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Abstract

We study programs of a finitary ML-like languad®ML; with ground-type reference®RML;
permits the use of functions with locally declared variables that remain private and persist from one
use of the function to the next. Using game semantics we show that this leads to undecidability of
program equivalence already at second order. We also examine the extent to which this feature can be
captured by regular languages. This gives a decidability result for a second-order frégviigntof
RMLs, which comprises many examples studied in the literature.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Game semantics has contributed fully abstract models for a variety of programming
languages. Each of these models gives a semantic account of program equivalence: the
interpretations of programs coincide if and only if the programs are equivalent in the re-
spective languages. This makes it possible, at least in principle, to reason about program
equivalence with the help of game models. However, their structure does not facilitate such
reasoning, since the game categories are obtained via non-trivial quotienting. Fortunately,
for languages with ground-type references, the quotient can be characterized explicitly via
sets of special plays, making the model more accessible and usable.
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Plays in game semantics are sequences of moves equipped with pointers. In some cases,
however, the pointer structure can be shown to be uniquely reconstructible and consequently
can be ignored. Then sets of plays can be regarded simply as languages over the alphabet of
moves and program equivalence can be analyzed as language equivalence. If the associated
language equivalence is decidable, so must be program equivalence. In order to obtain
decidability, finitary language fragments are considered: with finite datatypes and with
iteration instead of unrestricted recursion.

The first result establishing that pattern of reasoning has been obtained by Ghica and
McCusker[10,11] and concerned second-order Idealized Algol and regular expressions.
This discovery initiated research into algorithmic aspects of game semantics and its potential
to become a foundation for software model-checking [2]. The initial decidability result has
also been extended in various directions: to third-order Idealized Algol [22,21], concurrency
[12] and a call-by-value language with arrays [9]. The last of these papers, by Ghica,
investigated a language with first-order procedures and block-allocated variables, such as
those used in imperative programs.

In this paper we consider the call-by-value case as well but we shall focus on dynamically
allocated (integer-valued) variables used in languages such as Standard ML. Access to such
variables can be passed outside their original allocation block, which opens up new ways of
manipulating the program state. One can also define functions which have “private” local
variables that persist over invocations and accumulate information throughout their lifetime,
like in the simple example given below:

(lintref - Gxntif Il < maxthen (1:=! + 1; x) else Q))(ref(0)) : int — int

where the local variable restricts the number of function calls and causes divergence after
max uses (see also Examples21, 27 and 28). This encapsulates the state within the func-
tion much like in object-oriented programming. Indeed, that mechanism can be employed
to define objects and implement basic object-oriented features [25]. The combination of
imperative and functional features present in ML turns out quite difficult to reason about
[23]. In fact we are going to show that already at second order finitary program equivalence
is undecidable. On the other hand, we will identify a language fragment with second-order
procedures which can be captured via regular languages and which still contains many ex-
amples considered in the literature [23,26]. The language will include some terms whose
game semantics is not strictly regular. Then, instead of the full semantics, we will use a
suitable regular representative.

Our language of study is finitafgML for which a fully abstract game model was given
by Abramsky and McCusker [SRML bears close resemblance to Reduced ML as studied
by Pitts and Stark [23,26] with one important distincti®ML is equipped with a variable
constructormkvar, which can be used to design user-defined variable objects that do not
have to behave like standard memory cells. In general this feature fRiKesontexts more
discriminating as far as program equivalence is concerned, but this happens only when the
types of the terms involved have negatlveccurrences ait ref. In other caseRML can
simply be considered a conservative extension of Reduced ML and then our results are
immediately applicable to Reduced ML, including the undecidability result which does not

1i.e.in the left-hand scope of a odd number of arrows.
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make use ofnkvar. Recent advances in game semantics suggest that it will soon be possible
to construct a fully-abstract game model without usinkyvar, using ideas which can be
traced back to Fraenkel-Mostowski set thefit$,3]. For the time being, thBML game
model can be seen as a simpler and in many cases faithful alternative. In factéb+free

types the model in [15] coincides with the model RI¥IL.

Outline of the paperWe introduce finitaryfRML (referred to aRML;) in Section 2
along with the induced notions of program approximation and equivalence and discuss its
relationship to Reduced ML. In Section 3 we give a self-contained description of the game
model forRML; [5]. Since there are no tutorial introductions to call-by-value games, we aim
to present the constructions underlying the model in a way that should be understandable to
anyone who has read the call-by-name games tutorial [7]. Section 4 contains a systematic
study of cases in which pointers are redundant in plays. This motivates the introduction of
RML; in Section 5, which is a fragment BML; that will turn out representable via regular
languagesRML;" supports second-order procedures and makes it possible to encapsulate
the state in tuples of first-order functions. Thus, for example, classes with first-order methods
can be modelled. Finally, Section 6 presents a reduction of the halting problem to second-
orderRML; equivalence.

Related workA detailed analysis of the behaviour of languages with the features dis-
cussed here has been carried out by Pitts and Stark [23,26]. Call-by-value game semantics
has been introduced by Honda and Yoshida [13] (in the functional case) and by Abramsky
and McCusker [4]. In the context of algorithmic game semantics, this paper is an extension
of Ghica’s work on regular languages for first-order call-by-value [9]. As for undecidabil-
ity, the present author has previously shown that fifth-ofeigh_; with block-allocated
variables is undecidable [19,20]. That result was derived from an undecidability result for
fourth-order finitary Idealized Algol and did not rely on ML-references. Using a similar
approach we show that due to their presence undecidability already occurs at second order.

2. RML;

RML; is an ML-like language with ground-type references. Its types are generated ac-
cording to the grammar

0:= unit | int | intref | 00— 0,

whereunit is the type of commandspt is a finite ground datatype corresponding to an
initial segment0, ..., N} (N > 0) of the set of natural numbers aind ref is the type of
int-valued referenceRML; typing judgments are presented in Fig? The termQ, i

is a “divergent constant” to which no reduction rule will apply. The operational semantics
will be given in terms of stores. Lét range over finite sets dbcationswhich are taken
from some countable set. Anstoresis simply a partial function frombp to {0, ..., N}. We

write s(I — n) for the store obtained by updatisgo that is mapped tm (this may extend

2The order of a type is defined bgrd(unit) = ord(int) = 0, ord(intref) = 1, ord(07 — 02) = max(1 +
ord(07), ord(02)). A term-in-contextl" - M : 0 is of orderi iff ord(0) <i and the order of each type i is
strictly smaller than.
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nef{0,...,N}
T'F () : unit I'F Qunit : unit I'Fn:int
I'FM:int I'FM; :0 i=0,....N
I''x:0Fx:0 I' F caseg(M)[Mo, ..., My]: 0
I'EM:intref I'FM:intref T'FN:int I'FM:int
I'F'M :int I'FM:=N :unit I'FrefM : intref
'tM:0>60 T'EN:0 Lx:0-M:0
T'FMN:0 rvix'm:0-0

I' - M : unit — int I'F N :int— unit
I' F mkvar M N : intref

I'EM:int I'EN :unit
I' F while M do N : unit

Fig. 1. Syntax oRMLs.

the domain of). We say thaV is in canonical form if it is either a variable, a location, an
int-constant, the unit valu@, a A-abstraction omkvar(Ax.M1)(Ax.M>). The operational
semantics given in Fi@ takes the form of judgments

(L,sYM |y (L', s")V
wheres is anlL-store,s’ is anL’-store,L € L’ andV is a canonical form. Most rules are
presented as
My Vi MpyVvp -+ M|V,
MUV
which is an abbreviation for

(L1,s1) M1 | (L2,s2) V1
(L2,s2) M2 || (L3, s3)V2

(Lpysn )My 4 (Lnt1, Sn+1) Va
(L1,s1)M1 ) (Lyy1,$n41)V

Note that this means that the ordering of the hypotheses is significant. For a closed term
M : unit we writeM |} iff (4,0)M |} (L,s) () for someL, s.

Definition 1. Two terms-in-context’ + M1 andI” + M> : 0 areobservationally equivalent
(I' F M1 = M>) ifforany contexC[—] suchthat[M1], C[M>] are closed terms of typsnit,
we haveC[M1] | if and only if C[M>] |. Similarly, M1 approximates\ls (I' + M1 & M>)

if for all contexts satisfying the same properties as above wheigg¥éy] || we also have
C[M2] U.

Remark 2. In order to simplify future case analyses we have defiRist. ¢ using as few
syntactic constructs as possible. Becausés finite, the successor, predecessor, addition,
subtraction (modN), <, >, and= (for int) can all be defined usingasey. In a similar
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MUi M|V

ViV caseM)[---, M;,--- ]V
MO0 MJi NJ(O whileMdoN | (O i £0
while M do N | () whileM do N | ()
MyxM NUN M[N/x]yV
MN ||V

(L,sYM{ (L', s )n
(L,s)YrefM | (L' U{l},s"U v+ n))l
(L,sYM | (L',s'")I s'()=n
(L,sYM U (L',s")n
(L,sYM { (L',s'Y1 (L', s'YN U (L",s")n
(L,sYM:=N{ (L",s"(I—n))0
MV NV
mkvar M N || mkvar Vi Vo

M{UmkvarViVo ViOlUn M UmkvarVaVo N lUn Vo) | 0
™M Jn M:=NJ 0

Fig. 2. Operational semantics BML;s.

1¢L

vein, if M then M1 else Mg can be defined byasey(M)[ Mg, M1, ..., M1]. UsSing Q¢ it
is possible to define divergent terrf2g at any type.

