(M). Indeed, let M be a smooth submanifold of Rn. Let A = M × R
and f := π1 : A → Rn. Then f(A) = M and f∗λ is absolutely continuous w.r.t.
the Lebesgue measure on ′RRn, with infinite density as every point.

We will still show that f∗λ ≪ Hk(M) always holds in such cases, and in this
sense the infinity is unavoidable, but benign. By adding the convention that∞.0 = 0
and∞.r =∞ for any other r ∈ (0,∞], we can allow densities to be valued in [0,∞]
without much further trouble. Dealing with infinite densities is made precise in
our case in the following way: all the measures that we will consider are s-finite
[Staton, 2017], and Vákár and Ong [2018] extends the theory of s-finite kernels
by showing various characterisations of s-finite measures and kernels, a Radon-
Nikodým theorem, and Lebesgue decomposition, disintegration and randomisation
theorems. These results are stated for potentially infinite densities, assuming the
same convention about the interaction of 0 and ∞ as we did. For us, therefore,
f : X → [0,∞] is a density for a measure µ on X w.r.t. a measure ν on X if
for every measurable set A ⊆ X, we have

µ(A) =
∫
A
f(x)ν(dx)

In brief, the usual results and intuitions that hold for densities X → [0,∞) extend
to the case of densities X → [0,∞].
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4.4.5 Pushforwards of PAP functions
We first prove the following theorem, which is the core technical result required for
proving our main result (Theorem 4.4.18) on the support of probabilistic programs.

Theorem 4.4.9. Let f : U ⊆ Rn → Rm be real analytic (Definition 3.2.2) on a
connected open U . Then there is an integer k such that f(U) is contained is a
countable union M := ⋃

i∈NMi of smooth submanifolds Mi of Rm of dimension k,
up to a set of k-Hausdorff measure 0. Furthermore, f∗λ has a density w.r.t. the
k-Hausdorff measure on M .

Before proving the theorem, we need a few other technical lemmas.

Lemma 4.4.10. Let µ = ∑
0≤k≤m

∑
i∈N f

k
i .µ

k
i ∈ MRm for some non-negative

measurable functions fki : Rm → [0,∞], and such that µki is the k-Hausdorff
measure on some k-dimensional submanifold Mk

i of Rm. Let B be the s-Hausdorff
measure given by the (µki ). Then µ has a density w.r.t. B.

Proof. Let Xk = ⋃
iM

k
i and µk be the k-Hausdorff measure on Xk. Let gk =∑

i∈N 1x∈Mk
i
.fki . As the fki are non-negative and can take the value ∞, the limit

exists and therefore the gk are measurable. By construction, we have the equality∑
i∈N f

k
i .µ

k
i = gk.µ

k for all 0 ≤ k ≤ m. This follows from the simpler equality
f1.ν|A + f2.ν|B = (f1 + f2).ν|A∪B which is also valid for countable unions, given that
the µki are all restrictions of the k-Hausdorff measure. Therefore µ = ∑

0≤k≤m gk.µk.
Let g = g0 + 1x ̸∈X0(g1 + 1x ̸∈X1(g2 + 1x ̸∈X2(. . . + 1x ̸∈Xm−1gm))). g is clearly

measurable and non-negative (with the convention that 0.∞ = 0 here). For all
i < k, Xi is Hk negligible. Thus gk.µk = gk.µk|Xk−Xi

= (1x ̸∈Xi
gk).µk. From this

fact, we deduce that ∑0≤k≤m gk.µk = g.B, and therefore conclude that µ = g.B, i.e.
that µ has a density w.r.t. B.

Lemma 4.4.11. Let f : U ⊆ Rn → Rm be real analytic on a connected open U .
Let k be the maximal rank of f on U . Then V := {x ∈ U | rank(f(x)) = k} is

• open,

• dense in U ,

• and λ(U − V ) = 0.

Proof. We first show that V is open. Given a coordinate system for U and V , for
any x ∈ V , denote by G(x) the matrix for Txf in these bases. By hypothesis, G(x)
has at least an invertible k × k sub-matrix, and this is a characterisation of rank.
Then denote by H : Mn×m(R) → R : A 7→ ∑

B k×k submatrix of A |det(B)|. H is
continuous as the determinant is, and V = (HG)−1(R− {0}) is thus open. Second,
we show that V is dense. Note that this is not true in general for smooth functions.
Pick a base for U and V again, and let G(x) the matrix for Txf in these bases.
Thus x 7→ G(x) is also real analytic.

Let p ∈ V̄ − V . Pick a k × k submatrix B of matrices in Mn×m(R), then let
HB : Mn×m(R)→ R be the determinant of that submatrix. Assume HBG is 0 on a
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open neighbourhood WB of p for all B. Then W = ∩WB is a finite intersection of
opens and thus is open, and W ∩V ≠ ∅ as by assumption p is in the boundary of V .
But this is a contradiction as we know that for some B and any x in the intersection,
HBG(x) ̸= 0. Therefore, there is a B such that HBG is not 0 at some point x in a
neighbourhood WB on p. As f is analytic, so is df , and so is G. The determinant
is a polynomial function of its arguments, it is thus real analytic, and thus so is
HB. As HBG is analytic and non-identically 0 on WB, it must be non-zero on a
dense subset of WB. Let us assume that the closure V̄ is not all of U . We obtain a
contradiction by picking a point close to V̄ that would end up in one of the WB. In
more detail, assume by ways of contradiction that U − V̄ ̸= ∅. Let p ∈ U − V̄ . Let
g : U → R+ be defined as g(x) = d(x, V̄ ). By assumption, as V̄ is closed, we have
g(p) > 0. Also, note that g is continuous. As k is the maximal ranked reached by
f , V̄ ̸= ∅. Thus, there exists y ∈ V̄ such that g(y) = 0. As U is connected (and
thus path connected by Theorem 4.4.1), there is a continuous path c : [0, 1]→ U
such that c(0) = y and c(1) = p. The composition g ◦ c is continuous and so there a
point x ∈ V̄ − V such that c(t) = x and g(x) = 0 for some t0 < 1. By compactness
of [0, 1], we choose the biggest such t0, which exists as c(1) = p ̸∈ V̄ . For all t > t0,
we therefore have g(c(t)) > 0. However, by the result above, there is a dense open
subset W of a WB, a neighbourhood of x, such that W ⊆ V . By density of W , this
means that c(t) = 0 on c−1(WB) ∩ [t0, 1] ̸= ∅, a contradiction.

We will now prove that X := U − V has Lebesgue measure 0. For a fixed
k × k matrix B of any n × m matrix, consider the same analytic function HB

as above. Then gB := G;HB : U → R is analytic. By Mityagin [2015], it is
either the 0 function or the preimage of 0 has Lebesgue measure 0. We can write
X = ⋂

B k×k submatrix g
−1
B ({0}). As f has rank k somewhere, not every gB is the

0 analytic function, and thus X is contained in a Lebesgue measure 0 set, and
therefore has Lebesgue measure 0.

Lemma 4.4.12. Let f : A→ C where A ⊆ Rn is λ-measurable, and let U ⊆ A be
λ-measurable. Assume that λ(A− U) = 0. Then f∗λ = (f |U)∗λ.

