PHYSICAL REVIEW LETTERS 122, 101601 (2019)

Polarized Scattering Equations for 6D Superamplitudes
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We introduce a spinorial version of the scattering equations, the polarized scattering equations, that
incorporates spinor polarization data. They underpin new formulas for tree-level scattering amplitudes in
six dimensions that directly extend to maximal supersymmetry. We find new ingredients for integrands for
super Yang-Mills theory, gravity, M5 and D5 branes. We explain how the polarized scattering equations
and supersymmetry representations arise from an ambitwistor string with target given by a supertwistor
description of 6D superambitwistor space. On reduction to four dimensions, the polarized scattering
equations give rise to massive analogues of the 4D refined scattering equations for amplitudes on the
Coulomb branch. They give a quite distinct framework from that of Cachazo et al.; in particular, the
formulas do not change character from even to odd numbers of particles.
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Introduction.—Six dimensions has proved to be a fertile
arena both for constructing and unifying four-dimensional
field theories via dimensional reduction and for studying
nontrivial lower dimensional consequences of M theory. In
the context of scattering amplitudes, a recent exploration
appeared in Refs. [1,2]. These works gave an extension of
the 4D amplitude formulas arising from twistor string
theories [3-7] to 6D for a variety of theories. Formulas
for the bosonic parts of these theories had already been
found in all dimensions by Cachazo, He, and Yuan (CHY)
[8,9], based on the scattering equations that generate n
points on the Riemann sphere from the null momenta of
that scattered particles. These, however, lack fermion
external states or supersymmetric extensions. The ambit-
wistor string [10,11] derived these formulas from a chiral
worldsheet model with target ambitwistor space, the space
of complex null geodesics. This led to procedures for
constructing fermionic amplitudes [12,13], but did not
result in explicit formulas for n-point superamplitudes.

Another approach initiated in four dimensions in Ref. [14]
was based on a twistor description of ambitwistor space and
led to optimally compact and explicit expressions for super-
amplitudes. These formulas were based on the so-called
refined scattering equations. These are not only refined by
the number of negative helicity particles, but also incorporate
the polarization data. It is this approach that we extend to six
dimensions. Our formulas are motivated by a worldsheet
model whose target space is a twistorial representation of 6D
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superambitwistor space. Generic path integrals in this model
localize on polarized scattering equations, formulated in
terms of worldsheet spinors incorporating little-group indices
and depending on the polarization data of the particles.

Spinors and polarization data in six dimensions.—In six
dimensions, the spin group in the complex is SL(4, C) and
acts on vectors as skew spinors k8 = kl4B8!, where A, B =
0, ..., 3 are spinor indices. The metric is determined by the
totally skew spinor &4pcp = €[apcp), Which is also used to
raise and lower skew pairs of spinor indices.

For massless particles, the little group is Spin(4). =
SL(2), x SL(2)_ which can be seen as follows. Null
momenta k48 with k> = k*BkPe,pcp = 0 are necessarily
of rank two due to the antisymmetry of the spinor indices.
They can therefore be represented either by chiral or by
antichiral spinors [15] as

KB = 8“71(‘21(‘5 =: [kK%PB],

kap = K%K%‘gab = (KsKp). (1)

Here, a =0, 1, =0, 1 are the corresponding SU(2) .
little group spinor indices, and we have introduced the 4D
(-,-) and [-, -] brackets for little group contractions.

