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SUMMARY

A distributed stochastic model predictive control (DSMPC) algorithm is proposed for multiple linear
subsystems with both parameter uncertainty and stochastic disturbances, which are coupled via probabilistic
constraints. To handle the probabilistic constraints, the system dynamics is first decomposed into a nominal
part and an uncertain part. The uncertain part is further divided into two parts: the first one is constrained
to lie in probabilistic tubes that are calculated offline through the use of the probabilistic information on
disturbances, whereas the second one is constrained to lie in polytopic tubes whose volumes are optimized
online and whose facets’ orientations are determined offline. By permitting a single subsystem to optimize at
each time step, the probabilistic constraints are then reduced into a set of linear deterministic constraints, and
the online optimization problem is transformed into a convex optimization problem that can be performed
efficiently. Furthermore, compared to a centralized control scheme, the DSMPC algorithm only requires
message transmissions when a subsystem is optimized, thereby offering greater flexibility in communication.
By designing a tailored invariant terminal set for each subsystem, the proposed algorithm can achieve
recursive feasibility, which in turn ensures closed-loop stability of the entire system. A numerical example
is given to illustrate the efficacy of the algorithm. Copyright c© 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The problem of control and optimization for a team of constrained subsystems subject to both
model uncertainty and exogenous influence is an important but rather difficult problem in many
practical applications [1, 2, 3], such as formation control of multi-agent systems and investment
portfolio optimization. This problem has been tentatively addressed by several control strategies, in
which distributed stochastic model predictive control (DSMPC) stands out due to its good control
performance, structural flexibility, and capabilities of constraint handling. However, the research
of DSMPC is still in an embryonic stage, and lots of challenges still remain to be solved. For
example, how to handle the coupling among stochastic subsystems in a distributed fashion; how
to transform coupled probabilistic constraints into local deterministic constraints and formulate
a tractable optimization problem; how to design distributed controllers which ensure recursive
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2 A. N. OTHER

feasibility and closed-loop stability; and how to achieve low frequency of communication and
flexibility in communication.

To date, methods accounting for both parameter uncertainty and disturbances have only been
developed for single systems [4, 5, 6]. Based on an augmented autonomous state space description
in [7], a computationally convenient SMPC approach was investigated in [4]. By using an extension
of the concept of invariance, namely invariance with probability, and confining the augmented
state to the invariant set with probability, it is possible to achieve satisfaction of constraints with
given probabilities and establish recursive feasibility and closed-loop stability. The authors of [4]
only considered a particular type of probabilistic constraints which take the form of limits on
the expected number of samples at which the system output lies outside a desired interval over
a given horizon. In addition, both disturbances and uncertain parameters considered were limited
to be independent and identically distributed (i.i.d.) Gaussian random variables. The recent result
in [5] further addressed the case of systems with unmeasurable states. An augmented system
of both estimated states and estimation errors was formulated and polytopic tubes were used to
bound the evolution of the augmented system. The proposed output-feedback SMPC algorithm was
shown to be recursively feasible despite the action of uncertainties. However, [5] only proved the
convergence of system states to a neighborhood of the origin in simulations and cannot ensure
closed-loop stability in theory. Furthermore, the system matrices considered were expressed as
affine functions of one scalar uncertain parameter, which limits the applicability of this algorithm.
In [6], the state trajectory was decomposed into three parts which were handled separately to
ensure probabilistic constraint satisfaction and the resulting algorithm provided desirable closed-
loop properties: recursive feasibility and stability.

To the best of our knowledge, few existing works on distributed MPC (DMPC) handle multiple
subsystems with both parameter uncertainty and stochastic disturbances. Different from single
systems, each subsystem in DMPC scheme is required to consider not only the uncertainties of itself,
but also the uncertainties in the actions of other subsystems and the couplings among subsystems.
The available results are restricted only to the case of a single uncertainty source (stochastic
disturbances or parameter uncertainty). For the case of stochastic disturbances, a distributed robust
MPC (DRMPC) algorithm proposed in [8] can guarantee recursive feasibility and stability of
the overall system through the use of the constraint-tightening MPC in [9]. It required that all
subsystems must be optimized during each sampling period with communication immediately
after each optimization, resulting in excessive communication. Following the work of [8], [10]
assumed no instantaneous inter-subsystem exchanges of data and yielded a significant reduction
in communication cost by permitting only one subsystem to optimize at each time step. A later
cooperative DSMPC method for the case that the states are not measurable was given in [11],
where the probabilistic constraints were converted into a set of deterministic constraints by making
explicit use of the distributions of disturbances, measurement noise and state estimation errors. This
strategy was both recursively feasible and computationally tractable, and meanwhile, leads to a
more coordinated response and better global performance. For the case of parameter uncertainty,
a DSMPC algorithm based on generalized polynomial chaos expansions (GPCEs) was developed
in [12], which imposed no restrictions on the distributions of the uncertain parameters. However,
if one aims at achieving approximation with high precision, this approach might involve too many
constraints, thereby resulting in an overhead cost in computation time.

Motivated by above, using the tube invariant set theory [13, 14], this paper considers a more
challenging problem of DSMPC for a group of linear subsystems in simultaneous presence of
parameter uncertainty and stochastic disturbances as well as coupled probabilistic constraints. To
make the optimization problem tractable in a distributed manner, we adopt the distributed update
strategy of [10] that only one subsystem is permitted to optimize at each time step. To the best
of our knowledge, it is the first time that a relatively complete theory of DSMPC, including
probabilistic constraint handling, recursive feasibility and stability, is established in the context of
both model uncertainty and exogenous disturbances. The main attributes of the proposed algorithm
are summarized below.
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DSMPC FOR SYSTEMS WITH PARAMETER UNCERTAINTY AND DISTURBANCES 3

(i) Inspired by [6, 13, 15], the uncertain part of the state trajectory is decomposed into two
parts: one is handled by calculating a sufficient tightening margin offline, whereas the other
is handled by using polytopic tubes with facets of fixed orientation and online adjustable
scalings. Both local and coupled probabilistic constraints are then reformulated as linear
deterministic constraints, further leading to a convex optimization problem, which can be
efficiently solved.

(ii) To ensure coupled probabilistic constraint satisfaction under the distributed update strategy in
[10], the constraints derived in the centralized implementation are modified and the resulting
constraints involve only the decision variables of a local subsystem and the prior information
collected from coupled subsystems.

(iii) Through designing terminal sets as a robust positively invariant set and an invariant hypercube
with a parameter chosen from a given interval, the DSMPC algorithm is proven to be
recursively feasible and the resulting closed-loop system is stable.

(iv) Exchange of data among subsystems is only required after one subsystem optimization at each
time step. Less communication cost and greater flexibility in communications are offered than
other DMPC strategies [8, 16, 17, 18], wherein all subsystems are required to optimize and
communicate during a sampling period.

The remainder of this paper is organized as follows. The problem statement is presented in
Section 2. In Section 3, probabilistic constraints are reformulated into tractable ones. In Section
4, a centralized SMPC problem is derived, starting with a suitable terminal set construction. The
main results of the paper are developed in Section 5, where a DSMPC algorithm and its properties
are established. In Section 6, the implementation and the distributed nature of the algorithm are
discussed. A numerical example is provided in Section 7 and conclusions are drawn in Section 8.

