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Abstract

We study scalar-fermion models with Yukawa interaction on a space-time lat­ 

tice. Such models can describe the Higgs sector of the Standard Model in the case 

when the Higgs particle is very heavy (few hundred GeV) and there are very heavy 

fermions whose masses are due to their Yukawa interactions with the Higgs field. We 

study a realistic model with four component scalar field as well as simplified models 

with one and two component scalar fields. We use a mean field approximation to 

calculate equations for critical lines in the large d (dimension of space-time) limit. 

These lines are in very good agreement with available Monte Carlo data for the 

models at d = 4. We calculate fermion correlation functions in the mean field and 

large d approximations to study properties of different phases in the lattice models. 

We find two distinct phases with vanishing expectation values of the scalar field. 

One (at small Yukawa coupling Y) contains massless fermions, while in the other 

(at large F) the fermions have masses larger than the scale given by the inverse 

lattice spacing. We find that in the latter phase fermions can form bosonic bound 

states. These states show up as poles in a four-fermion correlator. We discuss pos­ 

sible continuum limits in the lattice scalar-fermion models. In particular, we show 

that a theory defined near the critical line separating the disordered phase from the 

phase with antiferromagnetic order is not unitary.



Acknowledgements
I would like to express my gratitude to Mike Teper, my supervisor, for his 

constant support and encouragement. I enjoyed and I benefited very much from 

numerous discussions with him. His suggestions improved the style of the thesis 

considerably.

It is my pleasure to thank Maxim Tsypin, my colleague and friend. Many ideas 

presented in this work were born and shaped in our discussions.

I wish to thank Mikhail Voloshin for drawing my attention to the problem of a 

heavy Higgs and fermions, for encouragement and for many valuable suggestions.

I am very grateful to Vladimir Yakovlevich Fainberg under whose supervision I 

began my research back in Moscow.

My thanks also go to Jiri Jersak and his colleagues in Julich for their interest 

in my work and many critical discussions. The numerical results obtained by this 

group were very valuable to this study.

I have enjoyed many helpful conversations with members of Theoretical Physics 

at Oxford.

The financial support of Jesus College Oxford and the Soros Foundation is ac­ 

knowledged with gratitude.



Contents

1 Introduction 3

1.1 Motivation ................................. 3

1.2 The model ...................... .......... 5

1.3 The lattice model ................. ........... 7

1.3.1 Scalar sector ............................ 7

1.3.2 Continuum limit ......................... 12

1.3.3 Adding fermions ......................... 14

1.3.4 Continuum limit, fermion doubling and staggered fermions . . 15

1.4 Notations and the outline ........................ 19

1.4.1 One component scalar field   Z2 symmetry .......... 20

1.4.2 Two component scalar field   t^(l) symmetry ...... .21

1.4.3 Four component scalar field   0(4) symmetry ......... 23

2 Mean field theory and the phase transition lines 25

2.1 Mean field approximation in the Ising model .............. 26

2.2 Mean field approximation for scalar-fermion theory: Z2 case ..... 30

2.3 The fermion determinant to leading ord^j: in l/d . . . ...... 34

2.3.1 Large F ..... ...................... .34

2.3.2 Small Y .............................. 36

2.4 Antiferromagnetic phase ................ ...... 39

2.5 Mean field approximation in the t^(l) scalar-fermion model ...... 41

2.5.1 Para-ferromagnetic phase transition lines ............ 42

2.5.2 Antiferromagnetic phase ......... ........... 44

2.6 Mean field approximation in the 0(4) scalar-fermion model...... 46



2.6.1 Large Y .............................. 47

2.6.2 Small Y .............................. 50

2.6.3 Para-antiferro phase transition lines .............. 51

3 Properties of the phases 52

3.1 Behaviour of the fermions ........................ 53

3.1.1 Fermion condensate: (?/'?*'} .................... 53

3.1.2 Two different phases with (4>} = 0 ................ 56

3.2 The phase diagrams of the scalar-fermion models ........... 59

3.2.1 The Z2 model ................ .......... 59 '

3.2.2 The [7(1) and 0(4) models .................... 61

3.2.3 The scalar-fermion models at K — 0 ............... 64

3.3 Mean field vs Monte Carlo ........ .... .......... 67

3.3.1 The C7(l) model .......................... 67

3.3.2 The 0(4) model .......................... 68

3.4 Continuum limits ............................. 71

3.5 Bound states in the scalar-fermion theories ............... 74

3.5.1 The model . ........ ................. 74

3.5.2 Computing the four-fermion correlator . . ........ .75

3.5.3 Discussion .............. ....... ..... 79

3.6 Unitarity and the PM-AM line .... .... .......... 82

4 Summary and conclusions 87

A Gamma matrices 94

B Positivity of det M 95

C Exact det M for some configurations of o,. 97 

D Duality of the four-fermion amplitude 100



Chapter 1

Introduction

1.1 Motivation

Scalar fields are one of the most important ingredients of the Weinberg-Salam- 

Glashow unified theory of weak and electromagnetic interactions [1]. These fields 

make the W and Z vector bosons massive via the Higgs mechanism [2].

The vector bosons mediating weak interactions appear naturally if one makes 

the SU(2) symmetry which transforms particles in the weak isospin doublets (e.g., 

neutrino and left chirality electron) local. Local gauge invariance also ensures that 

the theory of vector gauge bosons is renormalisable. Renormalisability of the the­ 

ory is important to enable us to make physical predictions using finite number of 

parameters. The problem of introducing masses for the W and Z bosons into the 

theory is that the mass term breaks the local gauge invariance explicitly and de­ 

stroys renormalisability of the theory. The solution for this problem is the so-called 

Higgs mechanism.

One includes in the theory a scalar field which transforms under SU(2) weak 

isospin symmetry as a doublet   the Higgs field. If one neglects the effect of gauge 

fields on the dynamics of the scalar field (whichis often a good approximation as 

the electroweak coupling is small) one can distinguish two phases of the scalar field 

theory: symmetric and broken.

In the symmetric phase vacuum expectations of all the observables which are 

not invariant under the SU('2) symmetry vanish. In other words the vacuum of 

the theory is symmetric. The spectrum of such a pure scalar theory consists of a 

complex doublet of scalar particles of the same mass (four degenerate real scalar 

particles). This phase is analogous to the paramagnetic phase of a ferromagnet.

The analogue of the broken phase is the ferromagnetic phase of a ferromagnet.



In this phase the vacuum of the theory is not invariant under the SU(2) symmetry: 

the vacuum expectation value of the scalar field (mean magnetisation) in the limit 

of infinite volume of the system has nonzero value. Such a phenomenon, when the 

Lagrangian is invariant under some symmetry while the vacuum state is not, is 

called spontaneous breaking of the symmetry. The spectrum of the theory consists 

then of a triplet of massless particles (Goldstone particles [3]) and one massive real 

scalar particle.

It is the broken phase that is relevant for the electroweak theory. The interaction 

with the vector gauge fields removes massless Goldstone particles from the spectrum: 

each Goldstone field combines with two transverse components of the gauge vector 

field to form a massive vector field. The mass is proportional to the gauge coupling 

and the vacuum expectation value of the scalar field. The remaining fourth particle, 

neutral scalar, is the Higgs boson.

The mass of the Higgs boson is a free parameter of the theory. One of the 

interesting questions is: how heavy can this particle be? In the Standard Model the 

scalar sector of the theory is described by the Lagrangian:

£ = i0/1 $td'i$ + A($t$-t; 2 ) 2 . (1.1)

The Higgs field $ is a complex doublet. The mass of the Higgs particle is related to 

the coupling A at the tree level as ma = V8\v, where the vacuum expectation value 

v = (v//2GV)~ 1/' 2   246 GeV is determined by the Fermi constant of the weak inter­ 

actions GF- Thus large mjj corresponds to large A. In this case a nonperturbative 

treatment is desirable [7].

One of the most powerful non-perturbative approaches is the lattice regularisa- 

tion. In this approach one replaces the continuous space-time by a discrete set of 

points   the sites of a lattice. This makes possible to apply methods of statistical 

mechanics to such a system, e.g., mean field, strong coupling, 1/d, high temperature 

or other expansions, etc. A lattice theory in a finite volume has finite, although large, 

number of degrees of freedom. Physical quantities (masses, amplitudes, etc.) in such 

a system can be computed numerically using Monte Carlo method [8]. For example, 

it is possible to obtain an upper bound on the effective A in the theory (1.1) and 

consequently a bound on the mass of the Higgs boson: mpj < 700   800 GeV [9-13] 

(see [14-19] for reviews).

The other important role of the Higgs field in the Standard Model is to provide 

fermions with masses. A mass term for the fermion (e.g., electron) mixes states 

with left and right chirality. The right chirality states do not participate in the weak 

interaction, i.e.. they are singlets with respect to the weak isospin group SU('2) (they 

have isospin 0). Left chirality states transform as doublets (isospin 1/2). Thus an



explicit mass term breaks SU(2) gauge symmetry and destroys the renormalisability 

of the theory. Yukawa interaction with the Higgs field (which has isospin 1/2), 

however, is gauge invariant. In the broken phase the fermion acquires a mass which 

is proportional to the Yukawa coupling and the vacuum expectation value of the 

Higgs field.

The scenario with the heavy Higgs we described above contains only one large 

coupling constant A. Then it is possible to retain only the Higgs sector and neglect 

interactions of $ with gauge fields and fermions [7]. However, this is only possible 

if all fermion masses are much smaller than v. If this is not the case there are at 

least two large coupling constants in the theory: the Higgs self coupling A and the 

Yukawa coupling. The interaction with the gauge fields and the Yukawa interactions 

with light fermions can again be neglected in the first approximation as they are 

governed by small couplings. The top quark with the mass around 170 GeV might 

be still light enough to treat its Yukawa coupling perturbatively also. However, if 

another generation of heavy fermions 1 with masses around few hundred GeV exists 

then their interaction with the Higgs field must be treated nonperturbatively.

An interesting question is then: how heavy can these fermions be? And also, how 

does the presence of a heavy fermion, or, in other words, a strong Yukawa interaction. 

affect the upper bound on the Higgs mass obtained in the study of the pure scalar 

model (1.1)? The answer to these questions requires understanding of the dynamics 

of the scalar-fermion Yukawa theories at strong Yukawa and Higgs self couplings. 

Thus one arrives at the idea to investigate such theories in nonperturbative lattice 

approach.

1.2 The model

Let us go back to the Lagrangian (1.1) for the Higgs sector of the Standard Model. 

Introducing real components 0°. 0 1 , o2 . d3 of the complex Higgs doublet in the 

following way:  

one can rewrite this Lagrangian in the form:

£ = [-d^l d»6l + XWfi - i' 2 ) 2 , (1.3)

where the sum over repeating indices i is implied. One can see that the symmetry 

of the Higgs sector of the Standard Model described by (1.1) or (1.3) is in fact O(4).

: The lightest fermion in that generation should be heavier than half of the mass of the Z boson 
to avoid contribution to the width of the Z resonance [5,6].



The potential of the Higgs field has an (9(4) symmetric valley of minima at \<j>\ = 
v/<p'0' = ii. The spontaneous symmetry breaking occurs as the Higgs field vacuum 
expectation value assumes some direction in the 0(4) space, say <^>°, i.e., (<jf> ! ) = v60i. 
The mass of the Higgs particle is determined by the curvature (second derivative) 
of the potential in the radial direction around the vacuum expectation value. That 
is: mjj = vSXv.

Now let us consider a doublet of massive fermions in the Standard Model de­ 
scribed by a doublet ^ of Dirac fermion fields. The left-handed chirality component 
of this field: ^L- 'is a doublet under the weak isospin:

Each of the components ib lL and ?/>£ is a Weil spinor, or a Dirac spinor but with 
only two independent components, in other words, a chiral projection of the Dirac 
field *:

The right-handed components ^ and v^\

are singlets under the weak isospin.

The interaction of the fermion doublet with the Higgs field $ is described by the 
Lagrangian:

h.c.) - y 'R + h.c.). (1.4)

where
o° - io3 

-i6l - o2
r6 l + d) 2

/ -1 —— \

1.5)

is a conjugate of $ which transforms under the i't"(2) group as a doublet (as 
itself). The Yukawa term in a more explicit form is:

o

id) 1 + 6'2
o° -

where we introduced real components <p' of the Higgs doublet according to (1.2) and 
(1.5). Let us assume again that the direction of the symmetry breaking is 0U and



(^°) = v. If we neglect fluctuations of the <j) field around its vacuum expectation 

value we find for the masses of the fermions: m\ — y\v, m2 — y^v.

To simplify the model let us consider the case when y\ = ;t/2 = J/- 2 Then one can 

simplify (1.6):

h.c., (1.7) 

where we introduced the three component vector (f)= (c/) 1 . </> 2 , ^} and the column:

The Pauli matrices are as usual: T= (TI.T^^TS).

Note that in this limit (y\ = y^} the Lagrangian is symmetric under the O(4) 

rotations of the 4-component scalar field <£>'. This symmetry is a product of SU(2)L 
which rotates doublets of left-handed fermion fields (local gauge symmetry in the 

electroweak theory) and SU(2)R which rotates the right-handed components of the 

fermion fields and is due to the degeneracy yi — t/2 . Recalling that ^R + ^L = ^> 
and ^R — $>L = 75$ one can rewrite the Lagrangian of the model in the form:

CF = iVQift - y^/(o° + i^r • 0)$. (1.8)

Next section explains how we obtain a lattice version of the model described by 

(the sum of) the Lagrangians (1.3) and (1.8).

1.3 The lattice model 

1.3.1 Scalar sector

Let us start with the Higgs Lagrangian in the form (1.3). In fact, for the sake 

of simplicity, let us consider a scalar field with one real component 0 first. The 

Lagrangian has the form:

L = -dM 0c^ + A(0' 2 -r-)'2 . (1-9)

2 For a very heavy doublet (several hundred GeV) this could be a good approximation. There 

is an experimental upper bound on the mass splitting within the doublet. Radiative corrections 

to the p parameter (p = m\v l(rrrz cos 2 0W )) become too large if mi - rn 2 exceeds 200 GeV or 

so [4-6].



The field <j> is a function of time argument t and three space arguments x: $ =

To compute the amplitudes in the quantum theory (1.9) we need to sum over 

all "trajectories" 6 = 6(t,x). Each trajectory enters this sum with the weight 

proportional to e' s . where

5 = / dtd^xL (1.10)

  is the action on a given trajectory <p(t. x). One of the most useful quantities is 

the generating functional for the Green functions:

Z[J]= [V0 expliS + i. f dtdx.J(x)<j>(x)\. (1.11)
J \ •' )

Here x = (t,x) is a 4-vector, and the sum over all configurations (trajectories) is 

denoted by / "Dtp. Differentiating Z with respect to .7 one can obtain vacuum ex­ 

pectation values of products of the fields o(x) — the Green functions. For example. 

the vacuum expectation value of d> is:

^ " ZiSJ(x)'

The next step is to consider the analytical continuation of our model to pure imagi­ 
nary time argument of the field 6(x). Here we assume that such a procedure (some­ 

times called Wick, or Euclidean, rotation) is well defined. We simply substitute: 

t = — ix4 . Then the space of 4-vectors (xi,x2 ,x3 ,X4) is simply a 4-dimensional 

Euclidean space with the metric (the distance between two points) given by:

/A \ 2 _ /A ^ 2 i / \ \ 2 i / \ \ 2 i / \ \ 2 __ A A 
^£AS) = (Z-i.t'iJ -)- (iAX2j ~T i^AZ.SJ -]- (1AX4J r= ZAX^ZAX,;.

Lorentz transformations of space-time become Euclidean rotations.

The reason for such a step is that Euclidean quantities are usually better defined. 

Also, the system in Euclidean space resembles to a great extent a statistical system 

in 4-dimensional space. Indeed, the generating function Z for the Green functions 

after rotation to the Euclidean space has the form:  

Z[J]= -Dof>xp-SE + d*.rJ(.c)<t>(x). (1.12)

where the Euclidean analogue of the action is:

/ , 1 ., SE = -''s'(i = -ix4 ) = \ d'.r[ -d <pd.,o + \((;>- - v)' }. (1.13)

Notice that the Euclidean action SE is nonnegative.

The functional Z has the form of a partition function of a (classical) statistical 

system in 4-dimensional space. The energy (actually, the energy divided by kT) in

8



this system is given by SE? This analogy becomes even more transparent after we 

put our theory on the lattice.

Such a correspondence between a quantum field theory and a statistical system 

allows us to employ methods developed in condensed matter theory such as mean 

field, high/low temperature expansions, duality transformations, etc. to gain infor­ 

mation about the theory and compute some quantities. Finally, the Monte Carlo 

method can be used to study lattice field theories numerically.

So far. however, we do not really have a definition for the sum over all configu­ 

rations of the field q>(x) in (1.12) which is symbolically denoted by fDfi. One way 

to define this summation is to replace the continuous space-time by a discrete set 

of points of a lattice. Then we consider the field ox which is defined on the sites x 

of this lattice. The sum over all configurations of such a field is a multiple integral 

over the values <bx in each site. If the volume of the system is finite so is the number 

of the integration variables <D X and the procedure is well defined. In the limit when 

the lattice spacing a goes to zero such procedure will define for us the summation 

over all continuum field configurations.

To use this procedure to compute the partition function Z we also need to define 

the form of the action S for finite lattice spacing. This action should be a function 

of the lattice variables <$>x . An a priori requirement is that it should in the limit 

a  >  0 reproduce the continuum action (1.13). 4

There is a considerable freedom in choosing the action that satisfies this re­ 

quirement. In principle, there is no guarantee that the quantum theory resulting 

in the continuum limit will be the same for all such choices. Nevertheless, in most 

reasonable cases it is the same.

The situation is a bit more complicated, however. One should realise, that the 

continuum limit of a lattice theory is not simply a limit a —>• 0. What is really 

needed to approximate a continuum theory by a lattice one is to make a much 

smaller than some physical scale, e.g., the Compton wavelength m" 1 of a particle 

in such a theory. In practice this means that the Ifmit a  > 0 is accompanied by 

tuning the parameters of the lattice action in such a way as to keep the physical 

scale fixed. The parameters of the lattice (bare) action of the model approach then 

a special (critical) point. Only in such points a continuum limit can be defined (see 

more on the question of the continuum limit in sections 1.3.2 and 3.4). With this 

in mind one can reformulate the question of the ambiguity of the lattice action as

3 Note that SE has nothing to do with the energy in the original quantum field theory in

Minkowski space.
4The lattice action should also ensure that the integrals over <pr exist. This is not a problem 

usuallv.



a question of choosing a critical point in the parameter space where the continuum 
limit is to be taken.

One way to deal with such an ambiguity is to employ some other definition of 

the path integral. Then one can use another, dynamical, a posteriori, requirement 

that the quantum theory produced by the lattice action in the continuum limit 

should map onto such a definition. However, practically, for most cases the only 

alternative definition of the path integral that can be used in such a way is based 

on perturbation theory: expansion in powers of a small coupling constant.

For strongly coupled theories the lattice regular isat ion is often the only available 

definition for the path integral. In such a situation the way one can proceed is to 

use some sensible lattice regularisation as a definition of a given quantum theory. 

The lattice actions that produce the same quantum theory in the continuum limit 

are then said to belong to the same universality class.

Now we turn to our pure scalar model where the situation is rather simple: 

practically any straightforward lattice approximation of (1.13) will give the same 

quantum theory in the continuum limit.

Let us assume the lattice to be a simple hypercubic one. The points of the lattice 

have coordinates x = (xi,X2,x,3,x4 ) = (nia,n2 a,n3a,n4a). where n^ are integer 

numbers. The discretisation of the potential term in (1.13) is straightforward. For 

the derivative in the gradient term we choose:

d^ -» -(6I+iia - <k), (1-14) 
a

where ft is a unit vector in the /u-direction: e.g., 2 = (0, 1,0.0). Finally, our lattice 

action for the scalar model (1.13) is:

Factors a 4 are elements of the 4-volume. 

The partition function is then:

(L16)
where Jx is the source for the lattice field <f>x . It is convenient to rescale all di- 

mensionful quantities: <pT , v. .r with appropriate powers of a to replace them by 

dimensionless quantities </>.,., v, x:

6X = a<f>x , v = av. x — x/a. (1-1")

We shall drop tildes in what follows. In other words, we use a as a unit of length 

in the lattice theory. This amounts to setting a = 1 in the formulas. We shall only

10



need to use some other (physical) units of length to discuss the continuum limit 

a  »  0. Thus our lattice action in lattice units takes the form:

2 x

Now we simplify the model by considering the limit A = oo. The physical reason 

behind this is the following. As discussed above, larger Higgs masses correspond to 

larger values of the bare Higgs self coupling A. For large A the relation mjj — \/8Xv 
does not hold, but nonperturbative lattice studies of the Higgs sector show that the 

mass of the Higgs is an increasing function of A for arbitrarily large A and the limit 

A  >  oo is not singular [20]. 3 Thus to estimate the upper bound on the Higgs mass 

one should consider the lattice model with A = oo.

In this limit the factor exp{ A ^X (Q2X — u 2 )} in the integrand of the partition 

function (1.16) restricts the integration over 6X in each site to the summation over 

(j>x = ±u. The partition function of the scalar model takes the form:

(1.19)
{^=±1}

where we expanded ($X+[L — <Px} 2 =  2<&r+ii0* + 2u 2 and dropped the constant 2t> 2 

from the action. We also introduced <px = ox/v and hx = vJx .