A Maxwell field strength is represented by F4, with
F%4 = 0 because the Lie algebra of the Lorentz group is
sl(4). We take momentum eigenstates with null and trans-
verse polarization vectors and this yields

Fy = e'ep. (2)

The Maxwell equations give kyze* = 0 = k*Beg, and the
polarization data is encoded in little group spinors €, and €,
with

et = e ke, €4 = €K 4, (3)
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The polarized scattering equations.—We take n external
null momenta k;, i = 1,...,n with > _.k; = 0 and associ-
ated polarization spinors €, €!. In the CHY formulas
and the ambitwistor string, a key role is played by the
meromorphic vector on the Riemann sphere with complex

coordinate ¢ € C

Plo) =Y 4)

i

where o; are n marked points on CP'. Amplitudes for
massless theories are given as moduli space integrals
localized on the scattering equations. These are the con-
dition that P(o) is a null vector for all & and are equivalent
to n equations on the o; given by

ki - P(o;) = 0. (5)

For such a null P, we can seek spinor-helicity factorizations
24 (o) and 14 (o) of P(o)

1 .
Pap = Aaady = §€ABCD/%C/1D‘1- (6)

Motivated by Eq. (4), we seek 44,(c) of the form

honlo) = 3 MiaCin )

i1 07 0i
As a condition on the spinors, the scattering equations yield
k; - P = det(x%,,23) = 0. This determinant vanishes if and
only if there exists nonzero (u¢, v¥) so that

uiaﬂ,ﬁ (O-i) = viaK?A‘ (8)

This is scale invariant in # and v, so we normalize with
(v;e;) = 1. With this, Eq. (8) gives a deterministic system
of equations in the variables (o;, u;,, v;,), and provides our
6D polarized scattering equations

5 U ) =0, )

j=1 ij

These equations are nonsingular because £ is skew, and
there exists a unique solution for each solution {s;} to the
unpolarized scattering equations (5). Unlike Refs. [1,2],
who introduce different constructions for odd and even n;
our polarized scattering equations do not distinguish
between odd and even numbers of particles.

It is easy to see that Eq. (6) holds: there are no double
poles as ufu;, = 0 and

Resaiﬁ(d)ﬂga = €i[Auia/1?g] (0;)) = U?€ia’<fA’<iB]b =:kiap

on the support of the polarized scattering equations.

The polarized scattering equations enhance the
SL(2,C), symmetry of the unpolarized scattering equa-
tions to a global SL(2,C), x SL(2,C), symmetry, corre-
sponding to Mobius invariance and (chiral) little group
invariance, respectively. Taking this into account, we can

. 1.
define a covariant measure du’ via

711 ddidzuidzﬂi
volSL(2,C), x SL(2,C).,.

< T 5((wie) = D5 (a0} — (vca)). (10)
i=1

d,uEOI =

This measure contains 5n delta functions on the 5n — 6
variables (u;, v;,0;) modulo the symmetries, leaving an
overall 6D momentum-conserving delta function. The
polarized scattering equations imply the scattering equa-
tions (5), and the (u;, v;) can be explicitly integrated out to
yield dub® = 5(3k;)duSHY , where duSHY is the standard
CHY measure [[;6[k; - P(o;)]do;/SL(2, C). For ambidex-
trous theories, the conjugate scattering equations
[#1;4 ()] — [9;x4] = 0 are imposed, but not included in
the measure, as in Refs. [1,2].

We will express 6D scattering amplitudes as [ dub’Z,,
with, e.g.,
7 - {If,pf“_lf’TA(a) Yang-Mills theory, ()

Ll oravity,

where the integrand 7, is a meromorphic function of the
scattering data and the variables (o, u;,,v;,) carrying
SL(2.C), weight 2. Here PT(a) = [](04;) — Oq(it1)) ™"
is the Parke-Taylor factor associated to the permutation o
and IP"! is a function of Maxwell polarization data that
is gauge and permutation invariant on each solution to
the polarized scattering equations. The CHY Pfaffians
are possible choices for I5”"', but we will have more
appropriate alternatives.