Proof.

f∗λ(S) = λ(f−1(S))
= λ(f−1(S) ∩ A)
= λ(f−1(S) ∩ (A− U + U))
= λ((f−1(S) ∩ (A− U)) ∪ (f−1(S) ∩ U))
≤ λ(f−1(S) ∩ (A− U)) + λ(f−1(S) ∩ U)
≤ λ(A− U) + λ|U(f−1(S)
= 0 + λ|U(f−1(S))
= (f |U)∗λ(S)

As the other inequality is obvious, we showed that f∗λ(S) = (f |U)∗λ(S).

Lemma 4.4.13. Let f : U ⊆ Rn → Rm be real analytic on a connected open U .
Further, assume f has constant rank. Then f(U) is a countable union of manifolds.
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Proof. As f has constant rank, by the constant rank theorem, f is locally of
the form (x1, . . . , xn) 7→ (x1, . . . , xk, 0, . . . , 0). More precisely, around any x ∈ U ,
there is a neighborhood W of x and smooth diffeomorphisms ϕ, ψ such that g :=
ϕ ◦ f |W ◦ ψ(x1, . . . , xn) = (x1, . . . , xk, 0, . . . , 0). As g is a projection, it is an open
map. As ϕ, ψ are diffeomorphisms, f |W is also an open map. This means that f(W )
is a k-dimensional submanifold of Rm (technically it is direct if k = m, otherwise
we need an extra argument where we post-compose with a projection first, obtain
the result above, and then use the submersion theorem to obtain that the 0 level of
the projection is a manifold, which is f(W )).

Now consider the open cover of U given by {Wx | x ∈ U} where Wx is a
neighbourhood of x as above. By Corollary 4.4.3.1, we can extract a countable open
sub-cover of U . Thus, F (V ) is a countable union of k-dimensional manifolds.

Proof of Theorem 4.4.9. Let k be the maximal rank of f on U . Let V := {x ∈
U | rank(f(x)) = k}. Let us first show that it is sufficient to show the result for
f |V .

By Lemma 4.4.11, V is open and dense in U , and U−V has Lebesgue measure 0.
By Lemma 4.4.12, f∗λ = (f |V )∗λ, so we reduced the second statement to showing
it for (f |V ). In addition, by Sard’s theorem, f(U − V ) has k-Hausdorff measure 0.
Therefore, it is sufficient to prove the theorem for f |V , which we call f again.

Now, write V = ⊔
i Vi where the Vi are the connected components of V . On

each connected component Vi, f |Vi
verifies the hypothesis of Lemma 4.4.13. Thus

f(Vi) is a countable union of k-dimensional manifolds for each Vi. As Euclidean
spaces are locally connected spaces with a countable basis, the same holds for V .
Therefore, V has at most countably many connected components Vi. A countable
union of countable sets is countable, and we finished proving the first part of the
theorem.

Finally, it remains to show that f∗λ has a density w.r.t. the k-Hausdorff measure
on f(V ). By Lemma 4.4.10, it is sufficient to show it for each (f |W )∗λ, f(W ), where
W is as constructed above. First, let us show that it is also sufficient to restrict to
the case where W is contained in a compact set. There exists a countable cover Ki of
compact sets of Rn that cover W (e.g. by taking closed spheres of radius 1 at points
with rational coordinates). Each Wi := Ki ∩W is thus compact in W . Assume
for now that we have proved that (f |Wi

)∗λ has a density w.r.t. f(W ), i.e. that
(f |Wi

)∗λ(A) =
∫
A hi(x)dHk(x) for some measurable function hi : f(W ) → [0,∞].

Then,

f∗λ(A) =
∑
i

(f |Wi
)∗λ(A)

=
∑
i

∫
A
hi(x)dHk(x)

=
∫
A

(
∑
i

hi(x))dHk(x)

where the last equality holds by the Fubini-Tonelli theorem as hi ≥ 0. h := ∑
i h is

measurable, and we are done.
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So we can now assume that W is contained in a compact set. As f is analytic,
it is locally Lipschitz and is thus Lipschitz on W , as W is contained in a compact
set. Furthermore, As f has rank k, its Jacobian matrix Jx at every point x has
rank k. A standard result in linear algebra asserts that JxJTx also has rank k and
therefore the correction term JWf(x) is non-zero for all x. Let g(x) := 1

JW f(x) is
therefore measurable and non-negative. By the co-area formula, we have

f∗λ(A) = λ(f−1(A))

=
∫
f−1(A)

1.dλ

=
∫
f−1(A)

g(x)JWf(x).dλ

=
∫
f(W )

( ∫
f−1(y)

g(x)dHn−k(x)
)
dHk(y)

=
∫
f(W )

h(y)dHk(y)

where h(y) :=
∫
f−1(y) g(x)dHn−k(x) is measurable and non-negative, yet possibly

infinite.

Lemma 4.4.14. Let A be an analytic set. There is an open U ⊆ A such that
λ(A− U) = 0.

Proof. Let A = ∩iX+
i ∩ ∩jX−j as in the definition of analytic sets. Write X−j =

Xj
⊔
Zj where Zj = (g−j )−1({0}). Without loss of generality, assume that none of

the g−j are the constant 0 function. Then, U := ∩iX+
i ∩ ∩jXj is clearly open and

U ⊆ A. Let us now show that A− U has Lebesgue measure 0. It suffices to show
that this is the case for each Zj , as they cover A− U . However, by Mityagin [2015],
g−j is either the 0 function or the preimage of 0 has Lebesgue measure 0. This shows
that Zj have Lebesgue measure 0, as desired.

Theorem 4.4.15. Let f : A → Rm be PAP (Definition 3.2.4). Then f∗λ has a
density w.r.t. an s-Hausdorff measure µ on Rm.

Proof. Let f : A → Rm be PAP. A is c-analytic, so we can write it as A =⊔
iAi where each Ai is analytic and (fi, Ai) is a PAP representation for f . By

Lemma 4.4.14, there is an open Ui ⊆ Ai such that λ(Ai−Ui) = 0. By Lemma 4.4.12,
it is thus sufficient to consider the case where fi is defined on an open set Ui. Any
open V ⊆ Rn can always be written as V = ⊔

i Vi for a countable family of connected
opens Vi. Applying this to the Ui, we have a countable family of analytic functions
fi,j : Ui,j → Rm defined on connected opens Ui,j , where fi,j is the restriction of fi to
Ui,j . By theorem 4.4.9, for each (i, j), there exists an integer 0 ≤ ki,j ≤ m such that
(fi,j)∗λ = ∑

l∈N f
ki,j

l m
ki,j

l , where each f
ki,j

l : Rm → [0,∞] is measurable, and each
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m
ki,j

l is the ki,j-Hausdorff measure on some ki,j-submanifold M i,j
l of Rm. Therefore,

f∗λ =
∑
i,j

(fi,j)∗λ

=
∑
i,j

∑
l∈N

f
ki,j

l m
ki,j

l

=
∑

0≤k≤m

∑
{(i,j) | ki,j=k}

∑
l

f
ki,j

l m
ki,j

l

=
∑

0≤k≤m

∑
n

fknm
k
n

where in the last equality we simply re-index the countable sum. We can now
conclude by Lemma 4.4.10 that f∗λ has a density w.r.t. some s-Hausdorff measure.

