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1. Introduction

We consider the nonlocal system of Cahn—Hilliard equations with degenerate
mobility derived in [36],

O — V(0¥ (kBlo) + aBr) —yp—fm) i (0,400) x T4 (L)
=¥V (@Bl + Bl ~ fp ) (0400)x T4 (12)

equipped with an initial datum (pg,n0) € Z(T%)? where 22(T9) is the space of
probability measures on the flat torus of dimension d. Here, k,a,v > 0, 8 € R
while B is the nonlocal operator B = B, defined with
1 1
Belucl(@) = 25 ue(e) = oz v uele)) = 5 [ wely)ue(o) — uele — )y (13)
T

for £ small enough and w; is the usual radial mollification kernel, w.(z) = Zrw(%),
with w compactly supported in the unit ball satisfying

2
/ wy)dy =1, / yw(y)dy =0, / yiyjwdy = 51‘,;3- (1.4)
Rd Rd Rd
Our target is to prove that as € — 0, the constructed solutions of
0 .
a_i =V (pV (kBclp] + aBc[n] —vp—n)) in (0,400) x T, (1.5)
0 .
5= V-V (@Bl + Bl = Bp—m) in (0,4+00) x T (1.6)
tend to the weak solution of the local system of degenerate Cahn—Hilliard equations
dp
5 =V (pV (=KAp —aln —vp — ), (L.7)
on
gt =V (IV(—alp—An—fp—mn). (1.8)

Here, k > 0 and vy > 0 represent the relative self-adhesion strength of p with respect
to n; while @ > 0 and 3 € R give the relative strength of the cross-attraction forces.
We also denote by

tpe = KBe[p] + aB:[n] —vp — Bn,
pin.e = aBe[p] + Be[n] — Bp —n

the chemical potentials (from the Cahn-Hilliard terminology) related to the
nonlocal system. The nonlocal system is associated with the following formal
energy/entropy structure:

Elpil =g [, [ 2 wlote) - oo~ ) + o) — e = 0)) oy

2450041-2



Commun. Contemp. Math. 2025.27. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 07/15/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Degenerate Cahn—Hilliard systems: From nonlocal to local

23 [ ] 200 - oo = ) ate) — (e~ ) ey

82
- /w %pQ - %772 + Bpndz, (1.9)
Blova] = [ pog(p) = 1)+ nllog(n) ~ 1) . (1.10)

Their dissipation is formally controlled by the identities

t t
EMM@+/ApWW$+/AnWMﬁ§&mmL (1.11)
0 d 0 d

®[p,n](t) + DP[p,n|(t) < ®[po, 0], (1.12)

where D®[p, n](¢) is the dissipation of the entropy defined as

De[p,n](t)

1 [t We , )
- 5/0 /ﬂ-d /Td €(2y) (6|Vp(x) = Vp(z —y)|" + [Vn(z) — Vn(z — y)|°) dzdy ds

Jroz/o /Td /Td ws(y) (Vp(x) — Vp(x — y)) . (Vn(x) _ Vn(x . y)) de dy ds

2

t
—/ / YIVpl2 +|Vn|* +26Vp - Vndzds.
0 Jrd

It turns out (see Proposition B]) that for k > a2, x > 0 they provide strong
compactness in the space of p., 1-, Vpe, V1.

Our first result states that we can construct solutions to (LH)—(LH) satisfying
additional uniform estimates which will be relevant in the sequel.

Theorem 1.1 (Existence of solutions for the nonlocal system). Suppose
that k > 0, k > o?. Let eg = min(ef, ef) be given by Proposition 21l and Lemma
B Let uo = (po,n0) € P(T4)? be an initial datum with finite energy and entropy
E-(u%),®(u) < C defined in (L) —~CIQ), where C is independent of €. Let & < &g.
Then there exists a global weak solution u. € 2(T4)? of (LH)-(L0) as defined in

Definition Bl Moreover, it satisfies

//wizy)(lpe(x)pe(a?y)l2+lne(x)?7s(xy)|2)dxdl/§cv (1.13)
Td JTd

/OT/Td /Td wgggy)ﬂVpE(x) —Vp(z —y)?

+|Vn.(z) = Vno(z —y)*) dedydt < C (1.14)

for a constant C that depends on the parameters and the initial condition u® but
not on €.
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Remark 1.1. The condition E.(u’) < C where C is independent of ¢ can be
ensured by assuming that the initial conditions belong to H'(T?). We refer to [T}
Theorem 1].

The proof of this result follows from the argument of [29]. We decided to include
the proof to demonstrate the estimates (LI3)—(I4) which are essential for our
main result which reads as follows.

Theorem 1.2 (Convergence of nonlocal to local Cahn—Hilliard equation
on the torus). Suppose that k > 0, k > o?. Let ug > 0 be an initial datum with
finite energy and entropy E-(u®), ®(u’) < C defined in ([I9) and ([LI0), where C
is independent of €. Let {u.} be a sequence of solutions of the degenerate nonlocal
Cahn—Hilliard equations (LI)—([LG) as defined in Definition BIl Then, up to a

subsequence (not relabeled),
ue — u in L*(0,T; HY(T?)) as € — 0,

where u is a weak solution of the degenerate Cahn-Hilliard system (7)) as in
Definition 411

Remark 1.2. The case of the strong cross-diffusion effect 0 < k¥ < «o? seems

out of reach as we are not able to obtain the necessary a-priori estimates for the
compactness arguments, as in Proposition 2.1}

Remark 1.3. Theorems [I.1] and are proved for the particular case of the
degenerate mobility m(u) = u. Concerning the existence of solutions to the Cahn—
Hilliard-type equations with general mobilities, we refer to [45] where the case of
concave mobility has been considered by exploiting the modified Wasserstein dis-
tances introduced in [30]. The convergence ¢ — 0 for equations with general mobility
is an ongoing research direction.

We conclude with a short discussion of the applied techniques and considered
problems.

Ezistence of weak solutions. The strategy to prove the existence of weak solutions is
based on the gradient flow structure of the equation in the Wasserstein space. We use
the JKO scheme first introduced in [42] by Jordan et al. in the context of the Fokker—
Planck equation. The main idea is to use an implicit time discretization of the
associated variational problems. The sequence created minimizes the movements.
When the time step goes to 0, the sequence converges to the associated gradient
flow. This strategy has been used for instance in [43] [44] in the context of Cahn—
Hilliard equation and in [29] in the context of cross-diffusion systems with nonlocal
interaction. The proof of Theorem [[T]is in fact closely related to the one in [29] and
we follow to some extent their proof. The difference is the control of the positiveness
of the energy and the transport of uniform bounds independently of £ needed in
the last section. Also, our settings are periodic in space. The proof uses two main
components:
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e The “gradient flow” structure of the scheme which provides classical discrete
energy estimates and Hoélder continuity in time and allows narrow convergences
of the scheme.

e With the weak convergences being not enough, we use the flow interchange
lemma [44] [45]. The idea is that we usually obtain better estimates with the
entropy in the Cahn—Hilliard equation. This entropy generates a heat flow. Then
the flow interchange lemma allows to exchange the dissipation of one functional
along the gradient flow of another one, and thus improves the regularity of the
scheme.

