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A B S T R A C T

The webs of thin-walled beams and columns can be perforated for aesthetic, maintenance or structural purposes, 
affecting the elastic buckling behaviour when subject to compression. When conservatively approximated as a 
simply-supported plate, the web may exhibit one of four local buckling modes. These modes may interact, akin to 
the interaction of global, distortional and local buckling observed in thin-walled columns. Accounting for this, 
five subsets of buckling deformation are defined and used to develop an algorithm, which determines the cor
responding buckling mode depending on geometrical limits. These modes are Whole Plate Buckling (WPB), 
Unstiffened Strip Buckling (USB), Euler Strip Buckling (ESB), Lateral Perforation Buckling (LPB), or an inter
action of these (INT). For each mode, a predicting equation for the critical elastic buckling load is proposed and 
compared to the critical elastic buckling load determined with the Finite Element Method (FEM). The mean ratio 
of the elastic buckling load for a perforated plate found with FEM to that predicted with the proposed formulae is 
1.00 for 775 models, with an overall R2 coefficient of 0.840. Finally, a reliability assessment determines a sta
tistical model factor γ for a 95 % confidence interval. This factor is found for each local buckling mode, and 
proposed as 1.17 for all plates with any number of perforations, not exhibiting LPB.

1. Introduction to perforated plate buckling modes

In structural engineering, buckling is the sudden deformation 
(bifurcation) of a component (e.g. plate buckling) under compressive 
load. The deflection modeshape is characterised by buckling waves; the 
wavelength is dependent on the type of buckling, which in turn depends 
on the component’s geometry and boundary conditions. For a column 
with a given cross-section, Euler buckling depends solely on the column 
buckling length. Conversely, plates are susceptible to local buckling 
which depends on the length to width (aspect) ratio. Often thin-walled 
section columns fail through an interaction of several buckling modes 
[1–3] such as local buckling, distortional buckling, global (flexural or 
torsional) buckling or any combination of those. Additionally, perfora
tions cause changes to the stress distribution within a thin plate. Sub
sequently, local buckling of a plate with a series of perforations can arise 
in one of four modes, and a fifth interaction mode. These modes are 
defined as Whole Plate Buckling (WPB), Lateral Perforation Buckling 
(LPB), Unstiffened Strip Buckling (USB), and Euler Strip Buckling (ESB); 
they are dependent on the number, size, and location of perforations 
(Fig. 1). The nomenclature for these buckling modes is available in 
various publications [3–5] although diagrams and dimensional criteria 

specifying the causes of each mode are often vague or absent.
The relationship between the perforation dimensions and the elastic 

buckling load of a perforated plate depends on how buckling manifests; 
this influences whether the elastic buckling load may be greater or less 
than the elastic buckling load of an unperforated plate. As the elastic 
buckling load and modeshape are inter-related, this paper establishes an 
algorithm to determine the perforated plate local buckling mode, and a 
predicting equation for the elastic buckling load is proposed for each 
corresponding mode.

2. Literature review

2.1. Standardised prediction methods

The Direct Strength Method (DSM) is an established approach within 
the North American Specification for the Design of Cold-Formed Steel 
Structural Members [6], Australian and New Zealand standard for 
Cold-formed steel structures [7], and The Design of Cold-Formed 
Stainless Steel Structural Members in South African standard [8].

However, DSM is not immediately applicable to plated members 
with perforations, and semi-analytical approaches are necessary to 
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account for these. This may involve considering a weighted average 
thickness at the hole location with the Finite Strip Method (FSM), 
modelling the net section, or by recalculating the buckling strengths 
with Finite Element (FE) analysis. However, there are issues with each of 
these approaches which respectively may not accurately represent the 
cross-section rigidity, can lead to artificially high predictions for the 
local elastic buckling load, or are time consuming [9].

Chinese National Standard [10] and Eurocode 3 [11] propose the use 
of the effective width method for certain perforations. Eurocode 3 [11] 
requires that the size of the unstiffened hole does not exceed 5 % of the 
plate width, and such cases should be analysed with FE methods. 
Furthermore, Eurocode 3 [11] includes no consideration for the elastic 
buckling load of plates with multiple perforations. Chinese National 
Standard [10] provides specific criteria for different perforation sizes, 
spacings and arrangements permissible to limit their effect on the 
member’s buckling resistance; the effective width of the flange or web is 
reduced relative to these geometries. However, the effective width 
method is only accurate where there is relatively little disruption to the 
load path within a plate, and it cannot be used for an irregular 
arrangement of perforations.

2.2. Research prediction methods

The derivation and solution of equilibrium equations to assess the 
buckling load of plates with multiple perforations is complex, time 
consuming and computationally demanding. Many authors para
metrically assess the buckling load of perforated sections with com
mercial FE software. Some authors use these results to present design 
charts within a given domain [12], or discuss observations qualitatively 
[13,14], however most derive empirical relations, or suggest modifica
tions to existing methods.

The effect of the total perforation width and area on the ultimate 
strength of thermal studs is investigated by [15] who recommend an 
equivalent thickness for the effective width method. Yao, Li and Guo 
[16] investigate the effect of increasing the spacing to diameter ratio of a 
concentric linear arrangement of circular holes on the elastic buckling of 
thin plates to recommend alternative elastic buckling coefficients. 
Brando and De Matteis [17] and Bernuzzi and Maxenti [18] respectively 
investigate angles with circular perforations and perforated pallet rack 
sections to recommend revisions to European design standards. Yao and 
Rasmussen [19] conduct an extensive parametric study on C-sections 
with a concentric linear arrangement of rectangular perforations of 
varied dimensions. The authors conduct a regression analysis on these 
results [19] and provide modification factors to the DSM equations 
proposed by [20] for American design standards [6].

Adany [21] investigates the application of the constrained finite 
element method (cFEM) for the buckling analysis of thin-walled 

members with holes. The author numerically investigates the influence 
of holes of various shapes and sizes on the global, distortional and local 
buckling modes. Modal decomposition with cFEM can determine 
hole-induced changes, where otherwise the effect of holes on the 
buckling behaviour can make it “all but impossible to reasonably assess 
the change of the critical load due to holes” [21].