Lemma 4.4.16. Let ρ be the density obtained from Theorem 4.4.15 for f∗λ w.r.t.
the s-Hausdorff measure µ. Let S be the support of µ. We can assume that ρ|S > 0.

Proof. By inspection in the construction of the s-Hausdorff measure in Theorem 4.4.9
and Theorem 4.4.15, it is straightforward to see that the constructed density is
positive.

4.4.6 Support of posterior distributions of probabilistic
programs

In the ω-QBS semantics, a closed probabilistic program ⊢ t : real× . . .× real is
interpreted as a measure on Rn, and it is in fact obtained as the pushforward of
the Lebesgue measure on Ω by a partial ω-QBS morphism Ω ⇀ Rn. Because our
primitives are PAP, we can refine this result as follows:

Lemma 4.4.17. Let ⊢ t : real× · · · × real be a closed probabilistic program. Then,
there exists a partial ωPAP function ft : Ω ⇀ Rn such that JtK = ft∗λ.

Proof. By construction, JtK ∈ TRn. We now show that JtK factors through E, that
is there exists ft ∈ RRn such that JtK = E[ft]. This is sufficient as ft is a partial
ωPAP function Ω ⇀ Rn, and verifies JtK = ft∗λ by definition of E. We show the
more general for every term Γ ⊢ t : τ , JtK factors through E, by induction on terms:

• By construction, this is true for primitives operations and constants, as well
as for score and sample.

• This is true for variables, as returnTX = E ◦ returnRX (Proposition 4.3.9)

• If JtiK = E ◦ fti , then Jt1K≫=Jt2K = (E ◦ ft1)≫=(E ◦ fti) = E ◦ (ft1 bindft2)
as E is a strong monad structure morphism (Proposition 4.3.9). Similarly,
return (E◦Jt1K) = E◦(return Jt1K) as E is a strong monad structure morphism
(Proposition 4.3.9). This argument shows that the induction extends to
conditionals, application, pair-elimination, operation application, pairs, and
lambdas.
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• Finally, for a recursive term µf/λx.t, by the induction hypothesis on t and
a simple induction, we can write fi+1 = E ◦ ft,i+1, where the fi are those
appearing the definition of Jµf.λx.tK = return

∨
i∈N fi. This is also the case

for f0 = Eλω.⊥, where λω.⊥ : Ω→ LJτK is the nowhere defined function. In
addition, just like the (fi)i∈N, the (ft,i)i∈N form an ω-chain. Therefore, by
continuity of ◦, and as E is a strong monad structure morphism, we have

Jµf.λx.tK(ρ) = return
∨
i∈N

fi

= return
∨
i∈N

E ◦ ft,i

= return E ◦ (
∨
i∈N

ft,i)

= E ◦ return
∨
i∈N

ft,i

That is, any probabilistic program returning reals must arise as a well-behaved
transformation of “input randomness” represented by Ω. This is not particularly
surprising, of course, because a probabilistic program is defined by specifying an
(ωPAP ) transformation of input randomness, but it highlights the way will use
the property of being PAP to refine to prove stronger guarantees of what measures
of closed probabilistic programs can be.

Using Theorem 4.4.15, we obtain our main result in this section: a construction
that assigns an s-Hausdorff measure B(t) to every closed probabilistic program
⊢ t : real × · · · × real, such that JtK has a density w.r.t. B(t). We write µ ≪ ν
to mean that µ is absolutely continuous w.r.t. ν.

Theorem 4.4.18. Let ⊢ t : real × · · · × real be a closed probabilistic program.
There exists an s-Hausdorff measure B(t) on Rn such that

• JtK has a density (possibly infinite) ρt with respect to B(t);

• if µ is another s-Hausdorff measure w.r.t. which JtK has a density, then that
density is JtK-almost-everywhere equal to ρt.

• if t2 has the same type and Jt1K≪ Jt2K then B(t1)≪ B(t2); and

• there is a set A ⊆ Rn such that 1A is a density of B(t1) with respect to B(t2).

Proof. Let ⊢ t : realn. By Lemma 4.4.17, there exists an ωPAP morphism f :
Ω → LRn such that f∗λ = JtK. As Ω is a coproduct, by the universal property
of the coproduct, f decomposes as a family of ωPAP morphisms fi : Ri → LRn.
By definition of the lifting monads, the fi represent PAP functions fi : Ai → Rn

where each Ai is c-analytic. By Theorem 4.4.15, each fi∗λ has a density w.r.t. an
s-Hausdorff measure µi on Rn, i.e. fi∗λ = gi.µi for some non-negative measurable
function gi : Rn → [0,∞]. Therefore

JtK = f∗λ =
∑
i∈N

fi∗λ =
∑
i∈N

gi.µi
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And we conclude that this last formula has a density w.r.t. some base measure on
Rn by Lemma 4.4.10. We proved the first point in the theorem.

For the second point, let g be the density of JtK w.r.t. µ, and f the density of
JtK w.r.t. B(t). Write B(t) = ∑

dH
d(− ∩Md).

By induction on d in [0, n], we show that g(x) = f(x) for all x ∈Md, except for
a Hd-null set.

• Base case d = 0: Let x ∈M0.

g(x) = (g.µ)({x}) = JtK({x}) = (f.B(t))({x}) = f(x)

• Inductive case n ≥ d > 0.

1. For all 0 ≤ i < d, M i is a Hd-null set, and therefore it suffices to show
the result for Sd := Md − (⋃i<dM i).

2. For any Hd measurable A ⊆Md, we have:∫
A∩Sd

f(x)Hd(dx) = f.B(t)(A) = JtK(A) = g.µ(A) =
∫
A∩Sd

g(x)Hd(dx)

Therefore the integrators (and measures by Risez theorem)
∫
− g(x)Hd(dx)

are equal as measures on Sd, and therefore f(x) = g(x) for all x on Sd

except on a Hd null set.

Let Z = (⋃0≤d≤nM
d)c. ThenJtK(Z) = f.B(t)(Z) = 0. Let C = ⋃

0≤d≤nCd
where Cd is the Hd-null set in Sd on which f and g disagree. Then JtK(C) = 0
and thus JtK(Z ∪ C) = 0. As the set of points on which f and g disagree is
contained in Z ∪ C, we are done.

For the third point, by definition of base measures, we can write B(t) as
B(t) = ∑

0≤d≤nH
d(− ∩Md) for some countable unions of d-dimensional manifolds

Md. By the way we constructed B(t), the density ρt satisfies ρt(x) > 0 for every x
in Md (Lemma 4.4.16), except at an Hd-null set. Let A be such that B(t2)(A) = 0.
Then, by the positive density ρt2 of Jt2K w.r.t. the base measure B(t2), we also have
Jt2K(A) = 0. Therefore, Jt1K(A) = 0 using the assumption of absolute continuity.
Finally, using the first point in Theorem 4.4.18, we conclude that B(t1)(A) = 0.