Nevertheless, since we assume that x > a? and x > 0, the system is strongly

parabolic with respect to (p,n). Therefore, to prove existence, one could approxi-

mate (I5) (IE) by

% =V - (T5(p)V (kBclp] + aB:[n] —vp — An))  in (0,+00) x T¢, (1.15)
% =V (Ts(mV (aB[p] + Be[n] = Bp—n)) i (0,+00) x T4, (1.16)

where T is a function such that § < Ty < % and T5(9) — 0 as 6 — 0. Then, one
sends § — 0 and obtains the solutions to (LH)—(LH). This method is a standard
way of proving the existence of solutions to Cahn—Hilliard equation with degenerate
mobility [28| B2, [34] [48]. Of course, one has to prove the existence of solutions to
([CID)-(@Id) by virtue of fixed point method and Schauder’s estimates for parabolic
equations which is very technical. Therefore, we preferred to apply gradient flow
techniques which are natural for our problem.

Passage to the limit ¢ — 0 and nonlocal compactness results. We use the strategy
developed by Elbar and Skrzeczkowski in [33] for the single Cahn—Hilliard equation.
The main tool is the compactness result due to Bourgain et al. [IT] and Ponce [49]
which reads as follows.

Proposition 1.1. Let {f.} be a sequence bounded in L?(T%). Suppose that

/ / |fe(z | 7][5( )| we(lz —yl)dady < C (1.17)
Td JTd xr

y[?

for some constant C. Then, {f.} is strongly compact in L?(T?) and the limit f €
W2 (Td).

Proposition [I11] is crucial because the difference quotient appearing in (LI
can be controlled by the energy and the dissipation of the entropy of Cahn—Hilliard
equation which yields compactness. The novelty in this paper comes from the treat-
ment of cross-interaction terms. It turns out that we can control possibly the neg-
ative terms appearing in the energy and the dissipation of entropy by a simple
interpolation inequality, see Lemma 2.1l and Proposition 211
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Aggregation—diffusion systems. System (LH)—(L6]) is an example of aggregation—
diffusion system [18] which is attracting a lot of mathematical attention nowadays
[6, 211 22, [35, [52]. To motivate, let us first start with an aggregation equation

%Jrv'(pu) =0, u=-VWxkp, (1.18)
where W : T — R is a symmetric interaction potential. Over the last years,
Eq. (II8) was applied in the contexts of biological aggregation [10,47, 53], materials
science [39], granular media [7, 24] and it attracted also a lot of mathematical
interest, particularly for nonsmooth potentials. We only refer to [9] for the L?
theory, to [19] for the theory in spaces of measures and to [8] for blow-up conditions.
Equation (ICI8) can be derived from the particle system via mean-field limit [40, [41]:
one can consider N particles having the positions {X;},=1 . n satisfying the system
of ODEs

1
Xi=—+ > VWX - X;);
J#i
then, under appropriate assumptions on W, the empirical measure p(t) =
~ Zf\; dx,(+) converges (in the weak* topology of measures) to a solution of (LI,
see [15, Theorem 3.1] for the proof and [I6] for some extensions.

To obtain the aggregation—diffusion equation from (II8)), one can consider inter-
action potentials of the form W, = W + 2vdy modeling two effects: repulsion of
strength v and nonlocal attraction. Informally, we obtain

Idp

o =vAp*+ V- (pVW *p), (1.19)

but this can be made rigorous by approximating the Dirac mass with a sequence
of mollifiers, see [12, [I7] with m = 2. Of course, ([.I9) can be extended to include
the more general diffusion term Ap™ instead of Ap? as well as an advection term,
see [20].

One can also consider a system of particles {X;}i=1,.. n, {Yi}i=1,.. .~ repre-
senting two populations. Then, repeating the derivation explained above, one can
arrive at a system of equations of the form (I))-(2]) which can be used to model
cell-cell adhesion [2 23] 25] to reproduce the Steinberg cell-sorting phenomena.
Structure-preserving numerical schemes have been derived for equations and sys-
tems of aggregation—diffusion type [3][4] [14] as well as Cahn-Hilliard equations and
systems [5], B6] recovering the cell-sorting mechanism.

Gradient flows in the periodic setting. Due to the presence of a nonlocal operator
B. in (L3)-(L8), we develop our theory on the d-dimensional torus T¢ which makes
nonlocal terms easy to be defined. As already explained, solutions to (L5])—(L0]) will
be constructed via the JKO scheme. In what follows, we briefly review the theory of

optimal transport on T¢ in comparison to the usual case of R? or bounded domain
Q) C R4 We refer the reader to [51 Sec. 1.3.2].

2450041-6
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First, we need to define a metric and the natural choice is
d(z,y) = inf |z —y+k|, @yeT,
kezd

where |- is the Euclidean distance. Then, the Wasserstein distance Ws is defined as

Wi(u,v) = inf / d(z,y)? dr(z,y), p,ve P(TY),
well(p,v) JrdxTd

where II(u, v) is the set of couplings between p and v. This already implies that,
say in dimension d = 1, the optimal transport maps are not necessarily monotone
on the torus. Nevertheless, the optimal map always exists if at least one of the
measures is absolutely continuous with respect to the Lebesgue measure. Moreover,
the optimal map is given by the gradient of some function which is differentiable
almost everywhere (a.e.). We refer to [27] for the first proof of this fact and to
[51l Theorem 1.25] for a modern presentation. We also refer to the general result of
McCann [46] who proved the existence of the optimal map on the general manifold,
including the case of torus.

To conclude, let us mention that optimal transport was used to study several
PDEs on the torus via the JKO scheme, in particular the fractional porous medium
equation [37], continuity equation with nonlocal velocity in one dimension [38],
systems of continuity equations with nonlinear diffusion and nonlocal drifts [13]
and certain fourth-order equation in one dimension [26].

2. Energy and Entropy for the Nonlocal System

As already mentioned, system (LI)—(LG) has the energy/entropy structure which
can be used to obtain the compactness estimates. In order to do so, one has to
assure the nonnegativity of the quantities of interest. In our case, we focus on the
energy E. and the dissipation of entropy D®.

Proposition 2.1. Suppose that & > 0, k > o. Then there exists 864 > 0 depending
on kK, a, (3, v with the following property: for all e € (0,e8') and p,n € P(T?), up
to a constant, the energy defined by ([LI)) and the dissipation of the entropy defined
in (LI2) are nonnegative and provide the estimates on the quantities

/ / wz(zy) (Ip(x) = plz = y)I* + |n(z) = n(z = y)|*) dz dy < C + Ec[p, ],
Td JTd

[ 2090w - ot~ ) + 1900 - ate — ) azayas
0 Td JTd 13
< C+Dd|p,n)(t),

where C' depends on k, a, B and 7.

2450041-7
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The main tool to establish the nonnegativity of the energy and the dissipation
of the entropy (up to a constant) is the following nonlocal Poincaré inequality with
parameter which allows to handle negative terms.

