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Abstract

This thesis focuses on a certain type of nonlinear parabolic partial di�er-

ential equations, i.e. PME and FDE, which can be written as ∂tu = ∆um

with m > 0. Our aim is to derive better gradient bound in the form of

|∇u|2 (t, ·) ≤ C
‖u (0, ·)‖κ∞ − uκ (t, ·)

t
, and

|∇u|2

uκ1
(t, ·)− ∂tu

uκ2
(t, ·) ≤ C1

t
.

Chapter 1 consists of a survey on results related to PME and FDE, and

a short review on some works about deriving gradient estimates in prob-

abilistic ways.

In Chapter 2 we estimate gradient on space variables of solutions to the

heat equation on Euclidean space. The main idea is to construct two semi-

martingales by letting the solution and its gradient running backward on

the path space of a di�usion process. Estimates derived from decompo-

sitions of those two semimartingales are then combined to give rise to an

upper bound on gradient that only involves the maximum of the initial

data and time variable. In particular, it is independent of the dimension.

In Chapter 3 we carry the idea in Chapter 2 onto the study of positive

solutions to PME or FDE, and obtained a similar type of bound on |∇u|
for local solutions to PME or FDE on Euclidean space. In existing lit-

erature there have always been constraints on m. By considering a more

general form of transformation on u and introducing a family of equiva-

lent measures on path space, we add more �exibility to our method. Thus

our result is valid for a larger range of m. For global solutions, when m

violates our constraint, we need two-sided bound on u to control |∇u|.

In Chapter 4 we utilize maximum principle to derive Li-Yau type gradient

estimate for PME on a compact Riemannian manifold with Ricci curvature

bounded from below. Our result is able to yield a Harnack inequality

possessing the right order in time variable when the lower bound of Ricci

curvature is negative.



Contents

1 Introduction 1

1.1 Porous medium and fast di�usion equations . . . . . . . . . . . . . . 1

1.2 Application of stochastic analysis to gradient estimate . . . . . . . . . 13

2 Gradient estimate for solutions to the heat equation 15

3 Gradient estimate for positive solutions to PME and FDE 22

3.1 Local gradient estimate . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1.1 From PDE to SDE . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1.2 Fundamental decompositions . . . . . . . . . . . . . . . . . . . 26

3.1.3 Gradient bound for solution u . . . . . . . . . . . . . . . . . . 30

3.1.4 Gradient bound for pressure variable v = um−1

m−1 . . . . . . . . . 44

3.1.5 Gradient bound for u depending only on initial data . . . . . . 48

3.2 The constraint on m . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.1 Supermartingale property of 1
H

. . . . . . . . . . . . . . . . . 57

3.2.2 More parameters in change of measures . . . . . . . . . . . . . 59

3.2.3 General transformation . . . . . . . . . . . . . . . . . . . . . . 68

3.3 Global gradient estimate . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.3.1 From local bound to global bound . . . . . . . . . . . . . . . . 71

3.3.2 Negative �nite variation part . . . . . . . . . . . . . . . . . . 76

4 Gradient estimate of Li-Yau's type for positive solutions to PME 85

4.1 Di�erential inequalities and the curvature . . . . . . . . . . . . . . . . 86

4.1.1 Basic di�erential inequalities . . . . . . . . . . . . . . . . . . . 87

4.1.2 Further di�erential inequality . . . . . . . . . . . . . . . . . . 89

4.2 Conjecture about the gradient bound . . . . . . . . . . . . . . . . . . 90

4.3 Applying maximum principle . . . . . . . . . . . . . . . . . . . . . . 93

4.4 Harnack inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

i



A Preliminaries 102

A.1 Basics of Martingale theory . . . . . . . . . . . . . . . . . . . . . . . 102

A.2 Change of measures on Wiener space . . . . . . . . . . . . . . . . . . 105

Bibliography 109

ii



Chapter 1

Introduction

1.1 Porous medium and fast di�usion equations

This thesis is devoted to gradient estimates for partial di�erential equations (PDEs)

of the form

∂u

∂t
= ∆um, (1.1)

where m ∈ (0,∞) is a given number. The problem is posed on (0,∞) × M , for

a Riemannian manifold M . ∆ is the Laplace-Beltrami operator. When m = 1, it

is the celebrated heat equation, which is linear and parabolic, hence enjoying many

good properties. When m 6= 1, the story becomes quite di�erent. Let us focus on

non-negative solutions to the equation (1.1) on Euclidean space with initial condition

u (0, x) = u0 (x) ,
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the so-called Cauchy problem related to (1.1), and collect some results and phenomena

that do not appear in the case of the heat equation.

To begin with, let us point out that there are two critical points about the value

of m, namely m = 1 and m = n−2
n
. By rewriting (1.1) as

∂u

∂t
= mum−1∆u+m (m− 1)um−2 |∇u|2 , (1.2)

one can see that the coe�cient matrix of the second order derivative is mum−1In×n.

If m < 1, this matrix takes the value of in�nity when u = 0, which means the

parabolicity is singular. While if m > 1, the matrix vanishes when u = 0, which

means the parabolicity is degenerate. If we interpret (1.1) as a di�erential equation

describing a di�usion, this means when m < 1, the di�usion is very fast at places

where u is small. Therefore in this case we call (1.1) the fast di�usion equation (FDE).

When m > 1, the di�usion slows down wherever u is small, and in this case we call

it porous medium equation (PME). Notice that since we only consider non-negative

solution u, from (1.2) it is clear that (1.1) is always formally parabolic.

Due to the di�erent behaviors of PME and FDE at u = 0, theories about existence

and uniqueness of Cauchy problems for these two types of equations have been studied

separately. For PME, the commonly used framework is L1 (Rn) space. By Theorem

9.12 and Proposition 9.13 in [38], if u0 ≥ 0 and u0 ∈ L1 (Rn), then there is a unique

strong solution which is continuous on (0,∞)×Rn. Moreover, if u0 ∈ L1 (Rn) and is

strictly positive and continuous, then the solution will be smooth. If we move beyond
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the scope of L1 (Rn) setting and impose a weaker growth condition on u0 which reads

sup
R≥1

R−(n+ 2
m−1)

∫
|x|≤R

|u0 (x)| dx <∞, (1.3)

then by [7] a unique solution in distribution sense exists on (0, T (u0)) × Rn, where

T (u0) ∈ (0,∞] and depends on u0. By Theorem 3.1 in [3], this growth condition

is satis�ed by any continuous non-negative solution. Therefore, condition (1.3) is

optimal for the class of continuous non-negative solutions. When the initial data

is allowed to be measure-valued, [15] gives a result which requires similar growth

condition as (1.3). As for FDE, no requirement on the growth of initial data is

needed. In fact, by Theorem 2.1 and 2.3 in [20], there exists a unique solution

u ∈ C ([0,∞) ;L1
loc (Rn)) in distribution sense if u0 ∈ L1

loc (Rn). Alternatively, if we

impose some growth and decay conditions on u0, by Theorem 1 in [8] there will be a

classical solution in
[
0, T̄

]
× Rn, where T̄ is �nite.

The degeneracy of parabolicity of PME results in the �nite propagation speed of

its solution, which is one of the peculiar feature of PME. In particular, by Theorem

14.6 in [38], if u (t1, ·) is compactly supported in Rn, so is u (t2, ·) for any t2 > t1.

Consequently, for this kind of solutions, there is a set in (0,∞)×Rn that separates the

region on which u is positive and the region where u is zero. According to Theorem

3.3 in [13], this set, or the so-called free boundary, is locally Hölder continuous on

(0,∞)×Rn. Moreover, as a family of boundaries in Rn indexed by t ∈ (0,∞), those

boundaries expands to in�nity as t → ∞ [13]. If t? is the time when the solution

over�ows the smallest ball where the support of the initial data is contained, then after
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time t? there is an improvement in the regularity of the free boundary. More precisely,

Theorem 3 in [12] asserts that the free boundary is locally Lipschitz continuous on

(t?,∞) × Rn. With extra conditions on the �rst and second order derivatives of the

initial data, [16] proves that the free boundary is smooth.

Although m = 1 is a crucial point when talking about �nite propagation and

existence theories of equation (1.1), it is not a signi�cant value in the study of extinc-

tion in �nite time and smoothing e�ect, where the value m = n−2
n

becomes decisive.

The extinction in �nite time of a solution is a phenomenon that arises only when

m < n−2
n
. On page 174 in [6], it is proved that any solution with initial value

u0 ∈ Lp? (Rn) ∩ L1 (Rn), where p? = n(1−m)
2

, becomes identically zero after a �nite

time. More generally, by Theorem 5.2 in [35], the same result holds for u0 ∈ Mp? ,

where

Mp? =

{
f ∈ L1

loc (Rn) :

∫
K

|f (x)| dx ≤ C |K|1−
1
p? ,∀K with |K| <∞

}
.

By Lemma 5.6 in [35], this is already very close to the su�cient condition for a solution

to extinct in �nite time. One can see from these results that even a positive initial

data may produce a solution that vanishes completely in �nite time, which is quite

striking. The reason behind, is the failure of conservation of mass when m < n−2
n
, as

explained in Section 5.5 in [35].

Next, let us discuss regularities of solutions in terms of boundedness, positivity

and smoothness. In general, for any m ∈ (0,∞) and p ∈ [1,∞], the solution decreases

in Lp (Rn) norm as it evolves in time, according to Theorem 7.2 in [36]. Moreover, if
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m > n−2
n
, then by Section 3.4 in [35], for any p and q such that 1 ≤ p ≤ q ≤ ∞,

‖u (t, ·)‖q ≤ c (m,n, p, q) ‖u0‖σp t
−α, (1.4)

with

α =
n (q − p)

q (n (m− 1) + 2p)
, σ =

p (n (m− 1) + 2q)

q (n (m− 1) + 2p)
.

In particular, from this result we see that initial data in L1 (Rn) produce solutions

u (t, ·) ∈ L∞ (Rn) for any time t > 0, which is termed as smoothing e�ect. When

m = n−2
n
, this is no longer true. Appendix A.3 in [14] constructed a solution which

is not bounded at any time while still having an initial value in L1 (Rn). Moreover,

when m < n−2
n

and n ≥ 3, Theorem 5.14 in [35] shows that (1.4) holds for q = 1 and

1 < p < p?. This means that Lp (Rn) data yield solutions only in L1 (Rn), a somehow

backward smoothing e�ect. Nevertheless, we are still able to get a bounded solution

in the case of m < n−2
n

if the initial data belongs to a better space. By Theorem

6.7 in [35], if m < n−2
n
, p ≥ p? and u0 ∈ Lp (Rn) + L∞ (Rn), then u (t, ·) is locally

bounded and smooth for any t > 0. Quantitatively, Theorem 2.1 in [11] gives a local

upper bound for u (t, ·) in terms of the Lp (Rn) (p > p?) norm of u0 over a larger local

region.

As for positivity and smoothness. Theorem 3.1 in [3], Theorem 1.1 in [10] and

Theorem 1.1 in [11] give local lower bounds for solutions to (1.1) in terms of local

L1 (Rn) norm of initial data in the cases of m > 1, m ∈
(
n−2
n
, 1
)
and m ∈

(
0, n−2

n

)
respectively. These lead to results about the positivity of solutions. For example,
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Proposition 1.1 in [12] gave a necessary and su�cient condition for the positivity of

u (t, x) when m > 1 which is read as

sup
R>0

R−(n+ 2
m−1)

∫
|y−x|≤R

|u0 (y)| dy =∞.

Besides positivity, if the solution is also locally bounded, then the standard quasilinear

theory [25] implies the smoothness of the solution on that region. In particular, when

m ∈
(
n−2
n
, 1
)
, non-negative locally integrable initial data always produce positive and

smooth global solutions, according to the remark after Theorem 2.3 in [20]. This

is not true when m ∈
(
0, n−2

n

)
, as non-negative locally integrable initial data is not

enough for locally boundedness of solutions, which can be seen from solution (0.2) in

[11]. Moreover, when m is in this range, extinction in �nite time may occur, which

kills positivity of solutions. As for PME, in general, solutions are only locally Hölder

continuous. Theorem 4.1 in [13] states that when u0 is non-negative, bounded and

belongs to L2 (Rn), um is uniformly Hölder continuous in every set (η0,∞) × Rn,

η0 > 0. Theorem 7.17 in [38] tells us that u is locally Hölder continuous on the region

where u is bounded.

During the development of the above works, one of the main tools is the compari-

son principle for equation (1.1), which is established in Theorem 7.3 in [36]. Generally

speaking, the comparison is in terms of mass concentration of radially symmetric func-

tions. Once this comparison of mass concentration is obtained, comparison in terms

of Lp (Rn) (p ∈ [1,∞]) norm follows. There are several special explicit solutions to

(1.1) that are often used in combination with the comparison principle. Let us only
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mention three of them here. The �rst one is the known as Zel'dovich-Kompanyeets-

Barenblatt (ZKB) solution, which takes the form

U (t, x) = t−α
(
c− k |x|2 t−2β

) 1
m−1

+
,

with

α =
n

n (m− 1) + 2
, β =

α

n
, k =

α (m− 1)

2mn
,

and a positive constant c. When m > n−2
n
,

lim
t→0
U (t, x) = C (c, n,m) δ0 (x) ,

in the sense of measures. So it is the solution to (1.1) with Dirac delta as initial trace.

One can see that it reproduces the heat kernel as m → 1. Since the ZKB solution

has compact support when m > 1, it plays an important role in the study of �nite

propagation speed. When m ≤ n−2
n
, U (t, x) is no longer integrable in space variables.

Therefore, although still solving (1.1), it is not a solution to any Cauchy problem

related to (1.1). The second type of solution is the self similar solution, which has

the form

U (t, x) = t−λ1F
(
|x| t−λ2

)
.

With a scaling argument, it is shown in section 3.2.1 of [37] that any solution to (1.1)

on (0,∞)×Rn with initial data |x|−λ3 must have the above form. Notice that in fact

the ZKB solution also belongs to this type. The third type of solution we would like
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to mention here is a variance of the self similar solution. It has the form

U (t, x) = (T − t)−λ1 F̄
(
|x| (T − t)−λ2

)
,

with T > 0. Usually it satis�es (1.1) only for t < T , after which it blows up or

vanishes. For this type of solution, probably the most popular and explicit one is

U (x, t;T ) = 2

(
n− 2

1−m

)(
T − t
|x|2

) 1
1−m

,

with m < n−2
n
, which is a good example of solutions that extinct in �nite time.

As frequently seen in the �eld of PDE, a crucial step in the study of equation

(1.1) is to derive various types of estimates for solutions. In [4], Aronson and Bénilan

established the following gradient estimate for solutions to (1.1). If m ∈
(
1− 2

n
,∞
)
,

u is a positive smooth solution to (1.1) and v = m
m−1u

m−1, then

∆v ≥ − α

(m− 1) t
,

where

α =
n (m− 1)

n (m− 1) + 2
,

which is equivalent to

|∇v|2

(m− 1) v
− vt

(m− 1) v
≤ α

(m− 1) t
. (1.5)
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This fundamental estimate is then employed in [7] for the study of existence theory,

in [20] for L∞loc (Rn) estimate for solutions, and in [12] for obtaining regularity results

for the free boundary of solutions, to name but a few. Later in [27], a local version

of the Aronson-Bénilan estimate was obtained by P. Lu, L. Ni, J. L. Vazquez and

C. Villani. They studied the same problem posed on a local ball of a Riemannian

manifold. Let B (O, 2R) denote a ball with centre O and radius 2R > 0 . Assume

that u is a positive solution to (1.1) on B (O, 2R) × [0, T ] and the Ricci curvature

Ric≥ − (n− 1)K2 on B (O, 2R) for some K ≥ 0. They showed that for any m > 1

and β > 1, it holds on B (O, R)× [0, T ] that

|∇v|2

v
− β vt

v
≤ αβ2

(
1

t
+ C1K

2v2R,Tmax

)
+ αβ2v

2R,T
max

R2
C2 (β,KR,m, n) , (1.6)

where

v2R,Tmax = max
B(O,2R)×[0,T ]

v, C1 =
(m− 1) (n− 1)

β − 1
.

Based on this, the following Harnack inequality was obtained.

v (x2, t2)

v (x1, t1)
≥
(
t1
t2

)αβ
exp

(
−βd

2 (x1, x2)

4v
R/2,T
min

− αβ (t2 − t1) vR,Tmax

(
C1K

2 +
C2

R2

))
, (1.7)

where

v
R/2,T
min = min

B(O,R2 )×[0,T ]
v.

9



As for m ∈
(
1− 2

n
, 1
)
, they proved that on B (O, R)× [0, T ], for any γ ∈ (0, 1),

|∇v|2

v
− γ vt

v
≥ αγ2

C3

(
1

t
+ C4

√
C3K

2v̄2R,Tmax

)
+
αγ2

C3

v̄2R,Tmax

R2
C5,

with

v̄2R,Tmax = max
B(O,2R)×[0,T ]

(−v) .

Later in [21] several results of similar type were obtained by G. Huang, Z. Huang and

H. Li. Note that these gradient bounds do not depend on the initial data. While in

[40], S.T. Yau established a similar type of gradient bounds depending on derivatives

of initial data for degenerate parabolic equations of the form

∂u

∂t
= ∆ (F (u)) ,

with F ∈ C2 (0,∞) and F ′ > 0. In particular, as explained in [28], Yau's result

implies that for any function c (t) ∈ C1 (0,∞) satisfying



c (t) ≤ 0

c′ (t) ≥ 0

|∇v|2 − 2vt + 2m
(
m−1
m
v
)m−2
m−1 ≤ c (0) at t = 0,

it holds for all t > 0 that

|∇v|2 − 2vt + 2m

(
m− 1

m
v

)m−2
m−1

≤ c (t) .
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Besides gradient estimates of the Aronson-Bénilan type, the Hamilton type es-

timate also plays an important role. It originates from Hamilton [19] where it was

proved that a positive smooth solution u to the heat equation on a compact manifold

without boundary and with Ric≥ −k, k > 0 satis�es

|∇u|2

u2
≤
(

1

t
+ 2k

)
ln
‖u‖∞
u

. (1.8)

This is an upper bound on the gradient of space variables only, hence leading to a

di�erent type of Harnack inequalities. As proved by Kotschwar [24], the same result

holds for complete noncompact manifolds as well. A local version was obtained by

Souplet and Zhang in [33]. As for PME and FDE, L. A. Ca�arelli, J. L. Vázquez and

N. I. Wolanski [12] discussed the case when the initial data is compactly supported.

Namely, under the assumption that the initial data u0 ≥ 0 is integrable and compactly

supported, they established that for m > 1, there exists a time T = T (u0) > 0 and

a constant c = c (m,n) > 0 such that

|∇v (x, t)| ≤ c

((v
t

) 1
2

+
|x|
t

)
,

for any t > T and almost every x ∈ Rn. Later X. Xu [39] derived a local result on a

complete Riemannian manifold with Ric≥ −k for some k ≥ 0. For m > 1, if there

exists a constant δ ∈
(
0, 4

n−1

]
such that

1 ≤ v2R,Tmax

v2R,Tmin

<
1

1 + δ

(
4m

(n− 1) (m− 1)
+ 1

)
,

11



then on B (x0, R)×
[
t0 − T

2
, t0
]

|∇v|
v2R,Tmax (1 + δ)− v

≤ C6 (m,n)

1 + δ

2ρδR
+

1√
m−1
m
v2R,Tmax δρT

+

√
k

δ

 ,

where

ρ = 2m− (n− 1) (m− 1)

2

v2R,Tmax (1 + δ)− v2R,Tmin

v2R,Tmin

,

v2R,Tmax = sup
B(x0,2R)×[t0−T,t0]

v, v2R,Tmin = inf
B(x0,2R)×[t0−T,t0]

v.