Notation 1.1
Let N , {0, 1, . . .}. For some q, s ∈ N and q < s, let N<q, N≤q, N>q, N≥q, and N[q,s] denote the
sets {r ∈ N | r < q}, {r ∈ N | r ≤ q}, {r ∈ N | r > q}, {r ∈ N | r ≥ q}, and {r ∈ N | q ≤ r ≤ s},
respectively. For any vectors xi, i ∈ N, let

∑q
i=s xi = 0 if q, s ∈ N and q < s. The inequality sign,

absolute value | · | and max operations apply elementwise to vectors. || · ||∞ denotes the vector
infinity norm or the corresponding induced matrix norm. ‖x‖2W denotes xTWx. For sets A and
B, the Cartesian product A× B is the set of all ordered pairs (a, b), where a ∈ A and b ∈ B. A
nonnegative matrix A ≥ 0 is a matrix in which each element is nonnegative, 0 is the zero vector
or zero matrix whose elements are all zero, and 1 is the vector whose elements are all one. Let Pr
denote the probability and let B+

γ , {α | ||α||∞ ≤ γ, α ≥ 0}.
For the sake of readability, all the proofs are moved to the Appendix.

2. PROBLEM STATEMENT

Consider a system of Np discrete-time dynamically decoupled stochastic linear subsystems

xp(k + 1) = Ap(k)xp(k) +Bp(k)up(k) + wp(k),

∀k ∈ N, p ∈ P , {1, 2, . . . , Np}, (1)

where xp ∈ RNx,p , up ∈ RNu,p , and wp ∈ RNw,p denote the state, the control input, and the
disturbance of subsystem p, respectively. Assume that subsystem p is stabilizable for the existence
of a stabilizing feedback control. The disturbance sequence {wp(k), k ∈ N} is i.i.d. and the
distributions of the elements are continuous and compactly supported such that wp(k) ∈Wp ,
{wp | |wp| ≤ αp}, where αp = [αp,1 αp,2 · · · αp,Nw,p

]T > 0. The uncertain subsystem matrices
Ap(k) and Bp(k) are

[Ap(k) Bp(k)] = [A0
p B

0
p ] +

L∑
j=1

[A
(j)
p B

(j)
p ]q

(j)
p (k),
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4 A. N. OTHER

where q(j)
p (k) ≥ 0, j ∈ J , {1, 2, . . . , L}, are random variables such that

∑L
j=1 q

(j)
p (k) = 1. For a

fixed vertex j, the sequence {q(j)
p (k), k ∈ N} is temporally i.i.d..

Define the control input sequence predicted at time k as

up(i|k) = Kpxp(i|k) + cp(i|k), i ∈ N,
cp(i|k) = 0, i ∈ N≥N , (2)

where given a finite prediction horizon N , cp(i|k) are optimization variables for i ∈ N≤N−1 and
define cp(k) , [cTp (k) cTp (1|k) · · · cTp (N − 1|k)]T . State feedback matrix Kp is determined offline
to stabilize subsystem (1) and may, for instance, be chosen to be optimal in the nominal LQ sense
or in a worst case sense (for more details, see Chapter 4 of [19]). One strength of the pre-stabilizing
action of up = Kpxp is that, under the assumption that Ap(k) +Bp(k)Kp is more contractive than
Ap(k), it will reduce the effect of uncertainty on the predictions and thereby restrict the growth of
tube cross-section.

Our objective is to regulate each subsystem’s state to a neighborhood of the origin, while also to
guarantee the satisfaction of both local and coupled probabilistic constraints,

Pr{ηTp xp(k) ≤ hp} ≥ lp, ∀p ∈ P, (3)

Pr
{ Np∑
p=1

µTcpxp(k) ≤ bc
}
≥ l̃c, ∀c ∈ C , {1, 2, . . . , Nc}, (4)

where ηp ∈ RNx,p and µcp ∈ RNx,p ; hp and bc are fixed scalars; lp ∈ [0, 1] and l̃c ∈ [0, 1] are
prescribed thresholds. Note that hard constraints can be treated as a special case of the probabilistic
constraints (3)-(4) by setting lp = l̃c = 1.

To facilitate the problem formulation, as in [10], denote by Pc the set of all subsystems involved
in coupled constraint c,

Pc , {p ∈ P | µcp 6= 0},

and denote by Cp the set of all coupled constraints involving subsystem p,

Cp , {c ∈ C | µcp 6= 0}.

Then we let Qp denote the set of all other subsystems coupled to subsystem p,

Qp ,
( ⋃
c∈Cp
Pc
)
\{p}.

3. PROBABILISTIC CONSTRAINT HANDLING STRATEGY

In this paper, a DSMPC algorithm is presented to address the problem stated in Section 2. The first
step in the study of DSMPC is to handle probabilistic constraints. For this, an effective strategy
is developed in this section to transform the probabilistic constraints into deterministic ones by
employing tube approaches, in which the constraints are tighten on the nominal model by taking the
effect of the uncertainties into account.

For subsystem p, the state trajectory predicted at time k is decomposed into a nominal component
zp(i|k) and an uncertain component ep(i|k), which evolve as

xp(i|k) = zp(i|k) + ep(i|k), (5)
zp(i+ 1|k) = Ψ0

pzp(i|k) +B0
pcp(i|k), (6)

ep(i+ 1|k) = Ψp(i|k)ep(i|k) + Ψ̄p(i|k)zp(i|k)

+B̄p(i|k)cp(i|k) + wp(i|k), (7)
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DSMPC FOR SYSTEMS WITH PARAMETER UNCERTAINTY AND DISTURBANCES 5

where Ψ0
p , A0

p +B0
pKp, Ψp(i|k) , Ap(i|k) +Bp(i|k)Kp, Ψ̄p(i|k) , Ψp(i|k)−Ψ0

p, and
B̄p(i|k) , Bp(i|k)−B0

p . According to (5), probabilistic constraints (3)-(4) can be expressed
with respect to the predicted state sequences for i ∈ N≥1 as

Pr{ηTp zp(i|k) + ηTp ep(i|k) ≤ hp} ≥ lp, (8)

Pr
{ Np∑
p=1

[µTcpzp(i|k) + µTcpep(i|k)] ≤ bc
}
≥ l̃c. (9)

From (7), ep(i|k) involves both the uncertainties and the decision variables. Therefore, it is
intractable to calculate the probabilistic distribution of ep(i|k) given the distribution of wp. To
remedy this, following [6], ep(i|k) is further split into two parts, which are given for i ∈ N as

ep(i|k) = εp(i|k) + ζp(i|k), (10)
εp(i+ 1|k) = Ψ0

pεp(i|k) + wp(i|k), (11)

ζp(i+ 1|k) = Ψp(i|k)ζp(i|k) + Ψ̄p(i|k)zp(i|k)

+B̄p(i|k)cp(i|k) + Ψ̄p(i|k)εp(i|k), (12)

with the initial conditions εp(k) = 0 and zp(k) + ζp(k) = xp(k). Below, according to the different
probabilistic nature, the two components of ep (i.e. εp and ζp) in (8)-(9) will be treated separately
based on ideas from Tube MPC [13, 15].

3.1. Handling εp using the distribution of wp

Note that the evolution of εp in (11) is described by a linear time-invariant system subject to
disturbances, which is similar to the uncertain systems considered in [15]. Following the result
in [15], by making use of probabilistic distributions of wp explicitly, the tightened constraints on the
nominal predictions and the other random variable ζp are derived in Theorem 3.1, which ensure the
satisfactions of (8)-(9) and carry the necessary guarantee of recursive feasibility. The evolution of
ζp will be discussed in the next section.

