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Abstract

Graph-structured data lies at the heart of many modern applications, from molecular
modeling and materials discovery to social networks and relational databases. For
these types of problems, graph representation learning has emerged as a powerful
framework for reasoning. Models such as graph neural networks (GNNs) are
particularly appealing due to their ability to capture complex, implicit relationships.
However, a key open question remains in how to best encode and generalize local
structural information within these models. This affects both the ability of current
methods to intelligently reason over structure in data as well as their applicability
to more intricate, real-world scenarios. In this thesis, we examine existing methods
for representing local structure in GNNs and propose two novel approaches for
enhancing their representational capacity. The first uses graph homomorphism
counts as a unifying framework for improving model expressivity, and the second
introduces a new paradigm for leveraging local information to capture global
symmetries in periodic data to enable large-scale, efficient learning. Together,
these contributions advance our understanding of local structural representations

in GNNs and expand their practical utility.
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Introduction

Modern advances in deep learning have transformed the field of machine learning,
where neural network models have achieved remarkable success in long-standing
challenges such as machine translation [5, (6], image classification [7-9], and protein
folding [10-12]. The ability of deep learning methods to extract patterns from
high-dimensional data and generalize beyond raw training samples has established
them as a powerful framework for approximating complex, non-linear functions.
Motivated by these successes, graph representation learning has emerged as a
prominent research direction aimed at extending this paradigm to more complex,
non-Euclidean, graph-structured data 13|, [14].

Graph-structured data is ubiquitous across an array of scientific and technological
domains [14]. For example, in social networks, nodes may represent individuals
within a community, while edges indicate social relationships or interactions. In
computational chemistry, molecules can naturally be modelled as graphs, where
atoms correspond to nodes and chemical bonds correspond to edges. Even in
computer vision, images can be interpreted as special graphs, where adjacent pixels
are connected to form a regular grid.

At its core, the goal of graph representation learning is to develop methods
that effectively encode the structural and relational information inherent within
graph-structured data to enable efficient learning on downstream tasks [13]|. In
particular, it seeks to map nodes, edges, or entire graphs into low-dimensional
vector spaces—referred to as embeddings—that preserve the relevant topological or
semantic properties of the original graph. These learned embeddings can then be
leveraged to address relevant challenges across a wide range of applications, including

recommender systems [15], drug discovery [16, |L7], and materials science [18].
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One prominent family of models that has shown significant promise in this field
are graph neural networks (GNNs) [19-21]. Most GNNs operate by iteratively
propagating and transforming information along the edges of a graph, enabling
each node to update its representation based on both its own features and the
features of its neighbors [22]. This iterative process—referred to as message
passing—allows nodes to accumulate information (or “messages”) from increas-
ingly larger neighborhoods, thereby capturing both local and global structural
dependencies within the graph.

Another key characteristic of GNNs is their ability to respect the inherent
symmetries of graph data. Unlike images or sequences, where the order of elements
is fixed, graphs lack any canonical ordering of nodes. To ensure that learned repres-
entations are consistent regardless of how the graph is indexed, GNN architectures
enforce permutation invariance through symmetric aggregation functions such as
summation, averaging, or maximization |19} 20, 23|. This permutation invariance
allows GNNs to generalize effectively across graphs of varying sizes and structures.
In other words, GNNs are capable of inductive reasoning, meaning they are able
to generalize to unseen nodes in a graph.

Building on this idea of symmetry, equivariant graph neural networks extend
these principles of invariance beyond node permutations to encompass broader
geometric transformations, such as rotations, translations, and reflections in Euc-
lidean space (commonly referred to as the E(3) space group) [24]. These models
are designed so that their outputs transform predictably when the input graph
is transformed — a property known as equivariance. By embedding physical or
spatial symmetries directly into the network architecture, equivariant GNNs are
especially useful for learning on geometric or physical systems, such as molecular
structures or point clouds. This explicit handling of symmetry ensures that learned
representations remain consistent with the underlying laws of geometry and physics.

Despite their success and prevalence in a variety of fields, GNNs still face several
theoretical and practical limitations. One such theoretical limitation pertains to
their ezpressivity. The expressivity of a GNN is defined by its ability to distinguish
(i.e. generate different representations for) two different non-isomorphic graphs [23].
Critically, standard message-passing GNNs are unable to count the occurrences of
basic graph patterns, such as paths or cycles. This limitation poses a significant
bottleneck for several applications, especially within the molecular domain, where
the presence of rings or other functional groups govern the physical properties

of a molecule.
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Efforts to overcome these constraints have inspired many different research
directions. One particularly rich body of work focuses on improving the expressive
power of GNNs through techniques such as higher-order message passing |25], or
enriching node features to produce subgraph-based [26] or homomorphism-based [27]
architectures. These methods aim to capture more complex structural dependencies
that conventional message-passing schemes often miss. However, many of these
approaches often suffer from substantial scalability limitations or depend on ad
hoc, trial-and-error feature engineering to achieve good performance. As a result,
they frequently fall short when applied to domain-specific problems that demand
both interpretability and computational efficiency.

Another approach is to expand beyond the local message-passing paradigm and
use architectures that can capture global dependencies and relational hierarchies
without being restricted to local neighborhood aggregation. Within this category,
graph transformers have emerged as a compelling alternative [28-30]. Inspired
by the success of the Transformer architecture in natural language processing
[6], graph transformers replace localized message passing with global attention
mechanisms that allow each node to “attend” to every other node in the graph,
weighted by a learned relevance score |28]. This attention mechanism enables
flexible long-range communication, offering a potential route to overcome the
locality limitations of traditional GNNs.

However, applying transformers directly to graphs introduces new challenges.
Graph transformers can be seen as a special case of GNNs that operate over complete
graphs [31], which consequently sacrifices the underlying node adjacency information
of the original graph. To recover the original graph structure, graph transformers rely
on enhancing node features with effective positional or structural encoding vectors.
Early approaches employed random walk structural encodings (RWSE) [32] or
Laplacian eigenvectors (LapPE) [33], but these encodings often capture only coarse
relational patterns and fail to account for the rich combinatorial variety of local
structures. The problem of how to define expressive yet efficient structural encodings
thus remains one of the central open questions in graph representation learning.

Graph transformers can also present a series of scalability issues, especially when
combined with equivariance [34]. In these cases, the explicit symmetries imposed
by equivariant transformer architectures computationally hinders the generalization
of graph transformer-based models to large, complex systems. This is particularly
relevant for real-world domains such as molecular crystal modelling, which often

contain many more atoms than typical molecular graphs.
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All of these questions touch on a deeper issue: the inductive biases that underlie
learning on graphs. In deep learning, inductive bias refers to the set of assumptions
a model makes about the structure of the data, which guides generalization beyond
the training distribution [14]. Effective graph inductive biases determine not only
how well a model fits to observed data, but also how robustly it extrapolates
to unseen structures [13]. Therefore, designing appropriate inductive biases for
different applications is both a theoretical and practical challenge: too little structure
yields models that fail to capture essential relational dependencies, while too much
structure can impose rigidity and limit adaptability.

In this thesis, we will primarily focus on molecular applications of graph repres-
entation learning. Molecular data is particularly rich in its structural complexity,
from the molecular graphs that underpin computational chemistry to the crystal
lattices that define the behavior of organic materials [35] 36]. Atoms and molecules
interact via intricate bonds and geometric constraints, while also exhibiting vast
combinatorial diversity. Being able to accurately model a given compound’s
intramolecular and intermolecular interactions allows us to better understand
its function and material properties [37-39]. As such, the ability to effectively
capture patterns and local strurcture in graph-based molecular data has become a
central pursuit in both deep learning and computational chemistry [40} 41].

We consider two complementary notions of local structure in this thesis. The first
is the local structure within a single molecule (intramolecular), where nodes denote
atoms and edges denote bonds. In this setting, local structure is characterised by
the presence of specific subgraph patterns, such as rings, functional groups, or other
chemically meaningful motifs. These motifs play a fundamental role in determining
molecular properties, including solubility and toxicity [41, |42]. Consequently,
graph neural networks (GNNs) have been widely applied to learn graph-level
representations of molecular structures for downstream property prediction tasks.
Unfortunately, existing GNN models that incorporate these local motifs often

remain limited in both expressivity and scalability |26, 27].

Solubility:
20 g/L

Figure 1.1: Example molecular graph and property prediction task for a Caffeine molecule,
which contains local chemical motifs such as a 6-cycle, 5-cycle, etc.
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The second notion of local structure that we consider refers to the structure
between multiple molecules (intermolecular) in a periodic graph, where nodes denote
molecules and edges denote interactions between molecules. Here, local structure
refers to the spatial arrangement of neighboring molecules in space, from which
the global symmetries of a molecular crystal lattice may emerge. This crystal
packing directly governs the physical properties of all materials [43], and significant
effort has been devoted to developing models that predict crystal structures directly
from molecular information, a problem known as crystal structure prediction (CSP)
[37H39]. Within this context, GNNs are often integrated into generative frameworks,
where they serve as powerful encoders and decoders that learn to capture the complex
underlying distribution of diverse graph-structured data. Popular generative models
that rely on GNN backbones include variational autoencoders (VAEs) [44, |45],
diffusion based models [46, 47|, and flow matching models |48} 49].

Figure 1.2: Example crystal packing for an Asprin molecule and a rough schematic of its
corresponding intermolecular graph, which forms a periodic lattice.

For molecular systems, equivariant architectures based on the SE(3) symmetry
group are commonly employed, as they explicitly account for both translational
and rotational symmetries [50]. This is particularly important because certain
physical properties may change depending on a molecule’s chirality [51]. Equivariant
models have proven especially popular for modelling crystalline materials, where
periodicity introduces additional geometric symmetries [52]. However, enforcing
explicit equivariance often incurs substantial computational cost, making it difficult
for such models to scale to larger molecular crystals that are prevalent in industrial
settings. Consequently, there is a need for scalable solutions that can capture
local interactions between groups of molecules while maintaining computational
tractability within a generative framework [39].

Balancing expressivity, inductive bias, and scalability in molecular and materials
modelling forms the central theme of this thesis. We bridge the gap between
theoretical understanding and practical application by investigating how graph

neural networks and graph transformers encode local structural information, and
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we introduce new approaches that are (i) provably more expressive and (ii) com-
putationally efficient. Practically, these contributions are explored at both the
intramolecular scale, where we enhance the representation of local chemical motifs,
and the intermolecular scale, where we propose a novel framework for modelling
periodic symmetries in large molecular crystals through learned local interactions.
By re-examining current paradigms for representing local structure in complex
graph-structured systems, this thesis advances both the theoretical understanding
of graph representation learning and its utility for real-world molecular problems.

The remainder of the thesis is organized as follows:

o In Chapter [2] we provide the necessary background and preliminary informa-
tion that will be used throughout the thesis. More specifically, we formally
describe graphs, graph neural networks, graph transformers, and various
molecular applications of graph representation learning, which are the primary

focus of our empirical evaluations.

o In Chapter [3| we introduce a novel method of studying the expressivity of
GNNs via the use of graph motif parameters. In particular, we show that
using the homomorphism basis of a graph motif parameter provides a more
principled way of capturing local structure and increasing the expressivity
of GNNs. We provide theoretical results as well as empirical results that
highlight the practicality of our approach for several different tasks, including

molecular property prediction.

 In Chapter {4 we present MOTIF STRUCTURAL ENCODING (MoSE), a novel
structural encoding for introducing inductive biases into graph transformers
and other models with weak inductive biases. We prove that MoSE fully gen-
eralizes existing encoding methods, such as random walk structural encodings
(RWSE), and comes with a set of expressivity guarantees. Empirically, we
show that MoSE consistently improves performance across both molecular

benchmarks and other domains.

« In Chapter [5| we propose OXTAL, a novel lattice-free diffusion model for mo-
lecular crystal structure prediction. Our new STOICHIOMETRIC STOCHASTIC
SHELL SAMPLING (S%) approach learns local interactions that capture periodic
symmetries without explicitly enforcing model equivariance or defining a unit
cell. This enables more scalable training and generalizability for molecular

crystal modelling.

o In Chapter [0, we summarize the main contributions of this thesis and propose

potential future directions for the work presented.



Background

2.1 Graphs, Homomorphisms, and Invariants

An undirected graph G is a tuple (V, E') where V' is a set of verticesand E C'V xV
is a symmetric edge relation. In some contexts, we write V(G) and E(G) for the
vertices and edges, respectively, of graph G. Let p be a partition of V(G). The
quotient graph G/p is the graph where the vertices in each block are contracted
into a single vertex, i.e., the vertices of G/p are the blocks B € p, and there is an
edge (B, By) iff there is an edge (v,u) in G for any v € By, u € Bs.

We say that G’ is a subgraph of G if V(G') C V(G) and E(G') C E(G). The
induced subgraph of G by U C V(G) is the graph G[U] with vertices U and exactly
those edges from G where both ends of the edge are in U.

A homomorphism from graph G to graph H is a function h : V(G) — V(H)
such that for every (v,w) € F(G), (h(v),h(w)) € E(H). An isomorphism between
graphs G and H, denoted G ~ H, is a bijection f : V(G) — V(H) such that
(v,w) € E(G) if and only if (f(v), f(w)) € E(H), for each v,w € V(G). An
automorphism is an isomorphism of a graph onto itself.

We write Hom(G, H) for the number of homomorphisms from G to H, Sub(G, H)
for the number of subgraphs H' of H such that H' ~ G, and IndSub(G, H) for the
number of sets U C V(H) such that H[U] ~ G, i.e., the number of times G is an
(induced) subgraph of H. By Hom(G, -), we denote the function that maps graph
H to Hom(G, H), and analogously for Sub. For a set of graphs G, we write Hom(G)
to represent the set of functions {Hom(G,-) | G € G}.

A graph invariant £ is a function on graphs such that for all graphs G, H, and
all isomorphisms f between G and H, we have {(G) = £(H). A graph invariant

7



2. Background

Figure 2.1: Example homomorphism from graph G to graph H, where all edges in G

are preserved in H. Note that this mapping is not bijective, as not all nodes in G are
preserved in H.

distinguishes two graphs G and H, denoted G #¢ H, if £(G) # £(H ), and conversely,
we write G = H if £(G) = &(H).

2.1.1 Graph Motif Parameters

A graph parameter is a function that maps graphs into Q. A graph motif parameter
[53] is a graph parameter that can be expressed as a finite linear combination
of homomorphism counts into G. Formally, ' is a graph motif parameter, if
there are graphs Fi,..., F; and a function a mapping them to Q \ {0}, such
that for every graph G:

I'G) = f:oz(Fi) -Hom(F;, G), (2.1)
i=1

where «(F;) are rational constants depending only on I'. We refer to the set
{F,...,F;} as the support Supp(I") of I". With  representing the class of all
graphs, each graph F induces an (infinite) vector Ir = (Hom(F, G))geq. The vectors
lp,, ..., lp, form a basis of the space of graph motif parameters (I'(G))geq [54]. We
say that a motif parameter I' is connected if every graph in Supp(I") is connected.
Informally we also refer to the graphs in the support as the homomorphism basis of .
For any graph F', Sub(F),-) is a graph motif parameter. Its support, commonly
called Spasm(F), is the set of all quotient graphs of F' (up to isomorphism) [55].
When the host graphs are assumed to be loop-free, the Spasm is implicitly understood
to only contain the loop-free quotients. If F' is connected, Sub(F,-) is a connected

graph motif parameter. The a(F") coefficients roughly take the form:

_ f(lattice)
a(F) ~ W;

where f(lattice) is a function of the lattice of the given basis pattern F', and

(2.2)

Aut(F') is the number of automorphisms of F' onto itself. Note that the coefficients
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have alternating signs, and this is reflected in the f(lattice) values. More pre-
cisely, Equation ({2.1) can be expanded as follows to obtain the full equation
for computing Sub(F,-):

(~D)VEIVEDL ] (1B] - 1)1
Aut(F) -Hom(F/p,-). (2.3)

Sub(F, ) =}

p

As an example, consider the 5-cycle € that has two non-trivial loop-free
quotients: " and A, (cf. Example [2.1.1)).

Ezample 2.1.1. We can express Sub({}, G) as the finite linear sum:

Sub({}, G) = 110Hom(Q, G) — ;Hom(v’, G) + ;Hom( A, G),

where the terms for €3 , ", and A define the homomorphism basis of the target
function Sub(¢y, -). A

We see that the graphs in the basis of the target pattern can easily be obtained

by contracting non-adjacent vertices:

FExample 2.1.2. Consider the example from Example 2.1.1 The graphs in the basis
of the target pattern € are those that are obtained by contracting non-adjacent

vertices:
which results in a richer set of patterns in the basis. A

Nguyen and Machara [56] present a generalization of homomorphism counts
that allow for vertex weighting. For graph G, let w : V(G) — Rs( describe node

weights. The weighted homomorphism count from a graph F into G is given as:

w-Hom(F,G) = > ( 11 w(f(v))) :
feH \weV(F)
where H is the set of all homomorphisms from F' to G. We define the node-rooted
version w-Hom,, ., (F, G) by restricting H to only those homomorphisms which map
u € V(F) tov € V(G). The mapping w-Hom_)(F,-) is defined analogously to
the unweighted case: the graph-node pair (G, v) gets mapped to w-Hom,.,(F,G)
where u € V(F) is fixed arbitrarily. Setting w(v) = 1 for all v € V(G) recovers
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the unweighted count w-Hom(F, G) = Hom(F, G), and similarly for the node-rooted
version. Weighted homomorphism counts are well-studied in the context of their
connection to graph isomorphism [57, [58], and in the context of the universal
approximation capabilities and empirical performance of graph classifiers which

use w-Hom(F,-) counts as a graph embedding [56].

2.2 Graph Neural Networks

Graph neural networks (GNNs) have emerged as one of the most powerful tools
within graph machine learning due to their ability to both incorporate feature
information and explicitly consider the structure of the graph simultaneously.
Embeddings for a given node are updated iteratively by aggregating information
from neighboring nodes. Due to their construction, GNNs can capture higher-
order information and non-linear patterns, such as graph-level properties and
structural details. GNNs are also inherently inductive, meaning that they are able
to generalize to new nodes or entirely new graphs after training.

Despite these advantages, GNNs also have several limitations. Many GNN
architectures are limited in their expressivity, meaning that they are unable to
distinguish between certain non-isomorphic graphs. Additionally, GNNs may
suffer from over-smoothing, where node representations become indistinguishable
after multiple layers of message passing. This can lead to a loss of important
structural information and reduced performance on tasks that require fine-grained
distinctions between nodes or graphs. GNNs may also struggle with capturing
long-range dependencies in graphs, as information is typically propagated through
local neighborhoods. Related to this is the problem of over-squashing, where
information from distant nodes is compressed into a fixed-size representation,
leading to loss of important details.

In the following section, we take a deeper look at message passing GNN

architectures and explore some existing literature related to expressivity.

2.2.1 Message Passing Neural Networks

Let us consider featured graphs G = (V| E, () where ¢ : V(G) — R, and so ((u)
denotes the feature of a node u € V. All notions introduced earlier extend to

featured graphs in the usual way. We focus on Message-Passing Neural Networks
(MPNNs) 22| that encapsulate the vast majority of GNNs. An MPNN updates

10
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the initial node representations h{®) = ((v) of each node v for 0 < ¢ < L iterations

based on its own state and the state of its neighbors N, as:
h‘t = upp® (hﬁ, Accl? (hﬁ, {h! |ue M})) :

where {-} denotes a multiset and Upp®) and Acc”) are differentiable update and
aggregation functions, respectively. We denote by d) the dimension of the node
embeddings at iteration (layer) ¢. The final representations h{¥) of each node v can
be used for predicting node-level properties, or they can be pooled to form a graph

embedding vector zg, which can be used for predicting graph-level properties.

Prominent Models. Within the framework of MPNNs, there are a few fun-
damental networks that have been widely adopted due to their effectiveness and
simplicity. Below, we briefly describe three of the most prominent models: Graph
Convolutional Network (GCN) [19], Graph Attention Network (GAT) [21], and
Graph Isomorphism Network (GIN) [23].

Graph Convolutional Network (GCN). GCN [19] extends the notion of
convolution to the graph domain. More specifically, Kipf and Welling [19] pro-
pose a first-order approximation of convolutions on graphs that yields a simple

message-passing rule:

) — U(D*I/%D””H“)W“)) : (2.4)

where A = A + I is the adjacency matrix with self-loops, D is the degree matrix
of A, W® are learnable weights, and o(-) is a nonlinear activation, such as
rectified linear unit (ReLU), sigmoid, hyperloic tangent (tanh), etc. This essentially
performs a weighted average of neighboring node features at each iteration. In
the MPNN formulation that we defined above, GCN uses mean aggregation and
the update function is effectively the combination of applying a weight matrix

and the specified nonlinearity:

B+ — a(W“H) 3 ~hg) N ) | 25)
weN,U{v} \/ d, + d,,

Note that the self loop means that GCN jointly considers the node’s own
features along with its neighbors’ features during the aggregation step. Furthermore,
although GCN is able to capture local graph structure via message passing by
explicitly considering adjacency and neighborhood sizes, the use of mean aggregation
means that two structurally distinct neighborhoods with the same graph may map
to the same representation. This is an important design choice that we address

more later on in Section [2.2.2

11
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Graph Attention Network (GAT). GAT [21] integrates attention mechanisms
into the message-passing framework, allowing nodes to learn the relative importance
of their neighbors. Given node embeddings {h{")},cy, the unnormalized attention

coefficients between nodes v and u are computed as:
ewu = LeakyReLU(a" [Wh{ || Wh{]) | (2.6)

r o 7). . . /.
where W € R¥*%" is a learnable linear transformation, a € R?? is a learnable
attention vector, and || denotes concatenation. These scores are normalized across

the neighborhood of v using the softmax function:

= exp(€eyy)

— . 2.7
Y ken, eXP(euk) 27

The node representation is then updated via a weighted aggregation:

R = a( 3 awWhgf)) : (2.8)

UEN’U

To stabilize training and increase model performance, multi-head attention is em-
ployed:
= o 5 alfwon), 29
ueNy
where || denotes concatenation across K attention heads. We will address this

attention mechanism further in Section 2.3

Graph Isomorphism Network (GIN). GIN [23] is a powerful GNN architecture
that was designed to use an injective aggregation function. Its message passing

function is defined as:

(D = MLPY) ((1+e<’f>)h5f) + > h&‘)) : (2.10)
uENy

where € is either a learnable scalar or a fixed constant. Unlike mean or max
aggregations, this sum aggregation is injective under mild assumptions, allowing the
network to distinguish between different neighborhood structures. The subsequent
multilayer perceptron (MLP) provides a learnable transformation that enhances
representational capacity. Xu et al. [23] proposed GIN to address the limited
expressivity of earlier GNNs, which were shown to be no more powerful than
the 1-Weisfeiler-Lehman (1-WL) graph isomorphism test under certain conditions.
We will now discuss the Weisfeiler-Leman hierarchy and its connection to GNN

expressivity in more detail.
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2.2.2 Weisfeiler-Leman Hierarchy

Expressive Power. A graph invariant is a function £(-) which acts on graphs,
satisfying £(G) = &(H) whenever G = H for all graphs G and H. For indexed
families of graph invariants {A; }ier and {B;} ey, we define the ezpressivity relation
A < B to denote: for any choice of i € I, there exists a choice of j € J such
that B;(G) = B;(H) implies that A;(G) = A;(H) for all G and H. If A < B and
B < A, then we say that A ~ B. We write A < B when B has strictly greater
expressive power, A < B but A % B. When we reference < for some fixed graph
invariant £(-), we interpret ¢ as a family which contains only one graph invariant
(hence the indexing is trivial). Noting that a GNN architecture can be treated as a
family of graph invariants indexed by the model weights, the relation < generalizes
common notions of the graph-distinguishability expressive power for GNNs [59].
As we will see below, the < relation naturally extends to expressivity comparisons

between structural or positional encoding schemes as well.

MPNNs and Weisfeiler-Lehman Tests. Recall that MPNNs are defined by
Gilmer et al. [22] through a node representation update scheme in which a node’s
neighbors are iteratively aggregated for each update. Xu et al. [23] and Morris
et al. [25] note that an MPNN is most expressive when its update and aggregation
schemes are injective; such an MPNN can be abstractly represented as a color
refinement scheme known as the 1-dimensional Weisfeiler-Lehman test (1-WL).
Injective functions include the sum aggregation used by GIN [23], but exclude mean
or max aggregations used by GCN [19] and GraphSAGE [20], respectively.
Given graph G, the 1-WL test induces the node coloring ¢® : V(G) — ¥ for
all ¢ up until some termination step 7', at which point the graph-level 1-WL label
is defined as the multiset of final node colors I-WL(G) = {c(v) : v € V(G)}.
Graphs G and H are considered I1-WL indistinguishable if they have identical
graph labels 1-WL(G) = 1-WL(H). Crucially, it holds that MPNN < 1-WL where
we treat “MPNN” as a family of graph invariants indexed by both the choice of
message-passing architecture and the model parameters, and we treat 1-WL as a

singleton family containing only the graph invariant G — 1-WL(G) [23].

Weisfeiler-Leman Hierarchy. We can extend the Weisfeiler-Lehman test to
“higher dimensions” by coloring k-tuples of nodes. The k-WL test induces node
tuple coloring ¢V : V(G)* — X for t = 1, ..., T iterations, and then it aggregates a
final graph-level k-WL label analogously to 1-WL [60]. We will refer to the 1-WL

algorithm [61], as well as to the usual k-WL hierarchy, which are iterative algorithms
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that yield graph invariants. In this thesis, we will always refer to the folklore version
of these algorithms (k-WL), rather than the oblivious version (oblivious k-WL),
where the only difference is in the dimension counts: k-WL is equivalent to oblivious
(k +1)-WL, for every k > 1 (62, [63]. It has been shown that the k-WL tests form a
well-ordered hierarchy of expressive power, where k-WL < (k + 1)-WL [64]. Here,

we treat k-WL as a singleton family (trivial indexing) for each particular choice of k.

2.2.3 Higher-Order Graph Neural Networks

Recent research has devoted substantial attention to developing higher-order graph
neural networks to overcome the limited expressivity of standard MPNNs. As
discussed above, classical MPNNs are at most as powerful as the 1-dimensional
Weisfeiler-Lehman test (1-WL) in distinguishing non-isomorphic graphs. This limit-
ation arises from the fact that MPNNs operate solely on node-level representations
and exchange information through pairwise edges, which restricts their ability to
capture richer substructural dependencies such as motifs, cycles, and higher-order
interactions. Higher-order GNNs thereby seek to increase the expressive power
of GNNs by incorporating more complex relational structures in different ways.
In this section, we will explore some popular higher-order GNN models that are

particularly relevant to this thesis.

Prominent Models. Several higher-order GNN architectures have been pro-
posed to balance expressive power and computational feasibility, which we will
cover in more breadth in Section [3.2] Here, we provide a detailed description of
methods that are particularly relevant for this thesis, which include k-GNNs [25],
and pattern-based methods such as Graph Substructure Network (GSN) [26] and
Local Graph Parameter Graph Neural Networks (LGP-GNNs) [27]. Although
they share a common motivation—to exceed the 1-WL limit, they differ in how
they represent higher-order interactions and in the trade-offs they make between

expressivity and efficiency.

k-GNN. k-GNN [25] explicitly extends message passing to k-tuples of nodes,
directly emulating the behavior of the oblivious k-WL algorithm. Formally, consider
a graph G = (V| E) and fix an integer k£ > 2. The model assigns a feature vector
hg) to each subset of nodes S C V with |S| = k, representing the embedding
of that node set at layer /. Each tuple S interacts with neighboring tuples T’

that differ from S in exactly one node:

NS)={TCV:|[T|=k |SNT|=k—1}.
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These neighboring tuples define the higher-order adjacency structure on which

message passing occurs. The layer-wise update rule for k-GNN is given by

RED (wf@hg@ Py w;@h;@) | 1)
TeN(S)

where Wl(e) and WQ(Z) are learnable weight matrices and o(-) is a nonlinear ac-

tivation function.

In theory, a k-GNN possesses the expressive power of (k—1)-WL, with strictly in-
creasing expressive power for increasing k, paralleling the k-WL hierarchy. However,
this expressivity comes at a steep computational cost: maintaining and updating
embeddings for all k-tuples requires O(|V|*) complexity. Consequently, these models
are memory-intensive and often intractable for large graphs or high values of k.

As a result, their practical utility is limited.

Graph Substructure Network (GSN). GSN [26] extends the standard message-
passing framework by augmenting node features with explicit information about
local graph substructures, such as cycles and cliques. This design allows the model
to capture complex structural patterns that are beyond the reach of standard
MPNNs without explicitly simulating higher-order message passing

In GSN, each node v € V is assigned an additional substructure feature vector
s, that encodes the presence or count of specific motifs or topological patterns
involving that node (also referred to as orbitals). These substructure embeddings are
computed once at preprocessing time and concatenated to the initial node features.
This effectively conditions the node’s representation on its local structural context.

From a theoretical perspective, Bouritsas et al. [26] demonstrate that augmenting
nodes with appropriate substructure identifiers can enhance the expressive power
of a GNN beyond the 1-WL limit in some cases, which are dependent on the
choice of substructures used. This presents a practical path toward higher-order
reasoning within the message-passing paradigm. However, the process of selecting
specific substructures to encode is very adhoc, and its expressive benefits are

not fully characterized.

Local Graph Parameter Graph Neural Network (LGP-GNN). Similarly
to GSN, LGP-GNN [27] enhances node representations by incorporating local
structural information. However, instead of using subgraph isomorphism counts,
LGP-GNN uses homomorphism counts of the respective predefined patterns, which

are referred to as local graph parameters.
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Barcel et al. [27] show that LGP-GNNs can surpass the expressive power of
1-WL under certain conditions, depending on the choice of local graph parameters
used. However, similar to GSN, the selection of appropriate local parameters is
somewhat arbitrary, and the full extent of its expressive potential remains an open
question, which we will explore further in Chapter [3

Now that we have explored various higher-order GNN architectures and their
expressivity, we will turn our attention to Transformers, which are another powerful
class of models that have revolutionized machine learning in recent years. We
see that graph transformers are very closely related to their GNN counterparts,
and we will discuss how these models leverage different encoding mechanisms

to capture graph structure.

2.3 Graph Transformers

2.3.1 Transformer Architecture

The Transformer architecture [6] has become a cornerstone of modern machine
learning, underpinning state-of-the-art models in natural language processing,
computer vision, and beyond. Transformers introduced a paradigm shift by replacing
recurrence and convolution with self-attention mechanisms, enabling the model to

learn which relationships to “attend” to within a sequence.

Self-Attention. Given a sequence of input representations X = [X1,Xa,...,X,] €
R™*? each token is projected into three distinct subspaces through learnable

matrices W, W, Wy € R producing queries, keys, and values:

Q=XW, K=XWg, V=XW,. (2.12)

Attention weights are computed as a scaled dot-product between queries and

keys, followed by a softmax normalization:

Attention(Q, K, V) = soft (QKT> v (2.13)
ention(Q, K, V) = softmax . .
Vg

This operation enables each token to attend selectively to all others, allowing
information to propagate globally across the sequence. To enhance representational
capacity, Transformers employ multi-head attention, in which A parallel attention

heads compute independent representations:

MultiHead(Q, K, V) = Concat(heady, . . ., head,)Woy, (2.14)
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where each head is defined as:

head; = Attention(QWg), KW vwi)y, (2.15)

Positional Encodings.  Unlike recurrent networks, the Transformer lacks an
inherent notion of order. To incorporate positional information, a deterministic or

learned positional encoding P € R™ is added to the input embeddings:

7" =X +P. (2.16)

In the original Transformer model [6], the positional encoding is deterministic
and based on sine and cosine functions of different frequencies. For each position

pos and specific dimension 4, the encoding is defined as:

. pos

P(pos,Zi) = S1n <1()0()0274/d) s (217)
pos

P (pos, 2i41) = cos (W) . (2.18)

Here, pos is the token position (starting from 0), ¢ indexes the embedding
dimension, and d is the model dimensionality (i.e. of the output sample). Each
dimension of the positional encoding corresponds to a sinusoid with a different
wavelength, allowing the model to represent both absolute and relative positions

through simple linear operations on these encodings.

Encoder. The encoder is composed of L stacked layers, each consisting of multi-
head self-attention and a feed-forward network, combined via residual connections

and layer normalization:

7' = LayerNorm(Z(l_l) + MultiHead(Z(l_l)D : (2.19)
z" = LayerNorm(z'" + FFN(z'")) , (2.20)

where the position-wise feed-forward network (FFN) is defined as:
FFN(Z) = maX(O, ZWl + bl)WQ + b2. (221)

The decoder mirrors this structure, incorporating both self-attention and en-

coder—decoder attention to condition on encoded representations.
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2.3.2 Graph-Aware Self Attention

Graph transformers extend the self-attention framework to operate on graph-
structured data [28]. As mentioned previously, traditional GNNs struggle with
capturing long-range dependencies due to their local message passing aggregation
schemes. Incorporating messages or signals from distant nodes requires many layers,
which can lead to over-smoothing and information loss.

To overcome this limitation, graph transformers adopt the global attention
mechanism of the Transformer [6], enabling every node to “attend” to every other
node. In other words, graph transformers can be viewed as GNNs that operate
over fully-connected graphs, where attention weights determine the strength of
interactions between nodes [31]. This allows for direct modeling of long-range
dependencies without the need for deep architectures.

When applied to graphs, a single “head” of self-attention learns a ¢*"-layer hidden
representation h{) € R? of every node v € V(G) by taking the weighted sum:

RO — g0 ( 5 %‘gw) | 0.22)

where the attention coefficients are given by:

o) = (R, n{Y). (2.23)

VU

Here, ¢\ and ¥ are learnably-parameterized functions. The most common
implementation of ¢(® and ¥ is scaled dot product attention, as defined by Vaswani
et al. [6]. Most graph transformers also utilize multiple attention heads in parallel
(whose outputs are concatenated at each layer), and interweave self-attention layers

with fully-connected feed-forward layers.

2.3.3 Graph Positional and Structural Encodings

Since basic self-attention does not receive the graph adjacency matrix as an input,
many graph transformer models choose to inject a graph’s structural information
into the model inputs by way of node positional or structural encodings. More
broadly, we can define a node positional or structural encoding to mean any
isomorphism-invariant mapping pe which takes in a node-graph pair (v, G) and
outputs a vector label pe(v,G) € R% Then, the graph-level PE label is defined
as the multiset of node-level labels PE(G) = {pe(v,G) : v € V(G)}. Various
different encoding methods have been developed for graph transformers, which
we highlight in more detail in Section [£.2]
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In practice, each node’s embedding vector is then concatenated or added to the
node’s initial feature vector, and the resulting node embedding is passed into the
model as an input. Note that sometimes, the initial node feature and positional
or structural encoding vector are passed through MLPs before being combined
and fed into the rest of the model.

Laplacian Positional Encoding (LapPE). Dwivedi et al. [33] introduced
LapPE, a class of positional encodings based on graph Laplacian eigenvectors [65].

Formally, these vectors are defined by factorizing the graph Laplacian matrix:

A=1-D2AD™ 2 =UTAU, (2.24)

where A is the adjacency matrix, D is the degree matrix, A is a diagonal matrix of
eigenvalues, and U is a matrix whose columns are the corresponding eigenvectors.

LapPE is constructed by selecting the k smallest non-trivial eigenvectors:

pi = [ui (i), ua(i) - -+ ,up(i)] € R¥ (2.25)

These eigenvectors form a smooth coordinate system over the graph, preserving
both local neighborhood structure and global connectivity. As low-frequency
Laplacian eigenvectors vary slowly over edges, they provide stable and smooth
positional signals for nearby nodes. LapPE can be interpreted as a natural
generalization of sinusoidal positional encodings used in Transformers [6]. However,
it is important to note that the eigenvectors are only defined up to a sign, which
can lead to ambiguities in the positional encodings. To address this, Dwivedi et al.

[33] use random sign flipping to construct their LapPE vectors.

Random Walk Structural Encoding (RWSE). Dwivedi et al. [32] introduced
RWSE, a class of structural encodings based on random walks, which Rampasek
et al. [29] later demonstrated to be particularly effective for molecular graphs.
RWSEy is defined by k-steps of random walks on the graph:

pi = [RWiia RW?, - -

2o RWE] € RY, (2.26)
where RW = AD™! is the random walk operator, A is the adjacency matrix, and D
is the degree matrix. Note that RWSE uses a low-complexity version of the random
walk matrix by considering only the diagonal entries, which correspond to the
probability of returning to the starting node after ¢ steps (i.e. RW;;). Also, RWSE

does not suffer from the same sign ambiguity issues as LapPE as mentioned above.
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Using our general definition of node positional and structural encodings above,
we can treat RWSEy, as a family of graph invariants (mapping into multisets with
elements in R?) indexed by k. Hence, we can compare the graph-level expressivity

of RWSE, and any other general positional or structural encoding scheme under <.

Relative Random-Walk Positional Encoding (RRWP). Ma et al. |30]
introduce RRWP as part of their GRIT graph transformer architecture (which we
will discuss in more detail below in Section [2.3.4)). For a fixed horizon &, the RRWP

positional encoding between nodes 7 and j is defined as:

pij=|I, M, M?, ..., M¥| e R, (2.27)

2]
where [ is the identity matrix and M is the random-walk transition matrix given by
M = D7 'A, with D being the degree matrix and A the adjacency matrix. Ma et al.
[30] show that these encodings capture multi-hop connectivity information and
subsume shortest-path distances as a special case, while providing strictly greater

expressive power for distinguishing graph structures.

2.3.4 Prominent Models

Although Dwivedi and Bresson [28] were the first to formally generalize transformer
neural networks to graphs, numerous different architectures have since been proposed
under the umbrella of graph transformers. Some of these models which are
particularly relevant in this thesis include GPS [29], GRIT [30], and the explicitly
equivariant Equiformer [34, 66] model. A more complete survey of graph transformer
architectures is provided in Section [4.2]

General, Powerful, Scalable Graph Transformer (GPS). GPS [29] combines
the strengths of local message passing and global attention within a unified
framework. Each layer integrates a standard MPNN block with a Transformer-

style global attention block:
AT = MPNNO(R{O, N,) + Transformer (R {h{ : u € V}),

where the MPNN component captures fine-grained local structure while the Trans-
former component aggregates long-range dependencies across the entire graph.
Rampések et al. [29] also evaluate several different positional and structural
encodings for graph transformers, including LapPE and RWSE, which are detailed

above. Furthermore, they experiment with various different MPNN components,
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including GIN and GatedGCN [67], which is a variation of the GCN model that
incorporates learnable, edge-wise gates to control information flow.

Rampaések et al. [29] show that GPS is a universal function approximator
on graphs, meaning that in principle, it can represent any function on graph-
structured data given sufficient capacity. Interestingly, their empirical results also
show that this hybrid MPNN+Transformer architecture often outperforms pure
Transformer-based models, highlighting the complementary strengths of local and

global information aggregation.

Graph Inductive Bias Transformer (GRIT). GRIT [30] is a recent graph
transformer architecture that removes traditional message-passing, instead relying
on strong graph inductive biases embedded directly into the model. These include
learned RRWP encodings, an attention mechanism that updates both node and
node-pair representations, and per-layer injection of node-degree information with
batch normalization.

Unlike standard graph transformers, GRIT maintains both node representations
h; and node-pair representations e; ;, the latter initialized using RRWP. A single

GRIT attention layer computes

éi,j = O(p((Wth + WKh]’) © WEwei,j) + WEbem) s (228)

Q5 = SOftmanev<WA§i7j), (229)

?LZ' = Z Q4 (th]’ + WEvéi,j)a (230)
JjeEV

where ® denotes elementwise multiplication, p(-) is a signed square-root nonlinearity,
o(+) is a pointwise activation function, and all W are learnable parameter matrices.
Importantly, the node-pair representations are updated at each layer, allowing the
model to refine its structural encodings during learning.

Since self-attention is invariant to node degree, it can result in the loss of
important topological information. GRIT addresses this by explicitly injecting
degree information into the node representations. Let d; denote the degree of
node i, and let " be the node output after attention and feed-forward layers.

Degree information is incorporated via
h™ = B © 6, + log(1+ d;) h$™ © 65, (2.31)

where 0;,0, € R? are learnable scaling parameters. To preserve degree information,
GRIT employs Batch Normalization rather than Layer Normalization, which would

otherwise remove degree-dependent scaling effects.
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All together, the relative random-walk positional encodings, learnable node-
pair updates, and degree-aware scaling enable GRIT to recover classical graph
propagation operators and to distinguish graph structures beyond shortest-path-
based methods. This work demonstrates that carefully designed inductive biases
allow graph transformer architectures to perform competitively without explicit

message passing.

Equiformer. Equiformer |34, 66] extends the Transformer framework to continu-
ous 3D geometric graphs, enforcing exact equivariance under the E(3) symmetry
group of rotations, translations, and reflections (as well as the SE(3) group of
rotations and translations). The model leverages equivariant features built from
irreducible representations (irreps), replacing standard Transformer operations with
their equivariant counterparts, and explicitly includes tensor-product interactions
between irreps channels.

Note that a mapping f is equivariant to a group G (e.g. SE(3)) when, for any

group element g € GG, the action on inputs commutes with the action on outputs:

f(DX(g) 1’) = Dy(g) f(z), (2.32)

where Dx (g) and Dy (g) are the representation matrices acting on input and output
vector spaces respectively. In other words, applying a transformation to the input
corresponds to applying the same transformation to the output.

A single Equiformer layer computes equivariant pair features, attention weights,

and messages as follows:

ég) = MLP( T(hl(-g), hy), Tij) >7 (2.33)

mZ(]tf) _ @(hﬁ”, él(f)> (2.35)

RUED — 3 0%(? mg) 4 FFN(e)(hZ(-E)), (2.36)
FEN(3)

where r;; denote geometric information (e.g. relative displacement encoded as irreps),
7T (-) denotes equivariant tensor-product interactions, and ®(-) is an equivariant
message function (typically also involving tensor products and nonlinearities).
Note that all intermediate operations are implemented to preserve equivariance

to 3D rotations and translations.
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The tensor products combine irreps channels to produce higher-order geometric

features in the form:
T(R R ) = X 0 (RO & 5, (2.37)
Ila
where h(") denotes channels of degree [ (irreps type) and CU+2) are learnable
coupling coefficients. These tensor products are the primary computational cost
driver, especially as the maximum degree L,,,, increases.

In an effort to make Equiformer more accessible, Liao et al. [34] introduce
EquiformerV2, which incorporates several architectural and algorithmic improve-
ments to enhance efficiency and scalability. However, the computational overhead
of maintaining equivariance is still on the order of O(L?, ), which remains a
significant bottleneck that we will address in Chapter [3]

2.4 Continuous-Time Diffusion Models

Many GNNs and graph transformers have been successfully integrated into gen-
erative modeling frameworks for graphs, with remarkable success in applications
such as protein structure prediction and inorganic materials discovery [11] [18].
Here, we will provided a brief overview of the diffusion paradigm, which underpins
many state-of-the-art generative models.

