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Abstract

A discontinuous Galerkin (DG) time-stepping method is presented for solving second-

order hyperbolic partial differential equations (PDEs). The proposed numerical method

combines the hp-version discontinuous Galerkin finite element method (hp-DGFEM) in

the time direction with an H1(Ω)-conforming finite element approximation for the spatial

variables. We start with the construction and analysis of the discontinuous-in-time scheme

to linear hyperbolic PDEs of second order in Chapter 2. Our analysis shows that this

method is consistent and stable, with arbitrarily high-order convergence rates in the

temporal domain for sufficiently smooth solutions. Error bounds in both energy and L2

norms are derived. These error estimates show that this method allows for a broad range

of hp-refinement strategies with varying time step sizes and polynomial degrees, thus

having the potential to give exponential rates of convergence. Numerical experiments on

linear wave equations and elastodynamics systems show significant gains in accuracy over

existing time integration schemes.

We then extend this DG time-stepping method to approximate solutions of second-

order quasilinear hyperbolic systems in Chapter 3. In particular, we study the nonlinear

elastodynamics problem. The resulting numerical scheme is stable and convergent, and

we derive a priori error bounds at nodal points in the L2-norm for sufficiently regular

solutions. Numerical experiments on a nonlinear elastodynamics problem with smooth

solutions demonstrate the convergence rates.

Chapter 4 further applies this discontinuous-in-time scheme to a nonlinear damped



ii

equation, which is derived from Maxwell’s equations by assuming a linearly polarised wave

propagating on an infinite cylindrical domain. Again, we show a priori error estimates

of the solutions at the nodal points in this chapter. Numerical experiments on nonlinear

wave equations illustrate and confirm these theoretical findings.
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Chapter 1

Introduction

1.1. Motivation

Second-order hyperbolic equations arise in a wide range of relevant applications, in-

cluding acoustic wave equations, nonlinear elastodynamics systems, electromagnetic wave

propagation problems, etc. For nonlinear wave equations, the superposition principle does

not generally apply. This means that such equations are more difficult to analyse math-

ematically and no general analytical method for solving them exists. Thus, developing

numerical methods for wave-type problems, especially for nonlinear equations, has been

a constant interest in the field of partial differential equations (PDEs). For a certain

class of nonlinear second-order hyperbolic equations, no global smooth solutions exist

due to the breaking of waves and the formation of shocks, and this feature adds more

difficulty in solving such problems numerically. For such time-dependent problems, the

crucial step in numerical discretisation is to choose an appropriate time-stepping scheme.

Traditional approaches for numerical integration include explicit and implicit finite dif-

ference, Runge–Kutta [50, 67] and Newmark–β [58] methods. Though implicit schemes

are typically unconditionally stable, explicit schemes are usually preferred in engineer-

ing and physical applications because of their computational convenience. The main

drawback of explicit methods is the limitation on the time step imposed by the Courant–
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Friedrichs–Lewy (CFL) [22] condition. Thus, a flexible and efficient time discretisation

method has become a topic of great interest in numerical analysis and computational

mathematics. Different from the above-mentioned finite difference schemes, we introduce

an implicit arbitrarily high-order accurate time-stepping scheme based on an hp–version

of the discontinuous Galerkin (DG) method [6, 75] to discretise second-order hyperbolic

PDEs.

1.2. What is a discontinuous Galerkin time-stepping method?

Discontinuous Galerkin (DG) methods [51, 64] were first introduced by Reed and

Hill [64] to solve the hyperbolic neutron transport equations, and then generalised to

elliptic and parabolic problems by Babuška & Zlámal [12], Baker [13], Wheeler [78],

Arnold [9] and Rivière [66] etc. Relevant analysis and applications of DG methods to

first-order hyperbolic problems can be found in [20, 21, 37, 48, 51, 64, 65, 73]. Several

discontinuous Galerkin finite element methods (DGFEM) for solving wave-type equations

have appeared in the literature [3, 39,47,63].

To construct this DG time-stepping scheme, we first discretise the spatial variables

using a Galerkin finite element method, which results in a system of ordinary differential

equations (ODEs) with respect to the temporal variable, then discretise the resulting

ODE system using the DG method. The resulting weak formulation in time is based on

weakly imposing the continuity of the approximate displacements and velocities between

time steps by penalising jumps in these quantities in the definition of the numerical

method. In contrast with traditional finite difference time integration schemes, for which

the solution at the current time step depends on the previous steps, this discontinuous-in-

time scheme on the time interval (tn, tn+1] only depends on the solution at t−n . Since the

local polynomial degree is free to vary between time steps, this method is also naturally

suited for an adaptive choice of the time discretisation parameter.
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1.3. A note on the history of the DG time-stepping method

Here we give a review of the development of the time-discontinuous Galerkin method.

The DG time-stepping method was first introduced for first order linear non-stiff

ODEs by Delfour, Hager, and Trochu [25], and a nodal convergence of order O(k2q+1),

where q is the polynomial degree of the finite element space, was proved in this work.

Then this discontinuous-in-time scheme was applied to linear parabolic problems in a

time-dependent domain by Jamet [46] who proved unconditional stability of the scheme

and general error estimates of order O(kq+1) where k = h is both the time step size and

the spatial mesh size, and q is the minimum of the polynomial degrees in the spatial and

time variables. Later on, the DGFEM for parabolic problems was studied in a series

of papers by Eriksson, Johnson, Thomée et al. [28–34]. In these works, an h-version of

the DGFEM was first introduced and analysed. That is, the convergence of the discrete

solution to the exact solution is achieved by reducing the mesh size h and the time step

k respectively. The rates of convergence in both time and space are only algebraic. To

achieve an exponential convergence in time and space, the hp-version of the DGFEM was

developed by Schötzau and Schwab [68, 69]. In particular, the following a priori error

estimates have been proved in [69]:

Theorem 1.1. Let u ∈ Hs+1(J ;X) for s ≥ 0 be the exact solution of the following linear

parabolic problem

u′(t) + Lu(t) = g(t), t ∈ J = (0, T )

u(0) = u0,

(1.3.1)

where L is a general elliptic operator, X is a general Hilbert space, u0 is the initial data

and g is the forcing term. Let qm = q be the polynomial degrees in time on each time

interval Im and set k = max{km} where km is the time step size on each time interval
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Im. For the DGFEM approximation uDG ∈ Vq(M;X), where

Vq(M;X) := {u : J → X : u |Im∈ Pq(Im, X) for 1 ≤ m ≤M}, (1.3.2)

we have the error bound

∥u− uDG∥L2(J ;X) ≤ Ckmin(q,s)+1q−(s+1)∥u∥Hs+1(J ;X) (1.3.3)

with a constant C depending on s only.

Let N be the total number of time degrees of freedom. If we consider the h-version

of this DGFEM scheme, where the convergence is achieved by reducing the time step k

at a fixed approximation order q, such that N ∼ 1
k , we have

∥u− uDG∥L2(J ;X) ≤ CN−min(q,s)−1. (1.3.4)

If we consider the p-version of this scheme where convergence is achieved by increasing

the approximation order q on a fixed time partition, such that N ∼ q, we have

∥u− uDG∥L2(J ;X) ≤ CN−s−1. (1.3.5)

The extension to p- or hp-version of the original h-version DGFEM also relies on the

solution behaviour of parabolic problems. It has been shown in Schötzau and Schwab’s

work [68, 69] that the hp-version can resolve time singularities at an exponential con-

vergence rate, independent of the spatial discretisation. Other than analysing the error

estimates of the hp-DGFEM time-stepping for parabolic problems, the algorithmic fea-

tures of this scheme were also explored by Schötzau, Schwab and their coauthors in [77].

The focus of [77] is on the efficiency aspects of the algorithm. For instance, the decoupling

of the spatial systems within every time step was considered, and several parallelisation

strategies were discussed. It has been verified that the decoupling process is of great value

both in terms of computational time and memory requirements. They also showed that

the exponential convergence rates for the hp-DGFEM resulted directly in a significant

CPU time reduction as compared to the original h-version time-stepping scheme.
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Based on the success of the hp-DGFEM for parabolic problems, Johnson [47] extended

this time integration scheme to a second-order hyperbolic problem by converting the wave

equation to a bigger first-order in time PDE system. Then a priori and a posteriori error

estimates for linear wave equations were proved in this paper. The approximate solution

uDG corresponding to the displacement u in the linear wave equation is of accuracy

orders of O(h2k−
1
2 + k3) and O(h2 + k3), respectively, in the L2-norm, and of order

O(hk−
1
2 + k3) and O(h + k3), respectively, in the energy norm, where h and k are the

spatial and time steps as usual. Combining with previous work cited, Johnson also argued

that the DGFEM is a good time discretisation scheme for parabolic or hyperbolic (both

first and second-order) problems because of the following advantages:

(a) high order implicit A-stable time-stepping schemes are generated;

(b) optimal (for parabolic problems) or nearly optimal (for hyperbolic problems) a

priori and a posteriori error estimates can be proved using general variational

techniques including duality;

(c) the space-time mesh on each slab Sn can be chosen independently giving the pos-

sibility of (adaptively) changing the mesh from one slab to the next orienting the

mesh along with characteristics or according to features of the exact solution, which

increases the precision and permits larger time steps;

(d) reliable and efficient adaptive versions based on the a posteriori error estimates can

be constructed;

(e) moving or free boundaries can be handled without unnecessary technical difficulties.

Before Johnson’s work, the DG methods were first applied to elastodynamics equations

by Hulbert and Hughes [42, 45] and Hulbert [44] using the space-time finite element

discretisation. That is, discontinuous Galerkin approximations were implemented on

space-time ‘slabs’ Sn = Ω × In, where Ω is the underlying spatial domain and In =
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(tn, tn+1), for n = 1, 2, . . . , N , are time intervals. The formulation of this fully discrete

scheme employs additional least-squares (also known as Petrov-Galerkin) terms, which

enhance stability. The elastodynamics equations Hulbert and Hughes considered are:

ρü = ∇ · σ(∇u) + f on Q := Ω× (0, T ), (1.3.6)

u = g on Pg := Γg × (0, T ), (1.3.7)

n · σ(∇u) = h on Ph := Γh × (0, T ), (1.3.8)

u(x, 0) = u0, x ∈ Ω, (1.3.9)

u̇(x, 0) = v0, x ∈ Ω, (1.3.10)

where ρ = ρ(x) > 0 is the density, f is the body force, g is the prescribed boundary

displacement, h is the prescribed boundary traction, and n is the unit outward normal to

Γ. Define ĥ = max(ck, h), where c is the dilatational wave speed, h and k are maximum

element diameters in space and time respectively. Assuming that the exact solution to

(1.3.6) is regular enough, that is, u ∈ [Hq+1(Q)]d, then it was proved by Hughes and

Hulbert [45] that

|||u− uDG|||2 ≤ C(u)ĥ2q−1, (1.3.11)

where uDG is the DG approximation to the exact solution based on the least square

Galerkin formulation, C(u) is a constant dependent on u, but not on ĥ, and ||| · ||| is a

norm that is stronger than the total energy norm. To be more precise,

|||e|||2 : = E(e(T−)) + E(e(0+)) +
N−1∑
n=1

E([[e(tn)]]) +
N∑

n=1

(L e, ρ−1τL e)L2(QΣ
n )

+
N∑

n=1

(
n · [[σ(∇e)]], ρ−1sn · [[σ(∇e)]]

)
L2(Y Σ

n )

+
N∑

n=1

(n · σ(∇e), ρ−1sn · σ(∇e))L2((Yh)n),

(1.3.12)

where

E(w) :=
1

2

∫
Ω
ẇ · ρẇ dΩ +

1

2

∫
Ω
∇w · σ(∇w) dΩ



7

and L is the differential operator, defined as

Lw := ∇ · σ(∇w) + f .

Here QΣ
n and Y Σ

n represent the interior boundaries of the corresponding domains. The

matrix operators τ and s in the stability terms are the so-called time-scale and slowness

matrices. Hulbert and Hughes’ numerical results not only confirmed the theoretical con-

vergence rates in [45] but also hinted that some simplifications of the DG formulation

may be possible. Moreover, though Hughes [44] considered the fully coupled space-time

finite element method for both linear and nonlinear elastodynamics, convergence and

error estimates were only proved for the linear case. For the nonlinear elastodynamics

problem, only a stability result was presented. Hence, this motivates us to design a sim-

plified version of the discontinuous time-stepping method for nonlinear elastodynamics,

or say, nonlinear hyperbolic PDEs of second-order in general, with a convergence proof

included.

In recent years, different versions of discontinuous time-stepping methods have been

proposed for second-order in time ODEs or linear wave equations. For instance, Ad-

jerid and Temimi [3] introduced a new DGFEM that combines the pth-degree standard

continuous finite element method in space and the qth-degree discontinuous Galerkin

method in time, which is directly applied to the resulting second-order ODE system [2].

In [3], Adjerid and Temimi proved that the DG solution converges to the exact solution

at O(hp+1−s) + O(kq+1) rate in the L2([0, T ], Hs(Ω)), s = 0, 1, norm provided that the

exact solution is smooth enough. They also established that the DG solution is super-

convergent at the tensor product of Lobatto points in space and Jacobi points in time,

e.g., the DG solution at Lobatto points and t−n are O(hp+2) + O(k2q) super-convergent.

Based on Schwab and Schötzau’s hp-DGFEM scheme for linear parabolic problems, An-

tonietti et al. [6] applied this hp-version of discontinuous-in-time integration scheme to

systems of second-order ODEs. Simultaneously as this thesis is written, Antonietti et
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al. [7] presented a new high-order space-time discretisation method for the elastic wave

equation. This scheme is the result of a combination between the discontinuous-in-time

discretisation presented in [6] and the spatial DG formulation introduced in [8].

Though discontinuous-in-time Galerkin schemes have been widely used to solve time-

dependent problems in the past forty years, there has been little work on the construction

and mathematical analysis of the DG time-stepping methods for second-order nonlinear

hyperbolic PDEs, which has been the main focus of the research presented herein.

1.4. Contributions of this thesis

In this thesis, we generalise this high-order discontinuous-in-time method [6] to second-

order hyperbolic-type PDEs, which arise in a wide range of relevant applications, includ-

ing the acoustic wave equation (cf. Chapter 2), nonlinear elastodynamics systems (cf.

Chapter 3), and an electromagnetic wave propagation problem (cf. Chapter 4).

In Chapter 2, discontinuous Galerkin time-stepping methods are presented for linear

second-order hyperbolic equations. The semi-discrete scheme provides a clear demonstra-

tion of how we apply the DG scheme over the temporal domain. To achieve stability, we

impose the continuity of the approximate solution and its derivative between time steps

by penalising jumps in these quantities in the weak formulation. This gives us an implicit,

unconditionally stable and arbitrarily high-order accurate time integration scheme. We

then fully discretise the problem by combining this hp–version of DGFEM for temporal

discretisation with an H1-conforming finite element approximation for the spatial vari-

ables. A priori error estimates are derived both in the energy norm and the L2-norm.

In particular, we proved a convergence rate of O(hr + k
qn− 1

2
n ) for approximation of the

displacement in the energy norm while a convergence rate of O(hr+1 + kqnn ) is proved for

the approximation of the velocity in the L2-norm on each time interval In = (tn−1, tn].

Here kn, for n = 1, . . . , N , and h are the temporal and spatial discretisation parameters,

respectively, and qn, for n = 1, . . . , N , and r are the corresponding polynomial degrees.
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Numerical experiments on both a scalar wave equation and a linearised elastodynamics

system (two-dimensional) are presented to verify the theoretical results. The main ad-

vantages of this new proposed discontinuous-in-time scheme over those in the existing

literature [3, 7, 44,47] are the following:

(a) In contrast with Johnson’s method [47] which converts the wave equation into a first-

order system, this direct discretisation leads to a smaller fully discrete problem (i.e.,

the discretisation matrices are smaller in size) for the solution while maintaining

arbitrarily high-order convergence rates [2].

(b) Less regularity is required for the first-order derivative of the solution.

(c) The numerical formulation is simplified as compared to Hughes’ [44] space-time

finite element method while the stability and convergence results are preserved.

(d) The extension to the hp–version of the DGFEM shows a better convergence result

than the h–version [3].

(e) A more structured proof of the convergence results for linear hyperbolic PDEs of

second-order, not limited to elastic-wave propagation [7], is presented.

(f) This flexible and efficient discontinuous-in-time scheme can be naturally applied to

nonlinear hyperbolic equations of second-order.

In Chapter 3, we extend this DG time-stepping method to approximate solutions of

second-order quasilinear hyperbolic systems. In contrast to Hughes’ [44] space-time finite

element method where the convergence result was only proved for linearised elastodynam-

ics problems, we present a detailed convergence proof for the nonlinear elastodynamics

systems based on a Banach fixed point argument. A priori error bounds in the L2-norm
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for sufficiently regular solutions are proved. In particular, we have shown that

∥u(t−j )− uDG(t
−
j )∥L2(Ω) + ∥u̇(t−j )− u̇DG(t

−
j )∥L2(Ω) ≤ C(u)

(
h2r+2 +

j∑
n=1

k2qn+1
n

q
2(s−1)
n

) 1
2

,

(1.4.1)

where kn, for n = 1, . . . , N , and h are the temporal and spatial discretisation parameters,

respectively, such that k
qn− 1

2
n = o(h

d
2
+1) and there exist positive constants µn and νn

such that µnkn ≤ h2 ≤ νnkn for n = 1, . . . , N . Here qn for each n = 1, . . . , N is the

polynomial degree in time integration and r satisfies d
2 + 1 < r ≤ min(p,m − 1), where

p is the polynomial degree of the spatial finite element space while m is the regularity

index of the spatial variable (i.e., u ∈W s,∞(0, T ; [Hm(Ω)]d ∩ [H1
0 (Ω)]

d) with s ≥ qn +1).

This a priori error estimate shows that the method is arbitrarily high-order accurate with

respect to the time-step size and temporal polynomial degree. Numerical experiments on

a quasilinear elastodynamics problem illustrate and confirm these theoretical findings.

Chapter 4 further applies this discontinuous-in-time scheme to a nonlinear damped

wave equation, which is derived from Maxwell’s equations by assuming a linearly po-

larised wave propagating on an infinite cylindrical domain. The existence of at least one

weak solution is proved for a bounded domain with a smooth boundary under certain

assumptions on the nonlinear terms, and the uniqueness follows if the exact solution

is sufficiently regular. Again, we show a priori error estimates in the L2-norm in this

chapter. Slightly different from the error estimates for the quasilinear elastodynamics

problem presented in Chapter 3, we consider the H1-norm instead of the L2-norm for the

displacement error at nodal points. That is,

∥u(t−j )−uDG(t
−
j )∥H1(Ω)+∥u̇(t−j )−u̇DG(t

−
j )∥L2(Ω) ≤ C(u)

(
h2r +

j∑
n=1

k2qn+1
n

q
2(s−1)
n

) 1
2

, (1.4.2)

where kn, qn for n = 1, . . . , N , h and r are defined as above. Here, we only require

k
qn− 1

2
n = o(h

d
2 ) instead of k

qn− 1
2

n = o(h
d
2
+1), for each n = 1, . . . , N , for this case.

Conclusions and possible projects for future research are discussed in Chapter 5.
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1.5. Preliminary results

We close this introductory chapter with a collection of results from Analysis, which

are used repeatedly throughout the thesis.

1.5.1. Banach fixed point theorem The Banach fixed point theorem, introduced by

Stefan Banach [14] in 1992, is an important tool for proving the existence and uniqueness

of solutions for nonlinear problems. A key assumption for Banach fixed point theorem is

the contraction, which is defined by the following.

Definition 1.2. Let (X,d) be a metric space and N : F ⊂ X → X. N is a contraction

if there exists η ∈ (0, 1) such that

d(N (x),N (y)) ≤ η d(x, y). (1.5.1)

The following version of the Banach fixed point theorem is used throughout the thesis

(cf. Chapter 3 and Chapter 4) to prove the existence and uniqueness of discrete solutions.

Theorem 1.3. Let (X, d) be a complete metric space. Assume that F ⊂ X is non-

empty and closed, and N : F ⊂ X → F is a contraction mapping. Then N admits a

unique fixed point x∗ in F ,(i.e., N (x∗) = x∗). Furthermore, the sequence xn defined via

xn+1 = N (xn) converges for every x0 ∈ F to x∗.

Proof. First note that since X is complete, and F ⊂ X is non-empty and closed, (F ,d)

is a complete metric space as well.

• Uniqueness: Assume for contradiction that there are x, y ∈ F , x ̸= y such that

N (x) = x and N (y) = y, then d(N (x),N (y)) = d(x, y). Since N is a contraction,

i.e., d(N (x),N (y)) < d(x, y), this yields a contradiction.

• Existence: Given x0 ∈ F , consider the iterated sequence xn+1 = N (xn). The

definition of the iterated sequences and the contraction assumption imply that

d(xn+1, xn) = d(N (xn),N (xn−1)) ≤ ηd(xn, xn−1),
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and by induction d(xn+1, xn) ≤ ηnd(x1, x0). By the triangle inequality, we have

d(xn+m, xn) ≤
m−1∑
p=0

d(xn+p+1, xn+p) ≤
m−1∑
p=0

ηn+pd(x1, x0) ≤
ηn

1− η
d(x1, x0).

Since η ∈ (0, 1), we have d(xn+m, xn) → 0 as n → ∞. This shows that (xn) is a

Cauchy sequence in F . By completeness of F , we deduce that the sequence (xn)

has a limit x∗ in F . Next, note that a contractive map is continuous, thus,

N (x∗) = N ( lim
n→∞

xn) = lim
n→∞

N (xn) = lim
n→∞

xn+1 = x∗.

1.5.2. The Poincaré inequality We will make use of the following version of Poincaré

inequality.

Lemma 1.4. For every v ∈ H1
0 (Ω), there exists a positive constant Cpoin depending only

on the diameter of the domain Ω such that

∥v∥2H1(Ω) ≤ Cpoin∥∇v∥2L2(Ω). (1.5.2)

Proof. See Adams [1].

1.5.3. Grönwall’s inequality We need both the continuous and discrete versions of

Grönwall’s inequality.

Lemma 1.5 (Grönwall’s inequality). Suppose that A is a bounded non-negative function

on [0, T ] and that E and C are non-negative constants such that

A(t) ≤ E + C

∫ t

0
A(s) ds, 0 ≤ t ≤ T ; (1.5.3)

then we have that

A(t) ≤ E exp(Ct). (1.5.4)
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Proof. If we set R(t) = E+C
∫ t
0 A(s) ds, it follows from (1.5.3) that R′(t) ≤ CR(t). Thus

d

dt

(
R(t) exp(−Ct)

)
= exp(−Ct)(R′(t)− CR(t)) ≤ 0.

Then (1.5.4) follows immediately from the fact that

A(t) exp(−Ct) ≤ R(t) exp(−Ct) ≤ R(0) exp(−C · 0) = E.

Lemma 1.6 (Discrete Grönwall’s inequality). Suppose that {An} and {gn} are non-

negative sequences and E is a non-negative constant such that

An ≤ E +
n∑

k=0

gkAk, for n ≥ 0, (1.5.5)

then we have

An ≤ E exp

(
n∑

k=0

gk

)
. (1.5.6)

Proof. See Holte [41].

1.5.4. Other important results We also need the following results from Seregin’s Lec-

ture notes [71] and Lions and Magenes’ book [53].

Theorem 1.7. Assume that v ∈ L2(0, T,H1
0 (Ω)) and ∂tv ∈ L2(0, T ;H−1(Ω)). Then

v ∈ C([0, T ];L2(Ω)) and∫ t2

t1

∫
Ω
∂tv · v dx dt =

1

2
∥v(·, t2)∥2L2(Ω) −

1

2
∥v(·, t1)∥2L2(Ω)

for all t1, t2 ∈ [0, T ].

Theorem 1.8. Let H be a Hilbert space, V be a reflexive Banach space, and V is con-

tinuously embedded into H. Let V contain a countable set S which is dense in V and in

H. Let V ∗ be a dual space to V with respect to scalar product in H with the norm

∥v∗∥V ∗ = sup{(v∗, v)H : v ∈ V, ∥v∥V = 1}.
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Assume that v ∈ Lp(0, T ;V ) ∩ L2(0, T ;H) and ∂tv ∈ Lp′(0, T ;V ∗) with p′ = p
p−1 and

p > 1. Then, v ∈ C([0.T ];H) and

∥v(·, t2)∥2H − ∥v(·, t1)∥2H = 2

∫ t2

t1

(∂tv(·, t), v(·, t))H dt

for all t1, t2 ∈ [0, T ].



Chapter 2

Linear hyperbolic equations of

second order

In this chapter, we apply a high-order discontinuous-in-time scheme to numerically solve

linear hyperbolic PDEs of second order. We first discretise the PDEs in time while

keeping the spatial differential operators undiscretised. The resulting weak formulation

is based on weakly imposing the continuity of the approximate solution and its time

derivative between time steps by penalising jumps in these quantities in the definition

of the numerical method. We then fully discretise the problem using an H1-conforming

finite element approximation for the spatial variables.

Let Ω ⊂ Rd, for d = 1, 2, 3, be an open and bounded domain with sufficiently smooth

boundary ∂Ω (i.e., ∂Ω ∈ C2). For T > 0, we consider the following initial boundary value

problem:

ü(x, t) + Lu̇(x, t) +Ku(x, t) = f(x, t) in Ω× (0, T ], (2.0.1)

where f lies in L2(0, T ;L2(Ω)), and

u(0) = u0(x) ∈ H1
0 (Ω), u̇(0) = u1(x) ∈ L2(Ω), (2.0.2)

u = 0 on ∂Ω× (0, T ], (2.0.3)
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are prescribed initial and boundary conditions respectively. Here the dots over u denote

differentiation with respect to time t. Throughout this thesis, u̇ (respectively ü) and ∂tu

(respectively ∂ttu) are interchangeable. We also write u(·, t) as u(t) when appropriate for

the sake of having neater presentation. The differential operators K and L are defined

as K := −∆ and L := Id respectively, where Id is the identity operator. We note that

the techniques presented in this chapter can be extended to linear hyperbolic PDEs of

second order with more general positive definite differential operators K and L. In this

chapter, we focus on the numerical discretisation of the case K = −∆ and L = Id only.

The numerical schemes for more general positive definite differential operators K and L

are completely analogous and are therefore omitted.

2.1. Weak solution

We define the time-dependent bilinear form

B[u, φ; t] := (u̇(t), φ)L2 + (∇u(t),∇φ)L2

for u ∈ L2(0, T ;H1
0 (Ω)) with u̇ ∈ L2(0, T ;L2(Ω)) and φ ∈ H1

0 (Ω).

Definition 2.1. We say that a function u ∈ L2(0, T ;H1
0 (Ω)), with u̇ ∈ L2(0, T ;L2(Ω)),

ü ∈ L2(0, T ;H−1(Ω)), is a weak solution of the hyperbolic initial boundary value problem

(2.0.1)–(2.0.3) if

(a) ⟨ü(t), φ⟩+B[u, φ; t] = (f(t), φ)L2 for all φ ∈ H1
0 (Ω) and 0 ≤ t ≤ T and

(b) u(0) = u0, u̇(0) = u1.

Remark 2.2. It is well known that problem (2.0.1)–(2.0.3) is well-posed and admits a

unique weak solution (see Theorem 29.1 in [79]). By Theorem 8.1 and Theorem 8.2 in Li-

ons and Magenes’ work [53], we know that u ∈ C([0, T ];H1
0 (Ω)) and u̇ ∈ C([0, T ];L2(Ω)).

This shows that the initial conditions are meaningfully attained in H1
0 (Ω) and L2(Ω) re-

spectively.
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Remark 2.3. Note that if K = −∆ and L = 0, then we have the wave equation

ü(x, t)−∆u(x, t) = f(x, t) in Ω× (0, T ]

with f ∈ L2(0, T ;L2(Ω)), and initial/boundary conditions satisfying

u(0) = u0 ∈ H1
0 (Ω), u̇(0) = u1 ∈ L2(Ω), u = 0 on ∂Ω× (0, T ].

We can easily transform this problem into an equivalent form with L being a positive

definite differential operator as discussed in this section. Consider u = etγv for a positive

real constant γ; then v satisfies

eγtv̈(x, t) + 2γeγtv̇(x, t) + γ2eγtv(x, t)− eγt∆v = f(x, t).

Dividing by eγt on both sides, we have

v̈(x, t) + 2γv̇(x, t) + γ2v(x, t)−∆v(x, t) = f(x, t)e−γt.

Then we can show the existence and uniqueness of a solution of this problem similarly as

before but with K = −∆+ γ2Id and L = 2γId.

2.2. Semi-discrete numerical scheme

In this section, we introduce a high-order DG method of lines approach to discretise

(2.0.1)–(2.0.2) in the time direction. We will show that the resulting variational formu-

lation is well-posed and thus admits a unique solution in the linear space, which we will

define in this section.

2.2.1. Motivation We partition the interval I = (0, T ] intoN subintervals In = (tn−1, tn]

having length kn = tn − tn−1 for n = 1, 2, . . . , N with t0 = 0 and tN = T , as shown be-

low. To deal with the discontinuity at each tn in the numerical approximation to u, we

introduce the jump operator

[v]n := v(t+n )− v(t−n ) for n = 0, 1, . . . , N − 1,



18

Figure 2.1: Partition of the time domain

where

v(t±n ) = lim
ε→0±

v(tn + ε) for n = 0, 1, . . . , N − 1,

for a function v. By convention, we assume that v(0−) = u0 and v̇(0−) = u1. Moreover,

we shall write v+n for v(t+n ) and v
−
n for v(t−n ).

We first derive an energy identity for the exact solution u. On each time interval

In = (tn−1, tn], we assume that the exact solution u ∈ L2(In;H
1
0 (Ω)), u̇ ∈ L2(In;H

1
0 (Ω)),

and ü ∈ L2(In;H
−1(Ω)). Note that we assume u̇ ∈ L2(In;H

1
0 (Ω)), which is a stronger

assumption than that in Definition 2.1 because we need to ensure that ∇u̇ in the following

equation is well defined. Taking φ = u̇(t) in Definition 2.1 (a) and integrating on In, we

have ∫ tn

tn−1

⟨ü, u̇⟩ dt+
∫ tn

tn−1

(u̇, u̇)L2 dt+

∫ tn

tn−1

(∇u,∇u̇)L2 dt =

∫ tn

tn−1

(f, u̇)L2 dt.

By taking v = u̇ in Theorem 1.7 and v = ∇u with H = V = L2(Ω) in Theorem 1.8, we

obtain

1

2

(
∥u̇(t−n )∥2L2(Ω) − ∥u̇(t+n−1)∥

2
L2(Ω)

)
+

1

2

(
∥∇u(t−n )∥2L2(Ω) − ∥∇u(t+n−1)∥

2
L2(Ω)

)
+

∫ tn

tn−1

∥u̇∥2L2(Ω) dt =

∫ tn

tn−1

(f, u̇)L2 dt,

for n = 1, 2, . . . , N. Summing up over n = 1, . . . , N , we have

1

2

(
∥u̇(t−N )∥2L2(Ω) − ∥u̇(t+0 )∥

2
L2(Ω)

)
+

1

2

(
∥∇u(t−N )∥2L2(Ω) − ∥∇u(t+0 )∥

2
L2(Ω)

)
− 1

2

{
∥u̇(t+N−1)∥

2
L2(Ω) − ∥u̇(t−N−1)∥

2
L2(Ω) + · · ·+ ∥u̇(t+1 )∥

2
L2(Ω) − ∥u̇(t−1 )∥

2
L2(Ω)

}
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− 1

2

{
∥∇u(t+N−1)∥

2
L2(Ω) − ∥∇u(t−N−1)∥

2
L2(Ω) + · · ·+ ∥∇u(t+1 )∥

2
L2(Ω) − ∥∇u(t−1 )∥

2
L2(Ω)

}
+

N∑
n=1

∫ tn

tn−1

∥u̇∥2L2(Ω) dt =
N∑

n=1

∫ tn

tn−1

(f, u̇)L2 dt. (2.2.1)

The terms in the middle lines motivate us to add extra terms to achieve a well-posed varia-

tional form. From Remark 2.2, we know that u ∈ C([0, T ];H1
0 (Ω)) and u̇ ∈ C([0, T ];L2(Ω)),

that is, [u]n = 0 and [u̇]n = 0 for all n = 0, 1, 2, . . . , N − 1. Adding

N−1∑
n=0

([u̇]n, u̇
+
n )L2 =

(
u̇+N−1 − u̇−N−1, u̇

+
N−1

)
L2 + · · ·+

(
u̇+0 − u̇−0 , u̇

+
0

)
L2

and

N−1∑
n=0

(∇[u]n,∇u+n )L2 =
(
∇u+N−1 −∇u−N−1,∇u

+
N−1

)
L2 + · · ·+

(
∇u+0 −∇u−0 ,∇u

+
0 )
)
L2

to the left side of the equality (2.2.1), we have

1

2
∥u̇(t−N )∥2L2(Ω) +

1

2
∥u̇(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

(
∥u̇(t+n )∥2L2(Ω) − 2

(
u̇(t+n ), u̇(t

−
n )
)
L2 + ∥u̇(t−n )∥2L2(Ω)

)
+

1

2
∥∇u(t−N )∥2L2(Ω) +

1

2

N−1∑
n=1

(
∥∇u(t+n )∥2L2(Ω) − 2

(
∇u(t+n ),∇u(t−n )

)
L2 + ∥∇u(t−n )∥2L2(Ω)

)
+

1

2
∥∇u(t+0 )∥

2
L2(Ω) −

(
∇u(t−0 ),∇u(t

+
0 )
)
L2 −

(
u̇(t−0 ), u̇(t

+
0 )
)
L2 +

N∑
n=1

∫ tn

tn−1

∥u̇∥2L2(Ω) dt

=

N∑
n=1

∫ tn

tn−1

(f, u̇)L2dt.

That is,

N∑
n=1

∫ tn

tn−1

∥u̇∥2L2(Ω) dt+
1

2
∥u̇(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[u̇]n∥2L2(Ω) +
1

2
∥u̇(t−N )∥2L2(Ω)

+
1

2
∥∇u(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥∇[u]n∥2L2(Ω) +
1

2
∥∇u(t−N )∥2L2(Ω)

=

N∑
n=1

∫ tn

tn−1

(f, u̇)L2 dt+
(
u̇(t−0 ), u̇(t

+
0 )
)
L2 +

(
∇u(t−0 ),∇u(t

+
0 )
)
L2 .

This equality motivates us to define an energy norm for the variational formulation.



20

2.2.2. Discontinuous-in-time discretisation Now we follow a time integration ap-

proach to incrementally build an approximation of the exact solution u on each time

interval In. We focus on the generic time interval In and assume that the solution on

In−1 is known. Testing the equation (2.0.1) against v̇ where v ∈ H1(In;H
1
0 (Ω)), we have∫ tn

tn−1

⟨ü, v̇⟩ dt+
∫ tn

tn−1

(u̇, v̇)L2 dt+

∫ tn

tn−1

(∇u,∇v̇)L2 dt =

∫ tn

tn−1

(f, v̇)L2 dt. (2.2.2)

We observe that [u]n = [u̇]n = 0 for n = 0, 1, . . . , N − 1. Now rewrite (2.2.2) by adding

suitable (strongly consistent) terms:∫ tn

tn−1

⟨ü, v̇⟩ dt+
∫ tn

tn−1

(u̇, v̇)L2 dt+

∫ tn

tn−1

(∇u,∇v̇)L2 dt+ ([u̇]n−1, v̇
+
n−1)L2

+ (∇[u]n−1,∇v+n−1)L2 =

∫ tn

tn−1

(f, v̇)L2 dt for n = 1, . . . , N. (2.2.3)

Note that we define by convention that u−0 = u0 and u̇−0 = u1. Summing over all time

intervals in (2.2.3), we are able to define the bilinear form A : H×H → R with

H := H2(0, T ;H−1(Ω)) ∩H1(0, T ;H1
0 (Ω)) ∩ L2(0, T ;H1

0 (Ω))

by

A(u, v) :=
N∑

n=1

∫ tn

tn−1

⟨ü, v̇⟩ dt+
N∑

n=1

∫ tn

tn−1

(u̇, v̇)L2 dt+
N∑

n=1

∫ tn

tn−1

(∇u,∇v̇)L2 dt

+
N−1∑
n=1

([u̇]n, v̇
+
n )L2 +

N−1∑
n=1

(∇[u]n,∇v+n )L2 + (u̇+0 , v̇
+
0 )L2 + (∇u+0 ,∇v

+
0 )L2

(2.2.4)

for all v ∈ H. The linear functional F : H → R is defined as

F (v) :=
N∑

n=1

∫ tn

tn−1

(f, v̇)L2 dt+ (u1, v̇
+
0 )L2 + (∇u0,∇v+0 )L2 . (2.2.5)

Even though the bilinear form A(·, ·) is defined for the continuous in time function space

H×H, it also works for piecewise in time version of H×H. Next, we introduce the local
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semi-discrete space

Vqn := {v ∈ L2(0, T ;H1
0 (Ω)) : v |In∈ Pqn(In;H

1
0 (Ω))}

where Pqn(In;H
1
0 (Ω)) is the space of polynomials in t of degree less than or equal to

qn ≥ 2 on In with coefficients in H1
0 (Ω). Then, introducing q := (q1, q2, . . . , qN ) ∈ NN

the N -dimensional polynomial degree vector, we can define the discontinuous Galerkin

finite element space as

Vq := {v ∈ L2(0, T ;H1
0 (Ω)) : v |In∈ Vqn for all n = 1, 2, . . . , N}.