Theorem 3.1
(Conditions for Constraint Satisfaction). The satisfactions of probabilistic constraints (8)-(9) are
ensured, if cp(k) and zp(0|k) for each p ∈ P satisfy the recursively feasible constraints, for i ∈ N≥1,

ηTp H
i
pcp(k) + ηTp (Ψ0

p)
izp(0|k) + ηTp ζp(i|k) ≤ hp − βip, ∀p ∈ P, (13)∑

q∈Pc

[µTcqH
i
qcq(k) + µTcq(Ψ

0
q)
izq(0|k) + µTcqζq(i|k)] ≤ bc − κic, ∀c ∈ C, (14)

where Hi
p , [(Ψ0

p)
i−1B0

p (Ψ0
p)
i−2B0

p · · · B0
p 0 · · · 0]. The constraint tightening parameters βip

and κic are given by, for i ∈ N≥1,

βip , γp +
i−1∑
j=1

ajp, κ
i
c , ξc +

i−1∑
j=1

djc,

where

ajp , max
wp∈Wp

ηTp (Ψ0
p)
jwp = |ηTp (Ψ0

p)
j |αp, djc , max

wq∈Wq

∑
q∈Pc

µTcq(Ψ
0
q)
jwq =

∑
q∈Pc

|µTcq(Ψ0
q)
j |αq,

γp and ξc are the minimum values such that

Pr{ηTp wp(k) ≤ γp} = lp, P r
{ ∑
q∈Pc

µTcqwq(k) ≤ ξc
}

= l̃c.
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6 A. N. OTHER

The interested reader may refer to [15] for a similar proof.

Remark 3.1
(Properties of βip and κic). The sequences {βip, i ∈ N≥1} and {κic, i ∈ N≥1} in (13)-(14) are
monotonically non-decreasing and converge to limits β̄p and κ̄c respectively, which will be used
later (see Section 4.1) to design terminal sets. Furthermore, the arbitrarily tight upper bounds on β̄p
and κ̄c can be computed offline (see Corollary 4 in [15]).

3.2. Handling ζp using polytopic tubes

Different from εp, it is impossible to compute offline the probabilistic distribution of ζp. The reason
is that the dynamics of ζp in (12) involves both the nominal states and the decision variables. To
handle the uncertain part ζp in (13)-(14), a sequence of sets (i.e. a tube) with bounding facets of fixed
orientation is constructed online to characterize the evolution of ζp instead of using probabilistic
distributions [13].

Suppose that the tube has polytopic cross-sections and is parameterized by

Πp(i|k) , {ζp(i|k) | Vpζp(i|k) ≤ θp(i|k)}, i ∈ N, (15)

where Vp ∈ RNv,p×Nx,p is chosen offline to determine the directions of facets of the tube and
θp ∈ RNv,p is optimized online to determine the distances from the origin to the facets.

In order to ensure that initially bounding ζp(0|k) in a given tube cross-section Πp(0|k) implies
that ζp(i|k) will stay in Πp(i|k) at all subsequent prediction times, the choice of θp(i|k) is required
to satisfy

{ζp(i+ 1|k) | ζp(i|k) ∈ Πp(i|k)} ⊆ Πp(i+ 1|k). (16)

In addition, the choice of θp(i|k) must also ensure the satisfactions of (13)-(14), given that ζp(i|k)
is contained in Πp(i|k) for each subsystem, i.e.,

Πp(i|k) ⊆ {ζp(i|k) | (13) holds}, (17)
{(ζ1(i|k), . . . , ζNp(i|k)) | ζp(i|k) ∈ Πp(i|k),∀p ∈ P} ⊆ {(ζ1(i|k), . . . , ζNp(i|k)) | (14) holds}.(18)

The following lemma can be used to express the inclusion conditions (16)-(18) as the equivalent
linear constraints.

Lemma 3.1
[20] (Necessary and Sufficient Conditions for Set Inclusions). The inclusion {x | F1x ≤ b1} ⊆ {x |
F2x ≤ b2} holds if and only if there exists a non-negative matrix H such that

HF1 = F2, Hb1 ≤ b2. (19)

By using Lemma 3.1, Theorem 3.2 provides necessary and sufficient conditions to ensure
constraint (16) satisfaction.

Theorem 3.2
(Conditions for Tube Cross-section Evolution). For any ζp(i|k) ∈ Πp(i|k), a necessary and sufficient
condition for ζp(i+ 1|k) ∈ Πp(i+ 1|k) is that for i ∈ N, there exist nonnegative matrices M (j)

p ≥
0, j ∈ J , such that

M
(j)
p Vp = Vp(Ψ

0
p + Ψ

(j)
p ), (20)

M
(j)
p θp(i|k) + VpΨ

(j)
p zp(i|k) + VpB

(j)
p cp(i|k) + d

(j)
p (i) ≤ θp(i+ 1|k), (21)

where d(j)
p (i) , maxwp∈Wp

VpΨ
(j)
p εp(i|k).
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Remark 3.2
(Properties of d(j)

p (i)). According to the definition of εp in (11), the value of d(j)
p (i) does not

depend on the system state and can be calculated offline by solving a finite number of linear
programming problems. Furthermore, as β̄p and κ̄c in Remark 3.1, for each vertex j ∈ J , the
sequence {d(j)

p (i), i ∈ N} converges to a limit d̄(j)
p , on which an arbitrarily close upper bound can

be obtained.

Similar treatments can be used to obtain necessary and sufficient conditions for the satisfaction
of (17)-(18). The result is given below directly without proof.

Theorem 3.3
(Conditions for Constraint Satisfaction in Tubes). Provided that ζp(i|k) ∈ Πp(i|k) for each p ∈ P ,
the constraints (13)-(14) for i ∈ N≥1 are satisfied if and only if there exist nonnegative matrices
Mp ≥ 0 and Mcp ≥ 0 satisfying

MpVp = ηTp , (22)

Mpθp(i|k) + βip + ηTp H
i
pcp(k) + ηTp (Ψ0

p)
izp(0|k) ≤ hp, (23)

and

McpVp = µTcp, (24)∑
q∈Pc

[µTcqH
i
qcq(k) + µTcq(Ψ

0
q)
izq(0|k) +Mcqθq(i|k)] + κic ≤ bc. (25)

Treating M (j)
p , Mp, Mcp, and Vp as decision variables will result in nonlinear constraints (20)-

(25) and further intractable online optimization problem. Instead, we select M (j)
p , Mp, Mcp, and Vp

offline to guarantee the satisfactions of (20), (22), and (24), and only leave (21), (23), and (25) as
the online constraints, which will imply a tractable convex optimization problem (see Section 6.3).
The suitable choices and practical considerations for M (j)

p , Mp, Mcp, and Vp will be discussed in
Section 6.1.

4. CENTRALIZED SMPC ALGORITHM

In this section, a centralized SMPC controller is developed to achieve the control objective.
We first focus the investigations on the construction of suitable terminal constraints, which
make the decision variables finite dimensional in an infinite horizon optimization problem.
Subsequently, by combining these terminal constraints and the linear constraints (21), (23), and
(25), a centralized infinite-horizon SMPC optimization problem is formulated. The extension to a
distributed implementation will be discussed in Section 5.

