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Understanding the solidification process of a binary alloy is important if one is to control the
microstructure obtained during the casting of metals. While much work has been done on the
steady state solidification problem, despite their relevance to metallurgical applications, there
is less known about non-steady solidification problems and their stability. In the paper we shall
consider the non-steady solidification problem in which the planar solidification front moves
in a self-similar manner, in both infinite and semi-infinite planar one-dimensional geometries.
For each geometry exact solutions are known for the resulting Stefan problem. We direct our
attention to the stability of each solution, demonstrating that while the concentration and
thermal solutions remain stable, the interface corresponding to the solidification front can
develop instabilities. For each geometry, we find that there are always unstable perturbations,
although we observe qualitative differences in the form of the unstable perturbations for each
case. These results generalize and extend several existing studies in the literature, and throw
light on the instability inherent in the non-steady solidification process.
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1. Introduction

Understanding the microstructure of a metal alloy is crucial to controlling the quality of a
cast in many metallurgical applications. One parameter that characterises the microstructure
is the grain size, which has a strong dependence on the cooling rate. Higher cooling rates
result in smaller grains and slower cooling rates in larger grains. For the application of interest
here, metallurgical grade silicon, smaller grains imply a better impurity distribution, which is
desirable, but simultaneously the losses due to small particles, created during crushing, gives
a lower silicon yield. In Figure 1 we can observe the typical structure of silicon grains. More
details on silicon microstructure can be found in Schei et al. (1998); Anglézio et al. (1990);
Mpgll (2014). Knowledge of the dynamics that create the structure will lead to a more effective
casting process.

The solidification process can be modelled as a Stefan problem (see Rubinstein (1971);
Worster (2002) for details), and it has been shown in Benham et al. (2016) that even relatively
simple models can accurately predict the temperature profile and the solidification front position
in a silicon cast in a wedge-shaped mould cooled by the contact with the atmosphere. There
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FI1G. 1: Macroscopic picture of a silicon sample, taken from an experiment at Elkem where the
sample was cooled from the lower boundary. We can observe different grain sizes: smaller near
the lower boundary and larger near the upper boundary.

has been a lot of work done on the directional solidification process, where the velocity of the
solidification front is constant and known (so the problem can be reduced to a steady state
problem). The stability analysis for the steady solidification binary alloy problem was first
considered by Mullins and Sekerka (1964), who consider the 2D problem in an infinite domain
under infinitesimal sinusoidal perturbations. By assuming that the velocity of the solidification
front is both constant and known they obtain a steady state base solution, and find that the
phenomenon that causes the instability in the problem is the constitutional supercooling. The
same analysis was extended by Wollkind and Segel (1970) to perturbations on a finite domain.
The main difference between their analysis and that in Mullins and Sekerka (1964) is that, for
some parameter configurations, there is a subcritical instability and a non-trivial equilibrium
point that was not predicted in Mullins and Sekerka (1964). This type of analysis has proven
useful for modelling directional solidification, since in this case the velocity of the solidification
front is controlled. However, for the casting method of interest here, casting in a mould with no
control on the heat exchange, the assumption of constant velocity for the solidification front is
no longer reasonable. Instead, we expect a self-similar motion, as suggested by Benham et al.
(2016). Aside from the findings in Benham et al. (2016), the necessity of studying solidification
problems involving self-similar solidification front motion was highlighted by Langer (1980).
Therefore, it is this type of solidification which we shall focus our efforts on here.

The stability analysis for the non-steady solidification problem, in particular the problem of
the self-similar motion of a solidification front, was first studied by Coriell et al. (1999), where
exact 1D self-similar solutions were obtained in an infinite domain and a stability analysis was
performed. The stability analysis presented addresses a particular type of possible perturbation
in terms of parabolic cylinder functions (a more general stability analysis will be considered
in the present paper). The analysis was extended to 2D by Alexandrov in Alexandrov (2001,
2004). The analysis in both papers is based on the 1D stability analysis described in Coriell et al.
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(1999), so the perturbations considered are not the most general ones possible. In Alexandrov
(2001) there are no assumptions made on the conditions for the transverse coordinate, whereas
in Alexandrov (2004) the assumption that the perturbations are linear in the transverse direction
is taken. The stability of the 2D problem in a semi-infinite domain has been considered as well
in Lambert and Rangel (2002) using a frozen-time approach. This approach allows the authors
to find the wavelength of the 2D perturbations but it does not match the observed grain size
well.

In this paper, we perform a comprehensive stability analysis for the 1D binary alloy solidifi-
cation problem due to self-similar motion of a planar solidification front. In Section 2 we present
the exact similarity solutions in both the infinite and semi-infinite domains. In Section 3 we
consider the general linear stability problem, obtaining a more general form of perturbation
than used in Coriell et al. (1999); Alexandrov (2001, 2004). We apply this stability analysis to
the semi-infinite domain problem (which has not been considered in the literature) in Section 4,
and we find that the system is unstable for any parameter range. We obtain analogous results
for the infinite domain problem (thereby generalising results in Coriell et al. (1999)) in Section
5. We give a discussion of these results in Section 6.

2. Self-similar motion of a solidification front

Even though silicon solidifies into a granular structure, the grains are long and thin and they
grow aligned in the direction of the solidification front. It can be shown that any effect in a
direction parallel to the solidification front is very small and can be neglected. Therefore we
can consider a solidification model with a flat interface, resulting in a 1D problem, as has been
considered previously. There are two models we can consider: one on a semi-infinite domain,
and one on an infinite domain. The semi-infinite geometry corresponds to a semi-infinite block
of initially molten silicon at a constant temperature that is cooled from a wall which is held at
a fixed temperature. The wall acts as a heat sink but a barrier for the impurities. The infinite
geometry models two semi-infinite blocks of silicon, one initially solid and the other initially
liquid, both at a constant temperature. The blocks are then put together and evolve in time. In
this problem, there is no heat sink, so the energy of the silicon is conserved. The semi-infinite
problem is closest to the physical casting problem, but the infinite geometry gives insight into
more general situations.

