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Abstract

This thesis investigates properties of compatible systems of Galois repre-

sentations, mainly focusing on the compatible systems which are attached

to certain classes of automorphic representations of GLn.

We develop a general method to prove independence results for algebraic

monodromy groups in abstract compatible systems of representations, and

give applications both in characteristic zero and in positive characteristic

settings. In the case of automorphic compatible systems (and actually

for a slightly larger class of geometric compatible systems), we apply our

method to deduce an independence result, assuming a classical irreducibility

conjecture. In addition, we also deduce an independence result in the case

of compatible systems of lisse sheaves on normal varieties over finite fields.

We then focus on the study of the geometry of (pseudo)deformation spaces

of Galois representations and definite unitary groups eigenvarieties at

points corresponding to certain classical automorphic representations. In

this context, we present smoothness results known in the literature, and

suggest possible implications for automorphic compatible systems.
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Introduction

This thesis investigates properties of compatible systems of Galois representations.

We mainly focus on the compatible systems which are attached to certain classes of

automorphic representations of GLn.

Compatible systems of Galois representations have been introduced in arithmetic

algebraic geometry by Serre in [89], generalising the role played by the family of `-adic

Tate modules of elliptic curves or abelian varieties defined over a number field. Let

us sketch a definition of compatible system (refer to §1.3 for the definition of the so

called geometric compatible systems of Galois representations, and to §2.1 for the

definition of abstract compatible systems). For simplicity, let us focus on the number

field case (positive characteristic counterparts will be studied only in §2.6). Let E

and F be number fields, and let n ≥ 1 be an integer. A compatible system of rank n

representations of the absolute Galois group of F defined over E is a family {ρλ}λ of

continuous semisimple representations

ρλ : Gal(F/F )→ GLn(Eλ)

parametrised by the finite places λ of E, and satisfying some “compatibility” or

“λ-independence” property. More precisely, we require that there exists a finite set S of

“bad places” of F such that if v /∈ S and λ does not divide the residue characteristic

of v, then ρλ is unramified at v, and the characteristic polynomial of ρλ(Frobv) has

coefficients in E, and is independent of λ.

Further λ-independence properties are expected to hold for compatible systems. A

classical question to ask in this context is whether the algebraic monodromy groups

are independent of λ. Questions on independence of algebraic monodromy groups

in compatible systems originate in the literature from a classical result by Serre, see

[89], which states that if X is an elliptic curve without complex multiplication over a

number field, then the image of the Galois representation on the `-adic Tate module

of X is an open subgroup of GL2(Z`) for every prime `, and is equal to GL2(Z`) for

all but finitely many primes `. The problem of extending this result to more general
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geometric settings led, for instance, to the formulation of the Mumford-Tate conjecture

for abelian varieties, see [81]. Let us consider the problem of independence of algebraic

monodromy groups for general compatible systems. Let then {ρλ}λ be a compatible

system of rank n representations of the absolute Galois group of F defined over E.

For each λ, we define the algebraic monodromy group of ρλ to be the Zariski closure

Gλ of the image of ρλ in GLn(Eλ). This is a reductive algebraic subgroup of GLn,Eλ
(actually defined over a finite extension of Eλ). For simplicity, let us assume that each

ρλ takes values in GLn(Eλ) (so that Gλ is defined over Eλ). The prototype of the

independence questions that we study in this thesis is the following.

Question 0.0.1. Does there exist an algebraic subgroup G of GLn,E such that G×EEλ
is conjugate to Gλ over Eλ for each λ?

Giving an answer to this question is in general way too difficult. For this reason,

we focus on a specific class of compatible systems, that is the class of those compatible

systems which are attached to certain algebraic automorphic representations of GLn

via instances of the global Langlands conjecture for GLn. We elaborate briefly on this.

Let us fix a prime `, and an isomorphism C ∼= Q`. Then, the global Langlands

(-Clozel-Fontaine-Mazur) conjecture for GLn over F predicts the existence of a unique

bijection

A0
F (n) oo ∼ // G0

F (n)

between the set A0
F (n) of (isomorphism classes of) algebraic, cuspidal automorphic

representations π of GLn(AF ), and the set G0
F (n) of (isomorphism classes of) irreducible

continuous Galois representations ρ : Gal(F/F ) → GLn(Q`), which are unramified

outside a finite set of places of F , and de Rham at places of F above `. This bijection

is conjecturally characterised by local-global compatibilities at the finite places of F .

More precisely, for each finite place v of F we require the bijection to be compatible

with the local Langlands correspondence for GLn over Fv, which is a theorem of Harris

and Taylor [60] and (independently) of Henniart [62]. Note that these local-global

compatibilities imply the matching of the L-functions of the objects appearing on the

two sides of the correspondence.

Since the analytic continuation and functional equation is known for L-functions

on the “automorphic side” by results of Godement and Jacquet [55], then if X is

a smooth projective variety over F and we know that the Galois representation on

the `-adic étale cohomology of XF = X ×F F is automorphic, then we obtain the

Hasse-Weil conjecture for X, see for instance [90].
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Let us also remark that the set A0
F (n) is countable by results of Harish-Chandra

[58], and that all the elements of G0
F (n) should arise from the `-adic étale cohomology of

smooth proper varieties over F by the conjecture of Fontaine and Mazur [51]. The above

bijection should therefore be a bijection of (conjecturally) countable sets. Another

consequence of the conjecture of Fontaine and Mazur is that all the representations

on the “Galois side” should arise in compatible systems.

In this generality, the global Langlands conjecture is a highly open problem.

Nevertheless, when the field F is totally real or CM, the arrow from “automorphic”

to “Galois” has been mostly established (see §1.6 for a more detailed exposition). In

particular, (semisimple) Galois representations ρπ can be constructed from regular

algebraic, cuspidal automorphic representations π, and are proved to satisfy (most cases

of) compatibility with the local Langlands correspondence. When the automorphic

representation π is also (conjugate) self-dual, all the requested properties of ρπ have

been proved, except for the irreducibility, which remains open in general, and for

which only partial progress has been obtained so far (see §1.7 for an overview of known

results). Even less is known for the arrow from “Galois” to “automorphic”. In this

direction, the available techniques are generalisations of the method of [108] and [99],

see for instance [34], [98], and the more recent [25]. These have been applied to prove

“potential automorphy” results, as for instance those of [6], and the very recent ones of

[2].

For a regular algebraic, (conjugate) self-dual, cuspidal automorphic representation

π of GLn(AF ), when the field F is totally real or CM, varying ` over the rational primes

it is possible to show that the representations ρπ live in a (geometric) compatible

system {ρπ,λ}λ of rank n representations, and that there exists a number field Eπ such

that each ρπ,λ takes values in GLn(Eπ,λ). In this thesis, we study Question 0.0.1 for

this class (and actually for a slightly larger class) of compatible systems.

Our approach to this problem consists in developing a general method to prove

independence of algebraic monodromy groups in abstract compatible systems. This

method is meant to be applicable in those contexts where some instances of the

“global Langlands correspondence” are known. This turns out to be not only the case

of automorphic compatible systems, but also the case of some compatible systems

arising in positive characteristic settings (note that for GLn over a global field of

positive characteristic the global Langlands correspondence is actually a theorem of L.

Lafforgue [71]).

Let us briefly explain how our strategy works. Recall that Question 0.0.1 has been

studied for abstract rational compatible systems through algebraic methods in the
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foundational work of Larsen and Pink [75]. The main results of [75] turn out to be

extendible verbatim to compatible systems having coefficients in any number field.

Using these results, we develop a general method to prove λ-independence of the

neutral components of the algebraic monodromy groups of compatible systems over a

finite extension of the field of coefficients, and over a set of primes of Dirichlet density

1. The main idea is that one can prove a λ-independence result of this form whenever

a compatible system admits what we call a Lie-irreducible decomposition over a finite

extension of its field of coefficients (see §2.4 for the definition of Lie-irreducible decom-

position). The proof of the existence of a Lie-irreducible decomposition essentially

reduces to the problem of extending a single λ-adic representation to a compatible

system.

Let us see how this method works in the case of automorphic compatible systems

(and actually for a slightly larger class of geometric compatible systems). First of all,

let us remark that if π is a regular algebraic, conjugate self-dual, cuspidal automorphic

representation π of GLn(AF ), when F is a CM field, then it is natural to ask whether

it is possible (at least) to show the irreducibility of ρπ,λ for λ | ` and ` in a set of

rational primes of Dirichlet density 1 (see Conjecture 1.7.3). We prove the following

result.

Theorem 0.0.2 (see Corollary 2.5.2). Let F be a CM field, and let {ρλ}λ be a

pure, regular, totally odd, conjugate self-dual geometric compatible system of rank n

representations of ΓF with coefficients in E. Assume Conjecture 1.7.3. Then, there

exist a set L of rational primes of Dirichlet density 1, a finite extension E ′ of E, and

a split connected reductive algebraic subgroup G of GLn,E′ such that for each ` ∈ L,

each place λ of E above `, and each place λ′ of E ′ above λ, the groups G◦λ×Eλ E ′λ′ and

G×E′ E ′λ′ are conjugate over E ′λ′.

As explained above, the key point consists in showing that certain λ-adic represen-

tations of this kind extend to compatible systems. This is achieved by the potential

automorphy techniques of [6]. We remark that our result is conditional on Conjecture

1.7.3. However, before spending more words on this problem, let us make a digression

about some positive characteristic counterparts.

In the positive characteristic setting, we use the global Langlands correspondence of

[71] and arguments of Drinfeld [42] (actually taken from [15]) to prove a λ-independence

result for compatible systems of lisse sheaves on normal varieties over finite fields

(see §2.6 for the relevant definitions in this context). For a (geometrically connected)

variety X over a finite field Fq, and a compatible system {Fλ}λ of semisimple rank n
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lisse Eλ-sheaves on X, for each λ we denote by Gλ the Zariski closure of the image of

the representation of πét
1 (X) corresponding to Fλ in GLn(Eλ).

Theorem 0.0.3 (see Corollary 2.6.5). Let X be a normal geometrically connected

irreducible variety over Fq, and let {Fλ}λ be a compatible system of semisimple lisse

Eλ-sheaves on X. Then, there exist a set L of rational primes of Dirichlet density 1,

a finite extension E ′ of E, and a split connected reductive algebraic subgroup G of

GLn,E′ such that for each ` ∈ L, each place λ of E above `, and each place λ′ of E ′

above λ, the groups G◦λ ×Eλ E ′λ′ and G×E′ E ′λ′ are conjugate over E ′λ′.

Let us now focus on Conjecture 1.7.3 for automorphic compatible systems. A

natural approach to this problem is by means of an L-function argument, which relies

on results in the direction “Galois” to “automorphic” in the bijection (recalled above)

predicted by the global Langlands conjecture for GLn. We sketch here a rough and

simplified version of this argument (we refer to §1.7 for a precise version of it). Let

p be a prime, let F be a totally real or CM field, and let π be a regular algebraic,

(conjugate) self-dual, cuspidal automorphic representation of GLn(AF ). We want

to show that the corresponding Galois representation ρπ : Gal(F/F )→ GLn(Qp) is

irreducible. Since local-global compatibility with the local Langlands correspondence

holds, then outside a finite set S of places of F we have an identity of (partial)

L-functions LS(ρπ ⊗ ρ∨π , s) = LS(π × π∨, s). By results of Shahidi [92] and of Jacquet

and Shalika [65] we have that ords=1L
S(π × π∨, s) = −1. Let ρπ = ⊕ki=1ρi be an

irreducible decomposition into pairwise non isomorphic subrepresentations, so that

now each ρi is in G0
F (ni). Assume that each ρi is automorphic, that is there exist πi in

A0
F (ni) such that ρi = ρπi . We then have

LS(ρπ ⊗ ρ∨π , s) =
k∏

i,j=1

LS(ρi × ρ∨j , s)

=
k∏

i,j=1

LS(πi × π∨j , s),

so that

ords=1L
S(ρπ ⊗ ρ∨π , s) =

k∑
i,j=1

ords=1L
S(πi × π∨j , s)

=
k∑
i=1

ords=1L
S(πi × π∨i , s)

= −k,
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again by results of [92] and [65]. It follows that k = 1, and hence ρπ is irreducible.

The known instances of Conjecture 1.7.3 rely on an argument of this kind. The

key point is always the use of some “Galois” to “automorphic” result, i.e. some arrow

G0
F (n′)→ A0

F (n′). So far, the results which have been applied in this context are the

potential automorphy techniques of [6]. Refined potential automorphy techniques

should eventually imply Conjecture 1.7.3 (see the discussion in §1.7), thus also making

Theorem 0.0.2 unconditional.

Even though we don’t know Conjecture 1.7.3 at this stage, we highlight how

the irreducibility of automorphic Galois representations has interesting geometric

consequences for the p-adic rigid analytic spaces parametrising p-adic families of

Galois representations and automorphic representations. Let us in fact recall that the

set A0
F (n) is countable, and that the set G0

F (n) is conjecturally countable. Nevertheless,

these sets can be embedded (roughly speaking) in certain p-adic rigid analytic spaces

A0
F (n) ⊂ E and G0

F (n) ⊂ X . The space X is easier to describe, and is just (essentially)

a moduli space of representations (see §3.1.1 and §3.3.1 for the details). The space E
is a so-called eigenvariety (see §3.2.2 for the details).

Let us fix a prime p appropriately, and an isomorphism C ∼= Qp. Let π be a regular

algebraic, conjugate self-dual, cuspidal automorphic representation π of GLn(AF ),

for F a CM field, and let ρπ : Gal(F/F )→ GLn(Qp). Then ρπ defines a point of X ,

and π (together with the choice of an additional datum, see §3.2.2) defines a point

of E . Under certain circumstances, it is known that the irreducibility of ρπ implies

the smoothness of X and E at these points (see §3.3.1 for the details). Motivated

by explicit examples constructed by Belläıche [7] and [9], we suggest that converse

results should hold as well, i.e. if the representation ρπ is reducible then X (resp.

E) cannot be smooth at ρπ (resp. π), and we explain how it is reasonable to expect

some regularity of these spaces in general. Nevertheless, we don’t formulate precise

conjectures, nor prove any precise result in this context, which we then leave as a

topic of future research.

The structure of this thesis is the following. In §1 we introduce the preliminary

material on Galois representations and automorphic representations, we present the

construction of automorphic compatible systems, and we review known potential

automorphy results, relating them to the problem of irreducibility of automorphic

compatible systems. Then, in §2 we present our results on λ-independence of algebraic

monodromy groups, with applications to automorphic compatible systems and to

compatible systems arising in positive characteristic settings. Note that the material

presented in §2 essentially coincides with the one presented in the author’s preprint
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[3]. Finally, in §3 we study p-adic families of Galois representations and automorphic

representations, and we focus on smoothness results for the corresponding p-adic rigid

analytic spaces.

Notation

Given a ring with unity R, we let R× denote the (multiplicative) group of invertible

elements in R. Given integers m,n ≥ 1, we let Mm×n(R) denote the ring of m × n
matrices with coefficients in R. If R is commutative, we let W (R) denote the ring of

Witt vectors of R, and for any x ∈ R, we denote by [x] its Teichmüller representative

(x, 0, · · · ) in W (R). If R is a domain, we let FracR denote its field of fractions.

For a representation ρ : Γ→ GL(V ) of a group Γ on a vector space V over a field

k, we denote by ρ∨ the dual representation to ρ.

Given a variety X over a field k, and an inclusion of fields k ⊂ K, we let XK =

X ×k K = X ×Spec k SpecK.

Given a field M , we let M be an algebraic closure of M , and M s be a separable

closure of M inside M , and we denote by ΓM = Gal(M s/M) the absolute Galois group

of M . For every integer n ≥ 1, we denote by ζn a primitive nth-root of unity in M s,

and by µn(M s) the group of nth-root of unity in M s. Given a finite extension M ′ of

M , we denote by NM ′/M : M ′ →M its norm.

Given a discrete valuation field K, we denote by vK the discrete valuation on K,

by OK the ring of integers (i.e. the valuation ring) of K, by mK the (unique) maximal

ideal of OK , by $K a uniformiser of OK , and by kK = k(vK) the residue field of vK .

For a prime p, we simply write vp for the discrete valuation on Qp normalised such

that vp(p) = 1.

For a non Archimedean local field F , we denote by F un the maximal unramified

extension of F , we let IF be the inertia subgroup of ΓF , so that IF = ΓFun = ΓF̂un ,

where F̂ un is the completion of F un, and we let FrobF ∈ ΓF/IF be the geometric

Frobenius. We denote by WF the Weil group of F , and we let W ab
F denote the group

WF/[WF ,WF ].

When F is a global field, we denote by |F | the set of finite places of F . If Σ is a

set of places of F , and ` is a prime, we set Σ` = {v ∈ Σ : v | `}.
If S is a finite set of places of F , we let FS be the maximal extension of F

inside a (fixed) separable closure F s of F which is unramified outside S, and we set

ΓF,S = Gal(FS/F ). For a place v of F , we let Fv be the completion of F at v, which

is a local field. We let | · |v be the absolute value on Fv corresponding to v, normalised
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to give uniformisers absolute value 1/#k(v) when v is finite. In this case, Fv is a non

Archimedean local field, and we write Frobv = FrobFv .

For a global field F , we let OF be its ring of integers. We let AF =
∏′

v Fv denote

the ring of adeles over F (where the infinite product is restricted with respect to the

rings of integers OFv of Fv). We also let | · |F =
∏

v | · |v. When F is a number field,

we write AF = F∞ × AF,f , where F∞ = F ⊗Q R =
∏

v|∞ Fv is the ring of infinite

adeles over F , and AF,f =
∏′

v-∞ Fv is the ring of finite adeles over F . If S is a finite

subset of finite places of F , we write AS
F,f =

∏′
v/∈S, v-∞ Fv. If p is a prime, we also write

Ap
F,f = A|F |pF,f and AS,p

F,f = AS∪|F |p
F,f .

Given a variety X over a finite field Fq, where q is a power of a prime p, we denote by

|X| its set of closed points. For each x ∈ |X|, let x be an algebraic geometric point of

X localised at x, and let Frobx ∈ Γk(x) = Gal(k(x)/k(x)) be the geometric Frobenius.

Given a lisse Q`-sheaf F on X, with ` 6= p, we write det(1 − Frobxt,F) for the

characteristic polynomial of the image of Frobx under the monodromy representation

of Γk(x) on Fx.
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Chapter 1

Background material

In this chapter we introduce the basic terminology, and recall the preliminary results

and some open questions which will be the background of this work. The purpose of

this overview is to give a precise statement of the construction of geometric compatible

systems of Galois representations attached to regular algebraic, conjugate self-dual,

cuspidal automorphic representations of GLn(AF ), for F a CM field, and to present the

relevant potential automorphy results, as well as some open questions, in this context.

In §1.1 we start by recalling some generalities on `-adic Galois representations, mostly

focusing on the local ones. A more precise study of local Galois representations is

then accomplished in §1.2 via p-adic Hodge theory. In §1.3 we move to global Galois

representations, where we introduce the notion of geometric compatible system, for

which we present a list of basic definitions, largely following [6], and a fundamental

(motivating) geometric example. In the two subsequent sections we focus on the

representation theory side of the picture. In §1.4 we sketch some representation theory

of reductive algebraic groups over (characteristic zero) local fields, and introduce

the (conjectural) local Langlands correspondence, giving then a precise statement

of it in the (known) case of GLn. In §1.5 we move to the global setting, where we

give an overview of the definitions of automorphic forms and representations for

reductive algebraic groups over number fields, before focusing on the class of algebraic

automorphic representations, to which (in certain cases) geometric compatible systems

of Galois representations can be attached. The announced construction of automorphic

compatible systems is finally stated in §1.6. After this, in §1.7 we focus on the “inverse”

problem of determining when a geometric compatible system is automorphic. In this

context, we state the main results of [6], and relate them to the classical conjecture

predicting irreducibility of the Galois representations attached to algebraic, cuspidal

automorphic representations, of which we present the current status, and the natural

approach (so far) to its solution.
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1.1 Galois representations

In this section, we introduce the background material on `-adic Galois representa-

tions. First of all, in §1.1.1 we give some generalities, fix some of the notation and

conventions adopted throughout this work, and present some basic examples. Then,

we introduce the category of Weil-Deligne representations in §1.1.2, which in some

cases correspond to certain classes of local `-adic Galois representations. For local

`-adic Galois representations when ` 6= p this correspondence is quite elementary, and

is presented in §1.1.3.

1.1.1 Generalities on `-adic Galois representations

A Galois representation is a continuous representation ρ : Γ → GL(V ) of the

Galois group Γ = Gal(M ′/M) of some Galois extension M ′/M on a finite dimensional

vector space V over a topological field k.

The theory of Galois representations depends strongly on the topology of the field

k. For instance, if k is the field C of complex numbers with the usual topology, or if k
has the discrete topology, e.g. if k is a finite field, then the image of ρ is finite, and ρ

factors through the Galois group Gal(M ′′/M) of a finite extension M ′′ of M inside

M ′.

On the other hand, there are contexts in which Galois representations have, in

general, infinite image. In this work, we mostly focus on Galois representations of this

kind.

Let ` be a prime. An `-adic Galois representation is a Galois representation

ρ : Γ→ GL(V ) on a finite dimensional vector space V over an algebraic extension k of

Q`. If V has dimension n over k, by fixing a basis of V we can see ρ as a continuous

representation ρ : Γ→ GLn(k). As a consequence of the Baire category theorem, see

for instance the proof of [41, Corollary 5], we have that the image of ρ is contained

in GLn(E), for some finite extension E of Q` inside k. It follows that any `-adic

representation can be realised on a finite dimensional Q`-vector space.

Remark 1.1.1. In some contexts, however, it would be useful to see `-adic represen-

tations as representations on finite dimensional Q`-vector spaces, as, for instance, in

the case of geometric compatible systems, see §1.3. Also, we sometimes call λ-adic

Galois representation a Galois representation on a finite dimensional vector space over

an algebraic extension of the completion of a number field at a finite place λ.

We first consider the following example.
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Example 1.1.2. Let M be a field, and let ΓM be the absolute Galois group of M .

Let ` be a prime different from the characteristic of M . The groups µ`n(M s) of `n-th

roots of unity in M s, together with the `-powering maps µ`n+1(M s)→ µ`n(M s), form

an inverse system, whose limit is the Tate module T`(Gm,M) = lim←−µ`n(M s) of the

multiplicative group scheme Gm,M over M . This is a free Z`-module of rank 1, and it

carries a natural continuous action of ΓM , induced by the actions on µ`n(M s). Then,

V`(Gm,M) = T`(Gm,M) ⊗Z` Q` is a 1-dimensional Q`-vector space, endowed with a

continuous action of ΓM . We call `-adic cyclotomic character of ΓM the corresponding

`-adic representation ε : ΓM → Q×` . Usually, we also write T`(Gm,M) = Z`(1) and

V`(Gm,M ) = Q`(1). Also, for any `-adic representation ρ : ΓM → GL(V ) and i ∈ Z, we

define the i-th Tate twist of V to be V (i) = V ⊗Q` Q`(1)⊗i (where for a negative i we

mean tensoring with the −i-th tensor power of the dual Q`(−1) = Q`(1)∨ of Q`(1)).

A relevant class of `-adic representations arises in geometric contexts, as explained

in the following example.

Example 1.1.3. Let M be a field, and let ΓM be the absolute Galois group of M .

Let X be a smooth proper variety over M , and let XMs = X×MM s. Let ` be a prime

different from the characteristic of M . For every i ∈ N, the étale cohomology groups

H i
ét(XMs ,Z/`nZ), together with the maps H i

ét(XMs ,Z/`n+1Z) → H i
ét(XMs ,Z/`nZ)

induced by the reduction maps Z/`n+1Z→ Z/`nZ, form and inverse system. We let

H i
ét(XMs ,Z`) = lim←−H

i
ét(XMs ,Z/`nZ), and H i

ét(XMs ,Q`) = H i
ét(XMs ,Z`)⊗Z`Q`, which

is a finite dimensional Q`-vector space, say of dimension n over Q`. The natural action

of ΓM on XMs induces an action on H i
ét(XMs ,Z/`nZ), which in turn induces an action

on H i
ét(XMs ,Q`). This therefore defines an `-adic representation ρX : ΓM → GLn(Q`).

Given an `-adic representation ρ : Γ → GLn(Q`), if E is a finite extension of

Q` such that the image of ρ is contained in GLn(E), it is easy to show that we

can conjugate ρ to be valued in GLn(OE). Then, we can compose ρ with the map

GLn(OE) → GLn(kE) induced by the reduction modulo the maximal ideal mE of

OE, and semisimplify to get a continuous representation ρ : Γ→ GLn(kE). We often

denote it by ρ : Γ→ GLn(F`), if the field E is not specified.

The two main classes of `-adic representations appearing in this work are the

following.

• Local representations, i.e. `-adic representations of the absolute Galois group

ΓF of a finite extension F of Qp, for a prime p.
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• Global representations, i.e. `-adic representations of the absolute Galois group

ΓF of a number field F (or of ΓF,S, for S a finite set of places of F ).

If ρ : ΓF → GL(V ) is a global `-adic representation of ΓF , where F is a number

field, and v is a finite place of F , then ρ |ΓFv is obviously a local `-adic representation.

Given any property of local `-adic representations, we say that ρ satisfies that property

at v if ρ |ΓFv satisfies it.

We say that a local `-adic representation ρ : ΓF → GL(V ), for F a finite extension

of Qp, is unramified if ρ(IF ) = {1}. If S if a finite set of places of a number field

F , then a global `-adic representation ρ : ΓF → GL(V ) is unramified outside S if

and only if it factors through ΓF,S. In this case, if S contains all the places above

`, if ρ has coefficients in a finite extension E of Q`, and for any v /∈ S we let

Qv(t) = det(1− tρ(Frobv)) ∈ E[t] be the characteristic polynomial of ρ(Frobv), then

given an embedding ı : E → C we define the partial L-function of ρ as

LS(ıρ, s) =
∏
v/∈S

((#k(v))ns/ıQv((#k(v))s)), s ∈ C,

where the infinite product may or may not converge.

Let us first focus on the case of local `-adic Galois representations of ΓF , for F a

finite extension of Qp. These can be often described in terms of representations of the

Weil group WF of F . In this context, the theory varies significantly if ` 6= p or ` = p.

The case ` 6= p is easier, and is treated in §1.1.3. On the other hand, the case ` = p

is far more complicated, and requires tools from p-adic Hodge theory ; we treat it in

§1.2.2.

Global `-adic Galois representations, and more precisely the so called geometric

ones, are treated in §1.3, where we study geometric compatible systems, in which they

naturally arise.

1.1.2 Weil-Deligne representations

Let p be a prime, and let F be a finite extension of Qp. Local class field theory

provides a canonical isomorphism ArtF : F×
∼−→ W ab

F , normalised to send uniformisers

to lifts of FrobF . It follows that the characters of WF are completely classified

by the representions of F× = GL1(F ). In general, for n ≥ 1 the local Langlands

correspondence allows us to describe the n-dimensional representations of WF in terms

of he representations of GLn(F ), see §1.4.3.

Let us now focus on the representations of WF . Let k be a field of characteristic

zero. We give the following definition.
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Definition 1.1.4. A Weil-Deligne representation of WF over k is a pair (r,N) con-

sisting of a representation r : WF → GL(V ) on a finite dimensional k-vector space V ,

and an endomorphism N ∈ End(V ) such that

r(σ)Nr(σ)−1 = |Art−1
F (σ)|FN

for all σ ∈ WF . When N = 0, we simply call it a Weil representation of WF over k.

Note that for any Weil-Deligne representation (r,N) of WF over k, since IF is

compact and open in WF , then r(IF ) is necessarily finite. Also, the endomorphism N

is necessarily nilpotent. We say that a Weil-Deligne representation (r,N) of WF over

k is unramified if r(IF ) = {1} and N = 0.

A morphism between two Weil-Deligne representations (r,N) and (r′, N ′) of WF

over k, where r : WF → GL(V ) and r′ : WF → GL(V ′), is a WF -equivariant k-linear

map f : V → V ′ such that f ◦N = N ′ ◦ f .

Contrary to the case of Galois representations, in the definition of Weil-Deligne

representations there is no reference to a topology on k. We then have that the

category of Weil-Deligne representations of WF over k is independent of the topology

of k (this would allow us, for instance, to identify the categories of Weil-Deligne

representations over C and over Q`, up to the choice of an isomorphism C ∼= Q`).

Let (r,N) be Weil-Deligne representations of WF over k, and let F ′ be a finite

extension of F . Then, (r,N) |WF ′
= (r |WF ′

, N) is a Weil-Deligne representation of WF ′

over k.

We say that a Weil-Deligne representation (r,N) of WF over k is Frobenius

semisimple if r is semisimple. Given any (r,N), we choose a lift φ of FrobF to WF , and

we let r(φ) = su = us, where s ∈ GL(V ) is semisimple, and u ∈ GL(V ) is unipotent.

For n ∈ Z and σ ∈ IF , we set rss(φnσ) = snr(σ). Then, (r,N)F−ss = (rss, N) is a

Frobenius semisimple Weil-Deligne representation of WF over k, which is called the

Frobenius semisimplification of (r,N), and is independent of the above choices.

Restriction to the inertia subgroup IF of WF defines an equivalence relation on Weil-

Deligne representations of WF over k. We say that two Weil-Deligne representations

(r,N) and (r′, N ′) of WF over k are inertially equivalent, and we write (r,N) ∼IF
(r′, N ′), if r |IF∼= r′ |IF . We can also define an order relation ≺IF on each equivalence

class for ∼IF in the following way. Assume that (r,N) ∼IF (r′, N ′), and fix bases

so that r and r′ can be seen as representations r, r′ : WF → GLn(k). We write

(r,N) ≺IF (r′, N ′) if N is in the Zariski closure of the set of matrices PN ′P−1 in

Mn×n(k), where P runs among the matrices in GLn(k) such that Pr′ |IF P−1 = r |IF .
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Let now (r,N) be a Weil-Deligne representation of WF over C, where r : WF →
GL(V ). Set VN = ker(N), and choose a lift φ of FrobF to WF . Define the L-function

of (r,N) as

L((r,N), s) = det(1− (#kF )−sφ |
V
IF
N

)−1, s ∈ C.

The definition of the ε-function of a Weil-Deligne representation over C is highly

more technical, and not explicit, refer to [96, §3.4, 3.6] for a deeper discussion. A

result of Deligne, see [37, Théorème 4.1], previously proved by Langlands, shows the

existence of a unique function which attachs to any representation r : WF → GL(V )

over C, any nontrivial additive character ψ : F → C×, and any additive Haar measure

dx on F , a number ε(r, ψ, dx) ∈ C×, satisfying certain properties, see for instance [96,

§3.4].

For a Weil-Deligne representation (r,N) of WF over C, and a nontrivial additive

character ψ : F → C×, let us fix an additive Haar measure dxψ on F which is self-dual

with respect to ψ, and let us define the ε-function of (r,N) as

ε((r,N), ψ, s) = ε(r ⊗ |Art−1
F |sF , ψ, dxψ), s ∈ C.

Let q ∈ R>0. Then, an algebraic number α ∈ Q is called a Weil q-number if for

each embedding ı : Q→ C we have |ıα|2 = q.

Let ` be a prime. Given an integer w ∈ Z, we say that a Weil-Deligne representation

(r,N) of WF over Q` is strictly pure of weight w if for some (and hence every) lift φ

of FrobF to WF , every eigenvalue α of r(φ) is a Weil (#kF )w-number. In this case,

we must have N = 0.

Let (r,N) be a Weil-Deligne representation of WF over Q`, where r : WF → GL(V ).

We say that (r,N) is mixed if there is a filtration (FW
i V )i∈Z of V with FW

i V = V

for i � 0 and FW
i V = {0} for i � 0, such that each i-th graded piece grWi V is

strictly pure of weight i. If (r,N) is mixed, then there is a unique choice of filtration

(FW
i V )i∈Z, and we have N(FW

i V ) ⊂ FW
i−2V for all i ∈ Z.

Finally, given w ∈ Z, we say that (r,N) is pure of weight w if it is mixed with all

weights in w + Z, and if for all i ∈ Z>0 we have

N i : grWw+iV
∼−→ grWw−iV.