4.1. Construction of Terminal Sets

To account for constraints after the N1th prediction time with N1 ∈ N>N , we design terminal
sets for zp(N1|k) and θp(N1|k). Similar to classical MPC schemes, the terminal sets should be
positively invariant and moreover, inside them, constraints (21), (23), and (25) should be satisfied.
For i ∈ N≥N , with cp(i|k) = 0, (6) and (21) can be rewritten as

zp(i+ 1|k) = Ψ0
pzp(i|k), (26)

M
(j)
p θp(i|k) + VpΨ

(j)
p zp(i|k) + d

(j)
p (i) ≤ θp(i+ 1|k). (27)

Note that the dynamic of z in (26) is not affected by θp. Thus, first we design a terminal set for z
and second a terminal set for θp. Require zp(N |k) to lie within a set χ0

p, which is robust positively
invariant for the system zp(k + 1) = Ψ0

pzp(k) + (Ψ0
p)
Nwp(k). Hence, at prediction time k +N1,

zp(N1|k) must enter a smaller set defined by χlp , (Ψ0
p)
lχ0
p, l = N1 −N . It is easy to see that χlp is
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8 A. N. OTHER

positively invariant with respect to (26) and can therefore be chosen as the terminal set for zp(N1|k).
Based on χlp, an invariant hypercube is then designed in Theorem 4.1 to serve as a terminal set for
θp(N1|k).

Theorem 4.1
(Terminal Constraints). Define v

(j)
p,l , maxzp∈χl

p
VpΨ

(j)
p zp, fp,l , maxzp∈χl

p
ηTp zp, and fcp,l ,

maxzp∈χl
p
µTcpzp. If θ̃p satisfies the following conditions

θ̃p ≥
max

j
(‖v(j)p,l‖∞+‖d̄(j)p ‖∞)

1−max
j
‖M(j)

p ‖∞
, (28)

θ̃p ≤ hp−β̄p−‖fp,l‖∞
‖Mp‖∞ , (29)

Np∑
p=1

‖Mcp‖∞θ̃p ≤ bc − κ̄c −
Np∑
p=1

‖fcp,l‖∞, (30)

then the set χlp × B+

θ̃p
is invariant for the following system,

zp(i+ 1|k) = Ψ0
pzp(i|k), (31)

θp(i+ 1|k) = max
j
{M (j)

p θp(i|k) + d(j)
p (i) + VpΨ

(j)
p zp(i|k)}, (32)

and the satisfactions of (21), (23), and (25) for i ∈ N≥N1
can be ensured if (zp(N1|k), θp(N1|k)) ∈

χlp × B+

θ̃p
.

From the fact that liml→∞ v
(j)
p,l = 0, liml→∞ fp,l = 0, and liml→∞ fcp,l = 0, the existence of these

terminal sets, i.e., the existence of θ̃p for each subsystem satisfying (28)-(30), can be ensured if
l = N1 −N is chosen to be sufficiently large and the following conditions are satisfied [14]:

‖Mp‖∞ max
j
‖d̄(j)p ‖∞

1−max
j
‖M(j)

p ‖∞
< hp − β̄p, ∀p ∈ P, (33)

Np∑
p=1

‖Mcp‖∞ max
j
‖d̄(j)p ‖∞

1−max
j
‖M(j)

p ‖∞
< bc − κ̄c, ∀c ∈ C. (34)

In order to satisfy the coupling condition (30), the terminal sets of all subsystems are required to be
designed centrally. However, note that the centralized design of terminal sets is implemented offline.

4.2. Optimization Problem Formulation

With the constraints (21), (23), (25), and the terminal constraints given in Theorem 4.1, we
are now ready to define the optimization problem used in the centralized SMPC scheme. In
particular, for any k ∈ N and any state x1(k), . . . , xNp

(k), the centralized optimal control problem
PC(x1(k), . . . , xNp

(k)) is defined as follows:

min
θp(0|k),...,θp(N1|k),
cp(k),zp(0|k),p∈P

J(k) =

Np∑
p=1

∞∑
i=0

[‖zp(i|k)‖2Qp
+ ‖Kpzp(i|k) + cp(i|k)‖2Rp

] (35)

subject to ∀p ∈ P :

Vp(xp(k)− zp(0|k)) ≤ θp(0|k) (36)
∀i ∈ N≤N1−1 : zp(i+ 1|k) = Ψ0

pzp(i|k) +B0
pcp(i|k) (37)
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∀i ∈ N≤N1−1, ∀j ∈ J : M (j)
p θp(i|k) + VpΨ

(j)
p zp(i|k) + VpB

(j)
p cp(i|k) + d(j)

p (i)

≤ θp(i+ 1|k) (38)
∀i ∈ N[1,N1−1] : Mpθp(i|k) + βip + ηTp H

i
pcp(k) + ηTp (Ψ0

p)
izp(0|k) ≤ hp (39)

∀i ∈ N[1,N1−1], ∀c ∈ C :
∑
q∈Pc

[µTcqH
i
qcq(k) + µTcq(Ψ

0
q)
izq(0|k) +Mcqθq(i|k)] + κic ≤ bc (40)

zp(N |k) ∈ χ0
p (41)

‖θp(N1|k)‖∞ ≤ θ̃p (42)

where Qp and Rp are symmetric positive-definite matrices. In PC(x1(k), . . . , xNp(k)), (36) and
(38) are constraints on the initial tube cross-section and tube cross-section evolution respectively;
(37) is the nominal system model; (39) and (40) are used to invoke the local and coupled
constraints (3) and (4) respectively; (41) and (42) are terminal constraints. At each time step k,
all subsystems must sample and send their current states to the centralized control subsystem.
After solving PC(x1(k), . . . , xNp

(k)), the optimal solution θ∗p(0|k), . . . , θ∗p(N1|k), c∗p(k), z∗p(0|k) is
communicated to each subsystem p. Subsequently, all subsystems apply up(k) = Kpxp(k) + c∗p(k)
to control. Provided that the centralized control subsystem is one of the subsystems p ∈ P ,
centralized SMPC algorithm requires 2(Np − 1) data exchanges per optimization, which must be
completed during one sampling period.

5. DSMPC ALGORITHM

For large-scale systems, it is difficult to control with centralized MPC due to the required
inherent computational complexity, communication bandwidth limitations and the reliance on a
single processor. Thus DMPC is usually adopted, despite the fact that it generally degrades the
performance compared with centralized MPC scheme. This section aims to extend the centralized
SMPC in Section 4 to a distributed form. A distributed update strategy adopted is first given as
follows. At each time k, only one subsystem, defined as pk, is permitted to optimize for a new
solution cpk(k). Meanwhile, all other subsystems p 6= pk adopt the feasible solutions

cp(k) = [cTp (1|k − 1) · · · cTp (N − 1|k − 1) 0]T , (43)

which are the tails of their previous solutions cp(k − 1) augmented with 0. It is noted that we
have no specific assumptions on the update sequence {p1, . . . , pk, pk+1, . . .}, which can be tailored
according to the actual situations. The strategy for constructing the update sequence will be explored
in Section 6.2.

5.1. Distributed Implementation Algorithm

We define the cost function for subsystem p as

Jp(k) =
∞∑
i=0

[‖zp(i|k)‖2Qp
+ ‖Kpzp(i|k) + cp(i|k)‖2Rp

]. (44)

Lemma 5.1 shows that (44) can be expressed as a quadratic form of the decision variables zp(0|k)
and cp(k).

