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Abstract

We describethe geometry constaints and algorithmic
implementatiorfior metricrectificationof planes.Therecti-
ficationallowsmetricproperties,sud asanglesandlength
ratios,to be measued on theworld planefroma perspect-
iveimage.

The novel contributions are: first, that in a stratified
contet the variousforms of providing metricinformation,
whicdh include a knownangle two equalthoughunknown
angles,and a knownlengthratio; can all be represented
ascircular constaintsontheparametes of an affinetrans-
formationof theplane—this providesa simpleanduniform
framavork for integrating constaints; seconddirectrecti-
fication from right anglesin the plane; third, it is shown
that metric rectificationenablescalibration of theinternal
camen parametes; fourth, vanishingpointsare estimated
usinga MaximumLikelihoodestimator;fifth, an algorithm
for automaticrectification. Examplesare givenfor a num-
ber of images, and applicationsdemonstated for texture
mapacquisitionandmetricmeasuements.

1 Intr oduction

It is well known thatunderperspectie imaginga plane
is mappedo theimageby a planeprojectivetransformation
(ahomography]13]. This transformatioris usedin mary
areasof computervision including planarobject recogni-
tion [12], mosaicing[15], andphotogrammetry14]. The
projective transformatioris determinediniquelyif the Eu-
clideanworld coordinatesf four or moreimagepointsare
known. Oncethe transformatioris determinedEuclidean
measurementsuchaslengthsandangles,canbe madeon
the world planedirectly from image measurementsFur-
thermoretheimagecanberectifiedby aprojectvewarping
to onethatwould have beenobtainedrom a fronto-parallel
view of the plane(i.e. parallelto theimageplane).

In this paperwe shaw thatit is not necessaryo provide
the Euclideancoordinatesof four points; insteadmetric

propertieson theworld plane,suchasalengthratioandan
angle,canbe useddirectly to partially determinethe pro-
jective transformatiorup to a particular(metric) ambigu-
ity. This partialdeterminatiorrequiresfar lessinformation
aboutthe world planeto be known, but is neverlesssuffi-

cientto enablemetricmeasurementf entitiesontheworld

planeto bemadefrom theirimages.

Collins andBeveridge[2] madea significantstepin this
direction by shaving that once the vanishingline of the
planeis identified,the transformatiorfrom world to image
planecanbereducedo anaffinity. They usedthisresultto
reducethe dimensiorof the searchfrom eightto six, in re-
gisteringsatelliteimages.We improve onthis resultin four
ways.

First, it is shavn that by using known metric informa-
tion the affinity canbereducedo a similarity. Section2.2
describeghreecasesof providing this metric information
from animage:a known angle two equalthoughunknown
anglesandaknown lengthratio. Eachof theseconstraints
canbe representedimply as a circular constrainton two
unknowvn parametersanda closedform solutionobtained
by intersectingcircles. This meanghatthe problemof im-
ageregistrationconsideredn [2] canbe reducedo a four
dimensionalsearch. Unlike the methodof [2] no know-
ledgeof theinternalparameter®f the camerais required.
Faugera®tal. [7] usedsimilar constraintsn a 3D contet,
but only aniterative solutionwasgiven.

Second,in section3, it is shavn that animagedplane
can be rectified directly from metric information, without
firstidentifyingthevanishindine. Thisis illustratedfor the
metric constraintsarising from right angleson the plane.
Third, section4, describediow the cameranternalcalibra-
tion parametersre constrainedy the metric rectification
of a plane. Fourth, vanishingpointsare estimatedusinga
Maximum Likelihood Estimator(MLE) describedn sec-
tion 5.1. This substantiallyimprovesthe accurayg of the
results.

In manmadesceneshereareoftentwo dominantortho-
gonaldirectionsfor exampleaerialviews of streetsinterior



and exteriors of buildings. In this situationthe vanishing
points canbe obtainedautomatically and metric rectifica-
tion is obtainedup to aonedimensionabmbiguity Thisis

describedn section5.3. The methodsaredemonstrateth

sectiond.

2 Stratification of projective rectification

As describedy Koenderin9] andFaugerag6] metric
structurerecovery can be stratifiedso that first affine and
thenmetric propertiesare determined. In this sectionwe
follow theirapproach.