Lemma 2.1 (Poincaré inequality with a parameter). For all § > 0, there
exist C(8) and eg = €0(8) such that for all e < g9 and all f € HY(T?), we have

_ _ 2

<o [ wOLE gy @i @
x) — r—y)?

g [ w TRy ot @)

Proof. We prove ([22)) as (21 is in fact easier. Aiming at a contradiction, suppose
that there exists § > 0 with the following property: there exist a sequence {e,}
with 0 < €, < % and a sequence {f,} such that

2
€n

Vin(z) = Viny ’
van||2L2(Td) - 5/11-4 /W | = = wgn(|xfy|)dxdy+n||fn|\il(w),

As ||V full L2(ray > 0, we may define g,, := (TS Note that [|[Vgn| p2(ray =1

fn
H L2 ('ﬂ-d
and

Vgn x _v.gn Y 2
1o [ f B0 V0OE, G0y dedy+ nllgalse,
Td JTd 877,

By Poincaré inequality with average, {g,} is bounded in L?(T%) and so in H'(T9).
Moreover, the first term gives compactness of the gradients [because {g,} is
bounded in H'(T%)] so that, together with the Rellich-Kondrachov theorem, there
exists a function g such that g, — g in H'(T?) (after passing on to a subsequence).
But then g = 0 because n|gn||L1(ray < 1. This is however a contradiction with
Vgl L2(ray = limp—oo [[Vgnll £2(rey = 1. O

Proof of Proposition 2.1 We first focus on the energy. We can estimate

7., 1 7+ 18] 1+ 5]
—/ Y e Al
Td 2 2 2 Td 2 Td

Then, we use (2 in Lemma 2] with § := §/ max('ﬁzlm, 1+2|ﬁ\) and 6 > 0 to be

chosen later [this also determines ¢4 = 7 (d)], so that we obtain for £ € (0,e7)

1 1) z) — plx —y)|?
—/ 1p2+—n2+ﬁpn2——/ wa(y)lp( )~z )l dz dy
Td Td % Td

2 2 4 =
_ _ 2
9 / () n(@) —n(z-y)F dy — C ().
4 Td % Td 52

2450041-8
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Therefore, using (I9]), we can bound the energy as follows:

1 2
Bl > 17 [ [ we)((=8) @) = e =)
+(1=6) |n(z) — n(x —y)[*) dzdy

o [ e )o) = ple = )(e) = e — ) dedy — C(9),

Now, by continuity, we choose ¢ sufficiently small so that we have xk —J > 0 and
(k —0)(1 — &) — a? > 0, such that the matrix (F”_ o

a 1-—

5) is positively defined. It
follows that the associated quadratic form is bounded from below, i.e. there exists
a constant C' (in fact, this constant is the smallest eigenvalue of the matrix) such
that

Blon) = 5 [ [ wcw)lof@) = oo =) + Infa) = n(e ~ y)P)dedy - C6).
Td JTd

The proof for the entropy is the same: this time we use ([Z2)) in place of (ZI). O

3. Existence of Weak Solutions to the Nonlocal Problem

To prove the existence of weak solutions for our system, we want to apply the JKO
scheme, see [42]. As ¢ is fixed in this section, we write (p,n) for the solution, instead

of (paﬂ?a)-

Definition 3.1 (Weak solutions). We say that u = (p(-),n(-)) : [0,4+00) —
P(T%)? is a weak solution of (IH)—(LH) with the initial condition (pg,7o) satisfy-
ing B4) if p,n € C([0,T]); Z(T%)), p,n € L*(0,T; H'(T?)) N L>(0, T; L*(T%)) for
all T > 0, and if for all p, ¢ € C=°([0, +00) x T¢) we have

*/ / p&swdxdt*/ po(0) dz
o Jrd Td
:—KJ/ / pVBE[p]-Vgodxdt—a/ / pVB.[n-Vedxdt
o Jre o Jre

—/ /p(vvp—ﬁvn)-vwdxdt,
0 Td

AmAdnat¢dxdt/Trdno¢(0)dI

/()Oo/TrngBE[n].v¢dxdta/OOO/TdWBg[p].wdxdt
/OOO/Tdn(VnﬂVp)-ngdxdt.

2450041-9



Commun. Contemp. Math. 2025.27. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 07/15/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

J. A. Carrillo, C. Elbar & J. Skrzeczkowski

We first rewrite the system of equations (LH)—-(L6) in the following form:
dp

5¢ = VPV (Rp — (& +y)we * p+an — (& + Blwe *n)), (3.1)
O V(0 (B~ (& + B # p e — (4 D) #7) (3:2)

where i = —v,a = 5—0,¢= s%—l and the equations are posed in (0, +-00) x T.
Using this notation, the energy can be written as

i é i fi+
Ee[p,n]:/ §p2+§n2+apndx777/ we * pdp
Td Td
i+1 )
- /wa*ndn—(a+ﬁ)/ we xndp (3.3)
Td Td

for p,n € 2(T%). We note that when we use p and 7 in expressions of the form
p2,m?, pn, we mean in fact their Radon-Nikodym derivatives with respect to the
Lebesgue measures. If they exist and belong to L?(T?), the energy above makes
sense. Otherwise, we consider that these quantities are +oo.

We denote the Wasserstein distance for vectors u = (u1,u2) and v = (vy,v2) as

Wg(u,v) = Wf(ul,vl) + W22<UQ,’U2)

for all u,v € Z(T?) x 2(T%) and where W is the usual Wasserstein distance of
order 2. For the initial condition, we assume that (pg,n0) € Z(T%)? are absolutely
continuous with respect to the Lebesgue measure and satisfy

EE [p07770] < C? @[po,’f}o] < Ca (34)

where C' is independent of e.
In what follows, it will be necessary to know when the function
R c .
(pm) = 0% + 50" + épn

is convex. Fortunately, when £ > 0, x > o2, this is always the case for sufficiently
small €.

Lemma 3.1. Suppose that k > 0, k > o2. Then there exists e > 0 depending on
K, a, 7, (3 such that for all € € (0,eF) the function (p,n) — %pQ + %TIQ + apn is
conver.

Proof. We note that the Hessian matrix reads (2 2‘) , 80 by the Sylvester’s criterion,

the desired convexity is equivalent with & > 0, £¢ — & > 0. Concerning the first
condition, as £ > 0 and & = Z —+, we can easily find ¢ such that £ > 0. Concerning
the second condition, we observe that the term standing next to the highest-order
term 5L4 equals kK — a? and it is positive by assumption. Therefore, the conclusion

follows. O

2450041-10
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3.1. Construction of weak solutions

Let T € (0,00) be a final time of existence and consider the following scheme:
given a time step size 7 > 0 and an initial condition ug = (po,n0) € Z(T?)? with
Elup] < 400, we define by induction

1

n+1 :
(= argmin
i aguin { o

u€ P (T)?

0._
U, 1= U, U

Wi (u™, u) + Eg[u]} (3.5)

and we set E.[u] = 400 if u ¢ L?(T9)2.

