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ABSTRACT. We are concerned with the stability of steady multi-wave configurations for
the full Euler equations of compressible fluid flow. In this paper, we focus on the stability
of steady four-wave configurations that are the solutions of the Riemann problem in the
flow direction, consisting of two shocks, one vortex sheet, and one entropy wave, which is
one of the core multi-wave configurations for the two-dimensional Euler equations. It is
proved that such steady four-wave configurations in supersonic flow are stable in structure
globally, even under the BV perturbation of the incoming flow in the flow direction. In
order to achieve this, we first formulate the problem as the Cauchy problem (initial value
problem) in the flow direction, and then develop a modified Glimm difference scheme
and identify a Glimm-type functional to obtain the required BV estimates by tracing the
interactions not only between the strong shocks and weak waves, but also between the
strong vortex sheet/entropy wave and weak waves. The key feature of the Euler equations
is that the reflection coefficient is always less than 1, when a weak wave of different family
interacts with the strong vortex sheet/entropy wave or the shock wave, which is crucial to
guarantee that the Glimm functional is decreasing. Then these estimates are employed to
establish the convergence of the approximate solutions to a global entropy solution, close
to the background solution of steady four-wave configuration.

1. INTRODUCTION

We are concerned with the stability of steady multi-wave configurations for the two-
dimensional steady full Euler equations of compressible fluid flow governed by

(pu) + (,OU)y =0,

(pu? 4 p)a + (puv)y = 0,

(puv)e + (pv* +p)y =0,

(pu(E + E))a + (pv(E + E))y =0,

where (u,v) is the velocity, p the density, p the scalar pressure, and E = 3(u®+v?)+e(p, p)
the total energy, with internal energy e that is a given function of (p, ) defined through
thermodynamic relations. The other two thermodynamic variables are the temperature T'
and the entropy S. If (p,S) are chosen as two independent variables, then the constitutive

(1.1)
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relations become

(eapa T) - (e(pv S)vp(pa S)vT(pa S))v (12)
governed by
TdS = de — L dp. (1.3)
p
For an ideal gas,
p = RpT, e =c,T, fyzl—i—ﬁ > 1, (1.4)
Cy
and o
b= p(pa S) - Hp’ye%7 €= %Py_leﬁ - ﬁv (15)

where R, K, and ¢, are all positive constants. The quantity

/ [P
Cc = pp(pa S) =
p
is defined as the sonic speed.

In this paper, we focus on the stability of steady four-wave configurations in the two
space-dimensional case, consisting of two shocks, one vortex sheet, and one entropy wave,
which are the solutions of the Riemann problem in the flow direction; see Figure 1. In
this configuration, the vortex sheet and the entropy wave coincide in the Euler coordinates.
This is one of the fundamental core multi-wave configurations, as a solution of the standard
steady Riemann problem for the two-dimensional Euler equations:

(i) For supersonic flow, there are at most eight waves (shocks, vortex sheets, entropy
waves, rarefaction waves) that emanate from one single point in the Euler coordinates,
which consist of one solution (at most four of these waves) of the Riemann problem in the
flow direction and the other solution (at most four of these waves) of the other Riemann
problem in the opposite direction, while the later Riemann problem can also be reduced
into the standard Riemann problem in the flow direction by the coordinate transformation
(x,y) — (—x,—y) and the velocity transformation (u,v) — (—u, —v), which are invariant
for the Euler equations .

(ii) Vortex sheets and entropy waves are new key fundamental waves in the multidi-
mensional case, which are normally very sensitive in terms of perturbations as observed in
numerical simulations and physical experiments (cf. |1,2/5]/7,/10]).

(iii) Such solutions are fundamental configurations for the local structure of general
entropy solutions, which play an essential role in the mathematical theory of hyperbolic
conservation laws (cf. [3,|44/6}7,15-19,122,23]).

The stability problem involving supersonic flows with a single shock past a Lipschitz
wedge has been solved in Chen-Zhang-Zhu [11] (also see Chen-Li [9]). The stability problem
involving supersonic flows with vortex sheets and entropy waves over a Lipschitz wall has
been solved in Chen-Zhang-Zhu [12]. See also Chen-Kuang-Zhang [8] for the stability
of two-dimensional steady supersonic exothermically reacting Euler flow past Lipschitz
bending walls.

The case of an initial configuration involving two shocks is treated in [21], by using the
method of front tracking, for more general equations, under the finiteness and stability
conditions. We think that, with the estimates of Riemann solutions involving more than
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F1GURE 1. An unperturbed four-wave configuration, consisting of two
shocks S7 and Sy, one vortex sheet C5, and one entropy wave C's

two strong waves, the estimates on the reflection coefficients of wave interactions should
play a similar role so that the method of front tracking may be used.

In this paper, it is proved that steady four-wave configurations in supersonic flow are
stable in structure globally, even under the BV perturbation of the incoming flow in the
flow direction. In order to achieve this, we first formulate the problem as the Cauchy
problem (initial value problem) in the flow direction, then develop a modified Glimm d-
ifference scheme similar to those in [11,|12] from the original Glimm scheme in [19] for
one-dimensional hyperbolic conservation laws, and further identify a Glimm-type function-
al to obtain the required BV estimates by tracing the interactions not only between the
strong shocks and weak waves, but also between the strong vortex sheet/entropy wave
and weak waves carefully. The key feature of the Euler equations is that the reflection
coefficient is always less than 1, when a weak wave of different family interacts with the
vortextsheets/entropy wave or the shock wave, which is crucial to guarantee that the Glim-
m functional is decreasing. Then these estimates are employed to establish the convergence
of the approximate solutions to a global entropy solution, close to the background solution
of steady four-wave configuration.

This paper is organized as follows: In §2, we first formulate the stability of multi-
wave configurations as the Cauchy problem (initial value problem) in the flow direction
for the Euler equations and then state the main theorem of this paper. In §3, some
fundamental properties of system and the analysis of the Riemann solutions are
presented, which are used in the subsequent sections. In §4, we make estimates on the
wave interactions, especially between the strong and weak waves, and identify the key
feature of the Euler equations that the reflection coefficient is always less than 1, when a
weak wave of different family interacts with the vortex sheet/entropy wave or the shock
wave. In §5, we develop a modified Glimm difference scheme, based on the ones in [111|12],
to construct a family of approximate solutions, and establish necessary estimates that will
be used later to obtain its convergence to an entropy solution of the Cauchy problem
and . In §6, we show the convergence of the approximate solutions to an entropy
solution, close to the background solution of steady four-wave configuration.



4 GUI-QIANG G. CHEN MATTHEW RIGBY

2. FORMULATION OF THE PROBLEM AND MAIN THEOREM

In this section, we formulate the stability problem for the steady four-wave configurations
as the Cauchy problem (initial value problem) in the flow direction for the Euler equations
(1.1) and then state the main theorem of this paper.

