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Abstract

A wide range of problems can be formalized as a set of constraints that need to

be satisfied. In fact, such a model is called a constraint satisfaction problem (CSP).

Another way to represent a problem is to express it as a formula in propositional

logic, or, in other words, a Boolean satisfiability problem (SAT). In the quest to find

efficient algorithms for solving instances of CSP and SAT specialised software has

been developed. It is, however, not clear when should we choose a SAT-solver over

a constraint solver (and vice versa). CSP-solvers are known for their domain-specific

reasoning, whereas SAT-solvers are considered to be remarkably fast on Boolean in-

stances. In this thesis we tackle these issues by investigating the connections between

CSP and SAT.

In order to answer the question why SAT-solvers are so efficient on certain classes

of CSP instances, we first present the various ways one can encode a CSP instance

into SAT. Next, we show that with some encodings SAT-solvers simulate the effects

of enforcing a form of local consistency, called k-consistency, in expected polynomial-

time. Thus SAT-solvers are able to solve CSP instances of bounded-width structure

efficiently in contrast to conventional constraint solvers. By considering the various

ways one can encode CSP domains into SAT, we give theoretical reasons for choosing

a particular SAT encoding for several important classes of CSP instances. In par-

ticular, we show that with this encoding many problem instances that can be solved

in polynomial-time will still be easily solvable once they are translated into SAT.

Furthermore, we show that this is not true for several other encodings.

Finally, we compare the various ways one can use a SAT-solver to solve the classical

problem of the pigeonhole principle. We perform both theoretical and empirical

comparison of the various encodings. We conclude that none of the known encodings

for the classical representation of the problem will result in an efficiently-solvable SAT

instance. Thus in this case constraint solvers are a much better choice.
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These little grey cells. It is up to
them.

Agatha ChristieChapter 1

Introduction

Very often in science ideas emerge that are later to be found very similar or even

equivalent, just named differently. At other times a more abstract concept gets defined

that is an umbrella for a well-known set of things. It seems that the story of constraint

satisfaction and Boolean satisfiability follows these two paths. These two areas of

knowledge developed separately. However, the Boolean satisfiability problem (SAT)

can be viewed as a subset of the general constraint satisfaction problem (CSP). The

implications of this realization have only been studied after extensive research has

been done into the two branches of knowledge. Hence, certain connections are yet to

be discovered. This thesis investigates this bridge between constraint satisfaction and

Boolean satisfiability.

So, what does constraint satisfaction deal with? What is a constraint? What are

the applications of Boolean satisfiability? How are CSP instances and SAT formulae

solved? Which techniques are used in constraint solvers? What methods do modern

SAT-solvers implement? Answers to all these questions can be found in Chapter 2.

A short history of SAT and CSP as well as various definitions used throughout this

thesis are also presented in this chapter.

Because of the similarities between constraint satisfaction problems and Boolean

satisfiability problems, SAT-solvers can be used to solve various CSP instances.

Hence, given a constraint problem, one has a wide range of solvers to choose from,

coming from both research areas. In order to check how the two types of solvers per-

form, we choose a few standard ones and test those on a well-defined sets of instances

in Chapter 3. Even though SAT can be viewed as a subset of CSP and thus translat-

ing into SAT might not seem like a good idea, especially if the instances have large

domains, SAT-solvers are considered to be extremely efficient. Therefore, sometimes

the speed-up in solver performance outweighs the translation effort. Some examples

of this are shown in Chapter 3.
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In order to use any problem solving framework one must formulate a problem

within that framework. Frequently this first decision has a huge impact on the effi-

ciency of finding a solution. This is especially true in computer science, as one can

obtain significantly different runtimes for the same algorithm depending on the model

used - these may even change from milliseconds to centuries. Suppose we have a set of

one million variables that need to be assigned values from the range [1, 1000000] in an

ascending order such that no two variables are assigned the same value. This problem

has a trivial solution where variable 1 is assigned value 1, variable 2 is assigned value

2 etc. Suppose we have an algorithm that reads a variable and assigns it the lowest

value that satisfies the constraints. If the problem is formulated in such a way that

variable 1 is read first, variable 2 second etc. then the proposed algorithm will solve

it immediately. However, if the variables are entered in reverse order, the algorithm

will have to perform additional work in order to find a solution. It will examine many

possible partial solutions that cannot be completed. It is therefore not surprising that

in some cases the time to find a solution may rise from seconds to hours even on the

fastest computer, depending on the problem representation.

In Chapter 4 we describe the various ways in which a constraint problem can

be modelled as a SAT formula. In particular, we present different approaches for

encoding the domains and constraints of CSP instances. In this chapter we also try

to answer the questions: What are the desirable properties of a SAT encoding? Could

those be precisely identified? What should be regarded as a good encoding?

One desirable feature of a SAT encoding is investigated in Chapter 5, namely the

existence of a short refutation of a particular type. In that chapter we establish a

connection between this desirable property of a SAT formula and a certain central

concept in the study of constraint satisfaction problems. We also relate this feature

to the performance of a SAT-solver. Finally, by using these two results, we provide

an answer to the question why SAT-solvers are so efficient on certain families of CSP

instances. This result sheds some light onto the long standing question about the

remarkable efficiency of modern Boolean satisfiability solvers.

Following on the question of how to model CSP instances as SAT formulae, cer-

tain classes of CSP instances are considered in Chapter 6. These are known to be

easily solvable by using standard CSP solving techniques. In this chapter we check

whether such problem instances will be solved quickly using SAT-solvers by consider-

ing the various ways one can translate a constraint problem into SAT. In particular,

we investigate the impact of encoding CSP domains on the complexity of the re-

sultant formulae. As a result we provide an explanation why Boolean satisfiability
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solvers perform so well on a certain SAT encoding of instances belonging to specific

CSP classes. Moreover, we provide complexity results for constraint solvers on the

instances of the CSP classes considered.

Given all the theoretical results about SAT encodings and solver performance in

the previous chapters we apply our findings to a concrete problem in Chapter 7. We

consider the famous pigeonhole problem, that is the problem of arranging n pigeons

into n − 1 holes without putting more than one pigeon in any hole. We provide

a theoretical explanation for the behaviour of SAT-solvers on various encodings of

the problem and perform an experimental evaluation. Furthermore, we evaluate the

strength of our theoretical findings against results obtained in practice.

The main contributions of this thesis are summarised in Chapter 8, which provides

a summary of the results obtained as well as some open questions and future research

directions.
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Words, mademoiselle, are only the
outer clothing of ideas.

Agatha ChristieChapter 2

Background

Both constraint satisfaction and Boolean satisfiability problems have been around for

centuries. However, the terms were only coined in the 20th century. Boolean satisfia-

bility has its roots in logic. In fact, any propositional logic formula is an instance of

the Boolean satisfiability problem (SAT). That’s why the terms propositional satisfi-

ability or simply just satisfiability are also commonly used. Constraint satisfaction,

on the other hand, belongs to the field of artificial intelligence. It covers a very wide

range of problems. Graph colouring, n-queens and time scheduling are just a few

examples of problems which can be modelled as a set of constraints that need to be

satisfied. Constraint programming (CP) deals with solving these kinds of problems.

Boolean satisfiability and constraint satisfaction independently emerged as new

fields of computer science and significantly different approaches have been used to

solve problems in these two areas of knowledge. Interestingly enough, any proposi-

tional formula can actually be viewed as an instance of the constraint satisfaction

problem (CSP), so SAT can be seen as a special case of CSP (for a comprehensive

overview on the history of CSP and SAT see [FM06] and [FM09]).

In this chapter we review algorithms used for solving instances of CSP and SAT.

Section 2.1 introduces the constraint satisfaction problem. Section 2.2 presents the

most common algorithms used in standard constraint solvers; variations on the ba-

sic propagation and search strategies are also discussed. Section 2.3 introduces the

Boolean satisfiability problem. Section 2.4 deals with the methods used in SAT-

solvers. Section 2.5 considers hybrid approaches and Section 2.6 concludes the chap-

ter.
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2.1 Constraint satisfaction problem (CSP)

Any problem that needs to satisfy a set of constraints (also know as relations) between

variables having finite domains is in fact an instance of the (finite-domain) constraint

satisfaction problem (CSP) which is formally defined as follows:

Definition 2.1 (CSP). An instance of the constraint satisfaction problem (CSP) is

specified by a triple (V,D,C), where

• V is a finite set of variables;

• D = {Dv | v ∈ V } where each set Dv is the set of possible values for the variable

v, called the domain of v;

• C is a finite set of constraints. Each constraint in C is a pair (Ri, Si) where

– Si is an ordered list of mi variables, called the constraint scope;

– Ri is a relation over D of arity mi, called the constraint relation.

A simple example of a CSP instance is the 8-queens problem: one needs to place 8

queens on a 8× 8 chessboard in such a way that no two queens attack each other. In

this case queens can be regarded as variables, positions on the chessboard as domain

values and constraints are the restrictions specifying that no two queens share the

same row, column or diagonal.

Figure 2.1: An example solution to the 8-queens problem.

It is worth mentioning that in theoretical papers D often denotes a single set of

domain values. In that context, to express that a variable v can only take values

from some subset of D, unary constraints are introduced. In practice, however, CSP-

solvers usually work by maintaining a list of available values for each variable and

removing the unsatisfiable variable-value pairs. For this purpose, the above definition

is more suitable.
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Definition 2.2. A solution to a CSP instance P = (V,D,C) is an assignment of

values from D to each of the variables in V , which satisfies all of the constraints in C

simultaneously. Formally, a solution is a map h : v ∈ V →
⋃
Dv such that h(v) ∈ Dv,

for all v ∈ V , and h(Si) ∈ Ri, for all i, where the expression h(Si) denotes the result

of applying h to the tuple Si, coordinate-wise (in other words, if Si = (v1, · · · , vk),

then h(Si) = (h(v1), · · · , h(vk))).

A CSP is called binary if each constraint scope includes exactly two variables. Any

binary CSP can be represented as a constraint graph, in which each node corresponds

to a variable and each edge represents a constraint between two nodes.

Definition 2.3. Each node in the primal graph of a (binary) CSP instance P repre-

sents a variable of P . Two nodes are connected by an edge if and only if they are in

the scope of the same constraint.

Note that any non-binary CSP can be transformed into an equivalent binary

CSP [RDP91]. Hence any CSP can be represented as a constraint graph 1. In an

ordered constraint graph the vertices are arranged in a linear order.

Definition 2.4. [Fre82] The width of a vertex in an ordered constraint graph is

the number of edges that lead back from that vertex to its predecessors (in the linear

order). The width of an ordered constraint graph is the maximum width of any of its

vertices. The width of a constraint graph is the minimum width of all the orderings

of that graph.

Definition 2.5. [Dec06, Def 7.10] The induced width of an ordered constraint graph

is the width of the induced ordered graph, obtained by processing the vertices recur-

sively, from last to first; when vertex v is processed, all its earlier neighbours are

connected. The tree-width2 of a graph is the minimal induced width over all its or-

derings.

Let us now introduce another way by which one can represent a CSP instance

graphically.

1It is worth mentioning, however, that sometimes the binary representation of a non-binary CSP
needs to introduce new nodes or edges. For instance, consider the not-all-equal constraint on three
variables. This is a ternary constraint and cannot be represented by a constraint graph with three
nodes representing the original variables and edges representing binary constraints on these variables.
Because of those often extensive additional space requirements, and the loss of information about
the problem structure, the method of translating a non-binary CSP instance into a binary one is
not usually used in practice.

2An alternative definition of tree-width was given in [RS86], where the concept was first intro-
duced.
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Definition 2.6. Each node in the incidence graph of a CSP instance P represents

either a variable or a constraint of P . Two nodes are connected by an edge if and

only if one of them represents a constraint C and the other a variable in the scope of

C.

Moreover, we can translate a non-binary CSP into a binary one using the hidden

variable method [RDP91].

Definition 2.7. Let P = (V,D,C) be a CSP instance. For each constraint Ci ∈ C
introduce a new variable vCi with domain DCi of tuples t satisfying Ci. Let V ′ =

V ∪ {vCi | Ci ∈ C}, D′ = D ∪
⋃
Ci∈C DCi and C ′ = {vCi = t ↔ ∀tj∈t vj = tj

| t ∈ DCi ∧ vj ∈ V }, where vj represents the jth variable in the scope of Ci. Then

P ′ = (V ′, D′, C ′) is the hidden variable representation of P .

Note that the primal graph of the hidden variable representation of P is the

incidence graph of P .

The structure of a non-binary CSP instance can be also represented by a hyper-

graph.

Definition 2.8. A hypergraph is a pair H = (V,E), where V is an arbitrary set,

called the vertices of H, and E is a set of subsets of V , called the hyperedges of H.

For any CSP instance, the scopes of all the constraints can be viewed as the

hyperedges of an associated hypergraph whose vertices are the variables.

2.2 CSP-solvers

An important implementation decision that creators of constraint solvers must make

is the choice of an input format. There exists no standard modelling language. In

the CSP-solver competitions benchmark instances are represented in the XML for-

mat [vDLR06, vDLR08]. However, higher-level modelling languages such as Zinc [NSB+07]

and Essence [FGJ+07] have been developed in the quest to find a more expressive

and succinct model for CSP input.

Example 2.9. The 8-queens problem can be specified in Essence as follows:

language ESSENCE 1.2.0

$ Index: column and row indices

letting Index be domain int(*1..8*)

7



$ arrangement: one queen is placed on each row,

$ at the column index specified by

$ this function; the bijection ensures

$ each column contains exactly one queen

find arrangement : function Index -> (*bijective*) Index

$ no queens share diagonals; neq stands for ‘not equal’

such that forall q1, q2 : Index . q1 neq q2 implies

|arrangement(q1) - arrangement(q2)| neq |q1 - q2|

The objective of a constraint solver is to find an assignment of variables such that

the set of constraints imposing conditions on those variables is satisfied. One can

identify two components in the algorithm underlying any constraint solver - inference

(also called problem reduction) and search. Inference reduces the size of the search

space which is then traversed in order to find a solution. It is usually done using

constraint propagation and is interleaved with search.

2.2.1 Search

The simplest way to solve a CSP instance is to systematically generate all possible

variable assignments and check if a particular combination of variables and values

satisfies all the constraints. The algorithm stops either when such an assignment has

been found or when all possible assignments have been tested and they all failed to

satisfy at least one constraint. This algorithm is very inefficient as in the worst case

it needs to check m combinations of variables and values, where m is the size of the

Cartesian product of all the variable domains.

A more efficient way of searching for a solution to a CSP instance is backtracking.

In its most basic form, the variables are instantiated in a sequence. As soon as all

the variables of any constraint are assigned, it is checked whether this constraint is

satisfied by this particular instantiation. If it is not, the process goes back to the last

variable that has been assigned that has untried values and re-assigns another value

to it. This can result in a much smaller number of assignments being considered.

Unfortunately, the average complexity of backtracking still tends to be exponential

in the number of variables [Kum92].

Several improvements on the basic backtrack algorithm have been developed.

These include the so-called look-back methods [Bak95, GB65, FW92]. Backjump-

ing is one of them. The principle behind this technique is that instead of re-assigning

the most recently instantiated variable (that has untried values), a check is made to

8



determine if it is better to re-instantiate another one which is higher up in the search

tree. Let us give an example. Suppose the n variables v1, ..., vi−1, vi, vi+1, ...vn are in-

stantiated sequentially and that vi+1 cannot be assigned whenever variable vi−1 gets

assigned value 3. Suppose vi−1 is instantiated to 3. In the classic backtracking algo-

rithm every possible value for variable vi will be tested before the process backtracks

to vi−1. It would have been more efficient to backtrack directly to this variable. The

purpose of backjumping is to find the best variable to be re-instantiated.

One of the backjumping techniques that has shown promising results is conflict-

directed backjumping [CvB01, Pro93]. In this method a set of so-called conflicts is

maintained for each variable: whenever an assignment of the current variable vk is in

conflict with an instantiation of a previous variable vm, vm is added to the conflict set

of vk. When every instantiation of vk has failed, the process jumps back to the deepest

variable in its conflict set, vj. Simultaneously, vks conflict set (without vj) is added

to the conflict set of vj and the search continues at vj. This method provides some

improvement on the classic backtracking algorithm, as on average fewer variable nodes

are visited during search. However, this technique is not usually used in standard

CSP-solvers. The so-called look-ahead methods involving constraint propagation (see

Section 2.2.2) are more common as they are simpler to implement and, for instance,

the Maintaining Arc Consistency algorithm (MAC) has been shown to be an efficient

alternative to the backjumping algorithms [LBH04].

Another idea for boosting backtrack performance is by using restarts with nogood

recording [LSTV07]. This so-called look-back technique was originally introduced in

SAT-solvers. First, the number of maximum allowed backtracks is set. Let it be m.

If during search m backtracks occur, the process is restarted with a different random

variable ordering and the algorithm records a list of nogoods, that is instantiations of

a subset of CSP variables that are not part of any solution [DF02]. Nogood recording

prevents the search from traversing the same unsatisfiable search path twice. This

technique was implemented in the Abscon 109 solver [LT06, LSTV07] which took

part in the 2nd International CSP Solver Competition [vDLR06] and was in the top

five in every category.

The order in which variables are chosen during search has a great impact on the

efficiency of backtracking algorithms. One can distinguish static and dynamic variable

orderings. A static variable ordering is usually chosen at the beginning of search and,

as the name suggests, does not change during propagation. For example, variables

may be ordered by the number of constraints they participate in, called their degree,

either at the beginning of search or at the current state of search. These approaches
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are referred to as degree-based orderings. Variables may also be chosen for assignment

in such a way that minimizes the width of a constraint graph [Fre82].

One of the most popular dynamic variable ordering heuristics orders variables

according to the current size of their domains (dom) [HE80]. The variable with the

smallest set of untried values is chosen first as it is most likely to fail. Other heuristics

have also been proposed over the years, like dom/deg [FD95] which takes current

domain sizes and variables’ original degrees into account. None of the heuristics

clearly outperforms the rest, but dynamic variable orderings have generally been

found to be more efficient in practice [BHLS04].

Whenever a backtracking algorithm makes a variable-value decision and checks if

it satisfies all the constraints, we say that it branches on that decision [HM05]. There

are essentially three branching schemes used in practice. In d-way branching a single

value a is picked for a variable v and that variable assignment is branched on. In

2-way branching we additionally branch on the disequality v 6= a. Another possibility

is to branch on the inequalities of the form v > a and v ≤ a.

Another key issue that influences the performance of a constraint solver is the

order in which values are chosen for variable assignment [MOQ11]. Several value

orderings have been tested [FD95]. The results show that the min-conflicts value

ordering heuristic is often the most efficient one. In this method for each value of the

current variable a count is kept of the number of other variable instantiations with

which it conflicts. The value with the lowest count is chosen first, as it is the least

probable to cause a conflict in the future.

It is worth mentioning that there are also other, less popular search methods, aside

from backtracking algorithms, that are used in modern CSP-solvers. These include

local search algorithms, which generally do not guarantee to find a solution even if

one exists, and so are incomplete (for an overview see [HT06]).

2.2.2 Constraint propagation

All backtrack methods suffer from thrashing [Kum92], that is, they often do some

redundant work when search fails several times due to the same problem. One of

the main reasons is the occurrence of various inconsistencies in constraint problems.

Consider, for example, a CSP instance containing a variable with domain Dv =

{1, 2, 3, .., 100} (|Dv| = 100) and a unary constraint on that variable enforcing it to

have value 100. Now, assuming an increasing value ordering is used, the first 99

values will be tried (and found to be incompatible with the constraint) before the
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variable is assigned the value 100. That’s why almost all CSP-solvers use some form

of propagation to get rid of such inconsistencies and hence reduce the search space.

In the theoretical literature problem reduction is often referred to as consistency

maintenance or propagation [Tsa93]. The idea of using local consistency techniques

to prune the search space is one of the oldest and most central ideas in constraint

programming [Bes06]. It was introduced in 1974 by Montanari [Mon74]. Three years

later Mackworth [Mac77] proposed algorithms for node-, arc- and path- consistencies

which we present below.

The example we have just described lacks node-consistency which is defined as

follows:

Definition 2.10. A variable v is said to be node-consistent if and only if every unary

constraint on v is satisfied by all a ∈ Dv.

The algorithm for achieving node-consistency is very simple: one just needs to

reduce the domain of each variable to the values that satisfy every unary constraint

on that variable. In the example above, by enforcing node-consistency the first 99

values are removed from the domain of the variable in question before the search is

started. Hence, the variable is instantiated to 100 immediately.

Another type of inconsistency that may arise is lack of arc-consistency as defined

below.

Definition 2.11. A variable vi is said to be arc-consistent with another variable vj

if and only if for every value a ∈ Dvi there exists a value b ∈ Dvj such that the tuple

(a, b) satisfies all binary constraints between vi and vj.

Note that in Definition 2.11 above, if variable vi is arc-consistent with variable vj

it does not necessarily mean that vj is arc-consistent with vi. Consider, for example,

a CSP instance with two variables v1 and v2 with domains {1} and {1, 2} and a con-

straint v1 6= v2. v1 is arc-consistent with v2 as for every assignment of v1 there exists

an assignment of v2 that satisfies the constraint. However, v2 is not arc-consistent

with v1, as for v2 = 1 there is no valid value in the domain of v1.

The most famous algorithm for achieving arc-consistency is AC3 [Mac77] presented

in Algorithm 2.1. In this algorithm the REVISE procedure deletes values from the

domain of variable vi that would make edge (vi, vj) inconsistent in the constraint

graph G. Procedure AC-3 ensures that all edges that are affected by such a deletion

are checked for arc-consistency again. The algorithm has worst-case time complexity

of O(ed3) where e is the number of edges and d is the largest domain size.

11



Algorithm 2.1 The AC-3 algorithm [Kum92].

procedure REVISE(vi, vj);

DELETE ← false;
for each x in Di do

if there is no y in Dj such that (x, y) is consistent, then
delete x from Di ;
DELETE ← true;

end if ;
end for;
return DELETE;

end REVISE
procedure AC-3

Q ← (vi, vj) in edges(G), i 6= j;
while Q not empty do

select and delete any edge (vk, vm) from Q;
if REVISE(vk, vm), then

Q ← (vi, vk) such that (vi, vk) in edges(G), i 6= k, i 6= m
end if ;

end while;

end AC-3

Making a CSP instance arc-consistent does not immediately solve the problem, in

general. Only if there is only one value left in every variable domain after making a

constraint graph arc-consistent, then those values form a solution to the corresponding

CSP. If the domain of some variable is empty, then the problem is unsatisfiable. If,

however, some variable domain has size greater than 1, then one cannot be certain

whether the CSP instance has a solution or not. Let v ∈ CSP (V ) be the variable

that has values a1 and a2 in its domain after making the CSP arc-consistent. Let

v1 ∈ CSP (V ) and v2 ∈ CSP (V ). It might be the case that v1 is arc-consistent with

v via value a1 only and v2 is arc-consistent with v via value a2 only. Therefore for no

fixed assignment of variable v is the CSP instance satisfiable.

Another form of inconsistency that may arise is a lack of path-consistency as

defined below.

Definition 2.12. A constraint graph is said to be path-consistent if and only if any

pair of values allowed by the edge (vi, vj) is also allowed by all paths from vi to vj. A

pair of values is allowed by a path from vi to vj if at every intermediate vertex values

can be found that satisfy all the constraints along the path.

Montanari [Mon74] presented an algorithm for enforcing path-consistency which

has been improved by Mackworth [Mac77]. Mohr and Henderson made further
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modifications [MH86] which were corrected by Han and Lee [HL88]. The algorithm

they came up with has the worst-case time complexity of O(n3d3) where n is the

number of variables and d is the largest domain size.

Several other algorithms achieving arc- and path-consistency have been proposed

in the literature over the years. The most influential ones can be found in [Bes06].

Although enforcing path-consistency ensures a greater level of consistency than

arc-consistency, it is still not sufficient for solving CSPs in general. Hence a ques-

tion arises, if there exists a consistency enforcing algorithm that answers the question

whether a CSP instance is satisfiable or not. Note that arc-consistency ensures consis-

tency between any two nodes in the constraint graph that are connected by an edge,

while path-consistency ensures consistency between any three such nodes. Hence the

notion of consistency has been extended to k-consistency [Fre78, Coo89]. A formal

definition is given below.

Definition 2.13 (k-consistency). A constraint graph is said to be k-consistent if and

only if any assignment of any set of k − 1 variables that satisfies all the constraints

among these variables can be extended to a set of k variables that satisfies all the con-

straints among the k variables. A constraint graph is said to be strongly k-consistent

if it is j-consistent ∀j ≤ k.

A strongly k-consistent constraint graph with k vertices has a solution which can

be found immediately, as the following result indicates:

Theorem 2.14. [Fre82] If a constraint graph is strongly j-consistent and j > w where

w is the width of the constraint graph, then a search order exists that is backtrack free.

The time complexity of the optimal algorithm for achieving strong j-consistency

is polynomial for any fixed j [Coo89]. The major drawback of making a constraint

graph j-consistent for j > 2 is that, when running an algorithm for achieving the

desired level of consistency, the width of the constraint graph may increase. Hence a

higher level of consistency then needs to be achieved. This approach is very costly in

terms of efficiency and hence it is not generally used in practice.

Till now we have only considered binary constraint graphs. However, the notion

of consistency can be extended also to non-binary constraints.

The equivalent of arc-consistency for non-binary CSP instances is called generalised-

arc-consistency (GAC) as defined below.
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Definition 2.15 (GAC). A variable v is said to be generalised-arc-consistent (GAC)

with a constraint if and only if for every value a ∈ Dv there exists an assignment of

all the other variables of the constraint such that it is satisfied.

Several algorithms for enforcing GAC have been developed. They are all based on

some underlying arc-consistency algorithm [BR97, BRYZ05, GJMN07]. Some stan-

dard CSP-solvers that implement GAC include Minion [GJM06], Choco [chocot08]

and Abscon [LT06].

There are several other types of consistencies that are relatively cheap to achieve.

These include singleton consistencies. The notion of a singleton consistency is general

and applicable to all levels of consistency [PSW00].

Definition 2.16 ([PSW00]). A problem is said to be singleton arc-consistent if and

only if it has non-empty domains and for any instantiation of a variable, the resulting

subproblem can be made arc-consistent with all domains non-empty.

Definition 2.17 ([PSW00]). A problem is said to be generalised singleton arc-consistent

if and only if it has non-empty domains and for any instantiation of a variable, the

resulting subproblem can be made generalised-arc-consistent with all domains non-

empty.

An algorithm for singleton consistency is as follows: first we enforce some level of

consistency, then we test each instantiation of a variable for that consistency level. If

a value is not singleton consistent, it is removed and the desired level of consistency

is established again. This process is repeated until all values are singleton consis-

tent [DB97, DB05]. Singleton arc-consistencies have been used, for instance, in the

Abscon [LT06] and Casper [CBA05] constraint solvers.

In order to identify as quickly as possible which constraints need to be prop-

agated the idea of watched literals has been introduced. The so-called 2-watched

literals scheme has been very successful in SAT (see Section 2.4). The CSP-solver

Minion [GJM06] also takes advantage of watched literals. For instance, the Boolean

sum constraint is solved using the following technique. If the constraint requires that

at least c variables are constrained to take value 1, then c + 1 variables that still

can be assigned value 1 are watched. Once one of these variables gets assigned to 0,

another one is looked for. If none can be found, all watched variables are assigned 1.