We model the concentration and temperature fields both in the liquid and the solid phase
and we consider any impurities together in a single concentration field. The interface that
separates the phases is assumed to be sharp and we denote it by the curve z = S (f) in the 3-t
plane. In our model we include constitutional supercooling effects and latent heat of fusion.
For the supercooling we will assume a simplified phase diagram where the supercooling depends
linearly on the concentration of impurities. In our model we allow the densities of the liquid
and solid phase to be different, but for simplicity we will not consider the advection caused by
the change of density during solidification.

For the solid phase, which is given by z < S (1), the equations read

Dés d%¢, oT, 92T,
and Y = s (1a)

where ¢, is the concentration of impurities and T} is the temperature. The liquid phase is given
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by 2 > S(f), and the equations in this region are

9y 02¢, T, 0Th
g = Dl@ and 5 = le, (1b)

where ¢; is the concentration of impurities and 1) is the temperature in this region. The
conditions at the interface 2 = S(f) reduce to

T, =1, (1c)
és = _as(Ts - TmO)v (1d)
& = —oq(Ty — Trno), (le)
ds oT, o1,
SL_A = 9—; — Rl—=75 1f
P dt F 0z ki 0% (1f)
o dS o ae 0
(& — CS)E = Ds% - Dy 9z (1g)

The parameters ks and k; are the thermal diffusivities in the solid and liquid phase and they
are defined as k; = k;/(pjcp;), where k; is the thermal conductivity, p; the density and ¢,; the
heat capacity in the corresponding phase. Also, D; is the diffusivity of impurities, o is the
slope of the phase diagram, and L is the latent heat of solidification.

Because we will seek self-similar solutions, the initial and boundary conditions will be set
in a way they satisfy the similarity condition. For the semi-infinite domain problem, we have
a mould wall at 2 = 0. At this wall we set a fixed temperature and a no flux condition for the
impurity concentration while far from the interface the liquid remains unchanged so

0¢s . .
82 =0, and T5=1T,, when 2=0, (2a)
¢ = oo, and  Tj — Tjoo, when 2 — +o0. (2b)
and we impose the initial data
& =0, Ty=Two, and S=0, whent=0. (2¢)

For the infinite domain problem we prescribe far field values for both concentration and
temperature fields so

Cs = Csoo, and Ty — Ty when 2 — —oo0, (3a)

é = éoo, and T} — Tiso  when 2 — 400, (3b)
and we impose the initial data

Cs = Csoo, s = Tsoo, € = Cloo,

Tl:f’loo, and 320, when ¢ = 0.
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2.1.  Non-dimensional model

We now proceed to non-dimensionalise the problem. We take the scalings t=(Z%/D))t, 2 = Zz,
S = ZS, ¢ = Ac c, T =AT T + Tmo, where Z is the scaling of the spatial coordinate, AT
the scaling of temperature, Tno the melting temperature for pure silicon, and Ac is the scaling
of concentration. The problem we are studying is self-similar, so we do not need to pick a
value for the scaling Z. However, a typical choice would be the thickness of the molten silicon
layer. With these scalings we arrive at the dimensionless parameters of use, and we define the:
Stefan number St = AT'c,,; /L, density ratio p = ps/p;, heat conductivity ratio k = kg/k;, mass
diffusivity ratio D = D,/D;, Lewis number Le = x;/Dy, specific heat ratio ¢, = ¢ps/cpi, heat
diffusivity ratio kK = ks/ki, slope of the solidus line my; = a; AT/ Ac, slope of the liquidus line
my; = qy AT/ Ac, and segregation coefficient o = a5/ ay.

The dimensionless model is as follows. In the solid phase, defined by 0 < z < S(t), the
governing equations are

des 0%, T, 0T,
ot 02 M Tor T Moz (4a)
the liquid phase is defined by z > S(t), and the equations are
de,  0%c oT, 02T,
da _97a ] 4
T 922 (4b)
and the conditions at the interface z = S(t) are
T, =T, ="1T;, (4c)
cs = —msT; = ac;, (4d)
cq=-mT; =c, (4e)
T T
p 45 _ 0% O (4f)

StLe dt 82 9z
ds D dcs Ocq

dt 0z 9z (48)

The remaining boundary conditions will depend on the problem geometry, and we shall list
these later when considering each of the semi-infinite and infinite problems.
In both problems we will seek self-similar solutions of the form f(n) where the similarity
variable is
()

R

z

YA

so the position of the interface will be at n = A, where A is a constant.

2.2.  The semi-infinite domain problem

First consider the semi-infinite domain problem. A sketch of this problem is shown in Figure
2. For this problem we have the nondimensional boundary conditions

dcs
0z
cq—1, and T, — T, when z— 400, (6Db)

=0, and Ty=-1, whenz=0, (6a)
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Zan T — T
cq—1

e, Ty

—; s, Ts
n
15000 T, =1
dcg
=0
0z

F1a. 2: Sketch of the semi-infinite domain. The diagram on the left shows the original problem
we want to solve. Because the dependence on the transverse direction is weak, we can assume
that the interface is planar, and hence the model can be reduced to the 1D model shown in the
sketch on the right.

and the initial data
=1 T;=T, and S=0, whent=0, (6¢)

where Tjo, = (Tloo — Amo)/AT. We have chosen AT = Tyo — 1. and Ac = ¢, for convenience.
The solution for the semi-infinite domain is well known and we write it as

cs(n) = acy, (7a)
alm) =1+ (ci - 1)2?25 % (7h)
erf( ;’Le)
Ty(n) = —1+ (T3 + 1) (7¢)
! Fih erf( :‘Le)
Ti(n) = Tioo + (T3 — Tiso) eri E“}_g (7d)
erfe ( =

S(t) = 201, (7e)

where ¢; and T; are the interface values and A is a constant to be determined. Defining the
functions