Lemma 5.1
(Quadratic Formulation of the Cost). Let Wp be a solution of the Lyapunov equation

Wp −
[

Ψ0
p B0

pEp
0 Tp

]T
Wp

[
Ψ0
p B0

pEp
0 Tp

]
= Q̄p, (45)

where Q̄p =

[
Qp +KT

p RpKp KT
p RpEp

ETp RpKp ETp RpEp

]
, Ep =

[
I 0 · · · 0

]
, and Tp is a matrix with

the identity matrix on its super-diagonal blocks and zeros elsewhere, then the cost function (44) can
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be rewritten as

Jp(k) =

∥∥∥∥[ zp(0|k)
cp(k)

]∥∥∥∥2

Wp

. (46)

By considering constraints (36)-(42) for subsystem p only and modifying coupled constraint
(40), the local optimization problem for subsystem p defined by PDp (xp(k);Z∗p (k)) is formulated as
follows.

min
θp(0|k),...,θp(N1|k),

cp(k),zp(0|k)

Jp(k) =

∥∥∥∥[ zp(0|k)
cp(k)

]∥∥∥∥2

Wp

(47)

subject to
Vp(xp(k)− zp(0|k)) ≤ θp(0|k) (48)

∀i ∈ N≤N1−1 : zp(i+ 1|k) = Ψ0
pzp(i|k) +B0

pcp(i|k) (49)

∀i ∈ N≤N1−1, ∀j ∈ J : M (j)
p θp(i|k) + VpΨ

(j)
p zp(i|k) + VpB

(j)
p cp(i|k) + d(j)

p (i)

≤ θp(i+ 1|k) (50)
∀i ∈ N[1,N1−1] : Mpθp(i|k) + βip + ηTp H

i
pcp(k) + ηTp (Ψ0

p)
izp(k) ≤ hp (51)

∀i ∈ N[1,N1−1], ∀c ∈ Cp : Mcpθp(i|k) + µTcpH
i
pcp(k) + µTcp(Ψ

0
p)
izp(0|k) +

∑
q∈Pc\{p}

[µTcqH
i
qc
∗
q(k)

+µTcq(Ψ
0
q)
iz∗q (0|k) + Ξ∗cq(i|k) +Mcqθ

∗
q (i|k)] + κic ≤ bc (52)

zp(N |k) ∈ χ0
p (53)

‖θp(N1|k)‖∞ ≤ θ̃p (54)

Note that in (40) zq(0|k), cq(k), and θq(i|k) involving subsystems q ∈ Qp are modified to z∗q (0|k),
c∗q(k), and θ∗q (i|k) in (52), which are not affected by the decision variables of subsystem p and
can be regarded as fixed values, denoted by ∗. Note also that to ensure the satisfactions of
coupled probabilistic constraint in the distributed implementation, new scalar variables Ξ∗cq(i|k)
are introduced in (52). The following part will discuss the detailed method to derive the values
of z∗q (0|k), c∗q(k), θ∗q (i|k), and Ξ∗cq(i|k) taking into account recursive feasibility of the online
optimization problem PDp (xp(k);Z∗p (k)).

Define the last update step of subsystem q as k̂q , maxk′∈{k′∈N<k|pk′=q} k
′. Then the optimizing

subsystem p can construct c∗q(k), z∗q (0|k), θ∗q (i|k), and Ξ∗cq(i|k) in (52) by (55)-(59) with the optimal
solution c∗q(k̂q), z∗q (0|k̂q), and θ∗q (i|k̂q), i ∈ N[2,N1], of subsystem q ∈ Qp at time k̂q.

c∗q(k) = T
k−k̂q
q c∗q(k̂q), (55)

z∗q (k) = z∗q (k − k̂q|k̂q), (56)

θ∗q (i|k) = θ∗q (k + i− k̂q|k̂q), i ∈ N[1,k̂q+N1−k], (57)

θ∗q (i|k) = max
j
{M (j)

q θ∗q (k + i− 1− k̂q|k̂q) + VqΨ
(j)
q z∗q (k + i− 1− k̂q|k̂q) + d(j)

q (N1)},

i ∈ N[k̂q+N1−k+1,N1], (58)

Ξ∗cq(i|k) =

k−k̂q−1+i∑
l=i

|µTcq(Ψ0
q)
l|αq, i ∈ N[1,N1−1]. (59)

Hence, in the optimization problem PDp (xp(k);Z∗p (k)), we use Z∗p (k) to denote the set of
information collected from all coupled subsystems q ∈ Qp at their last update steps, i.e. Z∗p (k) ,

{c∗q(k̂q), z∗q (0|k̂q), and θ∗q (i|k̂q), i ∈ N[2,N1], q ∈ Qp}, which is required by optimizing subsystem
p to evaluate constraint (52).

The DSMPC algorithm can now be summarized below.
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Algorithm 1.

1) Initialization: Wait for a feasible solution {cp(k), zp(0|k), θp(0|k), θp(1|k), . . . , θp(N1|k)} for
each p ∈ P by solving the centralized problem PC(x1(k), . . . , xNp

(k)). If a solution cannot be
found, stop.

2) All subsystems p: Apply up(k) = Kpxp(k) + cp(k).

3) All subsystems p: Update k and sample states xp(k).

4) Subsystem p = pk:

a) Solve PDp (xp(k);Z∗p (k)) to obtain {cp(k), zp(0|k), θp(0|k), θp(1|k), . . . , θp(N1|k)}.
b) Transmit the new solution {cp(k), zp(0|k), θp(2|k), . . . , θp(N1|k)} to subsystems q ∈ Qp.

c) Set k̂p = k.

Subsystems p 6= pk:

a) Construct cp(k) = T
k−k̂p
p cp(k̂p) directly without solving PDp (xp(k);Z∗p (k)).

5) Go to step 2).

Different from the centralized SMPC, information transmissions in Algorithm 1 are only
required after the local optimization problem PDp (xp(k);Z∗p (k)) is solved for a new solution
{cp(k), zp(0|k), θp(0|k), θp(1|k), . . . , θp(N1|k)}. Assuming that the optimizing subsystem is
coupled with all other subsystems, Algorithm 1 requires, at most, (Np − 1) data transmissions at
each time step, which is less than half of what centralized SMPC requires. In addition, Algorithm 1
achieves greater flexibility in communication. In other alternative DMPC strategies [8, 16, 17, 18],
all subsystems optimize and communicate at each time step. A key feature that arises from
applying such methods is repeated instantaneous data exchanges between subsystems during a
sampling period, either when all subsystems optimize in a sequential way [8, 16] or in an iterative
way [17, 18]. As a result, these strategies have poor capacity to tolerate delays in computation
and communication. However, Algorithm 1 does not need to communicate immediately after
each optimization. The optimizing subsystem allows to transmit the new solution to all coupled
subsystems in the whole interval before another subsystem in Qp optimizes.

5.2. Main Results

This section aims at deriving the properties of the proposed DSMPC scheme (Algorithm 1). To have
a well-defined control law, we first show that Algorithm 1 can provide the guarantee of recursive
feasibility in Theorem 5.1.

Theorem 5.1
(Recursive Feasibility and Constraint Satisfaction). If there exists a feasible (but not necessarily
optimal) solution to the optimization problem PDp (xp(k0);Z∗p (k0)) for each p ∈ P at time k0, and
the system is controlled according to Algorithm 1, then

(i) all subsequent optimization problems PDp (xp(k);Z∗p (k)) are feasible for k ∈ N≥k0+1;

(ii) probabilistic constraints (3) and (4) are satisfied in closed-loop operation for k ∈ N≥k0+1.

Based on Theorem 5.1, closed-loop stability under Algorithm 1 is guaranteed in the following
theorem.

Theorem 5.2
(Closed-loop Stability). If the optimization problem PDp (xp(k0);Z∗p (k0)) is feasible for each p ∈ P
at time k0, then the system is stabilized under Algorithm 1 and the MPC control law converges
asymptotically to the unconstrained optimal control law as k →∞.
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6. IMPLEMENTATION AND COMPUTATION

The purpose of this section is threefold: (i) to put emphasis on the offline implementation about
some key parameters (i.e. γip, ξic, Vp,M (j)

p ,Mp, andMcp) from a practical perspective; (ii) to discuss
the design for update sequence to achieve a flexibility in communication and to reduce the usage
of communication resources; (iii) to show the benefit in terms of the structure and computational
complexity of the online optimization problem from the use of Algorithm 1.

