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Abstract

This thesis investigates properties of compatible systems of Galois repre-
sentations, mainly focusing on the compatible systems which are attached

to certain classes of automorphic representations of GL,,.

We develop a general method to prove independence results for algebraic
monodromy groups in abstract compatible systems of representations, and
give applications both in characteristic zero and in positive characteristic
settings. In the case of automorphic compatible systems (and actually
for a slightly larger class of geometric compatible systems), we apply our
method to deduce an independence result, assuming a classical irreducibility
conjecture. In addition, we also deduce an independence result in the case

of compatible systems of lisse sheaves on normal varieties over finite fields.

We then focus on the study of the geometry of (pseudo)deformation spaces
of Galois representations and definite unitary groups eigenvarieties at
points corresponding to certain classical automorphic representations. In
this context, we present smoothness results known in the literature, and

suggest possible implications for automorphic compatible systems.
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Introduction

This thesis investigates properties of compatible systems of Galois representations.
We mainly focus on the compatible systems which are attached to certain classes of
automorphic representations of GL,,.

Compatible systems of Galois representations have been introduced in arithmetic
algebraic geometry by Serre in [89], generalising the role played by the family of ¢-adic
Tate modules of elliptic curves or abelian varieties defined over a number field. Let
us sketch a definition of compatible system (refer to for the definition of the so
called geometric compatible systems of Galois representations, and to for the
definition of abstract compatible systems). For simplicity, let us focus on the number
field case (positive characteristic counterparts will be studied only in . Let £
and F' be number fields, and let n > 1 be an integer. A compatible system of rank n
representations of the absolute Galois group of F defined over E is a family {p,}, of

continuous semisimple representations
px: Gal(F/F) — GL,(E))

parametrised by the finite places A of F, and satisfying some “compatibility” or
“\-independence” property. More precisely, we require that there exists a finite set .S of
“bad places” of F' such that if v ¢ S and A does not divide the residue characteristic
of v, then p, is unramified at v, and the characteristic polynomial of p,(Frob,) has
coefficients in E, and is independent of .

Further A-independence properties are expected to hold for compatible systems. A
classical question to ask in this context is whether the algebraic monodromy groups
are independent of A. Questions on independence of algebraic monodromy groups
in compatible systems originate in the literature from a classical result by Serre, see
[89], which states that if X is an elliptic curve without complex multiplication over a
number field, then the image of the Galois representation on the ¢-adic Tate module
of X is an open subgroup of GLy(Z,) for every prime ¢, and is equal to GLg(Z) for

all but finitely many primes ¢. The problem of extending this result to more general
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geometric settings led, for instance, to the formulation of the Mumford-Tate conjecture
for abelian varieties, see [81]. Let us consider the problem of independence of algebraic
monodromy groups for general compatible systems. Let then {p)}, be a compatible
system of rank n representations of the absolute Galois group of F' defined over E.
For each )\, we define the algebraic monodromy group of p, to be the Zariski closure
Gy of the image of py in GL,(E)). This is a reductive algebraic subgroup of GL, 5,
(actually defined over a finite extension of E)). For simplicity, let us assume that each
px takes values in GL,(E)) (so that G, is defined over E)). The prototype of the

independence questions that we study in this thesis is the following.

Question 0.0.1. Does there exist an algebraic subgroup G of GL,, g such that G x g E

is conjugate to GG over E) for each \?

Giving an answer to this question is in general way too difficult. For this reason,
we focus on a specific class of compatible systems, that is the class of those compatible
systems which are attached to certain algebraic automorphic representations of GL,
via instances of the global Langlands conjecture for GL,,. We elaborate briefly on this.

Let us fix a prime ¢, and an isomorphism C 22 Q,. Then, the global Langlands
(-Clozel-Fontaine-Mazur) conjecture for GL,, over F' predicts the existence of a unique
bijection

A () <= G ()

between the set A%(n) of (isomorphism classes of) algebraic, cuspidal automorphic
representations m of GL,(Ar), and the set G%(n) of (isomorphism classes of ) irreducible
continuous Galois representations p : Gal(F/F) — GL,(Q,), which are unramified
outside a finite set of places of F', and de Rham at places of F' above ¢. This bijection
is conjecturally characterised by local-global compatibilities at the finite places of F'.
More precisely, for each finite place v of F' we require the bijection to be compatible
with the local Langlands correspondence for GL,, over F,, which is a theorem of Harris
and Taylor [60] and (independently) of Henniart [62]. Note that these local-global
compatibilities imply the matching of the L-functions of the objects appearing on the
two sides of the correspondence.

Since the analytic continuation and functional equation is known for L-functions
on the “automorphic side” by results of Godement and Jacquet [55], then if X is
a smooth projective variety over F' and we know that the Galois representation on
the (-adic étale cohomology of X+ = X xp F is automorphic, then we obtain the

Hasse-Weil conjecture for X, see for instance [90].
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Let us also remark that the set A%(n) is countable by results of Harish-Chandra
[58], and that all the elements of G%(n) should arise from the ¢-adic étale cohomology of
smooth proper varieties over F' by the conjecture of Fontaine and Mazur [51]. The above
bijection should therefore be a bijection of (conjecturally) countable sets. Another
consequence of the conjecture of Fontaine and Mazur is that all the representations
on the “Galois side” should arise in compatible systems.

In this generality, the global Langlands conjecture is a highly open problem.
Nevertheless, when the field F' is totally real or CM, the arrow from “automorphic”
to “Galois” has been mostly established (see for a more detailed exposition). In
particular, (semisimple) Galois representations p, can be constructed from regular
algebraic, cuspidal automorphic representations 7, and are proved to satisfy (most cases
of) compatibility with the local Langlands correspondence. When the automorphic
representation 7 is also (conjugate) self-dual, all the requested properties of p, have
been proved, except for the irreducibility, which remains open in general, and for
which only partial progress has been obtained so far (see for an overview of known
results). Even less is known for the arrow from “Galois” to “automorphic”. In this
direction, the available techniques are generalisations of the method of [I08] and [99],
see for instance [34], [08], and the more recent [25]. These have been applied to prove
“potential automorphy” results, as for instance those of [0], and the very recent ones of
[2].

For a regular algebraic, (conjugate) self-dual, cuspidal automorphic representation
7 of GL,(Ar), when the field F is totally real or CM, varying ¢ over the rational primes
it is possible to show that the representations p, live in a (geometric) compatible
system {pr}, of rank n representations, and that there exists a number field E, such
that each p, ) takes values in GL,,(E, ). In this thesis, we study Question for
this class (and actually for a slightly larger class) of compatible systems.

Our approach to this problem consists in developing a general method to prove
independence of algebraic monodromy groups in abstract compatible systems. This
method is meant to be applicable in those contexts where some instances of the
“global Langlands correspondence” are known. This turns out to be not only the case
of automorphic compatible systems, but also the case of some compatible systems
arising in positive characteristic settings (note that for GL, over a global field of
positive characteristic the global Langlands correspondence is actually a theorem of L.
Lafforgue [71]).

Let us briefly explain how our strategy works. Recall that Question has been

studied for abstract rational compatible systems through algebraic methods in the



foundational work of Larsen and Pink [75]. The main results of [75] turn out to be
extendible verbatim to compatible systems having coefficients in any number field.
Using these results, we develop a general method to prove A-independence of the
neutral components of the algebraic monodromy groups of compatible systems over a
finite extension of the field of coefficients, and over a set of primes of Dirichlet density
1. The main idea is that one can prove a A-independence result of this form whenever
a compatible system admits what we call a Lie-irreducible decomposition over a finite
extension of its field of coefficients (see for the definition of Lie-irreducible decom-
position). The proof of the existence of a Lie-irreducible decomposition essentially
reduces to the problem of extending a single A-adic representation to a compatible
system.

Let us see how this method works in the case of automorphic compatible systems
(and actually for a slightly larger class of geometric compatible systems). First of all,
let us remark that if 7 is a regular algebraic, conjugate self-dual, cuspidal automorphic
representation 7 of GL,(Ar), when F' is a CM field, then it is natural to ask whether
it is possible (at least) to show the irreducibility of p, \ for A | £ and ¢ in a set of
rational primes of Dirichlet density 1 (see Conjecture . We prove the following

result.

Theorem 0.0.2 (see Corollary 2.5.2). Let F' be a CM field, and let {pr}, be a
pure, reqular, totally odd, conjugate self-dual geometric compatible system of rank n
representations of U'r with coefficients in E. Assume Conjecture|1.7.5. Then, there
exist a set L of rational primes of Dirichlet density 1, a finite extension E' of E, and
a split connected reductive algebraic subgroup G of GL, g such that for each £ € L,
each place X of E above £, and each place N of E' above X, the groups G X g, E\, and

G x g B}, are conjugate over E,.

As explained above, the key point consists in showing that certain A-adic represen-
tations of this kind extend to compatible systems. This is achieved by the potential
automorphy techniques of [6]. We remark that our result is conditional on Conjecture
[1.7.3] However, before spending more words on this problem, let us make a digression
about some positive characteristic counterparts.

In the positive characteristic setting, we use the global Langlands correspondence of
[71] and arguments of Drinfeld [42] (actually taken from [I5]) to prove a A-independence
result for compatible systems of lisse sheaves on normal varieties over finite fields
(see for the relevant definitions in this context). For a (geometrically connected)

variety X over a finite field Fy, and a compatible system {F,}, of semisimple rank n
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lisse Ey-sheaves on X, for each A we denote by G, the Zariski closure of the image of

the representation of 7$'(X) corresponding to Fy in GL,(E)).

Theorem 0.0.3 (see Corollary . Let X be a normal geometrically connected
irreducible variety over Fy, and let {F\}, be a compatible system of semisimple lisse
E\-sheaves on X . Then, there exist a set L of rational primes of Dirichlet density 1,
a finite extension E' of E, and a split connected reductive algebraic subgroup G of
GL,, g such that for each £ € L, each place X of E above £, and each place X' of E'

above X, the groups GS X g, E\, and G xg E}, are conjugate over E,.

Let us now focus on Conjecture for automorphic compatible systems. A
natural approach to this problem is by means of an L-function argument, which relies
on results in the direction “Galois” to “automorphic” in the bijection (recalled above)
predicted by the global Langlands conjecture for GL,,. We sketch here a rough and
simplified version of this argument (we refer to for a precise version of it). Let
p be a prime, let I’ be a totally real or CM field, and let © be a regular algebraic,
(conjugate) self-dual, cuspidal automorphic representation of GL,(Ar). We want

to show that the corresponding Galois representation p, : Gal(F/F) — GL,(Q,) is
irreducible. Since local-global compatibility with the local Langlands correspondence
holds, then outside a finite set S of places of F' we have an identity of (partial)
L-functions L®(p, ® pY,s) = L® (7 x 7, s). By results of Shahidi [92] and of Jacquet
and Shalika [65] we have that ord,—; L°(m x 7¥,s) = —1. Let p, = ®F_p; be an
irreducible decomposition into pairwise non isomorphic subrepresentations, so that
now each p; is in G%(n;). Assume that each p; is automorphic, that is there exist m; in

AY%(n;) such that p; = p.,. We then have

k
L(pr@py.s) = [ L%(oi x p}.9)

so that

k
orde—y L% (pr ® p},8) = > ordemy L (m x 7}, 5)

ij=1
k
= E ord,_i L% (m; x ), 5)

i=1

= —k,

vii



again by results of [02] and [65]. It follows that k£ = 1, and hence p, is irreducible.

The known instances of Conjecture rely on an argument of this kind. The
key point is always the use of some “Galois” to “automorphic” result, i.e. some arrow
G%(n') — A%(n'). So far, the results which have been applied in this context are the
potential automorphy techniques of [6]. Refined potential automorphy techniques
should eventually imply Conjecture m (see the discussion in , thus also making
Theorem [0.0.2] unconditional.

Even though we don’t know Conjecture [1.7.3] at this stage, we highlight how
the irreducibility of automorphic Galois representations has interesting geometric
consequences for the p-adic rigid analytic spaces parametrising p-adic families of
Galois representations and automorphic representations. Let us in fact recall that the
set A%(n) is countable, and that the set G%(n) is conjecturally countable. Nevertheless,
these sets can be embedded (roughly speaking) in certain p-adic rigid analytic spaces
A%(n) C € and G%(n) C X. The space X is easier to describe, and is just (essentially)

a moduli space of representations (see §3.1.1] and §3.3.1| for the details). The space €
is a so-called eigenvariety (see §3.2.2| for the details).

Let us fix a prime p appropriately, and an isomorphism C = @p. Let 7 be a regular

algebraic, conjugate self-dual, cuspidal automorphic representation 7 of GL,(Af),
for F' a CM field, and let p, : Gal(F'/F) — GL,(Q,). Then p, defines a point of X,
and 7 (together with the choice of an additional datum, see defines a point
of £. Under certain circumstances, it is known that the irreducibility of p, implies
the smoothness of X and &£ at these points (see for the details). Motivated
by explicit examples constructed by Bellaiche [7] and [9], we suggest that converse
results should hold as well, i.e. if the representation p, is reducible then X (resp.
&) cannot be smooth at p, (resp. m), and we explain how it is reasonable to expect
some regularity of these spaces in general. Nevertheless, we don’t formulate precise
conjectures, nor prove any precise result in this context, which we then leave as a
topic of future research.

The structure of this thesis is the following. In §1| we introduce the preliminary
material on Galois representations and automorphic representations, we present the
construction of automorphic compatible systems, and we review known potential
automorphy results, relating them to the problem of irreducibility of automorphic
compatible systems. Then, in §2| we present our results on A-independence of algebraic
monodromy groups, with applications to automorphic compatible systems and to
compatible systems arising in positive characteristic settings. Note that the material

presented in §2f essentially coincides with the one presented in the author’s preprint
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[3]. Finally, in §3 we study p-adic families of Galois representations and automorphic
representations, and we focus on smoothness results for the corresponding p-adic rigid

analytic spaces.

Notation

Given a ring with unity R, we let R* denote the (multiplicative) group of invertible
elements in R. Given integers m,n > 1, we let M,,»,(R) denote the ring of m x n
matrices with coefficients in R. If R is commutative, we let W (R) denote the ring of
Witt vectors of R, and for any = € R, we denote by [z] its Teichmiiller representative
(2,0,---)in W(R). If R is a domain, we let Frac R denote its field of fractions.

For a representation p : I' — GL(V') of a group I' on a vector space V over a field
k, we denote by p¥ the dual representation to p.

Given a variety X over a field k, and an inclusion of fields k C K, we let Xx =
X X K= X Xgpeck Spec K.

Given a field M, we let M be an algebraic closure of M, and M?® be a separable
closure of M inside M, and we denote by I'y; = Gal(M?*/M) the absolute Galois group

h_root of unity in M?,

of M. For every integer n > 1, we denote by (, a primitive n’
and by p,(M®) the group of n'i-root of unity in M. Given a finite extension M’ of
M, we denote by Nypjp : M’ — M its norm.

Given a discrete valuation field K, we denote by vx the discrete valuation on K,
by Ok the ring of integers (i.e. the valuation ring) of K, by mg the (unique) maximal
ideal of O, by wk a uniformiser of Ok, and by ki = k(vk) the residue field of v.
For a prime p, we simply write v, for the discrete valuation on @p normalised such
that v,(p) = 1.

For a non Archimedean local field F', we denote by F"™ the maximal unramified
extension of F', we let I be the inertia subgroup of I'r, so that Ir = I'pun = ['pun,
where F' is the completion of F"™ and we let Frobr € I'r/Ir be the geometric
Frobenius. We denote by Wr the Weil group of F', and we let W2P denote the group
Wg/[Wg, Wg].

When F'is a global field, we denote by |F| the set of finite places of F. If ¥ is a
set of places of F', and ¢ is a prime, we set ¥y = {v € X : v | (}.

If S is a finite set of places of F', we let Fg be the maximal extension of F
inside a (fixed) separable closure F*® of F' which is unramified outside S, and we set
I'rs = Gal(Fs/F). For a place v of F', we let F, be the completion of F' at v, which

is a local field. We let |- |, be the absolute value on F), corresponding to v, normalised
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to give uniformisers absolute value 1/#k(v) when v is finite. In this case, F, is a non
Archimedean local field, and we write Frob, = Frobp,.

For a global field F', we let Of be its ring of integers. We let Ap = H; F, denote
the ring of adeles over F' (where the infinite product is restricted with respect to the
rings of integers Op, of F,). We also let |- |[p =[], |- |, When F is a number field,
we write Ap = Fo X Apy, where Fy = F @R =[]
adeles over F', and Ap s = H;ﬁoo F, is the ring of finite adeles over F. If S is a finite

F, is the ring of infinite

v|oo

subset of finite places of F', we write A}% ;= H;¢ S, vtoo Fo- If p is a prime, we also write

Ab = Ay and AZH = A7,

Given a variety X over a finite field IF;, where ¢ is a power of a prime p, we denote by
| X| its set of closed points. For each x € |X|, let T be an algebraic geometric point of
X localised at x, and let Frob, € I'y,) = Gal(k(Z)/k(x)) be the geometric Frobenius.
Given a lisse Q,-sheaf F on X, with ¢ # p, we write det(1 — Frob,t, F) for the
characteristic polynomial of the image of Frob, under the monodromy representation

of Ty on F.



Chapter 1

Background material

In this chapter we introduce the basic terminology, and recall the preliminary results
and some open questions which will be the background of this work. The purpose of
this overview is to give a precise statement of the construction of geometric compatible
systems of Galois representations attached to regular algebraic, conjugate self-dual,
cuspidal automorphic representations of GL,,(Ar), for F' a CM field, and to present the
relevant potential automorphy results, as well as some open questions, in this context.
In we start by recalling some generalities on f-adic Galois representations, mostly
focusing on the local ones. A more precise study of local Galois representations is
then accomplished in via p-adic Hodge theory. In we move to global Galois
representations, where we introduce the notion of geometric compatible system, for
which we present a list of basic definitions, largely following [6], and a fundamental
(motivating) geometric example. In the two subsequent sections we focus on the
representation theory side of the picture. In we sketch some representation theory
of reductive algebraic groups over (characteristic zero) local fields, and introduce
the (conjectural) local Langlands correspondence, giving then a precise statement
of it in the (known) case of GL,,. In §1.5] we move to the global setting, where we
give an overview of the definitions of automorphic forms and representations for
reductive algebraic groups over number fields, before focusing on the class of algebraic
automorphic representations, to which (in certain cases) geometric compatible systems
of Galois representations can be attached. The announced construction of automorphic
compatible systems is finally stated in After this, in §1.7] we focus on the “inverse”
problem of determining when a geometric compatible system is automorphic. In this
context, we state the main results of [6], and relate them to the classical conjecture
predicting irreducibility of the Galois representations attached to algebraic, cuspidal
automorphic representations, of which we present the current status, and the natural

approach (so far) to its solution.



1.1 (salois representations

In this section, we introduce the background material on ¢-adic Galois representa-
tions. First of all, in we give some generalities, fix some of the notation and
conventions adopted throughout this work, and present some basic examples. Then,
we introduce the category of Weil-Deligne representations in §1.1.2] which in some
cases correspond to certain classes of local (-adic Galois representations. For local

(-adic Galois representations when ¢ # p this correspondence is quite elementary, and

is presented in §1.1.3]

1.1.1 Generalities on /-adic Galois representations

A Galois representation is a continuous representation p : I' — GL(V') of the
Galois group I' = Gal(M’/M) of some Galois extension M’/M on a finite dimensional
vector space V over a topological field k.

The theory of Galois representations depends strongly on the topology of the field
k. For instance, if k is the field C of complex numbers with the usual topology, or if k
has the discrete topology, e.g. if k is a finite field, then the image of p is finite, and p
factors through the Galois group Gal(M"” /M) of a finite extension M"” of M inside
M.

On the other hand, there are contexts in which Galois representations have, in
general, infinite image. In this work, we mostly focus on Galois representations of this
kind.

Let ¢ be a prime. An (-adic Galois representation is a Galois representation
p:T'— GL(V) on a finite dimensional vector space V' over an algebraic extension k of
Qy. If V has dimension n over k, by fixing a basis of V' we can see p as a continuous
representation p : I' — GL, (k). As a consequence of the Baire category theorem, see
for instance the proof of |41, Corollary 5], we have that the image of p is contained
in GL,,(E), for some finite extension E of Q, inside k. It follows that any (-adic

representation can be realised on a finite dimensional QQ,-vector space.

Remark 1.1.1. In some contexts, however, it would be useful to see ¢-adic represen-
tations as representations on finite dimensional Q,-vector spaces, as, for instance, in
the case of geometric compatible systems, see §1.3] Also, we sometimes call A-adic
Galois representation a Galois representation on a finite dimensional vector space over

an algebraic extension of the completion of a number field at a finite place .

We first consider the following example.



Example 1.1.2. Let M be a field, and let I'); be the absolute Galois group of M.
Let ¢ be a prime different from the characteristic of M. The groups e (M?®) of £"*-th
roots of unity in M?®, together with the ¢-powering maps prgn+1(M®) — pon (M?®), form
an inverse system, whose limit is the Tate module T;(G,, p1) = lglvn[,l,gn<M %) of the
multiplicative group scheme Gy, as over M. This is a free Z,-module of rank 1, and it
carries a natural continuous action of I'ys, induced by the actions on g (M?). Then,
Vi(Gmr) = TY(Gpar) ®z, Qp is a 1-dimensional Qg-vector space, endowed with a
continuous action of I'y;. We call £-adic cyclotomic character of T'y; the corresponding
(-adic representation € : I'y; — Q. Usually, we also write Ty(Gy, ) = Z(1) and
Vi(Gpomr) = Qu(1). Also, for any ¢-adic representation p : I'yy — GL(V) and i € Z, we
define the i-th Tate twist of V to be V(i) =V ®q, Q/(1)®" (where for a negative i we
mean tensoring with the —i-th tensor power of the dual Qy(—1) = Q,(1)¥ of Q,(1)).

A relevant class of f-adic representations arises in geometric contexts, as explained

in the following example.

Example 1.1.3. Let M be a field, and let I'); be the absolute Galois group of M.
Let X be a smooth proper variety over M, and let X ;s = X X M*®. Let £ be a prime
different from the characteristic of M. For every ¢ € N, the étale cohomology groups
H! (Xus,Z/0"7), together with the maps HY (Xps, Z/0"Z) — HL(Xys, Z/0"7)
induced by the reduction maps Z /("7 — Z/¢"Z, form and inverse system. We let
H (X, Zy) = @Hét(XMs, Z)0"7), and H. (Xrs, Qp) = HL (X rs, Zo) @7, Qp, which
is a finite dimensional Q,-vector space, say of dimension n over (Q,. The natural action
of T'ps on X s induces an action on HY, (X s, Z/0"Z), which in turn induces an action

on HZ (X, Q). This therefore defines an ¢-adic representation px : T'pr — GL,(Qy).

Given an f-adic representation p : I' — GL,(Q,), if E is a finite extension of
Q¢ such that the image of p is contained in GL,(F), it is easy to show that we
can conjugate p to be valued in GL,,(Og). Then, we can compose p with the map
GL,(Og) — GL,(kg) induced by the reduction modulo the maximal ideal mg of
Op, and semisimplify to get a continuous representation p: I' — GL, (kg). We often
denote it by p: I' = GL,(F,), if the field E is not specified.

The two main classes of f-adic representations appearing in this work are the

following.

e Local representations, i.e. f-adic representations of the absolute Galois group

I'r of a finite extension F' of Q,, for a prime p.



e Global representations, i.e. {-adic representations of the absolute Galois group

I'r of a number field F' (or of ' g, for S a finite set of places of F).

If p:T'rp — GL(V) is a global ¢-adic representation of I'p, where F' is a number
field, and v is a finite place of I, then p|r,, is obviously a local f-adic representation.
Given any property of local f-adic representations, we say that p satisfies that property
at v if p|p, satisfies it.

We say that a local f-adic representation p : I'r — GL(V), for F' a finite extension
of Q,, is unramified if p(Ir) = {1}. If S if a finite set of places of a number field
F, then a global (-adic representation p : I'r — GL(V) is unramified outside S if
and only if it factors through I'rg. In this case, if S contains all the places above
¢, if p has coefficients in a finite extension E of Q, and for any v ¢ S we let
Q. (t) = det(1 — tp(Frob,)) € E[t] be the characteristic polynomial of p(Frob,), then
given an embedding ¢ : £ — C we define the partial L-function of p as

L¥(p, s) = [ [(#k(0)™ /1Qu((#k(v))*)), s €C,
vgS
where the infinite product may or may not converge.

Let us first focus on the case of local ¢-adic Galois representations of I'p, for F' a
finite extension of Q,. These can be often described in terms of representations of the
Weil group Wg of F. In this context, the theory varies significantly if £ # p or £ = p.
The case ¢ # p is easier, and is treated in §I.1.3] On the other hand, the case £ = p
is far more complicated, and requires tools from p-adic Hodge theory; we treat it in
122

Global /-adic Galois representations, and more precisely the so called geometric
ones, are treated in where we study geometric compatible systems, in which they

naturally arise.

1.1.2 Weil-Deligne representations

Let p be a prime, and let F' be a finite extension of QQ,. Local class field theory
provides a canonical isomorphism Arty : F* = W2P normalised to send uniformisers
to lifts of Frobp. It follows that the characters of Wr are completely classified
by the representions of F* = GL;(F). In general, for n > 1 the local Langlands
correspondence allows us to describe the n-dimensional representations of W in terms
of he representations of GL,(F), see §1.4.3

Let us now focus on the representations of Wr. Let k be a field of characteristic

zero. We give the following definition.



Definition 1.1.4. A Weil-Deligne representation of Wr over k is a pair (r, N) con-
sisting of a representation 7 : Wr — GL(V') on a finite dimensional k-vector space V/,
and an endomorphism N € End(V') such that

r(oc)Nr(o)™ = |Artz' (o) N
for all o0 € Wr. When N = 0, we simply call it a Weil representation of Wg over k.

Note that for any Weil-Deligne representation (r, N) of Wg over k, since I is
compact and open in Wg, then r(Ir) is necessarily finite. Also, the endomorphism N
is necessarily nilpotent. We say that a Weil-Deligne representation (r, N) of Wg over
k is unramified if r(Ir) = {1} and N = 0.

A morphism between two Weil-Deligne representations (r, N) and (', N) of W
over k, where r : Wp — GL(V) and 7' : Wp — GL(V"), is a Wg-equivariant k-linear
map f:V — V/ such that fo N = N'o f.

Contrary to the case of Galois representations, in the definition of Weil-Deligne
representations there is no reference to a topology on k. We then have that the
category of Weil-Deligne representations of Wy over k is independent of the topology
of k (this would allow us, for instance, to identify the categories of Weil-Deligne
representations over C and over Q,, up to the choice of an isomorphism C = Q,).

Let (r, N) be Weil-Deligne representations of Wr over k, and let F’ be a finite
extension of F. Then, (r, N)|w,,= (r|w,,, N) is a Weil-Deligne representation of Wg
over k.

We say that a Weil-Deligne representation (r, N) of Wg over k is Frobenius
semisimple if r is semisimple. Given any (r, V), we choose a lift ¢ of Frobr to Wg, and
we let 7(¢) = su = us, where s € GL(V) is semisimple, and v € GL(V) is unipotent.
For n € Z and o € Ip, we set r(¢"c) = s"r(c). Then, (r, N)¥= = (r* N) is a
Frobenius semisimple Weil-Deligne representation of Wy over k, which is called the
Frobenius semisimplification of (r, N), and is independent of the above choices.

Restriction to the inertia subgroup I of Wr defines an equivalence relation on Weil-
Deligne representations of Wr over k. We say that two Weil-Deligne representations
(r,N) and (', N') of Wg over k are inertially equivalent, and we write (r, N) ~,
(r',N"), if r|1,= r'|1,. We can also define an order relation <y, on each equivalence
class for ~j,. in the following way. Assume that (r, N) ~. (', N’), and fix bases
so that r and ' can be seen as representations r,7’" : Wr — GL, (k). We write
(r,N) <, (r',N') if N is in the Zariski closure of the set of matrices PN'P~! in
M, %n(k), where P runs among the matrices in GL, (k) such that Pr'|;, P~ =r|;,.



Let now (r, N) be a Weil-Deligne representation of W over C, where r : Wr —
GL(V). Set Vy = ker(N), and choose a lift ¢ of Frobg to Wg. Define the L-function
of (r, N) as

L((r,N),s) = det(1 — (#kp)‘s¢|V§F)‘1, seC.

The definition of the e-function of a Weil-Deligne representation over C is highly
more technical, and not explicit, refer to [96], §3.4, 3.6] for a deeper discussion. A
result of Deligne, see [37, Théoreme 4.1|, previously proved by Langlands, shows the
existence of a unique function which attachs to any representation r : Wp — GL(V)
over C, any nontrivial additive character ¢ : F — C*, and any additive Haar measure
dz on F, a number €(r, 1, dx) € C*, satisfying certain properties, see for instance [90),
§3.4].