F(¢) = Va¢eSerfe(() and  G(C) = vce erf(C), 8)
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| Parameter | Value |
St 0.77
Le 134
0.95

Cp 1

k 2.91

K 3.06
Mg 0.69
my 346

D 1.76 - 102
« 2.1073
Tioo 0
Csoo 0

Table 1: Non-dimensional parameter values for silicon. The values shown above have been used
in the plots shown later in the article.

the interface values are given by
B 1
C1-(1-a)F())

Ci

and

. pF (JAL*) (G (%) — c,,St) + StT1oe G (\/:T)

st (eoF (2) + 6 (22))

which results in A being given by the transcendental equation

) e s la)
B O )

While the concentration and temperature fields admit closed-form solutions, unless limiting
cases of parameters are considered (9) needs to be solved numerically in order to find the value
of the parameter A. It is not obvious if the value of A is unique. For our parameter choice (see
Table 1) we find that there are two possible solutions to (9) but one of them is negative and
therefore is not physical.

2.3.  The infinite domain problem

Now consider the infinite domain problem. We have assumed that there is no heat loss at
infinity so the energy of the system is conserved. A sketch of this problem is shown in Figure
3.

For this problem we have the nondimensional boundary conditions

Cs = Csooy, and Ts— —1, when z — —o0, (10a)
c—1, and T} — Tjs, when z— +o0, (10b)
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Zan T — T
cq—1

m e, Ty
1o 2= 50)
2 e T

T, — —1
v Cs — Csoo

-
1

F1a. 3: Sketch of the infinite domain model. The diagram on the left shows the original problem
we want to solve. Since the dependence on the transverse direction is assumed to be weak, we
take the interface to be planar so that the model can be reduced to a 1D model, as shown in

the sketch on the right.

with the initial data

Cs = Csoo, 1s=-—1, ¢ =1,
(10c¢)
T1=T0, and S=0, whent=0,
where Cyo0 = €500/ Ac and Tiog = (Tzoo — mo)/AT are dimensionless quantities. In this case

we have chosen AT = Tmo — TGDO and Ac = ¢ for convenience. The solution for the infinite
domain problem is well known and we write it as

¢s(n) = Csoo + (ac; — csoo)ericg\/zﬁg, (11a)
eric ﬁ

al) =1+ (e~ 1) S (B (1)

) 1o (Tt ZZE F% e

EWﬂm+mﬂmai%%g (11d)
eric \/E

S(t) = 221, (11e)

where ¢; and T; are the interface values and X is a constant to be determined. The interface
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values are given by

_ S
F(=25) - F0 [ -a)F (~25) +a]
T — pF (JAL?) (_F (—ﬁ) - cpSt) — StTi F (_\/;\ﬂ)

o) ()

and hence A is a solution to the transcendental equation

)

F (—%) — CsooF'(N)

F (—%) — F()) [(1 —a)F (_%) + 0‘}

oF (=) (-F (~22) —eSt) = ST F (— 22 )
St (cppF (%) —F(_\/?T))

Again, it is not obvious if the value of A is unique. For our parameter choice (see Table 1)
we find that the solution to (12) is unique.

Now that we have the exact solution to the Stefan problem governing solidification due to
the self-similar motion of a planar solidification front in both geometries in the remainder of this
paper we shall concentrate on the stability of these solutions to one-dimensional perturbations.

= _ml

3. The linear stability problem

In order to perform a stability analysis for the solidification of a binary alloy, we introduce the
perturbed solutions

Cs.pert = Cs0(t, 2) + dcs1(t, 2), (13a)
Clpert = cio(t, 2) + den (t, 2), (13b)
T pert = Tso(t, 2) + 0Ts1 (2, 2), (13c)
Ty pert = T10(t, 2) + 0T (t, 2), (13d)

Spert = So(t) + 51(t), (13e)

where ¢, ¢, Tso, Tj0, and Sp are the base state solutions determined in Section 2. We assume
0 < § < 1 is a small parameter which measures the size of the perturbation. We will say that
the system is unstable if any of the perturbations grows unboundedly in time. Notice that the
interface position itself grows unboundedly in time so we will consider the absolute size of Sy,
not the relative size of S; to the base state Sy, for the stability criteria.

To evaluate the temperature and concentration fields at the perturbed interface, we expand
for small . For example, the perturbation for the concentration field in the solid will give

Ocs
Copert(t, Spert) = so(t, So) + 551%(1; So) + dest (£, So) + O(52).
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As we are interested in the linear stability problem, we do not consider the terms of O(§?2).
The first order perturbation equations are

8Csl _ 82Csl 8T€1 _ 82T@1
ot =D 5.2 and 5 = kLe 5.2 (14a)
dcn  DPen oTn . 9°Tn
Bt = 8.2 and T = Le 5.2 (14b)
while at the interface z = Sy(t), the first-order conditions are
8T50 . aTlO
SIW + Tsl - Sl 82 + CZjlla (14C)
des oT;
Sl 8620 + Cs1 = —Mg (518—2’0 + Tsl> 9 (14d)
0 0T,
51% +en=—my (51 8;0 +T11> ) (14e)
p dS; ?Tsg 0T 0Ty 0Tn
s, _ _ (g, ¢t 14f
LeSt dt ¥ <Sl 22 T oz 51 022 oz ) (148)
8010 dS() dSl 82050 8651 82610 8011
- ) =20 iy To0 T} (g2 00 TEL) gy
(1 0‘>[(Sl e +c”) a T dt} D(Sl 52 * a;;) (Sl 52 T 5, ) (48)

The first order perturbation terms are subject to boundary conditions which depend on the
domain considered. For the infinite domain problem we have

Ts1 =0, cs1=0 at z — —oo, (15a)
Tn =0, 1 =0 at z — 400, (15Db)

while for the semi-infinite problem we have

8Csl
Ty =0, — =0 tz2=0, 16
1 P at z (16a)
Ti1 =0, c1 =0 at z — +oo. (16Db)