A diffusion model solves the generative modelling problem by being the solution
to a (Ito) stochastic differential equation (SDE) [6§],

dX; = fi(Xy) dt + 0, dWy, X ~ po. (2.38)

In Equation , we use boldface to denote random variables and normal
script to denote functions or samples. The function f;, : R — R¢ corresponds to
the average direction of evolution, while o, : R — R is the diffusion coefficient for
the Wiener process W,. By convention, this is termed the forward noising process
that starts from time ¢ = 0 and progressively corrupts data until the terminal time
t = 1 where we reach a structureless prior pi(z;) := N(0,1).

Under mild regularity assumptions, forward SDEs of the form of Equation ([2.38))
admit a time reversal, which itself is another SDE in the reverse direction ¢t = 1
to t = 0 and transmutes a prior sample x; ~ p; to a sample from the target

distribution zq ~ po [69],

dX; = (fi(X;)dt — 07V, logpu(X,)) dt +0ldWi, Xy ~pr. (239)
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Here W, is another standard Wiener process, and the reverse-time SDE shares
the same time marginal density p; as the forward SDE. Critically, the forward
and reverse SDEs are linked via the Stein score V, logpi(x;), which is the key
quantity of interest in the design of diffusion models. More precisely, diffusion
models estimate the score function by forming an ¢;-regression objective using a
denoising network Dy(x,t). For example, for the variance exploding (VE) SDE
family of forward processes: p; = po * N'(0,02), this corresponds to learning the
set of optimal denoisers, i.e., the set of conditional expectations, across time
D(zy,t) = E[Xo|X; =24 ,Vt € [0,1].

Owing to the nature of Gaussian convolution, we can convert this to a simple
simulation-free training conditional objective for any Bregman divergence with
convex F, Bp [Holderrieth et al. [70], Prop. 2J:

L.(0) = Ein24(0,1),z0~p(0) e ~pt (22 ]0) [A(t)Br (0, Do(x4,1))] (2.40)

where A\(¢) : [0,1] — R, is any weighting function. For a sufficiently expressive
family of denoisers H = {Dy : 6§ € ©}, the minimizer to Equation ([2.40)) is
Dj(zy,t) = D(xy,t) = E[Xo|X¢ = 24]. Given a trained denoising model, diffusion
models generate samples at inference by simulating the reverse-time dynamics of
(2.39) with the learned score sy computed as sy < (Dg(z4,t) — x;)/0? in place

of the true score at x;, V,logp:(z;).

2.4.1 Diffusion Transformers

Recently, Diffusion Transformers (DiTs) [71] have emerged as a powerful class of
generative models that combine the denoising diffusion framework with transformer-
based architectures. In practice, DiTs use a transformer network to parameterize
the denoising network Dy(zy,t) using a sequence of latent tokens.

At a high level, a DiT model consists of repeated Transformer layers of the form
() — FFN<f><se1fAttn<f>(h<f>)), (2.41)

where self-attention enables global interactions between all latent tokens. This
architectural bias is particularly well-suited to diffusion models, where global
coherence must be gradually recovered during the reverse-time denoising process.

Although originally proposed for image generation, the core idea of DiTs extends
naturally to graph-structured domains. In this setting, the noisy state x; corresponds
to a collection of node-level features defined over a graph. Each node is treated as
a token, and the transformer processes the resulting set of node embeddings using

self-attention to model global interactions across the structure.
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Scalability and Empirical Performance. A central result of Peebles and
Xie [71] is that diffusion models exhibit strong scaling behavior when paired with
Transformer backbones. As model depth, width, and token count increase, DiTs
demonstrate predictable improvements in sample quality. This characteristic is
especially relevant in the architectural design choices that we make in Chapter [}
and speaks to the intricate interplay of representational capacity, scale, and

computational efficeincy that we study in this thesis.

2.5 Molecular Applications of Graph Learning

As mentioned in Chapter [I, the primary application of graph learning that we will
address in this thesis is molecular modeling. The entire drug discovery process
can take over 10 years and cost over $1 billion from initial target identification
to market release [42]. Due to the vast expense and high attrition levels of drug
candidates, there has been an increased interest in using computational methods
to expedite various parts of the pipeline. Graph representation learning can be
applied to nearly every stage of the drug development process, including target
identification, molecular property prediction, small molecule de novo design, protein
engineering, drug repurposing, molecular crystal structure prediction, and more
[16, 17]. All of these downstream applications can more or less directly be mapped

to one of the three categories of graph-learning tasks outlined below:

1. Graph-level Tasks: Predicting properties or labels for entire graphs. This
includes tasks such as molecular property prediction, where each molecule is
represented as a graph and the goal is to predict properties like solubility or
toxicity. Each model is evaluated using the mean average error (MAE), which

is defined as:

MAE = Tita |y — @il (2.42)

n

where y; is the predicted value, x; is the true value, and n is the total number

of data points.

2. Node-level Tasks: Predicting properties or labels for individual nodes within
a graph. Molecular structure generation (sometimes referred to as molecular
conformer generation) can be framed as a node-level task, where the goal is to
predict the 3D coordinates of each atom (node) in a molecule. For molecular

crystal packing, this extends to predicting the atom coordinates of multiple
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2. Background

molecules in a periodic lattice. Generated structures are typically evaluated
using metrics such as root-mean-square deviation (RMSD) between predicted

and true atomic positions.

Given two molecular structures with N corresponding atoms, let their pre-

dicted and true 3D coordinates be:

X:{X17X27~--7XN}7 Y:{y17y27"'ayN}a

where each x;,y; € R3.

RMSD can then be computed as:

1 N
RMSD(X,Y) = \l N Z Ix; — yil]?.
=1

Note that RMSD is typically calculated after optimal alignment of the two

structures to account for rotational and translational differences.

For de novo generation, models are typically evaluated using additional metrics
such as validity, uniqueness, and novelty of the generated structures. However,
this is beyond the scope of this thesis, since we will focus on molecular crystal

structure prediciton (Chapter [5)).

3. Edge-level Tasks: Predicting relationships or interactions between pairs of
nodes. These include link prediction tasks in homogeneous (or heterogeneous)
graphs, where the goal is to predict missing edges (relationships) between
entities (nodes). In molecular applications, this can involve predicting

interactions between different genes or between a drug and its target protein.

Models for link prediction are often evaluated using the Hits@k metric, which
is a rank-based metric. Hits@k measures the fraction of test samples (in this
case, samples are potential edges) for which the ground-truth label appears
within the model’s top-k ranked predictions against a set of negative samples.
Formally, let N denote the number of test samples, y; the ground-truth label
for the i-th sample, and }Afi(k) the set of top-k predictions produced by the
model. Then

, IS > (k)
Hlts@k‘:N;l[yi e V"],

where 1[] is the indicator function that equals 1 if the condition inside holds

and 0 otherwise.
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2. Background

Now that we have outlined the necessary preliminaries, we will proceed to present
our contributions in advancing the understanding of local structural awareness in
graph learning. In Chapter [3| we explore how to properly encode local structure
within a given graph in GNNs using graph motif parameters. In Chapter [ we
propose a general graph structural encoding technique based on homomorphism
counts that is particularly useful for models that lack inherent graph inductive biases.
Finally, in Chapter [, we introduce OXTAL, a scalable all-atom diffusion transformer
that leverages new ways of capturing local interactions between molecular graphs

to model periodic symmetries for molecular crystal structure prediction.
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Graph Motif Parameters for Graph Neural
Networks

In this chapter, we study the expressivity of GNNs with respect to injecting graph
motif parameters. We prove that in terms of expressiveness, it is highly beneficial
to inject the homomorphism basis of a parameter instead of the parameter itself,
even for higher-order GNNs. The main contributions of this chapter include both
theoretical and empirical results, which are particularly relevant for molecular data-
sets, where local structural motifs, such as rings or other functional groups, strongly
influence the properties of a molecule. We also provide additional experimental
results for other domains to support the generalizability of our approach.

The content of this chapter is largely based off of the work published in Jin et al.
[1], with the theoretical results presented in Section completed in collaboration
with Matthias Lanzinger.

3.1 Introduction

Graph neural networks (GNNs) (72| |73] are a class of architectures for learning
invariant functions on graphs. Their success in various domains [74H76] has led
to the development of a number of architectures [19, 21, 23, [77]. Most of the
architectures used in practice fall under the framework of message passing neural
networks (MPNNs) [22], where the core idea is to iteratively update each node’s
representation based on the messages received from the node’s neighbors.
Despite their popularity, several limitations have been identified for GNNs,

particularly pertaining to their expressive power. The expressive power of MPNNs
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3. Graph Motif Parameters for Graph Neural Networks

is upper bounded by the I-dimensional Weisfeiler Leman graph isomorphism test
(1-WL) (23 25]. Hence, all known inexpressiveness results for 1-WL apply to
MPNNSs. In particular, this implies that MPNNs cannot express a wide variety
of graph motif parameters, which include functions that count the occurrences of
basic graph patterns, such as paths or cycles. Since these patterns are abundant in
real-world domains (e.g., the number of cycles in a molecule may dictate certain
properties), a large body of work proposes enhancing the input graphs with such
pattern counts directly as node features.

One line of work enriches the graph features with subgraph counts [26], while
another enriches the graph features with homomorphism counts [27]. Although both
approaches increase the expressive power of standard MPNNs, it remains unclear
how these approaches compare to one another in terms of expressiveness gained.
Furthermore, both of these approaches are sub-optimal in a certain sense.

We first show an example that presents two 1-WL indistinguishable graphs,
where injecting (i.e. enriching features with) homomorphism counts is a better

strategy than injecting subgraph counts.

Ezxample 3.1.1. Consider the graphs G; and G5 below, which are non isomorphic
and indistinguishable by 1-WL. These graphs both contain two 5-cycles as subgraphs.
Recall that Sub(F,G) is the number of times F' occurs as a subgraph in G, and

Hom(F, G) is the number of homomorphisms from F' to G. In this case, we formally

write Sub({}, G1) = Sub({}, G2) = 2.

RUZO T St
(a) Sub({},G1) =2 and Hom(¢P,G1) = 120.  (b) Sub({P,G2) = 2 and Hom({}, G») = 140.

Here, we see that adding subgraph counts for 5-cycles to 1-WL does not help
distinguish these graphs, but adding homomorphism counts for 5-cycles does help
in distinguish them since Hom (¢}, G1) # Hom({p, Ga). A

How about the other direction? Are there graph pairs where injecting subgraph
counts is the superior approach?” We see that this is the case and provide an

example below.
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H, Hy

(a) Sub({y, H1) = 2 and Hom({}, H,) = 120.  (b) Sub({}, H2) = 0 and Hom({P, Hy) = 120.

Example 3.1.2. Let H; be the first component of G; and Hs be the first component
of G5 (from Example (3.1.1)).

It is easy to verify that H; and H, cannot be distinguished by 1-WL. Furthermore
we observe that:
Hom(}, H1) = Hom({}, Hy) = 120.

Thus, adding homomorphism counts for {3 does not help in distinguishing these
graphs. Conversely, we have Sub({}, H;) = 2 and Sub({}, H,) = 0, which is
sufficient to distinguish these graphs. A

Example |3.1.1) and Example [3.1.2] show that these two approaches are incompar-
able in terms of the expressiveness gain that they yield. This begs the question:
what information can we inject into GNNs that strictly subsumes both approaches?

In this chapter, we answer this question by building on recent advances in
graph theory that show that graph motif parameters, which encapsulate many
functions of interest, can be expressed as a linear combination of homomorphism
counts (cf. Section 2.1.1]). In a nutshell, we show that enriching GNNs with the
homomorphism counts of all structures in the “basis” of the target pattern yields
strictly more expressive architectures without incurring any additional overhead in
terms of computational complexity compared to existing approaches. In a sense,
this targeted expressiveness gain is very precise and fine-grained. We prove a series
of theoretical results on node-level and graph-level motif parameters and empirically
validate them on both molecular and other standard benchmark datasets.

Main Results. The key results from this chapter can be summarized as follows:

o« We study the expressivity of GNNs with respect to injecting graph motif
parameters, and show that, in terms of expressiveness, it is highly beneficial to

inject the homomorphism basis of a parameter instead of the parameter itself,
even for higher-order GNNs (Section (3.3)).

o This gain in expressiveness comes with additional benefits. In particular, we
show how our method can naturally avoid redundant information (Section |3.3.3)),
and that it applies both on the graph-level and the node-level (Section [3.3.4)).
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e Our approach provides a flexible framework for injecting information far beyond
the fixed pattern counts considered in previous work, e.g., graphlet counts or
logical properties (Section [3.3.5)).

o We empirically validate the theoretical findings and demonstrate the efficacy of
our approach on a wide variety of benchmarks, where we observe state of the
art results in expressivity and significant improvements in molecular property

prediction and link-prediction tasks (Section [3.4)).

From a broader perspective, this work strengthens the connections between
recent graph-theoretical results and graph machine learning, informing future work
for the targeted design of GNN architectures suitable for a domain of interest. We
show that this is especially beneficial for molecular applications and highlight the

importance of informed local representations.

3.2 Related Work

It is well-known that the expressive power of MPNNs is upper bounded by 1-WL in
terms of graph distinguishability |23, 25]. Models such as graph isomorphism network
(GIN) [23] can match this bound, whereas other popular architectures such as graph
convolutional networks (GCNs) [19], or graph attention networks (GATS) [21] cannot.

This expressiveness limitation has motivated a large body of work in the graph
machine learning literature, including the study of higher-order GNN architectures
[25, 78-80] which generally match the expressive power of the k-WL algorithm for
some k > 1. Some works consider graphs with unique node features [81], and others
augment the node features with random features |82, 83| to achieve higher expressive
power. Expressive power of GNNs has also been evaluated in terms of their ability
to detect certain graph components, such as biconnected components [84]. Building
on the classical literature of isomorphism testing and exploiting graph components
(and associated graph decompositions) has led to efficient, isomorphism-complete
learning algorithms for planar graphs [85].

There are different means for studying expressive power, and our work’s primary
focus is on measuring expressive power based on the ability to capture graph motif
parameters. MPNNs are very limited in terms of their expressive power when it
comes to counting patterns and so any function of this form goes beyond the ability
of these architectures [86]. This has led to a rich line of work of GNN architectures
that capture such pattern counts explicitly [26, 27, 87], and others that operate
over subgraphs [88-90]. Zhang et al. [91] also recently provided an expressiveness

hierarchy for subgraph GNNs via the so-called subgraph Weisfeiler-Leman tests.
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Papp and Wattenhofer [92] investigated the expressiveness of specific properties,
such as counts for all k-vertex substructures. They presented some specific results
on the expressiveness gain such as showing that GNNs with all counts for k-vertex
substructures can count k-cycles, but not k£ — 1 cycles. Our framework provides
unified answers for these specific expressivity questions. Barceld et al. [27] presented
one of the early works highlighting the importance of using homomorphism counts
with GNNs. Very recently, Welke et al. [93] propose a randomized approach that uses
homomorphism counts to distinguish graphs in expectation. The work of Zhang et al.
[94] is closely related to ours, where it has been shown that the expressiveness of GNN
architectures under consideration can be characterized in terms of homomorphism
counts. This further motivates our approach as will be discussed in Section [3.3.3]

Other works have studied homomorphism counts for more traditional machine
learning models, such as support vector machines (SVMs) and random forest
classifiers [56, 95]. Grohe [62] also investigated using homomorphism vectors

to represent graphs.

3.3 All About The Homomorphism Basis

In this section, we examine the expressivity of GNNs with respect to graph
motif parameters and introduce an efficient new method for incorporating these
parameters by using their homomorphism basis. We show that our approach provides
provably stronger expressive power, alongside a range of additional theoretical

and practical advantages.

Expressing a Graph Parameter. We say that a GNN architecture ¥ can
express a graph parameter f if for every pair of graphs G, H, there exists a model
parametrization Wy such that G =y, H implies f(G) = f(H). In other words, there
can be no situation where two graphs are equivalent to the model ¥y but f is different
on the two graphs. We are interested in the question of how the expressiveness
gained by different sets of additional features compare to one another. Thus, we
extend our notion of expressiveness to the case where ¥ additionally has access to a
set of additional feature maps A, i.e., invariant functions that map the input graph
to a rational number. We say that a GNN architecture ¥ with A can express a graph
parameter f if for every pair of graphs G, H, there exists a model parametrization
Uy such that if G =y, H and a(G) = a(H) for all @ € A, then f(G) = f(H). For
sets of features A, A’ and GNN W, we say that ¥ with A is at least as expressive
as ¥ with A’ if the former expresses all functions that are expressed by the latter.
Similarly, W with A’ is strictly more expressive than ¥ with A if the former is at
least as expressive and can express strictly more functions than the latter.
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Hom (€2, G), Hom(Y¥’, G), Hom( & , G)

Our approach

Hom('Q, G)

Barcel6 et al. [27]

Sub(€X, G)

Bouritsas et al. |26

Figure 3.3: Expressiveness gain from injecting parameters. All inclusions are proper.
All three features require (asymptotically) equivalent effort to calculate; they all can be
computed in quadratic time (and no better).

3.3.1 It Is More Expressive

Recall that A = {Sub(},-)} and A’ = {Hom({Y,)} are incomparable if added
to 1-WL expressiveness (Example and Example [3.1.2). This also holds in
general for arbitrary patterns that have more than one acyclic graph in their
basis (follows from Theorem [3.3.1)). At the same time, 1-WL with either kind of
additional feature can be more expressive than plain 1-WL, as previously observed
by Bouritsas et al. [26] and Barcel6 et al. [96].

We show that the homomorphism basis of Sub({}, ) is more expressive than
either approach (Figure . In fact, we prove a much more general and stronger
statement. For (almost) every connected graph motif parameter I', providing
the homomorphism basis Br as additional features is strictly more expressive

than injecting I

Theorem 3.3.1. Let I' be a connected graph motif parameter and k > 1. Then
k-WL with Br is at least as expressive as k-WL with {I'}. Moreover, if at least
two functions in Hom(Supp(I')) cannot be expressed by k-WL with {T'}, then ¥
with Br s strictly more expressive.

We will prove a more general version of this theorem that holds not just for
the steps of the k-WL hierarchy, but for all GNN models that follow a certain
natural behavior with respect to homomorphisms. It is well known that G =5 _wr, H
if and only if Hom(F,G) = Hom(F, H) for all graphs F' of treewidth at most k
[97]. At a high level, the treewidth of a graph roughly describes how cyclic it is
(i.e. acyclic graphs have a treewidth of 1, cyclic graphs have a tree width of 2,
and graphs such as the 4-clique have a treewidth of 3). Furthermore, for every
graph F' with treewidth greater than k, there are G, H with G =;_w1 H where
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Hom(F,G) # Hom(F, H), i.e., the class of graphs with treewidth at most k is
the maximal class for which homomorphism vector equivalence is equivalent to
k-WL equivalence [98]. This means that there is a concrete set of graphs whose
homomorphism counts precisely determine the expressivity of the model. Zhang et al.
[94] recently showed that this property also holds true for other commonly studied
models that do not precisely match the expressiveness of the k-WL hierarchy, e.g.,
Subgraph GNNs and Local k-GNNs.

Definition 3.3.2. Let G, H be graphs and let F be a set of graphs. We say that
G and H are homomorphism indistinguishable under F, and we write G =7 H, if
Hom(F,G) = Hom(F, H) for all F' € F.

Definition 3.3.3. We say that a class of graphs F is closed under restriction
to connected components if for every graph F' € F, every maximal connected

component of F'is in also in F.

Definition 3.3.4. Let ¥ be a GNN model. We say that W is strongly homomorphism

expressive if there is a set of graphs F such that:
(i) for every pair of graphs G, H, it holds that G =y H if and only if G =7 H,
(ii) F is closed under restriction to connected components,
(iii) and F is the maximal set satisfying the first property.
We refer to F as the homomorphism expressiveness of W.

As mentioned above, any GNN model with expressiveness equal to k-WL is
strongly homomorphism expressive with F being the set of treewidth k graphs.
Zhang et al. |94] showed that Local k-GNNs; local k-FGNNs, and Subgraph GNNs
are also strongly homomorphism expressive.

In this light, it becomes clear that the expressiveness of a strongly homomorphism
expressive ¥ with Hom(Spasm(G)) is strictly more expressive than ¥ with Hom(G, -)
exactly when there is some F' € Spasm(G) that is not in the homomorphism
expressiveness of W.

The theorem we will prove in the rest of this section is the following stronger
version of Theorem [3.3.1]

Theorem 3.3.5. Let I be a connected graph motif parameter and let ¥ be a
strongly homomorphism expressive GNN model. Then V with Br is at least as
expressive as U with {I'}. Moreover, if at least two functions in Hom(Supp(I'))
are not expressed by W with {I'}, then U with Br is strictly more expressive.
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Observe that the condition for the strictly more expressive case cannot be
improved. If only one term Hom(F™*,-) is not expressed by ¥, then for every G, H
with ['(G) = I'(H) and G =y H we have from the former that

> a(F)Hom(F,G)= >  «(F)Hom(F, H).
FeSupp(T) FeSupp(T)
Since all terms in the sum, except for F* are expressed by ¥, those terms must be
equal on both sides. Hence we are left with Hom(F™, G) = Hom(F™*, H) whenever
I'G) = I'(H).

The technical challenge in proving Theorem [3.3.5 comes from the analysis of
how equality under ¥ interacts with equality under I'. The definition of strongly
homomorphism expressive GNNs guarantees, that for every graph F' for which
Hom(F, ) is not expressed by W, there are graphs G =¢ H that differ on Hom(F,-).
On a technical level, the existence of such graphs needs to imply that there are
graphs that are equivalent under both ¥ and I'. Our proof shows how to construct
such a graph whenever I' is connected. Our argument requires connectedness of
the graph motif parameter in order to control I' in the construction. In particular,
when I' is connected, it is additive over disjoint union, which ultimately allows us
to construct graphs through these operations in a way where I' is controlled.

We will first observe a number of important properties of strongly homomorphism
expressive GNNs based on well known properties of Hom. To this end we first
define two operations on graphs. For graphs G, H we write G + H for the disjoint
union of G and H, i.e., the graph that is obtained by relabeling H to share no
vertices with G and then combining their vertices and edges into a single graph.
Moreover, we write G x H for their categorical product, which is the graph P with
V(P)=V(G) x V(H) and ((a,u), (b,v)) € E(P) if and only if (a,b) € E(G) and
(u,v) € E(H). For positive integer ¢ we write ¢G for the c-fold disjoint union of
G with itself, and similarly G¢ for the c-fold product.

Next, we will use the following results from Lovasz [54]:

Proposition 3.3.6 (from Lovasz [54]). For graphs F, G, H, the following statements
hold:

« Hom(F + G, H) = Hom(F, H)Hom(G, H).
e Hom(F,G + H) = Hom(F,G) + Hom(F, H) if F is connected,

e Hom(F,G x H) = Hom(F, G)Hom(F, H).
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Using these statements, we can show the following:

Lemma 3.3.7. Let U be a strongly homomorphism expressive GNN. Let G,G', H, H’
be graphs such that G =¢ G' and H =g H'. The following two statements hold:

2. GxH=yG x H

Proof of Lemma[3.3.7. Let F be the homomorphism expressiveness of W. Let F
be a connected graph in F. We have

Hom(F,G + H) = Hom(F,G) + Hom(F, H)
= Hom(F,G') + Hom(F, H')
= Hom(F,G' + H')

where the outer equalities are by Proposition [3.3.6|and the middle equality is by the
assumption that G =¢ G’ and H =y H'. The argument for the second statement
is analogous.

This completes the argument for connected F'. Since F is closed under restriction
to connected components, every graph F’ € F is a disjoint union of connected
graphs in F. By the first point of Proposition [3.3.6] the equality on all the connected

components of F’ immediately extends to F’. O

Proof of Theorem[3.3.5. Let A, B be two graphs in Supp(T") that are not expressed
by ¥ with I'. Our plan will be to show that there are graphs GG, H that are equivalent
under ¥ and have I'(G) = I'(H), but can be distinguished by either Hom(A, ) or
Hom(B, ).
Claim 1. Assuming ¥ with I" does not express at least one of Hom(A, -) or Hom(B, ),
then there are graphs G 4, H4, G, Hp that satisfy the following properties:

e Gy=y Hy and G =y Hp

e Hom(A,G4) # Hom(A, Hy) and Hom(B, Gp) # Hom(B, Hg)

« max(Hom(A, G4),Hom(A, H4)) > max(Hom(B,G4),Hom(B, H,))
Proof of Claim [1: The first two items follow immediately by assumption that

U cannot express Hom(A, ) and Hom(B,-). For the last point, assume the two
maxima are the same, say Hom(A,G4) = Hom(B,G4) > Hom(B, Hs). Recall
that it is known that there always exists a graph X on which Hom(A, X) #
Hom(B, X) ([54]). Assume Hom(A, X) > Hom(B, X) without loss of generality.
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We have G4 + X =y Hs + X by Lemma m That is we have Hom(A, G4 +
X) = Hom(A,G4) + Hom(A, X) > Hom(B,G4) + Hom(B,X) = Hom(B,G4 +
X). Similarly, Hom(A, H4 + X) = Hom(A, H4) + Hom(A, X) < Hom(A,G4) +
Hom(A, X). So replacing G 4, Hs with G4 + X, Hy + X satisfies the statement. <

IfT(Ga) =T(Ha) or I'(Gg) = I'(Hp), the theorem would be proven: if I' would
agree on one of the pairs, ¥ with I" would not express the respective homomorphism
count function. Assuming that I' is indeed the same on these two pairs of graphs,
we show that we can always construct graphs G, H that are still equivalent under
U and disagree on either Hom(A4,-) or Hom(B,-), but also have I'(G) = I'(H).
We make a key observation on I' first. Recall that I' is a connected graph motif
parameter, thus from Proposition together with Equation ([2.1]), we observe
that I'(G+ H) =T'(G) + I'(H).

For positive integer i, we define §; = ['(G%) — T'(HY) and similarly n; = T'(Hj) —
['(G%) (recall, G is the i-fold categorical product). We will only care about 7,
which we therefore refer to as simply 7. Assume, w.l.o.g., n > 0, otherwise switch
Gp, Hp accordingly.

For i where ¢; > 0 define G; := nG% + §;Gp an H; := nH, + §;Hp.

Claim 2. For every positive integer ¢ where §; > 0 we have I'(G;) = I'(H;) and
G; =y H;.
Proof of Claim[9: Recall from above that T'(cG) = ¢['(G). For the equality under I

we then observe that

['(G;) — T(H;) = nl(GYy) + 6,1 (Gp) — nl'(HY) — 6,1 (Hp)
= 6i(T(Gp) = T(Hp)) +n(T(GY) — T(H}))
= 0;(—n) + din
=0

Since G; and H; are constructed from disjoint unions and products of graphs
that are equivalent under ¥, we also have G; =¢ H; by Lemma |3.3.7] N
There are arbitrarily many ¢ such that d; has positive sign (if the sign is negative
for all §;, switch G4, Hy). As above, we are done if Hom(A, G;) # Hom(A, H;) for
any ¢ where §; > 0 since we have G; =y H; and I'(G;) = I'(H;) (and the same for
B). Let us thus assume that this is not the case. For each of ¢ we then get the

following equations:
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nHom(A, GY) + §;Hom(A, G) = Hom(A, G;)
= Hom(A, H;)
= nHom(A, H',) + §;Hom(A, Hp) (3.1)

nHom(B,GY) + 6;Hom(B, Gz) = Hom(B, G;)
= Hom(B, H;)
= nHom(B, H',) + d;Hom(B, Hp) (3.2)

First, suppose that Hom(B,G%) = Hom(B, H}). Simplifying Equation (3.2))
gives Hom(B, Gg) = Hom(B, Hg) which contradicts our choice of B, Hg, Gp. In
the other case we have Hom(B,GY) # Hom(B, H}). Solving both equations for §
(recall 0; # 0), identifying and rewriting gives:

Hom(A, Hg) —Hom(A,Gp)  Hom(A,GY%) — Hom(A, HY)
Hom(B, Hz) — Hom(B,Gp)  Hom(B,GY) — Hom(B, HY)

(3.3)

Observe that the left side of Equation (3.3]) is independent of ¢, and therefore
must be equal to some fixed constant ratio » > 0. Let a, b, ¢, d represent the values
of Hom(A, G 4), Hom(A, Ha), Hom(B,G4), and Hom(B, H,), respectively. Then
Equation (3.3)) can be rewritten as:

ai _ bz
. - =7
ct — dz

Recall from Claim [I] that a # b and ¢ # d. W.lLo.g. assume a > b and
¢ > d (swapping values accordingly). From Claim [If we also have that max(a, b) >

(3.4)

max(c, d), and thus a > ¢. Asymptotically, as i — oo, r — 00, since the ratio will
be dominated by the numerator. This contradicts the assumption that r is a fixed
finite constant.

That is, the ratio on the right-hand side of Equation cannot stay constant.
The equation was derived from the assumption that Hom(A,-) or Hom(B,-) both
(individually) are the same for G; and H;. In consequence, there must be an
i for which I'(G;) = I'(H;) and G; =y H; but Hom(A,G;) # Hom(A, H;) or
Hom(B, G;) # Hom(B, H;). Say Hom is different for A, then ¥ with I" does not
express Hom(A4,-).

O
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We wish to emphasize that the gain in expressiveness observed in Theorem
is not only a matter of narrow theoretical increase. This is illustrated well by
subgraph counting. Recall the basis of I' = Sub({3, ) from Example[2.1.2] There, 1-
WL with Br does not only distinguish Sub({}, -) but also Sub(", -) and Sub( A, ,-).

In general, we observe the following.

Proposition 3.3.8. Let ¥ be a GNN, let G be a graph, and let F' € Spasm(G).
Then Sub(F,-) can be expressed by ¥ with Bsub(a,)-

Proof of Proposition[3.3.8 Since Sub(G,-) is a graph motif parameter with support
equal to Spasm(G), we have that Sub(G, -) is determined by Hom(Spasm(G)) since
it functionally depends on the terms of Hom(Spasm(G)).

Observe that if F' € Spasm(G), then Spasm(F) C Spasm(G). In particular,
H € Spasm(F) implies that H ~ F'/p for some partition p of V(F'). Furthermore,
F ~ G/p" where p' is some partition of V(G) since F' € Spasm(G). Thus, p is a
partition of blocks of p’, and hence there is also a partition p”, obtained by applying
the two partitions one after another, such that H ~ G/p". O

3.3.2 It Is Computationally Efficient

In practice, the additional features given by A to a GNN must be computed externally
for each input graph. Curticapean, Dell and Marx [53] have shown that, in slightly
simplified terms, the most efficient way to compute I'(G) is to compute the terms of
the homomorphism basis and then obtain I'(G) via Equation . Hence, providing
a GNN with Br is not just more expressive but also computationally no more effort
than providing I' itself. The precise technical statements are intricate as they require
tools from parameterized complexity theory. Formal details are provided below.

Popular subgraph counting implementations often exhibit significantly worse
complexity than required to compute Hom(Supp(I')). Typically, to compute
Sub(F,G) they have running times exponential in |[V(G)| |99]. Earlier works
on injecting structural information in GNNs focus on particular settings where
this worst-case behavior is not observed: sparse input graphs such as molecules
and special patterns like cycles allow for good ad hoc algorithms for such graphs.
For slightly more complex graphs or patterns, direct computation of Sub becomes
intractable and computation via the homomorphism basis becomes much more
efficient also in practice.

Now, we summarize key results from computational complexity theory that

pertain to the arguments above. For the sake of a simpler and more streamlined
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presentation, we will first focus on the special case of subgraph counting. Afterwards,
we discuss how these results apply in general for graph motif parameters and how
this relates to practical algorithms. To begin, we thus consider the following

algorithmic problem.

#SUB

Input  Graphs G, H
Output  Sub(G, H)

The problem is well known to be #P-hard (intuitively, the counting analogue
of NP-hardness) and therefore considered to generally be intractable. It is then
natural to consider for which pattern graphs — GG in the definition of #SUB above —
there might be specialized, more efficient algorithms. This particular question is
primarily studied in the context of parameterized complexity theory and in particular

the problem parameterized by the pattern graph G, defined as follows.

P-#SUB
Input Graphs G, H

Parameter G
Output Sub(G, H)

In the parameterized setting, the classical requirement for tractability is relaxed.
For graph G we write |G| for |V/(G)|+|E(G)[[] A fized-parameter tractable (or fpt)
algorithm for P-#SUB is an algorithm whose runtime is bounded by f(|G|)|H|°™
where f is a computable function. That is, we allow some possible superpolynomial
effort in GG, as long as this yields an algorithm that is polynomial in the usually
much bigger host graph H.

In general, it is easy to see that P-#SUB is hard for the complexity class
#W)(1] (counting the number of k-cliques in a graph is the canonical #W/[1]-
complete problem when parameterized by k). This class can be understood as the
parameterized counting complexity equivalent of NP and it is a standard assumption
in parameterized complexity that hardness for #W[1] implies that there is no fpt
algorithm for the problem. This means that there is no general algorithm that can
efficiently compute Sub. However, recent results of Curticapean, Dell and Marx
[53] have greatly clarified the picture for which specific pattern graphs G an fpt
algorithm is possible. Namely, the complexity of P-#SUB depends precisely on
the treewidth of the graphs in Spasm(G).

'For the sake of complexity analysis, this is the size of a standard representation of a graph in
a Turing Machine up to a log factor.
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In particular, there is an algorithm that runs in time f(|G|)O(|V (H)|**!) where
k is the maximal treewidth of graphs in the Spasm. The algorithm is conceptually

simple once we know that Sub(G,-) is a graph motif parameter.

1. First compute Spasm(G) and the corresponding coefficients. This clearly is
independent of the graph H and takes ¢g(|G|) time. This can be seen as a

preprocessing step from a practical point of view.

2. For each F' € Spasm(G), compute Hom(F, H) and then compute Sub(G,-)
according to Equation . Computing the number of homomorphisms
Hom(F, H) using a tree decomposition is well understood and requires O(|H |¥)
time, where k is the treewidth of F' [100].

Note that this algorithm is universal for any graph motif parameter. The only
part that changes is how to compute the basis and the coefficients in the first
step. This of course entirely depends on the kind of graph motif parameter, but
by definition of a graph motif parameter, the basis does not depend on the input
graph (H in this subgraph counting setting).

However, homomorphism counts are not merely an efficient way to compute
subgraph counts. In a sense, there can be no more efficient way to compute subgraph
counts. Formally speaking, both sides of Equation are fpt-interreducible to
each other. More precise analysis from Curticapean, Dell and Marx [53] reveals
that these reductions can be performed very efficiently, and in fact so efficiently

that we obtain very precise lower bounds for these problems.

Theorem 3.3.9 (Simplified from Curticapean, Dell and Marx [53]). Let G be a graph
and k be the mazimum treewidth in Spasm(G). Then there is no f(|G|)|H|*/18F)
time algorithm that computes Sub(G, ) for input H if #ETH holds.E]

Note that it is conjectured that the bound of o(k/logk) can be improved
to o(k) [101]. Under this conjecture, this shows that there is no way to really
significantly improve on the computation of Sub(G, H) via the homomorphism
basis as was described above.

Intuitively, this then means that graph motif parameters cannot be computed
more efficiently than via their basis terms. Thus, it supports the claim from
above that computing a graph motif parameter directly cannot be significantly less

computational effort than computing the homomorphism counts for the basis graphs.

24#ETH is the counting version of the Exponential Time Hypothesis, a standard assumption in
parameterized complexity.
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Beyond #Sub First, we emphasize that the original result for Theorem by
Curticapean, Dell and Marx [53] is not restricted to subgraph counting but holds
for arbitrary graph motif parameters (the parameter then becomes the encoding
size of the basis). The same principle generalizes even further and is notably not
limited to plain graphs. When we have directed graphs (and thus also directed
patterns), the picture changes slightly but still no improvement over counting
homomorphisms in the basis is possible [102]. Analogous statements hold with

node and/or edge-labels, and general relational structures |103].

Practical Considerations. In the context of this thesis, it is of particular note
that the fpt algorithm that is obtained from using the homomorphism basis is
practical. To the best of our knowledge, there is no general implementation for
#SUB that does not use the homomorphism basis and avoids exponential runtime
in either |V(G)| or |E(G)|. Popular subgraph counting algorithms such as VF2
[104] even report factorial time complexity in the worst case.

In contrast, the fpt algorithm consists of the two steps defined above, both of
which are feasible for realistic pattern sizes. First, the Spasm and the coefficients
need to be computed. Even naive algorithms that enumerate all possible partitions
are efficient enough up to patterns of node size 12 without specialized hardware (from
preliminary experiments). In a second step, the algorithm requires the computation
of Hom(F, H) for each F' € Spasm(G). While this may superficially seem similar
to #SUB, counting homomorphisms is much easier as they can be counted via
dynamic programming on tree decompositions. In this setting, each entry in the
decomposition can be computed independently, so they can be run in parallel, and
combining the independent solutions requires only linear time. Theoretically, this
process naively requires O(|V (H)[**1) time, where k is the treewidth of F' (i.e. if
n = |V(H)|, the complexity is O(n**1)). However, there is always at least one edge
in a bag of the tree decomposition of F' by definition of its construction. Therefore,
there are only m = |E(H)| edges in H to map this edge to. This constrains the

F=1) and since m < n?, we get m-nf~! < |H|* and a

time complexity to O(m - n
simplified runtime of O(|H|*) for connected sparse graphs, where |H| = n + m.
In practice, this is magnitudes easier on most patterns, e.g., the worst case
exponent for the 7-cycle C; using VF2 would be 7, whereas every graph in the basis
of C7 has treewidth 2 (see Figure for reference). In this thesis, the maximum
treewidth in the basis of a motif parameter that we consider is 5 (for the 5-clique
K3). However, the vast majority of our experiments use motif parameters with

a maximum treewidth 2 in their bases. Regarding size, the largest graph motif
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parameter we use contains 8 nodes (for the 8-cycle Cs). Details on the size of the
host graphs that we perform counting in are provided in Table [3.14]

Not only is counting homomorphisms easier than naive subgraph counting
algorithms, but also much more flexible for large tasks. Recall that we need
to compute Hom(F, H) for each F' € Spasm(G). However, these computations
are entirely independent and can all be performed in parallel without any deeper
algorithmic considerations. We demonstrate the efficacy of counting homomorphisms
for GNN tasks by computing all the homomorphism counts for our experiments

in significantly less time than is required for the training of the respective models
(see Table for details).

3.3.3 It Avoids Redundancy

While expressiveness is a natural criterion to consider with respect to injecting
additional features, we also want to avoid redundant information. In this regard,
the homomorphism basis is ideally suited as the expressiveness of GNNs with
respect to homomorphism counts is well-understood. In practice, this means that
instead of providing all of Br as additional features to distinguish some target
function I', we can often precisely determine which functions in Br are not already
distinguished by the GNN and only inject those.

Recent results provide a clear picture of when a GNN can distinguish a function
Hom(F,-). Neuen [98] recently showed that (k — 1)-WL cannot distinguish any
function Hom(F, -) when k is the treewidth of F'. A classic result by Dvorédk [97]
states that k-WL is enough to distinguish all such functions. Geerts and Reutter
[105] showed an upper bound by k-WL for pattern counting based on the treewidth of
patterns in the Spasm. This has significant practical implications: for architectures
such as GIN [23] that reach 1-WL expressiveness, injecting only the cyclic graphs
of Br gives equivalent expressiveness to injecting all of Br. On the other hand,
architectures like GAT [21] and GCN [19] are weaker than 1-WL and thus motivate
providing all of Br as additional features to the network. Recently, Zhang et al. [94]
gave precise definitions for the sets of functions Hom(F,-) that can (and cannot) be
expressed by Local k-GNNs and Subgraph GNNs, thus showing precisely what part
of Br can already be expressed by the corresponding GNN architectures.

Furthermore, it is never necessary to consider homomorphism counts from
disconnected graphs. Note that this is not trivial but particular to homomorphism
counting, e.g., no similar simplification can be made for subgraph counting. See
Section below for an application of this observation.

43



3. Graph Motif Parameters for Graph Neural Networks

Proposition 3.3.10. Let ¥ be a GNN, let G be a set of graphs and let CC(G) be
the set of the (mazimal) connected components in G. Then ¥ with Hom(CC(G))
is at least as expressive as ¥ with Hom(G).

Proof of Proposition[3.3.1( From the first point of Proposition it follows that
for any disconnected graph G, the homomorphisms from G into any other graph
are determined fully by the homomorphism counts from the connected components
of G. Proposition then follows immediately. O

3.3.4 It Works for Node-Level Subgraph Information

Previous work has shown the efficacy of providing subgraph counts at node-level.
We will use the term anchored graph to mean a graph G with a marked vertex
®. When G is anchored, we write Sub(G, H,v) for the number of subgraphs H' of
H where G ~ H' such that the marked vertex maps to v in the isomorphism. In
particular, Bouritsas et al. [26] propose labeling each node v € H with Sub(G’, H, v)
for every way G’ of marking a graph G.

Note that local homomorphism counts of the graphs in the Spasm themselves are
not enough to determine local subgraph counts via Equation . We demonstrate
this claim by example. In Figure [3.4] we show why node-level homomorphism for
the part of Spasm® without the second version of the 3 vertex path are insufficient.
Figure and Figure illustrate the homomorphisms to two graphs H; and Hy
(gray arrows show mappings for a second homomorphism, and all cases have only 1
or 2 homomorphisms), both clearly without any {3 subgraphs. From left to right
there are 2, 2, and 1 homomorphisms into H; and 2, 1, and 1 homomorphisms into
H,. Thus, expressing the subgraph count as a linear combination of homomorphism

counts would require constants ay, as, a3 such that
a1 24+ay-2+az-l=a;-24+as-1+a3-1

Clearly this implies as = 0, and we see that these graphs are insufficient to express
the number of 4-cycles a particular vertex is part of.

Similarly, it is insufficient to only count the paths from the 3-vertex path
anchored in the middle vertex, or even being provided only the sum of both 3-vertex
path counts. The counterexample for both these cases is the n-vertex star graph:
the path anchored at the middle vertex has (n — 1)? homomorphisms to the center
vertex, whereas the number of homomorphisms from all three other patterns is n — 1.

Although Spasm itself is not enough to directly capture node-level subgraph

counts, we can naturally extend the framework that we have been using so far to

44



3. Graph Motif Parameters for Graph Neural Networks
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(b) Homomorphisms from Spasm( 3 ) to Hy with the anchor mapping to the blue vertex.

Figure 3.4: Example showing that the Spasm itself is not enough to determine node-level
subgraph counts for each orbit of the pattern graph.

this setting. For an anchored graph G, the anchor of quotient G/p is the vertex
for the block B € p that contains the anchor of G. Analogously to the standard
case, Spasm®(G) is the set of all (loop-free) quotient graphs of G.

Example 3.3.11. The Spasm( 11 ) contains I3, ,»*, and «*, whereas Spasm®( {1 )

consists of the four graphs:

2 3 !
[ ] T
®—e 4 ® | ®
In Spasm®, there are two anchored versions of «*. The quotient that identifies

vertices 2 and 4 has the anchor at the end of the path, while the quotient that
identifies the ® and 3 has its anchor on the middle vertex. A

With this definition of Spasm®, we can now show that homomorphism counts are
indeed also suited to node-level tasks and the previous arguments apply similarly

in this setting.