We say that a Weil-Deligne representation (r,N) of WF over Q` is bounded if for

some (and hence all) σ ∈ WF \ IF , all the eigenvalues of r(σ) in Q` are `-adic units.
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1.1.3 Local Galois representations when ` 6= p

Grothendieck’s `-adic monodromy theorem allows us to attach to any representation

ρ : ΓF → GL(V ) on a finite dimensional Q`-vector space, where ` 6= p, a bounded

Weil-Deligne representation (r,N) of WF over Q` in a functorial way. Let us recall

this result.

Theorem 1.1.5. If ρ : ΓF → GL(V ) is a representation of ΓF over Q`, with ` 6= p,

then there exists a finite extension F ′ of F such that ρ(IF ′) is unipotent.

Choose a lift φ of FrobF to WF , and a compatible system (ζ`n)∞n=0 of primitive

`-power roots of unity ζ`n ∈ Q`, and let t : IF → Z` be the continuous surjective

homomorphism determined by σ($
1/`n

F ) = ζ
t(σ)
`n $

1/`n

F .

Let then ρ : ΓF → GL(V ) be as above, and let F ′ be a finite extension of F such

that ρ(IF ′) is unipotent. For any σ′ ∈ IF ′ , the map

N =
log(ρ(σ′))

t(σ′)
∈ End(V )

is well defined, and independent of σ′. If σ ∈ WF lies above FrobnF for some n ∈ Z, set

r(σ) = ρ(σ) exp(−t(φ−nσ)N) ∈ GL(V ).

Then,

WD(ρ) = (r,N)

is a bounded Weil-Deligne representation of WF over Q`, which up to isomorphism

is independent of the choices of φ and (ζ`n)∞n=0. In fact, WD defines an equivalence

between the category of representation of ΓF over Q` and the category of bounded Weil-

Deligne representations of WF over Q`. The functor WD commutes with restriction

to open subgroups and tensor operations. Furthermore, we have that ρ is unramified

if and only if WD(ρ) is unramified.

When ` = p, it is still possible to attach Weil-Deligne representations of WF over

Qp to certain classes of representations of ΓF over Qp. This construction is highly

more technical, and is presented at the end of §1.2.2.

1.2 A survey of basic p-adic Hodge theory

In this section, we introduce some basic notions of p-adic Hodge theory. Our

exposition consists of three parts. First of all, we define Fontaine’s p-adic period rings

BHT, BdR, Bcris, and Bst, and recall their main properties, see §1.2.1. Secondly, we
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focus on the classes of Galois representations that those rings define, allowing us to

deal with the case of local Galois representations when ` = p, see §1.2.2. Finally,

we consider local Galois representations arising from arithmetic geometry, and state

p-adic comparison isomorphisms, see §1.2.3. For additional details, we refer mainly to

[48] for the first part, and to [50] for the second and third parts.

Let us first of all fix some notation. Let p be a prime. By a p-adic field we mean a

field K of characteristic 0 that is complete with respect to a fixed discrete valuation

that has a perfect residue field k of characteristic p. We let W be the ring of Witt

vectors of k, and we let K0 = W [1/p]. Also, we let C be the completion of an algebraic

closure of K.

1.2.1 Fontaine’s p-adic period rings

The first period ring we define is the Hodge-Tate period ring. Denote by t a

generator of Zp(1). The Hodge-Tate period ring is defined as

BHT = ⊕i∈ZC(i)

= C[t, 1/t].

We equip BHT with the multiplicative structure given by

cti · c′tj = cc′ti+j, c, c′ ∈ C, i, j ∈ Z,

where we denote the element c⊗ ti ∈ C(i) = C ⊗Zp Zp(i) by cti, and with the obvious

action of ΓK . Clearly, the definition of BHT only depends on C, and not on K.

The definition of the de Rham period ring is slightly more technical, and requires

some additional work; we sketch it here briefly, and refer to [48, §1] for the details.

First of all, consider the perfect ring

R = R(OC) = lim←−
x 7→xp

OC/p

=

{
(xn)∞n=0 ∈

∞∏
n=0

OC/p : xpn+1 = xn, ∀n ≥ 0

}
,

and let θ̄ : R→ OC/p be the natural homomorphism given by mapping (xn)∞n=0 to x0.

Given x = (xn)∞n=0 ∈ R, for every n choose a lifting x̃n of xn to OC . Then, for

every n the sequence x̃p
m

m+n converges for m → ∞ to an element x(n) ∈ OC , which

does not depend on the choices of liftings. The map x 7→ (x(n))∞n=0 defines a bijection

between R and the set of tuples (x(n))∞n=0 of elements of OC such that (x(n+1))p = x(n)

for every n.
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Define the W -algebra Ainf = W (R). The choice of a compatible system (ζpn)∞n=0

of primitive p-power roots of unity ζpn ∈ OC defines an element ε ∈ R by the above

bijection. Let then

ξ =
[ε]− 1

[ε]1/p − 1
=

p−1∑
i=0

[ε]i/p ∈ Ainf .

The homomorphism θ̄ induces a surjective homomorphism θ : Ainf → OC of W -

algebras, whose kernel is the principal ideal generated by ξ. This naturally extends to

a surjective homomorphism θ : Ainf [1/p]→ C of K0-algebras, whose kernel is again

the principal ideal generated by ξ.

Define

B+
dR = lim←−

n∈N
Ainf [1/p]/(ξ)

n.

This is a complete discrete valuation ring with residue field C, and uniformiser

ξ, and has a natural action of ΓK . If we equip each Ainf [1/p]/(ξ)
n with the topology

induced by the p-adic topology on Ainf [1/p], the corresponding topology of the inverse

limit on B+
dR turns out to be (strictly) less fine than its topology as a discrete valuation

ring. We call this first topology the natural topology on B+
dR. The de Rham period

ring is then defined as BdR = FracB+
dR = B+

dR[1/ξ]. It inherits a natural action of ΓK

from B+
dR.

Note that, as for BHT, the definition of the ring B+
dR, and therefore that of BdR,

only depends on C, and not on K. Namely, if K ′ ⊂ C is a complete discretely-valued

subfield, we get the same ring B+
dR whether we use K or K ′.

It can be seen that the natural projection θ : B+
dR → C has a section s : C → B+

dR,

that is a ring homomorphism satisfying θ(s(x)) = x for all x ∈ C, so that it is

possible to see B+
dR, and therefore BdR, as C-algebras. However, the section s is

not unique, and there is no such s which is continuous with respect to the natural

topology, and which commutes with the action of ΓK . Nevertheless, there exists a

unique continuous homomorphism s : K → B+
dR commuting with the action of ΓK ,

and such that θ(s(x)) = x for all x ∈ K. This allows us to see B+
dR, and therefore BdR,

canonically as K-algebras, and then θ : B+
dR → C as a homomorphism of K-algebras.

A result of Colmez, see [48, §A1], claims that the image of K in B+
dR is dense with

respect to the subspace topology induced by the natural topology of B+
dR.

The series

log([ε]) =
∞∑
n=1

(−1)n+1 ([ε]− 1)n

n

converges in B+
dR with respect to the natural topology, and so we set t = log([ε]) ∈ B+

dR.

This enables us to identify Zp(1) to the sub-Zp-module of B+
dR generated by t. The
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element t is a uniformiser for B+
dR, and we have BdR = B+

dR[1/t]. Also, we can define

a canonical filtration on BdR given by

F iBdR = tiB+
dR, i ∈ Z,

with respect to which we have that grBdR = BHT. The choice of a section s : C → B+
dR

induces an isomorphism BdR
∼= C((t)) of C-algebras. Note that this isomorphism is

not continuous, and does not commute with the action of ΓK .

We define now the crystalline and the semistable period rings and state some of

their properties. Since this material is quite technical as well, we just give here a

rough exposition, and refer to [48, §2 - §4] for the details.

Let A0
cris be the Ainf-algebra generated by the elements ξn

n!
, for n ≥ 1, inside

Ainf [1/p], let Acris be its p-adic completion, and let B+
cris = Acris[1/p] ⊂ B+

dR. Consider

the element t = log([ε]) ∈ B+
dR. We have t ∈ Acris. The crystalline period ring

is then defined as Bcris = B+
cris[1/t]. Since we also have tp−1 ∈ pAcris, we see that

Bcris = A+
cris[1/t]. There is a natural action of ΓK on B+

cris, which induces a natural

action on Bcris.

Consider the Frobenius map

φ : Ainf → Ainf , φ((xn)∞n=0) = (xpn)∞n=0.

Since φ(ξ) = ξp + pη for some η ∈ Ainf , we deduce that φ( ξ
n

n!
) = pn

n!
(η+ (p− 1) ξ

p

p!
)n,

for n ≥ 1, and so φ(A0
cris) ⊂ A0

cris. We can then extend φ by continuity to Acris

and B+
cris. Also, we have φ(t) = pt, and so φ can be extended to Bcris by setting

φ(1/t) = 1/pt. The action of φ on Bcris commutes with the action of ΓK .

Note that the definitions of B+
cris and Bcris only depend on C and not on K, as for

B+
dR and BdR. Also, we can show that the natural ΓK-equivariant map K ⊗K0 Bcris →

BdR is injective, and so we get a ΓK-equivariant embedding of Bcris in BdR. This

allows us to give Bcris the subspace filtration

F iBcris = Bcris ∩ F iBdR, i ∈ Z,

from BdR. Note that this filtration is not φ-stable. More precisely, it can be proved,

see [48, Théorème 5.3.7], that for any i ∈ Z there is an exact sequence

0→ Qp(i)→ F iBcris
p−iφ−1−−−−→ Bcris → 0.

Denote by mR the maximal ideal of R. Then, we have R× = k
× × (1 + mR). For

any x ∈ 1 +mR, we have ([x]−1)n

n
∈ Acris for n� 0, and the sequence ([x]−1)n

n
converges
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p-adically to 0. In particular, the series

∞∑
n=1

(−1)n+1 ([x]− 1)n

n

converges to an element λ(x) ∈ B+
cris. By setting λ(x) = 0 for any x ∈ k×, we then get a

homomorphism λ : R× → B+
cris, which is ΓK-equivariant, and satisfies φ(λ(x)) = pλ(x)

for any x ∈ R×.

Let us now consider the category consisting of the couples (S, λS), where S is a B+
cris-

algebra, and λS : (FracR)× → S is a homomorphism extending λ, and with the obvious

morphisms. This category has an initial object, which is unique up to isomorphism.

We let B+
st be the B+

cris-algebra so obtained, and we let λ : (FracR)× → B+
st be

the corresponding homomorphism. We then define the semistable period ring to be

Bst = B+
st [1/t]. By the universal property defining B+

st , the action of ΓK extends

uniquely to B+
st and to Bst.

Note that we have

B+
st = Sym((FracR)×)⊗Sym(R×) B

+
cris,

so that, non-canonically, B+
st
∼= B+

cris[X] and Bst
∼= Bcris[X], upon choosing y ∈

(FracR)× with y 6= R×, and setting X = λ(y).

Since the Frobenius φ on B+
cris satisfies φ(λ(x)) = pλ(x) for any x ∈ R×, we can

canonically extend it to B+
st via the requirement φ(λ(x)) = pλ(x) for any x ∈ (FracR)×.

Also, since φ(t) = pt, we can further extended it to Bst. It would clearly commute

with the action of ΓK .

Note that, as for all the rings introduced so far, the rings B+
st and Bst only depend

on C, and not on K.

Besides the Frobenius φ, the semistable period ring Bst admits an additional

operator: a monodromy operator N which commutes with the action of ΓK , and

whose interaction with φ satisfies Nφ = pφN . Loosely speaking, the idea is to consider

N = d
dX

on B+
st
∼= B+

cris[X] and extend it to Bst. Nevertheless, to give a precise

definition, let us choose a valuation v on K with values in Q. Note that we have

isomorphisms (FracR)×/R× ∼= C×/O×C ∼= K
×
/O×

K
∼= Q, and the map

κ : Bst ⊗Q (K/O×
K

)→ Ω1
Bst/Bcris

, κ(b⊗ x̃) = bd(λ(x)),

where x̃ denotes the image of x ∈ (FracR)× in K
×

via the above isomorphisms, is

an isomorphism. We can think of v as the choice of an isomorphism K
×
/O×

K
∼= Q.

Therefore, by extending scalars, v gives an isomorphism ṽ : Bst ⊗Q (K
×
/O×

K
)
∼−→ Bst.
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Define then the monodromy operator N associated to v to be the derivation

N = ṽ ◦ κ−1 ◦ d : Bst → Bst.

This is the unique Bcris-derivation of Bst with values in Bst such that N(λ(x)) =

vR(x) for any x ∈ (FracR)×, where we denote by vR the extension of v to FracR.

Furthermore, we have that N commutes with the action of ΓK , it satisfies Nφ = pφN ,

and we have an exact sequence of Bcris-modules

0→ Bcris → Bst
N−→ Bst → 0.

When v is the valuation v0 normalised by v0(p) = 1 we call the corresponding

monodromy operator the canonical monodromy operator on Bst.

We conclude this survey on period rings by defining a ΓK-equivariant embedding of

Bst in BdR. We first need to define a ΓK-equivariant homomorphism ı+ : B+
st → B+

dR

of B+
cris-algebras. By the universal property defining B+

st , it is enough to define a

homomorphism λdR : (FracR)× → B+
dR extending λ. In order to do so, we choose

an extension of the usual p-adic logarithm log : O×
K
→ K to a homomorphism

log : K
× → K commuting with the action of ΓK . For x ∈ (FracR)× such that

x(0) ∈ K×, the series

log

(
[x]

x(0)

)
=
∞∑
n=1

(−1)n+1

(
[x]

x(0)
− 1
)n

n

converges in B+
dR, and we set

λdR(x) = log

(
[x]

x(0)

)
+ log(x(0)).

In general, for any x ∈ (FracR)×, we write x = ab, with a ∈ R× and b(0) ∈ K×,

and we set

λdR(x) = λ(a) + λdR(b).

We then get the required ı+, which induces a ΓK-equivariant homomorphism of

Bcris-algebras ı : Bst → BdR.

By extension of scalars, ı+ and ı induce ΓK-equivariant homomorphisms K ⊗K0

B+
st → B+

dR and K ⊗K0 Bst → BdR, which can be proved to be injective. It follows

that there is a ΓK-equivariant embedding of Bst in BdR.

We remark that the embedding of K⊗K0Bst in BdR, and therefore that of Bst in BdR,

depends on the choice of the extension of the p-adic logarithm to K
×

. Nevertheless,

we can see that the image of K ⊗K0 Bst in BdR is independent on this choice. When

the extension of the logarithm is chosen so that log(p) = 0, we call the corresponding

embedding the natural embedding of Bst in BdR.
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1.2.2 Local Galois representations when ` = p

Let us now move to the second part of this exposition, where we present a glossary

of p-adic Galois representations in terms of Fontaine’s period rings. Let K be a p-adic

field, and let ΓK be the absolute Galois group of K. A p-adic representation1 of ΓK

is a continuous representation ρ : ΓK → GL(V ) of ΓK on a finite dimensional vector

space V over Qp. Fontaine’s period rings allow us to define some remarkable classes

of p-adic representations. In order to do so, we first of all need to recall the formalism

of admissible representations, for which we refer to [50, §1].

Let Γ be a topological group, and let B be a topological commutative ring equipped

with a continuous action of Γ. A finitely generated B-module V is said to be a B-

representation of Γ if it is equipped with a semilinear continuous action of Γ, that is

such that

g(x+ x′) = g(x) + g(x′),

g(bx) = g(b)g(x), ∀x, x′ ∈ V, ∀b ∈ B, ∀g ∈ Γ.

Note that a p-adic representation of ΓK is then just a Qp-representation of ΓK in

this sense. A B-representation V of Γ is said to be free if it is free as a B-module,

trivial if it is free and if one of the following equivalent conditions holds:

(1) there exists a basis of V consisting of elements of V Γ;

(2) there exists an isomorphism V ∼= Bd of B-representations of Γ.

Assume that K = BΓ is a field, and let k be a closed subfield of K. If B is a domain,

the continuous action of Γ on B extends to a continuous action of Γ on FracB, in the

obvious way. We say that B is (k,Γ)-regular if the following conditions hold:

(1) B is a domain.

(2) BΓ = (FracB)Γ.

(3) If b ∈ B, b 6= 0, is such that the line kb is stable by Γ, then it is invertible in B.

1We consider here a class of representations which is larger then the class of `-adic representations,
as in §1.1, with ` = p. In fact, we allow K to be a p-adic field, and not just a finite extension F of Qp,
since it is useful to include the case of the completion F̂ un of the maximal unramified extension of a
finite extension F of Qp, for which we have ΓF̂un = IF . Relevant properties of the representations of
ΓF can in fact be detected on IF .
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Let V be a k-representation of Γ. Then, B ⊗k V is a free B-representation of Γ.

We say that V is B-admissible if B ⊗k V is a trivial B-representation of Γ.

For any k-representation V of Γ, set

DB(V ) = (B ⊗k V )Γ.

We get a map

αV : B ⊗K DB(V )→ B ⊗k V, b⊗ x 7→ bx,

which is B-linear and commutes with the action of Γ.

Assume that B is (k,Γ)-regular, and let V be a k-representation. Then:

(1) The map αV is injective, and dimKDB(V ) ≤ dimk V .

(2) The following conditions are equivalent:

(a) V is B-admissible.

(b) αV is an isomorphism.

(c) dimKDB(V ) = dimk V .

Denote by Repk(Γ) the category of k-representations of Γ. It is well known that

this is a neutral Tannakian category over k, in the sense of [40]. The map DB can be

seen as an additive functor

DB : Repk(Γ)→ VectK

to the category of finite dimensional K-vector spaces. Denote by RepBk (Γ) the category

of k-representations of Γ which are B-admissible. Then, RepBk (Γ) is a Tannakian

subcategory of Repk(Γ), and the restriction of DB to RepBk (Γ) is a fibre functor.

Admissibility with respect to Fontaine’s period rings allows us to define some

classes of p-adic Galois representations. We refer to [50, §3 - §5] for the details.

Let us first focus on the Hodge-Tate and the de Rham period rings. We have that

BHT and BdR are (Qp,ΓK)-regular, and we can give the following definitions.

Definition 1.2.1. We say that a p-adic representation of ΓK is Hodge-Tate (resp. de

Rham) if it is BHT-admissible (resp. BdR-admissible).

Let us denote by RepHT
Qp (ΓK) (resp. RepdR

Qp (ΓK)) the category of p-adic represen-

tations of ΓK which are Hodge-Tate (resp. de Rham).

We let GradK be the category of finite dimensional K-vector spaces equipped

with a grading indexed by Z, and we let FilK denote the category of finite dimensional

K-vector spaces D equipped with a decreasing filtration (F iD)i∈Z which is exhaustive

and separated, that is

14



(1) F iD are K-vector subspaces of D;

(2) F i+1D ⊂ F iD for all i ∈ Z;

(3) ∪i∈ZF iD = D, and ∩i∈ZF iD = {0}.

A morphism between two objects D,D′ in FilK is a K-linear map η : D → D′ such

that

η(F iD) ⊂ F iD′, for all i ∈ Z.

The category GradK is abelian, while FilK is just additive, and there is an obvious

additive functor gr : FilK → GradK given by mapping each filtered K-vector space

to the associated graded K-vector space.

Let us set DHT = DBHT
and DdR = DBdR

. For each ρ : ΓK → GL(V ), we have an

obvious structure of graded K-vector space on DHT(V ), and a structure of filtered

K-vector space on DdR(V ) given by

F iDdR(V ) = (F iBdR ⊗Qp V )ΓK , i ∈ Z.

We can then see DHT and DdR as additive functors

DHT : RepQp(ΓK)→ GradK ,

DdR : RepQp(ΓK)→ FilK .

The identity grBdR = BHT induces a natural inclusion of grDdR(V ) in DHT(V )

for each ρ : ΓK → GL(V ). The following result holds.

Theorem 1.2.2.

(1) If ρ : ΓK → GL(V ) is a de Rham representation, then it is Hodge-Tate. Fur-

thermore, the isomorphism BdR ⊗K DdR(V )→ BdR ⊗Qp V is strictly compatible

with the filtrations, and grDdR(V ) = DHT(V ).

(2) We have inclusions

RepdR
Qp (ΓK) ⊂ RepHT

Qp (ΓK) ⊂ RepQp(ΓK),

where each of these categories is a Tannakian subcategory of the following. Also,

the restriction of DHT (resp. DdR) to RepHT
Qp (ΓK) (resp. RepdR

Qp (ΓK)) is an

exact, faithful, tensor functor.
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Note that there are explicit examples of Hodge-Tate representations which are not

de Rham.

Let ρ : ΓK → GL(V ) be a Hodge-Tate representation. We define the multiset

HT(ρ) of Hodge-Tate weights of ρ to be the multiset of dimQp V integers containing i

with multiplicity

hi = dimQp(V ⊗Qp C(i))ΓK .

Remark 1.2.3. With the convention of [6], if F is a finite extension of Qp, and

ρ : ΓF → GL(V ) is a representation on a finite dimensional Qp-vector space which is

Hodge-Tate, for any embedding τ : F → Qp we define the multiset HTτ (ρ) of τ -Hodge-

Tate weights of ρ to be the multiset of dimQp V integers containing i with multiplicity

hi = dimQp(V ⊗τ,F C(i))ΓF . When F is a number field, and ρ : ΓF → GL(V ) is a

representation on a finite dimensional Qp-vector space, for any embedding τ : F → Qp,

if ρ is Hodge-Tate at the place v(τ) of F induced by τ , we let HTτ (ρ) = HT(ρ |ΓFv(τ) ).
In this case, we say that ρ is regular if for any embedding τ : F → Qp, every element

of the multiset HTτ (ρ) has multiplicity 1.

Before moving to crystalline and semistable representations, let us remark that,

since BHT and BdR are K-algebras, if ρ : ΓK → GL(V ) is a p-adic representation such

that ρ |ΓK′ is Hodge-Tate (resp. de Rham) for some finite extension K ′ of K, then ρ

itself is Hodge-Tate (resp. de Rham). This is not true in general for crystalline and

semistable representations.

Let us now consider the crystalline and the semistable period rings. The rings

Bcris and Bst are (Qp,ΓK)-regular, and we can give the following definition.

Definition 1.2.4. We say that a p-adic representation of ΓK is crystalline (resp.

semistable) if it is Bcris-admissible (resp. Bst-admissible).

We denote by Repcris
Qp (ΓK) (resp. Repst

Qp(ΓK)) the category of p-adic representa-

tions of ΓK which are crystalline (resp. semistable). It can be proved that a p-adic

representation ρ : ΓK → GL(V ) is crystalline (resp. semistable) if and only if ρ |IK is

crystalline (resp. semistable).

Let us now introduce categories of K0-vector spaces corresponding to crystalline

and semistable representations. A (φ,N)-module over K0 is a finite dimensional

K0-vector space D equipped with two maps

φ,N : D → D

satisfying the following properties:
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(1) φ is injective, and semilinear with respect to the absolute Frobenius of K0;

(2) N is K0-linear;

(3) Nφ = pφN .

Note that the action of N on D is necessarily nilpotent. A morphism of (φ,N)-

modules is just a K0-linear map between them, which commutes with φ and N .

A (φ,N)-module D is said to be filtered if the K-vector space DK = K ⊗K0 D is

equipped with a decreasing filtration (F iDK)i∈Z, which is exhausted and separated.

A morphism between two filtered (φ,N)-modules D and D′ is a morphism of (φ,N)-

modules η : D → D′ such that the inducedK-linear map ηK : DK → D′K is a morphism

of filtered K-vector space. We denote by MFK(φ,N) the category of filtered (φ,N)-

modules. Note that MFK(φ,N) is an additive category, but not abelian. We call

(filtered) φ-module a (filtered) (φ, 0)-module, and we write MFK(φ) = MFK(φ, 0).

Let us set Dcris = DBcris
and Dst = DBst . For each ρ : ΓK → GL(V ), the action

of the Frobenius φ on Bcris gives Dcris(V ) a structure of φ-module, and the action of

φ and the monodromy operator N on Bst gives Dst(V ) a structure of (φ,N)-module.

Also, the inclusion of Bcris in Bst identifies Dcris(V ) as the kernel of N in Dst(V ). The

injective homorphism K ⊗K0 Bst → BdR allows us to see Dst(V )K = K ⊗K0 Dst(V )

as a subspace of DdR(V ), which can then be equipped with the induced filtration. It

follows that we can see Dcris and Dst as additive functors

Dcris : RepQp(ΓK)→MFK(φ),

Dst : RepQp(ΓK)→MFK(φ,N).

Let ρ : ΓK → GL(V ) be a p-adic representation. It can be proved that if ρ is

semistable, then Dst(V )K = DdR(V ), and ρ is de Rham. Analogously, it can be proved

that if ρ is crystalline, then it is semistable, and we have Dcris(V ) = Dst(V ), with

N = 0, and Dcris(V )K = DdR(V ).

We say that a filtered (φ,N)-module D is admissible if there exist a semistable

representation ρ : ΓK → GL(V ) and an isomorphism between D and Dst(V ). We

denote by MFad
K (φ,N) the full subcategory of MFK(φ,N) whose objects are the

(φ,N)-modules which are admissible. We write MFad
K (φ) = MFad

K (φ, 0). In conclusion,

the following result holds.

Theorem 1.2.5. We have inclusions

Repcris
Qp (ΓK) ⊂ Repst

Qp(ΓK) ⊂ RepdR
Qp (ΓK),
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where each of these categories is a Tannakian subcategory of the following. Also, the

restriction of Dst to Repst
Qp(ΓK) is a fully faithful, tensor functor, which induces an

equivalence of categories between Repst
Qp(ΓK) and MFad

K (φ,N).

Notice that for N = 0, we have that the restriction of Dcris to Repcris
Qp (ΓK) is

a fully faithful, tensor functor, which induces an equivalence of categories between

Repcris
Qp (ΓK) and MFad

K (φ).

Let us now see a p-adic analogue of the `-adic monodromy theorem of Grothendieck

presented in §1.1. We first need an additional definition.

Definition 1.2.6. We say that a p-adic representation ρ : ΓK → GL(V ) is potentially

semistable if there exists a finite extension K ′ of K such that ρ |ΓK′ is semistable.

Clearly, any potentially semistable representation is de Rham. The converse result,

conjectured by Fontaine in [50, §6.2], and known as the p-adic monodromy conjecture,

holds true as well, and has been first proved by Berger, see [13, Corollaire 5.22].

Theorem 1.2.7. Any p-adic de Rham representation of ΓK is potentially semistable.

By the above theorem, given a finite extension F of Qp, we can attach to any

`-adic (where ` = p) de Rham representation ρ : ΓF → GL(V ) of ΓF a Weil-Deligne

representation of WF in a functorial way. This construction is due to Fontaine, and

we refer to [49, §2.3] for the details.

Let ρ : ΓF → GL(V ) be de Rham. Then, ρ is potentially semistable, that is there

exists a finite extension F ′ of F such that ρ |ΓF ′ is semistable. Let k′ be the residue

field of the discrete valuation on F ′, let W ′ be the ring of Witt vectors of k′, and

let F ′0 = W ′[1/p]. Since V is Bst-admissible as a representation of ΓF ′ , we have that

(Bst ⊗Qp V )ΓF ′ is a finite dimensional F ′0-vector space of dimension dimQp V .

Choose an extension F ′ such that ρ |ΓF ′ is semistable, and set

W = (Bst ⊗Qp V )ΓF ′ .

If σ ∈ WF lies above FrobnF for some n ∈ Z, set

r(σ) = (σφn[k:Fp])⊗ ρ(σ) ∈ GL(W ).

Then,

WD(ρ) = (r,N ⊗ 1)

is a Weil-Deligne representation ofWF over Qp, which up to isomorphism is independent

of the choice of F ′. In fact, we can see that WD is a functor from the category of
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`-adic (where ` = p) de Rham representations of ΓF to the category of Weil-Deligne

representations of WF over Qp. Also in this case, the functor WD commutes with

restriction to open subgroups and tensor operations. However, contrary to the case

` 6= p, one cannot recover a p-adic de Rham representation from the corresponding

Weil-Deligne representation, since this does not take into account the filtration.

Furthermore, we have that ρ is crystalline if and only if WD(ρ) is unramified.

1.2.3 Applications to p-adic comparison isomorphisms

We conclude this section by recalling p-adic comparison theorems with étale

cohomology. Let us fix some notation. Let K be a p-adic field, and let X be a proper

smooth variety over K. For every i ∈ N, the étale cohomology group H i
ét(XK ,Qp) is

a finite dimensional Qp-vector space, equipped with a natural action of ΓK , and so an

object of RepQp(ΓK), see Example 1.1.3. We see now some p-adic Hodge theoretic

properties of these p-adic representations.

For every i ∈ N, the de Rham cohomology group H i
dR(X/K) is the hypercohomol-

ogy group Hi(Ω•X/K) of the de Rham complex

Ω•X/K : OX/K → Ω1
X/K → Ω2

X/K → · · ·

Each H i
dR(X/K) is a finite dimensional K-vector space, equipped with the Hodge

filtration, and so it is an object of the category FilK . The following result, conjectured

by Fontaine in [47, §A.6], has been proved by Faltings in [44, §VIII].

Theorem 1.2.8. For every i ∈ N, there exists an isomorphism

BdR ⊗Qp H
i
ét(XK ,Qp) ∼= BdR ⊗K H i

dR(X/K)

of BdR-vector spaces, which is compatible with the filtration and the action of ΓK. In

other words, the p-adic representation H i
ét(XK ,Qp) is de Rham, and there exists an

isomorphism

DdR(H i
ét(XK ,Qp)) ∼= H i

dR(X/K)

of filtered K-vector spaces.

Let us now assume that X has good reduction, that is there exists a smooth

proper scheme X over OK whose generic fibre X ×OK K is isomorphic to X. For

every i ∈ N, we let H i
cris(Xk/W ) be the crystalline cohomology group of the special

fibre Xk = X ×OK k. Each H i
cris(Xk/W ) is a finitely generated W -module. Let

H i
cris(Xk) = K0 ⊗W H i

cris(Xk/W ). By the comparison isomorphism [14, Théorème
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V.2.3.2] we can give H i
cris(Xk) a structure of filtered φ-module, which is independent

of the choice of the smooth model X of X over OK , see [54, §B]. We then denote by

H i
cris(X) the corresponding element of MFK(φ). The following result has also been

conjectured by Fontaine in [47, §A.11], and proved by Faltings in [44, §V].

Theorem 1.2.9. For every i ∈ N, there exists an isomorphism

Bcris ⊗Qp H
i
ét(XK ,Qp) ∼= Bcris ⊗K0 H

i
cris(X)

of Bcris-modules, which is compatible with the action of ΓK , the action of φ, and (after

extending scalars to BdR) with the filtration. In other words, the p-adic representation

H i
ét(XK ,Qp) is crystalline, and there exists an isomorphism

Dcris(H
i
ét(XK ,Qp)) ∼= H i

cris(X)

of filtered φ-modules.

Note that, by extending scalars to BdR, this implies Theorem 1.2.8 for varieties

with good reduction.

1.3 Geometric compatible systems of Galois

representations

Let F be a a number field, let ΓF denote the absolute Galois group of F . Let ` be

a prime. A continuous representation ρ : ΓF → GL(V ) of ΓF over Q` is said to be

geometric if it is unramified outside a finite set of places of F , and if it is de Rham at

each place v of F above `.

In practice (and conjecturally always, by the conjecture of Fontaine-Mazur [51]),

geometric Galois representations arise as part of geometric compatible systems. Among

the various possible (and conjecturally equivalent) definitions of compatible systems,

we follow the one given in [6, §5.1], with some small variations in the terminology.

Let again F be a number field, and let S be a finite set of places of F . Let E be a

number field, and let Λ be a set of places of E. Let n ≥ 1 be an integer. We recall

the following definition.

Definition 1.3.1. A geometric2 compatible system of rank n representations of ΓF

defined over E, unramified outside S, and indexed by Λ is a family R = {ρλ}λ∈Λ of

2We add “geometric” to the terminology of [6, §5.1] in order to distinguish these compatible
systems from the “abstract” compatible systems of Definition 2.1.1.
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continuous semisimple representations

ρλ : ΓF → GLn(Eλ)

such that:

(1) If v /∈ S is a finite place of F , then for all λ not dividing the residue characteristic

of v, the representation ρλ is unramified at v, and the characteristic polynomial

of ρλ(Frobv) has coefficients in E and is independent of λ.

