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Abstract
The computation of gravitational wave scattering on black hole spacetimes is an extremely hard
problem, typically requiring approximation schemes that either treat the black hole perturbat-
ively or are only amenable to numerical techniques. In this paper, we consider linearised gravita-
tional waves (or gravitons) scattering on the self-dual analogue of a black hole: namely, the self-
dual Taub-NUT (SDTN) metric. Using the hidden integrability of the self-dual sector, we solve the
linearised Einstein equations on these self-dual black hole backgrounds exactly in terms of simple,
explicit quasi-momentum eigenstates. Using a description of the SDTN metric and its gravitons
in terms of twistor theory, we obtain an explicit formula, exact in the background, for the tree-
level maximal helicity violating (MHV) graviton scattering amplitude at arbitrary multiplicity,
with and without spin. This is obtained from the description of the MHV amplitudes in terms
of the perturbation theory of a chiral sigma model whose target is the twistor space of the back-
ground. The incorporation of spin effects on these backgrounds is a straightforward application of
the Newman–Janis shift. We also demonstrate that the holomorphic collinear splitting functions
in the self-dual background are equal to those in flat space so that the celestial symmetry algebra is
undeformed.
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1. Introduction

The study of gravitational wave scattering in a black hole spacetime is an important but notoriously dif-
ficult endeavour. These difficulties manifest themselves in both conceptual and technical ways: the pres-
ence of an event horizon means that the usual S-matrix of quantum field theory (QFT) does not exist
as a unitary operator evolving incoming states from past infinity to outgoing states at future infinity [1,
2], and external graviton wavefunctions in black hole spacetimes are typically determined by equations
which do not admit analytic solutions [3–6]. Furthermore, the Feynman rules of perturbative gravity
in a black hole background—already non-polynomial in Minkowski space—are woefully complicated.
While some of the conceptual obstacles in this problem can be overcome or forestalled—for instance,
by defining tree-level graviton scattering amplitudes on the black hole background variationally through
the perturbiner formalism [7–14]—this does not ameliorate the underlying technical difficulties in the
associated calculations.

Yet for all these imposing obstacles, there are equally many reasons to be interested in multi-graviton
scattering amplitudes on black hole backgrounds. These amplitudes encode information relevant to vari-
ous approximation regimes of interest for the gravitational two-body problem (e.g. the self-force expan-
sion) [15–17], give probes of quantum gravity [18–23], and also provide much needed raw data for
asymptotically flat holography [24–28], where the mass of the black hole provides a scale akin to the
cosmological constant in asymptotically anti-de Sitter spaces. Most approaches in these scenarios treat
the black hole perturbatively in some way to facilitate concrete calculations [29–38].

Of course, an analytic approach which treats the black hole background exactly (i.e. non-
perturbatively) is highly desirable, though currently out of reach for astrophysical black holes such as the
Schwarzschild and Kerr metrics. Consequently, it is reasonable to look for simpler ‘toy’ scenarios which
treat the background exactly while still capturing the full non-linearity of perturbative general relativity
through scattering amplitudes.

In this paper, we consider the self-dual version of a black hole metric as such a toy model. This
enables explicit calculation of some graviton scattering amplitudes to high multiplicity while treating the
background metric exactly, and has other desirable properties such as straightforward incorporation of
spin effects.

But what, precisely, is a self-dual black hole? A four-dimensional complex, holomorphic metric is
said to be (vacuum) self-dual if it solves the vacuum Einstein equations and has a purely self-dual Weyl
curvature tensor—this is equivalent to the metric being hyperkahler (HK). As the self-dual and anti-
self-dual (ASD) parts of the Weyl curvature are related by complex conjugation in Lorentzian signature,
non-trivial self-dual metrics do not admit Lorentzian-real slices. Thus, astrophysical black holes of the
Kerr–Newman family are definitely not self-dual.

However, one can consider the one-parameter generalisation of the Schwarzschild metric due to
Taub, Newman, Unti and Tamburino, known as the Taub-NUT metric [39, 40]. This Lorentzian-real
metric depends on two parameters, the familiar ADM mass of Schwarzschild (M) and a new quantity
called the NUT charge (N). The metric is only locally asymptotically flat due to wire singularities on the
sphere at infinity [41]; when N = 0 it reduces to the Schwarzschild metric.

Upon complexifying the Taub-NUT metric, it is possible to set N=−iM, at which point the metric
becomes self-dual with only a single parameter, M. This self-dual metric then admits a Euclidean-real
slice which is a complete, Ricci-flat metric on R4: the famous self-dual Taub-NUT (SDTN) gravitational
instanton [42–44]. Although defined on R4, Wick-rotated time now takes values in a topologically non-
trivial circle bundle. It is this metric which we will study as a toy setting for gravitational scattering on a
black hole.

It has long been known that the self-dual sector of general relativity is classically integrable [45], and
its self-duality is the key property of the SDTN metric which makes it a tractable toy model for black
holes (see [46–49] for other recent studies which have taken this perspective). For instance, we were
recently able to solve the linearised Einstein equations exactly on the SDTN background without the
need to separate variables or use partial wave expansions [50]: the resulting quasi-momentum eigenstates
generalise the usual plane wave momentum eigenstates of Minkowski space to the curved SDTN metric.
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Using these wavefunctions, it was possible to compute the two point function of negative helicity grav-
itons on the SDTN metric, in closed form and exactly in the parameter M.

In this paper, we use the twistor description of SDTN, which manifests its hidden integrability, to
compute the classical (tree-level) maximal-helicity-violating (MHV) graviton scattering amplitude on
SDTN with an arbitrary number of external gravitons. This MHV configuration involves two external
gravitons of negative helicity (i.e. gravitons whose ASD linearised Weyl curvature satisfies the zero-
rest-mass equation) and an arbitrary number of positive helicity (i.e. gravitons whose linearised Weyl
curvature is purely self-dual), and corresponds to the first non-trivial perturbations away from the integ-
rable self-dual sector of perturbative gravity around the SDTN background [51–54].

Each external graviton is labelled by a frequency ω and spatial three momentum k⃗ which are on-
shell (ω2 + k⃗2 = 0) and form a (necessarily complex, in Euclidean signature) massless four-momentum
kαα̇ = κακ̃α̇ parametrised by ω and a point (z, z̄) on the complexified sphere. In addition, the topolo-
gically non-trivial nature of the SDTN time coordinate means that gravitons can also carry a topolo-
gical charge, but configurations of arbitrary topological charge can be obtained from ‘minimal’ quasi-
momentum eigenstates where the charge is fixed by the frequency through simple differential oper-
ations [50]. Schematically, the MHV graviton amplitude in this case is given by (neglecting overall
numerical factors and powers of the gravitational coupling constant):

Mn = δ

(
n∑

i=1

ωi

)
〈12〉6

〈13〉2 〈23〉2
∑
t≥0

ˆ
R3

d3x⃗

(
1+

2M

r

)ˆ
(S2)t

t∏
m=1

ϖmDm |H [t]|
∣∣∣
ε=0

× ei⃗k·⃗x
∏
i∈n+

(
r

1+ |ζ|2

)2Mωi (
ζ̄ zi + 1

)4Mωi
∏
j∈n−

(
r

1+ |ζ|2

)−2Mωi

(ζ − zi)
−4Mωj , (1.1)

where gravitons 1 and 2 have negative helicity and n± are the sets of positive/negative frequency grav-
itons. In this expression, r is a radial coordinate on R3, ζ ∈ C a stereographic coordinate on the corres-
ponding spheres,

k⃗ :=
n∑

i=1

k⃗i , (1.2)

is the total spatial momentum of the external gravitons, 〈i j〉 := καi κjα and the sum over t≥ 0 introduces
additional integrals over S2 with

ϖm :=
dζm ∧ dζ̄m

(1+ |ζm|2)2
, (1.3)

denoting the Kahler measure on each of these copies of the 2-sphere with stereographic coordinates
(ζm, ζ̄m).

The matrix H[t] is a (n+ t− 3)× (n+ t− 3) matrix whose entries are constructed from the kin-
ematic data of the external gravitons, the SDTN background geometry and a set of t formal parameters
{ε1, . . . ,εt} such that the determinant |H[t]| is a polynomial in each εm for m= 1, . . . , t. This polynomial
is then acted upon by certain differential operators {Dm} with respect to these formal parameters, and
then evaluated at ε1 = ε2 = · · ·= εt = 0, extracting only the coefficients in this polynomial of a particu-
lar order. The sum over t≥ 0 corresponds to the presence of explicit tail contributions to the amplitude,
generated by the external gravitons scattering off the SDTN background itself.

Obtaining such a formula, which is exact in the SDTN background, would be impossible with tra-
ditional background field theory methods. The key is a two-dimensional, chiral conformal field theory
(CFT), known as the twistor sigma model [52], which describes the HK structure of the SDTN metric as
well as its perturbations. Using the twistor sigma model, it is possible to recast the computation of the
MHV graviton amplitude in terms of a tree-level, connected correlation function in a 2d CFT—a quant-
ity which can be calculated straightforwardly.

The formula (1.1) can be shown to reduce to Hodges’ well-known expression for the MHV grav-
iton scattering amplitude on Minkowski space [55] upon taking the flat limit of the SDTN background.
Furthermore, the result trivially extends to a spinning SDTN background by means of the Newman–
Janis trick [56]. The integrals appearing in the formula can be performed explicitly for low numbers of
external points, to give completely closed-form expressions. For general numbers of external gravitons,
it is also possible to examine the leading holomorphic collinear limits between positive helicity external
gravitons; remarkably, the collinear splitting functions are un-deformed from flat space.
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Structure of the paper: In section 2, we review the SDTN space and its geometry, as well as the incor-
poration of spin. Section 3 develops the twistor description of the SDTN metric via Penrose’s non-linear
graviton construction. We then introduce the quasi-momentum eigenstate solutions to the linearised
Einstein equations on SDTN and their description in twistor space. In section 4, we derive the MHV
graviton amplitudes on SDTN using the twistor sigma model description of its HK geometry. Some
basic properties of the formula, such as its explicit evaluation for low numbers of external gravitons
and the flat space limit, are explored. Section 5 computes the holomorphic collinear limits of this MHV
amplitude formula, confirming that the resulting splitting functions are equivalent to those in flat space.
Finally, section 6 concludes with a brief discussion of interesting future directions.

The appendices include additional material for the interested reader. Appendix A discusses
other presentations of the SDTN twistor space which have appeared in the literature over the years.
Appendix B demonstrates how a generalisation of the presentation of the SDTN metric used through-
out the paper can be used to describe all Gibbons–Hawking gravitational instantons in Euclidean signa-
ture. Appendix C provides details regarding how the twistor-based formalism of this paper reproduces
the graviton 2-point function computed in our earlier work from a purely spacetime perspective.

2. SDTN and its HK structure

The Taub-NUT metric (viewed as a complexified Lorentzian metric solving the vacuum Einstein
equations) depends on two parameters: the ADM mass M and NUT parameter N [39, 40]. When
N→ 0, the metric reduces to the Schwarzschild black hole, but for N 6= 0 the metric generically has
‘wire singularities’ on the celestial sphere at infinity. However, in the configuration where the mass and
NUT parameter are related by N=−iM, the metric becomes a complete, Ricci-flat and self-dual—or
HK gravitational instanton—metric on the Euclidean real slice R4 [42–44].

In this section, we review the geometry of the SDTN metric. We also emphasise the HK structure of
the SDTN metric, and its straightforward extension to the ‘spinning’ self-dual Kerr-Taub-NUT (SDKTN)
metric. Our focus will be on the Euclidean-real metric, although we will also comment on the relation
to other signatures. The reader who is already familiar with these notions may wish to simply skim this
section, to absorb the notation and conventions that will be made use of through the rest of the paper.

2.1. The SDTN geometry
To begin, we fix notation conventions (broadly following [57]). Let xa = (x0,x1,x2,x3) be holomorphic
Cartesian coordinates on complexified Minkowski space M with holomorphic metric (dx0)2 − (dx1)2 −
·· ·− (dx3)2. The Euclidean real slice R4 ⊂M corresponds to letting x0 ∈ R and x1,x2,x3 ∈ iR, the set of
imaginary numbers. Re-labelling x0 → t and ixi → xi for i = 1,2,3, the Cartesian coordinates (t,x1,x2,x3)
on R4 can be encoded in the 2-spinor variables

xαα̇ =
1√
2

(
t+ ix3 ix1 + x2

ix1 − x2 t− ix3

)
. (2.1)

The 2-spinor indices are raised and lowered using the two-dimensional Levi–Civita symbols ϵαβ , ϵα̇β̇ , etc

so that the flat metric on R4 is ds2R4 = ϵαβ ϵα̇β̇ dx
αα̇ dxββ̇ . It will be useful to employ the usual notation

for 2-spinor invariants: 〈ab〉 := aαbα = ϵαβaβbα, and [ab] := aα̇bα̇ = ϵα̇β̇aβ̇bα̇.

In these variables, let Tαα̇ := diag(1,1)/
√
2 denote the unit, future-pointing ‘time-like’ vector4. This

vector can be used to project the coordinates onto the spatial 3-slices by defining

x⃗αβ := ϵα̇β̇ T
(α|α̇| xβ)β̇ =

1

2

(
ix1 + x2 −ix3

−ix3 −ix1 + x2

)
, (2.2)

so that x⃗αβ are coordinates on R3, whilst t= Tαα̇xαα̇ is the coordinate in the direction of Tαα̇. The
inverse relation

xαα̇ = tTαα̇ − 2⃗xαβ Tβ
α̇ , (2.3)

enables us to pass between the xαα̇ and (t, x⃗αβ) coordinates.

4 We sometimes abuse terminology by referring to quantities in Euclidean signature with Lorentzian nomenclature. In this case, a
Euclidean ‘time-like’ vector is one which would truly be time-like under Wick rotation to Lorentzian signature, and future-pointing
means pointing in the positive direction of Euclidean time.
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Finally, it will be useful to fix constant dyads on the bundle of undotted and dotted spinors. We take
these dyads to be ια = ι̃α̇ := (1,0) and oα = õα̇ := (0,−1), normalised so that 〈ιo〉= 1= [ι̃ õ].

The Euclidean SDTN space M is (topologically) Euclidean space R4 equipped with the metric

ds2 =

(
1+

2M

r

)−1

(dt− 2M(1− cosθ)dϕ)2 +

(
1+

2M

r

)(
dr2 + r2dΩ2

2

)
. (2.4)

Here, (r,θ,ϕ) are the standard spherical polar coordinates on R3 \ {0} ∼= R+ × S2, defined in terms of
the spatial coordinates x⃗αβ in the obvious way. The coordinate ranges are r ∈ (0,∞), (θ,ϕ) ∈ S2, and
t∼ t+ 8πM, with dΩ2

2 the round metric on the 2-sphere parametrised by θ and ϕ.
The metric (2.4) is a complete, Ricci-flat and self-dual metric on R4. This can be verified in many

equivalent ways, but perhaps the cleanest is to compute the Newman–Penrose scalars [58] of the metric,
finding [59]

Ψ̃2 =− 2M

(r+ 2M)
3 , Ψ2 = 0 , (2.5)

with Ψ̃2 the only non-vanishing component of the Riemann curvature tensor. This immediately shows
that the metric is vacuum (as the Ricci curvature vanishes), type D (as only Ψ̃2 6= 0) and self-dual (as
Ψ2 = 0). The apparent singularity at r= 0 is the Euclidean analogue of a black hole event horizon: it is
a coordinate singularity which the metric can be extended across by a change of coordinates.

Note that the metric (2.4) is manifestly in Gibbons–Hawking form. Recall that Gibbons–Hawking
metrics [42–44] are defined by a pair (V,A), where V is a scalar function and A is a 1-form, related by
the abelian monopole equation

dV= ⋆3 dA , (2.6)

for ⋆3 the Hodge star on R3. For the SDTN metric, this pair is given by

V= 1+
2M

r
, A= 2M(1− cosθ)dϕ := 2Ma , (2.7)

where a is the gauge potential of a magnetic monopole. The metric (2.4) is then equal to

ds2 =
(dt−A)2

V
+V d⃗x2 , (2.8)

which is precisely of Gibbons–Hawking form.
As the ‘true’ singularity at r=−2M is not on the Euclidean manifold, one might worry that the

SDTN metric is a poor toy model for a black hole. However, in split signature, the SDTN metric has an
event horizon, where the signs of the metric encoding the Kleinian ‘causal structure’ are interchanged,
behind which the metric can be continued up to a true singularity [46, 50, 60, 61]. In this sense, we are
justified in viewing SDTN as an integrable toy model of a black hole.

In the 2-spinor variables, the SDTN metric (2.4) can be written as ds2 = ϵαβ ϵα̇β̇ e
αα̇ eββ̇ in terms of

the tetrad

eαα̇ =

(
1+

2M

r

)−1/2

Tαα̇ (dt− 2M(1− cosθ) dϕ)− 2

(
1+

2M

r

)1/2

d⃗xαβ Tβ
α̇ . (2.9)

From this tetrad, a basis of closed ASD 2-forms on M is given by

Σαβ = eαα̇ ∧ eβα̇

= 2(dt− 2M(1− cosθ) dϕ)∧ d⃗xαβ + 2

(
1+

2M

r

)
d⃗xαγ ∧ d⃗xβγ ,

(2.10)

which will prove useful in later computations as the undotted spin connection is flat in this frame.
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2.2. HK structure of SDTN
As the SDTN metric (2.4) is self-dual and Ricci flat, it has holonomy SU(2) and is thus a HK manifold.
A HK manifold has a 2-sphere’s worth of complex structures which are Kahler with respect to the met-
ric. This structure can be manifested very cleanly for SDTN following LeBrun’s construction [62].