Other authors establish analytical or semi-analytical methods. Semi- 
analytical methods informed in conjunction with FE procedure, are 
proposed by [4,22] and [23]. It is worth noting that [6] refers to 
research completed by [4] to determine the elastic buckling load of 
members with ‘patterned holes’ which are defined as small and tightly 
spaced, in a regular array of rows and columns for the complete length of 
a member. The authors propose that the critical elastic buckling load 
including the influence of perforations (Ncr) be determined as: 

Ncr = min
(
Ncr,l,tr ,Ncr,l,h

)
(1) 

The load Ncr,l,h is calculated using FSM of the net cross-section, with 
deformations restrained to local buckling, and examining only the 
buckling half-wavelengths shorter than the hole [24]. This is represen
tative of lowest load that causes buckling within the length of a single 
perforation (USB or ESB) [4]. The load Pcr,l, is determined with FSM for 
the complete length of the member, by reducing the thickness of each 
stiffened element in a cross-section containing perforation patterns to: 

tr = t
[

1 −
nrnc(lh + υhα + vlβ + αβ)

ab

]1/2

(2) 

where nr is the number of perforations over the plate length, nc is the 
number of perforations over the plate width, l is the length of the 
perforation, h is the height of the perforation, υ is the Poisson’s ratio and 
α and β are perforation dimension modification factors accounting for 
the size of the perforation relative to the size of the buckled de
formations [4].

Minera et al. [22] establish the Localised Nominal Stiffness method 
(LNS) to determine the sensitivity of a localised region of a structure to 
stiffness variation, i.e. the introduction of a hole. The result is a sensi
tivity contour map which informs the user where best to locate a small 
number of small holes. Gracia and Rammerstorfer [23] similarly develop 
a sensitivity contour map according to the vulnerability of a localised 
region to strain energy variation. Their map shows areas where the 
introduction of a small perforation can increase the elastic buckling load 
of a square plate.

Analytical predictions are achieved by considering a simplified 
mathematical problem [3,25,26]. Naraidoo, You and Rossi [25] derived 
a prediction for the buckling of a plate of any aspect ratio with any 
arrangement of perforations by solving Rayleigh’s quotient for the 
minimum energy state of equilibrium. The authors assume that the 
additional strain energy is a uniform function of the applied force, and 
that the modeshape exhibits little change to that of the unperforated 
plate. It is found to be particularly accurate when the average centroid of 
all perforations is approximately equal to the location of the buckling 
antinode, and inaccurate for tall perforations, or perforations with a 
large aspect ratio. Scheperboer, Efthymiou and Maljaars [26] examine 
the buckling of square plates with staggered circular perforations and 
propose that elastic buckling load is a quadratic function of hole area 
and unperforated plate buckling load. They find that, for the same total 
perforation area, plates with more holes have lower buckling load. Thus, 

Fig. 1. Local buckling modes of perforated plates.

Fig. 2. Variables considered by [3].
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they focus on parametric models with the most perforations to derive the 
equation’s coefficients using the least square error method: 

Ncr

N0
= 1.8

(
rp
)2

− 2.1rp + 1 (3) 

where the critical elastic buckling load of a perforated plate (Ncr) is a 
function of the critical elastic buckling load of an equivalent unperfo

rated plate (N0), and the ratio of the area of holes to the area of the 
unperforated plate (i.e. the perforation ratio rp).

Moen and Schafer [3] established a prediction for the buckling of a 
rectangular plate with a large aspect ratio, and a single row of rectan
gular holes with a corner radius. They define two possible buckling 
modes; plate buckling away from the hole, or plate buckling of the 
unstiffened strip at the hole (or an interaction of the two) [3]. They 
consider buckling of the former type to be equal to the unperforated 
plate buckling load N0, and buckling of the latter type (defined as USB in 
this paper) Ncr,USB as follows (with variables described in Fig. 2): 

Ncr = min
[
N0,Ncr,USB

]
(4) 

Ncr,USB = Ncr,USB,net

(

1 −
ly
b

)

(5) 

Ncr,USB,net = min[NcrA,NcrB] (6) 

Ncri = ki
π2E

12(1 − υ2)

(
t

Syo,i

)2

(where i = 1 or 2) (7) 

Fig. 3. Buckling coefficient (k) when the centre of a circular hole lies along the plate major axis and at a buckling maximum, reproduced from [32].

Fig. 4. Areas of a buckling plate.

Fig. 5. Buckling coefficient (k) when the centre of a circular hole lies along the plate major axis and at a buckling minimum reproduced from [32].
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If lx

/

Syo,i ≥ 1; ki = 0.425 +
0.2

(
lx

Syo,i

)0.95

− 0.6
(8) 

If lx
/
Syo,i < 1; ki = 0.925 (9) 

Some authors conduct experimental investigations on columns with 
a linear arrangement of perforations in their webs to suggest whether 
current design code predictions are appropriate, see [1,2,27–29]. Some 
of these studies have been used to inform modern standards (see Section 
2.1).

2.3. Observations based on the literature

Minera et al. [22] determine that the introduction of a hole at the 
corners of a square plate is greatly weakening. For a square plate, the 
remainder of the sensitivity contour map somewhat mirrors the curva
ture of the buckled plate, i.e. the centre of the square plate has a greater 
curvature and thus is more sensitive to loss of stiffness [22]. However, as 
the aspect ratio of the plate becomes increasingly large, the plate centre 
is almost unaffected by stiffness change, rendering it more optimal to 
locate perforations here [22].

In agreement with [22,23] find that the centre of a square plate is 
vulnerable to the introduction of a hole. However, they find that the 
areas close to the centre of the plate edge are not equally sensitive to 
stiffness variation; a hole at the centre of the loaded edge can increase 
the plate buckling load whereas a similar hole at the centre of the 
unloaded edge cannot.

The findings of [13,30], and [31] seem to contradict the results 
found by [23] and [22]. Vann [30] and Sweedan and El-Sawy [13], 
determined that the influence of a circular hole on the elastic buckling 
load of a simply supported square plate is twofold. The first influence is a 
reduction to the plate bending stiffness in the portion of the plate where 
the hole is located; the second influence is a redistribution of stresses 
away from the centre of the plate and towards the supported edges [13,
30]. The former effect dominates for small holes, typically causing 
buckling load to reduce; the latter effect dominates for large holes, 
causing the buckling load to increase. As the hole diameter increases 
beyond 40–50 % of the plate width, the buckling load increases further – 
now the dominant factor is the redistribution of in-plane stresses to the 
sides [30,13].

