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properties is important for the design of advanced soft materials with optimal properties. However,

classical rubber elasticity theories often fall short in their description of the network structure,
while simulation techniques at molecular scale remain impractical at that length scale. Here we
develop a computational approach based on random discrete networks, in which the polymer
network is represented as an assembly of non-linear springs connected at crosslinking points. The
density of elastically-effective chains, average network coordination and chain contour lengths
are varied independently in order to identify their respective contributions to the network elasticity.
Numerical results suggest scaling relations between network parameters and elastic properties
that are markedly different from the predictions of classical rubber elasticity theories. In particular,
the elastic modulus of 2D random networks is found to be independent of density at constant
topology, and proportional to the average coordination at constant density. The discrepancy is due
to the pre-straining of the chains in the discrete network, which is not accounted for in classical
models of rubber elasticity. Our results have implications for the interpretation of experimental
data for ideal network gels that are formed by the cross-coupling of macromolecular building

blocks in solution

1 Introduction

Many soft materials, such as elastomers and hydrogels, are made
of long chain molecules crosslinked to form a three-dimensional
network. Their mechanical properties depend on the entropy-
dominated elastic response of the individual chains and on
the network topology, which dictates the partitioning of stretch
among the chains. Key topological parameters include the chain
density, chain length distribution and the crosslink coordina-
tion.! Topological defects (dangling chains, loops), spatial het-
erogeneities and trapped entanglements are also known to impact
the mechanical behaviour of polymer networks. 2% Understand-
ing the relationships between the structure of polymer networks
and their mechanical properties is important for the design of ad-
vanced soft materials with optimal properties.

In recent years, a new paradigm for gel formation has been in-
troduced, whereby ideal covalent networks are produced by the
cross-coupling of macromolecular building blocks.©H10 Notably,
"ideal network" gels were produced by the cross-coupling of 4-
arm PEG macromolecules with well-defined chain length®™¥ (Fig.
[I). These model gels were shown to possess a very high com-
pressive strength, close to cartilage,® which was attributed to the
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Fig. 1 Ideal polymer networks are formed by the mutual reac-
tion of macromolecular building blocks in solution, typically four-arm
macromonomers with identical arm length. The building blocks have end-
linking groups of type "A" or "B" that are mutually reactive, while avoiding
self-reaction. Ideal networks are essentially free of entanglements and
possess few defects such as dangling ends and loops.

highly homogeneous network structure, essentially free of entan-
glements and with few topological defects.7213 Ideal networks
constitute an excellent model system to investigate structure-
property relationships in hydrogels, as well as a promising
platform for the design of new materials with tuneable proper-
ties. 1820 The modelling strategy adopted in the present work is
directly motivated by these ideal network gels.

The elasticity of polymer networks is usually described within
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the framework of rubber elasticity theory, %!/ in which the net-
work is represented as an assembly of freely-jointed chains behav-
ing like entropic springs. For example, the classical Affine%1"23
and Phantom?#22 models have been widely used to correlate the
elastic modulus to the chain density and average coordination of
the network. These models assume that the distribution of the
end-to-end distances of the network strands obey the Gaussian
statistics of a freely-jointed chain. Large-deformation theories
based on non-Gaussian chain statistics are usually formulated by
considering a unit cell of representative chains sampling the ori-
entation space and with force-extension relationship described by
Langevin statistics. Well-known models include the non-Gaussian
3-chain,2® 4-chain,?” 8-chain® and full-network?? models, see
also the review by Boyce and Arruda.®% A major limitation of all
these models is that they fall short in describing the effect of net-
work topology on the mechanical properties.

Computational Discrete Network (DN) models constitute an in-
teresting alternative approach to investigate structure-property
relationships in polymer networks. Like in rubber elasticity
theories, chains are represented as entropic springs with force-
extension relationship corresponding to a freely-jointed chain,
while the partitioning of stretch among the chains is dictated by
the condition of mechanical equilibrium. DN models can con-
sider a large number of randomly oriented chains, thus enabling
the explicit representation of a number of topological features,
such as chain length distribution, coordination of the crosslinking
points, or topological defects such as dangling ends and loops.
Their computational cost is also much lower than that of molecu-
lar dynamics simulations.

DN models have been used previously to investigate structure-
property relationships in polymer networks. Early studies used
regular lattices of linear, mainly Hookean springs to investigate
critical phenomena (i.e. connectivity and rigidity percolation) in
relation to gelation of polymer networks.21"32 More recently, DN
models have been developed to investigate various features of
the large deformation behaviour of flexible polymer networks,
including extensibility limit, damage or unfolding of secondary
structures.*®39 Similar computational models have been exten-
sively developed for semi-flexible chains and filaments, which
possess bending stiffness.4%41 Another area where DN models
were proved successful is for the modelling of biological 2D net-
works, which are found in various cellular structures as reinforce-
ment of plasma or nuclear membranes. Such networks may be
classified according to their connectivity, with the 3-fold, 4-fold
and 6-fold types of connectivity being the most-commonly en-
countered.“Z A widely-studied example of biological 2D network
is the membrane-associated cytoskeleton of the Red Blood Cell
(RBC), which can be represented as a nearly-perfect triangular
network. DN-based studies of the RBC mechanics include the in-
vestigation of topology-property relationships in the plane as well
as simulations of curved surfaces.#3"47 In the context of ideal syn-
thetic networks such as tetra-arm PEG hydrogels considered here,
only a few studies based on DN models have been reported, which
include some comparison with experimental data.%48 However,
to the best of our knowledge, a systematic study of structure-
property relationships in such networks has not been presented
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yet.