6.1. Offline Implementation

The values of γip and ξic should ideally be calculated by a multivariate convolution, but the
computational complexity increases tremendously as the system dimension and the prediction
horizon increase. One alternative is to discretize the distributions of the elements of wp, and the
values of γip and ξic can be approximated using univariate convolutions in polynomial time (see
Remark 3.2 in [11]). It is worth noting that γip and ξic are independent of the system states and
therefore can be determined offline.

As for Vp, one way is to select Vp such that {x | Vpx ≤ 1} is a λ-contractive set of the
system xp(k + 1) = Ψp(k)xp(k) where 0 < λ < 1 or, equivalently, an invariant set of the system
xp(k + 1) =

Ψp(k)
λ xp(k) (see [20]). For this choice of Vp, it follows from the invariance conditions

in [21] that the norms ofM (j)
p satisfy ‖M (j)

p ‖∞ ≤ λ for all j. This inequality is a sufficient condition
to ensure the existence of an invariant set for the prediction dynamics of (zp, θp) in (31)-(32), which
is the premise of the construction of terminal sets in Section 4.1.

In addition, Nv,p, the number of rows of Vp, represents the number of the tube facets. In general,
the larger Nv,p the designers choose, the higher dimension of the decision variable θp and the
more linear inequality constraints are in the MPC optimization problem, thereby resulting in higher
computational burden. However, it also implies the less conservative tube. Hence, in practice, the
parameter Nv,p can be tuned to balance the conservatism and the computational time.

To relax (21), (23), and (25) applied online, M (j)
p , Mp, and Mcp can be defined offline as the

solutions of the corresponding optimization problems [13]

(M (j)
p )i = argmin

mT

{1Tm |mTVp = (Vp)i(Ψ
0
p + Ψ(j)

p ), m ≥ 0}, (60)

Mp = argmin
mT

{1Tm |mTVp = ηTp , m ≥ 0}, (61)

Mcp = argmin
mT

{1Tm |mTVp = µTcp, m ≥ 0}, (62)

where m ∈ RNv,p and the notation (M)i denotes the ith row of matrix M . The linear programming
problems (60)-(62) can be solved in polynomial time [22].

6.2. Choice of Update Sequence

Under the centralized algorithm, inter-subsystem communication must be performed at each time
step and the total number of data transmissions is fixed. In comparison, for the proposed DSMPC
algorithm, the flexibility in update sequence choice can be utilized to determine when data
transmissions take place and how many data transmissions are required over the duration of a
simulation. It implies that low levels of communication can be achieved through a predetermined
update sequence by the designer. Furthermore, thanks to the tube methodology adopted to deal
with probabilistic constraints, the non-optimizing subsystems at each time step remain inside their
corresponding tubes, which ensures the control performance of the whole system with less frequent
communication. The effect this flexibility in communication has on system performance has been
explored in simulations in [10]. Accordingly, the DSMPC algorithm is particularly relevant for
practical control problems in which communication is expensive or communication resources are
limited (e.g., wireless communication via battery powered devices).

Based on the coupling structure of a system, the strategy for constructing an update sequence is
discussed in the following. For the case of high degree of coupling, the optimizing subsystem is
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coupled with most subsystems or even all other subsystems. Take the worst-case as an example,
i.e. all subsystems are coupled. If one chooses the update sequence such that each subsystem is
impossible to optimize at two successive steps, for example {1, 2, 1, 3, 2, 3, . . .}, the new solution
would be communicated to other subsystems at every time step. Instead, updating the same
subsystem multiple times, for example {1, 1, 2, 2, 3, 3, . . .}, exchange of information is only required
at alternative steps and the communication cost is decreased to half that of the first choice.

In another case that subsystems are less coupled, the update sequence can be chosen such
that different subsystems optimize at successive time steps but can still ensure low frequency of
communication. For that, all subsystems are divided into some coupling sets in which a coupled
probabilistic constraint exists between these subsystems or there is a single subsystem decoupled to
all other subsystems. The subsystems in different coupling sets optimize in a cyclical manner. For
example, considering a system consisting of five subsystems and assuming that subsystems 1 and
2 and subsystems 4 and 5 are coupled via constraints, the coupling sets are defined as S1 = {1, 2},
S2 = {3}, and S3 = {4, 5}. In this example, choose the update sequence as {1, 3, 4, 2, 3, 5, . . .} and
therefore the new solution of an optimizing subsystem can be transmitted using the entire time
interval after the optimization and before another subsystem in the same coupling set optimizes.
Alternatively, it is possible for multiple subsystems from different coupling sets to optimize
simultaneously at one time step, for example subsystems 1, 3, 4 or subsystems 2, 3, 5, which still
preserves the properties of recursive feasibility and closed-loop stability.

6.3. Computational Complexity

We will discuss the computational complexity associated with the online computations involved in
Algorithm 1.

The problem PDp (xp(k);Z∗p (k)) formulated in (47)-(54) is a convex optimization problem. In
PDp (xp(k);Z∗p (k)), the cost function (47) is expressed as a quadratic function of zp(0|k) and cp(k).
In addition, by choosing Vp, M (j)

p , Mp, and Mcp offline, the constraints (48)-(52) and the terminal
constraint (54) are linear inequalities in decision variables and the terminal set χ0

p is convex. Thus
the optimization problem is convex, which can be efficiently implemented online. In particular,
if we choose χ0

p as some special forms, such as polyhedral robust invariant sets, the problem
PDp (xp(k);Z∗p (k)) can be further cast as a quadratic program solved in polynomial time. The
reduction in online computation time is achieved by determining parameters (e.g., βip and κic) that
guarantee recursive feasibility through offline calculations.

To compare the computational requirements of Algorithm 1 and centralized SMPC, we focus
on the analysis of the “size” per optimization including number of decision variables and number
of constraints, which gives an indication of the computational complexity. Assume that there exist
pair-wise couplings across the whole system. Hence, for the centralized algorithm, the number of
coupled constraints is Np(Np − 1) which grows quadratically with Np. Furthermore, the number of
scalar decision variables is Np[(N1 + 1)Nv,p +Nx,p +Nu,pN ] which increases linearly with Np.
However, for Algorithm 1, the number of coupled constraints involving the optimizing subsystem p
is (Np − 1) and the number of scalar decision variables is (N1 + 1)Nv,p +Nx,p +Nu,pN which is
independent of Np.

7. NUMERICAL EXAMPLE

The system to control comprises three subsystems, each with the same model parameters,

A0
p =

[
1.6 1
−0.5 1.2

]
, B0

p =

[
1
1

]
,

A(1)
p =

[
0.05 −0.15
−0.01 0.01

]
, B(1)

p =

[
−0.05
0.05

]
,

A(2)
p = −A(1)

p , B(2)
p = −B(1)

p .
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Figure 1. Closed-loop response of subsystem 1 under Algorithm 1 (left) and unconstrained optimal control (right) for
100 realizations of uncertainty.

Assume that q(1)
p (k) has a uniform distribution on [0, 1] and q(2)

p (k) = 1− q(1)
p (k). Each element

of wp is truncated from a normal distribution with mean zero and variance 1
102 and wp satisfies

‖wp‖∞ ≤ 0.12. Each subsystem is subject to two local probabilistic constraints and one coupled
probabilistic constraint with parameters

ηp,1 = [0.8 − 0.2]T , hp,1 = 2.1, lp,1 = 0.8,

ηp,2 = [−0.8 − 0.2]T , hp,2 = 2.5, lp,2 = 0.8,

µ1p = [0.8 − 0.2]T , b1 = 5.5, l̃1 = 0.8.