The discontinuous-in-time formulation of problem (2.0.1)–(2.0.3) reads as follows: find

uDG ∈ Vq such that

A(uDG, v) = F (v), for all v ∈ Vq. (2.2.6)

2.2.3. Stability analysis We begin by defining an energy norm, which will be used in

the stability and convergence analysis.

Proposition 2.4. The function ||| · ||| : Vq → R+ defined by

|||v|||2 := 1

2
∥v̇+0 ∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[v̇]n∥2L2(Ω) +
1

2
∥v̇−N∥2L2(Ω) +

N∑
n=1

∫ tn

tn−1

∥v̇∥2L2(Ω) dt

+
1

2
∥∇v+0 ∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥∇[v]n∥2L2(Ω) +
1

2
∥∇v−N∥2L2(Ω)

(2.2.7)

is a norm on Vq.

Proof. The homogeneity and triangle inequality follow from the properties of the L2 and

H1
0 norms. It is sufficient to show that |||v||| = 0 ⇔ v ≡ 0. If v ≡ 0, it is trivially

true that |||v||| = 0. Now we need to show that |||v||| = 0 ⇒ v ≡ 0. If |||v||| = 0, then

∥v+0 ∥H1
0 (Ω) := ∥∇v+0 ∥L2(Ω) = 0 and

∫ t1
t0

∥v̇∥2L2(Ω) dt = 0. We have
v̇(t) = 0 for t ∈ I1,

v+0 = 0.
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This implies that v(t) ≡ 0 on I1. We now proceed by induction. Assume that v(t) ≡ 0

on In−1 and consider the time interval In. From ∥[v]n−1∥H1
0 (Ω) := ∥∇[v]n−1∥L2(Ω) = 0,

we know that v+n−1 = v−n−1 = 0. Then
v̇(t) = 0 for t ∈ In,

v+n−1 = 0.

Thus, we conclude that v ≡ 0 on each interval In for n = 1, . . . , N . That is, v ≡ 0 on

(0, T ].

Remark 2.5. If L = 0 in our model problem (2.0.1), the corresponding definition for

||| · ||| : Vq → R+ will be

|||v|||2 := 1

2
∥v̇+0 ∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[v̇]n∥2L2(Ω) +
1

2
∥v̇−N∥2L2(Ω) +

1

2
∥∇v+0 ∥

2
L2(Ω)

+
1

2

N−1∑
n=1

∥∇[v]n∥2L2(Ω) +
1

2
∥∇v−N∥2L2(Ω),

(2.2.8)

which is not a well-defined norm.

Remark 2.6. If we take u = v in (2.2.4), we have

A(v, v) = |||v|||2 for all v ∈ Vq. (2.2.9)

This shows that the bilinear form A(·, ·) is coercive with respect to the ||| · ||| norm with

coercivity constant α = 1.

Theorem 2.7. Let f ∈ L2(0, T ;L2(Ω)), u0 ∈ H1
0 (Ω) and u1 ∈ L2(Ω). Then the solution

of (2.2.6), uDG ∈ Vq satisfies

|||uDG||| ≤
(
∥f∥2L2(0,T ;L2(Ω)) + 2∥∇u0∥2L2(Ω) + 2∥u1∥2L2(Ω)

) 1
2
.

Proof. Using the definition of ||| · ||| in (2.2.7) and Young’s inequality, we have

|||uDG|||2 = A(uDG, uDG) = F (uDG)
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=
N∑

n=1

∫ tn

tn−1

(f, u̇DG)L2 dt+ (u1, u̇DG(·, 0+))L2 + (∇u0,∇uDG(·, 0+))L2

≤ 1

2

N∑
n=1

∫ tn

tn−1

∥f(·, t)∥2L2(Ω) dt+
1

2

N∑
n=1

∫ tn

tn−1

∥u̇DG(·, t)∥2L2(Ω) dt

+ ∥u1∥2L2(Ω) +
1

4
∥u̇DG(·, 0+)∥2L2(Ω) + ∥∇u0∥2L2(Ω) +

1

4
∥∇uDG(·, 0+)∥2L2(Ω)

≤ 1

2

N∑
n=1

∫ tn

tn−1

∥f(·, t)∥2L2(Ω) dt+
1

2
|||uDG|||2 + ∥u1∥2L2(Ω) + ∥∇u0∥2L2(Ω).

Then the required inequality follows.

2.2.4. Convergence analysis In this section, we prove a priori error estimates with

respect to the energy norm ||| · ||| defined in (2.2.7).

Before we proceed to the proof of the main convergence result, let us first define

the L2-projection operator based on Definition 3.1 in [69] (Schötzau & Schwab, 2000),

Definition 3.2 in [6] (Antonietti et al., 2018) and Thomée’s book [75].

Definition 2.8. Let I = (−1, 1). For a function w ∈ C((−1, 1];H1
0 (Ω)) ∩ L2(I;H1

0 (Ω)),

we define the (boundary value preserving) L2-projection Pqw ∈ Pq(I;H1
0 (Ω)) with q ≥ 0

by the following conditions

Pqw(x, 1) = w(x, 1) ∈ H1
0 (Ω), (2.2.10)∫

I
((w − Pqw), φ)L2 dt = 0 for all φ ∈ Pq−1(I;H1

0 (Ω)). (2.2.11)

When q = 0, only the first condition is necessary.

Here ‘boundary value preserving’ means that the interpolant evaluated at the right

end point is equal to the original function evaluated at the right end point, which is stated

as (2.2.10) in Definition 2.8.

Definition 2.9. Let I = (−1, 1). For a function u ∈ H1(I;H1
0 (Ω)) such that u̇ ∈

C((−1, 1];H1
0 (Ω)), we define Πqu ∈ Pq(I;H1

0 (Ω)) with q ≥ 1 by

Πqu(x, t) = u(x,−1) +

∫ t

−1
Pq−1u̇(x, s) ds for all t ∈ (−1, 1],
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where Pq−1u̇ is given in Definition 2.8.

Now we need to show that Πqu(x, t) in Definition 2.9 is well-defined. Consider the

sequence of Legendre polynomials {Li}i≥0, Li ∈ Pi(I) on I = (−1, 1) defined by the

following recurrence relation

(i+ 1)Li+1(t) = (2i+ 1)tLi(t)− iLi−1(t)

with L0(t) = 1 and L1(t) = t.

The relevant properties of Legendre polynomials for our purpose are the following:

(a) Li(1) = 1 for i ∈ N ∪ {0};

(b)
∫ t
−1 Li(s) ds =

1
2i+1(Li+1(t)− Li−1(t)) for i ∈ N;

(c)
∫ 1
−1 Li(t)

2 dt = 2
2i+1 for i ∈ N ∪ {0}.

Lemma 2.10. Πqu(x, t) defined in Definition 2.9 is well-defined.

Proof. Existence: Note that u̇ ∈ L2(I;H1
0 (Ω)), so we can write u̇ as a Legendre series in

the following form

u̇(x, t) =
∞∑
i=0

bi(x)Li(t)

with bi ∈ H1
0 (Ω) for each i ∈ N ∪ {0}. From Lemma 3.5 in [69], we find that

Pq−1u̇(x, t) =

q−2∑
i=0

bi(x)Li(t) +

 ∞∑
i=q−1

bi(x)

Lq−1(t),

and consequently,

Πqu(x, t) = u(x,−1) +

q−2∑
i=0

bi(x)

∫ t

−1
Li(s) ds+

 ∞∑
i=q−1

bi(x)

∫ t

−1
Lq−1(s) ds

= u(x,−1) + b0(x)(t+ 1) +

q−2∑
i=1

bi(x)
1

2i+ 1
(Li+1(t)− Li−1(t))

+

 ∞∑
i=q−1

bi(x)

( 1

2q − 1
(Lq(t)− Lq−2(t))

)
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=

[
u(x,−1) + b0(x)−

b1(x)

3

]
L0(t) +

[
b0(x)−

b2(x)

5

]
L1(t)

+

q−3∑
i=2

[
bi−1(x)

2i− 1
− bi+1(x)

2i+ 3

]
Li(t) +

bq−3(x)

2q − 5
−

∞∑
i=q−1

bi(x)

2q − 1

Lq−2(t)

+
bq−2(x)

2q − 3
Lq−1(t) +

∞∑
i=q−1

bi(x)

2q − 1
Lq(t),

or equivalently

Πqu(x, t) =

q∑
i=0

u∗i (x)Li(t), (2.2.12)

where

u∗0(x) = u(x,−1) + b0(x)−
b1(x)

3
,

u∗1(x) = b0(x)−
b2(x)

5
,

u∗i (x) =
bi−1(x)

2i− 1
− bi+1(x)

2i+ 3
for i = 2, . . . , q − 3,

u∗q−2(x) =
bq−3(x)

2q − 5
−

∞∑
i=q−1

bi(x)

2q − 1
,

u∗q−1(x) =
bq−2(x)

2q − 3
,

u∗q(x) =
∞∑

i=q−1

bi(x)

2q − 1
.

Uniqueness: Assume for contradiction that both u1, u2 ∈ Pq(I,H1
0 (Ω)) satisfy the condi-

tions in the definition. In particular, we have u1(x, 1) = u2(x, 1). Now considering the

difference u1 − u2, we can write it as a Legendre series (u1 − u2)(x, t) =
∑q

i=0 ai(x)Li(t)

with ai =
∫
I(u1 − u2)Li dt ∈ H1

0 (Ω). It follows from the orthogonality condition that∫
I
(u1 − u2, aLk)L2 dt = 0 for all a ∈ H1

0 (Ω), 0 ≤ k ≤ q − 1.

Using the orthogonality properties of the Legendre polynomials we get (ak, a)L2 = 0 for

all a ∈ H1
0 (Ω). Since H1

0 (Ω) is dense in L2(Ω), we have that ak = 0 in L2(Ω) and thus

ak = 0 in H1
0 (Ω) for 0 ≤ k ≤ q − 1. This implies that (u1 − u2)(x, t) = aq(x)Lq(t). Since

u1(x, 1) = u2(x, 1), we have that aq ≡ 0, which proves the uniqueness of a projection
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polynomial satisfying the conditions in Definition 2.9.

Lemma 2.11. For any u ∈ H1(I;H1
0 (Ω)) such that u̇ ∈ C((−1, 1];H1

0 (Ω)), we have for

q ≥ 2,

(a) (Πqu− u)(x,−1) = 0;

(b) (Πqu− u)(x, 1) = 0;

(c) ∂t(Π
qu− u)(x, 1) = 0;

(d)
∫
I (∂t (u−Πqu) , φ)L2 dt = 0 for all φ ∈ Pq−2(I;H1

0 (Ω)).

Proof. (a) follows directly from Definition 2.9. For (b), first note that we can expand

u̇ as

u̇(x, t) =

∞∑
i=0

bi(x)Li(t)

with coefficients bi ∈ H1
0 (Ω). Then u can be written as

u(x, t) = u(x,−1) +

∞∑
i=0

bi(x)

∫ t

−1
Li(s) ds. (2.2.13)

By orthogonality of the Legendre polynomials, we have

u(x, 1) = u(x,−1) +
∞∑
i=0

bi(x)

∫ 1

−1
Li(s) ds = u(x,−1) + 2b0. (2.2.14)

Then,

Πqu(x, 1) = u(x,−1) +

∫ 1

−1
Pq−1u̇(x, s) ds

= u(x,−1) +

q−2∑
i=0

bi(x)

∫ 1

−1
Li(s) ds+

 ∞∑
i=q−1

bi(x)

∫ 1

−1
Lq−1(s) ds

= u(x,−1) + 2b0

= u(x, 1) (by (2.2.14)).
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The equality (c) follows from taking the derivative with respect to t in the equation

Πqu(x, t) = u(x,−1) +

q−2∑
i=0

bi(x)

∫ t

−1
Li(s) ds+

 ∞∑
i=q−1

bi(x)

∫ t

−1
Lq−1(s) ds.

Note that

u̇(x, t) =
∞∑
i=0

bi(x)Li(t)

and

∂tΠ
qu(x, t) =

q−2∑
i=0

bi(x)Li(t) +

 ∞∑
i=q−1

bi(x)

Lq−1(t).

Evaluating at t = 1, we have

∂tΠ
qu(x, 1) =

∞∑
i=0

bi(x) = u̇(x, 1).

For (d), we can write any q ∈ Pq−2(I;H1
0 (Ω)) as q(x, t) =

∑q−2
k=0 ak(x)Lk(t). Then∫

I
(∂t(u−Πqu), φ)L2 dt =

∫
I

q−2∑
k=0

(∂t(u−Πqu), akLk)L2 dt

=

q−2∑
k=0

∫
I

(
∂tu− Pq−1∂tu), akLk

)
L2 dt

=

q−2∑
k=0

∫
I

 ∞∑
i=q

bi(x)Li(t)−

 ∞∑
i=q

bi(x)

Lq−1(t)

 , akLk(t)


L2

dt = 0

by the orthogonality of Legendre polynomials.

On an arbitrary time interval I = (a, b), we define Πq
I via the linear map

T : Ω× (−1, 1) → Ω× (a, b)

(x, ξ) 7→ (x,
1

2
(a+ b+ ξ(b− a)))

as

Πq
Iu = [Πq(u ◦ T )] ◦ T−1, (2.2.15)

from which it follows that
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(a) (Πq
Iu− u)(x, a) = 0;

(b) (Πq
Iu− u)(x, b) = 0;

(c) ∂t(Π
q
Iu− u)(x, b) = 0;

(d)
∫
I

(
∂t(u−Πq

Iu), φ
)
L2 dt = 0 for all φ ∈ Pq−2(I;H1

0 (Ω)).

Similarly as before, on the generic interval I = (a, b), Πq
Iu can be written as

Πq
Iu(x, t) =

q∑
i=0

ũ∗i L̃i(t) = u(x, a) +

q−2∑
i=0

b̃i(x)

∫ t

a
L̃i(s) ds+

 ∞∑
i=q−1

b̃i

∫ t

a
L̃q−1(s) ds,

where L̃i represents the ith mapped Legendre polynomial so that u =
∑∞

i=0 ũiL̃i and the

coefficients are defined as before but with bi replaced by b̃i for each i ∈ N ∪ {0}.

Now we generalise a standard approximation result stated in [11] by Babuška and

Suri to functions in Bochner spaces.

Proposition 2.12. Let I = (a, b) with k = b−a > 0. For every u ∈ Hs(I;H1
0 (Ω)), there

exists a sequence {Qqu}q≥0 with Qqu ∈ Pq(I;H1
0 (Ω)) such that, for any 0 ≤ m ≤ s,

∥u−Qqu∥Hm(I;H1
0 (Ω)) ≤ C

kµ−m

qs−m
∥u∥Hs(I;H1

0 (Ω)) for s ≥ 0, (2.2.16)

where µ = min(q + 1, s) and C is a constant independent of u, q and k.

Next, we define the projection operator Pq
Iu on an arbitrary interval I = (a, b) via

the same linear map T : Ω× (−1, 1) → Ω× (a, b) as before. That is,

Pq
Iu = [Pq(u ◦ T )] ◦ T−1.

Then the following approximation result holds.

Proposition 2.13. Let I = (a, b) with k = b − a > 0. For every u ∈ Hs(I;H1
0 (Ω)),

s ≥ 2, we have

∥∂tu− Pq−1
I (∂tu)∥L2(I;H1

0 (Ω)) ≤ C
kµ−1

qs−1
∥u∥Hs(I;H1

0 (Ω)), (2.2.17)
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where µ = min(q + 1, s) and C is a universal constant.

Proof. We give a sketch of the proof based on several results from [69] and [70]. For

u ∈ Hs(I;H1
0 (Ω)), define û(x, ξ) for ξ ∈ Î := (−1, 1) and t = 1

2(a+ b+ ξk) by

u(x, t) = u(x,
1

2
(a+ b+ ξk)) := û(x, ξ).

Then we have ∂ξû(x, ξ) =
k
2∂tu(x, t). Similarly to the existence proof of Lemma 2.10, we

have

∂ξû(x, ξ) =
∞∑
i=0

bi(x)Li(ξ)

and

Pq−1∂ξû(x, ξ) =

q−2∑
i=0

bi(x)Li(ξ) +

 ∞∑
i=q−1

bi(x)

Lq−1(ξ)

where {Li}i≥0 are Legendre polynomials defined on Î := (−1, 1). This implies that

∂ξû(x, ξ)− Pq−1∂ξû(x, ξ) =

∞∑
i=q

bi(x)Li(ξ)−

 ∞∑
i=q

bi(x)

Lq−1(ξ).

Using the triangle inequality, we obtain

∥∂ξû−Pq−1∂ξû∥L2(Î;H1
0 (Ω)) ≤ ∥

∞∑
i=q

bi(x)Li(ξ)∥L2(Î;H1
0 (Ω))+∥

 ∞∑
i=q

bi(x)

Lq−1(ξ)∥L2(Î;H1
0 (Ω)).

Note that by Lemma 3.9 from [70], we know that

∥∂ξû−Pq−1∂ξû∥L2(Î;H1
0 (Ω)) = ∥

∞∑
i=q

bi(x)Li(ξ)∥L2(Î;H1
0 (Ω)),

where Pq−1 is the standard L2-projection operator such that

∥∂ξû−Pq−1∂ξû∥L2(Î;H1
0 (Ω)) = inf

φ∈Pq−1(Î;H1
0 (Ω))

∥∂ξû− φ∥L2(Î;H1
0 (Ω)).

Using the orthogonality of Legendre polynomials on Î, we have

∥
∞∑
i=q

bi(x)Li(ξ)∥2L2(Î;H1
0 (Ω))

=
∞∑
i=q

∥bi∥2H1
0 (Ω)

2

2i+ 2
.
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By Lemma 3.10 from [70], we know that for 1 ≤ s0 ≤ s we have∫ 1

−1
|û(s0)(x, ξ)|2(1− ξ2)s0−1 dξ =

∞∑
i=s0−1

|bi(x)|2
2

2i+ 1

(i+ (s0 − 1))!

(i− (s0 − 1))!
(2.2.18)

where û(s0)(x, ξ) represents the s0-th partial derivative of û(x, ξ) with respect to ξ. Thus

∥
∞∑
i=q

bi(x)Li(ξ)∥2L2(Î;H1
0 (Ω))

≤ (q − (s0 − 1))!

(q + (s0 − 1))!

∞∑
i=q

∥bi∥2H1
0 (Ω)

2

2i+ 2

(i+ (s0 − 1))!

(i− (s0 − 1))!

≤ (q − (s0 − 1))!

(q + (s0 − 1))!
|û|2

Hs0 (Î;H1
0 (Ω))

(by (2.2.18))

for any 1 ≤ s0 ≤ min(q + 1, s). Thus, we have

inf
φ∈Pq−1(Î;H1

0 (Ω))
∥∂ξû− φ∥2

L2(Î;H1
0 (Ω))

= ∥
∞∑
i=q

bi(x)Li(ξ)∥2L2(Î;H1
0 (Ω))

≤ (q − (µ− 1))!

(q + (µ− 1))!
|û|2

Hµ(Î;H1
0 (Ω))

where µ = min(q + 1, s). Note also that

∥

 ∞∑
i=q

bi(x)

Lq−1(ξ)∥2L2(Î;H1
0 (Ω))

=
2

2q − 1
∥

∞∑
i=q

bi(x)∥2H1
0 (Ω) ≤

4

q
∥

∞∑
i=q

bi(x)∥2H1
0 (Ω)

for q ≥ 2. From Lemma 3.6 in [69], we know that

∥
∞∑
i=q

bi(x)∥2H1
0 (Ω) ≤

C2

q
∥∂ξξû∥2L2(Î;H1

0 (Ω))
,

where ∂ξû(x, ξ) =
∑∞

i=0 bi(x)Li(ξ) and C2 is a positive constant. Combining with the

previous estimate, we have

∥∂ξû− Pq−1∂ξû∥2L2(Î;H1
0 (Ω))

≤ C

{
∥∂ξû−Pq−1∂ξû∥2L2(Î;H1

0 (Ω))
+

1

q2
∥∂ξξû∥2L2(Î;H1

0 (Ω))

}
(2.2.19)

for some constant C > 0. If we replace ∂ξû by ∂ξû − φ in (2.2.19) for an arbitrary

φ ∈ Pq−1(Î;H1
0 (Ω)), then we have

∥∂ξû− Pq−1∂ξû∥2L2(Î;H1
0 (Ω))

≤ C

{
inf

φ∈Pq−1(Î;H1
0 (Ω))

∥∂ξû− φ∥2
L2(Î;H1

0 (Ω))
+

1

q2
∥∂ξξû− ∂ξφ∥2L2(Î;H1

0 (Ω))

} (2.2.20)



31

using the fact that

∥∂ξû−Pq−1∂ξû∥L2(Î;H1
0 (Ω)) ≤ ∥∂ξû− φ∥L2(I;H1

0 (Ω)) for any φ ∈ Pq−1(I;H1
0 (Ω)).

Similarly, we can show that

∥∂ξξû− ∂ξφ∥2L2(Î;H1
0 (Ω))

≤ (q − (s0 − 1))!

(q + (s0 − 1))!
|∂ξû|2Hs0 (Î;H1

0 (Ω))
=

(q − (s0 − 1))!

(q + (s0 − 1))!
|û|2

Hs0+1(Î;H1
0 (Ω))

for 1 ≤ s0 ≤ min(q + 1, s− 1). Thus,

∥∂ξξû− ∂ξφ∥2L2(Î;H1
0 (Ω))

≤ (q − (µ− 2))!

(q + (µ− 2))!
|û|2

Hµ(Î;H1
0 (Ω))

for µ = min(q + 2, s). Therefore,

∥∂ξû− Pq−1∂ξû∥2L2(Î;H1
0 (Ω))

≤ C

{
(q − (µ− 1))!

(q + (µ− 1))!
|û|2

Hµ(Î;H1
0 (Ω))

+
1

q2
(q − (µ− 2))!

(q + (µ− 2))!
|û|2

Hµ(Î;H1
0 (Ω))

}
≤ C̃

1

q2
(q − (µ− 2))!

(q + (µ− 2))!
|û|2

Hµ(Î;H1
0 (Ω))

where µ = min(q + 1, s). Scaling back to I = (a, b), we have

∥∂tu− Pq−1
I ∂tu∥2L2(I;H1

0 (Ω)) =

∫ b

a
∥∂tu(·, t)− Pq−1

I ∂tu(·, t)∥2H1
0 (Ω) dt

=

(
k

2

)−1 ∫ 1

−1
∥∂ξû(·, ξ)− Pq−1∂ξu(·, ξ)∥2H1

0 (Ω) dξ

=

(
k

2

)−1

∥∂ξû− Pq−1∂ξû∥2L2(Î;H1
0 (Ω))

≤ C̃
1

q2
(q − (µ− 2))!

(q + (µ− 2))!

(
k

2

)−1

|û|2
Hµ(Î;H1

0 (Ω))

= C̃
1

q2
(q − (µ− 2))!

(q + (µ− 2))!

(
k

2

)−1 ∫ 1

−1
∥û(µ)(·, ξ)∥2H1

0 (Ω) dξ

= C̃
1

q2
(q − (µ− 2))!

(q + (µ− 2))!

(
k

2

)−1 ∫ b

a

(
k

2

)2µ−1

∥u(µ)(·, t)∥2H1
0 (Ω) dt

= C̃
1

q2
(q − (µ− 2))!

(q + (µ− 2))!

(
k

2

)2µ−2 ∫ b

a
∥u(µ)(·, t)∥2H1

0 (Ω) dt

= C̃
1

q2
(q − (µ− 2))!

(q + (µ− 2))!

(
k

2

)2µ−2

|u|2Hµ(I;H1
0 (Ω))
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where µ = min(q + 1, s). Selecting µ = s, we have

∥∂tu− Pq−1
I ∂tu∥2L2(I;H1

0 (Ω)) ≤ C̃
1

q2
(q − (s− 2))!

(q + (s− 2))!

(
k

2

)2(s−1)

|u|2Hs(I;H1
0 (Ω))

≤ C
k2(s−1)

q2(s−1)
|u|2Hs(I;H1

0 (Ω))

where the second inequality follows from Stirling’s formula as q → ∞. Therefore,

∥∂tu− Pq−1
I ∂tu∥L2(I;H1

0 (Ω)) ≤ C
kµ−1

qs−1
∥u∥Hs(I;H1

0 (Ω))

for µ = min(q+1, s) since the semi-norm | · |Hs(I;H1
0 (Ω)) is bounded by ∥ · ∥Hs(I;H1

0 (Ω)).

As a result, the following estimates also hold.

Lemma 2.14. Let I = (a, b) with k = b− a > 0. For every u ∈ Hs(I;H1
0 (Ω)), s ≥ 2, we

have

∥∂t(u−Πq
Iu)∥L2(I;H1

0 (Ω)) ≤ C
kµ−1

qs−1
∥u∥Hs(I;H1

0 (Ω)), (2.2.21)

∥u−Πq
Iu∥L2(I;H1

0 (Ω)) ≤ C
kµ

qs−1
∥u∥Hs(I;H1

0 (Ω)), (2.2.22)

where µ = min(q + 1, s), Πq
I is the projection operator as defined in (2.2.15), and C is a

universal constant.

Proof. To prove (2.2.21), we first note that ∂t(Π
q
Iu) = Pq−1

I ∂tu by definition.

∥∂t(u−Πq
Iu)∥L2(I;H1

0 (Ω)) = ∥∂tu− Pq−1
I ∂tu∥L2(I;H1

0 (Ω))

≤ C
kµ−1

qs−1
∥u∥Hs(I;H1

0 (Ω)) (by Proposition 2.13).

For (b), we have

∥u−Πq
Iu∥

2
L2(I;H1

0 (Ω)) =

∥∥∥∥u(x, a) + ∫ t

a
∂su(x, s) ds− u(x, a)−

∫ t

a
Pq−1
I ∂su(x, s) ds

∥∥∥∥2
L2(I;H1

0 (Ω))

=

∥∥∥∥∫ t

a
∂su(x, s) ds−

∫ t

a
Pq−1
I ∂su(x, s) ds

∥∥∥∥2
L2(I;H1

0 (Ω))

=

∫ b

a

∥∥∥∥∫ t

a
∂su(·, s)− Pq−1

I ∂su(·, s) ds
∥∥∥∥2
H1

0 (Ω)

dt
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≤
∫ b

a

∥∥∥∥∥
(∫ t

a
1 ds

) 1
2
(∫ t

a
|∂su(·, s)− Pq−1

I ∂su(·, s)|2 ds
) 1

2

∥∥∥∥∥
2

H1
0 (Ω)

dt

≤
∫ b

a
k

∥∥∥∥∥
(∫ t

a
|∂su(·, s)− Pq−1

I ∂su(·, s)|2 ds
) 1

2

∥∥∥∥∥
2

H1
0 (Ω)

dt

≤ k2

∥∥∥∥∥∥
(∫ b

a
|∂su(·, s)− Pq−1

I ∂su(·, s)|2 ds
) 1

2

∥∥∥∥∥∥
2

H1
0 (Ω)

= k2∥∂su− Pq−1
I ∂su∥2L2(I;H1

0 (Ω))

≤ C2k2
k2µ−2

q2s−2
∥u∥2Hs(I;H1

0 (Ω)).

Thus

∥u−Πq
Iu∥L2(I;H1

0 (Ω)) ≤ C
kµ

qs−1
∥u∥Hs(I;H1

0 (Ω)).

We can also derive the following result using Lemma 2.14.

Corollary 2.15. Let I = (a, b) with k = b − a. Then, for every u ∈ Hs(I;H1
0 (Ω)) with

s ≥ 2, we have

∥∂tt(u−Πq
Iu)∥L2(I;H1

0 (Ω)) ≤ C
kµ−2

qs−3
∥u∥Hs(I;H1

0 (Ω)) (2.2.23)

where µ = min(q+1, s) and C is a universal constant, which may vary from line to line.

Proof.

∥∂tt(u−Πq
Iu)∥L2(I;H1

0 (Ω)) ≤ ∥∂tt(u−Qqu)∥L2(I;H1
0 (Ω)) + ∥∂tt(Qqu−Πq

Iu)∥L2(I;H1
0 (Ω))

≤ C
kµ−2

qs−2
∥u∥Hs(I;H1

0 (Ω)) + Cinv
q2

k
∥∂t(Qqu−Πq

Iu)∥L2(I;H1
0 (Ω))

= C
kµ−2

qs−2
∥u∥Hs(I;H1

0 (Ω)) + Cinv
q2

k
∥∂tQqu− Pq−1

I ∂tu∥L2(I;H1
0 (Ω))

≤ C
kµ−2

qs−2
∥u∥Hs(I;H1

0 (Ω)) + Cinv
q2

k
∥∂t(u−Qqu)∥L2(I;H1

0 (Ω))

+ Cinv
q2

k
∥∂tu− Pq−1

I ∂tu∥L2(I;H1
0 (Ω))
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≤ C
kµ−2

qs−2
∥u∥Hs(I;H1

0 (Ω)) + C
q2

k

kµ−1

qs−1
∥u∥Hs(I;H1

0 (Ω))

+ C
q2

k

kµ−1

qs−1
∥u∥Hs(I;H1

0 (Ω))

≤ C
kµ−2

qs−3
∥u∥Hs(I;H1

0 (Ω)),

where we have used Proposition 2.12 and the inequality

∥φ∥H1(I;H1
0 (Ω)) ≤ Cinv

q2

k
∥φ∥L2(I;H1

0 (Ω))

for some constant Cinv with φ ∈ Pq−1(I;H1
0 (Ω)) for q ≥ 1 [70] in the second step. Note

that for the second last step, we have used the estimates from Propositions 2.12 and

2.13.

Remark 2.16. If we change the spatial function space from H1
0 (Ω) to L2(Ω), the same

estimate follows. That is, for every u ∈ Hs(I;H1
0 (Ω)) with s ≥ 2, we have

∥∂tt(u−Πq
Iu)∥L2(I;L2(Ω)) ≤ C

kµ−2

qs−3
∥u∥Hs(I;L2(Ω)) (2.2.24)

where µ = min(q + 1, s) and C is a universal constant.

Before we begin the proof of the main convergence theorem, we state some useful

properties of the projection error first. Assume that u ∈ Hs(0, T ;H1
0 (Ω)) with s ≥ 2 is

the weak solution of (2.0.1)–(2.0.3) and let Πq
Iu ∈ Vq be the projection of u such that

Πq
Iu|In = Πqn

In
u ∈ Vqn is defined according to (2.2.15) for n = 1, . . . , N. Then the following

properties hold for qn ≥ 2:

(a) (u−Πq
Iu)(x, t

±
n ) = 0 for n = 0, 1, . . . , N ;

(b) ∂t(u−Πq
Iu)(x, t

−
n ) = 0 for n = 1, . . . , N ;

(c)
∫ tn
tn−1

(
∂t(u−Πq

I), φ
)
dt for all φ ∈ Pqn−2(I;H1

0 (Ω)).

Now we are ready to prove the following convergence theorem.
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Theorem 2.17. Let u be the solution to (2.0.1)–(2.0.3), and let uDG ∈ Vq be the dis-

continuous Galerkin approximation of u. That is,

A(uDG, v) = F (v) for all v ∈ Vq.

If u|In ∈ Hsn(In;H
2(Ω) ∩H1

0 (Ω)) for any n = 1, . . . , N with sn ≥ 2, then

|||u− uDG||| ≤ C

(
N∑

n=1

k2µn−3
n

q2sn−6
n

∥u∥2Hsn (In;L2(Ω)) +

N∑
n=1

k2µn
n

q2sn−2
n

∥u∥2Hsn (In;H2(Ω))

) 1
2

,

where µn = min(qn + 1, sn) for any n = 1, . . . , N and C is a constant independent of u,

qn and kn.

Proof. Denote the global error by e := u − uDG, and decompose it as e = eπ + eh with

eπ = u− Πq
Iu and eh = Πq

Iu− uDG. First note that eπ(x, t±n ) = (u− Πq
Iu)(x, t

±
n ) = 0 for

n = 0, . . . , N and ėπ(x, t−n ) = ∂t(u−Πq
Iu)(x, t

−
n ) = 0 for n = 1, . . . , N. Therefore,

|||eπ|||2 = 1

2
∥ėπ(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[ėπ]n∥2L2(Ω) +
1

2
∥ėπ(t−N )∥2L2(Ω) +

N∑
n=1

∫ tn

tn−1

∥ėπ∥2L2(Ω) dt

+
1

2
∥∇eπ(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥∇[eπ]n∥2L2(Ω) +
1

2
∥∇eπ(t−N )∥2L2(Ω)

=
1

2
∥ėπ(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥ėπ(t+n )− ė(t−n )∥2L2(Ω) +
N∑

n=1

∫ tn

tn−1

∥ėπ∥2L2(Ω) dt

=
1

2

N∑
n=1

∥ėπ(t+n−1)∥
2
L2(Ω) +

N∑
n=1

∫ tn

tn−1

∥ėπ∥2L2(Ω) dt.

By considering ėπ(t+n−1) = −
∫ t−n
t+n−1

ëπ(s) ds, we have

|||eπ|||2 =
N∑

n=1

∫ tn

tn−1

∥ėπ∥2L2(Ω) dt+
1

2

N∑
n=1

∥ −
∫ tn

tn−1

ëπ(s) ds∥2L2(Ω)

≤
N∑

n=1

(
∥ėπ∥2L2(In;L2(Ω)) +

kn
2
∥ëπ∥2L2(In;L2(Ω))

)
(by Hölder’s inequality)

=
N∑

n=1

(
∥∂t(u−Πqn

In
u)∥2L2(In;L2(Ω)) +

kn
2
∥∂tt(u−Πqn

In
u)∥2L2(In;L2(Ω))

)
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≤ C
N∑

n=1

k2µn−2
n

q2sn−2
n

∥u∥2Hsn (In;L2(Ω)) + C
N∑

n=1

k2µn−3
n

q2sn−6
∥u∥2Hsn (In;L2(Ω)) (by (2.2.21) and (2.2.24))

≤ C
N∑

n=1

k2µn−3
n

q2sn−6
n

∥u∥2Hsn (In;L2(Ω)),

where µn = min(qn + 1, sn) for any n = 1, . . . , N and C is a universal constant, which

may vary from line to line.

By Galerkin orthogonality, we obtain A(eπ + eh, eh) = A(u − uDG, e
h) = 0 as eh =

Πq
Iu− uDG ∈ Vq. Then,

|||eh|||2 = A(eh, eh) = −A(eπ, eh)

= −
N∑

n=1

∫ tn

tn−1

〈
ëπ, ėh

〉
dt−

N∑
n=1

∫ tn

tn−1

(ėπ, ėh)L2 dt−
N∑

n=1

∫ tn

tn−1

(∇eπ,∇ėh)L2 dt

−
N−1∑
n=1

([ėπ]n, ė
h(t+n ))L2 −

N−1∑
n=1

(∇[eπ]n,∇eh(t+n ))L2 − (ėπ(t+0 ), ė
h(t+0 ))L2

− (∇eπ(t+0 ),∇e
h(t+0 )).

Integrating by parts the term
〈
ëπ, ėh

〉
and rearranging the addends, we have

|||eh|||2 =
N∑

n=1

∫ tn

tn−1

(ėπ, ëh)L2 dt−
N∑

n=1

∫ tn

tn−1

(ėπ, ėh)L2 dt−
N∑

n=1

∫ tn

tn−1

(∇eπ,∇ėh)L2 dt

+
N−1∑
n=1

(ėπ(t−n ), [ė
h]n)L2 −

N−1∑
n=1

(∇[eπ]n,∇eh(t+n ))L2 − (ėπ(t−N ), ėh(t−N ))L2

− (∇eπ(t+0 ),∇e
h(t+0 ))L2 .