In this work, we develop a computational framework based on
discrete networks to systematically investigate the relative contri-
butions of chain density, average crosslink coordination and chain
contour length on the elasticity of random networks. This study
is limited to two dimensions for simplicity, but generalisation to
three dimensions is conceptually similar. Inspired by ideal net-
work gels, we focus on monodispersed system, i.e. we assume
that all the polymer strands between two crosslink points have
the same contour length. We also assume that the network is free
of entanglements and loops, but we account for the presence of
dangling ends by varying the coordination of crosslinking points.
By considering 2D, possibly-defected networks of 3-fold, 4-fold
and 6-fold coordination, this study is also relevant to biologi-
cal, membrane-associated networks. Computational results are
compared to analytical predictions provided by analytical models
in 2D, including non-Gaussian 2-chain, 4-chain and full-network
models. We also compare our results in the small deformation
regime to the classical Affine and Phantom models.

DN simulation results provide scaling relations between the
elastic modulus and network parameters that contradict the pre-
dictions of classical rubber elasticity theories. The elastic modulus
of 2D networks is found to be independent of the chain density at
constant topology, but scales linearly with the average coordina-
tion at constant density. The modulus is also found to be inversely
proportional to the number of Kuhn segments in the strands.
These results are explained by the coupling between chain pre-
straining and network parameters in the DN model, which is not
taken into account in rubber elasticity theories. Analytical and
computational predictions are reconciled when the dependency
of the initial chain end-to-end distance on density and average
coordination is taken into account in analytical models. Our re-
sults have implications for the interpretation of experimental data
for ideal network gels.

2 Modelling of 2D Random Networks

2.1 Discrete network generation

We consider periodic random networks consisting of n identical
chains in a square domain of size L in the undeformed configu-
ration. The density of chains (number of chains per unit area) is
given by:

n
Lz
The number of chains is chosen sufficiently large to ensure that
the network is statistically representative. For a random network
with n chains and density v, the length L is set by relation (1))
We describe the topology of random network in terms of the av-
erage crosslink coordination ¢, i.e., the average number of chains
meeting at each crosslinking point.

€3]
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Random network geometries were produced starting from un-
structured finite element meshes generated with the open-source
meshing software GMSH.4? First, seeds were randomly dis-
tributed in the simulation domain prior to meshing to enforce
mesh randomness and ensure isotropic mechanical behaviour.
Perfectly-coordinated networks with crosslink coordination ¢ = 3
were obtained starting from triangle meshes by placing crosslink-



ing points at the element centres and connecting them through
the triangle edges. The coordination of each interior crosslinking
point is then exactly 3. Networks with ¢ = 4 were obtained using
a similar procedure but starting from quadrangle meshes. Net-
works with ¢ = 6 were generated starting from triangle meshes
by identifying the triangle vertices with crosslinking points. In
that case the coordination of crosslinks is not uniform but fluc-
tuates about an average value of about 6. Examples of random
networks with ¢ = 3, 4 and 6 are shown in Figs[2|(a)-(c).
Networks with intermediate average coordination values ¢ €
[2,6] were obtained starting from perfectly-coordinated networks
with ¢ =3, 4 or 6 and by randomly removing chains with a cer-
tain probability (1 — p) (i.e. p =1 corresponds to the "perfect",
as-generated network), as represented in Figs d)—(f). In the
following we use the notation Z = 3, 4 or 6 to refer to the coordi-
nation of the original network before removing chains. Since this
procedure causes some of the remaining chains to become elas-
tically ineffective (i.e. they do not transmit any force when the
network is under load), those elastically-ineffective chains were
systematically removed from the network. In the following, the
number of chains n is always taken as the number of elastically-
effective chains. Likewise, the density v always represents the
density of elastically-effective chains, according to Eq. (T).

2.2 Single chain behaviour

We represent polymer strands between crosslinking points as
Freely-Jointed Chains (FJC) consisting of N Kuhn segments with
length b, with N and b identical in all strands. Consistent with
a 2D representation, we assume that the chain conformations
are confined to a planar surface. This situation is representa-
tive of polymers physically adsorbed on a surface or polymers
confined to an interface between two phases. In 3D, the force-
extension relationship of a FJC is described by the Langevin func-
tion Z(x) = coth(x) — 1/x.5Y This relationship is obtained from
statistical mechanics considerations for constant force and tem-
perature. A similar approach in 2D leads to the following force-
extension relationship:L

ﬁzzggi =% (B), 2
where r is the average chain end-to-end distance and f is the nor-
malised force: § = %, with f the applied force, k the Boltzmann
constant and 7 the absolute temperature. The function /,(f) is
the modified Bessel function of the first kind of order v. The func-
tion .%p plays the same role as the Langevin function in the 3D
FJC model. The corresponding Helmholtz free energy of a chain
is:

w(r) = KTN (B —~1og(lo(B))) 3)

where f is related to r by the force-extension relation (2)).
For small elongation (r < bN), relation is approximately
linear: . 5
o= 3 for
(In the 3D FJC model, the denominator in the right-hand side is
3.) In practice, the linear approximation is accurate as long as

B« “4)

r/Nb < 0.3. The force tends to infinity when r approaches the
contour length Nb. The force-extension relationship is qualita-
tively similar to that of the 3D FJC, and therefore we can assume
that our results would remain qualitatively the same if the 3D FJC
model was used instead.