2.1. Stability problem. We focus on the stability problem of the four-wave configurations
consisting of two strong shocks, one strong vortex sheet, and one entropy wave for the
supersonic Euler flows governed by system (.1 for U = (u,v,p,p). More precisely, we
consider a background solution U : Ri — R that consists of four constant states:

Up = (up, Vb, P, pb),

Uml == (umh prmly Pml)a

UmZ == (um27 prm27 PmZ)a

Us = (uaa Va5 Pa, pa):

where u; > ¢; for all j € {a,m1, ma,b} with the sonic speed of state U;:

o= [0

Pj
and state U,,1 connects to U, by a strong 1-shock of speed o19, U,,1 connects to Uy, by a
strong 2-vortex sheet and a strong 3—entropy wave of strengths (099, 030), and U, connects

to Unme by a strong 4-shock of speed o49; see Figure

04

Ua

(02,03)

01

z=0

FIGURE 2. The background solution U, consisting of four waves and four
constant states

We are interested in the stability of the background solution U of steady four-wave
configuration, under small BV perturbations of the incoming flow as the initial data, to see
whether it leads to entropy solutions containing similar strong four-wave configurations,
close to the background solution U. That is, the stability problem can be formulated as
the following Cauchy problem (initial value problem) for the Euler equations with the
Cauchy data:

Ul,_y = Un, (2.1)
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where Uy € BV(R) is a small perturbation function close to U(-,0) in BV
The main theorem of this paper is the following:

Theorem 2.1 (Existence and Stability). There exist € > 0 and C > 0 such that, if
Uy € BV(R) satisfies

TV{Uy() ~ T(0, )} < e,
then there are four functions:

U € BVioe(R7) N L¥(RY), xi € Lip(Ry;Ry)  fori=1,2,3,4,

such that
(i) U is a global entropy solution of system (1.1]) in R2 , satisfying the initial condition

1)

(ii) Curves {y = xi(x)}, i =1,2,3,4, are a strong 1-shock, a combined strong 2-vortex
sheet and 3—entropy wave (x2,3 := x2 = Xx3), and a strong 4-shock, respectively, all
emanating from the origin, with

|U(x’y)|{y<><1(w)} - Ub} < Ce,
U (2, 9) 1 @) <y<xas(@y — Umi| < Ce,
U (2, 9) {xas(@)<y<xa(a)y — Umz| < Ce,
\U(x,9)| fxa(@)<y} — Ua| < Ce.

In §2-§6, we prove this main theorem and related properties of the global solution in
BV.

3. RIEMANN PROBLEMS AND SOLUTIONS

This section includes some fundamental properties of system ((1.1)) and some analysis of
the Riemann solutions, which will be used in the subsequent sections; see also [11}]12].

3.1. Euler equations. With U = (u,v,p,p), the Euler system can be written in the
following conservation form:

WU),+HU), =0, (3.1)
where
W(U) = (pu, pu® + p, puv, pu(h + v ;L i ), H(U) = (pv, puv, pv* + p, po(h + v ),
(3.2)
and h = #. For a smooth solution U(z,y), is equivalent to
VoW (U)U, + VyH(U)U, =0, (3.3)
so that the eigenvalues of are the roots of the fourth order polynomial:
det(A\VyW(U) — VyH(U)), (3.4)

which are solutions of the equation:

(v —Au)?((v — Au)? — (1 +A?)) =0, (3.5)
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where ¢ = \/vp/p is the sonic speed. If the flow is supersonic, i.e. u?+v? > ¢?, system 1}
is hyperbolic. In particular, when u > ¢, system (1.1]) has the following four eigenvalues in
the z—direction:

71j,/2 2 _ A2
Aj:“”” )QC “2” “ forj=1,4 AN=2 fori=2,3, (3.6)
us — ¢ u

with four corresponding linearly independent eigenvectors:

’U), p()‘j:2_ U) )T

ry = (U7U7Oa0>—r7 ry = (070707p)—r7

r; = K,j(—)\j, 1,p()\ju — for j = 1,4,

(3.7)

where k; are chosen to ensure that r; - VA; = 1 for j = 1,4, since the first and fourth
characteristic fields are always genuinely nonlinear, and the second and third are linearly
degenerate.
In particular, at a state U = (u, 0, p, p),
c

A (U) = A3(U) =0, MU) = ——F—— =-M(U) <0.

W2 _ 2
Definition 3.1. U € BV(R%_) is called an entropy solution of (1.1)) and (2.1)) if
(i) U satisfies the Euler equations (1.1)) in the distributional sense and (2.1)) in the

trace sense;
(ii) U satisfies the following entropy inequality:

(puS)z + (pvS)y <0 (3.8)
in the distributional sense in ]Ri, including the boundary.

3.2. Wave curves in the phase space. In this subsection, based on [11, pp. 297-298]
and |12 pp. 1666-1667], we look at the basic properties of nonlinear waves.

We focus on the region, {u > ¢}, in the state space, especially in the neighborhoods of
U; in the background solution.

We first consider self-similar solutions of :

(wv.p.p)(@,y) = (wo,p.p) O, E=2,
which connect to a state Uy = (ug, vo, po,vo). We find that
det (EVy W (U) — VyH(U)) =0, (3.9)

which implies

wv + (—1) ev/u? +v2 — 2

E=N=— fori=23 or &=\ = = for j =1, 4.
u u? —c
First, for the cases i = 2, 3, we obtain
dp =0, wvdu—udv=0. (3.10)
This yields the following curves C;(Up) in the phase space through Up:
Ci(Uy): p=py, w= — for i = 2,3, (3.11)

u ()
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which describe compressible vortex sheets (i = 2) and entropy waves (i = 3). More
precisely, we have a vortex sheet governed by
CQ(UO) U = (UO€U2,’U0602,p0,pQ)T (3.12)

with strength o9 and slope Z—g, which is determined by

dU

E - I'2(U)7 U|0’2:0 - U07

and an entropy wave governed by

Cs(Uo) : U = (uo, vo, po, poe”™) " (3.13)
with strength o3 and slope Z—‘;, which is determined by

au

dos r3(U), Ulys=0 = Ubp.

For j = 1,4, we obtain the jth rarefaction wave curve R;(Up), j = 1,4, in the phase
space through Upy:

R;(Uy) : dp = dp, du = —\jdv, p(\ju—v)dv = dp for p < po,u >c, j =1,4. (3.14)
For shock wave solutions, the Rankine-Hugoniot conditions for (1.1 are

slpu] = [pv], (3.15)
s[pu® + p] = [puv], (3.16)
slpuv] = [pv® +p], (3.17)
u? + v2 u? + 02
s[pu(h + 5 )] = [pv(h+ 5 )], (3.18)
where the jump symbol [-] stands for the value of the front state minus that of the back

state. We find that
vy — suo)2((vo — su0)2 — 62(1 + 52)) =0,

-2 6(2) fy+1 771 P PR .
where ¢“ = # and b= 5= — R This implies

Vo

s=8 = — for i = 2,3, (3.19)
Uo
or
1V 2 -0 — 2
L G VA e R W Y (3.20)

where ug > ¢ for small shocks.

For s;, 1= 2,3, in 7, we obtain the same C;(Up), i = 2,3, defined in (3.12))—
, since the corresponding fields are linearly degenerate.

On the other hand, for s;,j = 1,4, in 7, we obtain the jth shock wave curve
S;j(Uo), 7 = 1,4, through Uy:

Sj(Uo) : [p] = 2lpl, [u] = —s;[v], po(sjuo —vo)[v] = [p] ~ for p > po,u>c¢, j=1,4,
(3.21)
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where pg < p is equivalent to the entropy condition (3.8 on the shock wave. We also know
that S;(Up) agrees with R;(Uy) up to second order and that

do doy

<0, > 0. (3.22)

ap s, () p | s,(v0)
The entropy inequality is equivalent to the following:
Aj(above) < o < Aj(below) for j = 1,4,
o1 < Az,3(below), (3.23)
A2,3(above) < oy;
see |11}, pp. 269-270, pp. 297-298] for the details.

3.3. Riemann problems. We consider the Riemann problem for (1.1)):

U >
0 Ub7 Yy < Yo,

where U, and U, are constant states, regarded as the above and below state with respect
to line y = yo.
3.3.1. Riemann problem only involving weak waves. Following Lax [20], we can parameter-

ize any physically admissible wave curve in a neighborhood of a constant state U.