It is worth noting that the definitions of and & do not depend on the presence of
while-loops in contexts, because already without them all compact elements of the game
model are definablgs]. However, sincevhile-loops are a common programming idiom, it
is good to have them in the language. Actually, their inclusion does not affect our results
on (un)decidability. The decidability results will inclugdnile, whereas the undecidability
argument is carried out without them.

Notation. Throughout the paper we will uset-expressions as syntactic sugar for function
application:letx = M in N will stand for (Jx.N)M. For instanceletx = ref(0)in N
introduces a location that can range over multiple usds. éfn important special case is
whenx does not occur it (for instance, in order to evaluaké to produce side-effects).
Then we writeM; N or let(0 = M in N. Additionally, letx; = M1, ..., x, = M,in M
will abbreviate the obvious nesting nfet-constructs. We will also use “assertions” of the
shapdconditior] which are shorthand faf conditionthen () else it-

Example 3. let v = ref(0) in Ax.((v :=x+!v); !v) keeps a running total of all arguments it
has been applied to. This should be contrasted withet v = ref(0) in (v :i=x+!v); lv),
which creates a new copy offor each call in which it stores the current argument. The
latter term, but not the former, could be defined in a call-by-value Algol-like language.

The syntax and operational semanticRdL; are faithful to Standard ML with one no-
table exceptiorRML; has thenkvar-constructor which makes it possible to define variable
objects from user-defined read- and write-methods. Such objects, known as “bad variables”,
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rarely behave like genuine variables. For instamekyar(1x.1, Ax.Qnit) always returns
1 when dereferenced and diverges at the first write reqostar is present irRML; for
semantic reasons, without it the game mod¢bjmwould lose the definability property (any
compact strategy is definable by a term) and would not be fully abstract.

The canonical restriction of Standard ML to ground-type references (without bad vari-
ables), called Reduced ML, has been introduced in [26] and studied in [23]. Any (finitary)
Reduced ML term can be viewed as RML; term: the only obstacle is the equality test
eq: intref — intref — int for locations, but it is not a primitive operation and can be
replaced, for instance, bjx.Ax'.letv =!x, b = (x :=!x" + 1; (Ix =x))in(x:=v; D)

[23]. Consequently, one can analyze (finitary) Reduced ML ternidMih s and ask when
RML; is a conservative extension of (finitary) Reduced ML. Clearly, due to the possible
bad-variable behaviouRML;-contexts are more general, so we have:

Proposition 4. Let I' - M1, M> : 0 be Reduced ML terms. Theu; & RML; M2 implies
M1 & ReducedmiM2 (and similarly for ).

The converse does not hold in general: for instareét ref (v:=1v) > Av.() holds in
Reduced ML, butnotiRMLs, because the terms might be applied to the bad variable created
above, which would result in divergence for the left term. Note that these terms have type
0 = intref — unit, i.e.int ref has a negative occurrence. In fact this characterizes the cases
when Reduced ML an&MLs differ. If 0 has no negative occurrencesiof ref, then the
type of the context, namely= unit, has no positive occurrencesiof ref. For such types,
the definability proof for compact strategies does not nekdar [6,5]: any finite strategy
on0 = unitis definable by ankvar-free term. Consequently, for any discriminatiRiyIL+
context we can find one withoutkvar.

Proposition 5. Let § be anRML;-type without negative occurrencesiof ref. Let M1,
M> : 0 be Reduced ML terms. Thei & reducedmiM2 implies M1 < gy, M2. Conse-
quently RMLs is a conservative extension of Reduced ML at ®p#f1 & reducedmiM2
& M1 5 gy, Ma.

The proposition can readily be extended to open terms using the fadt that; & M»
is equivalent ta-AI".M1 & AI'.M>. Hence, facts proved aboRML; will often carry over
to Reduced ML. This will be the case with both the decidability and the undecidability
results we are about to present. It is worth stressing that the restriction on the occurrences
of int ref concerns only the types of the termg, M». Their typing derivations might well
contain negative occurrences iat ref, but these have to be bound in later stages of the
derivation.

3. Game semantics oRMLs

Game semantics views types as games. The games involve two players, called Opponent
(0) and ProponentP), who make their moves alternately. Terms are then interpreted as
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strategies for Proponent. Call-by-value game semaj@jdis into the framework proposed

by Moggi in [18], where he shows how, given a cartesian-closed category equipped with
a strong monad, one can model the call-by-value lambda calculus. In the case of games,
the underlying cartesian-closed category can be constructed through the “families construc-
tion” (known as free coproduct completion in category theory) and the monadic action is
defined using sum games. Below we present all the elements in a rather direct way aiming
to bridge the gap between the abstract original presentation in [5] and the concrete repre-
sentation we are aiming to describe later for a fragmeML;. Most of the definitions

that follow are by now standard in game semantics. We include them to ensure a self-
contained presentation of the call-by-value model. For detailed proofs the reader should
consult [16].

3.1. Games and strategies

Each game has an underlying arena which is used to specify the combinatorial constraints
that moves byO andP must satisfy.

Definition 6. An arena Ais a triple( M4, /4, F4 ), where

e M, is a set of moves;

e /4 My — {O, P} x {Q, A} is a function determining for each € M4 whether it is
an Opponenbr aProponentmove and whether it is questionor ananswer(we write
/IXP , /lgA for the composite of. 4 with respectively the first and second projection);

e F4isarelation betweeM 4 +{¢} andM 4, calledenabling satisfying the three conditions
below:

Q) if okgn, thenis(n) = (0, Q) andm Ffn foranym € My,
(2) if mFanandm # o theni{” (m) £ 137 (n),
3) if mFanand28%(n) = A then2$%(m) = Q.

We shall writel4 for the set of all moves oA which are enabled by; such moves are
calledinitial. By (1) an initial move must be an Opponent questiomHf;n we say thatn
enables nBy (2) players always enable each other’'s moves, never their own and, by (3),
answers can only be enabled by questions.

Not all sequences of moves are regarded as legal in the games. The legal positions are
defined below in a series of definitions: in short, they are justified sequences satisfying the
visibility and bracketing conditions.

Definition 7. A justified sequencim arenaA is a finite sequence of moves Afequipped
with pointers: each occurrence of a non-initial mevenust have a unique pointer to an
earlier occurrence of a move such thatnt4n. We then say that is (explicitly) justified
by mand, whem is an answer, that answersn.

We shall also say thatis hereditarily justifiedby mis there is a chain of pointers leading
fromnback tom. We will write s [m for the subsequence stonsisting of moves hereditarily
justified bym.
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For a justified sequencg the O-viewLs_ of sand the P-view s of s are defined as
follows.

LEL =€ Tel=¢
LSOJ = LS50 Fsp'="sTp
Yo ) N [

LSOtpa = LS10D Tspto'="s'po

The notions of views are used to define legal sequences next.

Definition 8. A justified sequencsis legalif and only if

e The players alternate: if = symnso thenA9? (m) # 1°F (n).

e Thebracketingcondition holds: whenever an answer move is played, it answers the most
recent unanswered question.

e Thevisibility condition holds: whenever= symsons3 andn is explicitly justified bym
thenm must occur inLsymso_ if nis anO-move or in"syms, ' if nis a P-move.

Games are defined by specifying the legal positions that can be explored by the two
players.

Definition 9. A game Ais specified by a structufeV 4, A4, Fa, Pa ) where(Ma, Aa, Fa)
is an arena an@®, is a non-empty, prefix-closed subsetlof, called thepositionsof A,
satisfying the following condition: if € P4 andi is an initial move ins, thens|i € Pg4.

The simplest game is the empty gafit @, ¢, {¢} ), which will be denoted by 1. In Fig.

3 we present several standard constructions on games that are needed to iRidigret
types.+ on the right-hand side of the defining equations denotes the disjoint sum of two
sets, we write)_; ., X; if the disjoint sum of a family of sets is involved.

The definitions of Fig. 3 imply the so-callsgvitching conditionsEach play in thet ® B
game is an interleaving of a play #fwith a play ofB, but it is only O who can switch
between them. Iml— B the ownership of moves i is reversed. Plays are also interleav-
ings of plays from the component games, but now ddlgan switch between them. In
A x B each play proceeds entirelyAnor in B, no interleavings occur. For a change, the set
of plays on!A consists of any number of interleavings of playsirFinally, in )", ., A;

O has to start withg, after which P “choosesi € I; afterwards the play proceeds as
in A;.

Notation. Most of the game constructions rely on the disjoint sum. When we give examples
of positions we will use subscripts and superscripts to indicate various occurrences of the
same move. For instance, if two copies of the same game occur on the left and right side
of F we normally use the subscriptsr. Similarly, we use the superscriptgor moves
originating from components 9f ; _, X;.We shall oftentreat the disjoint sum as associative
and commutative without mentioning the associated isomorphisms explicitly.

Games are the objects of game categories. Strategies will be their morphisms. We consider
deterministic strategies only.
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Magp = Ma + Mp

JagB = [Aa, 2B]

Fagp = Fa+rFs

Psgp = {s € Lagp | sS|A € Py A s|B € Pg}

Maop = Mp+ Mp

inop = [(74°.28"). 7]

Fa—op = (FaN (Ma X Ma)) + {(b,a) |belp Nac€la} + Fp
Pi_op = {S € Lsop |SFA € Py N S[B € PB}

Maxp = Ma+ Mp

/AaxB = [Aa, ZB]

Faxp = Fa+Fp

Paxp = {s € Laxp |s|[A € Pyx As[B=¢}U
{s € Laxp|s|[A=¢ A s|B € Pg}

My = Mgy
A = A
Fia= Fa

Pa = {seLiy|foralmely, sime Py}

MZ[g[ A = {q} +1+ Ziel MAI'
Ay =@ O+ (I x {PY + Y i) 2a;
Py a = (@) + (gD i€ Y+ {Gm) [i el mela)+
ZieI(I—Ai N (Ma; X Ma,;))
PZMA[. ={e,qtUlqi|iel}U{qgis|iel,s e Py}
s[A, s| B denote the subsequencesaionsisting of all moves fromM 4, andM g respectivelyﬂvg’o is defined by:
289 m) = oifand only if .9 (m) = P.