Shakerley and Brown [31] make similar observations for the elastic 
buckling load of a simply supported square plate with a large concentric 
rectangular perforation. The buckling load can exceed that of an 

unperforated plate if the perforation is oriented with the major dimen
sion perpendicular to the direction of compression (concentrating the 
compressive load into the two narrow strips above and below the hole). 
Such tall, narrow perforations (termed ‘RH’ perforations) are most 
beneficial; as the minor dimension of this perforation increases, the 
perforation tends towards an ‘RL’ hole where the major dimension is 
oriented parallel to the direction of compression. The aspect ratio of the 
remaining strips increases causing the buckling load to reduce [31].

However, this relationship is not observed by [32] who find that the 
elastic buckling load of a square plate always reduces with the diameter 
of a concentric circular hole (Fig. 3). Their observations are similar for 
plates of greater aspect ratio, when holes are located within the first half 
of an ‘end panel’, which provides the majority of the plate buckling 
resistance and are highly sensitive to stiffness variation (Fig. 4) [22,32]. 
If a hole is located at the buckling maximum within an ‘end panel’, a 
larger hole diameter causes a greater reduction to the elastic buckling 
load [33], similar behaviour is seen regardless of hole shape, orienta
tion, or plate aspect ratio [32]. Yet, if a hole is located at the buckling 
maximum within an ‘interior panel’ (Fig. 4), the elastic buckling load 
may exceed the unperforated plate buckling load for large hole sizes [32,
33]. For a hole located at the buckling minimum (i.e. a ‘nodal cross-line’, 
Fig. 4), there may be a greater increase to elastic buckling load [32,33].

Depending on the length of the perforation, locating a hole at the 
buckling minimum causes little reduction in plate bending stiffness; 
therefore, the force redistribution effect is always dominant. Depending 
on the shape of the hole, the relationship between buckling coefficient 
and hole size for a plate of aspect ratio two is somewhat exponential, 

Fig. 6. Buckling coefficient (k) when the centre of a RH hole lies along the plate major axis and at a buckling minimum reproduced from [32].

Fig. 7. Simply supported boundary conditions and nodal loading simulated 
in ABAQUS.
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once the hole size exceeds a particular value (see Figs. 5 and 6, [32,33]).
When the hole height reaches this particular value, the number of 

buckling halfwaves increases or decreases, a phenomenon termed 
‘wavelength stiffening’ (Fig. 5) as a change to the number of buckling 
halfwaves will increase the elastic buckling stiffness (provided that the 
hole is not too long) [3,13,32].

It has been shown that a plate with a central circular perforation of 
diameter equal to the width of a square perforation has a greater 
buckling load [5,34]. This is supported in an assessment on uniaxially 
compressed square plates undertaken by [35] and holds for eccentric 
perforations. Yu and Davis [34] attribute this to the difference in stress 
concentration, opposed to the difference in area of the two perforation 
shapes. Therefore, this research evaluates plates with an array of rect
angular and square perforations and assumes that the latter is a con
servative representation of a plate with circular perforations.

The relationship between the hole dimensions and buckling load also 
is somewhat dependant on the modeshape of the buckling plate. Plates 
with very small perforations exhibit Whole Plate Buckling (WPB) where 
the modeshape is little disturbed from the unperforated local buckling 
modeshape, accommodated by the network of remaining material [4,5].

The buckling modeshape changes for plates with larger perforations. 
For plates with a single row of closely-spaced perforations of any size, 
[13] and [29] found that the regions closer to the loaded edges (i.e. 
within the ‘critical zone’, Fig. 4) are most sensitive to buckling and 
exhibit the greatest out-of-plane displacement, and buckling is damp
ened at the holes. Small, closely spaced holes exhibit a reduction to 
elastic buckling load, whereas tall, closely spaced holes can lead to a 
buckling load greater than that of an unperforated plate, similar to the 
observations discussed for a plate with an RH hole [3].

For more widely spaced perforations there is less variation in stress. 
A single row of circular perforations exhibits a more uniform buckling 
modeshape [13]. However, the buckling modeshape of a plate with a 
single row of rectangular perforations is more complex. Buckling man
ifests at the sections transversely adjacent to a short rectangular hole, or 
at the sections laterally adjacent to a tall rectangular hole [3]. These are 
referred to as Unstiffened Strip Buckling (USB) and Lateral Perforation 
Buckling (LPB) respectively; LPB is indicative of ‘wavelength stiffening’ 
[3,4,13].

At particularly large hole spacings, the buckling load tends towards 
that of a plate with a single hole of the same dimensions [3,13]. 
Compared to plates with a single row of perforations, [4] found that 
plates with multiple rows in a grid-like arrangement exhibit a greater 
reduction to the elastic buckling load. They observe a fourth buckling 
mode between perforations, known as Euler Strip Buckling (ESB). The 
authors also determine that perforations closer to the longitudinal edges 
cause a larger loss in transverse membrane and bending stiffness.

3. Research objective and hypotheses

This research evaluates the buckling of plates with an array of rect

angular and square perforations. The differential equation of the 
deflection surface is derived on the assumption of small deflections, and 
that the stress condition is constant throughout the plate, which is un
dergoing uniform bending [36]. According to this theory, the bending 
stresses within a buckling plate of uniform thickness and material 
properties are a function of the deflection function w = f(x,y): 

∂4w
∂x4 + 2

∂4w
∂x2∂y2 +

∂4w
∂y4 =

p(x, y)
D

(10) 

When holes are introduced into the plate, the bending stress now 
depends on a superposition of curvature and the equilibrating moment 
at the hole periphery [36]. Therefore, the Kármán-Föppl equations for a 
variable stress field should be considered (written in terms of the Airy 
stress function ϕ, and where q represents any out of plane loading [37]): 

∇4ϕ = Et
(

∂2w
∂x∂y

−
∂2w
∂x2 ⋅

∂2w
∂y2

)

D
(

∂4w
∂x4 +2

∂4w
∂x2∂y2 +

∂4w
∂y4

)

= q +

(
∂2ϕ
∂y2 ⋅

∂2w
∂x2 +

∂2ϕ
∂x2 ⋅

∂2w
∂y2 − 2

∂2ϕ
∂x∂y

⋅
∂2w
∂x∂y

)

(11) 

However, as the number and size of perforations increase, the stress 
state becomes incredibly complex. This causes localised variations in the 
deflection function w (as the curvature and bending stresses are 
coupled), such that the linearised expressions for the curvature are 
invalidated. Thus, a theoretically-derived solution for the elastic buck
ling load may be impossible to find, albeit incredibly computationally 
demanding. This necessitates the development of empirical expressions 
for the elastic buckling load, which is the research objective of this 
paper.