Lemma 3.1. Given Uy € R, there exists a neighborhood O.(Uy) such that, for all Uy, Us €
O(Up), the Riemann problem (3.24) admits a unique admissible solution consisting of four
elementary waves. In addition, state Us can be represented by

Uy = Oy, a3, a9, a1;Up) (3.25)
with
®(0,0,0,0;U;y) = Uy,
90, 2(0,0,0,0;U1) = r4(Uy)  fori=1,2,3,4.
From now on, we denote {U;,Us} = (a1,a9,as3,a4) as a compact way to write the

representation of ((3.25)).

We also note that the renormalization factors ; in (3.7)) have been used to ensure that
rj - VAj =1 in a neighborhood of any unperturbed state Uy = (uo, 0, po, po) with ug > 0,
such as U,,1 or Ups:

Lemma 3.2. At any state Uy = (ug, 0, po, po) with ug > 0,
r1(Uo) = K4(Up) > 0,
which also holds in a neighborhood of Uy.

Also, since Vi ®(0,0,0,0;U;) is equal to the identity, by the implicit function theorem,
we can find ® (after possibly shrinking O.(Up)) such that, in the above situation, we can
represent _

Ur = ®(au, g, ag, a1; Us).
Differentiating the relation:

O (ay, a3, az, ar; P(ay, ag, an,0q;Ur)) = Uy
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and using that
$(0,0,0,0;Us) = Uy,
we deduce
D0, ®(0,0,0,0;Us) = —r;(Uy)  fori=1,2,3,4.

This will be used later in §4. We exploit the symmetries between the shock polar and the
reverse shock polar, and the symmetry between the 1-shock polar and the reverse 4-shock
polar to allow for more concise arguments.

3.3.2. Riemann problem involving a strong 1-shock. The results here are based on those in
§6.1.4 of [11], with small changes for our requirements.

For a fixed Uy, when Uy € S1(U;), we use {Uy,Us} = (01,0,0,0) to denote the 1-shock
that connects U; to U with speed o7;.

Lemma 3.3. For all Uy € O (Up),Us € S1(Uy) N O(Upi), and o1 € Og(o19) with
{U17 UQ} = (0170a0a0)7

o1 <0, up < ug < (1+i)u1.

Proof. We follow the same steps as [11, pp. 273]. First, by (3.20),

&
010:—ﬁ<0.
u —C

ml
Now, from the Rankine-Hugoniot conditions 7,
o10(ppUup — Pm1tm1) = ppvs, (3.26)
010 (Pptty — Pmitim1 + Pb — Pm1) = PbUblUp- (3.27)
Thus, using —,
Pml = Pb = Pm1Um1(Up — Um1),
so that up > um1 as pm1 > py. Also, since pp > 0, we have

1 2
;pmlcml = Pml > Pml1Uml (Ub - uml)v

so that, as um1 > cmi1,
1
up < (1 + ;)uml
The result now follows by continuity. O

Lemma 3.4. Let
A:=VyHUnm) — o10VuW (Uma),

and 2 2 2 2
Uy +v U c
P :=um (hb + b 5 b _ 7;1) + (Fyr_nll + uznl>(um1 — ub).
Then

detA >0, det(Ary, Ars, Ara, Arq)|y—-v,,, >0,
det(Ary, Ars, Arp, A0, G1(010,U))|v=0,,, > 0.
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Proof. We omit the full calculations, which can be found at [11, pp. 299-300]. We use

Lemma along with the first and fourth Rankine-Hugoniot conditions (3.15)) and (3.18)),
to deduce that P > 0. We then use Lemma and the entropy condition (3.23]) to deduce

U%opguugu 2 2 2 2
detA = f(Al(Uml) - 010) (uml - le) > 0’

det(Arg, Ars, Ara, A0y, G1(010,U))|v=0,,,
_ K4(Um1)2010p60603,1 U2
A (Umni)
C2
where Q = —,Y—jl < 0. O

Lemma 3.5. There exists a neighborhood O.(Uy) X O¢(01¢) such that, for each Uy € O(Up),
the shock polar S1(Up) can be parameterized locally for the state which connects to Uy by a
shock of speed o1g from above as

(010 = M(Um1)) (w1 Aa(Upm1) P + o10um1Q) > 0,

O‘1'—>G1(O’1,U0) fOT |O‘1—O’10‘ < €.
Proof. 1t suffices to solve
o (W(U) = W () — (H(U) = H(Uy)) =0
for U in terms of o1 and Uy, with the knowledge that (Up,o1,U) = (Up,010,Upm,) is a
solution. We see that
det(VU(o(W(U) —W(Uy)) — (H(U) — H(Uo)))) =detA > 0.
Uo=Uy,01=010,U=Um1

Then the result follows by the implicit function theorem. O
3.3.3. Riemann problem involving a strong 4-shock. We now extend our results about 1-
shocks to 4-shocks by symmetry. For a fixed U, when Us € S4(Uy), we use {U,Us} =

(0,0,0,04) to denote the 4—shock that connects U; to Us with speed 4. The only difference
is the formula for oy4.

Lemma 3.6. For all U; € OE(UmQ),UQ € OE<Ua) N Sl(Ul), and o3 € Og(040) with
{U17 U2} = (07070a04);

o4 >0, up < ug < (1+i)u1.

Proof. Note that, by (3.23]),
UqVq + T/ U2 + v2 — T2 0.

04 = —
u2 —¢?

Since we have the same Rankine-Hugoniot conditions as in Lemma with 4,2 and u,
taking the roles of wu,,1 and wuy, respectively, the proof follows identically. O

Lemma 3.7. There ezists a neighborhood O.(Uy) X Oc(049) such that, for each Uy € O (U,,),
the reverse shock polar gQ(UO) — the set of states that connect to Uy by a strong 4—shock
from below — can be parameterized locally for the state which connects to Uy by a shock of
speed o490 aS

g4 > G4(J4, U()),
with G4 € C? near (0'40, UmQ).
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3.3.4. Riemann problem involving strong vortex sheets and entropy waves. We now look
at the interaction between weak waves and the strong vortex sheet/entropy wave, based
on those in §2.5 of [12]. For any U; € O((Uy1) and Us € O (Up2), we use {Uy,Us} =
(0,02,03,0) to denote the strong vortex sheet and entropy wave that connect Uy to Us
with strength (o9, 03). That is,

Umia = P2(02,U1) = (w172, v1€72,p1,p1), Uz = ®(03, Unid) = (Umids Vmid, Pmids Pmid€”" ).
In particular, we have
Uz = (w1€7?,v1€72, p1, p17%).
By a straightforward calculation, we have
Lemma 3.8. For
Ga3(03,02,U) 1= ®3(03; P2(02;U)) = (€7%°u, v, p,e7p) for any U € Oc(Up1),

then

052G23(03,09;U) = (ue”,ve‘”,O,O)T,

03G2,3(03,02:U) = (0,0,0,pe”)

ViuGas(os,02,U) = diag(e??,e72,1,€%2).

The next property allows us to estimate the strength of reflected weak waves in the
interactions between the strong vortex sheet/entropy wave and weak waves:

Lemma 3.9. The following holds:
det(rs(Um2), 053 G2,3(030, 0205 Um1), 00, G2,3(030, 020; Umn1), Vu G (030, 020, Upn1) - T1(U1)) > 0.
Proof. By a direct calculation,

det(r4(Um2), 053 G2,3(030, 0205 Um1), 0oy G2,3(030, 020; Umi1), Vu G (030, 020, Um1) - r1(Un))

A(Un2) 0 Uy 1 €720 —e720 01 (Upn1)
1 0 0 e70
= 1(Um) e (Umz) Pm2tm2A(Un2) 0 0 Pm1tm1 AL (Um1)
Pm2umc23:;(Um2) Prm1€7%0 0 €730 Pmlumc%:\ll(Uml)

= /@1(Um1)R4(Um2)p72nlu$nle”20+a3° ()\4(Um2)62020+030 + )\4(Um1)) > 0.

