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Abstract

This paper derives closed-form and numerical solutions for relative risk aversion
in a standard consumption-based model enriched with housing. The presence of
housing enables the household to hedge against unexpected shocks and may de-
crease relative risk aversion. In addition, housing may generate state-dependent,
time-varying risk aversion.
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1 Introduction

Since the seminal contributions of Arrow (1965) and Pratt (1964), measures of relative
risk aversion are obtained from models that abstract from housing.! However, recent
studies by Iacoviello (2005), Silos (2007), and Rubio (2011) show that housing is an im-
portant component for the household’s consumption decisions, which can either dampen
or magnify the response of macroeconomic aggregates to shocks. These findings suggest
that housing may play a critical role in understanding risk aversion. The goal of this
paper is to use an otherwise standard consumption-based model enriched with housing
to derive closed-form and numerical solutions of relative risk aversion and to outline the
relevance of housing for the household’s attitude towards risk.

The analysis shows that accounting for housing significantly affects risk aversion. In
particular, when fluctuations in the housing stock have a milder effect on utility compared
to movements in consumption, housing provides the household with an additional margin
to cushion against unexpected shifts in wealth. It therefore reduces relative risk aversion.
On the other hand, relative risk aversion remains unchanged if movements in the stock of
housing have a stronger effect on utility than fluctuations in consumption. In addition,
the analysis shows that accounting for housing may generate state-dependent, time-
varying risk aversion.

Section 2 of the paper sets up the model. Section 3 shows how to derive analytical,
closed-form solutions for relative risk aversion and discusses how they change in the
presence of housing. Section 4 provides a quantitative assessment of the results and

further discusses the issues.

IThe relationship between housing and risk aversion has been hinted in previous work. For example,
Grossman and Laroque (1990) and Flavin and Nakagawa (2008) point out that housing affects the agents’

attitude towards risk, despite their analyses do not explicitly focus on risk aversion.



2 The Model

The theoretical framework is based on the standard consumption-based model that al-
lows for housing investment, as in Tacoviello and Pavan (2013). During each period,
t =0,1,2,..., the representative household maximizes the von Neumann-Morgenstern

expected utility function:
Wer, he) = Eo Y B [aU(e) + (1= a)V (k)] (1)
t=0

where Fj is the expectation at period ¢ = 0, ¢; is consumption, A, is the housing stock, [
is the discount factor, o and 1 — « are the share of consumption goods and housing stock,
respectively. The representative household’s end-of-period assets, a,.1, are equal to the
beginning-of-period assets, a;, augmented for a gross return (1 + ), a net of lump-sum
net transfer payments, m;, purchases of consumption goods, ¢;, and investment in the

stock of housing, h;. Hence, the household’s budget constraint is:
a1 = at(l—{—?“t) — Tt —Ct—ht+ (1 —(S)ht_l, (2)

where ¢ is the depreciation rate of the housing stock. In addition, the non-Ponzi scheme

condition holds: limp . [] (ﬁj,tl) > 0. Thus, the household chooses {c;, hy, a41}o, to
i=0
maximize its utility (1) subject to the budget constraint (2) for all ¢ = 0,1,2,.... The

optimality conditions for this problem are
al'(¢)) = (1 — a)V'(hy) + B(1 — 0)aEU (¢441) (3)
and

U'(er) = BEU (cr1) (1 + 1e11), (4)

where U'(¢;) and V'(h;) denote the marginal utility of consumption and housing stock,
respectively. Equation (3) states that the marginal utility of consumption equates the
direct utility gain from an additional unit of housing stock at time ¢, plus the discounted

gain that the additional unit of housing stock brings into the next period, ¢ + 1, for the
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remaining fraction (1 —¢§). Equation (4) is the standard Euler equation for consumption
that equates the marginal utility of consumption at time ¢ with the expected, discounted,

marginal utility of consumption at time ¢ + 1.

