The Magnetic Structure of Paramagnetic MnO
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Using a combination of single-crystal neutron scattering and reverse Monte Carlo refinements, we study the
magnetic structure of paramagnetic MnO at a temperature (160 K) substantially below the Curie-Weiss temper-
ature |0| ~ 550 K. The microscopic picture we develop reveals a locally-ordered domain structure that persists
over distances many times larger than the correlation length implied by direct analysis of the spin correlation
function. Moreover, the directional dependence of paramagnetic spin correlations in paramagnetic MnO differs
in some important respects from that of its incipient ordered antiferromagnetic state. Our results demonstrate
that atomistic refinement to large three-dimensional neutron-scattering datasets is a practical approach, and
have implications for the understanding of paramagnetic states in weakly-frustrated systems, including high-

temperature superconductors.

PACS numbers: 75.50.Mm,75.20.Ck,61.05.F-,02.70.Uu

I. INTRODUCTION

In frustrated magnets, long-range magnetic order emerges
at a temperature 7} substantially lower than the effective en-
ergy scale of magnetic interactions (i.e., the Curie-Weiss tem-
perature |6])."! A distinction is usually drawn between “weak”
and “strong” frustration, associated with values of the frustra-
tion parameter f = |0|/T, respectively smaller or larger than
10.2 While the field has traditionally focussed on the exotic
states accessible in strongly-frustrated systems,* weak frustra-
tion nevertheless plays a key role in the magnetic behaviour of
a number of canonical antiferromagnets, including MnO.* Of
particular interest is the cooperative paramagnet (PM) regime
T. < T < |0| where magnetic interactions are still energet-
ically relevant, yet incapable of driving long-range magnetic
order. The “fluctuating spin-stripe” phases of cuprate super-
conductors are an ever-topical example of precisely such a
state.”

Given the importance of these canonical systems, it is per-
haps surprising how little is known from an experimental
viewpoint about the spin structures of cooperative PM states
in weakly-frustrated magnets. The assumption is usually
made that local magnetic order resembles that in the incip-
ient ordered state,® but is confined to small domains whose
size is determined by the characteristic rate of decay of the
spin correlation function.>’ This assumption is also implicit
in conventional analysis of magnetic diffuse scattering via
Lorentzian fits.° In principle, the validity of this picture can
be tested experimentally: magnetic diffuse scattering is sen-
sitive to the three-dimensional spin correlations present in
magnets—whether ordered or disordered.'®!! When coupled
with real-space refinement tools such as the reverse Monte
Carlo (RMC) approach, this scattering can be used to generate
experiment-driven atomic-scale models of the corresponding

spin structure.'>"!7

In this study, we apply this combination of diffuse scatter-
ing and RMC analysis to determine the magnetic structure of
MnO within its cooperative PM regime. Our analysis includes
a new implementation of the RMC approach that allows di-
rect fitting to single-crystal magnetic diffuse scattering. We
find evidence of an extensive domain structure that is locally
similar to the ordered AFM state but that also supports spin
correlations forbidden by AFM order. Moreover, the domain
sizes are substantially larger than suggested by direct analysis
of the spin correlation function.

Our paper is arranged as follows. We begin with a short
introduction to the magnetic behaviour of MnO. We then de-
scribe in turn the methods used in our study, including the new
RMC implementation for single crystal diffuse scattering, and
the results of our magnetic structure investigation of paramag-
netic MnO. We conclude with a brief discussion of the impli-
cations of our results for other weakly-frustrated cooperative
paramagnets.

Above its magnetic ordering temperature 7y = 118K,
MnO has the rock-salt structure, in which magnetic Mn?+
ions (S = 5/2, L = 0) occupy a face-centred cubic lat-
tice. The presence of weak frustration in MnO is indicated
by a modest value of the frustration parameter |0|/Tx ~ 5.1
which occurs because the frustrated antiferromagnetic (AFM)
coupling between nearest neighbours is smaller than the un-
frustrated next-nearest neighbour coupling [Fig. 1].'"° Below
TN, long-range AFM order develops with magnetic propaga-
tion vector k = [%%%]*20 In the ordered AFM structure,
spins are aligned parallel within (111) planes, and the spin
direction is reversed in adjacent (111) planes.?! The nearest-
neighbour interactions within (111) planes are therefore frus-
trated, and a rhombohedral lattice distortion occurs in order to
alleviate this frustration.?>?
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FIG. 1: (a) Nearest-neighbour AFM interactions (.J;) are frustrated
on the face-centred cubic lattice. (b) Next-nearest neighbour AFM
interactions (J2) are not frustrated and drive checkerboard ordering
of the simple cubic sub-lattices.