Fig. 3. Game constructions.

Definition 10. A strategys for a gameA is a non-empty set of even-length positions from

Py, satisfying:

e if sab € o thens € a;

e if sab, sac € g thenb = c (the justifiers ofb andc are also required to be the same so
that we haveab = sac).

Theidentity strategy forA— A is defined by
ida={s e P{®0,, | ViC®™"s. 1]A;=1]Az},

where P$V®"is the subset oP, consisting of even-length positionsE®" s means that
tis an even-length prefix afand the subscripts, 2 distinguish the two occurrences Af
id4 simply copies Opponent moves to the other copp.of
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Two strategiesr : A—B andt : B—C can be composed (to yield a strategyr :
A—oC) by considering their possible interactions in the shared génmoves inB are
subsequently hidden yielding a sequence of move& amd C. More formally, letu be
a sequence of moves from arenésB and C with justification pointers from all moves
except those initial il€ such that pointers from moves @cannot point to moves iA and
vice versa. Define [ B, C to be the subsequence wtonsisting of all moves frorB and
C (pointers betweer\-moves andB-moves are ignoredy[A, B is defined analogously
(pointers betweeB andC are then ignored). We say thais aninteraction sequencef
A,BandCif ulA,B € Py.p andu|[B,C € Pp_.c. The set of all such sequences is
written asint(A, B, C). Then we let

o;1={ulA,C | ueint(A,B,C), ulA,B e o, ulB,C €1},

whereulA, C is the subsequence afconsisting of all moves fromh and C, but where
there was a pointer from a mowes, € M4 to an initial movempg € Mp we extend the
pointer to the initial move i€ which was pointed to from: .

3.2. Categories of games

Games and strategies form a symmetric monoidal closed category in which morphisms
betweenA andB are given by strategies an—-B composed as defined above. TRe
construction is the requisite tensor product anrdprovides the necessary closure. The
empty game is the tensor unit. This category is a stepping stone towards a cartesian-closed
category which will be defined next. For that it is necessary to consider a restricted class of
games.

Definition 11. A gameA is well-openedff for all sm € P4, wherem s initial, we have
§ =é&.

Giveng :!A—B, whereB is well-opened, we can definé :!A—!B by interleaving
plays froma. The purpose of the restriction to well-opened games is the factsthet
determined uniquely by only if B is well-opened.

Now the cartesian-closed categdrys defined by taking the objects to be well-opened
games and taking morphisms betweeandB to be strategies for the (well-opened) game
!A—B. ¢ :!1A—B andt :!B—C are composed by taking';  :!1A—C. The identities in
7 are given by strategieter, :!A— A which are simply retyped variants @f4 : A—A.
From now on we will restrict our attention 5 so whenever we use; aid}; for strategies
we mean the composition and the identitiegin

Theorem 12(McCuskel[16], Abramsky and McCusk§8]). Z is a cartesian-closed cat-
egory with products given by and function spaced = B taken to be A—B.

Projections irnZ are essentially the same as identity strategie%,cgmbedded into the
gameA x B = A. Pairing amounts to taking the disjoint sum of two strategies, whereas
currying is essentially the identity operation sintge B=-C is isomorphic tcA=(B=C).
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The product construction can easily be generalized to give small profijctsA;. The
empty game 1 is the terminal object. In fagtl x A, A x 1, 1 = A are all identical up
to the embedding into the disjoint sum.will be the base category over which another
cartesian-closed categoRam(7) is constructedFam(Z) will be the category in which
call-by-value can be interpreted following Moggi’s reciig].

The objects ofFam(Z) are families of game$A;};c; indexed by a set. A Fam(Z)-
morphism from{A; };c; t0{B;};cs isapair(f, {o;}icr) Wheref : I — Jis afunction and
g; : A; = By isaZ-morphism. These are composed componentwise: giXgo; }icr) :
{Aitier = {Bj}jes and(g, {tj}jcs) : {B)}jes = {Cilkek, (f, {0i}); (g, {7;}) is defined
to be(g o f, {vi}ier) Wherev; = a;; 174 : Ai = Cy(ry)- The identity morphisms are
given by identity functions along with families of identity strategies I9n

Fam(Z) has all small products, which are calculated pointwise, e.g.

{AiYier X {Bj}jes = {Ai x B | (i,j)elxJ}.

Projections are defined by set-theoretic projections along with projections takerZfrom
Similarly, pairing is defined by pairing up functions and strategies (ag)irThe ter-
minal object is the singleton family with the empty game. Exponentialsaim(Z) are
defined by

(Arliely=(Bjljety = {[[Ai=Braplfel .

iel

Given a map( f, {g;,j}i, jyerxt) : {Aitier X {Bj}jes = {Cilrek the corresponding cur-
ried mapA(f, {g; j}) is (A(f), {ti}icr) Wheret; : A; — ]_[jEJ(Bj = K. jy) is obtained
by J-tupling the family{A(c; ;) : Ai = (B; = Cyrq,j))}jes inT.

Theorem 13(Abramsky and McCuskés]). Fam(Z) is a cartesian-closed categary

The sum-game construction can be used to define a mbaa&am(Z). Given a family
{A;}ic; of games, we leT' ({A;};c;) be the singleton family (indexed Ky}) containing
Y ici'Ai. Recall that each play o, ;!A; begins withq played byO, after whichP
playsi € I. What follows is an interleaving of an arbitrary number of playsijn(only O
can switch between the interleavings). Given a morphignto;}) : {A;}ic; — {Bj}jey,
T(f,{oi}) : T({A;i}) — T({B;}) isdefinedto bég, {c}) whereg : {x} — {x}isthe unique
endofunctionorgx} ands : 3, ;!A; — >, ,;!B; isthe smallest strategy containing plays
of the shape, ¢;i; (i), s wheres € a;r. The monad unit]{Ai}iel H{Aj}ier = T{A}ier)
is defined by(f, {n;}) where f : I — {x} is the unique function from to {x}, and
ni : Ai = Y ;;!A; are strategies which tell P to reply witho the initialq and thereafter
copy moves ofA; between its left and right copies, asia'ﬂ‘i.

T can be shown to besirong monadDefinition 2.2 in[18]) which implies the existence
of a family of the so-called (left) partial-pairing morphistests g : T(A) x T(B) —
T (A x B) that play a vital role in defining the interpretations of call-by-value terms. In
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Fam(Z) the mapdeft4,},.,.(5,},, are given by(f, o) where f : {x} x {x} — {x} is the

obvious function and has plays as shown below. Note that below and in what follows we
write T ({A;};<;) for the unique game i ({A;}icr)-

T({Ai}icr) x T({Bj}jes) = T({A; X Bj}i jyerxJ)

o q
P q

0 i

P q

o J

P ()

where: denotes an exchange of moves where P simply copies moves between the left and
right copies ofA; andB; (like in idIAiXBj))'

3.3. CBV game semantics

We have now highlighted all the structure thatis needed to model the call-by-value lambda
calculus inFam(Z) in the standard waji8]. Below we examine that interpretation in more
detail and show how other elements of filL; syntax are interpreted.

Typingderivationsy : 01, ..., xx : O = M : Owill be interpreted aBam(Z)-morphisms
between[01, ..., 0k] = [01] x --- x [0x] and T ([0]). RML¢ types will be interpreted
as families of gamegA; };<;. The indexing setswill be of a rather simple formt: will be
either the singleton s¢¢} or the sef0, ..., N}.

e [unit] is the singleton family1;};efu).
e [int] isthe{0, ..., N}-indexed family of empty gamed,}ic(o
e [[intref] is the singleton familyfvar}; <) such that

N}-

ey

Myy ={read} +{i |i=0,..., N} +{write(i)) | i =0,..., N} + {ok]},

whereread and write(i) (0<i<N) are initial O-questions,i and ok are P-answers
(0<i < N) such thateadr,,,i andwrite(i)ly,,0k; plays are prefixes c(foV: o(readi +
write(i)ok))*.
o [01 — 02] =[01] = T([02]). Thatis, assumin§01] = {A;}ics, [01 — 02] will be
the singleton family containing], ., (A; = T([02])).
Observe that whenevgtl| = {B,};c; we actually haveB; = B;: for i,i’ € I, so we shall
write {B};c; instead. Supposd; | = {A;}i,er; forj = 1, ..., k. ThenFam(Z)-morphisms
betweer[01] x --- x [0x] andT ([0]) are pairs(f, {a7};.}) wherel = Iy x --- x I} and
f: I — {x}. Since there is only one suéhthe morphisms are simplgfindexed families
{o7};.; of strategies where given= (i1, ..., ix), 07 : A1 x --- x Ay = T({B}ics). Note
that all these strategies are for the same game. Bedides,{x} if and only if ; = int.
Thus, intuitively, each of the constituent strategies corresponds to interpk&iimgvhich
the free variables of typmt are replaced with numerical values given®y; . . . , ix).
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Example 14. Letsucc= Ax'"t.casejn:(x)[1, ..., N, 0]. Thenx : int + succr : int will be
interpreted by(o;}ic(0,...n) Such that; = {¢, ¢(i + 1)}. o; is a strategy for &= T ([int]),
i.e. essentiallyr ([int]). The termk/ix'""t.succx is then interpreted by a single strategy

.....

positions of the shapg « (X ¢’ (i + 1)))*.

