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Abstract

This thesis develops a rigorous mathematical theory for variational inference (VI) and generalised variational
inference (GVI) when the underlying parameter space is an infinite-dimensional function space. The insights
gained from our improved theoretical understanding of VI and GVI allow us to propose novel approaches for
solving the VI and GVI optimisation problem via introduction of infinite-dimensional variational parameters or

infinite-dimensional gradient descent methods.

Although GVI and in particular VI have previously been employed for function space inference, the infinite-
dimensional nature of the parameter space has so far been ignored. This has hindered the development of new
inference approaches for which a deep understanding of the mathematical structure underpinning VI and GVI is

a prerequisite.

This thesis closes this gap by advancing mathematical concepts from infinite-dimensional analysis and probability
theory. In particular we use Gaussian random elements in Banach spaces to formalise VI and GVI for function
space inference. Consequently, we can access new analytical tools—such as the Wasserstein gradient flow or

parameterisations in the space of Gaussian measures—to solve the VI and GVI optimisation problem.

The result is a rigorous theory for GVI in function space and a plethora of competitive novel algorithms for
uncertainty quantification such as Gaussian Wasserstein inference, deep repulsive Langevin ensembles and
projected Langevin sampling. All methods are rigorously derived from the same GVI objective and our theory

unifies several approaches for uncertainty quantification in function space as well as parameter space.
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1| Introduction

1.1 Motivation

In the past decade, the field of machine learning has advanced with breathtaking speed, marked by
monumental breakthroughs across diverse domains, including reinforcement learning, language modeling,
and computer vision [Zhang and Lu, 2021]. Prominent models that have found widespread recognition in
the public are numerous and include names like Alexnet [Krizhevsky et al., 2012], AlphaGo [Silver et al.,
2016], AlphaFold [Jumper et al., 2021], StableDiffusion [Rombach et al., 2022], and GPT-4 [Achiam

et al., 2023], among others.

This remarkable progress owes much of its success to the enhanced capacity to process increasingly vast
and intricate datasets, coupled with more refined functional approximations. However, despite these
impressive achievements, machine learning models still grapple with a critical limitation—they lack the

ability to know what they don’t know.

Instances of models exhibiting this limitation are as prevalent as the algorithms themselves. For instance,
Alexnet can be deceived into misclassifying images through imperceptible alterations to human observers
[Szegedy et al., 2013]. Similarly, ChatGPT, while proficient in generating coherent text, confidently

generates fictitious legal cases to bolster its argumentation [Bohanon, 2023].

The field of uncertainty quantification is concerned with mitigating such shortcomings. Rather than solely
focusing on (point) predictions, the goal is to empower machine learning models with a means of gauging
uncertainty, such as a confidence score. This score could enable human users to distinguish between

reliable and unreliable machine learning predictions and aid subsequent decision making.

The landscape of approaches aimed at providing uncertainty quantification is vast and complex, making
it challenging to give a unifying account. Nevertheless, a recurring thread present in many of these
approaches is as follows: when confronted with multiple plausible explanations for the observed data,
significant divergence among various models in their predictions for unobserved data should serve as a
robust indicator of high uncertainty. Conversely, when several distinct models consistently provide the
same prediction for a novel, unobserved data point, a greater degree of confidence is warranted in those

predictions.

Generalised variational inference (GVI) [Knoblauch, 2021] is a unifying approach for uncertainty quantifi-
cation, offering a structured mathematical framework to formalise the heuristic described above. In GVI,

the conventional loss-minimisation process of statistical machine learning is “lifted” into the space of
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probability measures. This reformulation enables us to replace singular point predictions with probability
measures over a range of possibilities. As a result, a measure of dispersion, such as variance, can readily

be harnessed as a confidence score, allowing for the assessment of the prediction’s reliability.

My contributions to the field of (generalised) variational inference are reflected by the two distinct
meanings of the word ’infinite’ in the title of this dissertation. Firstly, I develop a rigorous theory and
proposed several algorithms for (generalised) variational inference where the underlying parameter space
is an infinite-dimensional function space. Secondly, I pioneer the use of the Wasserstein gradient flow—a
mathematical structure that can be conceptualised as a gradient flow in the infinite-dimensional space of
[probability] measures—in the context of GVI on finite-dimensional parameter spaces and in the context

of VI on infinite-dimensional parameter spaces.

The thesis therefore has two distinct but closely related goals. On one hand, we want to develop a rigorous
theory for (generalised) variational inference on infinite-dimensional function spaces. On the other hand,
we want to propose new inference algorithm that provide better solutions to the optimisation problem that
underpins generalised variational inference both in finite and infinite dimensions. In this thesis, we will
frequently encounter that these two goals are in perfect harmony and that a well-developed mathematical

theory of a problem is often a stepping stone for novel and improved inference algorithms.

1.2 Thesis Layout and Statements of Authorship

The following outlines the content of each thesis chapter and provides a summary of the contributions

from each author.

The chapter “Variational Gaussian Processes: A Functional Analysis View” introduces Gaussian random
element regression and variational inference for Gaussian measures on Banach spaces. This work is
intricately connected to Sparse Variational Gaussian Processes (SVGP) and offers fresh insights into
various inducing feature approaches. Co-authored with George Wynne, this joint first-author paper
resulted from a collaborative effort, with contributions from both authors seamlessly interwoven. The

paper was presented at the Conference for Artificial Intelligence and Statistics (AISTATS) in 2022.

The chapter “Generalised Variational Inference in Function Space: Gaussian Measures Meet Bayesian
Deep Learning” extends the GVI framework to infinite-dimensional Hilbert spaces, paving the way for
a function space inference method based on regularisation with the Wasserstein distance. The resulting
Gaussian Wasserstein inference method, a joint first-author paper with Robert Hu, and supervised by
Dino Sejdinovic, demonstrates impressive performance on benchmark datasets. The theoretical work and

proofs are my own contribution, while Robert conducted the experiments and developed the software
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library. The paper was accepted at the Conference on Neural Information Processing Systems (NeurIPS)

in 2022.

The chapter “A Rigorous Link Between Deep Ensembles and Variational Bayesian Methods” scrutinises
GVI on the finite-dimensional Euclidean parameter space, implementing gradient descent directly in the
infinite-dimensional space of probability measures. This approach enables the derivation and theoretical
study of new sampling schemes under different regularisers, such as maximum mean discrepancy (MMD)
and Kullback-Leibler divergence. Supervised by Dino Sejdinovic and Jeremias Knoblauch, with Sahra
Ghalebikesabi leading the experiments and software library development, the paper was accepted for an

oral presentation at the Conference on Neural Information Processing Systems (NeurIPS) in 2023.

The chapter “Bayesian Inference in Function Space via the Wasserstein Gradient Flow” develops a
sampling procedure for Gaussian random elements by implementing the Wasserstein gradient flow for an
infinite-dimensional Hilbert space. The latter can be simulated with the Langevin Stochastic differential
equation in Hilbert space. We propose an approximate sampling technique that uses an orthogonal
projection onto the first M -components of the spectral basis of the covariance operator. Interestingly, the
algorithm as a special case recovers the posterior arising from the sparse variational Gaussian process
(SVGP) [Titsias, 2009a]—owed to the fact that the same sufficiency assumption underlies both methods.
However, whereas the SVGP posterior is parametrically constrained to be a Gaussian process, our method
is based on a variational family that can freely explore the space of [(sufficiently regular)] probability
measures on R . Our method is provably close to the optimal M/ -dimensional variational approximation
of the Bayesian posterior for convex and Lipschitz continuous negative log likelihoods. All theoretical
contributions are my own. It was supervised by Dino Sejdinovic and Jeremias Knoblauch. James Wu was

responsible for implementing the experiments. This is unpublished work, written in manuscript style.




2| Generalised Variational Inference in a Nutshell

This chapter introduces the GVI optimisation problem which is the central object of study in my disserta-
tion. I elaborate on the view of GVI as mathematical lifting of a finite-dimensional optimisation problem

onto the space of probability measures.

I further discuss my contributions to the field of GVI and embedd them into the context of existing
literature. This chapter provides a concise summary of my perspective on GVI and the motivations behind

my work.

2.1 The Optimisation-Centric View on Generalised Variational Inference

The central object of this thesis is the minimisation problem for the functional L : P(0) — [—o0, o0

defined as

L(Q) = /e(a) d0(0) + AD(Q, P). @1

Here, we denote the parameter space as © and the set of all probability measures on © as P(©). In the
above ¢ : © — R is a loss function, P € P(O) a prior or reference measure, D : P(©) x P(0) —

[—00, 00| a discrepancy measure or regulariser and A > 0 a scaling constant.

We refer to the minimisation problem for L in (2.1) as GVI-problem. It can be guaranteed— under mild

assumption on £ and D—that a unique global minimiser

Q" :=argmin {L(Q) : Q € P(©)} (2.2)

for L exists (cf. Appendix C.1).

The formulation of the GVI-problem, as presented above, was introduced by Knoblauch [2021] as a
comprehensive framework summarissing and extending various approaches to generalise (variational)
Bayesian inference [Griinwald, 2011, Bissiri et al., 2016, Holmes and Walker, 2017, Griinwald and
Van Ommen, 2017, Miller and Dunson, 2018, Nakagawa and Hashimoto, 2020, Chérief-Abdellatif and
Alquier, 2020]. Specifically, for a Bayesian model with a prior P and likelihood p(y|6), the Bayesian
posterior can be identified as the solution to the GVI-problem Q* when ¢(0) = —logp(y|f), D is the
Kullback-Leibler divergence (KL) and A = 1. Drawing from its roots in Bayesian inference, it is argued
[Bissiri et al., 2016, Knoblauch, 2021] that, even in scenarios where £(6) # —log p(y|6) or D # KL,

solving the GVI problem encapsulates the process of updating prior beliefs about the parameter € O, as
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represented by P, to posterior beliefs represented by Q.

I have come to prefer a purely optimisation focused justification of GVI that avoids the rationale of
updating prior to posterior beliefs. In my view, the GVI-problem in (2.1) is interpreted as being derived
from a minimisation problem for ¢ : © — R in two steps: probabilistic lifting and convexification (cf.

Figure (2.1)). The first step can be seen as relaxation of the problem for £ which is rooted in the knowledge,

min ((6) min / (6)dOE)  min ){ / (8)d0(6) +)\D(Q,P)}

fe® QEP(RY) QEP(RY
Step 1: probabilistic lifting Step 2: convexification through regularisation

Figure 2.1: Illustration of convexification through probabilistic lifting.

that there is typically more than one parameter setting with low loss for ¢ to be found. The second step
introduces a convex regulariser which singles out a unique probability measure amongst all candidate

measures that lead to a low loss on average.

Hence, the global minimiser Q* is interpreted as containing all the many minimisers of £. This is visually

illustrated in Figure 2.2, where the relationship between QQ* and the original loss £ is depicted. The loss

loss density of optimal Q°

0.10

0.08

0.06

£(6)
q"(8)

0.04 4

0.02

T T T u T T T T T T u T T T
-15 -1.0 -05 0.0 0.5 10 15 -15 -1.0 -0.5 0.0 0.5 10 15

Figure 2.2: The figure illustrates how ()* summarises the low-loss regions of ¢. The loss is given as
£(0) = 3(6 + 1)2(6 — 1)2, the regulariser is the Kullback-Leibler divergence, P is the standard normal
distribution and A = 1.

£ has two global minimisers and it is precisely in these regions where Q* concentrates. The reference
measure P can be used to encode knowledge about regions in the parameter space © that are more

plausible. The scaling factor A allows us to control the strength of regularisation.

This purely optimisation-centric view does not inherently provide us with an interpretation of the proba-
bilities over parameter regions encoded in Q* as posterior beliefs or updated beliefs. In my experience,
the usage of such terminology leads to more confusion than necessary and is by no means required to

justify an interest in solving the GVI-problem (2.1). In my view we simply query Q* to generate points of
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©* := argmin{/(#) : 6 € ©} and its vicinity. Finding Q* is therefore a means to obtain access to the

many minimisers of £.

Moreover, the use of @* in the context of uncertainty quantification remains valid albeit with a new
justification. To illustrate this consider the setting of statistical machine learning with squared loss ¢ given

as

N
£0) = Z(yn - f9<xn))2 2.3)
n=1
for a set of input-output pairs D := {(zy,yn) : n = 1,...,N} C X x R. Here fy : X — R
parameterises a set of candidate functions and a low loss is associated with a good fit for the points in D.
Given a new point = € X, we can leverage Q* to induce a distribution over predictive outcomes' and use
a measure of dispersion such as the variance to quantify uncertainty. Essentially, this means we rely on
model disagreement as a metric for quantifying uncertainty. A high variance signifies numerous parameter
configurations that yield equally low training loss ¢, yet significantly differ in predicting outcomes for an

unseen test point x.

As a consequence of this view, there is no reason to believe that GVI based 100(1 — «)% prediction
intervals for an unseen data point will have the pre-specified coverage. However, this shortcoming is
not unique to GVI and is usually encountered in Bayesian models as well, owing to the difficulty in
appropriately choosing the prior distribution and likelihood function [Fong and Holmes, 2021]. When it
is important to generate accurate prediction intervals rather than merely confidence scores, it’s feasible
to convert raw uncertainties into well-calibrated prediction intervals using conformalisation [Vovk et al.,
2005]. For conformal prediction, what matters primarily is the correct ranking of predictive outputs, where
a larger confidence score corresponds to increased uncertainty. In my view, achieving such a ranking is
typically the best outcome one can hope for and something that can be achieved successfully with GVI

even in the absence of a Bayesian interpretation (cf. Chapter 4 & 5)

The GVI-problem is therefore of interest for researchers solely interested in minimising ¢ as well as for
researchers who want to equip their algorithms with a measure of uncertainty. However, the true difficulty
lies in finding the global minimiser Q*. In the case where D = KL and P has Lebesgue-density p, we

know that the global minimiser (J* has a Lebesgue-density ¢* [Bissiri et al., 2016] given as

1

0'(0) =  exp (— 1(6))p(0)” 24)

'Technically speaking we use the push-forward measure fx o+ (2) to induce probability distribution over the output space.
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where Z := [ exp ( — £(6))p(#)* df. We can therefore calculate Z analytically or—if this is not feasible
which is usually the case—use MCMC-based procedures [Andrieu et al., 2003] to obtain samples from

the global minimiser Q*.

In the general case, where D # KL, finding QQ* is more challenging, since we do not have access to a
formula for ¢* in the spirit of (2.4). The only feasible approach prior to our work in Chapter 5 was to
parameterise a set of probability distribution Q := {Q, : v € I'} C P(0O), called variational family, and

solve a finite dimensional optimisation problem over the Euclidean parameter space I', i.e. on searches for
v € argmin {L(Q,) : v €T} (2.5)

and uses (), as approximation for Q*. An approach that we refer to as parameterised-GVI and which

has some obvious shortcomings (cf. Chapter 5).

2.2 Parameterised Generalised Variational Inference in Infinite Dimen-

sions

At first glance, the GVI-problem in (2.1) extends naturally to the case where © is infinite. In fact, the
conceptual arguments in favor of GVI outlined in the previous section carry over mutatis mutandis.
However, there are several non-trivial questions for infinite-dimensional ©: What space © should we
choose? What is the relationship between the Bayesian posterior and the global minimiser (*? How can

we chose a variational family Q leading to tractable GVI objective?

The first method deploying variational inference for an infinite-dimensional functional parameter space
O is described in the seminal paper by Titsias [2009a] in the context of Gaussian process regression.
However, even though Titsias [2009a] model is developed for the purpose of approximating the Gaussian
process posterior distribution, there is no explicit mentioning of the underlying infinite-dimensional
parameter space. In fact, in his model variational inference is only performed to approximate the Gaussian
process posterior at a finite set of points, the data points and inducing points, effectively rendering the
model a finite-dimensional one. This method is famously known as sparse variational Gaussian process

(SVGP).

Matthews et al. [2016] later discovered that identical equations can be derived from a model that is truly
formulated in the function space. In order to distinguish the situation notationally, we will from now on
write f for the functional parameter instead of §. Similarly, we denote the parameter space with F instead

of © from now on. We can express the insights from Matthews et al. [2016] within the GVI-framework




GENERALISED VARIATIONAL INFERENCE IN A NUTSHELL

laid out in section 2.1 as follows: SVGP performs parameterised GVI with loss L given as

L(Q) = / (f) dQ(f) + KL(Q. P), 2.6)

where £(f) := logp(y|f) :== Yon_,1og N (yn | f(xn),0?) with observation noise o2 > 0. The varia-

n=1

tional family is given as Q := {GP(my, k,) : v € '} where

I'={v=(u%2) : peR" ¥eR"Mgsym and pos. definite, Z € X"} 2.7

with
my(z) = kz(z) "k, Lu, (2.8)
ky(z, ') = k(z,2') — kz(z) Tk pkz(2)) + kz(z) k5 Sk, kz(x)). (2.9)

forz,2’ € X and Z € XM the so called inducing points. The prior measure P is the Gaussian measure
canonically associated with the Gaussian process F' ~ GP(0, k) with kernel £ : X x & — R which
means that P is characterised by satisfying mp#P = N(0,k(D, D)) forany D € X” and any J € N

where # denotes the push-forward.

At first glance, this choice of variational family appears quite arbitrary but it is of paramount importance
since it ensures that the KL-divergence between the two Gaussian measures () € Q and P on the

function-space E reduces to a finite-dimensional KL-divergence between Gaussian measures on R i.e.
KL(Q, P) = KL (m7#Q, 7z #P) = KL (/\/(,L, %), N(0, kzz)) (2.10)

for all Q € Q. This reduction to finite dimension is what makes variational inference in the function space

tractable.

In Matthews et al. [2016], the parameter space E is chosen to be the space of all functions from A" to R,
denoted as F (X, R). However, Matthews et al. [2016] explicitly assumes, for the sake of applying Bayes’
theorem, that the functional parameter space is a Polish space, which F (X', R) only satisfies in the trivial

case where X is countable [Munkres, 2019, Chapter 21, Example 2].

This (minor) inconsistency in the otherwise excellent paper by Matthews et al. [2016], led me down a
quest for the right functional parameter space E that is consistent with Matthews’ formalism and satisfies

the requirement of being a Polish space.

The idea which is at the heart of my dissertation and foundational for the rest of this work is to replace
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Gaussian processes with Gaussian random elements that take values in some abstract separable Banach
space F?. The variational framework can then be rigorously reformulated for Gaussian random elements
(cf. Chapter 3). In the special case where E is the space of continuous functions C'(X', R), one retrieves
Matthews et al. [2016] and therefore ultimately also the classical variational GP framework of Titsias

[2009a].

The Gaussian random element approach was furthermore perfectly tailored to develop the theory for
generalised variational inference in infinite dimensions (cf. Chapter 4). This extension of GVI led to some
very practical benefits: The derivation of Gaussian Wasserstein inference, a method for function space
inference with access to a tractable GVI loss for arbitrary variational mean and covariance function. This
should be contrasted with SVGP where the requirements for a tractable KL-divergence between stochastic
processes in (2.10) places strong constraints on the form of the variational mean and variational kernel (cf.
(2.8) and (2.9)). The additional flexibility allows us to leverage deep learning architectures and surpassed
SVGP on various benchmark data sets (cf. Table 4.1) showcasing the benefits of the Gaussian random

element view and GVI for function space inference.

2.3 Generalised Variational Inference via the Wasserstein Gradient Flow

Although parameterised GVI methods have demonstrated remarkable success in providing approximate
solutions to the GVI-problem [Blei et al., 2017], there is a rather obvious shortcoming inherent to all
parameterised approaches. The GVI loss L in (2.1) is convex, as long as the regulariser D(-, P) is
convex for the fixed reference measure P € P(©). However, the resulting optimisation problem for
the variational parameters is non-convex in all but trivial cases, making it impossible to obtain any
theoretical guarantees for GVI-procedures. From a mathematical point of view, it is therefore tempting
to sidestep parametrisation altogether, and operate directly on the space of probability measures. The
idea of performing gradient descent directly in P(£2) may seem impossible at first but there is in fact
a rich mathematical literature on how notions of gradient flows can be generalised to arbitrary metric
spaces [Ambrosio et al., 2005]. When the underlying metric space is given as the 2-Wasserstein space, it

is common to refer to the associated gradient flow as Wasserstein gradient flow.

In Chapter 5 we explore how the Wasserstein gradient flow can be leveraged to design algorithms that
perform gradient descent directly in the space of probability measures with finite second moment, denoted
P2(O), where O is finite-dimensional. This allows us to contrast the algorithmic effects of different

regularisers for GVI and serves as unifying principle for sampling approaches as diverse as deep ensembles,

“Every separable Banach space is a Polish space [Kechris, 2012, Chapter 3, Example 4]
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the unadjasted Langevin algorithm and a system of repulsive interacting particles. We furthermore were
able to provide the first asymptotic convergence guarantees for GVI with maximum mean discrepancy
based regularisation. The Wasserstein gradient flow has previously been employed in machine learning
for the purpose of solving optimisation problems on the space of probability measures [Arbel et al., 2019,
Salim et al., 2020, Korba et al., 2021]. However, to the best of our knowledge we were the first to use it in

the context of true GVI, i.e. when D # KL.

The last chapter is the synthesis of the two big ideas in this thesis: we perform gradient descent for L
in (2.1) (this time D = KL) in the infinite-dimensional space of probability measures P, (FE) where E
itself is an infinite-dimensional Hilbert space. The WGF leads us to the infinite-dimensional Langevin
equation [Hairer et al., 2007a] and allows us to develop a novel method for approximately sampling
Bayes posteriors that naturally carries over for non-Gaussian likelihoods and even multimodal functional
posteriors. In particular, the derivation of the functional Wasserstein gradient flow equations rely crucially
on the variational inference framework of Chapter 3 and therefore provide further justification for the
rigorous treatment of the functional parameter space E. The infinite-dimensional Langevin equation has
been studied previously for the purpose of sampling in function space [Dashti and Stuart, 2013, Ottobre
et al., 2016, Lim et al., 2023]. However, to the best of our knowledge, nobody has derived projected
Langevin sampling nor were the previous works motivated by a desire to implement the WGF for the

GVlI-problem with a functional parameter space.

10



3| Variational Gaussian Processes: A Functional Analysis View

This chapter is based on the following publication:

Veit D. Wild* and George Wynne*. “Variational Gaussian Processes: A Functional Analysis

View.” Artificial Intelligence and Statistics (AISTATS), 2022

Abstract

Variational Gaussian process (GP) approximations have become a standard tool in fast GP inference. This
technique requires a user to select variational features to increase efficiency. So far the common choices in
the literature are disparate and lacking generality. We propose to view the GP as lying in a Banach space
which then facilitates a unified perspective. This is used to understand the relationship between existing

features and to draw a connection between kernel ridge regression and variational GP approximations.

11
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3.1 Introduction

Gaussian processes (GPs) are a ubiquitous modelling paradigm within machine learning [Rasmussen and
Williams, 2005]. They are random functions with the useful property that their pointwise evaluations form
a multivariate Gaussian random vector. Within the Bayesian framework one may use a Gaussian process
as a prior for an unknown function, condition on observed information and then a posterior over the
unknown function is obtained. Examples of applications include regression, classification, reinforcement
learning and optimisation. See Rasmussen and Williams [2005] for an introduction. The GP framework
enjoys such popularity since it is flexible, interpretable, has closed form expressions in some scenarios

and offers a degree of uncertainty quantification.

An issue of the GP framework is the naive computational cost O(N?) to perform predictions, where N is
the number of observed data points. This is due to a matrix inversion term. Many methods have been
proposed to reduce this computational cost to something more palatable, both through theoretical [Csaté
and Opper, 2002, Seeger et al., 2003, Snelson and Ghahramani, 2006,0, Titsias, 2009a] and computational
innovations [Gardner et al., 2018, Wang et al., 2019].

The focus of this paper is the variational inference paradigm where the posterior GP is approximated by
an element of a candidate family through an optimisation routine where distance from the posterior GP
is measured with the Kullback-Leibler (KL) divergence. The common candidate family is a family of
GPs formed by conditioning the prior on M surrogate features, not necessarily equal to the observed
information, resulting in O(N M?) complexity rather than the aforementioned O(N?3). For example,
features could be point evaluations or values of inner products against some user chosen set of functions.
Foundational papers regarding variational inference for GPs include Titsias [2009a], Matthews et al.

[2016] and for a survey consult Leibfried et al. [2020].

Choosing features to condition on is often conducted with the aim of closed form, or at least easy to
compute, expressions. Therefore the features chosen can be very dependent on the given GP of interest
through the covariance kernel, mean function or space the GP takes values in. This has led to a heuristic
and somewhat ad-hoc approach in the literature to deriving features. Indeed, there is little in the way of a

unified view of the choice of features and how different choices relate to each other.

Contributions: We present a unified perspective of existing features used in variational Gaussian process
approximations by embracing the fact that GPs can be viewed as Gaussian random elements in Banach
spaces. This perspective reveals generalisations of, and equivalences between, commonly used variational

features. In particular we generalise the derivation for the popular variational Fourier features [Hensman

12



VARIATIONAL GAUSSIAN PROCESSES: A FUNCTIONAL ANALYSIS VIEW

et al., 2018]. This injects rigour and clarity into the features used. Finally, a connection to kernel ridge

regression is made which clarifies the role that the variational features play in the posterior approximation.

Existing work: The commonly employed framework of variational GP approximation was derived by
Titsias [2009a]. Two other types of features we focus on are inter-domain [Lazaro-Gredilla and Figueiras-
Vidal, 2009] and Fourier [Hensman et al., 2018]. A formalism of the use of Kullback-Leibler divergence
over infinite dimensions, a key part of the variational GP methodology, was clarified by Matthews et al.
[2016]. The Fourier features have recently been combined with spherical harmonics [Dutordoir et al.,
2020] and rough path theory [Lemercier et al., 2021]. An appeal to Gaussian measures is made in Cheng
and Boots [2016,0], Salimbeni et al. [2018]. The Gaussian process is associated with a Gaussian measure
in an appropriate RKHS . This dual formulation is then used to derive more efficient variational GP
approximations. However, although Gaussian measures are referenced in their work this avenue is not

consistently pursued which separates their line of work from ours.

3.2 Gaussian Processes and Gaussian Random Elements

This section introduces notation and the necessary mathematical objects that will be relevant throughout
the paper. We furthermore highlight problems with the Gaussian process formalism when it comes to

variational inference.

3.2.1 Preliminaries and Notation

Let (2, F,P) be a the underlying probability space on which all random quantities are defined. Let X’ be
a set. A family of random variables G: X x 2 — R defined on (€2, F,P) is called a random process. Let
G(x) denote the random variable G(x, -). A random process is called a Gaussian process (GP) if for every
N € Nand {z,}»_, C X the random vector (G(x1),...,G(zy)) is Gaussian. A Gaussian process is
entirely determined by its mean function m: X — R defined m(x) := E[G(z)] and covariance function,
also know as covariance kernel, k: X x X — R defined k(z, 2") == E[(G(x) — m(z))(G(z") — m(z"))].
We denote the GP with mean m and covariance kernel k as G ~ G P(m, k). For background on Gaussian

processes consult the works by Rasmussen and Williams [2005], Lifshits [2012], Adler [1990].

Let E be a separable Banach space, B(FE) the Borel o-algebra and P(FE) the set of Borel probability
measures on F. We will always assume that F is separable without explicitly stating it every time. The
dual of F is defined as E* := {z* : E — R |z* is linear and continuous} and for z* € E* |y € E we
write (y,x*)g = x*(y) for the so called dual pairing. A mapping F': Q — FE is called a Gaussian

random element (GRE) if for every z* € E* the real valued random variable 2*(F') = (F,z*)g is

13
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Gaussian. Each GRE has an associated mean m € [E which is uniquely characterised by satisfying
(m,2*)g = E[(F,2*)g]| for all z* € E* and covariance operator C': E* — E uniquely characterised by
satisfying (Cz*,y*)p = Cov|[(F, 2*)g, (F,y*)g] for all z*,y* € E*. We denote F' ~ N (m, C) for a
GRE with mean m and covariance operator C. Note that for £ = R* this coincides with the standard
definition for the normal distribution in R"V. An excellent introduction to GREs can be found in Chapter 4

of Van Neerven [2008].

A measure P € P(E) is called a Gaussian measure (GM) if for every x* € E™* the pushforward measure
P € P(R) defined by P*" () := (P o (z*)~1)(-) is a Gaussian measure on B(R). As with random
variables in R and probability measures on 53(IR) there is a one-to-one correspondence between GREs
and GMs on F. GREs and GMs can be studied in far more generality, or indeed with more specificity,
than E being a Banach space [Bogachev, 1998, Da Prato, 2006]. For a gentle introduction into Gaussian

measures on Banach spaces see chapter 3 in Hairer [2009].

When a GP G satisfies P({w: G(-,w) € E}) = 1 we say that its sample paths lie almost surely in E.
This has been studied for numerous common choices of E [Rajput and Cambanis, 1972, Rajput, 1972,
Lukié¢ and Beder, 2001] and one can then identify the GP with a GRE, or equivalently with a GM, over E.
Throughout the rest of this paper we shall be dealing purely in terms of GREs and later specific examples
equating these to GPs shall be given. The use of GREs facilitates a general view of variational inference

and will be the vehicle of our results.

3.2.2 In Search of the Right Formalism

In Matthews et al. [2016], the stochastic process perspective is employed to demonstrate that the ELBO
presented in Titsias [2009a] can be interpreted as minimizing the KL divergence between the true
posterior process and a suitably defined variational family. In this section, we aim to carefully unpack the
mathematical details, which will lead us to the conclusion that the appropriate mathematical framework

for these arguments involves Gaussian random elements in Polish spaces.

In Section 3.3 of Matthews et al. [2016], Matthews notes that he is interested in a ‘probability measure
on sets of functions f : X — R.” Furthermore, he states that ‘the prior measure P [...] is assumed
to be a Gaussian process.” Mathematically, the probability measure P defined through a Gaussian
process is a mapping P : (RY,S) — [0,1], where RY := {f : X — R} is the vector space of all
functions from X to R, and § is the smallest o-algebra that makes all pointwise evaluation functionals

7 : RY = R, f +— f(z) measurable.

The issue with this choice of function space is that the space R is, in general, too large. Specifically, R*

14
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is not typically a Polish space, which is often regarded as a minimum requirement for probability theory
in infinite dimensions. For instance, when applying Bayes’ theorem in infinite-dimensional settings, it is
desirable that the specification of the prior measure, in combination with the Markov kernel describing the
likelihood, ensures the existence of a Markov kernel for the posterior measure. In fact, Ghosal and van der
Vaart [2017, Section 1.3] consider the existence of such a Markov kernel for the posterior measure as a
necessary condition to speak of a "true posterior measure.” They also note that a sufficient condition for

this is that the prior measure is defined on the Borel o-algebra of a Polish space.

In Section 4.1, Matthews et al. [2016] implicitly acknowledges the necessity of this assumption by
repeatedly assuming that the spaces in which he operates are Polish. As argued above, we believe this
assumption should have been introduced earlier, in Section 3.3, when Bayes’ Theorem is first presented,

in order to avoid potential pathologies arising from posterior measures that are not Markov kernels.

Bringing these points together, Matthews et al. [2016] requires a prior measure on a Polish function space
that is Gaussian’. A broad class of Polish function spaces are Banach spaces. As discussed in Section
3.2.1, Gaussianity is well-understood within Banach spaces. Gaussian random elements in Banach spaces,
along with their corresponding Gaussian measures, therefore provide a foundation for constructing a
rigorous theory of variational inference in infinite dimensions. This assumption is general enough to cover

most practical cases while being concrete enough to enable tractable computations.

3.3 Gaussian Random Element Regression

In this section we outline Gaussian random element regression which is the random element view of
standard Gaussian process regression. This view is commonly employed in areas such as Bayesian inverse
problems [Stuart, 2010]. At first glance the framework may appear (indulgently) abstract. However,
we believe this is the most natural framework to investigate variational GP approximation. There is an
important example at the end of the section showing all that follows does in fact coincide with standard

GP regression.

3.3.1 The Regression Model for GREs

Let F' be a GRE in F with mean m and covariance operator C' and denote by P € P(X) its corresponding
GM. Suppose we have observations Y = {Y;,}_, which are the image of F' under some {D,,}_ | C E*,

corrupted by independent scalar Gaussian noise

Yn - (F, Dn)E + €n,
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where ¢,, ~ N(0, 0?) independently for n = 1,..., N. This can be equivalently expressed in perhaps

more familiar notation as the probability density function (pdf) of Y given F' = f is
p(YIF = f) == N(y|(f,D)g,0°In),

fory ¢ RN, f € E, (f,D)g := ((van)E)

distribution on RY with mean vector 1 € RY and covariance matrix ¥ € RV*¥,

~ and N'( - |, ) denotes the pdf of a Gaussian

n=1,...,

In the Bayesian paradigm, one updates their beliefs about F’ after observing Y = (Y7,....,Yy) by
combining the prior F' ~ A (0, C') with the likelihood p(y|F = f) to form a posterior. This can be a
delicate task since E could be infinite dimensional. However, since in our scenario E is a Banach space
and the measures corresponding to Y'|F' = f are all dominated by the Lebesgue measure on RY with
a jointly measurable map (y, f) € RY x E — p(y|f) € R, an infinite dimensional version of Bayes

theorem applies [Ghosal and van der Vaart, 2017, Chapter 1.3].

It states that a regular version [Klenke, 2013, chapter 8.3] of the posterior measure exists, denoted
PEY . RN x B(E) — [0,00), (y, A) — PFIY=Y(A) and the measure PF'Y=Y on B(FE), which is
the posterior measure of F' given Y = y, is dominated by the prior measure P for any y € RY with

Radon-Nikodym density 2 I(fé‘j)c ),

What all these technicalities really mean is that for A € B(E)

FlY=y _ p(ylf)
P (A) /A () dP(f), 3.1
where
p(y) = Ep(y\F: HdpP(f)
=N (y|(m,D)g,Cpp + o°Iy)
with

(CDD)n,n’ = (CDnaDn/)Ea (33)

forallm,n’ =1,...,N.

This posterior measure P¥1Y=Y is a GM since it is formed from the Gaussian likelihood p(y|F = f) and
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Gaussian prior F' ~ N (m, C') (details in supplementary material section A.1). Denote the mean and
covariance operator of P¥’ Y=y by m, C respectively. As is usually the case with Bayesian techniques,
the user is often not interested in the posterior measure itself but its pushforward through some prediction

operation.

We focus on the case of two linear maps T, 7" € E* since the general case of S € N elements can be

handled analogously. The posterior mean m € F satisfies
(m,T), = (m,T)g + Crp(Copp + 0*In) "'y, (3.4)
for any 7' € E* and the posterior covariance operator C : E* — E satisfies
(CT,T")g = (CT,T") g — Crp(Cpp + 0*In) " Corr, (3.5)

forall T, 7" € E*, where Cpp as in (3.3) and (Crp)1, == (CT,Dy)g forn =1,...,N and Cppr =

C;, p € RN >1 The proof for these statements is given in section A.1 of the supplementary materials.

In summary, given a prior GRE and some observed values Y via some maps {D,,}N_, C E* we can get
a Gaussian posterior measure P Y=y for any y € RY on E. Two, or equivalently finitely many, linear
functionals T, T" € E* of F under the posterior will follow a multivariate Gaussian distribution and one

can use (3.4) and (3.5) to calculate the mean vector and the covariance matrix.

3.3.2 Example: GPs with Continuous Paths

Before we give the promised example that links GP regression to GRE regression, we need to introduce

some key results from functional analysis.

Let X C RP be compact with Borel o-algebra B(X) and C(X',R) the space of continuous functions
from X to R equipped with the standard supremum norm. Note that C'(X’,R) is a Banach space as
long as X" is compact. Denote by R(X') the space of finite regular signed measures over X’ equipped
with total variation norm [Rao and Rao, 1983, Section 2.4]. The Riesz-Markov theorem [Rao and Rao,
1983, Royden and Fitzpatrick, 2010, Corollary 4.7.6] states that C'(X,R)* = R(X) in the sense that
each i € R(X) gives an element of C'(X,R)* via f — [, f(x)du(x) and for every T € C(X,R)*
there exists a unique 4 € R(X) such that Tf = [ + f(x)du(x). For example the pointwise evaluation
map 7, (f) = f(x) corresponds to the Dirac measure 0, based at x for which we write 7w, = §,. For a
covariance operator C': C(X,R)* — C(X,R) we set Cp to be CT where T is the unique element of
C(X,R)*suchthat Tf = [, f(x)du(x).
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We now establish the connection between GREs and GPs when F = C(X,R). Let G ~ GP(0,k) be a
Gaussian process over a compact subset X C R with kernel k& and zero mean. Zero mean is for simplicity,

non-zero can be handled straightforwardly.

Assume the GP has paths in C' (X', R) with probability one. A standard result which provide a sufficient
condition is the Kolmogorov continuity theorem [@ksendal, 2003, Theorem 2.2.3], if & is translation
invariant then a condition regarding the decay of k is provided by Adler and Taylor [2007, Corollary
1.5.5] and a condition regarding the spectral measure [Rasmussen and Williams, 2005, Chapter 4.2.1] of k&
by Adler and Taylor [2007, Page 22].

Following Lifshits [2012, Example 2.4], see also Rajput and Cambanis [1972], any GP with almost
surely continuous paths can be identified with a GRE F taking values in E = C(X,R) !, denote the

corresponding GM by P. The covariance operator C' of F' is given as

Cv) = [ ket (3.6)
CUME_// (2, 2 )2 (), 37

for p, v € R(X). Using the identification of pointwise evaluation and Dirac measures mentioned above

Covp|F(x), F(z')] = Cov|[(F,0.) g, (F,0.)E]
= (Cdy,0)E

= [ [ retvisoydse)

= k(z,2"),

for any z, 2’ € X as expected.

In standard GP regression one observes corrupted pointwise information about the unknown function at a
collection of points X = {z,,}N_, C X. So in the notation of the previous subsection D,, = d,,, is the

map through which our observations are viewed.

Suppose we want to make a prediction at two new points z, x’ € X. This corresponds to the measures

T =0, and T" = 6,7 and we know that (F(z), F(2'))|Y = y is multivariate Gaussian. From (3.4) we

'"The identification discussed in Example 2.4 in Lifshits [2012] is as follows: Let G : © x X — R be a Gaussian process
with kernel k, which is regular enough such that G(w, -) is continuos for P-almost every w € Q. Then F : Q@ — C(X,R)
defined via F(w) := G(w,-) isa GRE in C(X, R).
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calculate the mean as

m(x) = (M, 6:)p = kax (kxx + 0°In) "'y,
and similarly for m(z’). Furthermore the covariance between F'(z) and F'(x’) under the posterior is given

by formula (3.5) as
(COu,00) i = k(z,2") — kux (kxx + 02IN)  kxar,

where kx x is the matrix with n, n'-th entry k(xy,, 2,,/) and kyx = (k(z,21), ..., k(z,2N)) = k. This
is the standard formula for the posterior mean and covariance of a GP given noisy pointwise observations

[Rasmussen and Williams, 2005].

In summary, GRE regression on £ = C (X, R) with observation functionals D,, = §,,n=1,...,N

recovers standard GPR.

3.4 Variational Inference for Gaussian Random Elements

The posterior expressions (3.4) and (3.5) can have high computational cost since the matrix inverse
term has naive cost O(N?). To avoid this cost the variational approximation paradigm is often used
where PFIY=Y is approximated by selecting a measure in a candidate family Q C P(E) that is optimal
according to some divergence. The earliest works on this method are Titsias [2009a], Hensman et al.
[2013] and, as discussed in the introduction, this area has received a lot of attention and innovation in the

GP community recently [Hensman et al., 2018, Dutordoir et al., 2020, Lemercier et al., 2021].

We will now describe variational inference for Gaussian random elements in an abstract Banach space F.
Much is owed to the work of Matthews et al. [2016], which formulated the important equations in the
context of Gaussian processes. The following presentation applies in generality of Banach spaces which

is the most general derivation the authors are aware of.
The following are desired properties of the family Q of candidates to approximate the posterior

1. Predictions involving any ) € Q must be computationally tractable and less expensive than the

true posterior.
2. Q contains measures that give a good approximation for the true posterior P* Y=y,
3. A measure of closeness between each () € O and PFIY=Y must be tractable and cheap to evaluate.

Variational family: The idea in the construction of Q is to parameterise certain features of the target
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posterior with a multivariate Gaussian, the hope being that these features will represent the target posterior

well even though there may be less features than the number of points observed.

First choose M € N elements from the dual {L,,}_, C E*, the features, and set L = (L1,..., L),
L: E — RM, Denote U, == (F,Ly)g, m = 1,...,M and U := (Uy,...,Uys). Define Q" =
N(p, X) € P(RM) for some mean vector ;2 € R and covariance matrix ¥ € RM*M  Starting with a

QY of this form we obtain a member of the approximating family @ as

o) = [ (G o) e

where A € B(E) and dQ” /dP" is the Radon-Nikodym derivative of Q% with respect to P* and P is
the law of U under the prior equal to A'((m, L) g, Cr). The idea is that Q* dictates the behaviour of

on the features L.

While this formulation of a candidate () € Q may seem obtuse, in Theorem A.1.1 in the Supplement it is

shown

Q(A) = /RM P(F € AJU = w)dQ" (u),
which is used to deduce that each () € Q is a GM with mean mg
(mg,T)g = (m,T)p +Cy}(u— (m,L)g)Crr (3.8)
for all " € E* and covariance operator Cg
(CQT,T') , = (CT, T)p + Cr ,Cr (S — CrLr)CriCrr (3.9)

forall T,T" € E*.

