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Abstract

This thesis considers quantum impurity models that exhibit a quantum phase transition
(QPT) between a Fermi liquid strong coupling (SC) phase, and a doubly-degenerate non-
Fermi liquid local moment (LM) phase. We focus on what can be said from exact analytic
arguments about the LM phase of these models, where the system is characterized by an
SU(2) spin degree of freedom in the entire system.

Conventional perturbation theory about the non-interacting limit does not hold in the
non-Fermi liquid LM phase. We circumvent this problem by reformulating the perturbation
theory using a so-called ‘two self-energy’ (TSE) description, where the two self-energies may
be expressed as functional derivatives of the Luttinger-Ward functional.

One particular paradigmatic model that possesses a QPT between SC and LM phases is
the pseudogap Anderson impurity model (PAIM). We use infinite-order perturbation theory
in the interaction, U, to self-consistently deduce the exact low-energy forms of both the
self-energies and propagators in each of the distinct phases of the model. We analyse the
behaviour of the model approaching the QPT from each phase, focusing on the scaling of the
zero-field single-particle dynamics using both analytical arguments and detailed numerical
renormalization group (NRG) calculations.

We also apply two ‘conserving’ approximations to the PAIM. First, second-order
self-consistent perturbation theory and second, the fluctuation exchange approximation
(FLEX). Within the FLEX approximation we develop a numerical algorithm capable of
self-consistently and coherently describing the QPT coming from both distinct phases.

Finally, we consider a range of static spin susceptibilities that each probe the underlying
QPT in response to coupling to a magnetic field.
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CHAPTER 1

Introduction

The behaviour of strongly correlated electron systems has fascinated both theorists
and experimentalists in condensed matter physics for the past 60 years. In these
systems, interactions between particles are too large to neglect; the implementation
of simple perturbative techniques is often insufficient. Moreover, by virtue of the fact
that these systems often contain a macroscopically-large number of particles, they
are very challenging to solve and a number of physically motivated approximations
are often needed to obtain a physical understanding of the underlying behaviour.
In some cases, the physics that arises is completely driven by interactions, leading
to ‘collective’ emergent behaviour, completely distinct from the corresponding non-
interacting system [1]. Notable examples of strongly-correlated electron systems
include high-temperature superconductors [2,3], heavy Fermions [4], as well as those
exhibiting the fractional quantum hall effect [5], and the ‘Kondo effect’ [2,6], which

we discuss below.

1.1 The Anderson impurity model and the Kondo effect

In this thesis we study the Anderson impurity model (AIM) [7], originally proposed
in order to describe the physics of magnetic impurities in solids at low temperature,
but more recently found to apply to so-called quantum dot devices [8,9]. The
Anderson model has been extensively studied over the past 50 years [2], and its
underlying behaviour has been mostly understood. The basic model, in which the
impurity couples to a metallic conduction band, is known to possess a single non-
magnetic ground-state for all parameters [10-12]; however more complex variants
exhibit a quantum (zero temperature) phase transition between two distinct phases.
In this thesis it is models of this type that we consider, focusing on the rich behaviour
that arises as a consequence of quantum criticality. Before proceeding however, we

first give a brief historical summary of how the original Anderson model came about,



and specifically why it is of interest to theorists and experimentalists alike.

In the 1930s, experimentalists probing the electrical properties of gold wires em-
bedded with magnetic impurities [13], noticed two striking phenomena that could
not be explained by existing theory. First, experimentalists observed a Curie-Weiss
term in the impurity magnetic susceptibility, indicating the apparent formation of
local magnetic moments in the samples; it was not clear how these moments could
form in presence of a metallic host of delocalized electrons. Second, was the obser-
vation of a minimum in the electrical resistivity of the materials at low temperature,
an effect that became more prominent with the concentration of the impurities. An-
derson proposed his model in order to capture the behaviour of the former effect,
although it soon became apparent that both phenomena were connected.

A

D +

Figure 1.1: Schematic of the Anderson impurity model coupled to a conduction band with
a metallic (flat band) density of states.

The single-impurity! Anderson model Hamiltonian in second-quantized notation

is given by

H=Yexino+ Y €itig + Uity + Y _ (Viel, o1, + hec), (1.1)
ko o ko
and also shown schematically in Fig. 1.1. The spin ¢ =T, |, and we set the chemical
potential, 4 = 0. As shown in Fig. 1.1, the model simply describes a single electron
level with energy, €;, and repulsion energy, U, coupled via matrix elements, Vi, to
a conduction band of non-interacting delocalized electron states. The first term in
eq. (1.1) describes the electrons in the conduction band, with bandwidth 2D. The
energies of such states are represented by ey, while iy, = chgcko; CL

T

creation and annihilation operators (i.e. ¢, creates an electron in the conduction

, and ¢ are

Tt is assumed within the model that the impurities within a solid are dilute, such that inter-
impurity interactions are neglected. Thus only one impurity is accounted for in the Anderson model
Hamiltonian, eq. (1.1).
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band with spin o and wavevector k). The second and third terms describe the elec-
trons on the impurity single level, where n, = c;-racw counts the number of electrons
on the impurity with spin ¢. The third term embodies the interactions between
electrons on the impurity, where U is the on-site Coulomb repulsion energy, such
that for large-U double occupancy is disfavoured. The last term in the Hamiltonian
describes the coupling between the single impurity level and the conduction band;
where the magnitude of Vjy defines the strength of the coupling [2].

Anderson originally applied an unrestricted Hartee-Fock (UHF) mean-field treat-
ment [7] to the model and consequently concluded it possesses a phase transition
between non-magnetic and magnetic ground-states as a function of the interaction
strength U.2 However, this was later shown [10-12] to be fundamentally incor-
rect: the model possesses a non-magnetic ground-state at zero temperature for all
parameters.

Significant progress was made in 1964 when Kondo [14] was able to successfully
predict the resistivity minimum found in experiments [13,15] for the first time.
Kondo studied a simpler system - the s-d model® which contains a single spin—% (the
impurity) coupled antiferromagnetically (via a coupling ‘J’) to a metallic conduction
band. The Anderson model shown in Fig. 1.1 can in fact be shown to map directly
onto the s-d model in the regime where the impurity level is singly occupied via a
so-called Schrieffer-Wolff transformation [17]. By applying third-order perturbation
theory in the coupling-J to the s-d model, Kondo derived the following expression

for the electrical resistivity at low temperature:

R(T) = a+bT° — cln <kif>, (1.2)
where a, b and ¢ are positive coefficients, and D is once again the half-bandwidth
of the conduction band. The first term comes about from electrons scattering off
the impurity spins; whereas the second term arises from electron-phonon scattering
processes. It is the third term which was the major result of Kondo’s work, diverging
as T' — 0. Together, the second and the third terms in eq. (1.2) thus result in a
low-temperature minimum in R(7'). Whilst this result explains the presence of the
minimum found in experimental results, it does not explain the underlying physics as
the temperature ultimately vanishes, eq. (1.2) predicting an unphysical divergence
in R(T) as T" — 0. This issue became aptly known as the “Kondo problem”, a
conundrum not solved until the 1970s.

In 1970 it was Anderson who made the first steps to solving the Kondo prob-
lem [18]. He treated the s-d model with a perturbative (to second-order in J)

2A magnetic ground-state involves a spin-degree of freedom arising in the entire system.
3The s-d model was originally proposed by Zener, [16]; however this model later become known
as the Kondo model by virtue of Kondo’s success in describing its underlying behaviour.



renormalization group technique known as poor-man’s scaling (PMS). Essentially
the idea of this approach was to progressively eliminate high-energy excitations to
the conduction band edges by renormalizing both the antiferromagnetic coupling,
J, and the conduction bandwidth, D. The result was that in the limit 7" — 0, the
coupling J — oo, such that the spin—% ‘locks up’ into a many-body singlet state.
However, since PMS is inherently perturbative in J, the technique ultimately breaks
down at low-temperature, and therefore cannot be trusted in this regime. A non-
perturbative technique was clearly needed to describe the low-temperature physics
of the s-d model (and hence the Anderson model) and solve the Kondo problem.
The ultimate solution came in 1975 when Wilson, building on the scaling ideas of
Anderson’s PMS, developed the numerical renormalization group (NRG) technique
[10]. The NRG was able to solve the s-d model, taking into account all energy scales
and hence correctly capturing the 7' — 0 limit non-perturbatively. The essential idea
was to logarithmically discretize the conduction band, such that all energy scales of
the problem were equally well sampled. In consequence, the NRG predicted that the
impurity spin-% degree of freedom is fully quenched (screened) by the conduction
band states. Thus, the resulting 7" = 0 ground-state of the entire system is a non-
magnetic many-body singlet. This truly many-body phenomenon, as illustrated

pictorially in Fig. 1.2, became known as the ‘Kondo effect’.

Figure 1.2: A pictorial representation of the Kondo effect. All of the delocalized conduction
band states, as depicted by the large white arrow, act to screen the impurity spin degree of
freedom for T' < Tk, such that the system ‘locks up’ into a global singlet state.

Later, the NRG was applied equally well to the single-impurity Anderson model
[11,12], also predicting that the system has a non-magnetic ‘singlet’ ground-state
for all U at T' = 0. Furthermore, there were two other important results obtained
from the NRG. First, is the existence of a low-energy scale, kgTk, found to be
exponentially small in the interaction strength, U. For T" <« Tk, the Kondo effect
occurs, and the system ‘flows’ to its zero temperature ground-state. Moreover, since
kT is the only low-energy scale in the problem, for T' < Tk and any combination
of ‘bare’ parameters (g;,U) of the Hamiltonian, eq. (1.1), physical thermodynamic
quantities scale in terms of T'/Tk. For example, the impurity contribution to the
entropy, Simp(T") < g (T'/Tk), where F(x) is a universal function.

The second important deduction from NRG is that, as also argued by Nozieres
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[19], the low-temperature (I' < Tk ) behaviour of the Kondo effect is consistent with
Landau’s Fermi liquid theory [20,21].

The Bethe ansatz technique was later applied to both the s-d (Kondo) and An-
derson models [22,23], solving them exactly within an analytical framework. Many
approximate techniques have also been applied to the AIM. Firstly, diagrammatic
perturbation theory in the interaction, U, was extensively examined in a series of
important papers by Yosida and Yamada [24-27]. However, despite its virtues for
small U, it failed to capture the large-U limit where local moment formation and
the Kondo effect are crucial to the underlying physics. Many large-N techniques
have also been applied to the AIM [2], such as slave boson mean-field theory, the
non-crossing approximation and the 1/N expansion. However, none are able to cap-
ture the full behaviour of the AIM on all energy scales. Finally, the local moment
approach [28-30] (LMA), a diagrammatic technique involving the resummation of
certain classes of Feynman diagrams, has been very successful in correctly capturing

the single-particle dynamics of the model.

1.2 Impurity models that exhibit a quantum phase transition

The simple Anderson model (with a single impurity level coupled to a metallic con-
duction band), as well as the Kondo (s-d) model are not the only models that exhibit
Kondo physics. There are many variants and extensions of the basic Anderson model
that have also been studied; in some cases the model has a Fermi liquid ground-state
where the (conventional) Kondo effect is prevalent, and in other cases the model ex-
hibits underlying non-Fermi liquid behaviour. Examples of these type of models
include an array of multi-impurity and multi-band cases, including the two-channel
Kondo model originally proposed by Nozieres and Blandin [31,32]. Furthermore,
two other variants on the AIM that exhibit non-Fermi liquid behaviour at 7" = 0,
are the so-called ‘gapped’ and ‘pseudogap’ (softgap) Anderson models. For much
of this thesis we focus on the latter and therefore here we provide a summary of

previous work.
Although the Hamiltonian for this model has exactly the same form as eq. (1.1),

the conduction band density of states is no longer flat. Instead, as is shown pictorially

in Fig. 1.3, the density of states has a power-law dependence given by
py(w) = polw[ (D — |w|), (1.3)

with pg a constant, and the exponent r > 0, such that it vanishes at the Fermi level
(the 7 = 0 case corresponding to the usual metallic AIM). The step function simply

cuts the power law dependence off at the half bandwidth, D.



Figure 1.3: Schematic of the Anderson impurity model coupled to a conduction band with
a ‘pseudogap’ density of states.

The pseudogap Kondo model,* obtained via a simple Schrieffer-Wolff transfor-
mation [17] from the PAIM (in the singly occupied regime where ¢; < 0, ¢;,+U > 0),
was first studied by Withoff and Fradkin in 1990 [33]. They applied Anderson’s poor
man’s scaling [18] to the problem and concluded that, since there is a depletion of
band states around the Fermi level, for any finite band exponent, r, a doubly de-
generate non-Fermi liquid local moment (LM) phase tends to be stabilized relative
to a Fermi liquid phase where the Kondo effect persists. For the PAIM the conse-
quence of this is that at some finite critical U = U,(r), there is a quantum critical
point (QCP) between the two distinct phases at zero temperature. For U < U.(r),
the Kondo singlet strong coupling (SC) phase is the ground-state; in contrast for
U > U.(r), the LM phase, in which the spin degree of freedom on the impurity is
not quenched, becomes the ground-state. The zero-temperature Kondo scale, wg,

finite in the SC phase, vanishes at a finite U for any finite r via

wicoc [1— &Ir,  with Ugr) "3 L. (1.4)
Moreover for U — U[(r), such that the QCP is approached from the LM phase,
there is an equivalent low-energy scale, which we denote wy, (with the same depen-
dence on U/U. as eq. (1.4)). Furthermore, just as for the metallic Kondo effect
discussed above, physical properties of the system (such as the local impurity prop-
agator G(w)) exhibit scaling in terms of w/w, (where w, = wk or wr) as the QCP
is approached for U — UZX(r) [34-37]. Uniquely at the QCP where U = U,, the
system is scale free and as a result exhibits non-trivial interacting behaviour. Thus,

much of the literature has focused on the unique properties of the QCP.

4Equivalent to the Kondo (s-d) model described above, but with a pseudogap density of states.
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The system has been extensively studied both at the particle-hole (ph) symmetric
point (where z = g; + U/2 = 0), and the more general case (where x # 0). NRG
studies [35-43], notably ref [43], have allowed the thermodynamic properties of the
system to be fully elucidated. As we discuss further in Chapter 4, one important
result of ref [43] is that there are 2 distinct quantum critical points (QCPs), each
governing the critical behaviour for a particular r range. Furthermore, it is known
from considering a scaling ansatz for the singular part of the free-energy [37] (as
detailed in Appendix D) that both QCP are only pristine identically at 7" = 0 and
h =0, where h = % gupB is an applied magnetic field.®> In other words for any finite
T or h, the QCP is strictly destroyed and smoothed into a crossover region. The
essential underlying physics is depicted in Fig. 1.4.

horT
QCP crossover region
Fermi liquid non-Fermi liquid
o U
SC U. LM

Figure 1.4: Schematic of the critical behaviour as a function of U, T and h. The QCP
only occurs at both zero-field and zero-temperature, and U = U, separating a Fermi liquid
SC phase where the Kondo effect persists and a doubly degenerate non-Fermi liquid LM
phase where the impurity spin degree of freedom is incompletely quenched. The dotted lines
denote the low-energy scale coming from either phase, and thus defining a continuous QCP
crossover region for finite T or h.

As for the metallic case, the single-particle dynamics have been broadly examined
using NRG [35,39,41] and within the local moment approach (LMA) [34,41,44,45].
In Chapter 4 we give a full discussion of the important results of these studies,
and therefore do not consider them any further here. Perturbative renormalization
group techniques [46-49] in the spirit of Anderson’s PMS [18] have been applied to
the model with much success, in some cases capturing the exact behaviour consistent
with NRG.

The PAIM is not the only model to exhibit a quantum phase transition between
LM and SC phases. As alluded to above, another model that displays this behaviour
is the gapped AIM. For this model the single impurity level is coupled to a conduction
band with a hard gap around the Fermi level.® The consequence is that at ph
symmetry (where z = ¢; + U/2 = 0) the depletion of band states around the Fermi
level destroys the Kondo effect, and hence the Fermi liquid phase, for any U [50-52].

5The field may be applied either globally to the entire system, or locally to only the impurity
level.
5The density of states is given by py(w) = pof(Jw| — &) with 23 the size of the gap.



Away from ph symmetry the situation is more complex, NRG calculations [50] find
that it is possible for the Kondo effect to exist, but only below a critical gap, § < J.
These results are backed up by results from the local moment approach [51], the
exact self-consistent calculations of ref [52], as well as a further more recent NRG
study [53].

In more recent years there have been NRG studies of impurity models coupled
to both fermionic and bosonic baths. The Bose-Fermi Kondo [54,55] and Anderson
models [56,57] have both been found to exhibit quantum phase transitions between
a LM and SC phase, and thus also feature in the class of models that we study in
this thesis.

1.3 Aims and methods

The principal aim of this thesis is to examine the exact properties of non-Fermi liquid
local moment phases that arise in both the pseudogap and gapped single impurity
models, as well as the other more complicated models mentioned above. The first
way in which we look to achieve this aim is by considering the general diagrammatics
that provide the foundation of many-body theory.

In a series of seminal papers [58-61] Luttinger and coworkers fully derived the
diagrammatic framework that underpins many-body theory, by considering a gen-
eral system of fermions with local two-particle interaction terms. In fact, since the
Anderson model Hamiltonian also contains an interaction term of this form, it may
be shown that Luttinger’s original analysis applies equally well to the quantum im-
purity systems that we consider in this thesis. As we examine further later on,
one of the essential results of these papers is that in a Fermi liquid phase the free
energy of an interacting system of fermions may be written as a functional of the
exact single-particle propagator, G, (where o =1, /), and thus may be described di-
agrammatically in terms of the Luttinger-Ward functional, ® i = ®[G4, G|] (where
[...] denotes a functional). The interaction self-energy, ¥, [62,63], which may be
thought of physically as the energy of a single o-spin particle’s interactions as it
travels through the many-body system, is then obtained via a functional derivative
of &y with respect to the exact single-particle propagator, i.e. X, = 0@y /0G,.
The self-energy is thus also a functional of the exact propagator, ¥, = ¥[G4+, G}] and
may be constructed diagrammatically in terms of the so-called ‘skeleton expansion’,
a fundamental concept that we explicitly return to in the discussion of Chapter 2.

In this thesis we aim to use the exact diagrammatic arguments of Luttinger and
Ward [59], but within a so-called ‘two self-energy’ (TSE) framework to describe the
underlying non-Fermi liquid behaviour of LM phases. This TSE description underlies

the local moment approach (LMA), a non-perturbative approximate technique based
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on the resummation of certain Feynman diagrams to infinite order in U.” As alluded
to above, the LMA has been instrumental to our understanding of the single-particle
dynamics of the metallic [28-30], pseudogap [34,41,45,64,65] and gapped Anderson
impurity models [51]. The TSE description, inherent within the LMA, allows the
existence of broken-symmetry in both the LM and SC phases. For the PAIM, the idea
of using unrestricted Hartree-Fock (UHF) propagators as the basis Green functions,
along with the concept of “symmetry restoration” in a SC phase, allowed the LMA
to correctly describe the QCP for U — UZX(r).

Furthermore, within many-body theory, the exact propagator, G, can be writ-
ten in terms of the interaction self-energy, ¥,, via the Dyson equation [62]. As
stated above, from the arguments of Luttinger and Ward, in a Fermi liquid phase
Yy = X[Gy,Gy] is a functional of the propagator and expressed diagrammatically
via the skeleton expansion. Thus, the Dyson equation and the skeleton expansion
in principal provide a self-consistency condition for the determination of the exact
propagator, G,. There are a number of physically motivated approximations based
on this self-consistency condition that conserve quantities such as particle number,
energy and momentum [66,67], and are automatically consistent with the exact
Friedel sum rule, originally derived by Langreth for the AIM [68].

The second fundamental aim of this thesis is to apply the fluctuation exchange
approximation (FLEX), one such ‘conserving approximation’, to the pseudogap
AIM. FLEX was first developed by Bickers et al [69-71] for the Hubbard model
and other similar lattice models. It has also been successfully applied to the metal-
lic AIM at zero temperature by White [72], and also at finite temperature by Chen
et al. [73]. The class of Feynman diagrams included in the FLEX approximation is
essentially the same as the diagrams included in the LMA, but with a crucial differ-
ence. Within FLEX the self-energy is a functional of the propagator via the skeleton
expansion, and thus the system must be iterated to full self-consistency for the fully-
interacting G. In this thesis we implement FLEX within a TSE description in order
to accurately describe the LM phase of the model.

1.4 Qutline

Having discussed the necessary preliminaries in this introduction, we conclude by
providing an outline of the rest of this thesis. In Chapter 2 we provide a basic
introduction to the standard many-body techniques that we use in the chapters
that follow.

In Chapter 3 we introduce the framework needed to describe in detail the un-

"The LMA approximation essentially involves the diagrams of the random phase approximation
(RPA) [62], but crucially broken symmetry solutions are permitted such that the diagrams may be
summed in a meaningful way.
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derlying physics of LM phases. Since the ground state of these phases is doubly-
degenerate, it is crucially not perturbatively connected to the non-interacting limit
of the model, and therefore a non-Fermi liquid. Thus, the standard many-body
diagrammatic techniques, as laid out in Chapter 2, do not apply in a conventional
sense. However, we show that by introducing a symmetry breaking magnetic field,
h, the conventional diagrammatic methods hold equally well. The limit that the
field vanishes is then taken carefully such that the zero-field LM phase is described
ingeniously within a two-self-energy (TSE) description.

In Chapter 4 we apply the TSE framework to the pseudogap AIM in order to
obtain a number of new exact results about the LM phase. We proceed to consider
the dynamic behaviour of the local propagator, G, and specifically its low-w be-
haviour in each phase of the PAIM (both at ph symmetry and more generally). By
adapting Luttinger’s original diagrammatic order by order analysis [60], we obtain
exact low-w results for the local self-energies in both SC and LM phases. We pro-
ceed to then consider the universal scaling of the single-particle propagator as the
quantum critical point is approached from either phase.

In the second half of this thesis we focus on applying approximate diagram-
matic treatments to the pseudogap AIM. In Chapter 5 we apply self-consistent
second-order perturbation theory in U to the model. The skeleton expansion (as
mentioned above - a diagrammatic series involving the full interacting propagator)
is truncated at second-order level, and in consequence the self-consistent propaga-
tor is determined numerically. In the procedure we allow for the possibility that
broken-symmetry solutions can exist. The system may then converge to either a
broken-symmetry LM phase solution within a TSE description, or a Fermi liquid SC
solution within a conventional perturbative formulation.

In Chapter 6, we take the self-consistency procedure of Chapter 5 much further
by including an infinite-order (in U) subset of diagrams - appropriate to the FLEX
approximation discussed above - in the skeleton expansion for the self-energy. Once
again, by allowing for the possibility of self-consistent solutions we aim to capture the
underlying behaviour in each distinct phase and the non-trivial interacting nature
of the QCP between them. Numerical results for the single-particle propagator are
obtained and a comparison is given with numerically exact NRG results. Finally as
a result of the fact that FLEX is a conserving approximation, we show that many
of the exact relations derived in Chapter 4, are satisfied in each phase of the model.

In Chapter 7 we return to consider some further exact relations for LM phases
in general. We examine an array of static spin susceptibilities that probe the zero-
field phase transition. Specifically focusing on the LM phase we find that the limits
T — 0 and h — 0% do not commute. We thus deal with each distinct limiting
process separately.

Finally in Chapter 8, we summarize the important results of each chapter.



CHAPTER 2

Many-body theory

In this chapter we outline the theoretical framework that we use in the rest of this
thesis. Initially we introduce the single-particle propagator (Green function), the
quantity of paramount importance in many-body theory. We discuss its physical
properties and show how it is related to the excitation energies of the many-body
system, before considering its representation as a perturbation expansion in terms
of Feynman diagrams. In addition, we consider how the local impurity propagator
may be specifically calculated for the Anderson impurity model, explicitly discussing
two important soluble limits before moving on to the interacting many-body case.
We formally introduce the local interaction self-energy from the so-called Dyson
equation and show how it may be represented in terms of a perturbation expansion
involving the single-particle propagator. We conclude the chapter with a discussion
of the basic results of Landau’s Fermi liquid theory [2] and its specific implications for
the AIM, before considering the Luttinger-Ward functional, ® s [59]. For a more
detailed analysis of the standard many-body techniques discussed in this chapter we
refer the reader to refs [62,63].

2.1 Propagators

The time-ordered (causal) single-particle propagator (Green function) is defined by

the following correlation function

Gijio(t)

17,0

Gijio (1) = =W [T (e (1)el, (0)]| W) (2.1)

where the superscript ‘t’ denotes time-ordered, and T is the Wick time-ordering

operator given by

T(eio (t)e],(0)] = ig(t)el,(0)  for ¢ >0,
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with the (—) sign coming from swapping two Fermionic operators. |¥%;) is the exact
interacting ground state of the full N-body system at zero temperature. é;ra (t) and
¢i»(t) are creation and annihilation operators in the Heisenberg representation' on
site ¢ at time t. By virtue of the time-ordering in eq. (2.2), eq. (2.1) may be split
into two components

Gijio(t) = G

1750

(1) + Gijio (1) (2.3)

where Gjj.o(t) = G;;;U(t) for t > 0 and Gji0 () = G5, (1) for t < 0. Physically, the
iy

iJ;0

added to the system at site j at ¢ = 0, and destroyed at ¢ > 0 at site ¢. Similarly,

so-called ‘retarded’ function, G;._(t), describes the propagation of a o-spin electron

the ‘advanced’ function, Gi_j; (1), describes the propagation of a ¢ spin hole added
to the system at ¢ < 0 and removed at time ¢ = 0 from site <. Choosing the retarded
function, GZT;; , (%), it is convenient to work with the frequency representation of the

correlators, given via the Fourier transform

+ _ > i(w+in)t ~+
G (w) = /_ TG (o (2.4)
_ / el W o5, (1) (0)] W) (2.4b)
0

where eq. (2.1) (for ¢ > 0) has been inserted into the first line to obtain the sec-
ond line and n = 07 is a positive infinitesimal to ensure convergence of the integral.
From eq. (2.4b), it may be shown [62] by writing the operator ¢;,(t) = eiHtp, e—ifit
inserting a complete set of states 1 = 3. |@NF1)(WN+1| and performing the inte-

gration, that the frequency representation is given by

Gt (o) = 3 T il B e 19
1];0 w_M_[E7{LV+1_E(J)V+1]+Zn

n

(2.5)

where the energies, EN, are eigenvalues of the full Hamiltonian: H|UN) = EN W),

The chemical potential, u, is given by

w) = (5 ) =B -y 26)

with V' the volume of the system. In the limit that the number of particles and
volume of the system N — oo, V' — oo (such that N/V goes to a constant), it
is shown that u(N) = u(N — 1) = p to within a vanishing correction O(N™1).

In the Heisenberg formulation of quantum mechanics, the operators are time dependent given
via X (t) = e ' Xe'H*, By contrast, the many-body states, |U%), are time-independent. [62]
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Similarly, via an analogous argument, the advanced function may be expressed as

o (o = = 1 ) (g [9)
Ge@) =2 w—pt EN BV iy

n

(2.7)

The forms of egs. (2.5, 2.7) are known as the Lehmann (spectral) representation of
the propagator. The Lehmann representation is important because it tells us how
the propagator relates to the single-particle excitations of the many-body system, as
we shall now see. By virtue of the fact that the energy difference, [EXN+! — E)] > 0,
the retarded function, G;;; »(w), only has positive weight for w > p, and by the same
argument G (w) only has weight for w < w2 On inspection of eq. (2.5), we see
that the retarded function, G-

i »(w), has poles in the lower half of the complex plane

just off of the real axis, and thus is analytic for the entire the upper half plane (and
vice-versa for Gy (w)). In the limit that [w| — oo both retarded and advanced
functions decay to zero [62]. As a consequence of this it is readily shown that the

real and imaginary parts are related via a (one-sided) Hilbert transform of the form

1 [ sgn(w)ImGF, (W' 00 DE (o
G (w):/ dw' 2 ) Y ( ):/ du'’ 2 ,( ) , (2.8)
wie T J oo w' —w —isgn(w)n o w—w' +isgn(w)n

such that we define the spectral functions, D

10 (W), in terms of the imaginary part

of the propagator via

D (w):—%sgn(w)ImGi ), (2.9)

ij;0 ij;0

with the full spectrum, D;j.,(w) = D" _(w)+ D

o o (W) = —1 sgn(w)ImGjj, (w). For
the site diagonal case where i = j, the spectral functions are represented by the
delta functions

D (@) = > (e, 19 Po(w — (BN — Eg™), (2.10a)

(W) =Y KO e T Po(w + (BN = EY ). (2.10D)

n

Di;;a
Hence, D;j.o(w) > 0 for all w. Djj.o(w) contains poles at all of the excitation energies
of the N-body system with respect to adding and removing a single particle. Thus
D;i.x(w) is the principal quantity of interest when considering the dynamics of a
many-body system. As the number of particles N — oo, the spectrum becomes

continuous as the spacing between energy levels vanishes.

2For convenience we choose to set the origin of energy to the chemical potential, i = 0 in the
rest of this thesis.



14

2.1.1 Properties of D;;.,(w)

We may obtain two important sum-rules from integrating D;;,(w) which will be
useful in the rest of this thesis. Firstly, on integrating the spectral function Djj.,(w)
over all frequency it is possible to show that it is normalized to unity. By using the

delta functions forms of eq. (2.10) and integrating we find

[ee]
/ A Dyip () = SN L N2 4 37 [0 oy, [0
n

—0o0 n

= (O|el ¢ip + Eipll |UNY =1, (2.11)

where we have used the fact that the anticommutator between the Fermionic oper-
T

! . Cigy = 1. Similarly, by integrating the spectral function up to

ators is unity: {é

the chemical potential, u = 0, we obtain

0
/ dw Dyip () = 3 (TN e [0 2

—00 n

= (Wl 0| WYY = (O 710 | WD) = (is). (2.12)

where (n;,) is the expectation value of the local charge on the level-i; it gives the

mean number of g-spin electrons on site-i in the N-particle ground state.

2.1.2 The Hilbert transform

Taking eq. (2.8), and expressing Gi;.r (w) = G _(w) + G}, (w), the full propagator
is expressed in terms Dj;.,(w') via the integral
oo Do’ /
Giizo(w) = / dw’ - ‘(w ) : (2.13)
’ o w—w +insgn(w)

Using the relation (z+in)~! = P(1)—ird(z), where P denotes the Cauchy principal

value, the real part of the propagator is thus given by

o0 D /
ReGiio(w) = GE _(w) = P/ dw’(”’a(w/)) (2.14)

; oo w—w
Hence, if one has knowledge of the spectral function, Dj;.»(w’), of the system, then
by virtue of the underlying analyticity of the propagator, the corresponding real
part is easily obtained via eq. (2.14). In the results that follow we make extensive

use of this relation explicitly in order to calculate ReGijj.o(w)
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2.1.3 Other propagators

We also make use of two other types of single-particle propagator. For convenience
in Chapters 3-4 we explicitly make use of the retarded function® defined by
. Nifa A N
o () = —i0() (W [{io (1), ¢, (0) 305, (2.15)
where {fl, B’} is the usual anticommutator, and the ‘r’ superscript denotes the re-

tarded function. From similiar arguments to those used above, the Lehmann repre-

sentation of the retarded function is given by

ar. (w) . Z <\Ijlz)v‘éi0|qlnN+l><\II£1V+1|6}0|\I/6V> Z <\Ilévlé;r‘gmj7]y_l><\IlnN—1’éiU‘\Ilév>
e w— BV — BT +in wH BN - By +in

n n

(2.16)

and therefore in contrast to the time-ordered function considered above, is analytic
in the upper half plane for all w. Splitting this function into real and imaginary
parts we obtain

GT. (W) = GE _(w) —imDyjo(w), (2.17)

ijio ijio

such that both D;j.,(w) and G _(w) are common to both G%; (w) and Gt (w) (the

ijio ijio ijio
time-ordered function: ng;a(w]) = Gf}-;a(w) —im sgn(w)Dij;gJ(w)). Thus t]he Hilbert
transform relation eq. (2.14) still holds.

The other type of Green function that we use in this thesis is the imaginary-
time Matsubara function, G(7), (with 7 = ¢t) [62] convenient for use for the finite-
temperature calculations of Chapter 7. However, for reasons of brevity we do not
explicitly refer to it any further here. As we shall see, it is the time-ordered functions,

ng; »(w), which feature in the (T' = 0) diagrammatic techniques used below.

2.2 Feynman diagrams for the exact propagator

As stated above, the Lehmann representation of the time-ordered propagator given
by egs. (2.5, 2.7) allows us to relate the Green function to the excitation energies
of the overall many-body system. However, crucially what the Lehmann represen-
tation does not do, is prescribe a way of calculating the interacting many-body
Green function. Here we give a brief summary for how the full Green function,
ng;a(w), can be calculated from a perturbation series involving the corresponding

non-interacting propagator.* For a complete discussion of the perturbation expan-

3This retarded function should not be confused with the retarded function of eq. (2.5).
1As we shall see in Section 2.3, the non-interacting propagator can be obtained exactly by other
means.
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sion for the propagator we refer the reader to Chapter 3 of ref [62], or Appendices
B-E of ref [63].

2.2.1 Adiabatic switching on

The essential idea that underpins any diagrammatic treatment, is that the eigen-
states of the full interacting Hamiltonian can be obtained from the eigenstates of
the non-interacting system as interactions are switched on infinitely slowly, or adi-
abatically. In order to achieve this we introduce a time-dependent Hamiltonian of

the form
H = Hy + e Ay, (2.18)

where Hj is the Hamiltonian of the non-interacting system, Hj is the interaction
Hamiltonian and € is a small positive constant. For very large times, such that we
take the limit ¢ — 400, the exponential function means that the full Hamiltonian
simply reduces to the non-interacting limit, Hy. In contrast, for ¢ = 0, the Hamilto-
nian takes its full interacting value, H = Ho+ H;. As we shall see, the limit e — 0F
is taken at the end of the calculation, such that the perturbation, H 7, is turned on
and off infinitely slowly. It is important that any physical result, stemming from
the form of eq. (2.18), is independent of the specific value that e takes (provided
e—0T).

For the argument that follows it is necessary to work within the interaction
picture of quantum mechanics [62]. Provided the state vector, [U% (¢)), is a solution
to the time-dependent Schrodinger equation, ihd|¥Y (¢))/0t = ﬁ|\1!g(t)), then it
readily shown from standard arguments that the corresponding state, [U% (¢)) within

the interaction representation is given by
WY (1)) = e (1), (2.19)

The operators must also be transformed into the interaction picture. A time-
dependent operator, A[(t) in the interaction representation is given in terms of

the time independent Schrodinger operator, Ag, by
Aj(t) = etflot/h j ge=iHot/h, (2.20)

It may then be shown [62], that the state vector in the interaction picture may be

evolved in time from tg to t via

U7 () = Ue(t, o) 07 (t0)) (2.21)
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where U, (t, to) is a time-evolution operator given by

. oo s n 1 t t o
Ue(t,to) = > <hz> / dﬁ.../ drpe=UnltetmD P (7). Hi (7)),
to

|
0 n. to

(2.22)

explicitly dependent on e. In analogy with eq. (2.2), T is the Wick time-ordering
operator that places operators chronologically from right to left. Specifically, we
consider evolving the interacting state, |V (¢)) at t = 0 from an initial state,
TN (1)) = |®)) at t = —oo, such that |®)) is an eigenstate of the non-interacting

Hamiltonian, Hy:
ol ) = Bolod). (2.23)

By inserting t = 0, tg = —oo into eq. (2.21), the interacting ground state (we drop
the explicit I subscript in the following discussion for simplicity) is given in terms

of the time-evolution operator by
[Ty) = Ue(0, —00) | ), (2.24)

which thus expresses an exact eigenstate of the overall Hamiltonian, H, in terms
of the non-interacting eigenstate of Hy (given by eq. (2.23)). The question we now
must ask is what happens in the limit that e — 07 The solution is provided by the

Gell-Mann Low theorem, which we now consider.

2.2.2 Perturbation series

The Gell-Mann Low theorem [62,74] may be used to generate the eigenstate of the
full interacting system from the eigenstates of the non-interacting system in the
limit € — 0T. For a detailed discussion of how the Gell-Mann Low theorem may be
proven we refer the reader to ref [62]. The key result is that if

Ue(0, —00)[ @) |T5')

im - = (2.25)
=0 (0f|U(0, —00)|@f) (25| F)

exists to all orders in perturbation theory, then it is an eigenstate of the full inter-
acting Hamiltonian,
N N
5 1Y) Vo)

@y~ ey ey (2.26)

The eigenstate |W)') is generated adiabatically from |®)) via eq. (2.24) when

interactions are switched on. There are two salient points that we emphasize to
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the reader before proceeding. Firstly, the non-interacting ground-state, ]CIDéV ), must
be non-degenerate for the Gell-Mann Low theorem to hold.® Secondly, whilst the
Gell-Mann Low theorem asserts that |®)') is an eigenstate of the interacting system,
it may not be the true ground state. The theorem relies on the fact that the overlap
(Po|Po) # 0 and thus |¥p) must be of the same underlying symmetry as |®g). In
other words, it is possible that the true interacting ground-state is not adiabatically
connected to the non-interacting limit, as is the case for any non-Fermi liquid phase.

By inserting eq. (2.26) for the many-body eigenstate into eq. (2.1) it is possible

to show that the (time-ordered) single-particle propagator is expressed as

Ry A o0
G,’j;g(t) = —1 Z (E) TL'/ dr .. / dr,
n=0 P oo —o0

(OYITHL () - Hi(m)dio (1), (0)]120)
(@'|S7)

,(2.27)

where § = U.(co,—o0), and the operators é;r (t) = e_iﬁoté;[aeiﬁot, Cir(t) =
e Mot eifol have been transformed to the interaction picture. Eq. (2.27) allows
the systematic calculation of any nth-order (in the interaction part of the Hamilto-
nian, H 1) contribution to Gjj.s(t). By virtue of the fact that the interaction part of
the Hamiltonian, H 1(7;), involves products of creation and annihilation operators,
éj o (73) or ¢ix(7;), the matrix elements in the integrand of eq. (2.27) involve many
time-ordered products of these operators.

Whilst it may be possible to simply calculate the first few orders of terms in the
perturbation series, eq. (2.27), evaluating matrix elements involving time-ordered
products quickly becomes lengthy and arduous. Fortunately there is a method that
allows the form of eq. (2.27) to be greatly simplified, especially for higher order
terms. Wick’s theorem [62,75] allows matrix elements of time ordered products of
operators to be written solely as products of two-fermion matrix elements of the
form (®Y |T[¢:o (tg)éj.a(tl)] |®)). This means to any order in the interaction, Hy, the
integrand of eq. (2.27) may be written in terms of the non-interacting zeroth-order
propagator, given by G?j;a(t) = gijio(t) = <<I>6V]T[éw(t)é;0(0)]]@év>. In consequence,
Wick’s theorem allows the full propagator, Gj.»(t), to be given in solely in terms of
Gij:o(t) and the interaction strength (which we denote as U).

We now discuss the most significant advantage of using Wick’s theorem to reduce
the matrix elements in eq. (2.27) to the products of two-Fermion terms. Each term
in the perturbation series for the interacting propagator, G;j.s(t) may be represented
graphically in terms of a Feynman diagram. There is a one-to-one correspondence

between the form of the diagrams and the structure of the perturbation series in

5A point that we return to in Chapter 3 when we explicitly consider a diagrammatic treatment
in a doubly degenerate LM phase.
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Figure 2.1: The perturbation expansion of the interacting propagator, G (double line), in
terms of the non-interacting propagator, g, (single lines). Wiggly lines denote the interaction
strength, U.

eq. (2.27). In order to construct all nth-order contributions to Gjj.s(t), one must
simply draw all topologically distinct diagrams of that order, and then convert them
to the underlying equations. The rules for converting diagrams to their mathematical
form are well known [63], and may be used to construct any diagram for G;j.»(t) in
terms of its constituent g;;.,(t) and U. Fig. 2.1 shows the interacting propagator,
Gij.s(t), denoted by a double line, in terms of the non-interacting propagators,
ij:o(t), single lines, and interaction strength, U, wiggly lines.

For reasons of brevity we do not discuss the diagrammatic rules any further here.

Once again, we refer the reader to refs [62,63] for further information.

2.2.3 The Dyson equation

In order to proceed, the diagrammatic perturbation expansion of eq. (2.27) may be
written in a particular compact and more useful form. From the perturbative series
of Fig. 2.1 it may be shown that the interacting Green function may be expressed

in terms of a matrix equation [62]°

Ga(w) = ga(w) + ga(w)TJ(w)ga(w) (2'28)

where G, (w), g-(w), are matrices describing the interacting and non-interacting
Green functions respectively (Gj.o(w) is the ijth element of G4 (w) etc..). Tq(w)
is the so-called ‘reducible (improper) self-energy’ matrix, and involves all diagrams
sandwiched between two propagator lines. In other words, contributions to T, (w)
contain all interaction terms such that for U = 0, T, (w) = 0, and eq. (2.28) simply
gives the non-interacting function. Furthermore, eq. (2.28) may be written in an
even more convenient form, which proves more useful for further study. T, (w) may
be expressed in terms of both reducible and irreducible terms. If in a contribution

to T,(w) a single propagator line may be cut to yield two further contributions to

5We also choose to Fourier transform all quantities to the frequency domain, where the pertur-
bation expansion holds equally well.
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Figure 2.2: |
The Dyson equation for the interacting Green function, G,(w) (double line), in
terms of the non-interacting Green function, g, (w) (single line), and the self-energy,
3, (w). Left: In open form. Right: In closed form.

T, (w), then the process is deemed reducible. It may be shown by iteration [62] that
reducible terms can be excluded from further consideration in the self-energy - we
may replace Ty (w)gs(w) with X, (w)G,(w), such that ¥, (w) defines the irreducible
(proper) self-energy matrix, involving only irreducible terms. All of the diagrams
on the RHS of Fig. 2.1 are contributions to g,(w)X,(w)g,(w) apart from the last
diagram, where the scissors show how by cutting a propagator line it may be reduced.

The resulting equation (in open form) for G, (w), as shown in Fig. 2.2, is given by
Go(w) =85 (W) + 85 (w)XEs (w)Gs(w), (2.29)

known as the Dyson equation [62].

For the single-impurity problems discussed in this thesis,” interactions only occur
on the impurity, and as such the matrix equation reduces to the simple diagonal
form Gijo(w) = Giizo(W) + Giiso (W) Biio (W) Giiso (W), where the ‘1’ subscript denotes
the impurity level. In Fig. 2.2, Gj;.»(w), again denoted by a double line is expressed
as an open equation on the LHS. By iteration of this equation, the perturbation
expansion shown in Fig. 2.1 can be verified explicitly, by considering all possible
irreducible contributions for ¥;;.,(w). The RHS shows the Dyson equation in closed
form for the interacting propagator in terms of gj;.o(w) and X0 (w).

Physically the self-energy, Y;i.,(w), can be thought of as containing all possible
interactions between a single o-spin particle and the many-body interacting sys-
tem. Just as for the propagator, Gjj.,(w), there are an equivalent set of rules for
constructing all possible diagrams for ¥;;.,(w) [60,63].

Before proceeding, we comment on the structure of the diagrammatic pertur-
bation expansion shown in Fig. 2.1. Whilst the diagrams simply correspond to the

basic mathematical terms in eq. (2.27), and therefore are not equivalent to real phys-

"For multi-impurity problems the matrix form of eq. (2.29) is necessary.
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ical processes, it is sometimes instructive to think of them as such. In attempting to
develop intelligent approximations for G,(w), the appearance of the perturbation
series allows us some feel for which diagrams may be important to include in order

to capture the underlying physics.

2.3 Propagators for the Anderson impurity model

The diagrammatic perturbation theory discussed in the last section can be applied
to the single-level Anderson impurity model that we discuss in the rest of this the-
sis. However, even if the full interacting propagator Gji.,(w) is determined as a
perturbation expansion in terms of the non-interacting Green function, g;;;»(w), we
must first determine g;;,,(w) in some other distinct way. The so-called ‘equations
of motion’ (EOM) methods allow us to determine the ezact Green function in two
important limits, one of which is the non-interacting limit where U = 0, the other is

the atomic limit in which the impurity level is completely decoupled from the band.

As stated in Chapter 1, the Hamiltonian for the single-impurity Anderson model

is given by

H= Z ex — oh) ke + Z — oh)iie + Unipgy + Z chwckg +h.c.), (2.30)
ko

where we have also included a specific term ﬁﬁeld = 2hSZ, where S 5 E olhie+
>k Tko| is the spin z-component in the system, which describes the coupling to a
magnetic field h = %g,uBB (applied globally to the entire system - both to the
impurity level and also the conduction band states). The explicit (—) sign simply

ensures that 1 spins are favoured in energy over | spins.

Differentiation of eq. (2.1) with respect to ¢ gives

CGigolt) = S| =00 (02, 0) +0(-1)(e, 00| (@310)
= —i80) (e (1) 50 O0)) — (T o (). )L, (00 (2:310)

where [fl, E] — AB — BA. Upon Fourier transformation to the frequency domain,
eq. (2.31b) simply becomes

A~

(@) Gijio (@, 1) = {eio &jo}) + ([0 H]: &), (2.32)

where we include the explicit h-dependence in the propagator, wt = w + insgn(w),
and ((A; B)),, simply denotes the Fourier transform of (T'[A, B]). We now evaluate

the commutator [¢;,, H] with the Anderson impurity model Hamiltonian given by
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eq. (1.1). Setting ¢ = j, such that ¢ represents the single-impurity level, we obtain

(Wt = €i0)Giio(w, h) = 1+ Y VikGuio(w, h) + Fiizg (w, ) (2.33)
k

where €;, = ¢; — oh and Fj;.o(w, h) = U((ﬁi,géw;él;»w = (([éw,fll];éja»w (with
H =U N1y ). In contrast, if either of the indices ¢ or j are set to the delocalized

band states we obtain

(W+ - Eko)Gki;U(w’ h) :VkiGii;U(wa h) (2343)
(W' = ewy) Girc o (w, h) =Vig Gliso (w, ) (2.34b)
(w+ - Ekg)Gkk/;U(w7 h) :6kk/ + ‘/’Lk/ Gik;o— (UJ, h) (234C)

By inserting eq. (2.34a) into eq. (2.33) for G;.»(w) we find

Vi Vi

wt — €k

(w' = £i0)Giio(w,h) =1+ Gliiso(w, h) + Fip(w, h). (2.35)
k

Rearranging this equation gives the form
Gii;a(w, h) = [w+ — i — Fii;g((&j? h) — [Ei;a(w, h/)/Gii;o'(w, h)]]_l (236)

Lii.o(w, h) is the hybridization function that couples the impurity single-level to the

conduction band states, given by

To(w,h) =V2> !

" wt — ko

S [p< ! ) i sgn(w)d(w — exo) (2.37b)

" W — ko

=T2(w, h) —isgn(w)'L(w, h). (2.37¢)

(2.37a)

where we have once again used [z +in]~! = P(z~!) —imd(z) to express the real and

imaginary parts. We assume uniform band-impurity coupling strength, Vi, = Vi; =
V and in the interest of brevity we drop the explicit ii subscripts hereafter (and
replace g; with €). Eq. (2.37b) simply relates the density of states of the conduction
band given by

pb(wv h) = Z 5((") - Ekd)v (238)
k

to Tl (w,h) = 7V2py(w,h). Thus T'L(w,h) ‘controls’ the type of conduction band
that the impurity level is coupled to. For the AIM, the conduction band density of
states is generally of the form, py(w,h) = ppf(D — |w|)|w + oh|" and so we set the
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hybrizidation to
Il (w,h) = Tolw + oh|", (2.39)

with T'g = mpoV? the hybridization strength. We consider the infinite bandwidth
limit of the conduction band, such that D — oco. If the band exponent r = 0, then
'l (w, h) = Ty, the hybridization function is w-independent and the impurity is cou-
pled to a metallic flat band. In contrast, for » — oo, the conduction band vanishes
completely. For 0 < r < oo, the single level is coupled to a band with a vanish-
ing power-law density of states around the Fermi level, known as the pseudogap

Anderson model.

As we shall see, eq. (2.36) involving the ratio F'(w, h)/G(w, h) is the general form
of the Anderson model local propagator, and will be important in what is to follow.
However, we first consider the simple non-interacting limit where U = 0, and the

model is exactly soluble.

2.3.1 Non-interacting limit
For U = 0, eq. (2.36) simply becomes
Gow,h) = go(w,h) = [w" — 5 — To(w, h)] 7}, (2.40)

which is now in closed form. For coupling to a metallic host, the spectral function,
do(w, h) = —21 sgn(w)Imgy(w, h), becomes a simple Lorentzian centred on w = &,

with broadening equivalent to I'y

Ty
[w—eo]? + [To]*

wdy(w, h) = (2.41)
In the case of e, = ¢ — oh =0, ml'gdy(w) — 1 as w/Ty — 0, (which occurs at h =0
and the specific case of particle-hole symmetry where x = ¢+ % = 0) this is the well

known spectral pinning condition in the non-interacting limit [2].

2.3.2 Atomic limit

The other distinct limit of the AIM that requires special consideration and may
be solved exactly by applying EOM methods is the limit where the band coupling
strength, V' = 0. The local interaction strength by contrast is non-zero, U # 0;
eq. (2.36) becomes

(wh —5)Go(w,h) =1+ Fy(w, h). (2.42)
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It is then possible to repeat the EOM procedure to find F,(w,h) = ((n_sC; é};))w
in the absence of coupling to the host band. In this limit it is straightforward to

show
(Wh —e5 —U)Fy(w,h) = (Nh_q), (2.43)

and hence is expressed in closed form. By inserting eq. (2.43) in to eq. (2.42), the

exact atomic limit Green function in closed form then becomes

1-— <ﬁ—a> <ﬁ—a>

AL
g ) = ) = . 244
Golirh) = Gty = 0=y Sl (2.44)
As such, the corresponding spectral function, Df(w,h) = —Lsgn(w)GoE(w,h)
becomes
DAL (w,h) = [1 — (h_o)]0(w — €0) + (M_g)0(w — g5 — U). (2.45)

In consequence of this simple discrete pole form, the local o-spin charge, given via

eq. (2.12), takes on integer values in the atomic limit

0
(o) = / dw DAL(w, h) = [1 = (A )0(—c0) + (i_0)0(~[es + U]).  (2.46)
There are 3 obvious cases to consider. Firstly, when e, > 0, then (74), (7,)=0 and

DAL (w) reduces to a single pole for all U
D (w,h) = 6(w — &,). (2.47)

The decoupled impurity has zero occupancy as the level, e, lies above the Fermi

level.

The second distinct case arises when e, < 0, and e, + U < 0, then both (7;4),
(ni;)=1. Now the impurity level lies far enough below the Fermi level that it is
doubly occupied, with one electron of each spin type. The spectrum becomes a

single pole positioned at w =¢, + U
DM(w,h) = 6(w — e, — U). (2.48)

The last case is when ¢, < 0, but €, + U > 0. In this regime, the impurity level
is singly occupied, and (n4) = (n)) = % The impurity level could equally have spin
up or down with equal probability, and the ground-state is doubly degenerate. The

spectrum contains poles positioned at w = ¢, + U, &, given by

DAL (w, h) = %[5@; ey~ U) 45w — )], (2.49)
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A point to notice here is that the form of the NIL spectral function given via
eq. (2.41) is a Lorentzian centred on w = ¢, with width I'g. The effect of coupling to
the conduction band is to simply broaden the atomic limit pole given by eq. (2.47).
However, in the full interacting case, when both interactions (finite U) and coupling
to the band (finite V') are considered, the spectrum for the full interacting system
is no longer a simple Lorentzian, as we shall see below.

Later in this thesis (Section 3.6) we will once again consider the case of the atomic
limit as the most simple example of a system that contains both non-degenerate and

doubly degenerate ground-states.

2.3.3 The interacting Anderson model

We now move to discuss the interacting Anderson model with the on-site local
interaction, U, included. The Dyson equation, eq. (2.29), gives the propagator in
terms of the local interaction self-energy ¥,(w) = Yjj,»(w, h) and the zeroth-order

non-interacting Green function g,(w, h), given via eq. (2.40)

Go(w, h) =[g; " (w, h) = So(w, h)] 7, (2.50a)
=wt — g5 —Ty(w,h) — Xy(w, h)] L. (2.50b)

On comparison with eq. (2.36), obtained via equations of motion, we see that
Yo(w,h) = Fy(w,h)/Gs(w,h). This is a fact that shall be utilized later in this

thesis when calculating exact numerical results.

Figure 2.3: The first few terms in the perturbation expansion for ¥,(w,h) in terms of
go(w, h), g—s(w, h) and U. All frequencies and spins are conserved at each vertex.

2.3.4 The self-energy and the skeleton expansion

As we have seen, the exact form of the non-interacting Green function may be easily

calculated in terms of the ‘bare’ level energy, ¢,, and the hybridization function,
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I'y(w,h). The interaction self-energy, Y, (w,h) can then be calculated via a dia-
grammatic perturbation expansion [62]. Fig. 2.3 shows the first few diagrams in
the perturbation series for ¥, (w, h). The single lines once again represent the non-
interacting propagator, g,(w, h); the wiggly lines represent the interaction strength,
U, which for the single-impurity Anderson model can only occur between 1 and |
spin electrons.

In fact, the irreducible self-energy, ¥, (w, h) can be written in a more convenient
form, that will prove useful to us later in this thesis. There is a certain class of
diagrams, known as ‘skeleton diagrams’ [62,63], which contain no self-energy in-
sertions on the individual propagator lines. A self-energy insertion is any diagram
which could itself make an individual contribution to ¥, (w,h). For example, the
3rd and 5th diagrams shown in Fig. 2.3 are not skeleton diagrams as interaction
lines may be cut to detach self-energy insertions (shown by the scissors). All dia-
grams for ¥, (w,h) can then be obtained from the skeleton diagrams by inserting
the full propagators, G, (w, h), on the individual lines. Fig. 2.4 shows the first few
skeleton diagrams for ¥, (w, h) in terms of both G4 (w,h) and G_,(w, h). The rea-
son that we have rewritten the perturbation expansion for ¥, (w, h) in this way will
now become clear. As we shall see in the next section, expressing X, (w, h) in this
way is equivalent to writing it as a functional of the full interacting propagator,

Yo(w,h) = X[{Gx}] (with ¢’ =T or ]).

ogw

ow

Figure 2.4: The skeleton expansion for ¥, (w, h) up to 4th-order. All double lines denote full
interacting propagators, G, (w, h), whilst wiggly lines denote the interaction strength, “U”.
All frequencies and spins are conserved at each vertex.

2.4 Fermi liquid theory

In a series of seminal papers, Luttinger and coworkers developed the underlying

diagrammatic arguments for a full microscopic derivation of Landau’s Fermi liquid
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theory® [58-61,76,77]. In this section we briefly sketch the key ideas, and specifically
how they apply to the Anderson impurity model.

2.4.1 Luttinger-Ward functional
—0 ﬂ* o —0 «*» Y

o —0
o = O
EN s o

{(:) = m_g + Uma -+ Uma + ...

Figure 2.5: Top: The first few closed linked skeleton diagrams for the Luttinger-Ward func-
tional, ®ryr. Bottom: The first few terms of the skeleton expansion for the self-energy,
Eo—(w, h) = 6®LW/6G0'<w7 h)

The Luttinger-Ward functional [59], ®ryw = ®[{G, }] (where [...] as before de-
notes a functional and {G, } denotes the set (G4, G))), is a very important quantity
that allows the thermodynamic potential (the state function for the grand canonical
ensemble) of the system, Q = Q[{G,}], to be expressed in terms of the single-particle
propagator, G, = Gy (w, h). This result is significant because in principal it allows
the thermodynamic properties (embodied by €2) of the system to be determined in
terms of the dynamic (w-dependent) propagator, G, (w, h). Furthermore, Luttinger
and Ward showed [59] that ®[{G,}] is simply made up of a perturbation series of
all ‘closed-linked’ skeleton diagrams involving the interacting propagator, Gy (w, h).?

Whilst the skeleton expansion for the self-energy (as shown in Fig. 2.4) involved
diagrams with one line entering and one line leaving, diagrams for ®;y may be
obtained by simply closing the equivalent self-energy diagram (as shown in Fig. 2.5).
In addition, the ezact self-energy, ¥,(w,h), may be obtained via the functional

derivative of ®[{G,}] with respect to one of the o-propagator lines, G,(w, h), i.e.

58[{Gor}]

Yo(w,h) =E[{Gy}] = 6G,

(2.51)
Thus, functional differentiation is equivalent to cutting a single propagator line in
the perturbation expansion for ® 1y, yielding a contribution to ¥, (w, h) (as shown

by the scissors in Fig. 2.5).

8Landau had originally developed a phenomenological approach for explaining the low-
temperature properties of liquid helium *He [2].

9As before, a skeleton diagram is a diagram that contains no self-energy insertions on any
individual propagator line.
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The form of the Dyson equation, eq. (2.50), allows the full interacting Green
function, G, (w, h) to be determined in terms of the irreducible self-energy, ¥, (w, h).
Furthermore, ¥, (w, h) may be obtained via the functional derivative of the Luttinger
Ward functional, eq. (2.51), and hence is expressed via the skeleton expansion in
terms of the full propagators as shown in Fig. 2.5. In consequence, these two equa-
tions provide a self-consistency condition for the determination of both the prop-
agator and self-energy. In principal, if all possible skeleton diagrams were to be
included in the expansion for ¥, (w, h), then it would be possible to determine the
full propagator ezactly. Obviously, this is impossible in practice, but physically rel-
evant approximations may be made by truncation of the skeleton expansion to only
include specific diagrams. Later in this thesis we make full use of the self-consistency

equations alluded to here.

2.4.2 For the metallic Anderson model

The key results of Luttinger et al.’s diagrammatic analysis of Fermi liquid theory
are the following four proofs that hold to all orders in the interaction U (see ref [2]
for further details):

3w, h) = Bo(w, h) = B (w, h) —isgn(w)SL(w,h) with L(w,h) >0 (2.52a)
SHw=0,R)=0 (2.52b)
> w,h) xw?® as w—0 (2.52c)

0 T
Ir, (h) :Im/ M

T = 2.52
S G ) =0 (2.52d)

where the ‘t’ superscript denotes the time-ordered function, together with the re-
tarded function, X7 (w, h) = ¥(w, h) — iX! (w, h). Luttinger’s original Hamiltonian
involved fermions with short ranged two-body interactions. However, it may be
shown by a simple canonical transformation that the quantum impurity models
studied here can be transformed into the same basic model that Luttinger consid-

ered.
With these results in mind, we may express the low-w form of the local impurity
self-energy as a simple Taylor expansion

S, (w, h) “=° [zf}(o,h) +W<W>wo+...] —isgn(w)O(W?).  (2.53)

Inserting this into the Dyson equation, eq. (2.50) for the interacting propagator, we
find:
Go(w, k) “=° [w/Z — e (h) + isgn(w)To] . (2.54)
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The quantity, Z, is the ‘quasiparticle weight’ given by

2=[i-(Zhen) ] .

such that Z = 1 in the non-interacting limit and &% (h) = e —oh+XE(w = 0, h) is the
renormalized level energy (the bare level energy plus corrections from interactions).

The propagator therefore becomes

Go(w, h) 3P Z§o(w,h), where (2.56a)
G(w,h) = [wh — Zex(h) +iZsgn(w)To] 1, (2.56b)

such that eq. (2.56b) has the same form as the non-interacting Green function given
by eq. (2.40), but with the bare level energy, €,(h), replaced by a renormalized level,
Zek(h), and the bare hybridization strength, I'g, replaced by ZT'g. Thus, the low-w
asymptotics of the interacting propagator, G,(w,h), in a Fermi liquid phase are
precisely the same as the NIL Green function, g,(w,h), but with bare parameters
replaced by their renormalized counterparts. As we shall see, the underlying signa-
ture of a Fermi liquid phase is that the low-w behaviour of the propagator has the
same fundamental form as the non-interacting propagator. (Generally the condition
for this behaviour to occur, and not just for the metallic AIM considered here, is
that XL (w, h) vanishes more rapidly than I', (w,h) as w — 0, i.e. B (w,h) oc |w*
with A > r.)

In Chapter 3 we explicitly consider Luttinger’s diagrammatic argument for the
vanishing of the Luttinger integral, I, (h), given by eq. (2.52d), in the context of a
‘two self-energy description’. Subsequently, in Chapter 4, we generalize Luttinger’s
results, egs. (2.52b-2.52d), to the case of the pseudogap Anderson model, in both

its Fermi liquid and non-Fermi liquid phases.

2.4.3 General points

Before we proceed to the next chapter, we make some general points about Fermi
liquid phases.

A Fermi liquid may be thought of as a phase where the low-lying excitations of
the interacting system are in one-to one correspondence with the excitations of the
non-interacting limit [2]. The effect of interactions is to dress a bare electron to
form a weakly-interacting quasiparticle. Furthermore, a non-interacting system (at
T = 0) is characterized by having a sharp Fermi surface - i.e. electronic states below
the Fermi level are filled and states above are empty. By virtue of the fact that
within a Fermi liquid description the quasiparticles behave like weakly-interacting

particles, the system also exhibits a sharp Fermi surface, but with the bare electrons
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replaced by quasiparticles.

In other words, for a Fermi liquid the ground-state of the interacting model is
adiabatically connected to the ground-state of the non-interacting limit. As inter-
actions are slowly switched off, the ground-state of the non-interacting system is
continuously accessed from the interacting system. In consequence, as discussed in
Section 2.2.1, the Gell-Man Low theorem holds and the perturbation expansion of
eq. (2.27) is valid to all orders in the interaction, U.

In the next chapter, we consider non-Fermi liquid doubly degenerate local mo-
ment (LM) phases, which occur in many impurity models, but are crucially not
adiabatically connected to the non-interacting limit. The diagrammatic many-body
perturbation theory outlined here does not apply in the conventional sense (a per-
turbation expansion about the NIL is simply invalid). However, as we shall see it is
possible to describe these degenerate phases using the diagrammatics explained in

this chapter within a two self-energy (TSE) description.



CHAPTER 3

Local moment phases

As discussed previously, the Anderson impurity model (AIM) coupled to a metallic
conduction band behaves as a Fermi liquid for all values of the interaction strength
‘U’. The interacting many-body ground state of the system is perturbatively con-
nected to the non-interacting limit, as described in Section 2.4. Thus, diagrammatic
perturbation theory in U can be undertaken and the skeleton expansion expressing
the local self-energy as a functional derivative of 11 = ®[{G,}] holds to all orders.
However, this metallic model is certainly non-trivial, for large U, the Kondo effect
occurs in which the low-energy scale, Tk, vanishes exponentially. The impurity spin
degree of freedom is completely quenched at low temperature and the ground-state
is a genuine many-body singlet (as shown pictorially in Fig. 1.2).

We remind the reader that in contrast to the basic metallic case, many variants
of the Anderson model exhibit a zero temperature local quantum phase transition
(QPT) to a phase in which the local spin degree of freedom is not screened by the
band. At T' = 0 there is a transition between a Fermi liquid phase (in which the
Kondo effect persists), adiabatically connected to the NIL, and a distinct non-Fermi
liquid (NFL) phase where the perturbation expansion of eq. (2.27) is crucially not
valid. For single level models, examples of this type of system include the pseudogap
AIM [33,42,43,46,78-81], and the gapped AIM [50-53,82], as well as models with
couplings to bosonic degrees of freedom [54-57,83-85]. For multi-impurity models,
the possible examples are vast, including impurity models for double [86-90] and
triple [91-95] quantum dot devices. In all of these models the non-Fermi liquid
phase is ‘common’ (as shown in Fig. 1.4) in that it takes up a significant portion of
parameter space, and does not require fine tuning of parameters. Furthermore, we
emphasize that the non-Fermi liquid LM phases considered in this chapter possess a
globally doubly-degenerate ground-state, containing an SU(2) spin degree of freedom

in the entire system.

In this chapter we set to put the machinery in place in order to describe doubly

31
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degenerate local moment (LM) phases within a two self-energy (TSE) description.
We initially consider the zero-temperature local static charge, n(h), and magnetiza-
tion, m(h), and in particular their field-dependence in a LM phase. In contrast to
the SC phase where m(h) is continuous across h = 0, we show that in a LM phase
limj,_,o+[m(h)] is non-vanishing, and thus a suitable order parameter for the tran-
sition. Furthermore, the behaviour of m(h) has a strong bearing on the underlying
forms of the local single-particle propagators, G,(w,h), particularly at zero-field.
By virtue of the fact that the ground-state is doubly-degenerate, we show that a
description of the zero-field propagator requires consideration of two distinct self-
energies which reflect the fundamental broken-symmetry nature of the phase. The
conventional self-energy that arises from the Dyson equation, eq. (2.50), in standard
many-body theory, which we refer to as the ‘single-self-energy’ (SSE), may then be
obtained by direct consideration of the TSEs.

After considering the local quantities mentioned above, we move to discuss the
‘excess’ charge and magnetization. In quantum impurity physics an excess quan-
tity is defined as the expectation value of that quantity for the entire system (the
conduction band plus the impurity level), minus the expectation value for the sys-
tem in the absence of the impurity. We find that both the excess charge, nimp(h)
and magnetization, mimp(h), have precisely the same structure as their purely local
counterparts. Moreover, in Section 3.3 we derive a distinct Friedel-Luttinger sum
rule [96] in each phase, relating the scattering phase shift to a relevant excess charge
and a Luttinger integral, Ir_(h). Furthermore, in Section 3.4 we generalize Lut-
tinger and Ward’s [59] original argument for the vanishing of the Luttinger integral,
I, (h), to the LM phase (where we define it in terms of broken-symmetry propa-
gators). To conclude the chapter we specifically analyse the simple ezactly soluble
case of the atomic limit (previously discussed in Section 2.3), where we find that in
its singly occupied regime the TSE description is applicable.

Before proceeding we make one further comment. The two self-energy (TSE)
description discussed in this chapter underlies the ‘local moment approach’ (LMA)
[28,29,34,45,51,64,65]. In that context the approach was approximate, arising, in the
first instance, from the use of mean-field propagators. However, we emphasize that

here in its current guise the TSE framework is ezact, free from any approximation.

3.1 Local quantities

In examining both distinct (LM and SC) phases, and the principal differences be-
tween them, we choose to initially focus on the zero-temperature local impurity
charge, n(h), and magnetization, m(h). Specifically, we concentrate on their un-
derlying dependence in response to a magnetic field, h = %g,uBB. As stated in
Section 2.3 with reference to the AIM Hamiltonian, eq. (2.30), the field, h, may be
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applied either locally - i.e. just to the impurity level, (such that Hgelqg = —2h3, =
—2h(3[Ar — 7)), where 3, is a local operator that measures the z-component of spin
solely on the impurity level), or globally - to both the impurity plus the conduction
band states (such that Hgeq = —2hS, = —2h[8, + 82"], with the conduction band
operator given by 5" = % > k[t —7y]). Initially it is unimportant to the discus-
sion whether the field is applied locally or globally and therefore we do not specify

which at this stage.

The local impurity magnetization, m(h), and local charge, n(h), are defined by
m(h) =Y ong(h), (3.1a)
n(h) =Y ne(h), (3.1b)

where as usual the convention is o = %1 for 1 / | spins, and n,(h) = (), is the
expectation value of the local charge on the impurity level'. As shown in Section
2.1.1 via eq. (2.12), the local charge may be obtained simply in terms of an integral

over the single-particle spectrum, D, (w):

no(h) = (g) = /O dw Dy (w, h) = —1Im/0 do GL(w,h),  (3.2)
— 0 ™ -0

where we have used eq. (2.17) to express D, (w, h) in terms of the retarded impurity
propagator, G5 (w, h). In the following arguments of this chapter we refer explicitly
to the retarded propagator in all cases such that we drop the explicit ‘r’ label and
hence GI(w,h) = G,(w,h). Furthermore, putting eq. (3.2) into egs. (3.1a-3.1b),

the local magnetization and the local charge may be written simply as

0

mih) = [ dur [Drew ) = Dy ), (3.30)
0

n(h) :/_ dw [Dy(w, h) + Dy (w, h)]. (3.3b)

The local propagator is given via the Dyson equation, eq. (2.50), in terms of the

hybridization function, I';(w, k) and the local self-energy, ¥, (w, h)
Go(w,h) = [wh —e+0h —Ty(w,h) — B (w, h)] 1, (3.4)

with w™ = w + in and n = 0F. Here we note that if the magnetic field h is applied
solely to the impurity level, then the hybridization function, given by eq. (2.37), is

independent of both h and o, i.e. I'x(w,h) = I'(w). For convenience we once again

'The local magnetization is then given from eq. (3.1a) in terms of the z-component of the spin
on the impurity site: m(h) = 2(3,) = [n+(h) — ny(h)].
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adopt the notation of the last chapter, setting €, = € — oh, such that 1 spins are
favoured in energy over | spins. With this convention it may be seen by considering
egs. (3.3-3.4), that the induced local magnetization is in the same direction as the

applied field, i.e.
sgn(h) = sgn(m(h)). (3.5)

By considering eq. (2.30), it follows that by changing the sign of the applied magnetic
field h — —h and also swapping 1 and | spins, the Hamiltonian is invariant (we refer
the reader to Appendix B for a full discussion of transformations of the Hamiltonian).