For a Weil-Deligne representation (r, N) of Wg over C, and a nontrivial additive
character ¢ : F' — C*, let us fix an additive Haar measure dz,, on F' which is self-dual

with respect to ¢, and let us define the e-function of (r, N) as
e((r,N), ¥, s) = e(r @ |Arty' [, 9, dzy), s €C.

Let ¢ € Rog. Then, an algebraic number o € Q is called a Weil g-number if for
each embedding 2 : Q — C we have [1a|? = q.

Let ¢ be a prime. Given an integer w € Z, we say that a Weil-Deligne representation
(r, N) of Wg over Qy is strictly pure of weight w if for some (and hence every) lift ¢
of Frobg to Wp, every eigenvalue « of 7(¢) is a Weil (#kp)*”-number. In this case,
we must have N = 0.

Let (r, N) be a Weil-Deligne representation of W over Q;, where r : Wr — GL(V).
We say that (r, N) is mized if there is a filtration (F/VV);cz of V with FVV =V
for i > 0 and F/¥V = {0} for i < 0, such that each i-th graded piece gr!¥V is
strictly pure of weight 7. If (r, N) is mixed, then there is a unique choice of filtration
(FVV)iez, and we have N(FVV) c EM,V for all i € Z.

Finally, given w € Z, we say that (r, N) is pure of weight w if it is mixed with all

weights in w + Z, and if for all i € Z-, we have
N' gy .V = griV V.

We say that a Weil-Deligne representation (r, N) of Wp over Qy is bounded if for

some (and hence all) 0 € Wg \ I, all the eigenvalues of () in Q, are f-adic units.



1.1.3 Local Galois representations when ¢ # p

Grothendieck’s £-adic monodromy theorem allows us to attach to any representation
p:T'r — GL(V) on a finite dimensional Q,-vector space, where ¢ # p, a bounded
Weil-Deligne representation (r, N) of Wg over Q in a functorial way. Let us recall

this result.

Theorem 1.1.5. If p: I'r — GL(V) is a representation of I'p over Q,, with ¢ # p,

then there exists a finite extension F' of F such that p(Ig/) is unipotent.

Choose a lift ¢ of Frobp to Wg, and a compatible system (()5°,, of primitive
(-power roots of unity (;» € Q,, and let t : Ir — Z; be the continuous surjective
homomorphism determined by o(w)/ ") = (7w
Let then p: I'r — GL(V) be as above, and let F’ be a finite extension of F' such

that p(Ips) is unipotent. For any ¢’ € I/, the map

_ log(p(0)) _ o
N = o € End(V)

is well defined, and independent of ¢’. If o € Wy lies above Frob. for some n € Z, set
r(o) = p(o) exp(—t(¢ "o)N) € GL(V).

Then,
WD(p) = (r,N)

is a bounded Weil-Deligne representation of Wr over Q;, which up to isomorphism
is independent of the choices of ¢ and ((m)2,. In fact, WD defines an equivalence
between the category of representation of I'r over Q, and the category of bounded Weil-
Deligne representations of Wr over Q;. The functor WD commutes with restriction
to open subgroups and tensor operations. Furthermore, we have that p is unramified
if and only if WD(p) is unramified.

When ¢ = p, it is still possible to attach Weil-Deligne representations of Wr over
Q, to certain classes of representations of I'r over QQ,. This construction is highly
more technical, and is presented at the end of §1.2.2

1.2 A survey of basic p-adic Hodge theory

In this section, we introduce some basic notions of p-adic Hodge theory. Our
exposition consists of three parts. First of all, we define Fontaine’s p-adic period rings
Bur, Bar, Bais, and B, and recall their main properties, see §1.2.1] Secondly, we
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focus on the classes of Galois representations that those rings define, allowing us to
deal with the case of local Galois representations when ¢ = p, see §1.2.2] Finally,
we consider local Galois representations arising from arithmetic geometry, and state
p-adic comparison isomorphisms, see §1.2.3] For additional details, we refer mainly to
[48] for the first part, and to [50] for the second and third parts.

Let us first of all fix some notation. Let p be a prime. By a p-adic field we mean a
field K of characteristic 0 that is complete with respect to a fixed discrete valuation
that has a perfect residue field k of characteristic p. We let W be the ring of Witt
vectors of k, and we let Ky = W/[1/p]. Also, we let C be the completion of an algebraic

closure of K.

1.2.1 Fontaine’s p-adic period rings

The first period ring we define is the Hodge-Tate period ring. Denote by t a
generator of Z,(1). The Hodge-Tate period ring is defined as

Bur = ®iezC(1)
= C[t, 1/1].

We equip Byt with the multiplicative structure given by
ct' -t =cdt', e, d €C,i,j €,

where we denote the element ¢ ® t* € C(i) = C ®z, Z,(i) by ct’, and with the obvious
action of I'. Clearly, the definition of Byt only depends on C', and not on K.

The definition of the de Rham period ring is slightly more technical, and requires
some additional work; we sketch it here briefly, and refer to [48, §1] for the details.

First of all, consider the perfect ring

R = R(O¢) = lim Oc/p

TP

~{ o L0/ s ah = vz 0},
n=0

and let § : R — O¢/p be the natural homomorphism given by mapping (z,)%, to o.

Given z = (z,)52, € R, for every n choose a lifting z,, of x,, to O¢. Then, for
every n the sequence Eifnm% converges for m — oo to an element 2™ € O, which
does not depend on the choices of liftings. The map z +— (2(™)>°, defines a bijection
between R and the set of tuples (2(™)>° of elements of O¢ such that (z"+D)P = (™

for every n.



Define the W-algebra A;,s = W(R). The choice of a compatible system ((n )52,
of primitive p-power roots of unity (,» € O¢ defines an element € € R by the above
bijection. Let then

p—
— Z/ )
5_ l/p_l_z pEAmf-
1=0

The homomorphism 6 induces a surjective homomorphism 6 : A,y — Oc of W-
algebras, whose kernel is the principal ideal generated by £. This naturally extends to
a surjective homomorphism 6 : Aj¢[1/p] — C of Ky-algebras, whose kernel is again
the principal ideal generated by &.

Define

By = lim Auel1/5]/(€)"

neN
This is a complete discrete valuation ring with residue field C', and uniformiser

¢, and has a natural action of I'. If we equip each A;¢[1/p]/(£)™ with the topology
induced by the p-adic topology on Aj.¢[1/p], the corresponding topology of the inverse
limit on Bj turns out to be (strictly) less fine than its topology as a discrete valuation
ring. We call this first topology the natural topology on Bjz. The de Rham period
ring is then defined as Byr = Frac By = Bji[1/¢]. It inherits a natural action of T'x
from Bj.

Note that, as for Byr, the definition of the ring Bjy, and therefore that of Byg,
only depends on C, and not on K. Namely, if K’ C C is a complete discretely-valued
subfield, we get the same ring BJ; whether we use K or K'.

It can be seen that the natural projection 6 : Bj; — C' has a section s : C' — By,
that is a ring homomorphism satisfying 0(s(xz)) = z for all x € C, so that it is
possible to see BdR, and therefore Bgr, as C-algebras. However, the section s is
not unique, and there is no such s which is continuous with respect to the natural
topology, and which commutes with the action of ['kx. Nevertheless, there exists a
unique continuous homomorphism s : K — Bi; commuting with the action of 'k,
and such that 0(s(z)) = z for all z € K. This allows us to see Bjy, and therefore Byg,
canonically as K-algebras, and then 6 : Bj, — C as a homomorphism of K-algebras.
A result of Colmez, see [48, §A1], claims that the image of K in Bl is dense with
respect to the subspace topology induced by the natural topology of Bz

The series .

tog((e)) = Y- (-py U=

n
n=1

converges in Bj, with respect to the natural topology, and so we set ¢ = log([¢]) € Bix
This enables us to identify Z,(1) to the sub-Z,-module of Bl generated by ¢. The
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element ¢ is a uniformiser for BJ;, and we have Byr = Bjz[1/t]. Also, we can define

a canonical filtration on Bgg given by
F'Byr =t'Bj,, i€Z,

with respect to which we have that gr Bqg = Byr. The choice of a section s : C' — BJR
induces an isomorphism Bgr = C((t)) of C-algebras. Note that this isomorphism is
not continuous, and does not commute with the action of I'f.

We define now the crystalline and the semistable period rings and state some of
their properties. Since this material is quite technical as well, we just give here a
rough exposition, and refer to [48], §2 - §4| for the details.

Let A%. be the Aj-algebra generated by the elements %, for n > 1, inside

Aine[1/p], let Aens be its p-adic completion, and let B, = A.i5[1/p] C Bii. Consider
the element ¢ = log([e]) € Bijz. We have t € Ayis. The crystalline period ring
is then defined as B = Bl [1/t]. Since we also have tP~! € pA.;, we see that
Beris = AL, [1/t]. There is a natural action of I'r on B, which induces a natural

action on By.

Consider the Frobenius map
¢ : Ainf — Ainf7 ¢(($n>zo:0) = (xﬁ)?zozo

Since ¢(&) = &P + pn for some 7 € Ains, we deduce that gb(%) = 7;—7(77 +(p— 1)%)",
for n > 1, and so ¢(A%;,) C A%,.. We can then extend ¢ by continuity to Aeis
and B,
¢(1/t) = 1/pt. The action of ¢ on B commutes with the action of I'k.

Note that the definitions of B

cris

Also, we have ¢(t) = pt, and so ¢ can be extended to Bis by setting

and B only depend on C' and not on K, as for
BJR and Bgr. Also, we can show that the natural I'x-equivariant map K ®g, Beris —
Bgr is injective, and so we get a ['g-equivariant embedding of B in Bgr. This

allows us to give B the subspace filtration
Fchris = Bcris N FinRv (&S Za

from Bgr. Note that this filtration is not ¢-stable. More precisely, it can be proved,

see [48, Théoreme 5.3.7], that for any ¢ € Z there is an exact sequence
0= Qu(i) = F'Beiy 22" Beys — 0.

Denote by mp the maximal ideal of R. Then, we have R* =% x (1 4+ mg). For

any x € 1+mpg, we have M € Aeis for n > 0, and the sequence w converges
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p-adically to 0. In particular, the series

o0

Z(_l)n+1 ([.T] - 1)n

n=1

+

converges to an element A(x) € BJ... By setting A\(z) = 0 for any = € k", we then get a

homomorphism A : R* — B

cris?

which is I'g-equivariant, and satisfies ¢(A(x)) = pA(x)
for any x € R*.

Let us now consider the category consisting of the couples (S, \g), where S is a B, -

algebra, and Ag : (Frac R)* — S is a homomorphism extending A, and with the obvious
morphisms. This category has an initial object, which is unique up to isomorphism.
We let B be the BI. -algebra so obtained, and we let A : (Frac R)* — BZX be
the corresponding homomorphism. We then define the semistable period ring to be
By, = BX[1/t]. By the universal property defining B, the action of 'y extends
uniquely to B and to B.

Note that we have
B} = Sym((Frac R)*) XSym(R*) Bg;is?

so that, non-canonically, B = Bl [X] and By = Beis|X], upon choosing y €
(Frac R)* with y # R*, and setting X = A(y).

Since the Frobenius ¢ on B satisfies ¢(\(x)) = pA(x) for any z € R*, we can
canonically extend it to B via the requirement ¢(\(z)) = pA(x) for any z € (Frac R)*.
Also, since ¢(t) = pt, we can further extended it to By. It would clearly commute
with the action of I'g.

Note that, as for all the rings introduced so far, the rings B and By only depend
on ', and not on K.

Besides the Frobenius ¢, the semistable period ring By admits an additional
operator: a monodromy operator N which commutes with the action of 'k, and
whose interaction with ¢ satisfies N¢ = p¢N. Loosely speaking, the idea is to consider
N:diXonB:t%’B;is
definition, let us choose a valuation v on K with values in Q. Note that we have

isomorphisms (Frac R)*/R* = C* O} =K~ /Ox = Q, and the map

[X] and extend it to By. Nevertheless, to give a precise

ki By ®q (K/OX) = Qp g, Kb®T) =bd(A(x)),

where T denotes the image of z € (Frac R)* in K™ via the above isomorphisms, is
an isomorphism. We can think of v as the choice of an isomorphism K" / (9% = Q.

Therefore, by extending scalars, v gives an isomorphism v : By ®g (FX / (9%) = By,
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Define then the monodromy operator N associated to v to be the derivation
N =7%ok 'od: By — By.

This is the unique Bys-derivation of By with values in By such that N(A(z)) =
vg(z) for any € (Frac R)*, where we denote by vg the extension of v to Frac R.
Furthermore, we have that N commutes with the action of I'k, it satisfies N = pp N,

and we have an exact sequence of Bgs-modules
N
0 = Buis = By — Bt — 0.

When v is the valuation vy normalised by vg(p) = 1 we call the corresponding
monodromy operator the canonical monodromy operator on Bg;.

We conclude this survey on period rings by defining a I' x-equivariant embedding of
By in Bqr. We first need to define a I'g-equivariant homomorphism +* : B} — B;{R
of B, -algebras. By the universal property defining B, it is enough to define a
homomorphism A\gg : (Frac R)* — Bj; extending A. In order to do so, we choose
an extension of the usual p-adic logarithm log : O% — K to a homomorphism
log : K* — K commuting with the action of Ix. For 2 € (Frac R)* such that

20 ¢ KX, the series

o) sy G571
i — Y o AN
log (x(o)) - Z( 1)
converges in B;{R, and we set
(]
Aar () = log <W + log(z@).

In general, for any z € (Frac R)*, we write = ab, with a € R* and b©® € K~

and we set
)\dR<x> = )\(CI,) + )\dR(b)

We then get the required ++, which induces a I'g-equivariant homomorphism of
Be.is-algebras 1 : By — Bar.

By extension of scalars, +™ and ¢ induce I'g-equivariant homomorphisms K ®,
B — Bi; and K ®g, By, — Bar, which can be proved to be injective. It follows
that there is a I'g-equivariant embedding of By in Bgg.

We remark that the embedding of K ® g, Byt in Bgr, and therefore that of By in Byg,
depends on the choice of the extension of the p-adic logarithm to K" Nevertheless,
we can see that the image of K ®g, By in Bggr is independent on this choice. When
the extension of the logarithm is chosen so that log(p) = 0, we call the corresponding

embedding the natural embedding of By in Bgg.
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1.2.2 Local Galois representations when ¢ = p

Let us now move to the second part of this exposition, where we present a glossary
of p-adic Galois representations in terms of Fontaine’s period rings. Let K be a p-adic
field, and let I'x be the absolute Galois group of K. A p-adic representationﬂ of 'k
is a continuous representation p : ' — GL(V') of 'k on a finite dimensional vector
space V over Q,. Fontaine’s period rings allow us to define some remarkable classes
of p-adic representations. In order to do so, we first of all need to recall the formalism
of admissible representations, for which we refer to [50], §1].

Let I' be a topological group, and let B be a topological commutative ring equipped
with a continuous action of I'. A finitely generated B-module V is said to be a B-
representation of I' if it is equipped with a semilinear continuous action of I', that is

such that

() + g(2"),
(b)g(z), Vx,2'€V,Vbe B, VgeT.

g(x + )

=y
g(bz) =g

Note that a p-adic representation of I'k is then just a Q,-representation of I'x in
this sense. A B-representation V of I' is said to be free if it is free as a B-module,

trivial if it is free and if one of the following equivalent conditions holds:
(1) there exists a basis of V consisting of elements of V'
(2) there exists an isomorphism V =2 B? of B-representations of I

Assume that K = B is a field, and let k be a closed subfield of K. If B is a domain,
the continuous action of I' on B extends to a continuous action of I' on Frac B, in the

obvious way. We say that B is (k, I')-reqular if the following conditions hold:
(1) B is a domain.
(2) B' = (Frac B)'.

(3) If b€ B, b # 0, is such that the line kb is stable by I', then it is invertible in B.

"'We consider here a class of representations which is larger then the class of ¢-adic representations,
as in §1.1} with ¢ = p. In fact, we allow K to be a p-adic field, and not just a finite extension F' of Q,,
since it is useful to include the case of the completion Fn of the maximal unramified extension of a
finite extension F' of Q,,, for which we have I',, = Ir. Relevant properties of the representations of
I'r can in fact be detected on Ip.
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Let V be a k-representation of I'. Then, B ®y V is a free B-representation of I'.
We say that V' is B-admissible if B ®, V is a trivial B-representation of T'.

For any k-representation V' of I'; set
Dp(V) = (B, V).

We get a map
OéviB(XJKDB(V)—)B@ﬂ(‘/, b®$l—>b$,

which is B-linear and commutes with the action of I'.

Assume that B is (k,')-regular, and let V' be a k-representation. Then:

(1) The map ay is injective, and dimg Dp(V) < dimy, V.
(2) The following conditions are equivalent:

(a) V is B-admissible.
(b) ay is an isomorphism.

(C) dlmK DB(V) = dlmk V.

Denote by Repy(I") the category of k-representations of I". It is well known that
this is a neutral Tannakian category over k, in the sense of [40]. The map Dp can be

seen as an additive functor
Dg : Repy(I') — Vecty

to the category of finite dimensional K-vector spaces. Denote by Repf (') the category
of k-representations of I' which are B-admissible. Then, Rep?(T') is a Tannakian
subcategory of Repy ('), and the restriction of Dp to Repi (I') is a fibre functor.
Admissibility with respect to Fontaine’s period rings allows us to define some
classes of p-adic Galois representations. We refer to [50], §3 - §5] for the details.
Let us first focus on the Hodge-Tate and the de Rham period rings. We have that

Byt and Byg are (Q, 'k )-regular, and we can give the following definitions.

Definition 1.2.1. We say that a p-adic representation of ' is Hodge-Tate (resp. de
Rham) if it is Byr-admissible (resp. Bgr-admissible).

Let us denote by Repgg(f‘ k) (resp. Repfin”(F x)) the category of p-adic represen-
tations of I'x which are Hodge-Tate (resp. de Rham).

We let Grady be the category of finite dimensional K-vector spaces equipped
with a grading indexed by Z, and we let Filx denote the category of finite dimensional
K-vector spaces D equipped with a decreasing filtration (F*D);cz which is exhaustive

and separated, that is
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(1) F'D are K-vector subspaces of D;
(2) F'*''D C F'D for all i € Z;
(3) UiezFiD = D, and ﬂiezFiD = {0}

A morphism between two objects D, D' in Fil is a K-linear map n : D — D’ such
that
n(F'D) C F'D', foralli€ Z.

The category Gradg is abelian, while Filg is just additive, and there is an obvious
additive functor gr : Filx — Gradg given by mapping each filtered K-vector space
to the associated graded K-vector space.

Let us set Dyt = Dp, and Dag = Dp,,. For each p : I'x — GL(V), we have an
obvious structure of graded K-vector space on Dyr(V), and a structure of filtered

K-vector space on Dggr (V') given by
F'Dar(V) = (F'Bqr ®q, V)'*, i€ L.
We can then see Dyt and Dgr as additive functors

Dyr : Repr (FK) — GradK,
DdR : Repr(FK) — FllK

The identity gr Bqr = Bur induces a natural inclusion of gr Dgr (V') in Dyr(V)
for each p : I'x — GL(V). The following result holds.

Theorem 1.2.2.

(1) If p: ' — GL(V) is a de Rham representation, then it is Hodge-Tate. Fur-
thermore, the isomorphism Bar @k Dar(V) — Bar ®q, V' s strictly compatible
with the filtrations, and gr Dar(V') = Dyr(V).

(2) We have inclusions
ReplePp“(FK) C Repgg(f‘;{) C Repg, (Tk),

where each of these categories is a Tannakian subcategory of the following. Also,
the restriction of Dyt (resp. Dgr) to Repng(FK) (resp. Rep&i(FK)) is an

exact, faithful, tensor functor.
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Note that there are explicit examples of Hodge-Tate representations which are not
de Rham.

Let p : ' — GL(V) be a Hodge-Tate representation. We define the multiset
HT(p) of Hodge-Tate weights of p to be the multiset of dimg, V' integers containing i
with multiplicity

h; = dimg, (V ®q, C(i)"x.

Remark 1.2.3. With the convention of [6], if F' is a finite extension of Q,, and
p:I'r — GL(V) is a representation on a finite dimensional @p—vector space which is
Hodge-Tate, for any embedding 7 : F — Q, we define the multiset HT.(p) of 7-Hodge-
Tate weights of p to be the multiset of dim@p V' integers containing ¢ with multiplicity
h; = dim@p(V ®,.r C(i))'7. When F is a number field, and p : T — GL(V) is a
representation on a finite dimensional Q,-vector space, for any embedding 7 : F' — Q,,
if p is Hodge-Tate at the place v(7) of F' induced by 7, we let HT(p) = HT(p|va(T)).
In this case, we say that p is regular if for any embedding 7: F' — Q,, every element
of the multiset HT,(p) has multiplicity 1.

Before moving to crystalline and semistable representations, let us remark that,
since Byt and Bgg are K-algebras, if p : ' — GL(V) is a p-adic representation such
that p|r,, is Hodge-Tate (resp. de Rham) for some finite extension K’ of K, then p
itself is Hodge-Tate (resp. de Rham). This is not true in general for crystalline and
semistable representations.

Let us now consider the crystalline and the semistable period rings. The rings

Beis and By are (Q,, 'k )-regular, and we can give the following definition.

Definition 1.2.4. We say that a p-adic representation of 'y is crystalline (resp.

semistable) if it is Bis-admissible (resp. Bg-admissible).

We denote by Rep&if(l“ k) (resp. Rep%p (T'k)) the category of p-adic representa-
tions of 'k which are crystalline (resp. semistable). It can be proved that a p-adic
representation p : I'x — GL(V) is crystalline (resp. semistable) if and only if p|;,. is
crystalline (resp. semistable).

Let us now introduce categories of Ky-vector spaces corresponding to crystalline
and semistable representations. A (¢, N)-module over Kj is a finite dimensional

Ky-vector space D equipped with two maps
¢o,N:D — D
satisfying the following properties:
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(1) ¢ is injective, and semilinear with respect to the absolute Frobenius of Ky;
(2) N is Ky-linear;

(3) N¢ = poN.

Note that the action of N on D is necessarily nilpotent. A morphism of (¢, N)-
modules is just a Ky-linear map between them, which commutes with ¢ and N.

A (¢, N)-module D is said to be filtered if the K-vector space Dx = K ®p, D is
equipped with a decreasing filtration (F*Dg );cz, which is exhausted and separated.
A morphism between two filtered (¢, N)-modules D and D’ is a morphism of (¢, N)-
modules 7 : D — D’ such that the induced K-linear map 1y : D — D’ is a morphism
of filtered K-vector space. We denote by MF (¢, N) the category of filtered (¢, N)-
modules. Note that MF (¢, N) is an additive category, but not abelian. We call
(filtered) ¢-module a (filtered) (¢, 0)-module, and we write MF g (¢) = MF (¢, 0).

Let us set Dy = Dp_.. and Dy = Dp,,. For each p : ' — GL(V), the action

of the Frobenius ¢ on Bes gives Deis(V) a structure of ¢-module, and the action of

cris

¢ and the monodromy operator N on By gives Dy (V') a structure of (¢, NV)-module.
Also, the inclusion of B in By identifies Deis(V') as the kernel of N in Dy (V). The
injective homorphism K ®p, By — Bgr allows us to see Dy (V) = K ®g, Dst (V)
as a subspace of Dgr(V'), which can then be equipped with the induced filtration. It

follows that we can see D, ;s and Dg as additive functors

Dcris : Rep(@p (FK) — MFK(¢)7
Dst : Repr(FK) — MFK(¢, N)

Let p: 'y — GL(V) be a p-adic representation. It can be proved that if p is
semistable, then Dy (V)i = Dar(V'), and p is de Rham. Analogously, it can be proved
that if p is crystalline, then it is semistable, and we have De;s(V) = Dg(V), with
N =0, and Deis(V) g = Dar(V).

We say that a filtered (¢, V)-module D is admissible if there exist a semistable
representation p : I'y — GL(V') and an isomorphism between D and Dy (V). We
denote by MF3(4, N) the full subcategory of MF (¢, N) whose objects are the
(¢, N)-modules which are admissible. We write MF2(¢) = MF3(¢,0). In conclusion,
the following result holds.

Theorem 1.2.5. We have inclusions
Reprf;S(FK) C Repap(FK) C Repgj(FK),
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where each of these categories is a Tannakian subcategory of the following. Also, the
restriction of Dy to Repap(f‘ k) 18 a fully faithful, tensor functor, which induces an

equivalence of categories between Repap(FK) and MF5(p, N).

Notice that for N = 0, we have that the restriction of D to RepS;S(FK) is
a fully faithful, tensor functor, which induces an equivalence of categories between
Rep®(I'x) and MF3 ().

Let us now see a p-adic analogue of the /-adic monodromy theorem of Grothendieck

presented in §I.1] We first need an additional definition.

Definition 1.2.6. We say that a p-adic representation p : 'y — GL(V) is potentially

semistable if there exists a finite extension K’ of K such that p|p,, is semistable.

Clearly, any potentially semistable representation is de Rham. The converse result,
conjectured by Fontaine in [50, §6.2], and known as the p-adic monodromy conjecture,

holds true as well, and has been first proved by Berger, see [13, Corollaire 5.22].
Theorem 1.2.7. Any p-adic de Rham representation of I is potentially semistable.

By the above theorem, given a finite extension F' of QQ,, we can attach to any
(-adic (where ¢ = p) de Rham representation p : I'r — GL(V') of I'r a Weil-Deligne
representation of Wr in a functorial way. This construction is due to Fontaine, and
we refer to [49, §2.3] for the details.

Let p: T'r — GL(V) be de Rham. Then, p is potentially semistable, that is there
exists a finite extension F” of I’ such that p|p_, is semistable. Let &’ be the residue
field of the discrete valuation on F”, let W’ be the ring of Witt vectors of &', and
let Fj = W’[1/p]. Since V is Bg-admissible as a representation of I'p, we have that
(Bst ®g, V)'#" is a finite dimensional Fj-vector space of dimension dimg, V.

Choose an extension I such that p|r, is semistable, and set
W = (By ®g, V)",
If 0 € Wp lies above Frob’. for some n € Z, set
r(o) = (0¢""¥) @ p(0) € GL(W).

Then,
WD(p) = (. N ®1)

is a Weil-Deligne representation of W over Q,, which up to isomorphism is independent

of the choice of F’. In fact, we can see that WD is a functor from the category of
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(-adic (where ¢ = p) de Rham representations of I'r to the category of Weil-Deligne
representations of Wr over Q,. Also in this case, the functor WD commutes with
restriction to open subgroups and tensor operations. However, contrary to the case
¢ # p, one cannot recover a p-adic de Rham representation from the corresponding
Weil-Deligne representation, since this does not take into account the filtration.

Furthermore, we have that p is crystalline if and only if WD(p) is unramified.

1.2.3 Applications to p-adic comparison isomorphisms

We conclude this section by recalling p-adic comparison theorems with étale
cohomology. Let us fix some notation. Let K be a p-adic field, and let X be a proper
smooth variety over K. For every i € N, the étale cohomology group H} (X%, Q,) is
a finite dimensional QQ,-vector space, equipped with a natural action of I'x, and so an
object of Repr(F k), see Example . We see now some p-adic Hodge theoretic
properties of these p-adic representations.

For every ¢ € N, the de Rham cohomology group H'y(X/K) is the hypercohomol-
ogy group H'(Q% y ) of the de Rham complex

0%k - Oxyx = Qe = Ve = -

Each Hiz(X/K) is a finite dimensional K-vector space, equipped with the Hodge
filtration, and so it is an object of the category Filg. The following result, conjectured
by Fontaine in [47, §A.6], has been proved by Faltings in [44] §VIII].

Theorem 1.2.8. For every i € N, there exists an isomorphism
Bar ®q, Hi (X%, Qy) = Bar ©x Hig(X/K)

of Bar-vector spaces, which is compatible with the filtration and the action of I'i. In
other words, the p-adic representation HY (X7, Q,) is de Rham, and there exists an
1somorphism

Dar(Hj (X7, Qp)) = Hep (X/K)

of filtered K -vector spaces.

Let us now assume that X has good reduction, that is there exists a smooth
proper scheme X over Ok whose generic fibre X xp, K is isomorphic to X. For
every i € N, we let H! . (X;,/W) be the crystalline cohomology group of the special
fibre X, = X X, k. BEach H', (X,/W) is a finitely generated W-module. Let

cris
H! (X)) = Ko @w H! . (X./W). By the comparison isomorphism [I4, Théoréme
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V.2.3.2] we can give H

of the choice of the smooth model X of X over Ok, see [54, §B]. We then denote by
Hi

cris

conjectured by Fontaine in [47, §A.11], and proved by Faltings in [44] §V].