2.3 Network behaviour

Random networks of given density and average crosslink co-
ordination were subjected to prescribed macroscopic stretches
Ay =1/L and A, = /L, where [} and I, are the lengths of the
simulation domain in directions 1 and 2 in the deformed config-
uration. We assume incompressibility: A;A, = 1 and applied ten-
sion in direction 1 (4; > 1). For given values of the macroscopic
stretches, the positions of the interior crosslink points were calcu-
lated from the conditions of mechanical equilibrium. In practice,
these positions were found by minimising the elastic energy of
the network:

1 &
W = 7 Z‘i w(’), (5)
i=
where the chain energy function w is given by Eq. and
depends on the end-to-end distance of the chain. The chain

end-to-end distribution thus depends on the applied macroscopic
stretches, as well as on the network density and topology. En-
ergy minimisation was also carried out in the undeformed state
A1 = A, = 1, since the network generation procedure outlined in
Section does not produce self-equilibrated networks. Net-
works shown in Fig. [2| are equilibrated configurations obtained
after this initial relaxation step in the undeformed state.

Numerical simulations were carried out using the open-source
molecular dynamics software LAMMPS,>?! treating the crosslink-
ing points as atoms and the polymer chains as bonds with user-
defined behaviour corresponding to the force-extension relation-
ship (2). Since Eq. cannot be solved analytically for the force,
a polynomial approximation of the Bessel functions was used.=>3
Principal nominal stresses P, and P, (force per unit of undeformed
length) were calculated from the reaction forces on the bound-
ary nodes, and the corresponding Cauchy stresses were calculated
from the relations 6y = P;/A; and 0, = P, /A;.

In the DN model, vanishing macroscopic stresses correspond to
the collapsed state of the network. This follows from the force-
extension relationship (2), in which a zero force corresponds to a
vanishing mean chain end-to-end distance. Consequently, a ten-
sile hydrostatic stress is needed to maintain a finite volume. In
real networks, network collapse is prevented by physical effects
such as excluded volume or the presence of a solvent (osmotic
pressure). These effects are not explicitly accounted for in the
present model. However, due to incompressibility the macro-
scopic response is independent of the hydrostatic stress, and
therefore here we only consider the stress difference (o] — 0,).
The elastic modulus of the 2D network is defined as the initial
slope of the macroscopic stress-stretch relation:

E= lim {91 =%)

AM—1 d/ll ’ ©®

where the principal stress difference is taken as a function of 4,
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Fig. 2 (a)-(c) Random networks with coordination ¢ = 3, 4 and 6 (Z = 3, 4 and 6) having about 12500 chains. (d)-(f) Random networks obtained by
removing chains from random networks with respectively Z =3, 4 and 6 and p = 0.8. The number of chains are about 9500 and the resulting average
coordination values are (d) ¢ =2.49, (e) ¢ =3.21 and (f) ¢ =4.79. All networks are represented in their equilibrium configuration in the undeformed
state 1; = A, = 1. The shortest chain path along the tensile loading direction is indicated in red in each network.

only (since A, = 1/A;). Under the assumption of incompressibility,
we can always superimpose on the calculated state of stress a
mean stress such that o, = 0, with no effect of the stretches. The
above modulus is thus identified with the Young modulus of the
incompressible 2D network.

The maximum extensibility of the network is defined as the
stretch A; at which the macroscopic stress asymptotically tends
to infinity. This value is difficult to calculate accurately due to
convergence problems arising at large stretches in the computa-
tional model. As an alternative measure, we consider the shortest
chain path between the left and right boundaries of the domain,
and estimated the maximum stretch by the sum of the contour
lengths of all the chains belonging to this path, divided by the
initial length of the domain:

ngNb
Amwc: SL ) (7)

with ng the number of chains in the shortest path. The advantage
of this measure is that it only depends on the network topology
and does not require a mechanical analysis. The shortest path of
random network was identified using Dijkstra’s algorithm®# avail-
able in the NetworkX package of Python. The shortest chain path
is represented in red on the networks in Fig. 2} Eq. (7) indicates
that the maximum extensibility scales linearly with the number of
Kuhn segments. Since the length L is set by relation (), it also
means that the maximum extensibility scales with v!/2, whereas
the network topology at fixed density impacts the maximum ex-
tensibility via n; in an implicit manner.
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3 Analytical models

DN models can provide detailed predictions for random network
with almost arbitrary topology. Yet, the computational cost is rel-
atively high, and analytical constitutive theories remain essential
for large scale simulations of soft structures. Here we consider
three 2D models, which are the counterparts of well-known mod-
els of rubber elasticity in 3D, namely the 3-chain model, 8-chain
model28 and full-network model.2% These models consider a set
of representative chains sampling the orientation space in the un-
deformed configuration of the network and which deform affinely
with the macroscopic stretches. Like in the DN model, the force-
extension relationship of individual chains is described by the 2D
FJC model, Eq. (2). DN simulations and analytical models differ
in their representation of the network architecture and modelling
of the partitioning of stretches among the chains. One of the ob-
jectives of this study is to assess the predictive capability of these
three models, using the DN results as reference results.