4. ESTIMATES ON THE WAVE INTERACTIONS

In this section, we make estimates on the wave interactions, especially between the strong
and weak waves. This is based on those in §3 of [11,/12], with new estimates for the strong
4-shock.

Below, M > 0 is a universal constant which is understood to be large, and O.(U;) for
i € {a,m1,m2,b} is a universal small neighborhood of U; which is understood to be small.
Each of them depends only on the system, which may be different at each occurrence.
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Uy

&

Uy

Fi1GURE 3. Interaction estimates

4.1. Preliminary identities. To make later arguments more concise, we now state some
elementary identities here to be used later; these are simple consequences of the fundamental
theorem of calculus.

Lemma 4.1. The following identities hold:
o If f € CY([a,b]) with a <0 < b, then, for any x € [a, b],

1
f(z) — f(0) =z /O fo(ra) dr;

e If g € C*([a,b]?) with a < 0 < b, then, for any (z,y) € [a,b]?,

1 1
@) — f(2,0) — £0,9) + £(0,0) = zy /0 /0 Foy (v, sy) dr ds:

o If f € C([a,b]), then
f(x) = £(0) + O()]zf;
o If f € C*([a,b]?), then
f(@.y,2) = f(2,0,0) + f(0,y,2) — f(0,0,0) + O(L)|z|(y| + [2]);

o If g € C?([a,b]*), then

g(ﬂ:,y, va) = g(l‘a Oa 07 0) + g(oayv va) - g(oa Oa 0’ 0) + 0(1)’$|(‘y| + |Z| + |?,U’)
4.2. Estimates on weak wave interactions. We have the following standard proposi-
tion; see, for example, [23, Chapter 19] for the proof. Note that, in our analysis of the

Glimm functional, we only require the estimates for the cases where the waves are ap-
proaching.
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Proposition 4.1. Suppose that U1, Us, and Us are three states in a small neighborhood of
a given state Uy with

{U1,U3} = (a1, a0, a3, ay),
{U2,Us} = (B1, B2, B3, Ba),
{U1,Us} = (71,72,73,74)-

Then
v = i + Bi + O(1) A, B) (4.1)
with
Aa, B) = |aal|B1] + les|B1] + o2[B1] + [eval|Ba] + laal |Bs] + > Aj(e, B),
j=1,4
where
- > - >
Aj(Oé,,B) _ 0, aj = Ovbﬁ] >0,
laj||Bj],  otherwise.

4.3. Estimates on the interaction between the strong vortex sheet/entropy wave
and weak waves. We now derive an interaction estimate between the strong vortex
sheet /entropy wave and weak waves. The properties that | K| < 1in and |Kyqq| < 1
in (4.5) will be critical in the proof that the Glimm functional is decreasing.

Proposition 4.2. Let Uy, Us € O (Up1) and Us € Oc(Uyna) with
{U1,U2} = (0,a2,a3,a4)  and  {Uz,Us} = (B1,02,03,0),
there is a unique (81,05, 0%,04) such that
{U1,Us} = (61,09, 05, 04),

and
61 =1+ Ko + O(1) A,
o = 09 + as + Kyppag + O(1) A,
o3 =03+ a3 + Kygou + O(1) A,
51 = Kypaas + O(1)A,
with A
A" = |B1|(Jaz| + |as]), | K| < 1, Z | Kpj| < M. (4.2)
=2

Proof. This proof is the same as [12, pp. 1673], with additional terms. We need to solve for
(01, 0%, 0%,04) as a function of (ay, g, a3, au, f1, 02,03, b1, U1) in the following equation:

Dy(64; Go3(0%,0%; @1(01; Un))) = Pu(Ba; G0z, 02; P1(B1; P, a3, a2, 13 U1)))). (4.3)
Lemma [3.9] implies
d 0P 4(d4; Go3(0h, 05; ®1(81;U1)))
et
(04, 0%, 0%, 61)

= det(r4(Um2), 053G2,3(030, 0205 Um1), 05y G2,3(030, 0203 Um1), VuG (030, 020, Umm1) - r1(Un))
> 0.

04=01=0,04,=020,04=030,U1=Um1
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Note that, when a4 = 0, the unique solution is

/ /
0 =p, oy=02+ay, o03=03+a3, 04= P4,

so that
01 = f1 + Kyprag + a1 + O(1) A,
04 = Kypaoug + B4+ O(1) A, (4.4)
ol =o; + a; + Kppiag + O(1) A’ for i = 2,3,

where

1
Kvbi - / 80440-2(6“27 as, 90(4,,81, 02, 03) do for ¢ = 27 37
0

1
Kvbj = / aa4(5j(052,a3,0a4,,81,0'2,0'3) do for ] = 1,4.
0

We see that Ky, and Ky, ; are bounded from the formulae above. To deduce that K| < 1,
we differentiate (4.3]) with respect to oy to obtain

VuGa3(030,020; Unt) - T4(Um1)
= 00,0474 (Um2) + 0ay05 05y G2,3(030, 020; Um1) + 0,09 052G2,3(030, 0203 Umn1)
+ 0a461 VuGa3(030, 0205 Umt) - 1 (Upn1)-

By Lemma [3.8 and another similar calculation, we have
Oy 61

det(r4(Um2), 053 G2,3(030, 0205 Um1), Osy G2,3(030, 020; Umi1), Vu G (030, 020, Um1) - r4(Ur))
det(r4(Um2), 053 G2,3(030, 0205 Um1), Ory G2,3(030, 020; Umi1), Vu G (030, 020, Um1) - r1(Un))

51 (Um1) ka(Um2) p2 u2,1€7207730 (Ag (Upp2)€27204 730 — Xy (Upn1 )
K1 (Um1)64(Um2) iy 1 €7207750 (Mg (Upn2) €27207930 + Ay (Upn1))

A4(Upna)e?720t980 — Ay (Upn1)
A1(Uz)e?7201930 + Ay (Upn1 )

<1

We can then deduce the following result by symmetry:
Proposition 4.3. If U; € O(Uy2) and Us,Us € Oc(Uyy1) with
{U1,Uz} = (0,02,03,04),  {U2,Us} = (61, B2, 53,0),
then
{U1,Us} = (61,03, 0%, 04)
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with
61 = Kya1 51 + O(1)A”,
0y = 02 + P2 + Kya251 + O(1)A”,
0y = 03+ (3 + Kyazf1 + O(1)A”,
04 = g + Kyasff1 + O(1)A",

and

3
A" = lagl(|Ba] +183)s D 1Kuajl <M, [Kyaa| < 1. (4.5)
j=1

4.4. Estimates on the interaction between the strong shocks and weak waves.
We now derive an interaction estimate between the strong shocks and weak waves. The
properties that |Kjse4| < 1 in (4.6) and |Kye| < 1 in (4.14) will be critical in the proof
that the Glimm functional is decreasing.

4.4.1. Interaction between the strong 1-shock and weak waves.
Proposition 4.4. If U; € O.(Uy) and Uy, Us € Oc(Uy2) with
{Ul’ UQ} = (Ulv a2, (3, (14), {U27 U3} = (/317 527 637 0)7

then there exists a unique (o}, d2,03,04) such that
{U1,U3} = (01, 02, 03, 04).