Previous neutron-scattering studies have shown that struc-
tured magnetic diffuse scattering is present above Ty
(Refs. 6,10,24) and short-range spin correlations persist to
T > 1100K."*® Yet, all previous measurements have
been restricted to either individual reciprocal-space planes
or the powder average, limiting the information content of
the scattering pattern.?® Advanced neutron-scattering instru-
ments now allow measurement of essentially-complete three-
dimensional (3D) diffuse-scattering patterns,?”-?® but a key
problem remains: analysis of these very large datasets is usu-
ally computationally prohibitive.?® Here, we develop an ap-
proach to allow rapid refinement of an atomic-scale model
to magnetic diffuse-scattering datasets containing > 106 data
points. We demonstrate the success of this approach by fit-
ting to the complete 3D magnetic diffuse-scattering pattern
for MnO, allowing us to determine the relationship between
PM and AFM structures.

II. METHODS

Single-crystal neutron-scattering data were collected at
T = 160K (=~ 1.4T and 0.3|6|) using the SXD diffractome-
ter at the ISIS neutron source.?” The sample was an approx-
imately cylindrical crystal of average diameter 7 mm, length
24 mm, and mass 4.4 g. The data were corrected for instru-
mental background scattering by subtracting the scattering in-
tensity from an empty sample holder and were normalised us-
ing the incoherent scattering from a vanadium standard. The
crystal structure (space group F'm3m) was refined to the nu-
clear Bragg intensities using the JANA software package,?
using the lattice parameter a = 4.4344(7) A obtained from
SXD atT' = 160 K. The data were binned in intervals of 0.04
reciprocal-lattice units, the m3m diffraction symmetry appro-
priate for MnO was applied, and nuclear Bragg peaks were
removed by excising regions where the intensity exceeded a
threshold value, plus a small surrounding volume. A 3D rep-
resentation of the experimental data is shown in Fig. 2(a).

We employ reverse Monte Carlo (RMC) refinement'-30:3!
to fit spin configurations to our neutron-scattering data. In
RMC refinement, a supercell of the crystallographic unit cell
is generated, classical spin vectors S; are assigned to each

magnetic atom, and the orientations of these spins are refined
to match experimental data. The approximation of spin orien-
tations in terms of classical vectors is least severe in the case
of large S, as for Mn?* (S = 5/2). We use a cubic super-
cell of side length R = 12a (N = 6912 spins) with periodic
boundary conditions. Refinements are initialised with random
spin orientations and are iterated to minimise the cost function

X =Y [leate(Q) + B = I (Q)], (1)
Q

where I1(Q) denotes the magnetic diffuse-scattering intensity
at reciprocal-space position Q, subscript “calc” and “expt”
denote calculated and experimental data points, s is a re-
fined intensity scale factor, and B is a refined flat-in-Q term
which corrects for the significant incoherent scattering from
Mn.3? Results from four separate refinements were averaged
to increase the statistical accuracy. The magnetic diffuse-
scattering intensity is calculated as
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where C' = (7,70/2)? is a constant, f(Q) is the Mn?" mag-
netic form factor,™® T2 = exp(—UisxQ?) where Ui, =
0.00509(9) A? is the isotropic atomic displacement factor for
Mn, and G is a reciprocal-lattice vector of the RMC supercell.
The magnetic structure factor

N
F(G)=> S exp(iG 1), 3)

i=1
where S = S; — [(S; - G)G] /G? is the projection of
the spin located at r; perpendicular to G. We use Lanc-
zos resampling®* to interpolate values of [F(G)|® at the
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FIG. 2: (a) Experimental magnetic diffuse-scattering data for para-
magnetic MnO at 7" = 160 K. Nuclear Bragg peaks have been re-
moved from the data. (b) RMC fit to the experimental data shown
in (a). In (a) and (b), sections of the (101)*, (111)*, and (001)*
reciprocal-space planes are shown. The (001)* plane is shifted
by —0.5 reciprocal-lattice units along the [001]* direction in order
to highlight the strongest diffuse scattering features; i.e., it is the
(h,k,—%)" plane.