From this symmetry it follows that
Go(w,h) = G_s(w,—h). (3.6)

Hence by inserting this equation into eq. (3.2), from egs. (3.1a-3.1b) we find m(h)

is odd, and n(h) even in h, i.e.

3.1.1 Behaviour of the local magnetization, m(h)

The preceding discussion is entirely general and holds regardless of the nature of the
zero-field phase (LM or SC). What differentiates the two phases is the field behaviour
of the local magnetization, m(h). In a SC phase, m(h) vanishes continuously as the
field h is reduced towards zero. By contrast, in a LM phase as h — 07, the system
possesses a finite permanent zero-field local moment with magnitude m(h = 01) =
|ft|. The left of Fig. 3.1 shows a schematic representation of the behaviour of the
local magnetization as a function of A in a doubly degenerate LM phase. The low-
field behaviour of m(h) is essentially the same as for the simple case of a free spin
(as explicitly detailed in Appendix E), i.e. on application of even the tiniest field
in some arbitrary direction, a magnetization is induced along the field direction, c.f.
eq. (3.5). We refer to an ‘A’ type state for h — 0T, and a ‘B’ type state for h — 0™,

such that the local magnetization becomes

m(h — 07) = +|jl, (3.8a)
m(h — 07) = —|jl, (3.8b)
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m(h) ‘A’-type
‘/ m(h)
+ljil~
Ue
0 h 4 U
5 h
) 0
—-lal =

Figure 3.1: Left: The zero temperature local magnetization, m(h), as a function of h in a dou-
bly degenerate local moment (LM) phase. Right: 3D representation of the magnetization,
m(h) as a function of the interaction strength U and the field-h. For U < U,, the system is
in a Fermi liquid SC phase, m(h = 0) = m(h — 0) = 0. By contrast, for U > U,, the local
magnetization, m(h) is discontinuous across h = 0 in a LM phase, m(h — £0) — %|f|. The
critical U = U, is the point at which local moments start to form.

respectively. Thus, the local magnetization is discontinuous across h = 0 as shown

in Fig. 3.1. In contrast, identically at h = 0, m(h = 0) = 0, reflecting the fact
that the permanent local moment has equal probability of being up or down. Before
proceeding, we emphasize that in contrast to the simple free-spin case, the LM phase
local magnetization, m(h), is not fully saturated on application of an infinitesimal
field, but reaches a value |fz| which lies in the interval [0, 1].

The permanent local moment, || = m(h = 0%) = —m(h = 07), is thus a good
candidate for an order parameter for the quantum phase transition between the two
distinct phases. In a LM phase for U > U, it is finite, but vanishes in a SC phase
where m(h — 0%) = 0. Making the reasonable assumption that as the transition is
approached for U — U, m(h = 0%) = |ji| vanishes continuously (a hypothesis that
may be verified explicitly on a model-by-model basis). The right panel of Fig. 3.1
shows a three-dimensional schematic representation of m(h) plotted versus both U
and h; showing the vanishing of || as U — U} .

The local moment, ||, is well known to be the order parameter within an unre-
stricted Hartree Fock (UHF) mean-field approach [62]. However, as discussed in the
introduction, due to its crude nature, in which all dynamical contributions to 3, (w)
are neglected, UHF is known to overestimate the propensity for local moment for-
mation. For example, mean-field theory applied to the metallic AIM by Anderson is
known to falsely predict a QPT to a LM phase for large U [7]. Furthermore, we ac-
centuate the point that the deductions we make in this chapter are exact, and hence
have nothing to do with mean-field theory. Moreover, when a QPT genuinely does
occur between a SC and LM phase, the order parameter for the transition is certainly
the local moment, |fi|. In the literature this has been found from NRG calculations
for the pseudogap AIM [37,42], and also the Bose-Fermi Anderson model [55,57,65],
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together with the pseudogap Anderson-Holstein model [83]. However, we stress that
whilst m(h — 07) has been calculated numerically and quoted as the order parame-
ter for the transition, the underlying theory for precisely why this behaviour occurs

has been somewhat overlooked.

A further point is as follows. As shown in Fig. 3.1, the magnetization, m(h),
is of course non-zero for any non-zero h, whether U < U, or U > U.. This re-
flects the fact that the quantum phase transition is destroyed on application of any
finite-field (as indicated by the schematic shown in Fig. 1.4). Physically, this field-
dependence means that for U > U,, the ground-state of the system is no longer
doubly-degenerate. One of the components (A or B) of the zero-field ground-state
has been ‘picked out’ according to whether h > 0, h < 0. Once again, this behaviour
is directly analogous to the free-spin case of Appendix E, but with the pure | 1), | J)
states replaced with the (many-body) A and B states.

3.1.2 Local propagators

The underlying field-dependence of the local magnetization, described above makes
a significant impact on the structure of the local propagators, which in turn from
egs. (3.2-3.3) determine m(h). As stated above, in a LM phase for h > 0, such that
the ‘A’ state is picked out of the doubly degenerate ground-state, we denote the
propagator G,(w,h) = Gas(w,|h|). The broken symmetry propagator G s, (w, |h|)
reflects the LM state correponding to m(h) > 0 for all h > 0 (with m(h = 07) =
+fi]). In contrast if h < 0, the ‘B’ state is picked out; the propagator G,(w,h) =
Gpo(w,—|h|) refers to m(h) < 0 for all h < 0 (with m(h = 07) = —|f|). Thus, in
consequence of eq. (3.6), the following symmetry between the ‘A’ and ‘B’ propagators
holds

Gao(w, |h]) = Gp—o(w, —[h]). (3.9)

The (field) notation that we use for the broken-symmetry Green functions underlines
the point that the ‘A’ state is accessed only for h > 0 and the ‘B’ state for A < 0.

In other words, the full propagator can be expressed in the form
Go(w,h) =0(h)G g5 (w, |h]) + 0(—=h)GBs(w, —|h|) (3.10)

where 6(z) is the heaviside step function: 0(z) = 1, for x > 0; 6(x) = 0, for
z < 0, and 6(0) = 4. Thus, in direct parallel to the behaviour of m(h) (shown in
Fig. 3.1), Go(w, h) is discontinuous across h = 0, i.e. Go(w,07) = Gax(w,0) and
Gy(w,07) = Gpe(w,0), where in a LM phase (from eq. (3.3a)) the presence of a

permanent local moment means that G g, (w,0) and G p,(w,0) are not the same for
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all w. In contrast, identically at zero-field, eq. (3.10) simply gives

Go(w,0) = 2[Gas(w,0) + Gps(w,0)], (3.11a)
= 1[G o(@,0) + Ga_o(w,0)) (3.11b)
=G_s(w,0), (3.11c¢)

once again reflecting that in a LM phase the ground-state is globally doubly de-

generate. Furthermore, eq. (3.11) also shows, by virtue of the symmetry (eq. (3.9))
Gas(w,|h]) = Gp—o(w,—|h|), that the full Green function at zero-field is rotation-
ally invariant, i.e. Gy(w,0) = G_;(w,0) = G(w,h = 0) is independent of spin-o.
This property simply reflects the overall spin symmetry of the Hamiltonian precisely
at h =0.

Local broken-symmetry spectral functions

As the w-dependence of G, (w, h) is discontinuous across h = 0 in a LM phase, the
same must also be true for the local impurity single-particle spectrum, D, (w,h) =
—1ImG,(w, k) (for the retarded functions considered here). In particular, we label

the spectral functions by

Do(w70+) - DAO'(W7O)7 (312&)
Dy(w,07) = Dpy(w,0). (3.12b)

From eq. (3.11) the spin-independent zero-field function D,(w,0) = D_,(w,0) =

D(w,0) is written as
Dy(w,0) = $[Dao(w,0) + Do (w,0)]. (3.13)

Thus, on the application of even an infinitesimal field, h = 0%, the w dependence
of the spectral function, D,(w,h), changes abruptly. This has been found for the
underscreened spin-1 phase arising in two-level quantum dot systems [96,97]. More-
over, Fig. 3.2 shows numerical NRG calculations for the pseudogap AIM. Both
m|w|"Day(w,0) = 7|w|"Dy(w,0"), and 7|w|"Dy(w,0) are shown (where r is the

2 There is a significant redistribution of weight in the

pseudogap band exponent).
high-energy Hubbard satellites of the spectrum on the application of a tiny field.?

We now return to eq. (3.2) for ny(h). By inserting eq. (3.10) into eq. (3.2) for

2We consider the pseudogap AIM explicitly in Chapter 4. For now the model specifics are
unimportant to the discussion.

3 At zero-field, Hubbard satellite bands occur in the spectrum, D, (w,0), at large energies: w = ¢,
€ + U as a result of the single-particle atomic limit processes discussed in Section 2.3.2. The delta
functions of eq. (2.45) are broadened by coupling to the conduction band with finite width ~ O(T'g)
(c.f. eq. (2.41) in the NIL).
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Figure 3.2: The spectral function, 7|w|" Dy (w, h), plotted versus w for the pseudogap AIM for
r=035z=c+Y =0,and U/m = 10. The dashed line shows 7|w|" Dy (w, h = 0), whereas
the solid line shows 7|w|" Dy (w, h = 07) = w|w|"Da,(w,h = 0). We have taken the unit of
energy to be I‘é/(l_r) =1, such that w = w/Fé/(l_r) and 7|w|" Dy (w, h) = 7lg|w|" Dy (w, h)
are dimensionless.

Gs(w, h), ng(h) simply takes the form

ng(h) = 0(h)nas(|h]) + 0(=h)nps(—|h|), (3.14)
with na,(|h] 1mm f dw G A (w, |h]), (and similarly for np,(—|h|)), such that
from eq. (3.9)

na—o(|h]) = npe(=|hl). (3.15)

The local charge, n(h) =Y nq(h) follows using eqs. (3.14-3.15) as

n(h) = [0(h) +6(— Zma |h]) = nao(|h]), (3.16)

and therefore n(h) = n(—h) is continuous across h = 0, not showing any abrupt

behaviour. The corresponding ‘A’ state magnetization is similarly defined as
A(A]) ZanAg h|), (3.17)
such that m4(|h|) > 0 for h > 0 and U > U, with
ma(0) = +|fl (3.18)

the permanent local moment; and also mp(—|h|) = > onps(—|h|), such that
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mp(—|h|) = —ma(|h]) = —|i| from eq. (3.15). From egs. (3.1a, 3.14, 3.17), the

local magnetization, m(h) is given in terms of m4(|h|) by
m(h) = [0(h) = O(=h)Ima(|h])- (3.19)

This form recovers the symmetries of egs. (3.7-3.8) and the field-dependence shown
on the left panel of Fig. 3.1. Eq. (3.19) shows in particular that m(h) is determined
in a LM phase for any field in terms of the broken symmetry propagators by

0
ma(lh]) = iImZa/_ dw Gay (w0, 1)), (3.200)
0
— [ dwDasler ) ~ Dayle, 1D, (3.200)

with Do (w, |h]) = —LImG a0 (w, |h]).

Hereafter, for any field we choose to only work solely with A-type propaga-
tors. The B-type propagators can be eliminated from further consideration by using
eq. (3.9) in eq. (3.10):

Go(w, h) = 0(h)Gao(w, |h]) + O0(=h)Ga—g(w, [h]), (3.21)
and hence the local charge, eq. (3.16) is given by

ng(h) = 0(h)nas(|h]) + 6(=h)na—s(|h]). (3.22)

3.1.3 Local self-energies

For any field, h > 0, the broken-symmetry propagator for the ‘A’ state, G o, (w, |h|),
may be written from a Dyson equation (in analogy with eq. (3.4)) in terms of its

corresponding self-energy, ¥ 4, (w, |h|). It is given by
Gao(w,|]) = W' =5 = To(w, h) = Tag(w, ‘h‘)]_la (3.23)

where, as discussed in Section 2.3.4, ¥4, (w, |h]) = L[{Gac}] (with ¢’ =1 or |),
is a functional of the time-ordered, G 4y, G4, and given diagrammatically by the
skeleton expansion [59] shown in Fig. 2.4. Thus, the Dyson equation, eq. (3.23),
allows the determination of G4, (w, |h|) for a given, ¥ a4, (w, |h|). In turn, the skele-
ton expansion, X[{G 4, }], then allows the determination of ¥ 4, (w, |h|) for a given
Gas(w,|h]). As alluded to above, the two equations (the Dyson equation and the
skeleton expansion) in principle provide a self-consistency condition for the determi-
nation of the exact propagator, G a,(w,|h|) and the ezact self-energy, ¥ 4, (w, |h]), if

all possible Feynman diagrams are included.
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For any finite-field h > 0, eq. (3.10) gives G4(w, h) = G as(w, |h]). By virtue of
the fact that the propagators are the same, so too are the associated self-energies on
comparing egs. (3.4) and (3.23): ¥, (w,h) = X as(w, |h|) (or equivalently X[{G,}] =
Y[{Gao}]). As mentioned above, for any h # 0, the ground-state of the system in
a LM phase is no longer doubly degenerate, the magnetic field selecting (or ‘picking
out’) either the A or B components. Even though the QPT is strictly destroyed
on application of any finite field, it is appropriate to keep the explicit ‘A’ label in
Gao(w,|h]) or Las(w,|h]) for U > U.; in acknowledgment that the total Green
function, G, (w, h), is discontinuous across h = 0 and to indicate that as h — 01 the

system possesses a permanent local moment, m(h — 07) = m4(0) = |al.

3.1.4 Zero field

We now consider the zero-field limit, which is quite subtle. Setting A = 0in eq. (3.10)

gives the full propagator as an average of the two broken symmetry propagators (c.f.
eq. (3.11))

Go(w,0) = 2[Gar(w,0) + Ga_q(w,0)]. (3.24)

Lehmann representation

In fact the precise zero-field form of eq. (3.24) may be obtained by direct considera-
tion of the Lehmann representation of the propagator both identically at h = 0 and
h — 0%. The (retarded) local impurity propagator at finite-temperature is given
by [62,63]

Go(t,h) = —if(t) 5 Tr(e™ {2, (t), &5(0)}), (3.25)

where Tr(...) = > (¥,|...|¥,) and the partition function Z = Tr(e_ﬁH) with
B = 1/T. Upon Fourier transformation, eq. (2.4a), a simple argument (involving
many of the same steps as Section 2.1), shows that the Lehmann representation of

this quantity is given by

Golwonh) = 3 ol (LY o A1En=Enl) | (n]ég|m) |
T Xkl g wtin = [Em—Ed

(3.26)

,m

where |n) = |¥,), such that H|n) = E,|n) and therefore Ey is the ground-state
energy. Taking the T'— 0 limit (i.e. 5 — o0) on this equation, such that G,(w,h) —
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Gy (w, h), we obtain®

1 ‘(m\éjf\@]? |(m]éq|a)|? > 9 (a|éq| B2
GU(W7 h) " w < + +— —
m¢{A,B} Be{AB)

(3.27)

where gg is the ground-state degeneracy, and « (and ) run over the degenerate states
of the ground-state, i.e. the state |a) has energy E, = Ey. Thus, the first term
in eq. (3.27) involves excitations above the ground-state manifold (with E,, # Ep),
whereas the second term involves (zero-energy - E4 = Ep = Ej) excitations between
the degenerate states of the ground-state.

In a LM phase (at zero-temperature and precisely at h = 0) there is an ‘un-
quenched’ SU(2) spin degree of freedom in the entire system. As a consequence,
the A and B (degenerate) states are eigenstates of the overall z-component of spin
operator S, = 8, + >k Skz, With eigenvalues of i% respectively. The purely local

N

operator, ¢,, only changes the ground-state expectation value, (S,), by a % Since
the A and B ground-states differ in (S,) by 1, the matrix elements, (a|éy|3) (where
a,3 € {A, B}), must vanish.> Hence, for the LM phase where go = 2, the second

term in eq. (3.27) vanishes. The first term becomes

1 [(meb]a)]? [(m]éq|a)|?
o\W, It — -5 ) 2
Goliesh=0) 2 e%:B} <w+ — [Em — Eo Tt [Em — Eo (3.28)
m¢{A,B}

Alternatively, if h = 07, the ground-state degeneracy is lifted (go = 1) and the
‘A’ state is picked out of the ground-state manifold. Eq. (3.27) then reduces to

( [(mleg|A)|? [(mlés|A)

Go(w,0%) = Gap(w,0) = Z o — (B — Fo| w++[Em—Eo]>’ (3.29)

m¢{A,B}

and likewise obtaining a similar relation on taking h — 0~ for the ‘B’ propagator,
Go(w,07) = Gpy(w,0). Thus, on comparison of eq. (3.28) with eq. (3.29), we see
that eq. (3.24) is indeed satisfied at zero-field.

Another important point should be made here before we proceed. The fact
that the two equations, eq. (3.28) and eq. (3.29), are distinct reflects the order
of limits that have been taken in order to obtain them. In the first instance to

obtain eq. (3.28) from the finite-temperature propagator, eq. (3.26), we explicitly

4Assuming the degenerate ground-state is separated from the excited states by a finite energy
gap.

5Since [ér,5,] = %5, the matrix element o(A|é,|A) = 2[(Alé,S,|A) — (A]S,é0|A)]. Allowing S,
to act on the states, it immediately follows that (A|és|A) = 0. Similar arguments show that the
matrix elements (B|és|B), (A|és|B), (B|és|A) also vanish.
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take the limit A — 07 before T — 0, such that we continuously access the doubly-
degenerate LM phase propagator, G,(w,h = 0) (with m(h = 0) = 0). By contrast to
obtain eq. (3.29), we consider taking the opposite order of limits, i.e. T'— 0 before
h — 0T, thus generating the ‘A’ state propagator, G 4,(w,0) (with m(0) = +|zl).
In consequence, the limits 7 — 0 and h — 0% fundamentally do not commute in a
LM phase. (This underlying behaviour is analogous to what happens for a free-spin
(see Appendix E).) By contrast, in a SC phase where the ground-state is non-
degenerate, it is not difficult to see from the structure of the above equations, that

we obtain the same form for G, (w, h) regardless of the order of limits taken.

Zero-field self-energies

The full interacting (spin-independent) propagator at zero-field, G,(w,0) = G(w, 0),
is expressed via eq. (3.24), in terms of the so-called two-self-energy (TSE) de-
scription. Each of the broken-symmetry propagators, G,(w,0), G4—s(w,0) =
Gpo(w,0), are written in terms of two distinct self energies ¥ 4, (w,0), ¥ 4_»(w,0) =
Y Bo(w,0) via their Dyson equations, eq. (3.23). However, G,(w,0) itself may be
expressed via its own unique Dyson equation in terms of a single self-energy (SSE),
Y, (w,0)%. The exact relation between the SSE, ¥(w,0) = ¥, (w,0) (= ¥_4(w,0))
and the TSEs, Y 4s(w,0), ¥4_,(w,0), may be obtained by inserting the three dis-
tinct Dyson equations into eq. (3.24). We find

[3(Z40(w,0) = Xa—y(w,0))]
g w,0) — 1[Sas(w,0) + T4y (w,0)]
(3.30)

Y(w,0) = %[ZAO.(w, 0)+ 34 o(w,0)] +

where g71(w,0) = [w™ — & — T'(w)], is the non-interacting Green function, and the
hybridization function, I'(w) = I'5(w, 0) at zero-field.

It is the self-energies, ¥ 44, 34}, whether at finite, or zero field that are de-
termined from the diagrammatic perturbation theory laid out in Chapter 2. The
self-energy, ¥ 4,(w,0) = X[Ga4,G4y) is a functional of the propagators and may
be obtained via the skeleton expansion. In a LM phase, the single self-energy,
Yo (w,0) = X(w,0), is then calculated subsequently via eq. (3.30) from the known
TSEs, ¥ A¢(w, h), and therefore is a derivative quantity.

Calculating the self-energies

As alluded to above, it is the SSE, ¥, (w, 0), that is usually calculated at zero-field,
even in a LM phase. As stated in Section 2.3, for any field (including h = 0), X, (w, h)

is directly computable via the ratio F,(w,h)/Gs(w,h) [98] from numerically exact

5This is the quantity that is usually referred to as just ‘the self-energy’, and may be calculated
directly from the exact numerics of NRG [98].
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NRG calculations (F,(w,h) = (([é5, H]; b)), with Hj the interaction part of the
Hamiltonian).” By including explicit A labels at finite field, the ‘A’ type self-energy
is obtained by the ratio

Fao(w, |hl)

Yo(w,h) =X ps(w, |h]) = m.

(3.31a)
In a LM phase the full-interacting propagator, G,(w,0), may be expressed as a
simple average of the broken-symmetry functions via eq. (3.24). Similarly, we as-
sume that the correlator, F,(w,0) = 3[Fas(w,0)+ Fa_q(w,0)] (with Fa_q(w, |h]) =

Fpo(w,|h|)). Hence, we may express the single self-energy as

. F, $[Fae + Fa_o] (3.31b)
T q. 1 G G 7 |
- 2[ Ao + Afa]
= 3lGao + Ga—sl[Bas + Ba—o] + 3[Ga0s — Ga—ol[Sa0 — Xa—o] (3.31c)
GA()' + GA—U ’ .
Gae — Ga_
(B0 + X4 )+2[GAU+GA—J( ! ) B

(We have suppressed the arguments here for simplicity: all functions are at (w, h =

0).) The term in square brackets may be written as

[GAU—GA_J] B [Ggl_o —sz,] _ [ 1S s — Sas] (3.310)

Gao+GaAo GAT}, + GAfl_a g+ %[EAU +X40)

where on obtaining eq. (3.31c), we have used eq. (3.31a) and G 4,, G4, have been
expressed in terms of their corresponding Dyson equations to yield eq. (3.31e). The
non-interacting propagator is given simply by ¢7! = ¢7!(w,0) = [wt — & — ['(w)].
On substitution of eq. (3.31e) into eq. (3.31d), the relation, eq. (3.30), for the single-
self-energy, ¥, (w,0), in terms of the TSEs is directly obtained (and everything is

consistent).

Using NRG, both the F,s(w,h), Gao(w, h) [a = A, B] correlation functions can
be calculated for a given temperature, T'. Thus, by first taking the T" — 0 limit,
followed by the A — 0% limit, the zero-field ‘A’ or ‘B’ functions can be ‘picked out’
and the F,,(w,0), Gao(w,0) obtained (with o = A, B). In contrast, the h — 0F
limit can be taken before the T" — 0 limit. This second process yields the usual
zero-field (spin-independent) correlators, G,(w,0) and Fy(w,0). The resulting self-
energies in both cases can then be calculated via ¥, = F,/G,. For the pseudogap
AIM, which NRG results are presented for in the next chapter, we have calculated
both the TSEs and SSEs in this way and have confirmed that both egs. (3.30, 3.31b)
hold.

"For the specifics of the NRG procedure we refer the reader to Appendix C.
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To conclude this section, we make the following salient point. The focus here
has naturally been on the doubly-degenerate LM phase. However, all of the above
equations apply equally to the Fermi liquid SC phase if the A and B labels are
simply dropped, and the local moment || = 0. In the SC phase the single and
two self-energies become coincident and the local magnetization m(h) is continuous

across h = 0.

3.2 Excess Quantities

3.2.1 Excess density of states

Having discussed the local properties of the system, we now look to establish the
ercess quantities. An ‘excess’ quantity is defined as the difference in a particular
physical property of the entire system calculated with and without the impurity

present.

The excess density of states is defined by
Apimp,o(w, h) = pe(w, h) = poq(w, h). (3.32)

As one would expect, p,(w, h), simply involves a contribution from both the impurity

Green function, G (w, h) and the conduction band Green function Gyk.s(w, h)
1
po(w, h) = —Im[z Gk (W, B) 4+ Gy (w, )| (3.33)
T k

In contrast, the density of states of the system in the absence of the impurity is just

the purely diagonal function
@m=—tmy s a 339
= —— 1IN _— = —_ .
p070' w, T - OJ+ — ko w €ko )5

with €x, = ex — oh (where h is a uniform global field in this instance). From the
equations of motion methods discussed in Chapter 2, we use eq. (2.34) in order to

express Gik.o(w, h) in terms of the impurity propagator

1 Vi |?
Guaco(w,h) =Y ————+ Y (72(;0(@0, h). (3.35)
ko

" w+ — €ko w+ — Gkg)

Inserting this equation into eq. (3.33), and then expressing the excess density of



3. Local moment phases 45

states via eq. (3.32), we may relate it to the single-particle propagator via

12
Apimp,o(w, h) = —%Im [1 + Z m} Go(w,h) (3.36a)
k
= —;lTIm[l - W] Go(w, h) (3.36b)

where we have used the definition of the hybridization function, eq. (2.37). For the
infinitely wide ‘flat band’ model, where the impurity is coupled to a metallic conduc-
tion band, I'y(w,h) = T'g = porV?2, and therefore the derivative oI, (w, h)/Ow = 0.
In this case Apimp,o(w,h) just reduces to the local impurity spectrum, Dy (w,h) =

—%ImGU (w, h), such that the local and excess quantities are coincident.

3.2.2 Excess charge and magnetization

The excess charge, Nimp,s(h) is defined as the difference in the number of o-spin
electrons in the entire system with and without the impurity present. It is given in

familiar notation as
Nimp,o(h) = <Z ko + fg) — <Z ko )0, (3.37)
k k

where (...)o denotes the average over the ground state in the absence of the impurity.
It is easily shown from an analogous argument to that leading to eq. (2.12), that
the excess charge, nimp,»(h), is obtained by integrating the excess density of states
up to the Fermi level [2,99]

0
tma(h) = [ Appr(i 1) (3.39)

The corresponding excess charge and magnetization are then simply given by (c.f.
eq. (3.3))

Nimp(h) = Nimp,o (h), (3.39a)

Mimp(h) = Y 0Nimp,o(h), (3.39b)

respectively. In a LM phase the full Green function is given in terms of the broken
symmetry propagators by eq. (3.10). By inserting this form into eq. (3.36b), we find

that Apimp,s(w, h) has exactly the same structure as the local propagators

Apimp,a(w7 h) = H(h)APimp,Aa(wv |h|) + 9(_h)APimp,BU(W7 —|h|), (3.40)
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where Apimp ac(w, |h]) = (1 — Oy (w, h)/0w)Gas(w, |h|), [ = A, B]. By using the
symmetry of eq. (3.9) we obtain

Apimp,BU(Wu _|h|) = Apimp,A—U(wa |h’), (341)

such that once again, only the ‘A’ functions ever need to be considered. The ‘excess’
quantities thus have exactly the same form as for their purely local counterparts
discussed in the last section, as we now summarize. Together eqgs. (3.38, 3.40, 3.41)

imply that the excess charge can also be written in the form
isapr (h) = O(n) i, 4o (1) + O(—)nisup o (—B]). (3.42)

Using eq. (3.42), the total excess charge, eq. (3.39), can then be expressed solely in

terms of the A-type excess charge
nimp(h> = Znimp,a(h) = Znimp,Aa(|h|) = nimp(_h)> (3.43)

which is also shown to be an even function of h. The excess magnetization by

contrast is given by
Minap(h) = Y 0 Nimp,o(h) = [0(h) = 6(=A)Imimp,a(|A]) = —mimp(=h),  (3.44)

and therefore, in analogy with m(h), is both an odd function of h and discontinuous
across h = 0. Mimp, 4(|h|) may also be expressed in terms of the corresponding excess

density of states by
0
Mimp,a(|A) = Y onimp, 4o (|]) = ZU/ dw Apimp, o (@, [])- (3.45)

As stated above, if the conduction band that the single-impurity is coupled to is
purely metallic with a flat density of states, such that I'. (w) = T'¢, then the local and
excess quantities are coincident. However, for a general w-dependent host density
of states this is generally not the case, as we shall see in the next chapter explicitly
for the pseudogap AIM.

3.3 Phase shifts and the Friedel-Luttinger sum rule

In this section we consider the so-called Friedel-Luttinger sum rule [96], which in
conventional Fermi liquid theory [2] relates the static scattering phase shift, ,(h) to
the excess charge, nimp:;s(h) (discussed above) and a ‘Luttinger integral’, denoted as

I, (h), of the form of eq. (2.52d). In this section we derive a Friedel-Luttinger sum
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rule, not only for the well known [2] Fermi liquid case (with U < U.), but also for the
non-Fermi liquid LM phase (with U > U.). As we shall see below, by considering
a phase shift, d4,(|h|), in terms of the broken-symmetry propagators, G s, (w, |h|),
we obtain analogs of the usual Fermi liquid relations, but for U > U.. In addition,
we also show (with the help of Appendix A) that the phase shifts, d,(h), das(|h]),
may be determined in terms of the so-called renormalized levels, which embody the

interaction induced renormalization of the bare level energy, .

The (s-wave) scattering phase shift is defined for any-A in terms of the argument
of the Green function, G, (w, h) [2], i.e.

05 (h) = 86 (w, M]E=" o = [arg(Go(w, 1)) o

W=—00

= [ImInGy(w,h)]’ o =ImInG,(0,h) + 7 (3.46)

where ImIn G, (—o00,h) = —7 follows from eq. (2.50)%. Equivalently we may write
ds(h) as
0 9y (w, h) 0 0

Where on differentiating eq. (3.23) with respect to w we obtain

0 B Oy (w,h)  0¥s(w,h)
% InGy(w,h) = —Go(w, h) [1 T e . (3.48)
Inserting this equation into eq. (3.47), the phase shift becomes
0
55(h) = —Im / dw Go(w, ) {1 - W} (3.49a)
oo w
0 0%y (w, h)
I dw G, (w, h) L2
+ m/_oo w Gy (w, h) %

= TNimp;o(h) + I, (h) (3.49Db)

where we have used eq. (3.36b) to recognise that the integrand of the first integral

is ™ X Apimp;o(w, h) and in consequence use eq. (3.38) to express it in terms of the
excess charge, Nimp (k). The so-called Luttinger integral is defined from eq. (3.49)
(c.f. eq. (2.52d)) as

9%, (w, )

R (3.50)

0
I, (h) =1, ,(=h)= Im/ dw Gy (w, h)

We remind the reader that all functions here are retarded, such that the hybridiza-

8The definition we use for the phase shift is shifted by 7 from the common definition: 6, (h) =
ImIn G, (0,h). For details of why we do this, we refer the reader to Appendix A.
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tion function and self-energy have the same form as the propagator, G,(w,h) =
GE(w,h) —inDy(w, h), i.e.

Ty (w,h) = TR (w, h) —iTL(w,h), (3.51a)
Yo(w, h) =38 (w,h) —i%l(w,h), (3.51b)

with Dy (w, ), T7(w, h), X (w, k) > 0 for all w. By direct consideration of eq. (3.46),
the scattering phase shift d,(h) may also be related (by a straightforward calculation

detailed in Appendix A) to the impurity renormalized level, €% (h), via

%
do(h) = Timp:o(h) + I, (h) = g — tan ™! " F({.(szsfi SHOND (3.52)
where the tan™!(«) is defined in the interval [—Z, Z]. The renormalized level, €% (h)
is given by
ei(h) =e —oh+TE0,h) + 250, h). (3.53)
As discussed in Section 2.4, in a Fermi liquid SC phase (such that at zero-field
and U < U,.), the perturbation expansion shown in Fig. 2.1 holds to all orders in
the interaction, U. It is then the time-ordered self-energy ¥ (w,h) = LE(w,h) —
isgn(w)X!(w, k), that is obtained from functional differentiation of the Luttinger-
Ward functional, ®, via eq. (2.51). By contrast, in a LM phase for U > U,
precisely at h = 0, the system in a (SSE) conventional framework is fundamentally
not perturbatively connected to the non-interacting limit. Hence the SSE, ¥, (w, 0),
is not expressible in terms of a functional derivative of ®r,. However, we may
proceed in direct analogue to egs. (3.46-3.50) to derive similar expressions for a
static phase shift, d4,(|h|), defined in terms of the broken-symmetry propagators,
Gas(w,|h]), eq. (3.23). The ‘A’ type phase shift is then written as

040 (|P]) = 0B—o(=[R]) = Timp; a0 (|h]) + IL 4, ([2]) (3.54)

where nimp;as is the excess charge on the ‘A’ type state as defined above and
obtained from eq. (3.38) with Apimp:s(w, h) replaced by Apimp. as(w, |h]). Moreover,
Iy, (]h|) is a Luttinger integral, given by

0
0Y 4o (w, |h
o () = Ty (<10 =T [ Guaglen ) Z22 ) 5
The equivalent (broken-symmetry) relation to eq. (3.52) is expressed as
Sas(|h]) = = — tan™! “hol 3.56
- {(A) [n+r{,(o,h) + 54 (0, 1) (3.56)
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with the ‘A’ type renormalized level being expressed in terms of X4, (0, |h|) via
eao(|hl) = € = alh| + T (0, |h]) + 5, (0. |A]). (3.57)

where on dropping the A-subscripts we re-obtain the SC phase results above. We
emphasize that for U > U,, the zero-field LM phase is separated from the SC phase
by a quantum critical point (QCP) at U = U, (as shown in Fig. 1.4). However,
the key point is that in a LM phase, it is the self-energy, % (w,|h|) that is a
functional of the (broken-symmetry) propagators given as the functional derivative of
the LW functional, i.e. ¥4 (w,|h]) = S{GY, }| = 6®rw/6GY, (w,|h|). Moreover,
for U > U,, ®rw is precisely the same functional of {G%)_}, as it is of {G%} for
U <U..

As is shown explicitly in Appendix A, the static phase shifts also determine the

local impurity spectrum at w = 0. For the broken-symmetry functions we obtain
050, [h]) + 450, [A)]Dac (0, |h]) = sin (0o (|A])) (3.58)

for U > U,., and likewise for U < U, on dropping the explicit ‘A’ labels. This
equation applies to the generic case where 64, (w, |h|) is continuous across the Fermi

+
level. If by contrast it is discontinuous across w = 0, of the form 04, (w, |h|) w2
dac(|h]) £ A, then (see Appendix A) eq. (3.58) generalizes to

tin, (w[3(w, [1]) + g @, [P Do o, 1)) = sin(Gao (Jhl) £ A). (3.59)
w
In practice this case is only relevant to the ph symmetric PAIM at h = 0, as we

shall see in the next chapter.

3.4 Luttinger Integrals

We now explicitly consider the Luttinger integrals appearing in the analysis of the
phase shift above (eq. (3.50) for U < U, and eq. (3.55) for U > U.). Here we
briefly sketch the general argument [59] for the vanishing of the Luttinger integral,
Ir,,, (h), for any phase where the self-energy can be expressed in terms of the skeleton
expansion as a functional of the propagators. Obviously this applies to Fermi liquid
phases, explicitly considered by Luttinger, where the perturbation expansion for the
propagator (eq. (2.27)) is valid about the non-interacting limit (and the ‘A’ subscript
may be dropped). Here we show that it also holds for a LM phase (U > U.) within
a TSE description.

As a simple example we firstly consider the second-order closed linked skeleton
diagram contribution to the Luttinger-Ward functional (in terms of A-type broken

symmetry propagators - valid for h > 0), @ = ®w[{G%,}], shown in Fig. 3.3.
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From the diagrammatic rules laid out in ref [63], the second-order contribution to
& can be expressed as (where we neglect real-numerical factors that are unim-

portant for the discussion that follows)

oo 4
82 [{Gan}] / / H diG o (1) Gt ()G Ao (w3)Ca—o(ws)  (3.60)
[9(&]1)9(—0«)2)9(0«}3)9(—004)] X (5((,01 + w3 — [wQ + (,U4]).

where the propagators appearing are time-ordered functions, G 4, (w) = G%_(w, |h]),
and we suppress the explicit field-dependence (although the analysis holds generally
for both h = 0 and h # 0). Within eq. (3.60), a step function 0(w;) is associated with
every ascending (particle) line and a 6(—w;) with descending (hole) lines, such that
particles (holes) lie above (below) the Fermi level. The delta function constraint
reflects the fact that all frequencies must be conserved at each vertex of a diagram,
i.e. at every vertex there is an associated factor d(wj, — weyt). Finally, all internal

frequencies are integrated over such that, ®;y is independent of w.

As a consequence of the fact that in general ®ry is a functional of the prop-
agators obtained by the expansion shown in Fig. 2.5, we may consider a variation

0Py, coming from a variation of the o-spin propagators, 0G 4, (w)

* dw (SQ)LW
> (@), 61
o = [ G 6 w) (3.61)

which is just the chain rule for functional differentiation. Moreover, a variation in
a o-spin propagator, 0G 4, (w;), may be obtained by shifting its internal frequency

from w; — w; + dw:
0G 45 (wi) = [Gao(wi + 0w) — G oy (w;)] = dw(0G 4y (w;) /Ow;) (3.62)

Inserting this equation into eq. (3.61), we obtain

. OOE (5CI)LW 8GAU(M)
OPrw = [/_OO o7 3Cag(@)  Ow )%

(3.63)

for arbitrary dw.

Now specifically returning to the second-order diagram given by eq. (3.60), we

consider a variation in the internal frequencies w; — w;+dw of the o-spin propagators
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(here i =1,2):

<I>(2) + 5(I)LW / / H dw;G A0 (w1 + 0w)G Ay (w2 4+ dw)G A—y(w3)GA—g(wy)

x[0(w1 + 5w)0(—[w2 + dw])0(ws3)(—ws)] X (w1 + wg — [w2 + wy])
(3.64)

where § @23‘/ is the additional contribution to the second-order diagram coming from
the frequency shifts in the propagators. Since frequency (and spin) are conserved at
each vertex in the diagram, the delta function constraint remains unchanged by this
uniform frequency shift. Thus on making the simple variable change w; + dw = W}
for both i = 1,2, we find

(LIZV + 5CI) / / dwl de dw3 dw4GAa(w1)GAa(w2)GA U(w3)GA U(w4)

X [0(w))0(—w5)0(w3)f(—wa)] X 0wy +ws — [wh + wa]).
(3.65)

By comparing egs. eq. (3.60) and eq. (3.65) we may immediately see that there is
no change in q)(LQ‘ZV ie. 5@%&, = 0 for any arbitrary frequency shift-dw of the o-spin

propagators. Thus, at second-order level, eq. (3.63) becomes

50

0= U dw 0®rw 0Gas(w) S, (3.66)

0o 2T 0G pp(w)  Ow

and hence the term in brackets vanishes since we consider any arbitrary dw shift in
the propagators. We return to this important point below. However first we show
at second-order level that the functional derivative of ®;, with respect to a o-spin
propagator is equivalent to the self-energy, ¥ 4, (w).

Returning to eq. (3.64), using eq. (3.62) to express G s, (w; + 0w) = [Gax(wi) +
0G po(w;)] for i = 1,2, and multiplying out we find

5q>3.?gvo</ dwi 6G aq(wi [/ / H dw; G e (w2)GA—o (w3)G a—o(ws)

[0(—w2)0(w3)0(—wa) + O(w2)0(—w3)6(ws)] x d(wr + ws — [wa +wa]) |,
(3.67)

(2)

such that the linear terms in 6G 4,(w;) make a contribution to §®, (we neglect

the higher-order term involving G A (w1)0G a5 (w2)).

The term in brackets is a contribution to the second-order skeleton diagram

(2) (

for the self-energy, ¥, (w), which may be verified by direct consideration of the
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w3 W4

Figure 3.3: Left: A closed linked second-order skeleton contribution to the Luttinger-Ward
functional, ® . Frequency and spin are conserved at each vertex. Right: Second-order
skeleton contribution to the self energy, obtained by functional differentiation wrt one of the
propagators. This is equivalent to cutting an internal propagator line in the contribution to
®ry. The double lines represent G 4, (w, |h|) for U > U, and G, (w, h) for U < U..

diagrammatic rules [63]. On comparison of eq. (3.67) with eq. (3.61), we see that

the self-energy can be expressed as the functional derivative of the Luttinger-Ward
functional:

s

5@ () = LW _ 3.68

AO’( ) (5GAJ(LU) ( )

As previously discussed in Section 2.4, the process of functional differentiation is

equivalent to cutting a propagator line. This process is shown in Fig. 3.3 specifically

for the second-order skeleton diagram by the pair of scissors. Thus, by inserting

eq. (3.68) into eq. (3.66) we simply obtain

[/ " s X (3.69)

oo 2T ow

which is the main result that we seek.

The argument to obtain eq. (3.69) does not rely on anything in particular about
the second-order diagram specifically considered above (and shown in Fig. 3.3). In
fact, due to the conservation of frequency and spin at the vertices of any closed
linked skeleton diagram for @y, any frequency shift of the o (or equivalently -o)
propagators leaves @y unaffected (and hence d®ry = 0). Thus, eq. (3.69) holds
to all orders of the interaction strength U, which is the result originally obtained by

Luttinger when considering Fermi liquid phases [59].

3.4.1 Generalization of Luttinger's argument

Using standard arguments from complex analysis, relying on the fact that all prop-

agators and self-energies are analytic functions of frequency everywhere except the
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real axis, a straightforward, if lengthy, calculation shows that

_ Lo R R 0%, (w)
= R, OG0 +1m [ 26w

(3.70)

o A5,

/ * dw 0G p(w)

where the second term on the RHS is the Luttinger integral, Iy, /m, that appears
in eq. (3.55) from the phase shift analysis described above. Moreover, by virtue of
the fact that the integral on the LHS vanishes via Luttinger’s argument, eq. (3.69),
Iy, (|h|) is simply given by

I, (M) = Iy, (=|h]) = =%, (0)G 1, (0). (3.71)

As we shall see, for all cases considered hereafter (the one exception is the SC phase

of the PAIM at ph symmetry) ¥ _(w) vanishes at the Fermi level and hence
I, (h) = Ip,, ([h]) = Iy, (=[h]) = O (3.72)

for both SC Fermi liquid phases (on dropping the ‘A’ labels) and LM non-Fermi
liquid phases, and holds for all fields, including h = 0. We reiterate that this result
is obtained as a consequence of the fact that in a LM phase at zero-field the TSEs,
Y 4o (w,0), are expressed in skeleton form. In other words, ¥ 4,(w,0), is the same
functional of G 41(w,0), Gay(w,0) that ¥, (w, k) is of G4(w, h), G| (w, h) in a Fermi
liquid phase.”

3.4.2 The Friedel sum rule

In the previous section we showed that each of the Luttinger integrals, I, (|h|) (in a
LM phase) and I, (k) (in a SC phase) vanish. In consequence, the Friedel-Luttinger
sum rules, egs. (3.52, 3.56), which relate the scattering phase shifts, d,(h), dac(|h])

to the renormalized levels reduce to

L R o L))
mpias ([h]) = = — = — 4ol | M phase, ,
Nimp; Ao (|7]) 5~ - tan [77+F£.(0,|h]) phase (3.73a)
11, ek (h)
impio(h) = = — —tan™! | — 2~ | hase. .73b
Nimpso () 5 ~ - tan [n—l—f‘{,((),h)} SC phase (3.73b)

These equations, well known for the Fermi liquid SC phase [2,68], relate the excess
charge, nimp:as(|h|) (O Nimp;s(h)) to the renormalized levels, €% (|h|) (or € (h)).
They allow us to deduce a number of ezact relations about both the LM and SC
phases in the chapters that follow. Firstly however, we consider the LM phase at

9The first-order ‘static’ diagram (see Fig. 3.4) does not make a contribution to Iz ,_(|h|). Since
this diagram makes an w-independent contribution to ¥ (w, |h|), its derivative vanishes in the
integrand of eq. (3.55).
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zero-field explicitly in a terms of a single self-energy description.

3.5 Conventional single self-energy at zero field in an LM phase

The preceding analysis of the Luttinger integrals and phase shifts is entirely general,
holding in a SC phase (where U < U,) within a conventional SSE description, and in
a LM phase (where U > U,) within a TSE description. However, in this section we
change tact, looking at the LM phase from a different perspective. We define a phase
shift, §, (spin-independent for A = 0) in terms of a SSE description. (We reiterate
that in a LM phase the spin independent SSE, ¥(w,0) = ¥,(w, 0), is distinct from
the TSEs, ¥ 4¢4(w,0), ¥4} (w,0), and given in terms of them via eq. (3.30).)

In analogy with eq. (3.49), the phase shift is given by
§ = TNimp,o(0) + I = Fnimp(0) + 11, (3.74)

where Nimp,»(0) = 3Nimp(0), as Nimp(0) is o-independent for h = 0. The correspond-

ing Luttinger integral is given by

0 0¥ (w, 0

I = Im/ dw Z@ 06 0, (3.75)
oo Ow

where $(w,0) is the SSE, and Go(w,0) = 3[Gar(w,0) + Ga_o(w,0)] (eq. (3.24)),

the full rotationally-invariant Green function, G,(w,0) = G(w,0). By dropping the

‘A’ and o labels in eq. (3.56), § may also be written in terms of a spin-independent

renormalized level, €*(0)

™ _ £*(0)
§=— —tan ! 3.76
2 M T0,0) + 21(0,0) | (8.76)

where £*(0) = e+I'%(0,0)+%%(0,0), and I'(w, 0) = 'y (w, 0) is naturally independent
of spin at zero-field. The single-particle spectrum may once again be related (c.f.
eq. (3.58)) to the phase shift by

7[I5(0,0) + X7(0,0)]D,(0,0) = sin®(5) (3.77a)
or if §(w) = ImIn G(w, 0) is discontinuous across w = 0

lim 77 (w,0) + S (w,0)] Dy (w, 0) = sin?(6 + A). (3.77b)

w—0

We also note that since eq. (3.13) gives D(w,0) = 1[Dao(w,0) + Da_q(w,0)],
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egs. (3.58, 3.59) give the relation
sin?(6) = 2[sin®*(8.4,(0)) + sin®(64—x(0))], (3.78)

for the generic case where ¢(w) is continuous across w = 0, and we assume that both
the SSE and TSEs vanish at the Fermi level, $/(0) = X4 _(0) = 0 (which as we shall
see, is what we find in all cases in a LM phase).

Before we proceed we make some comments about the results of this section.
Eqs. (3.74-3.77a) are the direct analogs of their counterparts in the SC phase given
in Section 3.3, expressed in terms of the SSE. However, we emphasize that the
diagrammatic arguments given in Section 3.4 for the vanishing of the Luttinger
integrals, Ir,, (SC phase) and Iy, (LM phase), do not hold in a LM phase for I,
(eq. (3.75)). This is because the argument relied on the fact that the self-energies,
Yo (w, h) (SC phase) and ¥ 4,(w, |h|) (LM phase) are expressible in skeleton form as
functional derivatives of the Luttinger-Ward functional, @y, with respect to the
appropriate propagator (G, or G 4,). We reiterate that the SSE, ¥(w), at zero-field
in a LM phase is not expressible in terms of such a functional derivative of ®r and
hence the Luttinger integral, I1, (eq. (3.75)) cannot be argued to vanish and must
be determined by other means. In the next chapter we consider I, explicitly for the
pseudogap Anderson model. However, to conclude this present chapter we return
to the simple case of the atomic limit (as discussed in Section 2.3) and specifically

consider what values I, can take in each regime.

3.6 Exact deductions for the atomic limit

We revisit the zero-field atomic limit of the AIM where the hopping V' = 0, and

hence the Hamiltonian simply describes a single-correlated level

ﬁAL = ZEﬁg + UTAlTTAu (379)

where n, = é};éo as usual. The ezact Green function follows in closed form from the

equations of motion methods [2] described in Section 2.3.2

_1- n_q(0) n n_x(0)

AL
Gy (w,0) wt—¢ wt—e-U’

(3.80)

where GﬁL (w,0) is independent of spin-o for A = 0. In the ground-state, the mean
occupancy of the level, n,(0), may easily be determined from the spectral function,
DAL (w,0) via eq. (3.2).

As previously discussed, there are three distinct regimes: Firstly where —e > U,

the ground-state is doubly-occupied with n4(0) = ny(0) = 1. Secondly is the case
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where ¢ > 0 and the impurity level is empty, i.e. n4(0) = n (0) = 0. Thirdly,
where ¢ < 0, but U > —¢, the ground state is a singly-occupied impurity, with
n4(0) = ny(0) = 3. For e < 0, the simple level crossing ‘phase transition’ between

the singly and doubly-occupied regimes thus occurs at U = U, = —¢.

ow
ow

— ©  dw’ Liw0™ /
No(w) = LT U O )

$ ow = Un_U(O)

Figure 3.4: The self-energy, ¥, (w) expressed at the level of first-order self-consistent per-
turbation theory (otherwise known as mean-field unrestricted Hartree-Fock (UHF)). As we
explicitly show in Section 4.6.7, in the atomic limit the only diagram which contributes to
the skeleton expansion for 3, (w) is the w-independent bubble-diagram. From the Feynman
diagram rules [63], the self-energy is expressed in terms of an integral over the (time-ordered)
propagator, Gt _(w). It is readily shown by Fourier transform that the diagram is equivalent
to Un_,(0), with n_,(0) calculable via eq. (3.2).

In the doubly-occupied regime the propagator is given from eq. (3.80) simply by
GHM(w,0) = [wt —e—U]!, ie. it is of the form GAL(w,0) = [wt —e — g (w,0)] !
with the self-energy simply given by ¥,(w,0) = U. As we shall see in the next
chapter, it may be shown by a simple diagrammatic argument that all dynamical
skeleton diagram contributions (diagrams above first-order) vanish in the atomic
limit. The ezact self-energy may thus obtained by undertaking simple first-order
self-consistent perturbation theory, where the bubble diagram (as shown in Fig. 3.4)
Yo(w,0) = Un_y(0). A second point to note is that the doubly-occupied state is
a Fermi liquid, by virtue of the fact that if interactions are continuously switched
off (iie. U — 0), ¥5(w,0) = U — 0, we are simply left with the non-interacting
propagator G,(w,0) = g(w) = [w" — ]! — The doubly-occupied state is thus
adiabatically connected to the non-interacting limit (and hence a Fermi liquid). A
final point is that since ¥, (w,0) = U is independent of w, its derivative with respect
to w vanishes and hence the Luttinger integral, eq. (3.50), Ir_(0) = 0, as indeed the

general Luttinger arguments of Section 3.4 indicate for a Fermi liquid phase.

For the empty regime where € > 0, the Green function is just the non-interacting
propagator, G, (w,0) = [wr — ]~! and hence ¥, (w,0) = 0 for any U. Once again
the system is trivially connected to the non-interacting limit and is thus a Fermi
liquid with I, = 0.

For the singly-occupied (LM) regime the behaviour is more subtle and thus

requires a two self-energy description to fully elucidate the underlying physics. From
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eq. (3.80), with n_,(0) = 1 we obtain

1 1 1
AL 1
Gl 0) =5 ———+ | (3.81)

which is of the form of eq. (3.11) with

—e] ™t (3.82a)
—e UL (3.82b)

G/m(w) = GBi(w) = [cu
GA¢(W> == GBT(LL)) = [w

As discussed previously, the degenerate ‘A’ and ‘B’ states in a local moment phase

A state B state
TLAT(O) =1 nBT(O) =0
na(0) =0 np(0) =1
ma(0) = +1 mp(0) =—1

Figure 3.5: Schematic illustrating the two degenerate states of the singly-occupied LM regime
as discussed in the text.

may be ‘picked out’ by applying an infinitesimal magnetic field, h = 0*. For the
A state, the local charge, n,(0") = na,(0), whereas for the B state, n,(07) =
nBs(0) = na—»(0). As shown in Fig. 3.5 the physical picture in the atomic limit is
very clear. The A state corresponds to the impurity occupied with an 1 spin, with
local charges, n44(0) = 1, n4;(0) = 0 and hence the local magnetization m4(0) =
nat(0) —nay(0) = +1 is fully saturated. By contrast, the B state corresponds to
the impurity level occupied by a | spin, with np;+(0) = 0, np (0) = 1 and hence
mp(0) = —my(0) = —1. The charge, n,(0) within a conventional (single-self-
energy) approach is given by

10(0) = 3[40 (0) + npr (0)] = &, (3.83)

for both o =7, |, and hence the total charge is simply n(0) = 2n,(0).

The atomic limit propagators given in eq. (3.82) have excitation energies that
correspond to adding and removing electrons from A and B states. For example
G a4 corresponds to removing an T-electron from the f-occupied level, whereas G'py
corresponds to adding an T-electron to the |-occupied level. Each propagator in
eq. (3.82) has the form of eq. (3.23), i.e. G, (w,0) = [wT—e—Y 4, (w,0)] 7! and hence
the TSEs: ¥44(w,0) = ¥p|(w,0) = 0 and ¥4, (w,0) = Xp4(w,0) = U. Therefore,
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as we previously discussed for the SSE, ¥, (w,0), in the doubly-occupied regime,
the TSEs in the singly-occupied regime are obtained via first-order self-consistent

perturbation theory and hence are of the form ¥ 4,(w,0) = Una_.(0).

A further point to note here is that conventional ‘bare’ perturbation theory in U
(from the non-interacting ground-state) does not recover the singly-occupied regime
discussed here. For € < 0, the local charge in the NIL is (n_,)y—g = 1, whereas
by contrast in the LM phase (singly-occupied regime) for any U > 0, (i_,)y =
n_,(0) = 3. Thus, there is a discontinuous change in n_,(0) for any U > 0, and
therefore the LM regime is crucially not perturbatively connected to the NIL and

hence not a Fermi liquid.

A final point is that since the TSEs ¥ 44 (w,0), ¥ 4 (w, 0) are w-independent, once
again the corresponding Luttinger integrals, I, , given by eq. (3.50) trivially vanish.
This result is the same as eq. (3.72) given by the general diagrammatic arguments
of Luttinger [59].

3.6.1 Luttinger integral for the singly-occupied regime

The considerations of the previous section for the LM regime focused on the TSEs,
¥ 40 (w,0). However, we may equally well consider the spin-independent SSE, ¥ (w) =
Ys(w,0), obtained by inserting the TSEs, ¥ 44(w,0) = 0 and X4, (w,0) = U into
eq. (3.30):

O
Y (w)=U+ ————. 3.84

@)=2 wt —e— %U (3:84)

where we have also used G(w) = g(w) = [wh — ]!, and wt = w +in. The

form of eq. (3.84) is totally distinct from the w-independent TSEs. The SSE is in
general both w-dependent and involves all orders in the interaction strength U.'°
Moreover, the O(U) term highlights the fact that the LM (singly occupied) regime
is not perturbatively connected to the NIL. As discussed above, by virtue of the fact
that for ¢ < 0, (n_s)y=0 = 1, the leading U/2 term in eq. (3.84) is not equal to
U{n_s)u=o of leading-order perturbation theory.

Finally, as a consequence of the fact that the exact forms of both the SSE ¥(w),
eq. (3.84), and the propagator G(w) = G,(w,0), eq. (3.81), are known, we may
calculate the zero-field Luttinger integral I, - given by eq. (3.75). Thus, in this

section we explicitly calculate I, in the singly-occupied LM regime.

10The exception is the ph symmetric limit, where ¢ = —%. In this particular case eq. (3.84)
reduces to X(w) = %U + iUz/w"L; thus the self-energy only involves powers up to U? and second-

order perturbation theory is exact.
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Splitting the SSE, eq. (3.84), into real and imaginary parts we find

w—

>Hw) = iU+ 1U? P( ! ) (3.85a)
> (w) = iU27r5(w —x) (3.85b)

where the P denotes the Cauchy principal value, and z = ¢ + % The parameter, z,
defines how close the system is to particle-hole symmetry, (with = 0 corresponding
to the ph symmetric point where € = —% - for a full discussion of ph transformations
- we refer the reader to Appendix B). In order to calculate I, we need to differentiate
each part. The derivatives trivially follow as

OxE(w) 102 0%l (w)

i a2 = U8 (w — ) (3.85¢)

where ¢’(z) is the derivative of a delta function; we shall see later that this can
be evaluated provided it exists under an integral sign. By expressing the retarded
functions G (w) = [GF(w) — itD(w)] and B(w) = [XF(w) — iX!(w)], the Luttinger

integral, Ir, given by eq. (3.75) can be written as the sum of two terms

0
I —— /_ [az(;zw)wD(w) + 82{;:”)01%(“1) duw (3.86)
D(w) and GF(w) are given from eq. (3.81) as
D(w) =1[0(w—z — iU) + 6(w —z + 3U)] (3.87a)
GRw) =i(Plw—2 - LU +Plw -2+ iU]™) (3.87b)

Now we consider the first term in the integral, eq. (3.86), by inserting eq. (3.87a)
and eq. (3.85¢)

o_m [° U? 1 L

which on integrating becomes

1) =Z16(~z — 3U) + 0(—2 + JU)] = 5 (3.88D)

where to obtain the last equality we recognise x = ¢ + % and ¢ < 0, e+ U > 0 for

the singly-occupied regime we consider here.

Next we turn to the second term in the integral, I, eq. (3.86), whilst inputting
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SC LM

INJE]

U

Figure 3.6: Schematic illustrating the dependence of the Luttinger integral, Ij, (given by
eq. (3.86)) in the atomic limit. Left shows |I1| plotted versus U for a generic z = e+ 4 # 0.
As discussed in the text I, = 0 for the SC Fermi liquid phase where the impurity is either
empty of doubly occupied. In the LM phase where the impurity is singly-occupied, [I1| = §
in accordance with eq. (3.90). U, = —e (between the singly and doubly occupied regimes)
is denoted by the black circle. The right panel shows the z-dependence of I, in the singly-
occupied regime given by eq. (3.90).

eqs.(3.87b, 3.85¢) for GF(w) and 9% (w)/dw respectively:

0
2__T 1772s5/(, , ; ;
I7 = 2/_00 dwzU6 (w — ) x [P(w—m—;U>+P<w—x+éU>

By performing a parts integration on this term, the delta function derivative term

(3.89)

can be eliminated, i.e.

0 0
| arsv-arw = bw-aswe - [ ddy-are). (e
The first term on the RHS of eq. (3.89b) vanishes and we are left with
S —— / " LU26(w — ) ! + ! (3.89¢)
=—— w3 w— .
L 2 ) w—2—3U) [w—2+ iU
which can now be evaluated to give
1 = —76(—2) (3.89d)
Thus putting egs.eq. (3.88b) and eq. (3.89d) together for I7, we obtain
T T
I = [ 20(~)| 5 = [0(a) — ()] (3.90)

such that for « # 0, [Ir| = F, and by symmetry we conclude that for = 0, I, = 0.
Both the U and = dependence of I, are shown in Fig. 3.6.

The Luttinger integral, I, is thus generically non-zero in a LM phase, obtained
here in the context of the simple atomic limit. In the next chapter we explicitly
consider the pseudogap AIM, applying the two-self-energy framework that we have

developed in this chapter to a genuinely many-body system.



CHAPTER 4

Pseudogap AIM: exact results

4.1 Preliminaries

The zero-field pseudogap Anderson impurity model (PAIM) is a paradigm for a sys-
tem that contains a quantum phase transition separating a SC phase (adiabatically
connected to the NIL and hence a Fermi liquid), and a doubly degenerate LM (non-
Fermi liquid) phase. In this chapter we apply the perturbative framework developed
in the last chapter to both phases of the model in order to obtain a number of impor-
tant ezact results, with particular emphasis paid to the LM phase where the TSEs
Y A0(w,0) and the SSE ¥, (w, 0) = ¥(w) are fundamentally distinct. Before proceed-
ing however, we give a brief discussion of the important properties of the PAIM and
what has already been considered in the literature [33,34,37,43-46,48,100].

As discussed in the introduction, the PAIM (or the related pseudogap Kondo
model') in which the impurity is coupled to a conduction band with density of
states, pp(w) = polw|” (for r > 0) has been extensively studied in the literature.
Most notably an NRG study [43] was able to fully describe the thermodynamic
properties in each of the phases, both at particle-hole symmetry, where ¢ = —%
(r=c+ % = 0) and the more general asymmetric case. It is well known [38,43, 78]
that the strong coupling phase at particle-hole symmetry, which we denote as the
“symmetric strong coupling” (SSC) phase, has distinct physical properties from
the “asymmetric strong coupling” (ASC) phase found away from ph symmetry.
Moreover, each of the SSC and ASC phases correspond to different stable NRG
fixed points, for a full discussion of the NRG ‘flows’ and ‘fixed points’ we refer the

reader to ref [43] (although we give a brief description in Section C.4). The LM

1Just as for the metallic AIM, the pseudogap Kondo model is obtained from the PAIM by
a Schrieffer-Wolff transformation [2,17]. However there are regimes of the PAIM where charge
fluctuations occur that cannot be accessed from the corresponding Kondo model.

2There are actually a pair of ASC phases, one for each = > 0 or z < 0, related to each other by
a ph transformation - see Appendix B for details.
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phase by contrast is found to be described by the same NRG fixed point regardless
of the initial ph symmetry [78].

QCP behaviour

Much of the emphasis in the literature has naturally focused on the properties of
the unique (local) quantum critical point (QCP) [37, 43,46, 48] that separates the
two phases. It is well known from a scaling analysis [37] and also NRG calcula-
tions [37,41] that the QCP both at ph symmetry and for general asymmetry is
interacting in nature. Moreover, as we shall discuss further in Section 4.8, there are
two distinct critical points. Specifically at ph symmetry the model only exhibits a
phase transition for 0 < r < %, characterized by a single critical point (which we
denote the “symmetric quantum critical point” (SQCP)) for 0 < r < % For r > %
by contrast, the LM phase is the ground-state of the symmetric model for all U. For
the generic z # 0 model the transition is more subtle. A QPT arises for all r» < 1:
ForO<r<r,~ %, the critical point is the same as for the ph symmetric case (i.e.
the SQCP). For r > r,, the QCP is characterized by an asymmetric critical point,
we denote AQCP, distinct from the SQCP.?

SSC ASC LM SQCP AQCP

lim 7D(w)~ | Cyee(r)|w| ™" Cose(r)|w|” Cru(r)|w]” Cs(r)|w|™" Colr)w|™"

w—0

Figure 4.1: Table denoting the T = 0 low-w dependence of the spectral function 7D (w) =
—ImG" (w) in each of the phases of the PAIM and precisely at each of the quantum critical
points.

Behaviour of the dynamics

The T = 0 single-particle dynamics of the PAIM in both phases and as the QCP
is approached from either side, U — UZ have also been comprehensively stud-
ied. The low-w asymptotic behaviour of the single-particle spectrum, D(w), in both
phases (and at the QCP) are well known from both numerically-exact NRG calcu-
lations [35, 39, 41], the local moment approach (LMA) [34,45,64] and perturbative
renormalization group [46,48,49]. The low-w results for D(w) = Dy, (w,h = 0) are
summarized in Fig. 4.1. As we shall explain below, the low-w dependencies in both

the SSC and ASC phases have precisely the same low-w forms as the corresponding

31) Within an NRG context [43], each of the SQCP and AQCP are described by different critical
fixed points. 2) As for the ASC stable fixed points described above, there are actually a pair of
AQCEP fixed points, one for each of z > 0 and = < 0, related by a simple ph transformation. We
refer the reader to Appendix C, Section C.4 for more details about the NRG fixed points.
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non-interacting spectral functions, d(w,z = 0), d(w,x # 0). This behaviour high-
lights the Fermi liquid nature of each SC phase, the interacting ground-state being
adiabatically connected to the ground-state of the NIL. In contrast, in the LM phase
mD(w) ~ Cprp(r)|w|” for any , and may be shown to be fundamentally distinct from
the NIL, underlining the inherent non-Fermi liquid behaviour of the phase. Finally,
as we shall see in Section 4.9, each of QCPs have spectral functions with leading

low-w behaviour completely renormalized from the non-interacting limit.

Summary

In Section 4.3 we apply the Friedel sum rules, derived in Chapter 3, to both phases
of the PAIM and obtain new exact results for the excess charge and magnetization in
the LM phase. We then proceed to discuss the relevant Luttinger integrals, in each
phase and find that whilst I, = I1, vanishes in the Fermi liquid phase, |I1| = 3
in a LM phase. In the next part of the chapter we consider the low-w behaviour
of the relevant self-energies and propagators. In Section 4.6, we use Luttinger’s
original diagrammatic arguments [60] to obtain exact results for the low-w forms of
the self-energies, self-consistently, to all orders in the interaction, U. We apply these
self-consistent results to all phases of the PAIM.

In Sections (4.8-4.9) we use general scaling arguments, together with NRG, to
show that the QCP is coherently described coming from both phases; within the TSE
description in the LM and also the ‘usual’ single-self energy (SSE) description in the
SC phase. We conclude the chapter with a discussion of the subtle physics that arises
within the PAIM at finite-field, once again focusing on what can be said from exact
analytic arguments. We supplement the analytic arguments with exact numerical
calculations from the full-density matrix (FDM) formulation of NRG [101,102]. For

more details of this procedure, we refer the reader to Appendix C.

4.1.1 Hybridization function

As mentioned in Section 2.3, for the pseudogap model, the (retarded) hybridization
function I'y(w, h) = TB(w, h) — iTL(w, h) is given by [39,64]

'l (w,h) =Tolw + ohl", I (w,h) = —sgn(w + ch)Tof(r)|w + oh|", (4.1a)

where 3(r) = tan(%) and Ty = mpgV2. The r = 0 case of course corresponds to the
metallic flat band model with a constant host density of states, such that I'(w) = I'y.
Here we take the limit of infinite bandwidth, D — oo, and a band exponent 7 in the
range 0 < r < 1.

As discussed in Section 3.1, a magnetic field h may either be applied locally
(solely to the impurity level) or globally to the impurity plus the conduction band
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states. In this chapter we concentrate solely on the local case, such that the hy-
bridization function becomes completely independent of both h and o. eq. (4.1)

thus simply reduces to*

Iy (w,0) =T(w) = Toluw|", [ (w,0) =T (w) = —sgn(w)B(r)I (). (4.1b)

4.1.2 Particle hole transformations

In this section we briefly state some important symmetries that we make explicit
use of below. If all particles are swapped for holes and all spins exchanged, then the

specific operators in the Hamiltonian, eq. (2.30), undergo the transformation
e o —c (4.2)
o -0 ko —k—0- .

The AIM Hamiltonian may be labeled by z = ¢ + %, H=H (z). It is readily shown
(as explained in Appendix B) that under this simple canonical transformation the
Hamiltonian remains unchanged, i.e. H(z) = H(—z). The upshot for the (time-

ordered) propagators are that the following symmetry arises

Glao(wi @, |h]) = =Gy _o(~w; —a, |h]), (4.32)
(G, (Wi, |h|) = =[G"_,(—w; —x,|h|)]*) for the retarded (superscript- r) functions.
As a result, the spectral functions, Da,(w;, |h]) = —1 sgn(w)ImGY, (w;z, |h|) (or

equivalently D4, (w;x, |h|) = —2ImG",, (w;z, |h|)) are related by
Do (w;z,|h|) = Dg—o(—w; —x, |h]). (4.3b)

In addition, as a direct consequence of eq. (4.3a), the (time-ordered) self-energies

are related by
S o (w32, |A]) = U = S (—wi —, A, (4.3¢)

c.f. eq. (B.22), such that it follows that ¥4, _(w;z, |h|) = =%4__(—w;—x,|h]). As a

consequence of these self-energy relations, the renormalized levels have the symmetry

(2, |h]) =€ = o|h| + Bas (02, |h]) = 2 = § = olh] + Da(0; 2, |h])
= [~z — 5 +olhl + Bao(-a )] = —h_,(~z,|h]).  (4.3d)

4T (w) may be rewritten as I' (w) = T/~ [|w|/Tt/ )", such that [Jw|/Tt/@ 7] is dimen-
sionless and Fé/ (=) is the natural unit of energy for the problem. In this chapter when plotting

numerical results we rescale all parameters in terms of this quantity.
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In a SC phase, appropriate for U < U,, the explicit A labels may be dropped in all
of these equations; thus eq. (4.3a) reduces to G,(w;z,h) = —G_,(—w; —x,h). In
consequence, only z > 0 or z < 0 needs to be considered explicitly - in the rest of
this thesis we focus on the x < 0 case. Precisely at the ph symmetric point where
r=c¢+ % = 0 all of the above symmetries reduce to useful relations that we exploit

below.

4.2 Non-interacting limit

Before proceeding to discuss the full interacting model we briefly consider some of the
properties of the non-interacting limit of the PAIM. For a full review of the behaviour
zero-field non-interacting limit of the PAIM we refer the reader to ref [100]. Here
we state the key results for the spectral functions for this exactly soluble limit, such
that we may later make reference to them. From the Dyson equation, eq. (2.50),

the NIL single-particle propagator is given by

g(w) =[wt —e —T(w)] ! (4.4a)

=[(w — & +sgn(w)ToB(r)Tolw|") —i(n + Tolw|")] (4.4b)
Folw\T + n

w — € + sgn(w)LoB(r)|w["]? + [Tolw|" + n]*’

md(w) = — Img(w) = [

completely spin independent at h = 0. For the ph symmetric point where x =
e+ % =0, the low-w behaviour of d(w) then becomes

w—0 ‘w|7T

mlod(w) ~~ T 570 = COSQ(g’F)|w|_T (4.5a)

where for 0 < r < 1, the hybridization function terms vanish slower than the w term
in the denominator of eq. (4.4c). From eq. (4.5a) we obtain the pinning condition
for the modified spectral function F'(w) [100]

F(w) = 7Tolw|"[1 + B2(r)]d(w) “=° 1 (4.5b)

which for the r = 0 metallic case reduces to the well known result [2], i.e. F(w) =
Ty d(w) “20 .
By contrast, away from ph symmetry the value of ¢ =  # 0 and therefore the

low-w form of eq. (4.4c¢) simply becomes

w—0 FO|UJ|T
~Y
52

wd(w,x # 0) , (4.6)

vanishing at the Fermi level. Thus the low-w forms of d(w) at ph symmetry,

eq. (4.5a), and for the more general model, eq. (4.6), are fundamentally distinct.
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In summary, for z = 0, the level energy, € vanishes and hence the spectral func-
tion diverges as o< |w|™". For all other finite values of ¢, d(w) simply vanishes via
eq. (4.6).