The variational parameters of this family are p, > and potentially parameters that appear in the specification
of the inducing features L. For ease of notation denote all of these parameters by 7 and the () corresponding

to this choice by @;,.

Measure of closeness: The Kullback-Leibler (KL) divergence is the measure of closeness employed. For

P,Q € P(FE) with @ absolutely continuous with respect to P, denoted Q < P

K2(Q.P) = [ 1oe (G20 aQ(s)
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and K L(Q, P) is infinite if @) is not absolutely continuous with respect to P. The variational parameter

n € I is then selected by minimising the KL
n* € argmin K L(Q,, PFY=Y).
n

After n* has been determined, the posterior is approximated with (), which we denote by * for ease of

notation.

The choice of Q means one may rewrite the KL as
KL(Q, PFIY=¥) = KL(Q, P) — Egllog p(y|F)] + log p(y)

where Eg[log p(y|F)] := [logp(y|F = f)dQ(f). see Theorem A.2.2 in the Supplement.

Optimisation: Optimisation with respect to KL is performed by optimising the evidence based lower

bound (ELBO) defined £ := —K L(Q, P) + Eqg[log p(y|F)].

The user can now optimise the parameters 7, which we recall are u, 32, analytically to obtain the optimal
Q* € Q within the candidate family. The parameters p,>. have a closed form expression and cost
O(NM? + M?3) [Titsias, 2009a]. These optimal choices for y, ¥, given fixed L, are given in Theorem
A.2.2 in the Supplement. The resulting optimal mean and covariance operators, denoted m g+ and Cg+

satisfy

(mo+,T)g = Crr(c*Crr + CLDCDL)ACLDZ/ (3.10)

_ 1 _
(Co-T,T')g = (CT,T") g — Cp.C;}Crrr + Crp (Crr + PCLDCDL) Yorr,

forall 7,7’ € E*. See Theorem A.2.2 in the Supplement for a proof.

Alternatively, a user could numerically optimise 7 using a factorisation of £ over IV to make use of batch
size optimisation [Hensman et al., 2013]. This leads to complexity O(NgM 24+ M 3), where Ng € Nis

the batch size.

The factorised ELBO is normally used for really large data sets and in this case the bottleneck is the
inversion of Cr;, which causes the O(M?3) complexity term. Therefore it is vital for practitioners to

choose L which result in C 1, being easy to invert, for example making C'r;, be diagonal.

The next section investigates common choices of L in the literature and derives a unifying perspective

using GREs, crucial for understanding the different choices.
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3.5 Functional Analysis View on Inducing Features

In this section several variational approaches are recovered within the GRE framework. The goal is

obtaining a unified perspective and greater generality of the derivations.

As described in Section 3.3.2, the starting point for our analysis is a GRE F' ~ N (m,C) in E = C(X,R)
whose corresponding measure on E is denoted P. This GRE is then conditioned upon corrupted pointwise

observations {z,, }_; C X such thatV;, = (F, 0., ) g + €, witheq, ..., en ~ N(0,02).

Different choices of features {L,,, })/_; € C(X,R)* shall lead to the original inducing point approach
[Titsias, 2009a], inter-domain features [Ldzaro-Gredilla and Figueiras-Vidal, 2009] and variational Fourier

features [Hensman et al., 2018].

While the first two examples appear pedestrian the third crucially relies upon the GRE to reveal how
Fourier features actually behave and under what conditions they are valid, greatly expanding their scope

beyond the example in Hensman et al. [2018].

Only the covariances C,1,, C'rr of the features are derived since this is all that is needed to compute the

variational mean m and covariance operator C¢ of the approximating @, see (3.8) and (3.9).

The prediction map 7" will always be a single point evaluation at an arbitrary point x € &’. The case of
other choices of 7', in particular point evaluation at multiple locations, is straightforward. The term C 1,

is the bottleneck term in the computation, as discussed in the previous section.

3.5.1 Background in Functional Analysis

In this section we introduce some basic terminology and results from functional analysis. The reader
unfamiliar with these tools is referred to Chapter 13 of Royden and Fitzpatrick [2010] for additional

information.

Let F be a Banach space and X C R” be compact®. Typical examples of Banach spaces E are the
space of continuous functions C'(X', R) endowed with the supremums norm and the space L?(X, R) of

equivalence classes of square integral functions, which is even a Hilbert space.

Linear operators A linear map L : E — W (typically called operator) between two Banach spaces

(B, || - ||l&) and (W, || - [|w) is called bounded iff

|L’U w
L)) = sup 22!
veE HUHE

The compactness of X is required to make C (X, R) a Banach space, but is not necessary for the Hilbert space structure of
L3(X,R).
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is finite. For every operator L : E — W we define the adjoint operator L* : W* — E* via L*(¢)(v) :=
¢(Lv) for all ¢ € W*, v € E. This can be equivalently expressed with the help of the dual pairing as
(v, L*¢) = (Lv, (b) - If £ and W are Hilbert spaces we can interpret the dual pairing as the respective

Hilbert space inner-products via the Riesz-representation theorem.

Kernel integral operator Let k be a (continuous) kernel on X and define T}, : L?(X,R) — L?(X,R) as
Tif(x f x («')dz'. The operator T, is called kernel (integral) operator and is well-studied
in machine learning [cp. Steinwart and Scovel, 2012]. It can be easily shown that 7}, is bounded and

self-adjoint, i.e. T} = Tj.

Linear transformation of Gaussian Measures Let L : £ — W be a bounded linear operator and
F ~ N(m,C)beaGREin E. Then L(F) is a GRE in W with mean Lm and covariance operator LC'L*
[Hairer, 2009, chapter 3.3].

3.5.2 Inducing Points

The inducing-points framework of Titsias [2009a] chooses the inducing features as pointwise evaluations

Ly, = 7, , which corresponds to the measure §.,, for some set of points {2, }}/_, C X.

Substituting this choice of L into (3.7)

(CLL)mm’ = COVp(LmF, Lm/F)

= Covp|(F, 6., )E, (F, 0., )E]

// z,z")ds.,, (2)d. ,(x')

= k(zma Zm’)v
and

(CTL>m = COVP(TF, LmF)

= Covp[(F,d.)E, (F,0,, )E]

// (4, ) d6 (1), () = K(z, 7).

Combining these calculations with (3.8), (3.9) we recover the same formula as seen in the original

inducing point derivation [Titsias, 2009a].
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3.5.3 Inter-domain Features

The natural space to realise inter-domain features [Ldzaro-Gredilla and Figueiras-Vidal, 2009] is L?(X, R)
since they involve an inner product on L?(X, R). To this end map the GRE F that takes values in C'(X, R)
into L?(X,R) via the canonical embedding ¢ : C(X, R) — L?(X,R), f — f. The adjoint operator of
vis given as t* : L2(X,R) — R(X), f — f x)dx, which can be easily verified. As explained in
Section 3.3.2 the space C(X,R)* can be identified with the space of signed Borel measures on B(X)

which explains why ¢*(f) is an element of R(X) and therefore accepts as input a set to integrate over.

It follows from || f||z2(x k) < V/ A(X)]|f |00, Where || - [|oo is the supremum norm and A the Lebesgue
measure, that ¢ is a bounded, linear operator from C'(X,R) to L?(X', R). We can use the result mentioned

in Section 3.5.1 to conclude +F is a GRE in L?(X, R) with covariance operator .C'* given as

(C) () = C( () = [ KCoaglal)a @11
X

where (3.11) is simply from the definition of the covariance operator of the GRE on C'(X,R). By (3.11)
tC't* coincides with the well-studied integral operator described in Section 3.5.1 and denoted as 7.

Inter-domain features can be written in our notation as

L = (F.gn) 2oz = | Fl@)gn(a)ds

X

for some collection {g,,, }_; C L?(X,R). Using the definition of an adjoint operator this is equal to
Ly F = (F,t*gm, ) 80 Ly, = t* g

Substituting into (3.7)

(CrL)mm' = Covp(LmF, Ly F)
—COVP Fbgm)E,(F[,gm) ]
/ / 2, ) gm (%) g (') dzda’, (3.12)

and

(Crr)m = Covp(TF, Ly, F)

= Covp|(F,d.)E, (F, " gm)E]

// (t, 2")gm (2")d, (t)da" = Ty (z), (3.13)
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which agrees with the original derivation of inter-domain features [Lazaro-Gredilla and Figueiras-Vidal,

2009].

3.5.4 Fourier Features

Fourier features are defined as a reproducing kernel Hilbert space (RKHS) inner product between F' and

trigonometric functions [Hensman et al., 2018].

An RKHS is a Hilbert space of functions that, as the name suggests, is associated with a kernel. Namely,
given a kernel k£ the RKHS is the unique Hilbert space of functions mapping from X to R, which we
denote Hy, such that k(-,z) € Hy forall z € X and (f,k(-,x))r = f(x) forall f € Hyandz € X,
where (-, -). denotes the inner product on Hy. This latter property is called the reproducing property. For

more on the theory of RKHS consult Berlinet and Thomas-Agnan [2004].

The idea of Fourier features is to observe an inner product not in L?(X’, R), as was done in inter-domain
features, but instead to observe an inner product in Hy. Namely, Hensman et al. [2018] use features that
would be written in our framework as L, F' = (F, gm )y, where {gm }}1_, are the first M elements of the
Fourier basis. However, it is well known that F' ¢ Hj, almost surely [Luki¢ and Beder, 2001] therefore

the aforementioned choice of L cannot be used without extra justification.

Hensman et al. [2018] provided justification in the particular case when k is a Matérn kernel with certain
parameters over X = R. An explicit form of the Matérn RKHS inner product is used and the core of
the argument is the g, are “very regular” in an appropriate sense to compensate for the way that almost

surely F'is not regular enough to be contained in H [Hensman et al., 2018, Section 3.3.1].

A rigorous justification is now given for these type of features. The derivation is more general than just the
one-dimensional Matérn case and a condition on which functions g,, can be used instead of the Fourier

basis is provided.

For the rest of this section we will assume that k is continuous. Recall the kernel integral operator 7},
defined above, the square root Tk1 /2 is an isometric isomorphism between L?(X,R) and Hj, [Steinwart

and Christmann, 2008, Theorem 4.51] meaning that Tkl/2 (L?(X,R)) = Hy, and

<T]€1/2f7Tkl/2.g>k = <fag>L2(X,R)7 (3.14)

for all f,g € L?(X,R). The moral of this result is that Tk1 /% bestows upon element of L?(X,R) just
enough regularity to be in Hy. This notion of adding regularity will tie into the notion of “very regular”

employed by Hensman et al. [2018].
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Define features L, = * f,, for some {f, }M_; C L?(X,R) so

LinF' = (F, 0" fm) B = (UF, fm) 122 R)

where ¢: C(X,R) — L?(X,R) is the inclusion operator used in the previous subsection. Then

“F, T fmdi = (T2 0F, T i (3.15)
= (tF, fm)r2(x R) (3.16)
= (F, (" fm)E = Lin P\ (3.17)

The first expression is in quotes since F' ¢ Hj, almost surely [Luki¢ and Beder, 2001] so the expression
has no real meaning. We include it though since if one were to suspend reality then the equality in quotes
would be valid since Tk1 /2 is self-adjoint on Hy, so it can be borrowed from T}, f,,,. The second term in
(3.15) is well defined since Tkl/2 maps from LQ(X, R) to Hi. The move to (3.16) is facilitated by the

isometry (3.14).

The main idea of what is happening in (3.15) is F' is borrowing a Tkl /2 from T} fm to be able to live in the
RKHS. This is happening explicitly in the calculations done by Hensman et al. [2018] in the Matérn case.
Indeed, the way that T}, f,, is the image of f,, under rwo applications of Tk1 / 2, rather than just the standard

one needed to be in the RKHS, is the mathematical explanation of the notion of “very regular” that was

alluded to by Hensman et al. [2018] since it has had two portions of the regularity provided by Tk1 2,

It is interesting to see that RKHS inner product feature (3.15) can be reduced to (3.17) which is simply

using 7} f;,, as an inter-domain feature. So using the inter-domain formula for Cp,r, (3.12) gives

(CLL)mm = “Covp({(F, Tk fm) ks (F, Ti frn ) k)"
= Covp[(F,¢" fm)E, (F, " fur ) E]
= Tk fm, fr) 12(x R)
= (T2 fons T o) 1220 ) (3.18)

= Tk fm, T o Ve (3.19)

where (3.18) from the fact that T kl /2 is self-adjoint considered as operator on L2(X ,R) and (3.19) is using

the isometry between L?(X, R) and Hy, and. Similarly,

(Crr)m = “Covp((F, k(x, )k, (B Tk frn k)"
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= Covp[(F, )5, (F, " fim)E]

= Ty fon(2) (3.20)

where (3.20) is using (3.13). The connection to Hensman et al. [2018] is revealed once one sets g,, =
T} fm where g, are the features employed by Hensman et al. [2018]. In particular (3.19) and (3.20) are

equal to Equation 61 and Equation 60, respectively, in Hensman et al. [2018].

As was done by Hensman et al. [2018] it makes sense from a practical point of view to define T}, f,
without explicitly choosing f,,. Our derivation shows this may be performed without dependence on

kernel parameters as long as g, is in the range of T}, for all the kernel parameters that could be considered.

Our derivation is general enough to justify the use of Fourier features in Dutordoir et al. [2020], where
zonal kernels in more than one input dimension are used. Their choice of g,,, corresponds to eigenfunctions

in the Mercer expansion of the kernel which is always in the image of 7},.

3.6 Gaussian Random Elements and the Nystrom Method

In this section we demonstrate how the GRE framework reveals further connections between Gaussian
process regression and the Nystrom approximation for kernel Ridge regression (KRR). These connections
have been known for a while and received some attention recently [Parzen, 1961, Wahba, 1990, Kanagawa

et al., 2018, Wild et al., 2021]

Let k be a kernel, Hy, the corresponding RKHS and {z,,,y,})_; C & x R be paired observations.
In Nystrom KRR [Williams and Seeger, 2001] we seek to minimise the empirical risk over a finite

dimensional subspace M C Hj,

N
—~ 1 2 2
. § n) —Yn) F A , 3.21

where A > 0 is a regularisation parameter and f is called the Nystrom approximation over M.

The subspace M that is typically selected is span ({k(-, zp,) }21_; ), where {zp, }2_, C X are user chosen

points, referred to as landmark points. Most research has focused on different sampling approaches for
the landmark points to guarantee high quality approximations [Rudi et al., 2015, Musco and Musco, 2016,
Li et al., 2016].

The GRE perspective facilitates a generalised view in which it becomes clear how the choice of features

L in variational GRE regression, see Section 3.4, corresponds to the choice of subspace M in Nystrom
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KRR.

Theorem 3.6.1. Let F ~ N(0,C) be a GRE in E = C(X,R) with covariance operator C' as defined in
(3.6) and assumed pointwise noisy data is observed as described in Section 3.3.2. For { i, }M_, € R(X)
let Ly, =y be the features used in the variational approximation. Set M = {C ,um}%[:l where
Clim = [ k(-,2")dum(z') as the approximating family in the Nystrom approximation. Then for c® = N\
the Nystrom KRR estimator fin Section 3.6 is equal to the mean mg-, given by (3.10), of the optimal Q*

from the variational family Q.
We give the proof and an explicit form of J?and mg-+ in Section A.3 of the Supplement.

The GRE view reveals that the connecting element between the Nystrom approximations and variational
GPs is via the signed measures {1, }}_,. Knowledge of the signed measures either from inspecting
the elements of the set M in the Nystrom approximation or the projections L, in variational GPs will
allow to translate results from one field to another. This connection was previously only known for the
special case of inducing inducing points i, := 9, outlined in Wild et al. [2021]. This opens the door
to applying the theory of Nystrom KRR error bounds to variational GPs to gain a better understanding
of the latter’s approximation properties. Vice versa, recent advances in variational GPR approaches, for
example, variational Fourier features, could be leveraged in the context of KRR Nystrom, as they simply

correspond to a particular choice of M.

3.7 Conclusion

We have outlined the GRE framework as a technical tool to provide a unified and generalising perspective
to variational GP approximation. Along the way we have seen how existing choices of features, previously
thought distinct, are in fact highly related and how they can be derived in wider settings than those
currently employed. Finally, we related the posterior mean of variational GP approximations with a
Nystrom KRR approximation which offers a new lens to view the impact of different feature choices in

variational GP approximations.

28



VARIATIONAL GAUSSIAN PROCESSES: A FUNCTIONAL ANALYSIS VIEW

Statement of Authorship for joint/multi-authored papers for PGR thesis

Title of Paper Variational Gaussian Processes: A Functional Analysis View

Publication Status Published

Publication Details Veit D. Wild* and George Wynne*. “Variational Gaussian Processes: A Functional
Analysis View.” Artificial Intelligence and Statistics (AISTATS), 2022.

Student Confirmation

Student Name: Veit David Wild
Contribution to the e Idea of Variational inference in function space with Gaussian random elements
Paper instead of GPs.

e Derivation of the measure theoretic framework for KL posterior and ELBO.
e Derivation of Theorem 1.

e Writing a large part of the paper

Signature \/ u . ?/(l, Date | 28.01.2024
. \

Supervisor Confirmation

By signing the Statement of Authorship, you are certifying that the candidate made a substantial contribution to the
publication, and that the description described above is accurate.

Supervisorname and itle:  profassor Dino Sejdinovic

Supervisor comments

Signature /D).“‘LG’ f%f,pammn{ Date 30 January 2024

This completed form should be included in the thesis, at the end of the relevant chapter.

29




4| Generalised Variational Inference in Function Spaces: Gaus-

sian Measures Meet Bayesian Deep Learning

This chapter is based on the following publication:

Veit D. Wild*, Robert Hu* and Dino Sejdinovic. “Generalized Variational Inference in Function
Spaces: Gaussian Measures meet Bayesian Deep Learning.” Advances in Neural Information

Processing Systems (NeurlPS), 2022

Abstract

We develop a framework for generalised variational inference in infinite-dimensional function spaces
and use it to construct a method termed Gaussian Wasserstein inference (GWI). GWI leverages the
Wasserstein distance between Gaussian measures on the Hilbert space of square-integrable functions in
order to determine a variational posterior using a tractable optimisation criterion. It avoids pathologies
arising in standard variational function space inference. An exciting application of GWI is the ability to
use deep neural networks in the variational parametrisation of GWI, combining their superior predictive
performance with the principled uncertainty quantification analogous to that of Gaussian processes. The

proposed method obtains state-of-the-art performance on several benchmark datasets.
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4.1 Introduction

In the past decade, considerable effort has been invested in developing Bayesian deep learning approaches
[Welling and Teh, 2011, Chen et al., 2014, Blundell et al., 2015, Gal and Ghahramani, 2016, Kendall and
Gal, 2017, Ritter et al., 2018, Khan et al., 2018, Maddox et al., 2019]. There are at least two key advantages
to Bayesian models. Firstly, Bayesian model averaging is known to improve predictive performance
[Komaki, 1996] even in misspecified situations [Fushiki, 2005, Ramamoorthi et al., 2015]. The empirical
success of methods such as deep ensembles [Lakshminarayanan et al., 2017] may be interpreted as
compelling evidence for this claim [Wilson and Izmailov, 2020]. Secondly, Bayesian models provide the
user with a predictive distribution for an unseen data point. This can be naturally leveraged to quantify

posterior uncertainty.

Even though impressive progress has been made, there are problems that remain unresolved. The prior
distribution for the unknown function is typically induced by a prior distribution over deep neural network
weights (and biases). It is hard to interpret the inductive bias in a function space that is induced by such
priors for weights and unclear how one might incorporate prior knowledge about the unknown function.
Additionally, the resulting inference problem is extremely high-dimensional and requires approximation
techniques that are either computationally expensive [Neal, 2012] or so crude that the approximate
posterior may suffer from pathological behavior [Foong et al., 2020]. The difficulties of performing
Bayesian inference for weights have led to the emergence of methods that approach the problem directly

in function space [Ma et al., 2019, Sun et al., 2018, Rudner et al., 2020, Ma and Herndndez-Lobato, 2021].

The theory of constructing prior distributions in function spaces is well developed and the most famous
class of prior distributions are Gaussian processes. They have been commonly used for decades in the
machine learning community to elicit interpretable functional priors and are known to have well-calibrated

predictive uncertainties [Rasmussen and Williams, 2006].

In a separate thread of research, a new powerful inference framework called Generalised Variational
Inference (GVI) has been recently developed [Knoblauch et al., 2019]. The authors argue that standard
assumptions of Bayesian inference such as well-specified priors, well-specified likelihoods and infinite
computing power are often violated in practice. They therefore propose a generalised view on Bayesian
inference that takes these points into consideration. We extend the work of Knoblauch et al. [2019] to
situations where no probability density functions for the prior exist and are thus able to use generalised
variational inference in infinite-dimensional function spaces directly. We then specify both the prior and
variational measures as Gaussian measures and measure their dissimilarity using the Wasserstein distance.

This results in the method which we call Gaussian Wasserstein Inference in Function Spaces (GWI-FS).
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An exciting application of our method is the ability to equip deep neural networks with uncertainty
quantification using the framework analogous to that of Gaussian processes, resulting in a state-of-the-art

method termed GWI-net. Our main contributions are:

* We create a general framework for inference in function space based on Gaussian measures on the
space of square-integrable functions,

* We derive an objective function that can be expressed in terms of the parameters of the Gaussian
measures,

* We derive a tractable approximation to our objective function that is valid for (almost) arbitrary
kernels and mean functions,

* We demonstrate the utility of our method by obtaining state-of-the-art results on the UCI regression

datasets and on Fashion MNIST and CIFAR 10",

4.2 Related Work

GWI-FS draws on the work developed in the Gaussian process literature, but can be used to equip
traditional neural network architectures with uncertainty. We therefore give a brief overview of the

relevant related methods in both the Bayesian neural network (BNNs) and Gaussian process community.

Bayesian neural networks Traditionally Bayesian neural networks have been assigned priors in
weight space. The effects of various priors on inference and uncertainty quantification are still not well
understood [Fortuin et al., 2021]. As the posterior (over weights) is intractable, sampling algorithms such
as Hamiltonian Monte Carlo (HMC) were initially proposed Neal [2012]. Due to the unfavorable scaling
properties of standard HMC which requires the full gradient, batch-size approximations of HMC evolved
[Chen et al., 2014]. Another line of research exploits Langevin dynamics to generate posterior samples

[Welling and Teh, 2011] in weight space.

Variational methods for BNNs in weight space In variational inference, the true posterior is approxi-
mated by a more tractable so-called variational distribution. The user specifies a class of approximate
posterior measures and selects the best posterior approximation by maximising the so-called evidence
lower bound (ELBO). The Bayes by Backprop [Blundell et al., 2015] method is one such variational
mean-field approximation of the weight-space posterior. In variational dropout [Gal and Ghahramani,
2016], a specific approximation is chosen to reinterpret dropout [Srivastava et al., 2014] at test time as a

variational procedure.

Variational methods for BNNs in function spaces Inference in weight space is challenging, as the

!Codebase: https://github.com/MrHuff/GWI
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problem is typically high-dimensional and the posterior distribution over weights multi-modal. This led to
a line of research in which inference algorithms are formulated in function spaces. Variational implicit
processes [Ma et al., 2019] approximate the BNN posterior as a linear combination of draws from the
prior. Functional-BNN [Sun et al., 2018] matches a BNN to a functional prior (for example a GP) and
performs inference by optimising a functional Kullback-Leibler (KL) divergence exploiting score function
estimators [Li and Turner, 2017, Shi et al., 2018]. Rudner et al. [2020] use a local approximation to the
prior and variational posterior processes to obtain a tractable functional Kullback-Leibler divergence. Ma
and Herndndez-Lobato [2021] generalise the variational family in Ma et al. [2019] and obtain a more
scalable procedure by using a different approximation to the functional KL-divergence. Recent work
has also proposed to adapt BNN priors to interpretable functional priors by minimising the Wasserstein
distance between a BNN prior and a Gaussian process [Tran et al., 2020]. Another line of research exploits
the Wasserstein gradient flow and tries to encourage diversity in the function space [D’Angelo et al., 2021,

D’ Angelo and Fortuin, 2021].

Gaussian processes Standard Gaussian process regression [Rasmussen and Williams, 2006] allows
interpretable prior specification but scales poorly with respect to the number of data points. As a result, a
plethora of approximation techniques are introduced. On one hand, there are variational approximations
to the true posterior [Titsias, 2009a, Hensman et al., 2013] and several extensions [Hensman et al., 2017,
Salimbeni et al., 2018, Dutordoir et al., 2020]. On the other hand, GPU utilisation is combined with

Krylov subspace methods to obtain scalability [Gardner et al., 2018, Wang et al., 2019].

4.3 Background

In this section we give some background on generalised variational inference in infinite dimensions and
introduce Gaussian measures in Hilbert spaces. We further discuss their relation to the more familiar

Gaussian processes at the end.

4.3.1 Generalised Variational Inference in Function Spaces

In functional variational inference, we assign a prior p(f) to the unknown function f € F, where E is
a function space?. The prior is combined with the likelihood p(y|f) to give the posterior p(f|y). The

posterior is often intractable which is why in variational inference we specify a tractable variational

2We assume E to be a Polish space, which avoids technical difficulties in defining the posterior measure [Ghosal and van der
Vaart, 2017, Chapter 1.3 ]

33



GENERALISED VARIATIONAL INFERENCE IN FUNCTION SPACES: GAUSSIAN MEASURES MEET
BAYESIAN DEEP LEARNING

approximation ¢( f) to p(f|y) and train our model by maximising the evidence lower bound (ELBO)

L =Eyp[logp(ylf)] —Dxr(a(f), p(f)), (4.1)

where Dkp, denotes the KL divergence. Note that in the case where E is infinite dimensional p(f) and
q(f) cannot be probability density functions with respect to the Lebesgue measure [see e.g. Hunt et al.,
1992, for a discussion], which is why the above notation, although commonly used, is imprecise. What we
in fact mean are the probability measures over F associated with the prior and variational approximation.
We will denote these measures as P*" and Q" from now on to make this difference explicit. The ELBO in

this notation reads as
L :=Eqg[logp(y|F)] — Dk (Q",PF). 4.2)

Note that the KL divergence (for measures) is defined as

F
Dk (QF,PF) = /log (%(f)) dQ” (), 4.3)

where we assume that Q" is dominated by the measure P”" which guarantees the existence of the Radon-
Nikodym derivative dQ* /dP¥'. A number of papers focus on obtaining tractable approximations of
(4.3) [Sun et al., 2018, Rudner et al., 2020, Ma and Hernandez-Lobato, 2021]. However, the use of
KL-divergence in infinite-dimensional function spaces can be a delicate task, since benign constructions
of priors and variational approximations may not satisfy that Q" is dominated by P which leads
to Dxr (@F ,PF ) = oo [Burt et al., 2020a]. This often renders the objective (4.2) useless or at least

problematic.

A true Bayesian is committed to the use of the KL divergence in (4.2) as maximising £ is equivalent
to minimising the KL divergence between the true posterior measure and the variational measure. This
equivalence is typically demonstrated using pdfs but the argument generalises to infinite dimensions as
is shown for GPs in Matthews et al. [2016] or in a more measure theoretic formulation in Theorem 4 of

Wild and Wynne [2022].

However, Knoblauch et al. [2019] argue that given the problems of prior and likelihood specification as
well as available compute, an axiomatically justified way of moving from prior to posterior beliefs is by
solving a more general optimisation problem [Knoblauch et al., 2019, Theorem 15]. Crucially it is valid
to replace the KL-divergence by an arbitrary measure of dissimilarity I satisfying D(Q*", P*') > 0 and

D(QF ,PF )=0= QF = PF. The arguments in Knoblauch et al. [2019] are made assuming the existence
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of a pdf for the prior, but they rely solely on a reformulation of Bayesian inference as optimization problem
[Knoblauch et al., 2019, Chapter 2]. We show in Appendix B.1 that this reformulation can also be made

for infinite-dimensional prior measures and therefore consider the generalized loss
L= —EQ[logp(y\F)] +]D)(QF,]P’F), (4.4)

a valid optimization objective for an arbitrary dissimilarity measure ID. This is merely an infinite-
dimensional version of equation (10) in Knoblauch et al. [2019]. We refer to inference targeting the
objective (4.4) as generalised variational inference in function space (GVI-FS) 3. Generalised variational
inference can be interpreted as regularised loss minimisation lifted into the space of probability measures.
The first term in (4.4) is understood as a loss which we want to minimise on average, while the second

term punishes strong deviations from the prior.

The particular instance of GVI-FS that we explore is where both P¥ and QF are Gaussian measures (on
an infinite-dimensional Hilbert space) and DD is chosen to be the Wasserstein metric [Kantorovich, 1960].
We will refer to this setting as Gaussian Wasserstein Inference in Function Space (GWI-FS) or more

concisely as Gaussian Wasserstein Inference (GWI)

4.3.2 Gaussian Random Elements and Gaussian Measures in Hilbert Spaces

In this section we introduce Gaussian random elements (GRE) and Gaussian measures in Hilbert spaces —
these concepts are somewhat technical but crucial in the construction of our method. We then describe

their close relationship to the more familiar Gaussian process notions in the next section.
Let (€2, A, P) be the underlying (physical) probability space and (H, (-, -)) be a Hilbert space.

Gaussian random elements A measurable function F' : {2 — H is called GRE (in H) if and only if
(F,h) : © — R has a scalar Gaussian distribution for all » € H.* Every GRE F has a mean element
m € H defined by

m = / F(w) dP(w) @5)

and a (linear) covariance operator C' : H — H defined by

Ch(-) = / (F(w), h) F(w) P(w) — (m, h)m. 4.6)

3The term GV typically refers to a situation where the negative log-likelihood is replaced by an arbitrary loss function, and
the KL-divergence is replaced by an arbitrary dissimilarity measure. In this paper, we are primarily focused on comparing with
GP based methods, so we aimed to make minimal changes and, as a result, kept the negative log-likelihood unchanged. However,
the theory and method carry over mutatis mutandis.

*We allow for the degenerate case where the variance of (F, h) is zero. This means we interpret a Gaussian with variance
zero as Dirac measure.
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for h € H. Both integrals are to be understood as Bochner integrals [Kukush, 2020, Chapter 3]. The
Bochner integral has the property that { [ F(w) dP(w),h) = [(F(w),h)dP(w) for all h € H. This

combined with Fubini’s theorem and the definition of a GRE implies that
(F,h) ~ N((m,h),(Ch,h)), (4.7)

for any h € H with N'(u1, %) denoting the normal distribution with mean ;2 € R and variance 2 > 0.
Similarly we denote F' ~ N'(m, C) for a GRE in H with mean element m and covariance operator C'.
It can be shown that the covariance operator C' of a GRE is a positive self-adjoint trace class operator.
Conversely, for every positive self-adjoint trace class operator and every m € H, there exists a GRE with

F ~ N (m,C) [Bogachev, 1998, Theorem 2.3.1].

Gaussian measures  The push-forward measure of P through F is defined as P'(A) := P(F~1(A))
for all Borel-measurable A C H. If F ~ N(m,C) is a GRE, we call P := P¥ a GM and write
P = N(m, C). Note that GMs or equivalently GREs allow us to specify probability distributions over

(infinite-dimensional) Hilbert spaces by using a given mean element and a given covariance operator.

Details about Gaussian Measures in Hilbert spaces can be found in Chapter 2 of Da Prato and Zabczyk
[2014] or in Kukush [2020]. In fact, Gaussian measures can be defined on even more general linear spaces

such as Banach or Fréchet spaces [Bogachev, 1998].

4.3.3 Gaussian Processes and Their Corresponding Measures

In this section we describe how Gaussian processes — a standard tool to assign functional priors in Bayesian

machine learning — are related to Gaussian measures.

Let (Q, A, IP’) be the underlying (physical) probability space and X C R” be measurable. The (product-)
measurable mapping G : {2 x X — R is called a Gaussian process (GP) if and only if for all N € N
and all X = {z,}}; C X the random vector G(X) := (G(-,z1),... ,G(~,mN))T is multivariate
Gaussian. For a GP G we define a mean function m(z) := E[G(z)], z € X, and a covariance function by
k(z,2') := C[G(z),G(a")] for z,2’ € X. Here E denotes the expected value and C[-, -] the covariance.
It follows from the definition that G(X) ~ N (m(X), k(X, X)) for any {z,}_; C X, where we define
m(X) == (m(wn))n_, and k(X, X) := (k(zn, 7)) . We write G ~ GP(m, k) for a GP with
mean function m and covariance function k. Note that by the properties of the covariance we know that
k(X, X) is a (symmetric) positive semi-definite matrix for all {x,,}_; C X and N € N. A function with

this property is called kernel, a terminology that we adopt henceforth. Kolmogorov’s existence theorem

[Billingsley, 2008, Section 36] guarantees the existence of a Gaussian process for any kernel £ and any
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mean function m. The standard reference for Gaussian processes in machine learning is Rasmussen and

Williams [2006].

The main advantage of Gaussian processes in specifying priors over a function space is that the kernel
k allows us to incorporate readily interpretable prior assumptions, such as smoothness or periodicity.
For example, choosing the squared exponential kernel [Rasmussen and Williams, 2006] implies that the
unknown function is infinitely differentiable and that the correlation of the functional output is higher the

closer the inputs are.

In order to insert the Gaussian process prior into our generalised loss in (4.4) we need to know the
probability measure that is associated to the Gaussian process. In general, we can associate more than one
Gaussian measure with a given Gaussian process. For example:
* If the GP has continuous sample paths we can associate a Gaussian measure on the space E of
continuous functions with it [Lifshits, 2012, Example 2.4].
* If the GP has square-integrable sample paths we can associate a Gaussian measure on the Hilbert

space of square-integrable functions with it (cf. Theorem 4.3.1).

These sample path properties can be guaranteed under additional assumptions on the kernel. The
next theorem discusses one such kernel condition which guarantees the GP to have sample paths in

the Hilbert space of square integrable functions, denoted L?(X, p,R), with inner product (g, h)s :=
Jx 9(@)h(z) dp(z).

Theorem 4.3.1. Let F ~ GP(m, k) be a GP with mean m € L*(X, p,R) and kernel k such that
/ k(x,z)dp(z) < co. (4.8)
X

We call a kernel satisfying (4.8) trace-class kernel. Then the mapping F: Q- L?(X, p,R) defined as

F(w) := F(w,-) is a Gaussian random element with mean m and covariance operator C given as

Col)i= [ Kag(a') dp(a' *9)
forany g € L?>(X, p,R). Consequently P := P¥ ~ N(m, C) is a Gaussian measure.

Proof. The fact that F as defined above is a GRE follows immediately from Example 2.3.16 in Bogachev
[1998]. The fact that m is its mean and C' as defined in (4.9) is its covariance operator follows from

Fubini’s theorem. O

It shall be noted that there is no need to appeal to GPs in order to justify the use of GMs. In fact, it has
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recently been demonstrated that variational inference for GPs can be formulated purely in terms of GMs
[Wild and Wynne, 2022]. In the following sections we will therefore deploy GMs without any reference
to GPs, but it is of course always possible to think of them as the measures that correspond to GPs where

the kernel satisfies an additional assumption such as (4.8).

4.4 Gaussian Wasserstein Inference in Function Spaces

This section describes how the Wasserstein distance between Gaussian measures can be used to ob-
tain a tractable optimization target for inference in function spaces. In the end, we discuss several

parameterisations of GWI and introduce our main inference method - the GWI-net.

4.4.1 Model Description

Let {(mn,yn)}nNzl C X x Y be N € N paired observations. We assume that ¥ ¢ R”, D € N and
further that ) = R for regression and Y = {1, ..., J} for classification with .J € N classes. We focus
in our exposition here on the regression case but have given the relevant derivations for classification in

Appendix B.6.

As pointed out in section 4.3.1, GVI in function space minimises the generalized loss £ = —Eq | log p(y|F)]+
D(QF ,PF ) We make the mild assumption that the unknown function f is square integrable with respect

to the data distribution p on X which means f € E = L?(X, p,R). The prior P := P is described by a
Gaussian measure with mean mp € L2(X, p,R) and covariance operator Cp described by a trace-class
kernel k : X x X — R which means it is given as (Cpf)(x) := [ k(x,2)f(2") dp(z’) for all f €
L?(X, p,R). We assume a Gaussian likelihood for y := (y1, ..., yn) given as p(y|f) := Hf:[:l p(ynlf)?
with

p(ynlf) == N(yn | f(20), %), (4.10)

where N (- | 1, %) denotes the pdf of a normal distribution with mean 1 € R and variance o > 0. This
prior and likelihood are natural choices as they mimic the standard formulation of Gaussian process
regression. The variational approximation of the posterior is chosen to be another Gaussian measure
Q := QF with arbitrary mean mq € L?(X, p,R) and arbitrary covariance operator Cg induced by a
trace-class kernel r: (Cq f)(z) := [, r(z,2') f(2') dp(z’) forall f € L*(X,p,R).

It remains for us to select a dissimilarity measure ID. As already pointed out in the introduction we decide

to use the Wasserstein distance W5 (a formal definition is given in Appendix B.3). This choice was guided

3 Astute readers may notice that the definition of the likelihood contains a pointwise evaluation f(z,,) which may not be
a well defined operation on L?(X, p, R). We detail in Appendix B.12 how that problem can be circumvented and that in fact
F(z) ~ N(m(z), k(z,z)) as one would expected.
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by two considerations:

1. The Wasserstein metric was proven to be a useful metric for probability distributions in machine

learning applications [Arjovsky et al., 2017, Tran et al., 2020].

2. The Wasserstein distance is tractable for arbitrary Gaussian measures on (separable) Hilbert spaces

[Gelbrich, 1990] and given as
WE(P,Q) = llmp — mal[3 + tr(Cp) + tr(Cq) — 2+ tr| (C*CoCy™) ], @)

where ¢r denotes the trace of an operator and C’llg/ % is the square root of the positive, self-adjoint
operator C'p. This is in stark contrast to the KL-divergence that is infinite whenever Q" is not
dominated by P¥" and even in the case where it is finite there exists no explicit formula for the

KL-divergence in infinite dimensions.
The generalized loss for our model is therefore given as
N
— > Eo|log N (yn | Fla), %) + Wa(P. Q). “.12)
n=1

Note that the expected log-likelihood in (4.12) can be calculated analytically as

—mgQ xn)) + 7r(xn, )
202 '

Mz

EQ[logN(yn ’F(l’n),oz)} - ——log (2702) (4.13)

n=1
It remains to produce an approximation of (4.11) in order to obtain a tractable inference procedure. To
this end, note that by definition ||mp — mg|[3 = [ (mp(z) — mQ(:r))2 dp(z) and further tr(Cp) =
[ k(z,z)dp(x) [Brislawn, 1991]. We now replace the true input distribution p with the empirical data
distribution p := % ZnN:1 8z, where 0, denotes the Dirac measure in x € X. This gives ||mp—mg||3 ~
& Sonst (mp(en) = mq(en))” tr(Cp) = 3 oLy blan, #n) and tr(Cq) = & Tl 7w, o). Tt
remains to provide an approximation of ¢r [(C’IID/ 2C’QC’113/ 2)1/ 2}. The key idea is to approximate the
spectrum of C'f Y 2C’QC' L2 by that of an appropriate kernel matrix. Details are discussed in Appendix B.4.

This leads to the following final approximation for the Wasserstein metric

N N
N 1 1
" ::an::l (mpam) = maen)” + N;k(x"’xn) (4.14)
1 N 9 Ng
+ N;r(xn,xn) = NNS; VA (r(Xs, (X, X)), (4.15)
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where Xg := (z51,...,T5Ng) With 251,...25n, € R being subsampled from the input data
X. Further r(Xg, X) := (T(x&s,:lin))sm and k(X, Xg) := (k(a:n,m’s))n’s forn=1,...,N,s =

., Ngand \;(r(Xs, X)k(X, Xg)) denotes the s-th eigenvalue of the matrix r(Xg, X)k(X, Xg) €
RNsxNs_The approximation quality of W is related to the spectral decay of the operator C'pCg, which
in turn is determined by the kernels & and r. For the choices made in Section 4.4.2 we empirically observe
rapid spectral decay (cp. Appendix B.13) and therefore are confident that the 2-Wasserstein distance is

estimated reliably for our method.

The combination of (4.13), (4.14) and (4.15) gives a generalised loss that is tractable in terms of
mp,mq, k, and r. If we disregard computation time of mp, mq, k and r, the generalized loss can
be evaluated in O(N + N2N + N2), where typically Ng < N, e.g. Ng = 100. We provide a batch
version of our loss in Appendix B.5 which reduces the computations to O(N2Np + N3) where Ng < N
is the batch-size. Note, however, that the final computation time for our method will be determined by the
complexity hidden in the evaluation of mg, mp, k, and r as we need Np evaluations of mg and mp and

Ng - Np evaluations of r and k per iteration.

4.4.2 Parameterisations of Prior and Variational Measure

The prior for our model is given as P = N (mp, Cp) with Cp induced by a trace-class kernel k. One
of the advantages of the proposed approach is that any trace-class kernel is allowed and this is where
one can incorporate specific assumptions and domain expertise. This is a thoroughly studied topic: the
prior kernel can encode periodicity [Durrande et al., 2016], geometric intuition [van der Wilk et al., 2018],
and even model linear constraints for the unknown function [Jidling et al., 2017]. In order to keep the
exposition simple and maintain focus on the inference, however, and in line with using simple priors on
network weights in standard Bayesian deep learning, we opt for a simple zero mean prior mp = 0 and a

standard ARD kernel k given as

D
Z “_Id ) (4.16)

d=1

[\.')M—t

k(x,2') = afexp (

for z, 2’ € X C RP. We refer to o > 0 as kernel scaling factor and to ag > 0 as length-scale for

dimension d. The parameters o¢ and « := (a1, ..., ap) are called prior hyperparameters.

