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Abstract

This thesis contains a study of topological phases of matter, with a strong em-
phasis on symmetry as a unifying theme. We take the point of view that the
“topology” in many examples of what is loosely termed “topological matter”,
has its origin in the symmetry data of the system in question. From the funda-
mental work of Wigner, we know that topology resides not only in the group of
symmetries, but also in the cohomological data of projective unitary-antiunitary
representations. Furthermore, recent ideas from condensed matter physics high-
light the fundamental role of charge-conjugation symmetry. With these as phys-
ical motivation, we propose to study the topological features of gapped phases
of free fermions through a Z,-graded C*-algebra encoding the symmetry data

of their dynamics.

In particular, each combination of time reversal and charge conjugation sym-
metries can be associated with a Clifford algebra. K-theory is intimately re-
lated to topology, representation theory, Clifford algebras, and Z»-gradings, so
it presents itself as a powerful tool for studying gapped topological phases. Our
basic strategy is to use various K-theoretic invariants of the symmetry algebra to
classify symmetry-compatible gapped phases. The super-representation group of
the algebra classifies such gapped phases, while its K-theoretic difference-group
classifies the obstructions in passing between two such phases. Our approach is a
noncommutative version of the twisted K-theory approach of Freed—Moore, and
generalises the K-theoretic classification first suggested by Kitaev. It has the
advantage of conceptual simplicity in its uniform treatment of all symmetries.
Physically, it encompasses phenomena which require noncommutative algebras
in their description; mathematically, it clarifies and provides rigour to the mean-
ing of “homotopic phases”, and easily explains the salient features of Kitaev’s
Periodic Table.
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Chapter 1

Introduction

Wigner’s theorem says that the symmetry group G of a quantum mechanical system is
represented projectively on a complex Hilbert space! J# as unitary or antiunitary opera-
tors. This means that the topological group G comes with a continuous homomorphism
¢ : G — {£1}, with the kernel G* represented unitarily and G* = G —G" represented antiu-
nitarily. Projectivity of the unitary-antiunitary representation is encoded in a generalised

2-cocycle 0 : G x G — T = U(1) satisfying

o(z,y)o(zy,z) =o(y,2)"o(z,yz), (1.1)

where for A € T, A% := )\ if ¢(x) = +1 and \* := X if ¢(x) = —1. A projective unitary-
antiunitary representation [70, 81] (PUA-rep) 0 of (G,¢,0) is a map = — 6, from G to
the unitary-antiunitary group of ¢, such that 6,0, = o(z,y)0,y, and 6, is unitary (resp.
antiunitary) if ¢(x) = +1 (resp. ¢(z) = —1).

As we will see, a PUA-rep of (G, ¢, 0) is a special case of a twisted covariant representa-
tion of a twisted C*-dynamical system (G, A, a, o). Here, A is a real or complex C*-algebra,
and « is some action of GG on A, twisted by a cocycle 0. A PUA-rep is simply the case where
A = C as areal C*-algebra, and G acts on A trivially or by complex conjugation. There are
physical reasons for considering such generalisations of PUA-reps. For instance, A could be
the algebra of the canonical commutation or anticommutation relations, or it might be used
as a model for disorder. Mathematically, twisted covariant representations arise even when
we are only interested in PUA-reps, for instance, when we consider the relationship between
the PUA-reps of (G, ¢,0) and those of some subgroup of G. Motivated by constructions
in the quantization of charged fields, as well as charge-conjugation and particle-hole sym-
metries in condensed matter systems, we will study, more generally, Zo-graded? twisted

covariant representations of Zs-graded twisted C*-dynamical systems. This reflects one of

1 All Hilbert spaces are assumed to be separable.
2Unless otherwise stated, the grading group will always be taken to be Zs.



the central themes of this thesis, namely, the treatment of charge-conjugation symmetry as
a symmetry with the same conceptual status as the other charge-preserving symmetries.

The first general problem at hand is to classify the irreducible twisted covariant repre-
sentations of (G, A, o, o). In physical applications, G often has a normal subgroup N, whose
representations are better understood, or demanded on physical grounds. We wish to build
the twisted covariant representations of (G, A, «, o) from those of N and their associated
“little groups”, using a generalisation of Mackey’s theory of induced unitary representations
to the setting of graded twisted covariant representations.

The second problem, occupying the main body of this thesis as well as [86], is to clarify
the link between the symmetry classes of free fermions as discussed in [2, 37, 77, 79], and
the K-theoretic classification of gapped free-fermion phases and topological insulators first
suggested in [50], and expanded upon using twisted K-theory in [30]. In both situations, a
tenfold classification was shown to arise. The former classified single-electron Hamiltonians
with given time reversal or charge-conjugation/particle-hole symmetries according to the
compact symmetric spaces. The large-N versions of the symmetric spaces are related to
the loop spaces for the stable unitary and orthogonal groups, and hence to Bott periodicity
and the topological K-theory classification of the latter.

Clifford algebras play an important role in Bott periodicity in K-theory, as illustrated
in the algebraic treatment of K-theory in [39, 40, 43, 42], as well as the Atiyah-Bott—
Shapiro [4] construction of the higher K-theory groups of a point. On the physics side,
the compatibility of a gapped Hamiltonian with the symmetries of time reversal and charge
conjugation can be rephrased in terms of Clifford algebras — an observation which was
made for certain examples in [50], and expanded upon in several other papers [1, 30, 84]
but in inequivalent ways. The precise connection depends crucially on the definitions of
time/charge reversal, as well as the role of the one-particle Hamiltonian in the passage to
second quantization. We find it most convenient to distinguish between the neutral and
charged cases, and our definitions of time/charge reversal are closest to those of [30].

The overarching idea in all of the proposed classification schemes, is symmetry and its
projective unitary-antiunitary realization, in the spirit of Wigner’s theorem. As pointed
out in [30], the tenfold way is not exhaustive, but assumes a certain splitting between the
distinguished time/charge reversal symmetries and the rest of the symmetry group. To avoid
such assumptions, we set up our formalism in a fairly general manner, and restrict to special
cases to recover the tenfold way, as well as Kitaev’s Periodic Table [50]. Our work can be
viewed as an “algebraic” version, or noncommutative generalisation, of the treatment in [30],
dealing mostly with twisted group C*-algebras, and their representations, decompositions

and K-theory. Besides recovering the main results in these papers, the algebraic language



also offers numerous advantages, and clarifies some issues that are obscured by taking a
topological (commutative) point of view. In particular, the periodicities and dimension
shifts in Kitaev’s Periodic Table are directly explained using various isomorphisms in the
K-theory of C*-algebras. Our formalism is also useful for studying systems such integer

quantum Hall systems [10], where a topological picture may be unnatural or unavailable.

Outline

We begin with a treatment of free-fermion dynamics and its symmetries and quantization, in
Chapter 2, distinguishing carefully between the charged and neutral cases. This motivates
the definitions of graded covariant representations, graded twisted C*-dynamical systems,
and graded twisted crossed products in Chapter 3, where the connection to the study
of gapped free-fermion Hamiltonians is also explained. We make a detour in Chapter 4
to sketch how Mackey’s theory of induced representations can be generalised to twisted
covariant representations. This is applied to find graded PUA-reps of the full Poincaré
group with charge-conjugation symmetry in Section 5.2, following closely the approach of
[82]. The PUA-reps of some physically relevant groups are studied in Chapter 5, where as
a side result, a canonical decomposition of central cocycles for a semidirect product N x H
with well-behaved N is given, generalising the calculations of Mackey in [58]. More relevant
to the rest of the thesis is the second half of Chapter 5, where the crucial link between
Clifford algebras, graded PUA-reps of parity groups, and the ubiquitous tenfold way is
explained.

The transition into a detailed and rigorous K-theoretic treatment of symmetry-compatible
gapped Hamiltonians is made in Chapter 6. Drawing inspiration from various pictures of
K-theory, the super-representation group and difference-group are introduced as invariants
of symmetry classes of gapped Hamiltonians. The computation of these groups, using de-
composition results for twisted crossed products, is illustrated with physically motivated
examples in Chapter 7. The equivalence with a picture in terms of vector bundles, Clifford
modules, and topological equivariant K-theory, where available, is also explained. Chapter
8 is devoted to physical applications, where we explain how our formalism encompasses and
unifies many approaches to topological band insulators in a consistent way. In particular,
all the features of the Periodic Table of Kitaev are deduced from very general results in

K-theory.



Chapter 2

Positive energy quantization of
linear dynamics with symmetries

Following the general arguments of [30, 60], elements of the symmetry (topological) group G
for the unitary dynamics of a quantum mechanical system are presumed to be endowed with
Hamiltonian and/or time preserving/reversing properties. These properties are encoded by
a pair of continuous homomorphisms ¢,7 : G — {£1}. An element g € G preserves
(resp. reverses) the arrow of time if 7(g) = +1 (resp. 7(g) = —1); similarly, it commutes
(resp. anticommutes) with the Hamiltonian H if ¢(g) = +1 (resp. ¢(g) = —1). A third
homomorphism ¢ : G — {41} specifies whether ¢ is implemented unitarily (¢(g) = +1) or
antiunitarily (¢(g) = —1), as in Wigner’s Theorem. Writing u; for the unitary dynamics
generated by the Hamiltonian H, and g for the unitary/antiunitary representative of g, the
time-reversal equation gu,g~! = Ur(g)¢ leads to ¢-7-c = 1, so any two of ¢, 7, ¢ specifies the
third. Often, ¢ =1 is assumed, i.e., all symmetries commute with the Hamiltonian. This
is often a reasonable assumption, for example, when the Hamiltonian is bounded below

! = ¢(g)H, a unitary/antiunitary g with c(g) = —1

but unbounded above. Since gHg™
needs to both preserve and flip the specturm of H, which is not possible. Then ¢ = 7
and antiunitarity becomes synonymous with time-reversal. However, we want to consider
Hamiltonians which are compatible with symmetries that may effect charge-conjugation,
so we allow for ¢ Z 1. Then ¢ and 7 may be independently specified. We also allow the
symmetries to be projectively realised in Hilbert space, i.e., there may be a non-trivial
cocycle o.

The possibility of charge-reversing symmetries (present or otherwise) for free-fermion
dynamics requires, logically, a notion of charged dynamics and charged representations
of the canonical anticommutation relations (CARs), as opposed to neutral dynamics and

neutral CAR representations. Here, we are borrowing the terminology of Derezinski and

Gérard [19, 20], as well as the algebraic formalism of charged field quantization as can be



found in [31]. Neutral orthogonal dynamics more correctly describes neutral (Majorana)
fermions. Similar remarks can be made for free bosons and the canonical commutation
relations (CCRs), but we will not deal with bosons in this thesis. In both the charged and
neutral cases, non-degeneracy of the dynamics allows us to distinguish between particle and
antiparticle sectors. We would also like both species to have positive energy in (second)
quantization. For instance, in condensed matter applications, the Fermi level (which may
be set to 0) of a band insulator lies in a gap of the Hamiltonian, and provides the particle-
hole distinction. Both particles and holes/antiparticles have positive energy in the second
quantized picture. With these considerations in mind, we outline the formalism of positive
energy quantization, following [19, 20]. We also establish our conventions for describing
symmetries of the dynamics, including those of time and charge reversal, which differ slightly

from the conventions in [19, 20].

2.1 Neutral and charged CAR representations

Let Y be a real Hilbert space with inner product b. A meutral CAR representation over
(V,b) in a complex Hilbert space ¢ is a linear map ¢ from ) to the bounded self-adjoint

operators on 4, such that

{o(y1), w(y2)} = 2b(y1,y2)1r, Yy1,Y2 € V.

If Y is instead a complex Hilbert space with inner product h, a charged CAR represen-
tation over (), h) in a complex Hilbert space 7 is a linear map a* from ) to the bounded

operators on ¢, such that

{a(y1),a(y2)} = 0 ={a"(y1),a"(y2)},

{a(y1),a"(y2)} = h(y1,v2)le, y1,y2 € V.

Here, a(y) is the adjoint of a*(y), and thus a is an antilinear map from ) to the bounded
operators on 7.

A complex Hilbert space (), h) is equivalently a real Hilbert space (), b) with b = Re(h),
along with an orthogonal complex structure J (i.e. J?> = —1) playing the role of multipli-
cation by i. The complex inner product h may be recovered from b and J by setting
h(u,v) = b(u,v) + ib(Ju,v). There is a similar equivalence of viewpoints at the level of
CAR representations. A charged CAR representation over (), h) gives rise to a neutral

CAR representation over (Y,b = Reh) via



along with a U(1) symmetry 6 — €l of charge 1 on (), b) as orthogonal operators. Con-
versely, given a neutral CAR representation ¢ over (),b), and an orthogonal complex
structure J on Y (so that 6 +— e’? is a U(1) symmetry of charge 1), we can define a charged
CAR representation over (Y, h), where h is the complex inner product determined by J. We
first identify (), h) with the J-holomorphic subspace Z = {(1 —iJ)y : y € Y} C Y ®r C,
via y <> %(1 —iJ)y = z. Note that Z is the i-eigenspace of the complex-linear extension
of J to Y ®g C. The charged fermionic fields are then

wo_ p2) _»(®)
a(y)—\/i, a(y)—ﬁ,

where ¢ has been extended complex-linearly to Y ®g C.

2.2 Quantization of linear dynamics and Fock space repre-
sentations

For a complex Hilbert space Z, the symbols a*(z) and a(z), with z € Z, will be used to
refer to the usual creation and annihilation operators on the fermionic Fock space \* Z.
They provide an example of a charged CAR representation over Z. We shall be considering
linear dynamics u; which are either orthogonal on a real Hilbert space (neutral), or unitary
on a complex Hilbert space (charged). There is also a notion of algebraic quantization at
the CAR-algebra level, including the definitions of time and/or charge reversal therein, but
we will not consider this. Instead, we work in the concrete setting of Fock quantization
and Fock space representations. The idea is that we are seeking a CAR representation on
a complex Hilbert space ¢, for which there exists a positive self-adjoint operator H such
that e®* implements u;. We have left out many technical details, especially in the infinite-
dimensional case, for which we refer to [19, 20]. A more detailed discussion of CAR-algebras

and Fock space representations can be found in many references, such as [19, 20, 72, 31].

2.2.1 Quantization of non-degenerate orthogonal dynamics

We first consider the neutral case, in which we have a strongly continuous 1-parameter group
ug C O(Y,b) generated by an antisymmetric A, i.e., b(y1, Ay2) = —b(Ay1,y2), y1,y2 € V.
We assume non-degeneracy?, i.e., ker(4) = {0}. The operator A = —A* has a polar

decomposition (see Chapter 2.4 of [20])

A=HJ=JH, where H = |[A| = VAA* = VA*A =/ —A? > 0.

'In practice, we often impose a stronger gapped condition, namely, that 0 is in the resolvent set of A, so
A has a (bounded) inverse.




tJH commutes with

In this decomposition, J is an orthogonal complex structure, and u; = e
J. Extend H and J complex linearly to Y ® C, and let Z be its J-holomorphic subspace (on
which J acts by multiplication by i). Since H commutes with .J, the restriction Hz := H|z
makes sense, and is even positive, since H itself is. Associated with this choice of J is the

CAR representation over (),b) on the Fock space A" Z, defined as

p(y) = a*(2) + a(2),

where z == 12(1 —1J)y. Defining? H = dA(Hz), we find that

S

eltH e—lt’H —

o(y) o(usy),

so u; is implemented unitarily on Fock space, with positive generator H. We call ¢ the

positive energy Fock quantization for the non-degenerate orthogonal dynamics uy.

Time reversal in non-degenerate orthogonal dynamics

Symmetries of the dynamics u; are required to preserve the CARs, so G is assumed to have
a (possibly projective) realization as orthogonal operators on (),b). In addition, we require
g € G to be time-preserving or reversing according to the value of 7(g). There is no notion
of charge-reversal under consideration, so ¢ = 1, which means that ¢ = 7. Writing g for the
representative of g on ), we need

gUt = Ur(g)t8s

or equivalently, gA = 7(g)Ag. A short computation then leads to
gH = Hg, gJ=r1(g)Js. (2.1)

We extend g linearly (resp. antilinearly) to Y ® C if 7(g) = +1 (resp. 7(g9) = —1), and check
that g preserves Z (as well as Z):

g (W) = %y - %T(g)gJy = %‘y - %JT(9)2gy = (1 _Qij) (8y),

so we may define gz = g|z. Furthermore, gz is (anti)unitary and commutes with Hz.

Passing to Fock space, g is amplified to the (anti)unitary g = A(gz), and satisfies

gHE = H,
geit’]{g—l eT(g)itH’
gr(y)g ™ = plgy)

2dA(-) refers to the operation of “second quantization” of a self-adjoint operator into one acting on Fock
space.



Remark 2.2.1. If we assume that A is invertible, then so is |A|. In this case, J is determined
by the dynamics u; only through the “flattened” generator A = A /|A]. This ties in nicely
with the notions of homotopy equivalence and spectrally-flattened Hamiltonians suggested
by Kitaev [50] as well as [30]. In the general case, we can understand J by complexifying
and looking at the polar decomposition for the self-adjoint operator iA = sgn(iA)|iA|. Then
—isgn(iA) is the complexification of J, and the former can be restricted back to the real

subspace ) (see Section 2.2.2 for the meaning of sgn(i4)).

2.2.2 Quantization of non-degenerate unitary dynamics

Suppose the orthogonal dynamics u; on (),b) is compatible with a symmetry of charge 1.
This means that U(1) 3 0 + s := e’ € O(),b) for some orthogonal J with J2 = —1, and
J commutes with u;. If we regard ) as a complex Hilbert space with the inner product h
induced via J, the dynamics u; becomes a 1-parameter group of unitaries. In this case, we
say that the dynamics is charged.

So let (Y, h) be a complex Hilbert space and u; be a strongly continuous 1-parameter
unitary group, with self-adjoint generator H. We assume that u; is non-degenerate, meaning
that ker(H) = {0}. In the polar decomposition of the injective self-adjoint operator H (see
Example 7.1 in [78]), there is a canonical decomposition H = H* @ H~ into the direct sum
of a positive operator and a negative operator, acting on a corresponding orthogonal direct
sum Y = YT & Y. We define sgn(H) to be the operator which is +1 on Y* and —1 on

Y, as well as the operators

Q =sgn(H), J=isgn(H)=iQ, |H|=VH?>0.

tJIH| - Also, J is unitary, skew-adjoint and

Then H = sgn(H)|H|, and we can rewrite u; as e
commutes with H, @ and |H|. Furthermore, @ is the grading operator for Y = Y* @ Y,
and J acts as multiplication by 4i on Y*. If we now write Z for the space ) equipped with
the complex structure J instead of i, then we have Z = YT @ F, where Y~ is given the
inner product dual to h|y-. The subspaces Y* are invariant for Q, H and |H|, so we may
regard the latter as self-adjoint operators on Z, in which case a subscript is appended, e.g.,
Hz.
On the Fock space A\* Z, we can define, for each y = (y*,y~) € Y, the charged fields

a’(y) = a’(y") +aly),
a(y) = aly")+a’(y),
which furnish a (charged) CAR representation over (), h), called the positive energy Fock

quantization for the non-degenerate unitary dynamics us. As before, we can define the



second quantized versions of |H|z and Qz to be
H=dA(|H|z), Q=dA(Qz).
These implement the dynamics and charge symmetry on Fock space,
May)e™™ = a(uy), ¢Qa(y)e ™2 = a(e%y).
Charge and/or time reversal in non-degenerate unitary dynamics

Since there is now a notion of charge and its reversal, we allow for ¢ # 1, or equivalently,
¢ #Z 7. We look for representations of G as unitary/antiunitary operators on (), h), which
are required to be time preserving/reversing according to the value of 7(g) (see Section 3.2.2
for a precise definition), i.e.,

gUt = Ur(g)t8-
The homomorphism ¢ determines whether g is implemented as a unitary or antiunitary

operator on ). A short computation leads to the following commutation relations

gHg™' = o(9)T(9)H = c(9)H,

glHlg™" = |H],

gQg ' = d(9)7(9)Q = ¢(9)Q, (2.2a)
glgt = 1(9)J. (2.2b)

From (2.2b), we find that gz (i.e. the map g considered as an operator on Z) is unitary or
antiunitary according to 7(g). As before, we may amplify gz to the (anti)unitary § = A(gz),

which satisfies

gHg ' = H,
geitg—1 — ()it
£§0g' = c(9)9,
geiegg—1 _ €¢(g)199’
gat(y)g™! = atW(gy), where at :=a*,a” = a.

Remark 2.2.2. As in the neutral case, the modified imaginary unit J depends on the dy-
namics u; only through the spectrally-flattened generator Q = sgn(H). Physically, the
modification i — J corresponds to the reinterpretation of negative-energy “particles” as
postive-energy “antiparticles”. The standard charge reversal symmetry C in quantum field
theory preserves the arrow of time, but reverses H and is antiunitary in first quantization,
ie. (¢,7,¢)(C) = (—1,+1,—1). It is, however, unitary in second quantization (see Section
29 in [64]).



Remark 2.2.3. Equations (2.2a)—(2.2b), along with the possibility that G is realised pro-
jectively, say that we have a graded projective unitary-antiunitary representation (graded
PUA-rep) of (G, ¢, ¢,0) as defined in Section 3.2.2.

2.3 Special cases — (C'T-subgroups and a tenfold way

As in much of the literature, we could assume that there is a distinguished charge reversal
symmetry C' € G, with (¢, 7,¢)(C) = (—1,+1,—1), and antiunitary representative C on )
satisfying C2 = +1. Similarly, we could assume that there is a distinguished time reversal
symmetry T € G with (¢, 7,¢)(T) = (=1, —1,+1), and antiunitary representative T2 = +1.
Derezinski argues that C' and T, realized on the observable algebra (gauge invariant part of
the CAR algebra) as C and T, should obey (CT)2 = +1. This suggests that (CT)% = =1,
from which it follows that C and T either commute or anticommute. The freedom to
multiply C or T by i means that we can assume that they commute. There are then four
possibilities corresponding to the independent choices C?> = +1 and T? = £1. Similarly,
two possibilities arise in each of the two cases where only one of C' and T is present® in G.
Thus, there are eight “real” cases in which some antiunitary symmetries are present.

When all symmetries are unitary, so (¢,7,¢)(g) # (—=1,+1,—1) or (—1,—1,+1) for
any g € G, there is still the possibility of a distinguished unitary symmetry S € G with
(¢, 7,¢)(S) = (1,—1,—1). S is sometimes called a sublattice symmetry. Its representative S
is only determined up to a phase factor, and we may take S?> = +1, so only one distinct case
arises. One more case arises when ¢ =7 =c¢ =1 for all g € GG, so there are two “complex”
cases in which no antiunitary symmetries are present.

What we have described above is an instance of the so-called ten-fold way (8 + 2)
[23, 2, 37, 77, 60]. A more detailed discussion can be found in Section 5.4.2. Similarly, there
is a three-fold way [23] in the neutral setting, given by the two choices T2 = 41 (“real” and
“quaternionic”), along with the case where T is not present in G (“complex”). In either case,
it 1is important to keep in mind that there are a number of different classification questions
to which the answer is a ten-fold or three-fold way.

We stress that in our formalism, the presence of a time/charge reversing symmetry does
not imply the presence of a distinguished charge/time reversal operator in the above sense.
For example, if the homomorphism 7 is surjective, but the corresponding exact sequence
1 — ker(r) = G 5 {£1} — 1 is not split, there may not be a distinguished group element
T of order 2 in G, whose representative T is a projective involution. In other words, there

may be no time-reversal operators T such that T? = +1, despite time-reversing symmetries

3Nevertheless, we are considering charged fermionic fields, even if there are no charge-reversing symme-
tries.
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being present in G. Indeed, Freed—-Moore [30, 60] have pointed out that there are physically
relevant examples that do not fit into the tenfold or threefold way. We prefer to work more
generally, and think of time/charge reversal as properties of a symmetry g € G; under
certain splitting assumptions on G, we can recover the usual distinguished 7' and/or C

symmetries as elements of G.

2.4 Remarks on conventions for free-fermion dynamics

The definition of symmetries of a Hamiltonian, including those of charge-conjugation and
time-reversal, differ between authors. Consequently, the physical meaning of a particular
“tenfold” way classification [1, 2, 30, 37, 50, 77, 79] depends on the conventions being
adopted.

One of the approaches is to consider the single-particle “Hamiltonian” as an operator
on a Nambu space W = V @ V, rather than a bare Hilbert space V. Here, V is some
complex Hilbert space, and V is its dual. A Nambu space has a canonical real structure
Y : (v1,72) — (v2,77), which is sometimes taken as a charge-conjugation operator. The
fixed points of 3 form the real mode space M of Majorana operators, and M inherits a real
inner product b from W by restriction of A. The real symmetric form b can then be extended
complex bilinearly to a symmetric form b% on W. The above description of Nambu space
is essentially that of Heinzner—Huckleberry—Zirnbauer [37], who then consider the space of
“good” Hamiltonians to be so(W,b%) Niu(W, k). Note that the authors make no explicit
mention of a gapped condition for such Hamiltonians. We also mention some other papers
with closely related approaches: Abramovici-Kalugin [1], and Zirnbauer [99].

The operator .J = i®—i on a Nambu space W = V@V = M®C restricts to an orthogonal
complex structure on M, and (M, J|rq) = V. One begins with second-quantized dynamics
on Fock space \" V, generated by a Hamiltonian Hy which is required to be quadratic in the
creation and annihilation operators a*(v),a(v),v € V. Such dynamics can be reformulated
on Nambu space V @ V, with generating “Hamiltonian” Hy subject to certain symmetry
constraints. Alternatively, the dynamics can be specified by a skew-symmetric operator A
on M, whose complexification is iHy. An example is the Bogoliubov—de Gennes (BdG)
Hamiltonian for the quasi-particle dynamics of a superconducting system. It is important
to note that the polarization J, and thus the Fock space in second quantization, is already
implicit in the Nambu space formulation, whereas they are determined by H (or A) in pos-
itive energy Fock quantization. Also, particle number is not necessarily conserved (because
a(v)a(v’') and a*(v)a*(v') terms are allowed in the second-quantized Hamiltonian Hp), so

the BAG Hamiltonian may not have a U(1)-symmetry (i.e. it may not commute with .J).
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Freed—Moore conventions, and symmetries in Nambu space

Freed-Moore begin with the mode space (M, b), assumed to be an even-dimensional real
vector space M = R?N with a positive definite bilinear form b. The operator algebra &
is the complexified Clifford algebra CI(M,b) ® C with CI(M,b) generated by orthonor-
mal basis vectors {cy,...,con} satisfying the canonical anticommutation relations (CARs)
{ci,c;} = 260;5. The antilinear involution * is such that the ¢; are self-adjoint. A choice of
orthogonal complex structure I on M turns it into a unitary space V = CV with hermi-
tian inner product (u|v)y = b(u,v) + ib(Iu,v). The exterior algebra A*V is a fermionic
Fock space, and plays the role of an ¢-module. In more detail, A*V is the orthogonal
direct sum @27:0 A"V, where the inner product on A"V is determined by the formula
(ur Ao Aup [or Ao Avp) = Det[(u; |vj)]. Further details on Fock representations can
be found in [72] and Chapter 5.3 of [31].

A free-fermion Hamiltonian H is a self-adjoint degree-two element of &, so it may be
written as —iAY cicj for some real antisymmetric matrix A Freed-Moore define Nambu
space to be M ® C, with b extended sesquilinearly to a complex inner product h, and A
extended complex-linearly. If H is gapped, A is invertible and we may flatten it into an
orthogonal complex structure J on M; H is similarly flattened into the self-adjoint grading
operator I' = —iJ on M ®C. We can use J to turn M into a complex Hilbert space V in the
usual way. The complex-linear extension of J (denoted with the same symbol) is unitary
and skew-adjoint, and splits M ® C into the orthogonal direct sum of the +i eigenspaces
W= of J. Then, the summands W¥ are conjugate, with W isomorphic to V as a complex
Hilbert space via v +— %(v—i,]v). Thus, M®C = WTa&W ™ = V&V, making contact with
the earlier definition of Nambu space in this section. Complex conjugation, which is the real
structure on Nambu space fixing M, exchanges W+ and W~ (it anticommutes with I'), and
commutes with J. A symmetry element x € G is required to preserve the CARs, so there
should be a homomorphism g : G — O(M,b). We extend 5, to a unitary or antiunitary
operator on the Nambu space M ® C, according to the sign of ¢(z). As before, the second
homomorphism ¢ encodes whether 5, commutes or anticommutes with I'. Equivalently,
the homomorphism 7 = ¢ - ¢ determines whether 8, commutes or anticommutes with J,
according to whether 7(z) = +1 or 7(x) = —1.

Freed—Moore regard the Nambu space M®C as an analogue of a single-particle quantum
mechanical Hilbert space, with symmetries realised in Nambu space as described above. In
Fock space, there is another possibility — the orthogonal symmetries [, can be extended to
a (inner) Bogoliubov automorphism £, of CI(M,b), via By(uy ... un) = (Beu) ... (Beun).
These are (since we are in the finite-dimensional situation) implementable by unitary op-

erators on Fock space, which may be allowed to combine projectively at this level. Indeed,
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the entire (special) orthogonal group (S)O(M,b) acts projectively as the (s)pin represen-
tation on Fock space, where there is even room for a representation of the (s)pin® groups.
However, it is not clear whether more general projective representations are allowed at the
Fock space level — see, for instance, [1]. In any case, we will restrict ourselves to projective

symmetries on Nambu spaces or single-particle Hilbert spaces.

2.4.1 Charged versus neutral dynamics

We do not work with the Nambu space formalism. Instead, our conventions based on
graded PUA-reps (see Remark 2.2.3) are closest to those in the later parts of [30], and that
n [77]. We find them to be well-motivated by the Shale-Stinespring formalism for second
quantization of (charged) fermionic fields (see Chapter 6 of [31], especially the concluding
remarks), and the closely related formalism of positive energy quantization of linear fields.
An important feature of our formalism is the distinction between the charged and neutral

cases.

Neutral case

The role of the generator A of non-degenerate neutral free-fermion (orthogonal) dynamics
is to provide an orthogonal complex structure J on the real Hilbert space ), through the
decomposition A = HJ. With the help of the polarisation J, we obtain the complex one-
particle Hilbert space Z as a subspace of Y ® C. On Z, the dynamics is unitarily generated
by a positive Hamiltonian Hz. We regard dynamics given by A and A/|A| (assuming
A is invertible) to be equivalent in a “homotopy” sense. Note that H gets flattened to
the identity operator when A +— A/|A|, so J suffices to specify the homotopy class* of
orthogonal dynamics. The data of (),b) and J is equivalent to that of a complex Hilbert
space (J,h). On Y, the symmetries in G are required to obey equation (2.1), which is
precisely the statement that g € G is realised as unitary or antiunitary operators on (), h)
according to ¢(g) = 7(9) = £1. Therefore, the specification of (a homotopy class of)
non-degenerate neutral free-fermion dynamics respecting the symmetry data (G, ¢,0) is
achieved by the provision of a projective unitary-antiunitary representation for (G, ¢, o)
(see Section 3.2.1). Note that despite the fact that we are dealing with non-degenerate (or
even “gapped”) dynamics, the Hamiltonian Hz is not gapped, and is even positive. The
“gap” is manifested in the self-adjoint operator iA = sgn(iA)|A| on the complexification

Y ® C. The operator iA is sometimes referred to as the “Hamiltonian” as well.

“Here, and in the charged case, the generator A or H of the dynamics may be unbounded, and care must
be taken in order to interpret spectral-flattening as a homotopy in a precise sense, see Appendix D of [30].
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Suppose there is a distinguished time-reversal symmetry 7' € G of order 2, with ¢(T") =
—1 and antiunitary representative T on (), h). By the general arguments of Section 5.4.2,
we may assume that T2 = 1. Then there is a Clig = M3(R) or Cly o = H-action on the
underlying real Hilbert space (), b), generated by {J, T}. If T is absent, there is simply a
Clyp = C-action due to J. This is the well-known threefold Wigner-Dyson classification
[23] of projective unitary-antiunitary representations into Wigner types I, IT and 111, based
on R,H and C. However, note that Wigner’s threefold classification may also be applied
to projective unitary-antiunitary representations on complex Hilbert spaces understood as

ordinary quantum mechanical Hilbert spaces [95].

Charged case

In the charged case, the Hamiltonian H generating the non-degenerate unitary dynamics on
the complex Hilbert space (Y, h), determines the particle-antiparticle distinction in second
quantization. In practice, we impose a stronger gapped condition on H; namely, we require
0 to lie in a gap of the spectrum of H. In this case, we call H a gapped Hamiltonian.
In addition to allowing antiunitary symmetries, there is the possibility of charge-reversing
symmetries which reverse Q = sgn(H), as indicated by c¢(g) = —1. We wish to identify
two symmetry-compatible gapped Hamiltonians if they have the same spectral flattening,
i.e., if they result in the same grading operator Q on ). Then, the specification of (a ho-
motopy class of) charged free-fermion dynamics respecting the symmetry data (G, ¢, ¢,0),
is precisely the specification of a graded projective unitary-antiunitary representation for
(G,c,¢,0) (see Section 3.2.2). This provides the physical motivation behind the construc-
tions in Chapter 3.

As in the neutral case, a graded PUA-rep for (G, ¢, ¢, o) also has another interpretation
as an ordinary quantum mechanical system, with flattened gapped Hamiltonian compatible
with the symmetry data. We usually combine such quantum mechanical systems using the
tensor product. On the other hand, at the level of one-particle Hilbert spaces, we combine
free-fermion systems using the direct sum operation, which gets translated into the tensor
product at the Fock space level. We are only interested in describing free-fermion dynamics
and its symmetries at the one-particle level, so the direct sum applies. This allows us
to construct commutative monoids of free-fermion systems, paving the way for the use of

K-theoretic methods in their classification.
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Chapter 3

Twisted crossed products,
covariant representations, and
symmetry classes of gapped
Hamiltonians

We give an outline of the basic definitions and constructions of twisted covariant repre-
sentations of twisted C*-dynamical systems [13, 55, 66]. We make a simple generalisation
to Zs-graded twisted covariant representations, and show that they arise naturally in the
context of gapped quantum systems with time/charge-reversing symmetries. All gradings

in this section are Zy-gradings.

3.1 Ungraded covariant representations

Let A be a separable, possibly non-unital, real or complex C*-algebral. We denote its
multiplier algebra by MA, and its group of unitary elements {u € MA : v*u = vu* = 1pa}
by UMA. If F is the ground field of A, we write Auty(A) for the group of F-linear
x-automorphisms of A. Let G be a locally compact, second countable group, with left
Haar measure p and identity element e. As in Section 2 of [66], we give UM.A the strict
topology, which coincides with the more familiar strong operator topology when U MA is
the group of unitary operators on a separable Hilbert space. The topology on Autg(A) is
taken to be the point-norm topology, i.e., a(,) = «a iff a(,(a) = ala) Va € A.

Definition 3.1.1 (Twisted C*-dynamical system [13, 55]). A pair (a,0) of Borel maps

!'Basic facts about real C*-algebras can be found in Chapter 1 of [80] and Chapter 5 of [56]. For our
purposes, we need the fact that the (Banach space) complexification of a real C*-algebra is a complex
C*-algebra.
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a:G— Autp(A) and 0 : G x G — UM A satisfying

a(z)aly

= Ad(o(z,y)) o a(zy), (3.1a
o(z,y)o(zy, (

a(z)(o(y, 2))o(z,yz),
=1=o(e, ), (3.1c
id 4, x,y,2 € G, (3.1d

o(x,e

)
) =
)
a(e) =
is called a twisting pair for (G,.A). The map o is called a 2-cocycle with values in UM A,
or simply a cocycle, and the quadruple (G, A, a, o) is called a twisted C*-dynamical system,

or simply a twisted dynamical system.
For notational ease, we will often write a, = a(z) and a* = ay(a) = a(x)(a).

Definition 3.1.2 (Twisted covariant representation). A twisted covariant representation
of a twisted C*-dynamical system (G, A, a, o) is a non-degenerate *-representation of A as
bounded operators on a separable Hilbert space 5 over [, along with a compatible Borel

map 6 : x — 0, from G to the unitary? operators on J#, in the sense that

0,0y = o(,Y)bzy, (3.2a)
0.(am) = a®(6,m), z,y,€ Giac A, me . (3.2b)

Note that (3.2b) can be restated as a® = Ad(6;)(a), and then we see that (3.2a) is
consistent with (3.1a).

In the untwisted case, i.e. o(x,y) = 1 for all z,y € G, the map « is a Borel homomor-
phism G — Autr.A, which is automatically continuous since G and Autg.4 are Polish groups
(see Theorem D.11 of [97]). Then (G, A,a,1) is a C*-dynamical system (G,.A, «) in the
usual sense (e.g. 7.4.1 of [71], 2.1 of [97], or 10.1 of [11]). Also, a twisted covariant represen-
tation 6 of (G, A, «r, 1) on 47 is, in particular, a Borel homomorphism from G to the unitary
operators U(##) on ., which is also automatically continuous if U(.#) is given the strong
operator topology. Thus, 6 is a covariant representation of (G, .4, ) in the usual sense (e.g.
7.4.8 of [71] or 10.1 of [11]). No harm is done by dropping the adjective “twisted” and using
it only for emphasis. We say that two twisted covariant representations (6, .5), (¢, 7#") of
(G, A, ,0) are equivalent if there is a unitary A-linear intertwiner U : 7 — " such that
U, Ut =0, forall z € G.

Definition 3.1.3 (Exterior equivalence of twisting pairs (Section 3 of [66])). The action of
a Borel function A : G — UMA on a twisting pair, A - (a,0) = (A-a,X-0) = (d/,0), is

2When F = R, we also use “orthogonal” for emphasis.
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defined by

o (z) = Ad(\(2)) o a(z), (3.3a)
o'(z,y) = Mz)aws(A(y))o (2, y)M(zy) " (3.3b)

Two twisting pairs (a, o) and (o/,0’) are exterior equivalent if they are related by such a
transformation, and there is a 1-1 correspondence between the covariant representations of

(G, A,a,0) and those of (G, A, ,0’), via the adjustments 6, — A(z)0,.

One can verify that (3.3a)—(3.3b) defines an action of the group of Borel functions
A G = UMA. Definition 3.1.3 generalises the familiar notion of projective equivalence of
ordinary projective unitary group representations (i.e. A = C). However, it is important to
consider « and o concurrently when considering (exterior) equivalence under an adjustment

0 1 Nz)0,.

Central cocycles and cocyle classes

If the cocycle o is assumed to be central (e.g. for ordinary projective unitary representations,
or when A is commutative), there is no effect of A on « in (3.3a). The conjugation in (3.1a)
and the condition (3.1d) are then redundant, and we also have a(z~!) = a(x)~!. The
cocycles also gain some additional structure, for example, they form an abelian group?®
A (G) under pointwise operations on G X G. A central cocycle is said to be trivial if there
is a Borel function A : G — Z(UMA) such that o(z,y) = Mz)\(y)*A(xy)~!. Here, the
notation Z(-) indicates restriction to the central elements of M.A. A central cocycle o is a

2-cocycle in the sense of cohomology; if we define the coboundary maps d*, d? by

d'Nz,y) = Ma)My)"Azy) ™

dPo(z,y,2) = olay.2)  olz,y)  o(y,2)%0(z,y2),

then d?c = 1 as required, while a trivial cocycle is precisely a coboundary o = d'\. The set
of trivial cocycles form a subgroup .#,(G) of .# (G), and the quotient group #(G)/.#,(G)
is the set of cocycle classes for G. We denote .# (G)/.#y(G) by H2(G, Z(UM.A)) in analogy
to the usual group cohomology H?(G,T). Two central cocycles o1, 09 are equivalent, or in
the same cocycle class, if o105 Lis a trivial cocycle.

Let 0,0’ be two central cocycles from the same cocycle class [o]. Two covariant rep-
resentations (0, 72), (¢, 7#"), of (G, A,a,0) and (G, A, «, ') respectively, are said to be
projectively equivalent if there exists a unitary A-linear map U : # — 2’ such that
U, Ut = \x)0., for some Borel function A : G — Z(UM.A). If we fix a representative

3We suppress the dependence on the data A and « in .Z(G).
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cocycle o once and for all, projective equivalence requires A to be a generalised character,
A@)A(y)* = Mxy). Note that two projectively equivalent covariant representations (with
the same representative o) may not be equivalent in the stronger sense that U0, U1 = ¢’ .
The latter notion of non-projective equivalence, which we simply call equivalence, will be
needed for generalised inducing later on (also see Section 1.3 of [81]), and is important in
itself. A natural problem is to identify the classes of (central) cocycles for a given (G, A, «),
and then to classify the equivalence classes of covariant representations of (G, A, «, o) for a
o in a cocycle class. More generally, we can look for exterior equivalence classes of twisting
pairs, and classify the covariant representations of (G, A, «, o), up to equivalence, for a

(a,0) in each class of twisting pairs.

3.1.1 Graded covariant representations

The definitions in Section 3.1 can be generalised slightly to accommodate a notion of graded
covariant representations. Let A be a graded real or complex C*-algebra (see Chapter 14
of [11]). This means that A has a direct sum decomposition into two self-adjoint closed
subspaces A = Ay @ Ay, satisfying A;Aj C Ay jmod2)- Let Autg(A) now denote its group
of even F-linear *-automorphisms, i.e., *-automorphisms that preserve the decomposition
A= Ay ® A;. We assume that the cocycles o take values in the even elements UM Agy
of U MA. These restrictions are consistent with equations (3.1a)—(3.1b) for a twisting pair
(a,0), and in particular, the notion of exterior equivalence still makes sense.

Suppose that the group G is also equipped with a continuous homomorphism ¢ : G —

{£1}. The quintuple (G, ¢, A, a, o) is called a graded twisted C*-dynamical system.

Definition 3.1.4 (Graded twisted covariant representation). A graded covariant represen-
tation of a graded twisted C*-dynamical system (G, ¢, A, a, o) is a non-degenerate graded
x-representation of A on a graded Hilbert space ¢ = % @& 4 over [ (i.e. A0t C
Hi1j(mod2)), along with a compatible Borel map 6 : G — U(J¢), in the sense of (3.2a)-
(3.2b), with the additional condition that 6, is an even (resp. odd) operator if ¢(x) = +1

(resp. c(z) = —1).

Two graded covariant representations (6, .5¢), (¢', 7#"') for (G, ¢, A, o, o) are graded equiv-
alent, or simply equivalent, if there is an even unitary A-linear map U : 2 — 2’ intertwin-
ing 6 with #’. Note that graded equivalence is distinct from ordinary ungraded equivalence.
For instance, a graded Hilbert space over [ and its parity-reverse are equivalent as ungraded
representations of F, but are inequivalent in the graded sense unless the two homogeneous
subspaces have the same dimension. When the cocycles ¢ are restricted to be central, we

again have the weaker notion of projective graded equivalence, which only requires that
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UG, Ut = \(x)0, for all x € G, for some \ : G — Z(UMAy). There is also a distinct
notion of super-equivalence of graded covariant representations, which we will consider in
Section 6.2.

In many of our applications, A is trivially graded, i.e. purely even, and the only com-
plication comes from requiring G to be realised as even or odd operators according to c.
In fact, when considering symmetry data (G, ¢, ¢, o), we will often take A to be the purely
even algebra C, regarded as a real algebra if ¢ is surjective and a complex algebra otherwise.
Our definitions of graded covariant representations generalise natural ones that arise from

physical considerations, as the following examples illustrate.

3.2 Examples
3.2.1 Projective unitary-antiunitary representations

Let ¢ : G — {£1} be a continuous homomorphism, and ¢ be a T-valued 2-cocycle as
in (1.1). A projective unitary-antiunitary representation* (PUA-rep) 6 of (G, ¢,c) on a
complex Hilbert space (%, h) is a map x +— 6, such that 6, is a unitary (resp. antiunitary)
operator on (2, h) if ¢(x) = +1 (resp. ¢(z) = —1), and 6,0, = o(z,y)0,y. By regarding 5
as a real Hilbert space with real inner product b = Re(h), and i as an orthogonal complex
structure J on (2, b), we can equivalently define a PUA-rep of (G, ¢,0) as a map 6 from
G to the orthogonal operators on (4, b), subject to

ax‘gy = a(x,y)Qxy,
0] = o¢(x)Jb, x,y € G.