When m ∈
(
1− 4

n+3
, 1
)
, they obtained that on B (x0, R)×

[
t0 − T

2
, t0
]
,

|∇v|
−v
≤ C7 (m,n)

 1

2R
+

1√
1−m
m
v̄2R,Tmin T

+
√
k

 ,

where

v̄2R,Tmin = inf
B(x0,2R)×[t0−T,t0]

(−v) .

This is a generalization of Li Ma et al. [28], where the same estimate was derived

only for n = 2 or 3 with m ∈
(

1− 1√
n
, 1
)
. In X. Zhu [42], it was proved that for

m ∈
(

1, 1 + 1√
2n+1

)
, on B (x0, R)×

[
t0 − T

2
, t0
]

v
1
4

2−m
m−1 |∇v| ≤ C8

(
v2R,Tmax

)1+ 1
4

2−m
m−1

(
1

2R
+

1√
T

+
√
k

)
,

with

v2R,Tmax = sup
B(x0,2R)×[t0−T,t0]

v.
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In X. Zhu [41], a gradient bound for m ∈
(
1− 2

n
, 1
)
was obtained. On B (x0, R) ×[

t0 − T
2
, t0
]

|∇v|√
−v
≤ C9

√
v̄2R,Tmax

(
1

2R
+

1√
T

+
√
k

)
,

where

v̄2R,Tmax = sup
B(x0,2R)×[t0−T,t0]

(−v) .

1.2 Application of stochastic analysis to gradient es-

timate

Employing various aspects of stochastic analysis to derive gradient estimate is not

new, and there are a large number of papers devoted to the study of solutions to

linear PDEs, for example [18], [1] and [31].

Denote by Ptf (x) the positive solution to the heat equation with initial data f

on a compact manifold with Ric≥ −k for some k ≥ 0, and by X a Brownian motion

on that manifold. Among other interesting results, [1] observed the submartingale

property of

T − t
2 (1 + k (T − t))

|∇PT−tf |2

PT−tf
(Xt) + (PT−tf logPT−tf) (Xt) ,

and then proved

∣∣∣∣∇PTfPTf

∣∣∣∣2 (x) ≤ 2

(
1

T
+ k

)
PT

(
f

PTf (x)
log

f

PTf (x)

)
(x) ,

13



which is able to recover Hamilton's result (1.8).

In [31], the solution Ptf (x) to a parabolic equation with an elliptic generator L

was considered. They started from the fact that ∇ (Pt−sf) (Xs) Js is a martingale,

where X is the di�usion with generator L, and J is the Jacobian of the stochastic

�ow of X. Then they applied the Burkholder-Davis-Gundy inequality by identifying∫ t
0
|∇ (Pt−sf) (Xs)|2 ds with the quadratic variation of Pt−s (Xs). As a result, they

deduced gradient bound in the form

|∇ (Ptf)| ≤ C√
t ∧ 1

Pt (|f |q)
1
q ,

with q > 1 and for any bounded function f .

In [18], Bismut's type formula was derived without Malliavin calculus, and it is

then used to derive estimate in the form

|∇ (Ptf)| ≤ 1

δ

1

αt

√
eαt − 1 sup |f | .

On the other hand, to the best of our knowledge, there are few papers dealing

with certain kind of nonlinear PDEs by using martingale methods.
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Chapter 2

Gradient estimate for solutions to the

heat equation

To explain our main idea, let us consider the heat equation in this chapter. Assume

u (t, x) solves

∂u

∂t
= ∆u on (0,∞)× Rn

u (0, x) = u0 (x) on Rn, (2.1)

with u0 being bounded. Then the smoothing e�ect of the heat kernel ensures that u

is smooth and that all the �rst and second order derivatives at each �xed time t > 0

are bounded. Our aim is to estimate the upper bound of ∇u in terms of the L∞ norm

of u0.

It is known that there is a close link between a large class of parabolic PDEs

and di�usion processes, in the sense that the di�erential operator for a PDE can be
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identi�ed as a generator for a di�usion process. Once this one-to-one correspondence

has been established, we are given a way to study a PDE through its di�usion process

counterpart, or the other way around. For example, the solution to a PDE can

be expressed in terms of the expectation of a di�usion process at a certain time.

The transition probability density function of a di�usion process is the fundamental

solution of a PDE. For a more comprehensive account of this area, we refer to the book

[34] by Stroock and Varadhan. Here we also relates our PDE, (2.1), to a di�usion

process in the way that we have just explained. For a given point (T, x) ∈ (0,∞)×Rn,

de�ne an n−dimensional stochastic process Xt by solving the stochastic di�erential

equation

dXt =
√

2dWt

X0 = x,

where W = (W 1, · · · ,W n) is a standard n−dimensional Brownian motion on the

probability space (Ω,F ,P). Then we have a progressively measurable function X

from ((0,∞)× Ω,B ((0,∞))⊗F) to Rn. Bearing in mind that the aim is to get an

upper bound for |∇u|2 (T, x), we consider the process |∇u|2 (T − t,Xt) with index

t ∈ [0, T ), that is, the gradient running backward on di�usion process X. The way

we compose |∇u|2 with X is commonly seen. In terms of computation, this will lead

to the disappearance of terms containing the time derivative when using Ito's formula.

Intuitively, this is because on the one hand our di�usion process always starts at the

deterministic point that we are interested in and then evolves in a certain random

16



way as t increases, but on the other hand, due to the nature of parabolic PDEs, we

need to use the information about the solution before T . So we need the time variable

to decrease when t increases.

One can observe that |∇u|2 (T − t,Xt) is a semimartingale. Hence we are encour-

aged to turn to the theory of martingales, a concept introduced by Paul Lévy in 1930s

and greatly developed by J.L Doob in his book [17]. First of all, let us decompose

the semimartingale
(
|∇u|2 (T − t,Xt)

)
0≤t<T into a sum of a local martingale and a

process of �nite variation. From now on, when there is no potential confusion, we

omit the speci�cation of variables in functions, as we always consider functions run-

ning backward on di�usion X. Taking derivatives with respect to xα on both sides

of (2.1) yields

∂2u

∂t∂xα
= ∆

∂u

∂xα
. (2.2)

Since u is smooth by our assumption, we can apply Ito's formula on ∂u
∂xα

(T − t,Xt).

From now on, we will adopt the Einstein summation convention. When an index

occurs twice in one term, that term is implicitly summed up over it. From (2.2), it

follows that

d
∂u

∂xα
=
√

2
∂2u

∂xα∂xβ
dW β

t .

17



Then, again by Ito's formula,

d |∇u|2 = 2
∂u

∂xα
d
∂u

∂xα
+
∑
α

d

〈
∂u

∂xα

〉
= 2

√
2
∂u

∂xα
∂2u

∂xα∂xβ
dW β

t

+2
n∑

α,β=1

(
∂2u

∂xα∂xβ

)2

dt. (2.3)

This is the decomposition we are looking for. It can be seen that the term of �nite

variation is non-negative, and the local martingale part is a true martingale under P,

a consequence of the boundedness of ∂u
∂xα

and ∂2u
∂xα∂xβ

over [0, T − δ], for any δ > 0 and

α, β ∈ {1, · · · , n}. This means that
{
|∇u|2 (T − t,Xt)

}
0≤t<T is a submartingale1,

which implies that

E
[
|∇u|2 (T − t,Xt)

]
≥ E

[
|∇u|2 (T,X0)

]
= |∇u|2 (T, x) ,

for any t ∈ [0, T ), where the equality results from the fact that X0 = x P−almost

surely. By integrating both sides on t from 0 to T , we have

∫ T

0

E
[
|∇u|2 (T − t,Xt)

]
dt ≥ T |∇u|2 (T, x) . (2.4)

On the other hand, through a scaling argument, one can see that a bound on |∇u|2 (T, x)

involving T and ‖u‖∞ should have the order O
(
‖u‖2∞
T

)
. Therefore, let us consider the

1In fact, the submartingale property of |∇u|2 follows directly from the martingale property of

∇u. What we wish to develop here is an argument that can be adopted for a more complicated case

in the next chapter.
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process u2 (T − t,Xt). By Ito's formula,

u2 (0, XT )− u2 (T,X0) = 2
√

2

∫ T

0

u
∂u

∂xα
dWα

t + 2

∫ T

0

|∇u|2 dt. (2.5)

Since there exists a sequence of stopping times {Tn} with Tn → ∞ monotonically,

such that
∫ t∧Tn
0

u ∂u
∂xα

dWα
t is a true martingale under P, we have

E
[
u2 (0, XT∧Tn)

]
− u2 (T, x) = 2E

[∫ T∧Tn

0

|∇u|2 dt
]
.

Then letting n → ∞ and applying bounded convergence theorem and monotone

convergence theorem on the left hand side and right hand side respectively yield

E
[
u2 (0, XT )

]
− u2 (T, x) = 2E

[∫ T

0

|∇u|2 dt
]
. (2.6)

Remark 1. Since we did not assume any boundedness on derivatives of the initial data

u0, |∇u|2 (t, x) may explode as t → 0 with order 1
t
. So in general,

∫ T
0
|∇u|2 (t, x) dt

is not �nite. However, (2.6) shows us that the averaged behavior of
∫ T
0
|∇u|2 (t, x) dt

on path space Ω is �nite.

By Fubini's Theorem, E
[∫ T

0
|∇u|2 dt

]
=
∫ T
0
E
[
|∇u|2

]
dt. Therefore, (2.4) and

(2.6) together yields

|∇u|2 (T, x) ≤ E [u2 (0, XT )]− u2 (T, x)

2T
.

Since the law of XT is absolutely continuous with respect to Lebesgue measure,
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u2 (0, XT ) ≤ ‖u0‖2∞ P− almost surely, where ‖·‖∞ denotes the essential superemum

under Lebesgue measure. Hence we have the following result.

Theorem 2. If u solves the Cauchy problem (2.1) and u is smooth, bounded and has

bounded derivatives with respect to space variables up to the second order, then for

any (T, x) ∈ (0,∞)× Rn, we have

|∇u|2 (T, x) ≤ ‖u0‖
2
∞ − u2 (T, x)

2T
≤ ‖u0‖

2
∞

2T
. (2.7)

One can see that this bound does not depend on dimension n. It also supports the

fact that when function u attains its maximum, its gradient is zero. Also, we want to

remark here that this method also applies to estimates of gradients of higher orders.

To see this, �rst observe that by considering the function ū (t, x) = u (t+ ε, x) where

ε > 0 in the above argument, we get

|∇u|2 (T, x) ≤ ‖u (ε, ·)‖2∞
2 (T − ε)

.

Since ∂u
∂xi

also satis�es the heat equation, it holds that

∣∣∣∣∇ ∂u

∂xi

∣∣∣∣2 (T, x) ≤
∥∥ ∂u
∂xi

(ε, ·)
∥∥2
∞

2 (T − ε)
.

Summing over the index i yields

n∑
i,j=1

∣∣∣∣ ∂2u

∂xi∂xj

∣∣∣∣2 (T, x) ≤
∥∥|∇u|2 (ε, ·)

∥∥
∞

2 (T − ε)
≤ ‖u0‖2∞

4ε (T − ε)
,
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where the last inequality results from (2.7). Then we can minimize the right hand

side by choosing ε = T
2
, hence obtaining

n∑
i,j=1

∣∣∣∣ ∂2u

∂xi∂xj

∣∣∣∣2 (T, x) ≤ ‖u0‖
2
∞

T 2
.

21



Chapter 3

Gradient estimate for positive

solutions to PME and FDE1

3.1 Local gradient estimate

Now we move our interest to equation (1.1), and use the same idea to produce a

similar type of upper bounds on gradients of its solutions. We will only consider the

case when the space M = Rn. In this section we study the problem locally both

in time and space. Denote by B (x0, R + ε) a closed ball in Rn with centre x0 and

radius R + ε, where R, ε > 0. Let u be a positive and bounded solution to (1.1) on

[0, t1]×B (x0, R + ε). The positivity of u ensures that no degeneracy of parabolicity

would happen in [0, t1]×B (x0, R + ε). Hence we can use theory about non-degenerate

quasilinear parabolic PDE to obtain that u is smooth in [0, t1]× B (x0, R + ε). Note

that at this moment u is de�ned only on [0, t1]×B (x0, R + ε). This brings di�culty

1This chapter is based on a joint work with Ying Hu and Zhongmin Qian.
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to our martingale method, as we will consider u running backward on a stochastic

process, which takes values on the whole space Rn at any time. To get around this

obstacle, let ũ be a positive and smooth function with bounded derivatives of all

orders de�ned on [0, t1]× Rn, such that

u = ũ on [0, t1]×B (x0, R + ε) .

Note that as u is strictly positive and smooth on the compact set [0, t1]×B (x0, R + ε),

such ũ exists. It is worthwhile to point out here that the behavior of the extended

function ũ outside [0, t1] × B (x0, R + ε) will not enter into our computation in the

sequel, as Li-Yau's localization technique will be adopted. Next, we take a transfor-

mation on ũ by setting

f =
ũh

h
, (3.1)

for some h ∈ R \ {0}. This is a generalization of the transformation v = um−1

m−1 , which

repeatedly appears in literature concerning PME and FDE, such as [4], [27], [12], [39]

and [41]. From (1.1) one can derive that the so-called pressure variable v satis�es

∂v

∂t
= m (m− 1) v∆v +m |∇v|2 . (3.2)

We can see that the exponent m in (1.1) comes down into coe�cients in (3.2), and

both terms on the right hand side of (3.2) are quadratic, which facilitates many com-

putations. However, this feature is not crucial to our method. Hence we attempt to

generalize this transformation with (3.1). It turns out that the �exibility in choosing
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h results in an enlargement of the range of m that our gradient bound is valid for.

As we are looking for a gradient bound on a local scale, we are keen to only use

the local information about f . For this purpose, we adopt the localization technique

of Li and Yau [26] to introduce a cut-o� function φ ∈ C2 (Rn) satisfying

φ (x) =


1 on B (x0, R)

0 on B (x0, R + ε)c ,

|∆φ| ≤ Lφ
1
2 , (3.3)

and

|∇φ|2 ≤ Lφ
3
2 . (3.4)

for some L > 0. Note that such a cut-o� function exists. One choice is

φ (x) =



1 on B (x0, R)

0 on B (x0, R + ε)c((
R+ε
R

)2 − 1
)−4 ((

R+ε
R

)2 − ∣∣x−x0
R

∣∣2)4 otherwise,

(3.5)

and

L =
8

ε2

(
nε

2R + ε
+

8 (R + ε)2

(2R + ε)2

)
. (3.6)

φf , the multiplication of functions φ and f , cuts all the information of f outside

[0, t1]×B (x0, R + ε), while faithfully preserving its behavior in [0, t1]×B (x0, R). It
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is this function that we are going to consider in the sequel.

3.1.1 From PDE to SDE

Just as in Chapter 2, let us begin by �xing a point (T, x) ∈ [0, t1]× B (x0, R). From

(1.1) and the de�nition of f , we have on [0, t1]× Rn,

∂φf

∂t
= m (hf)

m−1
h φ∆f +m (m− h) (hf)

m−h−1
h φ |∇f |2

= m (hf)
m−1
h ∆ (φf)−m (hf)

m−1
h f∆φ

−2m (hf)
m−1
h ∇f · ∇φ+m (m− h) (hf)

m−h−1
h φ |∇f |2 . (3.7)

Then let us link PDE (3.7) with the di�usion process X = (Xt)0≤t≤T , whose generator

L is given by

Ltw (y) = m (hf)
m−1
h (T − t, y) ∆w (y) , ∀w ∈ C2

0 (Rn) .

L corresponds to the principal part of the di�erential operator in (3.7). Note that by

the de�nition of f , (hf)
m−1
h > 0 since u > 0. By [34] the way to obtain X is to solve

the stochastic di�erential equation (SDE)

dXα
t =

√
2m (hf)

m−1
2h (T − t,Xt) dW

α
t (3.8)

X0 = x,
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for t ∈ [0, T ], where W = (W 1, · · · ,W n) is a standard n-dimensional Brownian

motion on a probability space (Ω,F ,P) and the stochastic integral is in Ito's sense.

By our assumption on u, (hf)
m−1
2h is bounded, smooth and has bounded derivatives.

Therefore, by [22] this SDE has a unique strong solution on the time interval [0, T ].

3.1.2 Fundamental decompositions

The next step is to consider various functions running backward on process X. They

are f (T − t,Xt), φ (Xt), |∇f |2 (T − t,Xt) and so on. t will always take values in

[0, T ], which is exactly the time interval where X lives. Since all the functions to

appear in the remaining of this chapter are compositions on (T − t,Xt), we will omit

the speci�cation of variables in the functions. One can see that these processes are

all semimartingales, waiting for us to decompose and then releasing information. But

unlike the heat equation, (3.7) is not linear. Therefore, we should be very careful

in choosing semimartingales for decomposition. Let us describe our way of choosing

semimartingales to be studied now. Recall that we always decompose two semi-

martingales, one involves the solution and the other one involves the gradient of the

solution. To begin with, consider the localized solution

Yt , (φf) (T − t,Xt) .

