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Abstract

The transseries is an ansatz for generating solutions to classical problems which are
both perturbative and non-perturbative in some limit of parameter space. In this
thesis we apply this technique to three systems described by classical gravity with
relevance to holographic plasmas of strongly coupled gauge theories.

To begin we compute the gradient expansion to arbitrarily high orders for an
N = 4 Super Yang-Mills (SYM) plasma at infinite t Hooft coupling undergoing
Bjorken evolution, later finding the full transseries by including non-perturbative
(in gradient) terms. Mathematical relations exist between these transseries sectors,
which we verify by calculating the leading terms of the first non-hydrodynamic series
solution entirely through the coefficients of the gradient expansion. Relaxing the limit
of infinite 't Hooft coupling we compute the leading transseries solution for a family
of finitely coupled gauge theories, and estimate the typical path of Bjorken evolution
a far-from-equilibrium system might take while evolving to the hydrodynamic regime.

Next we consider a holographic Bjorken expanding system in arbitrary spacetime
dimensions D, now instead using the number of dimensions as our large parameter.
Due to a greater degree of analytic control we can compute combinations of trans-
port coefficients relevant for Bjorken flow up to 6-th order in gradients to O(D™3),
finding that our perturbative solution recovers the same dynamics controlled by the
hydrodynamic gradient expansion. Computing the non-perturbative (in 1/D) contri-
butions of this set up we demonstrate an identification between these terms and the
non-hydrodynamic solutions of the small gradient transseries.

Lastly we apply the transseries to study the near equilibrium dynamics of black-
branes. Due to the simplicity of this system we can analytically find the time-evolving
divergence of the entropy current (9,s") to second order in the transseries, determined
entirely the blackbrane’s quasinormal modes frequencies and equilibrium tempera-
ture. This pedogogical example demonstrates the power of the expansion which can

be easily applied to wider contexts.
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Chapter 1

Introduction

Problems in mathematical physics can rarely be solved exactly. To make progress in
most physically interesting cases one typically perturbs a system about solved limits
of parameter space. In this thesis we apply a transseries expansion, a series ansatz
including both perturbative and non-perturbative contributions in the asymptotic
parameter, as a means to generate solutions to generic problems in classical mechan-
ics [B]. In particular we will be interesting in applying this method to the framework
of classical gravity with relevance to holographic plasmas of strongly coupled gauge
theories [6,[7].

The gauge/gravity duality is an invaluable framework derived from string the-
ory which allows one to reorganize difficult systems in strongly coupled quantum
field theories as accessible problems in classical supergravity. A common example of
this duality is the AdS/CFT correspondence, a conjectured equivalence between the
conformal N' = 4 Super Yang-Mills theory (SYM) in 3 + 1 dimensions with gauge
group SU(N,) and General Relativity in asymptotically AdS spaces with one higher
dimension [§-10].

In this thesis we will apply the transseries expansion within the holographic con-
text of AAS/CFT, as well as to the related study of black holes. Of particular inter-
est to us will be the strongly coupled Quark Gluon Plasma (QGP) which has been
routinely studied through the use of this formalism. This state of matter, created

through ultra-relativistic heavy ion collisions at the Relativistic Heavy Ion Collider



2 Introduction

(RHIC) [11-13] and Large Hadron Collider (LHC) [14-16], can be well described by
hydrodynamics soon after its creation. As such while studying this system it will be
natural to organize our transseries through the gradient expansion.

In preparation for the topics to follow, in the remaining sections of Chapter El
we briefly review the theory of hydrodynamics, as well as outline the AdS/CFT
conjecture and its applications. Each chapter in this thesis is largely self contained
and can be read independently, although the results of the later chapters do comment
on the findings of the earlier sections.

In Chapter E we mimic the early time dynamics of a QGP by constructing a
transseries solution (in gradients) at infinite coupling for N' = 4 SYM matter ex-
panding under boost invariant evolution. We find that our transseries solution is
resurgent and demostrate that we can construct distinct non-perturbative solutions
from our perturbative sector. Finally we extend our analysis to include finite coupling
corrections and use our solution to estimate the typical path of evolution a similar
QGP might follow during a heavy ion collision.

We study this same system in Chapter B by exchanging the parameter of small
gradients for instead an expansion in large numbers of spacetime dimensions D. This
approximation method, now well known in General Relativity, affords us a strong de-
gree of analytic control and allows us to extract combinations of the transport coeffi-
cients relevant for Bjorken flow up to 6-th order in gradients to O(D~3). analysing the
non-perturbative (in D) contributions of the system we find the familiar transseries
structure to naturally emerge and can identify a one-to-one correspondence between
the solutions of the small gradient transseries and that of the large-D transseries.

In Chapter @ we shift our focus to the relaxation of black holes themselves, ap-
plying the transseries expansion to analytically track the non-linear evolution of a
blackbrane horizon during equilibration. We find a closed form and remarkably
general expression for the divergence of the blackbrane’s associated entropy current
(0yst) which depends on only near equilibrium information, such as the quasinormal

mode frequencies of the blackbrane and it’s equilibrium temperature. Finally in B
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we summarize the findings presented in this thesis and their implications for future

calculations.

1.1 Hydrodynamics and beyond

Hydrodynamics is an effective long wavelength description of many body systems at
finite temperature, used to describe the low energy excitations of globally conserved
quantities such as the energy and charge. The framework relies on the conserva-
tion of the energy-momentum tensor, symmetry arguments, and the second law of
thermodynamics and as such it uses a universal structure to describe broad classes
of phenomena. Specific details that differentiate theories within this description are
characterized by a set of temperature dependent parameters called transport coeffi-
cients as well as an equation of state, both of which can be must be computed from

an underlying microscopic theory.

1.1.1 Hydrodynamics and the gradient expansion

We begin by identifying the conversed current associated with spacetime transla-
tion symmetry, the energy-momentum tensor 7" in n spacetime dimensions. The

corresponding conservation law is given by the conservation equation,
vV, " =0, (1.1)

where we can defined T = T"* to be symmetrized without loss of generality. One is
able to in general include further conservation laws associated with additional charges,
but these will not be needed in our analysis. First we consider a particular choice of

T known as the ideal energy-momentum tensor 73" obeying the form,
T = eUFUY + peAM (1.2)

with local energy density €(z), local equilibrium pressure given by the equation of
state which we have pre-emptively named p.,(€), U*(x) the local fluid 4-velocity with

respect to the lab frame obeying U? = —1, and A® = U*UY + np*¥ is an operator



4 Introduction

which projects onto the directions transverse to the fluid velocity, where all fields
are taken to be slowly Varying.E Applying the conservation equation to the ideal

energy-momentum tensor we find
U, (0,T) =0 = 0,((e+ peg)U") = U"0ypeq - (1.3)

If the system were in local thermal equilibrium we could apply the thermodynamic

relation €(T') = —peg(T) + T'seq(T) with s., = aap}q where T'(x) is a locally defined

auxillary parameter which we call the local effective ternperauture.E Assuming the

thermodynamic relation holds we can rewrite Eq. (@) to find that for ideal evolution

0, (seqU™) =0, (1.4)

where s.,U" can be identified as the equilibrium entropy current. This statement
justifies the interpretation of T to be associated with isentropic flow retroactively
justifying our assumption that the system was in local equilibrium. One can still
define notions of an out of equilibrium temperature and entropy current satisfying
0, (s*) > 0, however the definitions of s* and 7" can depend on the choice of fluid
frame and are not unique [17,18].

We can note that Eq. () was the most general isotropic tensor that we could
write down containing no derivative terms. The assumption of hydrodynamics is that
we can describe T for a generic theory in terms of an expansion in gradients about

this equilibrium stress tensor,
TH = eU"UY 4 pe A" + 11M (1.5)

where 11" is an infinite power series given by all possible combinations of 9,,, U* and

AM encoding the deviations from local thermal equilibrium. Because these deviations

IThe identification of the scalar functions e and Deq With the local energy density and the pressure
can be made by noticing that in the fluid rest frame where U* = (1,0,0,0,...) an arbitrary energy
momentum tensor should take the form T/ = diag (—e¢,p, p,p, ...).

2The notion of a local thermal equilibrium can be made precise by dividing the medium into
infinitesmal spacetime cells, such that each cell individually satisfies the assumptions of thermody-
namics and is itself in equilibrium.
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are assumed to be small one expects that higher derivative terms can be ordered
in progressively smaller contributions, with the number of derivatives acting as a
counting parameter. Ideal hydrodynamics, given by the evolution of T3 is the limit
where we set all derivative terms to zero. Lastly, as in the ideal case, we define the
fluid velocity U* to be the 4-velocity of the local energy density in the lab frame by
choosing the Landau frame via the condition T*U" = —eU*, implying the condition
that 11*"U, = 0.

We can interpret the gradient terms from II*” as the source of entropy production
for a generic fluid which is saturated in the ideal case by Eq. (@) Symmetry
constraints of 7" as well as the positivity of d, (s*) > 0 can be used to determine
the form of II*” at each order in gradients. The first order expression can be written
as,

I = —not — CAM O U + ... (1.6)

where 7 and ( are the first order transport coefficients, known as the shear and bulk
viscosities, o* = A AHB (&XUB + 0sU,, — %na,gaAU’\) is the shear tensor, and the
ellipses indicate higher order terms in gradient. These transport coefficients are not
fixed by hydrodynamics and must be determined by an underlying microscopic the-
ory. For weakly coupled systems these coefficients can be fixed through Boltzmann’s
kinetic theory as a consequence of microscopic collision processes. [19-21]. At strong
coupling the quasi-particle picture breaks down but nevertheless the robust framework
of hydrodynamics still holds even without a clear understanding of the underlying mi-
croscopic dynamics. For holographic theories one can extract transport coefficients
from the Green’s functions of the theory via the Kubo formula [22,23]. We will be
interested in particular in conformal theories, which will set ( = 0, fix the equation of
state to be pe; = —5 and will set the 7" dependence of our hydrodynamic quantities

by dimensional analysis.
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1.1.2 Bjorken Flow

Bjorken flow is the solution of relativistic hydrodynamics under the assumption that
the fluid motion is invariant under boosts along the longitudinal direction z). First
described by Bjorken as a model for particle production in high energy hadronic
collisions [24], the assumption of boost invariance is motivated by the observation
that particle multiplicities in this type of collision exhibit relatively flat momentum-
rapidity distributions. The model reasonably describes the initial evolution of de-
confined nuclear matter following the ultra-relativistic collisions of heavy ions, and is
routinely used when studying their phenomenology (see [25] for review).

This flow is conveniently expressed in Milne-type coordinates
ds* = —dr? + 72dy* + da? | (1.7)

where 7 = , /t? — :Eﬁ the proper time, y = arctanh (%) the rapidity, and z, are the
coordinates for (n — 2) transverse spatial dimensions. We will leave the number of
transverse dimension general to anticipate the analysis of Chapter E In the absence
of transverse dynamics, boost invariance imposes that the velocity field of the fluid
U* is given by U™ = 1. In addition T"" is fixed to be a diagonal function of only 7,
as invariance under spatial reflections will set the off-diagonal terms to zero.

A remarkable aspect of this effectively 1-dimensional flow is that once the func-
tional form of the energy density is determined, stress tensor conservation (7., = 0)
and conformal symmetry (T} = 0) completely fix the stress tensor of the theory [26].

To show this explicitly we start with the simple result of these conditions,

T 4T +7 Ty =0, =T +7 Ty +(n—2)Ty,., =0. (1.8)

Putting these terms into more intuitive notation we define the longitudinal pres-
sure py, = T}/, and transverse pressure pr = T} as the diagonal components of the

stress tensor in the fluid rest frame so that

T,uu = dlag (67 szLapTapTa ) ) (19)
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where as before we have identified the energy density with e = —77. Using the
constraints given to us by Eq. (@) we can express the energy momentum tensor

purely in terms of a single function, the energy density €(7), through the relations

pr = —€(1) — 7€ (1), (1.10)
_ 2etre(n) (1.11)
—24+n

Note that these expressions are valid independent of whether the system is far from
local thermal equilibrium, and that in thermal equilibrium both pressures must be
the same. This feature will be useful in Chapter E where we use them to track the
evolution of a system outside the hydrodynamic regime.

While the conservation equation ([L.10) must be satisfied in any interacting theory
(without external sources), in the hydrodynamic limit we can express py, in a gradient
expansion around the equilibrium pressure pey. For a conformal theory we can use

the conformal equation of state to write the longitudinal pressure as

1
n—1

pL = (1) + Apr, (1.12)

where Apy, encodes all deviations from the equilibrium pressure, ultimately coming
from gradient terms embedded in the viscous tensor Apy = II¥ which, for 1+1 di-

mensional expansion and to second order in gradients is [27]

\Y
" = —not” 4+ nm (Dua’“’ +
n —

u

10‘“’) + Moo (1.13)
where 7 is the shear viscosity, and 71 and \; are second order transport Coefﬁcientsa.
If we consider the ideal case with Ap;, = 0, we can easily find €,(7). As we are

considering a conformal theory, T, will be the only dimensionful parameter and

€eq(T) will be fixed by dimensional anaylsis,

€eq(T) = g Tog(T)" = g A" (AT)T7 . (1.14)

3To define some standard notation in Eq. (), D, is the covariant derivative along the fluid
velocity u# defined as D, X = u"X,,, V is the projection of the covariant derivative to the fluid rest
frame V#X = A* X, and the brackets denote symmetrization and tracelessness in the rest fluid

rest frame, 2A<HY> = A AVP (Aaﬂ + AP — n%lgaﬁAg) with AP = (g" 4 utu).
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where g, is a constant set by the equation of state and A is a dimensionful scale of
mass parameter one. At late times, all information about the initial conditions of this
highly symmetric expansion is condensed in the value of this constant A, which may

be defined as

A=)
A= lim 77 (6(7)) . (1.15)
T—00 g*

Away from local equilibrium each gradient correction can only depend on the dimen-

sionless combination v~ = (A7) ~ ——, where v = 2=2 and we call u the inverse
€q

gradient correction, not to be confused with the fluid velocity U#. The energy density

for Bjorken flow must take the simple form

€(7) = €eq(T) (1 eyt 0y 2 4 ) = ¢ Ary(722) Z eyt (1.16)
i=0
where 650) are dimensionless coefficients given by combinations of the transport co-

efficients (with their temperature dependence factored out).E These coefficients are
solely determined from the microscopic theory. A surprising outcome is that in many

phenomenologically relevant theories in which one can find numerical expressions for
(

these coefficients eio), the contribution of higher order coefficients appears to grow
factorially instead of falling off [, 2,2882]. This indicates that even in these real-
istic theories where we might expect ideal hydrodynamics to hold in some region of
applicability, the hydrodynamic gradient expansion does not converge. As we will
see in the following chapters, not only can we make sense of such an occurance, this
behaviour is in fact expected.

Lastly we note that it is convenient to define a dimensionally correct effective

temperature far from equilibrium through
e(r)=g.T(7)" (1.17)

so that the relation reduces to Eq. () in local equilibrium when the flow is ideal.
Such a definition will be used later in Chapters E & B

4In our conventions we will set €y = 1, taking the normalization of the series to be given completely
by A. Also note that we have explicitly factored out g, in the definition of our coefficients.
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1.1.3 Beyond hydrodynamics

In the previous section we learned that in many phenomenologically relevant theories
the hydrodynamic expansion can be found to diverge. A similar and ultimately
related conflict is the issue of acausality. For any practical computation one must
truncate the series given by Eq. ([L.13) at some finite order but the resulting equations
of motion due to this truncation will not be well-posed, resulting in superluminal
modes [18,32,83]. While it is clear that these fast moving modes are outside the
hydro regime and should be ignored, practically they can hinder the implementation of
numerical computations. To resolve this Miiller-Israel-Stewart (MIS) theory abandons
the notion of II*” as a definition of the gradient expansion about the equilibrium flow,

and instead promotes II*” to a dynamical variable obeying,

\Y
(mU%0q + 1) 1" = —no*™ + nm (Dua‘“’ + —qa‘“’> + Moo , (1.18)

where the additional terms shown on the right hand side of this equation are given by
the gradient expansion to second order for 141 dimensional expansion in n dimensions
[27]. The parameter 77 is known as the relaxation time, and the linearization of the
resulting theory is causal provided Ty > n/s. For our purposes we will truncate
the additional terms at higher orders, and adopt the symmetries of Bjorken flow in
n = 4 spacetime dimensions while setting the transport coefficient \; = 0. This
simplification amounts to selecting a specific family of microscopic theories, but does
not change our argument beyond making our expressions more concise.

Together with the conservation of the stress tensor given by Eq. (@) we can find

the equations of motion to be

Apr(t)+ 7€ () + 4€§T) =0, (1.19)
3rmApL (1) + Apr(7)(37 +4m) +4n =0, (1.20)

Where for the conformal theory we can express € = g, T* defining T out of equilibrium

through € as a local effective temperature where for convenience we will choose g, = 1
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in this section. The transport coefficients have a simple T" dependence given by,

At =0y, (1.21)

where C;; and C;, are undetermined and define a family of theories. Expressing Eqs.

() and () in terms of the energy density as a function of u = (A7)** we find

a single second order non-linear ODE which governs the dynamics of the system,

20, u (ue"(u) + 5e'(u))
€(u)

3u’/2€ (u)
e(u)3/4

+8(Cryy — Cy) + +6u*e(u) =0, (1.22)

One can check that as before a power series solution of the form of Eq. ([L.16) with
n = 4 will solve Eq. () However as expected from the number of derivatives
contained in Eq. () a second independent solution can found, this time of the

form
oe(T) ~ ulreAre Z e,(cl)u*k +0 (e7?Mm) (1.23)
k=0
where the equations of motion fix,
3 Cy

and ﬁl = —3 +

A= 2C,, Cr’

(1.24)

as well as an infinite sum of coefficients e,(i,l), distinct from the coefficients 6}(;)) found
in the original hydrodynamic series. We can note that the series given by Eq. ()
is non-perturbative in the u — oo limit and so we refer to these types of solutions as
non-hydrodynamic modes.E

While curing the problem of acausal modes in the gradient expansion we have
effectively invented a family of microscopic theories whose data is fixed after setting
parameters C, and C7,;, and which automatically includes a non-hydrodynamic sector

controlled by C!

- The non-hydrodynamic contribution followed a particular char-

acteristic form common to transseries solutions, which will be discussed further in
Chapter E There is however nothing special about having chosen MIS theory to fix

the ultra-violet behaviour of the gradient expansion. One could have equally chosen

®As indicated by the correction term in Eq. () the non-linear terms in Eq. () also lead
to an infinite series in powers of e~41* for Je().
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any causal microscopic theory with a hydrodynamic regime, such as Heller-Spalinski-

Janik-Witaszczyk theory, kinetic theories with various choices of collision kernels, or

even NV =4 SYM theory [31,34]. What we will find in Chapter E however is that these

perturbative and non-perturbative sectors are not independent and that specifying
(0)

the coefficients €, ” to higher orders in k will fully determine the non-perturbative

sectors of the theory.

1.2 The AdS/CFT correspondence

We would like to study the real time evolution of strongly coupled gauge theories
far from equilibrium. While such an analysis for Quantum Chromodynamics does
not yet exist, interest in describing strongly coupled systems such as the quark-gluon
plasma (QGP) has provided a good motivation to consider related and more tractable
theories for this purpose. To gain some insight into qualitative aspects of QCD which
remain relevant in experimentally accessible regimes, it will be useful to consider the
QCD equation of state given in Figure E‘ given for Ny = 3 with physical quark
masses.

On the left panel we see the pressure in units of 7%, with a dramatic rise above
a temperature of approximately 200 MeV. This is characteristic of a phase transition
and indicates an increase in the degrees of freedom in the medium. On the top right
of the left figure we see the non-interacting Stefan-Boltzman limit which deviates
from the slow rising plateau of the plot, even at temperatures of 1 GeV. On the right
panel we display the trace anomaly I = (¢ — 3P) in units of T, which indicates a
greater degree of conformality as it approaches zero. In the temperature range of
above ~ 300 — 400 MeV, which can be readily scanned by both RHIC and the LHC,
we expect to find an interacting but near conformal medium. This suggests that
qualitative features of QCD in this regime could be extracted instead from simpler
conformal gauge field theory, a natural candidate being the N = 4 supersymmetric

Yang-Mills (SYM) theory.
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Figure 1.1: Results of lattice QCD computations taken from [35,36] with Ny = 3. Displayed
are the pressure (left panel) and trace anomaly (¢ — 3P) (right panel) in units of T%. The
data is taken with a varying number of points in the euclidean time direction given by N,
which corresponds in the continium limit to N, — oco.

An important framework has been developed for studying N’ =4 SYM at infinite
coupling through the use of classical Supergravity [6,10,37] which we will further
explain in this section. While ' = 4 SYM and QCD maintain fundamental differences
the conformal nature of QCD above the critical temperature allows one to derive
qualitative insights into the dynamics of the QGP from this related theory.

To begin we outline some basic concepts of string theory and D-branes before
motivating the correspondence between IIB string theory in AdSs x S® and N = 4
SYM with gauge group SU(N.). The action of a relativistic point particle is speci-
fied as the integral of its proper time over a path of evolution through some higher
dimensional target space. Analogously the Nambu-Goto action of a classical string is

given by an integral over a 2-dimensional worldsheet

Sstr = _Tstr/d20\/ -, (125)

where o parameterizes the coordinates along the string worldsheet and 7,5 = 9ax™ 052" gurn

tracks the trajectory of the string in the D-dimensional target space via ™, with back-

ground metric given by gyn. T = ﬁ is the string tension, sometimes expressed
S

through the string length /.
When quantizing the action given by Eq. () the condition that there are no

negative norm states implies that the number of dimensions in the target space will
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be fixed to D = 26. The spectrum of states corresponds to different vibrations of
the string given by a finite number of massless modes as well as an infinite tower
of massive modes set by ms ~ [;'. One such massless rank 2 mode, known as the
graviton, is identified with a closed string. For our purposes we will be interested in
type IIB superstring theory, a model including a fermionic worldsheet in the action
() which when quantized will enforce D = 10.

Interactions in such a string theory are mediated by a vertex parameter g, which
controls string scattering amplitudes.E At low energies one can simplify the system
by integrating out the massive string modes to find a low energy effective action
for the remaining massless modes. Because the massless spectrum of a closed string
theory always contains a graviton the low energy effective action will be type 1IB
supergravity [38,89],

1
167TG10

SSUGRA =

/dlox\/—_g(R—i— o) (1.26)

where the ellipses denote massless matter fields. From enforcing that the low energy

effective action is given by tree level interactions of the gravitons we will find that

167G = (2m)7 218 (1.27)

s’s

where the dependence on [ follows from dimensional analysis.

In string theory we also find higher dimensional solitonic objects known as D-
branes. A Dp-brane can be intuitively understood as a subspace spanning p dimen-
sions of our target space upon which strings can start and end. Just like domain walls,
D-branes are dynamical objects sweeping out a (p + 1)-dimensional worldvolume in
spacetime. For type IIB string theory stable Dp-branes are given when p is odd.

An interesting feature of D-branes is the emergence of non-Abelian gauge theories
as an effective low energy description of the strings attached to them. For N, parallel
coinciding D3-branes one can find a low energy effective action consisting of a gauge

field A, six scalar fields ¢* and four Weyl fermions in the adjoint representation of

6Typically g, can be defined as the vacuum expectation value of a particular scalar field measured
at the boundary known as the dilaton, but for our purposes this detail will not be important.
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U(N,) [40]. Since these fields are supported on the D-brane, they depend only on the
x# coordinates along the 3 4+ 1 worldvolume. This theory turns out to be precisely

N =4 SYM with gauge group SU(N..) whose bosonic part of the Lagrangain is given

by,

1 1 1 ) ) S
9y m 4 2

with Yang-Mills coupling constant given by,

G2 = 47y, (1.29)

where the high degree of super symmetry present in this resulting theory will enforce
that the constant coupling is scale independent. In finding the Lagrangian given
by () we have neglected the higher mass modes given by m, ~ [;! as well as
ignored the gravitational interactions mediated by the dimensionless coupling pa-
rameter G1oE® in 10 dimensions and as such would be suppressed in the low energy
limit. Interactions between closed and open strings are also controlled by the same
dimensionless parameter due to the universal coupling of gravity to matter. Therefore
at low energies from this decoupling we must conclude that the interacting sector is
sufficiently described by N/ =4 SYM in (3+1) dimensions with gauge group SU(N,).