2-chain model: The 2-chain model considers two representa-
tive chains with identical initial end-to-end distance ry aligned
with the principal stretch directions. In the deformed configura-

tion, the chain end-to-end distances become
r=2iro, 2 =or, ®)

where the superscript i refers to chain i in the unit cell. Using Eqs
and (5, the free energy per unit volume of the network is



obtained:

- kTNv ).1}’0

w
2 Nb

B 1 loglp(BM) 4 20 52 +1oglo(ﬁ(2)>} ,

Nb
©)]
where we gave a density v/2 to each representative chain. The
stress-stretch relations is calculated as:

aw ow
O'I*GZZAITMM* ZTM’M’ (10)
giving:
1
01— 03 = S (KTNV) (%) (/3“)11 7ﬁ<2>xz). (11

The maximum extensibility of the network is reached when the
chain aligned with the first principal direction reaches the contour
length, r(1) = Nb, giving:

Nb

}Lmax = (12)
o

4-chain model: The 4-chain model considers a square unit cell
with four chains connecting each vertex to the centre of the cell.
The unit cell deforms with the macroscopic principal stretches. It
follows that all chains have the same end-to-end distance, r = Ary,
where the chain stretch A is given by:

AL+ 3
A=V LM (13)

V2

The free energy per unit volume of the network is:

A
W =kTNv (;g—bﬁ +log10(/3)) , 14
and the stress-stretch relation is given by:

_ 1 o ﬁ 2 1

The maximum extensibility corresponds to A = Nb/rq:

Vit T N (16)

V2 o

Full-network model: The full-network model considers a dis-
tribution of identical chains with initial end-to-end distance ry
and random orientation. Each chain is assumed to deform affinely
with the macroscopic stretches. The stretch of a given chain,
A(0) =r(6)/ro then depends on its orientation in the undeformed
configuration, described by the angle 6 between the chain end-
to-end vector and the first principal axis. The chain stretch as a
function of 6 is given by:

A(B) = \/cos2 9/112+sin2 9122. a7

The free energy density of the network is obtained by volume av-
eraging of the individual chain energies over all the orientations:
\%

21 7
=5 kTN<N—(;)A(9)ﬁ(6)—log(lo(ﬁ(e))))de. (18)

Using Eq. (10), the stress-stretch relation is obtained:

o
— 0, =kTN (—)
o] — 0y v Nb

1 /2” 112 cos2 0 — 122 sinZ @

57 ) - B(6)d6. (19)

The maximum stretch is found when chains aligned with the first
principal direction (i.e. with 6 =0 and A = A;) reach their contour
length, so that the maximum extensibility is simply expressed as:
Nb
2rma)c = - (20)
1o
This is the same extensibility as the extensibility predicted by the
2-chain model.
In the Gaussian limit of small chain stretch (ﬁ < 0.3), all three
models give the same stress-stretch relation:

2
0] —0p = (kTNV) (%) (llz — ;12) N (21)

and the modulus defined by Eq. (6) is given by:

Gauss 0 \?2
ECaUss — 4(kTNv) (ﬁ) . 22)

Rubber elasticity models usually assume that the parameter r
is independent of density. For example, for a dry network ry is
often identified with the root-mean-square (rms) value of the end-
to-end distance of a freely-jointed chain under no force, ry = v/Nb,
regardless of the chain density in the network. It then follows
from Eq. that the modulus is proportional to density and
independent of N.

In contrast, in DN models the distribution of chain end-to-end
distances cannot be prescribed a priori, as it intrinsically depends
on density and network topology. As shown in the next section,
the dependence of ry on density leads to the loss of proportion-
ality between elastic modulus and density at fixed topology. In
the next section, we identify the relationship between ry, density
and network topology parameters to be used in Eq. from DN
simulations.

4 Results

4.1 Evolution of initial chain end-to-end distance with net-
work parameters

In a discrete network model of given density and topology, the dis-
tribution of the chain end-to-end distances is dictated by the con-
dition of mechanical equilibrium under prescribed macroscopic
stretches. We define the initial rms average chain end-to-end dis-

tance as: 1/2
([ Iy(0)?
V0—<n;(ro>> , 23)
(0

where r;’ is the initial end-to-end distance of the it chain in the
equilibrated, undeformed configuration of the network (A; =4, =
1). The rms average is used in reference to the classical descrip-
tion in rubber elasticity theory. In our simulations, the number
of chains n in a network of given topology is kept constant, and
the simulation length is calculated from the desired density as
L= (n/ v)%, according to Eq. . It follows that the initial chain

Journal Name, [year], [vol.], 1 |5



end-to-end distances also scale with v_%, that is, increasing den-
sity at constant topology requires "compressing" the chains. The
relationship between average chain pre-stretch and density is il-
lustrated in Fig. a) for random networks with ¢ =3, 4 and 6.
The scaling of the initial average chain end-to-end distance with
density is clear from the inset in the figure.

