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Compact objects evolving in an astrophysical environment experience a gravitational drag force
known as dynamical friction. We present a multipole—frequency decomposition to evaluate the
orbit-averaged energy and angular momentum dissipation experienced by point masses on periodic
orbits within a homogeneous, fluid-like background. Our focus is on eccentric Keplerian trajectories.
Although our approach is currently restricted to linear response theory, it is fully consistent within
that framework. We validate our theoretical expressions for the specific case of an ideal fluid,
using semi-numerical simulations of the linear response acoustic wake. We demonstrate that, for
a finite time perturbation switched on at ¢ = 0, a steady dissipation state is reached after a time
bounded by twice the sound crossing time of the apocentre distance. We apply our results to
model the secular evolution of compact eccentric binaries in a gaseous medium, assuming low-
density conditions where the orbital elements evolve adiabatically. For unequal-mass systems with
moderate initial eccentricity, the late-time eccentricity growth is significantly delayed compared to
the equal-mass case, due to the binary components becoming transonic at different times along their
orbital trajectory. Our approach offers a computationally efficient alternative to full simulations of

the linear response wake.

I. INTRODUCTION

Astrophysical bodies across a wide range of masses,
from stellar binaries to galaxy clusters, merge through
the loss of orbital energy. In non-vacuum environments
such as the interstellar medium or a dark matter halo,
this energy loss can be influenced by a drag force aris-
ing from the medium’s response to the gravitational dis-
turbance caused by the merging objects. This dissipa-
tive process known as dynamical friction (DF) is a fun-
damental ingredient in the hierarchical growth of cos-
mic structures [IHI5]. The study of this effect was pi-
oneered in [I], who calculated the DF force produced
by the density wake trailing a point mass moving uni-
formly through an infinite, homogeneous, and collision-
less medium. Since then, extensive work has been de-
voted to understanding the physics of dynamical fric-
tion along various perturber trajectories and in different
backgrounds, which include stellar distributions [16H27],
gaseous environments [10, 28441] and dark matter back-
grounds [42H58].

Gas dynamical friction plays in key role in binary
formation in gaseous environments [H9HG3]. For ex-
ample, in the active-galactic-nuclei (AGN) channel for
gravitational-wave source formation, tight black-hole bi-
naries are formed by dissipating their excess energy to
the AGN disc [e.g. B9, 64H68]. It is dynamical friction
which acts as the coupling mechanism between the bi-
nary and the energy reservoir (the disc) that enables this
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energy dissipation. Naturally, binary orbits, which start
unbound and later lose enough energy to the gas to form
a binary, are bound to be eccentric [e.g. [64]; therefore an
understanding of dynamical friction on eccentric orbits is
crucial to modelling this binary-formation mechanism.

In this work, we consider the dynamical friction (DF)
experienced by point masses on eccentric trajectories,
a process relevant to many astrophysical systems. Al-
though curvilinear orbits have received some attention in
the literature, most previous work has focused on circular
orbits [19] 33], B7, 69, [70], with the exception of [TTH73].
We concentrate on the evaluation of orbit-averaged dissi-
pation rates, which is significantly simpler than comput-
ing the instantaneous gravitational drag force. To this
end, we develop an approach based on a frequency and
multipole decomposition, valid for perturbers on generic
Keplerian orbits embedded in a homogeneous, fluid-like
medium with negligible self-gravity. While the formal-
ism is currently limited to linear response theory, it re-
mains self-consistent throughout. Our expressions for the
steady-state energy and angular momentum dissipation
rates eliminate the need for semi-numerical simulations
of the linear density response. They can be directly ap-
plied to study the effect of DF on the secular evolution
of compact, eccentric binaries in any astrophysical envi-
ronment that admits a fluid description.

The paper is organized as follows. In section [l we
spell out the derivation of steady dissipation rates of
orbital energy and angular momentum for a single per-
turber with arbitrary eccentricity, and compare our re-
sults to those of [37, [70] in the specific case of a circular
orbit. In section [[TI} we introduce the numerical simula-
tions used to validate our theoretical predictions in the
case of an ideal fluid, and discuss also the convergence of
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the simulations to a steady dissipation state. In section
[[V] we extend our harmonic approach to the case of two
perturbers on an eccentric Keplerian orbit, and apply
our results to calculate the orbital evolution of compact,
unequal-mass eccentric binaries under dynamical friction.
We conclude in section [V]

II. THEORY

We consider an (infinite) uniform and isotropic
medium characterized by a (Fourier space, retarded)
Green’s function G(w, k) where k = |k| is the wavenum-
ber. For example, G(w, k) = (c2k? — (w + i5)2)_1 in the
case of an ideal fluid with negligible self-gravity. This
medium is perturbed by a point mass moving on a fixed
eccentric orbit in the z — y plane with orbital frequency
Q > 0, semi-major axis a and eccentricity e. The point
mass has a density p,(t, ) = m, h(t) 6P (r—r,(t)), where
the time-dependent function h(t) is unity (zero) when the
perturbation is turned on (off) and 7,(¢) describe its pe-
riodic motion. To facilitate the analysis, we define also
an orbit-averaged Mach number M = Qa/c;.

A. Density wake

The gravitational interaction between the moving per-
turber and the medium generates a density wake in the
medium, which propagates outwards. Let ¢ be the grav-
itational potential sourced by the density wake and &p
be the overdensity of the background (the wake density).
The gravitational potential and the wake density are re-
lated through Poisson’s equation

V2p = 4nGép . (1)

To find an expression for ¢, we start from the perturba-
tion dp, which can be extracted from the fluid equations
of motion using Green’s theorem.

In the case of an ideal, non-gravitating fluid for in-
stance, the linearized fluid equations yield the driven
sound wave equation

9%6p

ot?
where the right-hand side encodes the gravitational dis-
turbance of the perturber. For the same point-like per-

turber but a general fluid-like medium, it can be shown
that the linear response wake density takes the form

2V26p = 4nGpyp, (2)

“+o0
dp(t,r) = 47erpﬁg/ / dt'h(t' e wE=t)
X /G(w7k) ik (r=mp () (3)
k

where [ = ifj;odw and [, = ﬁfd% for short-

2m
hand convenience. Furthermore, the function A(t) en-
codes whether the perturber is active or inactive. In a

steady state we have h = 1 at all times whereas, for
a finite duration or step-like perturbation turned on at
t =0, we have h(t) =1 for t > 0 and zero otherwise.

Let us Fourier expand the gravitational potential in-
duced by the trailing density wake:

ott.r) = [ [otw eitrn. (4)

Using Poisson’s equation in Fourier space, the gravita-
tional potential of the wake is given by:

P(w, k) = _(47TG)2mpﬁg (5)
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The force acting on the perturber can be easily read as:

“+o0
F,(t) = (47Gm,)?p, / / dt’ h(t') e7wt=t)
w — 0o

ik ik-(r, —r, (t
X kﬁG(w’k)ek(p(t) » () (6)
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It is proportional to (Gm,)? because the gravitational
field of the perturber does work on the fluid (and launches
the density wake), and the density disturbances exert a
gravitational pull on the perturber.

Finally, note that all these results are valid in linear
response theory, which we will assume throughout this

paper.

B. Orbital energy and angular momentum
dissipation

We calculate the work done by the wake on the per-
turber during an orbital revolution (defined as the time
interval between two pericentre passages) starting from

d¢ = 0;pda’ + ¢dt | (7)

where gi) = %d), and integrate d¢ on a path v going from
(b1, (1)) = (b1, 71) 1o (£, 7 (£2)) = (t2, 7). Here, ,(2)
describes the quasi-periodic motion of the perturber,
such that r,(t+7T') ~ 7,(¢t) where T = 27/} is the orbital
period. Therefore, upon setting to =t + 7T, we get

¢ = ¢(ta, r2) — P(t1,m1) (8)

oy
~ oty +T,r1) — d(t1, 1)

so long as the DF force is a small perturbation to the
perturber’s trajectory. This is equivalent to the Born
approximation in gravitational lensing (the effect of the



perturbation is computed along the unperturbed trajec-
tory). In steady state, ¢(t1 +T,71) = ¢(t1, 1) and the
integral vanishes. In this regime, Stokes’ theorem

A = [ o (9)

Ad¢:[{dxi8i¢+Ldt¢:0 (10)

in the Born approximation. Since —3d;¢ is the force per
unit mass acting on the perturber, the orbit-averaged
rate of energy dissipated due to dynamical friction is

thus implies

. mp§2 0
() = " Ldtat¢. (1)

This is equal to the work done by the sound wake on the
perturber (dynamical friction). Note that ¢ o« pp, i.e.
the time-dependence of ¢ arises only through the motion
of my,.

