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ABSTRACT
Solving quantum molecular systems presents a significant challenge for classical computation. The advent of early fault-tolerant 
quantum computing devices offers a promising avenue to address these challenges, leveraging advanced quantum algorithms 
with reduced hardware requirements. This review surveys the latest developments in quantum computing algorithms for quan-
tum molecular systems in the fault-tolerant quantum computing era, covering encoding schemes, advanced Hamiltonian simu-
lation techniques, and ground-state energy estimation methods. We highlight recent progress in overcoming practical barriers, 
such as reducing circuit depth and minimizing the use of ancillary qubits. Special attention is given to the potential quantum 
advantages achievable through these algorithms, as well as the limitations imposed by dequantization and classical simulation 
techniques. The review concludes with a discussion of future directions, emphasizing the need for optimized algorithms and ex-
perimental validation to bridge the gap between theoretical developments and practical implementation for quantum molecular 
systems.

1   |   Introduction

The field of quantum computing has experienced remarkable 
theoretical and experimental advancements in recent years. 
A key milestone has been the experimental demonstration of 
quantum supremacy, exemplified by random quantum circuit 
sampling [1–3] and boson sampling [4, 5]. These achievements 
raise the compelling question of whether practical quantum 
advantages can be realized for real-world applications using 
current-generation quantum devices. Among the most promising 

applications is solving electronic structure problems for quantum 
molecular systems [6–8], a significant challenge for classical 
computation. In the noisy intermediate-scale quantum (NISQ) 
era [9], considerable efforts have been directed toward devel-
oping algorithms such as the variational quantum eigensolver 
(VQE) [10] and other variational quantum algorithms  [11–14]. 
For comprehensive reviews of these advancements, we refer to 
Refs. [15–18]. However, those variational quantum algorithms 
designed for NISQ hardware face substantial theoretical and 
practical challenges. Issues such as training difficulties [19], 
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barren plateaus [20], and the prohibitive costs of quantum error 
mitigation [21, 22] have hindered their practical and experimen-
tal progress. Furthermore, limitations in measurement scalabil-
ity [23] and the inability to scale near-term algorithms beyond the 
reach of classical simulations while maintaining chemical accu-
racy have restricted their applicability. Consequently, the ques-
tion of whether quantum advantage can be realized for quantum 
electronic structure problems remains unresolved, underscoring 
the need for further innovations to bridge this critical gap.

On the other hand, significant theoretical [24–26] and experi-
mental [27–29] advancements have demonstrated the feasibility 
of quantum error correction (QEC), a cornerstone for achiev-
ing universal quantum computing. However, conventional al-
gorithms for quantum computation [30, 31] often require deep 
quantum circuits and fault-tolerant quantum computers, which 
require a large computational overhead and remain beyond the 
reach of current hardware due to significant technological and 
scalability challenges. Recently, a theoretically interesting and 
realistically more achievable paradigm called the early fault-
tolerant quantum (EFTQ) era has arisen. In this regime, error 
correction is only partially realized, and logical gate errors are 
still present but reduced to levels that enable meaningful com-
putation [32–36]. This paradigm bridges the gap between NISQ 
devices and fully fault-tolerant quantum computers, offering an 
exciting frontier for both research and practical applications. 
The exploration of quantum algorithms tailored for EFTQ de-
vices has recently gained significant momentum. Studies such 
as [37–47] demonstrate the potential of these algorithms to solve 
complex quantum many-body problems with higher precision 
and scalability compared to NISQ algorithms. These EFTQ al-
gorithms benefit from a more solid foundation, offering rigor-
ous performance guarantees under relatively mild theoretical 
assumptions. With the rapid experimental advancements in 
error-corrected quantum computing, the EFTQ era represents 
a critical stepping stone toward practical quantum advantage 
in solving practical and complex quantum molecular problems, 
paving the way for transformative applications across various 
scientific disciplines.

In this review, we explore recent advancements in quantum al-
gorithms for solving quantum molecular system problems in the 
post-NISQ era, that is, quantum algorithms that are not fully 
based on variational principles. The structure of the review is as 
follows: In Section 2, we begin by reviewing encoding methods 
for molecular (fermionic) systems. This includes the mapping 
of fermionic systems to qubit representations and the loading of 
classical data, such as Hamiltonians, onto quantum circuits. We 
also discuss measurement techniques for extracting properties 
from prepared quantum states. In Section 3, we review recent de-
velopments in advanced Hamiltonian simulation quantum algo-
rithms, which are crucial for understanding molecular dynamics. 
In Section 4, we summarize progress in estimating ground-state 
energies, a fundamental problem in quantum chemistry, such 
as the electronic structure. This section highlights significant 
efforts to reduce hardware requirements for implementation, 
which is essential for early fault-tolerant quantum computing. 
In Section 5, we discuss the potential for achieving quantum ad-
vantages. We review theoretical results that delineate hard and 
easy instances for quantum algorithms in different settings and 
discuss quantum-inspired dequantization classical algorithms 

under different assumptions. We analyze the potential for expo-
nential quantum speedups from several perspectives, including 
insights from dequantization, improvements in classical algo-
rithms, and resource requirements for practical implementations 
beyond classical simulability. Finally, in Section 6, we summa-
rize the key findings of this review and provide an outlook on the 
future directions for quantum molecular systems, emphasizing 
the challenges and opportunities that lie ahead.

This survey focuses on Hamiltonian simulation and static prop-
erties of electronic structure Hamiltonians. Nevertheless, we 
note that the techniques and results highlighted in this survey 
have broader applicability and can be extended to a wide range 
of practical tasks beyond these domains. For a broader review of 
conventional quantum algorithms addressing quantum chemis-
try problems, we refer readers to Refs. [6–8].

2   |   Hamiltonian Encoding and Decoding

Here, we review the encoding and decoding (measurement) 
processes for the electronic structure Hamiltonian. We focus 
on the second quantization formalism in discrete spin-orbital 
basis sets. We refer to Refs. [6, 7, 48] for other encoding meth-
ods. We then detail the transformation of the Hamiltonian into 
a linear combination of Pauli strings via fermion-to-qubit en-
codings, and discuss its block encoding (BE), which serves as a 
basis oracle in quantum algorithms. Finally, we discuss various 
schemes for decoding information, specifically for measuring 
the Hamiltonian, highlighting their advantages and practical 
implementations.

2.1   |   Molecule Encoding—Second Quantization 
and Spin-Orbital Basis Sets

In atomic units, the electronic structure Hamiltonian after ap-
plying the Born–Oppenheimer approximation is expressed as:

where ri and RI denote the positions of the electrons and nuclei, 
respectively. With RI fixed, the focus shifts to the dynamics or 
eigenproblems of the Hamiltonian for the electronic subsystem. 
The electronic wavefunction, �, satisfies the anti-symmetry 
property:

where ∣ xi ⟩ = ∣ ri ⟩�i ⟩ denotes both spatial and spin degrees of 
freedom. To incorporate this anti-symmetry and encode the 
wavefunction into a finite-dimensional basis, we transform it 
from the continuous real space into a discrete basis of M single-
electron wavefunctions 

{
�i
(
xj
)}

, where i ∈ {0, … ,M − 1} in-
dexes the spin-orbital modes and j ∈ {0, … ,N − 1} indexes the 
electrons. The total wavefunction is then expressed as a linear 
combination of Slater determinants, which are anti-symmetric 
combinations of product states. A single Slater determinant for 
N electrons is given by

(1)H = −
∑
i

∇2
i

2
−
∑
i

ZI
∣ ri − RI ∣

+
1
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∑
i≠j
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,
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… , xp, … , xq, …

)
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… , xq, … , xp, …

)
, ∀p, q
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where it is easy to verify that ip ≠ iq, ∀p ≠ q.

Using Slater determinants, we can transition to the formalism of 
second quantization, where a Slater determinant is represented as:

with fi = 1 indicating that the spin-orbital �i is occupied and 
fi = 0 otherwise. Each ∣ fM−1, … , fp, … , f0 ⟩ is called the Fock 
state, and the collection of all possible Fock states forms the 
Fock space, within which the wavefunction can be expressed. 
While Slater determinants inherently satisfy the anti-symmetric 
properties of fermionic systems, the states in Fock space do not 
directly impose such properties. Instead, anti-symmetry is en-
forced at the operator level. To achieve this, we introduce the 
fermionic creation (a†

i
) and annihilation (ai) operators, which 

respectively add or remove an electron in a given spin-orbital. 
These operators obey the fermionic anti-commutation relations:

ensuring the anti-symmetric properties of fermions. Using the 
creation and annihilation operators, the electronic structure 
Hamiltonian from Equation (1) can be expressed in the finite set 
of M spin-orbitals as:

where the one-electron integrals hij and two-electron integrals 
hijkl are given by

and

Here, the integration is over both spatial and spin degrees of 
freedom. In this formulation, the Hamiltonian is expressed as 
a sum of terms involving fermionic creation and annihilation 
operators. This representation is fundamental for quantum 
computational techniques such as quantum simulation and 
quantum chemistry algorithms.

2.2   |   Fermion to Qubit Encoding

Next, we introduce encoding methods that map the second-
quantized fermionic Hamiltonians to qubit representations. 

These methods are important for quantum computing appli-
cations, as they translate the fermionic operators into qubit 
operations while preserving the underlying anti-commutation 
relations.

The Jordan–Wigner transformation (JWT) [49] is one of the most 
straightforward and intuitive methods for encoding the anti-
commutation relations of fermionic operators into a qubit repre-
sentation. Under the JWT, the Fock state is mapped to qubits as

with zi = ni. The fermionic creation (a†
j
) and annihilation (aj) op-

erators are mapped to Pauli operators as follows:

where Xj, Yj, and Zj are Pauli matrices acting on the jth qubit. 
This transformation faithfully reproduces the anti-commutation 
relations of the fermionic operators. It also reveals the nonlocal-
ity of the fermionic statistics in the JWT, as reflected by the string 
of Z-operators (⊗j−1

i=1
Zi), which encode the parity of all fermions 

in preceding modes. Specifically, when acting on a Fock state 
n1,n2, … ,nN, the creation or annihilation operator flips the oc-
cupation number at site j and adjusts the sign based on the parity 
of the preceding occupations. While JWT is conceptually simple, 
the nonlocality of the Z-strings introduces overhead in quantum 
circuits, particularly for systems with a large number of fermions.

To simplify the Z-operator strings in JWT, one can switch to the 
parity encoding [50]. In this scheme, the basis states are trans-
formed to ∣ z1, z2, … , zN ⟩, with each zi representing the cumula-
tive parity of the first i occupation numbers:

The parity encoding directly stores the parity information, mak-
ing parity calculations more efficient than JWT. However, it still 
requires a nonlocal Pauli string to implement bit flips by the fer-
mionic creation (a†

j
) and annihilation (aj) operators.

Leveraging the ideas of both the JWT and parity encoding, the 
Bravyi–Kitaev (BK) encoding [50] provides a more efficient ap-
proach to encoding fermionic operators. In this scheme, each 
qubit either stores the parity or occupation of the Fock state, uti-
lizing the data structure of Fenwick trees [51]. This reduces the 
total number of qubits required to �(logN ), compared to �(N) 
in the JWT and parity encoding. Furthermore, the BK encoding 
balances the compactness and operational efficiency, allowing 
for the implementation of fermionic creation and annihilation 
operators with fewer nonlocal Pauli strings. Another key advan-
tage of the BK encoding is its ability to preserve geometric local-
ity when applied to fermionic systems with local interactions. 
This feature is particularly important for simulating systems 
like the fermionic Hubbard model, where locality plays a criti-
cal role in reducing computational overhead [52]. Additionally, 
various extensions and modifications of the BK encoding [51, 53] 
have been developed to enhance its compactness, efficiency, and 
robustness to errors.
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Using the encoding methods described above, the fermionic 
Hamiltonian in Equation (6) can be mapped to its qubit repre-
sentation as

where �p are coefficients derived from the original fermionic co-
efficients hij and hijkl in Equation (6), and �̂p are tensor products of 
Pauli operators. The specific structure and weight of �̂p depend on 
the chosen encoding method (e.g., JWT, parity encoding, BK en-
coding, or more compact encoding [48]). For generality, we adopt 
this form of the Hamiltonian without explicitly assuming a partic-
ular encoding scheme in the subsequent discussions.