(Xx) a structure of filtered ¢-module, which is independent

(X)) the corresponding element of MF i (¢). The following result has also been

Theorem 1.2.9. For every i € N, there exists an isomorphism
Buis ®q, Hy (X7, Qp) = Beris @ Heg(X)

of Beris-modules, which is compatible with the action of I'x, the action of ¢, and (after
extending scalars to Bar) with the filtration. In other words, the p-adic representation
H (X7,Q,) is crystalline, and there exists an isomorphism

DcriS<Hét (Xfa Qp)) = Hi

cris

(X)
of filtered ¢p-modules.

Note that, by extending scalars to Bggr, this implies Theorem for varieties

with good reduction.

1.3 Geometric compatible systems of Galois
representations

Let F' be a a number field, let I'r denote the absolute Galois group of F. Let ¢ be
a prime. A continuous representation p : I'r — GL(V) of T'r over Qy is said to be
geometric if it is unramified outside a finite set of places of F', and if it is de Rham at
each place v of F' above /.

In practice (and conjecturally always, by the conjecture of Fontaine-Mazur [51]),
geometric Galois representations arise as part of geometric compatible systems. Among
the various possible (and conjecturally equivalent) definitions of compatible systems,
we follow the one given in [0, §5.1], with some small variations in the terminology.

Let again F' be a number field, and let S be a finite set of places of F'. Let E be a
number field, and let A be a set of places of E. Let n > 1 be an integer. We recall

the following definition.

Definition 1.3.1. A geometrid?] compatible system of rank n representations of Iy

defined over £, unramified outside S, and indexed by A is a family R = {pr},., of

2We add “geometric” to the terminology of [6, §5.1] in order to distinguish these compatible
systems from the “abstract” compatible systems of Definition [2.1.1]
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continuous semisimple representations
P - FF — GLn(EA)
such that:

(1) If v ¢ S is a finite place of F, then for all A not dividing the residue characteristic
of v, the representation p, is unramified at v, and the characteristic polynomial

of pa(Frob,) has coefficients in F and is independent of \.

(2) Each representation py is de Rham at all places above the residue characteristic

of A\, and in fact crystalline at any place v ¢ S above the residue characteristic
of \.

(3) For each embedding 7 : ' — E the 7-Hodge-Tate weights of p, are independent
of \.

From now on, we will assume all the geometric compatible systems to be indexed
by set of places of the form A = U, |E|y, for £ a set of rational primes of Dirichlet
density 1.

Given a geometric compatible system R = {pr},c,, for v ¢ S and A € A not
dividing the residue characteristic of v we let @, (t) = det(1 — tp,(Frob,)) € E[t] be
the characteristic polynomial of py(Frob,), and for an embedding 7 : F — E and
A € A we denote by H, the multiset of 7-Hodge-Tate weights of p,.

A geometric compatible system R is called regular if for each embedding 7 : F — E
every element of the multiset H, has multiplicity 1. It is called extremely reqular if it
is regular, and for some embedding 7 : ' — E the set H, has the property that if H
and H' are subsets of H, of the same cardinality, and if >, _, h =3, I/, then
H=H.

We say that a geometric compatible system R = {px},., defined over a number
field E has coefficients in a finite extension E’ of E if for any A € A there exists a
place X' of E" above A such that the image of p, is contained in GL, (E},).

Given two sets £ and £’ of rational primes of Dirichlet density 1, we say that two
geometric compatible systems R = {px},c, and R’ = {p}},c,, defined over a number
field £ and indexed by A = Uper|E|p and A = Upe /| |, are isomorphic if there exists
a subset £ C £ N L of Dirichlet density 1 such that p) = p) for all £ € £” and X | /.
In this case, we write R =z R', or for simplicity just R = R'. When R and R’
have coefficients in F, we say that they are isomorphic over E if the isomorphisms

px = p are defined over E.
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A geometric compatible system R = {px},., defined over a number field £ and
indexed by A = Upes|Els, for L a set of rational primes of Dirichlet density 1, is said
to be irreducible if there exists a subset £’ of £ of Dirichlet density 1 such that p, is
irreducible for all £ € £ and A | £.

Given a geometric compatible system R = {ps},, of representations of I'r, for
any finite extension F’ of I the family R |r,,= {px|r,, }aca is a geometric compatible
system of representations of I'pr.

A geometric compatible system R = {px},., is said to be strictly compatible if for
each finite place v of F there is a Weil-Deligne representation WD, (R) of W, over E
such that for each A € A not dividing the residue characteristic of v and every E-linear

embedding ¢ : E — E, there is an isomorphism
cWD,(R) = WD(px|r,,, )" ™.

Given an integer w € Z, we say that a geometric compatible system R = {pr},.,

is pure of weight w if:
e for each v ¢ S, each root a of Q,(t) in E is a Weil (#k(v))*“-number;

e for each embedding 7 : F — E and each complex conjugation ¢ in Gal(E/Q)
we have that
Heop ={w—h: heH}.

We say that R is strictly pure of weight w if:

e R is strictly compatible, and for each place v of F' the Weil-Deligne representation
WD, (R) is pure of weight w.

e for each embedding 7 : F — E and each complex conjugation ¢ in Gal(E/Q)
we have that
Heop ={w—h: heH}.

Given a geometric compatible system R defined over E and unramified outside .S,

and an embedding ¢ : F — C, we define the partial L-function of R as

L5(iR, 5) = [[((#k@)" 1Qu(#k(v))"), s € C.

v¢S

Again, this infinite product may or may not converge. If R is pure of weight w,

then L°(1R,s) converges to an analytic function in Res > 1+ w/2.
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Assume now that F is a CM field®] with maximal totally real subfield F*, and
let ¢ be a generator of Gal(F/F*). A polarised M-adic representation of I'r is a pair
(p, 11), where p : Ty — GL,(E,) is a A-adic representation, and p : Tps — E, is a
continuous character, such that for some (and hence all) v | co of F'*| there exists a

non-degenerate pairing (-,-), on E} such that

<Ivy>v = —[L(Cv) <ya "L‘>v

and
(p(o)z, p(coocy)y), = u(o) (z,y),

for all z,y € Ey and o € I'p. We say that (p, i) is totally odd if pu(c,) = —1 for all
v|o0.

A polarised (resp. totally odd, polarised) geometric compatible system of repre-
sentations of I'p is a pair (R, M), where R = {px},c, is a geometric compatible
system of representations of I'r, and M = {yx},, is a geometric compatible system
of characters of I'p+, such that for all A\ € A the pair (py, ) is a polarised (resp.
totally odd, polarised) A-adic representation of I'f.

We say that a A-adic representation p : I'y — GL,(E)) is conjugate self-dual
(resp. totally odd, conjugate self-dual) if (p, €' "8 y 7+ ), where € denotes the cyclotomic
character of I'p+ and dg/p+ denotes the quadratic character of I'p+ attached to the
extension F//F* is a polarised (resp. totally odd, polarised) A-adic representation of
I'r. We say that a geometric compatible system R = {px},., of representations of I'p
is conjugate self-dual (resp. totally odd, conjugate self-dual) if each p, is a conjugate
self-dual (resp. totally odd, conjugate self-dual) A-adic representation of I'p.

Geometric compatible systems naturally arise from geometric contexts, as shown

in the following example.

Example 1.3.2. Let I’ be a number field, let X be a smooth projective variety over F,
and let i € N. For every prime ¢, the f-adic étale cohomology group V; = HE, (X7, Qy)
is a finite-dimensional vector space over Q;, with a natural continuous action of I'g.
As a consequence of the comparison isomorphism [5, Exposé XI, Théoreme 4.4] we
get that each V; has dimension n over Q, where n is the dimension of H*(X(C), Q)
over Q, for a fixed embedding of F' into C. Let V;® denote the semisimplification of

V. Then, the action of I'r on V;*® defines a family Ry = {le}eaQ\ of semisimple

3By a CM field we mean an imaginary CM field. Most of the results presented in this work can
be adapted also to the totally real case. For the sake of simplicity, however, we only restrict to the
CM case.
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continuous rank n representations px ¢ : I'r — GL,(Qy). Let S be a finite set of places
of F' such that X has good reduction outside .S, and containing all the ramified places
for the extension F'/Q. We have:

e for each v ¢ S, with v 1 ¢, the representation px, is unramified at v, and the
characteristic polynomial of px ((Frob,) is independent of ¢, and its roots in Q
are Weil (#k(v))-numbers, by results of Deligne, see [38, Théoreme 1.6];

e for each v | £, the representation px|r,, is de Rham, with Hodge-Tate weights
given by the jumps of the Hodge filtration on the i-th de Rham cohomology
group of X, , and crystalline if v € S, by the results of Faltings presented in

qL.2.3,

The family R x is then a geometric compatible system, pure of weight ¢. Conjecturally,
it is strictly compatible, and there is no need to semisimplify the representations. Note

that both these properties are known when X is an abelian variety.

In §1.6] we will see how geometric compatible systems also arise in the context of

automorphic representations.

1.4 The local Langlands correspondence

In this section we present the (conjectural) local Langlands correspondence for
reductive algebraic groups over (characteristic zero) local fields. We start by recalling
the representation theory background in §1.4.1) and we give an introduction to
the expected correspondence in §1.4.2] In the case of GL,, the local Langlands
correspondence has been fully proved. We present the main result in this context in
§1.4.3] which will allow us to make precise the local-global compatibility statements

in the main theorem on the construction of automorphic compatible systems in §1.0}

1.4.1 Representation theory over characteristic zero local
fields

Let F' be a characteristic zero local field, and let G be a connected reductive
algebraic group over F. The group G(F') of F-rational points of G is a locally
compact, totally disconnected, Hausdorff topological group. Fix a (left invariant) Haar
measure “meas” on G(F).

Assume that F'is Archimedean, and fix a maximal compact subgroup K of G(F).
Let also g be the Lie algebra of G(F'), viewed as a real Lie group, and let ¢ be the Lie
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algebra of K. Given a representation o of G(F') on a Hilbert space V such that o |k

is unitary, for each equivalence class of irreducible representation v of K we write

Vi={feV (ol )=}

for the y-isotypic subspace of V. A vector f € V is said to have K-type v if f € V7.
A (g, K)-module is a C-vector space V', together with a representation 7 of g and

K, satisfying the following conditions.

(1) The space V is a countable algebraic direct sum V = @;V;, where each V; is a

finite dimensional K-invariant vector space.

(2) For X € t and f € V, we have

7 X)f=Xf= %exp(tX)f]tzo

= i (r(exp(tX) ) — f).

t—0
(3) Forke K, X € g, and f € V, we have w(k)n(X)n(k™)f = m(Ad(k)X) f.

We say that a (g, K)-module V' is admissible if we can choose the V;’s to have
distinct K-types.

Define the Hecke algebra of (G(F'), K) to be the convolution algebra H¢(G(F), K)
of distributions on G(F') with support in K, which are K-finite under both left and
right translation. For simplicity of notation, set H = Hc(G(F), K).

Let gc = g ®g C (resp. tc = £ ®g C) be the complexified Lie algebra of G(F)
(resp. K), and let U(gc) (resp. U(€c)) be the universal enveloping algebra of g¢ (resp.
tc). The algebra #H contains the algebra H¢(K) of K-finite measures on K, viewed as
distributions on G(F). It can be proved that the map U(gc) ®u ) He (/) — H given
by (X, u) — X % p is a vector space isomorphism. Let dK denote a Haar measure
on K, normalised to give unit volume to K. For any finite dimensional irreducible

representation 7y of K, we let d,, be its rank, and x, be its character. The measure

€y X~d K

- d,meas(K)

on K is an idempotent of the algebra Hc(K). By the above isomorphism, the
idempotents e., of H¢(K) define idempotents of the Hecke algebra #, which becomes

then an idempotented algebra.
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A H-module V is said to be nondegenerate if HV =V, admissible if it is non-
degenerate, and if e,V is finite dimensional for all finite dimensional irreducible
representations vy of K.

Given a (g, K)-module V, endowed with a representation 7 of g and K, for
X € U(ge), p € H(K), and f € V, the formula (X @ p)f = 7(X)w(u)f defines
on V a structure of nondegenerate H-module. We have that V' is admissible as a
(g, K)-module if and only if it is admissible as a H-module. It is not difficult to show
that this construction gives an isomorphism between the category of (g, K)-modules
and the category of nondegenerate H-modules.

Assume now that F' is non Archimedean. We say that a representation 7 of
G(F) on a C-vector space V is smooth if the stabiliser of every vector in V' is open;
equivalently, if V = U VE  where K runs over the compact open subgroups of G(F).
We say that 7 is admissible if it is smooth, and for all compact open subgroups K of
G(F) the subspace VX of K-fixed vectors of V is finite dimensional. Any irreducible
smooth representation of G(F') is admissible.

Let Z be the centre of G, and let 7 be an irreducible admissible representation of
G(F) on a C-vector space V. By Schur’s lemma, Z(F') acts on V via a character x.,
that is m(z) = x«(2)Id for all z € Z(F). We call x. the central character of .

Given a commutative ring R with unit, define the Hecke algebra of G(F) over R
to be the convolution algebra Hg(G(F')) of locally constant and compactly supported
R-valued functions on G(F). This is an associative algebra, which has no unit element
unless G is discrete, and is commutative if and only if G(F') is commutative.

For any compact open subgroup K of G(F'), the function

1
- - 1
K meas(K)

where 1k denotes the characteristic function of K, is an idempotent of Hz(G(F)).
The algebra Hr(G(F),K) = exHr(G(F))ex can be identified with the space of
locally constant and compactly supported R-valued functions on G(F) which are
K-bi-invariant. For simplicity of notation, set H = Hc(G(F)), and set H(G(F), K) =
He(G(F), K).

A H-module V is said to be nondegenerate if HV = V. If 7 is a smooth represen-
tation of G(F') on a C-vector space V, then V' has a natural structure of H-module,
and for every compact open subgroup K of G(F), the space exV = VX has a nat-
ural structure of H(G(F), K)-module. Viceversa, any nondegenerate H-module is

associated to a unique smooth representation of G(F'). In other words, there is an
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isomorphism between the category of smooth representations of G(F") and the category
of nondegenerate H-modules.

We say that a H-module V' is admissible if it is nondegenerate and if for all compact
open subgroups K of G(F), the space 1xV is finite dimensional. Clearly, a smooth
representation of G(F') is admissible if and only if the corresponding H-module is
admissible.

Recall that G is said to be unramified if G is quasi-split, and split over an unramified
extension of F'. If G is unramified, and K is a hyperspecial compact open subgroup
of G(F), in the sense of [102] §3], then (G(F'), K) is a Gelfand pair, and the algebra
H(G(F), K), which in this case is known as the spherical Hecke algebra of (G(F), K),
is commutative. This result can be proved directly via Gelfand’s lemma, see [56], §2]
for a sketch of the argument, or alternatively via the Satake isomorphism, whose study
is postponed to When H(G(F), K) is commutative, a result of Flath, see [45]
§1], implies that if 7 is an irreducible admissible representation of G(F) on a C-vector
space V, then the space VE of K-fixed vectors in V' (which is then finite dimensional)
has dimension at most 1.

Let m be a smooth representation m of G(F') on a C-vector space V. For any
compact open subgroup K of G(F), let VY(K) be the space of linear functionals v
on V such that (v¥,m(ex)v) = (v¥,v) for every v € V. The space VY = U VV(K) is
called the smooth dual of V. There is a smooth representation 7" of G(F) on VY, called
the contragradient to w, characterised by the relation (7V(g)v",v) = (v, 7(g~1)v) for
g€ G(F),veV,and v¥ € VY. We have that 7 is admissible if and only if 7" is

admissible.

1.4.2 The L-group and the conjectural correspondence

Let F' be a local field. For the purposes of this work, let us assume that F' has
characteristic zerd!] Let G be a connected reductive algebraic group over F. First of
all, we review here briefly the construction of the L-group of GG, for which we refer to
[T7, §I]. Also refer to [95] for the background on reductive groups.

If we let T' C B be a maximal torus, contained in a Borel subgroup of G, we
can associate the based root datum VU, (G, B,T) = (X*(T'), A*(B), X.(T), A«(B))

consisting of the character and cocharacter groups of T, and the roots and coroots

1A conjectural local Langlands correspondence can be formulated also in the positive characteristic
setting, where it has been proved for GL,, by Laumon, Rapoport, and Stuhler in [76]. Quite recently,
an arrow of the correspondence for a general reductive group has been established by Genestier and
V. Lafforgue in [53].
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which are simple and positive with respect to the ordering defined by B. Let Z be the
centre of G. If T" C B’ is a different choice of a maximal torus, contained in a Borel
subgroup of Gz, and Vy(G, B',T") is the corresponding based root datum, then there
is an element of (G//Z)(F) mapping B’ to B and T" to T, and all these elements induce
the same isomorphism of based root data Wo(G, B,T) = Wo(G, B',T"). Following
Kottwitz, we define then Uy (G) = (X*, A*, X, A,) to be the projective limit of the
Uo(G, B, T) via the above isomorphisms. There is a natural group homomorphism
te : T'rp = Aut(¥o(GQ)), which factors through Gal(F’'/F) if F' is a Galois extension
of F inside F that splits G.

Let G be a connected reductive algebraic group over C, the complex dual of
G, equipped with a given isomorphism of root data \IIO(CA;) = Uo(G)Y, where
Uo(G)Y = (X, Ay, X*, A*) is the dual root datum to Wo(G). There is a canonical
group isomorphism Aut(¥y(G)) = Aut(¥o(G)Y) given by mapping an automorphism
of X* to its inverse, and hence a canonical action of I'r on W, (G)Y, which then induces
an action of ['p on Uo(G).

Fix a maximal torus 7 C B , contained in a Borel subgroup of G , and a splitting
(also called a pinning in the literature, see [95, §2.14] for the details) of the exact
sequence

1 — Int(G) = Aut(G) = Aut(¥y(G)) — 1.

Then, this data induces an action of I'r on G. Define then the L-group of GG to be

the resulting semidirect product
LG = @ X FF,

with identity component G and component group I'r. By construction, there is a
natural projection “G' — I'r. Note that if G splits over F, then the action of I'z on
G is trivial, and so LG = G x T'p.

Define the Langlands group of F' to be

I We, if F'is Archimedean,
R R SU(2), if F is non Archimedean.

Recall that Wy is equipped with a continuous homomorphism Wr — I'r with
dense image, so that we have a projection Ly — I'p.

We say that a continuous homomorphism ¢ : Lp — LG(C) is admissible if it
commutes with the projections to I'r. Two admissible homomorphisms ¢, ¢’ : Ly —

LG(C) are said to be equivalent if they differ by conjugation by an element of @((C)
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The conjectural local Langlands correspondence for G over F' predicts the existence
of a partition of the set of isomorphism classes of irreducible admissible (g, K’ )-modules
when F' is Archimedean, and of irreducible admissible representations of G(F') when
F is non Archimedean, into disjoint finite subset Il4, called L-packets, parametrised
by equivalence classes of admissible continuous homomorphisms ¢ : Lr — LG(C),
called L-parameters. In addition, this conjectural parametrisation should satisfy some
desiderata, i.e. the matching of certain (conjectural) L-functions and e-functions, see
[72].

In the Archimedean case, such a correspondence has been proved by Langlands in

[73]. We omit here the details, for which we refer to Langlands’ paper.

1.4.3 The case of GL,

In the case of GL,,, the local Langlands correspondence has been proved also over
non Archimedean local fields.

Fix a finite extension F' of Q,, for some prime p, and an integer n > 1. For GL,
over F', the L-packets are singletons, i.e. equivalence classes of single irreducible
admissible representations of GL,,(F') over C. We then let A% (n) denote the set of
isomorphism classes of irreducible admissible representations of GL,,(F') over C.

Let us remark that since GL,, is split over F', and éin = GL,, then *GL, =
GL, x I'r, so that in this case L-parameters corresponds to (equivalence classes
of) continuous representations ¢ : Wr x SU(2) — GL,(C). The group Wr x SU(2)
is often called the Weil-Deligne group of F', and its representations over C are in
bijection with Weil-Deligne representations of Wy over C, see for instance [96, §4.1].
We let G%(n) denote the set of isomorphism classes of irreducible rank n Weil-Deligne
representations of Wr over C.

Given irreducible admissible representations 7 and 7’ respectively of GL,(F) and
GL,/(F) over C, and an additive character ¢ : F' — C*, it is possible to define an
L-function L(m x 7’,s) and an e-function e(m x 7’4, s), for s € C. We refer, for
instance, to [63] and [64] for these constructions.

The following result has been proved independently by Harris and Taylor, see [60,
Theorem VII.2.20], and by Henniart, see [62, Théoreme 4.2]. Later, an alternative
proof has been given by Scholze, see [87, Theorem 1.2].

Theorem 1.4.1. For any finite extension I’ of Q, there exist a collection of bijections
recy : A%(n) = G(n)

for every integer n > 1 satisfying the following properties.
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(1) If x € A%(1), then recp(x) = x o Artz'.
(2) If 7 € A%(n), and 7' € A%(n), then

L(m x 7', s) = L(recp(m) @ recp (), s),

e(m x 7,1, s) = e(recp(m) @ recp ('), 1, s).

(3) If m € A%(n), and x € A%(1), then recp(m ® (x o det)) = recr(m) @ recp(x).
(4) If 7 € A%(n) has central character x, then detrecp(m) = recp ().
(5) If m € A%(n), then recp(m") = recp ().

A collection of bijections recp satisfying properties (1)-(5) of the above theorem
is called a local Langlands correspondence for GL, over F. It is unique by results of

Henniart, see [61, Théoreme 4.1].

1.5 Algebraic automorphic representations

In this section, we introduce the class of algebraic automorphic representations to
which geometric Galois representations are conjecturally (and in some cases actually)
attached. We start by recalling the general definitions of automorphic forms and
representations for reductive algebraic groups over number fields in Afterwards,
we quickly move again to the local setting, where we present the Satake isomorphism
for spherical Hecke algebras in §1.5.2] and some natural algebraicity conditions over
Archimedean local fields in §1.5.3] These local preliminaries will allow us to define

algebraicity conditions for automorphic representations in §1.5.41

1.5.1 Generalities on automorphic forms and representations

Let F' be a number field, and let G be a connected reductive algebraic group over
F. Fix maximal compact subgroups K, of G(F,) for each infinite place v of F.

Let G(Fx) = [[,1o G(Fy) and G(Apy) = H;m G(F,), where the second product
is restricted with respect to a choice of compact open subgroups K, of G(F,) for each
finite place v of F', and let G(Ar) = G(Fx) X G(AF,s) be the group of adelic points of

G over F'. We review here some representation theory of G(Fu) and G(Ap ¢), roughly

v]oo

following the exposition of [45]. Throughout this exposition, we fix Haar measures,

which we all denote (if not otherwise specified) by “meas”, on each of the groups
G(F,), G(Fy), and G(Agy).
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Let us first of all consider the Archimedean case. For each infinite place v of
F, let g, be the Lie algebra of G(F,), viewed as a real Lie group. The product
K = Hv|oo K, is a maximal compact subgroup of G(Fi). We let g = @yjo08y be the
Lie algebra of G(F), viewed as a real Lie group. It is then possible to define a notion
of (g, Ko)-module (resp. admissible (g, Ko )-module) exactly as in §1.4.1]

For each infinite place v of F, let H, = Hc(G(F,), K,) be the Hecke algebra of
(G(F,), K,). Define the Hecke algebra of (G(F), K«) to be the convolution algebra
Hoo = He(G(F), Koo) of distributions on G(F,,) with support in K, which are K-
finite under both left and right translation. We have a decomposition Ho, = @yjocHo,
and we have that H., is naturally an idempotented algebra, with idempotents of the
form

€y X~d K,

1
~ dymeas(Ko)
for ~ finite dimensional irreducible representations of K., of rank d, and character
X~, and where dK o, denotes a Haar measure on K, normalised to give unit volume
to K.

A H-module V' is said to be nondegenerate if Ho,V = V', admissible if e,V
is finite dimensional for all finite dimensional irreducible representations v of K.
There is an isomorphism between the category of (g, K )-modules and the category
of nondegenerate Ho,-modules. Furthermore, a (g, K )-module is admissible if and
only if the corresponding H.,-module is admissible.

Let us now move to the non Archimedean setting. We say that a G(Af ;)-module
V' smooth if the stabiliser of every vector in V' is open; equivalently, if V' = U, VEr,
where Ky runs over the compact open subgroups of G(Ags). We say that V is
admissible if it is smooth, and for all compact open subgroups Ky of G(Ap ) the
space V&7 of K -fixed vectors in V' is finite dimensional.

Given a commutative ring R with unit, for any finite place v of F', let Hgr(G(F,)) be
the Hecke algebra of G(F,) over R, and for any compact open subgroup K, of G(F,),
let ex, be the corresponding idempotent of Hr(G(F,)). Define the Hecke algebra
of G(Ap) over R to be the convolution algebra Hz(G(Af)) of locally constant
R-valued functions on G(Ap ) with compact support. We have a decomposition
Hr(G(Apy)) = @, Hr(G(F,)), where the tensor product is restricted with respect
to the idempotents ex,. The algebra Hr(G(Af)) is then an idempotented algebra.
For simplicity of notation, set H, = Hc(G(Fy)) for any v, and H; = He(G(Agy)).

A Hp-module V is said to nondegenerate it H;V = V', admissible if it is non-
degenerate and if for all compact open subgroups Ky of G(Ary) the space 1g,V,

where T, denotes the characteristic function of Ky, is finite dimensional. There is an
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isomorphism between the category of smooth G(Ap f)-modules and the category of
nondegenerate #H p-modules. Furthermore, a G(Ap, s)-module is admissible if and only
if the corresponding H s-module is admissible.

An admissible G(Ar)-module is a vector space V' which is both an admissible
(9, K& )-module, and an admissible G(Aps)-module, and such that the action of
G(Ap ) commutes with the action of g and K.

Let us conclude this abstract representation theory overview with the statement
of Flath’s tensor product decomposition theorem. For each finite place v of F, fix
compact open subgroups K, of G(F,). There exists a finite set S of places of F,
containing all the infinite places, such that G extends to a reductive group scheme ¢
over the ring Opg of S-integers of F. For each v ¢ S, the compact open subgroup
G(Op,) of G(F,) is hyperspecial by [102], §3.9.1]. At these places, we can then choose
K, = G(Op,). Recall that in this case the algebra H(G(F,), K,) = Hc(G(F,), K,) is
commutative, and hence for any irreducible admissible G(F,)-module V, the space
VEv of K,-fixed vectors in V,, has dimension at most 1. The following decomposition
theorem has been proved by Flath in [45] §3].

Theorem 1.5.1. Let V' be an irreducible admissible G(Ap)-module. Then, for each
infinite place v of F' there exists an irreducible admissible (g, K,)-module V,, and for
each finite place v of F there exists an irreducible admissible G(F,)-module V,, such

that, for almost all finite v, the space V.Xv contains a nonzero vector f°, such that
VRV,
where the tensor product is restricted with respect to the vectors fO.

We can now define automorphic forms and representations of G(Ar), following
roughly the exposition of [I9]. Let us start by recalling the notion of classical
automorphic form on G(Fy).

A norm ||-|| on G(F) is a function on G(FL) of the form ||z|| = (Tt (o(z)*o(x)))"/?,
where o is a representation of G(F,,) on a finite dimensional Hilbert space V', which has
finite kernel, and such that o |k_ is unitary. (Here % denotes the adjoint with respect
to the inner product on V). We say that a complex valued function f: G(F) — C
is slowly increasing if there exists a norm || - || on G(FL), a constant C' > 0, and an

integer > 0 such that

[f(@)] < Clll”, Vo € G(Fu).-
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Two subgroups I and I of the same group are said to be commensurable if ' N T
has finite index in both I and I". Fix a faithful representation G — GL,, , and let
G be the schematic closure of G in GL,, 0,. We say that a subgroup I' of G(F) is
arithmetic if I and G(Op) are commensurable. It is possible to show that the notion of
arithmeticity does not depend on the choice of the faithful representation G' = GL,, .

Let us fix an arithmetic subgroup I" of G(F'), and let Z(gc) denote the centre of the
universal enveloping algebra U(gc) of gc = g ®r C. We give the following definition.