This superposition of stress states is used to frame a hypothesis for 
the relationship between the elastic buckling load and the height of the 
perforations. For particularly small perforations, the influence on the 
bending stress state is negligible, Eq. (10) is reasonably valid, and the 
elastic buckling load will tend towards that of the unperforated 
counterpart.

However, for a small-medium sized hole located near the plate 
centre, the superposition of stresses occurs at the most onerous location, 
as the hole border is located at an area of greater curvature. This may be 
why the elastic buckling load reduces when a small hole is located at the 
buckling maximum [22,23]. Conversely, the effect is stabilising for a tall 
concentric hole, as the superposition occurs in a region of smaller cur
vature, and stresses are diverted to the supports. It is hypothesised that 
tall perforations will enable the greatest increase to the elastic buckling 
load.

4. Finite element model

To determine the nature of the relationship between the critical 
elastic buckling load of a perforated simply supported thin plate and the 
parameters discussed, performance is investigated with the finite 

Fig. 8. Regular variables examined.

Fig. 9. Eccentricity.
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element (FE) method. This is determined with the ABAQUS linear 
perturbation procedure [38], which solves the eigenvalue problem of 
the constitutive and geometric stiffness matrices.

The material is steel with a Young’s Modulus of 203.4 GPa, and a 
Poisson’s ratio of 0.3. It is assumed to have isotropic properties and obey 
the stress-strain relationships for isotropic materials. The perforated 
plate buckles in the elastic regime, with slenderness determined in 
accordance with [26] and [39]. The following limit ensures the plate is 
slender for all variables investigated in terms of the plate width (b) and 
thickness (t): 

min
(

b
t

)

= 100 (12) 

As the plate thickness is very small in comparison to the plate di
mensions, the problem is adequately described by Kirchhoff’s shell 
theory, and thin shell quadratic elements with reduced integration 
(S8R5) are chosen. A structured mesh is used to negate transverse shear 
locking and allow for easier data management and thus faster 
convergence.

All perforations are oriented with their major and minor dimensions 
parallel to the axes of the global co-ordinate plane, which allows for 
rectangular FE elements everywhere. A limit is placed on the aspect ratio 
of elements in the mesh to further ensure accurate convergence, ac
cording to an investigation by [40]. 

min
(

ae

be

)

= 1, max
(

ae

be

)

= 1.5 (13) 

where ae and be represent the length and width of the finite element 
respectively. Simply supported boundary conditions are represented as 
shown in Fig. 7. This is similar to the conditions applied by [13] who 
examine a symmetrical distribution of circular perforations arranged 
along the length. Compressive uniform edge loading is simulated by 
consistent nodal loads, as considered by [24]. ABAQUS input files are 
generated with a custom-built python script where these meshing, 
loading and boundary conditions are prescribed to the model.

The FE model has been used to reproduce the results produced by 
[24] who examined 32 FE models of plates with rectangular holes with a 
corner radius. Despite the holes in this study being sharp-cornered, the 
results accurately follow the same trend. The limit on the maximum 
element size is chosen as a consequence of this comparison, defined as: 

max
(

be

b

)

= 0.02 (14) 

Table 1 
Domain of variables examined in parametric study.

ar b/t nr nc Sxo/a Syo/b Lxo/a Lyo/b sx/a sy/b lx/a ly/b ex ey

Mean 2.62 100 2.00 9.00 0.163 0.183 0.495 0.426 0.060 0.252 0.051 0.210 0.089 0.104
Minimum 1.00 100 1.00 2.00 0.045 0.040 0.032 0.047 0.005 0.015 0.004 0.020 0 0
Maximum 5.32 100 5.00 30.0 0.410 0.461 0.907 0.890 0.710 0.890 0.347 0.890 0.360 0.380

Fig. 10. The load ratio of the perforated plate to the unperforated plate with 
respect to perforation ratio for all 870 parametric models.

Fig. 11. Distribution of load ratio for all 870 models in the dataset.

Fig. 12. WPB involves the net plate area.
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4.1. Parametric assessment

The parametric analysis follows [25]. Rectangular holes perforate a 
defined region with dimensions Lxo and Lyo (Fig. 8), and perforations are 
arranged in rows and columns (with the number nr and nc respectively) 
at some eccentricity about the plate centroid. The x- and y- eccentricity 
(ex, ey respectively) is defined as the ratio of the average centroid (Ex, Ey 

respectively, Fig. 9) to the plate width (b) and length (a) respectively. 
Distances from this region to the edges are denoted Sxo,i and Syo,i (Fig. 8), 
with Sxo and Syo being the smaller distance (Table 1). Fig. 8 also defines 
the perforation spacing and size. The perforation ratio rp is the ratio of 
total hole area to the gross plate area. The aspect ratio a/b is denoted as 
ar.

A total of 870 parametric models with regularly spaced perforations 
has been generated such that the variables are randomly selected from 
the domain using the python ‘randrange’ function [41], and the elastic 
buckling load is determined by FE analysis with ABAQUS. For each of 
these models, the ratio of the perforated plate buckling load (Ncr) to the 
unperforated plate buckling load (N0) (termed the ‘load ratio’) is plotted 
with respect to the perforation ratio (rp) (Fig. 10). It ranges from 0.204 to 
1.62 with considerable scatter. A Gaussian distribution of these results is 
shown for a histogram of the results with 50 bins, in (Fig. 11); the 
standard deviation (S.D) of ±0.164 is shown by the dotted lines. Of these 
870 models, 14.8 % have a load ratio greater than one, and thus exhibit 
an increased elastic buckling load when perforated to when 
unperforated.