The rest of the section explores various choices for the variational mean m and the variational kernel 7.

The parameters appearing in the specification of m and r are referred to as variational parameters.

GWI: Stochastic variational Gaussian process Let z1,...,z) € X be a subsample of the data X
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with M < N. We define the posterior mean

M

mq(z) = mp(x) + > _ Bmkm(x) (4.17)
m=1
with 5, € R and k() = k(x,zm), m = 1,..., M where k is the prior kernel k£ and S :=

(B1y...,Bm) € RM are variational parameters. Define further the variational kernel
r(z, ') = k(z, o) — kz(2) k(Z, 2) Yky(2) + kz(x) T Sky(2), (4.18)

where ¥ € RM*M jg the symmetric and positive definite variational covariance matrix that parameterises
r. This choice of m¢ and r essentially recovers the stochastic variational Gaussian processes (SVGP)
model of Titsias [2009a]. Note that in our framework it is straightforward to use all (or just more)
basis functions for the mean mg(z) := mp(x) + 27]:[:1 Brkn(x) where ky(z) = k(z,x,), Bn € R,
n = 1,..., N. This mirrors the construction in Cheng and Boots [2017] where we allow more parameters
to learn the mean than in SVGP. However, both Titsias [2009a] and Cheng and Boots [2017] use a different

objective function than GWI to learn the unknown parameters.

GWI: deep neural network with SVGP  An interesting approach is to parameterise the posterior mean
as a deep neural network (DNN). We assume the DNN has L € N hidden layers and the width of layer
¢=1,...,Lisdenoted Dy with Dg := D and Dy, = 1. This means we define g'(z) := W'z +b' and
further h'(z) := ¢(g'(2)), g" T (z) := WY (z) + b for ¢ = 1,..., L. Here W' is Dy y x Dy
matrix, b'T! € RPe+1 is a bias vector for layer [ and ¢ an activation function. We can then define
the variational mean as mq(z) := mp(z) + g¥*1(z). If we choose the SVGP kernel 7 in (4.18), we
essentially predict with a neural network and quantify uncertainty with a (sparse) Gaussian process,

capturing the beneficial properties of both.

Neural networks have been combined in several ways with GPs [Wilson et al., 2016, Tran et al., 2020].
However, to the best of our knowledge they were not used to directly parameterise the posterior in the
context of generalized variational inference in function space. The spirit of our approach is fundamentally
different: rather than thinking of a neural network as a model which needs to be made Bayesian, we use it

as a parametrisation of a variational posterior.

Note that we do not provide an exhaustive study of how to best parameterise the variational measure,
since this paper is focused on demonstrating the ability of the proposed method to obtain valid uncertainty
quantification. An exploratory study on how properties and quality of uncertainty quantification relate to

different choices of m and r is reserved for future work. We mention potential problems that can occur
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y(x)=sin(x) +0.1x + € y(x)=sin(x) + 0.1x% + ¢ y(x) = sin(3nx) + 0.3cos(9mx) + 0.5sin(7mx) + €
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Figure 4.1: M : Training data M : Unseen data M : Inducing points

We query the above functions at N = 1000 equidistant points and add white noise with € ~ A/(0,0.52).
We use M = 30 inducing points and train our method as described in Appendix B.7. The plot shows
mq(x) £1.961/V[Y*(z)|Y] where V[Y*(z)|Y] is the posterior predictive variance given as r(z, z) +o>.

from misspecification in Appendix B.10.

4.5 Experiments

We show results for GWI with the SVGP mean (4.17) and the SVGP kernel (4.18). We use the shorthand
GWI: SVGP for this approach. Additionally we implement the DNN mean with the SVGP kernel (4.18).
This combination achieves impressive results on various regression and classification tasks. We call this

method GWI: DNN-SVGP or simply GWI-net.

Hlustrative Examples In Figure 4.1 we illustrate GWI-net on a few toy examples. One can clearly see
that the posterior predictive variance expands for regions lacking observations which demonstrates the
ability of our method to quantify uncertainty. We provide an additional graphic comparison with SVGP in

Appendix B.12 and an example for two-dimensional inputs in Appendix B.9

There we show that the pathologies regarding the quantification of in-between uncertainty discussed in

Foong et al. [2020] are not present for our method.

UCI Regression In Table 4.1 we report the average test negative log-likelihood (NLL) (cf. Appendix
B.7 for details) of GWI: SVGP and GWI-net (GWI: DNN-SVGP) and the results of several weight-space
approaches for BNNs: Bayes-by-Backprop (BBB) [Blundell et al., 2015], variational dropout (VDO) [Gal
and Ghahramani, 2016], and variational alpha dropout (o« = 0.5) [Li and Gal, 2017]. We also compare
with four function-space BNN inference methods: functional variational inference with BNN prior
(FVD) [Ma and Herndndez-Lobato, 2021], variationally implicit processes (VIP) with BNNs, VIP-Neural
processes [Ma et al., 2019], and functional BNNs (FBNNs) [Sun et al., 2018]. In order to ensure a fair
comparison we matched neural network architectures and training procedures for the different methods.

Detailed explanations are given in Appendix B.7.
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Dataset N D GwI FVI VIP-BNN VIP-NP BBB VDO a=0.5 FBNN EXACT GP
SVGP DNN-SVGP

BOSTON 506 13 2.840.31 2.27+0.06 2.33+0.04 2.45+0.04 2.45+0.03 2.76+£0.04 2.63£0.10 2.454+0.02 | 2.30£0.10 2.4610.04
CONCRETE 1030 8 3.2440.09 2.64+0.06 2.88+0.06 3.02+£0.02  3.13£0.02  3.2840.01  3.234+0.01  3.06+0.03 | 3.09+0.01 3.05+0.02
ENERGY 768 8 1.81£0.19 0.91£0.12 0.58+0.05  0.56+0.04 0.60+0.03  2.17+0.02 1.13+0.02  0.95+0.09 | 0.68+0.02 0.54+0.02
KINSNM 8192 8 -0.86+0.38 -1.240.03 -1.15+£0.01  -1.124+0.01 -1.05£0.00 -0.81£0.01 -0.83£0.01 -0.9240.02 | N/A£0.00 N/A+0.00
POWER 9568 4 3.35+£0.22 2.74+0.02 2.69+£0.00 2.924+0.00 2.904+0.00 2.83+0.01 2.88+0.00 2.81+0.00 | N/A£0.00  N/A+0.00
PROTEIN 45730 9 2.84+0.04 2.87+0.0 2.85+0.00 2.87+0.00 2.96+0.02 3.00£0.00 2.99£0.00 2.904+0.00 | N/A£0.00 N/A+£0.00
RED WINE 1588 11 0.97+0.02 0.76+0.08 0.97+£0.06 0.974+0.02 1.20£0.04 1.01£0.02 0.97+0.02 1.0140.02 | 1.0440.01 0.26+0.03
YACHT 308 6 2374055 0.29+0.1 0.59+0.11 -0.02+0.07 0.59+0.13  1.11+0.04  1.224+0.18 0.79+0.11 | 1.03£0.03 0.10£0.05
NAVAL 11934 16 -7.25+0.08 -6.76+0.1 -7.21+£0.06 -5.624+0.04 -4.11£0.00 -2.80£0.00 -2.80£0.00 -2.9740.14 | -7.13+£0.02 N/A+0.00
Mean Rank 55 2.06 222 3.33 4.94 7 6.11 4.83

Table 4.1: The table shows the average test NLL on several UCI regression datasets. We train on random
90% of the data and predict on 10%. This is repeated 10 times and we report mean and standard deviation.
The results for our competitors are taken from Ma and Herndndez-Lobato [2021].

One can see that GWI-net obtains the best mean rank of all methods being the best model on 4/9 datasets
and performing competitively on all datasets. Note that we exclude FBNN and exact Gaussian processes

from the comparison because their computational complexity is often prohibitively large.

Classification and OOD Detection = We demonstrate the ability of GWI to perform image classifications
on Fashion MNIST [Xiao et al., 2017] and CIFAR-10 [Krizhevsky et al., 2009]. We compare to FVI,
mean-field variational inference (MVFI) [Blundell et al., 2015], maximum a posteriori approximation
(MAP), K-FAC Laplace-GNN [Martens and Grosse, 2015] and its dampened version [Ritter et al., 2018].

Implementation details are discussed in B.8.

We also assess the ability of our model to perform out-of-distribution detection using in-distribution (ID) /
out of-distribution (OOD) pairs given as FashionMNIST/MNIST and CIFAR10/SVNH. Following the
setting of Osawa et al. [2019], Immer et al. [2021] we calculate the area under the curve (AUC) of a binary

out-of-distribution classifier based on predictive entropies. Results are shown in Table 4.2.

FMNIST CIFAR 10
Model Accuracy NLL OOD-AUC Accuracy NLL OOD-AUC
GWI-net 93.25 +£0.09 0.250 £0.00 0.959 +£0.01 83.82 +0.00 0.553 +£0.00 0.618 £0.00
FVI 91.60+0.14  0.2544+0.05 0.956+0.06 77.69 £0.64 0.6754+0.03  0.883+0.04
MFVI 91.20£0.10  0.343+0.01 0.782+0.02 76.40+0.52 1.3724+0.02  0.589+0.01
MAP 91.394+0.11  0.2584+0.00 0.864+0.00 77.414+0.06 0.6904+0.00 0.809+0.01
KFAC-LAPLACE 84.424+0.12 0.9424+0.01 0.945+0.00 72.49+0.20 1.2744+0.01 0.548+0.01
RITTER et al. 91.204£0.07 0.2654+0.00 0.9474+0.00 77.3840.06 0.6614+0.00 0.79640.00

Table 4.2: We report average accuracy, NLL and OOD-AUC on test data for 10 different train/test splits.
The results for FVI are obtained from Ma and Hernandez-Lobato [2021] and for MAP, KFAC and Ritter
et al. results are taken from Immer et al. [2021] .

Our method performs best in all categories on the Fashion MNIST dataset achieving state-of-the-art
results. On CIFAR10 we obtain the highest accuracy and best NLL by a significant margin and perform

competitively in the OOD detection task.
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4.6 Limitations

In this section we discuss some of the shortcomings and difficulties which are related to our method.

The GVI-FS framework allows the specification of function space inference via infinite dimensional
parameters such as mean and kernel functions. This great flexibility essentially allows the specification of

mismatched prior and posterior parameters. We illustrate such a case in Appendix B.10.

GWI-net relies on the SVGP kernel defined in 4.18 for its posterior approximation. It therefore inherits
numerical instabilities associated with the inversion of the kernel matrix. For the data sets discussed in
this paper it was possible to overcome these issues by smart initialisation of the optimiser (cf. Appendix

B.7), but it may be an interesting research avenue to come up with a kernel that avoids these instabilities.

Our method approximates the Wasserstein distance in function space via the spectrum of kernel matrices
(cf. Appendix B.4). These approximations require quick spectral decay of the composition of prior
and variational covariance operator to be accurate and computationally tractable. The prior SE kernel
combined with the variational SVGP kernel did have this property (cf. B.13) which allowed for cheap
and accurate approximations. However, other parameterisations may result in less accurate estimation. A
theoretical investigation of how the approximation quality relates to kernel properties is an interesting

topic for further research.

The proposed framework models prior and variational distribution with a Gaussian measure on the space
of square integrable functions. As a consequence the posterior distribution for the functional output is
Gaussian as well. This means it is unimodal and concentrated around the posterior mean. Although this
constrains the form of functional posterior significantly the authors would argue that the empirical success

of GWI-net demonstrates that the approach is flexible to meaningfully quantify uncertainty.

4.7 Conclusion

In this paper, we developed a framework for generalised variational inference in infinite-dimensional
function spaces. We leveraged the function space perspective to develop a new inference approach
combining Gaussian measures and Wasserstein distance with predictive performance of deep neural
networks, yielding principled uncertainty quantification. The value of our method was demonstrated on

several benchmark datasets.

44



GENERALISED VARIATIONAL INFERENCE IN FUNCTION SPACES: GAUSSIAN MEASURES MEET
BAYESIAN DEEP LEARNING

Statement of Authorship for joint/multi-authored papers for PGR thesis

Generalised Variational Inference in Function Spaces: Gaussian Measures meet

Title of Paper
Bayesian Deep Learning

Publication Status published

Veit D. Wild*, Robert Hu* and Dino Sejdinovic. “Generalised Variational Inference
in Function Spaces: Gaussian Measures meet Bayesian Deep Learning.”
Advances in Neural Information Processing Systems (NeurlPS), 2022.

Publication Details

Student Confirmation

Student Name: Veit David Wild

Derivation of GVI in function space,

Derivation of GWI algorithm,

derivation of all theoretical results in the paper,
writing of the manuscript.

Signature \/ Hﬂi Date | 28.01.2024
W

Supervisor Confirmation

Contribution to the
Paper

By signing the Statement of Authorship, you are certifying that the candidate made a substantial contribution to the
publication, and that the description described above is accurate.

Supervisor name and itle:  Professor Dino Sejdinovic

Supervisor comments

Signature /Dv'“zo’ /.gj‘pc,fqm{ Date 30 January 2024

This completed form should be included in the thesis, at the end of the relevant chapter.

45



5| A Rigorous Link between Deep Ensembles and (Variational)

Bayesian Methods

This chapter is based on the following publication:

Veit D. Wild, Sahra Ghalebikesabi, Dino Sejdinovic and Jeremias Knoblauch. A Rigorous Link
between Deep Ensembles and (Variational) Bayesian Methods”. Advances in Neural Information

Processing Systems (NeurlPS), 2023.

Abstract

We establish the first mathematically rigorous link between Bayesian, variational Bayesian, and ensemble
methods. A key step towards this is to reformulate the non-convex optimisation problem typically
encountered in deep learning as a convex optimisation in the space of probability measures. On a
technical level, our contribution amounts to studying generalised variational inference through the lens of
Wasserstein gradient flows. The result is a unified theory of various seemingly disconnected approaches
that are commonly used for uncertainty quantification in deep learning—including deep ensembles and
(variational) Bayesian methods. This offers a fresh perspective on the reasons behind the success of deep
ensembles over procedures based on standard variational inference, and allows the derivation of new
ensembling schemes with convergence guarantees. We showcase this by proposing a family of interacting
deep ensembles with direct parallels to the interactions of particle systems in thermodynamics, and use
our theory to prove the convergence of these algorithms to a well-defined global minimiser on the space

of probability measures.
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5.1 Introduction

A major challenge in modern deep learning is the accurate quantification of uncertainty. To develop
trustworthy Al systems, it will be crucial for them to recognize their own limitations and to convey
the inherent uncertainty in the predictions. Many different approaches have been suggested for this.
In variational inference (VI), a prior distribution for the weights and biases in the neural network is
assigned and the best approximation to the Bayes posterior is selected from a class of parameterised
distributions [Graves, 2011, Blundell et al., 2015, Gal and Ghahramani, 2016, Louizos and Welling, 2017].
An alternative approach is to (approximately) generate samples from the Bayes posterior via Monte Carlo
methods [Welling and Teh, 2011, Neal, 2012]. Another approach, known as deep ensembles, relies on a

train-and-repeat heuristic to quantify uncertainty [Lakshminarayanan et al., 2017].

Much ink has been spilled over whether one can see deep ensembles as a Bayesian procedure [Wilson,
2020, Izmailov et al., 2021, D’ Angelo and Fortuin, 2021] and over how these seemingly different methods
might relate to each other. Building on this discussion, we shed further light on the connections between
Bayesian inference and deep ensemble techniques by taking a different vantage point. In particular, we
show that methods as different as variational inference, Langevin sampling [Ermak, 1975], and deep
ensembles can be derived from a well-studied generally infinite-dimensional regularised optimisation
problem over the space of probability measures [see e.g. Guedj and Shawe-Taylor, 2019, Knoblauch et al.,
2019]. As a result, we find that the differences between these algorithms map directly onto different
choices regarding this optimisation problem. Key differences between the algorithms boil down to
different choices of regularisers, and whether they implement a finite-dimensional or infinite-dimensional
gradient descent. Here, finite-dimensional gradient descent corresponds to parameterised VI schemes,

whilst the infinite-dimensional case maps onto ensemble methods.

The contribution of this paper is a new theory that generates insights into existing algorithms and provides
links between them that are mathematically rigorous, unexpected, and useful. On a technical level, our
innovation consists in analysing them as algorithms that target an optimisation problem in the space of
probability measures through the use of a powerful technical device: the Wasserstein gradient flow [see
e.g. Ambrosio et al., 2005]. While the theory is this paper’s main concern, its potentially substantial
methodological payoff is demonstrated through the derivation of a new inference algorithm based on
gradient descent in infinite dimensions and regularisation with the maximum mean discrepancy. We
use our theory to show that this algorithm—unlike standard deep ensembles—is derived from a strictly
convex objective defined over the space of probability measures. Thus, it targets a unique minimum, and

is capable of producing samples from this global minimiser in the infinite particle and time horizon limit.

47



A RIGOROUS LINK BETWEEN DEEP ENSEMBLES AND (VARIATIONAL) BAYESIAN METHODS

This makes the algorithm provably convergent; and we hope that it can help plant the seeds for renewed

innovations in theory-inspired algorithms for (Bayesian) deep learning.

The paper proceeds as follows: Section 5.2 discusses the advantages of lifting losses defined on Euclidean
spaces into the space of probability measures through a generalised variational objective. Section 5.3
introduces the notion of Wasserstein gradient flows, while Section 5.4 links them to the aforementioned
objective and explains how they can be used to construct algorithms that bridge Bayesian and ensemble

methods. The paper concludes with Section 5.5, where the findings of the paper are illustrated numerically.

5.2 Convexification through Probabilistic Lifting

One of the most technically challenging aspects of contemporary machine learning theory is that the
losses ¢ : R/ — R we wish to minimise are often highly non-convex. For instance, one could wish
to minimise £(6) := + EnN:1 (yn — fg(xn))2 where {(z,,,yn)}2_; is a set of paired observations and
fo a neural network with parameters §. While deep learning has shown that non-convexity is often a
negligible practical concern, it makes it near-impossible to prove many basic theoretical results that a
good learning theory is concerned with, as ¢ has many local (or global) minima [Fort et al., 2019, Wilson
and Izmailov, 2020]. We reintroduce convexity by lifting the problem onto a computationally more
challenging space. In this sense, the price we pay for the convenience of convexity is the transformation

of a finite-dimensional problem into an infinite-dimensional one, which is numerically more difficult to

tackle. Figure 5.1 illustrates our approach:

min €(0) min / (6)O®O)  min ){ / (6)dQ(0) +)\D(Q,P)}

9eo QeP(RY) QeP(R/
Step 1: probabilistic lifting Step 2: convexification through regularisation

Figure 5.1: Illustration of convexification through probabilistic lifting.

First, we transform a non-convex optimisation mingeg #(6) into an infinite-dimensional optimisation
over the set of probability measures P(R”), yielding mingepgsy [ £(0)dQ(6). As an integral, this
objective is linear in (). However, linear functions are not strictly convex. We therefore need to add
a strictly convex regulariser to ensure uniqueness of the minimiser.! We prove in Appendix C.1 that
indeed—for a regulariser D : P(R7) x P(R’) — [0, oo] such that (Q, P) — D(Q, P) is strictly convex

and P € P(R’) a fixed measure—existence and uniqueness of a global minimiser can be guaranteed.

'To illustrate why this is necessary, assume that there are 64 and 6 in R so that £(§4) = £(65) = mingeo £(6). Due
to linearity, each measure Q; € P(R”), t € [0, 1], defined as Q; := (1 — t)Jp, -+ tda,, provides one (of the infinitely many)
global minima in the set arg ming ¢ p sy [ £(0) dQ(6).
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Given a scaling constant A > 0, we can now put everything together to obtain the loss L and the unique

minimiser Q* as

L(Q) := /6(9) dQ0) + A\D(Q, P), Q" = argmin L(Q). (5.1

QEP(RT)

Throughout, whenever ) and Q* have an associated Lebesgue density, we write them as ¢ and ¢*.
Moreover, all measures, densities, and integrals will be defined on the parameter space R” of 6. Similarly,

the gradient operator V will exclusively denote differentiation with respect to # € R”.

5.2.1 One Objective with Many Interpretations

In the current paper, our sole focus lies on resolving the difficulties associated with non-convex opti-
misation of £ on Euclidean spaces. Through probabilistic lifting and convexification, we can identify a
unique minimiser Q* in the new space, which minimises the f-averaged loss 6 +— ¢(6) without deviating
too drastically from some reference measure P. In this sense, Q* summarises the quality of all (local
and global) minimisers of /() by assigning them a corresponding weight. The choices for A\, D and P
determine the trade-off between the initial loss ¢ and reference measure P and therefore the weights we

assign to different solutions.

Yet, (5.1) is not a new problem form: it has various interpretations, depending on the choices for D, A, £
and the framework of analysis [see e.g. Knoblauch et al., 2019, for a discussion]. For example, if £(0) is
a negative log likelihood, D is the Kullback-Leibler divergence (KL), and A = 1, Q* is the standard
Bayesian posterior, and P is the Bayesian prior. This interpretation of P as a prior carries over to
generalised Bayesian methods, in which we can choose £(6) to be any loss, D to be any divergence
on P(RJ), and )\ to regulate how fast we learn from data [see e.g. Bissiri et al., 2016, Jewson et al.,
2018, Knoblauch et al., 2018, Miller and Dunson, 2019, Knoblauch, 2019, Alquier, 2021a, Husain and
Knoblauch, 2022, Matsubara et al., 2022, Wild et al., 2022, Wu and Martin, 2023, Altamirano et al.,
2023]. In essence, the core justification for these generalisations is that the very assumptions justifying
application of Bayes’ Rule are violated in modern machine learning. In practical terms, this results in a
view of Bayes’ posteriors as one—of many possible—measure-valued estimators Q* of the form in (5.1).
Once this vantage point is taken, it is not clear why one should be limited to using only one particular
type of loss and regulariser for every possible problem. Seeking a parallel with optimisation on Euclidean
domains, one may then compare the orthodox Bayesian view with the insistence on only using quadratic
regularisation for any problem. While it is beyond the scope of this paper to cover these arguments in

depth, we refer the interested reader to Knoblauch et al. [2019].
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A second line of research featuring objectives as in (5.1) are PAC-Bayes methods, whose aim is to
construct generalisation bounds [see e.g. Shawe-Taylor and Williamson, 1997, McAllester, 1999a,9,
Griinwald, 2011]. Here, ¢ is a general loss, but P only has the interpretation of some reference measure
that helps us measure the complexity of our hypotheses via Q — A\D(Q, P) [Guedj and Shawe-Taylor,
2019, Alquier, 2021b]. Classic PAC-Bayesian bounds set D to be KL, but there has been a recent push
for different complexity measures [Alquier and Guedj, 2018, Bégin et al., 2016, Haddouche and Gued;,
2023].

5.2.2 Generalised Variational Inference (GVI) in Finite and Infinite Dimensions

In line with the terminology coined in Knoblauch et al. [2019], we refer to any algorithm aimed at solving
(5.1) as a generalised variational inference (GVI) method. Broadly speaking, there are two ways one

could design such algorithms: in finite or infinite dimensions.

Finite-dimensional GVI: This is the original approach advocated for in Knoblauch et al. [2019]: instead
of trying to compute Q*, approximate it by solving Q,~ = argming, .o L(Q) for a set of measures
Q:={Q, : v €T} C P(R’) parameterised by a parameter v € I' C R’. To find Q,,, one now simply
performs (finite-dimensional) gradient descent with respect to the function v — L(Q, ). For the special
case where P is a Bayesian prior, A\ = 1, £() is a negative log likelihood parametrised by 6, and D = KL,
this recovers the well-known standard VI algorithm. To the best of our knowledge, all methods that refer to
themselves as VI or GVI in the context of deep learning are based on this approach [see e.g. Graves, 2011,
Blundell et al., 2015, Louizos and Welling, 2017, Wild et al., 2022]. Since procedures of this type solve
a finite-dimensional version of (5.1), we refer to them as finite-dimensional GVI (FD-GVI) methods
throughout the paper. While such algorithms can perform well, they have some obvious theoretical
problems: First of all, the finite-dimensional approach typically forces us to choose Q and P to be simple
distributions such as Gaussians to ensure that L(Q), ) is a tractable function of v. This often results in a Q
that is unlikely to contain a good approximation to Q*; raising doubt if ), can approximate Q* in any
meaningful sense. Secondly, even if Q — L(Q) is strictly convex on P(R”), the parameterised objective
v €' L(Q,) is usually not. Hence, there is no guarantee that gradient descent leads us to @, ~. This
point also applies to very expressive variational families [Rezende and Mohamed, 2015, Mescheder et al.,
2017] which may be sufficiently rich that Q* € Q, but whose optimisation problem v € T' — L(Q,) is
typically non-convex and hard to solve, so that no guarantee for finding Q* can be provided. While this
does not necessarily make FD-GVI impractical, it does make it exceedingly difficult to provide a rigorous

theoretical analysis outside of narrowly defined settings.

FD-GVI in function space: An collection of approaches formulated as infinite-dimensional problems
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are GVI methods on an infinite-dimensional function space [Ma et al., 2019, Sun et al., 2018, Ma
and Hernédndez-Lobato, 2021, Rodriguez-Santana et al., 2022, Wild et al., 2022]. Here, the loss is
often convex in function space. In practice however, the variational stochastic process still requires
parameterization to be computationally feasible—and in this sense, function space methods are FD-GVI
approaches. The resulting objectives require a good approximation of the functional KL-divergence
(which is often challenging), and lead to a typically highly non-convex variational optimization problem

in the parameterised space.

Infinite-dimensional GVI: Instead of minimising the (non-convex) problem v — L(Q, ), we want to
exploit the convex structure of @@ — L(Q). Of course, a priori it is not even clear how to compute the
gradient for a function Q ~ L(Q) defined on an infinite-dimensional nonlinear space such as P(R”).
However, in the next part of this paper we will discuss that it is possible to implement a gradient descent
in infinite dimensions by using gradient flows on a metric space of probability measures [Ambrosio et al.,
2005]. More specifically, one can solve the optimisation problem (5.1) by following the curve of steepest
descent in the 2-Wasserstein space. As it turns out, this approach is not only theoretically sound, but also
conceptually elegant: it unifies existing algorithms for uncertainty quantification in deep learning, and
even allows us to derive new ones. We refer to algorithms based on some form of infinite-dimensional
gradient descent as infinite-dimensional GVI (ID-GVI). Infinite-dimensional gradient descent methods
have recently gained attention in the machine learning community. For existing methods of this kind,
the goal is to generate samples from a target @ that has a known form (such as the Bayes posterior) by
applying a gradient flow to Q € P(R’) — E(Q, Q) where E(-, ") is a discrepancy measure. Some
methods apply the Wasserstein gradient flow (WGF) for different choices of E [Arbel et al., 2019, Korba
etal., 2021, Glaser et al., 2021], whilst other methods like Stein variational gradient descent (SVGD) [Liu
and Wang, 2016] stay within the Bayesian paradigm (£ = KL, @ = Bayes posterior) but use a gradient
flow other than the WGF [Liu, 2017]. D’Angelo and Fortuin [2021] exploit the WGF in the standard
Bayesian context and combine it with different gradient estimators [Li and Turner, 2017, Shi et al., 2018]
to obtain repulsive deep ensembling schemes. Note that this is different from our methods as our repulsive
effect is induced by the regulariser and not a consequence of the gradient-estimators. Since our focus is
on tackling the problems associated with non-convex optimisation in Euclidean space, the approach we
propose is inherently different from all of these existing methods: our target Q* is only implicitly defined

via (5.1), and not known explicitly.

51



A RIGOROUS LINK BETWEEN DEEP ENSEMBLES AND (VARIATIONAL) BAYESIAN METHODS

5.3 Gradient Flows in Finite and Infinite Dimensions

Before we can realise our ambition to solve (5.1) with an ID-GVI scheme, we need to cover the relevant
bases. To this end, we will discuss gradient flows in finite and infinite dimensions, and explain how they
can be used to construct infinite-dimensional gradient descent schemes. In essence, a gradient flow is the
limit of a gradient descent whose step size goes to zero. While the current section introduces this idea for
the finite-dimensional case for ease of exposition, its use in constructing algorithms within the current

paper will be for the infinite-dimensional case.

Gradient descent finds local minima of losses ¢ : R/ — R by iteratively improving an initial guess

6 € R’ through the update
Ops1 := 0 —nVL(Ok), k €N,

where 77 > 0 is a step-size and V¢ denotes the gradient of ¢. For sufficiently small 7 > 0, this update can

equivalently be written as

1
Os1 = in{0(0) + —110 — Okll5 ¢ 5.2
et = argmin {£(0) + 5110 043} (52)

Gradient flows formalise the following logic: for any fixed 7, we can continuously interpolate the
corresponding gradient descent iterates {Hk} keNo* To do this, we simply define a function 6" : [0, 00) —
R as 0"(t) := 0y, fort € nNg := {0,7,2n,...}. For t ¢ nNg we linearly interpolate®. As 7 — 0, the
function 0" converges to a differentiable function 6, : [0, 00) — R called the gradient flow of ¢, because
it is characterised as solution to the ordinary differential equation (ODE) ¢/, (t) = —V£(0.(t)) with initial
condition 6,(0) = 6. Intuitively, 0, (t) is a continuous-time version of discrete-time gradient descent;
and navigates through the loss landscape so that at time ¢, an infinitesimally small step in the direction of
steepest descent is taken. Put differently: gradient descent is nothing but an Euler discretisation of the
gradient flow ODE [see also Santambrogio, 2017]. The result is that for mathematical convenience, one
often analyses discrete-time gradient descent as though it were a continuous gradient flow—with the hope

that for sufficiently small 7, the behaviour of both will essentially be the same.

Our results in the infinite-dimensional case follow this principle: we propose an algorithm based on
discretisation, but use continuous gradient flows to guide the analysis. To this end, the next section

generalises gradient flows to the nonlinear infinite-dimensional setting.

*This means 0" (t) := w (t —sn) +6s, fort € [sn, (s + 1)n) and s € No.
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5.3.1 Gradient Flows in Wasserstein Spaces

Let Po(R’) be the space of probability measures with finite second moment equipped with the 2-

Wasserstein metric given as

Wa(P,Q)? = inf { 001 ane.0)wecep Q>} (53)

where C(P, Q) C P(R’ x R”) denotes the set of all probability measure on R’ x R” such that (A x
R’) = P(A) and (R’ x B) = Q(B) for all A, B C R’ [see also Chapter 6 of Villani et al., 2009].
Further, let L : Py(R”) — (—o0, 00] be some functional—for example L in (5.1). In direct analogy to

(5.2), we can improve upon an initial guess Qg € P2(R”) by iteratively solving

1
Qi1 = argmin {L(Q) + Q—WQ(Q,Qk)2} (5.4)
QEeP2(RY) n

for k € Ny and small > 0 [see Chapter 2 of Ambrosio et al., 2005, for details]. Again, for  — 0, an
appropriate limit yields a continuously indexed family of measures {Q(t) }+>o. If L is sufficiently smooth
and Q9 = @Q(0) has Lebesgue density go, the time evolution for the corresponding pdfs {q () }+>0 is given
by the partial differential equation (PDE)

dua(t,0) = V- (4(t.6) VwL[Q(1)](0) ). (5.5)

with ¢(0, -) = qo [Villani, 2003, Section 9.1]. Here V - f := Z‘j]:l 0; f; denotes the divergence operator
and ViyL[Q] : R/ — R’ the Wasserstein gradient (WG) of L at (. For the purpose of this paper,
it is sufficient to think of the WG as a gradient of the first variation; i.e. Vi L[Q] = VL'[Q] where
L'[Q] : R7 — R is the first variation of L at ) [Villani et al., 2009, Exercise 15.10]. The Wasserstein
gradient flow (WGF) for L is then the solution qT to the PDE (5.5). If L is chosen as in (5.1), our hope is
that the logic of finite-dimensional gradient descent carries over; and that lim; o ¢ (¢, -) is in fact the

density ¢* corresponding to Q*.

Following this reasoning, this paper applies the WGF for (5.1) to obtain an ID-GVI algorithm. In Section
5.4 and Appendices C-F, we formally show that the WGF indeed yields Q* (in the limit as ¢t — o) for a

number of regularisers of practical interest.

5.3.2 Realising the Wasserstein Gradient Flow

In theory, the PDE in (5.5) could be solved numerically in order to implement the infinite-dimensional

gradient descent for (5.1). In practice however, this is impossible: numerical solutions to PDEs become
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computationally infeasible for the high-dimensional parameter spaces which are common in deep learning
applications. Rather than trying to first approximate the g solving (5.5) and then sampling from its limit in
a second step, we will instead formulate equations which replicate how the samples from the solution
to (5.5) evolve in time. This leads to tractable inference algorithms that can be implemented in high

dimensions.

Given the goal of producing samples directly, we focus on a particular form of loss that is well-studied in
the context of thermodynamics [Santambrogio, 2015, Chapter 7], and which recovers various forms of the
GVI problem in (5.1) (see Section 5.4). In thermodynamics, ) € Po(R”) describes the distribution of
particles located at specific points in R”. The overall energy of a collection of particles sampled from @Q
is decomposed into three parts: (i) the external potential V' (6) which acts on each particle individually,
(ii) the interaction energy (6, ') describing pairwise interactions between particles, and (iii) an overall
entropy of the system measuring how concentrated the distribution @ is. Taking these components

together, we obtain the so called free energy

4Q) = [voyaao) + 3 [ wo.0)0000aa0) + % [10g4000) 0. G6)

for Q € Po(R”) with Lebesgue density g, \; > 0, Ay > 0. Note that for Ay > 0 we implicitly assume
that () has a density. Following Section 9.1 in Villani et al. [2009], its WG is

Vi L¥[QI(0) = VV(0) + At / (V11)(6,0) dQ(O') + MoV log g(0),

where § € R7, and V1 denotes the gradient of x with respect to the first variable. We plug this into (5.5)
to obtain the desired density evolution. Importantly, this time evolution has the exact form of a nonlinear
Fokker-Planck equation associated with a stochastic process of McKean-Vlasov type (see Appendix
C.2 for details). Fortunately for us, it is well-known that such processes can be approximated through

interacting particles [ Veretennikov, 2006] generated by the following procedure:
Step 1: Sample Ny € N particles 01 (0), . . ., On, (0) independently from Qg € P2(R7).

Step 2: Evolve the particle 6,, by following the stochastic differential equation (SDE)

Ng
A
6, (t) = —(VV(Hn(t)) n N%E 3 (Vik) (6a(t), Hj(t)))dt FV/20dBa(t),  (5.7)
j=1
forn =1,..., Ng, and { B, (t) }+>0 stochastically independent Brownian motions.
As N — oo, the distribution of 0;(¢),...,0n,(t) evolves in ¢ in the same way as the sequence of
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densities (¢, -) solving (5.5). This means that we can implement infinite-dimensional gradient descent by
following the WGF and simulating trajectories for infinitely many interacting particles according to the
above procedure. In practice, we can only simulate finitely many trajectories over a finite time horizon.
This produces samples 6, (7'), . ..,0n,(T") for Np € Nand T > 0. Our intuition and Section 5.4 tell us

that, as desired, the distribution of 61 (T), ..., 0x, (T) will be close to the global minimiser of L.

In the next section, we will use the above algorithm to construct an ID-GVI method producing samples
approximately distributed according to Q* defined in (5.1). Since Ny and T are finite, and since we
need to discretise (C.123), there will be an approximation error. Given this, how good are the samples
produced by such methods? As we shall demonstrate in Section 5.5, the approximation errors are small,

and certainly should be expected to be much smaller than those of standard VI and other FD-GVI methods.

5.4 Optimisation in the Space of Probability Measures

With the WGF on thermodynamic objectives in place, we can now finally show how it yields ID-GVI
algorithms to solve (5.1). We put particular focus on the analysis of the regulariser D; providing new
perspectives on heuristics for uncertainty quantification in deep learning in the process. Specifically, we
establish formal links explaining how they may (not) be understood as a Bayesian procedure. Beyond that,
we derive the WGF associated with regularisation using the maximum mean discrepancy, and provide a

theoretical analysis of its convergence properties.

5.4.1 Unregularised Probabilistic Lifting: Deep Ensembles

We start the analysis with the base case of an unregularised functional L(Q) = [ £(6)dQ(), correspond-
ing to A = 0 in (5.1). This is also a special case of (5.6) with \; = Ay = 0. As A\; = 0, there is no

interaction term, and all particles can be simulated independently from one another as
61(0),...,0n,(0) ~ Qo, 0,(t)=-VE(0,(t)), n=1,...,Ng.

This simple algorithm happens to coincide exactly with how deep ensembles (DEs) are constructed [see
e.g. Lakshminarayanan et al., 2017]. In other words: the simple heuristic of running gradient descent
algorithm several times with random initialisations sampled from () is an approximation of the WGF for

the unregularised probabilistic lifting of the loss function £.

Following the WGF in this case does not generally produce samples from a global minimiser of L.
Indeed, the fact that L generally does not even have a unique global minimiser was the motivation for

regularisation in (5.1). Even if L had a unique minimiser however, a DE would not find it. The result
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below proves this formally: unsurprisingly, deep ensembles simply sample the local minima of ¢ with a

probability that depends on the domain of attraction and the initialisation distribution Q.

Theorem 5.4.1. If ¢ has countably many local minima {m; : i € N}, then it holds independently for each
n=1,..., Ng that

On(t) 5 >~ Qo(01) bm, = Qe
i=1

fort — oo. Here Ly denotes convergence in distribution and ©; = {0 € R’ : limy_,o0 04(t) =

m; and 0,(0) = 0} denotes the domain of attraction for m; with respect to the gradient flow 0.

A proof with technical assumptions—most importantly a version of the famous Lojasiewicz inequality—is
in Appendix C.3. Theorem 5.4.1 derives the limiting distribution for 6;(T), ..., 0n,(T"), which shows
that—unless all local minima are global minima—the WGF does not generate samples from a global
minimum of @ — L(Q) for the unregularised case A = 0. Note that his result is not directly applicable
for the over-parameterised situation encountered in deep learning as the set of minimisers is not countable
here [Liu et al., 2022]. However, we chose to include Theorem 5.4.1 as it illustrates the dependency of
(oo on the initialisation (Qg. This will remain true for typical deep learning losses but in this case there is
no way of compactly writing Q).

However, despite these theoretical shortcomings, DEs remain highly competitive in practice and typically
beat FD-GVI methods like standard VI [Ovadia et al., 2019, Fort et al., 2019]. This is perhaps not surpris-
ing: DEs implement an infinite-dimensional gradient descent, while FD-GVI methods are parametrically
constrained. Perhaps more surprisingly, we observe in Section 5.5 that DEs can even easily compete with
the more theoretically sound and regularised ID-GVI methods that will be discussed in Section 5.4.2 and
5.4.3. We study this phenomenon in Section 5.5, and find that it is a consequence of the fact that in deep

learning, N is small compared to the number of local minima (cf. Figure 5.4).

5.4.2 Regularisation with the Kullback—Leibler Divergence: Deep Langevin Ensembles

In Section 5.2, we argued for regularisation by D to ensure a unique minimiser )*. The Kullback-Leibler
divergence (DD = KL) is the canonical choice for (generalised) Bayesian and PAC-Bayesian methods
[Bissiri et al., 2016, Knoblauch et al., 2019, Guedj and Shawe-Taylor, 2019, Alquier, 2021b]. Now, Q*
has a known form: if P has a pdf p, it has an associated density given by ¢*(6) o< exp(—3£(6))p(6)
[Knoblauch et al., 2019, Theorem 1].

Notice that the KL-regularised version of L in (5.1) can be rewritten in terms of the objective L in (5.6)
by setting V' (0) = £(6) — Alogp(6), A1 = 0 and Ay = X. Compared to the unregularised objective of

the previous section (where A = 0), the external potential is now adjusted by —\ log p(#), forcing Q* to
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allocate more mass in regions where p has high density. Beyond that, the presence of the negative entropy
term has three effects: it ensures that the objective is strictly convex, that Q* is more spread out, and that
it has a density ¢*. Since A\; = 0, the corresponding particle method still does not have an interaction and

is given as
01(0),...,0n(0) ~ Qo dn(t) = —VV (0,(t))dt + V2X\dB,(t), n=1,....,Ng.  (5.8)

Clearly, this is just the Langevin SDE and we call this approach the deep Langevin ensemble (DLE).
While the name may suggest that DLE is equivalent to the unadjusted Langevin algorithm (ULA) [Roberts
and Tweedie, 1996], this is not so: for 7" discretisation steps t1, to, . . . t7, DLE approximates measures
using the end-points of N trajectories given by {6, (tT) . In contrast, ULA would use a (sub)set
of the samples {6 (¢;)} - i—1 generated from one single particle’s trajectory. To analyse DLEs, we build
on the Langevin dynamics literature: in Appendix C.4, we show that Law([6,,(¢)] 2, Q" ast — oo,
independently for eachn = 1,..., Ng. Hence 6,(T), ..., 0n, (T") will for large T" > 0 be approximately
distributed according to *. Comparing DE and DLE in this light, we note several important key
differences: (Q* as defined per (5.1) is unique, has the form of a Gibbs measure, and can be sampled from
using (5.8). In contrast, unregularised DE produces samples from (), in Theorem 5.4.1 which is not
the global minimiser. Specifically neither (), nor @* for DEs correspond to the Bayes posterior. It is

therefore not a Bayesian procedure in any commonly accepted sense of the word.