Lemma 3.2 (Existence of minimizers). Let 7 > 0 and uo = (po,n0) € P2(T?)?
with E:[ug] < +00. Then the scheme defined by (BA) is well defined. Moreover, we
have the following energy estimate:

N

1
Eelug) + 5= > Wa(ul, ul ™) < Ecluo). (3.6)

n=1

Proof

Step 1: The infimum is bounded. Provided «? is defined, we notice that u? €
P (T4)? satisfy 5= W3 (u?,u?) + E.[u?] = E-[u?] < 400. Therefore, the infimum
is bounded from above. Since E.[u] is bounded from below by Proposition 2] and
W3 (u™, u) is nonnegative for all u, we also know that the infimum is bounded from

below.

Step 2: Candidate for a minimizer. We suppose that u” is defined and we want
to define u”*!. Let {u*}; be a minimizing sequence in &2(T9)? for the problem (B.H)).
Without loss of generality, it can be assumed that for k large enough we have

1
W ) + Eufu] < 2 B fut], (3.7)
since the infimum is bounded by E.[ul]. In particular,
E[u"] < C(up),

with a constant C' independent of k. By definition of the energy in (B3], this
proves that we can extract from (u*); a subsequence (still denoted by k) which
converges weakly to some v in L?(T%)2. Now we consider the function f(p,n) =
% P>+ §n2 + apn which is convex by Lemma Bl It follows by Tonelli theorem that
the functional defined by the first integral of (B3] is lower semi-continuous with
respect to the L? weak convergence. Since the other terms of ([3.3) are defined with
convolutions, these terms are continuous with respect to the L? weak convergence.
In the end, v minimizes (33). Finally, u € 22(T%)? as a direct consequence of the
weak convergence.

Step 3: The energy estimate (3.0). Estimate ([3.0) is a consequence of an induc-
tion of the inequality

1
EE[U‘:'hLl] + 2—W22(u2+1,uf) < EE[”Z)?
T
by the definition of u}. g
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We have constructed a discrete-in-time sequence. We want to prove that a time
interpolation of this sequence converges to a solution of (BI)-(B.2). Let T > 0 be
fixed and n = [£]. We define the interpolation u-(t) = (p,(t),n-(t)) by

pT(t) = p:—l? T]T(t) = T’:v te ((TL - 1)7-7 TLT),
where (p2,n?) = u? defined in (B3). We prove that this sequence is compact in the

following lemma.

Lemma 3.3 (Compactness of the time interpolation sequence). The
sequence of curves {u,}, is uniformly bounded in L>(0,T; L*(T%)). Moreover, for
all T > 0, there exists an absolutely continuous curve u : [0,T] — 22(T%)? such
that up to a subsequence, u,(t,-) converges to u(t,-) weakly in L*>(T¢) as T — 0 for
all t € [0,T] and u, converges to u in C([0,T], 2(T%)?) as 7 — 0 for all T > 0.
The curve u is globally 1/2-Hélder-continuous in time

Wa(us, us) < /2B [ugly/|s — ¢ (3.8)

and we have the estimate

lull oo (0,722 (Tayy < C (1 + Ecfuo))-

Proof. From (B.6) and by the definition of u, which takes discrete values in time,
we have that

E.fu,(t)] + % /O - <W2(”T(5t7)’“7(5))) ds < E.[ug)]. (3.9)
With Proposition 2.1l we obtain
/Td /T ‘”58(27’) i (2) — wn (2 — )2 dzdy < C(1 + E.[ug)]), (3.10)

so by Lemma 1] we deduce the uniform estimate in L>°(0,T; L*(Q2)). To prove
weak compactness for all times ¢ € [0,7] and Holder continuity in time for the
limiting curve, it is sufficient to prove

limsupWQ(uT(S)vu‘r(t)) < C V |t - 5|

T—0

for some constant C' and apply [I, Proposition 3.3.1] [with d being the W, distance,
o being a weak topology on L?(Q) and K being the ball in L?(T%) such that
u,(s) € K for all s € [0,T], C = 0 and w(t, s) = v/t — s)]. To this end, we write for
0 < s < tsuchthat s € (m —1)7,m7] and t € ((n — 1)1, n7],

n—1 n—1 1/2
Wa(ur(s), ur(t)) < 37 Wa(ug, ur) < (Z W§<ui,uﬁ1>) [ —ml'/

< V2E. [ug]\/|t — s| + T,

where in the last line we used (B8] and |[n — m| < @ + 1. This concludes the
proof. O
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3.2. H! estimates for the JKO scheme via the flow
interchange lemma

The weak convergence of the JKO scheme is not enough to pass on to the limit in
the definition of weak solutions. We need to obtain better estimates on the solutions.
In the Cahn-Hilliard equation, better estimates are derived from considering the
functional U[p,n] = [ plog p + nlogn. This functional generates the heat flow with
respect to the Wasserstein distance W,. To improve the regularity, we, therefore,
use the flow interchange lemma which states that the dissipation of one functional
along the gradient flow of another functional equals the dissipation of the second
functional along the gradient flow of the first one.
The main result of this section reads as follows.

Proposition 3.1. Fach solution of the JKO scheme [B.H) satisfies
u € HY(T%) for alln €N, 7> 0,

and the time interpolation u, = (pr,n:) satisfies

/OT /Td /Td “";(29) (IVps(t,z) — Vpr(t,x — y)|?

+|Vn-(t,z) — Vi, (t,z — y)|*) dedydt < CT

for all T > 0. Moreover, for every sequence 1, | 0, we can extract a subsequence
(still denoted by 1) such that for all T > 0,

Uy, — u strongly in L*((0,T) x T?),
Uy, — u weakly in L?(0,T; HY(T?)).
The main tool to prove Proposition [3.1] will be the following lemma.

Lemma 3.4. Let vy = (po,nm0) € L*(T%)? with E-[vg] < +oc. Let v = (p,7) :
[0, 4+00) — L2(T%)? be a solution of the heat flow

{@:pt =Apy, Oy = An in (0,+00) x T, (3.11)
3.11
(p(0),1(0)) = (po, no)-
Suppose that
1
liminf — (E.[vs] — E:[vg]) > —o0. (3.12)

s|0 S

Then, vo € H'(T?) and for some constant C' depending only on the parameters k,
«, v, B, we have

/W /Td wgg(zy) (IVpo(z) — Vpo(z — y)|> + |[Vno(z) — Vio(z — y)|?) dz dy

< —C liminf 2(E.[0.] - E.[vo)). (3.13)

s|0 S
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The plan is to initiate the heat flow at the solutions to the JKO scheme. If (312))
is verified, then ([BI3) will provide the desired H! estimate by Lemma .1} The
crucial information here is that dissipation of Cahn—Hilliard energy along the heat
flow is related to the dissipation of Cahn—Hilliard entropy. The technical assumption
(BI2) will be verified with the flow interchange lemma which requires a definition
of a MA-flow in £2(T%)2.