Likewise, the torque in the direction tranverse to the
orbital plane is

drL,
dt

Nz:mp(—rvarp¢)zz (12)

Therefore, the orbit-averaged dissipation rate of the z-
component of the angular momentum is

mpS2

(L) = 2% / Ao, (13)

2w

where ﬁz = ( -7 X Vrp)z. In general, we would also

d o\  mpQd =9
<dtL >_27;T/7dtL p (14)

with L2 = (rp X VTP)Q. However, since in our setting L
is oriented along the z-axis, (Lz> suffices to characterize
the dissipation of angular momentum.

C. Steady-state expressions

Steady-state expressions are characterized by 3 inte-
gers (j,1,m), which encode the energy and angular mo-
mentum of the sound waves.

On setting h(t) = 1 and substituting Eq. into
Eq. 7 we get

. Q (% e
(B) = —(4nGm,)?p, — / dt / a (15)
27 0 —o00
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Exploiting the periodicity of the unperturbed trajectory
1p,(t) and decomposing the result into harmonic modes
(see Appendix §A|for details), the orbit-averaged energy
dissipation rate can also be expressed as

(B) = —3271(Gm,)? 5,0 (16)
xﬁ%mg‘s{/o dk G(jQ, k) [ Ljom (K, €)| } ,

where $(z) is the imaginary part of z and the auxiliary
function I, (k, e) is given by
2 o
dAM jo(krp(M)) Y™ (8,(M)) e
(17)
For a bound Keplerian orbit, the mean and eccentric

anomalies, M and &, are related through M = § —esin¢.
The calculation of (L) proceeds analogously. Using

1
Ijgm(ki,e) = g o

IA/Z Y (£p) = —im Y™ (£p) , (18)
we obtain
(L.) = —32m(Gmy)*p, (19)
< > mcs{/ dk G(j, k) |Ijgm(k,6)|2} .
§#0,1,m 0

This expression is identical to (E) except for jQ replaced
by m. Note that, in equations and , the sum
over j excludes j # 0 (which does not correspond to a
propagating sound wave) while there is no such restric-
tion on (¢, m).

It is convenient to express the orbit-averaged energy
and angular momentum dissipation in terms of the fric-
tion coefficients Iy and I;,, which we define according
to

2
(B) = —4W<GSZ’) po I5(M,e) (20)
() = —an E G 1 M)

Note that Ip # I, when e > 0. _

The steady-state solutions for (E) and (L) depend on
the orbital geometry encoded in the quantity e, (k,e)
and the physical characteristics of the density wake en-
coded in the Green’s function G(w, k).

D. Computing the geometrical form factor I,

For convenience, we write
, —ym(T ()
Liom(k,e) =Y 2’ 0 gém(k‘a, e) (21)

where the functions

ggr)b(x,e) = % /j deg(x(rp(M)/a)) el(me—jM) (22)



satisfy géj)( e) = gé;jr)n(x,e) = (—=1)* ggg(—x,e). We
consider two approximations to géﬁ(m,e), which can
be validated through a direct numerical integration of
Eq. .

For small values of x = ka, we insert in Eq. . ) the
series expansion of the spherical Bessel function j,(2)
around z = 0. This leads to integrals of the form

2
/0 dM(%’) emeeT M — o X (e) | (23)

where the symbols X!™(e) denote the Hansen coeffi-
cients [74H76], whose basic properties are summarized in

Appendix §C] The Hansen coefficients enable us to recast

géﬁ(x e) into the series expansion

a Z q!(2q + 26 + 1)” <2) X e)
= Je(x) jm +0O(e) - (24)

For integer values of £, this series defines an entire func-
tion of x. We truncate it at some finite cutoff gpnax for
practical evaluations.

9 (z,e) =

For large values of x = ka, the function g(J )(x, e) can

be evaluated using the asymptotic expansion for spher-
ical Bessel functions together with the stationary phase
approximation for the computation of the integral over
the mean anomaly in Eq. (22). The detailed calculation
reported in Appendix §D]yields

) _ 1 g R
g9 (w,¢) = %xg/Q[sln(x<1 &)= gmt 1)

+ (=1)7t™ sin(x(l +e)— %ﬂ' - Z)]

+0(z7%?). (25)

We retain only the leading term of this asymptotic ex-
pansion, which corresponds to a superposition of two de-
caying sinusoidal functions with wavenumber k o< (1+£e).

In Fig. |1} these approximations are compared to a di-
rect numerical integration of Eq. . A fiducial value
of omax = 70 is assumed. The stationary phase approxi-
mation works best for large values of , while the Hansen
approximation is accurate for small arguments. At
fixed omax, the latter fails to converge at smaller values
of = as the eccentricity e increases.

E. The case of an ideal fluid

For the sake of concreteness, let us specialize our re-
sults to an ideal fluid of density p, and (adiabatic) speed
of sound ¢s. Unlike the collisionless case [I], where energy
and angular momentum are transferred through two-
body gravitational encounters, in the fluid case they are
transferred via the excitation of collective modes, such as
sound waves.
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FIG. 1. Comparison between the geometrical form factor

géwz (z, e) calculated using a direct numerical integration (blue

solid curve), the Hansen expansion (green dotted curve)
and the stationary phase approximation (red dashed
curve). Results are shown for (j,¢,m) = (1,0,0) and e = 0.6
in the top panel, whereas (7,¢,m) = (2,1,1) and e = 0.3 are
assumed in the bottom panel.

1. Friction coefficients

Consider first the circular case, for which 7, = a and
the unit separation vector is £, (t) = cos(Qt) X+sin(Qt) y
This yields

: T 1 [ o
Liom(k, e = 0) = jo(ka) Yy (5,0) o J, dM elm=nM
: ol T
= je(ka) Y, (5,0) Omj - (26)

Substituting the Green’s function of a homogeneous and
isotropic ideal fluid into the k-integral of Egs. ,,
we are left with a k-integral of the form

= je(ka)je(ka)
/0 dk 2k? — (jQ + ie)? 27)

aim (Jm(JM) GM) + je(GM)RLY 1(]./\/1))
22 2041 '

This result was obtained from the Residue theorem af-
ter decomposing j¢(x) into an incoming and an outgoing



wave, i.e. jy(z) = %(hél)(x) + hf)(x))7 and taking into
account the resonant poles ka = +(M+ie) and a pole at
the origin. Importantly however, the latter does not con-
tribute to (E) (because it yields a purely real contribu-
tion to the k-integral). Therefore, the friction coefficients
satisfy

15(M,0) = I1.(M,0) (28)

Lmax

=M N Cem(ﬂ mM)) ;

£=1 m#0
where the symbols

(£ —m)!

com = (20 + I)W‘ (0)

0" (29)
are introduced for shorthand convenience. Note that ¢,
is invariant under reflection m — —m. Eq. precisely
matches the tangential friction coefficient obtained for
the circular case [37]. Note also that the rates satisfy
(E) = Q(L.), which follows from F = —1QL, with L, =
L = m,a*Q = m,(Gm;)/3Q~1/3 (Here, m; > m,, is the
mass of a fictitious object located at the origin, which
would give rise to the correct Kepler’s laws for the single
eccentric object we are considering).

In the limit M — 0, we have X ji(z) — £ which implies
Ig(M) ~ M3, In fact, a small-M development shows
that, for £y, — 00,

IgM) =" 4 2 4 (30)

1. [1+M

= arctanh(M) — M = 2ln (1 ./\/l) M,
which converges for | M| < 1 (this was also noted in [56]).
Hence, in the subsonic regime, the steady-state circular
solution precisely agrees with the finite time linear ex-
pression [77], with the caveat that the latter is singular
at M = 1 while Eq. converges for any M > 0 so
long as the multipole expansion is truncated at some fi-
nite £max-

Consider now the eccentric case.  The function
9,0 (z,¢€), like ji(2), is holomorphic in the whole complex
plane for integer ¢ and admits a singularity at infinity
along the imaginary axis. A decomposition of g(J )(z, e)
into the eccentric analog of outgoing and incoming spher-
ical waves yields a pole at £ = 0 in the k-integrals of
Egs. and (19). However, this pole result in a purely
real contribution to the k-integral and, therefore, a van-
ishing contribution to (F) and (L,). For an eccentric
perturber, the friction coefficients are thus determined by
the resonant poles csk = £ solely, in complete analogy
with the circular case. They can be recast into

= MY e (dGMe) . 6Y)

7J#0 L,m

MY S P (i25M.0)"

j;ﬁOém

We have Ir > 0 always since ¢y, > 0. To see that I, > 0
(when L, > 0 as assumed here), note that the friction
coefficient associated with (& L?) is identical to Iy, except
for the replacement m — (I + 1). Finally, the condition
j # 0 ensures that, when e > 0, both Ig(M,e) and
I,(M, e) are proportional to M? in the limit M < 1, as
in the circular case.