5.4.3 Regularisation with Maximum Mean Discrepancy: Deep Repulsive Langevin En-

sembles

Regularising with KL is attractive because (Q* has a known form. However, in our theory, there is no
reason to restrict attention to a single type of regulariser: we introduced D to convexify our objective.
It is therefore of theoretical and practical interest to see which algorithmic effects are induced by other
regularisers. We illustrate this by first considering regularisation using the squared maximum-mean

discrepancy (MMD) [see e.g. Gretton et al., 2012] only, and then a combination of MMD and KL.

For a kernel x : R? x R/ — R, the squared MMD between measures @ and P is

MMD(Q, P)? // (6,60')dQ(0)dQ(6 —2// (6,0')dQ(0)dP(¢')

+ / k(0,0)dP(0)dP(0).

MMD measures the difference between within-sample similarity and across-sample similarity, so it is

smaller when samples from P are similar to samples from (), but also larger when samples within )
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are similar to each other. This means that regularising (5.1) with D = MMD? introduces interactions
characterised precisely by the kernel x, and we can show this explicitly by rewriting L of (5.1) into the
form of L€ in (5.6). In other words, inclusion of MMD? makes particles repel each other, making it more
likely that they fall into different (rather than the same) local minima. Writing the kernel mean embedding
as up(0) == [k(0,0")dP(¢'), we see that up to a constant not depending on Q, L(Q) = L'(Q) for
V() = £0) — A\pp(0), N = %, and \o = 0. While we can show that a global minimiser Q* exists,
and while we could produce particles using the algorithm of Section 5.3.2, we cannot guarantee that they
are distributed according to Q* (see Appendix C.6). Essentially, this is because in certain situations, we

cannot guarantee that Q* has a density for D = MMD?.

To remedy this problem, we additionally regularise with the KL: since KL(Q, P) = oo if P has a
Lebesgue density but () has not, this now guarantees that Q* has a density ¢*. In terms of (5.1), this
means that D = A\MMD? 4 )\ KL. Adding regularisers like this has a long tradition, and is usually done
to combine the different strengths of various regularisers [see e.g. Zou and Hastie, 2005]. Here, we follow
this logic: the KL ensures that * has a density, and the MMD makes particles repel each other. With this,
we can rewrite L((QQ) in terms of L*((Q) up to a constant not depending on () by taking A\ = %, N =X,
and V' (0) = €(0) — \pup(0) — A2 log p(f). Using the same algorithmic blueprint as before, we evolve
particles according to (5.7). As these particles follow an augmented Langevin SDE that incorporates
repulsive particle interactions via x, we call this method the deep repulsive Langevin ensemble (DRLE).

We show in Theorem (5.4.2) (cf. Appendix C.5 for details) that DRLEs generate samples from the global

minimiser Q* in the infinite particle and infinite time horizon limit.

Theorem 5.4.2. Let Q™'V2(t) be the distribution of 0,,(t), n = 1,. .., Ng, generated via (5.7). Then

lim lim Q™V® (t) = Q (in distribution)
t—o0 Ng—o0

foreachn = 1,..., Ng whenever the corresponding the McKean-Viasov process in (5.7) converges to a

unique invariant measure.

This is remarkable: we have constructed an algorithm that generates samples from the global minimiser
()*—even though a formal expression for what exactly * looks like is unknown! This demonstrates how
impressively powerful the WGF is as tool to derive inference algorithms. Note that this is completely
different from sampling methods employed for Bayesian methods, for which the form of Q* is typically

known explicitly up to a proportionality constant.

A notable shortcoming of Theorem 5.4.2 is its asymptotic nature. A more refined analysis would quantify

how fast the convergence happens in terms of Ng, T', the SDE’s discretisation error, and potentially even
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Figure 5.2: We generate Ng = 300 particles from DE, DLE and DRLE. The theoretically optimal
global minimisers Q* are depicted with dashed line strokes, and the generated samples are displayed via
histograms. We use P = Qo = N (0, 1) for DLE and DRLE. Notice that the optimal Q* differs slightly
between DLE and DRLE.

the use of unbiased estimators for the loss based on sub-sampling. While the existing literature could
be adapted to derive the speed of convergence for DRLE in T' [Ambrosio et al., 2005, Section 11.2],
this would require a strong convexity assumption on the potential V', which will not be satisfied for any
applications in deep learning. This is perhaps unsurprising: even for the Langevin algorithm—probably
the most thoroughly analysed algorithm in this literature—no convergence rates have been derived that are
applicable to the highly multi-modal target measures encountered in Bayesian deep learning [Wibisono,

2019, Chewi et al., 2022].

That being said, for the case of deep learning, FD-GVI approaches never come with any convergence
guarantees. Indeed, in this setting they even fail to provide basic asymptotic guarantees. As a consequence,
the fact that it is even possible for us to provide any asymptotic guarantees using realistic assumptions
marks an improvement over the available theory for FD-GVI methods, and (by virtue of Theorem 5.4.1)

over DEs as well.

5.5 Experiments

Since the paper’s primary focus is on theory, we use two experiments to reinforce some of the predictions
it makes in previous sections, and a third experiment that shows why—in direct contradiction to a naive
interpretation of the presented theory—it is typically difficult to beat simple DEs. More details about the
conducted experiments can be found in Appendix C.7. The code is available on https://anonymous

.4dopen.science/r/GVI-WGF-5963.

Global minimisers: Figure 5.2 illustrates the theory of Sections 5.4 and Appendices C—F: DLE and DRLE
produce samples from their respective global minimisers, while DE produces a distribution which—-in
accordance with Theorem 5.4.1—does not correspond to the global minimiser of @ — [ £(0) dQ(6) over

P(RY) (which is given as Dirac measure located at § = —2).

FD-GVI vs ID-GVI: Figure 5.3 illustrates two aspects. First, the effect of regularisation for DLE and
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Figure 5.3: We generate Np = 300 particles from DE, DLE, DRLE and FD-GVI with Gaussian
parametrisation. The multimodal loss £ is plotted in grey and the particles of the different methods are
layered on top. The prior in this example is flat, i.e. log p and pp are constant. The initialisation (g is
standard Gaussian. See Figure C.1 in the appendix for an alteration of this setting with only four particles.

KINSNM CONCRETE ENERGY NAVAL POWER PROTEIN  WINE YACHT

DE 0-33:i:0,1 6.1010.3 2.8310_2 —0.4010_3 13-70i2.6 11.22:&2.2 14.6511,9 2~20i0.4
DLE 13.25:|:4,3 5.11:|:0.2 2.4310_1 3.46:|:2‘4 13.87i2_3 43~20:t12.5 13~73:t1.4 1.64:|:0_1

DRLE 0.46i0.1 8~3Oi046 4-01i0.3 —3.04:|:0.2 23~21i2.0 48.80i2_1 7-13:|:0.6 7.80i27

Table 5.1: Table compares the average (Gaussian) negative log likelihood in the test set for the three ID-
GVI methods on some UCI-regression data sets [Lichman, 2013]. We observe that no method consistently
outperforms any of the others.

DRLE is that particles spread out around the local minima. In comparison, DE particles fall directly
into the local minima. Second, FD-GVI (with Gaussian parametric family) leads to qualitatively poorer
approximations of Q*. This is because the ID-GVI methods explore the whole space P2(R”), whilst

FD-GVI is limited to learning a unimodal Gaussian.

DEs vs D(R)LEs, and why finite N matters: Table 5.1 compares DE, DLE and DRLE on a number of
real world data sets, and finds a rather random distribution of which method performs best. This seems to
contradict our theory, and suggests there is essentially no difference between regularised and unregularised
ID-GVI. What explains the discrepancy? Essentially, it is the fact that N is not only finite, but much
smaller than the number of minima found in the loss landscape of deep learning. In this setting, each
particle moves into the neighbourhood of a well-separated single local minimum and typically never
escapes, even for very large T'. We illustrate this in Figure 5.4 with a toy example. We choose a uniform
prior P and initialisation Q¢ and the loss £(#) := —|sin(#)|, € [—10007, 10007], which has 2000 local
minima. Correspondingly Q* will have many local modes for all methods. Note that V'V is the same
for all approaches since log p and pp are constant. The difference between the methods boils down to
repulsive and noise effects. However, these noise effects are not significant if each particle is stuck in a
single mode: the particles will bounce around their local modes, but not explore other parts of the space.
This implies that they will not improve the approximation quality of Q)*. Note that this problem is a direct
parallel to multi-modality—a well-known problem for Markov Chain Monte Carlo methods [see e.g. Syed

et al., 2022].
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Figure 5.4: We generate N = 20 samples from the three infinite-dimensional gradient descent procedures
discussed in Section 5.4. The x-axis shows the location of the particles after training. Since the same
initialisation 6,,(0) for all methods is chosen we can observe that particles fall into the same local mode.
Further, 16/20 particles are alone in their respective local modes and the location of the particles varies
only very little between the different methods (which is why they are in the same bucket in the above
histogram).

5.6 Conclusion

In this paper, we used infinite-dimensional gradient descent via Wasserstein gradient flows (WGFs) [see
e.g. Ambrosio et al., 2005] and the lens of generalised variational inference (GVI) [Knoblauch et al.,
2019] to unify a collection of existing algorithms under a common conceptual roof. Arguably, this reveals
the WGF to be a powerful tool to analyse ensemble methods in deep learning and beyond. Our exposition
offers a fresh perspective on these methodologies, and plants the seeds for new ensemble algorithms
inspired by our theory. We illustrated this by deriving a new algorithm that includes a repulsion term,
and use our theory to prove that ensembles produced by the algorithm converge to a global minimum.
A number of experiments showed that the theory developed in the current paper is useful, and showed
why the performance difference between simple deep ensembles and more intricate schemes may not be

numerically discernible for loss landscapes with many local minima.
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Abstract

We propose a scalable inference algorithm for Bayes posteriors defined on a reproducing kernel Hilbert
space (RKHS). Given a likelihood function and a Gaussian random element representing the prior, we
obtain the corresponding Bayes posterior measure [1* as the stationary distribution of an RKHS-valued
Langevin diffusion. We approximate the infinite-dimensional Langevin diffusion via a projection onto
the first M components onto the spectral basis of the covariance operator. Exploiting the thus obtained
approximate posterior for these M components, we perform inference for IT* by relying on the law of total
probability and a sufficiency assumption. The resulting method scales as O(M?3 + JM?), where J is the
number of samples produced from the posterior measure IT*. Interestingly, the algorithm as a special case
recovers the posterior arising from the sparse variational Gaussian process (SVGP) [Titsias, 2009a]-owed
to the fact that the sufficiency assumption underlies both methods. However, whereas the SVGP posterior
is parametrically constrained to be a Gaussian process, our method is based on a variational family that
can freely explore the space of all probability measures on R . Due to this additional flexibility, we can
show that our method is close to the optimal M -dimensional variational approximation of the Bayesian
posterior IT* for convex and Lipschitz continuous negative log likelihoods extending the optimality of

SVGP beyond the case of Gaussian likelihhods.
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6.1 Introduction

Bayesian inference in function spaces crucially relies on the construction of a prior distributions on an
infinite-dimensional function space. Gaussian processes (GPs) are the standard tool deployed for this
purpose, and have proven a valuable framework for principled uncertainty quantification over the past few
decades [Rasmussen and Williams, 2006]. A notable shortcoming of GPs is their cubic computational
cost with respect to data size, and their intractability for the case of non-Gaussian likelihoods. Numerous
approaches have been proposed to overcome these challenges [see e.g. Gneiting, 2002, Quifionero-Candela
and Rasmussen, 2005, Chalupka et al., 2013, Wilson and Nickisch, 2015, Gardner et al., 2018, Wang
et al., 2019, Liu et al., 2020]. Amongst them, sparse variational Gaussian processes (SVGPs) [Titsias,
2009a] arguably are considered to be the gold standard for scalable GP approximations. SVGPs rely on
the introduction of inducing features that are assumed to follow a Gaussian distribution with learnable
variational parameters, and which can be interpreted as an approximate low-dimensional summary of
the posterior GP. To learn these variational parameters, one then typically performs gradient based

maximisation of the Evidence Lower Bound (ELBO) [see e.g. Hensman et al., 2013].

While SVGPs often perform surprisingly well in practice, their approximation quality is inadequate
whenever the Gaussianity imposed upon the inducing points is too restrictive. In the hope of overcoming
this shortcoming, our paper explores the possibility of performing Bayesian inference by using a version
of gradient descent directly in the space of probability measures—rather than on variational parameters
indexing an family of approximating measures [cf. Wild et al., 2023]. We achieve this via the Wasserstein
Gradient Flow (WGF) [Otto, 2001, Ambrosio et al., 2005], which is a natural analogue for gradient
descent over the space of probability measures. Implementing the WGF for our problem requires a
reformulation of the Bayes posterior as an infinite-dimensional optimisation problem on the space of

probability measures [Knoblauch et al., 2019, Wild et al., 2022].

To derive the WGF, we need a deep and precise understanding of the function space H on which our
prior and therefore posterior is defined. This requirement forces us to incorporate the Function space
H explicitly into our model of a random function which naturally leads to the structure of a Gaussian
random element [Van Neerven, 2008, Wild and Wynne, 2022]. Simply put a Gaussian random element
is a Gaussian process with known sample path properties [see e.g. Wild et al., 2022] and they therefore

provide the perfect framework for calculations in infinite-dimensional analysis.

Having chosen a GRE on a suitable (Hilbert) function space H, we implement the WGF, which leads to a
Langevin stochastic differential equation (SDE) evolving in H whose stationary distribution corresponds

to the targeted Bayes posterior IT*. Intriguingly, since we rely on Fréchet derivatives to represent this
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SDE, we find that the underlying function space has to be an RKHS H = H|; associated to some kernel
function k. Since elements of H}, can generally not be represented numerically without approximation,
we project this SDE in H into a finite-dimensional representation corresponding to the first M coefficients
of the Kosambi—Karhunen—Logve expansion. The result is a standard M -dimensional Langevin diffusion
with a well-understood limiting measure. Given this, the key insight is now to solve the inverse problem:
by probabilistically mapping back from the limiting distribution of the projected SDE to the limiting
distribution of infinite-dimensional SDE on H, we can draw approximate samples from the Bayes posterior
IT*. This gives rise to an algorithm we call Projected Langevin Sampling (PLS), which produces posterior
inferences at computational cost of order O(M?3 + JM?) for J € N posterior samples, and which is

applicable to generic likelihoods.

Perhaps surprisingly, our algorithm is both a sampling and a variational inference algorithm that generalises
SVGPs in a particular way. Specifically, we can formally show that PLS samples from a variational
approximation that is strictly more expressive than the corresponding variational posterior constructed
with SVGP methods: while SVGPs force a the variational distribution over their M inducing features to be
distributed according to a Gaussian measure, the variational family used within PLS is not parametrically
constrained in any way, and simply given as the set of all probability measures over R™. As we show in
our theoretical results, this allows PLS to target a strictly better posterior approximation than SVGPs.! We
also find that for the special case of Gaussian likelihoods, both PLS and SVGPs target the same (Gaussian)
approximate posterior measure. Unlike SVGPs, PLS can also be used for arbitrary likelihoods without
requiring their integrals with respect to variationally parameterised Gaussian measures to be approximated

via Markov chain Monte Carlo or be tractable.

6.2 Optimisation-centric Perspectives on Bayesian Inference

Bayesian inference in function spaces assigns a prior for an unknown function f linked to N € N
observations y1.y = (y1,...,yn) € RY via a likelihood p(y1.x|f)>. The best known example is
Gaussian process regression [Rasmussen and Williams, 2006] where the prior for f is a Gaussian process

(GP), and the log-likelihood is given by

N
logp(yi.n1f) =Y 10g N (yn; f(n),0%).

n=1

'This holds under the natural comparison where the M coefficients of the Kosambi—Karhunen—Lo&ve expansion are now
used as the SVGP’s inducing features.

*Here, p(y1:n|f) is called a likelihood function if (y1.n, f) € RN x H — p(y1.n|f) € [0,00) is product-measurable,
and if fRN p(yi:n|f) du(yi:n) = 1 for all fixed f € H, and for i a base measure on RN —such as the counting measure or
Lebesgue measure.
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Here, 02 > 0 is observation noise and z1.x = (1,...,zy) € X N are known features. Given the prior

for f and this likelihood, the goal is to find the posterior for f given the observations 3.y € R,

In this work our prior is modelled as a GRE F’ with mean zero and covariance operator C' : H — H,
where H is the underlying Hilbert space of functions (see Appendix D.4 for an introduction to GREs).
We write F' ~ N (0, C') for a mean zero GRE with covariance operator C. Notice that the covariance
operator C' plays a similar role to the covariance function or kernel of a Gaussian process and allows us to

incorporate prior knowledge about the unknown function into our model.

Denoting by II the Gaussian measure associated with the GRE F' ~ N(0, C), and by ¢(f) := —log p(y1.~|f),
f € H, an arbitrary negative log likelihood function, it is well-known that the Bayes posterior, denoted
IT*, is the solution to a particular optimisation problem, both for the parametric and the non-parametric
case [e.g., Theorem 1 in Knoblauch et al., 2019, Wild et al., 2022, Appendix A.1]. Indeed, the Bayes

posterior IT* can be written as

I = arg min / (f) dQ(f) + KL(Q. TD), 6.1)

QEeP(H)

=L(Q)

where P(H ) denotes the space of all probability measures on H, and KL(Q, IT) denotes the Kullback-

Leibler divergence between the measures ¢ and I1.

This optimisation-centric perspective has many methodological and theoretical uses. For example,
it shows that conventional variational inference relates to full Bayesian inference like constrained to
unconstrained optimisation [see Theorem 2 in Knoblauch et al., 2019]. To see this, simply note that
conventional variational inference consists in choosing a family of measures Q@ C P(H) that has a
finite-dimensional Euclidean parameterisation, and then computing the variational Bayes posterior as
@ = argmingego L(Q) through stochastic gradient descent [e.g. Titsias and Lazaro-Gredilla, 2014]
or other optimisation techniques. In the specific context of Gaussian processes (GPs), such variational
Bayesian approaches were pioneered by Titsias [2009a], clarified in Matthews et al. [2016], and further

developed for Gaussian Random Elements (GREs) in Banach spaces by Wild and Wynne [2022].

In the current paper, we develop methodology that refrains from the conventional variational Bayes ap-
proach: instead of choosing a parameterised family of distributions Q and performing gradient descent for
its finite-dimensional parameters, we instead perform gradient descent directly in the infinite-dimensional
space P(H). Unlike for parameterised families Q, this also for more flexibility and typically results
in better posterior approximations [Wild et al., 2023]. In the context of SVGPs the variational family

is constructed via inducing features, which are assumed to be Gaussian. Consequently, the resulting
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posterior approximation is always a Gaussian process even if the true posterior deviates significantly from

Gaussianity.

We therefore propose to circumvent the shortcomings of a restrictive variational family by implementing
Gradient descent directly in the space of probability measures for the objective L in (6.1) via the
Wasserstein gradient flow. This added flexibility is reflected in the fact that our method is provably close

to optimal for many likelihoods of practical interest.

6.3 Wasserstein Gradient Flow (WGF) for Functional Inference

Before we can define the WGF on (6.1), we first define the prerequisite notations and objects. To this end,

let B(H ) be the Borel o-algebra on H, and define

Pa(H) := {u : B(H) — [0,1] | /H |ul[* dp(u) < oo}

as the set of Borel probability measures on H with finite second moment. We can equip P2 (H ) with the

2-Wasserstein metric distance, which for I1, QQ € Py(H) is defined as

Wy (I, Q)? := inf {/ [|h — W||? dy(h, ) : v € C(TI, Q)} :
HxH

Here, C(I1, Q) C Po(H x H) is the set of all probability measure on B(H x H) whose marginals are
IT and @, so that y(A x H) =TI(A) and v(H x B) = Q(B) for all A, B € B(H) [cf. Ambrosio et al.,
2005, Chapter 6].

6.3.1 Gradient Descent in P5(H)

Because the prior II is a Gaussian measure, it is straightforward to show that the posterior is guaranteed to
have a finite second moment, so that IT* € Py(H) (cf. Appendix D.3 for a proof). Therefore, we can use
the functional Q — L(Q) in (6.1) to find the minimiser IT* by performing a type of gradient descent in
Po(H). In particular and as outlined in Chapter 2 of Ambrosio et al. [2005], we can pick a starting point

Qo € P2(H), and then iteratively update according to

Quer = argmin {L(Q) + 5-W2(Q. Qu)*},
QEP2(H) n

for k£ € N and n > 0 a sufficiently small step-size. If L is sufficiently regular and we let  — 0, the
converges to a limit (Q(t)),., C P2(H) with Q(0) = Qo

[Ambrosio et al., 2005, Chapter 11.1.3]. This evolution of measures (Q(t)) 40 18 called the Wasserstein

continuously indexed family (Qs/y)),0
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gradient flow (WGF) for L starting at ). It has obvious parallels with gradient descent, and is directly
interpretable as its infinite-dimensional analogy in Py (H): at every infinitesimally small step forward in

time ¢, Q(t) moves in the direction amounting to the biggest decrease in the value for Q — L(Q).

6.3.2 Following the WGF via the Langevin SDE in Hilbert Space

Following Theorem 8.3.1 in Ambrosio et al. [2005], we know that the WGF (Q(t)) 1~ for functional

Q +— L(Q) in (6.1) satisfies for all test functions * ¢ : [0, T] x H — R the equation

T
/0 /H rp(t, £) — (Vw LIQW(), Diplt, £)) dQu(f) dt = 0, 62)

where Dy(t, f) denotes the Fréchet derivative of ¢ with respect to f, and Vi L[Q] : H — H is the
so-called Wasserstein gradient of L evaluated at () € Pp(H ). In Theorem D.2.3 (cf. Appendix D.2), we

show that this expression is given by

VwLIQ)(f) = De(f) + D(log ) (f) = DI(f) + 2 6.3)

where ¢ := dQ/dIl : H — R is the Radon-Nikodym derivative of () with respect to the prior measure
IL. Plugging (6.3) into (6.2), we can identify a stochastic process (F(t)) 10 With F'(t) € H for which
F(t) ~ Q(t) forall £ > 0 (cf. Theorem D.2.2 in Appendix D.2). In particular, we find that the solution to

the infinite-dimensional version of the Langevin Stochastic Differential Equation (SDE)
dF(t) = — (DL(F(t)) + CT'F(t)) dt + V2dW (¢), (6.4)

where (W (t))

of C*, follows the Wasserstein gradient flow. This SDE is introduced in Hairer et al. [2005], and the

1~ is a cylindrical Brownian motion in H and C~' : Im(C) C H — H is the inverse
existence, uniqueness and ergodic properties of its solution are discussed in Hairer et al. [2007b]. Hairer
et al. [2011] provides a more accessible treatment of the subject, and Da Prato and Zabczyk [2014]

provides a more general discussion of SDEs in Hilbert spaces.

For our purposes, we can thankfully gloss over many of the technical aspects of dealing with this infinite-
dimensional SDE. Instead, our main reason for introducing (6.4) will be its use as the driving engine for

our methodology. To this end, it is instructive to note the parallels with the finite-dimensional case: if

3A sufficiently large class of test functions are the smooth cylindrical function, denoted Cyl((H x [0, T}) [Ambrosio et al.,
2005, Definition 5.1.11]. A function ¢ is contained in Cyl((H x [0, T]) if and only if there exists N € N and orthonormal
vectors vy, . .., vn € H such that o(f) = ¢ ((f,v1),...,(f,vn),t) where ¢ : RN x [0,T] — R is a smooth function with
compact support.

*The operator C~" is unbounded and given by C~'f = >-°° A, (f, en)en where {\n,en}n2; are the eigenvalue-
eigenvector pairs associated with the self-adjoint trace class covariance operator C'.
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we consider (6.1) for H = R”, we recover a Bayes posterior defined on a finite-dimensional parameter
6 € R’. Writing the associated likelihood function as p(y;.x|0), and the corresponding Gaussian prior
density as p(f) = N(6;0, %), the resulting WGF—now defined on P(R”)—yields a measure evolution

that corresponds to the well-known finite-dimensional Langevin SDE
do(t) = — (Ven(0(t)) + S710(1)) dt + V2dB(t), (6.5)

where (x(0) := —logp(y1.n|0) and (5(t)),-,, is the standard Brownian motion in R” [Jordan et al.,
1998, Otto, 2001]. This finite-dimensional Langevin SDE is the basis of many classical algorithms for
Bayesian computation since its stationary distribution for 6(¢) as ¢ — oo recovers the Bayes posterior
[see e.g. Roberts and Tweedie, 1996, Welling and Teh, 2011]. In other words, and exactly as for the
infinite-dimensional case, one way of motivating why this diffusion recovers the Bayes posterior is by
interpreting it as the natural analogy of gradient descent for the (6.1) for the special case of H = R”.
Just as (6.5) is the inspiration for many seminal algorithms for computing Bayes posteriors over finite-
dimensional parameters, (6.4) can be used to generate samples from the posterior measure IT* that
solves the optimisation problem (6.1) with infinite-dimensional function spaces H. However, the infinite
dimension of H introduces an additional complication: the Langevin SDE in (6.4) generally cannot easily
be represented on a computer. Fortunately, we can overcome this with parsimonious approximations (cf.

Section 6.5).

6.4 Choosing Parameter Space [/ and Prior 11

So far, our developments are valid for likelihoods and GREs on general Hilbert spaces. In particular, the
Langevin SDE in (6.4) seemingly allows us to perform posterior inference for any parameter f € H so
long as it lives in a Hilbert space. As we will explain next however, the seemingly innocuous requirement
that ¢ be Fréchet differentiable will necessitate the assumption that H is a reproducing kernel Hilbert
space (RKHS) for virtually all likelihood functions of practical interest (cf. Appendix D.1.1 for basic
properties of an RKHS).

6.4.1 The Inevitability of the RKHS

Implementing the Langevin SDE in (6.4) requires calculation of the Wasserstein gradient in (6.3), and

therefore of the Fréchet derivative D{(f) of ¢ : H — R. For simplicity, consider losses which for a cost
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function ¢ : Y X ) — R can be written as
N
0f) = Z ¢(yn, f(xn)) + constant, (6.6)
n=1

where ¢(yy, f(2,,)) measures the discrepancy between an observation y,, and the prediction f(zy,) for
Yn, and where the constant does not depend on f. For example, the Gaussian likelihood is based on
(Yn, f(zp)) = # (yn — f(zn)) ?. Another example is the Bernoulli likelihood for binary classification,

which is

1fyn

Plualf) = 6(F(z)" - (1= 0(F(xn)) 6.7)

In this case, y,, € {0,1}, so that the associated negative log likelihood ¢( f) is of the form (6.6) with
(Yn: f(xn)) = —ynlog ¢(f(xn)) — (1 = yn)log(1 — ¢(f (xn))). Here, ¢ : R — [0, 1] is a mapping that

transforms latent functional outputs into probabilities such as the the logistic function ¢1ogistic( f(zn)) =

(1+ exp(—f(z,))) "

For any negative log likelihood with the form of (6.6), we can apply the chain rule and obtain the

corresponding Fréchet derivative as

N
DU(f) = (20) (Yns f(xn)) D(sn) (), (6.8)
n=1

where we have written s,,(f) := f(z,) as the point-wise evaluation functional for f € H at x,,, dac
as the derivative of ¢ with respect to its second component, and D(s,,) as the Fréchet derivative of s,,.
Inspecting the expression, it is now clear that we need to assume that all s,, are Fréchet differentiable and
therefore continuous. However, demanding continuity of all pointwise evaluation functionals s,,(f) for all

f € H is in fact equivalent to H being an RKHS [Berlinet and Thomas-Agnan, 2004, Theorem 1].

In summary, for likelihood functions based on pointwise evaluations of f as in (6.6), the Wasserstein
gradient in (6.3) needed to evolve the infinite-dimensional Langevin SDE in (6.4) can only be implemented
if H is an RKHS. Throughout the remainder of the paper, we therefore take H to be an RKHS Hy,
associated with the reproducing kernel function k£ : X x X — R. Thanks to the widely celebrated
reproducing property of RKHS functions, we now have that s,,(f) = (f, k) for k, = k(x,, ) € Hg, so
that the required Fréchet derivative in (6.8) is D(s,) = kn, and DL(f) = S0 (02¢) (yns £ (xn) ) K-
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6.4.2 Covariance Operators and Gaussian Processes

The GRE prior ' ~ N(0,C) is specified by a covariance operator C' : Hy — Hj, that encodes
prior knowledge about the unknown function. In this paper, we specify C' through a kernel function

k: X x X — R and a probability measure v € P(X) as

Cf:= /k‘(-,x') f(z)dv(x)) (6.9)

for all f € Hj. In Appendix D.4, we show that constructing C' in this way indeed leads to a valid
covariance operator on H}, under mild assumptions on v and k.° Every GRE in H}, naturally induces a
Gaussian process (GP) through the definition F'(x) := (F, k(x,)) for all z € X. The resulting stochastic
process F is a GP with kernel 7 (cf. Lemma D.4.2 in Appendix D.4) given by

r(z,2') = / k(z, k(& 2") dv(€) (6.10)

for all z,2' € X. This connection is practically useful, since it is well-understood how to specify
interpretable GP function priors [see e.g. Rasmussen and Williams, 2006, Duvenaud, 2014]. Therefore,
one can specify interpretable GRE priors via the GP induced by .% The correspondence between C' and r
also elucidates the role of v: The similarity between two points = and 2’ is measured by the product of
their pairwise similarities with a third point £ as k(x, )k(, 2'), and this product is averaged by v over &.
This construction often leads to a poor prior when v deviates too much from the data generating process
Law[X1] of x1,...,zn (see Appendix D.5 for a more extensive discussion). To this end, we choose

v = Law[X}], and estimate the kernel  via samples whenever necessary.

6.5 Posterior Inference via Projection

Having laid out how the GRE prior should be designed, we are ready to deploy the infinite-dimensional
Langevin SDE in (6.4) to produce samples from Bayes posteriors over Hy, that are specified via (6.1)
and rely on GRE priors. Inspecting the SDE, it quickly becomes clear that there is a poignant practical
issue with using it to produce samples from the posterior: since it evolves over an RKHS Hy, there is no

numerically exact way of representing (F(t)) A natural approach to solving this problem relates to

t>0"

SAGREF ~ N (0, C) exists if and only if C'is a positive, self adjoint, trace-class operator [Da Prato and Zabczyk, 2014].
®Note that the GP prior F' ~ GP(0, k) would not define a prior on the chosen function space Hy: by Dricoll’s Theorem
[Driscoll, 1973], the sample paths of such a GP would be almost surely not be contained in Hy.
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the representation of F' ~ N (0, C) in the spectral basis as

oo
g (F,em)em(x
m=1

where F™ := (F, ey,) ~ N (0, \y,) independently with {\,,, e,,,}5°_; C [0,00) x H}, the eigenvalue-
eigenfunction pairs with A\; > A9 > ... obtained from the spectral decomposition of the covariance
operator C'in (6.9). This motivates the approximation of F’ via its orthogonal projection onto the first M
eigenfunctions given by

Pr[F] := Fep,. (6.11)

M=

Since C'is a trace-class operator, this approximation is well-motivated: the spectral decay of A, asymp-
totically faster than 1/m. Indeed, this lower bound is often too conservative, and \,, decays much
faster rates if the functions in Hy, are sufficiently smooth. As Table 6.1 illustrates, the decay is even
often exponential, which means that roughly speaking, the projection in (6.11) converges to F'(t) ex-
ponentially fast as M — oo. From a practical standpoint, the projection is interesting because it is
finite-dimensional—so that we can now study the appropriately projected finite-dimensional SDE for

(F™(t))¢>0 and m = 1,2, ... M instead of the intractable infinite-dimensional SDE in (6.4).

Table 6.1: Spectral decay for different kernels & and input distributions v € P(R”); taken from Burt et al.
[2019] and containing results from Ritter et al. [1995].

kernel input distribution v = decay of A,

Squared Exponential | compact support O(exp(—a's log %))
Squared Exponential | Gaussian O(exp(—a'R))

Matérmn [ + 1/2 Uniform O (m =22 log(m)AP~1(HD)

6.5.1 Finite-Dimensional Projection of the WGF in Hilbert Space

Using It6’s Rule, we derive the time evolution for F"(t) := (F(t),em,) € R as

- 3 30 m
AF™(t) = (Z (92) (yns (1) ) e () + — )dt+\/§dB (1), (6.12)
n=1 m

where B™(t) := (W(t), e;,) are stochastically independent Brownian motions in R. Since the exact
values of { A\, e }M_; and {F(t)(x,,)}2_; are unknown in practice, we require one additional layer of
approximation. To this end, we use Nystrom’s method to estimate the M largest eigenvalue-eigenfunction

pairs {)\m, em}M_, (cf. Appendix D.7). Given {)\m, em}M_,, a natural estimate for F(t)(x,) then

m=1>
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follows from the estimated projection

M
Proj[F ()] := Y (F(t),em) ém (6.13)
m=1 Y

=:Fm (1)

via lgrEJ[F(t)](xn) ="M Fm(t)én(xn). Substituting these approximations into (6.12) leads to the

m=1

SDE F1:M () whose components evolve as

N A~

~ — N Fm(t

dF™(t) = — (Z(@c) <yn,Pr0J[Ft](xn))em(x) L B )> dt +V2dB™(t).  (6.14)
n=1 m

This finally provides us with a fully tractable diffusion that can be simulated via Euler-Maruyama

discretisation.

A naive methodology would now be based on the following observations: first, it is clear that the limiting

distribution of (F(t)) is the Bayes posterior IT*. Next, it is reasonable to expect that as t — oo,

>0
the distribution of FY*M () = (F(¢),... FM(t))T evolved according to (6.14) is such that P/rEJ[F(t)]
constructed from these components follows a distribution that approximates II* as ¢ — oco. More
formally, defining 7, € P(RM) as the limiting distribution of the SDE (F::¥ (t))t>0, we could pursue

an approximate sampling algorithm for IT* based on drawing samples from 7., and then constructing a

projection as in (6.13) based on these samples.

However, we can construct a much smarter approximation with 7.. In particular, it is reasonable to
assume that 7o, ~ 1M , where 1M s the Bayes posterior distribution of FLM |y1.n. Formally, we
may obtain it as M = @#I1*, where # denotes the pushforward operator and ¢(f) := (f,e"M) =
((f,e1),...,{f,ea)) " is the function ¢ : Hy — RM that maps f € Hj into the M largest estimated
components used for the projection in (6.11). Since FiM ly1:n ~ [I*tM simple question can lead us
to a much better approximation: given M = @#I1* is obtained by summarising F'|y;.xy ~ IT* into

an M -dimensional random quantity ¢(F') = F1M , how can we solve the inverse problem?

More specifically, what can we infer about the functional posterior F'|y;.y if we know the posterior

ﬁ1:M|y1; n of the M coefficients?

As we show next, we can answer this question using the law of total probability and a sufficiency

assumption commonly used in the so-called sparse variational GP (SVGP).
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6.5.2 Approximate Projections for Exact Bayesian Inference

We want to use that 7, ~ oM = Law[ﬁle |y1.n] to approximate the predictive posterior distribution
F(z}.y.)lyr.n for arbitrary inputs a3, € XN+ To this end, we define the point-wise evaluation
functional eval[z7. 5 |(f) := f(2].y, ) for f € Hy, and the pushforward operator #. With this, we write
P(F(2}.y.) € A| y1.n) = (eval[z],y |#I1*) (A) for all measurable subsets A C R"*. Noting further
that TT* 1M (A") = P(FY*M € A'|y,.y) for all measurable subsets A’ € RM, we find IT*(B) = [P(F €
B | y1.n, FEM = w)dIT**M (u) for B € B(H},) by the law of total probability, and finally obtain the

elementary identity

(eval[zf,y, [411%) (A) :/ P(F(z}.n.) € Alyrn, FH¥Y = ) dIToHM (u). (6.15)
R]M

Given this, if we could sample from P(F'(x}.y.) € - |y1.N, FM — ) in (6.15), then we could also
generate samples that are approximately distributed according to the posterior predictive F'(z7.y )|y1.n ~
eval[x]. ;. [#11*. This holds since 7o, ~ %M | 5o that it is straightforward to produce approximate
samples from [I*1:M via forward-simulation of (6.14), and to propagate them through the conditional

probability in (6.15).

While we generally do not know the conditional exactly, we do know it for the special case where
p(y1:n|f) is a Gaussian likelihood: now, the joint distribution of (F'(z7,y ), Y1:n, ﬁle) is Gaussian
with a known covariance matrix (cf. Appendix D.1). However, even for this extremely limited setting,
the resulting sampling algorithm would be computationally infeasible. In particular, it would require
inversion of an (N + M) x (N + M) matrix, meaning that drawing J samples would now scale as
O((N + M)3 4+ J(N + M)?). Notably, this even exceeds the O(IN?) computational burden of exact

Bayesian inference using GPs.

Our approach reduces computational cost via an approximation inspired by the way in which sparse
variational Gaussian processes (SVGPs) use M < N so-called inducing points [see Titsias, 2009a].
By assuming that conditioning on M inducing points rather than the full data set, SVGPs reduce the
computational effort required for GP inference to O(M?). For our method, we use a simplifying
assumption of similar character: in particular, we assume that knowledge of the first M estimated
components FUM of the orthogonal projection in (6.13) is sufficient for inference, so that knowing y;.
would provide a negligible amount of additional information. We call this the sufficiency condition, and

formally express it as

P(F(zin.) € Alyin, F*M = u) x P(F(af.y.) € A| F'*M = u) forallu e RM. (6.16)
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Importantly, the right hand side of this relation is conditionally Gaussian, scales as O(M? 4 JM?), and
can be sampled from by, for example, Matheron’s Rule [Journel and Huijbregts, 1976, Wilson et al.,
2020]. In direct parallel to the inducing point framework of SVGPs, while the approximate relationship in
(6.16) is only exact when NV = M, experimental findings demonstrate that it remains an extremely good
approximation even if M < N. The interpretation of (6.16) is straightforward: in terms of the projection
in (6.13), it reflects the belief that knowledge of the first M terms in the spectral representation of F' ~ II
are sufficiently informative for inference, and that ignoring the remaining terms in the expansion leads to a
negligible error. It is this analogy to the use of sufficient statistics in classical statistical methodology that
gives the condition in (6.16) its name. Plugging (6.16) into (6.15) now gives rise to our final approximation
Il € Py(Hy) of IT*, which for any B € B(Hy,) is defined as TI(B) := [P(F € B| F*M = u)d7y (u).

Based on II, we can now approximate the posterior predictive in (6.15) via
(evallat,y, J#T0)(4) = / P(F(afy,) € A|F™ = u) dig (u). 6.17)

In Section 6.5.3, we describe in detail how to sample from this measure.

To summarise: We move from IT* to II via two approximation 7y, ~ [1*1M and the sufficiency condition
in (6.16). Generally, these two approximations do not hold with equality. The one notable exception to
this is the setting where both M = N, and v = % Zﬁf:l dz, . For this special case, Too = [*N and

therefore II = II*, so that the method proposed in Section 6.5.3 is an exact sampling algorithm for IT*.7

6.5.3 Projected Langevin Sampling (PLS)

Whether we choose to conduct exact inference with M = N or approximate inference with M < N,
the sampling algorithm is the same. Drawing samples that are distributed according to eval[x7}, N*]#ﬁ
is straightforward and proceeds in two steps: first, we evolve J independent SDEs as in (6.14) to obtain

exact draws F"M | Fll:M

Y F }:M from the distribution 7,.. Second, we then use Matheron’s Rule (cf.
Appendix D.9) to convert them into samples from eval[z7]. N*]#ﬁ (cf. Appendix D.9). In other words, we

obtain samples by

1. Sampling the initial conditions of our .J prequisite SDEs as ELM (0) ~ 79 where 75 € P(RM) is a

user-chosen initial distribution and j = 1,2, ... J;

2. Using the Euler-Maruyama discretisation to simulate SDEs with initial condition }?’jl:M (0) forward

"The fact that 7o, # "™ can be understood by decomposing 7o and II**" into their likelihood and prior components.
When M < N, the likelihoods differ. For M = N, the likelihoods match, and the only difference comes from the prior, and
specifically the estimated eigenvalues. If M/ = N and we choose v = % Zg _, 0z, for the covariance operator C, then this
difference also vanishes (cf. Appendix D.8).
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until time 7" according to (6.14), thereby obtaining .J approximate® samples f}liM (T') ~ Too, for

j=1,2,...J;

3. Applying Matheron’s rule [Journel and Huijbregts, 1976, Wilson et al., 2020] to implement the
integration on the right of (6.1) for any arbitrary set of inputs z7,, € X Ne LetGyq,...,Gjy ~
N(0,C) be stochastically independent GRE and denote G;(z7}.y ) = (Gj(27),...G;(zy.) ",
(Gj,e" M) = ((Gj,e1), ... <Gj,€M>)T. By standard rules for GREs, we can sample (G (7, ), <Gj,€>)T
N(0, RN, ) for a covariance matrix R ~,,m defined as,

S1:M TA
rleensrun)  ET@RNTAM X (V) (g1

Ry, .vi= | o .
Apret™M (zy.n,) Ay

which allows us to obtain the J approximate posterior samples F;(x7],y, ) ~ eval|z], N*]#ﬁ for

7=12...Jas

Fj(rin,) = Gi(a1n,) + 8I:M(IT:N*)T(ﬁjl:M(T) —(G;,e"M >>.