Remark 15. The unique game i (Junit]) is the same as the one used for modelling
the type of commands in call-by-name languages. For the sake of uniformity, we will use
run, done(or simplyr, d) instead of;, = to refer to its moves. Similarly, the garfi&[int])

is identical to the call-by-name game representing the type of expressions. Note also that
[intref] is essentially the same dsnit — int] x [int — unit]. This highlights the
commitment to Reynolds’ idea of representing variables as a product of the read and write
methods. This view however imposes itself on the syntax and necessitates the introduction
of mkvar if one aims for a fully abstract model.

Strategies interpreting typing judgments are for the game - - - x Ay = T ({B}ier)-
Plays on that game are prefixes of sequences matching

q (MA1+"'+MAk)* i (MA1+"'+MA1( +MB)*
Stage 1 Stage 2

Informally, Stage 1 corresponds to evaluation resulting in the vakmr 7 ([int]), i will be
one of the numerals, fat([unit])) the movedonesignalling termination. For these two types
Stage 2 does not happen (there is nothing more to compute). In contraEt]fot ref])
further play in!B will correspond to reading and writing. Similarly, for function types, the
play in!B will correspond to multiple, possibly nested, invocations with possibly varying
arguments.

The constants) : unit andn : int are interpreted by

[TFQO:unit] ={rd} [TFn:int] ={gn}

iel iel’

where Stage 1is trivial and Stage 2 does not take place (neither stage ocguirs @y | =
{{e}}; ). Here is an example of a term for which both stages will be present.

Example 16. The term

g :int — intklet f = (ifint—int (1) then succelse Ax.sucasuccy))
in Ax.ifint g(0) then fxelsex : int — int

generates the positiangt 0F « ¢2¢24°52 g2 ¢° 00 22,
3.4. Interpretation of terms

Now we briefly review all special strategies involved in modelling other featureb/ibf; .
The first one is the monad unjtwhich is used to interpret free identifiers airdbstraction.
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Supposel’, 0} = {A1 x -+ x Ap x B}(?,i)eixz-

o We have[l', x : 0k x : 0] = m; np,,_,, Wheren : [I', 0] — [0] is a suitable projection
in Fam(2), i.e. «; Bl = {o*;)i}(;’i)eixl, whereoi,...iv.iy = Tk+1; Mj» Tkl & A1 X
.-+ X Ax x B = Bis aprojectionirZ andn; : B=",,!B.

e We have[I'tAx.M :0— 0] = A(Ix:0FM:0]);ng_ g ie assuming
[F,x:0FM:0] = {O-Z”-’i}(f,i)equl and[0 — 0] = {C} we have[[I" F ix.M : 0
0] = {o;};.; whereg; = (A(a%i) li € 1);n,, wheren, : C = 3 ,!C.

iel
Next, we consider the remaining rules of the shape
I'Mi:00 -+ T'FM:0;
I'Fop(My,...,Mp):0
where op represents application or any ahsey, ref, :=, !, mkvar, while. Suppose
[([I" +M ;1] = {0]}ies. Then[I" F op(M1, ..., My)| = {g;}ics is defined compositionally
by g; = (o—l.l, cee, af.‘ ); 0op, Whereap is the corresponding special strategy. We analyze

all the special strategies in turn.
For application one uses the ma*WW{B,-}je_/,{Ck}keK which are obtained dsft; T (ev),
whereev is an application map dfam(Z). We describe their shape explicitly below.

T <{ [T (B = T({Ck}keK))}) x T({Bj}jer) = T({Cklkek)

jeJ
o q
p q
0] *
P q
o J
P qj

apply first visits the function component (second move). The next mov® ks/a signal
that a function value has been reached, then the strategy proceeds to the argument (fourth
move). The nexD-movej corresponds to a completed evaluation which triggérst move
which begins the computation of the value of the application by enteringititcemponent
of the product. After that the play consists in copying moves between the two copies of
!B; andT ({Cr}rex))) (only O can switch between the two copying modes). Note that if
{Bj}jey is [int] or [unit] eachB; is an empty game so no further play T{B;};c,)
is possible after the fifth move. In contrast, fat ref, ! B; is used to copy read and write
requests for variables.

For other cases afp the corresponding strategies are the smallest strategies containing
the respective positions listed below.
e casey : T([int]) x [T T([0]) = T([0])

N
qdint Y (it q') s

i=0
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(whereg ¢' s is a suitably relabelled position froidT(M), so that the moves involved

are those from thith copy of 7' ([0]) on the left and the copy on the right)
o ref : T([int]) = T ([int ref])

N N *
q Gint Y_ (iint * (readi)™) ( (write(n)ok(readn)*))
n=0

e assign : T([intref]) x T([int]) = T ([unit])
N .
T Gintref *intref gint D (fint W€ )int ref) OKint ref d

i=0

o deref : T([intref]) = T ([int])

N
q Gint ref *intref M€a0int ref Z (Zint ref 1)

=

e mkvar : T([unit — int]) x T([Jint — unit]) = T([intref])

N o *
gqt +* g% #? « (Z(readql**il’*i + write(i) 2! d?! ok))
i=0

e while : T([int]) x T([unit]) = T ([unit])

N *
r (%nt (Z iint) Tunit dunit) Gint Oint d
1

=

Example 17. We revisit the termget v = ref(0) in Ax.((v:i=x+!v); lv) and Ax.letv =
ref(0) in ((v:=x+); lv) from Example3. Both are interpreted by a singleton family of
strategies o ([int — int]) = 3, /([T¥o T([int])). ¢ * ¢*1 434345 is generated
by the first term. Note that is shared by all-threads. The strategy interpreting the second
term has the positiop * ¢1 11433241 1! instead. Here eachthread has its own copy
of v.

The game model described in this section is fully abstractfoand ~.
Definition 18. A play iscompletsf all questions therein have been answered.

Let comp(o) denote the set of non-empty complete plays of a strategy. Then we have
Theorem 19(Full abstraction, Abramsky and McCusK&:6]). Let I'+ M1, M2:0,[T'+
Mi] = {oi}ier, [T+ M2] = {zi}ic;. ThenM1 & M5 : 0 if and only if for alli € I,

comp(a;) € comp(t;). Consequentlywe havel - M1 = M> iff comp(c;) = comp(z;) for
alli el.
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Unlike in the call-by-name case, complete plays are no longer maximal. This allows the
game model to distinguish, for exampi_ unit from Ax".Q,.ic: the former does not
produce any non-empty complete position while the latter defines the pagition

4. When are pointers really needed?

Since we are going to represent positions using sequences of moves, it is vital to un-
derstand when this indeed leads to a faithful representation of positions, i.e. when the
justification pointers can be uniquely reconstructed. The need for pointers in call-by-name
game semantics arises at third order, where they are needed to distinguish the semantics
of Af. f (4xo. f (Ax1.x0)) from that of A f. f (Axp. f (Ax1.x1)) (both terms of typé(unit —
unit) — unit) — unit) [7]. Up to second-order in the call-by-name case they are com-
pletely redundant [11]. The call-by-value case is quite different. Because in call-by-value
games answers can justify questions, new shapes of arenas arise and sometimes pointers
have to be represented already at first order. The fact that ambiguities arise when pointers
are removed stems from the use!6fgames. ING, new threads ofs can be started, but
when occurrences dfare nested, it becomes necessary to assign the inner threads to the
outer ones and this is what pointers are used for. In call-by-value gamks tfzanes arise
either through the function space construction or the strong ménkwwhat follows we
aim to identify terms and types whose game semantics does not need pointers. Because of
the bracketing condition, it is not necessary to have pointers for answers, but there are many
arenas where the same cannot be said about questions.

The enabling relation of an arena generated biglslih+ type can be thought of as a forest.
Since the ability to retrieve pointers depends only on that relation, it suffices to analyze all
possible shapes of branches that might arise. They are shown in Fig. 4 in a compact form:
the branches starting at the root and ending with a node thatisiderlined turn out to be
“safe”: whenever they occur in an arena justification pointers from moves belonging to them
can be omitted (i.e. uniquely reconstructed). This is not true for branches with underlined
nodes, where forgetting the pointer from the underlined move leads to ambiguities as we
show below, enumerating the six underlined nodes from left to right. In each row we give
two positions that are different only thanks to the pointers, when pointers are removed they
become identical. The branelygg (Case 1.) corresponds to the call-by-name example

do
///\
Q1 (1’1
/\
g2 %) qo
T~ J T~
B as g3 a3 as
l T~ I
d4 q4 a4 Q4

Fig. 4. Possible branches in the enabling relation.
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which we gave at the beginning of this section.

VS NV TS Y

1. Qo @ ¢ q1 G2 g3 G @ ¢ q G g3

. P i I NN YT S Y

2. do g1 Q2 az Qg az (g4 o 1 Q2 az g2 az g

. AN TN A~ NS Y

3. o 1 Q2 q1 (12 q3 o ¢1 a2 q¢i1 G2 43
NS Y T N~ \/ \/ RN

4. o a1 G2 43 Q42 43 (44 o a1 42 43 42 CI3 Q4
D D D N e e

5. qo a1 G2 g3 04 q3 a4 (5 Go a1 Q2 (43 A4 g3 Q4 (G5
D i D i

6. o a1 G2 a3z ({2 A3 (s Go a1 Q2 a4z (2 A3 (4

Theorem 20. Pointers leading from questions in safe branches can be reconstructed
uniquely(once erased

Proof. We analyze all the five cases corresponding to the non-underlined question-nodes
of the tree. The first case of an initial question is very easy, because initial moves never have
pointers. So, four cases remain.