The good thing about watched literals, is that they are backtrack-stable. This means

that the selection of variables being watched does not need to be changed when the

algorithm backtracks.
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Aside from constraint propagation, there are also other methods for reducing the

search space. One of these is symmetry breaking. In many constraint problems one

can find some symmetries. Consider, for instance, three variables v1, v2 and v3 with

domain D and constraints v1 ≤ v2 and v1 ≤ v3. Note that once it is detected

that either v2 or v3 cannot be assigned some value, say a ∈ D, the other variable

cannot take value a as well. Clearly, if more symmetries are involved, identifying

them might significantly reduce the search space, as it suffices to propagate only

one set of variables from each symmetrically equivalent class. The symmetry in the

above example is called a variable symmetry, as there is a permutation of variables

that leaves the CSP invariant [Pug05]. A permutation of values that leaves a given

CSP invariant is called a value symmetry [Pug05]. These two symmetries are called

constraint symmetries. Solution symmetries have also been identified [CJJ+06] and

they preserve the set of solutions of a CSP instance. Symmetry breaking has been

used, for instance, in the Choco [chocot08] and the newest version of Abscon [LT06]

constraint solvers.

2.2.3 Combining propagation and search

A major difference between the various algorithms used in CSP-solvers is the way and

extent to which constraint propagation is incorporated into search. A desired level

of consistency is achieved at first and then the search phase begins. Usually solvers

enforce arc-consistency, so we will use this example to illustrate the solving process.

Propagation is triggered on variable instantiation. Arc-consistency is established at

that variable, that is, at the node in the search tree that corresponds to that variable.

There are three scenarios afterwards: either the sizes of all the domain variables are

equal to 1, or else some variable domain is empty, or else some variable domain size

is greater than 1. In the first case we have found a solution. In the second case

the variable instantiation that triggered propagation is invalid, so we backtrack and

another value for that variable is tried. In the third case a new variable with domain

size greater than 1 gets assigned which triggers propagation as before.

Until the mid-90s it was believed that full arc-consistency would be too costly to

achieve, so only partial arc-consistency was enforced during search. In 1994 Sabin and

Freuder [SF94] showed that algorithms that establish full arc-consistency can be much

more efficient, especially when solvers are run on hard problem instances. In mod-

ern constraint solvers usually each type of constraint has an associated propagation

algorithm which achieves the desired level of consistency for that constraint.
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2.3 Boolean satisfiability problem (SAT)

Definition 2.18. The problem of deciding whether there is a variable assignment that

satisfies a propositional formula is called the Boolean satisfiability problem (SAT).

SAT is known to be NP-complete [Coo71]. However, SAT-solvers have been widely

used in practice as they can often efficiently handle problems with thousands and

sometimes even millions of variables [ZM02].

2.4 SAT-solvers

SAT-solvers generally input propositional formulae in the form of conjunctions of dis-

junctive clauses (CNF). The main advantage of using CNF as the standard form of

solver input can easily be seen when testing problem instances that have no solution.

Once some disjunctive clause is found to be unsatisfiable, then the whole problem

becomes unsatisfiable. There is no need for further checks. Note that any proposi-

tional formula can be transformed into CNF in linear time by introducing auxiliary

variables as long as the original formula contains Boolean operators that have linear

clausal encodings [Pre09]. Such operators include ∧ (and), ∨ (or),→ (implies) and ¬
(not). Moreover, the standardised input format allows for quick and easy comparison

of SAT-solvers.

As far as the solving techniques are concerned, modern standard SAT-solvers still

use some variation of the algorithm developed by Davis, Putnam, Logemann and

Loveland (DPLL) in the 60s [DLL62, DP60]. The pseudo-code is shown in Algo-

rithm 2.2, and the various subroutines mentioned are described in more detail below.

The aim of the pre-processing stage is to simplify the input formula. This usually

means reducing the number of variables and adding some clauses. This can be done

by using propositional resolution as defined below.

Definition 2.19 ([Rob65]). The process of using a deduction rule to substitute (x ∨
C1) ∧ (¬x ∨ C2) with (C1 ∨ C2), where C1 and C2 are propositional clauses and x is

a Boolean variable, is called (propositional) resolution. The resultant clause is called

the resolvent.

Resolution is known to be a refutation complete and sound proof system for CNF

formulae.
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Algorithm 2.2 The DPLL algorithm [ZM02].

DPLL

status = preprocess();
if status 6= UNKNOWN then

return status;
end if ;
while true do Decision

make branch decision();
while true do Unit Propagation

status = deduce();
if status == INCONSISTENT then Conflict

resolved = analyse conflict and backtrack();
if not resolved then

return UNSATISFIABLE;
end if ;

else if status == SOLUTION FOUND then
return SATISFIABLE;

else
break;

end if ;
end while;

end while;

Definition 2.20. A resolution proof of a clause C from a set of initial clauses Φ

is a sequence of clauses C1, C2, · · · , Cm , where Cm = C and each Ci follows by the

resolution rule from some collection of clauses, each of which is either contained in

Φ or else occurs earlier in the sequence. If Cm is the empty clause, then we say that

the derivation is a resolution proof (or refutation) of Φ.

Another example of a simplification rule is the pure literal rule [GPFW96]. If a

variable is never negated (that is occurs as a positive literal only) or is always negated

(that is occurs as a negative literal only) then it can be assigned value True or False

respectively, and hence all the clauses in which it occurs are satisfied. For instance,

consider the two clauses v1 ∨ ¬v2 and v1 ∨ v3. v1 occurs as a positive literal only, so

it can immediately be assigned value True.

It is worth mentioning that simplification does not necessarily reduce the search

space [LMS01]. Pre-processing also involves choosing an initial variable order. It

turns out that randomisation at this stage often produces quite good results [GSK98].
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2.4.1 Search

At the make branch decision stage a free variable is chosen for assignment. One of the

most successful orderings is the Variable State Independent Decaying Sum (VSIDS)

ordering used in the Chaff SAT-solver [MMZ+01]. To implement this ordering, for

each literal a count is kept of the number of unresolved clauses in which that literal

occurs. When at the deduction stage clauses are added, the literal counts are increased

accordingly. The variable that appears in the literal with the highest count is chosen

for assignment. Branching heuristics based on literal count have widely been used

since the 90s and include the largest individual sum heuristic (DLIS) and its variations

[MS99]. What VSIDS adds to the picture is periodically dividing all the counts by

some constant number. This method gives priority to variables that constrain the

biggest number of clauses and have been recently active.

The idea of activity has also been used in the BerkMin SAT-solver [GN02]. It uses

a technique similar to VSIDS, additionally increasing the counts of literals appearing

in a clause that evaluates to false under the current assignment.

Once a variable is chosen for assignment, a decision level is assigned to it. The

decision level informs the solver at which stage of search the decision for that partic-

ular variable was made. For instance, any variable that has been assigned a value at

the pre-processing stage will be assigned 0 (or Top) decision level. The first variable

that gets picked for assignment will have decision level 1. It is worth mentioning

that if any variable gets assigned at the propagation stage, it will be given the same

decision level as the variable that caused that assignment. For instance, given current

decision x1 = False and clause x1 ∨ ¬x2, x2 must be assigned value False for that

clause to be satisfied. Hence if x1 has decision level, say 5, so will x2. More details

on propagation will be given in the next section.

The symmetry breaking technique used in CSP-solvers has recently been applied

to SAT-solvers. The symmetries here mean permutations of literals which do not

change the CNF formula. They just re-arrange the clauses and literals within the

clauses. Examples of SAT-solvers which exploit symmetry in CNF formulas include

SymChaff [Sab05] and Shatter [AMS03].

2.4.2 Boolean constraint propagation (BCP)

At the deduction stage of the DPLL algorithm, variables are assigned according to

some implication rules, until a conflict or a solution is found. This process is known

18



as Boolean constraint propagation (BCP) and is carried out by the deduce subroutine

in Algorithm 2.2.

The one rule that all SAT-solvers use is the unit propagation rule (or unit resolu-

tion):

Definition 2.21 (unit propagation). The unit propagation rule states that if all but

one literals in a clause evaluate to false under a partial assignment, then the last free

literal has to be true. Such a clause is called a unit clause.

For instance, consider the clause v1 ∨¬v2 ∨ v3 and partial assignment v1 = False

and v2 = True. Then v3 must be assigned value True for the clause to be satisfied.

Definition 2.22. A conflicting clause is a clause that evaluates to false under the

current assignment.

The aim of the Boolean constraint propagation (BCP) stage in a SAT-solver is

to identify unit and conflicting clauses as soon as possible. As the BCP stage is the

most time consuming part of the DPLL algorithm [BHZ06], a lot of research has been

devoted to improving it. One method is based on keeping the count of true and false

literals for each clause. By knowing the clause size it is then easy to check whether

after some variable assignment the clause becomes unit or conflicting. As this method

requires a lot of counters to be updated whenever a variable gets assigned, it is usually

not the most efficient one.

In the last decade algorithms have been developed that use the observation that

it suffices to keep track of only two non-false literals per clause. Note that as long

as a clause contains two non-false literals then it is neither unit nor conflicting. One

method uses head/tail lists [ZS00]. For each clause the first and last non-false literals

are kept track of by using head and tail pointers respectively. Variable assignments

that do not affect those literals or assign them value True do not trigger any action.

Once one of the literals pointed to by one of the head or tail pointers evaluates to

false, the next non-false literal is looked for. If one is found that is not pointed to

by both head and tail pointers then the algorithm continues, if head pointer meets

the tail pointer (or the other way round) then, depending on the value of the literal

they point to, we get either a conflicting or unit clause. A drawback of this method is

that, when the solver performs backtracking, work is done to move back pointers to

their original positions. This problem has been resolved in the Chaff solver [MMZ+01]

which uses the so-called watched literals.
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In the 2-watched literal scheme pointers to any two non-false literals are kept for

each clause. Each variable has two lists of pointers pointing to positive and negative

watched literals corresponding to it. Again, once after some variable assignment any

of the watched literals evaluates to false, another one is looked for in the clauses

which contain that literal. If one is found, that is different from the other watched

literal, the process continues. If the only choice is the other watched literal, then it

is set to True if it has not already been assigned that value. If no non-false literal

is found, then the clause is conflicting. The good thing about this approach is that

during backtracking the pointers are not changed. This is because the literals being

watched are the last to be assigned to False, so at backtracking they will become

unassigned and hence can still be watched.

2.4.3 Conflict analysis

The last phase of the SAT solving process is conflict analysis and backtracking. It

may happen that under the current assignment and after the propagation stage all

literals in a clause evaluate to false. We say that a conflict occurred. SAT-solvers use

learning in order to prevent the same conflict from happening again after backtrack.

At this stage the solver also tries to figure out which decision level in the search

should the process backtrack to. The simplest method for solving conflicts is trying

the other value for the variable that has been assigned most recently as it directly

caused the conflict. If both values cause conflict, another value is tried for the variable

that has been assigned just before the latest one. This method thus backtracks just

one decision level up the search tree and hence is not the most efficient. The idea of

“jumping back” more than one decision level up was first introduced in CSP-solvers.

It has later been used in SAT-solvers such as GRASP [MSS96].

In modern SAT-solvers learning is used to analyse the current conflict. In order

to resolve a conflict, one needs to know what caused it, that is, what was the trail of

decisions that forced the last non-false literal in the conflicting clause to be unsatis-

fied. All variable assignment decisions, made both at the search stage and inferred

during propagation, can be represented by a so-called implication graph. Nodes of

an implication graph represent variable assignments. By each node the decision level

of each assignment is kept. A directed edge is drawn from node x to y if the unit

resolution rule implies that assignment y must be True given x. Consider the clauses

v4 ∨¬v2 ∨¬v1, v6 ∨¬v3 ∨¬v5, v5 ∨ v2, ¬v2 ∨ v1 and v4 ∨¬v2 ∨¬v1. Suppose we first

made a decision v4 = False. Next, we assign v6 = False and then v3 = True. The

resulting implication graph is shown in Figure 2.2. Note that a conflict occurred at
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v1, as once v1 is assigned True by ¬v2∨v1, the clause v4∨¬v2∨¬v1 evaluates to false.

Once a conflicting clause is found under the current assignment, a so-called conflict

clause is added to the problem.

Figure 2.2: An example implication graph.

Definition 2.23. In the context of conflict analysis in SAT-solvers, a conflict clause

is said to be a clause that can be deduced from the current conflict.

For instance, in the example described above, a conflict clause could be v5 ∨
v4. Such a learned clause significantly helps prune the search space after backtrack.

Frequently more than one conflict clause can be deduced from the current conflict.

Hence some sort of selection strategy needs to be used.

Single assignments at the current decision level that imply current conflict are

called Unit Implication Points (UIPs) [BHZ06]. In other words, if conflict is reached

at vertex y, then x is a UIP if and only if any path from the decision variable (that

is a variable that is assigned at the search stage) of the decision level of x to y needs

to go through x. For instance, there are three implication points in Figure 2.2, as a

conflict occurs if at the current decision level either v3 gets assigned True or v5 gets

assigned False or v2 gets assigned True.

The most common selection strategy for choosing conflict clauses uses clauses that

contain a variable that occurs in a UIP. As there may be several UIPs, a question

arises which UIP to choose. Several learning heuristics have been tested and the

so-called FirstUIP scheme often seems to be the best one [ZMMM01]. In this scheme

a conflict clause is added that contains a variable corresponding to the UIP that is

closest to the conflict. Moreover, such a clause must be an asserting clause as defined

below:

Definition 2.24. An asserting clause is a conflict clause that contains only one

variable that is assigned at the current decision level.
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In the example from Figure 2.2 three asserting clauses could be derived: ¬v2 ∨ v4,
v5∨v4 and ¬v3∨v6∨v4. In this case the first one would be added to the SAT instance

being solved, as in the implication graph UIP v2 = False is the closest to the conflict.

An example of a non-asserting clause would be: ¬v2 ∨ v5 ∨ v4.
Finally, the algorithm backtracks to the decision level that is second-highest of all

the literal decision levels in the asserting clause. Note that such a clause can always

be found as at least the clause composed of all the decision assignments made so far

is an asserting clause.

In order to describe in what way the asserting clauses are searched for, a definition

of the antecedent clause needs to be introduced:

Definition 2.25. The antecedent clause, in the context of conflict analysis used in

SAT-solvers, is said to be the clause that directly triggered the latest assignment in the

current clause and includes the variable contained in the literal that has been assigned

last.

Once a conflicting clause is found each literal is substituted with its antecedent

clause. If the resulting clause is not an asserting one, each of its literals is again

substituted with its antecedent clause. The process continues until an asserting clause

is found.

During conflict resolution quite a lot of clauses might be added. Hence SAT-

solvers usually implement some mechanism for removing redundant conflict clauses.

BerkMin [GN02] solver counts the number of conflicts each clause has been involved in

recently. Another heuristic deletes clauses that contain many non-false literals [BS97].

2.5 Hybrid solvers and SMT-solvers

SAT-solvers can actually be used for deciding the satisfiability of CSP instances.

Such SAT-based solvers first translate the input instance into SAT and then use a

SAT-solver. We will call such solvers SAT-based constraint solvers. Since constraint

solvers and SAT-solvers share so much in common, hybrid solvers have also been

recently introduced. One approach is to implement some domain-specific reasoning

within a SAT-solver, another one is to implement a SAT engine within a constraint

solver. The two architectures are discussed in [FS09]. The second approach has been

used, for instance, as an extension of the G12 constraint solver [FS09]. The first

approach is seen in another type of solvers coming from the research area of SAT

Modulo Theories (SMT) [NOT06].
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SMT-solvers decide the satisfiability of a ground first-order logic formula with

respect to a background theory. Examples of theories include the theory of integers,

theory of arrays or bit vectors. The formula v − w ≤ 5 ∨ ¬x ∨ v = f(w) is an

example SMT clause, where v, w and x are variables (with x Boolean), and f is

some unspecified function. At the core of an SMT-solver is a SAT-solver. The theory

solvers simply check if the current assignments are feasible and can infer new facts

which are then encoded as new clauses and passed onto the SAT-solver. SMT-solvers

have been very successful in solving problems from the areas of hardware and software

verification [NOT06].

2.6 Summary

Since the 1960s a lot of research has been going on in the area of constraint satisfaction

and Boolean satisfiability. This has led to the development of various algorithms

trying to solve the general CSP and SAT problems. The most efficient ones combine

search and propagation. In the case of constraint solvers, constraint propagation is

the most significant part of the solving process, as most efficiency gains are achieved

thanks to pruning the search space by applying propagation techniques. As far as

SAT-solvers are concerned, unit propagation and conflict-directed learning play the

most important roles.

There are many similar ideas used in both CSP and SAT-solvers. In both cases

variable order has an impact on the solver performance [BHLS04, MMZ+01]. Some

form of learning has been applied both in CSP (nogoods [LSTV07]) and SAT (con-

flicts [ZMMM01]). However, it is worth mentioning that the introduction of learning

techniques into SAT had a major influence on improving solver performance, whereas

it has not had such a huge impact on boosting CSP-solver runtimes. The idea of non-

chronological backtracking used in CSP [Bak95, GB65] has also had its application in

SAT [ZMMM01]. In the last few years the watched literals method has significantly

boosted the performance of standard SAT-solvers [MMZ+01] and recently they have

been applied in some constraint solvers [GJM06].

Although one can find many similarities between CSP and SAT-solvers, the trans-

lation of ideas between constraint satisfaction and Boolean satisfiability is not always

obvious, if at all possible. One reason is that CSP contains a broad class of prob-

lems which includes SAT. CSPs are closer in their description to real-world problems.

Moreover, most constraint solvers can be tuned, that is the user can choose a specific

variable ordering or search strategy. SAT-solvers, on the other hand, typically act
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as a black box. This difference might have come about as there is no standardised

input for CSP-solvers and they can model a broader set of problems than SAT. Hence

some CSP solving algorithms take specific problem features into account. There exist

algorithms whose sole purpose is efficiently solving a certain type of constraints, like

the global cardinality constraint [QGLOvB05] or the so-called constraints of differ-

ence [R9́4].

Another difference between CSP and SAT-solvers is the impact of value order on

their performance. It does not have that much significance in SAT-solvers as the

variables can only take two values: True or False. Hence not much research has

been done into investigating which of those two values is worth trying first for a

variable. Therefore it is hard to say what performance gain, if any, could be achieved

if a particular value order would be chosen.

Moreover, in the theoretical literature one might find some ideas for boosting solver

performance that have not yet been implemented. For instance, most CSP-solvers do

not investigate the underlying structure of an instance. One reason is that finding

such a structure might be tricky and costly in terms of time and space, and hence

outweigh the possible performance gains. Another reason is the way propagation is

implemented in CSP-solvers. Constraints “talk to each other” through the domain.

Essentially what a constraint solver does is remove unsatisfiable domain values. There

is no way, with current solver architectures, of combining information from two or

more constraints and determining the satisfiability of the problem based on their

structure.

Throughout the years the core algorithm for SAT has been DPLL, while there

is no such standardised algorithm for CSP. In the last few years CSP research has

even focused on finding the best algorithms for particular constraints rather than on

a general model for propagating all constraints [GJM06, NSB+07].

Current SAT-solvers are considered to be extremely efficient. Hence some re-

searchers have developed CSP to SAT translations and used a SAT-solver engine

for dealing with CSPs. Such translations often produce huge SAT instances. In-

terestingly enough, such SAT-based solvers did quite well in CSP-solver competi-

tions [vDLR09, vDLR08, vDLR06]. They even performed well on the problem in-

stances containing highly-structured so-called global constraints, which are said to be

the natural domain of CSP-solvers.

Furthermore, because of these close connections between CSP and SAT, hybrid

solvers have been developed. Moreover, the area of SMT solving tries to incorporate

the best of the two worlds: domain-specific reasoning and fast SAT solving.
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Summing up, in the quest to find efficient algorithms for CSP and SAT-solvers, two

separate areas of research have developed, namely constraint satisfaction and Boolean

satisfiability. Although there may be many differences in their approaches to problem

solving, they both benefit from each others findings and a thorough comparative study

of the two areas might lead to further useful developments.
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The secret of getting ahead is
getting started.

Agatha ChristieChapter 3

Solver performance on tractable
CSPs: empirical evaluation

Software tools for solving finite domain constraint problems are now freely available

from several groups around the world. Examples include the Gecode system devel-

oped in Germany and Sweden [Sch11], the G12 finite domain solver developed in

Australia [NSB+07], and the Minion constraint solver developed in the UK [GJM06].

One way to drive performance improvements in constraint solvers, which has

proved very successful in the SAT-solving community, is to develop challenging bench-

mark instances. This approach can also help to drive improvements in the robustness

and flexibility of constraint-solving software. For example, several families of bench-

mark MiniZinc instances have been distributed with G12 [NSB+07] since version 0.7,

and these have been used to compare the performance of various solvers, and to de-

velop and test an alternative solver, FznTini [Hua08], based on translation to Boolean

satisfiability.

How can suitable benchmark instances be obtained? One obvious source of bench-

mark instances is from practical applications such as scheduling and manufacturing

process organisation; the G12 MiniZinc suite includes several examples of this kind,

such as “nurse scheduling” problems and “car sequencing” problems. Another com-

mon source of benchmark instances is combinatorial problems such as puzzles and

games; the G12 MiniZinc suite also includes several examples of this kind, such as

“Golomb ruler” problems and “kakuro” puzzles.

In this chapter we suggest another important source of useful benchmark in-

stances which has not yet been systematically explored: the theoretical study of con-

straint satisfaction. From the very beginning of the study of constraint programming

there has been a strand of research which has focused on identifying features of con-

straint problems which make them tractable to solve [CCJ94, Dec92, DBvH99, Fre85]
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and this research has gathered pace recently with the discovery of some deep con-

nections between constraint problems and algebra [Bod08, BKJ05, Bul06, BV08],

logic [CKS01, DKV02, FV98], and graph and hypergraph theory [CJG08, Gro07].

This research has focused on two main ways in which imposing restrictions on a

constraint problem can ensure that it can be tractably solved. The first of these is to

restrict the forms of constraints which are allowed; these are sometimes known as con-

straint language restrictions. For example, it was shown in [CCJ94] that certain forms

of arithmetic constraint introduced in the CHIP programming language [vHDT92] had

a property which ensured that they could be efficiently solved no matter how they

were combined. It was also shown in [CCJ94] that many other forms of constraints

also had the same property and could also be combined arbitrarily whilst allowing

an efficient solution algorithm. Since then many other classes of so-called tractable

constraint languages have been identified, and a sophisticated algebraic theory has

been developed which aims to distinguish tractable forms of constraints from those

which can lead to intractable problems [BKJ05, BV08].

The second standard approach to identifying restrictions on constraint problems

which ensure tractability has been to consider restrictions on the way in which the

constraints overlap; these are sometimes referred to as structural restrictions. For

example, it was shown in [Fre85] that binary constraint problems where the underly-

ing graph of the constraints has bounded-width can be efficiently solved by choosing

an appropriate variable ordering. For non-binary constraint problems, where each

constraint may involve more than two variables, the underlying structure is a hyper-

graph, and certain structural conditions on this hypergraph can again be sufficient

to ensure tractability, regardless of the forms of constraint imposed. For example,

if this hypergraph is acyclic [DP89] or has a bounded degree of cyclicity [GJC94] or

a bounded hypertree width [GLS00] then the resulting constraint problem has been

shown to be tractable. A complete characterisation of the class of hypergraphs which

lead to tractable constraint problems was obtained in [Gro07], for problem classes

where the maximum arity of each constraint is bounded. However, some of these

structural tractability results rely on the assumption that constraints are represented

extensionally, by an explicit table of allowed tuples, and this assumption is often not

satisfied in practical constraint problems, where constraints are often represented by

special-purpose algorithms known as propagators. A theory of structural tractability

for constraints represented by propagators was developed in [GJ08], and results in

rather smaller tractable classes.
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In this chapter we begin the process of translating from theoretical results in the

literature to concrete families of instances of constraint problems. We obtain several

families which are known to be efficiently solvable by simple algorithms, but which

cause great difficulties for some existing constraint solvers. Moreover, we identify cases

where SAT-based constraint solvers perform sometimes even orders of magnitude

better than conventional CSP-solvers.

3.1 Preliminaries

The definition of the CSP (see Definition 2.1) says nothing about how the individual

constraints are represented in the specification of a particular concrete instance. For

example, constraint relations may be specified by explicitly listing all of the allowed

tuples of values, or perhaps all of the disallowed tuples of values, or simply by naming

a standard relation such as “all-different”. Although it is generally not an issue that

is considered in the theoretical literature, it is clearly an important issue in practice

to decide how problem instances will be encoded for input to a constraint solver,

and the lack of a common agreed standard in this area is one of the difficulties of

developing widely-accepted benchmarks.

As mentioned in Section 2.2, two proposed standard higher-level languages for

specifying constraint problems in practice are Zinc [NSB+07] and Essence [FGJ+07].

However, both of these languages are considered too abstract and too general to

be used directly as the input language for current constraint solvers, so they both

have more restricted subsets which are more suitable for solver input: these are

called MiniZinc and Essence′. There exists a software translation tool, called Tai-

lor [GMR08], which converts from Essence′ specifications to the input language for

the Minion solver. Another software translation tool distributed with the G12 soft-

ware [NSB+07], converts from MiniZinc to a more restricted language known as FlatZ-

inc, that serves as the input language for the G12 finite domain solver. The FznTini

solver, developed by Huang, transforms a FlatZinc file into standard SAT-solver for-

mat, called DIMACS CNF 1, and then uses a Boolean Satisfiability problem (SAT)

solver, called TiniSAT, to solve the resulting SAT problem [Hua08].

Note that in the theoretical literature the CSP is generally formalised as a decision

problem: the question associated with each instance is simply to decide whether

a solution exists. In practice, of course, it is often more natural to consider the

1DIMACS CNF is the standard input format for encoding CNF formulae. For example, the
clause x1 ∨ x2 ∨ ¬x3 would be encoded as: 1 2 -3 0, where 0 marks the end of the clause.
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corresponding search problem, which asks us to find a solution if one exists. However,

we note that for any class of CSP instances where we are allowed to add unary

constant constraints, fixing the assignments for some individual variables, we can

find a solution with at most |V | × |D| iterations of the decision algorithm by adding

a new unary constant constraint and calling the decision algorithm again on each

iteration [Coh04]. In the experimental results recorded here we ask the solvers to

solve the search problem.

The time complexity of this search problem is at most exponential in the size of the

input, since the size of the total search space for possible solutions is |D||V |. Moreover,

if we assume that each constraint is represented in such a way that checking whether

a given assignment satisfies a given constraint can be completed in polynomial-time,

then CSP clearly belongs to the problem class NP, since an assignment can be verified

in polynomial-time in the size of the input. However, for certain restricted classes

of instances it is possible to find a solution, or verify that no solution exists, in

polynomial-time. Such restricted classes will be called tractable.

Definition 3.1. A class of CSP instances will be called tractable if there exists an

algorithm which finds a solution to all instances in that class, or reports that there

are no solutions, whose time complexity is polynomial in the size of the instance

specification.