Theorem 3.3.12. Let G be an anchored graph and let H be a graph and
veV(H). Then

Sub(G, H,v) = > ap-Hom(F, H)[® — v]

FeSpasm®(G)

where Hom(F, H)[® — v] is the number of homomorphisms that map the anchor
of F toveV(H).
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It follows that the arguments of the previous sections apply analogously also
to this setting. With respect to Section particularly, Lanzinger and Barcelo
[106] showed that Hom(F, H)[® +— v] can be computed from the node-level k-WL
labeling for every graph F' of treewidth k. Hence, in our example above, node-level
homomorphism counts of 1 to 1-WL are sufficient additional information to
determine node-level subgraph counts of the four cycle.

In addition to the counting functions introduced in the main body, we will
require the counts for two more special kinds of homomorphisms. To that end, we
write Inj(G, H) for the number of injective homomorphisms from G to H. Moreover,
an automorphism of G is a homomorphism from G to G, and we write Aut(G) for
the number of automorphisms of G. In particular, we will care about anchored
graphs G and the number of automorphisms that map the anchor to itself, which we
denote as Aut®(G). We write Sub(G, H)[® = v] for the number subgraphs of G that
are isomorphic to anchored graph G when v in H is set as the anchor of H. This is
equivalent to Sub(G, H,v) as defined previously but aligns better with the proof.

Finally, we will need to reason about the lattice of vertex partitions of a graph
(cf. Section [2.1.1]). Let p, p’ be partitions of V(G). We say that p is a coarsening of
P, or p > p if for every block B’ € p/ there is a block B € p such that B’ C B.

Proof of Theorem |5.3.12. With the appropriate setup, we can follow the same steps
as the analogous graph level proofs by Curticapean, Dell and Marx [53]. Recall

that we want to show that

Sub(G,H)[® =v]= > ap-Hom(F, H)[® — v].

FeSpasm® (@)

We start from two basic observations. First,

Hom(G, H)[® — v] = > Inj(G/p, H)[® — ] (3.5)

where the sum ranges over all partitions of V(G). The second is that
Inj(G, H)[® + v] = Aut®(G)Sub(G, H)[® = v] (3.6)

where Aut® is the number of automorphisms of G that map the anchor to it-
self. Observe that Hom(G, H)[® ~— v] is the upward zeta transformation of
Inj(G/p, H)[® — v] on the partition lattice from the trivial partition L where
every block is a singleton.

Mébius transformation of Equation ({3.5) then gives us the expression

Inj(G/p, H)[@® > 0] = D (~1)¥1 ( I (Ao, B) - 1)!) Hom(G/p', H)[® — ]

p'>p Bep!
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which, fixing p = L is
Inj(G, H)[® — v] = z:(—l)‘V(G)le| (H (|IB| — 1)!) Hom(G/p', H)[® — v]
o'>p Bep’

Note that by definition, G/p’ is isomorphic to a term in Spasm®(G) for every
partition p’. Collecting the terms for every graph in Spasm®(G), we then get

Inj(G, H)[® — v] = S (-)VOEVEIHom(F, H) @ — o] | T] (1B -1)!
FeSpasm®(G) Bep/
G/p'~F

Combining this with Equation (3.6]), we get desired expression for Sub(G, H)[® = v].

In particular, the coefficient ap is

(_1)|V(G)|—\V(F)|
Aut®(G)

ap =

II (B/-1)

Bep'
G/p'~F

]

To supplement the complexity discussion from Section [3.3.2] we note that it is
straightforward to reduce graph-level subgraph counting to node-level subgraph
counting. Suppose we want to count Sub(G, H). Create the anchored graph
G' by adding a new vertex v' to GG that is connected to every other vertex.
Additionally, set v’ as the anchor of G’. Similarly, create H' by adding a new
vertex v’ to H that is connected to all other vertices. It is then easy to see that
Sub(G, H) = Sub(G’, H',u'). Furthermore, we can observe that since the new vertex
v' is connected to every other vertex, it can never be contracted with any other
vertex to create a loop-free quotient. That is, every graph F' € Spasm(G’) is a graph
in Spasm(G) with an additional vertex that is connected to all other vertices. This
means that the maximal treewidth in Spasm(G’) is at most 1 higher than Spasm(G).
Hence, we have a linear reduction from graph-level subgraph counting to node-level
subgraph counting that increases the treewidth of the pattern by at most 1, i.e.,

node-level subgraph counting also critically depends on the treewidth of the Spasm.

3.3.5 It Goes Beyond Pattern Counting

We have mainly focused on the setting where a GNN is provided additional

information motivated by some target structure that is considered important to the
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task (e.g., cycles). However, the framework of graph motif parameters also motivates
a natural alternative approach that is not dependent on such structure selection.

For some (decidable) graph property ¢, let IndSubf(G) denote the number of
induced subgraphs of G on k vertices that satisfy ¢. Through the choice of ¢
— e.g., connectedness, hamiltonicity, planarity — IndSubi can cover an immense
variety of graph parameters. For example, if ¢ is the property of being isomorphic
to a fixed graph F', then IndSub(F,G) = IndSub‘d{/(F)‘(G). Similarly, when ¢ is
connectedness, |ndSub£(G) counts the number of k-graphlets in G, which is a
popular metric in graph analysis [99]. It is known that all such functions IndSub
are indeed graph motif parameters [107].

For some settings where there is no obvious kind of structure to inject information
for, this presents an attractive alternative. In fact, it is possible to provide practical
amounts of additional information to a GNN, such that it can distinguish all func-
tions IndSubf for small k. In concrete terms, by inspection of the arguments by Roth
and Schmitt [107] in combination with Proposition [3.3.10} we observe the following:

Proposition 3.3.13. Let ¥V be a GNN, let ¢ be a decidable graph property, and
let k > 1. Let Q] be the set of connected graphs with at most k vertices. Then

con

IndSubi can be expressed by W with Hom(QL7).

Proof of Proposition[3.3.13. Investigation of the proof of Theorem 12 from Roth
and Schmitt [107] reveals that Supp(IndSub}) C €. Thus, in relation to our
setting, this means that a GNN ¥ with Hom(€);,) expresses IndSubi. We then apply
Proposition to observe the final statement. O

Graph Motif Parameters for Beyond Counting Patterns. The possible
applications of our approach range even further. Although our exposition primarily
focuses on subgraph and homomorphism counts for GNNs, our main objective
is to consider the overarching class of graph motif parameters, which has broad
implications beyond fixed pattern counting. Counting the satisfying assignments
for certain fragments of first-order logic in a graph is also a graph motif parameter
[108]. This presents the possibility of targetedly injecting information to express
logic-specified properties.

In a molecular setting, this provides an attractive way of incorporating additional

domain knowledge into a given task at hand.
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Ezample 3.3.14. We can express whether an atom (i.e., node) in a molecular dataset

is part of an alcohol group with the following first-order formula:
U(z,y,2) = (bond(x,y) Abond(y, z) A O(y) AH(2))

Similarly, we can express whether an atom is part of an acyl halide functional group

as:

7(z,y,2,h) := (bond(z,y) A dbond(y, z) A bond(y, h)A
C(y) ANO(2) A (F(h) Vv CI(h) vV Br(h) VI(h)))

where O, H, C, F, Cl, Br,and | represent corresponding elements in the periodic table,
bond denotes a single bond between atoms, and dbond denotes a double bond. We
can also disjunctively combine these properties to express that an atom is part of

an alcohol or acyl halide functional group:

¢(x7 y? Z? h) = w(x7 y? Z) \/ T(‘T’.? y? Z? h)

The number of satisfying assignments of ¢(x,y, z,h) is a graph motif parameter
that can be expressed as a linear combination of homomorphism counts. This can
be done at node-level and for specific variables, e.g., how often variable x is mapped

to node v in a satisfying assignment. A

Example [3.3.14] captures a general property that goes beyond fixed pattern
counting, yet our method can still precisely identify which homomorphism counts
need to be injected in order to lift a model to the desired level of expressivity. By
considering the broader framework of graph motif parameters, we provide an exact
and principled way of achieving targeted expressivity gains for GNN architectures.

Overall, we summarize the theoretical results of this chapter using the fol-

lowing example.

FExample 3.3.15. Consider a scenario where we want to increase the expressivity of
GIN to be able to capture the graph motif parameter above in Example [3.3.14] Our

results show that:

1. Injecting the homomorphism basis of this parameter will be more expressive

than injecting the parameter itself (Theorem [3.3.1)).

2. Computing the basis is the most efficient way to compute a graph motif
parameter, so the extra expressivity achieved from point 1 comes at no
additional computational cost (Section [3.3.2)).
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3. Since GIN already matches 1-WL in expressivity, we only need to inject the
basis elements that are above 1-WL. Specifically, this means that we can
exclude features like Hom(e#, -) from the set of features that must be injected
into GIN (Section [3.3.3)).

4. Following from Points 1 and 3, we have now precisely identified which
homomorphism counts need to be injected into GIN in order to lift this

model to the desired level of expressivity.

5. This approach extends far beyond subgraph pattern counting, as evidenced
by Example [3.3.14] itself, which presents a graph motif parameter that is a

disjoint union. A

3.4 Experimental Evaluation

Now, we will present a series of experiments on real-world tasks and architectures
that leverage the theoretical results presented above. We begin by first exploring
how to best encode these homomorphism basis counts as features into a GNN model
(Section . Then, we will present our results for molecular property prediction
tasks with the ZINC (Section and QM9 (Section molecular datasets.
Finally, we show the generalizability of our approach by providing results for link
prediction on the COLLAB dataset (Section and a dedicated expressive-
ness experiment on the synthetic BREC expressivity benchmark (Section .
Additional experimental details and model hyperparameters for each experiment

are reported in Appendix [A]

3.4.1 Generating Encodings for Homomorphism Counts

In multiple of the experiments that we show below in this section, we inject
homomorphism counts of graphs in Spasm(G) at node-level. In the terminology
of Section [3.3.4] for every graph F' € Spasm(G), we pick an arbitrary vertex as its

anchor to create . For each vertex v of input graph H we then compute the vector
fv = (Hom(F’, H) [@ — U])FGSpasm(G)

for some fixed order on the graphs of Spasm(G). We then associate each f, to node
v as additional features. The details in which this vector is added depend on the

experiment and is described in the respective experiment section.
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The motivation for using this approach is that it splits the number of total
homomorphisms up “disjointly,” i.e., no homomorphism is counted twice at different

vertices. In particular this means that

> £, = (Hom(F, H)) respasm(c)- (3.7)
veV (H)
That is, the global counts are simply a sum over the individual feature vectors,
without the need to correct for potential double counting of homomorphisms.
This thus presents a compromise of preserving the global counts as truthfully as
possible, while still providing some local node-level information. That said, as
discussed in Section [3.3.4] precise node-level information requires more fine-grained
homomorphism information.
Below, we provide the series of experimental results that led us to this formulation.
Aligning with the overall theme of focusing on molecular applications, all the
experiments below are conducted on the ZINC molecular property prediction

dataset, which we will now describe.

Dataset Setup. ZINC [33, 41] is a graph regression task for predicting the
constrained solubility of molecules. The constrained solubility of a molecule is given
by the formula: logP - SAS - cycles, where logP is the water-octanol partition
coefficient, SAS is the synthetic accessibility score, and cycles denotes the number
of cycles with more than six atoms.

For each graph, the original vertex features denote the type of heavy atom
for a given node, and the edge features denote the type of bond between two
nodes. In all experiments, we follow the experimental protocol from Dwivedi et al.
[33] and use a subset of the ZINC dataset that contains 12,000 individual graphs,
which are split into 10,000 graphs for training, 1,000 graphs for validation, and
1,000 graphs for testing. For the following set of experiments in this subsection,
we use the version of the ZINC dataset that does include edge features. This
distinction is important, since there are two different ZINC benchmarks, one that

uses edge features and one that does not.

Selection of Graph Motif Parameters. We experiment with a range of different
graph motif parameters and exclusion criteria. Since we are performing a molecular
property prediction task, and it is known that cycles (i.e. rings) play an important
role in molecular structures, we choose to evaluate the performance of injecting
the Spasm of different cycle lengths. These include C5, Cg, C7, and Cs. We

also experiment with different unions, such as Cs U C7 and C7; U Cg, and specific
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basis pattern exclusion criteria. These include excluding 1-WL basis patterns
to evaluate the practical relevance of Section [3.3.3. We also experiment with
some more fine-grained exclusion, such as excluding the [}* basis element from
Spasm(C?7) and excluding the { -+ basis element from Spasm(Cs). These motifs
resemble the structures of some known chemical motifs, so their exclusion may

impact performance. A full set of graphs within each of these Spasm sets is provided
in Appendix for reference.

Model Selection and Training. All results in this section use the GIN-E model,
which is a variation of GIN that accounts for edge features [109]. Since this is a
graph regression task, our evaluation metric is the mean absolute error (MAE)
of the predicted results, and lower is better. All models are run with the same
general hyperparameters, which are reported in Appendix [A.T.1] All results are

reported as the average of 5 runs at different seeds.

Experiment 1: Linear Encodings with Variable Dimension Sizes. We
begin by first applying a simple Linear encoding on our homomorphism basis
features. Recall the formulation of a graph motif parameter from Equation (2.1]),

which contains both « coefficient terms and raw Hom counts:
I'(G) => a;Hom(F;,G)

First, we experiment with several different variations of how to encode the
respective o and raw Hom count values using a simple Linear encoder. These
features are then directly concatenated to the initial node feature embeddings
before being passed through the rest of the model. Embeddings from the initial
node features given by the dataset (i.e. atom types) are denoted as h(®). Note
that the initial node and edge features are commonly passed through a one-hot
encoding, then a Linear layer [33]. After the message passing layers, an MLP
is often used at the end as a decoder.

For our first set of experiments, we introduce four different encoding techniques:
AlphaHom"", MultHom"", PosHom™", and SubHom™". In AlphaHom"“", the
homomorphism counts and alpha coefficients are separately passed through a Linear
layer, then concatenated into a single feature vector at the end. In MultHom™®,
we perform an element-wise multiplication of the o and Hom features before
passing the resulting vector through a Linear layer. For PosHom"™, we apply
the sine/cosine positional encoding technique from Vaswani et al. [6] to normalize

our homomorphism features. In this initial formulation, the positional encodings
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are reduced down to the original dimension size of the homomorphism count vector
using an additional Linear layer.

Finally, for SubHom™", we use the total subgraph counts for the entire pattern
graph as well, since we are able to recover this information from the homomorphism
basis. Note that we use the global subgraph counts, not the node-level ones (i.e.
orbitals). Therefore, each vertex will have the same subgraph count features for
each respective pattern. This mean that for basis pattern C5, each node will have
one feature denoting the number of 5-cycles in the entire graph. For unions, such as
Cs U C7, each node will have 2 features, where one denotes the number of 6-cycles
and one denotes the number of 7-cycles in the entire graph. We again use a positional
encoding for SubHom™™" features in the same manner as described for PosHom"™".

We summarize these encoding methods below. Note that transformations
act on the features within the square brackets, the + operator denotes a vector
concatenation, and the *x operator denotes an element-wise vector multiplication.
The array of raw homomorphism basis count values are denoted as Hom, the array
of alpha coefficient values are denoted as «, and the array of subgraph count
values are denoted as Sub. In the results tables, d; denotes the dimension of
the additional embeddings for each of the corresponding models (i.e. the output

dimension of the Linear layer).

o AlphaHom™": h(®) + Linear[Hom] + Linear[a]
« MultHom"": A(®) + Linear|a * Hom]
« PosHom"": h® 4 Linear[Linear[PE[a * Hom]]

« SubHom"": h® + Linear|Linear[PE[a * Hom]]] + Linear|Sub]

Results. In general, we see that using the basis features from larger cycles tends to
improve performance (Table . This is likely because the basis sets of larger cycles
contain the basis sets for some smaller cycles as well (e.g. Spasm(Cs) C Spasm(Cs)),
so the model is able to inherently capture more information (Proposition [3.3.8)).

That said, the results are not entirely consistent with the expected behavior
across all models. This is reflected in the Spasm(C7) U Spasm(Cs) basis features
performing worse than the Spasm(Cg) U Spasm(C+) basis features in MultHom""
and PosHom™", even though the latter set fully contains the former. This may
be due to the fact that for the larger feature sets, the model is not sufficiently

large enough to process the extra information.
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Table 3.1: Different encoding techniques using a Linear layer, where the output
embedding dimension (dj) depends on the size of the homomorphism basis features.

Basis AlphaHom! " MultHom*® PosHom!* SubHom*
Pattern Excl. | dj MAE dy, MAE dy, MAE dy, MAE

Cs  Nome | 6 0.1717z0.0144 | 3 0.1748x0.0034 | 3 0.1848z00074 | 4 0.1883x0.0051

Cs None | 20 0.1670+0.0060 | 10 0.1775+0.0087 | 10 0.1781+0.0070 | 11 0.1804+0.0082
Cs 1-WL | 12 0.1729+0.0042 | 6 0.1931+0.0046 | 6 0.1653+0.0020 | 7 0.1830=+0.0101

Cr None | 24 0.1203+0.0020 | 12 0.1235+0.0024 | 12 0.1755+0.0051 | 13 0.1316-0.0070
Cr I:}* 22 0.1267+x0.0062 | 11  0.1238+0.0027 | 11 0.1309+0.0193 | 12 0.13050.0079

Cy None | 70 0.1560+0.0086 | 35 0.1614+0.0109 | 35 0.1639+0.0075 | 36 0.153540.0124
Cy {}* 68 0.1542+0.0041 | 34 0.1765+0.0065 | 34 0.1688+0.0056 | 35 0.154040.0044
Csg 1-WL | 56  0.1517+0.0096 | 28 0.1542+0.0063 | 28 0.1533+0.0071 | 29  0.155040.0079

CeUC7y None | 44 0.1117+0.0095 | 22 0.1260+0.0082 | 22 0.1264+0.0034 | 24 0.1211+0.0052
CeUC7; 1-WL | 36 0.1239+0.0093 | 18 0.1193x0.0077 | 18 0.1201x0.0102 | 20 0.1275+0.0043

C7;UCs None | 94 0.1125+0.0034 | 47 0.1532+0.0056 | 47 0.1423+0.0034 | 49 0.127440.0003
CrUCs 1-WL | 80 0.1108+0.0024 | 40 0.1436+0.0074 | 40 0.1498+0.0085 | 42 0.1189+0.0036

Furthermore, there is also no consistent trend when analyzing the exclusion
basis elements. For instance, sometimes excluding specific feature elements helps,
whereas other times it hurts performance. This speaks to the difficulty of specific
feature engineering and suggests that a simple Linear encoding technique may be

too elementary to realize the full potential of the theoretical results presented above.

Experiment 2: Linear Encodings with Fixed Dimension Sizes. Given
the results from Experiment 1, we next adjust all models slightly to use a fixed
output dimension size for all homomorphism feature encodings. We select d = 16
for our output dimension size across all models. However, for models such as
AlphaHom"", which include separate feature vectors for Hom and «, we end up
with a total additional feature size of 32 due to the concatenation of the two
embeddings. Similar adjustments are applied for SubHom™®. Note that on average,
there is much less variance in dimension size between different basis sets with
this setup. Recall that all models still use a simple Linear encoding. We restate

the model definitions below for reference:
o AlphaHom"": h(® 4 Linear[Hom] 4 Linear[a]
o« MultHom"": h(®) + Linear[a * Hom|
o« PosHom"™: 1) 4 Linear[Linear[PE[a * Homl]]

« SubHom™®: A + Linear[Linear[PE[a * Hom]]] 4+ Linear[Sub]
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Table 3.2: Different encoding techniques using a Linear layer, where the output encoding
dimensions are fixed to 16. Total feature embedding sizes (d},) are provided.

Basis AlphaHom! " MultHom*® PosHom!* SubHom*
Pattern Excl. | dj MAE dy, MAE dy, MAE dy, MAE

Cs  Nome |32 0.1770z0.0017 | 16 0.1694:0.0057 | 16  0.1709:0.0170 | 17 0.1783=0.0057

Cs None | 32 0.1660+0.0032 | 16 0.1742+0.0033 | 16 0.1744+0.0086 | 17 0.1707+0.0015
Cs 1-WL | 32 0.1572+0.0052 | 16 0.1832+0.0024 | 16 0.1816+0.0103 | 17 0.1717+0.0072

Cr None | 32 0.1287+0.0084 | 16 0.1197+0.0030 | 16 0.1259+0.0026 | 17 0.1283+0.0106
Cr D~ | 32 0.1304z00008 | 16 0.11750.0072 | 16 0.1520+0.0236 | 17  0.1391=0.0057

Cyg None | 32 0.1498+0.0043 | 16 0.1581+0.0059 | 16 0.1652+0.0077 | 17 0.1508+0.0043
Cyg {}* 32 0.1485+0.0052 | 16 0.1771+0.0054 | 16 0.1571+0.0079 | 17 0.1587+0.0010
Csg 1-WL | 32 0.1509+0.0021 | 16 0.1703+0.0136 | 16 0.1606+0.0066 | 17 0.1603+0.0057

CeUC7 None | 32 0.1160+0.0053 | 16 0.1707+0.0072 | 16 0.1262+0.0060 | 18 0.1282+0.0052
CeUC7; 1-WL | 32 0.1142+0.0042 | 16 0.1339+0.0109 | 16 0.1174x0.0058 | 18 0.1315+0.0039

C7;UCs None | 32 0.1118+0.0042 | 16 0.1456+0.0096 | 16 0.1269+0.0126 | 18 0.1193+0.0039
CrUCs 1-WL | 32 0.1093+0.0045 | 16 0.1404+0.0059 | 16 0.1458+0.0040 | 18 0.1147+0.0029

Results. We see from Table that using a fixed dimension size yields results
that are more stable than the ones reported in Table . The best AlphaHom""
configuration in Table outperforms the best AlphaHom™" configuration in
Table as well. Furthermore, results for AlphaHom™® and PosHom™" are starting
to align better with expected behavior. Specifically, we see that excluding 1-WL
basis components generally does not have a significant impact, while excluding the
[}* basis element from Spasm(C+;) produces a drop in performance.

This result highlights the fact that smaller feature vectors seem to be somewhat
preferable for these simple 4-layer GIN-E models. Additionally, it is clear that the
practical choices for how these features are encoded greatly influence the empirical
results. As mentioned above, a Linear layer is a very elementary embedding
technique, so it may not be enough to fully take advantage of the homomorphism

basis features being provided.

Experiment 3: Encoding Homomorphism Basis Features with an MLP.
In general, a simple Linear embedding layer cannot capture many of the intricate
interactions between features. Therefore, we adjust AlphaHom"" and MultHom" ™
models from above and replace the Linear encoder with a 2-layer MLP. These
two models are selected since they are the best performing models in Tables
and that do not include explicit subgraph information (i.e. SubHom""). For
AlphaHomM | we also evaluate a version when we concatenate the o and Hom

vectors before passing the concatenated vector through the MLP to reduce the
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total feature dimension size, since our results from Experiment 2 suggest that

this may help performance. This modified model is denoted as AlphaHomlJ\fLP.

Our experimental setup is as follows:
o AlphaHom™*"": h(© 4+ MLP[Hom] + MLP]q]
o AlphaHom}"": h(®) + MLP[Hom + a]
o MultHom™*: () + MLP[a * Hom|
We also provide the results from the following models as reference:
o AlphaHom"™": h(®) + Linear[Hom] + Linear[a] (from Experiment 1 (Table3.1)))

o MultHom"™": h(®) + Linear[a * Hom] (from Experiment 1 (Table )

Table 3.3: Experimental results using a 2-layer MLP instead of a single-layer Linear
encoding. Note that there are two slightly different versions of AlphaHomMM which
affect the resulting feature encoding dimension sizes.

Basis AlphaHom"* | AlphaHom™"P AlphaHomlﬁ\_/ILP MultHom"» MultHom™MP

Pattern Excl. | dp, MAE dy, MAE dp, MAE dy, MAE dp, MAE
Cs None‘ 6 0.1717+0.0144 | 6 0.1658+0.0046 | 3  0.1779+0.0052 | 3 0‘174810.0034‘ 3 0.1777+0.0114

Cs None | 20 0.1670+0.0060 | 20 0.1602+0.0073 | 10  0.1565+0.0060 | 10  0.1775+0.0087 | 10  0.1918+0.0091
Cs 1-WL | 12 0.1729+0.0042 | 12 0.1764+0.0125 | 6  0.1859+0.0094 | 6 0.1931+0.0046 | 6 0.1814+0.0045

Cr None | 24 0.1203+0.0029 | 24  0.1243+0.0076 | 12 0.1170+0.0097 | 12  0.1235+0.0024 | 12 0.1253+0.0045
Cy [}- 22 0.1267+0.0062 | 22 0.1195+0.0046 | 11  0.1212+0.0054 | 11  0.1238+0.0027 | 11 0.1162+0.0073

Cy None | 70  0.1560x0.0086 | 70 0.1453+0.0047 | 35 0.1538%0.0074 | 35 0.1614+0.0109 | 35 0.1628+0.0052
Cy Q—o 68 0.1542+0.0041 | 68 0.1429+0.0058 | 34 0.1478+0.0124 | 34 0.1765+0.0065 | 34 0.1758+0.0091
Cy 1-WL | 56  0.1517+0.0096 | 56 0.1489+0.0094 | 28 0.1464+0.0099 | 28 0.1542+0.0063 | 28 0.1578+0.0070

C¢UC7; None |44 0.1117+0.0095 | 44 0.1219+0.0144 | 22 0.1138z0.0062 | 22 0.1260+0.0082 | 22  0.1559+0.0294
CeUC7; 1-WL | 36 0.1239+0.0093 | 36 0.1140+0.0026 | 18 0.1181+0.0087 | 18 0.1193+0.0077 | 18 0.1607+0.0302

C;UCg None | 94 0.1125+0.0034 | 94 0.1091+0.0020 | 47 0.1073x0.0043 | 47 0.1532+0.0056 | 47 0.1411+0.0076
C;UCg 1-WL | 80 0.1108+0.0024 | 80 0.1136-0.0063 | 40 0.1015+0.0010 | 40 0.1436+0.0074 | 40 0.1316-0.0061

Results. Examining the results in Table , we see that AlphaHom™™™" generally
produces better results compared to AlphaHom™™, especially when using the new
pre-concatenated vector in AlphaHomi/[LP. However, the results for MultHom™""
do not differ much from those for MultHom"". The performance difference between
the AlphaHom and MultHom models is also interesting because in some respects,
both formulations are given the same o and Hom information, but the way in
which this information is processed is different.

One possible explanation for this discrepancy is that multiplying the o coefficients
with the raw Hom counts directly could be distorting the signal in some way that is
unfavorable for the model. We will thus explore this interplay between « coefficients

and raw Hom counts further in the next experiment.
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Experiment 4: Encoding Different Alpha Coefficient Splits. Recall from

Section that the alpha coefficients roughly take the form:

f(lattice)

O T Awt(F)

where f(lattice) is a function determined by the lattice structure of the basis
pattern F', and Aut(F') denotes the number of automorphisms of F. In order to
investigate the respective roles of these two components, we decompose the alpha
coefficients and apply them to the homomorphism features Hom in different ways.
Note that the coefficients have alternating signs, and this is reflected in the f(lattice)
values. The resulting encoding schemes can be summarized as follows:

o AutHomMP: p© 4+ MLP[Hom x* Au%(F) + f(lattice)]

o LatHomMLP: h(O 4+ MLP[Hom x f(lattice) + Tutl(p)]

We also provide the results from the following model as reference:

o AlphaHom™"": (®) + MLP[Hom] + MLP]a] (from Experiment 3 (Table )

Table 3.4: Results from encodings using different « coefficient splits.

Basis AlphaHomM® | AutHom™™® | LatHom™®?
Pattern Excl. d, MAE MAE MAE
Cs None 6 ‘ 0.1658+0.0046 ‘ 0.1778+0.0056 ‘ 0.1694+0.0038
Ce None 20 0.1602+0.0073 0.1814+0.0079 0.1657+0.0054
Ce 1-WL 12 0.1764+0.0125 0.1797+0.0073 0.1626+0.0061
Cr None 24 0.1243+0.0076 0.1688+0.0069 0.1250=+0.0083
Cr [}* 22 0.1195+0.0046 0.1736-0.0050 0.1207+0.0063
Cy None 70 0.1453+0.0047 0.1782+0.0121 0.1483+0.0052
Cy {> 68 0.1429-+0.0058 0.1792+0.0111 | 0.1512+0.0074
Cy 1-WL 56 0.1489+0.0094 0.1736=+0.0076 0.1523=+0.0072
CeUC7 None 44 0.1219-+0.0144 0.1522-+0.0170 0.1145-0.0070
CeuUC; 1-WL 36 0.11404+0.0026 0.1691+0.0101 0.121440.0055
CrUCs None 94 0.1091+0.0029 0.1765+0.0110 0.1279+0.0173
Cr,JUCs 1-WL 80 0.1136=+0.0063 0.1633+0.0112 0.1261+0.0137
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Results. We see in Table 3.4 that LatHom™™ performs better than AutHom™"F"
This is expected since pre-multiplying by f(lattice) essentially stretches the signal
1

provided by the Hom values, whereas pre-multiplying by Am(F) Squeezes the signal.
LP

The LatHom™"" results are also roughly comparable to the AlphaHom™"" results
in Table [3.3] Overall, these results suggest that how the homomorphism count
values are scaled or normalized plays an important role in empirical performance.
As such, we revisit the positional encoding scheme introduced in Experiment 1 to

identify if there is a smarter way to normalize the homomorphism count values.

Experiment 5: Evalutaing Different Positional Encoding Dimensions.
Recall that the positional encoding experiments from Experiment 1 reduced the
expanded positional encoding vectors down to a single dimension using an additional
Linear encoder. In this experiment, we will not perform this reduction, but instead
directly pass the generated positional encoding vectors into a 2-layer MLP. This in
turn should help preserve more of the intricate feature signals that are captured by
the positional encoding (i.e. the count differences both within graphs and across

graphs in the dataset). The resulting encoding scheme is as follows:
o PosHom™": A + MLP[PE[a * Hom]]

We also provide the results from the following model as reference:

e PosHom™": h(® + Linear[Linear[PE[axHom]]] (from Experiment 1 (Table[3.1)))

Table 3.5: Results from PosHom™"" using different positional encoding dimension sizes.

: Lin MLP MLP MLP MLP
Basis PosHom PosHompg=, | PosHompg—, | PosHompg-, | PosHompg=-,,

Pattern Excl. d, MAE MAE MAE MAE MAE
Cs None 3 ‘0.184810.0074 0.2717+0.0290 ‘ 0.2393+0.0265 ‘ 0.2235+0.0113 ‘ 0.2011+0.0053

Ce None 10 | 0.1781+0.0070 0.1897+0.0072 0.1753+0.0082 0.1703+0.0070 0.1663+0.0100
Ce 1-WL 6 | 0.1653+0.0029 | 0.20210.0060 0.1873+0.0080 0.1894+0.0102 0.1726+0.0072

Cy None 12 | 0.1755+0.0051 0.1318+0.0029 0.1265+0.0062 0.12050.0061 0.1186+0.0048
Cy [}- 11 | 0.1309=+0.0193 0.1360-0.0027 0.1249-+0.0043 0.1209+0.0068 0.1203+0.0046

Cy None 35 | 0.1639+0.0075 | 0.1640-0.0083 0.1712+0.0073 0.1684+0.0033 0.1784+0.0052
Cy Q—- 34 | 0.1688+0.0056 | 0.1700+0.0095 0.1660=+0.0077 0.1651+0.0061 0.1785+0.0162
Cy 1-WL 28 | 0.1533+0.0071 | 0.1723+0.0075 0.1751+0.0068 0.1681+0.0050 0.1630+0.0030

CeUC7 None 22| 0.1264+0.0034 | 0.12060.0067 0.1186+0.0030 0.1219+0.0066 0.1268+0.0103
CeUC; 1-WL 18 | 0.1201+0.0102 0.1130-0.0044 0.1090-+0.0038 0.1120=+0.0080 0.1229-0.0067

C7;UCs None 47 | 0.1423+0.0034 | 0.1103+0.0042 0.1137+0.0051 0.1253+0.0041 0.1468+0.0062
C;UCy 1-WL 40 | 0.1498+0.0085 | 0.1097+0.0037 0.1120+0.0027 0.1155+0.0031 0.1372+0.0056
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Results. From the results in Table [3.5], we see that using a smaller positional
encoding dimension yields better performance for more complex basis sets, likely
because the model is unable to properly process the higher dimensional encodings.
However, compared to the PosHom™" results from Table [3.1 PosHom™"P still
consistently performs better overall. The behavior of the pattern exclusion results
also remains roughly in line with theoretical expectations.

The motivation for using positional encodings is because unlike subgraph counts,
homomorphism counts can grow very large, particularly for large graphs. This
leads to unbounded feature values, which the model may interpret as noise. By
applying a positional encoding scheme, we can normalize the Hom features in a
principled manner. As we show in Section [3.4.4] this normalization yields tangible

benefits in practical, real-world settings.

Experiment 6: Only Encoding Homomorphism Basis Counts. So far,
all previous experiments have incorporated some notion of «a coefficients as input
features for the model. Now, we will conduct experiments with only the Hom count
features and no « coefficients, which aligns closely with the approach taken by
Barcel6 et al. [27] (although note that they did not have access to a coefficient
values). We experiment with two different versions of this: one that uses a positional

encoding, and one that does not. These models can be summarized as follows:

« OnlyHom: h(®) + MLP[Hom]

« OnlyHompg: h(® + MLP[PE[Hom||

Results. From Table [3.6] we see that using Hom features without incorporating
a coefficients actually performs quite well. Although the results are slightly worse
than the best-performing AlphaHom%LP model above (from Experiment 3), they
are still better than many of the other variations tried. When considering the
OnlyHompg results, we again see that lower positional encoding dimensions tend
to perform better.

Given these results, we will continue to exclude « coefficients for the rest of
our experiments. Not only does this better align with the existing literature, but
it also helps us avoid the sensitivity of encoding « coefficients, which we found
to be quite inconsistent. Furthermore, we can treat this approach as a reliable

lower bound for the performance of our method.
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Table 3.6: Results when only encoding Hom features, without incorporating « coefficients.

Basis OnlyHom | OnlyHompg_, | OnlyHompg_,
Pattern Excl. dy, MAE MAE MAE
Cs None 3 ‘ 0.1713=+0.0016 ‘ 0.1650=+0.0018 ‘ 0.1634+0.0057
Ce None 10 | 0.1786+0.0106 0.161640.0067 0.154540.0087
Cs 1-WL 6 | 0.1782+0.0108 0.1626-+0.0057 0.1578+0.0044
Cy None 12 | 0.124940.0051 0.117640.0046 0.12504+0.0031
Cy Cs+edge 11 | 0.1248+0.0069 0.1144+0.0028 0.123540.0036
Cy None 35 | 0.1623+0.0100 0.162340.0106 0.174440.0057
Cy Ce+edge 34 | 0.1597+0.0147 0.1659+0.0057 0.1672+0.0082
Cy 1-WL 28 | 0.1494+0.0102 0.1651+0.0050 0.1713+0.0057
Ce U CY None 22 1 0.1199+0.0072 0.1113+0.0085 0.1095=+0.0026
Ce U Cy 1-WL 18 | 0.118240.0040 0.1117+0.0057 0.1157+0.0123
Cy U Cy None 47 | 0.1297+0.0057 0.1157+0.0057 0.1295+0.0035
Cr; U Cy 1-WL 40 | 0.1192+0.0116 0.1167+0.0056 0.1240+0.0031

Results Summary. From the suite of experiments conducted above, we have
gained a number of valuable practical insights on how to properly capture local struc-
tural information from homomorphism basis features and realize the implications

of our theoretical results. These insights can be summarized as follows:

1. In general, excluding « coefficients does not significantly harm performance.
As such, our node feature formulation will focus primarily on Hom basis
features moving forward (see Equation (3.7))).

2. Adding too much information (i.e. having a higher dimensional feature

vector) may actually harm model performance for smaller GNN models (see

Appendix for details).

3. Using a sine/cosine positional encoding can help normalize Hom values in a
principled way if the raw counts are too large. This helps mitigate against
having an unbounded feature space, while also preserving some measure of

“distance” for the different Hom features, both within and between graphs.

4. When using a positional encoding, fewer dimensions usually performs slightly
better, supporting the dimensionality concerns from Point 2. However, there

is minimal differences between different positional encoding dimensions.
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5. For GIN-E, excluding the 1-WL basis components generally does not seem
to impact performance significantly if the model is parametrized correctly.
This aligns with our theoretical analysis in Section [3.3.3] and we will therefore

exclude 1-WL basis components from our GIN experiments moving forward.

6. Excluding specialty basis elements (e.g. [}* or { ) sometimes hurts
performance, but these results are somewhat inconsistent. This indicates that
the other basis features may still provide enough signal to make up for the
exclusion of these singular elements. However, in general it is very difficult
to perform specific feature engineering, which motivates our more general

approach. We provide a more in-depth analysis of this in Section

We now use these findings to conduct a more extensive set of experiments
on a real-world graph learning tasks. Keeping with the theme of molecular
applications, we will begin by evaluating our method on two different molecular
property prediction datasets. Then, we will move on to other graph learning tasks,

such as link prediction, and finish with a targeted expressivity evaluation.

3.4.2 Graph Regression Experiments on ZINC

ZINC Dataset Setup. Recall that ZINC [33| |41] is a graph regression task for
predicting the constrained solubility of molecules. For the following experiments,
we follow the experimental guidelines from Dwivedi et al. [33], and continue to use
a subset of the dataset that contains 12,000 graphs (split into 10,000 for training,
1,000 for validation, and 1,000 for testing). Note that Dwivedi et al. [33] do not use
edge features when performing model benchmarking, so for comparability sake, we

adhere to their protocol and omit edge features from our experiments in this section.

Selection of Graph Motif Parameters. We select cycles as our patterns of
interest because it is well established that rings are an important substructure in
molecules. We use cycles up to length 8 for our experiments in Table because
Bouritsas et al. [26] found that it yielded the best performance for their GSN-v
model on the ZINC dataset. Note that we take the homomorphism counts for
Spasm(C7)USpasm(Cy) since this contains all the component elements that make up
the bases for C3 — Cg. Additionally, as mentioned in Section we can use these
Spasm and Spasm® counts to quickly calculate graph-level or node-level subgraph
counts, respectively. Therefore, we also include these subgraph counts as additional

features since this information directly follows from computing the homomorphism
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counts of the entire basis of interest. In each model, the count features are encoded
using a 2-layer MLP and concatenated to the initial node feature embeddings.
This 2-layer MLP that we use to encode the count features differs from the
approach taken by Barceld et al. [27], who use the z-score of the log-normalized
count values. However, we found that this normalization method actually degraded
the performance of using Sub counts. Therefore, we decide to pass the additional

count features into an MLP, which would yield more fair and comparable results.

Model Selection and Training. For ZINC, we select GAT [21], GCN [19],
GIN [23], and BasePlanE [85] as our baseline models. This is because GAT, GCN,
and GIN are all standard architectures, and we want to evaluate how effective the
homomorphism basis counts are at elevating the performance and expressivity of
these models. We select BasePlanE because it is a recent strong architecture that
is maximally expressive over planar graphs (all graphs in ZINC are planar), and
it has been shown to perform very well on several molecular benchmarks. Note
that our reported results for GIN are slightly stronger than those presented in
the original benchmark by Dwivedi et al. [33] because we use a more standard
implementation of GIN from the PyTorch Geometric library.

In terms of training, we do not perform any additional model tuning and use the
same model hyperparameters for GAT, GCN, and GIN as reported by Dwivedi et al.
[33], and the same hyperparameters for BasePlanE as reported by Dimitrov et al.
[85]. These hyperparameters are reported in Table in Appendix . Each
model is evaluated using the mean average error (MAE). All results are reported

as the average of 5 runs at different seeds.

Experimental Setup. Our experiment compares the following configurations:
o Base: The baseline performance of the GAT, GCN, GIN, and BasePlanE model
architectures.
o Sub: The baseline models enriched with subgraph counts of cycles {Cj, ..., Cg}.
e Hom: The baseline models enriched with homomorphism counts of cycles
{Cs, ..., Cs}.
o Spasm: The baseline models enriched with homomorphism counts of Spasm(C';)U
Spasm(Cs |

e Spasm®: The baseline models enriched with homomorphism counts of
Spasm®(C+7) U Spasm®(Cy).

3Note that Spasm(C7) U Spasm(Csg) also contain the basis graphs for Cs3, Cy, Cs, and Cg (recall
Proposition [3.3.8|).
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In all cases, the homomorphism (or subgraph) count features are directly concaten-
ated to the original node features (i.e. atom type) for each node. This makes Sub
and Hom correspond directly to GSN [26] and LGP-GNN [27], respectively, which
allows us to precisely compare our approach to these previous works. Following
the analysis of Section [3.3.3] we exclude counts for the acyclic graphs in the basis
for GIN and BasePlanE experiments but add them for GAT and GCN. This is
because both GIN and BasePlanE theoretically reach 1-WL expressiveness, so we
are able to demonstrate the fine-grained expressiveness of our approach by adding

only the higher-order basis terms to the model.

Results. Our results are summarized in Table In all models, adding the
Spasm® counts as additional node features yields the best performance. Des-
pite ZINC being a graph-level task, we observe that precise node-level subgraph
information is critical for top performance as Spasm® outperforms Spasm. Addi-
tionally, in GAT and GCN, we clearly see the improvements in expressiveness from
Theorem [3.3.1] in effect as Spasm already clearly outperforms Sub. This is further
confirmed by the effectively equivalent performance of GAT+Spasm®, GIN+Spasm®,
and GIN+4Sub. That is, their performance is intuitively the performance of 1-WL
together with node-level subgraph counts (up to Cs). Any additional expressiveness
provided by Spasm® is seemingly not relevant to the ZINC task. Since GIN is
as expressive as 1-WL, little is gained, whereas GAT manages to match GIN
through the increased expressiveness from the homomorphism basis. Moreover, the
gap between Spasm and Spasm® illustrates the discussion in Section and in
particular the effect of Spasm® as predicted in Theorem .

Table 3.7: We report the mean absolute error (MAE) for graph regression on the
ZINC dataset (without edge features). Using the Spasm and Spasm® counts yields very
substantial improvements in performance of every model compared to their respective
baselines and other approaches using Cs, ..., Cs.

GAT GCN GIN BasePlanE
Base 0.4574+0.004 0.417+0.007 0.294+0.012 0.12440.004
Sub 0.21040.006  0.206+0.006 0.147+0.006 0.108+0.002
Hom 0.269+0.033  0.254+0.017  0.208+0.025  0.106+0.004
Spasm 0.155+0.006  0.166+0.003  0.158+0.004  0.104+0.005
Spasm® 0.147+0.004 0.165+0.004 0.146+0005 0.100+0.002
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Table 3.8: Extended MAE results on ZINC graph regression (without edge features) with
(45, ..., Cs patterns. Note that we are using a subset of the ZINC dataset that contains
12k graphs.