Recall that we consider well-opened games only, i.e. there is only ever one occurrence
of the initial question. Hence there is no need to represent pointers to the initial question.
In the remaining three casegy qag qaqg the visibility condition will help: it turns out
that only one of the potential justifiers is visible, so because the visibility condition must
be satisfied, the pointer must point at the unique visible justifier.

(gom1g2) Supposeq is a position. Note that i1y occurs in_s_ then the preceding move

must begg. Therefore there can only be one occurrence: ofn Ls .

(goa1g2q3) Supposegqsis a position. Takés . Note that ifg, occurs in s ' the preceding
move isaj. Sincea; answers the unique initial question, there can be onlygme™s ™.

Therefore there is a unique occurrencgofn "s7'. O

Given an arenawe can use Fgo see immediately whether positions on the arena can be
stripped of pointers without loss of information: this is the case when the enabling relation
does not generate the problematic branches with underlined nodes. Next we examine the
implications of our findings foRML;-types. Our ultimate aim is to design a restricted type
systemRML;" where pointers can be omitted. TR&L; typing judgments will be those
of RMLs subject to further type constraints:

x1:ctyps, ..., x, : ctypg, F M : ttype

In what follows we discuss what types should be allowectggeandttype Recall that the
typing judgment above is interpreted by a family of strategies for the game

O = [ctypg] x --- x [ctypg, | = T ([ttype]).
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4.1. Curried functions

Problems with pointers turn out to arise whenever types of the shape (B — C)
are used (both astypeandttype. For example, supposg#ype= unit — (unit — unit),
which is actually the simplest such type. We hgegype| = {>_,!T ([unit])}, where the
enabling relation, shown below, has t@qabranch?

0 q
P *
o
P d

Thenp will have the problematiggagbranch and when pointers are left out, the positions
generated by the termidg, M1, defined by

M; = f :unit > (unit — unit) Fletgo = f(Oin(letg1 = f()ing;()) : unit,
will be identified, though the terms generate the following different (unique) complete plays:

[ ———
m P N

ro ¢ * * F d dy roq*q*f\r/ﬂddo

B

This will force us to exclude types of the forth— (B — C) asctypés in the definition
of RML; . Similarly, whenever a closed term of tyfigpe = unit — (unit — unit) is
consideredp = T ([ttype]) = >_,11(3_, 12T (Junit])) will have theqagagbranch

q
*
d
*1
r
d

OO wO

Pointers are then needed to disambiguate the following two positions

P e N N~ o~
q * q * q * T d g * q *1 q * T d

Their origin is somewhat more complicated than in previous examples. They are induced
respectively byNo, N1 defined by

N; = let X =ref0in (Aa. let Y = ref!X,
O=CX<1; X:=!X+1)
in (b [1X = 2:1Y = i]: Y :=2))

To understand why this is the case, note K& shared by all;-threads, whileY remains
private to eachy-thread and it is shared by &tthreads inside a fixed-thread. The terms

31n order to simplify[ctype] we have used the fact that the games1A is always isomorphic té. Strictly
speaking[ctype] = {1 = >",!(1 = T([unit]))}. We shall often do this in what follows.
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use the variableX andY to restrict P’s responses to only those required in the positions
above. For instanceX is used to keep the total number lafthreads: each time one is
openedXis incremented. Then, becausdof < 1], P will reply to anO-moveq; opening
a!i-thread only if this is the first or second such thread. Additionally, éathread has a
private copy ofY which stores its index. Hence, becausd!af = 2], attempts to open a
I>-thread (withr) can only trigger a reply fror® if two !1-threads have been opened before.
Then thelx-thread to be opened must be inside tfréhread numbered

The example shows that in general the game semantics of terms afitigpe- (unit —
unit) cannot be described without pointers. However, banning all terms with #pes
(B — C) would deprive us of many interesting examples and prevent us from analyzing
some aspects & ML references. Therefore, we are going to admit some terms with such
types where the game semantics can be represented in a simpler way, by a (representative)
sample of the full strategy. Needless to say, the two terms featured above cannot become
part of RML; .

The need for pointers in positions Bt [ ttype]) is due to the fact that marfjytype]-threads
can be opened in the ganig[ttype]) = Y, ![ttype] leading to multiple occurrences of
g1. The problem does not arise ' ({A;}ic;) = {3 ;c; Ai} is used instead of the outer
T (then we have)_, [ttype]). But when doing so we have to be sure that the restricted
semantics still represents the full semantics faithfully. This will be the case when plays in
each[ttype]-thread are the same. Such plays are generatedibsgtractions, free identifiers
and preserved byase. Hence, we can admit terms of typ@it — (unit — unit) but
only A-abstractions possibly combined usiogse. We cannot introduce free identifiers
though, because the previous example shows that their contraction could not be handled
anyway. The restriction of to 7/ means that we are representing single uses of the term
only, therefore such terms cannot be used as arguments to functions, although they may be
functions that are used in applications (application is a “linear” operation with respect to the
function).

4.2. Higher-order types

The call-by-name example of third-order terms reappears for call-by-value at order four
and shows that free variables of ty@@nit — unit) — unit) — unit need pointers to be
accounted for adequately. Foe 0, 1 the typing judgments

f : ((unit — unit) — unit) — unit f(ixi”‘it_)“”it.f()ux(‘)’”it_)“”it.xi 0))
generate the following positions, respectively:

A TN

r T Te T1 To T3 r r T T Trg T3

Consequently, iRML;~ we cannot admit the above type egpe However, Fig4 shows
that there are no pointer-related problems for free identifiers of ¢yyg@e=(unit— unit)
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— unit, since the corresponding arefaype] = T ([ctype]), shown below,
0 ‘a)

P Tl %o
1
O 7, df n
|
P d rz/dl
|
O dy

has branches of tymggandgaqq However, a new problem arises, because the semantics
of such variables is not reguldrf : ctypetf : ctypg] contains positions of the following
shape

qgo %0 (r1 vy ry )" (do dy dy dy )

and cannot be captured as a regular language. The same obstacle occurs for other terms of
type (unit — unit) — unit, e.g.Af. f() has positions

go *0 (r1 r)" (d2 d)"

Like before, we will address the problem by replacing the full strategy oss> T ([ttype])
with its restrictionto - - = T’ ([ttype]). As already remarked, this simplified representation
is faithful for A-abstractions and free identifiers (possibly combined usiig).

To summarize, without pointers we can accounttgpés of the formunit, unit — unit,
(unit — unit) — unit (but notunit — (unit — unit)). As for ttypg we can faithfully
represenunit, unit — unit and use an impoverished, yet representative, version of the
semantics founit — (unit — unit), (unit — unit) — unit and (unit — unit) —
(unit — unit). Roughly speaking, whenever the type of a term contains two occurrences
of —, we have to appeal to the simplified representation. Of course, the summary above is
also relevant for types built frorimt (which is like unit as far as pointers are concerned)
andint ref (which is likeunit — unit).

5. RML;

We define arestrictioRML;" of RMLt, closely following the points made in the previous
section.RML;" will allow procedures with functional arguments and constrlety =
M in N where bothM andN are functions or references. For instance, terms discussed in
Examples3, 14, 16 will beRML; terms. We are going to prove that the game semantics
of RML; programs can be represented by regular languages and, hence, the associated
problems of equivalence and approximation are decidable. Initially, we shall focus on a
type system without products but, since they are already present in the model, their addition
is quite straightforward and at the same time useful, as we can then create tuples containing
both functions and variables, i.e. a rough form of objects.

RML; is a subset oRML; with typing judgments of the form

x1:Ctypq, ..., x, : Ctype, F M : ttype
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wherectypeandttypeare as follows:

ctype:= o | a— f§ ttype :: o |ou—a
o w= p| p— B | intref p = unit | int

Example 21(Memoisation, Pitts and StafR3]). The termmemoise: (int — int) —
(int — int) defined by

Af.let a = ref(0), r = ref(f(0))
in (Ax.(if x =la then () else (a :=x;r:= fx));r)

is in RML; . memoisgf stores the value of the latest function calfftior future use thus
improving efficiency. It is not true in general thatemoisef = f, becausd might use
global store or depend on it. However, wheitself is anRML; term, it will be possible

to use our framework to verify whether memoisation can be performed without observable
effects.

Consider the game in which the judgments are interpreted in the game model, namely
[ctypa] x --- x [ctype, ]| = T ([ttype]). Observe that branches contributed[logype |
will always have safe shapes (F#). Those originating fronttypeare safe only ittypeis
generated by. As explained before, faitypes of the shape: — « (that are notx at the
same time) we will resort t@” instead. Note that the only terms with such types are either
A-abstractions and free identifiers possiblycine-branches. Therefore, the full semantics
can be recovered from the simplified one. In addition, the simplified version can be used
for calculating the full semantics of subsequent applications of these terms: terms of type
o« — o (and notx) are later used only in applications or branching which can be interpreted
faithfully with the “single use” representation.

Definition 22. GivenarRML; judgment[I" - M : ttype] let[I'| = {A};¢;. Then[I' + M
. ttype] = {0,}ier, Wwheres; : A = T ([ttype]). We shall write|| I" - M : ttypd| for {p;}ies
where

B { comp(a;) ttype= «,
Pi =\ comp(a;) N Pyr-(Jtype)) tYPEF L.

Proposition 23. For RML; terms I+ My, M, : ttype let |[I'F M;| = {p{}ie,. Then
I'+ M E Mpifand onlyifpl € p2foralli e 1.

Theorem 24. For anyRML; typing judgment’ F M :ttypg let||I" - M :ttype| = {p; }ics-
Thenp; is aregular language oveM s ype)) = Ma + My [uype) foralli € 1.