Definition 1.5.2. A C* complex valued function
f:G(Fy)—C

is said to be an automorphic form on G(F,) with respect to I if it satisfies the

following conditions.
(1) It is left I-invariant.
(2) There is an idempotent £, € Ho, such that f * . = f.
(3) There is an ideal J of Z(g¢) of finite codimension which annihilates f.
(4) Tt it slowly increasing.
In this case, we sometimes say that f is of type (I',{w, J, Kx)

We denote by A(T, €, J, K ) the space of automorphic forms of type (I', £, J, Koo)
on G(Fy), and we let A(L', J, K) = U A(L, €, J, Ko ), which is naturally a (g, K )-
module. A result of Harish-Chandra gives that A(I', J, K,) is admissible as a (g, K )-
module, and hence each A(T',{w, J, K) is finite dimensional, see [58, Theorem 1].

Let us now move to the adelic setting. A complex valued function f : G(Ar) — C
is said to be smooth if it is continuous, and viewed as a function of two arguments
r € G(Fy) and y € G(Apy) it is C* in x (resp. locally constant in y) for fixed y
(resp. fixed x).

Define the Hecke algebra of G(Ap) to be H = Hoo ® Hy. We say that an element
§ € H is simple if it is of the form { = { ® &y, Where {o, € Ho, and §; € Hy. We

give the following definition.

Definition 1.5.3. A smooth complex valued function
is said to be an automorphic form on G(Ap) if it satisfies the following conditions.
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(1) It is left G(F')-invariant.
(2) There is a simple element £ € H such that f*x & = f.
(3) There is an ideal J of Z(g¢) of finite codimension which annihilates f.

(4) For each y € G(Ap) the function z — f(zy) on G(F) is slowly increasing.
In this case, we sometimes say that f is of type (£, J, K).

We denote by A(&, J, K« ) the space of automorphic forms of type (£, J, K ) on
G(Ap). Given a compact open subgroup Ky of G(Ap ), we define the idempotent
1

- 9
K meas(Ky) K

f
of Hy, where, as above, 1, denotes the characteristic function of K. Note that there
exists a compact open subgroup Ky of G(Ay) such that §; * ex, = &;. In this case,
we see that A(E, J, Koo) C A€o * €k, J, Koo). Without loss of generality, let us then
assume that { = {,, ® eg;, for some K;. The double quotient G(F)\G(A)/G(Fy) Ky
is finite, see [16], and so there is a finite set T' of double coset representatives, which

we can assume to be contained in G(Agy). For t € T', we let
[, =GF)N(G(Fy) xt-Ky-th),

which is an arithmetic subgroup of G(F'). Given a complex valued function f on
G(Ap), and t € T, we define a function f; on G(Fy) by fi(z) = f(tz), for € G(F).
It is immediate to check that f is left G(F)-invariant if and only if f; is left I';-invariant

for every t € T. The map f > (fi)ter induces then an isomorphism
A(f? ’]7 Koo) :> EBtETA<Ft7 fooa J7 Koo)7

which immediately implies that A(, J, K ) is finite dimensional.
Let N be the unipotent radical of any proper parabolic subgroup P of G defined

over F. A continuous (resp. measurable) complex valued function f: G(Ap) — C is

/ f(nz)dn =0
N(F)\N(AF)

for all (resp. almost all) x € G(Ag).

said to be cuspidal if

An automorphic form f on G(Ap) is said to be a cusp form if it is cuspidal. We
denote by A°(¢, J, K) the space of cusp forms of type (£, J, K) on G(Ar).

The global Hecke algebra H naturally acts by right convolution on the spaces
A(, J, Ky) of automorphic forms on G(Ap). We can finally give the following

definition.
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Definition 1.5.4. An automorphic representation (resp. cuspidal automorphic repre-
sentation) of G(Af) is an irreducible H-module which is isomorphic to a subquotient

of a representation of H on a space of automorphic forms (resp. cusp forms) on G(Ap).

Let 7 be an automorphic representation of G(Ar). Then, m decomposes as a tensor
product m = 7, @ 7f, where m is an irreducible H-module, and 7 is an irreducible
H s-module, each of which is admissible by [19, Proposition 4.5]. It follows that 7 is
naturally an irreducible admissible G(Ar)-module, and so by Theorem it has a
decomposition

/
™= R,Ty.

For any finite set S of places of F, we let 7% = ®! ¢sTv; and we define the
contragradient of 7 to be ©¥ = ! 7.

Let Z be the greatest torus, split over F', of the centre of F, and let m be an
automorphic representation of G(Ar) on a C-vector space V. Then, by Schur’s lemma,
the group Z(Ar) acts on V' via a character x,, that is 7(2) = x(z)Id for all z € Z(Ap).
We call x, the central character of m. Note that since automorphic forms are left
G(F)-invariant, then y, factors through the quotient Z(F)\Z(AF).

Let x be a complex character of Z(F')\Z(Ar). Define the space

L*(G(F)\G(Ar))y
={f € LA(G(F)Z(Ap)\G(AF)) : f(zx) = x(2)f(2), V2 € Z(Ap), Yo € G(Ap)} .

The group G(Ar) acts on L*(G(F)\G(Ar)), by right translation. A function
f € L*(G(F)\G(AF)), is said to be K-finite, for some maximal compact subgroup
K of G(AF), if its right translates by elements of K span a finite dimensional vector
space. By [45, Theorem 4], for any G(Ap)-invariant irreducible closed subspace V'
of L*(G(F)\G(AF)),, the subspace Vg, of K-finite vectors in V' is an automorphic
representation of G(Ar). We call discrete an automorphic representation of G(Ar)
arising in this way. A result of Gelfand and Piatetski-Shapiro, see [52], gives that the
subspace L3(G(F)\G(Ar)), of cuspidal functions in L?(G(F)\G(Ar)), decomposes as
a discrete sum with finite multiplicities of closed irreducible G(Ar)-invariant subspaces.
The subspaces of K-finite vectors in these subspaces give, up to isomorphism, all the
cuspidal automorphic representations of G(Ar) with central character y. In other

terms, all cuspidal automorphic representations of G(Af) are discrete.
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1.5.2 The Satake isomorphism

Let I be a finite extension of Q,, for some prime p, and let G' be a connected
reductive algebraic group over F'. Assume that G is unramified. Recall that in this
case, if K is an hyperspecial subgroup of G(F'), and 7 is an irreducible admissible
representation of G(F) on a C-vector space, then V5 has dimension at most 1. We
say that 7 is unramified, or spherical, if VX # {0}.

Let now 7 be an automorphic representation. By Flath’s tensor product decompo-
sition theorem we have an isomorphism 7 = ®! m,. Part of this result actually consists
in showing that the representations m, are unramified for all but finitely many finite
places v. We show here how unramified representations can be characterised by means
of their (so called) Satake parameters.

For simplicity, let us assume that G is split, refer to |28 §4.2] for the general
unramified case. Let T' C B be a maximal torus, contained in a Borel subgroup of G,
let G be the complex dual group of GG, and let T C B be a maximal torus, contained
in a Borel subgroup of G, so that there is an isomorphism X*(T) = X,(T).

Fix a hyperspecial subgroup K of G(F'), and let H(G(F'), K) be the Hecke algebra
of (G(F),K). As anticipated in in this case we have that H(G(F), K) is
commutative. This can be proved straightforwardly via the Satake isomorphism.

Let N be the unipotent radical of any proper parabolic subgroup P of G defined
over F', and let dn be the unique Haar measure on N(F') which gives N(F) N K
volume 1. Let § : B(F) — Ry be the modular function on B(F') defined by the
formula d(bnb=') = §(b)dn, for all b € B(F). Since ¢ is trivial on N(F'), it defines a
character ¢ : T(F') — Ry. For any f € H(G(F), K), define its Satake transform to
be the function Sf on T'(F') given by the integral

SF(#) = 5(t) /N | Jman (e T(P)

The function Sf is actually a function on T(F)/(T(F) N K) = X,.(T), with
values in C. This gives that the Satake transform S induces a ring homomorphism
from H(G(F), K) to the ring C[X,(T)] of C-valued functions on X, (T"). Recall that
X*(T) = X,(T), so that S can be considered to take values in C[X*(T)]. Let W(G,T)
be the Weyl group of G with respect to T. The main result is that the image of &
lies in the subring C[X *(f)}W(@,f) of W(G,T)-invariants in ClX *(f)] More precisely,
the following result holds, see [28, Theorem 4.1].

Proposition 1.5.5. The Satake transform gives a ring isomorphism
S H(G(F),K) = CIX*(T)WED,
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The isomorphism of Proposition [1.5.5] is often called the Satake isomorphism.
Note that, this immediately implies that the spherical Hecke algebra H(G(F), K) is
commutative.

Let Repe(G(C)) be the representation ring of G(C) over C, that is the Grothendieck
ring of the category Repg(G(C)) of finite dimensional representations of G(C) over
C. We have Repg(G(C)) = C[X*(f)]w(é’f), and so H(G(F), K) = Repe(G(C)) via
S. A further consequence of Proposition is that we can associate (uniquely) to
any (isomorphism class of) unramified irreducible admissible representations of G(F)
over C a semisimple conjugacy class in G (C). This relies on the fact that the complex
characters of Repc(@ (C)) are indexed by the semisimple conjugacy classes in G (C).

Let 7 be an unramified irreducible admissible representation of G(F') on a C-vector
space V. Let f € H(G(F), K). Then, n(f) acts via a scalar on V¥ and hence on all
V. We denote this scalar by Tr7(f). The map

H(G(F),K)—C, [~ Trx(f),

is then a character of H(G(F), K). Via &, this induces a character of Repg(G(C)).
We denote by ¢(7) the semisimple conjugacy class in G (C) attached to it. We refer to
[56, Proposition 6.4] for the following result.

Proposition 1.5.6. The map m — c(7w) gives a bijection between the set of isomor-
phism classes of unramified irreducible admissible representations of G(F') over C and

the set of semisimple conjugacy classes in @((C)

Given 7 as above, we call Satake parameters on 7 the eigenvalues of a representative
of the conjugacy class c(m).

For the purposes of this section, see in particular §1.5.4] it would be useful
to consider, following [23, §2.2], the natural Q-structures on H(G(F'), K) coming
from the Q-valued functions Ho(G(F), K) and from Q[X*(f)]w(a’f) via the Satake
isomorphismﬂ If 7 is an unramified irreducible admissible representation of G(F') on a
C-vector space V, then the action of H(G(F), K) on V¥ induces maps Ho(G(F), K) —
C and Q[X*(f)]w(é’f) — C. Given a subfield E of C, we say that

(1) 7 is defined over E if Ho(G(F'), K) — C takes values in E;

(2) the Satake parameter of 7 is defined over E if Q[X*(T\)]W(é’f) — C takes values
in E.

®Note that the Satake transform on Hg(G(F), K) does not induce in general an isomorphism
Ho(G(F), K) = Q[X*(T)]W(E@T) and so Ho(G(F), K) and Q[X*(T)]W(GT) give in general distinct
Q-structures on H(G(F), K).
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The Satake parameters can be used to give a quick definition of global partial
L-functions of automorphic representations, for which we refer, for instance, to [17].
For the purposes of this work, we restrict to the case of GL,, with its standard
representation.

Let F' be a number field, and let 7 be an automorphic representation of GL,,(Ar).
Decompose 7 as a tensor product m = ®! m,. Then, there is a finite set S of places of F’
such that 7, is unramified for all v ¢ S. For each v ¢ S, let ¢(m,) be the corresponding
semisimple conjugacy class in GL, (C) = GL,(C) given by Proposition m Define

then the partial L-function of m as

L¥(m,s) = [ [ det(1 — (#k(v))*e(m,)) ",
vgsS
where the infinite product converges for Re s large enough. Also, as a consequence
of a classical result of Godement and Jacquet, see [55, Corollary 13.8], the partial
L-function L®(r, s) is known to have meromorphic continuation to the whole complex

plane.

1.5.3 Local definitions

Let I’ be an Archimedean local field, and let G be a connected reductive algebraic
group over F. Let g be the Lie algebra of G(F), viewed as a real Lie group, and
let K be a maximal compact subgroup of G(F'). Recall that the local Langlands
correspondence for G over F, proved by Langlands in [73], establishes a bijection
between the set of irreducible admissible (g, K )-modules and the set of G(C)-conjugacy
classes of continuous admissible homomorphisms ¢ : Wr — YG(C), see For
any of such m, we let ¢, be the corresponding admissible homomorphism.

Fix an algebraic closure F of F, and let T C B be a maximal torus, contained
in a Borel subgroup of G'. Let us also choose a maximal torus T C §, contained
in a Borel subgroup of G. Let now ¢ : Wp — LG(C) be a continuous admissible
homomorphism. The group Wr contains a finite index subgroup canonically isomorphic
to F. After possibly conjugating ¢ by an element of @((C), let us assume that
o(F") C f(@) Let 0,7 : F = C be the two R-isomorphisms. Then, for z € F we
have ¢(2) = o(2)*7(2)*, for \,, \; € X, (f) ®g C such that A\, — \; € X*(f) Since
there is usually more than one way of conjugating ¢(F ) into f(@), we have that the
pair (A,, A;) € (X*(f) ®g C)? is a well-defined invariant of ¢ only up to the (diagonal)
action of the Weyl group W (G, T).

A natural notion of “algebraicity” is then the following.
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Definition 1.5.7. We say that ¢ : Wr — YG(C) is L-algebraic if A\, € X*(T). We
say that an irreducible admissible (g, K')-module 7 is L-algebraic if ¢, is L-algebraic.

Note that the notion of L-algebraicity is well-defined, as A, is well-defined up

~

to an element of W(G,T), but W(G,T) preserves X.(T) = X*(T). Also, since
Ao — Ar € X.(T) = X*(T), we have that \, € X*(T) if and only if A, € X*(T), and
so the notion of L-algebraicity does not depend on the choice of the isomorphism
o: F = C. Let us also remark that the notion of L-algebraicity for an L-parameter
depends only on its restriction to FX, and the notion of L-algebraicity for an admissible
representation of G(F') depends only on its central character.

Let us now introduce a second notion of algebraicity, which generalises to any
reductive group Clozel’s original definition for GL,, see [33, §1.2.3]. We denote by

d € X*(T') ®g C half the sum of the positive roots. We give the following definition.

Definition 1.5.8. We say that ¢ : Wr — *G(C) is C-algebraic if \, —§ € X*(T). We
say that an irreducible admissible (g, K)-module 7 is C'-algebraic if ¢, is C-algebraic.

Again, the notion of C-algebraicity is independent of the W (G, T)-orbit of \,, as
if \, =6 € X*(T') and w € W(G,T), then w.\, —d = w(A, —9) — (6 —w.0) € X*(T),
and of the choice of the isomorphism o : F = C, as if A, —§ € X*(T), then
Ar—0=(Ao—0)+ (A —=Xy) € X*(T). Also, C-algebraicity for an L-parameter depends
only on its restriction to FX, and (C-algebraicity for an admissible representation of
G(F') depends only on its central character.

We say that a C-algebraic continuous admissible homomorphism ¢ : Wp — LG(C)
is regular C-algebraic is ¢ [zx is not invariant under any nontrivial element of the
Weyl group W (G, T). We say that an irreducible admissible representation = of G/(F)

is regular C-algebraic if ¢, is regular C-algebraic.

1.5.4 Global definitions

Let F' be a number field, and let G be a connected reductive algebraic group
defined over F'. For any automorphic representation 7w of G(Ap), let 7 = ®/ 7, be

is restricted tensor product decomposition. We now give globalised versions of the

definition of §1.5.3|

Definition 1.5.9. We say that 7 is L-algebraic if 7, is L-algebraic for all infinite
places v of F'.

Definition 1.5.10. We say that 7 is C'-algebraic if 7, is C-algebraic for all infinite
places v of F'.
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A C-algebraic automorphic representation 7 of G(Ar) is said to be regular C-
algebraic if m, is regular C-algebraic for all infinite places v of F'.

In the case of GL,, the notion of C-algebraic (resp. regular C-algebraic) automor-
phic representation coincides (in the isobaric case) with Clozel’s notion of algebraic

(resp. reqular algebraic) automorphic representation introduced in [33, §1.2.3].

Definition 1.5.11. We say that « is L-arithmetic if there is a finite set .S of places of
F, containing all the infinite places and all places where 7 is ramified, and a number
field E C C, such that the Satake parameter of 7, is defined over E for all v ¢ S.

Definition 1.5.12. We say that 7 is C'-arithmetic if there is a finite set S of places of
F', containing all the infinite places and all places where 7 is ramified, and a number

field E' C C, such that m, is defined over E for all v ¢ S.

When there is a number field £ C C such that 7, is defined over E for all finite
places v of F', we say that 7 strongly C-arithmetic.

For any finite set S of places of F, the field of rationality Q(7°) is defined as the
fixed field of C under the group {o € Aut(C) : (7%)7 = 7%}. When S is just the set
of all infinite places of F', we simply denote it by Q(7). If 7 is C-algebraic, then Q(m)
is finite over QQ for some finite set .S of places of F', containing all the infinite places
and all places where 7 is ramified. If 7 is strongly C-algebraic, then Q(7) is finite
over Q.

It is conjectured, see [23, Conjecture 5.14, 5.15], that the notions of L-algebraic
(resp. C-algebraic) and L-arithmetic (resp. C-arithmetic) automorphic representation
should coincide. However, not much is known in this generality.

A class of algebraic automorphic representations which naturally arise in many
contexts considered in this work is that of cohomological representations.

Let g be the Lie algebra of G(F), let gc = g ®r C, and let K, be a subgroup
of G(FL), whose image in G*(F,,) is a maximal compact subgroup. Let K2 be the
connected component of the identity in K. Let m be an automorphic representation
of G(AFr). We give the following definition.

Definition 1.5.13. We say that 7 is £-cohomological, for some irreducible algebraic
representation £ of Resp/gG over C, if H'(gc, K2, oo ® ) # {0} for some i > 0.

For any sufficiently small open compact subgroup K; of G(Apy), consider the

locally symmetric space
Yok, = GIE)\G(Ap)/ K5 K.
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Let £ be an irreducible algebraic representation of Resp/gG over C, and denote

by L¢ the associated local system of C-vector spaces on Yg . The following result
holds.

Proposition 1.5.14. Let 7 be a {-cohomological automorphic representation of G(Af).

Then, m 1s C-algebraic. Moreover, if m is also cuspidal, then
(1) 7y is a G(Apf)-module direct summand of hAle H'(Ygk,,Le) for some i > 0.
(2) 7 is strongly C-arithmetic.

Refer to [23, Lemma 5.52], or [94, Lemma 2.14], for a proof of the first part of this
proposition, and to [94) Proposition 2.15] for the second part, which for general linear
groups has been shown by Clozel in [33, Théoreme 3.13, Lemme 3.14, 3.15].

In the case of GL,, the picture is way more clear. We have the following result.

Proposition 1.5.15. Let w be an automorphic representation of GL,(Ar). Then

2

(1) 7 is L-algebraic if and only if m @ | det ];?71)/ is C-algebraic.

(2) 7 is L-arithmetic if and only if 7 ® | det |<;H)/2 is C-arithmetic.
(3) If 7 is cuspidal, and regular C-algebraic, then it is &-cohomological for some &.

Refer to [23], Proposition 5.35, 5.36] respectively for the first and the second part,
and to [33] Lemme 3.14] for the third part. Note in particular that for any regular
C-algebraic, cuspidal automorphic representation m of GL,, (Ar), the field of rationality
Q(7) is a number field, as 7 is strongly C-arithmetic.

Following Clozel’s original terminology, in this work we simply say that an auto-
morphic representation 7 of GL,(Ar) is reqular algebraic if it is regular C-algebraic.
In this case, if 7 is also cuspidal, then it is £-cohomological, for some irreducible
algebraic representation § of Resp/gGL, over C, and so 74, has the same infinitesimal
character as &.

Denote by (Z")Hem(FO+ the set of elements a = (a,;) € (Z")HomF0) satisfying
Ar1 > 2 Qr -

For a € (Z")Hom(0:+ " denote by &, the irreducible algebraic representation of
Resp/gGL,, over C which is the tensor product over 7 € Hom(F, C) of the irreducible
representations of GL, with highets weights a,. We say that a regular algebraic
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cuspidal automorphic representation 7 of GL, (Ar) has weight a if 7., has the same
infinitesimal character as &

We say that the weight a = (a,;) of a regular algebraic cuspidal automorphic
representation 7 of GL,(Af) is extremely regular if there exists an embedding 7 :
F — C such that, if H and H' are subsets of {a,; +n —i : i =1,...,n} of the same
cardinality, and if >, h =3, .y I/, then H = H'.

If 7 is a regular algebraic cuspidal automorphic representation of GL,(Ar) of
weight a = (a,;), by Clozel’s purity lemma, see [33, Lemme 4.9], there exists an integer
w € Z such that a,; + a7 ,11-; = w for each 7 € Hom(F,C) and i = 1,...,n, where

we denoted by 7 the complex conjugate of .

1.6 Compatible systems attached to algebraic
automorphic representations

Assume now that F' is a CM field, denote by F'* its maximal totally real sub-
field, and by ¢ a generator of Gal(F/F™). Let m be an automorphic representation
of GL,(Ap), and let x : A5, /(F*)* — C be a continuous character such that
Xo(—1) = (—=1)" for all v | co. We say that the pair (, x) is a polarised automorphic
representation of GL,(Ap) if 7° =2 7V ® (x o Ng/p+ o det). (Here m° denotes the
composition of 7 with the complex conjugation ¢ on GL,(Ar)). When 7¢ = 7V we
just say that 7 is conjugate self-dualf]

Thanks to the work of many people, e.g. [33], [69], [60], [93], [32], geometric
compatible systems can be attached to regular algebraic, conjugate self-dual, cuspidal
automorphic representations of GL,,(Ar), for F'a CM ﬁeldﬂ. We recall here the general
statement of this construction, which also involves results of [100], [26] and [27]. We

have:

Theorem 1.6.1. Let w be a reqular algebraic, conjugate self-dual, cuspidal automorphic
representation of GL, (Ar), unramified outside a finite set S of places of F'. Then, there
exist a number field E., a compatible system R, = {pﬂv)\}AE\Ewl of rank n semisimple

representations
Pr I'r — GLn(EW,A>

with coefficients in E., and an integer w such that:

SFor simplicity, in this work we will just consider conjugate self-dual automorphic representations,
instead of polarised ones as in [6].
"An analogous construction holds also when F is a totally real field.
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(1) pr is totally odd, conjugate self-dual.

(2) Ifv is a place of F' not dividing the residue characteristic of \, then, given an

1somorphism 1 : EWA = C, we have the local-global compatibility
tWD(pra [rp, )T = ey (m, @ | det [(7/2),
and these Weil-Deligne representations are pure of weight w.

(3) Each representation p,  is de Rham at all places above the residue characteristic
of A, and for each embedding T : F — E, the T-Hodge-Tate weights of pr » have

multiplicity at most one, and are given by
HT (pzn) ={ar1+n—1la;0+n—2,...,a:n},
where a = (a,;) is the weight of m. Moreover

HTTOC(ﬂW,A) = {"LU —h:he HTT(pﬂ)\)} :

(4) If v is a place of F dividing the residue characteristic of \, then, given an

tsomorphism 1 : Em,\ = C, we have the local-global compatibility
tWD(prx [y, )77 = rec, (m, ® | det [(7772).
In particular, py x is semistable at v, and if v ¢ S then it is crystalline.

The compatible system R, is then a geometric compatible system of rank n
representations of I'r with coefficients in E, and unramified outside S, in the sense
of Definition [I.3.1} Moreover, it is strictly pure of weight w, regular, and conjugate
self-dual.

Irreducibility of the compatible system R, is conjectural, and only partial progress
has been obtained in this direction so faiffl

Given an embedding 1 : E; — C, we have L¥(1R,, s) = L%(r,s) for Res large
enough. Since L°(m,s) has meromorphic continuation to the whole complex plane
by the above mentioned result of Godement and Jacquet, it makes sense to continue
L3R, s) as a meromorphic function on the whole complex plane.

We say that a geometric compatible system R of rank n representations of I'g
defined over a number field £ and unramified outside a finite set S of places of F' is

automorphic if there exists a regular algebraic, cuspidal automorphic representation 7

8We discuss this topic more precisely in
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of GL,(Ar) and an embedding ¢+ : E — C such that if v ¢ S, then 7, is unramified,
and rec, (7, ® | det |/ *)(Frob,) has characteristic polynomial 1Q,(t). Note that if
R is conjugate self-dual, so is 7. Also, it follows from [33, Théoreme 3.13] that if
R is automorphic for some m and 2, then for any embedding ¢ : E — C there is a
regular algebraic, cuspidal automorphic representation 7’ of GL, (Ag) such that if
v ¢ S, then 7} is unramified, and rec, (7, ® |det| {=m/ *)(Frob,) has characteristic
polynomial 7/Q,(t).

When a conjugate self-dual geometric compatible system R is automorphic for
some regular algebraic, conjugate self-dual, cuspidal automorphic representation 7 of
GL,(AF), then R = R, by the Cebotarev density theorem and [20, §12.1, Proposition
3].

Remark 1.6.2. A construction of /-adic Galois representations for regular algebraic
cuspidal automorphic representations of GL, (Afg), for F' totally real or CM, without a
self-duality assumption has been recently achieved by Harris, Lan, Taylor and Thorne
in [59], and by Scholze in [88]. However, the proof that these representations are de
Rham at places v | £ and the proof of a local-global compatibility and crystallinity
statement at the places v | ¢ where the automirphic representation is unramified
is still (to the extent of the author’s knowledge) work in progress by Varma [104].
General constructions of geometric Galois representations from algebraic automorphic
representations of G(Af), for any connected reductive group G over a number field F,
are conjectured by Buzzard and Gee in [23] §3.2, 5.3].

1.7 Potential automorphy and irreducibility of
compatible systems

Let F' be a number field, let ¢ be a prime, and let n > 1 be an integer. The global
Langlands conjecture for GL,, over F' predicts the existence of a unique bijection
between the set of isomorphism classes of L-algebraic (resp. C-algebraic) cuspidal
automorphic representations m of GL,(Ar) and the set of isomorphism classes of
irreducible geometric representations p : 'y — GL,(Q,). Furthermore, this bijection
is conjectured to be compatible with the local Langlands correspondence for GL,, at
the finite places of F.

In §1.6, we have seen how geometric Galois representations can be attached
to regular algebraic, conjugate self-dual, cuspidal automorphic representations of
GL,(AFr), when F is a CM field. Also, we have seen how these automorphic Galois
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representations naturally arise as part of geometric compatible systems. On the basis
of the construction of §I.6| we then expect the existence of a unique bijection between
the set of regular algebraic, conjugate self-dual, cuspidal automorphic representations
of GL,,(Ar), and the set of (isomorphism classes of) regular, totally odd, conjugate
self-dual, irreducible geometric compatible systems of rank n representations of I'g.
Also in this case, the bijection is required to be compatible with the local Langlands
correspondence for GL,, at the finite places of F.

The only remaining issue with the arrow from “automorphic” to “Galois” in this
conjectural bijection is that of the irreducibility of automorphic compatible systems.
As for the arrow from “Galois” to “automorphic”, on the other hand, significant
progress has been obtained by the work of Barnet-Lamb, Gee, Geraghty and Taylor
in [6].

The main result of [6] in this direction is the following potential automorphy

theorem for (finite collections of) A-adic Galois representation&ﬂ

Theorem 1.7.1 ([0, Theorem 4.5.1]). Let F//Fy be a finite Galois extension of CM
fields, and let F*°9/F be q finite Galois extension. Let {pi}le be a family of regular,
totally odd, conjugate self-dual representations p; : T'r — GLy,, (Ey,). For each i, let
l; be the residue characteristic of \;, and let d; be the mazimum dimension of an
wrreducible constituent of the restriction of p; to the closed subgroup of I'r generated

by all the Sylow pro-f;-subgroups. Assume that for each i:
o (; >2(d;+1) and (, ¢ F.
e p; is potentially diagonalisable at each place of FT above {;.
D ]FF(%_) 15 wrreducible.

Then, there are a finite CM extension F' of F, linearly disjoint from F*°'4 over F
and with F' | Fy Galois, and for each i a regular algebraic, conjugate self-dual, cuspidal
automorphic representation m; of GLy,(Ap) which is unramified at each place of F’

above {;, and such that, if X, is a place of E,, above {;, then PN, ®F_ Em)\; = p; |FF"

When the conclusion of this theorem holds for a collection {pi}le of (non nec-

essarily totally odd, conjugate self—dua]@ regular representations p;, we say that

9An analogous result holds also in the totally real case.
10Recall that a construction of automorphic Galois representations is available also in the non
conjugate self-dual case, see Remark
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the representations p; are simultaneously potentially automorphic. At the level of

geometric compatible systems, Theorem implies the following!]

Corollary 1.7.2 ([6, Corollary 5.4.2]). Let R = {pr},cp be a regular, totally odd,
conjugate self-dual, irreducible geometric compatible system of rank n representations
of Up. Then, there is a finite CM Galois extension F' of F such that R |r,, is
automorphic, for some reqular algebraic, conjugate self-dual, cuspidal automorphic

representation m of GL, (Ap).