2.3   |   Block Encoding

Apart from the qubit representation, an essential encod-
ing method for advanced quantum simulation algorithms is 
block-encoding (BE) [54]. For a general matrix A, a unitary 
UA is called its BE if ⟨��UA�� �⟩ = A, where ∣ � ⟩ and ∣ � � ⟩ are 
quantum states that can be easily prepared on a quantum de-
vice. For qubit systems, these states are typically chosen as 
∣ 𝜓 ⟩ = ∣ 𝜓 � ⟩ = ∣ 0nanc ⟩ ⊗ 1, where nanc is the number of ancillary 
qubits and 1 is the identity of the system in which we are inter-
ested. In this setup, the unitary UA has the form:

where A occupies the upper-left block of UA. If the spectral norm 
∥ A ∥ exceeds 1, one should instead block encode the rescaled 
matrix A∕�, with � ≥ ∥ A ∥. More precisely, UA is called an (
�,nanc, �

)
-BE of A if:

where � is the allowable error in the BE. This approach provides 
a powerful tool for embedding Hamiltonians into unitaries and 
realizing Hamiltonian functions, which is critical for imple-
menting advanced quantum algorithms.

The concept of BE was first introduced by Low and Chauang 
[55], where it was referred to as the standard encoding, and 
applied to approximate the time-evolution unitary e−iAt. This 
corresponds to simulating the dynamics of a quantum system 
governed by the Hamiltonian H over some time t . Since its in-
ception, BE has been recognized as a versatile tool with applica-
tions extending beyond Hamiltonian simulation. In particular, 
BE forms the foundation for implementing quantum singular 
value transformation on the matrix A [56], enabling powerful 
operations such as estimating the ground state and the ground-
state energy of quantum systems described by A.

There are various methods for constructing the BE of a matrix, 
depending on how A is expressed. One of the most common ap-
proaches is based on the linear combination of unitaries (LCU), 
an idea first introduced in [57] to achieve nonunitary transfor-
mations. Subsequent works, such as [58], further extended its 

applications. The LCU method was first applied to quantum 
simulation by [59] and has since become a standard subroutine 
in the field. Specifically, suppose the matrix A can be decom-
posed as the linear combination of J numbers of unitaries:

where 𝛽 j > 0, which can always be satisfied by adding a global 
phase on uj. Moreover, 

∑J
j=1 � j = �, and uj are unitaries that can 

be implemented with simple quantum circuits. In molecular 
systems, the uj terms can correspond to Pauli strings obtained 
by mapping the fermionic Hamiltonian to a bosonic represen-
tation using the encoding methods introduced in Section 2. To 
construct the BE, one defines B, a state preparation unitary, 
such that

where nanc = ⌈ log2J ⌉. Additionally, the select operator is de-
fined as

The block-encoding unitary is then constructed as

It can be verified that U (LCU)
A

 is an 
(
�,nanc, 0

)
-block-encoding of 

A. Both B and Select(u) can be efficiently constructed using O(N) 
elementary single- and two-qubit gates (e.g., [60, 61]).

2.4   |   Measurement

In almost all quantum algorithms, it is necessary to measure the 
quantum state to decode information. Here, we focus on measur-
ing the Hamiltonian to obtain the expected value of the energy, 
which corresponds to the potential energy surface in quantum 
chemistry. One possible approach is based on quantum phase esti-
mation (QPE) [30] (see also Section 4.1). If the controlled quantum 
evolution U = e−iHt can be implemented accurately, and an initial 
state with a nontrivial overlap (i.e., the overlap decreases at most 
polylogarithmically with system size n.) to the corresponding ei-
genstate is prepared, the cost of QPE achieves the Heisenberg scal-
ing, O

(
�−1

)
, for energy estimation. Here, � represents the allowable 

error. However, implementing QPE accurately can be challenging 
for early fault-tolerant quantum algorithms.

An alternative strategy is based on the decomposition of H as 
in Equation (12), H =

∑P
p=1 �p�̂p, where �𝜎p ∈ {I ,X ,Y ,Z}⊗n. For 

a quantum state ∣ � ⟩, the expectation value of the Hamiltonian 
is given by ⟨H⟩ = ∑P

p=1 �p
�
�� �̂p��

�
 [10, 62]. The advantage of 

this direct measurement scheme is that, given the quantum 
state, each 

⟨
�| �̂p|�

⟩
 can be estimated with a single layer of 

Pauli rotations, although the required number of circuit rep-
etitions scales as O

(
�−2

)
, which is larger than that of QPE. 

Depending on the model and encoding protocol, the num-
ber of terms P in the decomposition may grow rapidly with 

(12)H =
∑P

p=1
�p�̂p,

(13)UA =

(
A ∗

∗ ∗

)

(14)∥ A − �⟨0nanc �UA� 0nanc⟩ ∥ ≤ �

(15)A =
∑J

j=1
� juj

(16)B ∣ 0nanc ⟩ =
�J

j=1

�
� j ∕� ∣ j ⟩ ,

(17)Select(u) =
�J

j=1
∣ j ⟩ ⟨ j ∣ ⊗uj.

(18)U (LCU)
A

=
(
B† ⊗ 1

)
Select(u)(B⊗ 1).



5 of 25

the system size, making the one-by-one measurement of ⟨
�| �̂p|�

⟩
 costly. One approach to mitigate this issue is the 

classical shadow technique [63], which involves randomly 
sampling Pauli strings for measurement. The expectation 
value ⟨H⟩ is then estimated through appropriate classical 
postprocessing. Another approach is grouping measurements 
[64–69] with an experimental demonstration in Ref. [70]. For 
example, observables such as XXY , XIY , and XXI are compat-
ible and hence can be measured simultaneously by measuring 
XXY . By grouping compatible �̂p, the total number of mea-
surements can be significantly reduced. However, finding the 
optimal grouping corresponds to solving the minimum clique 
cover problem, which is NP-hard [65]. Despite this complex-
ity, several heuristic methods have been developed and per-
form well in practice. More recent progress in measurement 
for quantum chemistry applications can be found in a recent 
review [71].

3   |   Hamiltonian Simulation

Hamiltonian simulation is a cornerstone application of quan-
tum computation, focusing on replicating the time evolution of 
quantum systems governed by the Schrödinger equation. While 
classical computers face significant computational challenges in 
simulating complex quantum dynamics, quantum computers 
offer a promising alternative, enabling efficient simulation of these 
processes [72]. This capability has transformative applications 
in quantum chemistry, materials science, and condensed matter 
physics. For instance, simulating molecular Hamiltonians can re-
veal detailed insights into energy levels, reaction mechanisms, and 
electronic structures, which are crucial for drug discovery and the 
design of advanced materials. However, the practical realization 
of Hamiltonian simulations on current quantum hardware faces 
challenges, including the need for high coherence and precise 
quantum control.

Several quantum algorithms have been developed to tackle 
Hamiltonian simulation, each optimized for different scenar-
ios. These include product formula approaches such as Trotter–
Suzuki decomposition [73–76], Taylor series expansions [77, 78], 
and advanced techniques like qubitization [54, 55]. Other meth-
ods, including adaptive and variational product formulas 
[79, 80], offer flexibility and resource efficiency, making them 
suitable for near-term quantum devices.

3.1   |   Product Formula

The goal of quantum dynamics simulation is to find a unitary op-
erator that closely approximates the ideal real-time evolution gov-
erned by the Hamiltonian H. Specifically, the task is to find Ũ such 
that it is �-close to U = exp(−itH). This can be formulated as:

A widely used approach for this task is the product formula 
(PF), such as the Trotter–Suzuki decomposition. The central 
idea is to approximate the time evolution operator e−iH�t by a 
sequence of simpler, easy-to-implement operators. Various for-
mulas have been proposed to reduce the errors introduced by 

this decomposition. An established method is the Lie–Trotter–
Suzuki formula [75, 76]. Let H =

∑L
l=1Hl be a Hamiltonian con-

sisting of L summands, and let t ≥ 0. The real-time evolution over 
time t  is divided into � segments: e−iHt =

(
e−iHx

)� where x ≔ t ∕�. 
Within each segment, the first-order Trotter formula is given by

and the second-order Trotter formula is

The 2kth-order Trotter formula is

with pk ≔ 1∕
(
4 − 41∕(2k−1)

)
 for k ≥ 1.

In the first-order Trotter Hamiltonian simulation for the 
real-time simulation e−iHt, if we set the number of time seg-
ments to be � ≥ �

(
t2

�

)
, then the Trotter error is bounded 

‖‖S1(t∕�)� − e−iHt‖‖ ≤ �. A generic, simple Trotter error bound for 
the 2kth-order Trotter formula is given by

Equation (23) gives us the number of time segments required for 
the first-order Trotter Hamiltonian simulation.

More advanced approaches to Hamiltonian simulation have 
emerged, including randomization techniques such as random-
izing the operator order [81] and quantum stochastic drift pro-
tocol, termed qDRIFT in Ref. [82], which leverage importance 
sampling of random PF. In particular, qDRIFT replaces the total 
L segments in Equation (20) with only a single segment, e−i�Hl 
for some rotation angle � determined by the total Hamiltonian 
strength, and Hl chosen by sampling. The main advantage is 
that the circuit depth dependency on L is replaced by the depen-
dency on the total Hamiltonian strength, and thus is suitable for 
quantum chemistry applications where L is usually large. The 
qDRIFT algorithm is then combined with importance sampling 
to allow lower gate complexity [83].

While PF methods approximate the full-time evolution opera-
tor (a quantum channel) and are thus broadly applicable to ar-
bitrary input states, they often require a large number of gates 
even when evolving a specific quantum state. Numerical and 
theoretical studies have revealed that product formula meth-
ods can perform significantly better than worst-case bounds 
under specific conditions [84, 85]. For example, with random 
input states, the dependence on system size can improve from 
�
(
n1+o(1)

)
 to �

(
n

1

2
+o(1)

)
. When starting from fixed input states, 

the Trotter error is often much smaller, enabling significantly 
shorter circuits [86]. This is the foundation for approaches like 
variational quantum algorithms  [79]. Furthermore, Trotter 
error exhibits strong concentration properties for random state 

(19)∥ Ũ − U ∥ ≤ �.

(20)S1(x) =

L∏
l=1

e−ixHl

(21)S2(x) =

1∏
l=L

e−i(x∕2)Hl

L∏
l=1

e−i(x∕2)Hl .

(22)S2k(x) =
[
S2k−2

(
pkx

)]2
S2k−2

((
1 − 4pk

)
x
)[
S2k−2

(
pkx

)]2

(23)� = �
(
(�t)1+1∕2k�−1∕2k

)
.
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ensembles, often requiring shallower circuits for typical input 
states [87]. Recent works also establish better scaling of Trotter 
error for most input states, especially in quantum chemistry 
applications [85, 88]. Reference [89] introduced the concept of 
perturbative quantum simulation to simulate the dynamics of 
clustered Hamiltonians (with larger size) with smaller quantum 
devices and proved that among all the possible expansions, the 
explicit expansion has a near-optimal simulation cost. Along this 
line, Ref. [90] introduced algorithms for clustered Hamiltonian 
simulation.