However, at the same time one can explicitly solve the supergravity equations
of motion for a spacetime metric sourced by N, Dp-branes [41,42]. For a stack of

D3-branes in type 1IB theory one finds
ds? = H™1/? (—dt* + dai + dxj + da3) + H'/? (dr* 4 r?dQ%3) (1.30)

where coordinates (t, Z) denote the 3+ 1 dimensions spanned by the D3-branes while
(r,Q5) are the coordinates transverse to them. Here dr? + r?dQ2 can be recognized

as the flat metric written in spherical coordinates and the function H(r) is set to
4

L
H=1+"

-, L'=dmg,N.l, (1.31)
,

where L is the radius of curvature, a length scale parameterizing the strength of the

gravitational interaction. The metric () depends only on the coordinate r and
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can be intuitively divided into two regions. When r > L we will have H ~ 1 and
the metric reduces to flatspace with a small correction of the order L*/r* consistent
with a gravitational potential due to a massive object in the six remaining spatial
dimensions.B

Conversely in the region given by r < L the effects of gravity are strong and the
metric ([L.30) reduces to

ds® = ds’y,g, + L2z, (1.32)

where by defining r = L?/z we can find
12

dstgs, = = (=dt* + dai + dz + daf + d2°) | (1.33)
which can be recognized as the AdSs x S® metric. In the low energy limit the gravitons
in the asymptotic r > L region will decouple as the dimensionless coupling G E®
vanishes, but gravitons in the “throat” region given by r < L will be sufficiently
blueshifted to survive. Therefore in this description, the interacting sector at low
energies will be controlled by closed strings in AdSs x S°.

Let us re-evaluate the discussion above where we have considered two very different
descriptions for the same stack of N, D3-branes. In the first picture, known as the
open string description, the D-branes correspond to a hyperplane in flat spacetime
upon which open string excitations at low energies follow an effective description
in terms of A/ = 4 SYM theory. In contrast the second picture, the closed string
description, is given by a non-trivial geometry resulting from interacting gravitons.
The AdS/CFT correspondence is the conjecture that these two descriptions, N' =
4 SYM with gauge group SU(N,) and type IIB string theory in AdSs; x S°, are
equivalent.

Astonishingly, even while these two very different pictures appear to describe the
same system, they become tractable in different regions of parameter space. For the

combination g;N. < 1 we can see from Eq. () that the supergravity solution of

"This is to be expected as the D3-branes full the 3 + 1 dimensional volume, leaving a Newtonian
potential to be felt in the remaining 6.
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Eq. () will probe length scales where the radius of curvature is much smaller than
the string scale L < [, where low energy supergravity fails to be a valid description.
On the other hand this very same region is easily calculable in N' = 4 SYM with
standard perturbative methods. In the opposite regime, g;N. > 1, one avoids the
inclusion of massive string states given by m, ~ [;! and supergravity will be applica-
ble, while computing Feynman diagrams for the gauge theory in this region becomes
impractical. A further constraint to consider is the suppression of quantum gravity
fluctuations controlled by the Planck length [, = Gh/f;. These contributions are given
by loop diagrams present in the expansion of the closed string interaction amplitude
and will be proportional to [, relative to the radius of curvature. Therefore in order
to perform computations with classical supergravity we will require that lg < LB,

Rewriting these conditions in terms of parameters relevant for N' = 4 SYM, we

can re-express ¢s, ls and Gy through Egs. ([1.29), () and () to find,

o L 4 2 lp 8 G10 7T4
2= () =t (2) - =g .

where the fixed parameter A is known as the 't Hooft coupling. Therefore the condition
that both quantum gravity effects and higher order stringy effects are suppressed

translates to the condition that
A>1, N.>1. (1.35)

Because this region of parameter space is typically inaccessible for interacting gauge
theories with other standard methods, the duality described above offers invaluable
insight into gauge theories at strong coupling. Higher order corrections corresponding
to the string length [,/L result in a classical effective action with higher derivative
corrections. Therefore we can associate corrections in 1/A with higher derivative
gravity while corrections in 1/N.. correspond to loop corrections when computing the

interactions of closed strings.
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1.3 The holographic dictionary

Previously we have argued that the N' =4 SYM theory with SU(N,) gauge group in
3 + 1 dimensions can be identified with type IIB classical supergravity in the large
N, and large 't Hooft coupling A limit. Now we will explore how this correspondence
can be used to extract useful information from classical gravity to study our CFT at
infinite coupling.

Before we explain this process in detail we will first remark on a common sim-
plification which is often used to further reduce the complexity of the AdSs x S°
spacetime in practical computations. For example, a scalar field ¢(z,2) supported

on AdSs x S° can be decomposed into a basis of spherical harmonics
oz, Q) =D di(x)i(Q), (1.36)
1

where 2 and € denote the coordinates on the AdSs and S° subspaces respectively.
One may consider solutions which are a consistent trunctation of the full supergravity
equations of motion where all but the uniform spherical harmonic are set to zero. The
effective action one finds after dimensional reduction is given by

L5 12
reduced — d5 - - 1.
Sreduced 167TG5/ T\ —gs <R5 + LQ) (1.37)

where the g5 and Rj are the determinant and Ricci scalar of the reduced 5-dimensional
metric, 5 = 7 is the volume of the unit S° and G5 is the 5 dimensional Newton
constant.E The specific value of the cosmological constant is fixed when choosing a
uniform solution for the anti-symmetric 5-form field strength F5 which lies in the
classical supergravity action of the 10-dimensional theory. Where comparing the
action in Eq. () to the 10-dimensional action in ([1.26) and substituting the 10-

dimensional Newton’s constant found in Eq. ([L.34) we can fix

G10 G5 ™
= > —_— = — 1.
Gs Qs L5 I3 2N2 (1.38)
D+1
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In the following sections we will suppress the “5” subscript in the metric tensor while
replacing the number of dimensions with a general D = n+1 with coordinates (z*, z)
which will be useful in Chapter B

Within the AdS/CFT framework boundary values of fields in the AdS bulk can be
viewed as sources of gauge-invariant operators in the boundary CF'T. More formally,
observables in gauge theory can be extracted from the gravity dual by using the

GKPW formula [§]
/dO eiScrr[Ol+[ d*z O(z)do(x) — Zerr [do] = Zgtring [¢<x>z)‘aAds] ~ ¢tS10(2)] . (1.39)

which relates the generating functionals of the gauge and gravity theories given by
Zopr and Zgying. Here Zopp is the generating functional for an operator O(x) of
the CFT in n spacetime dimensions coupled to source ¢y. Zgyping is the generating
functional of a bulk field ¢(z, z) evolving on an AdS spacetime with the condition that
¢(z, z) be related to the dual CFT source ¢y(x) at the boundary of AdS parameterized
by the holographic coordinate z. The precise relation between ¢g(z) and ¢(x, z) will
be made clear below. The final approximation on the RHS of Eq. ([L.39) is the result
of taking the infinite 't Hooft and large N, limits, allowing the string generating

functional to be described by classical supergravity.

1.3.1 The dual of the scalar field

As an example of this field-operator correspondence we follow [[10,43] in considering a
minimally coupled scalar of mass m in vacuum AdS, with boundary value determined
by ¢o(x), which through Eq. ([1.39) will source a scalar operator O(x) in the CF'T. We
will perform our calculation on the static background AdS background in D =n + 1

dimensions which for the case of D = 5 remains a solution of Eq. (),

IN?
ds* = <_) (—dt?* 4+ da? + dz*) | (1.40)

z
where from the point of view of the boundary field theory x = (t,%) are the n

spacetime dimensions, and z is an auxillary coordinate parameterizing the dual bulk
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space. The action for a free scalar field minimally coupled to gravity is given by,

S = %/dzd”x V=9 [g"NOndong +m?e* + .| | (1.41)

where indicies M and N run over all n 4+ 1 coordinates, the gravity action is hid-
den in the ellipses, and has an equation of motion given by a simple wave equation
(O —m?) ¢(z,2) = 0. For evolution on a background given by Eq. (), this linear
operater has no explicit dependence on x coordinates allowing us to Fourier transform
these derivatives into a momentum basis, solve the resulting ODE as a power series
in near the z = 0 boundary, and transform the solution back to = coordinates. We
can find,

o(z,x) = ZA*A(x) (1+0(2)) + zA+B(x) (1+0(2)), (1.42)

with exponents AL given by

n n?
AiIEiV, y:\/Z—l—mQLQ, AL +A_=n. (1.43)

We can notice immediately for this scalar to be real we require that the mass m

satisfies,

n2

m?L? > -7 (1.44)

This inequality is known as the Breitenlohner-Freedman (BF) bound, below which
scalar fields in AdS have become unstable [44,45]. We will restrict our argument to
the case where (mL)? > 0 where A, > 0 and A_ < 0, so that the near boundary
behaviour of ¢(x, z) will be set by A(x) while the term proportional to B(x) vanishes,
which we will call the non-normalizable and normalizable modes respectively.

As motivated in Eq. ([L.39) the boundary value of a bulk field ¢ should be identified
with the source for the corresponding boundary operator O(z), which by Eq. ()
is controlled by A(x). As such we identify the smooth deformation of the CFT with

the non-normalizable mode evaluated at the boundary as,

Sewr = Sorr + / &'z ¢o(2)0(x),  dolz) = Alx), (1.45)
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where in order to maintain a finite source ¢y(x) we have factored out the diverging

dependence on z,

oo(z) = ¢(z, z)‘aAdS = lim 2%+ "¢(z, 2) . (1.46)

z—0

Taking A(z) — 0 then corresponds to taking the boundary source to zero, as is usual
when computing vacuum expectation values for the dual field theory. Performing a
scale transformation x — Az, z — Az we can read off the scaling dimenions of A(z)
as d — A, and B(x) as A, respectively. Because the deformation Eq. ([L.45) is scale
invariant this implies that the scaling dimension of O(z) is A, the same as B(z),
suggesting that B(x) will be proportional to (O(z)).

While we have made some identifications, strictly the action given by Eq. ()
will be infinite at the boundary and so any meaningful calculation will need to be
renormalized. By introducing a cut off at z = ¢ one can perform holographic renormal-
ization by including local counterterms S.; defined on this cut off surface to cancel
all divergences as ¢ — 0. Following this process we define the finite renormalized
action S as the limit of this sum as the cut off surface approaches the AdS

boundary [9,46-49]. Using this new renormalized action one can fix the constant of

proportionality relating B(z) and (O(x)) through the GKPW formula Eq. (),

(O@)) = M = lim 2" A+ 357 [g]

Sgo(z) — =0 Solne) VB (1.47)

The specifics of this calculation are cumbersome and not particularly enlightening,
but can be found in the Appendix of [L0]. From this example we learn a general
lesson, that the non-normalizable mods of the bulk fields correspond to deformations
of boundary field sources while the normalizable modes are given by expectation

values of operators in the dual field theory.
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1.3.2 The holographic stress tensor

To find the expectation value of the stress tensor one should deform the boundary

theory by a candidate source which is a rank two tensor,

Scrr — Scrr + /d”:v Yo () TH (), (1.48)

which can be interpreted as a spacetime metric deformation, and from Eq. ()
should be associated with the boundary value of a bulk metric gy n(z,2). There-
fore we can understand that the evolution of the conserved stress tensor in the
translationally-invariant gauge theory should involve the dynamics of gravity in the
dual description.

In a similar fashion to Eq. () a stress tensor can be computed of the form,

(T (2)) = lim 2 §.5(ren) 9]

z—0 /_g(gj’z) (5gw,(:(:,z) ’

where we have replaced the gy n (2, 2) indicies with g,,(z, z) to exclude the compo-

(1.49)

nents corresponding to the z coordinate, and the factor of \/1— is needed to ensure
—g(x,z

that this object is a tensor.
Following the prescription of [49] the renormalized classical gravity action used in
Eq. ([L.49) is given by,

1 n(n —1) 1 1
dzd"zy/—g ( R 4"/~ K ———— S (Y
167Gp /M V=g ( T )+87TGD / K g e )

oM
(1.50)

(ren) _

where we have included a Gibbons—Hawking boundary term [50] where K is the trace
of the extrinsic curvature given by K,, = —(V,n, + V,n,)/2, n, is the outward
pointing unit normal vector to the boundary, and V, is the covariant derivative with
respect to the induced metric at the boundary 7,,. The counter terms S, can be
fixed by requiring that the divergences cancel in Eq. ([1.49), which for n < 4 will give
us,

Su = /BM 4"z /= {”; L Q(RL_ 2)73} (1.51)
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where R is the Ricci scalar for the induced metric +y,,. For higher dimensions more
counter terms will be required, but these will not be relevant in this thesis. Putting

these together one finds,

i 1 Lnt? n—1 L
<Y1LV(:I;)> = lim L r}/uu -

2—0 &G p 212

[KMV - ’YMVK - gw} 5 (152)

n—2
where G, is the Einstein tensor given by ~,,. To lighten notation in the rest of
this thesis we will refer to the expectation value of the boundary stress tensor as
T = (T (x)). In later chapters we will use Eq. () to extract the energy density

associated with specific gravity solutions in non-equilibrium contexts.

1.3.3 The static AdS-blackbrane and thermodynamic prop-
erties

In Section B we related type IIB string theory to NV =4 SYM at zero temperature
but this discussion can be generalized to non-zero temperatures by exciting degrees
of freedom on the N, D3-branes [, 51]. On the gravity side this modification is
made manifest through the appearance of a horizon in the AdSs x S° spacetime.
After the standard program of dimensional reduction one will be left with a static
AdS-blackbrane metric, written in general dimensions ast

ds? = (é)z (—f(z)dt2 + i + ffj)) , (1.53)

with f(z) = 1 — <i> . We can note that this thermal system explicitly breaks

Zh

supersymmetry as well as scale invariance by introducing a dimensionful constant zj,.
Applying Eq. () we find that the stress tensor resulting from this solution can

be computed as,
_ 1 Ln—l [
o 16mGp 2y

Nuw + 16,0000 - (1.54)

We learn that the gravity solution of an AdS blackhole corresponds to a state contain-
ing matter in the dual field theory. Black objects in General Relativity are known to

carry a Hawking temperature T' given by defining a Euclidean time coordinate with

9The usual AdS/CFT correspondence will correspond to the case of n = 4.
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fixed period g = 1/T = mz, set by solution continuity. One could speculate if this
Hawking temperature is related to the temperature of a thermal medium in the dual
field theory. This intuition is correct as can be seen from the GKPW formula of Eq.
() the introduction of a periodic Euclidean time coordinate on the gravity side
automatically turns the LHS of the equation into a thermal expectation value with
temperature 1" as the time coordinates are required to be the same on both sides of
the duality [[7].

Similarly the entropy of the field theory can be identified with the Bekenstein-

Hawking entropy, which is calculated from the area of the horizon

BT — V9 S Ly (1.55)
- [day..dv,—1  4Gp [ day..dx,—i  4Gp \ = ’ ‘

where anticipating that the total entropy of a blackbrane extending over an infinite

SBH

transverse volume will be infinite, we have defined sy as the finite entropy density
per unit volume. Identifying the result of Eq. () with the entropy of the dual
theory s = spy we write the thermodynamic quantities for A" =4 SYM in terms of

the temperature, in the limit of large N, and infinite 't Hooft coupling,
3 92 L 5o L 5 0ms
€= g7 NZT, Peg = g NZT*, 5= NZT® . (1.56)
where we have fixed n = 4 and used Eq. () to fix the value of Newton’s constant.
As a check we can easily verify that the quantities of Eq. () are consistent with
the thermodynamic relation € = —p., + T's, as expected for the static system.

Away from equilibrium the stress tensor given by Eq. ([L.52) can always be defined,
however in this region thermodynamic quantities do not have an unambiguous mean-
ing. One can however define notions of a dimensionally correct out of equilibrium
effective temperature through e in a fashion similar to Eq. (E) Similarly, horizons
are dynamical objects whose areas can in principle always be determined. An issue
arises here in that multiple surfaces exist out of equilibrium on which to define an
effective entropy. Proposals for a non-equilibrium entropy have been explored holo-

graphically for the apparent [62] and event horizon [53], and near local equilibrium

through the fluid gravity correspondence [54-57).






Chapter 2

Transseries solutions of
holographic theories

One major insight for the study of strongly coupled, many body systems has been
the use of hydrodynamics as a perturbative expansion in small gradients about a
local equilibrium state. In this chapter we summarize some of the key findings of
[1,2] by explicitly constructing the transseries expansion (in gradients) of an N' =4
SYM plasma undergoing Bjorken flow at infinite 't Hooft coupling and large N..
This solution completes the hydrodynamic gradient expansion with additional sectors
which are non-perturbative in the gradient.

We go on to confirm a curious property of the transseries, that distinct sectors in
the theory can be used to recover information about other transseries sectors. Next
we apply a basic resurgence analysis to Gauss-Bonnet gravity, a toy model for finitely
coupled holographic gauge theories, to estimate the typical path of evolution for a
system far from equilibrium towards the hydrodynamic regime. As such we constrain

the location of a special attractor trajectory to which other solutions rapidly converge.

2.1 Introduction and motivation

The discovery and ongoing study of the quark-gluon plasma (QGP) has lead to a
burst of activity attempting to understand this new phase of matter. Strong multi-
particle correlations observed in heavy ion collisions both at RHIC [11-13] and the

LHC [14-16] and the successful description of this phenomena via hydrodynamical

25
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modelling [68-63] motivate an exploration into relativistic hydrodynamics and its
emergence from microscopic theories. One of the most surprising observations of
this program is the finding that a hydrodynamic description can accurately describe
the bulk properties of the QGP in the presence of extreme pressure gradients [64],
challenging our understanding of hydrodynamics as a long distance effective theory
with applicability in the regime where gradients are small. In addition the relaxation
of the system to relativistic hydrodynamics occurs over a rapid timescale with the
mechanism of this fast equilibration being unknown from first principles.

Consistent with these phenomenological findings, numerical experiments construct-
ing the full evolution of the stress tensor given by the strongly coupled limit of N" = 4
SYM explicitly show that this evolution can be approximated by hydrodynamics far
from local thermal equilibrium [65-69]. Similar results can be found for weakly cou-
pled gauge theories obeying a kinetic theory description [70].

Within the context of Bjorken flow these numerical analyses led Heller and Spal-
inski to suggest the existence of a hydrodynamic attractor [32] which may be consid-
ered as an extension of hydrodynamics beyond local thermal equilibrium [[71]. These
are special time dependent configurations to which all other boost invariant evolutions
of the system converge at different times. Such solutions appear to have been found in
Miller-Israel-Stewart (MIS) [32,[72] and Baier-Romatschke-Son-Starinets-Stephanov
(BRSSS) [27, 73] hydrodynamics, N' = 4 SYM and kinetic theory [71,74,[75] and
anisotropic hydrodynamics [76] as well as in non-conformal theories and theories with
less symmetric flows [77-80]. For reasons not well understood, the attractors of these
theories were well approximated by first order hydrodynamics even while the system
remained highly anisotropic; indicating the presence of large gradient corrections.

In subsection we briefly studied the behaviour of MIS theory and found
an equation describing Bjorken-like dynamics far from equilibrium, which could be
solved for a finite number of solutions. It stands to reason that an attractor solution
may be identified, or at least approximated, through the full solution of the equations

of motion which was given there by the transseries [32,74]. In addition the observed
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rapid decay to hydrodynamics may be a characteristic feature of the exponential form
of the non-hydrodynamic modes, completing the hydrodynamic description through
a transseries solution.

To further understand the evolution of highly non-equilibrium states towards hy-
drodynamics in the QGP, in this chapter we will similarly construct the transseries
solution for realistic gauge theories at strong coupling undergoing Bjorken expansion.
Here we will use the AdS/CFT correspondence to study the infinite 't Hooft coupling
limit of N' =4 SYM through the classical Einstein’s equations [6,10]. While this the-
ory is very different from QCD, they are qualitatively similar at finite temperature
and the correspondence can be used to give a useful picture of QGP dynamics. In
addition we will relax the limit of infinite coupling by performing computations in
Gauss-Bonnet gravity, a toy model known to qualitatively replicate features of N’ = 4
SYM at intermediate coupling [81].

The late time expansion for holographic Bjorken flow in N = 4 SYM was first
studied analytically in [26,82], and then computed to high orders in [I,28]. With the
aim of extending this program to a transseries expansion we first outline some basic
notation to be used in this chapter. We will find the transseries solution describing
the energy density of the holographic dual to take the following form,

+o00o
e (u, o) = g.A* Z o"e A, (u) , By (u)=u Z ey (2.1)

neNge m=0

where ®,, (u) is an infinite sum given by coefficients ™ where e(()n) # 0, Bn is a

parameter known as the characterist exponent, and the expansion parameter u will
be the inverse gradient correction as given in subsection () by u = (Ar)*? for

proper time 7 and dimensionful scale A, and g, is the constant set by the equation

of state, which for N' =4 SYM will be g, = 3N§27r2. Following Ref. [28] we will set
A = 771, The exponential weights appearing in Eq. (El]) are expressed as an infinite
dimensional vector of complex numbers. While it need not be the case in general, we

will anticipate the result that these exponential weights appear in complex conjugate
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pairs for N = 4 SYM by writing this vector as,
A= (A AL Ay Ay ) (2.2)
The sum in Eq. (@) runs over every possible value of the infinite dimensional vector
n = (ny,ng, N2, Ng, -+ ) , (2.3)

where the components n; and n; of n are non-negative integers. The product n - A
then simply picks out some combination of the exponential weights for the argument
of the exponential function for a given n from the sum. Lastly we define,

n — .n1 T _np N3
o =0y o' 0y’ oyt - (2.4)

as a product of complex constants o; known as transseries parameters. These coeffi-

cients are abitrary and encode the initial data of our system far from equilibrium.E
To build some intuition for Eq. (@) we first consider the series resulting from the

n = (0,0,0,---) term. This contribution is the least suppressed by the exponential

weights and takes the form,
+o00
€hydro (U) = do (U) =y P Z 67(7?) u ", (25)
m=0

This perturbative series (at large u) will be called the hydrodynamic series or hy-
drodynamic sector, taking the same form as Eq. ([l.16) where in n = 4 spacetime
dimensions we will have 5y = 2.

Next we consider the case where n = e; is 1 in some component ¢ and zero for all
other components. In such a case the energy density receives a contribution of the
form,

Se(u) ~ ouleie™ " o, (u), (2.6)
which is similar to the non-hydrodynamic contribution seen in Eq. () We name
these non-perturbative contributions fundamental sectors, and note that o; can nat-

urally be identified with their normalization. These constants however are not inde-

pendent, as imposing that the energy density be real will imply that o; = 7;. Note

For our considerations there will be an additional overall normalization set by our choice of €J,
but this does not change anything qualitative in what we have presented.
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that implicitly by Egs. (@) and (@) we have defined e, and €, to have components
which are only non-zero in slots 2k — 1 and 2k respectively.

Lastly Eq. (@) includes terms where m corresponds to a linear combination of
basis vectors e; which we will refer to as mized sectors. These non-hydrodynamic
contributions are completely determined by the fundamental and hydrodynamic sec-
tors and contain no new data. They can be viewed as the non-linear backreaction to
the excitation of a fundamental sector.

As found by [28] when originally computing the hydrodynamic sector of N' = 4

0

., ~ m! for large m and the sector is

SYM in Bjorken flow, the coefficients diverge as €
classified formally as a Gevrey-1 series. At first glance this may seem a surprise, that
far be it from having an extended regime of applicability, the hydrodynamic series
instead has zero radius of convergence. This asymptotic behaviour however is typical
of transseries solutions as given by Eq. (@), and can be sensibly examined through
Ecalle’s theory of resurgence [5]. A striking property of such expansions is that the
large order behaviour of coefficients in each sector can be used to recover information
about other sectors in the theory.

We organize this chapter as follows: in Section @ we construct a transseries so-
lution for the gravitational dual to the Bjorken evolution of N' = 4 SYM plasma.
In Section @ we analyse the resurgent structure of the resulting coefficients and ex-
plicitly show that we can reconstruct coefficients from the leading non-hydrodynamic
sector purely from the coefficients of the hydrodynamic sector. In Section @ we con-
truct the hydrodynamic series for a family of Gauss-Bonnet gravity duals to include
the effects of intermediate coupling in our set up. Using these series we estimate
the location of the attractor solution for realistic values of the coupling. Finally in

Section @ we summarise our main results and discuss future applications of this

work.