For the fourth point, this follows from general properties of s-Hausdorff measures.
Let µ1 = ∑

0≤d≤nH
d(− ∩Md) and µ2 = ∑

0≤d≤nH
d(− ∩M ′d) be two s-Hausdorff

measure such that µ1 ≪ µ2. As they are σ-finite measures, by the Radon-Nikodym
theorem we can write µ1 = g.µ2. Let Sd := Md\⋃i<d(M ′i∪M i) and A := ⋃

d S
d. Let

B ⊆ A ∩Md. We have µ1(B) = Hd(B ∩Md), as for each 0 ≤ i < d,H i(B ∩M i) ≤
H i(A ∩Md ∩M i) = H i(∅) = 0, and for each i > d,H i(B ∩M i) ≤ H i(Md) = 0.
Likewise, µ2(B) = Hd(B ∩M ′d). As µ1(B) = g.µ2(B), we have proved that the
measures Hd(−∩Md) and g.Hd(−∩M ′d∩A) are the same measures when restricted
to A∩Md, and therefore g(x) = 1 for Hd almost all x ∈Md ∩A. We conclude that
1A is a density for µ1 w.r.t. µ2.
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In particular, this means that a sensible design decision for a PPL is to always
compute densities of probabilistic programs p with respect to an s-Hausdorff base
measure B(p). In order to compute Radon-Nikodym derivatives between multiple
programs, the theorem implies we can separately compute their densities and then
take the ratio, so long as we also include a “support check” (of the sort described
by [Radul and Alexeev, 2021]).

Furthermore, the following result shows that the class of s-Hausdorff measures
seems appropriate to serve as base measures, as for each s-Hausdorff measure, there
is a closed probabilistic program whose posterior distribution has a strictly positive
density w.r.t that measure. This means that we cannot “carve out” any mass from
the s-Hausdorff measure, and that the underlying supporting manifolds faithfully
represent the possible supports of posterior distributions of probabilistic programs.

Theorem 4.4.19. Assume that the language has all partial PAP functions as
primitives. Then, for every n ∈ N and every s-Hausdorff measure µ, there exists a
program ⊢ t : realn such that JtK and µ are mutually absolutely continuous.

Proof. By a theorem of Whitney (refined in Grauert [1958], Morrey [1958]), all (finite-
dimensional, second-countable, Hausdorff, without boundary) smooth manifolds
admit a (unique) analytic structure, and two smooth manifolds are diffeomorphic
iff they are analytic-equivalent. Our case is even simpler, as we consider embedded
submanifolds of Rn. Let M be a smooth submanifold of Rn. There exists a tubular
envelope U ⊆ Rn of M , and a smooth projection p : U → Rn such that M = p(U).
This means that p∗λ|U and Hk on M are mutually absolutely continuous. By
reasoning in local coordinates, using analytic charts, we see that p is locally a linear
projection, and is thus analytic, and therefore PAP. Now let µ be an arbitrary
s-Hausdorff measure, and {Mk

i }i∈N,0≤k≤n be a support for µ. Let pi,k : Ui,k → Rn

be analytic projections such that p(Ui,k) = Mk
i , where i ∈ N, 0 ≤ k ≤ n. Every

open set U ⊆ Rn is diffeomorphic to a bounded open V of radius at most 1, and
the diffeomorphism and its inverse can be chosen to be analytic functions. Let
ϕi,k : Vi,k → Ui,k be such functions, where i ∈ N, 0 ≤ k ≤ n. Let i ∈ N, 0 ≤ k ≤ n.
Let Wi,k be the same open as Vi,k, but translated such that the (Wi∈N,0≤k≤n are
disjoint, which is always possible as the (Vi,k)i∈N,0≤k≤n have radius at most 1 and
there are countably many of them. Let ti,k : Wi,k → Vi,k be the associated translation,
which is linear and therefore analytic. Let W = ⊔

i∈N,0≤k≤nWi,k. Then the function
f : W → Rn defined by x ∈ Wi,j 7→ ti,k;ϕi,k; pi,k is analytic, and f∗λ and µ are
mutually absolutely continuous.

Finally, note that we have not claimed that the density is PAP (it is ωPAP,
and plots of W are merely measurable functions), and in fact even if the density
does not take the value ∞, it may fail to be PAP.

Theorem 4.4.20. There exists a probabilistic program ⊢ t : real such that JtK has
a density ρ w.r.t. the Lebesgue measure on R and ρ is nowhere real analytic.

Proof. Consider the following program P , which we again write using Python syntax
for clarity:
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def geom(x):
y = sample()
if y < x

return 0
else

return 1+geom(x)

def P(x):
k = geom(.5)
score(2**k * exp(- sqrt(2**k)) * abs(cos(2**k * x)))
return x

Given k, the conditional density of JP K w.r.t. Lebesgue is given by 2ke−
√

2k | cos(2kx)|.
As the probability that geom(.5) = k is 1

2k , the unconditional density ρ of JP K is
given by

ρ(x) =
∑
k∈N

e−
√

2k ∗ | cos(2kx)|

The function f(x) = ∑
k∈N e

−
√

2k ∗ cos(2kx) is a classic example of function that
is smooth and yet nowhere analytic. This is shown to be smooth by showing the
uniform convergence of each series of derivatives. This is then shown not to be
analytic at each dyadic number by showing that the series of derivatives have a
radius of convergence of 0 at each dyadic number. As analycity of a function is an
open set property, this implies that f is nowhere analytic. By the same reasoning,
ρ is a well-defined function but is nowhere analytic.

Corollary 4.4.20.1. There exists a PAP function f : R→ R such that f∗λ has a
finite density w.r.t. the Lebesgue measure that is not PAP.

Proof. By Theorem 4.4.20, JP K is PAP and its density ρ w.r.t. the Lebesgue measure
is nowhere analytic. If ρ was PAP, it would be real analytic almost everywhere, a
contradiction.

More generally, using a construction similar to the one used in the Stone-
Weierstrass theorem, it might be possible to construct densities representing arbitrary
continuous functions, and so we leave restrictions on the language to ensure good
properties of the obtained density functions as future work.

4.5 Conclusion and Related work

4.5.1 Summary
We have presented several applications of the ωPAP framework. First, we have
shown how the methodology of logical relations can be used to extend the language
with expressive higher-order primitives, and how to extend AD in a sound way
(Section 4.1). Next, we showed that gradient descent on programs implementing
differentiable functions can be soundly used with intensional derivatives, as long as
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both the learning rate and the initialization are randomized (Section 4.2). Finally,
we looked at an application in probabilistic programming by proving that all
programs denote measures with densities with respect to some s-Hausdorff measures
(Section 4.4). As such, we argued that the s-Hausdorff measures form a set of
convenient base measures for density computations in Monte Carlo inference, and
showed that every closed probabilistic program has a density w.r.t. some s-Hausdorff
measure. These results demonstrate the value of denotational reasoning with a model
that is general enough to be extensible and support the semantics of an expressive
language, and yet specific enough to be able to obtain non-trivial guarantees on
the denotation of programs and their usage in applications.