We again make use of the similarity variable 1, where the interface z = Sy(¢) is at n = A.
Changing variables from z to n in the governing PDEs (14a)-(14b), we obtain

desi D dPcqt | m dea

_ 17
at 4t oz | 2t an (172)

8:stl o K_Ilea2Tsl EaTsl (17b)
ot 4t on2 2t On’

dciy 1 0% n Ocepn

den L o 17
at 4t oz | 2t o (17¢)
0Ty E32Tl1 n 01 (17d)

ot 4t On2 2t On
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Seeking solutions to (17) by separation of variables and requiring the interface conditions (14c)-
(14g) to have balanced powers of ¢, we conclude that these must take the form

cs1 = Cet” fe (n), (18a)
Ty = Cr,t° fr,(n), (18b)
= Ccltﬁfcl (n), (18c¢)
Tin = Cr,t” fr,(n), (18d)
Sy = Cst?t3, (18e)

where C; are constants to be determined and f; are the corresponding functions in 7 which
we still have to find. We have chosen not to include C; into f; as this will be convenient later
in the analysis. Observe that the stability of the problem is dictated by the position of the
interface, Sy, since this has the highest power of ¢ and therefore it can be Viewed as the least
stable term. Hence, as the time exponent in the interface perturbation is 5 + % 5, we conclude
that the system is unstable if 5 > ——.

Using (18), the interface conditions become

o570 | oy, (3) = Tl'g“) +Cnfn () (192)
050 4 g ) = -m. (0575 On ). (19b)
C C/ 2()\) + Cczf(‘z = —ny <CSTll02(/\ + CTLle( )) ) (19C)
i A 17 I )\
Cs <5 + %) ﬁ =k <Cs Tg04(>\) + CTSfTST()> — <CsTlOT(>\) + Cr, leQ( )) , (194d)

(1—a) Kc 0102(” +Cufa (/\)) A+ Cs (ﬁ + %) ci]

=D (Cs Cgof) vo,l é-*é”) - <c %f) +Ca é’f) ) :

(19e)

where prime denotes differentiation with respect to the similarity variable, 7. Observe that we
have a homogeneous linear system of five equations for the five unknowns C,,, C;,, Cr,, Cry,
and Cg. Thus, if the system is of full rank, the only solution is the trivial solution. In order to
have non-trivial solutions we need the determinant of the system to be zero. This condition is
the one that determines the value (or values) of S where non-trivial solutions exist.

In order to find the functions f;(n) defined in (18), we need to solve the ODE obtained from
using separation of variables in (17)

ELp ) + 3.£7m) = B 0n) = 0

where p; are known constants which are different for each field j (for example, pr, = kLe).

Introducing the change of variable ; = the solution is given by f((;) = (P)Pg (G) +

\/7’
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C}Q)Qﬁ(cj), where we define

Ps(¢y) = e S G M (B+ 1, ;Cf) L Qs(G) = e SGU (B +1, g@) :

Here M(a,b,¢;) and U(a,b, ;) are Kummer’s hypergeometric functions (see Abramowitz and
Stegun (1964) for details). We will restrict all the subsequent analysis to the case where 3 is
real. Complex values of 5 may occur but we have not considered these. Note that in the case
where 3 is a negative integer, the two Kummer’s functions are no longer independent so we
need to find a second independent solution. However, this case is not relevant for our analysis
so we exclude it.

4. Stability analysis of the semi-infinite domain problem

In this section we perform the stability analysis for the semi-infinite domain problem. As
a reminder, in the semi-infinite domain (7a) gives cqo0 = ac; is constant, therefore cy(n) =

cso(n) = 0.
Boundary conditions for the semi-infinite domain problem are given by (16) so, using (18),
we want fr,(0) =0, f/_(0) =0, and f;(n) — 0 asn — 4oc for the j = Tj, ¢;. Yet, for fr,(0) =0

we have fr,(0) = C(T?)\/Tr/f’(l + ) = 0, and because we know that 3 is not a negative integer,
we require C(T?) = 0. For f! (0) = 0 we therefore have

, (F) @ 5
c 0) = - + - U +17_70 :Oa
0= 5+ S5 (p+1.53.0)

and we note that because § is not a negative integer U(a, b, z) blows up at zero. Therefore, we
need Cg?) = 0 which implies C’g,) = 0. Then, the perturbation has the form f. (n) = 0. For
the liquid phase we need f;(n) with j = Tj,¢; to decay as n — +oo. From Abramowitz and
Stegun (1964), we know that

N-1 1
IICES GRS TS (n_gN)> |

n!

as 7 — +o00, where (a), = I'(a+n)/I'(a) is Pochhammer’s symbol. Notice that Qg(n) decays
for any choice of 8. In order for Ps(n) to satisfy the boundary conditions, we need 8 < 0.
Therefore, if we want f;(n) with j = Tj, ¢ to satisfy the boundary conditions at n — +oo we

require either 5 < 0 or CJ(P) = 0. Therefore, we must study separately the cases 8 > 0 and
B <.
Summarising, for the semi-infinite domain, we can conclude that the perturbations for 8 > 0
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are
C51(t, 77) = 07 (20&)
Tattn) = Crt'Py (A=), (200)
an(t,n) = Cet’Qp(n), (20c)
_ B N
Tiattn) = Cnt’Qs (). (204)
while for 8 < 0 we have
Csl(tyn) = Oa (21&)
T (t,n) = Cr,t° Py (&) ; (21b)
cn(t,n) =7 (C Py(n) + CPQp(n)), (21c)
Ttton) = (s () + i (=), (214)

where the C}’s are constants.