(2) Each representation ρλ is de Rham at all places above the residue characteristic

of λ, and in fact crystalline at any place v /∈ S above the residue characteristic

of λ.

(3) For each embedding τ : F → E the τ -Hodge-Tate weights of ρλ are independent

of λ.

From now on, we will assume all the geometric compatible systems to be indexed

by set of places of the form Λ = ∪`∈L|E|`, for L a set of rational primes of Dirichlet

density 1.

Given a geometric compatible system R = {ρλ}λ∈Λ, for v /∈ S and λ ∈ Λ not

dividing the residue characteristic of v we let Qv(t) = det(1− tρλ(Frobv)) ∈ E[t] be

the characteristic polynomial of ρλ(Frobv), and for an embedding τ : F → E and

λ ∈ Λ we denote by Hτ the multiset of τ -Hodge-Tate weights of ρλ.

A geometric compatible system R is called regular if for each embedding τ : F → E

every element of the multiset Hτ has multiplicity 1. It is called extremely regular if it

is regular, and for some embedding τ : F → E the set Hτ has the property that if H

and H ′ are subsets of Hτ of the same cardinality, and if
∑

h∈H h =
∑

h′∈H′ h
′, then

H = H ′.

We say that a geometric compatible system R = {ρλ}λ∈Λ defined over a number

field E has coefficients in a finite extension E ′ of E if for any λ ∈ Λ there exists a

place λ′ of E ′ above λ such that the image of ρλ is contained in GLn(E ′λ′).

Given two sets L and L′ of rational primes of Dirichlet density 1, we say that two

geometric compatible systems R = {ρλ}λ∈Λ and R′ = {ρ′λ}λ∈Λ′ defined over a number

field E and indexed by Λ = ∪`∈L|E|` and Λ′ = ∪`∈L′|E|` are isomorphic if there exists

a subset L′′ ⊂ L ∩ L′ of Dirichlet density 1 such that ρλ ∼= ρ′λ for all ` ∈ L′′ and λ | `.
In this case, we write R ∼=(L′′) R′, or for simplicity just R ∼= R′. When R and R′

have coefficients in E, we say that they are isomorphic over E if the isomorphisms

ρλ ∼= ρ′λ are defined over E.
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A geometric compatible system R = {ρλ}λ∈Λ defined over a number field E and

indexed by Λ = ∪`∈L|E|`, for L a set of rational primes of Dirichlet density 1, is said

to be irreducible if there exists a subset L′ of L of Dirichlet density 1 such that ρλ is

irreducible for all ` ∈ L′ and λ | `.
Given a geometric compatible system R = {ρλ}λ∈Λ of representations of ΓF , for

any finite extension F ′ of F the family R|ΓF ′= {ρλ |ΓF ′}λ∈Λ is a geometric compatible

system of representations of ΓF ′ .

A geometric compatible system R = {ρλ}λ∈Λ is said to be strictly compatible if for

each finite place v of F there is a Weil-Deligne representation WDv(R) of WFv over E

such that for each λ ∈ Λ not dividing the residue characteristic of v and every E-linear

embedding ς : E → Eλ there is an isomorphism

ςWDv(R) ∼= WD(ρλ |ΓFv )F−ss.

Given an integer w ∈ Z, we say that a geometric compatible system R = {ρλ}λ∈Λ

is pure of weight w if:

• for each v /∈ S, each root α of Qv(t) in E is a Weil (#k(v))w-number;

• for each embedding τ : F → E and each complex conjugation c in Gal(E/Q)

we have that

Hc◦τ = {w − h : h ∈ Hτ} .

We say that R is strictly pure of weight w if:

• R is strictly compatible, and for each place v of F the Weil-Deligne representation

WDv(R) is pure of weight w.

• for each embedding τ : F → E and each complex conjugation c in Gal(E/Q)

we have that

Hc◦τ = {w − h : h ∈ Hτ} .

Given a geometric compatible system R defined over E and unramified outside S,

and an embedding ı : E → C, we define the partial L-function of R as

LS(ıR, s) =
∏
v/∈S

((#k(v))ns/ıQv((#k(v))s)), s ∈ C.

Again, this infinite product may or may not converge. If R is pure of weight w,

then LS(ıR, s) converges to an analytic function in Re s > 1 + w/2.
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Assume now that F is a CM field3, with maximal totally real subfield F+, and

let c be a generator of Gal(F/F+). A polarised λ-adic representation of ΓF is a pair

(ρ, µ), where ρ : ΓF → GLn(Eλ) is a λ-adic representation, and µ : ΓF+ → E
×
λ is a

continuous character, such that for some (and hence all) v | ∞ of F+, there exists a

non-degenerate pairing 〈·, ·〉v on E
n

λ such that

〈x, y〉v = −µ(cv) 〈y, x〉v

and

〈ρ(σ)x, ρ(cvσcv)y〉v = µ(σ) 〈x, y〉v

for all x, y ∈ Eλ and σ ∈ ΓF . We say that (ρ, µ) is totally odd if µ(cv) = −1 for all

v|∞.

A polarised (resp. totally odd, polarised) geometric compatible system of repre-

sentations of ΓF is a pair (R,M), where R = {ρλ}λ∈Λ is a geometric compatible

system of representations of ΓF , and M = {µλ}λ∈Λ is a geometric compatible system

of characters of ΓF+ , such that for all λ ∈ Λ the pair (ρλ, µλ) is a polarised (resp.

totally odd, polarised) λ-adic representation of ΓF .

We say that a λ-adic representation ρ : ΓF → GLn(Eλ) is conjugate self-dual

(resp. totally odd, conjugate self-dual) if (ρ, ε1−nδnF/F+), where ε denotes the cyclotomic

character of ΓF+ and δF/F+ denotes the quadratic character of ΓF+ attached to the

extension F/F+, is a polarised (resp. totally odd, polarised) λ-adic representation of

ΓF . We say that a geometric compatible system R = {ρλ}λ∈Λ of representations of ΓF

is conjugate self-dual (resp. totally odd, conjugate self-dual) if each ρλ is a conjugate

self-dual (resp. totally odd, conjugate self-dual) λ-adic representation of ΓF .

Geometric compatible systems naturally arise from geometric contexts, as shown

in the following example.

Example 1.3.2. Let F be a number field, let X be a smooth projective variety over F ,

and let i ∈ N. For every prime `, the `-adic étale cohomology group V` = H i
ét(XF ,Q`)

is a finite-dimensional vector space over Q`, with a natural continuous action of ΓF .

As a consequence of the comparison isomorphism [5, Exposé XI, Théorème 4.4] we

get that each V` has dimension n over Q`, where n is the dimension of H i(X(C),Q)

over Q, for a fixed embedding of F into C. Let V ss
` denote the semisimplification of

V`. Then, the action of ΓF on V ss
` defines a family RX = {ρX,`}`∈|Q| of semisimple

3By a CM field we mean an imaginary CM field. Most of the results presented in this work can
be adapted also to the totally real case. For the sake of simplicity, however, we only restrict to the
CM case.
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continuous rank n representations ρX,` : ΓF → GLn(Q`). Let S be a finite set of places

of F such that X has good reduction outside S, and containing all the ramified places

for the extension F/Q. We have:

• for each v /∈ S, with v - `, the representation ρX,` is unramified at v, and the

characteristic polynomial of ρX,`(Frobv) is independent of `, and its roots in Q
are Weil (#k(v))i-numbers, by results of Deligne, see [38, Théorème 1.6];

• for each v | `, the representation ρX,` |ΓFv is de Rham, with Hodge-Tate weights

given by the jumps of the Hodge filtration on the i-th de Rham cohomology

group of XFv , and crystalline if v /∈ S, by the results of Faltings presented in

§1.2.3.

The family RX is then a geometric compatible system, pure of weight i. Conjecturally,

it is strictly compatible, and there is no need to semisimplify the representations. Note

that both these properties are known when X is an abelian variety.

In §1.6, we will see how geometric compatible systems also arise in the context of

automorphic representations.

1.4 The local Langlands correspondence

In this section we present the (conjectural) local Langlands correspondence for

reductive algebraic groups over (characteristic zero) local fields. We start by recalling

the representation theory background in §1.4.1, and we give an introduction to

the expected correspondence in §1.4.2. In the case of GLn, the local Langlands

correspondence has been fully proved. We present the main result in this context in

§1.4.3, which will allow us to make precise the local-global compatibility statements

in the main theorem on the construction of automorphic compatible systems in §1.6.

1.4.1 Representation theory over characteristic zero local
fields

Let F be a characteristic zero local field, and let G be a connected reductive

algebraic group over F . The group G(F ) of F -rational points of G is a locally

compact, totally disconnected, Hausdorff topological group. Fix a (left invariant) Haar

measure “meas” on G(F ).

Assume that F is Archimedean, and fix a maximal compact subgroup K of G(F ).

Let also g be the Lie algebra of G(F ), viewed as a real Lie group, and let k be the Lie
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algebra of K. Given a representation σ of G(F ) on a Hilbert space V such that σ |K
is unitary, for each equivalence class of irreducible representation γ of K we write

V γ = {f ∈ V : 〈σ |K f〉 ∼= γ}

for the γ-isotypic subspace of V . A vector f ∈ V is said to have K-type γ if f ∈ V γ.

A (g, K)-module is a C-vector space V , together with a representation π of g and

K, satisfying the following conditions.

(1) The space V is a countable algebraic direct sum V = ⊕iVi, where each Vi is a

finite dimensional K-invariant vector space.

(2) For X ∈ k and f ∈ V , we have

π(X)f = Xf =
d

dt
exp(tX)f |t=0

= lim
t→0

1

t
(π(exp(tX)f)− f).

(3) For k ∈ K, X ∈ g, and f ∈ V , we have π(k)π(X)π(k−1)f = π(Ad(k)X)f .

We say that a (g, K)-module V is admissible if we can choose the Vi’s to have

distinct K-types.

Define the Hecke algebra of (G(F ), K) to be the convolution algebra HC(G(F ), K)

of distributions on G(F ) with support in K, which are K-finite under both left and

right translation. For simplicity of notation, set H = HC(G(F ), K).

Let gC = g ⊗R C (resp. kC = k ⊗R C) be the complexified Lie algebra of G(F )

(resp. K), and let U(gC) (resp. U(kC)) be the universal enveloping algebra of gC (resp.

kC). The algebra H contains the algebra HC(K) of K-finite measures on K, viewed as

distributions on G(F ). It can be proved that the map U(gC)⊗U(kC)HC(K)→ H given

by (X,µ) 7→ X ∗ µ is a vector space isomorphism. Let dK denote a Haar measure

on K, normalised to give unit volume to K. For any finite dimensional irreducible

representation γ of K, we let dγ be its rank, and χγ be its character. The measure

eγ =
1

dγmeas(K)
χγdK

on K is an idempotent of the algebra HC(K). By the above isomorphism, the

idempotents eγ of HC(K) define idempotents of the Hecke algebra H, which becomes

then an idempotented algebra.
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A H-module V is said to be nondegenerate if HV = V , admissible if it is non-

degenerate, and if eγV is finite dimensional for all finite dimensional irreducible

representations γ of K.

Given a (g, K)-module V , endowed with a representation π of g and K, for

X ∈ U(gC), µ ∈ H(K), and f ∈ V , the formula (X ⊗ µ)f = π(X)π(µ)f defines

on V a structure of nondegenerate H-module. We have that V is admissible as a

(g, K)-module if and only if it is admissible as a H-module. It is not difficult to show

that this construction gives an isomorphism between the category of (g, K)-modules

and the category of nondegenerate H-modules.

Assume now that F is non Archimedean. We say that a representation π of

G(F ) on a C-vector space V is smooth if the stabiliser of every vector in V is open;

equivalently, if V = ∪KV K , where K runs over the compact open subgroups of G(F ).

We say that π is admissible if it is smooth, and for all compact open subgroups K of

G(F ) the subspace V K of K-fixed vectors of V is finite dimensional. Any irreducible

smooth representation of G(F ) is admissible.

Let Z be the centre of G, and let π be an irreducible admissible representation of

G(F ) on a C-vector space V . By Schur’s lemma, Z(F ) acts on V via a character χπ,

that is π(z) = χπ(z)Id for all z ∈ Z(F ). We call χπ the central character of π.

Given a commutative ring R with unit, define the Hecke algebra of G(F ) over R

to be the convolution algebra HR(G(F )) of locally constant and compactly supported

R-valued functions on G(F ). This is an associative algebra, which has no unit element

unless G is discrete, and is commutative if and only if G(F ) is commutative.

For any compact open subgroup K of G(F ), the function

eK =
1

meas(K)
1K ,

where 1K denotes the characteristic function of K, is an idempotent of HR(G(F )).

The algebra HR(G(F ), K) = eKHR(G(F ))eK can be identified with the space of

locally constant and compactly supported R-valued functions on G(F ) which are

K-bi-invariant. For simplicity of notation, set H = HC(G(F )), and set H(G(F ), K) =

HC(G(F ), K).

A H-module V is said to be nondegenerate if HV = V . If π is a smooth represen-

tation of G(F ) on a C-vector space V , then V has a natural structure of H-module,

and for every compact open subgroup K of G(F ), the space eKV = V K has a nat-

ural structure of H(G(F ), K)-module. Viceversa, any nondegenerate H-module is

associated to a unique smooth representation of G(F ). In other words, there is an
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isomorphism between the category of smooth representations of G(F ) and the category

of nondegenerate H-modules.

We say that a H-module V is admissible if it is nondegenerate and if for all compact

open subgroups K of G(F ), the space 1KV is finite dimensional. Clearly, a smooth

representation of G(F ) is admissible if and only if the corresponding H-module is

admissible.

Recall that G is said to be unramified if G is quasi-split, and split over an unramified

extension of F . If G is unramified, and K is a hyperspecial compact open subgroup

of G(F ), in the sense of [102, §3], then (G(F ), K) is a Gelfand pair, and the algebra

H(G(F ), K), which in this case is known as the spherical Hecke algebra of (G(F ), K),

is commutative. This result can be proved directly via Gelfand’s lemma, see [56, §2]

for a sketch of the argument, or alternatively via the Satake isomorphism, whose study

is postponed to §1.5.2. When H(G(F ), K) is commutative, a result of Flath, see [45,

§1], implies that if π is an irreducible admissible representation of G(F ) on a C-vector

space V , then the space V K of K-fixed vectors in V (which is then finite dimensional)

has dimension at most 1.

Let π be a smooth representation π of G(F ) on a C-vector space V . For any

compact open subgroup K of G(F ), let V ∨(K) be the space of linear functionals v∨

on V such that 〈v∨, π(eK)v〉 = 〈v∨, v〉 for every v ∈ V . The space V ∨ = ∪KV ∨(K) is

called the smooth dual of V . There is a smooth representation π∨ of G(F ) on V ∨, called

the contragradient to π, characterised by the relation 〈π∨(g)v∨, v〉 = 〈v∨, π(g−1)v〉 for

g ∈ G(F ), v ∈ V , and v∨ ∈ V ∨. We have that π is admissible if and only if π∨ is

admissible.

1.4.2 The L-group and the conjectural correspondence

Let F be a local field. For the purposes of this work, let us assume that F has

characteristic zero4. Let G be a connected reductive algebraic group over F . First of

all, we review here briefly the construction of the L-group of G, for which we refer to

[17, §I]. Also refer to [95] for the background on reductive groups.

If we let T ⊂ B be a maximal torus, contained in a Borel subgroup of GF , we

can associate the based root datum Ψ0(G,B, T ) = (X∗(T ),∆∗(B), X∗(T ),∆∗(B))

consisting of the character and cocharacter groups of T , and the roots and coroots

4A conjectural local Langlands correspondence can be formulated also in the positive characteristic
setting, where it has been proved for GLn by Laumon, Rapoport, and Stuhler in [76]. Quite recently,
an arrow of the correspondence for a general reductive group has been established by Genestier and
V. Lafforgue in [53].
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which are simple and positive with respect to the ordering defined by B. Let Z be the

centre of G. If T ′ ⊂ B′ is a different choice of a maximal torus, contained in a Borel

subgroup of GF , and Ψ0(G,B′, T ′) is the corresponding based root datum, then there

is an element of (G/Z)(F ) mapping B′ to B and T ′ to T , and all these elements induce

the same isomorphism of based root data Ψ0(G,B, T )
∼−→ Ψ0(G,B

′, T ′). Following

Kottwitz, we define then Ψ0(G) = (X∗,∆∗, X∗,∆∗) to be the projective limit of the

Ψ0(G,B, T ) via the above isomorphisms. There is a natural group homomorphism

µG : ΓF → Aut(Ψ0(G)), which factors through Gal(F ′/F ) if F ′ is a Galois extension

of F inside F that splits G.

Let Ĝ be a connected reductive algebraic group over C, the complex dual of

G, equipped with a given isomorphism of root data Ψ0(Ĝ)
∼−→ Ψ0(G)∨, where

Ψ0(G)∨ = (X∗,∆∗, X
∗,∆∗) is the dual root datum to Ψ0(G). There is a canonical

group isomorphism Aut(Ψ0(G)) ∼= Aut(Ψ0(G)∨) given by mapping an automorphism

of X∗ to its inverse, and hence a canonical action of ΓF on Ψ0(G)∨, which then induces

an action of ΓF on Ψ0(Ĝ).

Fix a maximal torus T̂ ⊂ B̂, contained in a Borel subgroup of Ĝ, and a splitting

(also called a pinning in the literature, see [95, §2.14] for the details) of the exact

sequence

1→ Int(Ĝ)→ Aut(Ĝ)→ Aut(Ψ0(Ĝ))→ 1.

Then, this data induces an action of ΓF on Ĝ. Define then the L-group of G to be

the resulting semidirect product

LG = Ĝo ΓF ,

with identity component Ĝ and component group ΓF . By construction, there is a

natural projection LG→ ΓF . Note that if G splits over F , then the action of ΓF on

Ĝ is trivial, and so LG = Ĝ× ΓF .

Define the Langlands group of F to be

LF =

{
WF , if F is Archimedean,

WF × SU(2), if F is non Archimedean.

Recall that WF is equipped with a continuous homomorphism WF → ΓF with

dense image, so that we have a projection LF → ΓF .

We say that a continuous homomorphism φ : LF → LG(C) is admissible if it

commutes with the projections to ΓF . Two admissible homomorphisms φ, φ′ : LF →
LG(C) are said to be equivalent if they differ by conjugation by an element of Ĝ(C).
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The conjectural local Langlands correspondence for G over F predicts the existence

of a partition of the set of isomorphism classes of irreducible admissible (g, K)-modules

when F is Archimedean, and of irreducible admissible representations of G(F ) when

F is non Archimedean, into disjoint finite subset Πφ, called L-packets, parametrised

by equivalence classes of admissible continuous homomorphisms φ : LF → LG(C),

called L-parameters. In addition, this conjectural parametrisation should satisfy some

desiderata, i.e. the matching of certain (conjectural) L-functions and ε-functions, see

[72].

In the Archimedean case, such a correspondence has been proved by Langlands in

[73]. We omit here the details, for which we refer to Langlands’ paper.

1.4.3 The case of GLn

In the case of GLn, the local Langlands correspondence has been proved also over

non Archimedean local fields.

Fix a finite extension F of Qp, for some prime p, and an integer n ≥ 1. For GLn

over F , the L-packets are singletons, i.e. equivalence classes of single irreducible

admissible representations of GLn(F ) over C. We then let A0
F (n) denote the set of

isomorphism classes of irreducible admissible representations of GLn(F ) over C.

Let us remark that since GLn is split over F , and ĜLn = GLn, then LGLn =

GLn × ΓF , so that in this case L-parameters corresponds to (equivalence classes

of) continuous representations φ : WF × SU(2) → GLn(C). The group WF × SU(2)

is often called the Weil-Deligne group of F , and its representations over C are in

bijection with Weil-Deligne representations of WF over C, see for instance [96, §4.1].

We let G0
F (n) denote the set of isomorphism classes of irreducible rank n Weil-Deligne

representations of WF over C.

Given irreducible admissible representations π and π′ respectively of GLn(F ) and

GLn′(F ) over C, and an additive character ψ : F → C×, it is possible to define an

L-function L(π × π′, s) and an ε-function ε(π × π′, ψ, s), for s ∈ C. We refer, for

instance, to [63] and [64] for these constructions.

The following result has been proved independently by Harris and Taylor, see [60,

Theorem VII.2.20], and by Henniart, see [62, Théorème 4.2]. Later, an alternative

proof has been given by Scholze, see [87, Theorem 1.2].

Theorem 1.4.1. For any finite extension F of Qp there exist a collection of bijections

recF : A0
F (n)

∼−→ G0
F (n)

for every integer n ≥ 1 satisfying the following properties.
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(1) If χ ∈ A0
F (1), then recF (χ) = χ ◦ Art−1

F .

(2) If π ∈ A0
F (n), and π′ ∈ A0

F (n′), then

L(π × π′, s) = L(recF (π)⊗ recF (π′), s),

ε(π × π′, ψ, s) = ε(recF (π)⊗ recF (π′), ψ, s).

(3) If π ∈ A0
F (n), and χ ∈ A0

F (1), then recF (π ⊗ (χ ◦ det)) = recF (π)⊗ recF (χ).

(4) If π ∈ A0
F (n) has central character χ, then det recF (π) = recF (χ).

(5) If π ∈ A0
F (n), then recF (π∨) = recF (π)∨.

A collection of bijections recF satisfying properties (1)-(5) of the above theorem

is called a local Langlands correspondence for GLn over F . It is unique by results of

Henniart, see [61, Théorème 4.1].

1.5 Algebraic automorphic representations

In this section, we introduce the class of algebraic automorphic representations to

which geometric Galois representations are conjecturally (and in some cases actually)

attached. We start by recalling the general definitions of automorphic forms and

representations for reductive algebraic groups over number fields in §1.5.1. Afterwards,

we quickly move again to the local setting, where we present the Satake isomorphism

for spherical Hecke algebras in §1.5.2, and some natural algebraicity conditions over

Archimedean local fields in §1.5.3. These local preliminaries will allow us to define

algebraicity conditions for automorphic representations in §1.5.4.

1.5.1 Generalities on automorphic forms and representations

Let F be a number field, and let G be a connected reductive algebraic group over

F . Fix maximal compact subgroups Kv of G(Fv) for each infinite place v of F .

Let G(F∞) =
∏

v|∞G(Fv) and G(AF,f) =
∏′

v-∞G(Fv), where the second product

is restricted with respect to a choice of compact open subgroups Kv of G(Fv) for each

finite place v of F , and let G(AF ) = G(F∞)×G(AF,f ) be the group of adelic points of

G over F . We review here some representation theory of G(F∞) and G(AF,f ), roughly

following the exposition of [45]. Throughout this exposition, we fix Haar measures,

which we all denote (if not otherwise specified) by “meas”, on each of the groups

G(Fv), G(F∞), and G(AF,f ).
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Let us first of all consider the Archimedean case. For each infinite place v of

F , let gv be the Lie algebra of G(Fv), viewed as a real Lie group. The product

K∞ =
∏

v|∞Kv is a maximal compact subgroup of G(F∞). We let g = ⊕v|∞gv be the

Lie algebra of G(F∞), viewed as a real Lie group. It is then possible to define a notion

of (g, K∞)-module (resp. admissible (g, K∞)-module) exactly as in §1.4.1.

For each infinite place v of F , let Hv = HC(G(Fv), Kv) be the Hecke algebra of

(G(Fv), Kv). Define the Hecke algebra of (G(F∞), K∞) to be the convolution algebra

H∞ = HC(G(F∞), K∞) of distributions on G(F∞) with support in K∞, which are K∞-

finite under both left and right translation. We have a decomposition H∞ = ⊗v|∞Hv,

and we have that H∞ is naturally an idempotented algebra, with idempotents of the

form

eγ =
1

dγmeas(K∞)
χγdK∞,

for γ finite dimensional irreducible representations of K∞, of rank dγ and character

χγ, and where dK∞ denotes a Haar measure on K∞, normalised to give unit volume

to K∞.

A H∞-module V is said to be nondegenerate if H∞V = V , admissible if eγV

is finite dimensional for all finite dimensional irreducible representations γ of K∞.

There is an isomorphism between the category of (g, K∞)-modules and the category

of nondegenerate H∞-modules. Furthermore, a (g, K∞)-module is admissible if and

only if the corresponding H∞-module is admissible.

Let us now move to the non Archimedean setting. We say that a G(AF,f )-module

V smooth if the stabiliser of every vector in V is open; equivalently, if V = ∪KfV Kf ,

where Kf runs over the compact open subgroups of G(AF,f). We say that V is

admissible if it is smooth, and for all compact open subgroups Kf of G(AF,f) the

space V Kf of Kf -fixed vectors in V is finite dimensional.

Given a commutative ring R with unit, for any finite place v of F , letHR(G(Fv)) be

the Hecke algebra of G(Fv) over R, and for any compact open subgroup Kv of G(Fv),

let eKv be the corresponding idempotent of HR(G(Fv)). Define the Hecke algebra

of G(AF,f) over R to be the convolution algebra HR(G(AF,f)) of locally constant

R-valued functions on G(AF,f) with compact support. We have a decomposition

HR(G(AF,f )) = ⊗′v-∞HR(G(Fv)), where the tensor product is restricted with respect

to the idempotents eKv . The algebra HR(G(AF,f)) is then an idempotented algebra.

For simplicity of notation, set Hv = HC(G(Fv)) for any v, and Hf = HC(G(AF,f )).

A Hf -module V is said to nondegenerate if HfV = V , admissible if it is non-

degenerate and if for all compact open subgroups Kf of G(AF,f) the space 1KfV ,

where 1Kf denotes the characteristic function of Kf , is finite dimensional. There is an
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isomorphism between the category of smooth G(AF,f)-modules and the category of

nondegenerate Hf -modules. Furthermore, a G(AF,f )-module is admissible if and only

if the corresponding Hf -module is admissible.

An admissible G(AF )-module is a vector space V which is both an admissible

(g, K∞)-module, and an admissible G(AF,f)-module, and such that the action of

G(AF,f ) commutes with the action of g and K∞.

Let us conclude this abstract representation theory overview with the statement

of Flath’s tensor product decomposition theorem. For each finite place v of F , fix

compact open subgroups Kv of G(Fv). There exists a finite set S of places of F ,

containing all the infinite places, such that G extends to a reductive group scheme G
over the ring OF,S of S-integers of F . For each v /∈ S, the compact open subgroup

G(OFv) of G(Fv) is hyperspecial by [102, §3.9.1]. At these places, we can then choose

Kv = G(OFv). Recall that in this case the algebra H(G(Fv), Kv) = HC(G(Fv), Kv) is

commutative, and hence for any irreducible admissible G(Fv)-module Vv the space

V Kv
v of Kv-fixed vectors in Vv has dimension at most 1. The following decomposition

theorem has been proved by Flath in [45, §3].

Theorem 1.5.1. Let V be an irreducible admissible G(AF )-module. Then, for each

infinite place v of F there exists an irreducible admissible (g, Kv)-module Vv, and for

each finite place v of F there exists an irreducible admissible G(Fv)-module Vv such

that, for almost all finite v, the space V Kv
v contains a nonzero vector f 0

v , such that

V ∼= ⊗′vVv,

where the tensor product is restricted with respect to the vectors f 0
v .

We can now define automorphic forms and representations of G(AF ), following

roughly the exposition of [19]. Let us start by recalling the notion of classical

automorphic form on G(F∞).

A norm ‖·‖ on G(F∞) is a function on G(F∞) of the form ‖x‖ = (Tr (σ(x)∗σ(x)))1/2,

where σ is a representation of G(F∞) on a finite dimensional Hilbert space V , which has

finite kernel, and such that σ |K∞ is unitary. (Here ∗ denotes the adjoint with respect

to the inner product on V ). We say that a complex valued function f : G(F∞)→ C
is slowly increasing if there exists a norm ‖ · ‖ on G(F∞), a constant C > 0, and an

integer r > 0 such that

|f(x)| ≤ C‖x‖r, ∀x ∈ G(F∞).
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Two subgroups Γ and Γ′ of the same group are said to be commensurable if Γ ∩ Γ′

has finite index in both Γ and Γ′. Fix a faithful representation G→ GLn,F , and let

G be the schematic closure of G in GLn,OF . We say that a subgroup Γ of G(F ) is

arithmetic if Γ and G(OF ) are commensurable. It is possible to show that the notion of

arithmeticity does not depend on the choice of the faithful representation G→ GLn,F .

Let us fix an arithmetic subgroup Γ of G(F ), and let Z(gC) denote the centre of the

universal enveloping algebra U(gC) of gC = g⊗R C. We give the following definition.

Definition 1.5.2. A C∞ complex valued function

f : G(F∞)→ C

is said to be an automorphic form on G(F∞) with respect to Γ if it satisfies the

following conditions.

(1) It is left Γ-invariant.

(2) There is an idempotent ξ∞ ∈ H∞ such that f ∗ ξ∞ = f .

(3) There is an ideal J of Z(gC) of finite codimension which annihilates f .

(4) It it slowly increasing.

In this case, we sometimes say that f is of type (Γ, ξ∞, J,K∞)

We denote byA(Γ, ξ∞, J,K∞) the space of automorphic forms of type (Γ, ξ∞, J,K∞)

on G(F∞), and we let A(Γ, J,K∞) = ∪ξA(Γ, ξ∞, J,K∞), which is naturally a (g, K∞)-

module. A result of Harish-Chandra gives that A(Γ, J,K∞) is admissible as a (g, K∞)-

module, and hence each A(Γ, ξ∞, J,K∞) is finite dimensional, see [58, Theorem 1].

Let us now move to the adelic setting. A complex valued function f : G(AF )→ C
is said to be smooth if it is continuous, and viewed as a function of two arguments

x ∈ G(F∞) and y ∈ G(AF,f) it is C∞ in x (resp. locally constant in y) for fixed y

(resp. fixed x).

Define the Hecke algebra of G(AF ) to be H = H∞ ⊗Hf . We say that an element

ξ ∈ H is simple if it is of the form ξ = ξ∞ ⊗ ξf , where ξ∞ ∈ H∞, and ξf ∈ Hf . We

give the following definition.

Definition 1.5.3. A smooth complex valued function

f : G(AF )→ C

is said to be an automorphic form on G(AF ) if it satisfies the following conditions.
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(1) It is left G(F )-invariant.

(2) There is a simple element ξ ∈ H such that f ∗ ξ = f .

(3) There is an ideal J of Z(gC) of finite codimension which annihilates f .

(4) For each y ∈ G(AF,f ) the function x 7→ f(xy) on G(F∞) is slowly increasing.

In this case, we sometimes say that f is of type (ξ, J,K∞).

We denote by A(ξ, J,K∞) the space of automorphic forms of type (ξ, J,K∞) on

G(AF ). Given a compact open subgroup Kf of G(AF,f ), we define the idempotent

eKf =
1

meas(Kf )
1Kf

of Hf , where, as above, 1Kf denotes the characteristic function of Kf . Note that there

exists a compact open subgroup Kf of G(AF,f ) such that ξf ∗ eKf = ξf . In this case,

we see that A(ξ, J,K∞) ⊂ A(ξ∞ ∗ eKf , J,K∞). Without loss of generality, let us then

assume that ξ = ξ∞ ⊗ eKf for some Kf . The double quotient G(F )\G(A)/G(F∞)Kf

is finite, see [16], and so there is a finite set T of double coset representatives, which

we can assume to be contained in G(AF,f ). For t ∈ T , we let

Γt = G(F ) ∩ (G(F∞)× t ·Kf · t−1),

which is an arithmetic subgroup of G(F ). Given a complex valued function f on

G(AF ), and t ∈ T , we define a function ft on G(F∞) by ft(x) = f(tx), for x ∈ G(F∞).

It is immediate to check that f is left G(F )-invariant if and only if ft is left Γt-invariant

for every t ∈ T . The map f 7→ (ft)t∈T induces then an isomorphism

A(ξ, J,K∞)
∼−→ ⊕t∈TA(Γt, ξ∞, J,K∞),

which immediately implies that A(ξ, J,K∞) is finite dimensional.

Let N be the unipotent radical of any proper parabolic subgroup P of G defined

over F . A continuous (resp. measurable) complex valued function f : G(AF )→ C is

said to be cuspidal if ∫
N(F )\N(AF )

f(nx)dn = 0

for all (resp. almost all) x ∈ G(AF ).