Let (y, z) be complex coordinates on C2 and consider the Kahler potential

Ω= 8M
(
u2 + v2

)
+ 2
(
u4 + v4

)
, (2.11)

where u, v are two real-valued, positive functions defined implicitly by

|y|= e(u
2−v2)/4Mu , |z|= uv . (2.12)

The associated Kahler metric (obtained by implicit differentiation of the Kähler potential) is

ds2 = 4

(
1+

2M

u2 + v2

)
|dz|2 + 16M2

(
1+

2M

u2 + v2

)−1 ∣∣∣∣dyy − v2

u2 + v2
dz

z

∣∣∣∣2 . (2.13)

Introducing Cartesian coordinates x⃗i = (x1,x2,x3), r= |⃗x| on R3 and performing the diffeomorphism

y=

√
r+ x3

2
e−i(t+ix3)/4M , z=

1

2

(
x1 + ix2

)
, (2.14)

one finds that

u=

√
r+ x3

2
, v=

√
r− x3

2
. (2.15)

In these new coordinates, the Kähler metric (2.13) becomes

ds2 =

(
1+

2M

r

)−1(
dt− 2M

r

x1dx2 − x2dx1

r+ x3

)2

+

(
1+

2M

r

)((
dx1
)2

+
(
dx2
)2

+
(
dx3
)2)

, (2.16)

which is precisely the SDTN metric (2.4) upon passing to spherical coordinates.
Remarkably, the Kähler potential (2.11) itself is extremely simple when written in the Gibbons–

Hawking coordinates:

Ω= r2 +
(
x3
)2

+ 8Mr . (2.17)

However, observe that these coordinates are not holomorphic/anti-holomorphic with respect to the asso-
ciated complex structure. So although the potential (2.17) is simple, taking the appropriate derivatives to
arrive at the metric is not.

At this stage, one may note that by working with a single Kähler potential, we have chosen a single
complex structure, rather than the 2-sphere’s worth associated with a HK structure. The existence
of this S2 of complex structures is guaranteed by checking that Ω satisfies Plebanski’s ‘first heavenly
equation’ [63], and in fact the choice of complex structure is generic. Indeed, orientation- and metric-
compatible complex structures on SDTN are in one-to-one correspondence with points on the unit
sphere, parametrised by n⃗ ∈ R3, n⃗ 2 = 1 [62].

To see this, let z be a complex coordinate on the plane n⃗ · x⃗= 0, and y= ue−i(t+i⃗n·⃗x)/4M. Any such
coordinates are related to the coordinates (y, z) defined in (2.14) by SO(3) rotations of x⃗, which rotate
the Kähler potential (2.17) into

Ω= r2 + (⃗n · x⃗)2 + 8Mr , n⃗ ∈ S2 . (2.18)

As the SDTN metric is invariant under SO(3) rotations of x⃗, it follows that the SDTN metric will be
recovered from any of this S2 family of Kähler potentials.
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2.3. From SDTN to SDKTN
All astrophysical black holes have some angular momentum, making the Kerr metric the archetypal
astrophysically relevant black hole solutions. It has long been known that the Kerr metric can be
obtained from the (non-spinning) Schwarzschild solution by a complex coordinate transformation,
known as the Newman–Janis shift [56]. In essence, this works by shifting the spatial coordinates of the
Schwarzschild metric into the complex along the mass-rescaled spin vector a⃗ of the desired Kerr metric;
ensuring that the resulting metric is Lorentzian-real requires a non-linear superposition of this shift and
its complex conjugate which is somewhat non-trivial.

While understanding of the Newman–Janis shift has improved over the years due to a variety of new
perspectives (see [32, 50, 64–74]), it is fair to say that the non-linear nature of the reality conditions
needed to obtain a Lorentzian-real metric after this complex shift make it a tool of limited applicab-
ility for gravitational scattering in black hole backgrounds. However, in the self-dual sector, this non-
linearity disappears and the SDKTN metric (see [75–77]) is obtained by a complex linear translation of
the SDTN metric.

To see this, observe that any (Lorentzian-real) vacuum solution to the Einstein equations which is
algebraically special of type D has a Weyl tensor which can be written in 2-spinors as [78]

Ψαβγδ = 6Ψ2 o(α oβ ιγ ιδ) , (2.19)

where Ψαβγδ is the ASD Weyl spinor and {oα,ια} is a normalised spinor dyad aligned with the two
degenerate principal null directions. The scalar Ψ2 is the only non-vanishing Newman–Penrose scalar for
the curvature of a vacuum type D metric. The SD Weyl curvature is obtained by complex conjugation.

Now, it can be shown that any such vacuum type D spacetime admits a valence-two ASD Killing
spinor χαβ , obeying ∇(α

α̇χβγ) = 0 which is related to the Weyl curvature by [79–83]:

χαβ =
o(α ιβ)

(6Ψ2)
1/3

, Ψαβγδ = C
χ(αβ χγδ)

(χρσχρσ)
5/2

, (2.20)

where C is a numerical constant. For the Schwarzschild and Kerr metrics, one finds that (2.20) is real-
ised for χαβ = x⃗αβ + i a⃗αβ and C=M.

Compatibility between this imaginary shift along the spin vector for Ψαβγδ and its complex conjug-
ate Ψ̄α̇β̇γ̇δ̇ is responsible for the non-linear reality conditions of the Newman–Janis shift at the level of
the metric. However, for SDTN and SDKTN it follows that Ψαβγδ = 0, so that the ‘spinning’ self-dual
metric can be obtained by a simple shift x⃗αβ → x⃗αβ − i a⃗αβ . With Euclidean reality conditions, this leads
to a real-valued Euclidean SDKTN metric in Euclideanised Kerr coordinates.

It is in this sense that SDKTN can be viewed as a simple complex diffeomorphism of SDTN, a
fact which has been observed several times before, in Euclidean as well as split signature [46, 84]. The
important takeaway here is that to compute quantities like wavefunctions or scattering amplitudes
on SDKTN, it suffices to first perform the computation in ‘pure’ SDTN and then simply translate
x⃗→ x⃗− i⃗a at the end to obtain the desired quantities in SDKTN.

3. Twistor theory for SDTN

The famous non-linear graviton theorem of Penrose [45] states that any vacuum self-dual four-manifold
corresponds to a twistor space PT , obtained by a complex deformation of the twistor space of flat
space, and equipped with an integrable complex structure and a four-parameter family of holomorphic
curves obeying certain consistency conditions. Hence, there is a twistor description of the SDTN metric,
and there have been several formulations introduced over the years [85–87].

In this section, we review the twistor description of SDTN which will be used throughout the paper.
After describing the twistor space and how the SDTN metric is reconstructed from the twistor data, we
show how solutions to the linearised Einstein equations on SDTN are encoded in the cohomology of its
twistor space.

3.1. The SDTN twistor space
The twistor space PT of complexified Minkowski space, M, is the open subset of P3 obtained by remov-
ing a projective line. In particular, let ZA = (µα̇,λα) be homogeneous coordinates on P3, considered up
to projective rescalings ZA ∼ rZA for all r ∈ C∗, with [ZA] the projective equivalence class corresponding
to a point in Z ∈ P3. Twistor space is given by

PT=
{[
ZA
]
∈ P3 |λα 6= 0

}
. (3.1)

7
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This means that PT fibres holomorphically over P1, the projection being simply ZA 7→ λα, with [λα]
serving as homogeneous coordinates on the P1 base. There is then a two-set open cover of PT= U0 ∪
U1 given by

U0 = {Z ∈ PT |λ0 6= 0} , U1 = {Z ∈ PT |λ1 6= 0} , (3.2)

induced by the natural open covering of P1. Twistor space is also equipped with a holomorphic, O(2)-
valued5 symplectic 2-form Σ on the fibres of the fibration PT→ P1

Σ= dµα̇ ∧ dµα̇ , (3.3)

together with a dual O(−2)-valued Poisson bracket

{· , ·}= ϵα̇β̇Lα̇ ∧Lβ̇ , (3.4)

where Lα̇ denotes the Lie derivative along ∂/∂µα̇.
Flat space M is realised as the moduli space of linear, holomorphic Riemann surfaces in PT, referred

to as twistor lines. Explicitly, the twistor line corresponding to any point xαα̇ ∈M is given by

X∼= P1 :
{
Z ∈ PT |µα̇ = xαα̇λα

}
. (3.5)

From this, it is easy to see that the normal bundle to any twistor line is NX
∼= O(1)⊕O(1).

To single out a particular real slice of M, PT must be equipped with some reality structure. For
instance, to single out the Euclidean real slice R4 ⊂M, PT is equipped with an anti-holomorphic invol-
ution σ : ZA → ẐA which acts as

ẐA =
(
−µ̄1̇, µ̄0̇,−λ̄1, λ̄0

)
. (3.6)

This ‘quaternionic conjugation’ operation squares to minus the identity (so it has no fixed points),
and acts as the antipodal map on the P1 base of twistor space. It is easy to show that the twistor lines
defined by (3.5) that are preserved by σ correspond to real x ∈ R4.

A key result in twistor theory is that curved, self-dual metrics can be obtained by performing com-
plex deformations of the ‘flat’ twistor space PT. In particular, the non-linear graviton theorem [45, 88]
establishes a one-to-one correspondence between self-dual, Ricci-flat Riemannian metrics6 and ‘curved’
twistor spaces PT obtained by a complex deformation of PT which:

1. preserve the holomorphic fibration over P1,
2. admit a holomorphic O(2)-valued symplectic form Σ on the fibres,
3. are equipped with an anti-holomorphic involution σ, and
4. have a 4 (real) dimensional family of rational holomorphic curves which are invariant under σ and

have normal bundle O(1)⊕O(1).

Just as in the flat model, points in the self-dual ‘spacetime’ correspond to the holomorphic rational
curves in twistor space, and the metric can be reconstructed from the holomorphic data on PT .

The condition that PT be a complex deformation of PT means that the complex structure of PT
is encoded in an anti-holomorphic Dolbeault operator which is locally of the form ∇̄= ∂̄+V, for V ∈
Ω0,1(PT,T1,0PT), which is integrable:

∂̄V+
1

2
[V, V] = 0 , (3.7)

where [V,V] is the Lie bracket. The further requirements of a holomorphic fibration over P1 and a holo-
morphic weighted symplectic form on the fibres means that V must be a Hamiltonian vector field

V= {h, ·} , h ∈ Ω0,1 (PT,O (2)) , (3.8)

with respect to the weighted symplectic form.

5 The bundlesO(n)→ PT are defined as the pullbacks of the bundlesO(n)→ P1 by the holomorphic projectionPT→ P1.
6 Here, and throughout, we implicitly assume that we are considering suitably convex regions of such a self-dual Ricci-flat Riemannian
manifold.
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Thus, to describe the twistor space of SDTN, it suffices to specify the appropriate h valued in O(2).
In order to do this, it will be convenient to introduce the notation

µ− := [µι̃] , µ+ := [µ õ] , η := µ+µ− , ē0 :=
〈λ̂dλ̂〉
〈λλ̂〉2

, (3.9)

where µ± are the decomposition of µα̇ with respect to the dotted spinor dyad {õα̇, ι̃α̇}, λ̂α = (−λ1,λ0)
and ē0 trivialises the canonical bundle of P1. Now, define the O(2)-valued Hamiltonian [87]

h :=
η2 ē0

4M
∈ Ω0,1 (PT,O (2)) . (3.10)

M is a parameter that will be identified with the ‘mass’ of the SDTN metric.
The complex deformation associated with this Hamiltonian is

V= {h, ·}= η ē0

2M
∧ (µ+L+ −µ−L−) , (3.11)

where L± denotes the Lie derivative along ∂/∂µ±. The obstruction to integrability (3.7) of the complex
structure ∇̄ in P3 is then

∂̄h+
1

2
{h,h}= π2 η2

M
δ̄2 (λ) , (3.12)

where

δ̄2 (λ) :=
1

(2πi)2
∧

α=0,1

∂̄

(
1

λα

)
, (3.13)

is the (0, 2)-distribution that acts as a holomorphic delta function. Since the complex deformation must
preserve the holomorphic fibration over P1, which has holomorphic homogeneous coordinates [λα], it
follows that λα 6= 0 on PT . Therefore, ∇̄2 = 0 as required7.

In the complex structure (3.11), λα are still holomorphic coordinates (as the holomorphic fibration
over P1 is undeformed), but the µα̇ are no longer holomorphic. Nevertheless, one can construct local
holomorphic coordinates on U0 and U1 straightforwardly. First, observe that

∇̄µ± =±µ± η ē0

2M
, (3.14)

so that although ∇̄µ± 6= 0, the combination η = µ+µ− is still holomorphic: ∇̄η = 0. Then holomorphic
coordinates on the fibres of PT → P1 are given by

ρ± = µ± exp

(
±η f(λ)

2M

)
, (3.15)

where f is defined in the two patches by

f(λ) =− 1

〈λλ̂〉

{
λ̂0/λ0 , λα ∈ U0

λ̂1/λ1 , λα ∈ U1

. (3.16)

In particular, ∂̄f =−ē0, from which the holomorphicity of ρ± follows.
The holomorphic coordinates ρ± can be understood as taking values in O(1)⊗ L±1, where L is a

line bundle over the total space of O(2)→ P1 with transition function

ϕ10 = exp

(
η

2Mλ0λ1

)
, (3.17)

over U0 ∩U1. Then PT is the sub-bundle of O(1)⊗ (L⊕ L−1) defined by

ρ+ ρ− = η . (3.18)

This relation is useful when comparing this twistor space with other twistor constructions of SDTN in
the literature–see appendix A.

7 It is interesting to contrast this with the analogous twistor space for the Eguchi–Hanson metric [89], where the complex structure is
induced by a source on the µα̇ = 0 locus, which is in the twistor space.
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3.2. Reconstructing the SDTNmetric
The holomorphic symplectic form on the fibres of PT → P1 is now

Σ= 2dρ− ∧ dρ+ . (3.19)

It can be checked that Σ is a global section of the exterior square of the conormal bundle: that is, it
changes from U0 to U1 only by terms proportional to dλα. Furthermore, Σ coincides with the sym-
plectic form on PT (3.3), again up to terms proportional to dλα. Thus, one can continue to work with
the homogeneous coordinates (µα̇,λα) at the level of the symplectic form.

To reconstruct the spacetime metric, one must first solve for the holomorphic rational curves in
twistor space corresponding to points in the four-manifold. These curves are given by O(1)-valued maps
Fα̇(x,λ) satisfying

∂̄
∣∣
X
Fα̇ =

∂h
∂µα̇

∣∣∣∣
X

, (3.20)

where ∂̄|X is the Dolbeault operator along the twistor line X∼= P1. Decomposing Fα̇ as Fα̇ =−F−õα̇ +
F+ι̃α̇ and inserting the Hamiltonian (3.10), one obtains

∂̄
∣∣
X
F± =±F± F+F−

2M
ē0 , (3.21)

as the equation determining twistor curves in PT .
To solve this equation, introduce the spinors

χα
+ :=

√
r

1+ ζζ̄

(
ζ̄,−1

)
, χα

− :=

√
r

1+ ζζ̄
(1, ζ) . (3.22)

where ζ = eiϕ tan θ
2 and ζ̄ = e−iϕ tan θ

2 are stereographic coordinates on S2. These spinors are related to
the coordinates on the ‘spatial’ slice R3 as

x⃗αβ = iχ(α
+ χ

β)
− , (3.23)

and can be used to construct solutions to (3.21):

F± (x,λ) = 〈χ±λ〉 exp

[
∓ i

4M

(
t+ 2

x⃗αβ λα λ̂β

〈λλ̂〉

)]
. (3.24)

This follows by direct calculation using the identity

∂̄
∣∣
X

(
x⃗αβ λα λ̂β

〈λλ̂〉

)
= i〈χ+λ〉〈χ−λ〉 . (3.25)

Consequently, the map

Fα̇ (x,λ) = ι̃α̇ 〈χ+λ〉 exp

[
− i

4M

(
t+ 2

x⃗αβ λα λ̂β

〈λλ̂〉

)]
− õα̇ 〈χ−λ〉 exp

[
i

4M

(
t+ 2

x⃗αβ λα λ̂β

〈λλ̂〉

)]
. (3.26)

describes holomorphic rational curves in PT .
It is straightforward to check that these curves are invariant under the anti-holomorphic involution

σ : (µα̇,λα) 7→ (µ̂α̇, λ̂α) when x⃗αβ = ˆ⃗xαβ and t ∈ R, as required for Euclidean reality conditions. That is,
a point (µα̇,λα) lies on a twistor line if and only if the conjugate point (µ̂α̇, λ̂α) lies on the same line as
well. This happens because ˆ̃ια̇ =−õα̇ and χ̂α

+ =−χα
−.

For x⃗αβ 6= 0, (⃗xαβ , t) provide coordinates on a circle bundle over R3 − 0, the fibre coordinate being
t ∈ S1 of radius 8πM. When x⃗αβ = 0⃗, there is a unique twistor curve Fα̇(t, 0⃗,λ) = 0, which just corres-
ponds to adding a single point as the fibre over the origin of R3. This means that the 4-manifold topo-
logy is still R4, although we will see that the metric is not flat.

Let M denote the four-dimensional moduli space of twistor curves (which we have just established
to have topology R4) and let p : M ×P1 → PT be the projection from the projectivised, un-dotted spin

10
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bundle of M to twistor space, given by p : (xαα̇,λα) 7→ (Fα̇(x,λ),λα). To reconstruct the metric on M ,
one computes the pullback of the symplectic form Σ [90]. Using the holomorphic curves (3.26),

p∗Σ=−2λαλβ

[
dχα

+ ∧ dχβ
− +

d⃗xαβ

4M
∧

(
dt+ 2

d⃗xγδ λγ λ̂δ

〈λλ̂〉

)]
mod dλα , (3.27)

where ‘mod dλα’ means up to terms proportional to differential forms pointing along the P1 directions
of M ×P1.