Although the points highlighted correspond to a similar perforation 
ratio rp, the buckling mode and buckling load varies considerably 
(Fig. 10). Example A exhibits LPB, and the greatest increase to the 
buckling load (Fig. 10), whereas G exhibits USB, and the greatest 
reduction to the buckling load. The buckling modeshape of example E 
and F exhibit a strong resemblance to the unperforated plate, demon
strating WPB. As the wavelength and amplitude of the buckles in B and C 
exhibit small variation throughout the plate, examples B and C are 
considered as “weakly WPB”. Such behaviour is on the border of what is 
termed an ‘interaction’ (INT) of buckling modes (in this case a WPB-LPB 
interaction); example D does not portray a strong resemblance to any of 
the four buckling types and is classified as such. For the rp selected, none 
of the models exhibits ESB, and examples are given in the following 
section. As a plate with a given perforation ratio can exhibit a range of 
buckling modes, it follows that empirical equations for the elastic 
buckling loads must be established with alternative variables.

5. Local Bukcling mode algorithm

A perforated plate exhibiting Whole Plate Buckling (WPB) shows 
very little difference in modeshape to its unperforated counterpart 
(Fig. 12). This is typical where the influence of perforations on the stress 
field is quite small. In comparison to an unperforated plate, a plate with 
a random distribution of perforations exhibiting Whole Plate Buckling 
(WPB) typically exhibits a reduced elastic buckling; primarily because 
the perforations are quite small, so the reduction to the plate bending 
stiffness dominates over the beneficial effect of stress redirection to the 
supported edges (Section 3).

A perforated plate exhibits little difference in behaviour to an 

Fig. 13. LPB at the lateral portion between the perforation and plate edge.

Fig. 14. ESB at the transverse portions between perforations.

Fig. 15. USB at the transverse portion between the perforation and plate edge.
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equivalent unperforated plate when the total perforated area is partic
ularly small, this limit is approximately rp = 0.014 (Fig. 10) and there
fore must exhibit WPB by definition. If ar > 1, the WPB mode will 
interact with USB or ESB, as the increase in the aspect ratio of areas 
above and below the perforation causes a localised unstiffened plate 
behaviour. If, however, the aspect ratio of the perforation is less than 
one, with a particularly large height ratio, the WPB mode may interact 
with LPB, as the beneficial effect of stress redirection to the supported 
edges becomes dominant. This effect also dominates if the average ec
centricity of the perforations is particularly large. The WPB buckling 

load of a plate is particularly sensitive to ex, as the plate behaviour 
greatly depends on how far perforations exceed into the ‘end panel’ 
(Fig. 4). If ex < 0.15, a plate will buckle by WPB without interacting with 
any other modes (Fig. 12).

Of the four buckling modes, a plate undergoing LPB is more likely to 
exhibit an increase in elastic buckling load to the unperforated state. LPB 
is typical of plates with one row of particularly tall perforations 
(ly > 0.6b), with ey < 0.1 to negate interaction with other modes 
(Fig. 13). USB may occur instead of LPB, depending on the aspect ratio of 
the portion above and below the perforation which can be summarised 

Fig. 16. The algorithm used to determine the buckling mode corresponding to the geometry of a plate with an array of rectangular perforations. ‘Yes’ and ‘No’ are 
blue and red respectively.
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by the ratio lxey/b. Interaction with the WPB mode dominates for a row 
of holes with 0.5b < ly < 0.6b, and ey ≥ 0.1. There is a redistribution of 
forces to the plate edges, and the portions between the hole and the plate 
edge undergo a great increase in stiffness due to the greater force con
centration, resulting in a pinning behaviour. Buckling is ‘pushed’ into 
the sections laterally adjacent to the perforations.

ESB is best described as column-like plate behaviour (Fig. 14). For it 
to happen, there must be nr > 1 and lx/sy >1. However, there will be an 
ESB-USB interaction if lx/Sy0 > 1. USB is akin to localised unstiffened 
plate behaviour, typical of plates with a single row of large perforations 
(Fig. 15). It manifests when Sy0,i is particularly large; however, this 
variable cannot adequately describe USB behaviour which is highly 
sensitive to ey. For example, a concentric line of perforations may 

possess a large Sy0,i but is more likely to exhibit WPB or a WPB-USB 
interaction. The condition lyey/b ≥ 0.027 encapsulates these 
behaviours.

Although USB is typical when lx/ly ≥1, it can occur instead of LPB 
for perforations with lx/ly >1 as described. In comparison to an 
unperforated plate, the former case causes a reduction in elastic buck

Fig. 17. Relationship between elastic buckling load ratio and perforation ratio 
for plates with nr > 1.

Fig. 18. Relationship between elastic buckling load ratio and perforation ratio 
for plates with nr = 1.

Table 2 
Functions f(X) and g(xi)where i takes values from 1 to n for plates with nr > 1.

Option f(X) g(xi) n

0 1.8X2 −

2.1X+ 1
rp 1

1 e− 3.16X rp 1
2 e− 1.15X

rp⋅
a
b

3

3 e− 4.96X
rp⋅
(

0.287
Syo

b
+ 0.594

ly
b
+ 1.52

lx
a
+ 0.0802

a
b
+

1.73Ex + 0.718Ey

)

8

4 e− 1.96X

rp⋅

((
Syo

b

)5.04
+

(
ly
b

)3.43
+

(
lx
a

)0.546
+
(a

b

)0.140
+

E0.440
x + E1.71

y

)

8

5 e− 0.714X

rp⋅

((
Syo

b

)− 0.407
+

(
ly
b

)− 0.274
+

(
lx
a

)0.452
)

6

6 e− 2.04X
rp⋅
((a

b

)0.230
+ E0.360

x + E1.33
y

)
5

Table 3 
R2 test performance for plates with nr > 1, assessed for n models in each mode.