It is readily seen that

YT = φf (0, XT ) = φ
uh

h
(0, XT ) .

26



Since φf is smooth, Ito's formula can be applied to separate the local martingale part

and �nite variation part of Y . By (3.7) and (3.8), it holds that

dYt =
√

2m (hf)
m−1
2h

∂ (fφ)

∂xα
dWα

t −m (m− h) (hf)
m−h−1

h φ |∇f |2 dt

+

(
∆φm (hf)

m−1
h f + 2m (hf)

m−1
h

∂f

∂xα
∂φ

∂xα

)
dt. (3.9)

To �nd the second semimartingale for decomposition, observe that in the �nite vari-

ation part of (3.9), the term with highest degree in |∇f | is

−m (m− h) (hf)
m−h−1

h φ |∇f |2 (T − t,Xt) dt.

As in our argument for the heat equation, with the help of (3.9) this term can be

controlled by ‖u (0, ·)‖∞ . Therefore, it is this term that is worth investigation. De�ne

Ht = (hf)
m−h−1

h φ |∇f |2 (T − t,Xt) , t ∈ [0, T ] ⊆ [0, t1] .

The function (hf)
m−h−1

h φ |∇f |2 is smooth on [0, t1]×Rn. Its dynamics only depend on

the behavior of u within [0, t1]×B (x0, R + ε), which is governed by (1.1). Therefore,

we can use Ito's formula to decomposeH into local martingale part and �nite variation

part as follows.
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dHt = d

(
(hf)

m−h−1
h φ

∑
α

∣∣∣∣ ∂f∂xα
∣∣∣∣2
)

= 2
√

2m (hf)
3m−2h−3

2h φ
∂2f

∂xα∂xβ
∂f

∂xα
dW β

t

+
√

2m (m− h− 1) (hf)
3m−4h−3

2h φ |∇f |2 ∂f

∂xβ
dW β

t

+
√

2m (hf)
3m−2h−3

2h
∂φ

∂xβ
|∇f |2 dW β

t

−m (2m− h+ 1) (m− h− 1) (hf)
2m−3h−2

h φ |∇f |4 dt

+2m (m− h− 1) (hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2 dt

+m (hf)
2m−h−2

h ∆φ |∇f |2 dt

−2m (m− 1) (hf)
2m−2−2h

h φ∆f |∇f |2 dt

−4m (hf)
2m−2h−2

h φ
∂f

∂xβ
∂2f

∂xβ∂xα
∂f

∂xα
dt

+4m (hf)
2m−2−h

h
∂φ

∂xβ
∂2f

∂xα∂xβ
∂f

∂xα
dt

+2m (hf)
2m−h−2

h φ
∑
α,β

(
∂2f

∂xα∂xβ

)2

dt. (3.10)

This is the decomposition under measure P for semimartingale H. But in order to get

more �exibility, we need to take advantage of an important tool in stochastic analysis-

the change of measure. Let us introduce a family of probability measures on (Ω,FT )

depending on a parameter λ ∈ R. To remain the orders of all terms unchanged, we

consider a measure Q on (Ω,FT ) in the form of

dQ
dP

∣∣∣∣
FT

= exp

(∫ T

0

√
2mλ (hf)

m−2h−1
2h

∂f

∂xβ
dW β −mλ2

∫ T

0

(hf)
m−2h−1

h |∇f |2 dt
)
.

(3.11)
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Since (hf)
m−2h−1

2h ∂f
∂xβ

= u
m−3

2
∂u
∂xβ

, β ∈ {1, · · · , n} are bounded by our assumption,

Novikov's condition [32] is met. So the right hand side of (3.11) is a true martingale

under P, which ensures that measure Q is a probability measure. According to the

Girsanov's Theorem, under measure Q, the process W̃ =
(
W̃ 1, · · · , W̃ n

)
given by

dW̃ β
t = dW β

t −
√

2mλ (hf)
m−2h−1

2h
∂f

∂xβ
dt,

is an n−dimensional Brownian motion. So from (3.10), we easily get the decomposi-

tion for H under measure Q, which is

dHt = 2
√

2m (hf)
3m−2h−3

2h φ
∂2f

∂xα∂xβ
∂f

∂xα
dW̃ β

t

+
√

2m (m− h− 1) (hf)
3m−4h−3

2h φ |∇f |2 ∂f

∂xβ
dW̃ β

t

+
√

2m (hf)
3m−2h−3

2h
∂φ

∂xβ
|∇f |2 dW̃ β

t

−m (2m− h+ 1− 2λ) (m− h− 1) (hf)
2m−3h−2

h φ |∇f |4 dt

+2m (m− h− 1 + λ) (hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2 dt

+m (hf)
2m−h−2

h ∆φ |∇f |2 dt

−2m (m− 1) (hf)
2m−2−2h

h φ∆f |∇f |2 dt

+4m (λ− 1) (hf)
2m−2h−2

h φ
∂2f

∂xα∂xβ
∂f

∂xα
∂f

∂xβ
dt

+4m (hf)
2m−2−h

h
∂φ

∂xβ
∂2f

∂xα∂xβ
∂f

∂xα
dt

+2m (hf)
2m−h−2

h φ
∑
α,β

(
∂2f

∂xα∂xβ

)2

dt. (3.12)
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While from (3.9), it is easy to see that under measure Q,

dYt

=
√

2m (hf)
m−1
2h

∂ (fφ)

∂xα
dW̃α

t

+m (2λ−m+ h) (hf)
m−h−1

h φ |∇f |2 dt

+∆φmh−1 (hf)
m−1+h

h dt

+2m
(
1 + λh−1

)
(hf)

m−1
h

∂f

∂xα
∂φ

∂xα
dt. (3.13)

Now we have (3.13) and (3.12) at hand, which are the fundamental decompositions

we have been looking for.

3.1.3 Gradient bound for solution u

In the case of the heat equation, we obtained two estimates from decompositions of

the gradient and the solution. One is the submartingale property of |∇u|2 (T − t,Xt).

The other is a control on E
[∫ T

0
|∇u|2 (T − t,Xt) dt

]
. A combination of them yielded

the result. Here, our goal is the same, i.e., the submartingale property of H and

a control on E
[∫ T

0
Htdt

]
. In contrast to (2.3), which appears in the case of global

estimate for the heat equation, (3.12) is more complicated, thanks to the nonlinearity

of PDE (1.1) and the introduction of the cut-o� function φ. Since we aim to esti-

mate the �rst order derivatives of f , it is reasonable to get rid o� the second order

derivatives of f appearing in the decomposition (3.12). This is done in the following

lemma. For simplicity, denote by AR,εx0
the annulus B (x0, R + ε) \B (x0, R).
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Lemma 3. H satis�es

dHt

≥ AtdW̃t

−1

2
mn (m− 1)2 (hf)

2m−3h−2
h φ |∇f |4 dt

−m ((2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m)) (hf)
2m−3h−2

h φ |∇f |4 dt

+2m (2m− h− λ) (hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2 dt

+m (hf)
2m−h−2

h ∆φ |∇f |2 dt

−2m (hf)
2m−2−h

h φ−1IAR,εx0
|∇φ|2 |∇f |2 dt, (3.14)

where

Aβ = 2
√

2m (hf)
3m−2h−3

2h φ
∂2f

∂xα∂xβ
∂f

∂xα

+
√

2m (m− h− 1) (hf)
3m−4h−3

2h φ |∇f |2 ∂f

∂xβ

+
√

2m (hf)
3m−2h−3

2h
∂φ

∂xβ
|∇f |2 . (3.15)

Proof. From (3.12), let us write

dHt , AtdW̃t + (B + C +D) dt,
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where

Aβ = 2
√

2m (hf)
3m−2h−3

2h φ
∂2f

∂xα∂xβ
∂f

∂xα

+
√

2m (m− h− 1) (hf)
3m−4h−3

2h φ |∇f |2 ∂f

∂xβ

+
√

2m (hf)
3m−2h−3

2h
∂φ

∂xβ
|∇f |2 ,

and by the Cauchy-Schwartz inequality,

B =
∑
α

(
2m (hf)

2m−h−2
h φ

(
∂2f

∂xα∂xα

)2

−2m (m− 1) (hf)
2m−2−2h

h φ
∂2f

∂xα∂xα
|∇f |2

+4m (λ− 1) (hf)
2m−2h−2

h φ
∂2f

∂xα∂xα
∂f

∂xα
∂f

∂xα

+4m (hf)
2m−2−h

h
∂φ

∂xα
∂2f

∂xα∂xα
∂f

∂xα

)
≥ −2m (hf)

2m−2−h
h φ−1IAR,εx0

∑
α

(
∂φ

∂xα

)2(
∂f

∂xα

)2

−2m (λ− 1)2 (hf)
2m−3h−2

h φ
∑
α

(
∂f

∂xα

)4

−4m (λ− 1) (hf)
2m−2h−2

h

∑
α

∂φ

∂xα

(
∂f

∂xα

)3

+2m (m− 1) (hf)
2m−2−2h

h |∇f |2 ∂φ

∂xα
∂f

∂xα

+

(
λ− 1− 1

4
n (m− 1)

)
2m (m− 1) (hf)

2m−2−3h
h φ |∇f |4 ,
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C =
∑
α 6=β

(
2m (hf)

2m−h−2
h φ

(
∂2f

∂xα∂xβ

)2

+4m (λ− 1) (hf)
2m−2h−2

h φ
∂2f

∂xα∂xβ
∂f

∂xα
∂f

∂xβ

+4m (hf)
2m−2−h

h
∂φ

∂xβ
∂2f

∂xα∂xβ
∂f

∂xα

)
≥

∑
α 6=β

(
−2m (λ− 1)2 (hf)

2m−3h−2
h φ

(
∂f

∂xα
∂f

∂xβ

)2

−2m (hf)
2m−2−h

h φ−1IAR,εx0

(
∂φ

∂xβ
∂f

∂xα

)2

−4m (λ− 1) (hf)
2m−2h−2

h
∂φ

∂xβ
∂f

∂xα
∂f

∂xα
∂f

∂xβ

)
,

and

D = −m (2m− h+ 1− 2λ) (m− h− 1) (hf)
2m−3h−2

h φ |∇f |4

+m (hf)
2m−h−2

h ∆φ |∇f |2

+2m (m− h− 1 + λ) (hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2 .

Then adding these three inequalities gives us (3.14).

To deal with the �nite variation part in (3.14), let us assume that

1

2
n (m− 1)2 + (2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m) < 0. (3.16)

This allows us to get the following estimate.
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Lemma 4. Under assumption (3.16), we have

EQ
[∫ T

0

Hsds

]
≥ H0T −

(
1

2
|2m− h− λ| l−3 +

3

2
l−1
)
mM1L

2T
2

2
, (3.17)

where

l =
1
2
n (m− 1)2 + (2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m)

−3
2
|2m− h− λ| − 3

2

, (3.18)

and

M1 = sup
[0,T ]×AR,εx0

u2m+h−2 (t, y) .

Proof. By the Cauchy-Schwartz inequality, for any positive l1, l2, l3 and l4,

∣∣∣∣(hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2

∣∣∣∣
≤1

2
l1 (hf)

2m−3h−2
h φ |∇f |4 +

1

2
l−11 (hf)

2m−h−2
h φ−1 |∇φ|2 |∇f |2

≤1

2
l1 (hf)

2m−3h−2
h φ |∇f |4 +

1

4
l−11 l2 (hf)

2m−3h−2
h φ |∇f |4

+
1

4
l−11 l−12 (hf)

2m+h−2
h φ−3 |∇φ|4 ,

∣∣∣(hf)
2m−h−2

h φ−1 |∇φ|2 |∇f |2
∣∣∣

≤1

2
l3 (hf)

2m−3h−2
h φ |∇f |4 +

1

2
l−13 (hf)

2m+h−2
h φ−3 |∇φ|4 ,
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and

∣∣∣(hf)
2m−h−2

h ∆φ |∇f |2
∣∣∣

≤1

2
l4 (hf)

2m−3h−2
h φ |∇f |4 +

1

2
l−14 (hf)

2m+h−2
h φ−1 |∆φ|2 .

Plugging them into (3.14) in the above lemma yields

dHt

≥AtdW̃t

− 1

2
mn (m− 1)2 (hf)

2m−3h−2
h φ |∇f |4 dt

−m ((2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m)) (hf)
2m−3h−2

h φ |∇f |4 dt

− 2m |2m− h− λ|
(

1

2
l1 +

1

4
l−11 l2

)
(hf)

2m−3h−2
h φ |∇f |4 dt

−ml3 (hf)
2m−3h−2

h φ |∇f |4 dt

− 1

2
ml4 (hf)

2m−3h−2
h φ |∇f |4 dt

− 1

2
ml−14 (hf)

2m+h−2
h φ−1 |∆φ|2 dt

− 1

2
m |2m− h− λ| l−11 l−12 (hf)

2m+h−2
h φ−3 |∇φ|4 dt

−ml−13 (hf)
2m+h−2

h φ−3 |∇φ|4 dt.
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For simplicity, set l21 = l2 = l23 = l24 = l2. Then we have

dHt

≥AtdW̃t

− 1

2
mn (m− 1)2 (hf)

2m−3h−2
h φ |∇f |4 dt

−m ((2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m)) (hf)
2m−3h−2

h φ |∇f |4 dt

− 3

2
m |2m− h− λ| l (hf)

2m−3h−2
h φ |∇f |4 dt

− 3

2
ml (hf)

2m−3h−2
h φ |∇f |4 dt

− 1

2
m
(
|2m− h− λ| l−3 + 2l−1

)
(hf)

2m+h−2
h φ−3 |∇φ|4 dt

− 1

2
ml−1 (hf)

2m+h−2
h φ−1 |∆φ|2 dt.

By estimates for the cut-o� function φ in (3.3) and (3.4),

dHt

≥AtdW̃t

− 1

2
mn (m− 1)2 (hf)

2m−3h−2
h φ |∇f |4 dt

−m ((2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m)) (hf)
2m−3h−2

h φ |∇f |4 dt

− 3

2
m |2m− h− λ| l (hf)

2m−3h−2
h φ |∇f |4 dt

− 3

2
ml (hf)

2m−3h−2
h φ |∇f |4 dt

− 1

2
m
(
|2m− h− λ| l−3 + 3l−1

)
(hf)

2m+h−2
h IAR,εx0

L2dt.
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Now, by assumption (3.16), we can choose a positive l small enough such that

− 1

2
mn (m− 1)2 −m ((2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m))

=

(
3

2
|2m− h− λ|+ 3

2

)
ml.

Hence we have for any t ∈ [0, T ],

dHt ≥ AtdW̃t −
(

1

2
|2m− h− λ| l−3 +

3

2
l−1
)
mM1L

2dt,

where

M1 = sup

[0, T ]×AR,εx0

∣∣∣(hf)
2m+h−2

h (t, y)
∣∣∣ = sup

[0,T ]×AR,εx0

u2m+h−2 (t, y) .

This gives

Hs −H0 ≥
∫ s

0

AtdW̃t −
(

1

2
|2m− h− λ| l−3 +

3

2
l−1
)
mM1L

2s, (3.19)

for any s ∈ [0, T ]. According to our assumption on u, A, de�ned by (3.15), is bounded.

So
∫ ·
0
AsdW̃s is a true martingale under Q. Therefore we can take expectation on both

sides of (3.19) and obtain

EQ [Hs] ≥ H0 −
(

1

2
|2m− h− λ| l−3 +

3

2
l−1
)
mM1L

2s. (3.20)

Then, integrating both sides with respect to s on [0, T ] yields (3.17).
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On the other hand, by using (3.9), we have an upper bound on the left hand side

of (3.17).

Lemma 5. Assume

2λ−m+ h > 0. (3.21)

Then for any ρ > 0 such that

2λ−m+ h− ρ
∣∣1 + λh−1

∣∣ > 0, (3.22)

we have

EQ
[∫ T

0

Htdt

]
≤ EQ [YT ]− Y0 + (|h−1|+ ρ−1 |1 + λh−1|)mLM2T

m (2λ−m+ h− ρ |1 + λh−1|)
, (3.23)

with

M2 = sup
[0,T ]×AR,εx0

um+h−1 (t, y) .

Proof. Recall (3.13), which is the fundamental decomposition of Y under measure Q.

Then by property (3.3) of the cut-o� function φ and the Cauchy-Schwartz inequality,
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for any ρ > 0,

dYt

≥
√

2m (hf)
m−1
2h

∂ (fφ)

∂xα
dW̃α

t

+m (2λ−m+ h) (hf)
m−h−1

h φ |∇f |2 dt

−Lφ
1
2 IAR,εx0

m
∣∣h−1∣∣ (hf)

m−1+h
h dt

−ρm
∣∣1 + λh−1

∣∣ (hf)
m−1−h

h φ |∇f |2 dt

−ρ−1m
∣∣1 + λh−1

∣∣ (hf)
m−1+h

h IAR,εx0
φ−1 |∇φ|2 dt

≥
√

2m (hf)
m−1
2h

∂ (fφ)

∂xα
dW̃α

t

+m
(
2λ−m+ h− ρ

∣∣1 + λh−1
∣∣)Htdt

−
(∣∣h−1∣∣+ ρ−1

∣∣1 + λh−1
∣∣)mLM2dt, (3.24)

where

M2 = sup
[0,T ]×AR,εx0

(hf)
m+h−1

h (t, y) = sup
[0,T ]×AR,εx0

um+h−1 (t, y) .

According to our assumption on u, (hf)
m−1
2h

∂(fφ)
∂xα

, α ∈ {1, · · · , n} are all bounded,

which ensures that
∫ ·
0

(hf)
m−1
2h

∂(fφ)
∂xα

dW̃α
t is a martingale under Q. Hence

EQ [YT ]− Y0

≥m
(
2λ−m+ h− ρ

∣∣1 + λh−1
∣∣)EQ

[∫ T

0

Htdt

]
−
(∣∣h−1∣∣+ ρ−1

∣∣1 + λh−1
∣∣)mLM2T.

Dividing both sides by m (2λ−m+ h− ρ |1 + λh−1|) yields (3.23).
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Now, based on estimates (3.17) and (3.23), we are ready to obtain a gradient

bound for u.