Here, €M (27, ) € RM*N« is the matrix whose entry at (m, n) is €y, (z};) and Ay o= diag(Xl, e XM) €
RM*M s the diagonal matrix with entries Xl, ey P\ M-

Note that since each SDE in the first two steps above can be evolved without interaction, the entire sampling
algorithm is embarrassingly parallel over the number of samples .J. Thus, while a naive implementation
would scale as O(M?3 + JM?), parallelisation speeds things up significantly. For example, we found that
the differences in computation time between J = 1 and JJ = 100 in our parallelised implementation were

negligible.

A more detailed version of the algorithm can be found in Appendix D.14, which also includes further
implementation details. Since the underlying inferential engine is the projection of the infinite-dimensional
Langevin SDE in (6.4) into a finite-dimensional presentation as in (6.14), we will refer to this algorithm

as projected Langevin sampling (PLS) throughout the remainder of the paper.

6.6 Theoretical Analysis of Projected Langevin Sampling (PLS)

So far, the motivation for our algorithm was guided from a methodological point of view: we started
from an intractable inference problem, and found a way of producing an approximate algorithm for it.

In line with this, we developed intuitions through heuristics and several layers of approximations. In

8This approximation is due to the finite amount of time 7" and the discretisation error of the SDE, and vanishes the finer the
discretisation gets and the larger 7" becomes.
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the remainder, we will demonstrate that the choices we made along the way are sound, and that our
methodological developments can be rigorously justified. To do so, we first study the theoretically optimal
approximation for IT* over the class of approximations allowed to depend on the first M components
of the orthogonal projection in (6.11) (cf. Theorem 6.6.1). Perhaps surprisingly, we obtain an exact
expression for this approximation. Based on this, we study the quality difference between the theoretically
optimal approximation and our proposal II in Theorem 6.6.2. The result is an explicit bound on this
difference in terms of the eigenvalues {\, },,~ns corresponding to the terms that were left out in the
projection of (6.11), illustrating that the error depends on spectral decay of the eigenvalues {\,,, }2°_;
of the covariance operator C. In our last result, we use this bound to show that for the special case of
Gaussian likelihoods, our approximation II coincides with both this optimal approximation and with

SVGP posteriors (Lemma 6.6.3).

6.6.1 Assumptions and Notations

For the remainder, we will assume that we can rewrite — log p(y1.n|f) =: ¢n(f(x1.n5)) for an appropri-
ately defined function £, : R — R that is allowed to depend on .. This is strictly more general than

the form assumed for the derivation of the WGF in (6.6)°, and more notationally convenient.

Throughout our theoretical developments, we further assume that we have access to the M-largest
eigenvalue-eigenfunction pairs {\;,, em}%:1 of the covariance operator C'. This will allow us to ignore
the estimation error of {Xm,ém}%zl and simplify the already challenging mathematical arguments.
While there generally will be estimation errors when Nystrom’s method is used, it is generally believed
that they are small for the larger eigenvalue-eigenfunction pairs [cf. Section 4.3.2 in Rasmussen and
Williams, 2006]. In some cases, the error is even exactly zero, since the decomposition {\,, e, }M_, is
actually also known exactly for a number of kernels £ and input distributions v [Zhu et al., 1997]). Based
on this assumption, we now define 7, as the limiting measure of the SDE (6.14) with {Xm, é\m}%:l
substituted for by { A\, em }M_,.10 Recalling that we defined F™ = (F,e,,) form = 1,..., M and
FEM — (FY . FM)T we will now overload notation for Il by writing the approximate posterior

depending on 7, (rather than 7.,) as
II(B) = /IF’(F € B|F*M = 4) dro (u), (6.19)

for all B € B(Hj,). Throughout the remainder of Section 6.6, this is the definition of II our theoretical

results are derived with respect to. While the differences between { Ay, emtM_ and { A\, e} mean

If —log p(y1n | f) = S0y €(Yn, f(xn)), we can always take £n (f(z1.v)) = S0 (yns f(2a)).
Tmportantly, this does not imply that 7o is the limiting measure of (6.12), since the SDE it evolves according to still relies
on the (now exact) projection operator defined in (6.13).
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that this leaves the approximation 7, /& 7., unaccounted for, the resulting analysis will still be meaningful
for the PLS algorithm proposed in Section 6.5.
6.6.2 Characterising Optimal Approximations

In Theorem 6.6.2, we will show that II is close to optimal amongst a class of approximate posteriors. To
define this class, we re-interpret 7. in (6.19) as a parameter on Po(RY) indexing our approximation.

Making this explicit, we define for each 7 € Py (RM) the measure
I, := /IP’(F e | FM = u) dr(u). (6.20)

For each choice of M, the collection of all of these measures can now be understood as a non-parametric

variational family given by
Qnr = {ﬁT T PQ(RM)} C Py(Hy). 6.21)

Notice also that as previously remarked upon in the discussion of (6.17), we know that IT* € Qp (cf.
Appendix D.8). Surprisingly, we can give a closed form for the optimal variational approximation to IT*

in Qp—even when M < N so that IT* ¢ Q.

Theorem 6.6.1. For the optimal variational approximation 11}, of II* over Qp given by

I}, := arg min KL(Q, IT*),
QEQM

we have that 11}, = IL,- with probability measure 7*(u) oc exp (=V*(u)), where

V() = o8 0 (u) = e[t (u(ern) + VE@E)| 0l i (622)

forallu € R™. Here, ¢ ~ N(0,1y), Aps = diag(M1, ..., Aar), and for u € RM,

,Uu(-rlzN) = UT€1:M(.%'1:N) € RNv (623)
S(21n) = r(zin, 21n) — e M () T Aye™ (21.8) € RVY,
where "M (z1.y) == (em(xn))znzl e RMxN
Intriguingly, for the special case of Gaussian likelihood functions, V* in the above result is quadratic,
so that 7* is a Gaussian measure. This allows us to relate our findings to SVGPs, which variationally

approximate GP posteriors using a version of (6.20) that forces 7 to be a Gaussian measure on R . In light
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of this, an implication of Theorem 6.6.1 is that an SVGP using F'M

as its inducing features is optimal
only under Gaussian likelihoods. In contrast, outside of the Gaussian likelihood setting, the Gaussianity
enforced upon 7 implies that SVGPs are increasingly poor approximations the more non-Gaussian the

measure 7.

6.6.3 Optimal Approximations & PLS

Having established the optimal approximation II3, in Theorem 6.6.1, our next result shows that the
approximation I targeted by PLS is provably close to IT}, under standard regularity assumptions on the
negative log likelihood ¢y. To do this, we first derive the an explicit form for the limiting measure 7,
featuring in IT as per (6.19). In particular, we can show (cf. Appendix D.10) that 7o () o exp (—Vio (1))
for all u € RM and

1 _
Vio(u) == N (pu(z1:n)) + +§uTAMlu,

where we use ji,(x1.n) € R as defined in (6.23). To arrive at this result, one simply recognises the SDE
in (6.14) as a finite-dimensional Langevin diffusion, and then identifies V, as the potential associated to
it.

In a similar vein, V* defined in Theorem 6.6.1 can be interpreted as the potential of a Langevin diffusion
with stationary distribution 7*. This raises an immediate question: given that 7" parameterises the optimal
variational measure II7,, what stops us from constructing a conventional Langevin sampler based directly
on V*? The answer is simple: V* depends on an intractable and M -dimensional integral. In contrast, Vi
is tractable, so that constructing PLS as the Langevin diffusion that draws approximate samples from 7o,

is computationally feasible.

While V,, and V* are very different in terms of the computational effort required to evaluate them, there
is reason to hope that their numerical differences might relatively small. Specifically, a close inspection
reveals that V, is a simple approximation to V' *: instead of evaluating the intractable integral by averaging
over £ ~ N (0, Ip) as in V*, the potential V,, uses a somewhat crude approximation, and evaluates the
integrand only at the mode for £ = 0. While crude, this is not a bad approximation strategy for sufficiently
large M. In fact, the next result quantifies the resulting error between Il and IT;, in KL divergence, and
shows it to be negligible whenever the eigenvalues {\,, },,~ s decay sufficiently quickly and the negative

log likelihood is both Lipschitz continuous and convex.

Theorem 6.6.2. Assume that for some k> 0, £y : RN — R is a k-Lipschitz continuous and convex
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function. Then for any fixed x1,...,xny € X, we have
= K;2 K;Q > N 2
KL (L) < Sor[S@n)] = 5 D0 An ) (em(an))? (6.24)
m=M+1 n=1
Further, if 1, ..., xn € X are independently and identically distributed according to v, then
~ NkK? &
E,,, [KL (1, Hj‘w)} IR (6.25)
m=M+1

As discussed in Section 6.5, the speed of decay in A, is typically very fast (cf. Table 6.1). Under Lipschitz
continuity and convexity for ¢y, the measure I targeted by PLS is therefore guaranteed to be very close
to the optimum IT},. Note that these conditions are satisfied in a variety of settings of interest, for instance
for the binary classification losses with logistic link functions as in (6.7). For a comprehensive overview

of other losses satisfying these conditions, see Steinwart and Christmann [2008].

It is important to note that assuming Lipschitz continuity and convexity for ¢y is sufficient, but definitely
not necessary. In line with this, we find that empirically, II continues to be an excellent posterior
approximation even when these conditions are violated. Lipschitz continuity and convexity should
therefore be understood as technical requirements that are likely far too strict. In fact, the negative log
Gaussian likelihood ¢ (f(z1.n)) = ﬁHyL ~N — f(z1.5)]|? is a simple example demonstrating that
targeting II can be justified without the prerequisite regularity conditions on £ . Specifically, even though
the Gaussian likelihood is not Lipschitz continuous, Il is in fact exactly equal to 11}, (see Lemma D.12.2

in Appendix D.12 for a proof).
Lemma 6.6.3. If {y (f(a:l;N)) = ﬁHyLN — f(x1.8)||? then M= IT3, is a Gaussian measure.

Both Theorem 6.6.2 and Lemma 6.6.3 only consider the discrepancy between II and IT} ,—not that
between 11 and the full Bayes posterior IT*. For Gaussian likelihoods, this discrepancy has been studied
thoroughly in Burt et al. [2019], which showed that for this case, the KL divergence between II* and II},
can be upper bounded similarly to (6.24) and (6.25). Since = IT}, for this setting by Lemma 6.6.3, the
results in Burt et al. [2019] thus transfer to the target measure TI of PLS. While similar bounds for the
case of non-Gaussian likelihoods are not known, the fact that M = N implies II* € Qx combined with
the typically rapid decay of {\,; },n~as should make us hopeful that for large enough M we will have

* 0 TT*
A
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6.6.4 Related Approaches

Continuing the comparison with SVGPs [Titsias, 2009a], Lemma 6.6.3 tells us that the measure I targeted
by PLS is not only equal to the optimal variational measure 117, but also to the SVGP approximation in
the case of a Gaussian likelihood.!! Unlike the SVGP, the measure 11 targeted by PLS does not force 7
in (6.21) to be Gaussian, and is therefore close to the optimal variational measure II}, for non-Gaussian

likelihoods, too (cf. Theorem 6.6.2).

Beyond SVGPs, Hensman et al. [2015] propose a Hamiltonian Monte Carlo (HMC) sampler reliant on the
sufficiency assumption of SVGP to perform joint posterior inference over kernel hyperparameters and
inducing features. Their method can be recast as performing HMC on potential V* in (6.22), where the
integral is approximated using Gauss-hermite quadrature, and where Bayesian inference is extended to
the kernel hyperparameters. Importantly, they do not show that the proposed HMC sampler is close to
the optimal M -dimensional approximation II}, as we do for PLS in Theorem 6.6.2 and have to propose

several heuristics to handle the additional intractabilities.

6.7 Experiments

In this section, we compare PLS to SVGP (with inducing features Uy, := F(zp,),m = 1,...,M). In
general, we use the same techniques to choose kernel hyper-parameters and inducing points z;.s for
both methods (see Appendix D.14 for details) and use M = +/N inducing points. Notice that PLS relies
implicitly on inducing points 21, since the estimation of the M largest eigenvalue-eigenfunction pairs

via the Nystrom method is based on the kernel matrix ﬁk‘(zl; M, 21:m) (cf. Appendix D.7).

Regression Table 6.2a compares SVGP to PLS on various benchmark data sets. Since the regression
likelihood is Gaussian, we know both SVGP and PLS target the optimal M -dimensional approximation
IT3;, (cf. Lemma 6.6.3). Unsurprisingly, we obtain similar behaviour, although PLS seems to have a slight

edge.

Binary Classification In Table 6.2b we compare PLS and SVGP in a binary classification task. This is
a convex and Lipschitz continuous loss and therefore the optimality result in Theorem D.11.1 for PLS
applies. SVGP on the other hand makes an error due to the embedded parametric Gaussian assumption.
However, since the likelihood is still convex, the optimal M -dimensional posterior will be unimodal and
may be close enough to a Gaussian distribution for SVGP to still perform well. Overall, both methods

perform similarly.

"If the GP is specified via kernel 7, and the inducing features are chosen as Uy, = (F, e,,)
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Table 6.2: Comparison between PLS and SVGP on various benchmark data sets. We see that SVGP and PLS
perform similarly, since in both cases, the negative log-likelihood is a convex function. Performance is averaged
over five different train/test splits.

(a) Regression (b) Binary Classification
PLS SVGP PLS SVGP
Negative Log Likelihood Area Under the Curve
Boston 0.845 (0.315) 0.918 (0.162) Breast 98.37 (0.90) 98.44 (0.81)
Concrete 1.160 (0.103) 1.272 (0.084) Diabetes 83.38 (2.93) 82.95 (2.59)
Energy (cooling) 0.724 (0.119) 1.285 (0.060) Heart 91.34 (0.75) 91.21 (0.98)
Energy (heating) 0.223 (0.061) 0.198 (0.056) Tonosphere 90.94 (2.85) 92.94 (1.71)
Kin8nm 0.890 (0.057) 0.778 (0.033) Mushrooms 81.77 (2.09) 81.76 (1.95)
Power 1.321 (0.015) 1.422 (0.015) Rice 94.65 (1.54) 94.04 (1.40)
Wine (quality) 1.333 (0.049) 1.343 (0.045) Wine (colour)  94.95 (1.67) 94.99 (1.34)
Yacht 1.394 (0.286) -0.406 (0.183) Yeast 69.16 (2.39) 67.23 (1.03)
Mean Absolute Error Accuracy
Boston 0.361 (0.057) 0.399 (0.046) Breast 94.74 (1.48) 94.74 (0.83)
Concrete 0.603 (0.061) 0.693 (0.059) Diabetes 76.56 (4.33) 76.46 (4.44)
Energy (cooling) 0.383 (0.034) 0.774 (0.050) Heart 83.35(1.83) 83.11 (1.41)
Energy (heating) 0.229 (0.012) 0.226 (0.015) Tonosphere 85.91 (4.47) 87.27 (5.35)
Kin8nm 0.407 (0.011) 0.411(0.012) Mushrooms 75.64 (1.64) 74.83 (2.85)
Power 0.760 (0.016) 0.872 (0.014) Rice 88.96 (1.14) 88.46 (0.56)
Wine (quality) 0.771 (0.036) 0.782 (0.032) Wine (colour)  93.98 (0.63) 85.98 (3.34)
Yacht 0.256 (0.114) 0.124 (0.019) Yeast 64.93 (2.20) 64.13 (1.30)

Poisson Regression In Figure 6.1 we consider synthetic data for Poisson regression with unknown rate
function modelled as £2. This corresponds to the likelihood p(y, | f) = (yn!) 1 (f (z0)) %" exp(—(f(xn))?),
yn € Np, which is non-convex in f due to the symmetry p(yy,|f) = p(yn| — f). Consequently, the theory
in Theorem 6.6.2 does not apply and we do not have guarantees for PLS. However, PLS still handles this
situation remarkably well and perfectly models the bimodal nature of the posterior which is reflected by
the symmetry around the x-axis. This should be contrasted with SVGP, where no implementation of such
a likelihood is available in standard libraries [Gardner et al., 2018] and in any case bimodal functional

posteriors are prevented from occurring sine the SVGP posterior is always a Gaussian process.

flx) Histogram at f(x= — 0.55)

count

-4 -2
x fix) bin
particle === cross section

Figure 6.1: This figure illustrates Poisson regression with rate function f2. We draw .J = 100 posterior samples
from PLS. Due to the non-convexity in the likelihood, we see a bimodal behaviour in function space reflected by
a symmetry around the x-axis. The histogram depicts the posterior distribution for F'(x) at = —0.55 which is
clearly non-Gaussian.
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6.8 Conclusion

In this paper we derived the Wasserstein gradient flow for Bayesian inference in function space with a
Gaussian random element prior distribution and for arbitrary likelihood functions. We further demonstrated
that the WGF can be efficiently implemented by a projected version of the Langevin equation in Hilbert

space which is why we call out method projected Langevin sampling (PLS).

PLS coincides with the optimal M -dimensional posterior approximation for Gaussian likelihoods and
is the first method to be provably close to the optimal M-dimensional posterior approximation—if
Eigenvalues-Eigenfunction paris are known or well approximated—for non-Gaussian likelihoods under

convexity and Lipschitz assumptions.

PLS performs competitively in regression and classification tasks on various Benchmark data sets against
it’s natural competitor SVGP. However, our method is much more widely applicable and we demonstrate

its capability of producing multimodal functional posteriors.
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7| Conclusion and Future Directions

This dissertation has significantly advanced the field of machine learning and uncertainty quantification in
several key areas. Beginning with a concise overview of my contributions, I proceed to assess the extent
to which the research objectives were realised. I furthermore discuss limitations, highlight avenues for

future research, and conclude with some final remarks.

7.1 Summary

First, a rigorous framework was established for variational inference with Gaussian processes, capital-
ising on the connection between Gaussian processes and Gaussian random elements in Banach spaces.
Subsequently, leveraging this framework, generalised variational inference (GVI) was extended for
infinite-dimensional functional parameter spaces. This extension led to the formulation of Gaussian
Wasserstein inference, a highly scalable method for function space inference that obtains cutting-edge

performance on standardised benchmark datasets.

Second, the challenges associated with parameterisation in GVI spurred the development of an innovative
inference method capable of executing gradient descent directly in the space of probability measures. The
resulting algorithm interlinks heuristic approaches like deep ensembles with Bayesian methodologies
such as the Langevin algorithm. Moreover, it facilitates the derivation of novel GVI procedures like deep

repulsive Langevin ensembles, for which we can offer asymptotic convergence guarantees.

Finally, the two main ideas of this thesis were combined: GVI for an infinite-dimensional functional
parameter space with a gradient descent performed directly in the space of probability measures. The
resulting method implements a sampling procedure in function space that approximates the infinite-
dimensional Langevin equation. We show that our approach is provably close to an optimal variational

approximation for non-Gaussian likelihoods and optimal for Gaussian likelihoods.

7.2 Future Work and Limitations

The Gaussian random element regression, introduced in Chapter 3, offers avenues for further exploration.
In particular, the role of the Banach space E could be analysed further. For example, in Chapter 4 we
used the space of square-integrable functions whereas in Chapter 6 we deployed an RKHS. In general, our
choice is mostly guided by the desire for a tractable inference procedure. However, from a modelling
perspective we are required to parameterise the covariance operators with covariance kernels. In this

context, an overview over how to effectively parameterise the covariance operators for GREs with varying

85



CONCLUSION AND FUTURE DIRECTIONS

Banach spaces would be valuable.

Gaussian Wasserstein inference and the broader scope of GVI on function spaces, as detailed in Chapter
4, present an avenue for deeper investigation. Successful uncertainty quantification relies on selecting
appropriate hyperparameters for the prior kernel. Our approach hinges on employing type-II maximum
likelihood (cf. Appendix B.7) to facilitate this selection, effectively performing standard Gaussian process
inference on a subset of the available data. A procedure that does not rely on a Bayesian detour would be
preferable. Moreover, an exploration of alternative parameterisations for the variational Gaussian measure
could offer valuable insights. We have utilised a neural network for the mean and the SVGP kernel for
the variational covariance function, but there might exist other viable choices that deliver comparable

performance at lower computational costs.

Deep repulsive Langevin ensembles, detailed in Chapter 5, introduce a repulsive effect via the kernel
utilised for the maximum-mean discrepancy. The development of kernels tailored to specific applications
with desirable properties might be of interest. In particular, it would be interesting to study scenarios,
maybe for parameter spaces of moderate size, where there is a clear advantage of DRLE over DE or DLE.
Another intriguing avenue involves understanding the bias introduced by Euler—-Maruyama discretisation,
which might be possible in scenarios where the loss exhibits convexity or other simplifying properties.

Exploring this could yield insights into understanding its impact at least in specific situations.

Projected Langevin sampling as introduced in Chapter 6 offers avenues for theoretical investigation. In
particular, it would be interesting to investigate how close the optimal variational approximations is to the
true posterior for non-Gaussian likelihoods as extension of the results in Burt et al. [2019]. Furthermore, a
deeper investigation of the approximation error introduced by the Nytrém method might be illuminating.
From a methodological point of view, it would be interesting to explore preconditioning techniques for
simulation of the Langevin diffusion, since this usually leads to faster convergence and more stable

implementations.

7.3 Discussion

At the beginning of my doctoral studies, I was passionate about applying concepts from infinite-
dimensional analysis and probability theory to machine learning problems. Naturally, I was driven
towards Gaussian processes, which—at least on on a conceptual level—are typically described as “random
functions”. Clearly, there should be ample opportunity to apply the advanced mathematical concepts from
my graduate studies to problem areas arising in Gaussian process research. However, as passionate as I

am about formalism, mathematical consistency and generalisations, I ultimately do not see pursuing them
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as ends in themselves. I rather see rigorous mathematics as starting point for an analysis where the correct

formalism guides you, provides tools and insights, to eventually solve real-world problems.

Although, one might be tempted to agree with me on the practical usefulness of rigorous advanced
mathematics for developing algorithms in real world, the famous David Luenberger had the following to

say about one area in particular—functional analysis—which I was very keen on employing:

“Some readers may look with great expectation toward functional analysis, hoping to discover new
powerful techniques that will enable them to solve important problems beyond the reach of simpler
mathematical analysis. Such hopes are rarely realized in practice. The primary utility of functional
analysis for the purposes of this book is its role as a unifying discipline, gathering a number of apparently
diverse, specialized mathematical tricks into one or a few general geometric principles.” [Luenberger,

1968, page 2]

What a discouraging remark! I did not want to merely organise previous work, I wanted to propose new
algorithms that improved upon existing ones. Fortunately, I only encountered his remark towards the end
of my doctoral studies allowing me to approach my dissertation with the blissful ignorance of a young

researcher.

However, his words contain some prophetic wisdom. Frequently, mathematical concepts beyond calculus
and linear algebra “only” serve as unifying principles for an array of diverse approaches and heuristics.
In particular, Chapter 3 can be seen in this light. Fundamentally, it was a reformulation of many already
existing ideas for variational Gaussian processes in the language of functional analysis. Yet, these

reformulations are not devoid of any practical utility and serve several purposes.

Firstly, a new way of looking at the same object may provide us with new ideas of how to interact
with it, since what is natural from one vantage point may seem obscure from another. Concretely,
it was the language developed in Chapter 3 which makes an approach such as Gaussian Wasserstein
inference in Chapter 4 natural and feasible. Once variational inference in infinite dimensions is described
mathematically and conceptually almost indistinguishably from the finite dimensional case, it is natural to
wonder why we cannot simply parameterise the variational Gaussian measure on the function space in

terms of infinite-dimensional parameters such as a variational mean and covariance kernel.

Secondly, any mathematical area has its own techniques and tools which can often be applied with minimal
effort, once we identify that an object belongs to a certain class. This becomes quite apparent in Chapter
5. Once one realises that GVI is an optimisation problem defined on the space of all probability measures,
it opens the door to the rich literature on how to perform gradient descent in such spaces [Ambrosio et al.,

2005].
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Finally, Chapter 6 illustrates the usefulness of Chapter 3 in both ways. Firstly, whilst it is natural to
have the idea of applying the Wasserstein gradient flow to the VI optimisation problem in the context of
Gaussian random elements in Hilbert spaces, it is almost inconceivable from a Gaussian process vantage
point. Secondly, even if one somehow comes up with a similar thought, it is simply not possible to
implement such an idea since it requires a deep understanding of the underlying function space through
various concepts from infinite-dimensional analysis such as Fréchet derivatives and integration by parts

for Gaussian measures on Hilbert spaces.

To summarise: Although Luenberger is right in pointing out that functional analysis often merely acts
as conceptual unifier, he does paint a more pessimistic picture than warranted when it comes to its
usefulness in practice. My thesis has repeatedly demonstrated that we can indeed arrive at new and
powerful inference algorithms using the additional mathematical structure and intuition unraveled when

rigorously formalising a problem.

7.4 Conclusion

This dissertation has developed a theory for variational inference and generalised variational inference
in infinite-dimensional function spaces. My work demonstrates that concepts from infinite-dimensional
analysis such as Gaussian random elements and their corresponding Gaussian measures can help us to
better understand and restructure (generalised) variational inference in function spaces. In particular, I
showed that these concepts do not only advance our theoretical understanding, but also guide and assist

the development of novel competitive inference algorithms.

My thesis draws attention to the beautiful world of infinite-dimensional analysis and its value for the
(generalised) variational function space inference community. I want to encourage researchers in this field
that it is worth engaging with these concepts even if one’s primary goal is the design of better machine

learning algorithms.

In a world where “scale is all you need” and machine learning research is increasingly dominated by
“GPU rich” commercial actors, universities will have to focus on theoretically advancing the field by
gaining deep insights into the structure of machine learning problems. One way of accomplishing this is
by leveraging mathematical concepts from some of the greatest minds of the 20™ century such as David
Hilbert, Stefan Banach, René Maurice Fréchet, Frigyes Riesz, Arthur Sard, Leonard Gross, Alexander
Grothendieck, Vladimir Bogachev and Felix Otto. The mathematics is already there, we just have to use

it!
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A| Variational Gaussian Processes - A Functional Analysis View

A.1 Proofs of Section 3.3: Gaussian Random Element Regression

Recall that the posterior measure in Section 3.3 satisfies P¥1Y=v(A4) = [ A pg(J;'j; dP(f)forall A € B(E).

Theorem A.1.1. 1. For any measurable h : E — R

PEY=y(n=Y(B)) = P(h(F) € BlY =y). (A1)

2. The posterior measure P* Y'=v is Gaussian with mean m satisfying
(M, T) , = (m,T)g + Crp(Cpp + oIn) 'y, (A.2)
forany T' € E* and posterior covariance operator C:E*—>E satisfying
(CT,T"g = (CT,T")g — Crp(Cpp + o*In) " Cprv, (A3)
forall T, T' € E*.
Proof. As PFIY=Y is a regular version of the conditional probability of F|Y = y it satisfies
PFY=y(A) = P(F € AlY =) (A4)

for any fixed y € RV, A € B(E) [Klenke, 2013, Definition 8.28]. Hence for A = h~!(B) with
h: E — R® measurable and B € B(RY)

PFY=v(n=1(B)) =P(F e " {(B)]Y =) (A.5)

— P(h(F) € BIY =y), (A6)
where the last line is using {w € Q: F(w) € h"1(B)} = {w € Q: h(F(w)) € B}, this proves the first
statement.

For the second statement, we can use equation (A.6) with the choice h = (T,T"): E — R? for two
arbitrary T, 7" € E*. Recall that the random vector X : © — R” is Gaussianif andonlyif o' X: Q — R

is Gaussian for all & € RY. Using this we will show random vector V := ((F,T)g, (F,T")g,Y) in
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RN*2 is Gaussian. Take any o € RV*2 and set ¢ = Ziv:l anDyp + ani1 T + anyioT' € E*, then
N+2

N N N
alV = Z an Vi, = (F, Z Dy + ani1T + ani 2T g + Z anen, = (F,@)p + Z Qp€n,
n=1 n=1

n=1 n=1

(A7)
is Gaussian for all & € RV*2 as it is sum of two independent Gaussian distributions, therefore V is
Gaussian.

The mean py is given by
N
Ela"V] = (m,@)p+0=>_ an(m, Dp)g + ant1(m,T)g + anja(m, T)p = o py, (A8)
n=1
and by the characterising property of the covariance operator C' we get the covariance matrix Xy
N
COV[aTV, ozTV] = (C,p)E + o* Z a2 = a'Sya, (A.9)
n=1

where the covariance matrix 2y € RV+2)x(NV+2) iq defined as

(CT, T)E (CT, T/)E Crp
Sv = (€T, T)e (CT,T)s  Crp (A.10)
Cpr Cpr Cpp + o?Iy.

We have showed V' ~ N (uy, Xy) and so using standard conditioning rules for multivariate Gaussians
to condition on the last entry of V' it is clear that h(F')|Y = y is Gaussian with the desired mean and

covariance. O

A.2 Proofs of Section 3.4: Variational Inference for Gaussian Random

Elements

Heavy use is made of the transformation rule for measures [Halmos, 2013, Theorem C]. Let (E, Bg, i)
be a measure space and (W, Byy) a measurable space. If 7 : E — Wand G : E — [—o00, ] are

measurable, then

/ (G o T)(x) du(x) = / G(t) dyT (¢),
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where the left hand-side exists if and only if the right hand-side exists. Here again p7 (-) := u(771("))

denotes the image measure of . induced by 7.

Measures in the variational family are Gaussian measures

Recall the definition of a measure in the variational family

_ [ (dQ"
o= [ (G5roL) (harw)
for all A € B(E) with Q¥ = N (i1, %) and PL' = N'((m, L), Crp).

Theorem A.2.1. 1. Forany A € B(E)

Q(A) = /RM P(F € A|U = u)dQ" (u).

2. The measure Q) is a Gaussian measure with mean mg satisfying
(mg, T)g = (m,T)g +Cr}(p— (m,L)g), (A.11)
forall T € E* and covariance operator Cq satisfying
(CQT,T') = (CT, T") g + Cr,CL1(E = CLr)Cr Crr, (A.12)
forall T, T € E*.

Proof. Firstly, it suffices to prove the statement for sets of the form A = T~Y(B), B € B(R), T € E*,

as two measures on a Banach space coincide if and only if they coincide for all sets of this form.

We want to apply the transformation rule for measures. To thisend set 7 = (7, L) : E — RM+1 T(F) =
(T(F),L(F)) and V = T(F) and 71, ((z1,...,2041)) = (@2,...,2041) for z € RM¥L Clearly,
{weV: T(Fw) eB}={weQ: T(F(w)) e BxRM}and 7, oT = L.

From this we use the transformation rule

QUT € B}) =Q({T € BxR"})

/7'eBxRM (Ellgi OL> (f)dP(f)
[remM (;zgz °mL© T) (f)dP(f)
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d L
_/B i dgﬁ(u)dPT(u,v)

= / Mp(u,v)d(u, v),
B

«'M p(u)
where we denote by p(u) the probability density function (pdf) corresponding to P~, by g(u) the pdf
corresponding to Q@ and p(u, v) the joint pdf corresponding to P7". By p(u,v) = p(v|U = u)p(u) and
an application of Fubini
airesy = [ ([ polv =udv)awn
RM \JB

= / P(V € B|U = u)dQ* (u), (A.13)
RM

which proves the claim.

For the second statement we maintain the notation V' = (F,T') g. We need to show that (A.13) is Gaussian

for any choice of 7' € E*. It is well known that the conditional distribution V'|U = u can be written as
V(U =u) 2 (m, T)g + CroCi}(u— (m, L)) + W =: h(u, W), (A.14)

where 2 means equality in distribution and W ~ N/ (0, (CT,T)g — Cy LCELlc LT) independently of U.

Since h is linear in U, we know that h(U, W) is Gaussian for U ~ N (p, X) and the mean and variance

can easily be calculated as

Eq[h(U,W)] = (m,T)g + CrCpp (n— (m, L)g) (A.15)

Cov (U, W)] = (CoT,T) , = (CT,T)g + Cr,Cr (S — CL)Cr  Crr. (A.16)

In other words Q7 is Gaussian for any 7' € E* and we conclude that @ is a Gaussian measure.

To deduce (CT,T") g for two arbitrary elements T', 7" € E we reduce everything to the one-dimensional

case. For , 8 € Rlet ¢ = oT + T then since ¢ € E* and F is Gaussian
(Fv <P)E' = a(F’ T)E + 5(Fv T,)Ev

is Gaussian. This proves, by definition, that (F,T")g and (F,T")g are jointly Gaussian under ). The

mean and variance of (F, ¢) g, can be calculated from (A.15) and (A.16). Using standard linear algebra

COVQ[(F, T)E, (F, T/)E] = (CT7 T/)E + CTLCELl(E — CLL)CEI%CLT’
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which shows Cy is as described in (A.12). ]

The Kullback-Leibler divergence is tractable

In this section we show that the Kullback-Leibler divergence between the variational measure () and
PFIY=Y can be re-written in a convenient form. This is well-known for finite dimensional Gaussians and
has been done for the process view in Matthews et al. [2016] but we have not seen such a derivation for

Gaussian measures in Banach spaces so we include it here for completeness.

First, recall the chain rule for Radon-Nikodym derivatives [Halmos, 2013, Chapter 32]. Let u, v and 1) be
o-finite measures on the same measure space. If 4 < v and v < 7, then p < 1 with Radon-Nikodym

derrivative given as

dv

du du
=g

for n-almost every f.

Theorem A.2.2. 1. The Kullback-Leibler divergence satisfies

KL(Q,P"W=v) = KL(Q, P) — Eqllog p(y|F)] + log p(y)

= —L +1logp(y),

foranyy € RV,

2. The ELBO is tractable and given as

<logN yn m, D )E—I-CLL( (m,L)E)CLDn702)

‘H ||M2

[\
l\')

—((CDw Da)s + Cp, 1 CEL(E - CLL>C;£CLDH)>

~ KL(N (1, ), N((F,m)g, CL1))

3. If the prior mean is zero, then the optimal values used in the variational family Q for i and 3 are

p* = Crr(o*Crr + CLDCDL)_ICLD?J

1 _
=Crr(Crr + ;C'LDCDL) 'CrL
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which then leads to the optimal mean and covariance satisfying

(mg+,T)p = Crr(0*Crr + CLDCDL)ichDy (A.17)

1 _
(Co-T.T')g = (OT.T")g = CrpCrfCrr + Opy (Crr+ —CuoCpr) ) Crrry (A1)
forall T, T € E*.

Proof. For the proof of the first statement, by Bayes theorem we know that PF1Y=¥ is dominated by

the prior P with 42 'Y “(f) = p(yllg Tf ) for any y € RY. The reverse statement is also true, that P is

dominated by P¥ I—y for fixed y € R™V. This is a consequence of f — %

A € B(E) with P(A) >0, PFIY=y(4) = [, 2 y]fy) LD qP(f) > 0, which the contrapositive of P being

> 0 since then for any

dominated by P¥IY=Y_ The Radon-Nikodym in this situation is given as p(y’f%’i 7 Finally, by definition
of @ it is dominated by P and g—g(f) (dPL o L)(f)forany f € E.

The chain-rule for Radon-Nikodym derivatives therefore tells us that Q is dominated by P¥1Y=Y with

dQ

dQ dpP dQr
dPFIY=y (

(=220t (1) = (3 o 1)) 2O

p(|F = f)

This lets us rewrite the KL divergence as

—y dq)
KL(Q,PFY=y) = /Elog (dlm:y:y) (f)dQ(f)

B Q" p(y)
—/Elog <(dPL L)(f)p(y|F:f)> dQ(f)

= /Elog ((;lgi oL)(f)) dQ(f) +/Elog (%) dQ(f)
_ /E log (ﬁjw)) dQ  (u) — /E log p(y|F = F)Q(S) + log p(y)

= KL(Q*, PY) — Eg[log p(y|F)] + log p(y),

which proves the first statement.

For the second statement, recall the ELBO is £ = —KL(QF, PF) + Eg[log(y|F)]. The KL term is
clear, since Q* and P’ are both Gaussian measures with the required mean and covariance. We therefore
investigate the log-likelihood term now. Note that Y7, ..., Y are conditionally independent given F' = f.

The expected log-likelihood term therefore factorises as

N
Eqllogp(y|F = f)] =Y Eqllog p(yn|F)).

n=1
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Setting V' = D, (F) = (F, D,) g and noting that p(y,|F = f) depends on F only through D,,, meaning
PynlEF = f) = p(yn|V = Dn(f)), we see

Eq[log p(yn|F)] = /E log p(yn|V = Du(f))dQ(f) = /E log p(yn|V = 0)dQP" (v).

Note that QP is Gaussian with mean py = (m,Dy)g + C;; (u — (m,L)g)CLp, and variance
0‘2/ := (CDy,Dy)E + CDRLCL_Ll(E — CLL)CL_LloLDn as () is a Gaussian measure. So using the

parametric form of the pdf of a Gaussian

Eqllog p(yn|F)] = Bq[ — 5 (s — V)? ~ los(o) — 5 log(2m)]

1
202
1

1 1
—F 2 2
= Q[— 952 (yn — pv)” — log(o) — §log(27r) ) (v = Vo) ]

1
= logN(yn’MVa 02) - T‘_QEQ [(Nv - Vn)2]

1
= 10g/\/(yn|#va 0’2) ) 0’\2/,

which proves the claim.

Finally, for the third statement, in Appendix A of Titsias [2009b] the optimal form of 1 and ¥ are given.
Note that we have the same objective function as Titsias [2009b] with the only difference that the kernel
matrices ky, and k., need to be replaced with the covariance matrices Cr,p and Cpp. Plugging in the

optimal form for p* and X* into (A.11) and (A.12) gives rise to mg+ and Cg+. ]

A.3 Proof of Section 3.6: Connections between GRE Regression and KRR

Nystrom

Theorem A.3.1. Let F' ~ N (0,C) be a GRE in E = C(X,R) with covariance operator C' as defined
in (3.6) and assumed pointwise noisy data is observed as described in Section 3.3.2. Let L, = pim,
where {11, }M_, C R(X) be the features used in the variational approximation. Set M = {Cu, }M_,
where Cpy, = [ k(-,2")dum (2") as the approximating family in the Nystrém approximation. Then for
0% = N the Nystrom KRR estimator fin Section 3.6 is equal to the mean mg-+, given by (A.17), of the

optimal Q* from the variational family Q.

Proof. First of all note that M C Hj, the RKHS of k. For a proof see [Ghosal and van der Vaart, 2017,
Lemma 11.4]. This means that the structure of H can be leveraged to deduce f Specifically, as every

f € M can be expressed as f = Z%zl mC iy, for some o € RM we can solve the finite dimensional
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optimisation problem

1 N

M M
J(a) = N (yn - Z amcﬂm(xn))Q + Al Z O‘mcﬂm”ia

n=1 m=1 m=1

in o« € RM to find the KRR Nystrom estimator. Expanding .J (o)

‘](a) = N Z y’r27, - 2N Z Z ynamgm(‘rn) + N Z Z amam’cum($n)oﬂm’(xn)

n=1 n=1m=1 n=1m,m/'=1
M
+A Z A Q! <Cﬂma CNm’)k

m,m/=1

1 1 1
= NyTy - QNyTKXMOé + NaTKMXKXMOé +xa" Kpma,

where (K x)mn = Cpm(x) and (Kppm)mm: = (Clim, Cig) g, forn = 1,..., N and m, m’ =

1,..., M. Standard rules for differentiation give

2 2
J' (o) = v Kxmy + G ExmBEmxa+ 2AK pma

2
(@) = N Ex v + 22K v

It is easy to see that J'(a) = 0 for o = (K x Kxm + NAK )~ K avxy and that J” () is positive

definite. Hence the KRR estimator is given as

R M
f(z) = Z amCum(x),
m=1

with o = (a1, ..., apr) given as o = (K x Kx v + NAK ) P K uxy.

On the other hand, from (A.17) with T' = §, and D,, = 9,

M
mo« () = Y BmnChm(x),
m=1

with 8 = (62CLL + CLpCpL) ' CLpy.

The only thing left to show is K yqx = Cp and K iaq = Crr. This is a consequence of the relationship
between the so-called Cameron-Martin space of a GRE and the RKHS. In particular this exact equivalence

is outlined by Ghosal and van der Vaart [2017, Page 316] which completes the proof. O
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B| Generalised Variational Inference in Function Space - Gaus-

sian Measures Meet Bayesian Deep Learning

B.1 Bayesian Inference as an Optimisation Problem for an Infinite-Dimensional

Prior Measure

Let F be a (infinite dimensional) Polish space and B(E) the Borel o-algebra on E. We denote the set
of Borel probability measures on B(FE) as P(E) and choose a fixed prior measure P € P(E). The
likelihood is described by a Markov kernel functionp : ) x E — [0, 00) with

(v, ) = p(ylf), (B.1)
where ) C RY is Borel measurable. The prior and the likelihood induce for any fixed y € ) a posterior
measure denoted as P € P(E) [Ghosal and van der Vaart, 2017, Chapter 1.3].

The next theorem shows that this posterior measure is the solution to a certain optimization problem.

Theorem B.1.1 (Bayes posterior as minimiser). The Bayesian posterior measure P is given as

P = argmin {-Eq[logp(y|F)] +Dkr(Q, P)} (B.2)
QEP(E)

for any fixed prior measure P € P(E) and fixedy € Y suchthat f € E — p(y|f) > 0.