Proof. We follow the style of presentation from the tutorial artiflé Let [I'] = {A}ie,
[a] = {B}jes. We consider free identifiers first.
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(ctype= o) Then [I',a] = {A x B} jjerxs and consequentlyI’,x ok x :of =
{pi.j}i.jerxs- Thenp; ; = q j C;, where

Cﬁ =0,
N
Cintref = (write(n), write(n); ok; ok, + read, read, n; n;,),
n=0
Cpy—p, = gj (qm“ UEZV(U’M vﬁ’)) :

wherefy = {1}ucu, Bz = (Lvev (i-8.[B1 = B2l = [Tuev T(B2]):
(ctype= o — f) Then [ctype] = {[];c;(B = T((B])}, so [l ctypg = {A x

[ctyp€l}ierx(x) @and [T, x : ctypet x : ctype] = {p; Jixyerx(x)- Supposing ] =
{1}yev we havep; , = g x C,_, g Where

Comp= Y (qr’q/ (Cull, r/r ID* Y (] v/!)>.
jeJ veV

For A-abstraction, supposgl’ + Ax™.M : ttypdl = {p,}ier, ttype = a1 — a2 and

Il x o1 b M: ozl = {p}}ics. Then

_Jax @) ttype=a,
Pi = q * p; ttype # a.

Let{X,}.cz be afamily of sets and lét C Z. Below we are going to use homomorphisms
¢ ez X' = Xyey Xy)*suchthatfor € - ., X

x xeX; zeY,
¢ otherwise

P(x) = {

i.e., depending on whethere Y, the character is copied or erased. We shall always use
the letterg to refer to homomorphisms of that kind. Observe thatfoc (3_,y X,)*

qb‘l(L) consists of wordé € L which are padded with characters from (z € Z \ Y).
Recall that homomorphic images and inverse images preserve reg[ldtity

Next we consider constructs interpreted by the special strategjassign, deref, while,
mkvar (case andapply will be treated separately in a more direct way in order to avoid
characterizing them for eachin turn).

Letoop : T([ttype ) x T([ttyps]) = T ([ttype]) be the strategy used to interpret an
RML; typing judgment of the shape

I't My :ttypg '+ M;:ttype
I' F op(M1, M>) : ttype '

Section3.4 shows thatomp(aop) is regular. Supposgl” F M; : ttype; || = {p{},-el for
J=121etA=Ma+ Mr(uype]) T Mr(uype)) + M7 ([ype) 2N

¢ A" = Mruyp ) + Mr(uype)) + Mr(uype))”
¢l,2/ PAT = (Ma + My (uype ) + M7 ((type,))
¢ A" = (Ma+ My (frypg)”
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Then||I" F op(M1, M2)|| = {p;}icr Where

pi=¢'C 13 pHIp? ) N ¢~ (comp(op) ).

The above formula simply describes the interleaving of positions controlled,hyFor

op = while, one has to usg})* and(p?)* instead ofp?, p2.
Finally we consider branching and application.

(casettype) Supposdil’ - M :int|| ={pi}ier,|II' F M, : ttype| = {p/'}ic;forn=0,..., N,
and||I" + casewype(M)[Mo, ..., My1ll = {p;}ic1- Observe that, roughly speaking, each
position in p; arises from a position o#, preceded by a position from that ends
in n. We capture that intuition formally next. For eache I, we decomposg; into
U,.—o pin, Where positions opy;, are those ending in. p;, are still regular languages,
becausei, = p! N (gint M’; nint). In what follows we shall interleave plays pf,
with those ofp? in the same way as this happens during composition wéth,. Let
A =M+ My fint]) + Mr (uype)) aNdA1L = M4 + M7 juypg)- Then

N N
pi = ¢< Z(PEMIP?) N q qint M} <Z nint) A1\ {gh* )
n=0 n=0
where¢ : A* — AJ.
(apply) Suppose|I” - My:a—o |={pj}ier, II' - Maall = {pfier and ||l + MiMp
|| = {p;}ics- Thenpl andp? are regular languages for the alphahéfs .42, respec-
tively:

1 1

AL =M+ My qosr oy = Ma +1a7 )+ 3 e ) Mpor (o))
=Ma+{g' )+ 2 ey M+ 35, T[]

A =My + My = Ma+1{g°) +J + Xje;) M.

Note thatA! and.4? share_ ., Mp. The composition op? and,_ol.2 with apply[, [
can be thought of as synchronization on that component. That interaction can be captured
by words over

Al

A=Ms+ Y T[]+ gt} + Y Mp+1{q?}+J + Mg
JjeJ jeJ

_AZ

Additionally, Stage 1 ofpi2 has to be scheduled right after We will model that
by additional synchronization op? and elements of which are inserted intt;vl.l
following «:

pr =Pt @) N (g A" % g% T A").
Subsequently the synchronizing moves will be erased ysihgt A; = A + {¢%} + J,

Az = A% and letd; : A* — Affori = 1,2, Lety : A* — (Ma + My p,q)"
be the homomorphism that copies elements of the two copidgofnd those %Lrom
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Zjej My () 10 their unique copies on the right, and eragks., ¢2, elements ofl and
Y jes Mp. Thenp; = 3(é1  (0}) N 3 (D). O

5.1. Addition of products

We extend the previously given type system by considering typing judgments of the form
x1:ctypa, ..., x, : ctype, F M : ttype where

ctype:= o' |o/ — f ttype = o |/ — o
of t=ax-eexo B u=pBx--xp
aux=p | B —pB | intref B = unit | int.

We will still use the namé&kML; for the resulting languag&RML; supports tupling of
terms of types (i.e. variables, first-order functions and ground-type values) through the
following rules:

I'FM; o i=1 ...,k I'FEM:oqg X --- X o 1<i<k
TFF(My, ..., Mp):og X x oy I'Fn(M): o

with the following operational semantics:

My Vi - Ml Vg My (V,..., Vi)

3

(M, ..., Mp) § (V1 ..., Vi) (M) | V;
let (x1,...,xr) = Myin M> will serve as shorthand for
letx = M1, x1 = m1(x), ..., xp = m(x)in M.

Example 25(Equality test for locations The equality test for locationsq : intref x
intref — int can be defined iIRML; by

A, xDdet (v, b)) = (Ix, x:=Ix"+1;(x =x"))in (x:=v;b).

See also Example®7 and 28.

On the semantic front, sindeam(Z) has products, we can again appeal to the standard
interpretation [18]: projections are interpreted by composition Witmages of projections
from Fam(Z) (which we simply callproj), for tupling one uses the previously discussed
left-maps:

projéclmak s T([oa] x -+ x [ow]) = T([eu])
leftyy o @ T([aa]) x -+ x T([ox]) = T (o x -+ - x o ])).

Assuming[o; | = {Ai}jer, fori =1,..., k, the complete positions afiple andproj are
of the following shapes:

comp(projl,, ) = qq*(ii..... jb ji C},

k *
comp(lefty, ) = qqtji ... g% jF G, ..o\ o) (Z Cog) :
i=1
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whereC, is the same as in the proof of Theor@h Observe that the new types do not cause
any new problems with pointers, since the product game construction does not contribute
any new branches in the enabling relation. Therefore, like before, we will represent the full
semantics ittypeis anc/-type and its simplified version (based &) whenttypeis not
ana’-type. After changing: to o/ we can adopt Definition 22 and prove that Theorem 24
still holds.

Proof. Only the case of free identifiers needs to be revisited. For other constructs the
same analysis still applies. Tupling and projecting can be interpreted following the pattern
for gop.

SupposdI'] = {A}ier, o =01 x -+ x oy and[[o] = {B}jey.
e ctype= o/. Hence,[I" x ctyp€g] = {A x B} jyerxs, i.€.||I', x : ctypet x : ctypg| =

(P, pYi.perxs- Thenwe have; ;) = q j (Cy)*, whereCy = Cyy + -+ + Cy, Cp,

Cint ref are defined as in the proof of Theor@#, and supposirfy [B1] = {1*},cv and

[82] = (1}vev, (ie.[By — Bo] = [Tuew T([B2D)

Crop = T (atat Zotad)).

veV

e ctype= o' — f'. Hence,[ctypg = {{lje,(B = T[]} and|I',x : ctypex :
ctypel = {p;.Jiwnerxixy- Then we have; , = g x Cy_, p Where, supposingf’} =
{1%}yev, we set

Cyp = X (a7 q] (Cxlrl/1.rD)* X ] vi)).
jeJ veV

The proof of Theorer24 shows that the regular language representation can be generated
from the term in an effective way. Hence we have

Theorem 26. Observational equivalence and approximationR¥IL; -terms are decid-
able

We finish this section with some equivalences previously considered in the literature.
Because the terms involved turn out to belongRidlL; they can be confirmed using
Theorem26.

Example 27(Representation independeicd he following equivalence between terms of
type (unit — unit) x (unit — int) is true:

let (c1, c2) = (ref(0), ref(1))
in (Ax.(c1:=lcasc2i=lea + 1), Ax.(lex =le2)) = (4x.0, /4x.0).

Example 28(Profiling, Pitts and Star23]). Consider the term

profile= Af.letc = ref(0)in ( Ax.(c:=!c + 1; fx), Jx.Ic)

4\We write I for 1 x - - - x 1.
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of typeo — (o x (unit — int)), whereo = ] — 5. For anyf : o, profile f returns

a tuple whose first component behaves exactlytag in addition each call increments

The current total is then available via the second component. Both properties are formally
captured by the equivalences: o + 1 (profile )~ f and

f:a, L let ( f/, r) = profile f let ( f/, r) = profile f
g hio—unit  in(gfs fxshfs(rO+ 1) = in(gf’s f'xshf’5r ().