Many examples of tractable classes have been identified in the literature: see [PJ97]

for an early survey, and [BV08, Gro06] for more recent surveys. In this chapter we will

focus on some of the simplest and most widely-known examples of tractable classes.

In particular, we will construct families of instances that are tractable for each of the

following reasons:

• All constraints allow some constant value d to be assigned to every variable

(Section 3.2).

• All constraints are max-closed constraints as defined in [JC95] (Section 3.3).

• All constraints are 0/1/all constraints as defined in [CCJ94] (Section 3.4).

• All constraints are connected-row-convex as defined in [DBvH99] (Section 3.5).

• The constraint hypergraph has bounded-width (Section 3.6).
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3.2 Constant-closed constraints

Classes of CSP instances where each constraint allows some constant value d to be

assigned to every variable are clearly tractable according to Definition 3.1 because

they can be solved by the trivial algorithm that assigns the value d to every variable

in the instance. Such classes were included (for completeness) in several early lists of

tractable classes, including Schaefer’s Dichotomy Theorem for the Boolean satisfiabil-

ity problem [Sch78] and the first survey of tractable cases identified by the algebraic

approach to constraint complexity [JCG97].

Surprisingly, instances with this property do occur in practice: the majority of

the satisfiable binary decision diagram instances used in the third CSP-solver com-

petition [vDLR08] have constant solutions2.

To investigate whether the presence of a constant solution affects the performance

of standard constraint solvers we generated CSP instances with just one solution -

the constant one. Our instance generator took as input the number of variables, n,

and the number of possible values for each variable, d and created instances with n

variables each with domain 0, . . . , (d− 1). Each of the generated constraints allowed

the value bd/2c to be assigned to all variables3.

As a simple way to ensure that each instance had only this solution, we generated

a line of binary constraints, with one constraint on each successive pair of variables.

On the first n−1 variables these constraints were obtained by choosing a random list

of d/2 allowed values for each variable (with repetitions) from the domain 0..(d/2)

and allowing just those pairs of values formed by the corresponding entries in two

successive lists (together with the pair (bd/2c, bd/2c)). The final binary constraint,

between the (n−1)th and nth variables, restricted the (n−1)th variable to values in the

other half of the domain, thus eliminating all possible solutions except the constant

one with value bd/2c. These binary constraints were then expressed in a form of

explicit representation, as a disjunction of conjunctions of possible assignments, as

shown in Figure 3.1.

We generated instances for various choices of the parameters n and d, and solved

these using G12 (version 1.4), FznTini, and Minion (version 0.12) - see Table 3.1. As

with all of the results presented in this chapter, the times given are elapsed times on

a Lenovo 3000 N200 laptop with an Intel Core 2 Duo processor running at 1.66GHz

2This observation was made by Marc van Dongen in a personal communication.
3This middle value was chosen as the constant value so that default value orderings which consid-

ered the values for each variable in ascending or descending order did not simply happen to consider
the constant value first.
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MiniZinc

array[1..4] of var 0..4: X;

constraint

(

((X[1] = 1)/\(X[2] = 0))

\/((X[1] = 0)/\(X[2] = 0))

\/((X[1] = 2)/\(X[2] = 2))

) /\ (

((X[2] = 0)/\(X[3] = 0))

\/((X[2] = 0)/\(X[3] = 1))

\/((X[2] = 2)/\(X[3] = 2))

) /\ (

((X[3] = 3)/\(X[4] = 1))

\/((X[3] = 4)/\(X[4] = 1))

\/((X[3] = 2)/\(X[4] = 2))

) ;

solve satisfy;

Essence′

language ESSENCE’ 1.b.a

letting D be domain int(1..4)

find X : matrix indexed by [D]

of int(0..4)

such that

(

((X[1] = 1)/\(X[2] = 0))

\/((X[1] = 0)/\(X[2] = 0))

\/((X[1] = 2)/\(X[2] = 2))

) /\ (

((X[2] = 0)/\(X[3] = 0))

\/((X[2] = 0)/\(X[3] = 1))

\/((X[2] = 2)/\(X[3] = 2))

) /\ (

((X[3] = 3)/\(X[4] = 1))

\/((X[3] = 4)/\(X[4] = 1))

\/((X[3] = 2)/\(X[4] = 2))

)

Figure 3.1: Typical constant-closed CSP instance specifications generated in MiniZinc
and Essence′ for n = 4 and d = 5. All constraints allow the value 2 for all variables.

a 2GB of RAM. These timings exclude the time required to translate the input from

MiniZinc to FlatZinc (for input to G12 and FznTini) or from Essence′ to Minion input

format. (In the special case of FznTini, times include the additional time required

to translate from FlatZinc to DIMACS CNF format. Hence, in each case we are

measuring the time taken to process the input when presented in a low-level CSP

format such as FlatZinc or equivalent.) Average times over five runs with different

generated instances are shown, but the variability was found in all cases to be quite

small.

It is clear that the most efficient solver for instances of this kind, when presented

in this way, is FznTini, which appears to be able to identify the single constant

solution extremely rapidly without any specific tuning. The standard constraint solver

Minion is significantly less efficient on these instances, which is somewhat surprising

since, if the constraints are viewed as binary table constraints, all other values for

all of the variables can be eliminated by enforcing arc-consistency, which all of the

conventional constraint solvers do by default when propagating constraints. In fact,

the translations to FlatZinc and Minion input format do not recognise the constraints

as explicit binary constraints, but instead handle the disjunctions by introducing a
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number of number of Minion G12 FznTini
CSP variables CSP values time time time

(n) (d) (sec) (sec) (sec)
10 100 1.667 0.117 0.026
10 200 13.477 0.330 0.075
15 100 41.814 0.207 0.037
15 200 482.689 0.571 0.106
20 20 2.113 0.044 0.015
20 100 > 20 min 0.278 0.048
20 200 > 20 min 1.013 0.138
30 10 8.571 0.032 0.016
50 50 > 20 min 0.367 0.059
100 4 > 20 min 0.056 0.022
100 10 > 20 min 0.101 0.033

Table 3.1: Average solution times for Minion, G12 and FznTini on constant-closed
CSP instances of the form shown in Figure 3.1 which have exactly one solution.

large number of auxiliary variables, but this is common to all of the solvers tested

(including FznTini). When the instances were encoded directly to Minion input

format as table constraints, the Minion solver performed as well as G12.

This very simple first set of potential benchmark instances already reveals that

there is considerable scope for improving the ability of current CSP-solvers to recog-

nise and exploit structure in the constraints, for example by better recognition and

translation of table constraints, or by adapting the value ordering.

3.3 Max-closed constraints

One of the first non-trivial classes of tractable constraint types described in the liter-

ature is the class of max-closed constraints introduced in [JC95].

Definition 3.2 ([JC95]). A constraint (R, S) with relation R of arity r over an

ordered domain D is said to be max-closed if for all tuples (d1, ..., dr),(d′1, ..., d
′
r) ∈ R

we have (max(d1, d
′
1), ...,max(dr, d

′
r)) ∈ R.

Some examples of binary max-closed constraints are shown in Figure 3.2.

In particular, one useful form of max-closed constraint is an inequality of the form

a1v1 + a2v2 + · · ·+ ar−1vr−1 ≥ arvr + c (3.1)

where the vi are variables, c is a constant, and the ais are non-negative constants [JC95].

Hence, we constructed a generator which produced random inequalities of this form.
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Figure 3.2: Examples of binary max-closed constraints from [JC95]. In each rectangle,
the circles on the left represent possible values for one variable, and the circles on the
right represent possible values for the other variable; both are ordered from bottom
to top. Two circles are connected by a line if the constraint allows that combination
of values for the two variables.

.

An extract from a typical instance specification produced by this generator is shown

in Figure 3.3. To generate solvable max-closed CSP instances, we selected a random

array[1..10] of var 1..5: X;

constraint

97*X[6] >= 46*X[3] + 16 /\

81*X[5] +88*X[4] +60*X[2] +92*X[7] +28*X[10] >= 43*X[8] + 4 /\

16*X[3] +78*X[10] +61*X[7] +97*X[5] +50*X[8] +30*X[1] >= 19*X[6] + -51;

solve satisfy;

Figure 3.3: A generated max-closed instance specification in MiniZinc with 3 inequal-
ities.

assignment to all of the variables, and then generated random inequalities of the form

above, keeping only those that were satisfied by this fixed assignment. This ensured

that the system of inequalities had at least one solution. To generate unsolvable max-

closed CSP instances, we generated the inequalities without imposing this condition;

if the resulting set was solvable, another set was generated. Average times over five

runs with different instances are shown in Table 3.2.

The results for these instances are the reverse of those in Section 3.2 - see Ta-

ble 3.1. Predictably, FznTini performs very poorly on these inequalities, which it has

to translate into (large) sets of clauses. (For the larger sets of inequalities we consid-

ered it simply gave an “out of memory” error.) Standard CSP-solvers should do well

on these instances, because the efficient algorithm for solving max-closed instances

is based on achieving arc-consistency, and all standard constraint solvers do this by

default. Our results confirm that the standard CSP-solvers do indeed all perform

well on these instances without any specific tuning. In particular, they perform much
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number of number of number of Minion G12 FznTini
CSP variables CSP values constraints time time time

(n) (d) (sec) (sec) (sec)
satisfiable instances

10 100 10 0.353 0.012 7.884
10 100 100 0.360 0.021 > 20 min
10 200 10 0.354 0.011 3.799
20 100 1000 0.490 0.264 error
30 200 1000 0.546 0.457 error
100 10 10 0.358 0.021 1.109
200 100 1000 1.049 0.067 error

unsatisfiable instances
10 100 100 0.058 0.012 382.223
20 100 1000 0.082 0.010 error
30 200 1000 0.083 0.071 error
200 10 1000 0.087 0.010 error

Table 3.2: Average solution times for Minion, G12 and FznTini on max-closed CSP
instances of the form shown in Figure 3.3.

better than FznTini even if the translation time to FlatZinc or Minion input format

were to be included in the runtimes.

3.4 0/1/all constraints

Another example of a language-based restriction ensuring tractability involves the

0/1/all constraints introduced and shown to be tractable in [CCJ94].

Definition 3.3 ([CCJ94]). Let v1 and v2 be variables. Let A be a subset of possible

values for v1 and B be a subset of possible values for v2.

• A complete binary constraint is a constraint R(v1, v2) of the form A×B.

• A permutation constraint is a constraint R(v1, v2) which is equal to

{(di, π(di)) | di ∈ A} for some bijection π : A→ B.

• A two-fan constraint is a constraint R(v1, v2) where there exists di ∈ A and

dj ∈ B with R(v1, v2) = (di ×B) ∪ (A× dj).

A 0/1/all constraint is either a complete constraint, a permutation constraint, or a

two-fan constraint.
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What is particularly interesting about this form of constraint, for our purposes,

is that the efficient algorithm for 0/1/all constraints is based on achieving path-

consistency [CCJ94], which is not implemented in standard constraint solvers.

To investigate whether instances with 0/1/all constraints are solved efficiently in

practice by standard constraint solvers, even without explicitly using path-consistency,

we wrote a generator for satisfiable CSP instances with 0/1/all constraints of various

kinds on n variables. To ensure satisfiability we first generate a random assignment

and then add at random only those 0/1/all constraints that satisfy the initial assign-

ment. An extract from a typical instance specification produced by our generator is

shown in Figure 3.4. We generated instances for various choices of the parameters

var {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}: X0;

var {0, 1, 3, 4, 7, 8, 9}: X1;

var {0, 2, 3, 5, 6, 7, 8, 9}: X2;

var {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}: X3;

var {0, 2, 3, 4, 6, 8}: X4;

constraint

((X0 + 7 >= 10) -> (X1 == X0 + 7 - 10)) /\

((X0 + 7 < 10) -> (X1 == X0 + 7)) /\

((X0 == 2) \/ (X2 == 0)) /\

((X1 + 7 >= 10) -> (X3 == X1 + 7 - 10)) /\

((X1 + 7 < 10) -> (X3 == X1 + 7)) /\

((X1 + 9 >= 10) -> (X4 == X1 + 9 - 10)) /\

((X1 + 9 < 10) -> (X4 == X1 + 9)) /\

((X3 == 6) \/ (X2 == 8)) /\

((X3 == 6) \/ (X4 == 6)) ;

solve satisfy;

Figure 3.4: A typical CSP instance with 0/1/all constraints specified in MiniZinc.
Note that complete constraints are imposed by restricting the domains to some subset,
permutation constraints are imposed by constraints of the form X = Y + c mod d,
and two-fan constraints are imposed by constraints of the form X = di ∨ Y = dj.

n and d, and solved these using G12, Minion and FznTini. Average timings over

five instances are shown in Table 3.3, but the variability is again very small. All the

solvers performed very well. We note here that even though on some instances the

CSP-solvers performed better than FznTini, the pure solving time of the SAT-solver

is shorter than the runtimes shown (since these include the translation time from

FlatZinc to SAT).

We also generated unsatisfiable instances with 0/1/all constraints on just a small

number of variables, leaving all other variables unconstrained, see Figure 3.5. FznTini
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number of number of Minion G12 FznTini
CSP variables CSP values time time time

(n) (d) (sec) (sec) (sec)
10 100 0.359 0.018 0.037
50 100 0.457 0.276 0.318
100 10 0.625 0.623 0.523
100 50 0.676 0.944 0.809
100 100 0.768 1.070 0.916

Table 3.3: Average solution times for Minion, G12 and FznTini on satisfiable 0/1/all
CSP instances of the form shown in Figure 3.4.

array[0..99] of var 0..1: X;

constraint

((X[50] == 2) \/ (X[51] == 1)) /\

((X[50] == 1) \/ (X[51] == 2)) /\

((X[50] == 2) \/ (X[51] == 2)) /\

((X[50] == 1) \/ (X[51] == 1)) ;

solve satisfy;

Figure 3.5: An unsatisfiable CSP instance with 0/1/all constraints on 100 variables
with domain size 2 specified in MiniZinc.

and G12 quickly reported “no solutions” (see Table 3.4), but Minion could not solve

this problem within 20 min. Interestingly enough, an earlier version of the G12 finite

domain solver (0.8.1) was as bad as Minion. Furthermore, the MiniZinc-to-FlatZinc

translator distributed with that version of G12 produced a much larger FlatZinc

instance than the one available with the G12 suite version 1.4. This could be the

reason why the older version of G12 performed so badly, however, version 1.4 of the

finite domain solver performed well even on the old FlatZinc instance.

The problem with this simple unsatisfiable 0/1/all instance shown in Figure 3.5

seems to be the fixed default variable ordering: Minion (and G12 version 0.8.1) tries

every possible combination of values for the first 49 unconstrained variables before

it reports that the problem does not have a solution. It does not focus the search

on the few variables that are restricted; having no constraint between two variables

is treated in the same way as having a complete constraint. Once the unsatisfiable

instances were added to the satisfiable ones (used for Table 3.3), the performance of

Minion (and G12 version 0.8.1) was as good as before.

These results suggest that standard CSP-solvers can handle random collections

of 0/1/all constraints very effectively, even without specialised algorithms. However,

they appear to be poor at focusing search on more highly constrained regions, which
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number of number of Minion G12 (v0.8.1) G12 (v1.4) FznTini
CSP variables CSP values time time time time

(n) (d) (sec) (sec) (sec) (sec)
100 2 > 20 min > 20 min 0.012 0.058

Table 3.4: Average solution times for Minion, FznTini and two versions of G12 on
unsatisfiable 0/1/all CSP instances of the form shown in Figure 3.5.

is thought to be one of the strengths of the current generation of SAT-solvers. This

suggests an obvious target for improvement in adapting the variable ordering to the

specific features of the input instance.

3.5 Connected-row-convex constraints

Connected-row-convex constraints were first defined in [DBvH99] using a standard

matrix representation of binary relations.

Definition 3.4 ([DBvH99]). Let the domain D be the ordered set {d1, d2, · · · , dm},
where d1 < d2 < · · · < dm. A binary relation R over D can be represented by a

m×m 0-1 matrix M , by setting Mij = 1 if the relation contains the pair (di, dj) and

Mij = 0 otherwise. A relation is said to be connected-row-convex if the pattern of 1s

in the matrix representation (after removing rows and columns containing only 0s) is

connected along each row, along each column, and forms a connected 2-dimensional

region (where some of the connections may be diagonal).

Figure 3.6: Examples of connected-row-convex relations from [CJJK00]
.

Any binary constraint whose constraint relation is connected-row-convex will be

called a connected-row-convex constraint; some examples are illustrated in Figure 3.6.

It is convenient to also define all unary constraints to be connected-row-convex, as

they may be combined with binary connected-row-convex constraints to obtain a
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Figure 3.7: An example of a relation that is not connected-row-convex. Note that if
the 0 marked in bold were changed to 1, then this relation would be connected-row-
convex

.

larger tractable class of problems [CJJK00]. An example of a constraint that is not

connected-row-convex is shown in Figure 3.7. The 0 marked in bold in the middle

makes the pattern of 1s not connected along the row (and column) it is in.

The so-called staircase constraints [DBvH99] are also connected-row-convex.

Definition 3.5. [DBvH99] Let � and � be total orderings on Di and Dj, respectively.

A (binary) constraint Cij is (�,�)-monotone if

• ∀v, v′ ∈ Di, ∀w ∈ Dj: if Cij(v, w) and v′ � v then Cij(v
′, w),

• ∀v ∈ Di, ∀w,w′ ∈ Dj: if Cij(v, w) and w′ � w then Cij(v, w
′).

A constraint is staircase if it is (α, β)-monotone with α, β ∈ {≤,≥}.

Staircase constraints include, among others, inequalities of the form:

av1 + bv2 ≥ c

av1 + bv2 ≤ c

where a, b and c are constants and vis are variables.

We constructed a generator which produced random inequalities of this form on

n variables with domain size d. An extract from a typical instance specification

produced by this generator is shown in Figure 3.8. To generate solvable connected-

row-convex CSP instances, we selected a random assignment to all of the variables,

and then generated random inequalities of the form above, keeping only those that

were satisfied by this fixed assignment. This ensured that the system of inequalities

had at least one solution. Average times over five runs with different instances are

shown in Table 3.5.
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language ESSENCE’ 1.b.a

letting D be domain int(1..4)

find X : matrix indexed by [D] of int(1..5)

such that

46*X[1] +7*X[4] >= -79 ,

1*X[1] +70*X[3] <= 6 ,

27*X[2] +4*X[3] <= 78

Figure 3.8: A generated connected-row-convex instance specification in Essence’ with
3 inequalities for n = 4 and d = 5.

number of number of number of Minion G12 FznTini
CSP variables CSP values constraints time time time

(n) (d) (sec) (sec) (sec)
satisfiable instances

10 100 10 0.355 0.011 0.011
10 100 100 0.358 0.010 0.012
10 200 10 0.357 0.011 0.011
20 100 1000 0.358 0.016 0.014
30 200 1000 0.359 0.015 0.016
100 10 10 0.358 0.020 0.022
200 100 1000 0.363 0.065 0.065

unsatisfiable instances
10 100 100 0.058 0.010 0.010
20 100 1000 0.062 0.011 0.011
30 200 1000 0.063 0.010 0.011
200 10 1000 0.065 0.010 0.011

Table 3.5: Average solution times for Minion, G12 and FznTini on connected-row-
convex CSP instances of the form shown in Figure 3.8.

On this simple set of instances all solvers performed very well, although Minion

was noticeably slightly slower. It is worth mentioning that most of these instances

were essentially solved at the translation stage. That is, both G12’s MiniZinc-to-

FlatZinc translator as well as Tailor produced significantly smaller instances with just

a few inequalities satisfying the original instances (see Figure 3.9), or some trivially

unsatisfiable constraints in the unsatisfiable cases. Again pure solving time of FznTini

was sightly better than the runtimes shown, since these include the translation time

from FlatZinc to SAT.
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MINION 3

**VARIABLES**

DISCRETE X[10] {1..100}

**SEARCH**

PRINT [X]

VARORDER [X]

**CONSTRAINTS**

weightedsumgeq([17,31], [X[9],X[4]], 65)

weightedsumgeq([7,60], [X[8],X[2]], 88)

weightedsumgeq([22,45], [X[8],X[4]], 67)

weightedsumgeq([4,11], [X[8],X[6]], 63)

weightedsumgeq([10,34], [X[1],X[9]], 78)

weightedsumgeq([22,42], [X[6],X[8]], 81)

**EOF**

Figure 3.9: Connected-row-convex instance in Minion input format. The instance
was produced by Tailor, which was run on an Essence’ instance containing originally
100 constraints.

3.6 Bounded-width structures

For our final example, we consider classes of CSP instances which are tractable be-

cause of the way that the constraint scopes are chosen. In other words, we consider

structural restrictions, that is restrictions on the hypergraph (see Definition 2.8) of a

given CSP instance.

If we impose certain conditions on the kinds of structure we allow an instance

to have, then this can be sufficient to ensure tractability for all possible CSP in-

stances with structures satisfying those conditions, regardless of the type of con-

straints [Gro06]. In particular, one very simple condition which is sufficient to ensure

tractability is to require the structure to have a tree-decomposition [DP87, KV00a,

CR97], with some fixed bound on the maximum number of vertices in any node of

the tree. Such structures are said to have bounded-width.

However, the efficient algorithm for CSP instances with bounded-width structures

is based on choosing an appropriate variable ordering, and imposing a level of con-

sistency proportional to the width [DKV02, DP89, Fre90]. None of the standard

CSP-solvers incorporate this algorithm, so it is not at all evident whether they can

solve bounded-width instances efficiently.

To investigate this question we wrote a generator for a family of specific CSP

instances with a very simple bounded-width structure.
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MiniZinc

array[1..7] of var 0..2: X1;

array[1..7] of var 0..2: X2;

array[1..7] of var 0..2: X3;

constraint

forall(i in 1..6)(

X1[i]+X2[i]+X3[i]

<

X1[i+1]+X2[i+1]+X3[i+1]);

solve satisfy;

Essence′

language ESSENCE’ 1.b.a

letting D be domain int(1..7)

letting E be domain int(1..6)

find X1 : matrix indexed by [D]

of int(0..2)

find X2 : matrix indexed by [D]

of int(0..2)

find X3 : matrix indexed by [D]

of int(0..2)

such that

forall i : E. (

X1[i]+X2[i]+X3[i]

<

X1[i+1]+X2[i+1]+X3[i+1])

Figure 3.10: Generated specification in MiniZinc and Essence′ for a CSP instance
with bounded-width structure, where w = 3 and d = 3.

The instances we generate are specified by two parameters, w and d. They have

[(d−1)w+1]∗w variables arranged in groups of size w, each with domain {0, ..., d−1}.
We impose a constraint of arity 2w on each pair of successive groups, requiring that

the sum of the values assigned to the first of these two groups should be smaller than

the sum of the values assigned to the second. This ensures that a solution exists and

satisfies the following conditions: the difference between the sum of values assigned

to each successive group is 1, and the sum of the values assigned to the last group is

zero. An extract from a typical instance specification produced by our generator is

shown in Figure 3.10.

When w = 1, the generated instances have a single line of binary constraints, so

they have a tree structure, and can be efficiently solved using arc-consistency. For

this special case, all of the solvers are able to solve the instances very quickly (see the

first row of Table 3.6).

For larger values of w, the generated instances have larger width, but still bounded

by 2w−1, because their structure has a simple tree-decomposition as a path of nodes,

with each node corresponding to a single constraint scope. In this case, although the

problem is still tractable according to Definition 3.1, it cannot be solved efficiently

using standard propagation algorithms. In fact, the runtime of G12 grows rapidly

with problem size, as shown in Table 3.6.
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group number of number of Minion G12 FznTini
size CSP values CSP variables time time time
(w) (d) (n) (sec) (sec) (sec)
1 100 100 0.355 0.015 0.263
2 6 22 0.354 0.088 0.039
2 7 26 0.354 23.470 0.088
2 8 30 0.354 667.995 0.052
2 9 34 0.354 414.904 0.312
2 10 38 0.353 > 20 min 0.264
3 3 21 0.354 0.014 0.018
3 4 30 0.402 2.480 0.085
3 5 39 11.041 > 20 min 0.138
3 6 48 > 20 min > 20 min 1.449

Table 3.6: Average solution times for Minion, G12 and FznTini on satisfiable
bounded-width CSP instances of the form shown in Figure 3.10.

group number of number of Minion G12 FznTini
size CSP values CSP variables time time time
(w) (d) (n) (sec) (sec) (sec)
1 100 100 0.360 0.015 0.193
2 6 22 0.928 0.012 0.045
2 7 26 27.569 0.011 0.078
2 8 30 > 20 min 0.012 0.169
2 9 34 > 20 min 0.013 0.325
2 10 38 > 20 min 0.012 0.237
3 3 21 0.420 0.012 0.024
3 4 30 764.065 0.019 0.056
3 5 39 > 20 min 0.430 0.038
3 6 48 > 20 min 6.145 0.668

Table 3.7: Average solution times for Minion, G12 and FznTini on satisfiable
bounded-width CSP instances of the form shown in Figure 3.10 with inequalities
reversed.

The runtimes for the Minion solver do not increase so fast for these specific in-

stances, but if we reverse the inequalities, then they do increase in the same way (see

Table 3.7), although in this case G12 performs much better. Somewhat surprisingly,

FznTini seems to be able to solve all of these instances fairly efficiently, even though

they contain arithmetic inequalities which have to be translated into fairly large sets

of clauses.

It is clear from these results that G12 and Minion do not take advantage of the

simple structure of the instance they are attempting to solve. Hence an important
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opportunity to improve the performance of CSP-solvers would be in finding an effi-

cient way of taking advantage of instance structure by adapting the variable ordering

or other aspects of the search process to the particular instance. Moreover, as the or-

dering can be set in the input file, the question arises as to whether those adjustments

could be automatically identified by the translators as part of the pre-processing.

3.7 Summary

We believe that the results presented in this chapter have established that the various

ideas about different forms of tractable constraint satisfaction instances presented in

the theoretical literature can provide a fruitful source of inspiration for the design of

challenging benchmark instances.

The initial applications of these ideas, presented in the previous sections, have

already identified significant differences between different solvers in their ability to

exploit important features of the problem instances they are given.

There are a number of technical difficulties to overcome in developing useful bench-

mark instances. First of all, unlike SAT-solvers, there is no standard input language

for CSP-solvers. Some progress has been made in proposing standard specification

languages, and in providing automatic translation between different input languages,

but these are currently far from complete. We have seen in Section 3.2 that the trans-

lation from MiniZinc to FlatZinc, or from Essence′ to Minion, can sometimes obscure

the nature of an essentially simple problem, and hence badly affect the efficiency of

the solution. We suggest that a better awareness of the factors of a problem speci-

fication that can ensure tractability could lead to better translation software, which

ensures that such features are preserved. In particular, identifying tractable parts of

an instance specification could lead to pre-processing tools that would automatically

annotate such features in a way that could be exploited by a solver. This might be

a simple matter of identifying useful value or variable orderings, or it might mean

packaging some parts of the instance into (tractable) global constraints that can then

use dedicated propagation algorithms to take advantage of their structure.