Supersymmetry.—In six dimensions, (N, N) supersym-
metry possesses an Sp(N) x Sp(N) R-symmetry group
for which we introduce indices I =1,....2N, and I =

i,...,2N. On momentum eigenstates with momentum k,p,
the supersymmetry generators Q,; and Q/; satisfy [16]

{0ar1. Ops} = kapSay. {07. 08} = k20, (12)

where ;; and Q; ; are the R-symmetry symplectic metrics.
The supersymmetry generators thus reduce to the little
group as

QAI :KXQaI’ QII4 :KI;‘Q;Z (13)

A key example is (1,1) super Yang-Mills theory, with the
supermultiplet
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F = (F§7W?’V7Ai7¢[])‘ (14)

On momentum eigenstates with null momentum kg, Qc;
acts on this multiplet by

OcsF = (kacyB.QuFE kacd i Quilic).  (15)

To construct an on-shell superspace, half of the gen-
erators need to be selected as supermomenta. Two mech-
anisms have been discussed in the literature [17],
manifesting either little-group or R symmetry. While the
former has been employed successfully in recent work on
6D scattering amplitudes for a variety of theories [1,2], the
latter is more natural from the perspective of the ambit-
wistor string [ 18], and will be the formulation we work with
here. The two approaches are of course related by appro-
priate Grassmann Fourier transforms.

In the context of the polarized scattering equations, €,,, €;,,
and v,, v, give a natural choice for breaking the little-group
symmetry. Using this, the full supermultiplet can be para-
metrized by supermomenta (¢;, ;) by imposing the relations

0
Qalf(qv ZI) = (UaQI + 6”9”8—61)}-(%@)' (16)

The full super Yang-Mills multiplet can be obtained from the
pure gluon state 7 (0, 0) = (e4€”, 0,0, 0) in this representa-
tion as

Fqr. ;) = ((ea + q*(vxa)) (€% + 3*(vP)),
qi1(e* + 3 (i), gj(ea + q*(vka)). q17;)-
(17)

While this supersymmetry representation is dynamic and
particle specific, the full supersymmetry generator for n
particles is still defined by the sum Qu; = > ", Qja;-
Superamplitudes are supersymetrically invariant and so are
annihilated by these Q4;. We will see below that this implies
that the total dependence on the supermomenta is encoded in
a simple exponential factor e”, with F = Fy + Fy, where

<uiuj>CIiIQ§ = [ﬁfﬁ;]éi;éj
Fy = _ Fy = —_— 18
N ; - N Z; - (18)
For N' = (1, 1) super Yang-Mills theory, for example, this
exponential factor becomes exp F*M = exp(F, + F).
Below, we will also provide a geometric derivation of the
factor e~ from a worldsheet model.
In general, given a scattering amplitude of the form (11)
for the top states of the multiplet of an N” = (N, N) theory,
the fully supersymmetric amplitude is given by

A, = / dul'T e . (19)

This is invariant under supersymetry because

Qe = <Z<Ui’<iA>%1 —Zwiﬂq/’l) e"=0, (20)

i i,j Ly

onthe supportof the polarized scattering equations. Similarly
Q/;‘eF = 0. Conversely, given an integrand Z,, for the top

states of a multiplet, (19) is the unique supersymmetric
completion using the supersymmetry representation (16), as
can be verified using supersymmetric Ward identities.
Integrands.—We now construct the integrands Z, for
SYM theory, supergravity, D5 theory, and M5 theory. For
the ambidextrous spin one contribution, define an n X n
matrix H by
i # ], (21)

€iA€?
H; = { Oij
Hii

where H; is defined equivalently by

Aan(0))et = —uioHy, WA (o)ein = —ulHy.  (22)
The left-hand side is a multiple of u;, (or ul‘f‘) due to the
scattering equation and the identity k*Zx$ = 0.