Progress continues in optimizing simulation complexity with 
respect to critical parameters. For example, Refs. [41, 91, 92] 
introduce methods to eliminate Trotter error by compensat-
ing for it using random sampling, wherein the Trotter error is 
expressed as an LCU. This method reduces gate complexity to 
�
(
t1+o(1)log

(
�−1

))
 while requiring at most one ancillary qubit, 

offering significant advantages over traditional approaches. 
Efforts to analyze and mitigate Trotter error, particularly for 
quantum chemistry, are ongoing [93–98].

Experimental demonstrations using platforms like supercon-
ducting transmon qubits and trapped ions have validated these 
methods on toy models, including spin systems and Schwinger 
models [99–101]. Together, analytical, numerical, and experi-
mental results highlight the practicality and promise of product 
formula methods for quantum simulation.

3.2   |   Linear Combination of Unitaries

This section reviews the LCU methods. The complexity of 
Hamiltonian simulation can be further improved by moving be-
yond the product-formula-based framework and utilizing ancil-
lary qubits. For instance, in the fractional query model, Ref. [102] 
achieves a query complexity that is polylogarithmic in the desired 
accuracy using oblivious amplitude amplification. Specifically, 
the query complexity is O(� log(� ∕�)∕ loglog(� ∕�)), where 
� = d2 ∥ H∥max for a d-sparse Hamiltonian. Building on this, Ref. 
[103] integrates oblivious amplitude amplification with a trun-
cated Taylor expansion, achieving the same complexity using 
a more straightforward approach and accommodating broader 
Hamiltonian models, such as those in the LCU form described in 
Equation (15). Specifically, for a short time t, the time evolution 
operator U = e−iHt of the Hamiltonian H =

∑P
p=1 �p�̂p can be ap-

proximated via the Taylor series truncated to the Kth order as

which is in the LCU form of Equation (15), that is, Ũ =
∑J

j=1 � juj . 
It can be shown that

where U (LCU) =
(
B† ⊗ I

)
Select(u)(B⊗ I), s =

∑P
p=1 ∣ �p ∣ and 

P = ∣ 0nanc ⟩ ⟨0nanc ∣ ⊗ I. The 1∕ s represents a post-selection prob-
ability, which can be amplified to 1 using oblivious amplitude 
amplification. By selecting the time such that s = 2 + O(�), ap-
plying A = −U (LCU)R

(
U (LCU)

)†
RU (LCU), it is proven that

With K = O(log(T ∕�)∕ loglog(T ∕�)), the gate complexity 
scales as

which asymptotically outperforms product formula methods. 
However, the dependencies of the complexity on � and � remain 
suboptimal.

3.3   |   Quantum Signal Processing

The quantum signal processing (QSP) [54] and quantum 
singular-value transformation (QSVT) [56] algorithms have 
emerged as a foundational framework for understanding and 
designing quantum algorithms. It has been demonstrated that 
many quantum algorithms [104], including those for linear al-
gebra problems, search, eigenvalue computation, and dynamics, 
can be unified within the QSP and QSVT framework. The pri-
mary goal in this framework is to (approximately) implement a 
desired function f (x) on an input matrix A. Using the language 
of BE, the task can be rephrased as follows: given an 

(
�,nanc, 0

)
-

BE of A, the objective is to obtain a BE of f (A):

where, for simplicity, we assume � = 1 henceforth. The QSP (or 
QSVT) framework formally states that, with one additional an-
cillary qubit, a controlled BE of A, and a polynomial number of 
elementary quantum gates relative to the system size, it is pos-
sible to use d queries of A to implement a BE of a polynomial 
function Pd(A) satisfying:

1.	 The polynomial function has a degree at most d.

2.	 The function obeys ∣ Pd(x) ∣ ≤ 1 for x ∈ [−1, 1].

3.	 The polynomial is either an odd or even function that obeys 
the same parity as d.

For detailed proof of the statement, we refer readers to Ref. [56]. 
This result is central to the QSP and QSVT algorithms and is 
particularly striking as it establishes the universality of these 
frameworks: by appropriately selecting elementary quantum 
gates, one can realize arbitrary polynomial functions of A, sub-
ject to the three aforementioned conditions.

For a Hermitian matrix A, QSP can be understood as mapping 
the eigenvalues of the matrix. Hence, it is also known as quan-
tum eigenvalue transformation (QET):

where P( ⋅ ) is a polynomial function and UDU† is the eigen-
decomposition of A. This highlights the versatility of the QSP 
algorithm and explains why a broad spectrum of quantum algo-
rithms can be unified within this framework. The universality 
of QSP stems from the following key insights:

(24)Ũ =
∑K

k=0

∑P

p1,…,pk=1

(−it)k

k !
�p1 … �pk �̂p1 … �̂pk ,

(25)PU (LCU) ∣ 0nanc ⟩ ∣ � ⟩ =
1

s
∣ 0nanc ⟩ ∣ Ũ� ⟩ ,

(26)∥ PA ∣ 0nanc ⟩ ∣ � ⟩ − ∣ 0nanc ⟩ ∣ U� ⟩ ∥ = O(�).

(27)O

(
TP(n + logP)

log(T ∕�)

loglog(T ∕�)

)
,

(28)UA =

(
A ∗

∗ ∗

)
↦ Uf (A) =

(
f (A) ∗

∗ ∗

)
,

(29)A↦ P(A) = UP(D)U†,



7 of 25

•	 Jordan's Lemma [105]: This allows the block-encoding uni-
tary to be decomposed into a direct sum of block-diagonal 
SU(2) matrices, each corresponding to an eigenvalue (or 
singular value) of the block-encoded matrix in the top-left 
block.

•	 Qubitization [55]: The manipulation of SU(2) matrices 
effectively enables control over the entire system by fo-
cusing on these two-level subsystems. This provides a 
powerful way to map eigenvalues and motivates the term 
“qubitization”.

•	 Eigenvalue transformation: By synthesizing SU(2) gates 
[106], the eigenvalues of the matrix can be transformed as 
desired through polynomial functions.

Alternative approaches to SU(2) approximations [107–109] 
have led to various extensions of the QSP algorithm [109–111]. 
Moreover, the cosine–sine decomposition [112], which provides 
a simultaneous singular value decomposition of different blocks 
in the block-encoding unitary, offers a SU(2) structure for the 
QSVT method.

One challenge we have not yet addressed is how to construct 
a feasible polynomial approximation and implement its corre-
sponding quantum circuit. The former can be tackled using 
tools from approximation theory [112, 113], where Chebyshev 
polynomials are often found to deliver near-optimal perfor-
mance while satisfying the three constraints of the QSP frame-
work. The task of implementing the quantum circuit for a given 
polynomial function is then reduced to determining the phase 
factors required in the circuit. Three main approaches exist for 
this purpose:

•	 Analytical decomposition: This approach involves analyti-
cally breaking down the polynomial function into simpler 
primitive components using root-finding techniques [56, 
114–116].

•	 Numerical optimization: Here, the problem is reformulated 
as a nonconvex optimization problem, which is then solved 
numerically [117, 118].

•	 Nonlinear Fourier transformation: This recently proposed 
method leverages the connection between QSP and nonlin-
ear Fourier transformations to achieve state-of-the-art per-
formance [119, 120].

The QSP algorithm was first proposed by Ref. [54] for the task of 
Hamiltonian simulation. This involves approximating the expo-
nential function f (H) = e−iHt for a target Hamiltonian H using 
the QSP approach. While the parity condition in QSP might seem 
restrictive, it can be circumvented by splitting the function into 
the odd − isin(Ht) and even cos(Ht) parts. Using the LCU method, 
these parts are then combined into the desired unitary. The re-
sulting complexity is �(t + log(1∕�)∕ loglog(1∕�)), assuming 
∥ H ∥ ≤ 1. This matches the query complexity lower bound set by 
the “no-fast-forwarding” theorem [102, 121], demonstrating the 
optimality of QSP.

While QSP achieves optimal worst-case complexity, its perfor-
mance can often be improved under specific assumptions or 
system architectures, enabling fast-forwarding. For instance, 

Ref [122] introduces three examples: block-diagonalizable 
Hamiltonians, systems with fermionic or bosonic statis-
tics, and frustration-free Hamiltonians at low energies. 
Additionally, studies [97, 122–124] show that when the initial 
state is supported in the low-energy subspace, performance 
improves significantly. Further, restricting the goal to observ-
able estimation can enhance performance, as shown in works 
on shadow tomography [125] and observable-specific strate-
gies [126].

3.4   |   Time-Dependent (Adiabatic) Simulation

Discussions so far have been restricted to the time-independent 
case. However, practical scenarios often involve time-dependent 
Hamiltonians. Moreover, time-dependent Hamiltonian simula-
tion is also instrumental in studying ground-state properties. By 
adiabatically varying the Hamiltonian from a trivial initial state 
to the desired one, it is possible to approximate the ground state 
of the system [127].

Without introducing ancillary qubits, Ref. [128] demonstrates 
that higher-order product formulas remain applicable if the 
higher-order derivatives of the Hamiltonian are sufficiently 
smooth. Reference [129] proposes a Monte Carlo method based 
on the time-averaged Hamiltonian, achieving a quadratic scal-
ing in gate count with respect to the operator norm, indepen-
dent of Hamiltonian smoothness. Reference [130] introduces a 
randomized method called continuous-qDRIFT, which achieves 
quadratic scaling concerning the time-integrated Hamiltonian 
strength and chemical reaction scaling with 1∕�, where � rep-
resents the allowable error. Reference [131] extends product 
formula methods to unbounded Hamiltonians, with gate count 
scaling determined by vector norm considerations. Additionally, 
Ref. [132] develops unbiased algorithms for time-dependent 
Hamiltonian simulations with circuit depth independent of �, a 
result also found in Ref. [133].

As with the time-independent case, introducing ancillary qu-
bits can further improve complexity [103, 130, 134–140]. For in-
stance, using the truncated Dyson series [103], one can achieve 
polylogarithmic scaling with respect to 1∕�. By combining 
the Dyson expansion with the rescaling principle, Ref. [130] 
improves dependency from the spectral norm to the l1 norm. 
Reference [138] demonstrates a quantization-based simulation 
approach using an additional clock degree of freedom.

Despite these advancements, the optimal scaling for time-
dependent Hamiltonian simulation and the means to achieve it 
remain open questions. Improving time-dependent Hamiltonian 
simulation continues to be an active area of research.

4   |   Static Properties

In this section, we discuss quantum algorithms for solving static 
quantum properties. Specifically, this involves three aspects:

•	 The ground-state energy estimation (GSEE) problem, which 
demands estimating the ground-state energy to an additive 
error.
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•	 The ground-state preparation problem (GSPP), which re-
quires approximately preparing the ground state.

•	 The ground-state property estimation (GSPE) problem con-
sists of estimating the expectation values of local observ-
ables with respect to the ground state.

Significant efforts have been dedicated to designing 
algorithms  for ground-state-related problems, as they rep-
resent one of the most critical and promising tasks for both 
near-term and fault-tolerant quantum computers. Recent ad-
vancements have been made in tackling GSEE problems [38–
40, 42–45, 47, 141–143] and spectral feature detection [46]. 
In particular, recent studies focus on developing algorithms 
tailored for early fault-tolerant quantum devices, character-
ized by suppressed error rates (i.e., below the quantum-error-
correction threshold) for limited durations and constrained 
numbers of logical qubits. This highlights the demand for al-
gorithms with low quantum circuit depth and minimal ancil-
lary qubit usage.

Another crucial task involves evaluating the expectation val-
ues of given observables with respect to the ground state, a 
problem commonly referred to as the GSPE problem. At first 
glance, solving GSPE tasks might appear to require explicit 
ground-state preparation on quantum hardware. However, 
Ref. [43] demonstrates that any k-body observable can be 
efficiently estimated using the GSEE protocol [39] without 
the need for explicit ground-state preparation. GSPE tasks 
are prevalent in quantum chemistry, many-body physics, 
high-energy physics, and related disciplines, as ground-state 
properties are often the central focus of quantum system in-
vestigations. This insight emphasizes that explicit ground-
state preparation is unnecessary for GSPE tasks, provided the 
protocol requirements are met.