SAT-solvers avoid many of the difficulties of translating between different input

languages by adopting a single standard format for the input: all constraints must

be expressed as clauses in CNF. However, the cost of this standardisation is a loss

of expressive power. We have seen in Section 3.3 that translating simple forms of

constraints such as linear inequalities into CNF may be very inefficient, and may lose

the important features of the constraints which guarantee tractability.
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Even when they have been successfully captured in an appropriate specification

language, and input to a constraint solver, it can be the case that theoretically

tractable instances may still be solved very inefficiently in practice. We have seen

in Sections 3.4, and especially in Section 3.6, that when the tractability is due to a

property that requires a higher level of consistency than arc-consistency to exploit, in-

stances may be very challenging for standard solvers. It may be that this gap between

theoretical notions of tractability, as expressed in Definition 3.1, and efficient solvabil-

ity in practice, can suggest additional refinements that can usefully be added to the

constraint-solving armoury (for example, some notion of adaptive consistency that in-

vokes higher-levels of consistency when they can be easily shown to be effective). The

dramatic progress in SAT-solving technology that has resulted from the exploitation of

heuristics, such as clause learning and random restarts, that serve to focus the search

more effectively, is an encouraging precedent. Finding effective automatic ways to im-

prove the variable orderings and value orderings used by a solver according to specific

relevant features of the input instance seems a promising first step which has not been

sufficiently pursued. For example, the connection between having a bounded-width

structure and the existence of a variable ordering with certain favourable properties

(such as bounded induced width) is well known [Fre90, DP89, DKV02] but does not

seem to have been explored in any of the solvers or translation tools used in this

study.

Furthermore, this chapter has revealed that SAT-based constraint solvers are

sometimes much more efficient than conventional solvers on certain families of CSP

instances (see Section 3.2 and 3.6). Moreover, we previously conducted some experi-

ments on the same set of instances used in this chapter but with versions of the solvers

from three years ago. By comparing these results with the ones obtained in this chap-

ter we conclude that the G12 finite domain solver (version 1.4) performs much better

than its older version on all sets of instances, even though it still struggles in the case

of instances with bounded-width structure4.

In order to explore the efficient behaviour of SAT-based constraint solvers we first

explain how a CSP instance can be translated into SAT in the next chapter. Then

we provide theoretical reasons why SAT-solvers are so efficient on certain families of

CSP instances and compare well-known SAT and constraint solvers experimentally

(see Chapters 5 and 6).

4We also tested the performance of the Gecode solver. The latest version of the solver achieved
comparable results with G12. The version from three years ago performed as badly as the other
standard constraint solvers at that time.
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I don’t think necessity is the
mother of invention. Invention, in
my opinion, arises directly from
idleness, possibly also from laziness
- to save oneself trouble.

Agatha Christie
Chapter 4

SAT encodings

One of the most surprising discoveries in constraint-solving in the last decade has been

the remarkable performance of SAT-solvers on many constraint satisfaction problems.

Even though a lot of information about the original CSP instance is usually lost at

the translation stage and a large set of propositional clauses is produced, SAT-solvers

sometimes outperform conventional CSP-solvers on such instances (see Chapter 3).

Furthermore, SAT-solvers often perform well even on instances that were encoded

using the most naive encoding (called the direct encoding, see below).

In an attempt to compare various solving techniques used for CSP and SAT sev-

eral different ways of encoding a CSP instance as a propositional formula have been

proposed. These have successfully been used in SAT-based constraint solvers. Some

encodings that have been developed are very problem-specific. However, this thesis

deals with just the most commonly used ones that encode the general CSP. These

are categorised here based on the information each Boolean variable carries about

variables in the original CSP.

4.1 Sparse encodings

Probably the first encoding introduced was the direct encoding. In this encoding, for

every variable-value pair a separate Boolean variable is introduced. We will call such

variables assignment variables since if, for instance, variable v is assigned value a,

then the corresponding Boolean variable xva is set to True. On the other hand if v is

assigned the value b and a 6= b, then xva is set to False. From now on we will refer to

the class of encodings that contain only assignment variables as sparse encodings (this

term was introduced in [Hoo99]). We will say that a partial assignment f falsifies a

clause C if C consists entirely of literals of the form ¬xvf(v), for the set of variables
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on which f is defined. Otherwise, we will say that a partial assignment f satisfies a

clause C.

Example 4.1. Let P be a CSP instance such that V = {u, v, w}, Du = Dv =

{0, 1}, Dw = {0, 1, 2} and C contains a single ternary constraint with scope (u, v, w)

specifying that u ≤ v < w. A sparse encoding of P will introduce seven Boolean vari-

ables:

xu0, xu1, xv0, xv1, xw0, xw1, xw2

Sparse encodings usually contain certain clauses known as at-least-one and at-

most-one clauses, to ensure that each variable v is assigned a value, say i, and that

no other value, j 6= i, is assigned to v. The at-least-one clauses are of the form∨
i∈Dv xvi for each variable v. The at-most-one clauses can be represented as a set of

binary clauses ¬xvi ∨ ¬xvj for all i, j ∈ Dv with i 6= j.

Example 4.2. In the case of the CSP instance from Example 4.1 the at-least-one

clauses are:

xu0 ∨ xu1, xv0 ∨ xv1, xw0 ∨ xw1 ∨ xw2

The at-most-one clauses are:

¬xu0 ∨ ¬xu1, ¬xv0 ∨ ¬xv1, ¬xw0 ∨ ¬xw1, ¬xw0 ∨ ¬xw2, ¬xw1 ∨ ¬xw2

The various different sparse encodings differ in the way they encode the constraints

of a CSP instance. Two methods are most commonly used. The first one encodes the

disallowed variable assignments - the so-called conflicts or nogoods. The direct encod-

ing [Pre09], for instance, generates a clause
∨
v∈S ¬xvf(v) for each partial assignment

f that does not satisfy the constraint (R, S) ∈ C.

Example 4.3. Using the direct encoding, the ternary constraint from Example 4.1

would be encoded by the following clauses:

¬xu0 ∨ ¬xv0 ∨ ¬xw0
¬xu0 ∨ ¬xv1 ∨ ¬xw0
¬xu0 ∨ ¬xv1 ∨ ¬xw1
¬xu1 ∨ ¬xv0 ∨ ¬xw0
¬xu1 ∨ ¬xv0 ∨ ¬xw1
¬xu1 ∨ ¬xv0 ∨ ¬xw2
¬xu1 ∨ ¬xv1 ∨ ¬xw0
¬xu1 ∨ ¬xv1 ∨ ¬xw1
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Another way of translating constraints into clauses is to encode the allowed vari-

able assignments - the so-called supports. This has been used as the basis for an

encoding of binary CSP instances, known as the support encoding [Gen02], defined as

follows. For each pair of variables v, w in the scope of some constraint, and each value

i ∈ Dv, the support encoding will contain the clause ¬xvi ∨
∨
j∈A xwj, where A ⊆ Dw

is the set of values for the variable w which are compatible with the assignment v = i,

according to the constraint.

Note that the support encoding is defined for binary CSP instances only. However,

some non-binary constraints can be decomposed into binary ones without introducing

any new variables.

Example 4.4. The ternary constraint from Example 4.1 can be decomposed into two

binary constraints specifying that u ≤ v and v < w. Using the support encoding, these

binary constraints would then be represented by the following clauses:

¬xu0 ∨ xv0 ∨ xv1
¬xu1 ∨ xv1
¬xv0 ∨ xu0, ¬xv0 ∨ xw1 ∨ xw2
¬xv1 ∨ xu0 ∨ xu1, ¬xv1 ∨ xw2
¬xw0
¬xw1 ∨ xv0
¬xw2 ∨ xv0 ∨ xv1

Other sparse encodings one can find in the literature include the multivalued direct

encoding [SLM92] and the minimal support encoding [ACLM08a]. The first encoding

looks exactly the same as the direct encoding except that the at-most-one clauses are

omitted. Even though such an encoding allows for multiple simultanous assignments

to the same CSP variable, a concrete solution can be recovered by selecting any one

of the assignments for each CSP variable. The minimal support encoding is similar

to the support encoding except that, for every constraint with scope v, w, we only

add either the support clauses for all the domain values of the CSP variable v or the

support clauses for all the domain values of the CSP variable w.

Example 4.5. Only the following constraint clauses will occur in the minimal support

encoding of the Example 4.1:

¬xu0 ∨ xv0 ∨ xv1
¬xu1 ∨ xv1
¬xv0 ∨ xw1 ∨ xw2
¬xv1 ∨ xw2
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Unlike in the case of the support encoding [Gen02], unit propagation on the min-

imal support encoding does not enforce arc-consistency [ACLM08b].

A sparse encoding of a CSP instance can be easily recognised by looking at the

structure of the Boolean encoding.

Lemma 4.6. Let Φ be a Boolean propositional formula in conjunctive normal form.

Let Γ ⊂ Φ be a set of disjoint purely positive clauses. If every Boolean variable that

belongs to Φ also belongs to Γ and for each clause γ ∈ Γ, Φ allows only one of the

literals in γ to be satisfied, then Φ is a sparse encoding of some CSP problem P .

Proof. Let Φ and Γ be defined as above. Let γ =
∨
i xvi be a clause in Γ. Then at

least one of the xvis must be assigned the value True. As Φ disallows xvi ∧ xvj for

all i 6= j, at most one of the xvis can be assigned True. Hence, γ can be viewed

as a CSP variable with domain size |γ|. Let γ represent a CSP variable vγ. Let

V = {vγ | γ ∈ Γ} and D = {Dvγ = {1, · · · , |γ|} | γ ∈ Γ}. As Γ contains all variables

that occur in Φ, each clause γ′ /∈ Γ can be viewed as a constraint. Note that each

literal in γ′ represents either a variable assignment, say vγ = i, or is a negation of

some variable assignment, vγ 6= i. Let C = {γ′ | γ′ ∈ Φ∧ γ′ /∈ Γ}. Then Φ is a sparse

encoding of the CSP problem P = (V,D,C).

Note that we have assumed in Lemma 4.6 that a sparse encoding must contain the

appropriate at-least-one clauses. In fact, this does not necessarily need to be true.

Lemma 4.7. Let Φ be a Boolean propositional formula in conjunctive normal form

and let X be the set of variables of Φ. Divide X into disjoint subsets Xi. If Φ forces

exactly one of x ∈ Xi to be satisfied for each Xi, then Φ is a sparse encoding of some

CSP P .

Proof. Let Φ′ = Φ ∧
∧
Xi∈X(

∨
x∈Xi x). Then Φ′ fulfills the conditions in Lemma 4.6

and the proof follows.

4.2 The log encoding

The log encoding [Wal00] introduces a Boolean variable for each bit in the value of

a CSP variable. For instance, a variable v with domain {0, 1, 2, 3} will be encoded

using two Boolean variables, xv0 and xv1. In this case the Boolean assignment (xv0 =

False, xv1 = True) corresponds to the CSP assignment v = 2. The at-least-one

and at-most-one clauses are not needed in the log encoding, since every bit pattern

represents a potential solution. However, unary constraints can be imposed to rule
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out certain bit patterns, and hence restrict the values of a variable to some subset

of the domain. Once again, clauses are added to represent the constraints, by ruling

out any assignment that violates a constraint. The constraints are represented as

conflicts.

Example 4.8. Assume we are encoding the constraint v+w ≥ 2 and the domain for

v and w is {0, 1, 2, 3}. There are three tuples that violate the inequality, (0, 0), (0, 1)

and (1, 0). Hence, the following clauses will be generated:

xv0 ∨ xv1 ∨ xw0 ∨ xw1
xv0 ∨ xv1 ∨ ¬xw0 ∨ xw1
¬xv0 ∨ xv1 ∨ xw0 ∨ xw1

4.3 Regular and interval-based encodings

Sparse encodings are usually inefficient in practice, since they often produce very

large sets of clauses.

Example 4.9. Suppose the domains of variables v and w in Example 4.1 are much

larger, say Dv = Dw = {0, 1000}. Then the support encoding would introduce the

following clauses to encode the constraint v < w:

¬xv0 ∨ xw1 ∨ xw2 · · · ∨ xw1000
¬xv1 ∨ xw2 ∨ xw3 · · · ∨ xw1000
· · ·
¬xv999 ∨ xw1000
¬xv1000

In the case above it might be more efficient to be able to represent the intervals

i..1000 for 1 ≤ i ≤ 999 more succinctly. That is why another way of encoding CSP

domains was proposed which introduces Boolean variables representing comparisons.

Such variables are called ladder variables [GN04] or regular variables [AM04]. We will

use the latter terminology.

A regular variable x≥vi is a Boolean variable that is set to the value True if and

only if variable v is assigned a value that is greater or equal to value i. A regular

encoding can be based on any sparse encoding. The domains are encoded using regular

variables. The constraints are encoded in the same way as in a sparse encoding on

which it is based.

Example 4.10. The regular minimal support encoding of Example 4.1 is as follows.
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The domain clauses:

xu0 ↔ ¬x≥u1 x≥u1 → x≥u0
xv0 ↔ ¬x≥v1 x≥v1 → x≥v0
xw0 ↔ ¬x≥w1 x≥w1 → x≥w0
xw1 ↔ x≥w1 ∧ ¬x

≥
w2 x≥w2 → x≥w1

xw2 ↔ x≥w2

The constraint clauses:

¬xu0 ∨ xv0 ∨ xv1
¬xu1 ∨ xv1
¬xv0 ∨ xw1 ∨ xw2
¬xv1 ∨ xw2

Note that the last four domain clauses encode the condition that if a variable is

greater or equal to some value i, then it is also greater or equal to any value smaller

than i. These are the so-called ladder clauses, whereas the first five domain clauses

are usually called the channelling clauses [GN04].

Example 4.11. In a regular encoding the domain clauses representing a CSP variable

v with domain {1, · · · ,m} can be split into the following two sets of clauses encoding

the at-least-one and at-most-one conditions [ACLM10]:

at-least-one constraint:

xv1 ← ¬x≥v2
xvi ← x≥vi ∧ ¬x

≥
v(i+1) for all 2 ≤ i ≤ m− 1

xvm ← x≥vm

at-most-one constraint:

xv1 → ¬x≥v2
xvi → x≥vi ∧ ¬x

≥
v(i+1) for all 2 ≤ i ≤ m− 1

xvm → x≥vm
x≥v(i+1) → x≥vi for all 1 ≤ i ≤ m− 1

Another possibility of encoding a CSP instance into SAT is to use regular variables

only. The simplest example are the full regular encodings [ACLM09]. In this case all

variables in a sparse encoding are converted into regular ones. The domain clauses

need only to contain the ladder clauses.

Example 4.12. The full regular minimal support encoding of our running example

is as follows.

The domain clauses:
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x≥u1 → x≥u0
x≥v1 → x≥v0
x≥w1 → x≥w0
x≥w2 → x≥w1

The constraint clauses:

¬x≥u0 ∨ x
≥
v0 ∨ x

≥
v1, ¬x

≥
u0 ∨ x

≥
v0 ∨ ¬x

≥
v0

¬x≥u1 ∨ x
≥
u0 ∨ x

≥
v1, ¬x

≥
u1 ∨ x

≥
u0 ∨ ¬x

≥
v0

¬x≥v0 ∨ x
≥
w1 ∨ x

≥
w2, ¬x≥v0 ∨ x

≥
w1 ∨ ¬x

≥
w1, ¬x

≥
v0 ∨ ¬x

≥
w0 ∨ x

≥
w2, ¬x

≥
v0 ∨ ¬x

≥
w0 ∨ ¬x

≥
w1

¬x≥v1 ∨ x
≥
v0 ∨ x

≥
w2, ¬x

≥
v1 ∨ x

≥
v0 ∨ ¬x

≥
w1

Another example of a SAT encoding that contains regular variables only is the

order encoding [TTKB09]. In this encoding the domain clauses contain the appropri-

ate ladder clauses and the constraints are encoded using disallowed regions (for more

details see Section 6.3).

Other encodings that use regular variables include the half-regular encodings [AM04]

and the interval-based regular encodings [ACLMss]. The latter type of encoding is es-

sentially a translation of a sparse encoding into a full regular one by using intervals.

It is worth mentioning that this method helps avoid exponential blowup at the trans-

lation stage [ACLM10].

In order to reduce the size of a SAT encoding of a CSP instance, interval-based

encodings have also been introduced. In those encodings each Boolean variable rep-

resents a domain interval, that is x
[]
vij, when set to True, means that the value for

variable v is in the interval [i, j]. Such interval-based encodings have been used to

encode the alldifferent and cardinality constraints [BKN+09, FG10]. Note that each

interval variable x
[]
vij can be represented by a conjunction of two regular variables,

that is x≥vi ∧ ¬x
≥
v(j+1).

4.4 Other encodings

In the SAT encodings described thus far each Boolean variable represents some restric-

tion on the domain of one CSP variable it represents. One can, however, introduce

variables representing a SAT formula in the assignment variables. Those auxiliary

variables frequently help produce more compact and efficient encodings. However,

such encodings are usually not generalisable as they are frequently defined for a spe-

cific (global) constraint. An example is the at-most-k constraint, which imposes the

restriction that at most k Boolean variables can be assigned the value True. Among

SAT encodings proposed for this constraint is the sequential counter encoding [Sin05]
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and the commander encoding [FG10]. Various encodings for the pigeonhole problem

are also discussed in Chapter 7.

Furthermore, a wide range of constraints can be represented as linear constraints

over Boolean variables, that is Pseudo-Boolean constraints. Several SAT encodings of

PB constraints have been defined throughout the years. These include the polynomial

watchdog encodings [BBR09].

Example 4.13. In order to impose the at-most-k restriction using the commander

encoding [FG10], Boolean variables in the scope of the constraint are first arranged

into groups of size g > k. Next, k auxiliary variables ci1 to cik are introduced for each

such group Gi. Subsequently the following three steps are executed:

• For each set S = Gi ∪ {¬cij | 1 ≤ j ≤ k} add clauses :

–
∧
S′⊆{1,··· ,|S|}

∨
m∈S′ ¬xm, where

∑
S ′ = k + 1 and xm ∈ S for all m;

–
∧
S′⊆{1,··· ,|S|}

∨
m∈S′ xm, where

∑
S ′ = |S| − k + 1 and xm ∈ S for all m.

• Add clauses
∧k−1
j=1 cij → ci(j+1) to remove symmetrical solutions.

• Encode the at-most-k constraint recursively on the commander variables.

The SAT encoding presented by Bacchus in [Bac07] is a generalisation of the sup-

port encoding to non-binary constraints. The interesting thing about this encoding

is that running unit propagation on it enforces generalised-arc-consistency on the

original CSP instance (see Definition 2.15).

Example 4.14. Bacchus’s encoding contains the usual domain clauses, i.e. the at-

least-one and at-most-one clauses for each CSP variable v.

Additionally, for each constraint c new Boolean variables xct are introduced rep-

resenting a satisfying tuple t. The constraint clauses are as follows:

•
¬xvi ∨

∨
t

xct

where each t satisfies c ∈ C and (v = i) ∈ t

• xvi ∨ ¬xct for each t satisfying c ∈ C such that (v = i) ∈ t
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Let Tc = {t1, · · · , tl} be a set of satisfying tuples for a constraint c. Note that c is

satisfied if and only if one of the tis is true. Each ti represents a set of assignments

for a fixed set of variables that are constrained by c. Hence, only one of the tis can

be true. Therefore, w.l.o.g., we can add the following set of clauses to Bacchus’s

encoding for each constraint c:

• at-least-one clause: ∨
ti ∈ Tc

xcti

• at-most-one clauses: ∧
ti,tj ∈ Tc & i 6=j

¬xcti ∨ ¬xctj

We call Bacchus’s encoding with additional clauses described above the extended

Bacchus’s encoding.

It turns out that there exists a connection between Bacchus’s encoding and a

particular graph representation of a CSP instance, namely its hidden variable repre-

sentation (see Definition 2.7).

Theorem 4.15. The extended Bacchus’s encoding of a CSP instance P is equivalent

to the support encoding of the hidden variable representation of P .

Proof. Let P = (V,D,C) be a CSP instance. Let Φ be the extended Bacchus’s

encoding of P . Let Γ ⊂ Φ be the largest disjoint set of purely positive clauses. Then

Γ contains the following clauses:

• for each variable v ∈ V : ∨
i ∈ Dv

xvi ;

• for each constraint c ∈ C: ∨
t satisfies c

xct .

Moreover, by definition, Φ contains the appropriate at-most-one clauses for each v ∈ V
and c ∈ C. All Boolean variables in Φ occur in Γ. Hence, by Lemma 4.6, Φ is a sparse

encoding of some CSP P ′ = (V ′, D′, C ′). Let γc be a CSP variable representing some

constraint c ∈ C and Tc be the set of satisfying tuples for c. Then:

•
V ′ = V ∪

⋃
c ∈ C

γc ;
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•
D′ = D ∪

⋃
c ∈ C

(Dc = Tc) ;

•
C ′ = {(v = i ∨ γc 6= t) | xvi ∨ ¬xct ∈ Φ } ∪

{(v 6= i ∨
∨

t ∈ Tc

γc = t) | ¬xvi ∨
∨

t ∈ Tc

xct ∈ Φ} .

Note that the primal graph of P ′ (see Definition 2.3) is a bipartite graph, where there

is an edge between two variables if and only if one of them represents a constraint,

say c, and the other represents a variable that is in the scope of c. Hence, this

graph is the incidence graph of P (see Definition 2.6). Therefore, P ′ is the hidden

variable representation of P . Moreover, as all the constraint clauses of Φ encode

binary supports, Φ is the support encoding of P ′.

Since it is known that establishing arc-consistency on the hidden variable repre-

sentation of P enforces generalised-arc-consistency on the original problem [SW99],

the above theorem also proves that running unit propagation on Bacchus’s encoding

enforces generalised-arc-consistency on the original CSP instance.

4.5 What is a good SAT encoding?

Given the large choice of SAT encodings in the literature, it would be useful to clarify

which encodings are actually the good ones. Identifying those can be quite tricky

though.

One desirable feature is that the encoding should be as compact as possible. Two

common measures for the size of a formula in CNF are: the total number of literals

and the number of clauses. However, the most compact encodings can sometimes

distort some feature of the given instance that could have been crucial to solving that

instance. An example is given in Chapter 7. Therefore, compact encodings do not

guarantee better performance.

Another desirable property of a SAT encoding is high solution density. It is calcu-

lated as the number of solutions divided by 2n, where n is the number of variables in

the encoding. Some evidence was provided in [CFG+96] that if a satisfiable problem
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has high solution density then a search algorithm might find a solution to such a

problem more easily. The log encoding can serve here as a counter-example. It has a

logarithmic number of variables in the CSP domain sizes, hence higher SAT solution

density than the direct encoding. However, in general the latter was found to help

SAT-solvers achieve better performance.

From the point of view of the practitioner a good encoding would allow a SAT-

solver to make as many deductions as possible. Since unit propagation underlies any

SAT-solver and enforcing local consistency is the key technique in CSP solving, those

encodings are good under which unit propagation does as much pruning as possible.

In particular, a SAT encoding is regarded as a good one if unit propagation achieves

generalised-arc-consistency (GAC) (see Definition 2.15) on the original CSP instance.

It is known that unit propagation, for instance, enforces arc-consistency on the

support encoding of a (binary) CSP instance [Gen02].

Example 4.16. Let P be a CSP instance defined on two variables v and w, each with

domain {0, 1, 2}. Let P impose just one constraint v < w. The support encoding of

P is as follows:

xv0 ∨ xv1 ∨ xv2, xw0 ∨ xw1 ∨ xw2
¬xv0 ∨ ¬xv1, ¬xv0 ∨ ¬xv2, ¬xv1 ∨ ¬xv2
¬xw0 ∨ ¬xw1, ¬xw0 ∨ ¬xw2, ¬xw1 ∨ ¬xw2

¬xv0 ∨ xw1 ∨ xw2
¬xv1 ∨ xw2, ¬xv2
¬xw0, ¬xw1 ∨ xv0
¬xw2 ∨ xv0 ∨ xv1

where each xvi represents the assignment v = i. Unit propagation reduces this set of

clauses to:

xv0 ∨ xv1, xw1 ∨ xw2
¬xv0 ∨ ¬xv1, ¬xw1 ∨ ¬xw2

¬xv0 ∨ xw1 ∨ xw2
¬xv1 ∨ xw2, ¬xw1 ∨ xv0
¬xw2 ∨ xv0 ∨ xv1

Hence, the domain of v is reduced to {0, 1} and the domain of w is reduced to {1, 2}.
These are now arc-consistent, since for each possible assignment to v there exists an

assignment to w that satisfies the constraint v < w (and vice versa).
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Another example of an encoding on which unit propagation enforces a certain level

of consistency is Bacchus’s encoding (see Example 4.14). However, this encoding as

well as the support encoding are unfortunately often inefficient in practice, since they

can produce SAT instances of exponential size.

Since one desirable feature of a SAT encoding is to allow unit propagation to make

as many deductions as possible, one might say that an encoding is desirable for which

only a few deductions are needed to define the satisfiability of the formula. As SAT-

solvers p-simulate (polynomially simulate) general resolution [PD09], this implies that

those encodings are desirable that translate a CSP instance into a SAT formula that

has a short resolution proof (see Definition 2.20). However, such encodings are not

always the best choice in practice, since it might take a lot of time for the solver to

find such a proof. A concrete example is given in Chapter 7.

We conclude that there does not seem to be a simple criterion for what makes a

good encoding in general. However, we will see in later chapters that in some cases

we can identify which encodings are better than others.

4.6 Summary

The remarkable efficiency of SAT-solvers in the last decade has lead to the devel-

opment of various SAT encodings of CSP instances. Even though such encodings

often distort the original structure of the CSP instance, SAT-based constraint solvers

frequently outperform conventional CSP-solvers in practice.

The simplest way to encode CSP domains into SAT is to introduce a Boolean

variable for each variable-value pair. Examples of such encodings are the direct and

the support encoding. The log encoding, on the other hand, introduces a Boolean

variable for each bit of the domain of a CSP variable. Another possible way is

to encode the domain bounds by introducing variables representing comparisons or

intervals. We call such encodings regular and interval-based ones.

The constraints of CSP instances are usually encoded using either the disallowed

or allowed variable assignments. Using regular and interval-based encodings one

can encode the disallowed (or allowed) regions. Thus the nogoods can be sometimes

represented more compactly using such encodings in comparison with the sparse ones.

There exists also a wide range of encodings for specific constraints, like the global

cardinality constraint or Pseudo-Boolean constraints. These often introduce some

auxiliary variables.
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Even though a lot of SAT encodings have been introduced throughout the years,

it is still hard to tell which encodings are actually “good”. A few desirable features

have been identified, but for each of them counter-examples can be found. It has been

proposed, for instance, that a SAT encoding should be: compact, of high solution

density, GAC-preserving or have a short resolution proof. Although no one criterion

can be identified that would differentiate between a “bad” and “good” encoding for

all CSP instances, in the next few chapters we will show that for certain classes of

CSP instances it is indeed possible to identify which SAT encoding is actually “good”

for all instances in a CSP class.
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Everything must be taken into
account. If the fact will not fit the
theory—let the theory go.