experimentally-measured Q-points by applying the weight
function*

= H sinc (QoR/2) sinc (QoR/2m), 4)

where a € {z,y, 2z} denotes Cartesian components, m is an
integer determining the interpolation accuracy, and W(Q) =
0 outside the range —m < Q,R/27 < m. We take m = 4,
which allows the spin correlations to be calculated with +£1%
accuracy for 0 < r, < 12 A. Importantly, the computational
cost of updating I(Q) after a single spin rotation scales ap-
proximately linearly with the number of Q-points, and avoids
redundant calculations necessary in current approaches where
the supercell is divided into multiple “sub-boxes”.>>3¢ Our ap-
proach nevertheless preserves an important feature of the sub-
box approach, which is gradually to de-emphasise correlations
at longer distances (here, r > 12 A) that would add to the
noise in the calculated scattering pattern.>>*¢ Our approach
therefore allows rapid refinement of atomic-scale models to
very large datasets; e.g., each of our refinements to ~ 1.5 X 106
Q-points took ~ 27 hours of CPU time on a single core of an
Intel Xeon processor. We expect our RMC refinement pro-
gram to be applicable to 3D magnetic diffuse-scattering data
from a wide range of systems; source code and a manual are
available from http://spinvert.chem.ox.ac.uk.

III. RESULTS

The experimental neutron-scattering data shown in Fig. 2(a)
show highly-structured magnetic diffuse scattering, indicating
a magnetic state with significant correlations. Diffuse peaks
are observed at G £ [ 11]" and symmetry-related positions,
and are elongated along specific (111>* directions [Fig. 2(a)].
This selective elongation suggests that a description of the dif-
fuse scattering in terms of a product of Lorentzian line-shapes
is not appropriate, because such a description would require
that every diffuse peak has the point symmetry of the lattice.®?
An early study® reported that the diffuse [$31]" peak was
split into a central peak and two satellites in the paramagnetic
phase, a result that was not reproduced by a recent single-
crystal study;24 our data also show no evidence for such a
splitting. The RMC fit to neutron-scattering data is shown
in Fig. 2(b). Excellent agreement is achieved with the experi-
mental data, with the weighted-profile R-factor Ry, ~ 8.3%.
Essentially identical fits were obtained for refinements ini-
tialised from different random starting configurations, demon-
strating the reproducibility of the results (the value of Ry,
was between 8.27% and 8.30% for the four such refinements
we performed). To the best of our knowledge, this result rep-
resents the first time that an atomistic configuration has been
refined to a full 3D /(Q) data set.

The spin Hamiltonian of MnO has previously been charac-
terised using inelastic neutron-scattering measurements in the
ordered AFM phase'” and diffuse-scattering measurements of
the (110)* plane in the PM phase.?* A Heisenberg model with

AFM nearest and next-nearest neighbour exchange constants

has been employed to describe the PM phase,**

H=-J1Y 8;-S;—J2 Y S;-8;, 5)

(4,9 (i,3))

where S; are classical vectors of magnitude /S(S + 1), and
angle brackets ( ) and (( )) indicate that the sum is taken over
nearest-neighbour and next-nearest neighbour pairs, respec-
tively, with each pair counted twice. A good description of the
magnetic diffuse-scattering data at 7' ~ 160 K is provided by
Eq. (5) with J; = —3.3K and J, = —4.6K, respectively.?
As a check on our RMC refinement, we simulated this J;-Js
model at 160 K using direct Monte Carlo simulations. These
simulations were initialised at a high temperature (1360 K)
and cooled in 200K steps to the simulation temperature of
160 K. At each temperature, the number of proposed moves
per spin was chosen to be at least 10ty, where ¢ is the number
of proposed moves per spin needed to decorrelate the system
(to = 70 at 160 K). Results were averaged over 16 indepen-
dent configurations to improve statistics. From these simula-
tions, we first calculate the radial correlation function of the
normalised spins at 160 K,