4.5.2 Related work and context
Semantics of probabilistic programming. Our commutative monad of mea-
sures takes clear inspiration from Staton [2017] and Vákár et al. [2019], adding an
extra step in the recent search of semantic models for higher-order probabilistic
programming [Heunen et al., 2017, Ehrhard et al., 2017]. In particular, our work
refines the model of Vákár et al. [2019] by restricting to PAP functions, instead of
merely measurable ones, but keeping its essential good properties for interpreting
probabilistic programs. By doing so, our work is closer in spirit to Freer and Roy
[2012]’s study of computable properties for higher-order probabilistic languages. Our
monad for tracking traces of probabilistic programs is similar to what is presented
in Lew et al. [2019], giving a denotational version of similar work that focus on
operational semantics, such as Mak et al. [2021]. Our result about densities and
s-Hausdorff measures has some of its foundations based on the careful study of
s-finite measures and kernels from Vákár and Ong [2018]. It would be interesting
to see if the work of Lew et al. [2023] could be extended to a non-differentiable
setting with PAP primitives, proving that an AD algorithm on a probabilistic
language yields unbiased gradient estimates, perhaps using the estimator derived
in Lee et al. [2018] for non-smooth functions.

Disintegration and base measure. Our result on base measures for probabilistic
programs is related to the literature on symbolic disintegration [Shan and Ramsey,
2017, Cho and Jacobs, 2019, Narayanan and Shan, 2020], which has also had to
wrestle with the problem of finding base measures with respect to which expressive
programs have densities. Our approach builds on the idea presented by Radul
and Alexeev [2021]: we extend the Hausdorff base measures to s-Hausdorff base
measures, and prove that they suffice for ensuring all programs have densities. We
leave open the question of characterizing exactly the class of densities on s-Hausdorff
measures that arise from probabilistic programs, and the investigation of the closure
of these measures under least upper bounds.



5
Conclusion and Discussion

This chapter is divided into three parts. First, we give an overall summary and
recap of the main results we have seen. Second, we discuss some related work I
contributed to during my PhD but which were not included in this dissertation.
Third, we lay out some directions for future work that I find particularly interesting.

5.1 Conclusion
We first give an overall short summary of what has been covered in this dissertation,
followed by a summary of the main contributions, and conclude with some thoughts
on some of the questions raised in the introduction.

5.1.1 General Summary

Chapter 1. After justifying the need for differentiable programming, we raised
intuitive and elementary questions for which we did not have good answers. We
further argued that the approach from the PL community would help answer
such questions.

Chapter 2. We have investigated AD as a typed program transformation on
a simply-typed higher-order lambda calculus. We used diffeological spaces, a
generalization of Euclidean spaces and smooth maps fitted for higher-order languages,
to give a denotational semantics to the language. Furthermore, we proved the
correctness of the AD macro via gluing, a categorical version of logical relations. We
have shown that AD has a canonical status by showing that it satisfies a universal
property, and we exemplified the generality of the development by showing how
only little change is required to adapt to AD computing higher-order derivatives.
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Chapter 3. We argued that the semantics for differentiable programming for
expressive languages need to go beyond differentiability, even in the first-order
case. We introduced ωPAP spaces as a replacement for diffeological spaces to
give a denotational semantics to a language further extended with conditionals
and recursion. The correctness of AD is then necessarily weakened and reveals
that AD computes an intensional derivative, which we showed using the framework
of fibrations for logical relations.

Chapter 4. We looked at several applications of the framework set up in Chapter 3.
First, we showed how to modularly and provably further extend the language and AD
to new types and new primitives. Second, we looked at the behaviour of intensional
derivatives when used in a gradient descent algorithm. In particular, we proved that
gradient descent converges almost surely when the derivatives are computed by AD,
as long as we randomize both the step size and the initialization. Third, we looked
at an application of the ωPAP framework in probabilistic programming. We gave a
characterization of the posterior distributions of closed probabilistic programs of
type Rn, when the deterministic language lives in ωPAP , as those having a density
w.r.t. an s-Hausdorff measure on a countable union of manifolds.

5.1.2 Recap of main contributions

We can now compactly summarize some of the main results presented in this
dissertation through the following diagrams.

Correctness of AD. Let Γ be a ground context, τ be a ground type, and GSyn
be the syntactic category for the first-order language. We have the following
commuting squares

Syn
J−K
��

GSyn
J−K
��

oo

Diff Manoo

Γ ⊢ t : τ D(−) //

J−K
��

DΓ ⊢ Dt : Dτ
J−K
��

JΓ ⊢ t : τK
T (−)

// T (JΓ ⊢ t : τK)

A version of this square for higher-order derivatives also holds, replacing D(−)
by −→D (k,R)(−), and T (−) by T (k,R)(−).

When we add conditionals, we no longer have a functional relation f 7→ f ′

which we could wrap in an endofunctor such as T . We can still wrap the result
as an informal commuting square:

Syn
L−M
��

Gl

Γ ⊢ t : τ D(−) //

J−K
��

DΓ ⊢ Dt : Dτ
J−K
��

JΓ ⊢ t : τK oo // (JDΓ ⊢ Dt : DτK)
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Proof technique for AD correctness and extensions. We have seen that
the proving properties of the language, e.g. correctness of the AD transform in
various setting, can be summarised by showing the existence of a lift of a functor
to an appropriate category of predicates Gl. In the case of AD, we obtain Gl
as an appropriate pullback, and it lives on top of the product C ×C, where we
interpret our language in C.

Gl //

��

B
π
��

Syn

∃L−M
66

(J−K,JD(−)K)
// C×C //A

We have seen in Section 4.1 that this boils down to showing that every primitive
of the language preserves a logical relation predicate, and we have shown how to
extend it to new types and new primitives.

Posterior Distributions of probabilistic programs. Using the framework of
ωPAP , I showed that every closed probabilistic program ⊢ t :MRn (in a higher-
order language where the deterministic primitives are partial piece-wise analytic
functions) has a density w.r.t. some s-Hausdorff measure.

5.1.3 Discussion on the questions from the introduction
Differentiating a function w.r.t. a function. We sidestepped a direct answer.
There are certain known definitions for some function spaces. For instance, one
can be found in functional analysis (Fréchet differential of a function f : H → R
where H is a Hilbert space, some of which are functions spaces). Another one is
the functional derivative is the calculus of variations. However, there is no good
answer as to what the derivative in a more general function space should be. In
such infinite dimensional spaces, one quickly loses any geometric intuition and
there is no naive version of doing some sort of gradient descent in an arbitrary
function space for higher-order functions. Even in diffeological spaces, there are
several non-equivalent ways to conservatively extend the tangent bundle functor,
well-defined on its subcategory of smooth manifolds, depending for instance on
whether one forces the tangent space to be a vector space or not. Worse, the possible
extensions appearing in the literature on diffeological spaces can all be given some
sort of canonical status, as each satisfies a universal property. For the vast majority
of applications, however, we want to do optimization in a possibly large but finite
dimensional space, and those cases are covered by our proof of correctness of AD.
My current take is therefore that unless one has a particular application in mind
for which one can tinker with the mathematics enough to end up in a reasonable
function space (again such as in the calculus of variations), it is sufficient to consider
any conservative extension of the tangent bundle functor to function spaces.