When the conclusion of this theorem holds, we say that the compatible system R is
potentially automorphic. Another relevant result in this direction has been obtained by
Patrikis and Taylor, see [84, Theorem 2.1], where irreducibility is replaced by a purity
assumption, and the given geometric compatible system is proved to be isomorphic to
a direct sum of potentially automorphic ones.

Note that if a geometric compatible system R of representations of I'r, defined over
a number field F and unramified outside a finite set S of places of F', is potentially
automorphic (or it is a direct sum of potentially automorphic ones) then it is strictly
pure, and given an embedding 2 : E — C, the partial L-function L°(+R,s) has
meromorphic continuation to the whole complex plane, see [6, Corollary 5.4.3].

It is then clear how a proof of the irreducibility of automorphic compatible systems
would be of fundamental importance in establishing the expected global correspondence
for geometric compatible systems (at least up to a finite extension of the base field).

Recall that for a regular algebraic, conjugate self-dual, cuspidal automorphic
representation 7 of GL, (Ar) the global Langlands conjecture predicts all the repre-
sentations p,  in the corresponding geometric compatible system R, = {p.} E|Es|
to be absolutely irreducible. Nevertheless, for the purposes of this work, see it is

enough to formulate the following weaker conjecture.

Conjecture 1.7.3. Let m be a regular algebraic, conjugate self-dual, cuspidal auto-
morphic representation of GL,(Ar). Then, there exists a set of rational primes L of
Dirichlet density 1 such that for all ¢ € L and X | € the representation

Pr FF — GLn(Em)\)

15 absolutely irreducible.

1 Also in this case, we have a version for finite collections of geometric compatible systems (which
we decided to omit to simplify our exposition). Again, an analogous result holds in the totally real
case as well.
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So far, Conjecture has been only proved either:

e under local assumptions on the automorphic representationﬁ, see [100];
e in lower dimensional cases, see [24]] (over totally real fields) and [109);

e when the automorphic representation has extremely regular weight,
see [0];

e at a set of primes of positive Dirichlet density, see [84].

All these irreducibility results (apart for the first one) rely on an L-function
argument, which we are now going to summarise in a single proposition. The proof of
it is essentially the same as the proof of [6, Theorem 5.5.2], but we decided to include
it here for the sake of completeness.

Before presenting the L-function argument let us recall that, if F' is a number field,
and 7 and 7’ are cuspidal automorphic representations respectively of GL, (Ar) and
GL,/(AF), with tensor product decompositions respectively 7 = ®'m, and 7’ = ®'n,

and S is a finite set of places of F', one can define a (Jacquet-Shalika) partial L-function

L(n x ', s) = HLWUXTS seC,
v S

where the product converges for Re s large enough, and for Res > 1 if 7 and #n’ are
unitary. In addition, when 7 and 7’ are unitary, the partial L-function L(7 x 7', s) has
meromorphic continuation to the whole C, and is holomorphic and nonzero at s =1,
unless m 2 (7')V, in which case it has a simple pole, with ord,_, L%(7 x V) = —1, by

results of Shahidi, see [92], and of Jacquet and Shalika, see [65].
If 7 and 7’ are regular algebraic and cuspidal then there exist integers w and w’

such that 7 ® | det | ™™™"% and 7 ® | det | ™2 are unitary, and so

L (m x (7)Y, s+ (w —w' +n' —n)/2)
= L¥((r @ |det ["72) x (o' @ | det |5 T, 5)

has meromorphic continuation to the whole C, and is holomorphic and nonzero at

w'—w+n—n')/2

s =1, unless 1 & 7’ ® | det | , in which case it has a simple pole, of order

—1.

2In this case, one can actually get (easily) absolute irreducibility of p, » for all A. In fact, if we

assume for instance 7 to be square-integrable at some finite place v of F, then rec, (7, ® | det |q,1 m/ 2)
would be indecomposable. Now, since local-global compatibility holds at v, and p, » is semisimple,
this implies that p, x is absolutely irreducible.

13More precisely, we refer here to [24, Theorem 3.2]. This result is not affected by the published
erratum of [24].
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The announced proposition summarising the L-function argument is the following.

Proposition 1.7.4. Let m be a reqular algebraic, conjugate self-dual, cuspidal au-
tomorphic representation of GL,(Ar). Let L be a set of rational primes such that,
if ¢ € L and X | £, the irreducible constituents of px )N Ewﬁ,\ are simultaneously
potentially automorphic. Then, for all ¢ € L and X | { the representation pry is

absolutely irreducible.

Proof. Let £ € L,let A | £, let p= pr ®p, , Erx, and let
pEELipi

be an irreducible decomposition. Let n; be the rank of p;. Since the representations
p; are simultaneously potentially automorphic by assumption, that is the conclusion
of Theorem holds for the collection {pi}le, with F27°d being the compositum of
the err(pi), for i =1,..., k, there exist a finite extension F’/F, linearly disjoint from
Favoid gyver F', and for each 7 a regular algebraic, cuspidal automorphic representation
m; of GL,,,(Ap/) which is unramified at each place of F’ above ¢, and such that, if

is a place of B, above £, then pr, x ®n, Erx = pi Ir,,, and p; |p,, is irreducible,

N
since p; |r,, is irreducible.
Let S be the finite set of places of F' which divide ¢, or above which 7 ramifies, or

above which F’ ramifies. Then, given an isomorphism 2 : E, y = C, we have
LS((Ry @ RY), s) = L(m x 7%,5)

as meromorphic functions on the whole C. The partial L-function L%(r x 7V, s) has a
simple pole at s = 1, with ord,—; L% (7 x 7, s) = —1, and s0 ords—; L° (1(R,®RY), s) =
—1. We show now that ord,—1 L% (2(R, ® RY),s) = —k, so that we obtain k = 1, as
desired.

By Brauer’s theorem for the (finite) group Gal(F’/F), there exist intermediate
fields F' C F! C F', with F'/F! soluble, characters v, : Gal(F'/F.) — C*, and

integers n.,, for « = 1,..., N, such that

N
_ / T
1= Z ”a[lndrj:& (N
a=1
in the Grothendieck group of finite dimensional representations of Gal(F’/F') over C,
so that

p® Y @gzl(lndﬁgé (plr, ®p" I, ) ® )

48



We can then write
LR, ® RY), s) = L5(u(p® p*), s)

N
= H LS<Z(P|FF& ®p” ’rF&) R Va, 5)”2«.

a=1

By applying the weak lifting result of Arthur and Clozel, see [4, §3, Theorem 4.2],
to any m; with respect to the extensions F”/F! as in the proof of [34, Lemma 4.2.2], we

get regular algebraic, cuspidal automorphic representations 7 of GL,, (Ag;) whose

i
attached A-adic representations are isomorphic (after extension of scalars) to p; \pF, .
Moreover, we have that each p; |1“F, is irreducible.

Therefore, for any «, i, j we get

Ords:lLS(Z(pi |FF& ®p;‘/ ’I‘F&) ® waa 8)
= orde L5 (™) x (n$F*))Y x (o 0 Artr), s+ (nj — ) /2)

= —0ij0p,.1

= — dimEm HOHIEW’/\[FF&]QOZ' |1’*F& ®¢a, Pj |1’*F& )
Summing over ¢, j, it follows that
Ord5:1L5(2<p |FF& ®p\/ |FF(/!) ® ta, S)
= _dimfﬂ.’)\ Homﬁm)\[I‘F&](phF& ®77Z)a7p|FF&)'

Therefore
ord,—1 L°(1(Rr ® RY), 5)

N
= Z n! ord,—1 L (1(p |1~F& ®@p’ |1“F&) ® Ya, 5)
a=1

N
= — Z n/a dimﬁm Homgm[p%}(p |FFA ®wa; P |FFA)

a=1

N

a=1

= —dimg_, Homg_ ii(p, p)

= —k

By the above identity, we then get that £ = 1, and so p,  is absolutely irreducible.
O

49



Remark 1.7.5. If 7 is a regular algebraic, conjugate self-dual, cuspidal automorphic
representation of GL, (Ar), and Rx = {pr}y c|Ey] is the attached geometric compatible
system of rank n representations of I'r, then there is a set £ of rational primes of
Dirichlet density 1 such that, if £ € £, X\ | £, and p; is an irreducible constituent of

P\ ®E,T,>\ Err,)\a then

e p; is regular (obviously as it is a subrepresentation of a regular representation).
e (>2(n+1)and (, ¢ F.

e / is unramified in F', p; is unramified (and hence crystalline) at any place above
¢, and its Hodge-Tate weights lie in a range of the form [a;, a; + ¢ — 2], so that it
is potentially diagonalisable by [0, Lemma 1.4.3.(2)].

® Dilrp,, 18 irreduciblﬁ.

In order to apply Theorem to get simultaneous potential automorphy of
the representations p;, and hence prove Conjecture by the L-function argument
of Proposition [1.7.4] it only remains to show that each p; is totally odd, conjugate
self-dual. Note that if a p; is conjugate self-dual, then it is automatically totally odd
by [11, Theorem 1.2]. The key point is then to show that each p; is conjugate self-dual.
When 7 has extremely regular weight, this holds true for any A, see [0, Lemma 5.4.5],
and so Conjecture follows in this case, see [6, Theorem 5.5.2]. In full generality,
however, this can be only achieved at places A lying above a set of primes of positive
Dirichlet density, as a consequence of the CM nature of the field of rationality Q(m) of
7, see [84, Lemma 1.6], and so Conjecture is proved at least at a set of positive
Dirichlet density, see [84, Theorem 1.7]. When n < 5, it can been shown directly
that (if the field F is totally real) each p; is totally odd (essentially) self-dual, so that
Conjecture follows in this case, see |24, Theorem 3.2]. When n < 6, Conjecture
is proved by combining the results of [84] with some independence of A and
classification results for the Lie algebra of the Zariski closure of the image of p;, 5, see
[109, §9].

It is obvious to remark how finer potential automorphy results, possibly removing
the self-duality assumption, would imply Conjecture[1.7.3]in higher generality. However,
the only available potential automorphy result in the non self-dual case applies so far
(to the extent of the author’s knowledge) to certain 2-dimensional representations and

to their symmetric powers, see [2, Theorem 7.1.10].

4The set of rational primes ¢ such that this property holds is known to have Dirichlet density 1
by [6] 5.3.2].
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Chapter 2

Independence of algebraic
monodromy groups in compatible
systems

This chapter focuses on the study of problems of A-independence of algebraic
monodromy groups in compatible systems. Our approach can be presented in a
general setting. In we introduce the basic terminology, while in and we
recall and extend to our setting the main tools from [75], which will be useful in
Our general method to prove A-independence results for abstract compatible systems
is presented in §2.4] Finally, we see applications of the results of to the case
of geometric compatible systems in and to compatible systems in the positive
characteristic case in §2.6]

2.1 Abstract compatible systems and algebraic
monodromy groups

A group with Frobendi, or simply an F-group, is a pair (I', {F, },.,) where I' is a
profinite group, and {F,} ., is a collection of elements of I', called Frobenius elements,
which are dense in I'. Motivating examples for the definition of group with Frobenii
are clearly the absolute Galois group of a global field, together with the collection
of geometric Frobenii indexed by the finite places of its separable closure, and the
étale fundamental group of a variety over a finite field, together with the collection of
geometric Frobenii indexed by its closed points.

Let (I, {F.},c4) be a group with Frobenii, let £ be a number field, and let A be
a set of finite places of E. We give the following definition|

!Compare [75, Definition 6.5].
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Definition 2.1.1. A compatible system of rank n representations of I' defined over F

and indexed by A is a family R = {pr},c, of continuous representations
pr: T — GL,(E))
such that there is a subset X C A x A satisfying the following conditions.
(1) For every a € A, (a, A\) € & for all but finitely many A € A.

(2) For all (a,\) € X, the characteristic polynomial of py(F,) has coefficients
in £ and is independent of \.

(3) For any places A\i,..., Ay € A, theset {F,, : (a, ;) € X foralli=1,...,m}is

dense in T'.

Remark 2.1.2. Clearly, any geometric compatible system R = {px},c, of represen-
tations of I'g, for F' a number field, as in Definition [1.3.1}is a compatible system in the
sense of Definition with X' being the set of pairs (v, \), where ¥ is a finite place
of F lying above no places in S, and X is an element of A not dividing the residue
characteristic of v. In §2.6] we will consider another fundamental class of examples of

compatible systems, i.e. compatible systems of lisse sheaves on varieties over finite
fields.

As in the case of geometric compatible systems, we will assume from now on all
the compatible systems to be indexed by set of places of the form A = Uy, |E|,, for
L a set of rational primes of Dirichlet density 1. Also, we say that R = {px},., has
coefficients in a finite extension E’ of F if for any A € A the image of p, is contained
in GL, (E},) for some place X of E’ above A. Given two sets £ and L' of rational
primes of Dirichlet density 1, we say that two compatible systems R = {px},., and
R' = {p\} ep defined over a number field £ and indexed by A = Uee,|E|, and
N = U/ |E|p are isomorphic if there exists a subset £” C £ N L' of Dirichlet density
1 such that py = p\ for all £ € £” and X | £, and we write R =») R/, or for simplicity
just R &2 R'. If they both have coefficients have coefficients in E, we say that they
are isomorphic over E if the isomorphisms py = p\ are defined over E

Given an open subgroup I of I" of finite index, if we let A’ ={a € A : F, €I},
then the pair (I, { ¥}, 4/) is also a group with Frobenii, and R [r= {px |}, forms
a compatible system, with X’ = X N (A’ x A).

Let (I, {F.},c4) be a group with Frobenii, and let R = {px},., be a compatible

system of rank n representations of I' with coefficients in a number field E. For any
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A € A, denote by G, the Zariski closure of py(I') in GL,(E)). This is an algebraic
subgroup of GL,, g,, which we call the algebraic monodromy group of py. We recall

the following lemma.

Lemma 2.1.3 ([75, Lemma 6.9]E[). If py is semisimple, then G is reductive. If
moreover py is absolutely irreducible, then the natural representation Gy — GL,, g, s

absolutely irreducible.

Denote by Gf the connected component of the identity of Gy. It is immediate to
notice that if IV is an open subgroup of I', and G, denotes the algebraic monodromy
group of py |/, then the connected component of the identity G of G\ coincides with
GS.

In the next sections, we consider the problem of studying the algebraic monodromy
groups Gy of R = {px},c, varying A. The hope in this context is to find a global
algebraic subgroup G of GL,, g defined over E such that G is conjugate to G X g E)
over E) for any A € A. This is the prototype of a A-independence problem for the
compatible system R. Unfortunately, proving a A-independence result of this form in
the abstract setting is actually too difficult. For this reason, we will focus on weaker

A-independence statements.

2.2 The formal character and the variety of
characteristic polynomials

If G is a reductive group over a field k of characteristic zero, T C G is a maximal
torus of G over k, and p : G — GL,x is a representation of G over k, we define the
formal character of p to be the restriction of p to T

Let ch : GL,x = Gy i X Aﬂz_l be the morphism which associates to a matrix the
coefficients of its characteristic polynomial. Given a connected reductive algebraic
subgroup G of GL,,k, and a maximal torus 7' C G over k, we have that ch(G) = ch(T)
is a variety defined over QQ, which determines uniquely the formal character of the
natural representation G — GL,,x up to isomorphism, see [75, §4].

Let (G”m?,k be the split maximal torus of GL, . The Weyl group of GL, x with

n

mi 18 the symmetric group &,,, which acts by permutation of factors.

respect to

Let Ty C Gy, be a subtorus such that Ty X k is conjugate to T x k over k. Since

2This result is actually proved in [75] in the case E = Q. The adaptation to the general case is
immediate. In the rest of this chapter, whenever we will cite results from [75] without any further
clarification, it will mean that the adaptation to our setting is minor.
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the semisimple part of any point in G can be conjugated into T, over k, we have
that ch(G) = ch(7Tp) pointwise. For every o € &, \Centg, (1p), we define a proper
subgroup H, C Ty in the following way. We let H, = {t € T : o(t) =t} if o(Tp) = Ty,
and H, = Ty N o(Ty) otherwise. We define now Y to be the union of all ch(H,). This
is a Zariski-closed proper subset of ch(7,) = ch(G). We say that a point g € G is
[-regular if ch(g) ¢ Y. We have the following result.

Proposition 2.2.1 (|75, Proposition 4.7]).

(1) For every x € (ch(G) \ Y)(k), there exists a torus T' C GL,x, and an element
t € T(k), such that ch(T) = ch(G) and ch(t) = x. The pair (t,T) is unique up
to conjugation by GL, (k).

(2) Let g € G(k) be I'-reqular. Then g lies in a unique maximal torus T of G, and
the GL,,(k)-conjugacy class of (g,T) is uniquely determined by ch(g) and ch(G).

Let us move back to the setting of §2.1} Let then (I', {F,},c4) be a group with
Frobenii, let E' be a number field, let £ be a set of rational primes of Dirichlet density 1,
and let A = Uer|Elp. Let R = {pa},cn be a compatible system of rank n semisimple

representations of I' with coefficients in £ and indexed by A. Keep notations as in

We have:

Proposition 2.2.2 ([75, Proposition 6.12]). The formal character of the natural
representation G X g, Ey — GL, 7, is independent of \. More precisely, there exist
a torus Ty over E and a faithful representation py : Ty — GL, g such that Ty x g E\
is 1somorphic to a mazimal torus in G X g, E,, and Po R E\ is equivalent to the
formal character of G x g, Ex — GL, 5, for all A € A.

Proposition 2.2.3 ([75, Proposition 6.14]). There is an open normal subgroup I C

~

I such that py induces an isomorphism I'/T" — G /GS for all A € A.

Remark 2.2.4. Note that Proposition implies that the group G,/G3 of con-
nected components of G is independent of A\. Also, R’ = R |1 is a compatible system,

and the algebraic monodromy group of p, | is GS for every A € A.

2.3 Frobenius tori

In this section, we extend the theory of Frobenius tori of [75], §7] to compatible
systems with coefficients in any number field £. From this, we clarify how the main
results of [75] §8, 9] can be deduced in this setting.

o4



Let (T, {Fao}
of rational primes of Dirichlet density 1, and let A = Ue|E|p. Let R = {pa} e, be a

wca) be a group with Frobenii, let £ be a number field, let £ be a set
compatible system of rank n representations of I' with coefficients in £ and indexed
by A. Throughout this section, we assume that each p, is semisimple, and that the
algebraic monodromy group G of p, is connected for each A € A.

The following result holds.

Proposition 2.3.1 ([75, Proposition 7.2]). For any A\ € A, the set of all v € I such
that px(y) is U-regular is open and dense in I'.

Since for every («, \) € X the condition on py(F,) being I'-regular does depend
only on ch(px(F,)) € (G,,p x A% 1) (E), which in turn depends only on a, we will
simply say that « is ['-regular whenever this condition is satisfied. By Proposition
if we replace A with the set of [-regular o € A, the corresponding set X C A x A
still satisfies the conditions (1)-(3) in Definition [2.1.1l From now on, let us assume
that every a € A is actually I'-regular.

We prove the following result, which generalises [75, §7.5] to our context.

Proposition 2.3.2. For every a € A, there exists a torus T, C GL, g, unique up to
conjugation by GL,(E), such that:

(1) For all X\ with (a, \) € X, T, X Ey is conjugate to a mazimal torus of G.

(2) For all pairwise distinct places Ay, ..., \x € A, and all mazimal tori T; of Gy,,
there exists an o € A such that, for every i, (a,\;)) € X and T, xXg E), is

conjugate to T;.

Proof. Fix a« € A. Then, for all but finitely many places A € A, (A\,«) € X and
the characteristic polynomial of py(F,) has coefficients in £ and is independent of .
Recall also that py(F,) is [-regular by assumption. Therefore, by Proposition m
there exists a torus 7,, C GL, g, unique up to conjugation by GL,(F), such that
T, xg E) is conjugate to the unique maximal torus of G containing py(F,). This
proves the first part of the proposition.

Let us now move to the second part. Let then A1,..., A\x € A be pairwise distinct
places, and let 7; be maximal tori of G,. For each i, let ¢; be the residue characteristic
of A\;, and let py,, = @y, pr, which we regard as a representation of I' over Q, of
dimension n[E : Q]. The algebraic monodromy group Gy, of py, is a closed subgroup
of HAI&- G,. For each \ | ¢;, the composition py of the inclusion of Gy, into HAI& Gy

with the canonical projection onto the A-th factor is a morphism of algebraic groups,
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and hence py(GYy,) is a closed subgroup of G, see [I8, Corollary 1.4]. By the definition
of Gy, and G, we then have p)(Gy,) = G,, and so p, is a surjective morphism of
algebraic groups. By [I8] Proposition 11.14], there exists a maximal torus Tj, of Gy,
such that py,(7},) = T;. Combining now property (3) of X, see Definition 2.1.1], with
Proposition and [75, Proposition 7.3|, we have that there exists a € A such that
(v, \;) € X and py,(F,) is conjugate to an element of Ty, (Qy,) over Qy, for each i. But
then p(Fu) = px, (pe; (Fu)) is conjugate to an element of T;(E),) over E), for each i.
It follows that T}, x g E), is conjugate to T;. ]

The tori T, over E will be called Frobenius tori. For every a € A, let L, be the
splitting field of T}, over E, that is the smallest degree extension L,/FE such that
T, Xg L, is split. Let L be the intersection of all L,. We call this field the splitting
field of the compatible system R. The following result holds.

Proposition 2.3.3 (compare [75, Proposition 8.9]E[). There exists a subset L' of L of
Dirichlet density 1 such that for every ¢ € L' and every X\ | £ the connected reductive

group Gy is unramified, and split over LE).

Let us denote by c) the formal character of the natural representation Gy — GL,, g, .
Let us also denote by W, the root datum of G, and by W (W,) the Weyl group of ¥,.
We have:

Theorem 2.3.4 (compare [75, Theorem 9.4]@. Assume that each py is absolutely
irreducible, and that L = E. Let L' be a subset of L such that for each £ € L and
each A | £ the connected reductive group G splits over Ey. Then, for all ¢ € L and
all X | € the triple (¥, cx, W(W))) is independent of X up to isomorphism.

2.4 Abstract independence results

Let (I', {F.},c4) be a group with Frobenii, let E' be a number field, let £ be a set
of rational primes of Dirichlet density 1, and let A = Upez|E|,. From the results of
§2.3| we deduce the following:

3 Again, this result is actually proved in [75] in the case E = Q. Notice however that the results of
[75, §8] only rely on the results of [75] §3], which are proved over any perfect field, and on [75] §7.5],
which we extended to our setting in Proposition

4The result in [75], again proved in the case £ = Q, only relies on the results of [75] §2] on abstract
root data, on [75, Proposition 6.12], on the results of [75] §5], which are applied after base change to
C, and on [75] §7.5]. In our setting [75, Proposition 6.12] and [75, §7.5] are extended respectively in

Proposition and Proposition [2.3.2]
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Proposition 2.4.1. Let R = {pr},cp be a compatible system of rank n absolutely
Lie—irreducibleﬂ representations of I' with coefficients in E and indexed by A. Let
L' be a subset of L of Dirichlet density 1 such that for each ¢ € L' and each X | ¢
the connected reductive group GY is unramified. Then, there exist a finite extension
E' of E and a split connected reductive algebraic subgroup G of GL,, g such that for
each £ € L', each place X of E above £, and each place X' of E' above X, the groups

GS xg, B\ and G x g E), are conjugate over EY,.

~

Proof. Let I" be the open subgroup of I' such that I'/T" — G,/GS for all A as in
Proposition . As each p, is absolutely Lie-irreducible, the restrictions py |1
are still absolutely irreducible. Up to restrict to I, we can assume each G, to be
connected. We can therefore apply the results of §2.3] Let E’ be the splitting field
of R. By Proposition , for each ¢ € L' and each X | £ the group G, splits over
E'E,. Let A = Uper|E'|4, and for each X € A, denoting by A its restriction to F,
let p\, = px ®g, ). Consider now the compatible system {p },,,. Clearly, the
splitting field of {p) },,c,/ is equal to E’, and the algebraic monodromy group G*, of
P is equal to G X, EY, by construction. By Theorem [2.3.4] we then have that for
all X € A’ the triple (W), ¢\, W(¥),)), where ¥, denotes the root datum of G',, ¢},
denotes the formal character of the natural representation of GG, into GL,,, B, and
W (W',) denotes the Weyl group of W), is independent of X'. Fix then such a triple
(U, d,W(¥')), and let G be the (unique up to conjugation, by [74, Theorem 4]@ split

connected reductive group over E’ with root datum ¥ and formal character ¢. [

Let R = {px},cp be a compatible system of rank n representations of I'" with

coefficients in £ and indexed by A. We introduce the following definition.

Definition 2.4.2. We say that R has a Lie-irreducible decomposition over E and at a
subset £’ of L of Dirichlet density 1 if there exist open subgroups I'; of ', compatible
systems S; = {o;.,} rens Of rank m; absolutely Lie-irreducible representations of I'; with

coefficients in £ and indexed by A" = Uep/|E|p, and rank d; Artin representationﬂ w;

5We say that a rank n representation p of I' with coefficients in a field k of characteristic zero is
absolutely Lie-irreducible if p|r/ is absolutely irreducible for any open subgroup I'V of T

6This result shows that the formal character uniquely determines the conjugacy class of an
irreducible semisimple subgroup of the general linear group over C, up to certain (completely
classified) root system ambiguities. It is immediate to extended it to any split semisimple subgroup
of the general linear group over any field k of characteristic zero. We are going to apply it in this
form also in the proof of Proposition [2.4.4] The extension to the case of reductive groups follows
from [75] §5.2].

"In this setting, we say that a continuous representation w : I' — GLg4(E)) is Artin if it factors
through a finite quotient of I'. Any Artin representation w can be actually realised over Q.
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of I';, for i =1,...,k, such that
= @lelndgi(am ® w;)
over F for all £ € L and A | £. In this case, we write
R =y &F Indp (S; ® w;).

Remark 2.4.3. For some choices of the group I', one can prove that any A-adic repre-
sentation p : I' = GL,(E)) has a Lie-irreducible decomposition p = & Indf. (0; ®w;),
where I'; is an open subgroup of I', o; : I'; = GL,,, (E)) is Lie-irreducible, and
w; : Ty — GLg (E)) is Artin, for 4 = 1,..., k. This has been proved by Katz, see
[67, Proposition 1], when I' is the étale fundamental group of a smooth connected
affine curve over an algebraically closed field of positive characteristic, and by Patrikis,
see [82, Proposition 3.4.1], by adapting Katz’s argument, when T" is the absolute
Galois group of a number field. To prove a decomposition result for a compatible
system R = {pr},c, of representations of I', one would then start from a single A-adic
representation py in R, decompose it as py = @lelndgi(ai, A ® w;), and extend each
0;.x to a compatible system S; of Lie-irreducible representations. The isomorphism
R = EBfZIIndR, (S; ® w;) would then follow by considerations on the traces of Frobe-
nius elements, see the proofs of Theorem and Theorem [2.6.2, However, extending
a A-adic representation to a compatible system is a highly non trivial problem, and
can be achieved, for instance, under suitable assumptions in the number field case by
means of potential automorphy techniques, see and in the positive characteristic

case by means of the global Langlands correspondence for GL,, of L. Lafforgue, see

§2.0
We prove the following result.

Proposition 2.4.4. Let R = {pr},c, be a compatible system of rank n representations
of I' with coefficients in E and indexed by A which has a Lie-irreducible decomposition
over E and at a subset L' of L of Dirichlet density 1. Let L” be a subset of L of
Dirichlet density 1 such that for each £ € L" and each X\ | £ the connected reductive
group G is unramified. Then, there exist a finite extension E' of E and a split
connected reductive algebraic subgroup G of GL, g such that for each ¢ € L", each
place X of E above {, and each place X' of E' above X\, the groups G xg, ES, and

G x g Y, are conjugate over E,.
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Proof. As R has a Lie-irreducible decomposition over E at L', we have that there exist
open subgroups I'; of I', compatible systems S; = {0}, of rank m; absolutely Lie-
irreducible representations of I'; with coefficients in £ and indexed by A" = Upep/|Ey,
and rank d; Artin representations w; of I';, for i = 1, ..., k, such that for each ¢ € L’
and each A | £ we have p) = & Indf. (0, ® w;).