Proof. According to Bayes rule in infinite dimensions [Ghosal and van der Vaart, 2017, Chapter 1.3] we

know that P is dominated by P with Radon-Nikodym derivative given as

dP, .. p(ylf)
p=

) (B.3)

for f € E where p(y) := [ p(y|F = f) dP(f) is the marginal likelihood for y. The reverse is also true
and P is dominated by P. We prove this by contraposition and therefore assume that P(A) > 0 for some

A € B(E). From Bayes rule we know that

S0 [ pWlf)
P(A) = /A o) dP(f) >0 (B.4)

as the integrand is positive by assumption and P(A) > 0. This gives 13(A) > 0 and therefore that P is
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dominated by P. In this case standard rules for Radon-Nikodym derivatives give that

—(f) = ; (B.5)
y P( )
for f € E. Note that without loss of generality we can assume that the optimal ) € P(E) is dominated by

P (and therefore also dominated by 18) since otherwise (B.2) is infinite by definition of the KL divergence.

For such a ) dominated by P it holds that

L(Q) := ~Eq[logp(y|F)] + Dk (@ P) (B.6)
—— [1ogpuln)dQu) + [0 2D da(s) ®7)
—— [1opwinaQn) + [1g 25 dQ) + [log L), ®8)

where the last line follows from the chain rule for Radon-Nikodym derivatives. We further have

L@ =~ [lndan +Dre@.P)+ [PV do(s)  ayesrate) (B9
=Dx1(Q, P) +p(y) (B.10)

> p(y), (B.11)

since D1, (Q, P) > 0, with equality if and only if @ = P. This proves the claim. O

B.2 Pointwise Evaluation as Weak Limit

To outline the problem briefly: If F' ~ A/(m,C) is a GRE with mean m € L?(X, p,R) and covariance
operator C' as defined in (4.9) then it is in general unclear what the distribution of F'(x) would be for a

fixed z € X. The technical reason is that the pointwise evaluation 7, : L2(X, p, R) — R, i.e.

me(f) = f(x) (B.12)

is not well-defined. An element g of the space L?(X, p, R) is an equivalence class and only identifiable
up to a p-nullset. This means that the definition of 7, in (B.12) makes no sense whenever p({z}) = 0

which is the case whenever p has a pdf w.r.t. the Lebesgue measure.

However, we will remedy this situation by defining for a fixed z € X

F(z) = lim (F, hp)o (B.13)

n—oo
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where h, . € L?(X, p,R) is an appropriately chosen sequence and the limit is to be understood as

convergence in distribution of the sequence of scalar random variables (F, hy, ;).

Theorem B.2.1. Let F' ~ N (m, C) be a GRE in L*(X, p,R) with meanm € L?(X, p,R) and covariance
operator C as defined in (4.9). Assume that p is a probability measure on X C RP and that p is absolutely
continuous with respect to the Lebesgue measure \ on R with pdf p/. Denote the support of the measure
p by supp(p) and assume that x is an arbitrary point in the interior of supp(p) such that m, k and p’ are

continuous at x.
Let
1 .
eXP(—ﬁ) iflt) <1,
n(t) = i (B.14)
0 if |t| > 1.

be the so called standard molifier and note that 1) is smooth with [ n(t) dt = 1. We further define the
sequence hy 5 (t) :==n(n(t —x))/p'(t) forn € N, t € supp(p) and hy 5 = 0 for t ¢ supp(p). Then

(F, hnz)s = N (m(z), k(z, 7)) (B.15)

D e
for n — oo where — denotes convergence in distribution.

Proof. Note that supp(hn.q) = By jn(z) :={t € RP : [t — 2| < 1} and By n () C supp(p) for large
enough n € N since 7 is from the interior of supp(p). This means that h,, , € L?(X, p,R) for large

enough n as

2
/ T (t) dp(t) = / ()(’M) () dA(t) (B.16)
supp(p

p'(t)
n(n(t - x))
- /supp(p) P(t) “ S
n(n(t— =)
_ /B o G0 0 ) dt. (B.18)

The last expression is finite for large enough n because the integrand is continuous at x. According to the

definition of of GREs we therefore conclude that
<F7 hn,a:>2 ~ N(<m7 hn,a:>27 <Chn,x7 hn,x)Z) (B19)

for large enough n € N.
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The next statement we show is that m, (x) := (m, hy, o)2 — m(x) for n — oo. To this end notice that

[mn(x) — m(z)| = | hn,e (t) (m(z) — m(t)) dp(t)| (B.20)
By /n(z)

< /Bl/n(x) n(n(t — x)) |m(z) —m(t)|dt. (B.21)

Let now € > 0 be arbitrary. For n large enough we [m(x) — m(t)| < e forallt € By ,(x) due to the

continuity of m in z. This immediately implies
/ n(n(t - a:)) m(z) — m(t)| dt < e / n(n(t - a:)) dt = e, (B.22)
Bl/n(m) Bl/n(x)

for large enough n which shows the convergence of m,, (z) to m(z).
A similar argument shows that ky, (x, ) := (Chy g, hnz)2 — k(z, z) for n — oo.

We therefore conclude that

(F, hnz)2 = (F, hpg)2 — my(x) + mp(x) (B.23)
F n,xr - n
= Vkn(z,7) (F hnz)2 = ma(2) +my(x) (B.24)
kn(z,x)
~N(0,1)
Ly N(m(x), k(z, 7)) (B.25)
for n — oo due to Slutsky’s theorem. 0

According to Theorem B.2.1 we can simply define F'(z) ~ N (m(x), k(x, x)) for all z in the interior of
the support of p if m, k and p’ are continuous at z. These are mild assumptions and we can typically

assume that they are satisfied in practice.

B.3 The Wasserstein Metric for Probability Measures

Let E be a Polish space. For p > 1, let P,(E) denote the collection of all probability measures . on £

with finite pth moment, that is, there exists some xg in M such that:

/ d(x, zo)P du(x) < oo. (B.26)
M
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The p" Wasserstein distance between two probability measures . and v in P,(FE) is defined as

1/p
Wy, v) == ( inf / d(x,y)P dfy(a;,y)) , (B.27)
vel(wv) JExE

where I'(p, v) denotes the collection of all measures on ' x E with marginals i and v on the first and

second arguments respectively.

More details about the Wasserstein distance can be found in Chapter 7 of Ambrosio et al. [2005].

B.4 A Tractable Approximation of the Wasserstein Metric

Recall that the Wasserstein metric for the two Gaussian measures P = N (mp,Cp) and Q = N (mg,CQ)

on the Hilbert space H = L?(X, p,R) is given as
W2(P,Q) = ||mp — mol| + tr(Cp) + tr(Co) — 2 - tr [(C})/QCQC})/Q)W] (B.28)

Further the operators C'p and C are defined through trace-class kernels £ and r as described in Section

4.3.1. We will now discuss how to approximate each term in (B.28).

First, note that
2 al 2
Imp = mollf = [ (mp(z) ~mo(@))? dofe) = 1 3 (mplan) = moen))’s  B29)

n=1

which follows by replacing the true input distribution with the empirical data distribution. Second, note

that under very general conditions on k and p it holds that [Brislawn, 1991]

tr(Cp) = /k(a:,ac) dp(x) (B.30)

and similarly for Cg. Again by replacing p with the empirical data distribution we obtain natural

estimators:

2
==
WE

tr(Cp) k(xp, ), (B.31)

i
I

2
2| -
WE

tr(Cq) (X, Ty). (B.32)

3
Il
—

Denote by A, (C) the n-th eigenvalue of a positive, self-adjoint operator C'. By definition of the trace and
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the square root of an operator we have

[(CI/QCQ 1/2 1/2

f: \/)\n< W) (B.33)
n=1

i Ao (CaCr), (B.34)

=1

3

where the second line follows from the fact that the operator CoCp has the same eigenvalues as

C’Ilg/ 2C’Q 0113/ 2 [Hladnik and Omladic, 1988, Proposition 1]. The operator CoC'p is given as

CaCr(a) = [ r(a.o')(Crf)a') dola’) (B.35)
= [ e [ ke 05 0)dp(0)) dp(a' (B.36)
/ / vz, 2! Ve(',£) £ (£) dp(a')dp(t) (B.37)
— [ R0 dote), B.38)
where we define
(r % k) () = / r(z, @' )k(2' t) dp(') (B.39)

for all z,t € X'. This means that CoCp is also an integral operator with (non-symmetric) kernel 7 * k.

We again replace p with p to obtain

/\

N
(r+ Z r (2, 20)k (2, t). (B.40)

The spectrum of CoC'p can now be approximated by the spectrum of the matrix % (r*/\k;) (X, X) [Ras-
mussen and Williams, 2006, cf. Chapter 4.3.2] or Nis(r/*\k)(Xg, Xg) where X is a subsample of the

data points X of size Ng < N. If we plug this approximation into (B.34) we obtain

[(01/2(}’ 01/2 1/2 Z \/ (r * k (XS,XS)) (B.41)
Ns
1 1
~ Vs mz::l \/A’”(N’“(XS’XW(X’ Xs)), (B.42)

which is the last expression that we had to approximate.

Note that since CC'p has the same spectrum as the self-adjoint, positive, trace-class operator C}D/ 2062 C}D/ 2

we know that its eigenvalues are real, positive and converge to zero.
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B.5 Generalised Loss for Regression in Batch Mode

The batch version of the generalised loss is given as:

L=

Np 2
N N Yny — MQ(Tn,))” +7(Tn,, Tn,) 1 2
) log(2ma?) + N Z (Y 50)2 w4 No Z (mp(xn,) — mq(zn,))

By
(B.43)

Np Np 2

Ns
Z k(@ny, Tn,) + L Zr(mnwxnb) T A Z \//\s (T(X&XB)I{:(XBa XS))7
s=1

+
b—1 Np 1= VNENs

==

(B.44)

Np € Nis the batch-size. The indices ny, ..., ny, are the batch-indices and X g is the batch matrix.

B.6 GWI for (Multiclass) Classification

Let {(zn, yn)})_; C X x Y be data with X C RP and Y = {1,..., J}, where J € N represents J > 2

distinct classes.

Model We use the same likelihood for y := (y1,. .., yn) as described in Chapter 4 of Matthews [2017]

which is: N
p(y|f1’7fJ):Hp(yn|fl’7fJ) (B45)
n=1
with
palfis o f1) =Ry, (fil@n), .., fr(zn)), (B.46)

for y, € {1,...,J}. The function hj is defined as

1—e€ if ¢ = argmax{t;},

ho(t1, ... ty) 3=1,...J (B.47)
g if otherwise.
for¢=1,...,J for e > 0. We chose ¢ = 1% in our implementation.

We assume that Fy, ... F; are independent GREs on L?(X, p,R) with prior means mp; and prior

covariance operators Cpj, j =1,...,J.

The variational measures for F1, . . ., F; are assumed to be independent and givenas Q; = N (mgq,j, Cq,;)
forj =1,...,J. We further write Q((F1 (x),... ,FJ(m)) € A), A C R for the variational (posterior)
approximation of the probability of the event { (F}(z),..., Fy(z)) € A}.
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This leads to the following expected log-likelihood

Eg[logp(y|Fy, ..., Fy)] (B.48)
N

= Eg[logp(yn|F1, - -, Fy)] (B.49)
n=1

= Z log(1 — €)Q(argmax{Fj(zn)} = yn) + log(ﬁ)Q(argmax{F (zn)} # yn) (B.50)

j:17"'7"] - J 17 7"]
€

~ > log(l—€)S(an, yn) + log(—— )(1 — S(n,yn)), (B.51)

with

V2r(x, )& + mg j(z) — mg(x)
S(z,j) wj (b( : ) (B.52)
~Va ; g ri(z, z)

foranyz € X, j =1,...,J where (w;, 52) _, are the weights and roots of the Hermite polynomial of

order I € N. This is the same Gauss-Hermite approximation as described in Chapter 4 of Matthews

[2017].

The final objective for multiclass classification is given as
J
L=-Eq[logp(yl|Fy,....Fp)] +> W5(P;,Qy), (B.53)
j=1

where the expected log-likelihood is approximated by (B.51) and each Wasserstein distance W3 (P, Q)
can be estimated as in (4.14)-(4.15).

Prediction The probability that an unseen point * € X belongs to class j € {1,...,J} is given as

€

QY =j) = (1= 95", j) + 57— (1= 5@".))) (B.54)

for any * € X. We predict the class label as maximiser of this probability. If we apply tempering, we

simply replace every 7;(x, ) with T - rj(z,x) for j = 1,...,J in the definition of S(z, j).
Negative Log Likelihood The variational approximation to the negative log-likelihood is

€

J—1

NLL = —log [(1 — S, y) + (1- S(:c*,y*))} (B.55)

for any point z* € X’ for which we know that the class label is y* € {1,...,J}.
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B.7 Implementation Details: Regression
The Regression model is given as F' ~ N(0, C) and

Y, = F(xz,) + €, (B.56)
with €, ~ N (0, 02), n =1,..., N. The covariance operator C'p depends on the choice of a kernel &, i.e.

Cp = Cpy, for which we use the ARD kernel k given as

2

D W,
Z M) (B.57)

2
(6%
d=1 d

N | —

k(x,2') = O’]% exp < -

for z, 2’ € RP. We refer to o + > 0 as kernel scaling factor, to ag > 0 as length-scale for dimension d

and to o > 0 as observation noise.

The data is first randomly split into three categories: training set 80%, validation set 10% and test set 10%.
The observations Y are then standardised by subtracting the empirical mean (of the training data) and

dividing by the empirical standard deviation (of the training data). The inputs data X is left unaltered.

The number of inducing points The number of inducing points M is treated as a hyperparameter, this
means we train the model for each M € {O.5\/N , \/N , 1.5\/N , 2\/N } and choose the best model. For
GWI: SVGP we use M € {1\/N,2v/N,...5v/N}.

The choice of inducing points  The input points 71, ..., Zjs in (4.18) are sampled independently from
the training data X and then fixed for GWI-net. For GWI: SVGP they are only initialised this way and

then learned by maximising the generalized loss.

Prior hyperparameters The prior hyperparameters oy, o := (a,...,ap) and o are chosen by
maximising the marginal log-likelihood for the data X = Z and the corresponding observations, which

we denote Yz. Note that the marginal log-likelihood is tractable and given as
1 2 L 7 2 -1
log p(yz) = — log (det (k(Z,2) + o IM)) — 52" (k(2,2) + 0* 1) 'yz. (B.58)

and can therefore be evaluated in O(M?) = O(NV/'N).

Variational mean For GWI-net we use a neural network with I = 2 hidden layers, width D; = Dy =

10 and tanh as activation function. This follows the set-up of Ma and Herndndez-Lobato [2021].

Variational kernel The kernel » which is chosen as described in (4.18) and therefore depends on

the covariance matrix ¥ € RM*M and the M € N inducing points Z = (Zy, ..., Zy) € RP*M _ We
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parameterise 3 as ¥ = LLT with initialisation

o2

L= Chol((k;(z, Z) + S h(Z, X)k(X, Z))*l), (B.59)

where k(Z, X)k(X, Z) is approximated by batch-sizing as NAB (Z,Xp)k(Xp, Z). This corresponds to

an approximation of the optimal choice for 3 in SVGP [Titsias, 2009a].

Parameters in the generalised loss The generalised loss in Appendix B.5 depends further on Ng, Np
and Xg. The batch-size N is chosen to be Ny = 1000 for N > 1000. For N < 1000 we use the full
training data. The comparison points X g are sampled independently from the training data X in each
iteration. We train here for 1000 epochs on the regression task and 100 epochs on the classification task

following Ma and Herndndez-Lobato [2021].
Tempering the predictive posterior

Wenzel et al. [2020] observe that the performance of many Bayesian neural networks can be improved by
tempering the predictive posterior. Tempering refers to a shrinking of the predictive posterior variance
by a factor of ar € [0,1]. This effect has also been observed for Gaussian processes in Adlam et al.
[2020] where it can be interpreted as elevating problems that occur from prior misspecification. The prior
hyperparameters for the ARD kernel k in (4.16) are selected by maximising the marginal log-likelihood
on a subset of the training data. This procedure may lead to prior misspecification, which is why we

decided to temper the predictive posterior, which means that we use the predictive distribution
Y*Y ~N<mQ(x*),aT(r(x*,x*) —i—02)> (B.60)
for an unseen data point z* € X. The (tempered) NLL for each data point is given as

NLL := —log pa, (¥*[y) (B.61)

= 5 log (ar - (r(a*, ") + 0%)) + e et o g e (B.62)

The tempering factor a is chosen as minimiser of the average NLL on the validation set. The final
predictions on the test set are made using this optimal a7 and (B.60). Note however that for the NLL
numbers reported in Table 4.1 we add log(Gtrqin) to (B.62) where Gipqin is the empirical standard
deviation of the training data. This is done for fair comparison as it is how the NLL is calculated in Ma

and Hernandez-Lobato [2021].
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B.8 Implementation Details: Classification

As described in section (B.6) we use the prior mean functions mp ; and kernels k; for j = 1,...,J. For
our experiments we chose mp; =0forj =1,...,Jand k := ky = ..., k; where k is the ARD kernel
in (4.16).

We use a multi-output neural network for the variational means m ; and an SVGP kernel for each 7 ,

j=1,...,J.

The number of inducing points The number of inducing points M is treated as a hyperparameter, this

means we train the model for each M € {0.5v/N,0.75v/N,+/N} and choose the best model.

The choice of inducing points  The input points Z1, ..., Z in (4.18) are sampled independently from

the training data X and then fixed for GWI-net.

Prior hyperparameters The prior hyperparameters are initialised as described in B.7, thus maximising
the marginal likelihood of a regression model, since the marginal likelihood of our classification model is

intractable.

Variational mean We use the same CNN architecture as described in Immer et al. [2021], Schneider

et al. [2019] for all models.

Variational kernel  Each variational kernel 7; uses the same inducing points Z but gets an individual

matrix ¥/ € RMXM for j = 1,...,J. They are all initialised as described in B.7.

Parameters in the generalised loss The generalised loss in Appendix B.5 depends on Ng, Np and Xg.
The batch-size Np is chosen to be Ng = 1000 for N > 1000. For N < 1000 we use the full training
data. The comparison points X g are sampled independently from the training data X in each iteration.

We train 100 epochs on the classification task following Ma and Herndndez-Lobato [2021].

Tempering the predictive posterior For the same reasons as outlined in Appendix B.7 we temper the
predictive posterior. Recall that the NLL for classification is given as

NLL = —log [(1 —e)S(z*,y") + ﬁ(l - S(fﬁ*’y*))} (B.63)

for any point z* € X for which we know that the class label is y* € {1,...,J}. We use a tempering
factor o; > 0 for each variational measure Q; ~ N (mgqj,ar;), 7 =1,...,J. We train the model with
aj = 1forall j =1,...,J and select the tempering factors afterwards as minimiser of the average NLL

on the validation set.
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B.9 Illustrative Example for Two-Dimensional Inputs

In Foong et al. [2020] it is observed that several BNN posterior approximation techniques struggle with
the quantification of in-between uncertainty. The red points mark where observations were made and it
is clear that mean-field variational inference (MVFI) [Hinton and Van Camp, 1993] and Monte Carlo
Dropout (MCDO) [Gal and Ghahramani, 2016] exhibit unjustifiably high posterior certainty in the area
where no observations are made. This is a pathology of the approximation technique as the true Bayesian
posterior which is approximated to very high precision by Hamiltonian Monte Carlo (HMC) [Neal, 2012]

or the infinite-width GP limit [Matthews et al., 2018] do not display such behaviour.

In Figure B.1 our method GWI-net is displayed next to the methods described in Foong et al. [2020].
As one can observe our model is keenly aware of its limited ability to predict points in-between the two

clusters of observed data points.

(a) GWI (b) Inf-width limit GP (c) HMC (d) MFVI (e) MCDO

Figure B.1: Regression on a 2D synthetic dataset (red crosses). The colour plots show the standard
deviation of the output, o[f(x)], in 2D input space. The plots beneath show the mean with 2-standard
deviation bars along the dashed white line (parameterised by \). MFVI and MCDO are overconfident for
Ae[-1,1).

m

B.10 Model Misspecification in Gaussian Wasserstein Inference

The generalised loss in Appendix B.5 is a valid optimisation target for any mp, mg € L?(X,p,R) and
any trace-class kernels k and r. This gives the user a lot of abilities to specify different models, by
experimenting with various choices, specifically for mg and r. However with great power comes great
responsibility: it is quite easy to misspecify GWI. To illustrate the issue let us use a periodic kernel k
[Duvenaud, 2014] given as

k(z,2') == U]% exp (— % sin?(7|z — Z'|/p)) (B.64)
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and the SVGP kernel r in (4.18). By the definition of r the uncertainty will be low for points similiar to
the inducing points Z, i.e. for points z € X k(z, z,,) ~ O']% forallm =1,..., M. A problem now occurs,
if the posterior mean mg does not respect the knowledge embedded in £ and r. Lets for example use a
simple fully connected deep neural network m and choose the point 2* := 27 + 10p. Assume further
that 21, ..., 2y < x*. Then we get k(z*, z,) = k(21, 2m) forallm = 1,..., M due to the periodicity
of sin(z) and therefore r(z*,2*) = r(z1, 21). It is however very unlikely that the neural network will

predict mq(z1) as well as mg(x™*) since it is unaware of this periodicity.

This small example should illustrate that it is crucial that mg is compatible with the prior knowledge
reflected in k£ and r. However, note that this problem is not present for our model, GWI-net. The ARD
kernel encodes the inductive bias that the underlying function is infinitely differentiable and that points
close to each other have highly correlated functional outputs. A simple fully connected DNN with tanh
activation function is indeed smooth and further it is reasonable to assume that predictions are more
unreliable the further they are from the data (as measured by the squared euclidean distance). The ARD

kernel is in this sense compatible with a fully connected DNN.

It shall be noted that the DNN used for the classification examples in (4.5) used convolutional layers as
explained in Appendix B.8. This can be understood as embedding prior knowledge about translation
equivariance into the DNN [Goodfellow et al., 2016, Chapter 9.4]. It might therefore be desirable to use a
prior kernel k£ that embeds similar properties such as the kernel suggested by Van der Wilk et al. [2017].
We considered this to be beyond the scope of this paper but the interaction of DNN architecture and the

choice of prior kernels is an interesting avenue for future research.

B.11 Details on Computational Resources

For all our experiments, we distributed our jobs across 8 Nvidia V100 cards.

B.12 Additional Plots for 1D Experiments

In Figure B.2 we compare GWI-net, GWI-SVGP and SVGP on one-dimensional toy data. Note that
all three methods use the same posterior kernel, but GWI-net differs from GWI-SVGP in terms of the
posterior mean function. GWI-SVGP and SVGP have the same posterior mean but differ in terms of the

objective function used for training.
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Figure B.2: M : Training data M : Unseen data M : Inducing points

We query the above functions at N = 1000 equidistant points and add white noise with € ~ A/(0,0.5%).
We use M = 30 inducing points and train our method as described in Appendix B.7. The plot shows
mq(x) £1.961/V[Y*(x)|Y] where V[Y*(x)|Y] is the posterior predictive variance given as 7(z, z) + 0.
Here the fitted models from top to bottom are GWI-net, GWI-SVGP and SVGP.

B.13 Empirical estimation error of 2-Wasserstein Distance

The approximation quality of the 2-Wasserstein distance is determined by the approximation quality of the
spectrum of the appearing covariance operators. For most kernels in practice like SE or Matern kernel, the
spectrum decays very quickly, which is why using the first 100 eigenvalues often empirically seems to be
sufficient to approximate the spectrum and therefore the 2-Wasserstein distance. We plot the magnitude of

the first 100 positive eigenvalues (sorted on magnitude) for datasets BOSTON, CONCRETE, ENERGY,
WINE and YACHT in Figure B.3.

We see in Figure B.3 that eigenvalues indeed decay fast.
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Figure B.3: The first 100 positive eigenvalues of (X g, X )k(X, Xg) for datasets BOSTON, CONCRETE,
ENERGY and WINE
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C| A Rigorous Link between Deep Ensembles and Variational

Bayesian Methods

C.1 Existence and Uniqueness of Global Minimiser

In this section, we discuss assumptions under which the global minimiser of the optimisation problem

L(Q) = / ((6)dQ(6) + AD(Q, P) €.

over P(R”) exists and is unique. We assume throughout that the optimisation problem is not pathological,
in the sense that there exists a measure Q € P(R”) such that L(@) < oo. This is in applications often

trivial to verify. A good candidate for @ is typically the reference measure P.
Loss assumptions Let £ : R/ — R be a loss satisfying the following assumptions:

(L1) The loss ¢ is bounded from below which means that

c:=inf {£(0):0 € R‘]} > —00. (C.2)

(L2) The loss is norm-coercive which means that
£(8) — o0 (C3)

if ||6]] — oo

(L3) The loss ¢ is lower semi-continuous which means that

lim inf £(0) > £(6,) (C.4)

9—)90

for all 6y € R”.

Regulariser assumptions Let D : P(R”) x P(R7) — [0, oc] be a regulariser and P € P(R”) areference

measure. We define Dp(-) := D(-, P) for notational convenience. We assume the following for Dp:

(D1) The function Dp is lower semi-continuous w.r.t. to the topology of weak-convergence, i.e. for all

sequences (Qn), y C P(R7) and all Q with Dp(Q) < oo, it holds that @, L, Q implies

liminf Dp(Q,) > Dp(Q). (C.5)

n—0o0
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D C e
Here, — denotes convergence in distribution.

(D2) Dp is strictly convex, i.e. for all Q1 # Q2 € P(R’) with Dp(Q1) < oo and Dp(Q2) < oo, it
holds that

Dp(Ole + (1 — Od)Qg) < OéDp(Ql) =+ (1 — OZ)DP(QQ) (C6)

with o € (0,1).

The next theorem provides an existence result for the optimisation problem (C.1). The result is similar in
spirit to Lemma 2.1 in Knoblauch [2021] with the important difference that our assumptions are easier to

verify, since they are formulated in terms of £ and Dp.

Theorem C.1.1 (Existence of global minimiser). Under the assumptions (L1)-(L3) and (D1) there exists

a probability measure Q* € P(R”) with
L(Q") =inf {L(Q) : Q € P(R')}. (C.7)

Proof. Let ¢ > —oc be the lower bound for £. It follows immediately that L(Q) > ¢ for all Q € P(R”)

since D(P, Q) > 0. As a consequence we know that
oo > L* :i=inf {L(Q) : Q € PR)} > ¢ > —. (C.8)
By definition of the infimum we can construct a sequence ,, = L(Q,,) € R in the image of L such
l, — L* (C.9)

for n — oo. We now show by contradiction that the corresponding sequence (Qn) c P(RY) is tight'.

Assume that (Qn) is not tight. By definition we can then find an € > 0 such that for each £ € N there

exists n = ny € N with Q,,, ([—k,k]’) <1 —e. Weset Ay, := [k, k]’ C R’ and obtain
by, = L(@ny,) (C.10)
— [ €0d@u @)+ [ 10)d@u )+ AD@Q.P) 1)
Ap RJ\Ak
> 0) dQ, (0) + / 0) dQn, (6) (C.12)
Ak RJ\Ak
> cQn, (Ay) +inf {£(0) : 0 € RI\AL}Qn, (R7\Ay) (C.13)

'A sequence of probability measures (Q,,) is called tight if and only if for every € > 0 there exists a compact set K € R”
such that for all n € N holds: Q,(K) > 1 —e.
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> cQn, (Ar) + einf {£(0) : 6 € R\ A} (C.14)

Due to the coerciveness of £, we know that inf {£(#) : § € R7\A;} — oo for k — oo and therefore
ly,, — oo for k — oco. However, this is a contradiction: The sequence (l,,) is convergent and therefore in
particular bounded. As a consequence, it cannot contain the unbounded sub-sequence (I,,, ). It follows
that the sequence (()),) is tight. By Prokhorov’s theorem we can now extract a sub sequence (Qy, ) of

(Qy) and a measure Q* € P(R”) such that

Qn, 2> Q" (C.15)

for k — oo. Due to Lemma 5.1.7 in Ambrosio et al. [2005] the lower semi-continuity of ¢ implies that

Q — [ £(9)dQ(0) is lower semi-continuous. This combined with the lower semi-continuity of Dp gives

liminf L(Qp,) > L(Q"). (C.16)
k—o0
From this it immediately follows that
L(Q") < liminf L(Qy,) = L*, (C.17)
k—oo

but by definition L* is the global minimum of L which implies L* < L(Q*). We therefore conclude that
L(Q*) = L*. O

Theorem C.1.1 only shows the existence of a global minimiser. In order to show uniqueness we use
the convexity assumption (D2). The proof is the same as in finite dimensions and only included for

completeness.

Theorem C.1.2 (Uniqueness of global minimiser). Assume that (D2) holds. Then, the global minimiser

of L is unique (whenever it exists).

Proof. Assume there exits two probability measures Q1, Q2 € P(RY) such that

L(Q1) = L* = L(Q2). (C.18)

where co > L* := inf {L(Q) : Q € P(R7)} > —oo. We define the probability measure Q3 :=

%Ql + %Q?,. By strict convexity we obtain

L(Qs3) < %L(Ql) + %L(Q?,) =1L, (C.19)
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which is a contradiction to (); and ()2 being global minimisers. O

Note that in the literature on GVI [Knoblauch et al., 2019] it is common to assume that the regulariser is

definite, i.e.
D(P,Q) =0« P=Q (C.20)

for all P,@Q € P(R”). We did not use this assumption in neither Theorem C.1.1 nor Theorem C.1.2.

However, the next lemma shows that it is basically implied by strict convexity.
Lemma C.1.3. Let Dp : P(R7) — [0, 00| be strictly convex and assume further D(Q, Q) = 0 for all Q €

P(RY). Then it follows that D(Q, P) = 0 implies P = Q.

Proof. We prove the claim by contradiction. Assume that there exists P # (@ such that D(P, Q) = 0.

The strict convexity and D(P, P) = 0 imply combined that

1 1 1 1
D(;P +5Q.P) < ;D(P.P) + ;D(Q, P) (C.21)
—0. (C.22)
However, we know that D(3P + $@Q, P) > 0 by assumption. This is a contradiction. O

Discussion on loss assumptions The assumptions on the loss £ in (L1) and (L3) are rather weak. Typically
loss functions in machine learning are bounded from below and continuous (and therefore in particular
lower semi-continuous). However, norm-coercivity can be violated. Consider for example the squared

loss

N
00) =" (yn — folan))”, (C.23)

n=1

where fy is the parametrisation of a neural network with one hidden layer, i.e. § = (w, A) and
fo(x) = wlo(Ax), (C.24)

where o : R — R is an activation function which is applied pointwise to the vector Az and has the property
that o(0) = 0. It is now possible to find a sequence of parameters (0;)xeny C RY with [|0|| — oo such

that £(6),) does not converge to infinity. Define wy, := k(1...1), Ay := 0 and 6, = (wy, Ay,) for k € N.
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Then we obviously have that
||0k]] = [|wg|| — oo (C.25)
for k — oo but

(yn — fo, (x0))’ (C.26)

E

£0r) =

3
Il
—

(g — w0 (0))” (C.27)

I
M=

3
Il
—

(C.28)

I
M=
s

3
Il
—

which is constant and therefore does not converge to co. A similar, but notationally more involved,
construction can be made for neural networks with more than one hidden layer. However, this is an issue
that can be easily resolved by adding what is known as weight decay to the loss. For example, consider

for v > 0 the loss

N
00) =" (yn — folza))” + 116117 (C.29)

n=1

with weight decay. This loss is by construction norm-coercive and therefore the previous existence proof

applies.

Discussion on regulariser assumptions The assumptions (D1) and (D2) are quite weak. The KL-
divergence for example is known to be lower semi-continuous [Polyanskiy and Wu, 2014, Theorem
3.7] and strictly convex [Polyanskiy and Wu, 2014, Theorem 4.1]. This immediately implies lower
semi-continuity and convexity of KL(-, P) for any fixed P. The MMD is also known to be strictly
convex [Arbel et al., 2019, Lemma 25], whenever it is well-defined, which can be guaranteed under weak
assumptions on x [Muandet et al., 2017, Lemma 3.1]. The lower semi-continuity properties also depend
on the kernel x. However, for bounded kernels it is trivial to verify. We include the proof for completeness,

but assume this has been shown before elsewhere.

Lemma C.1.4. Let the kernel v : R? x R” be continuous and bounded: ||||oo = supg grers [k(0,0')] <

oo and P be fixed. Then MMD(+, P) is continuous and therefore, in particular, lower semi-continuous.

Proof. Let (Qn)nen and Q* be such that

Qn — Q" (C.30)




for n — oo. This immediately implies that

On ® Qn = Q" ® Q* (C31)

for n — oo, where Q* ® QQ* denotes the product measure of (Q* with itself. Further, note that the kernel
mean embedding pp is continuous as integral with respect to the second component of a continuous

function and bounded since

p (@) = | / k(6,0') dP(0') (C.32)
< /\H(e,e’)ydP(a’) (C.33)
< 15[ so- (C.34)

By the definition of weak convergence for measures, we therefore have

[ #0.07d@u 0 @000 — [ x6.6)d@ 2 Q7)0.0) (€35)
[ 10040 — [ nr()dQ"(6) (C.36)

for n — oo. This immediately implies continuity of MMD(+, P) with respect to the topology of weak

convergence. O

Notice that most kernels common in machine learning, such as the squared exponential or the Matérn

kernel, are continuous and bounded and therefore Lemma C.1.4 applies.

Remark C.1.5. The astute reader may have noticed that our existence proof only guarantees the existence
of measure Q* € P(R”). However, the Wasserstein gradient flow is by definition only formulated in the
space of probability measures with finite second moment, denoted Po(R”). Assumptions which guarantee
that Q* € P2(R”) are easy to formulate. For example, we can require that there exists C > 0 and R > 0

such that the loss ¢ satisfies
()] > C1jo]f? (C.37)
for all ||#|| > R. This immediately implies that Q* € P(R”) since otherwise
[ 160)1dQ 6 = o ©39)

gives a contradiction to the finiteness of L(Q*). However, even if (C.37) is violated, the reference measure
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P may still guarantee that Q* € P»(R”). For example, if P € P3(R”), then Dp(Q*) will typically
be large if Q* ¢ P2(R”) and the global minimiser is therefore in a sense unlikely to have fat tails. We

therefore assume Q* € P2(R”) throughout the paper and consider it to be a minor practical concern.

C.2 Realising the Wasserstein Gradient Flow

In this section, we identify a suitable stochastic process that allows us to follow the WGE.

Let L' : P(R”) — (—o0, 00| be the free energy discussed in Section 5.3.2 given as

A
L4Q) = [ V(©)dQ©) + 7 [ 5(6.6)dQOQE) + ha [ 1og (a0)a)d8. (€39
where A1, Ay > 0 are constants, V' : R’ — Ris the potential, x : R/ xR/ = Ris symmetric. We will

write I for L™ from now on to simplify notation. The Wasserstein gradient of L is given as [cf. Chapter

9.1 Villani, 2003, Equation 9.4]
Vi L[Q](0) = VV(0) + M (Vik * Q)(0) + A2V log (¢(0)), (C.40)

where V1x : R7 x R/ — R is the (vector-valued) derivative of s with respect to the first component, V
denotes the euclidean gradient with respect to 8 and (Vix * Q)(0) := [ V1x(0,0") dQ(0') for § € R’.
The corresponding Wasserstein gradient flow is therefore given as [cf. Chapter 9.1 Villani, 2003, Equation
9.3]

Diq(t,0) =V - (q(t, 0)(VV(0) + M (Vik  Q)(6) + AoV log (qt(G)))). (C.41)

In general the probability density evolution of a stochastic process is—via the Fokker-Planck equation—
associated with the adjoint of the (infinitesimal) generator of the stochastic process. We will therefore
try to identify the generator associated to the density evolution in (C.41). To this end let h € C2(R”, R)
where C2(R”, R) denotes the space of twice continuously differentiable functions with compact support.

We multiply both sides of (C.41) with h, integrate, and apply the partial integration rule to obtain

% h(0)q(t,0) do = / VwL[Q(t)](8) - VRh(0) q(t,6) db. (C.42)
= - / (VV(0) + A (Vik % Q) (0)) - VA(0) dQ4(0) (C.43)
— A2 / Vlog (a:(0)) - Vh(0) dQu(0). (C.44)
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By chain-rule and partial integration, (C.44) can be rewritten as

—Xo / Vlog (:(0)) - VA(B) dQ:(0) = — A2 / Vi (8) - Vh(0) db (C.45)

=X / Ah(6) dQy(6). (C.46)

Putting everything together, we obtain

& [0 = [ (@) ©)da:) 47)
where { A[Q]} Qep(ws) is a family of operators defined as

(A[QIR) () = — (vvw) F M (Vik# Q)(e)) - Vh(60) + A Ah. (C.48)

for h € C%(R’/,R). The reader may recognize this operator family as the generator of a so called
nonlinear Markov processes [Kolokoltsov, 2010, Chapter 1.4]. The nonlinearity in this case refers to the
dependency on the measure (). Linear Markov processes have no measure-dependency. This family of

generators corresponds to a McKean-Vlasov process of the form
do(t) = — (VV(e(t)) F A (Vik# Qt)(e(t))>dt +V/2hadB(1), (C.49)

where (B(t)),, is a Brownian motion and Q; the law of (¢). In other words: The solution to (C.49) has

t>0
the time marginals Q(¢) such that (C.47) holds for every h € C2(R”, R). Furthermore, the corresponding

pdfs (q(t)) satisfy the nonlinear Fokker-Planck equation given as

Ovqr = A" Qilar, (C.50)

where A*[Q] denotes the L2-adjoint of the operator A[Q] and is given as
(A*QIR)(8) = V- (RO (VV(0) + Mi(T1k + Q)(0) + A2V log (h(6)))) (C.51)

for h € C’,?(RJ , R)[Barbu and Rockner, 2020, cf. equation (1.1)-(1.4)]. Note that (C.50) corresponds
exactly to the Wasserstein gradient flow equation in (C.41). We can therefore follow the WGF by

simulating solutions to (C.49).

The standard approach to simulate solutions to (C.49) [Veretennikov, 2006] is to use an ensemble of
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interacting particles. Formally, we replace Q(t) by NLE Zf:[ %, 0,(+) and obtain

Ng
A
6, (t) = — <VV(9n(t)) + N—; 3 (Vi) (6a(t), @(t)))dt + V/2had B (t) (C.52)
j=1
forn =1,..., Ng where Ng € N denotes the number of particles. The Euler-Maruyama approximation
of (C.52) leads to the final algorithm:
Step 1: Initialise Ng € N particles 01, . .., 0y, 0 from a use chosen initial distribution Q).

Step 2: Evolve the particles forward in time according to

NEg

A
B o1 = O — n(vv(en,k) n N—; S (V18) (O ej,k)) 2000 (C.53)
j=1

forn=1,...,Ng,k=0,...,T —1with Z,, , ~ N(0,L;5).

Note that 6, ;. is thought of as approximation of 6,,(t) at position ¢ = k7). Furthermore, as discussed in
Section 5.4, various choices of V', A1 and Ao allow us to implement the WGF for different regularised

optimisation problems in the space of probability measures. This is summarised below:
* Deep ensembles: V(0) = £(0), \1 =0, Ao =0
* Deep Langevin ensembles: V' (6) = £(0) — Alogp(f), A1 :=0, A := A

* Deep repulsive Langevin ensembles: V' (0) = £(0) — A1 log p(0) — Aapp(0)

C.3 Asymptotic Distribution of Particles: Unregularised Objective

In this section, we investigate the asymptotic distribution of the WGF for the objective

L(Q) = [ €6)dQ() (C.54)

for Q € P(R”). The associated particle method is:
e Sample 6;(0), ..., 0y, (0) independently from Q.

* Simulate (deterministically) 6}, (t) = —V{(0,(t)) forn =1,..., Ng.
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We start by introducing some notation for the deterministic gradient system. Let ¢*(6p) denote the solution

to the ordinary differential equation (ODE)

0(0) = 6y € R’ (C.55)

0'(t) = —VL(6(t)) (C.56)

at time £ > 0. In a first step, we show the following lemma, which is a simple application of the
famous Lojasiewicz theorem [Colding and Minicozzi II, 2014], and the fact that Lebesgue almost every

initialisation leads to a local minimum [Lee et al., 2016].

Lemma C.3.1. Assume { : R/ — R is norm-coercive and satisfies the Lojasiewicz inequality, i.e. for

every 0 € R exists an environment U of @ and constants 0 < v < 1 and C > 0 such that
16(0) — £(O)" < CIVL(9)). (C.57)

forall § € U. Then we know that ¢'(0y) converges for t — oo to a local minimum of { for Lebesgue

almost every 0y € R”.

Proof. First we show that ¢t — ¢*(6) is bounded. We proof this by contradiction. Assume that ¢*(6y) is

unbounded. Then there exists a subsequence (,,)nen C [0, 00) with ¢, — oo for n — oo such that
|p'™ (6p)] — oo (C.58)
for n — oo. The norm-coercivity immediately implies that
£(¢" (60)) — oo (C.59)
for n — oo. However, this contradicts
((¢"(60)) < (#°(80)) = £(8o) < o0, (C.60)

where the first inequality follows from the fact that ¢ — ¢ (¢t(00)) is decreasing, which is a consequence

of

L 0(64(00)) = V(8 (00)) 4 (00) (1)
= —[VE(¢'(60))* < 0. (C.62)
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Hence t — ¢'(6) is bounded. By the Bolzano-Weierstrass theorem we can find a sequence (¢, )nen C

[0, 00) with ¢, — oo and a point 6, € R” such that
'™ (0p) = Ooo (C.63)

for n — oo. Hence (qbt(ﬁg)) has the accumulation point 6. The Lojasiewicz theorem [Colding and

t>0
Minicozzi 11, 2014] allows us to deduce that

¢! (60) — o (C.64)

for t — oo, and that 0, satisfies V/(0,) = 0.