What AD computes. We have seen that in general, AD computes intensional
derivatives, not necessarily the true derivative, even when the program represents a
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differentiable function. We have also seen that this is due to conditionals in the
language, and we can imagine DSLs preventing the use of conditionals where AD
would compute actual derivatives, such as the language described in Chapter 2.
However, another way to look at it is that AD computing intensional derivatives is a
feature. In several applications, computing the gradient is possible but costly. One
can instead use in certain cases a ‘wrong derivative’ that is cheaper to compute, and
still obtain a correct final result. The first example that comes to mind is minibatch
in deep learning. There, a loss function is often of the form l(θ) = ∑

1≤i≤N li(θ) for
some large N . One optimization consists in only approximating the gradient of l by
using the gradient of k ≪ N of the li’s, and use this in an SGD algorithm. Part of
the correctness criterion, in this case, is that the approximate gradient should be
unbiased: the average value of the approximation should be the correct gradient,
even though it is fine for it to be ‘wrong’ at every step in the SGD algorithm. We will
come back to this point in Section 5.2 below. Other practical optimizations include
reducing the size of the data type used for storing the gradient: e.g. changing
from Float64 to FLoat32, which will add errors in general. In other words, an
intensional derivative can be thought of as a way to replace an actual derivative
(if it even exists) that is program specific, tailored to be unbiased, low variance
or cheap, depending on its use in another algorithm.

Guarantees on AD. We have seen that the guarantee that AD computes an
intensional derivative is somewhat subtle in applications: it is sometimes somewhat
unexpectedly sufficient, and can sometimes subtly derail algorithms such as gradient
descent. On top of this, this work does not account for the usage of approximate
reals such as floats, which introduces several further problems in practice. On
top of the propagation of errors being hard to track, because they have a finite
range, people in machine learning have to be careful of vanishing and exploding
gradients. Indeed, as the chain rule multiplies derivatives, when differentiating a
long program as is often the case in deep learning for instance, the real number can
quickly explode beyond the maximum representable float or underflow and return
0, both cases breaking the optimization process. An alternative to these problems
is to use exact reals, as in Sherman [2020]. An obvious drawback to this method is
that this is prohibitively expensive for most applications. Something we have not
looked at in this dissertation in more detail is the interaction of derivatives with
integrals. If we integrate a function containing some derivatives w.r.t. a measure µ,
we only need the derivatives µ almost everywhere. For instance, if µ is Lebesgue,
then any intensional derivative would give an equivalent result.
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5.2 Discussion on related work

Efficient implementations and reverse-mode AD. AD is ubiquitous in
practice. One main reason for its success is that it is fast: running one pass
of AD takes time proportional to running the original program, with usually a
small constant overhead. In situations where the function to differentiate has type
Rn → R, we would normally need n runs of forward-mode AD. Instead, one only
needs to run reverse-mode AD once. An alternative option explored by Shaikhha
et al. [2019] is to optimize forward-mode AD to get performance matching the one
of reverse-mode in several cases. This approach is nice as it combines the conceptual
simplicity of forward-mode with a standard optimization scheme using techniques
from PL. I co-authored a journal version of their work [Shaikhha et al., 2022a] to
help with the semantics of their language and of AD, and show the correctness of
their optimizations. Inspired by this idea of combining a simple purely functional
transformation with sound optimizations which are mostly standard from PL, I
developed a prototype in OCaml for a purely functional efficient reverse-mode
AD and jet-based AD. (https://github.com/MathieuHuot/RAD_Compiler). The
formalization, proofs, and new ideas developed to do this can be found in Huot
and Shaikhha [2022]. One particularity of this work was to aim at compiling
code to a second-order array language (such as Futhark [Henriksen et al., 2017]),
and then performing AD at this level. This is reasonable as Futhark is purely
functional, parallel-friendly, and supports a lot of optimizations. This idea of using
a second-order array language was also explored independently by Paszke et al.
[2021]. Several other recent independent works came up with similar stories: a typed,
functional, efficient reverse-mode AD transform on a purely functional language
[Radul et al., 2022, Smeding and Vákár, 2022, Krawiec et al., 2022].

ADEV: AD for expected values of probabilistic programs. Optimizing
the expected values of probabilistic processes is a recurrent and important problem
in various fields ranging from AI to operations research to statistical computing.
Unfortunately, using the simple version of automatic differentiation for deterministic
programs we have been looking at does not in general compute the correct gradients.
We give an example in Figure 5.1. However, in this work we called ADEV [Lew et al.,
2023], we have shown how to extend forward-mode AD to compute gradients in
such a setting. The correctness property is that AD should yield unbiased estimates
of the true gradient. There are several interesting points raised by this line of work
that relate to what we discussed in this dissertation. AD on probabilistic primitives
is intensional: there are several primitives representing the same distribution, for
which AD returns a different result. They represent different strategies for obtaining
an unbiased estimate of the gradient. There is no optimal strategy in general as
they have can different validity conditions, or represent different tradeoffs between
variance and computational cost. AD on first-order stochastic primitives can be
higher-order. Indeed, the evaluation of the gradient depends on the rest of the
program, which is handled by careful use of continuations.

https://github.com/MathieuHuot/RAD_Compiler
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Input Loss as a AD on deterministic ADEV
Probabilistic Program parts only (incorrect) (correct derivative)
L = λθ : I.E(do {

b← flip θ
if b then

return 0
else

return − (θ ÷ 2)
})

L′ = λθ : I.E((do {
b← flip θ
if b then

return 0
else

return − 1÷ 2
})

L′ = λθ : I.E((do {
b← flip θ
if b then

return 0
else

let δp = 1÷ (θ − 1)
let δl = −1÷ 2
let l = −θ ÷ 2
return δl + l × δp})

L(θ) = θ2−θ
2 L′

naive(θ) = θ−1
2 L′

correct(θ) = θ − 1
2

If probabilistic constructs are ignored, AD may produce incorrect results. In this
case, standard AD fails to account for θ’s effect on the probability of entering
each branch. ADEV, by contrast, correctly accounts for the probabilistic effects,
generating similar code to what a practitioner might hand-derive. Bottom: Correct
gradients are often crucial for downstream applications, e.g. optimization via
stochastic gradient descent.