Definition 3.2. Let % : 2(T%)? — (—o00, +00] be a proper lower semi-continuous
functional and A € R. A continuous semi-group S* : Dom(.%#) — Dom(.%), t > 0,
is a M-flow for .# if it satisfies the Evolution Variational Inequality (EVI)

2/qh 2
L i sup | 228 “’”)h Wy (u,v) +%w§(u,v)+9(u)gy(v) (3.14)
hl10

for all measures u,v € Dom(.%) with Wh(u,v) < +00.

Lemma 3.5 (Flow interchange lemma [45]). Assume that Sz is a A-flow
for the proper, lower semi-continuous functional .Z in P(T%)? and let u™ be an
nth step approximation constructed by the minimizing movement scheme B.I). If
ul € Dom(.F), then

h n\] _ n
y[uz]—gf{uﬁ-l}gﬂi%nf(’fa[sf(“rjj EE[“T]) ~OWRr ). (3.15)

Remark 3.1. Based on [45, Lemma 3.2], Lemma [30] was formulated for the case
of a bounded domain. However, it also works in the case of torus as it is just a
combination of scheme (B3] and the definition of A-flow (B14)).

We are concerned with the functional
Ulp.n] = /dp(iv)logp(w) +n(z) logn(z) dz,
T
which generates a gradient flow in the product space (Z(T?)%, W,) defined by
(BI1). We admit the fairly classical result that the entropy U possesses a 0-flow

given by the heat semi-group.

Proof of Lemma 3.4l We recall that E. can be written as in (T3],
ol = 5 [, [ wlpte) = ol ~ 1) + @) ~ n(e ~ ) dody
9 Td JTd
a
+2—2/ / we(y)(p(x) = p(z = y))(n(x) —n(z —y)) dzdy
9 Td JTd
Yo 1o
— - dx.
/T o tgn +PBpmda
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From parabolic theory, we know that the solution of (BIT]) is smooth for ¢ > 0 and
thus we have after integration by parts

d

%E‘E [p(t, ')’ U(t’ )]

- _21? /Td /Td w=(y) (K| Vp(x) = Vp(x — y)* + [Vn(z) — Vi(z — y)[*) dz dy
— ;2 /W /’ﬂ‘d we(y)(Vp(x) = Vp(x —y)) - (Vn(z) — Vn(z —y)) dedy

+/ V2 + [Vnl? + 28Vp - Vi da.
’]I‘d

Note that we recognize the dissipation of the entropy (LI0). Since the map t —
v(t,-) is continuous in L?(T%)2, we get that the map t — E.[v(t,-)] is continuous
at t = 0. By (312)) and Proposition [ZT] there exists C' such that for all ¢ < ¢ for
to sufficiently small,

Es[v(t,-)]—E[v]il td
NeE Dt | Pt as

Si@/ /W/Wu_)6 (|Vp(st,z) — Vp(st,z —y)|*) dzdy ds

2 [ eewntsna) - Datst - ) ayas.
(3.16)

Therefore, using Lemma[Z1] the family {Vv(t-, -)}i<, is bounded in L2((0,1) x T9).
Now, as vg € L%(T¢) and v is the solution of heat equation with the initial condition
v, v € C([0,T); L*(T%)). Therefore, there exists a bounded modulus of continuity
7:[0,7] — RT such that lim;_o7(f) = 0 and

[v(t, ") = vollLz(ray < m(t).
In particular,
”U(St’ ) - UOHLz(’JI‘d) < 7T(St)’

so the dominated convergence theorem implies that v(¢-,-) — vy in L?((0,1) x T9)
when t — 0. Finally, choosing a subsequence such that Vo(t-,-) — & converges
weakly in L2((0,1) x T%), using the identity

1 1
/ / v(ts, z) dive(s, ) dsdz = —/ Vou(ts,x) p(s,z)dsdz
0 Jrd 0 Jrd

for a smooth test function ¢ and passing on to the limit £ — 0, we obtain that
Vg = £ and so vy € H(T?).
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To obtain a uniform estimate on v in H*(T?), we want to pass on to the limit
t — 0 in ([BI6). For this, we observe that

1
/ / / we(Y)|Vp(st, ) — Vp(st,x — y)[2 dw dy ds
0 Td JTd

1 1
= 2/ / |Vp(st,z)|* dods — 2/ / Vo(st,x) - V(we * p(st,z)) dads.
0 JTd 0 JTd

The first term is lower semi-continuous with respect to the L? weak topology, while
the second converges to

1
| [ Vetstio) i s it dods — [ Fnla) - Voo pofa) da
0 Td Td
as a product of the weakly and strongly convergent sequences. O
With this lemma, we are finally able to prove Proposition B.11

Proof of Proposition Bl First, we want to apply the flow interchange lemma
to the functional U. This is possible since U is bounded from below on Z2(T%).
Applying Lemma with .# = U and Lemma B4 with vy = u?,

Cr Vol (@) = Vol (z —y)|* + [Vl (z) — Vil (z — y)[?) de dy

T¢ JTd
< U — U™

T

Summing from n =1 to n = N, we obtain

//ﬂrd/nrd {19, (t,2) = Vo (t.x — )

+ |V, (t,2) — Vi (t,z — y)[?) dedy dt < CT.

From Lemma 2] we obtain uniform estimate in L2(0,7; H'(T%)) and so the weak
compactness in this space.

It remains to prove the strong compactness in L2(0,T; L?(T?)). First, we want
to apply Theorem [B.lin [Appendix B]with the Banach space X = L?(T¢) x L?(T%),
set U = {ur}r>0, pseudometric g(ui,us) = W3 (u1,uz2) (extended to +oo in case
uy or ug is not a probability measure) and functional F defined as

Flu) = H“H?{l(w) if we HY(T9) x HY(T?) NnP(T¢) x P(T%),

+00 if u¢ HY(T?) x HY(T4) N P(T?) x P(T?).
We can do this as F is lower semi-continuous and its level sets are compact in L?(T¢)
by the Rellich-Kondrachov theorem. Furthermore, g is lower semi-continuous [55]

Chap. 6]. Finally, (BJ) in follows from the uniform estimates in
L2(0,T; HY(T4)) and the estimate (3.
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Therefore, Theorem Bl in gives us a subsequence (not relabeled)
such that

lun(t, ) — u(t, -)||2LQ(Td) — 0 forae. te|0,T].

As the sequence {u,} is bounded in L>(0,T; L?(T%)), the conclusion follows by
dominated convergence theorem. O

3.3. Weak formulation

To derive the weak formulation, we follow [54] Sec. 8.4.2]. Since (B.H) was derived
from the Lagrangian point of view, the idea is to investigate its first variation and
prove that it is a time-discrete scheme of (B]). For this, we introduce a suitable
perturbation of u*! = (pntl 1) as follows: let & be a smooth periodic vector
field and T5 = Id + 6¢. It is classical to prove that for § small enough, Ts is a C!
diffeomorphism and det(VT(;) > 0. Then, we define

(TS#Plea 77?“)

Note carefully that only the first component was perturbed. This will result in the
first equation in Definition 3.1l To obtain the second one, it is sufficient to introduce
a similar perturbation on the second component of u”*1. This results in analogous
computations as outlined below and we do not repeat them.