Proposition 6. Let the assumptions in Lemma 4 and Lemma 5 be satis�ed, then for

any (T, x) ∈ (0, t1)×B (x0, R),

um+h−3 |∇u|2 (T, x)

≤
EQ
[
φuh0 (XT )

]
− uh (T, x)

hm (2λ−m+ h− ρ |1 + λh−1|)T
+

(|h−1|+ ρ−1 |1 + λh−1|)LM2

2λ−m+ h− ρ |1 + λh−1|

+

(
1

2
|2m− h− λ| l−3 +

3

2
l−1
)
mM1L

2T

2
. (3.25)

Proof. Combining (3.17) with (3.23), we have

H0

≤E
Q [YT ]− Y0 + (|h−1|+ ρ−1 |1 + λh−1|)mLM2T

m (2λ−m+ h− ρ |1 + λh−1|) (T − t1)

+

(
1

2
|2m− h− λ| l−3 +

3

2
l−1
)
mM1L

2T

2
.

Then we arrive at (3.25) by noting that

H0 = (hf)
m−h−1

h φ |∇f |2 (T, x) , Y0 = φf (T, x) = φ
uh

h
(T, x) ,

and

EQ [YT ] = EQ
[
φ
uh

h
(0, XT )

]
.
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Note that this result relies on assumptions (3.16) and (3.21). One can see that

the consequence of these two assumptions is a restriction on the choice of m. To work

out the restriction explicitly, let us look at (3.16) �rst. It is equivalent to

2λ2 − 2 (2m− h)λ+
1

2
n (m− 1)2 + (2m− h+ 1) (m− h− 1) + 2m < 0. (3.26)

To let the left hand side attain the minimum, we take λ = 2m−h
2

. Then (3.26) is

reduced to

h2 − 2mh+ n (m− 1)2 + 2 (m− 1) < 0. (3.27)

Notice that after setting λ = 2m−h
2

, condition (3.21) is automatically satis�ed. De�ne

h− = m−
√

1− (n− 1) (m− 1)2, h+ = m+

√
1− (n− 1) (m− 1)2.

We have our �rst main result in this section as follows.

Theorem 7. Assume u is a positive and bounded solution to (1.1) on (0, t1) ×

B (x0, R + ε) with m ∈
(

1− 1√
n−1 , 1 + 1√

n−1

)
. Let the cut-o� function φ and the

constant L be de�ned according to (3.5) and (3.55). Furthermore, let the di�usion X

and the measure Q be de�ned according to (3.8) and (3.11) with λ = 2m−h
2

. Then for
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any h ∈ (h−, h+), ρ ∈
(

0,m
∣∣2m+h

2h

∣∣−1), and (T, x) ∈ (0, t1)×B (x0, R), we have

um+h−3 |∇u|2 (T, x)

≤
EQ
[
φuh0 (XT )

]
− uh (T, x)

hm
(
m− ρ

∣∣2m+h
2h

∣∣)T +

(
ρ+ h

∣∣2m+h
2h

∣∣)LM2

|h| ρ
(
m− ρ

∣∣2m+h
2h

∣∣)
+
(
|2m− h| l−3 + 6l−1

)
mM1L

2T

8
, (3.28)

where

l =
(h− h−) (h+ − h)

3
∣∣m− h

2

∣∣+ 3
,

M1 = sup
[0,T ]×AR,εx0

u2m+h−2, M2 = sup
[0,T ]×AR,εx0

um+h−1.

Proof. It is easy to check that when λ = 2m−h
2

, m ∈
(

1− 1√
n−1 , 1 + 1√

n−1

)
and

h ∈ (h−, h+), conditions (3.16) and (3.21) are satis�ed. By substituting λ = 2m−h
2

into (3.22) and (3.18), we have

m− ρ
∣∣∣∣2m+ h

2h

∣∣∣∣ > 0 and l =
(h− h−) (h+ − h)

3
∣∣m− h

2

∣∣+ 3
.

Then the result follows from the proposition above.

Let us spend some time to look at this result. First of all, except for the last

term, our bound has the same order in u and t as results in [42], [41] and [39]. On

the other hand, our result is essentially about estimating the gradient at time t0

with the information of u during [t0 − T, t0], while the other results we listed in the

preliminaries need the information of u during [t0 − 2T, t0]. This may be the reason
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why our bound has an extra term linear in T . Secondly, there is some �exibility in

choosing h and λ, which are the parameters we introduced when taking transformation

and changing the measure. This �exibility has contributed to the enlargement the

range of m. One can see that when n = 1, m is allowed to take any value. While

when n > 1, our constraint on m,
(

1− 1√
n−1 , 1 + 1√

n−1

)
, is looser for FDE comparing

to all the existing results that we are aware of. More precisely, it requires in [28]

that m ∈
(

1− 1√
n
, 1
)
, in [39] that m ∈

(
1− 4

n+3
, 1
)
and in [4], [27] and [41] that

m ∈
(
1− 2

n
, 1
]
. Moreover, one can obtain a gradient bound for solutions to the heat

equation by choosing h properly (for example, h = m) such that (3.27) holds when

m = 1. It is worthwhile to point out that in the local case we can not choose h = 0

when m = 1, because condition (3.16) does not hold, whatever λ is. Moreover when

h = m−1, condition (3.27) fails to hold for any m. So the widely used transformation

v = um−1

m−1 in many literature is not suitable for our method.

Thirdly, although it is not allowed to take h = 0 when m = 1, we can let h → 0

when m is away from 1, which corresponds to the transformation f = log u. This will

yields a gradient bound for the pressure variable v = um−1

m−1 . We will see that it has

the same order in v and imposes the same constraint on m as [4], [27] and [41] did

for FDE. This range of m is also where the Aronson-Bénilan estimate and the ZKB

solution are valid for in the case of FDE. This is done in the following subsection.
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3.1.4 Gradient bound for pressure variable v = um−1

m−1

Since most of the existing results are in terms of |∇v|
2

v
, v = um−1

m−1 , we are tempted to

work out a bound for it with our method. Notice that |∇v|
2

v
= (m− 1)um−3 |∇u|2,

which corresponds to the left hand side of (3.28) in Theorem 7 when h = 0. However,

the second term in the right hand side of (3.28) will explode when h→ 0. Therefore,

we can not use the result in Theorem 7 directly.

Let us modify the estimate we obtained from the decomposition of Y , so that the

bound does not explode when h → 0. The idea is to decompose Yt − φ
h

(Xt) instead

of Yt. This is because

Yt −
φ

h
= φ

uh − 1

h
→ φ log u, as h→ 0,

which is �nite.

Lemma 8. Assume

2λ−m+ h > 0. (3.29)

Then for any ρ > 0 such that

2λ−m+ h− ρ > 0, (3.30)

we have

EQ
[∫ T

0

Htdt

]
≤
EQ
[
YT − φ

h
(XT )

]
− Y0 + φ

h
(x) + Lmρ−1M3T

m (2λ−m+ h− ρ)
, (3.31)
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where

M3 = sup
[0,T ]×AR,εx0

(
ρ

∣∣∣∣uh − 1

h

∣∣∣∣uh +

(
λ

(
uh − 1

h

)
+ uh

)2
)
um−h−1 (t, y) .

Proof. From (3.13),

d

(
Yt −

φ

h
(Xt)

)
=
√

2m (hf)
m−1
2h

(
φ
∂f

∂xα
+

(
f − 1

h

)
∂φ

∂xα

)
dW̃α

t

+m (2λ−m+ h) (hf)
m−h−1

h φ |∇f |2 dt

+∆φm

(
f − 1

h

)
(hf)

m−1
h dt

+2m

(
λ

(
f − 1

h

)
+ hf

)
(hf)

m−h−1
h

∂f

∂xα
∂φ

∂xα
dt. (3.32)

By the Cauchy-Schwartz inequality, for any ρ > 0,

2m

(
λ

(
f − 1

h

)
+ hf

)
(hf)

m−h−1
h

∂f

∂xα
∂φ

∂xα

≥− ρm (hf)
m−h−1

h φ |∇f |2 dt

− ρ−1m
(
λ

(
f − 1

h

)
+ hf

)2

(hf)
m−h−1

h IAR,εx0
φ−1 |∇φ|2 dt.
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Hence

d

(
Yt −

φ

h
(Xt)

)
≥
√

2m (hf)
m−1
2h

(
φ
∂f

∂xα
+

(
f − 1

h

)
∂φ

∂xα

)
dW̃α

t

+m (2λ−m+ h− ρ)Htdt

− Lmρ−1
(
ρ

∣∣∣∣f − 1

h

∣∣∣∣hf +

(
λ

(
f − 1

h

)
+ hf

)2
)

(hf)
m−h−1

h dt.

Let

M3 = sup
[0,T ]×AR,εx0

(
ρ

∣∣∣∣uh − 1

h

∣∣∣∣uh +

(
λ

(
uh − 1

h

)
+ uh

)2
)
um−h−1 (t, y) .

According to our assumptions on u, (hf)
m−1
2h
(
φ ∂f
∂xα

+
(
f − 1

h

)
∂φ
∂xα

)
, α ∈ {1, · · · , n}

are all bounded, which ensures that the local martingale part of Yt − φ
h

(Xt) is a true

Q martingale. Hence

EQ
[
YT −

φ

h
(XT )

]
− Y0 +

φ

h
(x)

≥m (2λ−m+ h− ρ)EQ
[∫ T

0

Htdt

]
− Lmρ−1M3T,

which completes the proof.

By combining (3.31) with (3.17) in the way as in the proof of Theorem 7 and also

taking λ = 2m−h
2

, we are able to get the following gradient bound.

Proposition 9. Assume u is a positive and bounded solution to (1.1) on (0, t1) ×
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B (x0, R + ε) with m ∈
(

1− 1√
n−1 , 1 + 1√

n−1

)
. Let the cut-o� function φ and the

constant L be de�ned according to (3.5) and (3.55). Furthermore, let the di�usion X

and the measure Q be de�ned according to(3.8) and (3.11) with λ = 2m−h
2

. Then for

any h ∈ (h−, h+), ρ ∈ (0,m), and (T, x) ∈ (0, t1)×B (x0, R), we have

um+h−3 |∇u|2 (T, x)

≤
EQ
[
φ
(
uh0 − 1

)
(XT )

]
−
(
uh (T, x)− 1

)
hm (m− ρ)T

+
LM3

ρ (m− ρ)
+
(
|2m− h| l−3 + 6l−1

)
mM1L

2T
2

8
,

where

l =
(h− h−) (h+ − h)

3
∣∣m− h

2

∣∣+ 3
, M1 = sup

[0,T ]×AR,εx0

u2m+h−2,

M3 = sup
[0,T ]×AR,εx0

(
ρ

∣∣∣∣uh − 1

h

∣∣∣∣uh +

(
2m− h

2

(
uh − 1

h

)
+ uh

)2
)
um−h−1 (t, y) .

By letting h→ 0, we immediately get a gradient bound for the pressure variable

v = um−1

m−1 as follows.

Corollary 10. Assume u is a positive and bounded solution to (1.1) on (0, t1) ×

B (x0, R + ε) with m ∈
(
1− 2

n
, 1
)
. Then for any ρ ∈ (0,m), and (T, x) ∈ (0, t1) ×

B (x0, R), we have

|∇v|2

(m− 1) v
(T, x) ≤

∥∥IB(x0,R+ε) log u0
∥∥
∞ − log u (T, x)

m (m− ρ)T

+
LM3

ρ (m− ρ)
+

(
m

2
l−3 +

3

2
l−1
)
mM1L

2T
2

2
,
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where

l =
−1

2
n (m− 1)2 − (m− 1)

3
2

(m+ 1)
, M1 = sup

[0,T ]×AR,εx0

u2m−2,

M3 = sup
[0,T ]×AR,εx0

(
ρ log u+ (m log u+ 1)2

)
um−1 (t, y) .

3.1.5 Gradient bound for u depending only on initial data

In our main result, Theorem 7, one can see that the right hand side of (3.28) depends

not only on the local information of the initial data, but also on the value of u on

[0, T ] × AR,εx0
. But according to the local smoothing e�ect of FDE in [35], the local

upper bound for u over [0, T ] can be controlled by the local information of initial

data. Therefore, we should expect a gradient bound independent of the behavior of

u on [0, T ] × AR,εx0
when m < 1. This becomes our aim in this subsection. The key

ingredients are still estimates obtained from the decompositions of Y and H. For the

decomposition of H, we will use the estimate of it that has been derived above, that

is, (3.20). As for the decomposition of Y , we will deal with terms containing ∆φ and

∇φ in a di�erent way such that when h takes the right value the degrees of u in extra

terms are all zero. Then we can have a gradient bound only depending on the initial

value of u, and a Harnack inequality of elliptic type follows.

Lemma 11. Let h = 2− 2m. Assume

2λ− 3m+ 2 > 0.
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Then for any ρ1 > 0 such that

2λ− 3m+ 2−
∣∣1 + λ (2− 2m)−1

∣∣ ρ1 > 0,

we have

EQ
[∫ T

0

eC1tHtdt

]
≤

EQ
[
eC1TYT

]
− Y0

m
(
2λ− 3m+ 2−

∣∣1 + λ (2− 2m)−1
∣∣ ρ1)

+
L

2C1

ρ−11 (2− 2m)−2 + ρ−31

∣∣1 + λ (2− 2m)−1
∣∣

2λ− 3m+ 2−
∣∣1 + λ (2− 2m)−1

∣∣ ρ1 (
eC1T − 1

)
, (3.33)

where

C1 =
(
ρ1m+m

∣∣1 + λ (2− 2m)−1
∣∣ ρ1)L (1−m) . (3.34)

Proof. By (3.3) in the de�nition of the cut-o� function φ,

∆φ ≥ −Lφ
1
2 .

Hence for any ρ1 > 0,

∆φmh−1 (hf)
m−1+h

h

≥ −Lφ
1
2mh−1 (hf)

m−1+h
h IAR,εx0

≥ −1

2
mρ1Lφhf −

1

2
mρ−11 h−2L (hf)

2m−2+h
h IAR,εx0

,

49



and

(hf)
m−1
h

∂f

∂xα
∂φ

∂xα

≥ −1

2
ρ1 (hf)

m−1−h
h φ |∇f |2 IAR,εx0

− 1

2
ρ−11 (hf)

m−1+h
h φ−1 |∇φ|2 IAR,εx0

≥ −1

2
ρ1 (hf)

m−1−h
h φ |∇f |2

−1

4
ρ1Lφhf −

1

4
ρ−31 L−1 (hf)

2m−2+h
h φ−3 |∇φ|4 IAR,εx0

,

where we have used the fact that hf > 0 always holds. Then, plugging these two

inequalities into (3.13) yields

dYt

≥
√

2m (hf)
m−1
2h

∂ (fφ)

∂xα
dW̃α

t

+m (2λ−m+ h)Htdt

−
(

1

2
ρ1m+

1

2
m
∣∣1 + λh−1

∣∣ ρ1)LhYtdt
− 1

2
mρ−11 h−2L (hf)

2m−2+h
h IAR,εx0

dt

−m
∣∣1 + λh−1

∣∣ ρ1Htdt

− 1

2
m
∣∣1 + λh−1

∣∣ ρ−31 L (hf)
2m−2+h

h IAR,εx0
dt.

When

h = 2− 2m,
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it holds that

dYt

≥
√

2m (2 (1−m) f)−
1
4
∂ (fφ)

∂xα
dW̃α

t

+m
(
2λ− 3m+ 2−

∣∣1 + λ (2− 2m)−1
∣∣ ρ1)Htdt

− 1

2
m
(
ρ−11 (2− 2m)−2 + ρ−31

∣∣1 + λ (2− 2m)−1
∣∣)LIAR,εx0

dt

−
(
ρ1m+m

∣∣1 + λ (2− 2m)−1
∣∣ ρ1)L (1−m)Ytdt.

De�ne

C1 =
(
ρ1m+m

∣∣1 + λ (2− 2m)−1
∣∣ ρ1)L (1−m) .

Then it follows that

deC1tYt

≥
√

2m (2 (1−m) f)−
1
4
∂ (fφ)

∂xα
eC1tdW̃α

t

+meC1t
(
2λ− 3m+ 2−

∣∣1 + λ (2− 2m)−1
∣∣ ρ1)Htdt

− 1

2
meC1t

(
ρ−11 (2− 2m)−2 + ρ−31

∣∣1 + λ (2− 2m)−1
∣∣)LIAR,εx0

dt.

According to our assumption on u, (2 (1−m) f)−
1
4
∂(fφ)
∂xα

, α ∈ {1, · · · , n} are all
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bounded. Hence
∫ ·
0

(2 (1−m) f)−
1
4
∂(fφ)
∂xα

eC1tdW̃α
t is a Q martingale. Therefore,

EQ [eC1TYT
]
− Y0

≥m
(
2λ− 3m+ 2−

∣∣1 + λ (2− 2m)−1
∣∣ ρ1)EQ

[∫ T

0

eC1tHtdt

]
− 1

2
m
(
ρ−11 (2− 2m)−2 + ρ−31

∣∣1 + λ (2− 2m)−1
∣∣)L∫ T

0

eC1tdt.

The result is obtained by dividing both sides by 2λ−3m+2−
∣∣1 + λ (2− 2m)−1

∣∣ ρ1.
With this estimate at hand, together with (3.20) we are ready to derive a gradient

bound which is independent of the value of u on [0, T ]×AR,εx0
.

Theorem 12. Assume u is a positive and bounded solution to (1.1) on (0, t1) ×

B (x0, R + ε) with m ∈
(
1− 6

n+8
, 1
)
. Let the cut-o� function φ and the constant L

be de�ned according to (3.5) and (3.55). Furthermore, let the di�usion X and the

measure Q be de�ned according to (3.8) and (3.11) with h = 2− 2m and λ = 2m− 1.

Then for any ρ1 ∈ (0, 2m (1−m)) and (T, x) ∈ (0, t1)×B (x0, R), it holds that

|∇u|2

um+1
(T, x)

≤
C1e

C1TEQ
[
φu2−2m0 (XT )

]
− C1u

2−2m (T, x)

m (2m (1−m)− ρ1) (eC1T − 1)

+
L (ρ21 + 2− 2m)

4ρ31 (1−m) (2m (1−m)− ρ1)

+
(
|2m− 1| l−3 + 3l−1

)
mL2C1T − 1 + e−C1T

2C1 (1− e−C1T )
, (3.35)

52



where

l =
(8 + n) (1−m)

(
m−

(
1− 6

n+8

))
3 (|2m− 1|+ 1)

, C1 =
m (1−m) (3− 2m)

2
Lρ1.

Proof. Let

h = 2− 2m, λ = 2m− 1.