4.3 Friedel sum rules

We now move to describe the fully interacting case of the pseudogap AIM, paying
particular attention to each distinct phase of the model. We first apply the Friedel
sum rules, eqs. (3.73a-3.73b) derived in the last chapter to both the SC and LM
phases of the PAIM.

4.3.1 SC phase: U < U.

The zero-field hybridization function vanishes at the Fermi level, i.e. T'(0) = 0.
Therefore the Friedel sum rule applicable to the SC phase is given from eq. (3.73b)
by

1 1, _;[e%0)
Nimp,o(0) = 5 - tan [77} (4.7)
where n = 07 as usual. At h = 0, the propagators in a SC phases are spin-
independent, and as a consequence, Nimp s (0) = %nimp(O). The zero-field excess
magnetization then follows as, Mimp(0) = [Mimpt(0) — Nimpy (0)] = 0, and the renor-
malized level, % (h = 0), is also independent of spin given by *(0) = ¢ + X£(0,0).

Thus, there are 3 distinct possibilities arising from the form of eq. (4.7):
1. If €*(0) < 0, such that it lies below the Fermi level, then njm,(0) = 2.
2. If €*(0) > 0, then nimp(0) = 0.
3. If *(0) = 0, then nimp(0) = 1.

Thus, the change in the number of electrons due to the addition of the impurity
is integral, as one might expect from a physical perspective.> For the SC phase,
these results are well known [34]. Under a particle-hole transformation (z — —x)
(as explained in Appendix B), it turns out that nimp(0) <> 2 — nimp(0). The cases
(1), (2), therefore correspond to the general asymmetric model, with nim,(0) = 0,2,
characteristic of the asymmetric SC (ASC) phase for z > 0 and x < 0 respectively.
In contrast, case (3) corresponds to the ph symmetric model, where x = ¢ + % =0,

Nimp(0) = 1, is characteristic of the symmetric SC (SSC) phase.

By contrast, for the r = 0 metallic case where T';(w) = T'o, the excess charge (equivalent to the
local charge, n(h)) varies continuously as a function of U.
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4.3.2 LM phase: U > U,

In the LM phase, the Friedel sum rule, eq. (3.73a) gives

Nimp, A0 (0) = % — %tan_1 [‘%;](O)], (4.8)
with €%,(0) = € + £4,(0,0). We want to determine the exzcess charge and magne-
tizations that are given by nimp(0) = > Nimp,40(0) (eq. (3.43)), and mimp 4(0) =
Yo 0Nimp, As(0) (eq. (3.45)), respectively. The excess magnetization, mimp a(0) is
the analogue of the local magnetization, m4(0) = +|a| > 0 (eq. (3.8)), which is in
general non-vanishing in a LM phase. Physically, it is natural that the excess and lo-
cal magnetizations lie in the same direction, such that sgn(mimp,4(0)) = sgn(ma(0)).
In order for this condition to be fulfilled eq. (4.8) is satisfied only if renormalized

levels are sign definite, i.e.

ear(0) <0 €4,(0) >0, (4.9)
corresponding to
Nimp,a1(0) =1 7imp, 44(0) = 0, (4.10)
and hence
Nimp(0) =1 Mimp,4(0) =1 (4.11)

Thus, from eq. (3.44), Mimp(h) = sgn(h) Mmimp,4(|h]), such that identically at zero-
field Mimp(0) = 0, but as h — 0%, mimp,A(Oi) = =41, which we refer to as a

‘fully-saturated’ excess moment.

In Fig. 4.2 we show the zero-field renormalized levels, €% (0) in the ASC phase and
€44(0),€%,(0) in the LM phase as a function of U, calculated from FDM-NRG for
a typical r = 0.35 and = —1. The numerical calculations thus explicitly confirm
the exact deductions of eqs. (4.7-4.11). We have also calculated each of the excess
charges (Nimp;s(0) for the SC phase (both the SSC and ASC) and nimp; 4, (0) for the
LM phase) by an integral over the appropriate excess density of states, eq. (3.38).
The results of these numerical calculations indeed confirm the deductions from the

Friedel sum rules above.

In contrast to the SC phase, where ninp(0) = 1 uniquely at = 0, we have shown
that nimp(0) = 1 for the entire LM phase, regardless of ph symmetry (i.e. for any z).
These exact results are obtained as a direct consequence of the argument of Section
3.4 in which we showed that I, = 0 (the Luttinger integral eq. (3.50) defined in
terms of the TSEs and the broken symmetry propagators) for a LM phase. The fact
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Figure 4.2: The renormalized levels in each phase phase plotted versus U (where we take

Fé/ (1=7) = 1 as the unit of energy.) The critical point is denoted with U = U, where all
renormalized levels vanish.

that nimp(0) = 1 in a LM phase was conjectured within the local moment approach
(LMA) [34], however we emphasize that in the present context the result, eq. (4.11)

is ezact.

Another result of the above analysis that should be noted is that on crossing
the transition, U = U, (as shown in Fig. 4.2), the excess magnetization, mimp;(0),
changes discontinuously. The change in the excess magnetization, given by dmimp:4(0)
= Mimp;A(U = UF) = mMimp: 4(U = U ) = £1. Therefore on traversing the transition
into the LM phase, the system suddenly gains an additional fully saturated moment,
Mimp,4(0) = 1. By contrast, the local moment, m4(0) = +|4|, the appropriate or-
der parameter for the transition, increases continuously from zero on increasing U
above U,, and only saturates to unity for [U/U.] > 1. The physical picture is clear,
on moving across the transition into the LM phase, an additional fully-saturated
moment condenses in the system, but at U = U, has precisely no weight on the
impurity itself. Moreover, as U is increased above U,., the fraction of the moment
localized on the impurity itself, the local moment - || evolves continuously, fully

saturating as (U/U.) — oo.

The LHS of Fig. 4.3 shows both m4(0) = || and mimp 4(0) calculated for the
PAIM from FDM-NRG for a typical r (= 0.4) and = = —0.4, thus confirming the
results of the above discussion. The RHS shows the local charge, n(0) = n,(0) +
n_(0), which shows no critical behaviour and is completely continuous across U =
U.. Fig. 4.4 shows the PAIM phase diagram in the (U, x) plane for » = 0.4. The
various nimp’s for each of the SC and LM phases are indicated, as determined in the

discussion above.
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Mimpa (0) 15+

wU

Figure 4.3: Left: FDM-NRG calculation for the evolution of the zero-field, permanent local
moment, |z (= ma(0) = m(07)), and the excess magnetization Mmimp 4(0) = (Mimp(07)),
on crossing the transition at U = U, to the LM phase (shown here for x = —0.4, » = 0.4).
The local moment, || vanishes continuously as U — U] (r), whilst mimp 4(0) changes
discontinuously to full saturation on crossing the transition. Right: NRG calculation for the
local charge, n(0) = n4(0)+ny(0) as a function of U for the same parameters. In contrast, to

|&2], n(0) is continuous across U = U... Once again, the unit of energy is set to [Fé/(lfr)] =1.
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Figure 4.4: NRG phase diagram for the PAIM for r = 04. =z = ¢ + % is plotted versus
U . The solid line shows the transition, where U = U.(r) (the unit of energy is set to

[Fé/(lfr)] = 1), obtained from where the local moment m 4(0) = |f| vanishes. The dotted
line shows the SSC phase where x = ¢ + % =0, and nimp(0) = 1.

4.4 The Luttinger integral, I,

We now address the issue of the Luttinger integral, I1, eq. (3.75) in a LM phase in
a single-self-energy description. From the general analysis of Section 3.5, we may
now relate the phase shift, §, in a SSE description to the Luttinger integral, Iy, in
the specific case of the pseudogap AIM.
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4.4.1 General ph asymmetry

Recall that in a LM phase at zero-field, the SSE, ¥(w,0) = ¥, (w,0) = 2&(w,0) —
i%L(w,0), may be related to the TSEs, ¥4, (w,0), via eq. (3.30). From considering
diagrammatic arguments in the spirit of Luttinger [60] for the low-w dependence of
the two self-energies, (which we specifically undertake in Section 4.6) it may be shown
that $4_(0,0) = 0 for all U in a LM phase and hence the TSEs are purely real at the
Fermi level. Thus, by inserting ¥4,(0) = X% _(0) into eq. (3.30) it directly follows
that ¥£(0,0) also vanishes at the Fermi level. The zero-field (spin independent)
renormalized level, £*(0) = ¢ + X#(0,0), may be related to the renormalized levels
e%,(0) =+ X% _(0,0) via eq. (3.30) (noting that I',(0,0) = 0):

(3le5:(0) — e, (0))?

e*(0) = < + BR(0,0) = J[efy (0) + €5, )] + AT AL (419)
2 ! 3le%(0) + €73, (0)]
or alternatively
. 2enEn 1 1] 1 1
e e *—2[* +*} (4.13)
gAT—i_gAi £ €ar €Ay
where we suppress the explicit field-dependence in the following, i.e. £* = £*(0),

€%y = €4,(0). From eq. (4.9) we know that the LM phase renormalized levels are
sign definite. Hence we may replace €7, = —|eat| and €} = —[e4| in eq. (4.13) to
obtain

“ 2‘5%”52“ (4.14)

a ‘5T4T‘ - ‘52“

The results above now put us in a position to be able to determine the Luttinger
integral, I, - given by eq. (3.75) - specifically for the PAIM. Using the Friedel sum
rule, eq. (4.8), we showed above that in a LM phase the excess charge of the system
is always nimp(0) = 1. Taking this result together with eq. (3.74) implies that the
phase shift is given by

5 = gnimp(o) I (4.15a)
- g + 1 (4.15b)

The phase shift ¢ is also related to the renormalized level via eq. (3.76) as

T et | S
(5—2 tan [77] (4.16)

where we have used ¥/(0,0) = 0 as stated above. Moreover, eq. (4.14) may be used
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Figure 4.5: Particle-hole asymmetric NRG results for » = 0.4, ¢ = —5m, and therefore x < 0
(Ug/m =~ 6.1). |I(z # 0)| is plotted versus (U — U.)/m. In the SC (ASC) phase, we find
I (z) = 0. For the LM phase we find Ir(z <0) = =7, Ir(z > 0) = 3.

to determine the sign of e*. If || > [¢7, ], then £* > 0, and hence eq. (4.16) gives
6 = 0. In contrast, if [¢%,| < |}, ], then ¢ < 0 and § = 7. Direct comparison of
eq. (4.15b), with eq. (4.16) then gives

0
I, = Im/oo dwagf:")GU(w,o) =—

=+

(ST ST

it et < [y (4.17b)

The sign change here is completely natural as a consequence of a ph transformation.
As detailed in Section 4.1.2, it is readily shown that e, (z, |h]) = —€% (==, |h]) -
and therefore Iy, = I () satisfies

In(z) = —Ir(—2), (4.18)

i.e. it is an odd function of z. We may numerically confirm the result, eq. (4.17)
via NRG. Fig. 4.5 shows the Luttinger integral, I}, versus (U — U,), calculated from
FDM-NRG for the PAIM r = 0.4 at a generic ph asymmetry, x # 0. For U < U,
in the ASC phase, we find I;, = 0 as expected. In contrast, for U > U,, in the LM
phase, we find I (z < 0) = —F, and I (z > 0) = +7, in accordance with eq. (4.17).

So far we have only discussed the general asymmetric model. At the unique ph
symmetric point, where x = ¢ + % = 0, eq. (4.18) implies that I(z = 0) = 0, as

may be obtained via direct analysis.
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4.4.2 Particle-hole symmetry

From a particle hole transformation (where x — —z), the renormalized levels are
related by eq. (4.3d), such that identically at z = 0, the levels are equal and opposite
of each other, i.e. €5,(0,[h]) = —€% (0, |h]), and as such [e7,(0, [R])| = [e%, (0, [R])].
Thus, the denominator of eq. (4.14) vanishes and in consequence the renormalized
level, €* diverges at x = 0. This singular behaviour of £* demonstrates that the
SSE, YR (w), diverges as w — 0% as we explicitly consider below in Section 4.5.
Making use of the arguments in Appendix A, Section A.3, it may be shown that
the phase shift, §(w) (where §(w = 0) = § is discontinuous across the Fermi level).%

Specifically, from eq. (A.19), we obtain

Sy w

0" = wlggli d(w) =5 F3m, (4.19)
Thus, the phase shift is discontinuous across the Fermi level with 6f = § F 5T
However, from eq. (3.74) I, is related specifically to § and not 6%, such that & =
% =% + 11 (with njyp(0) = 1), indicating that I, = I(x = 0) = 0.

1.2 T T
L 0.8 ‘ J
1+ [ —
04—
= 08F J ‘ \ ‘ -
Cﬁ | 00 0.25 0.5 |
3 0.6 —
N—
E | ]
S 0.4+ %
~ L |
02+ |
L Ao Ao Lo L by b by Ly Ly
% # 2 3 4 5 6 7 8 9 10

U/m

Figure 4.6: Particle-hole symmetry NRG results for » = 0.3 (red-circles), r = 0.35 (blue-
diamonds), r = 0.4 (black-triangles). I%9"¢ = [band(z = () is plotted versus U/m in both
phases. In the SSC phase, the numerics show that I, (z = 0) = 0 for all ». By contrast, in
the LM phase, I 2‘”“1 reaches an r dependent plateau value. The inset shows the LM plateau

value as a function of 7. It found to go as 1294 = 5T

From the NRG we explicitly calculate I7(xz = 0) numerically from eq. (3.75).

®As considered in Appendix A, the phase shift 6(w) = 8(w)+7 (with §(w) defined by eq. (A.4a)),
such that §(w) = 0.
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Fig. 4.6 shows results for r = 0.3, 0.35, 0.4, where it appears that I, = 5r. However,
we show in Appendix A, Section A.4, that the integrand of I, has an explicit zero-
w pole contribution of I f = —5r that is crucially not picked up in the numerical
calculations of Fig. 4.6, and hence Iy, (z = 0) = 1% 4+ [P does indeed vanish at
x = 0, as expected from the general argument above.

Before we proceed we make some important comments about the results obtained
above for the Luttinger integral, I (z). First, we emphasize that the I, considered
here is the analog of the Luttinger integral relevant in the SC phase, both quantities
being written in terms of the conventional single-self-energy, ¥(w) = ¥,(w,0). In a
SC phase where the system is a Fermi liquid, Iy, is argued to vanish by the general
diagrammatic arguments of Section 3.4, and as such is completely independent of
any bare model parameters. Moreover, the above argument shows that the result,
|Ir| = % (for any x # 0), is an intrinsic property of the LM phase.

Second, the result of eq. (4.17) is precisely the same as what we found for the
singly-occupied regime in the atomic limit, as shown in Section 3.6.1, eq. (3.90).
Furthermore, we underline that the result [I1| = § is not specific to the PAIM
explicity considered here, but may also be shown for the the LM phase arising in
the gapped AIM (where I'(w = 0) = 0), as well as other multi-impurity /multi-band
models with LM phases [103].

Finally, we emphasize that the conclusions of this section are strictly applicable
to h = 0, where the QCP is pristine. For any non-zero h, the QCP is destroyed
and thus everywhere in the (U, h) plane (apart from U > U., h = 0), the system is
a Fermi liquid perturbatively connected to the NIL. In other words, for any finite

field, all Luttinger integrals in all cases vanish.

4.5 Low-w behaviour: LM phase

In this section we consider and discuss the low-w asymptotic forms of both the prop-
agators and self-energies, paying particular attention to the underlying behaviour in
the zero-field LM phase of the PAIM.

In a LM phase it is useful to define a low-energy scale, w, [34], that vanishes

continously as the quantum phase transition is approached from above (U — U.}")
Tow! = ety — iy (4.20)

where the % prefactor is chosen for convenience. The only assumption that we make
here is that each of the renormalized levels, €%, are continuous as the transition is
approached as a function of U.” By virtue of the fact that in a SC phase at zero-

field, the renormalized level, €*(0), is independent of spin-o, the energy difference

"However, as shown by FDM-NRG in Fig. 4.2, this is indeed the case.
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€% — €%y, ], must vanish as the transition is approached for U — U (r).

As discussed previously in Chapter 1, close to a quantum phase transition (as
U — Uci) there is only one characteristic scale, w,, which vanishes at the critical
point coming from each phase. On considering the limit w, — 0, physical quantities
of the system, such as the single-particle spectrum and the self-energies, exhibit
universal scaling in terms of the ratio (w/w.). In other words by recasting these
quantities in terms of (w/wy) close to the QCP (also known as the scaling regime), all
curves scale onto a single universal curve independent of the initial ‘bare’ parameters
of the model. Later on in this chapter we calculate full scaling curves (from NRG)
for the dynamics of the system as the QCP is approached from each of the distinct
phases.

Returning to the argument above, from eq. (4.9), both renormalized levels in a
LM phase are sign definite and therefore the difference between them may be written

as the sum of their magnitudes

el — €yl = lely | + €y (4.21)

This in turn has the implication that not only must their difference vanish, but both
levels must separately vanish as U — UJ (as the numerical calculations of Fig. 4.2
indeed show). In order to discuss the LM phase, both at z = 0 and in general, it is
necessary to define a ratio, v, as
1
St _ B +en) _ lenl— I

Fy = * = - * 9
e — €yl Dowy SRS

(4.22)

where both the sum and difference of the renormalized levels vanish as U — U (r).
From eq. (4.3d), at = 0 the sum of the levels vanish by symmetry and therefore
~ is identically zero everywhere in the LM phase. In contrast, away from the ph
symmetric point (x # 0), «y is in general non-zero, with v(z) = —y(—x), odd in x.
In addition, « is strictly bounded between +1 and importantly does not vanish as
U — U} where both the sum and differences separately vanish, but tends to a finite

value.

4.5.1 Particle-hole asymmetry

We initially consider the general asymmetric model, where = # 0 and hence ~ does
not vanish by eq. (4.22). By expressing the renormalized level, £* via eq. (4.14) and

the low-energy scale via eq. (4.20), their ratio is readily shown to be given by

1
—=7--, (4.23)



4. Pseudogap AIM: exact results 75

in terms of the dimensionless ratio, 7. As explained above, since v is finite as
U — U, eq. (4.23) also shows that the renormalized level e* oc w! as the QCP is
approached.

In the next section we consider a diagrammatic self-consistency argument to
obtain the ezact leading low-w behaviour of the TSEs, ¥ 4,(w,0) to all-orders of
perturbation theory in a LM phase. However, provided the leading low-w dependence

is given by
2w, 0) R ™ m> (4.24)

such that the TSEs vanish at least as rapidly as the hybridization function, I'(w),
direct analysis of eq. (3.30) yields

1
Cowy}

w—0

> (w,0) “<7 aq)@|", (4.25)

with a, o 7—12 and @ = (w/ws). As we shall see subsequently, this result is ezact,
holding to all-orders in perturbation theory (in U) and self-consistent in the sense of
ref [60]. From eq. (4.25) the SSE, ¥!(w,0), therefore vanishes with the same power
as the hybridization function, I'(w). This behaviour, i.e. when the conventional
single-self-energy vanishes no faster than the hybridization function, is symptomatic
of a non-Fermi liquid. For the (metallic) » = 0 case, this would simply correspond
to a constant X! (w = 0,0).

The reader should also notice that the (dimensionless)® quantity, %/ (w,0)/Tgw!
exhibits scaling in terms of (w/ws) as the QCP is approached. In other words,
the self-energy function, %/(w,0)/I'gw!, becomes independent of the specific ‘bare’
choices of U, e in the initial Hamiltonian. This scaling behaviour legitimizes the
choice of w, via eq. (4.20), as the appropriate low-energy scale in the LM phase.

The low-w dependence of the real part of the SSE, £#(w, 0) can be obtained via
similar direct analysis of eq. (3.30). Alternatively, the leading low-w behaviour of
Y (w) can be obtained by considering a Hilbert transform [104] similar to eq. (2.14),
but for a general retarded function of the form F(w) = Ff(w)—iF!(w) (where F(w)
is analytic in the upper half plane)

FR(W)zl/Oo Ao/ F](w’)P< ! > (4.26)

T J oo w—w

where once again P denotes the Cauchy principal value. Furthermore, if the low-w
+
form of F!(w) w2 AF|w|* with —1 < A < +1 (and AF are real coefficients, where

in general A # A, ), the w — 0 behaviour of the leading low-w correction to the

8T has units E'~", such that Tow! has units of E (E =energy).
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real part, [Ff(w) — F£(0)], is readily shown to be

Ft@) = PR 2 sl (25 20AL + 471 - senl)

(4.27)

If F/(w) vanishes with the same coefficient on both sides of the Fermi level, i.e.
Af = A; = A,, then eq. (4.27) simply reduces to

FR(w) — FR(0) “<° — sgn(w) 8(r) F! (w), (4.28)

with 3(r) = tan(Zr).® For the PAIM, we consider r in the range 0 < r < 1, and
assume that the coefficient of the leading low-w behaviour of ¥/(w) is independent

of sgn(w). Hence L (w) is given from eq. (4.28) by
R (w) — 2R(0) “2° = sgn(w)B(r)S (w). (4.29)

Now writing eq. (4.25) as X! (w)/Tow? w30 aq|@|", with coefficient of proportionality
a, = O(1), and @ = (w/wy), the low-w form of the local propagator, given via the
Dyson equation, G, (w,0) = G(w) = [wt — & — T'(w,0) — B(w)]~! may be obtained.
By inserting egs. (4.23, 4.25, 4.29), together with eq. (4.1b) for I'(w), into the Dyson

equation we find

wt e*

N —1
Tow!Glw) { + (sgn(@)B(r) +9)(1 +aa)|@yr} , (4.30a)

Fowr  Towt
o<t fwi™" o 1 - . I
~o et (e 5 + (sgn(@)B(r) +i)(1 + aq)|@| . (4.30b)
0
This is the ‘quasiparticle scaling form’ of the Green function in the zero-field LM
phase. In the scaling regime where U — UJ(r), such that & is finite in the limit

that w, — 0, the first term in eq. (4.30) simply vanishes. Thus, the corresponding

scaling-form of the local spectrum, 7D(w) = —ImG(w), may be expressed as
- 1 ~ |
ATow! D(w) IS (14 a0) 9] (4.31a)

[y — % —sgn(@0)B(r) (1 + aa)|@["]? + [(1 + aq)|@]"]?
550 (1+aq)
1

oI @l (4.31D)

This low-w form is known from previous NRG calculations [35], but here we have
obtained it as a simple consequence of the underlying structure of the TSEs. In

Section 4.8 we also confirm this result through our own NRG calculations.

9For a A in the interval —1 < X < 0, FT(0) is the leading O(1) correction to the leading low-w
divergence and not F®(w) at w = 0 itself.
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4.5.2 Particle-hole symmetry

We now consider the unique ph symmetric case where x = ¢ + % = 0. As stated
above at ph symmetry the renormalized levels, E*AT’ €% , are equal and opposite and
therefore their sum vanishes. The low-w LM scale, eq. (4.20), then simply reduces

to
Towl = e, (4.32)

and from eq. (4.22), the ratio y(z = 0) also vanishes. Thus, from eq. (4.23), the
spin-independent renormalized level £* is divergent for the entire phase.

In order to proceed, once again we assume that the TSEs, Zf%(w, 0) vanish as
w — 0 at least as fast as the hybridization function, I'(w). From direct analysis
of eq. (3.30), it is once again a matter of algebra to show that the leading low-w

behaviour of the SSE is given in scaling form by

1 0 1~ —

oS @) sl (4.33)
where as is a coefficient of O(1) and specifically at = = 0, ¥/ (w) = ¥/ (-w) is an
even function of w. The SSE thus diverges in the LM phase - this behaviour is again

indicative of the underlying non-Fermi liquid nature of the phase. The real part,
Y (w) follows from eq. (4.28)

S (w) — B7(0) “R" — sgn(w) B(—r) ¥ (w) = sgn(w)B(r) ! (w), (4.34)
and therefore the low-w form of the SSE is given by
Y(w) o~ 2E0) — [—sgn(w)B(r) + i3 (w). (4.35)

Furthermore, it may be shown simply that e+ %%(0)!1° vanishes by symmetry. Hence,
by inserting eq. (4.35) into the Dyson equation for the propagator, G(w), eq. (2.50),

the leading low-w scaling ‘quasiparticle’ behaviour is given by

S

Fow, G(w) sgn(@)B(r)|@]" + (= sgn(@)B(r) + i)as|o| ™" ? (4.36)

where we neglect both the w and e contributions in the denominator of eq. (2.50).

The scaling spectrum in the limit |©| — 0 then becomes

w—0 1 1

where in analogy with the asymmetric case, eq. (4.31b), the spectrum vanishes at

10%:%(0) is the O(1) correction to the divergence of eq. (4.33) and not X (w) at w = 0 itself.
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the Fermi level with the same power as the hybridization function. This power
dependence was first found from the NRG calculations of ref [39], but has also been
found from the LMA [64] and within a perturbative RG framework [46]. Moreover,
on multiplying eq. (4.33) and eq. (4.37) together we obtain the generalized pinning
condition in the LM phase at ph symmetry

lim [(1+ 5%(r)2! (w)D(w)] = 1. (4.38)
w—0E
Fig. 4.7 confirms the low-w spectral pinning of eq. (4.38) for r = 0.4 from direct
NRG calculations. We find that in a LM phase for all U > U,, eq. (4.38) is satified
- the bottom panel clearly shows that all curves are pinned to unity for small-w.
The inset shows the universal scaling curve for all @, demonstrating clearly the
asymptotic behaviour for both |©| < 1 and |@| > 1. We do not refer further to

the large-|@| behaviour here, but a full discussion is given in Section 4.8. The LM

1.5 ‘

[ 1SF
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Figure 4.7: Top panel: 7(1 + 82(r))! (w)D(w) is plotted versus w for r = 0.4, z = 0, for
different U as U, is approached. The solid black line shows U/7m = 10, dot-dashed blue
shows U/m = 3, dotted red shows U/m = 2, dashed black shows U/m = 1.5, solid blue shows
U/m = 1.44, with U.(r)/m ~ 1.438. The bottom panel shows the same data with w on a
log-scale. The inset shows the full-scaling function for all @, w, has been (freely) chosen

such that the peak position occurs at |w|=1. (The unit of energy is set to [F(l)/(lfr)] =1.)

pinning condition of eq. (4.38) is the analog of the well known [34,44] SSC phase
pinning condition given for U < U, by

lim [7(1+ %) (w)D(w)] = 1. (4.39)

w—0*t
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This condition is also satisfied in the non-interacting limit, given by eq. (4.5b). Thus,
on the lowest-w scales the spectrum is unrenormalized from its non-interacting value,
which is the hallmark of a Fermi liquid.

Both conditions, egs. (4.38-4.39), are a reflection of the fact that the phase shift,
6(w) discussed in Appendix A (given by eq. (A.14)), is discontinuous across the
Fermi level in both phases at ph symmetry. The pinning conditions relations are

derived explicitly in Section A.3 from direct analysis of the phase shift.

4.6 Luttinger self-consistency

In the previous section we considered the low-w asymptotics of both the conventional
SSE, ¥(w), and the propagator, G(w), in the LM phase by simply stating that the
TSEs, Eﬁa(w, 0) vanish with a power m > r. In this present section, by adapting
the original analysis of Luttinger [60] we use a diagrammatic argument to obtain
the leading low-w behaviour of the self-energies, ¥ 4, (w, 0) (for U > U.(r)), X5 (w,0)
(for U < U.(r)) in the unique phases of the PATM.

As discussed previously in Section 2.2.1, in a Fermi liquid phase the interacting
ground state is adiabatically connected to the non-interacting ground state. Asa con-
sequence, the propagator, and hence the self-energy may be written as a perturbation
series order by order in the interaction, U, in terms of the non-interacting propagator,
go(w). The (time-ordered) self-energy may then be written in terms of the skeleton
expansion as a functional of the interacting propagator, i.e. X,(w) = 3[Gy, G|
Moreover, the interacting propagator, G, may be expressed by the Dyson equation,
eq. (2.50), back in terms of the self-energy. Together the skeleton expansion and the
Dyson equation then provide a self-consistency procedure for the determination of
both the propagator and self-energy. In principle, if all possible Feynman diagrams
are included in the skeleton expansion for X, then the exact propagator may be
obtained. Obviously there are an infinite number of such diagrams and including
them all in the skeleton expansion would prove impossible for any practical purpose.
However, it is possible, following the original analysis of Luttinger [60] to obtain ex-
act results for the low-w dependence of the self-energy, by considering the structure
of a generic nth-order contribution.

The proceeding analysis can be done even in the non-Fermi liquid LM phase of
the PAIM. As discussed in Section 3.5, in a LM phase (U > U,, at zero-field) the
TSEs, ¥ a4(w,0), ¥4 (w,0) can be expressed in skeleton form in terms of the broken
symmetry propagators, G 4,(w,0). In what is to follow we explicitly consider the
TSEs; however, results for the SC phase (and finite-field) follow by simply dropping
the A labels as usual.

As considered in Section 2.3.4, a contribution to the self-energy involves any

diagram which may be sandwiched between an ingoing and outgoing line. Recall
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that a skeleton diagram contribution to the self-energy has no self-energy insertions
on any of the propagator lines, and as shown in Fig. 2.4 involves replacing (single)
non-interacting propagator lines with full propagator (double) lines. For a more in
depth analysis of how to construct the diagrams, we refer the reader to ref [63] page
165 or ref [62] Chapter 3.

4.6.1 First-order contribution

Using the standard diagrammatic rules, it is readily shown that the first-order
‘bubble’ contribution to the self-energy (as shown in Fig. 3.4) is purely static (w-
independent) given by!!:

o0 dw/

5 Z,GA_U(w',O)ei‘“lm = Ulfa_o) = Una_o(|h]). (4.40a)
T

1
= 1) =U [
—0oQ
Eq. (2.12) may then be used to express the local charge, n4—,(|h|) = n_,(h), as an
integral up to the Fermi level of the local spectrum, D4, (w, |h|). By taking a linear
combination of the spectral functions, the first-order contribution to the self-energy

can then be rewritten as

0
2 (w) =% / dw[(Dar(@) + Day (@) — 0(Das (@) — Day(w))],  (4.40D)
=Y[n(h) — oma(|h))], (4.40¢)

where we have dropped the explicit field dependence in the propagators and self-
energies in the interest of brevity. The integrals in eq. (4.40b) are simply expressed
in terms of the local charge, n(h), (given by eq. (3.16)) and the local magnetiza-
tion, ma(|h|) (given by eq. (3.17)). If the skeleton expansion were truncated at
first-order level, then the self-energy takes on this purely static form, in which all
dynamic (w-dependent) correlations are neglected and the effect of interactions is
solely embodied in the renormalized levels, €% (|h|) = e+ % [n(h) —oma(h)]. This is
the so-called ‘mean-field’ unrestricted Hartree-Fock (UHF) approximation, in which
a o spin electron ‘experiences’ a —o spin average environment coming from all of

the other particles in the system [62].

""We have used the Fourier transform- Gao(, |h]) = [*°_ 2G4, (w, |h|)e ™" together with the

—oco 27
definition of the propagator, eq. (2.1): iGy(t = 07, h) = —(&}é,) = —(f_,), in order to express the
self-energy in terms of the local charge, n_.(h).
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4.6.2 Second-order diagram

Also following the standard diagrammatic rules, the second-order skeleton diagram

may also be written in terms of the propagators via

3
2 (w) = U2 / 11 2‘: G 4o (w1)G Ao (w2) G Ao (w3) X 216wy + wy — w3 — w),
=1

(4.41)

where the delta function reflects frequency conservation at the vertices of the dia-

gram.

Inserting the integral representation of the delta function, 276 (w; +ws —w3—w) =
[0, dt emilwrtwemwa=@)t ingo eq. (4.41), Zgg(w) becomes

25423,(‘*)) — / dtezwt{UZ/ H dw, GAU(wl)e—zwlt (442&)
o —o0 i 27
X GA—J(MQ)GintGA_U(wg)ei“3t}.
On recognising that G, () = [°° d

—00 27
2@ (w) = / dtewt{UQGAU(t)GA_(,(t)GA_U(—t)} = / dte 2 (1),

(4.42D)

Gas(w)e ™t eq. (4.42a) may be written as

which is just the Fourier transform of the self-energy in the time domain. By con-
sidering a one-sided Hilbert transform, eq. (2.8), it is readily shown that the (time-
dependent) Green function is given in terms of the spectral functions, 7D g4 (w;) =

—sgn(w;)ImG, (w;), via

Gas(t) = —i/ dwie 1D g (wy) [6(w1)O(t) — O(—w1)B(—t)]. (4.43)
This equation is very useful and shows that the signs of the frequencies and the
signs of the times are ‘slaved’ to each other by virtue of the step functions. Inserting
eq. (4.43) into eq. (4.42b) (for ng(t)) we obtain

sz),(t) = —iU? / H dwie ™™ D gg(w1)e ™2 Dy _o(w2)e™3* Dy_o(w3)  (4.44)
=1

X [0(t)0(w1)8(w2)b(—w3) — O(—1)0(—w1)0(—w2)0(ws3)].

We see that the self-energy is written as the sum of two step function terms, one for
t > 0, the other for ¢ < 0. Each term corresponds to a different ‘Goldstone’ time-
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t’ t

g t' >t t>t

Figure 4.8: The second-order (skeleton) contribution to ¥ 4,(t) (left) can be expressed into
two time-ordered Goldstone diagrams (right). The diagrams are shown with single lines for
simplicity.

ordering [62] of the diagram. The LHS of Fig. 4.8 shows the second-order skeleton
diagram, given in mathematical form by eq. (4.44). The RHS shows the two time-
orderings of the diagram, one for ¢ > ¢’ = 0 (left) and the other for t < ¢’ = 0
(right). In general for any nth-order Feynman diagram, there are n! time-orderings,
corresponding to the ordering of the interaction vertices. On Fourier transformation
of eq. (4.44) it is readily shown that

U2/ H dw;Dag (wi1)Da—o(wa)Da_o(ws) (4.45)
X [0(w1)0(w2)0(—ws) + 0(—w1)0(—w2)0(ws3)][z — w1 — w2 + W3]_1,

expressed solely in terms of the spectral functions, where z = w + insgn(w). As
we shall see, this is the form that we require in order to fully elucidate the low-w

behaviour of the self-energy.

4.6.3 Low-w behaviour of the second-order diagram

We now proceed to use the form of eq. (4.45) in order to analyse the low-w behaviour
of Efg(w). Using the standard relation [z — ]! = Plw — ¢] 7! — imsgn(w)d(w — ),

Eix(g) (w) = —i Sgn(W)ImEfg(w) may be expressed as:
I oo 3
2,4(02) (w) = U2/ H dwiD gg(w1)Dg—o(w2)Da—o(ws) (4.46)
=1

X [0(w1)0(w2)0(—ws3) + 0(—w1)0(—w2)b(w3)]d(w — [w1 + w2 — ws3))

Taking the ¢t > 0 time-ordering (the first product of step functions in eq. (4.46)) of
this diagram and making the substitution v; = w; for ¢ = 1,2 (for particles) and

—v; = w; for i = 3 (for holes) we find:

21[4(02)(“’) o U2/ / H dviD Ae (V1) DA—g(v2) D Ao (—v3)0(w — [v1 + v2 + v3]).
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Since vy, v9,v3 > 0, the delta function contraint means that this diagram only gives
a contribution for w > 0. Furthermore, if we take the limit w — 0, then each of

v1,V2,v3 do not exceed w. This puts a constraint on the integration limits
1) ) ] wl 3
513 () o U / / TT 0D o (01) Do (62) Do (—08)6(w — [o0 + 2 + v)).
0 0 =1

Rescaling the integrals by v; = |w|v; and assuming the low-w form of the spectral
functions Dy (w) o |w|** (with A, > —1 and A and A} in general distinct) we
find!'?

1 1.3
=% (w) ocUQ\wP“v“M[/O /0 [T dvilvn P vavs~=6(1 — [ + s + w3 |,
=1

where the term is brackets is a purely real, w-independent, multiplicative constant.
Similar analysis for the other time-ordering ¢ < 0 (coming from the other theta-
contribution in eq. (4.46)), gives the same low-w power dependence, but for w < 0.
The low-w behaviour of the second-order self energy, given the spectral functions

D, (w) o< |w|?e is therefore
+
212 () T B@) || Ao A0 (4.47)

where B®) is a coefficient independent of sgn(w).

4.6.4 Infinite-order perturbation theory

Now that we have explicitly considered both the first and and second-order contri-
butions, we proceed to discuss the higher-order terms in the skeleton expansion. As
considered in the context of the second-order diagram above, each nth-order skeleton
diagram has n! Goldstone time-orderings. In Fig. 4.9 a third-order skeleton diagram
is expressed in terms of its (6 = 3!) time ordered Goldstone contributions. Following
Luttinger’s analysis [60], the prescription for constructing any nth order Goldstone
diagram is as follows (we neglect real multiplicative factors that have no bearing on
the analysis that is to follow):!?
1. For a given nth-order Feynman (skeleton) diagram, constructed by the stan-
dard rules [62,63], label each internal propagator line with an energy label, w;
for particle (ascending) line, and @; for each (descending) hole line. Draw the

external lines coming from below in all cases.

12We assume a power A, > —1 such that the spectra are integrable.
13This prescription allows us to bypass the laborious analysis that we undertook above to write
the second-order Feynman diagram in terms of its corresponding Goldstone parts.
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Figure 4.9: Third-order skeleton diagram expressed in terms of its 6 time-ordered Goldstone
contributions, labelled (A)-(F).

2. Label each propagator line with an associated spin label such that spin-o is

conserved at each vertex.

. Define a purely real multiplicative factor S that is proportional to each dia-

gram.

. For every particle line, multiply S by 0(w;)D 4, (w;), and for every hole line,

by 6(—@;)D s’ (0;). The step function ensure that particles/holes have energy

greater/less than the Fermi energy.

. Draw a horizontal line across a diagram between each pair of interactions.

With each horizontal line, associate a factor W. Divide S by each W; W is
calculated via step (6).

. For a given horizontal cut across the diagram, W is calculated by adding up all

of the particle energies, w;, and subtracting the hole energies, w;. If an external
line is crossed by the horizontal line, then associate a factor z = w + insgn(w)
(it could be a particle or hole line). The contributions of each W make up
the so-called ‘energy denominator’ of the diagram. For an nth-order diagram

there are (n — 1) W contributions to each energy denominator.

. Finally, each internal energy, w; or w;, is integrated over from —oo to co.

For example, the 3rd-order Goldstone diagram (F), is shown in Fig. 4.10, with

energy /spin labels on each of the lines. Using the rules stated above, the contribution
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Figure 4.10: Goldstone 3rd-order skeleton diagram contribution. The horizontal lines corre-
spond to the energy denominators discussed explicitly in the text.

of this diagram is given by

(F) O(/ e /OO dw; dwsy dws dwy d(DgDAU(wl)DA,g(WQ) (4.48)
0(w1)6(w2)0(ws)0(—w1)0(—w2)

(w1 + wo — w1 —@2)(2—1—003—5}1 —(I)Q)

X DAfa(WB)DAU((Dl)DAfa((DQ)

The top horizontal (dotted) line in Fig. 4.10 gives rise to the [z+w3—w; —ws] factor in
the energy denominator, the z coming from the external particle line. In contrast,
since both incoming and outgoing external lines are crossed, the lower horizontal
line in the figure generates a purely real contribution to the energy denominator
[w1 + wy — w1 — wa]. We do not consider this 3rd-order diagram further, but move

to the general nth order case.

nth-order generalisation

We now use the rules stated above to evaluate a completely general arbitrary nth-
order Goldstone contribution to the skeleton expansion. The general form of a

typical contribution is given by

Z(Xg O(// [dwl... dw,, diq ... da}m/”DAU/(wl)...DAU/(wm)

xDAU/(wl)...DAU/(wm/)]xH Oi . (4.49)

zZ—&;

where ¢; is the difference in the energies of a collection of internal ascending (particle-

m) and descending (hole-m') lines, given by
gi=[(wr+woe+...+wpy)— (01 +w2+ ...+, (4.50a)
and ©; is a factor involving the associated step functions

0, = 9(0.)1) - G(wm)e(—w]) - 9(—(I)m/). (450b)
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In any arbitrary nth-order skeleton diagram, from conservation of particle num-
ber, the number of ascending (particle) and descending (hole) lines (including exter-
nal lines) are equal at any point. In order to obtain the w-dependence of a general
nth-order diagram, we focus on the denominators involving z = w+isgn(w)n ([z—&;]
or [e—2z]). These denominators come from taking horizontal cuts that cross precisely
one (ingoing or outgoing) external line. The external line can be either a particle or
a hole. If the external line is a particle, then there must be m internal particle lines
and m + 1 internal hole lines. Whereas, if the external line is a hole, then there are
m internal particle lines and m — 1 internal hole lines. In other words, the difference
in the number of internal particle and hole lines is +1, i.e. the number of particle
lines is given by: m =m’ £ 1.

Explicitly considering the case where m = m’ — 1 (i.e. there is one more inter-
nal hole line than particle line), then it follows that a contribution to 2114(:) (w) =

- sgn(w)ImEg:) (w) is given by

s o<// [dwy ... dwm d@y ... d@mi1]0i[Dag(wi) ... Dag(wm)  (4.51)
X DAU’((Z}l) .. -DAJ’((Derl)] X 5(w - K(Dl + ... —|—(I)m+1) — (wl + ... —{—wm)])

where for the moment we ignore the spin-dependence of the spectral functions (o’

could be either 1 or |). In relation to this equation we emphasize that a contribution
to Ei(:) will always involve at least one delta function constraint. Thus, on making

the substitutions w; = v; (for particles), w; = —v; (for holes), eq. (4.51) becomes

ol
s o<// [dvy... dog Aoy ... dOmst][Dag (v1) - .. Dagr(vm) (4.52)
0

X DAU’(_'El) .. -DAJ’(_T)m—I—l)] X 5(&) — [171 + ...+t Up1 v+ ... +'Um]),

where once again, the delta function constrains the integration limits: Since all v;
and v; are positive, for low-w the delta function constraint means that vy ... v,

U1 ... 0my1 do not exceed |w.

Spin-dependence

We now consider the aspect of spin dependence in the propagators. Once again,
we assume that the low-w form of the spectral functions is D4, (w) o< [w|* (where
At # Ay in general, and A, > —1). By virtue of spin conservation, for any horizontal
cut between 2 interaction vertices there will be an odd number of internal o lines and
an even number of internal —o lines, for any contribution to the o-spin self-energy,
Y A0 (w). We denote the number of —o lines by 2p, with p =1,2,3,....

Moreover, since we are considering a general cut across a diagram of m particle
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!

Figure 4.11: Tth-order skeleton diagram Goldstone contribution for m + 1 = m’. The
horizontal dotted lines correspond to specific values of m and p. There are [2p] —o-lines and
[2m + 1 — 2p| o-lines in each horizontal cut. In addition, there are m particle (m + 1 hole)
lines in each horizontal cut.

lines and m’ = m + 1 hole lines, there are a collection of 2m + 1 lines in total.
Therefore, generally there are 2m + 1 — 2p o-lines in a horizontal cut of a diagram
(with p < m, such that there is always at least one o-line). A Tth-order skeleton
diagram contribution is shown in Fig. 4.11. For each horizontal cut of the diagram
between 2 interaction vertices (shown via the dotted lines) there is an associated
energy denominator of the form [z — g;]. The values of the integers p and m are
shown on the LHS, together with the corresponding number of ¢ and —o lines
that are crossed in each cut on the RHS. Once again, making the substitutions
v; = |wlvi, ; = |w|v; in eq. (4.52), the general form of an nth order contribution to

the self-energy is
S o (w2t CmA=2DA 20 for gy =1,2,3,..., p=1,2,3...m. (4.53)

Explicitly considering the (m = 1,p = 1) case yields the same power dependence

as the second-order diagram, eq. (4.47), i.e. Eglg)l(w) o |w|?TAe+2As | For this form

to be the leading order contribution for any nth-order skeleton diagram then the

following inequality must be satisfied:
24 XA +2A_6 <2m+ (2m+1—-2p)\s +2pA_y for m=2,3,..., p=2,3...m,
which can alternatively be written as

0<(m—-—pAs+1)+(p—-1)A0s+1). (4.54)

Both (m —p) > 0, and (p — 1) > 1, and therefore provided that Ay, A\_, > —1,
which they are for the spectra to be integrable, this inequality holds for all m, p.
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The leading power dependence for any nth-order skeleton diagram is therefore the
m = 1, p = 1 case - the same as for the second-order diagram. This analysis also
may be shown to hold explicitly for the m = m/ + 1 case, where there is one more
particle line than hole lines in each horizontal cut across the diagram. Hence, we
have shown to all orders in perturbation theory that the low-w dependence of the

self-energies, given spectra that have the form, D g, (w) w3P |w|?e, are

S, (W) “R7 Blw[tAe - (4.55)

where B is a real coefficient, which in general has contributions from all orders in
perturbation theory. If both A\, and A_, = 0, such that the spectral functions reach
a constant at the Fermi level (as they do for the metallic AIM [2]), then eq. (4.55)
reduces to the familiar Fermi liquid result ¥ (w) o< w?, eq. (2.52b), originally derived
by Luttinger [60]. However, we emphasize that the result in its present context is
not just applicable to the SC Fermi liquid phase where ¥ 4, (w) and 3, (w) coincide,
but also to the LM phase where the TSE, ¥ 45(w) = 3X[G ar, Gay] is a functional of
the broken symmetry propagators.

The corresponding low-w form of the real part, Zﬁa(w) is readily determined
from Hilbert transform, eq. (4.26). In summary if [2+ A\, +2A_,] > 1, then the real
part is simply expressed as a Taylor series

I w
[Bho(w) - B (0] 0w Fa) (4.560)

By contrast, if —1 < [2+ A\; +2A_,] < 1 (c.f. eq. (4.27)), then
2, (w) — 25 (0)] “K° ||t Ao, (4.56D)

i.e. the low-w correction goes with the same power as the imaginary part.

4.6.5 Self-consistency for the PAIM

In the previous section we derived the low-w dependence of the self-energy, ¥ 4, (w),
order-by-order in perturbation theory. For the pseudogap AIM we now show what
solutions are internally self-consistent. By inserting the low-w forms of the self-
energy, eqs. (4.55-4.56) into the spectral function, and then comparing the result with
the assumed low-w form, 7D 4, (w) w30 lw|*e, we may determine what conditions
are imposed on the exponents, A\, A\|. As we examine below, for the solution to be
self-consistent, the input and output values of the exponents must be equivalent.

By inserting the hybridization function (eq. (4.1b)) into the Dyson equation
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(eq. (3.23)), and using Da,(w) = —21 sgn(w)G?,, (w), the broken-symmetry spectral

functions for the pseudogap AIM may be written as

|w|™ + 4 (W)
w = ehy +sgn(w)B(r)|wl" = 25, (w) = 5, (0)]]2 + [Jw|" + 2, (w)]?
(4.57)

D px(w) =

where we have set the unit of energy, FS%T = 1 (for reasons of brevity). By inserting
the low-w form of the self-energy ¥ 4,(w) from eq. (4.55) into eq. (4.57), we may
obtain the low-w dependence of 7D 4, (w). Then on comparison of this form to the
low-w dependence we initially assumed, i.e. Dy (w) o< [w|*e, we may obtain specific
self-consistent values of the exponents, \,.

The distinct solutions that we may obtain are explicitly dependent on whether
the renormalized levels, €7 are finite or vanishing and also on whether r < 2+ A, +

2)X_4. In all cases we consider r in the range 0 < r < 1.

Finite renormalized levels

We first consider the generic case where both renormalized levels, £, € # 0. On

insertion of eq. (4.55) into eq. (4.57) we obtain

w0 |w|r —|—B|w|2+)“’+2>‘*"
~Y

D px(w) P (4.58)
[5Ag]
There are two distinct cases we must now consider:
1. If r <24 X\; + 2\, the low-w form of eq. (4.58) simply becomes
w—0 |W|T
D aq(w) "~ (4.59a)

which (on comparison with D4, (w) o< |w|*) indicates that r = A = A|, and
from eqs. (4.55-4.56) the TSEs become

2o (W) o Jw]?H3r, 2R (W) =% (0)] x w. (4.59b)

This result is self-consistent for the entire r range that we consider.
2. If r > 24 X\; +2)\_,, then eq. (4.58) becomes

w0 B’w‘2+/\g+2>\_a
~o =

M (4.60)

7TDAcr (w)

and therefore A\, = 2+ A\, +2)_,, such that A_, = —1. However, we initially

assumed that both Ay, A\| > —1, so this solution is not self-consistent.
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Vanishing renormalized levels
Alternatively, both renormalized levels may vanish, i.e. sjw % ;= 0. In this case:

1. If r <24 Ay + 2)A_4, the the low-w form of the spectrum, eq. (4.57), reduces

to

jwl ™"

[14B82(r)]

7D 4o (w) “=° (4.61)

and therefore —r = \y = A, provided r < % The self-energy is then given
from eqgs. (4.55-4.56) by

4o (W) o |w|27, 28 (w) - 2% (0)] xw 10<r<3, (4.62a)
x wP il <r< i (4.62Db)
(for r = £, S8 (w) — % (0) & win|wl).

2. Ifr > 24 Xy +2\_4, then eq. (4.57) becomes
D pg(w) o |w| 2 A=A (4.63)

and therefore A\y = —2 — Ay — 2A_5. Ao + A_y = —1 is also a self-consistent
solution.
One vanishing renormalized level

The third and final case that we consider is if one renormalized level vanishes, for

example 6% =0, but &% ! # 0. In this case there are 4 distinct scenarios:

LIfr <24 X +2X, 7 <24 A + 2\, then eq. (4.57) becomes

D ap(w) o< w| ™", Dy (w) o< |w|", (4.64a)
therefore Ay = —r and A\| = r. The corresponding self-energies are
She() o [w*7, B (@) o w7, B (W) = BE,(0)] ocw. (4.64b)

2. Ifr > 24 M+ 20, r>2+ A +2)4, then
D ap(w) o |w| 727 M 720 D4 (W) o |w|> A2 (4.65)

and therefore My = =2 — Ay = 2X, M + A = —1. Also, A\| = 24+ A\ + 2\,
A = —1. Both Dyy(w) and D (w) are not integrable and therefore this
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solution is not self-consistent.
3. If r <24+ Ay 427, but » > 2+ A + 2)\; then

wD ap(w) o< ||, wD 4y (w) o w[PFMFH, (4.66)

and therefore \y = —r. Also, A\; =2+ A\ + 2\, A\ =r = —1, so once again

this solution is not self-consistent.
4. Ifr > 2+ X+ 20, but 7 <2+ A + 2\ then

’727}\T72)\¢
)

D g1 (w) o |w Dy (w) o |wl|”, (4.67)

and therefore \y + A\ = —1. Also, A\| =7, My = =1 —r. We are considering
the case of r > 0, so once again this solution is not self-consistent, as 7D 44 (w)

is not integrable.

Therefore the only case that is self-consistent is the first scenario given by eq. (4.64).

4.6.6 Phases of the PAIM

Self-energies Spectra Ren?ég;ilized T range Applicable to
(A) | =how) x lwF Do () o [w]" o 0 0<r<1 ‘Eifh'h:' § 0
Sho(w) oc w2 Dag(w) o< |w| ™" €4, =0 —l1<r<% | SSC-h=0
SIS e B e S
(D) | £, (@) o [0z | Dag(w) o jw[ 2 2~De | €, =0 ﬂ?{jﬁj NA

Figure 4.12: Summary of the self-consistent solutions found from the order by order analysis
above.

Fig. 4.12 shows a summary of the self-consistent solutions found above. Case (A),
corresponding to eq. (4.59), applies to the general LM phase where both renormalized
levels are non-zero and distinct, €%,(0) # €},(0) (as shown from the Friedel sum
rule in Section 4.3.2). The TSEs therefore vanish with a power greater than the
hybridization function and the analysis of Section 4.5 for the low-w behaviour of the
SSEs holds, i.e. ©1(w) o |w|" (z #0), (W)  |w|™" (z = 0).

Case (A) also applies to the zero-field ASC phase where the renormalized levels
e(0) = €%4,(0) = €7(0) are independent of spin. In any SC phase the TSES and

‘24—37‘

SSEs coincide, the self-energy, >/ (w) = ¥/ _(w) o< |w , vanishes faster than the

hybridization function. The low-w behaviour of the propagator is thus determined
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solely by the vanishing of the hybridization, and therefore D(w) = D, (w) has
the same asymptotic behaviour as the non-interacting limit - eq. (4.6), but with ¢
replaced by £*(0).

As we shall see in Section 4.10, the third scenario that case (A) applies to is
the case of a finite (local) field, h, when both renormalized levels are non-zero,
ear(Ih]), %4, (|h]) # 0. The spin-dependent self-energies ¥o(w,h) = Yaq(w, |h]) o
|w|?237, once again vanish faster than the hybridization. The spectra, D,(w,h) =
Dy (w, |h]) o< |w|", with the same low-w dependence as the non-interacting limit
with [ — oh] replaced by &% (h).

Case (B) where both renormalized levels vanish, €T4T =l L= e* = 0, applies to
the ph symmetric (z = 0) SC (SSC) phase at zero-field. The self-energy, ¥/ (w) o

273" vanishes faster than the hybridization provided that r < % The spectral

|w
function thus diverges D(w) = Dy(w) o |w|™" as w — 0 with the same form as the
non-interacting limit, eq. (4.5a). The fact that the low-w form of the self-energy
only vanishes with an exponent greater than the hybridization if r < % means that
the symmetric SC (Fermi liquid) phase can only exist in this range. It is known
from direct NRG results (and an analysis of the relevant operators around the NRG
fixed point) [43] that this is indeed the case; the ground state of the interacting
model for any r > % is a non-Fermi liquid LM moment phase for any infinitesimal
interaction, U = 0. The low-w behaviour derived here from general diagrammatic
arguments [60] therefore predict that the SSC phase cannot exist for r > 3.

As we shall see in Section 4.10, Case (C) applies to a specific line of points in the
(U, h) plane for a fixed & # 0 where one of the renormalized levels, €% (|h|) crosses
the Fermi level at finite-field, whilst the other level, €% __(|h|) remains finite. At
this fixed h for a given U and x, one of the spectral functions effectively becomes
ph symmetric on the lowest w-scales, and diverges, D, (w, |h|) o |w|™", while the
other spectral function vanishes, D4, (w, |h]) o< |w]|".

Finally we note that the final self-consistent solution, Case (D), does not apply
to any specific phase of the PAIM.

4.6.7 Self-consistency in the atomic limit

Before proceeding further we comment on Luttinger self-consistency for the simple
atomic limit. In Section 3.6 we simply asserted that first-order self-consistent per-
turbation theory (within a SSE description for the empty/doubly-occupied regimes,
and within a TSE description for the singly-occupied regime) was exact. In this
present section we show that this assertion is indeed correct by a simple diagram-
matic argument.

For the empty regime where ¢ > 0, the spectral function is given simply from
eq. (3.80) by the delta function 7D s,(w) = TDA_s(w) = TD(w) = §(w — €). Thus,
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the spectral function clearly only has poles at positive-w; however as we have seen
above, every nth-order skeleton diagram (above lst-order) contains m particle lines
and m £ 1 hole lines (with m > 1). Each dynamical skeleton diagram contains at
least one hole line and consequently an associated step function that is only non-
zero for negative-w. Therefore any diagram above 1st-order level involves factors-
d(w — €)f(—w) which vanish for € > 0.

In the case where the impurity is doubly occupied and € + U < 0, the spectrum
is TD(w) = §(w — e — U), and so clearly only has poles at negative-w. By the
same argument as above, any dynamical skeleton diagram must contain at least one
particle line and therefore factors of the form §(w — e — U)f(+w) = 0 arise. Thus,
once again all n > 1 diagrams vanish in the contribution to X (w).

The final case is where the system is in the singly-occupied LM regime. In this
scenario the level energy lies in the range ¢ + U > 0, ¢ < 0. From eq. (3.82) the
spectral functions are spin-dependent given by mDa,(w) = §(w — & — (1 — 0)3U)
(with o = +1). Thus all Dyq(w) have poles for w < 0 and all D4 (w) have poles
for w > 0. For any dynamical contribution to the skeleton expansion to be non-
zero, all T-propagators would have to be particle lines and all |-propagators hole
lines. However, this scenario would violate spin conservation at the vertices: As
discussed above, for any nth-order (n > 1) contribution to ¥ 4¢4(w), there are an
even number of |-lines at any point in the diagram. Therefore for any dynamical
contribution to ¥ 44(w) there is at least one |-particle line with an associated factor
of (+w)D | (w) = (+w)d(w — ) which vanishes for e < 0.

These results in each regime are clearly self-consistent as all dynamical contribu-
tions (diagrams above 1st-order) to the skeleton expansion vanish. As a consequence,
the first-order bubble diagram (shown in Fig. 3.4) is the only diagram which makes
a finite contribution to ¥ 4,(w) in the singly-occupied regime and to ¥, (w) in the

empty/doubly-occupied regimes.

4.7 Low-w behaviour: SC phase

Using the self-consistent results above for the low-w form of the SSE, ¥(w), we
now move to consider the low-w behaviour of the propagator, G(w), in each of the
zero-field SC phases (ASC and SSC).

4.7.1 ASC phase: x # 0

At zero-field in any SC phase, all propagators are spin-independent and the SSE and
TSE descriptions coincide. We therefore may drop all Ao labels from the relevant
quantities in the discussion that follows.

Away from ph symmetry the renormalized level, ¢*(0) = ¢* = ¢ + X2%(0), is
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non-vanishing for all U < U.. From the self-consistent deductions of the last section
we found when €* # 0 that the unique self-consistent solution is given by (case (A)

above):

2 (w) “=° aagc|w] 2T (4.68a)
where ag¢ is a real coefficient. From Hilbert transform, eq. (4.26), the real part as

w — 0 can be obtained, its behaviour is readily shown to be linear in w and given
by

SR (w) — 2F(0) “R° —(L = 1), (4.68D)

with Z the usual ‘quasiparticle-weight’ given by eq. (2.55), considering a Taylor
expansion for ¥ (w) about w = 0, eq. (2.53). The low-w form of the propagator can
then be obtained via the Dyson equation, eq. (2.50), as

G(w) w0 [wh —&* — (sgn(w)B(r) +i)|w|" + (% —1lw — iaASC]w\QJF?’T]_l. (4.69)

Furthermore, we may define a low energy (Kondo) scale in the SC phase in terms
of Z that vanishes at the QCP as U — U (r) via

w, = wi = [DoZ] T (4.70)

where for the metallic » = 0 case, the scale simply reduces to wx =T'0Z [2]. With
this choice of the low-energy scale, the low-&w = (w/wy) scaling form of eq. (4.69)
can be written as

0 * !

Tow!G(w) “=° o — ——— — (sgn(@)B(r) +)|a@["| . (4.71)
Tow?

The contribution from Y!(w) has been neglected in this ‘quasiparticle form’ as it
vanishes more rapidly than both the hybridization function and . This equation is
the ASC phase analog of the LM phase scaling form of eq. (4.30). The local single
particle spectrum is then given in (non-scaling) and scaling form by

w0 Tolw|” om0 @

7D (w) . mlow, D(w) "~

(4.72)

where we implicitly assume that the ratio £*/[[gw}] is finite as U — U. . In other
words, € o« w] — 0 as the transition is approached (this is indeed the case as
shown by the numerical calculations of Fig. 4.2). As is true for any Fermi liquid,
the low-w behaviour of eq. (4.72) has precisely the same structure as that of the

non-interacting limit, such that as interactions are slowly switched off, the form of
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eq. (4.6) is recovered. This low-w form for D(w) was first found from the NRG
calculations of ref [35], and also within the LMA [34]. However, here we emphasize
that we have deduced its form ezactly within the Luttinger self-consistency [60]

framework of the last section.

4.7.2 SSC phase: x =0

In the zero-field ph symmetric strong-coupling phase, the spin-independent renor-
malized level €*(z = 0) vanishes by symmetry (obtained from eq. (4.3d) with both
h =0,z = 0). It is then case (B) of the above analysis that applies to the phase,
with the low-w form of the SSE given by

1
2 (w) “R% agsclw2P ir < 5 (4.73)

In order for the SSE to be subsidiary to the hybridization function at low-w, i.e.
2 —3r > r, the solutions are only self-consistently possible for r < %, confirming the
known fact [39,43,46] that as r — 3, Us(r) — 0. In contrast for r > % for any
finite U only LM phase solutions exist. Fig. 4.13 shows a schematic representation
of the phase diagram for x = 0 in the (U,r) plane. (For » — 0 it is known [39, 43]
that U.(r) diverges as 1/r and hence for the metallic » = 0 model there is no phase

transition, with only SSC Fermi liquid solutions possible.)

LM

S (w) o fw| "

> r

Figure 4.13: Schematic phase diagram in the (r, U) plane for x = 0, reproduced from ref [100].

The corresponding low-w form of % (w) follows from the Hilbert transform,
eq. (4.26). In accordance with eq. (4.62), for r < 1, such that 2 —3r > 1, [Ef(w) —
»E(0)] w39 —(£ —1)w, i.e. the same form as eq. (4.68b). The resultant quasiparticle
form of G(w) is then given by eq. (4.71) with e* = 0. By contrast for r > 1, such
that 2 — 3r < 1, [2F(w) — 2£(0)] w30 sgn(w)B(2 — 3r)assc|w|*> 73" in accordance
with eq. (4.28). The quasiparticle form of G(w) then becomes

. ., -1
TowlG(w) “=° | 4ot — (sen(@)8(r) +d)lal"| (4.74)
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with w, = wg from eq. (4.70). The low-w form of the spectral function, D(w) =
—1ImG(w), for 0 < r < 3 then reduces to

w0 |w| " o0 @77

7D (w) mlow, D(w) "~ (4.75)
such that the behaviour is the same as the non-interacting limit, eq. (4.5a), once
again reflecting adiabatic continuity and the inherent Fermi liquid nature of the SSC
phase. Furthermore, the well known [100] spectral pinning condition eq. (4.39) is

satisfied.

4.8 Scaling arguments as the QCP is approached

We now consider the quantum critical point (QCP), and more specifically the be-
haviour of the single particle propagator, G(w) = Gs(w,h = 0) as the QCP is ap-
proached from either phase. As discussed above, at zero-field there is a low-energy
scale, w,, defined in each phase via eqs. (4.20, 4.70), that vanishes at the QCP as
U — UZX(r). We define a (dimensionless) function of U/U.. that vanishes at the QCP

from either phase
u=[1-F|—-0 U—=U, (4.76)

such that the low-energy scale, wi /F(l]/ (1-7)

[F(l)/(l—r)]

= u®, with a power a. We set the unit
of energy = 1 in the proceeding discussion for simplicity.!* In the scaling
regime (near the QCP in either phase, where u vanishes), the propagator, G(w) can

then be written in the general scaling form [34]

G(w) ~ u %, (:;) = w; ', (:) , (4.77)
where a,b are exponents and W, (y) is a function of y with a = LM or SC. The
quantity w?G(w) is therefore a universal function of @ = w/w, as the transition is
approached, independent of the intitial ‘bare’ parameters in the Hamiltonian. The
scaling equation, eq. (4.77), strictly holds for any-@ in the scaling regime (where the
limit w, — 0 is taken).

In eq. (4.77) we have eliminated the exponent a from consideration by writing
the scale, w, = u®. The exponent b can be determined by direct consideration of the
low-@ ‘quasiparticle’ forms in each phase, egs. (4.30, 4.36) for the LM phase, and
eqs. (4.71, 4.74) for the SC phase. We find that in all cases, regardless of phase or

particle-hole asymmetry, that the exponent b = r. The general scaling form of the

s Fé/(l_” is explicitly kept in the equations we find: F(l)/(l_T)G(w) ~

1-b
u W (w/[y/ T u) = w0y U TP WA (), such that Ty~ wiG(w) ~ Wa(2)

W
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propagator (for any-@) is then given by

Fow,G(w) = ¥y (@), (4.784a)
and therefore the corresponding scaling form of the spectrum, D(w) = —1ImG"(w)
is

aTow! D(w) = ¥ (@), (4.78b)

with U, (0) = UE (@) — WL (D) (for the retarded functions). As we have seen, the
low-@ behaviour of this scaling function characterizes the behaviour in each distinct
phase. In Section 4.5 we showed via eq. (4.31b) that for |©| < 1, U1, (@) o |@|" (for
any z). Similarly, in the ASC phase for |@| < 1, UL, (@) o« |@|" via eq. (4.72). By
contrast, for the SSC phase the renormalized level £*(0) vanishes by symmetry, and
in consequence, the scaling function has the divergent behaviour, \Iléc(d;) x |@]~"
via eq. (4.75).

Furthermore, the low-& behaviour of W! (&) described above has been shown
via numerically exact NRG calculations for the ph symmetric [39,41], and also for
the ph asymmetric models [35], as well as arising from the local moment approach
(LMA) [34,44,45]. We also confirm these numerical results explicitly here. Fig. 4.14
shows the z = —10 low-@ of |w|"¥! (@) = 7Tg|w|"D(w) in the ASC phase (U < U..),
and LM phase (U > U,) for r = 0.45, calculated via NRG. Interestingly, Fig. 4.14

LM |

-5 [ [m [ [m [ [ |1 [ |1 [
10t 107 10" 100 10t 1wt 10t 10" 10 10
w w

Figure 4.14: NRG scaling spectra |0|" V! (@) = nl|w|"D(w), in both phases plotted versus
@ = w/w, on a log-scale for v = —10, r = 0.45 (where U./m ~ 9.5). The LHS shows the
ASC phase, the RHS shows the LM phase. Dotted lines show spectra for @ < 0, and solid
lines show @ > 0. For the ASC phase, the peak is for w < 0, for the LM phase, the peak is

for w > 0. Once again, we have set the energy scale Fé/(lfr) =1.
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demonstrates, as has been shown previously [35], that the coefficients of the leading
low-& dependence of WL (@), W1, (@) are equal for both positive and negative
frequencies, regardless of whether the model is ph symmetric/asymmetric. In other
words, on the very lowest-energy scales any spectral asymmetry goes away, and the
spectra, regardless of the initial x, become ph symmetric. In the ASC phase this is
entirely natural, coming from the form of eq. (4.72). Since the self-energy vanishes
with an exponent greater than r, the |©| < 1 behaviour of WL, (@) is controlled
solely by the hybridization function, I'/(w), which is an even function of w. In the
LM phase, renormalization group arguments show that the same fixed point arises
for any z [35,40,43]. Furthermore, this LM fixed point is ph symmetric in nature
(with an effective 2 = 0), such that any ph asymmetry in the spectral function flows
to zero on the lowest frequency scales.!®

The z-dependence of the scaling spectra may be explicitly labeled, i.e. ¥, (@) =
U, (@, x). From a ph transformation [x — —z] at zero-field, the spectral function is
related by, D(w,z) = D(—w, —z) (eq. (4.3b)). In consequence from eq. (4.78b) the

scaling spectra have the symmetry
\Ijé((bv J)) = \I/é(_w7 _'CU)) (479)

and therefore only x < 0 or x > 0 need be explicitly considered. In fact, as we
shall see below from direct NRG calculations, the full scaling spectra in each phase,

Ul (@,z), for a given sgn(x) are entirely independent of |x|.

4.9 Quantum critical point

The QCP occurs at the point U = U.(r) where the low-energy scale, w,, vanishes
coming from either phase. As a consequence, it follows immediately that precisely
at the QCP, the system is scale-free. In addition, the QCP may also be accessed
by considering a fixed @ in the limit that w, — 0. It is then the large 0| = |w|/w.
behaviour of the scaling functions that give the QCP behaviour. In order for the
QCP to be scale free and the scaling spectrum, ¥ (@, ), to be a universal function
of @ in the large-|@| limit, eq. (4.78b) must take the form

Jwl

—-r
Ul (@, 2) = aTgw! D(w) < > A (4.80a)

*

such that the w, dependence cancels on both sides of the equation and the low-w

dependence identically at the QCP is given by

mloD(w) o w|™" twye = 0. (4.80Db)

15We refer the reader to the NRG flow diagrams of Fig. C.3 in Appendix C for further clarification.



4. Pseudogap AIM: exact results 99

As a consequence of the form of eq. (4.80a), the QCP behaviour may be obtained
by considering a U close to U.(r) (such that w, is small). On plotting the scaling
spectrum, W! (&, z), it is then the large-& ‘tails’ that give the behaviour of the QCP.
It is only precisely at the QCP itself, where U = U.(r) (and w, = 0), that the
large-|| tails persist all the way down to w = 0.

The above scaling analysis holds regardless of the value of z, and hence applies
to both the model at and away from particle-hole symmetry. This behaviour has
been found from direct NRG calculations [35,41]. For further details on the scaling
analysis described here, we refer the reader to refs [34,45,65,103].