Now, using the identity

d⃗xαβ ∧ d⃗xγδ =−ϵ
αγ

2
d⃗xβη ∧ d⃗xδη −

ϵβδ

2
d⃗xαη ∧ d⃗xγη , (3.28)

it follows that p∗Σ can be rewritten as

p∗Σ=
λαλβ
4M

Σαβ (x) mod dλα , (3.29)

for

Σαβ (x) =−8Mdχ(α
+ ∧ dχβ)

− + 2dt∧ d⃗xαβ + 2d⃗xαγ ∧ d⃗xβγ . (3.30)

These are precisely the ASD 2-forms of the SDTN metric (2.10)! To see this, note that in terms of the
magnetic monopole 1-form a appearing in (2.7)

dχα
± =

(
x⃗βγ d⃗xβγ

r2
∓ ia

2

)
χα
± − i

r2
χα
∓χ

β
±χ

γ
± d⃗xγδ , (3.31)

so that

dχ(α
+ ∧ dχβ)

− =
1

2
d⃗xαβ ∧a− 1

2r
d⃗xαγ ∧ d⃗xβγ , (3.32)

upon which the equivalence with (2.10) is immediate.
This implies that the exterior derivative dxFα̇—where dx denotes the exterior derivative with λ held

constant—is proportional to eαα̇λα for a tetrad eαα̇, up to a frame rotation:

dxFα̇ = Hα̇
β̇ (x,λ) e

αβ̇ λα , (3.33)

where Hα̇
β̇(x,λ) is valued in SL(2,C). The matrix Hα̇

β̇(x,λ) acts as a holomorphic frame for the bundle
NX ⊗O(−1) over the twistor curve X, where NX

∼=O(1)⊕O(1) is the normal bundle of the curve in
PT .

For the SDTN tetrad (2.9) in our chosen coordinate system, one finds

Hα̇
β̇ (x,λ) =

iTββ̇ õ
α̇

2M
√
V

(
〈λχ−〉
〈λλ̂〉

λ̂β − 2M

r
χβ
−

)
exp

[
i

4M

(
t+ 2

x⃗γδ λγ λ̂δ

〈λλ̂〉

)]

+
iTββ̇ ι̃

α̇

2M
√
V

(
〈λχ+〉
〈λλ̂〉

λ̂β − 2M

r
χβ
+

)
exp

[
− i

4M

(
t+ 2

x⃗γδ λγ λ̂δ

〈λλ̂〉

)]
. (3.34)

It is a straightforward (albeit somewhat tedious) calculation to verify that this frame obeys (3.33) as well
as Hγ̇α̇(x,λ)Hγ̇

β̇(x,λ) = ϵα̇β̇ .
It is worth noting that in addition to the special case of the SDTN metric, this basic twistor con-

struction can be easily generalised to describe any Gibbons–Hawking gravitational instanton [43, 44]. See
appendix B for the details.
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3.3. Quasi-momentum eigenstates
Gravitons are solutions of the linearised vacuum Einstein equations, in this case around the SDTN met-
ric. For generic curved spacetimes, the linearised Einstein equations are a complicated coupled system
of partial differential equations which cannot be solved exactly. For astrophysical black holes, it is a
remarkable fact that (when written as equations for the radiative Newman–Penrose scalars of the grav-
itational perturbation) the linearised Einstein equations are separable, leaving only a single non-trivial
radial equation of Schrödinger type [5, 6]. However, this Teukolsky equation does not generally lend
itself to analytical solutions, and in any case describes only the radial modes of the gravitational perturb-
ation, which must be combined with spheroidal harmonics in a partial wave sum to give the graviton
wavefunction.

A standard, separable Teukolsky-like description of gravitational perturbations exists for all Taub-
NUT metrics [91–93]—and indeed any type D Einstein metric [94]—and is known to simplify dramat-
ically at the self-dual point [48]. However, it turns out that in this case one can dispense with separation
of variables and partial wave sums to solve the linearised Einstein equations directly [50]. This is possible
thanks to the relationship between the linearised Einstein equations on SDTN and the charged Killing
spinor equations in a background self-dual dyon electromagnetic field.

The resulting quasi-momentum eigenstates have an array of desirable properties: they are specified by
a massless 4-momentum, have a smooth flat space limit (where they reproduce the usual momentum
eigenstates), are everywhere smooth on the celestial sphere and vanish at the origin (i.e. the Euclidean
‘event horizon’). The Penrose transform [95–97] guarantees that these quasi-momentum eigenstates can
be generated from cohomological data on the SDTN twistor space.

Here, we review the quasi-momentum eigenstates on SDTN for massless scalars as well as negative
and positive helicity gravitational perturbations, showing in each case what the corresponding represent-
ative is on twistor space.

3.3.1. Massless scalars
Quasi-momentum eigenstates are described by a (complex) null momentum kαα̇ = κακ̃α̇ and a discrete
charge8 2q ∈ Z, chosen such that q± 2Mω ∈ Z≥0, where ω is the energy of the state and Z≥0 is the set
of non-negative integers. This implies that the energy ω is quantised in units of 2M; this is an expected
feature since the Euclidean time of the SDTN metric is periodic. The on-shell momentum can be para-
metrised as

κα = (1,z) , κ̃α̇ =

√
2ω

1+ zz̃
(1, z̃) , (3.35)

for (z, z̃) affine coordinates on the complexified celestial sphere P1 ×P1 which parametrise the ‘direc-
tion’ of the momentum. Note that z̃ 6= z̄ for complex momenta (and the momentum must necessarily be
complex in Euclidean signature in order to be null).

In terms of the quantum numbers q, κα and κ̃α̇, scalar quasi-momentum eigenstates are given by
[50]

ϕ(q) (x) : = 〈χ+κ〉q+2Mω 〈χ−κ〉q−2Mω eik·x

=

(
r

1+ ζζ̄

)q

(ζ − z)q−2Mω (
ζ̄z+ 1

)q+2Mω
eik·x . (3.36)

Observe that these wavefunctions are regular on the celestial sphere, thanks to the requirement that q±
2Mω are non-negative integers. Among these solutions, there are distinguished minimal states, which are
regular as r→ 0 and have the slowest possible growth as r→∞. These correspond to q= 2M|ω|, with
the positive frequency minimal state given by

ϕ+ (x) =

(
r

1+ ζζ̄

)2Mω (
ζ̄ z+ 1

)4Mω
eik·x , (3.37)

and the negative frequency minimal state given by

ϕ− (x) =

(
r

1+ ζζ̄

)−2Mω

(ζ − z)−4Mω eik·x . (3.38)

8 In [98], this charge was denoted bym; here, we use q to avoid confusion withM, the ‘mass’ of the SDTN metric.
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These minimal states are universal, in the sense that any other quasi-momentum eigenstate can be
obtained by acting on them with an appropriate differential operator in momentum space

ϕ(q) (x) =

(
1+ z z̃

2ω

∂

∂z̃

)q−2Mω

ϕ+ (x) =

(
1+ z z̃

2ω

∂

∂z̃

)q+2Mω

ϕ− (x) , (3.39)

for either positive or negative frequency fields, respectively.
As the scalar field traverses the curved SDTN metric, the on-shell 4-momentum is effectively

‘dressed’ by the background. This is a familiar feature of solutions to background-coupled equations of
motion (see [99–101]) which can also be expressed cleanly in the spinor-helicity formalism [102]; in the
case of self-dual background fields, one expects that only the dotted momentum spinor will be dressed
by the background [50, 98, 103–106]. Indeed, a straightforward calculation shows that

dϕ(q) (x) = iκα K̃
(q)
α̇ (x) ϕ(q) (x) eαα̇ , (3.40)

where the background-dressed dotted momentum spinor is

K̃(q)
α̇ (x) =

1√
V

(
κ̃α̇ +(q+ 2Mω)

χ+γ Tγ
α̇

r〈κχ+〉
− (q− 2Mω)

χ−γ Tγ
α̇

r〈κχ−〉

)
. (3.41)

This background dressing can be conveniently expressed in terms of a dressing matrix

K̃(q)
α̇ (x) = κ̃β̇G

β̇
α̇ (x;k,q) , (3.42)

for

Gα̇
β̇(x;k,q) =

1√
V

(
δα̇β̇ +(q+ 2Mω)

καχ+β Tαα̇Tβ
β̇

ω r〈κχ+〉
− (q− 2Mω)

καχ−β Tαα̇Tβ
β̇

ω r〈κχ−〉

)
. (3.43)

It is straightforward to show that this dressing matrix is unimodular and satisfies

Gα̇
β̇ (x;k,q) ϵα̇γ̇G

γ̇
δ̇ (x;k,q) = ϵβ̇δ̇ , d

(
καGα̇

β̇ (x;k,q) e
αβ̇
)
= 0 , (3.44)

for eαα̇ the SDTN tetrad (2.9).
Now, the Penrose transform ensures that any solution of the massless scalar wave equation on SDTN

can be represented by a cohomology class in H0,1
∇̄ (PT ,O(−2)), the Dolbeault cohomology group with

respect to ∇̄ defined by the Hamiltonian (3.11). The twistor representative for the quasi-momentum
eigenstate (3.36) is

Φ(q) (Z) =

ˆ
C∗

ds s δ̄2 (sλ−κ)
(
sµ+

)q+2Mω (
sµ−)q−2Mω

exp
(
−ξ s2η

)
, (3.45)

where

ξ :=

√
2 [κ̄ κ̃]

〈κκ̂〉
, (3.46)

for

κ̂α = (−z̄, 1) , κ̄α̇ = (1, z̄) . (3.47)

It follows immediately that Φ(q) is a cohomology class of the appropriate weight. Indeed, the scale para-
meter s has the opposite projective scale to (µα̇,λα), so the measure ds s ensures that Φ(q) has homogen-
eity weight −2. Furthermore, since both ∇̄µ± and δ̄2(sλ−κ) have (0, 1)-form components proportional
to ē0 and ē0 ∧ ē0 = 0, it follows that ∇̄Φ(q) = 0.

To see that (3.45) does indeed give rise to the quasi-momentum eigenstate (3.36), one first pulls the
representative back to the holomorphic rational curve in twistor space corresponding to the point x ∈
M . Using the formulae (3.24) for the twistor curves, one finds

Φ(q)
∣∣∣
X
= 〈χ+κ〉q+2Mω 〈χ−κ〉q−2Mω 〈ικ〉

〈ιλ〉
δ̄ (〈λκ〉)

× exp

[
iω t+ i x⃗αβ

(
2ω

κα κ̂β
〈κκ̂〉

+

√
2 [κ̄ κ̃] κακβ

〈κκ̂〉

)]
. (3.48)
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Here, we have used the definition of ξ from (3.46), the support9 of the remaining holomorphic delta
function δ̄(〈λκ〉), and ια appears as part of a Jacobian upon performing the s-integral. The exponential
can be further simplified by using (3.35) and (3.47) to deduce that

ω = 〈κ|T|κ̃] , 2ωκ(ακ̂β) +
√
2 [κ̄ κ̃]κακβ =−2〈κκ̂〉κ(αTβ)α̇ κ̃α̇ , (3.49)

so that (2.3) implies

ωt+ x⃗αβ
(
2ω

κα κ̂β
〈κκ̂〉

+

√
2 [κ̄ κ̃] κακβ

〈κκ̂〉

)
= k · x . (3.50)

With this identity, the quasi-momentum eigenstate scalar field on SDTN is recovered by the usual
Penrose integral formula

ϕ(q) (x) =

ˆ
X
Dλ∧ Φ(q)

∣∣∣
X
, (3.51)

with Dλ := 〈λdλ〉 and the integral performed trivially against the remaining holomorphic delta function
in (3.48).

The Penrose transform implies an important relationship between the holomorphic frame (3.34)
arising on twistor space and the dressing frame (3.43) for the dotted momentum spinor. Observe that,
by (3.33)

dϕ(q) (x) = eαβ̇
ˆ
X
Dλ∧Hα̇

β̇ (x,λ) λα
∂Φ(q)

∂µα̇

∣∣∣∣
X

, (3.52)

but upon comparison with (3.40) this implies that

Hα̇
β̇ (x,λ) λα

∂Φ(q)

∂µα̇

∣∣∣∣
X

= iκα K̃
(q)

β̇
(x) Φ(q)

∣∣∣
X
. (3.53)

In particular, this means that derivatives of the twistor quasi-momentum eigenstate representatives, con-
tracted with the frame Hα̇

β̇ can be replaced by contractions of the 4-momentum with the dressing mat-

rix Gα̇
β̇ . In other words, these frame-contracted derivatives are effectively exponential in nature. This

will have important consequences in our later calculations of scattering amplitudes.

3.3.2. Gravitational perturbations
On SDTN, gravitational perturbations—or gravitons—can still be decomposed into positive and negative
helicity, although this decomposition is no longer symmetric (like in Minkowski space) due to the chir-
ality of the background metric [51]. Positive helicity gravitons can still be characterised by metric per-
turbations gab → gab + hab such that hab solves the linearised Einstein equations and has purely self-
dual linearised Weyl tensor. However, it is not possible to define negative helicity gravitons in a similar
fashion, as a generic infinitesimal diffeomorphism on the self-dual background will give rise to a non-
vanishing piece of self-dual linear Weyl curvature.

Thus, we define positive helicity gravitons to be those metric perturbations hab such that their corres-
ponding linear Weyl tensor obeys ψαβγδ = 0 (i.e. the linear Weyl curvature is purely self-dual), while
negative helicity gravitons are those metric perturbations hab whose linear ASD Weyl tensor obeys
∇αα̇ψαβγδ = 0. In both cases, the equations of motion can be solved in terms of quasi-momentum
eigenstates akin to the scalars discussed above, with corresponding representatives on twistor space.

Negative helicity gravitons: The quasi-momentum eigenstate of a negative helicity graviton is expressed
at the level of the corresponding zero-rest-mass field, namely, the linearised ASD Weyl spinor:

ψ
(q)
αβγδ (x) = κακβ κγ κδ 〈χ+κ〉q+2Mω 〈χ−κ〉q−2Mω eik·x

= κακβ κγ κδ

(
r

1+ ζ ζ̄

)q (
ζ̄ z+ 1

)q+2Mω
(ζ − z)q−2Mω eik·x .

(3.54)

9 This holomorphic delta function has support where λα ∝ κα. In factors which are homogeneous of weight zero in λα (e.g. the argu-
ment of the exponential inΦ(q)|X), one can then simply replace λα with κα. Similarly, this implies that λ̂α ∝ κ̂α, and sinceΦ(q) has
homogeneity zero in λ̂α, we can replace λ̂α = κ̂α everywhere.
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Minimal states ψ±
αβγδ for positive/negative frequency again correspond to q= 2M|ω|, and have the

slowest possible growth in r and are regular at the origin. Generic quasi-momentum eigenstates can be
obtained from the minimal ones by the same relations (3.39) as in the scalar case.

The Penrose transforms dictates that these negative helicity gravitons are represented by cohomology
classes in H0,1

∇̄ (PT ,O(−6)), and a suitable representative is obtained by simply modifying the projective
weight of the scalar representative:

h̃(q) (Z) =

ˆ
C∗

ds s5 δ̄2 (sλ−κ)
(
sµ+

)q+2Mω (
sµ−)q−2Mω

exp
(
−ξ s2 η

)
, (3.55)

with ξ given by (3.46) as before. To see that this representative gives rise to the wavefunction (3.54) on
SDTN, one simply evaluates the integral formula

ψ
(q)
αβγδ (x) =

ˆ
X
Dλ∧λαλβ λγ λδ h̃(q)

∣∣∣
X
, (3.56)

following the same steps as in the scalar case.
It is also possible to describe the perturbation to ASD spin connection corresponding to such a neg-

ative helicity graviton. Let the triplet of 1-forms γαβ denote a linear perturbation to the (vanishing)
ASD spin connection of SDTN. This perturbation is related to the zero-rest-mass field by

dγαβ = ψαβγδΣ
γδ . (3.57)

For the quasi-momentum eigenstate (3.54), the corresponding spin connection perturbation is given by

γ
(q)
αβ =

2i

[ã κ̃]
κακβ κγ ãδ̇G

δ̇
γ̇ (x;k,q) ϕ

(q) eγγ̇ , (3.58)

for ãα̇ a fixed reference spinor amounting to a gauge choice for the spin connection. It follows that this
satisfies (3.57) upon using the identities (3.44).

The Penrose transform also extends to this potential description of the negative helicity grav-
itons [51]. Here, γαβ is represented by

b̃ ∈H0,1
∇̄

(
PT ,Ω1,0 ⊗O (−4)

)
, (3.59)

defined modulo

b̃∼ b̃+ ∂c−4 + c−6 ∧Dλ, (3.60)

where c−k ∈ Ω0,1(PT ,O(−k)), with the corresponding integral formula being

γαβ (x) =

ˆ
X
Dλ∧λαλβ b̃

∣∣∣
X
. (3.61)

This is related to the more standard Penrose transform for the negative helicity zero-rest-mass field by
using the freedom (3.60) to fix the gauge

b̃= b̃α̇ dµ
α̇ , (3.62)

upon which the integral formula (3.61) becomes

γαβγγ̇ (x) =

ˆ
X
Dλ∧λαλβ λγHα̇

γ̇ (x,λ) b̃α̇
∣∣∣
X
, (3.63)

and we can identify

h̃= ϵα̇β̇
∂b̃α̇

∂µβ̇
, (3.64)

as the cohomology class in H0,1
∇̄ (PT ,O(−6)).

Positive-helicity gravitons: In contrast to the negative helicity case, positive helicity gravitons can be
described directly at the level of a metric perturbation. In particular, positive helicity gravitons on SDTN
can be described in terms of a spin-raising operator acting on massless scalars, as any undotted spinor

15



Class. Quantum Grav. 43 (2026) 055005 T Adamo et al

field on SDTN is covariantly constant (since the ASD spin connection vanishes). This is essentially a lin-
earisation of Plebanski’s construction of any SD vacuum metric from a scalar potential [63]. For quasi-
momentum eigenstates, the corresponding positive helicity metric perturbation is given by [50]

h(q)
αα̇ββ̇

(x) = βαββ βγ βδ∇γ
α̇∇δ

β̇
ϕ(q) (x) , (3.65)

where βα is an arbitrarily-chosen constant spinor amounting to a choice of lightfront gauge for the met-
ric perturbation.