Moreover,
ot =01 + Kiga181 + O(1)A, 82 = ag + B2 + Kisa2B1 + O(1)A”,
03 = az + 3 + Kisa3f1 + O(1)A", 04 = ag + B4 + Kisaaf1 + O(1)A",
with
3
A" = |ag|(|81] + |B2] + [Bs5]); Kisaal <1, > [Kiseil < M. (4.6)
j=1

Proof. This is similar to [11, pp. 303], with extra terms. We need to show that there exists
a solution (o7, d2, 93, 04) to

(I)(Oa 637 /327 Bl; q)(a47 as, 2, Oa Gl (Jl; Ul))) = (I)(647 637 527 07 G1(017 Ul)) (47)

By Proposition there exists (74,73,72,71) as a function of (ag,as, ag, f1, B2, B3, 1)
such that

(I)(O7 /837 ﬁZ? /Bla @(()[4, a3z, 02, 07 G1 (0-1; Ul))) = q)(747737 72,715 Gl (01; Ul)) (48)
with ~ ~
11 =p1+O(1)A, Y2 = az + 2+ O(1)A, (4.9)
v3 = ag + B3 + O(1)A, v4 = s+ O(1)A, .
where

A= A"+ |i[(|oz| + |as| + [oa]).
Thus, we may reduce (4.7) to

@(747 Y3572, V15 Gl(o-la Ul)) = @(547 537 627 07 Gl (O'i, Ul)) (410)
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By Lemma

det 8©(5475376270;G1(037U1))
d(01,02,03,04)

{U1=Uy,62=03=04=0,01=010}

1
= mdet(Am,Ar3,Ar2,A601G1(010; Up)|lv=v,,, > 0.

Next, observe that, when 71 = 0, the unique solution is (0”,d2,d3,04) = (o1,72,73,7V4)-
Thus, for i = 2,3, 4,

o] = Kisaim + o1, 0; = Kisaiv1 + %, (4.11)
where
1
Kisa1 = / 8710-/1(75717'72’73)’7470-13Ul)dta
0 (4.12)
Kisai = / Oy, 6i(ty1, 72,73, 74,01, Ur) dt~ for i = 2,3, 4.
0

To see that |K1sq4] < 1, we find that, by Lemma and another similar computation,

det(AI‘l, Ary, Arg, Aagl Gy (0’10, Ub))

O~y 04| =
‘ m 4’ det(AI‘4,ATQ,AI‘g,AaglGl(Ul(),Ub))

2
oo+ A (Um) U1 Ad (U1 ) P + %Uloub

010 — A1 (Uma)

2
C
U1 A (Um1) P = 224 010up

Now, using the expression of « in terms of («, ) and absorbing the residual part of the
A—term into the K744;61—term, we have the desired result. O

We now prove a result for the case where weak waves approach the strong 1-shock from
below.

Proposition 4.5. Suppose that Uy, Us € O (Uy) and Us € Oc(Uy2) such that
{U1, U2} = (aq, a2, a3, ), {Us,Us} = (01, B2, B3, B4)-

Then there exists a unique (o, 02,03,04) such that

{U17 U3} = (Ulla 527 537 64)

Moreover,
4 4
/
oy =01+ ZK1sb1jOéj, 0y = o + ZKlstjajv
j=1 j=1
4 4
03 = B3+ Y Kiasjoy,  0a=Pa+ Y Kiajay,
j=1 j=1
where

D I Kiaigl < M.

0]
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Proof. We need to find a solution to

D(b4,03,02,0; G1(01;U1)) = ®(Ba, B, B2,0; Gi(01; P(0u, a3, a2, 15 Ur))). (4.13)
By Lemma

det 0P (44, 03,92,0; G1 (0 Ur))
e

8(O—i> 527 537 (54)
Now the required result follows by using Lemma and noting that o} = o1, a1 = ag =
a3 = ay = 0 and that (07, 92, d3,04) = (01, B2, B3, B4) is a solution. O

> = detA > 0.

4.4.2. Interaction between the strong 4—shock and weak waves. Now, by symmetry with the
1-shock case, we deduce the following results:

Proposition 4.6. Suppose that Uy € O (Up1) and Uz, Us € O (Up2) such that
{U1,U2} = (a1, 00, 3, 04), {U2,Us} = (B1, B2, B3, Ba)-

Then there exists a unique (91, 92,03, 0}) such that
{U1,Us} = (61,02, 03, 0%).
Moreover,

4 4
h=a1+ Z Kysa155, 0y = an + Z Kysa2i 55,
=1 i=1

4 4
03 =03+ Y KuasiBi, 0y =01+ Y KisasjBi,

j=1 j=1
where E” | K4sqij| < M.
Proposition 4.7. If U;,Us € O(Up1) and Us € O (U,) with

{U1, U2} = (0, a2, a3, ay), {U2,Us} = (B1, B2, B3, 04),
then there exists a unique (91,02, 03,0%) such that
{Uy,Us} = (61, 62,03, 07).

Moreover,
01 = B1 + Kusprag + O(1) A", 5o = Bo + ag + Kygpas + O(1)A”,
03 = f3 + az + Kygzas + O(1)A", oy = 04 + Kyspas + O(1) A,
where
3
A" = 11| (jao] +los)).  [Kaaal <1 D K| < M. (4.14)
j=1

5. APPROXIMATE SOLUTIONS AND BV ESTIMATES

In this section, we develop a modified Glimm difference scheme, based on the ones
in |11}]12], to construct a family of approximate solutions and establish necessary estimates
that will be used later to obtain its convergence to an entropy solution to (|1.1)) and (2.1)).
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5.1. A modified Glimm scheme. For Az > 0, we define
QAJ} = U QA:}:,k:

k>1

where
Qaz ke = {(z,y) : (k—1)Az <z < kAz}.
We choose Ay > 0 such that the following condition holds:
A
ri g max{ 1H§1%X4 06216"1(11)71'0) i ]Hi%’}i { UGOG(SS)IL)JOE(Ub) ’)\j(U)‘}7 UGOE(U’WSISIL)JOG(U’ITL2) |/\2(U)|}'
We also need to make sure that the strong shocks do not interact: If we take the neigh-
borhoods small enough, there exist a and b with —1 < a <0 < b < 1 such that

Ay Ay
o1 < an<A2(U) < Eb<0’4

for all U € Oc(Upn1)UO(Upz) and o € O¢(040),t = 1,4. Thus, a strong 1-shock emanating
from ((k—1)Az,nAy) meets x = kA in the line segment {kAz} x ((n—1)Ay, (n+a)Ay),
a combined strong 2-vortex sheet/3—-entropy wave emanating from ((k —1)Az, nAy) meets
x = kAzx in the line segment {kAz} x ((n + a)Ay, (n + b)Ay), and a strong 4-shock
emanating from ((k — 1)Az,nAy) meets x = kAz in the line segment {kAx} x ((n +
b)Ay, (n + 1)Ay).

Now define

agn = (n+1+6;)Ay, keNo, ne€eZ, n+k=1(mod2),
where 6, is randomly chosen in (—1,1). We then choose
Py = (kAz,ay,), ke Ny, n€Z, n+k=1(mod?2),

to be the mesh points, and define the approximate solutions Uag ¢ globally in Qa, for any
0 = (6o, 61, ...) in the following inductive way:
To avoid the issues of interaction of strong fronts, we separate out the initial data for
= 0. Define Uagz g |2—0 as follows:

First, in Qag0 \ {—4Ay <y < 4Ay}, define

Uo((2n — 3+ 6p)Ay) for y € (2nAy, (2n + 2)Ay),n > 2,
Uo,az0(y) =
Uo((2n 4+ 3 + 6p)Ay) for y € (2nAy, (2n + 2)Ay),n < —2.