At constant density, the initial average chain end-to-end dis-
tance also depends on the average coordination of the crosslink-
ing points, as illustrated in Fig. [B[(b). As seen in the inset of
this figure, the initial average end-to-end distance scales with the
square root of the average coordination, and tends to zero when
the average coordination tends to a critical minimal value near
the percolation threshold. When approaching the percolation
limit, only a few paths of highly extended chains span the simula-
tion domain, while the majority of chains have almost collapsed
(r((f) ~ 0), so that on average 7 is close to zero. The inset in Fig.
b) also suggests that 7y depends on Z, for a given value of ¢.
This indicates that network topology is not completely described
by average network coordination alone, and that other topologi-
cal factors (which depend on the network generation procedure)
also govern the initial chain end-to-end distance distribution. In
the rest of this study, we neglect the effect of the Z-value of the
initial, perfectly-coordinated network and identify the scaling re-
lation by performing a single regression for the three curves rep-
resented in Fig. [3|(b).

Based on the numerical results of Figs (a) and b), we pro-
pose that 75 scales with density and average coordination as
%, where o and 3 are regression parameters assumed identi-
cal for all Z values (note that the scaling with v is "exact" since it
directly follows from geometry). The best-fit scaling relation over
all three Z-values is remarkably simple:

2 q5 — ¢3c

o= , 249
1%

where @, = 2 represents the average coordination at the percola-
tion threshold. The prediction of Eq. is represented by the
continuous black lines in Figs[3|(a) and [3[(b). The discrepancy be-
tween numerical and analytical predictions in Fig. [3(a) is due to
the regression error in Fig. [3(b) for the corresponding value of
average coordination.

It is worth noting that 7, is independent of the number N of
Kuhn segments. While N impacts the force necessary to maintain
a chain end-to-end distance, it does not impact the equilibrium
positions of the crosslinking points in the network. As shown
in the following, the dependence of initial chain end-to-end dis-
tance on network parameters is key to understand the relation-
ships between network parameters and mechanical properties.
Likewise, analytical model predictions agree with DN simulations
only when the dependence of 1y on density and average coordi-
nation is taken into account.

4.2 Effect of network parameters on mechanical properties

Figs [4(a) and [4(b) show the evolution of modulus with density
and average network coordination, as predicted by the DN model.
The modulus is mainly independent of density, except at very low
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Fig. 3 Normalised rms average of the initial chain end-to-end distance
as a function of (a) normalised density (¢ = Z =3, 4 and 6) and (b) the
network average coordination for vb> = 0.02. In both figures the number
of Kuhn segments is N = 100. Different symbols refer to the perfectly-
coordinated network (with coordination Z = 3, 4 and 6) from which the
actual network with intermediate coordination was obtained by randomly
cutting chains in (b). The continuous black lines correspond to relation

(24).

density values, where it tends to infinity as density approaches
zero. These trends directly follow from the dependence of the
initial chain length distribution on density. Indeed, increasing
density at constant coordination leads to a decrease in the ini-
tial chain end-to-end distances (Fig. a)), which in turn reduces
the energy stored in the chains in the initial configuration. At
moderate to high density values, the energy reduction brought
about by a decrease in the initial chain length exactly compen-
sates the increase in free energy due to an increase in density,
and the modulus is independent of density. A low density values
however, chains are initially pre-stretched beyond their Gaussian
limit (% > 0.3). When density further decreases, the increase in
elastic energy stored in the highly pre-stretched chains dominates,
and the modulus increases. These trends are well reproduced by
the analytical estimate of the modulus , with r(z) given by Eq.
(24).

In contrast, the modulus depends markedly on average coor-
dination for a constant density (Fig. b)). The figure shows
numerical results for networks with average coordination rang-
ing from ¢ ~ 2 (near the percolation threshold) to ¢ = 6, which
were obtained by randomly removing chains from perfectly-
coordinated networks with Z = 3, 4 or 6. Density was kept con-
stant by scaling the domain dimensions using relation (I). The
value of density used here (vb* = 0.02) ensures that chains are
in their Gaussian regime in the undeformed configuration, cf.
Fig. a). Predictions of Eq. are also shown, in which 7}
was calculated from Eq. (24). The good agreement indicates
that the modulus scales as (§ — @), with vanishing modulus at
¢.. For given density and average coordination, the modulus also
depends on the coordination Z of the original random network
before the chain removal procedure. The modulus is lower in net-
works with a large Z value, i.e. networks from which more chains
had to be removed to reach the desired average coordination ¢.
As previously mentioned, this indicates that average coordination
does not fully characterise the topology of random networks, and
that other factors impact the mechanical behaviour. However, the



variation in modulus between networks with different Z values
can be seen as a second-order effect compared to the clear linear
dependence of modulus on average coordination.