Note that the first term vanishes by the orthogonality condition that∫ tn

tn−1

(ėπ, φ)L2 dt = 0 for all φ ∈ Pqn−2(In;H
1
0 (Ω)),

and the terms on the second and third lines vanish by the properties of the projection

error. Integrating by parts the term
∑N

n=1

∫ tn
tn−1

(∇eπ,∇ėh)L2 dt in the x variable, we have

|||eh|||2 = −
N∑

n=1

∫ tn

tn−1

(ėπ, ėh)L2 dt+

N∑
n=1

∫ tn

tn−1

(∆eπ, ėh)L2 dt
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≤
N∑

n=1

∫ tn

tn−1

∫
Ω
|ėπ||ėh|dx dt+

N∑
n=1

∫ tn

tn−1

∫
Ω
|∆eπ||ėh|dx dt

≤
N∑

n=1

∥ėπ∥L2(In;L2(Ω))∥ėh∥L2(In;L2(Ω)) +
N∑

n=1

∥∆eπ∥L2(In;L2(Ω))∥ėh∥L2(In;L2(Ω))

≤
N∑

n=1

(
∥ėπ∥2L2(In;L2(Ω)) + ∥∆eπ∥2L2(In;L2(Ω))

)
+

1

2

N∑
n=1

∥ėh∥2L2(In;L2(Ω))

by Young’s inequality. Note that
∑N

n=1 ∥ėh∥L2(In;L2(Ω)) ≤ |||eh|||, so we can absorb the

1
2

∑N
n=1 ∥ėh∥2L2(In;L2(Ω)) term into the left-hand side of the inequality to get

|||eh|||2 ≤ 2

N∑
n=1

(
∥ėπ∥2L2(In;L2(Ω)) + ∥∆eπ∥2L2(In;L2(Ω))

)
≤ C

N∑
n=1

k2µn−2
n

q2sn−2
n

∥u∥2Hsn (In;L2(Ω)) + C

N∑
n=1

k2µn
n

q2sn−2
n

∥∆u∥2Hsn (In;L2(Ω)) (by Lemma 2.14),

where µn = min(qn + 1, sn) for any n = 1, . . . , N. By the definition of the H2–norm, we

know that ∥∆u∥L2(Ω) ≤ ∥u∥H2(Ω). Therefore,

|||e||| ≤ |||eπ|||+ |||eh|||

≤

(
C

N∑
n=1

k2µn−3
n

q2sn−6
n

∥u∥2Hsn (In;L2(Ω))

) 1
2

+

(
C

N∑
n=1

k2µn−2
n

q2sn−2
n

∥u∥2Hsn (In;L2(Ω)) + C
N∑

n=1

k2µn
n

q2sn−2
n

∥u∥2Hsn (In;H2(Ω))

) 1
2

≤ C

(
N∑

n=1

k2µn−3
n

q2sn−6
n

∥u∥2Hsn (In;L2(Ω)) +

N∑
n=1

k2µn
n

q2sn−2
n

∥u∥2Hsn (In;H2(Ω))

) 1
2

,

where C is a universal constant, which may vary from line to line.

Remark 2.18. If we use uniform time intervals kn = k, and uniform polynomial degrees

qn = q ≥ 2, sn = s ≥ 2 for n = 1, . . . , N , then the error bound becomes

|||u− uDG||| ≤ C

(
k2µ−3

q2s−6
∥u∥2Hs(0,T ;L2(Ω)) +

k2µ

q2s−2
∥u∥2Hs(0,T ;H2(Ω))

) 1
2

≤ C(u)
kµ−

3
2

qs−3

where µ = min(q + 1, s) and C(u) is a constant depending on the exact solution u, but
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independent of q and k.

2.3. Fully discrete numerical scheme

In this section, we shall construct a fully discrete scheme for the approximation of

the solution of (2.0.1)–(2.0.3). This numerical scheme combines a hp–DGFEM in the

time direction with an H1(Ω)-conforming finite element approximation in the spatial

variables. It is well-known that discontinuous Galerkin finite element methods offer cer-

tain advantages over standard continuous Galerkin methods when applied to the spatial

discretisation of the acoustic wave equation [4]. For instance, the mass matrix has a

desirable block diagonal structure, which gives a more efficient computation when using

an explicit time scheme. However, for the sake of having a neat and concise convergence

analysis, we stick to a continuous Galerkin method in the spatial direction for this thesis;

applying the DGFEM in both the time and spatial directions will be considered in our

future work.

2.3.1. Construction of the fully discrete scheme For the spatial discretisation pa-

rameter h ∈ (0, 1), we define Vh to be a given family of finite element subspaces of H1
0 (Ω)

with polynomial degree p ≥ 1. We shall assume that the triangulation {Th} of Ω into d–

dimensional simplices, which are possibly curved along the boundary ∂Ω, is shape regular

and quasi-uniform. It follows from Bernardi’s work [15] that

inf
v∈Vh

{∥u−v∥L2(Ω)+h∥u−v∥H1(Ω)} ≤ Chr+1∥u∥Hr+1(Ω), 1 ≤ r ≤ min(p,m−1), (2.3.1)

for u ∈ Hm(Ω) ∩H1
0 (Ω). Now we introduce the space-time finite element space by

Vqn
kh := {u : [0, T ] → Vh; u |In=

qn∑
j=1

ujt
j , uj ∈ Vh},

with qn ≥ 2 for each 1 ≤ n ≤ N . For q := [q1, . . . , qN ]T ∈ NN , we then define the space

Vq
kh := {u : [0, T ] → Vh; u |In∈ Vqn

kh for n = 1, . . . , N}.
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Following the same procedure as in Section 2.2, we can now define the fully discrete

discontinuous-in-time scheme. We seek a solution uDG ∈ Vq
kh such that

A(uDG, v) = F̃ (v) for all v ∈ Vq
kh, (2.3.2)

where the bilinear form A(·, ·) : H × H → R is defined by (2.2.4) and F̃ is a modified

version of F in (2.2.5) defined as

F̃ (v) :=
N∑

n=1

∫ tn

tn−1

(f(t), v̇(t))L2 dt+
(
Phu1, v̇(t

+
0 )
)
L2 +

(
∇Phu0,∇v(t+0 )

)
L2 , (2.3.3)

where Ph : H
1
0 (Ω) → Vh is the Ritz projection such that

(∇Phu,∇φ)L2 = (∇u,∇φ)L2 for all φ ∈ Vh. (2.3.4)

The existence and uniqueness of the fully discrete solution uDG ∈ Vq
kh of (2.3.2) follow

from the following proposition.

Proposition 2.19. For each 1 ≤ n ≤ N , the local problem∫ tn

tn−1

⟨ü, v̇⟩ dt+
∫ tn

tn−1

(u̇, v̇)L2 dt+

∫ tn

tn−1

(∇u,∇v̇)L2 dt+ (u̇+n−1, v̇
+
n−1)L2 + (∇u+n−1,∇v

+
n−1)L2

=

∫ tn

tn−1

(f, v̇)L2 dt+ (u̇−n−1, v̇
+
n−1)L2 + (∇u−n−1,∇v

+
n−1)L2 (2.3.5)

admits a unique solution u ∈ Vqn
kh on In provided that un−1 and f |In are given.

Proof. We first note that to show uniqueness, it suffices to see that the corresponding

homogeneous equation∫ tn

tn−1

⟨ü, v̇⟩ dt+
∫ tn

tn−1

(u̇, v̇)L2 dt+

∫ tn

tn−1

(∇u,∇v̇)L2 dt+ (u̇+n−1, v̇
+
n−1)L2

+ (∇u+n−1,∇v
+
n−1)L2 = 0

for all v ∈ Vqn
kh only has the trivial solution u ≡ 0. For this purpose, we assume that u is

a solution and choose v = u on In; then we have

∥u̇−n ∥2L2(Ω) − ∥u̇+n−1∥
2
L2(Ω) + 2

∫ tn

tn−1

∥u̇∥2L2(Ω) dt+ ∥∇u−n ∥2L2(Ω) − ∥∇u+n−1∥
2
L2(Ω)
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+ 2∥u̇+n−1∥
2
L2(Ω) + 2∥∇u+n−1∥

2
L2(Ω) = 0.

That is,

∥u̇−n ∥2L2(Ω) + ∥u̇+n−1∥
2
L2(Ω) + 2

∫ tn

tn−1

∥u̇∥2L2(Ω) dt+ ∥∇u−n ∥2L2(Ω) + ∥∇u+n−1∥
2
L2(Ω) = 0.

Note that ∥u+n−1∥H1
0 (Ω) = ∥∇u+n−1∥L2(Ω) = 0 implies that u+n−1 ≡ 0. Then we have

u̇(t) = 0 for t ∈ In,

u+n−1 = 0.

This implies that u(t) ≡ 0 on In. The existence of a solution to the local problem (2.3.5)

follows from the uniqueness since this is a finite–dimensional problem.

2.3.2. Convergence analysis In this section we will prove a space-time a priori error

estimate in the energy norm (2.2.7). This error estimate is optimal with respect to both

the spatial and temporal parameters.

Theorem 2.20. Let u be the solution to (2.0.1)–(2.0.3) such that u|In ∈ Hsn(In;H
m(Ω)∩

H1
0 (Ω)) for any n = 1, . . . , N with sn ≥ 2, and let uDG ∈ Vq

kh be the discontinuous

Galerkin approximation of u. That is,

A(uDG, v) = F̃ (v) for all v ∈ Vq
kh.

Assume that 1 ≤ r ≤ min(p,m− 1), sn ≥ qn + 1 for each n = 1, . . . , N ; then we have

|||u− uDG||| ≤ C

{ N∑
n=1

k2qn−1
n

q2sn−6
n

∥u∥2Hsn (In;Hr+1(Ω)) + h2r+2
N∑

n=1

∥u∥2Hsn (In;Hr+1(Ω))

} 1
2

+

{
h2r+2

(
∥u̇(t+0 )∥

2
Hr+1(Ω) + ∥u̇(t−N )∥2Hr+1(Ω)

)
+ h2r

(
∥u(t+0 )∥

2
Hr+1(Ω) + ∥u(t−N )∥2Hr+1(Ω)

)} 1
2

,

(2.3.6)

where C is a positive constant, which may vary from line to line.

Proof. Let Πqn
In

denote the modified L2-projection defined by Definition 2.9 on In for each
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n = 1, . . . , N . We decompose the error as

uDG(t)− u(t) =
(
uDG(t)−Πqn

In
Phu(t)

)
+
(
Πqn

In
Phu(t)− Phu(t)

)
+ (Phu(t)− u(t))

:= θ(t) + ρ1(t) + ρ2(t),

for t ∈ In, with n = 1, . . . , N. For simplicity of notation, we define (Πqn
In
w)(j) :=

djΠqn
In

w

dtj

and u(j) := dju
dtj

, for j = 0, 1 and 2. By Definition 2.9, Lemma 2.14 and Corollary 2.15,

we have ∫ tn

tn−1

∥ρ(j)1 (t)∥2L2(Ω) dt =

∫ tn

tn−1

∥(Πqn
In
Phu)

(j)(t)− (Phu)
(j)(t)∥2L2(Ω) dt

≤ C
k
2(µ−j)
n

q
2(sn−1)
n

∥u∥2Hsn (In;L2(Ω)) for j = 0, 1, (2.3.7)

and ∫ tn

tn−1

∥ρ(2)1 (t)∥2L2(Ω) dt =

∫ tn

tn−1

∥(Πqn
In
Phu)

(2)(t)− (Phu)
(2)(t)∥2L2(Ω) dt

≤ C
k
2(µ−2)
n

q
2(sn−3)
n

∥u∥2Hsn (In;L2(Ω)), (2.3.8)

where µ = min(sn, qn+1) and C is a universal constant, which may vary from line to line.

If we assume that the solution u of (2.0.1)–(2.0.3) is sufficiently smooth (i.e., sn > qn+1),

then we can write∫ tn

tn−1

∥ρ(j)1 (t)∥2L2(Ω) dt ≤ C
k
2(qn+1−j)
n

q
2(sn−1)
n

∥u∥2Hsn (In;L2(Ω)), (2.3.9)

for j = 0, 1, and ∫ tn

tn−1

∥ρ(2)1 (t)∥2L2(Ω) dt ≤ C
k2qn−2
n

q
2(sn−3)
n

∥u∥2Hsn (In;L2(Ω)). (2.3.10)

By Céa’s lemma and the interpolation property (2.3.1), we know that

∥∇(Phu− u)∥L2(Ω) ≤ min
v∈Vh

∥∇u−∇v∥L2(Ω) ≤ Chr∥u∥Hr+1(Ω). (2.3.11)
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Applying a duality argument (cf. Theorem 5.4.8 in [17]), we have

∥Phu− u∥L2(Ω) ≤ h∥∇(Phu− u)∥L2(Ω) ≤ Chr+1∥u∥Hr+1(Ω). (2.3.12)

Thus, we can approximate the terms involving ρ2 by the following:∫ tn

tn−1

∥ρ(j)2 (t)∥2L2(Ω) dt =

∫ tn

tn−1

∥Phu
(j)(t)− u(j)(t)∥2L2(Ω) dt

≤ Ch2r+2∥u∥2Hj(In;Hr+1(Ω)) for j = 0, 1, 2. (2.3.13)

Subtracting the variational formulation from the fully discrete scheme, we have

N∑
n=1

∫ tn

tn−1

〈
θ̈(t) + ρ̈1(t) + ρ̈2(t), v̇(t)

〉
dt+

N∑
n=1

∫ tn

tn−1

(
θ̇(t) + ρ̇1(t) + ρ̇2(t), v̇(t)

)
L2

dt

+

N∑
n=1

∫ tn

tn−1

(∇θ(t) +∇ρ1(t) +∇ρ2(t),∇v̇(t))L2 dt+

N−1∑
n=1

([θ̇ + ρ̇1 + ρ̇2]n, v̇(t
+
n ))L2

+

N−1∑
n=1

([∇θ +∇ρ1 +∇ρ2]n,∇v(t+n ))L2 + (u̇DG(t
+
0 )− u̇(t+0 ), v̇(t

+
0 ))L2

+ (∇uDG(t
+
0 )−∇u(t+0 ),∇v(t

+
0 ))L2

=
(
Phu1 − u1, v̇(t

+
0 )
)
L2 +

(
∇Phu0 −∇u0,∇v(t+0 )

)
L2 . (2.3.14)

By taking v = θ in (2.3.14), we have

N∑
n=1

∫ tn

tn−1

〈
θ̈(t), θ̇(t)

〉
dt+

N∑
n=1

∫ tn

tn−1

(
θ̇(t), θ̇(t)

)
L2

dt+
N∑

n=1

∫ tn

tn−1

(
∇θ(t),∇θ̇(t)

)
L2

dt

+
N−1∑
n=1

([θ̇]n, θ̇(t
+
n ))L2 +

N−1∑
n=1

([∇θ]n,∇θ(t+n ))L2 + (θ̇(t+0 ), θ̇(t
+
0 ))L2 + (∇θ(t+0 ),∇θ(t

+
0 ))L2

= −
N∑

n=1

∫ tn

tn−1

〈
ρ̈1(t), θ̇(t)

〉
dt−

N∑
n=1

∫ tn

tn−1

(
ρ̇1(t), θ̇(t)

)
L2

dt−
N∑

n=1

∫ tn

tn−1

(
∇ρ1(t),∇θ̇(t)

)
L2

−
N−1∑
n=1

(
[ρ̇1]n, θ̇(t

+
n )
)
L2

dt−
N−1∑
n=1

(
[∇ρ1]n,∇θ(t+n )

)
L2

−
(
ρ̇1(t

+
0 ), θ̇(t

+
0 )
)
L2

−
(
∇ρ1(t+0 ),∇θ(t

+
0 )
)
L2 −

N∑
n=1

∫ tn

tn−1

〈
ρ̈2(t), θ̇(t)

〉
dt
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−
N∑

n=1

∫ tn

tn−1

(
ρ̇2(t), θ̇(t)

)
L2

dt−
N∑

n=1

∫ tn

tn−1

(
∇ρ2(t),∇θ̇(t)

)
L2

dt

−
N−1∑
n=1

(
[ρ̇2]n, θ̇(t

+
n )
)
L2

−
N−1∑
n=1

(
[∇ρ2]n,∇θ(t+n )

)
L2 −

(
ρ̇2(t

+
0 ), θ̇(t

+
0 )
)
L2

−
(
∇ρ2(t+0 ),∇θ(t

+
0 )
)
L2 +

(
Phu1 − u1, θ̇(t

+
0 )
)
L2

+
(
∇Phu0 −∇u0,∇θ(t+0 )

)
L2 .

(2.3.15)

Since ρ2(t) := Phu(t)−u(t), both ρ2(t) and ρ̇2(t) are continuous in t. By the property of

the Ritz operator, we also have that(
∇ρ2(t),∇θ̇(t)

)
L2

= 0 for all t ∈ In, n = 1, . . . , N.

Thus, we can write (2.3.15) as follows:

N∑
n=1

∫ tn

tn−1

〈
θ̈(t), θ̇(t)

〉
dt+

N∑
n=1

∫ tn

tn−1

(
θ̇(t), θ̇(t)

)
L2

dt+

N∑
n=1

∫ tn

tn−1

(
∇θ(t),∇θ̇(t)

)
L2

dt

+

N−1∑
n=1

([θ̇]n, θ̇(t
+
n ))L2 +

N−1∑
n=1

([∇θ]n,∇θ(t+n ))L2 + (θ̇(t+0 ), θ̇(t
+
0 ))L2 + (∇θ(t+0 ),∇θ(t

+
0 ))L2

= −
N∑

n=1

∫ tn

tn−1

〈
ρ̈1(t), θ̇(t)

〉
dt−

N∑
n=1

∫ tn

tn−1

(
ρ̇1(t), θ̇(t)

)
L2

dt

−
N∑

n=1

∫ tn

tn−1

(
∇ρ1(t),∇θ̇(t)

)
L2

dt−
N−1∑
n=1

(
[ρ̇1]n, θ̇(t

+
n )
)
L2

−
N−1∑
n=1

(
[∇ρ1]n,∇θ(t+n )

)
L2 −

(
ρ̇1(t

+
0 ), θ̇(t

+
0 )
)
L2

−
(
∇ρ1(t+0 ),∇θ(t

+
0 )
)
L2

−
N∑

n=1

∫ tn

tn−1

〈
ρ̈2(t), θ̇(t)

〉
dt−

N∑
n=1

∫ tn

tn−1

(
ρ̇2(t), θ̇(t)

)
L2

dt. (2.3.16)

Note that∫ tn

tn−1

〈
ρ̈1(t), θ̇(t)

〉
dt =

∫ tn

tn−1

d

dt

(
ρ̇1(t), θ̇(t)

)
dt−

∫ tn

tn−1

(
ρ̇1(t), θ̈(t)

)
L2

dt

=
(
ρ̇1(t

−
n ), θ̇(t

−
n )
)
L2

−
(
ρ̇1(t

+
n−1), θ̇(t

+
n−1)

)
L2
, (2.3.17)

where we have used (d) of Lemma 2.11. Substituting (2.3.17) into (2.3.16) and rearranging
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the addends yield

N∑
n=1

∫ tn

tn−1

〈
θ̈(t), θ̇(t)

〉
dt+

N∑
n=1

∫ tn

tn−1

(
θ̇(t), θ̇(t)

)
L2

dt+

N∑
n=1

∫ tn

tn−1

(
∇θ(t),∇θ̇(t)

)
L2

dt

+

N−1∑
n=1

([θ̇]n, θ̇(t
+
n ))L2 +

N−1∑
n=1

(∇[θ]n,∇θ(t+n ))L2 + (θ̇(t+0 ), θ̇(t
+
0 ))L2 + (∇θ(t+0 ),∇θ(t

+
0 ))L2

= −
N∑

n=1

∫ tn

tn−1

(
ρ̇1(t), θ̇(t)

)
L2

dt−
N∑

n=1

∫ tn

tn−1

(
∇ρ1(t),∇θ̇(t)

)
L2

dt

−
N−1∑
n=1

(
ρ̇1(t

−
n ), [θ̇]n

)
L2

−
N−1∑
n=1

(
[∇ρ1]n,∇θ(t+n )

)
L2 −

(
ρ̇1(t

−
N ), θ̇(t−N )

)
L2

−
(
∇ρ1(t+0 ),∇θ(t

+
0 )
)
L2 −

N∑
n=1

∫ tn

tn−1

〈
ρ̈2(t), θ̇(t)

〉
dt−

N∑
n=1

∫ tn

tn−1

(
ρ̇2(t), θ̇(t)

)
L2

dt.

(2.3.18)

By (a)–(c) in Lemma 2.11, we have ρ1(t
±
n ) = 0 and ρ̇1(t

−
n ) = 0 for n = 1, . . . , N . Thus,

1

2
∥θ̇(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[θ̇]n∥2L2(Ω) +
1

2
∥θ̇(t−N )∥2L2(Ω) +

1

2
∥∇θ(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[∇θ]n∥2L2(Ω)

+
1

2
∥∇θ(t−N )∥2L2(Ω) +

N∑
n=1

∫ tn

tn−1

∥θ̇(t)∥2L2(Ω) dt

= −
N∑

n=1

∫ tn

tn−1

(
ρ̇1(t), θ̇(t)

)
L2

dt−
N∑

n=1

∫ tn

tn−1

(
∇ρ1(t),∇θ̇(t)

)
L2

dt

−
N∑

n=1

∫ tn

tn−1

〈
ρ̈2(t), θ̇(t)

〉
dt−

N∑
n=1

∫ tn

tn−1

(
ρ̇2(t), θ̇(t)

)
L2

dt

≤ 2
N∑

n=1

∫ tn

tn−1

∥ρ̇1(t)∥2L2(Ω) dt+ 2
N∑

n=1

∫ tn

tn−1

∥ρ̈2(t)∥2L2(Ω) dt+ 2
N∑

n=1

∫ tn

tn−1

∥ρ̇2(t)∥2L2(Ω) dt

+ 3× 1

8

N∑
n=1

∫ tn

tn−1

∥θ̇(t)∥2L2(Ω) dt+
N∑

n=1

∫ tn

tn−1

∥∆ρ1(t)∥L2(Ω)∥θ̇(t)∥L2(Ω) dt

≤ 2

N∑
n=1

∫ tn

tn−1

∥ρ̇1(t)∥2L2(Ω) dt+ 2

N∑
n=1

∫ tn

tn−1

∥ρ̇2(t)∥2L2(Ω) dt+ 2

N∑
n=1

∫ tn

tn−1

∥ρ̈2(t)∥2L2(Ω) dt

+ 2

N∑
n=1

∫ tn

tn−1

∥∆ρ1(t)∥2L2(Ω) dt+
1

2

N∑
n=1

∫ tn

tn−1

∥θ̇(t)∥2L2(Ω) dt
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≤ 1

2

N∑
n=1

∫ tn

tn−1

∥θ̇(t)∥2L2(Ω) dt+ 2C
N∑

n=1

k2qnn

q
2(sn−1)
n

∥u∥2Hsn (In;L2(Ω)) + 2C
N∑

n=1

h2r+2∥u∥2H1(In;Hr+1(Ω))

+ 2C
N∑

n=1

h2r+2∥u∥2H2(In;Hr+1(Ω)) + 2C
N∑

n=1

k2qn+2
n

q
2(sn−1)
n

∥u∥2Hsn (In;H2(Ω))

≤ C
N∑

n=1

k2qnn

q
2(sn−1)
n

∥u∥2Hsn (In;Hr+1(Ω)) + C
N∑

n=1

h2r+2∥u∥2H2(In;Hr+1(Ω)) +
1

2

N∑
n=1

∫ tn

tn−1

∥θ̇(t)∥2L2(Ω) dt.

(2.3.19)

We can absorb the last term on the right-hand side of (2.3.19) into the left-hand side to

obtain that

|||θ|||2 ≤ 2C
N∑

n=1

k2qnn

q2sn−2
n

∥u∥2Hsn (In;Hr+1(Ω)) + 2Ch2r+2
N∑

n=1

∥u∥2H2(In;Hr+1(Ω)). (2.3.20)

Note that

|||ρ2|||2 =
1

2
∥ρ̇2(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[ρ̇2]n∥2L2(Ω) +
1

2
∥ρ̇2(t−N )∥2L2(Ω) +

1

2
∥∇ρ2(t+0 )∥

2
L2(Ω)

+
1

2

N−1∑
n=1

∥[∇ρ2]n∥2L2(Ω) +
1

2
∥∇ρ2(t−N )∥2L2(Ω) +

N∑
n=1

∫ tn

tn−1

∥ρ̇2(t)∥2L2(Ω) dt

=
1

2
∥ρ̇2(t+0 )∥

2
L2(Ω) +

1

2
∥ρ̇2(t−N )∥2L2(Ω) +

1

2
∥∇ρ2(t+0 )∥

2
L2(Ω) +

1

2
∥∇ρ2(t−N )∥2L2(Ω)

+
N∑

n=1

∫ tn

tn−1

∥ρ̇2(t)∥2L2(Ω) dt

≤ Ch2r+2
(
∥u̇(t+0 )∥

2
Hr+1(Ω) + ∥u̇(t−N )∥2Hr+1(Ω)

)
+ Ch2r

(
∥u(t+0 )∥

2
Hr+1(Ω) + ∥u(t−N )∥2Hr+1(Ω)

)
+ Ch2r+2∥u∥2H1(0,T ;Hr+1(Ω)).

We also have that

|||ρ1|||2 =
1

2
∥ρ̇1(t+0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[ρ̇1]n∥2L2(Ω) +
1

2
∥ρ̇1(t−N )∥2L2(Ω) +

1

2
∥∇ρ1(t+0 )∥

2
L2(Ω)

+
1

2

N−1∑
n=1

∥[∇ρ1]n∥2L2(Ω) +
1

2
∥∇ρ1(t−N )∥2L2(Ω) +

N∑
n=1

∫ tn

tn−1

∥ρ̇1(t)∥2L2(Ω) dt

=
1

2

N∑
n=1

∥ρ̇1(t+n−1)∥
2
L2(Ω) +

N∑
n=1

∫ tn

tn−1

∥ρ̇1(t)∥2L2(Ω) dt
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=
1

2

N∑
n=1

∥ −
∫ tn

tn−1

ρ̈1(s) ds∥2L2(Ω) +
N∑

n=1

∫ tn

tn−1

∥ρ̇1(t)∥2L2(Ω) dt

≤
N∑

n=1

kn
2
∥∂tt(Πqn

In
Phu− Phu)∥2L2(In;L2(Ω)) +

N∑
n=1

∥∂t(Πqn
In
Phu− Phu)∥2L2(In;L2(Ω))

≤ C
N∑

n=1

k2qn−1
n

q
2(sn−3)
n

∥Phu∥2Hsn (In;L2(Ω)) + C
N∑

n=1

k2qnn

q
2(sn−1)
n

∥Phu∥2Hsn (In;L2(Ω))

≤ C
N∑

n=1

k2qn−1
n

q2sn−6
n

∥u∥2Hsn (In;L2(Ω)).

By the triangle inequality, we deduce that

|||u− uDG||| ≤ |||θ|||+ |||ρ1|||+ |||ρ2|||

≤ C

{ N∑
n=1

k2qn−1
n

q2sn−6
n

∥u∥2Hsn (In;Hr+1(Ω)) + h2r+2
N∑

n=1

∥u∥2H2(In;Hr+1(Ω))

} 1
2

+ C

{
h2r+2

(
∥u̇(t+0 )∥

2
Hr+1(Ω) + ∥u̇(t−N )∥2Hr+1(Ω)

)
+ h2r

(
∥u(t+0 )∥

2
Hr+1(Ω) + ∥u(t−N )∥2Hr+1(Ω)

)} 1
2

. (2.3.21)

Remark 2.21. If we use uniform time intervals kn = k, and uniform polynomial degrees

qn = q ≥ 2, sn = s ≥ 2 for n = 1, . . . , N , then the error bound becomes

|||u− uDG||| ≤ C(u)

(
h2r +

k2q−1

q2s−6

) 1
2

,

where C(u) is a positive constant depending on u and 1 ≤ r ≤ min(p,m− 1).

Remark 2.22. If we only consider the L2 error estimate at the end point, we can deduce

from the proof of Theorem 2.20 that

∥u̇(t−N )− u̇DG(t
−
N )∥L2(Ω) ≤ ∥θ̇(t−N )∥L2(Ω) + ∥ρ̇1(t−N )∥L2(Ω) + ∥ρ̇2(t−N )∥L2(Ω)

≤ C

(
h2(r+1) +

k2q

q2s−2

) 1
2

∥u∥Hs(0,T ;Hr+1(Ω)) + Chr+1∥u̇(t−N )∥Hr+1(Ω)
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≤ C(u)

(
h2(r+1) +

k2q

q2s−2

) 1
2

.

Analogously,

∥u̇(t−N )− u̇DG(t
−
N )∥L2(Ω) + ∥u(t−N )− uDG(t

−
N )∥L2(Ω) ≤C(u)

(
h2(r+1) +

k2q

q2s−2

) 1
2

.

2.4. Numerical experiments

In this section, we show some numerical results to verify the convergence properties

of the DG-in-time scheme introduced in Section 2.3.

2.4.1. Numerical results for a scalar linear wave equation We consider the one-

dimensional wave problem
ü(x, t) + 2γu̇(x, t) + γ2u(x, t)− ∂xxu(x, t) = f(x, t) in (0, 1)× (0, T ],

u(0, t) = u(1, t) = 0 for all t ∈ (0, T ],

u(x, 0) = u0(x), u̇(x, 0) = u1(x).

Here, we set T = 1, γ = 1 and let u0, u1 and f be chosen such that the exact solution is

u(x, t) = sin(
√
2πt) sin(πx). That is, u0(x) ≡ 0, u1(x) =

√
2π sin(πx), and

f(x, t) = [(−π2 + γ2) sin(
√
2πt) + 2

√
2γπ cos(

√
2πt)] sin(πx).

We first discretise the problem in the spatial direction using continuous piecewise polyno-

mials of degree p ≥ 1, and compute the corresponding mass and stiffness matrices using

FEniCS. Let Vh be the finite element function space with h being the spatial discretisa-

tion parameter specified previously. The numerical approximation of the one-dimensional

wave-type equation is the following: find uh ∈ Vh such that∫
Ω
üh · vh dx+

∫
Ω
2γu̇h · vh dx+

∫
Ω
γ2uh · vh dx+

∫
Ω
∂xuh · ∂xvh dx =

∫
Ω
f · vh dx,
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for all vh ∈ Vh. After discretisation in space based on the above weak formulation, the

problem results in the following second-order differential system for the nodal displace-

ment U(t):
M̃Ü(t) + 2γM̃U̇(t) + γ2M̃U(t) + K̃U(t) = F(t), t ∈ (0, T ],

U̇(0) = U1, U(0) = U0,

(2.4.1)

where Ü(t) (respectively U̇(t)) represents the vector of nodal acceleration (respectively

velocity) and F(t) is the vector of externally applied loads. Here, M̃ and K̃ are the mass

and stiffness matrices (with a Dirichlet boundary condition applied) whose entries are,

respectively,

M̃ij :=

∫ 1

0
ψi(x) · ψj(x) dx, K̃ij :=

∫ 1

0
∂xψi(x) · ∂xψj(x) dx,

where {ψi}d̂i=1 are the basis functions in the spatial direction. Multiplying the above

algebraic formulation by M̃− 1
2 and setting Z(t) = M̃

1
2U(t), we obtain

Z̈(t) + LŻ(t) +KZ(t) = G(t), t ∈ (0, T ], (2.4.2)

Ż(0) = M̃
1
2U1, Z(0) = M̃

1
2U0, (2.4.3)

where U0 = [0, . . . , 0]T ∈ Rd̂ and U1 is the d̂-vector corresponding to u1 at the grid

points. Here L = 2γId, K = γ2Id + M̃− 1
2 K̃M̃− 1

2 and G(t) = M̃− 1
2F(t). Note that M̃− 1

2

can be easily computed using scipy.linalg.fractional matrix power in Python. We

subdivided [0, T ) with T = 1 into N sub-intervals In, for n = 1, . . . , N, of uniform length

k. We assume that the polynomial degree in time is constant at each time step. That is,

q1 = · · · = qN = q ≥ 2. If we consider the time integration on a generic time interval In for

each n = 1, . . . N , our discontinuous-in-time formulation reads as follows: find Z ∈ Vqn
kh

such that(
Z̈(t), v̇

)
L2(In)

+
(
LŻ(t), v̇

)
L2(In)

+ (KZ(t), v̇)L2(In)
+ Ż(t+n−1) · v̇(t

+
n−1)
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+KZ(t+n−1) · v(t
+
n−1) = (G(t), v̇)L2(In)

+ Ż(t−n−1) · v̇(t
+
n−1) +KZ(t−n−1) · v(t

+
n−1),

(2.4.4)

for all v ∈ Vqn
kh, where on the right-hand side the values Ż(t−n−1) and Z(t−n−1) computed

for In−1 are used as initial conditions for the current time interval. For I1, we set Ż(t
−
0 ) =

Ż(0) and Z(t−0 ) = Z(0). Before we start the algebraic formulation of this problem, we

need to show that equation (2.4.4) is equivalent to the DG formulation of our original

problem. After semi-discretisation in spatial variables, we are left with equation (2.4.1).

On each time interval, our DG formulation is(
M̃Ü(t), φ̇

)
L2(In)

+ 2γ
(
M̃U̇(t), φ̇

)
L2(In)

+ γ2
(
M̃U(t), φ̇

)
L2(In)

+
(
K̃U(t), φ̇

)
L2(In)

+ M̃U̇(t+n−1) · φ̇(t
+
n−1) + γ2M̃U(t+n−1) ·φ(t

+
n−1) + K̃U(t+n−1) ·φ(t

+
n−1)

= (F(t), φ̇)L2(In)
+ M̃U̇(t−n−1) · φ̇(t

+
n−1) + γ2M̃U(t−n−1) ·φ(t

+
n−1) + K̃U(t−n−1) ·φ(t

+
n−1),

for all φ ∈ [Vh]
d̂. Since both M̃ and K̃ are positive definite and symmetric matrices, we

can replace M̃
1
2U by Z to have(

Z̈(t), M̃
1
2 φ̇
)
L2(In)

+ 2γ
(
Ż(t), M̃

1
2 φ̇
)
L2(In)

+
(
γ2Z(t) + M̃− 1

2 K̃M̃− 1
2Z(t), M̃

1
2 φ̇
)
L2(In)

+ Ż(t+n−1) · M̃
1
2 φ̇(t+n−1) + γ2Z(t+n−1) · M̃

1
2φ(t+n−1) + M̃− 1

2 K̃M̃− 1
2Z(t+n−1) · M̃

1
2φ(t+n−1)

=
(
M̃− 1

2F(t), M̃
1
2 φ̇
)
L2(In)

+ Ż(t−n−1) · M̃
1
2 φ̇(t+n−1) + γ2Z(t−n−1) · M̃

1
2φ(t+n−1)

+ M̃− 1
2 K̃M̃− 1

2Z(t−n−1) · M̃
1
2φ(t+n−1), (2.4.5)

for all φ ∈ [Vh]
d̂. By substituting G(t) = M̃− 1

2F(t), K = γ2Id + M̃− 1
2 K̃M̃− 1

2 and

v = M̃− 1
2φ, we obtain equation (2.4.4). Here K is also a symmetric and positive definite

matrix. From now on, we will consider the algebraic formulation of equation (2.4.4) only.

Focusing on the generic time interval In, we introduce the basis functions in the time

direction {ϕj(t)}qn+1
j=1 for the polynomial space Pqn(In) and define D = d̂(qn + 1), the

dimension of the local finite element space Vqn
kh. We also introduce the vectorial basis

{Φj
m(t)}j=1,...,qn+1

m=1,...,d̂
, where Φj

m(t) is the d̂-dimensional vector whose m-th component is
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ϕj(t) and the other components are zero. We write

Z(t) =

d̂∑
m=1

qn+1∑
j=1

αj
mΦj

m(t), (2.4.6)

where αj
m ∈ R for m = 1, . . . , d̂, j = 1, . . . , qn + 1. By choosing v(t) = Φj

m(t) for each

m = 1, . . . , d̂, j = 1, . . . , qn + 1, we obtain the following algebraic system

Az = b, (2.4.7)

where z ∈ RD = R(qn+1)d̂ is the solution vector (values for αj
m). Here b ∈ RD corresponds

to the right-hand side, which is given componentwise as

bj
m =

(
G(t), Φ̇j

m

)
L2(In)

+ Ż(t−n−1) · Φ̇
j
m(t+n−1) +KZ(t−n−1) · Φ

j
m(t+n−1), (2.4.8)

form = 1, . . . , d̂, j = 1, . . . , qn+1.A is the local stiffness matrix of size (qn+1)d̂×(qn+1)d̂

with its structure being discussed below. For l, j = 1, . . . , qn + 1,

M1
lj =

(
ϕ̈j , ϕ̇l

)
L2(In)

, M2
lj =

(
ϕ̇j , ϕ̇l

)
L2(In)

, M3
lj =

(
ϕj , ϕ̇l

)
L2(In)

,

M4
lj = ϕ̇j(t+n−1) · ϕ̇

l(t+n−1), M5
lj = ϕj(t+n−1) · ϕ

l(t+n−1).