Choose Qp = [1 0.3]T [1 0.3], Rp = 0.1, N = 4, and N1 = 7. With Nv,p = 8, Vp is chosen as

Vp =



−0.9997 −0.0246
−0.9898 −0.1422
0.9898 −0.1422
0.9997 −0.0246
0.9997 0.0246
0.9898 0.1422
−0.9898 0.1422
−0.9997 0.0246


.

The fact that we chooseNv,p = 8 is a tradeoff between conservatism and computational time. When
Nv,p = 4, the observed probabilities of constraint violations are very low although the computation
speed is faster. But when Nv,p > 8, there is no noticeable improvement in conservatism. Thus,
Nv,p = 8 is a reasonable choice. Solve (60)-(62) to obtain M

(j)
p , Mp, and Mcp, whose norms

are ‖M (1)
p ‖∞ = 0.91, ‖M (2)

p ‖∞ = 0.88, ‖Mp‖∞ = 1.11, and ‖M1p‖∞ = 1.11. Choose θ̃p = 0.65
which satisfies conditions (28)-(30) as required. The update sequence is set to be {1, 2, 3, 1, 2, 3, . . .}.

For x1(0) = [3.5 − 3.5]T , x2(0) = [3.4 − 3.45]T , and x3(0) = [3.5 − 3.25]T , Algorithm 1 and
the unconstrained optimal control are applied to control the system in 1000 simulations. Fig. 1-
Fig. 4 show the evolution of xp(k) for each subsystem and

∑3
p=1 xp(k) under Algorithm 1 and the

unconstrained optimal control according to 100 Monte Carlo simulations. The dashed lines denote
state constraints.

With the unconstrained optimal control, local and coupled probabilistic constraints are violated
at time k = 1 for 100% of the uncertainty realizations. While under Algorithm 1, at time k = 1,
local constraints of subsystems 1, 2, and 3 are violated for 5.1%, 1%, and 2.5% of the same 1000
uncertainty realizations respectively, and the observed probability of violating the state coupled
constraint is 5.3%.

The trajectories of three subsystems under Algorithm 1 for only one realization of uncertainty
are shown in Fig. 5. From the simulation results, it is found that the system states converge to a
neighborhood of the origin despite the action of both parameter uncertainty and disturbances.

Copyright c© 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
Prepared using rncauth.cls DOI: 10.1002/rnc



DSMPC FOR SYSTEMS WITH PARAMETER UNCERTAINTY AND DISTURBANCES 15

−5 0 5
−10

−8

−6

−4

−2

0

2

4

x
2,1

x
2
,2

 

 

MPC: Subsystem2

−5 0 5
−10

−8

−6

−4

−2

0

2

4

x
2,1

x
2
,2

 

 

LQR: Subsystem2

−1 0 1

−9

−8

−7

 

 

Figure 2. Closed-loop response of subsystem 2 under Algorithm 1 (left) and unconstrained optimal control (right) for
100 realizations of uncertainty.
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Figure 3. Closed-loop response of subsystem 3 under Algorithm 1 (left) and unconstrained optimal control (right) for
100 realizations of uncertainty.
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Figure 4. Evolution of coupled state
∑3

p=1 xp(k) under Algorithm 1 (left) and unconstrained optimal control (right) for
100 realizations of uncertainty of each subsystem.

Next we compare Algorithm 1 with the centralized SMPC in terms of the control performance
and computational time. Define the performance index as

Jperf ,
Trun−1∑
k=0

Np∑
p=1

‖xp(k)‖2Qp
+ ‖up(k)‖2Rp

,

where Trun is the simulation running time. By setting Trun = 10, the control performance is 82.9543
for Algorithm 1 as compared with 70.3495 for the centralized SMPC. The average computation time
per time step (over 1000 simulations) is 7.322 seconds for Algorithm 1 while it is 37.58 seconds for
the centralized SMPC.
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Figure 5. Closed-loop response of three subsystems under Algorithm 1 for only one realization of uncertainty of each
subsystem.

8. CONCLUSION

Based on the tube invariant set theory, a DSMPC algorithm is proposed for a team of subsystems
in the presence of both parameter uncertainty and disturbances. The uncertain state of the system
is divided into two parts: one is constrained to lie in probabilistic tubes with no particular shape
computed offline from the distribution of disturbances; the other is constrained to lie in polytopic
tubes with facets of fixed orientation, and the volume of the tube is optimized online. By permitting
only one subsystem to optimize locally at each time step, the new algorithm can ensure the
satisfactions of coupled probabilistic constraints in a distributed manner, while achieving low
communication costs and a flexibility in communication. The resulting optimization problem of
DSMPC is a convex optimization problem, which can be solved efficiently. The proposed DSMPC
algorithm guarantees recursive feasibility and stability for any choice of update sequence. A
numerical example illustrates the efficacy of the algorithm.

In order to provide guidance for practical applications, our future research focus will be on the
quantitative analysis of control performance of large-scale stochastic systems under different DMPC
algorithms, particularly sequential DMPC [8, 10], synchronous DMPC [23, 24], and iterative DMPC
[25, 26].

APPENDIX

Proof of Theorem 3.2. From (12), we have

Vpζp(i+ 1|k) = VpΨp(i|k)ζp(i|k) + VpΨ̄p(i|k)zp(i|k)

+VpB̄p(i|k)cp(i|k) + VpΨ̄p(i|k)εp(i|k).

Applying Lemma 3.1 and using the facts that Ψp(k) =
∑L

j=1(Ψ0
p + Ψ

(j)
p )q

(j)
p (k), Ψ

(j)
p =

A
(j)
p +B

(j)
p Kp, Ψ̄p(k) =

∑L
j=1 Ψ

(j)
p q

(j)
p (k), and B̄p(k) =

∑L
j=1B

(j)
p q

(j)
p (k), we can obtain (20)-

(21).

Proof of Theorem 4.1. If θp(i|k) ∈ B+

θ̃p
, i ∈ N≥N1 , it holds by (28) that

maxj ‖M (j)
p ‖∞‖θp(i|k)‖∞ + maxj(‖v(j)

p,l ‖∞ + ‖d̄(j)
p ‖∞) ≤ θ̃p. When zp(i|k) ∈ χlp, taking

norms on both sides of (32) and applying the triangle inequality, we conclude that
‖θp(i+ 1|k)‖∞ ≤ maxj ‖M (j)

p ‖∞‖θp(i|k)‖∞ + maxj(‖v(j)
p,l ‖∞ + ‖d̄(j)

p ‖∞), which yields
‖θp(i+ 1|k)‖∞ ≤ θ̃p. Hence, B+

θ̃p
is an invariant set of (32). This together with the assumption of

χlp ensures that χlp × B+

θ̃p
is an invariant set for the dynamics of (zp, θp) given by (31)-(32).
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The condition (29) is equivalent to ‖Mp‖∞θ̃p + β̄p + ‖fp,l‖∞ ≤ hp, which implies
‖Mp‖∞‖θp(i|k)‖∞ + β̄p + ‖fp,l‖∞ ≤ hp if θp(i|k) ∈ B+

θ̃p
. Furthermore, when zp(i|k) ∈ χlp,

the definitions of fp,l and β̄p guarantee that ‖Mpθp(i|k) + βip + ηTp zp(i|k)‖∞ ≤ hp. Hence, if
(zp(i|k), θp(i|k)) ∈ χlp × B+

θ̃p
, i ∈ N≥N1 , then (23) holds.