Figure 5.1: Example of AD on a probabilistic program

5.3 Some directions for future work
Covariant derivatives on manifolds. We have mainly looked at differentiation
in Euclidean spaces. The generalization we mentioned so far (reverse-mode, non-
smooth functions, higher-order functions, probabilistic) all eventually target a
Euclidean space. A nice property of any Euclidean space E that we constantly
used without even realizing it is that at each point x ∈ E, the tangent space Tx
at x is isomorphic to E. In fact, for every choice of a basis of E, we obtain such
an isomorphism TxE ∼= E which is independent of x. On a curved space, such
as a manifold, this simple assumption may break. The covariant derivative is the
generalization of the usual derivative on Euclidean spaces to Riemannian manifolds
(smooth manifolds whose tangent space is equipped with an inner product). They
have been largely studied in differential geometry and in physics, such as in general
relativity, quantum field theory and fluid dynamics. It has also been recently used
in machine learning [Batard and Bertalmío, 2014]. It would be nice to extend AD
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to such a setting in a unified and principled way. A first step might be to start with
embedded manifolds (they are automatically Riemannian) and introduce a simple
dependent system to track the dependency of the tangent space of the value of x.
It would then be interesting to see if the dependent type system could be optimized
away and investigate a certain well-behaved sublanguage with good complexity
guarantees. Indeed, in general, the connection between tangent spaces will involve
costly matrix operations, which currently seem prohibitively expensive for usage
on space of very high dimension such as in deep learning. There are methods for
doing optimization in the bigger space, and then projecting onto the constrained
space [Hauswirth et al., 2016, Chen and Wainwright, 2015], or generalizations such
as proximal gradient descent [Rockafellar, 1970, Parikh et al., 2014]. Several useful
manifolds in practice come up as manifolds of matrices. In this situation, there is
also a well-developed theory on how to perform efficient optimization on such spaces
[Luchnikov et al., 2021, Townsend et al., 2016, Absil et al., 2009, Boumal, 2020].

Unified treatment with other forms of derivatives. I already mentioned
some of them, like the calculus of variation or the adjoint method from perturbation
theory [Pontryagin, 1987, Kato, 2013]. It is likely to be feasible to extend the
theory we developed for several such notions to be added as new primitives in
our language which could be proved correct (as we did with the ODE solver in
Section 4.1.3). However, it would be nice to extend in a principled way. For
instance, it would be nice to differentiate the code of the ODE solver directly via
a generalization of AD that would give the correct derivative of the ODE solver
directly. Likewise, it would be nice to extend to non-continuous values and combine
discrete and continuous differentiation in a unified way. In popular AD framework,
there is now a unified treatment of several variations on gradient descent: basic
one, with adaptive momentum, stochastic, etc. It would also be interesting to
possibly add more levels of granularity to the way we do AD as a program transform
(the usual derivative is the limit of f(x+ϵ)−f(x)

ϵ
as ϵ → 0, the discrete one just

takes ϵ = 1, the second-order derivative gives information about the curvature of
the graph of f , etc.). One interesting direction comes from Jacobs [2021], who
introduced formal infinitesimal to track extra information about the dimension.
Likewise, Arya et al. [2022] introduced an extension of AD in a probabilistic
setting to track events of ‘infinitesimal probabilities’, but which must be taken
into account to differentiate properly. In this dissertation, I focused on AD as a
program transform which implements ideas from calculus. However, derivative-like
operators which sometimes have barely anything to do with smoothness are also
ubiquitous. Examples from mathematics include derived functors in homology and
cohomology, differentials in differential algebra, exterior derivatives in differential
geometry, as well as Radon-Nikodym derivatives in measure theory, or even weak
derivatives for Schwartz distributions. There are other examples in PL and type
theory [McBride, 2001, Ehrhard and Regnier, 2003]. It would be interesting to
extend AD to further grounds, using ideas from some of these theories. For instance,
there are already some attempts to incorporate ideas from differentiating Schwartz
distributions into AD [Bangaru et al., 2021].
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Unified treatment with efficient derivative. I have already discussed how
one main reason for the adoption of AD is that it computes accurate derivatives
in a fast way. A general question is therefore what level in the compiler stack is
better to perform AD on. There are at least three parameters to play with when
considering this. The first one is how expressive the language is. Two extremes in
this spectrum are differentiating an expressive high-level language such as the one
we looked at in this dissertation, and differentiating low-level SSA code such as in
Innes [2018]. AD, like any program rewrite, may introduce new code that can be
optimized when combined with other rewrites, and it is an open question what is
the optimal intermediate representation (IR) to perform AD on. Likewise, a second
parameter is how dynamic the IR is. The more information one has, the more
optimized the AD transform can be, But then one may have to perform AD on the
program each time we run it, as the computation flow may change between runs
if it contains branches or recursion (this is, for instance, the case in TensorFlow).
Thirdly, one can define AD on an IR that will be "algebra-friendly". To illustrate
this point, let me give three examples. First, we can say that for second-order
array languages, the algebra at play relates to parallelism, and doing AD on such a
language might reveal opportunities for optimizing parallelism preservation. Second,
for array-based languages such as NumPy, maybe the algebra would relate to
tensor-sparsity and memory optimization. Third, the use of the right calculus
seems to play an important role. For instance, generalization of the vector-valued
calculus (differentiating e.g. a matrix w.r.t. a vector), such as the Ricci calculus,
have shown to lead up to several orders of magnitude improvement in certain cases
[Laue et al., 2018, 2020, Bernstein et al., 2020]. To conclude this part, it would
be interesting for future work to define AD in a unified way that could take all
of these points into account, automatically. For instance, AD could be computed
(i.e. remove the syntactic operation D and replace with code) in several stages,
some parts being kept symbolic in certain IR and replaced only in later IR in the
compilation pipeline. Maybe something like the Julia multiple-dispatch feature
could be used to determine what the AD transform does, based on the information
given at compile or run time. This might require some advanced metaprogramming
techniques, which could be of independent interest.

AD internal to the language. The defined AD as a transformation acting on
the language that is external to the language. Another way would be to add syntax
and typing rules for D(−) directly. This approach is for instance explored in Abadi
and Plotkin [2020]. Then, the goal is to define rewrite rules for eliminating D(−),
recursively, on the structure of terms on which it applies. One disadvantage of this
method is that one has to deal with two rewrite systems, one for the operational
semantics and one for computing D(−). Another is that it is non-trivial to eliminate
D(−), and one might need to intertwine the rewrites coming from the operational
semantics and from the reduction of D(−). There are also problems such as reducing
terms of the form D(D(t). One advantage, however, is that it can be more expressive.
For instance, if the language allows recursion, D(t) and conditionals, we can write
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the solution to the following linear ODE with an initial condition

g(x) = a(x)g′(x) g(0) = b

as the program

µg : real→ real.λx : real.if x = 0 then b else a(x) ∗ D(g)

And of course, more generally, one could write arbitrary complex PDE. It would be
quite interesting to develop program analysis in such a context to recognize that for
certain cases, we can simplify the program when we know an analytic solution, or
define a program rewrite that would produce the code an ODE solver would give in
this situation. There might also be exciting opportunities to develop denotational
models for such languages, as the power of the interaction between higher-order
recursive functions and differentiation really shines in this ODE example.