Figs [A((c) and [4l(d) show the effect of density and average co-
ordination on the maximum extensibility of random networks es-
timated based on the shortest path distance using Eq. (7). Pre-
dictions of the 2-chain model (or equivalently the full-network
model), Egs and 1| are also shown, in which rg was es-
timated by relation (24). The maximum extensibility scales with
the square root of density (Fig. [4l(c)), which immediately fol-
lows from definition of the maximum stretch and accounting
for relation between the domain size and density. Physically,
since chains have lower initial end-to-end distance at high density
(Fig. a)), they can accommodate a larger stretch before reach-
ing their contour length. The same scaling is predicted by the
analytical models with ry estimated by (24). On the other hand,
the maximum extensibility scales with ¢ ~2 (Fig. d)), with infi-
nite extensibility at the percolation limit. This can be understood
based on the evolution of the chain initial end-to-end distance
with coordination (Fig. b)). At constant density, chains in net-
works with low coordination have a lower degree of initial pre-
stretch than chains in networks of higher coordination, and can
thus accommodate a larger applied stretch before reaching their
contour length.

Finally, Fig. [5|shows the evolution of elastic modulus and max-
imum extensibility of the network as a function of the number
of Kuhn segments N in the chains. The modulus scales with N~
(Fig. a)), in good agreement with the model with r(z) cal-
culated from Eq. ([24). In other words, networks are softer when
the number of Kuhn segments in the chains increases. On the
other hand, the maximum extensibility scales linearly with N (Fig.
[Bb)), in agreement with the analytical prediction (12), again es-

timating r% by .

4.3 Comparison between analytical models and discrete net-
work predictions

We next compare the stress-stretch curves predicted by the ana-
lytical models to reference DN simulations for ¢ = 3 and 4, with
vb* =0.02 and N = 100. In the analytical models, ry was calcu-
lated from Eq. , giving 7o /Nb =0.07 for ¢ =3 and 7y/Nb =0.1
for ¢ = 4. Network topology is thus accounted for in a implicit
manner in the analytical models via the value of r.

The comparison is shown on Fig. [6] Results show the expected
nonlinear relationship between stress and stretch, with the stress
first increasing linearly at low stretches, before showing strongly
non-linear behaviour once the chains enter their non-Gaussian
regime. The macroscopic stress then tends to an infinite value
as the macroscopic stretch approaches the maximum extensibility
of the network. All three analytical models predict virtually the
same behaviour at small to moderate stretches (all three models
predict the same modulus in the Gaussian regime), in good
agreement with DN simulations. However, models differ at large
stretches. The 4-chain model is found to significantly underesti-
mate the stress for both coordination values. In the case ¢ = 3,
the full-network model is in good agreement with the discrete

S‘:|»~
wfx

Amax

Fig. 4 Evolution of the normalised elastic modulus with (a) density v and
(b) average coordination of the network with vb> = 0.02; evolution of the
maximum extensibility with (c) density and (d) average coordination of the
network with v6? = 0.02. The number of Kuhn segments is N = 100 in all
simulations. In (a) and (c), networks with Z = ¢ = 3. 4 and 6 were consid-
ered, and density was varied by scaling the simulation domain according
to Eq. . In (b) and (d), networks of varying coordination were pro-
duced by randomly removing chains from initially perfectly-coordinated
networks with Z = 3, 4 or 6, while density was kept at a constant value
by scaling. Continuous black lines in (a) and (b) show the estimate of the
modulus , and continuous black lines in (¢) and (d) the estimate of the
extensibility . In the analytical models, r2 was estimated by relation

24).

network results at all stretches, while the 2-chain model is more
accurate in the case ¢ = 4. The 2-chain and full-network models
both include representative chains aligned with the tensile load-
ing direction, leading to a stiffer response than the 4-chain model.
This suggests that the discrete network behaviour is dominated by
those chains that are initially aligned with the principal loading
direction.

5 Discussion

We have used discrete network simulations to identify the relative
contributions of chain density, average network coordination and
number of Kuhn segments per chain on the mechanical proper-
ties of 2D random networks. The elastic modulus was found to
scale as E ~ %, and to be independent of the density of elastically-
effective chains. These trends are well reproduced by the analyti-
cal estimate (22)), provided that the dependence of the initial end-
to-end distance ry on density and average coordination is taken
into account.