1 N
NS(S+1 Z

where Z,(r) is the number of spins that coordinate a central
spin ¢ at distance r. Fig. 3(a) compares the (S(0) - S(r)) ob-
tained from RMC refinement with the results for the J;-Jo
model. The trend in the correlations is identical between the
two calculations; quantitatively, the difference in magnitude
of the next-nearest neighbour correlation value is 7%. The
spin correlation length ¢ = 2.258(3) A ~ a/2 was obtained
by fitting exp(—r/&) to [(S(0) - S(r))| over the set of dis-
tances for which |(S(0) - S(r))| is larger than at all longer dis-
tances. We will come to show that local magnetic order per-
sists over a length-scale substantially larger than £. The max-
imum value of (S(0) - S(r)) obtained from RMC refinement
was 0.1512(4) at the next-nearest neighbour distance, which
is much smaller than the maximum value of S?/S(S + 1) ~
0.71 expected in an ordered state. Motivated by the evi-
dence from ~-ray diffraction for a non-spherical distortion
of the d-electron density in the PM phase,*’ we also calcu-
lated the distribution of spin orientations from our RMC re-
finements but observed no statistically-significant anisotropy
in the spin orientations. This result is consistent with the ob-
servation that the magnetic dipolar interaction is mainly re-
sponsible for magnetic anisotropy in MnO,33? but its strength
DS? =~ 8K (Ref. 19) is much smaller than the thermal energy
at 160 K. The results from RMC refinement therefore agree
closely with the J;-J5 Heisenberg model of PM MnO, vali-
dating the methodology of 3D RMC refinement.

Access to 3D spin configurations allows us to probe mag-
netic structure in more depth than given by radial spin correla-
tion functions alone. Our particular interest is in understand-
ing the relationship between the PM and AFM states in MnO.
The (S(0) - S(r)) function shown in Fig. 3(a) already hints
that the PM correlations do not simply resemble the AFM

(S(0) - S(r)) =
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FIG. 3: (a) Radial spin correlation function (S(0) - S(r)) for MnO at
T = 160 K. Black bars show results for the .J;-J2 model described
in the text and red diamonds show results from RMC refinement to
single-crystal magnetic diffuse-scattering data. The dashed grey line
shows the fit of an exponential envelope to the RMC |(S(0) - S(r))|,
which yields spin correlation length & = 2.258(1) A. Grey squares
show the [(S(0) - S(r))| values included in the fit. Error bars are
smaller than the symbol size in the plot. (b) 3D spin correlation func-
tion g(r) (defined in the text) obtained from RMC refinement. The
figure shows the (zy0) plane (i.e., a cubic face). The crystallographic
unit cell is shown as a black box. (c) Schematic representation of
g(r) for MnO in the PM phase. Red areas indicate FM correlations
and grey areas AFM correlations. (d) Schematic representation of
g(r) for a single domain of the ordered low-temperature AFM struc-
ture of MnO. (e) Schematic representation of g(r) obtained for the
AFM structure with the point symmetry of the Mn site in the PM
state applied.

correlations multiplied by a decreasing function of distance.
As expected from the relative magnitudes of J; and Jo, the
strongest correlation is between next-nearest neighbours, for
which AFM interactions are not frustrated. However, signifi-
cant AFM correlation is present at the nearest-neighbour dis-
tance in the PM phase, whereas this radially-averaged corre-
lation is exactly zero for the ordered AFM state. This result
implies that the absence of long-range order allows frustrated
nearest-neighbour interactions to be partially satisfied in the
PM phase. In order to assess the influence of the frustrated
geometry on the spin correlations, we consider the 3D corre-
lation function of normalised spins, (S(0) - S(r)). This func-
tion reveals the dependence of spin correlations on the lat-
tice geometry, which is expected to be important in frustrated
systems.*’ In order to emphasise the directional dependence
of the longer-range correlations, we calculate the quantity

o= _8(0)-8(r))
90 = /s sa)

Fig. 3(b) shows that a distinctive pattern—hidden in the ra-

(7
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dial correlation function—emerges in g(r). The g(r) can be
described as a set of nested octahedral shells, with the sign
of the spin correlations alternating between FM and AFM for
successive shells as distance is increased [Fig. 3(c)]. As an-
ticipated, this pattern extends over length-scales much greater
than £&. Hence, taking each Mn atom in turn as the origin,
Mn neighbours at coordinates r/a = [z, y, z| are (on average)
ferromagnetically correlated if  + y + z is even, and antifer-
romagnetically correlated if z +y + z is odd. The sign of g(r)
is consistent with the fact that .J; and J5 interactions are both
AFM and the smallest number of exchange pathways which
connects two Mn?* ions is given by z + y + 2.