Option R2 R2
WPB R2

INT R2
ESB

n 543 360 135 48

[3] -1.69 -3.96 -2.95 -8.30
[4] 0.416 0.607 0.023 -3.32
0 [26] 0.711 0.848 0.523 -1.31
1 0.822 0.734 0.724 0.071
2 0.719 0.452 0.210 0.313
3 0.877 0.767 0.768 0.539
4 0.880 0.815 0.781 0.429
5 0.871 0.843 0.852 0.193
6 0.861 0.785 0.730 0.356

Fig. 19. Relationship between the load ratio and τ for plates with nr > 1.
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ling load, whereas the latter case may enable it to increase. Therefore, 
the limits for the USB domain are much more complex than other local 
perforated plate buckling modes.

The numerical limits given for the various conditions discussed were 
determined iteratively. For example, the limit lyey/b was varied between 
0.025 and 0.035 for a collection of models, which were sorted into one of 
the five mode subsets. The final limit of 0.027 optimised the number of 
correctly identified deformation modes, while minimising the number of 
incorrectly identified models. This process determined numerical limits 
on a plate’s dimensions, establishing an algorithm to identify local plate 
buckling modes.

The performance of the resulting algorithm shown in Fig. 16 was 
compared to a logistic regression model developed with machine 
learning using python’s scikit-learn module [42]. To mitigate training 

on a large proportion of incorrectly classified plates, this model was 
trained on half of all 870 results determined with the algorithm. The 
random seed (i.e. collection of results used to train the model) was 
changed 50 times and the predictions for the test set were output each of 
the 50 times. Then the predicted result was compared to the ‘true’ result 
determined with the algorithm (Fig. 16). A given result will therefore 
have x number of predictions based on the collection of test sets it ap
pears in. If the elastic buckling mode predicted with the algorithm dis
agrees to the mode predicted with logistic regression for >25 % of these 
x results, then it is assumed that the model was miss-classified with the 
algorithm. By this assessment, only 2.76 % of all parametric results were 
miss-classified, i.e. the algorithm is very good at identifying the correct 
mode.

6. New prediction method

When the algorithm is applied to the dataset of 870 models, the 
number of models identified for the WPB, ESB, USB, and LPB subsets are 
451, 48, 46 and 95 respectively; the remaining 230 models exhibit an 
interaction (INT) of at least two modes. The prediction developed by 
[26] depends solely on the unperforated plate buckling load N0 and the 
perforation ratio rp. However, we can observe that the relationship be
tween the elastic buckling load ratio (Ncr/N0) and rp is starkly different 
for plates with nr > 1 (Fig. 17) compared to that for plates with nr =

1 (Fig. 18). In particular, plates with nr > 1 with ESB deformation, and 
plates with nr = 1 with LPB deformation, possess a greater deviation 

Fig. 20. Relationship between load ratio and τ for plates exhibiting WPB, INT 
or USB with nr = 1.

Table 4 
Functions f(X) and g(xi) where i takes values from 1 to n for plates with nr = 1.

Option y = f(X) X = g(xi) n

0 1.8X2 −

2.1X + 1
rp 1

1 e− 1.48X rp 1
2 0.740 +

X 0.0199m − 0.123Ex − 0.567Ey + 0.129
(

Sxo,2

a

)

+

0.317
(

Sy0,1

b

)

+ 0.298
(

Sy0,2

b

)

+ 0.333
(sx

a

)
+

0.125
(sy

b

)
+ 0.125

(
Lyo

b

)

− 1.50
(

lx
a

)

+

0.125
(

ly
b

)

13

3 e− 0.0391X
0.407m − 5.28Ex + 17.5Ey − 10.3

(
Sxo

a

)

+

1.22
(

Syo

b

)

− 12.0
(sx

a

)
− 0.549

(sy

b

)
−

0.549
(

Ly0

b

)

+ 46.4
(

lx
a

)

− 0.549
(

ly
b

)

12

4 eX (
0.463Ex + 1.31Ey

)
⋅
(

− 9.12
lx
a

)
4

5 e− 20.4X (
0.146Ex + 0.489Ey

)
⋅

((
lx
a

)0.891
+

(
ly
b

)22.0
)

6

6 e− 1.58X ((

Ex +
ly
b

)35.3
+

(
(
Ey
)1.08

+

(
lx
a

)0.561
))2.28 6

Table 5 
R2 test performance for plates with nr = 1, assessed for each mode.

Option R2 R2
WPB R2

INT R2
USB

n 232 91 95 46

[3] -1.79 -9.57 -5.82 -0.158
[4] 0.185 -0.327 -0.355 -0.945
0 [26] 0.223 -0.797 -0.681 -0.207
1 0.311 -0.260 -0.241 -0.489
2 0.790 0.474 0.609 0.649
3 0.791 0.569 0.626 0.576
4 0.708 0.198 0.527 0.498
5 0.711 0.248 0.513 0.494
6 0.766 0.515 0.592 0.514

Fig. 21. Relationship between the load ratio and ω for plates exhibiting WPB, 
INT or USB with nr = 1.
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from the general trend with respect to rp.

These observations directed a study to establish empirical pre
dictions for the elastic buckling load ratio Y = Ncr/N0 as a function Y =
f(X), where X = g(xi), expressed in terms of dimensionless parameters 

xi, These parameters are related to the geometry of the perforations 
within the plate, summarised in Figs. 8 and 9.

The method to establish the dominant parameters and numerical 
coefficients followed a hybrid approach termed ‘machine-learning- 
directed-regression-analysis’. In this approach, machine learning was 
used for feature selection (i.e. to identify the dominant variables xi at the 
5 % significance level) while regression analysis was used to fit a custom 
functional form of the equation (i.e. X = g(xi)). As the elastic buckling 
load ratio depends on whether the number of rows of perforations is 
equal to or greater than one, a prediction is established for each of these 
subsets. The functions g(xi) are τ and ω for plates with nr > 1 and nr = 1 
respectively.

The chosen expression must meet three objectives. Firstly, it must be 

accurate for the ‘target’ subset of plates, defined in the next sections. 
Secondly, it must be accurate for a distinct mode, identified with the 
algorithm. This ‘accuracy’ is determined by the R2 test result, which is 
used to evaluate how well the proposed regression model fits the data. 
The third objective is that it must be simple; it is desired to minimise the 
number n of constants and variables xi where i varies from 1 to n. The 
scipy.optimize.minimize function [43] was used to determine the co
efficients ai with least squares regression.