Agatha ChristieChapter 5

From CSP to SAT: width
restrictions

In this chapter we draw on a number of recent analytical approaches to try to ac-

count for the good performance of general SAT-solvers on many forms of constraint

problems. Building on the results of [ABD07, AD08], and [HM05], we show that the

power of using k-consistency techniques in a constraint problem is precisely captured

by using a single inference rule in a standard Boolean encoding of that problem. We

refer to this inference rule as negative-hyper-resolution, and show that any conclu-

sions deduced by enforcing k-consistency can be deduced by a sequence of negative-

hyper-resolution inferences involving Boolean clauses from the original encoding and

negative-hyper-resolvents with at most k literals. Furthermore, by using the approach

of [AFT11], and [PD09], we show that current clause-learning SAT-solvers will mimic

the effect of such deductions in polynomial expected time, even with a random branch-

ing strategy. Hence we show that, although they are not explicitly designed to do so,

running a clause-learning SAT-solver on the direct encoding of a constraint problem

efficiently simulates the effects of enforcing k-consistency for all values of k.

5.1 Preliminaries

In this section we give some background and definitions that will be used throughout

the rest of the chapter.

5.1.1 Constraint satisfaction problems and k-consistency

Given any CSP instance (V,D,C), a partial assignment is a mapping f from some

subset W of V to
⋃
Dv such that f(v) ∈ Dv for all v ∈ W . A partial assignment

satisfies the constraints of the instance if, for all (R, (v1, v2, . . . , vm)) ∈ C such that
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vj ∈ W for j = 1, 2, . . . ,m, we have (f(v1), f(v2) . . . , f(vm)) ∈ R. A partial assign-

ment that satisfies the constraints of an instance is called a partial solution1 to that

instance. The set of variables on which a partial assignment f is defined is called the

domain of f , and denoted Dom(f). A partial solution g extends a partial solution f

if Dom(f) ⊆ Dom(g) and g(v) = f(v) for all v ∈ Dom(f). A partial solution with

domain V is called a solution.

As mentioned in Section 2.2.2, one way to derive new information about a CSP

instance, which may help to determine whether or not it has a solution, is to use

some form of constraint propagation to enforce some level of local consistency [Bes06].

For example, it is possible to use the notion of k-consistency (see Definition 2.13).

We note that there are several different but equivalent ways to define and enforce

k-consistency described in the literature [Bes06, Coo89, Fre78]. Our presentation

follows that of [ABD07], which is inspired by the notion of existential k-pebble games

introduced in [KV00b].

Definition 5.1. [ABD07] For any CSP instance P , the k-consistency closure of P is

the set H of partial assignments which is obtained by the following algorithm:

1. Let H be the collection of all partial solutions f of P with |Dom(f)| ≤ k + 1;

2. For every f ∈ H with |Dom(f)| ≤ k and every variable v of P , if there is

no g ∈ H such that g extends f and v ∈ Dom(g), then remove f and all its

extensions from H;

3. Repeat step 2 until H is unchanged.

Note that computing the k-consistency closure according to this definition corre-

sponds precisely to enforcing strong (k + 1)-consistency according to Definition 2.13.

Throughout this thesis, we assume that the domain of possible values for each

variable in a CSP instance is finite. It is straightforward to show that for any fixed

k, and any fixed maximum domain size, the k-consistency closure of an instance P

can be computed in polynomial-time [ABD07, Coo89].

Note that any solution to P must extend some element of the k-consistency closure

of P . Hence, if the k-consistency closure of P is empty, for some k, then P has no so-

lutions. The converse is not true in general, but it holds for certain special cases, such

as the class of instances whose structure has tree-width bounded by k [ABD07], or the

class of instances whose constraint relations are 0/1/all relations (see Section 3.4) , or

1Note that not all partial solutions extend to solutions.
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connected-row-convex relations (see Section 3.5) . For these special kinds of instances

it is possible to determine in polynomial-time whether or not a solution exists simply

by computing the k-consistency closure, for an appropriate choice of k. Moreover, if a

solution exists, then it can be constructed in polynomial-time by selecting each vari-

able in turn, assigning each possible value, re-computing the k-consistency closure,

and retaining an assignment that gives a non-empty result.

The following result gives a useful condition for determining whether the k-

consistency closure of a CSP instance is empty.

Lemma 5.2. [KV00b] The k-consistency closure of a CSP instance P is non-empty

if and only if there exists a non-empty family H of partial solutions to P such that:

1. If f ∈ H, then |Dom(f)| ≤ k + 1;

2. If f ∈ H and f extends g, then g ∈ H;

3. If f ∈ H, |Dom(f)| ≤ k, and v /∈ Dom(f) is a variable of P , then there is

some g ∈ H such that g extends f and v ∈ Dom(g).

A set of partial solutions H satisfying the conditions described in Lemma 5.2 is

sometimes called a strategy for the instance P [BK09, KV00b].

5.1.2 Inference rules

In the next section, we shall establish a close connection between the k-consistency

algorithm and a form of inference called negative-hyper-resolution [BL99], which we

define as follows:

Definition 5.3. If we have a collection of clauses of the form Ci ∨ ¬xi, for i =

1, 2, . . . , r, and a clause C0 ∨ x1 ∨ x2 ∨ · · · ∨ xr, where each xi is a Boolean variable,

and C0 and each Ci is a (possibly empty) disjunction of negative literals, then we can

deduce the clause C0 ∨ C1 ∨ · · · ∨ Cr.
We call this form of inference negative-hyper-resolution and the resultant clause

C0 ∨ C1 ∨ · · · ∨ Cr the negative-hyper-resolvent.

In the case where C0 is empty, the negative-hyper-resolution rule is equivalent to

the nogood resolution rule described in [HM05] as well as the H5-k rule introduced

in [dK89] and the nogood recording scheme described in [SV93].

Note that the inference obtained by negative-hyper-resolution can also be obtained

by a sequence of standard resolution steps. However, the reason for introducing
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negative-hyper-resolution is that it allows us to deduce the clauses we need in a single

step without needing to introduce intermediate clauses (which may contain up to r−1

more literals than the negative-hyper-resolvent). By restricting the size of the clauses

we use in this way we are able to obtain better performance bounds for SAT-solvers

in the results below.

Example 5.4. Assume we have a collection of clauses of the form Ci ∨ ¬xi, for

i = 1, 2, . . . , r, and a clause C0∨x1∨x2∨· · ·∨xr, as specified in Definition 5.3, where

each Ci = C0. The negative-hyper-resolvent of this set of clauses is C0.

The clause C0 can also be obtained by a sequence of standard resolution steps, as

follows. First resolve C0 ∨ x1 ∨ x2 ∨ · · · ∨ xr with C0 ∨ ¬xr to obtain C0 ∨ x1 ∨ x2 ∨
· · ·∨xr−1. Then resolve this with the next clause, C0∨¬xr−1, and so on for the other

clauses, until finally we obtain C0. However, in this case the intermediate clause

C0∨x1∨x2∨ · · ·∨xr−1 contains r−1 more literals than the negative-hyper-resolvent.

Example 5.5. Note that the nogood clauses in the direct encoding of a binary CSP

instance can each be obtained by a single negative-hyper-resolution step from an appro-

priate support clause in the support encoding together with an appropriate collection

of at-most-one clauses. Let A ⊆ Dw be the set of values for the variable w which

are compatible with the assignment v = i, then the support encoding will contain the

clause C = ¬xvi ∨
∨
j∈A xwj. If there are any values k ∈ Dw which are incompatible

with the assignment v = i, then we can form the negative-hyper-resolvent of C with

the at-most-one clauses ¬xwk ∨ ¬xwj for each j ∈ A, to obtain the corresponding

nogood clause, ¬xvi ∨ ¬xwk.

A negative-hyper-resolution derivation of a clause C from a set of initial clauses

Φ is a sequence of clauses C1, C2, . . . , Cm, where Cm = C and each Ci follows by the

negative-hyper-resolution rule from some collection of clauses, each of which is either

contained in Φ or else occurs earlier in the sequence. The width of this derivation is

defined to be the maximum size of any of the clauses Ci. If Cm is the empty clause,

then we say that the derivation is a negative-hyper-resolution refutation of Φ.

5.2 k-consistency and negative-hyper-resolution

It has been pointed out by many authors that enforcing local consistency is a form of

inference on relations analogous to the use of the resolution rule on clauses [Bac07,

Bes06, HM05, RD00]. The precise strength of the standard resolution inference rule

on the direct encoding of a CSP instance was considered in [Wal00], where it was
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shown that unit resolution (where one of the clauses being resolved consists of a

single literal), corresponds to enforcing a weak form of local consistency known as

forward checking. In [HM05] it was pointed out that the standard resolution rule

with no restriction on clause length is able to simulate all the inferences made by a

k-consistency algorithm. In [AD08] it was shown that the standard resolution rule

restricted to clauses with at most k literals, known as the k resolution rule, can be

characterised in terms of the Boolean existential (k + 1)-pebble game. It follows

that on CSP instances with Boolean domains this form of inference corresponds to

enforcing k-consistency. An alternative proof that k-resolution achieves k-consistency

for instances with Boolean domains is given in [Hoo07, Thm. 3.22].

Here we extend these results a little, to show that for CSP instances with arbitrary

finite domains, applying the negative-hyper-resolution rule on the direct encoding to

obtain clauses with at most k literals corresponds precisely to enforcing k-consistency.

A similar relationship was stated in [dK89], but a complete proof was not given.

Note that the bound, k, that we impose on the size of the negative-hyper-resolvents,

is independent of the domain size. In other words, using this inference rule we only

need to consider inferred clauses of size at most k, even though we make use of clauses

in the encoding whose size is equal to the domain size, which may be arbitrarily large.

Theorem 5.6. The k-consistency closure of a CSP instance P is empty if and only

if its direct encoding as a set of clauses has a negative-hyper-resolution refutation of

width at most k.

The proof is broken down into two lemmas inspired by Lemmas 2 and 3 in [AD08].

Lemma 5.7. Let P be a CSP instance, and let Φ be its direct encoding as a set of

clauses. If Φ has no negative-hyper-resolution refutation of width k or less, then the

k-consistency closure of P is non-empty.

Proof. Let V be the set of variables of P , where each v ∈ V has domain Dv, and let

X = {xvi | v ∈ V, i ∈ Dv} be the corresponding set of Boolean variables in Φ. Let Γ

be the set of all clauses having a negative-hyper-resolution derivation from Φ of width

at most k. By the definition of negative-hyper-resolution, every non-empty clause in

Γ consists entirely of negative literals.

Now let H be the set of all partial assignments for P with domain size at most

k + 1 that do not falsify any clause in Φ ∪ Γ under the direct encoding.

Consider any element f ∈ H. By the definition of H, f does not falsify any clause

of Φ, so by the definition of the direct encoding, every element of H is a partial

62



solution to P . Furthermore, if f extends g, then g is also an element of H, because

g makes fewer assignments than f and hence cannot falsify any additional clauses to

f .

If Φ has no negative-hyper-resolution refutation of width at most k, then Γ does

not contain the empty clause, so H contains (at least) the partial solution with empty

domain, and hence H is not empty.

Now let f be any element of H with |Dom(f)| ≤ k and let v be any variable

of P that is not in Dom(f). For any partial assignment g that extends f and has

Dom(g) = Dom(f) ∪ {v} we have that either g ∈ H or else there exists a clause in

Φ ∪ Γ that is falsified by g. Since g is a partial assignment, any clause C in Φ ∪ Γ

that is falsified by g, must consist entirely of negative literals. Hence the literals of C

must either be of the form ¬xwf(w) for some w ∈ Dom(f), or else ¬xvg(v). Moreover,

any such clause must contain the literal ¬xvg(v), or else it would already be falsified

by f .

Assume, for contradiction, that H does not contain any assignment g that extends

f and has Dom(g) = Dom(f) ∪ {v}. In that case, we have that, for each i ∈ Dv,

Φ ∪ Γ contains a clause Ci consisting of negative literals of the form ¬xwf(w) for

some w ∈ Dom(f), together with the literal ¬xvi. Now consider the clause, C,

which is the negative-hyper-resolvent of these clauses Ci and the at-least-one clause∨
i∈Dv xvi. The clause C consists entirely of negative literals of the form ¬xwf(w) for

some w ∈ Dom(f), so it has width at most |Dom(f)| ≤ k, and hence is an element

of Γ. However C is falsified by f , which contradicts the choice of f . Hence we have

shown that for all f ∈ H with |Dom(f)| ≤ k, and for all variables v such that

v 6∈ Dom(f), there is some g ∈ H such that g extends f and v ∈ Dom(g).

We have shown that H satisfies all the conditions required by Lemma 5.2, so we

conclude that the k-consistency closure of P is non-empty.

Lemma 5.8. Let P be a CSP instance, and let Φ be its direct encoding as a set of

clauses. If the k-consistency closure of P is non-empty, then Φ has no negative-hyper-

resolution refutation of width k or less.

Proof. Let V be the set of variables of P , where each v ∈ V has domain Dv, and let

X = {xvi | v ∈ V, i ∈ Dv} be the corresponding set of Boolean variables in Φ.

By Lemma 5.2, if the k-consistency closure of P is non-empty, then there exists a

non-empty setH of partial solutions to P which satisfies the three properties described

in Lemma 5.2.
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Now consider any negative-hyper-resolution derivation Γ from Φ of width at most

k. We show by induction on the length of this derivation that the elements of H do

not falsify any clause in the derivation. First we note that the elements of H are

partial solutions, so they satisfy all the constraints of P , and hence do not falsify any

clause of Φ. This establishes the base case. Assume, for induction, that all clauses in

the derivation earlier than some clause C are not falsified by any element of H.

Note that, apart from the at-least-one clauses, all clauses in Φ and Γ consist

entirely of negative literals. Hence we may assume, without loss of generality, that C

is the negative-hyper-resolvent of a set of clauses ∆ = {Ci ∨ ¬xvi | i ∈ Dv} and the

at-least-one clause
∨
i∈Dv xvi, for some fixed variable v.

If f ∈ H falsifies C, then the literals of C must all be of the form ¬xwf(w), for

some w ∈ Dom(f). Since the width of the derivation is at most k, C contains at most

k literals, and hence we may assume that |Dom(f)| ≤ k. But then, by the choice of

H, there must exist some extension g of f in H such that v ∈ Dom(g). Any such g

will falsify some clause in ∆, which contradicts our inductive hypothesis. Hence no

f ∈ H falsifies C, and, in particular, C cannot be empty.

It follows that no negative-hyper-resolution derivation of width at most k can

contain the empty clause.

Note that the proof of Theorem 5.6 applies to any sparse encoding that contains

the at-least-one clauses for each variable, and where all other clauses are purely

negative. We will call such an encoding a negative sparse encoding. As well as

the direct encoding, other negative sparse encodings exist. For example, we may

use negative clauses that involve only a subset of the variables in the scope of some

constraints (to forbid tuples where all possible extensions to the complete scope are

disallowed by the constraint). Another example of a negative sparse encoding is the

multivalued direct encoding (see Section 4.1).

Corollary 5.9. The k-consistency closure of a CSP instance P is empty if and only if

any negative sparse encoding of P has a negative-hyper-resolution refutation of width

at most k.

5.3 Negative-hyper-resolution and SAT-solvers

In this section we adapt the machinery from [AFT11], and [PD09] to show that for

any fixed k, the existence of a negative-hyper-resolution refutation of width k is likely
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to be discovered by a SAT-solver in polynomial-time using standard clause learning

and restart techniques, even with a totally random branching strategy.

Note that previous results about the power of clause-learning SAT-solvers have

generally assumed an optimal branching strategy [BKS04, PD09] - they have shown

what solvers are potentially capable of doing, rather than what they are likely to

achieve in practice. An important exception is [AFT11], which gives an analysis of

likely behaviour, but relies on the existence of a standard resolution proof of bounded-

width. Here we show that the results of [AFT11] can be extended to hyper-resolution

proofs, which can be shorter and narrower than their associated standard resolution

proofs.

We will make use of the following terminology from [AFT11]. For a clause C, a

Boolean variable x, and a truth value a ∈ {0, 1}, the restriction of C by the assignment

x = a, denoted C|x=a, is defined to be the constant 1, if the assignment satisfies the

clause, or else the clause obtained by deleting from C any literals involving the variable

x. For any sequence of assignments S of the form (x1 = a1, x2 = a2, . . . , xr = ar) we

write C|S to denote the result of computing the restriction of C by each assignment

in turn. If C|S is empty, then we say that the assignments in S falsify the clause C.

For a set of clauses ∆, we write ∆|S to denote the set {C|S | C ∈ ∆} \ {1}.
Most current SAT-solvers operate in the following way [AFT11, PD09]. They

maintain a database of clauses ∆ and a current state S, which is a partial assignment

of truth values to the Boolean variables in the clauses of ∆. A high-level description

of the algorithms used to update the clause database and the state, derived from the

description given in [AFT11], is shown in Algorithm 5.1 2 (a similar framework, using

slightly different terminology, is given in [PD09]).

Now consider a run of the algorithm shown in Algorithm 5.1, started with the

initial database ∆, and the empty state S0, until it either halts or discovers a conflict

(i.e., ∅ ∈ ∆|S). Such a run is called a complete round started with ∆, and we represent

it by the sequence of states S0, . . . , Sm, that the algorithm maintains. Note that each

state Si extends the state Si−1 by a single assignment to a Boolean variable, which

may be either a decision assignment or an implied assignment.

More generally, a round is an initial segment S0, S1, . . . , Sr of a complete round

started with ∆, up to a state Sr such that either ∆|Sr contains the empty clause,

or ∆|Sr does not contain any unit clause. For any clause C, we say that a round

2Note that this conflict-driven clause learning (CDCL) algorithm is still based on the core DPLL
algorithm (see Algorithm 2.2 for comparison).

65



Algorithm 5.1 Framework for a typical clause-learning SAT-solver

Input: ∆ : set of clauses;
S : partial assignment of truth values to variables.

1. while ∆|S 6= ∅ do
2. if ∅ ∈ ∆|S then Conflict

3. if S contains no decision assignments then
4. print “UNSATISFIABLE” and halt
5. else
6. apply the learning scheme to add a new clause to ∆
7. if restart policy says restart then
8. set S = ∅
9. else

10. select most recent conflict-causing unreversed decision assignment in S
11. reverse this decision, and remove all later assignments from S
12. end if
13. end if
14. else if {l} ∈ ∆|S for some literal l then Unit Propagation

15. add to S the implied assignment x = a which satisfies l
16. else Decision

17. apply the branching strategy to choose a decision assignment x = a
18. add this decision assignment to S
19. end if
20. end while
21. print “SATISFIABLE” and output S

S0, S1, . . . , Sr satisfies C if C|Sr = 1, and we say that the round falsifies C if C|Sr is

empty.

If S0, S1, . . . , Sr is a round started with ∆, and ∆|Sr contains the empty clause,

then the algorithm either reports unsatisfiability or learns a new clause: such a round

is called conclusive. If a round is not conclusive we call it inconclusive 3. Note that if

S0, S1, . . . , Sr is an inconclusive round started with ∆, then ∆|Sr does not contain the

empty clause, and does not contain any unit clauses. Hence, for any clause C ∈ ∆, if

Sr falsifies all the literals of C except one, then it must satisfy the remaining literal,

and hence satisfy C. This property of clauses is captured by the following definition.

Definition 5.10. [AFT11] Let ∆ be a set of clauses, C a non-empty clause, and l a

literal of C. We say that ∆ absorbs C at l if every inconclusive round started with ∆

that falsifies C \ {l} satisfies C.

3Note that a complete round that assigns all variables and reports satisfiability is called incon-
clusive.
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If ∆ absorbs C at each literal l in C, then we simply say that ∆ absorbs C.

If C is in the set ∆ then it is always absorbed (see Lemma 5.14), but clauses that

are not in ∆ may also be absorbed in some cases. We will see an example of this

situation in Example 5.11.

Note that a closely related notion is introduced in [PD09] for clauses that are not

absorbed by a set of clauses ∆; they are referred to as 1-empowering with respect

to ∆. (The exact relationship between 1-empowering and absorption is discussed in

[AFT11].)

We will now explore the relationship between absorption and negative-hyper-

resolution.

Example 5.11. Let ∆ be the direct encoding of a CSP instance P = (V,D,C), where

V = {u, v, w}, Du = Dv = Dw = {1, 2} and C contains two binary constraints: one

forbids the assignment of the value 1 to u and v simultaneously, and the other forbids

the simultaneous assignment of the value 2 to u and 1 to w. Let C also contain a

ternary constraint that forbids the assignment of the value 2 to all three variables

simultaneously.

∆ = { xu1 ∨ xu2, xv1 ∨ xv2, xw1 ∨ xw2,
¬xu1 ∨ ¬xu2, ¬xv1 ∨ ¬xv2, ¬xw1 ∨ ¬xw2,

¬xu1 ∨ ¬xv1, ¬xu2 ∨ ¬xw1, ¬xu2 ∨ ¬xv2 ∨ ¬xw2 }.

The clause ¬xv1 ∨¬xw1 is not contained in ∆, but can be obtained by negative-hyper-

resolution from the clauses xu1 ∨ xu2,¬xu1 ∨ ¬xv1,¬xu2 ∨ ¬xw1.

This clause is absorbed by ∆, since every inconclusive round that sets xv1 = True

must set xw1 = False by unit propagation, and every inconclusive round that sets

xw1 = True must set xv1 = False also by unit propagation.

Example 5.11 indicates that clauses that can be obtained by negative hyper-

resolution from a set of clauses ∆ are sometimes absorbed by ∆. The next result

clarifies when this situation holds.

Lemma 5.12. Any negative-hyper-resolvent of a set of disjoint clauses is absorbed

by that set of clauses.

Proof. Let C be the negative-hyper-resolvent of a set of clauses ∆ = {Ci ∨ ¬xi | i =

1, 2, . . . , r} and a clause C ′ = C0 ∨ x1 ∨ x2 ∨ · · · ∨ xr, where each Ci is a (possibly

empty) disjunction of negative literals, for 0 ≤ i ≤ r. Then C = C0∨C1∨ · · · ∨Cr by
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Definition 5.3. By Definition 5.10, we must show that ∆∪C ′ absorbs C at each of its

literals. Assume all but one of the literals of C are falsified. Since the set of clauses

∆∪C ′ are assumed to be disjoint, the remaining literal l must belong to exactly one

of the clauses in this set. There are two cases to consider.

1. If l belongs to the clause C ′, then all clauses in ∆ have all but one literals

falsified, so the remaining literal ¬xi in each of these clauses is set to True, by

unit propagation. Hence all literals in C ′ are falsified, except for l, so l is set to

True, by unit propagation.

2. If l belongs to one of the clauses Ci ∨ ¬xi, then all of the remaining clauses in

∆ have all but one literals falsified, so the corresponding literals ¬xj are set to

True, by unit propagation. Hence all literals in C ′ are falsified, except for xi,

so xi is set to True, by unit propagation. But now all literals in Ci ∨ ¬xi are

falsified, except for l, so l is set to True by unit propagation.

We note here that if ∆ absorbs a non-empty clause C, then every satisfying

assignment of ∆ satisfies C, that is, C is implied by ∆ (see Lemma 4 in [AFT11]).

The converse is not true. The next example shows that the negative-hyper-resolvent

of a set of clauses that is not disjoint will not necessarily be absorbed by those clauses.

Example 5.13. Recall the set of clauses ∆ given in Example 5.11, which is the direct

encoding of a CSP instance with three variables {u, v, w}, each with domain {1, 2}.
The clause ¬xu2 ∨ ¬xv2 is not contained in ∆, but can be obtained by negative-

hyper-resolution from the clauses xw1 ∨ xw2,¬xu2 ∨ ¬xv2 ∨ ¬xw2,¬xu2 ∨ ¬xw1.

This clause is not absorbed by ∆, since an inconclusive round that sets xv2 = True

will not necessarily ensure that xu2 = False by unit propagation.

The basic approach we shall use to establish our main results below is to show

that any clauses that can be obtained by bounded-width negative-hyper-resolution

from a given set of clauses, but are not immediately absorbed (such as the one in

Example 5.13) are likely to become absorbed quite quickly because of the additional

clauses that are added by the process of clause learning. Hence a clause-learning SAT-

solver is likely to fairly rapidly absorb all of the clauses that can be derived from its

original database of clauses by negative-hyper-resolution. In particular, if the empty

clause can be derived by negative-hyper-resolution, then the solver will fairly rapidly
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absorb some literal and its complement, and hence report unsatisfiability (see the

proof of Theorem 5.17 for details).

The following key properties of absorption are established in [AFT11].

Lemma 5.14. [AFT11] Let ∆ and ∆′ be sets of clauses, and let C and C ′ be non-

empty clauses.

1. If C belongs to ∆, then ∆ absorbs C;

2. If C ⊆ C ′ and ∆ absorbs C, then ∆ absorbs C ′;

3. If ∆ ⊆ ∆′ and ∆ absorbs C, then ∆′ absorbs C.

Note that the second property in Lemma 5.14 implies that a SAT-solver can absorb

a clause C even if the learning scheme does not directly add it.

To allow further analysis, we need to make some assumptions about the learning

scheme, the restart policy and the branching strategy used by our SAT-solver (for

more details on the core algorithm of modern SAT-solvers see Section 2.3).

Assumption 5.15. The learning scheme chooses an asserting clause (see Defini-

tion 2.24).

Most learning schemes in current use satisfy this assumption [PD09, ZMMM01],

including the learning schemes called 1UIP (or FirstUIP - see Section 2.4.3) and

Decision [ZMMM01].

We make no particular assumption about the restart policy. However, our main

result is phrased in terms of a bound on the expected number of restarts. If the

algorithm restarts after r conflicts, our bound on the expected number of restarts can

simply be multiplied by r to get a bound on the expected number of conflicts. This

means that the results will be strongest if the algorithm restarts immediately after

each conflict. In that case, r = 1 and our bound will also bound the expected number

of conflicts. Existing SAT-solvers typically do not employ such an aggressive restart

policy, but we note the remark in [PD09] that “there has been a clear trend towards

more and more frequent restarts for modern SAT solvers”.

The branching strategy determines which decision assignment is chosen after an

inconclusive round that is not complete. In most current SAT-solvers the strategy is

based on some heuristic measure of variable activity, which is related to the occurrence

of a variable in conflict clauses [MMZ+01]. However, to simplify the probabilistic

analysis, we will make the following assumption.
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Assumption 5.16. The branching strategy chooses a variable uniformly at random

amongst the unassigned variables, and assigns it the value True.

As noted in [AFT11], the same analysis we give below can also be applied to any

other branching strategy that randomly chooses between making a heuristic-based

decision or a randomly-based decision. More precisely, if we allow, say, c > 1 rounds

of non-random decisions between random ones, then the number of required restarts

and conflicts would appear multiplied by a factor of c.

An algorithm that behaves according to the description in Algorithm 5.1, and

satisfies the assumptions above, will be called a standard randomised SAT-solver.

Theorem 5.17. If a set of non-empty clauses ∆ over n Boolean variables has a

negative-hyper-resolution refutation of width k and length m, then the expected num-

ber of restarts required by a standard randomised SAT-solver to discover that ∆ is

unsatisfiable is less than mnk2
(
n
k

)
.