The complex Hilbert space (.7, h) is recovered from (.7, b) by taking J as the imaginary
unit, and setting h(u,v) = b(u,v) + ib(Ju,v). Note that h and b induce the same norm on
2, and that a b-orthogonal operator is h-(anti)-unitary iff it (anti)-commutes with .J.
Suppose ¢ is surjective, and let A = C as a real C*-algebra. Thus A = R @ iR as a real
vector space, with basis {1,i}, i = —1, and i* = —i. There are two elements of Autg(C),
namely complex conjugation K and the identity idc. A *-representation of A = C is a real

Hilbert space (., b) along with a real-linear operator .J representing i, such that J? = —1

and J* = —J, i.e. J is an orthogonal complex structure. Define the map « : G — Autg(C)
by
ide if =+1
ay = ax) = 1ae 1 d(@) = +1, (3.4)
K if ¢(x) = —1.

“See [70, 97], as well as Appendix B.2, for some technicalities.
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Equations (3.2a)—(3.2b) say that a covariant representation 6 of (G, C, «, o) on a real Hilbert
space (7, b), is precisely a PUA-rep of (G, ¢, o) on the complex Hilbert space (7, h). Two
PUA-reps 019 for (G, ¢,c®), are considered to be projectively equivalent if the representa-
tives Hg;i) are related, up to a unitary, by multiplication by a phase factor A(z) € T. Note
that o and o are necessarily from the same cocycle class. Thus, our concern is with
PUA-reps for cocycle classes [0] € H2(G,T), and we may fix a convenient choice ¢ in such

a class.

3.2.2 Gapped Hamiltonians and graded projective unitary-antiunitary
representations

Following Section 2.4, as well as [30], we assume that a PUA-rep for (G, ¢, o) has, addition-
ally, a gapped self-adjoint Hamiltonian H, and that G has a second continuous homomor-

phism ¢ : G — {£1} such that
0.H = c(x)Hb,, Vo € G. (3.5)

We say that such a gapped Hamiltonian H is compatible with the symmetries specified
by the data (G,c,¢,0). By functional calculus, we can continuously deform H to I' =
sgn(H), which has spectrum in {1}, while preserving the commutation/anticommutation
relations with G as expressed in (3.5). Note that H is gapped, so that sgn(-) is a continuous
function on the spectrum of H homotopic to the identity function. We will not distinguish
a (G, ¢, ¢, o)-compatible Hamiltonian with its spectrally-flattened version. As discussed in
Section 2.4.1, this is one aspect of the notion of “homotopy” equivalence of symmetry-
compatible Hamiltionians, first suggested by Kitaev [50].

We are thus led to study graded PUA-reps 0 of (G, ¢, ¢,0) on a graded complex Hilbert
space S = ) ® 4, with self-adjoint grading operator I' satisfying I'> = 1,. The
operators 6, in a graded PUA-rep are required to be even or odd according to whether ¢(z) =
+1 or —1. The grading operator I' is interpreted as a compatible gapped Hamiltonian, or
more correctly, a representative of a class of (G, ¢, ¢, o)-compatible Hamiltonians on ¢,
whose spectral flattenings are I'. The notion of equivalence of graded PUA-reps is that of
graded unitary equivalence, i.e., the intertwining unitary map U must be even.

Suppose ¢ is surjective. Let A be the purely even real x-algebra C, and define the
automorphisms «a, as in (3.4). Then each «, is an even automorphism, the cocycle o is
even, and a graded covariant representation of (G, ¢, C, «, o) is precisely a graded PUA-rep

of (G,c,¢,0).
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3.2.3 Symmetries in Nambu space

Recall the Nambu space description of the symmetries of free-fermion dynamics in Section
2.4. A Nambu space realisation of the symmetry data (G, ¢, ¢, o) has an equivalent descrip-
tion as a covariant representation. Let A be the real C*-algebra Cli1 ® Clig = Cly1 =
M3 (C), generated by i,e and f, with i = —1 = f2 €2 = 1,i* = —i, f* = —f,e* = ¢, and
the commutation relations ie = —ei,if = fi,ef = fe. In a covariant representation for
(G, A, a,0), the algebra element i plays the role of the imaginary unit, e is represented by
complex conjugation, and f is the operator J corresponding to a flattened Hamiltonian.
The automorphisms a, of A take i to i and f to £f according to whether ¢(z) = £1
and 7(z) = ¢(z)p(x) = £1 respectively. Equations (3.2a)—(3.2b) then say that a covariant
representation 6 of (G, ¢, M2(C), o, 0) is a representation of (G, ¢, ¢,0) on a Nambu space,
as symmetries of a gapped free-fermion Hamiltonian. Note that a finite-dimensional Nambu

space is necessarily even-dimensional.

3.3 Twisted crossed products and covariant representations

The symmetry data (G, ¢, o), or more generally, a twisted C*-dynamical system (G, A, a, o),
is associated with a twisted crossed product C*-algebra A x(, ») G. This is a C*-algebra
constructed in such way that its ordinary representation theory coincides with the covariant
representation theory of (G, A, a,0). Let L'(G, A, a,0) be the Banach x-algebra of inte-
grable functions® F : G — A with the L'-norm ||F||; = [,||F(z)||dz, which is equipped

with a (o, 0)-twisted convolution product x and involution x,
(P B)(w) = [ @) (') ol ) ds, (3.60)
G
F*(z) = o(x,z~ )" (F($—1)*)w A(z™Y), (3.6b)

where A is the modular function on G. The rather messy verification that F** = F and
(F1 x F»)* = Ff x F}' can be found in Section 6 of [13]. There is a 1-1 correspondence
between covariant representations 6 of (G, A, «,0), and non-degenerate x-representations

of L'(G, A, o, 0), given by taking the “integrated form” 6 of 6,
O(F) = /GF(JT)G;E dz, FeL'(G,Aa,o0),
see Theorem 3.3 of [13] and Remark 2.6 of [66]. A pre-C*-norm is defined on L'(G, A, o, o)
by
|Fllmax = sup{||w(F)| : mis a non-degenerate *-representationof L'(G, A, a,0)}

= sup{||0(F)|| : 6 isa covariant representation of (G, A, o, 0)}.

®The integral of a A-valued function on G is a Bochner integral with respect to p, for which a detailed
discussion can be found in Appendix B of [97], and a shorter version in the preliminary section of [66].
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Definition 3.3.1 (Twisted crossed product C*-algebra [13]). Let (G, A, a,0) be a twisted
dynamical system. The twisted crossed product C*-algebra associated with (G, A, «,0),

denoted by A X, ) G, is defined to be the completion of L*(G, A, a,¢) in the norm ||-||max-

When ¢ = 1, we recover the untwisted crossed product C*-algebra associated with the
untwisted C*-dynamical system (G, A, a). If a =1, we call R %y o) G (resp. C X1 ) G) the
real (resp. complex) twisted group C*-algebra of (G, o). If 0 = 1 as well, we use a shortened
notation® R x G (resp. C x G) for the real (resp. complex) group C*-algebra of G. More
generally, when o =1 and ¢ = 1, we will write A x G := A x(; ;) G to ease notation.

The group G is embedded, not necessarily homomorphically, in the multiplier algebra
of the twisted crossed product via a Borel map jg : G — UM(A X (4,5 G); the multipliers
ja(g) are defined on functions ' € L'(G, A, o, o) by

(e(9)(F)(z) = (F(g~'x))o(g,9 '), weG.

Likewise, the algebra A is embedded in M(A X (4 4y G) through the x-homomorphism
jas A= M(A X0 G), defined by

(Ja(a)(F))(z) = a(F(z)), FelLYG A a,0),z€G.

In Definition 2.4 of [66], the authors defined a twisted crossed product for a twisted
dynamical system (G, A, a, o) abstractly, as a C*-algebra B, along with a non-degenerate

s-homomorphism” i 4 : A — MB and a Borel map i : G — UM, such that

1. (ia,ig) is covariant, i.e.,

ia(a®) = ig@)iaa)igx)™", (3.7a)

ia(z)ic(y) = ialo(z,y))ic(zy), (3.7b)

2. for every covariant representation 6 of (G, A, «, o) on a Hilbert space S, there is a
(non-degenerate) *-representation  of B on .# such that a(v) = (§ 0 is(a))(v) and
0.(v) = (B oig(x))(v) for all a € A, = € G, v € ; the representation 6 is called the

integrated form of 0,

3. for every function F € L'(G, A, o, 0), the integral (i4xiq)(F) = [ia(F(z))ig(z) dx

is an element of B, and the image of (i4 X i) is a dense subspace of B.

SUnfortunately, it is also standard to write R x G for the semidirect product of the group R with G.
Nevertheless, the correct meaning should be clear from the context.

TA *-homomorphism 7 : A — MB is non-degenerate if 7(A)B is dense in B. This is equivalent to the
statement that w(ey) — 1 strictly for some approximate unit (ex) for A. In this case, there is a unique
extension of 7 to a *-homomorphism from MA to MB. See, e.g., I1.7.3 of [12] and Section 1 of [66].
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The covariant representation theory of (G, A, «, o) is thus the same as the representation
theory of a twisted crossed product B for (G, A, «,0). As pointed out in Proposition 2.7
of [66], a twisted crossed product (B,i4,i¢g) is unique up to isomorphisms which respect
the embedding maps. In more detail, if (C,iy, ;) is another twisted crossed product for
(G, A, a,0), then there is an isomorphism ¢ : B — C such that £ 0ig =4/, and  oig = ig.

In fact, there is a stronger universal property [67] which characterises the twisted crossed
product (B,i4,ig) for (G, A,a,0). The authors define a covariant homomorphism of
(G, A,a,0) into the multiplier algebra MC of a C*-algebra C to be a pair (n,v), where
n: A — MC is a non-degenerate x-homomorphism, and v : G — UMC is a Borel map,
satisfying

L. vpvy = n(a(xvy))’/xy’ z,y € G,
2. n(a®) = ven(a)v; !, ©€G,aec A

For example, if (B,i4,i¢) is a twisted crossed product for (G, A, a, o), then the pair (i, ig)
is a covariant homomorphism into M(B). Also, a covariant representation 6 of (G, A, a, o)
on a Hilbert space /¢ defines a covariant homomorphism (7, ) into £() = M(K(5)),
where 7 is the A-action on . Theorem 1.2 of [67] says that a twisted crossed product
(B,ia,ic) has the following property (call it Property A): every covariant homomorphism
(v,m) into MC gives rise to a unique non-degenerate homomorphism (7 x v) of the twisted
crossed product B into MC, such that n = (nxv)oi4 and v = (nxv)oig. Furthermore, if 5/
is another C*-algebra, (i'y,i(;) is a covariant homomorphism of (G, A, o, o) into MB’, and
(B',iy,i¢;) has Property A, then there is an isomorphism £ : B’ — B such that £ oi’y =i4
and & o iy, = ig. Therefore, a twisted crossed product for (G, A, a, o) can alternatively be
defined as a triple (B,i4,ig) comprising a C*-algebra B and a covariant homomorphism
(i4,iq) into MB, which is an initial object for such triples.

For our purposes, we do not need the details of these universal characterisations of the

twisted crossed product, but only the following important property of A X, ») G"

Proposition 3.3.2 ([13, 66, 67]). The algebra A X (o) G, along with the maps (j4, ja),
is a twisted crossed product for (G, A,a,0) in the sense of [66]. There is a one-to-one
correspondence between the covariant representations of (G, A, v, o) and the non-degenerate

x-representations of A X (q,0) G-

This link between x-representations of A X(,,,) G and covariant representations 6 of
(G, A,a,0) is analogous to the link between representations for the group algebra of a
(finite) group and representations of the group. We carry out a short calculation to illustrate

the similarity. We assume, for now, that G is discrete, and use the symbol d, to denote the
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element in M(A X (4, G) whose value is 1 on g and 0 otherwise®. Taking dz to be the

counting measure, the computation

(6% 1)) / o) (6n(a1))" o, 2~ y) da
= (g 'y)o(g, g 'y)
= (5,09 1) (4), (3.8)

says that the representatives of §; in a x-representation of Ax -G verifies (3.2a). Similarly,

(6, %ad) (y) = /G 5o(x) (ade(@™'y))" oz, 2~ y) da
= dg(y)a’o(y,e)
= a%y(y)o(e,y)
- /G a5.(x) (3, (29))" 0,2y da
= (a6, %5,) (1)

verifies (3.2b). We also find that the algebra A is embedded in M(A X (4,0 G) via a = ade,
or more correctly, through the homomorphism a +— j4(a).

Finally, let us recall the action (3.3a)—(3.3b) of a Borel map A : G — UM.A implementing
exterior equivalence between two twisting pairs («,0) and (o/,0’). Then Lemma 3.3 of
[66] says that there is a “projective isomorphism” between the twisted crossed products
AX(q,0) G and A Xy o) G, ie., there is an isomorphism § : AX (4 0) G — A X (o o) G, such
that £0j4 = j4 and ojg(x) = ja(A(x)71)ja(s). Here, the maps j4, jg refer to the standard
embeddings of A and G inside the crossed products. Writing j;(s) = ja(A(z) Y ja(z),
this says that (A X (4 o) G,j4,J¢) is another twisted crossed product for (G, A, «a,0). It
follows that if 6 is a covariant representation of (G, A, «,c), then 6’ : = — A(z)0, is a
covariant representation for (G, A, o/, ). Thus the covariant representations of two twisted

dynamical systems with exterior equivalent twisting pairs are “projectively” related.

3.3.1 Graded twisted crossed products

One can also define the graded twisted crossed product C*-algebra associated with a graded
twisted C*-dynamical system (G,c, A, «a,0), by assigning an appropriate grading to the
ungraded twisted crossed product associated with (G, A,«,0). Let Gy = ker(c) and
G1 = G — Go. We define the even subalgebra of A X(,,) G to be the completion in
|- llmax of L'(Go, Ag, o, 0) ® L'(G1, A1, a, o), and the odd subspace to be the completion of
LY(Go, A1, a,0) ® LY (Gq, Ag, o, o). Note that (3.6a) and (3.6b) respect this grading due to

8For non-discrete G, the function d4 is not actually an element of A X(a,0) G, and we should use ja(g)
instead of dg.
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the restriction to even automorphisms «, and even cocycles 0. A graded *-representation
of the graded twisted crossed product A X, ) G then corresponds to a graded covariant
representation of (G, ¢, A, a, o).

Often, A is a purely even algebra, in which case we can identify the even subalgebra
of A X4 G with A X (44 Go. If ¢ =1 as well, then the graded twisted crossed product
is purely even. In this case, an ungraded x-representation for A X, ) G on J can be
promoted to a graded s-representation, by giving .7 either the even or odd grading, and

we do distinguish between these two options as graded *-representations of A X, ) G-
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Chapter 4

Induced twisted covariant
representations

The fundamental work of Mackey showed how the unitary representations of a large class
of groups G can be obtained by first choosing an appropriate normal subgroup N whose
representation theory is known, and then applying a procedure which is now called the
“Mackey machine”; see the original works of Mackey [57, 58, 59|, as well as the expository
articles [76, 91] for details and applications to quantum physics. A central construction
is that of an induced representation, first described for unitary representations of locally
compact groups in [57], then generalised to projective unitary representations in [58]. If
the (generalised) dual of N and its canonical G-action are nice enough, then all irreducible
projective unitary representations of G may be obtained through Mackey’s theory. Mackey’s
ideas proved to be very general, and lent themselves to significant further generalisation.
For instance, the inducing process for projective unitary-antiunitary representations was
made in [70, 81]. A different generalisation was made for covariant representations of a
dynamical system (G, A, «), with A a complex C*-algebra, by Takesaki [85], and extended
by Green [32]. However, note that the twisted crossed products, or twisted covariance
algebras, of Green are not the same as the Leptin—Busby—Smith twisted crossed products
which we had introduced in Chapter 3. The latter version of twisted crossed products is
formally more general, although the analogue of the Mackey machine is better developed
for Green’s version. The relationship between the two notions of twisted crossed products
is explained in [66, 74].

Using the constructions in the above references as a guide, we generalise the inducing
procedure to twisted covariant representations of a twisted dynamical system (G, A, «,0),
where A may be a real C*-algebra. Graded twisted covariant representations can be sim-
ilarly induced. In order for the full Mackey machinery to work, various measure-theoretic

conditions need to be met, and we have not worked out what these are in the general case.
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Therefore, we focus on the algebraic aspects of a generalised Mackey machine for twisted
dynamical systems; no rigorous theorems are stated or proven in this regard. Nevertheless,
the specific twisted dynamical systems (G, A, a, o) which we are interested in, typically
have ker(a) being a subgroup of G with finite index, as well as T-valued cocycles. Taking
N = ker(a) and assuming that the covariant representations of (N, A, 1,0) are already
known (e.g. using one of the available generalisations of Mackey’s theory), we do not imag-
ine that the complications arising from the finite G/N and the twisting pair (o, o) will

violate these conditions in a serious way.

4.1 Generalised inducing — the ungraded case

Let G be a locally compact, second countable group, which we assume to be unimodular for
simplicity of notation, and let (G, 4, o, 0) be a twisted dynamical system as in Section 3.1.
Let H be a closed subgroup of G, and 6 be a covariant representation for (H, A, «,0) on a
Hilbert space M over [, where (a, ) are understood to be restricted to H. The induced
covariant representation of (G, A4, a, o), which we denote by © = 6 1 G, is constructed on a

H-equivariant subspace of Borel functions ¢ : G — M, where equivariance means
¥(g) = a(h,h tg) '0p(h'g), Vg€ G,heH. (4.1)

We check that the cocycles work out consistently when we apply the equivariance condition

repeatedly,

¥(g) = o(hi,hi'g) 0n, (k1 'g)
= a(h1,hytg) (o (ha, by hytg) ™) On, O, (hy it g)
= (o(h1, ha)o(haha, (hiha) " g)) " o(hn, ha)On,nytb((haha) ' g)
= o(hiha, (h1h2) "t g)  On 0 ((h1h2) " tg),

where we have used the cocycle condition (3.1b) in the third equality. Note that g —
%(g)||3; is constant on the right cosets p in H\G, and may be regarded as a function on
the cosets. Following Mackey [57, 58|, a quasi-invariant measure p can be defined on H\G.
Identifying functions which are equal almost everywhere, the set of ¢ satisfying (4.1), as

well as

l? = / 1(9) |3 d < oo,
H\G
forms a Hilbert space Mg

Definition 4.1.1 (Induced covariant representation). Let (G, A, o, o) be a twisted dynami-

cal system, H be a closed subgroup of G, and 6 be a covariant representation for (H, A, a, o)
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on a Hilbert space M. The induced covariant representation 0 1 G = © for (G, A, a,0) is

defined on the Hilbert space Mg constructed above, and the actions of a € A and z € G

on Mg are defined to be

(a)(g) =
(©29)(9) =

a%1(g),
o(g,z)p(gz).

We check that ai) and ©,1 remain H-equivariant:

(ah)(g) = a%Y(g) =

and

(©29)(9) = o(g, x)¢(97)

In order for ©, to be unitary, a

= 0O

= O

Io(h,h~'g) " Opp(htg)
o(h, k™ g) (@) ) On (h ")
a(h,h ™ g) " Opa" Ip(h 1 g)
o(h,h™ g) " On(arp)(h'g),

= o(g,x)a(h, k™" gz) " O (h~" g)

h, hilg)fla(hflg, x)hem/)(h*lg:z)

(
(
(h,h ™ g) ' Oha(h™ g, )0 (h gx)
(

= o(h,h 'g) " 0,(Ou) (R 1g).

(real) factor

02(g) should be included, where g — 0,(9g)

is the Radon—Nikodym derivative of the x translate of u with respect to p [57, 58|, but we

omit these factors to reduce clutter. It is easy to see that (4.2a) is *-preserving, and that

(a1a2)®) = aq(ag®)). The computation

(©:0,9)(9) =

(g, )(Oy)(gx)

o(g,z)o(g9z,y)¥(gzy)
(z,y)90(g, zy)Y(92y)
(2, 9)?(Ozy¥)(9)

Y)Oayt)(9)

Q

g

(o(z,

7

see (4.2a),

verifies that ©,0, = o(z,y)0,, as is required for a covariant representation with cocycle

o. Finally, ©, has the correct commutation relation with a € A, since

(©za1))(g)

= o(g,)(av)(gz)
= o(g,z)a"P(gx)
(a®)? (g, 2)(
= (a")? (02¢)(9)
(a®©.1)(9),

g97)
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which says that ©,a = a*0,, in accordance with (3.2b).

4.1.1 Induced covariant representation space as space of functions on
cosets

We will sometimes call a *-representation space for A an A-module for brevity. Given any
s-automorphism 8 € Autr(A), we may regard any *-representation space M for A as a
s-representation space for the algebra SA := (A), by replacing multiplication by a with
multiplication by f(a). We denote the identity map on M, regarded as a map from an
A-module to a (8.A)-module, by Kg. Thus, Kg(am) = B(a)(KCs(m)) for all a € A,m € M.
For automorphisms 8 = «a;, x € G, we replace the § subscript with z, so for example,
Kz(am) = a®(Kz(m)). We will now assume that the cocycles o are central. Then « is a

homomorphism, so that a,—1 = a;! = (a*)* ' =a Va € A, and K,—1 = K.

Example 4.1.2. Consider the setting of PUA-reps in Section 3.2.1, with A =C. Let x € G
be a group element such that ¢(z) = —1. Then K, : m — T turns a C-module M into its
conjugate a;(C) = C-module M. Multiplication by A € C on m turns into multiplication
by A on T, i.e. Am = A\7m.

We can view the set of H-equivariant functions ¢ : G — M as functions ¢ : H\G — M,
as follows. Choose a Borel section! s : H\G > p sp € G for the quotient map ¢ : G —
H\G, with s(He) = e. Then the correspondence is

op) = Y(sp), (4.3a)
P(x) =p(hsy) = o(h,sp) ' Ohe(p). (4.3b)

Note that every € G can be written uniquely as hs,, with p = ¢(z) and h = xs;l € H, so
(4.3b) specifies 1 from ¢ completely. There is a right action of x € G on the cosets, given
by p -z = q(spx). The translation of the induced action of x € G on ¥ into an action on

the coset functions ¢, which we also denote by O, is

(©:0)(p) = [o(sp,2)/0(h; 5p2)lOn.p(p - @), (4.4)

po- Lhe transformation law for ¢ is somewhat more complicated than

where h, = spxs

that for . The A-action is similarly translated,

(a-¢)(p) =a™ (¢(p)).

Heuristically, we can imagine the induced representation space as a direct integral of

Hilbert spaces over the coset space H\G, each isomorphic (as a Hilbert space, but not

!Such sections exist by Lemma 1.1 of [57).
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necessarily as a A-module) to M,

b
T = / I, Iy = Ks, M. (4.5)
peH\G

The operator ©, can then be thought of as a direct integral of operators labelled by the

cosets p,

D
0, / 0P, [o(sysa)/o(h, spa)lon, = OF : s — Ay (46)
peH\G

A

A different choice of section Sy

(»)

each J7,, as well as ©; ", but always in such a way as to preserve the relation @SEP Ja = a® @S;p ).

hpsp, hy € H might change the A-module structure on

Furthermore, the induced representation © determined by s’ is equivalent to the induced

representation © determined by s, the intertwiner being fp@ K,:plehp.

4.2 A sketch of a generalised Mackey machine

According to Mackey, the irreducible unitary representations of a large class of groups G can
all be constructed by first fixing a suitable normal subgroup NN, and then inducing up from
irreducible representations of the “little groups” corresponding to the irreducible representa-
tions of N. We would like to generalise this procedure to twisted covariant representations
of (G, A,a,0). The generalisation of the usual induced representation construction has

already been covered in Section 4.1. We proceed to generalise the notion of “little groups”.

The action of a group on the generalised dual of a normal subgroup

The generalised dual G is defined to be the set of equivalence classes of irreducible covariant
representations of (G, A, «, o). Similarly, for a closed normal subgroup N C G, N7 is the
generalised dual of (N, A, a,0) where (o, 0) are understood to be restricted to N. Note
that we have left the dependence on A and « implicit in the notation Ge.

In order for the algebra to work out properly, we will assume that o is central, and
that o(x,y)" = o(x,y) for alln € N,z,y € G. As a preliminary calculation, we state the
following identity,

O'(SU,TL)_I@I@n = O, = U(xnx_l,ﬂz)_l@mx_1@x

— 0,0,0;' = [o(x,n)/o(znz, 2)]0,,-1, (4.7)

which is required to hold for any © € G°. When o = 1 and a = 1, the right action of z € G
on ¥ € N is usually defined by conjugation as (- 2)p = V09,1 = 0p,-1. Allowing for
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non-trivial (o, o), and using (4.7) as a guide, we define for 9 € N the conjugate covariant

representation ¥ - x on the (a;'.A)-module K, (M) by

0-2), = Kjlo(z,n)/o(znz™, 2)]0me-1Ke (4.8a)

T

= K;".0,9; K, (4.8b)

It is clear that (¢ - x),(am) = a™(9 - z),(m). Also, this definition is well-defined on the
equivalence classes in N7, since if ¢/ ~ ¢ via U, i.e., V) = U9,U"!, then ¥ -2 ~ 9 - x via
KUK,

One can perform a direct, albeit slightly tedious computation to check that the cocycles
work out properly, i.e. (¢ z)p, (V- 2)p, = 0(n1,n2)(V - )pyn,, so that x - ¥ is indeed a
covariant representation of (N, A, a,¢), and that (0 - z) -y =9 - (zy). In this manner, N7

becomes a G-space?. Alternatively, using (4.8b), it follows quickly that

(02, (0 D)y = K 0,090,095 K, K p00090,0, Ky
= K YW.0(n1,m2)00m,0, Ky
= o(n1,n2)" K 000 05 Ka (4.9)

= o(n1,n2) (V- 2)pin,,
and that

((9-2) y), = K (0 2)y(0 2)n(2), Ky
= K, 'K, 029,0,0, 19, KK,y
- IC;yla(:n,y)ﬂwyﬁnﬁg;a(x,y)_ll@y
1| oz, y) -1
= —e 4.1
Kay [U(%y)n}ﬁwﬁnﬁw/cw (4.10)

= (0 (zy))n-

Equations (4.9) and (4.10) make it clear why we have included the conjugation by K, ! in
(4.8a), and why we have assumed that o(x,y)"” = o(z,y).

Building a Mackey machine for twisted covariant representations

Suppose we are given an irreducible covariant representation O of (G, A, a, o) on the Hilbert
space #, and a closed normal subgroup N of G. The restriction of © to (N, A, «,0),

denoted by ©|y, is in general reducible. Let ¥ € N? be an irreducible subrepresentation

2The action of G on N° needs to sufficiently “regular” to ensure the good orbit structure needed for the
Mackey machine. This needs the specification of a suitable topology on N¢, which we do not attempt to
describe.
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of ©|x on a closed Hilbert subspace V C 7, and let Gy be its stabilizer group® under the
action (4.8a). Using (4.8b), it is easy to see that ¢ ~ ¢ - n for all n € N, via the unitary
A-module map K, 1,,. Thus N is a normal subgroup of Gy. By considering the restriction
to the subspace O,V of (4.7), we find that the decomposition of ©|y into irreducibles in
N7 comprises all the conjugates ¥ - x,z € G. The irreducible © is thus associated with
a single G-orbit O in N7, where O can be identified as the coset space Gy\G. Roughly

speaking, we have the decomposition

D
Ol = / me(d - s,),
peO

where s, are coset representatives of p, and me is a multiplicity function. Let .#” be the
sum of the subspaces G)EIV, h € Gy, which furnishes an irreducible covariant representation
pof (Gy, A, a,0), with p being the restriction of ©|¢g, to the subspace . The restriction
of p to (N, A, «,0) is a multiple of the irreducible 9. This analysis says that O is a system
of imprimitivity based on the transitive G-space O ~ Gy\G. By an appropriate generali-
sation of Mackey’s Imprimitivity Theorem?, © is obtained by generalised inducing from p.
Conversely, if p is an irreducible covariant representation of (Gy, A, a, o) whose restriction
p|ln to (N, A, a,0) is a multiple of ¥}, then the induced covariant representation © = p T G

is an irreducible covariant representation of G.

Scalar cocycles and the Mackey obstruction

A generalised Mackey machine should include a mechanism for determining the irreducible
covariant representations of (Gy, A, «, 0) whose restriction to (N, A, «, o) is a multiple of 9.
Such representations can be sought in an ad-hoc manner, but in some cases, a systematic

5 in what follows, we will

procedure is available. In view of the need to use Schur’s lemma
now restrict attention to A which are also compler C*-algebras, assume that cocycles are
scalar (i.e. T-valued), that a restricts to the scalars (i.e. a;(C) = C C MA for all x € G),
and that N C ker(a). In particular, this means that the representatives of n € N in a
covariant representation of (NN, A, «, o) must be complex-linear. An irreducible covariant
representation of (N, A, «,0) is equivalently an irreducible representation of the complex
twisted crossed product C*-algebra A (4 ,) N (see Section 3.3). Intertwiners between

two equivalent irreducible covariant representations of (N, A, «, o) are thus unitary scalar

multiples of each other.

3 Appropriate assumptions on N and the G-action ensure that Gy is closed, see [58, 85].

“We have not made this generalisation rigorously, but it is known in the case of PUA-reps [81, 70].

SThere are some situations in which Schur’s lemma need not be invoked, and the subsequent assumptions
may be relaxed.
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The first step is to extend ¥ to a covariant representation 6 of (Gy, A, a,w’c), where
w'o is the product cocycle of o with the dual/inverse cocycle to w’, and w’ is canonically
determined by an application of Schur’s lemma as follows. By the definition of Gy, there
exists, for each h € Gy, some unitary A-module map U}, intertwining 1 - h with ¥. This
means that

(0 - h)p = K, o (hyn) /o (hnh™ B)]pn-1 K = UpdnU; (4.11)

with U determined up to a phase factor. Defining 0, := KC;, U}, we obtain the identity
Ipnn—1 = [o(hnh~ ) o (h,n)0x9,0; ",  n € N,h e Gy. (4.12)

For h € N, we can choose the intertwiners Uy, = K,:lﬂh so that 0, = ¥,. Also, Oa = a"6;,
for all h € Gy, so 0 is indeed an extension of the covariant representation 9. Using (4.12)

repeatedly, we obtain
-1 _ _ -1 _ —1p—1
th/ﬁnehh, ~ 'lghh/n(hh/)—l ~ Hhﬁh/nh/—lgh ~ eheh/'ﬁneh/ ah 5

where =~ means equality up to some products of o(+,-). A straightforward computation shows
that the o(-, -) factors cancel, i.e. egg,eheh, commutes with each 9,. By Schur’s lemma, 6,0/
is some unitary scalar multiple of 0},;/, which we call w’o(h, h’). In other words, @ furnishes a
covariant representation of (Gy, A, o, w'c), where (w'c) is a T-valued cocycle for (Gy, A, a).
Multiplying by & and taking the dual (inverse) cocycle yields a cocycle w’ for (Gy, A, ).
Actually, ay,, h € Gy restricts to the scalars C, so we can view (a,w’) as a twisting pair for
(Gy,C). Furthermore, since ay, is either the identity or complex conjugation on C, covariant
representations of (Gy, C, a,w’) are really PUA-reps for (Gy, ¢,w’), where ¢(h) equals —1
if ap, complex-conjugates the scalars and equals +1 otherwise.

There is some flexibility in the choice of w’, which can be traced to the freedom in the
choice of Uy, (or 6p) in (4.11). We can actually choose 6 such that «' turns out to be a
lift of some cocycle w on Gy/N, by mimicking the argument on pp. 273-274 of [81]. Note
that o, and thus ¢, descends to Gy /N due to our assumption on N, and so the w which we
are about to construct is a generalised cocycle with respect to alg, /v Recall that ¢ and
6 coincide on N, so the cocycles ¢ and w'c agree on N x N, being scalar-valued thereS.
Thus, w'(n,n’) = 1 for all n,n’ € N. Next, (4.12) continues to hold with 9 replaced by
§ and o replaced by w’o, since it then reduces to the general identity (4.7) for covariant

representations. This leads to

W'(hnh™t h) =Ww'(h,n),  heGg,neEN. (4.13)

SIf o is not restricted to be scalar, we only know that the (necessarily scalar) representatives of o and
w’o in the covariant representation coincide on N x N.
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Let h, € Gy be coset representatives for each p € Gy/N. Then by multiplying each 0,5, by
w'(n, hy), we can set w'(n,h,) =1 for all n € N,p € Gy/N. Using the cocycle identity, we
obtain

W'(n,n'hy) = W'(n', hy)w'(n,n'hy) = W' (nn', hy)w' (n,n') = 1.

Since every element h € Gy can be written as n’h, for some n’ and h,, we have shown that
w'(n,h) =1 for all n € N, h € Gy, and by (4.13), we have w'(h,n) = 1 as well. We apply

these two results in the following instances of the cocycle identity,

W' (h, W) (R, n) = W' (b, K)o’ (W, n)" = &' (h,h) = w'(h,h'n) (4.14a)
W'(B ) (W'n, h) =o' (B, nh)w'(n, )" = &'(h'n,h) = ' (W, nh) = ' (K, hh ™ nh)
=W/ (I,h), (4.14b)

where the last equality follows from another application of the cocycle identity along with
W'(+,n) = 1. The two relations (4.14a) and (4.14b) mean that the cocycle w’ depends only
on the cosets Gy/N. Therefore, it descends to a cocycle w on Gy/N. The cocycle class
[w] € H2(Gy/N,T) is the so-called Mackey obstruction to choosing 0}, such that 0,0, = 0.

Each PUA-rep W of (Gy/N, ¢, w) lifts to a PUA-rep W’ of (Gy, ¢, w’) on the same space,
via W' = W o ¢, where ¢ is the quotient map onto the cosets. The tensor product 6 @ W’
(over C) is then a covariant representation of (Gy, A, a,0); a € A acts as a ® id and its
cocycle is the product (w'o)w’ = . Note that the scalars A € C can be considered to act

as A ®1id or id ® A, with both multiplications consistent with
(6 @ Wi)A(v @ w) = A" (6, @ W))(v@w),  h € Gy,

Furthermore, the restriction of § ® W’ to (N, A, a,0) is 6 ® id, which is a multiple of 9.
The commutant of # @ W' consists of those operators of the form id ® X, where X is in the
commutant of W’. Tt follows that § @ W' is irreducible iff W’ is irreducible. Generalised
inducing yields a covariant representation © = (§ @ W') 1 G of (G, A,«a,0), “lying over”
the orbit O ~ Gy\G of G in N 9, which is irreducible if W’ is irreducible. In other words,
having fixed a scalar cocycle class [o] for (G, A, a), a representative cocycle o, and a normal
subgroup N C @, under appropriate assumptions on N7 and the action of G on N 7. the
irreducible covariant representations of (G, A, «, ¢) having orbit O > ¥ correspond 1-1 to
the irreducible PUA-reps W of (Gy/N, ¢,w), via

W (0eW)1a.
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4.3 Generalised inducing — the graded case

Let (G,c, A,a,0) be a graded twisted C*-dynamical system in the sense of Section 3.1.1.
We can also define a notion of induced graded covariant representations for (G, ¢, A, a, o).
Let H be a closed subgroup of G, and write Gy = ker(c), G1 = G — Gyg. We induce a
graded covariant representation for (G, ¢, A, a, o) from a graded covariant representation 6
for (H,c, A,a,0) on M as follows. Take the Hilbert space space M as in the ungraded

case, and give it a Z-grading by setting the homogeneous subspaces (Mg)z, t=20,1, to be

(M$§); = @ {H-equivariant ¢ : G — M |supp(y)) C Gj,Im() C M; 4 j (mod2)}-
j=0,1
The action of G on (M§) is defined by (4.2b) as before, and one verifies that the various
gradings work out correctly for this to be a graded action.

There is an involutary operation of (right) parity reversal g : (0,.) — (O ')
on a graded covariant representation © of (G,c, A, «a,0) on J (see Section 6.2 for more
details) The vectors in .##" are the same as those in . and have the same covariant action
of A and G, but their gradings are reversed. Thus (0, .7) and (O, s#'1) are equivalent in
the ungraded sense, but may be inequivalent in the graded sense.

If the even cocycle o is central, we can understand the induced representation space
as functions on cosets H\G as in Section 4.1.1. Upon choosing a section s : H\G — G,
the cosets split into an “even” subset (H\G)o = {p € H\G : ¢(sp) = +1} and an “odd”
subset (H\G)1 == {p € H\G : c(sp) = —1}. We may regard M§ as a space 5 of functions
¢ : H\G — M, as in (4.3b)—(4.3a), which is graded in the natural way, the homogeneous

subspaces being

H = @ {30 : Supp(@) - (H\G)],Im(gp) C Mj+i (mon)}'
§=0,1

Writing %, = KCs, M if p is even and J7, = (ICSPM)H if p is odd, we can regard JZ as
H = Iy d I = fp@% as in (4.5). The action of x € G defined by (4.4), or (4.6),
is correctly graded. This can be seen by comparing the parity of h, = s,zs, L, which
determines the parity of the operators @Sf’ ). Iy — Hp, with those of p-x and p. A different
section s’ with S; = hpsp leads to an equivalent induced representation in the graded sense,
with even intertwiner fp@ (TrR)hplC,;:th, where ()" is the right parity reversal operation
if ¢(hp) = —1 and the identity map otherwise.

Some modifications need to be made for the graded version of the Mackey machine as

sketched in Section 4.2. The generalised dual G should be understood in the graded sense,

i.e. equivalence requires an even intertwiner. When defining the action of x € G on ¥ € N@,
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the formula (4.8a) should be accompanied by conjugation with the parity reversal operation
mr whenever x € (G1. This ensures that ©-n ~ 1 in the graded sense for alln € N. A graded
version of Schur’s lemma for graded covariant representations on graded Hilbert spaces is
also required. In the finite-dimensional case, this says the following: let A be a collection of
even/odd F-linear operators acting irreducibly on a graded vector space V' = V@&V over an
algebraically closed field F (e.g. V' is an irreducible graded projective unitary representation
of (G,c,¢ = 1,0)). Then the only even A-equivariant endomorphisms of V' are scalar

multiples of the identity (e.g. see [53] and references therein).

4.4 Induced twisted covariant representations and twisted
crossed products

At the beginning of this chapter, we constructed Mg, the A-module of H-equivariant
functions ¢ : G — M, which hosts the covariant representation of (G, A, «, o) induced
from a given covariant representation of (H, A, «,c). We show that this is equivalently the

construction of a *-representation of A X (a,0) G on the same space, via

(Pa) = [ (F@) olg.a)ilg)ds, F € Ax(on) G,
We check that H-equivariance is preserved by the action of F',
(Fo)g) = [ (F@)?olg.)b(gn) do
G

= /G(F(x))h(h_lg)J(h,h_lg)_la(h_lg,a:)ha(h,h_lgq:)

x o(h,h tgz) Y0 (htgx) dz
= [ o) ((F@)) o g ) 0y g
= o)y, [ (F@) o g a0 go) do

= o(h,htg) 0 (Fy)(htg),
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and verify the A X(, ») G-module property by computing

(F1(F2(y)) (9) = /G(Fl(x))g0(97$)(F21/1)(gw))dx
- /G/G’ (F1(2))? o(g, ) (F2(y))*" o (g2, y)¥(gry) dady

where we have used the translational invariance of the measure on G, as well as (3.1a) and
(3.1b). Finally, the verification that (¢ |F*¢) = (F'(|¢), i.e. the operators F' and F™* acting
on Mg are Hilbert space adjoints, requires untangling the definition of the quasi-invariant
measure p used in the definition of (-|-) in Mg, as well as the translational invariance of

the Haar measure on G.
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Chapter 5

Projective unitary-antiunitary
representations of spacetime
symmetry groups and parity
groups

The projective unitary-antiunitary representation theory of the Poincaré group plays a
fundamental role in the classification of elementary particles. The original treatment of
Wigner [94] predates the more general Mackey theory, and treated the projective unitary
representations of the identity component of the Poincaré group. It was found that the
discrete symmetries of space inversion P and time reversal T can be quite tricky to handle
[96, 70, 82]. From the point of view of this thesis, we would like to treat charge-conjugation
symmetry C on the same level as P and T, so we will investigate the Poincaré group
supplemented with a C' symmetry. The P,C,T symmetries generate parity groups {£1}"
whose graded PUA-representations can be systematically studied using Clifford algebras.
Since this relationship between graded PUA-reps of {+1}" and Clifford algebras is crucial
for later Chapters, especially in their role in K-theory, we explain the connection in some

detail in Section 5.4-5.5.

5.1 Cocycles for semidirect products

In this section, we investigate the algebraic structure of the Ud M A-valued cocycles for groups
G formed from the topological semidirect product’ N x H of two locally compact and second
countable groups N and H. Let h € H act on n € N continuously via automorphisms, which
we denote by h : n +— h(n) = n”. The underlying set of the semidirect product is N x H,

and we write an element of this set as nh, in that order. The semidirect group product is

1A detailed treatment of topological groups, semidirect products, and exact sequences of topological
groups in the context of crossed products can be found in [97].
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nihy - nohy == nlnglhlhg, and the inverse is (nh)~! = (nfl)h_lhfl. These operations turn
N x H into a locally compact group. If there is no ambiguity, we will sometimes abuse
notation and use n and h to denote, respectively, the elements ne and eh in the semidirect
product. In particular, n-h = ne-eh = nh so the notation nh is consistent with the group
multiplication law; however, h-n = n*h. Note that N and H are closed subgroups of N x H,
with N normal, and NN H = {e}. Also, h-n-h~!' = n"e = n". Conversely, if we begin
with a locally compact second countable group G with closed subgroups N and H, such
that N is normal, NN H = {e} and N x H = G, then we can define an action of H on N
by conjugation, h(n) = hnh~!; the resulting semidirect product N x H is isomorphic to G.

The subsequent calculations are generalised versions of those carried out for projective
unitary representations in [58, 69]. Let o be a cocycle for N x H, which we may assume
to satisfy o(e,nh) =1 = o(nh,e). We would like to factorize o into a product involving a
cocycle for N, a cocycle for H, and function on N x H. The first step is to compute, using

the cocycle identity,
o(nihi,nghe) = U(nl,hl)_la(hl,nghQ)”la(nl,nglhlhg)
= o(ny, h1) to(hy, nohy)™ (a(ngl,hlhg)"l)i o(ny,nh)o(ninl*, hyhy)
= o(m.h)"" (o2, ) ™) o (e, o) o T
x (o(nli b)) (U(ngl,hl)"l)_la(hl,hg)("lngl)
X U(nl,ngl)a(nlngl,hlhg).

Defining the function A : N x H — UMA by A(nh) == o(n, h)~!, we can rewrite the above
identity as
nihi ni h1 ni -1
O'(nlhl,nghg) = )\(nlhl))\(nzh2) O'(hl,ng) (O’(TL2 ,hl) >
(nlnhl) h1 -1
X O'(hl,hg) 2 a(nl,n2 ) ()\(nlhl "I’Lghg)) ,

which recognise as the action of A on ¢ defined in (3.3b). Therefore, we may pass to the

equivalent? cocycle o’ defined by
ny1 h
U/(nlhl, TLQhQ) = |:U(h1, ng)U(Tl,gl y hl)_11| [J(hl, hQ)(nanI)} [U(nl, ngl )i|
h
= §(n2, hl)nl . 0’|H(h1, h2)(n1n21) . U\N(nl,ngl) (5.1)

where ¢ : N x H — UMA is defined by the first square bracket, while o|y and o|y are
the restrictions of the original cocycle o (and also the equivalent cocycle ¢’) to N x N and

H x H respectively. Thus o|y and o|p are, respectively, cocycles for N and H.