4.9.1 Scaling behaviour as the QCP is approached

In this section we examine the large-@w (|| > 1) scaling behaviour of the spectral
functions and self-energies as the QCP is approached from both phases. Firstly,
we focus on what forms the self-energies must take in order for 7w,I'oD(w) to have
the scaling form of eq. (4.80a). Secondly, we examine the specific coefficients of the

leading large-|w| behaviour of eq. (4.80a).

Approach from the strong coupling phase

We now consider the QCP as approached from below within a conventional single
self-energy description. In the SC phase (SSC or ASC) for U < U,(r), the Dyson
equation, eq. (2.50), for the zero-field (retarded) propagator gives G"(w) = G(w) =
[wt —e—T(w) —B(w)]~! (with wt = w+in). Rescaling this equation in terms of the
SC low-energy ‘Kondo’ scale, w, = wg (given by eq. (4.70)) we obtain the scaling

form of the propagator

- x -1
w+w1,7q e 1 1

U ) = Tow’ = |— T — 481
sc(@) owsG(w) T Tow ~ Tour (w) 0% (w) (4.81a)

Tow?k
where as usual the renormalized level is given by £*(0) = & 4+ £#(0) and 6% (w) =
[Y(w) — £F(0)], with ©@ = w/w,. In the limit that the QCP is approached, such that
wy < |w| (or equivalently |@| > 1), the scaling spectrum has the form

|o[>1
~Y

UL (@) = 7Tw! D(w) —Im[—&%(0) + sgn(@)|@|"[B(r) + i] — 65 (@)]

(4.81D)

where the quantities have been rescaled via &*(0) = £* /(Tow"), 62(@) = 6% (w)/(Tow?),
and the rescaled hybridization function is given from eq. (4.1b) by I'(w)/(Tow}) =
—|@|"[sgn(w)B(r) +1]. As mentioned previously in Section 4.7.2, we assume that the
scaled renormalized level, £*(0), is strictly bounded and approaches a finite-value as

the transition is approached, i.e. in other words, €*(0) « wf. In consequence, for
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|| > 1, the scaling spectrum, eq. (4.81b), then reduces simply to

mlow} D(w)

af>1 (@l + il(?» (4.82)

[sen(@)B(r)|&]" — SBR@))2 + [lo]" + £/ (@)

In the previous section we showed by general scaling arguments that eq. (4.80a) gives
UL (@) = 7Towi D(w) o || ™" for |@] > 1. In order for eq. (4.82) to have this large-
|o| dependence, the SSE must vanish at least as rapidly as the hybridization, i.e.
Y1(@) o |[@]®, with ¢ > 7. The cases ¢ > r and ¢ = r are distinct. In the case that
¢ > r, such that for |@| > 1 the self-energies vanish faster than the hybridization,
then the QCP would be a non-interacting critical point. In other words, the large-|&|
behaviour of eq. (4.82) would be controlled exclusively by the hybridization function.
However, it is known [37,43,46-48|, and as we confirm explicitly from NRG, that
the QCP is interacting in nature. The exponent ¢ = r is thus required such that the
self-energy vanishes with precisely the same power as the hybridization function. In

consequence, the @] > 1 behaviour of the self-energy is given by

$1(@) "B ol et 0@) + aso(—a)], (4.832)

or equivalently, using /(&) = %! (w)/Tow! on the LHS, in scale-free form
2 (w) “RP Tolwl [00(w) + azf(—w)], U = Ul(r) (4.83b)

where af are coefficients of O(1). Eq. (4.83a) gives the large-|@| ‘tails’ of the

sC

scaling self-energy. In contrast, eq. (4.83b) gives the low-w behaviour identically
at U = U.(r) where the low-energy scale, w, has vanished, and the large-w tails of

eq. (4.83a) persist all the way down to w = 0.

The corresponding real part of the self-energy may be obtained by inserting the
low-w form of eq. (4.83b) into eq. (4.27), we obtain

551 (w) “2° ~Tolwl” (sgn(w)B(r) il + az) — A7 () lak —azl),  (484a)

also vanishing with the same power as the hybridization function. If af, = oy, = ase,
eq. (4.84a) (c.f. eq. (4.28)) simply reduces to

6xf(w) w30 _ sgn(w)B(r) 2! (w). (4.84D)
The general form of the low-w QCP spectral function, eq. (4.80b), then follows as
1ToD(w) “=° |w| " [CLO(w) + C_O(w)] (4.85)

with dimensionless coefficients, C4. The coeflicients, C+ may also be obtained in
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terms of aL, by inserting eqs. (4.83b-4.84a) into eq. (4.82):

sc?

CL = . 4.86
* (Br)[1 + g(ade + ase)] F iy z(adk — az))’ + (14 ad)? (486)

At ph symmetry, from eq. (4.3b), the spin-independent spectral function is an even
function of w, and therefore C' = C_ = C is guaranteed by symmetry. Furthermore,
Y (w,x = 0) is also an even function at = = 0, such that af, = ag,.

From direct NRG calculations we find that af, = o,

= ag(r) arises indepen-
dently of the asymmetry x. Therefore for both z = 0, as is guaranteed by symmetry,
but also for the generic asymmetric case, the coeflicients ozgtc are equal. There is

therefore an emergent ph symmetry at the QCP. Eq. 4.86, then reduces to

1

C(r)y=Cx(r)= COSQ(gr)m,

(4.87)

where [1 4 3%(r)] ! = cos(57). The low-w form of the spectral function is thus

w—0

mloD(w) "~ C(r)|lw|™" twy =0, (4.88)

or equivalently the ‘tails’ of the scaling spectrum for large-|@|

wTow! D(w) = Who(@) "B cla. (4.89)

As has been noted from previous NRG studies [35], and also shown in Fig. 4.14, the

ASC scaling spectrum, WL, (@) is asymptotically ph symmetric for both || < 1,
and |@| > 1 for any x.

Recall that from extensive NRG studies, notably refs [37,43], it is well known that
two distinct quantum critical points exist. The first QCP is entirely ph symmetric
in nature, which we denote as the SQCP. It occurs in the x = 0 case in the range

0<r< % It also arises in the asymmetric (z # 0) case in the range 0 < r < ry,

where 7, ~ % as is determined numerically [43]. In direct contrast, for r, < r <1,
the transition is captured by an asymmetric QCP, we denote as AQCP [43]. In the
5
transition for the symmetric model, whereas the AQCP persists in the asymmetric

range 7, < r < both critical points coexist, such that the SQCP governs the

model.

In the r range where the two distinct critical points exist (r. < r < 3), we
find from the NRG numerics that the difference between the SQCP and AQCPs
reside in the coefficients, C' = C(r). The coefficients are different for the SQCP and
the AQCP, but in both cases are independent of x. For the SQCP we denote the
coefficient C = C,(r), whereas for the AQCP, we denote the coefficient C = C,(r).

In consequence, the AQCP is the same regardless of the initial ‘bare’ ©r = ¢ + %
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Figure 4.15: The critical point spectral coefficients C(r) (from the low-w dependence,
7l D(w) w30 C(r)|w|™), for both the SQCP, C(r) = Cs(r) (solid line), and the AQCP,
C(r) = Cy(r) (dashed line), plotted versus r. The inset shows the behaviour of Cs(r) on a
magnified scale for small r.

that is inserted into the Hamiltonian. In other words there is a single AQCP for
any = # 0 and not a line of critical points parameterized by x.!6 This property is
also deduced from a perturbative renormalization group treatment of the maximally
asymmetric model (U = 0o, e = finite), for values of r close to 3 and 1 [46]. Fig. 4.15
shows NRG results for the coefficients, C(r), as a function of r for both the SQCP
and AQCP critical points. As the figure shows, precisely at r = r,, the critical

coeflicients coincide, whereas for r > r,, they are in general distinct.

Approach from the LM phase

We have considered the approach to the critical point coming from the SC phase for
U — U (r). In this present section we explicitly consider the approach from the
LM phase, where U — U (7).

In a LM phase at zero-field, since the spin independent propagator can be written
from eq. (3.11) as G(w) = 1[Gar(w) + Ga_o(w)], the spectral function, mD(w) =

—ImG(w) may be expressed as

1 3 (T1(w) + 2, (W)
257 (w— ey, +sen(w)B(Tr(w) — 65%, ()" + (T (w) + 24, (@)
(4.90a)

There are actually a pair of AQCPs, one for z > 0 and one for < 0, related by a ph
transformation.
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where 628 _(w) = 28 _(w)—%% _(0). Using eq. (4.1b) for I'(w) and rescaling eq. (4.90a)
by the LM low-energy scale, w, (given by eq. (4.20)), the spectral scaling function,
Ul (@) = 7T w! D(w) follows as

1 S (lo]" + £4,(@))

\IjiM((D) =35 ~ 2 ~ 2
2 4 (@l — &, +sen(@)B(NIG]" — 05K, (@) + (I + £, (@)

where &% = &%, /Towl, and Y4, (@) = Sap(w)/Tow!. Tt is readily shown, using
eq. (4.22) that the ratio €%, = €%, /Tow] = [y — o], and therefore reaches a finite
value as w, — 0 (for any z). Thus, taking the limit that the QCP is approached
such that |@| > 1, the @w!l™" and €%, terms in the denominator may be neglected

and we obtain

! (|®|f+iﬁa<‘1’)) ~ . (4.90b
L) 2;(sgn@)ﬁ(r)\wv—52§U(w>)2+(Iw\rw{%(w)f o

For the same reasoning as above, the QCP is interacting and hence the large-|d]|

scaling behaviour of the two-self-energies must be of the form

~ ~ » 1 ~ ~ _ ~
£4,(@) R Tolal [0 6(@) + gy 6(—0)), (4.91a)
or equivalently identically at the QCP where the large-|@| behaviour holds all the

way down to w = 0 and hence the self-energy is scale-free:

»ho (W) w30 Lolw|"[af 0(w) + o 0(—w)] twye = 0. (4.91b)
Inserting eq. (4.91a), together with its real part, ZN)}IZU (@), given by Hilbert transform
(c.f. eq. (4.84a)), the spectral function coefficient, Cy follows as

=1y : 1450‘135 S o (492)
245 (5(7")[1‘1‘5(04:4‘04;)]?g(r)i(a;_a;)) +(1+0a7)

If the spectral function coefficient is to be independent of the sign of w, i.e. C =
C, = C_, then either of two conditions on the self-energy coefficients must be

separately satisfied: of = a”_ or af = a,. At ph symmetry the latter condition

g
is guaranteed where ¥4 _(w) = ¥4 _(~w). From direct NRG calculations!” we find
that both these conditions are satisfied, such that af = a.(r), i.e. all 4 coefficients
are the same. As a consequence, the precise QCP behaviour is the same coming from
w—0

both phases with the self-energy given by ¥/ (w) = B! (w) “~" aye(r)|w|", and the
spectral function by 7o D(w) w3P C(r)|w|™" (with C(r) = cos®(57)/[1 + asc(r)]).

1"We explicitly calculate the propagators and self-energies at 7' = 0 with an infinitesimal local
field, h = 07, such that A state functions are ‘picked out’ of the degenerate LM ground state.
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Figure 4.16: NRG results for r, < r =0.45 < %, and asymmetry: n = 2z/U = —04, U, /7 ~
2.6. The upper panel shows the (spin-independent) SSE scaling functions, |w|™"%!(w),
versus @ on a log-log plot, in LM and SC (ASC) phases. The curves for @ < 0 are shown
with a dashed line, whereas for @ > 0, a solid line, as indicated. For |®| > 1, all curves
tend to the same value, o, (r), indicative of the QCP. The inset shows the large-|@| scaling
behaviour with a linear vertical axis. The bottom panel shows the scaling behaviour of the
TSEs in the LM phase. |w|"”Ef4T(w) is shown with a solid line for @ > 0 and a dashed line
for @ < 0. \w\_rzfu(w) is shown with a dot-dashed line for @ > 0 and a dotted line for

@ < 0. (We have set the unit of energy I‘é/(lfr) =1.)

4.9.2 Numerical results for the SC and LM scaling functions

Before proceeding to discuss the physics of the PAIM at a finite field, in this section
we show results using FDM-NRG'® for the scaling spectra in the three distinct
regimes of critical behaviour detailed above. The first regime we consider is the
range (r, <71 < %) where both critical points (the SQCP and the AQCP) coexist.

re <1 <3

Fig. 4.16 shows the full-@ dependence of the self-energy scaling functions for r >
r« = 0.45, and x < 0. The upper panel shows the (spin-independent) SSE scaling

I8NRG technical details: To obtain the scaling functions exhibited in this section we keep 2500
states at each iteration, for 181 iterations, with a discretization parameter A = 2, and broadening
parameter, b = 0.6. (See Appendix C for further details of the NRG procedure.) For all numerical

NRG results in this chapter for convenience we set the unit of energy F(l)/ 1-r =1,
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Figure 4.17: NRG results for the same parameters as Fig. 4.16. Scaling spectra,
7lo|w|"D(w) = 0"l (&) are plotted versus, @ = w/w, on a log-scale. The upper panel
shows the ASC phase spectra for z = ¢ + % < 0 for both || < 0 (solid line), and |@| > 0
(dashed line). The z = 0 scaling spectra is also shown with a dotted line. The lower
panel shows the corresponding LM phase spectra for both the symmetric and asymmetric
cases. For the asymmetric model, the scaling spectra, W (w, x), are independent of |x|.
The large-|@| critical plateau coefficients, C(r) = Cy(r) or C4(r), are marked on by arrows.
The low-energy scale, w, has been freely chosen such that the peak maxima are centred at
lo| = 1.

functions, Ty *|w| "%/ (w), versus & on a log-log plot in both phases.!? The large-|@|
tails show that as the QCP is approached, the same plateau value, a.(r), is reached
coming from both phases as expected. The lower panel shows the LM phase two
self-energy scaling functions, Tyt |w| ™" S a1(w), Ty Hw| "2 4 (w), versus & (on a log-
scale). Once again, clearly for |@| > 1, the functions for both @ > 0 and @ < 0 reach
the same value, as.(r). The upper and lower panels of Fig. 4.16 together, show that
as the QCP is approached from either phase, all self-energies, ¥(w), X1 (w), X4, (w)
are asymptotically coincident, such that the large-|@| tails of the scaling functions

have the same form coming from either phase, i.e.

1
Fowf,:

1
ZI
Fowr Ao

*

(w) e ase(r)|@|”. (4.93a)

»(w) =

The LM phase SSE, ¥’ (w), has been obtained from the TSE functions via eq. (3.30).
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Once again, we emphasize that precisely at the QCP, where w, = 0 and the system

is scale free, the large-|@| behaviour holds all the way down to w = 0:

Ty | " (@) = Ty w| S, (w) “R7 age(r). (4.93D)

Fig. 4.16 also shows the asymptotic low-@ forms in each of the phases. The
top panel confirms the result of eq. (4.68a), i.e. that in the ASC phase the SSE
Y (w) o [w|*T3" (or equivalently |w|7"E!(w) o |@[?27). In addition, the top panel
shows that the SSE in a LM phase has the form of eq. (4.25), ! (w) R~ aq|©|" (or
equivalently |w|™"%! (w) g3t aq), where a, = al = a .

The bottom panel of Fig. 4.16 shows the small-|@| behaviour of the TSEs in the
LM phase, where we find that |w|"%f_(w) 930 O(—o@)br. This low-& behaviour
is clearly at odds with the dependence, ¥ 4, (w) w30 |@0|2+3" - case (A) in Fig. 4.12,
derived from the order by order Luttinger self-consistency analysis of Section 4.6.5.
We do not comment further on this issue here, but return to it in Section 4.11.

Fig. 4.17 shows the scaling spectra |@|" V! (@) = 7lo|w|"D(w), versus & (on a
log-scale) in both phases, once again for » = 0.45 and a typical < 0. In this range
e < T < %, the AQCP and SQCP critical points are distinct and therefore have
different critical plateau values, C(r) for large-|@|. For 2 < 0 in the ASC phase, the
scaling spectra, |0|"Ugc (@), has a peak for @ < 0, whereas in the LM phase the
peak is for |@| > 0, as has previously been reported [35]. For large-|w|, the spectra
in both phases for both @ > 0 and @ < 0 reach the same plateau value, Cy(r). The
scaling spectra for the ph symmetric point (x = 0) are also shown (dotted lines),
reaching a distinct plateau value of Cs(r) # C,(r) coming from each side of the
transition. The low-|&| behaviour indicative of the distinct phases are given via the
quasiparticle-forms eqs. (4.30, 4.36) for the LM phase and eqgs. (4.71, 4.74) for the

SC phases (ASC and SSC).

T > %: Asymmetric critical point

We now consider numerical NRG results for the scaling spectra, ¥/ (&, z) in the
range r > % The relevant quantum critical point for the range r > %, when x # 0,
is the AQCP. (As mentioned above, in the ph symmetric case for r > % there is no
critical behaviour — the model has a LM ground-state for all U > 0.)

Fig. 4.18 shows the scaling spectra, |©|"W. (&, z) in both phases for 7 = 0.6. The
top left panel shows the ASC spectrum, mlg|w|"D(w), versus w (on a log-scale) for
a fixed z = —1 as U.(r) is progressively approached from below. Curves for both
w > 0 and w < 0 are shown, where it can be seen that there is clearly a pronounced
maximum for w < 0. In contrast, the top right panel shows the equivalent LM
spectra as U.(r) is approached from above. The peak maximum in the LM phase

occurs for w > 0, but with the peak less pronounced than for the ASC phase.
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Figure 4.18: Top (left and right): NRG results for a fixed asymmetry, z = —1, and band
exponent r = 0.6. 7l |w|"D(w) is plotted versus w (on a log-scale) in both phases getting
progressively closer to the AQCP, where the critical U = U,./m = 2.0676. The left panel
shows results for the ASC phase with curves plotted for U/m = 2.05, 2.065, 2.067 and 2.0675.
The right panel shows results for the LM phase with curves plotted for U/m = 2.0677, 2.068,
2.07 and 2.08. For the ASC phase, a peak occurs for w < 0; whereas for the LM phase, a
peak occurs for w > 0. Bottom (left and right): Scaling spectra (r = 0.6), |©|"VL (@) =
To|w|"7wD(w), are plotted in both phases versus @ on a log-scale for x = —1, U./7 ~ 2.0676
in black, z = —10, U./m ~ 11.0883 in red, z = —20, U,/ ~ 19.63558 in blue. Left shows
the ASC phase, right the LM phase. The scale, w,, has been freely chosen such that the
peak maximum in each scaling spectrum occurs at |@| = |w/ws| = 1.

The behaviour occurring at w ~ O(U) on the RHS of both plots are non-universal
Hubbard satellite peaks.?°

The bottom (left and right) panels of Fig. 4.18 show the scaling spectra, |@|" ¥ (@)
versus @ for three distinct values of z (x = —1, —10, —20). The spectra collapse onto
the same universal curve in all cases for @ < 10%. (Once again, on the RHS of the
figure, non-universal Hubbard satellite peaks are shown which differ for different x.)
Thus, we find that for a fixed r and for any x < 0, the scaling spectra are indepen-
dent of x in both phases, i.e. in other words ¥/ (&, z) is independent of |z|. The

corresponding scaling spectra for z > 0 can then be determined via eq. (4.79).

29The non-universal Hubbard satellite peaks arise at w ~ ¢ and w ~ € + U, corresponding to the
atomic limit single-particle processes involving adding and removing an electron from the impurity
level. The delta functions of eqs. (2.47-2.48) are broadened by coupling to the conduction band,
and a consequence the width of the peaks is of O(I'y).
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Figure 4.19: NRG results for r = 0.35 < r,, x = 0. Spectra, I'gjw|"mD(w), are plotted in
both phases versus w on a log-scale for = 0, where U../7 & 2.127. Specifically, SSC spectra
are plotted for U/m = 2.0, 2.1 and 2.12, whereas for the LM phase spectra are plotted for
U/m = 2.128, 2.14 and 2.2. At ph symmetry the spectra, D(w), are even functions of w, so
only w > 0 need be considered explicitly. We freely choose the low-energy scale, w,, as the w
at which I'g|w|"mD(w) reaches 0.5 for the SSC phase and 0.1 for the LM phase. For w < wy,

the SSC phase plateau value is cos?(37) in accordance with eq. (4.75). The LM spectra

vanish (o |w|?") for w < w,. By contrast for w, < w < non-universal scales of O(U), all
spectra fall onto the critical plateau value, C(r). For w > O(U) all spectra vanish. The
inset shows I'g|w|"mD(w) plotted versus @ (on a log-scale), showing just the universal scaling
behaviour.

r < ry: Symmetric critical point

As stated above, for r < r, the critical behaviour of the model is determined solely
by the SQCP. In this section we consider NRG results for the scaling spectra for
both £ =0 and x < 0.

Precisely at the ph symmetric point (z = 0) the SQCP separates the SSC phase,
with low-w behaviour 7l'g|w|"D(w) “30 cos?(Zr) given via eq. (4.75), from the LM
phase with mlg|w|"D(w) o |@]?", given by eq. (4.37). Fig. 4.19 shows the spectra,
mlo|w|"D(w) versus w (on a log-scale) for x = 0, r = 0.35, on both sides of U(r). All
spectra are even functions of w at x = 0 so only w > 0 or w < 0 need be considered
explicitly. Each curve is plotted for a specific U close to U.(r). The SQCP plateau
value, Cs(r) is indicated by a dotted line. (Once again, the non-universal behaviour
sets in on an energy scale of w ~ O(U). Specifically, since ¢ = —% at ph symmetry,
the Hubbard satellite peaks occur at w >~ ¢ = —% andw>~e+ U= —l—%, such that
they are symmetrically disposed about the Fermi level.)

Fig. 4.20 shows 7Tg|w|"D(w) = |©|" ¥l (&) in both phases versus @ (on a log-

scale) away from ph symmetry (for z < 0). From the numerical calculations we
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Cy(r)

Figure 4.20: NRG calculations for r = 0.35. 7l'g|w|"D(w), is plotted in both phases versus
@ on a log-scale for & # 0. Results are shown for = —1, where U./7 &~ 2.5, and z = —20,
where U, /m = 19.6. Scaling spectra for different |z| fall on top of each other. For w/w, > 1,
all spectra fall onto the symmetric critical plateau value, Cq(r).

find that the LM scaling spectrum becomes completely independent of x, such that
vl (@) =0l (-@,—x) = VL, (&,7 = 0) is an even function of @. The solid
(blue) line shows the LM spectra. The dashed (red) lines show the ASC scaling
spectra; we find that there is a larger peak for @ < 0 than @ > 0 for x < 0. For
any x < 0, the scaling spectra are independent of z. In the figure, spectra for two
distinct z’s (x = —1, = —20) are plotted on top of each other and found to be
identical for both the ASC and LM phases.

One final comment should be made before we proceed. As noted above, we find
that for r < ry, llli (@, z) is completely independent of x and hence is an even
function of @ with no asymmetric peak structure - just a smooth crossover from the
|©o] < 1 behaviour to the |@| > 1 form. By contrast for » > r, and = < 0, the LM
scaling spectrum acquires a peak for @ < 0. As r increases in the range r, <1 <1,
we notice that the peak height increases. (The peak height of LM scaling spectra in
Fig. 4.18 for r = 0.6 is greater than in Fig. 4.17 for r = 0.45.)

Symmetric critical coefficient

Before moving on, we comment briefly on the r-dependence of the SQCP coefficient
Cs(r) in the limit that » — 0. From NRG the value of C4(r) has been calculated

and is shown in Fig. 4.15. We find from NRG that as r — 0, Cs(r) o 72 and hence

+
o

from eq. (4.92), the self-energy coefficient ag.(r) = (aF) %2, diverges at low-r.

Specifically the numerics, as shown in the inset of Fig. 4.15, give the coefficient
vanishing as
r—0 3m2r?

Cs(r) 16

(4.94)
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which is what is found from a local moment approach (LMA) description [45] of the
QCP at ph symmetry. At ph symmetry within the LMA it is found that af = a”,
and hence C; = C_ arises; but that o} # «a, with op =4 and a? =0asr —0.
From eq. (4.92) the value of Cs then follows as

r—0 1 5 o (1+af)  3n??
Cs(r) ~ §7r r Z(a;‘—a;)Q =15 (4.95)
g

which captures the correct ezact behaviour from NRG - eq. (4.94). The LMA
however does not predict the correct critical behaviour away from ph symmetry [34].
Within the LMA, the relation [af = o] does not hold generally away from ph
symmetry, and therefore C*(r,z) # C~(r,z). In other words, in contrast to the
exact results from NRG which show that there is one distinct critical point (for
r < r4), the LMA predicts that there is a line of quantum critical points in the (7, z)
plane.

We make one final remark about the r-dependence of Cs(r). As may be seen

1

from Fig. 4.15, we find from the numerics that Cs(r) — 3 as 7 — 1. The reason

for this is as follows: For the model at ph symmetry, as discussed in Section 4.7.2,

the critical U = U, — 0 as r — 1. The SQCP thus becomes non-interacting at

2
%, and hence a.(r) = af vanishes. The spectral coefficient then is given from

eq. (4.92) by Cs(r) = cos?(Z) = 3, which is the same as eq. (4.75) above.

r =

4.10 Finite field

So far we have explicitly considered the zero field case where the quantum critical
point between the two distinct phases is pristine. In this section we discuss the case
where there is a finite-field, h, applied either globally (to both the impurity level
and the conduction band states), or purely locally (where a field is applied solely
to the impurity level). Specifically we consider what can be said about the system
at finite field from the Luttinger self-consistency arguments of Section 4.6.5. Once

again, we supplement the analytical arguments with exact numerical results from
NRG.

4.10.1 Global field

If a field is applied globally to both the conduction band and the impurity level,
the hybridization function, I',(w, h) does not vanish at the Fermi level. Generally
at finite-field, the hybridization function I'y(w, k) is given by eq. (4.1). Thus, at the

Fermi level where w = 0, I';(w, h) tends to a constant, given by

T,(0,h) = —To(sgn(ch)B(r) + i)| k[ (4.96)
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Provided ©1(0, ) = 0, the spectral function, 7Dy (w = 0, h), then follows as

Lolh|"”

7D (0, h) = [—ez(|h]) + sgu(ch)B(r)|A[7]2 + [To|h|7]?

(4.97)

where €% (h) = ¢ — oh + XE(0,h) # 0 and 625 (w,h) = SF(w,h) — Z2(0,h). The
spectral function thus reaches a constant at the Fermi level.

From the order by order perturbative arguments of Section 4.6, taking 7D 4, (w)
w—0

lw|e with A, = 0, eq. (4.55) simply reduces to
I 2
Yo (w,h) o |w|?, (4.98)

(thus validating the initial assumption that X! (0,h) = 0). Inserting this low-w
behaviour back into D,(w,h), we once again obtain eq. (4.97) for D,(0,h), and
therefore eq. (4.98) is fully self-consistent. This low-w form of the self-energy is the
standard Fermi liquid result originally obtained by Luttinger [60], which also arises
for the zero-field » = 0 metallic AIM, where the hybridization function reaches a
constant at the Fermi level - T'/ (w,0) = T'g. In consequence, in direct analogy with
the zero-field metallic case, the PAIM for any finite global field is a Fermi liquid
phase for all U and h.

4.10.2 Local field

Self-consistency considerations

The self-consistent results of Section 4.6.5 apply equally well to the case of a finite
local-field, h, where the hybridization function, I'y(w, h) = I'(w) = —T'o(sgn(w)B(r)+
i)|w|", is independent of field. As discussed previously in Chapter 3, recall that for
any finite h, e.g. for h > 0, the propagator, G,(w,h) = Ga,(w,|h|), and the
self-energy, ¥, (w, h) = X, (w, |h]), such that only a SSE description arises for both
U > U;and U < U, reflecting the fact that the phase transition is strictly destroyed.
From Fig. 4.12 it is case (A), where the renormalized levels, €% _(|h|) = €4 (h), are
finite that specifically applies in general to finite-field. The self-consistent self-energy
is then given by

> w, b #0) o< w3, (4.99a)
with a real part, §%%(w, h) 3P —(4—1)w (obtained in direct analogy with eq. (4.68b)).

The low-w form of the spectral function is then simply given by

w=0 Tolw|"

Do) e P

(4.99b)
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which is exactly the same form as the zero-field ASC phase spectral function,
eq. (4.72), with £*(0) replaced by €% (h) = ¢ — oh + ££(0,h). Thus, this solution
describes a ASC Fermi liquid phase perturbatively connected to the non-interacting
limit for all finite h.

Case (A) (and hence eq. (4.99a)) is not the only self-consistent possibility that
arises at finite-field. For general h, the spin-dependent renormalized levels, €% (h)
(= €%, (|h]) for h > 0, ¢ =1, ) are both non-zero. As described above, Luttinger-
Ward self-consistency then yields the solution eq. (4.99a). However, it is possible to
tune the value of the field, h, to a particular value, we denote i/, at which one of the
renormalized levels, €% (h), vanishes, whilst the other, e*  (h), stays finite. At this
unique point, it is case (C) in Fig. 4.12 that specifically arises. Furthermore, this
situation only ensues for the ph asymmetric model where x # 0. The x = 0 case
is precluded since the renormalized levels for opposite spins are equal and opposite
for all h. For x # 0, and h = I/, the self-consistent self-energies are given from
eq. (4.64) by

Y (w, ) oc Jw*, cer(h)y=0 (4.100a)

g

S (w, ') o |w]?, ce* () #0 (4.100D)

with 6% (w, h') w30 —(4 — 1)w given once again from eq. (4.68b) for both o =1, |.
By inserting these forms of the self-energies into eq. (4.57), the low-w forms of the

spectral functions, D, (w, h’) are specifically given by

7ToDy(w, b') “X° cos?(Zr)|w| ™" 5 (h) =0 (4.101a)
w0 Dolw]”
7D_y(w, ) “=° (60’8’1',))2 L&t (W) #0. (4.101b)

In each case in eq. (4.100), the self-energies vanish with a power greater than the
hybridization function, and thus are irrelevant on the very lowest energy scales. In
consequence, the low-w behaviour of the spectral functions, eq. (4.101) are precisely
the same form as the non-interacting limit. The o-spin spectrum effectively becomes
ph symmetric at low-energies - eq. (4.101a) having exactly the same form as for the
zero-field SSC phase, eq. (4.75), and satisfying the generalized pinning condition,
eq. (4.39). By contrast, the —o-spin spectrum has the same form as eq. (4.99b), and
hence the zero-field ASC phase behaviour of eq. (4.72). Furthermore, we emphasize
that for all finite h, for both h = h' and h # A/, the system behaves as Fermi liquid,
perturbatively connected to the NIL.

Fig. 4.21 shows NRG calculations for T'g|w["7D| (w, h’), where for h = h’, &](h) =
0. We have tuned U for h = 0, h = 1077 and h = 1074, such that in each case
h = h'. For h = I/ = 0, the case corresponds to the zero-field interacting QCP,
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Figure 4.21: NRG results for » = 0.35 (such that r < r,) and n = 22/U = —0.1. The
spectral function, |w|"wD|(w,h = k') is plotted versus w for h = h’ such that €| (h)* = 0,
whilst e4(h)* # 0. h = 0 is the solid line, h = 1077, U/m ~ 2.035, is the dot-dashed line,
h =10"% U/m ~ 1.614 is the dashed line. At h = 0, for U = U.(r) ~ 2.107~, the spectra
goes to the SQCP plateau value, Cs(r) for w — 0. By contrast for h > 0, for h = R/,

w—0

lw|"m D (w, h = k') “~" cos?(5r), the ph symmetric NIL.

where both zero-field renormalized levels, &?"‘M(O),Ej‘4 i(O), vanish. The spectra thus
reaches a renormalized plateau-value, Cs(r), as discussed in Section 4.9 and shown
as a function of r in Fig. 4.15. By contrast for h = I’ > 0, only one renormal-

ized level vanishes (here ](h') = 0, whilst 5(h’) remains finite) and consequently
w—0

mLolw|" Dy (w, h) “~" cos?(Er) by eq. (4.101a).

h

Mimp(h) =1
T nimp(h) =1

Mimp(h) =0
Nimp(h) =20r 0 *

0 sC O LM U

Figure 4.22: The LHS shows a schematic in the (U,h) plane for the asymmetric PAIM
(r=¢+ % # 0), and a typical r in the range 0 < r < 1. The dashed line shows points
for which e%(h) = 0 with €* ,(h) # 0 terminating at h = |¢| for U = 0. The zero field
interacting local QCP is indicated. The RHS shows the renormalized levels, €% (h) versus U
for h = 1071, squares (with a solid line as a guide to the eye) and h = 0 (circles and dashed
line); shown for 7 = 0.35 and fixed # = —1, and calculated from NRG. For h = 107", £} (h)
changes sign at U ~ 4.1 (< Uc(r) ~ 7.8), whilst €3(h) < 0 remains.



114

0.1 ,
2_ei(h)
0.05F ! .
= y
* b J
S N i
e*(0) o
0.05 -
-0.1 L | ! | ! L !
10" 10° 10' 10° 10’ 10* 10’
h/w.(h = 0)

Figure 4.23: NRG results for a fixed U/m = 1.2 < U.(r), r = 0.35, n = 22:/U = —0.1. The
renormalized levels, £3(h), €] (h) are plotted versus h/w.(0), where w,(h =0) ~5 x 107°.

Renormalized levels

For a typical r in the range 0 < r < 1, the left panel of Fig. 4.22 illustrates the
behaviour schematically in the (U, h) plane (for a fixed x # 0). The dashed line
shows the points for which €% (h') = 0 (whilst e* (k') remains finite), terminating
at h' = |e| for U = 0. The figure emphasizes the point that £%(h) = 0 only occurs
for a single field h = b/ for U < U, (i.e. for the ASC phase only). For h = b/ — 0,
U — U7 (1), the zero-field QCP indicated with a black circle. This is the only local
interacting QCP in the (U, h)-plane, reflecting the fact that for any non-zero field
the local phase transition is destroyed. As discussed above, the dashed line where
ex(h') = 0 then simply corresponds to a phase ‘transition’ between two equivalent
Fermi liquid SC phases.

The right panel of Fig. 4.22 shows numerical NRG results for both the zero-field
renormalized levels, £7(0) = €*(0) - ASC phase, €7,(0), €%, (0) - LM phase, and the
finite-field levels, 3(h),e](h), as a function of U for a typical r and = # 0. The
zero-field QCP, where U = U,(r), is once again indicated by the black circle. The
figure illustrates that in contrast to the situation of zero-field, where all levels vanish
at the local QCP, at finite-field the transition is destroyed. While ef(h) < 0 for all
U, €] (h) crosses the Fermi level at a particular U < Uc(r) and h = }/.

To elucidate the finite-field behaviour further, Fig. 4.23 shows NRG results for
the renormalized levels, €% (h), as a function of the rescaled local field (h/wy) and
for fixed U < U,(r) (with z < 0) (wx = ws(h = 0) is the zero-field low-energy Kondo
scale defined by eq. (4.70)). For h/w.(0) < 1, the levels approach their zero-field
(spin-independent) ASC value (¢*(0) < 0). In contrast, for h/w,(0) > 1, the levels
become distinct, and at i = h' (as indicated), €} (h) crosses the Fermi level, such

that for h > h’ the renormalized levels are sign-definite.
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Excess quantities

In order to fully illustrate the finite-field PAIM physics, recall that the Friedel sum
rule given by eq. (3.73b) in Section 3.4.2, relating the renormalized levels to the
excess charges, holds equally well for any finite-field. From this equation (together
with T'2(0,h) = T'1(0) = 0 for a purely local field), it follows that if £%(h) > 0 then
Nimpso () = 0, and if €% (h) < 0 then Nimp;s () = 1. If €5(h) = 0 then nimpe (h) = 3.
Now with reference to the LHS of Fig. 4.22, consider fixing a U < U.(r) and steadily
increasing h (for x < 0). Initially (as for the zero-field ASC phase) both levels,
ex(h),e}(h) <0, so that from eq. (3.73b) both excess charges Nimp;1(h), Nimp;| (h) =
1. The total charge is then given by: nimp(h) = Nimp:+(h) + Nimp;| (h) = 2. The
corresponding excess magnetization also follows as mimp(h) = Nimp:t (h) —Nimp;y (h) =
0. On increasing h through h', €](h) crosses the Fermi level and from eq. (3.73b),
Nimp;| (h) drops discontinuously from 1 to 0. Thus, as the point h = k' is traversed,
both the total charge and the magnetization change abruptly, such that for A > A/,
both nimp(h), Mmimp(h) = 1.

Local quantities
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Figure 4.24: NRG results for the same parameters as Fig. 4.23 and with U < U,.(r) ~ 2.17.
The local magnetization, m(h), is plotted versus h/w,(h = 0) (on a log-scale). m(h) remains
finite for all h; the inset shows the same data on a log:log plot. For h/w.(h = 0) < 1, m(h)
vanishes linearly in h.

In contrast to the excess magnetization, mimp(h), the local impurity magneti-
zation, m(h), defined by eq. (3.1a), behaves very differently as a function of field.
For any non-zero field (and U < U.(r), such that the system is in the ASC phase
at zero-field) m(h) is non-zero evolving continuously as a function of h. Fig. 4.24
shows m(h) plotted as a function of h/w.(0) (with w.(0) once again the zero-field
Kondo scale). The inset shows that for h/w.(0) < 1, m(h) vanishes linearly in h.
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Figure 4.25: NRG results for r = 0.35, n = 22/U = —0.1. The local magnetization, m(h), is
plotted versus U for a range of local fields, h. For h = 0 (dashed line-squares), the QCP is
pristine and the local magnetization, m4(0) = || is shown, vanishing as U — U (r), here
U./m ~ 2.1. m(h) is then shown for h = 10~* (diamonds), h = 10~2 (circles), h = 10~*
(triangles). For any finite-h, the local QCP is destroyed and m(h) is finite for any U.

Further numerical results are shown in Fig. 4.25, where the local magnetization,
m(h), is plotted versus U for a range of local fields. As previously discussed in Section
4.3.2 and shown in Fig. 4.3, the zero-field local moment |i| = m4(0) = m(07) is
the order-parameter for the zero-field phase transition. In Fig. 4.25, || is shown
to vanish as expected for U — UJS(r), such that in the zero-field ASC phase for
U < U, || = 0. By contrast, three further curves are shown in the figure, each for

a finite-h, where we find that m(h) is non-vanishing for any U.

Relating the excess and local quantities

Recall that the ‘excess’ magnetization, mimp(h), is defined as the magnetization of
the entire system with the impurity present, minus that with the impurity absent.
Since the applied field is purely local, the magnetization of the system in the absence
of the impurity vanishes, and therefore mimp(h) is the magnetization for the entire
system, M(h). As a consequence, mimp(h) may be separated into a local contri-
bution, m(h), together with the magnetization of the conduction band, Mcp(h),
ie.

Mimp(h) = m(h) + Mcp(h). (4.102)

As discussed above and shown schematically on the LHS of Fig. 4.22, for U < U.(r)
and h < K/, mimp(h) = 0. By contrast m(h) is finite and continuously increases
for any finite h. Therefore, eq. (4.102) implies that Mcp(h) = —m(h), the conduc-
tion band magnetization taking an equal and opposite value to the magnetization

localized on the impurity. By contrast for A > h’, mimp(h) = 1 and therefore
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from eq. (4.102), Mcp(h) = —m(h) + 1. Thus, the physical picture is that when
h = I is traversed, the conduction band magnetization changes discontinuously, i.e.
dMcp(h') = Mcg(h=NWT)— Mcg(h = h'~) = +1, whereas m(h) evolves smoothly
for all h. In other words, the abrupt discontinuous change in mjmp(h) on crossing
h = I, is localized solely on the conduction band and has no weight on the impurity
itself.

A similar argument allows us to write the excess charge, nimp(h), in terms of the

local charge, n(h) and the conduction band charge Neop(h)
nimp(h) = n(h) + Nep(h) — N g, (4.103)

where Ng g is the charge of the system in the absence of the impurity, independent
of the local-field, h. Once again, n(h) is continuous across h = h', whereas by con-
trast the excess quantity 0nimp(h') = Nimp(h'™) — nimp(h'~) = —1 changes abruptly.
Hence, from eq. (4.103)

Nimp (W) = Nimp (W' ™) = Nop(h'T) — Nop(h'™) = —1, (4.104)

and therefore an entire electron is lost from the conduction band as h = R’ is
traversed.

In conclusion, the physical picture when h = A’ is crossed is that an electron
of definite spin is lost by the entire system, but has no weight on the impurity
itself. The resulting discontinuous change of both mimp(h) and nimp(h) when h = b/
is crossed correspond to a simple bulk level-crossing transition where the ground-
state charge of the system changes by unity. This ‘transition’ is analogous to the
behaviour at zero-field for a fixed U on varying = (denoted by the dotted line in
Fig. 4.4), where on crossing = 0, the ASC phase for z < 0 and nimp(0) = 2
goes to the ASC phase for > 0 and nimp(0) = 0. This bulk transition is distinct
from the zero-field local quantum phase transition between the SC and LM phases,
where m(0") = |f] is the order parameter, vanishing continuously as U — UJ(r).
A previous NRG study [36] suggested that the phase transition at finite-field is a
“field-induced Kondo transition”. However, as we have shown here this is simply

not the case - m(h) is non-vanishing as h = b’ is traversed.

4.11 Infinite-order Luttinger self-consistency

To conclude this chapter we make some general comments about the Luttinger self-
consistency analysis of Section 4.6.
From direct NRG calculations, we find that everywhere in the (U, k) plane the

self-consistent results of Fig. 4.12 hold, showing the exactness of the Luttinger con-
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sistency arguments of Section 4.6. However, there is one exception where these
order by order arguments do not predict the low-w form of the self-energy. In the
LM phase, identically at zero-field (for any z), we find that the two self-energies

have the low-w behaviour
i (w,0) o O(—ow)|w|” + 8(ow)|wl*", (4.105)

with ¢ = £1 as usual. This one-sided behaviour is shown in Fig. 4.26, where
Z{LXT(W’O) is plotted versus w on a log:log plot for a typical » and z < 0 and both
w < 0and w > 0.

1030 L ‘ Ly Ly LA Ly
10" 10" 10" 10* 10° 10" 100 10° 10
w

Figure 4.26: The self-energy for r = 0.35, n = 1 + %8 = 27”” = —0.1, U/m = 5, such that
r ~ —0.785. Z{M(%O) is plotted versus w with both axes on a log-scale, shown for w < 0
(solid line) and w > 0 (dashed line). For h = 0, the low-w form of the TSE for w < 0 in a
LM phase, Zﬁn(w, 0) x |w|", whereas for w > 0, Z{M (w,0)  |w|®>". The dotted lines indicate
the power dependences.

The self-consistent low-w results exhibited in Fig. 4.12 are obtained from an order
by order analysis of the self-energies (SSE in the SC phase, TSEs in the LM phase)
expressed in terms of the skeleton expansion. (Even though from the underlying
self-consistency, each skeleton diagram corresponds to an infinite-order summation
in U, the self-energies are still in essence perturbative.) However, it is possible that
Luttinger self-consistency can arise in a different sense. Imagine that a particular
class of diagrams are summed to infinite-order yielding an integrable singularity in
an internal (integrated-over) frequency index. Then by virtue of the fact that this
type of contribution is not present in the order by order expansion, the resultant
self-consistent low-w form of the self-energy would be distinct.

We have identified an infinite-order subset of diagrams that can self-consistently
generate the low-w self-energy dependence of eq. (4.105). In Chapter 6 we explicitly

consider a self-consistency scheme, similar to that of Section 4.6, but involving the
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Figure 4.27: NRG results for the same parameters as Fig. 4.26. E%(w, h) is plotted versus
w with both axes on a log-scale, shown for w < 0 for different local fields, h = 0, 1078,
1075, 1074, 1072. For h = 0, the low-w form of the TSE for w < 0 in a LM phase,
E{M(MO) x |w|". By contrast, for any finite-field, h > 0, for |w| < h, the low-w form
becomes ¥y (w, |h]) o< [w]>T37.

relevant class of diagrams. However, we emphasize that since ¥ 4,(w, 0) vanishes at
least as rapidly as the hybridization function, I'(w), the exact low-w deductions of
Section 4.5 for the zero-field SSE, ¥(w), still hold.

We explicitly confirm the preceding results for the self-energy in Fig. 4.27. The
finite-field self-energy, X! (w,h) = X4 _(w,|h]) is plotted versus w for U > U(r)
on a log:log plot for w < 0. As discussed above, at zero-field from eq. (4.105),
24, (w,0) o lw|". However, for any finite-field, for |w|/h < 1, S, (w, h) o |w|>T3" as
expected from eq. (4.99a). As h — 0, the finite-field curves fall onto the zero-field
curve, such that for |w|/h > 1, ¥, (w, h) = Y as(w,0) o |w|".

4.12 Concluding remarks

In this chapter we have fully described both the static and dynamic behaviour of
the PAIM, focusing on what can be said exactly about both phases, with particular
emphasis on the non-Fermi liquid LM phase. Using the TSE formalism of Chapter
3 has allowed us to obtain a number of entirely new results in the LM phase.

In the next chapter we move to discuss application of an approximate technique

to the PAIM, where the skeleton expansion is truncated at second-order level.
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CHAPTER 5

Self-consistent second-order

perturbation theory

In this chapter we consider the application of self-consistent second-order perturba-
tion theory (in U) to the zero-field pseudogap AIM studied in the previous chapter.
The essential idea is that the skeleton expansion for the self-energy, as shown in
Fig. 2.4, is truncated at second-order level such that only the first-order Hartree-
Fock ‘bubble’ diagram (as shown in Fig. 3.4 and discussed in section 4.6.1) and the
second-order diagram (as discussed in Section 4.6.2) are explicitly included in the

approximation.

Formally, recall that in a Fermi liquid SC phase, the single-self-energy, ¥, (w, 0),
is expressed in terms of the functional derivative of the Luttinger-Ward functional,
ie. ¥,(w,0) = 6Prw/dGs(w,0) and in consequence is a functional of the propa-
gators determined via the skeleton expansion, ¥,(w,0) = X[{G,}]. By contrast,
in a doubly degenerate LM phase, it is the TSEs, ¥ 4,(w,0) that are obtained via
Y 4o (w,0) = 0P /0G as(w,0), where @y is precisely the same functional of the
broken-symmetry propagators in the LM phase, as it is of the usual propagators in
the SC phase, i.e. P[{G,}] = P[{GA,}]. The SSE in the LM phase can then be
calculated as a derivative quantity from eq. (3.30) in terms of the distinct TSEs.

As discussed previously in Chapter 3, because the self-energies are functionals
of the propagators, and in turn, the propagators are obtained in terms of their cor-
responding self-energies, the Dyson equation, eq. (3.23), and the skeleton expansion
provide a self-consistency condition for the determination of the propagators as en-
tire functions of w. In this chapter we seek to numerically obtain self-consistent
solutions to the model in each of the unique phases by truncating the skeleton ex-
pansion at second-order level. In order to correctly capture the underlying physics
of both phases, we generally allow the possibility that broken-symmetry solutions,

G Ao (w) (with a non-zero-local moment |fi|) can exist. As we explicitly discuss below,
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the numerical procedure may then converge to a solution with a non-zero value of
|ft] - with Gap(w,0) # Gy (w,0) (we denote a LM solution), or by contrast || may
converge to zero, with an associated single propagator, G,(w,0) = G 4,(w) (which
we denote as a SC solution).

Even though second-order perturbation theory is a naive approach, and may only
be able to capture the underlying physics for small U, the reasons we consider it here
are threefold. Firstly, as explained in Section 4.6.2, second-order is the first level
of approximation to the skeleton expansion that generates a non-trivial dynamic
(w-dependent) contribution to ¥ 4,(w). Secondly, we want to find out whether it is
possible to obtain fully converged numerical self-consistent solutions in the broken-
symmetry LM phase. Finally, we want to answer the question of whether the unique
interacting nature of the QCP, as discussed in Section 4.9, is captured coming from
both phases.

Before proceeding, we make another important point. For the approximation
considered here, as a consequence of the fact that the self-energy is obtained from
a generating functional, @y, macroscopic conservation laws for quantities such
as energy, spin and particle number are respected [66,67]. For techniques of this
type, known as ‘conserving approximations’, the general arguments of Section 3.4
hold, i.e. in any contribution to ®ry a finite frequency shift, dw, in the o-spin
propagators leaves ® 1y unchanged (i.e. d®py = 0). As a direct consequence, the
Luttinger integrals, I, (h) and Ir,,_ (|h|) (for U < U, and U > U, respectively) are
both argued to vanish, eq. (3.72). Exact relations such as the Friedel sum rules, egs.
(3.73a-3.73Db), relating the excess charge to the renormalized levels in each phase are
then satisfied, even at the approximate second-order level discussed here.

An outline of the chapter is as follows. We first consider the underlying equations
relevant to implement this simple level of approximation. Subsequently, we discuss
the low-w asymptotic functional forms of both the relevant propagators and self-
energies, in each of the unique phases. In each case a comparison is made to the
ezxact results of the previous chapter. We then move to discuss the relevant algorithm
used in order to obtain numerical results. Finally we present results for both static

and dynamical quantities at both ph symmetry and the more general model.

5.1 Diagrams

The self-energy truncated at second-order level is given simply (and shown diagram-
matically in Fig.5.1) by
1 2
Sar(w) = B4y + W), (5.1)

where 25413 denotes the first-order unrestricted Hartree-Fock static (w-independent)

contribution. 25413 is given via eq. (4.40) in terms of the local charge, n = n(h = 0)
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Figure 5.1: Y4, (w), first and second order contributions to the skeleton expansion. All

double lines denote full self-consistent propagators, Gf{)f (w), wiggly lines denote the on-site
interaction energy, “U”. All frequencies and spins are conserved at each vertex.

and magnetization, |f|, by
1 . _ .
U = U_y) = Yn — o). (5.2)

The local charge, i and local magnetization, || = ma(0) = m(h — 01) are given
at zero-field via egs. (3.16, 3.20b) as

0

n= [ dulDa(e) + Dawl (5.3)
0

il = [ dwlDar(w) - D)) (5.3D)

The second-order dynamical contribution in terms of broken-symmetry propagators

is given via eq. (4.41), as

3
2542;(”) =U? /// H 2(: Gao(W1)GA—o(w2)GA—g(w3) X 20 (w1 + wy — w3 — W).
=1

Using the delta function to eliminate one of the internal frequency integrals, we may

rewrite this equation in the form

oe] " o0 /"
9 dw . dw
E;g(w) = U2/ 5l Ga—o(w+w") [1/ ?GAJ((U’ — WG a oW, (5.4)
—0o0 —0o0
where we define the term in square brackets as a so-called ‘polarization propagator’
(also known as a polarization bubble, or polarization part) [62,63] as
Oyro—o . 0 dw’ / 1
9,7 (w) =i —Gar (W —w)Ga_g(w'). (5.5)
oo 2T

A polarization propagator is any part of a diagram that can be fitted between two
interaction lines. Specifically, 0]:[21_40—(0.]) is known as the transverse spin polarization

propagator [62], and is shown in Fig. 5.1. The dynamical contribution to the self-
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energy, eq. (5.4), then follows as

(2) * A
Y(w) = U? / %GA,U(QJ + "Iy (). (5.6)
—0oQ

A simple calculation, analogous to the considerations of eq. (4.6.2) then allows us
to write this polarization propagator, °I1% ,” (w), in terms of its real and imaginary
parts. The imaginary part, which is important in what is to follow, is given by

1 Oypo—0 el ! ! /

;Im 1% 7,7 (w) = 6(w) dw' D gy (W —w)Dg—_o(w')

0
0

+0(—w) dw' D g (W' — w)Da_o(w) (5.7)
=l
By virtue of the fact that the spectral functions, Day(w) = —2 sgn(w)ImGY, (w),
have positive weight for all w, the polarization propagator also has this property,
i.e. 1Im°M%,7(w) > 0. It is then straightforward to show by inserting eq. (5.7) into
eq. (4.45), that the second-order contribution, 2{4(3) (w) =— sgn(w)ImZQf) (w) may
then be written in terms of D, (w) and Im°I1% 7 (w) via
(2 0
EA(U)(w) = U29(w)/ dw'Tm° T 7 (W) Da—o (W' + w)

—|wl

o
HU20(—w) / o/ T T () D p o (& + ) (5.8)
0

where 2{4(02) (w) > 0 for all w. The second-order broken-symmetry propagator itself,
Gfg(w), may be written from the Dyson equation, eq. (3.23), as

2 * 2 2 _
G (w) = [wt — ey — T(w) - [0 (w) - =0 0], (5.9)
with renormalized level energy given by

* _ ~ 2
Eho =+ Y (7 —olil) + =3

(w=0). (5.10)
The spectral function, ng (w) = —1 sgn(w)ImG 4, (w) is then given by

DR (w) =

B2 02 + My (w) + 4, (@)
(5.11)

by
w— %, — TRw) — [2fP(w) - &

with wt = w + i sgn(w)n.

In the special case of ph symmetry where x = ¢ + % = 0, we may utilize the

symmetries of Section 4.1.2. By inserting eq. (4.3b) into eq. (5.3a), it is readily
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shown as a consequence of the spectral function D4, (w) being normalized, that the
local charge 7 = 1. Thus, at « = 0, the renormalized levels, €% _, given by eq. (5.10),

reduce to
o =—oZlA+ 2P w=0 5.12
Edo o5 |il + Xy, (w=0). (5.12)

Now inserting the symmetry, eq. (4.3¢c), into eq. (5.12), the levels are sign definite
at x = 0, given by

In a LM phase away from ph symmetry (where x # 0), the renormalized levels,
fsjm, €7, are not necessarily sign definite.!

We now have all of the relevant equations in order to be able to implement a
numerical procedure to determine the self-consistent propagator, G 4,(w). However,

before proceeding, we examine the low-w behaviour in each of the distinct phases.

5.2 Low-w asymptotics

In section 4.6 we used Luttinger self-consistency arguments [60] to obtain the ezact
low-w forms of the self-energies in each of the distinct phases to all orders (in U).
In this section, we determine the precise coefficients of the leading low-w behaviour
at the (self-consistent) second-order level of approximation. (Here we note that for

reasons of brevity we set the unit of energy, I' (1)/ (=) = 1 in the rest of this chapter.)?

5.2.1 SSC phase

We first consider the unique case of ph symmetry where x = ¢ + % = 0, and
start with the strong coupling (SC) phase. As discussed in Section 3.1, the local
moment, |f], is necessarily zero in a SC phase at zero-field, and consequently the
propagators are independent of spin (and we may drop both the A and o labels from

the propagators). The symmetries, eqs. (4.3a-4.3d) then give

Gw) = -G(—w), D(w) = D(—w), (5.14)
Y(w) = -X(—w), Y(w) =% (-w), e*=0.

Tn Section 4.3.2 we argued that if the local and excess magnetizations lie in the same direction,
then for any x (= e+ %) the renormalized levels are sign definite. (This result is also satisfied from
the numerically exact NRG calculations of Fig. 4.2.) However, here at the (crude) second-order
level of approximation the levels may be of either sign.

2The hybridization function then becomes: I''(w) = Tolw|” = Tt/ |w/T/ 7" = |w]".
When plotting numerical results all quantities are rescaled in terms of F(l)/(lfr), eg w= w/Fé/(FT),
U=0/Ty"" e =¢/Ty/" are dimensionless.
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From the (order by order) Luttinger self-consistency arguments [60] of Section 4.6,
in the SSC phase the self-consistent low-w behaviour of the single self-energy is given
by ! (w) “ZOx |w|>73" (eq. (4.73)). At the second-order level considered here the

self-energy also has the same form:
ST (W) “R° any(r)[w] 25 (5.15)

The coefficient, aos(r), may be obtained at the specific second-order level described

here.

Since the self-energy (eq. (5.15)) vanishes with an exponent greater than the hy-
bridization function (I'/ (w) o |w|") for r < %, on the very lowest frequency scales the
spectral function, D(w), must have the same form as the non-interacting function,
D%(w) (c.f. eq. (4.75)):3

7o D@ (w) “=° cos?(Z)|w| ™" = lim [7ToD°(w)]. (5.16)
w—r

Inserting eq. (5.16) into eq. (5.7) for Im°II(w) = Im°I1%,? (w), it is readily shown

that its low-w behaviour is of the form
0 w0 1 4 ] /
Im"TI(w) "~ — cos (gr)/ do'|w’ — |w|| 7"’ (5.17a)
™ 0

Making the substitution, w’ = y|w|, this equation reduces to

w—0 1 !
ImTI(w) =02 cos*(Zr) [/ dy(1 — y)ryr} |w|t 2 (5.17b)
T 0
w30 A (r)|w|' ™%, with coefficient: (5.17¢)
_ 1 4/ F(l B T)2
Aags(r) = — cos (57) [F(Q mpmik (5.174d)

where the integral in square brackets may be given in terms of the gamma function,
I'(y). Thus, by inserting eq. (5.17c) and eq. (4.75) into eq. (5.8), it is readily shown
by an analogous argument to that leading to eq. (5.17d) above, that the leading

low-w behaviour of X/ (w) is given by

1)) w30 a5 (r)|w|? 73", with coefficient: (5.18a)
1 I'l—r)I'(2—2r
(1) = U2 a1 cost () | EE 20T )

which as expected from the underlying self-consistency is the w-dependence that

3The low-w forms of both D(w) and ¥ (w) in a SSC phase at second-order level are essentially
the same as those discussed in Section 4.7.2. It is the precise second-order coefficients that we
determine in this section.
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we started with for /) (w) in eq. (5.15). The fact that the second-order coeffi-
cient ags(r) oc U? naturally reflects the second-order level of the calculation. As a
consequence of the fact that /(2 (w) vanishes more rapidly than the hybridization
function, the low-w self-consistent results described here are identical to those ob-
tained for a one-loop (i.e. not self-consistent) second-order perturbative calculation
as described in ref [100].

5.2.2 LM phase: General PH symmetry/asymmetry

As discussed in Section 3.1, in a LM phase there is a non-zero local moment, |f| in
the system. Both the spectra, D 4,(w), and self-energies, ¥ 4, (w) are thus dependent
on spin o. As a consequence of the non-vanishing local moment, the renormalized
levels, €%, given via eq. (5.10), are necessarily non-zero in a LM phase. Once again,
from the order by order Luttinger self-consistency arguments of Section 4.6, in a
LM phase, 2{4(3) (w) has the following dependence (and holds self-consistently in the
range 0 < r < 1)

S () “R0 g ()T (5.19)
B4 (@) = D (0)] “=° —yapw (5.19b)

where a4, (r) is a specific second-order coefficient with v, = < e de(EIAf) (w)/w?),
obtained from eq. (4.26). Thus by inserting eq. (5.19), together with eq. (4.1b) into

eq. (5.11), the low-w form of the broken-symmetry spectral function follows as

D (w) 42

=n (5.20)

vanishing as w — 0. By using eq. (5.20) in eq. (5.7), it is readily shown that the

low-w behaviour of the polarization bubble, Im°I1% % (w) is

ImOHZ;{’(w) “20 Aaa(r)|w? ) with coefficient: (5.21a)
1 1 I'(1+r)?

A _ - : 5.21b

)= e ) (5.210)

where A44(r) is independent of spin-o and the coefficient is the same for both
w>0and w <0, ie. Ak, (r) = A, ,(r). Now inserting eq. (5.21a), together with
eq. (5.20) into eq. (5.8), we find that the low-w form of the two-self energy function
is

2{4(3) (w) ijaAo(r)|w|2+3r, with coefficient: (5.22a)
1 1 [DA+r)I(2+2r)

Qaq(r) = UQ-AAA(T); [62_ E I'(3+3r) ’

(5.22b)
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once again oc U?. If the system is at ph symmetry, then the renormalized levels
are equal and opposite via eq. (5.13), and therefore the leading dependence of the
two-self-energies are spin-independent, i.e. a4, (r) = aa—y(r) = aa(r), but this is

not generally true for x # 0.

5.2.3 ASC phase

For general = # 0, away from ph symmetry, the (spin-independent) renormalized
level, e = €%, is generally non-zero in a ASC phase (as shown from NRG in
Fig. 4.2). In fact, the low-w behaviour of the propagators and self-energies are
exactly the same as for the general LM phase if the A and o subscripts on all
quantities are dropped. Once again, the order by order self-consistency analysis of
Section 4.6 gives the low-w form of the SSE as ¥/ (w) o |w|?*3", eq. (4.68a), holding

in the range 0 < r < 1. Specifically at second-order level this may be written as
ST () “R° agy (r) ], (5.23)

with aw,(r) a second-order coefficient. By analogy with the last section, the single-

particle spectrum is then given by

D@ (w) “=° [’ai‘]y (5.24)
13

where the coefficient ag,(r) is given via eq. (5.22b) on dropping the A and o sub-

scripts.

5.2.4 Single self-energy in the LM phase

Given the low-w dependence of the TSEs in the LM phase, eq. (5.22a), we can now
obtain the corresponding low-w form of the single self-energy, ¥/ (w), from eq. (3.30).

It is readily shown that
w 1
21O (w) “3° ?MT cx#0 (5.25a)
2I®(w) “20 [, cos(Zr)]|2w| " =0 (5.25b)

where as defined by eq. (4.22), v = [(¢%, + €4_,)/ (€%, — €%_,)], is the ratio of
the sum and differences of the renormalized levels.* The self-energies may then

be rescaled by the natural LM phase low-energy scale, ws, given in terms of the

“Note that at © = 0, v = 0 as a consequence of eq. (5.13).
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difference of the renormalized levels by eq. (4.20):

1 50 1 .
;:zf@) (w) “= ?w cx#0, (5.26a)
1 ~
— @) () “27 cos?(Zr)|@| " Lz =0, (5.26b)
Wi

where, as a consequence of eq. (5.13), we have used w} = |e%, — ¥ _,| = |}, | for

x = 0. The eqgs. (5.26a-5.26b) are the specific second-order analogs of the general
forms given by eqs. (4.25, 4.33). Thus, the second-order values of the coefficients ay,
as are given simply by a, = 1/92, and as = cos2(gr). The absence of any specific
U dependence in these coefficients arises as a consequence that the TSEs, ¥ 4, (w),
vanish with a power greater than the hybridization function as w — 0. We emphasize
that the low-w forms of ¥/ (w), eq. (5.25), obtained even at this simple second-order
level of approximation reflect that the LM phase is a non-Fermi liquid. The self-
energies vanish at least as slowly as the hybridization function, i.e. %!(w) w30 |w|?,
A < r such that the spectral function, D(w) is wholly influenced by the form of

»!(w) on the lowest frequency scales.

By inserting eqs. (5.25a-5.25b) into eq. (5.11) for D(w), the low-w form of the
total (o-independent) spectrum in a LM phase, D(w) = 3[Dao(w)+Da—q(w)], given

via eq. (3.13) becomes

w1+ ]

2 —ea P — 12

D@ (w) “<° (5.27a)

for any x. Once again, using eq. (4.20) for wy, the low-w scaling behaviour of the
spectrum is written as

0 [L+ Sl
—0 2

Tw! D) (w) “< X

T (5.27b)

such that precisely at x = 0, where v = 0, the scaling spectrum simply has the form
7w’ D@ (W) = @r iz =0 (5.27c)

For general = # 0, eq. (5.27b) has exactly the same form as the exact case given by

eq. (4.31b), but with a specific second-order coefficient a, = v~2.

z =0, eq. (5.27¢) is consistent with eq. (4.37), with as; = cos?(5r) = [1+ 5%(r)] L.

By contrast, at

Combining egs. (5.26b) and (5.27c), we recover the generalized pinning condition

in a LM phase, given ezactly by eq. (4.38), but here satisfied at the level of self-
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consistent second-order perturbation theory:

71+ 8212 @ (w) D@ (w) “=° 1. (5.28)

5.3 Second-order numerical procedure

Having considered the low-w asymptotics in both phases, we now look to implement
a numerical algorithm which is capable of obtaining self-consistent solutions for the

propagators, Gfg (w), converged for all w.

5.3.1 Algorithm

We have performed the calculations on a logarithmic grid (that samples the states
around the Fermi level most extensively) using approx 10,000 grid points spanning
Wiin = 10730 t0 Wmae = 108. We make wyq, so large such that we consider the
infinite band limit (D = wpee — 00) of the model. The steps in the numerical

algorithm are as follows:

1. For a fixed band exponent, r, and a given U and =z, calculate the first-
order unrestricted Hartree-Fock (UHF) propagators, here we denote them as:
Ggg(w) = [wt—e%, —D(w)]7!, with &%, = 2+ Y[("n—1) — o|fi]]. Convergence
can be achieved very easily as the first-order approximation to the self-energy

is purely static.

2. Calculate the transverse polarization bubble, Im%I1% % (w) from eq. (5.7) with
the WDSCZ(M) =— sgn(w)ImGS()f(w) from step 1.

3. Determine the second-order contribution to the TSEs, 2{4(02) (w), from eq. (5.8)

using the polarization bubble, Im°I1%,? (w), and the UHF spectral functions,
Dgg(w) = %sgn(w)ImG(l)(w). Eljt(f) (w) is then calculated numerically from

22(02) (w) via Hilbert transformation, eq. (4.26).

4. Find the local moment, |i|, from eq. (5.3b), and the local charge, n, from
eq. (5.3a), then input these, plus the second-order approximation for 25423 (w)
into eq. (5.11) for a new spectrum, fog(w).

5. Iterate steps (2)-(4), putting the new second-order approximation for the spec-
tral functions, ng (w) back into calculate 25423 (w) each time. Do this until full
self-consistency is reached, i.e. when the full w dependence of the propagators

has converged.
From the spectra, ng(w), the real part of the propagator, Gi
(2

o

(2)

o (w), may be cal-

culated via eq. (2.14). However, Gf (w) is not needed at any point of the self-

consistent process. The spectra, D®)(w), together with the SSEs, X(?)(w) may be
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calculated from egs. (3.13, 3.30) respectively from the fully converged fog (w) and

Zfi (w) at the end of the procedure.

5.3.2 Technical details

In order to control the iteration procedure, at each iteration a linear combination of

the spectral functions from the current and previous iteration is taken
D jo(w) = ADGE™™ (w) + (1 — A) DI (w) (5.29)

The parameter X\ can be varied throughout the iterative procedure in order to achieve
convergence in a stable manner. The larger A is, the faster convergence is achieved,
such that if A = 1, the spectral function is just the spectral function for the current

iteration. Decreasing A allows a more stable, if slower path to convergence.

5.4 Numerical results

0.8

0.2

Figure 5.2: The local moment, |f|, versus U/m, for = 0.3 and « = 0. Self-consistent
second-order perturbation theory is shown in red (circles), first-order UHF is shown in blue
(diamonds). U./m ~ 1.5 (2nd-order); U./m ~ 0.8 (UHF). The inset shows the 2nd-order
renormalized levels, ¢, versus U/m for the same parameters.

5.4.1 Particle-hole symmetry

Here we present the numerical results from the algorithm stated above, firstly for the

case of ph symmetry where z = ¢ + % = 0, and the local charge, n = 1. The idea is

to start with a broken-symmetry (mean-field UHF) starting ‘seed’ solution, D1(413 (w),
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and iterate using the steps above to full self-consistency. Ultimately, the algorithm
will either flow towards a solution with a converged finite local moment, |i| (we
denote a local moment phase solution), or alternatively to a solution with || = 0,
(a SC (Fermi liquid) phase solution). The U at which converged LM solutions are
no longer possible (and |f| vanishes) we define as our critical, U = U, such that for
U < U, only SC solutions exist.

Numerically we find that the converged self-consistent local moment, |fi|, vanishes
continuously to the critical U = U,(r) for all r in the range 0 < r < 1. Fig. 5.2 shows
the moment, |f|, for both first and second-order perturbation theory at x = 0 and
a typical r in the range. The inset of Fig. 5.2 shows the second-order renormalized
levels, €%, (equal and opposite for z = 0) for the same parameters, vanishing
continuously at the same U = U, as |fi|. As expected via the general arguments of
Section 4.5, the local moment low-energy scale, w, = \5ZU|1/T, given via eq. (4.20),
thus vanishes at U = U,(r). By contrast, for U < U,, the local moment converges
to || = 0, and thus only SC solutions exist, where specifically for z = 0 the spin

independent level vanishes, €% = ¢&* = 0.
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Figure 5.3: Phase diagram for z = 0. r is plotted versus U. First-order UHF is plotted in
black. second-order self-consistent perturbation theory in red. Exact NRG data is plotted
in blue.

Fig. 5.3 shows the phase boundary (where U = U,) in the (r,U) plane. Second-
order self-consistent perturbation theory is shown with a solid (red) line. First-order
UHF is also shown with a dotted (black) line together with numerically exact NRG
results (dashed blue line). In the limit that » — 0, such that the model reduces to
the standard AIM coupled to a metallic band, the NRG phase boundary diverges,
Uc(r) < 1 as is well known from previous studies [39,41,43] (this result is also found

within the local moment approach [44]). Hence from exact calculations for r = 0
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only the SC (non-magnetic) Fermi liquid phase persists, with Kondo quenching of
the local moment for all U. By contrast, both first and second-order self-consistent
theories predict a spurious phase transition at 7 = 0. UHF is well known [2,7] to
predict a phase transition at U./m = 1 for the metallic model. Second-order thus
exhibits the same failing as UHF, albeit at a larger U.(r = 0). In contrast however,
in the limit that r — %, both first and second-order correctly predict that U. — 0,
such that the symmetric SC phase cannot exist for r > % Furthermore, as one
might expect, for small U, the second-order boundary is closer to the exact phase

boundary as r — % than mean-field level.