Pointsontheimageplane x, arerelatedto pointsonthe
world plane,x’, asx’ = Hx, wherex andx’ are homo-
geneous3-vectors. The projective transformatiommatrix H
canbedecomposefuniquely)into aconcatenationf three
matricess, A andP, representingimilarity, affineand‘pure
projectve’ transformatiommespectiely:

H = SAP
where
1 0 0
P= 0 1 0
i 1s I3

andl,, = (I1,12,13) T isthevanishingine of theplane.The
vectorl,, is homogeneouandhastwo degreesof freedom.

1

5 5 0
A= 0 1 O

0 0 1

Again, this matrix hastwo degreesof freedomrepresented
by the parameters and3. The geometrianterpretatiorof
theseparameterss that they specifythe imageof the cir-
cularpoints[13]. ThecircularpointsI andJ area pair of
comple conjugatepointson the line at infinity which are
transformedrom co-ordinateg1, 44, 0)" on the metric
planeto (a F i3, 1, 0)T ontheaffine plane. Their signi-
ficancelies in the factthatthey areinvariantto Euclidean
transformationsOncethey areidentifiedmetric properties
of the planeare available. The final matrix in the decom-
positionis a similarity transformation

sR ¢t
= (o 1)

whereR is arotationmatrix, t atranslatiorvector ands an
isotropicscaling. Therearefour degreesof freedom.

2.1 From projective to affine

Thefirst stageis to determineP, which requiresidenti-
fying thevanishingline 1., of the plane.Thevanishingline

is theimageof theline atinfinity ontheworld plane.Paral-
lel lines on the world planeintersectat vanishingpointsin
theimage,andthevanishingpointslie onl,,. Two or more
suchpointsdetermind,,. OnceP is determinedheimage
canbe affine rectified (seefigure 3), and affine properties
suchaslengthratioson parallelline sggmentsmeasured.

2.2 From affine to metric

It is assumedh thefollowing thatthegeometryhasbeen
recoveredup to an affine transformationby applying the
matrix P. Recwery of metric geometryrequiresan affine
transformatiorof the plane,A, thatwill restoreanglesand
length ratios for non-parallelsggments. In the following
threemethodof providing constraint®na andg aregiven.
Theseare:

1. A known anglebetweerlines;
2. Equalityof two (unknawn) anglesand,
3. A known lengthratio.

In eachcaseit shavn that the constraintis a circle. This
is in facta circle in the comple planesincea andg are
originally real andimaginarycomponentsandthe circles
may be plotted on the planewith o asthe real axisand g
theimaginary However, sincea andg arereal,thecomple
interpretationis not significantin seekinga solution.
Known angle:

Supposd is the angle on the world plane betweenthe
linesimagedasl, andl, (herelines1l arehomogeneou8-
vectors).Thenit canbeshavn thata andg lie onthecircle
with centre

a—b)

(carca) = ( 5 g cot 0)
andradius ( b
a —_—
= 2sin 6 |
wherea = —l,2/1l,1 andb = —ly2 /1 aretheline direc-

tions. Note,if § = 7/2 thecircle centreis onthea axis.
Equal (unknown) angles:

Suppose¢heangleontheworld planebetweertwo linesim-
agedwith directionsay , b; is the sameasthatbetweerntwo
linesimagedwith directionsas, b2. Thenit canbe shavn
thata andg lie onthecircle with centreonthe o axis

0)

albz - b1a2
a; — by —as + by’

(carp) = (

andsquaredadius

P2 = aiby — bras 9
a; — bl —az + b2
(a1 - b1)(a1b1 - 0252)

+ —ab
a; — by —as + by 1




Known length ratio:
Supposehelengthratio of two non-paralleline segments
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Figure 1. Notation for line segments in the
known length ratio constraint.

is s ontheworld plang andthesdine sggmentsareimaged
asshawvn in figure1. Writing Az, for 2,1, — z,2 andsim-
ilarly for y, it canbe shovn thata and g lie on thecircle
with centreonthe a axis

(Az1Ayr — s2Axa Ay
Ayr? — s2Ay,2

(Carcp) = ( ,0)

andradius

S(A.’L'QAyl — A.’L‘]_AyQ) |
Ay12 _ S2Ay22

r=|

2.3 Constraint combination

Two (independentjonstraint@realwaysrequiredto de-
terminea andg, andvariouscombinationsreillustratedin
figures4 and5. It shouldbe notedthatthe constraintsare
dependenbn line orientation(in the affine rectified geo-
metry),andthe sameconstraintircle resultsfrom ary par
allelline sets.