For each ¢ and A € A’, let us denote by G;  the algebraic monodromy group of
pix, and by G its connected component of the identity. The group Gf is then a
closed subgroup of Hle ¢, and each of the natural projections map G3 surjectively
onto Gf . Let A" = Uecn|Elp. Since for each A € A” the group G35 is unramified, it
follows that each Gf, is also unramified by [I8, Theorem 22.6]. For each A € A’, let
us denote by H; , the algebraic monodromy group of 0; ), and by H?, its connected
component of the identity. Let I'; be an open normal subgroup of I' contained in
I'; and such that p; 5 |p;% af?fi |p;. Since restriction to an open subgroup leaves the
connected component of the identity of the algebraic monodromy group of a A-adic
representation invariant, we have that G, coincides with the connected component
of the identity of the algebraic monodromy group of p; x |1"£, which in turns coincides
with the connected component of the identity of the algebraic monodromy group of
af?fi |p;, and hence with that of af?fi. Now, the connected component of the identity
of the algebraic monodromy group of afi‘\ii coincides with H?,, diagonally embedded
into the product of d; copies of Hy,. It follows that for each A € A” the group Hj
is unramified. As each ;5 for A € A is absolutely Lie-irreducible, Proposition [2.4.1]
applies to S;, and so there there exist a finite extension E! of E, and a split connected
reductive algebraic subgroup H; of GL,,, g/, such that for each ¢ € L”, each place A of
E above {, and each place A" of £’ above A, the groups H}\ X g, Ej,, and H; x g/ E 5,
are conjugate over Ej ,,. Define then G; to be the group H;, diagonally embedded into
H f", and hence a connected reductive algebraic subgroup of GL,,, g/, where n; = m;d,.
We have that for each ¢ € L”, each place X\ of E above ¢, and each place X' of E’
above A, the groups Gf, xg, Ej, and G; X Ej

Recall that for each A € A’, the group GY is a closed subgroup of Hle G5\
and each GY, coincides with Hy,, diagonally embedded into (H,)%. Let GLy g, =
I, G

mi, Ey-

3 /
v are conjugate over £ ,,.

The group G35 can then be seen as a closed subgroup of GL,, g,, where
each standard representation G5 — GL,,, g, is absolutely irreducible, as each o;  is
absolutely Lie-irreducible. Let G be the derived subgroup of GS. We want to show
that it is enough to prove A-independence of G$¢'. Let then det,,, : GL,, g, — G5,
be the usual determinant map, and let det, = Hle detf,ii : GLy g, = GY, . where
d= Zle d;. Then, det,, maps G5 onto a subtorus Ty of G, 5 . The centre of GLy, g,
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maps onto G,, g,, and the preimage of T is the connected component of the identity
of the centre of GS. Since {det, opy}ren is a compatible system whose algebraic
monodromy groups are tori, we have that there exists a subtorus 7' of Gfm g such
that T\ =T xg E) for each A € A’. It follows that the connected components of the
identity of the centres of G come from a fixed torus in the centre of GL,, g for each
A € A. For this reason, for A-independence questions it is enough to deal with G°.

Let us first assume that £k = 2. Let then E’ be the compositum of E] and FE}
inside a fixed algebraic closure E of E, let £ € £, let \ be a place of E above ¢, and
let N be a place of E’ above ¢. Let gy be the Lie algebra of G§ x g, Ej,, let G
denote the derived subgroup of G, let g; be the Lie algebra of G x . E’, and let
9iE, = 8i O El,, for i = 1,2. We have that g, is a subalgebra of 01,5, D 92,1/, such
that m;(gy) = gi,p;,, where m; : g1 pr, D2, 51, — gi,p;, denotes the canonical projection,
for i = 1,2. Since g; and g are semisimple, they are direct sums of simple factors, and
so there exists a semisimple Lie algebra s over E’ such that g; ¥ s®g,, for i = 1,2,
and such that g; and g, have no common simple factors. Since gy is semisimple, and
Ti(gx) = Gim,, for i = 1,2, we have gy = sp, ® gy, where sp, = §®p £}, and
mi(gy) = @,E;,, where Ez‘,E;, =9,®p FS,, for i = 1,2. By Goursat’s lemma, since there
exist no nonzero ideals n; , of Tji,E/A,, for ¢ = 1,2, such that §1,E;, /g = ﬁg,E/A, /Moy, as
01, B, and 0o, #, have no common simple factors, we deduce that gy = g B, ® 9o, )
and so gy = s B, @ g1, B, ® 9o, ) which gives that gy is independent of \. This
implies that the root system @,/ of G{ x g, F, is independent of \'.

When £k > 2, by working iteratively with the compatible systems {pgj) B Pit1 Faens
where pg\j) = @{lem, for j = 1,...,k — 1, by the above argument (notice that we
didn’t use the fact that p; \ and ps ) are absolutely irreducible) we get that the root
system @,/ of GI" x g, F, is independent of X', where now E’ denotes the compositum
of the extensions E! of E inside E.

Since by Proposition the formal character of each standard representation
G xp, B\ — GL,,,. #, is also independent of X', by [74, Theorem 4] we have that
the conjugacy class of G4 x g, E}, inside each GL,,,, g, is independent of A'. It then
follows that the conjugacy class of G x g, £}, inside GL,, B, 18 independent of )\, as

required. O
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2.5 The case of geometric compatible systems of
Galois representations

Let F' be a CM field, and let n > 1 be an integer. In this section, we prove a
decomposition theorem, and hence an independence result, for a class of geometric
compatible systems of rank n representations of I'r, assuming that Conjecture [1.7.3
holds true. Let F be a number field, let £ be a set of rational primes of Dirichlet
density 1, and let A = Uyez|E|p. The decomposition theorem is the following.

Theorem 2.5.1. Let R = {pr},c, be a pure, reqular, totally odd, conjugate self-dual
geometric compatible system of rank n representations of I'p with coefficients in E and
indexed by A. Assume Conjecture|1.7.5. Then, R has a Lie-irreducible decomposition
over a finite extension E' of E and at a subset L' of L of Dirichlet density 1.

Proof. Assuming Conjecture [1.7.3] by [84, Theorem 2.1] we have that there exists a
set LY of rational primes of Dirichlet density 1, and strictly pure, regular, totally odd,
conjugate self-dual compatible systems R; = {p;r},., of irreducible representations
pix: T — GL,,(E)) indexed by A° = Uycpo|E|y, for i = 1,. .., k, such that

pr®p, Ex = O pin,

for each ¢ € £° and A | £. Furthermore, after possibly removing finitely many primes
from £°, we can assume that for each ¢ € £° we have ¢ > 2(n + 1).

Fix an ¢, and consider the compatible system R;. By [84, Lemma 1.2], we can
assume that R; is defined over a CM field FE;. Let AY = Uycpo|Eile. For all A € A?,
let G; » be the algebraic monodromy groupﬂ of p;, and let Gy, be the connected
component of the identity of G; . By Lemma[2.2.3]there exists a finite Galois extension
F]/F such that the representation p; y induces an isomorphism Gal(F}/F) = G; /G5
for all A € AY. By applying [6, Proposition 5.3.2], we get that there exists a subset
L; of L% of Dirichlet density 1 such that if £ € £;, then p; ,
every A | £. Let A; = Uper,|Eils. Up to removing finitely many places from £;, we may
further assume that if ¢ € £;, and X | ¢, then

i <5¢Fi/7

Py, i irreducible for

e ( is unramified in F; and lies below no element of the set of bad places for R;,

e the Hodge-Tate weights of p; , lie in a range of the form [a;, a; + ¢ — 2].

8This would be a reductive algebraic subgroup of GL,, z/ o for E/ a finite extension of E; where

R; takes coefficients, and A a place of E} above .
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Let F,"°™ denote the maximal CM subfield of F/. Then, assuming Conjecture ,
by [84, Theorem 2.1] we have that there exist subsets L of £; of Dirichlet density 1
such that each irreducible component of p; |1"Fl,ycm is totally odd, conjugate self-dual
for each £ € £ and A | €. Let A} = Upepr| Eilo.

By [0, Lemma 5.3.1(2)] each p; » is Lie-multiplicity freeﬂ Therefore, for each A € Al

17

by [82, Lemma 3.4.6(1)] there exist an intermediate field F' C F* C F/, and a rank

. . . . T
m; Lie-irreducible representation ¢} of I'z.x such that we can write p; = Indp” ;.
K3 F?

We now prove that there exists Ay € A such that F is a CM field'?] Denoté by
FM™ the maximal CM subfield of F*. For simplicity, let us enlarge E; to contain
the maximal CM subfield of F/, so that F**™ C E; for all A € A/, and let us take its
Galois closure. With a slight abuse of notation, let us still denote its corresponding
set of places by AL If F} # F™ for all A € A}, then we can find a place \g € A/
with residue characteristic ¢y such that ¢, splits in E; but not in FZ-AO. Let now wy be
a non-split place of F} of residue characteristic £y. Since F}go does not embed in
E; », = Qu, by assumption, we can deduce by an argument analogous to that of [82]
Lemma 3.4.13] that p; ), is not regular, which is a contradiction. Therefore, we get
that F2 = FA" Also, £y > 2(m® 4 1) and (;, ¢ F® by the previous assumptions.

For simplicity of notation, we set F; = Fi’\o.
Ao

The representation 07 is an irreducible component of p; », [ry, , and so it is totally

odd, conjugate self-dual, as F; C F/™ and its set of Hodge-Tate weights is a subset
of the set of Hodge-Tate weights of p; »,. This gives that 0;\0 has Hodge-Tate weights
lying in [a;, a; + lo — 2]. Since £ is unramified in F}, and so it is in F; as well, we
have that ¢ is crystalline at each place wy of F; lying above £y by [82, Lemma 2.2.9].
Therefore, ai’\o is potentially diagonalizable at each place wy of F; lying above /.

~ BuclF Tr =X 1
[ o) ResFF(%)IndFFi 7., which

By applying Mackey restriction formula to p; ,,
is irreducible by assumption, we deduce that 6?‘0 I FilGy) is irreducible. Therefore, we
can apply [0, Theorem 5.5.1] to get that ajo is part of a strictly pure compatible
system S; = {031}, Of representations of I'r, defined over Ej.

Since §; is regular: each representation o; ) is Lie-multiplicity free, again by [0]
Lemma 5.3.1(2)]. Also, again by assuming Conjecture we have that there exists
a subset L of L] of Dirichlet density 1, with ¢y € L7, such that o; 5 is irreducible for

each £ € £ and \ | £. Since 0, = 0}

is Lie-irreducible, and Lie-irreducibility in a

9We say that a rank n representation p of a profinite group I' with coefficients in an algebraically
closed field k of characteristic zero is Lie-multiplicity free if for any open subgroup I of T" any
irreducible IV-subrepresentation of p has multiplicity 1.

0The following argument is largely adapted on that of [82, Lemma 3.4.13].
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compatible system of irreducible, Lie-multiplicity free representations is independent
of A by [82, Corollary 3.4.11], we get that o; , is Lie-irreducible for each ¢ € L] and
AL

For every finite place v of F' outside the set of bad places for R; and every A € A}

not lying above the residue characteristic of v we have that

Tr p; A (Frob,) = Tr p; 5, (Frob,)
= TrInd o7 (Frob,)
= TrIndp.” oy 5(Frob,),

where the first equality follows from the independence of A of the characteristic
polynomials at the Frobenius elements in the compatible system R;, and the last
equality follows from the usual formula for the trace of an induced representation,
see [0, §5.5] for instance, and the independence of A of the characteristic polynomials
at the Frobenius elements in the compatible system S; . Combining the Cebotarev
density theorem with [20, §12.1, Proposition 3| we deduce that p; \ = Indg‘; T for
every A € AL

Up to enlarging £, we can assume that each o;  is actually defined over E;, so
that S; has coefficients in E;. Let then £’ = Nf_ L7, which also has Dirichlet density
1, and let £’ be an extension of E containing all the fields E;. Since o;  is absolutely
Lie-irreducible for each ¢ € £ and A | ¢, we have that

R®p E 2y &l IndiE S, ®p, E'
is a Lie-irreducible decomposition over E’ and at L. O
Combining this with Proposition [2.4.4] we get the following result.

Corollary 2.5.2. Let R = {px},cp be a pure, regular, totally odd, conjugate self-dual
geometric compatible system of rank n representations of I'p with coefficients in E
and indezed by A. Assume Conjecture[1.7.5. Then, there exist a subset L' of L of
Dirichlet density 1, a finite extension E' of E, and a split connected reductive algebraic
subgroup G of GL,, g such that for each ¢ € L', each place A of E above ¢, and each
place X' of E' above A, the groups GS X g, E\, and G xg E), are conjugate over E\,.

Remark 2.5.3. In Theorem [2.5.1] assuming Conjecture [1.7.3|is required in order to
apply [6l Theorem 5.5.1] to get potential automorphy of certain A-adic representations.
This in turn guarantees that such representations can be “extended” to a compatible

system. Refined potential automorphy results would then eventually imply more
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general versions of Theorem and Corollary [2.5.2] Notice also that the conclusions
of Theorem and Corollary hold unconditionally when the compatible system

has extremely regular weights, in the sense of [0l §5.1].

Remark 2.5.4. Let 7 be a regular algebraic, conjugate self-dual, cuspidal automorphic
representation of GL,(Ar), and let R, = {p,} | B be the corresponding compatible
system of representations of I'r. Assuming Conjecture[L.7.3] the conclusion of Corollary
clearly holds for R,. There exists then a split connected reductive group G,
defined over a finite extension of F, which interpolates the groups of connected
components of the algebraic monodromy groups of p; », for A above a set of rational
primes of Dirichlet density 1. In analogy with the Mumford-Tate conjecture, the group

G should be related to a notion of “Mumford-Tate group” for .

2.6 Compatible systems in the positive
characteristic case

In this last section we give applications of the abstract independence results of
to positive characteristic settings. We start with the case of compatible systems
of representations of the absolute Galois group of a global function field, and we then
move to compatible systems of lisse sheaves on a variety over a finite field.

Let p be a prime, let ¢ be a power of p, and let C' be a smooth projective curve,
geometrically connected over F,. Let F' be the field F,(C) of rational functions on C,
and let ['r denote the absolute Galois group of F'. The following preliminary result
is essentially a reformulation in the characteristic p setting of [82, Proposition 3.4.1],
which in turn adapts the arguments of [67, Proposition 1]. We include here the proof

for the sake of completeness.

Lemma 2.6.1. Let p: I'r — GL,(Q,) be an irreducible representation. Then either
p s induced from a representation of an open proper subgroup of I'r, or p is Lie-
irreducible, or there exist an integer d > 2 dividing n, a Lie-irreducible representation
o of T'r of dimension n/d, and an Artin representation w of I'r of dimension d such
that p = 0 @ w.

Proof. Let G denote the Zariski closure of p(I'r) in GL,(Q,), and let G° denote the
connected component of the identity of G. Then, either p as a representation of G
is induced from a proper subgroup H of G containing G°, or its restriction to G°

is isotypical. If p is induced from such an H as a representation of GG, then as a
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representation of 'z it is induced from the open proper subgroup p~*(H) of I'r, and
we are done.

o= O'(E)Bd for some irreducible

Let us then assume that p|ge is isotypical, that is p
representation og of G° and some d > 1. If d = 1, then p is Lie-irreducible.

So suppose d > 2. Let F’ be any sufficiently large extension of F' such that
p(I'p) C G°. Then, p(I'p) is Zariski dense in G°, and so o is irreducible as a
representation of I'p/, and we have p[r = U(G)Bd. Since oy is ['p-invariant, it extends to
a projective representation of I'p. Now, we have H*(T'r, Q/Z) = 0 by Tate’s theorem,
see [91l, Theorem 4], and so this projective representation lifts to a representation o
of I'r, so that for some character y : I';p — @Z we have O'?d Ir. = plr,, ®x. Let
1 = det(p)/ det(cP?). Then pt|r,, = x ", and we can find characters o, pt; : ' — Q,,
with g of finite order, such that = g} po. Then (xpa|r,,)" = (W uf) v, = 1o J
so that setting o = 01 ® u1, and replacing F”’ by a finite extension trivialising pg, we
find a Lie-irreducible representation o of I'r and a finite extension F’ of F' such that
plr, = 0% |r,,. Let then w = Homr , (o, p). We have that w is an Artin representation

of I'r of dimension d, and the natural map ¢ ® w — p is an isomorphism. O]

Let E be a number field, let £ be a set of rational primes of Dirichlet density 1,
with p € £, and let A = Uy |E|,. We prove the following result.

Theorem 2.6.2. Let R = {px},cp be a compatible system of semisimple representa-
tions of I'r with coefficients in E. Then, R has a Lie-irreducible decomposition over a
finite extension E' of E and at L.

Proof. Fix A\g € A. By Lemma there exist finite extensions F; of F', Lie-irreducible
representations o; : I'p, — GL,,,(E),), Artin representations w; : I'r, — GLg,(Ey,),
for ¢ =1,...,k, such that

Pro ®E/\0 E)\O = @le:[ndgi (Ji & wi).

For each 1, choose x; : I'p, — E:O such that the determinant of 7; = 0; ® x; has
finite order. Then, 7; extends to a compatible system {7;x},., by the global Langlands
correspondence [71, Théoreme VI.9]. Also, by global class field theory we can extend
x; to a compatible system {Xi«\},\e/\- For each A € A, let 0\ = 7, , ® Xz_i We then
have that S; = {0z}, is a compatible system extending o;.

Let E' be a finite extension of E such that each S; has coefficients in E’, and each

w; can be realised over E’. Then, for any place v of F and any A € A not lying above
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the residue characteristic of v we have

Tr pa(Frob,) = Tr py, (Frob,)
=Tr o, Ind??_ (0; ® w;)(Frob,)
=Tr oF, Ind??_ (0ix ® w;)(Frob,),

by independence of A\ of the characteristic polynomials at the Frobenius elements,
and by the usual formulas for the traces of direct sums, tensor products, and induced
representations. Combining the Cebotarev density theorem with [20, §12.1, Proposition
3], it then follows that

R®g E = @lelndﬁgi (S; ®w;) @ E
is a Lie-irreducible decomposition over £’ and at L. O
By Proposition [2.4.4] we then have the following immediate consequence.

Corollary 2.6.3. Let R = {px},cp be a compatible system of semisimple representa-
tions of T'r with coefficients in E and indexed by A. Then, there exist a subset L' of
L of Dirichlet density 1, a finite extension E' of E, and a split connected reductive
algebraic subgroup G of GL,, g such that for each ¢ € L', each place \ of E above ¢,
and each place X' of E' above X, the groups G x g, E}, and G x g ES, are conjugate

over E,.

Let us now consider the case of compatible systems of lisse sheaves on a variety
over F . Refer to [39] §1.1 - §1.3] for the basic definitions and results in this setting.

Let X be a geometrically connected variety over F,. Let 7 be a geometric point
of X, and let 7¢*(X,7) be the arithmetic fundamental group of X. Let ¢ # p be a
prime. The functor which assigns to each lisse Q,-sheaf £ on X its fibre L5 over 7
induces an equivalence between the category of lisse Q,-sheaves on X and the category
of finite dimensional continuous representations of m$*(X,7) with coefficients in Q,.
Via this equivalence, standard notions about representations (e.g rank, semisimplicity,
irreducibility, or Lie-irreducibility) can be translated to the context of lisse sheaves.

Let E be a number field, let £ be a set of rational primes of Dirichlet density 1,
with p ¢ £, and let A = Uez| Elp. We recall the following definition.

Definition 2.6.4. A compatible system of lisse E)-sheaves on X indexed by A is
a family R = {F\},., of lisse E)-sheaves F) on X such that, for any closed point
x € |X| of X and any A € A, the polynomial det(1 — Frob,t, F)) has coefficients in £

and is independent of .
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Any compatible system of lisse /y-sheaves R = {F)},c, on X indexed by A defines
a compatible system {px},., of representations of 7{*(X,7) with coefficients in E and
indexed by A, in the sense of Definition , where p, is the representation F) 7,
and X = | X| x A. The algebraic monodromy group G, of p, is called the arithmetic
monodromy group of F. As usual, we denote by Gf the connected component of the
identity of GG). Also, for simplicity of notation we omit the base point 77 and write
just w$*(X) for the étale fundamental group of X.

From Corollary we deduce the following A-independence result.

Corollary 2.6.5. Let X be a normal geometrically connected irreducible variety over
Fy, and let R = {Fa},cp be a compatible system of semisimple lisse Ex-sheaves on
X indexed by A. Then, there exist a subset L' of L of Dirichlet density 1, a finite
extension E' of E, and a split connected reductive algebraic subgroup G of GL,, g/ such
that for each £ € L', each place A of E above {, and each place N of E' above X, the

groups GS xg, E\, and G xg E), are conjugate over E),.

Proof. Let {pr},c, be the compatible system of representations of 7§*(X) correspond-
ing to R. By [15, Corollary 3.33] there exist a finite étale cover ¢ : X’ — X and a
curve C' embedding into X’ via some 1 such that py (.75 (X")) = pa(du2.7E(C)), for
all A € A.

For any A € A, let p)\ = p) o ¢,, and let G, be its algebraic monodromy group.
Since the morphism ¢ is finite étale, then ¢, 7$*(X’) is an open subgroup of 7*(X), and
so G5° = G5, since restriction to an open subgroup leaves the connected component
of the identity of the algebraic monodromy group of a A-adic representation invariant.

Up to birational equivalence, we can assume that C' is smooth and projective.
Let F be the field of rational functions on C, and let m¢ : T'p — 78(X’) be the
composition of the natural surjection of I'z onto 7$(C) with 1,.

For any A € A, let pcn = p) o mc. Note that por(Tr) = ph(7$(X’)), so that
the algebraic monodromy groups of pox and p coincide. The family {pc},c, is @
compatible system of semisimple representations of I'r, and then, by Corollary
there exist a subset £’ of £ of Dirichlet density 1, a finite extension £’ of F, and a
split connected reductive algebraic subgroup G of GL,, g such that for each ¢ € L',
each place A of E above ¢, and each place X of E' above A, the groups G x g, E),

and G x g E), are conjugate over Ej,. O

Remark 2.6.6. A crucial point in the proof of this result is the reduction to the
case of curves, which relies on the work of Bockle, Gajda, and Petersen in [15] §3.3].

A similar A-independence result, for all A € A, has been obtained with a different
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approach by D’Addezio, see [36, Theorem 4.3.2], assuming the variety X to be also

smooth.
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Chapter 3

Deformations of automorphic
Galois representations

In this chapter, we study p-adic families of Galois representations and automorphic
representations, and the geometry of the corresponding p-adic rigid analytic spaces
at points arising from (classical) automorphic representations. In we focus on
the deformation theory of representations and pseudorepresentations, and introduce
the corresponding rigid analytic p-adic (pseudo)deformation spaces. Then, in
we move to the automorphic setting, where we introduce eigenvarieties for definite
unitary groups, i.e. p-adic rigid analytic spaces parametrising p-adic systems of Hecke
eigenvalues appearing in spaces of p-adic automorphic forms. We finally fix a regular
algebraic, conjugate self-dual, cuspidal automorphic representation of GL,(Af), for
F a CM field, and consider the automorphic Galois representation attached to it
by the results presented in I The automorphic Galois representation defines an
“automorphic point” in a suitable p-adic rigid analytic (pseudo)deformation space, and
the automorphic representation (together with an additional datum, see defines
a “classical point” in a suitable eigenvariety. In we study the smoothness of these

points, and suggest possible converse results.

3.1 Deformation theory of pseudorepresentations

We study here the deformation theory of representations and pseudorepresen-
tations. In we introduce the background material on deformation functors,
pseudorepresentations, and pseudodeformation functors, and we define p-adic rigid
analytic pseudodeformation spaces. In we present deeper algebraic results on
the structure of pseudorepresentations, while in we quickly focus on the theory

of deformation conditions for pseudorepresentations.
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3.1.1 Deformations of pseudorepresentations

Let p be a prime, and let E be a finite extension of Q,. Let O denote the ring of
integers of E, let m be the maximal ideal of O, and let F = O/m. Let I" be a profinite

group, let n > 1 be an integer, and let
p:T'— GL,(F)

be a continuous representation. Also, let V5 = F", equipped with the F[[']-module
structure given by p.

Let é\@ denote the category of complete Noetherian local commutative O-algebras
with residue field F. Given an object A in CAO, we say that a continuous representation
p:I'— GL,(A) is a lifting of p to A if p reduces to p modulo the maximal ideal m,4
of A. A deformation of p to A is an equivalence class of liftings of p to A modulo the
action by conjugation of 1+ M., (my4).

Let

Defg : (?@ — Sets

be the functor which attaches to each object A of CA@ the set of liftings of p to A, and
let
Def5 : 5@ — Sets

be the functor which attaches to each object A of Co the set of deformations of p to
A.

Assume from now on that the group I' satisfies Mazur’s ®,, condition, that is for
all finite index subgroups I C I', the maximal pro-p quotient of I'” is topologically
finitely generated. Then, by a classical result due to Mazur, see 78], the functor Defg
is representable by a complete Noetherian local commutative O-algebra RﬁD, called the
universal framed deformation ring of p, together with a universal lifting (or framed
deformation) p= : ' — GLn(RﬁD) of p to RﬁD. Furthermore, if EndgmV; = F, then the
functor Def is representable by a complete Noetherian local commutative O-algebra
R, called the universal deformation ring of p, together with a universal deformation
PV T — GL,(R5) of p to Ry.

Assume that Def; is representable by R;. Then the closed points x of the affine
scheme Spec R;[1/p] correspond to E-algebras homomorphisms x : R5[1/p] — E’ for
finite extensions £’ of E. Composing with the universal deformation p"™V, these
induce representations p, : I' = GL, (E’). Since each z actually maps R; C R5[1/p]
into Opr C E’ | then each p, can be conjugate to a representation p, : I' = GL,(Opg),

which is a deformation of p. For this reason, with a slight abuse of language, we say that
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the closed points of Spec R5[1/p] parametrise deformations of p to finite extensions of
E. In order to deal with the case when Def; is not necessarily representable, e.g. when
p is not absolutely irreducible, we should introduce the notion of pseudorepresentation,
and consider a corresponding deformation problem. This will allow us to define (in
the general setting) a rigid analytic space X over £ whose points are in bijection with
deformations of p to finite extensions of F.

The notion of pseudorepresentation of a group has been firstly introduced in number
theory by Wiles [I07] in dimension 2, and by Taylor [97] in general. Later, Taylor’s
definition has been also considered by Rouquier [86] in the context of A-algebras,
where pseudorepresentations are called pseudocharacters. In this work, we consider
the definition given by Chenevier [31], where pseudorepresentations are instead called
determinants. Under certain assumptions, Taylor-Rouquier’s and Chenevier’s notions
turn out to be equivalent.

Let A be a commutative ring with unit. An A-polynomial law between two A-
modules M and M’ is a natural transformation P between the functors M ® 4 — and
M’ ® 4 — from the category of A-algebras to the category of sets. An A-polynomial
law P is said to be homogeneous of degree n, for an integer n > 1, if Pg(bz) = b" Pg(x)
for any A-algebra B, any b € B, and any x € M ®4 B. If M and M’ are A-algebras,
then an homogeneous A-polynomial law P of degree n between M and M’ is said to
be multiplicative if Pg(1) =1 and if Pg(zy) = Pp(x)Pg(y) for any A-algebra B, and
any z,y € M ®4 B.

Let R be an A-algebra. We give the following definition.

Definition 3.1.1. An n-dimensional A-valued pseudorepresentation of R is a multi-
plicative A-polynomial law
D:R— A

which is homogeneous of degree n. When R = A[T'] for some profinite group I, we

simply say that D is a pseudorepresentation of I'.
A natural source of examples of pseudorepresentations is the following.

Example 3.1.2. The natural transformation D = det op, where p: R — M,,«,(A) is a
given representation, and det is the natural transformation defined by the determinant

map in the usual vvay[]7 is an n-dimensional A-valued pseudorepresentation of R.

For any commutative A-algebra B, we let detp : M,,«,,(B) — B be the usual determinant map.
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Under suitable assumptions on A or D it holds true that any pseudorepresentation
of R arises from a representation of R as in Example A result in this direction

is the following.

Theorem 3.1.3 ([31, Theorem 2.12]). Let k be an algebrically closed field, and let R
be a k-algebra. Then, for any n-dimensional pseudorepresentation D : R — Kk, there
exists a semisimple representation p: R — My«, (k) such that D = det op. Moreover,

such a p is unique up to isomorphism.

Given a field k (not necessarily algebraically closed), we say that an n-dimensional
pseudorepresentation D : R — k is split if there exists a semisimple representation
p: R — M,y,(k) such that D = detop. We say that D : R — k is absolutely
multiplicity free (resp. absolutely irreducilble) if the corresponding representation
p: R — M,y (k) over k given by Theorem is multiplicity free (resp. irreducible).