30 Transseries solutions of holographic theories

2.2 The holographic transseries solution

Holographic duals of Bjorken-like flows in A/ = 4 have been explored by finding boost
invariant solutions of the dual gravity theory [65,82-85]. This is achieved by impos-
ing an Eddington-Finkelstein type ansatz for the metric of the 5-D space satisfying
boost invariance and transverse homogeneity, which limits to an asymptotically AdSs

spacetime on the boundaury.B Our ansatz takes the form,
ds® = —A(r, 7)d7?* + 2drdT + S(r,7)? (e_QB(T’T)dy2 + eB(T’T)dmi) , (2.7)

where (7,y, z1, x2) reduce to the proper time, rapidity and transverse spatial dimen-
sions on this » — oo conformal boundary. While this gauge cannot describe the dual
space-time at 7 = 0 [86], it is a convenient form to describe the dynamics for any

7 > 0 as Einstein’s equations follow the compact sequential form [66,87],

Ca —%s (B)? (2.9)
S5 =28% - 285", (2.9)
SB = —g (S'B’ n BS’) , (2.10)

A" = —3BB' — 4+ 12%, (2.11)

g = % (SA’ - 325) , (2.12)

where f' = 0, f and f = (0- + 2A(r,7)0,) f. Note that these two derivative operators
do not commute, and that for any metric function X we denote X' = (X )I, i.e. the
r-derivative here is always applied last. The form of the equations given by Egs.
(@)—() will reoccur through the following chapters, but in order to make the

connection with [, 28] we will make the re-definitions,

A(r,7) =12 A(r, 1) (2.13)
Blr.r) = <log <(7~TTT1)2) Fd(rm) — ol T)> (2.14)
Str,7) =131+ 1) exp (%d(r, 7')) (2.15)

Einstein’s equations given here with cosmological constant A = —6 are given by R,,,, +4g,, = 0.
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to express Eq. (@) in a form convenient for the large-7 expansion,

ds® = —r?Adr? + 2drdr + (rm + 1)2ePdy? + TQe_%bJ“ddxi : (2.16)

For Eq. () to reduce to a flat, boost-invariant solution at the boundary we enforce

the conditions

lim A(r,7) =1, lim b(r,7) =0, lim d(r,7) =0. (2.17)

=00 =00 =00

As explained in Subsection , for ideal Bjorken flow the local effective temperature
of the plasma at the 4-dimensional Minkowski space boundary should behave as
T ~ 773 at late times. We therefore fix the combination s = %7'_% so that in the
late time limit the naive location of the horizon in the s coordinate will remain finite.

Lo

Noting that gradient corrections behave as = ~ 7

2
— , we fix v = 73 and expand

the metric functions in inverse powers of the inverse gradient u. Fixing a horizon at
sp = 1 these coordinates will span 0 < s < 1 and u > 0 with late times corresponding
to large w.

Keeping in mind that we hope to extract the full transseries solution, we consider

an ansatz for the metric functions of the form

Alr,m) =3 Qalu) Zumg")(s) : (2.18)

neNg®
br,m) =Y Qulu) D u b (s) (2.19)
neNg i=0
dr,r) = )" Qu(w) Y u'd™(s) . (2.20)
neNg® i=0
where
Qn(u) =uv>e ™A (2.21)

As already described in the introduction n = (ny, ng, ng, ng, - --) € N5° is an infinite
dimensional vector of non-negative, integer components which will be used to define
the space of solutions. We will use the field equations to determine the quantities

A = (Al,A_l, Ay, Ay, - ) and a which correspond to particular non-hydrodynamic
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sectors} We will denote the hydrodynamic sector by 0 and define unit vectors e
which have all zero entries except the 2k — 1 entry which will be set equal to 1. €
is similarly defined to have only the 2k entry non-zero. Under this definition scalar
products with A select the corresponding exponential weights, so that e - A = Ay,
and €, - A = A,.

After substituting our ansatz into Eqs. (m) to (m% the linear independence

of Qp(u) will result in an infinite hierarchy of equations. These equations can again
be expanded in inverse powers of u to find linear ODEs for the functions Ag"), bl(-n)
and dl(n). We use residual gauge invariance to set the radial coordinate r to keep
the horizon fixed at s = 1 at every order, which sets Agn)(s = 1) = 0. By imposing

regularity in the bulk and flatness at the boundary for each metric function we are

able to find solutions at each order.

2.2.1 Hydrodynamic and non-hydrodynamic sectors

The case of n = 0 will be referred to as the hydrodynamic sector. Any power of
Qnz0(u) that enters into the equations of motion will remain linearly independent
from terms proportional to 2o(u). Therefore AEO), b§°> and dEo) can be found in-
dependent of the solutions to any other sector. The zero-th order solution (in our
chosen gauge) that preserves flatness and bulk regularity will be given by a boosted

blackbrane written as [83],
dVs) =0, AVs)=1-5", bs)=0. (2.22)

The cases of n = e, and n = €, are called the fundamental sectors.E Equations
linear in g, (u) can depend on only the hydrodynamic sector and solutions within its
own fundamental sector, and again has no influence from higher sectors. The zero-th

order solution in each case is given by,

A5 () =0, A () =0, b(s) = Zey(s) . (223)

3Note that we will assume that each component of A is not an integer multiple of another
component.
4In the discussion that follows one can exchange e;, for €, where appropriate.
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where Z,, (s) satisfies
(s(1—s"02 — (34 s —2iep - ws)ds —3ie, - w) Ze,(s) =0, (2.24)

and where we have defined w = —%iA. We can recognize Eq. () as the Quasi-
normal Mode (QNM) equation given in infalling EF coordinates at zero momen-
tum [88,89]. Imposing flatness and regularity in Z, (s) turns Eq. () into an
eigenvalue problem with an infinite number of solutions w. We take the eigenvalues
w with negative real part to correspond to the unit vector e, and those with positive
real part to correspond to €, with index k ordering them naturally by the negative
imaginary part of each eigenvalue. The infinite dimensional vectors e, and €, can
now be understood as spanning the space of QNM frequencies. Retrospectively one
may have expected the gapped QNMs to be related to the non-hydrodynamic modes
of the dual theory, as these are the modes which do not vanish at small momentum.

Each eigenfunction Z, (s) is determined up to an arbitrary integration constant
associated with the choice of Z, (s = 1), which we will later identify as the transseries
parameter. This freedom comes from the fact that (along with imposing flatness at
the boundary) we only require Z, (s) to be regular in the bulk, allowing a family of
solutions which satisfy this condition. We can interpret each associated sector as an
independent non-hydrodynamic excitation. The vector a is fixed through a similar
eigenvalue problem at order ¢ = 1. Our numerically computed values of a and A
satisfy a = % with high plrecision.E

Finally we consider the mixed sectors where n # e;. Once we have fixed w in
Eq. (), if we replaced e, by a general vector m, then this equation would have

no non-trivial solutions obeying the chosen boundary conditions for n # e;. All

° A heuristic argument for this value is suggested by Refs. [28,83]. At late times Qe, (u) is expected
take the form of a decaying mode with frequency w; in an adiabatically evolving plasma of effective
temperature T' ~ €'/, We hope to capture this dependence in Qe, (u) which we write as,

Qe, (u) ~ exp (iwk/dT T> = exp (i gwk (u - %logu + O(ul))> , (2.25)

where the dependence on T'(7) in the argument of the exponential has been set by conformality.
From here we can read off A = %w and o = % for each individual mode.
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functions A™, 5™ and d\™ for n # ey, €, and i > 0 will be fully determined by
solutions in the hydrodynamic and the fundamental sectors, and so will contain no
free integration constants. In this way these sectors can be viewed as a cascade of

interactions of the fundamental modes rather than independent solutions.

2.2.2 Series solution and numerical implementation

Subsequent equations of motion for i > 1 where n = 0, e, or €, (and for i > 0 where
n # e, and n # €;) can be found by directly substituting Eqs. () to () into
Egs. () to () They can be written respectively as

Lid™ = jim, (2.26)
LaA™ =i, (2.27)
L™ = g, (2.28)

n

dn A b . . . .
where j"™, 7™ and j;"" are source terms, which are sequentially given in terms of

solutions at lower orders in 7, and solutions at the same order which are determined

when solving the equations in sequential order from (b%‘b to (lZ28|) The linear

operators above have relatively simple forms,

Ll =07, (2.29)
L2 =50, —4, (2.30)
L=5(1-507-(B+s"—2in-ws)d, —3in w. (2.31)

In our chosen gauge, Eq. () can be written as a constraint at s = 1,

(1) = g™ (2.32)

(2

with Ji(n) a number determined by lower order solutions. Eq. () is redundant,
being implied by the other four equations.
The implementation of the numerical methods used in this paper are a contin-

uation of the techniques used in Ref. [28]. To integrate Eqs. (M) to (M} we
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use Chebyshev spectral methods [90] with 400 grid points over the s € [0, 1] radial
coordinate with a minimum of 240 digits of numerical precision.E

As mentioned before, in our gauge we have chosen the warp factor A(r,t) to vanish
at the naive location of the horizon (s = 1) which results in the boundary condition
that Aﬁ")(s = 1) = 0. Imposing the constraint given by Eq. (), and standard
flatness and regularity conditions (that all functions d\™, A™ and b{™ vanish at s = 0
and are regular at s = 1) fully determines the system for ¢ > 1 for the hydrodynamic
sector, ¢ > 2 for the fundamental sectors, and i > 0 for the mixed sectors.

A non-obvious implementation is that of ¢ = 1 for the fundamental non-hydrodynamic
sectors, where the parameter @ must be tuned so as to allow a solution for bge’“)
which vanishes at s = 0. For a = % this condition is satisfied for any finite value of
b\ (s = 1) at the horizon. For i > 1, the value of b\**) at the horizon (s = 1) must

(ex)

be chosen so as to fix b, (s = 0) = 0. This was employed in our code via a shooting

method.

2.2.3 Energy density of the dual theory

Unlike the stress tensor computed for the static blackbrane given in Eq. () the
geometry under consideration here has 7 dependent asymptotics. This means that
Eq. () will not be applicable here and we must instead repeat the computation of
Eq. () in our new set-up. Performing an expansion about r = oo we can always

choose a gauge allowing us to write the near boundary expansion in the form,

A(r,7) =12 (1—M+ ) , b(T,T):M—F..., d(r,T)ZM—i-..., (2.33)

r4 r4 r4
where the ellipses indicate higher orders in 1/r which will not be needed, and f(7),
g(7) and h(7) are arbitrary functions related by the equations of motion. As shown
in Subsection , imposing the symmetries of conformal Bjorken flow and the con-
servation of the stress tensor leads to a 7T}, expressible in terms of a single function

f(7). We need only fix the Ty component of the energy momentum tensor and Egs.

6In each case the computation could be done on a typical laptop to high orders within several
hours.
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() and () will determine the transverse and longitudinal pressure. Applying
the near boundary expansion of Eq. () we can relate the bulk geometry to the

expectation value of the boundary stress tensor (see Eq. ()) to be

T.“V = dlag (€7T2pL7pT7pT)uV ) (234)
3N02 : 3 p/ 2 1 / 1 /
— Wdlag (f(T), —7f (7)) =T f (1), f(T) + §Tf (1), f(1) + §Tf (7‘))
jn%

) . 2 _1 .
Re-expressing our solution in terms of u = 73 and s = %T 3 we can write,

fir)=>" o™ Qn(u) (“_QZ f§“>u—i> (2.35)

neNg®

where the coefficients fi(n) can be read from our gravity solution as

(n) Ld

The factor of o™ (see Eq. (@)) is introduced into Eq. () so that the dependence
on the choice of initial condition is explicit in the energy density. For generic n, some

number of the first coefficients f{™ in the sum (R.36) will be zero. For convenience

we define €™ to be the first non-zero coefficient of f™ (with €™, i > 0 given by
the subsequent coefficients), and absorb the shift of the index into the definition of
the characteristic exponent, which will be given by ,. One then arrives at the final

formula for the energy density in the form of a transseries, given in Eq. (@), which

we repeat here for convenience,

+oo
e (u, o) = g, A* Z o e A, (u) , O (u) =u Z eMyTm . (2.37)
neNg® m=0

The coefficients e,&") were computed in [2] and are included in that submission for

sectors @, with n = ey, es, 2e;, (e;+€;), along with their corresponding exponential
weights A; and characteristic exponents (,. For the hydrodynamic sector n = 0
coefficients for the hydrodynamic expansion were taken from [1].

The normalisations for the hydrodynamic series ®¢ and for each fundamental

sectors @, , Pg, (associated to each k™ QNM frequency) are not fixed, and have
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been chosen such that
lee) — 1 e =1 keN. (2.38)

With this choice of normalisation, the mixed sectors have no freedom in their

respective coefficients. The list of sectors which were computed are as follows:

o The first 250 coefficients of the fundamental sector ®.,, and B, = —% +3
with 4; = i%wl, where wy ~ 3.1195 — 12.7467 is the lowest nonhydro QNM

frequency.

 The first 200 coefficients of the fundamental sector ®.,, and e, = —% +3 with
Ay = i%cug where wy &~ 5.1695 — 14.7636 is the second lowest nonhydro QNM

frequency.

o The first 100 coeflicients of the mizred sector ®gp,, With [Soe, = —2% +4 =
2Be, — 2.

o The first 100 coefficients of the mized sector ®e 5, With fe, s, = —4L — Ay

6 6
42&81 +B€1_2'

Note that the sectors &g, $g,, and Pos, are just complex conjugates of the sectors
Dp,, Do, and Py, respectively. Their characteristic exponents f3,, and exponential

weights A are similarly related !

2.3 Resurgence in N =4 SYM

For each sector studied in [2] the coefficients for the energy density grew as €} ~ k!
at large orders, showing each series to be asymptotic.E A well known method for

removing this factorial growth is through a Borel transform, which maps a divergent

"Curiously, the characteristic exponent appears to follow the pattern 3, = f% +n-1+4 fo,
with 1 = (1,1,1,---), but we did not prove this to be so.

8In our computations we present a finite number of terms in each series, meaning that strictly
our series as given is finite. However when we say that these series do not converge we have inferred
that the growing behaviour of the coefficients will not change with increasing order, and presume
that the full infinite sum would not converge.
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series in the variable © > 1 to a series in the Borel variable £ via u=* %a(;; The

series @, (see Eq. (@)) is mapped to

+o0 (n)
B(®,](€) = &1y Tk ¢k, (2.39)
,; U(k + Bn)

The resulting series has a finite radius of convergence which we can utilize to define an
analytic continuation. There are several motivations for following such a procedure.
The Borel transform of a Gervey-1 series gives us direct access to useful information
concerning the other sectors of the theory, and the analytic continuation of the trans-
form can be used to resum the original series through an inverse Borel transform. We
will delay further discussion on the topic of resummation until Subsection but
a brief introduction to asymptotic series and the Borel transform can be found in
Appendix @ In our work we will use diagonal Padé approximants to analytically
continue each finite series, an approximation scheme which rewrites the power series
as the ratio of two series, better allowing the function to represent singularities in the
complex plane.

Performing the Borel transform and finding the Padé approximant for each series
we display the poles structures in Fig. @ for the hydrodynamic sector ®¢ (top left
plot), the fundamental sectors ®.,, P, (top right and middle left plots) and the mixed
sectors Poe, and P e, (middle left and bottom plots), where the condensation of
poles is taken to be indicative of a branch point singularity. We will refer to these
figures as the Borel planes of each sector. In Fig. @ we indicate the exponential
weights of fundamental sectors in solid circles, for mixed sectors in purple diamonds,
and the expansion point of each series as a hollow circle. From the alignment of these
branch points with the locations of the exponential weights, it is clear that each sector
contains information relating to other sectors in the theory. Later in this chapter will
show explicitly how one can recover coefficients of ®., using only the knowledge of
the exponential weight and ®y.

Due to numerical error and a finite number of terms in each series, there are

several poles (grey dots) which do not correspond to an exponetial weight. As we
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Figure 2.1: The singularity structure (grey dots) in the complex &-plane (Borel plane)
associated to the Borel transforms of sectors ®,,, with n = 0, e, es, 2e1,e; + €1 taken
from [E] The Borel planes have been shifted to be represented on a common axis, with
the expansion points shown by a hollow circle and the hydrodynamic expansion located at
the origin (in dark yellow). The exponential weights given in Subsection have been
superimposed on each Borel plane and are divided into fundamental sectors (solid circles)
and mixed sectors (purple diamonds). The fundamental sectors include: A; and A1 (blue),
A and Aj (red), A3 and A3 (green). The yellow crosses indicate non-hydrodynamic sectors
which are not directly visible in the Borel plane for a given sector about which we have
expanded.
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increase the number of terms in our approximation we find the locations of these
spurious poles go to infinity and the branch cuts become more defined. Note that
it is typical when studying transseries solutions to choose variables which eliminate
the integration constant associated with the perturbative sector. This is not the
case when studying e(u) which has an integration constant (or transseries parameter)
associated with the hydrodynamic sector, and is the reason why a branch cut appears

at the hydrodynamic sector in the Borel plane for sector @el.a

2.3.1 Extracting coefficients for the first non-hydrodynamic
sector

Through direct computation we have shown that the energy density exhibits a transseries
structure, at least for the first few non-hydrodynamic sectors given by Eq. (@) In
addition Fig. @ provides strong evidence that this transseries is resurgent, ie. that
the coefficients of different sectors are related enabling us to reconstruct solutions of
one sector from another. While it may appear unintuitive that the perturbative hy-
drodynamic sector should contain information about modes that become applicable
in a different regime of u, both sectors are governed by the same equations of motion
and so are intimately related.

For a resurgent transseries the coefficients of different sectors are generically re-
lated in a predictable way by a large order relation. For our hydrodynamic sector the

coefficients e,(go) will be given byE

@ g R e - 2 B o 20)
us! Aj 1 2mi ( A 1) 1
—S(Hf” L'(k + Bo — Bey) Nosses — 50—@2 F(k’_+ Bo — Pe,) s
omi Al e 2T om ()R 2
So2e; I'(k + Bo — Bae,) Soe, I'(k + Bo — Boe,)

T om (24))F R P, X072 T o (2,) P P X022,

4.
9We have checked that the pressure anisotropy (defined by R = %) as a function of the

dimensionless combination 77" will have no such cut.
0Eq. () has been checked numerically in [2].
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where we further define the sum

)= Mol mm)- A,

and each factor Sg_,,, is known as a Borel residue, a proportionality constant relating
the coefficients of each sector given intrinsically by a theory data. To verify that our
transseries is resurgent we will use Eq. () to extract coefficients from the first
fundamental sector @, from the hydrodynamic gradient expansion given by ®q.

In similar theories various established methods have been used to extract the co-
efficients of fundamental sectors from the a large-order behaviour of the perturbative
sector [91,92]. However in those cases the method of extraction relied heavily on the
specific structure of the Borel plane. Here we will use a general approach which relies
on the properties of the Borel transform alone, and does not require any analytic
continuation or resummation [2, 5.

If we consider the hydrodynamic series ®o(u) whose coefficients e,(go) are given by

Eq. () one can show that the Borel transforms of ®¢ and ®., are related by

M +reg., (242)

B [uﬁel (I)O} <§)‘§:A1 = Soe, B [u561 (I)eJ (E—4Ay) o i

where “reg.” indicates all terms which are regular at £ = Ay, and B [u"e1 &, ] (£ — A1)
is a regular function with a finite radius of convergence about A;. An explicit proof
of this statement is given in Appendix . While it is tempting to consider how
one might extract ®., from ®¢ using Eq. (), we can find an even more convenient
relation.

By direct computation one can find that shifting Se, by any integer multiple will
introduce poles into Eq. ()7 but will always preserve a logarithmic structure. As
shown in Appendix if we instead shift B, by a half integer we find

B [uﬁel—l/Q (I)O:| (€)|€:A1 _ SO;el B [u5e1—1/2 q)81j| <§ _ Al) + reg. , (243)

So—e ( 6(()61) + 6gel) (€ — A1) + egel) w 4. ) .

T AVE— A, \T(1/2) I(3/2) 0(5/2)
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Finally we can performing a change of variables, £ = A; — ({ — A;)?, to transform

the branch cut into a simple pole,

1/2 So-se, Eéel) e —Ap)?
B ™ 2] (Ol e, = 37— <F(1/2> - )% +> -2

From this expression we can see that by calculating the Borel transform B [uﬂelfl/ 2 <I>0(u)} <)
and analysing its residue at ( = A; we can compute the Borel residue S(Hel.@ More-

over, by subtracting the simple pole from the Borel transform:

S e S
Be1=1/2 — 0—er 0 = _¢le) 20z —A (24
and multiplying everything by (¢ — A;) ™2, we can once again use the residue theorem

to predict the next coefficient egel) of the fundamental sector ®.,. This procedure

can be repeated to arbitrarily high orders provided one has the required numerical
precision to do so.

We have used this method to compute the first few coefficients of ®,, from ®¢. In
Fig. @ we display the normalised error of the predicted coefficients relative to those
produced by the numerical gravity calculation for the first few coefficients. This error

is given by

e | e
A06£n1) 0—pre((i;(;ted numerical . m > 1’ (246)

€m | numerical

(1)

where we define €, | the coefficients of ®., determined from the gravity

numerical &5
calculation of Section @, and eﬁ}) |0_p]redicted are our coefficients predicted from the
resurgence analysis of the ®¢ sector. In particular we compute the Borel residue to
be,

Sose, &~ —0.01113 + 0.030501 (2.47)

where this constant has been determined to much higher accuracy with the full ex-
pression contained in [2]. In that paper a similar approach was also used to recover
the coefficients of ®,,, P9 and Pe, 15 from the Pq sector, as well as to find the

corresponding Borel residues between those sectors.

UTn fact we only have access to the combination Sg_se, eéel), but we have chosen to normalise the
fundamental sectors such that their first non-zero coefficient is 1.
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Figure 2.2: Comparison of the predicted results from resurgence techniques and the numer-
ical coefficients obtained from solving Einstein equations in Section P.3. In the above plots
we show this comparison for the fundamental sector ®., as predicted by the large-order
behaviour of the coefficients of the perturbative sector ®¢ given by Eg. () Figure
taken from [2]

2.4 Resurgence in Gauss-Bonnet Holography

In the previous section we have demonstrated that one can recover coefficients of
non-hydrodynamic (in gradient) sectors of the theory using the coefficients of the hy-
drodynamic sector. In this section we extend our analysis in two ways: through using
Borel resummation to recover non-hydrodynamic solutions as a function of gradient,
and by including the effects of intermediate coupling for a more phenomenologically
relevant picture of QGP dynamics. Through our resummaton we estimate the ap-

proximate location of the attractor solution in the regime of large gradients.

2.4.1 Gauss-Bonnet Holography and Boost Invariant flow

Starting from the infinite coupling limit, finite coupling corrections are studied via the
gauge/gravity duality by introducing higher curvature terms in the dual gravitational
theory [93,94]. We will however not study the perturbative corrections to N' = 4 SYM
theory, but instead consider Gauss-Bonnet gravity, a toy model for finitely coupled
holographic systems which has generated significant interest.

While the dual field theory to Gauss-Bonnet gravity is unknown, in this holo-

graphic construction on can extract static (thermodynamic) and transport properties
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of the dual field theory, as well as the relaxation of small non-thermal perturba-
tions [81,95], its off-equilibrium dynamics [96,97] and corrections to its hydrodynamic
expansion [98]. The action of this theory includes both quadratic and quartic curva-
ture terms, governed by a single parameter Agp; but exhibits classical equations of
motion which remain quadratic in derivatives of the metric and as such avoids the Os-
trogradsky instability allowing a non-perturbative treatment of the higher derivative
terms. The comparison of the analyses described above and the results obtained from
finite coupling corrections of N'= 4 SYM show that for negative Agp these two theo-
ries share many common qualitative aspects, which makes Gauss-Bonnet holography
an interesting laboratory with which to explore finite coupling effects in holographic
theories.

However one finds that causality, positivity of energy and hyperbolicity consid-
erations constrain the range of values of A\gp to be —7/36 < Agp < 9/100 [99-106]
(see [95] for a detailed discussion on these limitations)@. Nevertheless, since these
constraints concern the ultraviolet behaviour of the theory, we may still consider val-
ues of A\gp beyond this region to explore its infrared dynamics, such as the approach
towards hydrodynamics of the theory, as already done in [81,95].

The Gauss-Bonnet gravity action is given by

= T G5 / Pr/—g < + E + AGgL (Ryuwpo R"P” — 4R, R™ + R2)> :
(2.48)
where G5 is the five dimensional Newton constant, L is the AdS radius of the A\gp = 0
theory, and \gp is a dimensionless coupling which controls the magnitude of the higher
derivative corrections. Without loss of generality, in the rest of this work we will set
L = 1. As in the A\gg — 0 limit of N/ = 4 SYM, this theory exhibits a family of

static blackbrane solutions dual to a thermal ensemble of an associated gauge theory

plasma. Following an approach similar to Subsection we can extract an equation

12The analysis of three point functions of gravitons in high-derivatives theories has led the authors
of [103] to suggest that these theories are pathological for any strength of the higher derivative
couplings unless a complete tower of stringy states is also considered. See however [104] for a
critique of this argument.
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of state for each dual field theory [93,94]

3TN L VTas

‘T8 e 2

(2.49)

While Eq. () has been computed for an equilibrium solution we can, as in earlier
sections, use it as an out-of-equilibrium definition of the local effective temperature
in terms of e. In addition one can compute various transport coefficients in the

hydrodynamic regime, such as the ratio of shear viscosity to entropy density [107],

n_1—4xgs

S 47

(2.50)

From Eq. () one can identify larger negative values of Agp with a lower interaction
strength in the theory. Second order transport coefficients of this theory have also
been analysed in [95].