Then condition (3.16) is reduced to

(1−m) ((8 + n) (1−m)− 6) < 0,

which is equivalent to

m ∈
(

1− 6

n+ 8
, 1

)
.

In this setting (3.20) becomes

EQ [Hs] ≥ H0 −
(

1

2
|2m− 1| l−3 +

3

2
l−1
)
mL2s,

with

l =
(1−m) ((8 + n)m− n− 2)

3 (|2m− 1|+ 1)
.

Multiplying both sides by eC1s and then integrating s from 0 to T yields

EQ
[∫ T

0

Hse
C1sds

]
≥ eC1T − 1

C1

H0−
(

1

2
|2m− 1| l−3 +

3

2
l−1
)
mL2C1e

C1TT − eC1T + 1

C2
1

.
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Combining it with (3.33) leads to

H0

≤
C1E

Q
[
eC1TYT

]
− C1Y0

m
(
m− ρ1

2(1−m)

)
(eC1T − 1)

+
L (ρ21 + 2− 2m)

4ρ31 (1−m) (2m (1−m)− ρ1)

+
(
|2m− 1| l−3 + 3l−1

)
mL2C1T − 1 + e−C1T

2C1 (1− e−C1T )
.

where ρ1 ∈ (0, 2m (1−m)). The proof is complete after writing H and Y in terms of

u.

A direct consequence of this result is the following Harnack inequality.

Proposition 13. Assume u is a positive and bounded solution to (1.1) on (0, t1) ×

B (x0, R + ε) with m ∈
(
1− 6

n+8
, 1
)
. Let the constant L be de�ned according to (3.55).

Then for any ρ ∈ (0, 2m (1−m)), x1 and x2 in B (x0, R), T ∈ (0, t1) and α > 0, we

have

u
3
2
(1−m) (T, x2)− u

3
2
(1−m) (T, x1)

≤α
2
d2 (x1, x2) +

m2 (1−m)
(
eC1T − 1

)
8αC2

1

(
C1e

C1T maxB(x0,R+ε) u
2−2m
0

m2 (1−m) (eC1T − 1)

+
L (m2 (1−m) + 2)

4 (1−m)4m4
+
(
|2m− 1| l−3 + 3l−1

)
mL2C1T − 1 + e−C1T

2C1 (1− e−C1T )

)2

.

where

l =
(8 + n) (1−m)

(
m−

(
1− 6

n+8

))
3 (|2m− 1|+ 1)

, C1 =
m2 (1−m)2 (3− 2m)

2
L.
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Proof. Let r (θ), θ ∈ [0, 1] be the shortest path on Rn joining x1 and x2. Then

u
3
2
(1−m) (T, x2)− u

3
2
(1−m) (T, x1)

=

∫ 1

0

∇u
u

3m−1
2

(T, r (θ)) · dr
dθ
dθ

≤
∫ 1

0

(
α

2

∣∣∣∣drdθ
∣∣∣∣2 +

|∇u|2

2αu3m−1
(T, r (θ))

)
dθ, (3.36)

for any α > 0. Since the whole path of r (θ) lies in B (x0, R), we can use gradient

estimate (3.35). For simplicity, let

ρ1 = m (1−m) .

Then (3.35) becomes

|∇u|2

um+1
(T, x)

≤C1e
C1TEQ [φu2−2m (0, XT )]− C1u

2−2m (T, x)

m2 (1−m) (eC1T − 1)

+
L (m2 (1−m) + 2)

4 (1−m)4m4

+
(
|2m− 1| l−3 + 3l−1

)
mL2C1T − 1 + e−C1T

2C1 (1− e−C1T )
,

with

l =
(1−m) ((8 + n)m− n− 2)

3 (|2m− 1|+ 1)
, C1 =

m2 (1−m)2 (3− 2m)

2
L.
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This implies that

2
√
C1

m
√

(1−m) (eC1T − 1)

|∇u|
u

3m−1
2

(T, x)

≤|∇u|
2

um+1
(T, x) +

C1

m2 (1−m) (eC1T − 1)
u2−2m (T, x)

≤C1e
C1TEQ [φu2−2m (t1, XT )]

m2 (1−m) (eC1T − 1)

+
L (m2 (1−m) + 2)

4 (1−m)4m4

+
(
|2m− 1| l−3 + 3l−1

)
mL2C1T − 1 + e−C1T

2C1 (1− e−C1T )

≤
C1e

C1T maxB(x0,R+ε) u
2−2m
0

m2 (1−m) (eC1T − 1)

+
L (m2 (1−m) + 2)

4 (1−m)4m4

+
(
|2m− 1| l−3 + 3l−1

)
mL2C1T − 1 + e−C1T

2C1 (1− e−C1T )
. (3.37)

Therefore, (3.36) and (3.37) together gives

u
3
2
(1−m) (T, x2)− u

3
2
(1−m) (T, x1)

≤
∫ 1

0

(
α

2

∣∣∣∣drdθ
∣∣∣∣2 +

|∇u|2

2αu3m−1
(T, r (θ))

)
dθ

≤α
2
d2 (x1, x2) +

m2 (1−m)
(
eC1T − 1

)
8αC2

1

(
C1e

C1T maxB(x0,R+ε) u
2−2m
0

m2 (1−m) (eC1T − 1)

+
L (m2 (1−m) + 2)

4 (1−m)4m4
+
(
|2m− 1| l−3 + 3l−1

)
mL2C1T − 1 + e−C1T

2C1 (1− e−C1T )

)2

.

56



3.2 The constraint on m

As we have seen, comparing to existing results, although our local gradient bound

is valid for a larger range of m when m < 1, it has a more speci�c restriction when

m > 1. Since a gradient estimate involving two-sided bound for solutions obtained in

[39] is valid for all m > 1, we attempt in three ways in this section to generalize our

method so that the constraint on m can be relaxed. One will see that none of these

approaches helps, which may suggest that condition (3.27) is subtle for the existence

of a gradient bound for um+h−3 |∇u|2 that only involves one-sided bound for u.

3.2.1 Supermartingale property of 1
H

Recall that the constraint (3.27) came from the requirement of positivity of the term

containingH2 in the decomposition ofH. Inspired by the basic formula dt
t2

= d
(
1
t

)
, let

us study the decomposition of 1
H
instead. Bear in mind that ifM is a supermartingale,

then by the Jensen's inequality 1
M

is a submartingale. So if we can prove that 1
H
is a
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supermartingale, then H is a submartingale. From (3.12)

d
1

Ht

= − 1

H2
t

2
√

2m (hf)
3m−2h−3

2h φ
∂2f

∂xα∂xβ
∂f

∂xα
dW̃ β

t

− 1

H2
t

√
2m (m− h− 1) (hf)

3m−4h−3
2h φ |∇f |2 ∂f

∂xβ
dW̃ β

t

− 1

H2
t

√
2m (hf)

3m−2h−3
2h

∂φ

∂xβ
|∇f |2 dW̃ β

t

+
1

H2
t

m (4m− 3h− 1− 2λ) (m− h− 1) (hf)
2m−3h−2

h φ |∇f |4 dt

+
2m

H2
t

(m− h− 1− λ) (hf)
2m−2h−2

h
∂φ

∂xβ
∂f

∂xβ
|∇f |2 dt

− m

H2
t

(hf)
2m−h−2

h ∆φ |∇f |2 dt

+
2m

H2
t

(hf)
2m−h−2

h φ−1 |∇φ|2 |∇f |2 dt

+
1

H2
t

2m (m− 1) (hf)
2m−2−2h

h φ∆f |∇f |2 dt

+
4m

H2
t

(2m− 2h− 1− λ) (hf)
2m−2h−2

h φ
∂f

∂xβ
∂2f

∂xα∂xβ
∂f

∂xα
dt

+
1

H2
t

4m (hf)
2m−2−h

h
∂φ

∂xβ
∂2f

∂xα∂xβ
∂f

∂xα
dt

− 1

H2
t

2m (hf)
2m−h−2

h φ
∑
α,β

(
∂2f

∂xα∂xβ

)2

dt

+
8m

H2
t

(hf)
2m−h−2

h φ
∑
β

(
∂2f

∂xα∂xβ
∂f

∂xα

)2

|∇f |−2 dt.

If we use the Hölder inequality to obtain the estimate

∑
β

(
∂2f

∂xα∂xβ
∂f

∂xα

)2

|∇f |−2 ≤
∑
β

∑
α

(
∂2f

∂xα∂xβ

)2

,

then the term that contains
(

∂2f
∂xα∂xβ

)2
has positive coe�cient. So d 1

H
does not have

an upper bound, which forbids us to derive a supermartingale property of 1
H
for any

m.
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3.2.2 More parameters in change of measures

Let us observe that when n = 1, the constraint vanishes. This means that our method

works well for the one-dimensional case. In other words, some part of our argument

may be essentially one-dimension oriented, which needs to be improved to adapt

to high dimensions. Recall that when changing the measure, only a one-dimension

parameter λ is introduced, which might have undermined some problems. In light of

this observation, we now consider change of measures in a more general form. De�ne

the parameter matrix Λ =
(
Λi
j

)
i,j∈{1,··· ,n} ∈ Rn×n. Then consider the matrix

P ,
m− h

2
In×n + Λ. (3.38)

By the Girsanov's Theorem, we can construct a measure Q̄ on (Ω,FT ) such that

W̄ =
(
W̄ 1, · · · , W̄ n

)
de�ned by

dW̄ β
t = dW β

t −
√

2m (hf)
m−2h−1

2h P β
j

∂f

∂xj
dt,

is a Brownian motion under Q̄. In view of the proof of Lemma 5, one can see

that considering the parameter matrix in the form of (3.38) rather than Λ itself will

facilitates computation when extracting information from the decomposition of Y .

Moreover, from condition (3.21) in Lemma 5, we should require Λ to satisfy

ξTΛξ ≥ c1 |ξ|2 , (3.39)
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for some positive constant c1.

From (3.10) we immediately get the decomposition of H under Q as follows.

dHt = 2
√

2m (hf)
3m−2h−3

2h φ
∂2f

∂xα∂xβ
∂f

∂xα
dW̄ β

t

+
√

2m (m− h− 1) (hf)
3m−4h−3

2h φ |∇f |2 ∂f

∂xβ
dW̄ β

t

+
√

2m (hf)
3m−2h−3

2h
∂φ

∂xβ
|∇f |2 dW̄ β

t

+2m (m− h− 1) (hf)
2m−3h−2

h φ
∂f

∂xβ
Λβ
j

∂f

∂xj
|∇f |2 dt

−m (m+ 1) (m− h− 1) (hf)
2m−3h−2

h φ |∇f |4 dt

+2m (hf)
2m−2h−2

h
∂φ

∂xβ
Λβ
j

∂f

∂xj
|∇f |2 dt

+m (3m− 3h− 2) (hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2 dt

+m (hf)
2m−h−2

h ∆φ |∇f |2 dt

−2m (m− 1) (hf)
2m−2−2h

h φ∆f |∇f |2 dt

+4m (hf)
2m−2h−2

h φ
∂f

∂xα
∂2f

∂xα∂xβ
Λβ
j

∂f

∂xj
dt

−2m (h−m+ 2) (hf)
2m−2h−2

h φ
∂f

∂xβ
∂2f

∂xβ∂xα
∂f

∂xα
dt

+4m (hf)
2m−2−h

h
∂φ

∂xβ
∂2f

∂xα∂xβ
∂f

∂xα
dt

+2m (hf)
2m−h−2

h φ
∑
α,β

(
∂2f

∂xα∂xβ

)2

dt. (3.40)

Again, the next step is to deal with terms containing the second order derivatives.
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Lemma 14. H satis�es

dHt

≥AtdW̄t

+m (m− 1)
(
m− h− 2− mn

2
+
n

2

)
(hf)

2m−2−3h
h φ |∇f |4 dt

− m

2
(m− h− 2)2 (hf)

2m−3h−2
h φ |∇f |4 dt

−m (m+ 1) (m− h− 1) (hf)
2m−3h−2

h φ |∇f |4 dt

+ 2m2 (hf)
2m−2−3h

h φ |∇f |2 ∂f

∂xα
Λα
j

∂f

∂xj
dt

− 2m (hf)
2m−3h−2

h φ |∇f |2
∑
β

(
Λβ
j

∂f

∂xj

)2

dt

+m (3m− h) (hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2 dt

− 2m (hf)
2m−2h−2

h
∂φ

∂xβ
Λβ
j

∂f

∂xj
|∇f |2 dt

− 2m (hf)
2m−2−h

h φ−1IAR,εx0
|∇f |2 |∇φ|2 dt

+m (hf)
2m−h−2

h ∆φ |∇f |2 dt. (3.41)

Proof. From (3.40), let us write

dHt , AtdW̄t +
(
B̄ + C̄ + D̄

)
dt,
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where

Aβ = 2
√

2m (hf)
3m−2h−3

2h φ
∂2f

∂xα∂xβ
∂f

∂xα

+
√

2m (m− h− 1) (hf)
3m−4h−3

2h φ |∇f |2 ∂f

∂xβ

+
√

2m (hf)
3m−2h−3

2h
∂φ

∂xβ
|∇f |2 ,
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and by the Cauchy-Schwartz inequality,

B̄ =
∑
α

(
2m (hf)

2m−h−2
h φ

(
∂2f

∂xα∂xα

)2

−2m (m− 1) (hf)
2m−2−2h

h φ
∂2f

∂xα∂xα
|∇f |2

+4m (hf)
2m−2h−2

h φ
∂f

∂xα
∂2f

∂xα∂xα
Λα
j

∂f

∂xj

−2m (h−m+ 2) (hf)
2m−2h−2

h φ
∂f

∂xα
∂2f

∂xα∂xα
∂f

∂xα

+4m (hf)
2m−2−h

h
∂φ

∂xα
∂2f

∂xα∂xα
∂f

∂xα

)
≥ m (m− 1)

(
m− h− 2− mn

2
+
n

2

)
(hf)

2m−2−3h
h φ |∇f |4

+2m (m− 1) (hf)
2m−2−3h

h φ |∇f |2 ∂f

∂xα
Λα
j

∂f

∂xj

−2m (m− h− 2) (hf)
2m−3h−2

h φ

(
∂f

∂xα

)3

Λα
j

∂f

∂xj

−2m (hf)
2m−3h−2

h φ

(
∂f

∂xα

)2(
Λα
j

∂f

∂xj

)2

−m
2

(m− h− 2)2 (hf)
2m−3h−2

h φ
∑
α

(
∂f

∂xα

)4

+2m (m− 1) (hf)
2m−2−2h

h |∇f |2 ∂φ

∂xα
∂f

∂xα

−4m (hf)
2m−2h−2

h
∂φ

∂xα

(
∂f

∂xα

)2

Λα
j

∂f

∂xj

−2m (m− h− 2) (hf)
2m−2h−2

h

(
∂f

∂xα

)3
∂φ

∂xα

−2m (hf)
2m−2−h

h φ−1IAR,εx0

∑
α

(
∂φ

∂xα

)2(
∂f

∂xα

)2

,
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C̄ =
∑
α 6=β

(
2m (hf)

2m−h−2
h φ

(
∂2f

∂xα∂xβ

)2

+4m (hf)
2m−2h−2

h φ
∂f

∂xα
∂2f

∂xα∂xβ
Λβ
j

∂f

∂xj

−2m (h−m+ 2) (hf)
2m−2h−2

h φ
∂f

∂xβ
∂2f

∂xβ∂xα
∂f

∂xα

+4m (hf)
2m−2−h

h
∂φ

∂xβ
∂2f

∂xα∂xβ
∂f

∂xα

)
≥

∑
α 6=β

(
−1

2
m (m− h− 2)2 (hf)

2m−3h−2
h φ

(
∂f

∂xβ

)2(
∂f

∂xα

)2

−2m (hf)
2m−3h−2

h φ

(
∂f

∂xα

)2(
Λβ
j

∂f

∂xj

)2

−2m (m− h− 2) (hf)
2m−3h−2

h φ

(
∂f

∂xα

)2
∂f

∂xβ
Λβ
j

∂f

∂xj

−4m (hf)
2m−2h−2

h

(
∂f

∂xα

)2
∂φ

∂xβ
Λβ
j

∂f

∂xj

−2m (m− h− 2) (hf)
2m−2h−2

h
∂φ

∂xβ
∂f

∂xβ

(
∂f

∂xα

)2

−2m (hf)
2m−2−h

h φ−1IAR,εx0

(
∂φ

∂xβ

)2(
∂f

∂xα

)2
)
,

and

D̄ = 2m (m− h− 1) (hf)
2m−3h−2

h φ
∂f

∂xβ
Λβ
j

∂f

∂xj
|∇f |2

−m (m+ 1) (m− h− 1) (hf)
2m−3h−2

h φ |∇f |4

+2m (hf)
2m−2h−2

h
∂φ

∂xβ
Λβ
j

∂f

∂xj
|∇f |2

+m (3m− 3h− 2) (hf)
2m−2h−2

h
∂φ

∂xα
∂f

∂xα
|∇f |2

+m (hf)
2m−h−2

h ∆φ |∇f |2 .
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Then adding these three inequalities gives us (3.41).

Now we need to choose the value of matrix Λ to allow for a computation similar

to the one in Lemma 4, hence obtaining submartingale property of a process related

to H. To do this, let us focus on terms in (3.41) with the highest degree in ∇f . That

term is,

φ |∇f |2 (hf)
2m−2−3h

h

(
K |∇f |2 + 2m2 ∂f

∂xα
Λα
j

∂f

∂xj
− 2m

∂f

∂xj
Λβ
j Λβ

α

∂f

∂xα

)
=φ |∇f |2 (hf)

2m−2−3h
h

(
K |∇f |2 + 2m2 (∇f)T Λ∇f − 2m (∇f)T ΛTΛ∇f

)
, (3.42)

where

K = m (m− 1)
(
m− h− mn

2
+
n

2

)
− m

2
(m− h− 2)2 −m (m+ 1) (m− h− 1) .

(3.43)

For simplicity, de�ne the matrix

Γ = KIn×n + 2m2Λ− 2mΛTΛ.

Hence

K |∇f |2 + 2m2 (∇f)T Λ∇f − 2m (∇f)T ΛTΛ∇f = (∇f)T Γ∇f.