Proof. Let C1, C2, . . . , Cm be a negative-hyper-resolution refutation of width k from

∆, where Cm is the first occurrence of the empty clause. Since each clause in ∆ is

non-empty, Cm must be derived by negative-hyper-resolution from some collection of

negative literals ¬x1,¬x2, . . .¬xd and a purely positive clause x1 ∨ x2 ∨ · · · ∨ xd ∈ ∆.

Now consider a standard randomised SAT-solver started with database ∆. Once

all of the unit clauses ¬xi are absorbed by the current database, then, by Defini-

tion 5.10, any further inconclusive round of the algorithm must assign all variables xi

false, and hence falsify the clause x1 ∨ x2 ∨ · · ·xd. Since this happens even when no

decision assignments are made, the SAT-solver will report unsatisfiability.

It only remains to bound the expected number of restarts required until each

clause Ci is absorbed, for 1 ≤ i < m. Let each Ci be the negative-hyper-resolvent

of clauses Ci1, Ci2, . . . , Cir, each of the form C ′ij ∨ ¬xj, together with a clause Ci0 =

C0 ∨ x1 ∨ x2 ∨ · · · ∨ xr from ∆, where C0 is a (possibly empty) disjunction of negative

literals. Assume also that each clause Cij is absorbed by ∆ for j = 0, 1, . . . , r.

If ∆ absorbs Ci, then no further learning or restarts are needed, so assume now

that ∆ does not absorb Ci. By Definition 5.10, this means that there exists some

literal l and some inconclusive round R started with ∆ that falsifies Ci \ {l} and

does not satisfy Ci. Note that R must leave the literal l unassigned, because one

assignment would satisfy Ci and the other would falsify C0 and each C ′ij, and hence

force all of the literals ¬xj used in the negative-hyper-resolution step to be satisfied,

because each Cij is absorbed by ∆, so Ci0 would be falsified, contradicting the fact

that R is inconclusive.
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Hence, if the branching strategy chooses to falsify the literals Ci \ {l} whenever it

has a choice, it will construct an inconclusive round R′ where l is unassigned (since

all the decision assignments in R′ are also assigned the same values in R, any implied

assignments in R′ must also be assigned the same values4 in R, but we have shown

that R leaves l unassigned). If the branching strategy then chooses to falsify the

remaining literal l of Ci, then the algorithm would construct a conclusive round R′′

where Ci0 is falsified, and all decision assignments falsify literals in Ci. Hence, by

Assumption 5.15, the algorithm would then learn some asserting clause C ′ and add

it to ∆ to obtain a new set ∆′.

Since C ′ is an asserting clause, it contains exactly one literal, l′, that is falsified at

the highest level in R′′. Hence, any inconclusive round R started with ∆′ that falsifies

Ci \ {l} will falsify all but one literal of C ′, and hence force the remaining literal l′

to be satisfied, by unit propagation. If this new implied assignment for l′ propagates

to force l to be true, then R satisfies Ci, and hence ∆′ absorbs Ci at l. If not, then

the branching strategy can once again choose to falsify the remaining literal l of Ci,

which will cause a new asserting clause to be learned and added to ∆. Since each

new asserting clause forces a new literal to be satisfied after falsifying Ci \ {l} this

process can be repeated fewer than n times before it is certain that ∆′ absorbs Ci at

l.

Now consider any sequence of k random branching choices. If the first k−1 of these

each falsify a literal of Ci\{l}, and the final choice falsifies l, then we have shown that

the associated round will reach a conflict, and add an asserting clause to ∆. With a

random branching strategy, as described in Assumption 5.16, the probability that this

happens is at least the probability that the first k−1 random choices consist of a fixed

set of variables (in some order), and the final choice is the variable associated with

l. The number of random choices that fall in a fixed set follows the hypergeometric

distribution, so the overall probability of this is 1

( n
k−1)

1
(n−k+1)

= 1/(k
(
n
k

)
).

To obtain an upper bound on the expected number of restarts, consider the worst

case where we require n asserting clauses to be added to absorb each clause Ci at each

of its k literals l. Since we require only an upper bound, we will treat each round as

an independent trial with success probability p = 1/(k
(
n
k

)
), and consider the worst

case where we have to achieve (m − 1)nk successes to ensure that Ci for 1 ≤ i < m

is absorbed. In this case the total number of restarts will follow a negative binomial

distribution, with expected value (m−1)nk/p. Hence in all cases the expected number

of restarts is less than mnk2
(
n
k

)
.

4See Lemma 2 in [AFT11] for a more formal statement and proof of this assertion.
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A tighter bound on the number of restarts can be obtained if we focus on the

Decision learning scheme [AFT11, ZMMM01], as the next result indicates.

Definition 5.18. The conflict clause added by the Decision learning scheme contains

precisely the decision variables involved in the conflict.

Theorem 5.19. If a set of non-empty clauses ∆ over n Boolean variables has a

negative-hyper-resolution refutation of width k and length m, then the expected number

of restarts required by a standard randomised SAT-solver using the Decision learning

scheme to discover that ∆ is unsatisfiable is less than m
(
n
k

)
.

Proof. The proof is similar to the proof of Theorem 5.17, except that the Decision

learning scheme has the additional feature that the literals in the chosen conflict

clause falsify a subset of the current decision assignments. Hence in the situation

we consider, where the decision assignments all falsify literals of some clause Ci,

this learning scheme will learn a subset of Ci, and hence immediately absorb Ci, by

Lemma 5.14 (1,2). Hence the maximum number of learnt clauses required is reduced

from (m− 1)nk to (m− 1), and the probability is increased from 1/(k
(
n
k

)
) to 1/

(
n
k

)
,

giving the tighter bound.

Note that a similar argument shows that the standard deviation of the number of

restarts is less than the standard deviation of a negative binomial distribution with

parameters m and 1/
(
n
k

)
, which is less than

√
m
(
n
k

)
. Hence, by Chebyshev’s inequality

(one-tailed version), the probability that a standard randomised SAT-solver using

the Decision learning scheme will discover that ∆ is unsatisfiable after (m+
√
m)
(
n
k

)
restarts is greater than 1/2.

5.4 k-consistency and SAT-solvers

By combining Theorem 5.6 and Theorem 5.19 we obtain the following result linking

k-consistency and SAT-solvers.

Theorem 5.20. If the k-consistency closure of a CSP instance P is empty, then the

expected number of restarts required by a standard randomised SAT-solver using the

Decision learning scheme to discover that the direct encoding of P is unsatisfiable is

O(n2kd2k), where n is the number of variables in P and d is the maximum domain

size.
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Proof. The length m of a negative-hyper-resolution refutation of width k is bounded

by the number of possible nogoods of length at most k for P , which is
∑k

i=1 d
i
(
n
i

)
.

Hence, by Theorem 5.6 and Theorem 5.19 we obtain a bound of
(∑k

i=1 d
i
(
n
i

)) (
nd
k

)
,

which is O(n2kd2k).

Hence a standard randomised SAT-solver with a suitable learning strategy will de-

cide the satisfiability of any CSP instance with tree-width k with O(n2kd2k) expected

restarts, even when it is set to restart immediately after each conflict. In particular,

the satisfiability of any tree-structured binary CSP instance (i.e., with tree-width 1)

will be decided by such a solver with at most O(n2d2) expected conflicts, which is

comparable with the growth rate of an optimal arc-consistency algorithm for binary

constraints. Note that this result cannot be obtained directly from [AFT11], be-

cause the direct encoding of an instance with tree-width k is a set of clauses whose

tree-width may be as high as dk.

Moreover, a standard randomised SAT-solver will decide the satisfiability of any

CSP instance, with any structure, within the same polynomial bounds, if the con-

straint relations satisfy certain algebraic properties that ensure bounded-width [BK09].

Examples of such constraint types include the 0/1/all relations and the connected-

row-convex relations, which can both be decided by 2-consistency.

It was shown in [Gen02] that the support encoding of a binary CSP instance can

be made arc-consistent (that is, 1-consistent) by applying unit propagation alone.

Hence, a standard SAT-solver will mimic the effect of enforcing arc-consistency on

such an encoding before making any decisions or restarts. By combining Theorem 5.20

with the observation in Example 5.5 that the direct encoding can be obtained from

the support encoding by negative-hyper-resolution, we obtain the following corollary

concerning the support encoding for all higher levels of consistency.

Corollary 5.21. For any k ≥ 2, if the k-consistency closure of a binary CSP instance

P is empty, then the expected number of restarts required by a standard randomised

SAT-solver using the Decision learning scheme to discover that the support encoding

of P is unsatisfiable is O(n2kd2k), where n is the number of variables in P and d is

the maximum domain size.

The CSP literature describes many variations on the notion of consistency. In this

chapter we have considered k-consistency only. We note that our results can be gen-

eralised to some other types of consistency such as singleton arc-consistency [Bes06].

The extension to singleton arc-consistency follows from the recent discovery that if a

family of CSP instances is solvable by enforcing singleton arc-consistency, then the
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instances have bounded-width [CDG11]. In other words, all such instances can be

solved by enforcing k-consistency, for some fixed k. Hence, by Theorem 5.20, their

direct encoding will be solved in polynomial expected time by a standard randomised

SAT-solver.

5.5 Experimental results

The polynomial upper bounds we obtain in this chapter are not asymptotic, they

apply for all values of n,m and k. However, they are very conservative, and are likely

to be met very easily in practice.

To investigate how an existing SAT-solver actually performs, we measured the

runtime of the MiniSAT solver [ES03], version 2.2.0, on a family of CSP instances

that can be decided by a fixed level of consistency. For comparison, we also ran

our experiments on two state-of-the-art constraint solvers: we used Minion [GJM06],

version 0.12, and the G12 finite domain solver [NSB+07], version 1.4.

To match the simplified assumptions of our analysis more closely, we ran a further

set of experiments on a core version of MiniSAT in order to get a solver that uses

only unit propagation and conflict-directed learning with restarts. We also modified

the solver to follow the random branching strategy described above. Our solver does

not delete any learnt clauses and uses an extreme restart policy that makes it restart

whenever it encounters a conflict. It uses the same learning scheme as MiniSAT. We

refer to this modified solver as simple-MiniSAT.

As the characteristic feature of the instances tested is their relatively low tree-

width, we also used the Toulbar2 solver [SBdG+08]. This solver implements the

BTD (Backtracking with Tree-Decomposition) technique which has been shown to

be efficient in practice, in contrast to earlier methods that had been proposed to

attempt to exploit tree-decompositions of the input problem [JT03]. As the problem

of finding a tree-decomposition of minimal width (i.e., the tree-width) is NP-hard,

the BTD technique uses some approximations (described in [JT03]). We note here

that Toulbar2 is designed for solving optimization problems, namely weighted CSPs,

or WCSPs. In a WCSP instance, certain partial assignments have an associated cost.

However, the Toulbar2 solver can be used to solve standard CSPs by simply setting

all costs to 0.

For all of the results, the times given are elapsed times on a Lenovo 3000 N200

laptop with an Intel Core 2 Duo processor running at 1.66GHz with 2GB of RAM.
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Each generated instance was run five times and the mean times and mean number of

restarts are shown5.

For our experiments we used similar instances to the ones described in Section 3.6.

However, this time we generated one more group in order to make the instances

unsatisfiable. For clarity, we present those instances again here.

(a) Graphical representation.

array[1..4] of var 0..1 : X1;
array[1..4] of var 0..1 : X2;
constraint
forall(i in 1..3)(
X1[i] +X2[i] < X1[i+ 1] +X2[i+ 1]);
solve satisfy;

(b) Specification in MiniZinc.

x1 0 1
x2 0 1
x3 0 1
x4 0 1
x5 0 1
x6 0 1
x7 0 1
x8 0 1
hard( x1 + x2 < x3 + x4 )
hard( x3 + x4 < x5 + x6 )
hard( x5 + x6 < x7 + x8 )

(c) Specification in cp format.

Figure 5.1: An example of a CSP instance with w = 2, d = 2 and tree-width = 3.

Example 5.22. We consider a family of instances specified by two parameters, w

and d. They have ((d − 1) ∗ w + 2) ∗ w variables arranged in groups of size w,

each with domain {0, ..., d− 1}. We impose a constraint of arity 2w on each pair of

successive groups, requiring that the sum of the values assigned to the first of these

two groups should be strictly smaller than the sum of the values assigned to the second.

This ensures that the instances generated are unsatisfiable. An instance with w = 2

and d = 2 is shown diagrammatically and defined using the specification language

MiniZinc [NSB+07] in Figure 5.1 (a) and (b) respectively6. A similar format is used

5MiniSAT and simple-MiniSAT were run with different seeds for each of the five runs of an
instance. Instances marked with * were run once only. The runtime of simple-MiniSAT on those
instances exceeded 6 hours. Moreover, Toulbar2 was run with parameter B = 1 which enables BTD.

6In order to run an instance on a CSP-solver one must usually use a translator to convert the
original model. The MiniZinc distribution provides an mzn2fzn translator while for Minion one can
use Tailor [GMR08].
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for Toulbar2 7 and the same instance encoded in this format is shown in Figure 5.1

(c) (note that each hard constraint has cost 0).

(a) Tree-decomposition of the orig-
inal instance.

(b) Tree-decomposition of its di-
rect encoding.

Figure 5.2: Tree-decompositions of the CSP instance from Figure 5.1.

The structure of the instances described in Example 5.22 has a simple tree-

decomposition as a path of nodes, with each node corresponding to a constraint

scope. Hence the tree-width of these instances is 2w − 1 and they can be shown to

be unsatisfiable by enforcing (2w−1)-consistency [ABD07]. However, these instances

cannot be solved efficiently using standard propagation algorithms which only prune

individual domain values.

The structure of the direct encoding of these instances also has a tree-decomposition

with each node corresponding to a constraint scope in the original CSP instance. How-

ever, because the direct encoding introduces d Boolean variables to represent each

variable in the original instance, the tree-width of the encoded SAT instances is larger

by approximately a factor of d; it is in fact 2wd− 1 (see Figure 5.2).

Table 5.1 shows the runtimes of simple-MiniSAT and the original MiniSAT solver

on this family of instances, along with times for the two state-of-the-art CSP-solvers

and the WCSP-solver Toulbar2. By far the best solver for this set of instances is

Toulbar2, which is explicitly designed to exploit low tree-width by constructing a tree-

decomposition. For the class of instances we are considering, the widths of the tree-

decompositions found by Toulbar2 matched the tree-widths of the instances tested

(i.e., 2w − 1).

7A cp2wcsp translator and a description of the cp and wcsp formats is available at
http://carlit.toulouse.inra.fr/cgi-bin/awki.cgi/SoftCSP.
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group domain CSP Minion G12 Toulbar2 MiniSAT simple- simple-
size size variables MiniSAT MiniSAT
(w) (d) (n) (sec) (sec) (sec) (sec) (sec) restarts

2 2 8 0.055 0.010 0.021 0.003 0.002 19
2 3 12 0.053 0.011 0.023 0.005 0.007 157
2 4 16 0.057 0.013 0.040 0.015 0.034 820
2 5 20 0.084 0.047 0.091 0.043 0.188 3 039
2 6 24 1.048 0.959 0.199 0.126 0.789 7 797
2 7 28 47.295 122.468 0.549 0.362 2.884 17 599
2 8 32 > 20 min > 20 min 1.214 0.895 9.878 36 108
2 9 36 > 20 min > 20 min 2.523 2.407 34.352 65 318
2 10 40 > 20 min > 20 min 4.930 5.656 111.912 114 827

3 2 15 0.055 0.010 0.024 0.004 0.008 167
3 3 24 0.412 0.034 0.103 0.066 0.503 5 039
3 4 33 > 20 min 7.147 0.860 1.334 20.054 41 478
3 5 42 > 20 min > 20 min 5.646 20.984 817.779 210 298
3 6 51 > 20 min > 20 min 28.663 383.564 > 20 min 731 860

4 2 24 0.060 0.015 0.046 0.012 0.118 1 617
4 3 40 > 20 min 11.523 1.246 4.631 260.656 108 113
4 4 56 > 20 min > 20 min 20.700 1,160.873 > 20 min 1 322 784*

Table 5.1: Average performance of solvers on instances from Example 5.22.

group domain CSP no. of clauses simple- simple- simple- simple-
size size variables in the direct MiniSAT MiniSAT MiniSAT MiniSAT
(w) (d) (n) encoding 1UIP 1UIP Decision Decision

(sec) restarts (sec) restarts

2 2 8 49 0.002 21 0.002 23
2 3 12 298 0.008 203 0.010 267
2 4 16 1 162 0.048 1 026 0.057 1 424
2 5 20 3 415 0.272 4 068 0.323 5 283
2 6 24 8 315 1.399 12 029 1.526 14 104
2 7 28 17 724 5.780 27 356 6.035 33 621
2 8 32 34 228 24.417 56 193 20.436 64 262
2 9 36 61 257 95.278 109 862 69.144 113 460
2 10 40 103 205 309.980 199 399 207.342 190 063

3 2 15 198 0.009 192 0.012 287
3 3 24 3 141 0.643 5 952 0.750 7 308
3 4 33 23 611 53.067 63 952 71.778 91 283
3 5 42 113 406 2,266.627 375 849 2,036.456 391,664
3 6 51 408 720 > 6 hours 1 584 012* > 6 hours 1 365 481*

4 2 24 863 0.141 1 937 0.192 2 592
4 3 40 34 666 603.241 155 842 938.836 253 153

Table 5.2: Average performance of simple-MiniSAT with the 1UIP and the Decision
learning schemes on instances from Example 5.22.

77



However, we also note that MiniSAT is remarkably effective in solving these chains

of inequalities, compared to Minion and G12, even though the use of MiniSAT requires

encoding each instance into a large number of clauses with a much larger tree-width

than the original. Although our simplified version of the MiniSAT solver takes a little

longer than the current highly optimised version, it still performs very well on these

instances in comparison with the conventional CSP-solvers. Moreover, the number of

restarts (and hence the number of conflicts) appears to grow only polynomially with

the size of the instance (see Figure 5.3). In all cases the actual number of restarts

is much lower than the polynomial upper bound on the expected number of restarts

given in Theorem 5.20. We note here, however, that we used the constraint solvers as

“black-boxes”. Perhaps if we set a specific search strategy or simply used a different

model, for example, introduced an auxiliary variable for each sum, G12 and Minion

could have solved the instances of the chains of inequalities family efficiently.

Our best theoretical upper bounds on the expected run-time were obtained for

the Decision learning scheme (Theorem 5.20), but the standard version of MiniSAT

uses the 1UIP learning scheme with conflict clause minimization. To allow a direct

comparison with these theoretical upper bounds, we implemented the Decision scheme

in simple-MiniSAT. As the 1UIP learning scheme has generally been found to be more

efficient in practice [ZMMM01], we switched off conflict clause minimization in simple-

MiniSAT in order to compare the two standard learning schemes and ran a further

set of experiments. We counted the number of restarts for these two modified solvers

on instances of the form described in Example 5.22 - see Table 5.2.

Note that although the performance of simple-MiniSAT with the Decision learning

scheme and the 1UIP scheme are significantly worse than the performance of the

original simple-MiniSAT solver, only about twice as many restarts were required for

each instance. Hence, our theoretical upper bounds are still easily met for both of

these standard learning schemes.

5.6 Summary

We have shown that the notion of k-consistency can be precisely captured by a single

inference rule on the direct encoding of a CSP instance, restricted to deriving only

clauses with at most k literals. We used this to show that a clause-learning SAT-

solver with a purely random branching strategy will simulate the effect of enforcing

k-consistency in expected polynomial-time, for all fixed k. This is sufficient to ensure
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Figure 5.3: Log-log plot of the number of restarts/conflicts used by simple-MiniSAT
on the instances from Example 5.22. The solid lines show a growth function of
d2w−2

(
nd/w
3

)
, where n is the number of CSP variables. This empirically derived poly-

nomial function appears to fit the experimental data well, and is much lower than the
upper bound on the expected number of restarts calculated in Theorem 5.20 which
is O(d4w−2n4w−2).
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that such solvers are able to solve certain problem families much more efficiently than

conventional CSP-solvers relying on GAC-propagation.

In principle, clause-learning SAT-solvers can also do much more. It is known that,

with an appropriate branching strategy and restart policy, they are able to polynomi-

ally simulate (p-simulate) general resolution [BKS04, PD09], and general resolution

proofs can be exponentially shorter than the negative-hyper-resolution proofs we have

considered here [HM05]. In practice, it seems that current clause-learning SAT-solvers

with highly-tuned learning schemes, branching strategies and restart policies are often

able to exploit structure in the Boolean encoding of a CSP instance even more effec-

tively than local consistency techniques. Hence considerable work remains to be done

in understanding the relevant features of instances which they are able to exploit, in

order to predict their effectiveness in solving different kinds of CSP instances.
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The simplest explanation is always
the most likely.

Agatha ChristieChapter 6

From CSP to SAT: language
restrictions

In CSP-solver competitions [vDLR09, vDLR08] in the last few years one SAT-based

constraint solver, called Sugar [TTKB09], was exceptionally efficient and even won in

a few categories. Surprisingly, it outperformed standard constraint solvers on many

instances involving global constraints, which are supposed to be a particular strength

of CSP-solvers.

The SAT encoding that the Sugar solver implements is called the order encoding.

In this chapter we show that this encoding, unlike other common encodings, trans-

forms instances of various tractable language classes of the constraint satisfaction

problem into easily-recognised tractable instances of SAT. We also show that such

instances will then be solved by standard SAT-solvers in linear time.

6.1 Tractable CSP languages

In this section we start by describing the six tractable language classes for SAT.

Several of these can be generalised and correspond to some tractable CSP languages

introduced in Chapter 3, examples of which we present in the rest of this section.

6.1.1 The Boolean case: tractable languages for SAT

To study possible language restrictions for SAT, we consider subproblems of the form

SAT(Φ), where Φ is a set of relations over the Boolean domain, and SAT(Φ) consists

of all SAT instances whose constraint relations belong to Φ. Schaefer’s well-known

dichotomy theorem [Sch78] identifies all the tractable languages for SAT:
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Theorem 6.1 ([Sch78]). Let Φ be a finite set of Boolean relations. If Φ satisfies

at least one of the conditions below then SAT(Φ) is tractable. Otherwise SAT(Φ) is

NP-complete.

1. Every relation in Φ evaluates to true if all arguments are true.

2. Every relation in Φ evaluates to true if all arguments are false.

3. Every relation in Φ can be expressed as a Horn formula.

4. Every relation in Φ can be expressed as a dual-Horn formula.

5. Every relation in Φ can be expressed as a 2CNF formula.

6. Every relation in Φ can be expressed as an affine formula.

A formula is called Horn if it is a conjunction of clauses where every clause contains

at most one positive literal. It is dual-Horn, if it is a conjunction of clauses where

every clause has at most one negative literal. A 2CNF formula is a conjunction of

clauses containing at most two literals each, and an affine formula is a conjunction

of linear equations over the two-element field.

6.1.2 A trivial case: Constant-closed constraints

A CSP instance is constant-closed if every constraint in it allows the constant value

d to be assigned to all variables in its scope, for some fixed d. Such instances are

trivially tractable, because they can be solved by the trivial linear algorithm that

assigns the value d to every variable in the instance.

6.1.3 Max-closed constraints

A rather more interesting family of tractable constraint satisfaction problems is the

class of CSPs whose constraints are all max-closed, as defined in Definition 3.2.

Max-closed constraints can take many forms, as shown in Section 3.3. For ex-

ample, all unary constraints on any totally ordered domain are max-closed, and cer-

tain non-linear numerical constraints, such as 6v1v3v5 ≥ 3v2 + 2 are max-closed.

They all can be solved by a polynomial-time algorithm that enforces generalised-arc-

consistency [CJ06].

Theorem 6.2. A CSP instance that contains only max-closed constraints can be

solved by enforcing generalised-arc-consistency.

Proof. Let P be a CSP instance that contains only max-closed constraints. After

enforcing generalised-arc-consistency on P a value d is in the domain of variable v if

and only if for every constraint C in P there exists a tuple t satisfying C such that
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t[v] = d. If the domain of any variable is empty, then the instance is unsatisfiable

and we are done. Otherwise, let max(v) be the maximum domain value in the

generalised-arc-consistent domain of some variable v. We claim that the tuple t =

(v1 = max(v1), v2 = max(v2), ..., vn = max(vn)) solves P . Assume, for contradiction,

that t is not a solution for P . Then there exists some constraint C ∈ P that disallows

t. Because all the variable domains are generalised-arc-consistent, for each variable

vi ∈ C there exists a satisfying tuple ti such that ti[vi] = max(vi). Applying the

max operator to all such tuples produces the tuple t′ such that t′[vi] = max(vi) for

all vi ∈ C. As C is still max-closed after enforcing generalised-arc-consistency, t′

satisfies C. As variables(t′) = variables(C) and t′ ⊆ t, t satisfies C and we reach

a contradiction. Hence, the satisfiability of a max-closed CSP instance P can be

established by enforcing generalised-arc-consistency.

Since generalised-arc-consistency can be achieved in polynomial-time [Bes06], the

next result follows.

Corollary 6.3. A CSP instance that contains only max-closed constraints can be

solved in O(erdr) time, where e is the number of constraints, d is the domain size and

r is the greatest arity among all constraints.

6.1.4 Connected-row-convex constraints

Connected-row-convex constraints were defined in Section 3.5 using a standard matrix

representation of binary relations.

It has been known for some time that the class of connected-row-convex constraints

can be solved in polynomial-time by an algorithm that enforces path-consistency (see

Definition 2.12). Recently this result has been strengthened by considering another

type of consistency known as singleton arc-consistency (see Definition 2.16).

Theorem 6.4. A CSP instance that contains only connected-row-convex constraints

can be solved by enforcing singleton arc-consistency.

Proof. All connected-row-convex relations have a majority polymorphism [CJ06].

Hence, they can be solved by a singleton arc-consistency algorithm, by Theorem

26 in [CDG11].

By using the complexity result from [CDG11] we get the following result:

Corollary 6.5. A CSP instance that contains only connected-row-convex constraints

can be solved in O(end3) time, where e is the number of constraints, d is the domain

size and n is the number of variables.
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6.2 Standard SAT encodings

In Chapter 4 we presented various SAT encodings of CSP instances which have been

proposed throughout the years. We concentrated on the most general encodings that

represent all constraints in the same manner, regardless of their type. This can be

achieved, as every finite constraint relation can be represented by a set of tuples

it supports or disallows. In this section we will show that the way the domains are

encoded into SAT has a huge impact on the complexity of the resultant SAT instance.

Proposition 6.6. No sparse encoding of a CSP instance with domain size > 2 belongs

to a tractable language class of SAT.

Proof. Let v be a CSP variable with domain {1, 2, . . . , d}. A sparse encoding (see

Section 4.1) introduces d Boolean variables, {xv1, xv2, · · · , xvd}, to represent possible

assignments to v. The encoding must also include a suitable set of clauses to enforce

the “exactly-one” constraint on these variables, as in any solution of the CSP instance

exactly one of the xvi must be assigned True.

However, the exactly-one relation on d > 2 Boolean variables does not lie in any of

the 6 tractable language classes for SAT [Sch78]. Hence the clauses which encode the

exactly-one relation do not all fall into any one of these tractable language classes.

Proposition 6.7. The log encoding of any CSP instance with domain size > 4 con-

taining certain unary constraints does not belong to any tractable language class of

SAT.