The formula (1.19) is the partition function of the Ising model: a statistical 

system of spins (two state systems) 4>x = ±1 living on the sites of the lattice. The 

energy of the system is the sum of the energies of the interactions of the nearest 

neighbours. The energy of the interaction between two spins <j)x and 4>x+ p. is   J < 0 

if they are in the same state and -\-J if they are in different states. Such a system 

(at zero external field hx ) can be in either of two phases depending on the value 

of v 2 = J/kT: symmetric or broken. The phases are distinguished by the order 

parameter, the mean magnetisation: ^ ox /N. where N is the total number of sites. 

As we know for the electroweak theory the broken pnase is the relevant one.

The realistic theory with four component scalar field (1.3) can be discretised 

similarly. The limit A  > oo corresponds to freezing the length of the vector ol : 
0*0' = r 2 . Introducing unit vectors o lx = o'T /v we obtain for the partition function:

z=

5 In the case when interaction with a heavy fermion is present this question was not studied 

nonperturbatively, to our knowledge. However, it is sensible to expect that larger Higgs masses 

correspond to larger A's in this case also. This is true in perturbation theory [21,22].

11



The integration / d\ix in each site x is over the unit sphere covered by the vector <j> lx .

1.3.2 Continuum limit

Now we can discuss the question of the continuum limit a —> 0. The lattice spacing a 
is a dimensionful quantity and we need to define some unit of length to measure it 

in. Clearly, it should be some physical scale in the theory, lor example, the (inverse) 

mass of a particle in the spectrum (the Higgs in our case). It means we want to take 

the limit amjj  »  0. This is the same as to say that the mass measured in lattice 

units mjj = amjj goes to zero. In Euclidean space the mass determines exponential 

fall-off of the propagator (correlator): (<px q>y }  >  e~ mw 'x ~y ' at large distances \x — y\, 
i.e., 1/mff is the correlation length. The limit amfj  »  0 means that the correlation 

length measured in the units of a: £ = l/ra//a diverges. In statistical systems this 

happens when we approach the critical point of a second order phase transition.

The Ising model in 4 dimensions has a critical point at some (finite) value of 

v'2 = v*. This point separates the symmetric and the broken phases. The transition 

is known to be of the second order, i.e., the correlation length in lattice units diverges 

as v 2  »  v 2 . The continuum limit relevant for the Higgs sector of the electroweak 

theory is obtained by approaching the critical point from the broken phase (v 2  >  

v? + Q).

The correlation length in the Ising model is a function of the parameter v 2 : £ = 
£,(v 2 ). Another way to say this is that the lattice spacing a in physical units (1/m/y) 

is a function of the parameter v 2 in the lattice action: a = (rn.fj^v2 })' 1 . We see 

that the role of the parameter v 2 is to determine how close we are to the continuum 

limit a  *  0 (more precisely: amjj  > 0). There are no more free parameters in the 

theory.

It is also useful to use the following terminolog}'. The lattice introduces the cutoff 

for the minimum wavelength (2a) in the fluctuations of the fields. In other words, 

it cuts off the high frequency modes of the fields at the scale of A ~ I/a. The limit 

amjj  >  0 can then be interpreted as the limit of infinite frequency or momentum 

cutoff: \/m.ff ~ (am.fj)~ l  » oc.

It is interesting to see what happens if we consider the theory (1.18) at finite A. 

The study of such o4 theories shows that for all A > 0 there is a second order phase 

transition point at some r~ = u'2 (\) and the continuum limit is always the same: a 

noninteracting. free theory [24]. The role of the parameter A is only to change the 

form of the dependence of the correlation length on r~: £ = £(r2 . A). One can also 

introduce other parameters into the lattice action (1.18). e.g., o6 terms or change

12



the form of the derivative terms. The continuum limit will still be the same and 

these parameters only change the relation between v 2 and £. This means that all 

such theories belong to the same universality class: the universality class of the Ising 

model. One can say that the critical point corresponding to this universality class 

has only one relevant parameter: u 2 .

The phenomenon that the continuum limit of the a>4 theory is a free theory is 

often called triviality [24]. Such a phenomenon was first discussed in the context 

of quantum electrodynamics [25]. It means that we cannot define a continuum 

limit for the interacting 04 theory. In other words, if we start with some bare <?i>4 

coupling A then due to quantum fluctuations this coupling will be screened by a 

cloud of virtual scalar particles and the effective coupling A eff at some distance scale 

R (or momentum scale n = l/R) will be smaller. The effective coupling will be a 

function of the scale at which it is measured and the cutoff: A eff(/i/m#, A/m#). It 

is convenient to define A eff at the scale /j, = mjj. This coupling is related to the 

Higgs mass via: m# = x/8Aeff(246 GeV). As we remove the cutoff: A/m#  *  oo, 

the effective coupling Aeff vanishes.

In this situation the best we can do to save the interaction is to say that the 

<J>4 theory can be denned only for energies/momenta below some cutoff scale of 

order A. Then we imagine that there are also other fields in the theory for which 

the lowest fluctuation frequencies are of order A, so that they are not excited by our 

low frequency experiments, but which change the behaviour of the theory in such 

a way that it becomes consistent for arbitrarily high energies. In other words, we 

view our o4 Higgs theory as an effective theory which one obtains by integrating 

out all fluctuations with frequencies greater than A. After all, we expect some new 

physics beyond the Standard Model to appear at some higher energy scale and the 

Standard Model to be an effective low energy theory which describes physics below 

this scale.

The upper bound on the Higgs mass arises when we demand that our effective 

theory for the Higgs particle is valid until some energy scale A. Then for given A 

(more precisely, A/m#) the largest A eff and thus the largest Higgs mass is obtained 

for the bare theory with A = oo. This mass becomes larger as we decrease the 

cutoff. Clearly, when A is of the order m.fj, the effective theory does not make sense 

anymore. The precise definition of the lowest ratio A/m// is not obvious, but for 

A/raff > 3 or so one obtains the upper bound: mjj < 700   800 GeV.
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1.3.3 Adding fermions

We start from the continuum action (1.8). As in the scalar case we first need to 

make the rotation to the Euclidean space. We define this procedure as follows. As 

usual: t = —ix4 . The derivative term in the fermion action takes the form:

where the summation over m = 1,2,3 and n = 1,2,3,4 is implied as usual and we 

introduced hermitian matrices 7^:

7* = n'm , for m = 1.2,3; 7f = To- (1-22) 

We shall omit indices E for these hermitian matrices in what follows.

We should note here that after Euclidean rotation the fields $ and ^ are no longer 

related by complex conjugation: the relation $ = ^70 does not exist in Euclidean 

space. The variables ty(t,x) and $(t,x) are independent for complex t. This is 

related to the fact that the group of rotations of Euclidean space O(4) is a direct 

product of two independent groups of spinor rotations: 0(4) = SU(1] x SU(2). 
The Lorentz group 0(3,1) can be also expressed as a direct product of two groups. 

However, these groups are not unitary and under hermitian conjugation transform 

into each other. Here we shall use this fact to flip the sign of one of the fields, say 

<£, to get rid of the overall minus sign in the expression for the Euclidean fermion 

action which then takes the form:

Sj = / d4 x [VQV + yV(6° + ir  <£)*}. (1.23)

Now we discretise this action. The discretisation of the Yukawa term is straight­ 

forward. For the derivative term we choose:

-*'. (1.24)
f-i ~\'la 

The lattice action for the fermion field has the form:
1

+ HsT   <Mtf,. d-25)

We ran introduce lattice units as usual (1.17) (fermion fields are rescaled by a 

factor a3/ 2 ), i.e.. set a = 1. Finally, the lattice partition function for the fermion is:

ZF = /n<**r^.r exp(-,S» = detvU, (1.26)

where integration over the anticommuting variables <5 r , xP.r produces the determi­ 

nant of the fermion matrix:

<&.)* . (1-27)
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1.3.4 Continuum limit, fermion doubling and staggered 

fermions

Here we shall discuss the "naive" continuum limit of the lattice fermion action (1.25). 

Let us regard 4> lx as an external field and assume it to be constant over the lattice: 

® lx = 06i0 . The action (1.25) takes the form of the lattice action for a free Dirac 

fermion6 with the mass mp = y<t>. The continuum limit in such a theory corresponds 

to amp — > 0 as we discussed in the case of the scalar sector. This goes well with 

the fact that at the continuum limit for the scalar theory (at the critical point): 

(6)   »  0. Indeed, at the continuum limit which would describe a scalar-fermion 

theory the ratio of physical masses mf/mfj should be a finite constant thus both 

arriH and amp should go to zero.

If this were not the case, for example, if amp did not go to zero while am//    >  0, 

then obviously rap /ran   >  oo in the limit a   > 0. In such a situation the fermion 

would not appear as a physical particle in the continuum limit. We say that it 

decouples from the physical spectrum, the scale for which is set by mjj. In other 

words, if we use the effective theory language, the fluctuations of the fermion field 

have typical frequencies of order A (wavelength 0(a}} and are not excited by low 

energy (long wavelength) experiments. In fact, we do encounter such situation in 

lattice scalar-fermion models at large Yukawa coupling.

Now consider the lattice action for a free massless Dirac fermion tyx :

S 1 - 1 -
—— = ^Yl tixlnd'x+iia. ~ »i'r-/ia) + mp 53 VxVx = ~ H ̂ (MamF )tyVy (1-28) 

" Za x,n x a xy

where we introduced the free fermion matrix (Ma m F }xy (compare to (1.27)). The 

propagator in this theory is:

am F

-v /a (27r) 4

where we used the Fourier transform to invert the matrix M. The momentum p on 

the lattice takes values inside the Brillouin zone (a hypercube):

-7r/a < pM < +/r/a, //. = 1,2,3,4.

i- 
"More precisely, for a doublet of free Dirac fermions: * =

V <P~
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The exponential tail of the propagator (ipx^y/ at large distances \x — y\ > (amp) 
is related to the position of the poles of the propagator in momentum space:

The poles appear at complex values of p. At small amp <C 1 the pole near p2 K — m2F 
gives at large x   y\ the term ~ exp{   mp x — y\}. In other words, the typical 

wavelength of the fluctuations of the field 4\ becomes large as amp   » 0 and this 

field can define a continuum fermion field.

However, there are also 15 other poles near the corners of the Brillouin zone 

corresponding to the zeros of H M sin2 (ap/lt ). For example, there is a pole at:

This pole gives a contribution to the propagator at long distances:

This means that the fluctuations of the field (   l)Xl ^x also acquire long wavelength. 

This field will define another fermion field in the continuum limit. Similarly, the soft 

modes of the fields (-1)*2 V*, (-1)X1+I2 ^,       , (-1}^+^+^+^^ define another 14 

fermion fields in the continuum limit. We can conclude that the fermion action 

(1.28) in the continuum limit defines a theory with 16 degenerate flavours of free 

fermions instead of one. This phenomenon is called fermion doubling [26]. On the 

hypercubic lattice in d dimensions the number of fermion flavours described by the 

action of the type (1.28) in the continuum limit is 2d .

To understand the nature of the doubler fermions let us define a new field:

(Vi)x = (-l) aft '/'r and (^i) r = (-1)*^*.

The fermion action (1.28) in Terms of the new field i!'i has exactly the same form. 

except that the 71 matrix has an additional minus sign. We can correct this by a 

unitary transformation of the fermion fields:

757i and TJ -» ;/'i7i7.5 .

Such a transformation interchanges the left-handed and right-handed components 

of the Dirac spinor: it can be seen explicitly from the chiral representation of the 

7-matrices (see Appendix A) or from the fact that 757! anticommutes with 75. 

It means that if the upper Dirac component of the fermion described by the long 

wavelength modes of the field U'.T is right-handed then the upper component of the
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continuum field (   l)Xl t/?x will be left-handed. Similarly for the other 14 doublers: 

half of them will have left-handed upper Dirac components and the other half   
right-handed.

The importance of this observation is that if we introduced some chiral interac­ 

tion for the field ?/'r , i.e., coupled left- and right-handed components in a different 

way, the interaction for the doubler lermion 7,5' i(   l) Xl i[?x would be a mirror re­ 

flection. The resulting theory would then be vectorlike, i.e.. left-right symmetric. 

This presents a problem for putting a chiral theory like the electroweak theory on 

the lattice [16.18.27]. The problem is very general and is not limited to the lattice 

discretisation we chose [28]. We will not attempt to tackle this problem here. We 

shall assume that for the questions we wish to study, such as the possible upper 

bound on the Higgs or fermion masses or the existence of a nontrivial (interacting) 

continuum limit of the scalar-fermion theory, this degeneracy does not play a crucial 

role.

There is. however, one way to improve the situation by reducing the number of 

doublers from 16 to 4 (to 2d/ 2 in d dimensions). The form of the doubler fields: 

(0i )* = (-1)X1 0*, (02 )* = (-1)I2 0*, (0s)* = (-l)I1+*2 0x, etc. suggests to intro­ 

duce 16 sublattices in the following obvious way. Take one unit hypercube which 

contains 16 sites. Then take each of these sites and translate it by steps of 2 lattice 

spacings in all directions. Each such sublattice contains 1/16 of all lattice sites. 

The lattice spacing in each sublattice is 2a. Then define 16 fields 0so, 0si,       , 0sis 

living on different sublattices: (0si)r = u>x for x G z'-th sublattice. There are no 

doublers for these fields because the Brillouin zone shrinks to

  /r/2a < PU. < ;r/2a.

There is only one pole: p = 0. in this interval. The original doublers u\ are now 

some certain linear combinations of the sublattice fields 0s;.

Unfortunately, the action (1.28) mixes the fields from different sublattices and we 

can not thin the degrees of freedom by considering ojily one of them. However, one 

can diagonalise the action in the Dirac indices by the following transformation [29]:

„, _ ^,^,.«,,4 , arlr ,, — v • ^<v~~,
('V   /I /2 /3 M \-i- dI1U ** ~~ \.x 74 13 12 l\ ' \

The lattice action (1.28) in terms of the new fields \x does not contain 7-matrices:

S 1
   =    ]C\*/7x.M(\'*+/ia - \r-Ma) + mF ^\r Ar, (LSI) 
(l ~ a i,n x

where

»7r,M = (-Dri +-+*«-' for n>l and r?^ = 1. (1.32)



This sign factor arises from the anticommutation of 7-matrices, for example:

n o   V^-v^'v372 ''/2' 1   -YO   -vXl -vX2 + 1 'v ;C3 "v :z:4 _ (_-\yi
i]x,2 — 74 73 72 /I 72 /I /2 /3 74 ~ V ^J  

The action (1.31) does not mix the Dirac components of the spinor \. One can now 

thin the degrees of freedom by considering only one of these components. Such a one 

component fermion field with the action (1.31) is called staggered fermion [30]. It 

describes 4 (=16/4) Dirac fermions in the continuum limit. The Dirac components 

of these continuum fermions are linear combinations of the 16 \si fields living on 

different sublattices.

We shall use staggered fermions to reduce the degeneracy due to the fermion 

doubling. For a small number of doublers one can even imagine, that this lattice 

degeneracy might coincide with some physically real degeneracy (or approximate 

degeneracy) of the fermions we want to describe.
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1.4 Notations and the outline

The models we study in this work are described by the sum of the actions (1.18) with 

A = oo and (1.25). Such and similar scalar-fermion models attracted considerable 

interest recently [31-54]. For reviews see, e.g.. [15-19,55]. Both analytical and 

numerical (Monte Carlo) techniques were used to study their phase diagrams. The 

Monte Carlo study of theories with dynamical fermions is notoriously difficult and 

computer time consuming. Thus it is very helpful to have an approximate analytical 

method to determine the structure of the phase diagram which can be then compared 

with Monte Carlo results. We used the mean field method to determine the lines 

of the phase transitions and to study the properties of different phases in lattice 

scalar-fermion models. Our results are in remarkable agreement with the available 

Monte Carlo data (see section 3.3).

Some simplified models with two component scalar field (0(2), or U(l). symme­ 

try instead of O(4)) [40-47] and one component scalar field (Z2 symmetry) [31-39] 

were also subject to various investigations recently. The results obtained in these 

models are similar. We study such simplified theories as well.

In Chapter 2 we develop the mean field approximation for scalar-fermion the­ 

ories. This chapter is devoted to finding the approximate equations for the phase 

transition lines in the scalar-fermion theories with Z2 , U(l) and 0(4) symmetry.

In Chapter 3 we study the phase structure of the models and properties of 

the phases. In particular, we compute some fermionic observables, such as the 

fermion condensate (0i/) ) and the fermion propagator. We use this information to 

distinguish two different symmetric phases: with massless fermions and without 

them (section 3.1). We study the phase structure and the phase diagrams of the 

scalar-fermion theories in section 3.2. We compare our analytical mean field results 

for the phase diagrams to numerical Monte Carlo results and find a good agreement 

(section 3.3). We discuss continuum limits in scalar-fermion theories in section 3.4. 

In section 3.5 we study some four-iermion correlators at large Yukawa coupling 

and find poles which can be interpreted as bound states of fermion-antifermion or 

fermion-fermion pairs. In section 3.6 we discuss the continuum limit at the critical 

line separating para- and antiferromagnetic phases and argue that such a theory is 

not unitary.

Finally, we make concluding remarks in Chapter 4. The results presented in this 

work are published in [37.42.54.57].

In this section we define the models we are studying. We define and explain 

the notations which are used in the rest of the work. This section can be used for
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reference.

1.4.1 One component scalar field — Z<± symmetry

The action of the model is:

S = SB + SF . (1.33)

The pure bosonic (scalar) part of the action: SB, is the action of the Ising model:

>B = -2K £ Vxfa+ii 
X,M

ox = ±l. (1.34)

We dropped the hat from the variable <?x compared to (1.19) and also used a standard 
(historically accepted) notation IK instead of v 2 .

The fermionic part of the action is:

'
1.35)

x,fj,

where vx is a Dirac spinor. The action (1.33) is symmetric under the Zi transfor­ 
mation:

<t>x —>• — 4>x, Vi   > hz4>x and wx — »  i^x^5 . (1.36)

Performing the spin diagonalisation (1.30) we can rewrite this action in the form 
of a sum of 4 identical actions for 4 staggered fermions \x . Each staggered fermion 
action has the form:

SF = Z U'/.r.M (\x+^ - U-A) + V'S VrUPx- (1.37)

where 77^ is the standard sign factor for the staggered fermions (1.32). 

The partition function of the model (dropping the source terms) is:

Z= l[(hl>.r dil<T t- (B+ r } . (1.38)

We can integrate over the fermion variables to obtain:

Z = Y, PXP( ~ SB + ln det A/ )-
{oI=±n

where .17 is the fermion matrix:

(1.40)
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The model (1.39) is a model with only bosonic degrees of freedom (/>x and the action:

Sea = SB - In det M. (1.41)

We can also rewrite the fermion action using staggered fermions and then inte­ 

grate over the staggered fermion fields \ x . Then we obtain for det M in (1.39):

det A/ = (detMst ) 4 . (1.42) 

where the staggered fermion matrix is:

(1-43)

Equations (1.42) and (1.43) show that det M is nonnegative. This allows the inter­ 

pretation of Seg = SB — In det M as the energy of a 4 dimensional statistical system. 

The interaction in this system is nonlocal due to nonlocality of In det M. This is the 

main source of difficulties in simulating such systems by Monte Carlo method.

We can also thin the fermionic degrees of freedom by considering only 2 instead 

of 4 species of staggered fermions Xx- We can not consider one (or, indeed, any odd 

number of) species because detMst is not necessarily positive." More generally, we 

can consider any even number D of species of staggered fermions. The action for 

such a model is:

S'eff = SB - D In det Mst . ( 1 .44 )

Obviously, it coincides with (1.41) if D = 4. The model with D staggered fermions 

describes 4D Dirac fermions in the "naive 7' continuum limit.

1.4.2 Two component scalar field — U(l) symmetry

The action is again:

S = SB + SF - (1.45)

The bosonic part is now the action of the 4 dimensional XY model:

-r./i

°r cos !" d.46)
cr = smt/.r ,

where summation over i — 0, 1 is implied. The length of the two component field 

<f>x is again fixed in each site to unity: 0^.0^. = 1.

'For example, for V" ^> 1: det Mst « FLO °r) jV This can be negative if an odd number of 
sites have <ftj. =   1.
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The fermion part of the action is:

i W* = E ̂ Mri,V», d-47)
" r..n x xy

where we defined a new matrix M. The Yukawa term can be also written as:

The model is invariant under the //(I) group of transformations:

Q - Q; 
0x  >0x + a. #r -> exp(-i75   )V>x and !>v   >  ^xexp(-J7.5   ). (1-48)

This transformation acts on the fermion field ibx as a chiral transformation: it 

rotates the phases of the right- and left-handed components in opposite directions. 

However, due to the fermion doubling the whole transformation is vectorlike (i.e. 

left -right symmetric) as it rotates the components of half of the doublers the opposite 

way.

We can introduce staggered fermions as usual using transformation (1.30). The 

action in terms of the field \ is diagonal with respect to its Dirac components 

X 1 -! X 2 -: \'3 : \' 4 if we choose chiral representation for Dirac matrices, in which 7.5 = 

diag(l, 1,  1,  1). Two staggered fields x 1 and \~ have the action:

s$ = \ E x^M^ - vS-A) + Y E \*M + *C.£)tf = E xSA^tf, (1.49)
" x,fj, x xy

where the sign factor

Cr = (-l)T . J = X! +X2 + J.3 + -C4 (1-50)

arises after we anticommute the 7-matrices with 75:

,,-E4^3,,^2.,ri „ ,,Xi XI XT, ^X* _ (_iy .  , 
/4 /3 '2 -'1 15 II 12 13 14 ~ \ L l /5-

The other two staggered fields \ 3 and \ 4 have additional minus sign in front of Cx 

(i.e., ,V/st -H. (7V/st )*) in (1.49).