Model Layers Base Sub Hom Spasm Spasm®

4 0.457+0.004 0.210+0.006 0.269+0.033 0.155+0.006 0.147+0.004
16 0.38040.009  0.201+0.004 0.22940.008 0.155+0.008 0.152+0.007
4 0.417+0.007 0.206+0.006  0.254+0.017 0.166+0.003 0.165+0.004
16 0.282+0.007  0.198+0.003 0.235+0.005 0.167+0.007 0.166+0.005
GIN 4 0.29440.012 0.147+0.006 0.208+0.025 0.158+0.004 0.146-+0.005
16 0.246+0.019 0.143+0.002 0.197+0.015 0.157+0.005 0.143+0.004
BasePlanE 3 0.12440.004 0.108+0.002 0.106+0.004 0.10440.005 0.100=0.002

GAT

GCN

Additional Results with Deeper Models. To expand on these results, we
also evaluate the 16 layer versions of GCN, GAT, and GIN from Dwivedi et al.
[33] in Table Our results show that the expressiveness gains from adding
Spasm and Spasm® homomorphism counts for Cs, ..., Cs hold for deeper GNNs
that have more layers as well.

That said, for GAT and GIN, the best performing 16-layer model with Spasm®
seems be perform slightly worse than the best-performing 4-layer models with
Spasm®. This may indicate that the additional layers are leading to over-smoothing
of the anchored homomorphism features. For the 16-layer version of GIN, we again
see that the GIN+Spasm® and GIN+Sub models perform roughly the same.

BasePlanE Analysis. For BasePlanE, we observe that using the homomorphism
basis instead of the parameter itself results in improved performance. This is
insightful since even though BasePlanE can distinguish planar graphs (and all ZINC
graphs are planar), distinguishing graphs is a weaker notion than capturing graph
motif parameters, so injecting these parameters leads to empirical improvements
even for stronger models specifically designed for planar graphs.

In fact, from Table [3.9] we can see that enriching BasePlanE with the homo-
morphism basis of these graph motif parameters yields extremely competitive results
when compared to other leading GNN models for molecular property prediction
on the ZINC dataset. These models include PNA [110], GSN [26], and CIN
[87]. These results show the strong expressive power of using the homomorphism

basis of graph motif parameters.

04



3. Graph Motif Parameters for Graph Neural Networks

Table 3.9: Comparison of BasePlanE results with other leading models on the ZINC
dataset. Note that this is on the 12K subset without using edge features.

Model MAE

GCN 0.278+0.003
PNA 0.32040.032
GSN 0.140+0.006
CIN 0.115+0.003
BasePlanE 0.124+0.004
BasePlanE + Sub 0.108+0.002

BasePlanE 4+ Hom 0.106+0.004
BasePlanE + Spasm  0.104-+0.005
BasePlanE + Spasm®  0.100=+0.002

Using the Entire Basis. To study the effect of the homomorphism basis in
more detail, we perform experiments where we inject increasingly more (in order
of the number of vertices, lowest first) elements of the basis as features. To avoid
the effect of the complex interplay of odd and even cycles on the benchmark, we
use only Spasm(Cs). Figure clearly shows that the performance of every model
improves as more of the basis is included. Moreover, just as in Table 3.7, GAT
and GIN converge in performance, again confirming that their expressiveness (as
relevant to this task) matches with this additional information.

This plot is interesting, because we are able to see at which point the homomorph-
ism basis features are able to surpass the subgraph count features. In particular, for
the more expressive GIN model, only a fraction of the Spasm(Cys) homomorphism
basis is enough to improve performance beyond that of GIN+Sub(Cy), which can
be viewed of as an instatiation of GSN [26]. However, for weaker models such as
GAT and GCN, more of the homomorphism basis must be included (~ 75%) before
the performance is able to surpass that of GIN+Sub(Cs).

These results, combined with the ones above, show that using the homomorphism
basis of a graph motif parameter is the key to achieving more expressive models. In
particular, we see that the theoretical results from Section which state that
injecting the homomorphism basis of a graph motif parameter is more expressive
than injecting the parameter itself, does indeed translate to practical applications,

especially for molecular property prediction.
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Figure 3.5: We report the effect of using incrementally more of Spasm(Cs) as node
features for each model. The performance of GIN with Sub(Cs,-) at node-level is also
included for reference.

3.4.3 Graph Regression Experiments on QM9

Now that we have shown the empirical success of using the homomorphism basis
in the ZINC molecular dataset, we will expand our analysis to other molecular
property prediction datasets. In this next experiment, we will predict multiple

molecular properties and explore other ways of encoding homomorphism counts.

QM9 Dataset Setup. In the QM9 graph regression benchmark, the objective
is to predict 13 different molecular properties [40]. The entire dataset contains
130,831 graphs, which are split into 110,831 for training, 10,000 for validation,
and 10,000 for testing. The original node features denote atom type as well as
other chemical information about the atom. Similarly to ZINC, the edge features

denote the type of bond between two nodes.

Selection of Graph Motif Parameters. Because there are multiple different
target tasks for the QM9 dataset, we follow Proposition and decide to take the
homomorphism counts for all connected components that contain up to 5 vertices,
Hom(Q%F). In addition to this set, we also include Hom(Cs) because it is well
established that 6-cycles are prevalent within molecules. Also, this ensures that
Spasm(Cs) is contained within this set of features. Since we use R-GCN as our
baseline model, we include all homomorphism counts for all components in this set,
including the 1-WL ones. For each graph, all counts are encoded as graph-level
features. Specifically, we concatenate the raw homomorphism counts at the very
end after the message passing layers to the final feature representation vector for
the graph before the final MLP decoder.
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Model Selection and Training. We select R-GCN [111] as our base model
and report the baseline results from Brockschmidt [112]. We then adapt the
codebase from Abboud, Dimitrov and Ceylan [113] to perform our experiments.
We choose R-GCN as our base model due to its comparatively stable behavior
in the original benchmark [112]. Other than adding our homomorphism count

features, we do no further hyperparameter tuning. Specific hyperparameter details

are in Appendix [A.1.3

Experimental Setup. Contrasting Section [3.4.2] we inject only graph-level
homomorphism counts rather than node-level counts. These homomorphism features
are concatenanted directly to the model embeddings at the final layer before the
MLP decoder is applied. This is to show the flexibility of our approach, since it
does not matter if the features are incorporated at the node-level or graph-level
to introduce the extra expressivity. Our results in Table |3.10] are reported as an
average across b different runs. On average, the model training time for R-GCN
on one property took roughly 5 hours to complete, which is significantly longer
than the time it took to compute all of the homomorphism feature counts for the
entire QM9 dataset (see Table . This further highlights the negligible compute

cost to generate the homomorphism counts.

Table 3.10: We report the mean absolute error (MAE) for graph regression on QM9 for
all 13 proprieties. Using the homomorphism counts yields significant improvements over
the baseline model.

Property ~ R-GCN  + Hom(Q5 U {Cs})

mu 3.2140.06 2.29+0.03
alpha 4.2240.45 1.77+0.05
HOMO 1.45+0.01 1.30+0.03
LUMO 1.62+0.04 1.41+0.02
gap 2.42+0.14 2.00=+0.04
R2 16.38+0.49 10.29+0.35
ZPVE 17.404+3.56 3.03+0.38
U0 7.82+0.80 1.09+0.18
U 8.24+1.25 1.21+0.17
H 9.05+1.21 1.22+0.14
G 7.00+1.51 1.14+0.13
Cv 3.93+0.48 1.46+0.08
Omega 1.02+0.05 0.81+0.02
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Results. Table shows that using the homomorphism counts for Q25 and Cs
significantly improves the performance of the base R-GCN model on all properties,
even without additional model tuning. Moreover, we see that the addition of
graph level homomorphism counts alone are sufficient for substantial performance
improvements. This is particularly noteworthy as it simplifies integration with
more complex models, where node-level injection of many features might affect
hyperparameters significantly. To the best of our knowledge, this is also the
first study demonstrating the potential of injecting graph-level homomorphism
information to a GNN.

Additional Results with Fully-Connected Layers. Alon and Yahav [114] also
presented a slightly modified version of R-GCN that uses a fully-adjacent (FA) layer
at the very end of the model. They show that this helps counteract the signal loss
due to over-squashing effects in a GNN. We benchmark our approach against this
model configuration and find that using the homomorphism basis counts continue
to improve the performance of the R-GCN+FA model (see Table .

We see that for all but one property, the standard R-GCN + Hom(Q%F, Cy)
model outperforms the R-GCN + FA model. This suggests that for tasks where the
molecular structure is important, the graph-level homomorphism counts are still
important enough to provide the model with useful information, despite potential
signal loss from over-squashing. The fact that we apply our global homomorphism
features at the end may also help mitigate some of the information loss due to
over-squashing, and further speaks to the flexibility of our approach.

From Table [3.11] it is clear that the best performing model is when we use both
the FA layer and the homomorphism basis counts. This demonstrates that including
homomorphism counts provides complementary information to the fully-adjacent
layer, which helps boost total performance of an originally weak model. This is an
interesting result because it shows how homomorphism basis features can be used as
an easy drop-in component to lift the expressivity of several different architectures.
Overall, these observations demonstrate the well-foundedness of our approach as it
confirms the practical relevance of Section and Proposition [3.3.13]

Furthermore, although we did not evaluate our method on the synthetic TREE-
NEIGHBORSMATCH benchmark from Alon and Yahav [114], homomorphism basis
features may be effective for capturing the long-range information required to solve
this task. By selecting graph motifs that correspond to long paths or deep trees, the
homomorphism basis count features can capture information from distant regions
of the graph. While this may not directly combat potential over-squashing, our
results above show that adding these features at the end of the model can partially
circumvent some of its effects and yield significant performance gains.

68



3. Graph Motif Parameters for Graph Neural Networks

Table 3.11: We report the mean absolute error (MAE) for graph regression on QMO9.
Using the homomorphism counts yields significant improvements over the baseline models
(both with and without FA). Best results are shown in red, second best in blue.

Property ~ R-GCN  + Hom(QSF U Cs) +FA  + FA/Hom

mu 3.21+0.06 2.29+0.03  2.91+0.07 2.1540.02
alpha 4.22+0.45 1.77+0.05  2.14+0.08 1.70+0.05
HOMO 1.45+0.01 1.30+0.03  1.37+1.41 1.22+0.02
LUMO 1.62+0.04 1.41+0.02  1.41+0.01 1.27+0.00
gap 2.42+0.14 2.00+0.04  2.03+0.03 1.81+0.03
R2 16.38+0.49 10.2940.35 13.55+0.50 9.99+0.33
ZPVE 17.40+3.56 3.03+038  5.81+061 2.8640.31
U0 7.82+0.80 1.09+0.18  1.75+0.18 1.03+0.05
U 8.24+1.25 1.21+017  1.88+0.22 1.07+0.04
H 9.05+1.21 1.22+0.14  1.85+0.18 1.14+0.12
G 7.00+1.51 1.14+013  1.76x0.15 1.19+0.18
Cv 3.93+0.48 1.46+0.08  1.90+0.07 1.46+0.07
Omega 1.02+0.05 0.8140.02  0.7540.04 0.71+0.02

3.4.4 Link Prediction on COLLAB

So far, we have demonstrated multiple ways in which our approach is effective on
graph-level regression tasks for small molecular graphs. In this experiment, we
contrast this by performing a link prediction task on a graph where direct subgraph
counting is intractable for most patterns. This also provides an example of how

our approach extends beyond just the molecular domain.

COLLAB Dataset Setup. COLLAB is a collaboration network graph from
Open Graph Benchmark that presents a link prediction task [115]. In total, the
entire undirected graph contains over 235,000 nodes and 1,285,465 edges, but 23,367
of the edges are used for validation, and 294,466 edges are used for testing. Nodes
represent scientists, and edges represent collaborations between two scientists. The
nodes also contain 128-dimensional node features that correspond to the average
word embeddings for each scientist’s papers. Edge features include the year and the
edge weight, representing the number of co-authored papers published that year.
Here, the task is to predict if there exists an edge (i.e. a collabroation) between

two given nodes (i.e. scientists) in the network.
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Table 3.12: Hits@50 results for link prediction over the COLLAB dataset.

Add. Basis r GCN GraphSAGE GAT
—  46.13%+210  48.85%+043  48.27%+1.05
Ky 49.41%=+042  49.55%+066  49.43%=+0.73
Ky 47.76%+053  49.29%+030  48.35%=+0.85
Ks  48.01%=0s7  49.61%+024  49.75%+0.16
AN Py 49.59%+023  50.01%+057  50.76%-+0.51
< Ps 49.60%+020  49.50%=+047  51.55%x0.94
R ALY B 50.35%=021 50.18%+0.14  51.62%-+0.66

Selection of Graph Motif Parameters. Traditional substructure-style ap-
proaches [27] have used cliques (i.e., K3, K4, K5) as patterns of interest for the
COLLAB dataset.

experiments that we conduct thus match the experiments conducted by Barcelo

The Spasm of a clique contains only itself, and the clique

et al. |27]. However, because COLLAB presents a link prediction task that may
require multi-hop reasoning, paths could also be a useful pattern. Paths are
interesting because counting the number of n-vertex paths in a graph cannot be
done by a 1-WL model due to the cyclic components in the homomorphism basis.
Also, standard subgraph counting techniques [99] are mostly intractable for graphs

as large as COLLAB, whereas our method is practically feasible.

Model Selection and Training We select GCN, GAT, and GraphSAGE [77] as
our default baseline models. For GCN and GraphSAGE, we use the exact same
model and hyperparameters as the default example provided by Hu et al. |[115].
For GAT, we construct a model that closely aligns with the overall framework
of the GCN and GraphSAGE implementations. All results are reported as an
average of 4 runs at different seeds, using the Hits@50 metric. Specific model
details are outlined in Table [A.2

Experimental Setup. Following our experiments from Section we again
enrich the baseline models with the homomorphism basis counts of our parameter
of interest at the node level. Due to the large graph size, we normalize our raw
homomorphism counts using the sine and cosine positional encoding technique from
Vaswani et al. [6]. These mirror the experiments conducted above in Section [3.4.1]

We also experiment with positional encoding dimensions of size 2, 4, 6, and 8.
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Figure 3.6: We report the effect of using different encoding methods and dimensions for
the Spasm(Fs) homomorphism count features with GAT on COLLAB. The dashed red
line indicates the performance of GAT without additional features. Using a positional
encoding (PE) boosts performance of the baseline model, whereas a standard MLP encoder
without positional encodings degrades performance.

Results. From Table we see that our approach of injecting the basis ho-
momorphism counts for paths outperforms the previously studied injection of
clique counts in both models. This further demonstrates the targeted gain of
expressiveness, irrespective of task, that can be realized through our approach. We
note that while short paths are seemingly simple structures, actually counting them
is not expressible in 1-WL as illustrated by the cyclic graphs in the basis (and thus
also in the tested, weaker models). Despite the large graph size, we compute all

necessary node-level homomorphisms counts in negligible time (see Section |3.4.6)).

Ablation with Positional Encoding. To study the impact of normalizing
homomorphim counts with a sinusoidal positional encoding @, we perform an
ablation with GAT on the COLLAB dataset. We compare the performance of
using only an MLP encoder to using a positional encoder for the Hom(Spasm(F))
features. From Figure [3.6] we see that including counts directly via an MLP encoder
actually degrades performance of the baseline model and introduces high variance.
This is likely because homomorphism count values can grow extremely large in
larger graphs, causing the model to treat the extra information as noise. Conversely,
using a positional encoding allows us to normalize the raw homomorphism count
values in a way that preserves the relative distances between different patterns
across different graphs. However, adjusting the positional encoding dimension

presented minimal effects in our ablation.
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From our COLLAB experiments, we see that our approach is practically
applicable to large-scale graphs as well as on different graph learning tasks (e.g. link
prediction). Finally, we will round out our experimental section with results
on a synthetic expressivity dataset to highlight the true expressive power of

homomorphism basis counts.

3.4.5 Expressiveness Evaluation on BREC

In this experiment, we will focus on evaluating the expressivity of our proposed
approach. Recall that our definition of expressivity pertains to how well a model
is able to distinguish between two non-isomorphic graphs. This makes BREC
an ideal dataset to pinpoint the exact expressivity gains and advantages of our

homomorphism basis counts.

BREC Dataset Setup. BREC is a recent synthetic expressiveness dataset, where
the task is to distinguish 400 pairs of non-isomorphic graphs [116]. The graphs span
four different primary categories: Basic, Regular, Extension and CFI graphs. There
are 60 pairs of Basic graphs, 140 pairs of Regular graphs, 100 pairs of Extension
graphs, and 100 pairs of CFI graphs. The Regular graphs are further subdivided
into 50 pairs of simple regular graphs, 50 pairs of strongly regular graphs, 20 pairs
of 4-vertex condition graphs, and 20 pairs of distance regular graphs. None of the

graphs in this dataset contain any initial node or edge features.

Selection of Graph Motif Parameters. Since this is a synthetic expressivity
task, there is no specific pattern of interest that we want to capture. In this
case, we again opt against choosing a particular pattern and instead inject the
homomorphism counts of QZ as node features. This approach is similar to the
one used in Section and again supports the claims made in Proposition
and Section B.3.5

Model Selection and Training. We select GIN and PPGN [78] as the two
models to extend with node-level homomorphism counts. For GIN+Hom(QS7),
we use the exact same model construction and hyperparameters as were used to
benchmark GSN on this dataset. For PPGN + Hom(Q%5') we normalize features in
accordance with Maron et al. [78]. We also sightly tweak the hyperparameters of
the model used in the BREC benchmark by changing the dimensions of the blocks

from 32 to 48 in order to accommodate our extra features. Specific hyperparameters

are provided in Appendix [A.T.5]
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Experimental Setup. We follow the evaluation protocol of Wang and Zhang
[116] and report the best results from 10 seeds to get an upper bound on the
expressiveness of each model. The effect of this protocol on our results is minimal.
For the top performing PPGN-+Hom(Q%) model, we only observe minimal variance
over changing seeds. The number of solved CFI graph pairs varied between 22%

and 25%, and we observed no change in the other categories.

Table 3.13: Full results for the BREC expressiveness experiment, comparing the
performance of all models tested by Wang and Zhang [116]. The numbers in the
parentheses are the total number of graph pairs to distinguish within that category.
Num denotes the number of graph pairs solved, and Acc denotes the percentage solved.

Basic (60) Reg. (140) Ext. (100) CFI (100) Total (400)

Model Num Acc Num Acc Num Acc Num Acc Num Acc

2-WL 60 100% 50 35.7% 100 100% 60 60% 270 67.5%
SPD-WL 16 26.7% 14 11.7% 41 41% 12 12% 83 20.8%
S3 52 86.7% 48 34.3% 5 5% 0 0% 105 26.2%
Sy 60 100% 99 70.7% 84 84% 0 0% 243 60.8%
N 60 100% 99 8% 93 93% 0 0% 252  63%

No 60 100% 138 98.6% 100 100% O 0% 298 74.5%
M, 60 100% 50 35.7% 100 100% 41 41% 251 62.8%
NGNN 59 98.3% 48 34.3% 59 59% 0 0% 166 41.5%
DE+NGNN 60 100% 50 35.7% 100 100% 21 21% 231 57.8%
DS-GNN 58 96.7% 48 34.3% 100 100% 16 16% 222 55.5%
DSS-GNN 58 96.7% 48 34.3% 100 100% 15 15% 221 55.2%
SUN 60 100% 50 35.7% 100 100% 13 13% 223 55.8%
SSWL_ P 60 100% 50 35.7% 100 100% 38 38% 248 62%

GNN-AK 60 100% 50 35.7% 97 9% 15 15% 222 55.5%
KP-GNN 60 100% 106 75.7% 98 98% 11 11% 275 68.8%
I>-GNN 60 100% 100 71.4% 100 100% 21 21% 281 70.2%
PPGN 60 100% 50 35.7% 100 100% 23 23% 233 58.2%
0-k-LGNN 60 100% 50 35.7% 100 100% 6 6% 216 54%

KC-SetGNN 60 100% 50 35.7% 100 100% 1 1% 211 52.8%
GSN 60 100% 99 70.7% 95 95% 0 0% 254 63.5%
DropGNN 52 86.7% 41 29.3% 82 82% 2 2% 177 44.2%
OSAN 56 93.3% 8 57% 79 7% 5 5% 148 3%

Graphormer 16 26.7% 12 10% 41 41% 10 10% 79 19.8%

GIN + Hom(Q) 60 100% 120 85.7% 96 96% 0 0% 276 69%
PPGN + Hom(Q%) 60 100% 120 85.7% 100 100% 25 25% 305 76.25%
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Results. We present our results on BREC in the full context of the benchmark
provided by Wang and Zhang [116] in Table 3.13] In particular, we compare our
results to the previous state of the art [>>GNN and closely related models, such as
PPGN and GSN. We achieve state of the art results using PPGN + Hom(QY).
Notably, in the category of regular graphs, where PPGN was initially lacking, the
inclusion of our approach enables the model to distinguish over twice as many
graphs. This experimentally illustrates our analysis in Section in the context
of higher-order models: Q%f contains graphs with treewidth greater than 2 (in
particular 4 graphs containing a 4-clique). These homomorphism counts thus
improve the 2—WJ'_E| expressiveness of PPGN. GIN + Hom(Q%F) also performs well
by ranking 4th overall, outperforming many higher-order models.

We note that the 2-WL row in Table is labeled as “3-WL” in the original
benchmark [116] due to a mismatch in which style of k-WL is considered in the
paper. Since we use k-WL to refer to the folklore version of k-WL, we have adapted
the label from their table accordingly. Furthermore, although PPGN is theoretically
as expressive as 2-WL, note that it performs slightly worse. This is because the
large radii in CFI graphs requires more layers of GNNs (i.e. more WL iterations).
However, using deeper networks can cause over-smoothing, which would explain the
gap between the theoretical expectations and the actual empirical performance [116].
This again speaks to the practical benefits of our approach, since we are able to
recover some of the signal that may have been lost from the original PPGN model.

In summary, these results show that our framework for injecting homomorph-
ism basis counts leads to more expressive architectures, even for higher-order
E-WL models, such as PPGN. This again speaks to the flexibility and power of
homomorphism counts for capturing local structure (and to some extent, global

structure) in graph learning.

3.4.6 Practical Runtime for Counting Homomorphisms

Recall our complexity analysis from Section [3.3.2] where we stated that using the
homomorphism basis is the most efficient way of computing a graph motif parameter.
Here, we will see the practical implications of this. We report the time required to
compute all the homomorphism counts that were used for each experiment in Table
[3.14] We also provide additional details regarding the size of the graphs in each
dataset and the amount of compute used to generate these counts. From Table [3.14]

we can clearly see that the time required to generate these homomorphism counts

4Recall that we always refer to the folklore version of k-WL.
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Table 3.14: Time to compute all the homomorphism counts used in each experiment in
Section reported as elapsed real time (wall time). ng denotes the number of graphs in
the dataset, and m and W indicate the average number of nodes and edges respectively.
Note that the time reported is normalized per graph.

Dataset ng V| |E| Basis Basis size  Time
Spasm(CY) 12 0.007s

ZINC 12,000  ~23.2  ~49.8 Spasm(Cy) 35 0.024s
Spasm®(C7, Cg) 118 0.096s

Qe 30 0.019s

QM9 130,831 ~18.0  ~37.3 e ) 0.001s
K3 1 3m48s

Ky 1 5m30s

K 1 6m29s

COLLAB 1 235,868 967,632 Spasm(P;) 4 Am16s
Spasm(FP5) 8 39m23s

Spasm(Fs) 15 3h6m

BREC 51,200  ~34.7 ~286.9 Q] 30 0.063

is almost negligible, especially since this counting step only needs to be performed
once for a given parameter and dataset. In other words, once the counts have been
obtained, they can be reused and added to any existing model or architecture.

The computational efficiency of performing this homomorphism counting is
especially apparent for QM9, where we are able to generate all Hom(Q%F') counts in
less than 0.02 seconds per graph. For comparison, training a single run of R-GCN
on QM9 to predict a single target property took several hours. For ogbl-COLLAB,
we only perform counting on the training graph, which is a subset of the entire
dataset. This is because for link prediction, a subset of the edges are removed from
training and used for validation and testing. Due to the memory constraints of
our compute resources, we use a slightly modified counting method for counting
the number of 5-clique homomorphisms in COLLAB. Finally, we note that we do
not perform counting for Hom(K7) on the 4-vertex graphs in BREC because the
graphs are constructed in a way that makes counting them infeasible.

From these reported times, we can see that computing homomorphism basis
counts is indeed extremely fast, which makes our approach feasible for many
widespread applications. It is also well known that homomorphism counting is
closely related to database theory, where homomorphism counts can be formulated

as SQL JOIN queries [117]. This unlocks the possibility of integrating more complex
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graph motif parameters from relational or tabular data into GNNs. It also allows
for the computation of homomorphism basis counts on larger datasets, which may

currently be infeasible with other tools at hand.

3.5 Summary and Outlook

In this chapter, we have proposed the injection of the homomorphism basis of graph
motif parameters into GNNs as a flexible framework for increasing expressiveness
in a targeted and efficient manner. We experimentally validate that this increase
in expressiveness is reflected in significant performance gains in real-world graph
representation learning tasks. This is particularly beneficial for molecular property
prediction, where being able to capture important local structural information
is essential to the problem at hand.

More specifically, in terms of theoretical contributions, we have proven that
enriching GNNs with the homomorphism basis of a graph motif parameter is more
expressive than enriching a GNN with the parameter itself (Theorem [3.3.1)). For
subgraph counting, this approach allows GNNs to capture the subgraph counts of
patterns in the basis of the target graph motif parameter as well (Proposition ,
at no additional computational cost. We also prove that it is never necessary
to consider homomorphism counts from disconnected graphs (Proposition .
This result holds for more advanced, higher-order GNNs as well (Theorem [3.3.5)).
Furthermore, we have proven that this applies at both the graph-level and node-
level, where we have introduced a method for obtaining local orbital-style subgraph
counts (Theorem [3.3.12)).

In terms of empirical contributions, we show that we are able to realize the
implications of our theoretical results on a series of different real-world tasks. These
include notable performance gains on molecular graph-level tasks for the ZINC
and QM9 datasets (Section and Section , an edge-level task on the
COLLAB dataset (Section , and a specifically curated graph expressivity
task on the BREC dataset (Section [3.4.5)).

This chapter lays the foundation for a wide range of further applications for both
node-level and graph-level homomorphism counts. Although our experiments have
primarily focused on standard architectures, our results motivate further analysis
on combining homomorphism basis counts with more complex models, which we
will touch upon in the next chapter. Furthermore, the use of homomorphism bases
induced by logical formulas (Section has been beyond the scope of this thesis

but presents numerous interesting possibilities.
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Another open direction of research would be to use the homomorphism basis
of typed motifs that can represent structural information and their associated
features simulaneously. In this case, the homomorphism basis would differ based
on the motif of interest, but our framework can easily be extended to incorpate
node and edge types (e.g. atom types and bond types in molecular graphs) and
also directed edges for heterogeneous knowledge graphs. An example of this is
provided in Figure of Appendix [A]

The broad applicability of our approach also raises a number of technical
questions that require more detailed analysis. The question of how to best encode
these homomorphism count features to realize their full theoretical potential still
remains an open question. Additionally, the choice of basis to inject depends on the
desired expressivity, and further work is needed to explore the effects of different
bases in common GNN tasks. Although we have proposed using the homomorphism
counts of all connected components up to a certain size as a general, catch-all
set, it is possible that for some tasks, a more specific basis may be more effective.
Therefore, it would be interesting to leverage techniques such as reinforcement
learning to learn the best set of graph motif parameters for a given task and dataset.
We can also inspect the model weights (or attention weights if applicable) to see
which specific homomorphism count features are most important for the model’s
performance. This could provide insights into the underlying graph structure of
the data, and also surface meaningful anchors within the graph as well.

Overall, graph motif parameters and their homomorphism bases present a strong
theoretical framework for increasing the expressivity of GNN models in a clear and
principled way. This approach comes with strong theoretical guarantees, which can
also be realized in real-world applications, such as molecular property prediction.
This chapter therefore highlights the importance of informed local structural

representations and the benefits of having a more general, unified methodology.
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Learning

In the previous chapter, we showed that using the homomorphism basis of graph
motif parameters is an effective and principled way of improving local structural
awareness and expressivity in GNNs. Now, we will show that homomorphism
counts can also be used in a more general approach to construct powerful graph
structural encodings for graph transformers and other models that have inherently
weak graph inductive biases, such as MLPs. Our new structural encoding method,
MOTIF STRUCTURAL ENCODING (MoSE), performs especially well on molecular
graphs, which highlights its ability to capture complex local structure information.
This chapter contains both theoretical results pertaining to the expressivity of
MoSE and other popular structural encodings, as well as experimental results on
molecular property prediction and other domains.

The content of this chapter is largely based off of the work published in Bao
et al. [2], with the theoretical results in Section [4.3| completed in collaboration with
Matthias Lanzinger and Linus Bao, and the ZINC experimental results presented
in Section [4.4.2] completed in collaboration with Linus Bao.

4.1 Introduction

Graph Neural Networks (GNNs) have been the prominent approach to graph
machine learning in the last decade. Most conventional GNNs fall under the
framework of Message Passing Neural Networks (MPNNs), which incorporate graph

structure — the so-called graph inductive bias — in the learning and inference process
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by iteratively computing node-level representations using “messages” that are passed
from neighboring nodes [22]. More recently, Transformer architectures [6] have
been applied to the graph domain and achieved impressive empirical performance
[29, 130], especially in molecular property prediction.

While MPNNs operate by exchanging messages between adjacent nodes in a
graph, Transformers can be seen as a special type of GNN that operates on complete
graphs. This helps alleviate some of the key limitations of MPNNs, such as over-
squashing, over-smoothing, and the difficulty of capturing long-range interactions
[118]. On the one hand, this allows for direct communication between all node pairs
in a graph, regardless of whether there exists an edge between two nodes in the
original input graph. On the other hand, since the node adjacency information is
omitted, the Transformer lacks any “built-in” graph inductive bias. Instead, the
underlying graph structure is usually provided by combining Transformer layers
with local message-passing layers [29, |119, |120] or by incorporating additional
pre-computed features that encode the topological context of each node. These
additional features are referred to as positional or structural encodings. Common
encodings include Laplacian positional encoding (LapPE) [33] and random-walk
structural encoding (RWSE) [32]. The quality of these encodings are a key ingredient

in the success of Transformers on graphs [29, 32].

Motivation. While empirical studies have observed the impact of structural
or positional encodings on model performance [29, 32|, our theoretical under-
standing of the expressive power of different encodings remains limited. This
represents an important gap in the literature, especially since the expressive
power of Transformer-based architectures heavily rely on the specific choice of
the structural or positional encoding [121]. Furthermore, precise theoretical results
that quantify the strength of an encoding’s graph inductive bias, known as its
expressive power, remain open-ended.

We begin by providing a short exposition on RWSE, which empirically has been

shown to perform well on molecular benchmarks [29].

How Expressive is RWSE? The expressive power of MPNNs is upper bounded
by the 1-dimensional Weisfeiler Leman graph isomorphism test (1-WL) [23, 25].
This means that the node invariants computed by MPNNs are at most as powerful
as the node invariants computed by 1-WL. As a result, an MPNN can distinguish
two nodes only if 1-WL can distinguish them. Some MPNN architectures, such

as Graph Isomorphism Networks (GIN) [23], can match this expressiveness bound
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and distinguish any pair of nodes that can be distinguished by 1-WL. We relate the
expressive power of RWSE to that of the Weisfeiler Leman hierarchy by proving that
node invariants given by RWSE are strictly weaker than node invariants computed
by 2-WL (Proposition E| Additionally, RWSE node invariants are incomparable
to node invariants computed by 1-WL (Proposition . In fact, there are simple
node pairs which can be distinguished by 1-WL but not by RWSE (and vice versa).

We now illustrate a serious limitation of RWSE in its power to distinguish nodes.

Example 4.1.1. Consider the nodes from the two non-isomorphic graphs G and H.

G H
U1 ()
(75} U2

Observe that the nodes u; and uy can be distinguished by 1-WL. Interestingly,
however, they are indistinguishable to RWSE for all lengths ¢ of the considered
random walk. This observation also applies to the nodes v; and vy. Moreover, this
limitation is not merely of theoretical interest, as it readily applies to real-world
molecules, where the use of RWSE is prominent. Below, we show a molecule from

the ZINC dataset, with Carbon, Nitrogen, and Oxygen atoms.

Dinitrile Morpholine

The nodes u; and us are indistinguishable by RWSE and so are v; and vy,
although they can be distinguished by MPNNs. In practical terms, this implies that

RWSE cannot distinguish key nodes in a Dinitrile group from those in a Morpholine

group. A
This example suggests the importance of a broader study pertaining to structural

and positional encodings.

1Rceall that throughout this thesis, we refer to the folklore version of the WL hierarchy [63].
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Motif Structural Encoding as a Flexible and Powerful Approach. In this
chapter, we propose motif structural encoding (MoSE) as a method of leveraging
homomorphism count vectors to capture graph structure. Homomorphism counts
have been investigated in the context of MPNNs to overcome well-known theoretical
limitations in their expressivity |1, [27] with promising theoretical and empirical
findings (see Section . Building on the existing literature, we show that MoSE
is a general, flexible, and powerful alternative to existing positional and structural
encoding schemes in the context of Transformers. In fact, we show that unlike
RWSE, MoSE cannot be strictly confined to one particular level of the WL hierarchy
(Proposition , and MoSE can provide significant expressiveness gains exceeding
those achieved by RWSE (Theorem [4.3.6).

Example 4.1.2. Consider the graphs G and H from our running example, and
observe that H has a cycle of length six, while G has no cycles. The node-
level homomorphism counts Hom.,, ({3, G) # Hom.,, ({3}, H) (defined formally in
Section provide sufficient information to distinguish the nodes v; and vs.

Analogous statements can also be made for u; and wus. A

MoSE also allows for known theoretical results on MPNNs [1] to be extended
to the graph transformer domain. Our work therefore aims to address some of the
unanswered questions related to the expressive power of structural encoding methods

and bridge the gap between the theoretical study of MPNNs and graph transformers.

Main Results. The key results in this chapter can be summarized as follows:

e We introduce MoSE and detail the expressiveness guarantees that can be achieved
by using homomorphism counts as a graph inductive bias (Section .

e We compare MoSE to RWSE in terms of expressivity and relate them to the ex-
pressive power of MPNNs through the well-known WL hierarchy (Section .

e More specifically, we show that MoSE strictly generalizes RWSE (Theorem.
In fact, RWSE is simply a special case of MoSE (Proposition .

¢ We empirically validate our theoretical findings and demonstrate the efficacy
of MoSE over existing encoding types on a variety of molecular datasets
(Sections to [4.4.4)).

e We demonstrate the general nature of our approach by reporting consistent

performance gains over other real-world and synthetic benchmarks as well

(Sections to [4.4.7)).
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4.2 Related Work

(Graph) Transformers and Encodings. Vaswani et al. [6] first highlighted the
power of self-attention when they introduced the Transformer architecture. Dwivedi
and Bresson [28] generalized the concepts presented in Vaswani et al. [6] to the graph
domain. In recent years, several different graph transformer architectures have arisen.
Yun et al. [119] first combined message-passing layers with Transformer layers, and
other models have followed this approach [29, 120} [122]. Shehzad et al. [123] present
a survey of existing graph transformer models and how they compare to each other.

A key component in the success of graph transformer models is the use of
effective graph inductive biases [32]. Laplacian positional encodings (LapPE), which
were introduced by Dwivedi and Bresson [2§], are a popular choice, but they break
invarianceﬂ as they are dependent on an arbitrary choice of eigenvector sign and
basis [125, [126]. Rampasek et al. [29] present a framework for building general,
powerful, and scalable graph transformer models, and they perform ablations with
a suite of different encoding types, promoting the use of random-walk structural
encoding (RWSE) on molecules. Ying et al. [127] introduced Graphormer, which
uses an attention mechanism based on shortest-path (and related) distances in a
graph. Additional encoding techniques based on distance [12§] and hierarchical
distance [129] have also been introduced. Ma et al. [30] present GRIT as a novel
graph transformer that relies on relative random walk probabilities (RRWPs)

for its graph inductive bias.

Expressive Power of GNNs. MPNNs capture the vast majority of GNNs [22]
and their expressive power is upper bounded by 1-WL [23] 25]. This limitation
has motivated a large body of work, including higher-order GNN architectures |25,
78H80], GNNs with unique node features [81], and GNNs with random features |82,
83], to achieve higher expressive power. The expressivity of GNNs has also been
evaluated in terms of their ability to detect graph components, such as biconnected
components [84], and in terms of universal approximation on permutation invariant
functions [130]. Fully expressive architectures have been designed for special graph
classes, e.g., for planar graphs [85].

Our work is most closely related to approaches that design more expressive
architectures by injecting the counts of certain substructures, widely referred to

as motifs. Bouritsas et al. [26] present an early work that enhances node feature

2By sacrificing invariance, it becomes much easier to design very expressive architectures. In
fact, graph transformer architectures with LapPE are universal [124], but so is a 2-layer MLP and
a single-layer GNN using LapPE (see Proposition 3.1 of Rosenbluth et al. [121]).
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encodings for GNNs by counting subgraph isomorphisms for relevant patterns.
Barcel6 et al. [27] follow up on this work by proposing to instead count the number
of homomorphism from a set of pertinent substructures. Several other works have
identified homomorphism counts as a key tool for understanding the expressive
power of MPNNs [98, [106], |116]. Zhang et al. [94] also recently proposed a new
framework that characterizes the expressiveness of GNNs in terms of homomorphism
counts. Through tight connections between counting homomorphisms and counting
(induced) subgraphs [53] 102, [107], these expressiveness results can be lifted to a
wide range of functions [106]. As such, Jin et al. [1] built upon these theoretical
observations to establish a general framework for using homomorphism counts
in MPNNs. In particular, they show that homomorphism counts that capture
certain “bases” of graph mappings provide a theoretically well-founded approach to
enhance the expressivity of GNNs. Maehara and NT [131] reiterate the benefits

of using homomorphism in GNNs.

4.3 Motif Structural Encodings (MoSE)

In this section, we formally define MOTIF STRUCTURAL ENCODING (MoSE). Just
as with other node-level structural or positional encodings, MoSE provides a way
to encode the structural characteristics of a node in terms of a numerical vector.
Such encodings then provide graph inductive bias to models, such as Transformers,
that cannot (or only in a limited fashion) take graph structure into account.
The motif structural encoding (MoSE) scheme is parameterized by a choice of a
ﬁniteﬂ pattern graph family G = {G1, ..., G4}, as well as a choice of node weighting
scheme w which sends any (v, H) to a non-negative weight w(v, H) € Rs(. For
each node v of graph H, the node-level MoSEg , label of v is:
d
MoSEg (v, H) = lw—Homw(Gi, H)] € R4 (4.1)
i=1
We will notate €9 := MoSEg,, (v, H) for shorthand when w and H are either clear
from context, or any arbitrary choice can be made. Unless otherwise specified, we
use the constant w weighting which sends all nodes in all graphs to 1, aligning
MoSEg,, with the un-weighted homomorphism counts used in previous works [1,
27]. In this case, we omit w from our notation, using MoSEg to denote our encoding.
When we reference MoSEg ,, at the graph-level, we mean the multiset of node-labels
MoSEg,,(H) = {e¢ : v € V(H)}. It holds that MoSEg,,(-) is a graph invariant

3We require that G be a finite set, and that each graph within G have finite size.
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because for any two graphs H and F with isomorphism ¢ : V(H) — V(F), we
have ¢9 = eLg(U) for every vertex v € V(H) [56].

MoSE offers a highly general and flexible approach to structural encoding on
account of two key parameters: the graphs G and the vertex weight function w.
Both of these parameters can be adapted to fit the problem domain and the model
architecture as desired. The choice of G can be informed in precise terms by desired
levels of expressiveness as shown below in Proposition [4.3.3] Furthermore, the
choice of G can build on a range of empirical studies on structural information in
MPNNSs |1, |26], 27, 116]. Additional choice of a non-trivial weight function w adds
further power and flexibility. In particular, we show that even a simple weight
function that maps nodes to the reciprocal of their degree is enough to exactly

express RWSE in terms of MoSE (Proposition |4.3.5)).

4.3.1 Expressiveness of MoSE

In the following, we will provide insight into the expressivity of MoSE by leveraging
established connections between homomorphism counts and MPNNs. For Trans-
former architectures, similar frameworks of expressivity are not yet established.
Recent work by Rosenbluth et al. [121] shows that Transformer architectures do not
inherently contribute to expressivity, and that the positional /structural encoding is
instead the key ingredient of their expressivity. We therefore study the expressivity
of the encodings themselves, which in turn translates to the expressivity of models
that utilize — and heavily depend on — these encodings. In particular, any typical
graph transformer architecture with MoSE will naturally be at least as expressive
as MoSE, and thus inherit all lower bounds from our analysis.

Our first two propositions establish that MoSE is, in a sense, incomparable
to the WL-hierarchy. For every fixed set of graphs G that induces an encoding,
we can provide an upper bound in terms of k-WL for some k& dependent on G.
At the same time, given any fixed choice of k, the expressiveness of even MoSE
encodings induced by a single pattern graph cannot be confined to the expressive
power of k-WL (Proposition .

Proposition 4.3.1. Let G be a finite set of graphs and let k be the mazimum
treewidth of a graph in G. Then, MoSEg is at most as distinguishing as k-WL.
That is, MoSEg < k-WL[

*With respect to the definition of <, both sides in this case represent singleton families of
graph invariants.
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Proof of Proposition[{.3.1. Dvorék [97] showed that if G and H are equivalent under
k-WL, then every graph F' with treewidth at most k& has Hom(F, G) = Hom(F, H).
This extends also to the vertex level. Let v € V(G) and v' € V(H) such that v and
v" have equivalent k-WL labels, and Hom(F, G,v) = Hom(F, H,v") (see Lanzinger
and Barcel6 [106], Lemma 12). Hence, if the maximum treewidth in G is k, then

equivalence under k-WL implies also that they are equivalent under MoSEg. [

Although we cannot distinguish all graphs distinguished by k-WL using MoSEg
with a finite G, we can distinguish any particular pair of graphs distinguished by
E-WL. In fact, we only need a single graph in G in order to do this.

Proposition 4.3.2. For k> 1, let G and H be two non-isomorphic graphs that
are equivalent under k-WL. Then, there exists a graph F' such that MoSEp
distinguishes G and H .

Proof of Proposition[{.53.3. Tt is well known [54] that for every two non-isomorphic
graphs G and H, there is a graph F' such that Hom(F, G) # Hom(F, H). We have
that MoSEyr) will distinguish the two graphs. O]

Lanzinger and Barcelé [106] and Jin et al. |1] studied the expressivity of MPNNs
with respect to functions that map graphs to numbers. For a large class of these
graph motif parameters, the distinguishing power of such a function relates closely
to homomorphism counts from its homomorphism basis [1]. Building on these
results, we establish a very broad lower bound for MoSE-enhanced Transformers

while also providing a practical method for selecting G.