2When the cocycles are not central, equivalence really means exterior equivalence, under which the
automorphisms «, become ), = Ad(\(z)) o a; according to (3.3a). Since A(n) = 1, we can take o(-,-)" to
mean either a,(o(+,-)) or a;(o(,-)) and no ambiguity arises from our abbreviated notation.
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The function ¢ must satisfy some restrictive properties due to the cocycle condition
on ¢’. First, note that ¢(n,e) =1 = ¢(e,h) for all n € N,h € H, and that we can write
¢(n,h) = o’(h,n). Then, the cocycle identity for o’ gives, for all n,ny,ne € N, h,hy,ho € H,

—1
s(ning, h) = o' (h,ning) = (a'(nl,ng)h) o' (h,ny)o’ (n?h,ny)
-1
= (olnm,m2)") s, R)s(na, )" oln(n},nd), (5.2)
as well as

C(n,hlhz):U/(hth,n) = O'/(hl,hg)ilo'/(hg,n)hlal(hl,nthg)
olg(h1, ha)'s(n, ho)s(n"?, hy)o|m (b1, he)  (5.3)

This does not look very enlightening, but a converse statement to (5.1) can be made if we

assume central cocycles, as well as a(n) = id 4 for all n € N, c.f. Theorem 9.4 of [58].

Proposition 5.1.1 (Central cocycles for semidirect products). Let (N x H, A, a,0) be a
twisted dynamical system with o central and a(n) = id 4 for allm € N. Then o is equivalent

to a central cocycle o’ of the form
o’ (nhy, nahe) = ¢(ng, h1) - n(hy, ho) - v(ng, nbh), (5.4)

where v is a cocycle for N, n is a cocycle for H, and s is a Borel function Nx H — Z(UM.A)
satisfying the simplified versions of (5.2)—(5.3),

¢(ning,h) = V(n}f,ng) (V(nl,ng)h)_lg(nl,h)g(ng,h), (5.5a)
c(n,hihg) = <(n", hy)s(n, ho)™, (5.5b)

for all n,nyi,ne € N, h,hi,ho € H. Conversely, if v and n are central cocycles for N and
H respectively, and s satisfies the above conditions, then the function o' defined by (5.4) is

a central cocycle for N x H.

Proof. By the preceding discussion, we only need to prove the converse. Define ¢’ by the
right-hand-side of (5.4). Since 7 is assumed to be a cocycle, nihy - nohe = nlnglhlhg, and
1 only appears in the form 7(hi, ha), we only need to keep track of the ¢ and v terms when

checking the cocycle identity for ¢’. Using (5.5b), we compute, modulo 7 terms,

o’ (n1hq, nghg)a/(nlnglhlhg, nshs)

= ¢(na, h1)v(n1, niV)s(ng, hiho)v(nynkt, nith?)
= (n2, b )v(n1, nb")s (2, hi)s(ng, o) v(nanft, nfh2).  (5.6)
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Using (5.5a), we have, modulo 7 terms,

o’ (ngha, nghg)hl o’ (n1hq, ngngu hahs)

= ¢(ns, hg)hly(ng7 ng”)hlg(ngng”, hi)v(ni, nglnglhz)

= <(n3, ha)" <(na, ha)s(ng?, ha)v(ny' ng' ") v(ng, ny'ng'™). (5.7)

Since v is assumed to be a cocycle for N, the right-hand-sides of (5.6) and (5.7) are equal.

The equality of their left-hand-sides is precisely the desired cocycle condition for o’,
a'(nlhl, n2h2>0/(n1h1 . nghQ, n3h3) = 0,(n2h2, nghg)"lhla’(nlhl, n2h2 . n3h3).
O

Remark 5.1.2. Let r : N — Z(UMA) and s : H — Z(UM.A) be Borel functions imple-
menting the equivalences v ~ 7 = r-v and n ~ 7 = s-7n. When v,n are replaced by
equivalent cocycles 7, 77, we can still preserve the factorisation in (5.4). For notational ease,
we omit the primes on o. Define the function t(n,h) = r(n)s(h), and pass to the equivalent

cocycle 6 =t - o, then

6(n1h1,n2h2) _ t(nl,hl)t(ng,hg) :r(nl)s(hl)r(ng)s(hg)

U(n1h17n2h2) t(nlngl,hlhg) r(nlngl)s(hlhg)
r(n2) [S(hl)s(hz)} r(n1)r(n5")
r(ngl) s(h1h2) r(nlngl) '

By defining {(n, h) = ,Q(,ZL))C(M h), we achieve the factorisation

5‘(’/11]11, ’I’Lghg) = f(ng, hl) . ﬁ(hl, hg) . ﬁ(nl, ngl)
For the rest of this section, we assume that cocycles are central and a(n) = id 4 for all
n € N. It is sometimes known that all cocycles on N are equivalent to the trivial cocycle,

In such situations, (5.2) reduces to
s(ning, h) = <(n1, h)s(nz, h),

which means that ¢(-,h) is a (Z(UM.A)-valued) character on N, for every h € H. If we
also know that N has no non-trivial characters, for instance, when N is a connected non-
compact simple Lie group and cocycles are complex-valued, then ¢ = 1, so a cocycle o for
N x H may be assumed to be trivial between elements of H and N.

For direct products N x H, there is a further simplification.
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Corollary 5.1.3 (Central cocycles for direct products). If N x H is replaced by a direct
product N x H in Proposition 5.1.1, then o is equivalent to the product

o(nihi,n2ha) = s(ng, h1) - n(hi, he) - v(n1, n2) (5.8)

of a cocycle v for N, a cocyclen for H, and a generalised bicharacter, i.e., a Borel function

N x H = ZUMA) such that

§(n1n2,h) = c(nl,h)§(n2,h), (59&)
s(n,hihy) = <(n,h)s(n, ho)™, n,ni,no € N,h,h1,hs € H. (5.9b)

Conversely, if v,n,< are as described above, the function o defined by (5.8) is a cocycle for

N x H.

5.2 Projective unitary-antiunitary representations of the Poincaré
group

The PUA-reps of the full Poincaré group & were studied by Parthasarathy [70], and then
by Shaw—Lever [82]. We provide an overview of the approach in [82], which is based on
their theory of induced representations as generalised to PUA-reps. This should be com-
pared with Wigner’s original approach [94] of first finding the irreducible projective unitary
representations of the restricted Poincaré group P! , and then adjoining the space inversion
and time reversal symmetries. The outline in this section contains only minor modifications
in notation and conventions to the Shaw—Lever work. They are made in order to facilitate
our inclusion of charge-conjugation symmetry in Section 5.2.1.

The identity component 931 of the Poincaré group is the semidirect product of the
spacetime translations .7 = R* with the identity component of the homogeneous Lorentz

group ZT; similarly for the full Poincaré group &2 and the full Lorentz group . = O(1, 3),
ﬂlzﬂmi@, P =T xL.

The action of the Lorentz group as automorphisms of .7 is the obvious defining one. The
universal cover .,221 of fl is SL(2,C) with the usual 2-1 covering homomorphism A :
SL(2,C) — .,ZI Concretely, we can make the vector space identification between .7 = R*
and complex self-adjoint 2 x 2 matrices via

To+2x3 x1 —11‘2) X

= (xo,X) = (xo,x1,$27$3) — <x1 +ize o — T3

For each A € SL(2,C), the map X ~ AXAT preserves det(X) = 22 — 22 — 22 — 22, so0
it defines a corresponding element A(A) € .fl One verifies that A — A(A) is a 2-1
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homomorphism onto .ZI The action of A € SL(2,C) on = € .7 is taken to be that of A(A).

Then, the simply-connected cover of 321 is the semidirect product
2T = 7 1 SL(2,0).
The full Lorentz group is itself a semidirect product with the Klein 4-group,
L =L xF,  Fy={1,T,PPT}={£1} x {+1},

where P and T are respectively the space inversion and time reversal elements. The discrete
subgroup elements F' € F, act on fl by conjugation, A — FAF~! and this lifts to an
automorphic action A — AF of Fy on SL(2,C) which satisfies A(AF) = FA(A)F~!. More
explicitly, the action of F' € Fy on SL(2,C) is [82]

AP = AT = (AN, ATP = A
This allows us to define a double cover £ of the full Lorentz group .Z,
% =21 x Fy=SL(2,C) x Fj.
Similarly, the full Poincare group & also has a double cover 2P, defined by
P =T xL =T x(SL2,C) x Fy) = (7 xSL(2,C)) x Fy = 2L x Fy,

where the action of (A, F) € 2 on 7 takes & — A(F(z)). The covering homomorphism
A: P — Pis (z, A, F) — (z,A(A), F).

The homomorphism ¢ = 7 : &2 — {£1}, which keeps track of unitarity /antiunitarity, is
first specified for Fy, with ¢(T) = —1, ¢(P) = +1. Then, it is lifted to & (and denoted by
the same symbol), so that ker(¢) = 2T = ﬁluﬂi acts unitarily and 2+ = @iu@f acts
antiunitarily. We are looking for complex Hilbert spaces on which the unitary/antiunitary
representatives of elements in &2 act projectively in a manner specified by some generalised
cocycle o. In other words, we are in the situation of Section 3.2.1. Note that ¢ may be
further lifted to a homomorphism from the double cover & to {£1}.

There are only four equivalence classes of generalised cocycles [70] for (Fy, ¢), labelled
by «, 8 € {£1}, as in Table 5.1. We will describe one method of establishing these classes
in Section 5.4.1. It is known that @1 has no non-trivial characters (e.g. 8.1B Theorem 2
of [9]) or complex cocycles (pp. 51 Corollary 1 of [69], or [94]), so Proposition 5.1.1 tells us

that the generalised cocycles of P = 951 x Fy are, up to equivalence,

cB((x, A, F), (a, A, F")) = c*P(F, F"),
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o1 P T PT
1 1 1 1 1
P |1 1 1 1
T |1 af a B
Pr|i1 o8 o f

Table 5.1: The four cocycle classes for (Fy, ¢).

o p USSP v v (PT) | Wignertype

af aB
+1 +1 +1 +xK K I
-1 -1 +15 FiYk —i1Y'k II
+1 -1 Z —Xk —iYx 117
-1 +1 Z iYk Xk 117

Table 5.2: Irreducible projective unitary-antiunitary representations of (Fy, ¢, c*?).

where we have abused notation slightly. By the arguments in Section 2.1 of [82], the
irreducible PUA-reps V' of & are in 1-1 correspondence with the irreducible PUA-reps U
of Z, via U =V o A, so we shall concern ourselves with the latter.

As an intermediate step, we will require, for each of the four ®?, the irreducible PUA-
reps for (Fy, ¢,0*?). When a = 3, there are two unitarily inequivalent irreducible PUA-
reps (each of these are of course projectively equivalent), while there is only one unitary
equivalence class of irreducible PUA-reps when « # . This is summarised in Table 5.2,
which is a reproduction of Table 2 of [82]. There, XY, Z refer to the Pauli matrices in their
standard form with respect to some basis, and « is complex conjugation in that basis.

The irreducible PUA-reps of (97, ¢, 0P ) can be obtained via generalised inducing with
respect to the abelian normal subgroup .7. The irreducible PUA-reps® of .7 are the one-
dimensional representations y,(z) = €P? = el(@0Po—xP) \with the characters Xp labelled by
p = (po,p) € Z = R, The hat on R* serves to distinguish the dual group of R* from R*
itself. For the action of & on .7 , it is clear that .7 stabilises each x,, while the action of
g€ Lis

(Xp - 9)(x) = (xp(Alg)z))?
where (-)Y indicates complex conjugation when g € 2V and the identity otherwise, and we
have written A(g) == (A(A),F), g = (A, F) € Z. In particular,

X(po.p) * T = X(=po,p) = X(po,—p) = X(po,p) * I~

30rdinary irreducible representations, since 0®? is trivial on 7.
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For x, with p? = p(Q) —p-p > 0,pp > 0, the orbit of the P-action is a positive energy
hyperbola. Its generalised isotropy group is .7 x L,, where L,, is the generalised little group
for xp, and is (conjugate to) SU(2) x Fj.

We proceed as in Section 4.2. Since 7 is abelian, x,(hah™') = x,(x) for all h € T x L,,
and we can take the extension of x, to .7 x L, to be xp((z,h)) = xp(x) in (4.11). The
Mackey obstruction vanishes (we can take w = 1), so we need to find the irreducible PUA-
reps of (7 X Ly, #,0“%). These can be obtained from the table of irreducible PUA-reps
for (Fy, ¢,0%?), using the procedure outlined in Section 3.2 of [82]. The idea is to use
the inducing construction with SU(2) as the normal subgroup of L, = SU(2) x Fy, on
which ¢ and ¢®? are trivial. The irreducible representations of SU(2) are the usual spin-j
representations D7 of complex dimension 2j + 1. From (4.8a), we see that the stabiliser of
D7 is the entire group SU(2) x Fy. The D7 are known to be unitarily equivalent to their
complex conjugates. Furthermore, the half-integer representations are quaternionic while
the integer representations are real. This means that there is an antiunitary operator Kj,

for each j, such that

K;DI(A)K;' = D'(4), Aesu(2),

2 _ 27
K2 = (-1)%.

Using this fact in the construction outlined in Section 4.2, the extension D’ of D7 to the

stabiliser group SU(2) x Fy is

Di(A), if F e {1, P},

D/(A,F) = {Dj(A)Kj if F e {T, PT},

which has the cocycle
w;-a“ﬁ((A,F), (A/,F,)) _ U(—l)Zj(—l)Zj (F, F/).
Accordingly, we need to find the irreducible PUA-reps for (Fy, ¢, w;), where w; = o%Pi and

a; = (—1)%a, Bj=(-1)%8,

then tensor with D7 to arrive at the desired irreducible PUA-reps D/

' =DiaUul) of
(SU(2) x Fy, ¢, 0*?). The results are summarised in Table 5.3, which corresponds to Table
3 of [81].

Tensoring again with x, (or simply multiplying by x,, since x, is one-dimensional)
yields the irreducible PUA-reps of (.7 x Ly, ¢, 0®P). The final step is to induce up to an
irreducible PUA-rep (XpDi(ﬂi)) + P of (@, ¢, 0*B). Most physical examples seem to assume

a = =1, but it may be interesting to see what the other cases correspond to.
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o 5| USSP vl vl (PT)

af
+1 +1 :|:12j+1 :|:Kj Kj
0 -K; 0 -K;
-1 =1 1909, + j) < J
2025+1) (Kj 0 K; 0
0 —-K; 0 -K,;
+1 -1 |72® 12 i+1 J < J
ok o K, 0

0 K; 0 K;
s -K; 0 K; 0

Table 5.3: Irreducible PUA-reps for (Fy, ¢,w;). Note that the first two columns denote the
values of «;, 8;, rather than «, 8 as in Table 5.2.

The original and more commonly used approach uses the 1-1 correspondence between
projective unitary representations of 321 and the ordinary? unitary representations of @1
The latter can be found using Mackey’s theory for unitary representations, while the sub-

sequent inclusion of P and T is treated in [96].

5.2.1 Graded projective unitary-antiunitary representations of the Poincaré
group with C' symmetry

We may also wish to consider the enlarged symmetry group ¢ := 2 x {1,C} includ-
ing charge conjugation, with ¢ extended such that ¢(C) = —1, along with an additional
homomorphism ¢ with ¢(2?) = {+1} and ¢(C) = —1. As we discuss later, this extension
becomes relevant when passing to quantum field theory. We look for graded PUA-reps of
(P, c,p,0), with ¢ a generalised 2-cocycle. Let Fg := Fyx {1,C}, so that ¢ & = Wl x Fyg,
and similarly for the double cover CPp =P x F3. A similar argument to that in the previ-
ous section says that we only have to specify the values of o between the elements of Fg. A
systematic treatment of a more general version this problem is undertaken in Section 5.4.
For now, we consider only the case where ¢ is simply 0®? of the previous section extended
trivially to Fg. Thus, C' is required to act as an odd antiunitary involution which commutes
with all the operators representing & (or 95)

We start the induction process with respect to N = .7, whose irreducible graded unitary
representations are the one-dimensional graded characters x;t, which are the usual ungraded
characters , with an additional & label specifying whether the representation space has
grading +1 or —1. Note that equivalence now requires an even unitary intertwiner, so X;
and x, are not equivalent. Recall that the grading operator is meant to correspond to the

flattened Hamiltonian sgn(H), and that the Hamiltonian is the self-adjoint generator of the

4That a projective unitary representation of G has a lift to a unitary representation of a universal
covering group G, is not generally true. For a connected Lie group, a central extension of the universal cover
is sometimes needed, see [6, 91].
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one-parameter group of unitaries corresponding to time translation symmetries. That is,
I' = sgn(H) < sgn(po), so for consistency, for timelike p, we only admit ;i when po > 0
and x,, when pp < 0. Consider X; with p? = m? > 0,py > 0. The action of C' is computed
to be

+ - .
X(p07p) ) C - X(—p07—p) - X(Po,p)’
. L -

XCpop) C = XGoep) = X(—pop)’ (5.10)

The generalised little group of X; is, as before, L, = SU(2) x F}, but due to the additional
action of C, its orbit under the ¢ P-action now consists of both branches of the hyperbola
p? = m?, with the grading operator taking the values 4-1 on the py = 0 branches. The orbit
can be identified with a coset space as in Section 4.1.1.

The (massive) irreducible graded PUA-reps of (2, ¢, ¢, 0®?) are induced from those of
(7 X Lp,c=1,¢, 0®?), in a manner analogous to that of the previous section®. The total

representation space is a direct integral

-

where each .77, is isomorphic to the representation space .7’ D of the inducing PUA-rep D

T,
2

p:p2=m

of (Lp,1,¢,0%") when py > 0, while ., is grading-reversed and anti-isomorphic to /P
when pg < 0. Roughly speaking, elements (A, F') of L, act on ¢, according to D or its
conjugate representation, depending on whether py > 0 or py < 0. Other elements g € Cop
act as operators from 7,1, to J,, where g~ 'p is the translation of the action of ¢ on the
characters X;t € N into an action on p € R? labelling the orbit. For g in the (covering
group of the) Lorentz group, g~ !p is just the point in the orbit obtained from applying the
Lorentz transformation A(g)~! to p. Similarly, C' acts as an odd antiunitary taking Hpo,p)
to H(_p,,—p)- Thus, the picture of 7 is a bundle of Hilbert spaces over the base space
{pe T =R p? = mQ}. The € Z-action on the base space includes a discrete Zs-action
by C, turning the bundle (when regarded as an ungraded complex vector bundle) into a
Real @—equivariant bundle in the sense of Section 7.3.3.

An alternative way to “fibre” 7 is to form the direct integral of graded Hilbert spaces
over the positive energy hyperbola, labelled by p € R3. Writing wp = \/m, this is
the decomposition

® I

(—wp,—p)’ (5.11)

(Wp vp)

D . @
ff:/ S @& ::/ HE
P 1Y

>The irreducible graded PUA-reps of (L,,c = 1, ¢, 0*?) are the irreducible PUA-reps of (L,, ¢, c®?) from
the previous section, with an additional £1 label. We choose the positive grading to retain consistency with
I’ = sgn(H)

5We have used D to denote Di(ﬁi) to reduce congestion in the notation.
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where we have written /2 = " | = #P and so #, = #~ ., = #D; thus
P (wp»p) p ( wp7 p)
each graded fibre is the direct sum of a copy of J##P with its parity-reversed conjugate
2P, In this decomposition, C' acts fibrewise as an antiunitary operator exchanging the
two summands.
Indeed, this is the picture that we get if we had chosen to induce with respect to the

abelian subgroup N = 7 x {1, C} instead. Then, with o|yxy trivial, the graded generalised
J— — +
(=po,—p) — X(po.p)

g) From (5.10), we see that the

action of C' on N° is trivial, as it should be. The actions of P and T on N° are

dual N° consists of direct sums X?]'JO p) & X &) Y(_po D) of graded characters

of 7, with C represented as the odd antiunitary <2

+ — _(+ — _ —
(X(po,p) @ X(po,p)) P= (X(po,fp) @ X(po,p)) T'= X(po,—p) @ X(po,—p)"

Let us concentrate on the massive orbits (p? = m? > 0,py > 0) of the C P-action. We write
X;j)[ = XZEJp,p) for p € R3. The orbit of X¢ ®Xo 18 {xp©oxp :pP€E R3} and its little group is
again L, = SU(2) x Fy. We can extend the irreducible PUA-reps D of (L, 1, ¢, c*?) to an
ungraded PUA-rep of (7 x L,) x {1,C}, $,0%) with C acting as complex conjugation.
Then tensoring XBL @ Xp with D (in the graded sense) gives an irreducible graded PUA-rep
of ((F % Lp) x {1,C},¢,$,0%%), on a representation space isomorphic to the graded fibre
HT @ Ay in (5.11). This can then be induced up to a graded PUA-tep of (09‘7, ¢, ,0%P).

5.3 Relation to relativistic wave equations

The relativistic wave equations, such as the Klein—-Gordon and Dirac equations, are closely
connected to the irreducible projective representations of @T, as explained in detail in
[63, 64]. For example, the positive energy solutions to the Klein—-Gordon equation form an
irreducible representation of 331 This is clear in momentum space, where the solutions
are supported on the positive energy hyperbola of p?> = m?. They also form an irreducible
UA-rep of &, according to the first line of Table 5.2 (alongside the spin-0 representation
of SU(2)). Similar considerations apply to spin-3 fields, with the positive energy Dirac
spinors furnishing an irreducible PUA-rep of &?. The positive energy condition py > 0, is
non-local (in configuration space), and necessitates a doubling of the orbit to include the
po < 0 hyperbola as well [64]. The representation space is then reducible for &, graded by
sgn(pp), with the two P-irreducible components intertwined by the antiunitary operation
of charge-conjugation C. In this way, the full symmetry group is augmented to ¢ 2. What
we have done above is to assume this larger symmetry group from the outset, instead of
discovering the C' symmetry afterwards; then we proceeded to look for its irreducible graded

PUA-reps.
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5.4 Graded PUA-representations of parity groups {+1}"

In [8, 7], a procedure for finding the irreducible PUA-reps of a direct product {£1}",
where m of the {1} generators U; are represented unitarily (¢(U;) = +1) and the other
n —m generators A; are represented antiunitarily (¢(A;) = —1), was described. The basic
strategy was to rephrase the problem into one of finding the irreducible representations of
an associated algebra generated by the representatives of the group generators subject to
certain commutation/anticommutation relations. The authors used the complex Clifford
algebras Cl,, and their representation theory to simplify some special cases. We describe
how to generalise this to graded PUA-reps, using the representation theory of real Clifford
algebras Cl, . We had already faced a particular instance of this problem in the earlier
sections, when considering the PUA-reps of F). In general, we may be interested in graded
PUA-reps of Fg, or some other group involving other types of parities, like G-parity or
R-parity, or perhaps other {£1} subgroups appearing in some point group of a crystal.
Let G = {£1}",n > 0, {£1}° = {1}, where 0 < m < n of the {£1} generators
Ui,1 < i < m, are to be represented unitarily (¢(U;) = +1), while the other n — m
generators Ag,1 < k < n — m, are to be represented antiunitarily (¢(Ag) = —1). Let
c: {£1}" — {£1} be the homomorphism which indicates whether 6,, g € {£1}" is even or
odd, and 6 be a graded PUA-rep for (G,c, ¢,0). For brevity, we will also write U; = 6,

and Ay = 64, for the unitary/antiunitary representatives of U; and Ay, respectively.

Lemma 5.4.1. We may assume, without loss of generality, that there are at most two

antiunitaries A1, As.

Proof. Let A be the image of the homomorphism (¢, ¢) : {£1}" — {£1}x{£1}, and B be its
kernel. Every non-identity element of A, B and {£1}" has order 2. Regarding the groups as
finite-dimensional vector spaces over the two-element field Fy, we have {£1}" = Bx A. Any
[ o-basis for B provides a set of even unitarily implemented generators U;. Since dim(A4) < 2,

there are at most two Ay € A with ¢(Ay) = —1 providing antiunitary operators Ay. O

A basis for A can be chosen to be one of the following: (i) empty, (ii) {odd U,}, (iii)
{even A;}, (iv) {odd A;}, or (v) {even A;, odd Az}. We proceed to study the possible
cocycles o for G = {£1}", and to fix representatives for their cocycle classes.

Since U? = o(U;, U;)0. = o(U;, U;), we can make the modification U; — 4o (U;, U,;)*l/QUi
to fix U? = +1. This does not work for Ag, since (AA)(AAg) = ANAZ = A? for any \ € T.
Setting z = y = z = Ay, in (1.1) leads to o(Ay, Ax) = o (A, Ar), so A? = (A, Ag) = £1

are invariants of the cocycle class of o. Next, we look at the commutation relations amongst

49



U; and Aj. For two unitaries U;,U;, i < j, we write \j; == o(U;,U;)/o(U;,U;) so that
Uin = )\Z]UJUZ Then
Uj = UiU; = AU, U7 = A7 Uj,

so fixing UZ2 = +1 leads us to \;; = £1. For any two complex scalars ai, a2, we have
(a1A1)(a2A2) = ajago (A1, A2)04, 4,, as well as (a2A2)(a1A1) = aga10(Az, A1)04,4,. By
choosing a; = Zl:O'(AQ,Al)l/Z,CZQ = :|:O'(A1,A2)1/2, and making the adjustments A] =
a1A1, A, = asAs and 0141142 = a1a204,4,, we obtain AJAL = H’AIAQ = ALA]. Finally, we
look at U;Ax = v ArU;, where vy, == o(U;, Ag)/o (A, U;). The equation

A = UA, = V2 ALUZ = L2 A,

means that v;;, = £1, which cannot be fixed by utilising the residual £1 phase freedom in

U;, Ar. We summarise this discussion in the following Proposition:

Proposition 5.4.2. Let 0 be a graded PUA-rep of ({£1}", ¢, ¢,0), with 0 < m < n unitarily
implemented group generators U; and 0 < n —m < 2 antiunitarily implemented group
generators Ay, as in Lemma 5.4.1. We can adjust U; and Ay, while staying in the same
cocycle class, so that U? =41, AZ = +1, ALA; = AAg, U;U; = x£U;U;, and U;A, = £A,U;,
forall1<i,7<mand1 <k, l<n-—m.

Let i = {i1,...,4p} and k = {k1,...,k;} be (possibly empty) ordered subsets of
{1,...,n} and {1,...,n — m} respectively, with the elements listed in increasing order.

Let U; and Ax denote the group elements Uj, ...U;, and Ay, ... Ay, respectively, with
Up =1 = Ay. Every element of {£1}" can clearly be written uniquely as U;Ax for some
i,k. We have already used the phase freedom in U;, Ay and 64,4, to obtain the stan-
dardisations in Proposition 5.4.2. We can use the phase freedom for the remaining group
elements to fix the representatives 0y, 4, = U;; ... U; Ay, ... Ay, for all i, k, without chang-
ing the cocycle class of 0. The resulting representative cocycle for this standardised 6 is
then completely determined by the set of +1 in Proposition 5.4.2.

Note that there is a residual freedom to modify U; — +U;, Ay — £A (and thereby
all the 0y, 4, ). This is the freedom to multiply § by a generalised character”, which does
not change the cocycle function o : {£1}" x {£1}" — T. These discrete modifications
may, however, change the (non-projective) unitary equivalence class of the (graded) PUA-

representation of ({£1}", ¢, ¢, 0).

Remark 5.4.3. The above arguments can be specialised to handle ungraded PUA-reps of
({£1}",¢,0). In Lemma 5.4.1, there is zero or one antiunitary A depending on the image

of ¢, and Proposition 5.4.2 holds with n —m < 1.

T

TA generalised character on (G, ¢) is a phase function x : G — T which satisfies x(x)x(y)"x(zy) ™" = 1

for all z,y € G.
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Algebras associated to cocycle classes

Suppose ¢ #Z 1. Each set of £1 in Proposition 5.4.2 specifies a standardised cocycle o in
some cocycle class, and is associated to the unital real x-algebra generated by {U;, Ax,i},
subject to relations specified by their squares (= £1), UfU; = 1 = Aj A, i* = —i, i2=-1,
as well as the commutation relations between them. In the graded case, we introduce
a grading on the algebra by taking i to be even, and taking the generators U;, A; to be
even/odd according to the signs of ¢(U;),c(Ag). Since the algebra generators square to
some real scalar, this algebra grading is well-defined. The graded *-representations of this
graded *-algebra then correspond to the graded PUA-reps for ({£1}",¢, ¢,0). Note that i
is orthogonal in such representations, so real x-representations can be transcribed back into
complex x-representations with U; unitary and Ag antiunitary. If ¢ = 1, we do not include
i as a real algebra generator, but look instead at the unital complex *-algebra generated by
unitary elements U;, subject to U? = £1 and U;U; = £U;U;. For a given (standardised)
cocycle, there may be more than one equivalence class of x-representations for the associated
algebra — this corresponds to the possibility that utilizing the +1 residual phase freedom
within a PUA-rep can change its unitary equivalence class.

An alternative approach in the graded case is to supplement the set of ungraded algebra
generators {U;, A, i} with an additional algebra generator I', which satisfies I*I' = 1 = I'2
commutes with i, and commutes or anticommutes with U;, Ay according to the values of
c(U;), c(Ag). A s-representation for this larger ungraded algebra is, in particular, a PUA-
rep for ({£1}", ¢, 0), on which T is represented as a self-adjoint grading operator furnishing
a graded PUA-rep for ({£1}", ¢, ¢,0).

One motivation for passing to the associated (graded) real/complex algebra, is that
the algebras turn out to resemble the real/complex Clifford algebras Cl, s and Cl,, whose
(graded) representation theory is well known [54, 31]. Here, CI, ; is the real Clifford algebra
with r 4+ s mutually anticommuting generators, where r generators square to —1 and s
generators square to +1. We will sometimes write Cl,, := Cl,, o. The Clifford algebras have
standard involutions and gradings when regarded as graded *-algebras; namely, the Clifford
generators are odd, and positive (resp. negative) Clifford generators are self-adjoint (resp.
skew-adjoint). Equivalently, they are odd and orthogonal /unitary and square to £1. Let

us work out how the Clifford algebras arise in specific examples.

5.4.1 Clifford algebras associated to PUA-reps of the PT-group F}

Let Fy ={1,P} x {1,T}, ¢(P) = +1,¢(T) = —1, which is the discrete subgroup of space
and time reflections in the full Poincaré group &?. We use P and T to denote, respectively,

the representatives of P and T in a PUA-rep 6 of (Fy,¢,0). In the canonical form of
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a f ‘TQ (iT)2 P2 (iP)Q‘ Clifford algebra Morita class

+1 41|41 +1 —1 | Clig = M3(R) & M(R) Cly,
-1 -1|-1 -1 —1 Clzp=HoH Cls
+1 —-1|+41 +1 +1 01073 = Mg(@) Cls
-1 +1] -1 -1 +1 01271 = MQ(C) Cly

Table 5.4: Cocycle classes for Fy = {1, P} x {1, T}, their associated Clifford algebras, and
their generators.

Proposition 5.4.2, P2 = +1, T? = o,PT = afTP, where a, a3 = +1, so there are four
cocycle classes labelled by a, 8 = £1. Furthermore, we can choose pr = PT. With these
choices, the values of o(-,) for each of the four cocycle classes can be calculated, and are
summarised in Table 5.1.

The real unital x-algebra associated to each choice of «, 8 is generated by orthogonal
elements P, T,i which square to +1. For @ = 3, we may use the alternative anticommuting
generating set {T, iT, iP}; for a # 3, we use {T, iT, P}. Then it is clear that a Clifford
algebra is generated in each case, as summarised in Table 5.4.

We make a few observations from this presentation. The Clifford algebras are either real
simple algebras, or a direct sum of two real simple algebras. Thus, there are two inequivalent
irreducible representations when o = 3, but only one irreducible representation when o # 3
— this accounts for the extra £ label in Table 5.2. In the two o = 8 cases, the central
element formed from the product of the three Clifford generators is (a multiple of) P. It
follows that the two inequivalent representations in the o = 3 cases are distinguished by
whether P = £1. The (real) dimension of the irreducible representation(s) in all cases
can be read off directly from the forms of the Clifford algebras. The matrices in Table
5.2 can be obtained by rewriting the real representations as complex PUA-reps. Finally,
their commutants, which are real division algebras, can be read off from the type of matrix
algebra in the corresponding Clifford algebra. This immediately yields the respective Wigner

corepresentaion types in Table 5.2.

5.4.2 Clifford algebras associated to graded PUA-reps of C'T-subgroups
— the tenfold way

We now consider subgroups A of the CT-group {£1}? = {1,T,C, S}, which has (¢,¢)(T) =
(—1,41), (¢, c)(C) = (—1,-1),(¢,¢)(S) = (+1,—1). The elements T,C and S = CT =TC
refer to time-reversal, charge-conjugation, and sublattice symmetries respectively. We wish
to study the graded PUA-reps of (A, o), where the homomorphisms ¢ and ¢ are implicit.
We will identify A with its image under (¢,c), and denote the representatives of 7, C
and S (where present) by T, C and S respectively. First, we consider the full C'T-group

52



Generators of 9 9 Associated Ungraded Clif- Graded
A ¢ T algebra ford algebra Morita class
T +1 | Ma(R) & My(R) Clip Cloo
C,T -1 +1 M4(|R) Cl272 Cll,g
C -1 Ma(C) Clas Clao
C.T 11 Mz (H) Cls, Cls o
T -1 Ho H Cl3’0 Cl47[)
C,T +1 -1 M2(|H) Cl074 Clg,,[)
C +1 MQ(C) Clojg Cl670
C,T +1 +1 M4([R) Cl173 Cl770
N/A N/A Cac ch Clo
S S? = +1 MQ(C) Cly Cly

Table 5.5: The ten classes of graded PUA-reps of (A, o), where A is a subgroup of the
CT-group, along with their corresponding Clifford algebras.

A = {1,T,C,S}. In the standard form of Proposition 5.4.2, there are four choices T? =
+1,C% = +1, and we may assume that TC =S = CT. In each of these four cases, there is an
associated real algebra generated by {i, T, C,I'}, with commutation relations determined by
¢ and ¢, as well as il' = T'i. Equivalently, we can choose the generating set {I', C,iC,iCT},
whose elements are mutually anticommuting, and are self-adjoint (resp. skew-adjoint) if
they square to +1 (resp. —1). The latter choice shows explicitly that a graded PUA-rep
for the full CT-group is precisely an ungraded x-representation of a certain real Clifford
algebra Cl, s, where r and s are determined by the squares of the algebra generators in
{T, C,iC,iCT}.

For A = {1, T}, there are two choices for the cocycle class of o according to T? = +1.
The anticommuting set {i, T,iTI'} generates the associated real algebra Cl; 2 or Cl3 . For
A = {1,C}, there are again two choices C> = 1. The associated real algebra is generated
by the anticommuting set {I', C,iC}, leading to Cly 3 or Cla ;. For the subgroup A = {1, S},
there is only one standard choice S = +1. The associated complex algebra is generated
by {I',S}, with I'S = —ST" — this is the complex Clifford algebra Cls. Finally, the trivial
subgroup A = {1} leads easily to the complex Clifford algebra Cl;, generated by I'. We
summarise this discussion in Table 5.5.

The Morita equivalence classes are obtained by the isomorphisms

Clrs®@Clip = Clig1sta (5.12a)
Clho®Clpo = Clynt2 (5.12b)
Clojn ® Clao = Clptap, (5.12¢)
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and the periodicities

Cl, ® MQ(C) = Cln+2 (5.133)
Cln70 (=) M16(|R) = Cln+870 (5.13b)
Clon ® Mis(R) = Clon+s- (5.13c¢)

The graded projective unitary-antiunitary representation theory of a CT-subgroup is there-
fore identical to the representation theory of the appropriate (ungraded) Clifford algebra
Cly, or Cl, 5.

There is an equivalence between ungraded Cl, s41-modules and graded Cl, ;-modules,
where in the latter, the convention is that the degree 1 (mod 2) elements of Cl,  are rep-
resented as odd operators. Similarly, there is an equivalence between the categories of
ungraded Cl,,-modules and graded Cl,,;-modules (and also Cl,,—1-modules, by the period-
icity (5.13a)). Thus, an alternative approach excludes I" as a Clifford generator, and regards
the algebra generated by the relevant subset of the operators {i, T, C,S} as a graded algebra.
Except for the case A = {1,T}, the generating set of odd, mutually anticommuting opera-
tors may be taken from {C,iC,iCT} or {S}, which generates a graded Clifford algebra with
one fewer positive Clifford generator compared to the first approach. Then, a graded PUA-
rep for (A, o) is precisely a graded *-representation of the corresponding graded Clifford
algebra, with grading operator I'. However, the subgroup A = {1,7T} cannot be handled
directly in this way, see Remark 5.4.4.

Remark 5.4.4. In the two cases for A = {1,T}, the grading operator is not explicitly
given as one of the Clifford generators in the associated ungraded Clifford algebra. In fact,
{i, T} generates the purely even algebra Ms(R) or H, which commutes with ' in a graded
PUA-rep of (A4,0). We can fix this by recalling the Morita equivalence between Cl, s and
Cl,s®@Cly1 = Clyyi1,s+1. We introduce two extra Clifford generators e, f with e =—-1,f2 =
+1, so that {i, T,iTT,e,f} forms a mutually anticommuting set of Clifford generators for
either Cly 2 ® Cly1 = Clag (when T2 = +1) or Cl3 o ® Cly1 = Cly; (when T? = —1). An
alternative generating set of mutually anticommuting operators is {I', e, ie,eT,ifT}. We can
now exclude I' and let {e,ie, eT,ifT} generate the graded Clifford algebra Clyo or Clyy.
We can now look for graded *-representations of Cla o of Cly g as a graded Clifford algebra.
In such a representation, the self-adjoint involutary operator (ef) commutes with each of
I',i, T, so the restriction of the latter to the (+1)-eigenspace of (ef) gives a graded PUA-rep
of ({1,T},0).

The above is an important observation: when we deal with K-theory later on, we will be
interested in the various ways in which a fixed ungraded action of a graded Clifford algebra

can be supplemented with a compatible grading operator I'.
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PC=+CP PT=4TP| E

+1 +1 I'PCT
+1 -1 iPCT
-1 +1 PCT
-1 -1 ir'PCT

Table 5.6: Classes of graded PUA-reps of the full PCT-group. The extra Clifford generator
= is given in the last column.

5.4.3 Graded PUA-reps of the PCT-subgroups

A similar analysis can be carried out for the full PCT-group {1,P} x {1,C} x {1,T}.
Here, the space inversion element P is taken to act as an even unitary operator, i.e.,
(¢,¢)(P) = (+1,41). In standard form, the cocycle classes are specified by the squares
C? = +1,T? = +1,P? = +1, along with the commutation relations PC = +CP,PT = +TP.
We can get the associated algebras from those constructed in the case of the C'T-group, by
incorporating an additional generator P with the appropriate commutation relations with
the set {I", C,iC,iCT}. It turns out that for each cocycle class, we can construct, in place
of P, an alternative generator = which anticommutes with {I', C,iC,iCT}, and squares to
£1. This extra Clifford generator is listed in Table 5.6. The associated algebra is then the
graded tensor product of Cly; (if 22 = +1) or Cly o (if Z2 = —1), with the original algebra
Cl, s associated to the C'T-group. This new algebra is another Clifford algebra, according

to the identities

Clr,s®ol0,1 = Clr,s+1
Olr,s®Cll,0 = C1l7"+1,s-

A similar analysis can be carried out for proper subgroups of the PCT group. We
have already handled subgroups of the C'T-group in Section 5.4.2. The remaining order-2
subgroups are easy to handle. The order-4 subgroups {1, PC'} x{1,T} and {1, PT} x{1,C}
are identical to the case of the C'T or PT-group, with PC' and PT taking on the roles
of C and T. The remaining order-4 subgroups, {1, P} x {1,C} and {1, P} x {1,CT} =
{1, P} x{1, S}, are a little more tricky. To illustrate, let us work out the {1, P} x{1,C} case.
Here, the associated algebras can be identified with complex Clifford algebras, provided we
take the imaginary unit to be ilI". The complex-linear (with respect to iI') positive generators

of the Clifford algebra, Cl3 are then given as in Table 5.7.
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PC=+CP (2 ‘ Clifford algebra generators

1 11 C,iC,TP
+1 —1 I'C,ilC,TP
-1 +1 C,iC,P
—1 —1 I'C,il'C,P

Table 5.7: Graded PUA-reps of the PC-group {1, P} x {1,C}. The associated Clifford
algebra Cl, s is determined by the squares of the anticommuting generators in the last
column.

5.5 Clifford algebras as (graded) twisted group algebras

While we have constructed explicit identifications between the (graded) PUA-reps of the
(subgroups of) CT and PCT groups, and (graded) Clifford algebra representations, it is
instructive to recall how the Clifford algebras are themselves twisted group algebras over R of
some parity group Z4, twisted by some cocycle o. For the moment, we use additive notation
for the elements of Z7 = {0,1}". Then the real Clifford algebras Cl, s are isomorphic to

the twisted group algebras R ) Zq;rs, where the cocycles o, ¢ are given by the formula

Lors
ors(x,y) = (— 1)J§xiy]~+i§w’ (5.14)
where x,y € Z5* are (r + s)-component binary vectors.

Similarly, the complex Clifford algebras have a description as twisted group algebras
Clp = € X (1,4,) Z5 over the complex field, where

on(x,y) = (— 1);1'”%.

We can push this description of the Clifford algebras further by identifying them with
graded twisted group algebras of Z5. This is done by defining the homomorphism c on Z%
to be —1 on each generator of a Z factor. The twisted group algebras R x(; 4, ) Zg+5 and
€ X(1,6,,) Z5 then acquire a grading according to ¢, and they can be identified as the graded
Clifford algebras Cl, ; and Cl,, with their standard gradings.

In the examples of Section 5.4.2, we start off with a symmetry group A, assumed to be
some subgroup of the CT-group Z3. The constructions showing the equivalence of graded
PUA-reps of (A,c, ¢, o) with graded Clifford modules, is precisely the standardisation of
the cocycle ¢ into a form which explicitly demonstrates the graded twisted group algebra
CX(q,5)A as areal or complex Clifford algebra. One of the crucial steps in this identification
is the inclusion of i as a real Clifford algebra generator, or as an extra parity group generator,

whenever ¢ # 1. Similarly, T' is included as an extra parity group or Clifford algebra
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generator where it is convenient to do so. To summarise: we may interpret a (graded)
Clifford algebra as the (graded) twisted group algebra of some subgroup of the CT-group.
As an aside, we note that the Clifford algebras are also related to linear representations

of the Clifford groups. The Clifford group CL, s can be presented as the finite group with

generators {(—1),e1,..., €15}, subject to the relation that (—1) is central®, as well as the
relations

ef = (-1), 1<i<r,

e =1, r+1<j<r+s,

€i€j = (—1)6]‘61‘, 1 75 j

A real Cl, s representation gives rise to a real linear representation of C'L, s for which the
group element (—1) acts as —1, the converse being true as well. Thus, Cl, s is almost the

(ordinary untwisted) group algebra of C'L, s, the correct relationship being
Clys = R[CLys]/R-{(=1) + 1},

where R - {(—1) + 1} is the ideal generated by the relation (—1) +1 = 0.

8(—1) denotes a group generator, which is not (yet) the additive inverse in R.
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Chapter 6

Symmetry-compatible
Hamiltonians, topological triviality,
and K-theory

The twisted group algebra C X, ) G has a K-theory which is closely linked to the PUA-
reps of (G, ¢,0). In Section 6.1, we recall this connection and motivate the study of the
K-theory of twisted crossed products in general. To handle charge-conjugating symmetries,
we need to work with graded crossed products and their graded modules. We stress that
there is mo single “K-theory classification” of topological phases; rather, different types of
K -theory objects are needed depending on the precise classification problem at hand.

In Section 6.2, we define the notion of a super-representation group for graded algebras,
which is motivated by and formalises the notion of “topological triviality” [50, 30], as
explained in Section 6.2.3. In the case of the graded Clifford algebras, which may we
interpret as twisted group algebras of C'T-subgroups (Section 5.5), the super-representation
groups are related to the K-theory groups of a point through the Atiyah—Bott—Shapiro
isomorphisms [4]. A detour is made in Section 6.3 to investigate multiplicative structures
on super-representation groups, where super-division algebras play a prominent role; the
latter are viewed as a unifying idea underlying the tenfold way in [30, 60, 61].