6.1. An expression for plates with nr > 1

In this subset, 360 and 48 models are identified to exhibit WPB and 
ESB respectively; the remaining 135 models exhibit an interaction (INT) 
of at least two modes. It was discussed that ESB demonstrates a greater 
deviation from the general trend with respect to rp than WPB and 
INTeraction modes for plates with nr > 1. Regardless, it will be shown 
that the proposed variable τ can be used to establish the elastic buckling 
load ratio for all plates with nr > 1, and thus the target subset. Machine 
learning was not necessary for these plates, as rp already provides a very 
good starting point for the choice of dominant variables (Fig. 17).

A series of potential equations were used to predict the elastic 
buckling load of plates with more than one row of perforations. The 
proposed options for f(X) and g(xi) are shown in Table 2, and deter
mined by iteratively modifying g(xi) according to the observed perfor
mance. This performance is described by the R2 test result, given for 
each option and mode in Table 3. Note that the results are determined 
for non-rounded coefficients ai, which are given in Table 2 to three 
significant figures. The expression proposed by [26] is given in the first 
row of Table 2, and the performance is given in Table 3, in addition to 
that of the predictions by [3] and [4].

All of the proposed options exceed the performance of the prediction 
proposed by [3,26] and [4] for the entire target subset. This is unan
ticipated given that the parametric domain examined by [4] is similar to 

Fig. 22. Relationship between predicted (Ncr) and FE (Ncr,FEM) elastic buckling 
loads for all 775 considered geometries, including WPB, ESB, USB, INT, 
excluding LPB. Points in the green region are conservative.

Table 6 
Mean (μ), COV and R2 test performance for the elastic buckling load of a perforated plate found with FEM to that found with various methods, for different subsets of n 
parametric models.

nr > 1 nr = 1

Modes WPB, INT, ESB WPB, INT ESB WPB, INT, USB WPB, INT USB
n 543 495 48 232 186 46

[3] μ 1.06 1.107 0.568 1.38 1.40 1.28
COV 0.406 0.377 0.306 0.303 0.318 0.196
R2 -1.69 -3.27 -8.30 -1.79 -7.39 -0.158

[4] μ 0.913 0.938 0.654 0.984 1.02 0.854
COV 0.122 0.065 0.254 0.18 0.139 0.280
R2 0.416 0.470 -3.22 0.185 -0.336 -0.945

[26] μ 0.945 0.967 0.716 1.06 1.07 1.00
COV 0.104 0.054 0.208 0.186 0.154 0.283
R2 0.711 0.766 -1.31 0.223 -0.721 -0.207

Eq. (16) μ 1.00 1.01 0.870 N/A
COV 0.088 0.056 0.219
R2 0.871 0.858 0.193

Eq. (19) μ N/A 1.00 1.01 0.976
COV 0.102 0.072 0.179
R2 0.765 0.562 0.514

Table 7 
The factor γ determined for each mode with n models at the 5 % and 1 % sig
nificance level.

Mode n γ5% γ1%

WPB 451 1.06 1.15
INT 230 1.12 1.18
USB 46 1.38 1.47
ESB 48 1.83 2.27
nr > 1 543 1.15 1.54
nr = 1 (not LPB) 232 1.17 1.38
All (not LPB) 775 1.17 1.41
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that examined here (Table 1). Option 5 is assessed to best meet each of 
the desired objectives. Therefore, the elastic buckling load of plates with 
nr > 1 is found with the following equation, where variables are defined 
in Fig. 8: 

τ = rp⋅

((
Syo

b

)− 0.407

+

(
ly
b

)− 0.274

+

(
lx
a

)0.452
)

(15) 

Ncr,nr>1 = N0e(− 0.714τ) (16) 

The elastic buckling load determined with Eq. (16) for plates with nr 

> 1 is plotted with respect to the variable τ in Fig. 19.
Table 3 also provides the R2 test result for plates exhibiting ESB 

which is found to be particularly poor. ESB behaviour is characterised by 
local buckling at the portion of the plate between perforations. Thus, 
assuming that lx≫sy and that the full length lx is effective, one can posit 
that Ncr,ESB per unit width could be approximated as: 

Ncr,ESB =
π2E
lx2 ⋅

t3

12
⋅
(
b − lynr

)

b
(17) 

However, when used to determine the elastic buckling load ratio, an 
R2 test score of -40.8 is obtained for Eq. (17) i.e. inferior to the score 
determined with the new expression proposed in Eq. (16). It follows that 
Eq. (16) should be used to determine Ncr,ESB, despite the fact that the R2 

test result for plates exhibiting ESB is much poorer than WPB and 
INTeraction modes.

6.2. An expression for plates with nr = 1

In this subset, the number of models identified for the WPB, USB, 
LPB, subsets are 91, 46 and 95 respectively; the remaining 95 models 
exhibit an interaction (INT) of at least two modes. On observation and 
mathematical analysis, plates with nr = 1 deforming by LPB exhibit a 
separate behaviour to that of other buckling modes with nr = 1. 
Therefore, only plates with nr = 1 exhibiting WPB, USB or an INTerac
tion of modes define the target subset and are used to develop an 
expression for the elastic buckling load. The subset of plates with nr = 1 
exhibits a very poor relationship with the perforation ratio rp (Fig. 18) 

and τ (Fig. 20). When [26] and Eq. (16) are used to determine the elastic 
buckling capacity ratio for this subset, the R2 test score is 0.223 and 
-1.22 respectively.

To establish a new initial function f(X), machine learning was used 
again to determine the dominant variables. Backwards elimination was 
performed to build a multivariable linear regression model. The 
following procedure to determine functions f(X) and g(xi) was per
formed iteratively by regression analysis, and by addressing the per
formance of the corresponding equation with the R2 test. The proposed 
options are summarised in Table 4, their performance evaluations are 
given in Table 5, and the relationship with the chosen variable ω is 
shown in Fig. 21.