Then define Up(y) to be the state that connects to Up(—4Ay) by a strong l-shock of
strength o109 on (—4Ay,0) which lies in Oc(Uy,1), and the state that connects to Up(0) by
a combined strong vortex sheet/entropy wave of strength (o209, 030) on (0,4Ay) which lies
in Oc(Upz2). Thus, for € small, Uy az0(y) € Oc(Usq) for y > 4Ay, and Uy az.0(y) € Oc(Up)
for y < —4Ay.

Now, assume that Uaz g on {0 < z < kAx} has been defined for £ > 0. We solve the
family of Riemann problems for n € Z with k£ +n = 0 (mod 2):

W(Uy)z + HWUy)y =0 in Ty, ,
Un |x:kAx: Ul?,n
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with
Tim ={kAz <z < (k+1)Az,(n —1)Ay <y < (n+ 1)Ay},
then set
Unzo =Up on Ty n,n €N,
and define

Unz,6 lo=(k+1)20= Unzo((k + 1)Az—, ag11,0), k+4+n =0 (mod?2).

Now, as long as we can provide a uniform bound on the solutions and show the Riemann
problems involved always have solutions, this algorithm defines a family of approximate
solutions globally.

r=0 Ax 2Ax 3Ax 4Azx 5Ax

FIGURE 4. Glimm’s scheme

5.2. Glimm-type functional and its bounds. In this section, we prove the approximate
solutions are well defined in A, by uniformly bounding them. We first introduce the
following lemma, which is a combination of Lemma 6.7 in |11, pp. 305] and Lemma 4.1
in [12, pp. 1677], and follows from that ®, Gy, Ga 3, and G4 are C* functions.

Lemma 5.1. The following bounds of the approximate solutions of the Riemann problems
hold:

o If{U1,Us} = (a1, a9, a3, q) with Uy, Us € O (U;) for fized i € {a, m1,m2,b}, then
Uy — Usa| < Bi(|aa| + |az] + |as| + |aua])
with

By = max ' { sup |8aj¢>(a4,a3,a2,oz1;U)|}.
1€{a,ml,m2,b},1§]§4 ere(Uz)
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o For any oj € Of(oj0), j = 2,3, so that
Ga3(03,02,U) C Oc(Upa2),
then, when U € O (Up1) for some é = é(e) with € — 0 as € — 0,
|G2,3(03,02,U) — Ga,3(030, 020, U)| < Ba(|og — 030 + |02 — 020])
with
= i85 { o e%il()ﬂjo) |G;j (73,02 U>|}
e For o1 € Og(010), G1(0e(010),U) C Oc(Up1) when U € O(Up), and
|G1(0,U) — G1(010,U)| < Bs|o — o10],
where By = SUD,, cO, (o10) 1051 G1(01,U)].
o For oy € Ox(040), Ga(0e(040),U) C O(Upa) when U € O(Uy), and
|G4(0,U) — Ga(010,U)| < Bslo — o0l

where By = sup,, o, 0-4G1(04,U)|.

(040) |

We now show that Uaz ¢ can be defined globally. Assume that Ua, ¢ has been defined
in {x < KAz}, k > 1, by the steps in §5, and assume the following conditions are satisfied:

Ci(k —1): In each Qa,j, 0 < j < k—1, there are a strong 1-shock Xg ), a combined

strong vortex sheet/entropy wave Xé %, and a strong 4-shock X(J )

strengths agj), (og ), aéj)), and a( 7 50 that am € O(040), which divide Qa, ; into

four parts: Q(Ag)” — the part below X(]) Q(Ag)” the part between X(J) and Xé{%,

Q(Ag;j — the part between Xé,;, and Xfl ), and Q(A;)r,j — the part above Xf; );

Ca(k—1): For0<j<k-—1,

in Uazp with

(])(jA$> +4Ay < X(j)(ij) < Xflj)(jAw);

Csk—1): For0<j<j—1,

Unzo \Qg) € Oc(Uy), Unz6 |Q<Aa> € Oc(Un1),
x,] z,]

UAI,G ‘Q(AS) _e Oe(Um2)7 UAI,O ‘Q(A4) _e Oe(Ua)~
x,7 x,]

To see that Ca(k) holds if Co(k — 1) holds, by the discussion earlier, for Xik) to emanate

further down than Xflk_l), we require 0 > b, which implies that X(k) and ng) emanate

further down than ng:; ) and x§ -, Also, for x§ ) to emanate further up than ngfl),

we require #; < a, which implies that ng and Xg ) emanate further up than X(k 2

(k—1)

Xa3 ; see Fig. for an illustration of the first situation.
We will establish a bound on the total variation of Ua, ¢ on the k-mesh curves to establish
Cg(k‘) and Cl (k:)

and
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|
|
I | For vortex sheet or entropy wave to move down, need a state for

XD {kAz) x ((n — 1)Ay, (n + 1)Ay) to be in O(U,),

|
J
I
!
} | i.e. (n+60y)Ay > (rL+U£k71)2—5)Ay > (n+a)Ay
(n+a)Ay__1
—/
!
nAy |
[
!
!
|
|
!
I

(n+1)Ay

I
I
I
I
I
(n+b)Ay)_ 1 XY
I
I
I
I
(n— I)Ay_‘ !
I I
I I
(m + I)Ay_‘ | = the state is taken in O¢(Up,2)
1 ] for {kAx} x ((m — 1)Ay, (m + 1)Ay)
I I
I I
(m )Ry (k1) |
| X23
mAy _\_//J\
i I
(m+ b)Ay_L} }
I I
I I
I I .
; ; o
(m—1)Ay_| | —

FIGURE 5. Separation of the initial data

Definition 5.1. A k-mesh curve is an unbounded piecewise linear curve consisting of line
segments between the mesh points, lying in the strip:

(k—1)Az

IN

T

IN

(k+1)Ax

with each line segment of form Py 1Py n or Py pPriint1-

Clearly, for any k > 0, each k-mesh curve I divides plane R? into a part IT and a part
I, where I~ is the one containing set {x < 0}. As in [19], we partially order these mesh
curves by saying J > I if every point of .J is either on I or contained in I, and we call .J
an immediate successor to [ if J > I and every mesh point of J, except one, is on I. We
now define a Glimm-type functional on these mesh curves.
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Definition 5.2. Define
4
Fo(J)=C*> |0} = oiol + F(J) + KQ(J),

j=1
F(J) = L(J) 4+ Kus|ous| + Kialasal,

L(J) = Ll(J) + L2(J) + L*(J) + LY(J),
ZKZ}L{
Lg = Z{|az] . «; crosses J in region (j)},

= Z{|ail|ﬂj| : both «; and f; cross J and approach},

where |ays1| and |ags4| are the strengths of the weak 4-shock and 1-shock that emanate
from the same point as the strong 1-shock and 4—shock, respectively, and these two weak
waves are excluded from L3 and L2, respectively.

Remark 5.1. L(J) + C* Z?Zl |0/ — ojo| measures the total variation of U|;, owing to

Lemma each term L!(J) measures the total variation in region (i), and each term
\a;] — 00| measures the magnitude of jumps of U between the regions separated by the
large shocks. We also see that Q(J) < L(J) for L(J) small enough, so that Q(J) is
equivalent to Fys(J) + C* 2?21 lof — o).