Most of the examplesemploy right angles,sincethese
arethemostpenasive andusefulanglesn manmadestruc-
tures.For right anglegheknown angleconstraingenerates
circleswith centreson the o axis. Similarly, the known
lengthratioandequal(arbitrary)angleconstraintalsogen-
eratecircleswith centresonthe« axis. Having all thecon-
straintcircleswith centreson the sameaxis simplifies ob-
tainingsolutionsbecausé¢he constraintirclesaresymmet-
ric with respectto this axis, and only intersectionsn the
upperhalf planeneedbe considered.

3 Unstratified rectification

The previous sectiondescribeda two steprectification
processapplying constraintssequentiallyon the projective
andaffine component®f the rectificationhomography It

is possible however, to determinghe parametersf AP dir-
ectly from metricinformation,withoutfirst usingaffine in-
formation,suchasparallelismto determine? from thevan-
ishingline. In generaldirectapplicationof the metric con-
straintsgeneratesion-linearconstrainton the parameters.
However, for orthogonalinestheconstrainbnthefour rec-
tification parameterss linear.

To obtaina linear constraintthe parametersare repres-
entedby the conic D which is dual to the circular points.
This conicis definedasd = IJ " + JIT [16], andis rep-
resentedby aranktwo 3 x 3 matrix. Oncetheimageof D
is determinedthe imagedcircular points are alsodeterm-
ined. Fromsection2, the circular pointsareimagedon the
vanishingine at ((a Fi8)ls, I3, —aly — I, Fipl;) " Con-
sequentlyoncethecircularpointsaredeterminedherecti-
ficationparameters,, andanda, 8 canbecomputed.

It canbeshowvn thatorthogonalinesareconjugatewnrt D,
i.e. satisfyl, "Dl = 0 for orthogonalinesl, andl,. Each
pair of orthogonallines thus placesa linear constrainton
D. Five orthogonaline pairs,i.e. five right angles aresuf-
ficientto determineD linearly, providedlines of morethan
two orientationsare included. Alternatively, D is determ-
ined by four orthogonalline pairs togetherwith the rank
two constraintput the solutionis non-linear

4 Application to cameracalibration

Caprile and Torre [1] have shawvn that three vanishing
pointsfor orthogonalirectionsallows partialcalibrationof
a camerafrom a singleview. The calibrationmethodfol-
lows a constructiorshaving that the principal point of the
camerais at the orthocentreof the triangle which hasthe
vanishingpointsasits vertices. This relieson prior meas-
urementof the aspectatio andthe assumptiornthattheim-
ageskew is zero.

Metric rectificationof a planealso partially determines
camerecalibration.Thefive internalcalibrationparameters
canbe computedrom theimageof the absoluteconic[5],
andhenceare determinedoncethe imagedabsoluteconic
is determined.Theimagedcircularpointslie ontheimage
of theabsoluteconic,andthesepointsareknown for arec-
tified plane. Eachrectifiedplanethenprovides2 pointson
the conicandthus? linear constraintson the conic. In the
absencef additionalconstraints5 points,thatis threenon-
parallelplanesarerequiredfor cameracalibration. If prior
informationaboutthecameras available,suchastheaspect
ratio or skew, only two non-paralleplanesarerequired.



5 Implementation Details
5.1 Vanishing point estimation

A vanishingpoint is determinedby the intersectionof
two imagedparallellines. The intersectionof the lines1;
andl, is simplyx = 1; x 15. Generallytherearemorethan
two imagedparallellines availableandthe vanishingpoint
is thusover constrained.

The presenceof measuremenrgrror (‘noise’) resultsin
a setof line sgmentswhich do not intersectpreciselyin
apoint. A numberof approacheto estimatingthe vanish-
ing point have beenproposed. A simple approachs the
calculationof a weightedmeanof all pairwiseline inter-
sections[1]. More elaboratehasbeenthe applicationof
Bayesiarstatisticgo errorin projective spacesAssuminga
Binghamprobabilitydensityfunctionandmappingclusters
of line intersectionpointsto the unit sphere,a vanishing
point is estimatedas the point that minimisesthe sum of
weightedorthogonalistancedo the obseredcluster|3].