Finally, we consider Example 5.9 frof23] which goes beyon&ML; :
let ¢ = ref(Q) in AU (1= 15 fOrle) = AL ()L

The underlying game semantics is not regular in this case (it is deterministic context-free).
A simplified version of this equivalence:

letc = ref(Q)in Af "t (c:=1; file) =~ AfUMt fi1

still fits into RMLs.

6. Undecidability

In this section we show that the halting problem for a class of finite-state machines
equipped with queues can be reduced to a second-order program equivalence query. The
discovery of universality of such machines goes back to Post’s research on simple rewriting
systems with undecidable termination problg@¥. Among the best known are thermal
canonical systems wherein each reduction has the shape> [Jb;. With queues, rules
like these are easily implementable and machines inspired by this observation were indeed
considered by Post in the form Bftag systems [17].

We are going to demonstrate that there are strategies induced by secon&ighider
terms which can be viewed as computations with queues. Informally, the queue structure
will arise from suitably interleaved and nested function calls whose interaction is controlled
by local variables with suitable scopes. In order to capture this behaviour we consider
an auxiliary kind of store called @-store A Q-store is an unbounded array where each
entry, in addition to the stored element, contains two other fields used for bookkeeping.
Any stored element can be accessed provided that some requirements, formulated using
the bookkeeping information, are satisfied. The purpose of the bookkeeping is to make it
possible to detect and isolate the case when the histor@esftare corresponds to the queue
discipline.Q-stores were firstintroduced in [19] where the undecidability of Idealized Algol
was proved. Here we show how to adapt the approach to secondRivtier

6.1. Q-stores

In what follows we use a finite alphab&ton the understanding that it can be easily
modelled using the ground datatype: since the latter contains at least two elements
(N > 0).
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Definition 29. A Q-storestores characters frol Its contentis defined by a natural number

n (size) and a functiory : {0, ...,n} — X x {+, —} x {+, —}. The three fields off (i)

will be referred to asf (i).SYMBOL, f(i). ACCESSEDnd f(i).MARKED, respectively

(the first one holds the stored character, the latter two indicate whethé&htbetry has
already been accessed or marked by the FETCH operation to be introduced later). The
empty Q-store is defined by = 0 and f(0) = (1, +, —), where T is a dummy symbol
already deemedccessedut unmarked

0
SYMBOL |t
ACCESSED+
MARKED |—

A Q-store can be modified using only two operations:
e ADD x addsx € X to the store. The ne@-store

F0, 1) = I x (4, —)2

is defined byf € f/, f'(n + 1) = (x, —, —).

e FETCH is the only access method. It can return any previously unaccessed stored char-
acterf(i).SYMBOL(i.e. f(i). ACCESSED= —) provided an index can be found such
that0<j <i<nand

f(j).ACCESSED= +, f(j).MARKED= —.

As aresult,f (i). ACCESSED/ (j).MARKEDboth change ter-.
Inshort, FETCH can access an unaccessed element withiipamsded there exists another
unmarked but already accessed element with an index smalley. tNate that the choice
of (i, j) is an integral part of the access procedure and different choices affect the store in
different ways.

Example 30. TheQ-store shown below resulted from the following sequence of operations
performed on the empi@-store: ADDa, ADD b, FETCH, ADDc, ADD d, FETCH, ADD

e ((1, 0) and, respectively4, 1) were chosen by FETCH). The accessed symbols were
andd.

0/1/2|3]4|5
SYMBOL |f|a|b|c|d]|e
ACCESSEDH|+|—|—|+|—
MARKED |+ |+|—|—|—|—

Q-stores are nondeterministic. In particular the GET-FETCH behaviour might turn out to
imitate a queue. This will occur when each FETCH operation chd@sedj to be the index

of the first unaccessed element and 1 respectively. The “first-in first-out” discipline
leaves a characteristic pattern in the store: no minus occurs between two pluses in the row
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of ACCESSEDields, as shown in the store below (which arises when the two instances of
FETCH from Example30 choosdg1, 0) and(2, 1)).

0/1/2|3]4|5
SYMBOL |f|a|b|c|d]|e
ACCESSEDH|+|+|—|—|—
MARKED |+ |+|—|—|—|—

Note that after an occurrence ef arises between two pluses (like in Examp@) it can
never be overwritten, because FETCH will be unable to find a suitable element for marking.
Therefore, given &-store we can immediately tell whether it acted like a queue. Another
consequence is the following

Lemma 31. If all elements of a Q-store have been accestleeh its behaviour pattern
was that of a queue

We introduce state machines equipped v@tstores next.

Definition 32. A Q-machine is a tupl® = ( 0, X, qo, F, 3PP, s7ETCH) 'where:

e 0 = 0" + OF + F is the set of stategg € Q”:

e 0"PP . pA . O x X defines transitions from statgse Q”: ADD m(6"PP(¢)) is
performed on the machine@-store and the state changesz’goj(SADD(q));

e STETCH. OF » ¥ —» 0 defines actions at states @F: an attempt to execute FETCH
takes place and if it is successful the next state depends on the returned symbol.

A Q-machine starts from the initial statg with empty Q-store and makes (nondeter-
ministic) transitions until a final state (frof) is reached. A run ending in a final state will
be calledfinal. A final run leading to &-store in which all elements have been accessed is
calledcomplete We will say that &@Q-machinehaltsif there exists a complete run. By the
above lemma, as far as halting is concerri@ainachines are embellished queue-equipped
finite-state automata. Hence, they essentially inherit the following Theorem from Post's
work.

Theorem 33. Q-machines have an undecidable halting prohlem
6.2. Representing Q-machines

We are going to define a representation scheme for arbi@ramachine runs. They will be
represented via plays for a certain game, but eventually we will isolate only those positions
that correspond to complete runs. For technical convenience we will assume that the initial
state of aQ-store results from a special ADD action, indexed by 0, executed once at the
very beginning, which introduces the unmarked accessed symbol T but does not affect the
state.

We shall use plays for the gan@@= [(unit — unit) — (unit — unit) — unit],

i.e. Y (T ([unit]) = Y /(T ([unit]) = T([unit]))). Its enabling relation is presented
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below:

0 0
P !
o 4
P rl/al(
o 4 1
P rg/c‘l
o 4

r1, d1 originate from the left copy of ([unit]), r2, d> come from the middle one andd
from the right one.

The representation of@-machine run will begin Witrqg?ko.
Each ADD operation (including the dummy operation initializing the store) will then

be interpreted by the segmemmg , Where the justification pointer af points at the
second “initializing” movexo:

A~ N
Go*xo g x T T2
S ——

ADD

FETCH steps usingi, j) (j < i) will be represented by segmemm , Where
the justification pointers of, r; depend andj as shown below:

Go*xo **+ G * T To cc0 g Kk T Tg cer e rryrdd d
N — N—— N’
JjthADD #thADD FETCH

Lemma 34. The sequences of moves interpreting Q-store histories according to the above
recipe are plays on).

Proof. It suffices to verify the bracketing and visibility conditions. The former is easily
seen to be satisfied so we focus on visibility.

Observe that th©-view of each such sequence consistg&o. all ADD-blocks and

segmentsQi originating from each FETCH-block.
(ADD) Becausejoxq is visible, the first move of each ADD-block satisfies visibility. So do
the following three moves since each of them is justified by the preceding move.
(FETCH) Because each ADD-block is visible, the first mouea FETCH-block satisfies
visibility. After r is played, the questiogfrom theith block is visible toP so
the second move in the block is also correct. After the two moveésstill has
all ADD blocks preceding thigh ADD block in his view, so the third movein
the block satisfies the rules. Finally, the three answers at the end of a FETCH
block are easily seen to be correct]
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The link between game semantics and the halting problem for Q-machine will be provided
by the following theorem. Strictly speakin@MQ] is a singleton family of strategies, but
we will simply treat it as a strategy.

~ such that

Theorem 35. For each Q-maching there exists a terrMQ

comp([My]) = {do %o, do %o 4 %}
if and only if O does not halt

More precisely, we shall show

Lemma 36. For a given Q-machine), there exists a ternMQ such thatcomp[[MQ]

contains{qq %o, do *o ¢ *x} as well as positions of the shapéad - - - dod where
N———
n+1
e sis a position representing a complete run®fesulting in a Q-store of size;n

o then + 1 dod-segments are answers to respectively played in ADD blocks numbered
from n down td) (in fact there is no choice by the bracketing condijion

Clearly, the above Lemma implies the Theoren®ifiever halts we haveomp([[MQ])
= {qo*0, goxogx*}; ifitdoes then there will be another positiordomp([[MQ]) representing
the halting (complete) run. Befod ; is introduced we examine more closely a number of
terms which will be used as its building blocks.

Let us consider the positioqglf,\é)( which is generated, for example, by terms of the
shapelf.Ag.(---). Suppos playsr justified byx next. Various replies are possible.

Example 37.

(1) [4f./g.g0] replies withr, producingg, %, ¢ * » 7o , which is consistent with
the way we interpret ADD operations. Moreover, wli@subsequently playg, P will
reply with d (just like Lemma36 expects the players to behave after a complete run).
The play can go on@ could play new copies of, r or d, rules permitting) but P’s
responses will always be analogous.

(2) [Af.2g.£0] replies withry yielding qml_ This time the responses
match the first two moves used to represent FETCH. Moreover, vifisrplayed next,
P will reply with d, as in the final moves of the representation of a FETCH step.

) [4f18.0] containsg, % 4§ * * d, which is the same as the middle part of the
simulation of FETCH.