4.1.  No instability for g >0

In the case 8 > 0 we have (20), therefore we do not need to determine C., as f._(n) = 0. Now,
the system (19) reduces to an overdetermined system of five equations with four unknowns. In
order to have non-trivial solutions we require all 4 x 4 minors to be equal to zero. This will
give five conditions, which can be shown to be equivalent to two algebraic conditions. Using
the relations

Toln) _ 20 Tg) _ 20 o <o)

Ty(n) ~ kLe’ Ty (n) Le’ co(m)

Mp(A;p) = 7}13; d% In <PB (\%)) 7
s 010 = Jim 7ot (2 (22 )).

we can rewrite the two algebraic conditions as

2\ 2\ 1
k <./\/lg(/\;/1Le) + m) T!(\) — (Z/{g()\;Le) + E) T/o(\) +4 (ﬁ + 5) %St =0, (22

= _277a

and defining

—(Us(N\; 1) + 2N (N) + 4 (B + %) (1—a)e =0. (23)

We want to show that for any parameter choice there is no value of 5 that solves the system
(22)-(23). Using the definition of ¢; we know [¢; — 1]/F(\) = (1 — a)c¢;, hence we can rewrite

(23) as
) U(B+2,2,)%) 1\
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We do not give details here but it can be shown analytically that if 5 > 0 there are no finite
values of \.

We can conclude that, for the semi-infinite domain and 8 > 0 there are no perturbations that
satisfy the stability problem. Therefore the temperature and concentration fields are always
stable, so the instability of the problem will be driven by the position of the interface. This is
reasonable, in light of the fact that the individual diffusion PDEs are stable. This motivates us
to consider the situation where only the interface develops an instability, i.e. —% <p <.

4.2.  Instability for —% <p<0

For this case, the interface can go unstable even though the concentration and temperature
fields are stable. From (18), this means —% < 8 < 0. For 8 <0 (and 8 not a negative integer)
we have (21). Therefore we have 6 unknowns and 5 equations to determine them. Normalising
the perturbations with their value at the interface (n = A) and after some manipulation, the
system (19) can be written as Asemi(8)Csemi(8) = 0 where

Asemi (6) = (Aiemv (ﬁ) A%emv (ﬁ) Azemz (ﬁ) A%emz (ﬁ) A?emv (ﬁ) A?emv (ﬁ)) ’ (24)

with

0 1
1 0
Aiemi (ﬁ) = 0 ) Azemi (ﬁ) = 0 s
k Mps(X; kLe) —32Mp(A; Le)
0 0
1 0
0 0
Ageml(ﬁ) = 0 ’ A;lemi (6) = 1 ’
—1Us(X; Le) 0
0 —3Mp(X1)
0 2Tio(Y)
5 0 6 A
Asemi(ﬁ) = 1 ) Asemi(ﬁ) = 1 5020(/\) N )
iy LT 00 ~ THOL — (54 3) o
—3Us(X 1) =1\ = (B+3) 1 —a)e

and

Coemi(®) = (Cr.(8), C(9), AA2(5), P (B), (B, Cs(9))

The components in Cgenmi(3) are the relative sizes of the perturbations.
If we take the 5 x 5 minor given by the first five columns we find that the determinant is

1
det (Asemi(B)) = 7 (Mp(X;Le) —Us(ALe)) (Mp(A; 1) —Us(As 1)) (25)
We can show analytically that if 5 > —1 then

Ma(A; ) —Us(As p) # 0, (26)
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T

T

3

e 0 | —1 | —3 | —1 |
Cr, || —4.0043-107° | —4.0045- 1075 | —4.0047-10~° | —4.0047 - 10~°
C(P) —1.0801-10"* | —1.0119-10* | —9.3493-10~° | —8.4531-10~°
C(Q) 7.5287-107° | 6.8463-107° | 6.0764-10"° | 5.1801-107°
C(P> —1.0059-107% | —3.8257-107° 0 1.3124-107°
C(Q) 9.9999-10~1 | 9.9999-10"' | 9.9999-10"' | 9.9999-10~!
Cs 1.0939-10% | 1.0939-10~% | 1.0940-10~% | 1.0940 1073

Table 2: Amplitudes of the perturbations ugem;(8) for different values of 8. The values shown
correspond to normalised vectors.

for any A # 0 and g > 0. Thus, the matrix is always fully ranked and from the rank-nullity
theorem we conclude that the kernel of the matrix will be of size one.

The amplitudes Cgepmi(8) are given by linear combinations of the elements of the kernel.
For the semi-infinite domain the kernel is generated by the vector

=3 Ti()
k(Mg (AsrLe) + 20) Th(N) — (Us (hLe) + £2) Ti(V) + 4 (8 + 3) ts
2 Mg (A\;Le) — Us (A; Le)]
k (Mg (A Le) + 25) Tlo(A) — (M ( )‘ Le )+ 12) Tho(N) +4 (8 + 3) & TeSt
eomi(B) = 2 Mg (A Le) 5 (\; Le)]
semi — (Us (M 1) +2X) ¢ (A (ﬁ +3)(1—a)c
2[Ms (X 1) Us (A1)
— (Mg (A1) +2X) ¢y (A ( +3) (1 —a)c
[Mﬂ (>‘7 1)1 ( ) 1)]

(27)
As we have mentioned before, we can show analytically that the denominators of the ele-
ments of the kernel do not vanish for 5 > —1, A # 0 and p > 0 so the vector is well defined.
Therefore we can always find unstable perturbations of the system. The most unstable mode
is the one given by 5 — 0 (but note that the case § = 0 is out of the scope of the analysis as the
boundary conditions are not satisfied). Then the perturbation of the interface can be written
as

S(t) = 2Mt7 + 6t7¢ (28)

for any € > 0, so the growth rate of the most unstable perturbation tends to a multiple of the
base state. When g — 0, if A > 0 and p > 0, we have