Following the program of Section @ we again consider an ansatz of the form

ds® = —r? Adr? + 2drdr + (rT + 1)%e"dy? + r2e 2" da? . (2.51)

. . 1 . .
where after fixing variables v = 7%/ and s = %7’ s we substitute a series ansatz

similar to Egs. (P )—(),

A(r,7) = f: u_iAEO)(s) . b(r,T) = i u_ibl(-o)(s) , d(r,T) = i u_idgo)(s) :
i=0 i=0 i=0 (252)
In [1] we did not attempt to find a transseries solution of the form Eq. () but
instead confined ourselves to the hydrodynamic sector (n = 0). Imposing AdS asymp-
totics at the (s = 0) boundary, and fixing the horizon at s = 1, the leading order

solution will be given by

1
40 _
0 2\aB

(1 — /1 —4)gp(1 — 54)> , b(()o) = —2log (L) , c(()o) = —2log (L) .

(2.53)
We can examine that as expected the Agp — 0 limit of Eq. () reduces to the 5-D
blackbrane solution given by Eq. () Following the same procedure outlined in

Section @ we can compute the subsequent corrections to the metric order-by-order in
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a large u expansion.E As in Subsection one can use the standard tools of holo-
graphic renormalisation to extract the dual field theory quantities at the boundary,
which was performed for Gauss-Bonnet gravity in [108,109]. While the calculation is
nearly identical to Subsection and only yields a A\gp-dependent adjustment to
the normalization, for clarity we will briefly outline modifications below.

The diagonal stress tensor Ty, = diag (¢, 7°pz, pr,pr) given by,

_aN2(L2-)

T ding (7). =57 7) = 7 (), £7) + 310, £(7) + 3776)

o8 I3
(2.54)
where we read the function f(7) from the warp factor as,
A(r,r)=1— fﬁ? . (2.55)

l,

In the now familiar variables v = 75 and s = T 3 we can read the function f (1)

from our gravity solution as,

f(r) = (u‘2 > f}")u‘i> . 0= —%%AEO)(s ~0). (2.56)
1=0 :

The energy density coefficients can be related to the coefficients in Eq. () via
the normalization of Eq. (),

0o 3NZ(2L% —1)

0
i =32 i fi- (2.57)

€

As outlined above we computed the first 380 orders of this expansion for in-
finitely coupled N' = 4 SYM, the results of which were used previously in Section @
Given that the Gauss-Bonnet equations of motion contain many more terms, the
computation of higher order coefficients becomes much more numerically demanding
than for the case of A\qp = 0. Similarly, the square root singularity hidden behind
the horizon of the blackbrane in Eq. () moves closer to the horizon as we take

Agp to larger negative values. The presence of this non-analyticity requires a larger

13While in this chapter we define u = 73 to yield an expansion of the form of Eq. (), the

authors of [[ll] use the inverse u = 773 and expand in small u.

pv
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number of points in our Chebyshev grid to maintain numerical accuracy at high gra-
dients. Due to these difficulties a computation was only feasible for a much lower
number of coefficients. The analysis in this section is based on the determination
of Neoett = (94, 86,80, 66) coefficients for A\gp = (—0.1, —0.2, —0.5, —1) respectively.
These coefficients as defined in Eq. () can be found in [1].

Lastly, in this section we will be concerned with the approach of our Bjorken-like
system towards local thermal equilibrium and so will find it useful to express our

results in terms of the anisotropy,

Pr —PL
R b 2.58
e (2.58)

which tracks the system as it relaxes, vanishing in equilibrium. We normalize R by
the conformal equilibrium given by £ so that at R ~ 1 the gradient corrections to the
pressure will be on the order of the equilibrium pressure. For a conformal theory the

anisotropy R becomes a function of the dimensionless gradient,
w=T1T(1), (2.59)

where T'(7) here is a local effective temperature defined by the same Eq. (), where
now € and 7" are now understood to be out of equilibrium quantities dependent on 7.

Then R admits an expansion in inverse powers of w in the hydrodynamic limit as

R=w"! Z rew " (2.60)
k=0
=8(n/s)wt +w! Z rw ™" (2.61)
k=1

where in the last line of this equation we have pulled out of the sum the leading term
at large w (small gradients) which is controlled by the viscosity to entropy density

ratio, 7o = 8 (n/s). We will refer to this term as first order hydrodynamics.

2.4.2 Borel planes and resummation

As was in the case of \gp = 0, each hydrodynamic series does not converge but

has coefficients that diverge factorially. Applying a similar analysis as described in



48 Transseries solutions of holographic theories

Section @, namely computing the Borel transforms and corresponding padé approx-
imants of each series via Eq. (), we can find Borel planes for our representative
choices of A\gp. Because the steps outlined in Section @ were defined with respect
to a series in u rather than w, we clarify that for a series of the form given in Eq.

(), the Borel transform following similar conventions will be given by,@

o0

BIR] (&) =) %f’g- (2.62)

k=0
where practically we set all coefficients ry with & > (Neoesr — 1) to zero. We have
previously mentioned the use of Padé approximants for analytically continuing a
series with a finite radius of convergence and will expound on this point here. The
finite radius of convergence indicates that the Borel transform of the anisotropic
function possesses singularities in the complex-§ plane. The Borel transform and the
original series are related via a Laplace transform. In order to perform this integral,
we will need to first analytically continue the Borel transform beyond its radius of
convergence. A standard method to do this is to approximate the Borel transform
via a Padé approximant as

e
T M g

where all N + M + 1 coefficients are fixed by demanding that the power series of

BR](§) = BP [R] (£) (2.63)

the Padé agrees with Eq. () The choice of N and M are arbitrary, with the
constraint that N + M = Ngg. All the analysis of this work is based on symmetric
Padé approximants, with N = M = Niyer/2, where we check the stability of our
results by varying V.

By construction the Padé approximant allows for the emergence of poles in the
complex ¢ plane, permiting the function to be well defined outside of the radius of
convergence of the Borel transform. In Fig. (@) we show the positions of the poles of

the Padé approximant for different values of Agp taken from [1], using & as our Borel

14The variable ¢ used here is now conjugate to w and technically different to the what has been
used in Section R.3, but because lim,_, ., w ~ u, this will lead to no qualitatively important changes.
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parameter as we did in Fig. (@) In the upper left panel we show the pole structure
for ' = 4 SYM which was shown in Section @, a similar figure was previously
computed in [28,B1] with 240 coefficients. The rest of the panels show our results for
different negative values of A\gqp = —0.1, —0.2, —0.5, —1.

As we learned in Section @, these singularities are a consequence of the existence
of non-hydrodynamic sectors in the theory. Tuning A\gp to larger negative values we
see the emergence of a branch cut along the horizontal axis, indicating the existence
of a purely dissipative mode in addition to the characteristic discrete complex modes
of =4 SYM. This is consistent with the expectation from the QNM spectrum of
Gauss-Bonnet gravity. The emergence of a purely decaying mode is also characteristic
of N =4 SYM with a finite coupling correction, where the 't Hooft coupling depen-
dence of those poles is qualitatively similar to the Agp dependence of the poles here
(provided A\gp < 0) [81]. We therefore tentatively infer that repeating the analysis
with A/ =4 SYM at finite coupling will yield the same behaviour.

To explicitly show the relation between the quasi-normal mode spectrum and the
Borel plane singularities in Fig. (@) we plot the positions of these characteristic fre-
quencies after an appropriate % rescaling (see Subsection ()) In this figure the
positions of the singularities associated with the first purely imaginary and complex
QNM’s (with smallest imaginary part, i. e. the smallest damping rate) are given by
blue solid circles, with the singularities associated with the second and third complex
QNM’s (with the next two smallest imaginary parts) shown by red and green respec-
tively. The QNM frequency which appears on the real axis for finite Agp is shown in
orange.

Having analytically continued the Borel transform through Eq. () we will
now attempt to answer one of the central questions of this chapter: how can we make

sense of the diverging hydrodynamic gradient expansion, and how can we resum this
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Figure 2.3: Plot of the Borel planes for selected values of Agp taken from @] The straight
dashed lines in the upper left channel shows the contours of integration used in Eq. ()
given by %, 07 and 0~ in decreasing slope order. Similar contours are used for all other
cases. The solid grey circles indicate poles of the Padé approximant of B[R]({), the Borel
transform associated with the anisotropy function R(w) for different values of Agp. The
expected positions of singularities predicted from the quasi-normal mode frequencies closest
to the origin, both for complex (blue) and purely dissipative modes (orange), are marked by
solid circles. The subsequent 2°¢ and 3'4 QNM frequencies are marked by blue and green.
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series? To do so we will adopt the machinery of the inverse Borel transformation,

i0

Ry(w) = / o dée " BP[R] (€), (2.64)

0

where 0 € (—im/2,im/2) is a parameter we can choose arbitrarily. Applying Eq. ()
term by term to Eq. () yields the original asymptotic expansion of Eq. ()
However, the presence of singularities in BP [R] () shows that different choices of
yield answers differing by a residue. We require Ry(w) to be an analytic continuation
for every complex value of w or &, impling that all choices of # should have yielded
an identical result. The resolution of this apparent contradiction is that a gradient
expansion given by Eq. () does not represent the full solution to the equations of

motion but rather, as in Eq. (), will require a transseries of the form

400
R(w,o) = Z ot e A D, (w) , P, (w) =w P Z T,gn) wr (2.65)
neNg® k=0

where non-perturbative contributions are incorporated by terms with non-zero expo-
nential weights A = 3/2iw and associated characteristic exponents £3,, [28,81,91]. As
defined in Section @ the transseries parameters o™ correspond to choices of initial
data. Following an analysis similar to Subsection (R.3.1)) one can explicitly show that
the residue of each branch cut will be proportional to a non-hydrodynamic sector of
the theory, but for simplicity we will instead offer a heuristic argument below.

We know that in principle we should be able to define an ambiguity free resum-
mation of the Borel plane. Consider the Borel plane for Agg = 0 given in the top left
panel of Fig. (@) Suppose we were to perform two distinct Borel resummations
along different contours: one along the real axis Ry+(w) and another just above the
first branch cut Ry+(w) so as to cross no other branch cuts. The only way for the
resummation of the full solution to be ambiguity free is if a term in the transseries of
Eq. () can be chosen with some fixed coefficient to cancel the extra contribution
we got from our different choice of contour [91,[110]. But the difference between each

contour is just Ry+(w) — Rg+ (w) which by complex analysis can be computed via the
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residue theorem. Therefore we can find the other transseries sectors from the Borel
plane up to some proportionality constant by computing the residues of the complex
plane.

In the top right panel of Fig. (@) for the Agp = 0 case we have drawn (from
top to bottom) representative contours for 7, 07 and 0~ respectively. Denoting by
Rg+, Ryo+ and Ry- the results of integrating Eq. () over each of these contours,

we define the discontinuities
iDl (w) = R()Jr - Rof, DQ(U}) = R9+ - R0+. (266)

D is real and coincides with the imaginary part of Ry+ while D, is complex. Note
that we could have defined an equivalent discontinuity by reflecting both 6% and 0" to
the lower half; however, this discontinuity is simply the complex conjugate of Dy(w).
Dy and Dy will both approximately coincide with the dominant non-hydrodynamic
contributions in Eq. (), where by dominant we mean that these modes are the
least suppressed by the non-perturbative multiplicative factor of e=™4%. From the
point of view of holography, these modes are given by the quasinormal mode fre-
quencies with lowest negative imaginary part. Computing this contour integral may
inadvertently incoporate contributions from other transseries sectors, but because
these terms will be exponentially suppressed with respect to the leading term this
detail is negligible.

How do we extend hydrodynamics in this theory beyond the gradient expansion?
Performing the resummation given in Eq. () for any contour from 0 to oo un-
avoidably receives contributions from the full transseries so that one can no longer
seperate the hydrodynamic and non-hydrodynamic sectors. In choosing a contour
we have implicitly selected some particular initial conditions, equivalent to a specific
selection of the constants o in Eq. () This resummation will however be stable
with respect the number of terms included in the expansion given by Ng.s¢, while
Eq. () was not. For this reason we begin by computing a resummation along the

0" contour, and subtracting iD;(w) to impose that the anisotropy be real, to identify
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the curve Re [Rg+(w)].

The rapidly decaying nature of the non-hydrodynamic modes of the theory has
lead various authors to conclude that one may identify a special trajectory as an
attractor solution to which all other initial conditions. Such a solution has been
found in Miiller-Israel-Stewart theory [32] and numerically in N' = 4 SYM [71] but
we stress that there is nothing particularly special about the choice of initial conditions
selected by our Borel resummation scheme. While we will not attempt to reconstruct
a specific attractor solution, we can instead estimate its location. By combining the
resummation Re [Ro+(w)], and approximating further non-hydrodynamic sectors by

Dy and Dy we can describe the late time behaviour of the anisotropy as
R — Re [Ry+ (w)] 4 a1 Dy (w) + agRe [Dy(w)] 4 azIm [Dy(w)] (2.67)

where D, and its complex conjugate have been added in real combinations, and the
coeflicients a; allow choices of different initial conditions.

In Fig. (@) we explore the effect of different initial conditions on the time evo-
lution of boost invariant expansion of different theories. Here we plot R for each
AeB, where a thick, black curve denotes the choice a; = 0, and the colourful curves
give the anisotropy with randomly chosen coefficients |a;| < 1. While no particular
choice of a; has special significance, in the regime where the variation due to initial
data is small we can claim to have estimated the location of an attractor solution, in
that large changes to the initial data will not push the final trajectory far away from
this curve.3

In Fig. (@) we have rescaled the horizontal axis by 477 so as to align the
anisotropy for each A\gp at large w. We also plot on each panel a red dashed curve

indicating the first order hydrodynamic approximation R™)(w) = 8 (n/s)w ™", and

15We have taken a; ~ O(1) as a natural choice, but qualitatively similar results should hold for
larger values. We have checked that our choice leads to a spread in anisotropy paramater comparable
to that induced by the different initial conditions in N' = 4 SYM reported in [[74].
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Figure 2.4: Resummed anisotropies as function of the viscosity-rescaled inverse gradient
for different values of Agg. The thick solid black lines are the result of the resummation
Re [Rg+(w)] found by performing the integral of Eq. () along the 07 contour, with
thin coloured lines corresponding to Rl of Eq. () chosen with arbitrary coefficients.
The red dashed line corresponds to the first order hydrodynamic prediction (R(lst)) and
the vertical dotted line on the LHS of each panel indicates the rescaled hydrodynamization

time uz‘Ty;S indicating where Re [Rg+(w)] = (14 0.1) RO™)

. Every curve is insensitive
Whyd

up to 2% to the choice of the Padé order N used for w > 0.3. For the case of NV = 4 there
is no visible change for the entire region plotted.
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w*
4dmn/s

dashed vertical lines are included at the transitional value of where,

Re [Ro+ (w*)] — R (w")

e o (0] ~ 0.1, (2.68)

which we estimate as an approximate hydrodynamization time. We find that for
each A\gp we can identify a common curve that all trajectories relax to even in the
region where the anisotropy is larger than 1. This is outside the naive regime of
applicability of truncated hydrodynamics, where higher order contributions to the
gradient expansion should potentially be large, as viscous contributions to the pressure
become comparable to the equilibrium pressure.

Astonishingly even in this region first order hydrodynamics appears to provide
an accurate description of the resummation to within 10%, a manifestation of hydro-
dynamization without isotropization as discussed in [65]. Further by inspection of
Fig. (@) we see that in all holographic calculations the result of the resummation
provides a good proxy to the attractor at the hydrodynamization time in that we do
not see much variation due to the initial conditions at this time. We note however
as expected that this common curve diverges from truncated hydrodynamics as the
coupling becomes weaker (with larger negative Agp).

There are two major conclusions to draw from this: i) that there is a region outside
the naive regime of applicability of hydrodynamics where the dynamics of Bjorken flow
are described by some universal behaviour with little sensitivity to initial conditions,
and ii) that these dynamics somehow are fairly well described by naive first order
truncated hydrodynamics. This means that if one were to have applied truncated first
order hydrodynamics to model the Bjorken system from the beginning, the results
would have been correct to within 10% even in the presence of large gradients, and
consistent with a fast hydrodynamization time. The model of Bjorken flow is most
relevant to the QGP at the center of a heavy ion collision. One would hope that in

less symmetric settings a comparable analysis might yield similar results.
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2.5 Discussion and outlook

In this chapter we studied a transseries solution for a family of gauge theories un-
dergoing Bjorken expansion. Through the AdS/CFT correspondence the problem of
plasma equilibration was described as a dynamical blackbrane evolving toward its
static state. The dissipative character of the blackbrane horizon translated into the
dissipative properties of the late-time asymptotic solution, with quasinormal modes
of this moving horizon corresponding to a tower of non-hydrodynamic modes which
would rapidly decay during a short transient phase. Transseries solutions therefore
naturally model the loss of the initial state, consistent with the process of thermal-
ization.

The explicit identification of non-hydrodynamic modes with the quasinormal mode
spectrum suggests that a generalisation of the gradient expansion through the fluid-
gravity duality [111] should exist, systematically mapping exponentially suppressed
corrections in the bulk to non-hydrodynamic modes in the dual Yang-Mills theory
even without imposing the symmetries of Bjorken flow. This idea is further ex-
plored in Chapter @ without Bjorken symmetry, by studying the contribution of
non-hydrodynamic modes at finite momentum to the production of entropy.

Demonstrating the resurgent properties of our transseries solution we used novel
techniques to partially recover the series of the leading fundamental sector using only
the coefficients of the hydrodynamic sector. In principle one could fully reconstruct
all sectors of the theory using only the hydrodynamic sector, the only limiting factor
being the number of coefficients. Eqs. (P )7() can be integrated exactly for the
hydrodynamic sector given by w = 0 so it would be interesting to find an analytic

form for 65,9 )

, essentially solving the theory for all sectors.
By resumming the series for a representative selection of the finite coupling pa-
rameter A\gp we estimated the typical evolution a hot QGP-like plasma would follow

during equilibration. In doing so we constrained the location of an attractor solution,

to which all trajectories rapidly converge. This common curve was present in a region
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where the anisotropy was at order 1 where viscous corrections are large, placing it
outside the regime of hydrodynamics. Despite this, the curve was well approximated
by first order hydrodynamics in this region indicating that first order hydro may
coincidentally be sufficient to describe this medium far from equilibrium.

While not true in general, asymptotic series routinely exhibit similar behaviour,
intuitively when due to the cancellation of their higher order coefficients which oscil-
late in sign. It is difficult to know apriori at what order one should optimally truncate
the series for the most accurate description of hydrodynamics at large gradients. In
our analysis we found no obvious general rule between choosing first and second order
hydrodynamics, ideal hydrodynamics however was never a good description at large

gradients.






Chapter 3

Holographic Bjorken flow at
large-D

In Chapter E we successfully studied the equilibration process for of a class of gauge
theory plasmas and the applicability of hydrodynamics in those systems by applying
the transseries expansion in the parameter of small gradients. While we could com-
pute the transseries coefficients to arbitrary orders the analysis was largely numerical
and therefore limited.

In this chapter we organize our transseries around the large limit of a new pa-
rameter, the number of transverse dimensions, in order to avoid explicitly taking this
small gradient limit. For holographic theories this limit will allow us more analytic
control in determining the hydrodynamic and non-hydrodynamic sectors. The results

presented here outline the analysis given in [3].

3.1 Introduction and motivation

As seen previously in this thesis, holography is a powerful tool that allows us to
explore the strongly-coupled regime of non-Abelian gauge theories by mapping their
dynamics onto classical gravity in anti-de Sitter (AdS) space. While the gravity dual
is significantly easier to analyse than it’s strongly interacting field theory counterpart,
Einstein’s field equations are non-linear and remain in general difficult to solve. Even
in cases with a high degree of symmetry such as the Bjorken set up (see Chapter E)

time dependent dynamics far from equilibrium typically require the use of intensive

59
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numerics [87].

In recent years a new strategy has emerged to solve these equations using the
number of spacetime dimensions (D) as an expansion parameter [112,[113]. In par-
ticular the large-D expansion has been extensively applied to problems in holog-
raphy [114-138]. Using the set-up of [116,118,[119,137] the large-D expansion been
shown to be identical to second order hydrodynamics, with higher order viscous terms
relegated to subleading D-corrections. In these analyses however the velocity fields of
the associated membrane were chosen to be parametrically small (in D). In our anal-
ysis we will apply this technique to the relativistic set-up of boost invariant evolution,
and as such will need to tailor our expansion to properly describe the kinematics of
Bjorken flow.

In this chapter, we present the holographic dual to Bjorken flow for an infinitely
coupled N' = 4 SYM plasma up to and including order 1/D? terms in the perturbative
expansion. We go on to compute the non-perturbative (in D) corrections and find
the familiar form of a transseries at leading order in the 1/D expansion. In both
cases the perturbative and non-perturbative sectors of the large-D expansion match
the hydrodynamic and non-hydrodynamic sectors of the small gradient transseries
expansion studied in Chapter B, a connection ultimately stemming from the behaviour
of gapped quasinormal modes of the AdS-blackbrane that scale linearly with large D.
Moreover we are able to perform these complementary calculations analytically, which
were inaccessible using only the small gradient expansion. As a remark we note that
N =4 SYM is a conformal theory that exists in only 3+ 1 dimensions, and we do not
claim to study N/ =4 SYM in higher dimensions. Instead we are approximating the

AdS5 gravitational dual with AdSp, taking D — oo to conveniently order the series.

3.1.1 Second order hydrodynamics at large-D

In order to gauge whether our perturbative large-D solution reproduces standard
hydrodynamics, we will first analyse Bjorken-flow for second order hydrodynamics in

an arbitrary number of spacetime dimensions n = D —1. Recall from Subsection
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that conformal Bjorken flow is the solution of relativistic hydrodynamics with the
assumptions of boost invariance and the absense of transverse dynamics, obeying a

conservation equation and equation of state given by,

n

TE(T) + ( ) e(t)+ ApL =0, (3.1)

n—1
with Apy, = I1Y. Evaluating the different gradient structures in Eq. (), the equa-
tion for Bjorken flow in n spacetime dimensions and up to second order in gradients

is [27]

: 1 _ 3\
E—i— L W —2V2£+4V2n 2L
e n—1 TE€ T2€ n—27%

=0, (3.2)
with v = (n — 2)/(n — 1), where 7 is the viscosity and 711 and A; are second order
transport coefficients. When taking the limit of large transverse dimensions we will
need to consider how different thermodynamic quantities scale with n. For the case
of a field theory dual to a blackbrane in AdSp with D = n+1 the equilibrium energy
density is given by €.q = g«€eq With

by = (ﬂ)n | (3.3)

n
and g, = %%, where G p is the effective D-dimensional Newton constant, which
is related to the number of degrees of freedom of the dual gauge theory. Since g, is
a D-dependent multiplicative factor we will redefine all thermodyamic quatities to
conveniently factor it out (s = g.5, p = ¢.p, ...). We can note from Eq. (@) that
taking the large n limit with either €, or 7" held fixed will lead to parametrically
different results. For an easy comparison to the previous chapters we will keep € fixed
in our holographic analysis at large n. To anticipate this choice we will write Eq. (@)

in terms of the dimensionless gradient w, = 7&/"

, analogous to the w = 771" variable
introduced in Eq. () Here we are using w, purely as a tool to conveniently write
down the hydrodynamic conservation equation, which will later be useful to extract
transport coefficients from our holographic solution.

From an AdSp blackbrane solution one can compute the values of the shear vis-

cosity to entropy density ratio, as well as the second order transport coefficients 7y
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and A\ for arbitrary n [22,23],m

n

n/s=1/4r, M\ = na N =2\ (1 — ), 5:/
1

g (3.4)

which together with the thermodynamic relation allows us to write,

¢ 2w 1 212 1 1
rep—- = - (5— )—2=0- (3.5)
€ W

n—1 n—lw6 n—l n—2

By comparing this expression with the conservation equation (@), boost invariant
flow consistent with a truncation to second order in inverse normalized gradients is
given by the ratio

Ap,  Apy
€ €

_ w1 22< 12>i‘ (36)

n— 1w, n—l w?

hydsa

Hydrodynamics beyond second order in gradients leads to additional inverse powers
of w,.

We now will find solutions of the hydrodynamic Eq. (@) through the large-D
limit. As shown in Eq. () the local equilibrium energy density for w. — oo is
given by €, = A" (AT)ﬁ where A is a dimensionful constant defined by Eq. ()

In the large n limit becomes

o A" A"
€° = lim -

eq T il (AT)H = (AT) .