We can again generalize our theory to any even »umber D of staggered fermion 

fields. After integrating over the fermion fields we obtain the pure bosonic model 

with the action:

5'eff = SB ~ ^ Indet -V/st - ̂  lndet(^/st )- = SB - D Re Inclet A/st . (1.51)

As in the Z? case we see that the action Sfa is real. Firiallv. the partition function 

of the model has the form:

Z=

where h' (i = 0, 1) is a two component external source for the field (f>'x .



1.4.3 Four component scalar field — 0(4) symmetry

The notations are very similar. The action is again:

S = SB + SF . (1.53) 

with

^ = 1- (1-54) 

and the sum over k = 0, 1, 2. 3 implied. The fermion action is:

* M*v*v, (1-55)
.cy

Here each Dirac component of tyx and $x is a complex doublet. The Pauli matrices 
T act on these doublets. The O(4) symmetry of this model rotates the 4 component 
field okx . It is a direct product of two SU(2) symmetries: 0(4) = SU(2)i x 5f/(2)2 . 
The corresponding transformations are described by two independent SU(2) matri­ 
ces Ui and t/2 :

As usual we shall be using staggered fermions. We apply the transformation 
(1.30) and use 75 = diag(l, 1,  1,  1). Similar to the U(l) case we obtain the 
action for the first two Dirac components \], and \J of the field \ in the form:

°-W!l v° (1.57)
xy

Note again that each field \* and \^ in this case is an SU('2] doublet. The matrix 
M has corresponding SU('2] indices as well which we also suppress. The other two 
staggered fields. \ 3 and \ 4 . have the action (1.57) with c, x   >    (r . However, one 
can make the following transformation of these fields:

\x -*Cr-2\J and U -> vjrad, (1.58)

and the action in terms of the new fields takes the same form as f 1.57). As in the Z2 
and I "(1) cases we can consider a theory with D staggered fermions \: D doublets 
under SU(2). The number of the doublets D can be odd if det Mst > 0 for all 
configurations of the field 4>x . One can see that det A/st is real which follows from
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the identity: (Mst )* = r2 Afst T2 . We argue that it is positive in appendix B. The 
partition function of the model is:

where the integration j d^x in each site x is over the unit sphere covered by the 
vector Qkx and h k is an external source. The effective action in (1.59) has the form:

,S'eff = SB -D In det Mst . (1.60)

We use only staggered fermion formulation of the scalar-fermion models in the 
U(l) and 0(4) cases. Then we will not write the index "si" for the matrix Mst for 
the sake of simplicity.
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Chapter 2

Mean field theory and the phase 
transition lines

To study the continuum limit of a lattice model we need to find the position of 

critical points (points of second order phase transition) in the space of parameters 

of the lattice action. Near the critical points the correlation length (in units of 

the lattice spacing) diverges and a continuum limit can be defined. Numerical 

investigation of the scalar-fermion theories with dynamical fermions is very difficult 

and computer time consuming. Thus it is very helpful to have some approximate 

analytical method to study the structure of the phase diagram, to determine the 

position of the critical points. An analytical approach is necessary to analyse the 

numerical results obtained by Monte Carlo method.

It is known that the mean field method can predict the point of the phase 

transition in the Ising and similar spin models with a precision of about 20%. In 

this work we apply the mean field approximation to the scalar-fermion theories to 

study the structure of their phase diagrams. This chapter is devoted to finding the 

equations for the second order phase transition lines [37,42,54].



2.1 Mean field approximation in the Ising model

Let us start with the simplest case of the Ising model to illustrate the basic idea of 

the mean field method. We shall consider the Ising model on a hypercubic lattice in 

d dimensions. The partition function of the model in a homogeneous external field

h is given by:

exp 2/c 53 ^*+/i + /l 53 <M
\ X'V * >

z= _ ^ _ _._._ _._

^ = L2....,rf. (2.1)

One can notice that each given spin, say </>x , interacts with a sum of Id nearest 

neighbour spins. Indeed, the terms in the energy of the interaction which contain 

ox can be written as: ~1n(bx ^^(fix+p. + 4>x-p,)- If the number of nearest neighbours 

Id gets large one can expect that the fluctuations of the spins in the sum become 

relatively small. Then one can approximate this sum by 2d times the average mag­ 

netisation in the system a. After that the partition function factorises and one 

obtains:

Z = >^ exp I 4:dK<7 >^ O T + h >^ ox I = (2 cosh(4d/c<r + /?.)) . (2.2)Z_^ f \ £_j x ^__, x i \ \ ;/ \ /

where N is the total number of lattice sites.

Now one can determine the average magnetisation a as a. function of the external 

magnetic field h self consistently:

<T = ( — T®x\ = — -^- = tanh(4^(r + h), (2.3)
\ A r' / -V Z dh

where N is the total number of sites on the lattice. This is the well known self 

consistency equation of the mean field method. Note that without interaction: 

K = 0. the partition function is: Z = (2 cosh /z) A and thus: a — tanh h. The effect 

of the interaction between spins is to produce an effective mean field \d&a acting 

on each spin as an additional external field. The total (mean) field acting on each 

spin is: H — 4f//c<r + h. The self consistency equation can be also written in terms 

of this mean field:

H ~ h ' '/. (2.4)

Now consider the case of zero external field h. Then the mean field H is deter­ 

mined bv the equation:
IT

= tanh#. (2.5)
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H H
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Figure 2.1: The mean field self consistency equation (2.5).

One can easily see (fig. 2.la) that for K < l/4d this equation has only one 
solution: H = 0. which means that a = 0. This corresponds to the symmetric phase 
of the Ising model. For K > l/4d (fig. 2.1b) the value H = 0 is still a solution, 
but two nonzero solutions also appear. These solutions correspond to the broken 
phase of the model, i.e. a ^ 0. We shall see that the trivial solution is unstable in 
this case. Thus the mean field approximation predicts a phase transition between 
symmetric and broken phases in the Ising model at K = l/4d. One can see that 
the transition is of second order: the magnetisation a behaves continuously with 
K. Indeed expanding: tanh# w H + H3 /3 for small H in (2.5), we find near the 
critical point K PS K C = l/4d:

a w H w \J\1d(K — K C ] (2.6)

The mean field approximation is better if the number of neighbours interacting 
with each spin. Id. is larger. Indeed, the average of a larger number of random 
variables (f>x±a which form the mean field fluctuates less. We are not aware of 
any systematic proof but it looks very plausible that the mean field approximation 
becomes exact as d goes to infinity. One can actually compute corrections to the 
leading mean field result and write an expansion for K C in powers of 1/d. The leading 
correction is given by: 4ck c = 1 + ^ + O(^j), in accordance with our expectations. 
Numerically, for d = 4 the critical point in the Ising model is at K C ?» 0.075 and the
leading mean field result is 0.0625.

 
There are different ways to implement the idea of the mean field method and 

we demonstrated the most straightforward one. However, for the scalar-fermion 
theories another, variational, approach proves to be more appropriate. We shall 
demonstrate it on the Ising model first.

The free energy (per site) of the statistical system defined as: W(h) =    ^ InZ. 
equals the thermodynamic energy minus the entropy (and divided by N). The 
thermodynamic energy is the average of the microscopic energy:  2/c £i-,M <j)x (f>x+ii — 
h^2x Oj., over the fluctuations of the field (f>x . We can not calculate this average 
exactlv because the fluctuations of d>.r in different sites are correlated. The mean
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field approximation corresponds to neglecting the correlations of the field <£>x . In 
other words, we average over the fluctuations of the uncorrelated random field <j>x 
with the probability distribution: P((j>) = Zjj1 exp

= ~ E exp (//E^) (...). (2.7)

where

ZH = £ exp(tf£^) = (2cosh#) /v . (2.8)

The average over this test distribution can be computed and we get for the 
energy:

"energy" % -2/c ^ ox^x+^ -h^®x = -2^V«(tanh H) 2 - Nh tanh H, (2.9)
\ r,^ i / pj

where we used the fact that:

= (<t>x) H (fa+ti H and {<£*}# = tanh #. (2.10)

The entropy of the system with probability distribution P(<j>] will give us the esti­ 
mate for the entropy then:

"entropy" « {- lnP(<j>)) H = -Vln(2cosh#) - NHtanhH. (2.11)

For H — 0 the entropy is AHn2 which corresponds to two states. <px = ±1, with 
equal probability, per site. For H   * oo the entropy goes to zero as all spins are 
frozen along the field H. The mean field estimate W( h,H) for the free energy is 
then:

W(h) w -2dK(tanh H} 2 + (H - A) tanhff - ln(2cosh Jff) = W(h.H). (2.12)

One can make more formal derivation of this estimate [56]. The procedure is 
based on the so-called Peierls inequality:

(exp A) > exp (A) . (2.13)

which reflects the convexity property of exponential function. One rewrites Z in the 
following way:

Z = ZH •    Yl exp(^Ex^)exp2KE.r .^r<P.r+M + ( /? - #)£>* - (2.14)
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Then one can use the definition of the average over uncorrelated field (f)x (2.7) and 
apply the Peierls inequality to it to get:

Z = ZH (exp (2 K^x^x <px+ii + (h- H)EX^)) H > 

> Ztf exp^/C.^^ + (h- H)£x <f>x ) =
x ' ri

= exp(-NW(h.H)), (2.15)

with W(h,H) as in (2.12). Taking logarithms of both sides of (2.15) one obtains 
the estimate:

W(h)<W(h.H). (2.16)

Now we can optimise the choice of the test distribution P(q>) by minimising the 
mean field free energy W(h, H) with respect to H. The condition dW(h, H)/dH = 0 
coincides with the self consistency equation (2.4). Now, however, we can also see 
that for h = 0 the two H ^ 0 solutions appearing at K > l/4d are minima of the 
free energy W(h = 0, H), while H = 0 is a local maximum. Indeed,

(2.17)
H=0

i.e. the solution H — 0 becomes unstable when K > l/4cL

We also see from the idea of the variational approach that the mean field ap­ 
proximation works better when the correlations of the field <px are small. Then the 
approximation by the uncorrelated random field is good. This is the case when the 
system is not very close to a critical point (second order phase transition). Near the 
critical point the correlations become large and cannot be neglected. However, even 
then the mean field can provide a good approximation if the number of dimensions 
d is large enough.
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2.2 Mean field approximation for scalar— fermion 
theory: Z2 case

We start with the simplest case of the one component scalar field (see sect. 1.4.1). 

The action of the model has the form (as in (1.33), (1.34), (1.35)):

S = SB + ,S>;

SB =   2/-c p.r </>r+/i, (j>x — ±1;

SF = - Y. VxlvWx+d - ̂ x-p.) + y ]£ >P^x9x- (2.18)

To apply the mean field method to the scalar-fermion theory (2.18) we first 

integrate over the fermionic variables in the partition function (1.38) to obtain the 

pure bosonic theory with the contribution of the fermion determinant in the action:

Z= £ exp(-SB + lndetAf). (2.19)

where SB is the action of the Ising model given by (1.34). The matrix M is given 

by (1.40). It will be also convenient to introduce the matrix of the fermion kinetic 

term:

(2-20)

so that

Mxy = Kxy + Y</>x 6xy . (2.21)

We also generalise the model to arbitrary (even) number of dimensions d for we 

know that 1/d controls the quality of the mean field approximation. This general­ 

isation is rather straightforward. We extend the summation over Euclidean space 

indices // in the formulas to fi = \.,1.....d. Also, the number of the Dirac com­ 

ponents of the fermion becomes '2 d/ 2 . The generalised '/-matrices obey the same 

anticommutation algebra as in 4 dimensions. The formulation of the model in terms 

of staggered fermions proves to be very useful in tkis respect, because it does not 

need 7-matrices at all. We shall demonstrate the method on the model with one 

Dirac fermion ti'x . However, the results are easily generalised to a theory with any 

even number D of staggered fermions. The case of one Dirac fermion corresponds 

to D = -2 d

Now we can apply the variational mean field method to the model (2.19). The 

only difference is that Indet M contributes additional term to the mean field free 

energy W(h, H}:

/) // . (2.22)
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We shall study W(h, H) as a function of parameters K and Y to determine the 

phase structure of the model. It would be ideal to compute (In det M) H as a function 

of Y exactly, using the fact that <j>x do not correlate with each other. However, we 

have been able to compute it only for small arid large values of Y. This nevertheless 

provides very useful information about the phase diagram.

Let us go back one step and analyse the behaviour of the model (2.19) at very 

small and very large Y without the mean field approximation.

First of all, one can see that at Y = 0 the dependence on d> in the term In det M 

disappears and the model (2.19) at Y = 0 becomes simply the Ising model. When 

Y   » 'DC- one can neglect the kinetic term Kxy in Mxy (see (2.21)) and then det M — »  

Y[x (YoT ) D = YD due to the constraint d>l = 1. Thus in the limit Y -»  oo the 

fermions also do not contribute and we again recover the Ising model. The Ising 

model (at h = 0) has a transition at K = K C which separates the symmetric K < K C 

and the broken K > K C phases. Thus we expect lines of the phase transition to begin 

at points (Y, K) = (0, «c ) and (oo,/c c ). These lines must continue into the (Y,«) 

plane to separate the phases with (<p} = 0 and ((/>) ^ 0. To find the equations for 

these lines will be the main goal of this chapter.

Next, we can expand In det M in (2.19) in powers of l/Y for large Y ~^> I (using 

the identity In det M = tr In M) 1 :

In det Mxy = \ndei(Y(t>x 6Xy + Kxy ] =

= lndet(y<2>Ai,) + tr ln(6Ty + —Kxy (py ) =

= lnrVD - -Tr £ Kxy9yK,JX <j>x + 0(1/Y'4 ). (2.23)
ry

We used the fact that l/<px = (bx . The trace ''Tr'1 is over the Dirac spinor indices 

only: e.g., Tr 1 = D. Using the explicit form of Kxy (2.20) we find:

^ K.Ty Kyi ox Oy = -- Y, <!>x<t>x+ii- (2.24)
rv " x.p »

Thus the action Se ft = SB — In det M in (2.19) up to the power 1/V' 2 at large Y 

takes the form (ignoring constants):

(2.25)

1 This expansion contains only even powers of 1/Y This is due to the symmetry of the 

model (2.18): Y — —Y Indeed, the sign in front of V ran be changed by the redefinition of the 

fermion fields: ex   G^'r. <l'i —  G^'.r.
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We see that up to this order in l/Y2 the action has still the form of the action of 

the Ising model. The effect of the fermion determinant is to shift the coupling K to

(2-26)

This tells us that the line of the phase transition which starts at (oo. K C_) in the (Y'. K) 

plane for large Y' follows the equation:

~" '"') (Y' > 1). (2.27)1 8Y' 2 

We can also expand Indet M in powers of Y'2 for small Y" <C I. 2 We get:

\ndet Mxy = lndet(A'ry + Y<j>x 6xy ) =

= Indet Kxy -f tr ln(^v + Y(K~ l ) xy <j>y ) =

= Indet A' - -Y"2 Tr Y( K ~ l )xy 9y(K~ 1 ) yx (pI +O(Y4 ). (2.28)

Now, however, the term O(Y'2 ) couples not only the nearest neighbour spins (px , 
<f>y : the matrix (A'" 1 )^ is nonlocal. Thus we cannot obtain the exact result in the 

order O(Y2 ) similar to (2.27). Nevertheless, we can calculate (IndetM}^ to this 

order in Y2 and use the mean field approximation to determine the phase transition 

line for small Y".

Recalling that (see (2.10)):

/ (tanhtf) 2 for x ± y:
(<px o ll } H = \ (2.29)

I 1 tor x — y;

we obtain from (2.28):

(Indet M) H - const - r2 (tanh#)'2 Tr Z( A'~ 2 )^ +
" .T

= const + ^:VDcl''(tanh H^ + O(V"4 ). (2.30)

We used the fact that H w (A'~ l ) J ,/ (A'~ 1 ) J/r = (A'~ 2 ) XJ. does not depend on x due to 

translational invariance (.r   *  .c + /i), and defined a constant:

__ in-^r (2.31) 

For d = 4. numerically c = 0.6197 ....

2 See footnote 1 on page 31.



Thus we obtain for the mean field free energy:

W(h, H) = -2rf/c(tanh H) 2 + (H-h) tanh H - ln(2 cosh H) -

  -DcY 2 (ta,nhH) 2 + O(Y*) + const. (2.32)

The mean field equation d,W/dH = 0 takes the form:

H -h = (4d/e + DcY 2 } tanh H. (2.33) 

The solution H = (6) = 0 at h = 0 is stable if

= 1 - 4<k - DcY2 > 0. (2.34)
H=0

Thus the second order phase transition line separating the symmetric (6} = 0 and 
the broken ($) ^ 0 phases in the (Y, K) plane follows the following equation for 

small Y:
K = ^-(1 -DcY2 ) + O(Y4 ) (f<l). (2-35)

We see that the effective interaction between spins <j)x induced by the fermion 

determinant favours ferromagnetic ordering: the value of K above which the sym­ 

metric (paramagnetic) phase (<^>) = 0 is unstable becomes smaller compared to the 

Ising model. It is also obvious from the explicit form of the contribution of the 

fermion determinant at large Y (2.25).
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2.3 The fermion determinant to leading order

in l/d

In this section we improve the computation of the phase transition lines. We take 

into account the following two considerations.

First, the (local) stability of the (<j)) = 0 solution of the mean field self consis­ 

tency equation is determined by the sign of d2W(Q,H)/dH2 \H=Q. Thus it should 

be sufficient to compute W(Q, H) up to terms of order H2 or, which is the same, to 

the order a1 where

<T = (<j)) H = tanhtf. (2.36)

Second, we expect that the mean field theory, being approximate in general, 

becomes exact when d — *  oo. It is correct in the leading order in l/d. We shall 

retain only leading l/d term in each order in l/Y or Y expansions of IndetM. 

Then we are able to sum up these expansions and obtain the equations for the phase 

transition lines to the leading order in l/d. This is analogous to the well known 

l/N expansion: one keeps only leading l/N term in each order in the expansion in 

powers of the coupling constant. The leading 1/jV terms can be also summed then.

2.3.1 Large Y

We begin with the l/Y expansion:

(IndetM) H = (lndet(Y6x 6xy )) H + (tr ln(6rw + yKry (p y )} H = 

= In YND - Tr £ KiyKyi (tr <py ) H - ... -
xy 

A'riX2 ...A'rn , 1 (^1 or2 ...6J. n ) ff -.... (2.37)

Terms in this expansion can be represented by diagrams. Each term in the sum 

H-EIZ? xn m (--3") can be depicted as a closed chain with vertices in the points 

.r\x<2 . . . JV The matrix elements Kxy ^ 0 only when .r and y are nearest neighbours 

(see (2.20)). Thus the links of the chain connecting vertices xi.<'>       -c n for nonzero 

diagram should be links of the lattice. Typical diagrams in the order l/Y6 are shown 

in fig. 2.2. When the chain passes a site an odd number of times this site contributes 

a factor a. The sites passed an even number of times contribute a factor 1. This 

follows from the properties:

O T QT - 1 and ((j>x ) H = rT. (2.38)
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(a) (b) (c) (d)

Figure 2.2: Typical diagrams in the order 1/Y6 for the expansion (2.37). The full circles 

mark unpaired vertices. Each of them contributes a factor a. The diagrams (a), (b) are 

proportional to a2 ; (c) is of order a4 : (d) is of order a-6 .

The value of a diagram does not depend on its position and orientation on the 

lattice. We represent all such diagrams obtained by translations and rotations of 

one diagram by a single diagram. Each such diagram is accompanied then by a 

factor equal to the number of possible ways to place this diagram on the lattice.

Obviously, there are different types of diagrams which contribute terms of order 

a2 to (lndetM)F . The most interesting type of diagrams is shown in fig. 2.2a. 

These are various double chains. The ends of these double chains do not coincide, 

so that they contribute the necessary factor a2 . To the leading order in l/d the 

number of the diagrams of this type is (2d) n/2 N/2.3

It seems very plausible that for all other diagrams contributing terms of order 

a2 this factor has lower order in d. Indeed, consider n fixed and d ^> n. Then the 

leading contribution, which is proportional to (2d) n/ 2 , is exhausted by diagrams with 

first n/2 steps made in n/2 different directions. Among these only the contribution 

of the double chains is proportional to u 2 .

With this very plausible assumption we can compute the part of the (Indet M) H 
of order a2 to the leading order in l/d. In every order in l/Y the leading term in 

the l/d expansion is:

{-IT1 (2.39)

where the factor (\j (  I)'1 / 2 is the product of the matrix elements of Kxy along 

the chain and the factor n accounts for different ways to enumerate the vertices of

...!•„. Thus the 0(a2 } contribution to ^ (Inclet M) ff toa given diagram with .r 

the leading order in l/d is:

-a-D
n=2A.6....

1_J_ nYn
d

d + 2Y2
(2.40)

3 In the large d limit one can neglect self crossings.
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Now we can substitute this into the equation (2.22) for the mean field free energy 

W(h,H) and calculate 52 V7(0, H)/dH2 \ H=0 . The condition

d2 W(O.H] Dd
d + 2Y*

will determine the phase transition line:

I / Dd \
(2.42)

(see figure 3.2: the line separating PM' and FM regions).