A2 A2
2w 2e
Mp(A;p) = o and Us(hp) = —————, (29)
/7 erf (\/_ﬁ) /i erfc (ﬁ)

so the vector of the kernel can be simplified.
In Figure 4 we show the shape of the perturbations for the semi-infinite domain problem for
different values of 5. The parameter values are the ones to model solidification of metallurgical
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solid 'i liquid solid g liquid
i g i i g
n=A n=A
(a) =0 (b) B=—3
solid § liquid solid E liquid
0 n e n
\__ S — _
n=2 n=2
1 3
(c) B=-3 (d) B=—%
— T - ¢t

FIG. 4: Perturbations for the semi-infinite domain for different values of 8 using the amplitudes
given by Usemi(f) (numerical values shown in Table 2). The domain of the perturbations is
1 2 0 as we are in the semi-infinite domain problem defined by z > 0 and ¢ > 0. The scaling is
the same in all the plots so they are directly comparable. The parameters of the system have
been set to St = 0.77, Le = 134, p = 0.95, ¢, = 1, k = 2.91, K = 3.06, ms = 0.69, m; = 346,
D=176-10"2 a=2-10"3 and Tjs = 0.
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grade silicon in a copper mould (see Table 1). We observe that when 8 = 0 boundary conditions
at infinity are not satisfied and the solution is equivalent to the base state, so it only modifies

the amplitudes of the base state solutions, keeping their shape. The case 8 = —i is in the
unstable regime as —% < f < 0. We observe that there is a spike in ¢;; just ahead of the

interface due to rejection of impurities during solidification. However outside this narrow spike
it has a negative contribution to the liquid concentration. The contribution of the temperature
perturbations is negative in both phases. The case 8 = —% corresponds to the marginally stable
perturbation. Observe that in this case the temperature perturbations are still negative, while
the perturbation in the liquid concentration still has a spike just ahead of the interface which
again quickly decays to zero. This can be shown analytically as the fourth component of u;,
is identically zero if 5 = —% (the spike is due to the fifth component). Finally, the case 5 = —%
corresponds to a stable perturbation. In that case, we observe that the perturbation of the
liquid concentration is positive.

The evolution of the perturbations for different values of 5 shown in the plots hints that
the perturbation of the concentration in the liquid is the one dominating the stability of the
problem. If we look at the amplitudes of the perturbations shown in Table 2 we observe that
the largest amplitude is C’élQ) for any choice of 3, agreeing with the idea that the dominating
perturbation is ¢;;. We observe as well that C's is much smaller than Cng) but much larger than
any other amplitude. Therefore, one could expect that ¢;; and Sy to determine the behaviour
of the system, with much less effect of the other perturbations. Finally, notice that the small
variations in the amplitudes Cr, and Cg are due to the normalization, as from the form of
Usemi(B) we observe that they do not depend on £.

5. Stability analysis of the infinite domain problem

Having considered a detailed stability analysis for the solidification front in the semi-infinite
case, we now turn our attention to the corresponding analysis for the infinite domain. We
should remark that the infinite domain problem presented in this section is the same geometry
as in Coriell et al. (1999). However, in their stability analysis, the perturbations introduced

2
are of the particular form e~ TD_y5_1(), where D, (n) is a parabolic cylinder function. This

is a particular case of Qg(n) as for certain parameter choices it reduces to e_TnzD,gg,l(n).
Therefore, the approach in Coriell et al. (1999) does not consider the contribution of Pg(n),
which we will show to be necessary for understanding instabilities that may develop in the
solidification boundary. In addition, Coriell et al. (1999) does not discuss the fact that, even
though the velocity of the interface might decay in time, if this decay is not strong enough the
interface may still develop instabilities, as we show in our analysis.

The boundary conditions are given by (15) and translated into the self-similar coordinate
system we have

fi(n) =0 when n— —oco for j=Tj,cs, (30a)
fi(n) =0 when n— +oo for j=1Tj,¢. (30b)

The analysis for fr, and f., when n — —oo is equivalent to the analysis for fr, and f., when
1 — +o00 as they behave similarly in the limit. Therefore, the analysis done in the previous
section for the liquid perturbations can be applied here. Observe that Qs(¢;) is discontinuous
at ¢; = 0, which is in the solid phase. Therefore, because we want the perturbations to be



18 of 25 F. BROSA PLANELLA, C. P. PLEASE, AND R. A. VAN GORDER

continuous, in the solid phase we need C;Q) = 0 for j = Ts,cs. We can conclude that the
perturbations for 8 > 0 are

cs1(t,m) =0, (31a)
Ty (t,n) = 0, (31b)
cn(t,n) = Cot’Qp(n), (31c)
while if 8 < 0 we have
cultin) =o'y (). (322)
Tattn) = Cr.t'Py (). (320)
cn(t,n) = t7(CL) Pa(n) + CL2Qs(m)), (32¢)
Tn(t.n) = t° (Céf’)Pﬁ (\%) + 42 Qs (\%)) (324)

where C; are undetermined constants.
As was the case for the semi-infinite domain, we may show that there are no non-trivial
perturbations for g > 0. Therefore, we restrict our attention to the case of —% <p <.

5.1.  Instability for —% <p <0

For this case, the interface can go unstable even though the concentration and temperature
fields are stable. We use the perturbations listed in (32a) so now we have 7 unknowns and 5
equations. The system (19) can be written as Ain¢(8)Cins(8) = 0 where

Aing(B) = (Aj,;(B) AZ;(B) A} (B) AL;(B) AJ;(B) Af(8) AL :(B), (33)
with

1 -1
Mg 0
Al (B) = 0 : A, (B) = my ;
E Mps(X; kLe) —2Mg(\; Le)
0 0
-1 0
0 1
A () = m , AL (B) = 0 ,
— 10N Le) 0
0 %Mﬁ(A; D
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A) = Tjp(A
sTelo()\) + co(V)]
[mi Ty (A) + ¢ (V)]
_|_

+

N

3 [T%
[m

w|,_.l\’>|>—‘

LT - THN)] - (8

and

Cuns(8) = (Cr.(8). O (B), C42(B), C..(8). CV(B). CLD(B), Cs(8))