Let now D be an homogeneous of degree n multiplicative polynomial law between
R and A. For each r € R, define the characteristic polynomial x(r,t) € A[t] of r with
respect to D by the formula

X(r,t) = Dap(1 —tr)
= Z(—l)i/\nfi(r)ti,

where each A; is thus an A-polynomial law between R and A which is homogeneous
of degree i. In particular, we have Ag =1, A, = D, and A; is an A-linear map which
is denoted by Trp, and called the trace associated to D.

If D is an A-valued n-dimensional pseudorepresentation of R, then the A-polynomial

laws A; define an A-polynomial law

n

VRS R x(r) = Y (1A,

i=0
which is homogeneous of degree n.

Note that, given an A-valued pseudorepresentation D of R, its trace Trp is an A-
valued pseudocharacter on R in the sense of Rouquier. Furthermore, the map D — Trp
induces a bijection between the set of n-dimensional A-valued pseudorepresentations
of R and the set of n-dimensional A-valued pseudocharacters on R if either 2 € R*
and n = 2, or (2n)! € R*, see [31], Proposition 1.29].

When R = A[I'] for some profinite group I', any n-dimensional A-valued pseu-

dorepresentation D : A[I'] — A is uniquely determined by the (finite) set of functions
plel.rn 5 A

72



with a € I, = {(aq,..., ) € N* : oy + -+ + ,, = n}, defined by

D gty 1] (Z ti0i> = Z(Ub o)t
i—1

a€l,

where t* = [[I_, ¢}, for each (0y,...,0,) € I'". When A is a topological ring, we say
that D : A[l'] — A is continuous if for each o € I,, the function Dl : T — A is
continuous.

Let us now introduce the deformation problem for pseudorepresentations. Fix an
n-dimensional continuous pseudorepresentation D : F[I'] — F. By Theorem
it is equivalent to give such a pseudorepresentation and (the isomorphism class of)
a continuous representation p : I' — GL,(F) such that det(1 + tp(o)) € F[t] for all
o €T, and D = det op.

Given an object A of é\@, we say that an n-dimensional continuous pseudorepresen-
tation D : A[l'] — A is a deformation of D to A, or a pseudodeformation of D to A,
if D@4 F = D. For each object A of Co, let then Def5(A) be the set of deformations
of D to A. This defines a functor

Def5 : Co — Sets.

The following result is due to Chenevier.

Theorem 3.1.4 ([31, Propositions 3.3 and 3.7]). Assume that I' satisfies ®,. Then,
the functor Defy 1s representable by a complete Noetherian local commutative O-algebra
Ry, together with a universal deformation D' : R5[T'] — Ry of D to Rp.

Remark 3.1.5. When 7 is absolutely irreducible, [31, Theorem 2.22] implies that
there is an isomorphism of functors on CA@ between Def; and Defy. Nevertheless,
even when this condition is not necessarily satisfied, by Theorem there is a
bijection between the set of closed points of the affine scheme Spec Rj[1/p] and
the set of deformations of p to finite extensions of F. For this reason, the affine
scheme Spec R5[1/p] can be thought as a “coarse moduli space” for deformations
of p. A deeper moduli theoretic interpretation of the ring Ry has been given by
Wang-Erickson in [I06], where it is proved that if D is absolutely multiplicity free,
then Rp is essentially the GIT quotient ring of the framed deformation ring RﬁD of p
for the action of PGL,, see [106, Theorem 3.8].

Consider the affine formal scheme X = Spf Ry over O, and let X = X" be the

rigid analytic space over E attached to X via Berthelot’s functor. It can be proved,
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see [31, Theorem 3.17], that X’ represents the functor which attaches to each rigid
analytic space X over E the set of deformations of D to O(X), and is isomorphic
to a closed subspace of some rigid analytic open unit ball. The closed points of X
are in bijection with the closed points of Spec R5{1/p], which in turn parametrise

deformations of p to finite extensions of E.

3.1.2 Cayley-Hamilton algebras, GMA structures, and
reducibility ideals

Let us first of all introduce the notion of kernel of a polynomial law. Let A be a
commutative ring with unit, and let M and M’ be A-modules. Given an A-polynomial
law P between M and M’, define ker(P) to be the subset of elements m € M such
that Pgp(m ® b+ x) = Pg(x) for any A-algebra B, any b € B, and any = € M ®4 B.
Equivalently, m € ker(P) if and only if for any integer N and any my,...,my € M,
the element Pay,, in)(tm +timy +--- +tymy) € M'[t,ty,. .., ty] is independent of
t (i.e. lies in M'[ty,...,ty]). By definition, ker(P) is an A-submodule of M. We say
that P is faithful if ker(P) = 0.

Let now R be an A-module, let n > 1 be an integer, and let D : R — A be
an n-dimensional A-valued pseudorepresentation of R. We denote by CH(D) the
(two-sided) ideal of R generated by the coefficients of

X(tlrl + -+ tNT’N) S R[tl, ce. ,tN],

with r1,...,ry € R, and N > 1. We say that D is Cayley-Hamilton if CH(D) = {0}.
Equivalently, D is Cayley-Hamilton if and only if the A-polynomial law y : R — R is
identically zero. When D is Cayley-Hamilton, we also say that (R, D) is a Cayley-
Hamilton algebra for D. It can be proved that ker(D) contains CH(D), so that if D is
faithful then D is Cayley-Hamilton.

Let D : R — A be an n-dimensional A-valued pseudorepresentation of R. A
quotient S of R by a two-sided ideal of R contained in ker(D), and such that he
induced pseudorepresentation D : S — A is Cayley-Hamilton, is called a Cayley-
Hamilton quotient of (R, D).

Given an n-dimensional A-valued pseudorepresentation D of I', a Cayley-Hamilton
representation of D is the datum of a Cayley-Hamilton A-algebra (R’, D) and a group
homomorphism p : I' — R’ such that, if we let f : A[I'l — R’ be the A-algebra
homomorphism induced by p, we have Dg(x) = D3((f ®4 B)(z)) for any A-algebra
B, and any z € A[l'l ®4 B.
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In [31], §2.21], building on work of [10}, §1.4.3], Chenevier proves a structure theorem
for Cayley-Hamilton algebras (R, D) such that D is valued in an Henselian local ring
A, and such that the residual pseudorepresentation D=D®4 A /my of D, where my
denotes the maximal ideal of A, is split and absolutely multiplicity free. In order to
introduce this result, we need some preliminaries about generalised matrix algebras
from [10, §1.3].

We fix positive integers k and nq,...,ng, and we let n = ny + --- + n,. We say
that an A-algebra R is a generalised matriz algebra (GMA) of type (nq,...,ny) if R
is equipped with:

1. a family of orthogonal idempotents ey, ..., e of sum 1,
2. for each i, an A-algebras isomorphism 1; : e;Re; — M, xn,(A),

such that the trace map T : R — A of R, defined by T'(z) = Zle Tr;(e;xe;) for
x € R, satisfies T'(zy) = T'(yx) for all z,y € R.

Every GMA turns out to be isomorphic to a so called standard GMA in the
following way. For each i, we let F; be the unique element of e; Re; such that ;(FE;)
is the elementary matrix of M, y,,(A) with 1 at the entry (1,1), and 0 elsewhere,
and for each i, j we let A; ; = E;RE;. Each A;; is an A-submodule of finite type of
R. Moreover we have Ay ;A;; C Ay ; for all h,i,j, and A;; = A via T for all i. As a

consequence of Morita equivalence, there is a canonical isomorphism of A-algebras

Mn1Xn1 (Al,l) e Mnlxnk (Al,k>

I

R : . :
M’nanl (Ak:,l) o Mnkxnk (Ak‘,k‘)

Let us go back to the context of Cayley-Hamilton algebras. We let A be an
Henselian local ring, with maximal ideal m4,we let R be an A-algebra, and we let
D : R — A be Cayley-Hamilton. Assume that the residual pseudorepresentation
D =D ®4 A/my of D is split, and absolutely multiplicity free. Let & be the number
of (pairwise non isomorphic) subrepresentations in an irreducible decomposition of
the representation corresponding to D, and let ny, ..., n; be their ranks. Then, the

following result holds.

Theorem 3.1.6 (part of [31, Theorem 2.22]). The A-algebra R is a generalised matriz
algebra of type (ny, ..., ny), with trace map T = Trp.
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Let us now see an application of this structure theorem to the deformation theory
of pseudorepresentations. Fix notations as in §3.1.1] Let us fix p: I' = GL,(F), and
let D = det op, so that D is split by construction. Let us assume that

perF = aLp,
is an irreducible decomposition into pairwise non isomorphic subrepresentations, so
that D is also absolutely multiplicity free. For each i, let n; be the rank of 7.

Let A be an object in CA@ and let D be a deformation of D to A. Let S be a
Cayley-Hamilton quotient of (A[l'], D). Then, by Theorem [3.1.6] the A-algebra S is a
generalised matrix algebra of type (n1,...,ny). Let then A;; be the corresponding
A-submodules of S. A notion of complexity for D has been introduced by Bellaiche in
[8] using these dataP} Let us now recall the definition.

For ¢ > 1 an integer, an application v : {0,...,i} — {1,...,k} is called a path of
lenght i. We say that 7 is closed if v(0) = ~(i). We say that a closed v is simple if it

is injective on {0,...,i — 1}. Given any path ~y of lenght i, we set

Ay = A0 Ay A(n) -

By [8, Lemma 1], the A-modules A, only depend on A and Trp, and not on the
Cayley-Hamilton quotient S. We say that D has complexity less than or equal to 7 if
A, = 0 for any simple closed path « of length greater than i.

For i =1,...,k, denote by Defp; the subfunctor of Def which attaches to each
object A of 5@ the set of deformations of D to A which have complexity less than or
equal to 7. Notice that Defs; = Def. We have the following result.

Proposition 3.1.7 ([8, Proposition 1]). For everyi=1,...,k, the functor Defz; is

representable by a local quotient Ry ; of Rp.

The ideals J; of Ry such that Ry ; = Rp/J;, which can be defined as

Ji = > (Rp),

~ simple closed path
of lenght >1

are examples of the so called reducibility ideals of D, in the sense of [10, §1.5]. We
have J, = {0}, and we call Jior = J; the total reducibility ideal of D.

2Bellaiche’s original definition, see [8, §2], was actually formulated in the language of pseudochar-
acters. With a slight abuse of terminology, we will refer Bellaiche’s definition to the context of
pseudorepresentations.
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3.1.3 Deformation conditions

Ramakrishna’s theory of deformation conditions [85] has been recently extended
to the context of pseudodeformations by Wake and Wang-Erickson [105].

Let us keep notations as in and §3.1.2l We start by recalling the notion
of stability for a (pseudo)deformation condition. Let us denote by Modoyr the
category of O[I']-modules, and by Modgrh its full subcategory whose objects have
finite cardinality. A condition on Modg)nm is a full subcategory C of Modgn[r], and
we say that an object of Modgn[r] satisfies condition C if it belongs to C. A condition
C is said to be stable if it is closed under isomorphisms, subquotients, and direct sums
in Modgn[r], that is:

1. for every object M of C and all isomorphisms f : M — M’ in Modfgh, the
object M’ is in C;

2. for every object M of C and all morphisms f : M — M' and g : M" — M in
Mod%nm, the kernel of f and the cokernel of g are in C;

3. for every finite collection of objects {M;}_, of C, the direct sum @7 | M; in
Mod%“m is in C.

Let us fix a stable deformation condition C on Mod?ﬂr]. Given an object A of Co
with maximal ideal my, we say that an A[l'J-module that is finitely generated as an
A-module satisfies condition C if M/m% M satisfies C for all ¢ > 1.

Let p : I' = GL,(F), and let us assume that 1; = F", equipped with the F[I']-
module structure given by p, satisfies C. Given an object A of CA@, we say that a
deformation p of p to A satisfies C if V,, = A", equipped with the A[I'l-module structure
given by p, satisfies C. We define then a functor

Def@c : é\o — Sets

by attaching to each object A of 50 the set of deformations of p to A which satisfy
condition C.

The main result of [85] implies that if EndgmV; = F, then functor Def;c is
representable by a local quotient R of R;. In particular, we have that a deformation
p of p to A satisfies condition C if and only if R; — A factors trough R; — R5c.

In order to define a functor parametrising pseudodeformations satisfying a stable
condition, we should firstly focus on Cayley-Hamilton representations. Let D = det op,
let A be an object of CA@, and let D be a deformation of D to A. We say that a
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Cayley-Hamilton representation (R, D’) of D, with p : I' — R, satisfies C if R/,
equipped with the A[l']-module structure given by p, satisfies C.

Finally, we say that a deformation D of D to A satisfies condition C if there exists
a Cayley-Hamilton representation of D satisfying condition C. We let

Defp e : Co — Sets

be the functor which attaches to each object A of CA@ the set of deformations of D
to A which satisfy condition C. The following result has been proved by Wake and
Wang-Erickson.

Theorem 3.1.8 ([105, Theorem 2.2.5]). The functor Defz . is representable by a local
quotient Ry . of Rp.

In particular, we have that a deformation D of D to A satisfies condition C if and
only if Ry — A factors trough Ry — Rp .. It then follows that the closed points of
the affine scheme Spec Rp .[1/p] parametrise deformations of p to finite extensions
of F satisfying condition C. Furthermore, when p is absolutely irreducible, it can
be proved that there is a canonical isomorphism between Rp . and Rjc, see [105]
Corollary 3.3.5].

3.2 Eigenvarieties for definite unitary groups

We review here the construction of eigenvarieties for definite unitary groups with
respect to a purely imaginary quadratic extension of a totally real field, and we
focus on the p-adic families of Galois representations attached to them. General
constructions of eigenvarieties have been provided for instance in [43], [77], [I03], and
[57]. For the purposes of this work, however, it is enough to focus on the case of
definite unitary groups, following the original construction of [29], and its more recent
versions presented for instance in [I0] and [30]. At a preliminary stage, we study in
triangulations and refinements attached to crystalline representations, and their
deformation theory. The definition and basic properties of definite unitary groups
eigenvarieties are instead presented in §3.2.2] Finally, in we construct Galois
pseudorepresentations on definite unitary groups eigenvarieties interpolating classical

automorphic Galois representations.

78



3.2.1 Triangulations and refinements of crystalline
representations

This is essentially an addendum to §I.2] where we introduced some background
on p-adic Hodge theory. We see here some further notions, which will be useful in
the study of p-adic families of automorphic representations. Our exposition roughly
follows the one of [10] §2] and [12| §2].

We fix a prime p, and a p-adic field K, and we let K = K((p~) be the field
obtained by adjoining all the p-power roots of unity to K. We define the Robba ring

over K to be the ring Ry of power series f = >_._, a;T* defined over the maximal

i€z
absolutely unramified extension of K, and converging on an annulus of the form
r(f) <|T| < 1. When K = Q, we simply write R for the Robba ring over Q,. Let
A be a finite dimensional local commutative Q,-algebra, equipped with its unique
Banach Q,-algebra topology, with maximal ideal m4, and with residue field L (which
is a finite extension of Q,). We write Rx 4 = Rk ®q, A.

The ring Rk 4 can be equipped with commuting, A-linear, continuous actions of

the Frobenius operator ¢ and the Galois group I' = Gal(K,,/K) given by

Y(T) = f(T7), feRka veT.

A (¢,T")-module over Rk 4 is a finite free R x_a-module D equipped with commuting,
Rk a-semilinear, continuous actions of ¢ and I', such that ¢(D) generates D as Rx a-
module. The rank of D is its rank as Rk 4-module. A morphism between two
(¢,I')-modules D and D’ over Rk, 4 is just a Ri a-linear map n : D — D’ which
commutes with the actions of ¢ and I

By work of Kedlaya, see [68, Theorem 6.10], it is possible to attach to each (¢, T')-
module D of rank n over Rk 1 a sequence of rational numbers s; < --- < s,,, called
the slopes of D. The (¢,I')-module D is then said to be étale if s =--- =5, = 0.

The functor V' — Djig(V) introduced by Berger in [I3] defines a tensor equivalence
between the category of continuous rank n representations of I'x over L and the
category of étale (¢, I')-modules of rank n over Rk 1, see for instance [35], Proposition
1.7]. Recall that Berger’s construction of [I3], §3.4] actually allows to define a (¢, I')-
module DLg
continuous action of I'k, in a functorial way.

(V) over Rk .4 for any A-module V of finite type, equipped with a

Rank one (¢,I')-modules over Rk 4 are classified by continuous characters § :

K* — A* in the following way. Let us fix a uniformiser wy. (The construction
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below can be easily proved to be independent of this choice). Given a continuous
character 0 : K* — A*, we let Rk 4(0) be the (¢,I')-module Rk 4 equipped with the

R i, a-semilinear continuous actions of ¢ and I' given by

<

—~
—

~—
I

(ZUK),

4
i(1), ~el.

=2

—~
—_

S—
Il

If K is a finite extension of ,, then to any ¢ as above it is possible to associate
a continuous homomorphism § o Arty' : Wx — A*. This extends to a continuous
character of 'k if and only if vy (§(wk) mod my) = 0. In this case, we can see that
Ric,a(0) = Dfi, (60 Artt).

In general, it is possible to show, see for instance [10, Proposition 2.3.1], that any
(¢,I')-module of rank one over Ry 4 is isomorphic to R 4(d) for a unique 6.

As in §1.2] we let Ko = W (kg)[1/p]. Given a continuous representation p : I'x —
GL(V) of 'k on a finite dimensional L-vector space V', the Ky-vector spaces Ds(V)
and Dg (V') introduced by Fontaine, see §1.2.2) can be recovered from Djig(V). For
the purposes of this work, we only focus on Ds(V'), and refer to [13] for the case of
Dg (V).

Let D be a (¢,I')-module over Ry, and let ¢ € R be as in §1.2.1] Set then
Dais(D) = D[1/t]*. By [13, Théoreme 3.6], given a continuous representation p :

I'x — GL(V) of I'k on a finite dimensional L-vector space V, there is a canonical
isomorphism Des(V') = DcriS(D;rig(V)). We say that a (¢, I')-module D of rank n over
Rk is crystalline if De,is(D) has dimension n over L. Clearly, an étale (¢, I')-module
D over R, is crystalline if and only if it comes from a crystalline representation
p:T'x — GL(V) of I'k via Berger’s functor Djig.

Again, let A be a finite dimensional commutative Q,-algebra with residue field
L. A triangulation of a (¢,I')-module D of rank n over Rk 4 is a strictly increasing

filtration A = (A;), of (¢, I')-submodules
No={0}CAC--CA 1 CA, =D

of D which are free and direct summand as R s-modules. The parameter of A =
(A;), is the ordered n-tuple (y,...,d,) of continuous characters §; : K* — A* such
that A;/A;—1 = Rk (9;). Following Colmez, we say that a (¢, ')-module D of rank
n over Ry 4 is triangulable if it can be equipped with a triangulation A = (A;)7,.
Let us now study the triangulations of crystalline (¢, I')-modules and their de-
formation theory. For the purposes of this work, we just focus on crystalline étale

(¢, T')-modules, coming then from crystalline representations of 'k via Diig. Note that

80



the theory still makes sense without this assumption, see for instance [10]. Also, let
us restrict to the case where K is a finite extension of Q,,.

Let then p : ['x — GL(V) be a crystalline representation of I'x on an n-dimensional

L-vector space V, and let D = D (V). Recall from §1.2.2{that De;(D) is a finite free

rig
Ky ®q, L-module, equipped with a Ky-semilinear (but L-linear) Frobenius operator
¢, and Deis(D)x = K @k, Deis(D) is equipped with an exhausted and separated

decreasing filfration (F’Deyis(D)k )icz by K ®g, L-submodules. Given an embedding
7 : K — L, the filtration (F'Deis(D)g)icz of Deais(D)x induces a filtration of
D is(D) k @k L, whose jumps are precisely the 7-Hodge-Tate weights h,; < --- < h,,,
of V.. The operator ¢/*<¥»] acts Ky-linearly on Dess(D), and we refer to its eigenvalues
as the crystalline eigenvalues of Des(D). Up to enlarging L, let us assume that every
crystalline eigenvalue of D.,5(D) is contained in L*.

A refinement of V' is a full strictly increasing filtration F = (F;)!, of ¢-submodules
fo:{o}gflg"'gfn—lgfn:Dcrisa/)

of Deris (V). A refinement F = (F;)i, of V naturally induces an ordering (A ;, ..., h, )
of the 7-Hodge-Tate weights of V', for a given embedding 7 : K — L, defined by the
property that the jumps of the filtration of F; ®g, , L induced by the filtration of
Deis(D)k ®k,» L are (B, ,..., k. ;) for each i, and an ordering (¢, ..., d,) of the
crystalline eigenvalues of Des(V') defined by the identity det(t—¢|x,) = Hé.:l (t—¢;) in
LIt] for each i. If the crystalline eigenvalues are distinct, then an ordering (¢, ..., ¢,)
induces a refinement of V' by setting F; = 2;:1 DcriS(D)¢[kK “r1=6; Tn this case, there

is a bijection between the set of refinements of V' and the set of orderings of the

crystalline eigenvalues of Des(D).
The (¢,I')-module D = Djig(V) has rank n over R . If A = (A)l, is a
triangulation of D, then Des(A;) = Ay[1/t]" is a filtered ¢-submodule of rank i
of Deis(D). It is possible to show, see [10, Proposition 2.4.1], that the assigment
A; = Deis(4;) induces a bijection between the set of triangulations of D and the set
of refinements of V', whose inverse is given by F; — (Rg [1/t]F;) N D. Note that if
the crystalline eigenvalues of D.;s(V') are distinct, then this gives a bijection between
the set of triangulations of D and the set of orderings of the crystalline eigenvalues of
Deis(D).

Let us briefly see how the Hodge-Tate weights match under this bijection. Let
7: K — L be an embedding, and let h,; <--- < h.,, be the 7-Hodge-Tate weights of
V. Let A = (A;), be a triangulation of D, and let F = (F;)!, be the corresponding

refinement of V. Let (A h. ) be the ordering of the 7-Hodge-Tate weights of V'

1 P rn
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induced by F = (F;)ig. If (1,...,0,) is the parameter of A = (A;)iL,, then R/, is
precisely the 7-Hodge-Tate weight of 9;.

Assume that for each embedding 7 : K — L the 7-Hodge-Tate weights of V' are
distinct. We call the critical type of a triangulation A = (A;), of D (resp. of a
refinement F = (F;)?_, of V) the collection (o), of permutations of {1,...,n} such
that 1, ; = h., () for all 7 and 4. If o, = Id for each 7, we say that A = (A;)i, (resp.
F = (Fi)i,) is non critical.

Let us now study the deformation theory of the objects introduced above. Before
considering the case of a crystalline representation of 'k, let us give some abstract
definitions. Let us then assume again that K is a p-adic field, and that L is a finite
extension of Q,. Let C, 1, be the category of complete Noetherian local commutative
L-algebras with residue field L, and let Cy, be its full subcategory of finite Artinian
L-algebras. Also, let us fix a (¢,I') module D of rank n over Ry 1. Given an object
A of Cp, a deformation of D to A is a pair (D4, m4) consisting of a (¢, I")-module D4
over R 4 and a Rk a-linear morphism 74 : Dy — D of (¢, I")-modules inducing an

isomorphism D4 ®4 L = D. We define a functor
DefD : CL — Sets

by mapping each object A of Cy, to the set of isomorphism classes of deformations of
D to A.

Let us assume that D is triangulable, and let A = (A;), be a triangulation of D.
We define the trianguline deformation functor of the pair (D, A) to be the functor

DefDA : CL — Sets

given by mapping each object A of Cp to the set of isomorphism classes of triples
(Da,ma, Ay) where (D4, m4) is a deformation of D to A, and Ay = (Ax,)l, is a
triandulation of D4 such that m4(Ay4,;) = A; for each i.

Let us now move back to the context of crystalline representations. Let p: 'y —
GL(V) be a crystalline representation of I'x on an n-dimensional L-vector space V,
and let D = Djig(V). The choice of a triangulation A of D is equivalent to the
choice of a refinement F of V. We let Def, = Defp and Def, 7 = Defp o. Note that
Def, is just the functor which maps each object A of Cy, with maximal ideal my, to
the set of isomorphism classes of continuous representations pa : 'y — GL(V4) of
'k on A-modules V, of finite type together with homomorphisms 74 : V4 — V of
A[l'k]-modules inducing isomorphisms V4 ® 4 L = V' (this definition makes sense for

any continuous representation p : I'y — GL(V'), not just for a crystalline one). By
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construction, we have a natural transformation Def, r — Def,. The following result
holds.

Proposition 3.2.1 ([I0, Proposition 2.5.8]). If the crystalline eigenvalues of Deyis(V')
are distinct, then Def, r is a subfunctor of Def,, and Def, r — Def, is relatively
representable. Moreover, if F is non critical, then the subfunctor Def, . of Def,

parametrising crystalline deformations factors through Def, r.

3.2.2 Definition and basic properties of eigenvarieties

First of all, let us define the unitary groups for which we are going to construct
eigenvarieties. In general, let k be a field, let E be an étale k-algebra of degree 2,
equipped with a nontrivial k-automorphism ¢, let n > 1 be an integer, and let A be a
simple central E-algebra of rank n?, equipped with a k-algebra anti-involution x +— z*
of the second kind, i.e. which coincides with ¢ on E. We can attach to the datum
(A, %) a linear algebraic group G over k, whose points on every k-algebra R are given
by

G(R)={r e (A®cR)* : za* =1}.

Note that the base change G xy E of G to E is isomorphic to the group A* over
E of invertible elements of A, and hence G is a twisted k-form of GL,, g Actually,
every twisted k-form of GL,, g is isomorphic to a group of this form.

If F is a field, then we say that G is a unitary group attached to E/k. When
moreover A = M, (E), and * is the adjunction with respect to a c-Hermitian form
h on E™, we refer to G as a n-variables unitary group attached to E/k.

Let now p be a fixed prime, and let 1, : Q — @p and 1o, : Q — C be fixed
embeddings. Let F' be a CM field field, with maximal totally real subfield F'*, let ¢
be a generator of Gal(F/F™), and assume that all the places of F™ above p split in
F. Let n > 1 be an integer, which is either odd, or if it is even then n[F* : Q] =0
mod 4. By the Hasse principle, there exists a (unique) n-variables unitary group U
attached to F//F* which is split over F', quasi-split at each finite place of F'*, and
definite, i.e. such that U(F") is compact for every real place v of FT. If v is a place
of F™ above p, then the choice of a place v of F' above v defines an isomorphism
U(F)) = GL,(F;) = GL,(F,). From now on, let us choose v above v for all v above
.

Let us fix a finite set S of finite places v of F such that v { p, and containing all
the places of F'* at which U is ramified.
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Fix a compact open subgroup K* = [Togs Ko of U(Afﬂr’f) such that K, = U(Op+)
for almost all v ¢ S, and such that K, is maximal hyperspecial if v { p, and is an
Iwahori subgroup of U(F;) = GL,(F;}F) if v | p. Let E C Q be a Galois number field,
and let H be a commutative F-subalgebra of the Hecke algebra of U <A%+, f) over
E, containing the algebra H* of locally constant and compactly supported Z-valued
functions on U (Alsgf’ ;) which are bi-invariant under the action of K 5P = [Togs, vp Ko-
Finally, for each v € S, fix idempotents e, of the Hecke algebra of U(F,") over E, and
set € = (Ruesey) ® Lgsp, which is an idempotent of the Hecke algebra of U(A%+7f)
over E. Finally, let L be the Galois closure of 2,(£) and 2,(F) inside Q,.

For every v | p, let T, be the diagonal Q,-torus of U(F,") = GL,(F,"), let T be
a maximal compact subgroup of 7,, and let B, be the Borel QQ,-subgroup of upper
triangular matrices of U(F,") = GL,(F,). Let then T =[[,, 7o, T° = [],, T,), and
B = Hv|p B,. Let ¢, be the modular function on B,, and let 6 = ®,,0,, be the modular
function on B, as in §1.5.2] The choice of B allows us to define a notion of dominant
character (with respect to B) in the group X*(T') of algebraic characters of T'. Note
that every element s of X*(T) is entirely determined by a tuple (k) € (Z")Hom(".Q)

via the relation
lﬁ(l’l, . ,xn) = HT((Ii)U(T))RT’i,

where for each embedding 7 : F* — Q, we denote by v(7) is the place of F'*
induced by 7. The element x is then dominant if x.; > --- > k., for each 7, i.e.
(Kr;) € (Zm)Hom(F* Q)+ with the notation of §1.5.4]

We let T = Homs (T, GI8) (resp. W = Homes(T°, G18)) be the rigid analytic
space over Q, whose points over any affinoid Q,-algebra R parametrise the continuous
characters T — R* (resp. T° — R*). The group X*(T) of algebraic characters of T'
is then a subgroup of 7(L).