In what region of the phase diagram is this formula applicable? First, we can 

see that it agrees with (2.27) at large I'" 2 ~^> d (K C — l/4d in our approximation). 

However, it is obviously wrong at small Y. It is sensible to assume that (2.42) is 

applicable in the domain of convergence of the series (2.40), that is for Y"2 > d/2.

2.3.2 Small Y

For small Y we can expand (Indet M) H in powers of Y:

(Indet M) ff = Indet A' + tr ln(6xy + Y(K~l ) xy <j)y) =

= In det A' - \Y2 Tr ^(K~l U ( K~ l ) yl (<i>x <r> y ) H - ... -
xy

-.... (2.43)

We can similarly represent the terms in this expansion by diagrams: closed 

chains with vertices in points Xi.r 2 . . .x n . The matrix (A'" 1 )^ is nonlocal, and the 

diagrams do not have such a simple form as the ones in the l/Y expansion. The 

links of the chains are not links of the lattice, they can be arbitrarily long. However. 

the matrix elements (K~ l ) xy are suppressed by additional powers of i/d for larger 

distances between .r and y.

Indeed, we can compute (K~ l ) iy using a trivial identity: A"" 1 = A'(A'~ 2 ). We 

write:

(A'-') r0 = ^ K,Iy (K- 2 } yQ = £>M (A'-V,-,0 - ( A- 2 ).r _ A .0 (2-44)
y " M 

The matrix (A'~'2 ) can be easily computed through its Fourier transform:

e "" ( ?"iiivri = r-/a n (c £ '--1  ) .
(2.45)

36



This is nonzero only when all the coordinates of the point y: 2/1,2/2,       , yd, are even. 
Then it equals to:

o
-(A'--) yo= dae-Tftl^a/Z). ( 2 .46)

Using the expansion of the modified Bessel function of integer order n at small 

argument x:

/n(J. ) = _iiji.+0(^1+2^
we can find the leading l/d behaviour of a given matrix element (A'~ 2 ) y0 :

{ /'i\ 1+ 2£Jy"i ,,
7 , all u,, are even; .\dj y ^ (;

0, any of yu is odd.

Comparing this and (2.44) we find that matrix elements of the matrix K~Q are 

nonzero only when exactly one coordinate yM is odd and the rest are even. Such 

matrix elements depend on d for large d as:4

(A'" 1 )^ oc 7Mo ( - ) (all but one ?/  are even), (2.48)
\GL /

We see that for d  > oo the matrix elements (A'" 1 )^ with x,y being nearest 

neighbours are the leading ones. Using (2.44) we can calculate them:

where c is as in (2.31):

c = — (A'~ 2 )oo= / dae"~ (70 (a/2)) = - + 0( —). (2.50)

Finally, we see that the matrix (A'" 1 ) jy becomes more and more local as d   >  oo. 

The leading behaviour at large d is:

^-M) + 0() = -A'Ty + 0(). (2.51)

We assume that the corrections 0(Jr) in this formula can be neglected when 

calculating the terms in (2.43) to the leading order in d. For example, the exact 

calculation in the order Y 2 gives (see (2.30) and (2.31)):

(Indet M) H = const + .VDcV'V + O(V4 ), (2.52)

4 Note that this is the behaviour at fixed y and d —? oo. Of course, if we fix d then for y — cc 

the propagator (A'~Mj,o oc £M T^
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while the substitution A'" 1  »  -\K into (2.43) gives:

(Indet M) H = const + ^NDY2 a 2 + 0(Y\ (2.53)

i.e. the correct result in the leading order in 1/6? (see (2.50)). Similarly, we verified 

this assumption explicitly in the order Y4 .

If we make the substitutions A'" 1  >   |A" together with Y —> ^ in (2.43) this 
series takes the same form as (2.37) which we already calculated. Using (2.41) and 
substituting Y —> -^ we obtain the equation for the phase transition line at small y:

d2 W(Q,H)

9H2 H=0

or

1 '- "" ' (2.54)

(the line between PM and FM regions on figure 3.2).

The situation with the region of applicability of this formula is analogous to that 

for the formula (2.42). It is correct at small Y and is obviously wrong at Y  >  oo. 

Again, it is sensible to assume (2.54) to be applicable in the region of convergence 

of the series in (2.43), i.e. Y2 < d/2.

One can notice that the regions of applicability of the formulae (2.54) and (2.42) 
complement each other and merge at Y2 — d/2. 5 At this point both formulas give 

the same result:

0 The value V 2 = d/2 is also remarkable because the lermion determinant del M vanishes tor 

some configurations of the field o near Y~ ~ d/'2. This is an exact result (see appendix C).
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2.4 Antiferromagnetic phase

So far we have considered the phase transition from the paramagnetic (<j>) = 0 to 

the ferromagnetic (0)^0 phase. The ferromagnetic ordering corresponds to the 

configuration: <t>x = 1. However, at negative K in the Ising model (2.1) antiferromag- 

netic ordering becomes favourable. This ordering corresponds to the configuration: 

®T = CD where (^ = (   l) r i +-+:r <<. A convenient way to study the corresponding 

phase transition in the Ising model is to make in (2.1) the following substitution:

K   t- -K . o5r   >  c,"x^. (2.55)

It is easy to see that the action of the Ising model in terms of the new variables 

has the same form. The ferromagnetic order in the new variables corresponds to 

antiferromagnetic order in terms of the old ones. Thus there is a paramagnetic- 

antiferromagnetic phase transition in the Ising model at K = —K C - This transition 

is characterised by the order parameter, staggered magnetisation:

tot)s<^X;C*^). (2-56)

On the phase diagram of the scalar-fermion model (2.18) the transition separat­ 

ing the paramagnetic (<f>st ) = 0 from the antiferromagnetic (<j>st ) ^ 0 phase in the 

(V, K) plane should occur on the lines beginning in the points: (0,   K C ) and (oo,   K C ). 
We can derive the equations for these lines using the same approximations.

One can check that the action of the model (2.18) is invariant under the following 

substitution:

-iY. vr -> exp(?Cx )</'r, <i'.c -* exp(zG)cv (2.57)

Thus we do not need to repeat our computation for the case of the antiferromag­ 

netic phase transition. It is sufficient to make this substitution in (2.42) and (2.54) 

to obtain the equations for the para-antiferro phase transition lines:

-~>DY'2 
"=-45

(See figure 3.2: the PM-AM and PM'-AM lines.)
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In a bit more detail, transformation (2.57) maps the ferromagnetic order param­ 
eter (<j>) onto the the parameter of antiferromagnetic ordering {</>st ). The free energy 
as a function of the antiferromagnetic external source hx = h'(x has the same form 
as it has as a function of the homogeneous source h x = h but with K, —? — K and 
I'' 2 —* — V"2 . The antiferromagnetic transition is characterised by the divergence 
of (d2 W/dh' )h'=u (the susceptibility to /?'). Thus the equations for the para-ferro 
and para-antiferro phase transition lines should be related by the transformation 
K —> — K and I'" 2 —» —Y2 . It is also sensible to assume that the regions of applica­ 
bility of the formulae (2.58) and (2.59) are similar to those of (2.54) and (2.42).
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2.5 Mean field approximation in the U(l) scalar— 

fermion model

We study the model with a two component scalar field for which it is more convenient 

to use a complex notation: (/)x = d>°x + id> lx = e ie*. The action of the model is:

5' = SB + S>;

1,11. 
D i

a=l x,n " 
D/2 D

a=l x a=D/2+l x

where we used staggered fermions as in (1.49). We can introduce the fermion matrix 

Mst as in (1.49):

i 
Mst — -Y^77 (8 j_-—<*> ~\4-Ye^zB*8 — K3t 4- Yei(- zBl fi (2 fill

xy — r> / v 'lx^\^y,x-\-p. Vy,x~p.) \ *• *-• xy ~~ **-xv ' ^xyt \^**H-f 
^ M

and write:
D/2 D

SF = E E Xx^llXy + E E^(^St ^2/^v- (2.62)
a=l xy c»=D/2+l ^y

The partition function of the model is:

y,a

= I H ̂ .r exp( -,S'S + D Re In det Mst ), (2.63)
•^ r

where we set the external sources to zero.

We shall drop the index "st" from J\Ist and K&t in what follows. The properties 

of these matrices are very similar to matrices (1.40) and (2.20).

Following the procedure described in the sections 2.1 and 2.2 we can estimate 

the free energy of the pure bosonic theory with the action SB — D Re In det M:

W < W(H] = ~ ,S'B -DRelndetA/ (2.64)
H

where H = H° + iH 1 is a complex notation for the mean field acting on each 0X ,

, (2.65)
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and the average over the uncorrelated random field <j)x is:

* Re H"^) (•••)• (2-66)
H x

Using the averaging rules:

(<!>*<!>*+»)„ = (<!>*) H (<i>x + ii) H and (<j>x ) fj = a = u'(\H\)c'^ H . (2.67) 

where

and U '(\H\) = £M1 = If!

(2.68) 
we find:

W(H] = -2dK(u'(\H\)) 2 + \H\u'(\H\)-u(\H\)-^-(DRelndetM) H . (2.69)

The best estimate for the W is min^ W(H) and the corresponding H is the self 
consistent mean field. The symmetric phase H =(</>} = 0 becomes unstable if:

< 0. (2.70)

Similar to the Z2 case the dependence on 4>x disappears from det M at Y = 0 
and Y = oo. The model (2.63) reduces to the d dimensional XY model with the 
action SB- This model for large AC is in the broken phase (<^) 7^ 0 and is in the 
symmetric phase (</>} = 0 at small AC. The mean field equation dW(H}/dH = 0 has 
the form:

\H\=±dKu'(\H\). (2.71)

It is very similar to the mean field equation (2.5) in the Ising model. Using (2.68) 
we find that for AC < I/Id the only solution is H = 0. For AC > l/2d a nonzero 
solution \H\ ^ 0 appears. This corresponds to a degenerate set of solutions H ^ 0 
due to the U(\) symmetry of the model. The symmetric solution becomes unstable 
(2.70) at AC > l/2d. Thus the mean field estimate for the phase transition point in 
the XY model is: AC. = l/2d. Numerically, in d = t dimensions the transition occurs 
at AC C ~ 0.15, while the mean field estimate is 0.125.

2.5.1 Para-ferromagnetic phase transition lines

To calculate (Re In det A/) ̂  we first, observe using (2.66) and (2.61) that:

(In det Af% = (In det A/) ff . . (2.72)

42



Then we expand {Indet M) H in powers of Y: 

(lndetM) H = Indet A" + tr ln(6xy + 

= Indet A' -
xy

__ynJ

(2.73)

One can see that a term of order Yn contributes O(\H\ n ) for small H. Indeed, if all 
the sites Xi,x%,. . . , x n are distinct then using (2.67), (2.68) we find that

= 0 ( | # | " ) . (2.74)

If, however, some site x appears A: times in this set then using (2.66) we find:

One can see that (2.74) holds in this case also.

Thus only the Y2 term contributes to the equation (2.70) which determines the 
stability of the symmetric phase H = (o) = 0. Calculating this term we find:

d*W(\H\) 1 , DcY2
= 9~^~~T~' ^ ^

where c is the same as in (2.31), (2.50). The phase transition line that begins at the 
point (0,K C ) follows the equation:

/ 1 \ /O J~"™'\K=^(l-————— )' ( 2 '")

As in the Z2 case we see that this formula is correct at Y — 0 but is obviously 
wrong at Y = oo.

For large Y we can expand Indet M in powers of l/Y:

(Indet M) H = <lndet(}VGHry ))tf + ( tr

A' A'
xy y H

Similar to the expansion (2.73) only the l/l' 2 terms contribute O(\H\'2 } at small H. 
The equation for the phase transition line takes the form:

&2 W(\H\)
^l2 H=0

Dd
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or
1 Dd (2J9)

This formula is correct at Y = oo but is wrong at Y = 0. We assume that 
similar to the Z2 model the regions of applicability of the equations (2.77) and 
(2.79) complement each other and merge at some intermediate value of Y = K. 
We recall again that the mean field approximation should give correct leading 1/d 
results. We can get a self consistent large d picture if we neglect 0(1 /d2 ) terms in 
c = 2/d + 0(l/d2 ) in (2.77) and take E, = Jd/2- At this value of Y the "nes (2.77) 
and (2.79) come to the same point6 :

Finally, we find approximate phase transition lines separating the symmetric 
= 0 and broken (</>) ^ 0 phases in the £7(1) scalar-fermion model:

(2.80)

(2.81)

(See figure 3.3: the PM-FM and PM'-FM lines.) 

2.5.2 Antiferromagnetic phase

In the XY model at negative K the antiferromagnetic ordering becomes favourable. 
Total antiferromagnetic order corresponds to ox = Cr (up to a global complex phase) 
as in the Ising model. The transformation (2.55) maps the ferromagnetic phase 
onto the antiferromagnetic one and K onto — K. Thus there is a para-antiferro phase 
transition at K = —K C in the AY model.

In the scalar-fermion model \ve expect lines of the phase transition separating 
the paramagnetic from the antiferromagnetic phase to begin in the points (0. —K C ) 
and (00.— «<.). We can. as in the Z2 case, simplify the derivation of these phase 
transition lines using the transformation similar to (2.57):

6 The value 1" = \fd/1 has some other remarkable features: see footnote 5 on page 38 and 
appendix C.
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This transformation does not change the action of the model. The para-antiferro 
phase transition lines can be obtained from (2.80), (2.81) by substituting «;—>•—«; 
and y2 -> -y2 :

(2.83)

(2 ' 84)

(See figure 3.3: the PM-AM and PM'-A.M lines.)
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2.6 Mean field approximation in the O (4) scalar— 
fermion model

Now we shall discuss the more realistic model with four component scalar field. The 
action of the model has the form:

S = SB + S'F;

0=1 I, A*

a=\ zy

where the summation over k = 0,1,2,3 is implied. We use a convenient SU(1) 
notation for the scalar field in the Yukawa term:

$x = <& + *C*r • ^ (2-86)

The model contains D species of staggered fermions \ a . Each of them is an 517(2) 
doublet.

The partition function of the model has the form:

Z= /d//a.exp(-5B + £>lndetM). (2.87)

where we integrated over the fermion fields and dropped external sources. The 
integration f d/j,r in each site x is over the unit sphere covered by the vector 6kx .

Now as in the Z2 and the t'(l) cases we use the mean field approximation to 
compute the partition function and/or the free energy in this theory. We neglect 
correlations of the field d)'T and use a test probability distribution:

X), (2.88) 

where Hk is the 4 component mean field and the normalisation factor Z# is:

ZH = /n^ exP<£^°x) = {2*-Vo(#) - I-2(U))} N . (2.S9)

where H = \/Hk Hk . The mean field estimate for the free energy per site is:

W(H) = ((SB - D\ndetM) H + (EfHk <t>kx ) H ~ lnZff ). (2.90)
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The self consistent value of the mean field H is a minimum of the mean field free 
energy W(H). The mean field free energy is symmetric under (9(4) rotations of H 
due to the symmetry of the theory (2.85). Thus H = 0 is always an extremum of 
(2.90). Whether it is a (local) minimum depends on the sign of the d2 W/dH2 \fj=o- 
The phase transition between symmetric and broken phases occurs when:

32 W(H)
OH'2 = 0. (2.91!

77=0

One can compute W(H] exactly in the limits Y = 0 or Y = oo , where detM 
does not depend on ox and the model reduces to the O(4) spin model with the 
action SB • Using the relations:

l±kik \ iik\ lik \ i<k\ OU(H) H= ('PX )H(<PX+^H, (<PX )H =
1 H2 

u(H) = — In ZH = const + — + 0(H4 ) (2.92)
Jv 8

and the condition for the phase transition (2.91) one can find that the second order 
phase transition in such a model occurs at K — l/d.

To compute (Indet Mxy )ff we expand this quantity in powers of Y for small Y 
and in powers of 1/1'' for large Y.

2.6.1 Large V

Consider first the case of large Y . then:

/T!/ }ff = (lndet(A'ry + Y$x 6xy ))n =

'aAry))ff + {tr

A'r 1 , 2 ...A', n x 1 (Tr$ri $?2 ...$rn } H -... - (2.93)

where "Tr" denotes the trace over the SU(2) indices. We used the fact that 
(J)- 1 = $t anc[ also that det M(&) = detM($). which follows from the reality 
of the det M.

Terms in (2.93) can be represented by diagrams: closed chains with links con­ 
necting neighbouring sites .i'i. .fi. • • • • •»•'«: exactly as in the Z2 case. Each type of the 
diagrams is associated with a tactor

( Tr $ T $ r9 ... $>x }H = Fn (2.94)



and a factor equal to the number of possible ways to put the diagram of this type 
on the lattice.

To study the local stability of the symmetric phase we need only 0(H2 ) terms 
in (2.93). As we shall see, unlike the case of U(l) symmetry, it is not only the 1/V2 
term in the expansion of (In clet Mxy }u which contributes 0(H2 }. i.e. the situation 
resembles the Z2 case. We proceed as in the Z-z case and calculate O(H2 ) terms in 
each order in 1/F to the leading order in l/d. These terms can be summed up then.

First, we need to calculate the factor Fn : it gives the H dependence. We shall 
write it in the form:

Fn = Tr T'f . . . f n (9kx\ok̂ okx\ . . . ^:) H < (2.95)

where Tk = (l,zr) and Tk = (1, -ir). The 7"s alternate with T"s because the links 
of the diagrams connect neighbouring sites and (,".,;+£ = — (r .

Each site that the chain passes only once contributes a factor:

(2.96) <±

A site passed twice contributes

(2.97)

One can see that a site passed an odd number of times contributes a factor 
0(H] and a site passed an even number of times contributes a factor 0(1). This 
situation resembles the Zi case where we had tanh H for the sites passed an odd 
number of times and 1 for the sites passed an even number of times. Similarly, we 
can assume that the leading contribution in the limit d —» oc to the terms of order 
O(H^) for given order in 1/F is exhausted by diagrams of the double chain type 
(like the diagram on fig. 2.3).

We can easily compute the factor (2.95) for a double chain diagram to the order 
O(H2 ). We substitute (see fig. 2.3): •

k &_ / M ^(°xn l2' H ~*~ an (VzjH^ 4-

, f> km n
(ok om ) H ->—— for / = !....,--!. (2.98) x, *„_,/ ^ 2

Take for definiteness a chain with an odd number n/'2 of double links. Then:

IT — TV (r fc 1 Tkn/2-l 7^n/27^n/2+l T^- 1 T^r, 
7 n - 11 ^-t ... -t 1 J- ...J L

•i N a/2-1

j - v i v y-»-«./• i*j.c/yj
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4

X4

Figure 2.3: An example of a double chain diagram for n = 6. The sites of the lattice 
passed by the chain are: x\ — :e 5 , ;c 2 = £4, 2:3 and XB- The contributions to the factor 
(fix^xl ••• <^)# fr°m eacn site are written next to the sites. The identity (2.100) is 
used to calculate Fn (2.99) in the following way: Ti(Tkl fk*Tk3 Tk*Tk!'Tke )&klk*6k2k* =

One can check that:

_ (_2)J' fc . (2.100)

Using this identity and its hermitian conjugate we can cancel all T"s except Tk"'2 
and Tkn . Finally, we obtain neglecting terms O(H4 ):

n/2-1 n/2-1

(2.101)

One can repeat this procedure for the case of even n/2 and arrive again at (2.101). 7

Comparing this result with the case of Zi model we note that besides obvious 

difference in numbers there is an essential additional sign factor ( — I) 71 / 2 " 1 which 
changes the result for the phase transition lines qualitatively (see sect. 3.2.2). One 
can trace the appearance of this factor to (2.100). We can also recall the result 
from the U(l) model where we found that only l/i' J term contributed 0(H2 ). To 
compare the case of 0(4) and l'(l) models it is helpful to use 2 component 0(2) 
notations for the complex field (j> in the Yukawa term in (2.60): t' 3 = 6° + itj) 1 = 
J2,=oiT'o l - i.e., Tl = (l,i) and T l = (I.—/). Then the algebra is very similar to 
the 0(4) case except that the identity analogous to (2.100) is:

0(2): f'Tf3 = (1 - I)!1' =0. (2.102)

r Only the formula (2.99) changes: Tk "'- and Tk " are then both T"s or both Ts.
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Thus the site passed twice by the chain contributes a factor O(H2 ) rather than 0(1) 
as one could expect from: ( <&.</>£)// = \8ij + O(H2 }. Therefore in the (7(1) model 
only the shortest chain: with 2 vertices, gives O(H2 ) term.

Finally, we collect all the factors corresponding to a given n, i.e.:

-l/(nYn ) - see (2.93);

Fn - as in (2.101):

n - the number of ways to enumerate the vertices:

( — 1/4)"' - the product of the A''s matrix elements;

.V(2J) n/ 2 /2 - the number of different double chains on the lattice in the leading 
order in d (we neglect self crossings).