To evaluate the performance of the algorithms, we focus on two 
key factors: the total query complexity and the query depth. The 
query complexity quantifies the total number of queries made 
to the oracle during the algorithm's execution. Specifically, an 
oracle is a black box that encodes the physical quantity of inter-
est, such as the BE unitary. The query complexity then counts 
how many times the algorithm applies the oracle, but does not 
account for the cost of implementation of the oracle. The query 
depth denotes the maximal number of queries performed within 
a single run of the algorithm's circuit implementation. That is, 
for quantum algorithms that require multiple runs of (possibly 
different) quantum circuits, the query depth accounts for the 
maximal quantum circuit consumption in a single run by con-
sidering the maximal times of invoking the oracle. The query 
depth highlights the difficulty of implementing a quantum al-
gorithm as the higher the query depth, the deeper the quantum 
circuits are required.

4.1   |   Quantum Phase Estimation

The QPE algorithm was first proposed by Kitaev in 1995 [30] for 
the Abelian stabilizer problem. It was later recognized [144] that 
the algorithm could be utilized to solve the ground-state energy 
estimation and facilitate ground-state preparation.

For the sake of discussion, we will henceforth assume that an ini-
tial state can be prepared with a lower-bounded overlap with the 
ground state, satisfying � ≤ ∣ ⟨� I ��0⟩ ∣. In its simplest form, the 
QPE algorithm can be described as follows: Given the Hamiltonian 
evolution unitary U = e2�iH with respect to the Hamiltonian H, 
where its k-th eigenstate ∣ �k ⟩ satisfies U ∣ �k ⟩ = e2�iEk ∣ �k ⟩, we 
introduce t ancillary qubits and prepare them in a uniformly su-
perposed state using a layer of Hadamard gates. We then apply the 
following controlled unitary:

Here, in the rightmost formula, we have replaced the phase in 
the ancillary system, a phenomenon known as phase kickback 
[145]. Phase kickback describes the effect where, when a con-
trolled unitary acts on its eigenstate, the control qubits behave 
as though they are being controlled.

Subsequently, performing an inverse quantum Fourier trans-
formation (QFT) on the ancillary register yields the state 
1

2t

∑2t−1
j=0

∑2t−1
k=0 e

−
2�ij

2t
(k−2tEi) ∣ k ⟩ ∣ � i ⟩. Ideally, if 2tEi is an integer, 

the state simplifies to ∣ Ei ⟩ ∣ � i ⟩ up to a global phase, allowing 
us to read out the eigenenergy from the ancillary qubits. If not, 
the target value can still be obtained with a constant probabil-
ity lower bounded by 4∕�2 [145]. To achieve an accuracy of �, 
a total of ⌈ log2

�
�−1

�⌉ ancillary qubits are required. Then, one 
can perform amplitude estimation (AE) [146] on the final an-
cillary system, resulting in a quadratic speedup with respect 
to the ground-state overlap, that is, �

(
�−1 log

(
p−1
fail

))
. The AE 

scheme was first proposed by Ref. [146], incorporating the 
QFT as a subroutine, which was later simplified by Ref. [147]. 
We further note that the amplitude estimation and amplifica-
tion protocol require the unitary UI that prepares the initial 
state ∣ � I ⟩.

In summary, for an � error in the GSEE problem, the QPE algorithm 
requires ⌈ log2

�
�−1

�⌉ ancillary qubits and �
(
�−1�−1

)
log

(
p−1
fail

)
 

for both the total and maximal evolution time. The �
(
�−1

)
 de-

pendence on accuracy is recognized as the Heisenberg limit 
from quantum metrology [148], which is shown to be optimal. 
Recently, it was demonstrated that the lower bound [149] for the 
QPE task is Ω

(
�−1 log

(
p−1
fail

))
. For the GSP task, the evolution time 

becomes �
(
Δ−1�−1 log

(
p−1
fail

))
, where Δ is the spectral gap of the 

Hamiltonian, as preparing the ground state requires distinguish-
ing it from the first-excited state, necessitating an accuracy of Δ.

Recently, a more nuanced analysis for boosting the success 
probability to a desirable level has been proposed from a sig-
nal processing perspective, rather than the group-theoretical 
viewpoint in Kitaev's original proposal. This understanding is 
crucial as it provides coherent methods (alleviating the need 
for repeatedly preparing the initial state, which can be ex-
pensive). See, for example, Section 5.1 for discussion of costs 
of the initial state preparation to enhance the probability of 
success. The quantum circuit implementation is also implied 
when compared to prior coherent QPE algorithms [145, 150]. 
To explore this insight, we denote the (unnormalized) last 

(30)

1√
2t

�2t−1

j=0
∣ j⟩ ∣� i⟩ ↦

1√
2t

�2t−1

j=0
∣ j⟩Uj ∣� i⟩

=
1√
2t

�2t−1

j=0
e2�iEij ∣ j⟩ ∣� i⟩.



9 of 25

formula in Equation (30) as 
∑

j f̂ (j) ∣ j ⟩ ∣ � i ⟩, where f (j) = e2�iEij 
is a phase function. First, consider the ideal case where the 
summation over j extends from −∞ to +∞, meaning infinite 
accuracy can be achieved. In this scenario, performing an 
inverse QFT on the state yields 

∑
x f̂
�
x − Ej

�
∣ x ⟩ ∣ � j ⟩, where 

f̂ (x) = �(x) is the Dirac delta function, allowing us to read out 
Ej from the ancillary register with certainty. However, when 
the summation is truncated to a finite domain, its effect can 
be interpreted as multiplying f (x) by a rectangular function, 
g(x) = 1√

2t
, x ∈

�
2t
�
− 1; x = 0, otherwise. Consequently, from 

the convolution theorem  [151], the Fourier-transformed sig-
nal becomes the convolution of the Dirac delta function with a 
Sinc function. The amplitude “leakage” from the center of the 
function results in a decrease in the probability of success. A 
natural improvement, therefore, involves replacing the rectan-
gular function (which corresponds to an equally superposed 
state) with a tapering or window function [152–155], whose 
Fourier transform is more concentrated around the center. 
These approaches are referred to as tapered or windowed QPE 
methods. It was shown in Ref. [155] that the Kaiser window 
function offers the best performance among several promis-
ing candidates. The tapered QPE method has been recently 
applied to strongly correlated molecular systems [156], lever-
aging matrix product states as initial states.

On the other hand, although the original QPE algorithm pro-
posed the use of the Hamiltonian evolution operator, more ad-
vanced implementations [152, 157, 158] suggest applying the 
(controlled) quantum walk operator during the phase kick-
back step. Quantum walk algorithms have previously been em-
ployed for Hamiltonian simulation of quantum systems. It was 
later discovered that, through the concept of qubitization [55], 
Hamiltonians in the form of LCU can be incorporated into the 
implementation of walk operators. To this end, we briefly re-
view the quantum walk algorithm, following the approach in 
Ref. [158]. Given an n-qubit Hamiltonian H =

∑d−1
i=0 ciUi, ci > 0, 

expressed as a sum of unitaries with d being the total number of 
terms, we assume that a (�,m, 0)-BE of H, denoted as UH, is avail-
able. The ci > 0 condition is always achievable since the phase 
in the coefficient can be absorbed into the unitary Ui. The quan-
tum walk operator W  is defined as the product of two reflections: 
W ≔ R2R1, where the reflections are given by

where C�0⟩ = ∑d−1
j=0

�
cj ∕X �j⟩, X =

∑d−1
i=0 cici, 

SELECT − U =
∑d−1

i=0 ∣ j ⟩⟨i�⊗ Ui, the subscript a and s denotes 
the ancillary and system registers, respectively. When Ui are 
reflections (i.e., Hermitian unitary) per se, such as the Paulis, 
the reflection R1 is well-defined. See Ref. [158] for the correc-
tion if the condition is not met. By prescribing the subspace 
�j =

{
0a𝜓 js

,
|||0𝜓⊥

j

⟩
as

}
, j = [N] − 1, where |||0𝜓⊥

j

⟩
as

 are states that 
orthogonal to ∣ 0a ⟩, we can find the eigenvalue and eigenstate of 
the quantum walk operator by restricting to each Bj:

By applying the controlled quantum walk operator in the QPE 
process, one can estimate the phase ∓ iarcsin

(
Ej ∕X

)
 and hence 

transform it back to the eigenenergy. The advantage of using 
the quantum walk operator instead of the Hamiltonian evolu-
tion operator lies in its execution without introducing approxi-
mation errors. It also offers relatively simple circuit realization 
when the BE of the Hamiltonian is straightforward. While the 
eigenstate of the Hamiltonian is not directly obtained through 
the quantum walk operator, it is still possible to evaluate the ex-
pectation value of a Pauli observable O for the eigenstate using 
∣ ±� j ⟩as. The resources for fault-tolerant implementation of QPE 
combined with the quantum walk protocol are meticulously an-
alyzed in Ref. [152].

While the GSPE problem becomes trivial when one can (ap-
proximately) prepare the ground state, an intriguing question 
arises: to what extent can we reduce the number of ground-state 
copies required for estimating different properties of the ground 
state? This question is of practical importance, as each prepara-
tion of the ground state can be costly. Surprisingly, it has been 
shown [159] that one copy of the state suffices for measuring 
properties involving only k-body interactions. This is achieved 
by “rewinding” the measurement process to restore the ground 
state using the Marriott-Watrous protocol [160]. Moreover, 
for estimating multiple properties 

{
Oi

}m
i=1

 given the BE of the 
observables, it has been demonstrated [161] that a quadratic 
speedup can be achieved with respect to m, that is, �

�√
m
�

 
queries. This algorithm is inspired by the quantum gradient 
estimation algorithm  [162] and has been shown to be nearly 
optimal for this problem.

4.2   |   Quantum Eigenvalue Transformation

In Section 3.3, we introduced the QSP/QET algorithms [54, 56] 
for Hamiltonian simulation tasks. As mentioned above, the QET 
algorithm offers a powerful and unifying perspective for quan-
tum algorithm design: to find a suitable mapping function of the 
targeted matrix (Hamiltonian) that solves the problem and ap-
proximates the matrix function using the QET algorithm.

For the GSEE and GSP problems, Ref. [37] first discovered that 
a shifted sign function suffices. The shifted sign function is de-
fined as:

where x0 is a prescribed value. Ideally, if the ground-state en-
ergy E0 is known, the GSP problem can be solved using the 
shifted sign function to filter out unwanted components in 
the initial state: ∣ �0 ⟩ ≡ �(H −E0) ∣� I ⟩

∥ �(H −E0)� I∥2
, where ∥ ⋅∥2 denotes the 

L2 norm, and we set x0 = E0. Reference [37] demonstrates an 
approach for approximating the shifted sign function with a 
polynomial function. Essentially, the degree of the polynomial 
function, d = �

(
Δ−1log

(
�−1

))
, is proportional to the maximal 

derivative of the function for x ∈ [−1, 1]. To faithfully prepare 
the ground state, the polynomial must be sufficiently small 
for x values that are Δ-away from E0: ∣ Pd(x) ∣ ≤ �, x − E0 ≥ Δ

. This results in a total complexity of �̃
(
Δ−1�−1

)
 by applying 

(31)
R1 ≔�

C†⊗1
�
SELECT−U (C⊗1),

R2 ≔ i
�
2�0⟩⟨0�a⊗1s−1

�
,

(32)
W ∣±𝜓 j⟩as =∓e∓iarcsin(Ej∕X) ∣±𝜓 j⟩as,
∣±𝜓 j⟩as =

1√
2

�
� 0⟩a�𝜓 j⟩s± ���0𝜓

⊥
j

�
as

�
.