To what extent are these local correlations related to the
spin structure of the low-temperature AFM phase? The de-
scription of the PM spin-correlation function of MnO as a
set of nested octahedral shells [Fig. 3(c)] is compared in
Figs. 3(d) and 3(e) with, respectively, the spin-correlation
function for a single domain of the AFM structure and the
same correlation function with the point symmetry of the
Mn site in PM MnO (m3m) applied. In a single domain
of the AFM structure [Fig. 3(d)], spins are ferromagneti-
cally aligned within (111) planes and the direction of spin
alignment reverses between adjacent planes;?! hence, the PM
correlations resemble the AFM structure viewed along the
[111] direction. However, an average over the spin-correlation
functions for symmetry-equivalent AFM domain orientations
[Fig. 3(e)] cannot fully describe the PM correlations, because
g(r) vanishes for nearest-neighbour spins in this case. The
RMC results [Fig. 3(b)] are intermediate between Fig. 3(c)
and Fig. 3(e): the signs of the spin correlations are described
by Fig. 3(c) but the magnitudes of the spin correlations are
largest at the positions shown in Fig. 3(e). Consequently, an
interpretation of the PM phase in terms of local AFM order
explains the strongest spin correlations but is nevertheless an
oversimplification because the nature of the nearest-neighbour
correlations is different in PM and AFM states. These re-
sults are entirely consistent with the early theoretical studies
of Refs. 41,42 based on the random-phase Green’s function
approximation, and recent magnetic pair-distribution function
(mPDF) analysis of powder neutron scattering data.*?

We proceed to explore the length-scale over which this
modified AFM-like local order persists. In the conventional
interpretation, local AFM order is characterised by one of the
four symmetry-equivalent k € (32)*.%% It is assumed that
different k are selected within separate regions of the crys-
tal, so that the overall cubic symmetry of the PM phase is
preserved. To look for such domain structure in the RMC
spin configurations, we calculate a local version of the mag-
netic scattering factor that functions as a locally-averaged or-
der parameter,*

2
.27
Sk(r) = Zw(|r—ri|)Siexp (lak.ri) , (8

%

where k € (333)*, r; is the position of spin S; within the
configuration, and the continuous variable r denotes position
within the configuration. The local averaging function w(|r —

r;|) is chosen to be a decaying function of |r — r;|, so that the



Si(r) is sensitive to local correlations;* we take

: ;fri|> ' ©

w(lr = ri]) = exp (—

The physical motivation for this choice is to reflect the ap-
proximately exponential decay of |(S(0) - S(r))| with correla-
tion length ¢ [Fig. 3(a)]; the factor of 2 in the denominator of
Eq. (9) occurs because the scattering intensity is proportional
to the square of the magnetic structure factor. We assign each
site as a member of domain with propagation vector k if Sk
exceeds a threshold value, which is chosen to maximise the
number of sites that are members of a single domain while
minimising the number that are members of more than one
domain. We use the threshold value that minimises the func-
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FIG. 4: Magnetic domain structure of MnO at 7" = 160 K obtained
as described in the text. In (a), different domains with local periodic-
ity k € (33 2)* are shown in different colours. The coloured regions
show the threshold where Sk (r) = 80.6 (the range of Si(r) is be-
tween approximately zero and 200). In (b), the four images show
different k € (53 2)*. The value of Sk(r) in each image is shown
using a blue-to-red colourmap. Coloured points indicate the range
where Sk(r) > 80.6, using the same colours as (a). The images in
(a) and (b) are shown in the same orientation. (¢) Domain-occupancy
correlation function described in the text (black circles) and fit to the
pair-correlation function for a sphere to extract the average domain
radius (red line). Error bars indicate 1 s.d.. (d) Spin-correlation func-
tion for spin pairs within domains (blue circles) and for “matrix” spin
pairs that do not belong to any domain (red diamonds). Error bars are
smaller than the symbol size in the plot.

tion

xﬁomam:Z [Zd 1 —1f, (10)

=1

where d; i = 1 if site ¢ is occupied by a domain with propa-
gation vector k for a given threshold value of Sy, and is oth-
erwise zero.