Summing over all (even) n we obtain the O(H2 ) contribution to (lndetM}# in the 
leading order in 1/d expansion. Substituting this in (2.90) we find the mean field 
free energy to order 0(H2 ):

u'2 ff2 J rr2
W(H) = —- dK — - D——--— + 0(#4 ), large Y. (2.103)o o 4i • — a o

Using (2.91) we find the equation for the phase transition line beginning in the point 
(Y = OC,K = 1/d):

largey" (2 - 104)
2.6.2 Small Y

For small Y we expand (IndetM)^ in powers of 1": 

(lndeU/rv )tf = (Indet KTy ) H + ( tr \n(6Ig +

= Indet A',, - ir'j; (A- 1 )^ (A'" 1 )^ ( Tr * X * B ) H

——1'" X! (A"~') •••(A"~ 1 ) (Tr$ri $r2 ...4>.Cn )//-... ,(2.105)

A diagrammatic representation is again possible. But now links of the closed 
chains connect not only neighbouring sites since the matrix (A~ l ) is nonlocal.
The situation is exactly the same as in the Z2 model. We can again simplify the
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problem keeping only leading contribution in the d — >• oo limit to 0(H2 ) terms in a 
given order in Y. In this limit

(see (2.51)). As in the Z2 model we substitute:

A'- 1 -> --,K and V -»• -^ 
</ 2J/

into (2.105). Then this series takes the same form as the series for large Y (2.93).

Thus we can obtain the leading large d contribution to the mean field free energy 
to the order O(H2 } substituting d/2Y for Y into the expression (2.103):

W(H) = ^ - «<£ - D-^—^- + 0(H4 ), small Y. (2.106)
o o a — Y o

Using (2.91) we find the equation for the second order phase transition line which 
begins in the point (0, 5) in the (F, K) plane:

K = \(\- D-l-—} , small Y. (2.107) *•

2.6.3 Para-ant iferro phase transition lines

To study the second order phase transition from the paramagnetic to the antifer- 
romagnetic phase where ((j>st ) ~ (J^x <px {x /N) / 0 we can use the transformation 
similar to (2.82). Again (see sect. 2.4), we can obtain equations for the second order 
para-antiferro phase transition lines by substituting K — > —K. Y2 — »• —Y2 into the 
equations (2.107) and (2.104):

1 ( V'2
small Y. (2.108)

largeK |2 - 109)

d \ d+Y 2 

and

We shall discuss the regions of applicability of the formulae for the phase tran­ 
sition lines in the next chapter where we study the properties of the phases in the 
scalar-fermion theories. The phase diagram of the (9(4) theory for different values 
of D is described in section 3.2.2: see figure 3.4.
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Chapter 3

Properties of the phases

In this chapter we extend our methods to study the properties of different phases. In 
the previous chapter we studied the phase structure of scalar-fermion models using 
the vacuum expectation of the scalar field ($) as an order parameter. It, however, 
does not provide any information about the properties of the fermions in the theory. 
As was first pointed out in [34] fermions display quite different behaviour at small 
and large values of Y in the broken phase near the critical line. For small Y the 
masses of the fermions behave as mp w Y(<j>) and vanish on the critical line. At 
large Y the fermion masses grow as one approaches the critical line. The crossover 
occurs at around Y' w 1.4 in d = 4 [34]. Therefore it is interesting to study different 
fermionic correlation functions. We compute the fermion condensate {z/>ty>) and the 
fermion propagator in the mean field approximation in the symmetric phase and 
near the critical line. We find that the region (6) = 0 is not a single phase. It 
is separated into two phases by a transition around Y ~ \ld/'2. The phases are 
distinguished by the properties of the fermions.

The symmetric phase at large Y is interesting because fermions are massive there. 
This contradicts the tree level relation mp — Y(d>). On the other hand, at large
values of the Yukawa coupling one can expect some nonperturbative phenomena to

•
occur. In particular, the fermions can form bound states. To check this hypothesis 
we calculate the four-fermion correlator in the mean field approximation. We see 
that it has poles which do not correspond to fundamental fields in the theory. We 
also address the question of whether one can define a continuum limit where these 
bound states are in the physical (low energy) spectrum. This might be possible near 
the PM-PM' line.

Finally, one can perform continuum limit at the critical line between the sym­ 
metric and antiferromagnetic phases. We study this continuum limit and discover 
that in the resulting theory unitarity is violated.



3.1 Behaviour of the fermions

3.1.1 Fermion condensate: {?/>?/'}

We begin with computing the fermion condensate, or the fermion propagator in 
coinciding points. (^x^x }.

Consider the Z? model. Let us introduce an additional parameter m (the bare 
fermion mass) in the action (2.18). The partition function is then:

Z(m) = e
{t: = ±l} *

/'). (3.1)

where
M'xy = Kly + YfaSxy + m8xy . (3.2)

Obviously, m acts as a source for ipw. The partition function Z(m) can be estimated 
in the framework of mean field theory as before. The formula (2.22) becomes:

W(h,H,m} = — 2d/e(tanh. H) 2 + (H — h)tanhH — ln(2cosh H) — — (Indet A/'}//.
(3.3)

We have already calculated (IndetM')// up to terms O(a2 } at m — 0, where a = 
(</>)# — tanh/f. One can calculate the am and m~ terms analogously.

At large Y we expand in powers of 1/Y:

(In det M') H = (In det(l'<Mx,,))ff + (tr ln(6rj, + — (m6xy + KIV )<t>y )) H = 

= In YND + i Tr ^(m<5.rx + A'XX ){^)H -
^ X

1 
— „ Tr 2_,(m6xy + I\iy}(mSyx + I\ yx }( (J>x (f>y}H + • • • +

(3.4)

The contribution of each term in this expansion proportional to m, 2 can be il­ 
lustrated by diagrams similar to those considered in the previous chapter. The 
diagrams are closed chains with vertices in points j^, x 2 ,.... .*•„.. In fact, there are 
/? — 2 vertices because two pairs ot points .r, coincide due to two factors mbxy . The 
typical diagrams in the order L/Y'8 are shown in fig. 3.1.
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Figure 3.1: Typical diagrams in the order l/Y8 for the expansion (3.4) which contribute 
terms of order m 2 . The unfilled circles denote the vertices contributing a factor m each. 
The filled circles are for the unpaired vertices which contribute a factor a each.

As before, we can argue that to calculate the contribution proportional to m 2 to 
the leading order in l/d it is sufficient to take into account only double chain dia­ 
grams (fig. 3.la). The contribution of these diagrams to order l/Y™ (n = 2,4,6....)
is: In / Ix"/2 " 1

- —— m'2 -(2d}n/2' 1 (-- XD. (3.5) 
nYn 2 V V 47 V '

Summing over n = 2,4,6,... we obtain the contribution proportional to m 2 to the 
(IndetMV

-m^—^—ND. (3.6)d + 2Y*~

The contribution proportional to ma in the expansion (3.4) can be described by 
the same diagrams as the contribution of order m 2 . There is an unpaired <bx vertex 
in the place of one of the m vertices (see fig. 3.1 — these diagrams now describe the 
contribution of order l/Y'). The contribution of the double chain diagrams in the 
order l/Y™ (n = 1.3.5....) is equal to:

ND.nyn ••-•- — ' v 4

Summing over odd n we obtain the contribution of order ma to (Indet M'}u'-
•2Y

(3.7)

ma
d + 2Y

-ND. (3.8)

At small Y we use the expansion: 

{Indet A/')// = tr In A' + (tr ln(<5ry + (A'' 1 ).,-,/( Yo,, + m)))// =

j-.y

-ilr
n

•{( Y^n + m)(Y(£r2 + m) • • • (YoXn -r m))// (3.9)



The diagrams representing the terms in this expansion are similar to the ones in 
the small Y expansion of (IncletM)// (2.43). We can again argue (see sect. 2.3.2) 
that at large d the matrix K~ l becomes local and one can substitute in (3.9):

A' - 1 9̂A'-
a

Assuming again that the leading large d result in each order in Y is given by the 
double chain diagrams we can calculate the m2 terms in each order n in (3.9):

a/2
~\ ND

Summing over n = 2.4. 6.... we obtain:

1
m

d + 2Y 2

(3.10)

(3.11)

The mcr terms are described by similar diagrams but with one m vertex replaced 
by Yd>x . The contribution of the double chains in order n in (3.9) is:

n
_ 

a2

The sum over n = 2, 4. 6, ... gives:

(3.12)

(3.13)

Finally, we obtain for the derivatives of W(h = 0. H, m):

and

dm2

3W(h = Q,H.m]

(3.14)

(3.15)
m=0

where i(.r) = +1 for x > 0 and —1 for x < 0. Taking into account that

<t-,. ) = _^|£ = ^. ,3.16)

one can write the mean field estimate for the fermion condensate (more accurately: 
the fermion propagator in coinciding points):

•1Y 3

00



3.1.2 Two different phases with (<£) = 0

Let us now consider the formula (3.14). The derivative d2 W/dm2 describes the 
response (susceptibility) of the fermion condensate to m and can be also expressed 
as a four fermion correlator:

(3.18)

The discontinuous behaviour of this quantity in our approximation (3.14) in the 
domain where a = 0 suggests that there is a phase transition at Y = v/of/2. 1 The 
line of this phase transition divides the region where a = 0 into two phases with 
different signs of the quantity (3.14).

To understand what happens to the fermions at this transition one can calculate 
d2 W/dm 2 in the theory of free massive fermions (i.e., Y = 0):

_ M<1 ^
" 2 ~ ' ( * >

where we have used a large d approximation. One can see that a positive value 
for this quantity corresponds to very large fermion masses m > \Jd/2 ^> 1. In 
other words, the masses are much larger than the inverse lattice spacing (lattice 
momentum cutoff).

At small Y. however, the perturbation theory applies and gives: mp w K(^), 
i.e.. the fermions are massless in the symmetric phase (</>} = 0 at small Y .

We conclude that the theory at Y2 < d/2 contains massless fermions in the 
symmetric phase, while at Y2 > d/2 the fermions are very massive. In other words. 
the fermions do not exist as low energy degrees of freedom in the theory at large Y.

One can do similar calculations in the U(l) and 0(4) models and arrive to the 
same conclusions. Also, in the U(l) case it is possible to calculate the fermion
propagator in the symmetric phase in the mean field approximation.

•
The fermion propagator is given by: (\£ \ y ). One can integrate over fermion

variables exactly and obtain: (\j.\ tf ) = ((A/" 1 )^,/}. where A/ is the fermion matrix:

MTy = AV, + Ye'<* e*6Iv . (3.20)

1 Strictly speaking, (3.14) is the mean field estimate tor (lie one particle irreducible part 
of the correlator (3.18). Taking the derivative of W(H.in) with respect to m one should 
take into account that the mean field H depends on in via the self consistency condition 
dW(H.m}/dH — 0. The corresponding additional term in the mean field estimate for (3.18) 
is: -(d2 W/dH 2 )~ i (d-W/dmdH)- It describes the contribution of the intermediate state of one 
4> particle. However, this term is continuous at Y = \Jd/'2.

56



The mean field approximation means that we neglect the correlations of the 
field (f>x = e'k*1 , i.e., the propagator is given by ((M~ l ) xy }H- We can compute this 
quantity expanding it in powers of Y at small Y:

(M~ l ) xy = (K~ l ) xy

A'- 1 ) I, i r41 (A'- 1 ) 2l22 ...r^n (A'- 1 )^ + ... . (3.21)

In the symmetric phase ((J>X )H=O — 0. It is very helpful that in the £/(!) model 
also the average of any power of ox is zero for // = 0 (2.75). Using the fact that 
there are no correlations in our approximation we conclude that the only nonzero 
contribution to ((M~ 1 ) ry )//=0 comes from the first term in (3.21). Thus in the region 
of applicability of the Y expansion we have:

{(M-X) ff=0 = (#-%, (3.22)

i.e., the fermions are massless.

For large Y we expand in powers of l/Y:

£ *«, -*™ ' ' ' (3-23)

where we used the fact that l/<px = <Z>*. The average of each term in this expansion 
over the uncorrelated random field <bx at H — 0 is zero. Therefore in the region of 
applicability of the l/Y expansion" :

<(A/- 1 Uff=o = 0. (3.24)

This means that fermions do not propagate: their mass is infinitely large in the 
symmetric phase at large }'.

2 A simple analogy of such a discontinuous behaviour of th^fermion propagator (compare (3.22) 
and (3.24)) is the integral:

/•27T

/ ^(l-aexpifl)- 1 
./Q

It is equal to 27r for \a\ < 1 and is zero for |a| > 1. This can be verified by expanding in powers 
of a for \a\ < i and I/a for a > 1. It can be also expressed as a contour integral in the complex 
plane:

where the contour is a circle of radius a\ around r = 0. Then the result is obvious from Cauchy's 
theorem.



Finally, we conclude from the behaviour of the four fermion correlator (3.18) 
and the fermion propagator that the symmetric phase (<j)} = 0 is divided by a phase 
transition along the vertical line Y2 = of/2 into two distinct phases. The phase at 
smaller Y contains massless fermions as one would expect from perturbation theory: 
mp = Y (<?) = 0. In the phase at large Y the fermions do not exist as low energy 
degrees of freedom.
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3.2 The phase diagrams of the scalar-fermion 
models

Now we put together our results on the equations for the phase transition lines from 
Chapter 2 and the structure of the symmetric phase and discuss the mean field 
(large d) phase diagrams of the scalar-fermion models.

3.2.1 The Z2 model

The phase diagram of the model (2.18) is shown in figure 3.2a. The number of Dirac 
components of the fermion field r is D=4: as in four space-time dimensions. The 
phase diagram for the smallest number of staggered fermions D = 2 is shown in 
figure 3.2b for comparison.

We rescaled the parameters K and Y so that the diagrams fig. 3.2 look the same 
for all large d and given D. One can see that a natural large d limit corresponds to 
keeping Y/\fd and nd fixed. This is analogous to the I/TV expansion in the scalar <j>4 
theories with AT component fields: the natural large N limit corresponds to keeping 
\N fixed.

There are four phases: 

FM - the phase with ferromagnetic ordering: (<j>) 7^ 0, or the broken phase;

PM - paramagnetic, or disordered, symmetric phase (</>} = 0; in this phase the 
fermions are massless:

PM' - another paramagnetic phase (0) = 0; there are no massless fermions in this 
phase, instead the fermions are very massive (mp 3> I/a);

AM - the phase with antiferromagnetic ordering: (<t>st) = (52X Cx^x) 7^ 0.

The two symmetric phases PM and PM' are separated by a phase transition along 
the vertical line Y = Jd/l. This transition is characterised by a discontinuous 
behaviour of fermion correlation functions, for example, see (3.14), (3.18). We 
expect that fermion correlation functions depend continuously on a at the second 
order phase transition where a vanishes (e.g., as in (3.14)). In this case the line of 
the discontinuous transition at V = yd/I should continue into the broken phase. 
The position of its final point in the broken phase is beyond our approximations: 
we could calculate (3.14) only for small a.

We studied only the local stability of the symmetric phase to determine the lines 
of the second order phase transitions. This means that some first order transition
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Figure 3.2: The phase diagram of the Z2 model with 4 (part a) and 2 (part b) stag­ 
gered fermions. The scale along the horizontal axis is chosen in such a way that the 
transformation Y —> d/2Y corresponds to simple reflection. The curves are second order 
phase transition lines: equations (2.42), (2.54), (2.58) and (2.59). The thick vertical line 
at Y\/'2/d = 1 is the phase transition separating two symmetric phases: with massless 
fermions and without them. We do not know the position of its end point in the FM 
phase.

lines can exist on the phase diagram. In the mean field theory this could correspond 
to additional minima of the mean field free energy W( H) at nonzero H which become 
deeper than the minimum at H = 0.

The diagram fig. 3.2a (or fig. 3.2b) is obtained ya the leading order in the 1/d 
expansion. It could be used as a large d approximation to the real phase diagram in 
d = 4. The real phase diagram can have some deviations from the large d one. For 
example, the lines of the PM-FM and PM'-FM transitions might cross the line of 
the PM-PM' transition in two different points. It is also possible that the PM-AM 
and PM'-AM lines do not go to K = -oc. but terminate on the PM-PM' line. 
Another possibility is that the PM and PM 1 phases do not touch along a vertical 
line, but are separated by a region of some other phase.

The precise form of the phase diagram at d = 4 is a task for Monte Carlo
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simulations. Unfortunately, we are not aware of any Monte Carlo computation of 
the phase diagram of such a Z2 model. One technical difficulty is the discrete nature 
of the scalar variables: </>x = ±1. The algorithm of simulating the action with the 
contribution of the fermion determinant is based on making small changes of </>x . 3

The quenched approximation corresponds to neglecting the contribution of the 
termion determinant to the action. This simplifies the numerical task considerably. 
It is much easier to generate the statistical ensemble with the weight exp(—SB), be­ 
cause SB couples only neighbouring sites, than with the weight exp(—Ss + lndet M), 
where the contribution of the fermion determinant is nonlocal. The Z2 models were 
studied in one of the first papers on the scalar-fermion lattice models [34] in the 
quenched approximation. It was noticed there that fermions behave in a different 
way at large and small Y. A discontinuous jump of the fermion mass was also 
observed in the broken phase at Y w 1.4.

The U(l) and 0(4) models were studied extensively by several groups. We shall 
now describe the phase diagrams in these models in the large d approximation. We 
shall compare our mean field results with the Monte Carlo data in section 3.3.

3.2.2 The £7(1) and 0(4) models

The phase diagram of the U(l) model (2.60) is shown in figure 3.3. We chose the 
smallest number of the staggered fermions: D = 2. Similarly to the Z2 model we 
rescaled the parameters K and V" to obtain a universal large d phase diagram. The 
phase structure is very similar to the phase structure of the Z2 model. There are 
four phases: FM. PM, PM" and AM with the same properties as in the Z2 case.

The situation in the 0(4) model is more interesting. Note that the lines of the 
PM-FM and PM-AM transitions diverge in the Z2 model as Y increases from zero. 
These lines in the U(l) model are parallel. In the 0(4) models the PM-FM and 
PM-AM lines converge.

The lines are parallel in the £7(1) case because the terms of order Y4 and higher 
are absent in the equations for the phase transition lines: see (2.80). Indeed, if 
there was a Y4 term in the equation K = K.(Y) for the PM-FM line then due to the 
symmetry K —>• — K and V"2 —> -V"2 between the PM-FM and PM-AM lines this 
term must be present with the opposite sign in the equation for the PM-AM line. 
Thus the phase transition lines must diverge or converge at small Y depending on 
the sign of the Y4 term. In the Z2 and 0(4) models the 0(F4 ) term is present: see

: 'The restriction <p x = ±1 results in the limit A —>• oo. Some Z2 models with small scalar self 
coupling A have been studied by Monte Carlo [32.39].
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Figure 3.3: The phase diagram of the [*(!) model with 2 staggered fermions. See also 
the caption to fig. 3.2. The second order phase transition lines are given by equations: 
(2.80), (2.81), (2.83) and (2.84).

eqs. (2.54) and (2.107). It has opposite signs in these two models. The additional 
minus sign in this term comes from the equation (2.100). The situation with higher 
order terms is similar.

Now we return to the question of the region of applicability of the equations
(2.107), (2.104), (2.108) and (2.109). We can find using the equations (2.107) and
(2.108) that the PM-FM and PM-AM phase transition lines intersect at Y2 - 
d/\/D + 1. Similarly, at large Y (2.104) and (2.109) give the intersection point: 
Y2 — r/V'D + 1/4. One can now distinguish two qualitatively different situations 
depending on the value of D.

If D = 1,2,3 the PM-FM and PM-AM lines do not intersect before Y'2 = d/2 
and we can expect that the regions of applicability of (2.107) and (2.104) (and 
similarly of (2.108) and (2.109)) merge at V" 2 = rl/2. This situation is the same 
as in the Z(2) and f'(l) models. 1 Then there is a phase transition along the line 
V = Jd/2 separating two distinct symmetric (o) — 0 phases: PM with usual

4 As in these models the value Y = \/d/'2 is remarkable because det ,17 vanishes for some 
configurations of the field <j> at Y~ = (d/2)(l + O(l/d)). See appendix C.
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massless fermions and PM' with very heavy fermions. The line of this transition 
can also continue into FM and AM phases (see fig. 3.4a). The case D = 3 is marginal: 
all four phase transition lines come to the same point: Y = <Jd/2, K = —2/d.

Similarly to the Z(2) model the real phase diagram of the U(l) and 0(4) models 
at d = 4 can have deviations from our large d diagram, e.g.. the PM-FM and PM'- 
FM lines might not arrive to the same point on the PM-PM' line, there could be 
an intermediate region between the PM and PM' phases, etc.

O(4), D=2 O(4), D=8

-1

AM

I

-2

-6

A B

FI •

AM

0 0.2 0.4 0.6 0.8

(a)

5 10 oo 0 0.2 0.4 0.6 0.8 1

(b)

5 10 w

Figure 3.4: The phase diagram of the 0(4) model with D doublets of staggered fermions: 
(a) - with D = 2 — the situation is similar to fig. 3.2: and (b) - with D = 8. The second 
order phase transition lines are given by equations: (2.104). (2.107), (2.108) and (2.109). 
Dashed curves in (b) are only naive continuation of the»PM-FM and PM-AM lines into 
the region between points A and B where these lines lose their meaning and are drawn to 
indicate very roughly the location of the FI domain.