The Penrose transform states that these positive helicity gravitons should be described by cohomo-
logy classes h ∈H0,1(PT ,O(2)). Given such an h the field on SDTN is recovered by restriction to twis-
tor curves:

h|X = ∂̄|Xj(x,λ) , (3.66)

for some function j of homogeneity +2 on P1, as H0,1(P1,O(2)) is trivial. Holomorphicity of h on PT
then implies that λα∇αα̇j is holomorphic on P1, which in turn means that

λα∇αα̇j(x,λ) = λαλβ λγ φα̇αβγ (x) , (3.67)

for φα̇αβγ(x) a field on M which is totally symmetric in its undotted spinor indices. This acts as a
potential for a metric perturbation

hαα̇ββ̇ =∇γ
(α̇φβ̇)αβγ , (3.68)

which is easily seen to be self-dual, and hence positive helicity.
For the quasi-momentum eigenstates, one takes the twistor representative

h(q) =

ˆ
C∗

ds

s3
δ̄2 (sλ−κ)

(
sµ+

)q+2Mω (
sµ−)q−2Mω

exp
(
−ξ s2 η

)
. (3.69)

Following the procedure (3.66) and (3.67) gives the potential

φ
(q)
α̇αβγ (x) = i

βαββ βγ
〈βκ〉3

K̃(q)
α̇ (x) ϕ(q) (x) , (3.70)

and the corresponding metric perturbation

h(q)
αα̇ββ̇

(x) =−βαββ βγ βδ
〈βκ〉4

∇γ
α̇∇δ

β̇
ϕ(q) (x) , (3.71)

which is of the desired form.

4. MHV scattering on SDTN

Equipped with the twistor description of SDTN and its gravitational perturbations, we now turn to
dynamics; that is, the computation of tree-level graviton scattering amplitudes on the SDTN metric. Our
particular focus will be on MHV amplitudes, which involve two negative helicity and arbitrarily many
positive helicity external gravitons. In a helicity grading of the tree-level S-matrix, this MHV configura-
tion is the first non-trivial set of amplitudes as one moves away from the (classically integrable) self-dual
sector of the theory. While computing even these amplitudes on a curved metric such as SDTN would
be practically impossible with traditional background field methods, twistor theory enables us to obtain
an explicit formula for the MHV amplitude at arbitrary multiplicity.

After a brief review of the generating functional of MHV amplitudes, we show that computing the
MHV amplitudes boils down to computing connected, tree-level correlation functions in a certain 2d
CFT (a twistor sigma model) which constitutes a variational principle for the holomorphic curves in
twistor space [52]. The computation of this correlator can then be operationalised using methods from
algebraic combinatorics, leading to a remarkably compact formula for the MHV amplitudes, whose basic
features are then analyzed.
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4.1. MHV generating functional and twistor sigmamodel
A tree-level graviton MHV amplitude has two negative helicity external gravitons and arbitrarily many
positive helicity gravitons. On any self-dual background metric, these positive helicity gravitons can be
viewed equivalently as linear self-dual perturbations to the background metric. Consequently, a generat-
ing functional for MHV amplitudes on any self-dual background is given by the classical two-point func-
tion for negative helicity gravitons on a generic self-dual background [51, 52, 106]. The MHV amplitude
is then obtained by expanding this generic self-dual background in terms of self-dual perturbations (the
positive helicity gravitons) on the desired self-dual scattering background.

Identifying this generating functional is particularly simple in Plebanski’s chiral formulation of gen-
eral relativity [107]. Here, the classical action is

S [e,Γ] =

ˆ
M
Σαβ ∧

(
dΓαβ +κ2Γα

γ ∧Γγβ

)
, (4.1)

where κ2 = 16πG, Σαβ = eαα̇ ∧ eβα̇ is the triplet of ASD 2-forms associated to the vierbein eαα̇ on
M and Γαβ is the ASD spin connection. Despite this action’s apparent chirality (depending only on
the ASD spin connection), its equations of motion are equivalent to the vacuum Einstein equations,
and (4.1) differs from the Einstein–Hilbert action only by a topological term [107–111]. One remark-
able consequence of the Plebanski formulation is that it immediately makes it clear that general relativity
admits a perturbative expansion around the self-dual sector: κ2 → 0 in (4.1) yields an action whose clas-
sical equations of motion dΣαβ = 0= dΓαβ are equivalent to the vacuum self-duality equations.

This perspective also makes the form of the MHV generating functional manifest. This generating
functional should be the portion of the classical action which is bi-linear in ASD perturbations on a
non-linear SD background. If γαβ1,2 are two perturbations to the ASD spin connection on M—now a SD,
Ricci flat (i.e. HK) manifold—then the MHV generating functional is

G (1,2) =

ˆ
M
Σαβ ∧ γ1αγ ∧ γ2γβ , (4.2)

where Σαβ are the triplet of ASD 2-forms on M.
To recover a MHV amplitude from this generating functional, one writes the metric on M as

gM = gM +
n∑

i=3

εi hi , (4.3)

where gM is the metric on the desired SD scattering background M , {hi} are positive helicity/SD grav-
itons on M and {εi} are formal parameters. The n-point MHV amplitude is then given by

MMHV
n =

∂n−2G (1,2)

∂ε3 · · ·∂εn

∣∣∣∣
ε3=···=εn=0

, (4.4)

that is, the piece of the generating functional which is multi-linear in the positive helicity gravitons on
the scattering background. Note that because both M and M are vacuum SD, γαβ1,2 represent negative
helicity gravitons on both.

While the generating functional (4.2) gives a beautiful geometric interpretation of MHV scattering on
any SD background, it is practically difficult to work with. For starters, the generating functional is not
manifestly gauge invariant: the negative helicity particles enter at the level of their corresponding spin
connection perturbations (i.e. as potentials rather than zero-rest-mass fields), whereas any resulting amp-
litude must be gauge invariant. How this gauge invariance for the amplitude emerges from the expansion
of the generating functional is not obvious. Secondly—and perhaps more importantly—it is not at all
clear how to operationalise the perturbative expansion of (4.2) to obtain the MHV amplitude in practice.

Remarkably, these two problems can be solved simultaneously [52]. As we are interested in extract-
ing scattering amplitudes, let us consider the negative helicity gravitons in (4.2) to be quasi-momentum
eigenstates of the form (3.58) with on-shell (undressed) 4-momenta and charges kαα̇1 = κα1 κ̃

α̇
1 , q1 and

kαα̇2 = κα2 κ̃
α̇
2 , q2, respectively. Now, introduce a new set of coordinates yαα̇ = (yα̇1 ,y

α̇
2 ) on M adapted to

the spinor dyad (κα1 ,κ
α
2 ), defined by

yα̇i = κiα x
αα̇ − i

qi + 2Mωi

ωi
κiαT

αα̇ log〈iχ+〉− i
qi − 2Mωi

ωi
κiαT

αα̇ log〈iχ−〉 , (4.5)

for i = 1,2 and 〈ia〉 := καi aα for any spinor aα.
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These coordinates have the two-fold advantage of locally solving for the closure of the dressing mat-
rix and rendering the scalar quasi-momentum eigenstates of the two negative helicity fields as a pure
exponential. In particular, one can show that

dyα̇i =Gα̇
β̇ (x;ki,qi) κiβ e

ββ̇ , (4.6)

and

ϕ
(qi)
i (y) = ei [yi i] , (4.7)

abbreviating [ã i] := ãα̇ κ̃i α̇ for any spinor ãα̇. In particular, this means that the negative helicity perturb-
ations to the ASD spin connection can be written as

γαβi (y) = 2i
[ãi dyi]

[ãi i]
καi κ

β
i e

i [yi i] . (4.8)

Furthermore, (4.6) combined with the unimodularity property (3.44) implies that

dyα̇i ∧ dyi α̇ = κiακiβΣ
αβ , (4.9)

for each of i = 1,2. The remaining projection of Σαβ onto the spinor dyad can then be written as

κ1ακ2βΣ
αβ = dyα̇1 ∧ dyβ̇2 Ωα̇β̇ (y) , (4.10)

for some Ωα̇β̇ . Now, the HK property of both M and M ensures that dΣαβ = 0, and thus there exists
some scalar Ω(y) such that locally

Ωα̇β̇ = 〈12〉 ∂2Ω

∂yα̇1 ∂y
β̇
2

. (4.11)

This Ω is precisely the first Plebanski scalar for the HK structure [63].
Implementing this at the level of the generating functional (4.2) gives

G (1,2) =−4
〈12〉

[ã1 1] [ã2 2]

ˆ
M
κ1ακ2βΣ

αβ ∧ [ã1 dy1]∧ [ã2 dy2] e
i([y1 1]+[y2 2])

=−4
〈12〉2

[ã1 1] [ã2 2]

ˆ
M
dyα̇1 ∧ dyβ̇2

∂2Ω

∂yα̇1 ∂y
β̇
2

∧ [ã1 dy1]∧ [ã2 dy2] e
i([y1 1]+[y2 2])

=− 〈12〉4

[ã1 1] [ã2 2]

ˆ
M
d2y1 ∧ d2y2 ã

α̇
1 ã

β̇
2

∂2Ω

∂yα̇1 ∂y
β̇
2

ei([y1 1]+[y2 2]) . (4.12)

Now, one can integrate-by-parts twice (once with respect to yα̇1 and once with respect to yβ̇2 ) to obtain

G (1,2) = 〈12〉4
ˆ
M
d2y1 ∧ d2y2Ωei([y1 1]+[y2 2]) , (4.13)

with no boundary term contributions, since M , M and the wavefunctions are asymptotically flat. In
appendix C, we show that this formula reproduces our previous result for the 2-point amplitude [50].

This expression (4.13) for the generating functional is now manifestly gauge invariant: all dependence
on the spinors ãα̇1,2 has dropped out. This resolves the first difficulty associated with extracting a (gauge-
invariant) scattering amplitude from the MHV generating functional but does not make the actual per-
turbative expansion in terms of positive helicity gravitons on M appear any easier. At this point, the
twistor description of the background plays a crucial role.

As M is simply a deformation of the SDTN space M by self-dual radiative data (i.e. a collection
of positive helicity gravitons), it also has a twistor description via the non-linear graviton theorem.
Consequently, the twistor space of M is described by a weighted Hamiltonian of the form

h+
n∑

i=3

εi hi ≡ h+ h , (4.14)
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where h is the SDTN Hamiltonian (3.10) and each hi is a class in H0,1
∇̄ (PT ,O(2)) of the form (3.69).

Holomorphic curves corresponding to points in M are then described by maps

Fα̇ (x,λ) = Fα̇ (x,λ)+mα̇ (x,λ) , (4.15)

where Fα̇(x,λ) given by (3.26) describes the holomorphic twistor curves of SDTN. Continuing to denote
holomorphic curves in the SDTN twistor space PT by X, let X denote holomorphic curves in the twis-
tor space of M. The deformed holomorphic curves, defined by (4.15), must then satisfy

∂̄mα̇ =
∂h

∂µα̇

∣∣∣∣
X
+

∂h
∂µα̇

∣∣∣∣
X
− ∂h
∂µα̇

∣∣∣∣
X

, (4.16)

where the ∂̄-operator is understood to be the one along the curve and we have used the equation (3.20)
for the holomorphic curves in the twistor space of SDTN.

To ensure that the deformation mα̇(x,λ) does not introduce any new moduli (i.e. that the curves X
still form a four-dimensional family), one must impose boundary conditions on Fα̇. We do this in a way
which is compatible with the coordinates (4.5), setting

Fα̇ (x,κ1) = Fα̇ (x,κ1) = yα̇1 , Fα̇ (x,κ2) = Fα̇ (x,κ2) = yα̇2 . (4.17)

This is equivalent to saying that the deformation mα̇(x,λ) has zeros at λα = κ1,2α, which removes any
additional moduli associated with the deformation.

Now, the differential equation (4.16) for the holomorphic curves in the deformed twistor space can
be obtained as the Euler–Lagrange equations of the action [52, 106]

S [m] =
1

h̄

ˆ
P1

Dλ

〈λ1〉2 〈λ2〉2

([
m ∂̄m

]
+ 2h|X + 2

[
h|X −h|X −

∂h
∂µα̇

∣∣∣∣
X

mα̇

])
, (4.18)

where h̄ is a formal parameter and for any quantity g(Z) on twistor space it is understood that

g|X = g(F+m,λ) , g|X = g(F,λ) . (4.19)

Note that this action functional constitutes a well-posed variational problem thanks to the boundary
conditions (4.17).

Now, by expanding all insertions of the SDTN Hamiltonian h|X in powers of mα̇, the action can be
written as

S [m] =
1

h̄

ˆ
P1

Dλ

〈λ1〉2 〈λ2〉2

[m ∂̄m]+ 2h|X +
4∑

p=2

2

p!

∂ph
∂µα̇1 · · ·∂µα̇p

∣∣∣∣
X

mα̇1 · · ·mα̇p

 , (4.20)

with the expansion of h(F+m,λ) terminating at quartic order due to the explicit form of the SDTN
Hamiltonian (3.10).

This action defines a classical, chiral 2d CFT on the Riemann sphere with defects at λ= κ1,2. It gov-
erns holomorphic rational maps to twistor space, and as such is referred to as a twistor sigma model. The
key fact about this twistor sigma model is that its on-shell value encodes the Plebanski scalar Ω of the
HK manifold M. More precisely [52, 106, 112]

Ω= ΩSDTN − h̄

4πi
S [m]

∣∣∣∣
on−shell

, (4.21)

where ΩSDTN is the Plebanski scalar of the SDTN metric and S[m]|on−shell denotes the twistor sigma
model action (4.20) evaluated on solutions of its equations of motion (4.16).

At first, this may seem like a mere curiosity, but in fact it resolves the issue of understanding how
to perturbatively expand the generating functional (4.13) to obtain an explicit formula for the tree-level
MHV graviton amplitudes on the SDTN background. Indeed, (4.21) means that this generating func-
tional is equivalent to

G (1,2) =− h̄〈12〉4

4πi

ˆ
M
d2y1 d

2y2 e
i([y1 1]+[y2 2]) S

∣∣
on−shell

, (4.22)

and the perturbative expansion of M in positive helicity gravitons on M is now equivalent to classical
expansion of the on-shell twistor sigma model action in the {hi} (i.e. the representatives of the positive
helicity gravitons on PT ).
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In other words, the n-point MHV amplitude is controlled by the piece of the on-shell twistor sigma
model action which is of order n− 2 in h and linear in each of the h3, . . . ,hn. Now, multi-linear pieces
of on-shell actions are computed by tree-level connected Feynman diagrams: in particular, the multi-
linear piece of interest here is given by

∂n−2S [m] |on−shell

∂ε3 · · ·∂εn

∣∣∣∣
ε3=···=εn=0

=

〈
n∏

i=3

Vi

〉conn., tree

SDTN

, (4.23)

where the quantity on the right-hand-side of this equation is the connected, tree-level (i.e. O(h̄0) in this
case) correlation function of vertex operators

Vi =

ˆ
P1

Dλi
〈1λi〉2 〈2λi〉2

hi (F+m,λi) , (4.24)

in the 2d CFT

SSDTN[m] =

ˆ
P1

Dλ

〈1λ〉2 〈2λ〉2

[
mα̇

(
ϵβ̇α̇ ∂̄+

∂2h

∂µα̇∂µβ̇
(F,λ)

)
mβ̇

+
ē0

24M

(
[õm]2 [ι̃m] [ι̃F] + [ι̃m]2 [õm] [õF] + 3 [ι̃m]2 [õm]2

)]
, (4.25)

on the Riemann sphere.
The terms in the second line of (4.25), which can be thought of as explicit ‘background’ terms asso-

ciated with SDTN, mean that this 2d CFT is not free. However, as we are only interested in computing
tree-level (or semi-classical) correlation functions (4.23), these terms can be treated with perturbation
theory: 〈

n∏
i=3

Vi

〉conn., tree

SDTN

=
∞∑
t=0

∑
p+q+r=t

〈
n∏

i=3

Vi

p∏
a=1

U+
a

q∏
b=1

U−
b

r∏
c=1

U0
c

〉conn., tree

free

, (4.26)

where the correlator is evaluated in the free 2d CFT

Sfree =

ˆ
P1

Dλ

〈1λ〉2 〈2λ〉2

[
mα̇

(
ϵβ̇α̇ ∂̄+

∂2h

∂µα̇∂µβ̇
(F,λ)

)
mβ̇

]
, (4.27)

and the effect of the ‘non-free’ background terms from SSDTN is encapsulated by insertion of the back-
ground vertex operators

U+
a =

1

24M

ˆ
P1

ϖa

〈1λa〉2 〈2λa〉2
F+ (λa) [mõ] [m ι̃]2 , (4.28)

U−
a =

1

24M

ˆ
P1

ϖa

〈1λa〉2 〈2λa〉2
F− (λa) [m ι̃] [mõ]2 , (4.29)

and

U0
a =

1

8M

ˆ
P1

ϖa

〈1λa〉2 〈2λa〉2
[mõ]2 [m ι̃]2 , (4.30)

for

ϖ :=
Dλ∧Dλ̂

〈λλ̂〉2
, (4.31)

the Kähler form on P1.
Thus, the challenge of computing the n-point MHV graviton amplitude on SDTN is reduced to the

task of computing the connected tree-level correlation functions (4.26) in the free, classical CFT on P1

defined by (4.27). In particular, the n-point MHV amplitude is now given by

Mn = 〈12〉6
ˆ

M

d4x
√
|g|ϕ(q1)1 ϕ

(q2)
2

〈
n∏

i=3

Vi

〉conn., tree

SDTN

, (4.32)

having now converted the integrand back to Gibbons–Hawking coordinates, which produces an addi-
tional factor of 〈12〉2 along with the square root of the metric determinant |g|= (1+ 2M/r)2.
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4.2. Computing the twistor sigmamodel correlator
At this point, the computation of the graviton MHV amplitude on SDTN—an apparently difficult prob-
lem in perturbative gravity on a curved manifold—has been translated into the computation of a (set of)
connected, tree-level correlation function in a free, chiral CFT on the Riemann sphere. This new prob-
lem can be approached using fairly standard methods in 2d CFT and graph theory.