2. Wake density

Our approach can also be used to calculate explicitly
the density wake launched in the ideal fluid by the eccen-
tric perturber. Appendix §B|shows that, in the steady-
state regime, the wake density perturbation is given by

the following superposition of outgoing sound waves,

dp(t,r) = 21pg/\/l Z Z] Y, (E) Y™ (f 0) (32)

7j#0 Ilm

et [ s 1 (%2

¢
r m(a m* (2,
D> [t S EY )
where rp = 2Gm,/c? is the Bondi radius of the per-
turber, ¢’ = @(M') is the azimuthal angle, ro =

min(r, 7)) and r~ = max(r,r,). The second term in the
right-hand side of Eq. is the contribution from j = 0.

For e = 0, the radial coordinate satisfies r, = a in-
dependently of time and the M’-integral returns a Kro-
necker delta 6;,,. As a result, we recover the circular
steady-state expression [70]

circ _ = T73 . T7<
dp°e(t, r) = 2mipg M " Z m]g<mM " ) (33)

l,m##0

< b (mm = . )Y E) Y (6 ()
1 rt
+ §pgTBZW<1|PKO(0)|2 ;
>

with r« = min(r,a) and r~ = max(r,a). For eccentric
orbits, the density perturbation at a radial coordinate
T > Tapo = a(l + e) larger than the apocentre distance
can be computed using the fact that ro = r, for all ¢'.

Expressing the M’-integral in terms of g(] ) (jM,e) yields
a sound wake density
T
T 0)
¢

(jM %) (34)

Xem a’ . W[
F2grn D5y YOV (30)

im

7 >Tapo — 5 B - m (= mM*
spm> _QmngzzzgYZ (1),
J

x ¢S (J (M, e)



outside the orbit falling off as r~' [[| as in the circular
case. In Section §IIIB| below, we confirm that these ex-
pressions match very well simulations.

III. VALIDATION WITH SIMULATIONS

We test the validity of our analytical expressions with
numerical simulations of the linear response of an ideal,
homogeneous and isotropic fluid.

A. Simulation setup

To simulate the acoustic wake induced by a point-like
perturber on an eccentric Keplerian orbit, we perform
three-dimensional, finite-difference time-domain (FDTD)
simulations on a cubic grid. These simulations solve the
linearized continuity and momentum conservation equa-
tions

5p+ 5V =0 (35)

. )
w+c§ﬁi:—¢p,
g

where ¢, is the gravitational potential of a point mass,
for the velocity potential ¥ and the fluid density pertur-
bation dp, such that v = V4 is the velocity field.

The simulations grid includes N x N x (N/2) cells ow-
ing to the symmetry of the perturbations relative to the
orbital (z — y) plane. By construction, these simulations
implement a finite time perturbation initially located at
pericentre and active for ¢ > 0. To ensure the valid-
ity of the linear response, the spatial curbical grid is
chosen such that its spatial resolution is coarser than
the Bondi radius, albeit significantly finer than the char-
acteristic orbital scale a. The perturber is assigned a
gaussian density profile of width ¢ = 0.1a, which is re-
solved by the grid cell spacing Az, ranging from 0.01a
to 0.03a. The simulation time is such that the per-
turber completes two orbital revolutions. We restrict
ourselves to Mach numbers 0 < M < 2.5 to ensure
that a steady state of energy and angular momentum
dissipation is reached by the end of the simulations (cf.
Section . The grid length L is chosen to fully
enclose the density perturbation at all times, ensuring
that boundary effects can be neglected. In practice,
the grid length is set to 2 X (¢;T 4+ a) x 1.05 since the
acoustic wake starts its propagation from the focal point
r = (a(1 — €),0,0) for a period of 27". The simulation
time steps are constant intervals of eccentric anomaly
A¢. The choice A¢ = 1QAz/(vV3max(cs, vperi) (1 + €)),

L This can be seen by considering the monopole (¢ = 0) contribu-
tion and substituting the spherical Hankel and Bessel functions
with their asymptotic expansions.

where vperi = Qay/(1 4+ €)/(1 — e) is the maximal veloc-
ity of the perturber, guarantees that the CFL (Courant-
Friedrichs-Lewy) condition is satisfied for both the per-
turber’s velocity and the medium sound velocity. In this
regime, refining the resolution does not affect the results
noticeably.

Our analytic framework involves multipole expansions,
which are truncated in practice at a maximum angular
multipole £.x. In real astrophysical systems, fyax iS
determined by physical scales such the size of the per-
turber’s Bondi radius etc. In simulations, .« is set by
the finite angular resolution. For a perturber located at
radial distance R, the truncation of the multipole expan-
sion implies that the smallest resolvable azimuthal wave-

length is Apin = ?”—R. This is analogous to a spatial reso-
lution Az.g = =& in the tangential direction. To ensure

Linax

a consistent comparison between the simulated and the-
oretical rates of dissipation, we apply a time-dependent
low-pass filter in Fourier space to the simulated gravita-
tional potential, retaining only modes with wavenumber
k| < x7—. This procedure -— which depends on the
distance between the perturber and the origin -— effec-
tively imposes the same angular resolution limit as the
multipole cutoff in the analytic approach. By contrast,
the simulated radial force acting on the perturber is cal-
culated without a low-pass filter since the radial compo-
nent in the analytical formulation has infinite resolution
(the k-integral in equations and runs from 0 to
00).

Our analytic expressions Eq. involve also a sum-
mation over j, which is restricted to the range —jmax <
7 < jmax for practical evaluations. The value of jy.x is
set according to the maximum frequency wmax = Jmax$?
resolved by the simulations, for which we can get a
rough upper bound using wmax ~ At~' with At =
(1 —ecos&)Q AL Our choice of A yields a minimum
time interval

At Az (36)

(1+¢)2Qa maux(/\/lfl7 E)

and, therefore,

Jmax S (Sx) (1 + €)*max (M—l, E) (37)

Our simulation setting with a resolution a/Ax ~ 10—102
thus implies, in principle, jmax ~ O(10 — 10?) with a
noticeable dependence on the Mach number (mainly in
the subsonic regime) and the eccentricity.

B. Acoustic wake

The acoustic wake never reaches a steady state since
the wavefronts emerging from the perturber, which de-
termine the ”information sphere”, have a finite radius
bounded by c,t at time ¢t. Nevertheless, we can still ask
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FIG. 2. The acoustic wake overdensity dp/py in the orbital plane of a perturber with e = 0.6 and M = 1.
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Left panel:

overdensity extracted from the FDTD simulation after two orbital revolutions, decomposed via a multipole expansion up to
13th order. Middle panel: steady state overdensity, computed by Eq. with the cutoffs fmax = 13 and jmax = 20. Right
panel: overdensity after two complete cycles computed with the roots methods decomposed with multipole expansion up to
the 13th order. In all panels, the white, dashed ellipse and the white dot denote the Keplerian path of the perturber and its
current location, whereas the outer (yellow) and inner (white) circles mark the boundaries of the steady-state and information

sphere, respectively.

how the density wake behaves inside this sphere. The
wake velocity field v can be calculated from the linearized
momentum conservation equation,

0 op  Gmy
Do 2wl 2y 1) (38)
ot =0

For a finite time perturbation turned on at ¢ = 0, a

steady-state density wake can be established only at
times ¢t > a(l + e)/cs, within a sphere of radius r =
cst —a(l + €) (see Appendix §B).

The steady-state acoustic wakes extracted from the
simulations and computed with the direct method (Eq.
are compared in Fig. |2 for an eccentric perturber
with e = 0.6. Results are shown after the perturber has
completed two orbital cycles. The simulated wake ap-
pears somewhat smoother due to numeric artifacts aris-
ing from the grid resolution of the FDTD simulations. On
applying a Gaussian filter of width o = 0.05a to mitigate
the resolution dependence, we obtain a relative error be-
tween 8 pgim and dp" > "o of less than 2% throughout most
of the steady-state region, except in small areas where ép
approaches zero. The error between ¢pgreen and dp" > Tave
is much smaller, as expected, since the direct method is
spatially accurate, unlike the FDTD simulation which is
limited by grid resolution.