These results are explained from mechanical considerations.
When density increases at constant topology, the average initial
chain length decreases (Fig. a)), which reduces the elastic en-
ergy stored in the chains. This energy decrease exactly balances
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Fig. 5 Evolution of (a) elastic modulus and (b) maximum extensibility with
the number of Kuhn segments N in the chains at constant density and
average functionality, for vb? = 0.02. Continuous black lines correspond

(a) Eq. and (b) Eq. (12), in which 13 was estimated by relation (24).
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Fig. 6 Stress-stretch response of networks with (a) ¢ =3 and (b) ¢ =4,
for N =100 and vb? = 0.02. In the analytical model, r, was calculated

from Eq. .

the increase in energy due to adding more chains per unit area in
the network, and as a result the modulus remains constant. When
average coordination increases at constant density, the average
initial chain length increases, and the modulus also increases. The
decrease of modulus with N follows from the fact that individual
chains are more flexible when N increases, cf. Eq. (E-])

Our results contradict the predictions of widely-used rubber
elasticity models such as the Affine and Phantom models, which
both assume that the initial end-to-end length distribution is in-
dependent of density and topology. In 2D, the Affine model gives
EAffine — 44Ty (see Appendix), which coincides with expression
when rq = +/Nb. The Phantom model predicts a lower value
of the modulus compared to the Affine model by accounting for
the fluctuations of the crosslinks: EPhantom _ pAffine (1 - %3.25
Both the Affine and Phantom models predict that the modulus is
independent of N, which also differs from DN predictions, cf. Fig.
Gla).

DN simulation results and predictions of the Affine and Phan-
tom models in 2D are compared in Fig. [7] At fixed network topol-
ogy, the Affine model agrees with DN predictions only near the
density value v* for which 7y = v/Nb in the DN model (for ¢ = 4,
v*b? 2~ 0.02), whereas the Phantom model prediction meets the
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Fig. 7 (a) Evolution of the elastic modulus with density at constant co-
ordination (¢ = 4) with N = 100. (b) Evolution of modulus with average
coordination at constant density (v = v*) with N = 100 and vi? = 0.02.

DN curve only for a density value twice larger (Fig. [7|(a)). At
fixed density (v = v*) (Fig. b)), the Affine model meets the DN
results near ¢ = 4. The Phantom model crosses the DN predictions
at lower average coordination value, but predicts a different scal-
ing of modulus with average coordination. In contrast, the simple
estimate together with relation (continuous lines) well
predicts the evolution of modulus with both density and coordi-
nation.

It is possible to extrapolate to 3D some of these scaling relations
based on simple geometric considerations. Regarding the scaling
of the initial chain end-to-end distance with density, a reasoning
similar to the 2D case suggests that: ry ~ v~!/3, independently of
N. (Identifying the scaling of ry with average coordination would
however require a computational investigation in 3D.) A simple
estimate of the (shear) modulus using the Affine model in 3D then

gives:
2 vl/3
G=kTv|-L | ~— 25
<Nb2 N (25)

where the scaling holds at constant topology. This result again
contradicts the classical result that G should be proportional to
the density of chains and independent of the number of Kuhn
segments, and is a direct consequence of the dependence of chain
pre-straining on density.

The assumption that the initial end-to-end distance distribu-
tion is independent of density is reasonable for polymer networks
which result from a random crosslinking process, such as vulcan-
isation or free-radical crosslinking copolymerisation. This is in-
deed the context in which rubber elasticity theory was developed
in the first place. In vulcanisation processes, pre-existing linear
chains are crosslinked randomly, leading to a broad molecular
weight distribution.® Free-radical copolymerisation also lead to
an irregular and spatially inhomogeneous network due to uncon-
trolled chain-growth and crosslinking.*>>/ The number of Kuhn
segments in rubber elasticity theories must then be understood
as an average value for a representative chains. In recent years
advanced models have been proposed to account for molecular
weight distribution in rubber-like materials.2"28 This assump-
tion becomes however questionable for networks produced by the
coupling reaction of branched macromonomers with well-defined
arm lengths, such as ideal tetra-arm PEG hydrogels. In such gels



it is expected that density of elastically effective chains, topol-
ogy, and initial end-to-end distance distribution are all intrinsi-
cally coupled through the cross-coupling process in solution. For
such networks, our results suggest that scaling relations between
mechanical and network properties are different from those pre-
dicted by classical rubber elasticity theory.

Comparison to experimental data for near-ideal gels is needed
to assess the validity of the proposed scaling relation ([25). No-
tably, Sakai and coworkers investigated the effect of pre-polymer
volume fraction and molecular weight on the elastic modulus of
tetra-arm PEG hydrogels.1#17 The density of elastically-effective
chains was calculated from volume fraction and reaction effi-
ciency using a tree-like approximation. These authors reported
a shift in modulus from the Phantom prediction to the Affine pre-
diction at around the overlapping polymer volume fraction with
a super-linear rate. Interestingly, this trend can be explained nei-
ther by classical rubber elasticity theory, nor by our proposed 3D
scaling. On the other hand, the elastic modulus was found to de-
crease with the number of Kuhn segments, in qualitative agree-
ment with Eq. (25).1% However, it is difficult to draw definitive
conclusions on the relative contribution of density based on these
experimental studies, because 1) there is an uncertainty on the
actual value of the density of elastically-effective chains in the
network, and 2) the topology of the network most likely changes
as the volume fraction of pre-polymers increases. For example,
a recent study based on kinetic graph theory and Monte Carlo
simulation showed that the fraction of secondary loops decreases
when the volume fraction increases.2? Second-order loops are
believed to have a significant impact on the elastic properties
of polymer networks.“422 A couple of recent publications further
pointed out that loop formation during gelation can lead to chain
pre-straining, and that this factor should be accounted for in rub-
ber elasticity theories.%61 The present study provides another in-
dication that chain pre-straining associated with topological fea-
tures can significantly impact the elastic behaviour, even in the
absence of loops.