Section 6.4 contains our most important definitions, including that of the difference-
group of symmetry-compatible gapped Hamiltonians. These definitions are crucial for the
application of various K-theoretic tools in Chapter 8. They provide a precise and natu-
ral connection between Karoubi’s picture of K-theory [42], and the notion of “homotopic

phases” which often appears in the literature.
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6.1 Prelude: Ungraded representation rings and group alge-
bras

Let G be a finite group. Its representation theory can be studied in various ways, but
we choose to look at group algebras and their modules, in order to make the passage to
more general groups and K-theory more natural. By the theorems of Maschke and Artin—
Wedderburn, the real and complex group algebras F[G] :=F x G, F = R, C are semisimple,

and admit a decomposition into a direct sum of simple algebras
'
i=1

where the D; are division algebras over F. This decomposition arises from considering
F[G] as a left module over itself (or alternatively, the left regular representation of G),
and its isotypical decomposition F[G] = @;n;V; into simple modules (or irreducible G-
representations), with V; 2 V; as F[G]-modules if i # j. Then (F[G])°P = Endg(gF[G] and
D; = D;® for the real or complex division algebras leads to (6.1). The simple modules for
F[G] are then the simple modules for each direct sum factor, namely, V; = D;". Furthermore,
every simple F[G]-module V; is cyclic and appears as a direct summand of the module
F[G]. Any finitely-generated (automatically projective) F[G]-module V' is semisimple (or
completely reducible), and isomorphic to a direct sum V = &?_,m;V;, where m; are the
multiplicities of the simple submodules V;.

The (real or complex) representation group! Re(G) of G is defined to be the Grothendieck
group of the monoid of isomorphism classes of finite-dimensional representations of G over
F under the direct sum. In this definition, we can replace finite-dimensional representations
of G with finitely-generated (projective) F[G]-modules. By complete reducibility, R (G)
is freely-generated by the simple modules V;. Note that finite-dimensional representations
of a finite group are unitarisable, so we could have used G-invariant inner products on
the representation spaces to construct invariant complements, and then deduce complete
reducibility. We can thus restrict to unitary representations in the definition of R (G).
To emphasise that we are interested in unitary representations and to generalise to infinite
compact groups, we recall that F[G] can be given the structure of a C*-algebra, and (6.1)
gives a decomposition into a direct sum of C*-algebras. The K-theoretic formulation of
the (unitary) representation group is then the statement that Ry (G) = Ko (F[G]), with the
K-theory group of the C*-algebra F[G] on the right-hand-side defined in the usual way, e.g.,

!This is sometimes called the representation ring, but we will not be investigating possible product
structures.
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through finitely-generated projective (f.g.p.) F[G]-modules, or through projections in the
stabilised algebra M. (F[G]).

If G is compact, its (complex) unitary representation theory is described by the Peter—
Weyl theorem. In C*-algebraic language, this says that the group C*-algebra C x G de-
composes as a (possibly countably infinite) direct sum of matrix algebras indexed by the

unitary dual G (equivalence classes of irreducible unitary representations of G),

CxG= @ My (C). (6.2)
VleG

For a proof, see Proposition 3.4 of [97]. The complex representation ring R¢(G) of G is, as
before, the Grothendieck group of the monoid of isomorphism classes of finite-dimensional
unitary representations of G under the direct sum. By complete reducibility, R¢(G) is
freely-generated by the elements of the unitary dual G. In terms of K -theory, there is an
isomorphism R¢(G) = Ko(C x G) = K§(C) (see Section 11.1 of [11]), where K§ denotes
the equivariant K-theory group. If C x G is unital, its Kg-group has a direct description
as the Grothendieck group of the monoid of f.g.p. C x G-modules. Although C x G is non-
unital when G is not discrete, it is stably unital, and we can still use the same picture for its
Ky-group (see Propositions 5.5.5 and 11.1.1 of [11]). The real representation ring Rg(G)
requires a modification to the simple matrix algebras appearing in (6.2). For projective

unitary representations of (G, o), there is a twisted Peter—Weyl theorem,

C X (1,0) G = @ Mdim(V)(C)a
[V]eGe

where G7 is the generalised dual: the set of equivalence classes of irreducible projective
unitary representations of (G, o). In view of this, we can define the twisted representation
group Re(G, o) == Ko(Cx (1,5 G). Note that for compact GG, the monoid of f.g.p. (Cx (1 4)G)-
modules has cancellation, so it embeds naturally into its Grothendieck completion. For
general algebras, such as A = C(S5?), cancellation does not hold for the monoid of f.g.p.
A-modules, so non-isomorphic modules can become isomorphic in Ky(A). In general, the
images of two f.g.p. A-modules in Ky(.A) are equal iff they are isomorphic upon the addition
of some free module A".

If G is locally compact but not compact, its (twisted) representation group is difficult
to define. To avoid technical distinctions between full and reduced crossed products, we
will assume that G is amenable?. We choose the K-theoretic option: the complez twisted
representation group, or simply representation group Re(G, o), is defined to be the K-

group of the twisted group C*-algebra C X1, G. With this definition, an element of

2This assumption holds in all the physical examples that we consider.
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the representation group need not correspond to a (virtual) finite-dimensional projective
unitary representation of (G,o). Furthermore, not every irreducible projective unitary
representation of (G, o) appears in the representation group. For instance, consider the
representation group of G = Z. The complex group C*-algebra is C(T), and its Ky-group
comprises f.g.p. C(T)-modules — these are not finite-dimensional representations for Z.
Also, the irreducible unitary representations of Z are one-dimensional and are labelled by
a phase el € T, but these are not f.g.p. C (T)-modules. Nevertheless, there is good physical
motivation for studying f.g.p. modules. The Serre-Swan theorem identifies a f.g.p. C(T)-
module with the sections of some finite-rank vector bundle over T, which is reminiscent of
electronic band theory in condensed matter physics. The representation group of Z thus
has a physical interpretation as a means of classifying band insulators. Indeed, this is a
motivation for choosing the K-theoretic definition of representation groups in the first place.
Further motivation and information about the K-theory of twisted group algebras can be
found in [24].

Finally, for a general twisted dynamical system (G,.A, «,0) (Section 3.1), and a C*-

algebra B, we make the following definitions:

Definition 6.1.1 (General notion of a representation group). The representation group
of a twisted dynamical system (G, A, , ) is defined to be Ko(A X (4,0 G). For a general
C*-algebra B, not necessarily arising from a twisted crossed product, we will also call Ky(B)

the (ungraded) representation group of B, which we denote by R(B).

Definition 6.1.1 subsumes all the earlier definitions given in this section. The introduc-
tion of R(B) is to emphasise the module-theory aspect of Ky(B), and to distinguish Ky (B)
from the difference-group Ko(B) (Definition 6.4.4) when B has the added structure of a
graded algebra.

6.2 Super-representation groups of graded algebras

We recall a few basic definitions for graded algebras and their modules, which can be found
in [11, 90, 53, 18, 60, 36, 65]. In particular, the notions of left and right parity reversals
are emphasised, leading to our definition of a super-representation group for a graded C*-
algebra. It is essentially the same as the super-representation ring introduced in [52], with
slight modifications and generalised to C*-algebras.

A graded module for a graded algebra A is an (ungraded) A-module W which admits a
direct sum decomposition into W = Wy & Wi, such that A;W; C Wi j(mod2)- Thus, even
elements of A act as even (parity-preserving) maps on W, while odd elements of A act as

odd (parity-reversing) maps on W.

61



Definition 6.2.1 (Left and right parity reversals). Let W be a graded module for a graded
algebra A. The right parity-reversal operation g : W — W takes W to the right parity-
reversed module W, which has the same underlying vectors as W fixed under g, and the
same action of A, but the grading on vectors is reversed: W{l = Wy, Wil = Wy. The left
parity reversal operation 77, : W — "W and left parity reversed module "W are defined
similarly, with "Wy = W, TW, = Wy, but there is a modified A-action on "W, defined for

homogeneous elements to be
a-(mp(w)) =m((=Da-w), aeAdyUA,weW,
where |a| € Z3 denotes the parity of a.

It is easy to see that both mr and 7, are odd involutary operations on graded A-modules,
7% = id = 7%. We will denote mr(w) by w™ and 7z (w) by ™w, which distinguishes them

from w e W.

Proposition 6.2.2 (Graded equivalence of left and right parity reversals). The left and

right parity reversals of W are equivalent as graded A-modules.
Proof. Define the even map ¢ : W — U} by
. II T __ T T T g 1T
e: W sw" =wj +wi — "wyg —"w € W.
We check that ¢ is indeed an A-module map,
pla(wg +wl)) = (1) (awp)) + (—=1)1*("(awr))
et (_1)|w0|aﬂ—w0+(_1)‘w1|aﬂ—wl
= a(p(wi +wl)), wg +wl € w.

The inverse A-module map ¢! : 'IW — W has a similar formula "wg + "w; — wd — wT.
O

Despite the equivalence W 22 ¥/ there is an important difference in that 75 commutes

with A, whereas wy, graded commutes with A.

Definition 6.2.3. Let A be a graded unital algebra. A graded finitely-generated free A-
module is one of the form A™ @ (A1)" = A™" where A is regarded as a graded .A-module
by left multiplication on itself, and A" is its right parity reverse. A graded finitely-generated
projective (f.g.p.) A-module is defined to be a graded .A-module which is a direct summand

of A™" for some pair of natural numbers (m, n).
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Note that the left parity reverse A could have been used in the definition of a free
module. It can be shown [36] that a graded f.g.p. A-module is the same thing as a graded
A-module which is a f.g.p. A-module in the ungraded sense (i.e. a direct summand of an
ungraded free module A™). As mentioned in the previous section, f.g.p. A-modules are,
in general, distinct from finite-dimensional x-representations of a C*-algebra on a Hilbert
space, although they turn out to coincide for the twisted group C*-algebras of a compact
group. For brevity, all modules in this and subsequent chapters are assumed to be f.g.p.
unless otherwise stated.

Let V(A) (resp. GV(A)) be the commutative monoid of equivalence classes of ungraded

(resp. graded) A-modules, under the direct sum operation.

Definition 6.2.4 (Trivial graded module). A graded module for a unital graded C*-algebra
A is trivial if it admits an odd involution Z, with Z? = 41, which graded commutes with
the action of A,

a-Tw=(-1)4Za - w, acAyUA,weW.

We define T (A) to be the set of graded equivalence classes of trivial graded .A-modules.

The set T(A) is closed under direct sum and so forms a submonoid of GV(A). It
generates an equivalence relation on GV(.A) as follows: W ~ W iff there exists T, T" € T (.A)
such that WeT = W’'&T’. Note that this relation is a congruence on GV(A), i.e., W ~ W'
and Y ~ Y’ implies that W Y ~ W' @Y’

Definition 6.2.5 (Super-representation group). The super-representation group SR(A) of
a graded unital C*-algebra A is the quotient set GV(A)/ ~.

Proposition 6.2.6. The super-representation group SR(A) is an abelian group.

Proof. It is easy to see that "W is the inverse of W in the quotient SR(A), since W & W
admits the odd trivialising involution Z = 7 @ mz. It follows that [MW] = —[W] in
SR(A). O

Definition 6.2.5 captures the notion that a graded A-module is “cancelled” by its left
parity reverse. Furthermore, 7 (A) is closed under 7r: suppose Z is an odd trivialising
involution for T', then the operator Z := 77, 0 Z oy, is an odd trivialising involution for 7.

Note, however, that a trivial 7' need not take the obvious trivial form 7= W & TWw.

Remark 6.2.7. Finitely-generated projective modules do not have a Hilbert space structure
in general, but they can be endowed with the structure of a Hilbert .A-module, see Theorem
15.4.2 in [93]. A Hilbert A-module, or a Hilbert C*-module over A, is an A-module with

1/2

an A-valued “inner product” (-,-), whose associated norm ||z|| = ||(z,x)| "/~ is complete.
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A f.g.p. A-module can be endowed with the structure of a Hilbert .4-module, see Theorem
15.4.2 in [93]. Other references for Hilbert C*-modules include [11, 51]. One is typically
interested in the class of adjointable module homomorphisms, which need not exhaust all
the bounded module homomorphisms. A finitely-generated A-module with its Hilbert A-
module structure is self-dual, with the consequence that bounded module homomorphisms
between Hilbert A-modules are adjointable and complementable. The adjoint operation on
the set of adjointable module homomorphisms behaves much like the Hilbert space adjoint.
In terms of Hilbert C*-modules, we may choose the trivialising involution in a trivial A-

module to be self-adjoint.

When A is ungraded, it has its usual representation group R(A) and K-theory group
Ky(A), which are identical by definition. We can also regard A as a purely even graded
algebra. Then, a graded A-module is trivial iff it is the direct sum of two isomorphic
ungraded A-modules. By definition, an element in SR(.A) can be represented by a graded
A-module W = Wy ® W1, where the summands Wy and W7 are ungraded A-modules. On
the other hand, an element of R(A) = Ky(A) can be represented by a virtual module
Wy e Wi.

Proposition 6.2.8 (Super-representation groups of purely-even unital algebras). The super-
representation group SR(A) of an ungraded unital C*-algebra A, when regarded as a purely-
even algebra, is isomorphic to Ky(A), under the correspondence Wy @ W1| < [Wy © Wh].

Proof. We need to check that the correspondence is well-defined on classes. Suppose [Wy ©
Wh] = [WieW]] in R(A) = Ky(A). Then there exists X € V(A) such that Wy W] o X =
WieWieX =T. Let W =WoaW,, W =WjaW, € GV(A), and let S = WodW; dX.
Define the trivial graded A-modules S, T, which have homogeneous subspaces So=58 =5
and Ty = Ty = T. It is straightforward to see that W & T = W’ @& S in GV(A), which
implies that [W] = [W’] in SR(A). Conversely, if (W] = [Wy @ Wy]| = [W'] = [W] & W]
in SR(A), there are trivial graded modules S=S a8 =5Sa8T=Tyal,=TaTEc
T(A), such that W @& T = W' @ S as graded .A-modules. This is equivalent to the two
isomorphisms of ungraded A-modules, Wy @ T = W/ @ S and Wy & T = W] @ S, which
implies that Wo @ W @ (S®T) =X W] & W1 @ (S @ T). Therefore, [Wy © Wh] = [W] & W]
in Ko(A). O

It is interesting to see what the zero elements of R(A) and SR(A) are when A is purely
even. [W] = [Wy® Wh] =0 in SR(A) iff Wy @ V is isomorphic to W; & V' as ungraded
A-modules for some V, iff Wy & Wi] =0 in R(A). When cancellation holds in the monoid
V(A), the zero elements of R(A) and SR(A) are, respectively, exactly of the form [U & V|
and [U & V] for isomorphic ungraded A-modules U = V.
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Although we get nothing new when considering SR(.A) for a purely even A, it becomes
distinct from the ungraded representation group R(A) = Ky(A), when A has a non-trivial
grading and is regarded as an ungraded algebra. In fact, there are many distinct “rep-
resentation groups” that can be defined for a graded algebra A; for a sample of possible
definitions of such groups in the case of finite-dimensional associative graded algebras and
Lie superalgebras, see [52, 53, 36]. Definition 6.2.5 is in fact based closely on the definitions

given in these papers. Besides SR(A) and R(.A), there is a third possibility:

Definition 6.2.9. Let A be a graded unital C*-algebra. Its graded representation group
GR(A) is defined to be the Grothendieck completion of the monoid GV(A).

If A is purely even, it is easy to see that GR(A) is simply two copies of R(A); for a

general graded A this is no longer the case.

6.2.1 Super-representation groups of non-unital graded algebras

So far, we have defined three representation groups for graded unital algebras A. In the
non-unital case, we will define the representation groups through a procedure similar to the
definition of K for non-unital algebras. For this, we need the unitisation A of a graded non-
unital C*-algebra. This is the usual C*-algebra unitisation A" = {(a,\) : a € A, X € F}
with its unique C*-norm, component-wise sum and adjoint, and multiplication given by

(a, A)(b, ) = (ab+ Ab+ pa, Ap). We assign the grading

Ad = {(a,\) : a € Ap, N € F},

AT = {(a,0) : a € A1}
Then A is a graded two-sided ideal in AT, i.e., A is a two-sided ideal in the ungraded sense,
and A; = AN Aj. The quotient algebra A" /A = F is purely even. Next, we need to define

the map on graded modules induced by an even homomorphism A i> B between unital

graded algebras. The graded algebra BB becomes a graded A-bimodule via

a-b = f(a)b,
b-a = bf(a), a€ A beB.

For a graded A-module W, the graded B-module induced by the homomorphism f is defined
to be3 f.(W) = B®4 W. Its homogeneous subspaces (f«(W)); are spanned by

{bow : be B, weW,|bl+|w|=i(mod2)}, i=0,1.

3To see that f.(W) is still a finitely-generated projective module, consider a (split) exact sequence
0—- Wt > Waewt = A™" - W — 0. Then apply the additive functor B&4 (-) and note that
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We then verify that V(-) and GV(-), along with f — f,, are covariant functors from (graded)
unital C*-algebras to abelian monoids. The universal property of the Grothendieck com-
pletion then yields induced homomorphisms R(.A) ELN R(B) and GR(A) ELN GR(B).

Definition 6.2.10 (Representation groups for non-unital graded algebras). The represen-
tation group and graded representation group of a non-unital graded C*-algebra A are

defined as the kernels
R(A) = ker(R(AT) & R(F)),
GR(A) = ker(GR(A') L5 GR(F))
induced by the projection AT 2 F.

As for the super-representation group, we need the fact that the induced monoid homo-
morphism GV(A) ELN GV(B) descends to the respective quotients by the trivial submonoids.
So suppose that T € T(A) is a trivial graded .A-module, with the odd trivialising involu-
tary operator Z which graded commutes with A. We claim that the operator Z’ defined on
fo(T) = B&AT by

Th&t) = (-1)Pb&Tt,  bé&te Bé&HAT

makes f,(T) trivial. Z' is certainly a F-linear operator, and squares to the identity. It is

odd, because
I (b&t)| = [b&Tt| = |b| + [Tt| = |b| + |t| + 1 = [b&t| + 1 (mod?2).
Also, 7/ graded commutes with the B-action, since
(bt &t)) = (=1)Plpp! @7t = (—1)PHY ()T (W & 1)) = (=)o@’ (¥ & 1)),

so f«(T) is a trivial graded B-module. If [W] = [W’'] in SR(A), i.e, W T =2 W' & T’ for
some T,T" € T(A), then

f W] = [f(WV) & f(T)] = [f(W & T')]
= [HFWa D) =[f(W)e f(T)]
= [fo(W)]

in SR(B), so f. : [W] — [f«(W)] is a well-defined homomorphism between the super-
representation groups SR(-).

Definition 6.2.11. The super-representation group SR(.A) of a non-unital graded C*-algebra
A is defined to be the kernel

SR(A) = ker(SR(AT) &5 SR(F)).
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Remark 6.2.12. The distinction between the left and right parity reversals can be understood
as a special case of the more general notion of the graded tensor product of a graded A-
module V with a graded B-module W, where A and B are graded algebras over the same
field*. The graded tensor product V&W becomes a graded module for the graded tensor
product algebra A®FB as follows:

(a&b) - (v&w) == (=) (@ - )&(b-w), aecAbeBveV,weW. (6.3)

The left parity reversal of a graded .A-module W can be viewed as the graded F,&rA = A-
module F_®W, where [ is [ regarded as a purely even algebra, and F_ is F regarded as
a purely odd F-module. The action of a € A on v&w € F_&®W acquires an extra factor
of (=1)lellvl = (—1)lel according to (6.3). On the other hand, the right parity reversal of a
graded A-module W can be viewed as the graded A&rF, = A-module W&F _, with the
action of a € A on w®v € WRF _ picking up a trivial sign factor (—1)#llwl = 1.

In [52], the author used the right parity reversal in his definition of SR(-), in order to
make contact with Theorem 6.2.14 and KO~ "(x), K~ "(*) (the real and complex K-theory
of a point) more directly; see Remark 4.1 in his paper. An important difference between his
conventions and ours, is that his odd trivialising involution is required to commute, rather
than graded commute, with the A-action. This has the effect of identifying SR(Cl,, o) with
K™"(x), whereas our definition leads to SR(Cly,,) = K~ "(x), see Remark 6.2.17.

We have chosen our convention for two reasons. First, when A is the Clifford algebra
associated with the symmetry data (A, o) of a CT-subgroup, we recover the periodic table
of Kitaev in the correct order. Second, the trivialising operator Z has an interpretation
in terms of the K-theory of A, which we explain in Remark 6.4.8. We also note that the
authors in [30] defined their “twisted K-theory groups” and “reduced topological phases”
via a related notion of trivial representations, which only requires the existence of an odd
operator Z that graded commutes with the projective unitary-antiunitary group action.

They do not impose an involution condition on Z, so their convention differs from ours.

6.2.2 Examples of (super)-representation groups
The ungraded algebra R
Consider the trivial ungraded algebra A = R, whose modules are just (finite-dimensional)

real vector spaces. Its ungraded representation group is R(R) = Ky(R) = Z, generated by

the one-dimensional vector space R. If we consider R as a purely even algebra, its graded

“For general C*-algebras the tensor product needs to be specified more carefully, but we are only dealing
with the case in which one of the two algebras is the trivial algebra [F. In this case, there is no ambiguity in
taking tensor products.
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modules are graded real vector spaces R™" whose (graded) isomorphism classes are given
by (m,n) € N& N. Thus, GR(R) = Z & Z. A graded R-module is trivial iff m = n. After
quotienting by triviality, the equivalence class of R"/™ can be represented by the purely
even vector space R0 or the purely odd vector space RO~ depending on whether

m —mn >0 or n—m > 0. Thus the super-representation group SR(R) is Z, as expected.

The Clifford algebra Clg

Next, consider the graded algebra A = Cly; which is R @ R as an ungraded algebra. The
even subalgebra is Ay = {(z,z) : * € R}, while the odd subspace is A; = {(z,—x) : = € R}.
Its ungraded representation group is R(Clp1) = Ko(R@&R) = Z® Z. Graded Cly1-modules
correspond to ungraded Clp 2 = My(R)-modules, which are direct sums of the simple Ms(R)-
module R%. Passing to the Grothendieck completion yields GR(Cly 1) = Z, generated by the
graded vector space R, An odd trivialising involution for a graded Clp,1-module is nothing
other than the action of an extra odd positive Clifford algebra generator. Thus, a trivial
graded Clp -module (equiv. ungraded Clp2-module) is one which is also a graded Clp -
module (equiv. ungraded Clj 3-module). The ungraded Clp 2-modules (i.e. even-dimensional
vector spaces) which admit an ungraded Cly3 = Ms(C)-module structure, are those with

real dimension a multiple of 4. It follows that SR(Cly 1) = Z>.

The Clifford algebras Ci,

More generally, the Clifford algebras Cl, , and Cl,, are naturally graded C*-algebras, with
odd (resp. even) products of Clifford generators being odd (resp. even), and positive (resp.
negative) generators being self-adjoint (resp. skew-adjoint). The Clifford algebras Cl, s are
semisimple, so finite-dimensional Clifford modules are finitely-generated projective Clifford
modules. The same remarks hold for graded Clifford modules due to the equivalence between
graded Cl, ;-modules and ungraded Cl, si-modules, and similarly for the complex Clifford
algebras. The ungraded representation group of Cl, ¢ (resp. Cl,,) is freely generated by
its equivalence classes of irreducible real (resp. complex) representations, and we have (see
Chapter 1.5 of [54])

yASWA —s5s=3,7 d2
R(Clm) _ { S5 r—s ) (mo ),

A otherwise;
R(CL,) = Z&7Z nodd,
" A n even.
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The graded representation groups are easily found using the isomorphisms (see, for instance,

Proposition 5.20 of [54])

Z&Z r—s=0,4(mod2),

A4 otherwise;

12

gR(Clr,s) R(Clr—l,s) = R(Clr,s+1) = {

Z®7Z neven,

GR(Cly) = R(Clyp—1) = {Z i

where the indices are taken modulo 8 in the real case and modulo 2 in the complex case.
More interesting are their super-representation groups. A trivial graded Cl, ;-module is
a graded Cl, s1-module with the action of the (s+1)" positive Clifford generator forgotten.
Recall that GR(CI,s) and GR(Cl, s+1) are free abelian, generated by the classes of irre-
ducible graded CI, s-modules and C1, s41-modules respectively. The inclusion i : Cl, s —
Cly 541 induces a “restriction-of-scalars” homomorphism i* : GR(Cl, s11) — GR(Cl,s).

Similar remarks hold for the complex Clifford algebras.
Lemma 6.2.13. There are group isomorphisms

SR(Clys) = GR(Cloy)/i*GR(Clysin),
SR(Cly) = GR(CLY)/i*GR(Clysr).

Proof. Let [W] denote an element of SR(CI, ;) represented by a graded Cl, s-module W.
For a class [W & W'] in GR(Cl, 5) represented by a virtual graded Cl, s-module W & W,
we denote its image in the quotient GR(Cl,5)/i*GR(Cly s41) by [[W & W']]. The required
isomorphism is p : [W] — [[W © 0]], with the inverse map ¢ : [W & W']] = [W] — [W'] =
(W] + ["'W’]. We check that p is well-defined. So suppose W @ T = W' @& T" for some
T,T' € T(Cly). Then

p(W)=[Wel=[[(WeT)eT| =[We+[TeT=[Weo o] =p(W]),

where we have used the fact that [T'6 T"] € i*GR(Cl, s+1) and is thus zero in the quotient
GR(Clys)/i*GR(Cly s41). Similarly, ¢ is well-defined since an element of i*GR(Cl, s41)
has the form [T' © T"] for some trivial graded Cl, s-modules T',T”, so that ¢([[T"© T"]]) =
[T] — [T'] = 0 in SR(Cl,s). It is easy to see that p and ¢ are homomorphisms and that
gop =id. Since W & "W is a graded Cl, sy1-module for any graded Cl, ,-module W, it
follows that

gop(Wo W) = W]+ W) =[Weo)+["W]+[W oW
= [WeWI+[Wae"W)eo]=[WeoeW],

so p and ¢ are inverses of each other. The complex case is similarly proved. ]
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Lemma 6.2.13 is reminiscent of the Atiyah—Bott—Shapiro isomorphisms, which say that

Theorem 6.2.14 (Atiyah-Bott—Shapiro isomorphisms [4]).

Ko(R) 2KO™"(%) = GR(Clys)/i*GR(Clrs1s), n =71 —s(mod8)
GR(Cly)/*GR(Clysr).

)
)
I
g

3
x
[

A graded Cl, s;-module W can be turned into a graded Cl; ,-module, by a simple adjust-
ment of the actions of the Clifford generators. If I' is the grading operator on W, and e; and
f; are the mutually anticommuting odd operators representing the r negative and s positive
Cl, s generators, we define the operators e;- =Tf;, f/ :=Te;. They have commutation rela-
tions and squares given by Fe;- = —e;I‘, I'fl = —fIT, 6;-2 = —F2fj2 = -1, fi'2 = —T?e? = +1,
and e} f] = T'f;l'e; = —T'e;I' f; = — fj €. In other words, there is an odd action of s negative
Clifford generators e} and r positive Clifford generators f/ on W. Therefore, there is a 1-1
correspondence between graded Cl,. s-modules and graded Cl, ,-modules. Furthermore, if
W is a graded Cl, ;-module which admits the action of an extra negative Clifford generator

er+1, the operator f) ;= T'e,;1 acts as an extra positive Clifford generator if W is regarded

as a graded Cl, ,-module.

Proposition 6.2.15. There is an isomorphism GR(Cl, ) = GR(Cls,) which respects the

homomorphisms i*, i.e.,
GR(Clys)/i"GR(Cly s41) = GR(Cls ) /1" GR(Clsi,)- (6.5)
Corollary 6.2.16.

SR(Clyy) 2K, (R) =2 KO™ (%), (6.62)
SR(Cly) = K,(C) =K "(x) (6.6b)

Remark 6.2.17. For a complex graded algebra A, it does not matter whether the odd
trivialising operator Z is defined to be an involution Z? = 1, or an anti-involution Z? = —1;
multiplication by i turns one into the other. However, this does not work in the case of
real graded algebras because the imaginary unit i is unavailable. Indeed, if we had asked
for an extra action of a negative Clifford generator in the definition of a trivial graded
Cl, s-module, we would have arrived at SR(Cl, s) = K,_s(R) instead. Similarly, if we had
required the trivialising involution Z to commute, rather than anticommute, with C1, 5, then
IT becomes an anti-involution anticommuting with Cl, s, so we will get the same reversal

in the K-theory degree.
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Algebras of the form B&CI,

We can generalise the arguments leading to Corollary 6.2.16 for algebras of the form A =
B&Cl,.s. A trivial graded A-module T is a graded .A-module with the action of an extra
positive Clifford generator which graded commutes with the A action, so it is also a graded
A®Clo71 = B®C’lr7s+1—module. The inclusion 7 : A — A®Cl0,1 induces a homomorphism
i* : GR(B&Clys11) — GR(B&XCL,.s) of Grothendieck groups,

W eW)) = [WaW), W, W egVBEClu),

where W, W’ are regarded as graded B&CI, s-modules on the right-hand-side. We can
check that the homomorphism is well-defined on classes. In particular, for T, T" € T(A) =
T (B&Cl,. ), the element [TOT"] is in the image of i*, so it is zero in GR(BXCL,. 5) /i*GR(BRCly s11)-
Then the arguments leading to (6.2.13) continue to hold upon replacing Cl, s with B®CZT,S,

giving

SR(B&Clys) = GR(B&Cly.s)/i*GR(B&Cly s11)
= GR(B&Cls,)/i"GR(B&Clsy1,),

where we have identified graded B®Clr,5—modules with graded B®Clsjr—modules as before.

If B = A% is purely even, there is a further simplification. A graded A = AV &CI, ,-
module has commuting graded actions of Cl,.s and A, and decomposes into a direct
sum of irreducibles of the form Vi®VVj, where V; and W; are irreducible for A®Y and Cl,. s

respectively. The super-representation group for A then decomposes as

SR(A) = SR(AV®RCl,.s) = SR(AY) ®z SR(Cl,s)
= Ko(A%) ®7 Ky (R). (6.7)

6.2.3 Quotienting symmetry-compatible gapped Hamiltonians by topo-
logical triviality
Our interest in studying gapped Hamiltonians compatible with a given set of symmetry data
(G,c,¢,0) has led us to construct the graded twisted group C*-algebra A = C x4 G.
Then a graded f.g.p. module for A is interpreted as a gapped phase compatible with the
symmetries. Here, we have identified gapped phases up to a notion of homotopy, namely,
the spectral flattening of H into I'. It was suggested by Kitaev [50], in the context of band
insulators, that we should consider two gapped phases as being “equivalent”, if they become
equivalent (in the ordinary sense) upon adding some “trivial” bands. He argued that one
can generally augment a given system by “...a set of local, disjoint modes, like inner atomic

shells. This corresponds to adding an extra flat band on an insulator.” An admissible system
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(X)) is supposed to be “...effectively cancelled by its particle-hole conjugate (—X), resulting
in a trivial system”. He also suggested looking at differences between systems rather than
systems themselves, motivating his K-theoretic classification of band insulators. We have
taken these suggestions a little further, with some differences in interpretation. In Definition
6.2.4, we introduced a notion of trivial graded modules for A, which may be added to a given
graded A-module without changing its equivalence class in SR(A). In particular, the sum
of a graded module with its particle-hole conjugate (left parity reversal) becomes trivial
in SR(A). Thus, Definition 6.2.5 formalises algebraically the notion of “quotienting by
topological triviality” introduced by Kitaev, as well as Freed—Moore [30]. In some special
cases, the super-representation group reduces to an ordinary K-theory group. There is
another physical interpretation of the K-theoretic invariants of A4, hinted at in [50], in
terms of differences of symmetry-compatible phases. This is discussed in detail in Section
6.4.

6.3 Higher super-representation groups, super-Brauer groups,
and super-division algebras

For this section, all algebras are assumed to be finite-dimensional® unless otherwise stated.
As is conventional in the literature, we will use the prefix “super-” interchangeably with
“Zo-graded”, except when referring to the distinct notions of the graded representation
group and the super-representation group of a super-algebra A. Many of the ideas used
in the representation theory of semisimple ungraded algebras are applicable to the graded
representation theory for semisimple super-algebras, see [90] for a comprehensive treatment,
and [21] for connections to twisted K-theory. The main definitions and theorems can be
found in these references, which we list here in a concise way for reference. They are needed

for our definitions of higher super-representation groups in Section 6.3.1.

Ungraded simple algebras

In the ungraded case, the Artin-Wedderburn theorem shows that division algebras (or more
generally, rings) are fundamental building blocks for semisimple algebras (or rings). Since
there is only one division algebra over C, namely, C itself, the simple algebras over C are
matrix algebras over C. These are also central, i.e., the centre is the ground field C. Over
R, there are three division algebras R, H, C, with the first two being central. The simple real
algebras are matrix algebras over R, H or C, with the central ones being matrix algebras over

R or H. Central simple algebras are closed under taking tensor products and opposites. If we

®The generalisation to general Zs-graded C*-algebras requires a much more careful treatment of Morita
equivalence in that setting.
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assign each central simple algebra A of the form M,, (D) to the class denoted by [D], where D
is some central division algebra over [, we can define Brauer multiplication on the classes [A]
via [A;] - [A2] == [A; ® Ag]. This multiplication is well-defined, commutative, and one even
has [D] - [D°P] = [F], showing that Br(F) := {[D] : D is a central division algebra over [}
is a group, called the Brauer group of F. The identity element is [F], and [D]~! = [D°P].
For instance, Br(C) is the trivial group, while Br(R) is Z2, generated by [H].

Simple super-algebras

A simple super-algebra is a super-algebra which has no non-zero proper graded ideals. The
super-centre sctr(A) of a super-algebra A is the sub-super-algebra of A whose homogeneous

elements x are defined by
ax = (—1)ll17lzq, ac AgUA;.

This is to be contrasted with the ordinary centre ctr(.A) of A, which is also a sub-super-
algebra of A. Nevertheless, the even subalgebras of the centre and super-centre of A coin-
cide. As an example, sctr(Cl,,) = C, whereas ctr(Cl,,) is C if n is even and is isomorphic to
Cly if n is odd.

A central super-algebra over I is a super-algebra with super-centre F. A super-division
algebra D is a super-algebra in which every non-zero homogeneous element has an inverse.
Note that the super-centre of a super-division algebra D must be a field containing F. This
is because a non-zero odd super-central element of D is invertible and squares to 0, so it
must itself be 0 — a contradiction. Thus, sctr(D) is purely-even. For non-zero z € sctr(D),
its inverse is easily seen to be in sctr(D) as well. Therefore, sctr(D) is a commutative
division algebra, i.e., a field.

The central simple super-algebras over | can be characterised as the super-algebras of
the form M, (F)&D, where M, ,(F) is the super-algebra of linear endomorphisms of the
super-vector space F’l5, and D is a central super-division algebra over F (see, for instance,
Theorem 6.2.5 of [90]). In more detail, the super-Artin-Wedderburn theorem says that a
simple (not necessarily central) super-algebra has the form M, (D) as an ungraded algebra,
where D is a super-division algebra over R. If D is not purely even, the even (resp. odd)
elements of A = M, (D) can be assumed to be the n x n-matrices with entries in the
even (resp. odd) elements of D. If D is purely even, A = M, (D) can be assumed to
be My,—(D), 0 < r < [5] as a super-algebra, with even elements being block-diagonal

(the diagonal blocks are r x r and (n — ) x (n — 7)), and odd elements being off-diagonal.

Conversely, a super-algebra M, (D) graded in one of the above ways is simple®. The building

5This is actually a special case of a more general graded Artin-Wedderburn structure theorem, which
holds for algebras graded by more general groups, see Remark 1.4.8 of [36] and [65].
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blocks of semisimple super-algebras over | are thus the super-division algebras over . Note
that amongst the simple super-algebras over [, the central ones are those with D being a
central super-division algebra over F; there may be others which are central over a field
extension of [F.

As in the ungraded case, we assign the central simple super-algebras A = MT|S([F)®D
to the class [D], and define a super-Brauer multiplication [A1] - [As] = [A1®.43] on classes.
This turns sBr(F) := {[D] : D is a central super-division algebra over F} into an Abelian
group, called the super Brauer group of F. It is known that sBr(C) = Zy and sBr(R) = Zg
[92].

For F = C, there are two super-division algebras which are both central, and they
represent the two classes in sBr(C). We write them as D = C = Cly and D} = Cly,
with the subscript indicating the corresponding element in sBr(C) = Z. The two super-
division algebras over C can also be regarded as the non-central super-division algebras
over R. There are eight remaining (central) super-division algebras DER over R, each repre-
senting an element of sBr(R) = Zg. Except for D} = H, they are the real Clifford algebras
DX = Cly;,i=0,1,2,3, DX = Clg_;0, i =5,6,7. Since Clg 4 = M;1 (H), the super-Brauer
class [D¥] can be represented by the Clifford algebra Cl 4. In summary, there are 2+8 = 10
super-division algebras over R, and they represent the elements of the super-Brauer groups
sBr(C) and sBr(R). Each element of the super-Brauer groups can be represented by a Clif-
ford algebra, and apart from [DY], we can choose the representative Clifford algebra to be

a super-division algebra over R.

Remark 6.3.1. A connection between the ten super-division algebras over R, and the tenfold
way was made in [30], and explained in more detail in a set of lecture notes by Gregory
Moore [60]. A connection between Wall’s classification of central simple super-algebras, the
Altland—Zirnbauer tenfold classification of free-fermions, and the classification of topological
phases of time-reversal (TR) invariant Majorana fermions in one dimension was made in

[28].

6.3.1 Higher super-representation groups and rings

Definition 6.3.2. For a graded C*-algebra (not necessarily finite-dimensional) over [,

where F = R or C, we define the higher super-representation groups SR~"(.A) to be
SR(A) == SR(AXDE).

Note that we can replace D! in this definition by a Morita-equivalent Clifford algebra.
For complex super-algebras, there are two higher super-representation groups, whereas for

real super-algebras, there are eight higher super-representation groups SR™"(A), n =0,...,7.
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In certain cases, there are an additional structures on the direct sum of the higher super-

representation groups SRiotal(A) = &SR (A).
Proposition 6.3.3. Let A and B be graded C*-algebras over the same field, at least one
of which is nuclear. On pairs of classes ([V],[W]) in SR™(A) x SR™I(B), there is a
well-defined product
®: SRTA) x SR7(B) — SR ) (ALB) (6.8)
(VI.W]) = [VI®[W]:=[VeW],
where V- and W are, respectively, any representative graded modules in the classes [V] and

[W].

Proof. Suppose Z4 is an odd involutary operator verifying the triviality of V'€ GV(A), so
T4 graded commutes with the action of A on V. Let W € GV(B). Then Z4&1y is an odd
involutary operator on VW € GV (A®B) which graded commutes with the action of A®B,
so V@W € T(A®B). This conclusion also holds when A, B are replaced by A® D!, lS’(X)D[F

and when the roles of V and W are reversed, so the product respects triviality. O

For example, consider the simplest case where A = R. Then
SR(R) = SR(DF) = SR(Cly.) = Kn(R) = KO (%), (6.9)

where we have used the Morita equivalence of DX with Clg,, and Corollary 6.2.16. By
taking A = DX and B = D[R, and recalling the Morita equivalences between Clp, and
Clo,nts, we find that the direct sum

SRtotal @SR @SR Clg n

becomes a graded ring with multiplication ®, and grading group sBr(R) = Zs.
Proposition 6.3.4. SRiota1(R) is isomorphic as a Zg-graded ring to the KO-theory ring
of a point.

Proof. 1t is clear from Lemma 6.2.13 and Proposition 6.2.15 that &,GR(Cly0)/i*GR(Cly+1,0),
with graded tensor product as the multiplication, is isomorphic to ®,SR™"(R) as a graded

ring. The second isomorphism in
SRiotal(R @gn Clno)/i*GR(Clyi10) @Ko (6.10)

is the graded ring isomorphism of Atiyah-Bott—Shapiro in Theorem 11.5 of [4], where the
product on the right-hand-side is the tensor product of bundles (c.f. Chapter 1.9 of [54]).
Bott periodicity and the Morita equivalence of the Clifford algebras allow us to interpret
(6.10) as an isomorphism of Zg-graded rings. O
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Remark 6.3.5. More generally, taking A = R and B a super-algebra over R in Proposition
6.3.3, the direct sum
SRtotal(B) = @SRin(B)
n

becomes a sBr(R)-graded module over SRyota1(R).

In the complex case, we can also define SRiota1(A) for a super-algebra A over C, and
obtain a sBr(C) = Zs-graded ring structure on SRiota1(C), as well as a Zs-graded module
structure on SRiotal(A) over the graded ring SRiota1(C). These are the (super)-algebraic
analogues of the well-known graded module structures on @®, KO~"(X) and @&, K "(X),
over the respective graded rings @©, KO~ " (%) and &, K ().

We may also regard SRiotal(R) as a Za-graded ring, with even subring @, cyenSR ™" (R).

Proposition 6.3.6. SRota1(R) and SRiotal(C) are super-commutative rings.

Proof. Consider two graded modules S, T for Cly,,, n > 2, which are isomorphic as graded
vector spaces under the invertible linear map ¢ : S — T, but have the actions of two
Clifford generators f;, f;, i # j swapped and identical actions of the remaining n —2 Clifford

generators. Thus, for all s € S, we have

u(fis) = fi(u(s)), u(fjs) = file(s),  o(fws) = ful(e(s)), k #1,5.

We claim that S = T as graded Clpn-modules. Define the even linear map o = 7, o

—(fi—fj)oe:S =T, Then for s € S,

V2
Lo i — fi)s
filas) = ﬁfz‘ ((fi = fj)es)
= 5 (filfi = fj)es)
1 s

= 5 ((fF = fifi)es)

"((fi = £i)(u(fi(s)))
),

I
25

and similarly, fj(as) = a(fjs). It is also clear that a intertwines the actions of the remaining
Clifford generators, and that ! =71 o %( fi — fj) omr. Therefore, swapping the actions
of any two Clifford generators takes 7'+ 'T; in terms of SR(Cly,) = SR™™(R), it takes
[T] — —[T]. Now consider graded modules V" and W for Cly; and Cly ;, respectively. Both
V@W and W&V are graded Cl ;4 ;-modules, and we get from one to the other through an

interchange of ij pairs of Clifford generators. It follows that
Ve W]=(-1D)YW]e[V], [V]€SR'(R), [W]e SR/ (R). (6.11)
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Since the sign factor (—1)¥ only depends on the (Z3) parity of i and j, (6.11) says that
the multiplication ® on SRiotal(R), regarded as a Zs-graded ring, is super-commutative. A

similar argument shows that SRyta1(C) is also a super-commutative ring. O

Ring structure on SRiua1(A)

We remark that SRiotal(A) can be given a sBr(F)-graded ring structure if there is a comul-
tiplication A : A — A®.A which is a morphism of super-algebras. The comultiplication is
needed to pull-back a (A&DY ®A®D§)—module to a (AXD], ;)-module. Such a comultiplica-
tion exists, for instance, if A is the universal enveloping super-algebra of a Lie super-algebra,
see [52] for a related construction and discussion.

Another example, more relevant for our purposes, is when A = F[G] is the purely even
group algebra of a finite group G, with the comultiplication A defined on the group-like
basis A(g) = g ® g and extended F-linearly. If V,W are graded modules for R[G]&Cly
and R[G]&Cly j respectively, then V@W is a graded module for R[G]®@Cly ;@R[G]&Clo j =
(R[G] ® RIG])&Clg,i+;. Pulling this back via A turns V&W into a graded R[G]&Cly ;-
module. In other words, we can define a multiplication ® on SRiota(R[G]), by [V]® [W] =
[A*(V@W)], making it a sBr(R)-graded ring. The arguments leading to (6.11) continue
to hold when R is replaced by R[G], since there is simply an extra action of R[G] which is
even and commutes with the Clifford actions. Thus, we may also regard SRyota1(R[G]), and
indeed SRiota1(C[G]), as Zo-graded rings which are super-commutative.