To begin, let us first consider the t= 0 term in the correlator (4.26):

Cn [0,0,0] :=

〈
n∏

i=3

Vi

〉conn., tree

free

. (4.33)

This correlator is computed by summing all connected, tree-level Feynman diagrams on the insertions of
the vertex operators {Vi} in the free CFT (4.27). The only quantum field in this theory is mα̇(λ), whose
propagator is given by inverting the differential operator ∇̄|X with appropriate weighting factors:

〈mα̇ (λ)mβ̇ (λ ′)〉= Hα̇
γ̇ (λ) Hβ̇γ̇ (λ ′)

〈λλ ′〉
〈1λ〉〈2λ〉〈1λ ′〉〈2λ ′〉 , (4.34)

where all dependence on x (the choice of twistor curve) has been suppressed and Hα̇
β̇ is the mat-

rix (3.34) defining the holomorphic frame for the twisted normal bundle of the twistor curves in the
twistor space of SDTN. That (4.34) is indeed the Green’s function for ∇̄|X follows from (3.33), which
implies that

∂̄|XHα̇
β̇ (x,λ) =

∂2h
∂µγ̇∂µα̇

∣∣∣∣
X

Hγ̇
β̇ (x,λ) , (4.35)

on any twistor curve.
Thus, all of the Feynman diagrams contributing to the correlator (4.33) are spanning tree graphs on

n− 2 vertices, where the vertices are the vertex operators {Vi} and the edges of the graph correspond to
single Wick contractions, via the propagator (4.34), between these vertex operators. Now, such a Wick
contraction will contribute to any Feynman diagram in which the corresponding edge appears as

〈
ViVj

〉
=

ˆ

(P1)2

DλiDλj
〈1λi〉〈2λi〉〈1λj〉〈2λj〉

Hα̇
γ̇ (λi) Hβ̇γ̇

(
λj
)

〈λiλj〉
∂hi
∂µα̇

(λi)
∂hj

∂µβ̇

(
λj
)
, (4.36)

where hi ≡ h(qi)i is the twistor representative (3.69) for the quasi-momentum eigenstate wavefunction of
the ith positive helicity graviton.

It seems that the partial derivatives of the twistor wavefunctions in this Wick contraction will be a
mess: the wavefunctions (3.69) have both polynomial and exponential dependence on µα̇. However, the

relation (3.53) linking Hα̇
β̇
to the dressing matrix Gα̇β̇ (3.43) now comes to the rescue; adapted to the

graviton wavefunctions, this gives

Hα̇
γ̇ (λi) λ

α
i
∂hi (λi)

∂µα̇
= iκαi K̃i γ̇ hi (λi) , (4.37)

where K̃i α̇ ≡ K̃(qi)
i α̇ is the dressed dotted momentum spinor (3.42).

Combining (4.37) with the fact that, on the support of the holomorphic delta functions inside hi,
one can identify siλαi = καi , it follows that the Wick contraction (4.36) actually takes a remarkably
simple form:

〈
ViVj

〉
=−

ˆ

(P1)2

DλiDλj
〈1λi〉〈2λi〉〈1λj〉〈2λj〉

si sj [[i j]]

〈λiλj〉
hi (λi) hj

(
λj
)
, (4.38)

where we have adopted the notation

[[i j]] := K̃α̇
i K̃j α̇ , (4.39)

for the contraction of dressed, dotted momentum spinors. In (4.38), we have abused notation by writing
explicit powers of the scaling parameters si, sj, which are integrated over inside of hi,hj. What is meant
by this is that one multiplies the measure inside hi by si prior to integration over C∗; this definition is
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Figure 1. The basic building block of the graph theory problem: vertices corresponding to external gravitons and edges given by
Wick contractions between them.

unambiguous and saves having to rewrite all powers of si and its measure in hi every time a Wick con-
traction is taken.

This means that we are left with a counting problem: sum over all connected, tree-level graphs on
the n− 2 vertices, weighted by the contributions of the Wick contractions corresponding to each edge—
see figure 1. Fortunately, this weighted sum over spanning tree graphs is performed by a well-known
theorem in algebraic combinatorics—the (weighted) matrix tree theorem (see [113–115] for textbook
treatments).

In particular, let W be the weighted Laplacian matrix associated to the totally connected graph on all
of the positive helicity graviton vertex operators. Using (4.38), this is the (n− 2)× (n− 2) matrix with
entries

Wij =−si sj
[[i j]]

〈λiλj〉
〈1λi〉〈2λi〉〈1λj〉〈2λj〉 , i 6= j ,

Wii =−
∑
j ̸=i

Wij .
(4.40)

By definition, this matrix has co-rank one, and the matrix tree theorem states that the weighted sum
over all spanning tree graphs on the set of graviton vertex operators is given by taking the determinant
of the once-reduced minor: ∣∣Wi

i

∣∣ , (4.41)

where i corresponds to one of the positive helicity graviton insertions (one of 3, . . . ,n) and Wi
i denotes

the weighted Laplacian matrix with row and column i removed. Remarkably, one can show that the
value of the determinant (4.41) is independent of which i is chosen to define the minor.

Assembling all of the pieces, this leaves an expression for the correlator (4.33) we initially set out to
compute:

Cn [0,0,0] =
ˆ

(P1)n−2

∣∣Wi
i

∣∣ n∏
j=3

Dλj
〈1λj〉2 〈2λj〉2

hj (λi) . (4.42)

All of the scale integrals over the {sj} and all of the P1 integrals over the {λj} can now be performed
against the holomorphic delta functions in the twistor wavefunctions, leaving

Cn [0,0,0] =
|Hi

i|
〈1 i〉2 〈2 i〉2

n∏
j=3

ϕ
(qj)
j (x) , (4.43)

where H is the (n− 2)× (n− 2) matrix with entries

Hjk =− [[j k]]

〈j k〉
, (4.44)

Hjj =
∑
k ̸=j

[[j k]]

〈j k〉
〈1k〉〈2k〉
〈1 j〉〈2 j〉

.

Note that this matrix H is related to the weighted Laplacian by removing a factor of 〈1 j〉〈2 j〉 from the
jth row and column of the Laplacian matrix, for each j, after performing all integrals in (4.42).
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Figure 2. The different kinds of vertices contributing to the Feynman graphs associated to Cn[p,q, r].

Of course, this only gives the t= 0 term in the general correlator (4.26) that we need to compute in
order to determine the MHV amplitude on SDTN:〈

n∏
i=3

Vi

〉conn., tree

SDTN

=
∞∑
t=0

∑
p+q+r=t

〈
n∏

i=3

Vi

p∏
a=1

U+
a

q∏
b=1

U−
b

r∏
c=1

U0
c

〉conn., tree

free

: =
∞∑
t=0

∑
p+q+r=t

Cn [p,q, r] . (4.45)

Computing a given term in this sum can again be reduced to the problem of summing over weighted
spanning tree graphs, now on an enhanced set of vertices which includes not only the n− 2 graviton
vertex operators but also p of the background vertex operators U+, q of the U− and r of the U0—see
figure 2.

At first, it might seem that this problem is no worse than the one we solved with (4.43): one simply
writes the weighted Laplacian matrix for the given set of vertices and computes the suitable reduced
minor. The only difference is that this is now a (n+ t− 2)× (n+ t− 2) matrix, with new entries cor-
responding to Wick contractions between the graviton vertex operators and the background vertex oper-
ators as well as between the background vertex operators themselves.

However, a quick inspection reveals that the remaining t> 0 terms involve an additional subtlety. For
concreteness, let us consider one of the three t= 1 contributions to (4.45):

Cn [1,0,0] =

〈
n∏

i=3

Vi

〉conn., tree

SDTN

=
∞∑
t=0

∑
p+q+r=t

〈
U+

n∏
i=3

Vi

〉conn., tree

free

. (4.46)

Naively, we can proceed to evaluate this correlator by again applying the matrix tree theorem, now to the
collection of n− 2 external graviton vertex operators along with the background vertex operator U+. The
only new ingredient required at this point is the Wick contraction between a graviton vertex operator
and U+:

〈
ViU

+
〉
=

i

24M

ˆ
(P1)2

Dλiϖ

〈1λi〉〈2λi〉〈1λ〉〈2λ〉
si K̃α̇

i H
β̇
α̇ (λ)

〈λiλ〉

×
(
õβ̇ [m ι̃]2 + 2ι̃β̇ [mõ] [m ι̃]

)
hi (λi) F+ (λ) , (4.47)

where we have used (4.34) and (4.37), and

ϖ =
Dλ∧Dλ̂

〈λλ̂〉2
, (4.48)

is the integration measure on the copy of P1 associated with the background vertex operator. In the
second line, the first term corresponds to Wick contraction between the graviton vertex operator and
the (linear) dependence of U+ on [mõ] =m+, while the second term is given by Wick contraction into
the quadratic dependence of U+ on [m ι̃] =m−.

Now it becomes clear why a naive application of the matrix tree theorem is insufficient in this case.
Since mα̇ is a quantum mechanical field with no zero mode insertions, all of its insertions in the correl-
ator (4.46) must be Wick contracted away. From (4.47) we see that a single Wick contraction between
U+ and a graviton vertex operator leaves an object which is still a quadratic function of mα̇. To give a
non-vanishing correlator, these must be removed by two additional Wick contractions; to ensure that
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these arise from a tree graph the additional contractions must come from two other graviton vertex
operators. Such a contribution corresponds to:

〈(
ViVjVk

)
→ U+

〉
=

−i

12M

ˆ
(P1)4

DλiDλjDλkϖ 〈1λ〉〈2λ〉
〈1λi〉〈2λi〉 · · · 〈1λk〉〈2λk〉

si sj sk K̃α̇
i K̃

β̇
j K̃

γ̇
k

〈λiλ〉〈λjλ〉〈λkλ〉

× Hδ̇
α̇ (λ) Hρ̇

β̇ (λ) H
σ̇
γ̇ (λ)

(
õδ̇ ι̃ρ̇ ι̃σ̇ + ι̃δ̇ õρ̇ ι̃σ̇ + ι̃δ̇ ι̃ρ̇ õσ̇

)
× hi (λi) hj

(
λj
)
hk (λk) F+ (λ) . (4.49)

At this point, the P1 integrals corresponding to the graviton vertex operators can be performed explicitly
against the holomorphic delta functions, leaving only a single P1 integral associated with the background
vertex operator. To incorporate contributions of the form (4.49) into the sum over tree diagrams via the
matrix tree theorem, the weighted Laplacian matrix must be modified to ensure that tree graphs with
such contributions—and only these graphs—are included.

This can be done by exploiting the multi-linearity of determinants. Consider the following (n− 1)×
(n− 1) weighted Laplacian matrix:

H [1,0,0] =

(
H h

hT T

)
, (4.50)

where the (n− 2)× (n− 2) block H is the same as that given by (4.44) for the t= 0 correlator except for
a modification of the diagonal entries:

Hjj →Hjj − i
K̃α̇
j H

β̇
α̇ (λ)

〈jλ〉

(
ε+ õβ̇ + ε− ι̃β̇

) 〈1λ〉〈2λ〉
〈1 j〉〈2 j〉

, (4.51)

while the (n− 2)-component vector h has entries

hj = i
K̃α̇
j H

β̇
α̇ (λ)

〈jλ〉

(
ε+ õβ̇ + ε− ι̃β̇

)
〈1λ〉〈2λ〉 , (4.52)

and

T=−i
n∑

j=3

K̃α̇
j H

β̇
α̇ (λ)

〈jλ〉

(
ε+ õβ̇ + ε− ι̃β̇

) 〈1λ〉〈2λ〉
〈1 j〉〈2 j〉

. (4.53)

The role of the formal parameters ε+, ε− will soon become apparent, but they can be assigned scal-
ing weight −1 with respect to the homogeneous coordinate λα, rendering the matrix entries hj and T
weightless under projective rescalings of λα.

From this object, consider the quantity:

1

24M

ˆ
P1

ϖ

〈1λ〉2 〈2λ〉2
F+ (λ)

ε+ (ε−)
2

∣∣∣H [1,0,0]ii

∣∣∣
〈1 i〉2 〈2 i〉2

n∏
j=3

ϕ
(qj)
j (x) , (4.54)

where |H[1,0,0]ii| is the once-reduced determinant of the weighted Laplacian matrix (4.50). It can easily
be checked that this formula is mathematically well-defined, in the sense that the integral over P1 makes
sense, with the integrand having projective scaling weight zero. Now, basic properties of determinants
ensure that |H[1,0,0]ii| is a polynomial in the formal parameters ε±, whose highest-order terms are of
the form (ε+)a (ε−)b for a+ b= n− 2.

By the matrix tree theorem, this determinant gives—up to factors which are compensated for by
the remaining ingredients in (4.54) – the sum over all tree diagrams involving the n− 2 graviton ver-
tex operators and a ‘fictional’ version of U+ which can absorb arbitrarily many Wick contractions. The
placement of the parameters ε± in the matrix H[1,0,0] ensures that the order (ε+)a (ε−)b term in the
reduced determinant corresponds to diagrams with a+ b graviton vertex operators Wick contracting into
U+, a of which contract into an insertion of m+ in the background vertex operator, with the remaining
b contracting into an insertion of m−.

It is then clear that |H[1,0,0]ii| over-counts the correct number of tree diagrams contributing to the
correlator Cn[1,0,0]. As we already observed, U+ must absorb exactly one Wick contraction into m+ and
two Wick contractions into m−–any other number results in a vanishing contribution to the correlator.
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Figure 3. An example of a graph whose contribution to C6[1,0,0] vanishes, but which would be counted by naive application
of the matrix tree theorem.

Consequently, only the terms proportional to ε+ (ε−)2 in |H[1,0,0]ii| correspond to admissible contribu-
tions to the correlator, whereas the full object (4.54) includes many contributions of higher (as well as
lower) order which should not contribute—see figure 3 for an example.

Indeed, upon collecting all the terms of order ε+ (ε−)2 from |H[1,0,0]ii|, one finds that their contri-
bution to (4.54) is

−i

12M

ˆ
P1

ϖ 〈1λ〉〈2λ〉F+ (λ)

∣∣Hi
i

∣∣
〈1 i〉2 〈2 i〉2

∣∣∣∣∣
ε+=ε−=0

n∏
m=3

ϕ(qm)m (x)

×
∑
j̸=k ̸=l

K̃α̇
j K̃

β̇
k K̃

γ̇
l

〈jλ〉〈kλ〉〈lλ〉
Hδ̇

α̇ (λ) Hρ̇
β̇ (λ) H

σ̇
γ̇ (λ)

(
õδ̇ ι̃ρ̇ ι̃σ̇ + ι̃δ̇ õρ̇ ι̃σ̇ + ι̃δ̇ ι̃ρ̇ õσ̇

)
, (4.55)

corresponding precisely to the desired diagrams of the form (4.49). In other words, the O(1) terms
in (4.54) give the correct answer for Cn[1,0,0], with all other terms corresponding to tree diagrams
which should actually give a vanishing contribution to the correlator (due to over- or under-saturating
the background vertex operator with Wick contractions).

This correct contribution can be isolated directly by simply taking an appropriate number of deriv-
atives of the determinant |H[1,0,0]ii| with respect to ε± and then setting these parameters to zero. In
particular, it follows that

Cn [1,0,0] =
ˆ
P1

ϖ

〈1λ〉2 〈2λ〉2
F+ (λ)

24M

∂

∂ε+
∂2

∂ε−2

∣∣∣H [1,0,0]ii

∣∣∣
〈1 i〉2 〈2 i〉2

∣∣∣∣∣∣
ε±=0

n∏
j=3

ϕ
(qj)
j (x) , (4.56)

with the derivatives with respect to ε± now ensuring that the correct contribution, corresponding to a
single insertion of U+, is extracted.

This strategy can now be applied to evaluate all other correlators Cn[p,q, r] contributing to the
MHV amplitude. A general (n+ t− 2)× (n+ t− 2) weighted Laplacian matrix H[t] can be defined for
any t≥ 0:

H [t] =

(
H h

hT T

)
, (4.57)

with H, h and T being (n− 2)× (n− 2), (n− 2)× t and t× t matrices, respectively. Their entries are
given by

Hjk =− [[j k]]

〈j k〉
, (4.58)

Hjj =
∑
k̸=j

[[j k]]

〈j k〉
〈1k〉〈2k〉
〈1 j〉〈2 j〉

− i
t∑

m=1

K̃α̇
j H

β̇
α̇ (λm)

〈jλm〉

(
ε+m õβ̇ + ε−m ι̃β̇

) 〈1λm〉〈2λm〉
〈1 j〉〈2 j〉

,

for j,k= 3, . . . ,n,

hjm = i
K̃α̇
j H

β̇
α̇ (λm)

〈jλm〉

(
ε+m õβ̇ + ε−m ι̃β̇

)
〈1λm〉〈2λm〉 , (4.59)
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and

Tmn =
Hα̇γ̇ (λm) Hβ̇

γ̇ (λn)

〈λmλn〉
(
ε+m õα̇ + ε−m ι̃α̇

)(
ε+n õβ̇ + ε−n ι̃β̇

)
〈1λm〉〈2λm〉〈1λn〉〈2λn〉

Tmm =−
∑
n̸=m

Tmn − i
n∑

j=3

K̃α̇
j H

β̇
α̇ (λm)

〈jλm〉

(
ε+m õβ̇ + ε−m ι̃β̇

)
〈1λm〉〈2λm〉〈1 j〉〈2 j〉 , (4.60)

for m,n= 1, . . . , t.
The role of the formal parameters {ε±1 , . . . ,ε

±
t } is the same as in the example of Cn[1,0,0] studied

above: ε+m accompanies a Wick contraction into an insertion of m+ background vertex operator m, while
ε−m accompanies a Wick contraction into an insertion of m−. When t≥ 2 these Wick contractions can
occur between two background vertex operators, as well as between graviton vertex operators and back-
ground vertex operators; the new contractions are encoded in the T block of H[t]. By the matrix tree
theorem, to obtain the correct contribution to Cn[p,q, r], one must extract the portion of |H[t]ii| which is
proportional to

p∏
a=1

ε+a
(
ε−a
)2 q∏

b=1

(
ε+b
)2
ε−b

r∏
c=1

(
ε+c
)2 (

ε−c
)2
. (4.61)

This is done by acting with an appropriate set of differential operators in the formal parameters and
then evaluating the remaining object with ε±1 = · · ·ε±t = 0.