M, will imitate one of the above terms depending on the stage of the simulation. Recall
that D has the shap®_, (11(A = Y ,!2(B = ())). ADD steps can then be viewed as
opening new; -threads (withg) while FETCH steps revisit the twe-threads corresponding
toi andj (with r). As for !>-threads, each ADD step creates dspghread nested inside the
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just openeds-thread. After that nevb-threads (inside the relevahtthreads) are opened

for revisiting (either for access or marking). In order to restrict play$)oto the patterns

corresponding t@-machine runs we introduce two classes of variables with differing scopes

(cf. Examples3 and 17).

The first one will comprise “inner” variables that are local to each ofifireads. As
might be expected they will b8YMBOL. ACCESSEDMARKED corresponding to the
internal state of the machine®@-store. Thus, once an ADD block is created it will have
fresh and private copies of these variables.

Another group of “outer” variables will range over &ftthreads rather than single-
threads. They are:

o STATE—corresponding to the state of the simulag@dnachine,

e FIRST—used to distinguish the first ADD operation which initializes the store (initially
itis set to 1 and after first ADD will always be equal to 0)

e A andF—used to guide the intermediate stages in the simulation of ADD and FETCH,
respectively (initially both are 0 but during the simulation will be incremented to inform
about the current stage of the simulation).

Although the state is hidden in plays, we can track the interim values of variables at any

time during play by referring to the hidden interactions with copieebfThe termM is

presented in Figh. It has the shape

let outerin (Af.let innerin Ag.(---)),

where(- - -) is a combination of the three terms from ExamPfeannotated with code which
manipulates and checks values of the variables.

Proof of Lemma 36. We have to show that complete positionﬂMQ]] have the desired
shape.

The only initial move isgg to which P will reply withxg (S0go*o € comp(MQ)). This
will be preceded by a hidden interaction interpreting lines 2-5 where the outer variables
STATE FIRST, A, F are initialized respectively tgg, 1, 0, 0.

Let us assume that = go x0 s € [ M ;] represents several computational stepgof
i.e.sconsists of ADD- and FETCH-blocks. We shall prove by induction on the number of
simulated steps that, as long as the valukS@ATEat the end of’ is notin F, all potential
extensions of’ to a complete position have to use segments corresponding to further steps
of 0. The case ofSTATEe F will be considered separately at the very end.

It is helpful to identify the following invariants fat':

e the hidden valuéSTATEat the end of’ corresponds ta@’s state after the represented
steps have taken place;

o the copies 06YMBOL ACCESSEDMARKEDIn ADD blocks have the same values as
the corresponding entries 6f's Q-store;

e !A,!F are equal to 0 at the end &f

e FIRSTindicates whether the first dummy ADD step (modelling the initialization of the
Q-store) was already modelled.

Note that all these are satisfied after the first two moves.
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1 let

2 STATE= ref(qo)

3 FIRST = ref(1)

4 A = ref(0)

5 F = ref(0)

6 in

7 (Af. let

8 0 = [ISTATEe QA A 1A= 0]

9 O=(A:=1

10 SYMBOL= ref($)

11 ACCESSED= ref(if IFIRST then + else —)
12 MARKED= ref(—)

13 in

14 (Ag. if (A =1A!SYMBOL= 1) then

15

16 (A:=0;

17 if IFIRST then (FIRST:=0; SYMBOL=1)
18 else (SYMBOL STATB := §"PP (ISTATBE:;
19 g0;

20 [ISTATEe FJ;

21 ['ACCESSED= +])

22

23 else if ISTATEe QF A I|F = 0) then
24

25 (['ACCESSED= —1;

26 F =1,

27 ACCESSED= +;

28 f0;

29 ['F =2];

30 F:=0;

31 STATE= 6" ETCHISTATE 1ISYMBOL)
32

33 else if ('F = 1) then

34

35 (['ACCESSED= +, !MARKED= —];
36 F:=2

37 MARKED:= +)

38

39 else Qunit)
40 end)
41 end

Fig. 5. The term representing@&machine.
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Followings’, by the visibility condition, the nex®-move can only be one of the following:

(1) qjustified by the unique occurrence 4f,

(2) r justified by an occurrence @ffrom an ADD block,

(3) d2 justified by a final, from the most recent ADD block.

Recall from Exampl@&7.1 that, corresponds to thg() code, therefore playingy (3) will

trigger moves corresponding to lines 20-21. Since we are currently considering only cases

when!STATE¢ F, P will not be able to reply so (3) cannot extend the position in question.
We analyze the first two cases in turn.

(1) After q is played, moves corresponding to lines 8-12 are played out in the hidden
component and we can expadb emerge from the interaction (cf. Exam3eé) if and
only if ISTATEe QPP and!A = 0 (line 8). Thus, whenSTATE¢ 04, P will have
no reply (as required, because then no ADD step is possibI§TATEe Q4 thenx
will be played and A will become 1 (line 9). Note also that lines 10-12 will produce
fresh copies 08YMBOL MARKED(initialized to §;, —) ® and ofACCESSERjits initial
value depends ofFIRSTin the correct way). I§’ = go*o then, becausgg € 04, x
will be played which will yield the requisite complete positigig *.

After x is played, wherO subsequently playg, P will have no reply becausH is
now 1 (line 8 blocks the previous responrgeHence, to extend the current position
might play eitherds or r justified by some occurrence of The former would finish
the play (since we still haviSTATE¢ F), so we can focus on the latter possibility.
Regardless of the actual justifiertriggers moves corresponding to the code unter
(lines 14-39), so (because we hdye = 0 and!STATEe Q%) P will reply only if

!A = 1IAISYMBOL= £ on line 14 is satisfied (the reply is then determined by lines
16-21). But folSYMBOL= % to hold, the pointer of must be to an ADD block where
ISYMBOL= %. This can only be the caserifpoints at the preceding move, because
in other blockd SYMBOLhas already changed according to the invariants. Therefore,
the onlyO-move leading to an extension@s r justified by the preceding (which is
consistent with our design of an ADD block). Then lines 16-18 are played Aus:
reset to 0SYMBOL STATEandFIRST are updated as required arnds played (as in
Example37.2) thus completing the creation of a new ADD block.

(2) BecauseF =0, !A = 0 after each step, aimmove made after a complete step has been
simulated is replied to only ifSTATEe QF (line 23), which results in interpreting
lines 25—-31. Supposings justifierx comes from théth ADD block, P will reply only
if IACCESSED= — in that block (line 25)r; is played then (line 28; because ff)
like in Example37.2) andr changes to 1. After; O can see all ADD blocks preceding
theith, somed pairs left by FETCH andy, , whereq comes from théth block andry
is the last move. This raises many possibilities of move©®farhich we again examine
case by case.

(a) d; is blocked by line 29.

(b) Any qis blocked by{!STATEe Q4] (line 8).

(c) r justified byx from an ADD block with inde wherej < i may triggerd (as in
Example37.3), since we have = 1 satisfying the test on line 33. However, this
will happen if and only it ACCESSED= + and!MARKED = — in thejth block

5We assume that £ is a special symbol, i.¢ X.
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(line 35) as required by FETCH. TRMARKEDfield of thejth block will be reset
to 4+ andF will change to 2.
Next, O faces the same possibilities as above. (b) is still blocked by line 8. Line 33 now
blocks (c) because we hae = 2. For this reasoni; will now triggerd (lines 29-31),
but before thatSTATEwill be updated usingSYMBOLfrom theith block andF will
be reset to 0, completing a FETCH step.

In the above we have shown trmmp([[MQ}]) containsyoxo, go*o0g* and possibly other
positions but these have to be extensions of plays representing final runs. We show next that
the other positions occur only if the final run involved is complete, i.e. when all entries in
the Q-store have been accessed.

Consider a position representing a series of runs suctSMAITE< F atits endO might
then play eitheq (P will not reply because of line 8), ar(P will not reply because line 39
then applies), oto. Recall thatd; is associated witly () (Example37.1) and it will now
triggerd because the te§$TATEe F (line 20) is positive. However, this will happen only
if IACCESSED= + in the relevant block (line 21). Afterwards, the same reasoning applies
when subsequemb-moves byO refer to other ADD blocks. By playing» repeatedlyO
andP will in fact verify whether allQ-store entries have been accessed during the simulated
final run. Consequently, by Lemma 31, complete positions can only arise when the final
run is also complete run.d

Now we can easily reduce the (undecidable) halting proble@forachines to a program
equivalence query. Observe first tikamp([M ) = {go*o, go x0 g*} for M = Af.let X =
ref(0)in (([!X = 0]; X :=1); (4g.Qunit))-

Theorem 38. A Q-machine) halts if and only ifMQ ~ M. Second-ordeRML; program
equivalence is thus undecidable

7. Conclusion

We have analyzed an ML-like languag®1L; through its game semantid®ML¢ permits
the construction of higher-order functions with local variablesy = ref(0) in M : 01 —
0,) that persist over multiple applications of the function. In certain cases, made precise in
the definition ofRML;, that behaviour can be characterized using regular expressions. In
all those case8 is a product of first-order types; — f, or int ref, where the last case
can be used to pass a variable out of scope. Consequently, we were able to revisit many
program equivalences previously studied in the literature using other techniques, notably,
various forms of logical relationf23]. Further increases in the nesting of arrows, e.g.
takingf = (unit — unit) — unit, lead to loss of regularity or, even worse, make program
equivalence undecidablé & (unit — unit) — (unit — unit) — unit). It seems that
more decidable cases, likanit — unit) — unit, could still be captured with visibly
pushdown automata [8], which we have recently used in work on call-by-name games [21].
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