Energy is continuously injected into the wake by the
perturber, which remains locked on a fixed eccentric tra-
jectory. The average energy flux through a sphere of
radius r, which is second order in the perturbations, is
given by

F) :/S(Spv-dS, (39)

where dS is a infinitesimal surface element. Far from the
origin, in the limit r — oo and t — oo such that the

wake has reached a steady state up to the radius r, we
find (F) = (F). This implies that the energy required to
maintain the mass on its fixed orbit is entirely transferred
to the wake. It is worth noting that, in this long-time
limit, the total energy carried by the sound wake formally
diverges because energy has been continuously injected
for an infinite amount of time.

C. Convergence to a steady dissipation state

Although the acoustic wake never reaches a steady
state throughout the entire volume in finite time, the
orbit-averaged rates of energy and angular momentum
dissipation do. Namely, (F) and (L.) become time-
independent after a time #gjeady < 00.

Since the FDTD simulations evolve a finite time per-
turbation, the simulated DF force is given by Eq. @ with
h(t") =1 for ¢’ > 0. Therefore, to estimate tseady, it is
sensible to consider the dissipation rate (E)(ty) of energy
in the time interval [tg, to + 27/, which is given by

(E)(to) = (47erp2pg /tt0+ndt/// dt’  (40)

« h(t ) (Z’;) G(w, k) ik (rp(t)—rp (') —iw(t—t’ )

Focusing on an ideal fluid and assuming that the per-
turber is at pericentre passage at ¢t = 0, Appendix {A]
shows that a steady state of energy dissipation is achieved
at the earliest time ty that satisfies the condition

/
rp—i—rp

Cs

to>ca(t,t) = —t Vt,t' €[0,2n/Q), (41)
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FIG. 3. Upper panel: Eccentric path of a supersonic per-

turber with eccentricity e = 0.6 (blue ellipse) along with the
initial information sphere coming from a(1 — e)& (orange cir-
cle). The close focus point is at the origin, while the far focus
is at —a(14e)Z. Distances (i) and (4i) such that D = (7)— (4¢)
(see main text) are shown with the black arrows. Lower panel:
Characteristic timescale tsteady to reach a steady dissipation
state (of energy and angular momentum) when the perturber
is turned on at ¢ = 0. The steady-state time tsicaqy is com-
puted from Eq. . It is plotted in units of the sound cross-
ing time fcrossing = 2a/cs. The dashed horizontal lines indi-
cate the asymptotic behavior of the steady state time at high
Mach number, where tseady — (1 4 €)tcrossing. The circles
mark the breaking points occuring at the critical Mach num-
ber Mcrit. They are calculated using Eq.. Results are
shown for different eccentric orbits as a function of the aver-
age Mach number. For a circular perturber, tstcady = tcrossing
regardless of the perturber’s velocity.

where 1, = r,(t) and 7, = rp(t'). Note that Eq. (41)
applies to any periodic motion inside an ideal fluid. Any
perturber moving in periodic motion from ¢ = 0 onward
will reach a steady-state dissipation regime due to DF,
after a finite time determined by the maximum of the
function c4(¢,t') along its trajectory.

To determine the steady-state time fgcady, it is more
convenient to parametrize the orbit with the eccentric
anomaly and consider
! a ! 1 .
e+ (§,¢) = —(2—e(cosE+cos¢’)) — ﬁ(f—esmf) (42)
S

C

This way, Eq. defines tgeady as the least upper bound
(supremum) or, equivalently in our context,

tsteady = maX(CJr (ga 5/)> V£7 f/ € [05 27T] : (43)

For small eccentricities e < 0, the maximum is reached
for ¢ = 7 and £ = 0. For an eccentricity 0 < e < 1, the
maximum is obtained upon setting £ = 7 and £ = &y,
where &« is either the real root

Emax = T — arcsin (6/\41“) — arctan (/\1/1> (44)

of d%ch(g, &') = 0 or &nax = 0 if there is no such root.

When £ = &h.x = 0, steady state is achieved after
one sound crossing time tcrossing = 2a/cs of the system,
as in the circular case [37]. We find that this occurs as
long as the far focus of the ellipse is closer to the in-
formation sphere originating from the pericentre than to
the perturber, throughout time. To determine when the
perturber overtakes the wake, we consider the difference
D between two distances: (i) the distance from the per-
turber located at 7, to the far focus, and (ii) the distance
from the information sphere — originating at the pericen-
tre — to the far focus. Since the latter expands at the
sound speed ¢, we have

D = |r,(t) + 2aeX| + ¢st — a(l — e) — 2ae , (45)

where X is a unit vector along the semi-major axis (-
axis), oriented toward the pericentre. A illustration of
distances (i) and (ii) is shown in the upper panel of Fig.

At the start of the motion, D = 0 and the perturber
moves in the y-direction, so D increases. If the perturber
is fast enough, D can later decrease, and with sufficient
speed, it can even become negative. At the end, the
information sphere reaches the far focus while the per-
turber never does. Therefore, D must end up positive. If
D becomes negative, then there exists a minimum value
Din < 0. Its existence is linked to the real root Eq. ,
which determines the maximum of ¢;. When Dy, < 0
or, equivalently, &max > 0, the steady-state time exceeds
the crossing time. This happens for Mach numbers above
a critical value M. For M > My, we find that
lsteady computed from Eq. increases with M and
agrees perfectly with the maximal difference between the
two distances defined above, i.e.

té\t/é;(ﬁ,/lcrit = tcrossing — Dmin/cs . (46)
This expression asymptoticaly approaches (1+€)tcrossing;
which corresponds to the crossing time of twice the apoc-
entre distance. Appendix §A] demonstrates that a steady
dissipation rate of angular momentum is reached on the
same timescale.

The steady-state time tgcady is shown in the lower
panel of Fig. 3] as a function of M for different choices
of e. The breaking points at the critical Mach number
Merie, as well as the asymptote (1 4 €)tcrossing, are also
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FIG. 4. Upper panel: Steady dissipation rate (of energy) for
e = 0.9 as a function of jmax for different values of M as indi-
cated in the figure. The absissa of the open triangles matches
the value of /g measured in the FDTD simulations. The solid
curves show the dependence of the theoretical predictions on
Jjmax assuming a fixed value of lnax = 13. Lower panel:
Steady dissipation rate as a function of Mach number for two
eccentricities. All data were computed from the theoretical
prediction, Eq. , assuming jmax = 20 and fmax = 13.
Open circles represent values obtained via direct numerical
integration of the functions géiﬁ(z, e). The solid curves corre-
spond to results using the ”Hansen” series expansion Eq. ,
with gmax = 70 (see text for details). The results for e = 0.3
have been shifted vertically to enhance the clarity of the plot.

indicated in the plot. For circular motion, both foci co-
incides and the perturber does not get closer to either
of them. Therefore, there is no breaking point. Overall,
the timescale for convergence to a steady state increases
with the eccentricity.

D. Steady dissipation rates

In the FDTD simulations, the work and torque exerted
by the acoustic wake on the perturber are computed from
the wake gravitational potential and the resulting force
field. These are obtained by a convolution of the per-
turbed density with the Newtonian Green’s function ker-

nel —¢_ which allows for a direct evaluation in real

[r—r’|>
space.

To obtain reliable measurements of the orbit-averaged,
steady-state dissipation rates (E) and (L.), the system
must reach a steady state within a small fraction of the
simulation time (two complete orbital revolutions). Since
Lerossing = 7Y MT, where T is the orbital period, Fig.
shows that, for eccentricities e < 0.9, choosing a Mach
number M S 2.5 implies that a steady state is reached
on a timescale tsteady < T. In this case, the second,

simulated orbital revolution can be used to measure (F)
and (L.).

In astrophysical systems, the effective frequency cut-
off jmax is infinite, while the effective multipole cutoff
lmax < oo and depends primarily on the Bondi radius
of the perturber, which defines the region within which
sound waves do not propagate freely. In the FDTD
simulations, jmax < 0o due to the finite time resolu-
tion, whereas fiax is set by the grid resolution. The
value of /.« can be determined by a fit to the circu-
lar results, which are independent of j,.x. We find that
lhax = 12 — 13 yields a good fit to Ig(M,e = 0) for
M < 3. By contrast, Eq. (37) suggests that the ac-
tual value of jnax varies strongly with M and e, and
could be significantly larger than /,,,,. The top panel
of Fig. [4 which illustrates the dependence of Ir on the
choice of jmax, confirms this expectation. The absissae
of the open triangles, whose ordinates match the values
of Ig(M,e = 0.9) measured from the numerical data,
indicate that the effective jyax in our simulations lies in
the range jax ~ 10 — 100 and decreases markedly with
increasing M. We will not pursue this avenue further
and, for simplicity, adopt a single value of jy,ayx in our
theoretical predictions.