Using the standard properties of push-forward measure, we obtain from (3.3))

Bfus = [ S )

S deiarave T @)+ anrt @)t + o€ de

Ii+’y

/ / we(w — g+ 8(E(x) — E)))pi+ (y)p () dy da
Td JTd

@) [ [ oo+t =t e @) dyda

c+1 " "
Sk / we# @) () e (3.17)
'[rd

Using the minimizing property of u?*! in (B.H) gives
0< —[Wz (u},as) = W3 (uf, wt )] + Eelas) — Ec[u? ], (3.18)

The plan is to expand this inequality in terms of §, send § — 0 and then 7 — 0
which will provide the weak formulation in Definition 3.Jl We consider three types
of terms separately.

Step 1: The nonlocal terms in E.[as] — Ec[u”1!]. When taking the difference
E.[iis] — E-[u™*1], there are two types of nonlocal terms. The first one reads

/w / we(w =y +3(E(x) = £(y)) — welz — y)lpr (y)pr ™ (x) dy da.

H+’y
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Similarly to [29, Proof of Theorem 3.3], we perform Taylor’s expansion and using
uniform L? estimates, we obtain that this term is equal to

757@+7

/W / Vi ( — y) - ((2) — )l (W)pn (2) dy da + o(6).

The second term comes from the cross-interaction potentials and we obtain similarly

66 +9) [ [ Vorla =) €l 0 ) dyda + o05).

Step 2: The local terms. As in Step 1, there are only two differences. The first
one reads

E (p:'hLl) n+1
2 /Td det(Id +0V¢) (P da

Using det(Id +dVE) = 1 + ddivE(x) + o(d), we obtain that this term is equal to
—52 / (pn )2 div €(x) da + o(6).
2 Jpa
The second term reads
[, @ @ @ 69— @) da.

As Vit € L2(T?), the second term is equal to

5éi / ()T () - £ + ().
T

Step 3: The Wasserstein terms. Since p? and p™! are absolutely continuous

measures, we know that there exists an optimal map V¢ such that Vip#p? = pnt!

[51, Theorem 1.25] and
Wik ) = [ @)l — V(o) + k) d, (3.19)
Td

where k(z) € Z9. Moreover, we have Ts#p" 1 = [(Id 4 6¢) o V|#p?. Therefore,
by the definition of the Wasserstein distance, and for J small enough, we have

WE (o, Tsdtpn ) < / @) |2 = Vip(a) — 6 0 Viplw) + k(x) da. (3.20)
Using (BIQI%(B:ZII) and performing Taylor’s expansion, we obtain
o=Vl i) — W3 ()]
<2 [ Pha)(Tela) ~ o+ bla) - (€0 Vila)) da + o(0).
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Weak formulation. We plug the inequalities from Steps 1-3 into (BI8)). As & can
be replaced with —¢&, we obtain the equality

! / (@) (Vip(e) — 2+ k() - (€ 0 Vip(z)) da
Td

T

KR

- / (o2 ()2 divE(x) da — & / P @)Vt () - € da

+a+) [ [ Velo—n) st ) @) dydo

+RJ2W/ Vwe(z —y) - (@) = EW)pr  (y)pit (z) dy de. (3.21)

Now we consider the test function & = V¢ for some ¢ € C*(T?). By periodicity,
we have ((Vp(x)) — ((z) = ((Vp(x)) — ((x — k(x)). Therefore, we have

((Vep(z)) = ¢(x) = (Vo(a) =z + k(z)) - (Vo V() + O(|lz — k(z) — Vip(2)[?)

and p"t! = V#p, so we obtain that the LHS of (321)) is equal to

1 n n W22(p¢7p¢+1)
;<Adpr+1C_Ade<>+O( T )

Now, let t1, to be arbitrary. As the curve p, is piecewise constant, we can sum up
from n = ny = [t1/7] to ne = [ta/7] + 1 and obtain

/]l‘d pr(t2)¢dz — Ad pr(t1)¢dz + O (Z Wg(p?,pf+1)>

n=ni

tg t2
/ / pr (1) AC(x dxdtfoz/ / pr(t, )V (t,x) - V¢ da dt
t1 Td

Jr(dJrﬁ)/tQ/Td /’ﬂ‘d Vwe(z —y) - VC(2)n:(t,y)p-(t, z) dy dz dt

~ to
+“”/ / Ve (z — y)
2 tl ’]I‘d ’]I‘d

“(V¢(x) = VC(y))p-(t,y)p-(t, x) dy dz dt + O(7),

where the term O(7) appears because each term has at least one term (p, or
7,) which is bounded in L>(0,T; L?(T%)). Using the energy estimate (B.6]) on the

Wasserstein distance, we can incorporate the term O(3 "2 W3 (p2, pt1)) into
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O(7). Sending 7 — 0, using Proposition B] and pointwise (in time) weak conver-
gence (in space) from Lemma B3] yields

/T pltz, ) (@) da - / (1. 2)C () da

Td

=ty .
_F 2 o |
=3 /t1 /ﬂ‘d p(t,x)*Af(x) dedt a/tl /Td p(t,x)Vn(t,z) - V¢ dz dt

+(@+p) /t 2 /Td » Vwe(z —y) - V{(@)n(t, y)p(t,z) dy dz dt

+ + - / 2 / Vuwe(z —y) - (VC(x) = VC()p(t, y)p(t, ) dy dv dt.
(3.22)

Performing integration by parts, we obtain

_ it N
g/tl /Td p(t, )2 Al(z) de dt = f%/tl /Td p(t, x)Vp(t, z) - V¢(2) da dt,

while changing the variables we obtain

n-i—’y

/"2/‘ Ve =) (V(x) = V)l p)o(t,2) dy dode

ta
/-@+7/ /wg*pt:z: V{(x)dxdt.

Having these two observations in mind, we obtain the weak formulation with the
test function ¢(z) depending only on x. The general weak formulation with the test
functions depending on ¢ and x as in Definition Bl follows from multiplying with
O (t), integrating in time and using the classical density of functions of the form
¥ (t) ((z) over the set of test functions ¢(t, x) (see [3I, Theorem D.5]).

Regularity estimates (L.13])-(I.14)). Clearly, it is sufficient to prove these esti-
mates for the first component of u = (p, 7). For (LI3)), we note that from Lemma
B3 we have that u,(t,-) — u(t,-) for all fixed ¢ € [0,T]. Moreover, we can write the
quantity of interest as

/ / w£<y)|p7(t7$) —pT(t,x—y)|2dxdy
’]I‘d ’]I‘d

=2 [ oot o) do—2 [ po(t.)wen prltin)do,
T4 T4

so that the first term is weakly lower semi-continuous while the second is the product
of weakly and strongly converging sequences. Applying liminf. .o to BI0) we
deduce (LI3). Concerning (LI, the proof is carried out in a similar way: this time
we use strong compactness of p, and weak compactness of Vp, in L2((0,T) x T¢)
from Lemma [BI] which allow to handle the integral with respect to time.
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4. Limit e — 0

We want to send e — 0 and obtain the convergence of weak solutions of the nonlocal
Cahn—Hilliard system (C5)—(L) to weak solutions of the local version of the Cahn—
Hilliard system. We define the weak solutions of the latter.