On the polarized scattering equations, the determinant

det H vanishes because H has co-rank 2 due to
ZuiaHij = )*aA(Gj)ejA' + ”jaHjj = 0 (23)
i

The first term follows from the definition (7) of 4,4 and the
second equality from Eq. (22). Similarly, > Hijuj = 0.
These identities nevertheless imply that H has a well-
defined reduced determinant

det(H 1))
det’H = Juia .
<ui1 uiz> [ujl u/z]

(24)

]

Here, H [ ] denotes the matrix H with the rows i, i, and

11
[i2]3
columns j;, j, deleted, and det'H is well defined in the
sense that the Eq. (24) is invariant under permutations of
particle labels, and thus independent of the choice of
12, J12-

To see this, we extend the argument of Ref. [19] to
reduced determinants of general matrices. Since the n x n
matrix H/ satisfies S ,ul,H] =0 and ZJH{I]§7 =0, we
have

eh-ing, o HE L H] = det (H) (ulhu)) [ ] (25)

Ji---Jn J1

for some det’ H because the u’s and it’s span the left and
right kernel of H. The definition (24) then follows.
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The reduced determinant det’H is manifestly gauge
invariant in all particles, carries SL(2, C), weight —2, as
expected for a half-integrand /°*"~! and is equally valid for
even and odd numbers of external particles. On the support
of the polarized scattering equations, it can be verified
using factorization that det’ H is equal to the CHY half-
integrand Pf'M.

Another important building block, relevant for the D5
and MS5 theory, is the skew matrix A, familiar from the
CHY formulas [8,9], with

Ay=—- (26)

Again, the Pfaffian PfA vanishes on the scattering
equations (5), but the reduced Pfaffian Pf'A =

(1) /o; j]PfAZ: is well defined and nonzero for even
numbers of particles [8,9].

The final two ingredients are constructed exclusively
using the variables (o}, u;,, it;;), and are only needed for
M5 branes. These only lead to amplitudes with even
numbers of particles. Consider any partition of the particle
labels into two sets [20] ¥ and Y, with |Y| = |Y| = n/2,
and define n/2 x n/2 matrices U, U and X by

Uir = ) 0ir = [uiur} ) Xir = L? (27)

Oir Oir Oir

fori € Y and r € Y. Schouten identities guarantee that the
ratios

detU
detU’

det X
det?U’

det X
detU detU’

(28)

are independent of the choice of partition into Y and Y.
Then the combinations

det X

det X
S PPA,  ——— _PfA=detH, (29)
det*U detU detU

form chiral half-integrands, independent of the partition
Y, Y. The latter equality follows from comparison to the
CHY integrands when restricted to a scalar subsector.

At this point, we have all the ingredients to present the
integrands of AV = (1,1) super Yang-Mills theory, N =
(2,2) supergravity, N = (1, 1) D5 theory, and N = (2,0)
M5 theory;

Super Yang-Mills theory: PT(a)det He1+F1 . (30a)
Supergravity : det Hdet He >+, (30b)
D5 — branes: det’ Adet He"1+F1, (30c)
det X
M5 — branes: d:tzU (Pf'A)3ef>, (30d)

It is easily seen that the resulting superamplitudes are
SL(2,C), x SL(2,C) . invariant. As discussed above, the
SYM and supergravity amplitudes are gauge invariant, and
the supergravity amplitudes are permutation invariant.
Moreover, the super Yang-Mills and supergravity ampli-
tudes satisfy color-kinematics duality, as evident from the
form of their amplitudes, and the M5 amplitudes are
manifestly chiral. We have checked that all amplitudes
reproduce the correct three-point amplitudes, factorize
correctly, and that the supergravity and super Yang-Mills
amplitudes reduce to the well-known expressions [3,5,6] in
four dimensions (which, in particular, gives a direct check
on four- and five-point amplitudes).

Ambitwistor strings.—In the following, we develop a
twistorial 6d ambitwistor string—a chiral 2D CFT whose
target space is ambitwistor space A, the space of complex
light rays in complexified 6D space-time. This provides a
geometric interpretation of the polarized scattering equa-
tions and the exponential supersymmetry factors.