The top panel of Fig. [4] also demonstrates that, while
large effective values of jimax > 1 are required in the sub-
sonic regime to accurately capture DF on eccentric orbits,
the lowest frequency modes are sufficient to recover the
correct dissipation rates in the supersonic regime. Even
though the theoretical predictions presented hereafter

rely on a direct numerical integration of géfyz (jM,e), this
property could be leveraged to devise fast estimations of
Ir and I based on the Hansen series expansion. For
example, the solid curves in the bottom panel of Fig. []
are approximations to Ig with jnax = 20, fhax = 13
and using the Hansen series expansion of géiz (jM,e) re-
stricted to [ M| < 30 (for e = 0.3) and |jM| < 25 (for
e = 0.5). These estimates agree with the results of a
direct numerical integration of gg,)L (M, e) (open circles)
to within 1.5% in the range M < 5, but require signif-
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FIG. 5. Steady-state friction coefficients Ir(M,e) (left panel) and I (M, e) (right panel) for various eccentricities. The solid
curves show the theoretical prediction, Eq. , assuming the uniform cutoff jmax = 20 and £max = 13. Open triangles indicate
the measurements extracted from a simulation of the linear response acoustic wake (see text for details).

icantly less CPU time to compute El For M > 1 (not
shown in the figure), using only the leading, O(M~3/?)
term of the stationary phase approximation, Eq. ,
to evaluate the dissipation rate yields a vanishing fric-
tion coefficient at certain values of M. In this regime,
it is therefore necessary to include higher order terms in
the asymptotic expansion of the spherical Bessel function
(only the dominant one is included in Eq.(D3)). These
contribute corrections of order O(M~5/2) and higher.

Fig. [5] displays the corresponding friction coefficients
as a function of the Mach number for a range of eccen-
tricities, 0 < e < 1. The open triangles indicate the
measurements extracted from the simulations. The solid
curves show the theoretical predictions from Eq. ,
computed using the single cutoff values jmax = 20 and
lmax = 13, as motivated above. At fixed eccentricity,
(E) and (L.) do not reach their maximum at the same
Mach number because the energy dissipation depends on
both the tangential and radial components I and F;. of
the DF force, while (L,) depends only on Fy. At high
Mach number, the stationary phase approximation shows
that Ig and I, scale like M~2.

E. Highly eccentric orbits

For highly eccentric orbits with |1 — e| < 1, a limiting
expression for the steady-state dissipation rates can be

2 To estimate the steady dissipation rates using the Hansen se-
ries expansion, we first pre-compute the Hansen coefficients re-
cursively and store them in a cache file. With coefficients
pre-computed, the evaluation of Ip and I; with jmax = 20,
fmax = 13 and our fiducial value of omax = 70 (see Appendix
only takes a few milliseconds of CPU time.

obtained using

T (0<&<m)

lim (&) = —7m (r<&<2m)

e—1—

(47)

As a result, gggb(x,e) converges to lim,_,;- g(j)(x,e) =

(=)™ f(x), with o
1 [ . .
firw) == [ aM (ot On) ) cos(idr) ()

Substituting gg,z (x,e) = (—1)"fe(x) in Eq. yields
the friction coefficients shown as the black solid curves in
Fig. |5l Note that I, vanishes in the limit e — 1~ because
the orbital angular momentum also vanishes in this limit,
leaving no angular momentum to be extracted.

IV. ORBITAL EVOLUTION OF A COMPACT
ECCENTRIC BINARY

Our results can be used to track the secular evolution
of a (compact) Keplerian binary characterized by a semi-
major axis a, eccentricity e and companion masses q1my,
gamp where ¢ > g9 by definition and m; is the total
mass of the binary.

A. Secular evolution equations

The instantaneous rate of change of the orbital ele-
ments a and e is given by [75] [78]

R a -

. 1—¢€? 1 . 1.
= () (et rt)
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FIG. 6. Steady-state friction coefficients for a compact binary of eccentricity e = 0.7, with mass ratio ¢ = ¢2/¢1 = 1, 1/3 and
1/10 as indicated in the figure. Results are shown as a function of the characteristic Mach number M = Qa/cs, where Q and

a are the binary frequency and semi-major axis.

where E and L are the instantaneous rate of energy
and angular momentum dissipation. For a medium with
a small enough average density p,y, the characteristic
timescales 7, = |a/a| and 7. = |e/é| over which the or-
bital elements vary can become much longer than the
steady-state time Eq. , ie. T4, Te > fsteady- In
this regime, we can assume that the compact binary
evolves through an adiabatic sequence of steady dissipa-
tion states, with £ ~ (F) and L ~ (L.) approximately
equal to the orbit-averaged dissipation rates of the binary
energy and angular momentum. Details of their compu-
tation can be found in Appendix §E| The results can be
recast in the form of Eq. , with

MY Y e

j#0 £,m
2
(Q2 gem(QUM 6) ( 1) q1 gém(qQJM 6))

S Y ",

j;éOZm

(50)

(Q2 gim(@iM,e) + (=1) a1 gy (425 M, e))2 .

Here, M = Qa/c, as in the single perturber case. The

functions g(J ) (¢ijM, e) can be calculated with the meth-
ods discussed in Section §ITD] The steady-state friction
coefficients from Eq. are shown in Fig. [6] for several
values of the binary mass ratio ¢ = ¢2/¢1, assuming a
fixed eccentricity e = 0.7. As the mass ratio decreases,
the friction coefficients become less peaked. These re-
sults assume that the self-gravity of the sound wake can
be neglected, as in the single perturber case discussed in
the previous sections.

Concretely, we evolve the binary system according to

1/2

a= —SWGI/Qmch

/2 ﬁg IE(M7 6)
Hb

(51)
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FIG. 7. Contours of constant é in the plane e-M,, for a binary
mass ratio ¢ = 1/3, assuming jmax = 20 and fmax = 13. The
thick black contour indicates the zero level. Regions with
é > 0 are shown in red, while those with é < 0 appear in
blue.
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where pp is the reduced mass, and recall that these
really are secular rates of change since the dissipation
rates are averaged over one orbital period. The quantity
V1 —e2Ig — I, which determines the sign of ¢, can be
positive or negative depending on e and M. It vanishes
for e = 0 and in the limit e — 1~ regardless of the binary
mass ratio (thls follows from g(j)(:zt,e) — (=)™ fje(x)
and c¢,_m = C¢m). For illustration, Fig. El shows the

pg) for bi-
nary mass ratio ¢ = 1/3. Contour levels are shown in the

1/2
rate of change é (in unit of 471'G1/2%a3/2



plane e - M, where

_ M Jlte
M= g Vi-e %2

is the Mach number of the lighter companion at pericen-
tre. For eccentricities e < 0.6, there are two separate
regions in which é < 0 and orbits circularize. For large
values of M,, é is positive throughout most of the e -
M, plane, suggesting that all the orbits eventually be-
come highly eccentric.

B. Comparison to previous work

Numerical simulations of the dynamical friction act-
ing on a compact binary system have been presented in
[69, [72] using a semi-numerical model based on linear
response theory. In particular, Ref. [72] analyzed how
the drag produced by an ideal fluid affects the secular
evolution of equal-mass, compact Keplerian orbits.

In the left panel of Fig.[8] the thick dotted curves show
two orbital evolution tracks extracted from Fig. 15 of
[72], plotted in the e-M, plane. These integral curves
were computed from a discrete sample of the vector field
(6, M,) (see [12] for details). The thin solid curves are
solutions to the secular equations , with initial con-
ditions marked by filled circles and chosen to lie on the
evolutionary tracks of [72]. Our orbital evolution tracks
assume {pax = 12, as motivated by the comparison in [72]
with the drag force measured by [69] for an equal-mass,
circular compact binary (This drag force is reproduced by
the analytical solution of [37] when £y, ~ 12). In con-
trast, we have considered two widely separated values of
Jmax — 4 and 150 — to emphasize that the effective jyax of
the simulated tracks computed in [72] varies significantly
across the orbital evolution.