An automorphic form f on G(AF ) is said to be a cusp form if it is cuspidal. We

denote by A0(ξ, J,K∞) the space of cusp forms of type (ξ, J,K∞) on G(AF ).

The global Hecke algebra H naturally acts by right convolution on the spaces

A(ξ, J,K∞) of automorphic forms on G(AF ). We can finally give the following

definition.
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Definition 1.5.4. An automorphic representation (resp. cuspidal automorphic repre-

sentation) of G(AF ) is an irreducible H-module which is isomorphic to a subquotient

of a representation of H on a space of automorphic forms (resp. cusp forms) on G(AF ).

Let π be an automorphic representation of G(AF ). Then, π decomposes as a tensor

product π ∼= π∞⊗πf , where π∞ is an irreducible H∞-module, and πf is an irreducible

Hf -module, each of which is admissible by [19, Proposition 4.5]. It follows that π is

naturally an irreducible admissible G(AF )-module, and so by Theorem 1.5.1 it has a

decomposition

π ∼= ⊗′vπv.

For any finite set S of places of F , we let πS = ⊗′v/∈Sπv, and we define the

contragradient of π to be π∨ = ⊗′vπ∨v .

Let Z be the greatest torus, split over F , of the centre of F , and let π be an

automorphic representation of G(AF ) on a C-vector space V . Then, by Schur’s lemma,

the group Z(AF ) acts on V via a character χπ, that is π(z) = χπ(z)Id for all z ∈ Z(AF ).

We call χπ the central character of π. Note that since automorphic forms are left

G(F )-invariant, then χπ factors through the quotient Z(F )\Z(AF ).

Let χ be a complex character of Z(F )\Z(AF ). Define the space

L2(G(F )\G(AF ))χ

=
{
f ∈ L2(G(F )Z(AF )\G(AF )) : f(zx) = χ(z)f(x), ∀z ∈ Z(AF ), ∀x ∈ G(AF )

}
.

The group G(AF ) acts on L2(G(F )\G(AF ))χ by right translation. A function

f ∈ L2(G(F )\G(AF ))χ is said to be K-finite, for some maximal compact subgroup

K of G(AF ), if its right translates by elements of K span a finite dimensional vector

space. By [45, Theorem 4], for any G(AF )-invariant irreducible closed subspace V

of L2(G(F )\G(AF ))χ, the subspace Vfin of K-finite vectors in V is an automorphic

representation of G(AF ). We call discrete an automorphic representation of G(AF )

arising in this way. A result of Gelfand and Piatetski-Shapiro, see [52], gives that the

subspace L2
0(G(F )\G(AF ))χ of cuspidal functions in L2(G(F )\G(AF ))χ decomposes as

a discrete sum with finite multiplicities of closed irreducible G(AF )-invariant subspaces.

The subspaces of K-finite vectors in these subspaces give, up to isomorphism, all the

cuspidal automorphic representations of G(AF ) with central character χ. In other

terms, all cuspidal automorphic representations of G(AF ) are discrete.
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1.5.2 The Satake isomorphism

Let F be a finite extension of Qp, for some prime p, and let G be a connected

reductive algebraic group over F . Assume that G is unramified. Recall that in this

case, if K is an hyperspecial subgroup of G(F ), and π is an irreducible admissible

representation of G(F ) on a C-vector space, then V K has dimension at most 1. We

say that π is unramified, or spherical, if V K 6= {0}.
Let now π be an automorphic representation. By Flath’s tensor product decompo-

sition theorem we have an isomorphism π ∼= ⊗′vπv. Part of this result actually consists

in showing that the representations πv are unramified for all but finitely many finite

places v. We show here how unramified representations can be characterised by means

of their (so called) Satake parameters.

For simplicity, let us assume that G is split, refer to [28, §4.2] for the general

unramified case. Let T ⊂ B be a maximal torus, contained in a Borel subgroup of G,

let Ĝ be the complex dual group of G, and let T̂ ⊂ B̂ be a maximal torus, contained

in a Borel subgroup of Ĝ, so that there is an isomorphism X∗(T̂ ) ∼= X∗(T ).

Fix a hyperspecial subgroup K of G(F ), and let H(G(F ), K) be the Hecke algebra

of (G(F ), K). As anticipated in §1.4.1, in this case we have that H(G(F ), K) is

commutative. This can be proved straightforwardly via the Satake isomorphism.

Let N be the unipotent radical of any proper parabolic subgroup P of G defined

over F , and let dn be the unique Haar measure on N(F ) which gives N(F ) ∩ K
volume 1. Let δ : B(F ) → R>0 be the modular function on B(F ) defined by the

formula d(bnb−1) = δ(b)dn, for all b ∈ B(F ). Since δ is trivial on N(F ), it defines a

character δ : T (F )→ R>0. For any f ∈ H(G(F ), K), define its Satake transform to

be the function Sf on T (F ) given by the integral

Sf(t) = δ(t)1/2

∫
N(F )

f(tn)dn, t ∈ T (F ).

The function Sf is actually a function on T (F )/(T (F ) ∩ K) = X∗(T ), with

values in C. This gives that the Satake transform S induces a ring homomorphism

from H(G(F ), K) to the ring C[X∗(T )] of C-valued functions on X∗(T ). Recall that

X∗(T̂ ) ∼= X∗(T ), so that S can be considered to take values in C[X∗(T̂ )]. Let W (Ĝ, T̂ )

be the Weyl group of Ĝ with respect to T̂ . The main result is that the image of S
lies in the subring C[X∗(T̂ )]W (Ĝ,T̂ ) of W (Ĝ, T̂ )-invariants in C[X∗(T̂ )]. More precisely,

the following result holds, see [28, Theorem 4.1].

Proposition 1.5.5. The Satake transform gives a ring isomorphism

S : H(G(F ), K)
∼−→ C[X∗(T̂ )]W (Ĝ,T̂ ).
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The isomorphism of Proposition 1.5.5 is often called the Satake isomorphism.

Note that, this immediately implies that the spherical Hecke algebra H(G(F ), K) is

commutative.

Let RepC(Ĝ(C)) be the representation ring of Ĝ(C) over C, that is the Grothendieck

ring of the category RepC(Ĝ(C)) of finite dimensional representations of Ĝ(C) over

C. We have RepC(Ĝ(C)) ∼= C[X∗(T̂ )]W (Ĝ,T̂ ), and so H(G(F ), K) ∼= RepC(Ĝ(C)) via

S. A further consequence of Proposition 1.5.5 is that we can associate (uniquely) to

any (isomorphism class of) unramified irreducible admissible representations of G(F )

over C a semisimple conjugacy class in Ĝ(C). This relies on the fact that the complex

characters of RepC(Ĝ(C)) are indexed by the semisimple conjugacy classes in Ĝ(C).

Let π be an unramified irreducible admissible representation of G(F ) on a C-vector

space V . Let f ∈ H(G(F ), K). Then, π(f) acts via a scalar on V K , and hence on all

V . We denote this scalar by Tr π(f). The map

H(G(F ), K)→ C, f 7→ Tr π(f),

is then a character of H(G(F ), K). Via S, this induces a character of RepC(Ĝ(C)).

We denote by c(π) the semisimple conjugacy class in Ĝ(C) attached to it. We refer to

[56, Proposition 6.4] for the following result.

Proposition 1.5.6. The map π 7→ c(π) gives a bijection between the set of isomor-

phism classes of unramified irreducible admissible representations of G(F ) over C and

the set of semisimple conjugacy classes in Ĝ(C).

Given π as above, we call Satake parameters on π the eigenvalues of a representative

of the conjugacy class c(π).

For the purposes of this section, see in particular §1.5.4, it would be useful

to consider, following [23, §2.2], the natural Q-structures on H(G(F ), K) coming

from the Q-valued functions HQ(G(F ), K) and from Q[X∗(T̂ )]W (Ĝ,T̂ ) via the Satake

isomorphism5. If π is an unramified irreducible admissible representation of G(F ) on a

C-vector space V , then the action ofH(G(F ), K) on V K induces mapsHQ(G(F ), K)→
C and Q[X∗(T̂ )]W (Ĝ,T̂ ) → C. Given a subfield E of C, we say that

(1) π is defined over E if HQ(G(F ), K)→ C takes values in E;

(2) the Satake parameter of π is defined over E if Q[X∗(T̂ )]W (Ĝ,T̂ ) → C takes values

in E.
5Note that the Satake transform on HQ(G(F ),K) does not induce in general an isomorphism

HQ(G(F ),K) ∼= Q[X∗(T̂ )]W (Ĝ,T̂ ), and so HQ(G(F ),K) and Q[X∗(T̂ )]W (Ĝ,T̂ ) give in general distinct
Q-structures on H(G(F ),K).
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The Satake parameters can be used to give a quick definition of global partial

L-functions of automorphic representations, for which we refer, for instance, to [17].

For the purposes of this work, we restrict to the case of GLn, with its standard

representation.

Let F be a number field, and let π be an automorphic representation of GLn(AF ).

Decompose π as a tensor product π ∼= ⊗′vπv. Then, there is a finite set S of places of F

such that πv is unramified for all v /∈ S. For each v /∈ S, let c(πv) be the corresponding

semisimple conjugacy class in ĜLn(C) = GLn(C) given by Proposition 1.5.6. Define

then the partial L-function of π as

LS(π, s) =
∏
v/∈S

det(1− (#k(v))−sc(πv))
−1,

where the infinite product converges for Re s large enough. Also, as a consequence

of a classical result of Godement and Jacquet, see [55, Corollary 13.8], the partial

L-function LS(π, s) is known to have meromorphic continuation to the whole complex

plane.

1.5.3 Local definitions

Let F be an Archimedean local field, and let G be a connected reductive algebraic

group over F . Let g be the Lie algebra of G(F ), viewed as a real Lie group, and

let K be a maximal compact subgroup of G(F ). Recall that the local Langlands

correspondence for G over F , proved by Langlands in [73], establishes a bijection

between the set of irreducible admissible (g, K)-modules and the set of Ĝ(C)-conjugacy

classes of continuous admissible homomorphisms φ : WF → LG(C), see §1.4.2. For

any of such π, we let φπ be the corresponding admissible homomorphism.

Fix an algebraic closure F of F , and let T ⊂ B be a maximal torus, contained

in a Borel subgroup of GF . Let us also choose a maximal torus T̂ ⊂ B̂, contained

in a Borel subgroup of Ĝ. Let now φ : WF → LG(C) be a continuous admissible

homomorphism. The group WF contains a finite index subgroup canonically isomorphic

to F
×

. After possibly conjugating φ by an element of Ĝ(C), let us assume that

φ(F
×

) ⊂ T̂ (C). Let σ, τ : F
∼−→ C be the two R-isomorphisms. Then, for z ∈ F× we

have φ(z) = σ(z)λστ(z)λτ , for λσ, λτ ∈ X∗(T̂ )⊗Q C such that λσ − λτ ∈ X∗(T̂ ). Since

there is usually more than one way of conjugating φ(F
×

) into T̂ (C), we have that the

pair (λσ, λτ ) ∈ (X∗(T̂ )⊗QC)2 is a well-defined invariant of φ only up to the (diagonal)

action of the Weyl group W (G, T ).

A natural notion of “algebraicity” is then the following.
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Definition 1.5.7. We say that φ : WF → LG(C) is L-algebraic if λσ ∈ X∗(T ). We

say that an irreducible admissible (g, K)-module π is L-algebraic if φπ is L-algebraic.

Note that the notion of L-algebraicity is well-defined, as λσ is well-defined up

to an element of W (G, T ), but W (G, T ) preserves X∗(T̂ ) = X∗(T ). Also, since

λσ − λτ ∈ X∗(T̂ ) = X∗(T ), we have that λσ ∈ X∗(T ) if and only if λτ ∈ X∗(T ), and

so the notion of L-algebraicity does not depend on the choice of the isomorphism

σ : F
∼−→ C. Let us also remark that the notion of L-algebraicity for an L-parameter

depends only on its restriction to F
×

, and the notion of L-algebraicity for an admissible

representation of G(F ) depends only on its central character.

Let us now introduce a second notion of algebraicity, which generalises to any

reductive group Clozel’s original definition for GLn, see [33, §1.2.3]. We denote by

δ ∈ X∗(T )⊗Q C half the sum of the positive roots. We give the following definition.

Definition 1.5.8. We say that φ : WF → LG(C) is C-algebraic if λσ−δ ∈ X∗(T ). We

say that an irreducible admissible (g, K)-module π is C-algebraic if φπ is C-algebraic.

Again, the notion of C-algebraicity is independent of the W (G, T )-orbit of λσ, as

if λσ − δ ∈ X∗(T ) and w ∈ W (G, T ), then w.λσ − δ = w(λσ − δ)− (δ−w.δ) ∈ X∗(T ),

and of the choice of the isomorphism σ : F
∼−→ C, as if λσ − δ ∈ X∗(T ), then

λτ−δ = (λσ−δ)+(λτ−λσ) ∈ X∗(T ). Also, C-algebraicity for an L-parameter depends

only on its restriction to F
×

, and C-algebraicity for an admissible representation of

G(F ) depends only on its central character.

We say that a C-algebraic continuous admissible homomorphism φ : WF → LG(C)

is regular C-algebraic is φ |
F
× is not invariant under any nontrivial element of the

Weyl group W (Ĝ, T̂ ). We say that an irreducible admissible representation π of G(F )

is regular C-algebraic if φπ is regular C-algebraic.

1.5.4 Global definitions

Let F be a number field, and let G be a connected reductive algebraic group

defined over F . For any automorphic representation π of G(AF ), let π ∼= ⊗′vπv be

is restricted tensor product decomposition. We now give globalised versions of the

definition of §1.5.3.

Definition 1.5.9. We say that π is L-algebraic if πv is L-algebraic for all infinite

places v of F .

Definition 1.5.10. We say that π is C-algebraic if πv is C-algebraic for all infinite

places v of F .
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A C-algebraic automorphic representation π of G(AF ) is said to be regular C-

algebraic if πv is regular C-algebraic for all infinite places v of F .

In the case of GLn, the notion of C-algebraic (resp. regular C-algebraic) automor-

phic representation coincides (in the isobaric case) with Clozel’s notion of algebraic

(resp. regular algebraic) automorphic representation introduced in [33, §1.2.3].

Definition 1.5.11. We say that π is L-arithmetic if there is a finite set S of places of

F , containing all the infinite places and all places where π is ramified, and a number

field E ⊂ C, such that the Satake parameter of πv is defined over E for all v /∈ S.

Definition 1.5.12. We say that π is C-arithmetic if there is a finite set S of places of

F , containing all the infinite places and all places where π is ramified, and a number

field E ⊂ C, such that πv is defined over E for all v /∈ S.

When there is a number field E ⊂ C such that πv is defined over E for all finite

places v of F , we say that π strongly C-arithmetic.

For any finite set S of places of F , the field of rationality Q(πS) is defined as the

fixed field of C under the group
{
σ ∈ Aut(C) : (πS)σ ∼= πS

}
. When S is just the set

of all infinite places of F , we simply denote it by Q(π). If π is C-algebraic, then Q(πS)

is finite over Q for some finite set S of places of F , containing all the infinite places

and all places where π is ramified. If π is strongly C-algebraic, then Q(π) is finite

over Q.

It is conjectured, see [23, Conjecture 5.14, 5.15], that the notions of L-algebraic

(resp. C-algebraic) and L-arithmetic (resp. C-arithmetic) automorphic representation

should coincide. However, not much is known in this generality.

A class of algebraic automorphic representations which naturally arise in many

contexts considered in this work is that of cohomological representations.

Let g be the Lie algebra of G(F∞), let gC = g⊗R C, and let K∞ be a subgroup

of G(F∞), whose image in Gad(F∞) is a maximal compact subgroup. Let K◦∞ be the

connected component of the identity in K∞. Let π be an automorphic representation

of G(AF ). We give the following definition.

Definition 1.5.13. We say that π is ξ-cohomological, for some irreducible algebraic

representation ξ of ResF/QG over C, if H i(gC, K
◦
∞, π∞ ⊗ ξ) 6= {0} for some i ≥ 0.

For any sufficiently small open compact subgroup Kf of G(AF,f), consider the

locally symmetric space

YG,Kf = G(F )\G(AF )/K◦∞Kf .
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Let ξ be an irreducible algebraic representation of ResF/QG over C, and denote

by Lξ the associated local system of C-vector spaces on YG,Kf . The following result

holds.

Proposition 1.5.14. Let π be a ξ-cohomological automorphic representation of G(AF ).

Then, π is C-algebraic. Moreover, if π is also cuspidal, then

(1) πf is a G(AF,f )-module direct summand of lim−→Kf
H i(YG,Kf ,Lξ) for some i ≥ 0.

(2) π is strongly C-arithmetic.

Refer to [23, Lemma 5.52], or [94, Lemma 2.14], for a proof of the first part of this

proposition, and to [94, Proposition 2.15] for the second part, which for general linear

groups has been shown by Clozel in [33, Théorème 3.13, Lemme 3.14, 3.15].

In the case of GLn, the picture is way more clear. We have the following result.

Proposition 1.5.15. Let π be an automorphic representation of GLn(AF ). Then

(1) π is L-algebraic if and only if π ⊗ | det |(n−1)/2
F is C-algebraic.

(2) π is L-arithmetic if and only if π ⊗ | det |(n−1)/2
F is C-arithmetic.

(3) If π is cuspidal, and regular C-algebraic, then it is ξ-cohomological for some ξ.

Refer to [23, Proposition 5.35, 5.36] respectively for the first and the second part,

and to [33, Lemme 3.14] for the third part. Note in particular that for any regular

C-algebraic, cuspidal automorphic representation π of GLn(AF ), the field of rationality

Q(π) is a number field, as π is strongly C-arithmetic.

Following Clozel’s original terminology, in this work we simply say that an auto-

morphic representation π of GLn(AF ) is regular algebraic if it is regular C-algebraic.

In this case, if π is also cuspidal, then it is ξ-cohomological, for some irreducible

algebraic representation ξ of ResF/QGLn over C, and so π∞ has the same infinitesimal

character as ξ.

Denote by (Zn)Hom(F,C),+ the set of elements a = (aτ,i) ∈ (Zn)Hom(F,C) satisfying

aτ,1 ≥ · · · ≥ aτ,n.

For a ∈ (Zn)Hom(F,C),+, denote by ξa the irreducible algebraic representation of

ResF/QGLn over C which is the tensor product over τ ∈ Hom(F,C) of the irreducible

representations of GLn with highets weights aτ . We say that a regular algebraic
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cuspidal automorphic representation π of GLn(AF ) has weight a if π∞ has the same

infinitesimal character as ξ∨a .

We say that the weight a = (aτ,i) of a regular algebraic cuspidal automorphic

representation π of GLn(AF ) is extremely regular if there exists an embedding τ :

F → C such that, if H and H ′ are subsets of {aτ,i + n− i : i = 1, . . . , n} of the same

cardinality, and if
∑

h∈H h =
∑

h′∈H′ h
′, then H = H ′.

If π is a regular algebraic cuspidal automorphic representation of GLn(AF ) of

weight a = (aτ,i), by Clozel’s purity lemma, see [33, Lemme 4.9], there exists an integer

w ∈ Z such that aτ,i + aτ ,n+1−i = w for each τ ∈ Hom(F,C) and i = 1, . . . , n, where

we denoted by τ the complex conjugate of τ .

1.6 Compatible systems attached to algebraic

automorphic representations

Assume now that F is a CM field, denote by F+ its maximal totally real sub-

field, and by c a generator of Gal(F/F+). Let π be an automorphic representation

of GLn(AF ), and let χ : A×F+/(F+)× → C be a continuous character such that

χv(−1) = (−1)n for all v | ∞. We say that the pair (π, χ) is a polarised automorphic

representation of GLn(AF ) if πc ∼= π∨ ⊗ (χ ◦ NF/F+ ◦ det). (Here πc denotes the

composition of π with the complex conjugation c on GLn(AF )). When πc ∼= π∨, we

just say that π is conjugate self-dual6.

Thanks to the work of many people, e.g. [33], [69], [60], [93], [32], geometric

compatible systems can be attached to regular algebraic, conjugate self-dual, cuspidal

automorphic representations of GLn(AF ), for F a CM field7. We recall here the general

statement of this construction, which also involves results of [100], [26] and [27]. We

have:

Theorem 1.6.1. Let π be a regular algebraic, conjugate self-dual, cuspidal automorphic

representation of GLn(AF ), unramified outside a finite set S of places of F . Then, there

exist a number field Eπ, a compatible system Rπ = {ρπ,λ}λ∈|Eπ | of rank n semisimple

representations

ρπ,λ : ΓF → GLn(Eπ,λ)

with coefficients in Eπ, and an integer w such that:

6For simplicity, in this work we will just consider conjugate self-dual automorphic representations,
instead of polarised ones as in [6].

7An analogous construction holds also when F is a totally real field.
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(1) ρπ,λ is totally odd, conjugate self-dual.

(2) If v is a place of F not dividing the residue characteristic of λ, then, given an

isomorphism ı : Eπ,λ
∼−→ C, we have the local-global compatibility

ıWD(ρπ,λ |ΓFv )F−ss ∼= recv(πv ⊗ | det |(1−n)/2
v ),

and these Weil-Deligne representations are pure of weight w.

(3) Each representation ρπ,λ is de Rham at all places above the residue characteristic

of λ, and for each embedding τ : F → Eπ the τ -Hodge-Tate weights of ρπ,λ have

multiplicity at most one, and are given by

HTτ (ρπ,λ) = {aτ,1 + n− 1, aτ,2 + n− 2, . . . , aτ,n} ,

where a = (aτ,i) is the weight of π. Moreover

HTτ◦c(ρπ,λ) = {w − h : h ∈ HTτ (ρπ,λ)} .

(4) If v is a place of F dividing the residue characteristic of λ, then, given an

isomorphism ı : Eπ,λ
∼−→ C, we have the local-global compatibility

ıWD(ρπ,λ |ΓFv )F−ss ∼= recv(πv ⊗ | det |(1−n)/2
v ).

In particular, ρπ,λ is semistable at v, and if v /∈ S then it is crystalline.

The compatible system Rπ is then a geometric compatible system of rank n

representations of ΓF with coefficients in Eπ and unramified outside S, in the sense

of Definition 1.3.1. Moreover, it is strictly pure of weight w, regular, and conjugate

self-dual.

Irreducibility of the compatible system Rπ is conjectural, and only partial progress

has been obtained in this direction so far8.

Given an embedding ı : Eπ → C, we have LS(ıRπ, s) = LS(π, s) for Re s large

enough. Since LS(π, s) has meromorphic continuation to the whole complex plane

by the above mentioned result of Godement and Jacquet, it makes sense to continue

LS(ıRπ, s) as a meromorphic function on the whole complex plane.

We say that a geometric compatible system R of rank n representations of ΓF

defined over a number field E and unramified outside a finite set S of places of F is

automorphic if there exists a regular algebraic, cuspidal automorphic representation π

8We discuss this topic more precisely in §1.7.
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of GLn(AF ) and an embedding ı : E → C such that if v /∈ S, then πv is unramified,

and recv(πv ⊗ | det |(1−n)/2
v )(Frobv) has characteristic polynomial ıQv(t). Note that if

R is conjugate self-dual, so is π. Also, it follows from [33, Théorème 3.13] that if

R is automorphic for some π and ı, then for any embedding ı′ : E → C there is a

regular algebraic, cuspidal automorphic representation π′ of GLn(AF ) such that if

v /∈ S, then π′v is unramified, and recv(π
′
v ⊗ | det |(1−n)/2

v )(Frobv) has characteristic

polynomial ı′Qv(t).

When a conjugate self-dual geometric compatible system R is automorphic for

some regular algebraic, conjugate self-dual, cuspidal automorphic representation π of

GLn(AF ), then R ∼= Rπ by the Čebotarev density theorem and [20, §12.1, Proposition

3].

Remark 1.6.2. A construction of `-adic Galois representations for regular algebraic

cuspidal automorphic representations of GLn(AF ), for F totally real or CM, without a

self-duality assumption has been recently achieved by Harris, Lan, Taylor and Thorne

in [59], and by Scholze in [88]. However, the proof that these representations are de

Rham at places v | ` and the proof of a local-global compatibility and crystallinity

statement at the places v | ` where the automirphic representation is unramified

is still (to the extent of the author’s knowledge) work in progress by Varma [104].

General constructions of geometric Galois representations from algebraic automorphic

representations of G(AF ), for any connected reductive group G over a number field F ,

are conjectured by Buzzard and Gee in [23, §3.2, 5.3].

1.7 Potential automorphy and irreducibility of

compatible systems

Let F be a number field, let ` be a prime, and let n ≥ 1 be an integer. The global

Langlands conjecture for GLn over F predicts the existence of a unique bijection

between the set of isomorphism classes of L-algebraic (resp. C-algebraic) cuspidal

automorphic representations π of GLn(AF ) and the set of isomorphism classes of

irreducible geometric representations ρπ : ΓF → GLn(Q`). Furthermore, this bijection

is conjectured to be compatible with the local Langlands correspondence for GLn at

the finite places of F .

In §1.6, we have seen how geometric Galois representations can be attached

to regular algebraic, conjugate self-dual, cuspidal automorphic representations of

GLn(AF ), when F is a CM field. Also, we have seen how these automorphic Galois
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representations naturally arise as part of geometric compatible systems. On the basis

of the construction of §1.6, we then expect the existence of a unique bijection between

the set of regular algebraic, conjugate self-dual, cuspidal automorphic representations

of GLn(AF ), and the set of (isomorphism classes of) regular, totally odd, conjugate

self-dual, irreducible geometric compatible systems of rank n representations of ΓF .

Also in this case, the bijection is required to be compatible with the local Langlands

correspondence for GLn at the finite places of F .

The only remaining issue with the arrow from “automorphic” to “Galois” in this

conjectural bijection is that of the irreducibility of automorphic compatible systems.

As for the arrow from “Galois” to “automorphic”, on the other hand, significant

progress has been obtained by the work of Barnet-Lamb, Gee, Geraghty and Taylor

in [6].

The main result of [6] in this direction is the following potential automorphy

theorem for (finite collections of) λ-adic Galois representations9.

Theorem 1.7.1 ([6, Theorem 4.5.1]). Let F/F0 be a finite Galois extension of CM

fields, and let F avoid/F be a finite Galois extension. Let {ρi}ki=1 be a family of regular,

totally odd, conjugate self-dual representations ρi : ΓF → GLni(Eλi). For each i, let

`i be the residue characteristic of λi, and let di be the maximum dimension of an

irreducible constituent of the restriction of ρi to the closed subgroup of ΓF generated

by all the Sylow pro-`i-subgroups. Assume that for each i:

• `i ≥ 2(di + 1) and ζ`i /∈ F .

• ρi is potentially diagonalisable at each place of F+ above `i.

• ρi |ΓF (ζ`i
)

is irreducible.

Then, there are a finite CM extension F ′ of F , linearly disjoint from F avoid over F

and with F ′/F0 Galois, and for each i a regular algebraic, conjugate self-dual, cuspidal

automorphic representation πi of GLni(AF ′) which is unramified at each place of F ′

above `i, and such that, if λ′i is a place of Eπi above `i, then ρπi,λ′i⊗Eπi,λ′i Eπi,λ′i
∼= ρi |ΓF ′ .

When the conclusion of this theorem holds for a collection {ρi}ki=1 of (non nec-

essarily totally odd, conjugate self-dual10) regular representations ρi, we say that

9An analogous result holds also in the totally real case.
10Recall that a construction of automorphic Galois representations is available also in the non

conjugate self-dual case, see Remark 1.6.2.
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the representations ρi are simultaneously potentially automorphic. At the level of

geometric compatible systems, Theorem 1.7.1 implies the following11.

Corollary 1.7.2 ([6, Corollary 5.4.2]). Let R = {ρλ}λ∈Λ be a regular, totally odd,

conjugate self-dual, irreducible geometric compatible system of rank n representations

of ΓF . Then, there is a finite CM Galois extension F ′ of F such that R |ΓF ′ is

automorphic, for some regular algebraic, conjugate self-dual, cuspidal automorphic

representation π of GLn(AF ′).

When the conclusion of this theorem holds, we say that the compatible system R is

potentially automorphic. Another relevant result in this direction has been obtained by

Patrikis and Taylor, see [84, Theorem 2.1], where irreducibility is replaced by a purity

assumption, and the given geometric compatible system is proved to be isomorphic to

a direct sum of potentially automorphic ones.

Note that if a geometric compatible system R of representations of ΓF , defined over

a number field E and unramified outside a finite set S of places of F , is potentially

automorphic (or it is a direct sum of potentially automorphic ones) then it is strictly

pure, and given an embedding ı : E → C, the partial L-function LS(ıR, s) has

meromorphic continuation to the whole complex plane, see [6, Corollary 5.4.3].

It is then clear how a proof of the irreducibility of automorphic compatible systems

would be of fundamental importance in establishing the expected global correspondence

for geometric compatible systems (at least up to a finite extension of the base field).

Recall that for a regular algebraic, conjugate self-dual, cuspidal automorphic

representation π of GLn(AF ) the global Langlands conjecture predicts all the repre-

sentations ρπ,λ in the corresponding geometric compatible system Rπ = {ρπ,λ}λ∈|Eπ |
to be absolutely irreducible. Nevertheless, for the purposes of this work, see §2.5, it is

enough to formulate the following weaker conjecture.

Conjecture 1.7.3. Let π be a regular algebraic, conjugate self-dual, cuspidal auto-

morphic representation of GLn(AF ). Then, there exists a set of rational primes L of

Dirichlet density 1 such that for all ` ∈ L and λ | ` the representation

ρπ,λ : ΓF → GLn(Eπ,λ)

is absolutely irreducible.

11Also in this case, we have a version for finite collections of geometric compatible systems (which
we decided to omit to simplify our exposition). Again, an analogous result holds in the totally real
case as well.
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So far, Conjecture 1.7.3 has been only proved either:

• under local assumptions on the automorphic representation12, see [100];

• in lower dimensional cases, see [24]13 (over totally real fields) and [109];

• when the automorphic representation has extremely regular weight,

see [6];

• at a set of primes of positive Dirichlet density, see [84].

All these irreducibility results (apart for the first one) rely on an L-function

argument, which we are now going to summarise in a single proposition. The proof of

it is essentially the same as the proof of [6, Theorem 5.5.2], but we decided to include

it here for the sake of completeness.

Before presenting the L-function argument let us recall that, if F is a number field,

and π and π′ are cuspidal automorphic representations respectively of GLn(AF ) and

GLn′(AF ), with tensor product decompositions respectively π ∼= ⊗′πv and π′ ∼= ⊗′π′v,
and S is a finite set of places of F , one can define a (Jacquet-Shalika) partial L-function

LS(π × π′, s) =
∏
v/∈S

L(πv × π′v, s), s ∈ C,

where the product converges for Re s large enough, and for Re s > 1 if π and π′ are

unitary. In addition, when π and π′ are unitary, the partial L-function LS(π×π′, s) has

meromorphic continuation to the whole C, and is holomorphic and nonzero at s = 1,

unless π ∼= (π′)∨, in which case it has a simple pole, with ords=1L
S(π × π∨) = −1, by

results of Shahidi, see [92], and of Jacquet and Shalika, see [65].

If π and π′ are regular algebraic and cuspidal, then there exist integers w and w′

such that π ⊗ | det |(w+1−n)/2
F and π ⊗ | det |(w

′+1−n′)/2
F are unitary, and so

LS(π × (π′)∨, s+ (w − w′ + n′ − n)/2)

= LS((π ⊗ | det |(w+1−n)/2
F )× ((π′ ⊗ | det |(w

′+1−n′)/2
F )∨), s)

has meromorphic continuation to the whole C, and is holomorphic and nonzero at

s = 1, unless π ∼= π′ ⊗ | det |(w
′−w+n−n′)/2

F , in which case it has a simple pole, of order

−1.

12In this case, one can actually get (easily) absolute irreducibility of ρπ,λ for all λ. In fact, if we

assume for instance π to be square-integrable at some finite place v of F , then recv(πv⊗| det |(1−n)/2
v )

would be indecomposable. Now, since local-global compatibility holds at v, and ρπ,λ is semisimple,
this implies that ρπ,λ is absolutely irreducible.

13More precisely, we refer here to [24, Theorem 3.2]. This result is not affected by the published
erratum of [24].
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The announced proposition summarising the L-function argument is the following.