A final example is when A is purely even, complex, and commutative (but not necessarily
finite-dimensional), so A 2 Co(A) where A is the Celfand spectrum of .A. Then the tensor
product of two A-modules is another .A-module, by taking the (internal) tensor product
of the vector bundles that they correspond to (and taking unitisations/compactifications
where required). We then obtain a sBr(C)-graded ring structure on SRyota1(Co(A)). This
should be compared to the much richer graded ring structure on (topological) “K-theory
with local coefficients” as defined in [21], which has a larger grading group containing
sBr(C) as a direct product factor. However, for real commutative C*-algebras A, the vector
bundle construction requires Real bundles over the Real spectrum, so the sBr(R)-graded
ring structure on SRiotal(A) is not really directly related to the KO-theory with local

coefficients in [21].

6.4 K-theory and the difference-group of symmetry-compatible
Hamiltonians

While the super-representation groups of A have the two or eight-fold periodicities inherited

from the Clifford algebras used in their definition, it is not clear that they coincide with the
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usual (higher) K-theory groups of A when A is not the trivial algebra F. The K-theory
of (ungraded) C*-algebras has been well-studied, with many important results for crossed
product algebras in particular. To motivate the use of this rich theory, we give the K-theory
groups some physical interpretation relevant to the classification of symmetry-compatible
gapped Hamiltonians. To achieve this, we utilise a version of K-theory introduced by
Karoubi [42], which is defined for graded C*-algebras, and is equivalent to the more standard
Grothendieck group-type definitions, e.g., in [11, 93], for ungraded C*-algebras. These K-
theory groups may be regarded as special cases of Kasparov’s bivariant K K-theory groups.
We describe the constructions for unital algebras A; the definitions for non-unital algebras
follow the usual procedure of unitisation followed by taking the kernel of the map in K-

theory induced by the projection AT — F.

6.4.1 Symmetry-compatible gapped Hamiltonians

Recall that the grading operator I' of a graded f.g.p. module W for the graded algebra
A = C X(q,)G can be interpreted as a spectrally-flattened gapped Hamiltonian compatible
with the symmetry data (G,c,C, ¢,0). Strictly speaking, this interpretation requires W
to be a graded Hilbert space with a graded *-representation of A. Although the K-theory
of A will be defined in terms of f.g.p. graded modules W for A (or its unitisation), we
may regard the latter as graded Hilbert A-modules (see Remark 6.2.7), on which there is
a notion of self-adjointness for the adjointable (and bounded) operators Z(W). In fact,
PB(W), along with the grading operator I', form a (evenly) graded C*-algebra under the
operator norm. The self-adjoint unitary grading operator for (W) is I', and it makes
sense to talk about continuous functions of I' and their homotopies. As an example, when
A=Cx27%=C(T%, a graded f.g.p. C(T?%)-module is, as a Hilbert C(T¢)-module, the set
of continuous sections of some graded Hermitian vector bundle over T¢, on which there is
a continuous (i.e., C(T%)-valued) fibre-wise inner product. The restriction of the grading
operator to a fibre can be viewed as the flattened version of a gapped Bloch Hamiltonian on
that fibre. The positively-graded sub-bundle is the conduction band, while the negatively-
graded sub-bundle is the valence band. The usual Bloch—Floquet picture of a direct integral
decomposition of L?(R?) over the character space T%, can be recovered by passing to the
GNS representation induced by a faithful trace on C(T¢) (e.g., integration over the Haar
measure on T%). For a general, possibly noncommutative, graded algebra A, we interpret
the grading operator I" on a f.g.p. graded A-module W as a flattened gapped Hamiltonian
on the noncommutative graded “vector bundle” corresponding to the graded .A-module W.
For more details regarding the use of Hilbert C*-modules to formalise a noncommutative

version of Bloch theory, see [33].
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Given an ungraded A-module W, we can consider the set Grad 4(W) of possible grading
operators’ on W turning it into a graded A-module. There is a standard Banach space
structure on W (either from its Hilbert .A-module structure or induced from the free module
A™ which it is a direct summand of), which determines a norm topology on the bounded
linear maps W — W. Thus, there is an induced topology on Grad (W) C End4(W) C
End(W) (e.g. see 1.6.22 of [42], 11.2 of [11], or Chapter 15 of [93]). We can then talk about

the homotopy classes of symmetry-compatible flattened Hamiltonians on W:

Definition 6.4.1 (Symmetry compatible gapped Hamiltonians). Let (G, ¢, ¢, o) be sym-
metry data as described in Section 3.2.2, and let A = € x(,,4) G be its associated graded
twisted crossed product. Suppose A is unital, and let W be an ungraded f.g.p. A-module.
We call Grad 4(W) the set of (G, ¢, ¢, o)-compatible, or A-compatible, or simply symmetry-
compatible (flattened) gapped Hamiltonians on W. Two grading operators I'1, 'y € Grad 4(WW)
are said to be homotopic if there is a norm-continuous path between I'y and I'y within

Grad 4(W); in this case, we write 'y ~j T's.

Remark 6.4.2. More generally, we can also consider Grad4(W) for the twisted crossed
product A associated to a twisted C*-dynamical system (G, ¢, B, a, o), and apply Definition
6.4.1.

Recall that End4(W) can be given the structure of a C*-algebra. We may then assume
that the Hamiltonians I'; are self-adjoint and unitary, and that a homotopy between I'y
and I'y takes place within such self-adjoint grading operators (see 4.6 of [11]). Intuitively,
I'y ~j, I's means that the two Hamiltonians can be continuously deformed into one another,
while respecting the symmetries encoded by the algebra A, and maintaining the gapped
condition. The set of homotopy classes of symmetry-compatible gapped Hamiltonians on
W has been of interest in the literature [50, 84], and can be identified with the set of path-
components m(Grad 4(WW)). However, these sets do not have a group structure yet, nor are
they easily computable in general. The idea of Kitaev [50] and Stone et al [84] is to identify,
at least for some special A and families of modules W), the sets Grad A(W(N )) with a
family of symmetric spaces, take a “large-N” limit, and then identify the resulting space
with a loop space of the stable orthogonal or unitary group. The latter loop spaces are
classifying spaces C), and R,, for (topological) K-theory and K O-theory respectively, in the
sense that K "(X) = [X,C,] and KO™"(X) = [X, R,] for a compact Hausdorff space X
(Theorem 4.29 of [42]). For example, K" (%) and KO~"(%) can be identified with the path-
components of C;, and R,,. One might be tempted to identify the K-theory group K" (%) =

mo(Cy) as the set of “stable” homotopy classes of symmetry-compatible Hamiltonians, but

"Karoubi calls these gradations.
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the precise connection between K-theory and homotopy classes of symmetry-compatible
Hamiltonians is somewhat more subtle (see Section 8.3.2 for some further comments on this
matter). Furthermore, the correct theory to use in the presence of antiunitary symmetries

is Atiyah’s K R-theory [3], rather than the ordinary K O-theory.

6.4.2 Differences between symmetry-compatible gapped Hamiltonians

Using a slightly modified version of Karoubi’s definitions for K-theory, the elements of the
K-theory of A can be represented by differences between A-compatible Hamiltonians, in a

sense which we will now describe.

Definition 6.4.3 (Trivial differences between Hamiltonians). Let W be a graded f.g.p.
module for a graded unital C*-algebra A, and let I'1,T's € Grad 4(W) be a pair of compatible
gapped Hamiltonians on W. We call (W, T'1,T'9) a trivial triple if 'y ~j, I's in Grad 4(W).

A triple (W,I'1,T'2) is meant to represent the (ordered) difference between two .A-
compatible gapped Hamiltonians on W, and Definition 6.4.3 says that we do not wish
to distinguish between two Hamiltonians which can be continuously deformed into one an-
other. We want to be able to consider all graded modules concurrently, and to combine two
or more systems together. The direct sum operation gives a natural commutative monoid
structure to the collection Grad 4 of all triples, where some obvious identifications have been
made to ensure commutativity and associativity. The collection of trivial triples forms a

submonoid Gradil.

Definition 6.4.4 (Difference-group of compatible Hamiltonians). Let Kq(A) be the quo-
tient monoid of Grad 4 by the congruence generated by Grad'y, i.e., [W,T'1,Tg] = [W’, '}, T'%]
in Ko(A) if and only if there are trivial triples (F,(1,¢2) and (F”, (], (%) in Grady, such
that (W F,T1 @, Te @) =W e F Ty (], T, ) in Gradg. We call Ko(A) the
difference-group of A-compatible gapped Hamiltonians.

Note the use of boldface notation for the difference group Ko(A). The non-boldface
Ky(A) will always refer to the ordinary K-theory group of an ungraded A (or a graded A
regarded as an ungraded algebra). We now consider some of the structural properties of

the Ko(.A). The proofs are similar to those of a related construction in Chapter III of [42].

Proposition 6.4.5. Kq(A) is an abelian group, with [W,T'1,T's] = —[W, T3, T'1]. Further-

more, two isomorphic triples (in the natural sense) define the same class in Ko(A).

Proof. T'1 @ T9 ~p 'y @ T'1 in Grad 4(W @ W) via the homotopy

_ (cosf —sinf I't 0 cosf sinf m
F(e) - ( ) (0 PQ) (_ sinf  cos 6) 5 0 € [0, 2]7 (612)

sinf cos@
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so (WaW, T @&y, T'a@I) is trivial, and we can write [W,T'9, I'1] = —[W,T'1, '] in Ko (A).
For isomorphic triples (W,I'1,T's) and (W', T,T%), let « : W — W’ be the isomorphism
of ungraded A-modules, such that I, = al;a™!, i = 1,2. Then Ty @ '} ~, I'1 & I in
Grad 4(W @ W’) via the homotopy

cos —alsinf\ (T; 0 cos a lsin® T
)= (a sin cos ) (0 F’2> (—a sinf  cosf ) , 0l 5]
Therefore, 0 = [W & W/,Ty @ T, Ty & T')] = [W,T'1,T] — [W',I},T'%]. Note that A acts

diagonally, so it is easy to see that it graded commutes with I'(f) in both cases. O

Physically, this is the statement that going from one Hamiltonian I'y to another Hamil-

tonian I'y is “opposite” to going from I's to I';.

Proposition 6.4.6 (Path-independence and homotopy-independence of differences). The
equation [W,T1,To] + [W,T9,T's] = [W,T'1,T's] holds in Ko(A). Furthermore, [W,T'1,T']
depends only on the homotopy class of T'; in Grad 4(W).

Proof. We need to show that W@ W @ W,T'; @ Ty @ T's,I's @ I's @ I'1] is trivial. Since
To@® 3@ Ty can be obtained from I'y @2 & 1'3 by conjugation with the permutation matrix

010
0 0 1]eSs0),
100

and SO(3) is path-connected, it follows that I'o @ T's ® Ty ~p T'1 @ T & '3 in Grad4(W &
W & W). I T ~p Ty, i = 1,2, then (W, T, T1) and (W, Ty, T) are trivial, so [V, ", T =
[W, T, T1] + [W, Ty, To] + [W, T2, 1] = [W,T'1,To]. O

The pleasant “path-independence” result says that it does not matter whether we go
from I'; to I's directly, or via an intermediate I'o. The homotopy-independence property
says that there is no difference between two compatible gapped Hamiltonians which can be

continuously deformed into one another.

Remark 6.4.7 (Difference-group of non-unital algebras). For non-unital graded C*-algebras
A, we define Ky(A) to be the kernel of the homomorphism Kq(A™) — Ko(F) & Z induced
by the projection p : A — F. Note that a triple (W,I';,I'2) gets mapped to a triple
(P« (W), p+(T'1), ps(T2)), where p,(W) = F®,4+W, and py(T;) = 1®; then Iy ~j Ty

implies py(I'1) ~p, p«(T2) as is required for consistency.

Remark 6.4.8. The classes in the difference-group which can be written as [W,T', —T'] form a
subgroup of Ky(.A). Such classes can be “represented” by a single graded A-module (W,T").
The right parity reversal W = (W, —T") “represents” the class [W, —TI", I'], which “cancels”
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(W,T) in the sense that [W,I", —=I'] = —[W, —T,T]. The left parity reversal ("W, —T) “rep-
resents” [M'W, —T', T, which also “cancels” (W,T') using, again, the homotopy (6.12). Of
course, if W is homotopic to W i.e., T' ~, —I', then [W,T', —T| = 0 automatically. This
occurs, for example, if (W,T') admits a trivialising operator Z in the sense of Definition
6.2.4. Then I'(#) = (cos)I" + (sin®)Z, 6 € [0, x| provides a homotopy between I' and —T,
showing that [W,I", —=TI'] = 0. Thus, we can define a homomorphism SR(A) — Ko (A) which
takes a class [W], represented by a graded .A-module W with grading operator I', to the
class of the triple [W,I", —T'].

6.4.3 Relation between difference-groups and ordinary K-theory groups

For purely-even A%, our definition of Ko(A®) is equivalent to either of Karoubi’s two
definitions of K'%%(A®) in I11.4.15 and I11.4.19 of [42], and his K"%0(A°") is itself isomorphic
to his K%9(A®) as defined in I11.4.11 and I1.2.13 of the same reference. As pointed out
in [44], Karoubi’s definitions also work for graded algebras, and as we explain below, they
continue to coincide with our Ko(.A). We provide them here for convenience.

Karoubi’s K%9(A) is generated by (isomorphism classes of) triples (W, W’ «a), where
W, W' are graded A-modules and « is an isomorphism of W and W’ as ungraded A-
modules. A triple (W, W’ «) is called elementary if « is homotopic to the identity map
within the automorphisms of W, and K%°(A) is the group that results from quotienting
out the elementary triples. Karoubi’s K'%0(A) is, like our K¢(.A), generated by the set of
triples (W,I'1,T'2), but is quotiented by the relation (W,I'1,T's) ~ (W', T"|,T%) iff there is a
triple of the form (F,(, (), such that Ty @ T, & ¢ ~, Ta ® T @ C.

Proposition 6.4.9. Karoubi’s K'%0(A) is isomorphic to our difference-group Ko(A).

Proof. Suppose [W,T'1,Ts] = [W, T, T%] in Ko(A), so there exist (F,(1,¢2) and (F”, (1, ¢h)
with ¢ ~p, Geand {f ~p, ¢, suchthat W F=W' @ F' ' T1 oG =T &, Te® o =T%, o .
Then I'y®TY® ¢ B¢ and oI ¢ B, are homotopic grading operatorson W & W' & (F @ F'),
so (W,I'1,Tq) ~ (W', T, T%) in Karoubi’s sense. Conversely, let (W,T'1,I'y) ~ (W', T, T%)

so that T'1®TLB( ~p To@T B¢ for some elementary (F, (, (). There are two decompositions

WoWoWeW oFTi1ol,elal @, Tl & o ()
= W,I1,To)+ (W, TL,T5) + WaW e F el a(,T1aTya()
= (W T, Ty) + (W, To) + (WaeW e FTielhe( I elha (),

where both of the last two triples in each of the last two lines are trivial. It follows that
[W,T1,T9] = W', T,T%] in Ko(A). O
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Note that we could have used a weaker equivalence in our definition of Ky(.A), namely,
declare that (W,I'1,Ty) ~' (W, T, T%) iff there exist trivial (F, (1, (2) and (F”,(1,¢5) such
that the triple (W@ F,T1®(1, Do ® (o) is isomorphic® to the triple (W' @ F/, T) & (], TH® ).

Assuming this isomorphism, we can write

WoFoWoFoWoF ieGel,eeol ol ,TeadleoTl ool d ()
- (WF17F2)+(F7C17€2)
+WeaeFaeWoF TyoGel &, I1edelhe )
where on the right-hand-side, the second term is a trivial triple, while the third term is the

sum of (W' @ F',T% & (5, T} & (1) with its inverse (W' @ F', T} & (1, T & ¢4), which is also

trivial by Proposition 6.4.5. We can present the same triple as a sum in a second way,

WeoFeWeoFoWeoF iogologoliedhogdolietal,dk)
=WaeFeWeaeF iegalyedTeiallia()
+ (W TL,TS) + (F, G, Go)-

On the right-hand-side, the first term is the sum of the triple (W @ F,T'; & (1,2 @ (2) with
the inverse of its isomorphic triple (W' @ F', T, @ (], T, @ ¢}), which is trivial by Proposition
6.4.5. The third term is also trivial. Therefore, [W,I'1,T'9] = [W’,T,T%] in the original
sense of Definition 6.4.4.

In the purely-even case, both K’%(A®) and the equivalent K%°(A®) were shown by
Karoubi to be isomorphic to the ordinary K-theory group Ky(.A®) (Theorem I11.4.12 of
[42]). In particular, a virtual module [Wy & Wi] € R(A®) = Ky(A®) corresponds to the
element [Wo @ W1,1® —1,—-1®1] in Ko(A®). Since both Karoubi’s K"%°(-) and our Ko(-)
continue to make sense for graded algebras A, we shall take Ky(.A) to be a definition of the
Ky-group of a graded algebra A [44], generalising the ordinary Ko(-).

Higher difference-groups

Definition 6.4.10 (Higher difference-groups). The higher difference-groups of a graded
real C*-algebra A are defined, for r,s,n > 0, to be

I3
=
I

KO (A®Clr,s) )
I<0 (A@Clo,n) .

~
C
=
]

Similarly, for a complex C*-algebra A, we define

K, (A) = Ko(ASCLy,).

8This definition is closer to yet another variant of Karoubi’s K-theory groups, defined on pp. 71 of [39].
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We remark that for purely-even A, the above are alternative definitions for Karoubi’s
K"™5(A%Y) (or K'™3(A®)) as defined in I11.4.11 of [42]. Due to the periodicity properties of
the Clifford algebras, the K;,(A) (and K'*(A)) groups depend only on (r — s) (mod38),
while K,,(LA) depends only on n (mod8) in the real case and n(mod2) in the complex
case. Karoubi went on to prove the difficult result that the “Clifford suspension” operation
A A2Cly ;1 (or A A®Cl; in the complex case) is K-theoretically compatible with the
usual notion of suspension, in the sense that K;(A) & K"%9(A&Cly,1) = K'90(Cy(R, A)) =
Ko(Co(R,.A)) [39, 44], and similarly in the complex case. Iterating this result, we have
K, (A) = Ko(A@Cly,) = Ko(Co(R™, A)).

Recall that for purely-even algebras A®Y, the ordinary suspension operation raises the
ordinary K-theory degree (or defines the higher K, (-)); i.e., Ko(Co(R™, A%)) = K, (A).
Thus, K,,(A%) = Ko(Co(R™,.A%)) = Ko(Co(R™, A%)) = K, (A), so the higher difference
groups K, () generalise the ordinary higher K-theory groups K,(-) to the graded setting.
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Chapter 7

Decomposition of twisted crossed
products

The Ko(-) group for a graded twisted crossed product A x4 ) G can be difficult to compute
or understand directly. One possible strategy is to first decompose the crossed product
with respect to some normal subgroup of GG. Such decompositions are quite well-known for
special cases (e.g. for untwisted group algebras of semidirect products), but it is useful to
understand the general case. Decomposition results can be combined with various general
results about the K-theory of crossed products, so as to relate the K-theory of a complicated
crossed product with that of a simpler one appearing in the decomposition. Furthermore,
one can often use the decomposition results to isolate the commutative part of a crossed
product, which arises from an abelian subgroup N of GG. This special case allows us to make
contact with the topological K-theory picture used in the physics literature on topological
phases. It also illustrates the advantages of working in the noncommutative setting, as we

will see in several examples.

7.1 The Packer—Raeburn decomposition theorem

The following is a straightforward generalisation of a fundamental result of [66], proved

there for ungraded complex twisted crossed products.

Theorem 7.1.1 (Packer-Raeburn decomposition theorem [66]). Let (G,c, A, a,0) be a
graded twisted C*-dynamical system, and let N be a closed normal subgroup of G in the

kernel of c. There is an isomorphism of graded C*-algebras
A He,0) G= (*A A (a,0) N) X(B,v) G/N, (71)

where the twisting pair (3,v) is determined by a choice of Borel section s : G/N 3 p > sp, €
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G such that sey = 1. For each x € G, there is a v, € Auty (A X (o0 N) such that

Yz(a) = az(a) = a”, a € A, (7.2a)

Y2(n) = o(z,n)o(znz™t, z) " tena™t, n e N, (7.2b)

where the canonical embeddings j4 : A — M(A X(q.0) N) and jn : N — UM(A X 4,0y N)
are implied. The formulae for (B,v) are, for p,p1,p2 € G/N,

Bp=Bp) = s (7.3a)
v(p1,p2) = 0(Spy,Sps)o(Spy Sps 3;111;27 5p1p2)713p1 Spa 51;11272’ (7.3b)
where the canonical embeddings of o(-,-) and sp, 51[,2.9;11],2 € N in M(A X (40 N) are again

implied.

To see that the 7, in (7.2a)—-(7.2b) exist, we define jff) t A — M(AX(g0) N) and
j](\gf) : N = UM(A X(q,0) N) by the right-hand sides of (7.2a)-(7.2b), and compute that
[66] the embeddings jff),j](\gf) are covariant for (A, N, a, o) in the sense of (3.7a) and (3.7b).
This means that for each z € G, the algebra A x(, ») N, along with jff), j](\gf), is another
twisted crossed product for the twisted dynamical system (N,.A, «, o) in the sense of [66],
and is thereby isomorphic to A X, o) N with its original embeddings j4,jn. The automor-
phism of A X, ,) N corresponding to this isomorphism of twisted crossed products is the
desired ;. Furthermore, a very lengthy calculation [66] verifies that (/3,v) satisfies (3.1a)
and (3.1b), as a twisting pair should, and also verifies the (ungraded) isomorphism (7.1).

Part of the theorem says that up to isomorphism, the iterated crossed product does not
depend on the choice of section s. Note that we have required N C ker(c) to ensure that ¢
descends to the quotient group G/N. Then, the automorphisms v, and ), as well as the
cocycle v(-,-) are even, independently of s. For the graded isomorphism in Equation (7.1),
one only needs to check that the standard grading on either side of (7.1) agrees with the

other, and that a different choice of s does not change this grading.

7.2 Finitely-generated projective modules in equivariant K-
theory

We make a short digression to define the notion of a finitely-generated projective (G, A, a)-
module W, where (G, A, ) is a dynamical system, with A unital and G compact. Recall
that « is actually a continuous homomorphism from the compact group G to Autg(.A). Such
modules are needed to define the G-equivariant K-theory of A, and when A is commutative,

they provide the link to the corresponding topological equivariant K-theory. We first recall
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some facts about finitely-generated projective A-modules, following! Chapter 11.2 of [11].
If W is a f.g.p. A-module, it is equivalently a direct summand of the free module A" for
some natural number n. Explicitly, there is a projection p in M, (A) such that W = A"p.
There are many equivalent Banach norms on W, but they determine a unique topology on
W, independently of its realisation as a direct summand. We write .Z(W) for the set of
bounded linear operators on W, which has a strong operator topology alongside its norm
topology. We also write ¢.Z (W) for the subgroup of invertible operators, and ZA(W) for
the subalgebra of module maps. (W) is a C*-algebra isomorphic to pM,,(A)p.

Definition 7.2.1. Let (G, A, «) be a dynamical system with G compact and A unital. A
finitely-generated projective (G, A, a)-module is a finitely-generated projective A-module

W, along with a strongly continuous homomorphism 6 : G — 4.2 (W), such that
0, (aw) = a”(Ow), reG,ac A, weW. (7.4)

Definition 7.2.1 resembles our definition of covariant representations, a difference being
that W is not necessarily a Hilbert space (although it can be made into a Hilbert A-
module). This definition of a f.g.p. (G, A, a)-module is in fact the usual one, i.e., a direct
summand of a “free module”: every f.g.p. (G, A, a)-module is equivariantly isomorphic to
a direct summand of V' ® A for some finite-dimensional representation space V for G (see
Proposition 11.2.3 of [11]). We recall the definition of equivariant K-theory groups, c.f.
Chapter 11.5 of [11]:

Definition 7.2.2. Let (G, A, o) be a dynamical system with G compact. For unital A, the
equivariant K-theory group K§'(A) is defined to be the Grothendieck group of the monoid
(under the direct sum) of the equivalence classes of finitely-generated projective (G, A, a)-
modules. If A is non-unital, K§(A) is defined to be the kernel of the the induced map
pe : K§(A') — K§(F), where AT has the induced action from «, F has the trivial action,

and p is the equivariant projection AT — F.

The Green—Julg theorem relates equivariant K-theory groups to the ordinary K-theory

groups of a crossed product, see Theorem 11.7.1 of [11] and original references therein.

Theorem 7.2.3 (Green—Julg theorem). Let (G, A, a) be a dynamical system with G com-
pact. The equivariant K()G(A)-group 1s isomorphic to the ordinary Ko-group of the crossed
product,

K§(A) 2 Ko(A %(a1) G). (7.5)

!The author worked with right modules, but we prefer to use left modules.
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If G is finite and A is unital, the crossed product A x4 1) G is unital and its f.g.p.
modules can be translated into f.g.p. (G, A, a)-modules directly. For more general compact
groups G and possibly non-unital A, the isomorphism (7.5) is demonstrated in a less direct
manner (e.g. see the proof of Theorem 11.7.1 of [11]).

In the graded case, we define graded f.g.p. (G,c, A, a)-modules W in a similar way,
noting that the linear operators on W acquire a natural grading. The operators 6, are

required to be odd or even according to c¢(x), and W must be a graded module for A.

7.3 Special cases of crossed product decompositions

7.3.1 I: Decomposing ordinary group algebras over an abelian normal
subgroup

Consider the case where a = 1,0 = 1, N is a discrete abelian group, G/N is compact, and
G = N x G/N. Then C x N is just the complex group C*-algebra, which is isomorphic
to C’(N ) via the Fourier transform, where N is the Pontryagin dual of N appropriately
topologised. Choosing the standard section s, = (e, p), the twisting pair (3,v) is trivial,
and Cx G = C(N)xG/N. We are interested in the K-theory of C(N) x G/N, which by the
Green-Julg theorem, is the G/N-equivariant K-theory of C(N). A f.g.p. (G/N,C(N),1)-
module is, first of all, a f.g.p. C (]\7 )-module, which by the Serre-Swan theorem, corresponds
to the sections of some finite-rank complex vector bundle over N. The G /N-action on the
sections commute with the C' (N )-action, so each fibre is a finite-dimensional representation
space for G/N.

Generalising very slightly, we can consider (topological) semidirect products G = N x G/N.
We choose the standard section s : p — (e,p) € N x G/N, which is a homomorphism. Note
that (e,p)(n,e)(e,p™!) = (p-n,e), where n ~— p - n is the defining automorphic action of
p € G/N on N. Using (7.2b) and (7.3a), we find that the automorphisms (3, act on the
canonical generators 6, € C x N by B,(d,) = 0p.n; in terms of functions f : N — C, this
is B,(f)(n) = f(p~'-n). Under the Fourier transform f — f € C(N), the automorphism
Bp becomes Bp, defined by Bp(f)(x) = f(p~-x), where (p-x)(n) = x(p! - n) is the dual
G/N-action on N. Also, (7.3b) gives v = 1 for our canonical choice of section, so we may
rewrite C x (N x G/N) as C(N) X1 G /N. The equivariant Serre-Swan theorem gives
a 1-1 correspondence between isomorphism classes of f.g.p. (G/N,C(N), §)-modules, and

isomorphism classes of G/N-equivariant vector bundles over N.

Non-semidirect product case

Things complicate significantly when G is not a semidirect product of N and G/N. Ac-
cording to (7.3b), in the decomposition C x G =2 C(N) X (B.) G/N, there is a non-trivial
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cocycle v(p1,p2) = Sp, Sps 3511132, regarded as a unitary element of C (]\7 ). Explicitly, v(p1, p2)

is the function in C’(N ) whose value at a character x € N is X(5p, Abusing no-

Sp2 p1p2)
tation, we write v(p1,p2)(x) = x((p1,p2)). Next, the automorphism £, is still the dual of

conjugation by sy, i.e., ﬁp(f)(x) = f(p '), where (p-x)(n) = x(s, Ins,). A different

section with s}, = n,s,,n, € N leads again to (p-x)(n) = x(n, s, 'nspn,) = x(s, 'nsp), so

Bp is well-defined. Next, we check that N remains a G /N-space,

(pr-(p2-))(n) = (p2-X)(s5,'5p,)

= X(spgl Spllnsm 5p2)

= X( p1p2 (p17p2) 1ny(p17p2)8p1172)
= (pip2-x)(n)
((p1p2) - X))(n),

This suggests that we can try to build a G/N-equivariant vector bundle picture similar
to that in the semidirect product case. Ignoring possible continuity issues, we can interpret,
loosely speaking, a “f.g.p. (G/N,C(N), 3,v)-module” as the sections of a vector bundle E
over N , equipped with a “v-twisted equivariant G/N-action” on the fibres. The bundle
sections v have an action of C' (N ) by pointwise multiplication as usual. The action of p on
v is required to be covariant in the sense that p- f-v = Bp(f) .p-vforall fe C’(N) If we
define the fibrewise maps Uy : = Ex by (p-v)(x) = Ufv(p~* - x), then

U;‘(f-v)(p‘l-x) =

so the Uy are, in particular, linear maps. Alternatively, a set of linear fibrewise maps
Uy : Ey

covariant.

 — Ey defines an action of p on sections, (p-v)(x) = Ugv(p~* - x), which is

Next, we investigate how the maps Uy compose. To ease notation, we shall omit the

superscript labelling the codomain of Uy when it is understood. In the semidirect product
-1,

case, composable linear fibrewise maps Uy Uyl ™ satisfy Up,Up, = Up,p,, and E becomes

a true G/N-equivariant bundle. In the general case, the maps Uy furnish a “projective

representation” of G/N, as follows. In the twisted crossed product C(N) X (B.) G/N, the
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elements of G/N (more precisely, their images under jg, ) satisfy p1 x p2 = v(p1,p2) - P1p2

(see (3.8)). On the module of bundle sections, we should have

UpUppo((02" -1 X)) = (o1 (p2-0)) (X)
= ((p1xp2) - v) (x)
= (v(p1,p2) - p1p2 - v))(x)
= v(p1.p2) X)Upipov(p3 " 27"+ X)
= X(v(p1,92))Upipo (03" 17" X)-
Thus, for each pair of maps between basepoints pgl -pfl - X LEN pl_]L ©X n, X in N, the

corresponding set of composable fibre maps Uy, , Up, satisfies

Up, Up, = X(V(plam))Umm- (7.6)

Note that the extra phase factor depends on final basepoint y. If there is a third map
pgl 'pQ_1 'pl_1 - X bs, p2_1 -1101_1 -x with the associated fibre map U,,, then there are two
phase factors arising from (Up,Up,)Up,, and two (a priori different) phase factors from
Up, (Up,Up,). We show that the product of the two phase factors is the same in either case,
so that 3-composable fibre maps do so in an associative manner.

Composing in the first way gives

(Upl Upz)Um = X(V(pl ) p2))Up1p2 Ups

= Xx((P1,p2))x(V(P1P2,P3))Up, pops> (7.7)
with an overall phase factor of
X(Splsm Sljllpz)x(splp28p35;11pgp3) = X(Splsm Sp38};11pgp3)' (7.8)

Composing in the second way gives

Up1(Up2Up3) = Upl(pl_l'X)(V(p2ap3))Up2p3

= x@(p1,p2p3)) (1" X) (P2, 93))Upi paps (7.9a)
-1 -1
= X(Spfl5p25p35p2p35p1—1)X(V(plap2p3))Up1p2p3' (79b)
Since s,-15, € N, we can write s,-1 = s;lnp for some n, € N. Then the overall phase

factor in (7.9b) is

-1 -1 1 -1 -1 1 -1
XMy Sp15psSpsSpaps Spy Tp1 )X (Sp1 Spaps Sprpaps) X(8p1 Sp2Sps Spaps Spr )X (b1 Spaps Sp paps )
-1
= x(sp, sp25p35p1p2p3), (7.10)
which is indeed equal to (7.8). Thus, the vector bundle picture of a f.g.p. module for C x G
is that of a “v-twisted G /N-equivariant bundle over N,
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Groupoid approach of Freed—Moore

In Section 9 of [30], Freed-Moore study group extensions 1 - N — G 5 G/N — 1,
where N is compact or a discrete lattice. They define a right action of G on N by (x -
g)(n) = x(gng~!), which descends to a well-defined G/N-action on equivalence classes
in N, denoted by [x] - ¢(g). This action gives rise to a quotient groupoid®> N//(G/N).
They then construct a “central extension” v for this groupoid, which is supposed to give
a correspondence betwen representations of G and v-twisted G/N-equivariant sheaves over
N — this is Theorem 9.8 of [30]. Their construction is as follows. A representative y is
chosen for each class [x] € N. For each pair (g, [x]), they define, using Schur’s lemma, the

line of intertwiners L = Hompy (g - x,X’), where ' is the pre-chosen representative of

9,1
the class [x'] = [¢-x] = [¢(9) - x] = a(9) - [x], and G & G/N is the quotient map. These
lines have an associative composition law

Lgia(g2) 00 © Lgond = Lgigaxs
l1®l2 = l10l2. (711)

The map 1 oly should really be replaced by l10g10la0g; ! for this composition to make sense.
It is subsequently shown that lines L,, .| can be defined for each pair (p,[x]) € G/N x N (ie.
for each arrow [x] £ p-[x]), and that the composition in (7.11) descends to an associative
composition Ly, [y] @ Ly, p,.[y] = Lpips.[y for these lines — this is their central extension v
of the groupoid N//(G/N). There is also notion of a v-twisted vector bundle E over the
groupoid N'//(G/N) (Definition 7.23 of [30]), which is an ordinary vector bundle E — N,

along with a linear map S, [,) for each arrow x 5,

X]

S

pixl © Ly, ® Epyy) — Epy).

See also, examples 1.10-1.13 of [29], and Chapter 4.4-4.5 of [61].
In the case where N is discrete and abelian, so N is the compact dual group of characters

of N, it is possible to define a groupoid version of a 2-cocycle condition on the arrows (p, [x]).

Let p((p1,p2 - [x]). (p2: [x])) = p1pz - [ (v(pr.p2)) € U(1), where the right-hand side means
the evaluation of (a pre-chosen representative of) pips - [x] = [pip2 - x] on the element

v(p1,p2). The equality between (7.7) and (7.9a) may be expressed as
p ((p1p2p3 - [X]), (P2, p3 - X])) p (P12, 3 - X)), (p3, [X]))
= p((p2,p3- XD, (p3, X)) p (P, p2ps - [X]), (p2ps; [X]))

where

p (P2, p3 - X)) (3, [X])"* = pipaps - [X] (¥ (P2, p3))-

2The authors used right actions for their quotient groupoid, but we use shall use left actions throughout.
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Link to topological equivariant K-theory

According to our definitions in Section 6.1, the complex representation group R¢(G) of
G is the K-theory group Ko(C x(11) G) = KO(C(N) X (6.0) G/N). Under the assumption
that G is a semidirect product G = N x G/N, the representation group becomes R¢(G) =
Kg/N(C(N)) = Kg/N(N). The expression on the right-hand-side is the topological G/N-
equivariant K-theory of the compact space N. A typical example arising in solid-state
physics is the symmetry group G of a crystal. This may include some compact internal
symmetries such as spin SU(2). There is a discrete subgroup of translations N = Z¢,
corresponding, for example, to the atomic positions in a crystal lattice. The dual N =T%is
the Brillouin torus, over which bands in electronic band (Bloch) theory reside. In general,
G — G/N need not be split. If it is split (corresponding to the symmorphic crystallographic
groups), we can identify R¢(G) as the topological G/N-equivariant K-theory group of the

Brillouin torus.

Remark 7.3.1 (Non-discrete abelian N). If we drop the assumption of discreteness on the
abelian subgroup N, its dual N is locally compact but not compact, and C x N is the
non-unital algebra CO(N ). The Packer-Raeburn decomposition continues to hold, and
we have C x G = Cy(N) X () G/N, where  and v are computed in the same way as
before. If v =1 (e.g. if G is a semidirect product of N with G/N), we obtain R¢(G) =
K(? / N(CO(N ) =K g / N(N ). Since N is not compact, the topological equivariant K-theory
group must be interpreted using vector bundles trivialised outside a compact subspace of
N, ie., K-theory with “compact supports”. An example of N is the group R" (e.g. of

translational symmetries), which has a very different topological nature to Z".

Remark 7.3.2. Since A = C x G is ungraded (or purely even), its super-representation
group SR(A), which classifies gapped phases compatible with G, is identical to its ungraded
representation group R¢(G) = Ko(A). As in Section 6.4, the K-theory group Ko(A) =
Ko (A) can also be interpreted in terms of differences of gapped phases compatible with G.

7.3.2 II: Decomposing twisted group algebras over an abelian normal
subgroup

We move on to twisted group algebras. Thus, we allow ¢ # 1, but assume that o(n,-) =
1 = o(-,n) for all n in an abelian normal subgroup N. In other words, N is to be repre-
sented non-projectively, although the full group G is represented projectively. We have the
decomposition C x(; ,) G = C(N) X(5.0) G/N, where (8, v) are determined by (7.2b), (7.3a)
and (7.3b), along with the Fourier transformation of 8 to 5 acting on C(N). We obtain
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Bp(6n) = o (sp, n)a(spnsgl, sp)*ldspnsgl, which translates to the dual action of p € G/N on

the characters x of N given by

-1 -1 -1

(pX)(TL) - U(‘Sp 7n)0<8p nsp"g}:l)_lX(sp nsp) (712)

= X(S; 1”%)»
turning N into a G /N-space. All the results in the previous section follow, except that
v(p1,p2) now acquires an additional phase factor according to the formula (7.3b), so that
we have to modify (7.6) to take this into account.

If we lift the condition that o(n, -) = 1 = o(-,n), we no longer have Cxj o) N = Co(NN).
Instead, we need the generalised dual N? as in Section 4.2, i.e., the space of equivalence
classes of projective representations x of N satisfying x(n1)x(n2) = o(ni,n2)x(ninz2). The
formula (7.12) for p- x is the same as the right action of s, ' on x as defined in (4.8a). Thus,
(p- x) is another element of No. However, /3’ is not necessarily a genuine action of G/N on
C %(1,5) V. Setting aside the topological issues, there are two situations in which we can
recover an associative G/N action on the algebra C X(1,0) IV (1) G is a semidirect product
and s can be chosen to be a homomorphism, or (2) o(n,g) =1 = o(g,n) whenever g is not
in N. In the latter situation, n € N has non-trivial cocycle only with other elements of V.

Since C x(1,4) N is a noncommutative algebra, the equivariant vector bundle picture
developed in Section 7.3.1 is not available. This situation occurs in the Integer Quantum
Hall Effect [10], so it is important to have techniques that can handle such situations. We
have developed everything in this section from a C*-algebra (i.e. noncommutative topology)
point of view, and it still makes sense to study the K-theory of the twisted group algebra.
If we wish to, we can loosely interpret a f.g.p. C x(; ) G-module as the “space of sections”
of some v-twisted G/N-equivariant “bundle” over the noncommutative space corresponding

to C X(1,0) N.

7.3.3 III: N <G acts unitarily but G may act antiunitarily

Let us see what happens if we fix 0 = 1 but now allow a; = K (complex conjugation)
for some g € G. Thus, we are interested in the real C*-algebra € x(4,1) G. A C X(o,1) G-
module is a linear-antilinear representation of G with respect to the decomposition G* =
ker(a), G* = G — G*. By intersecting with G*, we may assume that N C ker(a). We
retain the assumption that G/N is compact. The map « is a homomorphism and descends
to the quotient G/N, which we denote again by a. We will think of o as being determined
by the homomorphism ¢ : G — {%1} in the symmetry data (G,¢) for UA-reps, then ¢
descends to G/N as well. We also assume the splitting G = N x G/N, then C x( 1) G =

CO(N ) X (B.1) G /N, where the real-linear automorphisms Bp are determined as follows. From
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(7.3a), we obtain f,(A) = ap(A) = AP for A € C. Thus p complex-conjugates the complex
numbers when ¢(p) = —1. Also, 8,(n) = pnp~! = p-n. These say that p acts on feCy(N)
by
o {f(p‘l -x), ifé(p) = +1,
/Bp(f )(x) = 1 N .
flomt-x), ife(p) = -1,
where (p- x)(n) = x(p~" - n) if ¢(p) = +1 and (p- x)(n) = x(p~L - n) if $(p) = 1.
For discrete IV, we can understand a f.g.p. module for € X, 1) G as the sections of some
G /N-equivariant complex vector bundle E over the compact space N , equipped with some
additional structure arising from the non-trivial «, or equivalently, ¢. The quotient group
G /N no longer acts complex-linearly on the bundle sections. Instead, the action of p € G/N,
and hence the fibre maps Uy, are antilinear when ¢(p) = —1. As a complex bundle, E is
determined by the underlying C(N)-module structure of a f.g.p. (G/N,C(N), 5)-module.
In addition, F is a “Real” (G/N, ¢)-bundle over the G /N-space N, in the sense of [41]; this
is defined to be a complex vector bundle E = N, on which the total space has a G/N

action such that:

1. The G/N-action commutes with the bundle projection w, so G/N acts on the base
X

~ U,
space N, and gives rise to fibre maps V,,-1., = Vi

2. For every x € N, the fibre maps are linear /antilinear according to whether ¢(p) = +1

or —1.

Bundle maps between “Real” bundles are required to be complex bundle maps that commute

with the G/N-structure.

Splitting assumption and time reversal element

The following splitting assumption is often made on G/N. Suppose that there is a contin-
uous {£1}-action € : {£1} — Aut(Q = ker(¢)), so we can write G/N itself as a semidi-
rect product G/N = @Q x {£1}3. Then ¢ is simply the projection onto the {41} factor.
Note that e(—1) is an involutary automorphism of @, and we denote this involution by
g+ q:=¢€(—1)(q). Let T (suggestive of a time-reversal element) denote both (—1) and its
lift to an element of order 2 in G/N. Then T has an involutary action (via B) on N, written
as T - x = x. It further lifts to an order 2 element in G (also denoted by T"). The group @
is also embedded in G = N x (Q x {1,T}), and we also use the same symbol to denote both
g € @ and its lift to G. Note that T'¢ = ¢7" in the semidirect product G/N = @Q x {1,T},

3Some authors call (Q, €) a Real group.
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which of course persists when T" and ¢ are regarded as elements of G. We then have the
relation
Tx=T-(¢-x)=7(T-x)=qd-X, ¢€Q xeN.

Such a space N is sometimes called a Real Q-space for the Real group (@, €). Recall that
the total space E has a G/N = @ x {1,T}-action commuting with the bundle projection
w. In particular, the element 7" has an involutary action on F, which is antilinear between
fibres. Such an E is sometimes called a Real* Q-equivariant bundle over the Real Q-space
N. The group ) C G/N also acts on C(N \ ) by complex-linear automorphisms accordlng to
Bq. Since T'q = T, this action of Q on C(N ) is Real in the sense that ﬁq(f) Bq(f), where
? = Br(f). The sections of E form a f.g.p. module for C(N), which is Real in the sense
that there is an antilinear involution on sections v +— @, defined by () = v(x), which

satisfies f - v f , f € C(N). The Real C(N)-module action is complemented by a Real

Q-action ¢ - v(x) == v(g~! - x) which satisfies -0 = 7 - .

Remark 7.3.3. We can also view C(N) X(4,1) Q itself as a Real C'*-algebra, with antilinear
involution on the functions ¢ : Q — C(N) given by £(q) == £(g). The sections of E then
furnish a f.g.p. Real module for C'(N) X (4,1) @ under the Real actions of C(N) and Q

defined above.

Remark 7.3.4. Freed—Moore arrived at Real Q-vector bundles in the sense of Atiyah [3], by
assuming that G/N is a direct product of @ with {£1}. We are using a more general notion
of Real Q-equivariant bundles, where ) need not commute with the bundle involution.
More generally, there may not even be a distinguished involution if G/N is not a semidirect

product of @ with {£1}; in that case we have to deal with “Real” bundles.