We then choose an ansatz in the form of a power series in inverse n,

é(r) (1 + Z e ) (3.8)

Solving Eq. (@) order by order in 1/n and imposing that we do not correct the

(3.7)

normalization of the energy density with the integration constant we find,

(3.9)
(3.10)

(3.11)

1 2
hydsa _ _ 2 A
“ 2A%2712 A7 og(A7),
hyds 1 1 %10g(/\7‘) +1 2 1
o= SA4FA A373 + A272 T AT + §(log(A7') —2)log(A7),
Chvde 1 %10g</\7') + i % — 2log(AT)
¥ 48676 QA5 A4T4 A373 )
3log(A7)(log(A 6) — 472 — 6 1
| 3log(Ar)(log(A7) +6) — dr — Zlog(A7)((log(A7) — 6)log(AT) + 6).

2
12A272 AT 6
[

!Note that we have normalised the shear tensors as in [27] which differs by a factor of 2 from the

normalisation of [23].
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The expressions above can be interpreted through a comparison to the small gradient
expression presented in Eq. ([L.16) given by &(r) = éeq(7) (1 + ey~ + equ=2 + ...) for
ul = (AT)_% ~ =+ %% + O(n~2). Here powers of (A7)”" are the result of
powers of 4™, with the log(AT) terms correcting the exponent at each order in 1/n.

However, the functions present in Egs. (@)—() only capture the gradient
corrections due to second order hydrodynamics at large-D. In the following section
we will compute the stress tensor for the holographic theory, and use this comparison
to read off higher gradient coefficients at large-D. For future notational convenience

this comparison is most easily made through the conservation equation (@) in the

form

e n
= - =0 3.12

n—1
where the 8% are the linear combinations, appropriate for Bjorken flow, of the i-th
order transport coefficients. In the large-D limit, these transport coefficients can be
further expanded in inverse powers of n

. N ]
00 =3 "0 = . (3.13)

]nj

j

To close this section we summarize the results to follow. In Section @ we de-
scribe the holographic set-up for arbitrary spacetime dimension in the gravity dual
D, and find the perturbative bulk solution analytically at large D. Using our solution
we extract the transport coefficients relevant for Bjorken flow to O(1/D3). In Sec-
tion @ we show analytically how non-perturbative fluctuations in the 1/D expansion
emerge in this boost-invariant setup and find their contribution to the energy den-
sity. By comparing to a small gradient transseries for arbitrary D we identify these
non-perturbative (in D) solutions with the non-hydrodynamic modes of Chapter B
Finally, in Section @ we comment on the relationship between the large-D and hy-
drodynamic expansions in this setup as well as on the implications our findings have

on the non-convergence of the large-D expansion.
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3.2 Large-D limit of Bjorken Flow

In holography, the analysis of Bjorken flow in n spacetime dimensions is performed
by searching for solutions of the Einstein equations in D = n + 1 dimensions in an
asymptotically AdSp spacetime. Following the analysis presented in Section @ for
D = 5 dimensions, we parameterize the dual spacetime to Bjorken flow with the

following Eddington-Finkelstein-like ansatz,
ds® = —A(r, 7)dr® + 2drdr + S(r, 7)? (e" DB gy? 4 Bt ) | (3.14)

where boost invariance and transverse homogenuity impose that the metric functions
do not depend on the spacetime rapidity y or transverse dimensions x, . In this gauge
the Einstein’s equationsB result in a simple set of equations following a similar form

to Egs. (@)— () that we found in the case of n = 4 boundary dimensions,

n—2

§" = - S(B), (3.15)
S§ = gSQ—(n—Q)SS’, (3.16)
57 n—1/. / 5 Qf
SB = - (SB +BS>, (3.17)
A" = —nn-3)—(n—2)(n—1) <%BB,—2%Z>7 (3.18)
.. 1. n—2 .
= — A/— 82 1
S 55 B, (3.19)

where f/ = 0,f and f = (0- + 2A(r,7)0,) f. Where, as before, the derivative opera-
. N/

tors do not commute, and we denote X’ = <X > . With the ansatz ()7 AdSp-space

— dual to the vacuum of the gauge theory — takes a non-trivial form, which depends

explicitly on proper time, 7. The three metric functions in this case are given by

2 n—2 _1
Ay =1* By= n—1 log (1 —:7’7'), Sy =7t (14rm)"1 . (3.20)

To simplify the holographic analysis of the strongly coupled expansion, we find it

convenient to factor out this non-trivial dependence of the metric functions which do

In more familiar notation, the equations we solve are R, = —(D — 1)g,,,, with the cosmological
constant set such that an anti-de Sitter solution has radius of curvature equal to one.
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not lead to dynamics in the dual field theory. Consequently, we redefine the fields as

A B=(n—-2)(B-By), g=2 (3.21)

A :
Ay’ Sv

This redefinition simplifies, in particular, the near boundary behaviour of the different
metric functions. Exploiting the residual gauge dependence in Eq. (), it is always
possible to choose a gauge in which our metric functions take the convenient form

near the AdSp boundary as r — oo

A= 1- Tin (5(7) +0 (%)) , (3.22)
B = Tin(—nflA;aL(THo G)) , (3.23)

Tnlﬂ (Sl(T) +0 G)) , (3.24)

where € and Apy, are the energy density and pressure anisotropy of the dual gauge

S = 1+

theory. These two boundary values are not independent, since they are related via
the conservation equation and equation of state, given together by Eq. (@) In
holography this condition comes from the constraints imposed by Eq. ()
For large numbers of spacetime dimensions, the quickly changing function »=" in
the boundary expansion Eq. () reveals two distinct regions in the gravitational

analysis. Using the definition () of the scale A,E these two regions are

o The Near Horizon Region: r ~ A, or logr/A < 1. In this region, in the large-n
limit, the factor é(7)/r™ is order 1 and the gravitational field becomes strong.
As expected from the presence of a non-zero density in the boundary theory, in

this region the gravity dual develops a horizon at r™ ~ 1/€.

o The Near Boundary Region: (r/A)" > 1. In this region, the combination
€(7)/r™ is small and the effect of the energy density may be considered as a

small perturbation over the AdSp space.

3For convenience we repeat this here as,

. 1 L
A:TlgroloTn?(e(T)) , V=

(3.25)
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The treatment of these two regions requires different approximations, which can
be matched at the intermediate region 1/n < logr/A < 1, where both the regions
defined above overlap. In the following subsection we will analyse the gravitational

dynamics in those two regions.

3.2.1 The Near horizon region

We start the analysis of the dual geometry for the region close to the horizon, where
gravity interacts strongly and it is necessary to find a non-linear solution of Einstein’s
equations. This can in general be a complicated task at finite D requiring numerical
solutions. However, as in other analyses [114-138], in the limit of large-D Einstein’s
equations simplify tremendously and allow us to instead find analytic solutions.

In the near horizon region we take advantage of the fact that » ~ A to define

r

R= (K)n , (3.26)

which remains fixed as we vary the value of D = n 4+ 1. In terms of this variable,
the intermediate region where we will perform the matching with the Near Boundary
region occurs at R > 1. We expand each metric function in inverse powers of 1/n of

the form,

A(rR) = inl (3.27)
B(r.R) — il (3.28)

S(r,R) = ZESZ.(T,R), (3.29)

after which we can greatly simplify Einstein’s equations by taking the large-D limit at
fixed R, and determine the different metric coefficients order by order. As already an-
ticipated, the large-D approximation simplifies the R-dependence of the correspond-

ing differential equations, which can be solved analytically. Imposing consistency

with the near boundary expansion ()—(), to leading order in 1/n we find

1
Ag=1——=ay®, By=0, Sy=1, (3.30)
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where )" satisfies the differential equation

(1+7A)0.ay™ — Aay™ =0, (3.31)
which has a simple solution as

_NH 7))
= 3.32
%o 14+7A7 ( )

where «q is an arbitrary constant.

The similarity between the leading order in the near boundary expansion ()
and the leading order solution () suggests that the function a)"! may be identified
with the leading order energy density €. However, this identification is incorrect, as
may be inferred from Eq. (), which differs from the large-n and ideal hydrody-
namic limit of the conservation equation (@) As we will see in Subsection , the
characteristic (1 + 7A) dependence of @)™ does not imply that the energy density in
the dual field theory at this order in n possesses an infinite series in gradients 1/7
at late times. This strange dependence is instead a consequence of the fact that the
proper time as measured in the near horizon region is different to the proper time
of the boundary theory, which is the where we originally made the identification to
define 7 for the dual theory.

However for large 7 the leading 1/7 dependence agrees with the behaviour of the
boundary energy density. Anticipating this result, and in order to lighten notation,

the definition () of the scale A imposes
ap=1. (3.33)

Following the same procedure above, the next order in the 1/n-expansion is given
by

al™i(r) 1 logR
A4, = -2 — 34

B, = 0, (3.35)

S, = 0, (3.36)
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with
dNH _ _10g (]. + TA) + (03]
! (1+7A)

where oy is an arbitrary constant, which we fix to a; = 0 by demanding that the

(3.37)

overall scale of the energy density A does not receive corrections in 1/n. Similarly, to
second order we find,

ay (1)  (TA+ (1 +7A)log(1+7A))log R A —1 (log R)?

. (
A, R T (L4 7A) R TaierAp R OO
1 1 iy ( =~
B, = A <log (1 + m) log <<1+TA>R> — Lz <<1+TA)R>> (3.39)
2 = (1+7A)%log (1+ TA) 7 '
5 — o, (3.40)

where Liy(z) is the polylogarithm of order 2 and

ANt () — m ((1+ 7A)2(log (1 + TA))? — 2(2 + 47A + (rA)) log (1 + 7A)) |
(3.41)

where, as before, we have set an arbitrary integration constant by demanding that

there are no n-corrections to A. analysing the expansion to third order yields long

expressions for the metric functions, which we have stored in Appendix @ Here we

only quote the large- R behaviour of the blackening function As, necessary to perform

the matching with the near boundary region in Subsection , which is given by,

—d3NH(A7') + 4AT(log(AT4+1)+1)

Ay ~ . (Ar+1)? (3.42)
log(R) (2A7(AT + 6) + log(AT + 1) (10AT + (A7 + 1)*(— log(AT + 1)) + 4))
* SR(AT + 1)
_logz(R) ((A%27%2 — 1) log(A7 + 1) + AT(AT — 5)) B (AT(AT —4) 4+ 1) log*(R)
2R(AT + 1) 6R(AT + 1)1 ’
with,
NH I8AT 4+ 72(3A7 — 1) +6  log®(A7 +1) (A7 +2)log*(AT +1)
(1) = - (AT + 1) T T 6ATH6 (A7 + 1)?
(AT +2)(AT(AT +5) + 2)log(AT + 1)
— A1 : (3.43)

We have also checked that the function S—1 does not remain zero for all orders, receiv-

ing its first non-trivial contribution at Sy. Since this fourth-order expression is needed
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to determine A3 and Bs, its expression can also be found in Appendix @ Addition-
ally, to show the consistency of the large-D and large-7 expansions, in Appendix @
we explicitly compute the low order metric functions in the gradient expansion of
Egs. (2.19), () and () from Section @ for arbitrary dimensions D = n + 1.
Expanding the result at large n and fixed R in the near horizon region shows both
expressions to be compatible. Finally, to extract the dual field theory stress tensor
from these expansions we must match these results to the metric functions computed

in the near boundary region.

3.2.2 Matching with the near boundary region

We now perform a similar calculation in the near boundary region where (%)n < 1.
As already mentioned, while in the near-horizon region gravity interacts strongly, in
this region we can view the effect of the horizon as a small perturbation on an AdSp
background. To make the approximation apparent, we will redefine the fields in this

region as

A(r,r) = 1 (1—“(7”’7)) , (3.44)

/’ﬂn
B 2 r 1 b(r,7)
Blrr) = n—110g<1+TT>+n—2 v (3:45)
1+rr = s(r,T)
S(r,r) = 7’( . ) (1+ g ) . (3.46)

Since gravity is weak in this limit, we linearize the equations dropping all terms that

are quadratic or higher in a, b, and s leaving a set of linear PDEs. In the large-D
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limit we can expand each function as power series in 1/ n,H

= aNB(rg, 1) = bNB(1g, 1) = sNB(rg, 1)
= - i ) b ) = - ; ) ) = - ; )
a(t,7) ; (r,7) ;) - s(r,7) ;
(3.48)
where we have pre-emptively introduced a convenient time variable 75 = 7 +r~! to

simplify the analysis. Note that 75 agrees with the gauge theory proper-time at the

boundary. The leading non-zero solutions can be found as,

aONB(TBa T) - aONB(TB) ; (349)
boB (1, 7) = a2 (18) + TRa) " (TB) (3.50)
syB (g, 1) = TB_lagB(TB) + ap®' (1), (3.51)

where the function a{®(75) remains undetermined by the equations of motion, instead
it will be constrained by matching our solution to Eq. () in the near horizon
region. Making this identification in the overlap region where we fix R > 1 and large

n we can find,
Qg

ap (T +1)=ay (1) = 1o A (3.52)
from which we identify ad®(7) = €X(7) where €(7) is the large-D limit of ideal

Bjorken flow given by Eq. (@) We can generate higher order solutions in 1/n for
the near boundary region without too much effort so we will not state the resulting
functions for bN'B and sNB but will instead display the solution for al¥® which will be

necessary to extract the energy density. Up to order 1/n® we find,

a(t,r) = af®(m8) + % (all\IB(TB) + AaNB(1p, r)) (3.53)

1 1
+—5 (a2°(78) + Ay " (78, 7)) + — (37 (78) + Aay®(7,7))

“4In [2] we solved the near boundary problem in an even more direct way by taking linear combi-
nations of the equations of motion to find a fourth order equation for a(r, 7),

_(n72)(nfl)(gg(fj—)i‘ll';“n)a(o’l)(T,T) T 2(n72)(2(nfﬁ?:ﬁ1lz)f3)a“’”(m) _ ("*5)("*3)(73*2)0(1’0)(TvT) (3.47)

4 (oo t19)aB 000 | noyEn-19a0 ) | Q8=8ma@O(nr) | 200D nr) | w0y 1) = 0.

However we find it instructive to present an alternative analysis here which can be easily generalized
in more complicated scenarios, where finding a similar equation is unfeasible.
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NB

where the functions a, °(75) are only functions of 75 which, as explicitly shown above,

can be determined after matching them to the near horizon solutions. The functions

AalB(7g,7) are fixed by the a}B(7p) as

Ay — B A (o) + ()

)

(3.54)

(3.55)

(3.56)

27“27'13
A (rg.r) = (3 — 4r7g)al® (1) 3 (823 — 8rrg + 1) ah® (18) = a®"(7B)
2 VB 2r27p 8rirs 21?2
alBO) (1) (3 — drmg)  alBW(rg) (167273 — 24r7g + 3) a)B" ()
4drity 8rt 8rirs
Ay Bt | @PO(m) | O | @)
3 ’ 167571 4876 8rd 2r2
aYB®) (15)(3 — 4r7p) N 3aYB@ (15) (47272 — 8rrp + 1) N alB®) (1) (3rms — 1)
drimg 167672 47073
(3 —4rmg)ay® () 3 (87?18 — 8rrg + 1) alB'(73)
2r2Tg 8rirs
3 (167t — 64r373 + 607213 — 12rmg — 1) o)™ (73)
167573

(—=32r473 + 192r375 — 1807273 + 36178 + 3) alB” (7B) N (167272 — 24r7 + 3) a2 ()

167574 8rirh
Since the functions AaY®(rg,r) vanish at the boundary, the 1/n expansion of the
normalized energy density € given in Eq. () can be read off from the functions
a;%(7) as,

() = af(r) + () + k() + (7). (3.57)

As shown explicitly in Eq. () we can match the boundary solution Eq. ()
to the near horizon solutions of Egs. ()—() after replacing » = ARY™ and
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taking the large n limit with R > 1 to find,

aONB(T) = g:g(T) , (358)
AB(r) = &(r) (), 5.50)
NB : 953) 9(4) hyd
@) = &G | spaa s TE T ) (3.60)
o)
NB > 5 <9§3) - 39§4)> + - —865 + 965 log(A7) + 3 <9 4 9(4))
() = &) ASTS + 12A474 +
9&4) 9(6)
2953) log(AT) + 953) + 9:(33) =+ 2= + hyd2( ) (3.61)
3A373 A676 ) .

where, as before, €¥(7) is given by Eq. (@) the functions ¥*2(7), ¢ (r) and

@ - ), and
) where the

superscript 4 indicates which gradient correction w_* they multiply, and the subscript

P

cgy d2<7’) are predicted from the second order hydrodynamics Egs.

P

the coefficients Héi) and Héi) are transport coefficients defined in Eq.

J gives the order in the 1/n expansion. The expansion for the transport coefficients
corresponding to second order hydrodynamics are given below,
o) =—2, oV =0, oV =2, (3.62)
—12 — 272
3
which are consistent with the coefficients of the w_* terms in Eq. (@) As is apparent

0P =1, 0P =_3, 2= (3.63)

from Egs. () and (), our large-D computation coincides exactly with the
prediction of second order hydrodynamics for the first order in 1/n. At higher orders

in 1/n we constrain the value of further coefficients given by,

—9 + 472
0P =3, 9= % (3.64)
o) =—2, =6, (3.65)
25
o) = - (3.66)
o = 7 (3.67)

The energy density é(7) given in Eq. () appears to be perturbative at large 7

containing no modes reminiscent of the transseries structure that appeared in Chapter
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E. This observation implies that at this order in the n expansion, we have effectively
eliminated all non-hydrodynamic modes from the time evolution of the system. This
behaviour is in fact expected as in other large-D analyses where for small velocity
set-ups, second order hydrodynamics becomes an exact description of the system
dynamics [116,118,[119,137]. Going beyond 1/n-order, the system’s evolution is
no longer described by second order hydrodynamics, but nevertheless as shown in
Eq. () and Eq. () is given by a finite sum in the inverse of the normalized
gradient w,. In fact, Eqgs. (B )—() may be viewed as the prediction of 6-th order
hydrodynamics, for which the deviation of the longitudinal pressure with respect to

its equilibrium value obtains contributions up to w_°

AP, AP o, )
Ly 220 -, (3.68)
€ € hyds i—3 We

where we have used Eq. (@) Since no terms with inverse powers of w, greater than

6 appear in our holographic result, Eq. () and Eq. () specify the result of the

gradient expansion up to O(n~?) for all higher order transport coefficients.

3.3 Non-Perturbative Modes and Large-D Trans-
series

When constructing the large-D expansion in the preceding section we saw that the
non-perturbative modes, reminiscent of the non-hydrodynamics explored is Chapter
B, did not contribute to the energy density in this limit. At finite D we should
expect the metric to undergo different paths of evolution corresponding to choices of
initial data which are not completely captured by hydrodynamic evolution. We could
expect that our previous expansion missed these non-perturbative modes and that
they potentially follow a now familiar transseries structure.

Therefore we will study perturbations on the asymptotically AdS geometry that
that evolve on short timescales of order 1/(n A). As we will see, this is the typical scale
of variation of the characteristic relaxation modes of black branes, known as quasi-

normal modes (QNMs), which were first analysed at large-D in [139,140]. To describe



74 Holographic Bjorken flow at large-D

the dynamics of those fast fluctuations we will employ WKB-like techniques, which

can also be used to describe the spectrum of QNMs, as demonstrated in Appendix @
3.3.1 Non-perturbative contributions in 1/D for the near bound-
ary region

We begin by analysing solutions in the near boundary region. Similar to the analysis
of Subsection , we linearize Einstein’s equations about the vacuum AdS solution

with metric functions given by equations (M) to (M) We consider the now an

ansatz of the form,

b(r,7) = (bgVKB(r, ) +..) Qr,7), (3.69)
a(r,7) = (%a}NKB(r, T)+ ) Q(r,7), (3.70)
s(ry7) = (%syKBm )+ ) Qr, 7). (3.71)
where we choose,
Q(r,7) = <£>n/2 e nEA(TH7) gno(r) | (3.72)

This form of Q(r, 7) is suggestive and intended to mimic the non-hydrodynamic be-
haviour of Q,(u) in Eq. () in Section @ The dimensionless parameter w is an

undetermined constant that will be fixed in Subsection . To leading order in n
one finds that o'(r) = i@

22

. Choosing the normalizable (“—") branch of the

square root we find the solutions,

1 2 —4(wA)? 2
U(T):§< r r(w ) _log( %—4&)24_%)), (3.73)

1 < r2 — 4(wA)? + r)
2A(1 + r7) (m - 2@'@/\)

2 2
sy o (r,T) = - bp P (r,7). (3.75)
(L+7r7) < 2 —4(OA)?2 +1r — QMJA)

a KB (r,7) = bo P (r,T) (3.74)

We can note that these solutions are not regular as w — 0, as the entire WKB solution

fails in this limit. At the next order in inverse n we find that we can further constrain



3.3. Non-Perturbative Modes and Large-D Trans-series 75

by “B(r, ) by,
WKB Amr
by (r,7) = ho(ATq) - ; (3.76)
VI+rry/ o — 402
. H_iiwz—jw . .
with 79 = 7 + —2*— and ho(Tq) an undetermined function of 7q.

Pre-emptively we will extract the corresponding contribution to the energy density
by expanding Eq. () close to the boundary and comparing the result to Eq. ()
The energy density associated with the fluctuation is given by,
ey e (A + 55)

2 (AT)*/?
The form of the expansion in Eqgs. () to () above can be viewed in analogy

de(r) = e AT L O(n7?). (3.77)

nw

with Quantum Mechanics as a WKB expansion in n, and will not be valid for values
of r which correspond to stationary points of o(r), given by the condition no’'(r)? =
o”(r). This point, which can already be inferred through the singular structure of
Eq. () is given by r = 2WA. It is standard in such situations to “zoom in” on this

region by linearizing the equations of motion about the stationary point. Expanding

around r = 2wA we find that the “phase of the wave-function” has the expansion

(r — 20A)3/2

1 .
o(r) = ~5 log(2wA) — NE

+O(r — 20N)%? | (3.78)

motivating the definition of a new coordinate to absorb a factor of n,

- (2£A . 1) n2/3 (3.79)

in terms of which an expansion of €"?(") about r = 2WA with fixed z at large n will
be regular. In precisely this region where |z| < 1, the conditions for the validity of
WKB do not hold, and we find a stationary point solution which will be later matched
to the WKB region when |z| > 1.

Linearizing Eqgs. () to () about x = 0 with an ansatz of the form,

b(r,7) = (B (2, 7) + 0 BKE (1) + ) e A () (3.80)
1 o

a(r,7) = — (a?P(:c, T)+ nil/?’agp(:ﬂ, T)+ ) p/2emin@A(r+3) , (3.81)
n
1 o 1

s(r,7) = — (sgp(m, T) + n_1/3s§P(x, T) + ) p/2emindA(r+3) , (3.82)
n
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we find an Airy function equation for bi¥, and simple algebraic relations for a$¥ and

s5¥ that relate them to bgF.

BEP (2, 7) = go(7) Ai (%) 7 (3.83)

P ) =

@i’ (2.7) =~ paay M ( E) ’ (3:84
p (24 2))0Ago(T) . [ =

Sg (SC, 7') = 1 n deAT Al (%) y (385)

where go(7) is an arbitrary function of 7. Solutions at subleading orders can be easily
generated but they will not be used in the following discussion and so we omit them
here. Our WKB and stationary point solutions have a region of over overlap when

x > 1 where they can be matched with each other. Comparing the results of Eqgs.

() and () in this overlap region at leading order in n gives,

o)"/? T
ho(Ar) — %1)6_” At <AT— 21;) | (3.86)

3.3.2 Non-perturbative contributions in 1/D for the near hori-
zon region

We now explore the nature of the transseries sectors in the near horizon region,
where the full effects of non-linear gravity are present. Informed by the structure of

Eq. (), we make make an ansatz in the near horizon region of the form,

8
3

ARy = ZQNH Z%Aij(T,R)—i—..., (3.87)
B(r,R) = i ZQNH i —Bij(T,R) + ... (3.88)

$(r.R) — Zﬁsi(T,R ZQNH 3 15,-j(7,R)+..., (3.89)
=0 =0

where,

Q?IH(T) _ pmin@i(14TA) (3.90)

Here the subscript j anticipates a family of solutions parameterized by w; and ellipses

denote higher order terms in the transseries which arise as powers of QJ(7). Eqs.
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()—() fully represent the large-n analogue to the transseries constructed in

Subsection @, exhibiting a perturbative sector given by an expansion in powers of
1/n, supplemented by non-perturbative contributions of the form e™i47,

From the linear independence of QX (7), the functions A;(7, R), B;(7, R) and
S;(7,R) can be solved identically to the perturbative series analysed in Subsec-
tion . The O(QFM (7)) contributions given by Ay;(7, R), B;(7, R) and Sj;(7, R)
describe linearised fluctuations on top of the 1/n expanded non-linear background.