Proposition 1.7.4. Let π be a regular algebraic, conjugate self-dual, cuspidal au-

tomorphic representation of GLn(AF ). Let L be a set of rational primes such that,

if ` ∈ L and λ | `, the irreducible constituents of ρπ,λ ⊗Eπ,λ Eπ,λ are simultaneously

potentially automorphic. Then, for all ` ∈ L and λ | ` the representation ρπ,λ is

absolutely irreducible.

Proof. Let ` ∈ L, let λ | `, let ρ = ρπ,λ ⊗Eπ,λ Eπ,λ, and let

ρ ∼= ⊕ki=1ρi

be an irreducible decomposition. Let ni be the rank of ρi. Since the representations

ρi are simultaneously potentially automorphic by assumption, that is the conclusion

of Theorem 1.7.1 holds for the collection {ρi}ki=1, with F avoid being the compositum of

the F
ker(ρi), for i = 1, . . . , k, there exist a finite extension F ′/F , linearly disjoint from

F avoid over F , and for each i a regular algebraic, cuspidal automorphic representation

πi of GLni(AF ′) which is unramified at each place of F ′ above `, and such that, if λ′i

is a place of Eπi above `, then ρπi,λ′i ⊗Eπi,λ′i Eπi,λ′i
∼= ρi |ΓF ′ , and ρi |ΓF ′ is irreducible,

since ρi |ΓF ′ is irreducible.

Let S be the finite set of places of F which divide `, or above which π ramifies, or

above which F ′ ramifies. Then, given an isomorphism ı : Eπ,λ
∼−→ C, we have

LS(ı(Rπ ⊗R∨π), s) = LS(π × π∨, s)

as meromorphic functions on the whole C. The partial L-function LS(π× π∨, s) has a

simple pole at s = 1, with ords=1L
S(π×π∨, s) = −1, and so ords=1L

S(ı(Rπ⊗R∨π), s) =

−1. We show now that ords=1L
S(ı(Rπ ⊗R∨π), s) = −k, so that we obtain k = 1, as

desired.

By Brauer’s theorem for the (finite) group Gal(F ′/F ), there exist intermediate

fields F ⊂ F ′α ⊂ F ′, with F ′/F ′α soluble, characters ψα : Gal(F ′/F ′α) → C×, and

integers n′α, for α = 1, . . . , N , such that

1 =
N∑
α=1

n′α[IndΓF
ΓF ′α

ψα]

in the Grothendieck group of finite dimensional representations of Gal(F ′/F ) over C,

so that

ρ⊗ ρ∨ ∼= ⊕Nα=1(IndΓF
ΓF ′α

(ρ |ΓF ′α ⊗ρ
∨ |ΓF ′α )⊗ ı−1ψα)n

′
α .
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We can then write

LS(ı(Rπ ⊗R∨π), s) = LS(ı(ρ⊗ ρ∨), s)

=
N∏
α=1

LS(ı(ρ |ΓF ′α ⊗ρ
∨ |ΓF ′α )⊗ ψα, s)n

′
α .

By applying the weak lifting result of Arthur and Clozel, see [4, §3, Theorem 4.2],

to any πi with respect to the extensions F ′/F ′α as in the proof of [34, Lemma 4.2.2], we

get regular algebraic, cuspidal automorphic representations π
(F ′α)
i of GLni(AF ′α) whose

attached λ′i-adic representations are isomorphic (after extension of scalars) to ρi |ΓF ′α .

Moreover, we have that each ρi |ΓF ′α is irreducible.

Therefore, for any α, i, j we get

ords=1L
S(ı(ρi |ΓF ′α ⊗ρ

∨
j |ΓF ′α )⊗ ψα, s)

= ords=1L
S(π

(F ′α)
i × (π

(F ′α)
j )∨ × (ψα ◦ ArtF ′α), s+ (nj − ni)/2)

= − δi,jδψα,1
= − dimEπ,λ

HomEπ,λ[ΓF ′α
](ρi |ΓF ′α ⊗ψα, ρj |ΓF ′α ).

Summing over i, j, it follows that

ords=1L
S(ı(ρ |ΓF ′α ⊗ρ

∨ |ΓF ′α )⊗ ψα, s)

= − dimEπ,λ
HomEπ,λ[ΓF ′α

](ρ |ΓF ′α ⊗ψα, ρ |ΓF ′α ).

Therefore

ords=1L
S(ı(Rπ ⊗R∨π), s)

=
N∑
α=1

n′αords=1L
S(ı(ρ |ΓF ′α ⊗ρ

∨ |ΓF ′α )⊗ ψα, s)

= −
N∑
α=1

n′α dimEπ,λ
HomEπ,λ[ΓF ′α

](ρ |ΓF ′α ⊗ψα, ρ |ΓF ′α )

= −
N∑
α=1

n′α dimEπ,λ
HomEπ,λ[ΓF ](IndΓF

ΓF ′α
(ρ |ΓF ′α ⊗ψα), ρ)

= − dimEπ,λ
HomEπ,λ[ΓF ](ρ, ρ)

= − k.

By the above identity, we then get that k = 1, and so ρπ,λ is absolutely irreducible.
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Remark 1.7.5. If π is a regular algebraic, conjugate self-dual, cuspidal automorphic

representation of GLn(AF ), andRπ = {ρπ,λ}λ∈|Eπ | is the attached geometric compatible

system of rank n representations of ΓF , then there is a set L of rational primes of

Dirichlet density 1 such that, if ` ∈ L, λ | `, and ρi is an irreducible constituent of

ρπ,λ ⊗Eπ,λ Eπ,λ, then

• ρi is regular (obviously as it is a subrepresentation of a regular representation).

• ` ≥ 2(n+ 1) and ζ` /∈ F .

• ` is unramified in F , ρi is unramified (and hence crystalline) at any place above

`, and its Hodge-Tate weights lie in a range of the form [ai, ai + `− 2], so that it

is potentially diagonalisable by [6, Lemma 1.4.3.(2)].

• ρi |ΓF (ζ`)
is irreducible14.

In order to apply Theorem 1.7.1 to get simultaneous potential automorphy of

the representations ρi, and hence prove Conjecture 1.7.3 by the L-function argument

of Proposition 1.7.4, it only remains to show that each ρi is totally odd, conjugate

self-dual. Note that if a ρi is conjugate self-dual, then it is automatically totally odd

by [11, Theorem 1.2]. The key point is then to show that each ρi is conjugate self-dual.

When π has extremely regular weight, this holds true for any λ, see [6, Lemma 5.4.5],

and so Conjecture 1.7.3 follows in this case, see [6, Theorem 5.5.2]. In full generality,

however, this can be only achieved at places λ lying above a set of primes of positive

Dirichlet density, as a consequence of the CM nature of the field of rationality Q(π) of

π, see [84, Lemma 1.6], and so Conjecture 1.7.3 is proved at least at a set of positive

Dirichlet density, see [84, Theorem 1.7]. When n ≤ 5, it can been shown directly

that (if the field F is totally real) each ρi is totally odd (essentially) self-dual, so that

Conjecture 1.7.3 follows in this case, see [24, Theorem 3.2]. When n ≤ 6, Conjecture

1.7.3 is proved by combining the results of [84] with some independence of λ and

classification results for the Lie algebra of the Zariski closure of the image of ρπ,λ, see

[109, §9].

It is obvious to remark how finer potential automorphy results, possibly removing

the self-duality assumption, would imply Conjecture 1.7.3 in higher generality. However,

the only available potential automorphy result in the non self-dual case applies so far

(to the extent of the author’s knowledge) to certain 2-dimensional representations and

to their symmetric powers, see [2, Theorem 7.1.10].

14The set of rational primes ` such that this property holds is known to have Dirichlet density 1
by [6, 5.3.2].
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Chapter 2

Independence of algebraic
monodromy groups in compatible
systems

This chapter focuses on the study of problems of λ-independence of algebraic

monodromy groups in compatible systems. Our approach can be presented in a

general setting. In §2.1 we introduce the basic terminology, while in §2.2 and §2.3 we

recall and extend to our setting the main tools from [75], which will be useful in §2.4.

Our general method to prove λ-independence results for abstract compatible systems

is presented in §2.4. Finally, we see applications of the results of §2.4 to the case

of geometric compatible systems in §2.5, and to compatible systems in the positive

characteristic case in §2.6.

2.1 Abstract compatible systems and algebraic

monodromy groups

A group with Frobenii, or simply an F -group, is a pair (Γ, {Fα}α∈A) where Γ is a

profinite group, and {Fα}α∈A is a collection of elements of Γ, called Frobenius elements,

which are dense in Γ. Motivating examples for the definition of group with Frobenii

are clearly the absolute Galois group of a global field, together with the collection

of geometric Frobenii indexed by the finite places of its separable closure, and the

étale fundamental group of a variety over a finite field, together with the collection of

geometric Frobenii indexed by its closed points.

Let (Γ, {Fα}α∈A) be a group with Frobenii, let E be a number field, and let Λ be

a set of finite places of E. We give the following definition1.

1Compare [75, Definition 6.5].
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Definition 2.1.1. A compatible system of rank n representations of Γ defined over E

and indexed by Λ is a family R = {ρλ}λ∈Λ of continuous representations

ρλ : Γ→ GLn(Eλ)

such that there is a subset X ⊂ A× Λ satisfying the following conditions.

(1) For every α ∈ A, (α, λ) ∈ X for all but finitely many λ ∈ Λ.

(2) For all (α, λ) ∈ X , the characteristic polynomial of ρλ(Fα) has coefficients

in E and is independent of λ.

(3) For any places λ1, . . . , λm ∈ Λ, the set {Fα : (α, λi) ∈ X for all i = 1, . . . ,m} is

dense in Γ.

Remark 2.1.2. Clearly, any geometric compatible system R = {ρλ}λ∈Λ of represen-

tations of ΓF , for F a number field, as in Definition 1.3.1 is a compatible system in the

sense of Definition 2.1.1, with X being the set of pairs (v, λ), where v is a finite place

of F lying above no places in S, and λ is an element of Λ not dividing the residue

characteristic of v. In §2.6, we will consider another fundamental class of examples of

compatible systems, i.e. compatible systems of lisse sheaves on varieties over finite

fields.

As in the case of geometric compatible systems, we will assume from now on all

the compatible systems to be indexed by set of places of the form Λ = ∪`∈L|E|`, for

L a set of rational primes of Dirichlet density 1. Also, we say that R = {ρλ}λ∈Λ has

coefficients in a finite extension E ′ of E if for any λ ∈ Λ the image of ρλ is contained

in GLn(E ′λ′) for some place λ′ of E ′ above λ. Given two sets L and L′ of rational

primes of Dirichlet density 1, we say that two compatible systems R = {ρλ}λ∈Λ and

R′ = {ρ′λ}λ∈Λ′ defined over a number field E and indexed by Λ = ∪`∈L|E|` and

Λ′ = ∪`∈L′|E|` are isomorphic if there exists a subset L′′ ⊂ L ∩ L′ of Dirichlet density

1 such that ρλ ∼= ρ′λ for all ` ∈ L′′ and λ | `, and we write R ∼=(L′′) R′, or for simplicity

just R ∼= R′. If they both have coefficients have coefficients in E, we say that they

are isomorphic over E if the isomorphisms ρλ ∼= ρ′λ are defined over E

Given an open subgroup Γ′ of Γ of finite index, if we let A′ = {α ∈ A : Fα ∈ Γ′},
then the pair (Γ′, {Fα}α∈A′) is also a group with Frobenii, and R|Γ′= {ρλ |Γ′}λ∈Λ forms

a compatible system, with X ′ = X ∩ (A′ × Λ).

Let (Γ, {Fα}α∈A) be a group with Frobenii, and let R = {ρλ}λ∈Λ be a compatible

system of rank n representations of Γ with coefficients in a number field E. For any
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λ ∈ Λ, denote by Gλ the Zariski closure of ρλ(Γ) in GLn(Eλ). This is an algebraic

subgroup of GLn,Eλ , which we call the algebraic monodromy group of ρλ. We recall

the following lemma.

Lemma 2.1.3 ([75, Lemma 6.9]2). If ρλ is semisimple, then Gλ is reductive. If

moreover ρλ is absolutely irreducible, then the natural representation Gλ → GLn,Eλ is

absolutely irreducible.

Denote by G◦λ the connected component of the identity of Gλ. It is immediate to

notice that if Γ′ is an open subgroup of Γ, and G′λ denotes the algebraic monodromy

group of ρλ |Γ′ , then the connected component of the identity G′◦λ of G′λ coincides with

G◦λ.

In the next sections, we consider the problem of studying the algebraic monodromy

groups Gλ of R = {ρλ}λ∈Λ varying λ. The hope in this context is to find a global

algebraic subgroup G of GLn,E defined over E such that Gλ is conjugate to G×E Eλ
over Eλ for any λ ∈ Λ. This is the prototype of a λ-independence problem for the

compatible system R. Unfortunately, proving a λ-independence result of this form in

the abstract setting is actually too difficult. For this reason, we will focus on weaker

λ-independence statements.

2.2 The formal character and the variety of

characteristic polynomials

If G is a reductive group over a field k of characteristic zero, T ⊂ G is a maximal

torus of G over k, and ρ : G→ GLn,k is a representation of G over k, we define the

formal character of ρ to be the restriction of ρ to T .

Let ch : GLn,k → Gm,k × An−1
k be the morphism which associates to a matrix the

coefficients of its characteristic polynomial. Given a connected reductive algebraic

subgroup G of GLn,k, and a maximal torus T ⊂ G over k, we have that ch(G) = ch(T )

is a variety defined over Q, which determines uniquely the formal character of the

natural representation G→ GLn,k up to isomorphism, see [75, §4].

Let Gn
m,k be the split maximal torus of GLn,k. The Weyl group of GLn,k with

respect to Gn
m,k is the symmetric group Sn, which acts by permutation of factors.

Let T0 ⊂ Gn
m,k be a subtorus such that T0 ×k k is conjugate to T ×k k over k. Since

2This result is actually proved in [75] in the case E = Q. The adaptation to the general case is
immediate. In the rest of this chapter, whenever we will cite results from [75] without any further
clarification, it will mean that the adaptation to our setting is minor.
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the semisimple part of any point in G can be conjugated into T0 over k, we have

that ch(G) = ch(T0) pointwise. For every σ ∈ Sn\CentSn(T0), we define a proper

subgroup Hσ ⊂ T0 in the following way. We let Hσ = {t ∈ T : σ(t) = t} if σ(T0) = T0,

and Hσ = T0 ∩ σ(T0) otherwise. We define now Y to be the union of all ch(Hσ). This

is a Zariski-closed proper subset of ch(T0) = ch(G). We say that a point g ∈ G is

Γ-regular if ch(g) /∈ Y . We have the following result.

Proposition 2.2.1 ([75, Proposition 4.7]).

(1) For every x ∈ (ch(G) \ Y )(k), there exists a torus T ⊂ GLn,k, and an element

t ∈ T (k), such that ch(T ) = ch(G) and ch(t) = x. The pair (t, T ) is unique up

to conjugation by GLn(k).

(2) Let g ∈ G(k) be Γ-regular. Then g lies in a unique maximal torus T of G, and

the GLn(k)-conjugacy class of (g, T ) is uniquely determined by ch(g) and ch(G).

Let us move back to the setting of §2.1. Let then (Γ, {Fα}α∈A) be a group with

Frobenii, let E be a number field, let L be a set of rational primes of Dirichlet density 1,

and let Λ = ∪`∈L|E|`. Let R = {ρλ}λ∈Λ be a compatible system of rank n semisimple

representations of Γ with coefficients in E and indexed by Λ. Keep notations as in

§2.1. We have:

Proposition 2.2.2 ([75, Proposition 6.12]). The formal character of the natural

representation G◦λ ×Eλ Eλ → GLn,Eλ is independent of λ. More precisely, there exist

a torus T0 over E and a faithful representation ρ0 : T0 → GLn,E such that T0 ×E Eλ

is isomorphic to a maximal torus in G◦λ ×Eλ Eλ, and ρ0 ⊗E Eλ is equivalent to the

formal character of G◦λ ×Eλ Eλ → GLn,Eλ for all λ ∈ Λ.

Proposition 2.2.3 ([75, Proposition 6.14]). There is an open normal subgroup Γ′ ⊂
Γ such that ρλ induces an isomorphism Γ/Γ′

∼−→ Gλ/G
◦
λ for all λ ∈ Λ.

Remark 2.2.4. Note that Proposition 2.2.3 implies that the group Gλ/G
◦
λ of con-

nected components of Gλ is independent of λ. Also, R′ = R|Γ′ is a compatible system,

and the algebraic monodromy group of ρλ |Γ′ is G◦λ for every λ ∈ Λ.

2.3 Frobenius tori

In this section, we extend the theory of Frobenius tori of [75, §7] to compatible

systems with coefficients in any number field E. From this, we clarify how the main

results of [75, §8, 9] can be deduced in this setting.
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Let (Γ, {Fα}α∈A) be a group with Frobenii, let E be a number field, let L be a set

of rational primes of Dirichlet density 1, and let Λ = ∪`∈L|E|`. Let R = {ρλ}λ∈Λ be a

compatible system of rank n representations of Γ with coefficients in E and indexed

by Λ. Throughout this section, we assume that each ρλ is semisimple, and that the

algebraic monodromy group Gλ of ρλ is connected for each λ ∈ Λ.

The following result holds.

Proposition 2.3.1 ([75, Proposition 7.2]). For any λ ∈ Λ, the set of all γ ∈ Γ such

that ρλ(γ) is Γ-regular is open and dense in Γ.

Since for every (α, λ) ∈ X the condition on ρλ(Fα) being Γ-regular does depend

only on ch(ρλ(Fα)) ∈ (Gm,E × An−1
E )(E), which in turn depends only on α, we will

simply say that α is Γ-regular whenever this condition is satisfied. By Proposition

2.3.1, if we replace A with the set of Γ-regular α ∈ A, the corresponding set X ⊂ A×Λ

still satisfies the conditions (1)-(3) in Definition 2.1.1. From now on, let us assume

that every α ∈ A is actually Γ-regular.

We prove the following result, which generalises [75, §7.5] to our context.

Proposition 2.3.2. For every α ∈ A, there exists a torus Tα ⊂ GLn,E, unique up to

conjugation by GLn(E), such that:

(1) For all λ with (α, λ) ∈ X , Tα ×E Eλ is conjugate to a maximal torus of Gλ.

(2) For all pairwise distinct places λ1, . . . , λk ∈ Λ, and all maximal tori Ti of Gλi,

there exists an α ∈ A such that, for every i, (α, λi) ∈ X and Tα ×E Eλi is

conjugate to Ti.

Proof. Fix α ∈ A. Then, for all but finitely many places λ ∈ Λ, (λ, α) ∈ X and

the characteristic polynomial of ρλ(Fα) has coefficients in E and is independent of λ.

Recall also that ρλ(Fα) is Γ-regular by assumption. Therefore, by Proposition 2.2.1,

there exists a torus Tα ⊂ GLn,E, unique up to conjugation by GLn(E), such that

Tα ×E Eλ is conjugate to the unique maximal torus of Gλ containing ρλ(Fα). This

proves the first part of the proposition.

Let us now move to the second part. Let then λ1, . . . , λk ∈ Λ be pairwise distinct

places, and let Ti be maximal tori of Gλi . For each i, let `i be the residue characteristic

of λi, and let ρ`i = ⊕λ|`iρλ, which we regard as a representation of Γ over Q`i of

dimension n[E : Q]. The algebraic monodromy group G`i of ρ`i is a closed subgroup

of
∏

λ|`i Gλ. For each λ | `i, the composition pλ of the inclusion of G`i into
∏

λ|`i Gλ

with the canonical projection onto the λ-th factor is a morphism of algebraic groups,
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and hence pλ(G`i) is a closed subgroup of Gλ, see [18, Corollary 1.4]. By the definition

of G`i and Gλ, we then have pλ(G`i) = Gλ, and so pλ is a surjective morphism of

algebraic groups. By [18, Proposition 11.14], there exists a maximal torus T`i of G`i

such that pλi(T`i) = Ti. Combining now property (3) of X , see Definition 2.1.1, with

Proposition 2.3.1 and [75, Proposition 7.3], we have that there exists α ∈ A such that

(α, λi) ∈ X and ρ`i(Fα) is conjugate to an element of T`i(Q`i) over Q`i for each i. But

then ρλ(Fα) = pλi(ρ`i(Fα)) is conjugate to an element of Ti(Eλi) over Eλi for each i.

It follows that Tα ×E Eλi is conjugate to Ti.

The tori Tα over E will be called Frobenius tori. For every α ∈ A, let Lα be the

splitting field of Tα over E, that is the smallest degree extension Lα/E such that

Tα ×E Lα is split. Let L be the intersection of all Lα. We call this field the splitting

field of the compatible system R. The following result holds.

Proposition 2.3.3 (compare [75, Proposition 8.9]3). There exists a subset L′ of L of

Dirichlet density 1 such that for every ` ∈ L′ and every λ | ` the connected reductive

group Gλ is unramified, and split over LEλ.

Let us denote by cλ the formal character of the natural representation Gλ → GLn,Eλ .

Let us also denote by Ψλ the root datum of Gλ, and by W (Ψλ) the Weyl group of Ψλ.

We have:

Theorem 2.3.4 (compare [75, Theorem 9.4]4). Assume that each ρλ is absolutely

irreducible, and that L = E. Let L′ be a subset of L such that for each ` ∈ L′ and

each λ | ` the connected reductive group Gλ splits over Eλ. Then, for all ` ∈ L′ and

all λ | ` the triple (Ψλ, cλ,W (Ψλ)) is independent of λ up to isomorphism.

2.4 Abstract independence results

Let (Γ, {Fα}α∈A) be a group with Frobenii, let E be a number field, let L be a set

of rational primes of Dirichlet density 1, and let Λ = ∪`∈L|E|`. From the results of

§2.3 we deduce the following:

3Again, this result is actually proved in [75] in the case E = Q. Notice however that the results of
[75, §8] only rely on the results of [75, §3], which are proved over any perfect field, and on [75, §7.5],
which we extended to our setting in Proposition 2.3.2.

4The result in [75], again proved in the case E = Q, only relies on the results of [75, §2] on abstract
root data, on [75, Proposition 6.12], on the results of [75, §5], which are applied after base change to
C, and on [75, §7.5]. In our setting [75, Proposition 6.12] and [75, §7.5] are extended respectively in
Proposition 2.2.2 and Proposition 2.3.2.

56



Proposition 2.4.1. Let R = {ρλ}λ∈Λ be a compatible system of rank n absolutely

Lie-irreducible5 representations of Γ with coefficients in E and indexed by Λ. Let

L′ be a subset of L of Dirichlet density 1 such that for each ` ∈ L′ and each λ | `
the connected reductive group G◦λ is unramified. Then, there exist a finite extension

E ′ of E and a split connected reductive algebraic subgroup G of GLn,E′ such that for

each ` ∈ L′, each place λ of E above `, and each place λ′ of E ′ above λ, the groups

G◦λ ×Eλ E ′λ′ and G×E′ E ′λ′ are conjugate over E ′λ′.

Proof. Let Γ′ be the open subgroup of Γ such that Γ/Γ′
∼−→ Gλ/G

◦
λ for all λ as in

Proposition 2.2.3. As each ρλ is absolutely Lie-irreducible, the restrictions ρλ |Γ′
are still absolutely irreducible. Up to restrict to Γ′, we can assume each Gλ to be

connected. We can therefore apply the results of §2.3. Let E ′ be the splitting field

of R. By Proposition 2.3.3, for each ` ∈ L′ and each λ | ` the group Gλ splits over

E ′Eλ. Let Λ′ = ∪`∈L′ |E ′|`, and for each λ′ ∈ Λ′, denoting by λ its restriction to E,

let ρ′λ′ = ρλ ⊗Eλ E ′λ′ . Consider now the compatible system {ρ′λ′}λ′∈Λ′ . Clearly, the

splitting field of {ρ′λ′}λ′∈Λ′ is equal to E ′, and the algebraic monodromy group G′λ′ of

ρ′λ′ is equal to Gλ ×Eλ E ′λ′ by construction. By Theorem 2.3.4, we then have that for

all λ′ ∈ Λ′ the triple (Ψ′λ′ , c
′
λ′ ,W (Ψ′λ′)), where Ψ′λ′ denotes the root datum of G′λ′ , c

′
λ′

denotes the formal character of the natural representation of G′λ′ into GLn,E′
λ′

, and

W (Ψ′λ′) denotes the Weyl group of Ψ′λ′ , is independent of λ′. Fix then such a triple

(Ψ, c′,W (Ψ′)), and let G be the (unique up to conjugation, by [74, Theorem 4]6) split

connected reductive group over E ′ with root datum Ψ and formal character c′.

Let R = {ρλ}λ∈Λ be a compatible system of rank n representations of Γ with

coefficients in E and indexed by Λ. We introduce the following definition.

Definition 2.4.2. We say that R has a Lie-irreducible decomposition over E and at a

subset L′ of L of Dirichlet density 1 if there exist open subgroups Γi of Γ, compatible

systems Si = {σi,λ}λ∈Λ′ of rank mi absolutely Lie-irreducible representations of Γi with

coefficients in E and indexed by Λ′ = ∪`∈L′|E|`, and rank di Artin representations7 ωi

5We say that a rank n representation ρ of Γ with coefficients in a field k of characteristic zero is
absolutely Lie-irreducible if ρ |Γ′ is absolutely irreducible for any open subgroup Γ′ of Γ.

6This result shows that the formal character uniquely determines the conjugacy class of an
irreducible semisimple subgroup of the general linear group over C, up to certain (completely
classified) root system ambiguities. It is immediate to extended it to any split semisimple subgroup
of the general linear group over any field k of characteristic zero. We are going to apply it in this
form also in the proof of Proposition 2.4.4. The extension to the case of reductive groups follows
from [75, §5.2].

7In this setting, we say that a continuous representation ω : Γ→ GLd(Eλ) is Artin if it factors
through a finite quotient of Γ. Any Artin representation ω can be actually realised over Q.
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of Γi, for i = 1, . . . , k, such that

ρλ ∼= ⊕ki=1IndΓ
Γi

(σi,λ ⊗ ωi)

over E for all ` ∈ L′ and λ | `. In this case, we write

R ∼=(L′) ⊕ki=1IndΓ
Γi

(Si ⊗ ωi).

Remark 2.4.3. For some choices of the group Γ, one can prove that any λ-adic repre-

sentation ρ : Γ→ GLn(Eλ) has a Lie-irreducible decomposition ρ ∼= ⊕ki=1IndΓ
Γi

(σi⊗ωi),
where Γi is an open subgroup of Γ, σi : Γi → GLmi(Eλ) is Lie-irreducible, and

ωi : Γi → GLdi(Eλ) is Artin, for i = 1, . . . , k. This has been proved by Katz, see

[67, Proposition 1], when Γ is the étale fundamental group of a smooth connected

affine curve over an algebraically closed field of positive characteristic, and by Patrikis,

see [82, Proposition 3.4.1], by adapting Katz’s argument, when Γ is the absolute

Galois group of a number field. To prove a decomposition result for a compatible

system R = {ρλ}λ∈Λ of representations of Γ, one would then start from a single λ-adic

representation ρλ in R, decompose it as ρλ ∼= ⊕ki=1IndΓ
Γi

(σi,λ ⊗ ωi), and extend each

σi,λ to a compatible system Si of Lie-irreducible representations. The isomorphism

R ∼=(L′) ⊕ki=1IndΓ
Γi

(Si⊗ωi) would then follow by considerations on the traces of Frobe-

nius elements, see the proofs of Theorem 2.5.1 and Theorem 2.6.2. However, extending

a λ-adic representation to a compatible system is a highly non trivial problem, and

can be achieved, for instance, under suitable assumptions in the number field case by

means of potential automorphy techniques, see §2.5, and in the positive characteristic

case by means of the global Langlands correspondence for GLn of L. Lafforgue, see

§2.6.

We prove the following result.

Proposition 2.4.4. Let R = {ρλ}λ∈Λ be a compatible system of rank n representations

of Γ with coefficients in E and indexed by Λ which has a Lie-irreducible decomposition

over E and at a subset L′ of L of Dirichlet density 1. Let L′′ be a subset of L′ of

Dirichlet density 1 such that for each ` ∈ L′′ and each λ | ` the connected reductive

group G◦λ is unramified. Then, there exist a finite extension E ′ of E and a split

connected reductive algebraic subgroup G of GLn,E′ such that for each ` ∈ L′′, each

place λ of E above `, and each place λ′ of E ′ above λ, the groups G◦λ ×Eλ E ′λ′ and

G×E′ E ′λ′ are conjugate over E ′λ′.

58



Proof. As R has a Lie-irreducible decomposition over E at L′, we have that there exist

open subgroups Γi of Γ, compatible systems Si = {σi,λ}λ∈Λ′ of rank mi absolutely Lie-

irreducible representations of Γi with coefficients in E and indexed by Λ′ = ∪`∈L′|E|`,
and rank di Artin representations ωi of Γi, for i = 1, . . . , k, such that for each ` ∈ L′

and each λ | ` we have ρλ ∼= ⊕ki=1IndΓ
Γi

(σi,λ ⊗ ωi).
For each i and λ ∈ Λ′, let us denote by Gi,λ the algebraic monodromy group of

ρi,λ, and by G◦i,λ its connected component of the identity. The group G◦λ is then a

closed subgroup of
∏k

i=1G
◦
i,λ, and each of the natural projections map G◦λ surjectively

onto G◦i,λ. Let Λ′′ = ∪`∈L′′|E|`. Since for each λ ∈ Λ′′ the group G◦λ is unramified, it

follows that each G◦i,λ is also unramified by [18, Theorem 22.6]. For each λ ∈ Λ′, let

us denote by Hi,λ the algebraic monodromy group of σi,λ, and by H◦i,λ its connected

component of the identity. Let Γ′i be an open normal subgroup of Γ contained in

Γi and such that ρi,λ |Γ′i∼= σ⊕dii,λ |Γ′i . Since restriction to an open subgroup leaves the

connected component of the identity of the algebraic monodromy group of a λ-adic

representation invariant, we have that G◦i,λ coincides with the connected component

of the identity of the algebraic monodromy group of ρi,λ |Γ′i , which in turns coincides

with the connected component of the identity of the algebraic monodromy group of

σ⊕dii,λ |Γ′i , and hence with that of σ⊕dii,λ . Now, the connected component of the identity

of the algebraic monodromy group of σ⊕dii,λ coincides with H◦i,λ, diagonally embedded

into the product of di copies of H◦i,λ. It follows that for each λ ∈ Λ′′ the group H◦λ
is unramified. As each σi,λ for λ ∈ Λ is absolutely Lie-irreducible, Proposition 2.4.1

applies to Si, and so there there exist a finite extension E ′i of E, and a split connected

reductive algebraic subgroup Hi of GLmi,E′ , such that for each ` ∈ L′′, each place λ of

E above `, and each place λ′ of E ′ above λ, the groups H◦i,λ×Eλ E ′i,λ′ and Hi×E′i E
′
i,λ′

are conjugate over E ′i,λ′ . Define then Gi to be the group Hi, diagonally embedded into

Hdi
i , and hence a connected reductive algebraic subgroup of GLni,E′ , where ni = midi.

We have that for each ` ∈ L′′, each place λ of E above `, and each place λ′ of E ′

above λ, the groups G◦i,λ ×Eλ E ′i,λ′ and Gi ×E′i E
′
i,λ′ are conjugate over E ′i,λ′ .

Recall that for each λ ∈ Λ′, the group G◦λ is a closed subgroup of
∏k

i=1G
◦
i,λ,

and each G◦i,λ coincides with H◦i,λ, diagonally embedded into (H◦i,λ)
di . Let GLn,Eλ =∏k

i=1 GLdimi,Eλ . The group G◦λ can then be seen as a closed subgroup of GLn,Eλ , where

each standard representation G◦λ → GLmi,Eλ is absolutely irreducible, as each σi,λ is

absolutely Lie-irreducible. Let Gder
λ be the derived subgroup of G◦λ. We want to show

that it is enough to prove λ-independence of Gder
λ . Let then detmi : GLmi,Eλ → Gm,Eλ

be the usual determinant map, and let detn =
∏k

i=1 detdimi : GLn,Eλ → Gd
m,Eλ

, where

d =
∑k

i=1 di. Then, detn maps G◦λ onto a subtorus Tλ of Gd
m,Eλ

. The centre of GLn,Eλ
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maps onto Gm,Eλ , and the preimage of Tλ is the connected component of the identity

of the centre of G◦λ. Since {detn ◦ρλ}λ∈Λ′ is a compatible system whose algebraic

monodromy groups are tori, we have that there exists a subtorus T of Gd
m,E such

that Tλ = T ×E Eλ for each λ ∈ Λ′. It follows that the connected components of the

identity of the centres of G◦λ come from a fixed torus in the centre of GLn,E for each

λ ∈ Λ′. For this reason, for λ-independence questions it is enough to deal with Gder
λ .