Taking the minor generated by columns 1, 2, 3, 5 and 6 of A;,f(8) we can show, as in the
semi-infinite domain, that if § > —1 the matrix is fully ranked. Again, by the rank-nullity
theorem we can conclude that the size of the kernel will be exactly two. Thus, we can always
find non-trivial values of Cj, s by taking linear combinations of the elements of the kernel. The

kernel for the infinite domain problem is generated by the vectors

_%Tslo()\)

k(M (NskLe) + 25) Tho(N) — (Us (\sLe) + B) Tiy(\) +4 (8 + 3) the
2[Mg (A;Le) — U (X; Le)]
k (Mg (N kLe) + 22) T () — (Mp (A Le) + £) Tjo(\) +4 (8 + 3) £
2 Mg (N Le) Up (\; Le)]
uinf(ﬁ):
- Us (N 1)+2A)60(A)+ (B+3) Q-
[ ( 51)_2’{ ( 51)
— (Mg (N 1)+2/\)c MN+4(B+3)1—a)
2 [Mg (X ) Us (A;1)]

kM /-@Le% Uz (A; Le)

L
2(Mp(X; Le) — ()\,Le))
kEMg(A; kLe) — Mg (A; Le)

cho(N) 2(./\/15(/\;Le)0 Us(A;Le))

my (Z/[ﬂ()\; 1) + 2/\)
(Mp(A 1) —Us(A; 1))
my (Mpg(A;1) +2X)
2(Mpa(X; 1)0 Us(A; 1))

2

(34)
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L5 | 0 | 1 | 3 | 1
Cr, || —8.7473-10° | —8.7519-10 ° | —8.7548-10 ° | —8.7559 - 10
o) || ~3.1391- 1074 | —2.7772-10* | ~2.3646-10~* | —1.8812- 10~
O | 2.6927-107* | 2.3306-10% | 1.9178-10* | 1.4344.10~*
Ce, 0 0 0 0
o || —8.6577-10~* | —3.3837- 104 0 1.2301- 104
P |l 9.9999-1071 | 9.9999-1071 | 9.9999-10~1 | 9.9999 10"
Cs || 4.7800-103 | 4.7916-10"° | 4.7932-10~% | 47938107

Table 3: Amplitudes of the perturbations u,,¢(8) for different values of 3. The values shown
correspond to normalised vectors.

and
1

M\ /-@LZ)LS— Uz (A; Le)
ms (Mg(A; Le) —Up(A; Le))
kEMg(A; kLe) — Mg (A; Le)

ms (Mg(A;Le) —Us(A; Le))

Vinf(8) = 1 (35)
Dmy (Mp(A; D) + 2) —my (Us(A; 1) +2))
ms (Mp(A;1) —Us(A; 1))
_ Dmy (Ms(X;D) + %) —my (Mg(A; 1) +2))
ms (Mg(A;1) —Up(A;1))

This choice of the vectors that generate the kernel is quite convenient as v;,s does not
contribute to the perturbation of the interface (the last component is identically zero) and,
because this is the only perturbation that will not decay in time for —% < B < 0, we can
conclude that the perturbations given by v, are stable for any —% < B < 0 so the instability
is determined by the perturbations given by u;,s. The other advantage of this kernel choice
is that in u;, ¢ the amplitude of ¢, is zero, so the perturbations are similar to the ones in the
semi-infinite domain. Even more, notice that if we take cso to be constant as in the semi-infinite
domain (by taking cseo = ;) the vector u;, s reduces to Usems.

Remember that, as we stated in the semi-infinite domain analysis, we can show that the
denominators of the elements of the kernel do not vanish for 5 > —1 so in our range of interest
—% < B < 0 the kernel is well defined. Similarly to the semi-infinite domain, the most unstable
perturbation is when 8 — 0 so its growth rate tends to the t= of the base state and we can find
simpler forms for the vectors of the kernel.

In Figure 5 we show the perturbations given by u;,; for the same parameter choice as
in the semi-infinite domain problem. We observe that their behaviour is very similar to the
perturbations for the semi-infinite domain. In this case, temperature perturbations are negative
if n > 0 but Ts; is positive if n < 0. This was not captured in the semi-infinite domain as we
were restricted to n > 0. We still notice a spike of concetration just ahead of the interface
and, again, the sign of the concentration of impurities in the liquid away from the interface is
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solid liquid solid liquid
0 \\ n 0 n
=2 =2
1
(a) =0 (b) f=—1
solid E. liquid solid § liquid
n=21 n=2A
1 3
() B=—3 (d) =3

Fia. 5: Perturbations for the infinite domain for different values of 5 using the amplitudes
given by u;,r(8) (numerical values shown in Table 3). The domain of the perturbations is
n € (—o0,+00) as we are in the infinite domain problem defined by z € (—oo, +00) and ¢t > 0.
These perturbations introduce an instability because the amplitude of the perturbation of the
interface Cg is non-zero (not shown in the plots). Notice that, as it was pointed out from the
form of u;,y these perturbations are very similar to the ones in Figure 4. The scaling is the
same in all the plots so they are directly comparable. The parameters of the system have been
set to St = 0.77, Le = 134, p = 095, ¢, = 1, k = 2.91, k = 3.06, ms; = 0.69, m; = 346,
D=176-10"2, 0 =2-1073, Tjoo =0 and ¢4 = 0.