Then it is clear that in order to ensure the positivity of (3.42), we should look for Λ

such that

(∇f)T Γ∇f ≥ c2 |∇f |2 , (3.44)
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for some positive c2. We will see that the existence of such Λ relies on the choice of

m, it turns out that this constraint on m is exactly (3.27).

The argument contains two steps. First, let us observe that it is enough to only

consider symmetric Λ. Assume Λ is not symmetric. Then we separate its symmetric

part with antisymmetric part by setting

Λ1 =
1

2

(
Λ + ΛT

)
and Λ2 =

1

2

(
Λ− ΛT

)
.

It follows that

Γ = KIn×n + 2m2 (Λ1 + Λ2)− 2m (Λ1 + Λ2)
T (Λ1 + Λ2)

= KIn×n + 2m2Λ1 + 2m2Λ2 − 2m (Λ1 − Λ2) (Λ1 + Λ2)

= KIn×n + 2m2Λ1 + 2m2Λ2 − 2mΛ2
1 + 2mΛ2

2,

where we have used the fact that Λ1 is symmetric and Λ2 is antisymmetric. But

(∇f)T Λ2Λ2∇f = − (∇f)T ΛT
2 Λ2∇f

= − (Λ2∇f)T Λ2∇f

= − |Λ2∇f |2

≤ 0.

66



So it always holds that

(∇f)T Γ∇f ≤ (∇f)T
(
KIn×n + 2m2Λ1 − 2mΛ2

1

)
∇f,

which means that the antisymmetric part of a matrix Λ will not contribute to in-

creasing the left hand side of (3.44).

So in the second step, let us only consider a symmetric Λ that satis�es (3.44). We

will show that the constraint on m is the same as (3.27). Since Λ is symmetric, we

can rewrite Γ as a polynomial of Λ,

KIn×n + 2m2Λ− 2mΛΛ.

Then by the Spectral Mapping Theorem, its eigenvalues are all positive only when

K + 2m2z − 2mz2 > 0, (3.45)

for any eigenvalue of Λ, z. Since Λ is symmetric and satis�es (3.39), z should be a

positive real number. If we treat the left hand side of (3.45) as a function in z, to

ensure that there exists a positive value for z such that(3.45) holds, we need

4m4 + 8mK > 0.
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Substituting the de�nition of K (3.43) in it gives us

m2 + 2 (m− 1)
(
m− h− mn

2
+
n

2

)
− (m− h− 2)2 − 2 (m+ 1) (m− h− 1) > 0,

which is equivalent to (3.27).

3.2.3 General transformation

From the condition (3.27), one can see that the restriction on m depends on h, which

is the parameter we introduced when transforming u to f . Therefore it is natural to

ask what will happen when taking a transformation other than the form of f = uh

h
.

We show in this subsection that a constraint still exists. Let F be an invertible and

smooth function on R and G be the inverse of F . We take transformation f = F (u).

Set

Yt = (φf) (T − t,Xt) .

Then

dYt =
√

2mG (f)
m−1

2
∂ (fφ)

∂xi
dW i

t + J1 (∆φ,∇φ, f,∇f) dt

−m
(

(m− 1)

2
G (f)−1G′ (f) +

G′′ (f)

G′ (f)

)
G (f)m−1 φ |∇f |2 dt.

where J1 consists of terms with zero and �rst degree in ∇f . De�ne a measure Q

equivalent to P such that under Q the process W̃ de�ned by

dW̃α
t = dWα

t +
√

2m

(
λ1G (f)−1G′ (f) + λ1

G′′ (f)

G′ (f)

)
G (f)

m−1
2

∂f

∂xα
dt,
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is a Brownian motion. After a similar computation, we have

dφG (f)m−1 |∇f |2

≥2
√

2mφG (f)m−1
∂f

∂xj

(
m− 1

2
G (f)

m−3
2 G′ (f)

∂f

∂xj
∂f

∂xα
+G (f)

m−1
2

∂2f

∂xα∂xj

)
dW̃α

t

− K̄

2
mφ |∇f |4 dt+ J2 (∆φ,∇φ, f,∇f) dt,

where

K̄ =

[
4λ21 + (6λ1 − 2) (m− 1) + (m− 1)2

(
n+

9

4

)]
(G (f))2m−4 (G′ (f))

2

+4 (G (f))2m−2
G′′′ (f)

G′ (f)
+ 4

(
λ22 + 2λ2

)
(G (f))2m−2

(
G′′ (f)

G′ (f)

)2

+4

[(
3 (m− 1)

2
+ 2λ1

)
(1 + λ2) + (m− 1)

]
(G (f))2m−3G′′ (f) , (3.46)

and J2 consists of terms with degree of less than 4 in ∇f . Similar to (3.16), we

need K̄ < 0, Q−almost surely. Will this still yield a constraint on m if we take a

transformation that is not a polynomial?

Take f = exp (u) as an example. Then G (f) = log f , and

f 2K̄ =

[
4λ21 + (6λ1 − 2) (m− 1) + (m− 1)2

(
n+

9

4

)]
(log f)2m−4

+4
(
λ22 + 2λ2 + 2

)
(log f)2m−2

−4

[(
3 (m− 1)

2
+ 2λ1

)
(1 + λ2) + (m− 1)

]
(log f)2m−3 .

In this case, the constraint on m depends on the range of the solution. Let us treat

log f in the above formula as a positive constant for the moment. Then to minimize
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K̄, we should take

λ1 = −3 (m− 1)

4
+ (1 + λ2) log f, λ2 = −1 +

3 (m− 1) + 4λ1
4 log f

.

Then

f 2K̄ =
[
−6 (m− 1) + (m− 1)2 n+ 4

]
(log f)2m−4 ,

f 2K̄ =
(
n (m− 1)2 − 2 (m− 1)

)
(log f)2m−4 + 4 (log f)2m−2 − 4 (m− 1) (log f)2m−3 .

Since the coe�cient of (m− 1)2 is positive, K̄ will be positive when |m− 1| is large

enough, no matter what value u ≡ log f takes. Therefore, the negativity of K̄ imposed

a constraint on m.

Similarly, in general, for any transformation G, let us look at K̄ at any �xed

position (t, x), in order to minimize the right hand side of (3.46) we should take

λ1 = −3

4
(m− 1)− (1 + λ2)G (f)G′′ (f)

(G′ (f))2
, λ2 = −1− (3 (m− 1) + 4λ1) (G′ (f))2

4G (f)G′′ (f)
.

Then

K̄ =
(
n (m− 1)2 − 2 (m− 1)

)
(G (f))2m−4 (G′ (f))

2

+ 4 (G (f))2m−2
G′′′ (f)

G′ (f)
− 4 (G (f))2m−2

(
G′′ (f)

G′ (f)

)2

+ 4 (m− 1) (G (f))2m−3G′′ (f) .

Again, the coe�cient of (m− 1)2 is positive. Therefore, when viewed as a determinis-
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tic function on(0, T )×Rn, K̄ will be positive at any �xed location (t, x) when |m− 1|

is large enough. So there is always a constraint on m.

3.3 Global gradient estimate

3.3.1 From local bound to global bound

Now let us consider a positive and bounded solution u to (1.1) on (0,∞)×Rn. First

of all, as a direct consequence of the main result in the last section, we can get a

global gradient bound from the local bound by letting the radius of the local ball

tend to in�nity.

Proposition 15. If u is a positive and bounded solution to (1.1) on (0,∞)×Rn with

m ∈
(

1− 1√
n−1 , 1 + 1√

n−1

)
, then for any h ∈ [h−, h+] and (T, x) ∈ (0,∞) × Rn, it

holds that

um+h−3 |∇u|2 (T, x) ≤
∥∥uh0∥∥∞ − uh (T, x)

Thm2
. (3.47)

Proof. The idea is to let the radius R in our local estimate tend to ∞. This is

because u is positive and bounded on (0,∞)×Rn, which ensures that the local result

in Theorem 7 holds for any R and ε. Note that the term EQ
[
φuh0 (XT )

]
in (3.28)

behaves in a complicated way when R changes, as the di�usion X and consequently

measure Q all depend on R. We deal with this by noticing EQ
[
φuh0 (XT )

]
≤
∥∥uh0∥∥∞.
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From (3.28), it holds for any R and ε that,

um+h−3 |∇u|2 (T, x)

≤
∥∥uh0∥∥∞ − uh (T, x)

hm
(
m− ρ

∣∣2m+h
2h

∣∣)T +

(
ρ+ h

∣∣2m+h
2h

∣∣)LM2

|h| ρ
(
m− ρ

∣∣2m+h
2h

∣∣)
+
(
|2m− h| l−3 + 6l−1

)
mM1L

2T

8
.

By substituting ε = R into it, and then taking R→∞ on both sides, we obtain

um+h−3 |∇u|2 (T, x) ≤
∥∥uh0∥∥∞ − uh (T, x)

Thm
(
m− ρ

∣∣2m+h
2h

∣∣) ,
where we have used the fact that when ε = R

lim
R→∞

L = lim
R→∞

8

R2

(
nR

2R +R
+

8 (2R)2

(3R)2

)
= 0 and lim

R→∞
φ = 1.

By letting ρ = 0, we have

um+h−3 |∇u|2 (T, x) ≤
∥∥uh0∥∥∞ − uh (T, x)

Thm2
. (3.48)

Note that in the local case, due to the existence of l−1 in (3.28), h is not allowed

to touch the boundary of the open interval (h−, h+). But now we can take limit of

h to h− or h+ on both sides of (3.48). Therefore, (3.48) holds also for h = h− and

h = h+.

In terms of this result, �rst of all, by a scaling argument, this is a gradient bound
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with correct orders in u and t.

Proposition 16. Assume that any solution u to (1.1) satis�es

|∇u|2 (t, x) ≤ Ctγ1 ‖u‖γ2∞ , (3.49)

for any (t, x) ∈ (0,∞)× Rn, then γ1 and γ2 have to satisfy

γ1 = −1, γ2 = 3−m.

Proof. De�ne ū (t, x) = K1u (K2t,K3x) for positive real numbers K1, K2 and K3. We

want ū to satisfy the PDE (1.1) as well. Since

∆ūm = mūm−1∆ū+m (m− 1) ūm−2 |∇ū|2

= mKm−1
1 um−1K1K

2
3∆u+m (m− 1)Km−2

1 um−2K2
1K

2
3 |∇u|

2

= Km
1 K

2
3

(
mum−1∆u+m (m− 1)um−2 |∇u|2

)
= Km

1 K
2
3∆um

= Km
1 K

2
3

∂u

∂t
,

and

∂ū

∂t
= K1K2

∂u

∂t
,

ū will solve (1.1) if K1, K2 and K3 satisfy the relation

Km−1
1 K2

3 = K2. (3.50)
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Since it is assumed that (3.49) holds for any solution to (1.1), we have, provided that

(3.50) holds,

|∇ū|2 (t, x) ≤ Ctγ1 ‖ū‖γ2∞ ,

which, by the de�nition of ū, is equivalent to

K2
1K

2
3 |∇u|

2 (K2t,K3x) ≤ Ctγ1Kγ2
1 ‖u‖

γ2
∞ .

By (3.50) , let us substitute K1 = K
1

m−1

2 K
− 2
m−1

3 into the above inequality. Then we

get

|∇u|2 (K2t,K3x) ≤ Ctγ1K
γ2−2
m−1

2 K
−2m−2γ2+6

m−1

3 ‖u‖γ2∞ .

De�ne

t̄ = K2t, x̄ = K3x.

Then we have

|∇u|2 (t̄, x̄) ≤ Ct̄γ1K
γ2−2
m−1

−γ1
2 K

−2m−2γ2+6
m−1

3 ‖u‖γ2∞ . (3.51)

Since (3.49) is assumed to hold for any (t, x) ∈ (0,∞) × Rn, we can let K2 and K3

take any positive values while adjusting the values of t and x so that (t̄, x̄) remains

the same. Note that the left hand side is independent of K2 and K3. Hence it follows

that

γ1 = −1 and γ2 = 3−m.

Otherwise there will be a way to let the right hand side of (3.51) tends to 0 by

adjusting the values of K2 and K3 while remaining the left hand side to be a positive
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constant.

Secondly, this bound does not depend on the dimension n explicitly. This is

because the information about dimension has been incorporated into the initial value

and the constraint on h. In fact, [9] derived a gradient bound which is independent

of the initial data, but dependent on dimension n. Thirdly, it naturally shows that

when a function touches its maximum, its gradient vanishes. In this sense it is a tight

gradient bound. Moreover, when m → 1 and h → 0, this result recovers Hamilton's

gradient bound (1.8).

Corollary 17. (Hamilton) If u is a solution to the heat equation on (0,∞)×Rn with

positive and bounded initial data, then for any (T, x) ∈ (0,∞)× Rn, it holds that

|∇u|2

u2
(T, x) ≤ 1

T
log
‖u0‖∞
u (T, x)

. (3.52)

Proof. When m = 1, result (3.47) reads as

uh−2 |∇u|2 (T, x) ≤
∥∥uh0∥∥∞ − uh (T, x)

Th
, ∀h ∈ [0, 2] .

Taking positive h→ 0 on both sides yields

|∇u|2

u2
(T, x) ≤ lim

h→∞

∥∥uh0∥∥∞ − uh (T, x)

Th

= lim
h→∞

‖u0‖h∞ − uh (T, x)

Th

≤ 1

T
log
‖u0‖∞
u (T, x)

.
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3.3.2 Negative �nite variation part

In this subsection, we consider a solution u that is bounded not only from above, but

also from below by a positive constant. Moreover, we assume ∇u (t, ·) is bounded for

each t > 0. In this case, there is no degeneracy, and u is smooth. Hence we are able

to do gradient estimate for a wider range of m. To begin with, let us rede�ne some

notations that have been used in the local case. Let

f =
uh

h
.

De�ne the di�usion X by solving

dXα
t =

√
2m (hf)

m−1
2h (T − t,Xt) dW

α
t

X0 = x,

where W is a Brownian motion under P. Note that although by our assumptions

(hf)
m−1
2h is bounded and ∇ (hf)

m−1
2h (t, ·) is bounded for each t, ∇ (hf)

m−1
2h (t, ·) may

explode as t→ 0. Hence we can only solve this SDE on [0, T − δ], δ > 0. Nevertheless,

from the boundedness of (hf)
m−1
2h we know (Xt)0≤t<T is a martingale. Moreover, since

it has bounded quadratic variation, by the Burkholder�Davis�Gundy inequalities and

the Martingale Convergence Theorem it converges almost surely as t → T . Set

XT = limt→Xt almost surely. Then di�usion X is well de�ned on [0, T ]. Introduce a
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measure Q on (Ω,FT ) by setting the Radon-Nikodym derivative to be

dQ
dP

= exp

(∫ t

0

√
2mλ (hf)

m−2h−1
2h

∂f

∂xβ
dW β −mλ2

∫ t

0

(hf)
m−2h−1

h |∇f |2 dt
)
.

Let semimartingales Y and H be de�ned by

Yt = f (T − t,Xt) , Ht = (hf)
m−h−1

h |∇f |2 (T − t,Xt) .

Then we have their fundamental decompositions as follows.

dYt =
√

2m (hf)
m−1
2h

∂f

∂xα
dW̃α

t +m (2λ−m+ h) (hf)
m−h−1

h |∇f |2 dt. (3.53)

dHt

≥
(

2
√

2m (hf)
3m−2h−3

2h
∂2f

∂xα∂xβ
∂f

∂xα
+
√

2m (m− h− 1) (hf)
3m−4h−3

2h |∇f |2 ∂f

∂xβ

)
dW̃ β

t

− 1

2
mn (m− 1)2 (hf)

2m−3h−2
h |∇f |4 dt

−m ((2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m)) (hf)
2m−3h−2

h |∇f |4 dt.

(3.54)

For simplicity, set

Aβt = 2
√

2m (hf)
3m−2h−3

2h
∂2f

∂xα∂xβ
∂f

∂xα
+
√

2m (m− h− 1) (hf)
3m−4h−3

2h |∇f |2 ∂f

∂xβ
,
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L1 = m ((2m− h+ 1− 2λ) (m− h− 1) + 2 (λ− 1) (λ−m)) +
1

2
mn (m− 1)2 .

(3.55)

Then (3.54) becomes

dHt ≥ Aβt dW̃
β
t − L1 (hf)

2m−3h−2
h |∇f |4 dt = Aβt dW̃

β
t − L1h

−1Y −1t H2
t dt. (3.56)

Previously, in order to obtain the submartingale property of H, we always assumed

L1 ≤ 0, which resulted in a constraint on m. In this section, we consider the situation

when

L1 > 0.

Instead of deriving a gradient bound directly, we seek for an integral inequality sat-

is�ed by the gradient bound as a function of t. The arguments are based on the

following estimate.

Lemma 18. Let u be a strictly positive and bounded solution to (1.1) on (0,∞)×Rn

with |∇u| (t, ·) bounded for each t > 0. Let L1 be de�ned by (3.55). If L1 > 0, then

for any 0 ≤ s < t < T

EQ
[
e
∫ t
0 L1h−1Y −1

r HrdrHt

∣∣∣Fs] ≥ e
∫ s
0 L1h−1Y −1

r HrdrHs, (3.57)

and

m (2λ−m+ h)EQ
[∫ T

s

Htdt

∣∣∣∣Fs] ≤ EQ [YT | Fs]− Ys. (3.58)
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Proof. From (3.56), we have that

dHte
∫ t
0 L1h−1Y −1

r Hrdr ≥ e
∫ t
0 L1h−1Y −1

r HrdrAβt dW̃
β
t .

Since
∫ t
0
e
∫ z
0 L1h−1Y −1

r HrdrAβzdW̃
β
z is a local martingales, there exists a sequence of stop-

ping times {T 1
n}n≥1 with T 1

n →∞ monotonically, such that for each n,

∫ t∧T 1
n

0

e
∫ z
0 L1h−1Y −1

r HrdrAβzdW̃
β
z ,

is a true martingale under Q. Hence

EQ
[
e
∫ t∧T1

n
0 L1h−1Y −1

r HrdrHt∧T 1
n

∣∣∣∣Fs] ≥ e
∫ s∧T1

n
0 L1h−1Y −1

r HrdrHs∧T 1
n
.