Proposition 4.3.3. Let f be a graph motif parameter with basis Gy C G. Then
MoSEg is at least as distinguishing as f. That is, if F is the family of all graph
motif parameters, we have F =< MoSFE.

Proof of Proposition[{.3.3 Suppose the opposite, i.e., there is a pair of graphs G, H
such that f(G) # f(H), but MoSEr,, where I'y is set of graphs in the basis of
f, creates the same multiset of labels on both graphs. If this were the case, then
Hom(F, G) = Hom(F, H) for every F' € I'y. But since f is a graph motif parameter,
f(G) = f(H), and we arrive at a contradiction. O
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J

Figure 4.1: The 4 x 4 Rook’s Graph (left) and the Shrikhande Graph (right) are
non-isomorphic strongly regular graphs that have the same regularity parameters. RWSE
produces the same vector on every vertex of both graphs whereas a simple construction
of MoSE using Spasm(C7) U Spasm(Cg) homomorphism counts easily distinguishes the
two graphs.

4.3.2 Comparing the Expressivity of MoSE to RWSE

From above, we see that MoSE is closely aligned to the k-WL hierarchy, and we
can use this alignment to inform the choice of G. However, it is not possible to
entirely contain MoSE within the WL hierarchy. In the following, we show that
this is not the case for RWSE. In fact, the expressiveness of RWSE, regardless of
length parameter, is fully contained within 2-WL.

Proposition 4.3.4. For every ¢ > 2, any graph which can be distinguished by
RWSE; can be distinguished by 2-WL. That is, RWSE < 2-WL.

Proof of Proposition[4.5.4. We first recall the walk refinement procedure from
Lichter, Ponomarenko and Schweitzer such that we can relate it directly
to RWSE.

The scheme at its basis assumes a directed complete colored graph G = (V| H, )
where the coloring y always assigns different colors to self-loops than to other edges.

For tuples of m vertices (vy,va,...,vy,) € V™, we define

X(v1, 09,y ) = ((x(v1,v2), x(V2,v3), -« oy X(Vin—1, Um))-

Ultimately, we want to use the scheme on undirected uncolored graphs. An
undirected (and uncolored) graph G, is converted into the setting above by adding
the coloring x : V(G) — {—1,0, 1} as follows: for all self-loops y assigns —1, i.e.,
X(v,v) = —1. For all distinct pairs v, u, we set x(v,u) = 1 if (v,u) € E(G) and
X(v,u) = 0if (v,u) € E(G). For the directed edges recall that we consider complete
directed graphs and hence F = V2.
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With this in hand we can define the walk refinement procedure of Lichter,
Ponomarenko and Schweitzer [132]. Formally, for k£ > 2, the k-walk refinement of a
colored complete directed graph G = (V, E, x) as the function that gives the new

coloring xyw i to every edge is as follows

xwik (v, w) = {x(v,wr, ..., we_r,u) | w; € VY

Intuitively, the refinement takes into account all walks of length k in the graph.
Note that walks of length shorter than k are also captured via self-loops (because
of their different weights we are also always aware that a self-loop is taken and that
a specific tuple in the multi-set represents a shorter walk. As with the Weisfeiler-
Leman color refinement procedure, k-walk refinement can be iterated until it
reaches a stable refinement (after finitely many steps). We will write x'(v,u) to
designate the color obtained after i steps of the refinement (with x(v,u) = x°(v,u)).
Importantly, Lichter, Ponomarenko and Schweitzer |132] (Lemma 4) show that the
stable refinements of the k-walk refinement procedure is always reached after finitely
many steps and produces the same partitioning of vertices as 2-WL. That is, any
pairs (u,v) and (x,y) that receive the same label by 2-WL refinement, also have
X*(v,u) = x> (2, y).

All that is then left is to show that the stable W{[k| refinement uniquely
determines the RWSE,, feature vector for every vertex v. In particular, we show
that every entry of the RWSE, vector of any vertex v can be uniquely derived from
the W k| labeling of the pair (v,v). As we will show below in Proposition [4.3.5]
the k’-th entry of the RWSE vector for v, is uniquely determined by the number
of k’-hop paths beginning and ending in v, together with the degrees along every
such path. In the following, we observe that this combination of information can be
directly computed from the W{k| labeling of (v, v).

We first observe that X%)V[k](v,v) uniquely determines the degree of v. It is
equivalent to the number of k-walks that move to an adjacent vertex and continue

with self-loops for the £ — 1 remaining steps. That is:

degree(v) = degree(xlyy (v, v)) == [{(1, —1,—1,..., 1) € Xly(v.0)}|  (4.2)

Similarly, it is straightforward to recognize the original label y(v,u) from
XII/V[k] (v, u):

X(v,u) = =1 <= {=1}* € Xy (v, u) (4.3)
that is v = u if and only if u can be reached from v only through self-loops. Similarly
we can determine the other labels, and we only state the case for an edge existing
here:

x(v,u) =1 <= (1,-1,-1,...,-1) € xyp (v, u). (4.4)
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We can similarly retrieve the label x (v, ) from X%,V[k](v, u), since in any tuple of

the form
((X(Ula v2)7 X(/02> US)? s 7X(/Um717 /Um))
we know by Equation (4.3) and Equation (4.4) whether the respective pair of

vertices are adjacent or equal. We can then naturally iterate the definitions from
Equation and Equation . Thus, for every 1 < k' < k, we can directly
enumerate all paths from v to v by inspecting the multiset x?(v,v).

To complete the argument outlined above, we need to show that for every v, u,
x%(v,u) determines the degree of v. Now as above we can determine x(v,u) and for
each case observe how to obtain the degree. We have x(v,u) = —1, if and only if
there is a tuple for the walk (v, v,...,v) € x*(v,u) (and the tuple can be recognized).
The degree is then directly determined by the first tuple through Equation (4.2)).
Similarly, x(v,u) = 1, if and only if there is a tuple (v,u,...,u) € x*(v,u) that
corresponds to original labels (—1,—1,...,—1,1). We can thus again obtain the
degree from the first position of this tuple, and analogously for the 0 label.

In summary, we see that after 2 steps of k-walk refinement, every label of (v, v)
has enough information to uniquely determine all 1 to k-walks from v to v, together
with the degree of every node of the walk. As seen in the proof of Proposition [£.3.5]
this determines the RWSE, vector. ]

We note that the proof in fact shows a stronger statement than RWSE, being
at most as expressive as 2-WL. It shows that RWSE} is at most as expressive as
2-steps of k-walk refinement. This can be further related to equivalence under a
certain number of 2-WL steps through the work of Lichter, Ponomarenko and
Schweitzer [132].

This in itself has wide-ranging consequences. For instance, it is known that 2-WL
cannot distinguish strongly regular graphs [133], and therefore neither can RWSE.
For MoSE, there exist no such limitations (Figure beyond those dependent
on the choice of G (Proposition .

While MoSE cannot fully capture 2-WL, it is in fact possible to express RWSE,
for every ¢ > 2 as a special case of MoSE. In contrast to previous results, our
result here requires a node-weighting scheme that is not constant. However, even
straightforward node-weighting by degrees — which comes at no cost in practice
— is enough for our proof. Letting G consist of cycle graphs with size at most

¢ gives us the desired result.
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Proposition 4.3.5. For any ¢ € N, there exists a finite family of graphs G and
a weighting scheme w such that the node-level RWSE,(v, H) label is uniquely
determined by MoSEg (v, H) for all v and H. In fact, RWSE, is simply the
special case of MoSEg,,, where w : v — 1/d(v) and G = {C;}_,.

Proof of Proposition[{.3.5. We prove a statement stronger than our claim that
MoSE can uniquely determine the RWSE vector: we show that — for an appropriate
parametrization of MoSE — the MoSE vector and the RWSE vector of any node are
equivalent. That is, RWSE is a special case of MoSE.

Take any graph H and notate V(H) = {1,2,...,n}. For v,v' € V(H), define
P(v L ) to be the probability of starting a length ¢ random walk at node v and
ending it at node v’. Here, “length i” refers to the number of edges in the random
walk where we allow repeat edges, and “random walk” refers to a walk where each
step (say we are currently at node v) assigns a uniform probability 1/d(v) to moving
to any of the neighbors in N (v).

As shorthand, define M = D! A where D and A are the diagonal degree matrix
and adjacency matrix of H respectively. Let us first prove that (M), = P(v < v/)
for any nodes v, v’ € V' and for all powers ¢ € N by performing induction on i. The
base case ¢ = 1 holds trivially because we assume that random steps are taken
uniformly over neighbors. Assume as the inductive hypothesis that our claim holds

for some i > 1, and note that:
(M"Y, = (M'M"), , = zn: M,, - M,
z=1
but our base case and inductive hypothesis tell us that
i M,, M., = i Pv 2 2)- Pz 5 0.
a=1

=1

By the law of total probability:
> Pv Lx)- Pz 5 ') = P(v 25 o))

This completes the induction. Hence, for any node v in any graph H, the node-level

RWSE,, vector is equivalent to:

RWSE, (v, H) = [(Mi)wr = lP(v 2 u)r € R”.

i=1 i=1
Now, let us show that we can recover this random-walk vector using MoSE. Consider

the family of all cycles with up to k nodes G = {C;}%_,, and let w be the vertex
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weighting which maps any node to the reciprocal of its degree. Of course, the
“cycles” C} and Cy are not well-defined, so let us set C to be the empty graph (with
no nodes and no edges) and C5 to be the graph with two nodes connected by an
edge. We say that there are zero homomorphisms from C; into any other graph
purely as a notational convenience aligning with the fact that (M%), is always 0.

For each C; € G with i > 1, enumerate the nodes V(C;) = {ug, u1, ..., u;_1} such
that (ug, uer1) € E(C;) for all £ = 0,...,7 — 2 and (u;—1,u9) € E(C;). Take any
node v in any graph H, and define H; to be the set of all homomorphisms from
C; to G which map node ug € C; to node v € G. Each homomorphism in f € H;
can be constructed by making ¢ — 1 choices of node image f(u;) € N (f(up—1)) for
¢ =1,...,1—1such that f(uu_1)) € N(f(uo)) where we have fixed f(ug) =v. In
other words, each homomorphism f € H; corresponds to a i-edge walk (allowing edge
repeats) starting and ending at node v, which we will call W;. This correspondence
is described by taking the induced subgraph W; = G[f(C;)] where f(C;) is the

image of C; under homomorphism f. In the reverse direction, any i-edge walk
We: v= @ M oD 0 =y in H

that starts and ends at node v corresponds to a homomorphism f € H; which maps
f(ug) = v®. Hence, we have described a bijective correspondence between #H; and
the set of i-edge walks starting/ending at v.

For any f € H;, we have:

I wtro)= 1] 1/d(v) = T] 1/d(®)
veV (C; veWy =0

Since the probability of stepping from node v € V(W}) to node v+ € V(W)
in a random walk is simply 1/d(v(?), it holds that:

i—1
[11/d(") = P(Wy)
=0
where P(W5) is the probability of performing the random walk W;. Thus,
w-Hom,, ., (C;, ) = S P(Wy) = P(v 5 v)
feEH;
giving us:

MoSEg., (v, H) = lw—Homw(Ci,H)] = [P(v 2 v)} — RWSEy (v, H)

i=1 i=1
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Proposition immediately shows that RWSE < MoSE, and the example
from Figure demonstrates that this inclusion is in fact strict, giving us the

following theorem:

Theorem 4.3.6. Motif structural encoding is strictly more expressive than
random walk structural encoding: RWSE < MoSE.

Furthermore, we can extend the analysis above to RRWP encodings. In fact,
RRWP is a special case of pair-wise MoSE, where the patterns are paths with
the same weighting scheme as for RWSE.

Finally, we note that on the node-level, there are even cases where RWSE is
weaker than 1-WL. Specifically, there are nodes for which 1-WL assigns different
labels, but RWSE, assigns the same label for every ¢ > 1 (Example . There

are also, of course, instances the other way around.

Proposition 4.3.7. RWSE is incomparable to 1-WL in terms of node-level
ETpressiveness.

Proof of Proposition[{.3.7. One direction is shown in Example [£.1.1| which shows
two graphs G and H, with highlighted green and black nodes each. For every step
length ¢, RWSE produces the same node features for both green vertices (uy, us)
and both black vertices (vq, vy), respectively. At the same time, it is straightforward
to see that the 1-WL labeling of the green/black nodes is different in the two graphs.

For the other direction, we use the classic example comparing the graph G
consisting of two triangles and the graph H containing the 6-vertex cycle as drawn
below (Figure . It is well known that all nodes in both graphs have the same
1-WL label. In contrast, RWSE;3 labels the nodes in G differently from the nodes

in H, and the respective vectors are given below. O

Figure 4.2: The 6 vertex cycle (left) and the disjoint sum of 2 triangles (right) are
indistinguishable by 1-WL, but distinguishable by RWSE already after 3 steps. The
RWSE vectors in the respective graphs are all the same and are given next to the graphs.

Now that we have presented several theoretical results pertaining to the ex-
pressivity of MoSE, we will supplement this discussion with a complexity analysis

for computing these encodings.
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4.3.3 Complexity of Computing MoSE

From a theoretical perspective, the complexity of MoSE is very intricate. With
constant uniform weighting, counting homomorphisms from H to G is feasible in
time O(|G|**)) where tw(H) is the treewidth of H. It is known that this exponent
cannot be substantially improved upon [101]. The complexity of computing MoSE
encodings thus fundamentally depends on the choice of patterns and their treewidth.

As we show in Proposition [4.3.5], RWSE is simply a limited special case of MoSE
for one specific set of pattern graphs (cycles) and one specific weighting scheme
(w(v) = 1/d(v)). Cycles always have treewidth 2, and thus RWSE is always feasible
in quadratic time. However, RWSE cannot capture other treewidth 2 motifs that
MoSE can accommodate for essentially the same cost.

Practically, computing the homomorphism counts for MoSE is highly paralleliz-
able since the homomorphisms from each pattern can be counted independently
from one another. In our experiments, computing the MoSE encodings took only
a fraction of a second per graph (see Table in Section [£.4.8). By contrast,
training various Transformer models on these datasets took between 15-30 hours
for a single run. Hence, the time to compute MoSE is almost negligible overall.

In summary, we have provided theoretical results that relate the expressivity of
graph transformers with MoSE to the WL hierarchy. We show that MoSE provides
a strong inductive bias and is a principled and powerful way of capturing local
graph structure. More specifically, we prove that MoSE fully generalizes the popular
RWSE and RRWP encodings. We have also provided additional complexity analysis
for MoSE encodings. Now, we will evaluate the practical utility of these theoretical

results on a set of molecular datasets, as well as benchmarks from other domains.

4.4 Experimental Evaluation

We empirically demonstrate the efficacy of MoSE as a graph inductive bias on several
real-world datasets across a range of models. First, we provide a broad comparison
of MoSE with other positional and structural encoding methods using the GPS
framework [29] in Section Next, we specifically contrast the performance of
MoSE and RWSE (and RRWP) on the ZINC molecular dataset in Section [£.4.2)
and provide additional results on the PCQM4Mv2 dataset [134] in Section 4.4.3]
After that, we conduct experiments on the LRGB Peptides dataset [135] to show
the efficacy of MoSE on different types of molecules (Section .

To further highlight the flexibility of MoSE across multiple domains, we perform
additional experiments on the CIFAR10 [33| 136] and MNIST [33, [137] image
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classification datasets in Sections |4.4.5| and [4.4.6| respectively. Finally, we conduct

a synthetic experiment to further evaluate the expressivity of MoSE and its ability
to capture structural biases in Section [£.4.7 Unfortunately, we were unable to
evaluate MoSE on the COLLAB dataset [115] used in Section due to the high
computational cost of training graph transformer models on graphs of this scale.
Nevertheless, computing MoSE embeddings for COLLAB remains tractable for
suitable choices of motif families, suggesting that MoSE could still be effectively
combined with more computationally efficient architectures, such as MLPs or other
non-graph transformer models.

In an attempt to establish the viability of MoSE in the most general sense
and to align with previous works [1}, [27], we the use the trivial vertex-weighting
scheme in all our experiments where w always maps every vertex to 1. Additional

experimental details are reported in Appendix [B]

4.4.1 Comparing MoSE to Other Encodings

We begin by extending the positional and structural encoding analysis from GPS
[29] to include MoSE. We evaluate GPS+MoSE on three different benchmarking
datasets, including ZINC [33] 41|, PCQM4Mv2 [134], and CIFARI10 [33| |136].
ZINC and PCQM4Mv2 are both molecular datasets, whereas CIFAR10 is an image
classification dataset. Following the protocol from Rampaések et al. [29], we use
a subset of the PCQM4Mv2 dataset.

Dataset Setup. Recall that ZINC is a molecular dataset that presents a graph-
level regression task to predict the constrained solubility of a molecule. Following
Dwivedi et al. [33], we continue to use a subset of the ZINC dataset that contains
12,000 molecules. For this experiment, we also align with Rampdsek et al. [29] and
use the version of the ZINC dataset that includes edge features.

Similarly to ZINC, PCQM4Mv2 is a molecular dataset from the Large-Scale
Open Graph Benchmark [134], where each graph represents a molecule, with nodes
denoting atoms and edges denoting bonds. The dataset presents a graph-level
regression task to predict the DFT-calculated HOMO-LUMO energy gap of a
given molecule. PCQM4Mv2-subset is a subset of PCQM4Mv2. As mentioned
in Rampasek et al. [29], this subset samples the original PCQM4Mv2 dataset as
follows: 10% of the original training set, 33% of the original validation set, the
entire test set. This results in 322,869 training graphs, 50,000 validation graphs,
and 73,545 test graphs, for a total dataset size of 446,405 molecular graphs. In
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Table 4.1: Performance of different positional (PE) and structural (SE) encoding types
with the GPS model. MoSE consistently outperforms other encodings at relatively low
computational cost. MAE stands for mean absolute error, and Acc. stands for accuracy.

ZINC-12K  PCQM4Mv2-subset CIFARI10

Encoding PE/SE
MAE | MAE | Acc. T

none - 0.113=+0.007 0.1355+0.0035 71.49+0.19
PEGFarEig PE 0.161-0.006 0.1209+0.0003 72.10+0.46
LapPE PE 0.116+0.009 0.1201+0.0003 72.31+0.34
SignNetMLP PE 0.090+0.007 0.11580.0008 71.74+0.60
SignNet Peepsets PE 0.079+0.006 0.1144+0.0002 72.37+0.34
RWSE SE 0.070-0.002 0.1159+0.0004 71.96+0.40
MoSE SE 0.062+0.002 0.1133+0.0014 73.50+0.44

order to align with Rampések et al. [29], we use the exact same PCQM4Mv2-subset
graphs that they use in their original ablation study.

The original CIFAR10 dataset consists of 60,000 32x32 color images in 10 classes,
with 6,000 images in each class [136]. From this, Dwivedi et al. [33] generate a graph
benchmarking dataset by constructing an 8 nearest-neighbor graph of SLIC (Simple
Linear Iterative Clustering) superpixels for each image. The graph benchmarking
dataset maintains the same splits as the original image dataset, which contains
45,000 training, 5,000 validation, and 10,000 test graphs.

Experimental Setup. For ZINC, we construct MoSE using G = Spasm(C5;) U
Spasm(Cy) in accordance with Jin et al. [1]. For the PCQM4Mv2-subset, we use
G = Q% U Cg, which is the set of all connected graphs with at most 5 nodes and
the 6-cycle. For the CIFAR10 dataset, we simply use G = Q&' since there is no
prior domain knowledge that indicates a 6-cycle would be useful in this context.
We use the exact same model and training setup as described by Rampasek et al.
[29] and constrain our reported model to corresponding parameter budgets, which
are ~500K for ZINC, ~6M for PCQM4Mv2-subset, and ~100K for CIFARI10.
Following Rampasek et al. [29], we use 4 seeds for ZINC and CIFARI10, and 3
seeds for PCQM4Mv2-subset.

Results. Our results are presented in Table 4.1, The reported baselines for all
encodings except MoSE are taken from Rampések et al. [29]. We see that MoSE
consistently outperforms other encoding types, including a number of spectral
methods. Note that MoSE does not contain limitiations of LapPE such as sign
ambiguity. When compared to RWSE, a prominent structural encoding, MoSE
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achieves over 10% relative improvement on ZINC. Also, MoSE’s strong performance
on the CIFAR10 image classification benchmark highlights its effectiveness beyond

molecular datasets.

4.4.2 Graph Regression on ZINC

To expand upon our evaluation on the ZINC molecular dataset, we provide a more
in-depth set of experiments comparing MoSE to RWSE across a wide variety of
architectures with varying degrees of inductive bias (Tables and . We also
compare MoSE to the RRWP encodings proposed in the GRIT architecture [30].
All reported results are the average of 4 runs with different random seeds, and
specific hyperparameter details are provided in Appendix

For all experiments on ZINC, we follow Rampések et al. [29] and use a random-
walk length 20 for our RWSE encodings on ZINC. We continue to use § =
Spasm(C7) U Spasm(Cs) for MoSE encodings, which we also denote as MoSEg.
Recall that we are using the trivial vertex-weighting scheme for MoSE, where w
always maps every vertex to 1. Although this implementation does not fully recover
RWSE, we show that even this weaker version is enough to outperform RWSE
in practice. Intuitively, any reasonably motivated w increases the power of the
encoding, and we therefore consider the current experiments a robust baseline for
the performance of MoSE from which future work to explore the effect of more
specialized vertex-weighting schemes can build upon.

Furthermore, while it might seem natural to experimentally validate Proposi-
tion [4.3.5] our proof shows that the use of G = {C;}{_, and w : v > 1/d(v) will lead
to the feature vectors of MoSEg ,, being exactly the same as those obtained from
the respective RWSE,, making an experimental comparison unnecessary. Therefore,
although the motif sets in RWSEy; and MoSEg are not exactly the same, they
both contain a number of patterns with a maximum treewidth of 2. While MoSEg
contains smaller, more intricate motifs, RWSEy, corresponds to using significantly
longer cycles, which can traverse more distant regions of the graph. As such, this

comparison is both fair and insightful.

Comparing MoSE to RWSE across Multiple Architectures. Because
Rampasek et al. [29] find that RWSE performs best on molecular datasets, we
provide a detailed comparison of MoSE and RWSE across a range of architectures on
ZINC. We select a baseline multi-layer perceptron (MLP-E), a simple self-attention
Graph Transformer (GT-E), and GPS [29] for our models. Note that all models are

adapted to account for edge features, and we will outline the changes below. For
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reference, we include MPNN results for GIN-E [109] and its virtual-node extension
GIN-E+VN, which is inspired by recent results on virtual nodes [138].

Model Formulations. Here, we give definitions for the MLP-E and GT-E

architectures which are not taken directly from the literature.

MLP-E. Given a graph G and a node v € V(G), let the node representation
h{"Y) € R? be a vector concatenation of the initial node label and the structural or
positional encoding of v. To apply an L-layer MLP on G, we update each node

representation in parallel for t = 1,..., L:
h{) = ReLU (W(t>h§f‘1) + b(t)>, Vv eV(G) (4.5)

When edge features are available, MLP-E applies two MLPs in parallel to pro-
cess node representations and edge representations separately. That is, node
representations h{!) are learned according to Equation using a set of weights
{Wéé{ie,bgde}f:l, while the edge representations eq(i)v € R are learned using

a different set of weights:
el = ReLU(Wieli? + 8. ¥ (w) € B
fort =1,...,L.. Note that we do not require that d = d., and L = L..

GT-E. The GT model updates node representations by using scaled dot-product

attention [6]:

ng
h{") = MLP® (W((f)@w‘% 3 agf;hhg;—D) (4.6)
h=1 uweV(G)

W(t) ht=1) . W(t) | NG
h K,h'"%u (47)

(t) Q,h"%
« = softmax,,
( Vd

vuh =
for t =1,..., L. Here, the & symbol denotes vector concatenation, and softmax is
computed relative to the vector formed by iterating the expression inside the softmax
argument over u € V(G). When we are provided with edge labels that come from a
finite collection of discrete edge types, the GT-E models uses a learnable look-up
embedding to learn a representation ef&h € R? for every node pair u # v € V(G),

every attention head h =1, ...,ny, and every layer t = 1, ..., L. Non-adjacent node
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pairs (u,v) ¢ E(G) are assigned some pre-defined “null edge-type.” Then, these

edge representations bias the attention as:

(4.8)

v,u,h T

t — t — t
" (dot[wcg}hgj D, W RGN el })
o = softmax,,

» Cu,v,h
Vd

where

dotla, b, c|] = Zai b ¢

The node update equation of GT-E is defined by simply plugging in the edge-biased
attention values afjl’h given by Equation into Equation , the node update
equation. Our method of “biasing” attention values with edge representations
(Equation ) is inspired by the edge-type-aware graph transformer models of
Dwivedi and Bresson [28] and Kreuzer et al. [124].

The final node representations are sum pooled in order to produce a graph
representation hg. The MLP-E model additionally pools edge representations and

concatenates the edge pool to the node pool:

he= Y A for MLP, GT, and GT-E

veV(G)
he = ( 3 h,gL)) O ( > egﬁ;ﬂ) for MLP-E
veV(G) (u,0)EE(G)

Finally, an MLP prediction head is applied on hg to produce an output label.
Note that Equations only describe the essential aspects of our models;
when we implement these models in practice, we additionally include the usual
regularization/auxiliary modules at each layer (e.g., batch normalization and
dropout), as specified by the hyperparameter details in Appendix

Table 4.2: We report mean absolute error (MAE) for graph regression on ZINC-12K
(with edge features) across several models. MoSE yields substantial improvements over
RWSE for every architecture.

Model Encoding Type

none RWSE MoSE
MLP-E 0.60640.002 0.361+0.010 0.347+0.003
GIN-E 0.243+0.006 0.122+0.003 0.118+0.007
GIN-E4+VN 0.151+0.006 0.085+0.003 0.068+0.004
GT-E 0.19540.025 0.104+0.025 0.089+0.018
GPS 0.119+0.011  0.070+0.004 0.062+0.002
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Results. MoSE consistently outperforms RWSE across all models in Table [4.2]
Even though the graphs in ZINC are relatively small and a random-walk length
of 20 for RWSE already traverses most of the graph, our experiments show that
the structural information provided by MoSE yields superior performance.

We also note that GIN-E4+VN becomes competitive with leading graph trans-
former models when using MoSE. This highlights the effectiveness of MoSE in
supplementing the benefits of virtual nodes, an MPNN-enhancement aimed at
capturing long-range node interactions [138]. This is consistent with our theoretical
findings and aligns with recent results that suggest the use of virtual nodes can

improve the performance of MPNNs [13§].

Combining MoSE with RWSE. We also evaluate the combination of MoSE
and RWSE on ZINC with edge features. Namely, we report RWSE+MoSE results
where we concatenate the RWSE vector to the MoSE vector for a combined encoding.
We use the same ZINC dataset setup as described above. All reported results are
the mean of 4 runs with different random seeds.

Table 4.3: We report mean absolute error (MAE) for graph regression on ZINC-12K

(with edge features) across several models. MoSE yields substantial improvements over
RWSE for every architecture. Best results are shown in red, second best in blue.

Model Encoding Type
none RWSE MoSE RWSE+MoSE
MLP-E 0.606+0.002 0.361+0.010 0.34740.003 0.349-+0.003
GIN-E 0.24340.006 0.122+0.003 0.118=x0.007 0.117+0.005
GIN-E4+VN 0.151+0.006 0.085+0.003 0.068+0.004 0.064+0.003
GT-E 0.195+0.025 0.104+0.025 0.089+0.018 0.090+0.005
GPS 0.11940.011  0.070+0.004 0.062+0.002 0.06540.002
Results. From Table 4.3 we see that the comparison between MoSE and the

combination of RWSE+MoSE is less consistent. In models where there is global
information flow, such as MLP-E, GT-E, and GPS, using MoSE alone performs better
than the combination of RWSE+MoSE. In the more conventional GNN architectures
such GIN-E and GIN-E+4VN, the inclusion of MoSE improves performance over
RWSE, but due to the information propogation issues of GNNs, MoSE performs
slightly worse than the combination of RWSE+MoSE.
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Although RWSE+MoSE contains more information than MoSE alone, there
are other practical limitations of the combined encoding which may explain its
comparatively-worse performance on some models — e.g., the extra information
provided by two positional /structural encodings requires drastic changes in the
model hyperparameters, such as an increase in model width, which may degrade
performance more than the additional encoding information improves it (especially
if the two encodings contain redundant information).

Regardless, the differences between MoSE and RWSE+MoSE are minimal across

all models, and our experiment shows that MoSE alone is still highly competitive.

Comparing MoSE to RRWP. GRIT [30] is a recent graph transformer archi-
tecture that incorporates graph inductive biases without using message passing.
GRIT utilizes relative random walk positional encodings (RRWP) at both the node
representation level as well as the node-pair representation level. In our formulation,
GRIT+MoSE, we remove all RRWP encodings for both the node and node-pair

representations, and replace them with MoSE encodings at the node level.

Table 4.4: We achieve performance gains on ZINC by replacing the random walk
encoding from GRIT with MoSE. MP denotes if the model contains a local message
passing component or not.

Model MAE | MP
GSN 0.101+0.010 v
CIN 0.079+0.006 v
GPS 0.070+0.002 v
Subgraphormer+PE  0.063+0.0001 v
GT-E 0.195+0.025 X
GRIT+RRWP 0.059+0.002 X
GRIT+MoSE 0.056+0.000 X

Results. Using MoSE in conjunction with the GRIT architecture [30] yields better
results on ZINC, as detailed in Table 4.4, Recall that we substituted MoSE for
RRWP only at the node level, completely omitting pairwise encodings. This suggests
that even without explicit node-pair encodings, the relevant structural information
captured by MoSE still surpasses that of RRWP. This is especially interesting given
that GRIT is intentionally designed to exploit the information provided by RRWP,
insofar that Ma et al. [30] present theoretical results ensuring that GRIT is highly
expressive when equipped with RRWP encodings. Despite this, we show that GRIT

achieves superior empirical performance when MoSE is used instead of RRWP.
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4.4.3 Graph Regression on PCQM4Mv2-Subset

To supplement our reported results on PCQM4Mv2-Subset in Table [4.1] we
provide additional results for GPS+MoSE on PCQM4Mv2-Subset using differ-
ent pattern families. Specifically, we report results for MoSE constructed from
Spasm(C';) U Spasm(Cy), denoted as MoSEg, in addition to the results for MoSE
using Q¥ U (g, denoted as MoSEq.

Results for the other encoding types presented in Table are directly taken
from Rampések et al. [29]. In particular, Rampasek et al. [29] specify that they
use a random-walk length of 16 for RWSE on the PCQM4Mv2-Subset dataset.
Similarly to Section [4.4.2] although RWSE;5, MoSEgs, and MoSEg do not contain

the exact same underlying motif sets, they still provide a meaningful comparison.

Table 4.5: We benchmark GPS+MoSE on PCQM4Mv2-Subset. Our pattern families
are S = Spasm(C7) U Spasm(Cg) and Q = Q%" U Cgs. Results for other encoding types
with GPS are included for reference [29]. Both constructions of MoSE outperform existing
encoding types, especially RWSE. Best results are in red, second best in blue.

Encoding MAE |

none 0.1355+0.0035
PEG LaerEig 0.1209+0.0003
LapPE 0.1201+0.0003

SignNetMEF 0.11580.0008
SignNetPeerSets (). 1144+0.0002

RWSE 0.1159+0.0004
MoSEgs 0.113740.0034
MoSEq 0.1133=+0.0014

Results. FExperimenting with different pattern families, we see in Table that
both formulations of MoSE outperform existing encoding methods on PCQM4Mv2-
Subset. In general, it is also interesting to see that RWSE does not actually perform
the best of the existing methods (it does worse than both SignNet models), even
though PCQM4Mv2 is a molecular dataset. This suggests that perhaps longer cycles
are less relevant for this molecular task, and may explain why MoSEq performs
slightly better than MoSEs. Recall that MoSEq can capture many different graph

motif parameters that are not restricted to the Spasm of cycles.
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4.4.4 Graph Regression and Classification on Peptides

So far, we have evaluated MoSE on molecular datasets consisting of relatively small
molecules (e.g., ZINC and PCQM4Mv2). In order to further validate the effectiveness
of MoSE on a different class of molecular graphs, we conduct experiments on the
Peptides-func and Peptides-struct datasets. The Peptides-func and Peptides-struct
datasets were introduced in the Long Range Graph Benchmark [135]. Similar to
other chemistry benchmarks, each graph represent a peptide, where nodes denote
atoms and edges denote the bonds between atoms. However, peptides are generally

much larger than the small drug-like molecules in datasets such as ZINC.

Experimental Setup. Peptides-func presents a 10-class multilabel classification
task, whereas Peptides-struct presents an 11-target regression task. We compare
the performance of MoSE with motif patterns Spasm(C;) U Spasm(Cy), MoSE with
motifs QZ U T, and RWSE of length 8 because each of these three encoding
have similar “reach” (i.e., the edge-radius of each node encoding’s receptive field).
In order to isolate the power of our encodings, we decide to use a standard self-
attention Graph Transformer [28] as our reference model. Since this model does not
contain any built-in graph inductive biases, all expressive power is derived from the
encodings. Also, note that GT does not utilize the edge features provided in the
Peptides dataset because G'T does not receive the adjacency matrix as an explicit

input. Reported results are the average of 4 runs with different random seeds.

Table 4.6: We benchmark on the peptides-struct and peptides-func datasets using a
self-attention Graph Transformer to isolate the performance gains of MoSE vs RWSE.
Our pattern families are S = Spasm(C7) U Spasm(Cg) and Q = Q%' U Cs. Best results
are in red, second best in blue. -

Model Peptides-struct (MAE |) Peptides-func (AP 1)
GT+none 0.454+0.027 0.447+0.017
GT+RWSE 0.344+0.009 0.625+0.012
GT+MoSEs 0.339+0.007 0.635+0.011
GT-+MoSEq 0.318+0.010 0.629+0.011

Results. We see from Table 4.6| that MoSE outperforms RWSE on both datasets.
Due to our decision to use GT as our reference model, these results isolate the
performance gains of MoSE over RWSE;, since there are no other graph inductive
biases (i.e. message passing layers) included in the GT model. Furthermore, we

see that different constructions for MoSE yield varying performances on the two
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datasets, although both pattern families outperform RWSE. This highlights the
flexibility of MoSE in adapting to different tasks at hand. While we do not evaluate
non-graph transformer models on the Peptides dataset, we would expect to see
similar trends from Section where MoSE outperforms RWSE across a variety of
different model architectures. The results in this section mainly serve to demonstrate
the effectiveness of MoSE on larger molecular graphs, but additional experiments
comparing MoSE and RWSE using an MLP are presented later on in Section [£.4.7]

4.4.5 Image Classification on CIFARI10

Beyond molecular benchmarks, we also supplement our CIFAR10 results from
Table with a more in depth expreimental analysis. Recall that CIFARI10
is an image classification dataset, where the goal is to classify images into 10
different classes [136].

Our reported results in Table |4.1juse homomorphism counts from the family Q%'
We now experiment with a different pattern family constructed from Spasm(C;) U
Spasm(Cy). We also evaluate how performance changes when we use a larger model
that exceeds the 100K parameter budget. Results are reported as the average
of 4 runs with different random seeds.

Table 4.7: We benchmark GPS+MoSE on CIFAR10 with pattern families & =

Spasm(C7) U Spasm(Cs) and 2 = Q%' GPS+LapPE results are included for reference
[29]. Best results are in red, second best in blue.

Model Accuracy T Parameters

GPS+LapPE 72.31+0.34 112,726
GPSgnan+MoSEg 73.3440.50 110,188
GPSpig+MoSEs  75.00+0.59 267,134
GPSgnan-+MoSEq 73.5040.44 114,330
GPSpig+MoSEq  74.73+0.64 215,794

Results. Experimenting with different model sizes and pattern families, we see
that MoSE consistently outperforms LapPE on CIFARI10 (Table . We use
GPS+LapPE for reference here, since Rampések et al. [29] found that it performed
the best with their GPS model on this dataset. Furthermore, we see that larger
models tend to perform better, likely because they can better leverage the additional
information provided by the MoSE encodings.

We provide an additional comparison of our best GPS+MoSE configuration

and compare it against other leading GNN and graph transformer models in
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Table 4.8: Comparison of GPS+MoSE on CIFAR10 against leading GNN and graph
transformer based methods. GPS+MoSE performs the best across all models.

Model Accuracy 1
GCN 55.71+0.38
GIN 55.2641.53
GAT 64.22+0.46
GatedGCN 67.31+0.31
PNA 70.3540.63
DGN 72.8440.42
CRaWl 69.01+0.26
GIN-AK+ 72.1940.13
EGT 68.70+0.41

GPS(+LapPE)  72.31+0.34
GPS+MoSE  75.00=x0.59

Table 4.8, These results further solidify the effectiveness of MoSE on domains

beyond molecular modelling.

4.4.6 Image Classification on MNIST

Due to the success of MoSE on CIFARI10, we also evaluate GPS+MoSE on the
MNIST image classification dataset. The original MNIST dataset consists of 70,000
28x28 black and white images in 10 classes, representing handwritted digits [137].
From this, Dwivedi et al. [33] follow the same procedure as for CIFAR10 and
generate a graph benchmarking dataset by constructing an 8 nearest-neighbor graph
of SLIC superpixels for each image. The graph dataset also has the same original
dataset splits of 55,000 training, 5,000 validation, and 10,000 test graphs.

We conduct similar experiments on MNIST as we did for CIFAR10 in terms of
pattern families and model sizes. We do not grid-search GPS+MoSE on MNIST,
and instead we simply extrapolate from our hyperparameters on CIFARI0 to infer
our model configurations. All results for GPS+MoSE are the mean of 4 runs with
different random seeds, with GPS+LapPE provided for reference, since that was

found to perform best previously [29].

Results. Once again, we see that larger models tend to perform better (Table .
However, since MNIST is a simpler dataset, there is minimal performance gain, as

this benchmark seems quite saturated already. Comparing GPS+MoSE with other
leading GNN and graph transformer models in Table we see that GPS+MoSE
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remains competitive with leading GNNs, which contain message passing modules,

on MNIST image classification.

Table 4.9: GPS+MoSE on MNIST with various & = Spasm(C7) U Spasm(Cs) and
2 = QZFF configurations. Best results are in red, second best in blue.

Model Accuracy T ~Parameters
GPS+(LapPE) 98.051+0.126 100K
GPSinan+MoSEs  98.090-£0.050 100K
GPSpig+MoSEs  98.273+0.075 400K
GPSeman+MoSEq  98.135+0.002 100K

GPSpig+MoSEq  98.198+0.180 200K

Table 4.10: Comparison of GPS+MoSE on MNIST against leading GNN and graph
Transformer based methods. GPS+MoSE performs the best across all models.

Model Accuracy 1
GCN 90.71+0.22
GIN 96.49+0.25
GAT 95.54+0.21
GatedGCN 97.34+0.14
PNA 97.94+0.12
CRaWI] 97.94+0.05
EGT 98.17+0.09

GPS(+LapPE)  98.05+0.13
GPS+MoSE  98.27+0.08

4.4.7 Predicting Fractional Domination Numbers

To finalize our experimental evaluation, we generate a new synthetic dataset where
the task is to predict each graph’s fractional domination number. This target is an
inherently global proprety, so it relies on complex long-range interactions, unlike
other popular metrics (e.g., clustering coefficients) which are aggregations of local
properties. The target distribution of our dataset is complex (Figure , making
the task highly challenging, and fractional domination is important for a range of

applications, such as optimizing resource allocation [139].

Dataset Setup. Our sythetic dataset contains 10,000 randomly-generated Erdos-
Rényi graphs, where edge density varies between [0.25, 0.75] and the number of nodes

varies between [16, 32]. There are no initial node features or edge features provided.
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Figure 4.3: Plot of the distribution of fractional domination numbers for the graphs in
our synthetic dataset.

A fractional dominating function of a graph G is a weight assignment « :
V(G) — [0, 1] such that for every vertex v, the sum of the weights assigned to v
and its neighbors is at least 1. The total weight of o is given by >°,cy () @(v). The
fractional domination number of G is the smallest total weight of any fractional

dominating function on G [140].

Experimental Setup. We focus on isolating the performance of MoSE compared
to LapPE and RWSE. For this, we select a 4-layer MLP and a basic Graph
Transformer 28] as our reference models. Since MLP and GT do not receive
the adjacency matrix, initial node features, or initial edge features as an input:
the model must infer the fractional domination number using only the node-level
positional /structural encoding vectors provided. Hence, all structure-awareness
comes from the encodings. We choose G = Spasm(C7) U Spasm(Cs) for MoSEg,
random walk length 20 for RWSE, and dimension 8 for LapPE. We report the
mean of 4 runs with different random seeds. For each model, we do not perform
any hyperparameter tuning. In order to control for the large homomorphism
count values generated by MoSE on this dataset, we scale the raw counts down

by taking the log,, of the true values.

Table 4.11: MAE results for our synthetic dataset. MoSE consistently performs the best,
with MLP+MoSE even outperforming the Graph Transformer with LapPE and RWSE.

Encoding MLP GT

LapPE 0.482+.003  0.084+.001
RWSE 0.075+.001  0.061+.001
MoSE 0.058+.001 0.055+.001
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Results. Table shows that MoSE outperforms LapPE and RWSE across
both models. Strikingly, even the simple MLP+MoSE model outperforms the more
advanced GT+RWSE and GT+LapPE models. These results suggest that MoSE
is able to capture complex graph information in a context broader than just the
molecule and image domains. We also see that MLP+LapPE performs significantly
worse than all other configurations. This indicates that the self-attention mechanism
of GT is a key component in allowing the model to leverage spectral information
provided by LapPE. Furthermore, the comparable performance of MLP+MoSE and
GT+MoSE shows that, for certain tasks, MoSE provides a sufficiently informative
graph inductive bias, and complex architectures such as graph transformers are
not required to achieve strong performance. More broadly, this highlights the fact
that expressive structural encodings can enable simpler models, such as MLPs, to
perform competitively while benefiting from improved scalability and efficiency.
This thus concludes our experimental evaluation of MoSE. Across 3 diferent
molecular datasets and 3 datasets from other domains, we have shown that MoSE
is an effective and flexible graph inductive bias for capturing local (and to some
extent even global) structure. This in turn leads to stronger empirical performance

in many architectures with varying degrees of inherent bias.

4.4.8 Practical Runtime for Computing MoSE Encodings

We report the practical runtime for computing MoSE encodings on all datasets
used in our experiments in Table [£.12] From these reported times, we can see
that computing homomorphism basis counts is indeed extremely fast, which makes
our approach feasible for many widespread applications. Recall that it is also well
known that homomorphism counting is closely related to database theory, where
homomorphism counts can be formulated as SQL JOIN queries [117]. This unlocks
the possibility of integrating more complex graph motif parameters from relational
or tabular data into GNNs. It also allows for the computation of MoSE encodings
on larger datasets, which may currently be infeasible with other tools at hand.