Proposition 5.1. Suppose that I and J are two k—mesh curves such that J is an immediate
successor of I. Suppose that

U, 1 1 —Up| <€ U 2 2 - U, <€
Vasolioo), oo, =Vl <o Wansline oz ) =~ Uil <
‘UAI’G‘IQ(Q(AB;}CAUQSL;C) — UmQ‘ <€, }UAx79|Im(Q(A4;,k—1UQ(A4;,k) — Ua} <€,

]af — ojo| < €(e), j=1,2,3,4,
for some é(e) > 0 determined in Lemmal5.1 Then there exists € > 0 such that, if Fs(I) <€,
Fs(J) < Fs(1),
and hence

’UA:B,9|JQ(Q(Al;k_1UQ(Al;k) — U] <¢, ‘UA;p,e\m(Q@ @ )T Uni| <,
|UA$’9|JQ(Q(A33- b2 ) T Umz‘ <6 ‘UAI’9|JO(Q(A435 pUON ) Ua’ <&

|aj°-7 —ojo| < €(e) for 1 =1,2,3,4.

Proof. We make M > 2 larger to ensure that it is bigger than all the O(1)-terms in §4|

and that M > %. With the fixed M from here on, we now define our constants in terms
of it. We set .

1024 M3

€ =
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and
1

K=16M e ————

6M, ¢ 128M2°
Kfl = K§1 = K§1 = K:fl = Kik4 = K54 = K§4 = KLL =1,
KT22K43:M7 K}‘3:K42:1+M,
¥ % 1 * * * * 1
Ky = Kis = Koy = K3y = K33 = K33 =

16M° 32M°

Let A be the diamond that is formed by I and J. We can assume that I = Iy U I’ and
J = Jy U J" such that OA = I' U J'. We divide our proof into different cases, based on
where diamond A is located.

Case 1: Weak-weak interaction. Suppose that A lies in the interior of a region ();
see Figure [6] Then, by Proposition

4
L'(J) = L'(I) < > K5MQ(A),
j=1

4 4 4

QM) - Q) = (Q(Io) +> Q6 Io)) - (Q(Io) +Q(A) + > Qai Io) + Y Q(B;, Io))

=1 =1 =1
< (AML(I) — 1) Q(A)

Q(A),

when L(Ip) < € < gr7. Since K} <2 for all i and j, we have

IA
N

4
\ K
;KijM <8M =,

j:

so that Fy(J) < Fs(I).

ing

FIGURE 6. Case 1: Weak wave interaction

Case 2: Weak waves interact with the strong vortex sheet/entropy wave
from below. Suppose that the approximate strong vortex sheet/entropy wave enters A
from above; see Figure [7] We have
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FIGURE 7. Cases 2 & 3: Weak waves interact with the strong vortex
sheet /entropy wave from below and above

Li(J) = L(I) = |04] < Mlaa| + M|B1|(Jaz| + |as]),
L3(J) = L3(I) = [61] = |1 < |eval + M |Bu[(+]ea| + |ava]),
L3(J) = L2(I) = —|ay|  fori=23,

Q(J) — Q) = Qo) + Q(b4, In) + Q(d1, Ip)
—{Q(Io) + 1B1(Je2] + las]) + Q(B1, To) + Q(Ba, Io)
+ Q(a1, Io) + Q(az, Ip) + Q(as, In) + Q(au, Ip) }
< (14 M)|ay|L(Io) + (ML(Io) — 1)|B1|(loa| + |ova| + |cs])

< OM o] L(To) — 316 (Joz] + o).
and
lof — ol| < M|oy| + |ai| + M|B1|(|az] + |as]) for i = 2, 3.
Then we obtain
Fy(J) — Fy(I) < (MK} + Kiy — Kiy + 2MKL(Io) + MC*) oy

. K
+ (MK43 + Kiy +2MC* — 5) 1l (laz| + |as])
+ (C* — K3y)|aa| + (C* — K3,) ||

<(1+2 1+ ) b el
= M M’ T a6 T 1280 )M

3
1
+Z (1+ i —8M>!ﬁ1’(\042’ +las[) <0
i=1

Case 3: Weak waves interact with the strong vortex sheet/entropy wave from
above. Suppose that the approximate vortex sheet/entropy wave enters A from below; see
Figure [7] This case follows by symmetry from the above case, owing to the symmetry
between Propositions [4.2] and [£.3] and the symmetry between the coefficients.

Case 4: Weak waves interact with the strong 1-shock from above. Suppose
that the strong 1-shock enters A from below; see Figure |8l By Proposition we have

Ly(J) = Ly(I) = |6 — |Bi] — || < M|[B1| + Mlow|(|B1] + |B2| + |B3])  for i =2,3,
L3(J) = Li(I) = =B for j =1,4,
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F1GURE 8. Cases 4 & 5: Weak waves interact with the strong 1-shock from
above and below

and
Q(J) — Q(I) =Q(Io) + Q(02, In) + Q(3, lo) + Q(d4, Io)
—{QIo) + Q(az, Iy) + Q(a3, In) + Q(au, Io)
+ Q(B1, o) + Q(B2, lo) + Q(Bs3, lo) + Q(B4, o)
+ last|(181] + 1Bl + |83]) + les|(|81] + |B2l) + |azllBi]}
< ML(Io)| 1| + (M L(Io) — 1)|eva|([B1] + | B2| + |B3])
— las|(|81] + |B2]) — |az||B1]

<ML(Io)| 1] — %(ale(\ﬂl\ +1B2] + 183]) + les|(|B1] + 1B2]) + le2||1]),

|04s1| — |aas1| < M|B1| + Mlou|(|81] + | B2| + B3]),
and

o — of| < M|B1| + Mlaal(|51] + [B2] + [B3))-
Therefore, we obtain
Fy(J) = Fs(I) < (M (K3 + K3y + Ki) + KML(I) + C*M — KJ,)| 51|
K * * ] *
+ (- > + M (K3 + K3y + Ki) + C*M) |oug| (|81] + | B2| + 183])
<0.

Case 5: Weak waves interact with the strong 1-shock from below. Suppose
that the strong 1-shock enters A from above; see Figure |8l By Proposition 4.5 we have

L3(J) = LY(I) < M(Joa| + |ao| + |as| + o) for i =2,3,

Li(J) = Lj(I) = —|aj| ~ for j =1,2,3,4,

04 = |B4] < M(Joa| + || + |as| + |au),
o — of| < M(Jaa| + |aa| + |ag| + [ou),
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Q(J) — Q) =Qlo) + Q(61, Io) + Q(d2, Io) + Q(3, Io) + Q(J4, Io)
—{Q(an, In) + Q(az, lo) + Q(as, In) + Q(au, o)
+ Q(B2, o) + Q(B3, lo) + Q(Ba; o)
+ o] (182] + [83] + 1((0,00)2)c (4, Ba)|Bal) + [ea]|B2| }
<ML(Io)(loa| + |ao| + [as] + |eul)

— (laa|(182] + B3] + 1(0,00)2)c (14, B4)] Bal) + |asl| Bal)-
Then

Fy(J) = F(D) £ 30 (MK, + Kiy + Kip) + KML(Io) + MC* = K1 ) |
j=1
1 &
S - 33 Zl |O£j| S 0.
J:
Case 6: Weak waves interact with the strong 4—shock from below. Suppose

that the strong 4-shock enters A from above; see Figure [9] By symmetry from Case 4, we
conclude that Fs(J) < F,(I), due to the symmetry between Propositions and

FIGURE 9. Cases 6 & 7: Weak waves interact with the strong 4-shock from
below and above.