Inserting the ansatz ()—(), we can find the first few terms of the transseries in

the near-horizon region. Many of the lowest order coefficients vanish,

SOj - Slj == 0, (392)

while the metric function By;(R,7) = Z (&, 7) with £ = (1 + A7)R satisfies,

(14 2¢(—-1+iw)) ., iw B
-9 tmoa T 9

where  denotes derivatives with respect to . This equation coincides with the large-

Z// +

D limit of the QNM equation of a static blackbrane, which gives the near-horizon
behaviour of the spin-2, zero momentum QNM analysed in Appendix @ Imposing
that Z(&,7) is regular at £ = 1, one can find a solution to Eq. () given by,

Boi(R,7) = f(7) 2 F1(q4,9-q+ + ¢, 1 = (1 + AT)R), (3.94)

with o F} the ordinary hypergeometric function, ¢+ = % (1 — 2iw £ V1 — 4@2) and
f(7) an arbitrary function of 7. Beyond this leading order, the next non-zero correc-
tions in the large-D expansion are A;;, B;; and Sy;, which we will not compute in

this work.

3.3.3 Matching in the overlap region

In Section @ we matched the perturbative solutions of the near boundary and near

horizon regions, and imposed a consistency condition to fix the energy density of the
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dual theory. In the very same way we can extract the contribution of these non-
perturbative modes to the energy density performing a similar matching analysis.
Consequently this procedure will both fix the undetermined function hy in Eq. (B.76),
and the possible values of the frequency w which enable consistent solutions.

As we learned in in Subsection , for @ < 1/2 the WKB expansion given
by Egs. ()—() is valid in the overlap region since the stationary point lies
beyond the horizon. However, expanding both solutions at large R and large n yields
inconsistent asymptotics meaning that no solutions can exist for these values of w.
For @ > 1/2, the WKB solution must be matched to the stationary point solution in
the vicinity of rg = 2wA. A particularly interesting regime is given by @ 2 1/2 where
rg is placed at the cusp of the horizon, which corresponds to the smallest frequencies
where this type of fluctuation occurs. In this range the near horizon solution Egs.
()—() must first be matched to the stationary point solution given by Egs.
()—(), which in turn can be matched to the WKB solution. In what follows

we will expandE

1
w= 5 + 0730w + n 0wy + n Y3 0ws + ... (3.95)

A similar but more explicit analysis focused on computing the QNM frequencies of
a static blackbrane can be found in Appendix @ Note that the fact that @ —1/2 ~
O(n~2/3) justifies the use of the near boundary approximation, Eqs. ()—(), to

describe the dynamics close to the stationary point, since

re\ " 2 \"
(%) z(”‘”"1W) S (3.96)

where dw, is positive as @ 2 1/2.

Examining the stationary point solution given by Eq. () at large R and large

5Including a n~'/3 contribution to & prevents a consistent matching between the stationary point
solution given by Eq. () and the WKB solution given by Eq. ()
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n we find,

1 i
lim —b(r, 7) o gO(T)R_%J“? (3.97)

R—oor™

90(7)

V2

Ai _22/35&,1 _ 2i96<7> —25w2+log(R)—%
A (—22380) (o) + I wiv)

x | Ai (—=2*36w) + o

Similarly, near the special value of & = % + 0 with 0 > 0, Eq. () has a large

R expansion of the form,

—~

1—4)

N

lim By;(R,7) = f(7) I

Jim o (14 Ar)R] 53 <—2H

[SIE2

1
2

N[
DN |
SN—

(3.98)
where H,, denotes the m'™ Harmonic number. Immediately by comparing the loga-

rithmic structure of Eqgs. (E9/) and (M) at fixed orders in n, we can set —2%36w;

to be the zeros of the Airy Function and fix the function go(7) through,

SB00(T) oy - L op

90(7) 1+ A7 _ioi T log(1+ A7), (3.99)

which yields,

~ 1 1‘+iAT

go(T) = Co(1+ AT)72"272 exp (—%(1 — 2(6ws — H ))AT) (3.100)

_1_
2

SIS

where Cj is an undetermined overall constant related to initial data Using Eq. (B.86)

and Eq. (), the energy density of this associated fluctuation in the boundary

Dl

(3.102)

theory is

0&(7) = CoA" (AT) ™% (A7 + )20+ exp l_iAT <n ;— Y own'P+ H

NI

where the constant Cj is related to Cy by constant factors involving n, and (—22/36w, )

is given by a zero of the Airy Ai function.

6Comparing the overall time dependence of Egs. () and () will fix,

F(r) o (14 A7) exp (;(1 — 2(8tws — H_;_;,))AT) , (3.101)

where the proportionality can be fixed by accounting for an overall constant shift between Egs.
i!!ﬁi

(B.72) and (B.90).

+ O(n_z/g)

+log((1+ AT)R)>—I—O(6),
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An inspection of Eq. () clearly shows that these fluctuations are non-perturbative,
for times parametrically of the same order as A they oscillate rapidly and can not
be expressed as a power series in 1/D. We also find an infinite set of oscillating fre-
quencies w; that characterize each mode, given by the countably infinite zeros of the
Airy Ai function. As found in for the non-hydrodynamic modes in Subsection ,
each non-perturbative mode of the large-D expansion comes associated with an ar-
bitrary constant undermined by the equations of motion. Therefore we can codify
off-equilibrium states of the dual gauge theory with this infinite set of constants,
which relax to the perturbative (in D) equilibrium solution, similarly given by late
time hydrodynamics.

While the leading and next to leading oscillation frequencies are purely real, it is
interesting to note that the dissipation of the oscillation only occurs at a subleading

order in 1/D, given by

H

~ —0.290892 — 1.440661 (3.103)

Nl
ol

which, at this order, is common to all of these fluctuating modes. This uniformity
implies that all these fluctuation dissipate at the same time scale, of order 1/A. The
behaviour is qualitatively different to the non-hydrodynamic modes of the large-7
expansion, which can be graded in their dissipation rates.

At late times, 7> 1/A, Eq. () may be expressed as a power series in inverse

powers of 7, in which the leading order is given by

,%,%) (AT)’LAT/Q 1

g -

_ —iAT (M—l—&wlnl/S—&—H
dé(t) = A"Cye ’

(3.104)

T—>00 (AT)
This observation will be useful for the analysis of the following subsection where we
will compute the transseries expansion for small gradients, and compare that to the

results of this section for an interpretation of these non-perturbative (in D) modes.
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3.3.4 Comparison to the non-hydrodynamic transseries at ar-
bitrary D

To better understand the origin of the non-perturbative in 1/D contributions to the
energy density identified above, in this section we compare those results with the
gradient expansion at fixed D. As we have seen in Section @, the power expansion
in 1/D of boost invariant longitudinal expansion is determined by the hydrodynamic
limit. From the form of the non-pertubative contribution in Eq. (), it is clear
that these modes are both non-perturbative (in D) and non-hydrodynamic. To make
the connection between these expansions more concrete we construct a small gradient
transseries as we did for the case of infinitely coupled N =4 SYM in Chapter E, but
now for arbitrary D.

To make contact with the notation of Section @ and to facilitate the late-time

analysis, we introduce the following field redefinition
= 2A(r,r), (3.105)

B = ﬁ(log((l_:;_)2>+Z:;(2d(7,r)— (7’,7“))), (3.106)

S = r%(l—krﬂﬁe‘ﬂﬂ). (3.107)

Then at sufficiently late times we can supplement the gradient expansion of the metric

functions ()7() with non-perturbative (in gradients) contributions in the
form of a transseries

A(r,7) = f:u_if_lgo)(s) - Z QI;LT(u)f:u_ifll(-n)(s) : (3.108)

neN>©

B(r,7) = iu‘i@(“)(sw 3 QgT(u)iu—%g")(s), (3.109)

neNoe

d(r,7) = iuidgm(sH > QﬁT(u)iuing(s), (3.110)

neN>®

where we have adopted the notation of Egs. (P )—() where u = (A7)™" with

_ 1/(n—1 : P . e
v = Z—j, 5 = % (TA) /(n ) n is an infinite dimensional vector of positive mtegersﬁ,

"Note that n is not the number of dual theory spacetime dimensions 7.
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the sum over N§ gives every possible combination of natural number components,
and QT (u) is a non-perturbative function at large-u. We define e, as a unit vector
with a single value at component k equal to 1.

Computing the metric functions A% (s), 5{” (s), and d\° (s) in the hydrodynamic

sector allows us to find the late time energy density,

2 1
ER Eoq (1— n—1“_1+ - (5+ﬁ) u?+ 0 (u?) ) : (3.111)

n—1

where €,q = A" (A7)T" as defined above Eq. (@) Following the argument used to
justify the form of the non-hydrodynamic contributions in Eq. (), we expect QgJT
to be given by a mode relaxing in an adiabatically changing medium with effective

temperature given by €,

Qlr o~ exp{—i/dT@(j)él/"} (3.112)

20l 50 (2=1) G 1 B B B
~ ymomne @ =) (1 — o) _ Ly O(y2
" ‘ WU\ — 32+ 2n (n—1)n w0

. (i . LT 2i0(9) _i@(ﬂv)("L*l)u
with V) a (set of complex) number(s). Defining then Qe (u) = ut-2re n=2 )t
the leading transseries corrections to the metric functions can be found as,

Al =0, d% =0, (3.113)

with the leading order transseries correction to B satisfying the equation

((TL — 1) + s — 22@(]) S) 7(e5)s

(n — 1)ioW) -
s(—1+ sm) b () + ey O

N ES— be)(s) =0, (3.114)

b (s) +

which coincides with the equation for tensor fluctuations of the blackbrane at zero
spatial momentum (see Appendix @) This equation characterizes an infinite set of
discrete n-dependent QNM frequencies @) with associated arbitrary normalization

constant C;. At subsequent orders in the gradient expansion flgej ) will be generically

n—1

non-zero, meaning that we will receive an additional multiplicative factor of u2(35)

to the dual theory energy density after holographic renormalization. Further contri-

1

butions result in an infinite series of in ™" implying that the energy density in the
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dual gauge theory can be expressed as a transseries (in gradients) of the form

[€))

&(u) = ghyd(u) + A" Z Cju"Z2<n1iw” )eiiw(j)(%)u (1 + szul) (3.115)
j i=1

with €nyq(u) the hydrodynamic expansion (), and p; is a set of fixed coefficients
determined by the subsequent orders in the transseries expansion. The complex
numbers C; are, on the contrary, arbitrary and can be selected to encode the initial
conditions of the evolution.

Let us now discuss the large-D limit of the expression for the energy density ()
As we have seen in the previous section and in Appendix @, the QNM spectrum
can be computed in a series of inverse fractional powers of n [[116,140]. For the least
damped modes, @) ~ nwA with & given in Eq. () Taking the large-D limit of
Eq. (), the contribution of these modes to the energy density leads to

~ 1 —i("—“+5w<j)n1/3+(5w2)TA —24iTA/2 pzoo
€(u) =A" ——i—E Cie '\ 2 ! TA 1—1—5 -+ ... ],
() (TA - ! () — (A7)

(3.116)

where the ellipses denote subleading n terms and p° are the large-D limits of the
constants p;. At late times, this expression matches exactly the time dependence
of the energy density () we found in a large n expansion at late times in the
previous subsection. However, using our large-D analysis we are able to go beyond

the strict late time limit, providing a resummation of all the gradient terms at leading
AT

order in n. Equating Eq. (B.116) and Eq. () yields
7 _%J" 2
14— ~ |1 3.117
( + AT) +; , (3.117)

from which one can extract the leading 1/D behviour for the energy density coeffi-

P
(A7)’

cients to all orders in the gradient. At this order in the 1/D expansion this tail of
coeflicients is identical for all non-perturbative modes, but subsequent orders will be-
come dependent on w). The infinite series of gradient corrections stands in contrast
to the perturbative results of Section @, where we found only a finite number of

gradient terms at each order in 1/D.
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3.4 Discussion and outlook

In this chapter we explored the dynamics of Bjorken evolution in holographic theories
from an expansion in large numbers of dimensions. By packing the space with extra
transverse degrees of freedom while enforcing additional symmetry, Einstein’s equa-
tions yielded simple ODEs at each order in inverse D allowing us greater analytic
control.

As we have seen, our perturbative large-D analysis of Bjorken flow was controlled
by hydrodynamics. By extending this expansion to order O(n~3) we have extracted
the large-D behaviour of a subset of higher-order transport coefficients up to 6-th
order in gradients. Denoting these coefficients by A, with ¢ the gradient order, these

are related to the constants 8, defined in Eq. (), as
A0 = giel i (3.118)

with the equilibrium energy density given in Eq. (@) With this normalisation
MV = 20, A® = —202 (n7, — 2(n — 3)A\1/(n — 2)) and A\®) is a combination of
14 third-order coefficients in the basis of [141]. Beyond third order the coefficients
are not classified. The finite number of inverse powers of 7 in our result Eq. ()
also implies that in units of é(é” relevant transport coefficients beyond 6-th order are
suppressed by at least n=%.

While in principle this expansion could be continued for arbitrarily large orders
in 1/D, the existence of non-perturbative modes found in Section @ indicate that
as in Chapter @ the perturbative series will not converge, as already noted in [116].
These excitations correspond to fast modes, with a typical rate of variation of order
n/\, parametrically separated from the hydrodynamic regime. From the point of view
of time-evolution, the existence of this set of excitations codifies the many possible
initial conditions that can be specified for the system. In Subsection m we checked
that these solutions correspond to the large-D limit of non-hydrodynamic modes and

found that we could identify an infinite series of coefficients for the energy density

about this sector at leading order in 1/D.
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The emergence of the hydrodynamic/non-hydrodynamic seperation at large-D is
a natural consequence of the way in which we tailored this limit. In Eq. (B.26) in
the near horizon region we have expanded each metric function about some r ~ A ~
O(nY) at large n with fixed R, later implying ¢ ~ A™ after these functions are consis-
tently matched to the near boundary region. The energy density and temperature of
the dual theory are related by Eq. (@) as € = (%)n As non-hydrodynamic modes
evolve on a time scale set by the effective temperature 7,1 ~ T ~ nA, we could

have predicted that these dynamics would be parametrically seperated as evidenced
by Section @

Another subtle point is our implicit assumption that the computation is consistent
with the late time region through our definition of A from Eq. ([L.15) as the normal-
ization of the energy density at in the ideal limit of 7 — oo. This condition sets the

integration constants «; in Eqs. (|33§i), (B37|), (BZHJ) and () We have checked

that by fixing a rescaled 7,, = n 7 in the near horizon region the non-hydrodynamic

modes will emerge at perturbative orders in 1/n. Further investigation should be
made to determine whether this scaling could be used to find a special “attractor”

solution by imposing an alternative initial condition at early times.






Chapter 4

Black holes near equilibrium

In this chapter we utilize the transseries expansion to demostrate how the dynamics of
a near equilibrium black hole can be obtained analytically. Following the prescription
set out in Chapter E we use the non-perturbative functions of the transseries as an
expansion parameter to organize the computation. This chapter is based on [4] and

aims to explain the numerical findings of [142].

4.1 Introduction and motivation

In Chapters B and H we saw how the transseries expansion naturally arises in holo-
graphic theories undergoing Bjorken flow while describing the hydrodynamic and non-
hydrodynamic modes of the underlying dynamics. In this chapter we will consider
an expansion about a far simpler flow, static equilibrium, in order to focus closely on
the higher order transseries terms themselves.

Beyond holography, black holes are fascinating objects in of themselves, with im-
plications for astrophysics and quantum gravity. Recently their behaviour out of
equilibrium has become experimentally accessible through the detection of gravita-
tional waves from black hole binary collisions [143]. While this is arguably the most
interesting regime of general relativity analytic results here are scarce, instead often
resorting to intensive numerics. Any analytic inroads we can make to study black
holes out of equilibrium are therefore valuable.

In this chaper we describe the out of equilibrium evolution of the horizon. It has

87
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long been known that the horizon area cannot decrease [[144], here we show exactly
how it increases as a function of its quasinormal modes (QNMs). While we focus
on black branes in anti-de Sitter spacetime, the results presented here will apply to
spherical evolution of the Schwarzschild black hole, and could potentially be extended
beyond spherical symmetry.

A black hole in equilibrium has entropy given by its area [145,[146]. Out of equi-
librium this identification is less clear, but analogous to the second law of thermody-
namics the black hole area still cannot decrease [144]. In this context one can define
various horizons satisfying this law, all of which coincide with the event horizon in
equilibrium. Notions of non-equilibrium entropy have been explored holographically
for the apparent [52] and event horizon [53]. Dynamical horizons have been studied
previously through the fluid gravity correspondence [54]. In these inhomogeneous
systems one can define a local entropy current at either the apparent or event horizon
with non-negative divergence [55-57]. Such approaches necessarily neglect the con-
tributions of gapped QNMs, which are given precisely by the transseries terms that
we will include.

In [142] the area of spatially homogeneous horizons was studied numerically for
various geometries equilibrating to static black holes. The authors, Jansen and
Magan, found that they could infer an analytic form for the late time behaviour
of the horizon area,

3S(t) oc 't (cos (2w t) + B) | (4.1)

where w is the quasinormal mode (QNM) that gives the dominant damped oscilla-
tion, the superscripts indicate real and imaginary parts, and the parameter B could
be determined from a fit. We present the numerical findings of that study in Fig.
(@), focusing on the quantities Sy and 0Sgy, the difference between the final and
instantaneous areas of the apparent horizon and event horizon respectively.

While we should expect the horizon area to always increase (65’(t) > 0) in the case

of [142] it was found that the apparent horizon would saturate this law during this
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Figure 4.1: Logarithmic plot of the near equilibrium evolution of a black hole in response
to a small scalar perturbation in the set up of [142] from where we have taken this Figure.
Shown here in solid lines are the scalar field (green), the areas of the apparent and event
horizon (blue, orange), and the temperatures of the event and apparent horizon (red, pur-
ple), subtracted from the final values they attain at equilibrium. The last two quantities are
shifted down by 10! and 103 respectively for display purposes. For each quantity a dashed
black line has been plotted following the form Ae2<" (cos (2wt + &) + B) where w® and
w! are the real and imaginary parts of the dominant QNM frequency and the remaining

parameters are given by a fit.

equilibration period. The parameter B appeared to generically take on its minimum

possible value consistent with the area theorem,

w
B = L »

In contrast the event horizon did not show a similar saturation and instead always
increased.

In this chapter we present the findings of [4] which explains this observation and
derives an analytic form for the entropy through a transseries expansion. We go on

to show that the event horizon entropy will obey Eq. (@) with,

|w| lw —inT)|
Bgy = X , 4.3
BET ol T (w—inT)" (43)

where T is the Hawking temperature in equilibrium. For inhomogeneous evolution
the sensible quantity of interest will be the divergence of the entropy current (0,s")

from which the total entropy can always be computed via a simple integral. While
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for homogenous perturbations Eq. (@) will hold, we will break spatial homogeneity
by allowing fluctuations at any finite momentum.

Independent of the small gradient and large-D expansions explored in Chapters E
& a, a transseries can still be viewed as an expansion in the parameter e~ where w is
a stable QNM frequency with negative imaginary part. As this expansion parameter
becomes small at late times we also refer to this series as a late time expansion.
At first order this series contains precisely all the QNMs, and contributions from
the second order can be viewed as the leading backreaction due to the first order
perturbations. In this paradigm the amplitude of these modes need not be small,
instead the expansion is sensible provided Im(w) is an order one negative number.
The first non-trivial results of our program will occur at second order meaning that
our approximation in principle breaks down at times ¢ < |3 Im(wp)| ™", where wq is the
dominant QNM. However it is often the case that the first order QNM approximation
can describe nonlinear general relativity well beyond its expected regime of validity,
even with large perturbations [28,[147,14§].

We organise this chapter as follows. In Section @ we set up the problem and
define the metric, entropy current and transseries expansion. In Section @ we show
an explicit computation to derive our main result Eq. () for the divergence of
the entropy current due to QNM perturbations in the case of Einstein gravity with
negative cosmological constant. We further explain how the entropy density can be

obtained from this expression in the case of homogeneous perturbations. Finally in

Section Q we discuss the implications and extensions of our analysis.
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4.2 Setup and summary

We start with the now familiar Eddington-Finkelstein form of the metric which was

used in Chapters E & a,

ds® = —Adt® + 2dt (dr + FWdz + FWdy) + S%g;;da?

e 2BceoshG e 2B-Hginh G 0 (4.4)
gij = | e 3B-Hginh G  eB+H cosh G 0 )
0 0 oB—H

where all functions depend on (¢,7, ) but not on the remaining coordinates x,. To
make a connection with holographic frameworks in our computation we will work in
exclusively 4+ 1 dimensions with negative cosmological constant, but a near identical
approach can be generalized to include other spaces and higher/lower dimensions.
With these considerations Einstein’s equations take the form R,, = —4g,,, where
we have set the cosmological constant so that the anti-de Sitter vacuum solution
would have a radius of curvature set equal to one. In contrast to Sections @ and @
in Eq. (@) we have included off-diagonal components in the metric which will be
necessary for the addition of modes with finite momentum. We will further restrict
to solutions evolving to a static and homogeneous equilibrium, so that at infinite ¢
the only nonzero functions will be A and S which will depend only on the radial
coordinate r. The equilibrium solution for Einstein’s equations given above is the

AdS-Schwarzschild black brane in D = 4 4 1 dimensions,

lim A(r) = 7 (1 - (@)4) ,lim B(r) =7,

t—o0 r t—o0 (45)
lim F® = lim F® = lim B=lim G = lim H =0,
t—o0 7—00 t—o00 t—o00 t—o00

with equilibrium temperature given by T = 72 lim; o, A’(r)/(47), where 7, is the
equilibrium horizon location given by lim; ., A(r,) = 0, giving r, = WT.E] For small

perturbations from equilibrium this ansatz contains a tensor fluctuation through H,

!Because in this chapter we are studying perturbations on a static (rather than Bjorken) back-
ground we will take our dimensionful scale to be the equilibrium temperature 7" as opposed to the
mass scale A used in previous sections. Throughout this chapter T will be taken as an equilibrium
quantity, although one could imagine defining an out of equilibrium effective temperature as was
done in earlier chapters.
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a vector or shear fluctuation through F® and a scalar or sound fluctuation through

F@),

4.2.1 Entropy currents

Out of equilibrium the identification of entropy with a horizon surface becomes am-
biguous as multiple distinct codimension-2 surfaces exist on which to define one. We
will consider two such surfaces, the event horizon (EH) and the apparent horizon

M where

(AH). The event horizon is a null surface defined by its normal vector n
M runs over all the coordinates, while the apparent horizon is a spacelike surface on

which the geodesic expansion 6 vanishesa,

AH:0|,,, =0, EH:nyn"

TAH

=0. (4.6)

‘TEH

In the infinite ¢ limit these surfaces align and are given radially by the zero of the
blackening function A.

Our ansatz Eq. (@) preserves the residual gauge freedom associated with a
choice of radial shift » — r + £(¢,z). This is routinely used in numerical evolution
schemes to fix the position of a locally determined apparent horizon, while doing the
same for a globally determined event horizon is usually not possible. In our setup
however this is no issue as we assume knowledge of our final state and expand our
solution backwards in time in a controlled way. We will fix this gauge implicitly by
imposing either condition of Eq. (@) at a fixed constant radius rag or rgg which is
independent of the other coordinates.

For each horizon we can define an entropy current, following [b5], through its
normal vector vy, which through our chosen radial gauge is simply v = 0,. The

entropy current is given by,

st =s— (4.7)

)
Ut

2There is a subtlety here in that this definition depends on how the full spacetime is foliated by
spacelike surfaces, however here the late time expansion clearly singles out constant time slices as
the natural foliation.
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where s = /—¢g/4 is the entropy density evaluated at the appropriate horizon, and
w runs over all but the radial coordinate [54,118]. The divergence of this entropy

current is constrained to be non-negative through the area theorems [b5],
Ous" 20, (4.8)

which is true for both the event and apparent horizon. One can establish a bulk-
boundary map for this current identifying the x* coordinates on the horizon with the

same z* coordinates on the boundary as was done in [54, 5.