With similar arguments, if (zp(i|k), θp(i|k)) ∈ χlp × B+

θ̃p
and θ̃p satisfies (30) for each subsystem

p , then (25) also holds.

Proof of Lemma 5.1. Pre- and post- multiplication of (45) by [zTp (i|k) cTp (i|k)] and
[zTp (i|k) cTp (i|k)]T yields ∥∥∥∥[ zp(i|k)

cp(i|k)

]∥∥∥∥2

Wp

−
∥∥∥∥[ zp(i+ 1|k)

cp(i+ 1|k)

]∥∥∥∥2

Wp

= ‖zp(i|k)‖2Qp
+ ‖Kpzp(i|k) + cp(i|k)‖2Rp

.

Summing over i ∈ N will lead to (46).

Proof of Theorem 5.1. To prove recursive feasibility in (i), we must show the existence of
feasible solutions to PDp (xp(k);Z∗p (k)) at every time step, given an initial feasible solution for each
subsystem p ∈ P . Supposing that at time k0, a feasible solution to PDp (xp(k0);Z∗p (k0)) for each
subsystem p ∈ P is given by {cp(k0), zp(0|k0), θp(0|k0), θp(1|k0), . . . , θp(N1|k0)}, we will prove
that the candidate solution

{Tpcp(k0), zp(1|k0) + wp(k0), θp(1|k0), . . . , θp(N1|k0),

max
j
{M (j)

p θp(N1|k0) + VpΨ
(j)
p zp(N1|k0) + d(j)

p (N1)}} (63)

is a feasible solution to PDp (xp(k0 + 1);Z∗p (k0 + 1)), i.e., (63) satisfies constraints (48)-(54) at time
k0 + 1.

Firstly, for (48), since Vpζp(1|k0) ≤ θp(1|k0) at time k0 by assumption and ζp(1|k0) = xp(k0 +
1)− zp(1|k0)− wp(k0) by the definition of ζp, (48) is satisfied at time k0 + 1 for the choices of
zp(0|k0 + 1) = zp(1|k0) + wp(k0) and θp(0|k0 + 1) = θp(1|k0) in (63).

Next, the nominal system equation (49) is satisfied at time k0 + 1 directly. For i ∈ N≤N1−2,
the satisfaction of constraints (50)-(51) at time k0 + 1 follows directly from the assumption. For
i = N1 − 1, by taking θp(N1 − 1|k0 + 1) = θp(N1|k0) and zp(0|k0 + 1) = zp(1|k0) + wp(k0) in
(63) and using the fact that d(j)

p (N1) ≥ VpΨ(j)
p (Ψ0

p)
N1−1wp(k0) + d

(j)
p (N1 − 1), it holds that

M (j)
p θp(N1 − 1|k0 + 1) + VpΨ

(j)
p zp(N1 − 1|k0 + 1) + VpB

(j)
p cp(N1 − 1|k0 + 1)

+d(j)
p (N1 − 1) ≤ max

j
{M (j)

p θp(N1|k0) + VpΨ
(j)
p zp(N1|k0) + d(j)

p (N1)},

which implies that constraint (50) is also satisfied at time k0 + 1 for i = N1 − 1. Furthermore, by
Theorem 4.1 and the assumption that (zp(N1|k0), θp(N1|k0)) ∈ χN1−N

p × B+

θ̃p
, it yields that

Mpθp(N1|k0) + βN1
p + ηTp zp(N1|k0) ≤ hp.

Again taking θp(N1 − 1|k0 + 1) = θp(N1|k0) and zp(0|k0 + 1) = zp(1|k0) + wp(k0) in (63) and
utilizing the inequality βN1

p ≥ βN1−1
p + ηTp (Ψ0

p)
N1−1wp(k0), we obtain

Mpθp(N1 − 1|k0 + 1) + βN1−1
p + ηTp H

N1−1
p cp(k0 + 1) + ηTp (Ψ0

p)
N1−1zp(0|k0 + 1) ≤ hp,

and therefore constraint (51) is also satisfied at time k0 + 1 for i = N1 − 1.
As for (52), by calculating the values of c∗q(k0 + 1), z∗q (0|k0 + 1), and θ∗q (i|k0 + 1) according to

(55)-(58) and using the facts that

Ξ∗cq(i|k0 + 1) = Ξ∗cq(1 + i|k0) + |µTcq(Ψ0
q)
i|αq,

κic + µTcp(Ψ
0
p)
iwp(k0) +

∑
q∈Pc\{p} |µ

T
cq(Ψ

0
q)
i|αq ≤ κi+1

c ,
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it holds that (52) is satisfied at time k0 + 1 for i ∈ N[1,N1−2]. In addition, since the terminal
constraints (zp(N1|k0), θp(N1|k0)) ∈ χN1−N

p × B+

θ̃p
and (z∗q (N1|k0), θ∗q (N1|k0)) ∈ χN1−N

q × B+

θ̃q

are satisfied at time k0, and

Ξ∗cq(N1 − 1|k0 + 1) = Ξ∗cq(N1|k0) + |µTcq(Ψ0
q)
N1−1|αq,

it follows from Theorem 4.1 that (25) holds, which further leads to the satisfaction of (52) at time
k0 + 1 for i = N1 − 1. Thus, we can conclude that the candidate solution (63) is also feasible to
(52) at time k0 + 1.

Finally, it remains to show that (63) satisfies the terminal constraints (53)-(54) at time k0 + 1.
With the choice zp(0|k0 + 1) = zp(1|k0) + wp(k0) in (63), it follows from (31) that zp(N |k0 + 1) =
Ψ0
pzp(N |k0) + (Ψ0

p)
Nwp(k0), which leads to zp(N |k0 + 1) ∈ χ0

p in (53). In addition, since B+

θ̃p
is a

invariant set for (32) and ‖θp(N1|k0)‖∞ ≤ θ̃p by assumption, we can conclude that

‖θp(N1 + 1|k0)‖∞
= ‖max

j
{M (j)

p θp(N1|k0) + VpΨ
(j)
p zp(N1|k0) + d(j)

p (N1)}‖∞

≤ θ̃p.

So, by choosing θp(N1|k0 + 1) = maxj{M (j)
p θp(N1|k0) + VpΨ

(j)
p zp(N1|k0) + d

(j)
p (N1)} in (63),

(54) holds at time k0 + 1.
Hence (63) is a feasible solution to PDp (xp(k0 + 1);Z∗p (k0 + 1)). By recursion, recursive

feasibility of PDp (xp(k);Z∗p (k)), k = k0 + 1, k0 + 2, . . . , follows immediately, thereby completing
the proof of (i).

For (ii), since the constraints (51) and (52) incorporated in PDp (xp(k);Z∗p (k)) and recursive
feasibility of PDp (xp(k);Z∗p (k)) obtained in (i), the satisfactions of (13) and (14) follow from
Theorem 3.3, thereby ensuring the satisfactions of probabilistic constraints (3) and (4) by Theorem
3.1.

Proof of Theorem 5.2. Due to recursive feasibility in Theorem 5.1 (i) and the assumption that
up(k) = Kpxp(k) is the unconstrained optimal control law, {cp(0), cp(1), . . .} is in l2, which means
that cp(k) converges to zero as k →∞. Hence, the MPC control law up(k) = Kpxp(k) + cp(k)
converges asymptotically to the unconstrained optimal control law up(k) = Kpxp(k) which can
stabilize the subsystem by assumption, and meanwhile the state xp(k) converges asymptotically to
a set of states in which the constraints (8)-(9) are satisfied by applying up(k) = Kpxp(k).
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