(33)𝜃
(
x − x0

)
=

{
1, x≤ x0
0, x> x0
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the amplitude amplification (AA) subroutine to ensure a de-
sirable success probability. Here and throughout the paper, 
we use �̃ notation to omit possible polylogarithmic scaling. 
Furthermore, the query complexity lower bound Ω

(
Δ−1�−1

)
 

is proven in Ref. [37], indicating the (near)-optimality of the 
QET algorithm. Here, the Ω( ⋅ ) notation denotes the lower 
bound on the query complexity.

Next, we focus on solving the GSEE problem in cases where 
the  ground-state energy is not given beforehand. The key 
idea of the QET protocol is to leverage the available in-
formation about the (lower-bounded) initial-state over-
lap �. To see how this works, given a (� = 1,m, 0)-BE of the 
Hamiltonian, let us first consider that the shifted sign 
function can be executed exactly so that the state becomes: 
∣ 0m ⟩ ∣ 𝜃(H − x)𝜓 I ⟩ + ∣ 0m⊥ ⟩ ∣ garb⟩, where ∣ �(H − x)� I ⟩ de-
notes the normalized state of �(H − x) ∣ � I ⟩, and ∣ 0m⊥ ⟩ ∣ garb⟩ 
denotes states orthogonal to the first part. We find that the 
amplitude of the ancillary register for successfully implement-
ing the filtering function (i.e., ∣ 0m ⟩) is:

where x is the variable, N = 2n, and pj =
|||
⟨
� I |� j

⟩|||
2
. 

Subsequently, given an interval 
[
Ea,Eb

]
 that is guaranteed to con-

tain the ground-state energy, we perform a binary search for the 
ground-state energy. At each step, we determine whether E0 lies in 
the left or right half of the interval by inspecting if D

(
xmid

)
, where 

xmid =
(
Ea + Eb

)
∕2, is close to zero or at least � . The interval is 

then reduced by half. Practically, since we can only approximate 
the filter with a polynomial function, the bisection procedure in 
the binary search process may not be flawless. However, as the 
process only needs to succeed with high probability, some degree 
of fuzziness in the bisection procedure is permissible. Reference 
[40] proposes a fuzzy bisection scheme for the binary search pro-
cess, requiring the algorithm to determine whether E0 ≤ xmid − q 
or E0 ≥ xmid + q. In particular, q may be chosen as one-third of the 
length of the interval. As the binary search progresses, one can 
apply polynomial functions of increasing degree. With the aid of 
amplitude estimation (AE), this results in a total query complexity 
of �̃

(
�−1�−1

)
. Thus, the method presented in Ref. [37] achieves 

near-optimal performance for both the GSEE and GSP problems. 
However, the QET algorithm requires a significant number of an-
cillary qubits and multi-qubit control operations, making it poten-
tially unsuitable for EFTQ devices.

To address the above problems, Ref. [40] proposed the QET of uni-
tary matrices with the real polynomials (QETU) method. The key 
observation of the QETU is that the BE of the Hamiltonian (and 
thus the polynomial functions of the Hamiltonian) can be made 
by using one ancillary qubit leveraging the Hamiltonian-evolution 
operator such that the BE unitary has the following form:

where we consider the Hamiltonian-evolution operator e−iHt 
with evolution time t = 1. The operator can be implemented 
based on the Trotter formula so that one ancillary qubit is re-
quired as expected. Accordingly, we may assume that the eigen-
spectrum of H is contained within [0,�]. By applying a similarity 
transformation via a single-qubit rotation in the QET operation, 
the real part of the block-encoded Hamiltonian-evolution op-
erator is taken, resulting in the overall polynomial function 
P(cos(H ∕2)) =

∑d∕2

k=0
ckT2k(cos(H ∕2)), where Tk represents the 

Chebyshev polynomial of the first kind of degree k, and only 
even-degree polynomials are considered. This polynomial func-
tion P(cos(H ∕2)) is then applied to approximate the shifted sign 
function �

(
H − x0

)
. Fascinatingly, the number of ancillary qu-

bits can be reduced to 2 by leveraging the Trotter formula for 
Hamiltonian simulation.

Additionally, there exists a trade-off between the total query 
complexity and query depth. By measuring the output in-
stead of implementing amplitude amplification within a sin-
gle coherent execution of the algorithm, the query depth can 
be reduced to �̃

(
Δ−1

)
, while the total query complexity be-

comes �̃
(
Δ−1�−2

)
 for the GSP problem, and similarly for the 

GSEE problem. Here, the majority voting technique is used 
to execute the fuzzy bisection subroutine. Alternatively, the 
rejection sampling procedure [44] has been proposed as an al-
ternative scheme.

For frustration-free (FF) Hamiltonians, which can be 
expressed  as the sum of projectors with a non-empty ker-
nel,  it  has long been known that various properties can 
exhibit quadratic improvements concerning the spectral 
gap.  Specifically, Ref. [163] introduced the spectral gap 
amplification protocol, which can be viewed as a method 
for BE the Hamiltonian while amplifying the gap to 

√
Δ. In 

Ref. [164], the authors proposed the QET method for nearly 
FF systems, achieving a complexity of �̃

(
Δ−(1+y)∕2�−1

)
, where 

y ∈ [0, 0.5] measures the proximity of the system to being 
frustration-free.

Noticing that the controlled Hamiltonian evolution opera-
tor can serve as a natural BE of H, several nascent QET/QSP 
algorithms have been proposed. In Ref. [165], the authors 
introduce the Fourier-based QSP method, which approx-
imates matrix functions using a truncated Fourier series: 
f (H) ≃

∑d
t=−d cte

−iHt, where ct are coefficients and e−iHt are 
Fourier modes, corresponding to degree-t  monomials of e−iH. 
This idea builds upon the single-qubit approximant [107] and 
extends it to the n-qubit case. The parity constraint discussed 
in Section  3.3 can be effectively removed by employing the 
controlled e−iH∕2 operator as the BE. This adjustment ensures 
that the even-degree polynomial function of the operator con-
tains both even and odd monomials in e−iH. Reference [42] 
similarly uncovers results along this line using a different 
QSP argument. Interestingly, Ref. [109] proposes the general-
ized QSP method, which inherently eliminates the parity con-
straint by transitioning from interchangeable querying of UH 
and U†

H
 to exclusively querying UH. This modification allows 

for an inductively derived form of QSP with a fundamentally 
different structure.

(34)

D(x) =∥𝜃(H−x)) ∣𝜓 I⟩∥2
=

��N

i=1
pi𝜃

�
Ei−x

�
=

� �
i:Ei<x

pi,

(35)UH =

[
e−iH 0

0 I

]
,
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4.3   |   Random-Sampling Spectral Filter and Fourier 
Analysis Methods

While we have introduced several methods for solving the GSEE 
problem with close-to-optimal performance, namely, QPE and 
QET algorithms, the quantum resources required for these 
methods can still be demanding for early fault-tolerant quan-
tum computing devices. The circuit depth in a single coherent 
execution of these algorithms may pose significant challenges. 
Therefore, in this section, we discuss the random sampling way 
for implementing the spectral filter, which focuses on reducing 
the maximal circuit depth in one coherent implementation of 
the algorithm. Below we refer to it as the random-sampling spec-
tral filter method for simplicity.

The random-sampling spectral filter method was first proposed 
by Ref. [39] and was generalized in Ref. [38]. The core idea re-
mains the same: applying the filter function to the initial state 
and leveraging information about the ground-state overlap to 
probe the interval where the ground state lies, as discussed in 
Section 4.2. To proceed, we first define the spectrum function of 
the initial state as follows:

Besides, we define a convolution function as the convolution be-
tween P(x) and a filter function f (x):

We observe that the convolution function replaces the Dirac 
delta function in Equation (36) with a filter function. By choos-
ing the filter function to act distinctively at x = 0, we can dis-
tinguish each eigenenergy within a given interval. Specifically, 
when the filter function is chosen as the Heaviside func-
tion (h(x) = 0, if x < 0; 1, otherwise), the convolution func-
tion becomes the cumulative distribution function (CDF): 
C(x) =

∑
k:Ek≤xpk, which equals the square of Equation  (34). 

Thus, we can employ a binary search to pinpoint the ground-
state energy. This leaves the challenge of computing C(x), for 
which we utilize the convolution theorem of the Fourier trans-
formation (series) introduced in Section 4.1. This yields

where �I = ∣ � I ⟩ ∣ � I ⟩, and f̂ (t) is the Fourier-transformed 
function of f (x). Such a function can be seen as a probabilis-
tic distribution over variable t  so that the estimation of the CDF 
function can be realized by sampling from f̂ (t) and for each t  , 
we can take Tr

(
�e−2�iHt

)
 as random variables and estimate by 

the Hadamard test circuit. To prevent the sampled t  to be too 
large, a truncation to the function f̂ (t) is implemented such that 
C(x) ≃ ∫ −T

T
f̂ (t)

∥ f̂ (t) ∥
e2�ixtTr

(
�e−2�iHt

)
dt, where ∥ f̂ (t) ∥ is employed 

to keep the function normalized. Regarding the performance of 

the method proposed in Ref. [39], the total complexity is given 
by �̃

(
�−1�−4

)
 reaching the Heisenberg-limited performance. 

The �−4 scaling results from a �2-accuracy is needed for estimat-
ing C(x). This is because for detecting the p0 ≥ �2 signal in C(x) , 
a number of �

(
�−4

)
 samples is needed by the Chernoff bound 

[166]. The practical performance of the algorithm is analyzed 
in Ref. [167].

A large body of follow-up work focuses on modifying the filter 
functions. In particular, the Gaussian function, whose Fourier 
transform is also a Gaussian function, is favored for the sam-
pling and implementation process. The Gaussian function is 
highly concentrated around its mean value, making it suitable 
for various applications. This approach has been adopted in sev-
eral recent works [32, 42, 142, 168]. The properties of different 
filter functions are compared in Ref. [38]. Additionally, Ref. [141] 
instantiated the Hamiltonian evolution procedure using the 
QDRIFT method [82], which approximates Hamiltonian evolu-
tion via random compilation. The advantage of this approach is 
that only controlled Pauli operators are applied in the quantum 
circuit. The maximal number of controlled Paulis used in one 
iteration of the algorithm is �̃

(
�−2�2

)
, where � =

∑
k
��hk�� for the 

Hamiltonian expressed in the Pauli basis as H =
∑

khkPk. The 
total cost of this method is �̃

(
�2�−2�−4

)
. It is further noted that 

for typical quantum molecular systems, the spectral gap Δ is 
often larger than the accuracy �. Leveraging this property, Ref. 
[42] reduced tmax to �̃

(
Δ−1

)
 by considering the Gaussian deriva-

tive function − 1√
2��3

xe−
x2

2�2, where � is the standard deviation of 
the Gaussian function. The total time complexity of this method 
is �̃

(
�−2�−4Δ

)
.

There is an alternative perspective on the random-sampling 
spectral filter method. The ideal signal of the control-evolution 
is given by f (t) =

�
� I � e−iHt�� I

�
=
∑K

j=0 pje
−iEjt, where 

cj =
|||
⟨
� I |� j

⟩|||
2
, and the task is to learn each Ej. When the signal 

is sparse enough (K is small) and pj is not too small, that is, of 
order Ω(1∕poly(n)), the problem becomes the super-resolution 
problem  [169], which has a longstanding history in classical 
signal processing. Components with small pj can be treated as 
noise. Prony's method [170] is one of the earliest methods for 
solving this problem and has inspired more advanced algorithms 
such as the matrix pencil method [171], Estimation of Signal 
Parameters via Rotational Invariance Techniques (ESPRIT) 
[172], and multiple signal classification [173], all of which trace 
their roots to Prony's method [174].