3 —3 i
HEN 0 | | | |
Or, | 20565 10 7 | —2.0271-10 7 | —2.8959 10 7 | —2.8629-10
o) || —6.5120- 1073 | —6.9916-10% | ~7.8645- 1073 | —1.0217- 1072
O3 | 3.5555-1073 | 4.0645-107% | 4.9685-10% | 7.3542-1073
Ce, | 2.0400-1073 | 2.0197-103 | 1.9982-103 | 1.9754-1073
O | 2.3267-1072 | 1.2887-1072 | 2.0449-107% | —9.2043-1073
Ci? || 9.9970-1071 | 9.9988-1071 | 9.9995-1071 | 9.9987-10

Cs 0 0 0 0

Table 4: Amplitudes of the perturbations v;,s(5) for different values of 5. The values shown
correspond to normalised vectors.
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solid liquid

solid liquid

solid liquid

liquid

FiG. 6: Perturbations for the infinite domain for different values of § using the amplitudes
given by vinf(8) (numerical values shown in Table 4). The domain of the perturbations is
7 € (—00,+00) as we are in the infinite domain problem defined by z € (—oo,+00) and ¢ > 0.
These perturbations do not introduce an instability, even if —% < B < 0, because the amplitude
of the perturbation of the interface Cs is identically zero. The scaling is the same in all the plots
so they are directly comparable. The parameters of the system have been set to St = 0.77,
Le = 134, p = 0.95, ¢, = 1, k = 291, k = 3.06, ms = 0.69, m; = 346, D = 1.76 - 1072,

a=2-1073, Tioo = 0 and cee0 = 0.
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negative in the unstable regime and positive in the stable regime. It quickly decays to zero if
b= —% as we can show from the fifth component of u;, s being identically zero.

In Figure 6 we show the perturbations given by v;,s. In this case, the temperature pertur-
bations are similar to the ones shown in the previous figures, but we notice qualitative changes
in the concentration perturbations. The first change is that now we have a perturbation of the
concentration in the solid. Bumps appear near the origin which become larger as 8 decreases,
however remember that these perturbations decay in time like t” so that the large bumps decay
faster in time. The second thing we notice is that, even though the spike ahead of the interface
is still present, far from the interface ¢;; behaves differently when we change 5. Now, ¢ is
positive near § = 0 and it becomes negative as we decrease 3, but the sign change no longer
happens at 8 = —% as now the fifth component of v;,y does not vanish at 3 = —%.

The numerical values of the amplitudes used in the previous sketches are shown in Tables 3
and 4. For the amplitudes given by u;,f(8) we observe a similar behaviour as in the amplitudes

for Usemi(8) shown in Table 2. For the amplitudes given by v;,¢(5) we notice that, again, the

main contribution is C’é?), even though these perturbations do not go unstable. We observe a

very weak dependence of Cr, and C., on 8 because this dependence is only introduced when
normalising the vectors, as seen in the definition of v, ¢(5)

The analysis presented in this section is not only valid for solidification problems (A > 0)
but for melting problems as well (A < 0). As the results would be very similar we do not show
them here.

6. Discussion

We have considered the stability analysis for the self-similar motion of a planar solidification
front for a binary alloy in two different geometries: the semi-infinite domain problem and the
infinite domain problem. For both domains we introduce perturbations in the concentration and
temperature fields of the form ¢° f(n), where 3 is the parameter that determines the stability
and 7 is the similarity variable. Then the perturbation of the position of the interface is
proportional to tﬁ“'%, hence the exact base solution is locally unstable if 5 > —%. In each
domain we need to separate the analysis into the cases § > 0 and —% < B < 0. We find that
in both domains, when 8 > 0, there are no non-trivial perturbations that satisfy the boundary
conditions. Thus, we conclude that concentration and temperature fields are always stable, a
result we could expect as the individual diffusion equations should give stable solutions in the
interior of each sub-domain. Therefore, the instability in the exact solution is due to the growth
of the perturbation to the interface.

Studying the case —% < B < 0, we find instability in the self-similar solidification front for
any parameter regime. In our analysis we have considered a more general type of perturbation
than that considered in the analysis of Coriell et al. (1999), as we have kept both linearly
independent first-order perturbation solutions. Keeping both solutions introduces a number
of perturbations higher than the number of interface conditions available to determine them.
Therefore, by the rank-nullity theorem, we can conclude that the kernel of the system will be of
size one in the semi-infinite and size two in the infinite domain problem, thus never empty. For
—% < B < 0, the only perturbation that gives instability is the perturbation of the interface,
but we have shown that we can always find a perturbation with a non-zero size perturbation of
the interface. In conclusion, for both geometries we can always find an unstable perturbation
so we conclude that, regardless of the parameter choice, the system is absolutely unstable.
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The main difference between the two geometries is that in the semi-infinite domain the
kernel is of dimension one, while for the infinite domain problem the kernel is of dimension two
so we find two families of perturbations. However, we can choose the elements of the kernels so
that for one of them C., = 0 and for the other Cs = 0. The advantage of this choice is that for
the vector for which C., = 0 the perturbations are equivalent to the ones in the semi-infinite
domain problem and for the vector for which C's = 0 the perturbations do not contribute
to the instability of the problem. Therefore we find that even though the infinite domain
geometry permits two types of perturbations, if we compare the unstable perturbation with the
semi-infinite domain perturbations we see that their behaviour is very similar. Therefore, the
mechanism bringing about instability is the same for both geometries.

We recall that Mullins and Sekerka (1964) found that the stability depended on the pa-
rameter choice of the system, with higher velocities and constitutional supercooling helping to
destabilise the system. Our analysis shows that for a self-similar moving front the interface is
always unstable regardless of the parameter choice. Therefore, it points that the cause of the
instability may be intrinsic to the self-similar motion that appears when the cooling of molten
silicon is not controlled.

Regarding possible future work, one hope is to extend these results to 2D domains. We
expect that such an analysis would give us some insight into the grain size and will allow us to
introduce two-dimensional physical effects, such as the Gibbs-Thomson effect, into the interface
conditions. This will allow us to more realistically understand the loss of stability of the planar
solidification front, and, perhaps, will provide a relation between grain size and the mode of
instability.

The results presented here may be of use to the silicon industry, as they show that the
instability of the planar interface is likely to occur for any parameter regime in solidification
when the velocity of the interface is not controlled. Being able to understand these instabilities
will possibly allow for more efficient casting techniques, as well as more control over the quality
of the silicon produced.
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