4.2.2 The transseries expansion with finite momenta

Following the analysis of Chapter P and [2] we will show how to construct a transseries

solution for the metric out of functions of the form,
Qp(t,z) = e~mwt-ka) (4.9)

where m is an infinite dimensional vector of positive integers, and w and k are infinite
dimensional vectors of yet undetermined complex numbers. We will show that w and
k are the QNM frequencies and corresponding momenta for the AdS-blackbrane,
known to be found in pairs related through complex conjugation. Anticipating this

result we organize these vectors as,
w = (wo, Wy, w1, wi, ...) , k= (ko, kg, k1, k1,...) , (4.10)

where we define infinite dimensional unit vectors e; and €; which are zero everywhere
and 1 in the (2i — 1)-th and (2i¢)-th components respectively so that e; - w = w; and
€ w= w;.E Written in this form we have that w; = —w;. Since the QNM frequencies
of the AdS-blackbrane have negative imaginary part the function Q,(¢,z) on Eq.
(@) vanishes exponentially as ¢ — 0o, meaning that our expansion in powers of €2,
will have an interpretation as a late time expansion. In this chapter we will only

consider expansions about the static solution to the order of O (Qeier), with two

3We will find however that in the computation to follow that we can replace some vector &; with
e; without changing the mathematics, and will do so for convenience.
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interacting modes about equilibrium. While the computation will hold for any choice
of i and j, they should be chosen sufficiently low so as to be leading with respect to
combinations of order O (QeiQe‘erk).

To simplify notation we will pre-emptively rescale w; = 7T \;, k; = \/ngqi, while

=T

defining the rescaled coordinate z = Z-. In the transseries expansion we write all

metric functions g as a series in €2,
0
g(r,t,x) = Z Qn(t, ) gn(z), (4.11)
neNg®
where N° is the set of all infinite dimensional vectors with positive integer components
including 0, and where the coefficients g,, depend only on the coordinate z while the
time evolution is governed by §2,,. Unlike the scenarios studied in Chapters a and E
which came with an associated series needed to compute g,,, our set up is sufficiently
simple so as to extract all relevant information from g, exactly, allowing us to focus
solely on the higher order €),, contributions themselves. We emphasize that we do
not expect all solutions to Einstein’s equations to be expressible by this simple ansatz
(), but rather aim to understand the dynamics which can be described in this
way. We note however that despite these limitations, similar expansions have been
successfully used to describe non-linear gravity far from equilibrium in holographic
set-ups [28,1147,148].
With these conventions the equilibrium solution is given by the n = 0 term in the

expansion fixing,

Ap(2) = — (1 — 24) . So(z)=1T/z, (4.12)
F" =FY = By=Go=Hy=0,
where in these rescaled z coordinates the equilibrium horizon is placed at z, = 1.
We consider next the “lowest” order modes in 2, given by n = e;, which are
analogous to the fundamental modes modes of Chapter E As already stated the

QNM spectrum of the AdS-blackbrane consists of complex conjugate pairs which we

have ordered in the vector w. Imposing that all metric functions g, are real we find
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that components e; and €; can not be independent, fixing that ¢; = —q;, \; = —\;,
where )\; is the complex conjugate of )\;, and implying that these modes do not have
independent normalizations and must be considered in pairs. Mathematically the first
order corrections in {2, are just linearized perturbations about equilibrium, giving
contributions which are identical to a common quasinormal mode analysis. These
modes can be written in terms of three gauge invariant combinations known as the

tensor, shear and sound channel, with helicities 2, 1 and 0 respec’cively,H

Xei = HE»; Y
Y, = ikziFéf) +iw;S5Ge, ,
l
Zei = 4]{?1(,01 + 2]{32 (é, e; Aei) <413)
A/
+ So (/{2 S, - 6001'280> Bei :

Each gauge-invariant mode in Eq. () satisfies its own decoupled QNM equation,

given below explicitly as,

2 (2t = 1) X2 (2) + (2" — 20Nz +3) X. (2) + gXei(z) (72 +2iN) =0, (4.14)

1242 (24 — 1) 24 .
4 % 4
(2 =1) Y (2) + (— N 132 (= 1) + 52" = 2idiz — 1) Y (2) (4.15)
_ 124223 (—22* +iNz +2) 3¢’z ; 4
Ye. - >\Z o . 4: - - 0,
+ (z)( i\ + N 3 (A= 1) 5 T4+ -
8q7 (2" —1) 24

4 i

2 (24 =1)Z0(2) + (—2)\2 2 —3) +52" = 2Nz — 1) Z, (2) (4.16)

_ 8¢223(2 +iNiz) 3Pz , 4
Ze‘ - )\Z - 4 - :O
+ (z)( i +2)\?+qi(24_3)+ 5 T4+ -

By examining Eq. () near the horizon and assuming a regular solution we can

find the relations,

A0\ + 20)

X&.(l)? Xel<]') - 16()\Z + 22)(AZ +4Z) X&,(1> :
(4.17)

Xe, (1) =

Similar constraints will hold for Ye, (1) and Z, (1), and will be useful for simplifications

later in this chapter. We also note that in Eq’s () and () one can scale

4In Eq. () we have used a slightly different definition for Ye, than what is found in [4] so as
to preserve the property Y., = Yz, .
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out the asymptotic near boundary behaviour by defining Y, (2) = 1/2%Y,,(z) and
Ze(2) = 1/2%Z,(2), so that we recover identical equations for Y, (z), Ze,(z) and
H,(z) as ¢ — 0. This is the same equation from which we computed the non-
hydrodynamic modes in Section @ Under simple coordinate redefinitions these
equations at finite ¢; are found to be the same as those studied in [89]. Imposing
that the fluctuations die off at z = 0 and are ingoing at the z = 1 horizon, allow for
a countably infinite set of frequencies A;(¢;), which are all included at first order in
Qe,. As such we have defined the vector w in terms of the components of k, which
are allowed to vary.

As these fluctuations are linear perturbations around equilibrium they only de-
pend on the equilibrium solution where the horizons coincide, we therefore have that
Zag = Zgm = zp. The amplitude and phase of a given mode at the horizon will
remain undetermined by the QNM equations and can be considered initial data. We

parameterise these constants as,
X, (1) = X, /2 (4.18)

where by the reality of the solution Xz, = X, with analogous definitions holding for
Ye, and Z,.

Most crucially in our computation we include second order contributions of the
form O (Qeier). These terms can be thought of as the interactions of pairs of QNMs,
and give the leading backreaction due to the perturbations. In particular the leading
contribution in order of magnitude will be given when the e; modes interact with
themselves and their complex conjugate. In this analysis we neglect interactions of
three and higher modes, which can in principle be included in a similar way.

An important point in the calculation that follows is that the exponential functions
e, are linearly independent. From this property we will be able to separate the
equations of motion out into independent ODEs in z for the coefficients g, (z), sourced
by the first order contributions. These equations further reduce to algebraic relations

when evaluated on either the event- or apparent horizon, which allows us to write
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the divergence of the entropy currents purely in terms of the horizon values defined
in Eq. ()

A final point of consideration is that Egs. ()—() in fact define three seper-
ate sets of infinite dimensional vectors, one for each channel, which potentially in-
troduces confusion in deciding which mode e; refers to in w. However the analysis
proceeds as follows: fixing some \;(¢;) we expand each metric function g in powers of
e, as given in Eq. () In the following sections we derive an expression for d,,s"
which is dependent on the normalizations of the QNMs given by Eq. () Then
fixing the QNM frequency A; to be to be an eigenvalue of either Eq. (), () or
() will force us to set the normalization of the remaining non-normalizable modes
to zero. Because this will effectively decouple the channels we will use a different
vector w for each channel graded by their negative imaginary parts in decreasing

order.

4.3 Computation and results

In this section we outline the steps necessary to calculate the divergence of the entropy
current, and provide explicit details of the computation. Here there are three key
ingredients which will be needed: the raw expression for the divergence of the entropy
current J,s*, a constraint from the equations of motion, and the definition of either
the apparent or event horizon. By imposing either horizon condition in Eq. (@)
order by order, Einstein’s equations (£, = 0) will give relations between the various

metric functions at the horizon that allow us to express 9,s* fully in terms of the

QNM frequencies and the horizon values given by Eq. ()

4.3.1 The constraint equation

Einstein’s equations F,,, = 0 can be readily found from Eq. (@), but in particular
our only necessary constraint will come from solving the unexpanded E,, for 923,

inserting that into £ and expanding the result in a transseries to second order.
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After expanding the result in a series in 2,, and isolating the linearly independent

contributions we can find equations constraining ge, and geiJrej.E We can find,

— ZAei(l) (q7 — 2iN) + \/gF ()N — 24)q; + 3\ (A — 20) (7T) Se, (1) = 0,
(4.1

M1 (800 )" 46100 0) + 20/ SEEL 00+, 200 +0)

2
(4.20)
+6 (7TT) SeiJrej(l)()\i + /\])()\z + >\j - 22) + WeiJrej = 0,

where we can cover the equivalent expressions for €; and €; by just replacing them

in the above equation, and the source term We, .., is given by,

Werse, = Be,(1) <BBej(1)>\i)\j (7T + VBES (1)(A; — 20) (g + qj)) (4.21)
7 ] ez Al
+V6B; (1) F& (1) (N — 2i)(q; + ¢5) + \[q ) \/q (WT) W
CINFS(FS1) i FE (WFE (1) zFeJ (DAFY" (1) i ()N F(1)
(7TT)2 (7TT)2 (7TT) (7TT)

+Fé?(l)Fé?(l)(mju%qf—qiqj>+A§<qi<qj—qi>+2z'x>+A(A 2i)q;(¢; — ¢;))
2>\l)\j (7TT)2

FO ) FY (1)(=3qiq; + 21\ + A7) 3 .
. ot . \gpewnaej(m ~20)as + )

- ;Féf)(l)Gei(l)(Ay‘ —2i)(¢i + qj) + Ge, ()G, (AN, (7T)* + He, (1) He, ()X (7T)* .

Note that in order to simplify We, 1., in Eq. () we have substituted Eq. ()

as well as set Ag, (1) =0 preemptively.E

4.3.2 Finding the apparent and event horizon

We will define the entropy current as given by Eq. (@), but the meaning of this

quantity will depend on how we define v = 0, the normal vector to the horizon

®The form of these equations will be identical if we exchange e; for &; vectors.

6The condition that Ae,(1) = 0 holds for both the event and apparent horizon and intuitively
follows from the fact that all g, metric functions are linear perturbations of the static blackbrane
metric, which must leave the horizon location unchanged. The condition will be shown more explic-
itly to hold in Section 4.3.2.
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surface. Using the radial gauge freedom associated with the metric ansatz (Q) we
can fix the horizon at z = 1, but whether v,; represents the apparent or event horizon
will be decided by the horizon condition Eq. (@) we select. For an apparent horizon
we impose the zero expansion condition (9‘z:1 = 0) fixing z = 1 at the outer most
trapped surface.

Evaluating this condition and isolating linearly independent terms in €2,, we can

extract the following constraints to order O({2¢, €2, ),

3Ac,(1) = iVBFL (1)g; — 6iX; (T) Se,(1) = 0 (4.22)
x : 1
6Acrte, (1) = 2VOFe, (D0 + 05) =121 (7T) Sevre, (N +49) + Ve, = 0.
T
(4.23)

where,

(3

Veire, = 2\/6(7TT) (6 + ;) (2Be,(DEL (1) + 2B, () FP (1) = FP(1)Ge, (1) — FLY (1)Ge (1))

+ 2 (EDOFD O - w) + 3 (FOOED @ -a))  (120)
+6(F (1)F< (1) + FP(1)FY(1)), (4.25)

A key feature of the event horizon on the other hand is that the surface must be
null. The condition we should use in this case is v UM|Z:1 = 0. Following similar

steps as outlined above we arrive at an alternative set of conditions,

A, (1) =0, (4.26)
(FOMFD (1) + FY(1)FY (1)
(nT)?

Acrie, (1) + ~0. (4.27)

Note that substituting Eq. (4.29) into Eq. () yields the expression A, (1) = 0,
as does Eq. () In both cases this retrospectively justifies the assumption used to

simplify Eq. () :
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4.3.3 Computing the divergence of the entropy current

We are now ready to combine the pieces above into the calculation of d,s*. Following

the definition of Eq. () having set v = 9,, it is easy to find,

9,8 = %1 (Ve for + e, fo, + Qo for + Qs f)) (4.28)
i (Qae, fae, + Doz, foz, + Qerve, ferre, + Qarve; faire;) T O(Qe,Qe,Qe,)
with,
£ = —%i (wT)? (VEEL (1)g; + 6 () Se, (1)) (4.29)
Jerve, = =i (7T) (VOFELe, (1)(: + 43) + 6 (7T) Serse, (DA + X)) + Uy,
(4.30)
where,

Uisey = iy SFE0) (5T) (1 + )28 (1) (5T + 50 (1) (431
\/EF O0) (°T) (0+ (2B, (1) (°T) + 50, (1)

+ 2\[5&(?)(1)6’ (1) (7T)* (4 + q5) + \/gFéf)(l)Gei(l) (xT)* (q; + q5)
— 60 (7T)” Se; (1)Se, (1)(N; + ;) -

The first thing to note is that substituting Eq. () and either Eq. (4.26) or
Eq. (#.22) into Eq. () results in fe, = 0, meaning that the divergence of the
entropy current receives its first non-zero contribution at O(£2,€2,). This is to be
expected, as (2., and )z, are damped oscillating functions, the sum of which will
not be non-negative in general. Because 0,5 should be positive definite, the leading
order contribution should vanish to preserve this feature. The interaction of modes
at second order given by an 2. Qs term in Eq. (§.2§) is able to cancel out this

oscillation and allow instead a non-trivial correction.

Let us examine the coefficient fe, e, from Eq. () Substituting the conditions
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given by Eqs. ()7 () and () we find,

am 27T NN Y (DY, (1) Ze,(1)Ze,(1)
ecre; = (¢ +q;)+4 (Xe"(l)Xef(l) A (7T)° T (7T)* (N2 — ¢2) (\2 - q§)> ’
(4.32)
(EH) Z)\z)\] (WT)4 . Y;ii(l)yej(l) Zei(]‘)Zej(l)
fe¢+ej - )\i + >\j — 9 (XEi(]‘)Xej<]‘) )\i)\j (7TT)6 + 192 (7TT)8 ()\22 _ C]?) ()\? _ qu)) )
(4.33)

for the apparent horizon and event horizon respectively, where we have indicated the
distinction with the superscripts (AH) and (FH). Interestingly, Eqs. (4.32) and
() now show that d,s" will explicitly depend only on information regarding the
linear perturbations about the equilibrium solution, all dependence on the higher
order metric functions has dropped out of the computation. Substituting the initial
data given by Eq. (4.1§) and summing the contributions in Eq. (4.28) we arrive at
an expression for the divergence of the entropy current due to the interaction of all
pairs of modes. The resulting expression is more complicated than we would like to
decipher immediately so we will simply state the result in Appendix @ and analyse
the leading contribution from the least damped mode below. We can find the leading
evolution by setting j = ¢ = 0, but to emphasize that the expression is the same for
all choices of ¢ > 0 we will leave i general in the expressions below. We find,

Oysh = Z B it (Ca + cos(2k;z — 2w + 611)) + O(Qse,) (4.34)

He{xX YV, 2}

where the subscript a indicates whether we have computed the divergence of the
entropy current at the apparent horizon (AH) or event horizon (EH). The remaining

quantities given by a constant term C, computed to be,

Cen) = %, Cuam =1+¢, (4.35)
a normalization B for each channel and choice of horizon,
;2 o= (AH). é (7T)* |\ X2 H =X, (tensor)
g = 1+a) with %= 2 H =Y, (shear)
[ — i o= (EH), 96(7;\)1'%(122 H = Z, (sound)

(4.36)

)



102 Black holes near equilibrium

and with phases 67 given by,

( I\R
ot — arctan _ A H =X, (tensor)
l (A = (AR’
M
0(am = \ o H =Y, (shear)

z BN (1n]"—f) B

\ai arctan <2|/\i4q§—((>\§)2—(/\{)2)(I/\il4+q§‘) H = Z, (scalar)

(4.37)

For clarity we do not list the explicit results for 5&1{) here, but as explained below
they can be computed from 6& H)-

There are several interesting observations to make while examining Eq. ()
While we have simultaneously included the contributions from all the channels, each
channel in Eq. (4.34) decouples completely with no interactions between them at
this order. This did not need to be the case as at O({q,) the metric functions are
typically sourced by contributions from all channels.

In each case 0,s" takes the form of a decaying exponential modified by an oscil-
lating contribution and a constant term C,, which is crucial in ensuring that 0, s
remains positive definite. Eq. () ensures this from the fact that C, > 1, with
the severity of the oscillations in Eq. () decreasing as we increase it away from
this minimum. C, is universal across fluctuations in all channels and depends only on
whether we evaluate the expression at the apparent or event horizon. We will name
this parameter C, the oscillation suppression, distinguishing it from the slightly dif-
ferently defined damping shift in [142]. A similar but distinct definition of C, exists
in [4] and Appendix @ which considers the oscillation suppression associated with
interactions of QNMs with different frequencies.

Each term in the sum over H in Eq. () has an amplitude B¥ and phase §7*
that depends on initial data through the normalization of the QNMs given in Eq.
() Through redefinitions of the amplitudes X;, J; and Z; and phases a5, a and

Z

a;f we could absorb any appearance of A\; and ¢; in Eqgs. (4.36) and () into this

initial data, meaning that this functional dependence is not particularly interesting.

A

In fact from Eq. (4.36) it is the ratio of the amplitudes for J,s" measured at the
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apparent and event horizon which remains independent of initial data, and which

yields the same result across each channel,

Blyy 1+

= ) 4.38
Bl |Ni—1l (438)
Similarly we find the combination,
ik — 60 = arct i 4.39
(i)~ Oam) = arctan | g (4.39)

to be independent of the initial phase consistently for each channel. Using Eq. ()
one can recover 56‘%0 from the phases given in Eq. () A consequence of this
observation is that in a similar set up near equilibrium one could use Eqs. ({.3§)
and () to construct the event horizon entropy from the apparent horizon entropy.
This may be a useful application as the apparent horizon is typically easier to define
than the event horizon.

Interestingly C(gmy for the event horizon is momentum independent while for the
apparent horizon it is frequency independent. We also find that at zero momentum
Cramy = 1 for the apparent horizon, which saturates the condition that d,s* > 0
given by the area theorem. Using our expression ({.34) in the homogeneous limit of
¢; — 0, we can integrate the result to find the entropy density given by Eq. (@), with
an oscillation suppression (called the damping shift in [142]) given by Eqs. (@) and

(@) for the apparent and event horizon respectively. As such we can analytically

confirm the numerical results of [142].
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4.4 Discussion and outlook

Through the transseries expansion we have succeeded in computing the leading con-
tribution to the divergence of the entropy current for an equilibrating blackbrane.
Expanding about a static background the leading order terms in the expansion were
identical to a standard QNM computation. At second order these corrections could
be interpreted as the backreactive interactions between the linear fluctuations on the
blackbrane. Despite this process being the result of non-linear gravity, we neverthe-
less found a fully analytic description of the time evolving horizon relying only on the
values of the quasinormal mode frequencies and equilibrium temperature.

In principle this computation could be expanded to include interactions of three
modes. For tensor perturbations we have checked explicitly that 9,s" receives no
O(§23¢,;) contributions. In this case the O(Qg,) modes reduce to a QNM equation
but with frequency 2w;, which is not itself a QNM frequency. This implies that the
equation will have no normalizable solutions, forcing us to set them to zero, in turn
causing the third order transseries corrections to vanish. It would be interesting to
see if these corrections vanish in general, as this would imply that our expression for
d,s" is in fact only corrected at fourth order.

We found that the positivity of J,s" prevented any non-zero contribution at first
order, instead allowing the first non-trivial term to occur at O({2g,). This statement
has the consequence that the holographic entropy associated with these horizon ar-
eas will rapidly equilibrate at half the time scale set by the dominant QNM. When
enforcing spatial translation symmetry (setting all momenta to zero) this transseries
accurately describes far-from-equilibrium dynamics in holographic theories as all dy-
namical modes are gapped with graded negative imaginary part on the frequency
plane [28,1147,148]. However this series becomes difficult to organise when includ-
ing low momentum hydrodynamic modes, where the distinction between (¢, ., and
Qe,+. +e, contributions becomes unclear. In such situations it may be preferable to

instead use the fluid gravity correspondence for an effective hydrodynamic descrip-
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tion of the blackbrane [54,56]. Because our analysis does not explicitly truncate in
gradients, instead resumming them into w(k), it may be be useful to determine if any
region of overlap exists between these two expansions.

In our set up we have simplified the dynamics by allowing for spatial dependence
along only the z-coordinate. While one can do this at linear level without loss of
generality, this is too restrictive when describing the interaction of different modes
and this condition should be relaxed in future work. From Fig. (@) it is clear that
quantities such as the temperature follow a similar evolution to the entropy, and it
would be interesting to try to compute this following a similar method to what we

have studied here.






Chapter 5

Conclusion

In this thesis we have applied the transseries expansion to three systems in classical
gravity. Through the gauge/gravity correspondence our analysis has had implications
for both the dynamics of strongly coupled field theories as well as for the evolution
of black holes themselves.

In Chapter E we set out to understand the fast hydrodynamization problem of
heavy ion physics, that the quark gluon plasma (QGP) created in such collisions ap-
pears to evolve according to hydrodynamics in the large gradient regime where this
framework should be inapplicable. To add some insight to this puzzle we examined
the gradient expansion for A" = 4 SYM matter undergoing boost invariant evolution
(Bjorken flow), by recasting the dynamics of this theory at infinite 't Hooft coupling
and large N, into quantities described by Einstein’s equations. Extracting the en-
ergy density to high orders in this perturbative expansion we found the series to
diverge, implying the existence of non-hydrodynamic modes best understood through
a transseries solution which we then computed numerically. Due to the nature of
resurgent transseries specific relations exist between different independent solutions
in the system, known as transseries sectors. We were able to test that these relations
hold for the N' = 4 SYM transseries by constructing the first 9 coefficients of the
leading non-hydrodynamic sector purely from the coefficients of the hydrodynamic
sector. In principle such a procedure could be used to extract the coefficients for all

sectors if one were to find the hydrodynamic coefficients for this theory analytically.
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We extended our scope to include gauge theories at intermediate coupling through
the higher derivative toy model known as Gauss-Bonnet gravity. Constructing the
diverging hydrodynamic expansions for this family of theories at varied coupling we
then used Borel summation to find stable resummations that were not sensitive to
the order of the expansion. We argued that these resummations were prescription
dependent, with the ambiguity between differing prescriptions being approximately
equal to the non-hydrodynamic modes hidden from the original gradient expansion.
Adding a random ensemble of relaxing non-hydrodynamic modes to our resummation
we could estimate the typical trajectories of an equilibrating gauge theory plasma
undergoing Bjorken flow. We found that even in the presence of large gradients,
trajectories would typically collapse onto a common curve, referred to as an attractor,
and that this curve would be well described by first order viscous hydrodynamics. This
behaviour is consistent with the apparent unreasonable effectiveness of hydrodynamics
observed when describing the QGP.

In Chapter E we studied the Bjorken holographic system by instead using the
number of boundary dimensions n = D — 1 as our large parameter. Imposing the
symmetries of Bjorken expansion while packing the space with an arbitrary number of
transverse dimensions we were able to find analytic solutions for the metric functions
to order O(n~?). The usual large-D set-up proposed by Emparan, Suzuki, and Tanabe
results in non-relativistic hydrodynamic equations of motion [112,[113], in order to
properly describe the relativistic nature of our system we tailored our expansion for
this purpose. As in these systems we found that the perturbative sector of the large-
D expansion is governed by hydrodynamics [116,118,119,[137]. Using our solution
we extracted combinations of transport coefficients to O(n=3) relevant for Bjorken
flow up to 6-th order in gradients. Consequently this also showed that higher order
contributions in gradient must be suppressed by at least n=%.

Next we studied fluctuations rapidly evolving on this background with a timescale

n

set by the effective temperature T ~ né'/™. These modes were non-perturbative

at large-D enabling a transseries structure to emerge similar to the small gradient
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transseries of Chapter E, indicating that a sum including all higher order corrections
to the perturbative large D sector will not converge. We computed the contribution
to the energy density from these non-perturbative sectors and found them to corre-
spond to the large-D limit of non-hydrodynamic modes in Bjorken flow. From our
solution we obtained an infinite set of energy density coefficients associated with each
non-perturbative sector to leading order in 1/D. To conclude we discussed the para-
metric seperation between hydrodynamic and non-hydrodynamic modes at large-D
and suggested a scaling choice which mixes both sectors potentially allowing access
to the solution’s behaviour at early times.

In Chapter @ we applied the transseries expansion to study the equilibration of
GR solutions towards a branebrane. Due to the simplicity of the set up we could
fully determine the non-linear behaviour of the divergence of the entropy current
(0ys*) analytically to second order in the expansion. Despite our calculation being
sensitive to the interaction of linear modes across different channels, in our set up the
dynamics reduced to a sum of independent, decoupled excitations evolving on top of
a static horizon. Early computations suggest that the transseries expansion for 9,s"
will vanish at third order, meaning that the error incorporated by neglecting higher
order contributions will typically be exceedingly small. The generic applicability of
the transseries also indicates that a similar approach could be used to study black
hole equilibration in less symmetric scenarios and for related quantities such as the
black hole temperature and out of equilibrium energy density.