Since MoSE generalizes popular encodings, we see it also as a way to trade off
more compute to achieve a more informative (and thus ideally better performing and
generalizing) encoding. For example, it is possible to start with quickly computing
RWSE-like encodings (since we have shown in Proposition that MoSE recovers
RWSE) using matrix multiplication, and then incrementally adding only the desired
motif patterns to G until a target expressivity level for MoSE is reached. This kind
of adaptability is not possible in RWSE or other popular encodings.
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Table 4.12: Time to compute MoSE embeddings used in all experiments reported as
elapsed real time (wall time). Reported times are normalized by dataset size (i.e. per
graph). Q&' refers to the set of all connected graphs with at most 5 nodes, and C;
is the cycle graph on i nodes. n¢g denotes the number of graphs in the dataset, and
[V] and |E| indicate the average number of nodes and edges respectively. Note that
2 denotes both Spasm(C7) U Spasm(Cg) and Q%% U Cg basis sets, and P denotes both
Spasm(C7) U Spasm(Csg) and Q%% basis sets.

Dataset ng vl 1B Basis Time
ZINC 12,000 23.2 49.8 Spasm(C;) U Spasm(Cs) 0.03s
PCQM4Mv2-subset 446,405 14.1  14.6 Both?® 0.05s
Peptides 15,535 150.9 307.3 Both?® 0.01s
CIFAR10 60,000 117.6 941.1 BothP 0.10s
MNIST 70,000 70.6 564.5 Both" 0.08s
Synthetic 10,000 23.5 137.9 Spasm(C;) U Spasm(Cs) 0.06s

4.5 Summary and Outlook

In this chapter, we have proposed MOTIF STRUCTURAL ENCODING (MoSE) as a
flexible and powerful graph inductive bias based on counting graph homomorphisms
(Section . We prove several theoretical results regarding the expressivity of MoSE
both in general (Section and in relation to other popular encoding schemes,
such as RWSE, and relate these to the expressive power of MPNNs through the
WL hierarchy more generally (Section . Empirically, we validate the practical
effects of our theoretical results, achieving strong benchmark performance across
a variety of real-world and synthetic datasets (Section .

In terms of specific theoretical contributions, we have proven that MoSE is
supported by expressiveness guarantees that translate naturally to architectures
using MoSE (Proposition. Additionally, we have proven that in a way, MoSE is
somewhat incomparable to the WL-hierarchy (Propositions|4.3.1jand 4.3.2)), whereas
the expressivity of RWSE is fully contained within 2-WL (Proposition [4.3.4)), no
matter the random walk length. We also show that it is possible to express RWSE
as a special case of MoSE (Proposition , and furthermore, that MoSE strictly
generalizes RWSE (Theorem . Regarding node-level expressiveness, we also
prove that RWSE is incomparable to 1-WL (Proposition as there are graphs

that can be distinguished by one but not the other, and vice versa.

For experimental contributions, we show that MoSE is able to achieve strong

performance gains over existing encoding schemes for the GPS graph transformer
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model on a variety of graph learning benchmarks (Section . Aligning with
our overall theme of focusing on molecular applications, we provide in depth
experiments on molecular property prediciton for the ZINC (Section and
PCQM4Mv2 (Section benchmarks, showing the real-world benefits of MoSE’s
ability to better capture local structure. This extends to larger molecular graphs
as well, with experiments on the Peptides dataset from the Long Range Graph

Benchmark (Section 4.4.4)).

Beyond molecular tasks, we also show that the benefits of MoSE extend to image
classification tasks on CIFARI0 (Section and MNIST (Section [4.4.6), demon-
strating that our results generalize to other domains. Finaly, we introduce a new
synthetic benchmark for predicting fractional domination numbers (Section ,
where we again see that MoSE provides strong graph inductive biases for weaker
models, such as MLPs (Section . The results also suggest that MoSE is able
to somewhat capture complex global structure as well.

Although our work provides a deeper understanding of the expressivity induced
by different graph inductive biases, several open questions remain. In particular,
the relationship between MoSE and spectral methods warrants further investigation,
and the full potential of the node-weighting parameter in our encoding scheme
has yet to be explored. For larger or more complex graphs, there may also be
practical limitations to the information gained from counting increasingly large
motif patterns. Additional work is also needed to investigate motif families beyond
the Spasm of cycles and set of all connected graphs up to a fixed size, which are
used in our current experiments. As mentioned previously, an important direction
for future research lies in learning important motifs automatically rather than
hand-selecting them. This may help avoid the inclusion of irrelevant motif features
that could act as noise and degrade model performance.

Overall, we find that graph homomorphism counts provide a strong theoretical
framework for introducing graph inductive biases into graph transformer models.
MoSE not only offers solid theoretical guarantees of expressiveness, but these
guarantees also translate into strong empirical performance across a variety of
datasets—particularly within the molecular domain. This chapter contributes to a
better understanding of how to capture local graph structure through positional
and structural encodings, which are essential for graph transformers and other archi-
tectures that lack inherent graph inductive biases. In the next chapter, we consider
a slightly different definition of local structure, but again highlight how informed

model representation decisions can have tangible impacts for molecular modelling.
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Leveraging Local Interactions to Capture
Global Symmetry in Periodic Crystals

In the previous chapter, we showed how MOTIF STRUCTURAL ENCODING is a
powerful encoding technique for capturing intramolecular local graph structure
within a single molecular graph. In this chapter, we consider the second notion of
local structural awareness, which pertains to intermolecular interactions between
molecular graphs in a periodic crystal. In particular, we introduce OXTAL, a
new generative model for molecular crystal structure prediction. By learning
local interactions between molecules, we are able to capture global crystal packing
symmetries and scale to much larger models and molecular crystals. More specifically,
we remove explicit model equivariance, we do not use a unit cell representation during
training, and we introduce a novel data augmentation scheme, STOICHIOMETRIC
STOCHASTIC SHELL SAMPLING, which is inspired by the crystallization process and
implicitly introduces soft symmetries. Due to the applied nature of this challenge,
the contributions in this chapter are more methodological and contain an in-depth
chemical analysis to highlight the practical relevance of OXTAL and the importance
of adapting local representations to the problem at hand.

The content of this chapter is largely based off of the work published in Jin
et al. [3], with theoretical results in Proposition completed in collaboration
with Alexander Tong, A-Transformer baseline results in Section completed
in collaboration with Andrei Nica, and chemical analysis results in Section

completed in collaboration with Chenghao Liu.
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Figure 5.1: Molecular crystal structures generated by OXTAL (color) compared to
ground truth (grey).

5.1 Introduction

In 1988, the editor of Nature, John Maddox, famously declared, “One of the
continuing scandals in the physical sciences is that it remains in general impossible
to predict the structure of even the simplest crystalline solids from a knowledge of
their chemical composition” [43]. Nearly forty years later, this problem of Crystal
Structure Prediction (CSP) remains one of the grand challenges in computational
chemistry [37H39]. In particular, given only a molecule’s 2D chemical graph, ab
initio molecular CSP seeks to estimate the distribution of experimentally realizable
3D crystal packings in an accurate and scalable manner.

This 3D arrangement of molecules within a periodic lattice dictates the macro-
scopic behavior of organic solids. For instance, in pharmaceuticals, crystal packing
governs solubility, bioavailability, and the long-term stability of active ingredients
, ; in material science, intermolecular geometry dictates charge transport,
porosity, and optical response—enabling applications across electronics, photonics,
sensing, and energy storage [143, [144].

The complexity of CSP is underscored by the nature of crystal formation,
wherein experimentally realized structures often occupy local minima of a highly
non-smooth and well-separated Gibbs free energy landscape (Figure |5.3). This
thermodynamic energy landscape is determined by the competition between the
intramolecular interactions that set the molecule’s own (flexible) conformation
and the long-range and weak intermolecular forces that dictate how molecules
pack together periodically . As a result, classical CSP approaches combine

a search procedure (e.g., enumeration or evolutionary algorithms) with oracle
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access to energy ranking models, such as force fields or quantum-chemical density
functional theory (DFT) [39, |145].

Unfortunately, classical CSP approaches often fail to capture realistic kinetic
conditions that lead to the distribution of experimentally sampled energy minima.
Consequently, these methods require the generation and optimization of ~1,000
to 100,000 structures per molecule—the majority of which struggle to go beyond
unfavorable local energy minima despite extensive computation. This is especially
difficult for flexible molecules, which contain many rotatable bonds that can lead
to several different 3D molecular conformations.

In fact, the computational cost of these brute-force methods is so significant that
the most recent 7th CSP blind test competition stated, “With more than 46 million
CPU core hours reportedly utilized for the structure generation phase of this
seventh blind test alone, we cannot avoid commenting on the need for the community
to carefully consider the economic and environmental impact of CSP. Scientific
research, and possible future blind tests, should better allow for the ethical use of
natural, computational and economic resources and focus on developing rational
and efficient algorithms for CSP, rather than naive brute force methods” [39].

Recently, generative approaches to modelling atomic systems—e.g., AlphaFold3 [11]
for biomolecules and MatterGen [18] for inorganic materials—have demonstrated their
ability to capture intricate 3D atomistic interactions directly from data. Molecular
CSP generalizes both of these, as proteins and inorganic crystals have a smaller set
of interactions; proteins pack into lattices under strong intramolecular constraints
mostly governed by their backbones [146], and inorganic crystals possess strong
covalent or ionic bonds across a smaller number of atoms (Figure [5.2a)). Protein
generative models also heavily rely on biological priors based on evolutionary
information captured by multiple-sequence alignment [10]. In contrast, small-
molecule crystals span chemically diverse scaffolds, exhibit rich conformational
flexibility, and often contain many molecular copies within a unit cell (Figure [5.2D)).
Accurately capturing these interactions requires a large and diverse training set,
highly expressive yet efficient to sample models, and training schemes that consider
periodic interactions in a crystal lattice without impeding scalability for large
model training.

In this chapter, we introduce OXTAL, an all-atom diffusion transformer model
for molecular CSP. Conditioned solely on the 2D molecular graph, OXTAL learns
to sample experimentally realistic crystal structures with accurate descriptions of
molecular conformers as well as their periodic packing. To enable large-scale

modelling, we train OXTAL on roughly 600k experimental molecular crystal

111



5. Leveraging Local Interactions to Capture Global Symmetry in Periodic Crystals

structures spanning rigid and flexible molecules, co-crystals, and solvates. OXTAL
builds on recent advances in all-atom generative modelling [11], discarding symmetry
representations of lattice vectors and associated crystal symmetries in favor of
training directly on Cartesian coordinates and employing SE(3) data augmentation.
We further introduce STOICHIOMETRIC STOCHASTIC SHELL SAMPLING (S%),
a novel lattice-free training scheme that retains the rich information of long-

range interactions.

Main Results. The key results from this chapter can be summarized as follows:

e We present OXTAL, the first large-scale all-atom diffusion model for molecular
CSP, that samples molecular crystal packing directly from 2D molecular graphs
(Section [5.4)).

e We introduce a crystallization-inspired training scheme for periodic structures, S,
which removes explicit lattice parametrization and enables more scalable training
(Section . We further bound the error due to S* in Proposition .

e Empirically, OXTAL significantly outperforms existing ML-based ab initio CSP
methods, achieving state-of-the-art results by over a magnitude across a variety
of metrics including collision rate, packing similarity rate, conformer recovery
rate, and approximate solve rate (Section .

e Compared to traditional quantum chemical methods, OXTAL remains competit-
ive in terms of collision and packing similarity rates, while being several orders
of magnitude cheaper (Section [5.5.3).

e We conduct a series of ablation studies on OXTAL to understand the impact
of various components, including the S* training scheme, S* radius size, model
size, and impact of enforcing explicit equivariance (Section [5.5.4)).

e We provide additional chemical analysis on inference and interpretability to
highlight OXTAL’s ability to model global symmetry and capture diverse

intramolecular and intermolecular interactions in crystal polymorphs, complex

co-crystals, and biomolecules (Sections [5.5.5{ and |5.5.6] respectively).

5.2 Related Work

Physical Approaches to Crystal Structure Prediction. Classical crystal
structure prediction (CSP) mostly applied search-based algorithms to sample a pre-
defined search space [39]. Some classical methods infused domain knowledge, such
as starting with initial guesses like a unit cell, and employed varying parameters,

random sampling [147-149|, guidance from force-fields [150], or constructed guesses
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based on chemical principles [151]. Recent methods have also applied more
structured search algorithms, such as simulated annealing [152, 153, genetic
algorithms [154, [155], particle swarm optimization [156], and basin-hopping [157].
While many such methods have shown varied degrees of success for different
applications [147-150, [157], they fundamentally rely on many calls to an expensive
evaluation function (e.g., energy computation using DFT) and struggle to leverage

prior data effectively.

ML Potentials. Computational complexity of DF'T and availability of large data-
sets [158-161] enabled the development of universal machine learning interatomic
potentials (MLIP) [34) 162-166] to predict energy and forces of different atomistic
systems (from small molecules to inorganic crystals) at a fraction of DF'T costs. The
next generation of physical approaches to CSP replaced DF'T with MLIPs and showed
benefits in material discovery [167] with the recent FastCSP model [168] applied to
organic CSP. Other recent search and optimization approaches have also replaced
DFT with machine learning interatomic potentials [165, |166| 168]. However, these
methods still rely on a search-and-rank procedure. In contrast, OXTAL does not

require explicit energy or function calls and performs zero-shot structure prediction.

Generative Models for Inorganic Crystal Structure Prediction. Recently,
generative models have emerged as a promising new paradigm for inorganic crystal
structure prediction. For inorganic crystal structures, which consist of a periodic
unit cell of atoms, generative models were first applied for unconditional de-novo
generation of new crystals [45] and later used for structure generation conditioned
on crystal composition |47, 49,169, 170]. The use of generative models has spanned
multiple modeling methods, including diffusion models with equivariant models
[47, 1169], symmetry-aware diffusion models [170], and flow-matching models on
specialized manifolds [49]. Recent work have also applied large-language models to
crystal generation and structure prediction with more varied success compared to
other methods [171,172]. In contrast to molecular crystals, which consist of discrete
molecules and exhibit rich conformational and packing polymorphism, inorganic
crystals typically comprise of smaller unit cells governed by strong inter-atomic
bonding, resulting in rigid continuous lattices rather than flexible molecular packing
(see Figure[5.2)). OXTAL relies on the notion of supercells and asymmetric units
but tackles the more complex challenge of organic CSP, where each “asymmetric

unit” contains organic molecules.
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Figure 5.2: Molecular crystals consist of distinct molecules held together via long-range,
weak interactions. They typically contain many atoms per unit cell and an unknown
number of molecule copies Z.

Protein Structure Prediction. Generating low-energy atomic arrangements is
not unique to CSP. In computational structural biology, the analogous task of protein
structure prediction (PSP) conditioned on a protein sequence has seen transformative
progress with landmark models like AlphaFold |10, |11] and ESMFold |173], achieving
high accuracy by generating conformations conditioned on a protein sequence. More
recently, generative models of protein structure have also found great success in the
de novo protein design problem |12, (174, 175]. These models work with a few dozen
residue types, compared to a larger chemical space in general molecular CSP, and
use evolutionary information not present in molecular crystals. Our model, OXTAL,
builds on the successes in protein structure prediction and de novo generation,
adapting insights from these problems to the organic crystal structure generation

problem, where the lattice structure and symmetries necessitate a tailored strategy.

5.3 Molecular Crystal Structure Prediction

Crystal Representations. Formally, a periodic crystal structure C is defined
by a pair (L, B). The first component L € R3*3 defines the lattice vectors forming
a parallelepiped known as the unit cell. The second component B = {(z;, u;)}¥,
is the basis, which consists of the N atoms within this unit cell. Each atom is
described by its species {z;}Y, and its fractional coordinates {u; € [0,1)3}Y,
relative to the lattice vectors, or equivalently, its Cartesian coordinates Lu;. For
molecular crystals, B naturally decomposes into Z molecules. The connectivity
of each molecule my, is given by a graph {gx = (Vi, Ex)}7_, (vertices/atoms Vj
and edges Fy; species labels z; are carried by the vertices). We next recall the

symmetries present in the periodic crystal structure C.
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Symmetries. Given C = (L,B) where (u; € T? := R3/Z?), the Cartesian

positions of atoms are,
X(L,B)={L(n+u): n€Z* i=1,...,N} (5.1)

Furthermore, two descriptions (L, B) and (L', B’) encode the same structure
if and only if there is a group action g in 3D, g := (R,t) € SE(3) such that,
X(L',B) = go X(L,B).

A periodic crystal admits an asymmetric unit A, the minimal subset that
recovers the entire unit cell by applying symmetry transformations of the crystal’s
space group. Conversely, a supercell can be obtained by an integer matrix U € Z3*3
with m := |det U| > 1, yielding CY) = (LU, BY)), the same infinite crystal in a
differing tiling. For example, U = ml;3 yields a cubic m x m x m supercell. A

formal summary of crystal symmetries is outlined below.

Crystal representation invariances

(S1) Global translation:
For ¢ € T3, (L, {(z;, u)}) = (L, {(zs,w +)}).
(S2) Global rotation:
For R € SO(3), (L, {(z, w)}) = (BL, {(z, u)}).
(S3) Permutation (reindesing):
For ¢ € Sy, (L, {(2:,u)}) = (L, {(2¢(), Te(@)) })-

(S4) Unit-cell change: Let U € Z3*3 with m := | det U| > 1.
o Unimodular basis change (m =1, U € GL(3,Z)):

(L {(z5,u)}) = (LU {(2:, U™ w)}), (LU (04U i) = L(Untwy).

o Supercell expansion (m > 1): Let R(U) C T? be a fixed set of coset
representatives for Z3/UZ? (so |[R(U)| = m). Then

(L {(z5,u)}) = <LU, Tz Yl 2 A= 1o A, 7 R(U)}),

since (LU)(n+ U *(u; + 7)) = L(Un + u; + ).

Molecular crystallization. Let g = {gx = (Vi, Ey)}7_, denote the set of mo-
lecular graph(s) and X'(g) the set of periodic, all-atom crystal structures compatible

with g. Due to the invariances, the physically distinct configurations form a quotient
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Energy

Figure 5.3: Schematic Gibbs free energy landscape for molecular crystallization, showing
multiple local minima corresponding to experimentally realizable polymorphs.

space M(g) = X(g)/~. Ab initio CSP can then be posed as conditional probabilistic
inference over equivalence classes [C] = [(L,B)] € M(g). An approximation of the

experimentally realized distribution under crystallization conditions N is:

m([C]]g) < m([C]1g) exp(—BAG(C)), B=7  (52)

where AG is the Gibbs free energy (thermodynamics), kx summarizes kinetic
accessibility (nucleation and growth pathways), kg is the Boltzmann constant,
and T is temperature.

In practice, learning and sampling must respect the symmetry of M(g), handle
strong coupling between intramolecular conformation and intermolecular packing
(especially in flexible molecules), navigate rugged kinetic and energy landscapes
arising from large unit cells (often > 100 atoms) and weak and long-range interactions,
and marginalize over unknown Z (i.e. number of molecule copies in a unit cell).

These challenges are distinct from most inorganic crystals, which are often
characterized by strong covalent or ionic bonds, contain < 30 atoms per unit cell,

and lack molecular conformers (Figure [5.2)).

5.4 The OXtal Model

We now describe OXTAL, our all-atom diffusion model for molecular CSP. As
outlined in Section , existing inorganic CSP models [49, (162] that rely on
equivariant architectures and explicit unit-cell parametrizations face scalability
challenges for large molecular crystals with unknown multiplicity Z. We thus

introduce S* training, which exposes the model to long-range periodic cues without
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(a) (b)

brick-wall, 1:1 herringbone, 2:1

Figure 5.4: (a) Molecular crystallization, showing nucleation and growth in successive
layers, which is the inspiration for S*. (b) Common packing motifs exemplified in co-crystal
polymorphs with 1:1 and 2:1 stoichiometric ratio.

ever parametrizing a lattice (Section . Second, we implement a high-capacity,
non-equivariant Transformer with data augmentation and strong molecular em-
beddings to capture symmetries (Section . Together, these choices decouple
what to generate (conformations and packing) from how the crystal is represented

during training (unit cell, Z, etc.).

5.4.1 Stoichiometric Stochastic Shell Sampling (S?)

Crystallization is a local-to-global process: once molecules approach contact dis-
tances, weak but specific interactions induce recurring motifs that propagate
periodically. Learning to denoise such local consistent neighborhoods should
therefore recover larger periodicity at inference time. Training on such subsampled
blocks reduces token size, provides natural augmentation, and mirrors the partial
observability of nucleation and growth (Figure |5.4(a))).

We formalize this idea in S*. Let CV) = (LU, BY)) be a supercell with molecules
m € M, where X (m) C R?® denotes m’s non-hydrogen Cartesian coordinates. We
next define the minimum-image intermolecular distance between two molecules,
in (M, M) = Millpex (m), wex(m) [ = 2'[|2-

Given a fixed contact radius rey, S* builds concentric shells S around a uniformly-
sampled central molecule m, ~ Uniform(.A) based on the molecular contact graph
induced by dupin(c, ) < Teut:

Se(me) ={m; € M : (k)reut < dpmin(me,m;) < (k4 D)reet, k£=0,1,2,... (5.3)

We sample the number of shells K ~ Uniform(0, k,,4,), and define the block
of molecules Vi = UJK:OSj. We cap block size by a token budget Tp,.x (atoms). If
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(a) (b)

Figure 5.5: (a) kNN cropping as used in AlphaFold3 captures only the closest interactions
(e.g. hydrogen bonds in trimesic acid, highlighted in blue) but does not capture more
distant interactions that are equally crucial for crystallization (e.g. 7-7 stacking in trimesic
acid, highlighted in red). (b) centroid-based approaches will create anisotropic crops in
elongated molecules, for example only capturing a 1-dimensional column (grey) in the
ellipsoid p-quinquephenyl, while missing peripheral interactions (red).

|Vi| < Tax we accept Vi; otherwise we choose the smallest K* with [Vi«y1| > Thnax
and subsample the frontier Sk« to meet the budget while preserving the crystal’s
molecular stoichiometry. For example, if molecule type i appears N/SY times
in A and N; times in Sk«, we sample molecules of type 7 in Sk~ with weight
w; oc (NMSY/N;). The resulting set is our training crop, denoted A qp.

Compared to ENN- or centroid-based heuristics, this “shell cropping” better
respects local interaction networks by respecting anisotropic packing motifs and
interactions beyond the strongest ones (Figure , while mitigating truncation
biases common in large-graph learning . The result is a scalable training scheme
that balances efficiency with physical fidelity, while leaving open the possibility of
future distributed inference. We see in Section that training with S* indeed
outperforms kNN and centroid cropping methods empirically.

We provide the full algorithm for S* cropping in Algorithm . Recall that for a
crystal C, M denotes the set of molecules within the crystal, A denotes the tokenized
atom array for all molecules m € M, and X C R? denotes the Cartesian coordinates
of each atom a € A. Note that for practical purposes, we assume M has a finite size.
Additionally, A is the crystal’s minimal asymmetric unit, and d is a pre-computed
intermolecular distance matrix, where d(4, j) = ming, cx(m;)z;ex(m;) |7 — 4] ]2.

Given a specified shell radius r.,;, we first sample a central molecule m, ~
Uniform(.A). Then, we assign all other molecules m; € M \ m,. to a shell layer,
as defined by 7.,. Note that each molecule m; can only belong to one shell layer.
Next, with probability (1 — ppax), we randomly sample how many shells to keep.
We then add complete shells of molecules to our selected set until the maximum

token budget T,,.x is reached.
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Algorithm 1 STOICHIOMETRIC STOCHASTIC SHELL SAMPLING

DN NN RN N N DD s s
NP WY © 0 TRy D

Input: M, A, A, d7 Tcut Tmaxa Pmax

m. ~ Uniform(.A) > Sample central molecule

M — M\ {m.}

Initialize S = 0, k + 1

while M # ) do > Compute shell layers around m.
Sk < {m; € M :d(me,m;i) < k-reur}
S%SUSk,M%M\Sk,/{%k—Fl

end while

bimax ~ Bernoulli(pyax) > Sample maximum number of shells Sy, .. to keep

. if by = False then

kmax ~ Uniform{1,... k —1}
S «— {517"‘7Skmax}

. end if

. Initialize Agop — A(Me), @ ¢ 1,
: while |Aop| < Thax do > Add full integer shells within token budget Tinax

if |Acop| + |A(S;)| > Timax then
break

end if

Acop ¢ Acrop UA(S;), 1 — i+ 1

. end while

: if 4 = 1 then > If no full shell fits, sample molecules according to stoichiometry

A op < ADAPTIVE STOICHIOMETRIC SAMPLING (A, m., A, Tiax, S1)

. end if

: return A,

If no complete shell can fit within the token budget, we adaptively sample

molecules in the first shell according to Algorithm [2] in order to preserve the

stoichiometric ratios of the molecules in A. Lastly, we note that it is possible to

deduce the underlying Bravais lattice of a large periodic point cloud by analyzing

the set of interatomic difference vectors (a Patterson analysis): in the resulting

Patterson function, lattice translation vectors appear as a high-multiplicity, regularly

spaced subset of the interatomic vectors, from which the lattice parameters (and

hence a primitive cell) can be recovered.
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Algorithm 2 ADAPTIVE STOICHIOMETRIC SAMPLING

1: Input: A, m., A, Thax, S

2: Calculate proportion of each molecule type p, = I{miEAztﬁr(mi):t} |

3: Initialize ideal targets: R; <— round(p; - |S|) for each type ¢

4 Agrop < A(me), Rigpe(m.) < Riype(me) — 1 > m, is already pre-selected
5:

6: while |Acop| < Tiax do

7 Bucket remaining molecules by type: B, = {m € S : type(m) = t}

8: Compute adaptive weights for each type:

9: for all t € T with B; # () do

10: wy < Ry /| Byl

11: end for

12: Normalize weights to probabilities: P/ = w;/ >, wy

13: Select type t’ randomly according to probabilities P/

14: Sample m’ ~ Uniform(By)

15: if |Acop| + |A(M')| > Tinax then

16: break > Stop if adding this molecule exceeds token budget
17: end if

18: Aop < Acrop UA (M)

19: S+ S \ {m’}, By < By \ {m’}, Ry +— Ry —1

20: end while
21: return A,

Finally, we bound the error due to cropping. In the next proposition, we show

that the error in the loss due to cropping with S* decreases with the cube root

of the number of tokens.

Proposition 5.4.1. Let 0A ,p = {{u,v} € E:u € Ay, v & Ay} represent
the boundary of A.mp. Denote the number of atoms in a volume C as T(C).
Let Ly(Acrop) = Xfuw}cono,, L(u,v) be the boundary loss. Assuming 3r° s.t.
L(u,v) = 0,Vu,v s.t. |lu—v|| > 7°, i.e. L islocal, and there exist 0 < a < b < oo
s.t. a|S| < T(S) <b|S| for any S C V. Then,

LB(Acrop)

T(A crop) =O0((1+ Tcut)T(Acmp)_l/3) (5.4)

To prove this proposition, we first label our assumptions.
A1l Locality. Jrg s.t. L(u,v) =0 for all u,v s.t. ||lu—v|| > rg

A2 Uniform Density. there exist 0 < a < b < 00 s.t. alS| < T(S5) < b|S]| for
any S C V.
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Next we investigate the S* algorithm. We first recall the definition of shells and
Acrop:

Sk(g:) =1{g: € CO) ko < d(ge, g:) < (k+ Drews}, k=0,1,2,... (5.5)

where d is the distance between molecules g. and g; in the infinitely repeating lattice,
and 7.y is some predefined contact radius. Molecules from each subsequent full
shell k are added until |Vjy1| > Tinax, where Thax is the crop budget. If at least one
full shell fits, we train on the crop Acop = {gc} U Upex Sk- This implies that Acop
can be well approximated by a ball centered around g, of radius (k + 1)rcy;-

We define the ball of radius 7y = reutk as By = Upex Sk. First, we present a

short lemma to show the number of neighbors of a node is bounded.

Lemma 5.4.2. We define the edge neighborhood of g as N'(g) = {{u,v} s.t. u =
g N L(u,v) > 0}. Assuming [A1] and [A2], we have a uniform bound on the degree

N(g)| <C (5.6)
for some C' independent of g.

Proof. This follows from considering a ball of radius r, around ¢g. That ball has
volume V = 3r3. Using [A2], we have that the token count T'(By(g)) < %ri, and
therefore |[N(g)| < 4r} which is independent of g. O

We next note that for a regular lattice structure we have the following inequality
for the size of the boundary relative to the total volume. Specifically for a

lattice we have:

Lemma 5.4.3. For 0 < a < b < o0 on a 3D lattice, we have the following

relationship between a sphere’s surface area and volume: a|By|*® < |0Bi| < b|Bi|*/.

We note that the constants are due to discretization error and locality. As we
approach the continuous limit (i.e. & — o0), the bounds become tight.

Next, we have to bound how well A, is approximated by a ball of radius k.
Lemma 5.4.4. For some constant 0 < ¢ < 00, OA ,op < OBy + 1 cut| Br| /3.

Proof. We first note that By C A..op by construction of Ag..,. This means that
we can consider A, as all the molecules in By plus (possibly) some additional

molecules in Sk(g.). We can then bound the total surface area as

|0Acrop| < |0Bg| + |95k (gc )| (5.7)
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however we know that the surface area of molecules in S(g.) is bounded by the

number of nodes in S, and some constant.

10Sk(gc)| < c|Sk]
= c((reut(k + 1))3 - (Tcutk):S)
=crd (3K* + 3k + 1)

< erd k2

cut

S CTcut|Bk|2/3

which combined with equation proves the lemma. ]
We are now ready to prove the main proposition.

Proof. Assuming Lg(Acop) is based on a sum of pairwise interaction terms i.e.

Lo(Acrop) = > Lu,w) (5.8)

{u7v}eaAcrop

Lemma allows us to first analyze L£5(By) then use Lemma for the final
bound.

Lo(Br)= > L(u,0v)
{u,v}€0B
<
< ¢|OBy| umax L(u,v)

using Lemma

< c]Bk]2/3{ max L(u,v)
u,v ye0by,

Assuming [A1], [A2], and Lemma [5.4.2]
< o T(By)|**

Combining this with Lemma we have the final result

L(?(Acrop)

T(Aeop) O((1 + reut) T (Acrop) %)

]

As a reminder, this proposition implies that the boundary surface becomes

less of an issue as the number of tokens grows.
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Implementation Details. In practice, we begin by first considering a 3 x 3 x 3
crystal supercell CV), where U = 315. For each input crystal, we sample a molecule
m. from the asymmetric unit of the central unit cell. After analysing the distribution
of intermolecular distances for all crystals in the training set, we select 7oy = 4.5 A
(see Figure . Furthermore, in order to encourage the selection of larger Ac.qp
blocks, we set ppax = 0.8 and T, = 640. We provide additional hyperparameter
ablations of 7., below in Section [5.5.4]

4 %108
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2 x 108
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=
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Figure 5.6: Truncated distribution of intermolecular distances in the processed training
dataset. We use a cutoff radius of 4.5 A to define the contact graph for shell growth, but
experiment with other shell radius sizes in Section

5.4.2 Model Architecture

OXTAL is comprised of: (1) an Atom encoder that embeds both physical and
structural information; (2) a Pairformer trunk that propagates information across
all atoms in the crop; (3) a Diffusion module that takes in the single and pairwise
representations and outputs a generated crystal structure. The overall architecture
of OXTAL is depicted in Figure [5.7

Atom Encoder. Given an input SMILES sequence s, we generate a 3D conformer
with RDKit ETKDG followed by relaxation by the semi-empirical quantum chemical
method GFN2-xTB . The atomic number, positions, formal charges, Mulliken
partial charges, and bond information are used as feature embeddings for the model.
Finally, we resolve ambiguity of identical molecular copies via relative position
encoding on entity identifiers [11].
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Predicted crystal
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Figure 5.7: Overview of OXTAL architecture.

Pairformer Trunk. We adapt existing state-of-the-art architectures for protein
folding to generate single and pair representations for each molecular crystal [11].
Instead of tokenizing protein residues, we simplify the tokenization such that each
token directly represents a single atom a; in the molecule. We then apply the
Pairformer stack from AlphaFold3, which leverages triangular self-attention to
update the single and pair representations. Unlike AlphaFold2, which relied on
the equivariant Evoformer [10] architecture, this simpler Pairformer module is not

explicitly equivariant, allowing for training on larger sequences.

Diffusion Module. The design of our diffusion module follows that of AlphaFold3
[11], consisting of an atom attention encoder which combines token information
given by the Pairformer with an encoded representation of z;. This is followed by
a large 7T0M parameter diffusion transformer [71], before a final atom attention
decoder predicts the denoised atomic positions. We broadly follow [178] for pre-

conditioning of model inputs.

Architecture. Our model adopts the AlphaFold3 (AF3) architecture via the
public Protenix implementation [179]. We adopt Algorithm 5 from Abramson et al.
[11] to embed the reference conformer into the atom encoder. Atom-level tokens with
relative position and entity encodings are processed by an AF3-style Pairformer
trunk with recycling to produce single and pair representations; the multiple
sequence alignment (MSA) and RNA language model (LM) pathways are disabled
in all reported experiments. These representations condition a structure-denoising
head consisting of an atom-attention encoder, a transformer-based diffusion module,
and an atom-attention decoder that outputs 3D coordinates. We also provide a

diffusion module size ablation in Section [(.5.4]

124



5. Leveraging Local Interactions to Capture Global Symmetry in Periodic Crystals

5.4.3 Training

OXTAL is trained using a procedure similar to those successfully employed for protein
structure prediction [11]. The training objective is a composite loss designed to
capture both the global structure and the accuracy of the local chemical environment.
This loss is comprised of two main components: (1) a mean squared error loss L,
(2) a smooth local difference distance test Ly ppr as defined in Abramson et al.
[11]. Both losses compare the predicted structure &y := Dy(zy,t) and an aligned
ground truth structure xf;“g“ = align(xo, Z9), and the latter emphasizes the pairwise
interactions within the crop via a surrogate of the interatomic distances. To round
off our training, we also include a distogram loss on a separate head branching from
the trunk cdm(d, d) to ensure the trunk output contains binned pairwise distance

information. The final loss is then a weighted sum of these components:
L) = EtwL{(O,l),thpt(xt|:pglign) [ﬁmse(i’m 23" + Loopr (o, $3hgn)} + Aaist Laist (d, d).

We use a combination of losses to encourage accurate structure prediction on
both the global and local scales. Below, we provide a detailed description of the
SmoothLDDTLoss and distogram loss that is taken from the literature.

SmoothLDDTLoss. The smooth local distance difference test (SMOOTHLDDT)
loss is a smooth form of an existing LDDT loss [180]. The LDDT measures how
well two structures align over all pairs of atoms at a distance closer than some
predefined threshold. For us, this is Ry = 15A. These pairs of atoms form a set
of local distances L. The LDDT score is the average of fractions at four distance
thresholds: [0.5, 1.0, 2.0, 4.0] Angstroms. The Smooth LDDT test, instead of
using a binary test of whether or not the local distances are on the same side of
the threshold, uses a sigmoid function. Let
L= |lz—a"|

LGT — ||xG’T o (.TGT)TH

§ = abs(L — L¢T)
€= i sigmoid(; — §) + sigmoid(1 — 0) + sigmoid(2 — §) + sigmoid(4 — 0)
mask =0 < 15
Then the SMOOTHLDDT between two molecules of size d is:
SMOOTHLDDT (z,2") = > (e - mask)/(d(d — 1)) (5.9)
Our SmoothLDDT loss is then equal to

Lappr(z,z¢7) = SMOOTHLDDT (z, ALIGN (2%, 2)) (5.10)

where ALIGN(a,b) performs an optimal rigid alignment of a to b in 3D.
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Distogram Loss. The distogram loss is used to supervise the prediction of
pairwise inter-atomic distances by framing distance prediction as a classification
problem. For an atom array of length L, a distogram is an L x L matrix in which
each entry corresponds to the distance d;; between atoms ¢ and j, discretised
into K distance bins.

Given a predicted probability distribution p;; € R¥ over distance bins and
a one-hot encoded ground-truth label y;;, the distogram loss is defined as the

categorical cross-entropy:
1 K
Laist = 7z Zkz:lyuk 10g pijj- (5.11)
[2¥} =

This formulation avoids direct regression of continuous distances, improv-
ing training stability and allowing the model to represent uncertainty over spa-

tial relationships.

Training Data Processing. We next curate training data from the Cambridge
Structural Database (CSD, including releases up to May 1, 2025) [36]. With over 1.3
million entries total, the CSD is the world’s largest curated dataset of experimentally
determined crystal structures. It includes structures derived from X-ray, neutron,
and electron diffraction analyses, covering a wide range of organic and metal-organic
compounds. The database is widely used in the pharmaceutical, agrochemical, and
fine chemicals industries for various different research and development initiatives.

To build our training dataset, we filter the CSD under the following criteria:
1. 3D coordinates are present
2. The conventional R-factor < 9%
3. The structure is derived from single crystal diffraction at ambient pressure
4. The structure is not polymeric
5. The structure can be sanitized by RDKit with no missing heavy atoms
6. There is a known space group

7. At most 250 non-hydrogen atoms are present per unit cell
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To avoid leakage, we exclude any entry belonging to a test crystal family and
any entry containing a molecular component that appears in test sets. To avoid
oversampling certain clusters within each crystal family, near-duplicate polymorphs
are collapsed using RMSD5 < 0.25 A, retaining the entry with the lowest R. Our
final training dataset contains 594,202 crystals in total.

For data preparation, crystallographic disorder is resolved by selecting the
disorder group with the highest occupancy. We remove hydrogens for training
and extract kekulized bonds from crystallographic metadata. Prior to building
supercells, molecules of the crystals are centered to lie within the unit cell, and the
unit cells are transformed to their unique Niggli-reduced (i.e. most primitive) forms.
Supercells are constructed by tile translation T;;, = ta+jb+kc for ¢, j,k € —1,0,1

such that molecules with centroids inside the supercell boundary are included.

5.5 Experimental Evaluation

We evaluate OXTAL on several different datasets for molecular CSP, using a diverse
set of metrics to probe different aspects of generation quality (Section . We
begin by first comparing OXTAL against a range of ML ab initio baselines on a
set of both rigid and flexible molecules (Section [5.5.2)). We then evaluate OXTAL
against several traditional energy-based methods on the 5th, 6th, and 7th CSP
blind tests (Section . Finally, we supplement these results with additional
ablation, inference, and chemical analyses in Sections to [5.5.6] respectively.
Additional experimental details are provided in Appendix [C]

5.5.1 Evaluation Protocol

We adopt standard CSP evaluation metrics and report both sample- and crystal-

level scores for all experiments:

1. Collision rate (Colg): Fraction of generated samples with any intermolecular
distance < 7, — 0.7 A where 7, is the sum of atomic van der Waals radii [181].
Collisions suggest physically infeasible interactions and should be minimized.

We use 0.7 A since the strongest intermolecular interactions are ~ 1, — 0.6 A.

2. Packing similarity rate (Pacgs and Pacg): Using CSD COMPACK, a sample
matches if at least 8 of 15 molecules can be aligned to the experimental cluster
(cluster size as defined per CSP5 [37]). Pacg averages over all samples and

Pacc is the fraction of crystal targets with at least one match.
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3. Conformer recovery (Recg and Rece): RMSD;< 0.5 A (non-hydrogen) to a
solid-state conformer. Recg averages over all samples and Recc is the fraction

of crystal targets with at least one match.

4. Approximately solved (évolc): Any collision-free, packing-similar sample with
RMSD;s< 2 A on a 15-molecule cluster.

These four metrics jointly probe physical plausibility (Colg), packing similarity
(Pacg, Pace), intramolecular fidelity (Recg, Rece), and a holistic approximate
solve indicator (SA/OIO). Reporting both sample-level and crystal-level aggregates
is essential: the former characterizes the distributional quality of all proposals,
while the latter answers whether a target was recovered at least once. Concretely,
crystal-level rates are an OR-aggregation over a target’s samples. Evaluating both
crystal and sample level metrics together helps diagnose failure modes such as mode

collapse (high Pace with low Pacg) and low recall (the reverse).

Thresholds and Interpretability. We adopt community conventions for eval-
uation of our RMSD,, thresholds [182]:

« RMSD;5; < 1.0 A typically indicates the predicted packing reproduces the
experimental match and lies in the exact energy basin as the experimental
structure. This metric is the one used by the 5th CSP blind test [37].

« 1.0—2.0 A usually indicates the prediction shares the correct topology with
mild lattice strain or small reorientations. If the H-bond graph, Z/7’, density,
and PXRD (powder x-ray diffraction) are consistent, this is very likely
recoverable to < 1 A with a brief local relaxation. Otherwise, the structure
is often structurally related to the ground truth (i.e. in or near the correct
packing motif/topology or space group but with slip, molecular misorientation,
or a cell mismatch). It demonstrates that the method can correctly identify
the neighborhood of the global energy minimum, even if it can’t pinpoint the

exact minimum itself.

e 2.0—3.0 A typically indicate a significant mismatch. At this level of deviation,
key intermolecular interactions, like hydrogen bonds, may be incorrect. The
overall packing symmetry might also be different. However, the prediction
might still capture a general feature of the packing (e.g., identifying a layered

structure vs. a herringbone packing).
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« above 3.0 A, these values are generally not considered useful. The deviation
is so large that the predicted structure is almost certainly in a completely
different and incorrect energy basin. Any similarity to the experimental

structure is likely coincidental.

Our Solc (collision-free, packing-similar, RMSDy5 < 2A) metric is a thus a
strict, early-stage indicator: not completely “solved,” but reliably near-correct

for downstream relaxation and re-ranking.

Packing Similarity for Non-Periodic Predictions. Our generators output
finite blocks without periodic conditions. For large inference blocks, it is possible to
identify translation vectors that map the finite cluster onto itself (e.g., by correlating
molecular centroids or local environments), least-squares fit three independent
vectors to define a primitive lattice, and convert atoms to fractional coordinates.
Nevertheless, CSD COMPACK can be directly used for robust alignment of a block
against a crystal structure while preserving standard CSP rigor. First, we employ
standard practices of avoiding hydrogen-atom alignment and allowing mismatches
in connectivity annotations (e.g., bond orders). In the absence of periodic images,
greedy pruning can miss valid correspondences; therefore for all methods (including
DFT baselines) we use a search time of 10 seconds with a distance threshold of
50% and angle threshold of 75 degrees. This enables reliable COMPACK outputs
on non-periodic inputs without diluting the criterion: acceptance still hinges on
multi-molecule superposition (15-molecule cluster, > 8 matched) and the same
RMSD,, thresholds used in periodic CSP benchmarks.

5.5.2 Molecular CSP on Rigid and Flexible Datasets

First, we compare OXTAL to ab initio ML models on two different test sets comprised
of representative rigid and flexible molecules with ground-truth structures in CSD.

Specific dataset and baseline details are provided below.