We find that, at fixed {1,.x = 12, the effective jpax re-
quired to match their results is significantly larger during
the early, subsonic stage of the orbital evolution. This is
consistent with the trend observed in our simulation of a
single eccentric perturber, see Fig.[d To understand why
the high eccentricity case is off relative to [72] in the early
stage of its evolution, note that in the simulations of [72]
distances from the point masses shorter than r,;, = 0.1a
do not contribute to the force (like in [69]). As discussed
n [37], this is analogous to an azimuthal resolution of
:}—R — where R is the binary separation — which corre-
sponds to an effective multipole cutoff £, < 0o. How-
ever, while for a circular binary R = a and /.5 is thus
constant throughout the orbit, a(l —e) < R < a(l + €)
for eccentric motions. This implies that ¢,,., will change
with the orbital phase, unless ry, is varied during the
simulation such that /.« remains constant. We have
ignored this complication in the comparison with [72].

The vector field (¢, M,,) shown in the right panel of
Fig. [§] illustrates the flow of orbital trajectories in the
e-M,, plane for equal-mass binaries, as in Fig.12 of [79].

12

The white arrows show the results of [79], sampled on
a regular two-dimensional grid. These are compared to
our predictions, shown as cyan arrows, which are ob-
tained from Eq. using the relation between M,
and the time derivatives @ and é of the orbital param-
eters. We have assumed /. = 12 and, for simplicity, a
fixed jmax = 20. Note that, while M > 0 always (since
the binary loses energy), Mp can be positive or nega-
tive depending on é. We observe that é is negative for
strictly subsonic motion, positive for strictly supersonic
motion and changes sign for transonic motion, in agree-
ment with the findings of [72]. We find slight deviations
from the measurements of [79] presumably caused by the
M-dependence of the effective frequency cutoff jyax in
their simulations.

To conclude, note that when fn,« < 15, numerical
estimates of the friction coeflicient I, can yield negative
values in the regime M > 1 due to the sensitivity of
the alternating sum to numerical errors. Therefore, it
is important to use effective multipole cutoffs of at least
Cmax ~ 20 to ensure that the orbital trajectories are well-
behaved deep in the supersonic regime. For ¢, = 20,
we find that orbits converge at Mach numbers M,, 2 2
if jmax 2 20.

C. Sensitivity to the binary mass ratio

Fig. [9 shows the dependence of the secular binary evo-
lution on the binary mass ratio q. Results are shown
for ¢ = 1, 1/3 and 1/10, assuming three different ini-
tial conditions with initial eccentricities e; = 0.3, 0.6 and
0.9. Furthermore, we have assumed jpax = fmax = 20 to
ensure convergence at high Mach numbers (see above).
The left panel focuses on the early time evolution of the
binary orbits, which are shown in the e-M, plane to
facilitate comparison with Fig.

Dynamical friction reaches a local maximum whenever
the pericentre velocity of a binary component is com-
parable to cs. For equal-mass binaries, eccentric orbits
approaching the sound barrier from below tend to cir-
cularize, as the strongest drag is experienced at pericen-
tre. Once they become supersonic, however, the drag is
strongest at apocentre and causes the orbits to become
more eccentric (see [71], [72] for a detailed discussion of
this effect). As seen in the left panel of Fig. @ a mini-
mum eccentricity is reached when M, ~ 1 — 2 when the
orbit becomes transonic.

For unequal mass binaries, the compact objects do not
reach the sound speed at the same time. Since the Mach
number of the more massive companion is ¢gM, < M,
the lighter object becomes transonic before the heavier
one for ¢ < 1. As a result, local eccentricity minima
occur twice along an orbit, first for the lighter compan-
ion at M, ~ 1 and then for the massive companion at
M,, ~ g~ (since the pericentre velocity of the massive
companion is gM,). Fig. |§| shows that the timing of
these events sensitively depends on the value of ¢ and
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FIG. 8. Left panel: Comparison between the orbital evolution of an equal-mass binary (¢ = 1) predicted by the semi-numerical
approach of [72] (thick dotted curves) and our analytical formulation (thin solid curves). The latter assume a fixed value of
lmax = 12 and two different choices of jmax as indicated in the ﬁgure_. Results are shown in the e - M, plane for two different
orbits. Right panel: Magnitude and direction of the vector field (é, M,), which determines the flow in the e - M,, plane. The
results of [72] are shown as the white arrows. Our results shown as the cyan arrows assume fmax = 12 and jmax = 20. The

dashed lines divide the grid into a subsonic region where M,, < 1, a supersonic region where M,, > ¢ and a transonic region

in between.
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FIG. 9. Binary orbital evolution in the plane e - M, (left panel) and e - a (right panel) for various initial conditions and
binary mass ratios ¢ = 1, 1/3 and 1/10. Time flows from bottom to top (toward large M, and small a). All these theoretical

predictions assume jmax = fmax = 20.

e. For ¢ = 1/3, a second eccentricity minimum is visible
at M, ~ 3 — 6 (consistent with the location of the blue
region with é < 0 in Fig. whereas, for ¢ = 1/10, a
second eccentricity minimum occurs at M,, 2 10.

These local eccentricity minima are more apparent for
all mass ratios considered in the right panel of Fig. [0
which shows the long-term orbital evolution in the e - a
plane. The filled circles at the end of the orbits mark
the point at which 1 — e < 1076 is reached for the first
time. All orbits eventually attain high eccentricity, but
this occurs at smaller values of a — that is, after a larger
amount of energy has been dissipated via dynamical fric-
tion — the smaller the binary mass ratio. This delay is
due to the second local minimum in the evolution of the

orbital eccentricity.

V. CONCLUSIONS

We have used a multipole—frequency decomposition to
calculate the shape of the density wake and the dynami-
cal friction (DF) induced by a point-like perturber on an
eccentric orbit within a homogeneous, fluid-like medium.
Our results are valid within the framework of linear re-
sponse theory and in the regime where the self-gravity of
the acoustic wake can be neglected.

We have shown how the orbit-averaged, steady dissipa-
tion rates of orbital energy and angular momentum, (F)



and (L), can be evaluated for arbitrary medium Green’s
functions and eccentricities. We have derived explicit ex-
pressions for (E) and (L), as well as the steady-state
acoustic wake, in the specific case of an ideal fluid where
energy and angular momentum are carried away from the
perturber exclusively through sound modes. These pre-
dictions have been validated with numerical simulations
of the linear density response produced by a perturber
switched on at pericentre at t = 0.

For such a finite-time (step-like) perturbation, the
orbit-averaged rates of orbital energy and angular mo-
mentum dissipation reach a steady state after a finite
steady-state time tstcady, Which we have computed for
generic eccentricity and Mach number. At fixed eccen-
tricity, the steady-state time is bounded by 2a/cs <
tsteady < 2a(1 4+ €)/cs. To gain physical intuition, note
that the steady-state acoustic wake appears at the ori-
gin after a time ¢t = a(l + e)/c, following the activa-
tion of the perturber at ¢ = 0. Since the radius of the
steady-state density region grows at the sound speed, cst,
the lower bound 2a/c, corresponds to the time required
for the steady-state wake to reach the pericentre, while
the upper bound 2a(1 + e)/cs corresponds to the time
required to reach the apocentre. Were the fluid’s self-
gravity turned on, these bounds would remain valid for
perturbation wavelengths much smaller than the Jeans
scale.

‘We have applied our results to model the secular evolu-
tion of unequal mass, compact Keplerian binaries embed-
ded in a homogeneous ideal fluid (which can be regarded
as a zeroth order approximation to a realistic ” gaseous”
medium). We have assumed small medium densities,
such that the orbital elements vary on a timescale much
longer than fsicady. In this approximation, compact bina-
ries evolve through an adiabatic sequence of steady dis-
sipation states. Dynamical friction reaches a local max-
imum whenever the pericentre velocity of a binary com-
ponent is comparable to cs;. For equal-mass binaries, our
evolution tracks recover the early circularization and the
late-time eccentricity growth discussed in [71], [72]. For
unequal-mass binaries, we find that the smaller the mass
ratio ¢ < 1, the longer the system spends at low eccen-
tricities (for initial eccentricities e; < 0.6). This is due to
the fact that the binary companions do not become tran-
sonic at the same time, so that local eccentricity minima
occur twice along the orbit. As a result, the late-time
orbital eccentricity growth is significantly delayed in sys-
tems with ¢ < 1.