3 Relative Risk Aversion with Housing

Relative risk aversion, R, is a measure of the household’s willingness to accept risk as a
function of the fraction of the household’s assets that are exposed to risk. As shown in
Swanson (2012), the coefficient of relative risk aversion with respect to the beginning-of-

period assets, a;, can be derived from the household indirect utility:

B W”(at>

R = —— 2t
' W (ay)

ag, (5)

where W'(a;) and W”(a;) represent the first and second derivative of the indirect utility
function over wealth, W (a;), with respect to a;, respectively. Equation (5) shows that
the value of the coefficient of relative risk aversion crucially depends on the definition
of beginning-of-period assets, a;. We define beginning-of-period assets as the present
discounted stream of consumption and housing stock, as implied by the household budget
constraint (2).

Given equation (5), we are able to derive closed-form solutions for relative risk aver-
sion, R;, by determining explicit functional forms for W’(a;) and W”(a;) from the indirect
utility function W (a;). In particular, use the beginning-of-period assets to express the

utility function (1) as:
W(a:) = aU{ayr; — [he(ar) — (1 = 6)hi—1(az-1)]} + (1 — )V {hi(ar)} - (6)

Differentiating equation (6) with respect to a; and imposing the household’s optimal

condition with respect to h;, reported in equation (3), yield:

W'(a;) = aU'(c)ry, (7)



which, once differentiated with respect to a;, yields:

" a
W"(as) = alU"(c,)rs azf (8)
t

We can use the model comprising equations (2), (3), (4), and the non-Ponzi scheme
condition to obtain an explicit functional form for the derivative dc¢;/0a; in equation (8).

In particular, differentiating equation (3) with respect to a, yields:

06,5

. ( Ohy e
3at

—a)V"(hy) = + B(1 = §)aFEU" (¢41) da; 9)

U/l( ) a t

and differentiating equation (4) with respect to a; yields:

8Ct+1

oc
L= BEU" (1) (1 +Tip1) 5t %
t

U/l
(ct) 75—~ 9a,
which, by imposing the steady state condition, 5 = 1/(1 + r), implies:

Ocy dcia

a_CLt— 8at ’

(10)

Equation (10) holds for each period t = 0, 1,2, ..., implying that, in the steady state,
changes in the current household’s consumption are the same across any future change
in consumption. Imposing equation (10) into the long-run equilibrium of equation (9)
yields:

dc oh

aU"(e)[1 = B(1 = )] 5 = (1 - a)V" (). (1)

In steady state, equation (9) must hold, such that

Vith) _ [1=p0=9)]

= 12
TR (i, .
and inserting equation (12) into equation (11) yields:
Jc Ooh
B 1
Y30 = X3a° (13)
where v = —cU"(¢)/U’(c) is the the elasticity of U’(c) with respect to ¢, and x =

—hV"(h)/V'(h) is the elasticity of V'(h) with respect to h. We now can differentiate the



household’s budget constraint (2) with respect to a; and evaluate it at the steady state
to obtain:
_0Oc  Oh

Hence, using equation (13) to solve for 0h/0a and substituting the outcome into
equation (14), yields:
dc r
i 15)
B (
Equation (15) shows that consumption increases in response to a unitary increase in
the assets. In particular, consumption rises by the extra asset income r, but it decreases

by the amount, 1 + 5%%, that accounts for the effect of housing. We can now derive a

closed-form solution for the long-run coefficient of relative risk aversion, R.

Proposition 1 The long-run coefficient of relative risk aversion is:

R= —%((i))c 1 +1%'l (1 + %) : (16)

c
Proof. Inserting the steady state, beginning-of-period wealth equation, a = (¢ + dh) (1/r),
into equation (5) together with the expressions for W’(a) and W”(a), as outlined in equa-
tions (7) and (8), respectively, and using equation (15) to substitute for dc/0da in equation
(8) yield to equation (16). m

Proposition 1 shows that including housing in the model has important implications
for risk aversion. In particular, relative risk aversion depends on the concavity of both
arguments ¢ and h in the utility function, as expressed by the ratio /x. Therefore
preferences over consumption as well as the stock of housing are relevant for the house-
hold’s attitude towards risk. This result differs from the standard Arrow-Pratt measure
of risk aversion that identifies the curvature of the utility function with respect to con-
sumption as the relevant measure to quantify risk aversion. Therefore, the conventional
Arrow-Pratt approach to derive measure of relative risk aversion may lead to inaccurate

readings of the household’s attitude towards risk if the analysis abstracts from housing.