Case 7: Weak waves interact with the strong 4—shock from above. Suppose
that the strong 4-shock enters A from below; see Figure [9] By symmetry from Case 5, we
obtain that Fy(J) < F,(I), owing to the symmetry between Propositions and O

Let Ij be the k—mesh curve lying in {(j — 1)Az < z < jAz}. From Proposition we
obtain the following theorem for any k& > 1:

Theorem 5.1. Let €,é(e), K, and C* be the constants specified in Proposition . If the
induction hypotheses Cy(k — 1) — Cy(k — 1) hold and Fs(Iy_1) < €, then

{UAI,0|Q<AM T Up| <e, ’UAI79|Q<§> T Uni| <€,
x, x,
!UA:B,0|Q(A3;$ — Una| <¢, |Unz ‘Qflk —Ud| <,

08 —gjol < ée)  forj=1,2,3,4,

and

Fy(Iy) < Fy(Ii_1). (5.1)
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Moreover, we obtain the following theorem by the construction of our approximate so-
lutions:
Theorem 5.2. There exists € > 0 such that, if
TV(UO(-) - U(0, )) <,

then, for any 6 € [],2y(—1,1) and every Az > 0, the modified Glimm scheme defines a
family of strong approximate fronts xjaze, j = 1,2,3,4, in Qa9 which satisfy Cy(k—1)—
Cy(k —1) and (5.1)). In addition,

Xj.a2.0( +h) = Xja20(2)] < (|ojol + 2M)|h| + 24y
for any x >0 and h > 0.

5.3. Estimates on the Approximate Strong Fronts. Let

0j.Az0(T) = a§k) for z € (kAz, (k+ 1)Az] and j = 1,2,3,4, (5.2)

8i,Ax0(T) = 0i az6() for i = 1,4,

523 Az.0 = Yazf for v € (kAz, (k+ 1)Ax]. (5.4)
UAz0 1 fy=x{7}

Then, by the estimates in Proposition [5.1], we have

Proposition 5.2. There exists M, independent of Az, 0, and Un, g, such that

TV{ojaze|[0,00)} = Z lo(ks1) — o] < M.
k=0

Proof. We follow the proof in [11, pp. 290]. For any k > 1, and the interaction diamond
AC{(k—1)Az <z < (k+1)Ax}, define

0 Case 1,
laa| + |as| + o] Case 2,
1B1] + |B2| + |Bs] Case 3,
Enzo(A) = 4 |51 Case 4, (5.5)
|oar| + || 4 || + [ay|  Case 5,
|cua Case 6,
L[B1] + |Ba| 4 |B3] + [Bs] Case 7.

We see from Proposition [5.1] that
1
ZEAJ:,Q < ZT(FS(I) - FS(J)) <
A A €

Since the quadratic terms from the interacting waves can always be dominated by Fg(J),
as shown in 4] we have

—_

Fy(0) = M.

€

ST oY — oW < M Bare(A) < My = M.
k=0 A
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Therefore, we also conclude the following:

Proposition 5.3. There exists M, independent of Ax,0, and Uag,0, such that, for j =
1,2,3,4,

TV{sja00() | [0,00)} < M.

Proof. For j = 1,4, this follows immediately from Proposition [5.2] For j = 2,3, observe
that, if we make O¢(U,1) small enough so that “2% < u < 2u,,; and —1 < v < 1 for any
U = (u,v,p,p) € Oc(Up1), we have

TV{s;a00() | [0,00)} < ué(mm? 1) TV(Unsg) < CTV(Up).

m2

6. GLOBAL ENTROPY SOLUTIONS

In this section, we show the convergence of the approximate solutions to an entropy
solution close to the four-wave configuration solution.

6.1. Convergence of the approximate solutions.

Lemma 6.1. For any h > 0 and x > 0, there exists a constant N, independent of Az, ),
and h, such that

/ |Unzo(x + hyy) — Unzo(z,y)| dy < N|h|.

—00

Proof. By Fubini’s theorem and Theorem

oo 00 z+h
/ }UAx,G(x + I, y) - UAx,@(w,y)‘ dy < / / ‘d(UAx,G(Sa y))‘ dy

x+h
= / TV(Uazp(s,-))ds

< N|h|TV(Up).
0

Since Upgz is an entropy solution in each square T}, k + n = 0 (mod 2), we see that,
for each test function ¢ € C§°(R?; R?),

k+1)Az  p(n+1)Ay
/ / (aa:(b : H(UAx,G) + ay¢ : W(UAm,Q)) dy dx
kAz (n—1)Ay

(k+1)Az
- /k (¢(z, (n+ 1)Ay) - W(Uns,o(z, (n+1)Ay))

Ax
— ¢z, (n — 1)Ay) - W(Unzo(z, (n — 1)Ay))) dx

(n+1)Ay
+/ (6((k + 1Az, ) - HUnzo((k +1)Az—, y))
(n—1)Ay

— ¢(kAz,y) - H({Ungzp(kAz+,))) da.
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Then, summing over all £ and n with £ +n = 1 (mod 2) and re-arranging the terms, we
have

/Ooo /oo (026 H(Unzp) + 0yt W(Unzyp)) dy da
=2 /O°° $(kAz,y) - (H(Unzp(kDa—,y)) — H(Unap(kAz+,y))) dz
k=1

a /OO (Z)(O, y) ) H(UAw,9(0+, y)) dy.

Denote
10.80,0) = 3 [~ ok8e.9) - (HUsao(bda+,9) — H(Useo (k5-3) dy
k=177

Following the same steps as in |23, Chapter 19], we have

Lemma 6.2. There erist a null set N' C [[}2(—1,1) and a subsequence {Az;}32, C
{Ax}, which tends to 0, such that

J(0,Az;,¢) = 0 when Az; — 0
for any 0 € TI72o(—1,1) \ NV and ¢ € C5°(R%; RY).

To complete the proof of the main theorem, we need to estimate the slope of the ap-

proximate strong fronts. For k > 1,i=1,2,3,4,
i () AT
N
Y

with di’s = di = dz. Then, by the choice of %, we find that d}'g € (—1,1), which depends
only on {6;}#=}. We then define

[z/Ax]
I'(x,Ax,0) = Y Tj(Az,0),
k=0
where
I (Ax,0) = 1(_1,%)(91@)(1 —di)Ay — 1(%’1)(0;{)(1 +di) Ay for k> 1,
and

INAz,0) = —4Ay, I3(Az,0) =I3(Az,0) =0, Ij(Az,0)=4Ay.

Then I;(Az,0) is the jump of y = x;(z) at © = kAz, and is a measurable function of
(Az,0), depending only on Uag ¢ |{0§x§kAa:} and {91};“:0.

Lemma 6.3. The following statements hold:
(i) Forany x>0, Az >0, 0 € [[,2,(—1,1), and i =1,2,3,4,

T
XiAzo = 1'(x, Ax,0) +/ i Az,0(8) ds;
0
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(i) There ezist a null set N1 and a subsequence {A}72, C {Ax;}32, such that
o0
/ e I (x, A 0) > dz — 0 when A; — 0
0

for any 0 € [[32o(—1,1) \ V1.

Proof. The first part is a direct calculation. The second follows by the same proof as |11} pp.
292]; just take two sub-sub-sequences to obtain all three strong front slopes to converge. [

Theorem 6.1 (Existence and Stability). There exist € > 0 and C > 0 such that, if the
hypotheses of the main theorem hold, then, for each 6 € [[32;(—1,1)\ (N'UN1), there exists
a sequence {1}, of mesh sizes with A; — 0 as | — oo, and functions Uy € BV (R?;R?)
and xjp € Lip(R4;R) with x;6(0) =0, j =1,2,3,4, such that

(i) Uaip converges to Uy a.e. in Ri, and Uy is a global entropy solution of system
and satisfies the initial data a.e.;
(ii) xjare converges to xj e uniformly in any bounded x-interval,
(ili) sja19 converges to sjp € BV ([0,00)) a.e. and

X;0(@) = /09” s;6(t)dt.

Proof. Result (i) follows by the same steps as [23, Chapter 19], (ii) follows by Theorem
and the Arzela-Ascoli theorem, while (iii) follows Proposition and the basic properties
of BV functions. O
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