Remark 7.3.5. As before, without the assumption that G = N x G/N, the twisting by
v causes the fibrewise G/N-action to be “projective”. The G/N-action on the sections is
“Real” in the sense that p € G/N acts complex linearly (resp. antilinearly) when ¢(p) = +1
(resp. ¢(p) = —1). We may understand such a “Real” bundle as a “v-twisted (G/N, ¢)-

equivariant Real bundle over N”.

Remark 7.3.6. If we allow o # 1, but only for o(7,T) = —1, we can use “Quaternionic”
bundles [16] for a vector bundle picture. Unfortunately, the geometrical picture in terms
of “Quaternionic”, “Real” or Real bundles can become rather unwieldy without splitting

assumptions on G, and it seems better to work at the algebraic level.

To summarise: given the symmetry data (G, ¢), the compatible gapped Hamiltonians or

their difference classes are classified by Ko(A) = SR(A) = Ko(A), where A = C x(,,1) G.

4Note the differences between “Real”, Real, and real. The last two are fairly standard in the literature.
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With the assumptions that ¢(N) = +1, G/N is compact, and G = N x (Q x {1,T}), we
can identify Ky(A) with a topological @Q-equivariant K R-group, K R%O (N), in the sense of
Atiyah [3]. We may drop the assumption that G/N = Qx{1,T}, oreven G/N = Qx{1,T},
but more general versions of Real (or “Real”) equivariant K-theory [27, 41] are required in

order to handle the lack of a distinguished antilinear involution.

7.3.4 1IV: A Clifford algebra factorises: Higher K-theory groups

We now consider the symmetry data given by (G, ¢, ¢, 0), and study its associated twisted
crossed product. We assume that G is a semidirect product G = N x G/N, where
N C ker(¢, ¢) is abelian, and G/N is compact. The homomorphism (¢, ¢) descends to G/N,
and we denote its image by A C {#1}2. We can think of A as one of the subgroups of the
CT-group, by identifying {£1}? with {1, T, C, S} as in Section 5.4.2. We assume that (¢, c),
as a homomorphism on G/N, is split, so G/N is a semidirect product G/N = @ x A with
Q = ker(¢,c). Thus G N x (Q x A) = (N x Q) x A. Where present, we denote the lifts
of C,T,S to G/N and G by the same symbols. We also assume that o(ng,) =1 = o(-,nq)
for all ng in N x @, then o is simply specified by its restriction to A.

Let A = C X(4,0) G as before, and denote the images, under j4, of C,T,S in MA by
C, T,S. Note that the commutation relations amongst C, T, S are the same as those amongst
the representatives of C, T, S in a graded PUA-rep of (G, ¢, ¢, o), which is why we have used
the same symbols for both. As in Section 5.4.2, we can choose o such that CT = TC =S,
then o is simply specified by T2 = +1,C? = +1, while S> = 41 can be assumed. There
are ten possibilities for (A, o), each with a corresponding Clifford algebra, as listed in Table
5.5. Note that if A is the trivial group, we are back in the situation of Section 7.3.1. We
have also handled the case A = {1,7T}, T? = +1 in Section 7.3.3.

We are interested in graded f.g.p. modules for the graded twisted crossed product
A= C %) G, with the (even) automorphisms a, on C determined by ¢(g), and the
grading on A determined by ¢. We first decompose A with respect to the subgroup N x Q,
noting that v reduces to o in (7.3b). We obtain

AZ(Cx (NxQ)) XA = (Cx(NxQ)) Xy0) A (7.13a)

= <00(N) ><I(B’1) Q> X (4,0) A (7.13b)

for some automorphisms 7,3, r € A. Here, the automorphisms ~,, r € A are computed
as in (7.3a), and 4, are their Fourier transformed versions. Also, the cocycle v(ry,r2), as

determined through (7.3b), is simply the complex scalar o(ry,72), so we continue to use the

symbol o for it.
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The explicit expression for 4 is complicated by the fact that A acts on Q) in the semidirect

product N x Q. Nevertheless, its action on (the copy of) Co(NN) is manageable:

Ar(f)(x) =F(TL - x) = f(T-x),
Ae(f)(x) =f(C1-x) = F(Cx),
A5(Hx) =F(S7THx) = F(S - x), f € Co(N). (7.14)

Note that each of the dual actions of T, C, S on N is involutary, since they act as involutions
on N, and that 47 and 4¢ are antilinear, whereas g is complex-linear. However, T" and C'
need not define the same involution on N, although it is true that C - (T-x)=S-x,s08
acts trivially on N and Cj (]\7 ) if the actions of T" and C' do coincide.

Suppose A = {1,7,C,S} = {1,T} x {1,S5}, and we move {1,S} into the “unitary”
group Q = Q x {1, S}. Then can write

A=C X0 ((N X Q) {1,T}) = (CO(N) X (5.1) Q) X (5.0 11, T},

where CO(N) X (5.1 Q is now a graded complex algebra, T anticommutes with i in MA,
and T2 = +1. Therefore, in any graded A-module, we can choose (the representative
of) T to be a distinguished even antilinear involution or anti-involution, i.e., a real or
quaternionic structure. It is possible to use graded Real or “Quaternionic” bundles to
understand graded f.g.p. A-modules [17, 16], and we have already done this for T? = +1
in Section 7.3.3. However, such bundles need to accommodate grading-reversing operations
due to the presence of S, and can be quite cumbersome to describe. Furthermore, it is
desirable to understand all the ten cases for (A, ) in a unified manner, and to relate them
to Clifford algebras a la Section 5.4.2.

To make progress in this direction, we shall assume that G = (N x Q) x A. The decom-
positions (7.13a)—(7.13b) simplify, because v, ¢ do not act on N or @ but simply effects
complex conjugation on C, and ~yg is just the identity. In the complex case, i.e. A C {1,S},

we have

AZ(CH(NXQ)) XA = (Cx(NxQ))®c (Cxe A,
x (N % Q)) ® Cly,

- (CO(N) o Q) & Cl, (7.15)

(€
(€

where the complex Clifford algebra is Cl; if A = {1,S5} and Clp if A = {1}. For discrete N,
we can understand a graded f.g.p. (@, C(N),ﬁ)—module as in Section 7.3.1. It is the set of
continuous sections of some graded Q-equivariant complex vector bundle over N , and the
latter is just the direct sum of two ungraded @-equivariant bundles over N. When n = 1,

there is an additional graded action of Cl/; on the fibres which commutes with the @-action.
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In the real case, i.e., either of C' and T is present, we first write C x (N x Q) =
(Rx (N xQ))®g C. Then we obtain

A= (RY(NxQ)®rC) Xy A = (Rx(NxQ))®k (CXe A,
= (Rx (N xQ))&Cl, (7.16)

where the Clifford algebra Cl, s is determined by (A, o), according to Section 5.4.2. Ac-
tually, when A = {1,T'}, the factor C x(, ) A is purely even, so we have actually made a
modification (see Remark 5.4.4), replacing it by a graded Clifford algebra Cl, ;. This detail
is actually quite important, see Section 8.1. Unfortunately, the Clifford-module bundle pic-
ture is much less clear in the real case. This is because the real C*-algebra R x N does not
simply translate into Co(N,R) under the Fourier transform. Instead, we have to consider
N as a Real space with involution given by the map taking x to the complex conjugate
character y. The algebra R x N is the real subalgebra of C x N which is fixed under com-

plex conjugation. Upon taking the Fourier transform C x N = Cj (N ), complex conjugation

turns into the antilinear involution f (x) == f(%), and the correct isomorphism is
Rx N = ColiN) = {f € Co(W) : f(x) = f(m)}- (7.17)
With (7.15) and (7.16), we have an expression for the graded twisted group algebra A
as a tensor product of a purely even algebra with a graded Clifford algebra. According to
Section 6.4, tensoring by a Clifford algebra simply produces a degree shift in K-theory, so

the difference-group Ko(A) is easy to compute. In the complex case, we have

Ko(4) = Ko((Co(N) x5, Q)&Cly,)
= Kn(CO(N) 28,1 Q)
)’

=~ Ky"(N (7.18)

where the last expression is an equivariant topological complex K-theory group. In the real

case, we have

Ko(A) = K, (Rx(NxQ))
~ K, (Co(iN) 28,1 Q).

To obtain a topological K-group in the real case, we need to move to the Real category,
suited for spaces with involution. Indeed, spaces with involution are naturally interpreted
as the spectra of real commutative C*-algebras. The topological K R-theory approach was
used in [30], and is explained in more detail in Section 7.3.5. The final K R-theory expression
for the difference-group is

Ko(A) = KRy, * ™9 (), (7.19)
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We summarise our computations in the following proposition:

Proposition 7.3.7. In the graded twisted dynamical system (G,c,C,a,0), suppose that
G = (N xQ) x A, where N is a normal abelian subgroup, @Q is compact, N x Q € ker(¢, c),
A is a CT-subgroup, and (¢, c) descends to the standard homomorphisms on A. We assume
that o satisfies o(ng,) =1 = o(-,nq) for allng € N x Q, so that it is completely specified
by a cocycle for A. Let A be the graded twisted group algebra C X (o) G. Then (A, 0)
determines a Clifford algebra Cl, s or Cl,, according to Table 5.5, and the difference group
Ko(A) can be identified with an equivariant topological K -theory group,

Ko(A) = KRTQ_S(mOds)(N), real case,

A

Ko(A) = K5"(N), complex case.

7.3.5 V: Real Clifford algebras and Real vector bundles

In this section, we attempt to recover a Real vector bundle interpretation for the modules
for the graded real twisted group algebras A considered at the end of Section 7.3.4. It is
not crucial for the rest of the thesis, but leads us to two important observations: (1) the
topological vector bundle picture can be quite complicated even when it is available; (2)
K R-theory is not the most natural setting to study topological phases in.

Our assumptions on (G, T,c¢,0) are the same as those in Proposition 7.3.7. Since we are
interested in the real case, we further assume that ¢ is surjective, or equivalently, that =
and/or ¢ is surjective. We first recall some facts about Real Clifford algebras, which can be
found in Chapter 1.10 of [54]

Real Clifford algebras

The Real Clifford algebra CI1(R"™*) is defined to be the Clifford algebra Cl,4 o, with canonical
negative generators ey, ...,e,1s, equipped with an algebra involution U such that e; =
ei, 1 <i<randej=—ej,r+1<j<r+s. A Real module over the algebra ClL(R™®) is a

complex Cl, s-module W with a C-antilinear involution such that

Z W= Z-wW, z € CU(R™®), w e W. (7.21)

Note that there are two distinct multiplications in W — multiplication by z € CI(R"™*) is
indicated by z - w, whereas multiplication by z € Cl, s is denoted by zw. The complexifi-

cation CI(R™*) := CIl(R™*) ®@g C is a Real C*-algebra with the natural Real involution (-)
defined by extending the involution on CI(R"*) antilinearly. A Real CI(R"*)-module W is
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also a Real CI(R™*)-module, by extending module multiplication to Az = z @ A € CI(R™*),
ie.,

(A\2) - w = Az - w), ANeC,zeClR™®), weW.

With this understanding, equation (7.21) continues to hold for z € CI(R™*). Conversely, a
Real CI(R™*)-module is clearly a Real Cl(R™*)-module by restricting module multiplication
to z € CI(R™®). Thus it makes little difference whether we use Real CI(R™*)-modules or
Real Cl(R"™*)-modules. Now, all CI(R™*) with 4+ s = n are isomorphic as complex algebras
to Cl,. The real subalgebra of CI(R™*) fixed under ordinary complex conjugation is of
course CI(R"™*), which is Cl,, ¢ as a real algebra. However, if we use the Real involution @)
on CI(R™®), which are distinct for each choice of (7, s) such that r + s = n, then the fixed
points form the real subalgebra Cl, s, which are not isomorphic to each other. This is the
significant property of the involutions (-) on the Real Clifford algebras.

According to Proposition 1.10.9 of [54], there is an equivalence between the categories
of real Cl, -modules and Real CI(R™*)-modules, or equivalently, Real CI(R™*)-modules.
In one direction, a real Cl, -module W is extended to the complexification W ®@g C with
Cl, s-multiplication extended complex-linearly, and antilinear involution given by complex
conjugation. Note that the involution commutes with Cl, s-multiplication. On W ®@g C, the

CI(R™*) or CI(R™*)-multiplication is defined by

e; - w =e;w, 1<i<r,

ej - w =i(ejw), r+1<j<r+s, (7.22)

and extended R-linearly to z € CI(R™*) or C-linearly to z € CI(R"™*). It is easy to verify that
the CI(R™*) or CI(R™*)-multiplication is Real, i.e., (7.21) holds. The reverse construction
takes a Real CI(R™*) or CI(R™*)-module W to the real subspace fixed by the conjugation
in W, with Cl, , multiplication defined by

e;w =e; - W, 1<i<r,

ejw = —iej - w, r+1<j<r+s. (7.23)

The equivalence between real Cl, ;-modules, Real Cl(R™*)-modules and Real CI(R™*)-modules
means that the Morita classes of CI(R™*) and CI(R"*) inherit the (1, 1)-periodicity of Cl, s.
Thus, the Morita classes of CI{(R™*) and CI(R™*) depend only on r — s (mod 8). In contrast,
if we forget the involution, CI(R"™*) = Cl,4s for any r + s = n, so that the Morita class of
Cly4s depends on 7+ s (mod 2). The Real Clifford algebras can be given their natural grad-
ings, namely, e;, e; are taken to be odd, and this choice respects the involution. Then there

is a natural notion of Real graded modules for the Real Clifford algebras — W is required
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to be a graded complex vector space, with an even involution, and the Real Clifford algebra
action is required to be graded. There is again a 1-1 correspondence between real graded
Cl, s-modules, Real graded CI(R™*)-modules and Real graded CI(R"™*)-modules, given by
the same formulae (7.22) and (7.23). Finally, there is also a 1-1 correspondence between
Real graded CI(R™*)-modules and Real CI(R™**!)-modules.

Real bundles of Clifford modules

We return to the problem described at the beginning of this Section. The kernel of (¢, c),
as a homomorphism on G/N = @ x A, is @), and we want all its elements to be represented
as even and complex-linear operators on the fibres of some graded complex vector bundle
over N. With the aim of obtaining the groups K Ra*(N ) of Real K R-theory [3] in mind, we
define VgS(N ) to be the set of (equivalence classes of) Q-equivariant Real vector bundles
E — N over a compact Real Q-space N, whose fibres are Real CI(R™*)-modules. Such a
Real bundle comes with a lift of the involution (-) on N to E which is antilinear between
fibres, and commutes® with Q. The Real action of CI(R™*) is required to commute with @Q,
and satisfy Z-w = z - @ for all w € E. There is a corresponding Real CI(R"*)-action on the

sections (equipped with the usual involution ©(y) = v(x)), denoted by v + (z - v), which is
defined by (z - v)(x) = 2z - (v(x)). The computation

(z-0)(x) = (z-0)(x) = 2z~ (v(x)) = 2 - v(x) = 2~ (8(X)) = (- V) (X)

then says that (z-v) = (Z-0), as is required for a Real action. The direct (Whitney)

sum gives ngs(N ) the structure of a commutative monoid. Similarly, we define QVCS’S(N )
to be the monoid of the (even equivalence classes of) graded @-equivariant Real vector
bundles E — N over a compact Real Q-space N , with a compatible Real graded action
of CI(R™*) on the fibres. Note that both @ and the involution (-) are required to be even
on the fibres. Using the equivalence of Real graded CI(R™*)-modules with ungraded Real
CI(R™**1)-modules, we see that there is an isomorphism ngS(N) = VCSSH(N). Further-
more, from the (1,1)-periodicity of the Real Clifford algebras, QV&)’S(]\A[ ) only depends on
(r — s) (mod ). Also, we will use Real graded CI(R™*)-modules in place of Real graded

Cl(R™*)-modules in the definition of ngS(N ), when it is more convenient to so do.

According to (7.13b), for discrete N, we have
A= (C(N) %51 Q) X5, A

Graded f.g.p. A-modules are, in particular, graded f.g.p. C(N) X (5.1) Q-modules. So, guided
by the Green—Julg theorem, we look for graded f.g.p. (Q,C(N), 3)-modules, which are the

®More generally, we can let Q be a Real group, and require g-x = ¢ x for all ¢ € Q, but the (-) that we
will use comes from C or T, so it commutes with @ due to our assumption of a direct product G/N = @Q x A.
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sections of some graded @Q-equivariant complex vector bundle E over N. In addition, such
modules of sections must be compatible with A according to the formula in (7.4), so F must
be endowed with some extra structure. Recall (7.14) and (7.17), which say that 47 and J¢
act as the same antilinear involution on C(N), taking f ~ f , where f (x) = % The
base space N is a Real space under the map x — ¥, and @ respects this involution. The
elements T,C € MA are represented as antilinear maps on the module of sections of F,
which square to £1 and commute with the ()-action on the sections. Their corresponding
bundle maps, denoted by I, Ic, square to £1, and map the fibre E, antilinearly to Ey. They
also commute with the @Q-action on the bundle. Note that the squares and commutation
relations amongst T, C, and amongst IT, Ic, are the same — they are all determined in the
same way by o. Also, on a graded .A-module of bundle sections, T is even while C is odd, so
It and I¢ are respectively even and odd on the fibres of . We define S and lg similarly, and
note that TC = S = CT implies Itlc = Is = Iclt. The bundle map s is odd, complex-linear,
and squares to +1.

Our aim now is to construct, for each of the eight choices for (A, o), a 1-1 correspondence
between (isomorphism classes of) @-equivariant complex vector bundles £ — N with a
compatible action of It,lc,ls as described in the previous paragraph, and elements E of
and appropriate ngS(N ). In this correspondence, (r,s) is determined by the Clifford
algebra Cl, s associated with (A, ). As a complex vector bundle, E will be either E itself,
or E @& E. Starting from such a bundle E, we need to construct E, as well as an even
involution on E which lifts that on N and commutes with (). Then we need to describe the
CI(R™*)-action on the fibres of E. Finally, we also need to describe the reverse construction.

Besides making the correspondence E <> E, we should also check that the notion of a
trivial A-module (sections of E) corresponds to a trivial Real graded bundle. For the latter,
we define triviality to mean the existence of an odd complex-linear bundle automorphism
which squares to 1, commutes with the involution and @Q-action, and graded commutes
with the Real graded Clifford action. In other words, we want the existence of an extra
compatible positive Real Clifford generator. So suppose the sections of E are trivial as a
A-module. Then there is a complex-linear bundle map Z which squares to 1, commutes
with @ and lt, and anticommutes with Ic and I'. We need to construct a corresponding
trivialising operator (extra positive Clifford generator) 7 on the Real bundle E. Conversely,
given a trivial Real bundle E, we need to show that the corresponding E is also trivial, by
constructing a suitable operator 7.

We shall proceed on a case-by-case basis. It will be more convenient to regard the Real

multiplication by z € CI(R™®), which satisfies (7.21), as a (complex-linear) multiplication
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by z € Cl, s which commutes with (7) We will sometimes use ungraded bundles, and utilise
the isomorphisms V; SH( N) = gV&s( V) = QVCS_S (mod 8)’0(N).

The simplest case is when A = {1,T} and T? = +1. Then It squares to 1, and thus
provides an even antilinear involution E. So take E = E with the involution U = I,
to obtain an element of QV%O(N ). If C is also in A, with C?> = 41, we can additionally
take e; = lg, which is odd, C-linear, and commutes with (-). Accordingly, we obtain an
element of gvgl( ) = QVZ)O( ) or QVéO( ), according to whether C? = +1 or C? =
respectively. In these three cases, we can use the same operator Z which trivialises a trivial
E, as a trivialising operator 7 on E.

In the remaining five cases, we treat F as an ungraded bundle, and take E = E®E as an
ungraded bundle. We denote the original grading operator on F by I', which anticommutes
with Ic and commutes with I, ls. If F is trivial, we need a trivialising operator 7 for E. In

the case A = {1,C} and C? = +1, we can take

(0 6) a=( 5) em(a) o0 F) (%)

which gives an element of Vg’g( N) = Q’V O(N). When A = {1,C} and C2 = —1, we take

SR A N R P

which gives an element of Vé’l( A) ~ QVQ’O( A)
If A={1,7,C,CT}, with C?2 = +1 and T? = —1, we take U,el,eg,eg to be as above,

and we take the additional Clifford generator and trivialising operator on E to be

_(Tls 0 - (iIT 0
e4_<0 —FIS)’ I‘(o —iIF)'

This leads to an element of V(E)QA(N) &~ QV%O(N) in the C> = +1 case, and Vgl(N) =
QV%O(N) in the C2 = —1 case.
Finally, there is the A = {1,7}, T2 = —1 case, where we can take

() (D) () (%) (%)

which gives an element of Vg’O(N ) = gVé’O(N ). Note that all eight values of r — s (mod 8)
occur. Note that this is the only case where there is no explicit choice of compatible grading
operator I'for E, either by using I' =" (when E = E) or I' = e; (when E = E @ E). This
can be fixed as in Remark 5.4.4.

The reverse construction proceeds as follows. For each r — s(mod8), we may assume

that we have an element of V; SJrl( N) or gVés( V) with (r,s) being one of the eight pairs

103



found above, modulo 8. Thus, we have a (graded) Real bundle E with a compatible Real
(graded) action of some CI(R™*T1) (CI(R™*)). As mentioned earlier, we look at the complex-
linear Cl, s-action instead — this commutes with the involution (-) on E. For (r,s) =
(0,0),(0,1), (1,0), we take E = E as a complex bundle. In the (r,s) = (0,0) case, we take
I+ = (). In the (r,s) = (0,1) and (r,s) = (1,0) cases, regard the graded Real bundle as
a graded complex bundle and take I+ = U, lc = 661- If 7 trivialises E, we use the same
operator Z = Z to make E trivial.

In the remaining five cases, we take the (initally ungraded) complex bundle E to be the
i-eigenspace of eges, where eg, e3 are positive Clifford generators in the (r,s + 1) = (0, 3)
or (0,4) cases, and negative generators in the (r,s + 1) = (3,0),(2,1),(3,1) cases. For
the (r,s + 1) = (3,0) case, there is a leftover negative Clifford generator e, and we take
I = iey, It = (-)ea and Z = Tey, restricted to E. For the (r,s + 1) = (0,3) and (2,1)
cases, there is a leftover positive Clifford generator e;, and we choose I' = ey, Ic = Ueg
and Z = Z, restricted to E. When (r,s +1) = (0,4), there is a leftover positive Clifford
generator e, and we take I' = e, Ic = 6@2, It = 6626164 = lcereq and 7T = ielf.
Finally, when (r,s + 1) = (3,1), there is a leftover negative Clifford generator e;, and we
take I' = ieq, It = 662, lc = 6626164 = lte1eq and 7 = elf. A fairly straightforward
computation shows that F is a graded complex Q-equivariant bundle with the correct
actions of It and lc, the correct commutation relations, as well as the correct values for
their squares. Furthermore, E is trivial if E is.

Thus, we have shown that graded .A-modules are, for each of the eight choices for (A, o),
in 1-1 correspondence with elements of QVCSS(N ), and that this correspondence respects the
notion of triviality on each side. Furthermore, a grading operator I" for the ungraded .A-
module underlying a graded A-module W becomes a grading operator I' for the underlying
ungraded Real bundle of the corresponding bundle E, and vice-versa. Here, a grading
operator for E is defined in the natural way as an involutive @Q-equivariant Real bundle
automorphism (i.e. complex bundle automorphism which commutes with the involution and
Q-action) which graded commutes with the fibrewise C1, s-action (equivalently CI(R"*))-
action. This means that a triple (WW,I'1,T'2) entering the definition of Ky(A) has a 1-1
translation to a triple (E,T'1,T). Using a Karoubi-type definition (in terms of grading
operators) for the Q-equivariant K R™5-groups of N, as in I11.7.14 of [42], we find that

Ko(A) = KR (N) = KRy, * ™ (1), (7.24)

giving a topological interpretation® to the group Ko(A).

5Tn the usual definitions of the doubly-indexed topological K R*"(-)-groups, as in Appendix A.3 or [54],
the positions of the two indices are opposite to those of Kaboubi’'s KR'™*(-). To emphasise the distinction,
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If B is a Real graded C*-algebra (Appendix A.3.1), we write GV(B) for the monoid
of equivalence classes of f.g.p. Real graded B-modules, T (B) for its submonoid of trivial
modules, and GR(B) for the Grothendieck completion of GV(B). Then the K R-theory
version of the Atiyah—Bott—Shapiro isomorphisms [54] is

GV(CUR™))/ ~r(ciggrey™= GR(CUR™)) /i*GR(CURFT)) = KR ().

Note that KR*"(x) = KR (%) = KO"*(m°d8)(,)  Using these isomorphisms, we arrive

at an alternative expression for the super-representation groups of A in terms of topological

K R-groups,
SR(A) = SR((C(N) x5, Q) %30 4)
A~ gVT,S( \; )/Z*QVSS+1(N)
~ KRY(N) @z KR (x)
=~ KR)(N)®z KO™*med®)(N), (7.25)

where the indices (, s) are determined by (A, o), as presented in Table 5.5.

In practice, the real algebras A given by the expression (7.4), and their associated
complex bundles E are more natural objects, but we have made the detour to the Real
bundles E in order to exhibit (7.24) and (7.25).

Remark 7.3.8. There is a similar construction in the proof of Corollary 10.25 of [30]. We
also point out a recent work [17] on the study “Real” Bloch bundles with applications to
topological insulators of type AI. Note that the “Real” bundles of the authors are Real

bundles in our terminology.

Remark 7.3.9. If N is a subgroup of translation symmetries and spatial inversion symmetry
P is also present as a direct product factor of (), it is tempting to incorporate it into A
to form a subgroup of the PCT-group, and use the analysis of Section 5.4.3 to find an
associated Clifford algebra. There is a genuine non-trivial action of P on N, its complex
group algebra C'O(N ), as well as its real group algebra C (1N ). In contrast, C' and T" do not,
act on N or Co(iN), and only acts on the C factor in Co(N) = Cy(iN) ®g C. The apparent
action of C or T on N is really an artefact of the Fourier transformation of the complex-
conjugation operation, and thinking of Co(N) as Co(N,R) @ C instead of Cy(iN) @ C.
Nevertheless, the fact that P, C, and T all effect x — X in N is sometimes useful in
computations, see Section 11 of [30]. Also, see Appendix A of [17] for an example of the

different roles of 7" and P in defining extra structure on complex vector bundles over N.

we have added a prime to the latter. Both are isomorphic (by respective definitions) to the singly-indexed
KR/’I‘*S (.) .
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Chapter 8

Applications

We have been interpreting the grading operator on a graded A = C X (4 ) G-module as
a spectrally-flattened gapped Hamiltonian compatible with the symmetry data (G, ¢, ¢,0).
The classification of such gapped Hamiltonians, up to the topological triviality introduced
in Section 6.2.3, is achieved by taking the super-representation group SR(A). Differences
of symmetry-compatible gapped Hamiltonians, up to a homotopy equivalence and stabil-
isation introduced in Section 6.4, are classified by the Kp-group of A. At this stage, our
classification may look quite abstract, and it is not clear what the elements of the groups
SR(A) and Ko(A) look like. Nevertheless, we will see that it generalises the notion of

symmetry classes of topological band insulators, as commonly discussed in the literature.

8.1 Band insulators and topological K-theory

Consider the symmetry data (G,c,¢,0) as usual, and let Z¢ = N < G be a lattice of
spatial translations. As in Sections 7.3.1-7.3.4, we assume that Z¢ C ker(o, ¢) and that
o(x,-), o(-,x) are trivial for all x € Z%. Thus, the translations are realised non-projectively,
complex-linearly, and do not have any charge-reversing or time-reversing properties. The
characters of Z¢ are labelled by d phases, i.e., the quasi-momenta in the Brillouin torus
N = T% familiar from solid-state physics. To obtain a vector bundle picture for the graded
f.g.p. modules for A = C (4 ,) G, we make a splitting assumption G = 7% x G/7% with
G/Z% compact, so A = C(T%) X (B.w) G/7%. The underlying graded C(T%)-module structure
in a graded f.g.p. A-module gives a graded complex vector bundle E — T¢, which we call
a graded Bloch bundle. There is a (possibly v-twisted) equivariant real-linear action of
G/Z% between fibres, which is complex-linear if ¢ = 1. The positively-graded subbundle
can be interpreted as the conduction band lying above the Fermi level £ (which is taken
to be 0), while the negatively-graded subbundle is the valence band, lying below £r. The

symmetries in G/ Z% respect this particle-hole distinction if ¢(p) = +1, and reverses it if
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¢(p) = —1. They are also complex-linear/antilinear according to ¢(p) = £1, and if ¢ # 1,
we can make E a “Real” graded bundle in the sense of Section 7.3.3. As always, the time
preserving /reversing nature of p € G/Z% is determined by 7 = ¢ - c.

We call a (“Real”) graded Bloch bundle with the above G/Z? action a (G,c,¢,0)-
compatible band insulator. In the Bloch bundle picture, a trivial graded C X, ) G-module
is a (“Real”) graded G/Z%equivariant Bloch bundle E — T¢, such that there exists an odd
complex bundle automorphism Z satisfying Z? = +1, and Zp = c(p)pZ for all p € G/Z°.
Such a Bloch bundle is called a topologically trivial (G, ¢, ¢, o)-compatible band insulator, and
is the commutative version of our general formulation of topological triviality in Definition
6.2.4. The super-representation group of C X, ,) G classifies the (G, c, ¢, 0)-compatible
band insulators, modulo the topologically trivial ones.

In Section 7.3.4, we found that a significant simplification occurs when G has the form
G = (7% Q) x A with A = (¢,¢)(G) C {1,T,C,S}, and ¢ is only non-trivial between
elements of A. The data of (A, o) is associated with one of ten possible Clifford algebras,
which factorises in A = C X(q,) G. In the two complex cases (ie. A C {1,5}), the
graded Bloch bundle picture of a graded f.g.p. A-module is a graded Q-equivariant complex
bundle over T¢, corresponding to the factor C(T%) (g1 @ In (7.13b). In the A = {1, S}
case, there is an additional commuting graded Cli-action on each fibre, arising from the
complex-linear, odd, and involutary map lIs representing S € MA. A topologically trivial
(G, ¢, ¢, 0)-compatible band insulator (in a complex class) is one which admits an odd Q-
equivariant complex bundle automorphism Z satisfying Z? = +1, and also Zlg = —IsZ if S
is present.

As for the remaining eight cases corresponding to the real Clifford algebras, the graded
Bloch bundle is again a complex graded Q-equivariant bundle E over T¢. The elements T, C'
of A, where present, act through the antilinear bundle maps I, Ic representing T,C € MA,
which are even and odd respectively. The squares of It and Ic are £1 according to o(7,T)
and o(C, C). Unlike lg, the bundle maps |7, lc do not commute with the bundle projection,
but they take the fibre over y € T? to the fibre over ¥. The map It is the standard
time-reversal operation on the Bloch bundle, and both cases 12 = 41 are considered in the
literature on “time-reversal invariant topological insulators”. Similarly, I¢ is the standard
particle-hole conjugation operation on the graded Bloch bundle. A topologically-trivial
(G, ¢, ¢, 0)-compatible band insulator is one which admits an odd @-equivariant complex
bundle automorphism, satisfying Z? = +1, Zl = ItZ, and Zlc = —IcZ. Note that the
Clifford algebra action generated by the appropriate subset of {i, It,|c} does not commute
with that of C'(T%), so the graded Bloch bundle is not a bundle of graded Clifford modules. In

Section 7.3.5, we used the extra structure on the Bloch bundles to construct a corresponding
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Real graded @Q-equivariant bundle E over T¢, which has a Real graded Cl(R™*)-action on
the fibres which commutes with ). This construction allows us to use K R-theory to classify
the Real bundles F up to triviality, and hence, the Bloch bundles E up to triviality.

Under the assumptions of Section 7.3.4, the classification of gapped Hamiltonians com-
patible with (G, ¢, ¢, o) is greatly simplified. In particular, the difference-groups of (G, ¢, ¢, o)-
compatible band insulators are topological K-theory groups, which can be read off from

Proposition 7.3.7:
K;"(T%) complex case,
Ko (A) = @ r—s(mod8) /d
KR (T%) real case,

with n,r, s determined by (A, o) and Table 5.5. Their super-representation groups can be

read off from (6.7):

Kc% (T4 @z K~ () complex case,

SR(A) =
“) {KROQ(TTd) ®z KOT~5(mod8) () real case.

The three purely-even cases

Although SR(A) and Ky(A) do not generally coincide for graded A, they do when A is
purely even, since both are then isomorphic to the ordinary Ky-group of A (Proposition
6.2.8). Important examples are when G is of the form (Z¢ x Q) x A, where A = {1} or
A ={1,T}, and only o(7,T) may be non-trivial. In each of these cases, C X (4, A is purely

even; it is either the complex algebra C, the real algebra Mas(R), or the real algebra H. The
latter two real algebras are generated by i and T. This means that (7.15) and (7.16) should

give
Cx(NxQ) A={1},
C X(a,0) G =R x (N x Q) @r Ma(R) A={1,T},T? = +1,
(Rx (N xQ))®@gH A={1,T},T? = —1.

Recall that in the third case, we had replaced H by the graded Clifford algebra Cly o = Cly 4
in (7.16), which we used to arrive at (7.19). We could also use Theorem II1.4.12 of [42],
which says that K'9(B ®g H) = K'%4(B) for a purely even B. Taking B =R x (N x Q),
we obtain Ko(B ®g H) = K'%0(B @r H) = K'%4(B) = K¢(B&Cly4), which justifies our
replacement. The (super)-representation groups for the three cases in which 4 = C % (@) G
is purely even, are

KYN)  A={1),

R(A) = SR(A) = Ko(A) = § KR, (N) A={1,T},T? = +1,
KRYN)  A={1T},T*=—1,

which should be compared with Corollary 10.28 of [30]. Specialising to N = Z¢ yields the

(super)-representation groups of (G, ¢, o)-compatible band insulators.
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Finally, we remark that the somewhat awkward treatment of the third case (T? = —1),
which resulted in a KR~ group, can be modified to resemble the first two cases more
closely. In the third case, we can identify a f.g.p. A-module with the sections of a Q-
equivariant “Quaternionic” vector bundle over N. Like Real vector bundles, “Quaternionic”
vector bundles are complex vector bundles over a Real space (X,¢), but with a lift of
¢ to an antilinear anti-involution © such that ©2 = —1. Such bundles were considered
in a classification scheme for Type AII topological insulators in [16], in which detailed
definitions and references for “Quaternionic” bundles can be found. The construction of the
“Quaternionic” vector bundle corresponding to a A-module is quite straightforward. Recall
that A = (C(N) X4 Q) %(5.0) {1, T} by (7.13b), with N = Z¢ for band insulators. Then,
we simply form the @Q-equivariant complex vector bundle corresponding to the underlying
(C’(N) X (4.1) Q) -module structure of a f.g.p. A-module, and define © = |y. The topological
K-theory for “Quaternionic” bundles is called K Q)-theory, and there is a useful isomorphism
KR™(X,s) & KQ°(X,s) (see [22] and the Appendix of [16]). This establishes a KR™*
group as a Grothendieck group KQ° of “Quaternionic” bundles; the latter is somewhat
easier to picture, and allows us to describe K(A) directly as a Grothendieck group of
vector bundles in all three cases where A = C X(, ) G is purely even, but not the other

seven.

8.2 Finite versus infinite rank bundles

In many realistic Hamiltonians compatible with a subgroup N = Z% or N = R? of transla-
tional symmetries of a lattice, the Bloch Hamiltonians are unbounded operators on a bundle
of infinite-dimensional Hilbert spaces over the Brillouin torus N =T In our application
of K-theory, we have been confined to the finite-rank situation. We can motivate this con-
straint physically by imposing an energy cut-off, or by assuming that there is a finite-rank
conduction band which we are interested in studying. As such, I' refers not to the flattened
version of the full Hamiltonian, but to the flattened version of its restriction to the relevant
low energy modes. Likewise, the symmetry group G acts only on this restricted subspace.
In certain discretised models, the Bloch Hamiltonians do have finite-rank, so the K-theory
approach addresses the full symmetry-compatible Hamiltonians.

With appropriate modifications, the infinite-rank situation can still be handled, and
it is, in any case, the correct setting for some physical systems studied in the literature.
In the Hilbert C*-module description of Bloch theory [33], the Bloch Hamiltonians act on
a continuous field of infinite-dimensional separable Hilbert spaces over T%, whose sections
form a countably-generated Hilbert C(T%)-module. In [30], the authors considered graded

bundles ET @ E~ over T¢, such that E7 is infinite-dimensional, while E~ is a finite-rank
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bundle. They called such bundles “Type I” insulators, while graded bundles with both E+
and E~ having finite rank were called “Type F” insulators. Let us formalise their idea in

noncommutative language.

Definition 8.2.1 (Type I and Type F' insulators). Let A be a graded unital C*-algebra.
A Type I insulator is a graded A-module E = Ey@® E; = E* @ E~ such that E~ is a f.g.p.
A-module and E™ is a countably-generated (but not finitely-generated) Hilbert .A-module.
A Type F insulator is a graded f.g.p. A-module.

Suppose A is the graded twisted crossed product C*-algebra arising from the symmetry
data (G, ¢, ¢,0). For Type I insulators, there is no possibility of an invertible odd operator
taking ET to the f.g.p. submodule E~, so ¢ = 1 and A is purely even. We define GV!(A)
to be the commutative monoid, under the direct sum, of equivalence classes of Type [
insulators. Note that we have to formally introduce the zero module as a zero element, since
it is not actually in GV!(A). This monoid is really the direct sum of the monoid V*(A) of
ungraded countably-generated Hilbert A-modules E*, and the monoid V™ (A) := V(A) of
ungraded f.g.p. A-modules.

For Type I insulators, the notion of triviality in Definition 6.2.4 is vacuous, and we
cannot construct a “super-representation group” using Definition 6.2.5. Instead, the passage
to an abelian group is via the Grothendieck completion GR!(A) of GVI(A) = V(A) @
V7~ (A). We can perform an “Eilenberg swindle” on the V* part of GV!(A) as follows.

Proposition 8.2.2. The Grothendieck completion of VT (A) is the trivial group.

Proof. There is a “standard” (countably-generated) Hilbert A-module 5, (see 15.1.7 of
[93]), defined by

o0 (o0}
Y = {(ak) € H A ZaZak converges in norm in A} ,

k=1 k=1
with component-wise operations and A-valued inner product ((ay), (b)) == > ajbr. The
Kasparov stabilisation theorem (see 15.4.6 of [93] for a proof and original references), says
that # is absorbing in the sense that every countably-generated Hilbert A-module ET
satisfies BT @ 4 = 4. Then any virtual module [ET © E'T] in the Grothendieck
completion of V*(A) satisfies [ETOE"] = [(ET @00 (Et @) = (#4054 =0. O

Corollary 8.2.3. GR(A) is isomorphic to the Grothendieck completion of V= (A) = V(A),
i.e., GRI(A) =2 R(A) = Ko(A).
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Recall that we also have Ky(A) =2 SR(A) = Ky(A) when A is purely even. Despite this,
an element of Ky(A), for a purely even A, has a very different interpretation depending on
whether one is in the Type I or Type F' situation. For Type F insulators, we can think of
the (class of the) virtual module [E & E’] € Ky(A) as the (class of the) graded A-module
[E @ E’], with the grading operator interpreted as a flattened gapped Hamiltonian sgn (H ).
Alternatively, a triple [E,T'1,T'2] € Ko(A) = K(A) is a difference-class between two Type
F insulators (E,T'1) and (E,T'y). However, for Type I insulators, a Ky(A) = R(A) element
[E~ © E'7] should not be thought of as an .A-module graded by sgn (H). Rather, a gapped

1» B~ which represents

Type I Hamiltonian determines a “bundle of negative eigenstates
the virtual module [E~ © 0] in GVI(A) = Ky(A). This is actually more familiar than it
looks. For instance, the Hall conductivity in the Integer Quantum Hall Effect is related to
the K-theory element [E~ © 0] arising from a Type I Landau Hamiltonian [10]. Here, it
is important to realise that there is no commutative Brillouin zone, so our definition of a
“noncommutative” Type I insulator has genuine physical relevance. Similarly, the Kane—
Mele Z5 invariant for T-invariant insulators is determined by the negative energy bundle

of a Type I insulator, and was studied in [30]. It is important to note that representing

Ky(A) by Type I insulators only makes sense for three of the ten possible CT-symmetries.

8.3 Integer Quantum Hall Effect

The abbreviated treatment of the Integer quantum Hall effect (IQHE) in this section is
adapted from [10, 98, 35], where the relation to non-commutative geometry and K-theory
are emphasised. Some of the ideas in these papers have been generalised to the other
complex class of topological insulators in [73], while the appropriate generalisation to the
real classes remains an interesting open question.

In a simplified model of the IQHE in two dimensions, the motion of a single free electron
with mass m and charge e in the z1-z9 plane, and constant magnetic field B = Bk in the

r3-direction, can be modelled by the Landau Hamiltonian on L?(R?, C),
Hp = |P —eA|*/2m.

Here, we have chosen the vector potential A = %B A X, and the operators P and X are the
usual quantum mechanical position and momentum operators in two-dimensional Euclidean
space. Introducing the two “quasi-momentum” operators K1 = (K1, K%)= P FeA, we
find that the components of K, commute with those of K _, whereas [K1, K3] = +iheB.

!The authors of [84] study the “bundle of negative eigenstates” of gapped insulators, but their 8 4- 2-fold
way has a different interpretation from ours, especially in the ¢ #Z 1 cases.
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Since Hy, = 5=[(K1)? + (K2)?], its spectrum is that of the corresponding harmonic oscil-
lator, namely, {(n + %)heB/m : n € N}. However, H;, commutes with the components of
K _, so each energy level in the spectrum is infinitely degenerate. These are the Landau
levels, which can be imagined as a sequence of equally-spaced “bands”, but not in the sense
of Bloch bundle bands — there is no Brillouin torus for instance. Although the vector
potential breaks translational symmetry, the Landau Hamiltonian is invariant under mag-
netic translations defined as follows. The vector potential A gives rise to the connection

V; = 0; +ieA;/h, which we exponentiate to the magnetic translations
U(a) = eV — gmiaK_/h a € R%

The Landau Hamiltonian commutes with these U(a), so we can regard R? as a subgroup
of symmetries. The representation a — U(a) is, however, a projective one. This arises
from the non-zero curvature of the connection, [V, Vs] = B. More explicitly, defining
v =p(a,b) :=eB-(aAb)/h, we have

U(a)U(b) = e2*U(a + b) = ¢¥U(b)U(a), (8.1)

which shows that a ~ U(a) represents R? projectively, with cocycle o(a,b) = e3P,
Assuming that the Fermi energy £ lies in a gap between the Landau levels (i.e. an in-
teger filling factor), we can understand sgn(Hy, — £r) as defining the grading operator in a
graded projective unitary representation of R?, or equivalently, a graded unitary representa-
tion of the twisted group algebra & = Cx(q o R2, on the Hilbert space /# = L%(R?,C). The
projection Pp onto the states with energy less than Fr appears in the Kubo—Greenwood

formula for the conductivity matrix, which is
My = i(e*/h)T (Pr[0; Pp, O PF)),

where 7 (+) is a trace-per-unit-volume. A related formula by Thouless-Kohmoto-Nightingale—
Den Nijs [87] holds in a discretised model based on a square lattice and rational flux per
unit cell, with the Hall conductivity related to the Chern character of the vector bundle
associated with Pp (integrated over a primitive cell of the Brillouin zone T?). The algebra
2/ in their model is C(T?), which requires the assumption of a rational flux per unit cell in
the lattice. To avoid making this unphysical assumption, we need to use a non-commutative
Chern character. In any case, the projection Pr defines an element of the Ky-theory group?

of o/, and it is the latter which determines the Hall conductivity. In fact, the projection

2For instance, &/ = C X(1,0) R? can be realised explicitly as an algebra of functions on R?, acting on
L?(R?,C) as integral operators. The projection operator onto the lowest Landau level has integral kernel as
in Eq. 50 of [10] with © = {x}, and has the correct properties to be an element of 2.
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onto each Landau level defines a projection in &7, so the projection onto the first n Landau
levels defines a projection in M, (<7). Since there are infinitely many Landau levels, the
projection onto the unfilled Landau bands defines an infinite-type projection, and we are
in the Type I situation. The formula for the Hall conductivity can thus be understood
as a map from the wirtual class in K-theory defined by the filled “bands” of the Landau
Hamiltonian.