In addition, housing makes the measure of relative risk aversion dependent on the ratio
between the stock of housing and consumption, whereas it is constant and equal to ~
in the standard consumption-based model. Since consumption and the stock of hous-
ing fluctuate over the business cycle, relative risk aversion becomes state-dependent and

time-varying, which is a robust stylized fact.?

4 Quantitative Assessment and Discussion

To quantitatively assess the implications of proposition 1, suppose that during each

period, t = 0,1, 2, ..., the representative household maximizes the Epstein and Zin (1991)

1— 1—
utility function, W (e, hy) = Eo Y oy B [0/311; +(1— oz)hli;]. Using equation (16), the
associated long-run measure of relative risk aversion is:
1 h
R= 1+-. 17

X C

Figure 1 shows measures of relative risk aversion for values of the elasticity of the
marginal utility of consumption with respect to consumption () between 0 and 4, and
each line is associated with values of the elasticity of the marginal utility of housing with
respect to housing (7), which equals 0, 1, 2, 3, and 4 respectively.®> The entries show that
the values of v and x are critical to determine measures of relative risk aversion. When
v < X, the coefficient of relative risk aversion is constant and equal to —U"(¢)c/U’(¢) =
v, the same value as the standard Arrow-Pratt measure of relative risk aversion. For
instance, when ~ is equal to 2, for values of x > 2, the coefficient of relative risk aversion
remains equal to 2. However, when the household’s preference has a higher elasticity

to consumption than the stock of housing (i.e. v > x), the coefficient of relative risk

2Guiso et al. (2013) and Ouysse and Quin (2013) provide an extensive empirical support to time-
varying risk aversion. Brunnermeier and Nagel (2008) show that time-varying relative risk aversion

linked to individuals’ responses to changes in household assets is supported by the data.
3Note that in this application the steady-state value of h/c is set equal to 0.066 to match the ratio

between real consumption and real residential fixed investment from the BEA data.
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aversion is lower than the standard Arrow-Pratt measure. In this case, the contribution
of an additional unit of housing stock to the household’s marginal utility is lower than
the contribution of an additional unit of consumption. For instance, when ~ is equal to
2, for any value of y < 2, relative risk aversion is lower than 2, the standard Arrow-
Pratt value. The intuition for this result is straightforward. When movements in the
stock of housing have a more limited effect on utility than fluctuations in consumption,
the housing stock provides the household with an additional margin to cushion against
unexpected shocks and therefore reduces relative risk aversion. Equation (17) also shows
that relative risk aversion crucially depends on movements in the housing-consumption
stock, which fluctuate over the business cycle. Thus, relative risk aversion becomes
state-dependent and time varying if the model is enriched with housing, whereas it is
constant in a standard model consumption-based model. In summary, this analysis shows
that housing may significantly affect relative risk aversion. Furthermore, fluctuations in
relative risk aversion are tightly linked with movements in consumption and the housing
stock.

The findings in this paper call for two interesting extensions. First, the analysis
assumes that the housing-consumption ratio, h/c, remains constant over variations in
x and v. It would be interesting to establish whether the quantitative result continues
to hold in a general equilibrium model, where the long-run values of consumption and
housing stock also depend on the curvature of the utility function with respect to x and ~.
In principle, if the contribution of an additional unit of housing to the marginal utility (x)
is higher than the contribution of an additional unit of consumption goods (), changes
in the housing stock generate strong movements in utility, making it optimal for the
household to hold a high housing stock and thus dampen the effect of marginal movements
in housing on the stock of household. Such a mechanism would increase the h/c ratio and
therefore potentially increase risk aversion. Second, the analysis has focused on the long-

run properties of relative risk aversion, but the underlining theoretical framework can
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Figure 1: y-axis: relative risk aversion, R. x-axis: values of the elasticity of utility with
respect to the stock of housing, x. The figure shows values of the coefficient of relative

risk aversion in the function of y, for values of v equal to 0, 1, 2, 3, and 4.

be used to investigate to what extent housing affects the dynamic properties of relative
risk aversion. Such an extension would be particularly interesting since the analysis
shows that fluctuations in relative risk aversion are related tightly with movements in

the housing-consumption ratio. These investigations are open for future research.
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