In contrasto this, we defineandimplementa ML estim-
ate of the vanishingpoint in orderto minimize the errors
wherethey occur: in theimage. We have found empiric-
ally thatthis estimatorsignificantlyimprovesthe accurag
of themetricrectification.

Supposéherearen > 2 line sgmentsl; andwe seek
to estimatethe vanishingpoint v. The ML estimateof the
vanishingpoint ¥ involvesfinding also an estimateof the
line sggmentsl; suchthat¥ lies on eachline 1; andtheline
set{l;} minimizesthe Malhanobisdistancerom {1,}.

It is assumedhattheerrorin thefitted line sggmentscan
be modelledby isotropicmeanzeroGaussiamoiseon the
endpoints. If the endpointsof 1 arex® andx?, (figure2),
thenthe MLE minimizes

C=>di(1;,x?) +di (1;,x!)

subjectto the constraintsv.1; = 0, Vi, whered (x,1) is
the perpendiculaimagedistancebetweenthe point x and
line 1. An alternatve cost function under different noise
assumptionss givenby Kanatani8].

Thecostfunctionis minimizedasfollows: Givenv it can
beshown thatthe costC (¥) canbeobtainedn closedform.
C(v) canthenbe minimizedover v usingthe Levenbeg-
Marquartnumericaklgorithm[11]. Aninitial solutionfor ¥
is obtainedfrom the null vectorof thematrix (13, 15, . . . 1,)
via singularvaluedecomposition.

5.2 Image warping

Imagesarewarpedby applyingthe inversehomography
to eachpixelin thetargetimage.Theintensityatthesource
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Figure 2. Geometry of the ML cost function.

pointin the originalimageis determiningoy bilinearinter-

polation. In orderto automateghe warpingandensurethat
the corvex hull of the original imageis correctly mapped
into the rectangleof thetargetimage,it is necessaryo use
orientedprojective geometry{10].

5.3 Automatic detection of vanishing
points and orthogonal directions

Automationof the correctionprocesss achievedby de-
tectingthe two dominantdirectionsof linesin the image,
and assumingthat thesedirectionsare orthogonalin the
plane. The dominantdirectionsare obtainedfrom a fre-
gueng histogramon line direction (orientation),with the
frequengy weightedby segmentlength. Typically the his-
togramis bimodal,andis readily sgmented.The linesin
eachdominantdirection are assumedo be parallelanda
vanishingpoint determined. The resultingaffine imageis
likewise searchedor dominantdirections,andlinesin the
two directionsconstrainedo be at right angles.Sincethis
only providesoneconstrainiobn the affine parametergshere
is an ambiguityin relative scale. Examplehistogramsare
givenin figure 7. Note that while the histogramapproach
lendsitself well to the detectionof dominantdirectionsof
parallellinesin affine imagesit is lesswell suitedto van-
ishing point detection. The projective distortion of paral-
lel linesresultsin distributed histogrammaxima,suchasa
doublepeakin thepresencef two widely spaceatlustersof
lines. Morerobustvanishingpointdetectiormaybeaccom-
plishedwith applicationof techniquessuchasthe Hough
Transformasfor examplein [2] and[17].

Any point on the circle constraintchosenfor the affine
parametersvill make thoselines orthogonalthe choiceof
point determiningthe relative scalingin the two dominant
directions.In theabsencef ary affine distortion,the para-
meterswould have value (0, 1), sothe point on the con-
straintcircle closestto the point (0, 1) T is choserfor the
correction.

6 Examplesand applications

Texture map acquisition. This example illustratesthe
varietyof constraintsvailablefor metricrectificationin the



caseof atexturewith rich geometry Figure3 shownsthefirst
stagewhereparallellines areselectedmanually)andused
to determingheimageof theline atinfinity.
Thethreetypesof constrainandtheresultingcirclesare
illustratedin figure 4. Application of the direct (unstrati-
fied) methodof section3 usingthreeof thelight squaress
constraintgesultsin a metricimagevisually indistinguish-
ablefrom figure 4(c). Theanglebetweenineslabelledla
and 1b, for example, differs by 0.44° betweenthe metric
imagesobtainedusingthe stratifiedapproachshovn) and
a metricimageobtainedby the directapproach.Note that
the orthogonalityof theselineswasusedasa constraintn
both cases.Therectifiedlinesarenot preciselyorthogonal
sincebothrectificationsareoverconstrained.