Definition 4.1. We say that u = (p(-),n(-)) : [0,00) — Z2(T9)? is a weak solution
of (L) (L) with the initial condition (pg,n0) if p,n € L?(0,T; H*(T%)) for all
T > 0, and if for all p,¢ € C([0, +00) x T¢) we have

—/ / p(?tgodxdt—/ pow(O,x)dx:—m/ ApVp - Vedrdt
o Jre T4 o Jrd
—Ii/ / pApAg@dxdt—a/ D?n: (Vp® Vg + pD?p) dx dt
o Jre o Jrd

—/ / p(YVp—BVn)-Vedrdt,
0 Td

f/ / n@tqﬁdxdtf/ 1o ¢(0,x) da = 7/ AnVn - Vedxdt
0o Jra Td o Jra

f/ /nAnAgbdxdtfa/ D?p: (Vn® V¢ +nD?*¢)dxdt
0 Td 0 Td

B /OOO /T 1 (Vi —B8Vp) - Vodudt.

As we will see (Lemma [.2]), we have bounds at most on the gradient of Vp., V1,
and the limit equation has four derivatives. That means, we need to mimic at the
epsilon-level integration by parts for the nonlocal operators. For that purpose, we
define the operator

sdle.n) = L2 (ola - 9) - (o), (@)

which has the following properties, see [33, Lemma 3.4].
Lemma 4.1. The operator S. satisfies the following:

(S1) S: is a linear operator that commutes with derivatives with respect to x;
(S2) for all functions f,g: T? — R, we have

Sc[fgl(z,y) — Se[fl(z,y)g(x) — Sc[g](z, y) f(x)

(S3) for all u, € L*(T?),

(Belu](-), () L2 (ray = (Se[ul (), Sel@l (-5 ) L2 (raxTay;
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(S4) if {u.} is strongly compact in L*(0,T; HY(T?)) and ¢ € L>=((0,T) x T?), we

have
/ /W /W ue])” ot x H/ » [Vu(t, :1:)| o(t, z).

4.1. Uniform estimates in € and compaciness

We collect here the estimates for the solutions of (LH)—(L6) which are uniform in
e >0.

Lemma 4.2. Let (pe,n:) be the solution of (LE)—-([LG]) constructed in Theorem [l
Then the following sequences are bounded:

(1) {p<}, {ne} in L(0, T; L*(Q)) and L0, T5 H'(Q));
(2) {0ipe}, {Ome} in L2(0,T; H272(Q)).

Moreover, the sequences {p.}, {ne} are strongly compact in L*(0,T; H*(Q)) and the
limits belong to L?(0,T; H?(Q)).

Remark 4.1. We note that we cannot use the estimates coming from the dissipa-
tion of energy (ILII)) which can provide better estimates on time derivatives because
this information is lost in the JKO scheme. We proceed with a different approach.

Proof of Lemma The first estimate follows from ([I3))—(TI4)
Lemma 211 To see the second, we consider the equation for p. and test it with a
smooth and compactly supported function ¢(¢, 2). We need to control the following
terms:

T T
/ / pe VB:[p:] - Ve dr dt, / / pe VBene] - Vo dz dt,
0 Te 0 Td
T
/ /d pe(VVpe — BVne) - Vpda dt.
0 T

The first two terms are controlled in the same way, so we focus on the second.
Using [S3]in Lemma [Tl and VB.[n.] = B:[Vn.], we have

T T
/ /pEVBs[ns]-Vsadxdt:/ / / Se[Vne] - Selpe Vel dy da dt,
0 Td 0 Td JTd

which is bounded if p € L?(0,T; H?(T%)). Concerning the third term, it is controlled
when Vo € L2(0,T;L>(T%)) which is implied by ¢ € L2(0,T; H*2(T%)) by
Sobolev embedding. The conclusion follows.

The strong compactness follows from Lemma [Bl in and the
estimates (LI3)—(T14). m|

2450041-22



Commun. Contemp. Math. 2025.27. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 07/15/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Degenerate Cahn—Hilliard systems: From nonlocal to local
4.2. Convergence € — 0

Proof of Theorem As Eqs. (LH) and (L@ have a similar structure,
we focus only on (LH). More precisely, we pass on to the limit in the term
1o Jpa div(p=Vpp.c)p da dt where ¢ € C3([0,00) x T?). Integrating by parts, we
obtain

/ / div(p Vi) pdedt = / / peVitpe - Vodrdt
Td
:H/ / Bg[ps]Vps~V<pdxdt+fi/ / B [p:]peAp da dt
0 Td 0 Td

o[ [ pBva)-Vodedt— [ [ 090 - 590 Vodsar
0 Td 0 Td

=L +1+ I3+ 1. (42)

Concerning the term I, its convergence is straightforward because all the sequences
{pe}, {ne}, {Vpe} are compact in L2((0,T) x T?). For the passage to the limit in
I, I, we refer to [33 Steps 1 and 2, Proof of Theorem 1.8] (these are exactly the
terms that appear for the analysis of a single equation). We now prove the conver-
gence of the term I3. Due to Lemma [LTI[S2)), we have (omitting the constant «)

= [ [ SdpdsVa)-Vededis [ [ pos9n)-S(Veldede+ B
0 Td 0 Td

= Ji+Jo+ R,

where R. is defined as

R, f/ [ [ s 22)[<V¢<x— y) - Vola))

(pe(r —y) — pe(z))] da dy dt.

After a change of variables y — % and using the definition of w., we obtain

/ / / — pe(x — ey) Vne(x) — Ve (z — ey)
Ta JTd B -

V(x)dxdy dt. (4.3)

From Lemmas [A1] and [A.2] in we obtain the strong convergence of
< (z)—pe(z—ey) Vne(z)—Vne(z—ey)

LRl P20 — Vp(x) -y and the weak convergence of /w(y) ~=t—A=E—=4

Vw D2 y [both in L2((0,T) x T¢ x T%)] so that we can easily conclude

Ji— % W) /O°° /Td(Vp(:r) y) (D*n(x)y) - V(o) dy dz dt,
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where D?n denotes the Hessian matrix (9;;1); ;. For Jo, we similarly write

/ / / Vns(x)*vne(xfsy)
Td Jd €

V() 890( “Y) d dy dt (4.4)

and the same argument as for .J; shows that
1 o0
doeg [Let) [ [ o) @) - (D) dydaat.
Td o Jrd
By the properties of w, we obtain
Ji+ Jp = / D?n: (Vp® Ve + pD?p)drdt.
0o Jrd

It remains to show R. — 0. By Cauchy—Schwarz inequality (in time and space) as
well as the bounds on S:[V7.] from the entropy, it remains to prove that

/OO/ / wa(zy)lpe(a?*y)*ps(x)l2lvw($*y)*Vsﬁ(z)ﬁdydxdtﬁo'
0o JrdJTd €

Using Taylor’s expansion, we can estimate this integral with

Aol [ [ ] 2

which converges to zero by the bound from the entropy so that R. — 0. O

—y) — pe(x)* dy dz dt,
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Appendix A. Results on Difference Quotients

Lemma A.1. Let {u.} be a sequence strongly compact in L*(0,T; H*(T)). Then,
for fized y € T?,

ue(t,x — ey) — u:(t,x)

5 — —Vu(t,z)-y strongly in L*((0,T) x T¢ x T%).
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Proof. Clearly, the sequence converges in L?((0,T) x T4), i.e

.