We focus here on the model using a chiral representation
of super ambitwistor space. However, amplitudes in ambi-
dextrous theories require both the chiral and antichiral
supertwistors. Since these are alternative coordinates on
the same space, they are related by nontrivial constraints.
Implementing these constraints at the level of the worldsheet
model, as well as adding “worldsheet matter” systems giving
rise to the integrands Z,,, is beyond the scope of this Letter.

Ambitwistor space.—In six dimensions A has a canoni-
cal twistor representation as follows. Extend space-time to
superspace to include fermionic coordinates 4/ with I =
1,...,2N. Projective supertwistor space is then given by the
quadric in CP7?V with homogeneous coordinates [21-24]

zZ = (AA’ /’tA7 ’71)’

satisfying
Z.Z = 'uAﬂ,A +/1AAA+Q[.17717’]J:0- (31)

A twistor Z determines a totally null self-dual 3|6/N-plane
in space-time via the incidence relations
pt = x"Bg + 0108 g, n' = 0", (32)
Generically such three-planes are disjoint, but intersect
along a null geodesic when the corresponding twistors
satisfy Z°- Z! = 0. Superambitwistor space A can thus
be represented by a pair of twistors, i.e., Z¢ = (ij,,uA“)
subject to Z-Z’ =0 modulo the symmetry group
SL(2,C), acting on the a index.
Supersymmetric ambitwistor strings.—In the superam-
bitwistor string, the supertwistors are taken to be world-
sheet spinors, with the chiral action [25]

S = / €202 + A, 20 - 2P, (33)
z
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In this action, we have already gauge-fixed worldsheet
gravity, leading to the usual SL(2,C), quotient in the
measure. The field A, = A, € QO gauges the little
group SL(2, C), symmetry, reducing the target space from
two copies of twistor space to ambitwistor space. The
ambitwistor string is a chiral CFT that becomes free and
linear after BRST gauge-fixing A, = 0.

Vertex operators in the ambitwistor string are built from
ambitwistor representatives for space-time fields, which are
Dolbeault cohomology classes in H'(PA). In the bosonic
case, they have to reduce to [y wé(k; - P)e™**, where w is
some worldsheet matter that depends on the polarization
data. This is achieved by

/dzudzvz)‘((v@ — 1)8* ((udy) — (vicy ) )wel (Wacatnaar),
(34)

This vertex operator has cohomology degree one since one
delta function remains after integrating out the (u;,v;).
Moreover, by the discussion after Eq. (9), this remaining delta
function is a multiple of 5(k; - P). To see that the exponent
gives the correct supersymmetric completion, first observe
that the defining relations (16) for supermomenta (¢, g;) are
solved by exp(ik - x + q,0"k%v, + Q;,06¢’8k,p). Then
the incidence relations and polarized scattering equations
identify the exponent with that in Eq. (34).

Scattering equations and supersymmetry.—This general
form for the vertex operator is sufficient to derive the
polarized scattering equations and the supersymmetry
factor efv from the ambitwistor string path integral.
Consider the correlation function of n vertex operators,
indexed by i =1,...,n. The Z path integration in this
correlator can be performed by taking the exponentials into
the action to yield sources for 1,4 and 7'%;

O(Aap- 21) = (eiattiq ulq)d(c — o). (39)

i

Since 4 and 7 are worldsheet spinors, this has the unique
solution

(m@ﬂw“)=§5(:%?ﬁ5£¥%s>, 36)

i=1

justifying our ansatz in Eq. (7). The delta functions then
impose the polarized scattering equations (9) irrespective of
the worldsheet matter, whose correlators give rise to the
integrands 7 ,,. The remaining contribution to the amplitude
is via the exponential factor in Eq. (34) which reduces, after
substituting the solution (36), to give

exp(Fy) = exp <Z W) (37)

i< Oij

Coulomb branch of N' = 4 SYM theory.—The 6D (1,1)
SYM amplitudes (30a) can be used to obtain amplitudes for
4D N =4 SYM theory on the Coulomb branch [1,26].
On reduction to four dimensions, the spinor index can be
broken up into two-component 4D spinor indices as A =
(a, ) and the two SU(2) factors of the 6D little group can
both be identified with the 4D massive one, so a = a. The
4D massive kinematic data are (Ay,, Agq ), Where a = 0, 1 is
the 4D massive little group index [27], and