It remains to show that 6, is not a saddle point for Lebesgue almost every initial value 6. However,
this is very similar to the proof in Lee et al. [2016]. The only difference is that one would need to use a
continuous-time version of the stable manifold theorem, which is readily available, for example in Bressan

[2003]. O

Let {m; };cn denote the local minima of ¢ which are by assumption countable. Denote further by
0; == {0y € R” : lim ¢'(6p) — m;} (C.65)
t—00

the domain of attraction for the minimum m;. The next theorem is then an easy consequence of Lemma

C3.1.

Theorem C.3.2. Assume that the loss function ¢ only has countably many local minima, is norm co-

ercive, and satisfies the Lojasiewicz inequality. Let further 6y ~ Qq for some Qo € P(R”) such that

Zi’il Qo(©;) = 1. Then,
¥ (00) = Z = Qoo (C.66)

D . . .
fort — oco. Here — denotes convergence in distribution.

Proof. Let 0y € R be fixed. Due to Lemma C.3.1, we know that

¢'(60) = > _mil{fy € ©;} (C.67)

i=1

for Lebesgue almost every 6y for t — oo. Here, 1{-} denotes the indicator function. Let Y now be a
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random variable with law (). By assumption, we know that Y € ©; for some ¢ € N with probability 1.

Hence,
PY) =Y mil{Y € 6;} (C.68)
i=1

almost surely for ¢ — co. Since almost sure convergence implies convergence in distribution, we conclude

that
oY) 2 £ mil{Y € 6;}), (C.69)
i=1
where £(-) denotes the law of a random variable. However, the law of the RHS is easily recognised as
L mil{Y €6;}) = Qo(0;)dm,, (C.70)
i=1 i=1

which concludes the proof. O

Remark C.3.3. Note that the condition

oo

> Qu(®) =1 (C.71)

i=1
in Theorem C.3.2 is easy to satisfy. According to Lemma C.3.1 the set

n
R\ ©; (C.72)
i=1

has Lebesgue measure zero. Therefore, any ()g which has a density w.r.t. the Lebesgue measure will

satisfy (C.71).

C.4 Asymptotic Distribution for Deep Langevin Ensembles
In this section, we analyse the objective
L(Q) = / 0(0) dQ(0) + AKL(Q, P) (C.73)

for Q € P(R’). The corresponding particle method is given as:

* Sample 6;(0), ..., 0n,(0) independently from Q).
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* Simulate the SDE df,,(t) = —VV (6, (t))dt + V2AdB,(t) foreachn =1,..., Ng.

Recall that V' (0) = ¢(0) — Alog p(6). This case is well-studied in the literature and known as Langevin

diffusion. Under mild assumptions [Chiang et al., 1987, Roberts and Tweedie, 1996],

D
0,(t) — Qoo (C.74)
for t — oo and each particle n = 1, ..., Ng independently. The probability measure ()~ has the density
1 V(6)
Goo(0) = — exp (= — ) (C.75)
1 £(0
— L (~ Do) 76)

where Z > 0 is the normalising constant. As a consequence, the WGF asymptotically produces samples

from (). However, it is a priori unclear that () is in fact the same as the global minimiser Q* of L.
We investigate this question by relating invariant measures to stationary points of the Wasserstein gradient.

Definition C.4.1. [Liggett, 2010, Thm. 3.3.7] A measure () is called an invariant measure (for a given

Feller-process) if

/ AR(6) dQ(6) = 0 ©77)

for all h € C2(R”). Here A is the infinitesimal generator of the corresponding Feller-process.

Recall that the infinitesimal generator of the Langevin diffusion for h € C2(R”) is given as

Ah = —=VV -Vh + AAh. (C.78)

Definition C.4.2. A measure Q € P2(R”) is called a stationary point of the Wasserstein gradient if
Vw LIQ)(0) = 0 (C.79)

for Q—almost every 6 € R”.

In finite dimensions, it is well-known that a local minimiser is a stationary point of the gradient. This
carries over to the infinite-dimensional case, with a similar proof. Since we could not find this result

anywhere in the literature we included it for completeness.
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Lemma C.4.3. Let @ be a local minimiser of L, i.e. there exits and € > 0 such that

L(Q) < L(Q) (C.80)

Sfor all Q with WQ(@, Q) < e. Then @ is a stationary point of the Wasserstein gradient in the sense of
Definition C.4.2.

Proof. Let h € C2(R”) be arbitrary and Q € P»(R”) be a local minimum of L. Further, let ¢*(6) be

the solution to the initial value problem

6(0) = 0o (C.81)

0'(t) = Vh(0(t)) (C.82)

for t € (—¢,¢€) for some € > 0. We now define Q(t) := $'#Q for t € (—¢,€) where f#u denotes
the push-forward of the measures p through the function f. In the Riemannian interpretation of the

Wasserstein space, (Q(t)) is a curve in Py(R”) with tangent vector h at point Q [Ambrosio et al.,

te(—e,e€)
2005, Chapter 8]. We, further, define f : (—¢,e) — Ras f(¢) := L(Q(t)). Application of the chain-rule

[Ambrosio et al., 2005, p. 233] gives

70) = SLQW)] C83)
= (Vw L[Q(0)], VR) 12(q(0)) (C.84)
_ / Vi LIO)(0) - V(8) dO(O). (C.85)

We know that f has a local minimum at ¢ = 0 and, therefore, f’(0) = 0 which gives

0= / Vi L[Q](0) - VR(6) dQ(6). (C.86)

Since (C.86) holds for arbitrary test functions h € C2(R”) and as C2(R”) is dense in L%(Q), we obtain
that Vy L[Q]() = 0 for Q-a.c 6 € R7. O

The next lemma relates invariant measures and stationary points of the Wasserstein gradient for infinites-
imal generators of the form (C.78). It will prove extremely useful to translate between the Langevin

diffusion literature and our optimisation perspective.

Lemma C.4.4. Let Q € Po(R”) be such that Q has a density q with respect to the Lebesgue measure.

Then, the following two statements are equivalent:
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e () is a stationary point of the Wasserstein gradient.

e (Q is an invariant measure.

Proof. Let () be a measure with density gq. Recall that the generator of the Langevin diffusion is for

h € C2(R7) given as
Ah = -=VV -Vh+ AAh. (C.87)

By partial integration, it is easy to verify that the L?- adjoint (w.r.t the Lebesgue measure) is given as

A*h =V - (h-VV) + AAh. (C.88)
We, therefore, conclude that

/ Ah(9) dQ(6) / Ah(0)q(0) b (C.89)

- / h(6)A%q(9) d (C.90)

- / h(6) (v (q(6) - VV(0)) + /\Aq(e)) df. (C.91)

Furthermore, we have Vi L[Q] = VV + AV log ¢, and therefore

/VWL[Q](G)'Vh(@ dQ(0) = /VWL[Q](H)'Vh(H)Q(9) do (C.92)
- / (VV(H)q(0)+/\Vq(0)) - Vh(6) do (C.93)
S / h(6) (v (q(O)VV(0)) + AAq(@)) o, (C.94)

where the last line follows from applying partial integration. This allows us to conclude that

/ AR(0) dQ(0) = — / Vi LIQ)(6) - Th(6) dQ(0) (C.95)

whenever () has a density. As a consequence we have that () is invariant if and only if it is a stationary

point of the Wasserstein gradient. O

Lemma C.4.4 allows us to move between the optimisation and stochastic differential equation perspective.
In Appendix C.1, we discussed the existence and uniqueness of a global minimiser Q* of L. We know

that Q* has a density since the Kullback-Leibler divergence would be infinite otherwise (assuming P
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has a Lebesgue-density which we assume throughout the paper). Lemma C.4.3 guarantees that Q* is
a stationary point of the Wasserstein gradient. Due to Lemma C.4.4, we can infer that Q* must be
an invariant measure. However, due to the uniqueness of the invariant measure under the previously

mentioned mild assumptions [Chiang et al., 1987, Roberts and Tweedie, 1996], we can conclude that

Q* = Qoo

C.5 Asymptotic Distribution of Deep Repulsive Langevin Ensembles

This section contains the proof of Theorem 5.4.2 which is repeated hereafter.

Theorem C.5.1. Let Q"B (t) be the distribution of 0,,(t), n = 1,..., N, generated via (5.7). Then

lim lim Q"™NE(t) = Q* (in distribution)

t—o00 Np—o00

foreachn = 1,..., Ng whenever the corresponding the McKean-Vlasov process converges to a unique

invariant measure.

Proof. The ergodicity of McKean-Vlasov processes has been studied by several authors [Veretennikov,
2006, Mishura and Veretennikov, 2020, Liu and Ma, 2022]. The conditions for ergodicity involve a variety
of requirements on the drift and diffusion terms, which are too numerous to list here. These conditions
translate into constraints on the kernel x and the potential V' (6) = ¢(0) — A\ log p(0) + Aapup(6). In our

case, the McKean-Vlasov process describing the Wasserstein gradient flow is given by

0(0) ~ Qo (C.96)
do(t) = — (VV(a(t)) (Vi * Qt)(e(t)))dt +/20adB(t), (C.97)

with (B(t)) being a Brownian motion realises the Wasserstein gradient flow. For example, Section 2

>0
of Veretennikov [2006] provides an extensive list of conditions that closely align with our situation. Under

these assumptions, we know from Theorem 2 in Veretennikov [2006] that
QmVE (t) 2, Qoo (firstas Ng — o0, then as t — 00), (C.98)

where () is the invariant measure of the McKean-Vlasov SDE. The remaining task is to show that Q)

coincides with the global minimizer Q*.

We start by introducing the concept of an invariant measure for a nonlinear Markov process [Ahmed and

Ding, 1993, Definition 1].
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Definition C.5.2. A measure () is called an invariant measure for a nonlinear Markov process with the

family of infinitesimal generators { A[Q]} QeP®RY) if

[ @) aae) —o (€.99)
for all b € C2(R7).

Recall that L in this section is given as
LQ) = [V dQ®)+ 7 [[ x6.0)dQ@)da) + 32 [losao)a@)ds. (100
and the infinitesimal generators of the McKean-Vlaslov SDE is given as
(A[QIR)(0) := — (VV(e) + A (Vik Q)(e)) - Vh(0) + Ao Ah. (C.101)
for h € C2(R”,R). In analogy to Lemma C.4.4, we obtain the following result.

Lemma C.5.3. Let Q € Po(R”) be such that Q has a density q with respect to the Lebesgue measure.

Then, the following two statements are equivalent:
* @ is a stationary point of the Wasserstein gradient for L in (C.100) in the sense of Def. C.4.2.

* @ is an invariant measure for the McKean-Viasov process with infinitesimal generator defined in

(C.101)

First, we notice that

[ A@n©dqe) = [ Qe (€.102)
_ / h(6) (A*[Qlq) (6) db. (C.103)

Recall, that A*[Q] denotes the L2-adjoint of the operator A[Q] and that it is given as
(A*QIR)(8) = V- (A(O) (VV(0) + M(T1r + Q)(0) + A2V log (h(6)))) (C.104)
for h € C?(R”,R) with compact support. This implies

(4"1Qla)(0) = V- (alB)(VV(0) + M (V1k £ Q)(9)) ) + A2Aq(6). (C.103)

146



We plug this into (C.103) to obtain

| A@n)aa)
- /h(e) V. (q(9) (VV(0) + M (Vik Q)(a))) o + / Aoh(8) Aq(0) db.

On the other hand, we have that
Vw LIQ|(0) = VV(0) + A (Vir * Q)(0) + X2V log q(0),

and therefore

[ vriaie) - i) dae)
= / (VV(@) + A1 (VikxQ)(0) + X2V log q(@)) -Vh(8)dQ(0)
- /q(e) (VV(6) + M (Vik + Q)(6)) - VI(B) dO + A / Vq(0) - Vh(6) df

= —/v- (q(@)(VV(H) + A (Vs * Q)(G)))h(@) o — /\Q/q(H)Ah(Q) df,

where the last line follows from partial integration. Comparing (C.107) to (C.112) gives

/ A[QIL(6) dQ(6) = — / VLIQI(6) - VA(9) dQ(0)

(C.106)

(C.107)

(C.108)

(C.109)

(C.110)

(C.111)

(C.112)

(C.113)

for all h € C?(R”7) whenever ) has a density. This immediately implies that @ is invariant iff it is a

stationary point.

Let now @Q* be the unique global minimiser of L. Due to Lemma C.4.3, we know that QQ* is a stationary

point of the Wasserstein gradient. Lemma C.5.3 shows that Q* is the invariant measure of the McKean-

Vlaslov SDE which is what we had to show.

C.6 Asymptotic Analysis of Deep Repulsive Ensembles

In this section, we consider the objective

L(Q) = / 0(6) dQ(6) + \MMD(Q, P)

(C.114)
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for Q € P(R’). The corresponding McKean-Vlasov process is of the form
do(t) = — (VV(H(t)) £ A(Vik Qt)(e(t))>dt, (C.115)

where @; denotes the distribution of §(¢) and V' (6) = ¢(0) — up(0) with pp(0) = [ k(6,0") dP(0) the

kernel mean-embedding of P. We call the particle method in this case deep repulsive ensembles (DRE).

The existence of the global minimiser Q* is still guaranteed under the assumptions in Appendix C.1.

Lemma C.4.3 guarantees that ()* is a stationary point of the Wasserstein gradient, i.e.
VV @)+ ANVikxQ*)(0) =0 (C.116)
for Q*-a.e. § € R’. Recall that the infinitesimal generator in this case is given as
(A[QIR) () := — (VV(H) EA(Vik * Q)(e)) - Vh(6) (C.117)
for @ € P(R7), h € C%(R’). It immediately follows from the definition that
(A[QIR)(0) = =VwL[Q](0) - Vh(0) (C.118)

forall h € C2(R”), § € R7. Asin Lemma C.4.4 & C.5.3, this implies that each stationary point of the
Wasserstein gradient is an invariant measure of the McKean-Vlasov process and vice versa. In Appendix
C.4 & C.5, we cite relevant literature that guarantees uniqueness of the invariant measure, which is a
necessary (but not sufficient) condition for convergence to the invariant measure. The next theorem shows

that uniqueness will in general not hold without the presence of the diffusion term.

Theorem C.6.1. The invariant measure for the McKean-Viasov process with the family of generators

(A[Q])QGP(RJ) defined in (C.118) is (in general) not unique.

Proof. Let N € N and define L : (RJ)NE — Ras

~ Ng A Ng
L(0r,...,0n,) = > _V(0;)+ T > kK(05,0)). (C.119)
i=1 i,j=1

Assume that V is bounded from below and norm-coercive. Then L is bounded from below and norm-
coercive and therefore we can find a global minimiser 6* := (65,...,0%,) € (R’ )NE of L. Since L is
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differentiable, we know that 8* is a stationary point of the gradient which implies

Ng

A
S WA * 0%) = 12
VO + 5 ;wm)(@ ,07) =0 (C.120)
foralli = 1,..., Ng. Here, we assume that the kernel x is symmetric, which is standard in the MMD
literature. Note that (C.120) is equivalent to
VV(6) + A(Vik*Q)(0) = 0 (C.121)
for Q-a.e. € R’ where
~ 1 Ne
Q(dh) := N Zl 8g: (d6). (C.122)
‘7:

This means that @ is a stationary point of the Wasserstein gradient, and therefore an invariant measure for
the McKean-Vlasov process. Since N € N was arbitrary, we have constructed countably many invariant

measures and therefore uniqueness can’t hold in general. O

The reason that non-uniqueness of the invariant measure is an immediate contradiction to convergence
is the following: If we initialise with any of the invariant measures constructed in the proof of Theorem
C.6.1, then the particle distribution of the McKean-Vlasov process will remain unchanged over time.
Convergence to the global minimiser can therefore surely not hold for arbitrary initialisation (Jp. It may
be possible to construct conditions on )y under which convergence still holds. For example, for Stein
variational gradient descent a similar issue occurs. However, in this case one can guarantee convergence
[Lu et al., 2019, Theorem 2.8] if )y has a Lebesgue-density (and if the kernel satisfies further restrictive

assumptions). The existence of conditions that guarantee convergence for DRE remains an open problem.

C.7 Implementation Details

In Appendix C.1, we derived the following algorithm:
Step 1: Simulate Ng € N particles 61 o, ..., 0N, 0 from a use chosen initial distribution Q.
Step 2: Evolve the particles forward in time according to

Ng

A
On k1 = On e — W(VV(Hn,k) + NTIE Z(Vlff)wn,k, 9j,k)) + V2022 (C.123)
=
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forn=1,...,Ng,k=0,...,K —1with Z,, , ~ N(0, ;).

We can generate samples from DE, DLE and DRLE by setting the potential and regularisation parameters

as described below:
* Deep ensembles: V(0) = £(0), A1 =0, Ay =0
* Deep Langevin ensembles: V(6) = £(0) — Alogp(0), A1 =0, A = Xy
* Deep repulsive Langevin ensembles: V' (0) = £(0) — A1 log p(0) — Aopp(6)

Due to Appendix C.4 & C.5, we can think of 01 f, ..., 0N, i as approximately sampled from the global

minimiser Q* for DLE and DRLE if K is large enough. All experiments use the SE kernel given as

_llo—e'|?

k(60,0") = exp ( 572 )

(C.124)

with lengthscale parameter o, > 0. The kernel mean embedding 11 p can easily be approximated as

pp(0) = %Zﬁ(@,@% 6 cR’, (C.125)

=1

where 01, ...,0y; ~ P independently. We chose M = 20.

C.7.1 Toy Example: Global Minimiser
We describe details regarding the experiments conducted to produce Figure 5.2 below.
We generate N = 300 particles and make the following choices:

e Loss: £(0) := 3(36* + 163 — 6%) — 32

* Prior: P ~ N(0,1) and therefore log p(¢) = — 362

e Initialisation: Q¢ = P

* Reg. parameter: A\prg = 1, A\prre = 1, Npprp =1

* Step size: n = 1074, Tterations: K = 100, 000

» Kernel lengthscale, o, is chosen according to the median heuristic [Garreau et al., 2017] based on

samples from the prior P

The loss is constructed such that we have a global minimum at = —2, a turning point at § = 0, and a

local minimum at 6 = 1.
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* Deep ensembles: The optimal Q* is a Dirac measure located at the global minimiser § = —2.

However, as we proved in Theorem 5.4.1, the WGF produce samples from
1 1
Quoo(d8) = 56_2(d8) + 561(d6), (C.126)
as (—o0, 0) is the region of attraction for the global minimum and (0, co) for the local minimum

which both have probability 0.5 under Qo = P = N(0,1). In particular, Q~, # Q* as expected.

* Deep Langevin ensembles: The optimal measure has the pdf

q*(0) o exp (— T)P(G) (C.127)

for § € R. As expected the WGF produces samples from Q*.

* Deep repulsive Langevin ensembles: The optimal ¢* for deep repulsive ensembles is harder to
determine. From the condition that ¢* is a stationary point of the Wasserstein gradient, we can

derive that u(0) := log ¢*(0) satisfies the integro-differential equation

A1

W) = V') - I

X2 / (V1) (6, 6") exp(u(¢')) 46" (C.128)

with some initial value u(0) = uo. In principle, we could choose ug such that ¢(0) := exp(u(6))
integrates to 1. However, since we do not know the appropriate initial condition a priori, we choose
an arbitrary u( and normalise the pdf afterwards. We use an numerical solver to evaluate «(6) on a

fixed grid. As expected, the WGF produces samples from (* in this case.

C.7.2 Toy Example: Multimodal Loss

The details below correspond to the experimental results presented in Figures 5.3 and C.1. Figure C.1 is
an alteration of Figure 5.3 with only 4 particles with the goal of making the messaging of the number of

particles relative to the local minima clearer.

DE, DLE, DRLE We generate N = 300 particles and make the following choices:
e Loss: £(0) = —log 30 AN(0; i, ), 0 € R2, iy = (£3,+£3)T, i =1,...,4
* Prior: P flat and therefore log p(#) = 0
« Initialisation: Qo ~ N (0, I2)

* Reg. parameter: Aprg = 0.2, \prre = 0.2, \ppp = 0.6
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DE DLE DRLE FD-GVI

< o0 5 -5 o0 s -5 0 5 -5 0 5
6o

Figure C.1: We generate Ny = 4 particles from DE, DLE, DRLE and FD-GVI with Gaussian parametri-
sation. The multimodal loss £ is plotted in grey and the particles of the different methods are layered on
top. The prior in this example is flat, i.e. logp and pp are constant. The initialisation ()q is standard
Gaussian.

* Step size: n = 0.1, Iterations: K = 10, 000

» Kernel lengthscale, o, is chosen according to the median heuristic [Garreau et al., 2017] based on

samples from the prior P

Note that for a translation-invariant kernel such as the SE kernel we obtain for the flat prior P that

1p(0) = /Oo k(6,6 do’ (C.129)
_ / T 0 —0)do (C.130)
:/_ ¢(&) d, (C.131)

where the second line follows from the fact that we can write any translation-invariant kernel as (6, 6") =
#(6 — ") for some function ¢ : R7 — R and the second line is simple variable substitution. If (C.131) is
finite, the above expression is well-defined and therefore pp constant. Note that in particular for the SE
kernel, we have ¢(&) = exp(—||¢||?/(202)) and therefore (C.131) is finite. As a consequence, we have
that for a flat prior P the gradient of the potential V' is the same for all three methods. This means that the
loss £ isn’t adjusted and the only difference between the three methods is the presence of repulsion and

noise effects.

Remark C.7.1. The astute reader may have noticed that a flat prior P is in fact not covered by our theory
in Appendix C.1. The problem is that KL(-, £), where £ denotes the Lebesgue measure, is not positive
(and not even bounded from below). To see this, choose @ = A(0, X)) with ¥ = diag(c?, 02) and note

that

KL(Q.£) = | loga(6) q(6) db = ~H(Q) (C.132)
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where H(Q) denotes the differential entropy. For a Gaussian, it is known that

(log(2me)” + log(o?) + log(03)) (C.133)

l\D\F—‘

H(Q) = %log ((2re)” det(E)) =

and therefore if either 0% — oo or 03 — oo then KL(Q, £) — —oc. However, note that this difficulty is
rather technical in nature and can easily be remedied. Instead of £, we could have chosen the uniform
prior P ~ U(—101%° 10190, In this case, the positivity of KL(-, P) is guaranteed by Jensen’s inequality.
This choice of P gives—up to an additive constant—the same objective as a flat prior and up to machine
precision the same kernel mean embedding pp. It is, therefore, algorithmically irrelevant if P is flat or

uniform on a very large set.

FD-GVI We use the same prior and loss as for DE, DLE and DRLE. We parameterise the variational

family as independent Gaussian, i.e.

Q= {N(u,2)|pneR? T = diag(exp(1),exp(B2)), B := (b1, B2)* € R*}. (C.134)

We learn the variational parameters v := (p, 3) € R* by minimising

L(v) = / 0(0) dQ,(0) + AKL(Q,, P) (C.135)
- /5 ) dQu(0) = AH (N (1, %)) (C.136)
200 A
~ 500 Ze ot X097 — 5 log ((2me)? exp(B1) exp(Ba)) (C.137)
1 200
~ 200 Up+x0°25) - *(51 + B2) + const, (C.138)
j=1

where Z1, ..., Zyoo ~ N(0, I3) and H (N (1, Z)) denotes the differential entropy of the normal distribu-

tion. For the regularisation parameter, we chose A = 0.5.

C.7.3 Toy Example: More Modes than Particles

We generate N = 20 particles and make the following choices:
* Loss: £() = —|sin(0)|, 6 € [-Mm, M~], with M = 1000
* Prior: P flat and therefore log p(6) = 0 and up = const. (cf. Appendix C.7.2)
* Initialisation: Q¢ ~ U(—Mm, M)

* Reg. parameter: A\prg = 0.001, A\pgrrr = 0.001, Ny, 5 = 0.6

153



* Step size: 7 = 0.01, Iterations: K = 1.000

» Kernel lengthscale, o, is chosen according to the median heuristic [Garreau et al., 2017] based on

samples from the prior P

Note that ¢ has 2M = 2000 local minima at locations

m,-:zgﬂ'w, i€ {=M,...,0,...,(M—1)}. (C.139)

Due to the flat prior VV = V/ for all three methods. We observe that it is hard to distinguish the methods

since most particles are in their local modes by themselves.

C.7.4 UCI Regression

The UCI data sets are licensed under Creative Commons Attribution 4.0 International license (CC BY
4.0). Following Lakshminarayanan et al. [2017], we train 5 one-hidden-layer neural networks fy with
50 hidden nodes for 40 epochs. We split each data set into train (81% of samples), validation (9% of
samples), and test set (10% of samples). Based on the best hyperparameter runs (according to a Gaussian

NLL) found via grid search on a validation data set, we make the following choices:
* Loss: £(0) = &+ S0 (fo(an) — yn)? where {z,, yn}szl are paired observations.
e Prior: P ~ N(0,1)

o Initialisation: Kaiming intilisation, i.e. for each layer [ € {1,...L} that maps features with

dimensionality n;_; into dimensionality n;, we sample Q; o ~ N (0, 2/n;)
* Reg. parameter: A\prz = 1074, Aprre = 1074, NDRLE = 1072
 Step size: n = 0.1, Iterations: K = 10,000

» Kernel lengthscale, o, is chosen according to the median heuristic [Garreau et al., 2017] based on

samples from the prior P

C.7.5 Compute

While the final experimental results can be run within approximately an hour on a single GeForce RTX
3090 GPU, the complete compute needed for the final results, debugging runs, and sweeps amounts to

around 9 days.
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D| Bayesian Inference in Function Space via the Wasserstein

Gradient Flow

D.1 Technical Background

D.1.1 Reproducing Kernel Hilbert Spaces
Let X’ be non-empty set and F (X', R) be the set containing all functions f : X — R.

A Hilbert space (H, (-,-)) with H C F(X,R) is called Reproducing Kernel Hilbert Space (RKHS) if
and only if the pointwise evaluation functionals 7, : H — R, f + f(z) are continuous for all z € X

A function k£ : X x X — R is called kernel, if the kernel matrix k(z1.n5, z1.8) := (k:(xn, xn/))g ,_, €

n'=1

RVXN g positive semi-definite for all z1.5y € X N and N € N.

Moore-Aronszajn theorem [Aronszajn, 1950] states that, for every RKHS H, there exists a kernel
k: X x X — R with the property that k(z,-) € H and m,(f) = (f,k(x,-)) forall z € X. The
functions k(x,-) : X — R are called canonical feature maps and the property f(z) = (f, k(z,-)) is

called reproducing property.
Conversely, for any kernel & we can construct a Hilbert space H C F (X, R) as closure of Hy defined as
N
Hy = {Zank(xn,-)\aneR, anX,NEN} (D.1)
n=1

with respect to norm induced by the inner product (EnNzl ank(zy, ), Zﬁle Brk(ZTn,-)) == fon/:l Bk (T, Tpr)
for all o, B € R, 2, T, € X and N € N. The Hilbert space constructed in this way is an RKHS with
kernel k£ [Wendland, 2004, Theorem 10.10].

Additional details about RKHS can be found in Berlinet and Thomas-Agnan [2004], Wendland [2004] and
Steinwart and Christmann [2008]. Furthermore Scholkopf and Smola [2002] and Hofmann et al. [2008]

describe how the theory of RKHS can be used in the context of machine learning.
D.1.2 Gaussian Random Elements and Gaussian Measures

Let (Q, A, P) be the underlying physical probability space and (H s (e )) a (separable) Hilbert space.

The measurable mapping F': @ — H is called Gaussian Random Element (GRE) in H if (F, h) : Q@ — R
is a Gaussian random variable for all h € H ! [Van Neerven, 2008, Definition 4.1]. If F'is a GRE then

'In this context a Gaussian random variable X ~ A(y,0) is defined as Dirac measure at ;1
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E[||F||?] < oo [Van Neerven, 2008, Theorem 4.3] and we can define the mean element E[F] € H and

the covariance operator C[F| : H — H via

E[F] := /F(w) dP(w) (D.2)

ClF)h = / F(w)(F, h) dP(w) — (m, hYym (D.3)

for g € H, where the integrals are understood as Bochner integral. By standard rules for Bochner
integrals, one obtains (E[F], h) = E[(F, h)], (C[F]h, g) = C[(F, h), (F, g)] and consequently (F, h) ~
N ((E[F], h), (C[F]h, h)). The covariance operator C[F] : H — H is a positive, symmetric, trace class
operator [Da Prato and Zabczyk, 2014, Proposition 2.16]. Conversely, for a given mean element m € H
and given positive, symmetric, trace class operator C' : H — H there exits a GRE F' : ) — H such that
E[F] = m and C[F] = C [Da Prato and Zabczyk, 2014, Proposition 2.18]. We write F' ~ N (m, C') for

a GRE with mean element m and covariance operator C'.

A probability measure P defined on the Borel o-algebra B(H) is called Gaussian measure if and only the
push-forward measure T#P : B(R) — [0,1], B — T#P(B) := P(T~!(B)) is a Gaussian measure on
B(R) for all bounded, linear functionals 7" : H — R. Notice that by Riesz representation theorem every
bounded, linear functional 7' is of the form T" = (-, h) fora h € H. Hence, by definition, if F': Q@ — H is
a GRE then the push-forward measure F'#P is a GM. Consequently, the statements about GREs outlined

above carry over to GMs mutatis mutandis.

Bogachev [1998] is the authoritative source on Gaussian measures and discusses their properties on
general Fréchet spaces. Gaussian measures on Banach and Hilbert spaces are described in Da Prato and

Zabczyk [2014]. Van Neerven [2008] discusses Banach space valued Gaussian random elements.

D.2 Wasserstein Gradient Flow in P,(H)
Let (H, (-,-)) be a separable Hilbert space and
Pater) = {5 B01) = 0.11] [ [l dn(a) < o0} (D.4)

be the space of Borel probability measures on B(H ) with finite second moment. Here 5(H) denotes the

Borel o-algebra on H. Define further for () € P2(H ) the Bochner spaces

2@ = {11 r] [ (1) a0 < x| (D.5)
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L*(Q;H) := {f :H — H | /(f(u),f(u)) dQ(u) < oo} (D.6)

where functions are identified ()- almost everywhere.

We are interested in calculating the Wasserstein gradient flow for

L(Q) = /H £(w) dQ(u) + KL(Q, ), .7

Q € P2(H) where ¢ : H — R is a Fréchet differentiable function , IT = A(0,C) is a Gaussian
measure on H with covariance operator C' : H — H (cf. Appendix D.1.2) and KL the Kullback-Leibler

divergence defined as

d
KL(Q.10) = [ 1og (% ) () dQ(w (D.8)
for () dominated by IT where d@ /dII denotes the corresponding Radon-Nikodym derivative and KL(Q, IT) =

oo otherwise.

The first step in deriving the Wasserstein gradient flow is to calculate the Wasserstein gradient. We present
a definition for the Wasserstein gradient below which is taken from Figalli and Glaudo [2021, Definition
4.2.2] adjusted to the Hilbert space case. A more general definition can be found in Chapter 11.1 of
Ambrosio et al. [2005].

Definition D.2.1. Let L : Po(H) — [0, oo] be a functional. The Wasserstein gradient at () is the unique

element ¢ € L?(Q; H) (if it exists) such that

%‘t:OL(Q(t)) = / (p(u),v(u)) Q(du) (D.9)

for all smooth curves (Q(t)) C P2(H) with Q(0) = Q and tangent vector (explanation below)

te(—e,e)
v e L*(Q; H)att = 0. We write Vi L[Q] : H — H for the Wasserstein gradient ¢ at Q if it exists.

We will now discuss how to construct a curve (Q(t)) C P2(H) at Q with tangent vector v. Let

te(—e,e)
u(t; up) € H be the solution to the ODE

u(0) = ug (D.10)

u'(t) = v(u(t)) (D.11)

for t € (—e, €) with given initial value ug € H. We assume that v € L?(Q; H) is regular regular enough

such that a solution exits for small enough € > 0. Then (Q(t))te(_6 o C Po(H) with Q(t) := u(t; ) #Q
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is a smooth curve in L?(H) with tangent vector v at Q) € Po(H).

Indeed, it suffices to show that (D.9) holds for all curves constructed via (D.10) and (D.11) [Ambrosio

et al., 2005, Theorem 8.3.1].

Theorem D.2.2. The Wasserstein gradient for L in (D.7) is given as
Vw LQ](u) = Dl(u) 4+ Dlog(dQ/dIT)(u) (D.12)

forallu € H and Q) € P2(H) dominated by 11 = N (0, C'). Notice that L(Q) = oo whenever Q is not

dominated by 11 and in this case the Wasserstein gradient is undefined.

Proof. Let (Q(t)) be the curve constructed in (D.10) and (D.11).We denote by ¢(t) := dQ(t)/dII the
Radon-Nikodym derivative of Q(¢) with respect to IT which exists for regular enough v in a small
enough neighbourhood around ¢ = 0. We sometimes write ¢(t, u) instead of ¢(¢)(u) to avoid cluttered

notation. Thank

We start the proof by deriving an equation for the time evolution of ¢(¢). The Hilbert space version of the

Fokker-Planck equation (FPE) [Da Prato and Zabczyk, 2014, Section 14.2.2] states that

% (1) dQy (1) = / (v(u), Dip(u)) dQy(u) (D.13)

for all ¢ € CZ(H). For the LHS of the FPE we have

% o(u) dQi(u) = /(p(u)atq(t,u) dIT(u) (D.14)

and for the RHS of the FPE we obtain

[ (v, De(w) dastu) = [ (vt0), Dew)alt,u) ditfa) (D.15)
—/<v(u)q(t, u), Dip(w)) dII(u) (D.16)
_ / T (D[o(wa(t, w)]) () dIT(w) D.17)
+/<C’1u,v(u)q(t, ) Y(u) dII(u) (D.18)

where the last equality holds due to the integration by parts (IBP) formula for Gaussian measures on
Hilbert spaces [Da Prato, 2006, Lemma 10.1 and Section 10.4] for regular enough v. Here Tr denotes the

trace operator and all Fréchet derivatives are with respect to the u-variable. Technically speaking D is
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the Friedrichs operator introduced in Section 10 of Da Prato [2006]. However, we will always assume
Fréchet differentiability of all quantities involved and in this case D coincides with the Fréchet derivative.

Combining both calculation gives the equality

/ p(u)0rq(t, u) dll(u) (D.19)
:/—Tr (D[v(w)q(t,w)]) e(u) dH(u)+/<C’_1u,v(u)q(t,u)><p(u) dTT(u) (D.20)

for all regular enough test functions ¢ : H — R and consequently
dq(t,u) = —Tr (D[v(u)g(t,u)]) + (C  u, v(u)q(t, u)) (D.21)

holds for all w € H and all ¢ in a small enough interval around ¢ = 0. Also note that ¢(0, -) = ¢ := dQ/dII

by construction.

We will now calculate the Wasserstein gradient for L at ). By standard rules for Radon-Nikodym

derivatives we obtain

/ C(u)g(t, u) dIT(u) + / log gy ()gs (1) dTT(x) . (D.22)
i
We calculate for (a)
/ C(w)g(t, u) dIT(u / () Dg(t, ) dTT(u) (D.23)
= /f(u) (=Tr (D[v(u)g(t,w)]) + (C ™ u,v(u)q(t,n))) dll(u) (D.24)
_ / (D), v(w)g(t, w)) dII(w) (D.25)
- / (D), v(w)) dQu(w), (D.26)

where the second equality follows from (D.21) and the third euality from IBP. For (b) we calculate

o7 log q¢(u) g (w) dII(u) (D.27)
- / Drg(t, u)(1 + log () dTT(u) (D.28)
= / (=Tr (D[v(u)q(t,w)]) + {C'u, v(u)q(t,u))) (1 + log g:(u)) dll(w) (D.29)

= / <D(1 + log qt(u)),v(u)q(t,u»dﬂ(u) (D.30)
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= [ (DUog (w),v(w)) d@s(u) (D.31)

where we again use (D.21) and IBP. We put the calculation for (a) and (b) together and obtain

d

£L(Q(t)) = / (Dl(u) + Dlog g:(u), v(u)) dII(uw). (D.32)

We evaluate the RHS of (D.32) for ¢ = 0 and see that the Wasserstein gradient at () is given as
Vw L[Q](u) = Dé(u) + Dlog q(u) (D.33)

for u € H with ¢ = dQ/dII. Note that this is precisely what we would expect from the finite-dimensional

case. O]

The next step is to identify a suitable stochastic process (F(t)) with F(t) : @ — H such that Law[F(t)] =
Q(t) where Q(t) is the WGF at time t.

Theorem D.2.3. Let (F (t)) be the solution (which we assume exists, see Hairer et al. [2007b] or

te[0,T)
Da Prato and Zabczyk [2014] for conditions) to

F(0) ~ Qo (D.34)

dF(t) = — (DL(F()) + CTIF(t)) dt + v2dW (1) (D.35)

fort € [0, T] where Qo € Pao(H) is given, C~" is the inverse of the covariance operator C and (W (t))
a cylindrical Wiener process. Then Q(t) := Law[F ()] follows the Wasserstein gradient flow for L in
(D.9) and starts at Q.

Proof. Recall that the loss L in (D.9) for all () dominated by II can be written as
L(Q) = KL(Q,II*) + const. (D.36)

where I1* is the Bayesian posterior [Wild and Wynne, 2022]. Recall further that by Bayes theorem

dire - plylu)
e (u) = o) (D.37)

for all w € H where p(y|u) is the likelihood function, p(y) = [ p(y|u) dII(u) the marginal likelihood and
l(u) := —log p(y|u) as introduced in the main text. Note that IT* is log-concave in the sense of Definition

9.4.9 in Ambrosio et al. [2005] as long as ¢(u) is convex [Ambrosio et al., 2005, Theorem 9.4.11]. We
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will assume ¢ to be convex from now on which is typically true for functional losses. Theorem 11.2.12 in
Ambrosio et al. [2005] implies that the Wasserstein gradient flow (Q(t)) for L exists and further that the

Radon-Nikodym derivative of Q)(¢) with respect to IT* exists and that p; := dQ(t)/dIT* satisfies

T
/O /H Orp(t,u) — (D log py(u), Dip(t, u)) dQy(u) dt = 0 (D.38)

for all test functions ¢ : [0, 7] x H — R. We want to rewrite this equation in terms of ¢(¢) := dQ(¢)/dlIlL.
First note that ¢(t) exists since II and IT* are equivalent in our case [Ghosal and van der Vaart, 2017,

Section 1.3]. We further have by the chain-rule for Radon-Nikodym densities

log py(u) = log(dQ(t)/dII*)(u) (D.39)
= log g¢(u) + log(dIT/dIT*)(u) (D.40)
= log g:(u) — log(dIT* /dIT) (u) (D.41)
= log g¢(u) — log p(y|u) + log p(y) (D.42)
=logqi(u) + £(u) + log p(y). (D.43)

We plug this into (D.38) and obtain the dynamics for ¢(t) as

T
/O /H Onp(t 1) — (Dlog gy (u) + DE(w), Dep(t, u)) dQy () dt = 0. (D.44)

Since Dlog q; + D¢ = Vy L[Q(t)] (cf. Theorem D.2.2) we conclude that ¢(¢) indeed satisfies (6.2) and
therefore follows the WGF.

However note that every solution to (D.44) satisfies (differentiate w.r.t. to time)?

/ (u)dQy / (Dlog gs(u) + De(u), Dib(u)) dQ:(u) (D.45)

for all ¢ and all test functions v : H — R. The RHS of (D.45) is equal to

- /H (D log gu(u) + Dé(u), Dp(u)) dQs(u) (D.46)
- [(Detw). Dow)au(a [ (D1oga(w), Du(w) dutw (D.47)
— [(Dttw). Do) du(u [ (D), D) ditw (D.43)

- [(Dtw), Dow)iQuw + / T [D20(u)] d@i(u) - [ (C7u, Do(u)dQu(w) D49

The reverse may be easier: Multiply both sides of (D.45) with a test function and then integrate with respect to time. This
gives (D.44).
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where the last equality follows from integration by parts for Gaussian measures on Hilbert spaces [Da Prato

and Zabczyk, 2002, Lemma 11.1.9]. We combine (D.45) and (D.49) to obtain
d
7 /w(u)th(u) = /Atw(u)th(u) (D.50)
where A4, is the Kolmogorov operator defined as
Aip(u) = Tr[D*P(u)] + { — Dl(u) — O u, Dy(u)). (D.51)

We recognise (D.50) as the Fokker-Planck equation (FPE) associated with the solution to (D.35) (see
Chapter 14.2.2 of Da Prato and Zabczyk [2014] or Bogachev et al. [2008,0] for earlier references). Note
that any solution (Q(t)) to the FPE solves (D.44) by reversing the above argument. As a consequence
(Q(t)) satisfies the WGF if and only if it is a solution to the FPE. We can therefore simulate the SDE
(D.35) in order to follow the WGF. O

D.3 The Moments of the Posterior Measure

Our Bayesian model consist of:
* A prior measure IT € Py(H)

* A likelihood function p : RY x H — [0,00), i.e. pis B(RY) ® B(H)- B([0, c0)) measurable and

there exists a measure ;1 € P(RY) such that

/p(ylf) du(y) = 1. (D.52)

According to Bayes’ theorem, the posterior II* exists and has a Radon-Nikodym derivative with respect to

the prior II given as

dir . pylf)
i (f) = () (D.53)

where p(y) := [p(y|f)dII(f). By definition of the likelihood function, we know that y(A) :=

[ap(y) du(y), A € B(RY), is a probability measure. We can now state the theorem.