One possible direction of further study would be to explore the connection between
the fast moving modes of these theories and the non-hydrodynamic modes of the
gradient expansion. There may exist some generalization of Hydrodynamics which
naturally incorporates these dynamics through a similar transseries expansion. An
ambitious goal would be to describe a far-from-equilibrium system via perturbations
about a particular attractor solution throughout its evolution, as opposed to only at
late times through the near equilibrium hydrodynamic expansion. One should first

explore whether this expectation is possible, as further relaxing the symmetries of
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Bjorken flow could break this transseries structure. As such, it would be relevant to
apply this expansion to less symmetric cases as a sanity check of this conjecture.

An equally interesting problem would be to understand whether the fluid-gravity
correspondence could similarly be generalized to include these fast modes. In the cases
of both Bjorken flow and static equilibrium it is clear that the non-hydrodynamic
modes of the system correspond to quasinormal modes of the corresponding dual
gravity theory. In order to check this, one could apply a transseries expansion to the
set-up of [57] in place of their grandient expansion.

We noted that in the case of Bjorken flow the perturbative dynamics of the large-
D expansion exclusively recovered information of the hydrodynamic sector, while the
non-perturbative modes recovered the non-hydrodynamic sector. This is an interest-
ing observation in of itself and should be explored in greater generality. We found that
through the large-D expansion we could recover an infinite series in gradients of the
leading (in 1/D) non-hydrodynamic modes. Because the large D expansion appears
able to recover all-order information in gradients, this may be a tractable approach
for recovering attractor solutions through the gauge-gravity correspondence.

Lastly by applying the transseries expansion to the simple set up of a perturbed
static black brane, we could recover non-linear information while solving trivial equa-
tions of motion. This particular example could be extended to recover not only the
entropy density but other relevant quantities such as the evolving energy density.
Such a computation as applied to an Kerr-Schwarzschild solution would be useful
for computing corrections to gravitation waves as observed by LIGO. The transseries
expansion has shown success in finding solutions to a broad array of problems in clas-
sical gravity. In future works it will be interesting to apply these same techniques to

expansions about other limiting cases of parameter space for this non-linear theory.
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Appendix to Chapter

A.1 Introduction to asymptotic series and the Borel
transform

In this thesis we will be interested in asymptotic series of the form,
Bo =Y FVg", (A1)
k=0

where where g < 1 is some small parameter and Fj, ~ k!. One might expect to find
Eq. (@) when computing a perturbative series expansion for some function with
non-perturbative contributions. From the behaviour of the coefficients, we do not
expect the series to converge.

One can typically define a convergent series through the map B defined as ¢* —
o1

) which modifies each term in the series (@) The result of applying this map to

an asymptotic series is called a Borel transform B[®g], where
=1
B®o](€) =D tRE" (A2)
k=0

When B[®g] has a finite radius of convergence it can be analytically continued to
some function B, [®g]. One can see term by term that the inverse map of B will
be a Laplace transform. However when applying this inverse map to an analytically
continued Borel transform we don’t expect to recover exactly the same function. We

will call this new function the Borel sum,

¥

7,[B[o]] = / déc9, (@] (€) (A3)
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which is defined up to some parameter # which determines the contour of integration.
When applied to a finite polynomial the contour of integration here (assuming con-
vergence) will not change the result. For more complicated functions the result will
be highly dependent on this choice and correspond to different possible resummations

of the original series.

A.1.1 Relating the Borel transforms of different sectors

In Section @ we aimed to extract the coefficients of the leading non-perturbative
sector from the Borel transform of the perturbative (hydrodynamic) sector. Now we
will justify some of the relations between the Borel transforms of different sectors

used in that sec‘cion.m To do this we consider two asymptotic series,

i (0) gkt _ i 15 R+l (A.4)
k=0 k=0

with asymptotic small parameter g, characteristic exponent 5 and exponential weight

A such that the full solution generating these series is represented by
F(g) = ®o(g) + ¢ 9@1(g) + ..., (A.5)

where the ellipses indicate other instanton solutions which will not be important for
this discussion. We can note that setting F( ) = 0, Fk(?r)l e,i ), g=utl, A=A and
B+ 1= B, will reduce Eq. (@) to the leading contribution to the transseries for
the energy density used in Section @

For a resurgent transseries the coefficients of different sectors are related via the

large order relations,

S L'k —p) 1) A 1 A2 1
F(O) _ 0—1 F( —F( ) F( )
¢ omi AR5 U0 TRt T h—s-nh-p-2"2 "
+ (other sectors), (A.6)

where Sp_,1 is known as the Borel residue, a proportionality constant between the

sectors of the large order relation, which is given intrinsically by the non-linear theory

'We thank Inés Aniceto for useful insights helpful for this section.
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data. In principle F ,50) receives contributions from all other sectors, but these will
not affect the discussion below.

As stated before, the Borel transform B is a map that modifies each term in the
series (@) via g% — % In our attempt to relate the asymptotic series of different

sectors, it will be useful to define

Bloag =3 FO S )
— I'k+~v+1)
— So-1 - - I'(k—B—J) g (1)
o ; (; = F(/f+”y+1)> FY, (A.8)
So51 —
= 20m.1 Y& A B) Y (A.9)
j=0

where we have defined x;(§, A, v, 5) by performing the sum over & in Eq. (@) As
it turns out this sum can be performed analytically, the closed form solution being

given by

x;(&, Ay, B) = gmmjw o Fy (1, —j =By +1; %) : (A.10)

In the limit of v = 0 we find that Eq. (@) reduces to the usual Borel transform
on ®¢ and we find x; (&, 4,0, 8) = T(—j — B)(A — &)™, which when applied to Eq.

(@) gives us

Bloal (€ = 2222 (- ¢) (Z D(=5 = E (A~ s)j) Freg. (A1)
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where the term “reg.” indicates terms that are regular at £ = A. Note that the other
sectors omitted from Eq. (@) will only contribute to this regular term. The form of
Eq. () verifies that for asymptotic series of the form (@) related by Eq. (@),
the Borel plane of B [®¢] () will contain a branch cut singularity of the type (A — & )2

By tuning v we can attempt to cancel out the exponent of this branch cut in the

Borel transform. In fact by choosing v = —f we will find

0—1 > F‘(l) i
Blg" @] (¢) = Szm log (A —¢) (Z ﬁ(ﬁ - A)]> + reg. (A.12)
log (A —¢)

= So-1 (B [g_’B Dq] (€ — A)) , + reg. , (A.13)

21
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where in the last line we have identified the sum as the Borel transform of B [g*ﬁ @1} (&—
A), which we note to be regular at £ = A with a radius of convergence set by the
next closest instanton action.

While Eq. () is an improvement on the branch cut singularity found in Eq.
(), we would like to reduce the singularities in the Borel plane to a series of simple
poles. It will be useful then to choose v = —f — 1/2 resulting in a Borel transform of

the form
F(l)

_B-1/2 o SOHl - J J
B[gﬂ /(I)O}(g)_Qm (;F(j_'_l/z)(g_/l))"{'reg- (A.14)

Finally we can perform the change of variables, £ = A — ({ — A)?2, to transform Eq.

() into a Laurent series

o9 1\ (1)
B [ dy) (O) S0-11 ( (=1 F;

T 2i(¢— A) —~ T(j+1/2) - A>2j> s (A-15)

Using standard methods one can then recover the coefficients Fj(l) from the residues

of Eq. (A.15).
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Appendix to Chapter

B.1 Expressions for the Third-order Expansion of
the Different Metric Functions

In this appendix we tabulate the third-order in the large-D expansion for the different
metric functions, found in Subsection .

ayi(r
A3 - _ 3R( )
. log( mrarsn )
AATLig <m> 2A7Li; (R(A}r—i-l)) (2 (1 - R(A1T+1)) - R(A<;\+J£)) )
TTRA- 1 (Ar 1 1)?
(AP —4ATH ) log’(R) B log?(R) ((A%72 — 1) log(AT + 1) + AT(AT — 5))
6R(AT + 1)* 2R(AT+ 1)*
log(R) (—2A7(AT +2) + (A7 + 1)?log®(AT 4+ 1) — 2(5A7 + 2) log(AT + 1))
2R(AT +1)*
1

(AT +1)3 ’
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with @™ (7) given in Eq. () and the metric function Bj is

2(A7 = 1)’Lis (g77) | 4(At — DLig(1 — R(A7 + 1))

bs (AT +1)3 (AT +1)3 (B:2)
_ 2A7Liy (omg) (AT + (A1 = 1)log(R) — 2) N 2(AT — 1) log®(R(AT + 1))
(AT +1)3 3(AT +1)3
2 (w2(Ar — 1) o SArlAreyloslho ) s ) og (R(AT + 1))
3(AT+1)3
log (W) (2AT(AT = 2) + (AT — 1)*(— log(A7 + 1)) + (A*r? — 1) log(R)) log (1 — 57177)
(AT +1)3 '

As stated in Subsection

Sy =0. (B.3)

However, to be able to compute A3 and Bj it is necessary to determine Sy, which is

given by

2AT <2L13 (m) — Liy (W) log (m»
(AT +1)3 .

Sy = (B.4)

B.2 Comparison of perturbative large-D solutions
at late times

To aid in the analysis of Subsection in this section we aim to compare the solu-
tions in the near horizon region obtained through the perturbative large-D expansion,
with an alternate expansion for Bjorken flow at large 7 for Einstein’s equations at
fixed number of spacetime dimensions D = n+ 1. For the case of D = 5 this analysis
reduces to the low order perturbative (in gradient) solutions for the expansion of Eqs.
{2 )f(), first performed in [82]. In this section we will generalise the analysis
of [82] to arbitary D for our comparison in the large-D limit.

To make contact with the notation in [82] and to facilitate the late-time analysis,
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we introduce the following field redefinition

= r2A(r,7), (B.5)

1 r? n—1, - _
B = — (1og ((1 n r7)2> + m— (2d(r,r) — B(r, 7“))) : (B.6)
S = r%(l + rT)ﬁeJ(”). (B.7)

At late times the dual gravity spacetime should be close to that of a boosted black-
brane with a time-dependent energy density predicted by ideal hydrodynamics. The
corrections to this approximate solution are controlled by a dimensionless inverse

n—2

gradient u™' = 771 ~ - (see Subsection ) So that as 7 — oo the horizon
stays at a fixed location it is convenient to parametrise the holographic direction in

terms of a new variable that tracks the position of the boosted blackbrane horizon,

A 1

As such s = 1 corresponds to the position of the horizon to leading order in gradients.

The gradient expansion of the different metric functions is
A(r,7) =) uAy(s), B(r,m) =) ubi(s), d(r,7) =) u'di(s). (B.9)
i=0 i=0 i=0

Introducing these expansions into Einstein’s equations and expanding in the dimen-
sionless inverse gradient, u ™!, the leading order (in gradients) solution is simply the

boosted black brane

Ap(s) =1 — 5", Bo(s) =0, do(s)=0. (B.10)

Going to next-to-leading order in gradients, the metric functions include the effect of

the shear viscosity and they read

Ai(s) = (2+(§__12)8)8n, (B.11)
N e N T o
() = Zr= (5( 4 —,0)+log (1 )), (B.12)

di(s) = 0, (B.13)
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where §(z;a,b) is the incomplete beta function. Note that we have chosen a gauge
consistent with the near-boundary behaviours ()—() We have not been able
to find closed form expressions for these metric functions beyond this order.
Inserting this gradient expansion into Eqgs. (@)—(@) and expressing them in
(1, R), we can compare the fluid-gravity expectation for the different metric functions
with the near horizon result derived in the previous section. After taking the large-D

limit and expanding to O (n™?)

Ahydro (T> T)

(-GBS )

(B.14)

1 (2 +27Alog 7A — (—1 4+ 7A) log (TA)? N (14 log7A)log R

n? 2(TA)2R (rA)2R
~ 2 (Lio (=) +1oe (1 — -L-)1 1
Bhyaro(r,T) = %( ( 2 (RAT) i ng(\T ART) Og(ARr))> 7

ghydro (T> T) =

These solutions come from a gradient analysis and as such they are only valid
up to O(772). Notably they coincide with the late-time expansion of Egs. ()—
() up to order O(77?%), indicating consistency between the two expansions. The
matching of these approaches may be considered as an example of the compatibility

of the gradient and the large-D expansions [[149].

B.3 Quasi-normal modes of blackbranes at large-
D

In Subsection ﬂ we constrain the non-perturbative modes of the large-D expansion
evolving on an evolving horizon by matching the near horizon and near boundary
solutions in an overlap region of mutual validity. In fact the condition of consistency
between these regions fixes the leading behaviour of the frequency @ at which these
modes oscillate. These same excitations control the non-perturbative contributions

in 1/D to the Bjorken flow, as discussed in Section @

(log R)? )
2(TA)2R )’

(B.15)

(B.16)
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For the sake of clarity in this section we will review a computation for the quasi-
normal spectrum of static blackbranes in the large-D limit at zero spatial momentum,
following a similar approach as the analysis of black-holes in [140]. In standard

Eddington-Finkelstein form, to leading order in the perturbation, the metric is

€

dsppifue = —1 App(r)dt® +2dtdr+1* (1 — e Z(t, 1)) dxﬁ +r? (1 +
n —

5 Z(t, 7“)) dz?
(B.17)
with Agg = 1 —(A/r)" the blackening factor of the brane in D = n+1 dimension and
€ is a book-keeping parameter that indicates that the anisotropic fluctuation Z(¢,r) is
small Linearising Einstein’s equations in € and after performing a Fourier transform
the equation of motion for the fluctuation given in terms of the coordinate z = A/r
is
((n—1)+ 2" — 2iw; 2) (n — 1)iw;
z(1—zm) z(1—zm)

which coincides with the Eq. () for the leading order transseries term in Bjorken

Z//(Z) _

Z'(z) — Z(z) =0, (B.18)

flow.® This equation exhibits two distinct regions in the coordinate z: 1) the near
boundary region z < 1, where the quickly changing function 2" can be neglected so
that Z(z) evolves in the background of vacuum AdSp; and the near horizon region
where z ~ 1 where the dynamics of the fluctuation is sensitive to the blackbrane
horizon.

To zoom into the near horizon region, we fix R = 1/2", as was done in Section @
For non-trivial solutions at large-D we also introduce the scaled variable @ = w/n with
& ~ O(n), which can be motivated by a numerical analysis of the QNM spectrum
of Eq. () In the near horizon region at n — oo, Eq. () becomes

(142 (i —1) R) Ziy(R) & Zxu(R)
R(1—R) ~ (R—1)R

+ Z0u(R) =0, (B.19)

which coincides with the equation for the non-perturbative phase, Eq. () Regular

!Note that Eq. (B.1 Z|) bares some similarities to Eq. () of Section @, where instead of 7 and
7 the metric functions depends on time ¢, the volume is given by S = r, and B is given by a small
perturbation.

2The Fourier transform has a plane wave factor of the form e~*@iAt

such that w; is dimensionless.
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or ingoing solutions of this equation at the horizon, R = 1, are given by

Z8NM(R) = LRy (—%\/1—74@;2— %+ % %m — o+ %; 1— 21 — R) ,
(B.20)
with o F} the ordinary hypergeometric function.

To obtain the spectrum of QNMs, we must impose normalizability at the bound-
ary. In this region the fluctuation evolves in a vacuum-like background where the
effects of the blackbrane are suppressed. Neglecting all 2™ terms in Eq. () which
vanish in the near boundary limit, we find a simpler equation

(n—1—2iw, 2) (n—1)

i a(z) = 0. (B.21)

Zxp(2) —

ZI/\/IB(Z) - > >

Analytic solutions of this equation, in terms of the Bessel-J function can be found and
analysed as in [140]. However we will instead follow an equivalent WKB approach
which can be readily generalised for non-trivial horizons, as is the case when studying
fluctuations evolving on a Bjorken-like background. Following this strategy we search

for solutions of Eq. () in the near boundary region in the form
Zl%évM<Z) _ Zn/2€—ind)zencr(z) ) (B22)

While one can find that e"” = Jrn(nwz), for most of the analysis it will be more
convenient to use the WKB form of the wave function. At large-D, we expand ¢ in
inverse powers of n

o = oo(z) + %0—1@) +o (B.23)

where the ellipses denote additional orders in the large D-expansion. The equation

for o( is non-linear and is given by

1 [1
o0(2) = +5\[ 5 — 467 (B.24)

Only the “+7 branch leads to a normalisable solution at the boundary. Note that in
this solution there is a special point zr = 1/20 around which the phase varies slowly.
This means that the WKB approximation is not valid in the vicinity of this point

and may be viewed as the analogue of a stationary point in quantum mechanics.
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For @ < 1/2 the stationary point lies behind the horizon of the blackbrane, mean-
ing that the WKB expansion is valid for all z < 1. However with fixed R at large n,
the asymptotic behaviour of this WKB solution is inconsistent with the near horizon
solution, Eq. (), and therefore no QNMs can be found.

For @ 2 1/2 the WKB expression is valid in the entire near boundary region and
fails only in the vicinity of the horizon zp ~ 1. This range of frequencies corresponds
to the least damped QNMs of the blackbrane [140] and have been previously studied
in the context of Chamblin-Reall holography [150]. Using standard arguments, the
WKB expansion will hold in the region where n(c}(z))? < o{(z) which implies that
when

lr] <1 with z= (% — 2&)) n*3, (B.25)
the equation for the fluctuations must be solved in a different way. Keeping x-fixed
while taking the large n-limit brings the validity of the WKB region closer and closer
to zp = 1. Therefore, in the stationary point region given by Eq. () we perform

the large-D expansion with x fixed as
Zxg =Y hi(x)n 7, (B.26)
j=0

where Zyg = €. In this expansion, the origin of the fractional powers arises from
the definition of z in Eq. () Similarly, we expand the QNM frequency in inverse

fractional powers of the number of spacetime dimensions

1 1 1 1 1
w="n <§+5W1W+5WQE+5WSW+6W4W+> s (B27)

~1/3

where the absence of an n contribution is a consequence of matching this result

with the near horizon region [[140]. The validity of the near boundary approximation,
Eq. (), follows from the same argument as in Eq. (B.96).

Up to order 1/n, solutions for the functions ¢;(x) can be found in terms of Airy
functions. Imposing that in the x > 1 region these solutions can be matched to a

normalisable mode given by the WKB solution Eq. (), these functions up to an
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overall normalization are
T
Yo(z) = Al (—> (B.28)
A
Yi(z) = aAi <—>, (B.29)

= i i - c w + ) — 223 w x) Ai’ L
o(x) = 50 <4A (\3/5) (5eg + bowy + ) — 2 (200w + 7x) A (\3/5)93,30)
vs(x) = % (4Ai (%) (5c10wy + 1z + Beg + 5dws) (B.31)

_yBxA{(€%>(%kﬁwl+7ﬁw—Fﬂmwﬂ>a

with Ai(z) the Airy function of the first kind, and ¢; and dw; are constants determined
by matching Egs. (B.2§)-(B.31) to the near horizon solution in the intermediate re-
gion, where the coordinate R > 1 with large n. Note that at leading order, this

procedure implies

x:—%m+o(¥L>, (B.32)

nl/3
Using Eqgs. (B.22), (B.2§), and (), the leading order in 1/n expression for the

QNM profile in the intermediate region from the linearized solution is given by
ZI%JBVM _ €7i6w2716w1n1/37%"7%R7%+% (Ai (—22/35w1) +0 (n—l/a) 7)

However the near horizon expression in the intermediate region coming from Eq. ( )

in the limit R — oo goes as

e _ R3VITI =3 (1 — 24T (—\/12—74@2) N (B.33)
I (3 (—2i0 — v1—422+1))
R3VITA9HO—3 (1 — 2i0)T (VT — 402)
(L (—2i0 +v1— 437 + 1))’

Expanding this expression in the vicinity of @ = 1/2 4+ dw, with dw small and given

by the expansion Eq. (), the near horizon profile becomes

T — i) <log(R) . 2H_%_%~>
r(3-4)°

2 2

Z9NM — Rats (B.34)

1
5 <CL0 +cL110gR+CL210gR2 — §logR3) ,)
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with
1 1 1
CLo = 2H_%_% (2 (H—%—%> 24t — 6i2/1(0) (5 — %) + 6i2/)(0)(1 —1i) — 310(1) <§ - %))
1 1
THLCON I @((=-_Z B
+8¢(3) + 6ivp (2 2> + 1 (2 2) : (B.35)
L1 = —6<H \ -)2—61' — 72— 60y O (1 — i) + 3V L (B.36)
L1 -1 TE 5 5 ) .
cLy = 3H_ 1 i +31, (B.37)

where H,, is the n'"-Harmonic number, vz is the Euler-Mascheroni constant, ¢(s) is
the Riemann (-function and 9 is the polygamma function of order i. Comparing
the expected behaviour from the near horizon region () and near boundary region
(B.33), we find that these expressions can only be consistent if —2%/30w; is a zero of

the Airy function which may be approximated by [140]

I 2/3
which becomes a more accurate approximation as k£ grows. Subsequent orders in the

n~3-expansion can be similarly matched to find

, (B.39)

5&)2:]{;
2

2
Sy = 041 (B.40)

5
1 . 1 1

dwy = ééwl (12H_ —8¢(3) — 6iypV <§ — 5) — @ (5 — 5)) (B.41)

as well as the undetermined constants in Eq. () and Eq. ()

Wl

1_
2

roles.

3i0w?
o = 2% (B.42)
5
1
cy = —ﬁéwl (270w} + 507% — 300iv (B.43)

i

+5 (40@{(3) + 42 — 1204 (% — 2) + 60i1) V(1 — 4)

e (L2 o (Lt
6O¢1<2 2>+5w2<2 2)))

Beyond the stated order, the calculation becomes sensitive to both 1/n corrections
to the near horizon wave function and to additional powers in the expansion of the

QNM frequency.
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Figure B.1: Figure taken from [3]. Real (left) and imaginary (right) parts of the first
four quasi normal modes of blackbranes in different numbers of dimension D = 1 + n at
zero spatial momentum. In both panels Aw = wonm — n (1/2 + dwin~2/3 4 6w2n_1), with
dwi the corresponding zero of the Airy function and dwsy given in Eq. () The lines
correspond to the real and imaginary parts of Awrp = n (dwsn =3 + dwyn=>/ 3) with the
expression for each coefficient given in Egs. (lB4d) and (IB41|) multiplied by the power of n
stated in the y-axis.

The results for dw; and dw, are the same that we found in the computation of the
transseries for Bjorken flow in Section @ Here however we include corrections for
dws and dw, as well which would presumably emerge in the Bjorken case as well. To
gain confidence in the results, in Fig. (@) we compare with numerical evaluations

of the QNM spectrum for blackbranes for n = 4 to 300.
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Appendix to Chapter @

C.1 Divergence of the entropy current from all
pairs of QNMs

In Chapter @ we outlined a computation for the divergence of the entropy current
due to all pairs of two modes, given by the transseries expansion. In that chapter we
stated only the least damped contribution which we analysed for our intuition. In
this appendix we state the full expression for 9,s" including all pairs of modes. We
find,
Oyst = Z Z A;j plwitw;)t [cos (@:; + 5$) + Cjj cos (@;J + 5;)} +0 (Qeﬁeﬁek)
He{X,V,Z} i=]

(C.1)
where the sum over ¢ > j sums each combination of QNM frequencies onceﬁl, where
05 = (ki +kj)x — (w; +w;)Ft, and redefining g+ = 1/2(q; £¢;) and Ax = 1/2(X; £ ))

the remaining normalization is given by

b (AH) (7T)* | \s| X tensor ,
1 2 )
Az] = gCiCj (1 + qu) Wlth ci = yzﬁ Shear, , (CZ)
EH [\ Z:i
|>\+—Z‘ ( ) %m sound .

'We also take this to be a sum over QNM frequencies with positive real part to prevent double
counting.
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the oscillation suppression Cj; is the same for all channels given by,

1+ 4¢3
c 1+q¢>
T OB+ (L - 1)
FVEY s (EH),
A"+ (ML =1)

(AH) Y

and the phases for the apparent horizon are given by,

H H
R i N
— 2 ’Hi'H]' )
with
+ut
Tensor: A% , = arctan 'uié ;
1Y) :FVZ]
Shear: Aiyj =0,
+ - Fe-
+ [,U«i'/fi‘ + luzgz]
Scalar: AL , = arctan( L o
2 + e+ ’
’ + [—vin + 58]
where

+ _ \R\R INT + _ YR/ RN1T
vE = AR NIN ik = ARN £ ARAL

R

ki = INPINE GG, & =al IR N

(C.3)

(C.8)

A simple relation exists for each channel that can be used to recover the event horizon

phases from the apparent horizon,

/\R
5§§EH—5§§AH:arctan< 7 £S ) .
AL —1

(C.9)
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