Proof. Let {x[1], · · · , x[r]} be the Boolean variables representing a CSP variable v

under the log encoding (see Section 4.2) of some instance P . Assume P contains unary

constraints that restrict v to values that are a power of 2. The clauses representing

these constraints must allow precisely those assignments where exactly one of the

x[i]s is true. Hence the log encoding of P must enforce the exactly-one constraint on

{x[1], . . . , x[r]}. If the size of the domain of v is greater than 4, then r > 2 and the

exactly-one constraint does not fall into any of the six tractable language classes for

SAT [Sch78]. Hence the clauses which encode this unary constraint do not all fall

into any one of these tractable language classes.

6.3 The order encoding

All of the SAT encodings considered in the previous section use one or more Boolean

variables to represent each possible assignment of a CSP variable, v = i. As mentioned
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in Section 4.3, there is also another possibility of representing CSP domains, that is to

use regular variables. The authors of the order encoding took this approach [TTKB09].

Let P be a CSP instance containing a variable v with domain {1, 2, . . . , d}. Its

order encoding, F , will contain the following set of Boolean variables to represent v:

{x≤v1, x
≤
v2, · · · , x

≤
v(d−1)}, where each x≤vi represents the comparison v ≤ i. Moreover, F

will contain clauses ¬x≤v(i−1)∨x
≤
vi, for i = 2, 3, . . . , d−1, to ensure that these variables

are consistently assigned.

Finally, clauses are added to represent the constraints, to rule out any assignment

to the Boolean variables that violates a constraint. For example, if a unary constraint

on variable v excludes the value i from its domain, then we add the clause ¬x≤vi ∨
x≤v(i−1), to represent the constraint that (v > i) ∨ (v ≤ i− 1). Note that an arbitrary

unary constraint on a finite domain can be represented as a conjunction of such binary

clauses.

Definition 6.8 ([TTKB09]). Let P = (V,D,C) be a CSP instance, in which D is the

set {1, 2, . . . , d}, and assume that every constraint of P is of the form
∑n

i=1 aivi ≤ c,

where ais are non-zero integer constants, c is an integer constant, and the vis are

mutually distinct integer variables 1.

The order encoding of P , taking values in D, will be a conjunction of the following

clauses, where each inequality of the form v ≤ j is represented by a Boolean variable,

x≤vj:

• for all vi ∈ V and j ∈ D such that 2 ≤ j ≤ d− 1: ¬(vi ≤ j − 1) ∨ (vi ≤ j)

• for all constraints
∑n

i=1 aivi ≤ c :∧
(b1,...,bn)∈B

∨
i

{
vi ≤ b biai c (ai > 0)

¬(vi ≤ d biai e − 1) (ai < 0)

where B is the set of integer tuples defined by

{(b1, . . . , bn) |
n∑
i=1

bi = c− n+ 1,
n∧
i=1

min(aivi)− 1 ≤ bi ≤ max(aivi)}

It turns out that under the order encoding, unlike the encodings considered earlier,

certain tractable CSP classes are translated to tractable language classes of SAT.

Theorem 6.9. If a CSP instance P = (V,D,C) is constant-closed under the lowest

or the highest domain value, then its order encoding will also be constant-closed.

1Other types of constraints can be translated into SAT using the order encoding by first expressing
them in terms of inequalities as shown in Figure 2 in [TTKB09].
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Proof. Let P = (V,D,C) be a CSP instance defined on domain D = {1, . . . , d}. If

P allows value 1 to be assigned to every variable v ∈ V , its order encoding will be

satisfied by assigning the value True to all the Boolean variables x≤vi. On the other

hand, if P allows value d to be assigned to every variable v ∈ V , its order encoding

will be satisfied by assigning the value False to all the Boolean variables x≤vi. Hence,

the result follows.

A similar result can be obtained for max-closed constraints, thanks to the following

theorem and corollary:

Theorem 6.10 ([JC95]). A constraint over an ordered domain is max-closed if and

only if it is logically equivalent to a conjunction of disjunctions of the following form:

(vi < ei) ∨ (v1 > d1) ∨ · · · ∨ (vn > dn).

where each vi is a variable (not necessarily distinct), and the ei, di are domain values.

Corollary 6.11 ([JC95]). If the domain of the variables is {True, False}, with

False < True, then a constraint is min-closed if and only if it is logically equiva-

lent to a conjunction of Horn clauses.

Theorem 6.12. If a CSP instance P contains only max-closed constraints, then its

order encoding will be min-closed.

Proof. By Theorem 6.10, every max-closed constraint can be represented as a set of

constraints of the form (vi < ei) ∨ (v1 > d1) ∨ · · · ∨ (vn > dn). Hence, the order

encoding of a max-closed CSP instance P will produce the following set of clauses:

• for all vi ∈ V and di ∈ D such that 2 ≤ di ≤ d− 1: ¬(vi ≤ di − 1) ∨ (vi ≤ di)

• for all constraints (vi < ei) ∨ (v1 > d1) ∨ · · · ∨ (vn > dn) :

(vi ≤ ei − 1) ∨ ¬(v1 ≤ d1) ∨ · · · ∨ ¬(vn ≤ dn).

As each inequality of the form v ≤ di is represented by a Boolean variable, x≤vdi , we

end up with a set of Horn clauses, which are min-closed by Corollary 6.11.

Note that if we directly translate a set of max-closed inequalities into SAT us-

ing the order encoding, we also end up with a Horn formula. For all constraints∑n
i=1(aixi) ≤ c the following clauses are produced:
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∧
∑n−1
i=1 (bi=c−n+1)

(
∨
i

¬(xi ≤ d
bi
ai
e − 1) ∨ xn ≤ b

bn
an
c)

where bi’s range over integers satisfying
∑n

i=1 bi = c−n+ 1 and min(aixi)− 1 ≤ bi ≤
max(aixi) for all i and non-zero ai.

A similar result can be obtained for connected-row-convex constraints, thanks to

the following theorem, which shows that they have a very simple representation in

terms of disjunctions of inequalities.

Theorem 6.13 ([CJJK00]). A constraint over an ordered domain is connected-row-

convex if and only if it is logically equivalent to a conjunction of disjunctions of the

following forms:
v ≤ di ∨ w ≤ dj
v ≤ di ∨ w ≥ dj
v ≥ di ∨ w ≤ dj
v ≥ di ∨ w ≥ dj.

(6.1)

where v and w are variables (not necessarily distinct), and di, dj are domain values.

Corollary 6.14. If the domain of the variables is {True, False}, then a constraint is

connected-row-convex if and only if it is logically equivalent to a conjunction of 2CNF

clauses over literals representing comparisons.

Theorem 6.15. If a CSP instance P contains only connected-row-convex constraints,

then its order encoding will also be connected-row-convex.

Proof. By Theorem 6.13, each connected-row-convex constraint can be represented

as a set of disjunctions of inequalities of the form (6.1). The order encoding of a CSP

instance P that contains such constraints will produce the following clauses:

• for all vi ∈ V and di ∈ D such that 2 ≤ di ≤ d− 1: ¬(vi ≤ di − 1) ∨ (vi ≤ di)

• for all constraints C:

vi ≤ di ∨ vj ≤ dj if C = vi ≤ di ∨ vj ≤ dj
vi ≤ di ∨ ¬(vj ≤ dj − 1) if C = vi ≤ di ∨ vj ≥ dj
¬(vi ≤ di − 1) ∨ vj ≤ dj if C = vi ≥ di ∨ vj ≤ dj
¬(vi ≤ di − 1) ∨ ¬(vj ≤ dj − 1) if C = vi ≥ di ∨ vj ≥ dj

(6.2)

As each inequality of the form v ≤ di is represented by a Boolean variable, we end up

with a set of binary clauses, which are connected-row-convex by Corollary 6.14.
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6.4 Full regular encodings

We note that a sparse encoding introduces a Boolean variable xvi representing each

assignment v = i, but the order encoding introduces a Boolean variable x≤vi represent-

ing each comparison v ≤ i. In this section, we will consider another suggested type

of encoding that uses a similar idea to the order encoding.

Proposition 6.16. The full regular direct encoding of any CSP instance P with

non-unary constraints belongs to a tractable language class of SAT if and only if the

constraints of P are constant-closed under the highest or lowest domain value. The

same applies to the full regular (minimal) support encoding.

Proof. Let
∨

(¬xvi) be a conflict clause in the direct encoding of some non-unary

constraint. Under the full regular direct encoding such a clause is translated into the

following formula:
∨

(x≥v(i+1)∨¬x
≥
vi), which does not belong to any tractable language

class of SAT, except the constant-closed classes.

Let ¬xvj ∨
∨
xwi be a support clause in the support encoding of some non-unary

constraint. Under the full regular support encoding such a clause is translated into a

conjunction of clauses of the form (x≥v(j+1) ∨¬x
≥
vj ∨ x

≥
w(i+1))∧ (x≥v(j+1) ∨¬x

≥
vj ∨¬x

≥
wi),

which does not belong to any tractable language class of SAT except the constant-

closed classes.

If a CSP instance is closed under the highest or lowest domain value, a full regular

direct encoding of such an instance will be constant-closed for the value False or

True, respectively, but in all other cases there will be a constraint which is violated

by assigning all variables the highest value, and a constraint which is violated by

assigning all variables the lowest value. These constraints must be represented by

clauses which are not all members of either of the constant-closed classes.

6.5 Performance of DPLL-based SAT-solvers on

tractable CSPs

It has been shown experimentally in [TTKB09] that the order encoding gives better

solver performance compared with the direct and support encodings on instances of

the graph colouring and open-shop scheduling problems. Our theoretical results above

suggest that the order encoding will also be a better choice of encoding than a sparse

or log encoding for all CSP instances over the tractable constraint languages we have

considered. In this section we investigate to what extent this is true in practice with

a current SAT-solver.
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Throughout this section when we refer to a clause-learning SAT-solver we mean

a Conflict-Driven Clause Learning SAT-solver that implements the DPLL algorithm

and an asserting learning scheme, as defined in Chapter 4 of [Pre09].

We generated various instances of the three tractable CSP classes discussed in this

chapter. All the instances generated are specified by 3 parameters: the number of

variables, the maximum domain value, and the number of constraints. The domain

for every variable in our instances is 1..d, where d is the maximum domain value.

All the instances generated were then encoded using the direct, log and order

encodings. For the order encoding we used Sugar’s built-in CSP-to-SAT translator,

but without the optimizations described in [TTKB09] that introduce new variables.

For the other encodings we wrote custom translators.

We ran all the encoded instances on the state-of-the-art clause-learning SAT-

solver, MiniSAT [ES03] version 2-070721. For all of the results, the times given are

elapsed times on a Lenovo 3000 N200 laptop with an Intel Core 2 Duo processor

running at 1.66GHz with 2GB of RAM. For each set of parameters we generated four

instances and report the average timings.

6.5.1 Constant-closed constraints

Proposition 6.17. If a CSP instance P allows the lowest (or highest) domain value

to be assigned to all its variables, then a DPLL-based SAT-solver with an appropriate

value order will decide the satisfiability of the order encoding of P in linear time.

Proof. Each clause of the order encoding of a constant-closed constraint under the

lowest domain value has at least one positive literal. Hence, a DPLL-based SAT-

solver, that assigns the value True first to each variable, will not need to backtrack,

and hence will decide its satisfiability in linear time in the size of the instance. Sim-

ilarly, the satisfiability of a constant-closed instance under the highest domain value

will be decided by a DPLL-based SAT-solver with the opposite value order in linear

time.

In order to generate instances that were constant-closed under the lowest (or

highest) domain value, we generated random inequalities and then selected those

that satisfied the required constant solution. An example is shown in Figure 6.1.

As predicted by Theorem 6.9, for all constraints that were constant-closed under

the lowest domain value, the formulas generated by the Sugar solver contained at

least one positive literal in each clause. Moreover, the instances that were satisfied by

assigning the highest domain value to each variable contained at least one negative
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(int v1 1 5)

(int v2 1 5)

(int v3 1 5)

(<= -7 (+ (mul 5 v1) (mul -7 v3) ) )

(<= -12 (+ (mul 10 v1) (mul -7 v2) (mul -10 v3) ) )

(<= -4 (+ (mul -8 v1) (mul 2 v2) (mul 4 v3) ) )

(<= 6 (+ (mul 5 v1) (mul 8 v2) (mul 2 v3) ) )

Figure 6.1: A constant-closed CSP instance in ∗.csp format [TTKB09] that is satisfied
by the assignment (v1 = 1, v2 = 1, v3 = 1). For example, the fourth line of the
instance represents the constraint −7 ≤ 5v1 − 7v3.

literal in each clause. The runtimes of MiniSAT on these two families of instances2

are presented in Table 6.1.

number of number of number of MiniSAT (sec) MiniSAT (sec) MiniSAT (sec)
CSP variables CSP values constraints direct encoding log encoding order encoding

instances satisfied by assigning the lowest domain value to every variable
3 10 100 0.01 0.07 0.00
6 6 10 22.55 489.60 0.10
9 3 10 7.52 39.90 0.08
9 3 100 7.70 39.84 1.76
9 4 10 > 20 min > 20 min 4.64
10 3 10 130.34 837.75 0.39

instances satisfied by assigning the highest domain value to every variable
3 10 100 0.02 0.07 0.00
6 6 10 17.90 348.19 0.06
9 3 10 6.16 28.47 0.06
9 3 100 7.60 40.60 0.90
9 4 10 > 20 min > 20 min 5.04
10 3 10 119.39 754.83 0.61

Table 6.1: Performance of MiniSAT on the direct, log and order encoding of constant-
closed CSP instances of the form shown in Figure 6.1.

It is clear from these results that the order encoding is much better than the others

for solving these kinds of instances. The order encoding usually produced fewer

clauses than the other encodings for instances of this type. However, Mini-SAT’s

performance was still much better on the clauses produced by the order encoding

even in those cases where this encoding produced a larger set of clauses than the

2For the instances satisfied by assigning the lowest domain value to every variable, we changed
the value ordering to assign True before False. In all other cases we used MiniSAT’s default value
ordering, which assigns False first.
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(int v1 1 5)

(int v2 1 5)

(int v3 1 5)

(<= 10 (+ (mul -6 v1) (mul 9 v2) (mul 4 v3) ) )

(<= -3 (+ (mul -10 v1) (mul 2 v2) (mul 4 v3) ) )

(<= 16 (+ (mul 7 v1) (mul 1 v2) (mul 10 v3) ) )

(<= -1 (+ (mul 7 v1) (mul -6 v2) (mul 6 v3) ) )

Figure 6.2: An example of a satisfiable max-closed CSP instance.

other encodings. For instance, for parameters (9, 3, 100) the direct and log encodings

produced around 19 700 clauses each, whereas the order encoding produced an average

of 46 957 clauses.

6.5.2 Max-closed constraints

Proposition 6.18. If a CSP instance P contains only max-closed constraints, then

a DPLL-based SAT-solver which assigns False before True will decide the satisfiability

of the order encoding of P in linear time.

Proof. Let F be the order encoding of P . As long as F contains a unit clause,

unit propagation takes place. Next, either the solver terminates after discovering an

empty clause, or a set of Horn clauses of size > 1 remain. Each such clause contains

at least one negative literal. Hence, if a solver then decides to assign value False

to each variable, every clause will be satisfied and a solution will be found. As unit

propagation takes linear time [DG84, Pre09, ZM02], the result follows.

To obtain satisfiable CSP instances with max-closed constraints, we generated

inequality constraints of the form shown below.

a1v1 + a2v2 + · · ·+ ar−1vr−1 ≥ arvr + c (6.3)

We then selected only those that satisfied some fixed random solution. An example

instance is shown in Figure 6.2.

To generate unsatisfiable instances, we used the same technique as before and

then added two further inequalities of the following form:(∑
i∈{1,...,n}\{k} vi

)
− vk ≥ d(n− 1)− 1(∑

i∈{1,...,n}\{j} vi

)
− vj ≥ d(n− 1)− 1

(6.4)

for some j 6= k, where n is the number of variables in the instance and d is the

maximum domain value.
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number of number of number of MiniSAT (sec) MiniSAT (sec) MiniSAT (sec)
CSP variables CSP values constraints direct encoding log encoding order encoding

satisfiable instances
3 10 100 0.01 0.06 0.00
6 6 10 7.42 95.97 0.07
9 3 10 1.30 4.99 0.01
9 3 100 5.15 23.27 0.59
9 4 10 > 20 min > 20 min 0.73
10 3 10 20.08 107.38 0.11

unsatisfiable instances
3 10 100 0.02 0.06 0.00
6 6 10 26.64 515.90 0.01
9 3 10 7.85 41.12 0.00
9 3 100 7.87 40.15 0.02
9 4 10 > 20 min > 20 min 0.02
10 3 10 140.68 907.51 0.01

Table 6.2: Performance of MiniSAT on the direct, log and order encoding of max-
closed CSP instances of the form shown in Figure 6.2.

We encoded the generated instances using the direct, log and order encodings.

As predicted by Theorem 6.12, the order encodings of these max-closed instances

contained Horn clauses only. The runtimes of MiniSAT on the various encodings are

presented in Table 6.2.

The results show that the order encoding outperforms the other two encodings,

as expected. Moreover, in the unsatisfiable case MiniSAT detects the unsatisfiability

purely by unit propagation - no variable is picked for branching. Hence, it is even

quicker in solving unsatisfiable instances than in solving the satisfiable ones. The

opposite seems to be true for the other two encodings.

6.5.3 Connected-row-convex constraints

Proposition 6.19. If a CSP instance P contains only connected-row-convex con-

straints, then a clause-learning SAT-solver will decide the satisfiability of the order

encoding of P after a linear number of conflicts.

Proof. Let F be the order encoding of P . By Theorem 6.15, we know that F is

in 2CNF. Consider the case when after unit propagation some binary clause C is

falsified. The literals of C have been assigned at the current decision level (since a

previous assignment of one of its literals would cause the clause to be either satisfied

or become unit and hence trigger further unit propagation). Each clause that caused
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(int v1 1 5)

(int v2 1 5)

(int v3 1 5)

(or (<= v1 1) (<= v2 4) )

(or (<= v2 2) (>= v3 3) )

(or (>= v3 3) (>= v1 1) )

(or (<= v3 1) (<= v2 2) )

(or (>= v3 2) (<= v2 2) )

(or (<= v3 1) (>= v2 3) )

(or (>= v3 2) (>= v2 3) )

Figure 6.3: An example of an unsatisfiable connected-row-convex CSP instance. The
last four constraints ensure that the instance is trivially unsatisfiable.

literals of C to be assigned will also contain literals that have been assigned at the

current decision level. As an asserting learning scheme adds a clause that contains

only one variable that has been assigned at the current decision level, it will backtrack

to a unit clause and add its negation to the clause set. As at most n unit clauses can

be added, where n is the number of variables in P , a clause-learning SAT-solver will

terminate after at most n conflicts.

We wrote a program to generate instances of the form shown in Equation 6.1.

For the satisfiable case we ensured that each constraint in an instance satisfied some

fixed random solution. For the unsatisfiable case we added four constraints imposed

on two randomly picked variables of the form in Equation 6.5.

vi ≤ a ∨ vj ≤ b
vi ≥ a+ 1 ∨ vj ≤ b
vi ≤ a ∨ vj ≥ b+ 1
vi ≥ a+ 1 ∨ vj ≥ b+ 1

(6.5)

An example instance is shown in Figure 6.3.

As predicted by Theorem 6.15, the order encoding of such instances produced bi-

nary clauses only. Comparison with the direct and log encoding is shown in Table 6.3.

All three encodings performed fairly well on the connected-row-convex class, al-

though the log encoding seems to be significantly worse than the others. Since the

constraints are all binary, the direct encoding actually generates a set of 2CNF clauses

together with at-least-one clauses, which grow with domain size.

6.6 Summary

In this chapter we gave a theory-based argument to prefer the order encoding for

certain families of constraint satisfaction problems. In particular, we showed that
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number of number of number of MiniSAT (sec) MiniSAT (sec) MiniSAT (sec)
CSP variables CSP values constraints direct encoding log encoding order encoding

satisfiable instances
100 10 100 0.01 0.01 0.00
10 100 10 0.31 6.14 0.00
100 100 10 2.85 11.76 0.02
10 100 100 15.74 645.36 0.00
10 110 100 15.75 696.07 0.00
10 200 100 226.75 > 20 min 0.00

unsatisfiable instances
100 10 100 0.01 0.02 0.00
10 100 10 0.83 14.97 0.00
100 100 10 3.21 16.67 0.01
10 100 100 5.78 368.79 0.01
10 110 100 9.72 > 20 min 0.01
10 200 100 83.33 > 20 min 0.00

Table 6.3: Performance of MiniSAT on the direct, log and order encoding of
connected-row-convex CSP instances of the form shown in Figure 6.3.

translating such instances using a sparse encoding or the log encoding results in SAT

instances which do not fall into known tractable classes. However, translating such

instances using the order encoding results in SAT instances that do fall into known

tractable classes. Moreover, standard SAT-solvers will then solve them efficiently.

We also provided experimental evidence that, as predicted, the order encoding is

a considerably better choice in practice, with current SAT-solvers, for max-closed,

connected-row-convex and certain constant-closed CSP classes than either the direct

encoding or the log encoding.

We have shown that using the order encoding to translate a CSP instance that is

constant-closed for the lowest domain value gives a set of clauses satisfying the first

condition of Schaefer’s Dichotomy Theorem. Similarly, constraints that are constant-

closed under the highest domain value translate under the order encoding to clauses

that satisfy the second condition of the theorem. Max-closed constraints translate

to clauses satisfying the third condition of the theorem. By symmetry between min-

closed and max-closed constraints, min-closed constraints translate to clauses satisfy-

ing the fourth condition of the theorem. Connected-row-convex constraints translate

to clauses satisfying the fifth condition. The final, sixth, condition in Schaefer’s The-

orem can never be satisfied using the order encoding, since (for all domains with 3 or

more elements) it is already broken by the consistency clauses, ¬x≤vc−1 ∨ x≤vc. Hence

we have given a complete list of all constraint types which are encoded to tractable
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language classes for SAT using the order encoding.

It would be interesting to see if other encodings could be developed which would al-

low other tractable CSP languages, like linear equations, to be translated to tractable

languages for SAT, and hence solved efficiently by SAT-based solvers.
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“Cat among the pigeons”

Book by Agatha Christie

Chapter 7

SAT encodings of a classical
problem: a case study

One of the simplest combinatorial principles in proof complexity is the pigeonhole

principle. It is attributed to Dirichlet in 1834 and has been extensively studied

ever since in counting arguments. The principle roughly states that if n objects are

distributed over m pigeonholes where m < n, then at least one pigeonhole must

contain more than one item. Surprisingly enough the most basic SAT encoding of the

principle is not solved efficiently by SAT-solvers. One reason is that this encoding

has a resolution proof of exponential size.

Various other encodings of the pigeonhole principle have been introduced. These

include Cook’s translation which uses non-assignment variables [Coo76]. Cook showed

that his encoding allowed for an extended resolution proof of polynomial size 1.

In this chapter we consider this encoding and other encodings of the pigeonhole

principle that have been proposed throughout the years. We give theoretical reasons

why SAT-solvers are likely not to solve them efficiently. We will also show certain

significant similarities between various encodings.

7.1 SAT encodings of the pigeonhole principle

There are many variants of the pigeonhole problem. However, here we consider one

particular formulation of the problem, which states that you cannot put n pigeons

into n− 1 holes. In other words, all pigeons must be in different holes. This problem

has a very simple CSP model: the pigeons are represented as variables with domains

{1, · · · , n− 1} with one all-different constraint imposed on all these variables.

1Resolution proofs of formulas that introduce new variables are called extended resolution proofs.
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The simplest SAT encoding of the pigeonhole principle is the multivalued direct

encoding (see Section 4.1). We will call it the standard encoding. It translates the

binary constraints specifying that, for all i 6= k, pigeon i must be assigned to a

different hole than pigeon k (i.e. pi 6= pk).

Example 7.1. The standard encoding of the pigeonhole principle introduces the fol-

lowing clauses:

domain clauses:

pi1 ∨ · · · ∨ pi(n−1) for all 1 ≤ i ≤ n

constraint clauses:

¬pij ∨ ¬pkj for all 1 ≤ i < k ≤ n and 1 ≤ j ≤ n− 1

Each pij denotes an assignment of pigeon i to hole j.

Example 7.2. The pigeonhole principle can also be encoded into clauses of size 3

by introducing non-assignment variables to split the long domain clauses. In this

encoding for every pigeon i a set of clauses ¬qi0 ∧ (qi0 ∨ pi1 ∨ ¬qi1) ∧ · · · ∧ (qi(n−2) ∨
pi(n−1) ∨ ¬qi(n−1)) ∧ qi(n−1) is introduced.

Note that the two encodings described above essentially encode the two con-

straints:

• each pigeon must be placed in at least one hole;

• at most one pigeon must be placed in each hole.

Another possible way of encoding the problem is to use regular variables represent-

ing a comparison pi ≥ j each. One such encoding is the regular encoding which was

presented in Section 4.3. It is particularly interesting as it was shown to improve solver

performance when used for translating the all-different constraint [GN04], which can

be used to formulate the pigeonhole principle. The regular encoding of the pigeonhole

principle translates the usual at-least-one and at-most-one conditions as follows (also

see Example 4.11).

Example 7.3. The regular encoding of the pigeonhole principle produces the following

set of clauses, for all 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ n− 2:
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at-least-one constraint:

¬p≥i2 → pi1
p≥ij ∧ ¬p

≥
i(j+1) → pij

p≥i(n−1) → pi(n−1)

at-most-one constraint:

p1j → ¬h≥2j
pij → h≥ij ∧ ¬h

≥
(i+1)j

pnj → h≥nj
h≥(i+1)j → h≥ij

If p≥ij is set to True, then pigeon i must be in a hole whose number is greater or equal

to j. If h≥ij is set to True, then hole j contains a pigeon whose number is at least i.

Among encodings based solely on regular variables is the interval-based regular

support encoding (see Section 4.3). The main idea behind it is to represent with

intervals the supporting values of some variable v for some other variable assignment

w = a. The interval-based regular support encoding of the pigeonhole principle is

based on the support encoding (see Section 4.1) which encodes the binary constraints

pi 6= pk.

Example 7.4. The interval-based regular support encoding of the pigeonhole principle

will produce the following set of clauses, for all 1 ≤ i < k ≤ n and 1 ≤ j ≤ n− 2 :

p≥i(j+1) → p≥ij
p≥ij ∧ ¬p

≥
i(j+1) → p≥k1

p≥ij ∧ ¬p
≥
i(j+1) ∧ p

≥
kj → p≥k(j+1)

As p≥k1 is always satisfied, the second set of clauses can be omitted.

It is worth mentioning that the order encoding discussed in Section 6.3 produces

essentially the same set of clauses as the interval-based regular support encoding, just

with opposite signs2.

In [FG10] experiments have been conducted on various encodings of different vari-

ants of the pigeonhole problem. Although there was no clear winner, for the problem

with one pigeon per hole the sequential counter and commander encodings (see Sec-

tion 4.4) were the best in terms of solving time.