Theorem D.3.1. The Bayesian posterior satisfies I1* € Po(H) for y-almost every y € RV,

Proof. Let (Q, A, P) be an (sufficiently large) underlying probability space and F': Q@ — H,Y : Q —
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RY two measurable mappings such that F#P = II, Y #P ~ ~ and

P(Y € AIF = f) = /A p(ylf) d(y) (D.54)

forall A € B(RY), f € H. By the above construction, the claim of Theorem D.3.1 holds if and only if
E[||F|P]Y =y] < o (D.55)
for y-almost every y € R . However, we know by the tower-property of expected values, that

E[|F|[] = / E[|[FIPIY = y] dy(y). (D.56)

Since E[||F||?] < oo by Fernique’s theorem [Da Prato and Zabczyk, 2014, Theorem 2.7], we can

immediately conclude that E[||F||>|Y" = y] < oo for y-almost every y € RY. O

Remark D.3.2. The proof above is identical for finite-dimensional parameters. However, we felt that

including an infinite-dimensional version may still provide some additional benefit.

Furthermore, the result can easily be generalised to arbitrary moments, in the sense that, for a fixed [ € N,

it holds that E[|| F||'] < oo implies E[||F||'| Y = y] < oo for y-almost every y € RY.

D.4 Gaussian Random Elements with Values in the RKHS

In this section we prove the existence of a GRE F' : 2 — Hj, with covariance operator C' : Hy, — Hy,
defined in (6.9). This allows us to effectively parameterise RKHS valued GREs via the kernel k£ from the
RKHS H = H;,.

Lemma D.4.1. Let k : X x X — R be a positive, symmetric and continuous kernel on a compact metric
space X and H = Hy, the associated RKHS. Let further v € P(X) be a Borel probability measure
with full support and assume that [ k(z,x)dv(z) < co. Then there exists a Gaussian random element

F ~ N(0,C) in H with covariance operator C : H — H given as
Cf= [ k(,2")f(2)dv(z). (D.57)
Proof. Let

L*(1,R) := {f X SR /(f(:p))Qdy(:c) < oo} (D.58)
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be the space of equivalence classes of v-almost everywhere identical square-integrable functions with
inner product denoted by (-, -)2. Define Ty, : L*(v,R) — L*(v,R) ‘as Ty f = [k(-,2')f(2") dv(a).

Note that T}, and C have the same functional form but are defined on different spaces.

Under the assumptions on k we know that T}, is self-adjoint, compact operator and therefore the spec-
tral theorem guarantees the existence of an orthonormal basis {b,}°>°; C La(v,R) and eigenvalues

{An )02, C Ry such that

Tif = Anlf,bn)2bn (D.59)

n=1

where the sum converges in L?(v, R). We can now define S : £2(v,R) — Hj, via
SF=> VAulf,bn)2bn. (D.60)
n=1

It is well-known that S an isometric isomorphism between L?(v,R) and H, [Steinwart and Christmann,

2008, Theorem 4.5.1]. In particular this means

(Sf,89) = (f,9)2 (D.61)

forall f,g € L*(v,R).

According to Theorem 1 in Wild et al. [2022], there exists a GRE G in L?(v, R) with G ~ N(0, T},). Our

goal is now to show that F' := Sj o GG is a Gaussian random element in H}, with covariance operator C.

Lemma 5.6 in Kukush [2020] implies that F' is a GRE in H}, with covariance operator S7}.S* where S*

is the adjoint operator of S. It remains to show that C' = ST}, S™.

First, note that S* : Hy — £?(v,R) is characterised by satisfying
(Sbi,bj) = (bi, S™bj)2 (D.62)
for all (i,7) € N? since {b,,}22 is an orthonormal system in Hj. By construction, we know that

Sb; = /\;bj and therefore

1
LSy, 5b) =
Aj Aj

(Sbi, b;) = (bi, b2 (D.63)
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where the last equality follows from the isometry property of .S. Combining (D.62) and (D.63) leads to

1
(biy S*bj)o = ——=(bi, bj)2 (D.64)

SN

for all (4, j) € N? and therefore S *bj = ﬁbj for all j € N. It now follows immediately that
J

1

(STRpS™)b; = \ﬁSkaj = Ajb;. (D.65)
J
On the other hand, we have
Cbj = Tibj = \;b; (D.66)

for all j € N by the spectral theorem and therefore C' = ST}, S* by density of {b,}>°, in Hy, as

claimed. O

We show that F' naturally induces a Gaussian process G albeit with a new kernel r which is a smoothed

version of k.

Lemma D.4.2. Let F' ~ N (0, C) be the GRE in the RKHS H = Hj, with covariance operator C' defined
in (D.57) (cf. Lemma D.4.1). Define G(z) := (F,k(z,")) and G := {G(z) : € X}. Then G is a

Gaussian process with kernel r given by
r(z,2') = / k(z,2)k(z,2") dv(z) (D.67)

orallz,x' € X.
Jf ;

Proof. The process G is a GP with kernel r if and only if G(X) ~ N (0,7(X, X)) for all X =

(x1,...,2n) € XN. The later is by definition equivalent to
aT'G(X) ~ N(0, 0T r(X, X)a). (D.68)
for all & € R™ which we will prove hereafter. Let now o € RY and X = (z1,...,2x) € XV arbitrary.
We then have
N
a"G(X) =) (G, k(zn, ) (D.69)
n=1
N
= (G, ank(wn,")) (D.70)
n=1
=:h

165



where the first equality follows from the reproducing property and the second by bilinearity of the scalar
product. By definition of GREs (cf. Appendix D.1.2), we infer from (D.70) that o G(X) is Gaussian

random variable and it’s variance is given as
N
V[a"G(X)] = (Ch,h) = > anaw(Ch(zn, "), k(zw,")). (D.71)

n,n'=1

By standard rules for Bochner integrals, we further obtain

(Ck(zn,"), k(zy,")) = </k(~,z)k(z,mn)dv(z),k(xn/, )> (D.72)
- / ((-, 2), (s, ) Yh(z, 20) di(2) (D.73)

= /k(z, T )k(z, 2y) dv(2) (D.74)
= 1r(Tp, Tpnr) (D.75)
forall n,n’ = 1,..., N which proves the claim O]

Remark D.4.3. This kernel r was already proposed in in Section 3.1 of Filippi et al. [2016] in an effort to
construct a Gaussian processes with sample paths that lie in the RKHS H = Hj. Our derivation gives a
natural interpretation of the corresponding GP as being derived from a GP with sample paths in L?(v)

which is equipped with additional smoothness by virtue of the isometric isomorphism .S in (D.60).

D.5 The Influence of the Measure v

The Gaussian process GG constructed in Lemma D.4.2 has kernel r given as

r(z,2') = /k(w,s)k(s,x')du(s) (D.76)

for all 2, 2’ € X. In principle any Borel measure v € P(X)? which satisfies the conditions in Lemma

D.4.1 leads to a valid GRE in H..

One idea is therefore to choose a combination of &k and v such that r can be calculated analytically. This
strategy was proposed previously [Cialenco et al., 2012, Filippi et al., 2016] and can be very effective.
However, it severely restricts the class of available kernels & since few kernel exists that lead to a tractable

expression in (D.76).

3In fact v is only required to be finite and does not need to be a probability measure.
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Alternatively, we can choose a probability measure v € P(X’) from which which it is easy to generate

samples Xl,...)?N

¢ ~ v where Ng € N is the number of samples. This leads to the Monte Carlo

estimator
1 1 Js
r(z, ) ~ —k l’,)?k‘)?,$l = — k(x,Zp)k(@y, 2’ D.77
() b KRR = 0 b Bk ) 077

for 7 where X := ()Afl, e X’Ns).

We now want to illustrate that the kernel effectively becomes useless, if the input data distribution, i.e.
the law of X1, ..., Xy deviates strongly from v. To this end, assume that we use a squared exponential

kernel k£ with
k(z,2') =exp (— |z — :U'|2) (D.78)

for z,2’ € R. Assume further that the data is given as Xi,..., Xy ~ AN(0,1). We now choose

v = N(10,1) and generate samples )?1, - ,)?N

¢ ~ v. Take now two points x,z’ which are in a

high-density region of N'(0,1), e.g. z = 0 and 2’ = 0.5, then
r(z,2') = [exp (=€ = 0.5 — §|2)} ~ 1310748 (D.79)

where § ~ v = N(10, 1). Put differently, a kernel matrix based on r would be extremely uninformative.

This is why we choose v = S

n—1 0z, Or an approximation based on sub-samples of z1, ...,z inall

our experiments.

D.6 Langevin SDE in ONB Representation
The time evolution of the SDE in H is given as (cf. Theorem D.2.3)
dF(t) = — (DL(F(t)) + CT'F(t)) dt + V2dW (t) (D.80)

fort € (0,7] and F'(0) = Fy with Fy € H given. Define now F"(t) := (F(t), em) where { A\, e }o0_;
is the spectral decomposition of the covariance operator C' in (6.9). Define ¢ : H; — R with ¢(f) :=
(f, em) and by linearity it’s Fréchet derivatives are given as Dé(f) = e, and D?¢ = 0 and consequently
by Ito’s rule [Da Prato and Zabczyk, 2014, Chapter 4.4] we obtain

dF™(t) = dp(F(t)) (D.81)
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= —(DL(F(t)) + CTLE(t), em)dt + V2d(W (1), em) (D.82)
= —(DLU(F(t)),em)dt — (CTIF(t), em)dt + V2d(W (t), em). (D.83)

Recall, that our loss / is of the form (6.6) and we therefore can simplify further as

Mz

dF™(t) = (02) (Y Fr(n) ) k(s ), em)dt — (F(t), C ep)dt + V2d(W (t), em)  (D.84)
n=1
3 @ PN gt + vaap™
(; 2¢) (Yns Fy xn))em(xn)JrY) ¢+ V2dB™ (1), (D.85)

where we used the reproducing property and that C~! is self adjoint. Note that B™(t) := (W (t), e,)
(m =1,..., M) are stochastically independent Brownian motions by standard properties of the cylindrical

Wiener process [Da Prato and Zabczyk, 2014, Chapter 4.1.2].

D.7 The Nystrom Method

The Nystrom method [Williams and Seeger, 2001] is designed to approximate eigenvalue-eigenfunction

pairs { Ay, b, }72; of the kernel integral operator T}, : Lo(v; R) — La(v; R) defined as

Tof = / k(- 2V F (') dv(a) (D.86)
which we introduced in Appendix D.4. For Xy, ..., Xy independent samples from v, the Nystrom
method calculates the spectral decomposition of %k‘(l’l; Ny T1.N) = % (k:(xn, xn/))gn,zl RNVXN ag

1 T
Nk(lUl:Naxl:N) = VAV (D.87)

where V = (vy]. .. |vy) and A := diag(A1, ..., Ax). Then

bn(x) i= —=v, k(x;,x

approximates by, (x) and Xm approximates \,, [Williams and Seeger, 2001].

However, C has the same eigenvalues as 7}, and the eigenfunctions are related [Steinwart and Christmann,

2008, Theorem 4.51] with e,, = ﬁnbn. We can therefore use

Th(X, ) (D.88)

Un
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as approximation for e,,.

In many cases, using all available data X1, ..., Xy would be computationally prohibitive since the spectral
decomposition in (D.87) costs O(N?). However, for typical kernels, such as the squared exponential, the
eigenvalues decay very rapidly and only the first few eigenvalues contribute meaningfully to explain the
data. We can therefore chose a subsample 21, ..., zpr of x1, ..., xn and apply the Nystrém method for
210 = (21, .., 20) where M < N which leads to O(M?3) costs. We describe a heuristic in Appendix

D.14 for choosing z1..

D.8 Sufficiency of Nystrom Projections

Let F' ~ N(0,C) be a GRE and Y1.y ~ ~ be two random mappings such that (cf. Appendix D.3 for a

construction)

P(Yi.n € A|[F = f) = /Ap(ylszﬁ dp(y1:n)- (D.89)

We assume that the negative log-likelihood is of the form

N
—logp(y1.n|f) = Zc Yn, f(xn)) + const. (D.90)
n=1

We define ¢ : RN — Ras ¢(f(z1.n)) := exp(— 27]1\[:1 ¢(Yn, f(xy) — const.). Then it holds that
P(F(z*) € B|yin, F'™N) = P(F(a*) € B| F:N) (D.91)
for all * € XM and Borel sets B C R+, Furthermore, if v = ~ ZN 1 9z, then we have

o = Law [Py ] = % /( | exp(— Vo (1)) d (D.92)

where Z := [ exp(—Vao (1)) du and Vs : RY — R given as

N N
YA/OO(u) = Z c(yn, Z €m(xn)um) + %uT/AX_lu. (D.93)
n=1 m=1

with A defined in Appendix D.7.
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Proof. Recall that F1:V = ((F,&),...,(F, €N>)T with

en(z) = AT/{X va x, i), (D.94)

where v,, = \/#Tvn € RV (cf. Appendix D.7). We now want to show that the orthogonal projection
ﬁ[ fl1= 25:1 (f,€en)en is exact for all data points 1, . . ., xy which were used in the Nystrom method,

ie f’\r[f](mn) = ap, foralln =1,..., N. To this end, we define kx (-) = (k(z1,),...,k(znN, ))T and

calculate
. N
Pr(f)(zn) = > _(f,&)ei(wn) (D.95)
i=1
N
= 0] f(w1n)0] kx (xn) (D.96)
i=1
N
= fann)" (Do 0T hx () (D.97)
i=1
— f(;z; . )T<i i\[: iU,U.T>k (x ) (D.98)
1:N N - AZ 1U; X \Ln .
= f(er.n) k(zin, 21n) ex (2) (D.99)
= f(xn), (D.100)
foralln =1,..., N. This can equivalently be expressed as
N
flaun) = Prlf)(zin) = Y (f.@) @lin) (D.101)
i=1 H’:/
=:f

for all f € Hj. Consequently, we have
N
pyinlf) = (Z @) (D.102)

and conclude that the conditional density of Y7.5 given F' = f is a measurable function of F:N . We
now write p(f(a:*)|f1:N, y1.n) for the pdf of F(z*) given (F', Y1.y) = (leN, y1.~) and similarly for

other marginal and conditional distributions involved and obtain

p(f@) N, y) =2 plfa )if ML) (D.103)

p(f,y)
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71:N 71:N
{V Jp(177) (D.104)

Here, we notice that p(y1.n|f(z*), fl:N) = p(y1:N|f1:N) because p(y1.n|f) is a measurable function of

1N and consequently we obtain

p(F(@) N, yn) = p(f ()| F5N) (D.105)

which shows (D.91). It remains to show (D.92). However, analogous to what we do in in Appendix D.10,

it is easy to show that (6.14) is a Langevin diffusion with potential
N N 1
Voo(u) := Z c(yn, Z €m(azn)um) + §uTA_1u. (D.106)

Consequently, we immediately infer that 7, o exp(—‘A/OO) which proves the second equality in (D.92).

Furthermore, it follow from (D.102) that

N
—logp(y| /1Y) = —log (D [™em(z1.n)) (D.107)
m=1
N N R
= ey, > Emlan) ™) (D.108)
n=1 m=1

and for the prior we know that 1N ~ A (O, ((Cem, €m/>)N m,:1> by definition of a GRE. By def-

m,

inition, vy, is the eigenvector of %k(mlzN,xlzN) with eigenvalue )\, and further r(z1.n5,21.8) =

%k(xlzN, r1.y)2 duetor = zfj:l 0z, which leads to

<Cé\ma/€\m’> = ij\gr(xl:Naxl:N)b\m’ (D.109)
1 _
= Nvﬁ(k(xw,xlw))?vm/ (D.110)
1 1
= fvﬁ(ﬁk‘(wmv,xlw))%m/ (D.111)
ik
= O (D.112)

where d,, ,,,y denotes the Kronecker delta. As a result, we have by Bayes theorem

PRy, (Uly1:n) o exp (logp(yuvlﬁw =u) + 10gpﬁ1:N(U)) (D.113)
N N 1o
= exp ( — Zc(yn, Z gm(:nn)um) — iuTA_1u> (D.114)
n=1 m=1
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which proves the claim. O

D.9 Matheron’s Rule for Gaussian Random Elements

Matheron’s rule [Journel and Huijbregts, 1976, Wilson et al., 2020] is a simple trick to sample a conditional

Gaussian. Let (U, V) ~ N (u, ) with

by by
o= 1210) 5 uu uv (D.115)

1A% Yvu Yvy

Then U|V = v ~ U + SovEp (v— XN/) where (17, ﬁ) ~ N (p, X) is independent from (U, V). In other
words: We can transform a sample from the joint distribution of (U, V') into a sample of the conditional

distribution U |V = v.

We want to use Matheron’s rule to generate samples from F/(X*)|F1'M = 4 where X* € XV is a set of
input locations. Since F' ~ N (0, C) is a GRE, we know that (F(X*), F**) is jointly Gaussian with

mean zero and covariance matrix

R C[F(X*),F(X*)] C[F(X*), F:M] ‘ D.116)
C[FLM,F<X*)] C[FLM’FLM]

We calculate the relevant covariance matrices as
C[F(X*),F(X*)] =r(X*, X") C[F"M, F'M] = A (D.117)
where A = diag(A1, ..., Ays) and 7 is the kernel defined in (6.10). Further, we have
ClF™, F(x})] = (Cem, kay, () = Am{em, koz (4)) = Amem(a7,) (D.118)
forallm=1,...,M,n=1,..., N* and consequently
C[F"M F(X*)] = Ae"M(X*) € RM*N- (D.119)
where (M (X*)),, n = e (x}). Matheron’s rule therefore takes the form

FXH)|FEM =y~ U + M (X (0 — V) (D.120)

for all u € RM with (U, V) ~ N(0, R). Naturally, we do not have access to e (X*), A and R. We
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therefore use the corresponding approximations

R ?(X*,X*) é\l:M(X*)TK
R:=|_ R , (D.121)
Aé\lM(X*) A
where A and EM(X*))m = Em(x) (m=1,...,M,n = 1,..., N,) are obtained from the Nystrom
approximation based on the samples Z := z1.s (cf. Appendix D.7). The kernel matrix is approximated
via

FX*, X*) ! kX", X)k(X, X" (D.122)

TNAM
with X := (X*, Z) € AN-+M Notice that inclusion of X* in X leads to 7(X*, X*) having full rank
N*.

D.10 Asymptotic Analysis of Projected Langevin Sampling

Let I' ~ N(0,C) be a GRE and assume that — log p(y|f) = x(f(z1.n)) for a function £ : RV — R.

Let further (ﬁlZM (t)) o be the solution to the SDE whose components are given as
t2

m

N nm
dF™(t) = — (Z(@n&v)(Pr[F(t)](xlzN)>€m(:Cn) +F 3 (t>> dt +2dB™(t), (D.123)

n=1

where Pr[F'(t)] = Z%Zl ﬁm(t)em. Notice, that for £ (f(z1.n)) = 25:1 ¢(Yn, f(zn)) we recover

(6.14). We want to show that

FYMgy 2y o (D.124)
for t — 0o where 7 has the potential
Lory 1
Veo(u) = Uy (Mu(l‘l;]\[)) + FU Ay~ u+ const. (D.125)
for u € RM where p, (71.5) = v’ et (21.5) and Ap; = diag(Aq, ..., Ayr).

Proof. Let V4 be the potential above and note that, by the chain-rule, we have

N
O Vo (1) = > Ol (pu(21:7) ) em () + %m (D.126)
n=1 m
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where 0,,, denotes the derivative with respect to m-th coordinate. Let further VVyo = (01Vio, . . ., Onr Vo) ¥
be the gradient of V. We now immediately recognise (D.123) as Langevin diffusion for the potential V,

since it holds that
AF™(t) = =0,V (F¥M (1)) + V2dB™ (). (D.127)

It is well established [Roberts and Tweedie, 1996] that—under mild assumption on V' —the limiting distribu-
tion of (D.127) is given as 7. ]
D.11 Optimal Variational Approximation

We prove a slightly more general result. Indeed, we can derive the optimal variational distribution for
arbitrary inducing features U with U := ((F, hm>)7]\::1 € RM for set of functions {h1, ..., hy} C Hy.

Theorem 6.6.1 follows for the choice hy, = €,,, m = 1,..., M. Define now for 7 € Po(R™) the measure
Q-(A) = /IP’(F € A|U =) dr(u), (D.128)

for A € B(Hy) and the set Qyy := {Q, : 7 € Po(RM)} C Po(Hy). We can find a closed form

expression for the best posterior approximation in Qjy.

Theorem D.11.1. Define 113, as

I3, := arg min KL(Q, IT*) (D.129)
QEQm

where I1* is the Bayesian posterior. Then 1T} satisfies (D.128) with 7% o< exp(—V™*(u)) with

V*(u) = Ee [eN (tu(z1n) + \/E(xlzN)ﬁ)} + %((Ch, h)) o (D.130)

forall uw € RM. Here, & ~ N(0, 1)), and we define

pu(z1:n8) == C[F(21.8), UIC[U, U] u (D.131)
S(1:n) := C[F(21.n), F(21:n)] = C[F(21.x), UIC[U, U] 'C[U, F(z1.n)] (D.132)
(Ch, hY = ((Chomy B} )1y (D.133)

for all u € RM . Notice that by standard properties of the GRE these covariance terms can be expressed

in terms of the covariance operator C.
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Proof. Let () € Q) be of the form (D.128) with probability measure 7. By Theorem 4 in Wild and
Wynne [2022], we know that

KL(Q, 1) = Eq e (f(z1:n))| + KL(r, Ily) +log p(y) (D.134)

where I1;; is the prior law of U given as N'(0, (Ch, h)). Furthermore, we know that F'(X)|U is Gaussian

for every () € Q) by definition Qj;. We therefore know by standard properties of Gaussians that

F(z1.n)|U = u ~ py(z1:n8) + VE(z1:8)€ (D.135)

for fixed u € RM and a & ~ N(0, I;). We can therefore condition on U = u and use the tower property

of expected values to obtain

KL(Q,H*):/RM E¢ [EN(MU(:Q:N)—}—\/E($1;N)§)} dr(u) + KL(7, ) + logp(y).  (D.136)

We now define L(7) := [ ¢(u)dr + KL(7,IIy) with ¢p(u) := Eg [EN(,uu(acl;N) + \/E(SL‘LN)f)},

u € RM and 7 € Po(RM). From the above calculations, it then immediately follows that
min KL(Q, II*) = min L(7) + log p(y). (D.137)
QeQ T

However, the global minimiser of L is well-known and given as 7* o< exp(—V™*(u)) [Knoblauch et al.,

2019, Theorem 1] with potential

1 —1
V*(u) = ¢lu) —log L (u) = d(u) + 5 ((Ch, h>) . (D.138)

This proofs our claim. O

D.12 Optimality of Projected Langevin Sampling

Let {\,, e, }22 ; be the eigenvalue-eigenfunction pairs of the covariance operator C' with A\; > Ay > ...
and define F™ := (F,ep,),m=1,..., M and F**M := (F' ... ,FM)T. We simulate according to the
PLS algorithm and obtain 7, with potential V, as derived in Appendix D.10. The PLS approximation to

the posterior is defined as

I(A) = /]P’(F € A| F'"M = ) drog (u) (D.139)
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for A € B(H}). By construction, clearly MeQ M and so it is natural to compare II to the optimal

measure II3, of Theorem D.11.1.

Theorem D.12.1. Assume that —log p(y1.n|f) = {n(f(z1.N)) for a k—Lipschitz continuous (k. > 0)

and convex function {y : RN — R. Then, for fixed x1,...,xn € X, we have
. I€2 :‘Q2 0o N
KL (L, 113,) < S oSN = 5 > Am ) (em(zn))? (D.140)
m=M+1 n=1

Further, if X1, ..., Xy independently and identically distributed with v, then
~ Nk2 &
Exx [KL (I, H’}‘u)} <TEOY N (D.141)

Proof. Let II the Gaussian prior measure. Define the map ® : Hy — RM as &(f) := (f, et M) =

((f, em>)%:1. Then by construction we have
PHI = 7 and DHIT, = 7°. (D.142)

Furthermore II € Q means that I is dominated by the prior measure 1I and of the form [Matthews et al.,

2016, Wild et al., 2023]

dil, . d(®#I) L drw
dT-I(f) = m@(f)) = m(¢(f)) (D.143)
and similarly for 1173,
dily, . d(®#IIy,) dr*

I (f) = M(ﬂﬁ(f)) = m(¢(f)) (D.144)

for all f € Hy. Here Ap; := diag()\l, ..., A ), Consequently, we have by standard rules for Radon-

Nikodym derivatives that

dIl () = 4o
diry, M dr*

(o(f)) (D.145)

for all f € Hy. We can now calculate the KL-divergence as

KL(I, IT%,) = /H log( d%%)(f)dﬁ(f) (D.146)
= [ 1o () (ol dii(s) 0.147)
H
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= KL(Too, ")

(D.148)

(D.149)

where we applied the change of measure formula. It remains to find an upper bound for the KL-divergence

between the two probability measures 7., 7* € Pa(RM).

By Theorem D.11.1, we know that 7* has potential given as

V() = Be [ty (o) + VEGnE)| + 5 ((0nh)

where & ~ N (0, I). For h,, = e, the mean vector and covariance matrix can be calculated as

pu(T1:N) 1= (C[F(xl;N), UIC[U, U]
= <Ck901:N ()a 61:M> (<C€1:M, 61:M>)71u
= ele(xlzN)TAM(AM)_lu

el:M( )T

T1:N) U

and further

Y(z1.n) := C[F(z1.n), F(z1.n8)] — C[F(21:n), UJC[U, U] 'C[U, F(21.n)]

= r(z1n, 21.8) — "M (z10) T Ayt ™M (21.3)

where e'*M (21.y) := (em(wn))i\in:l € RMxN

Further, the potential of 7o is given as (cf. Appendix D.10)

1
Vo) = En(pul@rn)) + Ju" Agfu

(D.150)

(D.151)
(D.152)
(D.153)

(D.154)

(D.155)

(D.156)

(D.157)

where the second equality follows from the definition of £, and the calculations for 1,,(X). Due to the

convexity of £, we obtain from Jensen’s inequality

V() = B [t () + VE@n)6) | + 30" Agfu
Y (EE [ (21:8) + \/WE]) + %UTAjju
Voo ().

v

(D.158)
(D.159)

(D.160)

177



By Lemma 3 in Dalalyan [2017] this implies that
* 1 * 2
KL(7oe, ™) < 5B [IV*(U) = Vi (0)?]

where U ~ 7,,. We now calculate

o[V (U) = Ve U)] = Bur|Be[en (o (a1:0)) — Ex(pau () + VEE)]P]

< EyEe WN(MU(%;N)) — N (pu(z1:8) + \/iﬁ)ﬂ

< I€2EUE§ |:H\/§(1'1N)§)H2]
= WE[||VE(z1:0)6)||]

— KQtr[E(Cfl:N)]’

(D.161)

(D.162)
(D.163)
(D.164)

(D.165)

(D.166)

where the first inequality is due to Jensen’s inequality and the second inequality uses the Lipschitz

continuity of /.

We combine the results to obtain
~ 1
KL (IL, IT};) = KL(7e,7*) < im%r[z(xm)].

Furthermore, the trace can be simplified to

N M
@) = r(@nzn) = > Amtrlem(@1n) em(@1n)]
n;l n;l N
:Zr T, T, —Z)\mz em(xn))
n=1 m=1 n=1

Furthermore note that

r(z,x') = (Cky(), ky (+))

)\m<kx7 em> <kx’7 em>

M

3
I

M

Amem (T)em(z')
1

3
Il

for all x, 2’ € X'. We plug this expression back into (D.169) and obtain

] N
tr[E(ZUl;N)] = Z Amz em xn

m=M-+1 n=1

(D.167)

(D.168)

(D.169)

(D.170)

(D.171)

(D.172)

(D.173)
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Furthermore we know that for X,, ~ v it holds that

E[(em(Xa))?] = / (em ()2 di(s) (D.174)

= A, (D.175)

due to the isometric isomorphism S introduced in Appendix D.4. See also Steinwart and Christmann

[2008, Theorem 4.51]. We combine all calculations and obtain for fixed x1, . . ., xy the inequality
R K, [e%9) N
KL (I1,113,) < 5 _ZM: Z_: em(Tn)) (D.176)

and further for Xy,..., Xy ~v

~ Nk? & 9
Ex,.y | KL (I,115,)| < > (D.177)

which proves the claim. O

The assumptions that £, is Lipschitz continuous and convex is indeed often satisfies in practice. For
example, the binary classification loss with logistic link function introduced in Section 6.4.1 is both
convex and Lipschitz continuous [Steinwart and Christmann, 2008]. Unfortunately, the squared loss does
not satisfy Lipschitz continuity (even though it is convex), but in this case the PLS measure I actually

coincides with HTQ.

Lemma D.12.2. Assume that {n (f(xlzN)) = ﬁ“yl;]\; — f(x1.N)||%. Then 7o = 7* and consequently

Il = 113,

Proof. According to Theorem D.11.1 the potential of 7* is given as (h,, = e;,)

1
V*(u) = Ee [eN(uu (@1.8) + VE(@1y) 5)} o (L h>) u (D.178)
- ﬁEg [1Vin = pruann) + \/zmszu |+ §uTA;ju (D.179)

where & ~ N(0, I5r) and Ap; = diag(Mi, ..., Aar). Note that

Vin — pu(@1:n) + VE@LN)E ~ N (yin — pu(@1:8), B(z1:n)) (D.180)
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and so by Equation 378 in Petersen et al. [2008] we obtain

1
V*(u) = oS (z1n)] + 55 1Yin — pu(@en)|P + 0 Ay u (D.181)
20
1 _—
= 5oalVin = pu(z1n)[[* + ul Ajyfu + const (D.182)
1 N
= 552 Z(yn — pu(x))? + uT A u 4 const. (D.183)
n=1
= Voo(u) + const., (D.184)

where the last equality follows from i, (z1.n) = €M (21.5)"u which we calculated in (D.154). We
therefore conclude that V* and V., are the same up to an additive constant in dependent of « which

implies that 7 = 7.,. Since both II and IT;, are in Qs we immediately conclude that that = In;,. O

D.13 Projected Langevin Sampling for Other Inducing Functions

The idea of PLS can be generalised to inducing functions other than €M To this end, let now P : Hj, —

H ) be the orthogonal projection onto Hy; := span({hl7 e hM}) C Hg, h = (h1,...,hy) given as
Pf=h()"(h, k)~ (f,h)., (D.185)

where ((h, b)) m.m' = (hm, hiny) and ((f, h))m = (f, hum) forallm = 1,..., M. We first prove that P

is indeed given by expression (D.185).

Lemma D.13.1. The orthogonal operator P : Hy, — Hy is given by expression (D.185).

Proof. By definition of the orthogonal projection P onto H; satisfies

Lf = P()lx = argmin || f — gl[x, (D.186)

gEH M

where || - || is the norm induced by the RKHS inner product. Every element in g € H s can, by definition,

be written as

M
9(x) =Y tmhi(2) (D.187)
m=1
for o = (a1, ...,ay) € RM. Exploiting this fact leads to an finite-dimensional optimisation problem
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for a € RM with solution

o = (h,h) " (f, h). (D.188)
and hence P(f) = h(-)Ta*. O
The next step is to derive an evolution equation for the inducing features U := (Uy,...,Uy)” with

Un = (F,hp) (m=1,..., M) from the projected Langevin SDE which is given as

dF(t) = — (DL(P(F(t))) + CT F(t)) dt + V2dW (). (D.189)

Theorem D.13.2. Define U(t) := (F(t), hy,) then U(t) satisfies the SDE in RM given as
) 8

AU (t) = — h(X)(0ac) (Y, P[Fy)(X))dt — (CTLF(t), hydt + \/2(h, h)dB(t).

Here, we denote h(X) = (A (zn)) o € RMN (8y(Y, P[F)(X))), := 02c(yn, (P[F](X))n)s

m,n=1

PIE)(X) = MX)T(h,h)71U(t), (CTIF(t),h))m = (CTLF(t),hp)) form = 1,...,M, n =
1,...,N. Furthermore B(t) is a standard Brownian motion in R™ and +/(h, h) the square-root of

the matrix (h, h).

Proof. We apply Ito’s Rule to (D.189) [Da Prato and Zabczyk, 2014, Chapter 4.4] with ¢ : H — RM
defined as ¢(f) := (f, h) which gives the dynamics

dU(t) = do(F(t)) (D.190)
. <<D£(P[F(t)]),h> +{CIF(), h>) dt + \/2(h, B)dB(t). (D.191)

For a loss ¢ of the form (6.6), we can simplify further by applying the chain-rule for Fréchet derivatives
(DU(PIF(E)), 1) = A(X)T (Dc) (Y (PIR])(X)) (D.192)
which concludes the proof. O

The SDE for U(¢) in Theorem (D.13.2) can not be simulated, since we do not have access to (C~1F(t), h).

However, for the specific choice h,, = k(zm,, ) where Z = (21, ..., z)) are samples from v, we can
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find an approximation for this term.

Lemma D.13.3. Let 21, . . ., 2, be iid samples from v, h = kz(-) and let C be the covariance operator

defined in (6.9). Then
(C7Vf kz) = MK(Z,2)7 f(Z) (D.193)

forall f € Hy.

Proof. Let now h,, = k(z,, ) and hence h = kz(+). By reproducing property we have
(CT f,h) =C Y f(2). (D.194)
We now use a standard Monte Carlo approach by assuming that

1 M
> 6., ~v (D.195)

Cfz) = / k(. 2/) f(2') () (D.196)
M
~ % > k(x, zm) f(2m) (D.197)
m=1
1
=: Mk‘(:n,Z)f(Z) (D.198)

which leads to C f(Z) ~ +:k(Z, Z) f(Z) and ultimately to
(CT)N2) = Mk(Z,2)7 f(2). (D.199)
This concludes the proof. O

The combination of Theorem D.13.2 and Lemma D.13.3 leads to a (approximate) SDE for U (¢) given as

AU (t) = — k(Z, X) (02¢) (Y. k(X, 2)k(Z, Z)" U (t)) dt
— MK(Z,2)" U (t)dt + \/2k(Z, Z)dB(t) (D.200)

which can be simulated in R*. For large ¢t > 0 we hope that U (t) ~ U|Y". Furthermore, by Matheron’s

Rule, we can transform the samples from U into posterior samples (cf. Appendix D.9). The covariance
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matrices are given as
C((F, ky=), (F ky=)) = r(x*,2%), C{F,ky=),U) =r(z",2) Clu, Ul =r(Z,Z), (D.201)

since G(x) := (F, k(x,-)) is a GP with kernel r (cf. Lemma D.4.2).

Furthermore, we can also obtain the asymptotic distribution of the SDE U (¢) in closed form, since it is a

preconditioned Langevin equation.

Theorem D.13.4. Ler (U(t)),. , be the solution to the SDE in (D.200) with U(0) = Uy for a given initial

£>0
value Uy € RM. Then U (t) 2, Qu fort — oo where @U(du) = qu(u)du with

N
M
qu(u) o exp < Zc Yns kz(xn) K(Z,2) ) — ?uTk(Z, Z)2u> , (D.202)

—

n=

foru e RM,

Proof. First, define A := k(Z, Z) € RM*M_ Then the SDE in (D.200) can be rewritten as

dU () = —A(A‘lkZ(X)ag (Y, kz(za)TATIU (1)) + MA™ k(2 Z)—lU(t))dt +V2AdB(t),

(D.203)
Further, we define the potential V : RM — R as
i\f: c(Yn, kz(xn) TA u) + %UT/rQu (D.204)
n=1
and calculate the gradient VV as
VV(u) = A k(Z, X)(820) (Y, k(X, Z) A u) + MA 2. (D.205)
The SDE (D.200) can therefore be rewritten as
dU(t) = —AVV (U(t))dt + V2AdB(t) (D.206)

which is the preconditioned Langevin diffusion with potential V. It is known [Bhattacharya and Jiang,

2023] that

Ut) 2 ~exp(= V() (D.207)
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for ¢ — oo where k := [ exp(—V (u)) du is the normalising constant. O

D.14 Implementation Details

D.14.1 Hyperparameter Selection

For fair comparison, we shared the same hyperparameters for r across PLS and SVGP. We used an
ARD kernel for £ when constructing r, tuning the hyperparameters of k. For datasets with N < 2000
observations (or N < 1000 for classification), we learned the hyperparameters of k£ by maximising the
exact marginal log-likelihood of a GP with k£ and a mean zero prior. For a data set with more than 2000 (

or 1000 for classification) observations we use the following heuristic taken from Lin et al. [2024]:
1. Randomly select a centroid uniformely at random the training data.

2. Select a subset of size 2000 (or 1000 for classification) with the smallest Euclidean distance to the

centroid.

3. Learn kernel hyperparmeters on the data through regression GP marginal likelihood with kernel &

and mean zero prior for this subset.
Repeat the above procedure 10 (or 5 for classification) and average the learned hyperparameters

The inducing points z1,...zy € X used for the Nystrém method in Appendix D.7 were selected

following the greedy variance selection method in Burt et al. [2020b] and Chen et al. [2018].

D.14.2 Projected Langevin Sampling Algorithm

Let 7 > 0 be the step-size and 7" > 0 be the the end time of our simulation. Define now U(t) := FLM (t)
where F1*M(¢) is the solution to the SDE (D.123) and t; := in fori = 0, ..., with [ = |T/n] and

further
U(0) ~ Qo (D.208)
U(tier) = U(t:) —ne" ™ (X) (9ae) (v, @M (X) T (1) =AU (1) + V206, (D.209)

where 7 > 0 is the step size and {&;}/_, arei.i.d. N'(0, Is). Here, we define

(02)(Y.T) 1= (Dhelun. 7)) RV, M) = (67(an))

n=

M,N
e RMXN  (D.210)

m,n=1

forall Y,Y € RN and X = (z1,...,zy) € XN,
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Notice that (D.209) is the Euler-Maruyama discretisation of the SDE (D.123) and therefore U (t;) ~
Ul(t;) = ﬁle(ti) for small enough 7.

D.14.3 Likelihood Functions

Regression  As discussed in Section 6.4 the Gaussian likelihood p(y|f) = N (f(X), 0?Iy) corresponds

A~

to the choice ¢ : R x R — R with ¢(y,y) = #(y — 7)? and consequently

I
Onely,) = —5 (T~ )- (D211)

Classification In binary classification, we assume a Bernoulli data, i.e.
Yo|F = f ~ Beroulli(¢(f(zy)). (D.212)
This gives rise to the cost ¢ : {0,1} x R — R with

c(y,y) = —logp(ylf) = —ylog ¢(y) — (1 —y)log (1 — ¢(y)), (D.213)

A~ —

where § = f (). For our experiments we use the logistic function ¢(7) = (1 + exp(—7)) . Due to the

well-known property ¢'(3) = ¢(¥) (1 — ¢(y)) we obtain
Oac(y, ) = —y(1 = o)) + (1 — y)6(y) (D.214)
fory € {0,1},y € R.

Poisson Model We choose a Poisson regression model where we assume

Yy|F = f ~ Poisson((f(zn)?). (D.215)
This gives rise to the cost
c(Yn, f(zn)) = —2ynlog | f(zn)] + (f(2n))2 (D.216)
Ouclin f(a) = ~2 "L o) (D217)
_fz(iZ) +2f (x) (D.218)

for y, € Ny and f(z,) € R.
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Algorithm 1: Projected Langevin Sampling
Input: input data x1., targets y1.n, kernel k, inducing points z1.,s, step size 1 > 0, time horizon 7,
initialisation prob. measure Qo € P(X’), number of samples ./, new points 7.y
Result: Samples Fl(q:’{:N*), cee FJ(CL'T:N*) ~ F(:ET:N*)|y1;N
forj=1,...,Jdo
Initialise ﬁj(to) ~ Qo
fori=0,...,7/n—1do
L Generate ﬁj(ti+1) from U ;(t;) according to the update rule in (D.209)
Sample (G;(z7}.y.), (Gj,e"M)) ~ N(0, Ry, ar) with

r(@in,oiy,) e M () )T/A\M Nut-M)x (Ny4-M)
Ry, = | 5 T AN € RN+ FM)x (N (D.219)
AM@LM(%:N*) Am
Calculate

~

Fy@i) = Gylai,) + 8 i) T (0,(0) — (. 8M)

Here, e"*M (2%, ) € RM*N+ is the matrix whose entry at (1, n) is €, (z},) and
Ay = diag(M, ..., A\yr) € RM*M g the diagonal matrix with entries Ay, ..., A\ys (see

Appendix D.7 for a definition).

D.14.4 Time and Space Complexity

This section discusses the time and space complexity requirements of producing J € N posterior samples

from F'|Y with our method.

Training We calculate the spectral decomposition of ﬁk;(zl: M, 21:0 ) and store the result which can be
done in O(M?3). The update in (D.209) requires only matrix multiplications which are each dominated by

O(NM).

The total costs therefore are O (M S+ INM ) . These costs could be reduced further by batch-approximations
of the gradient. However, the data set considered in this paper serve illustration purposes only and a

batch-approximation was not required.

Prediction Let 2], € X N+ be a set of input points for which we want to generate posterior sam-
ples, i.e. Fj(z}.y,) ~ F(2].y,)|y1.n. Generating one sample in (D.219) requires jointly sampling
(Gj(#7.y.), (G5, M)) from a multivariate Gaussian which is O((N, + M)?) for calculating the
Cholesky (or the spectral) decomposition once and then O((N* + M )2) for generating samples. The
matrix multiplication is O (N, M). Hence we pay O ((N +M)?) upfront for the Cholesky decomposition
and then O (J(N, + M)?).

For special kernels, this could be further improved by using the exploiting the ideas discussed in Wilson
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et al. [2020].

Space Complexity Space complexity in our implementation is O(NN M + M?) to store the k(21.7, 71.N)

and k(z1.07, 21,0 ) matrix.
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