Consequently, one arrives at the expression for a generic term in the sum of correlators (4.45):

Cn [p,q, r] =
ˆ
(P1)t

t∏
m=1

ϖm

〈1λm〉2 〈2λm〉2

p∏
a=1

F+ (λa)

24M

∂

∂ε+a

∂2

∂ε−2
a

q∏
b=1

F− (λb)

24M

∂2

∂ε+2
b

∂

∂ε−b

×
r∏

c=1

1

8M

∂2

∂ε+2
c

∂2

∂ε−2
c

∣∣∣H [t]ii

∣∣∣
〈1 i〉2 〈2 i〉2

∣∣∣∣∣∣
ε=0

n∏
j=3

ϕ
(qj)
j (x) . (4.62)

A few comments about the structure of the result (4.62) are in order. Firstly, there remain t integrals
over the Riemann sphere—one corresponding to each background vertex operator—which have not been
performed analytically due to the complicated dependence on the vertex operator insertion points in
the reduced determinant |H[t]ii|. Unlike the graviton vertex operator insertions, these are not localised
against delta functions.

One can also confirm that these integrals are projectively well-defined on each copy of P1: effectively,
each formal parameter ε±m carries scaling weight −1 with respect to the homogeneous coordinate λm, so
that the entries of the matrix H[t] are weightless in λm. The integral measure

ϖm

〈1λm〉2 〈2λm〉2
, (4.63)

is weight −4, which is then balanced by the weight +4 differential operator in the formal parameters
which extracts the appropriate terms from the reduced determinant. Equivalently, it is easy to see that
once the formal parameters have been removed, the remaining terms from the determinant are weight
+4 in each λm.

The correlator (4.45) that underpins the gravitational MHV amplitude on SDTN is given by a sum—
in principle, an infinite sum—over these building blocks, graded by the number of background vertex
operator insertions. However, this sum is actually finite for any given n. Each background vertex oper-
ator must absorb a minimum of three Wick contractions, with the resulting Feynman graph restricted
to be a spanning tree on the set of all vertices. An inductive argument easily shows that the maximum
number of background insertions t for which this is possible for fixed n is given by n− 4.

So we have finally established an explicit formula for the full correlation function of interest:〈
n∏

i=3

Vi

〉conn., tree

SDTN

=
n−4∑
t=0

∑
p+q+r=t

ˆ
(P1)t

t∏
m=1

ϖm

〈1λm〉2 〈2λm〉2

p∏
a=1

F+ (λa)

24M

∂

∂ε+a

∂2

∂ε−2
a

×
q∏

b=1

F− (λb)

24M

∂2

∂ε+2
b

∂

∂ε−b

r∏
c=1

1

8M

∂2

∂ε+2
c

∂2

∂ε−2
c

∣∣∣H [t]ii

∣∣∣
〈1 i〉2 〈2 i〉2

∣∣∣∣∣∣
ε=0

n∏
j=3

ϕ
(qj)
j (x) , (4.64)
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which encapsulates the perturbative expansion of the MHV generating functional on the SDTN metric
via (4.32).

4.3. TheMHV amplitude
At this point, the result (4.64) for the twistor sigma model correlator can be fed back into (4.32) to
obtain a final expression for the graviton MHV amplitude on SDTN. After re-writing the generating
functional in the Gibbons–Hawking coordinates, we are left with:

Mn =
〈12〉6

〈1 i〉2 〈2 i〉2

ˆ
M

d4x
√

|g|
n−4∑
t=0

∑
p+q+r=t

ˆ
(P1)t

t∏
m=1

ϖm

〈1λm〉2 〈2λm〉2

×
p∏

a=1

F+ (λa)

24M

∂

∂ε+a

∂2

∂ε−2
a

q∏
b=1

F− (λb)

24M

∂2

∂ε+2
b

∂

∂ε−b

r∏
c=1

1

8M

∂2

∂ε+2
c

∂2

∂ε−2
c

×
∣∣∣H [t]ii

∣∣∣ ∣∣∣
ε=0

n∏
j=1

ϕ
(qj)
j (x) . (4.65)

where |g| is the determinant of the SDTN metric and the gravitons 1 and 2 have negative helicity, while
3, . . . ,n have positive helicity. Making use of the explicit form of the scalar quasi-momentum eigen-
states (3.36) and the fact that

√
|g|= V= 1+ 2M/r in the Gibbons–Hawking coordinate system, this

formula can be made more explicit as

Mn = 2πκn−2 δ (ω)
〈12〉6

〈1 i〉2 〈2 i〉2
n−4∑
t=0

∑
p+q+r=t

ˆ

R3×(P1)t

d3x⃗ei k⃗·⃗x
(
1+

2M

r

)

×
t∏

m=1

ϖm

〈1λm〉2 〈2λm〉2
n∏

j=1

(
r

1+ ζ ζ̄

)qj (
ζ − zj

)qj−2Mωj
(
ζ̄ zj + 1

)qj+2Mωj

×
p∏

a=1

F+ (λa)

24M

∂

∂ε+a

∂2

∂ε−2
a

q∏
b=1

F− (λb)

24M

∂2

∂ε+2
b

∂

∂ε−b

r∏
c=1

1

8M

∂2

∂ε+2
c

∂2

∂ε−2
c

∣∣∣H [t]ii

∣∣∣ ∣∣∣
ε=0

, (4.66)

where we have reinstated the appropriate powers of the gravitational coupling constant κ and abbrevi-
ated

ω :=
n∑

j=1

ωj , k⃗ :=
n∑

j=1

k⃗j . (4.67)

The integral over R3 is understood to be R+ × S2, with the coordinates r ∈ (0,∞) and (ζ, ζ̄) ∈ S2.
As the sum over t in this formula corresponds to the number of background vertex operator inser-

tions in the twistor sigma model, it is clear that these contributions to the amplitude encode the external
gravitons scattering off the non-trivial geometry of the SDTN metric itself. This is a ubiquitous feature
of gravitational scattering in curved spacetimes, known as tails, resulting from the violation of Huygens’
principle. Indeed, for scalar scattering it was established long ago that the only metrics which do not
lead to tails are Minkowski space and vacuum plane waves [116], while for gravitons only flat space scat-
tering does not produce tails [101, 117–119]. However, it should be emphasised that while the t⩾ 1
terms in the amplitude are unambiguously tail effects, tails are present even in the t= 0 contributions,
through the dressed momentum spinors and quasi-momentum eigenstate wavefunctions.

Using our earlier observations from section 2.3, it is straightforward to extend this formula to
one for MHV graviton scattering on the SDKTN metric. Indeed, this is accomplished by the simple
Newman–Janis shift:

Ma⃗
n = e−⃗k·⃗aMn , (4.68)

where a⃗ is the spin vector of the metric. Recall, this follows because SDTN is sent to SDKTN by the
simple shift x⃗→ x⃗− i⃗a.
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4.4. Properties of the amplitude
We can comment on some general features of the MHV amplitude formula (4.66), including its explicit
expansion for small n and flat space limit.

Low-point examples: For the number of external gravitons n≤ 4, the sum over explicit tail terms is
absent, and the formula for the MHV amplitude simplifies to

Mn≤4 = 2πκn−2 δ (ω)
〈12〉6

〈1 i〉2 〈2 i〉2

ˆ
R3

d3x⃗ei k⃗·⃗x
(
1+

2M

r

)
×
∣∣Hi

i

∣∣ n∏
j=1

(
r

1+ ζ ζ̄

)qj (
ζ − zj

)qj−2Mωj
(
ζ̄ zj + 1

)qj+2Mωj
, (4.69)

where H is the (n− 2)× (n− 2) matrix with entries (4.44).
To further simplify matters, we can restrict our attention to the scattering of minimal quasi-

momentum eigenstates, for which the topological charges obey qi = 2M|ωi|; by (3.39), it follows that
the amplitudes for more general configurations will follow by acting with differential operators in
momentum space. In this case, the set of external gravitons can be partitioned into those with posit-
ive/negative frequency as {1, . . . ,n}= n+ t n−, and the amplitude becomes

Mn≤4 = 2πκn−2 δ (ω)
〈12〉6

〈1 i〉2 〈2 i〉2

ˆ
R3

d3x⃗ei k⃗·⃗x
(
1+

2M

r

)
×
∣∣Hi

i

∣∣ ∏
j∈n+

(
r

1+ ζ ζ̄

)2Mωj (
ζ̄ zj + 1

)4Mωj
∏
k∈n−

(
r

1+ ζ ζ̄

)−2Mωk

(ζ − zk)
−4Mωk . (4.70)

Clearly, overall energy conservation implies that there must be at least one external graviton of both pos-
itive and negative frequency in order to obtain a non-vanishing amplitude.

For n= 3, one can assume without loss of generality that graviton 1 has negative frequency, so that

M3 = 2πκδ (ω)
〈12〉6

〈13〉2 〈23〉2

ˆ
R3

d3x⃗ei k⃗·⃗x
(
1+

2M

r

)

×

[
r (ζ − z1)

(
ζ̄ z2 + 1

)
1+ ζ ζ̄

]4Mω2
[
r (ζ − z1)

(
ζ̄ z3 + 1

)
1+ ζ ζ̄

]4Mω3

, (4.71)

using the fact that −ω1 = ω2 +ω3 on the support of conservation of energy. This enables the amplitude
to be written in terms of two basic integrals:

M3 = 4π iκδ (ω)
〈12〉6

〈13〉2 〈23〉2
[I3 + 2MJ3] , (4.72)

where

I3 =
ˆ ∞

0
dr r2
ˆ
C
dζ dζ̄

(
1+ |ζ|2

) (
r (ζ − z1)

(
ζ̄ z2 + 1

))4Mω2
(
r (ζ − z1)

(
ζ̄ z3 + 1

))4Mω3

× exp
[
i rk3

(
1− |ζ|2 + ζ̄w+ ζ w̄

)]
, (4.73)

J3 =

ˆ ∞

0
dr r

ˆ
C
dζ dζ̄

(
r (ζ − z1)

(
ζ̄ z2 + 1

))4Mω2
(
r (ζ − z1)

(
ζ̄ z3 + 1

))4Mω3

× exp
[
i rk3

(
1− |ζ|2 + ζ̄w+ ζ w̄

)]
, (4.74)

for

w :=
k1 + ik2

k3
, (4.75)

built from the components of the total spatial momentum k⃗= k⃗1 + k⃗2 + k⃗3.
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The integrals I3 and J3 can be evaluated as Gaussian integrals on the complex plane, followed by a
Mellin integration over r ∈ R+ (see appendix A of [98]). This leads to a final expression

M3 = 4π2 iκδ (ω)
〈12〉6

〈13〉2 〈23〉2
(−1)4Mω1 (iα21;3)

4Mω2 (iα31;3)
4Mω3

|⃗k|2+8M|ω1|

×
[
2M+(4M|ω1|)!

(
4Mω2 z21
α21;3

+
4Mω3 z31
α31;3

)]
, (4.76)

in terms of the quantities

αij;3 := k3
(
w− zi − zj − w̄ zi zj

)
. (4.77)

Here, we see that although the same spinor ratio appears as for the flat-space 3-point MHV amplitude,
this is dressed by factors which depend explicitly on the background.

Already at n= 4, the structure of the amplitude becomes more complicated; in some sense, this is
inherited from flat space: unlike its gauge theory cousin, the MHV graviton amplitude depends on both
angle and square bracket kinematic invariants beyond 3-points. However, in SDTN the square brackets
are themselves dressed by the background, leading to more terms which contribute to the integral over
R3.

For the 4-point scattering of minimal quasi-momentum eigenstates and graviton 1 the only negative-
frequency state, the MHV amplitude is given by

M4 = 2πκ2 δ (ω)
〈12〉6

〈13〉〈14〉〈23〉〈24〉〈43〉

×
ˆ

d3x⃗ei⃗k·⃗x
(
1+

2M

r

)
[[43]]

4∏
i=2

(
r (ζ − z1)

(
ζ̄ zi + 1

)
1+ |ζ|2

)4Mωi

. (4.78)

The dressed square bracket can be evaluated explicitly to give

[[43]] =

(
1+

2M

r

)−1 [
[43]− 4Mω3ω4

r(ζ̄ z3 + 1)(ζ̄ z4 + 1)

(
(ζ̄ z3 + 1)(ζ̄ − z̃4)

1+ |z4|2
(ζ̄ z4 + 1)(ζ̄ − z̃3)

1+ |z3|2

)]
, (4.79)

where |zi|2 = zi z̃i is not a real-valued quantity, since z̃i 6= z̄i for complex graviton momenta. This can be
used to express the integral in (4.78) as

[43]

ˆ ∞

0
dr r2
ˆ
C
dζ dζ̄

(
1+ |ζ|2

)
ei⃗k·⃗x

4∏
i=2

[
r (ζ − z1)

(
ζ̄ zi + 1

)]4Mωi

− 4Mω3ω4

ˆ ∞

0
dr r

ˆ
C
dζ dζ̄ ei⃗k·⃗x

[ (
ζ̄ − z̃4

)(
ζ̄ z4 + 1

)
(1+ |z4|2)

−
(
ζ̄ − z̃3

)(
ζ̄ z3 + 1

)
(1+ |z3|2)

]

×
4∏

i=2

[
r (ζ − z1)

(
ζ̄ zi + 1

)]4Mωi
, (4.80)

with

k⃗ · x⃗= rk3
(
1− |ζ|2 + ζ̄w+ ζ w̄

)
, (4.81)

defined in the same way as above, but now for the total 4-point spatial momentum. These integrals can
be evaluated using the same methods as at 3-points, although the resulting expressions are not particu-
larly enlightening.

It is also illustrative to consider the case n= 5, where the first explicit tail contributions appear in
the amplitude thanks to the insertion of background vertex operators in the twistor sigma model. In this
case, only the (p,q, r) = (1,0,0) and (p,q, r) = (0,1,0) terms contribute to the amplitude beyond t= 0.
For instance, the former is given by

πκ3

12M
δ (ω)

〈12〉6

〈13〉2 〈23〉2

ˆ

R3×S2

d3x⃗Dλ∧Dλ̂

〈λλ̂〉2 〈1λ〉2 〈2λ〉2

×
(
F+ (λ)

∂

∂ε+
∂2

∂ε−2
+F− (λ)

∂2

∂ε+2

∂

∂ε−

)∣∣H3
3 [1]
∣∣∣∣∣∣
ε±=0

, (4.82)
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with the minor given by∣∣H3
3 [1]
∣∣=H44

(
TH55 − h25

)
−H45 (H45T− h4 h5)+ h4 (H45 h5 −H55 h4) , (4.83)

the tail index on matrix entries being suppressed as it is irrelevant in this case.
The matrix entries H45 contain no powers of the formal parameters, while all other entries appearing

in (4.83) are at most linear in ε±, making it clear that only

H44H55T−H55 h
2
4 −H44 h

2
5 , (4.84)

can give non-vanishing contributions to (4.82). Introducing the notation

[[iH±] := K̃α̇
i H

±
α̇ (λ) , H+

α̇ (λ) = Hβ̇
α̇ (λ) õβ̇ , H−

α̇ (λ) = Hβ̇
α̇ (λ) ι̃β̇ , (4.85)

the coefficient of ε+ (ε−)2 can be extracted from (4.84) to give

∣∣H3
3 [1]
∣∣ ∣∣∣

ε+(ε−)2
=

〈1λ〉3 〈2λ〉3

〈3λ〉〈4λ〉〈5λ〉〈13〉〈23〉〈14〉〈24〉〈15〉〈25〉
×
(
[[3H+] [[4H−] [[5H−] + [[3H−] [[4H+] [[5H−] + [[3H−] [[4H−] [[5H+]

)
. (4.86)

As expected, this corresponds precisely to the sum of tree diagrams in the twistor sigma model including
three external graviton vertex operators and a single insertion of the background vertex operator U+.
Extracting the coefficient of (ε+)2ε− from (4.84) gives a similar result with a single insertion of U−.

Flat limit: A basic consistency check on the amplitude (4.66) is that it should be equal to the MHV
graviton scattering amplitude on flat space when the curvature of the background metric is turned off.
Naively, one might assume that the flat limit of SDTN corresponds to M→ 0; indeed, the metric (2.4)
certainly becomes flat in this limit. However, the resulting flat manifold has topology S1 ×R3, rather
than R4: this is because the Euclidean time coordinate is compactified (recall that t∼ t+ 8πM) to a
circle with radius 4M, so in the M→ 0 limit this circle becomes infinitesimally small.