Dataset Setup.  We construct our rigid and flexible datasets using crystals
from the Cambridge Structural Database (CSD), following the processing procedure
outlined in Section [5.4.3] The rigid dataset is comprised of 50 molecular crystals,
and the flexible dataset is comprised of 16 molecular crystals. Many of these crystals
were selected because they appeared in previous CSP blind test competitions (i.e.
CSP blind tests 1-4) [183-186], or because they are practically relevant to industrial

applications. We also select a number of newly-released crystals to evaluate the
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generalizability of our model to recent data. We generally define rigid molecules to
contain 0-3 rotatable bonds, and flexible molecules to contain more than that. We
note there is a small nuance in flexibility, as we refine it in the molecular context
(by ring restriction or number of known polymorphs, etc.), this means crystals
such as rubrene (QQQCIG), tetraphenylporphryin (TPHPOR), CL-20 (PUBMUU)
are defined as “rigid;” ROY (QAXMEH), galunisertib (DORDUM), sulfathizaole
(SUTHAZ), flufenamic acid (FPAMCA) and YOPYEL are defined as “flexible.”
Exact CSD identifies for each dataset are listed in Appendix [C.1]

Ab initio Machine Learning Baselines. Most ML methods for inorganic CSP
are incompatible for molecular CSP due to the differences outlined in Section
Therefore, we compare OXTAL against two ab initio machine learning baselines: (i)
A-Transformer, a lightweight all-atom transformer trained with flow matching on

our training dataset, (ii) the publicly released ASSEMBLEFLOW-ATOM model [187].

A-Transformer Model. A-Transformer is a lightweight transformer encoder
operating on atom tokens with unit-cell features. Each atom embedding includes
element and charge information, time ¢ € (0, 1], molecular fingerprints, and, when
enabled, unit-cell lengths (a, b, c) and angles («, 3,7). Two output heads are used:
a coordinate head (R? per token) and, optionally, a rotation head (unit quaternion,
disabled in our main runs).

The objective is rigid-cluster translation flow matching in R?. We linearly

interpolate between ground-truth translations sy and random in-cell starts sy,
s¢=(1—1t)sg+tsy, t~ Unif[tmm,1],
and predict denoised coordinates zy. The loss is an x( regression term:

L= )\trans Z Hx(()l) - i(()l)H2

At inference we integrate from t=1 to t,,;, with Euler steps, producing clusters
in a P1 box. This predicted unit cell is then expanded for supercell evalutaion. This
baseline is deliberately minimal: it ignores rotation flow matching and lattice predic-
tion, relying solely on translation flow matching and unit-cell features. It provides
a capacity-matched reference against which to measure the benefits of OXTAL’s

architecture and training. See Appendix for specific hyperparameters.
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Figure 5.8: Example crystal packings generated by A-Transformer, AssembleFlow, and
OXTAL compared to the ground truth (left).

AssembleFlow. We evaluate the newly released ASSEMBLEFLOW-ATOM model
[187] using the authors’ checkpoints without re-training or fine-tuning. For each
molecule we generate clusters of 15 rigid copies from an RDKit ETKDG conformer,
applying random rotations and translations with uniform offsets [—S, S]?, where
S € {10,15,20} A. Three seeds {42, 7,2024} and seven checkpoints yield 63 samples
per molecule. To standardize evaluation, we randomly sample 30 outputs per crystal
and compute metrics on those. AssembleFlow enforces rigid-molecule assembly and
provides a strong baseline for rigid-packing quality, but is unable to handle flexible
molecules, as reflected in the results presented in Table [5.1]

Experimental Setup. For each model, we generate and evalutae ng = 30 samples
for each crystal target. For OXTAL and AssembleFlow, we generate a supercell
cluster of 30 molecules. Recall that A-Transformer is a unit-cell based model, so
we expand the predicted cell to the appropriate size for comparison. All crystals
in both rigid and flexible test datasets were excluded from training for both A-
Transformer and OXTAL. However, we cannot guarantee the public pre-trained
version of AssembleFlow did not train on any of these molecules.

Results. OXTAL outperforms existing MLL methods across all metrics on both
datasets. Intramolecularly (Rece), OXTAL recovers over 90% of solid-state mo-
lecular conformers in the rigid set and half of the conformers in the flexible set.
Intermolecularly, Colg is near zero on rigid targets and low on flexible ones. OXTAL’s
predicted packings also attain a strong packing similarity rate against experimental
structures, with approximate solves for both rigid and flexible molecules.
Qualitatively (Figure , A-Transformer struggles to capture meaningful
conformers despite being given the number of molecule copies Z, highlighting
the limitations of a unit cell based model. AssembleFlow generates molecular
assemblies with large spatial separations that lack periodicity (also reflected in low
Pacc and Pacg scores), along with frequent interatomic clashes. Overall, results for
OXTAL are generally an order of magnitude improvement on current ML methods,
which are essentially unable to approximately resolve any crystal packings.
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Table 5.1: Performance of ab initio machine learning models on both rigid and flexible
molecular CSP. OXTAL achieves an order of magnitude improvement and is the only
model able to approximately solve any crystals in the flexible dataset.

Model Colg | PacgtT PaccT RecsT Rece T éac T
Rigid Dataset

A-Transformer 0.731 0.015 0.060 0.033 0.120 0.060
AssembleFlow  0.524  0.001 0.040 0.211 0.760 0

OXtal 0.011 0.873 1.000 0.737 0.960 0.300
Flexible Dataset

A-Transformer 0.874 0.002 0.063 0 0 0

AssembleFlow  0.850 0 0 0 0 0

OXtal 0.167 0.410 0.813 0.056 0.500 0.125

Zero-shot Evaluation with AlphaFold3. We additionally evaluate ALPHAFOLD3
as a structural generative baseline (Table . For each target molecule, we
generate conformations using default protein—ligand generative settings, treating
each conformer as a candidate crystal packing. Inference is performed based on 30
counts of the molecule, and thirty samples per target are evaluated in the same way
as for other baselines. While ALPHAFOLD3 was not designed for crystal structure
prediction, including it highlights the gap between general-purpose biomolecular

structure generators and CSP-specific models.

Table 5.2: Performance of ab-initio machine learning models on rigid and flexible
molecular CSP. For each model, results are calculated using n = 30 samples for each
crystal target.

Model Colg | Pacg 1T PaccT RecsT Rece Solc T
Rigid Dataset

A-Transformer 0.731 0.015 0.060 0.033 0.120  0.060
AssembleFlow  0.524 0.001 0.040 0.001 0.020 0
AlphaFold3 0.114  0.089 0.340 0.133 0.480 0

OXtal 0.011 0.873 1.000 0.737 0.960 0.300
Flexible Dataset

A-Transformer 0.874  0.002 0.063 0 0 0

AssembleFlow  0.850 0 0 0 0 0

AlphaFold3 0.580 0.144 0.313 0.191 0.438 0

OXtal 0.167 0.410 0.813 0.056 0.500 0.125
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Figure 5.9: OXTAL sample efficiency for 10 rigid & flexible molecules.

Results. From these results, it is clear that protein folding models cannot simply
be ported over for solve molecular CSP. Although AlphaFold3 does perform slightly
better in recovering individual flexible conformers, it struggles significantly with
recovering the periodicity that is essential to crystal packing. This makes sense, given

that the model is much larger and is primarily trained on non-periodic protein data.

Sample Efficiency. For downstream screening and design, few-sample success
is critical. OXTAL exhibits a log-linear improvement in RMSD;5 among packing-
similar predictions as n increases (Figure , with several rigid targets reaching
Pacc and Sole with n < 10. This suggests the sampler (i) often lands near the
correct motif and (ii) refines global periodicity with additional draws. Flexible
systems require more samples on average, but follow the same trend, indicating
that OXTAL can eventually discover the correct combination of torsional states

and packing contacts.

5.5.3 CCDC CSP Blind Tests

Every few years, CCDC holds a CSP blind test competition, which invites leading
computational chemistry groups to solve a handful of hidden crystal structures that
have been identified but not yet released [37-39]. We therefore evaluate OXTAL
on structures from the three most recent (5th, 6th, and 7th) blind tests.

To contextualize our work, we provide a summary of the 5th, 6th, and 7th CCDC
CSP blind tests. These community-wide challenges have benchmarked the state-of-
the-art in predicting the crystal structures of organic molecules from their chemical

graphs alone, primarily relying on density functional theory (DFT). Here, we provide
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brief descriptions of these tests, and defer to the original reports for details [37-39].
Performance is assessed using the COMPACK algorithm, which quantifies structural

similarity through root mean square deviation (RMSD) of molecular clusters.

Dataset Setup. In the first four CSP blind tests, the field evolved from force-
field landscapes to the first widespread use of periodic dispersion-corrected DFT
(DFT-D), which proved decisive in 4th blind test and set the stage for DFT to
become the de facto standard for final lattice-energy evaluation.

The 5th blind test [37] marked a significant increase in the complexity of the
target molecules. The six targets included rigid molecules, semi-flexible molecules, a
1:1 salt, a highly flexible pharmaceutical-like compound, and two co-crystals. This
test highlighted what has become a standard workflow in CSP: broad structure
generation (e.g., grid or quasi-random sampling, parallel tempering), followed by
local minimization and hierarchical re-ranking. While DFT-D demonstrated its
reliability for small and moderately flexible molecules, handling high flexibility and
complex solid forms remained a major challenge. A total of 15 groups submitted
structures for this blind test, although the report contains only 14 groups.

The 6th blind test [38] continued with five challenging targets: a small, nearly
rigid molecule; a polymorphic former drug candidate; a chloride salt hydrate; a co-
crystal; and a large, flexible molecule. This test solidifed the “search—optimize-rank”
pipeline. On the search side, more than half of the methods allowed intramolecular
flexibility during exploration, and many adopted hierarchical filtering starting with
generating conformer and packing, followed by progressively tighter optimization
and pruning. In optimization and ranking, periodic DFT-D became mainstream,
with downstream forcefield potentials used to refine close competitors. The results
demonstrated that while DF'T-D provided reliable baseline energetics, accurate
treatment of conformational flexibility remained the primary bottleneck. A total
of 25 groups participated in this blind test.

The 7th blind test |39] introduced a two-phase structure to separate structure
generation from ranking challenges. The seven targets featured a silicon-iodine
containing molecule, a copper coordination complex, a near-rigid molecule, a co-
crystal, a polymorphic small agrochemical, a highly flexible polymorphic drug
candidate, and a polymorphic morpholine salt. The test also featured one of the
most challenging systems in the history of the blind tests: a large, highly polymorphic
pharmaceutical drug candidate. A key finding from the structure generation phase
was that while different search methods often identified overlapping sets of low-energy

structures, their success rates tended to decrease as the complexity of the target
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Figure 5.10: OXTAL sample efficiency plots for conformer recovery of XAFPAY (blind
test 6, a flexible molecule) and OJIGOGO1 (blind test 7) and for RMSD;5 of NACJAF
(blind test 6) and OJIGOGO1. OXTAL, for targets shown, achieves similar RMSD; /5
with less (%) submissions compared to DFT.

molecule increased. For ranking, periodic DFT-D methods continued to produce
results in agreement with experiments across most targets, whereas higher-level
corrections, full free-energy treatments, and ML on DFT potentials were less reliable.

A total of 22 groups participated in the structure generation phase of this blind test.

Experimental Setup. Metrics and experimental set up for OXTAL and other
ML baselines (A-Transformer and AssembleFlow) follow the protocol outlined
in Section [5.5.2 For DFT-based submissions, because each submission group
can choose which crystals to attempt, we compute an aggregate metric that is
averaged across all submitted methods. For sample-level metrics, we first compute
each rate separately for every group, then take the mean of these per-group rates
across all groups. ng is the average number of samples per group per target.
For crystal-level metrics, we average the rates over each group, and across all
available targets for that competition (i.e. we consider the total number of crystal
targets across all DFT methods to be ngroups * Ntargets.). We count groups who
did not submit any submissions for a crystal as a miss, since they did not show
evidence of successfully solving it. Detailed results for each method and target
are provided in Appendix for reference.

Note that in blind test 7 , Target XXX has two forms with different
stoichiometries (MIVZEA and MIVZIE). For evaluation purposes, ab initio machine
learning methods attempted 30 structures for each stoichiometry. As such, per-
sample metrics for competition 7 are computed with these additional samples, and

we consider 8 total targets for per-crystal metrics.
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Table 5.3: Results for the 5th, 6th, and 7th CCDC CSP blind tests with the best model
bolded and second best underlined. Classical chemistry methods aggregated as DFT,y.

Model ng Colg ] PacstT PaccT RecsT Rece T §(;lc 1T
CSP Blind Test 5
A-Transformer 30 0.833 0 0 0 0 0
AssembleFlow 30 0.717 0 0 0.150 0.500 0
DFT, 464 0.039 0.323 0.661 0.784 0.733 0.544
OXtal 30 0.006 0.667 0.833 0.572 0.833 0.167
CSP Blind Test 6
A-Transformer 30 0.967 0 0 0 0 0
AssembleFlow 30  0.800 0 0 0.073 0.200 0
DF Ty 83 0.067  0.183 0.520 0.655 0.560 0.496
OXtal 30 0.013 0.660 1.000 0.160 0.600 0.200
CSP Blind Test 7
A-Transformer 30 0.950 0 0 0 0 0
AssembleFlow 30  0.808 0 0 0.063 0.286 0
DF Ty 868 0.072  0.058 0.511 0.337 0.449 0.421
OXtal 30 0.021 0.483 0.875 0.129 0.375  0.125

Results. Table [5.3| shows that OXTAL strongly outperforms ab initio ML
baselines, and achieves the best or second best performance across all three
tests. While DFT methods may sometimes attain higher conformer recovery or
approximate solve rates, OXTAL consistently scores the best in terms of packing
similarity rate. From a per-sample basis, only 5 — 30% of DFT samples match
the lattice cluster, whereas OXTAL generally recapitulates the packing structure
(48 — 67%). This suggests that while DFT identifies many local energetic minima,
OXTAL can better capture the joint energy and kinetic features that determine
which minima are more likely to be formed. Of the thousands of submitted
predictions (and potentially more generated but unsubmitted structures), only a
small percentage of DFT-identified minima are close to ground truth structures
(Figure . Predicting the correct experimental structure in few shots is crucial
for downstream discovery applications, and OXTAL reliably approximates lattice
packings sans any ranking methods.

These blind tests shows a clear trend that DFT-based ranking has become
reliable, but limitations persist: computational expense, difficulty capturing kinetic
effects, challenges with disorder, flexibility, high Z number, and the fundamental

limitation that thermodynamic ranking often fails to predict which polymorphs
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Figure 5.11: Beeswarm plot of submitted structures for Molecule XXXI (ZEHFUR) from
CSD7. In 30 inference samples, OXTAL obtains performance comparable to some DFT
groups with thousands of submitted samples. Colored points signify a partial packing
match and gray points signify packing mismatch (e.g. 3 out of 15 molecules match with
low RMSD, but packing is significantly different).

are experimentally observable. Our approach aims to address these limitations by
directly learning both thermodynamic and kinetic regularities from data, with the
hope of eventually eliminating the need for extensive search, local optimization,
and post-hoc ranking altogether. By generating a small number of high-quality
structures directly, we bypass the traditional generate-optimize-rank pipeline that
has dominated CSP. The beeswarm plot (Figure of submissions for Target
XXXI from blind test 7 (CSD ID: ZEHFUR) further highlights the extensive
sampling currently required by DFT methods compared to OXTAL.

Inference Cost. As mentioned previously, the major pitfall of DFT-based
methods is the extremely high computational cost required to run the atomistic
simulations. Recall that CCDC recently raised concerns over the 46 million CPU
core hours that were reportedly utilized by submitted methods in CSP7 to solve
only 8 crystal targets . Unlike traditional DFT methods that require new
simulations for each new molecule, OXTAL’s upfront training cost is amortized at
inference time, allowing us to efficiently generate samples for new molecules. Using
standardized on-demand cloud pricing (Section , OXTAL is over an order of
magnitude cheaper at inference time, while still achieving strong packing similarity
rates (Figure . Given the CCDC’s call for more efficient CSP algorithms,
OXTAL’s cost profile enables broad screening and dense posterior sampling before
any optional physics-based refinement.

We compute computational costs by multiplying the reported wall-clock compute

time by an AWS on-demand unit price with hours taken directly from the three blind
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Figure 5.12: Packing similarity rate per crystal attempted relative to average inference
cost (in $USD) for submitted CCDC competition methods. OXTAL is denoted in red.
Costs are normalized to a single on-demand AWS instance from Sept. 2025.

tests references [37H39]. Because the papers report heterogeneous processors and
often normalize times to ~3.0 GHz core-hours, we treat one normalized CPU hour
as one AWS vCPU-hour; we then price CPU time at the c5.large on—demand rate
in Sept. 2025, i.e., $0.085 per 2 vCPUs = $0.0425 per vCPU-hour, so CPU cost =
hours x $0.0425. For L40S GPU runs, we map directly to gbe.xlarge instances
(which contains one NVIDIA L40S) and are priced at $1.861 per instance-hour, so
GPU cost = hours x $1.861. We apply the rates pro-rata without further rounding.
All prices are on—-demand EC2 instances as of September 2025. Exact inference
times for all methods are reported in Appendix for reference.

Energy Analysis. To assess whether the generated samples contain (i) highly
energetically unfavorable motifs or (ii) chemically plausible packing arrangements
compared to physics-based methods, we utilized the semi-empirical GFN2-xTB
method as a computational proxy. GFN2-xTB was selected for its balance of
computational speed and accuracy in capturing non-covalent interactions. This
analysis should be interpreted as a consistency check on gross energetic behaviour
rather than as a quantitative ranking of polymorph stability.

We retrieved 1,500 physics-based structure predictions submitted to the CSP
blind tests to serve as a baseline. Both the physics-based submissions and the
experimental ground truth were expanded into 2x2x2 supercells to match the
approximate atom count of the OXTAL generations (30 molecules). For OXTAL
samples, hydrogens were added using the CCDC API.
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Figure 5.13: GFN2-xTB single point energy analysis of ground truth crystal structures,
1,500 subsampled physics-based blind test submissions, and OXTAL samples.

We performed single-point energy calculations on all structures. The energy
difference is relative to the experimental structure and standardized by number of
molecules. It is important to note that the DFT baseline consists of structures that
underwent varying degrees of geometry optimization, whereas OXTAL samples were
evaluated as raw generative outputs with no geometry optimization, including
the hydrogen atoms.

The results show that first, OXTAL samples do not contain energetically
catastrophic motifs. Second, despite lacking relaration, the generative samples
exhibit a narrow energy distribution comparable to the stable basin of the DFT
samples. This confirms that the generative model implicitly learns to avoid severe

steric clashes and produces metastable packing configurations.

5.5.4 Ablation Studies

Now, we provide a series of different model ablation studies on OXTAL. Due to
the high computational demand of training OXTAL, all results in this section are
reported at 50k training steps. Following our predefined evaluation protocol, we

evaluate ng = 30 generated samples with 30 molecular copies for each crystal target.

Cropping Method Ablation. In order to isolate the performance gain from
5S4, we directly compare it against other standard cropping methods in Table

Overall, the two variations of S* cropping perform the best across all metrics and
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Table 5.4: OXTAL ablation results with different cropping methods. The best results are
bolded and second best are underlined.

Crop Method Dataset Colg| Pacg?T PaceT RecsT Reco T gac T

Rigid 0.086 0.631  0.920 0.520 0.780  0.220
Flexible 0.580  0.164  0.688  0.005  0.062 0
ENN CSP5 0.085 0.470 0.667 0433 0.833 0
CSP6 0.132  0.353  0.800  0.007  0.200  0.200
CSP7 0.312  0.165 0.750  0.005  0.125 0

Rigid 0.040 0.669 0.980 0.591 0.940 0.340
Flexible 0.425 0.301  0.688  0.048 0.375 0.125
Centroid Radius | CSP5 0.004 0470 0.833 0.429 0.833 0
CSP6 0.151 0.324 1.000 0.173  0.400 0
CSP7 0.104 0.225 0.750  0.104  0.250 0

Rigid 0.023 0.680 0.960 0.571 0.940 0.260
Flexible 0.271 0.340 0.812 0.037 0.500 0.250
St CSP5 0.011 0.561 0.833 0.450 0.833 0

CSP6 0.093 0.400 1.000 0.207 0.800
CSP7 0.029 0.287 0.875 0.125 0.375

Rigid ~ 0.026 0.688 0940 0.629 0.940 0.280
Flexible 0.302 0.346 0.750 0.050 0.438 0.188
S*/ENN (50/50) | CSP5  0.000 0.500 0.833 0.478 1.000

CSP6  0.047 0.440 1.000 0.107 0.800 0.200
CSP7 0033 0221 0625 0104 0.500 0

datasets. These results support the benefits of using S*, since it is not subject to
the same pitfalls of NN and centroid radius cropping as illustrated in Figure [5.5]

Also, note that our implementation of centroid radius cropping is more generous
than the standard one used in the literature [11]. Specifically, naive radius cropping
selects any atom that lies within a pre-defined spatial radius. However, this
often results in partial molecules being cropped, which naturally leads to lower
performance. Instead, we consider all atoms in a given molecule if its centroid lies
within 15 A of a randomly sampled central molecule, and only consider complete
molecules up to our token budget, which mitigates the issue of fragmented molecules
during training. AKNN is also implemented such that it only considers complete
molecules up to the token budget, ordered by neighbor distance from a randomly

sampled central molecule.

S* Radius Size Ablation. Next, we investigate the sensitivity of OXTAL to
the choice of S* shell radius size in Table 5.5, We see that there are generally
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Table 5.5: OXTAL ablation results highlighting the effect of S* shell radius size. The best
results are bolded and second best are underlined.

Radius Size ‘ Dataset Colg| Pacg?T PaceT Recs T Reco T gglc T

Rigid 0.015 0.694 0.980 0.596 0920 0.320
Flexible 0.275 0.394 0.688 0.041 0.375 0.250
3.5 A CSP5 0.006 0439 0.833 0433 0.833 0
CSP6 0.068 0.409 1.000 0.174 0.600 0.400
CSP7 0.095 0.238 0.750 0.110 0.500 0

Rigid 0.026 0.688 0940 0.629 0.940 0.280
Flexible 0.302 0.346 0.750 0.050 0.438 0.188
4.5 A CSP5 0.000 0.500 0.833 0.478 1.000 0
CSP6 0.047 0.440 1.000 0.107 0.800 0.200
CSP7 0.033 0.221 0.625 0.104 0.500 0

Rigid 0.047  0.690 0.940 0.625 0.960 0.220
Flexible 0.414 0.346 0.750 0.028  0.312  0.188
5.5 A CSP5 0.012 0470 0.667 0.439  0.667 0
CSP6 0.147  0.375 1.000 0.147  0.600  0.200
CSP7 0.101  0.234 0.750 0.142 0.375 0

minimal changes in performance across three different choices of radius size. Recall
that our main OXTAL model uses a shell radius size of 4.5, which was selected
from analyzing the distribution of intermolecular distances presented in Figure [5.6]
From this figure, both 4.5 and 5 A are natural choices for the first shell, however
due to the “layered” nature of crystallization, we consider a second shell at 9
rather than 10 A to be more fitting.

Overall, our current implementation of S* may slightly favor smaller shell radius
sizes due to the overall token budget constraint, which limits the number of full
shells we are able to accommodate. Regardless, we see that all three radius settings
for S* outperform existing cropping methods from Table[5.4] suggesting that OXTAL

is somewhat robust to reasonable choices in S* radius size.

Model Size Ablation. To further investigate the effect of model size, we train a
smaller version of OXTAL that contains roughly 50M total parameters. Recall that
the full OXTAL model contains approximately 100M parameters, with the 70M
parameter diffusion transformer accounting for the bulk of the size. The smaller
model uses the same architecture as the full model, but with a reduced diffusion
transformer that contains only 4 blocks instead of 12. All other model components

and training hyperparametetrs remain unchanged.

141



5. Leveraging Local Interactions to Capture Global Symmetry in Periodic Crystals

Table 5.6: OXTAL ablation results highlighting the effect of OXTAL model size. The
best results are in bold and second best are underlined.

Model Dataset Colg] Pacg®T Paco?T RecgT Reco? éﬁc T
Rigid 0.731 0.015 0.060 0.033 0.120 0.060
Flexible 0.874  0.002 0.063 0 0 0

A-Transformer | CSP5 0.833 0 0 0 0 0
CSP6 0.967 0 0 0 0 0
CSP7 0.950 0 0 0 0 0
Rigid 0.524  0.001 0.040 0.211 0.760 0
Flexible  0.850 0 0 0 0 0

AssembleFlow CSP5 0.717 0 0 0.150 0.500 0
CSP6 0.800 0 0 0.073 0.200 0
CSpb7 0.808 0 0 0.063 0.250 0

Rigid 0066 0.712 0.980 0.621 0.940 0.320
Flexible 0.423 0253 0562  0.018 0.188  0.062
OXTAL (50M) | CSP5 0170 0491 1.000 0.400  0.833 0

CSP6 0261 0.370 1.000 0.094 0.400 0.200
CSP7 0159 0173 0.750 0.105 0.250 0.125

Rigid 0.026 0.688 0.940 0.629 0.940 0.280
Flexible 0.302 0.346 0.750 0.050 0.438 0.188
OXTAL (100M) | CSP5 0.000 0.500 0.833 0.478 1.000 0
CSP6 0.047 0.440 1.000 0.107 0.800 0.200
CSp7 0.033 0.221 0.625 0.104 0.500 0

As shown in Table [5.6] halving the parameter budget of OXTAL reduces
performance for several metrics. This is unsurprising, as larger models generally
have greater capacity to learn the complex distribution of thermodynamic and
kinetic factors that govern crystal formation. That said, the OXTAL (50M) model
does outperform OXTAL (100M) on a few metrics since these results are reported at
50k training steps, and the smaller model may have converged faster at this point
in training. We also see that the smaller 50M parameter OXTAL model significantly
outperforms the other ab-initio MLL methods, which we have provided again here for
reference. A-Transformer contains roughly 42M parameters, which provides a fairly
direct comparison to the 50M OXTAL model. On the other hand, Guo, Bengio and
Liu [187] do not report exact parameter budgets for AssembleFlow, but we estimate
that it contains roughly 8M parameters from the publicly released model checkpoints
and codebae. The drastically smaller parameter budget is likely due to the fact that
AssembleFlow uses an SE(3)-equivariant architecture, which makes it difficult to
scale. This result reinforces the importance of scalability while also highlighting the

benefits of OXTAL’s lattice-free and non-equivariant architecture at a smaller scale.
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Table 5.7: Performance of the explicitly equivariant EquiformerV2 model compared to
OXTAL, which does not strictly enforce symmetries.

Model Dataset Colg | Pacg?T PaceT Recs T Reco?T SAo/lc 1T
Rigid 0.044 0.009 0.272  0.009  0.060 0
Flexible 0.084 0 0 0 0 0

EquiformerV2 | CSP5 0.006 0 0 0 0 0
CSP6 0.181 0 0 0 0 0
CSP7 0.267 0 0 0 0 0

Rigid 0.026 0.688 0.940 0.629 0.940 0.280
Flexible 0.302 0.346 0.750 0.050 0.438 0.188
OXTAL CSP5 0.000 0.500 0.833 0.478 1.000 0
CSP6 0.047 0.440 1.000 0.107 0.800 0.200
CSP7 0.033 0.221 0.625 0.104 0.500 0

Note that although we did not perform a dedicated token budget ablation for
OXTAL, preliminary experiments with lower token sizes for the diffusion transformer
yielded much higher training losses. Specifically, the average loss for OXTAL trained
with a maximum token size of 448, 512, and 640 (final) were around 4.22, 3.81, and
2.32, respectively. This suggests that OXTAL benefits from a larger token budget,

which allows it to capture more of the complex interactions in crystal packing.

Equivariance Ablation. To further highlight the importance of model scaling
that a non-equivariant architecture provides, we perform an ablation study with
EquiformerV2 [34]. In order to accommodate the larger molecular crystals in our
training dataset, we are forced to significantly reduce the parameter budget for
EquiformerV2 to fit it into memory. Specifically, we reduce the batch size to 4,
and use a hidden dimension size of 32, 2 layers, and 4 attention heads. The rest
of the training pipeline, including the use of S* cropping, remain the same as for
OXTAL. Overall, the EquiformerV2 version of the model has a total parameter
size of 15M, as opposed to the 100M total parameter size of OXTAL.

From Table 5.7, we see that EquiformerV2 performs quite well on the collision
metric, indicating that the model is generally able to produce physically feasible
structures. Furthermore, it is also able to recover a few crystal packings and molecu-
lar conformers from the Rigid molecule dataset. However, EquiformerV2 completely
fails to recover any packings or conformers from the more challenging Flexible and
CSP blind test datasets, which is unsurprising due to its drastically smaller parameter
budget. Although these results are clearly influenced by the memory-constrained

parameter budget, we were unable to evaluate a hybrid approach incorporating
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Figure 5.14: Performance of OXTAL on increasingly larger inference crystal blocks
(denoted by the number of molecule copies generated). RMSD; (left) remains roughly
constant, whereas RMSD15 increases slightly for larger predicted packings. Note that
QQQCIGO5, which contains 42 heavy atoms (i.e. tokens) per molecules, goes out of
memory past 100 molecules.

the equivariant components of AlphaFold2 into the AlphaFold3 framework, as no
suitable implementation of the AlphaFold2 codebase was publicly available.
These results show the necessity of using a scalable, non-equivariant model:
enforcing equivariance imposes a critical bottleneck on model size, which renders it
insufficient for capturing larger molecular crystals in the complex crystallization land-
scape. This validates our design choice of scaling via a non-equivariant model and

breaking free from lattice constraints while softly enforcing symmetry constraints.

5.5.5 Inference Analysis

In this section, we provide a deeper analysis into the inference and generation
capabilities of OXTAL. Specifically, we investigate the performance of OXTAL
on generating significantly larger crystal blocks, evaluate how the model performs
when allowing for additional sampling, and provide a small qualitative analysis

on the diversity of generated samples.

Inference on Larger Crystal Blocks. To evaluate the long-range periodicity of
OXTAL, we perform inference on increasingly larger crystal blocks for a handful of dif-
ferent crystals (Figure . The respective number of atoms, and therefore tokens,
for each molecule are provided in parentheses as follows: CAPRYL (10), CUYVUR
(18), HURYUQ (14), QQQCIG05 (42), UMIMIO (12). Recall that OXTAL is
trained with a maximum token budget of 640 (Appendix , hence generating
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Figure 5.15: Example of ANTCEN with over 2,400 tokens with a herringbone backing
structure. OXTAL learns small local neighborhoods from S* crops and generalizes to infer
large and periodic structures.

200 copies of CAPRYL requires 2,000 tokens and 100 copies of QQQCIGO05 requires
4,200 tokens, which are far beyond anything the training dataset would have seen.

In general, conformer recovery (denoted by RMSD;) remains somewhat constant
as more molecule copies are generated. This makes sense because if the model
is already able to capture the correct crystal conformer, generating more copies
of that should not change the conformer itself significantly. In terms of overall
prediction accuracy (denoted by RMSDy5), OXTAL does struggle slightly with
generating more molecules, since the packing arrangements cover distances that
are further away. However, we note that although the RMSD;5 does increase
for these larger blocks, they still mostly remain under the 2.0 A threshold to be
considered “approximately solved.”

This analysis supports the long-range generalizability of OXTAL to generate
larger periodic packings, and we provide a visualization of the approximately solved
larger packing for ANTCEN in Figure [5.15] which contains 2,400 tokens. Recall
that during training, OXTAL only ever sees small S* crops containing a maximum
of 640 atom tokens. This highlights the model’s ability to learn local neighborhoods

and generalize them to much larger periodic structures during inference.

Additional Sample Evaluation for CSP Blind Test 5. For all previously
reported results, we evaluate OXTAL using 30 generated samples per crystal target.
This is done in order to highlight the sample efficiency of OXTAL (cf. Figures
and , since few-sample success is critical for downstream screening and design.
However, we note that this puts OXTAL at somewhat of a disadvantage when
comparing against traditional DFT methods, which often generate hundreds or

thousands of candidate packings. Here, we provide a more direct comparison of
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Table 5.8: Evaluation of OXTAL on CSP blind test 5 with roughly the same number of
generated samples per crystal target (ng) as DFTqy,.

Model ng Colg ] Pacst Pacc?T RecsT Rece T SAO/ICT

DFT,, 464 0.039 0323 0.611 0.784 0.733 0.544
OXtaL 30 0.006 0.667 0.833 0.572 0.833 0.167
OXTAaL 500 0.009 0.536 1.000 0.548 1.000 0.500

OXTAL to DFT methods by evaluating OXTAL using the same number of generated
samples on the CSP blind test 5 dataset in Table [5.8

As expected, allowing OXTAL to generate more candidate packings increases
its performance on our per-crystal evaluation metrics, while remaining roughly the
same on per-sample metrics. Notably, we also see that increasing the number of
generated samples bring the approximate solve rate of OXTAL equal to that of
DFT,ys. This suggests that the model sampler is indeed able to generate accurate

crystal packings and compete with traditional DF'T methods.

5.5.6 Survey of Chemical Interpretability

Beyond benchmark metrics, we examine OXTAL’s ability to reproduce chemic-
ally meaningful intramolecular and intermolecular features in practically relevant
crystals. Figures , and highlight accurate packings (RMSDy5 < 1.5A)
across diverse rigid and flexible chemotypes: drug-like molecules (HURYUQ),
polymer precursors (CAPRYL), organometallics (ACACPD), m-conjugated ma-
terials (QQQCIG), and ROY (QAXMEH), the molecule which has the most

known polymorphs.

Molecular interactions. For intramolecular interactions, OXTAL recovers solid-
state geometries for highly flexible molecules (which are highly influenced by packing),
including small-molecule drugs as well as biomolecular fragments in the Protein
DataBank (e.g. RMSD; = 1.3 A for a 6-mer peptide with 17 rotatable bonds
(20KZ) in Figure [5.16(a)). For intermolecular interactions, OXTAL accurately
captures both strong and weak interactions, both in registry and lengths. Examples
in Figure include the complementary hydrogen bonds in a semiconducting
crystal (XIJJOT), the weak CI-H halogen bonds in an organometallic catalyst
(OJIGOG), 77 stacking in m-functional molecule (TEPNIT), and multiple weak
contacts in a cluster of the flexible drug aripiprazole (MELFIT) in Figure
Zooming out, OXTAL reproduces diverse packing motifs, including 1D columnar
structures (e.g. BALNAD in Figure , quasi-2D herringbone structures (e.g.
ANTCEN in Figure, and 2D brickwork structures (e.g. UMIMIO in Figure|5.1]).
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Figure 5.16: OXTAL (green) captures experimental (grey) (a) intramolecular and (b)
intermolecular interactions in drug-like molecules, peptides, semiconductors, and catalysts.
OXTAL can further infer (c¢) distinct experimental polymorphs as well as (d) co-crystals.
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Figure 5.17: Examples of OXTAL generated structures (color) compared against
experimental structures (gray) for (a) flexible conformers, (b) intermolecular interactions,
and (c) polymorphs.

Polymorphs. For molecules with many known polymorphs, including highly
rotatable scaffolds, independent OXTAL samples predict distinct experimental poly-
morphs (e.g., the drugs galunisertib DORDUM in Figure and indomethacin
INDMET in Figure [5.17(c)). This suggests the sampler can explore multiple kinetic

and thermodynamic basins rather than collapsing to a single motif.

Multi-component Systems. Lastly, OXTAL is not restricted to single-component
systems. OXTAL can correctly predict the interactions between electron donor and
acceptors (Figures and , which dictate the crystals’ electronic properties.
For the charge-transfer semiconducting co-crystals BALNAD and PERTCQ, OXTAL
correctly reproduces the 1D m-stacked columns with alternating donors and acceptors,

the precise inter-columnar brick-wall registry, as well as the 7-7 stacking distances.
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Figure 5.18: Examples of OXTAL generated co-crystal structures (color) compared
against experimental structures (gray).

Diversity of Generated Samples. Finally, in Figure [5.19] we provide a pre-

liminary qualitative visualization of some example packings generated by OXTAL.
We see that although several samples lie in the same orientation, some generated
samples also present a more complex herringbone packing. This is evident in the
XATJOT co-crystal, which does not collapse the two different molecular components
into the same orientation. These results suggest that OXTAL may prefer planar
packings, which are more prevalent in the training dataset. However, this may be

mitigated with additional tuning on noise scheduler parameters at inference time.
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Figure 5.19: Example set of structures generated by OXTAL for various crystals (labeled
by CSD ID).
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5.6 Summary and Outlook

In this chapter, we introduced OXTAL, a large-scale all-atom diffusion model for
3D molecular crystal structure prediction that learns the joint distribution of mo-
lecular conformations and periodic packing conditioned on 2D graphs (Section [5.4)).
Discarding explicit equivariance and unit-cell parametrization for symmetry-aware
augmentation and S* cropping, OXTAL learns periodic motifs from locally con-
sistent neighborhoods at scale, enabling efficient sampling at all-atom resolution
(Section . Empirically, OXTAL achieves state-of-the-art results among ab
initio ML methods, and attains competitive lattice recovery at orders-of-magnitude
lower inference cost compared to DFT-based methods (Section [5.5)).

Conceptually, our S* approach reframes the task of crystal structure prediction
from “generate a valid global unit cell” to “generate a locally consistent, periodic
atomic environment.” Leveraging these powerful intermolecular local representations
allows us to scale model size and accomodate larger molecular crystals. Furthermore,
we also show that the error due to S* cropping decreases as the number of tokens
increases (Proposition 5.4.1]).

In our experimental results, we defined a broad range of different metrics
(Section , and showed that OXTAL provides a step-change in progress over
existing ML methods for CSP on both rigid and flexible molecules (Section .
When evaluating OXTAL on the community CSP blind test datasets, we saw that
OXTAL is able to keep up with the more expensive DFT-based methods, and
is much more sample efficient (Section . An energy analysis showed that
OXTAL does not generate energetically unfavorable structures, suggesting that it
is sampling the correct energy wells. Importantly, OXTAL’s ability to perform
zero-shot structure prediction (unlike DFT which requires recomputing energies for
each new molecule) translates into direct monetary impact at inference item and
opens the door to high-throughput virtual screening of molecular crystals.

Beyond standard benchmark datasets, we also provided an in-depth ablation
study to investigate the role of different OXTAL components (Section [5.5.4). These
included analyses on the role of symmetry augmentation, the S* representation,
and model size, which are all critical to achieving strong performance. This was
complemented with an inference analysis (Section that showed how OXTAL
is able to generalize to much larger crystal blocks than seen during training while
preserving the learned local consistency to recover global periodicity.

Finally, to emphasize the practical relevance of OXTAL, we provided a detailed
chemical survey (Section that highlighted OXTAL’s ability to recover mean-

ingful intramolecular and intermolecular interactions, sample distinct experimental
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polymorphs, and generate multi-component co-crystal. This indicates that OXTAL
is not merely memorizing training data, but is learning physically relevant motifs
that govern molecular crystal packing and capturing the non-trivial kinetic and
thermodynamicly governed crystallization landscape.

In terms of future directions for OXTAL, several opportunities arise. First, an
integration of reliable ranking and local relaxation can lead to more consistent solves.
Second, conditioning on crystallization context (solvent, co-formers, temperature,
supersaturation, etc.) could refine the posterior toward experimentally observed
forms. Third, improved sample efficiency would further reduce screening cost.
On the inference side, many avenues remain to improve sample diversity and
quality, including better noise scheduling, classifier guidance, and enhanced sampling
techniques. On the training side, it would be interesting to explore richer molecular
representations, such as those provided by MoSE, which may further improve the
model’s ability to capture complex chemical motifs.

While OXTAL substantially reduces the computational cost of crystal structure
prediction, translating these predictions into experimentally synthesizable materials
remains an important downstream challenge as well. In practice, OXTAL could form
part of a broader materials discovery pipeline, where large numbers of candidate
structures are first generated and filtered according to predicted stability, synthesiz-
ability, and target material properties, before undergoing higher-fidelity quantum
chemical simulation and eventual experimental synthesis and characterization. In
this setting, the efficiency of OXTAL is particularly valuable, as it enables high-
throughput exploration of crystal landscapes that would be prohibitively expensive
with traditional DFT-based workflows.

Overall, this chapter has highlighted the important interplay between repres-
entation, efficiency, and adaptability in the context of molecular crystal structure
prediction. Although it seems like a natural approach to enforce equivariance
and use a unit cell parametrization for periodic structures, we have shown that
these choices can limit scalability and generalizability. Instead, by reworking this
traditionally global problem into a local one (with meaningful local representations),
and sacrificing hard-coded symmetry for scale, we achieve notable progress towards

solving this long-standing challenge in computational chemistry.
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Conclusion

The prevalence of graph-structured data has motivated the design of new machine
learning methods that can capture increasingly complex structural relationships.
GNNs and graph transformers have emerged as the dominant paradigm for learning
on such data. However, their performance and interpretability are often dictated by
how they represent and propagate local structural information, which remains an
open question. Different applications, such as molecular and crystalline modelling,
also require different representations and inductive biases. Consequently, this thesis
has proposed new principles and methods for rethinking local structural awareness
in graph representation learning, with a particular focus on molecular systems.
We have examined two different formulations of local structure, one for capturing
local structural motifs at the intramolecular scale, and another for capturing
local interactions at the intermolecular scale. A summary of our contributions

in this respect is provided below:

1. In Chapter [3| we investigated the theoretical expressivity of GNNs through
the lens of graph motif parameters. We showed that this provides a unifying
framework for previous works that have enriched GNN expressivity through
subgraph isomorphism and adhoc homomorphism counts. In particular, we
proved theoretical results demonstrating that using the homomorphism basis
of a graph motif parameter offers a more principled and expressive way for
incorporating local structural motifs into GNNs. From a practical perspective,
we demonstrated how to most effectively incorporate these homomorphism
basis features, which led to strong performance gains across a range of
benchmarks—including molecular property prediction on ZINC and QM9,
link prediction on COLLAB, and expressivity tests on the BREC dataset.
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2. In Chapter [4 we introduced MOTIF STRUCTURAL ENCODING (MoSE) as
a novel, flexible, and expressive structural encoding for graph transformers
that leverages graph homomorphism counts. Theoretically, we proved that
MoSE generalizes the popular random walk structural encodings (RWSE) and
relative random walk probabilities (RRWP). We also established formal results
relating MoSE and RWSE to the Weisfeiler-Lehman hierarchy. Empirically,
we showed how MoSE consistently improved performance across molecular
datasets such as ZINC, PCQM4Mv2, and Peptides, as well as non-molecular
benchmarks like CIFAR10, MNIST, and a newly developed synthetic dataset
for predicting fractional domination numbers, showing that MoSE generalizes

beyond the chemical domain.

3. In Chapter |5, we proposed OXTAL, the first large-scale all-atom diffusion
model for predicting molecular crystal packings that leverages local represent-
ations to capture global periodic symmetries. Specifically, OXTAL discards
explicit unit-cell parameterization and rigid equivariant constraints, instead
learning periodic motifs through a novel STOICHIOMETRIC STOCHASTIC
SHELL SAMPLING (S*) method. This design allows OXTAL to learn periodic
symmetries directly from atomic neighborhoods while remaining scalable to
large systems. Empirically, OXTAL achieves state-of-the-art performance
among ab initio CSP approaches and remains competitive with traditional
DFT-based methods, all while operating at orders-of-magnitude lower in-
ference cost. Beyond quantitative benchmarks, we showed that the model
demonstrates strong chemical interpretability and is able to accurately capture
diverse intramolecular and intermolecular interactions, polymorphism, and

packing motifs in both rigid and flexible molecules.