A more realistic description of the IQHE should include a model for the effects of
impurities and localisation, which are in fact crucial for explaining finer details of the
phenomenon. One way to do this is to include in the Hamiltonian a random bounded
potential V,, = V,(X), with w an element of a compact probability space (€2, ) [98].
Elements of C'(€2) can be viewed as random variables, with the expectation functional tr(-)
providing a trace on C(£2). There is then a family of Hamiltonians H, = Hy + V,,. The
magnetic translations do not commute with V,, in general, but we assume that they give
rise to a homeomorphic action on Q which keeps p invariant®, and whose flow is assumed
to have certain nice properties (e.g. ergodic and minimal). This can be considered as an
action a by automorphisms of the C*-algebra C'(2) which keeps tr(-) invariant. Instead of
the twisted group algebra, which is just the case where 2 = {x}, we form the twisted crossed
product & = C(Q) X (4, R%. In its explicit realisation as functions f : R* — C(€2), there
is an induced trace* Tr(f) := tr(f(0)), as well as the derivations® (9 f)(x) == —izsf(x),
but we can think of these abstractly as well. In the abstract algebraic setting, the Hall

conductivity can be defined as
MQl = 1(62/h)Tr(p[82p7 alp])v

where p is a projection in &7 determined by the spectral projection Pr onto states with
energy (with respect to H,) below the Fermi level®. This formula only makes mathematical
sense for a restricted class of projections. In [10], a Sobolev-type condition is imposed on
p, and attention is restricted to a dense subalgebra ) of &/ which has the same Ky-group.
In [98], one assumes that the Fermi level is in a gap of the spectrum of H,,, and shows that
p € . The formula for the Hall conductivity can be written as a pairing between a cyclic

2-cocycle ety on &), and the Ky(<) element [p]. Namely, ¢y is the trilinear form

cte(ao, a1, a2) = Tr(ag(01a102a2 — O2a101a2)),

3Bellissard [10] constructs Q and its R®-action as the “hull” of a Schrédinger operator Ho = Hy, + Vb,
which is “homogeneous” with respect to the projective representation (8.1) of RZ.

“This is a trace-per-unit-area, see Proposition 1 of [10].

SThese are momentum space derivatives, as can be seen after performing a Fourier transform. As position-
space operators on L*(R?,C), they are the commutators —i[ X4, -].

5The choice of w turns out to be inconsequential. Each w € Q determines a faithful representation
of o7 on L?(R?, C), and they are all equivalent and related by a covariance relation, see [98, 10] for details.
The Hamiltonian Ho = H + V} is affiliated to & in the sense that f(Hy) € <7 for any f € Co(R).
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and the Hall conductivity can be expressed as Moy = i(e?/h)er([p], [p], [p]). The latter can
be understood as a noncommutative Chern character. As with the TKNN invariant defined
by the ordinary (commutative) Chern character, it is the K-theory element associated with
Pr which enters the formula for the Hall conductivity.

At this stage, the image of ¢, is not yet known, but it can be shown to be integral
by relating it to some analytic [10] or topological [98] index. In the latter paper, a dif-
ferent gauge was used in the Landau Hamiltonian, which facilitated writing @7 explicitly
as a repeated untwisted crossed product of C(Q2) by R. Expressed in this manner, the
Connes-Thom isomorphism (see [15] and Theorem 8.5.1) can be used to identify Ko(<)
with Ko(C(Q)) = K9(Q). Alternatively, we can utilise the stabilisation trick of Packer and
Raeburn [66] (Theorem 8.5.2), which says that there is an isomorphism

(‘A A(a,0) G) QK= (A® ]C) (o)1) G,

where K denotes the compact operators on the Hilbert space L?(G), and o is some untwisted
action of G on A ® K determined by (o, ). When G' = R? and ¢ is any cocycle for G, we

have the isomorphisms

Ko(#) 2 Ko(@ ®K) = Ko((Axe R)@K)
= Ko ((A®K) (1) R?)
= Ko (A K) %y 1) R) %oy R)
= Ko(A®K)
>~ Ko(A).

Since A = C(f) in our case, we have Ko(27) = K°(). When there is no disorder, i.e.
A = C{*}) = C, then [p| € Ko(«/) = Z. In general, the topology of the disorder space
complicates matters. For instance, a reasonable choice of  is T2, which already leads to
Ko(«/) =Z&®Z. To show that the image of Ky(«7) under the pairing with ¢, is an integer,
Xia uses the Thom isomophisms in cyclic cohomology [26] to identify this pairing with a
pairing involving Ky(C(2)) and a 0-cocycle given by integration over (€2, u). The latter is
then easily seen to be integer-valued.

It is also possible to directly rewrite @ = A (4 1) R? as an iterated untwisted crossed
product by R, following the example of [98] with some modifications. Recall the standard
construction of a twisted crossed product as functions f : R? — A, equipped with a twisted
convolution product and involution, as in equations (3.6a) and (3.6b). Explicity, the product
is

(f % 9)(y / fla 2))® e56oM
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where ( := eB/h, while the involution is

The map f — f’, where

fl(@) = f(x1,20) = fla)e 3172, (8.2)

provides an isomorphism from A X, o) G onto the algebra comprising the same functions
f':R? = A, but equipped with the modified product and involution (denoted by the same

symbols * and *)

(f'*g)(y) = . fl(@) (g (y —z))" e im2mm) 4o, (8.3a)

@) = e (f(—x))”. (8.3b)

The goal is to write this algebra as a crossed product of A by Rs, followed by a crossed
product by Ry, where R> = R; x Ry. For notational ease, we will drop the primes on f’,
and write A o G = A X (4,5 G for untwisted crossed products. The first crossed product
is simply that due to the restriction a'® = «a/|g,, which is untwisted, since o|g,xr, = 1. For

the second crossed product, the action o of Ry on A X2 R is defined by
(@) F)(2) = e ™22 ( f(x5)) #1:0), f€Ax, 0 Re, 21 € Ry

This is an untwisted action as well. If f, g € (A X 2 R2) %, 1) Ri, we can consider f,g as
A-valued functions of Ry x Re, by writing f(x) = f(x1,z2) = (f(z1))(z2). Writing x; and
*o for the products in (A %2 R2) X ) Ry and A X Rg respectively, the product of f

and g is
oy = /[R (£@1) %2 (gl = 1)) ) (92) da
= [ [, o) 08atn = a)en = ) dradn
- /[R1 v, Flar, 22) (g(yr — 21, 4o — 32))F1) 71T W2—22) 40 4y
- [ )t

which is the same as the formula for f x g in Eq. (8.3a). We have thus exhibited the
isomorphism

A = A X (0 R? 22 (A %@ R2) X 0 Ry

Under this identification, the trace Tr retains the same expression Tr(f) = tr(f(0)), and

similarly for the conductivity cocycle.

115



When A = C(Q) and tr is the 0-cocyle [u] of integration over the ergodic measure
(i.e. the expectation functional described at the beginning of this section), Xia shows that

the Thom isomorphisms in cyclic cohomology lead to (Lemma 4.2 of [98])

#o,# @ 1 fo, f1, f2) = —ere(fo, f1, f2), fi € (A X, @ R2) X 0) Ry

With a more careful treatment involving smooth crossed products, and utilising the results

of [26], Xia proved his Theorem 3.3, namely,

(e, [pl) = = (lul. €71l - (8.4)

Here, £ is the composition of the two Connes—Thom isomorphisms associated to a™, a®,
Ko(C(Q2)) — K1(C() x40 R2) — Ko((C(R) X4 R2) 3,00 Ry).
For connected €2, the pairing on the right-hand-side of (8.4) is certainly integer-valued.

8.3.1 No quantum Hall effect with time reversal symmetry

A necessary condition for a non-trivial quantised Hall conductivity is Ko(</) # {0}. As
found above, this is the case when a uniform magnetic field perpendicular to a 2-dimensional
sample is present. Equivalently, the relevant symmetry group is R? with non-trivial cocycle
. In particular, the Landau Hamiltonian does not admit a time-reversal symmetry, which
would otherwise be present if the magnetic field is zero. There are various arguments
saying that time-reversal symmetry must be “broken” in order to exhibit the quantum Hall
effect. We provide an alternative argument, based on K-theoretic considerations, which is
applicable very generally.

Suppose the symmetry group is G = R? x {41}, corresponding to translations in two-
dimensional space and time-reversal. The cocycle o is taken to be trivial between elements
of R?, reflecting the absence of a magnetic field. We will also take o(T,T) = +1, which
reflects the property T? = +1 for spin-0 particles and T? = —1 for spin—% particles. For
simplicity, we ignore disorder, and look for Type I insulators compatible with these sym-
metries. According to the discussion in Section 8.1, and taking N = R?, we find that the

virtual symmetry classes are given by

. KRO(R%?), T2 =+1,
KR™4(R%?),  T?=-1.

Here, we are using K R-theory with compact supports, since C x R? =2 CO(UA?Q). Also, we
are treating the Pontryagin dual R? as a Real space R%2? with involution p — —p. The

action of It takes a fibre above p antilinearly to the fibre above —p, and squares to either
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+1 or —1. The construction of the higher K R-theory groups via suspensions by RS (see
e.g., [3] or Chapter 1.10 of [54]) relates these groups to the K R~"(x) groups, and hence to
the KO™"(x) groups of a point:

KO™2(%) = Zs, T2 =-1.

- {KO—G(*) ={0}, T?=+1,

When modelling electrons as spin-0 particles, as was done in the quantum Hall effect,
we see that the restoration of time-reversal symmetry by turning off the magnetic field
leads to trivial K-theory invariants. On the other hand, by considering (more correctly)
electrons as spin—% particles, a non-trivial Zs-invariant arises. This invariant arises, for
example, in the quantum spin Hall effect (QSHE) [38]. A K-theoretic treatment of a lattice
model for the QSHE is given in Section 11 of [30]. There is a similar treatment in [50],
although the author’s “Q-symmetry” has the meaning of “absence of C-symmetry” under
our conventions.

Similarly, we can imagine time-reversal symmetry being broken, but not necessarily by
a magnetic field. In other words, G = R? with trivial cocycle. The virtual symmetry classes
come from K9(R?) = K%(x) = Z, where we have used Bott periodicity, so non-trivial K-
theory invariants are possible. A related example is Haldane’s model [34], which exhibits
a quantised Hall conductivity in the absence of Landau levels”. His model is a discretised
model, with a non-uniform magnetic field to break time-reversal symmetry, but zero net
magnetic flux through each unit cell. There is then a Z? translational symmetry, with
possibly an additional space inversion symmetry. Since K°(C x 72) = Ko(C(T?)) =Z 3 Z,
non-trivial K-theory invariants can potentially be found. The Z-subgroup generated by the
trivial line bundle over T? is uninteresting, and, indeed, the first Chern class only recognises
the other Z factor®. Upon integrating over the fundamental class, this gives rise to an
integer-valued invariant (first Chern number), which is identified as the Hall conductivity.
Haldane’s model had two levels for each point in the Brillouin torus, so the first Chern class
is that of the line bundle of filled states, which for his model, has first Chern number —1,0
or +1.

In general, the first Chern number is additive, and can be applied to filled bands of any
finite rank. For instance, in the TKNN model for the quantum Hall effect with rational
flux per unit cell, there is the same (non-projective) Z? symmetry. The Brillouin torus
makes sense in this case, and the Chern—Kubo formula identifies the Hall conductivity with

a suitable multiple of the sum of the Chern numbers of the filled Landau bands, each of

"This, and related models, are also called “Chern insulators” in the condensed-matter literature.
_ 8The generator of this other subgroup can be identified with [H] — 1 under the isomorphism
K°(T?) = K°(S?), where [H] is the Bott element.
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which is an integer. Line bundles over the 2-torus can also be highly twisted, by taking
tensor products for example, and noting that the Chern character is also multiplicative,
and even a 7ing homomorphism K°(X) N even(X) for compact X. In any case, only
the virtual class of the vector bundle is relevant, and the distinction between, e.g., [L] and
[L & 1,] — [1,] is not too important. To paraphrase Kitaev [50], adding “trivial bands”

should not change the topological invariants that we are concerned with.

Remark 8.3.1. Haldane argues that charge-conjugation symmetry needs to be broken as
well [34]. This is automatic when we are in the Type I situation, e.g. in the standard
setup of the IQHE. In a Type F situation, the absence of charge-conjugation or sublattice
symmetry is an additional requirement, and one needs to keep track of both the bundle E+
of unfilled states, and the bundle E~ of filled states. The graded bundle E* & E~ is an
actual (flattened) symmetry-compatible gapped Hamiltonian, and it determines a class in
the relevant super-representation group or difference-group. Suppose a sublattice symmetry
is present, so there is a complex-linear isomorphism between ET and E~. Then the virtual

bundle E* © E~ necessarily has vanishing Chern class.

Remark 8.3.2. Our arguments are model-independent, referring only to the presence or
absence of T' in the symmetry group G, as well as the (possibly projective) translational
symmetries. Similar arguments can be made in a different number of spatial dimensions d,

using the abstract machinery of K-theory, see Section 8.5.

8.3.2 Additivity of topological invariants and K-theory

The additivity of the Chern number is actually a very important point, because it tells us
that the natural monoidal or group structure underlying a “topological invariant” should
be that of the direct sum. A popular, if somewhat mathematically misguided, point of
view, is to regard K~"(X) as the “homotopy group” of (based) maps [X, C,], where C,, is
a classifying space for complex K-theory; similarly for R, in the real case. Then if X is the
m-sphere, [S™, C,] is identified with 7,,(C),). However, it is only possible to form a group
from the set of homotopy classes of (based) maps [X, Y], when Y is a H-group (homotopy-
associative) or when X is a H-cogroup. The two possible ways of defining a composition on
[X,Y] from the H-group or H-cogroup structures are a priori different. For example, when
X is an m-sphere with m > 1, which is a H-cogroup (as are all suspensions), the group
operation on [X,Y] = [S™,Y] is the one which appears in the usual definition of m,,(Y").
On the other hand, when Y is C,, or R,, which is a loop space and therefore a H-space,
there is another possible composition on [X,Y] = [X, C,]. Nevertheless, if both choices are
available, the resulting groups are isomorphic (pp. 44 of [83]). Not all X are H-cogroups,
but all the C, are H-groups, so K~ "(X) = [X,C,] is well-defined as a group for all X,
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with respect to the H-group structure on C,,. In particular, the group structure on K°(X)
is the direct sum of virtual bundles over X, whereas the m,(Cy) = [X, Cy| interpretation of
KO(S™) only makes sense for X = S™; yet the case of X = T% is most certainly of interest
in the study to topological insulators.

Chern-type invariants are really invariants of K-theory, and are additive with respect
to the group structure of K-theory. Contrary to the impression that one gets from the
literature on topological insulators, K-theory is not (apart from the K case) simply a way
to classify vector bundles up to stable equivalence, but is intimately linked to homotopy,
although not necessarily in the sense of homotopy groups mp(-). While it is true that the
isomorphism classes of rank-k vector bundles over S are classified by the homotopy classes
of maps from S™ to a classifying space BU (k), the natural homotopy group multiplication of
two maps in 7, (BU (k)) does not translate straightforwardly to the direct sum of the vector
bundles associated with those maps. Indeed, the latter does not make sense if the rank of
the vector bundles are fixed. Furthermore, mo(-) does not have a canonical group structure,
essentially because S (unlike S™2!) is not a suspension, so it is strange to talk about
“zeroth homotopy groups”. For instance, my(Cp), is really [S°, Co] = [S?, Gre (o) x Z] =
K%(S%) = K%x) = Z, which is non-trivial because of the extra Z factor in the classifying
space. This factor is related to Bott periodicity, and certainly does not arise directly from
the connected Grassmannian. In general, one needs to be careful when defining topological
phases in zero dimensions, where the “extraordinary” cohomological aspect of K-theory

manifests itself.

8.3.3 Euclidean invariance in the quantum Hall effect

The classical Hall effect has Euclidean invariance, and we would like to see whether this
persists in the quantum Hall effect. Already, the translations are represented projectively,
so we look for a projective representation of SE(2) = R? x SO(2). For convenience, we
choose units such that h =e = B =1, so K! = —i0; — X5/2 and K? = —i0, + X1/2. A

short calculation shows that
1
-3 (K1) 4+ (K3)? — (KL)? = (K?)*) = X AP k= —i(X10, — X201) = L3 (8.5)

is the angular momentum operator about the xs-axis. The left-hand-side of (8.5) commutes
with H due to the commutation relations amongst the K%. There is a non-projective
representation of # € SO(2) on L?(R?), via U() = €23, To check that this is consistent
with a projective representation of SE(2), it is easiest to work with the Lie algebras. The

commutators between the operators iK' ,iK?,iL3 are
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iKY iK2] =i

iLs, iK'= —iK2,
[

iLs, iK% =iK!.

[

Therefore, iK' iK?,iL3,i generate a four-dimensional Lie algebra ¢, with centre iR. In

comparison, the Euclidean Lie algebra ¢(2) has the Lie brackets

[t1,t2] =0
[lvtl] = - t2
[l,ta] =t1.

The linear map iL3 — [,iK! — t1,iK? > to,i — 0 is a surjective Lie algebra homomor-

phism ¢ — ¢(2), whose kernel is iR = u(1). In other words, there is a central extension of

¢(2) by u(1),
0—u(l) > c—e(2) =0,

which does not split.

To see explicitly that Lz, K', K2 exponentiate to give a projective representation of
SE(2), we define the map U(a, §) := U(a)R(6), where R(6) = €23, Note that U restricts to
the magnetic translations for R?, and the ordinary planar rotations for SO(2). According
to Proposition 5.1.1, we should look for a map ¢ : R? x SO(2) — U(1), which would appear
in the factorisation of a cocycle & for the semidirect product SE(2). Chasing through our

definitions,

¢(a,0) = 5((0,0),(a,0))

A short computation verifies that ¢ is a bicharacter in the sense of (5.9a)—(5.9b),
s(a, 01 + 62) =c(a”,01)s(a, b2),
s(a1 + az,8) =<(ai1,0)s(az,0).
The U(1)-valued function & defined by
5((a1,61), (az,02)) = c(az, 61)o (a1, all),
is thus a cocycle for SE(2) = R? x SO(2), and U is a projective unitary representation of

(SE(2),5).
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Remark 8.3.3. The rotational symmetry of the Landau Hamiltonian makes it clear that
the choice of orthogonal axes Ry and Ry in the isomorphism (8.2) is irrelevant. This is a
manifestation of the gauge invariance in the choice of vector potential for the magnetic field.
A distinguished choice of Ry might be singled out, for instance, by an edge of a macroscopic
Hall sample. Then, the perpendicular Ri-direction (assuming there is a fixed orientation on

R?), is also determined.

8.4 Relating bulk and edge conductivities

An interesting way to relate bunk and edge conductivities, and to demonstrate the quan-
tisation of the latter from the quantisation of the former, is described in the works of
Kellendonk et al [47, 49, 48]. One expects that the algebra of observables in the bulk,
o/ = (A X, Ra2) x,0) Ry, differs from the algebra ¢ associated to an edge. To relate &/
and ¢ in a “continuous” manner, we follow the approach of [47, 48].

Suppose that there is an (infinite) edge along the Ry-direction, which may be anywhere
in the R;-direction. The edge algebra _# may be expected to be related to B := A x_2) Ro,
at least stably. We make an allowance for “infinitesimal” operators — compact operators
in non-commutative parlance — in the perpendicular R;-direction, which describe the x{-
coordinate of the edge as well as its translational covariance. The isomorphism (e.g. using

Takai duality, although this is not necessary)
IC(LQ([Rl)) = (C Xp U%l) Np |R1 = C()(Rl) Ao |R1 =5SC Ao |R1,

where p is the translational action of Ry and S(-) = Co(R1, (+)) = Co(R1) ® (+) is the usual

suspension operation, gives us what we need. In other words, we take

J = KL*Ri)©B
(Co(Ry) ¥, Ry)® B
SB X ps1 R1

SB X g Ri.

12

12

I

The last isomorphism takes f € C.(Ry, SB) to the function f, defined by

F(x)(s) = ol (f(2)(5))
and is needed in order to exhibit the total algebra & of the system-with-boundary as a
Weiner-Hopf extension of o/ by #. Let us write Ry = Ry U {+00}, and extend the
translation action ¢ to Ry with {+oo} as a fixed point. The cone of B can then be defined

as CB = Cy(Ry, B) = Cy(R;) ® B, then the suspension SB is the kernel of the evaluation
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map evy, : OB — B at +o0. Defining & := CB x 1) R1 and recalling that & = Bx_,a) Ry,

osa
we see that ¢ is the kernel of the evaluation (of the cone/suspension variable) map at +oc.

The exact sequence of algebras
0— F 8% d —0 (8.6)
is therefore exhibited as a Weiner—Hopf extension [75]

0—K®B— CBx,_ R &3 Bx,u R — 0. (8.7)

0w

According to Kellendonk et al., the total algebra & as defined above is the algebra of
observables for the continuous family, over s € Ry, of (disordered) quantum Hall systems
confined to the half-spaces® (—oo, s]xRs. Each s € R, determines, canonically, a non-faithful
representation s of € on L?(R?). Their direct sum is, however, faithful. The restriction of
the bulk Hamiltonian Hy to the half-space (—o0, s] xRy with Dirichlet boundary conditions is
denoted by H', with H™) = Hp. Then the family of Hamiltonians {H*'} _z is affiliated
to & in the sense that there exists, for each f € Cy(R), an element F' € & such that
f(H®) = 74(F). The family of restricted Hamiltonians (H® : s € Ry) is thereby related
to the bulk Hamiltonian in a continuous manner.

From a mathematical viewpoint, exhibiting & as an extension of the bulk algebra by
the edge algebra allows one to relate the K-groups of &/ with those of ¢, via the six-term

exact sequence,

Tind lexp
Ki(o) +— Ki(&) «— Ki(f)

Here, the horizontal maps are the induced maps in K-theory corresponding to the homomor-
phisms in (8.6), while the vertical maps are the boundary maps in K-theory. Furthermore,
& is the crossed product of the contractible algebra C'B by R, so after using the Connes—
Thom isomorphism (Theorem 8.5.1), we obtain Ky(&) = 0 = K;(&). It follows that the
boundary maps are actually isomorphisms in this case. Recall that the formula for the
bulk Hall conductivity involves a pairing between the 2-cocycle ety and the Ky(<7) element
corresponding to the Fermi projection [p], provided the Fermi level £ lies in a gap of the
bulk Hamiltonian Hy. The strategy of [47] is to identify the edge conductivity with the
pairing between the “dual” cocycle on ¢, and the image [u] of [p] in Ki(_#) under the
boundary isomorphism exp.

An explicit formula for [u] = exp([p]) can be given as follows. Let A = [a,b] be an

interval containing Er, lying in a gap of the spectrum of Hy. Thus xa(Hp) = 0, while for

9For s = +o00, the boundary is at infinity, so we have the algebra of a quantum Hall system without
boundary.
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s € Ry, the operator xa(H®) is the projection onto the edge states with energies in the

interval [a, b]. Define the bounded continuous function v : R — C by

01 =10 (o (=) )

The function v — 1 vanishes at infinity, so there exists an element u — 1 € & such that
ms(u) = v(H®). Kellendonk shows that u belongs to (the unitisation of) ¢, and so defines
an element [u] in K;(_#) which is precisely exp([p]).

To define the cocycle “dual” to ¢y, Kellendonk considers “higher n-traces”, which are
constructed out of an ordinary trace 7 on an algebra A, together with n commuting
derivations {0y }}_,; which are each annihilated by the trace. Together, they define, via
Connes’ pairing, two additive functionals. For even n and [p] € K(A), the pairing is, up

to some constants,

<(‘7;613"-78n)a[p]> = Z y(paa(l)(p)"'ao(n)(p))a

oESy

while for odd n and [u] € K;(A), the pairing is

((F;01,...,0n),u]) = Z T (" = 1)0p1) (1) 0p2) (U*) . .. Oy (u)) -

oESy

The trace and derivations are extended to matrix algebras over A in order for these formulae
to make sense. As an example, the bulk Hall conductivity is a 2-trace on &/ defined by
(Tr; 01, 02), where the derivations'® are 0y = —i[X,]. For the edge algebra F, we define
a trace .7 on tensors f| ® fj € K® B = _# by the product

T (fL e fy) = tr(fL)tx(f(0)).

Here, tr is the standard (possibly infinite) trace on the compact operators. The first factor
can be interpreted as an average (per-unit-length) over the position s of the edge!!, while
the second factor is a trace-per-unit-length. The 1-cocycle dual to (Tr;d;,02) under the
boundary map exp (in the sense of preserving the Connes’ pairing) turns out to be —(.7; d2)

[48, 47]. In other words, there is an equality

1

((Tr;01,02), pl) = =5 (T3 02), [ul), (8.8)

where p corresponds to the Fermi projection and [u] = exp([p]).

1027 is represented on L?(R?) here.

"The isomorphism K(L?(R1)) = Co(R1) x, R1 can be described explicitly by taking an element f €
Ce(R1,Co(Ry)) to the kernel f(z,s) = f(s — z)(s) of an integral operator on L?(R;). Chasing through
the isomorphisms, one finds that the trace of such an integral operator in K corresponds to [ f(s, s)ds =

f f(0)(s)ds.
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It remains to give a formula for the edge “conductivity'?” in terms of [u], 7, 8. This

is defined to be the pairing —i% ((F;02), [u]), which can be understood as the average

of the operator (see, for instance, Theorem 3 in [49]) ﬁ%XA(H(S))[H(S), Q2)xa(H®). This
operator is ﬁ times of the current operator in the xo-direction, restricted to the edge states
with energies lying in A. The duality expressed in (8.8) is then the statement that the bulk
and edge conductivities coincide. The chiral nature of the edge current is also apparent
from the freedom in choosing the zi,xs-axes. If we had considered an edge on the left

instead, the edge current would run in the opposite direction.

8.4.1 Boundary maps, Connes—Thom isomorphisms, and suspensions

In the discussion of the Weiner-Hopf extension, the Connes—Thom isomorphism was used,
along with Takai duality'® and Bott periodicity, to establish that the two boundary maps
are isomorphisms. On the other hand, the isomorphism property of the index map for the
Weiner-Hopf extension (along with Takai duality) is precisely the Connes-Thom isomor-
phism for x = 1. Indeed, the Connes—Thom isomorphism can be proven by demonstrating
that ind is an isomorphism, and for this, the surjectivity of ind actually suffices, see Chap-
ter 10.9 of [11]. Suspension, which commutes with crossed products, shows that all the
boundary maps in the long exact sequence are also isomorphisms. The map exp is actually
a boundary map followed by the Bott periodicity isomorphism, so it is an isomorphism
as well. Altogether, these ideas give a link between R-covariance in an additional spatial
dimention, and a decrease by one degree in K-theory. The definition of higher K-groups
via suspension, namely, K,;1(A) = K,(SA), shows that suspension increases the K-theory
degree by one. Complex K-theory is 2-periodic, so taking the suspension and taking the
crossed product with R produce the same effect on the K-theory groups. In particular, if

the R-action is trivial, there is the isomorphism
A xiq R 2 Co(R, A) = SA = Co(R, A) = SA, (8.9)

where the middle isomorphism involves choosing an isomorphism R =~ R. It is useful
to distinguish a suspension variable in R from one in R, which is why we have defined
SA = Co(R, A) =2 A x;q R in (8.9).

For complex algebras A, the two suspensions S.A and SA are isomorphic. However, an
important difference arises in the real and Real cases. In general, if A is a real/complex

C*-algebra, we write Cy(R,.A) for the real/complex C*-algebra of continuous functions

12Conductivity may not be the most appropriate term, since no electric field or perturbation theory is
actually used to compute the edge currents.

13 Actually, we only used the result C(L?(R)) = Co(R) x, R, which continues to hold for real suspensions,
i.e., K(L*(R,R)) 2 Co(R,R) x, R.
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f : R = A vanishing at infinity, with the supremum norm. For instance, Cy(R,C) (resp.
Co(R,R)) is the complex (resp. real) C*-algebra of continuous complex-valued (resp. real-
valued) functions on R vanishing at infinity. Cy(R,C) is obviously the complexification
of Cyp(R,R), so it is naturally a Real C*-algebra with Real structure given by point-wise
complex conjugation. It has a second natural Real structure, given by f(z) = f(—z). So
Co(R,C) = Cy(iR) ®g C where

Co(iR) == {f € Co(R,C) : f(x) = F(—a)}. (8.10)

More generally, if A is a real C*-algebra, its complexification A®g C has a natural involution
() which fixes A, and we define

Co(iR, A) = {f € Co(R, A®x C) : f(x) = (—2)}.
For a real C*-algebra, the two suspensions S.A and SA are defined to be

SA=Cy(R,R) ® A= Cy(R,.A),
SA:= Cy(iR) ® A =Cy(iR, A).

The complexifications of SA and S.A are both isomorphic as complex C*-algebras to
S(A®r C) = Cy(R, A®r C), but not as Real C*-algebras. Also, while a crossed product of
a complex C*-algebra by R with the trivial action is isomorphic to its suspension operation,
A xiq R =2 S A, we need to use the modified suspension S in the real case. To see this, recall
that R xjq R is generated by real-valued functions R — R with the convolution product.
Fourier transformation turns such functions into complex-valued functions on R satisfying
f(z) = f(—z), with the pointwise product, i.e. R — R = Cy(iR) = SR. Replacing the
algebra R by a general real algebra A gives A xiq R = Cy(iR, A) = SA.
The higher K-groups for a real C*-algebra may also be defined through suspensions,

K,(A) = Ko(Co(R",R) ® A) = Kp(S"A).
We can actually define the doubly-indexed K-theory groups,
K, s(A) = Ko(S"S"A),
which have a (1, 1)-periodicity (see (A.6))

Krg(A) 2 Ky o(A) = Kr_y(A), (8.11)

where r — s is taken modulo 8. These double-indexed groups are really special cases of

K KO-theory groups, see [80]. The analogy with the suspension definition of the higher
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topological K R-groups should be noted: KR™(X) := KR%(X x R"*), where the Real
space R™* is the space R™** with involution (x,y) = (x, —y).

Now, consider a non-trivial R-action on a real algebra A. We obtain a Weiner—Hopf
extension for real algebras in a similar fashion to the derivation of (8.7) for complex algebras.
The R-action is extended, as before, to an action ¢ ® o on SA and CA, where p is the
translation of the suspension/cone variable with fixed point at {+oc}. This extension gives

rise to the boundary maps of the corresponding long exact sequence,

87‘ ~Y Y
Kri1,5(AXa R) =5 K o(SA X ggia R) 2 K, s(A® K(L2(R))) = K, 5(A). (8.12)
There is a real version of the Connes-Thom isomorphisms!4,
Kn+1 (-A Xa [R) = Kn(A) (813)

Using (8.13) and (8.11), we see that the boundary maps 0, are isomorphisms. In particular,
if the R-action is trivial, the left-hand side of (8.12) is just K,+1(SA) & K,(SSA) = K,(A),
which is immediate from the definition of the K-groups and their (1, 1)-periodicity, and does
not require the Connes—Thom isomorphism.

Heuristically, the bulk algebra 2/ has an extra R symmetry compared to the algebra A
of a cross-section/boundary at a particular point in the perpendicular direction R, . There-
fore, we expect that &/ = A x, R . The precise choice of cross-section/boundary should
not matter, up to isomorphism, and is somewhat arbitrary in the bulk. On the other hand,
if a cross-section is actually a boundary, its spatial position is a relevant classical observ-
able, as are all (reasonable) functions of it. The suspension SA = Cy(R,,.A) encodes this
information, and the extension of o to SA x40 Ry to include translation in the suspension
variable encodes the required covariance. The algebra SA x,54 R} is actually isomorphic

to A® K(L*(RL)), and consists of observables “localised” on a cross-section/boundary.

8.5 A unified explanation for the periodicities in the classi-
fication of gapped topological phases

In Section 5.4.2, we showed that the graded PUA-reps of each of the ten choices of (A, o)
are in 1-1 correspondence with the graded representations of a real or complex Clifford
algebra according to Table 5.5. The super-representation group of C x(, ,) A and that of
its corresponding Clifford algebra coincide, and is precisely a K-theory group of a point,
according to equations (6.6a)—(6.6b). Therefore, we say that the classes of 0-dimensional

gapped topological phases compatible with the symmetries specified by (A, o), modulo

YFor a proof, see Corollary 2.5.3 of [80]. Kasparov has even more general K K-theoretic results in [45, 46].
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Cartan | Generators of | ~o 2 K,(R) or
| label A cs T° | Clpy or Cly, K. (C)
0| Al T 11 Cloo Z
1| BDI |CT 1 41 Clo. Z,
2| D C +1 Cloo Zs
3| prrr | o 11 -1 Clos 0
4| AII T -1 Cloa z
5| CII C, T -1 -1 Clos 0
6 C C -1 Clos 0
7|CI c,T -1 +1 Cloz 0
0| A N/A N/A Cly Z
1| AITT S $? = +1 Cly 0

Table 8.1: Classification of O-dimensional gapped topological phases and their difference-
classes. The next-to-last column lists the Clifford algebra Cly,, or Cl, in the graded Morita
class of the algebra A associated with (A,0). The K-theory group in the last column is
isomorphic to the super-representation group SR(.A), as well as the difference-group Ko(.A).
The second column lists the Cartan label of the symmetric space of quantum mechanical
time evolutions with corresponding C, T symmetries [77, 37].

~

topologically trivial phases, is given by K" (%) = K,(C) or KO™"(x) = K,(R), according
to Table 8.1. The same K-theory groups also classify the differences of (A, o)-compatible
gapped Hamiltonians, due to the isomorphisms Ko (Cl, s) = Ks_(R) and Ko(Cl,,) = K, (C).

In the literature, it is often claimed [50, 84, 77] that the K-theoretic classification of
gapped topological phases in d spatial dimensions is the same as that in 0 dimensions,
except for a shift in the K-theory index by d. This is typically shown in a heuristic manner,
using specific models with Hamiltonians parameterised by R?. We show that the dimension
shifts can be explained in a robust and rigorous manner using several powerful results in

the K-theory of crossed product C*-algebras.

Theorem 8.5.1 (Connes—Thom isomorphism [15, 46, 80]). Let (R, A, ) be a C*-dynamical
system, with A a real or complex (ungraded) C*-algebra. Then K, (A X (q,1) R) = K, _1(A).

Remarkably, Theorem 8.5.1 holds for any continuous « : R — Auty(A).

Theorem 8.5.2 (Packer—Raeburn stabilisation trick [66]). Let (G, A, «,0) be a twisted
C*-dynamical system, and let K denote the compact operators on the Hilbert space L*(G).

There is an isomorphism
(.A Xl(a,a) G) QK = (.A ® IC) >Q(0/71) G,

for some untwisted action o' of G on A® K.
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Corollary 8.5.3 (Dimension shifts). Let (R% A, a,0) be a twisted C*-dynamical system.
Then Kp(A X (4,0 RY) =2 K,_q(A).

Proof. Iterating Theorem 7.1.1 yields

.A N(a,o) |Rd = (.A N(Oél,Ul) |R) N(a2’02) Rd_l

= ((A ><](a1,01) IR) ><](042,02) IR) >q(043703) Rd_Q

= ( - ((‘A X (a1,01) R) M (az,02) [R) H(asz,03) ) M ag,04) R,

for some sequence of twisting pairs (o, 0;), ¢ = 1,...,d. Then, Theorem 8.5.2 says that we
can untwist each of the iterated crossed products, provided we stabilise the algebras, i.e.,

tensor by K. Since K-theory is invariant under stabilisation, we have

Ep(Ax@e RY) = K, (( ((A %oy 1) R) X(ag1) IR) X (o, 1) ) X 1) IR)
= and(A%

so the effect on K-theory is to lower the index by d. O

Suppose (G, ¢, ¢,0) describes the symmetries of a physical system, G = ker(¢,c) x A =
Go x A, and o(go,y) = 1 = o(y,go0) for all g € Go, y € A. In the real case, the graded
twisted group C*-algebra takes the form A = A &Cl,. s where A%V = R X(1,0) Go; in the
complex case, it is A = A*®Cl,, where A° = C X(1,0) Go. In Section 6.4, we found the
difference-group of A to be an ordinary K-theory group, Ko(A) = Ks_.(AY) (real case)
or Ko(A) =2 K,(A%) (complex case). Suppose there are now d additional translational
symmetries, G = G x R%, so that G = (Gp x RY) x A = Gy x A. We may assume that
the homomorphisms ¢ and ¢ are extended trivially to R? by continuity. We also assume
that the extension & of ¢ remains trivial between Go and A, although we allow &(x, go)
and &(go,x) to be non-trivial for x € R?% gy € Go. Thus the extra R? symmetries may
be projectively realised. Then the graded twisted group C*-algebra A of (@, ¢, ¢,0) is
A= (A X (8,) R &C1, s, for some twisting pair (3,v). Note that A" X (3,) R? is purely

even as well. It follows from Corollary 8.5.3 that

Ko(A) = Ko (A% x5, RY) = K, _4(A%Y) real case (8.14a)
Ko(A) = K, (A% X (8,) RY) = K,_4(A%) complex case (8.14Db)

In fact, to arrive at (8.14a)-(8.14b), we only need the factor G to be an extension (of

topological groups) of Gy by R?,
1—Gyp— Gy — R — 1. (8.15)
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Furthermore, the argument still works for general graded twisted C*-dynamical systems,
i.e., with C replaced by a general purely even algebra B°. For example, B*¥ could be used
as a model for disorder [10] . Therefore, under fairly general assumptions about additional
R? symmetries, we find that the difference-group Ko(-) becomes that for d = 0, provided we
lower the K-theory index by d. It is also important to note that the suspension operation
raises the degree in K-theory. This does not matter in the complex case because of the
2-periodic Bott periodicity, but it matters in the real case, where there are in fact two
distinct notions of suspension, see Appendix A. The degree shifts can also be accounted for
if we use the correct notion of suspension, and is a special case of our approach.

There is a similar discretised version of the dimension shift phenomenon. To understand
this, we first consider the simplest example of the graded twisted group C*-algebra of
G = 7% x A, where Z% acts trivially on C, and o is only non-trivial between elements of A.
Then

(R x ZH)&Cl, s = C(T4,6)RCl,.s real case,

A=Cx a,o Zd x A) = & 3
(o,0) ( ) {(C “ Zd)®Cln o~ C(TTd, ([j)@([jln complex case,

where C(T% ) is defined in Appendix A.1.1. The Kq(A) groups reduce to ordinary K-
theory groups, and when d = 1, we can use (A.8a)-(A.8b) to obtain

K (R)® Ks_,—1(R) real case,

(8.16)
K,(C)® K,,—1(C) complex case.

Ko(@ N(a,o) (Z X A)) & {
Thus, a trivial crossed product with Z results in Ko(-) acquiring an extra K-theory group
with index lowered by 1. In the complex case, equation (8.16) continues to hold with C
replaced by some other purely even complex algebra B¢Y which is trivially acted upon by
Z. Similarly, in the real case, we may replace C = R ®g C by some purely even complexfied

algebra B = By ®g C. Using (A.8a)—(A.8b) repeatedly, we obtain, assuming oz« = 1,

d
4 D (Z) Ky, p(Bg) real case,
Ko (B o) (2% x 4)) = {450 (8.17)

&b (Z) K, (B) complex case.
k=0

Note that there is always a single extra Ks_,_4(Bg") or K, _4(B) factor, just as in the
case of a crossed product with R?. It is with respect to this factor, that the “discre-
tised” dimension shift phenomenon occurs. Equation (8.17) generalises the topological

K R-theory calculations of Kitaev in equations 25-27 of [50]. In particular, if we take
A={1,T}, T? = —1, B® = C and d = 3, we obtain the difference-group for 3D T-invariant
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insulators,

1

(3
Ko(C (o) (2% {LT}) = € (k) Ko (R)
k=0
— Ki(R) @ 3K3(R) @ 3Kx(R) & Ky (R)

= 70475,

a result obtained by K R-theory methods in Theorem 11.14 of [30]. According to [50],
the Kane-Mele invariant detects the Zs factor coming from Kj(R), the remaining three
Zy factors coming from Kjy(R) refer to “weak” topological insulators, and the Z factor
due to K4(R) counts the number of Kramers degenerate valence bands. We stress that
the expression (8.17) assumes some specific structure of the symmetry data (G, ¢, ¢,0), in
particular, the way in which Z¢ sits inside G. These assumptions do not hold, for instance,
when there is spatial inversion symmetry, which acts on Z% non-trivially.

Nevertheless, in the complex case (no antiunitaries), there is a “robustness” in the
discretised version of the dimension shift phenomenon, in the sense that we may twist the
group algebra C x Z¢ = C(T¢) by any cocycle o, without changing its K-theory groups.

This is the well-known result for the K-theory groups of “non-commutative tori” [25],
K, (C %15 Z% =2 K. (C(T%) = K*(TY). (8.18)

Thus, for B®Y = C in (8.17), we need not assume that o|,a,7¢ = 1. This allows discretised
models of the quantum hall effect (with any flux, not necessarily rational) to be handled in
our framework. Equation (8.18) is a special case of the results in [68] for discrete subgroups
of solvable Lie groups, and the latter was used to study the quantum hall effect on the
hyperbolic plane [14].

One conceptual advantage of our approach is that all symmetries are treated on an equal
footing. These include time/charge preserving/reversing symmetries, projectively-realised
symmetries, Z%symmetries underlying band insulators, and translations R? in extra spatial
dimensions. Furthermore, the arguments leading to Equation (8.14a)—(8.14b) suggest that
the phenomenon of “dimension shift” in the classification schemes for topological insulators
observed in [50, 79, 77] is very robust, and does not depend on the details of how the extra
dimensions come into play. Table 8.5 summarises the periodicities in the difference-groups,
in the special case where G = A. It is similar to the results in [77, 79|, and to Kitaev’s
table [50], after a suitable re-interpretation. Note, however, that the groups appearing in
the table need to be modified if Gy # 1 in G = Gg x A. The d = 0 column should be
replaced by the Ggy-equivariant K-theory groups of a point. Then, assuming the extra R?

symmetries enter the picture as in (8.15), these groups will fill up the d > 0 columns with
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n Cartan 2 T2 Ko(A) 2 K,,_4(R) or K,,_4(C)
label d=0 d=1 d=2 d=3

0| AI +1 VA 0 0 0

1 | BDI +1 +1| Zs VA 0 0

2| D +1 7 75 Z 0

3 | DIII +1 -1 0 7, 75 Z

4 | AIT -1 Z 0 Zs 75

5| CII -1 -1 0 VA 0 75

6| C -1 0 0 Z 0

71CI -1 +1 0 0 0 Z

0] A N/A VA 0 Z 0

1| AIIT S?2=+1 0 YA 0 VA

Table 8.2: Periodic Table of difference-groups for gapped topological phases in d dimensions.
The n = 0 and n = 4 rows may also be interpreted as super-representation groups, or as
K-theory groups classifying Type-I insulators. The K-theory degree shifts in both the
vertical and horizontal directions are manifestations of isomorphisms in K-theory. In the
vertical direction, it is due to the effect on K(.A) of tensoring with a Clifford algebra; in the
horizontal direction, it is due to the Connes—Thom isomorphism. The twofold and eightfold
periodicities are due to Bott periodicity in the Clifford algebras and K-theory.

the appropriate dimension shifts. If we only have extra discrete Z¢ symmetries, the shifts
require additional assumptions, as well as the understanding that only the k = d terms in
(8.17) are considered.