Setting

M =M1 +M4, Bij = LijM
2 +Kij(M

3 +M5),

with M,Bij ∈ R(qn+1)×(qn+1) for any i, j = 1, . . . , d̂, we can write the matrix A as

A =



M 0 0 · · · 0

0 M 0 · · · 0

...
. . .

. . .
. . .

...

0 0 0 · · · M


+



B1,1 B1,2 · · · B1,d̂

B2,1 B2,2 · · · B2,d̂

...
. . .

. . .
...

Bd̂,1 Bd̂,2 · · · Bd̂,d̂


.

For each time interval In = (tn−1, tn], we use the following shifted and scaled Legendre
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polynomials {ϕi} as the basis polynomials.

ϕ1(t) = 1, ϕ2(t) =
2(t− t+n−1)

kn
− 1, ϕ3(t) =

6(t− t+n−1)
2

k2n
−

6(t− t+n−1)

kn
+ 1,

ϕ4(t) =
20(t− t+n−1)

3

k3n
−

30(t− t+n−1)
2

k2n
+

12(t− t+n−1)

kn
− 1,

ϕ5(t) =
70(t− t+n−1)

4

k4n
−

140(t− t+n−1)
3

k3n
+

90(t− t+n−1)
2

k2n
−

20(t− t+n−1)

kn
+ 1,

ϕ6(t) =
252(t− t+n−1)

5

k5n
−

630(t− t+n−1)
4

k4n
+

560(t− t+n−1)
3

k3n
−

210(t− t+n−1)
2

k2n
+

30(t− t+n−1)

kn
− 1.

This implies that

ϕ̇1(t) = 0, ϕ̇2(t) =
2

kn
, ϕ̇3(t) =

12(t− t+n−1)

k2n
− 6

kn
,

ϕ̇4(t) =
60(t− t+n−1)

2

k3n
−

60(t− t+n−1)

k2n
+

12

kn
,

ϕ̇5(t) =
280(t− t+n−1)

3

k4n
−

420(t− t+n−1)
2

k3n
+

180(t− t+n−1)

k2n
− 20

kn
,

ϕ̇6(t) =
1260(t− t+n−1)

4

k5n
−

2520(t− t+n−1)
3

k4n
+

1680(t− t+n−1)
2

k3n
−

420(t− t+n−1)

k2n
+

30

kn
,

and

ϕ̈1(t) = 0, ϕ̈2(t) = 0, ϕ̈3(t) =
12

k2n
, ϕ̈4(t) =

120(t− t+n−1)

k3n
− 60

k2n
,

ϕ̈5(t) =
840(t− t+n−1)

2

k4n
−

840(t− t+n−1)

k3n
+

180

k2n
,

Figure 2.2: Sparsity pattern of the matrix A for p = qn = 2, 3, 4, 5 from left to right,
where p is the polynomial degree for the spatial discretisation.
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ϕ̈6(t) =
5040(t− t+n−1)

3

k5n
−

7560(t− t+n−1)
2

k4n
+

3360(t− t+n−1)

k3n
− 420

k2n
.

We computeM1, . . . ,M5 according to the above-mentioned formulae for qn = 2, 3, 4, 5

respectively. The corresponding matrix A has a symmetric density structure and its

sparsity depends on the polynomial degree of the fully discrete finite element space Vqn
kh for

each time step. We plot the sparsity ofA in Figure 2.2 for qn = 2, 3, 4, 5 with CG–p (where

p = qn) elements in space. It shows that the matrix gets less sparse as the polynomial

degree increases. The linear system Az = b is solved using numpy.linalg.solve in

Python.

Table 2.1: 1D linear wave equation with p = q: computed errors |||Z − ZDG|||, ||u̇(T ) −
u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect to polynomial degrees

q = 2, 3, 4, 5.

q k energy-norm error rate L2-error rate

2 5.000e− 1 1.6104e− 0 — 2.7764e− 2 —
2.500e− 1 6.3133e− 1 1.3509 3.1785e− 3 3.1268
1.250e− 1 2.3095e− 1 1.4508 2.9815e− 4 3.4142
6.250e− 2 8.2525e− 2 1.4847 3.8145e− 5 2.9665

3 5.000e− 1 3.3107e− 1 — 9.2796e− 3 —
2.500e− 1 6.6906e− 2 2.3069 3.4250e− 4 4.7599
1.250e− 1 1.2170e− 2 2.4588 1.4774e− 5 4.5350
6.250e− 2 2.1682e− 3 2.4888 7.6664e− 7 4.2684

4 5.000e− 1 6.3773e− 2 — 2.4916e− 4 —
2.500e− 1 5.7582e− 3 3.4693 4.3113e− 6 5.8528
1.250e− 1 5.1473e− 4 3.4837 1.1657e− 7 5.2089
6.250e− 2 4.5654e− 5 3.4950 3.8021e− 9 4.9383

5 5.000e− 1 6.8152e− 3 — 1.3549e− 5 —
2.500e− 1 3.3249e− 4 4.3574 2.8591e− 7 5.5665
1.250e− 1 1.4968e− 5 4.4734 4.9007e− 9 5.8664
6.250e− 2 6.6462e− 7 4.4932 7.7459e− 11 5.9834

Here we use CG–p elements (continuous piecewise polynomials of degree p) in space

with h = k, T = 1 and γ = 1, and compute the errors |||Z − ZDG||| and ∥u̇(T ) −

u̇DG(t
−
N )∥L2(Ω) versus k for k = 2−l, l = 1, 2, 3, 4, with respect to polynomial degrees

q = 2, 3, 4, 5. We first choose p = q, i.e., the polynomial degree in the spatial direction is



53

the same as the polynomial degree in the time direction. Both the semi-discrete errors

in the energy norm and the fully discrete errors at end nodal points in the L2-norm

are reported in Table 2.1 and plotted in a log-log scale in Figure 2.3 and Figure 2.4. As

expected, the convergence rate in the energy norm is of order O(kq−
1
2 ), which is consistent

with Remark 2.18. For the fully discrete errors in the L2-norm, the numerical experiments

show a better convergence rate of O(kq+1) rather than O(kq) (cf. Remark 2.22). This

hints that our error estimates derived at the nodal points are not optimal. In fact, an

error estimate of O(hp+1 + k2q−1) at the nodal points was proved by Eriksson et al. [34]

for the linear parabolic equation. It is thus possible to derive similar error estimates

for the linear wave equation. To verify our conjecture, we test with p = 2q − 2 and

p = 2q− 1 respectively (cf. Table 2.2 and Table 2.3). Both tests show a convergence rate

of O(k2q−1), which is consistent with our conjecture. Note that for the case p = 2q − 1,

with h = k, the error estimate is still of O(k2q−1) because O(k2q−1) dominates O(h2q).

Remark 2.23. Note that γ > 0 (i.e., L is a positive definite differential operator) ensures

the stability of our numerical scheme. If we set γ = 0 and consider the following wave

equation

ü(x, t)− ∂xxu(x, t) = f(x, t) in (0, 1)× (0, T ],

with

f(x, t) = −π2 sin(
√
2πt) sin(πx),

similar convergence rates are observed. This suggests that our numerical scheme still

works even if the coercivity of the bilinear form does not induce a norm.
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Table 2.2: 1D linear wave equation with p = 2q − 2: computed errors |||Z − ZDG|||,
||u̇(T )− u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect to polynomial

degrees q = 2, 3, 4.

q k energy-norm error rate L2-error rate

2 5.000e− 1 1.6104e− 0 — 2.7764e− 2 —
2.500e− 1 6.3133e− 1 1.3509 3.1785e− 3 3.1268
1.250e− 1 2.3095e− 1 1.4508 2.9815e− 4 3.4142
6.250e− 2 8.2525e− 2 1.4847 3.8145e− 5 2.9665

3 5.000e− 1 3.3067e− 1 — 8.4203e− 3 —
2.500e− 1 6.6901e− 2 2.3053 2.5352e− 4 5.0537
1.250e− 1 1.2169e− 2 2.4588 7.4658e− 6 5.0857
6.250e− 2 2.1682e− 3 2.4886 2.2401e− 7 5.0587

4 5.000e− 1 6.3765e− 2 — 1.5878e− 4 —
2.500e− 1 5.7580e− 3 3.4691 1.2464e− 6 6.9931
1.250e− 1 5.1472e− 4 3.4837 9.5992e− 9 7.0206
6.250e− 2 4.5654e− 5 3.4950 7.2384e− 11 7.0511

Table 2.3: 1D linear wave equation with p = 2q − 1: computed errors |||Z − ZDG|||,
||u̇(T )− u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect to polynomial

degrees q = 2, 3, 4.

q k energy-norm error rate L2-error rate

2 5.000e− 1 1.6125e− 0 — 9.4398e− 2 —
2.500e− 1 6.3137e− 1 1.3527 1.3508e− 2 2.8049
1.250e− 1 2.3095e− 1 1.4509 1.7750e− 3 2.9279
6.250e− 2 8.2525e− 2 1.4847 2.2554e− 4 2.9763

3 5.000e− 1 3.3075e− 1 — 2.1981e− 3 —
2.500e− 1 6.6902e− 2 2.3056 9.6398e− 5 4.5111
1.250e− 1 1.2169e− 2 2.4588 3.2432e− 6 4.8935
6.250e− 2 2.1682e− 3 2.4886 1.0376e− 7 4.9661

4 5.000e− 1 6.3765e− 2 — 7.9749e− 5 —
2.500e− 1 5.7580e− 3 3.4691 6.0876e− 7 7.0334
1.250e− 1 5.1472e− 4 3.4837 4.8693e− 9 6.9660
6.250e− 2 4.5654e− 5 3.4950 3.9113e− 11 6.9599
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Figure 2.3: 1D linear wave equation with p = q: computed
errors |||Z − ZDG||| plotted against 1/k for q = 2, 3, 4, 5 in a
log-log scale.

Figure 2.4: 1D linear wave equation with p = q: computed er-
rors ∥u̇(T )−u̇DG(t

−
N )∥L2(Ω) plotted against 1/k for q = 2, 3, 4, 5

in a log-log scale.
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Table 2.4: 1D linear wave equation with the generalised–α and the Newmark–β methods:
computed errors ||u̇(T )−u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect

to polynomial degrees p = 2, 3, 4.

p k = h Newmark–β error rate generalised–α error rate

2 5.000e− 1 1.2325e− 0 — 1.2283e− 0 —
2.500e− 1 5.1116e− 1 1.2697 5.4672e− 1 1.1678
1.250e− 1 1.4317e− 1 1.8360 1.5308e− 1 1.8365
6.250e− 2 3.6778e− 2 1.9608 3.9282e− 2 1.9623

3 5.000e− 1 1.2455e− 0 — 1.2411e− 0 —
2.500e− 1 5.1247e− 1 1.2812 5.4793e− 1 1.1796
1.250e− 1 1.4327e− 1 1.8387 1.5316e− 1 1.8390
6.250e− 2 3.6784e− 2 1.9616 3.9288e− 2 1.9629

4 5.000e− 1 1.2438e− 0 — 1.2397e− 0 —
2.500e− 1 5.1238e− 1 1.2795 5.4785e− 1 1.1781
1.250e− 1 1.4326e− 1 1.8386 1.5316e− 1 1.8387
6.250e− 2 3.6784e− 2 1.9615 3.9288e− 2 1.9629

Table 2.5: 1D linear wave equation with p = 2: comparison of computational time
between the DG method and the generalised–α method

q k single time step total time L2-error

DG method 1.250e− 1 5.82e− 2s 7.06e− 1s 2.9815e− 4
Generalised α 1.250e− 1 2.26e− 2s 3.67e− 1s 1.5308e− 1

We also compare our proposed DG method with the generalised–α method [35] (with

αm = 0.2 and αf = 0.4) and the Newmark–β method (i.e., the generalised–α method

with αm = αf = 0), which are second-order accurate in the temporal domain (cf. Table

2.4 and Table 2.5). As expected, our DG method outperforms these two finite difference

schemes in terms of convergence rate and accuracy. Though each time step is more

expensive in our approach because a linear system needs to be solved for each time step,

this can be balanced using a larger time step.
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2.4.2. Numerical results for a two-dimensional elastodynamics problem Now

we consider a two-dimensional linearised elastodynamics problem. For T > 0, find u : Ω×

[0, T ] → R2 such that
ρü+ 2ργu̇+ ργ2u−∇ · σ = f in Ω× (0, T ],

u = 0 on ∂Ω× (0, T ],

u(x, 0) = u0(x), u̇(x, 0) = u1(x) in Ω.

Here f ∈ L2(0, T, L2(Ω)) is the source term, and ρ ∈ L∞(Ω) is such that ρ = ρ(x) > 0

for almost any x ∈ Ω. The stress tensor σ is defined through Hooke’s law, that is,

σ = 2µε+ λtr(ε)Id, where Id is the identity matrix, tr is the trace operator, and

ε(u) =
1

2
(∇u+∇uT ).

Note that we assume ∂Ω ∈ C2 in the problem set up (cf. equation 2.0.1) to apply the

duality argument in the convergence analysis (cf. Section 2.3). In fact, it is sufficient to

assume that Ω is a convex polygon for d = 2. We consider Ω = (0, 1) × (0, 1), T = 1,

and set ρ = 1, γ = 1, λ = 1 and µ = 1. Here we choose u0, u1 and f such that the exact

solution is

u(x, t) = sin(
√
2πt)

− sin2(πx) sin(2πy)

sin(2πx) sin2(πy)

 .
We discretise the linearised elastodynamics equations in the same manner as in Section

2.4.1. Again, we choose p = q, h = k and compute the errors |||Z− ZDG||| and ∥u(T )−

uDG(t
−
N )∥L2(Ω) + ∥u̇(T ) − u̇DG(t

−
N )∥L2(Ω) versus k for k = 0.500, 0.250, 0.125 and 0.100

with respect to polynomial degrees q = 2, 3, 4. Note that here we use k = h = 0.100

instead of 0.0625 for the smallest time step; this is due to the computational limits of

FEniCs for the high order approximation of non-scalar problems. We choose the last step

to be 0.100 to ensure that we still have sufficient data to compute the convergence rates.

Both the semi–discrete errors in the energy norm and the fully discrete errors at nodal
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points in the L2-norm are computed in Table 2.6 and plotted in a log-log scale in Figure

2.5 and Figure 2.6.

Table 2.6: 2D linearised elastodynamics problem with p = q: computed errors |||Z −
ZDG|||, ||u(T )−uDG(t

−
N )||L2(Ω)+ ||u̇(T )− u̇DG(t

−
N )||L2(Ω) and corresponding convergence

rates with respect to polynomial degrees q = 2, 3, 4.

q k energy-norm error rate L2-error rate

2 5.000e− 1 1.2668e− 0 — 7.2172e− 1 —
2.500e− 1 5.2863e− 1 1.2609 9.5802e− 2 2.9133
1.250e− 1 1.9754e− 1 1.4201 1.2390e− 2 2.9509
1.000e− 1 1.4262e− 2 1.4599 6.8663e− 3 2.6452

3 5.000e− 1 3.1328e− 1 — 1.3788e− 1 —
2.500e− 1 6.0999e− 2 2.3606 1.2789e− 2 3.4304
1.250e− 1 1.0548e− 2 2.5318 6.1569e− 4 4.3765
1.000e− 1 6.0522e− 3 2.4895 2.4334e− 4 4.1600

4 5.000e− 1 1.5241e− 1 — 8.4535e− 2 —
2.500e− 1 6.1539e− 3 4.6303 1.7324e− 3 5.6087
1.250e− 1 4.5846e− 4 3.7466 5.4731e− 5 4.9843
1.000e− 1 2.0732e− 4 3.5565 1.7987e− 5 4.9868

Table 2.7: 2D linearised elastodynamics problem with p = 2q−2: computed errors |||Z−
ZDG|||, ||u(T )−uDG(t

−
N )||L2(Ω)+ ||u̇(T )− u̇DG(t

−
N )||L2(Ω) and corresponding convergence

rates with respect to polynomial degrees q = 2, 3, 4.

q k energy-norm error rate L2-error rate

2 5.000e− 1 1.2668e− 0 — 7.2172e− 1 —
2.500e− 1 5.2863e− 1 1.2609 9.5802e− 2 2.9133
1.250e− 1 1.9754e− 1 1.4201 1.2390e− 2 2.9509
1.000e− 1 1.4262e− 2 1.4599 6.8663e− 3 2.6452

3 5.000e− 1 2.9135e− 1 — 7.3446e− 2 —
2.500e− 1 5.6740e− 2 2.3603 3.7267e− 3 4.3007
1.250e− 1 1.0486e− 2 2.4359 1.1836e− 4 4.9766
1.000e− 1 6.0356e− 3 2.4754 3.8835e− 5 4.9941

4 5.000e− 1 5.2822e− 2 — 6.7767e− 3 —
2.500e− 1 4.9297e− 3 3.4216 4.4456e− 5 7.2521
1.250e− 1 4.4454e− 4 3.4711 3.7959e− 7 6.8718
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Figure 2.5: 2D linearised elastodynamics problem with p = q:
computed errors |||Z−ZDG||| plotted against 1/k for q = 2, 3, 4
in a log-log scale.

Figure 2.6: 2D linearised elastodynamics problem with
p = q: computed errors ∥u(T ) − uDG(t

−
N )∥L2(Ω) + ∥u̇(T ) −

u̇DG(t
−
N )∥L2(Ω) plotted against 1/k for q = 2, 3, 4 in a log-log

scale.
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Table 2.8: 2D linearised elastodynamics problem with the generalised–α and the
Newmark–β methods: computed errors ∥u(T )−uDG(t

−
N )∥L2(Ω)+∥u̇(T )− u̇DG(t

−
N )∥L2(Ω)

and corresponding convergence rates with respect to polynomial degrees p = 2, 3, 4.

p k = h Newmark–β error rate generalised–α error rate

2 5.000e− 1 1.7657e− 0 — 3.3111e− 0 —
2.500e− 1 6.6997e− 1 1.3981 1.3432e− 0 1.3016
1.250e− 1 1.5397e− 1 2.1214 2.9609e− 1 2.1816
6.250e− 2 3.5884e− 2 2.1012 6.4175e− 2 2.2060

3 5.000e− 1 2.3486e− 0 — 4.2408e− 0 —
2.500e− 1 8.0663e− 1 1.5418 1.5214e− 0 1.4789
1.250e− 1 1.6678e− 1 2.2740 3.1034e− 1 2.2934
6.250e− 2 3.6695e− 2 2.1843 6.5030e− 2 2.2547

4 5.000e− 1 2.3966e− 0 — 4.3113e− 0 —
2.500e− 1 8.1573e− 1 1.5548 1.5310e− 0 1.4936
1.250e− 1 1.6703e− 1 2.2880 3.1059e− 1 2.3014
6.250e− 2 3.6703e− 2 2.1861 6.5038e− 2 2.2557

Table 2.9: 2D linearised elastodynamics equation with p = 2: comparison of computa-
tional time between the DG method and the generalised–α method.

q k single time step total time L2-error

DG method 1.250e− 1 9.81e + 1s 1.04e + 3s 1.2390e− 2
Generalised α 1.250e− 1 3.86e− 1s 3.44e− 0s 2.9609e− 1

A convergence rate of O(kq−
1
2 ) for the energy norm is observed, in accordance with

the theoretical result (cf. Remark 2.18). Again, the numerical experiments show a better

nodal convergence rate in the L2 norm of O(kq+1) rather than O(kq). If we repeat the

numerical tests with p = 2q − 2 and h = k (cf. Table 2.7), we obtain a convergence rate

of O(k2q−1) as in the one-dimensional example. Note that for DG–4 elements, we did

not compute the errors for the last time step k = 0.100 due to computational limit. In

particular, each mass matrix M takes around 1.38GB storage space, and this means that

the linear system Az = b we are solving takes at least 1.38× (4+ 1)2 = 34.5GB physical

memory. Thus, it is not within the capabilities of my computational resources.

Again, we compare the proposed DG method with the generalised–α [35] and the
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Newmark–β [58] time integration schemes. For the two-dimensional example, our DG

approach is much more expensive than the generalised-α scheme. Thus, it is necessary

to introduce some preconditioning or parallelisation strategies to improve the efficiency

of computations.



Chapter 3

Nonlinear elastodynamics

equations

This chapter aims to show how a discontinuous Galerkin time-stepping method can be

used to approximate solutions of second-order quasilinear hyperbolic systems, which arise

in a range of relevant applications, namely elastodynamics and general relativity. There

has been a substantial body of research devoted to both the theoretical and numerical

analysis of solutions to second-order hyperbolic equations. In particular, Kato [49] es-

tablished the existence of solutions to the initial-boundary-value problem for quasilinear

hyperbolic equations using semigroup theory. Building on Kato’s work [49], Hughes, Kato

and Marsden [43] analysed the existence, uniqueness and well-posedness of a more general

class of quasilinear second-order hyperbolic systems on a short time interval. They also

applied these results to elastodynamics and Einstein’s equations for the Lorentz metric

gα,β on R4, 0 ≤ α, β ≤ 3. In contrast to the semigroup approach, Dafermos and Hrusa [24]

used energy methods to establish the local in time existence of smooth solutions to initial-

boundary-value problems for such hyperbolic systems on a bounded domain Ω ⊆ Rd where

d = 1, 2, 3. In the case of d = 3, Chen and Von Wahl proved an existence theorem for simi-

lar initial-boundary-value problems in [18]. Concerning numerical approximations of such
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equations, Makridakis [56] proved optimal L2 error estimates for both a semi-discrete and

a class of fully discrete schemes for the elastodynamics problem. In [61], Ortner and Süli

developed the convergence analysis of semidiscrete discontinuous Galerkin finite element

approximations of second-order quasilinear hyperbolic systems. In this chapter, we will

focus on the equations of nonlinear elastodynamics, though the ideas and techniques can

be easily generalised to other second-order nonlinear hyperbolic equations, for instance,

Einstein’s equations, provided the assumptions on the nonlinearity assumed herein are

satisfied.

We begin by formulating the time-dependent problem resulting from nonlinear elas-

ticity. Consider a homogeneous elastic body with reference configuration Ω, a bounded

domain in Rd for d = 1, 2, 3, with sufficiently smooth boundary ∂Ω. Particles in this

reference configuration are denoted by their coordinates x. A motion χ(·, t) : Ω → Rn

over the time interval [0, T ] for 0 < T < ∞ is a mapping of the body to the current

configuration, which satisfies the equations of balance of linear momentum

χ̈(x, t) = DivŜ(x, t) + f(x, t) in Ω× (0, T ]. (3.0.1)

Here χ(x, t) is the position of the particle with reference position x at time t, Ŝ represents

the Piola-Kirchhoff stress and f is the body force. Here the dot over χ denotes differenti-

ation with respect to time and Div is the divergence operator. The Piola-Kirchhoff stress

Ŝ is determined from the deformation gradient ∇χ through the following constitutive

relation

Ŝ(x, t) = S(∇χ(x, t)), (3.0.2)

where S is a given smooth d× d matrix-valued function defined on Rd×d, which charac-

terises the material.

A typical problem of interest is to determine a motion of the elastic body when its

boundary is held fixed, its initial configuration χ(·, 0) and initial velocity χ̇(·, 0) are

known, and the body force f is given. We consider the displacement field u : Ω× [0, T ] →
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Rn defined by

u(x, t) := χ(x, t)− x. (3.0.3)

For simplicity, we assume that the reference configuration is an actual configuration of

the body, that is, we write S(∇u) instead of S(∇u+ Id). Then this displacement field u

satisfies the following initial-boundary-value problem:

üi(x, t)−
d∑

α=1

∂αSiα(∇u(x, t)) = fi(x, t) in Ω× (0, T ], (3.0.4)

for each i = 1, . . . , d, where u = [u1, . . . , ud]
T represents the displacement field and

f = [f1, . . . , fd]
T is the given body force which is sufficiently smooth, and

u(x, t) = 0 on ∂Ω× (0, T ], (3.0.5)

u(x, 0) = u0(x) ∈ [H1
0 (Ω)]

d ∩ [Hm(Ω)]d, u̇(x, 0) = u1(x) ∈ [Hm−1(Ω)]d, (3.0.6)

are prescribed boundary and initial conditions, andm is an integer which will be specified

later. Here and in (3.0.4) the dots over u denote differentiation with respect to time t,

and ∂α is the partial derivative with respect to xα. For a complete discussion of the

relevant mechanical background, we refer the reader to [5, 40].

For hyperelastic materials, S is the gradient of a scalar-valued ‘stored energy function’,

that is,

Siα(η) :=
∂

∂ηiα
W (η), for η ∈ Rd×d.

Let

Aiαjβ(η) :=
∂

∂ηjβ
Siα(η), for η ∈ Rd×d.

Clearly, we have

Aiαjβ = Ajβiα, for 1 ≤ i, α, j, β ≤ d. (S1a)

We assume that the elasticities Aiαjβ satisfy the strict Legendre–Hadamard condition

d∑
i,α,β,j=1

Aiαjβ(η)ζαζβξiξj ≥M0|ζ|2|ξ|2 for all η ∈ O and ζ, ξ ∈ Rd, (S1b)
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for some real number M0 > 0, where O is the domain of definition of Aiαjβ and here | · |

denotes the Euclidean norm on Rd.

The initial-boundary-value problem (3.0.4)–(3.0.6) does not have a global smooth

solution as a result of breaking waves and shocks no matter how smooth u0, u1 and f are.

It was proved by Dafermos and Hrusa [24] that there exists a unique local solution to the

problem (3.0.4)–(3.0.6) provided that (S1a,b) are satisfied. We summarise this existence

result in the following theorem.

Theorem 3.1. Let Ω be a bounded domain in Rd with smooth boundary ∂Ω. Assume

that (S1a,b) hold, that Aiαjβ and f are sufficiently smooth, and that u0 ∈ [Hm(Ω)]d and

u1 ∈ [Hm−1(Ω)]d for some integer m ≥ [d2 ] + 3. Assume further that the initial values of

the time derivatives of u up to order m − 1 vanish on ∂Ω and that ∇u0[Ω] ⊂ O. Then,

there exists a finite time T > 0 for which (3.0.4)–(3.0.6) has a unique solution u such

that

u ∈
m⋂
s=0

Cm−s([0, T ]; [Hs(Ω)]d). (3.0.7)

By the Sobolev embedding theorem, (3.0.7) implies that

u ∈ [Cβ([0, T ]× Ω)]d :=

β⋂
s=0

Cβ−s([0, T ]; [Cs(Ω)]d),

where β = m−[d2 ]−1. Note that our assumption onm implies that β ≥ 2.We shall assume

throughout this chapter that the above assumptions are satisfied for m sufficiently large

so that a unique solution of (3.0.4) exists. In fact, by Theorem 3.1, this unique solution

satisfies

u ∈ C1([0, T ], [Hm−1(Ω)]d) ∩ C([0, T ], [Hm(Ω)]d).

3.1. Definition and assumptions

In order to find a numerical approximation to the solution of the hyperbolic system

(3.0.4)–(3.0.6), we discretise it in space using a continuous Galerkin method, and then ap-

ply a discontinuous Galerkin method in time. For the sake of showing the well-posedness
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of the resulting numerical method, we consider the substitution u = eγtv, with γ > 0,

resulting in the equivalent equation:

v̈i(x, t) + 2γv̇i(x, t) + γ2vi(x, t)− e−γt
d∑

α=1

∂αSiα(e
γt∇v(x, t)) = f̃i(x, t) in Ω× (0, T ],

(3.1.1)

for each i = 1, . . . , d, where f̃ = e−γtf , γ > 0 is a fixed constant,

v(x, t) = 0 on ∂Ω× (0, T ], (3.1.2)

v(x, 0) = v0(x) ∈ [H1
0 (Ω)]

d ∩ [Hm(Ω)]d, v̇(x, 0) = v1(x) ∈ [Hm−1(Ω)]d, (3.1.3)

where v0(x) = u0(x) and v1(x) = u1(x) − γu0(x). Here γ can be any positive number

and it does not have any effect on the convergence of the numerical scheme. From now

on, we focus on the system of equations (3.1.1)–(3.1.3) only. By Theorem 3.1, we have

v = ue−γt ∈ C1([0, T ], [Hm−1(Ω)]d) ∩ C([0, T ], [Hm(Ω)]d).

This shows that the initial conditions stated as (3.1.3) in the above definition are mean-

ingful.

We define the following time-dependent semilinear form

a(v(t),φ) :=

d∑
i,α=1

e−γt(Siα(e
γt∇v(t)), ∂αφi)L2 , for φ ∈ [H1

0 (Ω)]
d.

Since we also need to approximate the gradient of the solution∇u = eγt∇v, we assume

that there exists an open convex set M with M ⊂ O such that ∇u([Ω× [0, T ]]) ⊂ M. If

the distance of M from ∂O is δ, we consider the set

Mδ := {η ∈ Rd×d : inf
σ∈M

|η − σ| ≤ δ}, (3.1.4)

where | · | denotes the Frobenius norm on Rd×d defined, for η ∈ Rd×d, by |η| = (η : η)
1
2 .

Notice that the set Mδ is convex (cf. [60] for the proof). Since we only require S to be
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locally Lipschitz continuous in Mδ, we define the local Lipschitz constant of S in Mδ by

Kδ := sup
η∈Mδ

 d∑
i,α,j,β=1

|Aiαjβ(η)|2
 1

2

, (3.1.5)

and the local Lipschitz constant of the fourth-order elasticity tensor A = ∇S by

Lδ := sup
η1,η2∈Mδ, η1 ̸=η2

|η1 − η2|−1

 d∑
i,α,j,β=1

|Aiαjβ(η1)−Aiαjβ(η2)|2
 1

2

. (3.1.6)

Since the set Mδ is a compact subset of Rd×d for every δ > 0 and Aiαjβ is sufficiently

smooth (and in particular continuously differentiable on Mδ), it follows that Kδ and Lδ

are finite. We also define

Zδ := {Φ ∈ L∞(Ω)d×d : Φ(x) ∈ Mδ, x ∈ Ω}. (3.1.7)

This set Zδ is expected to contain the gradients of approximations of u. We define

ã(φ;ϕ,ψ) :=
d∑

i,α,j,β=1

(Aiαjβ(∇φ)∂βϕj , ∂αψi)L2 , for φ,ϕ,ψ ∈ [H1
0 (Ω)]

d. (3.1.8)

By the definition of Zδ and (S1a), we have

ã(φ;ϕ,ψ) = ã(φ;ψ,ϕ), for φ,ϕ,ψ ∈ [H1
0 (Ω)]

d,∇φ ∈ Zδ. (S2a)

We also assume that there exists a real number M1 > 0 such that

ã(φ;ϕ,ϕ) ≥M1∥∇ϕ∥2L2(Ω), for φ,ϕ ∈ [H1
0 (Ω)]

d,∇φ ∈ Zδ. (S2b)

In general, (S1b) does not imply (S2b) for d > 1. We refer the reader to [23, 76, 80] for

counterexamples. In fact, (S1b) only implies the following G̊arding’s inequality:

ã(φ;ϕ,ϕ) ≥ 1

2
M0∥∇ϕ∥2L2 − µ∥ϕ∥2L2 for µ ≥ 0,φ,ϕ ∈ [H1

0 (Ω)]
d,∇φ ∈ Zδ,

cf. Theorem 6.5.1 in [57] and Lemma 5 in [60]. The techniques of this chapter can be

extended so that our results are still valid under this weak condition.
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3.2. Numerical scheme

3.2.1. Semi-discrete approximation We shall discretise the problem (3.1.1)–(3.1.3)

in space using a continuous Galerkin method. For the spatial discretisation parameter

h ∈ (0, 1), we define Vh to be a given family of finite-dimensional subspaces of [H1
0 (Ω)]

d∩

[Hm(Ω)]d with polynomial degree p ≥ 1. We shall assume that the triangulation {Th}h>0

of Ω into d-dimensional simplices, which are possibly curved along the boundary ∂Ω,

is shape-regular and quasi-uniform. It follows from Bernardi’s work [15] that, for v ∈

[Hm(Ω)]d ∩ [H1
0 (Ω)]

d,

inf
vh∈Vh

{∥v−vh∥L2(Ω)+h∥v−vh∥H1(Ω)} ≤ Chr+1∥v∥Hr+1(Ω), 1 ≤ r ≤ min(p,m−1). (i)

Further, the following inverse inequalities follow directly from the quasi-uniformity of the

triangulation.

There exists a positive constant C0 such that, for every vh ∈ Vh,

∥∇vh∥L2(Ω) ≤ C0h
−1∥vh∥L2(Ω) and ∥∇vh∥L∞(Ω) ≤ C0h

−1∥vh∥L∞(Ω). (ii,a)

There exists a positive constant C1 such that, for every vh ∈ Vh,

∥∇vh∥L∞(Ω) ≤ C1h
− d

2 ∥∇vh∥L2(Ω) and ∥vh∥L∞(Ω) ≤ C1h
− d

2 ∥vh∥L2(Ω). (ii,b)

With the above assumptions, we are ready to construct the continuous-in-time finite

element approximation vh of v. The semi-discrete approximation vh : [0, T ] → Vh of the

solution of (3.1.1)–(3.1.3) satisfies the following initial-value problem in Vh:

(v̈h(t),φ)L2 + a(vh(t),φ) + 2γ (v̇h(t),φ)L2 + γ2 (vh(t),φ)L2 = (f̃(t),φ)L2 (3.2.1)

for all φ ∈ Vh, 0 ≤ t ≤ T,

vh(0) = v0,h ∈ Vh, v̇h(0) = v1,h ∈ Vh, (3.2.2)

where v0,h and v1,h are specially chosen initial values. It was proved by Makridakis [56]
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that the semi-discrete problem (3.2.1), (3.2.2) with γ = 0 (the semi-discrete form based

on a continuous finite element approximation of the original problem (3.0.4)–(3.0.6)) has

a locally unique solution and that the optimal-order L2 error estimate

max
0≤t≤T

∥v(t)− vh(t)∥L2(Ω) ≤ C(v)hp+1 (3.2.3)

holds for sufficiently smooth initial data. Here p is the polynomial degree of the elements

of the finite-dimensional space Vh, which satisfies p > d
2 . The proofs of these assertions

for γ > 0 are completely analogous and are therefore omitted.

3.2.2. Discontinuous-in-time fully discrete scheme In this section we shall con-

struct a fully discrete approximation of the solution of (3.1.1)–(3.1.3) by applying a

discontinuous Galerkin method in time. For this purpose, we partition the time interval

I = (0, T ] into N subintervals in the same manner as the linear case in Section 2.2.1 and

define the jump operator

[vh]n := vh(t
+
n )− vh(t

−
n ) for n = 0, 1, . . . , N − 1,

where

vh(t
±
n ) := lim

ε→0±
vh(tn + ε) for n = 0, 1, . . . , N − 1.

Again, we assume that vh(0
−) = v0,h and v̇h(0

−) = v1,h. Moreover, we define v+
h,n :=

vh(t
+
n ) and v−

h,n := vh(t
−
n ). Taking φ = v̇h(t) in (3.2.1) and integrating on In, we have∫ tn

tn−1

(v̈h(t), v̇h(t))L2 dt+

∫ tn

tn−1

a(vh(t), v̇h(t))dt+ 2γ

∫ tn

tn−1

∥v̇h(t)∥2L2(Ω) dt

+ γ2
∫ tn

tn−1

(vh(t), v̇h(t))L2 dt =

∫ tn

tn−1

(
f̃(t), v̇h(t)

)
L2

dt, for n = 1, 2, . . . , N.

(3.2.4)

That is,∫ tn

tn−1

(v̈h(t), v̇h(t))L2 dt+ 2γ

∫ tn

tn−1

∥v̇h(t)∥2L2(Ω) dt+ γ2
∫ tn

tn−1

(vh(t), v̇h(t))L2 dt
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+

∫ tn

tn−1

d∑
i,α=1

e−γt(Siα(∇vh(t)e
γt), ∂αv̇h,i(t))L2 dt =

∫ tn

tn−1

(
f̃(t), v̇h(t)

)
L2

dt, (3.2.5)

for n = 1, 2, . . . , N. To determine the appropriate strong consistent terms corresponding

to
∑d

i,α=1 e
−γt(Siα(∇vh(t)e

γt), ∂αv̇h,i(t))L2 in the numerical scheme, we linearise this

semilinear term first. By Taylor’s theorem with an integral remainder, we have

Siα(∇vh(t)e
γt) = Siα(0) +

d∑
j,β=1

∂βvh,j(t)e
γt

∫ 1

0
Aiαjβ(τ∇vh(t)e

γt) dτ.