To compare with flat space scattering amplitudes, one requires a flat limit with trivial topology—
that is, resulting in R4. This requires de-compactifying the Euclidean time coordinate, which (somewhat
non-intuitively) actually corresponds to taking the M→∞ limit of SDTN. From the perspective its twis-
tor description, this is clearly the correct limit, as h→ 0 when M→∞ and thus the complex structure
reduces to that of the flat twistor space PT. To see that this is indeed the correct limit from the metric
perspective, consider the rescaling

t→Mt , r→ r

M
, (4.87)

under which the SDTN metric goes to

ds2 =

(
1

M2
+

2

r

)−1

(dt− 2(1− cosθ)dϕ)2 +

(
1

M2
+

2

r

)(
dr2 + r2 dΩ2

2

)
. (4.88)

In these rescaled coordinates, it follows that

lim
M→∞

ds2 =
r

2
(dt− 2(1− cosθ)dϕ)2 +

2

r

(
dr2 + r2 dΩ2

2

)
, (4.89)

which is precisely the flat HK metric on R4 in Gibbons–Hawking coordinates [42, 43]. This highlights
the fact that although M resembles the ADM mass parameter of a black hole metric, at the self-dual
point it is also conflated with the topological NUT charge, making the flat space limit somewhat non-
intuitive.

This flat limit can now be implemented at the level of the MHV amplitude (4.66). Under the scal-
ing (4.87), it follows that

ω→ ω

M
, k⃗→ k⃗M , (4.90)

to ensure that the quantity k · x remains finite. Under this, the important scalings of the MHV amplitude
are captured by the collection:

δ (ω) d3x⃗

(
1+

2M

r

) n∏
j=1

(
r

1+ ζ ζ̄

)qj (
ζ − zj

)qj−2Mωj
(
ζ̄ zj + 1

)qj+2Mωj
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→ δ (ω) d3x⃗

(
1

M2
+

2

r

) n∏
j=1

M−qj

(
r

1+ ζ ζ̄

)qj (
ζ − zj

)qj−2ωj
(
ζ̄ zj + 1

)qj+2ωj
. (4.91)

Now, in the M→∞ limit the topology of the metric becomes trivial, so all topological charges vanish,
meaning that (after the rescaling) qj ± 2ωj → 0 and

∑
j qj →±2

∑
jωj = 0 in the flat limit.

Thus, one finds that

lim
M→∞

Mn = 4πκn−2 δ (ω)
〈12〉6

〈1 i〉2 〈2 i〉2

ˆ
R3

d3x⃗

r
ei k⃗·⃗x |Hi

i| , (4.92)

with all t> 0 terms vanishing as powers of 1/M. After performing the diffeomorphism from the flat
Gibbons–Hawking coordinates to standard spherical polar coordinates on R3, the remaining integrals
can be performed trivially to give

lim
M→∞

Mn = (2π)4 κn−2 δ (ω) δ3
(⃗
k
) 〈12〉6

〈1 i〉2 〈2 i〉2
|Hi

i| , (4.93)

which is precisely Hodges’ formula for n-graviton MHV scattering in Minkowski spacetime [55]. One
might worry that we have seemingly obtained a formula for scattering in Lorentzian Minkowski space
from scattering on Euclidean R4. In flat space there is, in fact, no distinction, as the amplitude is a
rational function whose analytic continuation to the complex momenta of the Euclidean setting is trivial.

5. Holomorphic collinear limits on SDTN

Armed with the explicit formula (4.66) for n-point MHV graviton scattering on SDTN, we can explore
its behaviour in the limit where two of the external graviton momenta become holomorphically col-
linear. On a flat background, this leads to the celestial OPE for the so-called Lw∧

1+∞ or Lham(C2)
algebra [120, 121] and one can ask whether this is deformed on our SDTN background.

To investigate,let gravitons i, j be positive helicity with initial, un-dressed momenta kαα̇i = καi κ̃
α̇
i and

kαα̇j = καj κ̃
α̇
j , respectively. The holomorphic collinear limit is then parametrised as

ki + kj = P+ ϵ2 q , (5.1)

where Pαα̇ = καP κ̃
α̇
P is the collinear null momentum, qαα̇ = ξα ξ̃α̇ is an arbitrarily-chosen reference null

momentum and the small parameter ϵ controls the collinear limit, as ki · kj = ϵ2P · q. The fact that this is
a holomorphic collinear limit is simply the statement that 〈i j〉 ∼ ϵ in the ϵ→ 0 limit, while [i j] does not
scale with ϵ and remains finite.

To analyze the holomorphic collinear limit of Mn we extract the leading singularity in 〈i j〉 and eval-
uate the coefficient of this singularity on

καi =
〈ξ i〉
〈ξP〉

καP +O(ϵ) , καj =
〈ξ j〉
〈ξP〉

καP +O(ϵ) . (5.2)

Although the analysis of the holomorphic collinear limit of the MHV amplitude on SDTN follows that
for generic self-dual radiative metrics [122], the non-trivial topology of Euclidean time in SDTN leads to
some new features. In particular, the topological charges of the two collinear gravitons must also respect
the collinear limit; the natural way to parametrise this is in terms of the longitudinal momentum frac-
tion s ∈ [0,1]:

ωi = sωP , ωj = (1− s) ωP , (5.3)

for ωP the frequency of the collinear momentum Pαα̇. In order to preserve the topological quantisation
condition qP ± 2MωP, it follows that the topological charges must follow the same parametrisation

qi = sqP , qj = (1− s) qP , (5.4)

in the collinear limit where qi + qj = qP.
The central ingredient in each term of (4.66) is the once-reduced determinant of the matrix H[t],

with the row and column removed to create the minor being arbitrarily chosen. As such, we can freely
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choose to remove the row and column corresponding to one of the two holomorphically collinear grav-
itons, say j. By expanding the resulting minor along the ith row and exploiting the properties of the
holomorphic collinear limit, it follows that∣∣∣Hj

j [t]
∣∣∣= [[i j]]

〈i j〉

∣∣∣Hij
ij [t]
∣∣∣+O

(
ϵ0
)
, (5.5)

exposes the leading holomorphic collinear singularity of the amplitude; all other ingredients of Mn are
regular as 〈i j〉 → 0. Thus, the remaining parts of the amplitude can be evaluated to leading order in the
collinear limit using (5.1) and (5.2).

Now, recall that

[[i j]] = κ̃i β̇ κ̃j γ̇G
β̇α̇ (x;ki,qi)Gγ̇

α̇

(
x;kj,qj

)
, (5.6)

for the dressing matrix Gα̇
β̇ given by (3.43). The dressing matrix is a homogeneous function of the un-

dotted momentum spinor, so in the holomorphic collinear limit (5.2), it follows that

Gβ̇α̇ (x;ki,qi) =Gβ̇α̇ (x;P,qi)+O(ϵ) , (5.7)

and similarly for Gβ̇α̇(x;kj,qj). A computation then reveals that

Gβ̇α̇ (x;P,qi)Gγ̇
α̇

(
x;P,qj

)
= ϵγ̇β̇ , (5.8)

and hence that ∣∣∣Hj
j [t]
∣∣∣= [i j]

〈i j〉

∣∣∣Hij
ij [t]
∣∣∣+O

(
ϵ0
)
, (5.9)

in the holomorphic collinear limit.
In the minor |Hij

ij[t]|, the only remaining dependence on the collinear momenta is through the diag-
onal entries of the matrix H, since the rows and columns corresponding to the collinear momenta have
been removed. This dependence is controlled in the diagonal entries Hkk through linear combinations of
the form

[[k i]] 〈1 i〉〈2 i〉
〈k i〉〈1k〉〈2k〉

+
[[k j]] 〈1 j〉〈2 j〉
〈k j〉〈1k〉〈2k〉

=
〈1P〉〈2P〉

〈kP〉〈1k〉〈2k〉〈ξP〉
([[k i]] 〈ξ i〉+ [[k j]] 〈ξ j〉)+O(ϵ) , (5.10)

with a similar formula controlling the dependence of diagonal entries of the block T.
In order to further simplify such expressions, one must account for the fact that the dressed

momentum spinors K̃α̇
i,j depend on both the frequencies and topological charges of the dressed

momenta. In particular,

[[k i]] 〈ξ i〉+ [[k j]] 〈ξ j〉=
K̃α̇
k√
V
[〈ξ i〉 κ̃i α̇ + 〈ξ j〉 κ̃j α̇ +(qi + 2Mωi)

〈P|T|α̇ 〈χ+|T|i]〈ξ i〉
ωi r〈Pχ+〉

+
(
qj + 2Mωj

) 〈P|T|α̇ 〈χ+|T|j]〈ξ j〉
ωj r〈Pχ+〉

− (qi − 2Mωi)
〈P|T|α̇ 〈χ−|T|i]〈ξ i〉

ωi r〈Pχ−〉

−
(
qj − 2Mωj

) 〈P|T|α̇ 〈χ−|T|j]〈ξ j〉
ωj r〈Pχ−〉

]
, (5.11)

having abbreviated 〈P|T|α̇ = καP Tαα̇ and 〈χ±|T|i] = χα
±Tα

α̇ κ̃i α̇, etc. Using the collinear parametrisa-
tions (5.3) and (5.4), this simplifies to

K̃α̇
k√
V

[
〈ξ i〉 κ̃i α̇ + 〈ξ j〉 κ̃j α̇ +(qP + 2MωP)

〈P|T|α̇ (〈χ+|T|i]〈ξ i〉+ 〈χ+|T|j]〈ξ j〉)
ωP r〈Pχ+〉

−(qP − 2MωP)
〈P|T|α̇ (〈χ−|T|i]〈ξ i〉+ 〈χ−|T|j]〈ξ j〉)

ωP r〈Pχ−〉

]
+O(ϵ) . (5.12)

Observing that in the collinear limit (5.1) and (5.2),

〈ξ i〉 κ̃α̇i + 〈ξ j〉 κ̃α̇j = 〈ξP〉 κ̃α̇P +O(ϵ) , (5.13)
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it then follows that

[[k i]] 〈ξ i〉+ [[k j]] 〈ξ j〉= [[kP]] 〈ξP〉+O(ϵ) , (5.14)

so that (5.10) simplifies to

[[k i]] 〈1 i〉〈2 i〉
〈k i〉〈1k〉〈2k〉

+
[[k j]] 〈1 j〉〈2 j〉
〈k j〉〈1k〉〈2k〉

=
[[kP]] 〈1P〉〈2P〉
〈kP〉〈1k〉〈2k〉

+O(ϵ) , (5.15)

to leading order in the holomorphic collinear limit. A similar simplification occurs in the diagonal
entries of T.

Consequently, in the holomorphic collinear limit it follows that the two collinear gravitons are effect-
ively replaced by the single collinear graviton:∣∣∣Hj

j [t]
∣∣∣= [i j]

〈i j〉

∣∣∣ĤP
P [t]
∣∣∣+O

(
ϵ0
)
, (5.16)

where Ĥ[t] is the matrix defined for the set of external positive helicity gravitons in which i, j have been
removed and replaced by P with its associated collinear quantum numbers. The other ingredients in the
n-point MHV amplitude (4.66) can likewise be evaluated in the strict collinear limit, where

n∑
k=1

ωk →
∑
k ̸=i,j

ωk +ωP ,
n∑

l=1

k⃗l →
∑
l ̸=i,j

k⃗l + k⃗P , (5.17)

〈12〉6

〈1 j〉2 〈2 j〉2
→ 〈12〉6

〈1P〉2 〈2P〉2
〈ξP〉4

〈ξ i〉2 〈ξ j〉2
, (5.18)

and∏
k=i,j

(
r

1+ ζ ζ̄

)qk

(ζ − zk)
qk−2Mωk

(
ζ̄ zk + 1

)qk+2Mωk →
(

r

1+ ζ ζ̄

)qP

(ζ − zP)
qP−2MωP

(
ζ̄ zP + 1

)qP+2MωP

(5.19)

as zi,zj → zP in the holomorphic collinear limit.
Finally, it can be seen (following an argument identical to the self-dual radiative case—see [122])

that the t= n− 4 terms in the MHV amplitude cannot contain the holomorphic collinear singular-
ity (5.16). In other words, for t= n− 4, the process of extracting polynomials of the correct order in the
formal parameters εm annihilates the holomorphic collinear singularity. Thus, only terms with t running
from zero to n− 5 actually contribute to the leading holomorphic collinear limit.

Pulling all of these pieces together, one obtains

lim
ϵ→0

Mn → κ
[i j]

〈i j〉
〈ξP〉4

〈ξ i〉2 〈ξ j〉2
Mn−1 +O

(
ϵ0
)
, (5.20)

where Mn−1 is the MHV amplitude on SDTN with the positive helicity external gravitons i and j
removed and replaced with the single positive helicity collinear graviton P. Remarkably, the coefficient

κ
[i j]

〈i j〉
〈ξP〉4

〈ξ i〉2 〈ξ j〉2
= Split

(
i+, j+ → P+

)
, (5.21)

matches the tree-level holomorphic collinear splitting function of positive helicity gravitons in flat
space [123–125]!

It is far from obvious why this should be so from background field theory in the SDTN metric, but
the twistor theory of SDTN in fact hints that this should be the case. In [122], it was shown that holo-
morphic collinear splitting functions on any self-dual radiative metric are un-deformed from flat space.
While the interpretation of SDTN as a self-dual black hole makes it apparently non-radiative, the com-
plex structure defined by the Hamiltonian (3.10) takes the same functional form as that of a self-dual
radiative metric.

Furthermore, it is known that holomorphic splitting functions of positive helicity gravitons are
intimately connected with celestial chiral algebras, the algebras of positive helicity gravitons on any self-
dual metric formed via holomorphic collinear limits [120, 121, 126, 127]. These algebras are easily iden-
tified in twistor space [128–131], and recently strong evidence was given for the celestial chiral algebra of
SDTN to be Lham(C2) (the loop algebra of the Lie algebra of Hamiltonian vector fields on C2) [132],
which is the same as the celestial chiral algebra of Minkowski space.
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6. Conclusion

In this paper, we showed that the SDTN metric serves as a toy model for a black hole where it is pos-
sible to compute graviton scattering amplitudes exactly in the background and to high multiplicity. In
particular, we obtained an explicit formula for the tree-level graviton MHV amplitude on SDTN, and
studied some of its basic properties. There are several interesting directions for future study based on
this work, and we conclude with a brief overview of some of them.

Our initial motivation for studying graviton scattering on SDTN was to provide a toy model for
gravitational scattering on an astrophysical black hole. Now that we have an explicit, all-multiplicity for-
mula on the SDTN background, it remains to be seen how much information can be gleaned from this
about scattering on a real black hole. Perhaps the most obvious place to test this is already at the level of
the 2-point MHV amplitude. These semi-classical 2-point amplitudes are governed by the radial action
of the background [133], which encodes the radial geodesic motion of a probe in the background geo-
metry. Known formulations of the classical geometry and geodesics of SDTN (see [134, 135]) should
enable an explicit comparison between physical observables on SDTN and Kerr; while the former will
obviously be complex, it may be that real sections encode some amount of information in the Kerr
result.

A related, but distinct, question is to what extent the twistor methods underlying the work in this
paper can be extended away from the self-duality requirement on the background. While astrophysical
black holes are definitely not self-dual, they do possess a hermitian structure which is a Lorentzian ver-
sion of the conformal Kähler condition [136, 137]. This endows these black hole metrics with a two-
dimensional twistor space [138, 139] (rather than the three-dimensional twistor space of the self-dual
setting) and enables the definition of a Penrose transform for the Teukolsky system [94, 140] as well
as explicit descriptions of the metric in terms of scalar potentials [141]. Furthermore, all astrophysical
black holes can be constructed from certain quadrics in (flat) twistor space [142]. More generally, the
half type-D condition leads to integrability via reduction to the SU(∞) Toda equation [143, 144], a
well-known integrable system. Apart from an initial attempt at solving the wave equation on Kerr per-
turbatively around the self-dual point [47], it appears that none of these facts have been exploited for
amplitudes-based approaches to black hole physics, and it would be fascinating to do so in the future.

Even remaining with the self-dual background, one fairly obvious challenge is to extend the for-
mula (4.66) beyond the MHV helicity sector to the full tree-level S-matrix on the SDTN metric. Each
extra MHV degree gives an extra perturbation away from the MHV sector. These could be taken to be
scattering states (i.e. momentum eigenstates). Alternatively, they could be taken to provide a perturbative
expansion towards the full Kerr metric from the self-dual sector. Starting at the next-to-maximal MHV
(NMHV) configuration, the methodology used in this paper breaks down, and we lack a first principles
way to derive scattering amplitudes from general relativity on spacetime. It is possible to guess an exten-
sion of the formula to NkMHV by replacing the integral over points in SDTN with an integral over
the moduli space of degree k+ 1 holomorphic rational maps from the Riemann sphere to PT [145].
Indeed, a similar strategy allowed us to conjecture formulae for the tree-level S-matrix on any self-dual
radiative space [106]. This follows the known pattern for the tree-level graviton S-matrix in Minkowski
space [146], but there is currently no method to verify these conjectures on curved backgrounds besides
explicit comparison with background field calculations (which are themselves prohibitively difficult).

However, there are several other interesting questions which could be explored within the MHV sec-
tor itself. For gluon scattering on the gauge-theoretic analogue of SDTN—namely, the self-dual dyon—it
has been shown that MHV amplitudes [98] can be bootstrapped directly from the chiral vertex oper-
ator algebra associated with self-dual gauge theory on the background [147]. This confirms an import-
ant underlying assumption of the celestial holography program: that a 2d chiral algebra should encode
S-matrix quantities on self-dual backgrounds. It would then be very interesting to see whether an exten-
sion of such a chiral algebra bootstrap can reproduce the MHV amplitude presented in this paper.