Treating it as a signal processing problem, several quantum 
algorithms have been developed. In Ref. [45], an optimization-
based approach to solving the signal processing problem re-
veals that when the ground-state overlap of the initial state is 
sufficiently large (�2 = 0.71), the circuit depth can be reduced: 
the larger the overlap, the shallower the required circuit depth. 
Reference [175] improves the overlap threshold to 4 − 2

√
3 using 

the robust phase estimation (RPE) method [176]. From the sig-
nal processing perspective, it is also possible to estimate multi-
ple dominant eigenvalues. For this purpose, the matrix pencil 
method [174] is employed in Ref. [177, 178]. RPE methods, com-
bined with ESPRIT methods, are explored in Ref. [179] for this 
task. These methods achieve or are numerically verified to have 
Heisenberg-limited performance. Reference [180] generalizes 

(36)P(x) ≔∑N−1

j=0
pj�

(
x − Ej

)
.

(37)
C(x):=(f ∗P)(x)=

∑N−1

j=0
pj

∞

∫
−∞

�
(
�−Ej

)
f (x−�)d�

=
∑N−1

j=0
pj ⋅ f

(
x−Ej

)
.

(38)C(x) =

∞

∫
−∞

f̂ (t)e2�ixtTr
(
�I e

−2�iHt
)
dt,
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the methods in Ref. [45] to multi-eigenvalue cases with circuit 
depth reduction.

Finally, Ref. [181] applied a similar method using a bump fil-
ter function to identify eigenvalues. This approach is further 
improved in Ref. [182], which adopts a Gaussian filter function 
to significantly reduce the evolution time required in a single 
coherent implementation in certain scenarios.

The GSPE tasks involve estimating the expectation value of 
any k-body observable O with respect to the ground state. 
Reference [43] extend the GSEE protocol to realize GSPE tasks. 
The basic idea is to first estimate the overlap between the ini-
tial and ground states, and then estimate the O-weighted cu-
mulative distribution function (CDF). The expectation value 
is computed by dividing the O-weighted CDF by the overlap. 
The rationale is that the convolution function in Equation (37) 
is shown to be equivalent to C(x) = ⟨� I � f (x ∗1 −H)�� I⟩ as 
stated in [Ref. [183], Theorem 4]. Thus, the computed quantity 
is equivalent to ⟨� I �Ôf (x∗1−H)�� I⟩

⟨� I �f (x∗1−H)�� I ⟩  when [O,H] = 0. For the case 

where [O,H] ≠ 0, see, for example, Ref. [43]. By selecting an 
appropriate filter function, such as the Heaviside or Gaussian 
function, and setting x sufficiently close to E0, one can solve 
the GSPE problem. References [142, 168] also apply random-
sampling spectral filter methods to estimate the Green's 
function.

5   |   Quantum Advantage

While quantum computers have the potential to solve classically 
intractable tasks, it remains an important question whether quan-
tum advantage can be theoretically proven or practically justified. 
Theoretically, Hamiltonian simulation is BQP (Bounded-Error 
Quantum Polynomial-Time)-hard (meaning it is one of the hard-
est problems quantum computers can solve), as it can simulate 
universal quantum computation. As a result, quantum comput-
ers are likely to demonstrate quantum advantages for such tasks. 
However, the situation is less clear for ground-state-related prob-
lems, where the existence of unconditional quantum advantage 
remains uncertain. In this section, we first review the theoretical 
results for ground-state-related problems, including both quan-
tum and classical dequantization algorithms. We then discuss the 
classical algorithms for solving these tasks. Finally, we provide a 
resource analysis of existing quantum algorithms and explore the 
potential for achieving quantum advantages.

5.1   |   Theoretical Results for the Ground-State 
Related Problems

In Section 4, we discussed various quantum algorithms aimed 
at solving the GSEE and GSP problems. However, it should be 
emphasized that, in general, estimating the ground-state energy 
to inverse polynomial precision is a hard problem for quantum 
computing, specifically a quantum Merlin–Arthur (QMA)-
complete problem  [184]. Fortunately, it is widely believed that 
realistic quantum systems, such as those encountered in nature, 
may be more tractable than the general case, especially if phys-
ical or chemical intuition can be applied. In particular, if an ini-
tial state with a reasonable (at least polynomially small) overlap 

with the ground state can be prepared, then the three prob-
lems mentioned above can be efficiently solved on a quantum 
computer. These problems are referred to as the guided local 
Hamiltonian (GLH) problems [185], where a nontrivial guiding 
(initial) state is provided. The GLH problem is proven to be BQP-
hard. Thus, the potential for quantum computing to offer expo-
nential speedup over classical computers for GSEE problems 
depends on the ability to find an effective guiding state.

For quantum molecular systems, finding a good guiding state 
seems formidable as it is proven that the problem is in general 
QMA-complete for a given basis set [186]. While Ref. [187] nu-
merically studied several quantum methods for initial state 
preparation, such as Slater determinant and adiabatic state 
preparation. It is found that for strongly correlated molecular 
systems, typical quantum state preparation methods yield ex-
ponentially decaying overlap. In contrast, classical algorithms, 
such as coupled cluster and tensor network methods scale pro-
duce polynomial and inverse polynomial dependence on sys-
tem size and accuracy, respectively. This indicates that typical 
quantum state preparation methods may not provide initial state 
preparation results that can achieve exponential speed-up. On 
the other hand, preparing initial states on a quantum computer 
with more advanced classical methods beyond Hartree Fock 
could provide better performances [188].

On the other hand, tensor network states (TNSs) [189, 190] 
have led to fruitful outcomes in numerical studies of both 
quantum many-body physics and molecular systems. TNSs 
are well-suited for representing and computing quantum sys-
tems exhibiting weak entanglement, a phenomenon referred 
to as the entanglement area law [191]. This phenomenon 
can be roughly described as the entanglement across any bi-
partition of the system scaling with the size of the cut. It is 
believed to be closely related to geometrically local systems 
with a constant energy gap. The area law has been rigorously 
proven for 1D [191] and 2D (gapped) frustration-free (FF) sys-
tems [192], and numerically observed for 3D bosonic systems 
[193]. For 1D systems, matrix product states (MPS) allow effi-
cient simulation of quantum systems subject to the entangle-
ment area law [189]. In turn, 1D quantum systems that exhibit 
the entanglement area law are classically efficiently solvable 
[194]. Therefore, to explore exponential quantum speedup, 
one may turn to 2D quantum systems, where the correspond-
ing TNSs are projected entangled pair states (PEPSs) [189]. 
Although PEPSs admit efficient representation of 2D area-law 
states, their contraction is a #P-complete problem on average 
[195, 196], suggesting computational intractability even for 
quantum computers unless #P is contained in BQP. Moreover, 
solving the ground state for 2D quantum systems with entan-
glement area law has been proven to be hard (QMA-complete) 
[197]. Even for the 2D gapped FF system [192], which has gar-
nered recent attention, efficient quantum algorithms are not 
expected [198].

Despite these challenges, one subclass of PEPSs, namely in-
jective PEPSs, has shown promising results recently. Injective 
PEPSs [199] are special PEPSs for which one can find a parent 
FF Hamiltonian with the PEPS as the unique ground state. 
Injective PEPSs can be efficiently prepared by a quantum com-
puter through modifications of the Marriott–Watrous protocol 
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[160] or when an adiabatic path is known [200]. In particular, 
Ref. [201] recently proved that the preparation and expectation 
value estimation of local observables for injective PEPSs are 
BQP-hard. For more details, see Ref. [201]. Another approach to 
this problem involves the commuting local Hamiltonian (CLH) 
problems [202], where all terms in the Hamiltonian commute. 
The ground states of these Hamiltonians follow an area law 
in any dimension [203]. For 2D qubit systems, this problem is 
closely related to the Toric code model [204], and not only is the 
problem in NP [205, 206], but the corresponding ground state is 
also efficiently preparable by a quantum computer [206]. Recent 
progress has extended the NP containment of the CLH problem 
beyond qubits (to qudit systems) [207] and to higher dimen-
sions [208].

In summary, we have seen that the perennial problem of seeking 
exponential quantum advantage for ground-state problems re-
mains wide open, with nascent discoveries offering instrumen-
tal insights for future exploration.

5.2   |   Dequantization

As discussed in the previous section, the efficiency of quantum 
algorithms for solving the GSEE problem fundamentally relies 
on the existence of a guiding state that can be efficiently pre-
pared. Under this condition, exponential quantum speedup is 
anticipated. However, the performance and limitations of clas-
sical simulation in this context remain not fully understood. 
Notably, under relaxed conditions, certain scenarios allow quan-
tum algorithms to be reduced to classical ones, a process known 
as “dequantization” [209, 210]. This observation suggests that 
exponential quantum advantage may not be universally guaran-
teed, making the realization of quantum advantage more intri-
cate and nuanced than previously believed.

For quantum chemistry problems, Ref. [185] proposed the 
first dequantization of the QET algorithm introduced in Ref. 
[37]. As discussed in Section 4.2, the QET algorithm for solv-
ing the GSEE problem hinges on synthesizing a polynomial 
function of the Hamiltonian with degree d = �̃

(
�−1

)
 to locate 

the ground-state energy. The algorithm relies on three key 
assumptions:

•	

•	 the Hamiltonian is s-sparse, and

•	 the guiding state is classically accessible through the sam-
ple and query (SQ) model [209] that is first introduced for 
dequantization of quantum machine learning algorithms.

The SQ model for the state ∣ � I ⟩ =
∑N−1

i=0 �x ∣ x ⟩ assumes 
that we can sample ∣ x ⟩ according to the distribution 
p(x) = ���x��2 ∕

�∑
x
���x ��2

�
 and query the value of �x for a given 

index x.

The key observation in Ref. [185] is that one can leverage the 
sparsity of the Hamiltonian to estimate quantities related to 
constant-degree polynomial functions of the Hamiltonian. For 
instance, consider estimating ⟨Pd(H)⟩ = ⟨� I �Pd(H)�� I⟩. Using 

the SQ model, one samples ∣ x ⟩, then computes ⟨x�Pd(H)�� I⟩. 
This involves recursively acting H on a computational basis state, 
computing only the s non-zero entries in H, and querying the 
corresponding entries in ∣ � I ⟩. While the number of terms grows 
exponentially with the number of iterations, the computation re-
mains classically tractable when d is a constant. By taking the 
empirical mean of �−1

x ⟨x�Pd(H)�� I⟩, one obtains an estimate for 
⟨Pd(H)⟩, guaranteed by the Chernoff bound.

The dequantization algorithm in Ref. [185] is more general, 
as it dequantizes the QSVT algorithm. Given SQ access to 
two states, � and �, the algorithm can compute an estimate ẑ  
such that:

with computational complexity �̃
(
s2d+1�−2

)
. Therefore, for 

the degree-d = �̃
(
�−1

)
 polynomial function, the dequantiza-

tion algorithm remains efficient as long as the required accu-
racy is a constant. This makes quantum molecular systems a 
valid candidate for the dequantization algorithm, as chemical 
accuracy is typically a constant. However, it is important to 
emphasize that the assumption on the operator norm of the 
Hamiltonian, that is, ∥ H ∥ ≤ 1, does not hold for most physi-
cal and chemical systems, as their energy scales with system 
size. Consequently, the algorithm may not be practically fea-
sible for classical numerical simulation in such cases. When 
the assumption ∥ H ∥ ≤ 1 fails, the degree of the polynomial 
function in Ref. [185] increases to d = �̃(∥ H ∥ ∕�). Recently, 
this result was improved in Ref. [211] for general cases with-
out constraints on the operator norm. In these scenarios, an 
accuracy of � ∣ H ∣ is achieved with a computational complex-
ity of (�(1))log(1∕�)∕�.