Using repeated elements. Repeatedplanar structure,
whereafeatureappearstdifferentorientationsallows use
of thelengthratio andequalangleconstraint§or unknavn
lengthsandangles.Figure5 (a) is animageof a rosewin-
dow with twelve repetitionsof the window segments.The
line at infinity is found from parallellines in the overall
structure. The affine parametersrefound, for demonstra-
tion purposesonly from aminimal setof constraintsaking
theindicatedpairsof anglesto be of equalmagnitude.The
resultingconstraintirclesandrectifiedimageappeain fig-
ure5 (b) and(c).

Euclidean measuements. Figure 6 demonstrateghat
Euclidearmeasurementsiay be madefrom animageonce
thehomographys known upto aEEuclidearambiguity The
homographyPA) in this cases obtainedrom theorthogon-
ality andlengthratio of theinnergoalarea.Overall scaling
(s), allowing true world measuremerftom the image,fol-
lows from settingthe scalingfor oneof the known lengths
in theimage.

Automatic metric rectification. Figure 7 is rectified
automatically using dominant line orientation in histo-
grams.Thehistogramdor bothstagesreshowvn, with clear
separatiorof dominantdirectionpeaks.Line orientationis
computedbvertherange—m /2 to 7 /2 and‘wrapsaround’,
i.e. —7/2 and /2 identify the sameorientation.

7 Extensions

1. Lensdistortionhasbeenignoredthroughouthis paper

Wherenecessaryhe approachof Devernayand Faugeras
[4] maybeappliedto remove radialdistortion.

2. Thesymmetryof planarobjectsandcirclescanalsobe

usedto constrairrectification.

3. The MLE hasso far beenimplementedfor vanishing
pointsfrom a setof line sgmentsonly. In caseavherethe

vanishingline is over constrainedi.e. therearemorethan
two vanishingpointsavailable,theline itself canbe estim-
atedusingMLE.

4. Similarly, aML estimatorcanbe appliedto the solution
for (a, ) whenmorethantwo constraintsareavailable.

5. Theideasdevelopedin this papercan be extendedto
threedimensionaktructure wheremetricrectificationis of
3D projective structureobtainedrom uncalibratedmages.
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(b)

Figure 3. Affine rectification of a patterned floor. (a) The original image. (b) Line segments detected
by Canny edge detection at sub-pix el accuracy; worm segmentation; and, fitting by orthogonal
regression. Two parallel line sets (in white) inter sect in two vanishing points, and determine the
imaged line at infinity . The vanishing points are found by MLE. (c) The rectified affine image.
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Figure 4. Metric rectification following figure 3(c). (a) Lines segments used to provide constraints.

The lines shown in white are known to be in pairs at right angles. (b) Constraint circles in the a —
plane. The orthogonality of line pairs (1a, 1b), (3a, 3b) and (4a, 4b) gives the same circle (up to noise).
The orthogonality of pair (2a, 2b) (whic h are not parallel to the first three) generates a diff erent circle.
The constraint of equal angle between pairs (1a, 1b) and (2a,2b) also generates a diff erent circle. The
constraint from unity length ratio of the sides of the squares bounded by (1a, 1b) and (4a, 4b) is also
given. (c) The rectified metric image. Note that accuracy of the squares and circles demonstrate that
a good estimation of the metric plane is achieved.
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Figure 5. Rectification using repeated elements in a rose windo w. (a) The repetition of structure in
the windo w allows application of the equal angles constraint for pairs 1 and 2. The true angle need
not be known. (b) Constraint circles for the equal angle pairs. (c) The metric image.



(@) (b)

Figure 6. Measurement of Euclidean quantities following perspective rectification. (a) Scene from
an infamous England World Cup victor y. Perspective correction using the parallel lines and known
length ratio of the goal area, allows measurement in the plane from the perspective image. (b)
Measurements of the goal area, a shadow and the approximate height of a fallen defender.
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Figure 7. Bimodal histogram dominant direction detection. (a) Original image. (b) Orientation histo-
gram of fitted lines in the original image. (c) Orientation histogram of fitted lines in the affine image
(without edge length scaling). Note the sharpening around the modes.

(@) (b)

Figure 8. (a) Automated rectification.  (b) Rectification with the correct relative scaling using a
measured ratio of lengths of one of the windo ws. Note the slight diff erence in scaling.