More broadly, this thesis contributes to the larger body of work that explores
the “expressivity” of various graph learning models. Although we mainly focus on
the definition of expressivity that pertains to distinguishing power, other notions
of expressivity exist, which instead focus on universal approximation [188, 189,
spectral representation capacity [125], logical definability [190], or the ability to
efficiently encode domain-specific invariances and symmetries [14].

Our results suggest that expressivity should not be viewed purely as a theoretical
property, but rather as a mechanism for injecting useful inductive biases that align
model representations with the underlying scientific domain. This distinction is
particularly important because recent work has shown that increased expressivity

does not automatically imply improved downstream performance or generalization
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[191]. Instead, margin-based analyses of GNNs suggest that richer structural
representations that enable better separation of meaningful graph classes is the key
to improved generalization. In particular, Franks et al. [191] provide evidence
that subgraph-aware GNNs can improve classifier margins and yield stronger
generalization guarantees. This further supports the motivation underlying the
approaches proposed in Chapter [3] and Chapter [} since subgraph count-based
representations are contained within the class of graph motif parameters.

In general, incorporating domain knowledge into model design can be achieved
in several ways, including through the construction of custom inductive biases, the
design of architectural components, and the incorporation of domain-specific features,
constraints, or symmetries. Understanding the underlying scientific domain and
data distribution is particularly important in graph representation learning, where
structural assumptions can strongly influence model performance. In molecular and
crystalline systems, examples include local structural motifs, periodic symmetries,
and chemically meaningful neighborhood representations. Incorporating such prior
knowledge can improve not only predictive power, but also explainability, sample
efficiency, and scientific reliability. In the broader context of biochemical research,
this can lead to a variety of benefits, including improved drug candidates, better
understanding of biological processes, faster screening, and more efficient exploration
of chemical and materials design spaces.

Looking forward, several promising directions arise from this work. First, an
integration of stronger structural encodings as molecular features could boost
performance for organic crystal structure prediction models. There is also scope
to explore the extension of these encodings for heterogeneous relational graphs, as
well as further integration with databases and tabular reasoning models, allowing
for more practically efficient computation. On the theoretical side, many open
questions remain concerning the precise relationship between performance and
generalization in different encoding methods and graph learning systems. Additional
work could also provide a more rigorous mathematical framework for understanding
the relationship of local to global symmetries in periodic systems.

Overall, this thesis has investigated how local structural information can be
effectively and efficiently represented within graph-based deep learning frameworks,
with a particular focus on molecular and crystalline systems. By exploring the
interplay between expressivity, inductive bias, and scalability, this work advances
both the theoretical understanding and practical design of graph representation
learning models. Hopefully, this can help promote additional interdisciplinary
research, allowing for the development of more powerful, scalable, and interpretable

models at the intersection of machine learning and scientific discovery.
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Experimental Details for Chapter 3

Here, we provide the additional experimental details and hyperparameters for the

results presented in Chapter [3]

Compute Resources. All homomorphism counting and experiments for ZINC,
COLLAB, and BREC were run on a cluster with NVIDIA A10 GPUs (24 GB).
Each node had 64 cores of Intel(R) Xeon(R) Gold 6326 CPU at 2.90GHz and
~500GB of RAM. QM9 experiments were run on a cluster with NVIDIA A100
GPUs. All experiments used 1 GPU at a time.

A.1 Hyperparameter Protocol

A.1.1 Details for Encoding Experiments

All experiments are run with the GIN-E model from Hu et al. [109], that was
implemented from scratch using the standard PyTorch Geometric library. All
results are reported from running the model for 500 epochs, 1Ir=0.001, a hidden
dimension size equal to the size of the initial node features = 128, batch size =

128, d=10 (for normalization in PosHom and SubHom), and 4 layers.

A.1.2 Details for ZINC Experiments

For GAT, GCN, and GIN;, the training is done using the following configuration:
optimizer = Adam, initial_Ir = 0.001, Ir_reduce_factor = 0.5, minimum_ lr =
le — 5, patience = 10. We implement all of these models from scratch using the

standard PyTorch Geometric library, however we align with the formations from
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Table A.1: Hyperparameters for ZINC experiments. Recall that dj denotes the size of
the hidden dimension.

Model Layers d,. Batch Size FEpochs #Heads Readout
4 18 128 1000 8 mean
GAT 16 22 128 1000 8 mean
GON 4 125 128 1000 N/A mean
16 172 128 1000 N/A mean
GIN 4 110 128 1000 N/A sum
16 124 128 1000 N/A sum
BasePlanE 3 128 256 500 N/A sum

Dwivedi et al. [33] as much as possible. For BasePlanE, the training is done with
the same configuration as listed for GAT, GCN, and GIN, but with a patience = 30
instead of 10. Note that fore BasePlanE, we build off of the implementation provided
by Dimitrov et al. [85]. The remainder of the model hyperparameters are as listed

in Table [A.T] Results are reported as the average across 4 runs at different seeds.

A.1.3 Details for QM9 Experiments

For R-GCN, we build on the implementation provided by Abboud, Dimitrov and
Ceylan [113], which uses the following hyperparameters from Brockschmidt [112]
for the standard model: batch size = 128, hidden_dim = 128, layers = 8,
Ir = 0.001, aggregation = mean, epochs = 300, and optimizer = Adam. We
also use both batch and layer normalization and include residual connections at
a frequency of every 2 layers.

For the R-GCN+FA experiments, we align with the R-GCN+FA hyperparameter
setup from Brockschmidt [112], which uses: batch__size = 128, hidden__dim = 128,
layers = 8, Ir = 0.000572, aggregation = sum, epochs = 400, and optimizer =
RM S Props. We use batch and layer normalization, as well as residual connections
every 2 layers. All results for all 13 molecular properties are reported as the

average across 5 runs at different seeds.

A.1.4 Details for COLLAB Experiments

For GCN and GraphSAGE, we use the exact same model and hyperparameters
as the default example provided by Hu et al. |192]. For GAT, we construct a
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Table A.2: Hyperparameters for COLLAB experiments, where dj, denotes the size of the
hidden dimension, Ir is learning rate, and hpgr denotes the size of the positional encoding
dimension.

Model Layers d; Batch Size Ir  Epochs dpp F#Heads
GAT 3 256 65536 0.001 400 8 8
GCN 3 256 65536 0.001 400 8 N/A

GraphSAGE 3 256 65536 0.001 400 6 N/A

model that closely aligns with the overall framework of the GCN and GraphSAGE
implementations using the standard PyTorch Geometric library. The specific model
hyperparameter details are outlined in Table [A.2] Results for all models are

reported as the average across 4 runs at different seeds.

A.1.5 Details for BREC Experiments

For GIN+Hom(Q%}), we use the exact same model construction and hyperpara-
meters as was used to benchmark GSN on this dataset, and we build on the
implementation provided by Wang and Zhang [116]. Specifically, we use: layers = 4,
lr = le-4, weight decay = le-b, batch_size = 16, output_dimension = 64,
epochs = 20. For PPGN+Hom(QS}), we slightly tweak the hyperparameters
of the model used in the BREC benchmark by changing the dimensions of the
blocks from 32 to 48 in order to accommodate our extra features. The rest
of the hyperparameters remain the same, which are: layers = 5, Ir = le-4,

wetght__decay = le-4, batch__size = 32, output__dimension = 16, epochs = 20.

A.2 Homomorphism Basis Graphs

Here, we provide the full set of graphs in the Spasm of Cg, C7, and Cy, which we
use as additional encodings. We also provide the set of graphs in the anchored

Spasm of Cys as an example of an anchored basis set.
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coefficient: 1/3 coefficient: -1 coefficient: -1/3 coefficient: 1/2 coefficient: 3/4
coefficient: 1/3 coefficient: 1/4 coefficient: -1/2 coefficient: -1/4 coefficient: 1/12

T KO

Figure A.1: Graphs and coefficients for Spasm(Cp).

Figure A.2: Hasse diagram of the (loop-free) quotient relation for Cg.
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coefficient: 4 coefficient: -11/2 coefficient: -2 coefficient: 1/2 coefficient: 3/2
coefficient: 1 coefficient: 1/2 coefficient: 1/2 coefficient: 1/2 coefficient: -1/2
coefficient: -1/2 coefficient: 1/14

g

Figure A.3: Graphs and coefficients for Spasm(C7).
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coefficient: 9/4 coefficient: -33/4 coefficient: -7 coefficient: 73/16 coefficient: 17
coefficient: 9/2 coefficient: 3 coefficient: 4 coefficient: 11/8 coefficient: -6
coefficient: -9/2 coefficient: -2 coefficient: -4 coefficient: -6 coefficient: -3/4

coefficient: -1 coefficient: -1 coefficient: -3/2 coefficient: -1/4 coefficient: 1/2

9,

coefficient: 3/2 coefficient: 1 coefficient: 1/2 coefficient: 1/2 coefficient: 3/4

ke

coefficient: 1 coefficient: 1 coefficient: 3/2 coefficient: 1/4 coefficient: 1/4

A

coefficient: 1/8 coefficient: -1/2 coefficient: -1/2 coefficient: -1/4 coefficient: 1/16

Sl SR Iab e

Figure A.4: Graphs and coefficients for Spasm(Cy).
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Figure A.5: Graphs in Spasm®(Csg).

AAN S P

(a) Untyped Py homomorphism basis (b) Typed P4 homomorphism basis

Figure A.6: Different homomorphism bases for an untyped and typed path graph Pj.
Note that in the typed version, there are two different version of the 2-hop path due
to the different possible node type assignments. Additionally, the Spasm for the typed
version does not contain a triangle graph, since the two end nodes are of different types,
so they cannot be contracted. Analogous examples can be constructed for graphs with
typed or directed edges.
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Experimental Details for Chapter 4

Here, we provide the additional experimental details and hyperparameters for our

results presented in Chapter [4]

Compute Resources. All experiments were conducted on a cluster with 12
NVIDIA A10 GPUs (24 GB) and 4 NVIDIA H100s. Each node had 64 cores of
Intel(R) Xeon(R) Gold 6326 CPU at 2.90GHz and ~500GB of RAM. All experiments
used at most 1 GPU at a time.

B.1 Hyperparameter Protocol

In all models, a 2-layer MLP is used to embed the raw positional or structural
encoding values. The dimension of this embedding scales according to the width of
the main model being used. Unless otherwise specified, all models utilize global sum-
pooling followed by a 3-layer MLP prediction head where each layer subsequently
reduces the hidden dimension by a factor of 1/2 (other than the output layer,
which has a dimension equal to the number of targets). Lastly, all models use

the ReLU activation function.

B.1.1 Details for ZINC Experiments

Following Rampések et al. [29], we constrain all models to a 500K parameter
budget. We provide a rough summary of the final hyperparameters with different
models using MoSE in Table [B.1]
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Table B.1: Hyperparameter summary for MoSE results on ZINC from Table Here, dj
denotes hidden dimension size, Ir denotes learning rate, and dyj,sg denotes the dimension
of the MoSE encondings.

Model Layers dp Batch Size lr Epochs dyose  #Heads
MLP-E 8 64 32 0.001 1200 28 N/A
GIN-E 4 110 128 0.001 1000 42 N/A
GIN-E+VN 4 110 32 0.001 1000 42 N/A
GT-E 10 64 32 0.001 2000 28 4
GPS 8 64 32 0.001 2000 42 4

GRIT. For the GRIT results presented in Table[£.4] we simply remove the RRWP
node and node-pair encodings from the configuration used in Ma et al. [30], and
replace them with MoSE that is constructed from Spasm(C7) U Spasm(Cs). We

summarize the hyperparameters for our GRIT+MoSE model as follows:

Layers: 10 Width/Heads: 64 | 8
Batch Size: 32 Optimizer: AdamW
Weight Decay: le-5 Base LR: 0.001

Mazx Epochs: 2000 LR Scheduler: Cosine
LR Warmup Epochs: 50  Attention Dropout: 0.2

B.1.2 Details for Peptides Experiments

We do not perform hyperparameter tuning on the Peptides dataset, using a 4-layer
GT with width 36 for all encoding types (see Table . Note that the original GT
model without any encodings has a wider width of 96. Models for both Peptides-func
and Peptides-struct tasks are trained for 200 epochs using the AdamW optimizer, a
batch size of 128, and a base LR of 0.0003 (annealed with a cosine scheduler).

Table B.2: A summary of the GT hyperparameters used for the Peptides dataset.

Model Layers Width Encoding dim
GT+none 4 96 N/A
GT+RWSE 4 36 16
GT+MoSEs (ours) 4 36 24
GT+MoSEq (ours) 4 36 16
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B.1.3 Details for Fractional Domination Experiments
Similarly to the Peptides experiments, we do not perform hyperparameter tuning

on the Fractional Domination synthetic dataset.

MLP. Our MLP experiments on the synthetic dataset (Table |4.11)) use the

following hyperparameters for all encodings:

Depth: 4 Width: 145 Global Pooling: Mean
Batch Size: 128 Optimizer: Adam Weight Decay: 0.0
Base LR: 0.001 Mazx Epochs: 1000 LR Scheduler: Reduce on Plateau
LR Reduce Factor: 0.5 Dropout: 0.2 LR Patience (min): 10 (1e-5)

GT. Our GT experiments on the synthetic dataset (Table [4.11)) use the following

hyperparameters for all encodings:

Depth: 10 Width: 64 Heads: 4
Batch Size: 128 Optimizer: AdamW Weight Decay: 0.001
Base LR: 0.0001 Maz Epochs: 1200 LR Scheduler: Cosine

LR Warmup Epochs: 30  Attention Dropout: 0.5
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Here, we provide the additional experimental details and hyperparameters for our

results presented in Chapter [5

Compute Resources. Experiments were performed on heterogenous GPU clusters
consisting of NVIDIA L40S and H100 GPUs. Models were primarily trained using
multinode DDP training on L40S GPUs as cluster availability permitted. Inference

is performed across all available hardware.

C.1 Rigid and Flexible Dataset Construction

The exact CSD identifiers for the rigid and flexible CSP datasets are provided

below for reference.

Molecules in the Rigid Dataset: XULDUD, GUFJOG, QAMTAZ, BOQQUT,
BOQWIN, UJIRIO, PAHYON, XATMIP, HAMTIZ, XATMOV, AXOSOW, SOXLEX,
WIDBAO, HXACAN, ACSALA, PUBMUU, GLYCIN, TEPNIT, QQQCIG, ZZZMUC,
FOYNEO, ANTCEN, URACIL, BTCOAC, CORONE, GUJTOX, TPHPOR, ACETAC,
IMAZOL, CEBYUD, CILJIQ, CUMJOJ, DEZDUH, DOHFEM, GACGAU, GOL-
HIB, HURYUQ, IHEPUG, LECZOL, NICOAM, ROHBUL, UMIMIO, WEXREY,
CAPRYL, ACACPD, BPYRUF, JIVNOV, MUBXAM, VUJBUB, NAVZAO.

Molecules in the Flexible Dataset: QAXMEH, DORDUM, BOTHUR, MOVZUW,
YOPYEL, SUTHAZ, TPPRHC, FPAMCA, INDMET, MELFIT, YIGPIO, TEHZIP,
DMANTL, YIGDUP, UWEQUL, COWZIA.
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C.2 Hyperparameter Protocol

C.2.1 A-Transformer Hyperparameters

A-Transformer uses a model based on the PyTorch nn. TransformerEncoder module,
with hidden size d;, = 512, L = 13 layers, and H = 4 heads.

C.2.2 OXtal Hyperparameters

Training. Our training implementation is based off of the open-source Protenix
model [179]. Because we are not doing protein folding, we have disabled the
previously built-in MSA and LM components. For training, we use an Adam
optimizer with 5, = 0.9, 8, = 0.95, a learning rate of 0.0018, and a weight decay
of 1e-8. The learning rate is additionally set to a scheduler with 1,000 warmup
steps and a decay factor of 0.95 for every 50,000 steps. We report results for our
model trained at 70,000 and 110,000 steps.

The atom encoder has 3 blocks with 4 heads. The atom embedding size is 128,
whereas the pair embedding is size is 16. In terms of the main pairformer trunk, we
use 4 pairformer blocks, each with 16 attention heads and a dropout rate of 0.25.
The hidden dimension for the pair representation is 128, and the hidden dimension
for the single representations are 384. Furthermore, we do 2 rounds of recycling.
For the diffusion block, we use a diffusion batch size of 32 and a chunk size of 1.
The actual diffusion transformer has 12 transformer blocks, with 8 attention heads.
Crop size (and therefore token size for the diffusion transformer) is set to 640, with a

50/50 ratio of S* and kNN cropping for training. All components are set to seed 42.

Inference. At inference time, we use the following hyperparameters for our
diffusion sampling: v9 = 0.8, noise scale lambda = 1.003, steps = 200, and step
scale eta = 1.5. When generating samples, we generate 1 sample from 30 different

seeds for each target crystal structure. Seeds are set from 0 to 29.

C.3 Detailed CSP Blind Test Baselines

C.3.1 Performance Results

In the tables below, we provide the full baseline results for the 5th, 6th, and 7th
CSP blind tests. Metrics are calculated based on the submitted structures provided
in Bardwell et al. [37], Reilly et al. [38] and Hunnisett et al. [39], respectively.
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Table C.1: Results per crystal of submitted methods for CSP blind test 5.

Model ns Colg ] Pacgt Pacc? Recg?t Rece? §)15'.7
Target XVI (OBEQUJ)
Group Ammon 20 0.000  0.850 Y 1.000 Y Y
Group Boerrigter 8456  0.000 0.113 Y 0.994 Y Y
Group Day 549 0.000  0.222 Y 1.000 Y Y
Group Desiraju 202 0.000 0.272 Y 1.000 Y Y
Group Hofmann 103 0.000  0.000 N 1.000 Y N
Group Jose 16 0.188  0.250 Y 0.438 Y N
Group Kendrick 90 0.000 0.500 Y 1.000 Y Y
Group Maleev 18 0.000  0.000 N 0.944 Y N
Group Misquitta 103~ 0.000  0.214 Y 1.000 Y Y
Group Nikylov 13 0.000  0.000 N 1.000 Y N
Group Orendt 292 0.000  0.209 Y 1.000 Y Y
Group Price 150 0.000  0.367 Y 1.000 Y Y
Group Scheraga 61 0.000  0.393 Y 1.000 Y Y
Group vanEijck 117 0.000  0.359 Y 1.000 Y Y
Group Venuti 61 0.033 0.049 Y 0.475 Y Y
Target XVII (OBEQOD)
Group Ammon 6 0.000  0.167 Y 1.000 Y N
Group Boerrigter 4894  0.000  0.054 Y 0.999 Y Y
Group Day 164 0.000  0.220 Y 1.000 Y Y
Group Desiraju 202 0.000  0.302 Y 1.000 Y Y
Group Hofmann 103 0.000  0.000 N 1.000 Y N
Group Jose 15 0.533  0.133 Y 0.267 Y N
Group Kendrick 150 0.000  0.200 Y 1.000 Y Y
Group Maleev 24 0.000  0.083 Y 1.000 Y N
Group Orendt 272 0.000  0.051 Y 0.971 Y Y
Group Price 139 0.000 0.122 Y 1.000 Y Y
Group Scheraga 74 0.000  0.189 Y 0.986 Y Y
Group vanEijck 132 0.000 0.129 Y 0.992 Y Y
Group Venuti 71 0.563  0.014 Y 0.211 Y N
Target XVIII (OBEQET)
Group Ammon 5 0.000  0.000 N 0.600 Y N
Group Boerrigter 5001 0.000  0.005 Y 0.448 Y Y
Group Day 438 0.000  0.000 N 0.893 Y N
Group Desiraju 156 0.000 0.038 Y 1.000 Y Y
Group Hofmann 103 0.000  0.000 N 0.379 Y N
Group Jose 11 0.364  0.000 N 0.000 N N
Group Kendrick 79 0.000 0.127 Y 0911 Y Y
Group Maleev 10 0.000 0.000 N 0.800 Y N
Group Orendt 165  0.000  0.012 Y 0.897 Y Y
Group Price 259 0.000  0.008 Y 0.525 Y Y
Group Scheraga 71 0.000  0.014 Y 0.986 Y Y
Group vanEijck 113 0.000  0.000 N 0.000 N N
Group Venuti 100 0.000  0.000 N 0.040 Y N
Target XIX (XATJOT)
Group Boerrigter 383 0.000  0.355 Y 1.000 Y Y
Group Day 103 0.000  0.252 Y 1.000 Y Y
Group Desiraju 202 0.000  0.262 Y 1.000 Y Y
Group Hofmann 103 0.000  0.155 Y 1.000 Y Y
Group Kendrick 350  0.000 0.326 Y 1.000 Y Y
Group Maleev 23 0.000  0.217 Y 1.000 Y Y
Group Orendt 279 0.000  0.140 Y 1.000 Y Y
Group Price 164  0.000 0.079 Y 1.000 Y Y
Group Scheraga 34 0.000  0.147 Y 1.000 Y Y
Group vanEijck 129 0.000  0.457 Y 1.000 Y Y
Group Venuti 100 0.000  0.050 Y 1.000 Y N
Target XX (OBEQIX)
Group Ammon 11 0.000  0.000 N 0.000 N N
Group Boerrigter 5005  0.000  0.000 N 0.014 Y N
Group Day 53 0.000  0.094 Y 0.358 Y Y
Group Hofmann 103 0971 0.000 N 0.000 N N
Group Kendrick 117 0.000  0.205 Y 0.248 Y Y
Group Maleev 8 0.000 0.000 N 0.000 N N
Group Orendt 156 0.000  0.006 Y 0.006 Y Y
Group Price 103 0.000  0.039 Y 0.243 Y Y
Group vanEijck 121 0.000 0.000 N 0.017 Y N
Group Venuti 100 0.020  0.000 N 0.000 N N
Target XXI (KONTIQ)
Group Boerrigter 5002 0.000  0.902 Y 0.914 Y Y
Group Day 2350  0.000  0.964 Y 0.966 Y Y
Group Desiraju 244 0.000  0.943 Y 0.943 Y Y
Group Hofmann 103 0.000  0.981 Y 0.981 Y Y
Group Kendrick 1886  0.000  0.990 Y 0.991 Y Y
Group Maleev 26 0.000  0.769 Y 0.769 Y Y
Group Orendt 594 0.000 0.928 Y 0.941 Y Y
Group Price 449 0.002  0.978 Y 0.980 Y Y
Group vanEijck 132 0.000  0.985 Y 0.985 Y Y
Group Venuti 294 0.000  0.568 Y 0.058 Y Y
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Table C.2: Results per crystal of submitted methods for CSP blind test 6.

Model ns Colg) Pacs? Pacc? Recs? Rece? Solo?
Target XXII (NACJAF)
Group01-Chadha-Singh 100 0000 0010 Y 1000 Y N
Group02-Cole 100 0000 0050 Y 1000 Y Y
Group03-Day 200 0.000 0085 Y 1000 Y Y
Group04-Dzyabchenko 100 0000 0170 Y 1000 Y Y
Group05-vanEijck 100 0000 0070 Y 1000 Y Y
Group06-Elking-FustiMolnar 198 0005 005 Y 0939 Y Y
Group07-vandenEnde-Cuppen 200 0000 0080 Y 1000 Y Y
Group08-Facelli 1770000 0006 Y 0977 Y N
Group09-Coto-Obata 200 0000 0060 Y 1000 Y Y
Group10-Hofmann 100 0000 0000 N 1000 Y N
Groupl1-Lv-Wang-Ma 200 0000 0000 N 1000 Y N
Group12-Marom 600 0028 0032 Y 0757 Y Y
Groupl3-Mohamed 100 0.000 0.570 Y 1.000 Y Y
Groupl4-Neumann-Kendrick-Leusen 100 0.000 0.070 Y 1.000 Y Y
Groupl5-Adjiman-Pantelides 100 0.000 0.040 Y 1.000 Y Y
Groupl6-Pickard-ct-al 330000 0000 N 1000 Y N
Groupl7-Podeszwa 99 0000 0091 Y 1000 Y Y
Groupl8-Price 200 0.000 0045 Y 1000 Y Y
Groupl9-Szalewicz-Price 100 0000 0030 Y 1000 Y Y
Group20-Tuckerman-Szalewicz 540000 0130 Y 1000 Y Y
Group21-Zhu 80 0000 0075 Y 0988 Y Y
Group22-Boese-Hofmann 310000 0000 N 1000 Y N
Group23-Brandenburg-Grimme 19 0000 0042 Y 0992 Y Y
Group25-Tkatchenko 120 0000 0067 Y 0992 Y Y
Target XXIII (XAFPAY)
Group01-Chadha-Singh 100 0000 0000 N 0000 N N
Group02-Cole 100 0000 0050 Y 0090 Y Y
Group03-Day 200 0.000 0040 Y 0035 Y Y
Group05-vanEijck 100 0000 0040 Y 0060 Y Y
Group06-Elking-FustiMolnar 149 0000 0114 Y 0094 Y Y
Group07-vandenEnde-Cuppen 200 0.000 0000 N 0000 N N
Group08-Facelli 100 0000 0000 N 0000 N N
Group09-Coto-Obata 200 0000 0120 Y 0135 Y Y
Group10-Hofmann 100 0000 0000 N 0000 N N
Group13-Mohamed 100 0000 0090 Y 0350 Y Y
Groupl4-Neumann-Kendrick-Leusen 200 0.000 0.170 Y 0.270 Y Y
Groupl5-Adjiman-Pantelides 100 0.000 0.100 Y 0.120 Y Y
Groupl8-Price 200 0.000 0.120 Y 0.165 Y Y
Group21-Zhu 60 0.000 0.083 Y 0.133 Y Y
Group22-Boese-Hofmann 180000 0000 N 0000 N N
Group23-Brandenburg-Grimme 125 0000 0400 Y Y Y
Group25-Tkatchenko 50 0000 0280 Y 220 Y Y
Target XXIV (XAFQON)
Group03-Day 200 098 1000 Y 0020 Y Y
Group05-vanEijck 100 0000 098 Y 0980 Y Y
Group06-Elking-FustiMolnar 198 0.000 0.859 Y 0.005 Y Y
Group08-Facelli 100 0.280 0.990 Y 0.720 Y Y
Groupl0-Hofmann 100 0.000 0.990 Y 1.000 Y Y
Groupl4-Neumann-Kendrick-Leusen 100 0.310 1.000 Y 0.690 Y Y
Groupl8-Price 200 0.805 0.990 Y 0.195 Y Y
Group21-Zhu 50 0140 1000 Y 0860 Y Y
Group22-Boese-Hofmann 150200 1000 Y 080 Y Y
Group23-Brandenburg-Grimme 119 0941 0966 Y 005 Y Y
Group24-Szalewicz 100 0800 1.000 Y 0200 Y Y
Group25-Tkatchenko 50 0600 1000 Y 0400 Y Y
Target XXV (XAFQAZ01)
Group(2-Cole 100 0.000 0.000 N 1.000 Y N
Group03-Day 200 0.000 0.100 Y 1.000 Y Y
Group04-Dzy: 161 0.000 0.056 Y 1.000 Y Y
Group05-vanEijck 100 0000 0060 Y 1000 Y Y
Group06-Elking-FustiMolnar 1270000 0087 Y 0984 Y Y
Group07-vandenEnde-Cuppen 200 0.000 0000 N 0990 Y N
Group08-Facelli 100 0000 0040 Y 1000 Y N
Group09-Goto-Obata 200 0000 0030 Y 1000 Y Y
troupl0-Hofmann 100 0000 0000 N 1000 Y N
Group13-Mohamed 100 0000 0020 Y 1000 Y Y
Groupl4-Neumann-Kendrick-Leusen 100 0.000 0100 Y 1000 Y Y
Group15-Adjiman-Pantelides 100 0000 0090 Y 1000 Y Y
Groupl8-Price 200 0000 0110 Y 1000 Y Y
Group21-Zhu 25 0.000 0.040 Y 1.000 Y Y
Group22-Boese-Hofmann 10 0.000 0.000 N 1.000 Y N
Grouy Brandenburg-Grimme 100 0.000 0.110 Y 1.000 Y Y
Group25-Tkatchenko 20 0.000 0.100 Y 1.000 Y Y
Target XXVI (XAFQIH)
Group01-Chadha-Singh 100 0000 0000 N 0000 N N
Group02-Cole 100 0000 0010 Y 0010 Y Y
Group03-Day 200 0000 0015 Y 0000 N Y
Group04-Dzyahchenko 710000 0014 Y 0000 N Y
Group05-vanEijck 100 0.000 0000 N 0000 N N
Group06-Elking-FustiMolnar 138 0.000 0.312 Y 0.246 Y Y
Groupl0-Hofmann 100 0.000 0.000 N 0.000 N N
Groupl3-Mohamed 100 0.000 0.000 N 0.000 N N
Groupl4-Neumann-Kendrick-Leusen 200 0.000 0405 Y 0490 Y Y
Group15-Adjiman-Pantelides 100 0000 0020 Y 0000 N Y
Groupl8-Price 200 0.000 0035 Y 0040 Y Y
Group21-Zhu 30 0000 0000 N 0000 N N
Group22-Boese-Hofmann 15 0000 0000 N 0000 N N
Group23-Brandenburg-Grimme 1030000 0019 Y 0058 Y Y
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Table C.3: Results per crystal of submitted methods for CSP blind test 7.

Model ns  Cols| Pacst Pacc? Recs? Recc? Sole?
Target XXVII (XIFZOF01)
Group06-BEijck 1500 0000 0011 Y 0006 Y Y
Group08-DWMHofmann 1501 0000 0001 Y 0000 N N
Groupl0-XtalPi 1500 0000 0062 Y 0038 Y Y
Groupl6-Marom-Isayev 1500 0000 0027 Y 0005 Y Y
Group!7-Matsui 1500 0000 0005 Y 0005 Y Y
Groupl9-OpenEye 1500 0000 0000 N 0000 N N
Group20-MNeumann 1500 0000 0015 Y 0007 Y Y
Group21-Obata-Goto 1500 0000 0011 Y 0003 Y Y
Group22-AOganov 1500 0000 0014 Y 0000 N Y
Group24-SLPrice 1500 0000 0005 Y 0000 N Y
Group25-CShang 1500 0000 0061 Y 0007 Y Y
Sroup27-KSzalewicz-MTuckerman 1500 0.000  0.027 Y 0000 N Y
Group28-QZhu 1500 0000 0000 N 0000 N N
Target XXV (OJIGOGO1)
Group6-BEijck 1500 0076 0002 Y 0000 N Y
Group08-DWMHofmann 31 L0000 0516 Y 0000 N N
Groupl0-XtalPi 1500 1000 0041 Y 0000 N N
Group20-MNeumann 1500 0127 Y 0008 Y N
Group22-AOganov 811 0002 Y 0000 N N
Group24-SLPrice 1500 0093 Y 0000 N N
Group25-CShang 1500 0359 Y 0005 Y Y
Group26-KSzalewicz 1500 0000 N 0000 N N
Target XXIX (FASMEV)
Group01-Adjiman-Pantelides 1510 0000 0072 Y 0961 Y Y
Group03-DBoese 1510 0000 0.060 Y 0836 Y Y
Group05-GDay 1510 0000 0143 Y 0981 Y Y
Group06-BEijck 1510 0000 0052 Y 0668 Y Y
Groupl0-XtalPi 1510 0.000 022 Y oo0997 Y Y
Groupll-Johnson-Otero-de-la-Roza 319 0000 0245 Y 0997 Y Y
Groupl2-JJose 2006 0000 047 Y 0000 N N
Group13-DKhakimov 800000 0537 Y 1000 Y Y
sroupl6-Marom-Isayev 1510 0.000 0.476 Y 1.000 Y Y
Sroupl8-SMohamed 1510 0.000 0054 Y Y Y
Groupl9-OpenEye 904 0.000 0043 Y Y Y
Group20-MNeumann 1504 0000 0418 Y Y Y
Group21-Obata-Goto 1510 0.000 0079 Y Y Y
Group22-AOganov 1510 0.000 0054 Y Y Y
Group23-ClPickard 1510 0001 0154 Y Y Y
Group24-SLPrice 1265 0000 0043 Y Y Y
Group25-CShang 1500 0000 0159 Y Y Y
Group27-KSzalewicz-MTuckerman 1510 0.000 0175 Y Y
Group28-QZhu 200 0000 0096 Y 0947 Y
Target XXX - 2:1 (MIVZEA)
Group05-GDay 1600 0000 0007 Y 0379 Y Y
Group06-BEijck 1600 0000 0007 Y 0239 Y Y
Groupl0-XtalPi 1600 0000 0042 Y 0186 Y Y
Groupl2-JJose 403 0000 0000 N 0432 Y N
Groupl3-DKhakimov 2810000 0000 N 1000 Y N
Groupl8-SMohamed 1600 0.000 0002 Y 1000 Y Y
Groupl9-OpenEye 1600 0000 0001 Y 0052 Y Y
Group20-MNeumann 1600 0000 0042 Y 0207 Y Y
Group21-Obata-Goto 1600 0000 0002 Y 054 Y Y
Group22-AOganov 138 0000 0000 N 0149 Y N
Group24-SLPrice 1600 0.000 0000 N 0269 Y N
Group27-KSzalewicz-MTuckerman 1600 0.000 0001 Y 0287 Y Y
Group28-QZhu 1600 0000 0001 Y 0070 Y Y
Target XXX - 11 (MIVZIE)
Group05-GDay 1600 0000 0016 Y 009 Y Y
Group06-BEijck 1600 0000 0004 Y 0041 Y Y
Groupl0-XtalPi 1600 0000 0024 Y 0107 Y Y
Groupl2-JJose 403 0000 0000 N 0000 N N
Group13-DKhakimoy 281 0000 0007 Y 0000 N N
Groupl8-SMohamed 1600 0000 0000 N 0000 N N
Groupl9-OpenEye 1600 0000 0001 Y 0046 Y N
Group20-MNeumann 1600 0.000 0.015 Y 0.111 Y Y
Group21-Obata-Goto 1600 0.000 0006 Y 0001 Y Y
Group22-AOganov 138 0000 0001 Y 0000 N N
Sroup24-SLPrice 1600 0000 0000 Y 0000 N N
Group27-KSzalewicz-MTuckerman 1600 0000 0.001 Y 0016 Y N
Group28-QZhu 1600 0000 0003 Y 0083 Y Y
Target XXXI (ZEHFUR)
Sroup01-Adjiman-Pantelides 1500 0.000 0029 Y 0330 Y Y
Group03-DBoc 1500 0000 0029 Y 0266 Y Y
Group05-GDay 1500 0005 0055 Y Y Y
Group06-BEijck 1500 0.000  0.008 Y Y Y
Group08-DWMHofmann 1500 0000 0.004 Y Y Y
Groupl0-XtalPi 1500 0000 0055 Y Y Y
Groupl2-JJose 1500 0001 0025 Y N N
Groupl6-Marom-Isayey 1500 0000 0063 Y Y Y
Groupl8-SMohamed 1500 0000 0001 Y N N
Groupl9-OpenEye 1500 0000 0030 Y Y Y
Group20-MNeumann 1500 0000 0123 Y Y Y
Group21-Obata-Goto 1500 0000 0006 Y Y Y
Group22-AOganov 1500 0.000 0003 Y Y Y
Group24-SLPrice 1500 0000 0017 Y Y Y
Group23-CShang 1500 0000 0.069 Y Y Y
Group27-KSzalewicz-MTuckerman 1500 0.000  0.009 Y Y Y
Group28-QZhu 1500 0000 0000 Y 0045 Y N
Target XXXII (JEKVII)
Group01-Adjiman-Pantelides 1499 0006 0001 Y 0000 N N
Group03-DBoc 1500 0000 0000 N 0000 N N
Group05-GDay 150 0000 0000 N 0000 N N
Group06-BEijck 150 0000 0000 N 0000 N N
Groupl0- i 1500 0001 0030 Y 0020 Y Y
Groupl8-SMohamed 203 0000 0000 N 0000 N N
Groupl9-OpenEye 1500 0000 0000 N 0000 N N
Group20-MNeumann 1500 0000 0134 Y 066 Y Y
Group22-AOganov 1500 0000 0000 N 0000 N N
Group24-SLPrice 1500 0000 0000 N 0000 N N
hang 1500 0000 0085 Y 0014 Y Y
zalewicz-MTuckerman 1500 0.000  0.000 N 0000 N N
Group28-QZhu 1495 0000 0000 N 0000 N
Target XXX (ZEGWAN)
Group01-Adjiman-Pantelides 1500 0000 0011 Y Y Y
Group05-GDay 1500 0.000 0013 Y Y Y
Group06-BEijck 1500 0.000 0015 Y Y Y
Group08-DWMHofmann 1500 0.000  0.004 Y Y Y
Groupl0-XtalPi 1500 0000 0020 Y Y Y
Groupl3-DKhakimov 5 0000 0000 N N N
Groupl9-OpenEye 1500 0000 0022 Y Y Y
Group20-MNeumann 1500 0000 0052 Y Y Y
Group21-Obata-Goto 1500 0000 0010 Y Y Y
Group22-AOganov 1500 0000 0000 N Y N
Group24-SLPrice 1500 0000 0013 Y Y Y
Group25-CShang 1500 0000 0009 Y Y Y
Group27-KSzalewicz-MTuckerman 1500 0000 0.009 Y Y Y
Group28-QZhu 1453 0000 0012 Y Y Y
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C.3.2 Inference Cost

In the tables below, we provide the reported inference time costs for models that
competed in the the 5th, 6th, and 7th CSP blind tests. Note that these results
are directly compiled from Bardwell et al. [37], Reilly et al. [38] and Hunnisett
et al. [39]. We note that some models did not report their inference time, and
thus are not included in these tables.

Table C.4: Summary of computational resources used by some of the participants as

reported in the 5th CSP blind test. CPU hours are approximately normalized to 3.0 GHz.
OXTAL times are reported as elapsed wall time in hours on 1 L40S GPU and 6 CPUs.

Group XVI XVII XVII XIX XX XXI Total
Boerrigter 90 100 350 650 2,105 600 3,800
Day, Cruz-Cabeza 110 1,941 21,051 6,097 54,090 22,197 91,400
Desiraju, Thakur, Tiwari, Pal 114 2,303 324 114 1,431 4,600
Hofmann 2 7 12 694 670 187 1,600
Neumann, Leusen, Kendrick, van de Streek 115,000
Price et al. 200 5,000 14,000 3,000 120,000 52,800 195,000
Van Eijck 27 9,500
Della Valle, Venuti 3,200
Maleev, Zhitkov 7,500
Misquitta, Pickard & Needs 162,000
Scheraga, Arnautova 150 150 610 720 1,300
OXTAL 0.024 0.011 0.012 0.013 0.029 0.011 0.100
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Table C.5: Summary of the computational resources used by each submission in terms
of raw CPU hours as reported in the 6th CSP blind test. OXTAL times are reported as
elapsed wall time in hours on 1 LL40S GPU and 6 CPUs. Note that Group 22 re-ranks
structures submitted by Group 10, and Groups 23, 24, and 25 re-rank structures submitted
by Group 18.

Group XXII XXIIT  XXIV XXV  XXVI Total
01-Chadha & Singh 350 450 600 1,400
02-Cole et al. 6 538 46 246 836
03-Day et al. 12,714 394,948 15,241 121,701 179,897 724,501
04-Dzyabchenko 144 3,648 3,360 7,152
05-van KEijck 130 2,810 1,400 8,060 7,630 20,030
06-Elking & Fusti-Molnar 418,540 242,000 235,400 135,000 190,000 1,220,940
07-van den Ende, Cuppen et al. 9,741 7,777 6,388 23,906

08-Facelli et al. 268,012 38,500 11,500 39,000 357,012
09-Obata & Goto 19,200 346,000 325,000 690,200
10-Hofmann & Kuleshova 10 630 623 202 255 1,720
11-Lv, Wang, Ma 325,000 325,000
12-Marom et al. 30,000,000 30,000,000
13-Mohamed 26 106 81 61 274
14-Neumann, Kendrick, Leusen 32,160 146,120 103,700 84,680 356,844 723,504
15-Pantelides, Adjiman et al. 333 87,000 37,535 272,500 397,368
16-Pickard et al. 380,000 380,000
17-Podeszwa et al. 72,220 72,220
18-Price et al. 26,000 84,000 63,000 169,000 327,000 669,000
19-Szalewicz et al. 66,000 66,000
20-Tuckerman, Szalewicz et al. 81,000 81,000
21-Zhu, Oganov, Masunov 4,000 275,000 279,800 30,000 180,000 768,800
22-Boese 80,000 80,000 80,000 80,000 80,000 400,000
23-Brandenburg & Grimme 13,665 8,661 3,009 34,824 10,135 70,794
24-Szalewicz et al. 15,000 15,000
25-Tkatchenko et al. 100,000 2,100,000 500,000 500,000 3,200,000
OXTAL 0.012 0.019 0.011 0.030 0.042 0.114
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Table C.6: CPU core hours per target molecule for each prediction method as reported
in the 7th CSP blind test. OXTAL times are reported as elapsed wall time in hours on 1
L40S GPU and 6 CPUs.

Group XXVII  XXVIII XXIX XXX XXXI XXXIT  XXXIIT Total
01-Adjiman-Pantelides 652,495 840,000 1,597,000 412,000 3,501,495
03-DBoese 1,600,000 1,500,000 3,600,000 6,700,000
05-GDay 768,766 33,000 2,900,000 510,563 846,698 228,957 5,287,984
06-BEijck 8,120 1,350 1,310 9,800 1,470 2,900 4,980 29,930
08-DWMHofmann 3,200 10 4,000 1,840 9,050
10-XtalPi 772,500 1,242,500 1,146,588 644,927 381,672 644,927 612,500 5,445,614
11-Johnson-Otero-de-la-Roza 643,882 643,882
12-JJose 20,000 80,000 20,000 120,000
13-DKhakimov 350 1,500 500 2,350
16-Marom-Tsayev 1,700,000 2,128,000 630,000 4,458,000
17-Matsui 95,819 95,819
18-SMohamed 1,050 36,864 632 1,561 40,107
19-OpenEye 30,000 40,000 1,250,000 140,000 400,000 60,000 1,920,000
20-MNeumann 1,022,976 283,538 755,712 1,769,472 1,028,064 3,935,232 728,064 9,523,058
21-Obata-Goto 333,586 92,890 580,436 1,889,649 477,210 3,373,771
22-A0ganov 20,000 2,000 15,000 180,000 20,000 25,000 25,000 287,000
23-CJPickard 10,000 10,000
24-SLPrice 450,290 89,666 76,541 100,000 49,177 244,520 123,427 1,133,621
25-CShang 55,150 29,691 4,784 6,476 76,161 34,648 206,910
26-KSzalewicz 28,332 28,332
27-KSzalewicz-MTuckerman 1,280,566 60,457 242,424 213,722 1,663,940 150,650 3,611,759
28-QZhu 1,600 1,500 7,680 1,500 1,500 1,500 15,280
OXTAL 0.060 0.026 0.011 0.056 0.015 0.050 0.017 0.235
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