Let us first assume that k = 2. Let then E ′ be the compositum of E ′1 and E ′2

inside a fixed algebraic closure E of E, let ` ∈ L′′, let λ be a place of E above `, and

let λ′ be a place of E ′ above `. Let gλ′ be the Lie algebra of Gder
λ ×Eλ E ′λ′ , let Gder

i

denote the derived subgroup of Gi, let gi be the Lie algebra of Gder
i ×Ei E ′, and let

gi,E′
λ′

= gi⊗E′ E ′λ′ , for i = 1, 2. We have that gλ′ is a subalgebra of g1,E′
λ′
⊕ g2,E′

λ′
such

that πi(gλ′) = gi,E′
λ′

, where πi : g1,E′
λ′
⊕g2,E′

λ′
→ gi,E′

λ′
denotes the canonical projection,

for i = 1, 2. Since g1 and g2 are semisimple, they are direct sums of simple factors, and

so there exists a semisimple Lie algebra s over E ′ such that gi ∼= s⊕ g̃i, for i = 1, 2,

and such that g̃1 and g̃2 have no common simple factors. Since gλ′ is semisimple, and

πi(gλ′) = gi,E′
λ′

, for i = 1, 2, we have gλ′ ∼= sE′
λ′
⊕ g̃λ′ , where sE′

λ′
= s ⊗E′ E ′λ′ , and

πi(g̃λ′) = g̃i,E′
λ′

, where g̃i,E′
λ′

= g̃i⊗E′E ′λ′ , for i = 1, 2. By Goursat’s lemma, since there

exist no nonzero ideals ni,λ of g̃i,E′
λ′

, for i = 1, 2, such that g̃1,E′
λ′
/n1,λ

∼= g̃2,E′
λ′
/n2,λ, as

g̃1,E′
λ′

and g̃2,E′
λ′

have no common simple factors, we deduce that g̃λ′ ∼= g̃1,E′
λ′
⊕ g̃2,E′

λ′
,

and so gλ′ ∼= sE′
λ′
⊕ g̃1,E′

λ′
⊕ g̃2,E′

λ′
, which gives that gλ′ is independent of λ′. This

implies that the root system Φλ′ of Gder
λ ×Eλ E ′λ′ is independent of λ′.

When k > 2, by working iteratively with the compatible systems {ρ(j)
λ ⊕ρj+1,λ}λ∈Λ′ ,

where ρ
(j)
λ = ⊕ji=1ρi,λ, for j = 1, . . . , k − 1, by the above argument (notice that we

didn’t use the fact that ρ1,λ and ρ2,λ are absolutely irreducible) we get that the root

system Φλ′ of Gder
λ ×EλE ′λ′ is independent of λ′, where now E ′ denotes the compositum

of the extensions E ′i of E inside E.

Since by Proposition 2.2.2 the formal character of each standard representation

Gder
λ ×Eλ E ′λ′ → GLmi,E′λ′ is also independent of λ′, by [74, Theorem 4] we have that

the conjugacy class of Gder
λ ×Eλ E ′λ′ inside each GLmi,E′λ′ is independent of λ′. It then

follows that the conjugacy class of G◦λ ×Eλ E ′λ′ inside GLn,E′
λ′

is independent of λ′, as

required.
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2.5 The case of geometric compatible systems of

Galois representations

Let F be a CM field, and let n ≥ 1 be an integer. In this section, we prove a

decomposition theorem, and hence an independence result, for a class of geometric

compatible systems of rank n representations of ΓF , assuming that Conjecture 1.7.3

holds true. Let E be a number field, let L be a set of rational primes of Dirichlet

density 1, and let Λ = ∪`∈L|E|`. The decomposition theorem is the following.

Theorem 2.5.1. Let R = {ρλ}λ∈Λ be a pure, regular, totally odd, conjugate self-dual

geometric compatible system of rank n representations of ΓF with coefficients in E and

indexed by Λ. Assume Conjecture 1.7.3. Then, R has a Lie-irreducible decomposition

over a finite extension E ′ of E and at a subset L′ of L of Dirichlet density 1.

Proof. Assuming Conjecture 1.7.3, by [84, Theorem 2.1] we have that there exists a

set L0 of rational primes of Dirichlet density 1, and strictly pure, regular, totally odd,

conjugate self-dual compatible systems Ri = {ρi,λ}λ∈Λ of irreducible representations

ρi,λ : ΓF → GLni(Eλ) indexed by Λ0 = ∪`∈L0|E|`, for i = 1, . . . , k, such that

ρλ ⊗Eλ Eλ
∼= ⊕ki=1ρi,λ,

for each ` ∈ L0 and λ | `. Furthermore, after possibly removing finitely many primes

from L0, we can assume that for each ` ∈ L0 we have ` ≥ 2(n+ 1).

Fix an i, and consider the compatible system Ri. By [84, Lemma 1.2], we can

assume that Ri is defined over a CM field Ei. Let Λ0
i = ∪`∈L0|Ei|`. For all λ ∈ Λ0

i ,

let Gi,λ be the algebraic monodromy group8 of ρi,λ, and let G◦i,λ be the connected

component of the identity of Gi,λ. By Lemma 2.2.3 there exists a finite Galois extension

F ′i/F such that the representation ρi,λ induces an isomorphism Gal(F ′i/F )
∼−→ Gi,λ/G

◦
i,λ

for all λ ∈ Λ0
i . By applying [6, Proposition 5.3.2], we get that there exists a subset

Li of L0 of Dirichlet density 1 such that if ` ∈ Li, then ρi,λ |ΓF (ζ`)
is irreducible for

every λ | `. Let Λi = ∪`∈Li |Ei|`. Up to removing finitely many places from Li, we may

further assume that if ` ∈ Li, and λ | `, then

• ζ` /∈ F ′i ,

• ` is unramified in F ′i and lies below no element of the set of bad places for Ri,

• the Hodge-Tate weights of ρi,λ lie in a range of the form [ai, ai + `− 2].

8This would be a reductive algebraic subgroup of GLn,E′
i,λ′

, for E′i a finite extension of Ei where

Ri takes coefficients, and λ′ a place of E′i above λ.
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Let F ′,cm
i denote the maximal CM subfield of F ′i . Then, assuming Conjecture 1.7.3,

by [84, Theorem 2.1] we have that there exist subsets L′i of Li of Dirichlet density 1

such that each irreducible component of ρi,λ |Γ
F
′,cm
i

is totally odd, conjugate self-dual

for each ` ∈ L′i and λ | `. Let Λ′i = ∪`∈L′i |Ei|`.
By [6, Lemma 5.3.1(2)] each ρi,λ is Lie-multiplicity free9. Therefore, for each λ ∈ Λ′i,

by [82, Lemma 3.4.6(1)] there exist an intermediate field F ⊂ F λ
i ⊂ F ′i , and a rank

mλ
i Lie-irreducible representation σλi of ΓFλi such that we can write ρi,λ ∼= IndΓF

Γ
Fλ
i

σλi .

We now prove that there exists λ0 ∈ Λ′i such that F λ0
i is a CM field10. Denote by

F λ,cm
i the maximal CM subfield of F λ

i . For simplicity, let us enlarge Ei to contain

the maximal CM subfield of F ′i , so that F λ,cm
i ⊂ Ei for all λ ∈ Λ′i, and let us take its

Galois closure. With a slight abuse of notation, let us still denote its corresponding

set of places by Λ′i. If F λ
i 6= F λ,cm

i for all λ ∈ Λ′i, then we can find a place λ0 ∈ Λ′i

with residue characteristic `0 such that `0 splits in Ei but not in F λ0
i . Let now w0 be

a non-split place of F λ0
i of residue characteristic `0. Since F λ0

i,w0
does not embed in

Ei,λ0 = Q`0 by assumption, we can deduce by an argument analogous to that of [82,

Lemma 3.4.13] that ρi,λ0 is not regular, which is a contradiction. Therefore, we get

that F λ0
i = F λ0,cm

i . Also, `0 ≥ 2(mλ0
i + 1) and ζ`0 /∈ F λ0

i by the previous assumptions.

For simplicity of notation, we set Fi = F λ0
i .

The representation σλ0i is an irreducible component of ρi,λ0 |ΓFi , and so it is totally

odd, conjugate self-dual, as Fi ⊂ F ′,cm
i , and its set of Hodge-Tate weights is a subset

of the set of Hodge-Tate weights of ρi,λ0 . This gives that σλ0i has Hodge-Tate weights

lying in [ai, ai + `0 − 2]. Since `0 is unramified in F ′i , and so it is in Fi as well, we

have that σλ0i is crystalline at each place w0 of Fi lying above `0 by [82, Lemma 2.2.9].

Therefore, σλ0i is potentially diagonalizable at each place w0 of Fi lying above `0.

By applying Mackey restriction formula to ρi,λ0 |ΓF (ζ`0
)
∼= ResΓF

ΓF (ζ`0
)
IndΓF

ΓFi
σλ0i , which

is irreducible by assumption, we deduce that σλ0i |ΓFi(ζ`0 )
is irreducible. Therefore, we

can apply [6, Theorem 5.5.1] to get that σλ0i is part of a strictly pure compatible

system Si = {σi,λ}λ∈Λ′i
of representations of ΓFi defined over Ei.

Since Si is regular, each representation σi,λ is Lie-multiplicity free, again by [6,

Lemma 5.3.1(2)]. Also, again by assuming Conjecture 1.7.3, we have that there exists

a subset L′′i of L′i of Dirichlet density 1, with `0 ∈ L′′i , such that σi,λ is irreducible for

each ` ∈ L′′i and λ | `. Since σi,λ0
∼= σλ0i is Lie-irreducible, and Lie-irreducibility in a

9We say that a rank n representation ρ of a profinite group Γ with coefficients in an algebraically
closed field k of characteristic zero is Lie-multiplicity free if for any open subgroup Γ′ of Γ any
irreducible Γ′-subrepresentation of ρ has multiplicity 1.

10The following argument is largely adapted on that of [82, Lemma 3.4.13].
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compatible system of irreducible, Lie-multiplicity free representations is independent

of λ by [82, Corollary 3.4.11], we get that σi,λ is Lie-irreducible for each ` ∈ L′′i and

λ | `.
For every finite place v of F outside the set of bad places for Ri and every λ ∈ Λ′i

not lying above the residue characteristic of v we have that

Tr ρi,λ(Frobv) = Tr ρi,λ0(Frobv)

= Tr IndΓF
ΓFi
σλ0i (Frobv)

= Tr IndΓF
ΓFi
σi,λ(Frobv),

where the first equality follows from the independence of λ of the characteristic

polynomials at the Frobenius elements in the compatible system Ri, and the last

equality follows from the usual formula for the trace of an induced representation,

see [6, §5.5] for instance, and the independence of λ of the characteristic polynomials

at the Frobenius elements in the compatible system Si . Combining the Čebotarev

density theorem with [20, §12.1, Proposition 3] we deduce that ρi,λ ∼= IndΓF
ΓFi
σi,λ for

every λ ∈ Λ′i.

Up to enlarging Ei, we can assume that each σi,λ is actually defined over Ei, so

that Si has coefficients in Ei. Let then L′ = ∩ki=1L′′i , which also has Dirichlet density

1, and let E ′ be an extension of E containing all the fields Ei. Since σi,λ is absolutely

Lie-irreducible for each ` ∈ L′ and λ | `, we have that

R⊗E E ′ ∼=(L′) ⊕ki=1IndΓF
ΓFi
Si ⊗Ei E ′

is a Lie-irreducible decomposition over E ′ and at L′.

Combining this with Proposition 2.4.4, we get the following result.

Corollary 2.5.2. Let R = {ρλ}λ∈Λ be a pure, regular, totally odd, conjugate self-dual

geometric compatible system of rank n representations of ΓF with coefficients in E

and indexed by Λ. Assume Conjecture 1.7.3. Then, there exist a subset L′ of L of

Dirichlet density 1, a finite extension E ′ of E, and a split connected reductive algebraic

subgroup G of GLn,E′ such that for each ` ∈ L′, each place λ of E above `, and each

place λ′ of E ′ above λ, the groups G◦λ ×Eλ E ′λ′ and G×E′ E ′λ′ are conjugate over E ′λ′.

Remark 2.5.3. In Theorem 2.5.1, assuming Conjecture 1.7.3 is required in order to

apply [6, Theorem 5.5.1] to get potential automorphy of certain λ-adic representations.

This in turn guarantees that such representations can be “extended” to a compatible

system. Refined potential automorphy results would then eventually imply more
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general versions of Theorem 2.5.1 and Corollary 2.5.2. Notice also that the conclusions

of Theorem 2.5.1 and Corollary 2.5.2 hold unconditionally when the compatible system

has extremely regular weights, in the sense of [6, §5.1].

Remark 2.5.4. Let π be a regular algebraic, conjugate self-dual, cuspidal automorphic

representation of GLn(AF ), and let Rπ = {ρπ,λ}λ∈|Eπ | be the corresponding compatible

system of representations of ΓF . Assuming Conjecture 1.7.3, the conclusion of Corollary

2.5.2 clearly holds for Rπ. There exists then a split connected reductive group Gπ

defined over a finite extension of Eπ which interpolates the groups of connected

components of the algebraic monodromy groups of ρπ,λ, for λ above a set of rational

primes of Dirichlet density 1. In analogy with the Mumford-Tate conjecture, the group

Gπ should be related to a notion of “Mumford-Tate group” for π.

2.6 Compatible systems in the positive

characteristic case

In this last section we give applications of the abstract independence results of

§2.4 to positive characteristic settings. We start with the case of compatible systems

of representations of the absolute Galois group of a global function field, and we then

move to compatible systems of lisse sheaves on a variety over a finite field.

Let p be a prime, let q be a power of p, and let C be a smooth projective curve,

geometrically connected over Fq. Let F be the field Fq(C) of rational functions on C,

and let ΓF denote the absolute Galois group of F . The following preliminary result

is essentially a reformulation in the characteristic p setting of [82, Proposition 3.4.1],

which in turn adapts the arguments of [67, Proposition 1]. We include here the proof

for the sake of completeness.

Lemma 2.6.1. Let ρ : ΓF → GLn(Q`) be an irreducible representation. Then either

ρ is induced from a representation of an open proper subgroup of ΓF , or ρ is Lie-

irreducible, or there exist an integer d ≥ 2 dividing n, a Lie-irreducible representation

σ of ΓF of dimension n/d, and an Artin representation ω of ΓF of dimension d such

that ρ ∼= σ ⊗ ω.

Proof. Let G denote the Zariski closure of ρ(ΓF ) in GLn(Q`), and let G◦ denote the

connected component of the identity of G. Then, either ρ as a representation of G

is induced from a proper subgroup H of G containing G◦, or its restriction to G◦

is isotypical. If ρ is induced from such an H as a representation of G, then as a
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representation of ΓF it is induced from the open proper subgroup ρ−1(H) of ΓF , and

we are done.

Let us then assume that ρ |G◦ is isotypical, that is ρ |G◦∼= σ⊕d0 for some irreducible

representation σ0 of G◦ and some d ≥ 1. If d = 1, then ρ is Lie-irreducible.

So suppose d ≥ 2. Let F ′ be any sufficiently large extension of F such that

ρ(ΓF ′) ⊂ G◦. Then, ρ(ΓF ′) is Zariski dense in G◦, and so σ0 is irreducible as a

representation of ΓF ′ , and we have ρ |ΓF ′∼= σ⊕d0 . Since σ0 is ΓF -invariant, it extends to

a projective representation of ΓF . Now, we have H2(ΓF ,Q/Z) = 0 by Tate’s theorem,

see [91, Theorem 4], and so this projective representation lifts to a representation σ1

of ΓF , so that for some character χ : ΓF ′ → Q×` we have σ⊕d1 |ΓF ′∼= ρ |ΓF ′ ⊗χ. Let

µ = det(ρ)/ det(σ⊕d1 ). Then µ |ΓF ′= χ−n, and we can find characters µ0, µ1 : ΓF → Q×` ,

with µ0 of finite order, such that µ = µn1µ0. Then (χµ1 |ΓF ′ )
n = (µ−1µn1 ) |ΓF ′= µ−1

0 |ΓF ′ ,
so that setting σ = σ1 ⊗ µ1, and replacing F ′ by a finite extension trivialising µ0, we

find a Lie-irreducible representation σ of ΓF and a finite extension F ′ of F such that

ρ |ΓF ′∼= σ⊕d |ΓF ′ . Let then ω = HomΓF ′
(σ, ρ). We have that ω is an Artin representation

of ΓF of dimension d, and the natural map σ ⊗ ω → ρ is an isomorphism.

Let E be a number field, let L be a set of rational primes of Dirichlet density 1,

with p /∈ L, and let Λ = ∪`∈L|E|`. We prove the following result.

Theorem 2.6.2. Let R = {ρλ}λ∈Λ be a compatible system of semisimple representa-

tions of ΓF with coefficients in E. Then, R has a Lie-irreducible decomposition over a

finite extension E ′ of E and at L.

Proof. Fix λ0 ∈ Λ. By Lemma 2.6.1 there exist finite extensions Fi of F , Lie-irreducible

representations σi : ΓFi → GLmi(Eλ0), Artin representations ωi : ΓFi → GLdi(Eλ0),

for i = 1, . . . , k, such that

ρλ0 ⊗Eλ0 Eλ0
∼= ⊕ki=1IndΓF

ΓFi
(σi ⊗ ωi).

For each i, choose χi : ΓFi → E
×
λ0

such that the determinant of τi = σi ⊗ χi has

finite order. Then, τi extends to a compatible system {τi,λ}λ∈Λ by the global Langlands

correspondence [71, Théorème VI.9]. Also, by global class field theory we can extend

χi to a compatible system {χi,λ}λ∈Λ. For each λ ∈ Λ, let σi,λ = τi,λ ⊗ χ−1
i,λ . We then

have that Si = {σi,λ}λ∈Λ is a compatible system extending σi.

Let E ′ be a finite extension of E such that each Si has coefficients in E ′, and each

ωi can be realised over E ′. Then, for any place v of F and any λ ∈ Λ not lying above
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the residue characteristic of v we have

Tr ρλ(Frobv) = Tr ρλ0(Frobv)

= Tr ⊕ki=1 IndΓF
ΓFi

(σi ⊗ ωi)(Frobv)

= Tr ⊕ki=1 IndΓF
ΓFi

(σi,λ ⊗ ωi)(Frobv),

by independence of λ of the characteristic polynomials at the Frobenius elements,

and by the usual formulas for the traces of direct sums, tensor products, and induced

representations. Combining the Čebotarev density theorem with [20, §12.1, Proposition

3], it then follows that

R⊗E E ′ ∼=(L) ⊕ki=1IndΓF
ΓFi

(Si ⊗ ωi)⊗E E ′

is a Lie-irreducible decomposition over E ′ and at L.

By Proposition 2.4.4 we then have the following immediate consequence.

Corollary 2.6.3. Let R = {ρλ}λ∈Λ be a compatible system of semisimple representa-

tions of ΓF with coefficients in E and indexed by Λ. Then, there exist a subset L′ of

L of Dirichlet density 1, a finite extension E ′ of E, and a split connected reductive

algebraic subgroup G of GLn,E′ such that for each ` ∈ L′, each place λ of E above `,

and each place λ′ of E ′ above λ, the groups G◦λ ×Eλ E ′λ′ and G×E′ E ′λ′ are conjugate

over E ′λ′.

Let us now consider the case of compatible systems of lisse sheaves on a variety

over Fq. Refer to [39, §1.1 - §1.3] for the basic definitions and results in this setting.

Let X be a geometrically connected variety over Fq. Let η be a geometric point

of X, and let πét
1 (X, η) be the arithmetic fundamental group of X. Let ` 6= p be a

prime. The functor which assigns to each lisse Q`-sheaf L on X its fibre Lη over η

induces an equivalence between the category of lisse Q`-sheaves on X and the category

of finite dimensional continuous representations of πét
1 (X, η) with coefficients in Q`.

Via this equivalence, standard notions about representations (e.g rank, semisimplicity,

irreducibility, or Lie-irreducibility) can be translated to the context of lisse sheaves.

Let E be a number field, let L be a set of rational primes of Dirichlet density 1,

with p /∈ L, and let Λ = ∪`∈L|E|`. We recall the following definition.

Definition 2.6.4. A compatible system of lisse Eλ-sheaves on X indexed by Λ is

a family R = {Fλ}λ∈Λ of lisse Eλ-sheaves Fλ on X such that, for any closed point

x ∈ |X| of X and any λ ∈ Λ, the polynomial det(1− Frobxt,Fλ) has coefficients in E

and is independent of λ.
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Any compatible system of lisse Eλ-sheavesR = {Fλ}λ∈Λ on X indexed by Λ defines

a compatible system {ρλ}λ∈Λ of representations of πét
1 (X, η) with coefficients in E and

indexed by Λ, in the sense of Definition 2.1.1, where ρλ is the representation Fλ,η,
and X = |X| × Λ. The algebraic monodromy group Gλ of ρλ is called the arithmetic

monodromy group of Fλ. As usual, we denote by G◦λ the connected component of the

identity of Gλ. Also, for simplicity of notation we omit the base point η and write

just πét
1 (X) for the étale fundamental group of X.

From Corollary 2.6.3 we deduce the following λ-independence result.

Corollary 2.6.5. Let X be a normal geometrically connected irreducible variety over

Fq, and let R = {Fλ}λ∈Λ be a compatible system of semisimple lisse Eλ-sheaves on

X indexed by Λ. Then, there exist a subset L′ of L of Dirichlet density 1, a finite

extension E ′ of E, and a split connected reductive algebraic subgroup G of GLn,E′ such

that for each ` ∈ L′, each place λ of E above `, and each place λ′ of E ′ above λ, the

groups G◦λ ×Eλ E ′λ′ and G×E′ E ′λ′ are conjugate over E ′λ′.

Proof. Let {ρλ}λ∈Λ be the compatible system of representations of πét
1 (X) correspond-

ing to R. By [15, Corollary 3.33] there exist a finite étale cover φ : X ′ → X, and a

curve C embedding into X ′ via some ı such that ρλ(φ∗π
ét
1 (X ′)) = ρλ(φ∗ı∗π

ét
1 (C)), for

all λ ∈ Λ.

For any λ ∈ Λ, let ρ′λ = ρλ ◦ φ∗, and let G′λ be its algebraic monodromy group.

Since the morphism φ is finite étale, then φ∗π
ét
1 (X ′) is an open subgroup of πét

1 (X), and

so G′,◦λ = G◦λ, since restriction to an open subgroup leaves the connected component

of the identity of the algebraic monodromy group of a λ-adic representation invariant.

Up to birational equivalence, we can assume that C is smooth and projective.

Let F be the field of rational functions on C, and let πC : ΓF → πét
1 (X ′) be the

composition of the natural surjection of ΓF onto πét
1 (C) with ı∗.

For any λ ∈ Λ, let ρC,λ = ρ′λ ◦ πC . Note that ρC,λ(ΓF ) = ρ′λ(π
ét
1 (X ′)), so that

the algebraic monodromy groups of ρC,λ and ρ′λ coincide. The family {ρC,λ}λ∈Λ is a

compatible system of semisimple representations of ΓF , and then, by Corollary 2.6.3

there exist a subset L′ of L of Dirichlet density 1, a finite extension E ′ of E, and a

split connected reductive algebraic subgroup G of GLn,E′ such that for each ` ∈ L′,
each place λ of E above `, and each place λ′ of E ′ above λ, the groups G◦λ ×Eλ E ′λ′
and G×E′ E ′λ′ are conjugate over E ′λ′ .

Remark 2.6.6. A crucial point in the proof of this result is the reduction to the

case of curves, which relies on the work of Böckle, Gajda, and Petersen in [15, §3.3].

A similar λ-independence result, for all λ ∈ Λ, has been obtained with a different
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approach by D’Addezio, see [36, Theorem 4.3.2], assuming the variety X to be also

smooth.
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Chapter 3

Deformations of automorphic
Galois representations

In this chapter, we study p-adic families of Galois representations and automorphic

representations, and the geometry of the corresponding p-adic rigid analytic spaces

at points arising from (classical) automorphic representations. In §3.1 we focus on

the deformation theory of representations and pseudorepresentations, and introduce

the corresponding rigid analytic p-adic (pseudo)deformation spaces. Then, in §3.2

we move to the automorphic setting, where we introduce eigenvarieties for definite

unitary groups, i.e. p-adic rigid analytic spaces parametrising p-adic systems of Hecke

eigenvalues appearing in spaces of p-adic automorphic forms. We finally fix a regular

algebraic, conjugate self-dual, cuspidal automorphic representation of GLn(AF ), for

F a CM field, and consider the automorphic Galois representation attached to it

by the results presented in §1. The automorphic Galois representation defines an

“automorphic point” in a suitable p-adic rigid analytic (pseudo)deformation space, and

the automorphic representation (together with an additional datum, see §3.2.2) defines

a “classical point” in a suitable eigenvariety. In §3.3 we study the smoothness of these

points, and suggest possible converse results.

3.1 Deformation theory of pseudorepresentations

We study here the deformation theory of representations and pseudorepresen-

tations. In §3.1.1 we introduce the background material on deformation functors,

pseudorepresentations, and pseudodeformation functors, and we define p-adic rigid

analytic pseudodeformation spaces. In §3.1.2, we present deeper algebraic results on

the structure of pseudorepresentations, while in §3.1.3 we quickly focus on the theory

of deformation conditions for pseudorepresentations.
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3.1.1 Deformations of pseudorepresentations

Let p be a prime, and let E be a finite extension of Qp. Let O denote the ring of

integers of E, let m be the maximal ideal of O, and let F = O/m. Let Γ be a profinite

group, let n ≥ 1 be an integer, and let

ρ : Γ→ GLn(F)

be a continuous representation. Also, let Vρ = Fn, equipped with the F[Γ]-module

structure given by ρ.

Let ĈO denote the category of complete Noetherian local commutative O-algebras

with residue field F. Given an object A in ĈO, we say that a continuous representation

ρ : Γ→ GLn(A) is a lifting of ρ to A if ρ reduces to ρ modulo the maximal ideal mA

of A. A deformation of ρ to A is an equivalence class of liftings of ρ to A modulo the

action by conjugation of 1 +Mn×n(mA).

Let

Def�ρ : ĈO → Sets

be the functor which attaches to each object A of ĈO the set of liftings of ρ to A, and

let

Defρ : ĈO → Sets

be the functor which attaches to each object A of ĈO the set of deformations of ρ to

A.

Assume from now on that the group Γ satisfies Mazur’s Φp condition, that is for

all finite index subgroups Γ′ ⊂ Γ, the maximal pro-p quotient of Γ′ is topologically

finitely generated. Then, by a classical result due to Mazur, see [78], the functor Def�ρ

is representable by a complete Noetherian local commutative O-algebra R�
ρ , called the

universal framed deformation ring of ρ, together with a universal lifting (or framed

deformation) ρ� : Γ→ GLn(R�
ρ ) of ρ to R�

ρ . Furthermore, if EndF[Γ]Vρ ∼= F, then the

functor Defρ is representable by a complete Noetherian local commutative O-algebra

Rρ, called the universal deformation ring of ρ, together with a universal deformation

ρuniv : Γ→ GLn(Rρ) of ρ to Rρ.

Assume that Defρ is representable by Rρ. Then the closed points x of the affine

scheme SpecRρ[1/p] correspond to E-algebras homomorphisms x : Rρ[1/p]→ E ′ for

finite extensions E ′ of E. Composing with the universal deformation ρuniv, these

induce representations ρx : Γ→ GLn(E ′). Since each x actually maps Rρ ⊂ Rρ[1/p]

into OE′ ⊂ E ′ , then each ρx can be conjugate to a representation ρx : Γ→ GLn(OE′),
which is a deformation of ρ. For this reason, with a slight abuse of language, we say that
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the closed points of SpecRρ[1/p] parametrise deformations of ρ to finite extensions of

E. In order to deal with the case when Defρ is not necessarily representable, e.g. when

ρ is not absolutely irreducible, we should introduce the notion of pseudorepresentation,

and consider a corresponding deformation problem. This will allow us to define (in

the general setting) a rigid analytic space X over E whose points are in bijection with

deformations of ρ to finite extensions of E.

The notion of pseudorepresentation of a group has been firstly introduced in number

theory by Wiles [107] in dimension 2, and by Taylor [97] in general. Later, Taylor’s

definition has been also considered by Rouquier [86] in the context of A-algebras,

where pseudorepresentations are called pseudocharacters. In this work, we consider

the definition given by Chenevier [31], where pseudorepresentations are instead called

determinants. Under certain assumptions, Taylor-Rouquier’s and Chenevier’s notions

turn out to be equivalent.

Let A be a commutative ring with unit. An A-polynomial law between two A-

modules M and M ′ is a natural transformation P between the functors M ⊗A − and

M ′ ⊗A − from the category of A-algebras to the category of sets. An A-polynomial

law P is said to be homogeneous of degree n, for an integer n ≥ 1, if PB(bx) = bnPB(x)

for any A-algebra B, any b ∈ B, and any x ∈M ⊗A B. If M and M ′ are A-algebras,

then an homogeneous A-polynomial law P of degree n between M and M ′ is said to

be multiplicative if PB(1) = 1 and if PB(xy) = PB(x)PB(y) for any A-algebra B, and

any x, y ∈M ⊗A B.

Let R be an A-algebra. We give the following definition.

Definition 3.1.1. An n-dimensional A-valued pseudorepresentation of R is a multi-

plicative A-polynomial law

D : R→ A

which is homogeneous of degree n. When R = A[Γ] for some profinite group Γ, we

simply say that D is a pseudorepresentation of Γ.

A natural source of examples of pseudorepresentations is the following.

Example 3.1.2. The natural transformation D = det ◦ρ, where ρ : R→Mn×n(A) is a

given representation, and det is the natural transformation defined by the determinant

map in the usual way1, is an n-dimensional A-valued pseudorepresentation of R.

1For any commutative A-algebra B, we let detB : Mn×n(B)→ B be the usual determinant map.
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Under suitable assumptions on A or D it holds true that any pseudorepresentation

of R arises from a representation of R as in Example 3.1.2. A result in this direction

is the following.

Theorem 3.1.3 ([31, Theorem 2.12]). Let k be an algebrically closed field, and let R

be a k-algebra. Then, for any n-dimensional pseudorepresentation D : R→ k, there

exists a semisimple representation ρ : R→Mn×n(k) such that D = det ◦ρ. Moreover,

such a ρ is unique up to isomorphism.

Given a field k (not necessarily algebraically closed), we say that an n-dimensional

pseudorepresentation D : R → k is split if there exists a semisimple representation

ρ : R → Mn×n(k) such that D = det ◦ρ. We say that D : R → k is absolutely

multiplicity free (resp. absolutely irreducilble) if the corresponding representation

ρ : R→Mn×n(k) over k given by Theorem 3.1.3 is multiplicity free (resp. irreducible).

Let now D be an homogeneous of degree n multiplicative polynomial law between

R and A. For each r ∈ R, define the characteristic polynomial χ(r, t) ∈ A[t] of r with

respect to D by the formula

χ(r, t) = DA[t](1− tr)

=
n∑
i=0

(−1)iΛn−i(r)t
i,

where each Λi is thus an A-polynomial law between R and A which is homogeneous

of degree i. In particular, we have Λ0 = 1, Λn = D, and Λ1 is an A-linear map which

is denoted by TrD, and called the trace associated to D.

IfD is anA-valued n-dimensional pseudorepresentation ofR, then theA-polynomial

laws Λi define an A-polynomial law

χ : R→ R, χ(r) =
n∑
i=0

(−1)iΛn−i(r)r
i,

which is homogeneous of degree n.