In the discussion thus far we have considered how the transition is reached coming
from the |g| — 07, U — UF(r), LM side of the transition, where the scale w,
vanishes. By contrast, for SC solutions the renormalized level vanishes for the whole
phase, and the propagators are independent of spin-o. In order to capture the low-
energy behaviour in the SSC phase, we define a low-energy (Kondo) scale, wg, by

the width of the central resonance® in the modified spectral function, given by
F(w) = nlw|"(1 4 (1)) D(w), (5.30)

which just as for the non-interacting limit is pinned to unity at the Fermi level in a
SSC phase via eq. (4.5b).
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Figure 5.4: Second-order results for = 0, r = 0.3. The LM phase scale, w} = |¢%_ |, shown
in red, vanishes at U.. LM states arise for U > U,.. The SC scale, defined as the width of
the central resonance at 0.8 of its maximum, is shown in blue. At second order level, for
U > U, it is possible to get SC solutions, when || = 0.

®Specifically we define the scale, wx as the width of the central resonance in F(w) at 0.8 of its
maximum.
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If the quantum phase transition is to be coherently described coming from both
phases at this level of approximation, the scale, wx, must vanish at the same U = U,
as the LM scale, w,. We find from the numerical procedure that wy does not vanish
as U — UZ (r). In fact it is possible to get SC solutions for U > U, if |fi| is set to
zero in the calculation from the outset. Fig. 5.4 shows the low-energy scales versus
U, coming from either phase for a fixed r = 0.3. The LM scale, w} = |&%_| (in red-
circles) vanishes as U — U (r). In contrast, the SC scale, wg, vanishes algebraically
-wg o< U0 where s(r) is a number of O(1) (for r = 0.3 |s(r)| ~ 2.5) as U/m > 1,
and therefore never vanishes for any finite U. This is the second-order analogue of
a first-order restricted Hartree-Fock calculation [62], such that SC solutions persist
for all U and the system effectively “has no knowledge” of the LM phase as U.(r) is
crossed.

Before proceeding to discuss the second-order results for the spectral functions,
we make a brief comment about the numerical procedure. With some particular
parameters, convergence of the algorithm detailed above is achieved in as few as
5-10 iterations and with a A = 1 in eq. (5.29). This facile convergence is generally
achieved in either phase far from the ‘transition’ such that |1 —U/U.| > 1. However,
for some other combinations of parameters, particularly for small values of the LM
scale, wy, as U — UJ(r), the procedure is numerically more delicate. In order to
achieve convergence as U.(r) is approached from above, it is necessary to obtain
convergence for a particular fixed U, and then use that solution as the ‘seed’ for the
next calculation (for a slightly smaller U). In this way, together with lowering A in
eq. (5.29), it is feasible to progressively decrease U towards U, (r) maintaining stable

convergence in as few iterations as possible.

Spectral functions

The LM phase modified spectrum, F'(w), given via eq. (5.30), is shown versus w in
Fig. 5.5, once again for r = 0.3. As U is progressively increased, the high energy
(non-universal) Hubbard satellite peaks, roughly positioned at w = j:%, split from
a central resonance. As previously discussed, these high-energy spectral features
occur at energies w ~ ¢ and w ~ € + U,% corresponding to the atomic limit single-
particle processes (as detailed in Section 2.3), between the empty, singly and doubly
occupied states of the impurity level. The atomic limit poles, given by eq. (2.45),
are broadened by coupling to the conduction band and thus have width O(T'y). The
inset shows the LM spectra as U — UJ(r), with w plotted on a log-scale. As
discussed previously, and shown in Fig. 5.2, the LM phase renormalized levels %,
are always finite, and so the spectra always vanish via eq. (5.20). The LM phase

modified spectra thus vanish via eq. (5.30) as F(w) o< |w|?".

SFor x = e+ % =0, such that ¢ = —%, the Hubbard satellite peaks occur at w ~ i% for x = 0.
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Figure 5.5: Second-order, F(w) is plotted versus w for U progressively getting closer to the
transition for r = 0.3, x = 0. U/m = 2 red, =5 black, =10 blue. The inset shows F(w)
versus w on a logarithmic scale for U progressively getting closer to U.. U/m = 1.5 red,
=1.51 violet, =1.52 blue, =2 black and =10 purple.

As can be seen from the inset of Fig. 5.5, as U — UJ (r), the LM spectra fold
onto the equivalent SC spectra (where ¢* = 0), with F'(w = 0) = 1. In consequence,
the low-w behaviour of D®)(w) at U = U,(r) is given by eq. (4.5a), i.e. D®)(w) 3P
cos?(Zr)|w|™", and is thus the same as that of the non-interacting limit. By contrast
in Section 4.9 we found that precisely at U = U,(r), the exact spectral function has
the low-w form, D(w) w30 C(r)|w|™", with C(r) # cos(5r) in general, taking a
value which is renormalized by interactions (given by eq. (4.87)). Second-order self-
consistent perturbation theory thus fails to capture the known interacting nature
(as found from previous studies [34,37,46,47]) of the QCP.

Fig. 5.6 shows the SSC phase modified spectra, F(w), versus w as U is steadily
increased. On increasing U, the central resonance narrows in width, and hence the
strong-coupling scale, wg, vanishes. On high-energy scales of O(U), in contrast
to the LM phase spectra, instead of having pronounced Hubbard satellites at w ~
+U/2, shoulders of the central resonance emerge. This smearing out of the high-
energy features in a SC phase is clearly an artifact of the self-consistent procedure.
This effect has been observed before for other self-consistent calculations using non-
broken-symmetry propagators [72,105,106]. The inset of Fig. 5.6, shows the SC
phase modified spectra, F(w), as a function of w on a log-scale, where the Hubbard

band shoulders are clearly pronounced for large U.

We conclude the discussion of second-order self-consistent perturbation theory
at particle-hole symmetry with numerical confirmation of the low-w forms of both
the TSEs and SSEs (as discussed in Section 5.2). The self-energies are shown in

Fig.5.7 on a log:log scale as a function of w for U/m = 5, where U > U.(r) such
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Figure 5.6: Second-order, F(w) is plotted versus w in the SC phase for r = 0.3, z = 0.
U/m = 0.5 blue, =5 black and =10 red. The inset shows F(w) versus w (on a logscale).
U/m = 0.5 violet, =1.5 black, =2.5 blue, =5 purple and =10 red.

¥ (w) or ©(w)

Figure 5.7: Self-energies, ng)(w) plotted versus w on a log:log plot for U/m = 5, r = 0.3,

x = 0. Black is the SSE, X/®)(w) for a SC solution. Blue is the TSE, Ei‘(f) (w) for a LM

solution. Red is the corresponding SSE, ¥/(?)(w), for the LM solution. The asymptotic
forms of each function are shown with dotted lines.

that both SC and LM phase solutions coexist. In black the SC phase SSE is shown,
»1) (W) w30 aas(r)|w|*73" (given via eq. (5.18b)). The LM phase TSE, Ei(f) (w) w0
aat(r)|w|?>T3" (given via eq. (5.19)) is shown in blue. The corresponding SSE in the
LM phase, is shown diverging in 7 as w — 0: 2/®)(w) o |w|~", is shown in red,

given via eq. (5.25b).
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5.4.2 General particle-hole asymmetry: x # 0

We now discuss the second-order numerical results for the model away from ph sym-
metry (z # 0). We concentrate on the case for x < 0, however the propagators (and
corresponding self-energies) for > 0 can easily be obtained via a ph transformation

(r — —x) as detailed in Section 4.1.2 and Appendix B.

Static quantities

Figure 5.8: Second-order self-consistent perturbation theory for » = 0.3. Local charge, n,
shown versus U/w for x = —1. Red is the ASC phase, blue is the LM phase. Inset shows
second-order SC perturbation theory for r = 0.3. The inset shows |fi| versus U/ for different
z. Red is z = 0, black is z = —1, blue is x = —3.

As discussed in Section 3.1, generally in a LM phase regardless of asymmetry
(embodied by z), the local moment, || is finite and vanishes at the critical U —
Ul (r,z). The inset of Fig. 5.8 shows the self-consistent values of |f|, determined
here at second-order level, versus U for three different values of x. The figure shows
that as |z| increases, the value of U.(r, x), increases in magnitude. By contrast, for
U < U.(r,z), in the asymmetric SC (ASC) phase, we find that the self-consistently
determined value of |fi| vanishes. Fig. 5.9 shows the phase diagram in the (U, z) plane
for r = 0.2, with U.(r, z) defined by where |fi| vanishes for each x. The figure shows
that second-order perturbation theory is closer to the exact NRG phase boundary,

than first-order UHF. The dotted line denotes the ph symmetric point where x = 0.

Once again, in analogy to the ph symmetric case discussed above, we find from
numerical calculations that ASC solutions may be obtained for all U by requiring

that |z] = 0 from the outset. In consequence for U > U.(r, z) within the numerical
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Figure 5.9: Phase diagram in the (U, x) plane for » = 0.2. The red-circles show first-order
UHF, the black-squares show second-order, exact NRG data is shown with blue-diamonds.

algorithm it is possible to obtain both LM, where |f| is allowed to be non-zero, and
ASC type solutions, where || = 0 is required. Away from = = 0, the local charge,
n, given via eq. (5.3a), deviates away from unity (for z < 0, it lies in the range
1 < n < 2). The main panel of Fig. 5.8 shows n, for x = —1 and » = 0.3. For
the ASC phase, we find that n decreases smoothly towards unity as U increases. In

contrast, n for the LM phase descends much more rapidly towards 1.

Scales and renormalized levels

In the ASC phase, we find from the numerics that the renormalized level, ¢* =
x4+ Y%(n—1)+ »(3)(0)], does not vanish, for any finite U. At ph symmetry we
defined a low-energy scale, wg, by the width of the central spectral maximum in
F(w), given by eq. (5.30). However, in the ASC phase, the spectrum vanishes for
low-w via eq. (5.24), and hence F(w) also vanishes - F(w) o |w|?*". In order to define
a low-energy scale in the ASC phase, we write the spectrum via eq. (5.11), and

neglect both the w term and the low-w form of the SSE to give

w—0 |w|7”
TP [—e* + sgn(w)B(r)|w|"]? + [|w|"]? (5.31a)
w—0 |w|7“
~ [£¥]2 — 2e* sgn(w) B(r)|w|" + (1 + B2(r))|w|?" (5.31b)
w—0 COS2(§T)|w|T
~ oGP - 2o sen(@) cos (G sl + iz O
E o (5.31d)

wi [ 1—2sgn(@)sin(§r)|@" + |@]?
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Figure 5.10: Renormalized levels, shown versus U/7 for z = —1, r = 0.3. Red is ¢*(ASC),
blue is €74, black is €7 . Inset shows the levels vanishing on a magnified scale near the
QCP. U = U’ is the point where % | crosses the Fermi level. Here, the specific values of
Ug/m~1.96 and U’ /7 ~ 1.975.

where the last equation has been rescaled in terms of a low-energy scale, w, =

wi (x #0) (with @ = w/w, as usual) chosen to be
we = wi(z # 0) = |e* cos(Zr)|7, (5.32)

such that the term in square brackets in eq. (5.31d) has a maximum at @ = £1.
Hence, w’ (1 + %(r))7D(w) is a universal function of @ with a spectral maximum at
|| = 1. The corresponding modified spectral function, eq. (5.30), is then also given

solely as a function of @. For @ < 1 from eq. (5.31d) F'(w) becomes:

W2T O—0 |~
P) = [+ BNl D) R B R (59

vanishing for the whole phase o |w|?" as stated above.

We find from the numerics that the scale, wg, decays algebraically in U for
U > 1: wg(z) ~ UM with d(r) an exponent of O(1). In Fig. 5.10, the ASC
phase renormalized level, ¢* = —|w}/cos(5r)|, is shown in red versus U/7 for
x = —1 and » = 0.3. The scale never vanishes, such that the ASC phase persists
for all U. In other words, just as for the x = 0 case examined above, the ASC
phase is effectively ‘blind’ to local moment formation as U — U (r) leading to an
unsatisfactory description of the phase transition.

In the LM phase, we find once again that the scale, w] = %‘EZT -y ¢|, vanishes
as U — U} (r,z). However, the symmetry of eq. (5.13) does not generally hold for

x # 0, i.e. the renormalized levels, s*AT, €% |» are not sign definite, and therefore do
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not independently vanish at U.(r, z). Instead, the levels lose their spin dependence
at the transition, approaching the renormalized level of the ASC phase, i.e. gf‘lT’
ey, — € as U — UF(r,x). Fig. 5.10 shows the behaviour of all three distinct
renormalized levels as a function of U - where the inset shows the dependence on a
magnified scale in the vicinity of U.(r, z).

As a consequence of the fact that the levels are not sign-definite away from ph
symmetry, one of the two LM phase levels, EZT or €% |» must cross the Fermi level at
a specific U > U,(r, z). We denote this value by U’. This behaviour is shown by the
inset of Fig. 5.10, where specifically, it is €7y, that crosses the Fermi level. Moreover,
at this unique point (where €% (U = U’) = 0), the other level, €%, (U = U’) <0 for
all x < 0. Thus, from the order by order Luttinger self-consistency arguments of

Section 4.6, the low-w form of the TSEs, are given by case (C) in Fig. 4.12, i.e.

S (w, U = U") 20w (U =U") <0, (5.34a)
Z{q(f) (UJ, U= U/) wjo |w|2+r . 62¢(U _ U/) —0. (534b)

This self-energy behaviour is analogous to what happens from exact calculations
for a specific finite local field, h = h’ (see Section 4.10), where one of the field-
dependent renormalized levels, % (h = k'), crosses the Fermi level, whilst the other
remains finite. On inserting the forms of eqs. (5.34a-5.34b) into eq. (5.11), the low-w

form the spectral functions, D 4,(w), follow as

w—0 ’UJ|T
Y

7D (w, U =U") —, (5.352)
[EAH
7D (w,U = U") “X cos?(5r)|w| T, (5.35b)

such that Daq(w,U = U’) is simply given via eq. (5.20), whereas, Dy (w,U = U’)
effectively becomes ph symmetric on the lowest frequency scales, with the same form
as eq. (4.75).

Friedel-sum rule

In Section 4.3.2, we argued that at zero-field, the renormalized levels £, €7, |, should
be sign definite and of opposite sign everywhere in the LM phase (and not just at
x = 0, where this condition is guaranteed by symmetry). This is a result of the
form of the Friedel sum rule, eq. (4.8), provided the local magnetization, m(h =
0") = ma(0) = +|| has the same sign as the excess magnetization, mimp(h = 07)
(which we conjecture to hold for all ). This conjecture is backed up by the NRG
calculations of Fig. 4.2, which shows that the LM phase (U > U.(r, x)) renormalized
levels are indeed sign definite for any x at zero-field.

Here, at the second-order level of approximation, as can be seen from Fig. 5.10,
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for U > U’ the renormalized levels are of opposite sign and hence from eq. (4.8), the
excess magnetization is given by Mmimp(07) = Nimp,41(0) — Nimp,4,(0) = 1. For any
U > U.(r,z), the converged local moment, || > 0, and thus the signs of || and
Mimp(07) are indeed the same. By contrast, in the regime U, < U < U’, both levels
lie below the Fermi level, and therefore from eq. (4.8), nimp 41(0), Nimp, 4y (0) = 1.
The excess magnetization then follows as Mimp(07) = Nimp,a1(0) — Nimp,4;(0) = 0.
In this range, the local moment, |fi|, is still positive (as it is for any U > U.(r, z)) and
therefore sgn(mimp(07)) # sgn(|a]). The regime, U, < U < U’, is thus unphysical,
spuriously arising as a consequence of the crude level of approximation employed
here.

For all values of U < U’ in the LM phase, both levels, % _ # 0, and we find
that the TSEs Zﬁg) (w) o |w|?*T3" in accordance with eq. (5.19). The corresponding
LM phase SSE, is then given via eq. (5.25a), i.e. /@ (w) o |w|". The low-w
dependencies of the LM self-energies are shown in Fig. 5.11 together with the ASC
phase SSE, eq. (5.23), for U/m =5 (for U > U, both ASC and LM solutions coexist).
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Figure 5.11: The self-energies, Egj) (w) or 13 (w) plotted versus w on a log-scale for w > 0,

U/m =5, r = 0.3. The solid red line shows the SSEs in the ASC phase, the solid blue line
shows the SSE in the LM phase, the dot-dashed black line shows Eﬁf)(w), and the dashed

black line shows 2{4&2) (w). The dotted lines show the low-w asymptotic forms.

Spectral functions

As explained above, for U = U,(r, x), where |f| vanishes (by definition), the con-
verged solution has a renormalized level, €* = €%, such that it is equivalent to a

Fermi liquid ASC solution. In consequence, the low-w behaviour of D(w) precisely
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at U = Ug(r,x) is the same as eq. (5.24), i.e. D(w) o |w|". By contrast, from the
general arguments of Section 4.8, we showed that for any-z, the QCP low-w be-
haviour is given by eq. (4.87), i.e. D(w) w30 C(r)|w|™". Thus, this non-trivial QCP

behaviour is simply not captured by second-order level of approximation considered

here.
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Figure 5.12: The modified spectral function, F(w), in the ASC phase plotted versus w for
r = 0.3, z = —1. Blue shows U/7 = 6, red is U/m = 2.5, black is U/m = 1. The inset shows
the same data with w on a log-scale for w < 0.

We can confirm numerically that the spectra in both phases for x # 0 obey
the low-w egs. (5.20, 5.24). Fig. 5.12 shows ASC phase modified spectra, F'(w),
for increasing U. Once again, in analogy with the ph symmetric case, the high-
energy Hubbard satellite peaks, occuring at w ~ ¢, and w ~ ¢ + U, are smeared
out into shoulders by the self-consistency process’. The inset shows the modified
spectra, F(w) ultimately vanishing for low-w - F(w) o< |w|?", via eq. (5.30). The
inset also shows the low-energy peak, occurring at w ~ wg, the maxima position
never vanishes for any finite U.

By contrast Fig. 5.13 shows F'(w) versus w in the LM phase. At high energies the
Hubbard satellites are shown as distinct peaks, occuring at w ~ ¢, and w ~ ¢ 4+ U.
As discussed above, as U — U (r, z), shown in black, U, ~ 1.96, the spectra become

the same as the equivalent ASC spectra.

5.4.3 Excess charges and Luttinger integrals

Before proceeding, we make one final comment about the nature of the converged
solutions obtained here. As a consequence of the fact that the approximation em-

ployed here is conserving - i.e. derived from a generating functional, ®y, in both

" As is also obtained via a self-consistent study of the asymmetric metallic AIM within a parquet
approach [107]
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Figure 5.13: The modified spectral function, F'(w), in the LM phase plotted versus w for
r = 0.3, x = —1. Progressively from outside to in: Black shows U/m = 6, blue shows
U/m=3,red is U/m =2, black is U/m ~ U./7m = 1.96

phases, the general arguments of Section 3.4 for the vanishing of the Luttinger in-
tegrals, I, for U < U, given by eq. (3.50), and Iy, for U > U.(r,z) given by
eq. (3.55), holds. We have explicitly calculated both eq. (3.50) and eq. (3.55) in
each phase® from the converged second-order propagators and self-energies. We
find in both cases that the integrals vanish, consistent with the general arguments
leading to eq. (3.72). Furthermore, we may also calculate the Luttinger integral
of eq. (3.75) from both the (converged) SSE, ¥(w), and the spin-independent full
propagator, G(w), for U > U.(r,z) in the LM phase. From the explicit numerical
integration we find I (x) = sgn(x)%, which is indeed consistent with the exact proof
leading to eq. (4.17).

A further result of the approximation being conserving, is that the Friedel sum
rules, eqs. (4.7-4.8) also hold, relating the excess charges nimp:s(0) and nimp;ac(0)
to the renormalized levels £* and &%  respectively. We have explicitly calculated
each of the excess charges by integrating over the relevant excess density of states,
Apimpio (W), o Apimp:s(w), from eq. (3.38). We explicitly find that all results are
entirely consistent with the Friedel sum rules of Section 4.3.

5.5 Concluding remarks

In this chapter we have presented the results of second-order self-consistent pertur-
bation theory applied to the PAIM at zero-field. Although a naive approximation,

an advantage of truncating the skeleton expansion at this simple level is that it

8We have actually only calculated Ir,,. in the LM phase for U > U’, and not in the unphysical
regime U, < U < U’ detailed above.
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is the first order that builds in a non-trivial w-dependent self-energy. The low-w
asymptotics of Section 5.2 backed up by the numerics of Section 5.4, show that at
second-order level, the exponent of the self-energy in all of the phases discussed here
are consistent with the order-by-order self-consistent Luttinger arguments of Section
4.6.5. By undertaking this perturbative procedure using broken-symmetry propaga-
tors, G4, (w), we see that it is possible to obtain fully converged self-consistent local
moment solutions above the trivial static first-order mean-field level.

We emphasize that self-consistent second-order perturbation theory does remark-
ably well for small values of the interaction strength U. For example, Fig. 5.3 shows
the phase boundary for x = 0; as r — %, the second-order phase boundary actually
is not far off the numerically-exact NRG result. However, in the SC phases (SSC or
ASC) of the model, second-order level suffers from the same deficiencies as a first-
order treatment. The system in a SC phase is effectively ‘blind’ to local moment
formation as U, is approached, and SC solutions may be obtained for all U. In anal-
ogy with the ezact deductions of Section 4.5, the method described here predicts a
low-energy scale, wy, vanishing from the LM phase at a finite U — UF (r,z) for all
x. However, second-order level does not capture an equivalent (Kondo) scale, wg,
vanishing at the same U = U, coming from the SC (ASC or SSC) phase. Moreover,
since the two low-energy scales do not vanish at the same finite U, the method is
incapable of capturing the interacting nature of the QCP, with a diverging low-w
spectral function for low-w, D(w) oc C(r)|w|™" (given by eq. (4.87)).

As explained in Section 4.11, another important point to make is that any order
by order perturbative treatment, such as the method studied here, is incapable of
capturing the underlying behaviour in the zero-field LM phase. As we have seen
from direct NRG results (Fig. 4.26), the TSEs in a LM phase vanish with the same
power as the hybridization function for low-w, eq. (4.105) - ¥ 4,(w) o |w|". Thus,
an inherently non-perturbative method is clearly needed in order to capture this
non-trivial behaviour.

In conclusion, an approximation to the skeleton expansion for the self-energy is
needed which is capable of capturing the underlying physics of both LM and SC
phases and the non-trivial interacting nature of the QCP. Thus, in the next chapter
we consider an approximation to the skeleton expansion that contains a resummation

of Feynman diagrams to infinite-order in the interaction strength U.



CHAPTER 6

Fluctuation exchange approximation

6.1 Preliminaries

In this chapter we apply a more sophisticated ‘conserving’ approximation [66,67] to
examine the PAIM at zero-field. The fluctuation exchange approximation (FLEX)
[69-72], once again a @ derivable technique, involves the resummation of par-
ticular classes of Feynman diagrams (as discussed below) in the approximation to
the self-energy. As for the second-order self-consistent approximation considered in
the previous chapter, the self-energies in each phase — the SSE in the SC phase
and the TSEs in the LM phase — are given by the functional derivatives of the
Luttinger-Ward functional, i.e. ¥;(w,0) = 0Py /0G,(w,0) for U < U.(r) and
Y45 (w,0) = 6P /060G asr(w,0) for U > U.(r). As a consequence, the general ar-
guments of Section 3.4 leading to the vanishing of the relevant Luttinger integrals,
I, (0) for U < Uc(r), eq. (3.50), and I, (0) for U > U.(r), eq. (3.55), once again
hold in each distinct phase. Furthermore, the Friedel sum rules, given by eqgs. (4.7-
4.8), are also satisfied at the level of approximation as a consequence of the Luttinger

integrals vanishing.

The motivation for considering FLEX for the pseudogap AIM is that since it is an
infinite-order approximation, it may be capable of capturing the large U behaviour
associated with both the interacting QCP, as well as the underlying behaviour in
each of the SC and LM phases. In fact (as we explain below) we find that FLEX
does indeed predict an SC <+ LM phase transition at a finite U = U.(r) with a
scale, wy, that vanishes coming from both phases [108]. (This behaviour is unlike
the second-order self-consistent perturbative treatment of the last chapter that only

predicted a vanishing low-energy scale coming from the LM phase.)
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Summary

We first lay out the key equations needed to implement the FLEX approximation
for the PAIM, before proceeding to discuss a numerical algorithm capable of self-
consistently capturing the behaviour in each phase. Focusing initially on the specific
ph symmetric (x = 0) model, we examine the low-w asymptotics coming from the
SC (SSC) phase, and more specifically on the scaling of the propagators and self-
energies as the QCP approached for U — U (r). This analysis allows us to gain an
insight into the behaviour of the self-energy precisely at the QCP where U = U,(r)
and the system is scale free. Moreover, as a consequence of the underlying self-
consistency, we may determine the condition for which an analytic self-energy at the
QCP is possible. Before proceeding to discuss the doubly degenerate LM phase, we
examine the numerical results in the SSC phase and obtain scaling spectra as entire
functions of ® = w/w, (with w, = wk the low-energy Kondo scale).

In the next part of the chapter, we analyse both the low-w behaviour in the LM
phase and consider a general Luttinger self-consistency [60] scheme, distinct from
the order by order considerations of Section 4.6, in an attempt to explain the un-
derlying behaviour of eq. (4.105) - found from the NRG calculations of Fig. 4.26.
Subsequently, we move to consider how the numerical algorithm should be imple-
mented specifically in the LM phase. We obtain converged self-consistent numerical
results for the LM phase as U — U (r).

In the final part of the chapter we consider briefly the implementation of the
FLEX algorithm for the general asymmetric model for x = ¢ + % # 0. Before
concluding, we then analyse the behaviour of the symmetric model (z = 0) within
FLEX at a finite a local-field, h.

6.2 Diagrams

6.2.1 Self-energies

aw
/}\U\A}
aw

Figure 6.1: FLEX approximation to the skeleton expansion for the two-self-energy. The self-
energy is made up of the static first-order Hartree-Fock contribution (the bubble diagram),
plus 3 infinite sums in the transverse spin channel, the particle-particle channel and the
longitudinal spin channel.

The full dynamical self-energy within the FLEX approximation [69-72] is shown
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diagrammatically in Fig. 6.1. ¥ 4,(w) is given by the first-order UHF static piece,
Z(Alc)r = Yln — o|if]), with the local charge, 7, and local moment, |/, given re-
spectively by eq. (5.3a) and eq. (5.3b), plus the dynamical contributions from three
infinite sums of polarization propagators. The two-self-energies are therefore written

as

S o (@) = Sl — olil] + S0 ), (6.1a)
S0 (w) = ShY () + HP (@) + D2 (w). (6.1b)

Y40 (w) is a purely dynamical contribution to the self-energy given by the final
three diagrams shown in Fig. 6.1. Each contribution may be expressed in terms of

an integral over a propagator and a polarization part, given by

o0 /
»EH (W) = U2/ % 97 (W) Ga—g(w+ '), (6.2a)
o0 /
ShPw) = U7 [ S M) G ), (6.2b)
bub 772 >~ diwl —o—o(, ) )
Yar(w)=U 57 1,5 7 (W) Gao(w —w'). (6.2c)

I1%,7 (w) is the so-called transverse-spin (particle-hole) polarization propagator,
which as shown in Fig. 6.2, involves skeleton diagrams exhibiting repeated interac-
tions between a o-spin electron and a —o hole in a ladder summation'. The second
polarization part, Hii (w), the so-called particle-particle propagator also shown in
Fig. 6.2, includes skeleton diagrams with repeated interactions between two electrons
(particles) of opposite spin. The third contribution to the self-energy in eq. (6.2)
involves the longitudinal-spin (bubble) polarization propagator, I19% (w), as shown
at the bottom of Fig. 6.3. This polarization part includes the repeated interactions

between ‘bubbles’ of opposite spin.

There is one main reason that we include the diagrams shown in Fig. 6.1 in
the approximation for the self-energy. As shown in Fig. 6.3, the diagrams in each
polarization propagator can be written as an infinite geometric series involving ‘bare’

polarization bubbles given by

!The diagrams that make up the transverse-spin polarization propagator are the principal set
of diagrams included in the random phase approximation (RPA) [63] and also the local moment
approach (LMA) [28]. However, we emphasize that in contrast to the RPA and the LMA, their use
in this current context involves full-interacting propagators on all of the individual lines (as denoted
with double lines).
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™

5% ()

Figure 6.2: Ladder summations for repeated interactions in the transverse-spin channel to
give 15,7 (w) (top), and in the particle-particle (PP) channel to give 1% (w) (bottom).

OI% ) (w)
%, (w) = ad : 6.3
AA (W) 1 UOHZZU(W) ( a)
OHPP<w)

ol (w)y = ——A44a "/ ophp 6.3b
a4 (W) 1t Uoﬂfﬁ(w) aa(w), ( )
o0 OHUU (JJ (oxen

A C) o7, (). (6.3¢)

T 1 UZPI (W) (w))

We note that the ladder summations for I1% % (w) and I (w) shown in Fig. 6.2 can
be simply reformulated as the diagrams shown in Fig. 6.3. The explicit minus signs
that occur in the series for both 19,7 (w) and I19% (w) are as a consequence of the
presence of ‘Fermi loops’ in the diagrams [62,63]. In the last chapter we defined the
‘bare’ transverse-spin polarization bubble via eq. (5.5), given by the convolution of
two propagators as
o0 dw/
M%7 (w) = z/ TGAg(w’ —w)Ga_ (). (6.4a)
oo 2m
Similarly, the ‘bare’ particle-particle polarization bubble and the ‘bare’ longitudinal-

spin polarization bubble are given by

o0 dw/
i (w) = 1/ gGAa(w — W )Ga_e (W), (6.4D)
o dw/
M9 (w) = Z/ %GAU(W/ +w)Gag(W). (6.4c)

From the general structure of the polarization diagrams the symmetries,

%% (w) = I35 (~w), T (w) = I35 (~w), (6.5)
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Figure 6.3: Infinite resummation of diagrams to form the three polarization propagators in
the FLEX approximation to the self-energy. Top is an infinite sum in the transverse spin
channel, middle is an infinite sum in the PP channel. Bottom is an infinite sum in the
longitudinal spin (bubble) channel. Second-order contributions are subtracted in two of the
three channels to avoid overcounting of diagrams.

hold regardless of phase or ph asymmetry, such that °I1%% (w) and 1197 (w) are even

functions of w.

By summing up the repeated interactions as geometric series in each of the
three channels, the self-energy can now be calculated to infinite-order, essential
to any theory capable of capturing the large U strong-coupling limit. A second
motivation for specifically including the transverse-spin diagrams of II% % (w) in
the approximation for the self-energy, is that they encompass the most important
physical processes occurring on the impurity site. It is well known [2, 18] that
the Kondo effect occurs as a consequence of ‘spin-flip’ processes occurring on the
impurity level. It is these processes which are captured by the diagrams included in

%4 (w) as we now discuss.

The LHS of Fig. 6.4 shows a particular time-ordered contribution to Zﬁf (t)
(just the Fourier transform of Eif (w)). Now, we explicitly consider the doubly
degenerate LM phase. As discussed in Section 4.3.2, in an ‘A’ type state the overall
excess magnetic moment in the system is mimpa(0) = +1, eq. (4.11), with the

local moment m4(0) = |f|. Now imagine we are deep in a LM phase such that
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Figure 6.4: Time-ordered (Goldstone) contributions to X4 (¢) (left) and Y47 (t) (right).
See text for discussion.

U/U.> 1, and |i] — 1 (in this limit the impurity level is essentially occupied with
an T electron). For a contribution to Eif (w), as shown in Fig. 6.4, envisage that
at time ¢; a | electron is added to the impurity level, such that at the same time
an 1 electron ‘hops off” leaving a |-particle/1-hole left on the impurity level. The
polarization propagator, HZZ (w), then essentially describes the repeated interactions
between the particle-hole pair as time progresses. At a later time, f9, another spin-
flip process occurs restoring the ‘A’-type state of the system. The diagrams involved
in X4 (w) thus describe the underlying processes that convert the A and B states,
essential to the underlying physics of the model.

Whilst the processes contributing to Zif (w) involve spin-fluctuations on the
impurity, the other diagrams, those in the pp and bubble channels contributing to
YLP(w) and E%}(w) respectively, may be broadly thought of as involving charge
fluctuations [71,72]. The RHS of Fig. 6.4 shows a particular time-ordered contri-
bution to Eif (t) (once again, the Fourier transform of Eif (w)). This diagram
involves repeated interactions between electrons where the impurity must be doubly
occupied. Thus, these diagrams may be more important to the overall self-energy

away from ph symmetry where the local charge, n # 1.3

6.2.2 Propagators

The egs. (6.1-6.4) completely define the FLEX approximation for the self-energy,
Y Ao(w), in terms of the full self-consistent propagators, G 4, (w), (shown by double
lines in figures (6.1-6.3). The FLEX broken-symmetry propagators, Ga,(w), are

given as usual via the Dyson equation, eq. (3.23), in terms of the self-energy, 3 4, (w),

2The diagram can be thought of in the time-ordered Goldstone sense, which as discussed in
Section 4.6.2, involves an explicit vertical time-axis.

3As stated in the previous chapter, the local charge 7 given by eq. (5.3a) is unity in both the
SSC and LM phases at x = 0.
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by
Gag(w) = [wh =iy —T(w) — [Za0(W) = Sas ()], (6.62)
with Da,(w) = —1 sgn(w)ImGaq(w) =
) Ze) -
w—ehy —TF(w) - [Eﬁg( ) = SO + [T (w) + 2, ()2 (0.6

with w = w + isgn(w)n such that we refer to the time-ordered propagator. The
renormalized level is given by €% = = aH—%[(ﬁ—l) —o|fi|] + 25 (w = 0), encapsulating
the entire static part of ¥ 4,(w). By contrast, [X4,(w)—X45(0)] = 0¥ 45 (w) is purely
a dynamical (w-dependent) contribution to ¥ 45 (w). The egs. (6.1, 6.6) thus provide
a self-consistency condition for the determination of the propagator and self-energy

within the FLEX approximation.

6.3 Implementing the approximation

6.3.1 Polarization propagators

In this section we present the important equations for implementing the FLEX
approximation numerically. In order to calculate the relevant self-energies and po-
larization propagators, which are all complex functions of w, it is convenient to first
calculate their imaginary parts. We may then make use of analyticity to obtain the
corresponding real parts by Hilbert transform, eq. (4.26). In order to achieve this,

the spectral representation of the broken symmetry propagator as eq. (2.8) is given

by

Gh (w) = / " g Dae )0 (6.7)

s w—w E£in

where G 4 (w) = G (w)+ G, (w). By inserting this equation into eqgs. (6.4a-6.4c),
it is readily shown that the imaginary parts of the bare polarization propagators are

given by

1 o]
;Im0 W (w) = G(w)/ dw' D pg (W' — w)D gpr (W)
0

0
+6(—w) / dw' D pg (W — w)D agr (W), (6.8a)

—|wl

o
Lm0 2P () = o(w) / A/ Dag (w — &) Da_o (o)
T 0

0
+6(—w) / dw'Dag(w — W )Da—s (W), (6.8b)

—|wl
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with ¢/ = o for the longitudinal spin (bubble) channel and ¢/ = —o for the trans-
verse spin (ph) channel. Since Da,(w) > 0, it is clear from eq. (6.8) that the
imaginary parts of all bare polarization propagators also exhibit this property, i.e.
Im°T1%% (w), Im°TIL% (W) > 0 for all w. By analogy with eq. (2.13), the spectral

representation of OHZ‘;{ (w), may also be written as

, 1 0 I OHUU’ / /
OHZOA(M) _ / dow’ Hi AA(W )Sgn,(U’J )7 (69)

T J oo w' —w —sgn(w')in

which allows the real part to be obtained via
, 1 (o) I 0]:[0'0'/ / /
ReOHao (w) - dw/P mo1laa (w )Sgn(w ) ’ (610)
AA T W —w
—00

where P denotes the principal value integral as usual. A similar relation also holds
for the particle-particle polarization bubble, Oﬂii (w), although we do not write it

explicitly for reasons of space.

The real and imaginary parts of the ‘full’ polarization propagators, given by
egs. (6.3a-6.3c) may be calculated in term of the real and imaginary parts of the
corresponding bare polarization propagators. From eq. (6.3a), the imaginary part

of the transverse-spin polarization propagator is readily shown to be

Im°I17 57 (w)
[1 — URe"NI% 7 (w)]? + [UIm°T1% 7 (w)]2’

ImIT% % (w) = (6.11)
where the imaginary parts of the other propagators, I19% (w) and 4% (w), may also
be obtained in a similar way. The corresponding real part of II%,”(w) is calcu-

lated via a similar Hilbert transform relation to eq. (6.10), such that by inserting
Im°MI% 7 (w) >0, eq. (6.11) shows that ImI1% 7 (w) > 0 for all w.

By inserting eq. (6.9) for °II% (w) into eq. (6.2a), and by writing G4, (w) =
G (w) + G4, (w), it may be shown by a simple contour integration that the self-
energy in the transverse spin channel is expressed as

PH U2 > / — / / — / / + /

SR = o [ Il @)W)G (@ + ) + 6 )C (o + w)
—00

Hence, using the fact that Dy, (w) = :F%G(iw)ImGjU(w), which follows from
eq. (6.7), it may be shown that

]
S0 @) = U%0(-w) [ 4/ Daglw + )l ()
0

0
+ U20(w)/ dw'Da—(w + ') ImII% 7 (W), (6.12a)

—|wl
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with S8 (w) = Eif(R)(w) - isgn(w)Eif([)(w). Thus, with both ImlII% " (w),
Das(w) > 0, it follows from eq. (6.12a) that EQ(;DH) (w) > 0. From similar ar-
guments it is readily shown that the self-energies in the other two channels are also
expressed in terms of the spectral functions and the imaginary parts of the relevant
polarization propagators, given by
0
ST PP () = U20(~w) / y dw' D gy (w' — w)ImITHE (W)
—Jw

]
+ U*0(w) / dw'Da_o(w' — w)ImITLE (W),
0
(6.12b)

in the particle-particle channel, and
I(bub 0
EA(UU )(w) =U?0(—w) / dw'D go(w — W' )ImIT, 577 (W)
=l
||
+ UZO(w)/ dw'D go(w — w')ImII ;%7 (W),
0
(6.12¢)

in the bubble channel. The real part of any of the (time-ordered) self-energy func-
tions may be obtained via the Hilbert transform relation (c.f. eq. (4.26))

FR(w):lP/OO dw’ Ff(w’)< ! ,> (6.13)

T J_ s w—w

with F(w) = FE(w) — isgn(w)F(w).

6.3.2 Stability criteria

We now have all of the relevant equations needed to implement the FLEX approx-
imation within a numerical algorithm. However, before we proceed, we analyse
the stability of the relevant polarization propagators in the complex plane, initially
focusing on the transverse-spin propagator, 19,7 (w).

In order for the approximation to be valid, all propagators and self-energies
must remain analytic.* For the AIM coupled to a metallic conduction band, it
is well known, [2,109] that if (zero-field) non-interacting propagators are used as
the basis Green functions, that the RPA II(w) = I1%,7 (w) is non-analytic in w for
U/m > 1. This ‘breaking down’ of perturbation-theory reflects the fact that the

system is unstable to local moment formation.®

4As considered in Section 2.1, the time-ordered propagators must remain analytic in the UHP
for w > 0 and the LHP for w < 0.

®The local moment approach (LMA) [28,34, 51,64, 65] gets around this issue by allowing the
existence of broken symmetry, using unrestricted Hartree Fock mean-field propagators as the basis
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The stability of I1%,° (w) can in fact be deduced simply from its zero-frequency
value. If II9 7 (w) is analytic in w, then its real part must be obtainable via
Hilbert transform from its imaginary part. On replacing °I1%,” (w) with 119" (w) in
eq. (6.10), the zero-frequency value of the real part is given by

1 o I HO’—O’ /
Rell% ¢ (w = 0) = 7T/ dw’P<w> > 0. (6.14)

Thus, by virtue of the fact that ImII% " (w) > 0 for all w, the real part must also
exhibit the property Rell ,”(w = 0) > 0. Rell%,’(w = 0) may also be given via

eq. (6.3a) in terms of the real and imaginary parts of °II% " (w = 0)

Re’T1% % (w = 0)
1 — UReI% " (w =0)

Rell% °(w =0) = (6.15)

From eq. (6.10), it may also be shown that Re"II%,”(w = 0) > 0. By comparing
egs. (6.14-6.15), the fact that the denominator of eq. (6.15) must be positive means
that we obtain the stability condition

0 < URe'TI% 7 (w = 0) < 1. (6.16a)

In the other two polarization channels, similar analysis leads to

0 < URTILE (w = 0), (6.16b)
0 < URe’TI9% (w = 0) < 1. (6.16¢)

These stability conditions must be satisfied within the FLEX algorithm; special care
must be taken to make sure that the analyticity of the propagators is not violated

at any point of the self-consistency process.

6.3.3 General algorithm

Here we outline the general FLEX algorithm within a TSE description for general
r=c+ % at zero-field. Once again, as for self-consistent second-order treatment of
the previous chapter, we define all functions of w on a logarithmic grid, such that
frequencies around the Fermi level are well sampled. We implement the numerical

procedure as follows

1. For a fixed x = ¢ + %, an initial U, and a fixed band exponent, r, calculate

an initial UHF propagator, Ggg(w) = [wt —e%, — T(w)]7! with &%, = = +

%[(ﬁ— 1)—o|f]]. Use egs. (5.3a-5.3b) to calculate 7 and |fi| respectively at this

functions.
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10.

simple static level of approximation to ¥ 4,(w). Calculate the corresponding
UHF spectral function, Dgc)r(w) =-1 sgn(w)ImGS()T(w).

. Using eqs. (6.8a-6.8b), calculate the imaginary parts of the ‘bare’ polariza-

tion propagators, Im°IT ; (w), Im°IIE % (w), Im°TT,  (w), Im°IT } (w) using the
UHF spectral functions from step (1).

. Calculate the corresponding real parts, Re’Il} ; (w), Re’IIL % (w), Re%IT} } (w),

Re’II,  (w) via Hilbert transform, eq. (6.10).

. Using egs. (6.3a-6.3¢c), calculate the imaginary parts of the full polarization

propagators, ImHXZ (w), ImeZi (w), ImIT (w), ImHjX (w).

. Calculate the dynamical contribution to the TSEs, ¥/ (w), via egs. (6.12a-

6.12¢), from the D 4,(w) in step (1) and the full polarization propagators from
step (4).

. Use eq. (6.13) to calculate the static contribution, 2% _(w).

Determine new spectral functions, D4, (w), via eq. (6.6b), using the real and
imaginary parts of the TSEs from steps (5-6), and renormalized levels €% =
z+ 5[0 —1) = olal] + 25, (0).

. Using egs. (5.3a, 5.3b), calculate new 7 and || from the D4, (w) in step (7).

. Repeat steps (2)-(8), using the D4, (w) calculated in step (6) as the new input

in step (2), until all functions of w converge. Output the converged D 4, (w)
and ¥4, (w).

For a converged |f1| > 0, the SSE, ¥(w), in the LM phase, can be calculated via
eq. (3.30). The spin independent spectral function is calculated via D(w) =
3 Dar(w) + Day(w)]-

Once again, as for the second-order approximation of the last chapter, at no point in

this algorithm is it necessary to calculate, G¥_(w); only the D4, (w) are needed to

calculate the polarization propagators and the TSEs at each of the steps. This makes

the process numerically easier to implement as the spectral functions all have positive

definite weight, D4, (w) > 0 for all w. However, the converged Gf_(w) can easily

be obtained via eq. (2.14) at the end of the calculation. Moreover, since X1 _(w)

can be calculated solely via the imaginary parts of the polarization propagators

and the spectral functions, it is not necessary to calculate Rell4 " (w), Rell{% (w),

Rell% ,° (w) at any point of the numerical process.
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6.4 Phase diagram at ph symmetry

We first use the numerical algorithm discussed above to find the U.(r) as a function
of r at ph symmetry (where z = ¢ + % = 0). As we detail below, for a fixed r it is
possible to find the U at which it is no longer possible to obtain SC solutions (and
the low-energy (Kondo) scale, wy, vanishes).® From the LM phase it is also possible
to deduce the same phase boundary, but with a small modification to the algorithm
above, which we detail in Section 6.8.4. (We also note here that for reasons of brevity
we set the unit of energy, F(l)/ (=) — 1 in the rest of this chapter.)”

From the numerics we find that for r below a certain value, we denote r.(~ 0.271),
the algorithm always converges to a SC phase solution for any U. By contrast for
r > 1, we find that SC solutions only exist below a certain U = U,(r). Whereas,
for U > U.(r), only LM phase solutions exist. The essential behaviour is shown
in Fig. 6.5, which exhibits the phase diagram in the (r,U) plane. Phase bound-
ary curves are shown for FLEX, together with NRG, first and second-order self-
consistent perturbation theories.
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Figure 6.5: Phase diagram for « = 0, U.(r)/m plotted versus r. FLEX (violet-dot-dash),
NRG (blue-dashed), self-consistent second-order (red-solid), UHF (black-dotted).

From the FLEX algorithm, we find that as r — r, the critical U diverges via

+
Uur) L

(6.17)

)
r—"Tec

5The important point to note here is that by using the general numerical algorithm detailed
in Section 6.3.3, we may determine the FLEX phase boundary. The precise definition of the SC
(Kondo) scale, wx, is unimportant at this point.

"The hybridization function then becomes: ' (w) = Tolw|” = Tt/ |w/T/ 7" = |w]".
When plotting numerical results all quantities are rescaled in terms of F(l)/(lfw, eg. w= w/Fé/<17T),
U=U/T/* " e =¢/Tt/0") are dimensionless.
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where B is a coefficient of O(1) (we find numerically that B ~ ). For all four

techniques, U.(r) — 0 as » — 1, indicating that the symmetric SC phase cannot

ok
exist for r > % By contrast, in the limit » — 0, whereas first and second-order
theories predict a spurious unphysical phase transition, both FLEX and NRG predict
that the SSC phase persists for all U. Furthermore, whilst the numerically exact
NRG curve diverges as 1/r, the FLEX curve diverges via eq. (6.17) as r — rf. In
other words, FLEX gets this diverging behaviour correct, but just for the wrong

value of r, i.e. as r — r., rather than r — 0.

6.5 Analytic results in the symmetric strong coupling phase

In the previous section we applied the general FLEX numerical algorithm to obtain
the phase diagram depicted in Fig. 6.5. However, before we consider the implemen-
tation of the algorithm described above in more detail, in this section we specifically
examine the forms of the propagators (and self-energies) in the ph symmetric SC

(SSC) phase from an analytic viewpoint.

6.5.1 Symmetries of the propagators

As explained in Section 3.1, in any SC phase at zero-field, all propagators are nat-
urally independent of spin-o, and the SSE and TSE descriptions coincide. As a
consequence we may drop both the A and o subscripts from the propagators, i.e.
Gpo(w) = Gp—g(w) = G(w). Furthermore, in the SSC phase from eq. (5.14), both
the propagator, G(w), and the self-energy, ¥ (w), are odd functions of w and the
renormalized level, £* vanishes.

Since the propagators exhibit the symmetries of eq. (5.14), the ‘bare’ polarization

propagators, given by eqgs. (6.4a-6.4c) can all be shown to be equivalent, i.e
O+ (w) = "I (w) = I (w) = '~ (w) = TP P (w) = "TI(w). (6.18)

In addition, from eq. (6.5), °TI(w) is an even function of w. Using these symmetries,

the full polarization propagators, given by egs. (6.3a-6.3c) simply reduce to

“II(w)

77 (w) = HPH(OJ) _ m’ (6.19a)
PP _ 1iPP _ M _0

Ty (w) = 11" (w) = 1+ Ul (w) T(w), (6.195)

97, (@) = I7(w) = JIP7 () + TP )] - 20Tw),  (6.190)

with TI7H (w), IPP (w), 1" (w) also even functions of w. As a consequence, the

polarization propagator in the bubble (longitudinal-spin) channel can be written



158

solely in terms of the propagators in the other two channels. Thus, by inserting the
forms of eq. (6.19) into eq. (6.2), the contributions to the dynamical self-energy in

each channel may be written as

o0 /
SPH () = 12 / ;L“’Z, IPH (W) G(w + ), (6.20a)
oo 2T
o0 /
SPP () = U2 / gli PP ()Gl + o), (6.20D)
oo 2T
o0 /
b (i) = 2 / ;iii TP () G(w + o). (6.20¢)
oo 2T

where to obtain these forms we have used the fact that all polarization propagators
are even functions of w, and G(w) = —G(—w). The total dynamic self-energy, given

by the sum of the self-energies from the three channels, eq. (6.1b), can then be

written as
o0 /
S(w) = U2 / ‘21% MPH () + TPP (W) + TP (WY G(w + o), (6.21a)
Lo 27
2 > dw/ 1 0 "e o /
=U i [IT'(w') 4+ I ()]G (w + w), (6.21b)
Lo 27

where it is convenient to define two new effective polarization channels using eq. (6.19c),

with polarization propagators given by

II'(w) = 317" (w), (6.22a)
II"(w) = 31177 (w) — $'TI(w). (6.22h)

The corresponding self-energies are given by

o0 /
¥(w) = U2/ % ' (W) G(w + '), (6.23a)
" o [ dw /
Y (w)=U v (W) G(w + w'). (6.23b)

The full dynamical self-energy, ¥(w), then follows as

Y(w) = ¥ (w) + 2" (w), (6.23c)
with  ¥'(w) = 32 (w), ¥'(w) =P (w) + 15 (w) — 1P (w).  (6.23d)

As we shall see, the reason that we define the self-energies in this way is that
Y/(w) becomes important to the underlying physics of the model as U.(r) is ap-
proached from below. By contrast, " (w) proves to be inconsequential to the criti-
cal behaviour. ¥ (w) and ¥"(w) can be obtained via eq. (6.12a), with ImI1% " (w)
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replaced with ImIT'(w) and ImIl”(w) respectively

o]

> (w) = U? / dw' D(w' — |w])ImIT' ('), (6.24a)
0
o]

1 (1) = U2 / du/ D — [eo]) Tl (o), (6.24b)
0

where we have also made use of the fact that both D(w) = —2 sgn(w)G(w) and the

polarization propagators are even functions of w to simplify the integrals.

6.5.2 Low-w behaviour of the self-energy, ¥'(w)

We now have all of the underlying equations in place to be able to implement the
FLEX algorithm numerically, and also consider what happens to the low-energy
physics in the symmetric SC phase.

Recall that in any SC phase, the model possesses a global singlet ground-state
where the Kondo effect persists. The system is characterized by a low-energy Kondo
scale, wx = wy, that for the metallic AIM vanishes exponentially in the interaction
strength and thus never vanishes for any finite U. The spin degree of freedom located
on the impurity is completely screened by the itinerant electrons of the conduction
band. In consequence, wy, can be broadly thought of as the energy cost at which
a spin is flipped on the impurity level. As stated in Chapter 1, for the PAIM, it is
known [33,43] that U.(r), the point at which w, vanishes, moves to a finite U (as
shown by the NRG phase boundary in Fig. 5.3). The QCP, where w, vanishes as
U — U; (r) can be thought of as the point at which the energy cost to flip a spin
on the impurity vanishes.

In Section 4.7.2, we defined a Kondo scale vanishing at the QCP in terms of the
quasiparticle weight Z, given by eq. (2.55). However, as we shall see, within the
FLEX approximation considered here, it is more convenient (and essential to the
numerical algorithm) to define a scale in terms of the position of a low-w resonance in
the polarization propagator, ImIl'(w). The QCP is then the point where the position
of this resonance vanishes. This is the approach originally taken by White [72], when
analysing the strong-coupling behaviour of the metallic (r = 0) AIM. In this section
we generalize White’s analysis to encompass the case of finite 7.

With this in mind, we now examine the low-w behaviour of the self-energy. In
Section 4.6 we showed by general Luttinger self-consistency arguments, order by
order in U, that the SSE, ¥(w), in a Fermi liquid phase vanishes with a power
greater than the hybridization function, I'(w) as w — 0. As a consequence, at x = 0,
where the renormalized level, £*, vanishes by symmetry, the low-w behaviour of
the spectrum is simply given by eq. (4.75). The modified spectral function F(w),
eq. (5.30), is then pinned to unity. Thus, by inserting the low-w form of D(w),
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eq. (4.75), into eq. (6.8a), the low-w behaviour of the ‘bare’ polarization bubble is
given by (c.f. eq. (5.17c))

Im°TI (w) “=% Agg(r)|w|' =2 (6.25)

1
2
the Hilbert transform, eq. (6.10), that Re’II(w) has the following low-w behaviour

with coefficient given via eq. (5.17d). For r < 3, it is readily shown by considering

Re'TI(w) “~° Re’TI(w = 0) — tan(mr) Ags (r)|w|* ™2 + ..., (6.26)

vanishing with the same exponent as Im’II(w). The imaginary part of the full po-
larization propagator, IT'(w), obtained from eqgs. (6.19a, 6.22a), can then be written
as

5 (Im°I(w) + )

Il (w) = [1 — UReOI(w)]2 + [U (Im T (w) + 1) (6.27)

where 7 = 0T is put in to deal correctly with the unique case if the denominator
of this equation vanishes. Inserting the low-w forms of eqs. (6.25-6.26) into this

equation we obtain

w0 3 Ao (r)|w| 2
[1 — URETI(0) + tan(7wr)Ags(r)|w|1=27]2 + [UAgs(r)|w| =272

ImIT (w)
Furthermore, from expanding the denominator of this equation it may be shown
that the low-w form of ImIT'(w) is given by

w0 3 cos?(mr)

< 2r—1 ~
27U2A25(7')w* H(®), (6.28a)

ImIT' (w)
where we define a low-energy (Kondo) scale wy,(= wx) as

1 - URI(w = 0)] 7%

W = (6.28b)
Aos(r)U+/1 + tan?(7r)
such that the (universal) function
~ | 1—=2r
H(@) = ] (6.28¢)

1+ sin(mr)| @12 4 |@)2—4r

has a peak maximum at @ = w/w, = +1 . From eq. (6.28a), ImIT'(w) therefore has
a peak maximum positioned at w = w, (as argued at the beginning of this section).
For small-w, such that |w| > w,, H(®) w30 |t=2r

@, , and hence from eq. (6.28a), the
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Figure 6.6: The self-energy coefficient, ass.(r), given by eq. (6.31), plotted versus 7.

scaling function simply becomes

w0 3 cos? (mr)

1727‘1 H/ -~ e
w, =™ Tl (w) 2 U2 Ags(r)

o]l (6.29)

such that w!=2'Imll'(w) is a wuniversal scaling function of ©. We may rescale

egs. (4.75, 6.25) via the low-energy scale w, to give the low-|w| scaling functions

ULo(@) = mwl D(w) =7 cos(Zr)|o| ™", (6.30a)
Fw) = (1+ B()]@] Uhe(@) = (1 + B2(r)|w" D(w) =1, (6.30D)
w2 TmOTI (w) =% Ay, (r)| @[22, (6.30¢)

respectively. Thus, by inserting eqs. (6.29, 6.30a) into eq. (6.24a), the low-@ scaling

form of ¥ (w) is readily shown to be

1 50 3 [cos?(mr) ! 1= |~ 2

72/1 A / du(1 — r, 1-2r 2—-3r 31

2@ =0 5| [ -y e (6.312)
U2 agse(r)|@[23 (6.31b)

with precise coefficient (obtained at the FLEX level of approximation) given by

oncl) = 5 || [ rts 5 ) (0310

where I'(z) once again denotes the gamma function. Furthermore, the real part

is given from eq. (6.13). However, since ¥/ (w) is even in w, its real part at w = 0
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vanishes.® Thus, the low-& behaviour is [100]

1 ~
— 2 (w) R0y (e L 0<r<] (6.32a)

Y0 B(2 = Br)asse(r)| @2 Di<r<d (6.32b)
where +/(r) is a dimensionless quantity given by +/(r) = [*  d& P[L(@)/&?],
and L(®) = w;"Y!(w). For the limiting case r = %, the real part has logarithmic
corrections - X% (w) “X° win |w], but does not scale in terms of ©. The low-& form
of the FLEX self-energy given by eqgs. (6.31-6.32), self-consistent for r < %, takes
precisely the same form as eq. (4.73) obtained from the order by order analysis of
Section 4.6. As shown in Fig. 6.6, in the limit that » — 0, such that the impurity
is coupled to a metallic conduction band, the coefficient ags.(r) — %, and the self-
energy is given by the familiar quadratic Fermi liquid behaviour

S w) R0 4 (6.33)

In contrast, in the limit that » — %, the coefficient ass.(r) — 0, such that identically

at r = % the SSC phase can no longer exist for any finite U.

The low-energy scale

Before we proceed, two comments should be made about the low-energy scale, w,,, =
ws, defined by eq. (6.28b).

Firstly, as stated above, since H(®), eq. (6.28¢), has a maximum at @ = +1, the
scale gives the position of a low-w resonance in ImIT'(w). As the QCP is approached,
the scale naturally vanishes and the position of the peak moves towards the Fermi
level. As a consequence, identically at the QCP itself, the resonance has reached
w = 0 and there is now a pole located precisely at the Fermi level. We will discuss
this important feature in the next section where we consider the precise details of
the QCP.

Secondly, as w,, — 0, since the terms in the denominator of eq. (6.28b) re-
main finite as U — U (r), implies that the numerator must vanish, or equivalently
UReTI(w = 0) — 1 at the transition. Thus, identically at the QCP, the critical U
within FLEX is given by the relation

Ue(r) = [Re’I(w = 0)] 1. (6.34)

(Note that this condition gives the upper bound of the stability condition of eq. (6.16a)

above.)

8The integrand of eq. (6.13) for F%(w = 0) is odd in w’ when F!(w') is even.
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6.5.3 Low-w behaviour of the self-energy, 3" (w)

We now briefly describe the low-energy behaviour of the other effective polarization
channel defined by eq. (6.22b). On insertion of egs. (6.25-6.26) into eqs. (6.19, 6.22b),
by analogy with eq. (6.28a) the low-w form of the imaginary part of 11" (w) is readily
shown to be given by

w—0 %AQS (T)’w|1_2r

ImIT” (w) “~ 1 ORI = O)F 2 Ao (r)w] " (6.35)

Furthermore, as the low-energy scale vanishes, and hence from eq. (6.34), UReTI(w =
0) — 1, the denominator of this expression does not vanish (instead it tends to 2).

We may recast the equation by rescaling in terms of wy, eq. (6.28b):
Wi ImI” (w) o wf(k%)\cﬂl_?r (6.36)

and therefore, unlike wi=2"ImIl'(w) given by eq. (6.29), wi=2"ImIl"(w) is not a
universal function of @ for small-w. By inserting eq. (6.36) together with the low-w
form of D(w), eq. (4.75), into eq. (6.24b), the (dimensionless) low-w scaling form of
¥" (w) is then given by

Vosnrg oy — L g - 1237 2(1-2r)
Hence, on taking the limit w, — 0, such that the system is in the scaling regime
(i.e. close to the QCP), this contribution to %/ (w) can be neglected compared to

the other scaling contribution coming from eq. (6.31).

6.6 Analytic results for the QCP at ph symmetry

Before moving to a discussion of the numerics in the SC phase, in this section we
examine the low-w behaviour precisely at the QCP within FLEX.

As considered in Section 4.8, the QCP is the point at which the low-energy scales
vanish coming from either phase. Recall that from general scaling arguments, the
low-w form of the spectral function identically at the QCP is given from eq. (4.88)
by mD(w) w30 Cs(r)|w|™" (with Cs(r) a coefficient that depends on the leading
coefficient of the self-energy via eq. (4.87)). (Recall that this behaviour is also seen
away from the QCP (in either phase), in the high frequency (|@| > 1) forms (tails)
of the scaling functions, e.g. the spectral scaling function is given from eq. (4.89) as
w1 (@) = 7w D(w) X O

In order for the QCP spectral function to have this interacting behaviour, the

single-self-energy must vanish as %/ (w) w20 asclw|”, eq. (4.83b). In the last chapter
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we found that the simple level of second-order perturbation theory, although per-
formed self-consistently, failed to capture this non-trivial phenomenon, predicting a
vanishing scale coming exclusively from the LM phase. In this section we analyse
whether the more sophisticated conserving approximation of FLEX can correctly

predict the interacting QCP behaviour.

6.6.1 Low-w behaviour

To proceed, we initially assume that identically at the QCP the low-w behaviour of

the spectrum has the form of eq. (4.88) (obtained from exact arguments)

w—0

mD(w) "~ Cs(r)|w|™" twe =0, U =Ugr). (6.38)
Inserting this form into eq. (6.11), the low-w behaviour of Im°TI(w) is
Im°TI(w) “=° A(r)w|'"2", U = Ul(r), (6.39)

where A(r) is a coefficient to be determined. At the QCP we know from eq. (6.34)
that the critical U is given by [U.]~! = ReTI(0). Inserting this condition into
eq. (6.26) (and replacing Ags(r) with A(r)) we obtain

ReTI(w) w3P Ui — tan(mr) A(r) w2 + .. (6.40)

once again, precisely at U = U,(r). The low-w behaviour of ImII’(w) is then obtained
by inserting eqgs. (6.39-6.40) into eq. (6.27). We obtain
3 1-2r
SAM) W] 41
ImT (w) “<° 2 6.41
) O an ) ATl + Ol 4 4
w%O% COSQ(gT)

T 2 U2A(r)

|w|> 7! + ImITP% (w). (6.41Db)

The first term gives the ‘band’ contribution to ImIl'(w), which diverges for r < 1.
The second term gives a zero-frequency pole contribution to ImIl'(w) of the form
[100]

ImII"7°(w) = L(Im°TI(w); r), (6.42a)

with
L) G e 10 (6-420)
2 s(y). (6.42c)

- U2 tan(mr)
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where it is simply a matter of algebra to show the last line. The pole contribution

to ImIl'(w) given by eq. (6.42a), reduces to

277 |w|?

ImIT7(w) = U2(1 — 2r) A(r) tan(nr)

5(w) =0, (6.43)

Thus, the explicit pole part of ImIl'(w) is ‘dead’ and makes no contribution - as a
consequence we neglect it from further consideration in what is to follow. Further-
more, by inserting eq. (6.41), together with the assumed behaviour of eq. (6.38),
into eq. (6.24a), it follows that the self-energy has the low-w form

i w0 §COS2(7TT)CS(T) /w| ", _ -7 J12r—1
¥ (w) > A()n ; dw'|w’ — |w|| 7" |w'] (6.44a)
w0 3 cos?(mr)Cy(r) /1 91
- 1-— T T 44
2 A ; dy(1—y)"y™ | |w| (6.44b)
w0 ase(r)|w|”, with real part given by (6.44c)
YR (w) w30 sgn(w)B(r)as(r)|w|", (6.44d)

where the behaviour of ¥'(w) has been obtained from eq. (6.13), taking the form of
eq. (6.44d) by analogy with eq. (4.28) (and once again, X'%(0) vanishes by symme-
try). The coefficient, as. = as.(7), is independent of sgn(w) as a consequence of the
fact that X/ (w) is an even function at x = 0. Furthermore, by inserting eq. (6.44), to-
gether with the (time-ordered) hybridization function, I'(w) = — sgn(w)(B(r)+i)|w|",

into eq. (6.6b) for the spectral function, we obtain

w w=0 (14 ase)|w|”
TP s (@) B0 (L + a2+ [(1+ a2
w0 cos?(Zr) .,
~ T()ZJ | (6.45)

where the w term is neglected in the limit that w — 0. On comparison of this equa-
tion with eq. (6.38), we see that this form of the spectral function is self-consistent

with precise coefficient given by Cy(r) = cos?(57)/(1 + ae).

Alternatively, the QCP behaviour of eq. (6.45) may be accessed by examining
the high-frequency tails (|©| > 1) of the scaling spectrum away from the QCP in

either phase (where we consider a finite @ in the limit that w, — 0). The scaling
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spectrum is written as®

@[>1 cos?(Zr)

\Ilé(dj) = 7w, D(w) T a.

o]~ (6.46)
with & = SC or LM. Furthermore, the scaling behaviour of eq. (6.46) has exactly the
same form as eq. (4.89) obtained via general scaling arguments in Section 4.9. The
only difference between the exact case of eq. (4.89) and the case considered here is
that the precise value of the coefficient, a,., may be determined here at the FLEX

level of approximation.!® We now explain how this calculation unfolds.

6.6.2 Determining the coefficient, . (7)

The self-consistent value of ac(r), is determined by inserting Cs(r) = cos?(3r)/(1+
ase) and A(r) = Aas(r)[1 + ase(r)] ™2 into eq. (6.44b) (and then comparing with
eq. (6.44c)). We obtain the simple form

ase(r) = [1 4 ase(r)] K(r), (6.47a)

where

_ 3cos?(mr) [ I'(2 —2r)[(2r) >0, (6.47Db)

K(r) = 50082(%") r(l+r)I'(1—r)|

which is always positive in the range 0 < r < 1, and we have used the fact that
the integral in eq. (6.44b) may be represented in terms of gamma functions. On

rearranging eq. (6.47a) into closed form we obtain

K(r)

= ToKG) (6.47¢)

ase(T)
Thus, it is possible to determine ag.(r) over the full range of r from this simple
“RPA”-like form. By inserting eq. (6.47¢) into eq. (6.46), we may write the modified
spectral function given by eq. (6.30b) in terms of K (r)

|o]>1 1
~Y

Fw)=[1+ 8@ Vi (@) T+ aw(r)

=1-K(r). (6.48)

As a consequence, the function, K (r), effectively renormalizes the spectral pinning
condition, eq. (6.30b), found in the SSC phase, away from unity. Thus, as the QCP

9In the scaling regime, where w, — 0, the contribution, " (w), coming from the other effective
polarization channel, does not show any singular behaviour as U — U.(r) (see eq. (6.37)). As
a consequence, ¥’/ (w), may be neglected from consideration in the large-|@| form of the spectral
function.

9By inserting eq. (6.45) into eq. (6.11), it is readily shown that the ‘bare’ polarization propagator
has the scaling form of eq. (6.39) with coefficient A(r) = Ags(r)[1 + ase(r)] 2.
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Figure 6.7: Spectrum plateau values, [1 — K(r)], versus r at the QCP from full FLEX
(red)(analytic line with numerical results to confirm), just PH diagrams (black), NRG (blue).

is approached, the large-|@| tails of the scaling function in eq. (6.48) reach an r-
dependent plateau value = [1 — K (r)]. This behaviour is analogous to the results of
Section 4.9 - the exact NRG calculations of Fig. 4.19 shows the high-@ r-dependent

plateau in ¥Z(&).

6.6.3 QCP plateau value

We now ask the question of what values the coefficient, a.(7), can take as a function
of r by explicitly considering the form of eq. (6.47c). In order for the self-energy to
remain analytic and the Hilbert transform relation of eq. (6.13) to hold, ¥/ (w) must
be positive for all w. Thus, the condition for the QCP solution to have an analytic
self energy is clearly, K(r) < 1, such that the coefficient as.(r) is always positive
and the denominator of eq. (6.47c) does not become negative. Fig.6.7 shows the
spectral plateau value, [1 — K (r)] (given by eq. (6.48)), as a function of r (FLEX in
red-circles). The first thing to notice is that as r — 1, the value of K (r) vanishes,
and hence the coefficient a.(r) also vanishes via eq. (6.47c). The plateau value,
[1 — K(r)], then simply moves to unity such that eq. (6.48) has the same form as
the SSC phase.

The second important feature of the curve in Fig. 6.7 is that at some non-zero
r~ 0.271 (=), [l — K(r)] — 0. (The value r = r. is the same r that we find the
FLEX phase boundary diverges at from the numerics shown in Fig. 6.5.) For r > r,
[1 — K(r)] > 0, there is a QCP solution with an analytic self-energy of the form
discussed above, i.e. ¥f(w) w0 asc|lw|”. In this scenario, the scale, w,,, vanishes
at a critical U = U,(r) self-consistently determined by eq. (6.34). By contrast, for

r < ¢, the plateau value [1 — K(7)], becomes negative, which leads to a negative
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value of a.(r). However, as we have already shown via the phase diagram in Fig. 6.5,
what actually happens within the numerics is that for » < r., only SSC solutions
exist, with w, (given by eq. (6.28b)), non-vanishing for all U.!

The blue curve (with diamonds) in Fig. 6.7 shows data for the plateau value
of the ph symmetric QCP (SQCP) from NRG (the same data as Fig. 4.15 - with
plateau value = [1+ 32(r)]Cs(r)). As discussed in Section 4.9, we remind the reader
that when the model is solved exactly there is a finite U.(r) for all » > 0, with
Ue(r) =3 1. The NRG plateau value shown in the figure is oc r?
eq. (4.95), such that the self-energy coefficient (1) o %2 .

as r — 0, given via

To conclude this section we remark that whilst FLEX does not predict the cor-
rect quantitative behaviour of the phase boundary at x = 0 for all r, it does give a
qualitative insight into the exact underlying physics of the problem. Within FLEX,
the value of the QCP plateau in the modified spectrum, F'(w), is wholly influenced
by the low-w self-energy asymptotics. For instance, if the PP /bubble channel dia-
grams are taken out of the approximation for the skeleton expansion completely
such that only the transverse-spin (particle-hole) diagrams remain (egs. (6.22a-
6.23a) give ¥ (w) = LPH(w) and ¥"(w) = 0), the critical plateau value changes
(K(r) — 2K (r)). The black line in Fig. 6.7 shows the spectrum plateau value with
only the ph diagrams included in the self-energy, [1 — 2K (r)].