In the harmonic approach used here, practical evalu-
ations of the dissipation rates depend on the frequency
and multipole cutoffs, jmax and £pax. In linear response
theory, DF is divergent in the limit ¢, — oo for super-
sonic circular orbits [37], and we expect a similar diver-
gence to persist for eccentric orbits. Therefore, while in
a fully nonlinear approach (beyond the scope of this pa-
per) the magnitude of DF would be fully determined by
the underlying physics (fluid equation of state, accretion
onto the perturber etc.) once £, is sufficiently large, in
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linear response theory it remains sensitive to the exact
value of nax. As a rule of thumb, /.« should increase
with decreasing r5/a, where 5 is the Bondi radius of the
perturber (within which there are no freely propagating
sound waves), and a is the semi-major axis. We have
considered several numerical techniques to accelerate the
evaluation of the dissipation rates, which can be compu-
tationally expensive when the frequency and/or multi-
pole cutoffs are large. These numerical methods should
help exploring a wider range of compact binary systems
— including extreme binary mass ratios, dissipation via
gravitational wave emission, wave-like dark matter back-
grounds — within a relatively short computational time.
Our harmonic approach can also be extended to collision-
less media such as stars and dark matter.

In the first part of this work, we considered a single ec-
centric point-mass perturber and treated it as an external
perturbation. In reality, such a point mass must be grav-
itationally bound (either by a smooth density profile or
by another point mass) in order to move on a Keplerian
orbit. In the second part, this eccentric Keplerian orbit
naturally arises when we track the motion of a compact
binary. Still, our computation of DF for the configu-
rations considered here does not take into account the
motion of the fluid in the gravitational potential respon-
sible for the eccentric motion. This effect is significant
within the Bondi radius of compact gravitational objects,
where the fluid develops a net infall velocity that leads to
growing (nonlinear) densities according to the continuity
equation. As a result, it generates density and pressure
gradients in the accreted medium and modifies the struc-
ture of the sound wake. Therefore, our approach is valid
provided that the Bondi radii of the point masses remain
much smaller than the orbital semi-major axis. This con-
dition can be easily satisfied for suitable choices of masses
and sound speed, but it limits the applicability of our ap-
proach. This limitation is intrinsic to the linear response
treatment considered here. We have previously explored
the impact of background inhomogeneity in the simpler
case of an isothermal profile [70], and we plan to extend
the present analysis to fully self-consistent configurations
in future work.
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Appendix A: Derivation of (E) for ideal fluid

To evaluate Eq. , we exploit the periodicity of the
unperturbed path 7,(¢) to divide the infinite integral over
t’ into orbital periods,

2w<n+1>
(B) = (47Gm,,)? Poy / dt / / Z /
iw 1 T 'K 1w
X 5 G(w, k) eF e ()= () —iw(t—t") (A1)

= (47Gm,)? Pog— / dt///idt’

w 1 T 'K 10.) 12"'—"w
X k2 G(w k) k( p(t) P(t )) t t Ze Q .

Using the relation

e =0 ap(w - Q) (A2)
n J
and the Rayleigh expansion
oo +L )
Er=dny Y Cikn) Y (RY(), (A3)

=0 m=—¢

we arrive at Eq. after taking advantage of the or-
thogonality of the spherical harmonics to eliminate the

J

(E)(to) = —(4nGmy)? pg44 Z ZZ /tﬁndt/ dt/ dw’

j=—00 =0 m=—¢
(W' +3Qje(kryp) je(kry) .,
2k? — (W' 4 jQ + ig)?

Yt (e,) Y™
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integral over k.

For a finite time perturbation characterized by h(t) = 1
for ¢ > 0 and zero otherwise, the rate of energy dissipa-
tion can be computed using the representation

—wJ "t

h(t'):—— lim / dw’ (A4)

271 e—0+

Starting from the general expression Eq. for the
dissipation rate (E)(tg) of energy in the time interval
[to, to + 27/92], and repeating the steps outlined in the
E)(to) = —
(E)(to) S

derivation of Eq. (Al]), we obtain
/ / ar'
></oo . efiw't' iﬁelk( p(t)—rp(t w(t—t")

W +i0T k2 2k —

(4rGmy)? Q2 tot+ 3
7%27

(w + ia)

— 00

X de(w—w'—jﬂ)

J

(A5)

upon replacing G(w, k) by the retarded Green’s function
of a homogeneous and isotropic ideal fluid. Here and
henceforth, we use 07 as a shorthand for lim,_,q+.

The Dirac delta function eliminates the w-integral and
sets w = w’ + j€. Substituting the Rayleigh expansion,
we obtain the following result:

—iw’t’

—i(w' +5Q)(t—1t")
’+0+/ dke J

() - (A6)

P

To carry out the k-integral, the following integral identity can be used [e.g. 37]

Sﬁl’fl(x) = lim dz

e—0+ Jo 22 — (z +ig)?

Zii(az)jio(B2) _ { 3liji(B)h" (02) — (2 ) &1 (o> 8)
5

On performing the change of variable ¢ — t — ¢y, we arrive at

(E)(to) =

—00 £=0 m=—¢

P w +.]Q TpsTp w +JQ m mx*
XTP[SH 1( - >+Sl+1,l( c Y (¢ )YL(p)?

S

where r,, T, are now evaluated at a time ¢y +¢t. Using
the recursion relations of spherical Bessel functions, we

~(ax Gy ‘Z 3 Z/ dw/ dt/g

) (A7)
()~ (Br) (a < B)
(.d +]Q) —iw (to+t)+ijQ(t —to—1t)
(2l 4+ 1)(w’" +10T)
(A8)
[
can recast part of the integrand into
» Tp, rp im
(S0 @) + ST @) = o (A9)



. crt1
(2[ + 1)jg(r<x) hgl)(r>:17) +1i Zil

with the shorthand notations r~ = min(r,,r,) and r> =

L J” 2 g assumed Importantly,

max(rp,7,), while x =
the Laurent expansion of Eq around x = 0 is ana-
lytic. Therefore, in the w’ plane there is only one (simple)

pole at w’ = 0.

The w’-integral can be solved with Cauchy’s Residue
theorem. To determine where to draw the contours, we
express the spherical Bessel function as a superposition
of outgoing and incoming waves, i.e. jo(z ) 2 (h(l)( )+
h$?(x)) where h{"(2) ~ ¢* and hl( )(2) ~ e~i*. For large
values of tg, the coefficient of w’ in the exponent (in-
cluding the ingoing and outgoing waves) is negative and
thus all contours must be drawn in the lower half of the
w'-plane and enclose the pole at the origin. Since the
dissipation rate is real, only the real part in the square
brackets of Eq. can contribute to the final expres-
sion, which reads

[eS) 4

ZZZ (A10)

j=—00 4=0m=—¢

(B)ta) = (a6, 22 (5] )

o]

)3 (2

:o\ﬂ

dt’ e ijQ(t —to—t)

On replacing r~, r< by r;, Tp, exploiting the periodicity
of the t-integrand to shift ¢ by ¢y and noticing that the ¢
and ¢’ integrals can be re-written in terms of Ljp, (M, e)
and 17, (jM, e), we precisely get the steady-state result
with a friction coefficient I'r given by Eq. .

The earliest time ty after which the coefficient of w’ is
negative for all t,¢ € [0,27] determines the time tgieady
at which a steady dissipation regime is achieved. Since
the decomposition of the spherical Bessel function into
incoming and outgoing waves involves two exponentials

with coefficients c4 —tg, where c4 = %ﬂ —t. ¢y >c_,
it is sufficient to demand that
re +71
to>cqp(tt) = =——-2= —¢ (A11)

Cs

be satisfied for all the times ¢, ¢’ in the interval [0, 27/€).
This motivates the definition of tsteady-

A similar calculation can be carried out for the dis-
sipation rate (L,)(tg) of angular momentum in the time
interval [to, to+27/Q)]. The expression of (L. )(to) is iden-
tical to Eq. except that the multiplicative factor of
(W' +j9) is replaced by m. Since there is again the same
simple pole at w’ = 0 solely, a steady dissipation state
of angular momentum is reached on the same timescale
tsteady-

T (Ep) Y (E) -
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Appendix B: Wake density for ideal fluid

In an ideal fluid, the sound wake density in the
steady-state limit can be computed straightforwardly
from Eq. ( . On settmg h(t') = 1 and following the

steps outlined in Egs. . yields

4 g >
Sp(t,r) = fngmeZZ/ dt’/ dk
™ - 0 0
J Im
k2e—ijQ(t—t/)
2 (011

for the density perturbation. For j # 0, the k-integral
can be performed with the Residue theorem, which gives
the identity

(B1)

5 Je(kr)je(ry Y7 (8)Y™ (£))

/Oodk kdpyy (kr) Jppy (kry,)

0 k2 — (% + i5)2

ir "< g >
2Je+%(3MQ)H (Ma>

where < = min(r, ;) and 7> = max(r,7,). For j =0,

it can be solved using the identity

(B2)

L
™ <

o0
/0 dk je(kr) je(kr)) = 2201 1) ;0 (B3)
Inserting this result into Eq. gives the steady-state
expression . It is important to note that a steady-
state density wake is reached only asymptotically, as
sound waves must propagate through the entire (infinite)
volume.