By assuming that S(0) = 0, we can write the semilinear term as∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇vh(t)e

γt), ∂αv̇h,i(t)
)
L2 dt

=

∫ tn

tn−1

d∑
i,α,j,β=1

(
∂βvh,j(t)

∫ 1

0
Aiαjβ(τ∇vh(t)e

γt)dτ, ∂αv̇h,i(t)

)
L2

dt

=

∫ tn

tn−1

∫ 1

0

d∑
i,α,j,β=1

(
Aiαjβ(τ∇vh(t)e

γt)∂βvh,j(t), ∂αv̇h,i(t)
)
L2 dτ dt

:=

∫ tn

tn−1

{∫ 1

0
ã(τvh(t)e

γt;vh(t), v̇h(t))dτ

}
dt. (3.2.6)

Note that∫ 1

0
ã(τvh(t)e

γt;vh(t), v̇h(t)) dτ =
1

2

d

dt

∫ 1

0
ã(τvh(t)e

γt;vh(t),vh(t)) dτ

− 1

2

∫ 1

0

d∑
i,α,j,β=1

(
∂tAiαjβ(τ∇vh(t)e

γt)∂βvh,j(t), ∂αvh,i(t)
)
L2 dτ. (3.2.7)

Using Theorem 1.7 and Theorem 1.8 in (3.2.5), we have

1

2

(∫ 1

0
ã(τv−

h,ne
γtn ;v−

h,n,v
−
h,n) dτ −

∫ 1

0
ã(τv+

h,n−1e
γtn−1 ;v+

h,n−1,v
+
h,n−1) dτ

)
+

1

2

(
∥v̇−

h,n∥
2
L2(Ω) − ∥v̇+

h,n−1∥
2
L2(Ω)

)
+
γ2

2

(
∥v−

h,n∥
2
L2(Ω) − ∥v+

h,n−1∥
2
L2(Ω)

)
+ 2γ

∫ tn

tn−1

∥v̇h(t)∥2L2(Ω) dt

=
1

2

∫ tn

tn−1

∫ 1

0

d∑
i,α,j,β=1

(
∂tAiαjβ(τ∇vh(t)e

γt)∂βvh,j(t), ∂αvh,i(t)
)
L2 dτ dt
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+

∫ tn

tn−1

(
f̃(t), v̇h(t)

)
L2

dt.

Summing up over n = 1, 2, . . . , N , we have

1

2

(∫ 1

0
ã(τv−

h,NeγtN ;v−
h,N ,v

−
h,N ) dτ −

∫ 1

0
ã(τv+

h,0e;v
+
h,0,v

+
h.0) dτ

)
+

1

2

(
∥v̇h(t

−
N )∥2L2(Ω) − ∥v̇h(t

+
0 )∥

2
L2(Ω)

)
+
γ2

2

(
∥vh(t

−
N )∥2L2(Ω) − ∥vh(t

+
0 )∥

2
L2(Ω)

)
− 1

2

{
∥v̇h(t

+
N−1)∥

2
L2(Ω) − ∥v̇h(t

−
N−1)∥

2
L2(Ω) + · · ·+ ∥v̇h(t

+
1 )∥

2
L2(Ω) − ∥v̇h(t

−
1 )∥

2
L2(Ω)

}
− γ2

2

{
∥vh(t

+
N−1)∥

2
L2(Ω) − ∥vh(t

−
N−1)∥

2
L2(Ω) + · · ·+ ∥vh(t

+
1 )∥

2
L2(Ω) − ∥vh(t

−
1 )∥

2
L2(Ω)

}
− 1

2

{∫ 1

0
ã(τv+

h,N−1e
γtN−1 ;v+

h,N−1,v
+
h,N−1) dτ −

∫ 1

0
ã(τv−

h,N−1e
γtN−1 ;v−

h,N−1,v
−
h,N−1) dτ

+ · · ·+
∫ 1

0
ã(τv+

h,1e
γt1 ;v+

h,1,v
+
h,1) dτ −

∫ 1

0
ã(τv−

h,1e
γt1 ;v−

h,1,v
−
h,1) dτ

}
+ 2γ

N∑
n=1

∫ tn

tn−1

∥v̇h(t)∥2L2(Ω) dt

=
1

2

N∑
n=1

∫ tn

tn−1

∫ 1

0

d∑
i,α,j,β=1

(
∂tAiαjβ(τ∇vh(t)e

γt)∂βvh,j(t), ∂αvh,i(t)
)
L2 dτ dt

+
N∑

n=1

∫ tn

tn−1

(f̃(t), v̇h(t))L2 dt.

The terms in the large brackets motivate us to add extra terms to achieve a well-posed

variational form. By Carathéodory’s existence theorem for systems of ODEs, we deduce

from (3.2.1) that both vh and v̇h are absolutely continuous in time. This implies that

[vh]n = 0 and [v̇h]n = 0 for all n = 0, 1, . . . , N − 1. Slightly different from the linear case

in Chapter 2, we add

1

2

{∫ 1

0
ã(τv+

h,ne
γtn ;v+

h,n,v
+
h,n) dτ −

∫ 1

0
ã(τv−

h,ne
γtn ;v−

h,n,v
−
h,n) dτ

}
to compensate the terms

−1

2

{∫ 1

0
ã(τv+

h,ne
γtn ;v+

h,n,v
+
h,n) dτ −

∫ 1

0
ã(τv−

h,ne
γtn ;v−

h,n,v
−
h,n) dτ

}
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arising from integration by parts of the linearised version of∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇vh(t)e

γt), ∂αv̇h,i(t)
)
L2 dt

for each n = 0, 1, . . . , N − 1. Adding

N−1∑
n=0

([v̇h]n, v̇
+
h,n)L2 =

(
v̇+
h,N−1 − v̇−

h,N−1, v̇
+
h,N−1

)
L2

+ · · ·+
(
v̇+
h,0 − v̇−

h,0, v̇
+
h,0

)
L2
,

γ2
N−1∑
n=0

([vh]n,v
+
h,n)L2 = γ2

(
v+
h,N−1 − v−

h,N−1,v
+
h,N−1

)
L2

+ · · ·+ γ2
(
v+
h,0 − v−

h,0,v
+
h,0

)
L2
,

and

N−1∑
n=0

1

2

{∫ 1

0
ã(τv+

h,ne
γtn ;v+

h,n,v
+
h,n) dτ −

∫ 1

0
ã(τv−

h,ne
γtn ;v−

h,n,v
−
h,n) dτ

}
to the left-hand side, we have

1

2
∥v̇h(t

+
0 )∥

2
L2(Ω) +

1

2

N−1∑
n=1

∥[v̇h]n∥2L2(Ω) +
1

2
∥v̇h(t

−
N )∥2L2(Ω) +

γ2

2
∥vh(t

+
0 )∥

2
L2(Ω)

+
γ2

2

N−1∑
n=1

∥[vh]n∥2L2(Ω) +
γ2

2
∥vh(t

−
N )∥2L2(Ω) +

1

2

∫ 1

0
ã(τv−

h,NeγtN ;v−
h,N ,v

−
h,N ) dτ

+ 2γ
N∑

n=1

∫ tn

tn−1

∥v̇h(t)∥2L2(Ω) dt

=

N∑
n=1

∫ tn

tn−1

(f̃(t), v̇h(t))L2 dt+
(
v̇h(t

−
0 ), v̇h(t

+
0 )
)
L2 + γ2

(
vh(t

−
0 ),vh(t

+
0 )
)
L2

+
1

2

N∑
n=1

∫ tn

tn−1

∫ 1

0

d∑
i,α,j,β=1

(
∂tAiαjβ(τ∇vh(t)e

γt)∂βvh,j(t), ∂αvh,i(t)
)
L2 dτ dt

+
1

2

∫ 1

0
ã(τv−

h,0;v
−
h,0,v

−
h,0) dτ.

We now focus on the generic time slab In and assume that the solution on In−1 is known.

Testing the equation (3.1.1) against φ̇ for φ ∈ H1(In; [H
1
0 (Ω)]

d) and integrating on In,
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we have∫ tn

tn−1

(v̈(t), φ̇(t))L2 dt+

∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇v(t)eγt), ∂αφ̇i(t)

)
L2 dt

+ 2γ

∫ tn

tn−1

(v̇(t), φ̇(t))L2 dt+ γ2
∫ tn

tn−1

(v(t), φ̇(t))L2 dt =

∫ tn

tn−1

(
f̃(t), φ̇(t)

)
L2

dt.

(3.2.8)

Rewriting (3.2.8) by adding suitable (strongly consistent) terms, we have∫ tn

tn−1

(v̈(t), φ̇(t))L2 dt+
(
[v̇(t)]n−1, φ̇(t

+
n−1)

)
L2 +

∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇v(t)eγt), ∂αφ̇i(t)

)
L2 dt

+ 2γ

∫ tn

tn−1

(v̇(t), φ̇(t))L2 dt+ γ2
∫ tn

tn−1

(v(t), φ̇(t))L2 dt+ γ2
(
[v(t)]n−1,φ(t

+
n−1)

)
L2

+
1

2

{∫ 1

0
ã(τv+

h,n−1e
γtn−1 ;v+

h,n−1,v
+
h,n−1) dτ −

∫ 1

0
ã(τv−

h,n−1e
γtn−1 ;v−

h,n−1,v
−
h,n−1) dτ

}
=

∫ tn

tn−1

(
f̃(t), φ̇(t)

)
L2

dt. (3.2.9)

Summing over all time intervals in (3.2.9) leads us to define the following semilinear form

A : H×H → R with

H := H2(0, T ; [Hm(Ω)]d ∩ [H1
0 (Ω)]

d),

by

A(v,φ) :=

N∑
n=1

∫ tn

tn−1

(v̈(t), φ̇(t)) dt+

N−1∑
n=1

(
[v̇(t)]n, φ̇(t

+
n )
)
L2 +

(
v̇(t+0 ), φ̇(t

+
0 )
)
L2

+ γ2
N∑

n=1

∫ tn

tn−1

(v(t), φ̇(t))L2 dt+ γ2
N−1∑
n=1

(
[v(t)]n,φ(t

+
n )
)
L2 + γ2

(
v(t+0 ),φ(t

+
0 )
)
L2

+
N∑

n=1

∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇v(t)eγt), ∂αφ̇i(t)

)
L2 dt+ 2γ

N∑
n=1

∫ tn

tn−1

(v̇(t), φ̇(t))L2 dt

+
N−1∑
n=1

1

2

{∫ 1

0
ã(τv+

n e
γtn ;v+

n ,φ(t
+
n )) dτ −

∫ 1

0
ã(τv−

n e
γtn ;v−

n ,φ(t
−
n )) dτ

}
+

1

2

∫ 1

0
ã(τv(t+0 );v(t

+
0 ),φ(t

+
0 )) dτ
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for φ ∈ H. Note that the consistent terms added in the fourth and fifth lines of the defini-

tion of A correspond to the linearised version of
∑d

i,α=1 e
−γt(Siα(∇vh(t)e

γt), ∂αv̇h,i(t))L2 .

Let, further, F be the linear functional defined by

F (φ) :=

N∑
n=1

∫ tn

tn−1

(
f̃(t), φ̇(t)

)
L2

dt+
(
v1, φ̇(t

+
0 )
)
L2 + γ2

(
v0,φ(t

+
0 )
)
L2

+
1

2

∫ 1

0
ã(τv0;v0,φ(t

−
0 )) dτ.

Again, the semilinear form A(·, ·) works for piecewise in time version of H×H as well.

Analogously to Section 2.3, the fully discrete finite element space is defined as

Vq
kh := {v : [0, T ] → Vh;v|In ∈ Vqn

kh for n = 1, 2, . . . , N},

for q := [q1, q2, . . . , qN ]T ∈ NN , where

Vqn
kh := {v : [0, T ] → Vh;v|In =

qn∑
j=0

vjt
j ,vj ∈ Vh},

with qn ≥ 2 for each 1 ≤ n ≤ N. Then, the discontinuous-in-time fully discrete approxi-

mation of the problem reads as follows: find vDG ∈ Vq
kh such that

A(vDG,φ) = F̃ (φ) for all φ ∈ Vq
kh, (3.2.10)

where F̃ is a modified version of F defined as

F̃ (φ) :=

N∑
n=1

∫ tn

tn−1

(
f̃(t), φ̇(t)

)
L2

dt+
(
v1,h, φ̇(t

+
0 )
)
L2 + γ2

(
v0,h,φ(t

+
0 )
)
L2

+
1

2

∫ 1

0
ã(τv0,h;v0,h,φ(t

−
0 )) dτ.

3.3. Convergence analysis

By using the ideas introduced in [56] based on Banach’s fixed point theorem, we will

show the existence and uniqueness of vDG. We shall also prove a priori error estimates

as summarised in the following theorem.

Theorem 3.2. Let v ∈ W s,∞([0, T ]; [Hm(Ω)]d ∩ [H1
0 (Ω)]

d) be the solution of (3.1.1)–
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(3.1.3). Assume that d
2 + 1 < r ≤ min(p,m− 1), s ≥ qi + 1, k

qi− 1
2

i = o(h
d
2
+1), and there

exist positive constants µi, νi such that µiki ≤ h2 ≤ νiki for each i = 1, 2, . . . N . Suppose

that we choose the initial data v0,h, v1,h ∈ Vh to be

v0,h = W(0), v1,h = Ẇ(0), (3.3.1)

where W(t) ∈ Vh is the nonlinear elliptic projection of v(t) such that

a(W(t),φ) = a(v(t),φ) for all φ ∈ Vh. (3.3.2)

Then there exists a unique solution to (3.2.10) such that

∥vDG(t
−
j )− v(t−j )∥L2(Ω) + ∥v̇DG(t

−
j )− v̇(t−j )∥L2(Ω) ≤ C(v)

(
h2r+2 +

j∑
n=1

k2qn+1
n

q
2(s−1)
n

) 1
2

(3.3.3)

for each j = 1, . . . , N, where C(v) is a positive constant depending on the solution v.

Remark 3.3. If we use uniform time intervals kn = k = h2, and uniform polynomial

degrees qn = q ≥ 2, for n = 1, . . . , N , then the error bound at the end nodal point becomes

∥vDG(t
−
N )− v(t−N )∥L2(Ω) + ∥v̇DG(t

−
N )− v̇(t−N )∥L2(Ω) ≤ C(v)

(
k

r+1
2 + kq

)
.

Remark 3.4. The assumptions that k
qi− 1

2
i = o(h1+

d
2 ) and µiki ≤ h2 ≤ νiki for each

i = 1, . . . N require that qi > 1+ d
4 for each i = 1, . . . , N. That is, we need the polynomial

degree in time satisfies qi ≥ 2 for d = 1, 2, 3 on each time interval Ii, with i = 1, . . . , N.

Remark 3.5. By the Sobolev embedding theorem, v ∈ W s,∞(0, T ; [Hm(Ω)]d) for m >

d
2+2 implies that v ∈W s,∞(0, T ;C2,α(Ω)d) for some α ∈ (0, 1). Note that the assumption

m > d
2 + 2 is consistent with the assumption m ≥ [d2 ] + 3 in Theorem 3.1. That is, we

need m ≥ 3 for d = 1 and m ≥ 4 for d = 2, 3.

It will be assumed throughout the convergence analysis that

v ∈W s,∞(0, T ; [Hm(Ω)]d ∩ [H1
0 (Ω)]

d).
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3.3.1. Definition of the fixed point map It is known, see [26] and [62], that (3.3.2)

has, for h sufficiently small, a locally unique solution W(t) ∈ Vh for 0 ≤ t ≤ T . Further-

more, W satisfies the following properties, which are established in Section 3.4.

There exists a constant Cr(v) depending on v such that, for d
2+1 < r ≤ min(p,m−1),

∥∇v(j)(t)−∇W(j)(t)∥L2(Ω) ≤ Cr(v)h
r, 0 ≤ t ≤ T, (iii,a)

for j = 0, 1, where v(j) := djv
dtj
. In addition, we shall prove for the time-derivatives of W

there holds

∥v(j)(t)−W(j)(t)∥L2(Ω) ≤ C̃r(v)h
r+1, 0 ≤ t ≤ T, (iii,b)

for j = 0, 1, 2. We can also show that there exist constants c0 and c1, independent of h,

such that

∥∇W(t)∥L∞(Ω) ≤ c0 and ∥∇Ẇ(t)∥L∞(Ω) ≤ c1, 0 ≤ t ≤ T. (iii,c)

Let Πk = Πqn
In

denote the modified L2-projector in the time direction. That is, for each

n = 1, 2, . . . , N ,

(ΠkW −W)(x, t+n−1) = 0; (3.3.4)

(ΠkW −W)(x, t−n ) = 0; (3.3.5)

∂t(ΠkW −W)(x, t−n ) = 0; (3.3.6)∫ tn

tn−1

(∂t(ΠkW −W),χ)L2 dt = 0 for χ ∈ Vqn−2
kh . (3.3.7)

It was proved in Section 2.2 that for each W ∈ Hs(In; [L
2(Ω)]d), there exists a positive

constant C such that∫ tn

tn−1

∥∂tt(W(·, t)−ΠkW(·, t))∥2L2(Ω) dt ≤ C
k
2(µ−2)
n

q
2(s−3)
n

∥W∥2Hs(In,[L2(Ω)]d), (3.3.8)

∫ tn

tn−1

∥∂t(W(·, t)−ΠkW(·, t))∥2L2(Ω) dt ≤ C
k
2(µ−1)
n

q
2(s−1)
n

∥W∥2Hs(In,[L2(Ω)]d), (3.3.9)

∫ tn

tn−1

∥W(·, t)−ΠkW(·, t)∥2L2(Ω) dt ≤ C
k2µn

q
2(s−1)
n

∥W∥2Hs(In,[L2(Ω)]d), (3.3.10)
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where µ = min(qn + 1, s) and qn is the polynomial degree with respect to the variable

t. If we change the spatial function space from [L2(Ω)]d to [H1
0 (Ω)]

d in (3.3.8)–(3.3.10),

analogous estimates follow. Note that we can also get inverse inequalities with respect

to the time derivatives in an analogous manner as (ii,a). That is, there exists a positive

constant C2 such that, for each fixed x ∈ Ω, for every φ ∈ Vq
kh,

∥∂tφ(x, ·)∥L2(In) ≤ C2k
−1
n ∥φ(x, ·)∥L2(In), (3.3.11)

∥∂tφ(x, ·)∥L∞(In) ≤ C2k
−1
n ∥φ(x, ·)∥L∞(In), (3.3.12)

for each n = 1, 2, . . . , N. We now decompose the error as

vDG(t)− v(t) = (vDG(t)−ΠkW(t)) + (ΠkW(t)−W(t)) + (W(t)− v(t))

:= θ(t) + ρ1(t) + ρ2(t)

for t ∈ In, n = 1, 2, . . . , N. First note that∫ tn

tn−1

∥ρ(j)1 (t)∥2L2(Ω) dt =

∫ tn

tn−1

∥ΠkW
(j)(t)−W(j)(t)∥2L2(Ω) dt

≤ C
k
2(µ−j)
n

q
2(s−1)
n

∫ tn

tn−1

s∑
α=0

∥W(α)(t)∥2L2(Ω) dt

≤ C1(v)
k
2(µ−j)+1
n

q
2(s−1)
n

for j = 0, 1, (3.3.13)

where we have applied (3.3.9) and (3.3.10). Here µ = min(s, qn+1) and ΠkW
(j) = djΠkW

dtj
,

W(j) = djW
dtj

, with j = 0, 1. If we assume that the solution

v ∈W s,∞(0, T ; [Hm(Ω)]d ∩ [H1
0 (Ω)]

d)

of (3.1.1)–(3.1.3) is sufficiently smooth (i.e. s > qn + 1), then we can write∫ tn

tn−1

∥ρ(j)1 (t)∥2L2(Ω) dt ≤ C
k
2(qn+1−j)
n

q
2(s−1)
n

∫ tn

tn−1

s∑
α=0

∥W(α)(t)∥2L2(Ω) dt ≤ C1(v)
k
2(qn+1−j)+1
n

q
2(s−1)
n

(3.3.14)
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for j = 0, 1. By the property (iii,b) of the elliptic projection, we know that∫ tn

tn−1

∥ρ(j)2 (t)∥2L2(Ω) dt =

∫ tn

tn−1

∥W(j)(t)− v(j)(t)∥2L2(Ω) dt ≤ C2(v)knh
2r+2 (3.3.15)

for j = 0, 1, 2. Here Ci(v) for i = 1, 2 are constants depending on the exact solution v.

Recall that the fully discrete scheme is

N∑
n=1

∫ tn

tn−1

⟨v̈DG(t), φ̇(t)⟩ dt+
N−1∑
n=1

(
[v̇DG(t)]n, φ̇

+
n

)
L2 +

(
v̇+
DG,0, φ̇

+
0

)
L2

+ γ2
N∑

n=1

∫ tn

tn−1

(vDG(t), φ̇(t))L2 dt+ γ2
N−1∑
n=1

(
[vDG(t)]n,φ

+
n

)
L2 + γ2

(
v+
DG,0,φ

+
0

)
L2

+
N∑

n=1

∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇vDG(t)e

γt), ∂αφ̇i(t)
)
L2 dt+ 2γ

N∑
n=1

∫ tn

tn−1

(v̇DG(t), φ̇(t))L2 dt

+
N−1∑
n=0

1

2

{∫ 1

0
ã(τv+

DG,ne
γtn ;v+

DG,n,φ
+
n ) dτ −

∫ 1

0
ã(τv−

DG,ne
γtn ;v−

DG,n,φ
−
n ) dτ

}

=
(
v1,h, φ̇

+
0

)
L2 + γ2

(
v0,h,φ

+
0

)
L2 +

N∑
n=1

∫ tn

tn−1

(
f̃(t), φ̇(t)

)
L2

dt, for φ ∈ Vq
kh.

(3.3.16)

The variational form of the original problem is written as

N∑
n=1

∫ tn

tn−1

⟨v̈(t), φ̇(t)⟩ dt+
N−1∑
n=1

(
[v̇(t)]n, φ̇

+
n

)
L2 +

(
v̇+
0 , φ̇

+
0

)
L2

+ γ2
N∑

n=1

∫ tn

tn−1

(v(t), φ̇(t))L2 dt+ γ2
N−1∑
n=1

(
[v(t)]n,φ

+
n

)
L2 + γ2

(
v+
0 ,φ

+
0

)
L2

+
N∑

n=1

∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇v(t)eγt), ∂αφ̇i(t)

)
L2 dt+ 2γ

N∑
n=1

∫ tn

tn−1

(v̇(t), φ̇(t))L2 dt

+
N−1∑
n=0

1

2

{∫ 1

0
ã(τv+

n e
γtn ;v+

n ,φ
+
n ) dτ −

∫ 1

0
ã(τv−

n e
γtn ;v−

n ,φ
−
n ) dτ

}

=
(
v1, φ̇

+
0

)
L2 + γ2

(
v0,φ

+
0

)
L2 +

N∑
n=1

∫ tn

tn−1

(
f̃(t), φ̇(t)

)
L2

dt, for φ ∈ Vq
kh. (3.3.17)

By considering the nonlinear elliptic projection of v(t) (cf. equality (3.3.2)), we can
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replace

d∑
i,α=1

e−γt
(
Siα(∇v(t)eγt), ∂αφ̇i(t)

)
L2 dt by

d∑
i,α=1

e−γt
(
Siα(∇W(t)eγt), ∂αφ̇i(t)

)
L2 dt

in (3.3.17). Using the continuity of v(t) and W(t) in time, we can also replace

N−1∑
n=0

{∫ 1

0
ã(τv+

n e
γtn ;v+

n ,φ
+
n ) dτ −

∫ 1

0
ã(τv−

n e
γtn ;v−

n ,φ
−
n ) dτ

}
by

N−1∑
n=0

{∫ 1

0
ã(τW+

n e
γtn ;W+

n ,φ
+
n ) dτ −

∫ 1

0
ã(τW−

n e
γtn ;W−

n ,φ
−
n ) dτ

}
in (3.3.17). Subtracting the resulting equality from (3.3.16), we have

N∑
n=1

∫ tn

tn−1

〈
θ̈(t) + ρ̈1(t) + ρ̈2(t), φ̇(t)

〉
dt+

N−1∑
n=1

(
[θ̇(t) + ρ̇1(t) + ρ̇2(t)]n, φ̇

+
n

)
L2

+
(
v̇+
DG,0 − v̇+

0 , φ̇
+
0

)
L2

+ 2γ
N∑

n=1

∫ tn

tn−1

(
θ̇(t) + ρ̇1(t) + ρ̇2(t), φ̇(t)

)
L2

dt

+ γ2
N∑

n=1

∫ tn

tn−1

(θ(t) + ρ1(t) + ρ2(t), φ̇(t))L2 dt

+ γ2
N−1∑
n=1

(
[θ(t) + ρ1(t) + ρ2(t)]n,φ

+
n

)
L2 + γ2

(
v+
DG,0 − v+

0 ,φ
+
0

)
L2

+
N∑

n=1

∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇vDG(t)e

γt)− Siα(∇W(t)eγt), ∂αφ̇i

)
L2 dt

+
N−1∑
n=0

1

2

{∫ 1

0
ã(τv+

DG,ne
γtn ;v+

DG,n,φ
+
n ) dτ −

∫ 1

0
ã(τW+

n e
γtn ;W+

n ,φ
+
n ) dτ

}

+

N−1∑
n=0

1

2

{∫ 1

0
ã(τW−

n e
γtn ;W−

n ,φ
−
n ) dτ −

∫ 1

0
ã(τv−

DG,ne
γtn ;v−

DG,n,φ
−
n ) dτ

}
=
(
v1,h − v1, φ̇

+
0

)
L2 + γ2

(
v0,h − v0,φ

+
0

)
L2 (3.3.18)

for φ ∈ Vq
kh. Now we consider the integral on In = (tn−1, tn] only,∫ tn

tn−1

〈
θ̈(t), φ̇(t)

〉
dt+

(
[θ̇(t)]n−1, φ̇

+
n−1

)
L2

+ 2γ

∫ tn

tn−1

(
θ̇(t), φ̇(t)

)
L2

dt
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+ γ2
∫ tn

tn−1

(θ(t), φ̇(t))L2 + γ2
(
[θ(t)]n−1,φ

+
n−1

)
L2

+

∫ tn

tn−1

d∑
i,α=1

e−γt
(
Siα(∇vDG(t)e

γt)− Siα(∇W(t)eγt), ∂αφ̇i(t)
)
L2 dt

+
1

2

{∫ 1

0
ã(τv+

DG,n−1e
γtn−1 ;v+

DG,n−1,φ
+
n−1) dτ −

∫ 1

0
ã(τW+

n−1e
γtn−1 ;W+

n−1,φ
+
n−1) dτ

}
+

1

2

{∫ 1

0
ã(τW−

n−1e
γtn−1 ;W−

n−1,φ
−
n−1) dτ −

∫ 1

0
ã(τv−

DG,n−1e
γtn−1 ;v−

DG,n−1,φ
−
n−1) dτ

}
= −

∫ tn

tn−1

⟨ρ̈1(t), φ̇(t)⟩ dt− γ2
∫ tn

tn−1

(ρ1(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇1(t), φ̇(t))L2 dt

−
(
[ρ̇1]n−1, φ̇

+
n−1

)
L2 − γ2

(
[ρ1]n−1,φ

+
n−1

)
L2

−
∫ tn

tn−1

⟨ρ̈2(t), φ̇(t)⟩ dt− γ2
∫ tn

tn−1

(ρ2(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇2(t), φ̇(t))L2 dt

=

∫ tn

tn−1

⟨ρ̇1(t), φ̈(t)⟩ dt− γ2
∫ tn

tn−1

(ρ1(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇1(t), φ̇(t))L2 dt

−
(
ρ̇1(t

−
n ), φ̇

−
n

)
L2 +

(
ρ̇1(t

−
n−1), φ̇

+
n−1

)
L2 − γ2

(
[ρ1]n−1,φ

+
n−1

)
L2

−
∫ tn

tn−1

⟨ρ̈2(t), φ̇(t)⟩dt− γ2
∫ tn

tn−1

(ρ2(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇2(t), φ̇(t))L2 dt

= −γ2
∫ tn

tn−1

(ρ1(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇1(t), φ̇(t))L2 dt−
∫ tn

tn−1

⟨ρ̈2(t), φ̇(t)⟩ dt

− γ2
∫ tn

tn−1

(ρ2(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇2(t), φ̇(t))L2 dt, (3.3.19)

where we have used the fact that ρ2(t) and ρ̇2(t) are continuous in time and properties

(3.3.4)–(3.3.7). By Taylor’s theorem with an integral remainder, we have

Siα(∇vDG(t)e
γt) = Siα(∇W(t)eγt)

+
d∑

j,β=1

eγt∂β(vDG(t)−W(t))j

∫ 1

0

∂

∂ηjβ
Siα(∇W(t)eγt + τ(∇vDG(t)−∇W(t))eγt) dτ.

If ∇vDG(t)e
γt ∈ Zδ,∇W(t)eγt ∈ Zδ for each t ∈ [0, T ], we have ∇W(t)eγt+τ(∇vDG(t)−

∇W(t))eγt ∈ Zδ for 0 ≤ τ ≤ 1 by the convexity of Zδ. This implies that the term in the
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integral remainder is well-defined. Thus, we can write

d∑
i,α=1

e−γt
(
Siα(∇vDG(t)e

γt)− Siα(∇W(t)eγt), ∂αφ̇i(t)
)
L2 dt

=

∫ 1

0

d∑
i,α,j,β=1

(
Aiαjβ(∇W(t)eγt + τ(∇vDG(t)−∇W(t))eγt)∂β(vDG(t)−W(t))j , ∂αφ̇i(t)

)
L2 dτ

=

∫ 1

0
ã(W(t)eγt + τ(vDG(t)−W(t))eγt;vDG(t)−W(t), φ̇(t)) dτ

:= A(vDG(t)e
γt;vDG(t)−W(t), φ̇(t)),

for φ ∈ Vq
kh. Analogously,∫ 1

0
ã(τv±

DG,n−1e
γtn−1 ;v±

DG,n−1,φ
±
n−1) dτ −

∫ 1

0
ã(τW±

n−1e
γtn−1 ;W±

n−1,φ
±
n−1) dτ

=

d∑
i,α=1

e−γtn−1

(
Siα(∇v±

DG,n−1e
γtn−1)− Siα(∇W±

n−1e
γtn−1), ∂αφi(t

±
n−1)

)
L2

:= A(v±
DG,n−1e

γtn−1 ;v±
DG,n−1 −W±

n−1,φ
±
n−1).

Since W(t±n )−ΠkW(t±n ) = 0 for each n = 1, 2, . . . , N , our equation (3.3.19) becomes∫ tn

tn−1

〈
θ̈(t), φ̇(t)

〉
dt+

(
[θ̇(t)]n−1, φ̇

+
n−1

)
L2

+ 2γ

∫ tn

tn−1

(
θ̇(t), φ̇(t)

)
L2

dt

+ γ2
∫ tn

tn−1

(θ(t), φ̇(t))L2 dt+ γ2
(
[θ(t)]n−1,φ

+
n−1

)
L2

+

∫ tn

tn−1

A(vDG(t)e
γt;vDG(t)−ΠkW(t), φ̇(t)) dt+

1

2
A(v+

DG,n−1e
γtn−1 ;θ+n−1,φ

+
n−1)

= −γ2
∫ tn

tn−1

(ρ1(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇1(t), φ̇(t))L2 dt−
∫ tn

tn−1

⟨ρ̈2(t), φ̇(t)⟩ dt

− γ2
∫ tn

tn−1

(ρ2(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇2(t), φ̇(t))L2 dt

+

∫ tn

tn−1

A(vDG(t)e
γt;W(t)−ΠkW(t), φ̇(t)) dt+

1

2
A(v−

DG,n−1e
γtn−1 ;θ−n−1,φ

−
n−1)



82

for φ ∈ Vq
kh. Consider the following subset of Vq

kh defined by

F :=

{
ψ ∈ Vq

kh | for each j = 1, 2, . . . , N, ∥ψ(t−j )−ΠkW(t−j )∥
2
H1(Ω)

+ ∥∂t(ψ(t−j )−ΠkW(t−j ))∥
2
L2(Ω) +

j∑
n=1

∫ tn

tn−1

∥∂t(ψ(t)−ΠkW(t))∥2L2(Ω) dt

≤ C∗(v)

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
, eγt∇ψ(t) ∈ Zδ

}
,

(3.3.20)

where C∗(v) is a positive constant depending on the solution v, which will be specified

later. First note that F is non-empty since ΠkW ∈ F . In addition, F is a closed and

convex subset of Vq
kh in the topology induced by the norm ∥ · ∥F , which is defined by

∥φ∥F = max
t∈In,1≤n≤N

(∥φ(t)∥H1(Ω) + ∥φ̇(t)∥L2(Ω))

for φ ∈ Vq
kh. With this notation, we are ready to define a fixed point mapping N on F

as follows: if ϕ ∈ F , the image vϕ := N (ϕ) is given by the relation

vϕ(0) = v0,h, v̇ϕ(0) = v1,h, (3.3.21)

∫ tn

tn−1

〈
θ̈ϕ(t), φ̇(t)

〉
dt+

(
[θ̇ϕ(t)]n−1, φ̇(t

+
n−1)

)
L2

+ 2γ

∫ tn

tn−1

(
θ̇ϕ(t), φ̇(t)

)
L2

dt

+ γ2
∫ tn

tn−1

(θϕ(t), φ̇(t))L2 dt+ γ2
(
[θϕ(t)]n−1,φ(t

+
n−1)

)
L2

+

∫ tn

tn−1

A(ϕ(t)eγt;θϕ(t), φ̇(t)) dt+
1

2
A(ϕ(t+n−1)e

γtn−1 ;θϕ(t
+
n−1),φ(t

+
n−1))

= −γ2
∫ tn

tn−1

(ρ1(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇1(t), φ̇(t))L2 dt−
∫ tn

tn−1

⟨ρ̈2(t), φ̇(t)⟩ dt

− γ2
∫ tn

tn−1

(ρ2(t), φ̇(t))L2 dt− 2γ

∫ tn

tn−1

(ρ̇2(t), φ̇(t))L2 dt (3.3.22)

+

∫ tn

tn−1

A(ϕ(t)eγt;W(t)−ΠkW(t), φ̇(t)) dt+
1

2
A(ϕ(t−n−1)e

γtn−1 ;θϕ(t
−
n−1),φ(t

−
n−1)),

where θϕ = vϕ −ΠkW.

In order to complete the proof of the theorem, it suffices to show that, for each
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n = 1, . . . , N , the map N defined by (3.3.22) has a unique fixed point in F . If vDG ∈ F

is this fixed point, then vDG is a solution to (3.2.10).

3.3.2. Auxiliary results If we take φ = θϕ in (3.3.22), then the nonlinear term inside

the integral becomes

A(ϕ(t)eγt;θϕ(t), φ̇(t)) = A(ϕ(t)eγt;θϕ(t), θ̇ϕ(t)).

Following the proof in [56], it is crucial to replace the expression A(ϕ(t)eγt;θϕ(t), θ̇ϕ(t))

by

1

2

d

dt
A(ϕ(t)eγt;θϕ(t),θϕ(t))−

1

2

d∑
i,α,j,β=1

∫ 1

0

(
∂tA

τ
iαjβ∂βθϕ,j(t), ∂αθϕ,i(t)

)
L2 dτ,

where Aτ
iαjβ := Aiαjβ(∇W(t)eγt+ τ(∇ϕ(t)−∇W(t))eγt) and t ∈ In, n = 1, 2, . . . , N. We

shall need an estimate on the expression

At(ϕ(t)e
γt;φ(t),ψ(t)) :=

1

2

d∑
i,α,j,β=1

∫ 1

0

(
∂tA

τ
iαjβ∂βφj(t), ∂αψi(t)

)
L2 dτ

for φ,ψ ∈ Vq
hk, t ∈ In, n = 1, 2, . . . , N.

Lemma 3.6. Under the assumptions stated in Theorem 3.2, there exists a constant Cτ >

0 such that, for t ∈ In, n = 1, 2, . . . , N ,

|At(ϕ(t)e
γt;φ(t),ψ(t))| ≤ Cτ∥∇φ(t)∥L2(Ω)∥∇ψ(t)∥L2(Ω). (3.3.23)

Proof. Note that for t ∈ In, n = 1, 2, . . . , N ,

∂t[Aiαjβ(∇W(t)eγt + τ(∇ϕ(t)−∇W(t))eγt)]

=

d∑
k,m=1

∂Aτ
iαjβ

∂ηkm
∂m
(
∂t(Wk(t)e

γt) + τ∂t((ϕk(t)−Wk(t))e
γt)
)
.