According to our assumptions on u and ∇u, the process e
∫ t
0 L1h−1Y −1

r HrdrHt has a

uniform bound on [0, T − δ] × Ω, ∀δ > 0. Therefore, by the Bounded Convergence

Theorem we have (3.57). As for (3.58), there exists a sequence of stopping times

{T 2
n}n≥1 with T 2

n → ∞ monotonically, such that
∫ t∧T 2

n

0
(hf)

m−1
2h ∂f

∂xα
dW̃α

r is a martin-

gale under Q. So from (3.53) we have

EQ [YT∧T 2
n

∣∣Fs]− Ys∧T 2
n

= m (2λ−m+ h)EQ

[∫ T∧T 2
n

s∧T 2
n

Htdt

∣∣∣∣∣Fs
]
.

On one hand, since solution u is bounded, by the Bounded Convergence Theorem

lim
n→∞

EQ [YT∧T 2
n

∣∣Fs] = EQ [YT | Fs] .
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On the other hand,

lim
n→∞

EQ

[∫ T∧T 2
n

s∧T 2
n

Htdt

∣∣∣∣∣Fs
]
≥ lim

n→∞
EQ

[∫ T∧T 2
n

s

Htdt

∣∣∣∣∣Fs
]

= EQ
[∫ T

s

Htdt

∣∣∣∣Fs] ,
where the second step is justi�ed by the Monotone Convergence Theorem. Hence we

have (3.58).

Now let us de�ne for each t > 0

g (t) =
∥∥Y −1t Ht

∥∥
∞ . (3.59)

It is �nite when f−1 (hf)
m−h−1

h |∇f |2 (t, ·) is bounded.

Lemma 19. Let u be a strictly positive and bounded solution to (1.1) on (0,∞)×Rn

with |∇u| (t, ·) bounded for each t > 0. Let g and L1 be de�ned according to (3.59)

and (3.55). When L1 > 0 and 2λ−m+ h > 0, it holds that

g (s) ≤

∥∥∥EQ
[
YT
Ys

∣∣∣Fs]− 1
∥∥∥
∞

m (2λ−m+ h)
∫ T
s
e−

∫ t
s L1h−1g(u)dudt

. (3.60)

Proof. By (3.57) in the above lemma,

Hs ≤ EQ
[
e
∫ t
s L1h−1Y −1

r HrdrHt

∣∣∣Fs] ≤ EQ
[
e
∫ t
s L1h−1g(r)drHt

∣∣∣Fs] ,
for any 0 ≤ s < t < T . Hence

EQ [Ht| Fs] ≥ e−
∫ t
s L1h−1g(r)drHs.
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Then we can integrate both sides on t from s to T .

EQ
[∫ T

s

Htdt

∣∣∣∣Fs] ≥ Hs

∫ T

s

e−
∫ t
s L1h−1g(r)drdt.

Together with (3.58), it follows that

m (2λ−m+ h)Hs

∫ T

s

e−
∫ t
s L1h−1g(r)drdt ≤ EQ [YT | Fs]− Ys,

which leads to

g (s) ≤

∥∥∥EQ
[
YT
Ys

∣∣∣Fs]− 1
∥∥∥
∞

m (2λ−m+ h)
∫ T
s
e−

∫ t
s L1h−1g(u)dudt

.

Let us solve this integral inequality. Set

G (s) =

∫ T

s

e−
∫ t
s L1h−1g(u)dudt.

Then G (T ) = 0, and

g (0) ≤
EQ
[
YT
Y0

]
− 1

m (2λ−m+ h)G (0)
. (3.61)

Moreover, for any s ∈ (0, T )

G′ (s) = −1 + L1h
−1g (s)

∫ T

s

e−
∫ t
s L1h−1g(u)dudt

≤ −1 + L1h
−1

∥∥∥EQ
[
YT
Ys

∣∣∣Fs]− 1
∥∥∥
∞

m (2λ−m+ h)
.
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As a consequence,

G (0) = G (T )−
∫ T

0

G (s)′ ds

≥ G (T ) +

∫ T

0

m (2λ−m+ h)− L1h
−1
∥∥∥EQ

[
YT
Ys

∣∣∣Fs]− 1
∥∥∥
∞

m (2λ−m+ h)
ds

=
1

m (2λ−m+ h)

∫ T

0

m (2λ−m+ h)− L1h
−1
∥∥∥∥EQ

[
YT
Ys

∣∣∣∣Fs]− 1

∥∥∥∥
∞
ds.

This, together with (3.61) yields

g (0) ≤
EQ
[
YT
Y0

]
− 1∫ T

0
m (2λ−m+ h)− L1h−1

∥∥∥EQ
[
YT
Ys

∣∣∣Fs]− 1
∥∥∥
∞
ds
, (3.62)

as long as

∫ T

0

m (2λ−m+ h)− L1h
−1
∥∥∥∥EQ

[
YT
Ys

∣∣∣∣Fs]− 1

∥∥∥∥
∞
ds > 0. (3.63)

To express this condition more explicitly, de�ne

uh,Tmin = inf
(t,x)∈[0,T ]×Rn

uh (t, x) .

Then condition (3.63) is satis�ed when

mh (2λ−m+ h)− L1

(∥∥uh0∥∥∞
uh,Tmin

− 1

)
> 0. (3.64)

To maximizemh (2λ−m+ h)−L1

(
‖uh0‖∞
uh,Tmin

− 1

)
, we take λ = 2m−h

2
+h

2

(
‖uh0‖∞
uh,Tmin

− 1

)−1
.

82



Then (3.64) becomes

mh− 1

2
(h− h−) (h− h+)

(∥∥uh0∥∥∞
uh,Tmin

− 1

)
+
h2

2

(∥∥uh0∥∥∞
uh,Tmin

− 1

)−1
> 0. (3.65)

For simplicity, set

U± =
mh± |h|

√
m2 + (h− h−) (h− h+)

(h− h−) (h− h+)
.

We have the following result.

Theorem 20. Let u be a strictly positive and bounded solution to (1.1) on (0,∞)×Rn.

Suppose h ∈ R satis�es

(h− h−) (h− h+) > 0,

and

U ≡
∥∥uh0∥∥∞
uh,Tmin

− 1 ∈ (U−, U+) ,

where

uh,Tmin = inf
(t,x)∈[0,T ]×Rn

uh (t, x) .

Then

um+h−3 |∇u|2 (T, x) ≤ 2

∥∥uh0∥∥∞ − uh (T, x)

mT (h− h−) (h− h+)U−1 (U − U−) (U+ − U)
. (3.66)

Proof. It only remains to check the conditions we have required on h, m and u before

obtaining (3.66) from (3.62). They are (3.65) which appeared after solving the integral
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inequality, L1 > 0 and 2λ − m + h > 0 which appeared in the lemma above. Let

λ = 2m−h
2

+ h
2

(
‖uh0‖∞
uh,Tmin

− 1

)−1
. Then 2λ−m+ h > 0 holds, and

L1 =
m

2
(h− h−) (h− h+) +

mh2

2
U−2,

which is positive since (h− h−) (h− h+) > 0. Moreover, U− and U+ are real valued

since (h− h−) (h− h+) > 0. Finally (3.65) is satis�ed since

∥∥uh0∥∥∞
uh,Tmin

− 1 ∈ (U−, U+) .

This result, together with our �rst result for the global case shows that when

m ∈
(

1− 1√
n−1 , 1 + 1√

n−1

)
, a gradient bound only depending on the maximum of

initial data can be established. But when m is outside of this range, the gradient

bound will depend on the minimum of u as well. A similar phenomena can be seen

from the result in [39], but only for m > 1. Nevertheless, the meaning behind this

phenomena is not clear to us yet, which is worthy of more exploring.
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Chapter 4

Gradient estimate of Li-Yau's type

for positive solutions to PME1

In this chapter, we work out another type of gradient estimate, which involves deriva-

tives not only in space variables but also in time variable, i.e. of Li-Yau's type. The

main idea is borrowed from [5], where the heat equation on a complete manifold was

studied. In that paper, Bakry and Qian developed a way to conjecture the form of

the best possible gradient bound under the guidance of a di�erential inequality for

the gradient, and then linearize the bound in such a way that maximum principle

can help to identify the region where that gradient bound is valid. It turns out that

their method also works for the nonlinear equation PME, and our result improves the

coe�cient β of the time derivative in result (1.6) to be equal to 1, hence leading to a

Harnack inequality with correct order in t.

1This chapter is based on a joint work with Zhongmin Qian.
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4.1 Di�erential inequalities and the curvature

Let u be a positive solution to the PME

∂tu = ∆um in [0,∞)×M, (4.1)

whereM is a compact manifold, and m > 1. Then we adopt the same transformation

as in [2] and [27], by setting

f =
m(um−1 − 1)

m− 1
.

Then

∂tf = [(m− 1) f +m] M f + |Of |2 . (4.2)

Inspired by Aronson and Bénilan's result on Rn (1.5), de�ne

X =
|∇f |2

(m− 1) f +m
and Y =

∂tf

(m− 1) f +m
.

Our aim is to derive an estimate in the form

X − Y ≤ B (t, Y, f) ,

for some function B which can be either computed explicitly or determined by ordi-

nary di�erential equations.
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4.1.1 Basic di�erential inequalities

To begin with, let us derive the parabolic equation satis�ed byX and Y , and then look

for a suitable di�erential operator L to derive estimate on (L− ∂t)X and (L− ∂t)Y .

If no confusion is possible, we use ft to denote ∂tf for simplicity. By chain rule,

∂tY = ∆ft + 2 〈∇f,∇Y 〉+ 2 (m− 1)Y X + (m− 1)Y∆f − (m− 1)Y 2, (4.3)

and

∆Y =
1

(m− 1) f +m
∆ft −

m− 1

(m− 1) f +m
Y∆f

− 2 (m− 1)

(m− 1) f +m
〈∇f,∇Y 〉 , (4.4)

combining equations (4.3) and (4.4), together with the relation that ∆f = Y − X,

we deduce that

(L− ∂t)Y = − (m− 1)Y 2. (4.5)

where

L = [(m− 1) f +m] ∆ + 2m∇f.∇, (4.6)

which is the desired elliptic operator we are looking for.

We next compute (L− ∂t)X. De�ne Γ2 by

Γ2f =
1

2
∆ |∇f |2 − 〈∇f,∇∆f〉 .
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Then we have

2Γ2f = LX + (m− 1)X (Y −X)− 2 〈∇f,∇Y 〉 .

That is

LX = 2Γ2f + 2 〈∇f,∇Y 〉 − (m− 1)X (Y −X) . (4.7)

On the other hand we have

∂tX = 2 〈∇f,∇Y 〉+ (m− 1)Y X.

Together with (4.7) we obtain

(L− ∂t)X = 2Γ2f + (m− 1)X2 − 2 (m− 1)XY. (4.8)

Next we assume that Ricci curvature is bounded from below by −K. Then by

Bochner identity,

Γ2f = ‖Hessf‖2 +Ric (∇f,∇f) ≥ 1

n
(∆f)2 −K |∇f |2 .

Using this condition we can deduce that

(L− ∂t)X ≥
2

n
(X − Y ) 2 − 2K ((m− 1) f +m)X + (m− 1)X2 − 2 (m− 1)XY.

(4.9)
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Together with (4.5) we deduce that

(L− ∂t) (X − Y ) ≥
(

2

n
+m− 1

)
(X − Y ) 2 − 2K ((m− 1) f +m)X, (4.10)

which is the fundamental di�erential inequality we will use.

4.1.2 Further di�erential inequality

For any function B (t, Y, f), consider F = X − Y −B (t, Y, f) and G = tF . Then by

using (4.10), (4.5) and (4.2) we have

(L− ∂t)F

≥
(

2

n
+m− 1

)
(F +B)2 + ∂YB (m− 1)Y 2

− [(m− 1) f +m] ∂2YB |∇Y |
2

− 2 [(m− 1) f +m] ∂2Y f 〈∇Y,∇f〉

− 2K [(m− 1) f +m] (F +B + Y )

− [(m− 1) f +m]2 ∂2fB (F +B + Y )

− ∂fB (2m− 1) [(m− 1) f +m] (F +B + Y ) + ∂tB.
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Hence

(L− ∂t)G

≥t
(

2

n
+m− 1

)(
G

t
+B

)2

+ t∂YB (m− 1)Y 2

− t [(m− 1) f +m] ∂2YB |∇Y |
2

− 2t [(m− 1) f +m] ∂2Y f 〈∇Y,∇f〉

− 2tK [(m− 1) f +m]

(
G

t
+B + Y

)
− G

t

− t [(m− 1) f +m]2 ∂2fB

(
G

t
+B + Y

)
− t∂fB (2m− 1) [(m− 1) f +m]

(
G

t
+B + Y

)
+ t∂tB. (4.11)

Based on this, we can use maximum principle to test whether a function B (t, Y, f)

is a bound for X − Y .

4.2 Conjecture about the gradient bound

When the space M consists of only one point, di�erential inequality (4.10) for X−Y

becomes

−∂t (X − Y ) ≥
(

2

n
+m− 1

)
(X − Y )2 − 2K ((m− 1) f +m)X. (4.12)

Therefore, we should expect the upper bound c (t, Y, f) on X − Y to satisfy

−∂tc =

(
2

n
+m− 1

)
c2 − 2K ((m− 1) f +m) (c+ Y ) .
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However, the existence of f in it makes the problem very complicated. Until now

we are only able to deal with the simpli�ed case when a bound for the solution is

introduced. De�ne

R = sup
[0,∞)×M

|K [(m− 1) f +m]| .

Also, for simplicity, we use

N =
1

1
n

+ 1
2

(m− 1)
. (4.13)

Then from (4.10) we have

(L− ∂t) (X − Y ) ≥ 2

N
(X − Y )2 − 2RX.

Let us assume

N > 0 and Y0 +
NR

4
> 0,

and consider the ordinary di�erential equation

dC

dt
+

2

N
C2 − 2R (C + Y0) = 0, (4.14)

with C (0) =∞. Solving it yields

C (t, Y0) =
NR

2
+
N

2t

b (t, Y0)

2
coth

b (t, Y0)

2
, (4.15)

where

b (t, Y ) =
4t

N

√
NR

(
Y0 +

NR

4

)
.
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In terms of the property of this solution, �rst of all, since

b coth
b

2
≥ 2, ∀b > 0,

we have

4t

N
C (t, Y0)− 2tR > 2. (4.16)

Secondly, Y → C (t, Y ) is di�erentiable when Y + NR
4
> 0. We can explicitly work

out that

∂YC (t, Y0) = 2tRH, (4.17)

where

H = H(t, Y ) =
e2b(t,Y ) − 1− 2eb(t,Y )b (t, Y )

(eb(t,Y ) − 1)
2
b (t, Y )

,

for simplicity. Note that by the elementary inequality

0 ≤ e2b − 1− 2ebb

(eb − 1)2 b
≤ 1

3
, ∀b ≥ 0, (4.18)

we have an estimate on ∂YC, which reads

∂YC (t, Y0) ∈
[
0,

2

3
tR

]
. (4.19)

De�ne B (t, Y ) to be the linearization in the variable Y of C, that is

B (t, Y ) = ∂YC (t, Y0) (Y − Y0) + C (t, Y0) , (4.20)
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where parameter Y0 will be determined later. Then we conjecture that

X − Y ≤ B (t, Y ) . (4.21)

4.3 Applying maximum principle

It only remains to substitute expressions for B and ∂tB into (4.11) before using

maximum principle to test whether (4.21) holds. By (4.14) and (4.20),

∂tB (t, Y ) = ∂t∂YC (t, Y0) (Y − Y0) + ∂tC (t, Y0)

= − 4

N
C (t, Y0) ∂YC (t, Y0) (Y − Y0)

+2R (∂YC (t, Y0) + 1) (Y − Y0)

− 2

N
C (t, Y0)

2 + 2R (C (t, Y0) + Y0) .
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This, together with (4.20) and (4.11) yields

(L− ∂t)G

≥t 2

N

(
G

t
+B

)2

+ t∂YB (m− 1)Y 2

− 2tK [(m− 1) f +m]

(
G

t
+B + Y

)
− G

t
+ t∂tB

≥t 2

N

(
G

t
+B

)2

+ t∂YB (m− 1)Y 2

− 2tR

(
G

t
+B + Y

)
− G

t
+ t∂tB

=t
2

N

(
G

t
+ ∂YC (t, Y0) (Y − Y0)

)2

+ t∂YC (t, Y0) (m− 1)Y 2

+

(
4

N
C (t, Y0)− 2R− 1

t

)
G.

By estimate (4.19) about ∂YC,

∂YC (t, Y0) (m− 1)Y 2 ≥ 0, if m ≥ 1.

Therefor, let us assume m ≥ 1. Then

(L− ∂t)G ≥
(

4

N
C (t, Y0)− 2R− 1

t

)
G. (4.22)

Since M is compact, smooth function G on [0, T ]×M has a maximum point (t0, x0).

Assume t0 > 0 and G (t0, x0) > 0. Then at (x0, t0), it holds that ∆G ≤ 0, ∇G = 0

and ∂tG ≥ 0. Hence the left hand side of (4.22) is nonpositive at (x0, t0). On the
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other hand, by estimate (4.16) about C,

4

N
C (t, Y0)− 2R− 1

t
>

1

t
, ∀Y0 > −

NR

4
.

So the right hand side of (4.22) is strictly positive at (x0, t0). We thus have a contra-

diction to (4.22). Hence we either have G ≤ 0 or t0 = 0. But from the de�nition of

G, G (0, ·) = 0. Therefore, we always have G ≤ 0, which means

|∇f |2

(m− 1) f +m
− ft

(m− 1) f +m
≤ ∂YC (t, Y0)

(
ft

(m− 1) f +m
− Y0

)
+ C (t, Y0) ,

(4.23)

for any Y0 > −NR
4
.

Theorem 21. Let u be a positive solution to (4.1) on a compact manifold with Ric ≥

−K, f = m(um−1−1)
m−1 and

R = sup
[0,∞)×M

|K [(m− 1) f +m]| .

Then

|∇f |2

(m− 1) f +m
− ft

(m− 1) f +m
≤ C

(
t,

ft
(m− 1) f +m

)
, on

ft
(m− 1) f +m

> −NR
4
,

(4.24)
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|∇f |2

(m− 1) f +m
− ft

(m− 1) f +m

≤ 2R

3
t

(
ft

(m− 1) f +m
+
NR

4

)
+
NR

2
+
N

2t

≤ N

2t
+
NR

2
, on

ft
(m− 1) f +m

< −NR
4
, (4.25)

and

|∇f |2

(m− 1) f +m
− ft

(m− 1) f +m
≤ inf

Y0>−NR4

(
∂YC (t, Y0)

(
ft

(m− 1) f +m
− Y0

)
+ C (t, Y0)

)
,

(4.26)

where N and C are de�ned according to (4.13) and (4.15).