6.7 Numerics in the SSC phase

Using the basic FLEX algorithm stated above in Section 6.3.3, we now discuss the
specific process for implementing FLEX in the SSC phase, moving towards the QCP
as U — U. (r).

6.7.1 Flow equation

In parallel with White’s original analysis for the metallic AIM [72], eq. (6.28b) for
the SSC phase low-energy scale, w,;, = ws, may be rearranged to make U the subject:

-1
U = |wh 2 sec(mr)Ags(r) + Re’Tl(w = 0)| . (6.49)
This equation may be used within the numerical procedure to target a particular
scale, wy,, from the outset, such that we find a stable numerical path to convergence.
The idea is that an initial w,, is chosen and kept fixed for all iterations, such that the
peak position in ImIl’(w) remains fixed throughout the numerical process. There are

two reasons for doing this; firstly and most importantly, it is so that for all iterations

"n this case, U.(r) — oo, but Re’TI(w = 0) — 0 faster still, such that UReTI(w = 0) never
reaches unity, and as a result the condition eq. (6.34) is never satisfied.
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the stability condition of eq. (6.16a), i.e. 0 < URe’II(w = 0) < 1, is guaranteed
and propagators do not violate analyticity at any point of the procedure. Secondly,
we find that if the resonance position is pinned to wy,, the algorithm is most stable
and leads to fast convergence in as few iterations as is possible, therefore minimizing
€rrors.

In order to implement the algorithm with a fixed low-energy scale, an initial
wpm, is chosen and then at each iteration a new U is determined from eq. (6.49).
The U then ‘flows’ throughout the procedure until it converges on a particular self-
consistent value. For the metallic 7 = 0 case, eq. (6.49) reduces to White’s [72]

original flow equation, given by

-1 1

U = [wm/m +Re’I(w=0)] " = [wnD(w = 0) + Re’T[(w = 0)] ", (6.50)

where 7D (w) is pinned to unity at the Fermi level for » = 0 given via eq. (6.30b).

6.7.2 Algorithm specifics

For a fixed x = 0, and a chosen U and r, we initially start with the non-interacting
spectral function D(®)(w), obtained by setting €%, = 0 in Dgg(w), step (1) of the
general algorithm stated in Section 6.3.3. We next calculate the real and imaginary
parts of the bare polarization propagators, °TI(w) via steps (2) and (3). Subsequently
as discussed above, we fix a scale, wy,, such that a new U is chosen via eq. (6.49).
The polarization propagators, II'(w), II”(w) via egs. (6.22a-6.22b), and dynamical
self-energy, 1 (w) via eqs. (6.23c-6.24b), are calculated via steps (4-6). The real part,
% (w) is then obtained from eq. (6.13). The spectral function, D(w), is obtained
via eq. (6.6b), with the new self-energy, X(w) ( = 3(w)).!? This process is then
repeated until U, and all entire functions of w converge. The converged D(w) and
! (w) are then outputted.

The disadvantage of this specific SSC phase algorithm is that the U cannot be
chosen explicitly - the output U is determined by the input scale, wy, via eq. (6.49).
However as above, we emphasize that it is important to implement the calculation
in this way such that URe’TI(w = 0) never exceeds unity and the stability condition
of eq. (6.16a) holds for all iterations. By contrast, one advantage of this algorithm
is that by setting w,, = 0 from the outset, we may easily find U.(r), i.e. eq. (6.49)
simply reduces to U = U.(r) = [Re’TI(w = 0)]~!, which is the same condition as
eq. (6.34).

Once again, as detailed in Section 5.3.2, we make use of the parameter, A, to take

12The self-energy is purely dynamic as a consequence of the fact that the renormalized level
vanishes at x = 0 in the SC phase. Furthermore, the local charge, 7 = 1 for all U and in any SC
phase the local moment || = 0, and so neither need to be explicitly calculated. The numerical
process in the SSC phase is somewhat simplified as a consequence of these symmetry properties.
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linear combinations of the spectral functions from current and previous iterations,

in order to obtain stable convergence towards the required SSC solution.

6.7.3 Numerical results for the low-energy scale

Figure 6.8: The scale, wy,, is plotted (on a log-scale) versus U/ for progressive r. From
right to left, » = 0, 0.1. 0.2, 0.25, 0.271, 0.3, 0.35, 0.4. See text for discussion.

We now proceed to discuss the behaviour of the low-energy scale, w,, = wx, as
a function of r in the range 0 < r < % Data is obtained by fixing an w,, in the
algorithm above and converging for U via eq. (6.49). (If we set wy,, = 0 in eq. (6.49)
from the outset we seek the critical value of U = U,(r) - this is how we determined
the phase boundary in Fig. 6.5.)

Fig. 6.8 shows w,, plotted on a log-scale versus U for different value of r. By
fitting a curve to the results for each fixed r, we find that for r > r., the scale has

the r dependence

1

wm o< (1= )7, (6.51)

vanishing for a finite U = U,(r). On the LHS of Fig. 6.8 (as indicated), wy, is shown
to vanish for r = 0.4 and r = 0.35 at U./m ~ 0.45 and U./7 ~ 0.9 respectively.

As r — rJ, the denominator of the exponent in eq. (6.51) vanishes, but also
U.(r) diverges via eq. (6.17). Thus, by inserting eq. (6.17) into eq. (6.51), wy,, may

be expressed as

rord 1

wm X [1=B U@ —r,))re. (6.52)

On using the definition of the exponential function exp(—z) = lim, oo (1 — £)7, it
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follows that in the limit » — rI, eq. (6.52) may be simply written as
r—rd
wm X exp[-U/B. (6.53)

Thus, the system behaves like an impurity coupled to a metal'® for r = r., with a
low-energy Kondo scale that becomes exponentially small in the interaction strength,

U. By contrast, for r < r., we find that the scale

1

Wy, 0 U Tr=rel | (6.54)

decays algebraically and never vanishes for any finite U. In consequence the SSC
phase persists for all U. This behaviour, shown on the RHS of Fig. 6.8, is analogous
what happens in the SSC phase at the second-order level detailed in the last chapter.
As a result, for the r = 0, metallic case (as originally studied by White [72]) we find
from eq. (6.54), FLEX predicts an algebraic Kondo scale, i.e. wp,(r = 0) U
(with - ~3.7).

To conclude this section we briefly summarize the key results. For r» > r., FLEX
gives a sensible, if not quantitatively correct, description of the QCP coming from
the SSC phase. However, for r < r., FLEX predicts that the SSC phase persists for
all U with a low-energy scale algebraic in U. At r = r. the scale becomes exponential
in U, analogous to the exact well known behaviour of the metallic (r = 0) single

impurity Anderson model.

6.7.4 Results for the dynamics

We now discuss the numerical results for the dynamics in the symmetric SC phase
in the two distinct regimes, » < r. and r > r.. In Fig. 6.9, the modified spectral
function, F(w), is plotted versus w for r = 0.2 < r.. All spectra are pinned to unity,
as expected from eq. (6.30b). As U is progressively increased, the central resonance
narrows and the shoulders move apart. On high-energy scales the Hubbard satellites,
occurring w ~ :I:%, are completely smeared out. This is because, as consequence of
the self-consistency procedure, universal scaling behaviour sets in at a high energy
scale, O(U), as is known from previous studies of the Hubbard and metallic Anderson
models [105,106]. The inset of Fig. 6.9 shows F'(w) as a function of & = w/w, on
a log-scale, explicitly showing the spectral pinning at the Fermi level. The scale,
wm = ws, vanishes algebraically via eq. (6.54), and as a consequence we get no high-
|| QCP plateau arising in the spectra. Instead, F'(w) simply vanishes in the limit
|| — 0.

For r = 0.35 > r,, Fig. 6.10 shows the behaviour of the polarization propagator,

'5When the r = 0 (metallic) model is solved exactly it is well known [2] that the Kondo scale is
exponentially small in the interaction U.
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Figure 6.9: The modified spectral function, F(w), plotted versus w for » = 0.2. Red is
for wy,, = 0.1, U/m ~ 0.65, Black is for w,, = 107°, U/m ~ 2.8, Blue is for w,, = 1071,
U/m =~ 10.6. Inset shows the same data, but plotted versus w/w, on a log-scale.

ImIT (w)

Figure 6.10: The imaginary part of the polarization propagator, ImII(w), plotted versus w
as wy, is gradually decreased towards U.(r), for r = 0.35, 2 = 0 on a log:log plot (U.(r)/m ~
0.9). From left to right, w,, = 10725, = 10720, = 10719, = 107! are shown. The inset shows
the universal scaling function, w!=2"Im(w), versus @, also on a log:log plot.

ImlIT'(w), as a function of w as wy, is progressively lowered, such that the critical U
is approached. For each curve the resonance maximum occurs at w = w,, - as guar-
anteed by eq. (6.49). The inset shows the full-scaling behaviour of w!=2 TmIl'(w)

plotted as a function of @. For 0| < 1, w!=2"ImIl’(w) o |@|'—2"

, vanishing as ex-
pected from eq. (6.29). By contrast, for |&] < 1, wl™* ImlIl'(w) o |@]|?" 7, diverging

with the form of eq. (6.41).
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Figure 6.11: The self-energy scaling function, |w|~"%!(w) plotted versus & on a log:log plot,
for r = 0.35, x = 0. The dotted lines show the asymptotic behaviour given by the scaling
equations for both critical behaviour, @ > 1 and Fermi liquid behaviour, @ < 1. The inset
shows the full modified scaling spectrum, F(w) versus @ on a logscale for r = 0.35. The
critical plateau value, [1 — K(r)] ~ 0.6, for r = 0.35 (and U.(r)/m ~ 0.9).

Fig. 6.11 shows the full @-dependence of the SSE scaling function, |w|™"%!(w),
once again for r = 0.35 > r. where U.(r) is finite. For @ < 1, the Fermi liquid
behaviour of eq. (6.31) is shown. By contrast, for |&| > 1, |w| "% (w) = as(r), as
expected from eq. (6.44). The inset shows the modified spectral function, F'(w) as a
complete universal function of @ on a log-scale. For @ < 1, the spectra are pinned
to unity with low-|@| behaviour given by eq. (6.30b). In contrast, for @ > 1, the
spectra approach the renormalized plateau value, [1 — K (r)], given by eq. (6.48).

To conclude this section, in Fig. 6.12 we show results for F(w) versus w from
both FLEX and NRG. In this small U regime, where both U < U,(r) and U/m < 1,
the FLEX and NRG results are virtually identical (with the curves lying precisely

on top of each other).

6.8 Local moment phase at ph symmetry

In this chapter up until this point, we have focused solely on the SSC Fermi liquid
phase, where both the TSEs and SSEs coincide, and approaching the QCP with U —
UZ (r). We now move to describe the zero-field LM phase within TSE description

[

for U > U.(r).
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Figure 6.12: The modified spectral function, F'(w), plotted versus w for U/m = 0.8, r = 0.35,
x = 0 from both FLEX and NRG. The inset shows the same data on a log:log plot.

Physical motivation

As discussed in relation to the SSC phase, the Kondo scale, w.,, can be thought of as
the energy cost for flipping a spin on the impurity level. As the QCP is approached
from below, the scale vanishes and in consequence the position of the resonance in
ImIT'(w) also vanishes. Furthermore, precisely at U = U,, the system is left with a
‘dead’ pole at the Fermi level in ImIT'(w), reflecting the zero-energy cost of flipping
a spin on the impurity.

As explained in Chapter 3, the local moment phase comprises of two broken-
symmetry many-body states, ‘A’ and ‘B’. Since the two states are degenerate, we
argue on physical grounds that there should be no energy cost for flipping a spin
on the impurity for the entire LM phase (and not just at U = U.(r)). Thus,
before moving to a description of the model within the FLEX approximation in
the LM phase, we first consider a general Luttinger self-consistency argument [60]
in the spirit of the order by order analysis of Section 4.6, but with an explicit pole
located at the Fermi level in the transverse-spin polarization propagator, ImII% 7 (w).
Primarily the aim is to see if the self-consistent low-w behaviour of the self-energy

that arises in this case is distinct from the results of Section 4.6.

6.8.1 Luttinger self-consistency

The arguments here are for the leading low-w behaviour of the spectrum and self-
energies, holding for any x (not just x = 0). We neglect the contributions coming

from the other polarization channels in the following, i.e. eq. (6.1b) simply reduces
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to X4, (w) = L7 (w).1* Furthermore, we initially assume that the broken-symmetry

spectral functions have the leading low-w dependence
7D ar(w) “R° [B(w)ai + O(w)ay ] |w|. (6.55)

Thus, we consider the case where there are two spin-dependent exponents, Ay, A| >
—1, with four distinct coefficients, aTi, and af. In a LM phase as shown by the
general arguments of Section 4.3, the renormalized levels, €% , are always finite and
never vanish for any U > U.(r). We initially assume this to be the case and as a
consequence that the spectra vanish, i.e. Ay > 0. We return to this argument in due
course to show that this indeed must be the case.

By inserting the low-w form of eq. (6.55) into eq. (6.8a) (with ¢/ = —0o) it is
straightforward to show that

TS (w) “~7 AZ Jw] Ao Ao, (6.56a)

with leading coefficient given by

1 1
AE = - [/ dy(1 — y)’\"y)“’] [H(w)a;cﬁa +0(~w)ata”,|. (6.56b)
0
The real part, ReIl% " (w), may subsequently be calculated from Im°TI% 7 (w) via
eq. (6.10). In fact it is given simply by the Taylor series

w—0

Re'TI% 7 (w) “~" ReTI% 7 (w = 0) + ap—ow + .. ., (6.57)

provided that [A; + A_s] > 0 (which we assumed from the outset). The linear

coefficient, a,_, equivalent to the first derivative, is given by the integral

o (ORI /°° de’ [T, 7 (W) — ImTT 7 (—w')]
e Ow w0 0 T (w')? ’

(6.58)

which is obtained on differentiation of eq. (6.10). We also note that from eq. (6.5),
Qoo = —Q_gg (With |ay—y| = ay— > 0).

In fact, |oy—o| is & measure of whether the system is in the local moment phase
or not, and therefore a suitable candidate (together with the local moment, |f|) for
an order-parameter for the transition. In a SC phase (and also at the QCP), the

polarization propagators lose any spin dependence and become even functions of w

4We will consider the case where there is an w = 0 ‘spin-flip’ pole in the transverse spin polariza-
tion propagator. The self-energy contributions coming from the other polarization channels, 257 (w)
and $50 (w) may then be shown to be insignificant at low-w in comparison to the contribution from
Bhe ().
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via eq. (6.5), such that the numerator in eq. (6.58) vanishes. By contrast in a LM
phase, since the propagators are spin-dependent, the numerator in eq. (6.58) must
be non-zero. Moreover, as the QCP is approached from the LM phase, such that
U — U (r), the spin dependence in the propagators vanishes and therefore |ay—o|
must continuously vanish at the transition.

The ph channel polarization propagator, ImlI% ,” (w), is given by eq. (6.11). If
there is to be a pole in this object located at the Fermi level, then it is required
that [1 — UReII (w = 0)] — 0" as w — 0. In order to examine this case we
Taylor expand [1 — URell™ ™ (w)] around the point w = § (where 4 is a small positive

constant) to obtain
[ — UReIT ™ (w)] “~° [1 = UR" I (8)] — Ual_(w— &) + ... (6.59)

where a _ = (ORe’II*~(w)/0w),—s > 0 (such that as § — 07, af_ — ay_).
Moreover, we take the frequency w = § to be the point at which [1—URellT™ (w = 4)]
vanishes (such that the first term on the RHS of eq. (6.59) is zero). By virtue of the
fact that ai_ > 0, it follows that & must be positive for the stability condition of
eq. (6.16a), [0 < Re"II"(w) < £], to hold. Thus, we insert eq. (6.59) together with
the low-w behaviour of the imaginary part (eq. (6.56a)) into eq. (6.3a) to obtain

w—0 [% - Oéi,(w — 5) + .. ] + Z'[A%tuw‘l"')‘f")‘i]

. 6.60
AA(w) [_Ua(j__(w — 5) T ] — Z—[UA/:FI:\L|W’1+)\T+)\J,] ( a)
1 .
w—0 U T
50 : 6.60b
(Uai_(w—5)+i77> oo

with n = Ai|5|1+’\T+A¢. Taking the limit that § — 0% (such that n — 0T),!°
eq. (6.60b) becomes

1
I (w) w20 g [P(w — 0+> —imd(w — 0+)} (6.61)
with @ = [a4_U?~! > 0. (From the symmetry 1T} (w) = I/} (—w), ImIT } (w)
has a pole at w =07.)

By inserting eqs. (6.56a, 6.57) into eq. (6.11) we obtain the low-w form of the
band contribution to ImII% ,” (w). This, together with the pole piece is given by

+

o—0 w—0 Aafo' —
ImHAA ((U) 3 WQ(S(W)—I_ (Uvoé)g|(“‘}|>\7O—i_>\(7 17 (662)

where for convenience we denote o = a4, and the delta function piece strictly

denotes a pole at w = 0% for the ImIT{; (w) function, and a pole at w = 0~ for

Since (M + Ay > 0,1 = A%‘i|6|1"'M"'>‘L vanishes faster than 4.
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ImHZX (w). Now, inserting this equation, together with the low-w form of the spec-
tral function, eq. (6.55), into eq. (6.12a), it is readily shown that

S (w) = S W) + 21T (w), (6.634)
2P (W) = 0(—ow)TQDA—g (w) “~° bE|w[* - (6.63D)
ST () =220 gE [Pt (6.63c)

where Ei(fH)bb(w) is purely a band-band (bb) contribution to Ei(fH) (w), obtained
by inserting just the band contribution to ImII% ,” (w), together with D4_,(w), into
eq. (6.12a). By contrast, the pole-band (pb) contribution, Zi(fH)bb(w), comes from

the pole contribution in eq. (6.62). The specific coefficients are then given by
+ a_g
by =0(—ow) , (6.64a)
Q
at A~ a” AT

1
ly = [ /0 dy(1 - y)A‘“yA‘““"l} [G(w)_aa{’_a +O(-w)— 5 |- (6.64b)

Since we are considering the case where A\, \| > 0, the exponent [2A_, + A;] is
greater than A_,, and consequently the first term in eq. (6.63a) vanishes less rapidly
than the second term. Under these conditions it may be shown from the Hilbert
transform, eq. (6.13) that the low-w behaviour of the real part is

EQ(PH) (w) w3P Ef(PH) (w = 0) + kX |w|*==, with coefficient: (6.65a)

o g

két = _%[/8()‘—0) Sgn(w)(bj + b:;) - /871()‘—0)(17?; - b;)]v (6'65b)

such that if b} = b5 = b,, it simply reduces to kf = k, = —sgn(w)B(A_y)b,. This
Hilbert transform relationship is the same as that used in Section 4.5.1, eq. (4.27),
and holds for [-1 < A_, < 1]. In consequence, the leading low-w behaviour of the
real part of the self-energy has the same power as the imaginary part, but for w > 0
and w < 0 (as opposed to ZIIL‘(:H) (w) which is governed by the spin dependent step
function in the first term of eq. (6.63c)). Using the low-w equations, (6.63c) and
(6.65a), together with the hybridization function, I'(w) = —sgn(w)[B(r) + i]|w|" in
eq. (6.6b) we obtain

w0 jw|" + by w[
~Y

Das .
T e ) e @) B ol — kP & [l + b2

With the condition that the renormalized levels are finite,'S the vanishing terms in

From the general arguments of Section 4.3, the renormalized levels are always finite in a LM
phase, only vanishing at the transition. Therefore this is the case we consider here.
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the denominator may be neglected to obtain

o0 [l + BE ]~
~Y

Tharle) el

(6.66)

Self-consistency requirements

On comparison of eq. (6.66) with what we started with, eq. (6.55), there are 2

distinct scenarios we must consider:

1. If » < A, then self-consistently it is required that A\ = A; = r. The low-w
form of the two-self-energies then become

S (w) “RO0E () w]" + () wPT (6.67a)

(o

=8 () Rk ()| (6.67D)
Inserting these self-energies into eq. (6.66) we obtain

w0 (L B

Pal) N T e

(6.68)

which is a fully self-consistent solution to the problem.

2. If r > A_; then it is required that Ay = A\ and \; = 2A_; + A,, and therefore
Al = M = 0. However, we assumed from the start that Ay, A} > 0, and

therefore this solution is crucially not self-consistent.

Argument for A\, > 0

From the outset in eq. (6.55), we assumed that the exponents Ay, A\ > 0 (i.e. that
both spectra vanish as w — 0). Here we argue that provided the renormalized levels,
€%, are non-zero (which they always are in an LM phase), this always has to be the
case.

In the above analysis we found that if A, > 0, then the self-energy, Egg(w) must
vanish with a power m > r (i.e. no less slowly than the hybridization function,
I'!(w)). We now consider the alternative case where ¥/, _(w) w0 JE|w|™ (with jF
an arbitrary coefficient) goes with a power less than the hybridization (i.e m < r).

In this scenario, then either

1. The self-energy is divergent (i.e. m < 0). For (=1 < m < 0) from eq. (4.27),
the real part would have the same leading-order dependence, i.e. [E%_(w) —
sE (0)] “3P qF|w|™ (where ¢ is another coefficient). The low-w form of

eq. (6.6b) then becomes (we may neglect the renormalized levels, €% , com-
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pared to the diverging self-energy on the lowest frequency scales)

£ |—m
7D g0 (w) “=° g™ (6.69)
42 +2
o~ +a57]
As a consequence, the spectra vanish (A, = —m > 0), even if the self-energies

diverge.

2. The second case to consider is if the self-energy vanishes with a power less
than 7, i.e. 0 <m < r. If this occurs, then the €%  ‘wins’ in the denominator

of the spectral function, eq. (6.66), and therefore the spectra must also vanish.

3. The third marginal case is when ¥/, _(w) “20 j=, i.e. the self-energy goes to a

constant value as w — 0 (m = 0). This solution however, may also be shown
to be not self-consistent. On examination of the specific case it may be shown
that the leading low-w behaviour of the real part of the bare polarization
propagator is given by [Re’II% 7 (w) — Re’T1%,7(0)] “x° wln|w| + ..., ie.
there are logarithmic corrections to the linear term. As a consequence, the
first derivative of ReT1% " (w) as w — 0 is divergent. It then follows that the

pole contribution to ImlII% ,” (w) has a vanishing weight, @ = 0.

Concluding remarks

We conclude that eqgs. (6.67-6.68) give the only self-consistent solution when there
is a pole located precisely at w = 0" in ImIT;(w) (or at w = 0~ in ImII,}(w))
with finite weight, @ (and holding generally for any x).

We now refer back to the NRG calculations of Section 4.11. The numerical results
of Fig. 4.26 show the low-w behaviour of the zero-field TSE, ZQT (w), plotted versus
w on a log-log scale for an arbitrary (r,z). The NRG data indeed shows that the
low-w behaviour of ¥4 _(w) (given by eq. (4.105)) is in agreement with form deduced
here from eq. (6.67). Thus, the exact numerical NRG results are telling us that the
self-consistent solution of eq. (6.67) captures the correct low-w dependence of the
self-energy in the LM phase. As a consequence, in the FLEX numerical algorithm
that follows, we specifically look for LM solutions that have a pole in ImIT*~ (w) at
w=0".

We make one final important point before proceeding. In this section we have
shown that the order by order analysis of Section 4.6 is not the only case where Lut-
tinger self-consistency [60] can arise.!” By explicitly considering the pole-contribution
(integrable singularity) to ImIT};; (w), we have self-consistently determined the cor-

rect low-w dependence of EQ »(w) in the doubly degenerate LM phase at zero-field.

"For non-zero renormalized levels, €at, €ay, the order by order results of Section 4.6 give the
self-energy vanishing as ¥4, (w) oc |w[**®" (case A of Fig. 4.12). By contrast, the self-consistency
argument above gives L (w) o [w|".
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6.8.2 Low-w scaling behaviour

In the light of the low-w self-consistency analysis of the previous section, in this

section we consider the low-w scaling functions in the LM phase within FLEX.

In a LM phase, we may write the renormalized levels in terms of the UHF static
self-energy 25413, =x+ %([ﬁ— 1]—o|f|), plus the zero-frequency part of the dynamical

self-energy, f]ARU(O), as
o =2+ 5([n—1]—olal|) + 5 (0) (6.70)
€l = LZ n oli >R (0). .

At ph symmetry (where z = 0), the local charge, 7 = 1, and also it follows from
eq. (4.3c) that X% (0) = =2 (0). The eq. (6.70) then reduces to

che = —0l5lAl = IE5,(0)] = e, (6.71)

such that the renormalized levels are sign definite with (e, < 0 and €7, > 0).1®

In order to capture the unique behaviour of the QCP coming from the LM phase,
each of the renormalized levels, £% _, must vanish as U — UJ (r), such that we get
the low-w form of eq. (6.44) for ¥/ (w). Once again, we define the LM low-energy
scale here in exactly the same way we did in Chapter 4-5, i.e. via eq. (4.20) in terms
of the difference in the renormalized levels, w, = $[e%, —&%_,|7. (In the proceeding

discussion we also refer to the ratio, v defined by eq. (4.22).)

Given that the TSEs have the self-consistent form of eq. (6.67), and inserting
these, together with I'(w) = —sgn(w)[B(r) + i]|w|" into eq. (6.6b) for D 4,(w), along
with the low-energy scale, wy, it is readily shown that the low-w scaling form of the
broken-symmetry spectra are given by

w—0 [1 + bfﬂ

for any asymmetry, . On comparison of this form with eq. (6.55) (with A\, = ),

we see that the coeflicient, a;t, is expressed as

L1 1453
7w l-oy*

a (6.73)

The bare polarization propagator given by eq. (6.56a) may be rescaled in terms of

the low-energy scale (with A\, = r) to give

W IS, (w) R0 A @) (6.74)

~ 8We obtain the specific form of eq. (6.71) from the observation that within the numerics:
$£4,(0) > 0, whilst %, (0) < 0.



6. Fluctuation exchange approximation 181

with the scale-free coefficient, Af,g = w7 A% given by

og—0o)

1[I(14r)? 1
+ +
=— 1+bF][1+0b™,]. 6.75
At o= 2 g | ol + 070+ ) (6.75)
where we have expressed the integral in eq. (6.56b) in terms of gamma functions,
and used eq. (6.73) for the form of aX. From eq. (6.62), the scaling form of the full
polarization propagator is given by

1—92r o—0 w—0 1ol ~ A§_0|w|2r—1
Wy IIHHAA (W) ~ 7TQ 5(&]) + W, (676)
with the (scale-free) poleweight given by Q' = [o/(r)U?]~!. The quantity, o/(r) =
w2, with @ = a4 _ given by the integral in eq. (6.58). Thus, the low-& scaling

form of X4 _(w) is given from eq. (6.67)

1 o N ~
— 2l (w) RUbEM @] + L)@ (6.77a)

Wi

with (scale-free) coefficients given from eq. (6.64) (with A\, = r and using egs. (6.73,
6.75))

bE(r) = 0(—ow) o ([:)‘lefiﬂy (6.77b)
L [rE)r@+n) [+t AL,
=1 rra ) e woe) (6:77c)

where £ (1) = w?"I£(r), and we express the integral in eq. (6.64) in terms of gamma

functions.

Writing the self-energy coefficient, b (r), in the form of eq. (6.77b), allows us to

specify the precise values it may take. We obtain

(6.78)

where b = [o/(r)]~!. For the specific case of ph symmetry, the quantity v = 0 and
therefore from eq. (6.78), by = bj = b. The spectral scaling function, eq. (6.72),
then simply reduces to

w—0
~

WD ap(w) “<° 1+ 0(—o@)b]|@]" (6.79)

The full spin-independent spectral function can be determined via the average of
the TSE spectral functions from eq. (3.13), ie. D(w) = 3[Dat(w) + Day(w)].

In consequence, the asymptotic low-@ form of the LM phase scaling spectrum,
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Ul (@) =wiTD(w) is given by

WL [Dar(w) + Day()] “ROL(L + 0(~@)b]|@]" + [1 + 6(&)b][@]")
W) (@) = wimD(w) “=°[1 + L0, (6.80)

which is independent of sgn(w), as expected for z = 0 since D(w) is an even function
of w (from eq. (4.3b)). Finally, by inserting the low-w forms of the TSES, eq. (6.77a),
into eq. (3.30) for the single-self-energy, a simple, if lengthy calculation shows that

the low-w scaling function has the form
1 5 cos?(Zr
L $10) 520 gy () = 250

_ 2l s 6.81
wr [1+%b]’ | (6.81)

capturing the ezact divergent low-& form of eq. (4.33). Whilst both FLEX and the
second-order self-consistent perturbation theory of the last chapter capture the di-
verging behaviour of 1. $/(w), since the FLEX TSEs vanish with the same power as
the hybridization functcion7 the coefficient is renormalized from its value at second-
order level, given by eq. (5.26b). Furthermore, on multiplying egs. (6.80-6.81) to-
gether we find that the spectral pinning condition for the LM phase, given exactly
by eq. (4.38), and shown via NRG results in Fig. 4.7 holds at the FLEX level of

approximation
714 828 (w)D(w) “=° 1 iz =0, (6.82)

where ((r) = tan(5r) as usual.

6.8.3 LM phase numerical procedure

We now proceed to a discussion of how the FLEX algorithm may be implemented

in the LM phase, before proceeding to numerical results.

Symmetries

At ph symmetry, where = 0, the symmetries of egs. (4.3a-4.3¢c) give

Gas(w) = —Ga—p(—w), Das(w) = Da—p(—w), (6.83)
Sar(@) = U= Sg o(-w),  Shy(w) = Sh_y(—w).

By inserting the symmetry of the propagator into eq. (6.4) we obtain the symmetry

relations for the bare polarization propagators

I (w) = T (w) = "I (w) = "IRG (—w), (6.84)
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such that only I (w) and °IT}; (w) (°II,} (w) = I} (—w) from eq. (6.5)) need

be calculated explicictly at a specific iteration.

Algorithm

Now that we have discussed the low-&w asymptotics in the LM phase, we proceed
to consider how the general FLEX algorithm stated above in Section 6.3.3 may be
implemented in practice. Our main target is to show that numerical self-consistent
solutions are possible within FLEX for a finite local moment, |f|. Specifically we
want to iterate within a TSE framework such that there is an w = 07 pole in
ImIT}; (w), and thus the correct low-w form of the TSEs (shown in Fig. 4.26 obtained

from direct NRG calculations), are realized within the FLEX numerics.

The specific process is as follows: As in step (1) of the general algorithm, we
initially fix U, r, x = 0, and ‘seed’ the process with a UHF spectral function, Dgg(w).
The bare polarization propagators, °II{; (w), °TI4% (w), are then calculated via steps
(2) and (3) above. To guarantee a pole at the Fermi level in ImIT}, (w), at each
iteration we set U = [ReIlf{;(w = 0)]71, such that U is not fixed to a specific
value and ‘flows’ throughout the process. The TSEs, 21140(“)7 are then calculated
via step (5) above, specifically including the pole-band contribution to Eszﬂ(w)
(given by eq. (6.63b)). New spectral functions, D4, (w), are then calculated, with
the real part of the self-energy, [X5 (w) — XX _(0)] determined from step (6). The
renormalized levels, €% , given via eq. (6.71), are equal and opposite of each other at
ph symmetry and thus only one needs to be explicitly calculated. This process, must
then be repeated until U, and all functions of w converge. The converged D 4, (w)
and Y1 _(w) are then outputted, and the SSE, ¥(w), can then be calculated from
the two self energies via eq. (3.30).

6.8.4 Methodology

Unfortunately, if the numerical algorithm is implemented in the way detailed above,
we find that self-consistent solutions are not possible for any finite |i|. Fig. 6.13
shows how the numerical solution flows in the (U, |fi|) plane as the algorithm is
implemented, with each point corresponding to a specific iteration number, n. The
algorithm is started with a mean-field UHF solution that has a large |/i| (here |fi] >~
0.8), and a U/m = 10. However, as the figure shows, we find that as the iteration
number, n, increases, the local moment |g| — 0 and U — UJ(r), such that the
system converges to the QCP solution. We find that the poleweight, (), also vanishes,
as well as both the renormalized levels, 5% = —&% I In other words, all of the

spin-dependence in the propagators vanish as the algorithm is implemented and
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Figure 6.13: The main panel shows |fi| plotted versus U/x for r = 0.4, 2 = 0 as the algorithm
is iterated. Each point corresponds to an iteration number. The top left inset shows |f|
plotted versus iteration number, n, converging to 0. The bottom right inset shows U/w
plotted versus n, converging to U.(r)/m ~ 0.5.

U— UF(r).9

From extensive calculations using the algorithm detailed above for the whole
range of r, we conclude that a fully self-consistent numerical solution using broken-
symmetry propagators is unfortunately not possible for any finite || (such that
Gao(w) # Ga—g(w)). However, we may proceed by making a small modification
to the purely static part of the self-energies, embodied by the renormalized levels,
€%, @ we now explain. Instead of working with the self-consistently determined
value of the local moment, ||, given by eq. (5.3b), we choose to replace it in the
renormalized levels by another quantity, we denote |ugp|. The renormalized levels

then become
Eho = —50lp0] + Zas(w = 0). (6.85)

with || # |f|. In order that we continue to iterate such that there is a pole at
located at w = 0" in ImIT} (w), we vary |uo| at each iteration such that the con-
dition URe’II};(w = 0) = 1 is satisfied. The specific process is as follows: The

spectral functions are determined via eq. (6.6b) with the renormalized levels given

19We may equally well choose to implement the FLEX algorithm in the same way as we did in
the SSC phase, targeting a specific finite w,, and allowing the U to flow, such that the position of
a low-w resonance in ImIT},, (w) is fixed. However, by iterating in this way, the local moment, |fi,
once again flows to zero, and the algorithm simply converges to a SSC solution, with U < Uc(r).
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by eq. (6.85) at each iteration. From these spectra the value of URe’II}, (w = 0)
is calculated. The quantity |uo| is then varied in €%, and inserted in the spectral
functions, such that the condition [URe’II};(w = 0) = 1] is satisfied to high nu-
merical accuracy at a given iteration. The TSE functions, ¥4,(w), may then be
calculated in the usual way as stated above.

Numerically we find that the modification of replacing |fi|, by |uo| in the renor-
malized levels, means that || vanishes at precisely the same U = U} (r), as |i| — 0.
Furthermore, we find that both || and |uo| vanish at the same U coming from above
as the SC low-energy scale, wy,, vanishes from below. Thus, the quantum phase tran-
sition is described coherently coming from either phase. (This behaviour is in direct
contrast to that of the second-order perturbative solutions of Chapter 5, where the
low-energy scale only vanished coming from the LM side.)

Physically, the quantity, |uo|, may be thought of as the local moment that is
needed to negate the fact that we are not including all possible diagrams in our
approximation for the skeleton expansion. It is our belief that if were possible
to include all Feynman diagrams in the approximation to ¥4, (w), then the ezact
result would have |ug| = ||, and the whole numerical process would be entirely

self-consistent.

6.8.5 Numerical results for the static quantities

We now move to discuss the numerical results from the LM algorithm stated above.
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Figure 6.14: Converged self-consistently determined || (blue-circles), and |ug| (red-
diamonds) versus U/r for z = ¢+ & = 0 and r = 0.35, with U,(r)/m ~ 0.9.

Fig. 6.14 shows the local moment, |fi|, calculated in the usual way from eq. (5.3b),
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and |up| for the converged FLEX LM solutions for a typical r (= 0.35). As stated
above, one can see that both quantities vanish at the same critical U = U (r), which
is also equal to the U.(r) at which the scale w,, = w, vanishes in the SSC phase (as
shown by the r = 0.35 curve in Fig. 6.8). Moreover, in the limit that U/U. > 1,
the local moment, |f|, approaches unity. By contrast, we find that it is possible for
|io| to take a value greater than 1, but this simply reflects the crude nature of the
approximation of replacing || by |uo| in eq. (6.85). We also note that in all cases,
for U > U(r), we find that |uo| > || (as shown in Fig. 6.14).

Figure 6.15: The renormalized levels, £%(< 0) (in blue), and €%, (> 0) (in red) plotted versus
U/ for x = 0 and r = 0.35. The inset shows the LM scale w] = %|€2T —e | = leh,(z =0)]
on a log-scale versus U/xw. (U./m ~0.9).

The (sign-definite) renormalized levels, €%, €7, given via eq. (6.85), are shown
in Fig. 6.15. The figure shows that the levels vanish very slowly as the QCP is
approached. As a consequence, the low-energy scale w] = |e% ¢| is also found to
vanish - w] o |1 — U%|y(’"), with exponent, y(r) > 1. This behaviour is also consistent
with what we find from NRG calculations, (as shown in Fig. 4.2 for a typical (r, x)).
The inset of Fig. 6.15 shows |}, on a log-scale confirming that it vanishes at the
same U.(r) as |fi|.

Furthermore, the local moments, |fi|, obtained via eq. (5.3b), are shown in
Fig. 6.16, calculated at the approximate levels of UHF and FLEX, together with
numerically exact NRG. For small (1 — U/U.(r)), such that the system is near the
QCP, FLEX does not capture the correct U.(r) from NRG, or the correct power

+
dependence |/i] U2l |1 — U/UJ*") (2(r) < 1). However, the FLEX data does fall
onto the NRG curve remarkably well for || 2 0.6, and appears to become exact in
the limit U/U, > 1.
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Figure 6.16: The local moment, |fi|, plotted as a function of U/x for » = 0.35 and z = 0. Red-
circles shows NRG calculations, blue-diamonds show FLEX calculations, and black-triangles
show first-order UHF results.

6.8.6 Numerical results for the dynamics
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Figure 6.17: The modified spectra, F'(w), close to the QCP, where U,(r) ~ 0.9, coming from
both phases versus w on a log-scale for r = 0.35, = 0. SC phase: black: w,, = 107%, red:
wWm = 1076, blue: w,, = 10719 Magenta, is QCP spectra where the system is scale free.
LM phase: blue: €%, = 1078, red: €%, = 1075, black: % = 1072, At ph symmetry the

1
LM low-energy scale is given by w, = |e¥% _|r.

The modified spectral function, F'(w), is shown plotted versus w in Fig. 6.17,

coming from both sides of the transition for » = 0.35. As discussed in Section 6.6,
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in the limit that U — Uf(r), the spectra collapse onto a single universal plateau
value, [1 — K(r)], given via eq. (6.48) (for r = 0.35, [1 — K(r)] ~ 0.6). Away from
criticality in the SSC phase, the spectra are pinned to unity, as is consistent with
eq. (6.30b). In the LM phase by contrast, on multiplying both sides of eq. (6.80) by
[1+ B2(r)]|@|", the modified spectra vanish via

F(w) = mlw|"(1 + B2(r))D(w) “=° [1 + Lo][1 + B2(r)][>". (6.86)

This figure should be compared with the exact NRG calculations of Fig. 4.19, which
shows |w|"mD(w) plotted versus w either side of the transition at ph symmetry. The
FLEX results of Fig. 6.17 essentially capture all of the main features of the exact
case, predicting an r dependent plateau value for w > w, (that is the same coming
from both unique phases). Furthermore, as stated above, FLEX correctly predicts
the form of the w <« w, behaviour in both SSC and LM phases.

4

10

jw| "X, (w)

Figure 6.18: The LM phase self-energy scaling functions, |w|~"%%_(w) versus @ on a log:log
plot for » = 0.35, = 0. The TSE function, |{Z)|’T22T(w) is shown in blue for @ < 0 and
black for @ > 0. The SSE is shown in red (which is an even function of @). Both the
large-@ spectral tails giving the QCP behaviour, and also the small-&o LM phase behaviour
are shown.

The self-energy scaling functions for both the SSE and the TSEs (for w — 0F)
are shown in Fig. 6.18. The high-|@| tails of all three scaling functions reach the
same plateau value as expected |w|™"%!(w) “ ase(r) = K(r)/[1 — K(r)], given
by eq. (6.47c). In contrast for |@| < 1, the scaling functions give the characteristic
behaviour of the LM phase. The SSE has the dependence, |w|™"%!(w) o |@]72",
as expected from eq. (6.81) (on multiplying both sides of the equation by |@|™").

The low-w form of the TSE scaling functions, |w|_TEf4T(w), which at ph symmetry
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= |w|*’”2{4¢(—w) given via eq. (6.77a), are distinct depending on sgn(@). In the limit
that @ — 07, the self-energy scaling function has the dependence \w|_72{4T(w) x
|0|?", whilst in contrast for & — 07, |w]*7"21{ﬁ(w) o b(r). This low-w single-sided
behaviour has essentially the same form as found from the NRG calculations of
Fig. 4.26.

To conclude this section, Fig. 6.19 shows F(w), plotted versus w on a linear scale
for U/m = 10 and r = 0.35, calculated at second-order self-consistent level, FLEX
and NRG. All three techniques exhibit high-energy Hubbard satellite peaks located
approximately at w ~ i%. The FLEX peaks are renormalized to approximately
double the width of the second-order peaks, and show reasonably good agreement
with the NRG peaks.?’ The inset shows the low-w behaviour on a log:log plot; where
all three spectra, F'(w) o< |w|?". The FLEX curve is much closer to the NRG curve
than UHF as a consequence of the low-w form of eq. (6.80).
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Figure 6.19: The modified spectral function, F'(w) is plotted versus w deep in the LM phase
for U/U. > 1, r =0.35, x = 0, U/m = 10. The red curve shows NRG data, blue is FLEX,
and black is data from 2nd-order self-consistent perturbation theory. The inset shows the
same data on a log:log plot.

6.9 Asymmetric strong coupling phase

Up until this point we have focused on the ph symmetric (x = 0) model. We
now move to implement the FLEX approximation to the more general case of ph
asymmetry, where r = € + % # 0. We choose to fix x < 0, but propagators/self-

energies for x > 0 can easily by obtained easily via the symmetries of egs. (4.3a-4.3c).

2OThe reason for this broadening is discussed extensively in ref. [28].
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For the ASC phase at zero-field, the propagators (and self-energies) are naturally
spin-independent, i.e. Gay,(w) = Ga_»(w) = G(w). However, they are not odd
functions of w as they were at ph symmetry. Furthermore, in contrast to the ph
symmetric case, the local charge, n, takes a non-integer value between 0 and 2 (for
x < 0, n lies in the range [1,2], whereas for x > 0, n lies in the range [0,1]). As
a consequence, at each iteration of the numerical algorithm, n must be explicitly
calculated (via eq. (5.3a)).2! Moreover, the spin-independent renormalized level, £*,

is always finite, given by
e* =e+270) =2+ Y[n — 1] + 2F(0). (6.87)

where we have used z = ¢ + ¥ and expressed ©f(0) via eq. (6.1).

Away from ph symmetry, the bare polarization propagators have the symmetries
T~ (w) = 17 (w) = TI(w) = °TI(—w), but PP (w) # °II(w) (6.88)

The full polarization propagators, eqgs. (6.3a-6.3c), then simply reduce to

0 w
HPH(W) — 1_1;21_[)(00) (689&)
PP PP (w) O PP
() = T — 17 @) (6.89D)
HbUb(OJ) _ 1 OH(W) + OH(w) — OH(w) (689C)

T 21 -UM(w) ' 1+ UI(w)

Once again, as for the SSC phase, we define two new effective self-energies. Both
¥/ (w) and X" (w) are defined in exactly the same way as eq. (6.23d) (with each self-
energy defined by eq. (6.2)). ¥'(w) is given by eq. (6.23a) involving an integral over
II'(w) = 3117H (w), which has the ‘RPA’ form of eq. (6.89a). Within FLEX it is
these diagrams which become critical as U — U,(r). By contrast ¥”(w) essentially

includes all of the other non-critical contributions to f](w)

6.9.1 Low-w scaling behaviour

In this section we examine the low-@ scaling functions in the ASC phase, determining
the precise coefficients of the leading behaviour at the FLEX level of approximation.

In order for the ASC phase to be described as a Fermi liquid within FLEX, the
single self-energy must vanish with a power greater than the hybridization function.
Hence, %/ (w) must have the general Luttinger self-consistent form of eq. (4.68a), i.e.

Y (w) o |w|?>T3" (which is the only self-consistent form where the power is greater

2!The added complexity of calculating 7 at each iteration makes the numerical procedure for the
ASC phase more unstable than for the SSC phase.
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than r when * # 0). As a consequence, the low-w behaviour of the spectral function

must be the same as eq. (4.72), i.e.

w—0 |w|" . a—0 @]
~ D ~N —
S e N o

where in the second expression, we have rescaled in terms of a low-energy Kondo
scale, wy (which vanishes at the QCP as U — U; (r)). For FLEX to exhibit scaling

in terms of |@|, the ratio (¢*/w}) must remain finite, or in other words £* oc wj. As

7D (w) (6.90)

a consequence, the renormalized level must also vanish as the QCP is approached
from below (from the NRG results of Fig. 4.2 we know this to be the case when the

model is solved exactly).

On inserting the low-w form of eq. (6.90) into eq. (6.8a), it is readily shown that
ImTI(w) has the low-w form

Im°TI(w) o~ Ausc(r)|w|t 2", with coefficient given by : (6.91a)
SRR (85 T P

such that we obtain the scaling form
WM Tl (w) R Ay (r) @] (6.91c)

where A’y ¢~ (7) is a scale-free coefficient. The low-w form of the real part may then
be determined via the Hilbert transform relation, eq. (6.10). It is readily shown to

have the behaviour?2

r— w—0 ~, T
w? T ReTI(w) — Re%TI(0)] “<7 tan(mr) Ayge ()@ cr < 1, (6.92)

vanishing with the same power as the imaginary part. In the following we focus on
the 0 <r < % case, although it is equally possible to obtain relations for the range
% < r < 1 (we do not consider this case explicitly for reasons of space).?3 Inserting
this equation (for Re’TI(w)) together with eq. (6.91a) into eq. (6.89a), it follows that

the low-w behaviour of ImIl'(w) is given by

w0 %.AAS(j(T’)]w‘I"'ZT
[1 — UReTI(0) — U tan(nr) Aasc (r)|w[2r)2 4+ [UAasc|w|tT27]2

ImIT (w)

2The w term in the Taylor expansion for Re’TI(w) vanishes because in a SC phase °TI(w) is an
even function (from eq. (6.88)). The leading low-w behaviour of Re’TI(w) may then be shown to
vanish with the same exponent as the imaginary part, c.f. eq. (6.26).

*For 3 <r < 1 it is readily shown that [Re’II(w) — Re"II(0)] w30 Basc(r)w?, with Basc(r) =
(0*Tm°TI(w) /Ow?)w—o.
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This equation may be recast as

w 3 2(m 2r—1 ~ 11427
T () = 208 e BT (6ey)
202 Aa50(r) |1 — 2sin(mr)|@]1H27 + |o[2+4r
where as usual © = w/wy, with

1 — URETI(0 Tz

- 1+2r
W = *:[ [ ¢°11(0)] ] | 690

UAasc(r)y/1+ tan®(mr)

such that the function in square brackets in eq. (6.93) has a peak maximum at
@ = £1. Thus, in analogy with eq. (6.28b) (the low-energy scale for the SSC phase),
we define the Kondo scale, wy,, by the position of a low-w resonance in ImIl'(w).
We now show explicitly that the scale, w, (defined as the peak maximum in
ImlITl’(w)), is proportional to the renormalized level, |€*]% Fig. 6.20 shows a plot
(obtained from the numerical algorithm) of |¢*| versus wy,, = w, for a particular
r and x. The figure shows that for small values of the scale, the coefficient of
proportionality is approximately 1 and thus we take w, = \5*|% hereafter. As a

consequence, by inserting this form into eq. (6.91b), eq. (6.94) becomes

1
1 1 — UReTI(0 T—2r
Wm = wy = |e¥|7 = - [ ( )]2 . (6.95)
UA  so(r)\/1 + tan®(mr)
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Figure 6.20: The scales: w,,, defined by the position of the peak maximum in ImIl'(w) are
plotted versus the renormalized level, |¢*| (shown with squares) on a log:log plot for r = 0.35,
x = —1. The dashed line shows w,, = |¢*|'/".

Once again, as for the ph symmetric case of Section 6.5, as the QCP is approached

and the low-energy scale vanishes, w, — 0, (and also the renormalized level) from
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the numerator of the condition for the transition is that URe’TI(0) — 1. By rescaling
eq. (6.93) (and taking the small-|w| limit of the term in brackets), the low-|@| scaling

form of ImII'(w) is given by

2
550 3 cos?(5r)
YT D 2 ||t

w2 Il (w =
() 202440 (7)

(6.96)
Finally, by inserting the low-& functional form of eq. (6.96) together with eq. (6.90)

into eq. (6.24a), the universal self-energy scaling function in the ASC phase is given

by

1 ~
— 5(w) “R? bage (r)|@]*+?7, with coefficient: (6.97a)
w*

I'(2+2r)?
14+7r)(3+3r)]

3
basc(r) = §cos2(gr) T (6.97b)

In the scaling regime (where the limit that w, — 0 is considered), it is readily
shown that the other self-energy contribution to X(w), ¥”(w) - defined by eq. (6.37),
does not show universal scaling in the same way as ¥/(w), and therefore for reasons
of space we do not consider any further here. In other words, it is ¥/(w) that shows

critical behaviour as U — U, (r), whereas ¥"(w) does not.

6.9.2 Approaching the QCP

We now proceed to discuss the low-w (high-|@|) behaviour as the QCP is approached
from the ASC phase. Recall that from the arguments of Section 4.8 we find that pre-
cisely at the QCP the (spin-independent) spectral function has the form, D(w) w0
C*(r)|w|™", with C*(r) a coefficient of O(1), dependent on the low-w form of the
self-energy via eq. (4.86). At ph symmetry the spectrum, D(w), is simply an even
function of w, and thus C*(r) = C~(r) = C(r) is guaranteed. However, we find
from the detailed NRG calculations of Section 4.9 that regardless of the degree of
ph symmetry, the leading coefficient is in fact the same coming from both sides of
the Fermi level in all cases. Furthermore, both the symmetric QCP (SQCP) (ap-
proached for z = 0 in the range 0 < r < %, and for r < r, for x # 0) and the
asymmetric QCP (AQCP) (approached in the range r, < r < 1 for  # 0) have a
coefficient C*(r) = C(r). The difference between the QCPs (in the range r, < r < %
- where they coexist) lies in the precise values that the coefficients Cy(r) and Cy(r)
take (as shown in Fig. 4.15). In other words, at both QCPs there is an emergent
ph symmetry. We now examine whether this symmetry arises within the FLEX
approximation by considering the high-& scaling functions.

Once again, as for the ph symmetric case that we analysed in Section 6.6, within

FLEX the QCP is captured by a ‘dead’ w = 0 pole in ImIIl'(w). We initially assume
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that the high-|@| scaling forms of the self-energies in the SC phase have the same
forms as eqgs. (4.83a, 4.84a), given by

sell@l”, (6.98)

— (2R (w) - £R(0)] *ZT 16 ] fsen(@)B(r) (aF, + az) — AL (0d — ag)] + -

these forms, together with w, "T'(w) = —sgn(@)[B(r) + i]|@|", into eq. (6.6b), it is

readily shown that we obtain the large-|w| form

such that if af, = ag,, the z = 0 limit of eq. (6.44) is recovered. Thus, by inserting

|o[>1 ||~

UL (@) = winD(w) EP Ok (6.99)
where
B 1+ i(af +a5) 1 [3af —a3)
BE(r) = £8(r) (21+a;2) ]_B(r)[g(uagz) } (6.100)

such that the coefficient reduces to B*(r) = £8(r), if of, = ag,

sc)

and eq. (6.99)
reduces to eq. (6.45). Thus, by inserting the scaling form of eq. (6.99) into eq. (6.8a),
it follows that the polarization bubble has the dependence

W MmO (w) R [0(@) AL () + 0(—) A (r)][@] 2, (6.101a)
where
+ B at F(l — 7“)2
40~ T o eB e Fe ) ¢

such that AF(r) = A,(r), is independent of sgn(@).2* The real part, Re’TI(w), then
has the form as eq. (6.40) (with A(r) replaced by A,(r)). Now, inserting these forms
into eq. (6.11), together with recognising that as U — U,(r), URe'II(w) — 1, we

obtain

. 2
1-2r 1o @1 cos*(mr) oy
ImIT N = 6.102
which has precisely the same form as the ph symmetric case, eq. (6.41), but with
A(r) replaced by A,(r). We note that the explicit pole contribution to ImIl'(w) is

once again ‘dead’ as explained above in Section 6.6. Thus, by inserting eq. (6.102)

241n fact this symmetry is guaranteed by virtue of the fact that Im°TI(w) is an even function from
eq. (6.88), regardless of .
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and eq. (6.99) into eq. (6.24a) for the form of ¥/ (w), it is readily shown that

|o>1
~

%E’I(w) 0(@)af, + 0(—0)ag)|@|",  or alternatively at the QCP: (6.103a)

S (w) “RO [B(w)at, + 0(—w)a)lw|”  :ws =0. (6.103b)

(At the QCP (where U = U,(r)) the high-|@| behaviour persists all the way down

to w = 0, such that the system is scale-free.) The coefficient values are given by

1+ [BF(r)]

of = (1+of)|K(r) T+ 20

(6.104)
The function, K (r), is given via eq. (6.47b), and as a consequence, the function in
square brackets is positive for all . This equation reduces to the ph symmetric case
of eq. (6.47¢c), (where it can be written in closed form) if the coefficients for both

w < 0 and w > 0 are equal (af, = a,). However, in general from eq. (6.104), we

sc

must assume (as we indeed find numerically in the next section) that the coefficients

+
e

2es 05 are distinct for arbitrary x.

To conclude this section we make some important comments. We have shown
that FLEX predicts the correct non-trivial power dependence of the self-energy self-
consistently at the QCP for any x, i.e. ¥(w) “x° |w|". However, for any non-zero z,
as is also found from the local moment approach [34], we find that the coefficients
of the self-energy given by eq. (6.104) are distinct, i.e. o, # a,.. As a consequence,
FLEX effectively predicts a line of QCPs, each for a distinct , with different values
of af. The only case where the coefficients are equal is at ph symmetry where it is
guaranteed by the symmetry of eq. (4.3b). Hence, the approximation used here fails

to capture the emergent ph symmetry found from the exact results of Section 4.9.

6.9.3 Algorithm specifics

We now proceed to describing the specifics for implementing the FLEX algorithm
described in Section 6.3.3, in the ASC phase approaching the QCP for U — U (r, x).

As our starting ‘seed’ solution we input a first-order Hartree spectral function,
DM (w) = [wt — e* — T(w)] 7!, with &* = ¢ + 8(0) = 2 + Y[n — 1], for a fixed
r = e+ Y, an initial U, and a fixed r. The polarization propagators are then
determined in exactly the same way as for the SSC phase as described in Section
6.7. By analogy with the x = 0 case, we choose to fix a low-energy scale, wy,, and

by rearranging eq. (6.95) we obtain
U = [ReTI(0) 4 w2 Ay g0 (r)sec(mr)] 1, (6.105)

such that we choose a new U at each iteration. Once again, we emphasize that this
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Figure 6.21: FLEX phase diagram: U./m versus x for » = 0.35. The phase boundary line is
obtained coming from the asymmetric strong coupling side of the transition at the point at
which w,,, vanishes.

particular process ensures that URe’TI(w) < 1, and the analyticity of the polariza-
tion propagators are never violated. The SSE, %/ (w), is then calculated numerically
via eq. (6.1b) and X (w) via eq. (6.13). A spectral function D(w) is then determined
via eq. (6.6b) from the new X(w) = £* 4 [%(w) — 2%(0)]. An added complexity is that
the local charge, n, must be calculated at each iteration via eq. (5.3a), to determine
the corresponding e* = z + YA — 1] + >%(0). These steps are then repeated until
U, and all functions of w converge.

0 e
-0.2+ —
04 .

0 F 10° 1
s %
0.6 3 L 1
2 107 F =
L o A
08k —10'F =
L 0 2|
-1 | | |
0 0.5 1 1.5 2
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Figure 6.22: &* is plotted versus U/n in the ASC phase for = —1 and r = 0.35. The inset
shows |e*| on a log-scale, again versus U/.
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6.9.4 Numerical results in the ASC phase

The phase diagram for general ph asymmetry is shown in Fig. 6.21, where U.(r, x)
is plotted in the (U, x) plane for a fixed r. This figure was obtained by applying the
algorithm explained above for different fixed ph asymmetries (parameterized by z).

In order to achieve stable convergence in as few iterations as possible, instead
of using the Hartree spectral function, DY) (w) as the input function, we choose to
start with a previously converged FLEX solution as the input ‘seed’ for a slightly
different U. In other words, by fixing the input scale, wy,, and converging for an
output U, and then using that solution as the input for a slightly smaller w,,, we
may progressively get closer to the QCP (where U = U,(r,x)) in a stable manner
(in as few iterations as possible). By proceeding in this way, we are able to achieve
results down to a scale of w? ~ || ~ 107°.

By contrast, if we simply input w,, = 0, such that from eq. (6.105), U =
[Re’TI(w = 0)]7!, and the renormalized level, ¢*, vanishes (via eq. (6.95)), the
self-consistent procedure causes the solution to converge to the ph symmetric U.(r).
This occurs because all of the ph asymmetry that enters the algorithm is embodied
by the = that appears specifically in €*. In other words, if the renormalized level,

€*, is set to zero, all spectral asymmetry in the functions is lost.

107 .
e |&]

Figure 6.23: The self-energy scaling function, |w|~"%f(w), versus @ on a log:log plot in the
ASC phase for r = 0.35, = —1. The inset shows the scaling spectrum, |&|" VL, (@) =
|w|"mD(w) versus @ on a log:log plot for the same parameters. Once again, the red curve
shows data for w < 0, whereas blue shows w > 0.

Fig. 6.22 shows the renormalized level, €*, as a function of U for x = —1 and
a typical r (= 0.35). As one would expect, in the non-interacting limit the renor-
malized level goes to its ‘bare’ level value, i.e ¢ = ¢(= z = —1 in this case). As

U is increased, the magnitude of €, |¢*| ~ w] vanishes at a particular U = U.. By
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contrast above this value of U, ASC solutions can no longer be found. The inset of
Fig. 6.22 shows |¢*| vanishing on a log-scale as U — U,(r, x), (in this particular case
Ue(r,z)/m ~ 1.8).

In Fig. 6.23 the self-energy scaling function |w|~"%!(w) is shown plotted as an
entire function of & for the same r and z as considered above. The figure confirms
the low-@ scaling behaviour of eq. (6.97a), i.e. |w|™"%(w) o< |@]?2" (or equivalently

w2 (W) oc [@]2T37). The large-|@| (QCP) behaviour is also shown. As mentioned
+

o, on each side of the Fermi level.

above, the curves reach different plateau values, «
The inset shows the spectral scaling function, |@|¥ g (@) = 7|w|"D(w), plotted as a
function of @ over the whole range. For low-w the function vanishes as 7|w|"D(w)
|0]?", with the behaviour of eq. (6.90). For large-|@|, the function reaches a plateau
value with the form of eq. (6.99). The inset of the figure is the FLEX analogue
of the exact NRG calculations for |©|¥gc(w) shown on the LHS of Fig. 4.14. On
comparison of the two, it may be seen that FLEX gets both the low-& and high-©

behaviour qualitatively correct.

6.10 Local moment phase for general particle-hole asymmetry

6.10.1 Low-w scaling behaviour

The low-& results for the LM TSE scaling functions of Section 6.8.2 (egs. (6.72-
6.77)) hold generally in a LM phase away from ph symmetry. For z # 0, the
renormalized level ratio, 7, given by eq. (4.22), is generically non-zero. Hence, by
using D(w) = £[Dat(w) + D4y (w)] and combining the broken-symmetry spectral
functions of eq. (6.72), it is readily shown that the LM spectral scaling function has

the low-w form

- . om0 [L+ak] _
Ul (@) = wirD(w) “< %M . (6.106)
[y — ;]
The low-w SSE scaling function is then obtained by inserting eq. (6.77a) into eq. (3.30).
Some straightforward, if lengthy algebra shows that the SSE has the general scaling

form
wlzg 27 (W) Y20 (o (6.1072)
with leading coefficient given by
ag = S [1+ (b7 +07)] + 2oy — b7 + 5 (b + b)), (6.107b)

Furthermore, away from ph symmetry the FLEX coefficients bT_ and bf are distinct
given via eq. (6.78) (whilst b?, b, = 0). On insertion of these forms into eq. (6.107b)
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it follows that

“©O2FAP 2y 2
17 b
_ 72[1 + 2], (6.108)

and therefore a = a, = a,. The coefficient is independent of sgn(w), indicating
an emergent ph symmetry in the LM phase within FLEX. As a consequence, the
precise form of eq. (6.106) is the same as the exact behaviour of eq. (4.31b), showing
that the correct low-& asymptotics in a LM phase are captured within the FLEX

approximation.?®

6.10.2 Numerical implementation and algorithm

In the LM phase for x # 0, implementation of the FLEX algorithm becomes much
more challenging by virtue of the fact that there are no explicit symmetries of the
propagators that allow the algorithm explained in Section 6.3.3 to be simplified.

Once again, as for the ph symmetric case of Section 6.8, we iterate such that
there is a w = 07 pole in ImHZZ (w), with weight, Q. We use the same technique
to ‘pin’ the pole to the Fermi level, varying |uo| # |fi| at each iteration, such that
URe’TIH 7 (0) = 1 is satisfied to high numerical accuracy. The TSEs, ¥ 4,(w), are
then calculated in the same way as before, explicitly including the contribution from
the pole in ImIT} (w) (eq. (6.63b)). Generally, the LM phase renormalized levels,
€ty €4y are given by

£h0(@) = 2+ Y[ — 1] — o o] + £, (w = 0). (6.109)

Since each level is distinct, we must calculate both explicitly at each iteration (with

the local charge, n given by eq. (5.3a)).

6.10.3 Numerical results

Using the FLEX algorithm as detailed above, it is possible to obtain converged LM
solutions for Gaq(w), with a pair of (sign-definite) renormalized levels (% < 0,
€% 1> 0). However, as we explain below, in contrast to the results at ph symmetry,
we find that the local moment || (and |f|) does not vanish at the U.(r, z), where
the scale, w,;, = wx, vanishes coming from the ASC phase.

Specifically, it is possible to obtain converged LM solutions far from the transition
where the scale w, is large (such that |1 — U/U.| > 1), and the local charge n is
close to unity. We then use a converged FLEX propagator, G 4,(w), as the ‘seed’

25The precise values that v and b take are determined self-consistently at the FLEX level of
approximation.
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solution for a slightly smaller value of the scale, w,. In this way it is possible to
obtain convergence as the scale is progressively lowered as U.(r, z) is approached.?

Fig. 6.24 shows the scale, w,, coming from both phases for z = 0 and = —1.%7
In the ph symmetric case, numerically we achieve values of the scale down to w, ~
10718 (where |¢¥| ~ 10~7). The figure shows that the scales vanish at precisely the
same U = U.(r,x = 0) coming from both sides. By contrast, in the asymmetric case
we achieve convergence for scales down to w, ~ 1071, The figure shows that it is
possible to obtain LM solutions for U < U.(r,z) (where U.(r,z) is defined as the
point at which the ASC phase scale vanishes). Furthermore, the inset of Fig. 6.24
shows the converged local moments, || and |up| as a function of U/7. Whilst at
ph symmetry, both || and |uo| vanish as U — U[ (r), for # = —1 we find that the

moments are still large and finite, even when the scale is tiny - wy ~ 10710,

Figure 6.24: The low-energy scale, w, is plotted versus U/ coming from both phases for 2 =
0 and & = —1, each for r = 0.35. In the LM phase the scale is given by w, = %|5AT —5A¢|1/T,
whereas in the SC (both SSC and ASC) phase w, = wy,. The inset shows the local moments,
|ft] and |po| plotted versus U/m for the same parameters. The local moment, |fi|, is plotted
with a blue line for = 0 and a violet line for x = —1. The moment, |uo| is plotted with a
red line for z = 0 and a black line for v = —1.

The added complexity comes from having to explicitly calculate the local charge,
n, via eq. (5.3a) at every iteration. This, together with the already crude approxi-
mation of replacing |i| by |po| in €% (h), makes describing the QCP unfeasible within
the self-consistent algorithm. It may be possible to introduce another parameter,

7o, replacing 7 in eq. (6.109). Both |uo| and 79 could then be varied in such a way

26Care must be taken to ensure that the signs of the renormalized levels do not change at any
point of the numerical process, if they do then the algorithm quickly becomes unstable.

2"In this figure for simplicity we choose to only include the transverse spin channel diagrams in
the approximation to the dynamical self-energy, such that %4, (w) = 5 (w).
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0.8

0.2

Figure 6.25: Asymmetric LM phase: |w|"mD(w) versus w for r = 0.35, x = =5, U/m = 10.
NRG is shown in red, FLEX is shown in blue, UHF is shown in black. Deep in the LM
phase (FLEX |fi| ~ 0.84). The inset shows same data on a log:log plot (for w > 0) to show
the low-w behaviour.

so that the condition UReHXZ(O) = 1 is met. However, we do not consider this
approximation any further here.

As alluded to above, away from ph symmetry it is known that charge fluctuations
become more important to the underlying physics of the Anderson model [2]. Since
FLEX breaks down in describing the transition coherently from both phases, we
argue that more diagrams are needed in the approximation to the skeleton expansion
to capture the correct underlying behaviour.

In contrast to the limiting behaviour as the QCP is approached, deep in the
LM phase, where |1 — U/U.| > 1, the local charge i approaches unity, and stable
LM solutions may be obtained with |ug| # |f|. Fig. 6.25 shows, 7|w|"D(w) versus
w for a typical r and x < 0. First-order mean-field theory is shown, together with
results from FLEX and NRG. The figure shows that FLEX does remarkably well
in this large U limit - the spectra on large energy scales look very similar to the
corresponding NRG data. FLEX does much better at capturing the broadening of
the Hubbard satellite peaks (occurring at w ~ ¢ and w ~ ¢ + U) than the first-order
approximation. The inset shows the low-w behaviour of the same data on a log:log
plot, showing that the FLEX-|w|" dependence (given via eq. (6.106)), and the NRG

curve are very similar.

6.11 Finite field effects

We now discuss briefly the case where there is a local field, h, on the impurity level
within FLEX. We refer back to the exact finite-field results of Section 4.10 at various
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points in the discussion.

At finite-field the renormalized level becomes?®

ex(h) =e—oh+ Y%n(h) — omo(h)] + ZF(w = 0; ), (6.110)
where mg(h) = m(h) + [|uo| — |2]], and we also add an explicit Zeeman term, —oh.
The local magnetization, m(h), and charge, n(h), are defined via egs. (3.3a-3.3b)
respectively. The quantity mg(h) is chosen in this way such that the zero-field limit
in the LM phase is captured correctly within the approximation as h — 0T, and
limy, o+ [mo(h)] = |uo|. For U > U.(r), as h — 07, the renormalized levels vanish to
give, ex(h) — €% (0), and URelI*~(0,h — 07) — 1. By contrast, for U < U.(r), as
h — 0", e%(h) — £*(0), i.e. the level is spin independent with mg(h = 0) = |ug| = 0.

(e

Figure 6.26: The transverse spin polarization propagator, ImII*~ (w, h), plotted versus w
(with both on log-scales) for different local fields with » = 0.35, U/m = 0.5 and = = 0.
Results are plotted from left to right for A = 0, 1076, 1074, 1072, 1072, 10~'. The inset
shows the Kondo scale, w,, = w, (here w,, ~ 10~%), defined as the position of the peak
maximum in ImITT~ (w, h), versus h.

In agreement with the exact results of Section 4.10, within FLEX we find that
for any finite h, the local magnetization, m(h) (and also, mg(h)), is non-zero for
any U. In a zero-field SC (either SSC or ASC) phase, where |uo| = || = 0, the
effect of a finite local field, h, is to break the spin symmetry of the propagators.
The finite-w resonance located at w = wy, in ImIT*~ (w, h = 0) moves from wy,(h =
0) = wm(h = 0) + Bh, where 3 is a coefficient of O(1). This behaviour is shown
Fig. 6.26, where ImII™~ (w, h) is plotted versus w for a range of fields. At zero-field
ImIT™~ (w, h = 0) = ImII*# (w) = 2ImIT'(w) has the low-w behaviour of eq. (6.28a)
as indicated. By contrast for h > w,(h = 0), ImII*~ (w, h) o |w|**?" has the low-w

28 Any explicit A labeling may be dropped at finite field. For h > 0 and U > U.(r), ei(h) =
ao(|hl).
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behaviour of eq. (6.93) (with ¢* replaced by €% (h) in Aasc(r)). The inset shows the
scale, wy, (h) versus h, displaying the behaviour stated above.