Since the values of the function ∇W(t)eγt+ τ∇(ϕ(t)−W(t))eγt for t ∈ [0, T ], τ ∈ (0, 1),

belong to the compact convex subset Mδ of Rd×d and Aiαjβ is sufficiently smooth (and
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in particular continuously differentiable on Mδ), we have∣∣∣∣ d∑
i,α,j,β=1

1

2

∫ 1

0

(
∂t[Aiαjβ(∇W(t)eγt + τ∇(ϕ(t)−W(t))eγt)]∂βφj(t), ∂αψi(t)

)
L2 dτ

∣∣∣∣
≤ c

(
∥∇Ẇ(t)∥L∞(Ω) + ∥∇W(t)∥L∞(Ω)

)
∥∇φ(t)∥L2(Ω)∥∇ψ(t)∥L2(Ω)

+ c
(
∥∇(ϕ̇(t)− Ẇ(t))∥L∞(Ω) + ∥∇(ϕ(t)−W(t))∥L∞(Ω)

)
∥∇φ(t)∥L2(Ω)∥∇ψ(t)∥L2(Ω)

≤ C̃h−
d
2

(
∥∇(ϕ̇(t)− Ẇ(t))∥L2(Ω) + ∥∇(ϕ(t)−W(t))∥L2(Ω)

)
∥∇φ(t)∥L2(Ω)∥∇ψ(t)∥L2(Ω)

+ C̃∥∇φ(t)∥L2(Ω)∥∇ψ(t)∥L2(Ω),

where we have applied the inverse inequality (ii,b) and property (iii,c) of the nonlinear

projection W. We shall bound ∥∇(ϕ̇(t) − Ẇ(t))∥L2(Ω) and ∥∇(ϕ(t) − W(t))∥L2(Ω) for

t ∈ In, n = 1, 2, . . . , N . Applying the triangle inequality, we have

∥∇(ϕ(t)−W(t))∥L2(Ω) ≤ ∥∇(ϕ(t)−ΠkW(t))∥L2(Ω) + ∥∇(ΠkW(t)−W(t))∥L2(Ω).

Note that for t ∈ In, n = 1, 2, . . . , N ,

∥∇(ϕ(t)−ΠkW(t))∥L2(Ω)

≤ ∥∇(ϕ(t−n )−ΠkW(t−n ))∥L2(Ω) +

∫ tn

t
∥∂s(∇ϕ(s)−∇ΠkW(s))∥L2(Ω) ds

≤ ∥∇(ϕ(t−n )−ΠkW(t−n ))∥L2(Ω) +

∫ tn

tn−1

∥∂t(∇ϕ(t)−∇ΠkW(t))∥L2(Ω) dt

≤ ∥∇(ϕ(t−n )−ΠkW(t−n ))∥L2(Ω) + C0h
−1
√
kn

(∫ tn

tn−1

∥∂t(ϕ(t)−ΠkW(t))∥2L2(Ω) dt

) 1
2

≤ C(v)

(
n∑

i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

,

where we have used the inverse inequality (ii,a), Hölder’s inequality, the fact that ϕ ∈ F

and the assumption that µiki ≤ h2 for each i = 1, . . . , N . Here C(v) denotes a constant

depending on v, which may vary throughout this proof. On the other hand,

∥∇(ΠkW(t)−W(t))∥L2(Ω)
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≤ ∥∇(ΠkW(t−n )−W(t−n ))∥L2(Ω) +

∫ tn

t
∥∂s(∇ΠkW(s)−∇W(s))∥L2(Ω) ds

≤
∫ tn

tn−1

∥∂t(∇ΠkW(t)−∇W(t))∥L2(Ω) dt ( since ΠkW(t−n ) = W(t−n ) )

≤
√
kn

(∫ tn

tn−1

∥∂t(∇ΠkW(t)−∇W(t))∥2L2(Ω) dt

) 1
2

≤ C
k
qn+

1
2

n

qs−1
n

∥W∥Hs(In;[H1
0 (Ω)]d), for W ∈ Hs([0, T ]; [H1

0 (Ω)]
d),

where we have used inequality (3.3.9) with the [L2(Ω)]d norm in space replaced by the

[H1(Ω)]d semi-norm. Thus,

max
t∈In,1≤n≤N

∥∇(ϕ(t)−W(t))∥L2(Ω) ≤ C(v)

(
n∑

i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

+C
k
qn+

1
2

n

qs−1
n

∥W∥Hs(In;[H1
0 (Ω)]d).

(3.3.24)

Applying the triangle inequality to the time derivative term, we have

∥∇(ϕ̇(t)− Ẇ(t))∥L2(Ω) ≤ ∥∂t(∇ϕ(t)−∇ΠkW(t))∥L2(Ω) + ∥∂t(∇ΠkW(t)−∇W(t))∥L2(Ω).

Note that for t ∈ In, n = 1, 2, . . . N ,

∥∂t(∇ϕ(t)−∇ΠkW(t))∥L2(Ω)

≤ C0h
−1∥∂t(ϕ(t)−ΠkW(t))∥L2(Ω)

≤ C0h
−1∥∂t(ϕ(t−n )−ΠkW(t−n ))∥L2(Ω) + C0h

−1

∫ tn

t
∥∂ss(ϕ(s)−ΠkW(s))∥L2(Ω) ds

≤ C0h
−1∥∂t(ϕ(t−n )−ΠkW(t−n ))∥L2(Ω) + C0h

−1

∫ tn

tn−1

∥∂tt(ϕ(t)−ΠkW(t))∥L2(Ω) dt.

Since ϕ ∈ F , we have

∥∂t(ϕ(t−n )−ΠkW(t−n ))∥L2(Ω) ≤ C∗(v)

(
n∑

i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

.

Using the inverse inequality in time (cf. inequality (3.3.11)), we obtain

∫ tn

tn−1

∥∂tt(ϕ(t)−ΠkW(t))∥L2(Ω) dt ≤
√
kn

(∫ tn

tn−1

∥∂tt(ϕ(t)−ΠkW(t))∥2L2(Ω) dt

) 1
2



86

≤ C2
1√
kn

(∫ tn

tn−1

∥∂t(ϕ(t)−ΠkW(t))∥2L2(Ω) dt

) 1
2

≤ C(v)
1√
kn

(
n∑

i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

.

On the other hand, for t ∈ In, n = 1, 2, . . . , N , we have

∥∂t(∇ΠkW(t)−∇W(t))∥L2(Ω)

≤ ∥∂t(∇ΠkW(t−n )−∇W(t−n ))∥L2(Ω) +

∫ tn

t
∥∂ss(∇ΠkW(s)−∇W(s))∥L2(Ω) ds

≤
∫ tn

tn−1

∥∂tt(∇ΠkW(t)−∇W(t))∥L2(Ω) dt

≤
√
kn

(∫ tn

tn−1

∥∂tt(∇ΠkW(t)−∇W(t))∥2L2(Ω) dt

) 1
2

≤ C
k
qn− 1

2
n

qs−3
n

∥W∥Hs(In;[H1
0 (Ω)]d), for W ∈ Hs(0, T ; [H1

0 (Ω)]
d).

Thus

max
t∈In,1≤n≤N

∥∇ϕ̇(t)−∇Ẇ(t)∥L2(Ω) ≤ C(v)(h−1 + h−1k
− 1

2
n )

(
n∑

i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

+ C
k
qn− 1

2
n

qs−3
n

∥W∥Hs(0,T ;[H1
0 (Ω)]d). (3.3.25)

Combining (3.3.24) and (3.3.25), we have

C̃h−
d
2 max
t∈In,1≤n≤N

(
∥∇ϕ(t)−∇W(t)∥L2(Ω) + ∥∇ϕ̇(t)−∇Ẇ(t)∥L2(Ω)

)
≤ C̃h−

d
2C(v)(1 + h−1 + h−1k

− 1
2

n )

(
n∑

i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

+ C̃h−
d
2C

(
k
qn+

1
2

n

qs−1
n

+
k
qn− 1

2
n

qs−3
n

)
∥W∥Hs(0,T ;[H1

0 (Ω)]d). (3.3.26)

Since r > d
2 + 1, k

qi− 1
2

i = o(h1+
d
2 ) and µki ≤ h2 ≤ νiki for each i = 1, 2, . . . , N, we can

choose h0 > 0 such that for h ≤ h0, the right-hand side of (3.3.26) is bounded by 1.

Thus, (3.3.23) follows by taking Cτ = C̃ + 1. The constant Cτ defined in this way does
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not depend on C∗(v).

3.3.3. Convergence proof We will establish the existence of a unique fixed point in

F by showing that the pair F and N satisfies the assumptions of Banach’s fixed point

theorem, namely that

(a) N (F) ⊂ F .

(b) N is a contraction with respect to d(·, ·) where for ϕ,φ ∈ F ,

d(ϕ,φ) := max
t∈In,1≤n≤N

(
∥ϕ(t)−φ(t)∥H1(Ω) + ∥ϕ̇(t)− φ̇(t)∥L2(Ω)

)
.

Existence of a fixed point of N in F

For (a), we first observe that N is well-defined. Indeed, if ϕ ∈ F , since ∇Weγt ∈ Zδ,

∇Weγt+τ(∇ϕ−∇W)eγt ∈ Zδ for 0 ≤ τ ≤ 1, and the bilinear form A(ϕ(t)eγt; ·, ·) is sym-

metric and positive definite. Takingφ = θϕ in (3.3.22) and replacing A(ϕ(t)eγt;θϕ(t), θ̇ϕ(t))

by

1

2

d

dt
A(ϕ(t)eγt;θϕ(t),θϕ(t))−

1

2

d∑
i,α,j,β=1

∫ 1

0

(
∂tA

τ
iαjβ∂βθϕ,j(t), ∂αθϕ,i(t)

)
L2 dτ,

we obtain

∥θ̇ϕ(t−n )∥2L2(Ω) + ∥θ̇ϕ(t+n−1)∥
2
L2(Ω) + γ2∥θϕ(t−n )∥2L2(Ω) + γ2∥θϕ(t+n−1)∥

2
L2(Ω)

+ 4γ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ A(ϕ(t−n )e
γtn ;θϕ(t

−
n ),θϕ(t

−
n ))

= −2γ2
∫ tn

tn−1

(
ρ1(t), θ̇ϕ(t)

)
L2

dt− 4γ

∫ tn

tn−1

(
ρ̇1(t), θ̇ϕ(t)

)
L2

dt (3.3.27)

− 2

∫ tn

tn−1

〈
ρ̈2(t), θ̇ϕ(t)

〉
dt− 2γ2

∫ tn

tn−1

(
ρ2(t), θ̇ϕ(t)

)
L2

dt

− 4γ

∫ tn

tn−1

(
ρ̇2(t), θ̇ϕ(t)

)
L2

dt+ 2
(
θ̇ϕ(t

−
n−1), θ̇ϕ(t

+
n−1)

)
L2

+ 2γ2
(
θϕ(t

−
n−1),θϕ(t

+
n−1)

)
L2

+ 2

∫ tn

tn−1

A(ϕ(t)eγt;W(t)−ΠkW(t), θ̇ϕ(t)) dt+ A(ϕ(t−n−1)e
γtn−1 ;θϕ(t

−
n−1),θϕ(t

−
n−1))
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+

d∑
i,α,j,β=1

∫ tn

tn−1

∫ 1

0

(
∂tA

τ
iαjβ∂βθϕ,j(t), ∂αθϕ,i(t)

)
L2 dτ dt.

By using (3.3.14), (3.3.15) and Young’s inequality, we have∣∣∣∣ − 2γ2
∫ tn

tn−1

(
ρ1(t), θ̇ϕ(t)

)
L2

dt− 4γ

∫ tn

tn−1

(
ρ̇1(t), θ̇ϕ(t)

)
L2

dt

− 2

∫ tn

tn−1

〈
ρ̈2(t), θ̇ϕ(t)

〉
dt− 2γ2

∫ tn

tn−1

(
ρ2(t), θ̇ϕ(t)

)
L2

dt− 4γ

∫ tn

tn−1

(
ρ̇2(t), θ̇ϕ(t)

)
L2

dt

∣∣∣∣
≤ 3γ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ C1(γ)

∫ tn

tn−1

(
∥ρ̇1(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω)

)
dt

+ C2(γ)

∫ tn

tn−1

(
∥ρ̈2(t)∥2L2(Ω) + ∥ρ̇2(t)∥2L2(Ω) + ∥ρ2(t)∥2L2(Ω)

)
dt

≤ 3γ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ c1(γ,v)
k2qn+1
n

q
2(s−1)
n

+ c2(γ,v)knh
2r+2

≤ 3γ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ C(γ,v)

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
, (3.3.28)

where Ci(γ) for i = 1, 2 are constants depending on γ only, while C(γ,v) and ci(γ,v) for

i = 1, 2 are constants depending on both γ and the exact solution v. By the Cauchy–

Schwarz inequality, we obtain

2
(
θ̇ϕ(t

−
n−1), θ̇ϕ(t

+
n−1)

)
L2

≤ ∥θ̇ϕ(t+n−1)∥
2
L2(Ω) + ∥θ̇ϕ(t−n−1)∥

2
L2(Ω), (3.3.29)

2γ2
(
θϕ(t

−
n−1),θϕ(t

+
n−1)

)
L2 ≤ γ2∥θϕ(t+n−1)∥

2
L2(Ω) + γ2∥θϕ(t−n−1)∥

2
L2(Ω). (3.3.30)

Note that

A(ϕ(t)eγt;W(t)−ΠkW(t), θ̇ϕ(t)) =
d

dt
A(ϕ(t)eγt;W(t)−ΠkW(t),θϕ(t))

− A(ϕ(t)eγt; ∂t(W(t)−ΠkW(t)),θϕ(t))

−
d∑

i,α,j,β=1

∫ 1

0

(
∂tA

τ
iαjβ∂β(W −ΠkW)j , ∂αθϕ,i(t)

)
L2

dτ.
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Using the fact that (W −ΠkW) (t−n ) = (W −ΠkW) (t+n−1) = 0 for n = 1, 2, . . . , N, we

have∫ tn

tn−1

A(ϕ(t)eγt;W(t)−ΠkW(t), θ̇ϕ(t)) = −
∫ tn

tn−1

A(ϕ(t)eγt; ∂t (W(t)−ΠkW(t)) ,θϕ(t)) dt

−
∫ tn

tn−1

d∑
i,α,j,β=1

∫ 1

0

(
∂tA

τ
iαjβ∂β(W(t)−ΠkW(t))j , ∂αθϕ,i(t)

)
L2

dτ dt. (3.3.31)

Then∣∣∣∣ ∫ tn

tn−1

A(ϕ(t)eγt;W(t)−ΠkW(t), θ̇ϕ(t)) dt

∣∣∣∣
≤
∣∣∣∣− ∫ tn

tn−1

A(ϕ(t)eγt; ∂t (W(t)−ΠkW(t)) ,θϕ(t)) dt

∣∣∣∣
+

∣∣∣∣ ∫ tn

tn−1

d∑
i,α,j,β=1

∫ 1

0

(
∂tA

τ
iαjβ∂β(W(t)−ΠkW(t))j , ∂αθϕ,i(t)

)
L2

dτ dt

∣∣∣∣
≤
∫ tn

tn−1

Kδ∥∇∂t(W(t)−ΠkW(t))∥L2(Ω)∥∇θϕ(t)∥L2(Ω) dt

+ Cτ

∫ tn

tn−1

∥∇(W(t)−ΠkW(t))∥L2(Ω)∥∇θϕ(t)∥L2(Ω) dt

≤
(
Kδ

2
+
Cτ

2

)∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt+
Kδ

2

∫ tn

tn−1

∥∇(∂t(W(t)−ΠkW(t)))∥2L2(Ω) dt

+
Cτ

2

∫ tn

tn−1

∥∇(W(t)−ΠkW(t))∥2L2(Ω) dt

≤
(
Kδ

2
+
Cτ

2

)∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt+ C(v)
k2qn+1
n

q
2(s−1)
n

for W ∈W s,∞(0, T ; [H1
0 (Ω)]

d).

(3.3.32)

To bound the terms involving ∂tAiαjβ, we apply Lemma 3.6 to get∣∣∣∣ ∫ tn

tn−1

d∑
i,α,j,β=1

∫ 1

0

(
∂tA

τ
iαjβ∂βθϕ,j(t), ∂αθϕ,i(t)

)
L2 dτdt

∣∣∣∣ ≤ Cτ

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt.

(3.3.33)

Combining (3.3.27)–(3.3.33), we obtain

∥θ̇ϕ(t−n )∥2L2(Ω) + γ2∥θϕ(t−n )∥2L2(Ω) + γ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt
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+ A(ϕ(t−n )e
γtn ;θϕ(t

−
n ),θϕ(t

−
n ))− A(ϕ(t−n−1);θϕ(t

−
n−1),θϕ(t

−
n−1))

≤ C̃

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt+ ∥θ̇ϕ(t−n−1)∥
2
L2(Ω) + γ2∥θϕ(t−n−1)∥

2
L2(Ω)

+ C(γ,v)

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
+ C(v)

k2qn+1
n

q
2(s−1)
n

+ C(v)
k
2(qn+1)+1
n

q
2(s−1)
n

. (3.3.34)

Summing up over n = 1, . . . , j, we obtain

∥θ̇ϕ(t−j )∥
2
L2(Ω) + γ2∥θϕ(t−j )∥

2
L2(Ω) + γ

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ A(ϕ(t−j )e
γtj ;θϕ(t

−
j ),θϕ(t

−
j ))

≤ C̃

j∑
n=1

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt+ C(v)

j∑
n=1

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
. (3.3.35)

Using the coercivity of A(ϕ(t−j )e
γtn ;θϕ(t

−
j ),θϕ(t

−
j )), we have

∥θ̇ϕ(t−j )∥
2
L2(Ω) + γ2∥θϕ(t−j )∥

2
L2(Ω) + γ

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+M1∥∇θϕ(t−j )∥
2
L2(Ω)

≤ C̃

j∑
n=1

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt+ C(v)

j∑
n=1

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
. (3.3.36)

By the fundamental theorem of calculus, the triangle inequality and the inverse inequality,

we have for each t ∈ In, with n = 1, . . . , N ,

∥∇θϕ(t)∥2L2(Ω) ≤

(
∥∇θϕ(t−n )∥L2(Ω) +

∫ tn

tn−1

∥∇θ̇ϕ(t)∥L2(Ω) dt

)2

≤ 2∥∇θϕ(t−n )∥2L2(Ω) + 2C2
0h

−2kn

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt.

This implies that

∥θ̇ϕ(t−j )∥
2
L2(Ω) + γ2∥θϕ(t−j )∥

2
L2(Ω) + γ

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+M1∥∇θϕ(t−j )∥
2
L2(Ω)

≤ 2C̃

j−1∑
n=1

kn∥∇θϕ(t−n )∥2L2(Ω) + 2C̃kj∥∇θϕ(t−j )∥
2
L2(Ω) + 2C̃C2

0

j∑
n=1

h−2k2n

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

+ C(v)

j∑
n=1

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
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≤ 2C̃

j−1∑
n=1

kn∥∇θϕ(t−n )∥2L2(Ω) + 2C̃kj∥∇θϕ(t−j )∥
2
L2(Ω) + Ĉ

j∑
n=1

kn

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

+ C(v)

j∑
n=1

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
, (3.3.37)

where the last inequality follows from the assumption that µiki ≤ h2 for each i = 1, . . . , N ,

with Ĉ = 2C̃C2
0 max1≤i≤j

1
µi
. The term 2C̃kj∥∇θϕ(t−j )∥2L2(Ω) and the sum of integrals on

the right-hand side of (3.3.37) can be absorbed into the third and fourth terms of the

left-hand side of (3.3.37) if we choose each time step kn to be sufficiently small. That is,

∥θ̇ϕ(t−j )∥
2
L2(Ω) + γ2∥θϕ(t−j )∥

2
L2(Ω) +

j∑
n=1

(γ − Ĉkn)

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

+ (M1 − 2C̃kn)∥∇θϕ(t−n )∥2L2(Ω)

≤ 2C̃

j−1∑
n=1

kn∥∇θϕ(t−n )∥2L2(Ω) + C(v)

j∑
n=1

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
. (3.3.38)

By choosing kn ≤ min{ γ

2Ĉ
, M1

4C̃
} for each n = 1, . . . , N and applying the discrete Grönwall

lemma, we have

∥θ̇ϕ(t−j )∥
2
L2(Ω) + ∥θϕ(t−j )∥

2
L2(Ω) +

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ ∥∇θϕ(t−j ))∥
2
L2(Ω)

≤ Cj(v) exp

(
C

j∑
n=1

kn

)
j∑

n=1

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
≤ Cmax(v)

j∑
n=1

(
knh

2r+2 +
k2qn+1
n

q
2(s−1)
n

)
,

(3.3.39)

where Cmax(v) = max1≤n≤N Cn(v) exp(CT ). Now tracing back constants through the

previous estimates, we notice that Cmax(v) does not depend on C∗(v), so we can define

C∗(v) := Cmax(v). Note that

∥∇vϕ(t)−∇v(t)∥L∞(Ω) ≤ ∥∇vϕ(t)−∇W(t)∥L∞(Ω) + ∥∇v(t)−∇W(t)∥L∞(Ω).

By the inverse estimate (ii,b), the error bound (iii,a), and the approximation properties

of Ph in the [W 1,∞(Ω)]d and [H1(Ω)]d semi-norms, we can find an h1 > 0 such that, for
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h < h1,

∥∇W(t)−∇v(t)∥L∞(Ω) ≤ ∥∇W(t)−∇Phv(t)∥L∞(Ω) + ∥∇Phv(t)− v(t)∥L∞(Ω)

≤ C1h
− d

2 ∥∇(W(t)− Phv(t))∥L2(Ω) + C(v)hr−
d
2 (by (ii,b))

≤ C1h
− d

2 ∥∇(W(t)− v(t))∥L2(Ω) + C1h
− d

2 ∥∇(Phv(t)− v(t))∥L2(Ω)

+ C(v)hr−
d
2

≤ C̃(v)hr−
d
2 ≤ δ

2
e−γT .

Since r > d
2 +1, k

qi− 1
2

i = o(h1+
d
2 ) and µiki ≤ h2 for each i = 1, . . . , N , we can also choose

h2 > 0 such that, for t ∈ In, n = 1, 2, . . . , N, for h < h2,

∥∇vϕ(t)−∇W(t)∥L∞(Ω)

≤ C1h
− d

2

(
∥∇θϕ(t)∥L2(Ω) + ∥∇ΠkW(t)−∇W(t)∥L2(Ω)

)
≤ C1h

− d
2

(
∥∇θϕ(t−n )∥L2(Ω) +

∫ tn

tn−1

∥∂t∇θϕ(t)∥L2(Ω) dt

+ ∥∇ΠkW(t−n )−∇W(t−n )∥L2(Ω) +

∫ tn

tn−1

∥∂t(∇ΠkW −∇W)(t)∥L2(Ω) dt

)
≤ C1h

− d
2

(
∥∇θϕ(t−n )∥L2(Ω) +

∫ tn

tn−1

∥∂t∇θϕ(t)∥L2(Ω) dt

)

+ C1h
− d

2

√
kn

(∫ tn

tn−1

∥∂t(∇ΠkW −∇W)(t)∥2L2(Ω) dt

) 1
2

≤ C1h
− d

2

(
∥∇θϕ(t−n )∥L2(Ω) + C0h

−1
√
kn

∫ tn

tn−1

∥∂tθϕ(t)∥2L2(Ω) dt

) 1
2

+ C(W)h−
d
2
kqn+1
n

qs−1
n

≤ C(v)h−
d
2

(
n∑

i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

<
δ

2
e−γT .

By choosing h < h∗ = min{h0, h1, h2}, we obtain ∇vϕe
γt ∈ Zδ.

Verification that N is a contraction mapping

To show the contraction property, we consider R = ϕ − ϕ′ and Θ = vϕ − vϕ′ where

ϕ,ϕ′ ∈ F . Replacing ϕ in (3.3.22) by ϕ′ and subtracting the new equation from (3.3.22),
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we have∫ tn

tn−1

〈
Θ̈(t), φ̇(t)

〉
dt+

(
[Θ̇(t)]n−1, φ̇(t

+
n−1)

)
L2

+ 2γ

∫ tn

tn−1

(
Θ̇(t), φ̇(t)

)
L2

dt

+ γ2
∫ tn

tn−1

(Θ(t), φ̇(t))L2 dt+ γ2
(
[Θ(t)]n−1,φ(t

+
n−1)

)
L2

+

∫ tn

tn−1

(
A(ϕ(t)eγt;θϕ(t), φ̇(t))− A(ϕ′(t)eγt;θϕ′(t), φ̇(t))

)
dt

+
1

2

{
A(ϕ(t+n−1)e

γtn−1 ;θϕ(t
+
n−1),φ(t

+
n−1))− A(ϕ′(t+n−1)e

γtn−1 ;θϕ′(t+n−1),φ(t
+
n−1))

}
=

∫ tn

tn−1

(
A(ϕ(t)eγt;W(t)−ΠkW(t), φ̇(t))− A(ϕ′(t)eγt;W(t)−ΠkW(t), φ̇(t))

)
dt

+
1

2

{
A(ϕ(t−n−1)e

γtn−1 ;θϕ(t
−
n−1),φ(t

−
n−1))− A(ϕ′(t−n−1)e

γtn−1 ;θϕ′(t−n−1),φ(t
−
n−1))

}
.

Taking φ = Θ and replacing

A(ϕ(t)eγt;θϕ(t), Θ̇(t))− A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))

by

A(ϕ(t)eγt;Θ(t), Θ̇(t)) + A(ϕ(t)eγt;θϕ′(t), Θ̇(t))− A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))

in the resulting equation, we have

1

2
∥Θ̇(t−n )∥2L2(Ω) +

1

2
∥Θ̇(t+n−1)∥

2
L2(Ω) +

γ2

2
∥Θ(t−n )∥2L2(Ω) +

γ2

2
∥Θ(t+n−1)∥

2
L2(Ω)

+ 2γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt+

∫ tn

tn−1

A(ϕ(t)eγt;Θ(t), Θ̇(t)) +
1

2
A(ϕ+

n−1e
γtn−1 ;Θ+

n−1,Θ
+
n−1)

=

∫ tn

tn−1

(
A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))− A(ϕ(t)eγt;θϕ′(t), Θ̇(t))

)
dt

+
1

2
A(ϕ−

n−1e
γtn−1 ;Θ−

n−1,Θ
−
n−1) +

(
Θ̇(t−n−1), Θ̇(t+n−1)

)
L2

+ γ2
(
Θ(t−n−1),Θ(t+n−1)

)
L2

+

∫ tn

tn−1

(
A(ϕ(t)eγt;W(t)−ΠkW(t), Θ̇(t))− A(ϕ′(t)eγt;W(t)−ΠkW(t), Θ̇(t))

)
dt

+
1

2

{
A(ϕ′(t+n−1)e

γtn−1 ;θϕ′(t+n−1),Θ(t+n−1))− A(ϕ(t+n−1)e
γtn−1 ;θϕ′(t+n−1),Θ(t+n−1))

}
+

1

2

{
A(ϕ(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))− A(ϕ′(t−n−1)e
γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))

}
.
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By writing∫ tn

tn−1

A(ϕ(t)eγt;Θ(t), Θ̇(t)) dt =
1

2

∫ tn

tn−1

d

dt
A(ϕ(t)eγt;Θ(t),Θ(t)) dt

− 1

2

d∑
i,α,j,β=1

∫ tn

tn−1

∫ 1

0

(
∂tA

τ
iαjβ∂βΘj(t), ∂αΘi(t)

)
L2

dτ dt,

where Aτ
iαjβ = Aiαjβ(∇W(t)eγt + τ(∇ϕ(t)−∇W(t))eγt), we have

∥Θ̇(t−n )∥2L2(Ω) + ∥Θ̇(t+n−1)∥
2
L2(Ω) + γ2∥Θ(t−n )∥2L2(Ω) + γ2∥Θ(t+n−1)∥

2
L2(Ω)

+ 4γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt+ A(ϕ−
n e

γtn ;Θ−
n ,Θ

−
n )

= 2
(
Θ̇(t−n−1), Θ̇(t+n−1)

)
L2

+ 2γ2
(
Θ(t−n−1),Θ(t+n−1)

)
L2 + A(ϕ−

n−1e
γtn−1 ;Θ−

n−1,Θ
−
n−1)

+
d∑

i,α,j,β=1

∫ tn

tn−1

∫ 1

0

(
∂tA

τ
iαjβ∂βΘj(t), ∂αΘi(t)

)
L2

dτ dt

+ 2

∫ tn

tn−1

(
A(ϕ(t)eγt;W(t)−ΠkW(t), Θ̇(t))− A(ϕ′(t)eγt;W(t)−ΠkW(t), Θ̇(t))

)
dt

+ 2

∫ tn

tn−1

(
A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))− A(ϕ(t)eγt;θϕ′(t), Θ̇(t))

)
dt

+

(
A(ϕ′(t+n−1)e

γtn−1 ;θϕ′(t+n−1),Θ(t+n−1))− A(ϕ(t+n−1)e
γtn−1 ;θϕ′(t+n−1),Θ(t+n−1))

)
+

(
A(ϕ(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))− A(ϕ′(t−n−1)e
γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))

)
.

Note that∫ tn

tn−1

A(ϕ′(t)eγt;θϕ′(t), Θ̇(t)) dt+ A(ϕ′(t+n−1)e
γtn−1 ;θϕ′(t+n−1),Θ(t+n−1))

− A(ϕ′(t−n−1)e
γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))

= −
∫ tn

tn−1

A(ϕ′(t)eγt; θ̇ϕ′(t),Θ(t)) dt

−
d∑

i,α,j,β=1

∫ tn

tn−1

∫ 1

0

(
∂tÃ

τ
iαjβ∂βθϕ′,j(t), ∂αΘi(t)

)
L2

dτ dt

+ A(ϕ′(t−n )e
γtn ;θϕ′(t−n ),Θ(t−n ))− A(ϕ′(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1)),
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where Ãτ
iαjβ := Aiαjβ(∇W(t)eγt + τ(∇ϕ′(t)−∇W(t))eγt). Analogously, we have

−
∫ tn

tn−1

A(ϕ(t)eγt;θϕ′(t), Θ̇(t)) dt− A(ϕ(t+n−1)e
γtn−1 ;θϕ′(t+n−1),Θ(t+n−1))

+ A(ϕ(t−n−1)e
γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))

=

∫ tn

tn−1

A(ϕ(t)eγt; θ̇ϕ′(t),Θ(t)) dt

+
d∑

i,α,j,β=1

∫ tn

tn−1

∫ 1

0

(
∂tA

τ
iαjβ∂βθϕ′,j(t), ∂αΘi(t)

)
L2

dτ dt

− A(ϕ(t−n )e
γtn ;θϕ′(t−n ),Θ(t−n )) + A(ϕ(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1)).

This implies that

∥Θ̇(t−n )∥2L2(Ω) + ∥Θ̇(t+n−1)∥
2
L2(Ω) + γ2∥Θ(t−n )∥2L2(Ω) + γ2∥Θ(t+n−1)∥

2
L2(Ω)

+ 4γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt+ A(ϕ−
n e

γtn ;Θ−
n ,Θ

−
n )

= 2
(
Θ̇(t−n−1), Θ̇(t+n−1)

)
L2

+ 2γ2
(
Θ(t−n−1),Θ(t+n−1)

)
L2 + A(ϕ−

n−1e
γtn−1 ;Θ−

n−1,Θ
−
n−1)

+
d∑

i,α,j,β=1

∫ tn

tn−1

∫ 1

0

(
∂tA

τ
iαjβ∂βΘj(t), ∂αΘi(t)

)
L2

dτ dt

+

∫ tn

tn−1

(
A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))− A(ϕ(t)eγt;θϕ′(t), Θ̇(t))

)
dt

+

∫ tn

tn−1

(
A(ϕ(t)eγt; θ̇ϕ′(t),Θ(t))− A(ϕ′(t)eγt; θ̇ϕ′(t),Θ(t))

)
dt

+

∫ tn

tn−1

∫ 1

0

d∑
i,α,j,β=1

(
(∂tA

τ
i,α,j,β − ∂tÃ

τ
iαjβ)∂βθϕ′,j(t), ∂αΘi(t)

)
L2

dτ dt

+ 2

∫ tn

tn−1

(
A(ϕ(t)eγt;W(t)−ΠkW(t), Θ̇(t))− A(ϕ′(t)eγt;W(t)−ΠkW(t), Θ̇(t))

)
dt

+ A(ϕ′(t−n )e
γtn ;θϕ′(t−n ),Θ(t−n ))− A(ϕ′(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))

− A(ϕ(t−n )e
γtn ;θϕ′(t−n ),Θ(t−n )) + A(ϕ(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1)). (3.3.40)

By the Cauchy–Schwarz inequality, we have

2
(
Θ̇(t−n−1), Θ̇(t+n−1)

)
L2

≤ ∥Θ̇(t−n−1)∥
2
L2(Ω) + ∥Θ̇(t+n−1)∥

2
L2(Ω), (3.3.41)
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2γ2
(
Θ(t−n−1),Θ(t+n−1)

)
L2 ≤ γ2∥Θ(t−n−1)∥

2
L2(Ω) + γ2∥Θ(t+n−1)∥

2
L2(Ω). (3.3.42)

By Lemma 3.6, for ϕ ∈ F , we have∣∣∣∣ ∫ tn

tn−1

∫ 1

0

d∑
i,α,j,β=1

(
∂tA

τ
iαjβ∂βΘj(t), ∂αΘi(t)

)
L2

dτ dt

∣∣∣∣ ≤ Cτ

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt.

(3.3.43)

Recalling that the values of ∇W(t)eγt+τ∇(ϕ(t)−W(t))eγt and ∇W(t)eγt+τ∇(ϕ′(t)−

W(t))eγt belong to the convex set Mδ, and that Aiαjβ is Lipschitz continuous on Mδ,

we have∣∣∣∣ ∫ tn

tn−1

A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))− A(ϕ(t)eγt;θϕ′(t), Θ̇(t)) dt

∣∣∣∣
≤
∫ tn

tn−1

∣∣A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))− A(ϕ(t)eγt;θϕ′(t), Θ̇(t))
∣∣ dt

≤ Lδ

∫ tn

tn−1

∥∇ϕ(t)−∇ϕ′(t)∥L2(Ω)∥∇θϕ′(t)∥L∞(Ω)∥∇Θ̇(t)∥L2(Ω) dt

≤ LδC0C1

∫ tn

tn−1

∥∇R(t)∥L2(Ω)h
−1− d

2 ∥∇θϕ′(t)∥L2(Ω)∥Θ̇(t)∥L2(Ω) dt

≤ 2γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt+ C(γ)max
t∈In

∥∇R(t)∥2L2(Ω)h
−2−d

∫ tn

tn−1

∥∇θϕ′(t)∥2L2(Ω) dt,

(3.3.44)

where we have used the inverse inequalities (ii,a) and (ii,b), Young’s inequality. By the

fundamental theorem of calculus, we have∫ tn

tn−1

∥∇θϕ′(t)∥2L2(Ω) dt ≤ 2kn∥∇θϕ′(t−n )∥2L2(Ω) + 2kn

(∫ tn

tn−1

∥∇θ̇ϕ′(t)∥L2(Ω) dt

)2

≤ 2kn∥∇θϕ′(t−n )∥2L2(Ω) + 2C2
0k

2
nh

−2

∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) dt.

This implies that∣∣∣∣ ∫ tn

tn−1

A(ϕ′(t)eγt;θϕ′(t), Θ̇(t))− A(ϕ(t)eγt;θϕ′(t), Θ̇(t)) dt

∣∣∣∣ ≤ 2γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt
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+ Cmax
t∈In

∥∇R(t)∥2L2(Ω)h
−2−dkn

(
∥∇θϕ′(t−n )∥2L2(Ω) +

∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) dt

)
,

(3.3.45)

where we have used the assumption that µiki ≤ h2 for each i = 1, . . . , N. Here C is a

generic positive constant. Analogously, we obtain∣∣∣∣ ∫ tn

tn−1

A(ϕ′(t)eγt; θ̇ϕ′(t),Θ(t))− A(ϕ(t)eγt; θ̇ϕ′(t),Θ(t)) dt

∣∣∣∣
≤
∫ tn

tn−1

∣∣A(ϕ′(t)eγt; θ̇ϕ′(t),Θ(t))− A(ϕ(t)eγt; θ̇ϕ′(t),Θ(t))
∣∣dt

≤ Lδ

∫ tn

tn−1

∥∇ϕ(t)−∇ϕ′(t)∥L2(Ω)∥∇θ̇ϕ′(t)∥L∞(Ω)∥∇Θ(t)∥L2(Ω) dt

≤ LδC1

∫ tn

tn−1

∥∇R(t)∥L2(Ω)h
− d

2 ∥∇θ̇ϕ′(t)∥L2(Ω)∥∇Θ(t)∥L2(Ω) dt

≤ C̃

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ Cmax
t∈In

∥∇R(t)∥2L2(Ω)h
−d−2

(∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) dt

)
.