On the other hand, the concept of quantum computing was 
initially conceptualized to simulate quantum dynamics, a 
fundamental problem known to be BQP-complete for a poly-
nomial evolution time. However, the classical complexity of 
simulating quantum dynamics over short timescales remains 
elusive. In particular, the task may focus on probing specific 
properties, such as estimating the expectation values of local 
or global observables, rather than performing a full dynami-
cal simulation. This task could be simpler than simulating the 
entire dynamics, offering greater flexibility for classical ap-
proaches. For k-local observables, the simulation of constant-
time dynamics starting from a product state has been feasible 
for over a decade using the Lieb–Robinson bound (LRB). The 
insight here is that the operator dynamics (evolution in the 
Heisenberg picture) of the observable are constrained within 
a light cone, ensuring that the size of the evolved operator re-
mains classically tractable. This observation extends to time-
dependent quantum dynamics, where adiabatic quantum 
dynamics is a notable example.

Adiabatic quantum dynamics over a constant evolution time 
holds significant physical importance, as two gapped quantum 
ground states are in the same phase if and only if a smooth adi-
abatic path connects them while maintaining a constant en-
ergy gap. To address this, Ref. [212] employed quasi-adiabatic 
continuation [213] as a classical tool for studying such systems 

∥ H ∥ ≤ 1,

ẑ ∈ ℂs. t.
����ẑ −

�
��Pd

�√
H†H

�
��

����� ≤ �
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and restructured it into a classical algorithm. More recently, 
cluster expansion techniques [214] and abstract polymer mod-
els [215] have been applied to study the classical simulation of 
short-time dynamics. The key insight in these methods is that 
the Hamiltonian can be expressed as a sum of local terms: 
H =

∑
X∈S�XhX, where �X are coefficients, hX are operators sup-

ported on subsystems X  of size at most � within the system S. 
The key to cluster expansion is to use multivariate Taylor expan-
sion using each hX as a variable and approximate the evolution 
operator while leveraging the locality of the observable. This 
multivariate expansion avoids the need to directly account for 
∣ H ∣, unlike the case of univariate approximation.

Wild and Alhambra [214] applied cluster expansion to achieve 
an � ∣ O ∣-accuracy estimation of the expectation value of a k-
local observable O for quantum dynamics with evolution time t . 
The resulting algorithm scales superpolynomially with t ∕ tc and 
polynomially with �−1 for t < tc, where tc ≔ 1∕(2e�) is a critical 
transition time. To extend this approach to arbitrary constant-
time simulations, the authors designed an analytic continua-
tion method, where the dependence on t ∕ tc becomes doubly 
exponential.

An intriguing question arises: could classical tractability extend 
to global observables where locality is absent for both cluster ex-
pansion and LRB? Addressing this, Ref. [216] provides a solution 
for simulating quantum dynamics in 2D systems. Despite the 
loss of locality for the observable, the author uses a divide-and-
conquer strategy initially introduced in Ref. [217], which con-
fines the operator dynamics within separate light cones. This 
approach yields a superpolynomial algorithm depending on the 
simulation time.

The cluster expansion and abstract polymer models have previ-
ously been applied to study the approximation of the partition 
function of high-temperature quantum Gibbs states, using the 
free energy (i.e., the logarithm of the partition function) as an 
intermediary. Reference [214] also explores the classical estima-
tion of the Loschmidt echo in a similar context. The Loschmidt 
echo is defined as

where ∣ � ⟩ is a product state, and �I ≔ ∣ � ⟩ ⟨� ∣. The authors 
propose a method for computing this quantity with a superpoly-
nomial dependence on t ∕ tc and a polynomial dependence on �−1 
for t < tc, where tc ≔ 1∕

[
2e2�(� + 1)

]
 and � is the degree of the 

interaction graph of the system. Analytic continuation is not fea-
sible in this case, as it requires identifying zero-free regions of 
the Loschmidt echo on the complex plane—an open problem for 
classical approximation in both quantum evolution and Gibbs 
states [214, 215].

From a different perspective, the Loschmidt echo is equiv-
alent to the key quantity estimated in Section 4.3, as given by 
Equation  (38), with the initial state ∣ � ⟩. While the condition 
t < tc impacts the accuracy attainable by the random-sampling 
spectral filter algorithm, Ref. [216] circumvent this time re-
striction for 2D quantum systems by constructing an ancillary 
Hadamard test. This construction leverages the symmetry of the 

quantum system, such as particle preservation in quantum mo-
lecular models, and allows one to find that

where Ω ≔ 0n is the vacuum state, and it satisfies e−iHt ∣ Ω⟩ = ∣ Ω⟩ 
and ∣ � � ⟩ =

1√
2
(�Ω⟩ + �� ⟩ ). The ingenuity lies in treating 

(�Ω⟩⟨�� + ��⟩⟨Ω� ) and 
��� � ⟩⟨Ω� − �Ω⟩⟨�� � as global observ-

ables, the classical simulatibility for arbitrary constant time 
follows immediately from the results we discussed in the last 
paragraph. The ancilla-free Hadamard test is not limited to the 
particle preservation symmetry but can be extensively adopted 
to other types of symmetries as pointed out by Ref. [47].

Recently, this result has been extended to arbitrary dimensional 
systems in Ref. [183]. The authors propose a random-sampling 
spectral filter algorithm where the filter function is f (x) = e� (x), 
assuming a constant spectral gap. The equivalence between the 
convolution function and

as mentioned in the last paragraph of Section 4.3 is exploited for 
approximating the quantity classical through cluster expansion. 
The targeted quantity here is analogous to the Loschmidt echo 
with an imaginary evolution time, leading to similar results. 
Due to the restriction on the evolution time 𝛽 < 𝛽c, the accuracy 
𝜀 > 𝜀c with �c = 1∕�c is achieved. Although this connects to the 
problem of complex zeroes of partition functions, the authors 
manage to extend the approach to arbitrary constant accuracy 
estimation by employing analytic continuation techniques, pro-
vided the overlap is sufficiently large: � = 1∕

√
2. However, the 

computational complexity increases significantly, scaling expo-
nentially with the accuracy and doubly exponentially with the 
spectral gap.

5.3   |   Conventional Algorithms

In this section, we briefly review conventional classical al-
gorithms for molecular simulations, covering methods from 
mean-field theories such as Hartree–Fock (HF) and density 
functional theory (DFT) to advanced approaches including 
neural-network-based variational Monte Carlo methods and 
multi-scale quantum embedding theories. These classical algo-
rithms provide a valuable point of reference for quantum com-
putational methods and have recently inspired the development 
of novel hybrid quantum-classical approaches.

5.3.1   |   Hartree–Fock Method

Chemists typically perform numerical calculations using sec-
ond quantization and a predefined discrete basis, usually a fi-
nite one. The simplest method in quantum chemistry is the HF 
method. The HF method approximates the total wavefunction 
as a single Slater determinant, ensuring the antisymmetry. 

(39)L(t) ≔ ⟨
�| e−iHt|�⟩

= Tr
(
�I e

−iHt
)
,

(40)

Re
��
�� e−iHt����

=
�
� �� eiHt(�Ω⟩⟨��+��⟩⟨Ω� )e−iHt�� �

�
,

Im
��
�� e−iHt����

= i
�
� �� eiHt��� �⟩⟨Ω�−�Ω⟩⟨�� �e−iHt�� �

�
,

⟨� I � f (x ∗1 −H)�� I⟩ =
�
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Specifically, for a chosen basis (such as the STO-3G basis 
[218]) of K  fermionic modes, �k(r), k = 1, 2, ⋯ ,K , the HF 
method variationally optimize the coefficients Ckj to obtain 
the HF energy:

where ri denotes the position of ith electron. The computational 
cost scales as O

(
K4

)
. The HF method is qualitatively useful for 

chemistry, but lacks quantitative accuracy, serving as a starting 
point for post-HF methods such as configuration interaction, 
coupled cluster method, and variational Monte Carlo.

5.3.2   |   Second-Order Møller–Plesset 
Perturbation Theory

Møller–Plesset perturbation theory (MP) is a post-Hartree–Fock 
method that improves the Hartree–Fock approach by incorpo-
rating electron correlation effects via Rayleigh–Schrödinger 
perturbation theory. Proposed in 1934 by Christian Møller 
and Milton S. Plesset [219], it is commonly used to second-
order (MP2).

Here, ⟨ij‖ab⟩ are the antisymmetrized two-electron integrals 
for occupied (i, j) and virtual (a, b) orbitals, with �i, �j, �a, �b 
being the corresponding HF orbital energies. MP2 provides a 
more accurate description of electronic structure by includ-
ing electron correlation effects absent in HF. MP2 is mainly 
used for energy corrections but also offers a correction to the 
wavefunction:

where Φab
ij  are double excitation. The MP2 wavefunction can 

serve as an initial guess for the Configuration Interaction and 
Coupled-Cluster methods. Additionally, it can enhance the ac-
curacy of quantum embedding methods by better-capturing 
interactions between a fragment and its environment, as seen 
in the density-matrix-based quantum embedding method as we 
discuss as follows.

5.3.3   |   Configuration Interaction Method

The configuration interaction (CI) method [220] is a post-HF 
technique that represents the ground state as a linear combina-
tion of Slater determinants:

where the coefficients CI are obtained by diagonalizing the 
Hamiltonian in the subspace spanned by ΨI. If all determi-
nants are included, the method is known as full configuration 

interaction or exact diagonalization. CI method is capable of ad-
dressing both weak and strong electron correlations and can be 
systematically improved by incorporating more determinants into 
the wave function. However, the exponential computational cost 
of the FCI method with the number of electrons and the number 
of basis functions limits its application to small systems. A variant, 
the selected configuration interaction method, constructs a com-
pact Hilbert space by choosing determinants problem-specifically, 
with the number of configurations treated as a convergence pa-
rameter [221–223]. The typical CI method is CISD, while higher-
order methods like CISDT are limited to small systems with weak 
correlation, and multi-reference CI method [224, 225] may be bet-
ter for more strongly correlated systems.

5.3.4   |   Coupled Cluster Method

Coupled cluster (CC) theory is a highly accurate post-HF method 
used to describe the electronic structure of molecules [220]. It 
effectively captures electron correlation effects, which are cru-
cial for accurate quantum chemical calculations. In CC theory, 
the many-body wavefunction Ψ is expressed as an exponential 
ansatz applied to a reference wavefunction Ψ0, typically the HF 
wavefunction:

where T̂ is the cluster operator, a sum of excitation operators:

For example, the single and double excitation operators are:

where âi and â† are annihilation and creation operators, and ta
i
 

and tab
ij

 are the single, double cluster amplitudes, respectively. 
The cluster operator T̂ is typically truncated to include a finite 
number of excitations, such as CCSD (Coupled Cluster with 
Single and Double excitations), CCSD(T) (CCSD with a pertur-
bative treatment of triple excitations), and CCSDT (including 
single, double, and triple excitations). CCSD(T) is considered 
the ‘gold standard’, offering a good balance between cost and 
accuracy. For less correlated problems, CCSD(T) approaches 
the chemical accuracy, and for more correlated systems, multi-
reference CC method would provide an optimal reference [226, 
227]. The advantage of CC methods over CI lies in their ability to 
handle larger systems at any truncation level, though their com-
putational cost grows O

(
n6 − n7

)
 with truncation order, as shown 

in Figure 1. Many unitary CC methods are being developed for 
quantum computers, both in theoretical proposals [228–232] and 
experimental implementations [233–235].