Option 6 requires half the number of the variables n considered in the 
expressions determined with machine learning, with only a 6.58 % 
lower performance score. It predicts the elastic buckling load ratio for 
plates with nr = 1 as follows: 

ω =

((

Ex +
ly
b

)35.3

+

(
(
Ey
)1.08

+

(
lx
a

)0.561
))2.28

(18) 

Ncr,nr=1 = N0e(− 1.58ω) (19) 

7. Predicting formulae for Ncr

In summary, two new equations are proposed: Eq. (16) for plates 
with nr > 1 and Eq. (19) for plates with nr = 1 with the exclusion of LPB. 
Finally, the evaluated elastic buckling loads (Ncr) are plotted against the 
numerically computed buckling load with FE analysis (Ncr,FEM) in Fig. 22
for all 775 models (i.e. excluding LPB models). We find a mean accuracy 
and COV of 1.00 and 0.093 respectively, and an overall R2 coefficient of 
0.840. The proposed Eqs. (16) and (19) exhibit the best performance for 
each of the subsets examined in Table 6, where performance is defined 
by the best R2 test result. However, the performance of the ESB subset is 
very poor.

The models in the ESB and USB subsets have a mean ratio less than 
unity, and are thus unconservatively approximated. In line with Euro
code, the design elastic buckling load is defined as: 

Ncr,d =
Ncr

γ
(20) 

This is a lower bound approach, where the statistical model factor γ is 
chosen to ensure that the probability of unconservative design is limited 
to only α% of cases, such that: 

P
(
Ncr,FEM ≥ Ncr,d

)
= 1 − α (21) 

To ensure that the actual buckling resistance determined with FE 
analysis (Ncr,FEM) exceeds the design value (Ncr,d) with at least a 95 % 
probability, the model factor is found for α = 0.05 (γ5%). It is also found 
for α = 0.01 (γ1%), for a probability that 99 % of predictions will be less 
than the actual buckling resistance. The value for γ is given in Table 7 for 
each local plate buckling mode. The results are displayed in Fig. 23 for 
all 775 models, such that γWPB,5% = 1.06 is applied for all 451 WPB 
models, γINT,5% = 1.12 is applied for all 230 INT models, γUSB,5% = 1.38 is 
applied for all 46 models, and γESB,5% = 1.83 is applied for all 48 ESB 
models.

8. Conclusions

This research investigates the elastic buckling behaviour of rectan
gular plates with a regular array of perforations. The local buckling of 
such plates can exhibit one of four modes: Whole Plate Buckling (WPB), 
Euler Strip Buckling (ESB), Unstiffened Strip Buckling (USB), Lateral 
Perforation Buckling (LPB) or an interaction (INT) of them. A parametric 
study of 870 models is first conducted to develop an algorithm for 
determining the buckling mode based on plate and perforation 

Fig. 23. Relationship between predicted (Ncr,d) and FE (Ncr,FEM) elastic buck
ling loads for all 775 considered geometries, including WPB, ESB, USB, INT, 
excluding LPB. Points in the green region are conservative.
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dimensions. We demonstrate that this algorithm can be reliably used to 
determine which of the four types of mode will dominate. At the extents 
of each of the four domains, interaction occurs (INT), and a particular 
mode is visually ‘weaker’.

Of the models examined in this study, a plate with one row of per
forations exhibiting LPB possess the greatest average ly /b, with a mean 
increase to the elastic buckling load of the unperforated plate counter
part of 12 %. In comparison, plates with one row of perforations 
exhibiting WPB or USB exhibit a mean reduction to the elastic buckling 
capacity of the equivalent unperforated plate of 7 % and 34 % respec
tively. Plates with a regular array of square or rectangular perforations 
with more than one row exhibit an even greater reduction to the 
unperforated plate elastic buckling capacity, of 10 % and 49 % for WPB 
and ESB respectively. Therefore, only WPB (particularly for one row of 
tall perforations) and LPB may increase the buckling efficiency of a 
plate, where efficiency is the capacity-to-weight ratio. This is attributed 
to the redirection of stresses to the supported edges; similar behaviour 
may be seen for the perforated web of a steel section.

In the absence of a procedure to determine by which mode a perfo
rated plate would buckle, several authors have proposed methods to find 
the elastic buckling load of such plates. In [4], an expression for the 
elastic buckling load of plates with multiple rows of perforations is 
developed. Despite this, it performs poorly for plates with nr > 1 in the 
parametric domain investigated here. Overall, the prediction by [26] is 
most accurate for plates with nr > 1, in particular for plates exhibiting 
WPB with nr > 1 (R2 = 0.848).

Equations to determine the local elastic buckling load for each 
buckling mode identified with the algorithm are then developed with 
the help of machine-learning-directed-regression-analysis. We establish 
first a new governing geometrical parameter τ for plates with nr > 1 and 
a corresponding equation (Eq. (16)) valid for WPB, INT and ESB; and 
second, a new governing geometrical parameter ω for plates with nr = 1 
and a corresponding equation (Eq. (19)) valid for WPB, INT and USB. 
Overall, the ratio of the local elastic buckling load appropriately pre
dicted with either Eq. (16) or Eq. (19) to the value computed with FE has 
a mean of 1.00 with a COV of 0.093, with an overall R2 coefficient of 
0.840 for all 775 models

We show that in addition to a high R2 test result for the WPB mode, 
Eq. (16) outperforms the equation proposed by [26] for the INT and ESB 
modes. Of the three modes, the R2accuracy of the latter is however 
somewhat poorer. Similarly, Eq. (19) surpasses the R2 test performance 
of current predictions (although this is less than that for plates with nr 

> 1). Yet, the R2accuracy of plates with USB deformation is slightly 
worse than that found for the INT or WPB. Therefore, when the USB or 
ESB mode is identified with the algorithm, a greater model factor γ 
should be applied to the predicted elastic buckling load. A model factor γ 
= 1.17 is proposed for all buckling modes, with the exception of LPB. 
This was determined for α = 0.05, i.e. 95 % of buckling load design 
predictions (Ncr,d) possess a buckling load less than the computed value 
(Ncr,FEM), and are thus conservative.

Furthermore, we conclude that the LPB buckling mode follows a 
distinct behaviour and Eq. (19) should not be used for this buckling 
mode; the elastic buckling load prediction for this mode should be a 
focus for future research. Lastly, both new geometrical parameters τ and 
ω are independent of the spacing between perforations. This suggests 
that they may be applicable to other arrangements such as staggered or 
irregular arrays, which will also be explored in future research.
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