Recall that in a LM phase, the effect of any finite infinitesimal field, h = 0%,
is to break the spin degeneracy of the A and B states. If h > 0, then the A state
is favoured, whereas if h < 0 then the B state is picked out. Within FLEX, the
effect of this is embodied in the fact that the ‘spin-flip’ pole located in ImII% " (w)
at the Fermi level, moves to finite-w for any finite h. The scale at which this occurs
is linear in the field, wy(h) o< Sh.

As a consequence of the fact that the degeneracy of the LM phase is lifted,
the QCP is strictly destroyed for any finite h. The QCP is characterized within
FLEX by a ‘dead’ w = 0 pole in ImIT}; (w), with vanishing renormalized levels,
e*(0) = €%,(0) = 0. Once again (as for the LM phase), on application of a field
we find that the pole moves to become a resonance at finite-w and the renormalized
levels, given via eq. (6.110) become finite and distinct. Thus, the physical picture
is that for any finite h, the system for all U is perturbatively connected to the

non-interacting limit. The propagators and self-energies have the self-consistent

low-w forms as described in Section 4.10, i.e. Dy(w,h) o |w|”, via eq. (4.99b), and
Yo (w, h) o |w|?T37, via eq. (4.99a).

Figure 6.27: LHS: The local magnetization, m(h), plotted versus U/z for different h, with
r = 0.35, x = 0. The black curve shows h = 0, the red curve shows h = 0.1, and the blue
curve shows h = 1. RHS: The renormalized levels, e, (h), are plotted versus U/w for the
same parameters (with e1(h) < 0 and €](h) = —€i(h) > 0).

The finite-h physics is embodied by the LHS of Fig. 6.27, which shows the local
magnetization, m(h), as a function of U for different local fields at ph symmetry.
For h = 0, the local order parameter, m(0) = |fi|, vanishes as U — U} (r). By
contrast, for A > 0, m(h) does not vanish for any U. The picture here is essentially
the same as that found from the exact numerical calculations of Fig. 4.25. Moreover,
the RHS of Fig. 6.27 shows the renormalized levels, ¢ (h) as a function of U. At
h =0, both levels €% (h = 0") = &% _(0) vanish as U — U (r). By contrast, for any
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finite-field, the levels are finite (and of opposite sign for x = 0) for all finite h.

Away from ph symmetry, as explained in Section 4.10, the renormalized levels,

*
ag

e¥(h), are not in general sign-definite. In consequence, one of them may cross the
Fermi level at a finite (h,U). This leads to a simple level crossing transition as
discussed extensively in text leading to eq. (4.100). However, for reasons of space

we do not focus on this point any further here.

6.12 Excess quantities

As stated above, FLEX is a conserving approximation [66,67], with the self-energy
in each phase being obtained as a functional derivative of the Luttinger-Ward func-
tional, @1 with respect to the appropriate propagator in each phase. Since the
self-energies are obtained in this way, the general arguments for the vanishing of the
Luttinger integrals, I, for U < U.(r) given by eq. (3.50), and Iy, for U > U.(r),
given by eq. (3.55), hold at the FLEX level of approximation.

We have explicitly calculated each of the Luttinger integrals from the FLEX
converged propagators and self-energies. We can confirm that in both (zero-field)
cases the Luttinger integrals, I1,_(0), I1,, (0), vanish as expected.? By contrast, in
the LM phase at zero-field where ¥, (w) and ¥ 4, (w) are in general distinct, we have
also explicitly calculated the Luttinger integral (in terms of the SSE), eq. (3.75),
finding

IL(h =0) = T sgn(x), (6.111)

which has the same form as found from the exact phase-shift arguments of Section
4.4 via eq. (4.17).

The excess charges, Nimp:o(h) and Nimp; 4+ (||), may also be determined in each
phase from an integral over the appropriate excess density of states via eq. (3.38).
On numerical calculation of these quantities we find that all results are consistent
with the exact relations of the Friedel sum rules for both U > U,.(r) and U < U,(r)
given by eqgs. (4.7-4.8). The zero-field phase diagram, Fig. 6.21, shows the calculated
values of nimp(0) for the different phases as a function of x. The picture here is

essentially the same as that obtained from NRG in Fig. 4.4.

6.13 Concluding remarks

In this chapter we have used local broken-symmetry propagators, G, (w), within
the FLEX [69-72] (conserving) approximation to investigate the distinct phases of
the PAIM, and the QCP between them.

29The finite-field Luttinger integral, I, (h), is also found to vanish in all cases.
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The two different phases of the model and scaling behaviour near the QCP were
examined both at particle-hole symmetry and more general x # 0 case. Analytical
results were obtained for the scaling behaviour of the propagators and self-energies
in each phase. We find that the non-trivial interacting nature of the QCP is captured
within FLEX by an w = 0 ‘dead’ pole in the polarization propagator, ImIT} ; (w).
Moreover, infinite-order Luttinger self-consistency arguments also suggest that the
same propagator has a pole at w = 07 in the doubly degenerate LM phase, but with
a finite weight, (). This form of Luttinger self-consistency, distinct from the order
by order analysis of Section 4.6, predicts the low-w behaviour of the zero-field TSEs,
known from the NRG results of Fig. 4.26 (% (w) o [w|").

Numerically, we were able to model the QCP with self-consistent solutions com-
ing from both phases at ph symmetry (with a small modification to the static part of
the self-energy in the LM phase). In contrast, away from ph symmetry for the more
general x # 0 model, the FLEX algorithm is more challenging to implement. We
were successful in describing the ASC phase as the QCP is approached from below.
However, whilst it was possible to obtain LM solutions away from ph symmetry,
describing the QCP coming from this phase was found to be beyond the scope of
the approximation.

Finally, we note that in consequence of the conserving nature of the approxi-
mation, the Friedel sum rules of egs. (4.7-4.8), together with the general results of

Section 3.4 for the vanishing of the Luttinger integrals, holds in both phases.
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CHAPTER 7

Spin susceptibilities

In this chapter we study the exact low-temperature behaviour of a range of different
static spin susceptibilities. As discussed previously in Chapter 3, in a LM phase
the T'— 0 and h — 0% limits do not commute. As a consequence, we consider the

distinct susceptibilities that arise in each unique case.

The chapter begins with a discussion of the local static susceptibility, xs, pre-
cisely at T' = 0, as the local field h — 0%. By writing the local magnetization, m(h),
in terms of the impurity Green function and expressing the local self-energy in terms
of a functional of the propagators (via the skeleton expansion), we derive an ezract
result for the form of x s as the QCP is approached from both the LM and SC phases.
In consequence, we then determine the condition for the quantum phase transition,
once again using the fact that the self-energy is a functional of the propagators, to
show that y, diverges as the QCP is approached as U — U*. Subsequently, we use
the NRG to numerically confirm the exact analytic results derived for the form of s,
and find that both are in remarkable agreement. Before proceeding, in analogy with
the exact results determined for ys, we consider the zero temperature local charge
susceptibility, x., deriving a similar exact form to xs. Moreover, we find that our
analytic results for both ys and x., agree perfectly with the numerical calculations

of ref [42] for the pseudogap Anderson model away from particle-hole symmetry.

In the second half of this chapter we consider taking the (non-commuting) limits
h — 0%, T — 0 the opposite way around, such that we allow the field to vanish
at finite temperature before letting 7" — 0. This is the more conventional limiting
process that has been more extensively examined in the literature for the pseudo-
gap Anderson model [37,43,46,49] and other impurity models with quantum phase
transitions between LM and SC [54,55,57]. Firstly, we consider the susceptibilities
in response to a global field applied to both the impurity level and conduction band
states, before proceeding to the more subtle case where a field is applied locally solely

to the impurity level. We use physical arguments based on the nature of the doubly
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degenerate local moment ground-state to determine the low-T" forms of both the
global susceptibility in response to a global field, x4 (1), and also the local suscep-
tibility in response to a global field, xy 10c(7"). In addition, from a detailed analysis
of the Lehmann (spectral) representation of the general dynamic local susceptibility,
Xloc,loc(iw), we develop a microscopic argument to determine the known [37,47,48]
form of the local static susceptibility, Xiocioc(7). We then explain how each of the
susceptibilities may be calculated from NRG [110].

We conclude the chapter by considering the excess susceptibility, Ximp(T"), de-
fined as the spin susceptibility of the whole system (with the impurity present) minus
the contribution of the free conduction band (when the impurity is absent). From
analytic arguments, we derive the LM phase result, lim7_0 Ximp(7") — %, i.e. that
the susceptibility has the full free-spin Curie law behaviour, previously known from
NRG calculations [43] for the PAIM.

Before we proceed to the analysis detailed above, we briefly consider the nature
of the two distinct non-commuting limiting processes that arise when the ground-
state of a system is a doubly degenerate LM phase. Fig. 7.1 shows the two scenarios:
The left panel shows the behaviour of the local magnetization, m(h), identically at
zero temperature, as h — 0. In this thesis so far, this is the case that has been
largely considered, with the limiting value of the local magnetization, m(h = 0%) =
+|@|. By contrast, the right panel shows the case where the limits are taken in
the opposite order. The local magnetization, m(h), is continuous across h = 0 in
this instance, vanishing as h — 0%. In both limiting processes, the magnetization
precisely at zero field is zero, m(h = 0) = 0. In the former case, this distinct point
is accessed discontinuously as a function of field; and as discussed in Chapter 3, a
TSE description is necessary to determine the underlying behaviour. In the latter
case by contrast, for any finite temperature the degeneracy of the LM ground-state

is destroyed, and m(h = 0) = 0 is continuously accessed as T' — 0.

7.1 Local moment phase: susceptibilities at zero temperature

7.1.1 Spin susceptibility and local moment formation

As in the rest of this thesis, we consider a general impurity model with a phase
transition between a SC and a LM phase. Although, we naturally have in mind the
pseudogap AIM, essentially there is nothing specific to that particular case in the
proceeding analysis.

In this section, we consider the impurity static spin susceptibility, in response
to a magnetic field, h = %g,uBB applied locally to the impurity level (and not to
the conduction band). In recognition that the results of this chapter are for general

finite field, we drop any explicit ‘A’ (or ‘B’) labeling in the propagators, i.e. for



7. Spin susceptibilities 209

m(h) ‘A’-type

lim lim [m(h)]

lim lim lim lim [m(h)]

T—0h—0

<— -l

Figure 7.1: Schematic showing the difference in taking the two non-commuting limits in
a degenerate local moment phase. The local magnetization, m(h) = —m(—h) = 2(3,), is
shown versus a local field, h. The left panel shows the limjy_ o limy_,o[m(h)], whereas the
right panel shows limp,_,o limr_o[m(h)]. The associated susceptibilities are given by the
gradients of the dashed lines.

U>U. (Gs(w,h) = Gas(w, |h|) for h > 0 and G,(w, h) = Gps(w,—|h|) for h < 0.

The local magnetization, m(h), is given at zero-temperature by (c.f. eq. (3.1a))

m(h):/“ dwo[ Dy (w, h) — Dy (o, )] (7.1a)

—00

_ —%Im / " awY eGrw) (7.1b)

1 [ ; + .

=5 . dweliwt1)0 ZU:O'GU(%J). (7.1c)
Here G7(w) is the retarded propagator; whilst G, (iw) is the Matsubara imaginary-
time (zero-temperature) Green function obtained via the analytic continuation, w+
in — iw + p [62].1 There is no restriction to either zero-field phase; the system
could be in either the SC or LM phases in the following analysis. For h # 0 the

pristine QCP is destroyed and the system is strictly a Fermi liquid for all finite-h
(see Fig. 1.4).

The local Matsubara Green function for the single-impurity Anderson model is

given by
Go(iw) = [iw 4+ p+ oh — e — T(iw) — B, (iw)] 7, (7.2)

where since we consider a magnetic field applied purely locally, the hybridization

function, I'(iw) is independent of h. With this in mind, together with sgn(h) =

Tt is convenient to use the Matsubara propagator, G (iw), in the following argument. We also
explicitly include the chemical potential, u, in the propagator so that we may consider the local
charge susceptibility, x. = %On/au in Section 7.1.3.
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sgn(m(h)) (eq. (3.5)), we define the local static spin susceptibility specifically as

Xo = <a§§;>>h0 N ;<a7g}(Lh))h07 (73)

where the % accounts for the fact that, as defined above, the high field limit of |m(h)]
is 1 rather than a 3 (and we set gup = 1).

Before we proceed we make some comments about the precise nature of s,
particularly in the LM phase (where U > U,). As stated in Section 3.1, the magne-
tization in either phase is odd in the field, i.e. m(h) = —m(—h). In the SC phase
the zero-field magnetization simply vanishes, m(h — 0%) = 0. By contrast, in the
LM phase, m(h) is discontinuous across h = 0, as illustrated on the LHS of Fig. 7.1.

We remind the reader that as h — 07, m(0") = +|| (what we call an ‘A type’
state), while as h — 07, m(07) = —|| (a ‘B type’ state). The magnetization as a
function of field is then given by

m(h) = |p|[0(h) — O(=h)] + dm(h), (7.4)
where dm(h) is given for h > 0 by
dm(h) =m(h) —m((0T)=m(h) —|a| : h>0 (7.5)

and dm(h) for h < 0 follows from dm(h) = —dm(—h). The overall ém(h) thus
corresponds to simply removing the full discontinuously from m(h), and as such is

continuous across h = 0.

The h-dependent spin susceptibility is given by inserting eq. (7.4) into eq. (7.3),
xs(h) = |alé(h) + %%&n(h). The delta-function pole piece does not of course
contribute to xs(h) as h — 0F; and therefore y,(h = 0%) = %(%(5m(h))h:0:t.

Hence, the overall susceptibility for h — 0 can be written as
Xs(h = 0) = |1|d(R) + xs(h = 0F) (7.6)

and is separable into two distinct contributions?. The first contribution is the J-
singularity (which is mirrored in the h = 0 (= T') dynamical spin susceptibility
containing an w = 0 pole in the LM phase as found by ref [37]), which is known
explicitly given the zero-field moment, |fi|. The non-trivial part of the full suscepti-

bility is thus xs(h = 0F). It is this quantity that we calculate explicitly in the LM

2This form is analogous to case of a free spin where || = 1 and xs(h = 0) = 0. We refer the
reader to Appendix E for further details.
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phase; for brevity we denote it simply by s, so that in the following we denote

Xs = ;(W)hzoi. (7.7)

From a physical point of view, and in keeping with the arguments of Chapter 3, what
we are calculating is clear. Applying a small field in an arbitrary direction, ‘picks out’
one component of the h = 0 LM ground-state. The ‘A state’ is picked out if we choose
h > 0, or the equivalently the ‘B state’ if h < 0 is chosen. We may then calculate
the h — 07 local spin susceptibility of the system with G,(w,h) = Gas(w, |h|)
‘A’ propagators in eq. (7.1) for m(h) (or equivalently G,(w,h) = Gpy(w, —|h|) for
h <0).

Before proceeding, we make an important comment about the SC phase. In a SC
phase, since there is no permanent local moment at zero-field, the issues considered
above (surrounding the order of limits) simply do not arise, and xs(h = 0) = xs(h =
0%). As we shall see, it is xs — as we have defined it, xs(h = 0%), in the LM phase
or xs(h = 0) in the SC phase, which diverges as the QCP is approached from either
side of the transition, U — UZ.

Our natural focus is on the magnetization, m(h), as given by eq. (7.1). However,
in order to obtain it, we also consider the local impurity charge, n(h), given by
eq. (3.1b), shown to be even in the field via eq. (3.7b) and continuous across h = 0.3
More precisely, we need to consider the zero-field value of the susceptibility x.(h) =
%(agglh)) (which should not be confused with the charge susceptibility - given by

Xce X On/Ou, which we also discuss below). In the following we explicitly consider

the case where

X, =x.(h=0) = ;(ag(hh))h:(] —0. (7.8)

This condition holds at ph symmetry in both phases where the local charge, n(h) =1,
for all h. Furthermore, it may be shown by the symmetries of the propagators that
it also holds away from ph symmetry in the SC (ASC) phase. For general 2 = ¢+ %
in the LM phase, a lengthy calculation shows that whilst eq. (7.8) does not hold,

the essential result of this section, eq. (7.23), has precisely the same form.
To proceed, we may write the local o-spin charge in the following form, n,(h) =
(o) = 2(fy + 7y +o(y —7y)) = 2[n(h) +om(h)]. From this it follows simply from

egs. (7.7-7.8) that the spin-suceptibility may be recast as

Xs =0 <a”5]§h) ) . (7.9)

3For the PAIM, the local charge, n(0) is shown on the RHS of Fig. 4.3 as a function of U as the
QCP is traversed.
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where we have used 0? = 1. Furthermore, the local o-spin charge, n,(h), may be
written as an integral over the Matsubara propagator (obtained from the analytic

continuation, w + in — iw + p from eq. (3.2)), given by

ng(h) = / %‘;’e(ww(’* Gy (iw). (7.10)

—0o0
Thus, the spin-susceptibility, xs, can either be obtained directly from egs. (7.1, 7.7),
or alternatively via egs. (7.9-7.10). For convenience we choose the latter in the
following analysis. From now on, §/0h implicitly means evaluated at h = 0%, we
just will not write it explicitly for reasons of brevity. On differentiation of eq. (7.2)

with respect to the field we simply obtain

OGy (iw)

i (7.11)

— oGP (iw) [1 - aaza(i‘”)]

oh |
Therefore, by differentiating eq. (7.10) and inserting the form of eq. (7.11), s follows

as

dw . + . 8EU(iw)
_ S (iw+p)0 2 Yo\
Xs = / 9 € Gg(zw) [1 g 3 } (7.12)

—00

where we may simply drop the convergence factor, eliwtm0™ in the following. We

now decompose the skeleton expansion for the self-energy as
Yo (iw) = XM 4+ ¥ (iw), (7.13)

where Egl) denotes the purely static first-order UHF contribution (given by the
first-order bubble diagram shown in Fig. 3.4), and X/ (iw) refers to all dynamical
contributions as shown in Fig. 7.2. The first-order contribution is simply given from

eq. (4.40) by

2M = Uli_y) = Y[n(h) — om(h)]. (7.14)

b
z;fw - EUIW)_W@ = m+ﬁ>+]@+n-

Figure 7.2: X! (iw) expressed as a functional of the propagators, via the skeleton expansion.
The first-order bubble diagram is subtracted in the contribution to X/ (iw). All double lines
denote full interacting propagators as usual.
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Thus, differentiating the self-energy, eq. (7.13), then gives

oX(iw) 0 .y 0%, (iw)
OY! (iw)
— Uy, o\1) 1
Uxs +0—5, (7.15b)
where we have used eq. (7.8) in the second line. As a consequence, eq. (7.12) then
becomes
B *© dw %! (iw)
Xs = — /OO 5, Go G2 (iw) [(1 +Uxs) — aiah
) Xs [T dw 1 0! (iw)
e T Ux. /OO 5 Go G5 (iw) [1 - UXs)U o (7.16)

Dynamical self-energy

We now choose to focus explicitly on 9%/ (iw)/0h. As a consequence of the fact
that X/ (iw) is made up of all dynamical contributions to the skeleton expansion and
hence is a functional of the propagators, its derivative can be written via a chain

rule in terms of the functional derivative [111]

82’ (iw) dw’ 52’ (iw) 0Gy(iw')
Z/ o 3G, (i)  Oh (7.17)

We define the irreducible two-particle, four-point vertex function I/ , (iw, iw’) by

0%! (iw) 820 s

y P AN =
I (lw, ") = 0G o (iw') 0G4 (iw)dGy (i)

(7.18)

As discussed in Section 2.4.1, functional differentiation is equivalent to cutting a
single propagator line. The self-energy is given by the functional derivative of the
Luttinger-Ward functional, ¥/ (iw) = 6®’ ,,/0G, (iw), where @' ;, is made up of
all closed linked skeleton diagrams with the first-order term removed. I/ , (iw,iw’)
is thus constructed diagrammatically by cutting a further propagator line in all
skeleton diagrams for ¥/ (iw), or alternatively as the second-functional-derivative of
P (as indicated). We emphasize that I/, (iw,iw’) is not the same as the usual
‘full’ four-point vertex function, I, (iw, iw') = §¥, (iw)/0G, (iw') - defined in terms
of all diagrammatic contributions to the skeleton expansion, because the first-order
contribution to the self-energy is excluded in X/ (iw). We also note, that the function

satisfies the symmetry relation - I! ,(iw,iw’) = I!, (iw',iw).
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Hence, by inserting eq. (7.11) into eq. (7.17), and using eq. (7.15b), we obtain

/ / -
_082 iw) / (iw, iw' oo’ G2, (iw') [(1 +Uxs) — U/azf’a'l(zw)} 7

and therefore

-1 82’ (iw)
o
(1+Uxs)

_ /I’ iw, i)oo' G2, (zw)[l— L '623’(“")].

1+ UXSU oh
(7.19)

On iteration of this equation we obtain

(1 +_(1fxs) ZUU / (iw, iw') G2 (iw'), (7.20)

where the reducible vertex function I'!_, (iw,iw’) is obtained in terms of I , (iw, iw’)

via a Bethe-Salpeter equation [62,111]
dw//
T (i, i) = I (iw,iw') + Y / oo (iw, iw") G2 (1w )T (i i)
o—//
(7.21)

This equation is shown diagrammatically in Fig. 7.3. The vertex function, I'! , (iw, iw'’),
is reducible in the sense that it contains diagrams with two propagator lines, which

may be cut to yield contributions to I’ , (iw, iw’).

1

Uk P o UK ) o' gk o %0/
F/ _ ]/ n [/ F/ 4.
-7 Ny o7 N\ U% - l\j,
o

Figure 7.3: Diagrammatic form of the Bethe-Salpeter equation, eq. (7.21), for the reducible
vertex function, 'y, (iw, iw'), in terms of the irreducible vertex function, I, (iw,iw’).

Hence, by inserting eq. (7.20) into eq. (7.16) we obtain

s oo d d /
%st - /_ ~ Q—:Gg(iw) {1 + Zaa’ 2: ! liw, iw)G2 (i) | (7.22a)

= Offoo (7.22b)

with °TI°?, a static polarization bubble. By rearranging this equation, the static
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spin susceptibility can then be written in closed form via

01:[00

- 7.23
1 — UOTIo7 (7.23)

Xs
This result is entirely non-trivial, as it shows that the ezact spin susceptibility, s,
has a simple ‘RPA’-like form [62], and not just at the simple level of ‘mean-field plus
fluctuations’ (FLEX) that we studied in the previous chapter. We also note here
that if I, (iw,iw’) = 0, eq. (7.22) reduces to

OHO'O': _/00 &GQ

—00

(iw), (7.24)

which is the usual ‘bare’ polarization bubble encountered at the FLEX level of
approximation, where wverter correction terms are neglected in the approximation
to the self-energy.® It is also readily shown by analytic continuation (iw + p —
w + isgn(w)n) of the Matsubara Green functions to time-ordered functions that

> dw,

0177 = ReOTI? (@ — 0) = i / Gt ()2 (7.25)

oo 2T
i.e. UTI?7 is equivalent to the static polarization part used in FLEX, where G (w)
denotes the time-ordered Green function.

In deriving the key result, eq. (7.23), the central element has been the decom-
position of the self-energy into static plus dynamic contributions as in eq. (7.13),
and recognition that the exact static contribution 25}) contains the magnetization,
m = m(h), again. It is also physically rather natural, since the symmetry that is
broken in the LM phase (m(h = 0%) # 0) is explicitly contained in the static con-
tribution to the self-energy; and indeed is effectively accessible also in the SC phase
by applying the appropriate field (h in this case).

We make one final important point before proceeding. If we had not decom-
posed the self-energy into static plus dynamic contributions (in eq. (7.13)), and

then proceeded in direct parallel from eq. (7.12), we would simply yield the result

/

* dw 2,. / dw N2 (e
= — —_— 1 7]? / 7 2
e [ et oo [ Gt ie @], 029

—0o0

which is the analog of eq. (7.22). Ty (iw,iw’) is a reducible vertex function given

by the (usual) Bethe-Salpeter equation

d "
Fo‘o’ (Z.w7 iw/) - Io‘o’(iw7 Z‘w/) + Z / %IO'O" <iw7 iw//)Gg’” (iw”>ri)'”o" (iwﬂv iwl)'
o—//

“We emphasize that the propagators, G, (iw), are self-consistent at whatever level of approxi-
mation they are calculated.
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where I,/ (iw,iw’) is an irreducible vertex function obtained via the functional

derivative

Yo (iw) 2drw
8G o (i) 8G4(iw)dGyr(iw')

Lo (iw,iw') = (7.27)
In this equation both ®7y and ¥, (iw) contain all skeleton diagrams including the
static first-order bubble diagram.

In comparison to eq. (7.22), the result, eq. (7.26), is not terribly illuminating,
further accentuating the advantage of rewriting the self-energy in terms of its static

and dynamic parts.

7.1.2 Condition for the QCP

In this section we obtain a condition for the quantum phase transition coming from
the LM side of the transition where the order parameter, m(h = 07) = m4(0) = |,
(as shown via NRG calculations for the PAIM in Fig. 4.3) continuously vanishes as
U—=U;.

In the following it is convenient to define the quantity
y = 3Ulal, (7.28)

which must vanish at U = U, (where |i] — 0). Once again, by separating the self-
energy, X, (iw), into its static and dynamical components via eq. (7.13) and using

eq. (7.28), the static part is written in terms of y as

¥ = %n — oy. (7.29)

[

Inserting this form into eq. (7.2) for the propagator, we obtain
Goliw) = Jiw+p—e— (%n —oy) — D(iw) — %, (iw)] 7, (7.30)

where from now on we set the chemical potential, u = 0 for convenience. Eq. (7.1)
for m(h = 0%) = |i| = 2y/U then gives

2 © dw . ooh
vy ;U/_OO Tf:ewo Go(iw) = f(y; U). (7.31)

The function f(y;U) is odd in y, because from eq. (7.30) it may be easily shown
that G, (iw) = G, (iw,y) = G_4(iw, —y). Thus, on the natural assumption that as
U — UrF, f(y;U) vanishes linearly in y, the condition for the transition is

i () 03
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and hence 1 = FU(9f(y;U)/0y)y—o. The symmetry Go(iw,y) = G_,(iw, —y) can
be used to show that the local charge is even in y, i,e n(y) = n(—y). Here we
explicitly consider the case where (On/0y)y—o = 0. On differentiating egs. (7.30-
7.31) with respect to y we obtain

()5 o] o

where 0/0y means implicitly evaluated at y = 0 (and hence U = U,) from now on.
Once again, in analogy with eq. (7.17), as a consequence of the fact that ¥/ (iw) is
a functional of the propagators via the skeleton expansion, we may write the chain

rule

82’ (iw) dw’ (52’ (iw) 0Gy(iw')
Z/ on 5G] By (7.34)

Thus, proceeding in direct parallel with eqs. (7.17-7.20), we obtain

82:;(“”) _ / dw’ / N2 (e
—c—2—= —ZO’O‘ /%Faal(zw,zw )G (iw'), (7.35)

O./

where the reducible vertex function, I/, (iw, iw’) is defined as before, via the Bethe-

Salpeter equation, eq. (7.21). Inserting eq. (7.35) into eq. (7.33) we obtain

<6fy’> Z / —GQ (iw [1+ZUU Aty ot (iw, i) G2, (i)
(Ue)

= 2011”“ (7.36)
where we have used the definition eq. (7.22) in the second line. Thus, on comparison
of this equation with eq. (7.32), we obtain the condition for the quantum phase

transition coming from the doubly degenerate LM phase:

1= UL (U,). (7.37)

As a consequence, the denominator of eq. (7.23) vanishes at the transition as
U — UZF, and the spin susceptibility, y, diverges at the same point as the local
moment, |fi|, vanishes. From eq. (7.7), xs is positive for all U, hence we obtain the

condition
0 <UL (U) < 1, (7.38)

where the upper limit corresponds to the QCP where U = U,, and with y; finite
throughout the LM and SC phases. This is precisely the same (stability) condition,
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eq. (6.16¢), found within the FLEX approximation in Chapter 6 for the PAIM, but
with T177 (U) replaced by °TI7% (U).

NRG calculations for the PAIM

In order to confirm the analytic results above for the non-trivial local spin suscep-
tibility, xs = xs(h — 0%), we calculate it from NRG for the pseudogap AIM. We
now describe how we may calculate xs from NRG and provide numerical results for

both ph symmetry and for general z.

For a given calculation, we fix 7,U and T = 10~2° (such that we effectively take
the zero-temperature limit), and vary h, such that the ratio h/T > 1 (and thus we
consider the physical picture shown on the LHS of Fig. 7.1). For each value of h we

calculate the magnetization via eq. (7.1), i.e.

0

mih) =2(6) = [ dwlDy(e,h) - Dy, ) (7.39)
—0o0

with the operator, 5, = %[ﬁT — )] as usual. Once we have enough points, we may

then plot m(h) versus h for a fixed U, which allows us to fit a straight line to the

data in the limit that h — 0. The spin susceptibility can then be calculated via

(analogous to the method of ref [43])

xo(T = 0,h — 0%) = {am(h)

: m [m(h)] . (7.40)

oh ]h:oi =)

The whole process can be repeated for a fixed r, x and different U, such that we may
plot xs(T = 0,h — 0%) versus U as the transition is crossed. We have calculated
xs(T = 0,h — 0%) for r = 0.4 (such that r, < r < 1 and both distinct critical
points exist) for both ph symmetry, where the transition is governed by the SQCP,
and also for » = 0.4 for x = —5, where the transition is captured by the AQCP. We
find that in both cases xs(h — 0%) diverges at the transition as U — UF from both

sides of the transition, confirming the results of the previous section.

Fig. 7.4 shows xs(h — 0%F) for = 0, while Fig. 7.5 shows xs(h — 0F) for
x = —b. These results are consistent with the NRG calculations of ref [42], who
find a divergent spin susceptibility as U, is approached from the SC phase, but
also a divergent xs throughout the entire LM phase. The latter reflects the |i|d(h)
contribution to xs(7 = 0, h) (the first term in eq. (7.6)), whilst xs(h — 0%), eq. (7.7),
is finite throughout the LM phase, diverging only as U — U[ (as shown in Figs. (7.4-
7.5)).
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\ \ \ \ \
0 1] 2 3 4 5

U./w U/7T

Figure 7.4: NRG results for the PAIM: x4(h — 0F) is plotted versus U/ as the transition
(characterized by the SQCP) is crossed for r = 0.4, z = 0. The susceptibility is finite in both

phases, but diverges at U = U,(r). In this case U./m ~ 1.41. Data points are shown, the

lines are shown as a guide to the eye. The inset shows ys(h — 0%) plotted versus 2|U — U]

s

on a log:log plot for both phases (SC phase - with triangles, LM phase - with crosses). The
numerics suggest that ys(h — 0%) ~ Cu(r)|U — U7 arises in both phases with the
same exponent, y(r), but with different coefficients, Cy(r), & = SC or LM. In this case

y(r) =~ 3.4, Cra(r) = 260, Csc(r) = 2.5. The unit of energy is set to [Fé/(lﬂn)] =1

7.1.3 Local charge susceptibility

From direct NRG calculations for the PAIM explicitly away from ph symmetry, it
is found by Pixley et al. [42], that in addition to the local spin susceptibility, the
local charge susceptibility also diverges as the transition is approached from either
phase. We have also explicitly reproduced their calculations as shown in Fig. 7.6.
In this section we use similar arguments to those in Section 7.1.1 to derive an exact
form for the local charge susceptibility, x..

By analogy with eq. (7.6), we define the zero-temperature charge susceptibility
by

1/0n
XC =35\ 5 b 7.41
2 <6M)“0 ( )

where p is the chemical potential. Physically the system may be in either the SC or
LM phase at zero temperature and zero field®. The system may then be described

within a conventional SSE description and the local magnetization m = m(h = 0) =

SHere we take the limits A — 0% followed by T' — 0, such that the physical picture for m(h) is
that of the RHS of Fig. 7.1
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U./m U/’ﬂ'

Figure 7.5: NRG results for the pseudogap model: y,(h — 0F) is plotted versus U/ as the
transition (characterized by the AQCP) is crossed for r = 0.4, x = —5. The susceptibility is
finite in both phases, but diverges at U = U,(r). In this case U./m ~ 5.3. Data points are
shown, the lines are shown as a guide to the eye. The inset shows x,(h — 0%) plotted versus
%|U — U,| on a log:log plot for both phases (SC phase - with triangles, LM phase - with
crosses). The numerics suggest that x(h — 0F) ~ Co(r)|U — U.| =1 arises in both phases
with the same exponent, y(r), but with different coefficients, C, (1), & = SC or LM. In this
case y(r) ~ 2.1, Cpp(r) = 130, Csc(r) = 0.8. The unit of energy is set to [T/~ = 1.

0 in all cases. Once again, by writing n, = %[n + om] (with m = 0) the charge

susceptibility is simply

Xe = <%7L">7 (7.42)

where all derivatives are evaluated at u = 0 (but we remove the explicit dependence
for reasons of brevity). We also make the point that results of this section hold
exclusively away from ph symmetry (where z # 0). At the ph symmetric point, the
local charge, n = 1, for all U, and hence from eq. (7.41), x. vanishes in this case.

Thus, proceeding in direct parallel with eqs. (7.11-7.15b), recognizing that

0% (iw) 0%, (iw)
————2 =Uxe+ —2—, 7.43
o Xet =5 (7.43)
where ¥, (iw) = Yn + ¥/ (iw), we obtain

1+Uxe /_oo o o (i) [1 (1+Uxe) Op (7.44)
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Once again, in analogy with eq. (7.17), since X/ (iw) is a functional of the propagators

via the skeleton expansion, we may write the chain rule

62’ (iw) dw’ 52’ (iw) 0Gy(iw')
Z/ R M) (7.45)

From this equation we may proceed in direct parallel with eqgs. (7.17-7.21) to obtain

the relation

1—XICJ><CZ_/_ iGz (i [1+Z/T (i, i )G2 (iw')|  (7.46a)

= 1197 (U), (7.46Db)
the charge susceptibility analog of eq. (7.22), and hence

01177 (U)

M (7.47)
1 + UOTIgo (U)

Xec =
We obtain the exact form for the charge susceptibility, x.. In order for the charge
susceptibility to diverge at the transition (as found by ref [42] and shown in Fig. 7.6),

the denominator of this expression must vanish at U = U,, and hence
U LTI (U,) = —1, (7.48)

which along with eq. (7.37), provides another condition for the quantum phase tran-
sition. On comparison of eq. (7.22) with eq. (7.46), we may write UIIZ% in terms
of UTI??. We obtain

Uoﬁga = U7 — U/ stQ (iw) [ 1 — oo’ /F (tw, iw )G2 (iw’ )]
oo 2m
_ Ofiee _ 2U< / ;1“’(;2 (zw)[ ‘;“’ (iw, i )G ”W)D' (7.49)
Coo 27

At the transition in order for both eq. (7.37) and eq. (7.48) to be satisfied such
that both spin and charge susceptibilities diverge, the term in curved brackets in
eq. (7.49) must go to 1. As a consequence, in order for . to diverge at U, (and for the
correct underlying physics to be captured), vertex function terms must be included
in any approximation. If vertex terms are neglected, i.e. if I/ ,(iw,iw’) = 0, then

Oﬁg simply reduces to

> d
OHga _ _/ 7WG2 (zw) OHO'O' — ReOHoU(w — 0) (750)

oo 2m

which is the object considered at the simple level of FLEX in Chapter 6. Hence,
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we conclude that at the FLEX level of approximation it is impossible for both
U%TI?¢ =1 and U2TIZ? = —1 simultaneously. As discussed in the previous chapter,
FLEX does predict the former condition, arising from the singular behaviour in the
ph/bubble channels as U — U,(r). However, FLEX fails to capture any singular
behaviour arising as a consequence of charge fluctuations. This may be a reason
that the numerical calculations of section 6.10 for ph asymmetry in the LM phase
fail to capture the QCP.

4
10 ‘ \
101 T T T
10° P Rt —
L AR 4 i
2 10 . A%&x’%‘.?ft
107~ x ]
2 [ [ |4 2% ]
10
10° 10t 107 10°
,THU * Uc‘

|
0 0.2 0.4 0.6 T 0.8 1
U/?T U./w

Figure 7.6: NRG results for the pseudogap model. The local charge susceptibility, x., is
plotted versus U/m as the transition (characterized by the AQCP) is crossed for r = 0.6,
e/D = —0.05 (reproduced for the same parameters as ref [42]). The susceptibility is finite in
both phases, but diverges at U = U,(r). In this case U./m ~ 0.643. Data points are shown,
the lines are shown as a guide to the eye. The inset shows x. plotted versus %|U —U,| on
a log-log plot (SC phase - with triangles, LM phase - with crosses). The numerics suggest
that x. ~ Cu(r)/7|U — U.|~1#("] arises in both phases with the same exponent, y(r), but
with different coefficients, Cy (1), @« = SC or LM. In this case y(r) ~ 0.25, CLp (1) = 0.052,

Csc(r) = 0.079. The unit of energy is set to [F(l)/(lﬂ)] =1.

7.2 Local moment phase susceptibilities: h =0, T"— 0

In this section we pursue the 7' — 0, h = 0 limit as shown on the right panel of

Fig. 7.1. To proceed, we write the model Hamiltonian in the form
H= ffo + ﬁﬁeld, (7.51)

where Hy is the zero-field single-impurity Anderson model Hamiltonian given by
eq. (1.1). The field part of the Hamiltonian, with a magnetic field h = % gupB acts
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globally (both on the impurity level and conduction band states), is given by
ﬁﬁeld = - QhSZ = —2h (éz + Z =§kz> th= hu, (752)
k

such that S, (S’Z is the overall spin z-component in the system) is given by S, =
(8,43 k 8kz)- The local and conduction band operators are given by s, = 1 3 o,
and sy = %Z » 0Nk respectively. We denote ghath — > Kk Skz. Alternatively, a field

z

may be applied locally solely to the impurity level. In this case ﬁﬁeld becomes
ﬁﬁeld = — 2h§z ch= hloc- (7.53)

With the forms of eqgs. (7.52-7.53) we can separately treat the two distinct cases.

The expectation value of any arbitrary operator, X , at finite temperature is

given simply by the thermal average

(X) = %Tr[j(e(—ﬁfl)] - %Tr[Xe(_ﬁ[ﬁ0+ﬁﬁeld])] (7.54)

where Z = Tre(=#H) is the partition function and Tr = ), (n|...|n), with |n) =
|¥,,), the nth excited state of the many-body system, and 5 = 1/T (such that
kg =1).

7.2.1 Global uniform field

Firstly, we consider a global field, h = h,, that acts on both the impurity level
and also the conduction band states. As a consequence of the fact that the overall
z-component of spin, 5}, commutes with the overall Hamiltonian, on differentiating
eq. (7.54), with respect to a global field, h = hy,, it is trivially shown that

9(X) - Ve

o = 2B[(X S,y — (S)(X)]. (7.55)
where the derivative is evaluated at h = 0 (as are all derivatives in the following
discussion, but we drop the explicit labelling). Thus, we may define three distinct

spin-susceptibilities in response to a global field, given by

Xuu(T) = =522 = 28[{87) — (5,)°] (7.56a)
Xutoe) = 29— 5515, — (3,180, (7.560)
a<§bath>

Xupatn(T) = =5 = 2B[(5""8,) — (3,"")(S,)]. (7.56c)
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The first equation gives a global response, the second gives a local (impurity) re-
sponse, and the third is a conduction band response, all to a global magnetic field,
h = hy,

In any phase of the model, identically at zero-field, and at zero-temperature
there is no overall magnetic moment in the system. In other words, the expectation
value of the z-component of the total spin is zero, i.e. (SZ) = 0. As a consequence,
the second terms in egs. (7.56a-7.56¢) vanish. Furthermore, by inserting eq. (7.52)
in eq. (7.56a), we may express the ‘global-global’ susceptibility, xu,.(T"), in terms of

the other two, i.e.

Xuu(T) = Xutoo(T) + Xupatn(T) = 28(S7) = 2B(3,5,) + (3,7"5,)]. (7.57)

We will explicitly make use of this expression in due course, although for now we

focus specifically on xy, (7).

In any SC phase, the spin degree of freedom on the impurity is screened by
the delocalized electrons of the conduction band. As a consequence, the many-body
ground-state is a non-magnetic global singlet state, with no excess spin in the system.

Thus, at 7' = 0, when the operator S, acts on the ground-state we simply obtain
S,|0) =0, (7.58)

where |0) denotes |¥y), the zero-temperature ground-state of the entire system.
From eq. (7.57) as T — 0, we obtain T, (T) = 2(S2) = 0.

By contrast, in a LM phase the ground-state precisely at zero-temperature is
doubly degenerate. The system has equal probability of being in either one of two

states:
|()> = |A> or = |B> with F4 = Ep = Ey, (7-59)

where F4 and Ep are the energies of the ‘A’ and ‘B’ states respectively. As previ-
ously discussed, applying an infinitesimal field, h = 0%, ‘picks out’ either the A or
B components of the zero-field ground-state. However, in this present argument we
consider the case where the field is identically zero, such that the A and B states are

strictly degenerate in energy. From eq. (7.56a), in the 7" — 0 limit, we may write

2 B 23 e AlEn=Eol(n|§2|n) 10 2 .
Txu,u(T):ETr<n|e BHSz2|n>: an eﬁ[En<EO|] il ~ %Z<O‘|Sz2|a>

o

(7.60)

where gg is the T' = 0 ground-state degeneracy, and « runs over the degenerate states
of the ground-state. In a doubly-degenerate LM phase, g9 = 2, and o € {A, B}. Eq.
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(7.60) then reduces to

T—0 A A
Tyxuu(T) "~ (A|S7|A) + (B|S2|B). (7.61)
As discussed in Chapter 3, in a LM phase there is an unquenched SU(2) spin degree
of freedom in the entire system at zero-temperature. As a consequence, each of the

degenerate A or B states, are eigenstates of the overall S, operator (with eigenvalues

+3), ie.
S,|A) = 314), (7.62a)
S,|B) = —1|B). (7.62b)

Therefore, by inserting eqs. (7.62a-7.62b) into eq. (7.60) we simply obtain

lim X (T) = 2(S7) = 1, (7.63)

T—0

D=

which exhibits the ‘full’ free spin—% Curie law behaviour.5

Equivalently, by a similar argument we may write, the ‘mixed’ susceptibility,

Xu,loc(T), given by eq. (7.56b), at zero-temperature as

L ) . .
TXujioc(T) = Tr%(n[efﬁHézSAn) =20 2 [<A\§ZSZ]A> + <B|§ZSZ\B>]. (7.64a)
g0

Allowing S, to act on the ground-states, we are then left with

1, .. 1,
TXutoe(T) '’ [2<Aysz\A> ~ 2(B\SZ|B>} . (7.64b)

The purely local magnetization, m(h), is defined by m(h) = 2(3,). For the A
and B states, as discussed in Section 3.1, m4(0) = m(h — 07) = +|i|, whereas
mp(0) = m(h — 07) = —|f|. Thus, the matrix elements of the local-spin operator,

§,, are given by’

(Al5,]4) = +35lal, (7.65a)
(Bl3,|B) = —3lal, (7.65b)

In light of this, inserting eqs. (7.65a-7.65b) into eq. (7.64b), we may write T"xy, 1oc(T")

as

T—0

Txutoce(T) "~ [+ 3lal = (=) 3lAl] = 5lal- (7.66)

N[

5The very simple case of a free-spin is analysed in Appendix E.
"Since the lqcal operator, §,, does not commute with H, the A and B states are not eigenstates,
as they are of §,.
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In consequence, the ‘mixed’ susceptibility, T'Xy,10c(T), at zero-temperature is propor-
tional to the local order parameter, |fi|. Moreover, whilst TXy, joc(T = 0) vanishes in
a SC phase, on crossing the transition into the LM phase, it evolves continuously as
U increases above U.. Hence, in the limit that U/U, — 00, T'Xy,10c(T" = 0) saturates

to the free-spin value of a %

7.2.2 Conduction band susceptibility

We now consider the conduction band susceptibility, T"xy path (1'), given by eq. (7.56¢).
By inserting egs. (7.63, 7.66) into eq. (7.57) we obtain
T—0 ~

TXupath(T) = TXuu(T) = Xutoc(T) ~ %[1 — |al] = %[MCB]’ (7.67)
where Mcop = [1 — |i|] is a moment that is delocalised across all of the conduction
band states. The physical picture is clear: On crossing U = U,, moving into the
local moment phase, a whole excess spin condenses in the system and the conduction
band acquires a fully saturated moment, i.e. Mcp changes discontinuously from 0
to 1. By contrast, the local moment, |z evolves continuously as U, is traversed. As
the system moves deeper into the LM phase, Mcop — 0, as the excess spin becomes

localized on the impurity level (the limit of a free-spin, completely decoupled from
the band).

7.3 Local field: Susceptibilities from correlation functions

So far we have considered a global field, h = h,, applied to the entire system.
Alternatively, we may like to consider the local susceptibility in response to a local
field, h = hj,c, applied solely on the impurity level. The situation here is not as
simple, as the local-operator §, does not commute with the overall Hamiltonian, H.
We cannot simply differentiate with respect to h as we did in going from eq. (7.54)
to eq. (7.55). However, it may be shown [110,112] that the general eract dynamic
Matsubara local spin susceptibility when applying an infinitesimal perturbation,
H! = —2h3,, is given by®

p , .
Xongon (T y) =2 [ drer™ (1, [5,(7)3,) (7.68)
0
where Ty[...] is the time-ordered product of the operators (with 7 = it), Wy =

2qm /B is a bosonic Matsubara frequency with ¢ an integer, and expectation values

are evaluated at h = 0. Using the definition of the thermal average (eq. (7.54)),

8We set the chemical potential, u = 0 for convenience.
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eq. (7.68a), becomes

B . . . .
Xioeoe(T iwg) =2 / dre®a™ Y " Linle e 5,073, In) (7.68D)
0 n
B .
- / dreiim 3" o8B ([, lm) 2B Bl (7.68¢)
0 n,m

where we have used the fact that a general operator in the Heisenberg picture is
given by X (7) = e™ Xe ™ inserted a complete set of states 1 = > m |m)(m|, and
used H|n) = E,|n). Thus, on performing the integration we obtain the spectral

(Lehmann) representation of the quantity

Bliwy—Em—Eal) _ |
S ] (7.68d)

2
N —BEn|(n|§ 2
Xlocyloc(Ta ZWQ) A % € |<n|SZ’m>| [ iwq — [Em - En]

Now, we make the analytic continuation, iw, — w + i, from the imaginary axis to

the real axis, such that we consider the retarded function, given by

B((wim)~[Em—Bnl) _
° 1] (7.69)

2
r T = — —BEn Az 2
Xloc,loc( ’w) 7 Z € ‘<n‘s ’mH w+1in — [Em - En]

n,m

Taking the w = 0 limit of this equation, as is appropriate to find the (purely ther-
modynamic) static susceptibility X7, ;..(T>w = 0) = Xioc,ioc(T), we obtain

Bin—Em] _ g—BEn
© © ] (7.70a)

2
) ==Y 3,|m)|?
XlOC,lOC( ) Z e |<n’SZ‘m>’ |: 7/77 o [Em . En]
By swapping n and m in the first term, the equation reduces to

9 etBn 1
T)=—23" e B (n|3,m)? - (77
Xioc,ioc(T) 7 nme {32 [m)] [[En — Ep] —in + [En — Em] + in] (7.71)

We have kept in the explicit n = 0" dependence in order to deal correctly with the
limit that F,, — E,,. By contrast, if F,, # E,, then we may take safely take the
limit n — 0%, to yield

W oy 4 8B . )2 | — 2
WD) ==7 ¥ sl g2 | )

n,m

(En#Em)
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However, if [E,, = E,,], then we may expand the exponential function as a Taylor

series for small g7, i.e.

. 2 . ) 1
) = T | =2 S el gmP | -] @

e n,m

nB—0+ (En=Ep)

i |20 el | (7.730)
n—0+ A — in '

(En=Em)

26 —BEn 2 2

=2 el ). (7.730
(En=Enm)

The full expression for the susceptibility is then given by the sum of the non-

degenerate, eq. (7.72), and degenerate, eq. (7.73c), terms. We obtain

1 2
Xloc,loc(T) Xl(oz loc(T) + Xl(oz,loc(T)

4 - A 1 23 B )
=7 X eBE”|<n!szlm>\2[EE}+Z D e Emlsm)® (7.74)
(EntErm) (En=Fm)

We now take the limit of zero-temperature (5 — oc). For a general degenerate

(2) 9
loc,loc

T = 0 ground-state, x (T') becomes

26 —sE S € BB (|3, lm) |2
Xlocloc Z sl = 2p = S e~ AlEn—Eo]
n
2
720 52; (al5,|a) 2 (7.75)
aoé

where gg is, once again, the ground-state degeneracy, and «, o run over the degener-
ate states with energy Fy. For the LM phase, where the system is doubly-degenerate,
it follows that
T2, (T) TR0 | |(A]3,]A) % + |(B|3,|B)? + 2|(A|3,|B)?
Xioeoc(T) "~ | [(AI3| A) " + [(Bl5.] B)|” + 2/(A]5.| B)|

loc,loc
Lo 1o 1 o Lo 22
_ |1 1 L _ _ 7.76
L\u\ +4!u! +2\7\ 2[\#\ + 1717] (7.76)

where || = $(A|3,|B), and the diagonal matrix elements are given from eqgs. (7.65a-
7.65b). This term thus represents excitations between the degenerate LM ground-

state A and B states. By virtue of the fact that the operators S'Z and §, commute

90n taking the T — 0 limit we implicitly assume that there is an energy gap between the
ground-state energy, Fy and all excited state energies.
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with each other, we may simply write
(A]3,5:|B) = (A|S.5,|B). (7.77)
Therefore, allowing S, to act on the states, via egs. (7.62a-7.62b), we obtain
—3(AJ3,|B) = 5(A]3,|B) =0, (7.78)

such that the off-diagonal matrix element, |¥|, vanishes.

In contrast, on taking the T — 0 limit, the first non-degenerate term in eq. (7.74)

becomes

1 T—0 4 . 1
)R 2 S el | | (7:79)
m — 10
m¢{A,B}
ac{A,B}
Hence, this term reaches a finite value in the zero temperature limit. Overall, by
putting together eqgs. (7.76, 7.79), we find that the static local-local susceptibility in
the limit that T' — 0 is given by

T—0 1 . R 1
Xiocdoc(T) "~ o7 fil* +2 Z (|3, |m)|? |:M):| (7.80)
m¢{A,B}
a€c{A,B}
Therefore, the first term dominates in the zero-temperature limit, diverging with a

simple Curie Law form. By contrast, the second term goes to a constant finite value

and may be neglected in comparison to the first term in a LM phase.

Before proceeding, we make an important point. The fact that TXjoc 10c(T = 0)
vanishes with an exponent twice that of the local moment, |f|, has previously been
deduced by a hyperscaling analysis [37].1° By considering a scaling ansatz for the
singular part of the free energy as the critical point is approached (as a function
of h = hjpe, T and |U — U.|), Ingersent et al. [37] were able to deduce a number
of relations between the exponents of the local magnetization and susceptibility.
In Appendix D, Section D.3, we consider a scaling analysis of the free-energy in
detail. However, in this present section, we emphasize that the result of eq. (7.80),
obtained via a direct (microscopic) analysis of the Lehmann representation, allows
us to determine both the exponent and the exact coefficient of the vanishing of
T'Xioc,loc(T — 0) in the LM phase.

ater, in similar vein to ref [37], others have considered similar scaling relations for the local-
susceptibility [46,48,79].
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High temperature

In contrast to the low-temperature results detailed above, at large temperature (such

that T — oo, or equivalently 8 — 0), T'Xioc,10c(T") is given via eq. (7.70a) as

Blin+En—Enm)) _ |
© } (7.81a)

2
T = — —ﬁEn AZ 2
Xloc,loc( ) 7 ; ¢ |<’I?,’8 |m>‘ |: ’L77 + [En - Em]

2,8 —BEn, ~ 2 2ﬂ _BEn 9 2 9
:Z;e [(n|3,m)| :Z;e (nl&;n) = Z(83).  (7.81b)

where we have expanded the exponential function in the numerator of eq. (7.81a)
for small 8. This result, once again having a simple Curie-Law form, is the same as
we would obtain if we simply differentiated eq. (7.54) w.r.t. h (with X = 3,) if the

local operator §, actually commuted with the overall Hamiltonian.

7.4 Verification from NRG

From the NRG we may calculate dynamic correlation functions of the form!!

A(T,w) =i /0 et % (19 (0)) dt (7.82)

where the operators X (t) = e~ it X it and V need not be specified at this point.
It may be shown by an analogous argument to that leading to eq. (7.68d), that the

Lehmann representation of this quantity is given by

(n|X|m) (m|Y|n)
w+in — [En — Ey)

1
ATw) = D e FEn (7.83)

such that the function has poles just off the real axis and is analytic in the upper

half of the complex plane. Thus, on using the relation [(w — ¢) + in]~! = Plw —
-1

e]™" —imd(w — €), we may write
AT, w) = % > e (n| X|m)(m|Y [n)6(w — [Em — En)), (7.84)

where AN(T,w) = —%ImA(T ,w). This quantity has poles at the excitation energies
of the many-body system weighted by the matrix elements (n|X|m)(m|Y|n). On

110 Appendix C, we briefly describe how correlators of this form may be calculated from NRG.
For a comprehensive explanation we refer the reader to refs: [102,113].
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integration of this function over all w we obtain the sum rule

/OO dw AL(T,w) = %Ze*ﬁEn (n| X ) (m]¥'|n) [/OO dw 5(w — [ — Bn))
- %Ze_ﬁEn (n| XV |n) = (X7, (7.85)

where we have used the fact that the delta function is normalized to unity. We
make use of this result below. Furthermore, as above, we may split up eq. (7.84)
into two distinct contributions, one representing the non-degenerate excitations of

the system and a degenerate zero-energy term containing an w = 0 pole, i.e.

AT, w) Z > e P X m)(m[Y |[n)d(w — [Em — En))
(Bn#Brm)
1 N N
+— > e | X|m) (m]Y |n)d(w). (7.86a)
(Bn=En)

Taking the zero-temperature limit of this equation, it is readily shown that

AN, w) TR° glo > (alX|m)(m]Y]a)d(w — [En — Eo]) + Qé(w)  (7.86b)

a,m#

where once again, {a}, denotes the degenerate states of the ground-state and g is
the degeneracy. At zero-temperature, the poleweight of the zero-w pole, Q, is given
by

Q= LS talX18) eIy =t | [~ [T [ }AI —0) dw, (7.8)

7/3

where the matrix elements are between the degenerate states of the ground-state
manifold. As specified, integrating over the function over all frequency and then

subtracting off the finite-frequency parts allows us to calculate the poleweight, Q.

The two cases we now consider are, firstly, when X = S, and Y = S’Z, appropriate

to the ‘mixed’ susceptibility, Xy 10c(7), of Section 7.2, and secondly when both X ,

~

Y = 3,, appropriate to the local-local susceptibility, Xioc,i0c(T), of Section 7.3.



232

Mixed susceptibility

In a LM phase where gy = 2 and o € {A, B}, on setting X =5,and Y = 5,
eq. (7.86b) becomes

T—0 1 . 5

ALTw) RS ST (alsalm) (m18,00)8(w — (B — Fol) + Quidw),  (7.88)

ac{A,B}

m¢{A,B}
where the subscript u, [ simply denotes that we are considering a correlation function
between the global (uniform) operator, S,, and the local operator, §,. Moreover, S,
is a purely diagonal operator (the states |«) are eigenstates of S’Z) As a consequence,
the first term in eq. (7.88) vanishes and A/(T,w) is a purely static quantity con-
taining a single pole at the Fermi level, i.e. AL (T, w) = Al (T,w =0) = Q,15(w).

Thus, in order to obtain @, ; = (5,5,), we simply integrate over all w. With « (and
B) € {A, B}, eq. (7.87) becomes

00 1 . . . R
Qui= [ dw AL(T = 0.) = 5 [(AISIA)AIS,|A) + (BJ3.|B) (BI3,]5)
(7.89a)
111, 1 . 1,
=3 _ZM - (_)ZM = Z|/L|a (7.89b)

and therefore by comparison with eqs. (7.64a, 7.66), we find Q,,; = %TXu,loc(T =0).

Local susceptibility

Alternatively, we may set both X, Y =34, in eq. (7.86b) to obtain

1 R .
Ail(T,w) T0 5 Z (a|85lm)(ml|3,|a)d(w — [Ep, — Ep)) + Qui0(w),  (7.90)
ac{A,B}
m¢{A,B}

where the [,] simply denote that we consider the local-local correlator. By virtue
of the fact that the operator §, is not diagonal, the first term in eq. (7.90) does not
vanish. As a consequence, the correlation function, Al{ (T = 0,w), unlike Ai,l(T =
0,w), is a dynamic quantity with positive weight for all w. If we integrate the

function over all w, from the sum-rule, eq. (7.85), we simply obtain

Z

/OO dw Af (T = 0,w) = (57). (7.91)

—00
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By contrast, in order to obtain the poleweight, (Q);;, we make use of eq. (7.87), i.e.

00 00 -0 r
. 1 . .
Qi = lim [/ —/ —/ ][Ai’,z(w,T = 0)] dw =7 | [(A]5]4)* + |<B\8z!B>!2}
6—0 —00 é —00 2 L
(7.92a)
(1, 1 _ 1,
—5 |31 + 3 1aP] = J1a

4 4
(7.92D)

DN |

where we have used (A|5,|B) = 0, eq. (7.78). On comparison of this equation with
eq. (7.76), we see that Q; = %TXZOC,ZOC(T =0).
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Figure 7.7: NRG results for the PAIM: r = 0.35, z = —1, h = hy,hjoe = 0, T — 0
(T/D = 10=2° where D is the bandwidth). Correlation functions are plotted versus U /7.

(82) is shown with a solid black line (circles). Qu; = (5,5,) is shown with a dashed blue

line (diamonds). The poleweight Q;; from Af,;(w) is shown with dotted red (squares).

Using FDM-NRG [101, 102] we have calculated both Ai’l(T = 0,w), eq. (7.88)
and A{LJ(T = 0,w), eq. (7.90) for the pseudogap AIM for a typical r € [0,1]. From

these dynamic functions we have determined @, ; = (3,5,) from eq. (7.89a), (52)
from eq. (7.91), and @;; from eq. (7.92a). Fig. 7.7 shows NRG calculations for
r=0.35and x =¢+ % = —1. As shown, the results confirm the deductions above;
both Qu; = 11i| = 2T Xu0c(T = 0) and Q1; = 1|i|> = 2T X10c,10c(T = 0) vanishing
as U — U. (r). By contrast for U < U, both Q,; and Q;; vanish by virtue of the
fact that the 7' = 0 ground-state is non-degenerate. We also find that (§2) is finite
for all U and is continuous across U = U,. Furthermore, all three curves naturally
approach i as U/U. becomes large and the local moment, |fi| saturates to unity, as

the system moves deep into the LM phase.
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Figure 7.8: NRG results for the PAIM: r = 0.35, z = —1, U/m = 5, h = hjpe = 1078

for a range of temperatures. The local magnetization, m(h) = 2(s,) is plotted versus T'/h
(calculated from the NRG spectral functions, eq. (5.3b)), shown in red. The dashed line in
blue shows the T'/h < 1 asymptote discussed in the text.

7.4.1 Alternative calculation from NRG

Alternatively, we may wish to calculate T'xjoc,i0c(T) from NRG in the same way

as Section 7.1.2, once again using the method of Ingersent et al [37,43]. In direct
analogy to eq. (7.40), the local susceptibility may be calculated from

; (7.93)

1{om(h 1 [m(h
Xzoc,loc(T—>o,h=0):2[ai(L)} i:}%J ()}
h=0

but here we determine it in the case where h/T < 1. For a given calculation, we fix

U and h = hjy. = 1078, then vary T in the range 107!° < T < 1075.12 Each time
we calculate m(h) = 2(3,) from the spectral functions via

mit) = [ f D)D) — Dy )] d (7.99)
which is the finite temperature generalization of eq. (3.3a), with f(w,T) = [1 +
¢/T)=1 the Fermi function, such that f(w,T = 0) = #(—w). Fig. 7.8, shows m(h)
plotted versus T'/h for a fixed U/m = 5. As expected, for T/h < 1 (equivalent
to taking the limits limy,_,q+ limz_o[m(h)], see the left panel of Fig. 7.1), the lo-
cal magnetization saturates to the permanent local moment |i|. By contrast for
T/h > 1, we find that the m(h)/h diverges x a/T, with a a coefficient of O(1).
Using eq. (7.93), it is possible to fit a curve to the 2Xioci0c(T) =~ [m(h)/h] ~ a/T

2 All quantities are in units of the energy scale [Fé/ (lfr)}, which we set to 1 for simplicity.
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dependence in order to determine a. We find

a 1 _
TXlOc,loc(T/h > 1) = 5 = 5‘/1/‘2 (795)

such that a = |ji|?, which confirms once again the analytic result of eq. (7.80), and
the NRG results of Section 7.4.

7.4.2 Excess spin susceptibility

To conclude this chapter we consider the excess susceptibility, Ximp(T'). As discussed
in Section 3.2, for quantum impurity problems ‘excess’ quantities are usually defined

via [2]
Ximnp(T) = Dua(T) = X (1], (7.96)

i.e. the global susceptibility for the entire system (in the presence of the impurity),
minus the global susceptibility for a free conduction band in the absence of the
impurity. We recognise that the free conduction band susceptibility, Xq(f,)l);ath(T — 0),
is given via a simple Pauli susceptibility [112], and thus reaches a constant at zero

temperature. Therefore by inserting eq. (7.63) into eq. (7.96) we find that
lim Txamy(T) = lim Tyun(T) = & (7.97)
im T'y; =1 = - :
T50 lep TEI)O XU,'LL 2 I

i.e. the zero temperature excess quantity 1 Ximp(1) has exactly the same form as
TXuu(T) in the LM phase. By contrast, in the SC phase, xy(T = 0) is finite, and
therefore on crossing the transition U = U, T'Ximp (T = 0) changes discontinuously
from 0 to a 1. The form of eq. (7.97) is known from extensive NRG studies for the
PAIM [43] and also other impurity models such as the gapped model [50] and the
Bose-Fermi Anderson model [55,65]. However, we emphasize that its deduction here

is from exact analytical arguments.

7.5 Concluding remarks

In this chapter we have considered a number of spin susceptibilities applicable to
impurity models with a zero-temperature phase transition between a non-degenerate
SC phase and a doubly-degenerate LM phase. The essential point is that in a LM
phase, the limits 7 — 0 and A — 0% do not commute, such that both must be
examined explicitly (the distinct underlying behaviour of the local magnetization,
m(h), in each case is shown in Fig. 7.1).

In Section 7.1, by considering the self-energy as a functional derivative of the

Luttinger-Ward functional, we were able to deduce previously unknown ezact forms
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for both the local static spin and charge susceptibilities, xs, and x. at zero-temperature
(with h — 0%). Furthermore, we were able to determine the exact condition for the
phase transition coming from the LM phase as U — U, finding that in conse-
quence, Xs, is finite in both phases, but divergent precisely at the critical point
(where U = U,.). Finally, we used NRG to calculate x, (and x.) for the pseudogap
model (both at x = 0 and z # 0) to verify the exact deductions made.

In the second part of the chapter we consider taking the opposite order of limits,
i.e. h — 0% and then T'— 0. We have analysed both the response of the system
in a LM phase to a global magnetic field, h = h, and also a local magnetic field,
h = hjo.. We have determined the forms of x,.(T" = 0), the global susceptibility
in response to a global field, Xy i0c(I" = 0), the local response to a global field,
and finally, Xjoc,i0c(T" = 0), the local susceptibility in response to a local field. In
all cases we find that the susceptibilities have simple Curie Law forms, with the
Curie coefficient proportional to differing powers of the order parameter, the local
moment, |fi|. Finally we calculate the excess spin susceptibility, T'Ximp(T'), finding

that it takes the Curie law form of a decoupled free-spin in the LM phase.



CHAPTER 8

Summary

In this thesis we have developed a many-body theory for the low-temperature be-
haviour of doubly-degenerate local moment phases arising in quantum impurity
problems. By considering general impurity models possessing a quantum phase
transition, we made a number of exact analytic arguments about the underlying
non-Fermi liquid nature of local moment phases. Focusing on the pseudogap An-
derson model as one such paradigmatic example, we have fully elucidated the exact
behaviour in each of its distinct phases. In addition, we have developed the fluctu-

ation exchange approximation to describe the underlying physics of the PAIM.
In Chapter 3 we developed the analytic framework to describe LM phases. We

focused initially on the local impurity charge, n(h) and magnetization, m(h) as a
function of magnetic field, h. Whilst the local charge, n(h), is shown to be continuous
across h = 0 in both phases, we asserted that in a LM phase (where U > U,) the
local magnetization, m(h), is discontinuous across h = 0, leading to the existence of
a permanent local moment as h — 0%, i.e. m(h — 0F) = £|ji|. By contrast, in a
SC phase (where U < U..), m(h) is continuous across h = 0, vanishing as h — 0F.
This behaviour of m(h) means that it is an appropriate order parameter for the
zero-field quantum phase transition, vanishing continuously coming from the LM

phase as U — U} .

The underlying form of the propagators in each phase was discussed in the light
of the behaviour of m(h) as h — 0F. Defining Ga/Bos(w, £|h]) = Gy(w, h) for
h = 0 in a LM phase, and considering the A — 0F limit, we found that the full
(rotationally invariant) propagator could be expressed as a simple average over the
broken symmetry functions, i.e. G(w,h = 0) = 1[Ga,(w,0) + Gpo(w,0)] (where
Gao(w,0) = Gy(w,0") and Gpy(w,0) = Go(w,07)). Furthermore, by expressing
each of the propagators in terms of an appropriate Dyson equation, we defined
two self-energy functions, ¥ 4,(w,0) and X p,(w,0), distinct from the conventional

zero-field (single) self-energy ¥, (w,0). By comparing the relevant Dyson equations,
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the (zero-field) propagator G, (w,0) (and self-energy ¥,(w,0)) may be expressed
in terms of the two self-energies ¥ 4,(w,0) and Y p,(w,0).! The same approach in
a SC phase yielded equivalence of the SSE and TSEs, such that all propagators
Go(w,0), Gay(w,0), Gpy(w,0) are identical; the TSE description therefore provides
a framework for describing both phases on an equal footing.

Proceeding further in Chapter 3, we noted that in a LM phase the TSEs,
Y 4/Bs(w,0), may be obtained via functional differentiation of the LW functional
(®Lw) wrt. Ga/ps(w,0), by analogy to the SSE, ¥ (w,0) (= d®Lw/dGs(w,0)) in
a SC phase. In other words for U < U,, ¥,(w,0) = X[{G,}|, whereas for U > U,,
Y A0(w,0) = X[{G 4o }], where [...] denotes the same functional in each case. The
LM phase SSE, ¥,(w,0), is then a derivative quantity, obtained as a direct conse-
quence of the underlying behaviour of the TSEs.

We then discussed the excess charge, nimp(h), and magnetization, mimp(h), in
both phases. By considering a Friedel-Luttinger sum rule [96] in both phases, the
scattering phase shifts, d,(h) for U < U, and d4,(|h|) for U > U, may be related
to the relevant excess charges and Luttinger integrals. In Section 3.4, we gener-
alized Luttinger and Ward’s diagrammatic analysis [59] for the vanishing of the
Luttinger integral, I (h), (in a Fermi liquid phase), to the case of a LM phase for a
Luttinger integral, I1,, (|h|), defined in terms of the broken-symmetry propagators
and TSEs. This general (diagrammatic) argument allowed us to relate the excess
charges, Nimp:o(h), Nimp;ac(h), for U < Ue, to the impurity renormalized levels,
ey (h), €4, (|h]), via two distinct Friedel sum rules. A further Luttinger integral, I,
was then defined in terms of the SSE, ¥, (w,0), in a LM phase. However, since the
SSE is not directly expressible via a functional derivative of @y, this Luttinger
integral cannot be argued to vanish. We concluded the chapter with an analysis
of the exactly soluble atomic limit, finding that in the singly-occupied regime the
system may be examined using a TSE description. In this regime we determined
I1,(h = 0) (the Luttinger integral in terms of the SSE), finding that it takes on the
value, |I7| = §.

In Chapter 4 we considered the pseudogap AIM in both phases, but with partic-
ular emphasis on what could be said ezactly about the doubly-degenerate LM phase
(using the TSE formalism developed previously). We made use of the Friedel sum
rules derived in the previous chapter to determine the excess charges (and magne-
tizations) in both phases. The physical picture of the transition is that the local
moment, |f|, evolves continuously on entering the LM phase, whereas mimp:4(0)
changes discontinuously from 0 to 1. Precisely at the QCP (where U = U,), an
excess moment condenses in the entire system, but has no weight on the impurity

itself. In the next part of the chapter we showed that the Luttinger integral, Iy,

'The TSE formalism also underlies the local moment approach (LMA) [28,29, 34,45, 64], but in
an approximate sense.
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(defined in terms of the SSE in the LM phase) takes the universal value, [Ir| = §
(the same value as the singly occupied regime of the atomic limit) for general x # 0.
In Section 4.6 we generalized Luttinger’s order by order diagrammatic analy-
sis [60] for the low-w dependence of the self-energy to the case where the spectral
functions have the form, D4, (w, |h|) “x° |w|* (with A, a spin-dependent expo-
nent). Since the TSEs, ¥ 4,(w, 0), may be expressed in skeleton form as a functional
derivative of ®ry, the analysis holds for both U < U, (where the A labels may
simply be dropped for U < U,). As a consequence, the exact low-w behaviour of the
self-energies was determined self-consistently in each phase to all orders. Proceeding
to a discussion of the QPT, we deduced the scaling behaviour of the propagators and
self-energies coming from each phase. From the NRG technique we then performed
detailed numerical calculations to obtain full scaling functions for the single-particle
dynamics for U 2 U,, finding that the deduced analytic forms are indeed correct.