If D = 4.5,... then the PM-FM and PM-AM lines intersect before Y'2 - d/2 at 
points A and B (see fig. 3.4b). The lines obtained as the lines of the phase transition 
from PM to FM and AM phases certainly lose their meaning after the intersection 
in points A and B. Indeed, we could calculate the mean held free energy only for 
the values of the order parameters (4>) and {<2>st } close to zero. However one can 
expect that these lines describe the situation in the vicinity of the points A and B
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where (6) and (<^st ) are still small. This means that we have four different phases 
meeting in the point A (and similarly for the point B):

PM - where {</>) = (oi>st ) = 0 : totally symmetric;

FM - where (</)) ^ 0 but (<^st ) = 0 : ferromagnetic order only;

AM - where (0st ) ^ 0 but (6} — 0 : antiferromagnetic order only;

FI - a ferrimagnetic phase, where both order parameters are nonzero: (<p) ^ 0 and 
0.

The domain of the FI phase lies somewhere down and to the right from the point 
A and down and to the left from the point B (see fig.3.4b).

3.2.3 The scalar— fermion models at K = 0

In the limit K = 0 one can integrate over the scalar variables in the partition function 
of the scalar-fermion models. Then one obtains a pure fermionic theory with local 
self interactions. The models with the minimum number of species of staggered 
fermions: D = 2 in the Z2 and U(\) models and D = 1 in the (9(4) model, have the 
simplest interaction: (xx) 2 , and can be related to each other. We can then check 
whether this exact relation is preserved by our approximations. Interestingly, it is.

First, consider the Z2 model with D staggered fermions. The partition function 
at K = 0 has the form:

{<t>x =±\} 

The sum over the scalar variables factorises:

Using this equation with h x = Y £^_i \£\£ we obtain: 

xzdx* exp -
o-=l J'.V

where we dropped the unimportant constant factor 2 /v .

We can expand IncosbX/ij,) in powers of h x . In fact, this expansion contains only 
a finite number, D/2, terms. This is due to the property of the anticommuting 
variables \, x'- XX = XX = 0- The last term (of the order YD ) contains the product
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of all 2D fields \a , \- Q in one site. Thus the model (3.27) is a pure fermionic theory 
with polynomial self interactions.

For D = 2 — the minimal number of staggered fermions — only the h2 term 
survives:

lncosh(/0 = ~ = ^(*V + xV)2 = Ka xV\Y. (3-28)

Thus we obtain a model with local four-fermion interaction between staggered fer- 
mion fields \ l , \ 2 with the action:

0=1.2 xy i

The t"(l) model has exactly the same kinetic term for the fermion fields as in 

the Z2 model. The Yukawa term in the action for the model with D = 2 staggered 

fermions is:
M - iC*&)xl (3-30)

At K , = 0 we can integrate over the two component field c/4 = (cos Qx , sin 6X ):

where \hx \ = J(hQx } 2 + (h}.) 2 . Using this equation with:

/,o _ y/yi v i i y2 Y 2\.
11 x ~ l \ \x<\.x t \x\x)i
1,1 — ,-/• V'f-rl, 1 _ v^ v 2s) 
<l x — l^xl \\x\x \x\xl'

and expanding the Bessel function: IQ(X) = 1 + x 2 /4 + .... we obtain the fermion 

self interaction term in the action:

- /o(|M) = - ^ = -y'2 \i\l\l\l- (3-32)

We see that the actions of the f'(l) D = 2 and Jhe Z2 D = 2 models at «• = 0 
coincide. This means that the phase structure of these models along the line K = 0 
should be the same. Comparing the phase diagrams on fig. 3.2b and 3.3 we see that 
this is indeed true in our approximation. It is a rather nontrivial fact. The equation 

for the phase transition line in the Z2 model is obtained by summing the expansion 

in powers of Y (or 1/1"). The point V 2 = d/'2 is the furthest point from the origin 
of the expansion in the domain of convergence of the series. It is amusing that the 
phase transition line in the Z2 model comes at K — 0 to the same point. Y2 = d/2. 
as it does in the U(l) model. The higher order terms in the expansions in Y and 
1/y for the phase transition lines in the Z2 model play an important role: without
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them the line would cross the K = 0 axis earlier, which would contradict the result 
in the U(l) model.

Similarly, one can consider the O(4) model with D = 1 doublets of staggered 
fermions. It has the same fermion content as the Z2 and £/(!) models with D = 2:

The fermion kinetic form has the same form too. The Yukawa term is: 

We can integrate over the 4 component scalar field o* at K = 0:

where \hx \ = Jh^h^. The components h kx are:

(3.34)
I y2yl) 
' \x\-)-xx

Only the term \h 2 ] survives in the expansion of In {/o(|/)| ) — /2(|/?| )}• Using (3.34) 
and anticommuting properties of \"s we find for each component of h l :

l \ l + \ 2 \ 2 } 2 = oy2 T.i 1^,2 2.
x\x ' Vx-Vx/1 ~ J VxAxAirVx' 
.l, 2 I -2 1 \2 _ o\-2^-l 1 ,-.22.

etc. 

Finall, we obtain for the fermion self interaction term in the action:

l.xiv^ (3-36)
" r

which is the same as in (3.32) and (3.29).

Thus the (9(4) model with D = 1 doublets of staggered fermions at K = 0 is also 
equivalent to the Z2 or U(l) model with D = 2 at K = 0. Comparing (2.107), (2.80) 
and (2.54) we see that the PM-FM phase transition line (similarly, PM'-FM) in all 
three models comes to the same point on the line K — 0: Y = Jd/1. We take this 
agreement as an additional argument for the consistency of our approximations.
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3.3 Mean field vs Monte Carlo

In this section we compare the phase diagrams we obtained in the mean field (and 
large d) approximation with available Monte Carlo results.

3.3.1 The U(l) model

0.2

0.0

-0.2

-0.4

-0.6

-0.8

PM

AM

FM

AM

Figure 3.5: The phase diagram of the U(l] model with 8 staggered fermions. The solid 
lines: Monte Carlo [41]; the dashed lines: the mean field approximation.

The phase diagram of the U(\) model with 2 species of Dirac lattice fermions was 
computed numerically in [41]. This model is equivalent to our model (2.60) with 
D = 8 staggered fermions. The naive continuum ^mit of such a theory (see sec­ 
tion 1.3.4) contains 32 continuum Dirac fields. The computation was done on a 64 
lattice. In figure 3.5 we plotted the phase transition lines obtained in the mean 
field approximation: (2.80). (2.81). (2.83). (2.84). together with the phase diagram 
computed in [41] numerically.

First of all, we see a good agreement for the PM-AM. PM'-FM and PM'-AM 
lines. The agreement for the PM-FM line is worse. This can be explained by the 
crudeness of our approximations or by finite size or some other effects in the Monte 
Carlo simulation. Note that the PM-AM and PM-FM lines are exactly related by 
the transformation: K —> — K and Y2 —> —V"2 (see section 2.5.2). As our approximate
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PM-FM and PM-AM lines are related by this transformation it seems strange that 
one line agrees with the numerical result and another does not.

We do not find the FI phase in our approximation in this model. The FI phase 
found numerically in [41] occupies the region around Y « 1.4. This is the region 
where we assumed the domains of applicability of large and small Y expansions to 
merge. It is possible that this assumption is valid only in the large d limit and at 
finite d the PM and PM' phases are separated by a region of another, FI, phase. 
However, it is also possible that the FI phase found in [41] is a numerical artifact. 
The computation in the region of intermediate Y close to 1.4 is very difficult: the 
algorithm for the inversion of the fermion matrix involved in the procedure slows 
down considerably (see appendix C).

3.3.2 The O(4) model

-0.2 -

-0.4 -

-0.6 -

345 10

Figure 3.6: The phase diagram of the 0(4) model with 4 staggered fermions. The solid 
lines: Monte Carlo [50]; the dashed lines: the mean field approximation.

The phase diagram of the SU('2)®SU(2), or 0(4), theory with 4 staggered fermions 
was studied numerically in [50]. A 43 x 8 lattice was used. This phase diagram is 
compared in fig. 3.6 to our mean field results for the phase transition lines: (2.104), 
(2.107). (2.108), (2.109).

We see a reasonably good agreement. Similarly to fig. 3.5 the agreement is 
better for the PM'- lines than for the PM- lines. The FI phase is predicted by the
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mean field method and its position agrees with the numerical result. Monte Carlo 

computations in this region are difficult (see appendix C) and the boundary of the 

FI phase is not determined very well.

The most accurate determination of the phase diagram of the 0(4) model was 

done in a series of papers by the Julich group [51-53]. The theory with 2 lattice 

Dirac fermions was studied. This corresponds to the theory (2.85) with D — 8 

staggered fermions. The lattices of the size 64 and 84 were used. In fig. 3.7 we 

compare the resulting phase diagram to our mean field predictions: (2.104), (2.107), 

(2.108), (2.109).

0.5

0.0 h

-0.5 h

-1.0 h

-1.5 h

0 4

y
Figure 3.7: The phase diagram of the 0(4) model with 8 staggered fermions. Letters "W" 

and "S" stand for weak and strong Yukawa coupling regions: PMW=PM and PMS=PM'. 

The solid lines: Monte Carlo [52]; the dashed lines: the mean field approximation. The 

plot was presented to the author by C. Frick.

The agreement is as good as for figs. 3.5 and 3.6. For additional comparison we 

list in table 3.1 the coordinates of the point A where the PM-FM line meets the 

PM-AM line and the point B where the PM'-FM line meets the PM'-AM line (see 

also fig. 3.4b). The mean field predictions for the coordinates of these points are
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given by the formulae (see section 3.2.2):

YA =
1/2 1/2

d (3.37)

with d = 4 and D = 8. The Monte Carlo coordinates are from [52]. We find very 
good agreement for the point B and worse for the point A.

Table 3.1: The coordinates of the points A and B.

Mean field: eq. (3.37)
Monte Carlo: [52]

A
Y

1.115
1.000(5)

K,

-0.75
-0.78(5)

B
Y

1.732
1.770(10)

K

-0.75
-0.75(1)

One can see that the situation in fig. 3.7 is similar to figs. 3.5 and 3.6: the 
disagreement for the lines at small Y is larger than at large Y and has the same sign 
in all three models too (except for the PM-AM line in fig. 3.5). The most obvious 
reason for the deviations is the l/d corrections. We conclude that these corrections 
are larger at small Y. The finite size effects in numerical simulations could be also 
enhanced in this region as compared to the large Y region due to the presence of 
light fermions.
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3.4 Continuum limits

The mean field method is not suitable to discuss the critical behaviour of a system in 
detail. Indeed, at the critical point the correlations in the system grow large and the 
mean field approximation which neglects these correlations is not good. However, 
one can find the approximate position of the point of the phase transition using the 
mean field method up to corrections of order l/<7 for large d. Also, the analysis of 
the spin systems (e.g., the Ising model, the XY model, etc. ) shows that the mean 
field method predicts the critical exponents correctly for d greater than some dc — 
the upper critical dimension (see, e.g., [23]). For the spin systems dc = 4. The 
critical exponents control the behaviour of the order parameter, correlation length, 
susceptibility to the external field, etc. near the critical point. For example, the 
critical exponent 3 in the Ising model is defined as:

a = (<j>) ~ (K - Kc f, (3.38)

as K —»• K C . The mean field approximation gives 0 = 1/2 as is obvious from (2.6). In 
d = 4 mean field critical behaviour like (3.38) is modified by factors of ln(/c — K C ) to 
some power. These logarithmic corrections are beyond the scope of the mean field 
approximation.

In this work we do not attempt to study continuum limits of the scalar-fermion 
theories in detail. What we can do. however, is to point out were on the phase dia­ 
gram possible continuum limits can be defined and what the spectrum of the theory 
is. To study the continuum limit in greater detail, e.g.. to address the questions of 
triviality, upper bounds on the masses, etc. one has to use more complicated meth­ 
ods such as, for example, lattice renormalisation group or numerical simulations by 
Monte Carlo.

The most obvious candidates for the points where a continuum limit can be taken 
lie on the PM-FM phase transition line. Indeed, there the mass of the scalar particle 
in lattice units goes to zero. This mass is proportional to the second derivative of 
the mean field free energy with respect to H in our approximation. The mass of the 
fermion: mp ~ Ya. also vanishes as <r —> 0.

The spectrum of the continuum theory, or the low energy degrees of freedom. 
if we take the limit from the FM phase consists of a massive scalar particle a (the 
Higgs boson), n — 1 massless Goldstone particles TT (where n is the number of the 
components of the scalar field) and 4D massive fermions (doublets in the 0(4) 
case). This theory is the most obvious candidate to describe the Higgs sector of the 
electro weak model.

This continuum limit taken form the FM side on the PM-FM line was studied
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extensively by Monte Carlo [52,53]. It was found that all the points along this 
line belong to the same universality class: the universality class of the perturbative 
scalar-fermion theory with Yukawa interaction. One can show that in perturbation 
theory the continuum limit of the Yukawa model is a free (noninteracting) theory of 
scalars and fermions. Similarly to the pure scalar case one can derive perturbative 
triviality upper bounds on the scalar and fermion masses [22].

Note that the PM-FM line continues belovv the K = 0 line in the models with 
large enough D. One can observe that at negative K the relation between the 
continuum action and the lattice action breaks down. In other words, the lattice 
action in the limit a —>• 0 does not correspond to any continuum classical action like 
(1.13). Indeed, to obtain the continuum action one needs to rescale the lattice field 
(i>x , which is real, by a factor >/2/c, which becomes imaginary. If we rescale by J2\K 
we obtain at negative K the continuum limit classical action with negative sign in 
front of the gradient (kinetic) term. However, the continuum quantum theory is 
the same everywhere along the PM-FM line. There is nothing special in the critical 
behaviour near the point K. = 0 or at negative K [53]. What happens is that quantum 
corrections to the kinetic term of the scalar field from virtual fermion loops make 
the kinetic term in the effective action (at long distance scales) positive everywhere 
along the PM-FM line (see also sect. 3.6).

The continuum limit taken from the PM side of the PM-FM line is a Yukawa 
theory in the symmetric phase. The spectrum consists of an n-plet of scalar particles 
and 4:D massless fermions.

Another candidate for a continuum limit is the PM'-FM line. Here again the 
mass of the scalar particle in lattice units vanishes similar to the PM-FM line. The 
mass of the fermion does not vanish near the PM'-FM line. As we saw in section 
3.1.2 the mass of the fermions is very large in lattice units in the symmetric phase 
PM'.

One can also estimate the behaviour of the fermion mass in the FM phase at 
large Y in the following way. Consider the fernaion propagator {(M" 1 )^} (see 
section 3.1.2). To calculate it for large Y we expand it, in powers of l/Y as in 
(3.23). The problem with computing the average of each term in this expansion 
is the correlations between o.r in different sites. We neglect these correlations in 
the mean field approximation. However, in the FM phase another problem is that 
(<^ ^ (ipxY Such contributions appear if the chain of sites, connecting points x 
and y. i.e., zi,....zn in (3.23). has self crossings. If we neglect such contributions 
we can calculate the fermion propagator. It seems plausible that the contribution 
of self crossings of the chain becomes relatively small in the large d limit. With this 
assumption we can compute each term in the expansion (3.23): we need simply to



substitute cr instead of all <^*. Then summing the series we obtain:

, (3.39)
xy

i.e. the mass of the fermions: mp w Y/cr.

We can see that the mass of the fermions grows as we approach the PM'-FM 
phase transition line from the FM phase. Thus in the continuum limit taken near 
this line the fermions can not appear as low energy degrees of freedom. In other 
words, the spectrum of the continuum theory at the PM'-FM line consists of scalars 
only. All continuum theories along this line are in the same universality class: the 
universality class of the n component spin model.

In the next two sections we discuss the properties of the scalar-fermion theories 
near the PM-PM' line and near the PM-AM line.

73



3.5 Bound states in the scalar—fermion theories

One can expect that at some large Yukawa coupling the interaction between the fer­ 
mions mediated by the scalar particles can become strong enough to produce bound 
states of these fermions.

In this section we study the lattice scalar-fermion models at large values of Y. 
A straightforward way to study bound states is to look at the poles in the scat­ 
tering amplitudes. We calculate four-fermion amplitudes in the strong coupling 
symmetric phase PM' using the mean field approximation (i.e.. neglecting correla­ 
tions of the scalar field). We find that there are poles in these amplitudes which 
can be interpreted as bound states of the fermiort-fermion or fermion-(anti)fermion 
pair [57].

3.5.1 The model

We demonstrate the calculation on a simple model. Consider the U(l) model (2.60) 
with D = 2 staggered fermions. We write its action in the form:

S = SB + SV;

(3-40)
xy

where
^ry = ^H ̂ .A^y.x+A - <V*-M)

" V-

is the matrix of the kinetic term for the staggered fermions. We use a new notation 
for the scalar field in the Yukawa term: ox = &°T + iC,x <j>}.. We changed the fields in 
the action (2.60):

\l -> CrY.; and \* -+ -GYr-

to make our calculations more convenient. This resulted in the minus sign in front 
of the Yukawa term for \- in (3.40) (see also footnote 1 on page 31).

Let us now consider the following four-fermion correlator in our lattice theory:

This correlator can be viewed as the propagator of the local composite field \l\ 2x 
or. alternatively, as the amplitude of fermion-antifermion scattering. For example. 
the tree level contribution to such an amplitude comes from the diagram with 0



field exchange (see fig. 3.8). A bound state of \ l \ 2 could appear if the Yukawa 
interaction is sufficiently strong and the contributions with multiple q> exchanges in 
the £-channel become important. This bound state would then show up as a pole 
in the .s-channel of the process in fig. 3.8 and in the correlator Cxy .

X'o^ _^o X 1 
^^~^\"~JQ =
~^^^--^^_

-^o<^ ^-o ,
r ft

Figure 3.8: The amplitude of fermion-antifermion scattering and a tree level contribution 
to it.

3.5.2 Computing the four-fermion correlator

To study the correlator Cxy we integrate over the fermionic variables in (3.41). First, 
we introduce fermion sources: rj a . fj a . The partition function of the model is then:

y,a

, (3.42)

where

eff = SB ~ lndet(A' + *'<*)( A" - i'o') = 5S - 2Re lndet(A' + Y<D],

and Y6 denotes the diagonal matrix Y<t>x 6xy . 

Now we can write for the correlator Cxy :

6 *8

Taking the derivatives of (3.42) we find:

(3.43)

(3.44)

where the average on the right hand side is taken with respect to the pure bosonic 
weight exp (— 5eff).

In principle, the correlator (3.44) can be evaluated numerically by Monte Carlo 
very much like the fermion propagator ((M~ l ) xy ). The quenched approximation
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could also give a good estimate. The contribution of the fermion determinant in 5eff 
is neglected in this approximation, which simplifies the numerical task. The main 
contribution to the expected pole comes from the diagrams with multiple scalar 
exchanges and the contribution of the fermion loops is. probably, not significant.

In our analytical study we use the mean field (and large d) approximation to 
estimate the correlator C'r!/ . This means that we neglect the correlations of the field 
OT when computing the average in (3.44). The correlator is then given by:

Cly = - ( (K + Y6)~l (A' - W)- 1 )„ , (3.45)

where the average is over the uncorrelated random field ®x with the probability 
distribution exp(£x H l &x } and Hl is the two component mean field (see (2.66)).

We shall consider the correlator Cxy in the symmetric phase of our model, i.e.. 
when (o) = H = 0. As we discussed in the sections 3.1.2 and 3.2 this phase consists 
of two distinct regions (phases): PM at small V" with massless fermions. and PM' 
at large Y with very heavy fermions. The two phases are separated by a phase 
transition along the line Y'2 = d/2. We shall be mainly interested in the phase at 
large }': the PM' phase.

The mean field approximation works well if we are not very close to the critical 
points where the correlation length of the field ox becomes large. This means we 
can apply the mean field approximation inside the PM' phase not very close to the 
PM'-FM. PM'-AM lines.

WTe expand in powers of l/Y in (3.45) to compute the correlator in the region
Y2 > d/2:

' ®* o" 6" 6' 6' 6' -_ FA- + FA-A-/-• / I r ^ T- , T' Y T'C Iy = ( I — - —A — + —A —A — - ...
xy

where we used the fact that 1/6 = 6". Multiplying term by term the two series in 
parentheses we obtain the expansion for CT]I . One can represent each term in this 
expansion by a diagram. Each term is a product of two terms: one from each of the 
parentheses in (3.46). For example, the term of order l/Yn+2 (n > 1) in the last 
parenthesis is:

j. \ 1
_-2 --KinxVx- (3.47)

It can be depicted as a chain of the lattice sites: .c, r t ,.. ., rn , y. The links of the 
chain connect neighbouring sites because matrix elements of K are nonzero only



then. Each term in the first parenthesis is depicted by a similar diagram. Each 
term in the expansion for Cxy is then a product of two chains. Using the property 
of the average (see (2.75)):

for k =1.2,3..., (3.48)

we conclude that only the diagrams with all sites passed equal number of times 
by the two chains (so that each <j>x is paired with 0*) contribute to Cxy . It is 
sensible to expect that of these diagrams the double chains (i.e., when the two chains 
coincide) give the leading contribution in the large d limit (see fig.3.9). Other types 
of diagrams contain self crossings and their contribution is small at large d.

CL

X
CC

(a) (b)

Figure 3.9: Typical diagrams representing the terms in the 1/Y expansion of the corre­ 
lator Cxy . Links of the chains connect neighbouring sites. Diagram (a) - a typical double 
chain diagram in the order 1/y8 (n = 2 term in (3.49)); (b) - an example of a diagram 
which we neglect in the large d limit.

In this approximation we can sum up the expansion for the Cxy :

where the matrix elements of A are:

= 777(1-7^) • (3-49)
I / xy

(3.50)

If we denote the lattice Laplacian by A. then we can write:

4AXy = A^-y + 2d6ry . 