Since U is a definite unitary group over F'*, all the automorphic representations
of U(Ap+) are discrete, and cohomological in degree 0. Also, the infinite part 7, of 7
is finite dimensional over C, and the finite part 7; of 7 is defined over Q. The highest
weight of 7., naturally defines an element x, of X*(T) C T(L).

Assume that e(r;)%» # {0}, where K, = [1,, Ko Then, e(my) is finite dimen-
sional over C, and so it can be triangularised as H-module. After semisimplification,
this gives a finite set of ring homomorphisms ‘H — C. Since 7 is defined over Q,
these homomorphisms can be seen as taking values in Q via 27!. After composing
with 2,, we then get ring homomorphisms ¢ : H — @p. Such a ring homomorphism
is called a @p—system of Hecke eigenvalues attached to 7. When H = H°, there is a

unique ¢ = 1, which is completely determined by the Satake parameter of 7.
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Let v | p. An accessible refinement of m, ® | det |7(J1_”)/2 is a character 9, : T,,/T —
C* such that 7, ® | det |1(,1_n)/ ? oceurs as a subrepresentation of the normalised smooth

parabolic induction

Ind§E )y,

— {f : GL,(F) — C smooth : f(bg) = (9,6Y*)(b)f(g), Vb € B, ¥g € GL,(F})}

of ¥, to U(F, ) = GL,(F,"). When 7, is unramified, an accessible refinement of
T, @ | det |1(,17")/ ? is equivalently an ordering of its Satake parameters. Explicitly, if 9,
is an accessible refinement, then an ordering (¢, 1, . . ., ¢y,) of the Satake parameters of
T, ®| det |£,1_n)/2 is given by setting ¢, ; = U, (ty.), fort,; = (1,...,1,w,,1,...,1) € T,,
where the uniformiser @, of O+ is in i-th position, for each i.

Let ¥, be an accessible refinement of 7, ® | det \1(,17")/ 2, Up to composing with
1, we can see ¥, as a character ¥, : T,/T° — @; Let ¥ = {ﬁv}v‘p' Then, we
can attach to the pair (7, 9) an element vz ) = fix(®yp00) (6?1, | det | D/2) of
T(Q,). Note that v, gy determines exactly s, and ©J.

We call p-refined automorphic representation of U(Ap+ ¢) a pair (7, 1) consisting of
an automorphic representation m of U (A; ;) and a collection ¥ = {4, }U‘p of accessible
refinements of ,®| det | /% for v | p as above. Let Z° C Hom,ing (H, Q,) x T(Q,) be
the subset consisting of the pairs (¢, v) such that there exists a p-refined automorphic
representation (m, ) of U(Ap+) with e(m;)%» # {0}, and such that ¢ is a Q,-system
of Hecke eigenvalues attached to 7, and v = vz ). The following theorem is [30,

Théoréme 1.6]. We refer to [10] §7] for a more detailed discussion of this result.
Theorem 3.2.2. There exists a unique 4-tuple (€1, v, Z<) where:

e £ is a reduced rigid analytic space over L;

o Y :H — O(E) is a ring homomorphism;

e v: & — T is a finite analytic morphism;

o Z9 C £(Q,) is an accumulation and Zariski-dense subse'
satisfying the following properties:

(1) For every open affinoid V C T, the map ¥ @ v* : H @7 O(V) — O(v=1(V)) is

surjective.

8A subset Z C £(Q,) is said to be accumulation and Zariski-dense if it meets any irreducible
component of £, and if for all z € Z there is a basis of affinoid neighbourhoods U of z such that
Z NU is Zariski-dense in U.
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(2) The evaluation map 5(@p) — Homring("H,@p), r = Y, = (h = ¥(h)(z)),
induces a bijection Z% = Z9 2z — (1., v(2)).

(3) The space € is equidimensional of dimension dimW = n[F* : Q).

(4) Let k : € — W be the composition of v with the natural projection T — W.
Then, the space € has an admissible covering by open affinoids 2 C & such that
k() C W is an open affinoid, and such that k |q: Q — k() is finite, and
surjective when restricted to any irreducible component of Q. Moreover, the

image via k of any irreducible component of £ is Zariski-open in W.

(5) We have ¢(H) C O(E)°.

(6) Let v € £(Q,) be such that k(x) € W(Q,) is algebraic and dominant, let
(Korg) € (ZMHemFT Q)+ be the corresponding tuple. Assume that

Up(gbv(T)J e st(r),i)

7}p(w’U(T))

< Krji— Krip1 +1

for each m: F* —Q, andi=1,...,n. Thenz € Z°.

The rigid analytic space £ over L is called a reduced eigenvariety for U of idempo-
tent type e, and the closed points in Z< are called the classical points of .
op Ko of U (Afwr’ f), usually referred

to as a tame level away from p, we let S be the (finite) set of places v { p of F*

Given a compact open subgroup K? = []

such that K, is not maximal hyperspecial, we let H = H°, and we let e = Lg».
We call the corresponding eigenvariety Ex» an eigenvariety for U of tame level KP.
The eigenvariety Exr is equidimensional of dimension n[F* : Q]. We say that an
automorphic representation 7 of U(Ap+) has tame level K? if (7;)%" # {0}. Any
p-refined automorphic representation (m, ) of U(Ap+) such that m has tame level K?
naturally defines a classical point of Ex». We also say that Ex» contains (7, ).

Given a p-refined automorphic representation (m, 1) of U(Ag+), instead of con-
sidering a whole tame level eigenvarity containing (m,), it would be useful, for the
purposes of this work, to consider a minimal level eigenvariety containing (). In
order to define such an object, we need to fix suitable data. We refer to [30], §3.6] for
the details of this construction.

Fix a tame level K7 =[], K, of U(A%, ;

v { p of FT such that 7, is ramified. For each v € S, fix a Bernstein connected

) for 7, and let S be the set of places

component B, of the category of smooth representations of U(F,") = GL,(F,) over
C. Let us fix a Galois number field £ C Q such that B, and its Bernstein centre 3,
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are defined over E. We can choose an idempotent e, of the Hecke algebra of U(F)
over I such that:

e b,e, = ¢e,, where b, is the Bernstein central idempotent associated to B,;

o ey(m) # 0;

o rec,(0) <;_. recy(m,) for each irreducible o in B, such that e,(o) # 0.

Let us finally fix the F-algebra
H = (®UES§U) Xz HSa

(where the tensor product ®,cs3, is taken over E). The minimal level eigenvariety
containing (7, ) is then the eigenvariety £ of idempotent type e = (Qyes€y) @ Lgesp
attached to these data. This is a closed rigid analytic subvariety of the eigenvariety
Exr of tame level KP, which is equidimensional of dimension n[F'" : Q] as well. The

pair (m,7) naturally defines a classical point of £.

3.2.3 (Galois pseudorepresentations on eigenvarieties

Let us fix notations as in . Let us consider a tame level K¥ =[], K, of
U (Ai“*, f), and let Ex» be the corresponding eigenvariety. Let Z™# be the subset of
Z of pairs (¢, v) corresponding to p-refined automorphic representations (m,) of
U(A}, ;) such that 7 has regular weight. Let Z™® be the corresponding subset of
Z% via Z¢ = Z<. By [10, Lemma 7.5.3], the set Z*8 is a Zariski dense subset of
Err (@p), accumulating at each point of Z¢.

Let z € Z™& and let m be the corresponding automorphic representation of
U(A% ;). By results of Labesse, see [70], and of Moeglin and Waldspurger, see [79],
the (weak) base change II = BC(m) of m to GL,,(AF) is a well-defined automorphic
representation, which decomposes as an isombaric sumﬁ I = @Y II; of discrete
conjugate self-dual automorphic representations II; of GL,, (Ar) of the form II; =
EE;IZ’:1 (Y| det \?(dﬁl)/ %), for conjugate self-dual cuspidal automorphic representations
1Y of GL,,,(Ar), where n; = m;d;. By Theorem , we can then attach to II a

i

Galois representation pr : 'y — GL,(Q,) satisfying

'looZ;lWD(pH I, ) 2 rec, (m, ® | det |§)1—n)/2)

4If II and II' are automorphic representations of GL,(Ar) and GL,/ (Afr) respectively, then
the isobaric sum of II and II’ is the automorphic representation IIEB II" of GL, 1, (AF) sarisfying
(ITB1T'), = 11, BT}, for each place v of F', where IT, BTI; is defined by ¢, @, = ¢n, © o, if v is
infinite, and by rec, (IL, BII,) = rec, (IL,) & rec, (IT)) if v is finite.
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for each v | p (recall that v is a fixed place of F' above v). We set p, = p. Note
that if 7, is unramified, then p, is crystalline at v, and the crystalline eigenvalues of
(=2 1t follows that the

accessible refinement ¥, defines (uniquely) an ordering of the crystalline eigenvalues of

Deyis(p2 |rp ) match with the Satake parameters of 7, ® | det |y

Deis(p2 |1 F5)7 and therefore a refinement of p, |r ros and a triangulation of Diig(pz I F5>’
by the results presented in

Let S be the set of places v of F'" such that K, is not maximal hyperspecial, and
let S be the set of places of S which are either above the places of S or above p. For
each w ¢ Sand i = 1,...,n, if v is the place of F'* below w, we let h,,; be the element

of Hz(U(F,"), K,) corresponding to the double coset of the matrices of the form

diag(wy, ..., @, 1,...,1).
\ﬁ‘,—/
Combining the Zariski-density of Z™¢ in Ex»(Q,), the existence of Galois represen-

tations p, : 'y — GL,, (Q ) for each z € Z™#, and an interpolation argument due to
Chenevier, see [29, Proposition 7.1.1], we get the following resuhﬂ

Proposition 3.2.3. There exists a unique continuous n-dimensional pseudorepre-
sentation D : O(Exr)[Tpg) — O(Exr) such that D, = detop, for each z € Z™®,

and

Dogyep)(1 — t Frob,,) = 1+Z ) (#k(w)" V() in O(Exn)[2],

=1

for each w ¢ S.

Let us fix a mod p representation p : I' 5 — GL, (F,), and let Ex» 5 be the (possibly
empty) rigid analytic subspace of Ex» whose closed points z have attached Galois
representations p, reducing to p modulo p. Let X be the universal pseudodeformation
rigid analytic space for D = det op introduced in and let X7, be its base change
to L. By Proposition [3.2.3| and the universal property of X, there exists then a
morphism Ex»; — X7, of rigid analytic spaces. We will look more precisely at this

morphism in [3.3.1

®Note that Chenevier’s argument in [29, Proposition 7.1.1] is presented in the context of pseu-
docharacters. However, it turns out to be easily extendible to the context of pseudorepresentations.
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3.3 Automorphic points in (pseudo)deformation
spaces

This final section studies the geometry of p-adic rigid analytic (pseudo)deformation
spaces and eigenvarieties at points arising from (classical) automorphic representations.
We fix a regular algebraic, conjugate self-dual, cuspidal automorphic representation of
GL,(Ap), for F a CM field, and consider the attached automorphic Galois representa-
tion. In we see how the irreducibility of the automorphic Galois representation
implies smoothness results for deformation spaces and (under additional “generic”

assumptions) for eigenvarieties at the corresponding points. In §3.3.2| we sketch a plan
of future research on possible converses to the smoothness results of §3.3.1|

3.3.1 Smoothness results

Let F be a CM field, let F'* be its maximal totally real subfield, let ¢ be a generator
of Gal(F/F*), and let n > 1 be an integer. Let m be a regular algebraic, conjugate
self-dual, cuspidal automorphic representation of GL, (Ar). Let p be a prime (which

we assume to be odd), and let

pr:Tp— GLn(@p)

be the Galois representation attached to m via Theorem [1.6.1] For simplicity of
notation, set p = p,, and let p be (as usual) the semisimplification of the reduction of
p modulo p. As predicted by the Langlands conjecture for GL,, the representation
p should be absolutely irreducible. We have seen in how this is still an open
question in general. Nevertheless, let us assume here that p is absolutely irreducible
(actually, assume that p is absolutely irreducibleﬁ). In this section, we see smoothness
results for (pseudo-)deformation spaces and eigenvarieties attached to 7 and .

Let U be a quasi-split definite unitary group in n variables attached to F/F™*,
as in §3.2.2] Then, by results of Mok, see [80], the representation 7 descends to an
automorphic representation of U(Ap+) via standard base change. With a slight abuse
of notation, let us still denote this representation by 7. Let S be the (finite) set of
places of F'* where 7 ramifies, and let S be a finite set of places of F' such that every

@€ S is split over some w € S, and S contains at most one place above any w € S.

6Tt is known, see [83, Corollary 1.3], that if a geometric compatible system R = {Pr}rea with
coefficients in a number field F is absolutely irreducible, then there exists a subset A’ of A of residual
Dirichlet density 1 such that p, is absolutely irreducible for every A € A’. Therefore, if Conjecture
1.7.3| holds true, then this result applies to the automorphic compatible system R = {pr a}, €|Ex|
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If we denote by Fg the maximal extension of F inside a fixed algebraic closure F of F
which is unramified outside of any of the places in F' above those in S, then Fg/F™
and Fg/F are Galois extensions, with Gal(Fs/F™)/Gal(Fs/F) = Gal(F/F*), and p
(and therefore p) factors through Gal(Fs/F). Let E be a finite extension of Q, inside
@p such that the image of p is contained in GL,(E), and let X be the rigid analytic
pseudodeformation space for D = det op over E. For p absolutely irreducible, this
coincides with the rigid analytic space attached to the universal deformation ring of p.
The representation p naturally defines a closed point x of X.

Let us now introduce a different deformation space for p. First of all, we recall
the definition of the Clozel-Harris-Taylor group scheme G,,, see [34, §2.1], which is the

group scheme over Z defined as the semidirect product

gn = (GLn X GLI) A {17]}7

-1

where the group {1, 7} acts on GL, x GL; by 5(g,a)y™' = (a'g™',a). There is a

homomorphism v : G,, — GL; which sends (g, a) to a, and j to —1. Let G° denote the

connected component of the identity of G,,, and let “ad” denote the adjoint action of

G, on gl , given by

Given a group I', a ring A, and a group homomorphism r : I' — G, (A), we write
ad(r) for gl (A) with the adjoint action ad o7 of T".

Let now I' be a topological group, and let A be an open subgroup of I' of intex 2.
If A is a topological ring, and 7 € T'\ A is fixed, then by [34, Lemma 2.1.1] there is a

natural bijection between the following two sets.

(1) Continuous homomorphisms r : I' — G, (A) inducing an isomorphism I'/A =

Gn(A)/Gn(A).

2) Triples <)), where p : A = GL,(A) and 1 : I' = A* are continuous
(2) Triples (p, ,(-,-)), p n 1

homomorphisms, and (-, -) is a perfect A-linear pairing on A" satisfying

(p(8)z, p(0075 y) = p() (z,y) ,
(@, p(v8)y) = —p(0) (y,z), V€A, Va,ye A"

Under this bijection, we have pu(y) = (v or)(y) for all v € T, and (z,y) = tx P~y for
() = (P, =1(70))s-
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Let O be the ring of integers of F, let m be the maximal ideal of O, and let F = O /m.
Let 7 : Gal(Fs/FT) — G,(F) be the continuous homomorphism corresponding to
p: Gal(Fs/F) — GL,(F) via the above bijection, and let i : Gal(Fs/F*) — O* be a
continuous character such that 4 mod m =voT7.

For cach @ € S, let T = Tlr r.» and let Rg be a quotient of the universal framed
deformation ring RS = R% of 7 such that, if r : I'r_ — GL,, is a lifting of 73 to an
object A of é\@ with maximal ideal m4 and g € 14 M,,x,(m4), then the map RY — A
induced by r factors through R if and only if the map RZ — A induced by grg=*
factors through Rg.

The tuple S = (F/F™*, S, S, 0,7, s { R} zeg) is then a global deformation datum
in the sense of [I}, §1.3] (a slight variation of the data considered in [34, §2.3]). Given
an object A of Cp, we say that a continuous homomorphism r : I'p+ — G,(A) is a
lifting of 7 to A if it reduces to 7 modulo the maximal ideal m4 of A. A deformation
of 7 to A is an equivalence class of liftings of 7 to A modulo the action by conjugation
of 1 + Myxn(my). We say that a lifting r : T'p+ — G, (A) of 7 to A is of type S if
r factors through Gal(Fs/F*), if vor = pu, and for each w € §, the map RS — A
induced by the lifting r |1"Fa of 74 factors through Rz. We say that a deformation of 7
to A is of type S if one (equivalently any) lifting in its deformation class is of type S.
Let

Defs : CA@ — Sets

be the functor which attaches to each object A of 5@ the set of deformations of 7 to
A of type S. The following result holds.

Proposition 3.3.1 (part of [I, Proposition 1.3.9]). Assume that p is absolutely irre-
ducible. Then, the functor Defs is representable by a complete Noetherian local com-
mutative O-algebra Rs, together with a universal deformation r&™" : Gal(Fs/F*) —
Gu(Rs) of T to Rs.

Under the assumptions of Proposition there is a bijection between the set of
closed points of the affine scheme Spec Rs[1/p] and the set of deformations of type S
of 7 to finite extensions of F. Let Xs = (Spf Rs)"® be the rigid analytic space over F
attached to the formal scheme Spf Rs via Berthelot’s functor. Then, the closed points
of Xs are in bijection with the set of deformations of type S of 7 to finite extensions
of E.

Let us assume as above that p is absolutely irreducible. Assume also that Rz = RY
for all @ € S. Then, the homomorphism r : Gal(Fs/F*) = G,(E) induced by p (the
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Galois representation attached to 7) defines a closed point of Xs, which we still denote

by z. The main result of [I] implies the following.

Theorem 3.3.2 (consequence of [I, Theorem 3.2.3]). Assume that ¢, ¢ F, and that

(L)) is adequateﬂ. Then Xs is smooth at x of dimension @[FJr : Q).

This smoothness result relies on the proof of the vanishing of the geometric Bloch-
Kato Selmer group H,(Gal(Fg/F"),ad(r)), predicted by the Bloch-Kato conjecture
for ad(r), see [II, §3.2.4]. Note that if p is sufficiently large, then (, ¢ F', and if p is
irreducible then p(I'p(,)) is adequate.

Let us now move to the context of eigenvarieties. Let us assume that all the
places of '™ above p split in F. As in , let us fix embeddings 1, : Q- @p and
oo : Q@ — C, let us choose a place ¥ of F' above each place v of ' above p, and let L
be the Galois closure of E and 1,(F) inside Q,. Let € be the cyclotomic character of
['p+, and let 0p/p+ be the quadratic character of I'p+ attached to the extension F /FT.
For each w € S , let Rz be the maximal reduced p-torsion-free quotient of RZ. Let us
consider the global deformation datum S = (F/F*, S, S, 0.7, 61_"(5?,/F+, {R&} )
let Xs be the corresponding rigid analytic deformation space over E, and let Xs 1 be
the base change of Xs to L.

Assume that 7, is an unramified principal series for each finite place v of F'™ above
p. For all such v, let pz = p ]pFi. Note that the representation p; is crystalline for all
v. Let us choose a collection ¢ = {0, },,, of accessible refinements of m, @ | det (/2
for v | p. Equivalently, this corresponds to the choice of an ordering of the crystalline
eigenvalues of Dq;s(p5), or equivalently to the choice of a refinement F5 of pz, or of a
triangulation of Djig(pg). Let us write 7 = {F5}, -

Given a tame level K? =[], K, of U(A%, ;

(classical) closed point y of the eigenvariety Ex» of tame level K7, as in §3.2.2] Note

that y is actually a closed point of the p-component Ek»; of Exr. Using Emerton’s

) for 7, the pair (7,v) defines a

construction of eigenvarieties [43], then Ex»; can be identified with a rigid analytic
subspace of Xs 1 x Wy, where W, is the base change of W to L, see [22], §4.1].
Define a functor
Def, : C;, — Sets

by mapping each object A of Cr, with maximal ideal my4, to the set of equivalence
classes modulo the action by conjugation of 14 M,, «,,(m4) of continuous representations

pa: Gal(Fs/F) — GL,(A) which reduce to p modulo m4. It is a well-known result,

"Refer to the appendix to [I01] for the notion of adequate subgroup of GL, (F) and for the relevant
results concerning these objects.
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see for instance [31], §4.1], that the completed rigid analytic stalk (/Q\XL@ (which is an
object of 5L) pro-represents Def,. By [22, Lemme 4.10], we have an identification
@Xw = @Xs, ..z, and so obviously @Xs, ..z bro-represents Def, as well.

Let us now define a subfunctor
Defp’]: : CL — Sets

of Def, by mapping each object A of Cy, to those p4 such that py ]ng is in Def,,_ 7 (A)
for each finite place v of F* above p, and whose restriction to an inertia subgroup
at each finite place w of F' not above p is constant. By Proposition [3.2.1] we have
that Def, 5 is pro-representable by an object of é\L. The following result of Breuil,
Hellmann, and Shraen proves an R = T conjecture of Bellaiche and Chenevier, see
[10, Conjecture 7.6.12].

Theorem 3.3.3 (consequence of [22, Théoreme 4.8]). The completed rigid analytic

stalk @\ng’p’y pro-represents Def, r.

Let now € be the minimal eigenvariety containing (7, v). Let (03,), be the critical
type of the refinement Fj; of p; for each finite place v of F'™ above p. We introduce
additional deformation functors. Firstly, let Defffd be the representable subfunctor
of Def, parametrising conjugate self-dual deformations. For each finite place w of F’
not above p, let pg = p]pFﬁ, and let Defggn be the subfunctor of Def,_ parametrising
minimally ramified deformations. That is, the functor which maps each object A of
Cr, to the set of deformations pa of pg such that pa|r.= palr, @A It is not difficult
to check that the natural transformation Defggn — Def,_ is relatively representable.
We let then Def "z be the fibre product defined by the diagram

min csd
Def 'z Def

| |

Hﬁfp Def;n;,n X Hv|p Defpmfﬂ - Hiﬁfp Defﬂw X Hv|p Defpﬁ

Since the bottom arrow is relatively representable, and Def;Sd is pro-representable
by an object of C, 1, we have that Defrprji‘i_‘ is itself pro-representable by an object of C, L.

The main results of [1] and [12] then imply the following.

Theorem 3.3.4 (consequence of [I, Theorem 3.2.3] and [12] Theorem 4.7]). Assume
that each oy, is a product of distinct simple transpositions, that ¢, ¢ F, and that
P(Lp(,) is adequate. Then & is smooth at y of dimension n[F™ : Q], and the completed

min

rigid analytic stalk @gy pro-represents Det | r.
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3.3.2 Plan of future research

We have seen how the irreducibility of p allows one to prove smoothness results for
deformation spaces and eigenvarieties. Motivated by explicit examples constructed by
Bellaiche in [7] and [9], we suggest that some converse results should hold true as well.

More precisely, Bellaiche constructs in [7] a p-refined automorphic representation
(m,9) of U(Ag), for U a definite unitary group in 3 variables attached to an imaginary
quadratic extension F'/Q, such that the Galois representation p, attached to w
decomposes as p, = pg P 1, for py a 2-dimensional representation of I'r, and 1 the
trivial representation, and shows that the minimal eigenvariety for U containing (7, )
is singular at the classical point defined by (7, ), see [, Theorem 6]. The key point of
the proof consists in showing that since p, = pp@1 is reducible, then the corresponding
completed rigid analytic stalk of the eigenvariety is not factorial.

An analogous method has been used by Bellaiche in [9] to construct a class of
higher dimensional examples, see [9, Theorem 1].

Let us fix notations as in §3.3.1] However, let us assume that

pRpE =&l p

is an irreducible decomposition, where each p; has rank n;. Up to choosing p in a set
of rational primes of Dirichlet density 1, we can assume that p is multiplicity free, i.e.
the representations p; are pairwise non isomorphic, and that the representations p; are
absolutely irreducible and pairwise non isomorphic as well. Moreover, up to choosing
p sufficiently large, we can assume that ¢, ¢ F, and that 7,(I'p(,)) is an adequate
subgroup of GL,,(F,). Let X be the pseudodeformation rigid analytic space over F
for D = det op. The representation p naturally defines a closed point = of X. By
fixing a suitable global deformation datum S, we should be able to construct a ring Rs
parametrising pseudodeformations of type S of 7, using the theory of We would
then let Xs be the corresponding rigid analytic space over E. The representation p
would then define a closed point of Xg, which we still denote by x. We suggest that if
k > 1, then Xs should be singular at x.

If we also assume m, to be unramified, and with distinct Satake parameters for
each v | p, then we can choose a refinement ¥, of m, ® | det |£,1_n)/ ? for each v | p, and
let ¥ = {191)}”‘1). Let £ be the minimal eigenvariety over L containing the p-refined
automorphic representation (m, ). Then, (7, ¢) defines a closed point y of £. For each
v | p, let (05,-), be the critical type of the refinement of p|r, induced by ¥,. It is

known that if there exists a o5 - which is not a product of distinct simple transpositions,
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then & is singular at y, see [21, Theorem 5.4.2]. Let us then assume that each o3,
is a product of distinct simple transpositions. We suggest that also if £ > 1, then £
should be singular at .

The key algebraic-combinatorial result of [9] linking the reducibility of the Galois
representation at a point of the eigenvariety with the “regularity” of the completed

rigid analytic stalk at that point is the following.

Proposition 3.3.5 ([9, Proposition 3.1]). Let A be a local ring with mazimal ideal
my. Let A;; be fractional ideals of A, for 1 <i,j <k, such that

(1) A, jA;; Cmy for every distinct 1 < 1i,j <k;

(2) Ap;A;; C Apj for every distinct 1 < h,i,j < k;

(3) Dipy AijAji =mu;

(4) A, ; and A;,; are isomorphic as A-modules for every distinct 1 <i,j < k.
Then, if A s factorial we have k > dim A.

Let us make some comments on this proposition. First of all, let us clarify how it

is applied to the context of eigenvarieties.

Remark 3.3.6. In the proof of [0, Theorem 1], the ring A is the completed rigid
analytic stalk @g,y. If £ is smooth at y, then A is regular, and hence factorial by
the Auslander-Buchsbaum theorem. Let D, : A[l's5] — A be the n-dimensional
pseudorepresentation given by specialising the Galois pseudorepresentation on Ex»
of §3.2.3[ to y. If S is a Cayley-Hamilton quotient of (A[I'z], Dy), then S is a
generalised matrix algebra of type (ni,...,n;) by Theorem . Let A;; be the
corresponding fractional ideals of A. Then, they obviously satisfy properties (1) and
(2) of Proposition [3.3.5] In order to ensure that the remaining properties hold true
as well, Bellaiche considers automorphic representations 7 such that the geometric
Bloch-Kato Selmer groups H,(Gal(Fs/F'),ad(p;)) are trivial for each i, so that the
total reducibility ideal Jio, of D, is the maximal ideal m,, and hence (3) holds, and
such that each p; is conjugate self-dual, so that (4) holds, see [9, §3.1]. Then, the
conclusion of Proposition holds for A, and so k& > dim A. However, this violates
the fact that dim A = n[F* : Q], and so £ cannot be smooth at y. We suggest that an
analogous result should hold true even when the hypotheses (3) and (4) are relaxed,
so that we can at least avoid to require each p; to be conjugate self-dual. Note that

fractional ideals A; ; satisfying (1) and (2) are well defined for any pseudodeformation
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of D = detop. We can therefore replace the completed rigid analytic stalk of the
minimal eigenvariety £ with the completed rigid analytic stalk of any suitable rigid
analytic pseudodeformation space for D, e.g. Xs. In this context, note that by
choosing suitable quotients Rz of R= for w € S , it should be possible to deduce

property (3) from some Bloch-Kato statement for the representations ad(p;).

Let us explain now how it is reasonable to expect some (pseudo)deformation rings

of automorphic Galois representations to be at least factorial.

Remark 3.3.7. If Xs is constructed so that the identification @XL»I = 6X5,L,m
holds, then @XS,L,x is conjecturally (at least) factorial. A classical conjecture of
Jannsen, see [60, Conjecture 1], predicts in fact the vanishing of the cohomology group
H?(Gal(Fs/F),ad(p)). If this holds true, then with an argument analogous to that
of [78, Proposition 2] we deduce that the framed deformation ring RE is a formal
power series ring over E, and hence a regular ring. Now, since p is multiplicity free, by
results of [106] we have that (7)\;(,5,; is isomorphic to the GIT quotient ring of RE for the
action of PGL,, and so it is factorial by [46], §V, Exercise 6], since RE is regular. It
follows that Oy, . is factorial, and so is Oxg , .. We remark that Jannsen’s conjecture

for ad(p) is closely related to the Bloch-Kato conjecture for ad(p).

The above results and remarks suggest that smoothness properties for completed
rigid analytic stalks of pseudodeformation spaces and eigenvarieties, irreducibility of
automorphic Galois representations, and suitable Bloch-Kato statements are closely

related. We plan to further investigate their connections in the future.
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