For a finite time (step-like) perturbation, we use the
representation of h(t) in Eq. and find, after some

algebra,

ép(t,r) =

lpyM B 1 —ijQ(t—t)
t'e™V B4
sy [T o

e—lw 't ] jQ + W'
r
W+ 07t s

) YY),

></ dw’ (jQ + ')

. /
th)(]Q—i—w

Cs

The integral over w’ can be computed analogously to
Eq. . Decomposing the spherical Bessel function
into an incoming and an outgoing wave, the coeflicients
multiplying «’ in the exponents of exp(icLw’) are c+ =
rsFre t.

Cs
For a point either sufficiently close to the origin r = 0,

or at a sufficiently late time such that t > % = m

for all ¢ € [0,2n], the contours must be drawn in the
lower half of the w’-plane and thus enclose the pole at
w' = 0. As a consequence, the steady-state solution is
reached, i.e.

5P<t> T+ Tapo

S

,r) = §psteady (¢ ) (B5)



FIG. 10. Wake overdensity log,,(dp/py) calculated using Eq.
for a eccentric orbit with (e, M) = (0.6, 1) (upper panels)
and (e, M) = (0.6,2) (lower panels). The left panels display
the acoustic wake after half a cycle, while the right panels
show the acoustic wake after two cycles. The perturber’s
position is represented as a filled (white) symbol, and its orbit
as a dashed (white) ellipse. The large (white) circles enclose
the steady state region.

We see that the steady-state density region is a sphere
of radius r < cst — rapo. This holds for any periodic
motion inside an ideal fluid. For a point far enough from
the origin such that ¢ < === for all ¢’ € [0,2n], the
contours are drawn in the upper half-plane, from which
it follows that dp(t, ) = 0. Physically, this indicates that
the information sphere has not yet reached this point.

To validate these results, note that for an ideal fluid
dp(t, r) can be also calculated directly using the Green’s
function in real space,

Gr,7) = %5[) <T - r) . (B6)

Cs

As demonstrated in [T7], dp(t, r) is given by

- oo 6 t_tl—i 7’—1"’
5/)(15’ ’I‘) = GLQPQ/ dt/h(t/) D ( Cs | p‘)

|r =l

S p

GMp
_ Cgpg ;

where 7, = 7,(t'), i = m(t;) and ¢} are the roots of
the delta function. Substituting an eccentric Keplerian
orbit as done in [79] enables us to compute the density
wakes shown in Fig. for a transonic (M = 1) and a
supersonic (M = 2) orbit of eccentricity e = 0.6.

We have checked that, apart from numerical errors, the
density wake reaches the steady-state solution inside the
information sphere (indicated by the large white circle).
By subtracting the density wakes of trajectories that dif-
fer by an integer number of orbital cycles, we found that

h(t7)

i+ B

(B7)

i — 7

t'=t’
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the difference within the steady-state region remains be-
low a relative error of % < 1075, We have also
observed that the actual steady-state region is slightly
larger and not perfectly spherical. We believe this re-
gion may correspond to D in Eq.. The wake size,
in reality, is smaller than the spherical estimate derived
from Eq. and instead appears to trace the envelope
of all information spheres emitted along the perturber’s
trajectory, as shown in Fig.

Appendix C: Hansen coefficients

The Hansen coefficients [80] are defined by the gener-
ating function [81]

n +OO
(@) eimap _ Z Xsn,m(e) eisM )
a

S=—00

(C1)

Tables of Hansen coefficients can be found in [82]. For
practical computations, the Hansen coefficients are con-
veniently expressed in terms of the Newcomb operators
X7 introduced in [83], and can be efficiently evaluated
using the recursion relations

X elh= m'ZXU+aU+5e

given in [r4]. Here, a = max(0,k — m) and g =
max(0,m — k). In practice, the sum is truncated at a
maximum value oy,ax, Which makes the accuracy of the
Hansen coeflicients dependent on the eccentricity. From
Eq. and the properties of Newcomb coefficients, we
find X;""™ = X™ ™. This identity is used throughout
our calculations. Our fiducial choice of o, = 70 implies
that X;"™(e) is computed up to O(e'*?). In principle,
the higher the eccentricity, the higher the order to which
X, (e) should be computed.

(C2)

Appendix D: Stationary phase approximation

The method of stationary phase can be used to ap-
proximate the integral of a product of a smooth function
f(t) times the exponent e*¥() of a real-valued function
¥ (t) in the limit x — co. At leading order, we have

/ dt f(t)e=® ~Z ¢”

{w”}m/4 1z1/1(t0)f( )

(D1)

where the sum is taken over all the stationary points ¢;
satisfying V f = 0, while s{¢"'} is a shorthand for the sign

of the second derivative of 1(t) at the point ¢;. Higher
order corrections are of the form

V21 (2n — 1)l e s{w" }itnt5)m/2
zelwwz > £(t0)

()" 2 (2n)!
(D2)



and scale as ="~ 1/2 (with n > 1). These corrections are
for the stationary phase approximation. In the case of
Eq. , we use the asymptotic approximation of j,(z)
for large z > ¢. With the change of variable M — £
(from the mean to the eccentric anomaly), the function

ggg(m, e) becomes

Tr—r 00

) 1 2 . .
lim g, (v, ¢) = /O d¢ (N““%Qé’f) (D3)

o efi(m(lfe COSE)éW)) ei(mcpfj(ffesinf))
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Appendix E: Orbit-averaged dissipation rates for a
compact eccentric binary

For a compact eccentric binary, the orbit-averaged dis-
sipation rate of energy and angular momentum due to
dynamical friction can be computed from the relations

(E) = %/d”" (1 F2 — g2 Fy) (E1)

. 1
(L) = T/d”‘x (1 F2 — g2 Fy) .
8!

Here, r(t) = r2(t) — r1(t) is the binary separation vec-
tor and v describes one orbital revolution. Furthermore,
r;(t) and F; are the position and the force exerted by the
total density wake on the ith companion of mass ¢;ms,
where ¢1 + g2 = 1 and my is the total binary mass. For
instance, the force acting on the second companion is

Fy = —(qamy) V(1) (E2)
T=rs(t)
~ 1
for large arguments = > ¢. Using Eq. with the = —(©2ms) Vi & (rem (t) + a17(t), ) @
stationary points £ = 0 and 7 yields the asymptotic
approximation given in Eq. (25). since 13(t) = Tem (t) + 1 7(t). Furthermore,
y 2 e h(t) ik (=1 () ik (z—ra(t) ] o—iw(t—t))
o(x,t) = —(47Q) mbpg/ // dt 12 G(w, k) [qle 1)) 4 gee 2 }e (E3)
wJkJ—oo

is the gravitational potential produced by the combined acoustic wakes trailing the compact objects. Ignoring small,
time-dependent perturbations in the position of the binary center-of-mass 7¢,,, we can write

~ +oo h(t/

H(rem + @iy 1) ~ —(47G)2mup, / / / ar "
wJkJ—oco

where r = r(t) and v = r(t').

qgl(QImb) Vr(t)(b(rcm(t) - Q2r(t)at)7 with

) G(w, kj) [ql eik'(lhr-&-qw/) + 2 eik'(qlr—qlr’)} e_iw(t_t’) ’

(E4)

Likewise, the gravitational force acting on the first companion reads F; =

5 +oo h(t . , . , . ,
S —aar.t) = ~(45G g, [ [ [ ML G [ ey 4 gy @b urn ] et
wJkJ—o0

Exploiting the fact that the right-hand side of equa-
tions (E4)) and (E5) depends only on 7, we can use Stokes’
theorem to express the orbit-averaged rate of energy dis-
sipation as
me

. 0 ~
<E'> =5 /ydt a <q2¢(7‘cm +am t)

(E6)
+ Q1¢~s(rcm — qarT, t))

2 @ oo 0
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0 —oo ot
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(

after setting h(t') = 1. In addition, we get
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for the rate of angular momentum dissipation. Note that
the function

Algr, go; b, v, 1) = (CDeiqlk-“r qle—iqzk~r) (ES)

% (qzefithk-r' +qleiqzk-r’>
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does not depend explicitly on time. Applying now the
same methodology developed for a single perturber (see
Section leads to the steady-state dissipation rates
given in Eq. for a compact eccentric binary.
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