5.3.5   |   Tensor Networks

MPS, a special type of TNSs, are wave functions defined by a 
fixed amount of bipartite entanglement for a system of size K 
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[236]. The wavefunction Ψ in occupation representation of K or-
bitals is

The amplitudes are factorized as a matrix product:

where the matrices at the ends are vectors, enabling the prod-
uct to be a scalar. For a given bond dimension D, MPS captures 
the entanglement entropy of log2D between any bipartition 
of the system. The density matrix renormalization group 
(DMRG) method, first proposed by White in the seminal work 
of Ref. [237], has become a standard procedure for optimiza-
tion of the MPS solution to a given quantum system. See Ref. 
[238, 239] for reviews and tutorials on the DMRG approaches, 
and also Ref. [240, 241] for their advances in quantum chem-
istry. Like the CI/CC methods, the basis in Equation (48) uses 
the HF orbital basis, which represents one of many possible 
occupation configurations. MPS efficiently encodes locality in 
one dimension and follows the area law entanglement, excel-
ling in solving 1D model Hamiltonians. It is now commonly 
used in quantum chemistry as an alternative to FCI/exact 
diagonalization for large molecules with strongly correlated 
electrons [242–246]. As the bond dimension D increases, MPS 
converges to the exact solution. Tensor networks generalize 
MPS beyond 1D entanglement. However, tensor networks 
such as PEPSs are typically limited to 2D models, and the 
complexity of long-range interactions hinders their applica-
tion to ab initio molecular Hamiltonians.

5.3.6   |   Variational Monte Carlo

Variational Monte Carlo (VMC) uses the variational principle 
to approximate the ground state energy of a quantum system. A 
trial wavefunction �� is optimized to minimize its energy:

where P is the probability distribution, and Eloc is the local en-
ergy. Traditionally, VMC employed analytic wavefunctions like 
Slater determinants with Jastrow factors [247]. Neural Network 
Variational Monte Carlo (NN VMC) replaces analytic wave-
functions with neural network-based ansatzes, termed Neural 
Quantum States (NQS) [248], allowing for more flexible and 
expressive representations of quantum states. Optimization of 
NQS typically involves gradient-based methods [249] or stochas-
tic reconfiguration [250]. In addition to finding the ground state, 
NQS can be applied to diverse quantum systems and computa-
tional tasks, such as excited states [251], dynamics [248], open 
systems [252], and state tomography [253]. Advanced architec-
tures, such as convolutional networks [254] and transformers 
[255], further enhance its versatility. For fermionic systems, 
various neural network architectures have emerged, broadly 
categorized into determinant-free ansatzes like Restricted 
Boltzmann Machines (RBMs) [256] and Gaussian Process States 
[257], and determinant-based ansatzes, including neural back-
flow [258] and hidden fermion states [259].

Other than the VMC methods, the quantum Monte Carlo 
(QMC) methods are similar to the spectral filter methods 
we have discussed in Section  4.3. The goal is to statistically 
apply the imaginary-time evolution (ITE) operator to an ini-
tial state e−�(H−Es) ∣ � I ⟩, where � is the total evolution time and 
Es is an energy shift. Instead of performing Fourier transfor-
mation, the QMC algorithms stochastically evolve the initial 
state into a superposition of walkers at each small time step 
of the evolution. The walkers are quantum states, which are 
classically accessible, and comprise a (over)complete basis. 
Moreover, different QMC methods feature different choices of 
the basis (or walker). For instance, the auxiliary-field QMC 
algorithm  [260] exploits the Slater determinant space, while 
the full configuration interaction QMC algorithm  [261] uses 
the Fock basis. Recently, the combination of QMC and QC has 
been developed: either by employing quantum-prepared states 
to guide the stochastic evolution process [262, 263] or by ap-
plying quantum device-prepared walkers [264] to mitigate the 
notorious sign problem [265].

5.3.7   |   Quantum Embedding Theory

Quantum embedding theories address the time-independent 
Schrödinger equation by partitioning a system into an active 
space (fragment) and an inactive space (its environment). 
Generally, a quantum embedding method consists of three 
key components: partitioning schemes, computation methods 
for the active space and environment, and interaction approx-
imations between them. These theories are categorized by 
their key quantum variable: density, density matrix, or Green's 
function [266].

•	 Density-based embedding: Density-based methods, like 
DFT-in-DFT and wavefunction-in-DFT [267, 268], parti-
tion the system's density into active and environmental 
regions. DFT calculations for the environment provide an 

(48)∣ Ψ⟩ =
�
n

Ψn1…nk ∣ n1n2 … nk ⟩

(49)Ψn1…nk =
∑
i

A
n1
i1
A
n2
i1i2

… A
nK
ik
,

(50)E� =
∑
i

P(i; �)Eloc(i; �),

FIGURE 1    |    Complexity and performances of various methods in 
quantum chemistry problems. The accuracies for different methods of 
solving the electronic structure methods with their computational cost 
as the system size n.

Accuracy

cost
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exchange-correlation embedding potential, enabling the ac-
tive space to be solved using either DFT or high-level quan-
tum chemistry methods.

•	 Density matrix-based embedding: Density matrix embedding 
theories (DMET) [269, 270] and their variants, such as sys-
tematically improvable embedding (SIE) [271] and bootstrap 
embedding (BE) [272], determine the electronic structure of 
the active space with bath orbitals derived from a low-level 
calculation. The bath orbitals account for environment in-
teractions and are iteratively improved by minimizing den-
sity matrix differences or expanding beyond HF. DMET has 
been applied to both model [273] and ab initio systems [274], 
with recent efforts integrating it into quantum computing 
frameworks [275]. BE distinguishes itself by improving edge 
site descriptions via overlapping partition schemes  [276]. 
Recently, there have been efforts to push the integration of 
DMET for molecules and materials with quantum computers 
[275, 277–280]. The Complete Active Space Self-Consistent 
Field (CASSCF) [281, 282] is a widely used density matrix-
based embedding method with an inactive space treated at 
the HF level and an active space treated at a multiconfigu-
rational wavefunction. While CASSCF excels in capturing 
static correlation, its computational cost grows exponentially 
with the active space size, and it often requires post-treatment 
methods to account for dynamic correlation [283].

•	 Green's function-based embedding: Green's function meth-
ods, including dynamical mean-field theory (DMFT) [284] 
and self-energy embedding theory (SEET) [285], use the 
self-energy of the active space. DMFT maps active states 
to an effective impurity problem, ensuring the impurity 
Green's function matches the local Green's function of the 
active space through self-consistent hybridization [286]. 
Recent advances explore integrating DMFT with quantum 
computers [287].

Each category offers a tailored approach to balance computa-
tional efficiency and accuracy for challenging quantum systems.

5.4   |   Resource Analysis

Here, we discuss the resource costs associated with determin-
ing the eigenenergy in quantum chemistry problems. Previous 
works on resource estimation [47, 82, 288–293] have explored 
energy estimation and Hamiltonian simulation for condensed-
phased electrons and prototypical examples in quantum chem-
istry. References [152, 294–296] examined second-quantized 
quantum chemistry problems with L = �

(
n4
)
 terms with n being 

the system size. References [297, 298] considered condensed-
phase electron systems, including Hubbard models. These 
studies are primarily based on phase estimation. A common 
strategy involves encoding the eigenspectra of the Hamiltonian 
into a unitary for phase estimation via the evolution e−iHt, which 
is synthesized using Trotterization [297, 298], or a qubitized 
quantum walk [152, 294], where the eigenspectrum is propor-
tional to e±i arccos(H∕�), with � being a parameter related to the 
Hamiltonian's norm. However, due to the inherent cost of phase 
estimation, the circuit depth is inevitably polynomial in the re-
quired precision, which is not optimal for estimating eigenstate 
energies and properties. In [47], new resource estimations for 

lattice models and molecular problems are introduced, with im-
proved system size scaling for lattice models of �

(
n1+

1

4k+1 �−
1

2k

)
 

to achieve precision �.

For molecular systems, the Toffoli and T-gate counts for FeMoco 
and P450 have been studied extensively as benchmark com-
pounds. Reference [294] introduced tensor hypercontraction 
methods and analyzed the Toffoli gate count for FeMoco, com-
paring it with [289, 295, 299, 300] using various Hamiltonian rep-
resentations such as low-rank factorization with Trotterization, 
single and double factorization, and tensor hypercontraction, 
which results in the Toffoli gate count to the order of 109. Recently, 
[300] applied spectrum amplification and double factorization to 
ground state energy estimation and further reduced the Toffoli 
gate count to 108. Reference [47] used the properties of the com-
mutation relations of the Hamiltonian terms in lattice models and 
reported the CNOT and T gate counts, which, for n = 50 sites, are 
approximately �

(
106

)
 and �

(
107

)
, respectively. Reference [290] 

discussed the resource cost for solving the electronic structure 
of P450, an enzyme relevant to electron charge transport. They 
first examined the simulation time on classical computers, not-
ing that solving a 58-orbital state using DMRG would take about 
4 years. In contrast, quantum computers using QPE could solve 
this problem in less time. They also explored the performance of 
a variational algorithm based on the UCCSD ansatz, a chemically 
inspired approach. Reference [293] presented a runtime analysis of 
classical tensor network algorithms, a detailed quantum resource 
assessment at the logical instruction level, and an estimation of the 
quantum-classical crossover point for estimating the ground state 
energy in Fermi–Hubbard and Heisenberg models.

6   |   Challenges and Opportunities

We have explored various aspects of quantum chemistry in 
both the early fault-tolerant and fully fault-tolerant eras, en-
compassing a wide range of topics from encoding quantum 
molecular systems on quantum computers to the development 
of quantum algorithms and examining the potential quantum 
advantages in simulating dynamical processes and solving 
ground-state-related problems.

For dynamic simulations, it is widely believed that quantum 
computers could offer exponential advantages due to the BQP-
hardness of simulating quantum dynamics. However, it remains 
an open practical question as to which specific problems early 
fault-tolerant quantum computers are most likely to demon-
strate such quantum advantages. Identifying these problems, 
analyzing the quantum resources required, and benchmark-
ing the results against state-of-the-art classical algorithms are 
crucial steps in validating the potential of quantum computing. 
Despite the theoretical promise, the practical realization of these 
advantages hinges on overcoming substantial challenges in both 
algorithm design and resource estimation. Further research is 
essential to identify domains where quantum computing can de-
cisively outperform classical methods in real-world applications 
of quantum dynamics simulation.

For ground-state-related problems, several promising directions 
for future exploration emerge. In Section 5, we discussed poten-
tial quantum advantages in local Hamiltonian (LH) problems, 
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particularly when a guiding state is available. While this approach 
shows promise, the preparation of such guiding states remains a 
significant hurdle. Without a guiding state, the problem often be-
comes efficiently solvable by quantum computing. This raises a 
critical question: For which types or families of quantum systems 
can a guiding state be efficiently prepared on a quantum device? 
Identifying these conditions could be pivotal in realizing the full 
potential of quantum computing in this domain.

Furthermore, reducing the LH problem to a guided local 
Hamiltonian (GLH) problem by assuming the existence of a 
guiding state implies that the task of finding the guiding state it-
self is as difficult as solving the original LH problem. This leads 
to another fundamental question: Can new quantum algorithms 
be developed that eliminate the need to query the guiding state 
entirely? One promising avenue of research involves designing 
completely positive trace-preserving maps, such as quantum 
channels [301, 302] or dissipative quantum dynamics [303], 
whose steady or asymptotic state approximates the system's 
ground state. These algorithms work by driving any input state 
toward the asymptotic or steady state over sufficient iterations or 
evolution times, akin to the behavior of classical Markov chains. 
However, a key challenge lies in analyzing the mixing times of 
these algorithms, which remain difficult to characterize.

One notable scenario where efficient dissipative quantum algo-
rithms have been demonstrated is in the quantum Lovász local 
lemma framework [304], which offers a potential application in 
certain combinatorial problems. However, it is important to note 
that the corresponding LH problem—determining whether a 
given system is frustrated or not—is classically solvable in poly-
nomial time. This underscores the necessity of further investi-
gation to determine how these quantum algorithms can deliver 
genuine quantum advantages over classical approaches.
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