7 b _
j'aaﬁétbea - kac'v

/Lm/l/jb(:'ab = Meaﬂ’ jda:lﬁbGHb = MGO-[B. (38)
This embeds into the 6D spinor-helicity formalism, rein-
terpreting some of the spinor components of the momenta

as masses, as

m=<%ﬁ, @=¢=<f) (39)

with MM = m?. The reduction to massless kinematics
follows by setting 4,y = ;1(-,,1 =0.

For 4D N = 4-SYM theory, masses are introduced by
giving some of the scalars a nonzero vev ¢, that sponta-
neously breaks the gauge group from U(N + M) to
U(N) x U(M). This gives a mass m = gyme to the off-
diagonal gauge bosons, now bifundamentals under both
gauge groups.

Denote 4D little group contractions by round brackets,
e.g., (uju;) = u;,u} and reserve now the angle and square
bracket for the usual 4D spinor-helicity contractions. In this
notation, the polarized massive 4D scattering equations are
given by

(uiuj)

uu;) . ~-
€= VigAl zge &=, A% (40)

. o’

J Y J
Both the chiral and the antichiral 6D polarized scattering
equations descend to the same massive 4D scattering
equations.

The matrix H used to define the SYM integrand also
reduces straightforwardly, with entries

(ei€;) + [€:€)] .

f{CB —
ij =
Uij

(41)
Its reduced determinant is defined as before as
det H® = (u; ;)™ (u;,u;,)~" det HB"™ The full scat-

Ji7J2 [j1j2]
tering amplitude of A" =4 SYM theory on the Coulomb

branch is then given by

ACE — / duCPPT(a)del HBeF P (42)
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TABLE I. Combinations of half-integrands.
PT det’A det! HeF1+F1 [(Pf’A detXef)/(det?U)]
PT Bi-adj NLSM N =(1,1) SYM N =(2,0)
det’' A Galileon N =(1,1) D5 N =(2,0) M5
det’ HeF1+Fi N = (2,2) sugra N =31
[(P'A det Xef2)/(det*U)) N =(4,0)

where the measure du$® on the Coulomb branch is given
by Eq. (10) but with the delta functions now imposing the
massive 4D polarized scattering equations (40). The further
reduction to massless amplitudes immediately gives the
gauge and gravity formulas of Ref. [14] based on the
refined scattering equations.

Discussion.—Our new formulae are represented in dou-
ble-copy form in Table 1. Major distinctions between our
work and that of Ref. [1] are that there is now no artificial
distinction between even and odd particles in the polarized
scattering equations, and there are tentative worldsheet
models whose path integrals yield much of our framework.
The distinction between even and odd particle numbers in
our work is physical in the integrands for M5 and D5
branes where the Pfaffians Pf’A of skew n x n matrices
naturally vanish when #n is odd.

There are many directions for future investigation. A
natural task is to find suitable worldsheet matter systems to
provide integrands for the bare ambitwistor-string models
described here. Provided that the constraints relating chiral
and antichiral supertwistors have been implemented in the
worldsheet model, there is a natural candidate for the
matter system giving rise to the det’ H factors, constructed
from fermionic fields (p4,p*) € K'/? ® (S,,S*) and
(Ba B*) € Q™' ® (S, §);

S, = / pa0pt + Bi2p, + B A4p™. (43)
z

A different question concerns what other theories might
be constructed using the polarized scattering equations.
One immediate observation is that new formulas can be
constructed by combining the hal-integrands introduced in
this Letter given in the last column of Table 1. While the
interpretation of these new formulas remains unclear, they
are well defined and manifestly supersymmetric, and thus
worth studying in their own right.
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