To see the convergence in L2((0,7) x T?¢ x T9), it is sufficient to apply the domi-
nated convergence theorem as we have the estimate

[

Lemma A.2. Let p € L=(T?) and {n.} be a sequence such that
* ©(y) Vne@)=Vne(@=cv) s pounded in L2((0,T) x T¢ x T4);

€

o n(t,2) = (L) in L2(0,T; H(T)) and n € L2(0, T; H2(T%),

uclt,x — cy) — uct,x)

2
— Vu(t,z) - y| dedt — 0.

uc(t,x — ey) —ue(t, ) |

T
s/ Vus -y dedt < Jyl sup [ Vuel2s - g
0o Jr¢ € o

Then,

() Ve (z) = Vn.(x —ey) |

- o(y) D*n(t,x) -y  weakly in L*((0,T) x T x T%).

Proof. Clearly, after passing to a subsequence, the limit exists and we only need to
identify it. For this, we consider a smooth and compactly supported test function
¥(t,z,y) and compute

t t,x —
/ / / Vﬂs %) = Vet @ gy)w(t,x,y)dydwdt
Td JTd

€

0 T JTd

g

which converges to

/T /T /T e(y)VY(t, x,y) -y Vn(t, ) dy do dt

/ /w /Td G(t,x,y)D*n(t,x) -y dy de dt

because 1 € L?(0,T; H*(T?)) |

Appendix B. Compactness Results
B.1. A wversion of the Lions—Aubin lemma for JKO scheme

We recall here from [29] Theorem 2.1] a version of Lions-Aubin lemma useful for
establishing the compactness of a sequence of solutions to the JKO scheme. For the
proof, we refer to [50, Theorem 2].

Theorem B.1. Let (X, | - ||x) be a Banach space. We consider

e a lower semi-continuous functional F : X — [0, 400] with relatively compact
sublevels in X;
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e a pseudodistance g : X x X — [0,+00], i.e. g is lower semi-continuous and
g(p,n) =0 for some p,n € X such that F(p),F(n) < oo implies p = .

Let U be a set of measurable functions u : (0,T) x X with T > 0 fived. Assume
further that

Sup/ F(u(t))dt < oo, lim sup g(u(t + h),u(t))dt = 0. (B.1)
uelU h=0yeU

Then U contains a sequence {uy} converging in measure to some u € X, i.e.
Ve>0{t€[0,T]: ||lup —ullx >} =0 asn— oo.
In particular, there exists a subsequence (not relabeled) such that

un(t) — u(t) in X for ae te0,T].

B.2. A nonlocal version of the Lions—Aubin lemma

The following result was proved in [33] Theorem B.1] based on [111 [49]. In fact, the
proof of Theorem [B.2]is the proof of Proposition [[L1] integrated in time.

Theorem B.2. Let d > 2. Let {f.} be a sequence bounded in LP((0,T) x T9).
Suppose that there exists a sequence {pc} as above such that

T 2
/0 Ad Ad | f=(t, )Epfe(tvy”PwE('x_y|)dxdydtSC (B.2)

for some constant C. Then {f.} is compact in space in LP((0,T) x T?), i.e.

T
lim lim sup/ / |fe *@s(t,x) — fo(t,2)|P dadt =0 (B.3)
Td

=0 -0
for all families of mollifiers {¢sto<s<1-

We prove here the following.

Lemma B.1. Suppose that {f.} is a sequence bounded in L*((0,T) x T%) such
that

o {0,f.} is uniformly bounded in L*(0,T; H=*(T4)) for some k € N;
o {f.} is compact in space in L*((0,T) x T?), i.e.

hm hmsup/ / |fe % @s(t,x) — fo(t,x)|* dodt = 0 (B.4)

e—0

for some family of mollifiers {s}o<s<i-
Then {f.} is compact in time in L*((0,T) x T4), i.e
T—h
lim hmsup/ / |fe(t + h,x) — fo(t,x)]*dwdt -0 ash—0, (B.5)
h=0 -0 Jo Td
and so it is compact in L?((0,T) x T%).
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Proof. Using the mollifiers with ¢ = ¢(h) depending on h to be specified later in
the way that 6(h) — 0 as h — 0, we first split

T—h
/ |fs(t+haz)7fs(t,117)|2 dx dt
0 Td
T—h
<o [ [ 1)~ 1) s sl
0 Td
T—h
+4/0 /Td|f6(t+h7x)*fe(t+h,-)*ga5(x)|2dxdt

T—h
+4/ |f€<t+ha)*305(1')_.]85@7)*@5($)|2dl’dt
0 Td

When we apply the limit limy_,o limsup,_,, the first and second terms vanish due
to (BA). It remains to study the third term. For this, suppose first that f-(¢,-) is
smooth in the time variable. Then,

T—h
/o Td|fe(t+hw)*%(w)—fa(t»-)*wé(w)Idedt

L

Now, we can estimate the convolution as follows:

2

/ Ocf=(s,) x ps(x)ds| dadt.

O fe(s,) * ps(x / Orf=(s,y) ps(x —y)dy
< |10 fe (5, M mr—#(ray llps(z = )| v (7a)-

Using this and applying invariance in the H*(T%) norm, we obtain

L

T—h |4
= h? ||905|\Hk(1rd)/0

2

/ Ocfe(s,) *ps(x)ds| dadt

t+h 2
E/ Hatfa(sa')HH—k(Td) ds| dt.
t

Applying Jensen’s inequality, we obtain

T—h
B o5 s /
0

< Th sl axway10efe (s, W20 105 (ay) -

2
1

t+h
E/ ||8tfs(5, ')HH—k(Td) ds| dt
t
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Using that [|@s]| g (ray < 5k+d/27 we finally obtain
T—h
[ [ ney s oste) = 0. < oal) ot
0 T

h
< OT5k+d/2 Hath( )H%P(O,T;H*k('ﬂ'd))'

Now, if f.(¢,2) is not smooth in time, we extend it with f.(0,x) for t <0, f(T,x)
for t > T and apply the usual regularization to obtain the same estimate. Hence, if
we choose h(8) = 27 we conclude

T—h
}1le hmsup/ / |fo(t + h,x) — fo(t,x)|* dedt < O(h).

e—0

Combined with the compactness in space (B3] and the Fréchet-Kolmogorov theo-
rem, we obtain the compactness of {f.} in L2((0,7) x T¢). |
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