In Section 4.10 we analysed the PAIM for the cases of finite global and local
magnetic fields applied to the system. Once again, focusing on what could be said
about the low-w forms of the self-energies from Luttinger self-consistency considera-
tions, the essential conclusion is that for any finite h, the local magnetization, m(h),
is finite and the QCP is destroyed. The analytic arguments were supplemented by
exact numerical data from NRG.

The chapter concluded with a comment about the LM phase precisely at zero-
field. On performing direct NRG calculations, we found that the TSE vanishes as
¥4 (w,0) o< |w|", a form at odds with the order by order deductions of Section 4.6.
We concluded that Luttinger self-consistency can arise in a different sense, where a
certain class of Feynman diagrams may be summed to infinite order: an important
point returned to in Chapter 6.

In Chapter 5 we analysed the specific case where the skeleton expansion for the
self-energy, ¥, (w, 0) in the SC phase, and ¥ 4,(w, 0) in the LM phase, is truncated at
second-order level. We deduced the precise low-w forms of the propagators and self-
energies, and developed a numerical algorithm capable of obtaining self-consistent
converged solutions in each phase at the second-order level of approximation. The
essential result is that whilst it is possible to find solutions in both phases, the QCP
is not adequately described coming from either phase. In fact, it is always possible
to obtain SC solutions. In addition, we found that LM solutions (with || # 0) are
only possible above a finite U = U,(r), such that for U > U,.(r), both SC and LM
solutions coexist. Hence, the second-order treatment fails to capture the underlying
interacting nature of the QCP, simply predicting a SC solution at the point U = U,
where |fi| vanishes.

In Chapter 6 we applied the fluctuation exchange approximation (FLEX) to the
PAIM, developing a numerical algorithm capable of self-consistently capturing the

correct low-w behaviour of the propagators in each phase. In a particular range of r
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we also found that it is possible to capture the precise low-w interacting behaviour
of the QCP previously found in Chapter 4 (from scaling arguments). For the LM
phase, a Luttinger self-consistency argument in the vein of the order by order analysis
of Chapter 4 is considered, but with a pole contribution located precisely at the
Fermi level in the transverse spin polarization propagator, IT}; ; (w). This argument
allowed us to deduce that the low-w form of the TSE is ¥4,(w) o |w|", distinct
from the order by order forms of Section 4.6, and as found from exact numerical
NRG calculations of Section 4.11. On implementing the algorithm numerically in
the LM phase (specifically at ph symmetry), we found it necessary to make a small
modification of replacing || with |uo| in the static part of the self-energy, in order
to describe the QCP coming from both phases.

In the second part of Chapter 6, we applied the FLEX approximation to the
pseudogap model away from ph symmetry. Whilst it is possible to obtain fully-self-
consistent solutions in the ASC phase, capturing the essential physics of the QCP
coming from the LM phase was found to be beyond the scope of the approximation.
Moving on, we examined the (local) finite field behaviour of the model within FLEX.
The essential result is that the field has the effect of moving the w = 0 pole in
ImHI;1 (w) to finite w, and as a consequence destroying the QCP.

In Chapter 7 we focused on the exact behaviour of an array of spin suscepti-
bilities in coupling to both a local and global magnetic field applied to a general
quantum impurity system (with a QPT between LM and SC phases). One of the
essential results is that the limits 7 — 0 and A — 0% do not commute in a LM
phase. Firstly, we concentrated on the local spin susceptibility, xs = xs(h — 07),
in response to a local magnetic field (applied just to the impurity level) precisely
at T = 0. We showed that xs has an ‘RPA’ form, remaining finite in each zero-
field phase and diverging at the QCP. Considering a similar argument for the local
charge susceptibility, x., we found that it too diverges precisely at the QCP in the
general asymmetric model. The forms of both x5 and x. were confirmed with exact
numerical calculations from NRG.

In the second half of the chapter, the opposite order of limits (i.e. the h = 0,
and T" — 0 case) was considered. Focusing initially on the response of the system
to a global magnetic field it was deduced that in a LM phase, the global spin sus-
ceptibility takes the simple Curie Law form of a free-spin, i.e. T"xy (T) =20 % By
investigating the local susceptibility in response to a global field, Xy 0c(T"), and the
local susceptibility in response to a local field, Xjoc,i0c(T), it was also readily shown
that in the LM phase, each were dependent on the local moment, |z|, taking the
forms T'xy,10c(T") 20 %\m, TXioe,10c(T) =0 % fi|?. By contrast, in a SC phase, we
found that T'xu,u(T), T Xu,ioc(T), T Xioc,l0c(T") all vanish in the limit 7" — 0. To con-
clude the chapter, we considered the excess static spin susceptibility, T"ximp(1 = 0),

finding that it takes the same form as T, (7"), and hence is discontinuous across
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U = U, vanishing in the SC phase, but equal to a half in the LM phase.

In conclusion, we have undertaken a detailed theoretical study of the underly-
ing behaviour of quantum impurity models that exhibit a quantum phase transition
between a (Fermi liquid) SC phase and a (non-Fermi liquid) LM phase. The essen-
tial result is that by using the TSE formulation, it is possible to describe the exact
behaviour of doubly degenerate phases within a diagrammatic framework. There
are a number of possible extensions to the work described here. The TSE descrip-
tion may be explicitly applied to other quantum impurity problems that exhibit a
LM phase, such as the gapped Anderson model [50-53,82], as well as other multi-
impurity /multi-channel models [91-94, 96,97, 114]. Furthermore, we believe that
the TSE formalism may be applied to lattice models that have doubly degenerate
ground-states, such as the Mott insulating phase in the Hubbard model.
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APPENDIX A

Phase shifts and Luttinger integrals

In the first part of this appendix, we (i) relate the phase shift to the renormalized
level, eq. (A.8), and (ii) show that the local single-particle spectrum at the Fermi
level is determined by the phase shift, eq. (A.13). In the second part of this appendix
we consider the ph symmetric PAIM, where the phase shift is discontinuous across
the Fermi level in both phases. Furthermore, in Section A.4, we show that by direct
consideration of the low-w forms of both the SSE, ¥(w), and the propagator, G(w),
the Luttinger integral, I, at ph symmetry in the LM phase has a finite w = 0 pole

contribution.

A.1 Relating the phase shift to the renormalized level

The results derived here are entirely general, independent of whether the zero-field
phase is LM or SC, and also applicable to finite field, h (whether it be applied globally
or locally). For notational convenience we work explicitly below with propagators,
G Ao (w, |h]) appropriate to the LM phase; but the corresponding results for the SC
phase (or more generally in terms of G,(w,h) and the single self-energy, ¥, (w, h)
follow directly from those given below by simply dropping the A labels).

The retarded broken symmetry Green function, G4, (w,|h|) = G, (w, |h]), is
given by the Dyson equation, eq. (3.23):

Gao (w0, |B]) =[w + i — 5 — Ty (w, h) — Sag (w, |A])] " (A1)
(W — o = T (w, h) = S, (w, |h]) +i(n + Tg(w, h) + B, (w, [A])]

where n = 0% and e, = e —oh, and the (retarded) hybridization and self-energies are
given by Ty (w, h) = TR(w, h)—iTL(w, h) and Sag (w, [h]) = S, (w, [h))—iSh, (w, 2]
respectively. In the following derivation in the interest of conciseness, we suppress

the explicit h-dependences of the propagators. The scattering phase shift [2] (for an
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‘A’ state) is then defined by

0 9640 (w) U

In order to relate this quantity to impurity renormalized level, €%, eq. (A.2) may

be rewritten as
840 = larg(Gas (W)= o = MmIn G ao (W)= o = [640(w)]5Z0 - (A.3)

Now writing Inz = In|z| + itan~'(¥), with z = x + iy, and expressing G a,(w) =

[a +ib]~! = (a — ib)/(a® + b?), such that ImIn G, (w) = tan~(=b/a). eq. (A.1)

gives

[~ +Thw) + ¥, (W)
(w— o — TH(w) — X4, (w))

- (A.4Db)

dac(w) =ImIn Gy (w) = tan™ (A.4a)

w—r—00
~

where the last result is obtained as a consequence of the tan~!(a) function being
defined in the interval [—, 0] (with both I', (w) and %4 _(w) positive for all w). For
convenience we define o4, (w) = d40(w) — 645(—00) = d40(w) + 7 such that from
eq. (A.2) the static phase shift is given simply by 64, = 04s(w = 0). With this

transformation eq. (A.4a) becomes

< _ o[ 0+ Ti(w) + 3, (W)
dao(w) =7+ tan™? [(w—EJ—FUR(w)—;ﬁg(w))] (A.5)

We may now invert the argument of the tan~!(«) function. If we take tan='(1) to

lie in the range [—%,+%] then since tan~'(«) lies in the range [—,0], we have the

identity tan~!(a) + tan~'(1) = —Z. Hence

S REIUES, TOES MO IS CESPEA s (R T
(w—e5 = T (w) = X, (w)) 2 n+TLw) + 3], (w)
(A.6)
Inserting this form into eq. (A.5), we obtain
B - — FR ER
340 (w) = T tan~! [5 w+T7(w) +1 Aa(w)] (A7)
2 n+Ih(w) + 4, (w)
Thus setting w = 0, the static phase shift 64, = d4,(0) is given by
7 oy
Sa0 = = — tan™* [ Ao } A8
S W+ TL0) + 5, (0 A
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where now the tan~!(«) factor lies in the range [~5,+%], and the renormalized
level, €%, = €%, (|h|) is given by
* R R
e =€ —oh+T(0) + X%,(0). (A.9)

For most problems that we consider in this thesis (as we shall see the only exception
is the particle-hole symmetric case of the pseudogap AIM) ¥, (w) vanishes (con-
tinuously) at the Fermi level, and hence may be neglected in the denominator of

eq. (A.8). We consequently obtain

T _ g%, (|h])
R I ] . CAUL Vi Al

where we have used eq. (3.49) to relate daq(|h|) to the excess charge nimp:.as(|h|)
and Luttinger integral, I1,, (|h|) (defined by eq. (3.50)). This equation is the desired
result, the so-called Friedel-Luttinger sum rule [96] that we use in Section 3.3 (egs.
3.52, 3.56).

A.2 Relating the phase shift to the spectral function

The single-particle impurity spectrum 7D 4,(w) = —ImG 4, (w), simply obtained

from eq. (A.1), may be written as

[n+TL(w) + 24, (w)]

Do) = O T Rw) - S @) + [+ T (w) + 2, (w)]?

(A.11)

If Daos(w) is non-divergent (which is the generic case) as w — 0 and Fermi level is

approached, then eq. (A.11) may be rewritten as

#[TL(0) + £1(0)] Das (0) = ! (A12)

3
1+ [50+F§(0)+2§U(0):|

n+TL(0)+%],(0)

= 1 = 2(m _ w2
" T (g gy~ O (B O = (6

where we have used eq. (A.7) to express the square bracket in terms of d4,. Using
eq. (A.8) and 1, _(0) = 0, we obtain

7[TL(0)] DAy (0) = sin®(64,) = sin®(7nimp a0 + I1,,) (A.13)

where if 'L (0) = Ty, this equation reduces to the well known case [2] for the Anderson

model coupled to a metallic conduction band.
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A.3 Discontinuous phase shift: PAIM ph symmetry

We add a supplement to the arguments that lead to eqs. (A.12-A.13) above (which
in practice is relevant only to the ph symmetric PAIM at h = 0). The issue centres
on the possibility that the phase shift, B Ac(w), may be discontinuous across the
Fermi level (w = 0). From eq. (A.7), 4, (w) is expressed as

1 [eo —w+TEW) + 28 (w)
n+TL(w) + 24, (w)

~ T
dac(w) = 5 tan (A.14)
Now consider the case where the numerator of the tan~! function vanishes continu-

ously at w = 0, then

Sa0 = O40(w = 0) = g (A.15)

as ensured by the 7 = 0" in the denominator.

A.3.1 SC phase

However, suppose that in addition to the numerator vanishing, the denominator
[T (w) + X4 (w)] also vanishes continuously (where I'l (w) and ¥4 _(w) each vanish)
as w — 0. In this case, notice from eq. (A.11) that the spectral function, D4, (w)
continuously diverges as w — 0, and therefore we cannot simply set w = 0 as we did
in eq. (A.12). Crucially if the ratio

- — FR ER
lim € w + o (w)1+ Aa(w) (A16)
w—0* F{,(O) + ZAa(w)

is finite as w — 0% and different as w — 0 or w — 0™, then 44, (w) will be discon-
tinuous across w = 0. This behaviour is applicable to the h = 0 ph symmetric SC

phase of the PAIM, where the renormalized level, €% = = €*, vanishes by symmetry.!

|w‘2—3r

From eq. (4.73) we know that the self-energy, ¥/ (w), vanishes as o , with an

1
i.
neglected as w — 0, compared to the hybridization. On inserting the hybridization

exponent larger than r for » < 1.2 Thus, the low-w dependence of ¥(w) may be

function given by eq. (4.1b), into eq. (A.14) we obtain

~ tan(Zr)olw|”
=t (ZLE)

0t = 5w — 0%) =
( ) Lolwl|”

T, (A.17Db)

(A.17a)

+

N o
R

LAll A and o subscripts may be dropped in the SC phase at zero field.
2From the arguments of Section 4.7.2, the real part, ¥%(w), also vanishes with a power greater
than I'(w).
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such that 6+ = § + 5. By analogy with eq. (A.12) we may then write the low-w
behaviour of the spectral function as

wli,%l T (w)D(w) = sin?(Z £ Zr) = [1 + tan®(Zr)] 7, (A.18)
where we have used the fact that ¥ (w) vanishes more rapidly tham I' (w) as w — 0.

This result simply recovers the well known [64, 100] Fermi liquid spectral pinning
condition of eq. (4.39), i.e. lim, ,o+[[1 + tan?(57)|To|w|"D(w)] — 1.

A.3.2 LM phase

We now turn to the ph symmetric LM phase. From eqs. (4.33-4.34), the low-w
dependence of the SSE at h = 0 is given by ¥(w) w30 as[sgn(w)p(r) — if|w|~".
Inserting this form into eq. (A.14) for 6 4, (w) (where we may drop A and o subscripts

at zero-field within a SSE description) we simply obtain®

z = + tan(% -
0F =d(w — 0F) = T _tan~! an(5r)ds|| (A.19a)
2 aslw|="
T w
=—F - A.19b
5 T 5 ( )
Thus, once again relating the spectral function, eq. (A.11), to this quantity we
obtain
lim 720 (w)D(w) = sin®(Z T Zr) = [1 + tan?(Zr)] 7}, (A.20)
w—0F 202 2

where we have used the fact that I'/ (w) vanishes as w — 0%, whilst 3/ (w) is diver-
gent. Thus, we have obtained the LM phase spectral pinning condition of eq. (4.38),
i.e. limy, o+ [[1 4 tan?(57)]2! (w)D(w)] — 1.

A.4 LM phase: Luttinger integral pole contribution

In this section we show that at ph symmetry in the LM phase there is a finite pole
contribution to the Luttinger integral, I, (given by eq. (3.75)), not picked up by the

numerics of Fig. 4.6.

With the low-w form of the SSE, given by eqs. (4.33-4.34), the low-w dependence
of the spin-independent propagator, G(w) = Gf(w) —irD(w), eq. (A.1) (with A and

3All other terms in eq. (A.14) are irrelevant compared to the divergent form of ¥(w) on the
lowest frequency scales.
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o subscripts dropped), is simply given by

Gw) = [w—e-T(w) — S(w)] ™, (A.21a)
429 [aysen()(r) — w7 (A.21D)

(All the other terms in eq. (A.21a) are insignificant compared to the divergent self-
energy behaviour in the limit that w — 0.) The low-w forms of the real part and

spectral function follow as

Gﬁm*ﬁ‘fﬁﬁgxg’fDWVﬂ’ww (A-21c)

In Section 4.5, in order to obtain the low-w form of the SSE, eq. (4.33), we assumed
that the TSEs, Y4,(w) = ¥ 40(w,0), vanish with a power A > r (as we later show
explicitly by self-consistency considerations in Section 4.6). Now assuming that
Y Ao (w) w30 bh_|w|"[sgn(w)B(r) — 4] (with b4 =bF__ at 2 = 0 from the symmetry
relation of eq. (4.3c)), such that A(= r) takes its smallest permitted value. Inserting
this low-w form into eq. (3.30), it is possible to show that in addition to the low-w
dependences of eq. (A.21c), there is a zero-w pole contribution to X/ (w). It is simply
a matter of algebra to show that
2

mhiw) = T o), (A22)
where the P subscript denotes ‘pole’, and the coefficient is given by as = [¢%]*/(1+
%[bjT + bfu])[l + B%(r)]. Hence, this pole contribution is ‘dead’, vanishing at w = 0
(and therefore does not feature explicitly in %/(w)). However, before discounting
this contribution, let us first consider the explicit pole contribution to the Luttinger
integral, Ir, eq. (3.75),

Iy = —/0 dwazé(w)GR(w) = —[G*(wW)Eh(W)]% o +/0 dwaGR(w)Efp(w).

oo ow e ow

(A.23)

where we have used integration by parts to re-express the integral (in order to
avoid differentiating the delta function). On differentiation of G*(w), eq. (A.21c),
we obtain 0GT(w)/0w = —rB(r)|w|"~1/(as[1 + B(r)]). Thus, inserting this form,
together with eq. (A.22) into eq. (A.23), and recognising that the first term on the

RHS vanishes, we obtain

0 oo
g:_w/'dww“%ww”&wz—;{/ mwwﬂ=—}z<A%>

—00 —00
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where we have used that §(w) is both an even function and normalized to unity.
Hence, eq. (A.24) shows that the w-dependence in front of the delta function exactly
cancels, and thus there is a finite contribution to I, coming from the ‘dead’ pole con-
tribution in %/ (w), eq. (A.22). From the numerical NRG results (shown in Fig. 4.6),

this w = 0 pole contribution is not picked up, and we find Izand =

+5r. However,
putting this contribution together with I 5 gives the required result (as expected
from the phase shift arguments of Section 4.4) that (the total) I = IF + rband

vanishes in the LM phase at ph symmetry (where z = 0).
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APPENDIX B

Symmetries of the Hamiltonian

B.1 Particle-hole transforms

In this appendix we establish what symmetry relations there are between the propa-
gators (and self-energies) as a consequence of the Hamiltonian being invariant under

certain canonical transformations of operators.

The single impurity Anderson model Hamiltonian may be written in the form

H= 2(5 - Uh)ﬁa +Unyiny + Z(Ek — Uh)ﬁkg + Z (Vkéj;.éko' + h.C.) (B.la)

o k,o k,o

= ef — 2hd, + Unpin) + 3 exie — 20> Sip + (Vkai,ekg + h.c.> (B.1b)
k k

where n, = éj,éo-, is the impurity occupancy operator, and 5, = %Z 5 0. The
total S, operator is given via S, = 8, + > "k Skz, with the field h acting globally
(both on the conduction band states and the impurity level). The case of a purely
local field is recovered by simply neglecting the —2h ", Sk, term in the Hamiltonian.
The conduction band is assumed to be symmetric, such that ex = —e_y, so that
Skek = [0, dee pp(e) = 0; with Vi = V_i for the hybridization matrix elements.

The impurity energy level may be expressed as

IS

, (B.2)

which defines the asymmetry parameter, = (x = 0 corresponds to the unique particle-

hole symmetric point where ¢ = —%) The Hamiltonian, H = H (z,h), may then be
written as
H(z,h) = (x — $)i — 2h3, + Uiy — 20 Sy + Hep + Hygy, (B.3)
k
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where Hop and H hyb denote the conduction band and hybridization terms in eq. (B.1a)

respectively. Now consider the following particle-hole transform (‘pht’):
R PR L B.4
(o2 —0 ko c_k_o—‘ ( . )

This transform exchanges both particles/holes and also spins. Both the Hep and
H hyb Temain completely unchanged by the pht as is readily checked. Now we consider

the remaining terms in the Hamiltonian. Under the pht the operators become

o =g 1 =Ry, o = e & 1 — N gy, (B.5)
and hence
N = Ng < 2—1N S, = 1 0N <> 84, (B.6a)
" 2
ag g
. . . . 1 . .
nk = EU Nke < 2 — N_k Sky = 5 EU ONkg < S—_kz- (B.Gb)

Inserting these transforms into the Hamiltonian, eq. (B.3), under the pht it is

changed to
H(z,h) = 2z + (= § — 2)A — 208, + Unyiy — 20 di, + Hop + Hyy,  (B.7a)
k

= H(—x,h) + 2z. (B.7b)

Therefore H is invariant under the pht at the ph symmetric point, z = 0 (where
€= —%) More generally, the transformation relates the Hamiltonian for a given z,
to the Hamiltonian for —z, at precisely the same value of the field h. (The 2z in

eq. (B.7b) is an irrelevant constant term.)

We may also consider a ph transformation in which particles/holes are exchanged,

but spins remain unchanged, such that

by > g o =l (B.8)
In this case the spin operators transform as

S, =8, Sy © —8 ks, (B.9)
such that the Hamiltonian becomes

H(z,h) = H(—z,—h) + 2z. (B.10)
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B.2 Physical properties

A pht is a canonical transform, and just amounts to a different way of representing
the fermions in the system. Moreover, this means that the expectation value of any

operator must remain unchanged under a pht, i.e.

(A(z,h)) = A(z, h) = (B.11)

TI'AG_BE[(:E”Z) TrAe_Bﬁ(zvh)
Tre—BH(@R) { Tre—BH (x,h) :|pht

From eq. (B.7b), H(z,h) = H(—z,h) + 2z, the constant 2z term clearly cancels in
eq. (B.11):
Tr Ae—BH(—z,h)
Az, h) = — = Aj(~a,h), (B.12)
Tre—BH(=z,h)
where Ap = [A]pht' If A = f, then from eq. (B.6a), eq. (B.12) relates the local
(impurity) charge at x to that at —z, n(z,h) =2 — n(—=z,h).
The same reasoning applies to any physical property. We now consider the time-

ordered local propagator
Go(t) = —i(T(é,(t)e])) = —i(T(esel(—t))) = +i(T(el(—)és)), (B.13)

with 7" the Wick time-ordering operator. Explicitly labeling the x and h dependence

of the propagator, we have

Go(t;x, h) = —i(T(é5(1)Eh))s (B.14a)
——i| (T 0el)] = i )i (B.14b)
=—G_,(—t;—x,h). (B.14c¢)

Where we have used

[ (t)]pht = [e_iH(I’h)tégeiﬁ(x’h)t]pht (B.15a)
_ efi[ﬂ(fa:,h)Jer]téT_Uei[I:I(fm,h)Jer]t (B.15b)

e—iﬁ(—.r,h)téf

etH(=ah)t, (B.15¢)
Expressing eq. (B.14c) in the frequency domain gives the key result
Go(w;z, h) = —G_5(—w; —x, h), (B.16)

. . . . U
which relates the o spin propagator at a frequency w and a given value z = ¢ + 3 to

the —o spin propagator at frequency —w and —zx for the same value of the field h.
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In order to establish the corresponding pht relation between the self-energies we

write the time-ordered propagator in terms of a Dyson equation (eq. (2.50)):
Go(w;z,h) = [w+insgn(w) — e + oh — To(w, h) — Xy (w;z, h)] L. (B.17)

In this thesis we consider a (time-ordered) hybridization function I'y(w,h) =
I'®(w, h) — isgn(w)ly(w, h), which for the pseudogap Anderson model satisfies (c.f.
eq. (4.1))

Il (w,h) =Tglw+oh|”, TE(w,h)=—sgn(w)B(r)o|lw + oh|". (B.18)

For a fixed h, the following relation then holds

Io(w,h) =-T_s(—w,h). (B.19)
Inserting this relation into eq. (B.17), along with ¢ = = — % we find
Go(w;z, h) = —[~w —insgn(w) + 2 — § —oh —T_g(—w, h) + Sp(w;z, h)] 7,
= —[~w+insgn(-w) +z+ Y —oh —T_,(~w,h) — (U — S (w;x, h))] "
(B.20)

Expressing —G_,(—w; —x, h) in terms of an equivalent Dyson equation yields

_Gfo(_w; -, h) =
— [~w+insgn(—w) + x4+ Y —oh —T_,(~w, h) — S_,(~w; —z,h)] "', (B.21)

On comparing eqs. (B.20-B.21) and using the relation eq. (B.16), we find
Y o(—w;—x,h) =U — Es(w;z,h)), (B.22)

which relates the (time-ordered) self-energies, ¥, (w; 2, h) = LE(w; 2, h) — isgn(w)
Y (w;x, h), at the same value of the field, h.

A similar relation can be obtained for the renormalized levels. The field depen-

dent renormalized level may be expressed as

ei(z,h) = —oh+T,(0,h) +Z5(0,h) =2 — Y — och +T4(0,h) + 50, h).
(B.23)
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From this
ei(z,h) = —[—2+ Y + oh —T5(0,h) — £5(0, )] (B.24a)
= 2+ Y +oh+T_,(0,h) — (U -3, (0,n)] (B.24b)
=—[-2— Y +0h—T_5(0,h) — 2E_(0,h)]. (B.24c)
Thus, we obtain the relation
en(x,h) = =% (—x,h). (B.25)

B.3 A and B propagators

In this appendix so far we have not labeled the explicit A or B dependence of
the propagators because we have been analysing a ph transform (eq. (B.4)) at the
precisely the same field, h. However, for U > U, for h = |h| > 0 we may simply add
A labels, and for h = —|h| < 0 we may add B labels. The pht equations relating
the propagators, self-energies and renormalized levels, egs. (B.16, B.22, B.25), may
be written with explicit A (or B) labels

Go w3 2, 1h]) = —Ga—o(—; —, ), (B.26a)
YA-o(—w;—x,|h|) =U — X pg(w; z, |h]), (B.26Db)
Ejzlo‘(xa |h’) = —Ez,a(—.f, ’h‘) (B26C)

At the specific ph symmetric point (where x = 0), eq. (B.26¢) shows that the renor-
malized levels are sign definite for any field |h], i.e. €% (x = 0,|h|) = —e¥__ (z =
0, |h|). By contrast for U < U, in a SC phase, these relations hold if the explicit A
labels are dropped. At ph symmetry in the zero field SC phase the self-energy is
spin independent; eq. (B.25) then implies that the renormalized level must vanish,
€*(0,0) =0 for x =0, U < U,.

B.4 Reversing the field

There is another symmetry of the Hamiltonian that we may exploit. The Hamilto-
nian is invariant if for a given fixed z, we reverse the polarity of the field, h <> —h

and swap o for —o. This implies that the propagators exhibit the symmetry
Gao(w;x, h) = Ga—o(w;x, —h) (B.27)

where « = A, B, @ = B, A, with h = |h| > 0 for A and h = —|h| < 0 for B. The a, &
labels can of course be dropped once again for U < U, in the SC phase. Applying
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this symmetry to the self-energies and the renormalized levels yields

Yoo(w;x, h) =Yg (w;x,—h), (B.28)
520(.%, h) = 63_0(.%, _h) (B29)

Combining egs. (B.27-B.29), with the pht relations eqs. (B.26a-B.26¢) gives

G o w; 2, ) = — G (—; —, |1, (B.300)
Yac(wsz, |h|) =U — Xp_s(—w; —x,—|h|), (B.30Db)
820(.%, ‘h‘) = —8*30(—56, _|h|)7 (B3OC)

which relate the A and B quantities, for 0 — —o, h — —h.

The pht considered (eq. (B.4)), in which particles and holes are exchanged as well
as 0 — —o, relates the physical properties of the system for x — —x for the same
value of the magnetic field A. As mentioned above, we could have also considered
the physical properties of the system under a ph transformation, eq. (B.8) where
spins were not exchanged, yielding eq. (B.10), ﬁ(m, h) = fI(—az, —h)+2z. Using this
relation one could have proceeded to determine the resultant symmetries satisfied
by Gy(w,x,h) and €% (z, h). However, if this analysis is undertaken, we yield the
same results as egs. (B.30a-B.30c). This is telling us that consideration of the
pht eq. (B.4), and of 1, | spin symmetry (embodied by egs. (B.27-B.29)) together

encompass the results obtained from a straight ph transform.



APPENDIX C

Numerical renormalization group

In this appendix we discuss briefly the ideas and concepts behind the numerical
renormalization group (NRG), originally developed by Wilson for the Kondo model
[10]. The NRG was subsequently applied to the metallic Anderson model by Krishna-
murthy et al. [11,12], and to the pseudogap Anderson model by refs [35-39,41,43].
NRG has also been used to solve a range of other impurity models including the
multi-impurity and multi-channel Kondo/Anderson models - for a comprehensive
review, see ref: [113]. The NRG provides an extremely powerful non-perturbative
tool, able to provide numerically exact results for both thermodynamic quantities
and also dynamic functions such as the impurity propagator. The technique also
provides a non-perturbative way of thinking about quantum impurity problems,
based on the renormalization group concept and building on Anderson’s ideas of
scaling [18].

In this thesis we use the full density matrix (FDM) formulation of NRG to obtain
exact numerical results for the dynamics of the pseudogap Anderson impurity model
in order to: provide evidence for the exact analytic results of Chapters 4, 7; and
also to give exact comparisons to the approximate results of Chapters 5-6. In this
appendix we briefly review the NRG approach and its implementation. Naturally,
the discussion follows closely the more detailed explanation found in, e.g. ref [113];
although our focus here is on the differences encountered on application to the

pseudogap Anderson impurity model.

The first step of the NRG is to discretize logarithmically the states of the con-
duction band, such that all energy scales of the problem are equally well-sampled.
The band is divided into logarithmic intervals and only the symmetric combination
of states in each interval is retained. The Anderson model is then cast in the form
of a linear chain, with couplings that exponentially decrease in magnitude along the
chain. The Hamiltonian can then be solved numerically by a process of iterative

diagonalization and truncation. At each step, the lowest IV; states are kept, avoid-
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ing the exponential scaling of the calculation with chain length, and allowing the

physics to be investigated on progressively lower energy/temperature scales.

C.1 Linear-chain Hamiltonian

Here we briefly outline the NRG procedure. We start with the (zero-field) single
impurity Anderson model Hamiltonian (c.f. eq. (1.1)):

H=> edldy + Unsiy + > excl,cy + > (Virdbey, +h.c.). (C.1)
o ko ko

We take the conduction band to be isotropic such that ex = €|, and of finite width

(with halfwidth D). In addition, the conduction band is assumed to be symmetric,

and also we take Vi; = Vix = V. The conduction band states are expanded in

terms of spherical harmonics centred on the impurity site [11]. Since the conduction

band is isotropic, the impurity only couples to the s-wave spherical harmonics. In a

dimensionless integral energy representation,

H € v . . ! !
5= ; [Ddf,da + oo + / 1 dkg(k)al _ans + / 1 dkh(k)(d}ary + al_dy)

(C.2)

where d;rc »» Uk are fermionic conduction band operators satisfying the usual anti-
commutation relation, {d;rC o Uilor } = 050:0(k — ') Here the conduction band states
span the energy range, —1 < k < +1. The effect of the conduction electron bath on

the impurity is captured in a single hybridization function [113],

hle(w))?, (C.3)
where g[e(w)] = w. The imaginary part is thus,

I (w) =7V?) 6w — =), (C.4)
k

in terms of ex and V' = Vi appearing in eq. (C.1). In the pseudogap context, we take
I'(w) =Tw/D|" = Tylw|" (I'(w) is ph symmetric), where Tg = I'/D" = pyV 2.}

!The quantity I has units of energy, E. By contrast, the quantity 'y has units of E*~", such
that Fé/(l_” has units of energy. I' is the usual NRG unit of energy, whereas F(l]/(l_r) is the energy
unit that we use in this thesis.
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>
L

Figure C.1: Diagram showing the logarithmic discretization of the pseudogap conduction
band, which runs in energy from —D(k = —1) to D(k = 1). Since A > 1, the intervals
become progressively smaller as the Fermi level energy (as & — 0) is approached. In each
logarithmic interval one state is retained, such that the conduction band is sampled on all
energy scales.
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C.2 Logarithmic discretization

The next step of the NRG procedure is to logarithmically discretize the conduction
band controlled by the parameter A > 1 [11].2 As shown in Fig. C.1 the conduction
band is split up into logarithmic intervals such that the nth interval is defined by

AT <4 < AT (C.5)

A Fourier series for a complete set of states is constructed in each interval. In this
basis, the conduction electrons couple to the impurity directly only through the
symmetric combination of states in each interval (the other combinations couple
indirectly and hence more weakly). Moreover, provided A is small,? it is a good
approximation to neglect all other states in each interval [10]. A series of further
transformations allow the Hamiltonian to be written in a linear-chain form. For
further details of the Hamiltonian transformations for the pseudogap AIM, we refer

the reader to refs [39,43]. The linear-chain form of the Hamiltonian is given by

2The A =1 case corresponds to the continuum limit where the band is not discretized.
3In practice, we set A = 2, in our calculations. Previous numerical calculations have shown that
the NRG results are even valid for values of A up to ~ 9.
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3] t2 t3 tn

C>0@@@ yslon

Figure C.2: Diagram of the linear-chain Hamiltonian (otherwise known as the Wilson chain)
of eq. (C.6) for the AIM. The grey circle denotes the impurity coupled to the first orbital
in the linear chain fy with strength v/T' ~ V. Successive orbitals are connected down the
chain via the couplings ¢,,.

H U
5 — Z |: de + Dnangl + Zt |:fngfn+1a + fn+1ofna:|

o n=0
\/?0 {d* foo + f3,d } (C.6)

where the dimensionless quantity, §¢ = 2I'/((r + 1)D). The conduction band op-
erators have been transformed into a new set of orthonormal operators fyo, f]T\,U,
such that the impurity only couples to a single fy orbital. As shown in Fig. C.2,
eq. (C.6), describes a semi-infinite linear chain of orbitals with one end coupled to
the impurity, and successive orbitals connected via couplings, t,,. For the pseudogap

model, the couplings take the form [39]:

_pne[r L] A—(r+2) [1 — A=(ntr+D)] (©73)
r+2] [ 1= A=+ | [ = A=@ntr+D]1/2]] — A-Cntr+3)]1/2
for even n and
B e [1— A
" r+2] 1= A=+ | [1 — A-Crtr+D)]1/2[] — A—(2n+r+3)]1/2
(C.7b)
for odd n. In the limit that n — oo, these couplings reduce to
— A—(r+2) x1 :
lim ¢, — 14 /2 even (C.7¢)
oo r+21— A=+ xA~"2 i podd

n/2 and thus decrease

The couplings ¢,, given via eq. (C.7) are proportional to A~
exponentially as the chain is traversed. This energy scale separation down the chain
justifies the RG truncation scheme in which only the lowest N states are kept at

each step.
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C.3 lterative diagonalisation

The linear chain Hamiltonian, eq. (C.6), can be diagonalized numerically, starting
from the impurity itself, and successively coupling in extra sites of the Wilson chain

at each step. For this purpose a rescaled chain Hamiltonian is defined of finite length,

viz:
A . 3 N-1
Hy = AN=D2 (Himp A 2 oo + foda) + D talFlo fsio + flﬂgfna)
o,n=0

(C.8)

such that the full (discretized) model is recovered on taking the limit N — oo,

H= lim A~W-12fy, (C.9)

N—oo

Two successive Hamiltonians are related by
Hyp1 = VAHy + A2ty (o fveio + Fiiofne), (C.10)

which takes the form of an RG transformation,
Hyy1 = R(Hy). (C.11)

At each step, the N lowest energy (diagonal) eigenstates of Hy are used to con-
struct H ~N+1. Higher lying states are discarded at each step - this is the central
approximation within NRG. It is justified by the fact that hoppings down the chain

decrease exponentially, which results in an energy scale separation.

C.4 Fixed points

Under the RG transformation, eq. (C.11), there are specific points in parameter
space where the effective Hamiltonian, H*, is left unchanged, i.e. R(H*) = H*.
Furthermore, these ‘fixed points’ are classified as either being stable or unstable.

Under a small perturbation, 0 H*, the RG transformation becomes
R(H*+0H")=R(H")+ R(0H™"). (C.12)

Whether the second term gets progressively bigger or smaller under this transfor-
mation determines the stability of the fixed point. For R(6H*), diminishing in size,
the flows are attracted to the stable fixed point. In contrast, if R(6H*) gets larger in

size, then the flows are repelled from the unstable fixed point. Moreover, a critical
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fixed point is stable on a particular RG trajectory, but unstable on all others.

T < Ty re <r<gz r> L
4 x xz 2
T r r
ASC ASC ASC
AQCP 'AQCP
U U U
SSC SQCP o L SSC sQeP M T ssC D

Figure C.3: Zero-field pseudogap AIM RG flows and fixed points in the (U/T", z/T") plane.
The LHS shows the situation for r < r, where only the SQCP exists, the middle shows the
flows in the range 7, < r < % where both critical fixed points coexist, and the RHS shows
the scenario for 7 > %, where only the AQCP exists. Reproduced from ref [43].

Fig. C.3 shows the RG flows in the (U/I',z/I") plane?) for the pseudogap An-
derson model. The three panels show the three distinct cases known from ref [43]
and discussed in Section 4.1. On the LHS, the scenario for r < r, ~ % is shown,
where the SQCP characterizes the phase transition. For U > U,, the system flows
to the LM fixed point, corresponding to effective parameters, (U/I" = oo, z/I" = 0).
By contrast, for U > U,, the system flows to either the SSC or ASC fixed points
if /T = 0 or /T # 0 respectively.” We emphasize that the SSC fixed point is
only stable specifically at x = 0, and unstable w.r.t any finite asymmetry. Precisely
at U = U,, the system flows to the critical fixed point of the SQCP. The middle
panel shows the r range where both the AQCP and SQCP fixed points coexist. At
r = ry, the AQCP moves into the plane, whilst the SQCP stays on the U/I" axis.
Thus, for any finite ph asymmetry and U = U,(r), the system flows to the AQCP.
By contrast, precisely at x/I' = 0, the SQCP remains the critical fixed point. The
RHS panel shows the third case where the SQCP has merged with the SSC, such
that the system at ph symmetry always flows towards the LM fixed point for any

U. For finite x, the RG picture is the same as the middle case.

C.5 Calculation of the dynamics

C.5.1 Anders-Schiller basis set

The Anders and Schiller (AS) basis set is a complete (but approximate) set of states
made up of all the discarded states from all NRG iterations (with all the states of the

“The parameter = ¢ + % determines the ph asymmetry of the system. At z = 0, the system
is invariant under a ph transformation - for details we refer the reader to Appendix B.

S5Technically, there are a pair of ASC fixed points, positioned at (U/T' = 0,z/T = 4o00) plane,
i.e. one for each x > 0, x < 0 - related via a ph transformation.
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final iteration considered discarded) [115,116]. States of the AS basis are necessarily
orthogonal, as illustrated in Fig. C.4.

KO D1 D1 D1 . .. D1 Dl
K
Do Do Tt Do Do
K>
D3 .. D3 D3
K3
Dy Dy
K 1

Dy

Figure C.4: Schematic of the Anders-Schiller basis set reproduced from ref [117]. The grey
boxes show the kept states, K at a given iteration, N, whereas the white boxes show
the discarded states, Dy. Combining all of the discarded states for the total number of
iterations, L, forms the complete orthogonal Anders-Schiller basis set.

C.5.2 Full density matrix approach

Within the FDM approach, one considers the entire Wilson chain of total (finite)
length Nt from the outset. The hopping matrix elements, t,, are then considered
to be successively ‘switched on’ through the iterative process. At a given iteration
N, we label states of the coupled N-orbital system comprising orbitals up to and
including fy as |s) (where s stands for ‘system’). The remaining N;,-N orbitals
comprise the ‘environment’ denoted |e). An overall state is then given via the direct
product of the system and environment states: |se) = |s) ® |e). The unity operator
in the AS basis is written as [116]

Neot
1= Z Z\seﬂefﬁ(sel, (C.13)
N>Ng se

where |se)X) is a discarded state at iteration N, Ny is the last iteration for which all
states are retained and Ny, is the total number of iterations. Importantly, each state

|se) y is 4NVt =N_fold degenerate by virtue of the environmental degrees of freedom.
The full density matrix p = 3 5 PN, where ﬁfg = 5Z~je_ﬁﬁN , is constructed (in
the AS basis from discarded states) from each iteration of the NRG. Dynamics in

the Lehmann representation, are then calculated via (...)p = Trp.... The details
of the FDM formulation are discussed in refs [101,102].
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C.5.3 Spectral broadening

Due to the discretization of the bath in NRG - which is inherent to the method -
calculation of dynamics are naturally also discrete, consisting of a finite set of poles.
To recover the true spectrum, one broadens these poles, as, described in ref [101].

this is done by convolving the discrete data with a broadening kernel,

b /4
- bwn/T

(Inw — Inw,)?

exXp| — b2 9

O(w — wp) (C.14)
where b, known as the broadening parameter, controls the width of the Gaussian
function, such that in the limit & — 0 the pole is recovered. The broadening is
done on a log-scale because the poles are distributed logarithmically due to the

logarithmic discretization. Typically we use b = 0.45 — 0.6, for A = 2.

C.6 Self-energies

The local impurity self-energy, ¥;;.,(w), may be calculated directly from NRG, as
originally explained by Bulla et al. [98]. From the equations of motion methods [2]
of Section 2.3, the local impurity Green function for the single-impurity Anderson

model is given by
Gii;o(w) — [W+ — &g — Fii;d(w) - Fii;o‘(w)/Gii;cr(w)]_l (C15)

with w®™ = w + in for the retarded function, and €, = ¢ — oh. The correlation
functions are given by Fj;.,(w) = U((ﬁi_oéw;cjg>)w, and Gjio(w) = <<éw;cja>)w.
On comparison of eq. (C.15) with the Dyson equation, eq. (2.50), we see that the
self-energy, ¥;;.,(w) is given by the ratio

Fiio(w)

3

(C.16)
Using FDM-NRG, Fj;(w) and G;;(w) can be calculated directly, and X;;(w) follows by
eq. (C.16), In fact the Lehmann representation in NRG yields the spectral functions
ImF and ImG, and so Hilbert transformations are performed to yield the entire
(complex) analytic functions for use in eq. (C.16). Furthermore, an “improved”
Green function can be obtained by using the self-energy 3;;(w), from eq. (C.16) in
the Dyson equation, eq. (2.50).



APPENDIX D

Free energies and hyperscaling

In the first part of this appendix we show that the local magnetization, m(h), and the
local static spin susceptibility, xs, may be written as the first and second derivatives
(w.r.t a local field, h) of the free energy of the system. In the second half of this
appendix we consider a scaling ansatz for the singular part of the free energy as the
QCP is approached (as a function of T', h and |U —U,|). From this free energy form a
number of ‘hyperscaling’ relations between the critical exponents may be deduced.
In the LM phase we explicitly consider the implications of the T — 0, h — 0% of

the non-commuting limits on the critical exponents.

D.1 Free energy

In this section we show two important results for the local magnetization, m(h),
and local susceptibility, x(7') at finite temperature in response to a magnetic field.
First, with F' denoting the free energy of the full system, and h = % gupB, a purely

local magnetic field, we show that the local magnetization, m(h) is given by the

derivative
oF
h) =2(8,) = —— D.1
m(h) =2(5,) =~ (D.1)
with §, = %ZU on, referring to the local impurity spin and (...) denoting an

average in the presence of the field. Second, we show that the finite T' static spin-

susceptibility defined by

wn = (52) (D2)

'The analysis of Section D.3 essentially yields the same results as that of ref [37] for the pseudogap
Kondo model, but here we focus on the pseudogap Anderson model.
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is given by
8
WD) =2 [ dn@s s D3)
0

where 5 = 1/T, (...)o denotes an average in the absence of a field (Hy is the
Hamiltonian of the system at i = 0). The imaginary-time (7 = it) operator §,(7) is
expressed in the interaction picture [62] as §,(7) = e7Ho §Ze_TH0 and 08, = §,— (5,)0.
In this appendix we consider finite 7, such that the zero-field magnetization m(h) =
2(8,)0 = 0, regardless of whether the zero-temperature phase is SC or LM. Therefore

08, = §, in all cases and the ‘¢’ is in effect redundant. Finally we show that

2
XS(T) = _;(Z}fs) h:o, (D4)

which follows from eq. (D.2) provided eq. (D.1) holds.
In the presence of the local field the full Hamiltonian is given by

H = Hy — 2h3, (D.5)
with corresponding free energy given by
F = —TlnZ = —T In(Tre AlHo=2hs]) (D.6)

with Z the partition function (where we consider a canonical ensemble). If we
had instead considered a uniform global field (applied to both the impurity and
conduction band states), then the full Hamiltonian becomes H= JEIO — 2h5’z, with
S, referring to the entire system. Since S, and H commute, by simply differentiating

eq. (D.6) we obtain 2(S,) = —0F/0h. However, for a purely local field, $, do not

commute and showing eq. (D.1) is not quite so easy.

D.1.1 Results

By adapting the early parts of Luttinger and Ward’s seminal work [59] (we refer
to as LW), we may show the results above. The purpose of LW was to consider
a Hamiltonian of the form H = Hy + H’', where Hy refers to the non-interacting
system and H' is the interaction part. However, their original analysis in fact applies
generally to any H of the form H = Ho+ H’, and thus we make use of it here. Before

proceeding we note that

ZZO = ¢ OE=F0) = ([(8))y (= £ Tre M0 () (D.7)
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where Zy = Tre—8H0 is the partition function for Hy and the operator U (B) is defined
by U(B3) = e#Hoe=FH  The essential result from LW is that the operator U(8) may
be expressed by

. X \n B B . N
U(ﬂ) =1+ Z ( 73') /0 dr .. /(; dTnTT[HI(Tl) .. ~H/(Tn)]7 (D8)
n=1 ’

where H'(7;) is expressed in the interaction representation by H'(7;) = emiHlo f'e=TiHo
and T, is a time-ordering operator that places operators acting earliest in time to
the right.

In the present context, we consider JEIO to be the Hamiltonian for the system in
the absence of a field (itself an interacting Hamiltonian - eq. (1.1)), and H' = —2h4,,
the coupling to the local field. Inserting this form into eq. (D.8) we obtain specifically

A < opyn B 8
U(ﬁ):1+z(2:z!)/0 dn.../o A7, T [3,(71) - - . 82(70)], (D.9)
n=1

By inserting this operator into eq. (D.7) it follows that

Z _eotr-m) _p 4 3 RS
n=1 ’

B B
7 - /0 dr .. ./0 A (Tr[8,(71) - . . 82(m)])o (D.10a)

=1+ A(h) (D.10D)

and therefore A(h) is defined as a power series in h:

A(h) = i (252” A (D.11)
n=1 :

Thus, from eq. (D.10) we have: F — Fy = —T'In(Z/Zy) = —T'In(1 + A(h)). Differ-

entiating this equation, we obtain

OF T )
~ah = T oh (D.12a)
2T = (2n)™
_ m(/\l + ; (n!))\nH) (D.12b)
and
PF T ON(h)\? T  92X\(h) D13
O T (1+)\(h))2< oh ) (1+ X(h)) Oh2 (D-13)
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Differentiating eq. (D.11) gives

(ax(m

B
8h> o = 2)\1 = 2/0 dT1<SZ(T1)>0 == 2ﬁ<5z>0, (D.14)

where (5,(11))0 = ZioTlre_mqoeﬁgo§Ze_T1H0 = Z%)Tre_ﬁﬁ%z = (8,)0 (using the cycli-

cal invariance of the trace); and

2 B 8
<88);L(2h)>h:0 = 4)\2 = 4/0 dTl/O dT2<TT['§Z(Tl)§z(T2)]>D. (D.15)

Therefore, by virtue of the fact that eq. (D.11) gives A(h = 0) = 0, inserting
eq. (D.14) into eq. (D.12) we obtain

6F> (ak(h)) )
<8h h=0 oh ) —o
whilst egs. (D.13, D.15) give
_ 82l —4( T\ _1<A>2 (D.17)
oh? ), - 27 p\Seo ) '
and hence
1/ 0*F A g
By i p— / dry / Ao (T2 [05,(m1)0(72)]o, (D.18)

where 05,(71) = 8,(11) — (8,)0. Thus, eq. (D.17) confirms eq. (D.1) but for h = 0
only — a point we return to below. Firstly however, let us obtain eq. (D.3) for
xs(T). Using e PH = e=PHo(B), together with eq. (D.10), we obtain

1 / Zy 1 f 1
(8,) = ETrefﬁHg@Z = %—TrefﬂHOU(ﬁ)g =

Zo z mW(ﬂ)ém (D.19)

Hence by using eq. (D.9) we find

© n B B
<§Z> :(14-1/\(}1)) <<§Z>0 + Z (2:‘) /0 dry ... /0 dTn<TT[§Z(T1> cee §Z<Tn>]§z>0>

n=1

__ b (s e 2
_<1 n /\(h)) <<SZ>O + 2h/0 d7'1<3z(7_1)8z>0 + O(h )> (D_QO)
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Differentiating this equation we obtain

o = () (B) e [Cangaimss e

B B
— 2,2 +2/0 dr1 (3, (m1)5)0 = 2/0 dr1 (55,(71)3,)o,
(D.21b)

which is eq. (D.3) as sought. Finally on comparison of eq. (D.21b) with eq. (D.18)
that xs(T) = —30*F/0h?, eq. (D.4) provided that

B B B
5/0 dT1<§Z(T1)§Z>0 :/(; dTl/O d7'2<T7-[§Z(’7'1)§Z(’7'2)]>0, (D22a)

which may be explicitly shown by some lengthy algebra involving decomposing
flr1,m) = f(r1—72) = (T[3,(11)5,(m2)])0 as a Fourier series. By inserting egs. (D.14-
D.15) into eq. (D.12) to obtain

10F

L (e / an, / dnll fsm)su(rllo + O02) ).

(D.23)

Comparison of this equation with eq. (D.20), we see that provided eq. (D.22a) holds

then —% = 2(8,), explicitly confirming that eq. (D.1) holds beyond the h = 0 level

of eq. (D.16).

D.2 Homogeneous functions

In this section we begin with a general discussion of homogeneous functions following
the considerations of ref [118] page 433, before turning to hyperscaling (in Section

D.3) in the context of the local quantum phase transitions of which we are interested.

A function F(x) of a single variable is homogeneous if, for all values of a scale

parameter A
F(A\z) = g(A\)F(x) (D.24)

(so that g(A = 1) = 1). The general form of g(\) can be found as follows. We first
note that

Fpdz) = g(AN)F(px) = g(1)g(A\) F(z) (D.25a)
= g(uA)F(x) (D.25b)
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and therefore g(\)g(u) = g(Au). Differentiating we obtain

dg(N)g ()

St = 2 ) = o (g (D26)

where ¢'(pu) = dg(p)/dp. We now set u = 1, thus defining p by: ¢'(1) = p, then
Ag'(A) = pg(\) which on integrating (and remembering that g(1) = 1), gives

g(A\) = AP, (D.27)
Hence by inserting this equation into eq. (D.24), we obtain
F(\z) = NPF(x) (D.28)

and F(z) is said to be a homogeneous function of degree p. If we let A = 27! in

eq. (D.28), then
F(z) = F(1)a? (D.29)

i.e. F(x) has a power-law dependence on its argument.

We now generalize the result eq. (D.29) to functions of two or more variables.
The generalization of the definition eq. (D.24) to a function of two variables F'(z,y)

is that it is homogeneous if
FQz, Xy) = g(M\)F(z,y) (D-30)
for all A\. Hence, proceeding in parallel to eq. (D.25)

F(pdz, p?\ty) = g(u) F(Az, Ny) =g(1)g(A\) F(z, y) (D.31a)
=g(u\) F(z,y). (D.31b)

Hence from the same argument as above, with g(A)g(u) = g(Ap) and g(A) = AP we

obtain
F(Ax,\Ny) = \PF(x,y) (D.32)

which is the generalization of eq. (D.28) to two variables, holding for any \. If for

example we choose Az = 1, then eq. (D.32) gives

Flz,y) = :rpF<1, x”p) (D.33)

(so that F'(z,0) is homogeneous of degree p in z); whilst if we instead choose A7y = 1,
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then eq. (D.32) becomes

p
F(z,y) = qu<yf”/q,1>, (D.34)

so that F'(0,y) is a homogeneous function of degree p/q in y. Alternatively, and move
relevantly to the discussion below, we may consider A\’ = y~!, such that eq. (D.32)

becomes

_ Y
F(‘,I:7y) _’YF(ryl/P7ryq/p> (D35)

The generalization to functions of higher number of variables is obvious. For three

variables which we explicitly consider below, the generalization of eq. (D.32) is
F(Az, Ny, \"z) = NP F(z,y, z). (D.36)

Once again, with \? = y~1, this equation becomes

B x Y z
F(:C,y,Z) _7F<71/p77q/p777,/p>7 (D37)
where of course writing A = 7~/ is nothing more than defining a new scale param-

eter.

The essential assumption now made is that the free energy of a quantum impurity
system close to criticality, or more specifically the singular part of the free energy,
is a homogeneous function of its physical parameters. In the case we consider the
3 distinct relevant quantities are ‘distance from criticality’ [t| = |U — Ug|, local

magnetic field h, and temperature, T. Eq. (D.37) then gives

B it h T
F(|t|?h’aT) - FYF(fyl/p’ ’Yq/p’ ,-YT’/p . (D38)

T
We are free to choose the scale parameter « - we choose 7P =T, and therefore

P ’t’ h
F(’t’,h,T):TrF(Tl/T,WJ). (D.39)

Now simply relabeling the exponents, a = 1/r, b = q/r, ¢ = 1 — p/r, such that
eq. (D.39) becomes

I U W R S L
F(‘t‘ahaT):Tl F<W7]ﬂ)7 :Tl f ﬁ?ﬁ ) (D40)

thus defining f(|t|/T¢, h/T?). The scaling form of the free energy is therefore speci-

fied by three exponents a, b and ¢, one for each of the physical parameters. For the



272

type of QCP that we consider in this thesis we later show that the exponent ¢ = 0,
reflecting the fact that the LM phase has a non-zero entropy. As such, we consider

explicitly the scaling form for the singular part of the free energy

h h
F([t|,h,T) = TF(:|l’f| g3 ) Tf(z‘fl Tb) (D.41)

This is the scaling ansatz employed by refs [37,46,48,79]. In the next section we
consider the hyperscaling that it leads to.

D.3 Hyperscaling

With m(h) = m = —0F/0h and xs = —0°F/0h?, eq. (D.41) gives

1 1t R
~T f (T“ Tb> (D.42a)
) {0 h
NTl 2b ¢l | D.42
Xs f <T“ T (D.42b)

where f/(u,v) = f(u,v)/0v and f(u,v) = 0 f(u,v)/Ov?. The critical exponents
that we consider in the following are 3,7,v’,d and y, defined by

m(U > U, T =0,h — 0) ~ (U - U,)" (D.43a)
Xs(USULT=0,h—0)~|U—Ul™ (D.43b)
Txs(U > U, T — 0,h =0) ~ (U — U.)” (D.43c)
m(U = U, T = 0,h — 0) ~ |hy% (D.43d)
Xs(U=Us, T =, h=0) ~T7Y (D.43e)

such that 8 and 4’ refer to the LM phase (U > U,), and 7 encompasses both phases;
while ¢ and y refer to U = U, itself. Fig. D.1 shows the critical point located at
h,T,t = 0. The critical exponents tell us how each of the physical quantities in
eq. (D.43) behave as the QPT is approached along each of the three axes.

D.3.1 LM phase
h—0T=0

As discussed in Chapters 3,7 and shown in Fig. 7.1, in a LM phase the limits h — 0%
and T' — 0 do not commute. Here we first consider taking the limit 7" — 0, followed
by h — 0F; whence the ratio v = h/T® — 4oo (according to the sign of h).

In this case eq. (D.42a) becomes m ~ Tl_bf’(ﬂ,ioo) Now with u = |t|/T*,
(where sgn(h) = sgn(v)); and therefore

U— 00

we assume that f'(u,+o0) "~ sgn(h)u®
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> t=(U-U,)

SC QCP LM

Figure D.1: Schematic showing the QPT in the (¢, h, T) plane. The QPT is located at T' = 0,
h =0, ¢t =0. For any finite, ¢, h, or T the ‘pristine’ QCP is destroyed.

m ~ sgn(h)(T'=?/T%)|t|*. The fact that in a LM phase, the 7' = 0 local moment
m is finite requires that az = 1 — b, or equivalently z = (1 — b)/a. Therefore the

local moment becomes

il = m(U > U, T =0,h = 0) ~sgn(h)(U - U.)?  B= , (D.44)
thus relating 8 to a and b.

Now we consider the local susceptibility, ys. In eq. (D.42b) assume that
£ (u, %00)
Xs is finite in the T'= 0 LM phase, which requires that 2’ = 1 — 2b/a. Therefore
eq. (D.43b) becomes

% and therefore y, ~ (T'=2/T%")|t|*". Once again, as for m,

2 — 1
Xs(U>Up, T=0h—=0)~ |U=-U|" y= w (D.45)

relating v to both a and b.

Before we proceeding we comment on the assumed form f”(u,v) ~ u® as u — oo
and v — Zoo. This dependence of the second derivative, means that the first
derivative has the form

0f(u,v)

e = £ (u, ) ~ u® v + sgn(v)g(u) DU — 00,V — 00 (D.46)

with g(u) a function solely of u = |t|/T*. The sgn(v) reflects the fact that the
derivative w.r.t. v is of a different sign according to whether v — oo (h > 0) or
v — —oo (h < 0), since the local moment m = m(h) is necessarily an odd function
of field. Therefore by inserting eq. (D.46) into eq. (D.42a) we obtain

[t” b

— + T b sgn(v)g(u). (D.47)

1-b
m~T Tax’ Tb

Moreover, since from above az’ = 1 — 2b (and noting that sgn(h) = sgn(v)), this
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becomes
m o~ 2x(U > U, T = 0,h — 0)h + T b sgn(h)g(u). (D.48)

Just as above, the function g(u) is then assumed to be of the form g(u) ~ u® as
u — oo which leads to the result of eq. (D.44). Thus on differentiation of eq. (D.48)
w.r.t. h, we obtain the correct form of ys = 3(8m/0h), o+, and all results are
physically consistent. Moreover, we note that when the second term in eq. (D.48)
is differentiated it gives rise to the singular |f|6(h) contribution to (9m/8h) which

we normally neglect from explicit consideration.

h=0,T—0

Still focusing on the LM phase where U > U, we now consider the limits temperature
and field limits in the opposite order, such that h — 0 is taken first followed by
T — 0. In this case v = h/T® — 0, whereas u = |t|/T® — oco. We know that
when the limits are taken in this order the zero-field magnetization, m(h = 0) = 0,
vanishes for all T. If we carry out the same procedure as above from eq. (D.42a)
we obtain m ~ T'=0f'(u,0), for u — oo f'(u,0) ~ u® with a¢p = 1 — b, such that
m ~ Alt|?, all we could conclude is that the coefficient A = 0. Therefore we focus
on the h = 0 susceptibility given from eq. (D.42b) as xs ~ T172°f"(u,0). Now we
assume that f”(u,0) "~ u*”, such that y, ~ (T120/7%")|t|*” . Furthermore, in
a LM phase for h — 0 then 7" — 0 we know that it is Ty that tends to a constant,

which requires that az” = 2(1 — b)/a, i.e. " =2(1 —b)/a. Therefore

Txs(U>Us, T —0,h=0)~ (U—-U.)"; :4 = : (D.49)
relating 7/ to a and b.

D.3.2 SC phase

As the QCP is approached for U — U only the spin susceptibility xs(U < U, T, h)
is critical, so only it need be considered. First considering taking the limit T — 0,
followed by h — 0%, so that v — +oo, and proceeding in direct parallel with
eq. (D.45) above, we assume that f”(u, £00) "< u. Therefore from eq. (D.42b),
Xs ~ (T172°/T9%)|t|%. Since x;s is finite in the T = 0 SC phase, we require that
Z=1-2b/a and hence
_ (26— 1)
Xs(U < U, T =0,h—0)~(U—-U,)"7; Dy = , (D.50)

a

which is the same result as eq. (D.45) above for U > U.. Thus, the exponent, ~, for
the divergence of x, in both phases should be the same as the QCP is approached.
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Moreover, if we had considered taking h — 0% first followed by 7" — 0, we would
have obtained precisely the same form for xs as eq. (D.49), reflecting the fact that
in a SC phase the limits commute. This is in contrast to the LM phase considered

above, where the result for ys; depends on the order of the limits.

D33 U =U.

Finally we consider the case of ¢ = 0, such that we sit precisely at the QCP and
then consider taking the limits as 1" and h approach zero. Firstly we take h — 0,
and then T — 0, such that both v = h/T® = 0 and u = [t|/T* = 0. eq. (D.42b)
then gives x5 ~ T172°f"(0,0) oc T'=2*, and hence

Xs(U=Ue, T = 0,h=0)~T7Y :y=2b—1, (D.51)

relating y to b.
Next we consider the exponent ¢ defined by eq. (D.43d), such that ¢t = 0, v =
h/T® — 400 and u = [t|/T® = 0. In eq. (D.42a) we assume that f'(0,400) ~

sgn(v)v*” as |v] — oo, such that m ~ sgn(h) (T =0/T%"")|n|=" .
this form must be finite as T — 0, which then requires that 2’/ = (1—b)/b. Therefore

For any finite-h,

1
m(U =U., T =0,h — 0) ~ sgn(h)|h|d; 10 = (D.52)

relating ¢ to b.

D.3.4 Hyperscaling relations

We now have that critical exponents S (eq. (D.44)), v (egs. (D.45, D.50)),
(eq. (D.49)), y (eq. (D.51)) and 0 (eq. (D.52)) in terms of the initial exponents

a and b:

1-b 2b—1 2(1 -0
5: P Y= ) 7/: ( )7 (D53)

a

b
=2%—1, b6=-——.
Y ’ 1-b

We may thus eliminate the exponents a and b to obtain the following hyperscaling

relations:

1
—=v. D.54
“=v (D.54)

5:7) ﬂ:’YT, 7/:2ﬂ7 26+7:
The exponent v = % is commonly employed [37,79], such that the low-energy scale
wy o |tV = U = Uel”.

We note here that the relation 4/ = 23 is derived on fully microscopic grounds
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from the analysis of Section 7.3 by considering the Lehmann representation of
Xs(T,w), eq. (7.68d).

Finally, recall that in analysing the singular part of the free energy, we set the
exponent ¢ =0 in eq. (D.41). We now show why this is correct. We could of course
repeat the above analysis with the general form eq. (D.41). In doing this eq. (D.55)
is replaced by

5:(1—2)—57 7:21’—(&1—0), 7,:2(1—;))—07 (D.55)
b
y=2—(1-0), d=g=iy

from which it follows that 7' = 28 + £ = 23 4 cv. However from the arguments of
Section 7.3, v/ = 2/ can be proven microscopically. Hence ¢ = 0 is required since
the exponent a cannot be infinite.

There is another way to see that the exponent ¢ must vanish. Throughout the
entire LM phase (U > U,) the residual entropy goes to a finite constant: Siyp(1" =
0,h = 0) = In2 [43]. (Also note that the entropy of the whole system S(7T') =
Simp(T") — as the entropy of the system in the absence of the impurity vanishes).
From basic thermodynamics for h = 0, dF' = —SdT, and as such S = —0F/0T.
Hence, in the limit that 7" — 0, by virtue of the fact that S goes to a finite constant,
F o T. Now consider eq. (D.40), F(U > U, T,h = 0) ~ T'=¢f(u,0) with u = [t|/T¢
(and v = h/T? = 0). As T — 0 (or equivalently u — 00), assume that f(u,0) ~ u7,
such that F(U > U,, T — 0,h = 0) ~ (T'=¢/T%7)|t|". For F T to arise from this
form we require ar = —¢, so F(U > U,,T — 0,h = 0) ~ T|t|~¢/* and hence S(T —
0) = —OF/OT ~ Alt|=¢/* = AJt|~® (with A a constant coefficient). Therefore, in

order for S(T"— 0) to go to a constant value, ¢ = 0 is required (a is not infinite).



APPENDIX E

Free spins

In order to illustrate some general points about the doubly-degenerate LM phases
considered in this thesis, in this appendix we consider the very simple case of an
ensemble of free spins.

The Hamiltonian for a free spin—% object coupling to an applied magnetic field

h= %g,uBB is given by
H = —2hS,. (E.1)

where the (—) sign reflects that 1 spins are favoured in energy over | spins. The finite-
temperature magnetization of the sample, m(h), is then obtained by the thermal

average of the operator, S, = %[ﬁT — ], viz.

TS5, 3, (018,*" o)

m(h,T) = 2(S,) =2 _ _ .
(1) = 2055 Tre20hs: > (o|e2PhSz|a)

(E.2)

where 0 =1, ] and 5 = 1/T as usual. Now, using the fact that the spin states are
eigenfunctions of the Hamiltonian i.e. S,|0) = Flo), m(h) is easily shown to be

given by
m(h,T) = tanh(Bh). (E.3)

(We note that the only non-zero magnetization arises along the z-axis - it is eas-
ily shown that both (S,),(S,) = 0 by direct consideration). The corresponding
spin-susceptibility is then obtained from taking the derivative of either eq. (E.2) or

eq. (E.3)

19m(h,T)
2 oh

Xs(hv T) =

PN,

where we have used <5’§> =
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m(h,T) T >0 m(h,T) T =0

WLWL S
h h
l—l .

Figure E.1: Left: The finite-temperature magnetization, m(h,T'), as a function of h. Right:
m(h,T) as a function of the at T = 0.

Now let us consider the two separate limiting processes limp_,g limy,_,o+ [m(h, T)]
and limy,_,o+ limp_,o[m(h, T)]. First, taking the limit A — 0% for any finite T, yields
the picture on the LHS of Fig. E.1, i.e. the magnetization is given by eq. (E.3)
vanishing for h — 0. The corresponding susceptibility is thus given from eq. (E.4)
by
Na(hT) = = 20 o, (E.5)
2T
with a characteristic 1/7" Curie-law divergence as 7" — 0. This is the natural result
for a doubly degenerate state with the spin having equal probability of being up or
down (with (S2) = 1). Alternatively, consider the RHS of Fig. E.1 which shows that

m(h, T =0) = —m(—h,T = 0) is discontinuous across h = 0 given simply by
m(h, T =0) = [6(h) — 0(=h)], (E.6)

which is obtained by simply taking the limit 3 — oo in eq. (E.3). For h — 07,

m(h,T = 0) — +1, whereas for h — 07, m(h,T = 0) — —1. This behaviour reflects

the fact that for any h > 0, the | 1) pure state is ‘picked out’, whereas for h < 0,

the | |) pure state is the ground-state. Identically at h = 0, m(h = 0,7 = 0) = 0,

describes the point where the ground-state is doubly-degenerate and the | 1), | |)
pure states have precisely the same energy. The spin-susceptibility follows as

10m(h,T)

h,T=0)=-———"—> =§(h E.7

X, T =0) = S 270 = (), (E7)

containing a delta function singularity at h = 0 reflecting the discontinuity in the

magnetization, m(h), eq. (E.6).

We make two important points about the results obtained above. Firstly con-
sidering the magnetization, m(h). From eq. (E.3) m(h = 0,7 T30 0, whereas by

+
contrast from eq. (E.6), m(h,T = 0) P07 4. Thus, the two limiting processes do



E. Free spins 279

not commute, i.e.

Hm lim[m(h, T)] # lim lim [m(h, T)], (E.8)

reflecting the fact that at finite temperature, the point T'= 0, h = 0 is continuously
accessed as a function of h, whereas for T' = 0, m(h,T = 0) is discontinuous. This
underlying behaviour is of course also characteristic of the LM phases in quantum
impurity systems that we consider in this thesis.

Secondly we note that eq. (E.7) is not what we would obtain by setting 7" = 0
in eq. (E.4) and then taking the limit » — 0% (in that case we simply yield xs(h —
0%,7 = 0) = 0). The pole contribution of eq. (E.7) is thus not picked up by the
form of eq. (E.4), reflecting the fact that we implicitly assumed that m(h,T’) was
continuous when we took its derivative in going from eq. (E.3) to eq. (E.4). The
eq. (E.4) does however give correctly xs(h — 0%, T = 0) - which for the case of
free spins happens to be zero because the spins are by definition full saturated local

moments. For A in the vicinity of 0, we can thus write
Xs(h, T = 0) = [@|6(h) + xs(h — 0%, T = 0), (E.9)

where |fi| = 1 when the moments are fully saturated (as they are here), and where
Xs(h — 0%, T = 0) vanishes in this case. However, eq. (E.9) gives the general form
for xs(h,T = 0) in a LM phase at zero temperature (c.f. eq. (7.6)).
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