A PL account to optimisation. As we have seen in Section 4.2, AD on programs
can produce subtle behaviours that can derail other algorithms, such as optimization
algorithms. Of course, this is well-known in the numerical computing communities,
and e.g. in machine learning: one has to carefully craft its programs to avoid
exploding or vanishing gradients, control the approximation errors when discretizing
differential equations, beware of burn-in for Metropolis-Hasting based simulations
methods, etc. There is some interesting recent attempt at using AD [Menon et al.,
2018]. In this work, for instance, they use algorithmic differentiation to provide
accurate estimates about the final output error for mixed-precision analysis on HPC
workloads. They provide a floating-point precision sensitivity profile, which can
be used to make algorithmic choices and to develop mixed-precision configurations
for a program. More generally, it would be great to have a more principled PL
approach to some of these problems. This could occur in several cases. First,
when the analysis is sufficiently compositional, as in Menon et al. [2018]. Second,
when one can design a DSL encoding a useful mathematical property, or a variant
of it, such as convexity, differentiability and PAP. Third, when one can design a
DSL with some complexity or algorithmic guarantees (e.g. if it is a DSL for linear
algebra, we can rely on efficient matrix multiplication). There are several recent
works trying to make some mathematical theories, e.g. implicit differentiation,
more appealing to computer scientists and programmers [Bolte et al., 2021, Bolte
and Pauwels, 2021, Blondel et al., 2021]. These seem like good first steps into
making the theory fitted for the programs one can actually write, and go beyond
usual smoothness. Lastly, there are interesting and hugely popular methods for
doing optimization using data structures such as trees for tree boosting algorithms
[Ke et al., 2017, Chen and Guestrin, 2016]. This also seems like an exciting and
promising area for the PL community to investigate.

AD on declarative languages. Following up on the previous thread, an
interesting idea is to perform AD in declarative languages, such as extensions
of Datalog. A lot of the data required for learning in machine learning and other
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fields is processed via query languages such as SQL or other variants of Datalog.
This happens before the data is sent to the learning algorithm, preventing potential
cross-optimisations. This point is argued e.g. in Khamis et al. [2020]. Trying to
do AD in a declarative language such as Datalog introduces several challenges.
One of them is that programs usually denote relations or sets instead of mere
functions. These relations can also be seen as higher-order functions, but it becomes
non-trivial to define AD at this level. Another aspect is that even if the program
denotes a function, it might have relational non-functional subparts, similar to
the situation we had with higher-order functions in a first-order term. So one is
compelled to reason about a set-valued version of differentiation. Derivatives are
also more intrinsically intensional, as there might be several ways to parse a Datalog
program as a function. A simple example is the following rule

R(x, y, z) := z = x+ y, z = x ∗ y, S(x, y)

This is to be interpreted as follows: we want the set of triples (x, y, z), which will be
stored in R, that satisfy the conjunctions of the three conditions on the RHS, where
S is a fixed finite set of pairs (x, y). We can interpret R as a function R×R→ R in
two ways. It can be seen as the function (x, y) 7→ x+ y, which we want to evaluate
on the inputs coming from S, and then filter to only remember those triples (x, y, z)
for which z = x ∗ y. Likewise, R can be interpreted as the function (x, y) 7→ x ∗ y,
which we evaluate on the same set S of inputs, and then filter according to z = x+y.
Thus, AD must be defined to take functional dependency information into account
and can do so non-uniquely. Datalog-like languages are also challenging to reason
about because they allow recursive rules, which should come as an additional
challenge when reasoning about the correctness of AD for such languages.

Beyond usual differentiability In logic programming, as in Datalog, naive
evaluation of recursive queries can be quite slow as each iteration in the recursive
evaluation can recompute previously computer tuples. As an example, consider
the transitive closure relation TC of a graph, whose edges are encoded in a
known relation E:

TC(x, y) := E(x, y) or ∃z : E(x, z) and TC(z, y)

This is to be understood as saying a pair (x, y) belongs to the transitive closure TC
if there is an edge between x and y, or if there is an intermediate node z such that
there is an edge between x and z, and that (z, y) are already in the transitive closure.
The relation is can be computed starting from the empty set for TC, and iterating
until a fixpoint is reached. Looking at the evaluation process, computing the next
iteration TCi+1 from TCi will be done as follows, following naive evaluation:

newTCi+1(x, y) = E(x, y) or ∃z : E(x, z) and TCi(z, y)
TCi+1 = TCi ∪ newTCi+1

We can see that at each step, E(x, y) will be added again to TC. Instead, semi-naive
evaluation is the strategy that one should only add an over-approximation of the
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possibly new facts to the next iteration. This is stored in a new intermediate relation
δTC. In our example, the evaluation process would look something like

TC0 = ∅
δTC0(x, y) = E(x, y)
TCi+1 = TCi ∪ δTCi
δTCi+1(x, y) = ∃z : E(x, z) and δTCi(z, y)

This procedure can be automated, and obeys a product rule: in other words, it looks
like automatic differentiation! Another related kind of differentiation on Datalog
program is incremental computation, see e.g. Cai et al. [2014], Alvarez-Picallo
and Ong [2019], Alvarez-Picallo et al. [2019]. For a more detailed introduction
to Datalog and these topics, see Green et al. [2013]. As we can see from these
examples, AD-like algorithms can also be interpreted as information propagation
algorithms. Perhaps this should not come as a surprise, as the usual derivative
simply contains rate-of-change information, but this might give a way o think
of these algorithms in a more general way. What is also interesting is the role
of linearity: it often plays a crucial role in enforcing good performance on these
algorithms. For instance, the version of semi-naive evaluation we gave works nicely
for linearly recursive queries and is a bit more complex otherwise. A similar process
happens when implementing magic sets, another AD-like optimization in Datalog:
a recursive query that is non-linearly so will force introducing mutually recursive
predicates, which can be avoided otherwise.

Towards a generalized Stokes theorem? Recall the fundamental theorem of
calculus, given by

∫ b
a f
′(x)dx = f(b)−f(a) Let us write df for f ′(x)dx. We can see the

interval [a, b] as an oriented 1-dimensional manifold. It has for positive boundary the
0-dimensional manifold {b} and for negative boundary the 0-dimensional manifold
{a}. Write ∂M for the signed boundary of an oriented smooth manifold M with
boundary. We can rephrase the fundamental theorem of calculus as∫

[a,b]
df =

∫
∂[a,b]

f

More generally, we can reinterpret the fundamental theorem of calculus not as a
formula between derivative and integrals, but between derivative and boundary.
This formula has generalizations to higher dimensions (Green theorem, divergence
theorem), all of which can be seen as special cases of exterior derivatives and
the generalized Stokes theorem. It allows us to formulate an equivalent compact
formula for an arbitrary dimension n. It reads∫

M
df =

∫
∂M

f

I will not describe the mathematical details here, but the intuition is sometimes
summarized as: "the sum of the little change on the inside (LHS) is equal to the
total change on the outside (RHS)". An interesting idea is whether we could extend
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this formula to other forms of derivatives, such as the ones we have briefly mentioned
above. For instance, we could perhaps see semi-naive evaluation in Datalog as
follows. We want to compute the recursive query f on new facts, which are at the
boundary of the already explored transitive closure (think of performing Dijkstra’s
algorithm from a fixed node, at iteration i we have explored all nodes at distance
i ≤ i, and we are interested in those at the current boundary: those at distance i+1).
This would represent the RHS in Stokes’ formula. Then, a correct implementation
of semi-naive produces a recursive query (or list of queries) df such that the Stokes
formula holds, where

∫
is now to be understood as a set union.
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