(3.3.46)

Applying the Lipschitz continuity of Aiαjβ again, we have

2

∣∣∣∣ ∫ tn

tn−1

(
A(ϕ(t)eγt;W(t)−ΠkW(t), Θ̇(t))− A(ϕ′(t)eγt;W(t)−ΠkW(t), Θ̇(t))

)
dt

∣∣∣∣
≤ 2

∫ tn

tn−1

∣∣∣∣(A(ϕ(t)eγt;W(t)−ΠkW(t), Θ̇(t))− A(ϕ′(t)eγt;W(t)−ΠkW(t), Θ̇(t))
)∣∣∣∣dt

≤ 2Lδ

∫ tn

tn−1

∥∇R(t)∥L2(Ω)∥∇W(t)−∇(ΠkW)(t)∥L∞(Ω)∥∇Θ̇(t)∥L2(Ω) dt

≤ 2LδC0C1h
− d

2
−1

∫ tn

tn−1

∥∇R(t)∥L2(Ω)∥∇W(t)−∇(ΠkW)(t)∥L2(Ω)∥Θ̇(t)∥L2(Ω) dt

≤ C(γ)h−d−2max
t∈In

∥∇R(t)∥2L2(Ω)

∫ tn

tn−1

∥∇W(t)−∇(ΠkW)(t)∥2L2(Ω) dt+ γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt+ C(γ,W)h−d−2k
2(qn+1)+1
n

q
2(s−1)
n

max
t∈In

∥∇R(t)∥2L2(Ω), (3.3.47)
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for W ∈W s,∞(0, T ; [H1
0 (Ω)]

d), where C(γ,W) is a positive constant depending on both

γ and the nonlinear projection W. Recall that

∂tA
τ
iαjβ := ∂tAiαjβ(∇W(t)eγt + τ(∇ϕ(t)−∇W(t))eγt),

∂tÃ
τ
iαjβ := ∂tAiαjβ(∇W(t)eγt + τ(∇ϕ′(t)−∇W(t))eγt).

By Taylor’s theorem, we have

∂tA
τ
iαjβ − ∂tÃ

τ
iαjβ

=

∫ 1

0

d∑
k,γ,l,δ=1

∂2

∂ηkγ∂ηlδ
Aiαjβ(∇W(t)eγt + τ(∇ϕ′(t)−∇W(t))eγt + τ̃ τ(∇ϕ−∇ϕ′)eγt)

× ∂t∂δ(Wl(t)e
γt + τ(ϕ′

l(t)−Wl(t))e
γt + τ̃ τ(ϕl − ϕ′

l)e
γt)τ∂γ(ϕk(t)− ϕ′

k(t)) dτ̃ .

Since Aiαjβ is sufficiently smooth (in particular, twice continuously differentiable), we

can estimate the above difference term by

|∂tAτ
iαjβ − ∂tÃ

τ
iαjβ| ≤ Ĉ∥∇R(t)∥L∞(Ω)

(
∥∇W(t)∥L∞(Ω) + ∥∇Ẇ(t)∥L∞(Ω)

)
+ Ĉ∥∇R(t)∥L∞(Ω)

(
∥∇ϕ(t)−∇ϕ′(t)∥L∞(Ω) + ∥∇ϕ̇(t)−∇ϕ̇′(t)∥L∞(Ω)

)
+ Ĉ∥∇R(t)∥L∞(Ω)

(
∥∇ϕ′(t)−∇W(t)∥L∞(Ω) + ∥∇ϕ̇′(t)−∇Ẇ(t)∥L∞(Ω)

)
.

Similarly to the proof of Lemma 3.6, we can show that

∥∇ϕ′(t)−∇W(t)∥L∞(Ω) + ∥∇ϕ̇′(t)−∇Ẇ(t)∥L∞(Ω) ≤ Cτ . (3.3.48)

Property (iii, c) of the nonlinear projection W implies that

∥∇W(t)∥L∞(Ω) + ∥∇Ẇ(t)∥L∞(Ω) ≤ c0 + c1. (3.3.49)

In the view of triangle inequality, we have

∥∇ϕ(t)−∇ϕ′(t)∥L∞(Ω) + ∥∇ϕ̇(t)−∇ϕ̇′(t)∥L∞(Ω)

≤ ∥∇ϕ(t)−∇W(t)∥L∞(Ω) + ∥∇ϕ′(t)−∇W(t)∥L∞(Ω) + ∥∇ϕ̇(t)−∇Ẇ(t)∥L∞(Ω)

+ ∥∇ϕ̇′(t)−∇Ẇ(t)∥L∞(Ω) ≤ 2Cτ . (3.3.50)
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Combining (3.3.48)–(3.3.50) and applying the inverse inequality (ii,b) and Young’s in-

equality, we obtain∣∣∣∣ ∫ tn

tn−1

∫ 1

0

d∑
i,α,j,β=1

(
(∂tA

τ
iαjβ − ∂tÃ

τ
iαjβ)∂βθϕ′,j(t), ∂αΘi(t)

)
L2

dτ dt

∣∣∣∣
≤ C̃Lip

∫ tn

tn−1

∥∇R(t)∥L∞(Ω)∥∇θϕ′(t)∥L2(Ω)∥∇Θ(t)∥L2(Ω) dt

≤ C̃LipC1h
− d

2

∫ tn

tn−1

∥∇R(t)∥L2(Ω)∥∇θϕ′(t)∥L2(Ω)∥∇Θ(t)∥L2(Ω) dt

≤ C̃

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ Ch−d

∫ tn

tn−1

∥∇R(t)∥2L2(Ω)∥∇θϕ′(t)∥2L2(Ω) dt

≤ C̃

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ 2Cmax
t∈In

∥∇R(t)∥2L2(Ω)h
−dkn∥∇θϕ′(t−n )∥2L2(Ω)

+ 2Cmax
t∈In

∥∇R(t)∥2L2(Ω)h
−dkn

∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) dt, (3.3.51)

where C̃Lip = Ĉ(3Cτ + c0 + c1) and C is a generic positive constant. Combining the

estimates (3.3.41)–(3.3.47) and (3.3.51), we obtain

∥Θ̇(t−n )∥2L2(Ω) + γ2∥Θ(t−n )∥2L2(Ω) + A(ϕ−
n e

γtn ;Θ−
n ,Θ

−
n ) + γ

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ ∥Θ̇(t−n−1)∥
2
L2(Ω) + γ2∥Θ(t−n−1)∥

2
L2(Ω) + A(ϕ−

n−1e
γtn−1 ;Θ−

n−1,Θ
−
n−1) + C

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt

+ C(h−d−2 + h−d)kn

(
∥∇θϕ′(t−n )∥2L2(Ω) +

∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) dt

)
max
t∈In

∥∇R(t)∥2L2(Ω)

+ Cmax
t∈In

∥∇R(t)∥2L2(Ω)h
−d−2

(∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) dt

)
+ C(γ,W)h−d−2 k

2qn+3
n

q
2(s−1)
n

max
t∈In

∥∇R(t)∥2L2(Ω)

+ A(ϕ′(t−n )e
γtn ;θϕ′(t−n ),Θ(t−n ))− A(ϕ′(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1))

− A(ϕ(t−n )e
γtn ;θϕ′(t−n ),Θ(t−n )) + A(ϕ(t−n−1)e

γtn−1 ;θϕ′(t−n−1),Θ(t−n−1)). (3.3.52)

Summing up over n = 1, . . . , j, we obtain

∥Θ̇(t−j )∥
2
L2(Ω) + γ2∥Θ(t−j )∥

2
L2(Ω) + A(ϕ(t−j )e

γtj ;Θ(t−j ),Θ(t−j )) + γ

j∑
n=1

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ C

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ C(γ,W)h−d−2
j∑

n=1

k2qn+3
n

q
2(s−1)
n

max
t∈In

∥∇R(t)∥2L2(Ω)
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+ C
(
h−d−2 + h−d

)( j∑
n=1

kn∥∇θϕ′(t−n−1)∥
2
L2(Ω)

)
max

t∈In,1≤n≤j
∥∇R(t)∥2L2(Ω)

+ C
(
h−d−2 + h−d

)( j∑
n=1

kn

∫ tn

tn−1

∥θ̇ϕ′∥2L2(Ω) dt

)
max

t∈In,1≤n≤j
∥∇R(t)∥2L2(Ω)

+ Ch−d−2

(
j∑

n=1

∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) dt

)
max

t∈In,1≤n≤j
∥∇R(t)∥2L2(Ω)

+ A(ϕ′(t−j )e
γtj ;θϕ′(t−j ),Θ(t−j ))− A(ϕ(t−j )e

γtj ;θϕ′(t−j ),Θ(t−j ))

≤ C

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ C(γ,W)h−d−2
j∑

n=1

k2qn+3
n

q
2(s−1)
n

max
t∈In,1≤n≤j

∥∇R(t)∥2L2(Ω)

+ C(v)
(
h−d−2 + h−d

)( j∑
n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j
∥∇R(t)∥2L2(Ω)

+ C(v)
(
h−d−2 + h−d

)
max
1≤n≤j

kn

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j
∥∇R(t)∥2L2(Ω)

+ A(ϕ′(t−j )e
γtj ;θϕ′(t−j ),Θ(t−j ))− A(ϕ(t−j )e

γtj ;θϕ′(t−j ),Θ(t−j ))

≤ C

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ C(v)h−d−2

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j
∥∇R(t)∥2L2(Ω)

+ A(ϕ′(t−j )e
γtj ;θϕ′(t−j ),Θ(t−j ))− A(ϕ(t−j )e

γtj ;θϕ′(t−j )Θ(t−j )), (3.3.53)

where C is a generic positive constant and C(v) is a positive constant depending on

the exact solution v. These constants may change from line to line. Using the Lipschitz

continuity of A(·;θϕ′(t−j ),Θ(t−j )) and the inverse inequality (ii,b), we obtain

|A(ϕ′(t−j )e
γtj ;θϕ′(t−j ),Θ(t−j ))−A(ϕ(t−j )e

γtj ;θϕ′(t−j ),Θ(t−j ))|

≤ Lδ∥∇R(t−j )∥L2(Ω)∥∇θϕ′(t−j )∥L∞(Ω)∥∇Θ(t−j )∥L2(Ω)

≤ C(v)h−
d
2

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

) 1
2

max
t∈In,1≤n≤j

∥∇R(t)∥L2(Ω)∥∇Θ(t−j )∥L2(Ω).

(3.3.54)
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Combining the estimates (3.3.53) and (3.3.54) and applying the assumption (S2b) to

A(ϕ(t−j )e
γtj ;Θ(t−j ),Θ(t−j )) on the left-hand-side of the resulting inequality yield

∥Θ̇(t−j )∥
2
L2(Ω) + γ2∥Θ(t−j )∥

2
L2(Ω) +M1∥∇Θ(t−j )∥

2
L2(Ω) + γ

j∑
n=1

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ C

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ C(v)h−d−2

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In, 1≤n≤j
∥∇R(t)∥2L2(Ω)

+ C(v)h−
d
2

(
j∑

n=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

max
t∈In, 1≤n≤j

∥∇R(t)∥L2(Ω)∥∇Θ(t−j )∥L2(Ω).

(3.3.55)

By applying Young’s inequality on the right-hand side of (3.3.55), we have

∥Θ̇(t−j )∥
2
L2(Ω) + γ2∥Θ(t−j )∥

2
L2(Ω) +M1∥∇Θ(t−j )∥

2
L(Ω)

+ γ

j∑
n=1

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ C

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ C(v)h−d−2

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In, 1≤n≤j
∥∇R(t)∥2L2(Ω)

+ C(M1,v)h
−d

(
j∑

n=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

)
max

t∈In, 1≤n≤j
∥∇R(t)∥2L2(Ω) +

M1

2
∥∇Θ(t−j )∥L2(Ω),

(3.3.56)

where C(M1,v) is a constant depending on M1 and the exact solution v. This implies

that

∥Θ̇(t−j )∥
2
L2(Ω) + γ2∥Θ(t−j )∥

2
L2(Ω) +

M1

2
∥∇Θ(t−j )∥

2
L2(Ω) + γ

j∑
n=1

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ C

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ C(v)h−d−2

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In, 1≤n≤j
∥∇R(t)∥2L2(Ω)

+ C(M1,v)h
−d

(
j∑

n=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

)
max

t∈In, 1≤n≤j
∥∇R(t)∥2L2(Ω)

≤ C

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ C(v)h−d−2

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In, 1≤n≤j
∥∇R(t)∥2L2(Ω).

(3.3.57)



102

By an analogous application of the discrete Grönwall’s lemma as in the proof of (a), we

can deduce that, for kn sufficiently small for each n = 1, . . . , j,

∥Θ̇(t−j )∥
2
L2(Ω) + ∥Θ(t−j )∥

2
L2(Ω) + ∥∇Θ(t−j )∥

2
L2(Ω) +

j∑
n=1

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ C̃(v)h−d−2

(
j∑

n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In, 1≤n≤j
∥∇R(t)∥2L2(Ω), (3.3.58)

where C̃(v) is a positive constant depending on v which may vary from line to line. By

the fundamental theorem of calculus and the triangle inequality, we have for each t ∈ In,

with n = 1, . . . N ,

∥∇Θ(t)∥L2(Ω) ≤ ∥∇Θ(t−n )∥L2(Ω) +

∫ tn

tn−1

∥∇Θ̇(t)∥L2(Ω) dt

≤ ∥∇Θ(t−n )∥L2(Ω) + C0h
−1k

1
2
n

(∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

) 1
2

.

This implies that, for each t ∈ In with 1 ≤ n ≤ N ,

∥∇Θ(t)∥L2(Ω) ≤ (1 + C0h
−1k

1
2
n )C̃(v)

1
2h−

d
2
−1

(
N∑
i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

max
t∈In, 1≤n≤N

∥∇R(t)∥L2(Ω)

≤ C̃1(v)h
− d

2
−1

(
N∑
i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

max
t∈In, 1≤n≤N

∥∇R(t)∥L2(Ω),

(3.3.59)

where the last inequality follows from the assumption that µiki ≤ h2 for each 1 ≤ i ≤ N.

Analogously, we have

∥Θ(t)∥L2(Ω) ≤ ∥Θ(tn)∥L2(Ω) + k
1
2
n

(∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

) 1
2

≤ C̃2(v)h
− d

2
−1

(
N∑
i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

max
t∈In, 1≤n≤N

∥∇R(t)∥L2(Ω),

(3.3.60)
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and

∥Θ̇(t)∥L2(Ω) ≤ ∥Θ̇(tn)∥L2(Ω) + C2k
− 1

2
n

(∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

) 1
2

≤ C̃3(v)h
− d

2
−1k

− 1
2

n

(
N∑
i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

max
t∈In, 1≤n≤N

∥∇R(t)∥L2(Ω).

(3.3.61)

Summing up (3.3.59)–(3.3.61) and taking maximum on the left-hand for t ∈ In, with

1 ≤ n ≤ N , we have

max
t∈In,1≤n≤N

(
∥Θ(t)∥H1(Ω) + ∥Θ̇(t)∥L2(Ω)

)
≤ Ĉ(v)h−

d
2
−1 max

1≤n≤N
k
− 1

2
n

(
N∑
i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

max
t∈In,1≤n≤N

∥∇R(t)∥L2(Ω). (3.3.62)

By choosing the mesh size h and time steps {ki}Ni=1 < 1 for each i = 1, 2, . . . , N small

enough, and r and {qi}Ni=1 for each i = 1, 2, . . . , N large enough such that

Ĉ(v)h−
d
2
−1 max

1≤n≤N
k
− 1

2
n

(
N∑
i=1

kih
2r+2 +

k2qi+1
i

q
2(s−1)
i

) 1
2

< 1, (3.3.63)

we obtain

max
t∈In,1≤n≤N

(
∥Θ(t)∥H1(Ω) + ∥Θ̇(t)∥L2(Ω)

)
< max

t∈In,1≤n≤N

(
∥R(t)∥H1(Ω) + ∥Ṙ(t)∥L2(Ω)

)
.

(3.3.64)

Indeed, the inequality (3.3.63) follows from our assumptions that r > d
2 + 1, k

qi− 1
2

i =

o(h1+
d
2 ) for each i = 1, 2, . . . , N .

Therefore, by Banach’s fixed point theorem, vDG = vϕ is the unique solution to

(3.2.10). By the triangle inequality, properties of the modified projection operator, and

property (iii,b) of the nonlinear projection W, we have

∥vDG(t
−
j )− v(t−j )∥L2(Ω) + ∥v̇DG(t

−
j )− v̇(t−j )∥L2(Ω)

≤ ∥θ(t−j )∥L2(Ω) + ∥θ̇(t−j )∥L2(Ω) + ∥W(t−j )− v(t−j )∥L2(Ω) + ∥Ẇ(t−j )− v̇(t−j )∥L2(Ω)
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≤ C∗(v)

( j∑
n=1

knh
2r+2 +

k2qn+1
n

q
2(s−1)
n

) 1
2

+ 2C̃r(v)h
r+1 (by (iii,b))

≤ C(v)

(
h2r+2 +

j∑
n=1

k2qn+1
n

q
2(s−1)
n

) 1
2

.

3.4. Approximation properties of the elliptic projection

Here we derive the properties (iii,a)–(iii,c) of the nonlinear projection W. We write

a ≲ b if there exists a universal constant C > 0 independent of the spatial discretisation

parameter h such that a ≤ Cb.

3.4.1. L2 bound on ∇(v−W) and L∞ bound on ∇W Recall that for each t ∈ [0, T ],

a(W(t),φ) = a(v(t),φ) for all φ ∈ Vh. Let Ph : L
2 → Vh denote the standard L2-

projection operator in the spatial direction. Then we have

a(W(t),φ)− a(Phv(t),φ) = a(v(t),φ)− a(Phv(t),φ) for all φ ∈ Vh. (3.4.1)

That is, ∫ 1

0
ã(Phv(t)e

γt + τ(W(t)− Phv(t))e
γt;W(t)− Phv(t),φ) dτ

=

∫ 1

0
ã(Phv(t)e

γt + τ(v(t)− Phv(t))e
γt;v(t)− Phv(t),φ) dτ.

For v ∈ [Hm(Ω)]d ∩ [H1
0 (Ω)]

d, we define the following subset of [H1
0 (Ω)]

d,

F = {ϕ ∈ Vh : ∥∇(ϕ− Phv)∥L2(Ω) ≤ C∗h
r∥v∥Hr+1(Ω) for

d

2
< r ≤ min(p,m− 1)}

where C∗ is a constant independent of h. The set F is non-empty since for each fixed

t ∈ [0, T ], Phv(t) ∈ F . Furthermore, F is a closed and convex subset of [H1
0 (Ω)]

d. We

define the fixed point mapping N on F as follows. Given ϕ ∈ F , we denote by Wϕ ∈ Vh,

the solution to the following variational problem: find Wϕ ∈ Vh such that∫ 1

0
ã(Phv(t)e

γt + τ(ϕ(t)− Phv(t))e
γt;Wϕ(t)− Phv(t),φ) dτ
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=

∫ 1

0
ã(Phv(t)e

γt + τ(v(t)− Phv(t))e
γt;v(t)− Phv(t),φ) dτ for all φ ∈ Vh.

Since Vh is a finite-dimensional linear space, the existence and uniqueness of Wϕ(t) ∈ Vh

for each t ∈ [0, T ] follow if we can show that
∫ 1
0 ã(Phv(t)e

γt + τ(ϕ(t) − Phv(t)); ·, ·) is

coercive on Vh×Vh in the | · |H1 semi-norm. This is indeed true in view of the assumption

(S2b). For each t ∈ [0, T ], if we take W(t) = Wϕ(t), we have

∥∇(W(t)− Phv(t))∥L2(Ω) ≤ C∗h
r∥v(t)∥Hr+1(Ω),

d

2
< r ≤ min(p,m− 1). (3.4.2)

By the approximation properties of Ph in the | · |H1 semi-norm, we have

∥∇(v(t)− Phv(t))∥L2(Ω) ≲ hr∥v(t)∥Hr+1(Ω),
d

2
< r ≤ min(p,m− 1). (3.4.3)

It follows from the triangle inequality that

∥∇(W(t)− v(t))∥L2(Ω) ≲ hr∥v(t)∥Hr+1(Ω),
d

2
< r ≤ min(p,m− 1). (3.4.4)

By the approximation properties of Ph in the | · |W 1,∞ semi-norm, we have

∥∇(v(t)− Phv(t))∥L∞(Ω) ≲ hr−
d
2 ∥v(t)∥Hr+1(Ω),

d

2
< r ≤ min(p,m− 1). (3.4.5)

Combining (3.4.4) and (3.4.5), we obtain

∥∇W(t)∥L∞(Ω) ≤ ∥∇v(t)∥L∞(Ω) + ∥∇(W(t)− v(t))∥L∞(Ω)

≤ ∥∇v(t)∥L∞(Ω) + ∥∇(W(t)− Phv(t))∥L∞(Ω) + ∥∇(Phv(t)− v(t))∥L∞(Ω)

≤ ∥∇v(t)∥L∞(Ω) + C1h
− d

2 ∥∇(W(t)− Phv(t))∥L2(Ω) + C(v)hr−
d
2

≤ c0,

for some constant c0. The last inequality follows from the boundedness of ∇v and the

fact that r > d
2 , while the second last line follows from (ii,b) and (3.4.5).

3.4.2. L2 bound on ∇(Ẇ − v̇) and L∞ bound on ∇Ẇ For the estimate of the L2–

bound on ∇(Ẇ − v̇), we follow the proof from Section 6 in [60]. We need to show that
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t 7→ W(t) is differentiable with respect to t. For U ∈ Vh and t ∈ [0, T ], we notice that

the mapping φ 7→ a(U,φ) − a(v(t),φ) is a bounded linear functional on Vh; hence by

the Riesz representation theorem, there exists a unique A(t,U) ∈ Vh such that

(A(t,U),φ) = a(U,φ)− a(v(t),φ).

It follows from the linearisation process that the derivative of the nonlinear mapping

(t,U) 7→ A(t,U) with respect to U, evaluated at U = W(t), exists and is invertible for

any t ∈ [0, T ]. We also have A(t,W(t)) = 0. Since v(t) is differentiable with respect

to t, it follows that A(t,U) is differentiable in a neighbourhood of (t0,W(t0)) for any

t0 ∈ (0, T ). We then deduce from the implicit function theorem that t 7→ W(t) is

differentiable in (0, T ). Next, we derive an error bound on ∥∇(Ẇ(t) − v̇(t))∥L2(Ω). By

the definition of W(t), we have∫ 1

0
ã(Phv(t)e

γt + τ(W(t)− Phv(t))e
γt;W(t)− Phv(t),φ) dτ

=

∫ 1

0
ã(Phv(t)e

γt + τ(v(t)− Phv(t))e
γt;v(t)− Phv(t),φ) dτ,

for all φ ∈ Vh. After differentiation with respect to t, we have∫ 1

0
ã(Phv(t)e

γt + τ(W(t)− Phv(t))e
γt;Ẇ(t)− Phv̇(t),φ) dτ

+

∫ 1

0

∫
Ω

d∑
i,α,j,β,k,m=1

({
∂Aiαjβ

∂ηkm
(∇Phv(t)e

γt + τ(∇W(t)−∇Phv(t))e
γt)

× ∂m
(
∂t[Phvk(t)e

γt] + τ∂t[(Wk(t)− Phvk(t))e
γt]
)}

∂j(W − Phv)β, ∂jφα

)
L2

dx dτ

=

∫ 1

0
ã(Phv(t)e

γt + τ(v(t)− Phv(t))e
γt; v̇(t)− Phv̇(t),φ) dτ

+

∫ 1

0

∫
Ω

d∑
i,α,j,β,k,m=1

({
∂Aiαjβ

∂ηkm
(∇Phv(t)e

γt + τ(∇v(t)−∇Phv(t))e
γt)

× ∂m
(
∂t[Phvk(t)e

γt] + τ∂t[(vk(t)− Phvk(t))e
γt]
)}

∂j(v − Phv)β, ∂jφα

)
L2

dx dτ,
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for all φ ∈ Vh. Rearranging gives∫ 1

0
ã(Phv(t)e

γt + τ(W(t)− Phv(t))e
γt;Ẇ(t)− Phv̇(t),φ) dτ

=

∫ 1

0
ã(Phv(t)e

γt + τ(v(t)− Phv(t))e
γt; v̇(t)− Phv̇(t),φ) dτ

+

∫ 1

0

∫
Ω

d∑
i,α,j,β,k,m=1

({
∂Aiαjβ

∂ηkm
(∇Phv(t)e

γt + τ(∇v(t)−∇Phv(t))e
γt)

× ∂m
(
∂t[Phvk(t)e

γt] + τ∂t[(vk(t)− Phvk(t))e
γt]
)}

∂j(v − Phv)β, ∂jφα

)
L2

dx dτ

−
∫ 1

0

∫
Ω

d∑
i,α,j,β,k,m=1

({
∂Aiαjβ

∂ηkm
(∇Phv(t)e

γt + τ(∇W(t)−∇Phv(t))e
γt)

× ∂m
(
∂t[Phvk(t)e

γt] + τ∂t[(Wk(t)− Phvk(t))e
γt]
)}

∂j(W − Phv)β, ∂jφα

)
L2

dx dτ

:= T1 + T2 + T3.

Taking φ(t) = Ẇ(t)− Phv̇(t), we have

T1 ≲ hr∥v̇(t)∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω),

T2 ≲

(
∥∇Phv̇(t)∥L∞(Ω) + ∥∇(v̇(t)− Phv̇(t))∥L∞(Ω) + ∥∇Phv(t)∥L∞(Ω)

+ ∥∇(v(t)− Phv(t))∥L∞(Ω)

)
× ∥∇v(t)−∇Phv(t)∥L2(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

≲ hr∥v(t)∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω),

T3 ≲

(
∥∇Phv̇(t)∥L∞(Ω) + ∥∇(Ẇ(t)− Phv̇(t))∥L∞(Ω) + ∥∇Phv(t)∥L∞(Ω)

+ ∥∇(W(t)− Phv(t))∥L∞(Ω)

)
× ∥∇(W(t)− Phv(t))∥L2(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

≲ hr∥v(t)∥Hr+1(Ω)

(
∥∇Phv̇(t)∥L∞(Ω) + ∥∇(Ẇ(t)− Phv̇(t))∥L∞(Ω) + ∥∇Phv(t)∥L∞(Ω)

+ ∥∇(W(t)− Phv(t))∥L∞(Ω)

)
× ∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

≲ hr∥v(t)∥Hr+1(Ω)

(
∥∇v̇(t)∥L∞(Ω) + ∥∇(v̇(t)− Phv̇(t))∥L∞(Ω) + ∥∇v(t)∥L∞(Ω)

+ ∥∇(v(t)− Phv(t))∥L∞(Ω)

)
× ∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)
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+ hr−
d
2 ∥v(t)∥Hr+1(Ω)∥∇(W(t)− Phv(t))∥L2(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

+ hr−
d
2 ∥v(t)∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥2L2(Ω)

≲ hr∥v(t)∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

+ hr−
d
2 ∥v(t)∥Hr+1(Ω)∥∇(W(t)− Phv(t))∥L2(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

+ hr−
d
2 ∥v(t)∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥2L2(Ω).

Combining the estimates for T1, T2 and T3, we have∫ 1

0
ã(Phv(t)e

γt + τ(W(t)− Phv(t))e
γt;Ẇ(t)− Phv̇(t),Ẇ(t)− Phv̇(t)) dτ

≲ hr
(
∥v(t)∥Hr+1(Ω) + ∥v̇∥Hr+1(Ω)

)
∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω) (3.4.6)

+ hr−
d
2 ∥v∥Hr+1(Ω)∥∇(W(t)− Phv(t))∥L2(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

+ hr−
d
2 ∥v∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥2L2(Ω).

Applying the strong ellipticity condition (S2b) on the left-hand side of (3.4.6), we have

M1∥∇(Ẇ(t)− Phv̇(t))∥2L2(Ω)

≤
∫ 1

0
ã(Phv(t)e

γt + τ(W(t)− Phv(t))e
γt;Ẇ(t)− Phv̇(t),Ẇ(t)− Phv̇(t)) dτ

≲ hr
(
∥v(t)∥Hr+1(Ω) + ∥v̇∥Hr+1(Ω)

)
∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

+ hr−
d
2 ∥v∥Hr+1(Ω)∥∇(W(t)− Phv(t))∥L2(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

+ hr−
d
2 ∥v∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥2L2(Ω).

Dividing by ∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω) on both sides yields

M1∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

≲ hr
(
∥v(t)∥Hr+1(Ω) + ∥v̇∥Hr+1(Ω)

)
+ hr−

d
2 ∥v∥Hr+1(Ω)∥∇(W(t)− Phv(t))∥L2(Ω)

+ hr−
d
2 ∥v∥Hr+1(Ω)∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω).
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Since r > d
2 , we can choose h sufficiently small such that the last term on the right-hand

side can be absorbed into the term on the left-hand side. This yields

∥∇(Ẇ(t)− Phv̇(t))∥L2(Ω)

≲ hr
(
∥v(t)∥Hr+1(Ω) + ∥v̇(t)∥Hr+1(Ω)

)
+ hr−

d
2 ∥v∥Hr+1(Ω)∥∇(W(t)− Phv(t))∥L2(Ω)

≲ hr
(
∥v(t)∥Hr+1(Ω) + ∥v̇(t)∥Hr+1(Ω)

)
, (3.4.7)

where we have applied ∥∇(W(t) − Phv(t))∥L2(Ω) ≤ C∗h
r∥v(t)∥Hr+1(Ω) for the last in-

equality. Again, by the approximation property of Ph, we have, for each t ∈ [0, T ],

∥∇(v̇(t)− Phv̇(t))∥L2(Ω) ≲ hr∥v̇(t)∥Hr+1(Ω),
d

2
< r ≤ min(p,m− 1). (3.4.8)

It follows from the triangle inequality that, for each t ∈ [0, T ],

∥∇Ẇ(t)−∇v̇(t)∥L2(Ω) ≲ hr
(
∥v(t)∥Hr+1(Ω) + ∥v̇(t)∥Hr+1(Ω)

)
,

d

2
< r ≤ min(p,m− 1).

(3.4.9)

By a similar argument as in the previous section, we can show that there exists a constant

c1 > 0 such that

∥∇Ẇ(t)∥L∞(Ω) ≤ c1. (3.4.10)

3.4.3. L2 bounds on (v −W), (v̇ − Ẇ) and (v̈ − Ẅ) It was proved by Dobrowolski

and Rannacher in [26] that for each t ∈ [0, T ],

∥v(t)−W(t)∥L2(Ω) ≤ Cr(v)h
r+1,

d

2
< r ≤ min(p,m− 1). (3.4.11)

We shall focus on proving the L2 error bound on the time derivative using a duality

argument in this section.

Consider the following boundary value problem: for a given g ∈ [L2(Ω)]d, solve

ψ ∈ [H1
0 (Ω)]

d such that

ã(v;ψ,ϕ) = (g,ϕ)L2 for all ϕ ∈ [H1
0 (Ω)]

d, (3.4.12)
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where v is the solution of (3.1.1)–(3.1.3) and

ã(v;ψ,ϕ) :=
d∑

i,α,j,β=1

(Aiαjβ(∇v)∂βψ, ∂αϕi)L2 . (3.4.13)

Since Aiαjβ(∇v) ∈ W 1,∞(Ω) provided that Aiαjβ is sufficiently smooth and ∇v ∈

[C2,α(Ω)]d×d (cf. Remark 3.5 ), the adjoint problem (3.4.12) has a unique solution, which

satisfies the following elliptic regularity conditions, cf. Theorem 1.1 and Theorem 2.6 of

Chapter 8 in [19],

∥ψ∥H2(Ω) ≤ ĉ
(
∥ψ∥L2(Ω) + ∥g∥L2(Ω)

)
(3.4.14)

for some positive constant ĉ. Taking ϕ = ψ ∈ [H1
0 (Ω)]

d in (3.4.13) and applying the

coercivity condition (S2b), we have

M1∥∇ψ∥2L2(Ω) ≤ ∥g∥L2(Ω)∥ψ∥L2(Ω). (3.4.15)

Applying Poincaré’s inequality in (3.4.15), we deduce that

∥ψ∥L2(Ω) ≤M−1
1 Cpoin∥g∥L2(Ω).

Thus

∥ψ∥H2(Ω) ≤ c∥g∥L2(Ω), (3.4.16)

for some positive constant c. The corresponding discrete problem is formulated as follows:

find ψh ∈ Vh such that

ã(v;ψh,ϕ) = (g,ϕ)L2 , for all ϕ ∈ Vh. (3.4.17)

It is known (cf. [26]) that we have

∥ψ −ψh∥L2(Ω) + h∥ψ −ψh∥H1(Ω) ≤ Chr+1∥ψ∥Hr+1(Ω), (3.4.18)

for some constant C. Let g = v̇ − Ẇ; then (3.4.12) becomes

ã(v,ψ,ϕ) = (v̇ − Ẇ,ϕ)L2 . (3.4.19)
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Plugging ϕ = v̇ − Ẇ into (3.4.19), we obtain

∥v̇ − Ẇ∥2L2(Ω) = ã(v;ψ, v̇ − Ẇ). (3.4.20)

Using (S2a) and the definition of the elliptic projection, we have,

ã(v;ψ, v̇ − Ẇ) = ã(v;ψ −ψh, v̇ − Ẇ) + ã(v;ψh, v̇ − Ẇ)

= ã(v;ψ −ψh, v̇ − Ẇ) + ã(v; v̇ − Ẇ,ψh)

= ã(v;ψ −ψh, v̇ − Ẇ) + ã(W;Ẇ,ψh)− ã(v;Ẇ,ψh). (3.4.21)

By (iii,a), (3.4.16) and (3.4.18), we have

|ã(v;ψ −ψh, v̇ − Ẇ)| ≤Kδ∥∇(v̇ − Ẇ)∥L2(Ω)∥∇(ψ −ψh)∥L2(Ω)

≤KδCr(v)h
r · Ch∥ψ∥H2(Ω) (by (iii,a) and (3.4.18))

≤KδcCr(v)Ch
r+1∥v̇ − Ẇ∥L2(Ω) (by (3.4.16)).

For the remaining terms in (3.4.21), we observe that

|ã(W;Ẇ,ψh)− ã(v;Ẇ,ψh)| ≤ |ã(W;Ẇ,ψh −ψ)− ã(v;Ẇ,ψh −ψ)|

+ |ã(W;Ẇ − v̇,ψ)− ã(v;Ẇ − v̇,ψ)|

+ |ã(W; v̇,ψ)− ã(v; v̇,ψ)|

:= T4 + T5 + T6.

By the Lipschitz continuity of Aiαjβ, we have

T4 ≤ Lδ∥∇(W − v)∥L2(Ω)∥∇Ẇ∥L∞(Ω)∥∇(ψh −ψ)∥L2(Ω)

≤ Cr(v)h
rc1∥∇(ψh −ψ)∥L2(Ω) ( by (iii,a) and (iii,c))

≤ Cr(v)c1h
r · Ch∥ψ∥H2(Ω) (by (3.4.18))

≤ cCCr(v)c1h
r+1∥Ẇ − v̇∥L2(Ω) (by (3.4.16)).
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Similarly, we have

T5 ≤ Lδ∥∇(W − v)∥L∞(Ω)∥∇(Ẇ − v̇)∥L2(Ω)∥∇ψ∥L2(Ω).

Following the analysis in [63] and Chapter 8 of [17], it can be shown that

∥v −W∥W 1,∞(Ω) ≤ c(v)hr, (3.4.22)

where c(v) is a positive constant depending on the exact solution v. Therefore, we can

bound T5 by

T5 ≤ Lδc(v)h
rCr(v)h

r∥ψ∥H2(Ω) ≤ Lδc(v)Cr(v)ch
r+1∥Ẇ − v̇∥L2(Ω), (3.4.23)

for any r ≥ 1 provided that h is sufficiently small. We bound T6 by

T6 = |ã(W; v̇,ψ)− ã(v; v̇,ψ)|

≤
∣∣∣∣ d∑
i,α,j,β,k,γ=1

(
∂γ(Wk − vk)∂βv̇j

∂Aiαjβ

∂ηkγ
(∇v), ∂αψi

)
L2

∣∣∣∣
+

∣∣∣∣ d∑
i,α,j,β,k,γ,l,δ=1

(
∂δ(Wl − vl)∂γ(Wk − vk)∂βv̇j

∫ 1

0

∂2Aiαjβ

∂ηlδ∂ηkγ
(∇v + τ∇(W − v)) dτ, ∂αψi

)
L2

∣∣∣∣
:= b(W,v; v̇,ψ) + d(W,v; v̇,ψ).