Fig. 4(a) shows the regions of a representative RMC config-
uration in which Sk (r) exceeds the threshold value of 80.6(6)
for domain occupancy. These regions contain several continu-
ous and largely non-overlapping volumes within which a sin-
gle k dominates, suggesting that a domain-like structure exists
in PM MnO. While the location of such regions within the su-
percell differs between refinements, as required by the lack of
overall symmetry breaking in the PM phase, the volume oc-
cupied by domains was consistently ~35% of the supercell
volume. Similar behaviour (not shown) is also observed for
the J;-J2 model. To estimate the length-scale over which this
structure exists, we define a correlation function of domain
occupancies,

Z;

N Zi(r)
>ZZd“ Gt

i=1 j=1

{d(0)d(r)) = <‘d
k

The domain correlation function—averaged over all domains
and refinements—is shown in Fig. 4(c). This result shows
that domains persist over several unit cells—a much longer
range than the value of ¢ determined by direct analysis of the
spin correlation function. To obtain a quantitative estimate of
the domain correlation length, we fit the domain-correlation
function using the pair-correlation function for a sphere,*4’

3
Pav + (1 - pav) |:116 (%) 47"0 + 1:| r < 2ro,

ps(r) =
Pav T > 270,
(12)
where 7o = 8.1(1) A is the average domain radius, and
pav = 0.082(2) is the limiting value of the domain corre-

lation function at large r. The curvature of (d(0)d(r)) is rea-
sonably well approximated by ps(r); the shoulder near r = 3a
in the experimental function likely reflects systematic devia-
tions from sphericity. Refinements with a smaller supercell
of side length R = 10a yielded a comparable domain radius
ro = 7.9(1) A, suggesting that finite-size effects are not sig-
nificant for these supercell dimensions. Our estimate implies
a smaller domain size than the value of ~50 A reported in
Ref. 6; we note, however, that this value was obtained based
on satellite reflections that were not observed in a subsequent
experimental study.?* We also emphasise that these values are
dependent on the criteria for assigning spins to domains, as
defined in Eqgs. (9) and (10). As an independent check on
whether spins that belong to a domain are distinguishable
from those that do not, we calculate the radial spin-correlation
function for (i) pairs of spins that belong to at least one do-
main of any k (“domain spins”), and (ii) pairs of spins that
do not belong to any domain (“matrix spins”). The calcula-
tions were performed using Eq. (7), replacing the normalisa-
tion by N with the total number of domain spins (~0.35N)



or the total number of matrix spins (~0.65N), respectively.
Results are shown in Fig. 4(d) and indicate that domain-spin
correlations are of larger magnitude and range than matrix-
spin correlations. Moreover, the domain-spin correlations are
much larger at the next-nearest neighbour distance than the
matrix-spin correlations. These results indicate a PM struc-
ture that is inhomogeneous on the nanoscale, showing weak
and frustrated spin correlations between domains and incipi-
ent antiferromagnetic ordering within domains.

IV. CONCLUDING REMARKS

Our study has provided experimental insight into the na-
ture of the cooperative PM phase of MnO. We find a modified
AFM-like local order that persists over continuous regions,
each associated with one of four symmetry-equivalent mod-

ulation vectors k € (333)* and each spanning several unit
cells. The presence of local ( %%%Y‘ periodicity provides a

natural explanation for the experimental observation of dis-
persive (spin-wave-like) excitations in this phase.*® The clear-
est difference between local spin correlations in the PM and
AFM states is the relief of nearest-neighbour frustration in
the former. This effect is analogous to the situation observed
in some metallic glasses, where structural units can possess
local icosahedral symmetry inconsistent with the long-range
structural periodicity of crystalline arrangements.*>>° Our re-

sults are also reminiscent of the proposed coexistence of two
different local magentic structures in the chalcogenide super-
conductor FeTe, one of which is incompatible with the long-
range magnetic order observed in that material.’! Our obser-
vation of non-trivial PM correlations in a weakly-frustrated
system has implications for the interpretation of spin disorder
in other high-temperature superconductors, which have tradi-
tionally been assumed to resemble ordered states over short
length-scales.”

A second key result of our study is the development of an
approach for refining spin configurations against the full 3D
neutron-scattering pattern measurable using instruments such
as SXD at the ISIS neutron source, containing > 106 data
points. This provides a practical model-independent alterna-
tive to traditional methods for interpreting diffuse-scattering
data.?>3
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