Substituting this into (3.49) we find for the correlator in our approximation:

CJV = 4(4y-2 -2<f-A)J\ (3.51)
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We see that Cxy is proportional to the (Euclidean) lattice propagator of a free 
massive boson with the mass J.L: fi 2 = 4F2 — 2d. The residue, 4. in the corresponding 
pole in Cxy is the square of the coupling of this composite boson to the fermions.

The mass /j, (in lattice units) of the bound state vanishes as we approach the line 
Y = d/2, which coincides with the boundary of the PM' phase in our approxima­ 
tion. This means that the correlation length of the composite field \iXr becomes 
large and one can define a continuum theory with physical composite particle in the 
spectrum at this boundary.

The result (3.51) for the four-fermion correlator is obtained in the large d limit. 
We do not know the behaviour of this correlator at finite d = 4. It is possible that 
the mass of the bound state remains finite in the PM' phase and on its boundary. 
However, one can expect that this mass becomes small in lattice units near Y2 % d/2. 
so that one can define effective continuum theory with composite bosonic particle in 
the low energy spectrum. An interesting possibility is that the mass of the bound 
state in lattice units vanishes near V" 2 sa d/2 (e.g., on the boundary of the PM' 
phase) also in the real case d = 4. It would be very interesting to do a numerical 
Monte Carlo computation in that region which could clarify this question.

Note also that the composite particle is stable as it can not decay into fermion- 
antifermion pair due to large mass of the fermions. The decay into (j> particles 
is forbidden by the simple symmetries of (3.40) which correspond to the separate 
conservation of the fermion number of each of the fermion species. Such a particle 
cannot be stable in the PM phase: it can always decay into massless fermion and 
antifermion.

Let us consider other channels in our four-fermion amplitude. Looking for pos­ 
sible bound states in the i-channel on fig. 3.8 we calculate the following correlator:

( \i*i \\ ) = (A + Y6)2 (A' - Yo*T . (3.52)

If we neglect correlations of the field 6X we can calculate this correlator in the large 
d limit. Similarly to (3.46) we expand in powers of^l/F in (3.52). Each term in the 
expansion is a product of two chains. Now. however, both chains are closed: one 
chain begins and ends in the site .r. another in the site y. Using (3.48) we conclude 
that the two chains should pass each site equal number of times. If we neglect self 
crossings, which is sensible in the large d limit, then the contribution of the diagrams 
is nonzero only when x and y coincide: both chains visit this point twice. Thus the 
correlator ((A" + Yd))~^ (A' — Y6f )~y)j-i =0 is proportional to bxy in the large d limit. 
We see that there are no poles in this correlator.

Where is the o particle itself then? The answer is that the correlator ((A' + 
Yd>)xx (A' — Y6~)~y)n is the mean field estimate for the one particle irreducible
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part of the correlator (3.52). The situation is similar to the one already discussed 
in the footnote 1 on page 56. We conclude that the only pole in the ^-channel of the 
amplitude in fig. 3.8 corresponds to the 0 particle.

We can assign fermion number +1 to the fields \ J and \ 2 and -1 to the fields 
V 1 and \ 2 . Then the 5 and i channels of our amplitude (fig. 3.8) have fermion 
number 0. There is also a channel with fermion number 2: the i<-channel on the 
fig. 3.8. There is a pole in this channel too. Indeed:

( \iG\i \fa\l ) =
= - { ( A- + Y4>)~i G (A' - r<n;J C» },. ff =
= - { (A' + Y6)-} (K - Y0')-xl }. = Cxv , (3.53)

' ^

where we used the fact that { rKxy £y = Kyx . The correlator of the composite field 
\iGXr is ^e same as the correlator of the field \xxl, i- e -> it has a pole.

3.5.3 Discussion

We studied four-fermion correlators in the U(l) scalar- fermion theory in the mean 
field (and large d) approximation. We found that in the symmetric phase PM' at 
Y2 > d/2, where the fermions are very massive, there are poles in certain channels 
of the four-fermion amplitude which do not correspond to fundamental particles of 
the theory. Here we make some comments about the properties of the corresponding 
composite particles.

(i) Note that the bound states created by the operators \ lx \l and \*Cr\r are 
neutral with respect to the f(l) charge which is carried by the field 0 and the 
fermion fields. This charge corresponds to the £7(1) symmetry transformation of the 
model:

-i -.ec*,-! r 2 _^ e +'«Cx -2 / 3 54 s
Vj; r Vri Xx c \x- \-).<J-t)

The fields \i\r anc^ \iCx\j- are invariant under this transformation.

(ii) The composite operators \}\l and \iCr\x ( l° n°t necessarily create scalars in 
the continuum limit. Indeed, our two staggered fermions give 2 • 2 d/ 2 Dirac fermions 
in the naive continuum limit due to the fermion doubling. The components of the 
continuum Dirac 2 t///2 -spinors are given by linear combinations of the \ fields living 
in 2d corners of the unit lattice hypercube (see section 1.3.4). Thus the composite 
operators are products of spinor components and can also create components of 
(pseudo) vector or tensor.
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(iii) It is easy to see that these results would be the same in the theory (2.60) 
with any number D of staggered fermions. The method and the results obtained in 
this paper can be easily generalised to the Z(2) and the 0(4) theories. Similarly to 
the U(l) case one finds Z(2) or 0(4) "neutral" bound states. 5

(iv) In the phase FM with broken symmetry: H ^ 0, and the computation of the 
correlator (3.45) is complicated. However, due to the continuity of the transition 
from the symmetric to the broken phase one can expect that there are still corre­ 
sponding poles in the correlator Cxy at least in some vicinity of the phase transition 
line in the FM phase.

(v) Note that the bosonic particle content in the FM phase near Y2 = d/2 
resembles the one in the Nambu-Jona-Lasinio (NJL) model: an effective continuum 
theory with four-fermion interaction [58]. Namely, there are poles in the four-fermion 
amplitude in the NJL model corresponding to a massless Goldstone and a massive 
scalar (t-channel in our approach), a massive vector (s-channel) and a massive scalar 
difermion (u-channel).

The similarity with NJL model is not a surprise because one can integrate out 
the scalar degrees of freedom in the model (3.40) and for K — 0 obtain a theory with 
local four-fermion coupling xJ.\'iXr\'r ( see section 3.2.3). One can also observe that 
the diagrams that contribute to Cxy in our approximation have the same topology 
as the bubble diagrams in the NJL approach.

(vi) At K = 0 in the theory (3.40) one can establish a duality relation between 
the channels in the four-fermion amplitude:

A(a,b.c,d) = (x laXl \t\l). (3.55)

where a, b, c, d are some sites of the lattice. As we show in appendix D, this amplitude 
for even distances between the sites a. b, c, d is invariant under a permutation of any 
of its legs or. in other words, under permutations of the channels s. t. u. For example,
see (D.4): A(a.b,c.d) = A(a.c,b.d). This is an exact result.

• 
Turn now to the original theory with the scalar field and arbitrary K (3.40). We

know that there is a pole in the *-channel of the four-fermion amplitude correspond­ 
ing to the o particle. From duality we derive that there are the same poles in the 
.s- and v- channels at K = 0. One can expect by continuity that in some region of 
nonzero K the four-fermion amplitude still has poles in the 6' and a channels. These 
are obviously the poles that we find in the mean field approximation.

(vii) Consider the (effective) continuum theory defined near Y 2 % d/2 in the

5 Remember, however, that the PM-PM" boundary at V'- = d/2 in the O(4) model exists only 
for the theory with D < 3 SI'(2) doublets of staggered fermions.
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PM' phase. The fermions in this theory do not appear in the low energy spectrum: 
their masses are larger than the lattice cutoff. However, bound states of fermion- 
(anti)fermion pairs may have masses smaller than the lattice cutoff and thus remain 
in the physical spectrum. This resembles the situation with quarks which, being 
fundamental fermions in the theory, do not appear in the spectrum, but form white 
(SU(3) neutral) bound states.

Pushing this analogy further one can say that fermions at large Y are t-confined" 6 
in [' (1) neutral bosonic states by strong attractive Yukawa forces caused by <f> par­ 
ticle exchanges. The correlation length of a single fermion has then the meaning of 
some characteristic size of the bound state. Using this analogy one could give the 
following heuristic description of the behaviour of the fermion correlation length (or 
inverse mass) in the region of large Y.

As indicated by earlier Monte Carlo and analytical investigations [34] the fer­ 
mion correlation length becomes smaller at fixed Y as K approaches the FM-PM' 
line from above (see also (3.39)). One can see from the computation of the fermion 
propagator (3.23) that the fluctuations of the scalar field & are responsible for trap­ 
ping single fermions. Indeed, it is the property {<^)#=0 = 0 that makes the fermion 
propagator vanish in the PM' phase. For the same reason a nonzero contribution 
to the propagator of the composite field \lx2 comes only from the terms in (3.46) 
where two fermion chains are glued together. As we decrease K the fluctuations of 
the scalar field become stronger (they are frozen near {(/>) = 1 at K = oo) and the 
binding force effectively increases. Then the characteristic size of the bound state 
becomes smaller. The fermion correlation length also becomes smaller as Y grows. 
This happens because the binding due to the Yukawa attraction becomes stronger.

fi Bearing in mind the considerable difference with confinement in the case of QCD we use quotes 
here.
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3.6 Unitarity and the PM-AM line

In this section we discuss the continuum limit at the PM-AM phase transition line. 
We argue that one cannot define a physical theory in this limit.

We use the 0(4) theory as an example. This theory in d = 4 is the most 
realistic approximation of the Higgs-fermion sector of the electroweak theory and it 
was extensively studied by the Monte Carlo method in [51-53]. In particular, the 
behaviour near the point A on the phase diagram (see fig. 3.7) attracted considerable 
interest [17,52.53]. The results are the same in the Z2 and U(\) models. We shall 
omit the index of the scalar field components in the following as it does not play 
any role here.

We can use the transformation (2.82):

AC —— > —— K, ST —— * Cr (t>T,VX (,x <px , ^

xf )Xx, \ x -*• exp(z'Cxf )\*.

to relate the continuum theory at the PM-AM line at small Y to the continuum 
theory at the PM-FM line at small Y. The action of the model (2.85) is invariant 
under this transformation.

The fluctuations that acquire long correlation length near the PM-AM line are 
the fluctuations of the staggered scalar field: 0s* = Cr^r, where, as usual, Ci = 
( — l)ri+ '"+r4 . In other words, the soft modes of the field 6S£ define the continuum 
scalar field at the PM-AM line. The transformation (3.56) shows that the lattice 
theory for the field o 1̂ is the same as the lattice theory for (j>r with K — >• — K and 
Y — v —iY. In particular, the continuum limit for the soft modes of the field </>*' at 
K w — K C and small 1'' (at the PM-AM line) is the same as the continuum limit for 
the soft modes of the field ox at K w K C and small imaginary Y.

The continuum limit at the point K ~ K C and small real Y (at the PM-FM 
line) is a scalar-fermion theory with weak Yukawa coupling.' The same theory 
with imaginary Yukawa coupling is not physical. Indeed, the Lagrangian of such a 
theory (back in the Minkowski space) is complex. This means that this theory is 
not unitary: the sum of the probabilities of all outcomes of a process is not unity.

To see this more explicitly one can use the optical theorem: one of the mani­ 
festations of the unitarity. This theorem relates the imaginary part oi the forward 
scattering amplitude (the loss of the probability from the forward channel due to the 
scattering) to the total cross section (the probability of all final scattering states).

"This continuum limit is discussed in the section 3.4. Due to the triviality of the theory what 
we actually mean by the continuum limit is in fact an effective theory with remote but finite cutoff: 
A 3> m (see also 1.3.2).
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Formally, one can apply this theorem to the propagator of the scalar field (j>. To 
lowest order in the Yukawa coupling the optical theorem for the scalar propagator 
has the form which is represented in fig. 3.10 by Feynman diagrams.8 If we replace 
the real Yukawa coupling y by iy the left hand side changes sign while the right 
hand side does not. Thus the unitarity relation for the scalar propagator is violated 
for imaginary Yukawa couplings (for the small couplings at least).

-2Im ----i

Figure 3.10: The unitarity relation for the scalar propagator in the lowest order in the 
Yukawa coupling y.

There is another, rather instructive, way to see that something is wrong with 
the unitarity of the theory in the continuum limit at the PM-AM line. One can 
look at the wave function renormalisation constant of the field 0st .

In a physical theory one would expect the wave function renormalisation constant 
of a given field 4>(x] to obey: Z < 1 [59]. This is again a consequence of unitar­ 
ity. To see this one can use the dispersion relation (Kallen - Lehmann spectral 
representation [59]) for the propagator of the field (f>:

G(P) = 2 2 . + V , . • (3-57) p2 — m* + it J p* — /j, z + if.

where the integral is over all possible invariant masses squared of the states in the 
continuum spectrum: many particle states created by <f> acting on the vacuum (e.g., 
fermion-antifermion pairs). The spectral function p(fJ. 2 } is the probability density 
of creating multiparticle states with a given invariant mass // by the field d>. Indeed, 
using a formal relation:

Im— !— = -K6(x} (3.58) 
x + if.

one can find:
-^lmG(p) = Z6(p2 - m 2 ) + p(p2 ). (3.59)

/i

which is the optical theorem for the propagator. We conclude that p(/J. 2 ) is nonneg- 
ative.

8The imaginary part of the propagator exists for the off-shell values of momentum of the scalar 
field: p~ > 4m^, when the creation of a fermion-antifermion pair is kinematically allowed: see 
also (3.59). There is also a (5-function contribution at p2 = m~ from the one 4> particle state. We 
refer here to the momentum in Minkowski space. In Euclidean space the corresponding values of 
the momenta are imaginary: p| < -4m2F and p~E - -m~
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The field 4>(x] is the bare field: its normalisation is fixed by the condition that 
the kinetic term in the bare Lagrangian is (l/2)dM </>#"•</>. In the continuum theory 
this means that at very high momenta p the propagator: G(p) —> l/p'2 . Taking this 
limit in (3.57) we arrive at:

1 = Z + I dn 2 ptf). (3.60)

— the relation for Z found by Kallen and Lehmann [59]. 9 In essence, this is a sum 
rule for the probabilities of creating all possible states by the operator <p(x). It 
tells us that Z — the probability of creating the one </> particle state — is unity for 
the free field and receives a strictly negative contribution from any additional state 
(e.g., the fermion-antifermion pair) which can be created by the field (j> due to the 
interaction.

Now we apply these ideas to study the continuum limit of the lattice theory near 
the PM-AM line and compare it to the continuum limit at the PM-FM line. One 
can find the wave function renormalisation constant of the scalar field numerically by 
Monte Carlo. One computes the propagator (<px <py ) and finds its Fourier transform 
G(p). If we are interested in the continuum limit near the PM-FM line we need to 
look at the behaviour of G(p) at small p, which corresponds to the soft modes of 
the field <px . For the continuum limit near the PM-AM line we are interested in the 
behaviour of G(p) at p close to the opposite corner of the Brillouin zone: (TT, TT. TT, TT). 
This corresponds to the soft modes of the field <^' = (X ^>T -

The renormalisation constant of the field 0X is the residue in the pole near 
p = 0. The renormalisation constant of the field <ps* is the residue in the pole near 
p = (TT, TT. TT, ?r). These constants were computed numerically in [53]. The authors 
of [53] use a clever fit to the propagator G(p). It includes the contributions of the 
poles near p = 0 and (TT. TT. -. TT) with residues Z and Zst and also a contribution of 
the two particle fermion-antifermion states. The parameters Z. Zst are fitted then 
(together with the renormalised Yukawa coupling and the particle masses).

To use the Kallen-Lehmann relation (3.60) we have to normalise the fields o and 
<2>st first. We recall from sections 1.3.1 and 1.4.1 that to obtain the lattice model we 
rescaled the scalar field by a factor 2«. In other words, the lattice version of the 
kinetic term

9 The equations (3.57) and (3.60) might not be very well denned due to the ultraviolet diver- 
"•ences (the integrals over n~ diverge). We neglect this problem here, assuming that the theory is 
made finite by some suitable regularisation.
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would give the hopping term in the lattice action:

while our action has additional factor 2« in front. This means that the residue 
in the pole of the propagator (q>x oy } should be multiplied by 2/c to obtain the 
wave function renormalisation constant of the continuum field d>(x). Near the PM- 
FM line the continuum field d>(x) is given by the soft modes of \/2K0x and the 
wave function renormalisation constant is Zcont = 2/eZ. Near the PM-AM line the 
continuum field </>(x) is given by the soft modes of v/—2/c (,x <t>x . This is because the 
theory of the field (x q>x is the same as the theory of q>x with K —> —K. The wave 
function renormalisation constant of the continuum field near the PM-AM line is 
then Zcs£nt = -2«;Zst .

In table 3.2 we show the Monte Carlo data for the constant Z near the PM-FM 
line and in table 3.3 — for the constant Zst near the PM-AM line. We see that near 
the PM-FM line the constant Zcont is less than unity as we expected from (3.60).

Table 3.2: The Monte Carlo data [60] for the constant Z and the renormalisation constant 
•^cont of the continuum field 6(x] = \/2K<bx near the PM-FM line in the theory (2.85) with 
D = 8. The two sets of 3 points are taken on two vertical lines at constant Y approaching 
the critical line from the FM phase (compare with the phase diagram in fig. 3.7). The 
measure of the distance from the critical line is the mass of the scalar particle in lattice 
units. For the first set of 3 points it is: m =(0.08, 0.05. 0.02), and for the second set: 
(0.20, 0.16, 0.12). The data in the tables 3.2 and 3.3 are from 84 lattice.

Y K Z Zcont - 2K.Z
0.2 0.30 1.47(4) 0.88(2) 
0.2 0.28 1.59(6) 0.89(3) 
0.2 0.26 1.57(14) 0.82(7)

IK Z ^cont — 2.K//

0.4 0.24 1.23(10) 0.59(5) 
0.4 0.22 1.27(7) 0.56(3) 
0.4 0.20 1.42(9) 0.57(4)

An interesting observation: the wave function ^normalisation constant Zcont = 
'2h~.Z becomes negative at negative K as we follow the PM-FM line! We already 
discussed the problem of relating the continuum and lattice classical theories at neg­ 
ative K in 3.4. Here we can add that from the point of view of the Kallen-Lehmann 
relation (3.60) negative Zront corresponds to the situation when the spectral inte­ 
gral f df.r p((.i 2 ) becomes larger than unity and oversaturates the left hand side of 
(3.60). This happens at some point as the Yukawa coupling grows. However, one 
can smoothly continue to larger Yukawa couplings using a negative kinetic term for 
the scalar field in the bare (classical) Lagrangian: K < 0. The physical theory at 
low energy-momentum scale will be the same as for positive K (see section 3.4).
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Now we turn to the continuum theory for the staggered scalar field <t>st at the 
PM-AM line. Here we see that the constant Z£at is greater than unity (table 3.3). 
This agrees with our perturbative considerations earlier in this section. The contri­ 
bution of the spectral integral in (3.60) has the wrong sign. This means that the 
continuum theory at the PM-AM line contains states with negative norm, for which 
the probability of being created by the field <f>(x) is negative.

Table 3.3: The Monte Carlo data [60] for the constant Zst and the renormalisation 
constant Z*lmt of the continuum field 4>(x) = v/^K^f near the PM-AM line. The points 
lie on the horizontal line K = -0.72 just above the point A on the phase diagram (see 
fig.3.7). The first two points are in the PM phase, the last two are in the FM phase. The 
distance from the continuum limit is characterised by the mass of the staggered scalar. It 
was measured very approximately: mst = 0.4-^-0.8.

Y
0.95 
0.98 
1.02 
1.06

K

-0.72 
-0.72 
-0.72 
-0.72

zsi
1.78(14) 
1.96(9) 
1.65(26) 
1.61(10)

yst _ o ,- vst ^cont — — ^«^

2.56(20)

2.82(13) 
2.38(37) 
2.32(14)

Unitarity of a Euclidean (in particular, lattice) theory is closely related to re­ 
flection positivity [61]. Reflection positivity requires that if we divide the Euclidean 
space by a hyperplane x4 = 0 (x4 is the Euclidean time) and consider observables 
that depend on the field variables from one half of the Euclidean space only, then 
the vacuum expectation values of all quantities which can be written as products 
of such two observables related to each other by reflection of the Euclidean time 
axis are positive. For example, in the scalar theory the simplest quantity of this 
sort is: ((p(x^x)6(—x^x}}. In more complicated theories the time reflection can 
be accompanied by a suitable conjugation-like transformation of the fields. In some 
sense reflection positivity is the condition that all probabilities in the theory are 
positive. Unitarity of a theory follows from reflection positivity.

It is possible to prove reflection positivity in scalar-fermion theories at posi­ 
tive K, [44]. It means that the theory at positive K is unitary. However, at negative K 
no proof has been found, to our knowledge. The nonunitarity of the theory near 
the PM-AM line means that no such proof should exist. Reflection positivity is 
not a necessary condition for unitarity. The existence of a unitary theory in the 
continuum limit at the PM-FM line at K < 0 does not contradict the absence of 
reflection positivity.
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Chapter 4

Summary and conclusions

The scalar-fermion theory with Yukawa interaction was first introduced to describe 
the low energy properties of hadrons [62]. In the context of the electroweak theory 
the scalar-fermion Yukawa model can be an approximation for the Higgs-fermion 
sector. Such an approximation is good in the case when the masses of the Higgs 
particle and of some fermions are large compared to the electroweak scale. This is 
because the mass of the Higgs is proportional to the (square root of) the effective 
scalar (f>4 coupling and the mass of the fermion to the effective Yukawa coupling. 
When these masses are large the corresponding couplings are large also and one can 
neglect the interactions governed by the small electroweak gauge couplings and the 
Yukawa couplings to light fermions.