It was noted in [ACLM10] that the at-most-one condition in the sequential counter

encoding is the same as in the regular encoding. The commander encoding of an at-

most-k constraint is presented in Example 4.13. The at-least-one condition in both

encodings is translated in the same way as in the standard encoding (see Example 7.1).

2We consider here the order encoding that contains regular variables only. We note here that in
[TTKB09] auxiliary variables are allowed in the encoding to split long clauses.
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7.2 Theoretical analysis

In the previous section we have identified various SAT encodings of the pigeonhole

principle. Although there might be some improvements in SAT-solver performance

on those encodings that introduce non-assignment variables, we will show that they

do not have short extended resolution proofs (that is resolution proofs introducing

non-assignment variables). From now on we will use the term “resolution proof”

rather than “extended resolution proof” since each extended resolution proof of the

pigeonhole principle is effectively a resolution proof of a particular CNF formula.

Firstly, observe that the extra variables in the 3CNF encoding of the pigeonhole

principle can be viewed as negations of regular variables. For every pigeon i we have

a set of clauses ¬qi0 ∧ (qi0 ∨ pi1 ∨¬qi1)∧ · · · ∧ (qi(n−2) ∨ pi(n−1) ∨¬qi(n−1))∧ qi(n−1). As

only one of pi1, · · · , pi(n−1) can be satisfied, each qij can be viewed as a comparison

pi ≤ j. Suppose we put pigeon i in hole 5. Then all pijs for j 6= 5 should be set

to False (since one pigeon can be put into one hole only). Once these variables are

assigned, all qij for j ≤ 4 are set to False and qij for j ≥ 5 are set to True by unit

propagation.

In [AD08] it is shown that the width of the resolution refutation of the 3CNF

encoding is unbounded. In order to use this proof we need the following definition

and theorem, which combine a two-player k-pebble game with the size of the largest

clause in a resolution refutation.

Definition 7.5 ([AD08]). 3 Let F be a CNF formula. We say that the Duplicator

wins the Boolean existential k-pebble game on F if there is a non-empty family H of

partial truth assignments that do not falsify any clause from F such that

(i) If f ∈ H, then |Dom(f)| ≤ k.

(ii) If f ∈ H and g ⊆ f , then g ∈ H.

(iii) If f ∈ H, |Dom(f)| < k, and x is a variable, then there is some g ∈ H such

that f ⊆ g and x ∈ Dom(g).

We say that H is a winning strategy for the Duplicator.

Theorem 7.6 ([AD08]). Let F be a CNF formula. Then, F has a resolution refu-

tation of width k if and only if there is no winning strategy for the Duplicator in the

Boolean existential (k + 1)-pebble game on F .

The proof of the non-existence of a resolution proof of fixed width for the 3CNF

encoding of the pigeonhole principle in terms described above is then as follows:

3Note that this definition is closely related to the definition of k-consistency (see Definition 5.1).
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Lemma 7.7 ([AD08]). The Duplicator wins the Boolean existential (n − 1)-pebble

game on the 3CNF encoding of the pigeonhole principle, where n is the number of

pigeons.

It follows from Lemma 7.7 that a resolution refutation of the 3CNF encoding

of the pigeonhole principle will have width at least n − 1 for n pigeons. Without

going into the details of the proof of the lemma, we observe it generalises to any

encoding that contains assignment and/or regular variables only. Hence, it applies to

the interval-based regular support encoding and the order encoding of the pigeonhole

principle. Since the sequential counter encoding of the at-most-one constraint is the

same as the regular encoding of that problem, as shown in [ACLM10], it also cannot

have a resolution proof of fixed width.

The consequence of Lemma 7.7 is that none of the encodings involving only regular

and assignment variables have short resolution proofs by Corollary 3.6 in [BSW01].

Note that another consequence is that these encodings also don’t have negative-hyper-

resolution refutations of fixed width.

One last encoding we consider is the commander encoding (see Example 4.13).

We observe that each non-assignment variable represents a statement that pigeon i is

in some subset of holes. Without loss of generality, we may assume that the subsets

are represented by integer intervals, i.e. a commander variable cijk will represent

pi ≥ j ∧ pi ≤ k, where pi represents pigeon i. Incidentally, each commander variable

can be represented by a conjunction of two regular literals, say p≥ij and ¬p≥i(k+1).

Lemma 7.7 can be generalised as follows.

Lemma 7.8 ([AD08]). Let Γ be a SAT encoding of the pigeonhole principle that

contains only assignment or interval variables and encodes the standard representation

of the problem 4. Then the Duplicator wins the Boolean existential (n−1)-pebble game

on Γ, where n is the number of pigeons.

Proof. Let B be the set of all one-to-one partial functions from {1, · · · , n} into

{1, · · · , n − 1}. For every a ∈ B, define a partial truth assignment ha as follows:

(i) ha(pij) = 1 if a(i) is defined and a(i) = j,

(ii) ha(pij) = 0 if a(i) is defined and a(i) 6= j ,

(iii) ha(qijk) = 0 if a(i) is defined and a(i) ∈ {j, · · · , k} ,

(iv) ha(qijk) = 1 if a(i) is defined and a(i) /∈ {j, · · · , k} ,

Let F = {ha : a ∈ B}, and let H be the set of restrictions of assignments of F to

4This condition will become relevant later on (see Example 7.13).
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all sets of at most n− 1 variables. It is straightforward to check that H is a winning

strategy for the Duplicator: property (i) is met because, by definition, all assignments

in F have at most n − 1 variables in the domain, property (ii) is met by definition

as well, and property (iii) is met because if h ⊆ ha has at most n− 2 variables in its

domain, then there is an empty hole.

In order to encode the pigeonhole principle one can also introduce auxiliary vari-

ables that represent a SAT formula in the original variables. Next, we present an

example of such an encoding.

Example 7.9. Cook [Coo76] introduced the following encoding of the pigeonhole prin-

ciple:

(1) pi1 ∨ pi2 ∨ · · · ∨ pi(n−1) for 1 ≤ i ≤ n
(2) ¬pij ∨ ¬pkj for 1 ≤ i 6= k ≤ n and 1 ≤ j ≤ n− 1
(3) p′ij ↔ pij ∨ (pi(n−1) ∧ pnj) for 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ n− 2
(4) p′′ij ↔ p′ij ∨ (p′i(n−1) ∧ p′nj) for 1 ≤ i ≤ n− 2 and 1 ≤ j ≤ n− 3

· · ·
(n) p

′∗(n−2)
i1 ↔ p

′∗(n−3)
i1 ∨ (p

′∗(n−3)
i1 ∧ p′∗(n−3)21 ) for 1 ≤ i ≤ 2

Cook’s encoding allows for a resolution refutation of polynomial size. It is worth

noting here that, in contrast to the SAT encodings described thus far, each new

variable introduced by Cook’s encoding constrains two pigeons. In particular, each

non-assignment variable represents the constraint that either pigeon i is in hole j, or

it is in hole n−1 and the nth pigeon is in hole j. Moreover, the new variables allow to

infer clauses that correspond to the inductive refutation of the pigeonhole problem.

This technique, however, is hard to generalise, as it is specific to the pigeonhole

problem. Examples of other extended resolution proofs can be found in [Kri85].

7.3 Experimental results

We encoded the pigeonhole principle using Cook’s encoding as well as the standard,

3CNF, regular, commander and interval-based regular support encodings. We note

here that the commander encoding produced the smallest number of clauses in com-

parison to the other encodings.

We ran all the encoded instances on the state-of-the-art clause-learning SAT-

solver, MiniSAT [ES03] version 2-070721. For all of the results, the times given are

elapsed times on a Lenovo 3000 N200 laptop with an Intel Core 2 Duo processor
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pigeons Cook’s standard 3CNF regular commander interval-based
encoding encoding encoding encoding encoding encoding
MiniSAT MiniSAT MiniSAT MiniSAT MiniSAT MiniSAT

(n) (sec) (sec) (sec) (sec) (sec) (sec)
10 3.226 2.622 1.882 0.721 0.309 0.346
11 34.456 49.628 44.802 12.2 1.777 1.338
12 728.902 966.493 848.899 171.217 14.199 8.58
13 > 20 min > 20 min > 20 min > 20 min 563.446 60.813
14 > 20 min > 20 min > 20 min > 20 min > 20 min 410.815

Table 7.1: MiniSAT runtimes on various encodings of the pigeonhole principle.

Figure 7.1: Performance of MiniSAT on various encodings of the pigeonhole principle.

running at 1.66GHz with 2GB of RAM. A time limit of 20 min was set. Results are

shown in Table 7.1 and Figure 7.1.

It turns out that the interval-based regular support encoding of the pigeonhole

principle is the best choice in terms of SAT-solver performance. The interesting thing

about this encoding is that it has the Helly property [CCHS10], that is, if we take any

three literals and gather clauses that contain at least two of them, such clauses will

all have a literal in common.

Surprisingly enough, Cook’s encoding turned out to be the worst. Even though

Cook’s encoding of the pigeonhole principle has a resolution proof of polynomial size,

MiniSAT is not able to determine the unsatisfiability of the formula efficiently. We

also ran MiniSAT on a “narrow” variant of the Cook’s encoding, that is, we split the

long at-least-one clauses into 3CNF by introducing auxiliary (regular) variables in

102



the standard way. This still did not help the solver (see Table 7.2).

pigeons Cook’s encoding Cook+3CNF encoding
(n) MiniSAT (sec) MiniSAT (sec)
10 3.226 2.305
11 34.456 44.356
12 728.902 > 20 min
13 > 20 min > 20 min

Table 7.2: MiniSAT runtimes on two variants of Cook’s encoding of the pigeonhole
principle.

7.4 Theory vs. practice

Even though SAT-solvers p-simulate general resolution [PD09], there is no guarantee

that such a solver will find the shortest resolution proof for a given formula in a

reasonable amount of time. One reason is that there are many possible clauses that

can be “learnt” by a modern SAT-solver, many of which do not belong to the shortest

refutation.

Moreover, the short proof of Cook’s encoding contains long clauses (of size n− 1,

n − 2, etc.) whereas modern SAT-solvers, including MiniSAT, usually implement

some method to attempt to minimise the size of learnt clauses at the conflict analysis

stage.

Interestingly enough, there exists a SAT-solver called ZRes [CS00] that is able to

solve pigeonhole instances with up to 20 pigeons within 20 minutes. It uses a ZBDD

data structure [CS00] and the original Davis-Putnam (DP) [DP60] Algorithm 7.1, that

is, for every variable it produces resolvents for all possible combinations of clauses that

contain that variable and its negation. This method, however, is highly inefficient in

general in comparison to the DPLL Algorithm 2.2.

7.5 Empirically good encodings

The main mechanism behind any SAT-solver is unit propagation (see Definition 2.21).

Hence, as mentioned in Section 4.5, such SAT encodings are desirable that allow for a

lot of information to be derived using this technique. A recent trend has been to find

decompositions of global constraints into CNF that are GAC-preserving [BKNW09].

In other words, such encodings are desirable that allow the unit propagation rule

to enforce the same level of consistency as a generalised-arc-consistency propagator
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Algorithm 7.1 The DP algorithm.
DP

S - a set of clauses;
while S! = ∅ or ∅ /∈ S do

choose variable x;
replace all the clauses which contain x or ¬x by all resolvents on x of these
clauses and remove all subsumed clauses;

end while;
if S == ∅ then

return SATISFIABLE;
end if ;
if ∅ ∈ S then

return UNSATISFIABLE;
end if ;

would. It turns out that there is no GAC-preserving CNF encoding of polynomial size

for the all-different constraint [BKNW09]. The proof is based on the non-existence of

a monotone circuit for finding a matching in a bipartite graph. This result does not

necessarily hold for the pigeonhole principle which is equivalent to finding a matching

in a complete bipartite graph.

There are, however, SAT encodings of the pigeonhole principle on which unit

propagation achieves bounds and range consistency.

Definition 7.10 ([BKN+09]). A constraint is bound consistent (BC) if and only if

when a variable is assigned the minimum or maximum value in its domain, there exist

compatible values between the minimum and maximum domain value for all the other

variables. Such an assignment is called a bound support.

Definition 7.11 ([BKN+09]). A constraint is range consistent (RC) if and only if

when a variable is assigned any value in its domain, there exists a bound support.

Thus far all of the encodings were essentially translating a particular representa-

tion of the pigeonhole principle into SAT described below.

Example 7.12. The pigeonhole principle can be decomposed into the following set

of constraints 5:

pi = 1 ∨ pi = 2 ∨ · · · ∨ pi = n− 1 for 1 ≤ i ≤ n (at-least-one constraint)
pi 6= pk for 1 ≤ i < k ≤ n (at-most-one constraint)

5Note that in the case of the regular encoding the at-most-one constraint is hi 6= hk (see Exam-
ple 7.3), where each hi represents a hole and 1 ≤ i < k ≤ n− 1.
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However, there exists another representation which allows for bounds- and range-

consistency to be achieved on its SAT encoding. It uses the concept of the so-called

Hall intervals (for details see [BKN+09]).

Example 7.13. The pigeonhole principle can be modelled as the following 0-1 integer

programming problem:

pilu = 1 pigeon i is in a hole that belongs to the interval [l, u]
n∑
i=1

pilu ≤ u− l + 1 for 1 ≤ i ≤ n and 1 ≤ l ≤ u ≤ n− 1

It turns out that if we encode the inequalities in Example 7.13 using regular

variables only, unit propagation on the resultant SAT instance will enforce bounds

consistency. If we use interval variables instead, unit propagation on the resultant

SAT instance will enforce range consistency [BKN+09].

Furthermore, by using a particular CNF encoding, a SAT-solver is actually able to

solve the instances of the pigeonhole problem encoded in this way almost immediately

by unit propagation.

Example 7.14. The order encoding of the inequalities in Example 7.13 contains the

following set of inconsistent clauses:

p≤[11(n−1)]0 ∨ p
≤
[21(n−1)]0 ∨ · · · ∨ p

≤
[n1(n−1)]0

¬p≤[i1(n−1)]0 for 1 ≤ i ≤ n

where p≤[ijk]0 denotes that the Boolean variable p[ijk] is assigned value ≤ 0.

A SAT-solver will thus report unsatisfiability almost immediately by running unit

propagation.

This example shows the influence of the problem specification before it’s encoded

into SAT. It also shows the importance of choosing the right decomposition of global

constraints. In the case of the pigeonhole problem it is the choice of a decomposition

of the all-different constraint that influences SAT-solver performance the most. If we

decompose it into at-least-one and at-most-one constraints, their SAT encodings will

be very inefficient. If we use the decomposition presented in Example 7.13 instead,

SAT-solvers are likely to solve encodings of this representation much more quickly.
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7.6 Summary

In this chapter we compared various SAT encodings of CSP instances on the example

of the pigeonhole principle. We have shown that the new variables introduced in the

sequential counter, 3CNF, regular and order encodings are in fact regular ones. We

have also shown that the commander variables can be represented in terms of regular

ones.

We have also provided a theoretical reason why none of the general SAT encodings

will produce short extended resolution proofs for the pigeonhole principle. Hence,

modern clause-learning SAT-solvers might not solve them efficiently for this reason.

This is in contrast to constraint solvers which provide propagators for the global all-

different constraint by which the pigeonhole principle can be modelled. The Minion

solver, for instance, performs a check whether the number of available domain values

is greater than or equal to the number of variables constrained by the all-different

constraint. Hence, it is able to detect the unsatisfiability of the pigeonhole principle

almost immediately. It is worth mentioning that a similar technique has been used in

a SAT-based constraint solver called Sugar [TTKB09] which uses the order encoding.

Since SAT-solvers p-simulate general resolution [PD09], those encodings are de-

sirable that translate a CSP instance into a SAT formula that has a short resolution

proof (see Section 4.5). In the case of the pigeonhole principle, such an encoding

turned out not to be the best choice, as shown in section 7.4. However, the idea of

introducing auxiliary variables to possibly reduce the resolution proof size has gained

some attention in the last few years [SB06, AKS10].

So far there has been little success in integrating the extended resolution rule in

a SAT-solver. The problem lies in finding appropriate auxiliary variables that would

aid the solver in finding a satisfiable assignment. Due to the diversity of constraints

available there is no general rule which specifies what sort of new variables will help

prune the search space. Nevertheless, a few attempts have been done [AKS10].

In this chapter we have also shown the importance of choosing the right problem

specification before encoding it into SAT. In particular, we showed the influence of

choosing the right decomposition of all-different for the pigeonhole problem.

106



“Poirot,” I said. “I have been
thinking.”
“An admirable exercise my friend.
Continue it.”

Agatha ChristieChapter 8

Conclusions

8.1 Summary of contributions

It is well-known that SAT-solvers are remarkably efficient. However, little is known

as to why this is the case. In this thesis we have tried to answer this question by

investigating the connections between constraint satisfaction and Boolean satisfiability

problems.

Various techniques have been developed to solve instances of CSP and SAT. Usu-

ally these interleave constraint propagation with search. Constraint solvers often

implement several propagation techniques, which are targeted at solving specific con-

straints (see Section 2.2.2). In the case of modern SAT-solvers, unit propagation and

the so-called conflict-driven clause learning with restarts play the key roles in the

solving process (see Section 2.4).

Since SAT can actually be viewed as a subset of CSP, there are many similarities

in the study of these two types of problems. With regards to solver performance,

the impact of variable and value orderings has been investigated (see Section 2.2.1).

Non-chronological backtracking as well as some forms of learning have been applied

in solving instances of both CSP and SAT. However, the influence of such techniques

on solver performance in SAT and CSP solving has been significantly different. In

particular, conflict-driven clause learning (see Section 2.4.3) has led to remarkable

time improvements in SAT-solving, whereas a similar nogood learning technique in

CSP has led to minor improvements if any. Moreover, value orderings don’t have as

much impact in SAT solving as they do in CSP solving simply because Boolean vari-

ables can take only two values in contrast to constraint problems where the domains

can be arbitrarily large.

Although there exist many similarities between CSP and SAT, the translation of

ideas between constraint satisfaction and Boolean satisfiability is not as straightfor-
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ward as one might think. First, the two communities differ in their basic approaches

to problem solving. Constraint solvers aim to allow the user to tune the solver for

specific problem purposes, whereas SAT-solvers generally act as a black box. Sec-

ondly, input to a constraint solver is usually very similar to the real-world description

of the problem. If, for instance, we want to impose the not-all-equal constraint on

a set of three variables, we could simply write not-all-equal(v1, v2, v3). SAT-solver

input is very restrictive, since there is one specific model one can use, that is CNF.

On the other hand, there is no such standard input language for constraint solvers

which sometimes makes CSP-solver comparison and the use of such solvers not as ap-

pealing as in the case of SAT. Furthermore, there have been few changes in the core

algorithm of SAT-solvers since the invention of the DPLL algorithm in the 60s. The

development of constraint solvers, on the other hand, has been much more dynamic

and varied (see Section 2.2).

Moreover, in the theoretical literature there are some ideas for boosting solver per-

formance that have not yet been implemented. One example is the identification of

tractability in a CSP problem. Tractable CSP instances are those instances for which

an algorithm exists that decides their satisfiability in polynomial-time. There exists

such an algorithm, for example, for CSP instances whose structure has bounded-

width [CCJ94]. Information about the structure of CSP instance has started to be

explored in the Toulbar2 MaxCSP solver [SBdG+08]. However, finding such tractable

structures might not be the best idea in some cases due to time and space require-

ments. Thus the performance gain might not be worth it. Another reason why some

theoretical findings have not been implemented in practice is the constraint solver

architecture. The constraints “talk to each other” through variable domains. Hence,

there is no way of using some possible information about overlapping constraints in

current constraint solvers.

The results presented in Chapter 3 have established that in order to improve the

performance of constraint solvers we could use benchmarks which can explore that

performance over a range of different problem types with different characteristics.

One way to systematically develop such benchmarks is to use the insights from the

theoretical study of constraint satisfaction. Benchmarks derived in this way can be

simple enough to analyse in detail, and yet challenging enough to reveal specific

weaknesses in solver techniques.

There are, however, a few problems in producing useful benchmarks for constraint

solvers. One such difficulty is the fact that there is no standard input format for

CSP-solvers. Thus it often happens that running a constraint solver on two different
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models of the given problem leads to significantly different runtimes. Another issue

that needs to be considered is the translation effort from the user-specified input in

a high-level language to a lower-level language that is essentially used by the solver.

One such translator is Tailor which provides the transition between Essence′ and

Minion input format. During the translation process certain features of the given

problem might get lost. Hence we suggest that a better awareness of the factors of

a problem specification that can ensure tractability could lead to better translation

software, which ensures that such features are preserved. For instance, identification

of tractable parts of a problem instance at the pre-processing stage could help a

constraint solver to exploit those during the solving process.

It is worth mentioning that in the case of SAT-solvers solver comparison is rela-

tively easy due to the standardised input language. However, also here the question

of loss of information arises at the translation stage into CNF. When translating into

SAT a tractable instance might suddenly become very hard to solve, or its “nice”

structure might be completely lost. Moreover, SAT encodings often produce a huge

set of clauses. Thus space requirements are frequently an issue when using SAT-

solvers to decide the satisfiability of problems defined on large domains.

Even though translating into SAT may be expensive in terms of time and space,

experimental results in Chapter 3 have revealed that SAT-based constraint solvers are

sometimes much more efficient than conventional solvers on certain families of CSP

instances (see Section 3.2 and 3.6). Interestingly enough, such SAT-based solvers did

quite well in CSP-solver competitions. They even performed well on the problem

instances containing highly-structured so-called global constraints, which are said to

be the natural domain of CSP-solvers.

In order to explain the remarkable efficiency of SAT-solvers on certain classes of

CSP instances, we have first presented the different ways in which a CSP instance

can be translated into SAT in Chapter 4. We note that comparison of various SAT

encodings is difficult, since it is hard to identify features of a SAT encoding that

are “good” in all cases. Most comparisons thus far have been purely empirical. In

Chapter 4 we have presented a few desirable features which unfortunately do not

always lead to improvements in SAT-solver performance. From the point of view of

the practitioner a “good” SAT encoding would allow the solver to make as many

deductions as possible and be as compact as possible. Another desirable feature is

high solution density of satisfiable instances. Since SAT-solvers p-simulate general

resolution, SAT encodings with short resolution proofs are also desirable. There is,

however, no one property that would allow to decide if one encoding is better than the
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other for all possible problem instances. Nevertheless, we have managed to identify

which encodings are “good” for some particular classes of CSP instances.

In Chapter 5 we have shown the satisfiability of the direct encoding of a certain

class of CSP instances will be decided by a clause-learning randomised SAT-solver in

expected polynomial-time. We considered those instances whose unsatisfiability can

be proved by enforcing a fixed level of consistency. This result has been proved by

combining two concepts, one from the area of constraint satisfaction and the other

from the area of Boolean satisfiability. In particular, we have connected k-consistency

to a certain SAT inference rule called negative-hyper-resolution. Furthermore, we

have established a connection between SAT-solver performance and the existence of

a negative-hyper-resolution refutation of fixed width. By combining these two results

we have shown that a clause-learning SAT-solver with a purely random branching

strategy will simulate the effect of enforcing k-consistency in expected polynomial-

time, for all fixed k (see Theorem 5.20). This is sufficient to ensure that such solvers

are able to solve certain problem families much more efficiently than conventional

CSP-solvers relying on domain propagation. We have also performed an experimental

evaluation of our results. These have shown that clause-learning SAT-solvers are even

more efficient than our theoretical results suggest (see Section 5.5).

In Chapter 6 we have made another contribution towards answering the question

about the efficiency of modern SAT-solvers. It has to do with the right choice of

an encoding for certain tractable families of CSP instances. In particular, we have

given a theoretical argument for the choice of the order encoding (see Section 6.3)

over other standard ones which has been validated in our experiments in Section 6.5.

We considered the following tractable classes of CSP instances: constant-closed (see

Section 3.2), max-closed (see Section 3.3) and connected-row-convex (see Section 3.5).

It turns out that translating such instances using the order encoding results in SAT

formulae that fall into known tractable language classes of SAT, whereas this is not

true for either sparse encodings or the log encoding. Moreover, we have given a

complete list of all constraint types which are encoded to tractable language classes

for SAT using the order encoding.

Taking into account our results from the previous chapters, we have compared

several SAT encodings of the famous problem of the pigeonhole principle in Chap-

ter 7. We have provided a theoretical and empirical evaluation. In particular, we

have provided a theoretical argument why none of the encodings considered (except

for Cook’s encoding) are likely to allow a SAT-solver to decide the unsatisfiability

of the pigeonhole principle efficiently. We have shown that such encodings produce
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resolution refutations of exponential size. It turns out that even though Cook’s en-

coding of the problem has a short resolution proof, SAT-solvers do not perform well

on such an encoding. One reason might be that modern SAT-solvers prioritize short

clauses at the clause-learning stage and Cook’s proof requires long clauses. Another

issue is that even though SAT-solvers p-simulate general resolution, a particular proof

can be difficult to find due to the random behaviour implemented in modern solvers.

This example clearly shows the gap between theoretical results and practical applica-

tions. Moreover, we have shown that the auxiliary variables introduced in the various

encodings represent essentially the same domain restrictions.

On the example of the pigeonhole principle we have shown that even though

SAT-solvers are indeed extremely efficient there exist CSP instances for which using

constraint solvers is sometimes a far better choice.

8.2 Open questions

• Which concepts from the area of CSP can be transferred into SAT and vice

versa?

– How can the 2-watched-literals scheme, used in SAT-solvers (see Sec-

tion 2.4.2), be generalised into solving arbitrary constraints?

– How to efficiently incorporate a form of nogood learning into constraint

solvers? What would be a useful nogood for a particular constraint, like

the inequality constraint?

• Which encodings should be chosen for translating CSP instances into SAT?

– What are the “good” features of SAT encodings of instances belonging to

certain CSP classes? Is one of these “good” features the Helly property

(see Section 7.3)?

– Which SAT encodings are best for particular classes of CSP instances, like

the class of submodular constraints [ŽJ10]?

– How can extended resolution be exploited in SAT-solvers? What sort of

auxiliary variables would be useful to introduce during the solving process?

• When is it better to use a SAT-solver instead of a CSP-solver and vice versa?

– What features of instances can current clause-learning SAT-solvers exploit

(aside from bounded-width structures)?
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– What features of instances are exploited by conventional constraint solvers?

– When is it better to use a hybrid solver or an SMT-solver instead of a SAT

or CSP-solver? Can we answer this question empirically by using real-

world benchmarks, for instance, from the area of software verification?

• How to solve tractable sub-parts of CSP problems efficiently?

– What’s the best way of identifying tractable sub-parts of CSP problems,

like the max-closed constraints?

– How to utilize the identification of tractable subproblems in SAT-solvers?

Would it be useful to identify tractable structures in the graph of an input

instance at the pre-processing stage?

• What is the best way of translating a CSP instance into the input format for a

particular solver?

– Could a standardised input format for CSP problems help improve con-

straint solver performance?
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[BR97] C. Bessière and J-C. Régin. Arc consistency for general constraint

networks: preliminary results. In Proceedings of the 15th International

Joint Conference on Artificial Intelligence - IJCAI 1997, pages 398–

404. Morgan Kaufmann, 1997.
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efficient bounds consistency algorithm for the global cardinality con-

straint. Constraints, 10(2):115–135, 2005.
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