It is crucial that we do not use the assumption that the extra R symmetry acts trivially
on C (or more generally, on the algebra A). As we have seen with the physically important
example of the IQHE, there is generally an algebra covariance under the additional R
symmetry. Furthermore, despite the projectively-realised R? symmetry in the IQHE, it fits
nicely into our version of the periodic table. We also see why time-reversal symmetry needs
to be broken, by a magnetic field or otherwise, in order to exhibit the Integer Quantum
Hall effect. For Type I insulators in two dimensions with T? = +1 (assuming spin-0), the
relevant K-theory group is trivial; however, a Zo-invariant is possible if the spin—% nature of
electrons are taken into account, so that T? = —1. Finally, by identifying the K-theoretic
origins of these features, we also make contact with the boundary isomorphisms relating

the bulk phenomena with edge phenomena, as discussed in Section 8.4.1.
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Appendix A

Some K-theory definitions and
results

A.1 K-theory definitions

We begin with a definition of K-theory groups which combines, in some sense, the topologi-
cal K-groups for spaces, and the K-groups for C*-algebras. It follows closely the treatment
in [80]. Let A be a real or complex unital C*-algebra, and X be a compact Hausdorff
space. We can consider the category of A-bundles over X, which are locally trivial Banach
bundles over X such that the fibres are finitely-generated projective (left!) A-modules. The
morphisms are Banach bundle morphisms that are morphisms of A-modules between fi-
bres. Direct sums of isomorphism classes of A-bundles over X makes sense, and we define
K(X;A) = K°(X; A) = Ko(X; A) to be the Grothendieck group of the monoid of A-bundles
over X with the direct sum operation. If A is a real C*-algebra, we sometimes write KO in
place of K for emphasis, although the nature of A should make it clear whether we are deal-

ing with real or complex K-theory. When A is just the ground field, assumed to be F = R or

C, K(X;C) and KO(X;R) reduce to the usual topological K-groups K°(X) = KQOP(X) and
KO’ (X)=K Ogop(X ). When X is a point x, we recover the operator algebra K-groups,

e, K(*x;A) = Ko(A) and KO(*;A) = KOy(A). Alternatively, we can move X to the
algebra side and define K(X;.A) to be the operator algebra K-group Ky(C(X,.A)).

To extend these definitions to locally compact X, we need to first define relative K-
groups. For compact pairs Y C X, the relative K-group K(X,Y;.A) is defined as in
Definition 1.4.3 of [80]. Namely, we consider triples (E;, F;, o), i = 1,2, where E;, F;, are

A-bundles over X, and «; : E;|y — Fj|y are A-bundle isomorphisms on the restrictions to

Tt seems to be more usual to use right modules in operator algebra K-theory. The choice is irrelevant for
commutative algebras, and is largely unimportant even for noncommutative algebras due to the restriction
to projective modules, see 1.7.2 of [11]. However, if one uses a K K-theory definition for K-theory groups,
then graded modules are indispensible, and it does matter, for example, whether we want a left or right
graded Cl, s-module in the definitions.
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Y. We say that (E1, Fi, aq) is equivalent to (Ea, Fa, a) if there are A-bundle isomorphisms
f:Ey — Eyand g: Fy — Fy, such that ago f|y = gly oa1. An elementary triple is a triple
(E, E, a) such that o homotopic to idg in the set of A-bundle isomorphisms. We can form
the direct sum of triples in the natural way, and we say that two triples are stably isomorphic
if they are isomorphic upon adding elementary triples. K(X,Y’;.A) is then defined to be
the group of stable isomorphism classes of triples [E, F, astap-

Then, for a locally compact space X, we define K(X;A) := K(XT,{cc};A). This
can also be understood as K-theory with “compact supports”, see e.g., Chapter 1.9 of
[54]. Alternatively, taking the one-point compactification X' as a compact basepointed
space, K(X;A) can be defined as the reduced K-group K(X*;A), which is the kernel of
the natural projection K(X*;A) — K(*;A) = K(A), induced by the inclusion of the
basepoint * into X*. The higher relative K-groups are defined to be K~ "(X,Y; A) =
K((X-Y)xR" A). When Y = ¢, we get the higher K-groups for a locally compact space
K™(X;A) = K(X xR"; A). For a closed subset Y of a locally compact space X, the higher
relative K-groups are defined to be K "(X,Y;A) = K((X —Y) x R™; A), generalising the
expression for the compact case.

On the operator algebra side, for unital A, we obtain the higher operator K-groups
K, (A) by taking X = *:

Ku(A) = K "(x;A) = K(R"; A) = K(B", 5" 1 A).

More generally, for unital C*-algebras of the form Cy(X,.A), we can define K,,(Co(X,A)) =
K~™(X;A). Taking X = R” then gives K,(A) = K(R";A) = K(Cy(R",.A)), the last
expression being the usual definition? of K, (A) via the n-th suspension of A. In particular,

for the commutative algebras of the form Cy(X,[F), we have
Kn(Co(X,F)) = K "(X;F) = K(X xR F) = Kop(X xR") = K7"(X).
Finally, for non-unital algebras A, we define their K-groups as the kernel
Kn(A) = ker(K,(A") — K,(F))

induced by the projection AT — F.
There are a number of less well-known definitions for graded C*-algebras A, which reduce
to ordinary K theory when A is purely even. For instance, there is the K-theory of graded

Banach algebras in [88, 89], which we do not use. Instead, we have used Karoubi’s definitions

“For complex C*-algebras, K;(A) is sometimes defined as G Loo(A)/GLeo(A)o, where GL,(A) = {x €
GLn(AT) : 2 = 1, mod M,,(A)}. GLoo(A) is the direct limit of the natural embedding = +— diag(z,1) of
GL,(A) into GLp4+1(A), and GLo(A)o is the identity component of GLo(A)o. K1(A), defined in this way,
is then shown to be equal to Ko(Co(R,.A)) = Ko(SA).
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of K-theory in terms of gradations. We also remark that in Kasparov’s K K-theory [45,
46], groups KK (B, A) are defined for graded C*-algebras A and B, and reduce to the
ordinary K-groups for B =F and purely even A. The full K K-theory is extremely general,
encompassing the complex, real, Real, graded, and equivariant cases, but is technically
difficult. Instead, in Chapter 6, we prefer to define the super-representation group SR(.A)
and a Karoubi-type Ko (A) for graded C*-algebras A. Both SR(A) and Ky(A) reduce to
the ordinary K-theory group Ky(A) when A is purely even.

There is also a homotopy-theoretic version of the K-theory groups of a C*-algebra A.
We merely outline the definitions, and refer to Chapter II1.1.6 of [42] for the complex case,
and Theorem 1.4.6 of [80] for the real case. For a unital C*-algebra, we write GLy(.A) for
the group of invertible elements in the matrix algebra M,,(A) over A. For each | > k, there
is a natural embedding of GLj(A) into GL;(A) by u — diag(u, 1;—1). We write GLu(.A) for
the direct limit hg GL;(A) with the inductive limit topology. Then there is an isomorphism

Kn(A) = limm, 1 (GLr(A)) = Tn1(GLc(A)), n>0.
The isomorphism takes a homotopy class [a] € m,—1(GLg(A)) with representative
a e C(S" 1, GLL(A)), a(l) = 14,
to the equivalence class of triples
[a] = [(C(B", A)F,C(B", A, a)] € K(B", 5" 1 A) = Ky(A),
where C(B", A)* denotes the trivial A-bundle over B" with fibres A,

A.1.1 A collection of results in real and complex K-theory

The main important results in complex K-theory can be found in [11, 93], while their
generalisations to real K-theory can be found in Chapter 1.4 of [80]. In both complex
and real K-theory, there is a long exact sequence of K-groups associated to a short exact
sequence of algebras 0 — J Lel A/J — 0. There are connecting maps 9, : K,(A/J) —

K,—1(J), making the following long exact sequence exact,

o Kn(T) 5 Ko (A) 25 K (A)T) 2 Ky 1 () 25 K1 (A) 25 K1 (A)T) = ...
(A.1)
Because of Bott periodicity in K-theory,

K,(A) 2K, s(A) real case,
K,(A) 2K, 2(A) complex case,



the long exact sequence in (A.1) becomes cyclic, with six terms in the complex case and 24
terms in the real case.

Let (T%,¢) be the Real space T¢ with involution z + ¢(z) = z. Let us write C(T%,¢) for
the real C*-algebra of continuous functions f : T — C such that f(s(z)) = f(z). The real

and complex Toeplitz algebras TF, T fit into non-split exact sequences
0= Kg—=TF—=CT,5) =0 (A.2)

0—Ke—T—C(T,C)—0. (A.3)

Let g denote the composition of the quotient map 7 — C(T,C) with evaluation at 1, and
similarly in the real case. The kernels 7y and 76'R of ¢ are K-contractible in the sense that

for all n,(Corollary 1.5.3 of [80])

Ky(ARTF) =0  real case, (A.4a)
K,(A®Ty) =0 complex case. (A.4b)

Recall the definition of Cy(iR) in (8.10). Applying (A.4a)-(A.4b) to the long exact sequence

for

0+ AKg - AR TS — A® Co(iR) — 0 real case,
0> ARKe > A®Tp = AR CH(R,C) — 0 complex case,

we arrive at the isomorphisms

I

Kn(S’A) = KH(A® C()(UR)) = Kn_l(.A X IC[R)
K,(SA) = K,(A® Cy(R,C)) = K,,_1(A® K¢)

K,_1(A), real case,

Il

K,-1(A),  complex case. (A.5)
Thus, we see that in the real case, S is the K-theoretic “inverse” of S,
K, (SSA) = K,(SSA) = K,(A® Cy(iR) ® Cy(R, R)) = K,,(A). (A.6)

The complex group algebra of Z¢ is, upon taking the Fourier transform, isomorphic to
the complex C*-algebra C(T¢,C), which has a real subalgebra C(T¢,¢) isomorphic to the
real group C*-algebra of Z. In other words,

Rxq)Z% = C(Tq),
C ><1(1’1) Zd = C(Wd, C)

If we apply (A.5) to the split short exact sequences

05SA-A2C0T o) 5 A0 real case,
0—+SA—-AC(T,0) EH A-0 complex case,
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we find that

K,(A® C(T o) =2 K, (A) & K,_1(A), real case, (A.8a)
K,(A® C(T',0)) =2 K, (A) & K,_1(A), complex case. (A.8b)

Equations (A.8a)-(A.8b) are really special cases of the Pimsner—Voiculescu (PV) exact
sequence (Theorem 10.2.1 of [11] and Theorem 1.5.5 of [80]) for the K-groups of crossed
products of A by Z. Let a € Autr(A) generate an action of Z on A. The PV-sequence is

the exact sequence
o Ko (A) 0 K (A) 25 Ky (A X (o) Z) — Kpoa (A) 225 0 (A9)

By Bott periodicity, the PV-sequence reduces to a cyclic exact sequence, with six terms in
the complex case and 24 terms in the real case. By setting o = id in (A.9), we recover the
result (A.8a)—(A.8b).

A.2 The Atiyah—Bott—Shapiro construction

The Atiyah-Bott—Shapiro isomorphisms [4] highlight the fundamental role of the Clifford
algebras in K-theory. The Bott periodicity of K-theory is given an algebraic description
in terms of Clifford modules, which we find extremely useful in our work. We outline the
Atiyah—Bott—Shapiro construction in real K-theory. Let W = Wy ® W1 be a graded Cl,,-
module, and let E; be the trivial real vector bundles B™ x W; for ¢ = 1,2. We can associate

to W the relative K-group element
on(W) = [Eo, E1,0] € K(B",S" 1 R),
where « is the isomorphism over S™ 1,
alr,w) = (z,z-w), xcS" ! weW,.

One checks that ¢, is well-defined on isomorphism classes and is additive, so that there is
an induced homomorphism ¢, : GR(CI,,) — K(B", S"1;R). Now suppose that W extends
to a graded (left) Cl,,+1-module. Let e, 1 denote the extra Clifford generator, also regarded
as an element of R"! orthogonal to R”. Then we can extend the isomorphism a to the

whole of B™ by setting
alz,w) = <w, (x+V1—|z]?ent1) - w) , x€B" weW,.

In this case, Ey and E; are isomorphic, so ¢, (W) is equivalent to the zero element in

K(B", 8" 1;R) = K~"(%;R). The homomorphism ¢,, thus descends to a homomorphism
©n : GR(CL,) /iT*"GR(Clyy1) — K" (*;R).
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That ¢, is actually an isomorphism is one of the main results in [4]. Similarly, in the

complex case, we have the ABS isomorphisms
GR(CL,)/i*"GR(Clyt1) — K "(*),

A second related way in which Clifford algebras enter the description of higher K-
groups is through the approach of Karoubi, and can be found in Chapter III of [42]. We
have followed his definitions closely in defining K,,(-) in Section 6.4. Next, there is the
K K-theory description (Definition 2.4.11 of [80]); in the real case, this is

K (A) = KKO, (R, A) = KKO, (R, A) = KKO(R, Cl, ¢®A) = KKO(Clyn, A),
while in the complex case, it is
K,(A) 2 KK(C,A) = KK,(C,Cl,®A) =< KK, (Cl,, A).

Note that the standard definitions of KKO(B, A) and KKO(B, A) involve right Hilbert
A-modules.

For commutative A = C'(X), Karoubi also developed [40] his K"*(X) groups in terms
of homotopy classes of graded bundles of Cl, s-antilinear (anticommutes with the Clifford
generators) odd self-adjoint Fredholm operators over X, and showed that his K™*(X) are
isomorphic to his K'™*(C(X)) and hence our Ko(C(X)). This should be compared to the
use of Cl,,_1 p-antilinear skew-adjoint Fredholm operators (or odd Cl,, o-linear self-adjoint
Fredholm operators) as classifying spaces for K~"(X) in [5]. Some of the connections
between the ABS constructions in [3], Karoubi’s K-theory, as well as the twisted K-theory
of [21], are decribed in [43].

A.3 KR-theory

Atiyah’s K R-theory [3] is defined for Real spaces (X,¢), with ¢ being a homeomorphism
of X such that ¢2 = 1. We write & = ¢(z) for brevity. Complex vector bundles over
X are replaced by Real bundles over X, which are complex vector bundles equipped
with their own involutions ¢, which respect the projection onto X (so w0 ¢ = ¢ o),
and are antilinear on fibres. The higher K R-theory groups are doubly-indexed, and de-
fined through suspensions, see (A.10). There is a (1, 1)-periodicity in these groups, and
one also writes KR (X,¢) = KR °(X,q) & KR"(X,0), with indices taken mod-
ulo 8. K R-theory is also defined for Real C*-algebras (A,¢), where (A,¢)-modules M
must now have the extra structure of a Real module, namely, an antilinear involution

such that a~m = a-m for all @ € A and m € M. In the commutative case, there is

137



an isomorphism K R%(X,s) = KRy(Co(X,s)), where Co(X,s) is the Real C*-algebra of
continuous complex-valued functions on X vanishing at infinity, with the antilinear in-

volution f(z) = f(z). Evidently, Co(X,<) is the complexification of the real subalgebra
CR(X,s) = {f € Co(X,s) : f(x) = f(Z)}, s0 one even has KR*(X,s) = KOp(CX(X,s)).
In this way, topological K R-theory can be dealt with using real operator K-theory. In
general, replacing “complex” with “Real”, along with modifications respecting the new
structures, gives the definitions of K R(X;.A), where we have dropped the explicit reference
to the involutions on X and A. They are understood to be present whenever when the
notation “K R” is used.

Gelfand—Naimark duality in the real case states that a real C*-algebra is isometrically
*-isomorphic to the real C*-algebra of functions Cyp(X, <) for some Real space (X,<). Recall
that the real Clifford algebras Cl, s can be abstractly characterised as CI(V, ¢), where V is a
r + s dimensional real vector space and ¢ is a non-degenerate quadratic form with signature
(+,...,+,—,...,—), the plus sign appearing r times and the minus sign appearing s times.
Here, the unital algebra CI(V,q) is generated by V' C CI(V,q), subject to v? = —q(v)1,
and there is an isomorphism CI(V,q) = Cl, 5. Also recall that Cl, s is the real fixed-point
subalgebra of the Real algebra CI(R™*) ®g C = CI(R™*) with the appropriate antilinear
involution, namely, complex conjugation along with the involution of CI(R™*) (see Section
7.3.5). Now consider R™* = R” @ iR®, and make it a Real space by defining the involution
(x,¥) — (x,—y). We can understand CI(R"*) as the Real algebra associated to the Real
space R™®. The Real subspaces B™* and S™° are defined to be the unit ball and unit
sphere in R™* (equipped with the standard Euclidean norm in R"**). Note that S™° has
dimension r 4+ s — 1; for example, S?9 = S! is a circle. For a compact Real pair Y C X,

the doubly-indexed relative K R-groups are defined as
KR™(X,Y)=KR((X —Y) x R™) = KR(X x B"*, X x S™*UY x B"*),

and are extended to the locally compact case in the same manner as the relative K—"
groups. When s = 0, we also write KR~ := KR™". For a general locally compact Real

space, we thus have
KR™(X)=KR(X xR")=KR(X x B" X x 8" (A.10)

The ABS construction also works in K R-theory (see Theorem 1.10.11 in [54], and [4, 3]).
Given a Real graded module W = Wy & W; for CI(R™®) (equivalently, for CI(R™*)), we
associate the element ¢, s(W) = [Ey, E1, a|, where E; = B™® x W; are trivial Real bundles,

and « is the isomorphism over S™® given by
alz,w) = (2,2 -w), z=(z,y) € R, weW.
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This yields, as before, the homomorphisms ¢, s : GR(CI(R™*)) — KR(B™*,S8™*) = KR"*(%).
If W extends to a CI(R"T1¥)-module, the same argument shows that ¢, s(W) represents the

zero element in K R™*(x), and one even gets isomorphisms
frs : GR(CIR™) /i GR(CUR™)) — KR ().

A.3.1 Super-representation groups and K R-theory of Real graded alge-
bras

In the algebraic setting, there is a K R-theory for Real graded C*-algebras [62] (which
is subsumed by Kasparov’s K K R-theory). Recall that a Real graded C*-algebra A is a
complex graded C*-algebra A = Ay @ A; with an even antilinear involution U preserv-
ing this decomposition. Examples are the complexifications of the Real Clifford algebras
CI(R™*) = CI(R™*) ®r C, with the involution on CI(R™*) extended antilinearly. For in-
stance, C @ C can be viewed as the complexification of CI(R®!) = R @ R, the latter being
graded by the decomposition Ay = {(A\,A) : A € C} and A; = {(A\,—=)) : A € C}, and the
involution being defined by (A, A) — (A, A) and (A, —A) — (=X, ). Note that the Real
graded CI(R™*)-modules defined in the previous subsection (with the obvious extensions
to the graded case) are precisely the Real graded modules for the Real graded algebras
CI(R™*) as defined here. Another example is the purely even Real C*-algebra Cy(X) of
continuous functions on a Real space (X,¢). A Real graded module over A is a graded

complex A-module W = Wy @ W1, along with an antilinear involution (-) such that

W, = W
Asz - Wi+j(mod2)>

a -

S
Il
o

a-w, ace A, weW.

The algebra End 4(W) is itself a Real graded C*-algebra, where an element is of degree 0 if
it preserves the degree of w € W, and is of degree 1 if it changes the degree of w by 1 (mod
2). The involution on End4(W), and more generally, linear maps W — W, is defined by
L(w) = L(w). A degenerate Real graded A-module is one for which there exists an odd (i.e.
degree 1) L € End4(W), such that L? = 1 and L = L. We define the group SR(A) as the
quotient of the monoid of equivalence classes of Real graded finitely-generated projective A-
modules, by the congruence generated by the degenerate ones. This is only slightly different
from what we called the super-representation group of real or complex graded algebras in
Definition 6.2.5. Instead of requiring L € End 4(W'), we want a trivialising operator Z which
is a super-endomorphism, i.e., it graded commutes with A. Then a Real graded A-module

is trivial if there is an odd super-endomorphism Z such that Z? = 1 and Z = Z. Then, the

139



super-representation group of A is defined to be the quotient of the monoid of equivalence
classes of Real graded finitely-generated projective A-modules, by the congruence generated
by the trivial ones. Note that when A is purely even, the degenerate and trivial modules
coincide, since graded commutation with A4 is the same thing as ordinary commutation with
A. In this case, SR(A) and SR(A) are isomorphic.

An operator L making W degenerate can be turned into the action of an extra negative
0 L

Clifford algebra generator. If we write L = <L_1 0

> and L commutes with A, then

e= (8_1 I(}) and e graded commutes with A, and e? = —1. In contrast, the operator
7 defining a trivial W acts like a positive Clifford algebra generator. For a purely even
Real C*-algebra, an alternative definition of K Ry(A) is SR(A) or SR(A). More generally,
we find that SR(CI(R™®)) = SR(CI(R®")). This follows from the fact that a CI(R™®)-
module is a CI(R*")-module by redefining the Clifford generators e; — I'e; =: €], and that
L anticommutes with e} iff L commutes with e;. We can also define a Karoubi-type group
KRy (A) for Real graded C*-algebras using grading operators on Real A-modules, which
must additionally respect the Real structure. The higher super-representation groups and

KR, ,(A) groups can similarly be defined using CI(R"*), but we do not use them in our

work.
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Appendix B

Some technical remarks on
projective unitary-antiunitary
representations

B.1 Projective unitary representations

This section is based on Appendix D.3 of [97], where detailed proofs can be found. Recall
that a (strongly-continuous) unitary representation of a topological group G on a separable
complex Hilbert space 7 is a continuous homomorphism U : G — U(H), where U () is
the unitary group of 4 equipped with the strong operator topology. The unitary scalars T
form the centre of U(.7¢), and the quotient P () :=U()/T, with the quotient topology,
is the projective unitary group of €. By a projective unitary representation of G, on J€, we
mean a continuous homomorphism G — P (7). Now, each unitary U € U(.#) determines
a x-automorphism of the C*-algebra of compact operators K = K () via the adjoint action
Ady. The group Aut(K), like the automorphism group Auty(A) of any C*-algebra A, can
be given the point-norm topology. With our separability assumption on A, it turns out
that Autr(A) with this topology is a Polish group. Furthermore, Ad : U () — Aut(K)
factors through P (), and induces a homeomorphism between P () and Aut(K). Thus,
a projective unitary representation of G on JZ can equivalently be defined as a continuous
homomorphism from G to Aut(K).

In Section 3.1, we defined a projective unitary representation # in a different manner, as
a special case of a (twisted) covariant representation 6 of (G, C, 1,0). Here, C is regarded as
a complex C*-algebra, and 6 is a Borel map from G to U(.5), satisfying (3.2a)—(3.2b). If we
replace 0 : © — 0 by Adg : x — Ady,, we obtain a Borel homomorphism Ady : G — Aut(K).
Since we always assume that G is locally compact and second countable, it is also Polish,
and by Theorem D.11 of [97], Ady is continuous. Therefore, the covariant representation 6

gives rise to a projective unitary representation of GG in the sense of the previous paragraph.
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Suppose 6 and 0’ are, respectively, covariant representations of (G, C,1,0) and (G,C,1,0")
on 7, and that they define the same projective unitary representations Adg = Adgy,. Then
for each x € G, the operators 6, and 6/, differ by some unitary scalar, i.e. there is a Borel map
A : G — T such that 6, = \,0’. A short computation verifies that o = d'\-o’, so that o and
o’ are really from the same cocycle class. It is also clear that the choice of o from a cocycle
class [o] does not affect the map Ady. Thus, there is a well-defined map [0] — Ady taking
a projective equivalence class [0] of covariant representations of (G,C,1,0), to a projective
unitary representation m = Ady of G. Conversely, given a projective unitary representation
m: G — Aut(K), the proof of Lemma D.24 of [97] provides the construction of a Borel map
0 : G — U(S) such that Ady = m. The map 0 satisfies 0,0, = o(z,y)04y, Vz,y € G for
some Borel cocycle o, so 0 is a covariant representation of (G,C,1,0). A different choice ¢’
satisfying Adg: = 7 leads to a cocycle ¢’ differing from o by a coboundary, so 6 and 6’ are
projectively equivalent covariant representations of G.

A unitary representation U of G on ¢ is of course a projective unitary representation
7w which can be realised as Ady for some Borel 6 with trivial cocycle ¢ — just take 6 = U.
Conversely, suppose a projective unitary representation m of G can be realised as Ady, with
the cocycle for 6 in the trivial class, i.e., § = d'\ for some Borel map A : G — T. Then
0 = A\;'0, also satisfies Adgy = 7, and is furthermore a Borel (and thus continuous)
homomorphism G — U(H). Therefore, our general notion of covariant representations
reduces to unitary representations in the special case of the dynamical system (G,C,1,1).

Everything here applies to real unitary (orthogonal) representations of G on a real

Hilbert space, with T replaced by {£1}, and C replaced by the real C*-algebra R.

B.2 Projective unitary-antiunitary representations

Following [70, 69], we generalise the notion of projective unitary representations on a com-
plex Hilbert space % to include antiunitary operators. This involves taking U () to mean
the group of all unitary and antiunitary operators on ., with the strong (or weak) operator
topology. The subgroup T of unitary scalars is not central, but is still a compact normal
subgroup of U(.7), and we can form the quotient group P () = U(#)/T as before, with
the quotient topology. The subgroup U"(S#) of unitary operators and the subset U ()
of antiunitary operators are clopen, as are their respective images P*(5¢) and P*(#) in
P () under the quotient map q.

A projective unitary-antiunitary representation of G on a € is a continuous homomor-
phism! 7 : G — P(2#). The subset G* := {x € G : 7, € P%()} of unitarily implemented

!We can also define it as a continuous homomorphism 7 : G — Autg(K), in analogy to the definition of
a projective unitary representation.
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elements forms a clopen normal subgroup of G, and its coset space G/G" has one or two
elements depending on whether any element of G is represented antiunitarily. In the latter
case, the identity coset can be identified with G*, and the other coset with the antiunitarily
implemented elements G* := {z € G : m, € P*()}. These cosets express G as a disjoint
union of closed subsets G = G* U G*, which we call the U A-decomposition of G associated
with 7.

In the language of covariant representations, we take A = C as a real C*-algebra as
in Section 3.2.1, and define ¢ : G — {£1} to be the surjective continuous homomor-
phism with kernel G%, which in turn defines «, as either complex conjugation or the
identity automorphism on C. According to Theorem 3.1 of [70], one can construct a
Borel map 6 : G — U(S), such that ¢(0,) = 7, for all z € G. The map 6 satisfies
0.0y = 0(x,y)0.y, Yo,y € G, for some generalised cocycle o (equation (1.1)). Thus, 7 gives
rise to a covariant representation 6 of (G, C, a, o). Furthermore, any two 6 with ¢(0,) = 7,
have cocycles in the same cocycle class, so the covariant representations that they deter-
mine are projectively equivalent. Conversely, suppose 6 is a covariant representation of
(G,C,a,0), where oy is either complex conjugation or the identity on C as determined by
a surjective continuous homomorphism ¢ : G — {£1}, and let G* = ker(«) = ker(¢) and
G* = G — G*. Then m, = q(6,) defines a Borel homomorphism 7 : G — P (), which is
automatically continuous, and therefore a projective unitary-antiunitary representation of
G. Furthermore, the U A-decomposition of G with respect to « is precisely G = G* U G°.

Remark B.2.1. In the main body of the thesis, we use the term “projective unitary-

kb

antiunitary representation of (G, ¢, 0)” with a specified homomorphism ¢ and cocycle o, in

the sense of covariant representations. This is slightly different from a “projective unitary-

)

antiunitary” representation of G as defined above.

143



Bibliography

1]

ABrRAMOVICI, G., AND KALUGIN, P. Clifford modules and symmetries of topological
insulators. International Journal of Geometric Methods in Modern Physics 09, 03

(2012), 1250023.

ALTLAND, A., AND ZIRNBAUER, M. R. Nonstandard symmetry classes in mesoscopic
normal-superconducting hybrid structures. Physical Review B 55, 2 (1997), 1142.

AtivyaH, M. F. K-theory and reality. Quarterly Journal of Mathematics (1966),
367-386.

Ativan, M. F., BorT, R., AND SHAPIRO, A. Clifford modules. Topology 3 (1964),
3-38.

ATivAaH, M. F., AND SINGER, I. M. Index theory for skew-adjoint Fredholm operators.
Publications Mathématiques de I'ITHES 37, 1 (1969), 5-26.

BARGMANN, V. On unitary ray representations of continuous groups. Annals of
Mathematics (1954), 1-46.

BARUT, A. On irreducible representation of a class of algebras and related projective
representations. Journal of Mathematical Physics 7 (1966), 1908.

BARuUT, A., AND KOMY, S. Unitary and antiunitary ray representations of the product
of n commuting parity operators. Journal of Mathematical Physics 7 (1966), 1903.

BARUT, A., AND RACZKA, R. Theory of group representations and applications, vol. 2.
World Scientific, 1986.

BELLISSARD, J., VAN ELST, A., AND SCHULZ-BALDES, H. The noncommutative
geometry of the quantum hall effect. Journal of Mathematical Physics 35, 10 (1994),
5373-5451.

BLACKADAR, B. K-theory for operator algebras, 2nd ed., vol. 5 of Mathematical Sci-
ences Research Institute Publications. Cambridge University Press, Cambridge, 1998.

BLACKADAR, B. Operator algebras. Theory of C*-algebras and von Neumann algebras,
vol. 122 of Encyclopaedia of Mathematical Sciences, Operator Algebras and Noncom-
mutative Geometry, I1I. Springer-Verlag, Berlin, 2006.

BusBy, R. C., AND SMITH, H. A. Representations of twisted group algebras. Trans-
actions of the American Mathematical Society 149, 2 (1970), 503-537.

144



[14]

[15]

[16]

[17]

[18]

CAREY, A. L., HanNABUSS, K. C., MATHAIL, V., AND McCANN, P. Quantum Hall

effect on the hyperbolic plane. Communications in Mathematical Physics 190, 3 (1998),
629-673.

CONNES, A. An analogue of the Thom isomorphism for crossed products of a C*-
algebra by an action of R. Advances in Mathematics 39, 1 (1981), 31-55.

DE NitTis, G., AND GowMmi, K. Classification of “Quaternionic” Bloch-bundles: Topo-
logical insulators of type AII. arXiv preprint arXiv:1404.5804 (2014).

DE NitTIS, G., AND Gowmi, K. Classification of “Real” Bloch-bundles: Topological
quantum systems of type AI. Journal of Geometry and Physics (2014).

DELIGNE, P. Notes on spinors. In Quantum Fields and Strings: A course for Mathe-
maticians, vol. 1. American Mathematical Society, Providence, RI, 1999, pp. 99-135.

DEREZINSKI, J., AND GERARD, C. Positive energy quantization of linear dynamics.
Banach Center Publications 89 (2010), 75-104.

DEREZINSKI, J., AND GERARD, C. Mathematics of Quantization and Quantum Fields.
Cambridge Monographs on Mathematical Physics. Cambridge University Press, 2013.

Donovan, P., AND KAROUBI, M. Graded Brauer groups and K-theory with local
coefficients. Publications Mathématiques de I'IHES 38, 1 (1970), 5-25.

DuponT, J. L. Symplectic bundles and K R-theory. Mathematica Scandinavica 24
(1969), 27-30.

Dyson, F. J. The threefold way. Algebraic structure of symmetry groups and ensem-
bles in quantum mechanics. Journal of Mathematical Physics 3, 6 (1962), 1199-1215.

ECHTERHOFF, S. The K-theory of twisted group algebras. In C*-algebras and FElliptic
Theory II. Springer, 2008, pp. 67-86.

EvrLioTrT, G. On the K-theory of the C*-algebra generated by a projective represen-
tation of a torsion-free discrete abelian group. In Operator algebras and applications,
Vol I Neptun (Romania), vol. 17 of Monographs and Studies in Mathematics. Pitman,
Boston, 1984, pp. 157-184.

EvrvLiorT, G. A., NATSUME, T., AND NEST, R. Cyclic cohomology for one-parameter
smooth crossed products. Acta Mathematica 160, 1 (1988), 285-305.

FajsTrup, L. Periodic equivariant real K-theories have rational Tate theory.
manuscripta mathematica 91, 1 (1996), 211-221.

Fipkowski, L., AND KITAEvV, A. Topological phases of fermions in one dimension.
Physical Review B 83, 7 (2011), 075103.

FreeD, D. S., Hopkins, M. J., AND TELEMAN, C. Loop groups and twisted K-
theory 1. Journal of Topology 4, 4 (2011), 737-798.

FREeED, D. S., AND MOORE, G. W. Twisted equivariant matter. Annales Henri
Poincaré 14, 8 (2013), 1927-2023.

145



[31]

[32]

[33]

[34]

GRACIA-BonDiA, J. M., VARILLY, J. C., AND FIGUEROA, H. FElements of non-

commutative geometry. Birkhduser Advanced Texts Basler Lehrbiicher. Birkh&user,
Boston, 2001.

GREEN, P. The local structure of twisted covariance algebras. Acta Mathematica 140,
1 (1978), 191-250.

GRUBER, M. J. Noncommutative Bloch theory. Journal of Mathematical Physics 42,
6 (2001), 2438-2465.

HALDANE, F. Model for a quantum Hall effect without Landau levels: Condensed-
matter realization of the parity anomaly. Physical Review Letters 61, 18 (1988), 2015—
2018.

HanNABUSS, K. Quantum Hall effect. In Encyclopedia of Mathematical Physics Vol.
1, J. Francoise, G. Naber, and S. Tsou, Eds. Elsevier, 2006.

HazraT, R. Graded rings and graded Grothendieck groups. arXiv preprint
arXiv:1405.5071 (2014).

HEINZNER, P., HUCKLEBERRY, A., AND ZIRNBAUER, M. R. Symmetry classes of
disordered fermions. Communications in Mathematical Physics 257, 3 (2005), 725
771.

KaNg, C. L., AND MELE, E. J. Z, topological order and the quantum spin Hall
effect. Physical Review Letters 95, 14 (2005), 146802.

KarouBl, M. Algebres de Clifford et K-théorie. Annales Scientifiques de I’Ecole
Normale Supérieure 1, 2 (1968), 161-270.

KAroOUBI, M. Algebres de Clifford et opérateurs de Fredholm. In Séminaire Heidelberg-

Saarbricken-Strasbourg sur la K-Théorie, vol. 136 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1970, pp. 66-106.

KAROUBI, M. Sur la K-théorie équivariante. In Séminaire Heidelberg-Saarbricken-
Strasbourg sur la K -Théorie, vol. 136 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 1970, pp. 187-253.

KAROUBI, M. K -theory: An Introduction, vol. 226 of Grundlehren der Mathematischen
Wissenschaften. Springer-Verlag, Berlin, 1978.

Karousi, M. Clifford modules and twisted K-theory. Advances in Applied Clifford
Algebras 18, 3-4 (2008), 765-769.

KArouUBI, M. Twisted K-theory, old and new. In K-theory and Noncommutative
Geometry, EMS Series of Congress Reports. European Mathematical Society, Ziirich,
2008, pp. 117-149.

Kasparov, G. G. The operator K-functor and extensions of C*-algebras. [zvestiya
Rossiiskoi Akademii Nauk. Seriya Matematicheskaya 44, 3 (1980), 571-636.

KaspAarOv, G. G. K-theory, group C*-algebras, and higher signatures (conspectus).
In Nowikov conjectures, index theorems and rigidity, vol. 226 of London Mathematical
Society Lecture Notes Series. Cambridge University Press, 1995, pp. 101-146.

146



[47]

[48]

[55]

[56]
[57]

[62]

[63]

KELLENDONK, J., AND RICHARD, S. Topological boundary maps in physics: General
theory and applications. arXiv preprint math-ph/0605048 (2006).

KELLENDONK, J., AND SCHULZ-BALDES, H. Boundary maps for C*-crossed products

with with an application to the quantum Hall effect. Communications in Mathematical
Physics 249, 3 (2004), 611-637.

KELLENDONK, J., AND SCHULZ-BALDES, H. Quantization of edge currents for con-
tinuous magnetic operators. Journal of Functional Analysis 209, 2 (2004), 388-413.

KiTAEV, A. Periodic table for topological insulators and superconductors. In American
Institute of Physics Conference Series (2009), vol. 1134, pp. 22-30.

LANCE, E. C. Hilbert C*-modules: A toolkit for operator algebraists, vol. 210 of London
Mathematical Society Lecture Notes Series. Cambridge University Press, Cambridge,
1995.

LANDWEBER, G. D. Representation rings of Lie superalgebras. K-Theory 36, 1 (2005),
115-168.

LANDWEBER, G. D. Twisted representation rings and Dirac induction. Journal of
Pure and Applied Algebra 206, 1 (2006), 21-54.

LAawsoN Jr, H. B., AND MICHELSOHN, M.-L. Spin geometry, vol. 38 of Princeton
Mathematical Series. Princeton University Press, Princeton, 1989.

LEPTIN, H. Verallgemeinerte L!'-Algebren. Mathematische Annalen 159, 1 (1965),
51-76.

L1, B. Real operator algebras. World Scientific Publishing Company, Singapore, 2003.

MackeEY, G. W. Induced representations of locally compact groups I. Annals of
Mathematics (1952), 101-139.

MACKEY, G. W. Unitary representations of group extensions. I. Acta Mathematica
99, 1 (1958), 265-311.

Mackey, G. W. Unitary group representations in physics, probability and number
theory, 2nd ed. Advanced Book Classics. Addison-Wesley, Redwood City, 1989.

MoORE, G. W. Quantum symmetries and compatible Hamiltonians.  Uni-
versity lecture notes, http://www.physics.rutgers.edu/~gmoore/695Fal12013/
CHAPTER1-QUANTUMSYMMETRY-0CT5. pdf, 2013.

Moore, G. W. Quantum symmetries and K-theory. Erwin Schrodinger
Institute, Vienna, Lecture notes, http://www.physics.rutgers.edu/~gmoore/
ViennalecturesF.pdf, 2014.

Moutuou, E.-K. M. Twisted groupoid K R-theory. PhD thesis, Université de Lorraine-
Metz, and Universitdt Paderborn, 2012.

NIEDERER, U., AND O’RAIFEARTAIGH, L. Realizations of the unitary representations
of the inhomogeneous space-time groups . General structure. Fortschritte der Physik

22,3 (1974), 111-129.

147



[64]

[65]

[66]

[67]

NIEDERER, U., AND O’RAIFEARTAIGH, L. Realizations of the unitary representations

of the inhomogeneous space-time groups II. Covariant realizations of the Poincaré
group. Fortschritte der Physik 22, 3 (1974), 131-157.

NAsTASEscU, C., AND VAN OYSTAEYEN, F. Methods of graded rings, vol. 1836 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2004.

PACKER, J. A., AND RAEBURN, I. Twisted crossed products of C*-algebras. Mathe-
matical Proceedings of the Cambridge Philosophical Society 106, 02 (1989), 293-311.

PACKER, J. A., AND RAEBURN, I. Twisted crossed products of C*-algebras. II.
Mathematische Annalen 287, 1 (1990), 595-612.

PACKER, J. A., AND RAEBURN, I. On the structure of twisted group C*-algebras.
Transactions of the American Mathematical Society 334, 2 (1992), 685-718.

PARTHASARATHY, K. Multipliers on locally compact groups, vol. 93 of Lecture Notes
in Mathematics. Springer-Verlag Berlin, 1969.

PARTHASARATHY, K. Projective unitary antiunitary representations of locally compact
groups. Communications in Mathematical Physics 15, 4 (1969), 305-328.

PEDERSEN, G. K. C*-algebras and their automorphism groups, vol. 14 of London
Mathematical Society Monographs. Academic Press, London, 1979.

PLYMEN, R. J., AND ROBINSON, P. L. Spinors in Hilbert space, vol. 114 of Cambridge
Tracts in Mathematics. Cambridge University Press, 1994.

PRODAN, E. The non-commutative geometry of the complex classes of topological
insulators. arXiv preprint arXiv:1402.7303 (2014).

RAEBURN, I., Sims, A., AND WILLIAMS, D. P. Twisted actions and obstructions in
group cohomology. In C*-Algebras, J. Cuntz and S. Echterhoff, Eds. Springer Berlin
Heidelberg, 2000, pp. 161-181.

RIEFFEL, M. A. Connes’ analogue for crossed products of the Thom isomorphism.
Contemporary Mathematics 10 (1982), 143-154.

ROSENBERG, J. C*-algebras and Mackey’s theory of group representations. Contem-
porary Mathematics 167 (1994), 151-181.

Ryu, S., SCHNYDER, A. P., FUurRuUsaki, A., AND LubpwiG, A. W. Topological

insulators and superconductors: tenfold way and dimensional hierarchy. New Journal
of Physics 12, 6 (2010), 065010.

SCHMUDGEN, K. Unbounded self-adjoint operators on Hilbert space, vol. 265. Springer,
Dordrecht, 2012.

SCHNYDER, A. P., Ryu, S., FURusAki, A., AND LubwiG, A. W. Classification

of topological insulators and superconductors in three spatial dimensions. Physical
Review B 78, 19 (2008), 195125.

SCHRODER, H. K-theory for real C*-algebras and applications, vol. 290 of Pitman
Research Notes in Mathematics Series. Longman Scientific & Technical, Harlow, 1993.

148



[81]

[82]

[83]
[84]

[94]

[95]

[96]

[97]

SHAW, R., AND LEVER, J. Irreducible multiplier corepresentations and generalized
inducing. Communications in Mathematical Physics 38, 4 (1974), 257-277.

SHAW, R., AND LEVER, J. Irreducible multiplier corepresentations of the extended
Poincaré group. Communications in Mathematical Physics 38, 4 (1974), 279-297.

SPANIER, E. H. Algebraic topology. McGraw-Hill, New York, 1966.

STONE, M., CHIU, C.-K., AND ROY, A. Symmetries, dimensions and topological
insulators: The mechanism behind the face of the Bott clock. Journal of Physics A:
Mathematical and Theoretical 44, 4 (2011), 045001.

TAKESAKI, M. Covariant representations of C*-algebras and their locally compact
automorphism groups. Acta Mathematica 119, 1 (1967), 273-303.

THIANG, G. C. On the K-theoretic classification of topological phases of matter. arXiv
preprint arXiv:1406.7366 (2014).

THOULESS, D., KouMoT0, M., NIGHTINGALE, M., AND DEN N1Js, M. Quantized
Hall conductance in a two-dimensional periodic potential. Physical Review Letters 49
(1982), 405-408.

VAN DAELE, A. K-theory for graded Banach algebras 1. The Quarterly Journal of
Mathematics 39, 2 (1988), 185-199.

VAN DAELE, A. K-theory for graded Banach algebras II. Pacific Journal of Mathe-
matics 134, 2 (1988), 377-392.

VARADARAJAN, V. S. Supersymmetry for mathematicians: An introduction, vol. 11 of
Courant Lecture Notes in Mathematics. Courant Institute of Mathematical Sciences,
New York, 2004.

VARADARAJAN, V. S. George Mackey and his work on representation theory and
foundations of physics. Contemporary Mathematics 449 (2008), 417.

WarL, C. T. C. Graded Brauer groups. Journal fiir die Reine und Angewandte
Mathematik. 213 (1964), 187-199.

WEGGE-OLSEN, N. E. K-theory and C*-algebras: A Friendly Approach. Oxford
University Press, New York, 1993.

WIGNER, E. P. On unitary representations of the inhomogeneous Lorentz group.
Annals of Mathematics (1939), 149-204.

WIGNER, E. P. Group theory and its applications to the quantum theory of atomic
spectra, vol. 5 of Pure and applied physics. Academic Press, New York, 1959.

WIGNER, E. P. Unitary representations of the inhomogeneous Lorentz group including
reflections. In Group Theoretical Concepts in Elementary Particle Physics, F. Giirsey,
Ed., vol. 1. Gordon and Breach, New York, 1964, pp. 37-80.

WiLLiams, D. P. Crossed products of C*-algebras, vol. 134 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, 2007.

149



[98] X1A, J. Geometric invariants of the quantum Hall effect. Communications in Mathe-
matical Physics 119, 1 (1988), 29-50.

[99] ZIRNBAUER, M. R. Symmetry classes. arXiv preprint arXiv:1001.0722 (2010).

150