In the pure scalar theory, which is an approximation to the Higgs sector in the 
absence of heavy fermions, one finds that the mass of the Higgs can not exceed 
some 700 GeV. The scalar self coupling gets screened by a cloud of virtual scalar 
particles very much like the electric charge is screened in quantum electrodynamics 
by a cloud of electron-positron pairs. The effective coupling A eff measured at the 
physical scale m# as a function of the bare coupling X at a given scale A > m// is 
saturated at some finite value as A —*• oo. The largest possible A Pff one obtains for 
the lowest A/m// and A —>• oo. From the lowest sensible cutoff, A/m# £s 3 one then 
obtains an upper bound on A Pff. This bound due to the relation: m# = \/S^eff(246 
GeV) translates into the bound on the Higgs mass.

It would be interesting to understand how the presence of a heavy fermion can 
affect the upper bound on the Higgs mass. If the Yukawa theory is also trivial then 
similar arguments would lead to a bound on the effective Yukawa coupling yeff and 
consequently on the fermion mass mp = ;!/eff(246 GeV). Assuming the applicability 
of perturbation theory one can estimate this bound which turns out to be of the 
order of 500 GeV [22]. To establish this bound properly one needs to study the
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scalar-fermion Yukawa theory nonperturbatively. The lattice regularisation is the 

most powerful method suitable for this purpose.

Another interesting question is whether the introduction of the Yukawa interac­ 

tion can solve the triviality problem of the Higgs sector of the electroweak theory. 

The problem is that one cannot remove the cutoff in the theory while keeping fi­ 

nite the interaction between particles. In other words, the electroweak theory can 

exist only as an effective theory applicable only in the range of energies up to some 

cutoff A. This is not very disastrous, as this only means that at the energy scale 

around A some new physics should exist. However, it would be very appealing from 

the conceptual point of view if the theory with Yukawa interaction could be applica­ 

ble for arbitrarily high energy scales. In the lattice regularisation this would mean 

that there is another universality class of lattice theories, different from the univer­ 

sality class of the free theory. This universality class would describe the interacting 

scalar-fermion continuum theory. The search for such a possibility is another task 

for nonperturbative (in particular, lattice) studies.

The present work aims at more moderate goals. We study the phase structure 

of the scalar-fermion models. We are mainly interested in finding critical points 

on the phase diagram where physically interesting continuum limits can be defined. 

This knowledge is crucial for a more detailed investigation which could determine 

the upper bounds on the Higgs and fermion masses and which might tell us if the 

Yukawa theories can be nontrivial.

Besides the realistic model with four component scalar field we consider also 

somewhat simplified models with one and two component scalar fields. We choose 

one of the most straightforward discretisations of the Yukawa model. We use stag­ 

gered fermions to reduce the number of fermion species in the continuum theory. 

The lattice approximation for the Yukawa term is given by the product of lattice 

fermion, antifermion and scalar fields in one lattice site. Other discretisations are 

possible. The dependence on the choice of the lattice action is studied, for example, 

in [36].

We also do not attempt to make our models chiral. In other words, our mod­ 

els contain equal numbers of left- and right-handed fermion fields which interact 

in the same way. This is not the case for the known fermions in the Standard 

Model. The problem of cliscretising a chiral theory is very fundamental and is still 

unsolved [16,18.26-28]. We expect, however, that for the questions we are interested 

in, such as the upper bounds on the Higgs and fermion masses and the triviality of 

the Yukawa theory, the chirality of the theory is not crucial.

We apply a mean field approximation to study the phase diagrams of the scalar-
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fermion models. In the Ising and similar spin models it is known that one can 
calculate the phase transition point with about 20% error. To apply the mean field 
approximation to scalar-fermion models we integrate over the fermionic variables in 
the partition function of the model. This leads to a pure bosonic theory with the 
action containing the contribution of the fermion determinant:

,s'eff = SB - In det A/.

To compute the partition function Z (or the free energy NW = — InZ, N is 
the number of the lattice sites) of the model we approximate the average over the 
configurations of the scalar field <f>T with the weight

exp( — SB + In det M)

by the average over the configurations of the uncorrelated random field with the 
weight:

The mean field H is a, parameter which is determined by the condition that the 
mean field free energy W(H) is minimal.

In the Ising model one can compute the mean field free energy exactly and 
obtain the (self consistency) equation for the mean field H. Depending on the value 
of the hopping parameter the minimum of the mean field free energy W(H) is at 
the origin, H = 0. or at nonzero values of H. The point where the minimum at the 
origin becomes unstable and nonzero minima appear is the phase transition point 
from the symmetric to the broken phase.

In the scalar-fermion models we cannot compute the mean field free energy 
exactly. The problem is in computing the average over the configurations of the 
random field 4>x of In det M. We can expand this quantity in powers of the Yukawa 
coupling Y or in powers of l/Y". One can compute only the first few terms in this 
expansion exactly. We recall, however, that thejnean field approximation should 
become exact in the limit d — >• oo. Thus we can obtain the leading behaviour in this 
limit by keeping only the leading contributions in the L/d expansion of the terms in 
In det M. We also notice that one needs to know W(H] only up to powers H'2 or, 
which is the same, a 2 = (<px )n = O(H). to study the local stability of the symmetric 
phase. With this in mind we take every order in the Y or l/Y expansion of the 
In det M and compute it in the large d limit up to the power a 2 Then we sum these 
contributions.

In such a way we obtain the mean field free energy W(H] to the order H2 in 
the large d limit. The origin H = 0 is always an extremum of W(H] due to the
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symmetry of the model. It is a local minimum or maximum depending on the sign 
of the H2 term. This term vanishes at the second order phase transition between 
the symmetric and the broken phases. Thus the condition

= 0
H=0

determines the critical points on the phase diagram of the scalar-fermion model.

In this way we obtain the lines of second order phase transitions in Chapter 2. We 
cannot firmly establish how far from the points Y = 0 and Y — oo these equations 
are applicable. However, one obtains a self consistent picture in the large d limit if 
the regions of applicability of the V and 1/Y expansions merge along the vertical 
line Y = yd/2.

A somewhat similar approach to calculating the phase transition lines at large 
d is used in [46]. It is also based on the l/d expansion. It is useful to compare 
the two approaches. The authors of [46] perform a systematic expansion in powers 
of l/d of the Indet M. An important difference is that the l/d order of each term 
in this expansion is determined by fixing Y = 0(d) in the large d limit. Such an 
expansion gives a better estimate at large Y of order d. However, it does not tell 
us anything about the behaviour of the system at the intermediate values of Y of 
order vd. This is the region where the most interesting phase structure is observed. 
The limit d —»• oo in our approach corresponds to keeping Y = O(\/d). This comes 
about naturally when we find that the leading term in the limit d —*• oo in each 
given order l/Y'2n is proportional to dn .

We observe that the transition from the symmetric (paramagnetic) to the anti- 
ferromagnetic phase can be related to the para-ferro transition by a transformation: 
K —»• —K and Y2 —»• —I''2 . For example, the phase transition lines are related by such 
a transformation. Note, however, that this transformation is not a simple geometri­ 
cal mapping between the lines. It involves analytical continuation to imaginary Y. 
We also study the continuum limit near the PM-AM line and find that the theory 
defined in this limit is not unitary.

We compare our results to available Monte Carlo data for the phase diagrams 
of the scalar-fermion theory. The agreement is a strong argument lor the validity 
of our methods. In particular, one can see that the higher powers in Y and 1/Y 
expansions are essential to this agreement.

In Chapter 3 we extend our methods to study the properties of different phases. 
We find that there are two distinct symmetric phases. In both of them the vacuum 
expectation value (6) of the scalar field vanishes. The fermions, however, behave 
differently.
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In the symmetric phase at small Y the fermions are massless. This agrees with 
the expectation from perturbation theory: mp = y(<j>). Also, one can notice that 
the explicit mass term mi/'0 violates the (chiral) symmetry of the model: the term 
?/>?/' is an isovector under this symmetry (in the Z2 model it changes sign under the 
Z2 transformation). Thus it is natural to expect fermions to be massless in the 
symmetric phase.

From this point of view the symmetric phase PM' at large Y is very interesting. 
The fermions are massive in this phase. More precisely, their masses are very large 
in lattice units. This means that the continuum limit taken on the critical line 
separating this phase from the FM phase does not contain fermions as physical 
degrees of freedom. Such a situation is often called decoupling of the fermions. This 
phase was first described independently in [36,37].

The nature of the PM' phase is still not understood completely. There is no 
contradiction between the symmetry of the model and the existence of the fermion 
mass. In principle, the symmetry of the model allows to build mass terms which 
mix different fermion species. In other words, one can realise the chiral symmetry 
in the fermion spectrum in two ways: massless fermions or parity doublets with 
equal masses. However, it is not clear how to write down the corresponding mass 
terms explicitly. Such a point of view also does not explain why the fermions are so 
massive.

We study the properties of the PM' phase in somewhat more detail. We compute 
the four-fermion correlator in the mean field approximation and find that it has poles 
in channels with quantum numbers different from the fundamental scalar field <p. 
This means that the fermions can form bosonic bound states.

It is quite natural to expect bound states to appear when the Yukawa coupling 
is large enough. For relatively small Yukawa couplings one can illustrate this on a 
simple example. Consider a nonrelativistic problem of two massive fermions inter­ 
acting via exchange of a massive scalar (Yukawa interaction). 1 If the scalar is light 
and the Yukawa coupling is small one can estimate that the binding energy is of 
order y 4 mp and the size of the bound state is of order (y 2 rnp-)~ l . These estimates 
are the same as in the nonrelativistic Coulomb system. For this approximation to 
be valid the Yukawa potential should be close to the Coulomb one at the distances 
where the bound state wave function is not small. This means the mass of the 
scalar mediating the interaction should be small enough: m <C ifmp. The Yukawa 
coupling should be also small for the nonrelativistic approximation to be valid: the 
typical velocity of the fermion is of order y~. On the other hand, if the typical size of

l The author thanks P. Hasenfratz for suggesting this example.
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the bound state, (y 2 m F ) \ is too large compared to the range of the Yukawa inter­ 
action m~ l the potential is not wide enough to hold a bound state. The condition 
for the bound state to exist can be written as a condition on the Yukawa coupling: 
y~ > const (m/mp). However, the bound states which we observe in our lattice 
approach occur at large values of the Yukawa coupling when such approximations 
are not possible.

Another important observation is that the mass f.i of the bound state in lattice 
units vanishes at F2 = d/1. In our approximation this coincides with the boundary 
between the PM' and PM phases. If this remains true outside the mean field ap­ 
proximation one can define a continuum theory at the PM-PM' line. The physical 
spectrum will consist of the bound state bosonic particles. The fermions will not 
appear in the continuum limit in the PM' phase: their masses are very large in 
lattice units.

One can then imagine another possible interpretation of the PM' phase. The 
fermions in this phase are not physical degrees of freedom but form bosonic states 
which appear in the physical spectrum. The binding of fermions into bosonic states 
and their disappearance from the spectrum could be part of the same phenomenon. 
The situation is similar to QCD in some respects. In both cases a single fermion 
(a quark) can not propagate but a bound state of two quarks with opposite color 
charges (white, or color neutral, state) can propagate. However an important dif­ 
ference is that QCD is an asymptotically free theory: the interaction becomes small 
at small distances. The confinement of quarks in QCD is a large distance (infrared) 
phenomenon. The Yukawa interaction, in contrast, grows at smaller distance scales. 
The binding that we observe in the Yukawa theory is an ultraviolet phenomenon. 
It could be even that the scale of it is intrinsically the scale of the lattice cutoff. 2 
It would be interesting to study this phenomenon in greater detail and understand 
what physical situations (if any) it could describe. For example, it could play a role 
in possible scenarios of a strongly interacting Higgs sector or in composite Higgs 
boson models.

The tact that the behaviour of the fermions is different at small and large Yukawa 
couplings in the FM phase near the critical line separating broken and symmetric 
phases was first observed in [34] using the quenched approximation. The fermion 
mass vanishes at this line at small Y and grows as one approaches this line at large 
Y. The authors of [34] conjectured that the change from one behaviour to the other

2 Strong dependence on the regularisation can be seen from the fact that there is no PM' phase if 
one discretises the Yukawa interaction in another way, taking the product of fermion. antifermion 
fields in one site and the average of the scalar field over the 16 sites on a hypercube near this 
site [33,36].
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could happen at some point along this line at intermediate values of Y. This point 
could then have nontrivial properties. If we assume that the real phase diagram in 
d = 4 at }' w \Jd/1 is qualitatively the same as the mean field phase diagram, then 
this point is where the lines FM-PM, FM-PM' and PM-PM' meet. The points to 
the left, on the critical line FM-PM at small Y, are in the universality class of the 
free scalar-fermion theory — the same as in the point K = K C , Y — 0. The points to 
the right, on the FM-PM' line, are in the universality class of thepure scalar model 
(the fermions decouple). It is possible that the point at Y w Jd/1 defines another 
universality class. However, we do not see a way to study this question analytically. 
This could be a task for a Monte Carlo simulation.

In conclusion, the scalar-fermion theories are interesting physical systems. It is 
very encouraging that some analytical techniques such as, for example, the mean 
field approximation can be used successfully to study the phase structure of corre­ 
sponding lattice models. Some of the properties of the scalar-fermion theories are 
still not understood and deserve further study. This eventually could help us to 
understand how the masses of the particles of matter are generated.
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Appendix A

Gamma matrices

Chiral representation for the Dirac 4x4 7-matrices in Minkowski space can be 
chosen in such a way:

The entries in the matrices are 2x2 matrices themselves. The Pauli 2x2 matrices 
are as usual:

The 75-matrix is:

,A OAo -i ' (A ' 2)

75 = «7o7i7273 = I _ I - (A.3)

The 75-matrix is diagonal in this representation. The upper components of a Dirac 
spinor describe states with chirality +1 (right), the down components describe states 
with chirality —1 (left).
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Appendix B 

Positivity of detM

Here we argue that the determinant of the fermion matrix in the 0(4) model is 
positive. This is not a proof.

The fermion matrix M is given by:

<$y ,*-A) + Y(<j> + l^T • (j>x )6ly . (B.I) 
IJ-

This matrix satisfies the identity:

M' = T2 Mr2 (B.2) 

First of all, one can see that the determinant of M is real:

(det M)" = det M* = det r2 M r2 = det M. (B.3)

Further, one can see that all the eigenvalues of M are either real, or come in 
complex conjugate pairs. Indeed, if A is an eigenvalue, i.e..

det(M- A) = 0. 

then

det (A/ - A*) = det(r2 .UV: - A*) = det (A/" - A*) = (det(M - A))* = 0.

i.e. A* is also an eigenvalue. The degeneracy of these eigenvalues must also coincide 
because the characteristic equations: det(JV/ — A) = 0 and det (A/ — A*) = 0. coincide.

The determinant is a product of the eigenvalues. We see that complex eigenvalues 
present no problem for the positivity of the determinant. Negative real eigenval­ 
ues could make the determinant negative. It seems plausible that one can vary 
the parameters of the matrix M like Y, <p lx infinitesimally or add some other small
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perturbation which does not destroy the property (B.2) so as to make a given real 
eigenvalue complex. Then this eigenvalue must split into a complex conjugate pair 
(or pairs) of eigenvalues. This suggests, that all real eigenvalues have even degener­ 
acy. Then the determinant is positive.

96



Appendix C

Exact detM for some 
configurations of

Here we calculate the determinant of the fermion matrix M exactly for some con­ 
figurations of the scalar field ox . We show that this determinant vanishes for some 
values of Y for these configurations.

The matrix M is given by the equation (1.40):

Mly = ~ £ 7M(WA - 6y*-t) + Y<t>*6*v (C.I)
" M

First, we consider the configuration when all the variables <t>x are equal to 1 
except for one in the site x0 , which is equal to —1:

1. X^XQ \ , r9 .
(C.2)

— 1. X = X 0 .

We choose the coordinates of x 0 to be (0,0,..., 0). We denote the matrix M on 
such a configuration by MI.

The Fourier transform (M\)pq of the matrix (Mi)xy can be calculated:

(C.3)M p,
• ry

The first term on the right hand side is a diagonal matrix with indices p and q, the 
second one is a matrix with all matrix elements equal to — ^-V". 1

It is convenient to normalise det M\ by detA/o, where MQ is the matrix M for 
the homogeneous configuration d>T = 1:

( A/o)^ = - ̂  7M(^.v,i+/i - ̂ y.x-/}.) + Y8xy . (C.4)

momentum indices p and 9 are discrete for lattices with finite number of sites N

97



It is obvious that:

det MI det MI 
det MO det MO

= exptrln(AfiM0- 1 ), (C.5)

where M0 is the Fourier transform of (M0 ) iy . It coincides with the first term on the 
right hand side of (C.3). Therefore:

( u ' -i - 2 -i

The tr InfA/iA/o" 1 ) can be now computed expanding around tr \n6pq . Finally we 
obtain using (C.5):

det A/i = [1 - 2Y*F(Y)] D det M0 , (C.7)

where in the limit N —> oo:

(C.8)

One can see that det MI vanishes at some finite value of Y. In the large d limit 
(and Y2 of order d):

'd
F(Y) * T + n • (C.9) 

V^ /
Thus ' U-2F2 1 D 

det M! « rf + 2y2 det A/0 (C.10)

is zero at V'2 = rf/2. Numerically from (C.7), (C.8), for d = 4, det MI vanishes at 
Y w 1.3647.

One can also calculate the determinant of the matrix Mst for staggered fermions 
(1.43) for the configuration (C.2). Actually, one can use the equation (1.42) to 
deduce from (C.7) that:

det Mf = [1 - '2Y'2 F(Y$ det M0st . (C.ll)

We can not compute the fermion determinant for arbitrary configuration. How­ 
ever, this example suggests that the value Y'2 « d/"2 is singled out and one can 
expect some change in the properties of the model to occur near it. Also. Monte 
Carlo simulations in the region V w 1.4 (d = 4) are very difficult due to the fact 
that the algorithm of inversion of the matrix M slows down considerably. This is 
probably due to the fact that for some configurations the det M vanishes or becomes 
very small in this region.
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Similarly, one can compute the fermion determinant for the totally antiferro- 
magnetically ordered configuration: <^x = (,x . One can use the transformation of the 
matrix M which is equivalent to the transformation of the fermion fields in (2.57):

,, . . . 7T . , , . . . 7T .
Mxy ~

This transformation does not change the value of det M. The matrix for antifer- 
romagnetic configuration becomes the matrix for the homogeneous configuration 
(f>x = 1 but with iY instead of Y. One can then compute the determinant using the 
relation det M — exp tr InM:

det ^=Cz = exp

One can notice that there are singularities in the integrand for 0 < Y2 < d. They 
are integrable. However, if one considers a finite lattice then the integral is replaced 
by the sum over the discrete momenta p allowed by the boundary conditions on 
the fermion fields. In this case the det M for the antiferromagnetic configuration 
vanishes at some discrete values of Y. These values are determined by the condition 
that there is an allowed momentum p = (p\ , . . . , pd } for which £3 M sin2 p^ = F2 . This 
phenomenon was observed in the study of the 0(4) model [51]. This is obviously an 
artifact of the finite lattice size. It can create problems in Monte Carlo simulations 
in the region of Y of order Jd/1 at negative values of K when the antiferromagnetic 
configuration is favoured by the bosonic part of the action: SB- In particular, the 
FI phase observed in [41] (see fig. 3.5) could be such an artifact.
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Appendix D

Duality of the four-fermion 
amplitude

Here we show that in the theory (3.40) at K — 0 the four-fermion amplitude:

A(a,b,c,d) = (xlxlxlxl), (D.I)

is invariant under permutation of any of its legs. This is provided that the sites a, 
6, c, d are living on the same, even or odd, sublattice. 1

At K = 0 the integration over the field $x in the partition function is simple and 
the result is a pure fermionic theory with four-fermion local interaction (sect. 3.2.3). 
The action of this theory is given by (see (3.29)):

- Y 2 L \lxlxlxl (D-2)
a=l,2 xy x-

To prove the duality property take, for example, the permutation b «->• c (if 
ab — > cd is the i-channel and ac — > bd is the u-channel, then the permutation b «-> c 
is equivalent to t <->• u). Consider the transformation of staggered fermion fields 
(index x is suppressed for simplicity): •

1X -» \ X -» Y> for even .c and , > for odd x. (D.3)^-\ l J r-^-v1 J

This performs the permutation b <-> r in (D.I) (if we take o. /J, c. d to be even sites, 
for definiteness) and leaves, as one can check 2 , the action (D.2) of our theory with 
four-fermion interaction invariant.

*A given site x is even, i.e., belongs to the even sublattice, if x — x,\ + ... + xj is even 
= ( — I)* = +!)• All other sites form the odd sublattice. 

2 One should take into account that the fermion variables anticommute.
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Thus
A(a,b,c,d) = A(a,c,b,d). (D.4)

Note that there is no approximation involved. Other permutations could be consid­ 
ered in a similar wav.
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