It would also be useful to further explore the extent to which ‘standard’ amplitude structures from
Minkowski space persist or are modified on the SDTN background. For example, on self-dual radi-
ative spaces, there is a background-coupled version of the KLT kernel which relates the graviton scat-
tering amplitudes to the ‘double copy’ of gluon amplitudes on a self-dual radiative Yang–Mills back-
ground [148]. While the interpretation of the curved background kernel is not clear (e.g. its inverse does
not have an obvious interpretation), it would still be enlightening to know if a similar KLT-like kernel
exists relating graviton scattering on SDTN to gluon scattering on the self-dual dyon. Finally, while we
considered holomorphic collinear limits in this paper, it would also be interesting to explore other IR
features of amplitudes on SDTN, such as soft theorems or factorisation, which have only been studied
on plane wave backgrounds thus far [149–151].
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Appendix A. Alternative descriptions of the SDTN twistor space

The SDTN metric is one of the oldest explicit examples of the non-linear graviton construction, and as
such it has been treated many times in the twistor literature. While all descriptions must be equivalent
up to diffeomorphisms on the SDTN manifold or, equivalently, gauge transformations of the complex
structure on PT , they are not all equally easy to work with from a computational point of view. In this
appendix, we review alternative descriptions of the SDTN twistor space which have appeared in the liter-
ature and relate them to the description given in section 3 and used throughout the paper.

Hitchin’s constrained twistor space: This description, due to Hitchin [86] (see also Chapter 13 of [152]),
makes use of the fact that the SDTN metric (2.4) is a complete HK metric on R4 ∼= C2 of Gibbons–
Hawking form. Since such a metric is specified by a solution of the Bogomolny monopole equations on
R3, it follows that the associated twistor space PT must be a bundle over the minitwistor space of R3.
This minitwistor space, MT, is the space of oriented geodesics in R3, which can be parametrised as the
total space of O(2)→ P1 [153]. The twistor description used throughout the text clearly fits into this
framework, with η = µ+µ− acting as a coordinate on the fibres of MT.

Hitchin’s construction instead takes a different coordinate on the O(2) fibres:

Q := Tα
α̇µ

α̇λα . (A.1)

One can then consider a line bundle L→MT with partial connection

D̄L = ∂̄MT +
Q

2M
ē0 , (A.2)

and the corresponding patching function on U1 ∩U0 is easily seen to be

ϕ10 = exp

(
Q

2Mλ0λ1

)
, (A.3)

in agreement with (3.17). The twistor space is the sub-bundle of (L⊕ L−1)⊗O(1) defined by

µ+µ− = Q , (A.4)

where µ± are elements of the fibres of L±1 ⊗O(1), respectively. The Euclidean structure in this present-
ation of twistor space corresponds to the anti-holomorphic involution

(
µ+, µ−, Q, λα

)
7→
(
µ−,−µ+,−Q, λ̂α

)
. (A.5)

This is a global, albeit constrained thanks to (A.4), description of the twistor space.
The fibration PT → P1 is found by composing PT →MT with MT→ P1. To write a holomorphic

symplectic form on the fibres of PT → P1, one introduces local trivialisations ρ+,ρ− of L,L−1 on the
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patch U0, and ρ̃+, ρ̃− on the patch U1:

µ+ =

ρ
+ exp

(
−Q λ̂0

2Mλ0 ⟨λλ̂⟩

)
λ0 6= 0

ρ̃+ exp
(

−Q λ̂1

2Mλ1 ⟨λλ̂⟩

)
λ1 6= 0

,

µ− =

ρ
− exp

(
Q λ̂0

2Mλ0 ⟨λλ̂⟩

)
λ0 6= 0

ρ̃− exp
(

Q λ̂1

2Mλ1 ⟨λλ̂⟩

)
λ1 6= 0

,

(A.6)

where ρ±, ρ̃± are O(1)-valued. These coordinates are related by the transition functions

ρ̃+ = ρ+ exp

(
Q

2Mλ0λ1

)
, ρ̃− = ρ− exp

(
−Q

2Mλ0λ1

)
, (A.7)

on the overlap U0 ∩U1.
The holomorphic symplectic form on U0 is given by

Σ=
1

2
dlog

(
ρ+

ρ−

)
∧ dQ=

1

2

ρ− dρ+ − ρ+ dρ−

ρ+ ρ−
∧ dQ , (A.8)

which appears to be non-singular only when ρ+ ρ− 6= 0. However, upon using the constraint Q=
µ+µ− = ρ+ ρ−, it follows that

Σ= dρ+ ∧ dρ− , (A.9)

which extends across ρ+ ρ− = 0. Using the transition functions (A.7) along with the relation ρ+ ρ− = Q,
it is easily checked that this takes the same form on the other patch:

Σ= dρ+ ∧ dρ− = dρ̃+ ∧ dρ̃− mod dλα . (A.10)

Thus, Σ is global on the fibres of PT → P1 and ρ±, ρ̃± both provide Darboux coordinates on their
respective domains of definition. To reconstruct the metric, one follows the usual method [90] of solv-
ing for the holomorphic rational curves in twistor space, then pulling Σ back to M ×P1 and reading off
a basis of ASD 2-forms.

Sparling’s non-linear graviton: In fact, the earliest description of the SDTN metric was by Sparling [85]
(see also section 3.4 of [154]), in terms of a Čech description of twistor space built on a four-set open
cover. This is closely related to Hitchin’s construction. For i = 0,1, let ρ±i be local coordinates for ρ±,
defined by setting

ρ+ =


ρ+0 exp

(
− Qλ̂0

2M〈λλ̂〉λ0

)
, λα ∈ U0

ρ+1 exp

(
− Qλ̂1

2M〈λλ̂〉λ1

)
, λα ∈ U1

, (A.11)

ρ− =


ρ−0 exp

(
Qλ̂0

2M〈λλ̂〉λ0

)
, λα ∈ U0

ρ−1 exp

(
Qλ̂1

2M〈λλ̂〉λ1

)
, λα ∈ U1

. (A.12)

Now define the four sets

U0± =
{
λ0 6= 0,ρ±0 6= 0

}
, U1± =

{
λ1 6= 0,ρ±1 6= 0

}
, (A.13)

so that Ui+ ∪Ui− = Ui for i = 0,1. On each open set, one of the ρ±i coordinates can be eliminated
using the constraint ρ+i ρ

−
i = Q. For instance, local holomorphic coordinates on U0+ are given by

(ρ+0 ,Q,λα) with ρ
−
0 = Q/ρ+0 fixed by the constraint.

Now, defined the local coordinates

µα̇
∣∣
U0+

= 2T1α̇ Q

λ0
− 4MTαα̇λα log

ρ+0
λ0

, (A.14)
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µα̇
∣∣
U0−

= 2T1α̇ Q

λ0
+ 4MTαα̇λα log

ρ−0
λ0

, (A.15)

µα̇
∣∣
U1+

=−2T0α̇ Q

λ1
− 4MTαα̇λα log

ρ+1
λ1

, (A.16)

µα̇
∣∣
U1−

=−2T0α̇ Q

λ1
+ 4MTαα̇λα log

ρ−1
λ1

. (A.17)

It can be check that µα̇Tα
α̇λα = Q holds globally. Moreover, the six transition functions are

U0+ ∩U0− : µα̇
∣∣
U0+

− µα̇
∣∣
U0−

=−4MTαα̇λα log
Q

λ20
, (A.18)

U0+ ∩U1+ : µα̇
∣∣
U0+

− µα̇
∣∣
U1+

=−4MTαα̇λα log
λ1
λ0
, (A.19)

U0+ ∩U1− : µα̇
∣∣
U0+

− µα̇
∣∣
U1−

=−4MTαα̇λα log
Q

λ0λ1
, (A.20)

U0− ∩U1+ : µα̇
∣∣
U0−

− µα̇
∣∣
U1+

=−4MTαα̇λα log
λ0λ1
Q

, (A.21)

U0− ∩U1− : µα̇
∣∣
U0−

− µα̇
∣∣
U1−

=−4MTαα̇λα log
λ0
λ1
, (A.22)

U1+ ∩U1− : µα̇
∣∣
U1+

− µα̇
∣∣
U1−

=−4MTαα̇λα log
Q

λ21
. (A.23)

These are precisely the patching functions prescribed by Sparling [85]. This construction should be
viewed as a gravitational analogue of the ‘twistor quadrille,’ which gives the twistor description of a self-
dual dyon [155].

It is worth mentioning that graviton wavefunctions in this presentation of the SDTN twistor space
are simply the same as for flat space; for instance

Φflat =

ˆ
C∗

ds s δ̄2 (sλ−κ) ei s [µκ̃] . (A.24)

The quasi-momentum eigenstate representatives (3.45) for the presentation used throughout the text are
then obtained by applying the coordinate transformations (A.14)–(A.17) into (A.24). In fact, this is how
we obtained the twistor representatives for the quasi-momentum eigenstates in the first instance!

Appendix B. Twistor theory for general Gibbons–Hawking metrics

In this appendix, we demonstrate how the presentation of SDTN twistor space first introduced by [87]
and used throughout the paper can easily be generalised to give any Gibbons–Hawking metric [42–44].
In previous work, we gave a twistor construction for radiative Gibbons–Hawking metrics, which can
be defined in the complexified setting or for split signature [106]; the construction here will be valid
for Euclidean signature and hence captures the non-radiative, gravitational instanton Gibbons–Hawking
metrics.

Consider a complex deformation of PT of the form ∇̄= ∂̄+ {h, ·} for O(2)-valued Hamiltonian

h= f(η,λ) ē0 , (B.1)

where f is any function that has total homogeneity 4 in (µα̇,λα) but depends on µα̇ only through η.
Holomorphic rational curves (µα̇ = Fα̇(x,λ),λα) in the complex structure of (B.1) are defined by

∂̄
∣∣
X
F± =±F± ḟ ē0 , ḟ :=

∂f

∂η
. (B.2)

These equations are solved by

F± (x,λ) = 〈χ±λ〉 exp
(
∓2πi

p
τ ±g(x,λ)

)
, (B.3)

where τ ∼ τ + p is a coordinate on a circle of radius p/2π and

g(x,λ) :=
ˆ
P1

d2λ ′ 〈ιλ〉
〈ιλ ′〉〈λλ ′〉

ḟ
∣∣∣
X
, d2λ≡ 〈λdλ〉 ∧ ē0

2πi
. (B.4)
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In this integral formula, ḟ|X ≡ ḟ(〈χ+λ
′〉〈χ−λ

′〉,λ ′) is the restriction of ḟ to the holomorphic rational
curve X, where η =−i⃗xαβλαλβ . The constant spinor ια is arbitrarily chosen, and is needed since h fixes
g only up to an element of H0(P1,O).

Let M denote the real, four-dimensional moduli space of these holomorphic curves (whose existence
is locally guaranteed by theorems of Kodaira [156, 157]). The pullback of the weighted symplectic form
Σ to M ×P1 given by the holomorphic curves is

p∗Σ=−2λαλβ

(
dχα

+ ∧ dχβ
− − 2π

p
dτ ∧ d⃗xαβ − idxg∧ d⃗xαβ

)
mod dλα , (B.5)

where dxg is the differential of g with λ held constant. At this stage, it is not immediately possible to
identify a triplet of ASD 2-forms on M , as dxg depends on λα.

To proceed, write

λαλβ d⃗x
αβ ∧ dxg= λαλβ ϑ

αβ (x) , (B.6)

where ϑαβ is the 2-form on M defined by

ϑαβ (x) :=−i ι(αd⃗xβ)γ ∧ d⃗xδγ

ˆ
X
d2λ

λδ
〈ιλ〉

f̈
∣∣∣
X
. (B.7)

The 2-form ϑαβ can be decomposed further as

ϑαβ = i Ṽ d⃗xαγ ∧ d⃗xβγ + i d⃗xαβ ∧ ã , (B.8)

for the scalar Ṽ and 1-form ã

Ṽ(x) =−1

2

ˆ
X
d2λ f̈

∣∣∣
X
, ã= d⃗xαβ

ˆ
X
d2λ

ιαλβ
〈ιλ〉

f̈
∣∣∣
X
. (B.9)

In terms of these data, we can now write

p∗Σ=
2π

p
λαλβΣ

αβ (x) mod dλα , (B.10)

for

Σαβ = 2
[
dτ − p

2π

(
ã− a

2

)]
∧ d⃗xαβ +

p

π

(
Ṽ+

1

2r

)
d⃗xαγ ∧ d⃗xβγ . (B.11)

a triplet of ASD 2-forms on M .
Identifying a tetrad from Σαβ = eαα̇ ∧ eβα̇, one sees that these are the ASD 2-forms associated to the

Gibbons–Hawking metric

ds2 =
(dτ +A)2

V
+V d⃗x2 , (B.12)

with

V=
p

2π

(
Ṽ+

1

2r

)
, A=

p

2π

(a
2
− ã
)
. (B.13)

It can be checked immediately that the pair (V,A) satisfies the Bogomolny equation dV= ⋆3dA thanks
to the identity

⋆3 d⃗x
αβ = d⃗xαγ ∧ d⃗xβγ , (B.14)

so the metric is vacuum and self-dual (i.e. HK) as required.
Note that the entire construction can be run in reverse: given a Gibbons–Hawking metric defined

by (V,A), we can reconstruct the associated f(η,λ) and hence the complex structure on twistor space.
The SDTN case studied throughout the paper is obtained as the special case where p= 8πM and f =
η2/(4M), for which Ṽ= 1/(4M) is a constant and ã is pure gauge, hence it can be reabsorbed and set to
zero by a shift in τ .
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Appendix C. 2-point amplitude from the Kahler scalar

In previous work [50], we obtained the two-point amplitude for negative helicity gravitons scattering
on SDTN by directly evaluating the quadratic part of the Plebanski action (4.2) on quasi-momentum
eigenstates:

ˆ
M

Σαβ ∧ γ−1αγ ∧ γ+2βγ ∝−δ (ω1 +ω2)M (4Mω2)!
ω4Mω2−2
2 〈12〉4+4Mω2

|⃗k1 + k⃗2|8Mω2+2

∝ δ (ω1 +ω2)M (4Mω2)!
ω4Mω2−2
2 〈12〉3

[12]4Mω2+1 ,

(C.1)

ignoring overall numerical factors (which can be viewed as an overall normalisation of the generating
functional).

Now, the MHV generating functional (4.13) used in this paper is written in terms of the Kahler
scalar—or first Plebanski scalar—of SDTN, and differs from the Plebanski action by two integrations-by-
parts. In principle, this could lead to different two-point amplitudes due to contributions from boundary
terms. While such boundary terms should vanish in this setting due to the assumptions of asymptotic
flatness, it is hardly obvious that the object

〈12〉4
ˆ

M

d4x
√
|g|ΩSDTNϕ

−
1 ϕ

+
2 , (C.2)

will give the same formula as (C.1) for the 2-point amplitude.
Here, we show explicitly that (C.2) does indeed match the previous result (C.1) for the 2-point amp-

litude around the SDTN metric [50]. Using the boundary conditions (4.17), it can be shown that the
on-shell twistor sigma model action for h= 0 reduces to

ΩSDTN = 8M〈χ−χ+〉+ 2
〈χ− 1〉2〈χ+ 2〉2 + 〈χ+ 1〉2〈χ− 2〉2

〈12〉2
. (C.3)

It can be verified that this object satisfies the first heavenly equation, and upon interpreting the quant-
ities χα

− eit/4M as holomorphic coordinates on C2, this matches the Kahler scalar (2.11) when the
momenta of the two negative-helicity gravitons are antipodal. Equations (4.13) – (C.3) lead to the fol-
lowing expression for the tree-level amplitude of two negative-helicity, minimal gravitons

M2 = 4π 〈12〉4 δ (ω1 +ω2)

ˆ
d3x⃗ei(⃗k1+⃗k2)·⃗x

(
1+

2M

r

)
×
(
4Mr+

〈χ− 1〉2〈χ+ 2〉2 + 〈χ+ 1〉2〈χ− 2〉2

〈12〉2

)
〈χ− 1〉−4Mω1 〈χ+ 2〉4Mω2 . (C.4)

Setting ω2 = ω =−ω1 > 0 and introducing the standard stereographic coordinates, we find

M2 = 4π 〈12〉4 δ (ω1 +ω2)

ˆ
d3x⃗ei(⃗k1+⃗k2)·⃗x

(
1+

2M

r

)[
r(ζ − z1)

(
ζ̄z2 + 1

)
1+ ζζ̄

]4Mω

×

(
4Mr+ r2

(ζ − z1)
2 (
ζ̄z2 + 1

)2
+(ζ − z2)

2 (
ζ̄z1 + 1

)2
〈12〉2

(
1+ ζζ̄

)2
)
. (C.5)

We can decompose this integral as

M2 = 16πM〈12〉4δ (ω1 +ω2) [I0 + I1 +J0 (z1,z2)+J1 (z1,z2)+J0 (z2,z1)+J1 (z2,z1)] (C.6)

in terms of the basis integrals

I0 = 2M

ˆ
d3x⃗ei⃗k·⃗x

[
r(ζ − z1)

(
ζ̄z2 + 1

)
1+ ζζ̄

]4Mω

, (C.7)

I1 =
ˆ

d3x⃗ei⃗k·⃗x
[
r(ζ − z1)

(
ζ̄z2 + 1

)
1+ ζζ̄

]4Mω

r , (C.8)
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J0 (a,b) =
1

2〈12〉2

ˆ
d3x⃗ei⃗k·⃗x

[
r(ζ − z1)

(
ζ̄z2 + 1

)
1+ ζζ̄

]4Mω
r(ζ − a)2

(
ζ̄b+ 1

)2(
1+ ζζ̄

)2 , (C.9)

J1 (a,b) =
1

4M〈12〉2

ˆ
d3x⃗ei⃗k·⃗x

[
r(ζ − z1)

(
ζ̄z2 + 1

)
1+ ζζ̄

]4Mω
r2 (ζ − a)2

(
ζ̄b+ 1

)2(
1+ ζζ̄

)2 . (C.10)

Each of these integrals can be evaluated following the procedure described in the appendix of [50], lead-
ing to

M2 =−4πiM (4Mω)! (−ω)4Mω−2 〈12〉3

[12]4Mω+1 δ (ω1 +ω2) . (C.11)

Up to an overall prefactor, this is exactly the amplitude (C.1) found previously in [50].
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