Note that, given an A-valued pseudorepresentation D of R, its trace TrD is an A-

valued pseudocharacter on R in the sense of Rouquier. Furthermore, the map D 7→ TrD

induces a bijection between the set of n-dimensional A-valued pseudorepresentations

of R and the set of n-dimensional A-valued pseudocharacters on R if either 2 ∈ R×

and n = 2, or (2n)! ∈ R×, see [31, Proposition 1.29].

When R = A[Γ] for some profinite group Γ, any n-dimensional A-valued pseu-

dorepresentation D : A[Γ]→ A is uniquely determined by the (finite) set of functions

D[α] : Γn → A,
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with α ∈ In = {(α1, . . . , αn) ∈ Nn : α1 + · · ·+ αn = n}, defined by

DA[t1,...,tn]

(
n∑
i=1

tiσi

)
=
∑
α∈In

(σ1, . . . , σn)tα,

where tα =
∏n

i=1 t
αi
i , for each (σ1, . . . , σn) ∈ Γn. When A is a topological ring, we say

that D : A[Γ] → A is continuous if for each α ∈ In the function D[α] : Γn → A is

continuous.

Let us now introduce the deformation problem for pseudorepresentations. Fix an

n-dimensional continuous pseudorepresentation D : F[Γ] → F. By Theorem 3.1.3,

it is equivalent to give such a pseudorepresentation and (the isomorphism class of)

a continuous representation ρ : Γ → GLn(F) such that det(1 + tρ(σ)) ∈ F[t] for all

σ ∈ Γ, and D = det ◦ρ.

Given an object A of ĈO, we say that an n-dimensional continuous pseudorepresen-

tation D : A[Γ]→ A is a deformation of D to A, or a pseudodeformation of D to A,

if D ⊗A F = D. For each object A of ĈO, let then DefD(A) be the set of deformations

of D to A. This defines a functor

DefD : ĈO → Sets.

The following result is due to Chenevier.

Theorem 3.1.4 ([31, Propositions 3.3 and 3.7]). Assume that Γ satisfies Φp. Then,

the functor DefD is representable by a complete Noetherian local commutative O-algebra

RD, together with a universal deformation Duniv : RD[Γ]→ RD of D to RD.

Remark 3.1.5. When ρ is absolutely irreducible, [31, Theorem 2.22] implies that

there is an isomorphism of functors on ĈO between Defρ and DefD. Nevertheless,

even when this condition is not necessarily satisfied, by Theorem 3.1.3 there is a

bijection between the set of closed points of the affine scheme SpecRD[1/p] and

the set of deformations of ρ to finite extensions of E. For this reason, the affine

scheme SpecRD[1/p] can be thought as a “coarse moduli space” for deformations

of ρ. A deeper moduli theoretic interpretation of the ring RD has been given by

Wang-Erickson in [106], where it is proved that if D is absolutely multiplicity free,

then RD is essentially the GIT quotient ring of the framed deformation ring R�
ρ of ρ

for the action of PGLn, see [106, Theorem 3.8].

Consider the affine formal scheme X = Spf RD over O, and let X = Xrig be the

rigid analytic space over E attached to X via Berthelot’s functor. It can be proved,
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see [31, Theorem 3.17], that X represents the functor which attaches to each rigid

analytic space X over E the set of deformations of D to O(X), and is isomorphic

to a closed subspace of some rigid analytic open unit ball. The closed points of X
are in bijection with the closed points of SpecRD[1/p], which in turn parametrise

deformations of ρ to finite extensions of E.

3.1.2 Cayley-Hamilton algebras, GMA structures, and
reducibility ideals

Let us first of all introduce the notion of kernel of a polynomial law. Let A be a

commutative ring with unit, and let M and M ′ be A-modules. Given an A-polynomial

law P between M and M ′, define ker(P ) to be the subset of elements m ∈ M such

that PB(m⊗ b+ x) = PB(x) for any A-algebra B, any b ∈ B, and any x ∈M ⊗A B.

Equivalently, m ∈ ker(P ) if and only if for any integer N and any m1, . . . ,mN ∈M ,

the element PA[t,t1,...,tN ](tm+ t1m1 + · · ·+ tNmN ) ∈M ′[t, t1, . . . , tN ] is independent of

t (i.e. lies in M ′[t1, . . . , tN ]). By definition, ker(P ) is an A-submodule of M . We say

that P is faithful if ker(P ) = 0.

Let now R be an A-module, let n ≥ 1 be an integer, and let D : R → A be

an n-dimensional A-valued pseudorepresentation of R. We denote by CH(D) the

(two-sided) ideal of R generated by the coefficients of

χ(t1r1 + · · ·+ tNrN) ∈ R[t1, . . . , tN ],

with r1, . . . , rN ∈ R, and N ≥ 1. We say that D is Cayley-Hamilton if CH(D) = {0}.
Equivalently, D is Cayley-Hamilton if and only if the A-polynomial law χ : R→ R is

identically zero. When D is Cayley-Hamilton, we also say that (R,D) is a Cayley-

Hamilton algebra for D. It can be proved that ker(D) contains CH(D), so that if D is

faithful then D is Cayley-Hamilton.

Let D : R → A be an n-dimensional A-valued pseudorepresentation of R. A

quotient S of R by a two-sided ideal of R contained in ker(D), and such that he

induced pseudorepresentation D : S → A is Cayley-Hamilton, is called a Cayley-

Hamilton quotient of (R,D).

Given an n-dimensional A-valued pseudorepresentation D of Γ, a Cayley-Hamilton

representation of D is the datum of a Cayley-Hamilton A-algebra (R′, D′) and a group

homomorphism ρ : Γ → R′× such that, if we let f : A[Γ] → R′ be the A-algebra

homomorphism induced by ρ, we have DB(x) = D′B((f ⊗A B)(x)) for any A-algebra

B, and any x ∈ A[Γ]⊗A B.
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In [31, §2.21], building on work of [10, §1.4.3], Chenevier proves a structure theorem

for Cayley-Hamilton algebras (R,D) such that D is valued in an Henselian local ring

A, and such that the residual pseudorepresentation D = D ⊗A A/mA of D, where mA

denotes the maximal ideal of A, is split and absolutely multiplicity free. In order to

introduce this result, we need some preliminaries about generalised matrix algebras

from [10, §1.3].

We fix positive integers k and n1, . . . , nk, and we let n = n1 + · · · + nk. We say

that an A-algebra R is a generalised matrix algebra (GMA) of type (n1, . . . , nk) if R

is equipped with:

1. a family of orthogonal idempotents e1, . . . , ek of sum 1,

2. for each i, an A-algebras isomorphism ψi : eiRei
∼−→Mni×ni(A),

such that the trace map T : R → A of R, defined by T (x) =
∑k

i=1 Trψi(eixei) for

x ∈ R, satisfies T (xy) = T (yx) for all x, y ∈ R.

Every GMA turns out to be isomorphic to a so called standard GMA in the

following way. For each i, we let Ei be the unique element of eiRei such that ψi(Ei)

is the elementary matrix of Mni×ni(A) with 1 at the entry (1, 1), and 0 elsewhere,

and for each i, j we let Ai,j = EiREj. Each Ai,j is an A-submodule of finite type of

R. Moreover we have Ah,iAi,j ⊂ Ah,j for all h, i, j, and Ai,i ∼= A via T for all i. As a

consequence of Morita equivalence, there is a canonical isomorphism of A-algebras

R ∼=

Mn1×n1(A1,1) · · · Mn1×nk(A1,k)
...

. . .
...

Mnk×n1(Ak,1) · · · Mnk×nk(Ak,k)

 .

Let us go back to the context of Cayley-Hamilton algebras. We let A be an

Henselian local ring, with maximal ideal mA,we let R be an A-algebra, and we let

D : R → A be Cayley-Hamilton. Assume that the residual pseudorepresentation

D = D ⊗A A/mA of D is split, and absolutely multiplicity free. Let k be the number

of (pairwise non isomorphic) subrepresentations in an irreducible decomposition of

the representation corresponding to D, and let n1, . . . , nk be their ranks. Then, the

following result holds.

Theorem 3.1.6 (part of [31, Theorem 2.22]). The A-algebra R is a generalised matrix

algebra of type (n1, . . . , nk), with trace map T = TrD.
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Let us now see an application of this structure theorem to the deformation theory

of pseudorepresentations. Fix notations as in §3.1.1. Let us fix ρ : Γ→ GLn(F), and

let D = det ◦ρ, so that D is split by construction. Let us assume that

ρ⊗F F ∼= ⊕ki=1ρi

is an irreducible decomposition into pairwise non isomorphic subrepresentations, so

that D is also absolutely multiplicity free. For each i, let ni be the rank of ρi.

Let A be an object in ĈO, and let D be a deformation of D to A. Let S be a

Cayley-Hamilton quotient of (A[Γ], D). Then, by Theorem 3.1.6, the A-algebra S is a

generalised matrix algebra of type (n1, . . . , nk). Let then Ai,j be the corresponding

A-submodules of S. A notion of complexity for D has been introduced by Belläıche in

[8] using these data2. Let us now recall the definition.

For i ≥ 1 an integer, an application γ : {0, . . . , i} → {1, . . . , k} is called a path of

lenght i. We say that γ is closed if γ(0) = γ(i). We say that a closed γ is simple if it

is injective on {0, . . . , i− 1}. Given any path γ of lenght i, we set

Aγ = Aγ(0),γ(1) · · ·Aγ(n−1),γ(n).

By [8, Lemma 1], the A-modules Aγ only depend on A and TrD, and not on the

Cayley-Hamilton quotient S. We say that D has complexity less than or equal to i if

Aγ = 0 for any simple closed path γ of length greater than i.

For i = 1, . . . , k, denote by DefD,i the subfunctor of DefD which attaches to each

object A of ĈO the set of deformations of D to A which have complexity less than or

equal to i. Notice that DefD,k = DefD. We have the following result.

Proposition 3.1.7 ([8, Proposition 1]). For every i = 1, . . . , k, the functor DefD,i is

representable by a local quotient RD,i of RD.

The ideals Ji of RD such that RD,i = RD/Ji, which can be defined as

Ji =
∑

γ simple closed path
of lenght >i

(RD)γ

are examples of the so called reducibility ideals of D, in the sense of [10, §1.5]. We

have Jk = {0}, and we call Jtot = J1 the total reducibility ideal of D.

2Belläıche’s original definition, see [8, §2], was actually formulated in the language of pseudochar-
acters. With a slight abuse of terminology, we will refer Belläıche’s definition to the context of
pseudorepresentations.
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3.1.3 Deformation conditions

Ramakrishna’s theory of deformation conditions [85] has been recently extended

to the context of pseudodeformations by Wake and Wang-Erickson [105].

Let us keep notations as in §3.1.1 and §3.1.2. We start by recalling the notion

of stability for a (pseudo)deformation condition. Let us denote by ModO[Γ] the

category of O[Γ]-modules, and by Modfin
O[Γ] its full subcategory whose objects have

finite cardinality. A condition on Modfin
O[Γ] is a full subcategory C of Modfin

O[Γ], and

we say that an object of Modfin
O[Γ] satisfies condition C if it belongs to C. A condition

C is said to be stable if it is closed under isomorphisms, subquotients, and direct sums

in Modfin
O[Γ], that is:

1. for every object M of C and all isomorphisms f : M → M ′ in Modfin
O[Γ], the

object M ′ is in C;

2. for every object M of C and all morphisms f : M → M ′ and g : M ′′ → M in

Modfin
O[Γ], the kernel of f and the cokernel of g are in C;

3. for every finite collection of objects {Mi}ni=1 of C, the direct sum ⊕ni=1Mi in

Modfin
O[Γ] is in C.

Let us fix a stable deformation condition C on Modfin
O[Γ]. Given an object A of ĈO

with maximal ideal mA, we say that an A[Γ]-module that is finitely generated as an

A-module satisfies condition C if M/mi
AM satisfies C for all i ≥ 1.

Let ρ : Γ → GLn(F), and let us assume that Vρ = Fn, equipped with the F[Γ]-

module structure given by ρ, satisfies C. Given an object A of ĈO, we say that a

deformation ρ of ρ to A satisfies C if Vρ = An, equipped with the A[Γ]-module structure

given by ρ, satisfies C. We define then a functor

Defρ,C : ĈO → Sets

by attaching to each object A of ĈO the set of deformations of ρ to A which satisfy

condition C.
The main result of [85] implies that if EndF[Γ]Vρ ∼= F, then functor Defρ,C is

representable by a local quotient Rρ,C of Rρ. In particular, we have that a deformation

ρ of ρ to A satisfies condition C if and only if Rρ → A factors trough Rρ → Rρ,C.

In order to define a functor parametrising pseudodeformations satisfying a stable

condition, we should firstly focus on Cayley-Hamilton representations. Let D = det ◦ρ,

let A be an object of ĈO, and let D be a deformation of D to A. We say that a
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Cayley-Hamilton representation (R′, D′) of D, with ρ : Γ → R′×, satisfies C if R′,

equipped with the A[Γ]-module structure given by ρ, satisfies C.
Finally, we say that a deformation D of D to A satisfies condition C if there exists

a Cayley-Hamilton representation of D satisfying condition C. We let

DefD,C : ĈO → Sets

be the functor which attaches to each object A of ĈO the set of deformations of D

to A which satisfy condition C. The following result has been proved by Wake and

Wang-Erickson.

Theorem 3.1.8 ([105, Theorem 2.2.5]). The functor DefD,C is representable by a local

quotient RD,C of RD.

In particular, we have that a deformation D of D to A satisfies condition C if and

only if RD → A factors trough RD → RD,C. It then follows that the closed points of

the affine scheme SpecRD,C[1/p] parametrise deformations of ρ to finite extensions

of E satisfying condition C. Furthermore, when ρ is absolutely irreducible, it can

be proved that there is a canonical isomorphism between RD,C and Rρ,C, see [105,

Corollary 3.3.5].

3.2 Eigenvarieties for definite unitary groups

We review here the construction of eigenvarieties for definite unitary groups with

respect to a purely imaginary quadratic extension of a totally real field, and we

focus on the p-adic families of Galois representations attached to them. General

constructions of eigenvarieties have been provided for instance in [43], [77], [103], and

[57]. For the purposes of this work, however, it is enough to focus on the case of

definite unitary groups, following the original construction of [29], and its more recent

versions presented for instance in [10] and [30]. At a preliminary stage, we study in

§3.2.1 triangulations and refinements attached to crystalline representations, and their

deformation theory. The definition and basic properties of definite unitary groups

eigenvarieties are instead presented in §3.2.2. Finally, in §3.2.3 we construct Galois

pseudorepresentations on definite unitary groups eigenvarieties interpolating classical

automorphic Galois representations.
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3.2.1 Triangulations and refinements of crystalline
representations

This is essentially an addendum to §1.2, where we introduced some background

on p-adic Hodge theory. We see here some further notions, which will be useful in

the study of p-adic families of automorphic representations. Our exposition roughly

follows the one of [10, §2] and [12, §2].

We fix a prime p, and a p-adic field K, and we let K∞ = K(ζp∞) be the field

obtained by adjoining all the p-power roots of unity to K. We define the Robba ring

over K to be the ring RK of power series f =
∑

i∈Z aiT
i defined over the maximal

absolutely unramified extension of K∞ and converging on an annulus of the form

r(f) < |T | < 1. When K = Qp we simply write R for the Robba ring over Qp. Let

A be a finite dimensional local commutative Qp-algebra, equipped with its unique

Banach Qp-algebra topology, with maximal ideal mA, and with residue field L (which

is a finite extension of Qp). We write RK,A = RK ⊗Qp A.

The ring RK,A can be equipped with commuting, A-linear, continuous actions of

the Frobenius operator φ and the Galois group Γ = Gal(K∞/K) given by

φ(f)(T ) = f(T p),

γ(f)(T ) = f(T γ), f ∈ RK,A, γ ∈ Γ.

A (φ,Γ)-module overRK,A is a finite freeRK,A-moduleD equipped with commuting,

RK,A-semilinear, continuous actions of φ and Γ, such that φ(D) generates D as RK,A-

module. The rank of D is its rank as RK,A-module. A morphism between two

(φ,Γ)-modules D and D′ over RK,A is just a RK,A-linear map η : D → D′ which

commutes with the actions of φ and Γ.

By work of Kedlaya, see [68, Theorem 6.10], it is possible to attach to each (φ,Γ)-

module D of rank n over RK,L a sequence of rational numbers s1 ≤ · · · ≤ sn, called

the slopes of D. The (φ,Γ)-module D is then said to be étale if s1 = · · · = sn = 0.

The functor V 7→ D†rig(V ) introduced by Berger in [13] defines a tensor equivalence

between the category of continuous rank n representations of ΓK over L and the

category of étale (φ,Γ)-modules of rank n over RK,L, see for instance [35, Proposition

1.7]. Recall that Berger’s construction of [13, §3.4] actually allows to define a (φ,Γ)-

module D†rig(V ) over RK,A for any A-module V of finite type, equipped with a

continuous action of ΓK , in a functorial way.

Rank one (φ,Γ)-modules over RK,A are classified by continuous characters δ :

K× → A× in the following way. Let us fix a uniformiser $K . (The construction
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below can be easily proved to be independent of this choice). Given a continuous

character δ : K× → A×, we let RK,A(δ) be the (φ,Γ)-module RK,A equipped with the

RK,A-semilinear continuous actions of φ and Γ given by

φ(1) = δ($K),

γ(1) = δ(1), γ ∈ Γ.

If K is a finite extension of Qp, then to any δ as above it is possible to associate

a continuous homomorphism δ ◦ Art−1
K : WK → A×. This extends to a continuous

character of ΓK if and only if vL(δ($K) mod mA) = 0. In this case, we can see that

RK,A(δ) = D†rig(δ ◦ Art−1
K ).

In general, it is possible to show, see for instance [10, Proposition 2.3.1], that any

(φ,Γ)-module of rank one over RK,A is isomorphic to RK,A(δ) for a unique δ.

As in §1.2, we let K0 = W (kK)[1/p]. Given a continuous representation ρ : ΓK →
GL(V ) of ΓK on a finite dimensional L-vector space V , the K0-vector spaces Dcris(V )

and Dst(V ) introduced by Fontaine, see §1.2.2, can be recovered from D†rig(V ). For

the purposes of this work, we only focus on Dcris(V ), and refer to [13] for the case of

Dst(V ).

Let D be a (φ,Γ)-module over RK,L, and let t ∈ R be as in §1.2.1. Set then

Dcris(D) = D[1/t]Γ. By [13, Théorème 3.6], given a continuous representation ρ :

ΓK → GL(V ) of ΓK on a finite dimensional L-vector space V , there is a canonical

isomorphism Dcris(V ) ∼= Dcris(D
†
rig(V )). We say that a (φ,Γ)-module D of rank n over

RK,L is crystalline if Dcris(D) has dimension n over L. Clearly, an étale (φ,Γ)-module

D over RK,L is crystalline if and only if it comes from a crystalline representation

ρ : ΓK → GL(V ) of ΓK via Berger’s functor D†rig.

Again, let A be a finite dimensional commutative Qp-algebra with residue field

L. A triangulation of a (φ,Γ)-module D of rank n over RK,A is a strictly increasing

filtration ∆ = (∆i)
n
i=0 of (φ,Γ)-submodules

∆0 = {0} ( ∆1 ( · · · ( ∆n−1 ( ∆n = D

of D which are free and direct summand as RK,A-modules. The parameter of ∆ =

(∆i)
n
i=0 is the ordered n-tuple (δ1, . . . , δn) of continuous characters δi : K× → A× such

that ∆i/∆i−1 = RK,A(δi). Following Colmez, we say that a (φ,Γ)-module D of rank

n over RK,A is triangulable if it can be equipped with a triangulation ∆ = (∆i)
n
i=0.

Let us now study the triangulations of crystalline (φ,Γ)-modules and their de-

formation theory. For the purposes of this work, we just focus on crystalline étale

(φ,Γ)-modules, coming then from crystalline representations of ΓK via D†rig. Note that
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the theory still makes sense without this assumption, see for instance [10]. Also, let

us restrict to the case where K is a finite extension of Qp.

Let then ρ : ΓK → GL(V ) be a crystalline representation of ΓK on an n-dimensional

L-vector space V , and let D = D†rig(V ). Recall from §1.2.2 that Dcris(D) is a finite free

K0 ⊗Qp L-module, equipped with a K0-semilinear (but L-linear) Frobenius operator

φ, and Dcris(D)K = K ⊗K0 Dcris(D) is equipped with an exhausted and separated

decreasing filfration (F iDcris(D)K)i∈Z by K ⊗Qp L-submodules. Given an embedding

τ : K → L, the filtration (F iDcris(D)K)i∈Z of Dcris(D)K induces a filtration of

Dcris(D)K⊗K,τL, whose jumps are precisely the τ -Hodge-Tate weights hτ,1 ≤ · · · ≤ hτ,n

of V . The operator φ[kK :Fp] acts K0-linearly on Dcris(D), and we refer to its eigenvalues

as the crystalline eigenvalues of Dcris(D). Up to enlarging L, let us assume that every

crystalline eigenvalue of Dcris(D) is contained in L×.

A refinement of V is a full strictly increasing filtration F = (Fi)ni=0 of φ-submodules

F0 = {0} ( F1 ( · · · ( Fn−1 ( Fn = Dcris(V )

ofDcris(V ). A refinement F = (Fi)ni=0 of V naturally induces an ordering (h′τ,1, . . . , h
′
τ,n)

of the τ -Hodge-Tate weights of V , for a given embedding τ : K → L, defined by the

property that the jumps of the filtration of Fi ⊗K0,τ L induced by the filtration of

Dcris(D)K ⊗K,τ L are (h′τ,1, . . . , h
′
τ,i) for each i, and an ordering (φ1, . . . , φn) of the

crystalline eigenvalues of Dcris(V ) defined by the identity det(t−φ |Fi) =
∏i

j=1(t−φi) in

L[t] for each i. If the crystalline eigenvalues are distinct, then an ordering (φ1, . . . , φn)

induces a refinement of V by setting Fi =
∑i

j=1 Dcris(D)φ
[kK :Fp]=φj . In this case, there

is a bijection between the set of refinements of V and the set of orderings of the

crystalline eigenvalues of Dcris(D).

The (φ,Γ)-module D = D†rig(V ) has rank n over RK,L. If ∆ = (∆i)
n
i=0 is a

triangulation of D, then Dcris(∆i) = ∆i[1/t]
Γ is a filtered φ-submodule of rank i

of Dcris(D). It is possible to show, see [10, Proposition 2.4.1], that the assigment

∆i 7→ Dcris(∆i) induces a bijection between the set of triangulations of D and the set

of refinements of V , whose inverse is given by Fi 7→ (RK,L[1/t]Fi) ∩D. Note that if

the crystalline eigenvalues of Dcris(V ) are distinct, then this gives a bijection between

the set of triangulations of D and the set of orderings of the crystalline eigenvalues of

Dcris(D).

Let us briefly see how the Hodge-Tate weights match under this bijection. Let

τ : K → L be an embedding, and let hτ,1 ≤ · · · ≤ hτ,n be the τ -Hodge-Tate weights of

V . Let ∆ = (∆i)
n
i=0 be a triangulation of D, and let F = (Fi)ni=0 be the corresponding

refinement of V . Let (h′τ,1, . . . , h
′
τ,n) be the ordering of the τ -Hodge-Tate weights of V
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induced by F = (Fi)ni=0. If (δ1, . . . , δn) is the parameter of ∆ = (∆i)
n
i=0, then h′τ,i is

precisely the τ -Hodge-Tate weight of δi.

Assume that for each embedding τ : K → L the τ -Hodge-Tate weights of V are

distinct. We call the critical type of a triangulation ∆ = (∆i)
n
i=0 of D (resp. of a

refinement F = (Fi)ni=0 of V ) the collection (στ )τ of permutations of {1, . . . , n} such

that h′τ,i = hτ,στ (i) for all τ and i. If στ = Id for each τ , we say that ∆ = (∆i)
n
i=0 (resp.

F = (Fi)ni=0) is non critical.

Let us now study the deformation theory of the objects introduced above. Before

considering the case of a crystalline representation of ΓK , let us give some abstract

definitions. Let us then assume again that K is a p-adic field, and that L is a finite

extension of Qp. Let ĈL be the category of complete Noetherian local commutative

L-algebras with residue field L, and let CL be its full subcategory of finite Artinian

L-algebras. Also, let us fix a (φ,Γ) module D of rank n over RK,L. Given an object

A of CL, a deformation of D to A is a pair (DA, πA) consisting of a (φ,Γ)-module DA

over RK,A and a RK,A-linear morphism πA : DA → D of (φ,Γ)-modules inducing an

isomorphism DA ⊗A L ∼= D. We define a functor

DefD : CL → Sets

by mapping each object A of CL to the set of isomorphism classes of deformations of

D to A.

Let us assume that D is triangulable, and let ∆ = (∆i)
n
i=0 be a triangulation of D.

We define the trianguline deformation functor of the pair (D,∆) to be the functor

DefD,∆ : CL → Sets

given by mapping each object A of CL to the set of isomorphism classes of triples

(DA, πA,∆A) where (DA, πA) is a deformation of D to A, and ∆A = (∆A,i)
n
i=0 is a

triandulation of DA such that πA(∆A,i) = ∆i for each i.

Let us now move back to the context of crystalline representations. Let ρ : ΓK →
GL(V ) be a crystalline representation of ΓK on an n-dimensional L-vector space V ,

and let D = D†rig(V ). The choice of a triangulation ∆ of D is equivalent to the

choice of a refinement F of V . We let Defρ = DefD and Defρ,F = DefD,∆. Note that

Defρ is just the functor which maps each object A of CL, with maximal ideal mA, to

the set of isomorphism classes of continuous representations ρA : ΓK → GL(VA) of

ΓK on A-modules VA of finite type together with homomorphisms πA : VA → V of

A[ΓK ]-modules inducing isomorphisms VA ⊗A L ∼= V (this definition makes sense for

any continuous representation ρ : ΓK → GL(V ), not just for a crystalline one). By
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construction, we have a natural transformation Defρ,F → Defρ. The following result

holds.

Proposition 3.2.1 ([10, Proposition 2.5.8]). If the crystalline eigenvalues of Dcris(V )

are distinct, then Defρ,F is a subfunctor of Defρ, and Defρ,F → Defρ is relatively

representable. Moreover, if F is non critical, then the subfunctor Defρ,cris of Defρ

parametrising crystalline deformations factors through Defρ,F .

3.2.2 Definition and basic properties of eigenvarieties

First of all, let us define the unitary groups for which we are going to construct

eigenvarieties. In general, let k be a field, let E be an étale k-algebra of degree 2,

equipped with a nontrivial k-automorphism c, let n ≥ 1 be an integer, and let ∆ be a

simple central E-algebra of rank n2, equipped with a k-algebra anti-involution x 7→ x∗

of the second kind, i.e. which coincides with c on E. We can attach to the datum

(∆, ∗) a linear algebraic group G over k, whose points on every k-algebra R are given

by

G(R) =
{
x ∈ (∆⊗k R)× : xx∗ = 1

}
.

Note that the base change G×k E of G to E is isomorphic to the group ∆× over

E of invertible elements of ∆, and hence G is a twisted k-form of GLn,E Actually,

every twisted k-form of GLn,E is isomorphic to a group of this form.

If E is a field, then we say that G is a unitary group attached to E/k. When

moreover ∆ = Mn×n(E), and ∗ is the adjunction with respect to a c-Hermitian form

h on En, we refer to G as a n-variables unitary group attached to E/k.

Let now p be a fixed prime, and let ıp : Q → Qp and ı∞ : Q → C be fixed

embeddings. Let F be a CM field field, with maximal totally real subfield F+, let c

be a generator of Gal(F/F+), and assume that all the places of F+ above p split in

F . Let n ≥ 1 be an integer, which is either odd, or if it is even then n[F+ : Q] ≡ 0

mod 4. By the Hasse principle, there exists a (unique) n-variables unitary group U

attached to F/F+ which is split over F , quasi-split at each finite place of F+, and

definite, i.e. such that U(F+
v ) is compact for every real place v of F+. If v is a place

of F+ above p, then the choice of a place ṽ of F above v defines an isomorphism

U(F+
v ) ∼= GLn(Fṽ) = GLn(F+

v ). From now on, let us choose ṽ above v for all v above

p.

Let us fix a finite set S of finite places v of F+ such that v - p, and containing all

the places of F+ at which U is ramified.
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Fix a compact open subgroup KS =
∏

v/∈SKv of U(AS
F+,f ) such that Kv = U(OF+

v
)

for almost all v /∈ S, and such that Kv is maximal hyperspecial if v - p, and is an

Iwahori subgroup of U(F+
v ) ∼= GLn(F+

v ) if v | p. Let E ⊂ Q be a Galois number field,

and let H be a commutative E-subalgebra of the Hecke algebra of U(Ap
F+,f) over

E, containing the algebra HS of locally constant and compactly supported Z-valued

functions on U(AS,p
F+,f ) which are bi-invariant under the action of KS,p =

∏
v/∈S, v-pKv.

Finally, for each v ∈ S, fix idempotents ev of the Hecke algebra of U(F+
v ) over E, and

set e = (⊗v∈Sev) ⊗ 1KS,p , which is an idempotent of the Hecke algebra of U(Ap
F+,f)

over E. Finally, let L be the Galois closure of ıp(E) and ıp(F ) inside Qp.

For every v | p, let Tv be the diagonal Qp-torus of U(F+
v ) ∼= GLn(F+

v ), let T 0
v be

a maximal compact subgroup of Tv, and let Bv be the Borel Qp-subgroup of upper

triangular matrices of U(F+
v ) ∼= GLn(F+

v ). Let then T =
∏

v|p Tv, T
0 =

∏
v|p T

0
v , and

B =
∏

v|pBv. Let δv be the modular function on Bv, and let δ = ⊗v|pδv be the modular

function on B, as in §1.5.2. The choice of B allows us to define a notion of dominant

character (with respect to B) in the group X∗(T ) of algebraic characters of T . Note

that every element κ of X∗(T ) is entirely determined by a tuple (κτ,i) ∈ (Zn)Hom(F+,Qp)

via the relation

κ(x1, . . . , xn) =
∏

τ((xi)v(τ))
κτ,i ,

where for each embedding τ : F+ → Qp we denote by v(τ) is the place of F+

induced by τ . The element κ is then dominant if κτ,1 ≥ · · · ≥ κτ,n for each τ , i.e.

(κτ,i) ∈ (Zn)Hom(F+,Qp),+ with the notation of §1.5.4.

We let T = Homcts(T,Grig
m ) (resp. W = Homcts(T

0,Grig
m )) be the rigid analytic

space over Qp whose points over any affinoid Qp-algebra R parametrise the continuous

characters T → R× (resp. T 0 → R×). The group X∗(T ) of algebraic characters of T

is then a subgroup of T (L).

Since U is a definite unitary group over F+, all the automorphic representations π

of U(AF+) are discrete, and cohomological in degree 0. Also, the infinite part π∞ of π

is finite dimensional over C, and the finite part πf of π is defined over Q. The highest

weight of π∞ naturally defines an element κπ of X∗(T ) ⊂ T (L).

Assume that e(πf)
Kp 6= {0}, where Kp =

∏
v|pKv. Then, e(πf)

Kp is finite dimen-

sional over C, and so it can be triangularised as H-module. After semisimplification,

this gives a finite set of ring homomorphisms H → C. Since πf is defined over Q,

these homomorphisms can be seen as taking values in Q via ı−1
∞ . After composing

with ıp, we then get ring homomorphisms ψ : H → Qp. Such a ring homomorphism ψ

is called a Qp-system of Hecke eigenvalues attached to π. When H = HS, there is a

unique ψ = ψπ, which is completely determined by the Satake parameter of π.
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Let v | p. An accessible refinement of πv⊗ | det |(1−n)/2
v is a character ϑv : Tv/T

0
v →

C× such that πv⊗| det |(1−n)/2
v occurs as a subrepresentation of the normalised smooth

parabolic induction

Ind
GLn(F+

v )
Bv

ϑv

= {f : GLn(F+
v )→ C smooth : f(bg) = (ϑvδ

1/2
v )(b)f(g), ∀b ∈ Bv, ∀g ∈ GLn(F+

v )}

of ϑv to U(F+
v ) ∼= GLn(F+

v ). When πv is unramified, an accessible refinement of

πv ⊗ | det |(1−n)/2
v is equivalently an ordering of its Satake parameters. Explicitly, if ϑv

is an accessible refinement, then an ordering (φv,1, . . . , φv,n) of the Satake parameters of

πv⊗| det |(1−n)/2
v is given by setting φv,i = ϑv(tv,i), for tv,i = (1, . . . , 1, $v, 1, . . . , 1) ∈ Tv,

where the uniformiser $v of OF+
v

is in i-th position, for each i.