Proof. We have proved (4.23), which directly implies (4.26). By taking Y0 = ft
(m−1)f+m

in (4.23), we have (4.24). As for (4.25). We �rst compute from (4.15) and (4.17) that

lim
Y0→−NR4

C (t, Y0) =
NR

2
+
N

2t
, lim
Y0→−NR4

∂YC (t, Y0) =
2R

3
t.

Then (4.25) follows from (4.23) by letting Y0 → −NR
4
.

4.4 Harnack inequality

One can see that gradient bound (4.23) we obtained in the section above is in fact a

bound on

|∇f |2

(m− 1) f +m
− (1 + ∂YC (t, Y0))

ft
(m− 1) f +m

,
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and the principal term in t in our bound is N
2t
. Recall from formula (4.17) for ∂YC

that

lim
t→0

∂YC (t, Y0) = 0,

which means that the coe�cient of ft
(m−1)f+m in our bound tends to 1 as t → 0. In

contrast, in the result (1.6) by Villani et al, the bound explodes as that coe�cient

tends to 1. With this advantage, our bound implies a Harnack inequality that has

correct order in the time variable.

For any x1, x2 in M and t2 > t1 > 0, let γ be a minimal geodesic joining x1 and

x2 with constant speed, so that γ (t1) = x1, γ (t2) = x2 and
∣∣dγ
dt

∣∣ = d(x1,x2)
t2−t1 . De�ne

p (s) = (s, γ (s)) .

Furthermore, de�ne

um−1min = inf um−1.

So

inf ((m− 1) f +m) = mum−1min .
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Then

log

(
(m− 1) f (t2, x2) +m

(m− 1) f (t1, x1) +m

)
=

∫ t2

t1

d

ds
(log [(m− 1) f (p (s)) +m]) ds

=

∫ t2

t1

(
(m− 1)

∇f
(m− 1) f +m

· dγ
ds

+ (m− 1)
ft

(m− 1) f +m

)
ds

≥− (m− 1)

∫ t2

t1

(
(1 + ∂YC (s, Y0))

4 [(m− 1) f +m]

∣∣∣∣dγds
∣∣∣∣2
)
ds

− (m− 1)

∫ t2

t1

(
1

1 + ∂YC (s, Y0)

|∇f |2

(m− 1) f +m
− ft

(m− 1) f +m

)
ds

≥− (m− 1)

∫ t2

t1

(
(1 + ∂YC (s, Y0))

4 [(m− 1) f +m]

∣∣∣∣dγds
∣∣∣∣2 +

C (s, Y0)− ∂YC (s, Y0)Y0
1 + ∂YC (s, Y0)

)
ds

≥− m− 1

4mum−1min

d2 (x1, x2)

t2 − t1
− m− 1

4mum−1min

∫ t2
t1
∂YC (s, Y0) ds

(t2 − t1)2
d2 (x1, x2)

− (m− 1)

∫ t2

t1

(
C (s, Y0)−

∂YC (s, Y0)

1 + ∂YC (s, Y0)
(Y0 + C (s, Y0))

)
ds,

where the second inequality results from our gradient bound (4.23). Let us work out

explicitly the dominating term in time variable. Recall that

C (s, Y0) =
NR

2
+
N

2s

b (s, Y0)

2
coth

b (s, Y0)

2

=
NR

2
+
√
NR

√
Y0 +

NR

4
coth

(
2s

N

√
NR

√
Y0 +

NR

4

)
.
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Hence

∫ t2

t1

C (s, Y0) ds =
NR

2
(t2 − t1) +

N

2

∫ 2t2
N

√
NR
√
Y0+

NR
4

2t1
N

√
NR
√
Y0+

NR
4

coth (t) dt

=
NR

2
(t2 − t1) +

N

2
log

sinh
(

2t2
N

√
NR

√
Y0 + NR

4

)
sinh

(
2t1
N

√
NR

√
Y0 + NR

4

)


=
NR

2
(t2 − t1) +

N

2
log

sinh
(

2t2
N

√
NR

√
Y0 + NR

4

)
sinh

(
2t1
N

√
NR

√
Y0 + NR

4

)
 .

For simplicity, de�ne

Q
(
um−1min , Y0, t1, t2

)
=

1

4mum−1min

∫ t2
t1
∂YC (s, Y0) ds

(t2 − t1)2
d2 (x1, x2)

−
∫ t2

t1

(
∂YC (s, Y0)

1 + ∂YC (s, Y0)
(Y0 + C (s, Y0))

)
ds

+
NR

2
(t2 − t1) . (4.27)

As a result we obtain the following Harnack inequality.

Theorem 22. Let u be a positive solution to (4.1) on a compact manifold with Ric ≥

−K, f = m(um−1−1)
m−1 and

R = sup
[0,∞)×M

|K [(m− 1) f +m]| , um−1min = inf [(m− 1) f +m] .
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Then for any Y0 > −NR
4
, any x1, x2 in M and any t2 > t1 > 0,

(m− 1) f (t2, x2) +m

(m− 1) f (t1, x1) +m

≥

sinh
(

2t1
N

√
NR

√
Y0 + NR

4

)
sinh

(
2t2
N

√
NR

√
Y0 + NR

4

)


(m−1)N
2

· exp

(
(m− 1)

(
−1

4mum−1min

d2 (x1, x2)

t2 − t1
−Q

(
um−1min , Y0, t1, t2

)))
,

where N , C and Q are de�ned according to (4.13), (4.15) and (4.27).

Remark 23. When t1 and t2 are small, the order of magnitude in
(
t2
t1

)
of the right

hand side of the above inequality is (m− 1) N
2
, which improves (1.7) by Villani et al

mentioned in our introduction.

With a similar argument, we can derive another Harnack inequality, which is able

to recover the result for the heat equation by Bakry and Qian in [5]. De�ne

Q′
(
um−1max , Y0, t1, t2

)
=

∫ t2
t1
∂YC (s, Y0) ds

(t2 − t1)2
d2 (x1, x2)

4

−mum−1max

∫ t2

t1

(
∂YC (s, Y0)

1 + ∂YC (s, Y0)
(Y0 + C (s, Y0))

)
ds

+
NR

2
mum−1max (t2 − t1) . (4.28)

Theorem 24. Let u be a positive solution to (4.1) on a compact manifold with Ric ≥
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−K, f = m(um−1−1)
m−1 and

R = sup
[0,∞)×M

|K [(m− 1) f +m]| , um−1max = sup [(m− 1) f +m] .

Then for any Y0 > −NR
4
, any x1, x2 in M and any t2 > t1 > 0,

f (t2, x2)− f (t1, x1)

≥mN

2
um−1max log

sinh
(

2t1
N

√
NR

√
Y0 + NR

4

)
sinh

(
2t2
N

√
NR

√
Y0 + NR

4

)
− d2 (x1, x2)

4 (t2 − t1)
−Q′

(
um−1max , Y0, t1, t2

)
.

where N , C and Q′ are de�ned according to (4.13), (4.15) and (4.28).

Proof. The proof is completed by the following inequality.

f (t2, x2)− f (t1, x1)

=

∫ t2

t1

(
∇f · dγ

ds
+ ft

)
ds

≥ −
∫ t2

t1

(
(1 + ∂YC (s, Y0))

4

∣∣∣∣dγds
∣∣∣∣2 +

|∇f |2

1 + ∂YC (s, Y0)
− ft

)
ds

≥ −
∫ t2

t1

(
(1 + ∂YC (s, Y0))

4

∣∣∣∣dγds
∣∣∣∣2 +

C (s, Y0)− ∂YC (s, Y0)Y0
1 + ∂YC (s, Y0)

mum−1max

)
ds

= −d
2 (x1, x2)

4 (t2 − t1)
−
∫ t2
t1
∂YC (s, Y0) ds

(t2 − t1)2
d2 (x1, x2)

4

−mum−1max

∫ t2

t1

(
C (s, Y0)−

∂YC (s, Y0)

1 + ∂YC (s, Y0)
(Y0 + C (s, Y0))

)
ds,

where the second inequality results from multiplying both sides of (4.23) by mum−1max .
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Appendix A

Preliminaries

A.1 Basics of Martingale theory

A stochastic process valued in Rn can be viewed as a sequence of random variables

indexed by a time parameter t ∈ [0,∞). It is uniquely determined up to an equivalent

class by all of its �nite-dimensional distributions. By the Daniell-Kolmogorov exis-

tence theorem [22], as long as all the �nite-dimensional distributions are consistent,

there exists a measure on
(

(Rn)[0,∞) ,B
(

(Rn)[0,∞)
))

such that its canonical process

have those prescribed �nite-dimensional distributions. When a process X satis�es

E [|Xt −Xs|r] ≤ C |t− s|1+α , 0 ≤ s ≤ t ≤ T,

for some α > 0 and r > 1 + α, by A. N. Kolmogorov [34] X has a version X ′ among

its equivalent class such that t → X ′t (ω): [0, T ] → Rn is continuous for P−almost

all ω ∈ Ω, which means it has continuous sample paths. For such processes, a good
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choice of (Ω,F ,P) is the so-called Wiener space. Here Ω is the linear space consisting

of all continuous functions from [0,∞) to Rn starting from 0. It is equipped with the

metric d (·, ·) given by

d (ω, ω′) =
∞∑
n=1

1

2n
sup0≤t≤n |ω (t)− ω′ (t)|

1 + sup0≤t≤n |ω (t)− ω′ (t)|
, ∀ ω, ω′ ∈ Ω,

which corresponds to the uniform convergence. F is the Borel σ−algebra associated

with the topology generated by the metric d (·, ·). Then for each t, de�ne a map Wt:

Ω→ Rn by

Wt (ω) = ω (t) .

Wt is continuous from metric space (Ω, d) to Rn, hence measurable to F . P is the

probability measure on (Ω,F) such that

1. For any 0 ≤ t0 < t1 < · · · < tn, random variables Wt0 , Wt1 −Wt0 , · · · , Wtn −

Wtn−1are independent.

2. For any t > s ≥ 0, Wt −Ws has a normal distribution N (0, t− s).

The triple (Ω,F ,P) is called Wiener space. W = Wt (ω) is called standard Brow-

nian motion on Rn. To characterize the information generated by Wt as t evolves,

the �ltration {F0
t }t≥0 is introduced by de�ning F0

t = σ (Ws, s ≤ t) . It is readily seen

that ω → Ws (ω) is F0
t −measurable for any s ≤ t, which means W is adapted

to {F0
t }t≥0. Moreover, t → Wt (ω) is continuous for each ω ∈ Ω. Therefore,

W is progressively measurable to {F0
t }t≥0 in the sense that the mapping (s, ω) →

Ws (ω): ([0, t]× Ω,B ([0, t])⊗F0
t ) → (Rn,B (Rn)) is measurable for each t > 0.
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The progressive measurability of a process enables one to take integration of it on

([0, t]× Ω,B ([0, t])⊗F0
t , µ× P). To get a right continuous �ltration, we enlarge F0

t

by de�ning Ft = σ {F0
t ,N}, where N is the collection of all subsets of measure zero

sets in Ω. Then the strong Markov property of Brownian motion W ensures that

Ft = ∩ε>0Ft+ε. On the �ltered probability space
(
Ω,F , {Ft}t≥0 ,P

)
, a stopping time

T is a random variable such that {T ≤ t} is Ft−measurable for any t > 0. The right

continuity of the augmented �ltration {Ft}t≥0 ensures that for any right continuous

and adapted process X on
(
Ω,F , {Ft}t≥0 ,P

)
and open set O in Rn, the �rst hitting

time τ = inf {t : Xt ∈ O} is a stopping time (problem 1.2.6 in [22]).

On
(
Ω,F , {Ft}t≥0 ,P

)
, a submartingale (respectively, a supermartingale) M is a

stochastic process valued in R satisfying E [Mt| Fs] ≥Ms (respectively, E [Mt| Fs] ≤

Ms) for any 0 ≤ s ≤ t. A martingale is both a submartingale and a supermartingale.

The martingale property implies a close relation between the expected behavior of

the process in the future and its value in the present. In fact this relation holds not

only on deterministic times but also on stopping times.

Theorem 25. (Doob's optional sampling theorem [32]) Let M be a submartingale

and S ≤ T be two bounded stopping times of
(
Ω,F , {Ft}t≥0 ,P

)
. Then

E [MT | FS] ≥MS.

With this powerful tool, the pathwise convergence of martingales can be tested

by the following criteria.

Theorem 26. (Martingale convergence theorem [22]) Let M be a right continuous
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submartingale with supt≥0E
[
M+

t

]
< ∞. Then limt→∞Mt (ω) exists for almost all

ω ∈ Ω, and this limit is integrable.

An important property of martingales is that their running maximums can be

controlled by their �nal values in terms of Lp norm for any p > 1.

Theorem 27. (Doob's Lp−inequality [32]) If M is a submartingale, then for p > 1

E

[(
sup
t≤T

M+
t

)p]
≤
(

p

p− 1

)p
E
[(
M+

T

)p]
.

Another celebrated inequality is due to Donald Burkholder, Burgess Davis and

Richard F. Gundy, which shows that one can estimate the running maximum of a

martingale by its quadratic variation, or the other way around, in terms of Lp for any

p > 0.

Theorem 28. (Burkholder�Davis�Gundy inequalities) Let T > 0 and (Mt)0≤t≤T be

a continuous local martingale such that M0 = 0. For every 0 < p < ∞, there exist

universal constants cp and Cp, independent of T and (Mt)0≤t≤T such that

cpE
(
〈M〉

p
2
T

)
≤ E

((
sup

0≤t≤T
|Mt|

)p)
≤ CpE

(
〈M〉

p
2
T

)
.

A.2 Change of measures on Wiener space

For the Wiener space (Ω,F ,P), if there is another measure Q on (Ω,F), such that it

is equivalent to P, then Girsanov's theorem tells us that any semimartingale under P

is still a semimartingale under Q. In particular, it speci�es the relation between the

105



law of the canonical process W under the new measure Q and the Radon-Nikodym

derivative of Q with respect to P.

Theorem 29. (Girsanov's theorem [22])

Let Mt be a continuous local martingale on
(
Ω,F , {Ft}t≥0 ,P

)
with M0 = 0 and

its stochastic exponential

exp

(
Mt −

1

2
〈M〉t

)

being a martingale under P. De�ne a measure Q on (Ω,F) such that

dQ
dP

∣∣∣∣
Ft

= exp

(
Mt −

1

2
〈M〉t

)
. (A.1)

Then

Wt − 〈M,W 〉t ,

is a Brownian motion under measure Q.

For any measure Q that is equivalent to P, their Radon-Nikodym derivative ξ

must be strictly positive. So dQ
dP

∣∣
Ft

can always be written in the form of (A.1). By

using Ito's formula on log
(

1
EP[ ξ|Ft]

)
, one can see that

Mt =

∫ t

0

1

EP [ξ| Ft]
d
(
EP [ξ| Ft]

)
.

Therefore, Girsanov's theorem is applicable to any equivalent change of measure.

There are a lot of literature devoted to the study about su�cient conditions on

M under which exp
(
Mt − 1

2
〈M〉t

)
is a martingale. A well-known result is due to A.
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A. Novikov [30].

Theorem 30. (Novikov) If M is a continuous local martingale such that

M0 = 0, EP
[
exp

(
1

2
〈M〉T

)]
<∞,

Then exp
(
Mt − 1

2
〈M〉t

)
is a martingale up to time T under P.

If we restrict M to be Gaussian, i.e. Mt =
∫ t
0
h (s) · dWs for some deterministic

function h, then by Theorem 2.2 in Chapter 8 of [32], Novikov's condition is also a

necessary condition. This means that if we de�ne a new measure P ◦ τ−1g on (Ω,F),

where g ∈ Ω and τg is the translation on Ω given by

τg (ω) = ω + g,

then this measure is equivalent to P if and only if g (t) =
∫ t
0
h (s) ds, h ∈ L2. The

collection of such g is called Cameron-Martin space. Therefore, although a random

variable is only almost surely de�ned, its partial derivative along the direction of an

element in the Cameron-Martin space is still well de�ned. This observation is the

starting point of one way to build up the theory of Malliavin calculus.

Another su�cient condition for the martingale property of (A.1) is

EP
[
sup
t
M2

t

]
<∞, and EP [〈M〉∞ − 〈M〉s| FS] ≤ c, ∀ stopping time S. (A.2)

With this property, a martingale is called a BMO martingale, which is a probabilistic
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version of a function with bounded mean oscillation.

Theorem 31. ([23]) If M is a martingale satisfying (A.2), then its stochastic expo-

nential

E (M)t , exp

(
Mt −

1

2
〈M〉t

)
,

is a uniformly integrable martingale.

Proof. Since E [suptM
2
t ] <∞, M∞ exists and E [M∞| FS] = MS, ∀ stopping time S.

By de�nition E (M)t is a positive local martingale, hence a positive supermartingale.

By martingale convergence theorem, E (M)∞ , limt→∞ E (M)t exists. Also, Fatou's

Lemma

E [E (M)∞] = E
[
lim inf
t→∞

E (M)t

]
≤ lim inf

t→∞
E [E (M)t] ≤ E [E (M)0] = 1.

By the Jensen's Inequality, for any stopping time S,

E

[
E (M)∞
E (M)S

∣∣∣∣FS] = E

[
exp

(
M∞ −MS −

1

2
(〈M〉∞ − 〈M〉S)

)∣∣∣∣FS]
≥ exp

(
E

[
M∞ −MS −

1

2
(〈M〉∞ − 〈M〉S)

∣∣∣∣FS])
= exp

(
E

[
−1

2
(〈M〉∞ − 〈M〉S)

∣∣∣∣FS])
≥ exp

(
−1

2
c

)
,

which implies that

E (M)S ≤ exp

(
1

2
c

)
E [E (M)∞| FS] .
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Since E (M)∞ is integrable,

{E (M)S , S is a stopping time} ,

is uniformly integrable. This improves the local martingale E (M) to be a uniformly

integrable martingale.

BMO martingales are commonly seen in solutions to backward stochastic di�er-

ential equations with bounded terminal values [29].
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