Regarding the maximum extensibility of the network, DN re-
sults in 2D indicate that A, ~ v'/2N at fixed topology, and that
Amax Scales with (5*1/ 2. In 3D, a measure based on the shortest
path would predict that A, ~ v1/3N at fixed topology. (Identify-
ing the role of topology on maximum extensibility in 3D requires
a computational study.) This is different from classical theory,
which predicts Apqax ~ N'/2 in 2D and 3D, independent of density
(and topology).

Experimental investigations for tetra-arm PEG gels suggested
that Apay ~ v,l,/ 3N2/3) where v, is the volume fraction of pre-
polymers.25%02 Assuming that the density of elastically-effective
chains is proportional to volume fraction, experimental findings
thus confirm the DN predictions regarding the effect of density
on the extensibility limit. On the other hand, the scaling expo-
nent for N deduced from experiments appears to be intermediate
between classical theory and DN prediction. As previously men-
tioned, the relative contribution of each network parameter is dif-
ficult to assess in experiments since the network topology is likely
to change when the volume fraction and/or molecular weight of
the pre-polymers is changed.

The generalisation of the DN modelling approach to 3D and
confirmation of the anticipated scaling relations will be presented
in a forthcoming study, together with direct comparison to exper-
imental data. The effect of secondary loops on the elastic prop-
erties will also be investigated, alongside the effect of average
coordination, density and number of Kuhn segments. System-
atic comparison between DN predictions and non-Gaussian rub-
ber elasticity theories in 3D will be carried out to assess their
underlying assumptions, in particular regarding the partitioning
of stretches among chains with different orientations.

6 Conclusion

We have developed of computational framework based on dis-
crete networks to investigate the effect of network parameters
on the mechanical properties of flexible polymer networks in two
dimensions. In particular, the relative contributions of the den-
sity of elastically effective chains and average network coordi-
nation were investigated. Our results show different scaling re-
lations between mechanical properties and network parameters
than those predicted by classical rubber elasticity theories. Most
notably, two-dimensional discrete network simulations show that
the elastic modulus is independent of density at constant topol-
ogy, and scales linearly with the average coordination. The dis-
crepancy with rubber elasticity theory comes from different fun-
damental assumptions regarding the end-to-end distance distri-
bution of the chains in the undeformed configuration of the net-
work: while rubber elasticity theories assume that the distribu-
tion is independent of density and topology, in discrete network
models the distribution is intrinsically coupled to the network pa-
rameters via the mechanical equilibrium equations. We hypoth-
esise that the latter assumption is relevant for the study of the
mechanical behaviour of networks formed by the coupling reac-
tion of macromolecules in solution, such as ideal tetra-arm PEG
hydrogels. Extension of the computational framework to three
dimensions and comparison to experimental data are needed to
validate this hypothesis.
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A 2D Affine model

The Affine model considers an assembly of long polymer chains
that are randomly crosslinked at a relatively small number of
points. It is assumed that the rms average end-to-end distance
of the polymer strands between crosslink points is the same as
that of a free chain, ro = Ag\/Nb. Since different polymer strands
typically have different molecular weights, N actually represents
the number of Kuhn segments of a representative chain. The
stretch Ay represents the swelling stretch relative to the dry state.
The chain density in the swollen and dry state are thus related
by vy = vA3. End-to-end vectors between crosslink points are
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assumed to deform affinely with the macroscopic stretches A,
and A, (with A;4; = 1), measured relative to the swollen state.
The components of a given end-to-end vector having components
(x0,¥0) in the pre-swollen state are thus:

(26)

x=Mxg, y=MAyo.

The free energy of each chain in the network is given by Eq. (3).
Summing the energies of the n (elastically-effective) chains in the
network and dividing by the area A of the swollen network, the
free energy density is obtained:

(i) (29

+C, 27

1

where C is a constant. Given that the chains are randomly dis-
tributed in the network, and using the above expression for the
rms average rj, we have:

Y2 Z =22 = Zainn. (28)
i=1 0 2072
Inserting the above result into Eq. ([27), we finally obtain:
kTv
A +23-2), 29

where we used v =n/A and have identified the constant C by
requiring the free energy to be zero in the unstrained state A; =
Ay = 1. Using Eq. (10), the stress-stretch relation is given by:

01 — 0y = kTVAS (llz };) .
1

The corresponding modulus of the network, defined in Eq. (6),
is:

(30)

Eaff _

4KTVAG = 4kT vy (31

The latter equation indicates that, for a given dry network, the
elastic modulus is independent of the degree of swelling. This
can be understood as follows. Upon swelling of a network with
fixed density v, chains are pre-strained and the energy of the
network scales with A2, while concurrently the density decreases
as 1/A3. The increase in free energy associated with the decrease
in entropy of the chains upon swelling exactly balances the ef-
fect of a lower density. This is different from the 3D case. In
the 3D Affine model, the energy still scales with /lg due to chain
straining during swelling, however the density decreases as 1/47,
giving the classical relationship between the (shear) moduli in the
swollen and dry states: G = G4 /.21
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