Let ϑv be an accessible refinement of πv ⊗ | det |(1−n)/2
v . Up to composing with

ıpı
−1
∞ , we can see ϑv as a character ϑv : Tv/T

0
v → Q×p . Let ϑ = {ϑv}v|p. Then, we

can attach to the pair (π, ϑ) an element ν(π,ϑ) = κπ(⊗v|pϑv)(δ−1/2
∏

v|p | det |(n−1)/2
v ) of

T (Qp). Note that ν(π,ϑ) determines exactly κπ and ϑ.

We call p-refined automorphic representation of U(AF+,f ) a pair (π, ϑ) consisting of

an automorphic representation π of U(A+
F,f ) and a collection ϑ = {ϑv}v|p of accessible

refinements of πv⊗| det |(1−n)/2
v for v | p as above. Let Zcl ⊂ Homring(H,Qp)×T (Qp) be

the subset consisting of the pairs (ψ, ν) such that there exists a p-refined automorphic

representation (π, ϑ) of U(AF+) with e(πf )Kp 6= {0}, and such that ψ is a Qp-system

of Hecke eigenvalues attached to π, and ν = ν(π,ϑ). The following theorem is [30,

Théorème 1.6]. We refer to [10, §7] for a more detailed discussion of this result.

Theorem 3.2.2. There exists a unique 4-tuple (E , ψ, ν, Zcl) where:

• E is a reduced rigid analytic space over L;

• ψ : H → O(E) is a ring homomorphism;

• ν : E → T is a finite analytic morphism;

• Zcl ⊂ E(Qp) is an accumulation and Zariski-dense subset3;

satisfying the following properties:

(1) For every open affinoid V ⊂ T , the map ψ ⊗ ν# : H⊗Z O(V )→ O(ν−1(V )) is

surjective.

3A subset Z ⊂ E(Qp) is said to be accumulation and Zariski-dense if it meets any irreducible
component of E , and if for all z ∈ Z there is a basis of affinoid neighbourhoods U of z such that
Z ∩ U is Zariski-dense in U .
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(2) The evaluation map E(Qp) → Homring(H,Qp), x 7→ ψx = (h 7→ ψ(h)(x)),

induces a bijection Zcl ∼−→ Zcl, z 7→ (ψz, ν(z)).

(3) The space E is equidimensional of dimension dimW = n[F+ : Q].

(4) Let κ : E → W be the composition of ν with the natural projection T → W.

Then, the space E has an admissible covering by open affinoids Ω ⊂ E such that

κ(Ω) ⊂ W is an open affinoid, and such that κ |Ω: Ω → κ(Ω) is finite, and

surjective when restricted to any irreducible component of Ω. Moreover, the

image via κ of any irreducible component of E is Zariski-open in W.

(5) We have ψ(H) ⊂ O(E)0.

(6) Let x ∈ E(Qp) be such that κ(x) ∈ W(Qp) is algebraic and dominant, let

(κτ,i) ∈ (Zn)Hom(F+,Qp),+ be the corresponding tuple. Assume that

vp(φv(τ),1 · · ·φv(τ),i)

vp($v(τ))
< κτ,i − κτ,i+1 + 1

for each τ : F+ → Qp and i = 1, . . . , n. Then x ∈ Zcl.

The rigid analytic space E over L is called a reduced eigenvariety for U of idempo-

tent type e, and the closed points in Zcl are called the classical points of E .

Given a compact open subgroup Kp =
∏

v-pKv of U(Ap
F+,f), usually referred

to as a tame level away from p, we let S be the (finite) set of places v - p of F+

such that Kv is not maximal hyperspecial, we let H = HS, and we let e = 1Kp .

We call the corresponding eigenvariety EKp an eigenvariety for U of tame level Kp.

The eigenvariety EKp is equidimensional of dimension n[F+ : Q]. We say that an

automorphic representation π of U(AF+) has tame level Kp if (πf)
Kp 6= {0}. Any

p-refined automorphic representation (π, ϑ) of U(AF+) such that π has tame level Kp

naturally defines a classical point of EKp . We also say that EKp contains (π, ϑ).

Given a p-refined automorphic representation (π, ϑ) of U(AF+), instead of con-

sidering a whole tame level eigenvarity containing (π, ϑ), it would be useful, for the

purposes of this work, to consider a minimal level eigenvariety containing (π, ϑ). In

order to define such an object, we need to fix suitable data. We refer to [30, §3.6] for

the details of this construction.

Fix a tame level Kp =
∏

v-pKv of U(Ap
F+,f) for π, and let S be the set of places

v - p of F+ such that πv is ramified. For each v ∈ S, fix a Bernstein connected

component Bv of the category of smooth representations of U(F+
v ) ∼= GLn(F+

v ) over

C. Let us fix a Galois number field E ⊂ Q such that Bv and its Bernstein centre zv
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are defined over E. We can choose an idempotent ev of the Hecke algebra of U(F+
v )

over E such that:

• bvev = ev, where bv is the Bernstein central idempotent associated to Bv;

• ev(πv) 6= 0;

• recv(σ) ≺I
F+
v

recv(πv) for each irreducible σ in Bv such that ev(σ) 6= 0.

Let us finally fix the E-algebra

H = (⊗v∈Szv)⊗Z HS,

(where the tensor product ⊗v∈Szv is taken over E). The minimal level eigenvariety

containing (π, ϑ) is then the eigenvariety E of idempotent type e = (⊗v∈Sev)⊗ 1KS,p

attached to these data. This is a closed rigid analytic subvariety of the eigenvariety

EKp of tame level Kp, which is equidimensional of dimension n[F+ : Q] as well. The

pair (π, ϑ) naturally defines a classical point of E .

3.2.3 Galois pseudorepresentations on eigenvarieties

Let us fix notations as in §3.2.2. Let us consider a tame level Kp =
∏

v-pKv of

U(Ap
F+,f), and let EKp be the corresponding eigenvariety. Let Zreg be the subset of

Zcl of pairs (ψ, ν) corresponding to p-refined automorphic representations (π, ϑ) of

U(A+
F,f) such that π∞ has regular weight. Let Zreg be the corresponding subset of

Zcl via Zcl ∼−→ Zcl. By [10, Lemma 7.5.3], the set Zreg is a Zariski dense subset of

EKp(Qp), accumulating at each point of Zcl.

Let z ∈ Zreg, and let π be the corresponding automorphic representation of

U(A+
F,f). By results of Labesse, see [70], and of Mœglin and Waldspurger, see [79],

the (weak) base change Π = BC(π) of π to GLn(AF ) is a well-defined automorphic

representation, which decomposes as an isombaric sum4 Π = �k
i=1Πi of discrete

conjugate self-dual automorphic representations Πi of GLni(AF ) of the form Πi =

�di
j=1(Π0

i⊗| det |j−(di+1)/2
F ), for conjugate self-dual cuspidal automorphic representations

Π0
i of GLmi(AF ), where ni = midi. By Theorem 1.6.1, we can then attach to Π a

Galois representation ρΠ : ΓF → GLn(Qp) satisfying

ı∞ı
−1
p WD(ρΠ |ΓFṽ )F−ss ∼= recv(πv ⊗ | det |(1−n)/2

v )

4If Π and Π′ are automorphic representations of GLn(AF ) and GLn′(AF ) respectively, then
the isobaric sum of Π and Π′ is the automorphic representation Π � Π′ of GLn+n′(AF ) sarisfying
(Π � Π′)v = Πv � Π′v for each place v of F , where Πv � Π′v is defined by φΠv�Π′

v
= φΠv ⊕ φΠ′

v
if v is

infinite, and by recv(Πv � Π′v) = recv(Πv)⊕ recv(Π
′
v) if v is finite.
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for each v | p (recall that ṽ is a fixed place of F above v). We set ρz = ρΠ. Note

that if πv is unramified, then ρz is crystalline at ṽ, and the crystalline eigenvalues of

Dcris(ρz |ΓFṽ ) match with the Satake parameters of πv⊗| det |(1−n)/2
v . It follows that the

accessible refinement ϑv defines (uniquely) an ordering of the crystalline eigenvalues of

Dcris(ρz |ΓFṽ ), and therefore a refinement of ρz |ΓFṽ , and a triangulation of D†rig(ρz |ΓFṽ ),

by the results presented in §3.2.1.

Let S be the set of places v of F+ such that Kv is not maximal hyperspecial, and

let S̃ be the set of places of S which are either above the places of S or above p. For

each w /∈ S̃ and i = 1, . . . , n, if v is the place of F+ below w, we let hw,i be the element

of HZ(U(F+
v ), Kv) corresponding to the double coset of the matrices of the form

diag($v, . . . , $v︸ ︷︷ ︸
i

, 1, . . . , 1).

Combining the Zariski-density of Zreg in EKp(Qp), the existence of Galois represen-

tations ρz : ΓF → GLn(Qp) for each z ∈ Zreg, and an interpolation argument due to

Chenevier, see [29, Proposition 7.1.1], we get the following result5.

Proposition 3.2.3. There exists a unique continuous n-dimensional pseudorepre-

sentation D : O(EKp)[ΓF,S̃] → O(EKp) such that Dz = det ◦ρz for each z ∈ Zreg,

and

DO(EKp )[t](1− tFrobw) = 1 +
n∑
i=1

(−1)i(#k(w))i(i−1)/2ψ(hw,i)t
i, in O(EKp)[t],

for each w /∈ S̃.

Let us fix a mod p representation ρ : ΓF,S̃ → GLn(Fp), and let EKp,ρ be the (possibly

empty) rigid analytic subspace of EKp whose closed points z have attached Galois

representations ρz reducing to ρ modulo p. Let X be the universal pseudodeformation

rigid analytic space for D = det ◦ρ introduced in §3.1.1, and let XL be its base change

to L. By Proposition 3.2.3 and the universal property of X , there exists then a

morphism EKp,ρ → XL of rigid analytic spaces. We will look more precisely at this

morphism in 3.3.1.

5Note that Chenevier’s argument in [29, Proposition 7.1.1] is presented in the context of pseu-
docharacters. However, it turns out to be easily extendible to the context of pseudorepresentations.
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3.3 Automorphic points in (pseudo)deformation

spaces

This final section studies the geometry of p-adic rigid analytic (pseudo)deformation

spaces and eigenvarieties at points arising from (classical) automorphic representations.

We fix a regular algebraic, conjugate self-dual, cuspidal automorphic representation of

GLn(AF ), for F a CM field, and consider the attached automorphic Galois representa-

tion. In §3.3.1 we see how the irreducibility of the automorphic Galois representation

implies smoothness results for deformation spaces and (under additional “generic”

assumptions) for eigenvarieties at the corresponding points. In §3.3.2 we sketch a plan

of future research on possible converses to the smoothness results of §3.3.1.

3.3.1 Smoothness results

Let F be a CM field, let F+ be its maximal totally real subfield, let c be a generator

of Gal(F/F+), and let n ≥ 1 be an integer. Let π be a regular algebraic, conjugate

self-dual, cuspidal automorphic representation of GLn(AF ). Let p be a prime (which

we assume to be odd), and let

ρπ : ΓF → GLn(Qp)

be the Galois representation attached to π via Theorem 1.6.1. For simplicity of

notation, set ρ = ρπ, and let ρ be (as usual) the semisimplification of the reduction of

ρ modulo p. As predicted by the Langlands conjecture for GLn, the representation

ρ should be absolutely irreducible. We have seen in §1.7 how this is still an open

question in general. Nevertheless, let us assume here that ρ is absolutely irreducible

(actually, assume that ρ is absolutely irreducible6). In this section, we see smoothness

results for (pseudo-)deformation spaces and eigenvarieties attached to ρ and π.

Let U be a quasi-split definite unitary group in n variables attached to F/F+,

as in §3.2.2. Then, by results of Mok, see [80], the representation π descends to an

automorphic representation of U(AF+) via standard base change. With a slight abuse

of notation, let us still denote this representation by π. Let S be the (finite) set of

places of F+ where π ramifies, and let S̃ be a finite set of places of F such that every

w̃ ∈ S̃ is split over some w ∈ S, and S̃ contains at most one place above any w ∈ S.

6It is known, see [83, Corollary 1.3], that if a geometric compatible system R = {ρλ}λ∈Λ with
coefficients in a number field E is absolutely irreducible, then there exists a subset Λ′ of Λ of residual
Dirichlet density 1 such that ρλ is absolutely irreducible for every λ ∈ Λ′. Therefore, if Conjecture
1.7.3 holds true, then this result applies to the automorphic compatible system Rπ = {ρπ,λ}λ∈|Eπ|
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If we denote by FS the maximal extension of F inside a fixed algebraic closure F of F

which is unramified outside of any of the places in F above those in S, then FS/F
+

and FS/F are Galois extensions, with Gal(FS/F
+)/Gal(FS/F ) ∼= Gal(F/F+), and ρ

(and therefore ρ) factors through Gal(FS/F ). Let E be a finite extension of Qp inside

Qp such that the image of ρ is contained in GLn(E), and let X be the rigid analytic

pseudodeformation space for D = det ◦ρ over E. For ρ absolutely irreducible, this

coincides with the rigid analytic space attached to the universal deformation ring of ρ.

The representation ρ naturally defines a closed point x of X .

Let us now introduce a different deformation space for ρ. First of all, we recall

the definition of the Clozel-Harris-Taylor group scheme Gn, see [34, §2.1], which is the

group scheme over Z defined as the semidirect product

Gn = (GLn ×GL1) o {1, } ,

where the group {1, } acts on GLn × GL1 by (g, a)−1 = (atg−1, a). There is a

homomorphism ν : Gn → GL1 which sends (g, a) to a, and  to −1. Let G◦n denote the

connected component of the identity of Gn, and let “ad” denote the adjoint action of

Gn on gln, given by

ad(g, a)(X) = gXg−1

ad()(X) = −tX, X ∈ gln.

Given a group Γ, a ring A, and a group homomorphism r : Γ→ Gn(A), we write

ad(r) for gln(A) with the adjoint action ad ◦ r of Γ.

Let now Γ be a topological group, and let ∆ be an open subgroup of Γ of intex 2.

If A is a topological ring, and γ0 ∈ Γ \∆ is fixed, then by [34, Lemma 2.1.1] there is a

natural bijection between the following two sets.

(1) Continuous homomorphisms r : Γ→ Gn(A) inducing an isomorphism Γ/∆
∼−→

Gn(A)/G◦n(A).

(2) Triples (ρ, µ, 〈·, ·〉), where ρ : ∆ → GLn(A) and µ : Γ → A× are continuous

homomorphisms, and 〈·, ·〉 is a perfect A-linear pairing on An satisfying〈
ρ(δ)x, ρ(γ0δγ

−1
0 )y

〉
= µ(δ) 〈x, y〉 ,〈

x, ρ(γ2
0)y
〉

= −µ(γ0) 〈y, x〉 , ∀δ ∈ ∆, ∀x, y ∈ An.

Under this bijection, we have µ(γ) = (ν ◦ r)(γ) for all γ ∈ Γ, and 〈x, y〉 = txP−1y for

r(γ0) = (P,−µ(γ0)).
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LetO be the ring of integers of E, let m be the maximal ideal ofO, and let F = O/m.

Let r : Gal(FS/F
+) → Gn(F) be the continuous homomorphism corresponding to

ρ : Gal(FS/F )→ GLn(F) via the above bijection, and let µ : Gal(FS/F
+)→ O× be a

continuous character such that µ mod m = ν ◦ r.
For each w̃ ∈ S̃, let rw̃ = r |ΓFw̃ , and let Rw̃ be a quotient of the universal framed

deformation ring R�
w̃ = R�

rw̃
of rw̃ such that, if r : ΓFw̃ → GLn is a lifting of rw̃ to an

object A of ĈO with maximal ideal mA and g ∈ 1 +Mn×n(mA), then the map R�
w̃ → A

induced by r factors through Rw̃ if and only if the map R�
w̃ → A induced by grg−1

factors through Rw̃.

The tuple S = (F/F+, S, S̃,O, r, µ, {Rw̃}w̃∈S̃) is then a global deformation datum

in the sense of [1, §1.3] (a slight variation of the data considered in [34, §2.3]). Given

an object A of ĈO, we say that a continuous homomorphism r : ΓF+ → Gn(A) is a

lifting of r to A if it reduces to r modulo the maximal ideal mA of A. A deformation

of r to A is an equivalence class of liftings of r to A modulo the action by conjugation

of 1 + Mn×n(mA). We say that a lifting r : ΓF+ → Gn(A) of r to A is of type S if

r factors through Gal(FS/F
+), if ν ◦ r = µ, and for each w̃ ∈ S̃, the map R�

w̃ → A

induced by the lifting r |ΓFw̃ of rw̃ factors through Rw̃. We say that a deformation of r

to A is of type S if one (equivalently any) lifting in its deformation class is of type S.

Let

DefS : ĈO → Sets

be the functor which attaches to each object A of ĈO the set of deformations of r to

A of type S. The following result holds.

Proposition 3.3.1 (part of [1, Proposition 1.3.9]). Assume that ρ is absolutely irre-

ducible. Then, the functor DefS is representable by a complete Noetherian local com-

mutative O-algebra RS , together with a universal deformation runiv
S : Gal(FS/F

+)→
Gn(RS) of r to RS .

Under the assumptions of Proposition 3.3.1, there is a bijection between the set of

closed points of the affine scheme SpecRS [1/p] and the set of deformations of type S
of r to finite extensions of E. Let XS = (Spf RS)rig be the rigid analytic space over E

attached to the formal scheme Spf RS via Berthelot’s functor. Then, the closed points

of XS are in bijection with the set of deformations of type S of r to finite extensions

of E.

Let us assume as above that ρ is absolutely irreducible. Assume also that Rw̃ = R�
w̃

for all w̃ ∈ S̃. Then, the homomorphism r : Gal(FS/F
+)→ Gn(E) induced by ρ (the
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Galois representation attached to π) defines a closed point of XS , which we still denote

by x. The main result of [1] implies the following.

Theorem 3.3.2 (consequence of [1, Theorem 3.2.3]). Assume that ζp /∈ F , and that

ρ(ΓF (ζp)) is adequate7. Then XS is smooth at x of dimension n(n+1)
2

[F+ : Q].

This smoothness result relies on the proof of the vanishing of the geometric Bloch-

Kato Selmer group H1
g (Gal(FS/F

+), ad(r)), predicted by the Bloch-Kato conjecture

for ad(r), see [1, §3.2.4]. Note that if p is sufficiently large, then ζp /∈ F , and if ρ is

irreducible then ρ(ΓF (ζp)) is adequate.

Let us now move to the context of eigenvarieties. Let us assume that all the

places of F+ above p split in F . As in §3.2.2, let us fix embeddings ıp : Q→ Qp and

ı∞ : Q→ C, let us choose a place ṽ of F above each place v of F above p, and let L

be the Galois closure of E and ıp(F ) inside Qp. Let ε be the cyclotomic character of

ΓF+ , and let δF/F+ be the quadratic character of ΓF+ attached to the extension F/F+.

For each w̃ ∈ S̃, let Rw̃ be the maximal reduced p-torsion-free quotient of R�
w̃. Let us

consider the global deformation datum S = (F/F+, S, S̃,OL, r, ε1−nδnF/F+ , {Rw̃}w̃∈S̃),

let XS be the corresponding rigid analytic deformation space over E, and let XS,L be

the base change of XS to L.

Assume that πv is an unramified principal series for each finite place v of F+ above

p. For all such v, let ρṽ = ρ |ΓFṽ . Note that the representation ρṽ is crystalline for all

ṽ. Let us choose a collection ϑ = {ϑv}v|p of accessible refinements of πv ⊗ | det |(1−n)/2
v

for v | p. Equivalently, this corresponds to the choice of an ordering of the crystalline

eigenvalues of Dcris(ρṽ), or equivalently to the choice of a refinement Fṽ of ρṽ, or of a

triangulation of D†rig(ρṽ). Let us write F = {Fṽ}v|p.
Given a tame level Kp =

∏
v-pKv of U(Ap

F+,f) for π, the pair (π, ϑ) defines a

(classical) closed point y of the eigenvariety EKp of tame level Kp, as in §3.2.2. Note

that y is actually a closed point of the ρ-component EKp,ρ of EKp . Using Emerton’s

construction of eigenvarieties [43], then EKp,ρ can be identified with a rigid analytic

subspace of XS,L ×WL, where WL is the base change of W to L, see [22, §4.1].

Define a functor

Defρ : CL → Sets

by mapping each object A of CL, with maximal ideal mA, to the set of equivalence

classes modulo the action by conjugation of 1+Mn×n(mA) of continuous representations

ρA : Gal(FS/F )→ GLn(A) which reduce to ρ modulo mA. It is a well-known result,

7Refer to the appendix to [101] for the notion of adequate subgroup of GLn(F) and for the relevant
results concerning these objects.
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see for instance [31, §4.1], that the completed rigid analytic stalk ÔXL,x (which is an

object of ĈL) pro-represents Defρ. By [22, Lemme 4.10], we have an identification

ÔXL,x = ÔXS,L,x, and so obviously ÔXS,L,x pro-represents Defρ as well.

Let us now define a subfunctor

Defρ,F : CL → Sets

of Defρ by mapping each object A of CL to those ρA such that ρA |ΓFṽ is in Defρṽ ,Fṽ(A)

for each finite place v of F+ above p, and whose restriction to an inertia subgroup

at each finite place w̃ of F not above p is constant. By Proposition 3.2.1, we have

that Defρ,F is pro-representable by an object of ĈL. The following result of Breuil,

Hellmann, and Shraen proves an R = T conjecture of Belläıche and Chenevier, see

[10, Conjecture 7.6.12].

Theorem 3.3.3 (consequence of [22, Théorème 4.8]). The completed rigid analytic

stalk ÔEKp,ρ,y pro-represents Defρ,F .

Let now E be the minimal eigenvariety containing (π, ϑ). Let (σṽ,τ )τ be the critical

type of the refinement Fṽ of ρṽ for each finite place v of F+ above p. We introduce

additional deformation functors. Firstly, let Defcsd
ρ be the representable subfunctor

of Defρ parametrising conjugate self-dual deformations. For each finite place w̃ of F

not above p, let ρw̃ = ρ |ΓFw̃ , and let Defmin
ρw̃

be the subfunctor of Defρw̃ parametrising

minimally ramified deformations. That is, the functor which maps each object A of

CL to the set of deformations ρA of ρw̃ such that ρA |Iw̃∼= ρw̃ |Iw̃ ⊗LA. It is not difficult

to check that the natural transformation Defmin
ρw̃
→ Defρw̃ is relatively representable.

We let then Defmin
ρ,F be the fibre product defined by the diagram

Defmin
ρ,F

��

// Defcsd
ρ

��∏
w̃-p Defmin

ρw̃
×
∏

v|p Defρṽ ,Fṽ
//
∏

w̃-p Defρw̃ ×
∏

v|p Defρṽ

Since the bottom arrow is relatively representable, and Defcsd
ρ is pro-representable

by an object of ĈL, we have that Defmin
ρ,F is itself pro-representable by an object of ĈL.

The main results of [1] and [12] then imply the following.

Theorem 3.3.4 (consequence of [1, Theorem 3.2.3] and [12, Theorem 4.7]). Assume

that each σṽ,τ is a product of distinct simple transpositions, that ζp /∈ F , and that

ρ(ΓF (ζp)) is adequate. Then E is smooth at y of dimension n[F+ : Q], and the completed

rigid analytic stalk ÔE,y pro-represents Defmin
ρ,F .
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3.3.2 Plan of future research

We have seen how the irreducibility of ρ allows one to prove smoothness results for

deformation spaces and eigenvarieties. Motivated by explicit examples constructed by

Belläıche in [7] and [9], we suggest that some converse results should hold true as well.

More precisely, Belläıche constructs in [7] a p-refined automorphic representation

(π, ϑ) of U(AQ), for U a definite unitary group in 3 variables attached to an imaginary

quadratic extension F/Q, such that the Galois representation ρπ attached to π

decomposes as ρπ = ρ0 ⊕ 1, for ρ0 a 2-dimensional representation of ΓF , and 1 the

trivial representation, and shows that the minimal eigenvariety for U containing (π, ϑ)

is singular at the classical point defined by (π, ϑ), see [7, Theorem 6]. The key point of

the proof consists in showing that since ρπ = ρ0⊕1 is reducible, then the corresponding

completed rigid analytic stalk of the eigenvariety is not factorial.

An analogous method has been used by Belläıche in [9] to construct a class of

higher dimensional examples, see [9, Theorem 1].

Let us fix notations as in §3.3.1. However, let us assume that

ρ⊗E E ∼= ⊕ki=1ρi

is an irreducible decomposition, where each ρi has rank ni. Up to choosing p in a set

of rational primes of Dirichlet density 1, we can assume that ρ is multiplicity free, i.e.

the representations ρi are pairwise non isomorphic, and that the representations ρi are

absolutely irreducible and pairwise non isomorphic as well. Moreover, up to choosing

p sufficiently large, we can assume that ζp /∈ F , and that ρi(ΓF (ζp)) is an adequate

subgroup of GLni(Fp). Let X be the pseudodeformation rigid analytic space over E

for D = det ◦ρ. The representation ρ naturally defines a closed point x of X . By

fixing a suitable global deformation datum S, we should be able to construct a ring RS

parametrising pseudodeformations of type S of r, using the theory of §3.1.3. We would

then let XS be the corresponding rigid analytic space over E. The representation ρ

would then define a closed point of XS , which we still denote by x. We suggest that if

k > 1, then XS should be singular at x.

If we also assume πv to be unramified, and with distinct Satake parameters for

each v | p, then we can choose a refinement ϑv of πv ⊗ | det |(1−n)/2
v for each v | p, and

let ϑ = {ϑv}v|p. Let E be the minimal eigenvariety over L containing the p-refined

automorphic representation (π, ϑ). Then, (π, ϑ) defines a closed point y of E . For each

v | p, let (σṽ,τ )τ be the critical type of the refinement of ρ |ΓFṽ induced by ϑv. It is

known that if there exists a σṽ,τ which is not a product of distinct simple transpositions,
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then E is singular at y, see [21, Theorem 5.4.2]. Let us then assume that each σṽ,τ

is a product of distinct simple transpositions. We suggest that also if k > 1, then E
should be singular at y.

The key algebraic-combinatorial result of [9] linking the reducibility of the Galois

representation at a point of the eigenvariety with the “regularity” of the completed

rigid analytic stalk at that point is the following.

Proposition 3.3.5 ([9, Proposition 3.1]). Let A be a local ring with maximal ideal

mA. Let Ai,j be fractional ideals of A, for 1 ≤ i, j ≤ k, such that

(1) Ai,jAj,i ⊂ mA for every distinct 1 ≤ i, j ≤ k;

(2) Ah,iAi,j ⊂ Ah,j for every distinct 1 ≤ h, i, j ≤ k;

(3)
∑

i 6=j Ai,jAj,i = mA;

(4) Ai,j and Aj,i are isomorphic as A-modules for every distinct 1 ≤ i, j ≤ k.

Then, if A is factorial we have k > dimA.

Let us make some comments on this proposition. First of all, let us clarify how it

is applied to the context of eigenvarieties.

Remark 3.3.6. In the proof of [9, Theorem 1], the ring A is the completed rigid

analytic stalk ÔE,y. If E is smooth at y, then A is regular, and hence factorial by

the Auslander-Buchsbaum theorem. Let Dy : A[ΓF,S̃] → A be the n-dimensional

pseudorepresentation given by specialising the Galois pseudorepresentation on EKp

of §3.2.3 to y. If S is a Cayley-Hamilton quotient of (A[ΓF,S̃], Dy), then S is a

generalised matrix algebra of type (n1, . . . , nk) by Theorem 3.1.6. Let Ai,j be the

corresponding fractional ideals of A. Then, they obviously satisfy properties (1) and

(2) of Proposition 3.3.5. In order to ensure that the remaining properties hold true

as well, Belläıche considers automorphic representations π such that the geometric

Bloch-Kato Selmer groups H1
g (Gal(FS/F ), ad(ρi)) are trivial for each i, so that the

total reducibility ideal Jtot of Dy is the maximal ideal mA, and hence (3) holds, and

such that each ρi is conjugate self-dual, so that (4) holds, see [9, §3.1]. Then, the

conclusion of Proposition 3.3.5 holds for A, and so k > dimA. However, this violates

the fact that dimA = n[F+ : Q], and so E cannot be smooth at y. We suggest that an

analogous result should hold true even when the hypotheses (3) and (4) are relaxed,

so that we can at least avoid to require each ρi to be conjugate self-dual. Note that

fractional ideals Ai,j satisfying (1) and (2) are well defined for any pseudodeformation
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of D = det ◦ρ. We can therefore replace the completed rigid analytic stalk of the

minimal eigenvariety E with the completed rigid analytic stalk of any suitable rigid

analytic pseudodeformation space for D, e.g. XS . In this context, note that by

choosing suitable quotients Rw̃ of R�
w̃ for w̃ ∈ S̃, it should be possible to deduce

property (3) from some Bloch-Kato statement for the representations ad(ρi).

Let us explain now how it is reasonable to expect some (pseudo)deformation rings

of automorphic Galois representations to be at least factorial.

Remark 3.3.7. If XS is constructed so that the identification ÔXL,x = ÔXS,L,x
holds, then ÔXS,L,x is conjecturally (at least) factorial. A classical conjecture of

Jannsen, see [66, Conjecture 1], predicts in fact the vanishing of the cohomology group

H2(Gal(FS/F ), ad(ρ)). If this holds true, then with an argument analogous to that

of [78, Proposition 2] we deduce that the framed deformation ring R�
ρ is a formal

power series ring over E, and hence a regular ring. Now, since ρ is multiplicity free, by

results of [106] we have that ÔX ,x is isomorphic to the GIT quotient ring of R�
ρ for the

action of PGLn, and so it is factorial by [46, §V, Exercise 6], since R�
ρ is regular. It

follows that ÔXL,x is factorial, and so is ÔXS,L,x. We remark that Jannsen’s conjecture

for ad(ρ) is closely related to the Bloch-Kato conjecture for ad(ρ).

The above results and remarks suggest that smoothness properties for completed

rigid analytic stalks of pseudodeformation spaces and eigenvarieties, irreducibility of

automorphic Galois representations, and suitable Bloch-Kato statements are closely

related. We plan to further investigate their connections in the future.
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[8] Joël Belläıche. Pseudodeformations. Math. Z., 270(3-4):1163–1180, 2012.
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258, 2008.

[36] Marco D’Addezio. The monodromy groups of lisse sheaves and overconvergent

F -isocrystals. ArXiv preprint arXiv:1711.06669, 2017.
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[55] Roger Godement and Hervé Jacquet. Zeta Functions of Simple Algebras, volume

260 of Lecture Notes in Math. Springer-Verlag, Berlin Heidelber New York, 1972.

[56] Benedict H. Gross. On the Satake isomorphism. In Anthony J. Scholl and

Richard L. Taylor, editors, Galois Representations in Arithmetic Algebraic

Geometry, volume 254 of London Math. Soc. Lecture Note Ser., pages 223–238.

Cambridge University Press, Cambridge, 1998.

101



[57] David Hansen. Universal eigenvarieties, trianguline Galois representations, and

p-adic Langlands functoriality. J. Reine Angew. Math., 730:1–64, 2017.

[58] Harish-Chandra. Automorphic Forms on Semisimple Lie Groups, volume 62

of Notes by J. G. M. Mars. Lecture Notes in Math. Springer-Verlag, Berlin

Heidelberg New York, 1968.

[59] Michael Harris, Kai-Wen Lan, Richard Taylor, and Jack Thorne. On the rigid

cohomology of certain Shimura varieties. Res. Math. Sci., 3(37), 2016.

[60] Michael Harris and Richard Taylor. The Geometry and Cohomology of Some Sim-

ple Shimura Varieties, volume 151 of Ann. of Math. Stud. Princeton University

Press, Princeton and Oxford, 2001.
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(définitions et conjectures. Séminaire Delange-Pisot-Poitou. Théorie des nombres,
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