To ensure that ∇W ∈ Zδ, we take h sufficiently small. By the convexity of Zδ and Mδ,

we know that ∇v(x) + τ∇(W(x) − v(x)) ∈ Mδ for x ∈ Ω̄. Since Aiαjβ is sufficiently

smooth (in particular twice continuously differentiable on Mδ), we have

d(W,v; v̇,ψ) ≤ CA∥∇(W − v)∥2L∞(Ω)∥∇v̇∥L2(Ω)∥∇ψ∥L2(Ω)

≤ CAc(v)
2h2r∥∇v̇∥L2(Ω)∥∇ψ∥L2(Ω) (by (3.4.22))

≤ CAc(v)
2h2r∥∇v̇∥L2(Ω)∥ψ∥H2(Ω)

≤ CAc(v)
2ch2r∥∇v̇∥L2(Ω)∥Ẇ − v̇∥L2(Ω) (by (3.4.16))

≤ Chr+1∥Ẇ − v̇∥L2(Ω), for r ≥ 1.
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For the estimation of b(W,v; v̇,ψ), we apply integration by parts and the fact that

Vh ⊂ [H1
0 (Ω)]

d to obtain

b(W,v; v̇,ψ) =

∣∣∣∣ d∑
i,α,j,β,k,γ=1

(
∂γ
[
∂βv̇j

∂Aiαjβ

∂ηkγ
(∇v), ∂αψi

]
(Wk − vk)

)
L2

∣∣∣∣
≤ C∥W − v∥L2(Ω)∥v̇∥W 2,∞(Ω)∥v∥W 2,∞(Ω)∥ψ∥H2(Ω)

≤ C̃hr+1∥Ẇ − v̇∥L2(Ω) (by (3.4.16) and (3.4.11)).

Combining the above estimates for T4, T5 and T6, we have

∥Ẇ − v̇∥L2(Ω) ≤ C̃r(v)h
r+1, (3.4.24)

for some positive constant C̃r(v).

By a similar argument, we can easily show that Ẇ(t) is differentiable with respect to

t and derive a similar L2 error estimate for Ẅ − v̈. The proof of this estimate can be

found in [54] and [55]. We omit the details here.

3.5. Numerical experiments

In this section, we show some numerical experiments on a simple version of the non-

linear elastodynamics equation to verify the convergence result.

3.5.1. Numerical results for a nonlinear elastodynamics problem We consider

the one-dimensional nonlinear equation

ü(x, t) + 2γu̇(x, t) + γ2u(x, t)− ∂x[S(∂xu(x, t))] = f(x, t) in (0, 1)× (0, T ], (3.5.1)

u(0, t) = u(1, t) = 0 for all t ∈ (0, T ], (3.5.2)

u(x, 0) = u0(x), u̇(x, 0) = u1(x). (3.5.3)
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We take S(∂xu) :=
1
3∂xu

3 and the time interval I = (0, T ] with T = 1. Let u0, u1 and f

be chosen such that the exact solution is

u(x, t) = sin(
√
2πt) sin(πx).

That is, u0(x) ≡ 0, u1(x) =
√
2π sin(πx), and

f(x, t) = [(−2π2+γ2) sin(
√
2πt)+2

√
2γπ cos(

√
2πt)] sin(πx)+π4 sin3(

√
2πt) cos2(πx) sin(πx).

Analogously to Section 2.4.1, we first discretise the problem in the spatial direction using

continuous piecewise polynomials of degree p ≥ 1. Let Vh be the finite element function

space with h being the spatial discretisation parameter. The numerical approximation of

the nonlinear wave-type equation following a Picard-type linearisation in the nonlinear

term is the following: find uh ∈ Vh such that∫
Ω
üh · vh dx+

∫
Ω
2γu̇h · vh dx+

∫
Ω
γ2uh · vh dx+

1

3

∫
Ω
(∂xu

∗
h)

2∂xuh ·∂xvh dx =

∫
Ω
f · vh dx,

for all vh ∈ Vh. Here we assume that ∂xu
∗
h is known at each time step In either as

an initial guess by using uh over the previous time interval, or as a previous iterate in

the Picard iteration. Now the problem results in the following second-order differential

system for the nodal displacement U(t):
M̃Ü(t) + 2γM̃Ü(t) + γ2M̃U(t) + 1

3K̃(t)U(t) = F(t), t ∈ (0, T ],

U̇(0) = U1, U(0) = U0.

Again, Ü(t) (respectively U̇(t)) represents the vector of nodal acceleration (respectively

velocity) and F(t) is the vector of externally applied loads. M̃ is the mass matrix defined

as before. However, in contrast to the discretisation for linear equations, the stiffness

matrix K̃(t) is now time-dependent:

K̃ij(t) :=

∫ 1

0
(∂xu

∗
h(t))

2∂xψi(x) · ∂xψj(x) dx,
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which is computed using u∗h at each time step. Similarly to Section 2.4, we have

Z̈(t) + LŻ(t) +K0Z(t) +K(t)Z(t) = G(t), t ∈ (0, T ], (3.5.4)

Ż(0) = M̃
1
2U1, Z(0) = M̃

1
2U0. (3.5.5)

Here

L = 2γId, K0 = γ2Id, K(t) =
1

3
M̃− 1

2 K̃(t)M̃− 1
2 , G(t) = M̃− 1

2F(t).

Note that both K̃(t) and K(t) are time-dependent. We subdivided [0, T ) into N subin-

tervals In, for n = 1, . . . , N, of uniform length k and assume that q1 = · · · = qN = q ≥ 2

on each time interval. If we consider the time integration on a generic time interval In

for each n = 1, . . . N , our DG in time formulation reads as: find Z ∈ Vqn
kh such that(

Z̈(t), v̇
)
L2(In)

+
(
LŻ(t), v̇

)
L2(In)

+ (K0Z(t), v̇)L2(In)
+ (K(t)Z(t), v̇)L2(In)

+ Ż(t+n−1) · v̇(t
+
n−1) +K0Z(t

+
n−1) · v(t

+
n−1) +K(t+n−1)Z(t

+
n−1) · v(t

+
n−1)

= (G(t), v̇)L2(In)
+ Ż(t−n−1) · v̇(t

+
n−1) +K0Z(t

−
n−1) · v(t

+
n−1) +K(t−n−1)Z(t

−
n−1) · v(t

+
n−1),

for all v ∈ Vqn
kh. By choosing appropriate test functions as in the previous chapter, we

obtain an algebraic system Az = b, where z ∈ RD = R(qn+1)d̂ is the solution vector;

b ∈ RD corresponds to the right-hand side, and A is the local stiffness matrix with its

structure defined in Section 2.4. In this case, we set

M =M1 +M4, Bij = LijM
2 +K0ij(M

3 +M5) + (M̃3 + M̃5),

with M,Bij ∈ R(qn+1)×(qn+1) for any i, j = 1, . . . , d̂. The new time-dependent matrices

M̃3 and M̃5 are defined as

M̃3
lj =

(
K(t)ϕj , ϕ̇l

)
L2(In)

, M̃5
lj = K(t+n−1)ϕ

j(t+n−1) · ϕ
l(t+n−1),

where ϕl, ϕj for l, j = 1, . . . , qn + 1 are the basis polynomials as defined in Chapter 2.

The computation of M̃3(t) and M̃5(t) depends on the time-dependent matrix K(t). In



116

order to compute this matrix K(t) (correspondingly K̃(t)), we apply a Picard iteration

at each time interval. We set the maximal number of Picard iterations to be 30 at each

time step and the tolerance to be 1e− 10. The details of the algorithm are summarised

in Algorithm 1.

We use CG–p elements where p = q in space with k = h2, T = 1 and γ = 1,

and compute the errors ∥u(T ) − uDG(t
−
N )∥L2(Ω) + ∥u̇(T ) − u̇DG(t

−
N )∥L2(Ω) versus k for

k = h2 with respect to polynomial degrees 2, 3, 4 in Table 3.1. Note that here we use

h = 2.50 × 10−1, 2.00 × 10−1, 1.25 × 10−1 and 6.25 × 10−2 instead of the conventional

halving procedure; this is to avoid the accumulation of any unnecessary floating point

errors resulting from a large number of time steps while still having sufficient data to

compute the convergence rates. The computed errors are shown in Figure 3.1 in a log-log

scale. As expected, the error decreases as we increase the polynomial degree q or decrease

the time step k. By Remark 3.3, we expect convergence rates of order 1.5, 2.0 and 2.5 for

q = p = 2, 3 and 4 respectively, which are consistent with the numerical results shown in

Table 3.1.



117

Algorithm 1 Iterative Algorithm (Multiple Picard iterations at each time interval)

Initialisation: ∂xu
∗
h = ∂xu0 and

[K̃0]ij =

∫ 1

0
(∂xu0)

2∂xψi(x)∂xψj(x) dx.

Iteration: On each interval In = (tn−1, tn] for n = 1, 2, . . . , N , we solve

M̃Ü(t) + 2γM̃U̇(t) + γ2M̃U(t) +
1

3
K̃n(t)U(t) = F(t)

iteratively (using Picard iterations) by applying the discontinuous-in-time integration.
Here

[K̃n
0 ]ij =

∫ 1

0
[∂xu

n−1
DG (t)]2∂xψi(x)∂xψj(x) dx,

where un−1
DG (t) is the solution we obtained from the previous time interval In−1.

[K̃n
k ]ij =

∫ 1

0
[∂xu

n−1,k−1
DG (t)]2∂xψi(x)∂xψj(x) dx,

for k = 1, 2, . . . , where un−1,k−1
DG (t) is computed from the previous Picard iteration by

using the stiffness matrix [K̃n
k−1]ij .

Update:

[K̃n+1
0 ]ij =

∫ 1

0
[∂xu

n
DG(t)]

2∂xψi(x)∂xψj(x) dx,

where ∂xu
n
DG(t) is computed using [K̃n

kend
]. Here kend is either the maximal (final)

Picard iteration number or the iteration at which a certain tolerance is achieved.
Now move to the next time interval In+1.
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Table 3.1: 1D nonlinear elastodynamics equation with p = q: computed error ||u(T ) −
uDG(t

−
N )||L2(Ω)+||u̇(T )−u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect

to polynomial degrees q = 2, 3, 4.

q h k = h2 L2-error rate

2 2.50000e− 1 6.25000e− 2 1.2123e− 2 —
2.00000e− 1 4.00000e− 2 4.9774e− 3 1.9948
1.25000e− 1 1.56250e− 2 1.1643e− 3 1.5455
6.25000e− 2 3.90625e− 3 1.2454e− 4 1.6124

3 2.50000e− 1 6.25000e− 2 4.1533e− 4 —
2.00000e− 1 4.00000e− 2 1.8590e− 4 1.8012
1.25000e− 1 1.56250e− 2 2.5283e− 5 2.1224
6.25000e− 2 3.90625e− 3 1.5609e− 6 2.0089

4 2.50000e− 1 6.25000e− 2 2.5498e− 5 —
2.00000e− 1 4.00000e− 2 8.3999e− 6 2.4881
1.25000e− 1 1.56250e− 2 9.7790e− 7 2.2878
6.25000e− 2 3.90625e− 3 3.1115e− 8 2.4870

Figure 3.1: 1D nonlinear elastodynamics equation with p = q: computed error ∥u(T ) −
uDG(t

−
N )∥L2(Ω) + ∥u̇(T ) − u̇DG(t

−
N )∥L2(Ω) plotted against 1/k for q = 2, 3, 4 in a log-log

scale.



Chapter 4

Nonlinear damped wave equations

Let Ω be a bounded domain in Rd for d = 1, 2, 3, with smooth boundary ∂Ω, and let

0 < T <∞. We consider the damped wave equation given by

ü(x, t) + ∂ta(u(x, t))−∆u̇(x, t)−∆b(u(x, t)) = 0 in Ω× (0, T ], (4.0.1)

subject to the initial conditions

u(·, 0) = u0(·) ∈ H1
0 (Ω), u̇(·, 0) = u1(·) ∈ L2(Ω) in Ω, (4.0.2)

and the homogeneous Dirichlet boundary conditions

u(x, t) = 0 on ∂Ω× [0, T ], (4.0.3)

where a ∈ C3(R), b(u) = u + c(u) ∈ C4(R) with c′(u) ≥ M0 > 0 and a′(u) ≥ M1 > 0.

We assume that |a′(·)| ≤ Ca and |c′(·)| ≤ Cc for some positive constants Ca and Cc. The

motivation for studying the nonlinear wave equation of (4.0.1) comes from the nonlinear

wave-dielectric interaction problem, derived from Maxwell’s equations by assuming a

linearly polarised wave propagating on an infinite cylindrical domain Ω (see Bloom [16])

of the form

Ω = {(x, y, z) | −∞ < x <∞, f(y, z) = c > 0}.
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The resulting one-dimensional nonlinear wave equation is of the following form.

∂2D

∂t2
+Σ′(D)

∂D

∂t
=

1

µ0

∂2b(D)

∂x2
, (4.0.4)

where D(x, t) is the scalar electric displacement, and µ0 is a constant representing the

permeability of free space. The nonlinear function b is defined as b(D) = λ0D + λ2D
3

with λi > 0 for i = 0, 2. Here Σ(D) = σ̃(b(D))b(D) where σ̃(ξ) = σ(0, ξ, 0) with σ

being the nonlinear function appearing in Ohm’s law. That is, J = σ(E)E, where J is

the current and E is the electric field. The detailed derivation from Maxwell’s equations

of this one-dimensional nonlinear equation can be found in Section 2.6 of [16]. The

existence and uniqueness of a solution to the nonlinear wave equation (4.0.4) follows

from [18] and Chapter 3 of Bloom’s book [16]. The ∆u̇ term is added in (4.0.1) for the

sake of ensuring stability of our numerical scheme. By performing an abstract Galerkin

semi-discretisation, we will prove in the next section that the same local existence result

holds for (4.0.1)–(4.0.3). After that, we will approximate (4.0.1)–(4.0.3) by a continuous

Galerkin method in space first, then apply a DG discretisation in time.

4.1. Existence of a unique weak solution

In this section, we aim to show the existence of a unique weak solution to (4.0.1)–

(4.0.3) on any space-time domain Ω× [0, T ].

Definition 4.1. Suppose that u0 ∈ H1
0 (Ω) and u1 ∈ L2(Ω), and that a and b satisfy the

assumptions stated in the previous section. We say that a function u ∈ L2(0, T ;H1
0 (Ω)),

with u̇ ∈ L2(0, T ;H1
0 (Ω)), ü ∈ L2(0, T ;H−1(Ω)), is a weak solution of the hyperbolic

initial-boundary-value problem (4.0.1)–(4.0.3) if

(a) ⟨ü(t), φ⟩+(∂ta(u(t)), φ)L2+(∇u̇(t),∇φ)L2+(∇b(u(t)),∇φ)L2 = 0 for all φ ∈ H1
0 (Ω)

and a.e. time 0 ≤ t ≤ T , and

(b) u(x, 0) = u0(x), u̇(x, 0) = u1(x) for x ∈ Ω.
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Here ⟨·, ·⟩ denotes the dual pairing between H−1(Ω) and H1
0 (Ω).

Remark 4.2. It follows directly from Sobolev embedding in one-dimensional space that

u ∈ H1(0, T ;H1
0 (Ω)) ⊂ C([0, T ];H1

0 (Ω)). By Theorem 3 in Sect.5.9.2 of Evans [36], we

know that u̇ ∈ L2(0, T ;H1
0 (Ω)) with ü ∈ L2(0, T ;H−1(Ω)) implies u̇ ∈ C([0, T ];L2(Ω)).

This shows that the initial conditions stated as (b) in the above definition are meaningful.

4.1.1. Existence of weak solutions We show the existence of weak solutions using an

abstract Galerkin’s method by selecting smooth functions wk = wk(x) (k = 1, . . .) such

that

{wk}∞k=1 is an orthogonal basis of H1
0 (Ω) (4.1.1)

and

{wk}∞k=1 is an orthonormal basis of L2(Ω). (4.1.2)

For a positive integer m, we write

um(t) :=

m∑
k=1

dkm(t)wk, (4.1.3)

where we intend to select the coefficients dkm(t)(0 ≤ t ≤ T, k = 1, . . . ,m) to satisfy

dkm(0) = (u0, wk)L2 (k = 1, . . . ,m), (4.1.4)

˙dkm(0) = (u1, wk)L2 (k = 1, . . . ,m), (4.1.5)

and

(üm(t), wk)L2+(∂ta(um(t)), wk)L2+(∇u̇m(t),∇wk)L2+(∇b(um(t)),∇wk)L2 = 0, (4.1.6)

for 0 ≤ t ≤ T, k = 1, . . . ,m.

Theorem 4.3 (Existence of approximate solutions). For each integer m = 1, 2, . . ., there

exists at least one function um of the form (4.1.3) satisfying (4.1.4)–(4.1.6).

Proof. We assume that um is given by (4.1.3), then using the fact that {wk}∞k=1 is an
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orthonormal basis of L2(Ω), we have

(üm(t), wk)L2 = d̈km(t), (4.1.7)

(∇u̇m(t),∇wk)L2 = ˙dkm(t) (∇wk,∇wk)L2 , (4.1.8)

(∂ta(um(t)), wk)L2 =

(
a′

(
m∑
k=1

dkm(t)wk

)
m∑
l=1

˙dlm(t)wl, wk

)
L2

=

m∑
l=1

˙dlm(t)

(
a′

(
m∑
k=1

dkm(t)wk

)
wl, wk

)
L2

, (4.1.9)

(∇b(um),∇wk)L2 =
m∑
l=1

dlm(t)

(
b′

(
m∑
k=1

dkm(t)wk

)
∇wl,∇wk

)
L2

. (4.1.10)

Then we can rewrite (4.1.6) as

d̈km(t) + ∥∇wk∥2L2(Ω)
˙dkm(t) = fk

(
dm(t), ḋm(t)

)
(4.1.11)

subject to the initial conditions (4.1.4) and (4.1.5). Here fk is a nonlinear function in

terms of dm and ḋm defined using the relations (4.1.9) and (4.1.10). By Peano’s theorem,

there exists at least one C2 function dm(t) = (d1m(t), . . . , dmm(t)) satisfying the initial

conditions (4.1.4), (4.1.5) and solving (4.1.11) for 0 ≤ t ≤ T0 where T0 ∈ (0, T ).

Multiplying (4.1.6) by ˙dkm(t) and summing over k = 1, . . . ,m give

(üm, u̇m)L2 + (∂ta(um), u̇m)L2 + (∇u̇m,∇u̇m)L2 +
(
b′(um)∇um,∇u̇m

)
L2 = 0, (4.1.12)

for a.e. 0 ≤ t ≤ T0. Recall that b(um) = um + c(um), so we can write

(
b′(um)∇um,∇u̇m

)
L2 = (∇um,∇u̇m)L2 +

(
c′(um)∇um,∇u̇m

)
L2 .

We note that

(üm, u̇m)L2 =
d

dt

(
1

2
∥u̇m∥2L2(Ω)

)
,

(∇um,∇u̇m)L2 =
d

dt

(
1

2
∥∇um∥2L2(Ω)

)
.
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Integrating (4.1.12) from 0 to t, we have

1

2
∥u̇m(t)∥2L2(Ω) +

1

2
∥∇um(t)∥2L2(Ω) +

∫ t

0

(
a′(um)u̇m(s), u̇m(s)

)
L2 ds+

∫ t

0
∥∇u̇m(s)∥2L2(Ω) ds

=
1

2
∥u̇m(0)∥2L2(Ω) +

1

2
∥∇um(0)∥2L2(Ω) −

∫ t

0

(
c′(um(s))∇um(s),∇u̇m(s)

)
L2 ds.

Applying the Cauchy–Schwarz inequality and using the fact that a′(um) ≥ M1 and

|c′(um)| ≤ Cc, we have

∥u̇m(t)∥2L2(Ω) + ∥∇um(t)∥2L2(Ω) + 2M1

∫ t

0
∥u̇m(s)∥2L2(Ω) ds+ 2

∫ t

0
∥∇u̇m(s)∥2L2(Ω) ds

≤ ∥u̇m(0)∥2L2(Ω) + ∥∇um(0)∥2L2(Ω) +

∫ t

0
∥∇u̇m(s)∥2L2(Ω) ds+ C2

c

∫ t

0
∥∇um(s)∥2L2(Ω) ds.

(4.1.13)

That is,

∥u̇m(t)∥2L2(Ω) + ∥∇um(t)∥2L2(Ω) + 2M1

∫ t

0
∥u̇m(s)∥2L2(Ω) ds+

∫ t

0
∥∇u̇m∥2L2(Ω) ds

≤ ∥u̇m(0)∥2L2(Ω) + ∥∇um(0)∥2L2(Ω) + C2
c

∫ t

0
∥∇um(s)∥2L2(Ω) ds

≤ ∥u1∥2L2(Ω) + ∥u0∥2H1
0 (Ω) + C2

c

∫ t

0
∥∇um(s)∥2L2(Ω) ds. (4.1.14)

Thus, Grönwall’s inequality (cf. Lemma 1.5) implies that

∥u̇m(t)∥2L2(Ω) + ∥∇um(t)∥2L2(Ω) +

∫ t

0
∥∇u̇m∥2L2(Ω) ds ≤ exp(C2

cT0)
(
∥u1∥2L2(Ω) + ∥u0∥2H1

0 (Ω)

)
.

(4.1.15)

Since 0 ≤ t ≤ T0 is arbitrary, we see from the above estimate that

max
0≤t≤T0

(
∥u̇m(t)∥2L2(Ω) + ∥um(t)∥2H1

0 (Ω)

)
+

∫ T0

0
∥∇u̇m∥2L2(Ω) ds

≤ exp(C2
cT0)

(
∥u1∥2L2(Ω) + ∥u0∥2H1

0 (Ω)

)
. (4.1.16)

Fix v ∈ H1
0 (Ω), ∥v∥H1

0 (Ω) ≤ 1 and write v = v1 + v2 where v1 ∈ span{wk}mk=1 (i.e.

v1 =
∑m

k=1 c
kwk for some constants {ck}mk=1) and

(
v2, wk

)
L2 = 0 for k = 1, . . . ,m. Note



124

that there exists a positive constant Cv such that

∥v1∥H1(Ω) = ∥v1∥L2(Ω) + ∥∇v1∥L2(Ω) ≤ ∥v∥L2(Ω) +

(
m∑
k=1

c2k∥∇wk∥2L2(Ω)

) 1
2

≤ Cv,

where we have used the orthogonality relation
(
v2, wk

)
L2 = 0 for k = 1, . . . ,m in the first

inequality. Then we have

⟨üm, v⟩ = (üm, v)L2 =
(
üm, v

1
)
L2

= −
(
a′(um)u̇m, v

1
)
L2 −

(
∇u̇m,∇v1

)
L2 −

(
∇um,∇v1

)
L2 −

(
c′(um)∇um,∇v1

)
L2

≤ Ca∥u̇m∥L2(Ω)∥v1∥L2(Ω) + ∥∇u̇m∥L2(Ω)∥∇v1∥L2(Ω) + ∥∇um∥L2(Ω)∥∇v1∥L2(Ω)

+ Cc∥∇um∥L2(Ω)∥∇v1∥L2(Ω)

≤ C
(
∥u̇m∥L2(Ω) + ∥∇u̇m∥L2(Ω) + ∥∇um∥L2(Ω)

)
, (4.1.17)

where we have used the fact that ∥v1∥H1(Ω) ≤ Cv. Here C is a positive constant which

may vary from line to line. Consequently∫ T0

0
∥üm∥2H−1(Ω) dt ≤ C

∫ T0

0

(
∥u̇m∥2L2(Ω) + ∥∇u̇m∥2L2(Ω) + ∥∇um∥2L2(Ω)

)
dt

≤ C
(
∥u1∥2L2(Ω) + ∥u0∥2H1

0 (Ω)

)
. (4.1.18)

Combining (4.1.18) and (4.1.15), we deduce the following energy inequality:

max
0≤t≤T0

(
∥um(t)∥2H1

0 (Ω) + ∥u̇m(t)∥2L2(Ω)

)
+ ∥üm∥2L2(0,T0;H−1(Ω)) + ∥u̇m∥2L2(0,T0;H1

0 (Ω))

≤ C
(
∥u1∥2L2(Ω) + ∥u0∥2H1

0 (Ω)

)
, for m = 1, 2, . . . . (4.1.19)

This implies that um(T0, ·) ∈ H1
0 (Ω) and u̇m(T0, ·) ∈ L2(Ω). Thus, we can use t = T0 as

initial data to extend um beyond T0. By applying the same argument on the intervals

[T0, 2T0], [2T0, 3T0] etc., we can eventually deduce the existence of um on the whole time

interval [0, T ], with the following energy estimate.

max
0≤t≤T

(
∥um(t)∥2H1

0 (Ω) + ∥u̇m(t)∥2L2(Ω)

)
+ ∥üm∥2L2(0,T ;H−1(Ω)) + ∥u̇m∥2L2(0,T ;H1

0 (Ω))
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≤ C
(
∥u1∥2L2(Ω) + ∥u0∥2H1

0 (Ω)

)
, for m = 1, 2, . . . . (4.1.20)

Now we are ready to pass to the limits in our Galerkin approximations. In order to

pass to the limits in the nonlinear terms, we need strong convergence results, which arise

from the following Aubin–Lions lemma [10, 52,72].

Lemma 4.4 (Aubin–Lions Lemma). Let X0, X and X1 be three Banach spaces with

X0 ⊆ X ⊆ X1. Suppose that X0 is compactly embedded into X and X is continuously

embedded into X1. For 1 ≤ p, q ≤ +∞, let

W = {u ∈ Lp(0, T ;X0) | u̇ ∈ Lq(0, T ;X1)}.

(a) If p < +∞, then the embedding of W into Lp(0, T ;X) is compact.

(b) If p = +∞ and q > 1, then the embedding of W into C([0, T ];X) is compact.

With this lemma, we can prove the following existence result.

Theorem 4.5. There exists at least one weak solution to (4.0.1)–(4.0.3).

Proof. By the energy estimates (4.1.20), we see that the {um}∞m=1 is bounded in L2(0, T ;H1
0 (Ω)),

{u̇m}∞m=1 is bounded in L2(0, T ;H1
0 (Ω)) and {üm}∞m=1 is bounded in L2(0, T ;H−1(Ω)).

As a consequence of the Banach–Alaoglu theorem, there exist a subsequence {uml}∞l=1 ⊂

{um}∞m=1 and u ∈ L2(0, T ;H1
0 (Ω)), with u̇ ∈ L2(0, T ;H1

0 (Ω)), ü ∈ L2(0, T ;H−1(Ω)) such

that 
uml ⇀ u weakly in L2(0, T ;H1

0 (Ω)),

u̇ml ⇀ u̇ weakly in L2(0, T ;H1
0 (Ω)),

üml ⇀ ü weakly in L2(0, T ;H−1(Ω)).

Consider

W1 := {u ∈ L∞(0, T ;H1
0 (Ω)) | u̇ ∈ L∞(0, T ;L2(Ω))}.
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Applying the Aubin–Lions lemma with X0 = H1
0 (Ω), X = X1 = L2(Ω) and p = q = ∞,

we know that W1 is compactly embedded into C([0, T ];L2(Ω)). According to the energy

estimates (4.1.19), we have

uml → u in C([0, T ];L2(Ω)).

Analogously, if we consider

W2 := {v ∈ L∞(0, T ;L2(Ω)) | v̇ ∈ L2(0, T ;H−1(Ω))},

W2 is compactly embedded into C([0, T ];H−1(Ω)) by taking X0 = L2(Ω), X = X1 =

H−1(Ω), p = ∞ and q = 2 in the Aubin–Lions lemma. Again, using the energy estimates

but with v = u̇, we have

u̇ml → u̇ in C([0, T ];H−1(Ω)).

Since {wk}∞k=1 is an orthogonal basis in H1
0 (Ω), (4.1.6) implies that∫ T

0

[
(üm(t), φ(t))L2+(∂ta(um(t)), φ(t))L2+(∇u̇m(t),∇φ(t))L2+(∇b(um(t)),∇φ(t))L2

]
dt = 0,

(4.1.21)

for all φ ∈ L2(0, T ;H1
0 (Ω)). We know thatH1

0 (0, T ;C
∞
0 (Ω)) is a dense subset of L2(0, T ;H1

0 (Ω)),

thus∫ T

0

[
(üm(t), φ(t))L2+(∂ta(um(t)), φ(t))L2+(∇u̇m(t),∇φ(t))L2+(∇b(um(t)),∇φ(t))L2

]
dt = 0,

(4.1.22)

for all φ ∈ H1
0 (0, T ;C

∞
0 (Ω)). Here C∞

0 (Ω) represents the set of smooth functions with

compact support in Ω. Integration by parts for the nonlinear terms in (4.1.22) gives∫ T

0

[
(üm(t), φ(t))L2−(a(um(t)), φ̇(t))L2+(∇u̇m(t),∇φ(t))L2−(b(um(t)),∆φ(t))L2

]
dt = 0,

(4.1.23)

for all φ ∈ H1
0 (0, T ;C

∞
0 (Ω)). Note that there are no boundary terms resulting from
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integration by parts because φ ∈ H1
0 (0, T ;C

∞
0 (Ω)). Recall that

uml ⇀ u weakly in L2(0, T ;H1
0 (Ω)),

u̇ml ⇀ u̇ weakly in L2(0, T ;H1
0 (Ω)),

üml ⇀ ü weakly in L2(0, T ;H−1(Ω)).

By setting m = ml, we have∫ T

0
(üm(t), φ(t))L2 dt→

∫ T

0
(ü(t), φ(t))L2 dt (4.1.24)

and ∫ T

0
(∇u̇m(t),∇φ(t))L2 dt→

∫ T

0
(∇u̇(t),∇φ(t))L2 dt (4.1.25)

as m→ ∞, for all φ ∈ H1
0 (0, T ;C

∞
0 (Ω)). For the two nonlinear terms, we notice that∣∣∣∣ ∫ T

0
(a(um(t)), φ̇(t))L2 dt−

∫ T

0
(a(u(t)), φ̇(t))L2 dt

∣∣∣∣
=

∣∣∣∣ ∫ T

0
(a(um(t))− a(u(t)), φ̇(t))L2 dt

∣∣∣∣
≤
∫ T

0
∥a(um(t))− a(u(t))∥L2(Ω)∥φ̇(t)∥L2(Ω) dt

≤
∫ T

0
Ca∥um(t)− u(t)∥L2(Ω)∥φ̇(t)∥L2(Ω) dt

≤ Ca∥φ̇∥L2(0,T ;L2(Ω))∥um − u∥L2(0,T ;L2(Ω)) → 0 as m→ ∞, (4.1.26)

since ∥φ̇∥L2(0,T ;L2(Ω)) < ∞ and um → u in C([0, T ];L2(Ω)). For the second last line of

the inequality, we have applied the global Lipschitz continuity of a with Ca being the

Lipschitz constant. Analogously, with C̃Lip := 1 + Cc,∣∣∣∣ ∫ T

0
(b(um(t)),∆φ(t))L2 dt−

∫ T

0
(b(u(t)),∆φ(t))L2 dt

∣∣∣∣
=

∣∣∣∣ ∫ T

0
(b(um(t))− b(u(t)),∆φ(t))L2 dt

∣∣∣∣
≤
∫ T

0
∥b(um(t))− b(u(t))∥L2(Ω)∥∆φ(t)∥L2(Ω) dt

≤
∫ T

0
C̃Lip∥um(t)− u(t)∥L2(Ω)∥∆φ(t)∥L2(Ω) dt
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≤ C̃Lip∥∆φ∥L2(0,T ;L2(Ω))∥um − u∥L2(0,T ;L2(Ω)) → 0 as m→ ∞, (4.1.27)

since ∥∆φ∥L2(0,T ;L2(Ω)) <∞ and um → u in C([0, T ];L2(Ω)). Combining (4.1.24)–(4.1.27)

and applying integration by parts in the reverse direction, we obtain∫ T

0

[
⟨ü(t), φ(t)⟩+ (∂ta(u(t)), φ(t))L2 + (∇u̇(t),∇φ(t))L2 + (∇b(u(t)),∇φ(t))L2

]
dt = 0,

(4.1.28)

for all φ ∈ H1
0 (0, T ;C

∞
0 (Ω)). The equality (4.1.28) then holds for all functions φ ∈

L2(0, T ;H1
0 (Ω)) sinceH

1
0 (0, T ;C

∞
0 (Ω)) is dense in L2(0, T ;H1

0 (Ω)). We consider functions

φ(x, t) of the factorised form φ(x, t) = ϕ(t)ψ(x) in (4.1.28); then it follows that

⟨ü(t), ψ⟩+ (∂ta(u(t)), ψ)L2 + (∇u̇(t),∇ψ)L2 + (∇b(u(t)),∇ψ)L2 = 0 (4.1.29)

for all ψ ∈ H1
0 (Ω) and a.e. t ∈ [0, T ]. Furthermore, u ∈ C([0, T ];L2(Ω)) and u̇ ∈

C([0, T ];H−1(Ω)).

Next, we need to verify (4.0.2). Now we choose any test function φ ∈ C2([0, T ];H1
0 (Ω)),

with φ(T ) = φ̇(T ) = 0. Then, integrating by parts twice with respect to t in (4.1.28), we

have∫ T

0

[
(u(t), φ̈(t))L2 + (∂ta(u(t)), φ(t))L2 + (∇u̇(t),∇φ(t))L2 + (∇b(u(t)),∇φ(t))L2

]
dt

= − (u(0), φ̇(0))L2 + (u̇(0), φ(0))L2 . (4.1.30)

Similarly, applying integration by parts to the first term in (4.1.22) twice yields∫ T

0

[
(um(t), φ̈(t))L2 + (∂ta(um(t)), φ(t))L2 + (∇u̇m(t),∇φ(t))L2 + (∇b(um(t)),∇φ(t))L2

]
dt

= − (um(0), φ̇(0))L2 + (u̇m(0), φ(0))L2 . (4.1.31)

By setting m = ml in (4.1.31) and using (4.1.4), (4.1.5) and the convergence of integrals

asserted in (4.1.26) and (4.1.27), we have∫ T

0

[
(u(t), φ̈(t))L2 + (∂ta(u(t)), φ(t))L2 + (∇u̇(t),∇φ(t))L2 + (∇b(u(t)),∇φ(t))L2

]
dt
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= − (u0, φ̇(0))L2 + (u1, φ(0))L2 . (4.1.32)

Comparing (4.1.30) and (4.1.32), we conclude that u(0) = u0 and u̇(0) = u1 since φ(0)

and φ̇(0) are arbitrary. Therefore, u is a weak solution of (4.0.1)–(4.0.3).

4.1.2. Uniqueness of the weak solution

Theorem 4.6. A weak solution of (4.0.1)–(4.0.3) is unique in the class of functions

u ∈ C([0, T ];W 1,∞(Ω)) ∩ C1([0, T ];L∞(Ω)).

Proof. First note that for u ∈ C([0, T ];W 1,∞(Ω))∩C1([0, T ];L∞(Ω)), maxt∈[0,T ] ∥u(t)∥L∞(Ω),

maxt∈[0,T ] ∥∇u(t)∥L∞(Ω) and maxt∈[0,T ] ∥u̇(t)∥L∞(Ω) are all bounded.

Assume that both u and ũ are the solutions of (4.0.1)–(4.0.3), then

⟨ü, φ⟩+ (∂ta(u), φ)L2 + (∇u̇,∇φ)L2 + (∇u,∇φ)L2 + (∇c(u),∇φ)L2 = 0, (4.1.33)

and

〈
¨̃u, φ

〉
+ (∂ta(ũ), φ)L2 +

(
∇ ˙̃u,∇φ

)
L2 + (∇ũ,∇φ)L2 + (∇c(ũ),∇φ)L2 = 0, (4.1.34)

for all φ ∈ H1
0 (Ω). We also have u(0) = ũ(0) = u0 and u̇(0) = ˙̃u(0). Subtracting (4.1.34)

from (4.1.33) gives

〈
ü− ¨̃u, φ

〉
+
(
∇u̇−∇ ˙̃u,∇φ

)
L2 + (∇u−∇ũ,∇φ)L2

= (∂ta(ũ)− ∂ta(u), φ)L2 + (∇c(ũ)−∇c(u),∇φ)L2

=
(
a′(ũ) ˙̃u− a′(ũ)u̇, φ

)
L2 +

(
[a′(ũ)− a′(u)]u̇, φ

)
L2

+
(
c′(ũ)∇ũ− c′(ũ)∇u,∇φ

)
L2 +

(
[c′(ũ)− c′(u)]∇u,∇φ

)
L2 . (4.1.35)

Note that

|a′(u)− a′(ũ)| ≤ max
τ∈[0,1]

|a′′(τu+ (1− τ)ũ)||u− ũ| ≤ CLip1|u− ũ|, (4.1.36)

with CLip1 := maxξ |a′′(ξ)| where |ξ| ≤ maxt∈[0,T ]

(
∥u(t)∥L∞(Ω) + ∥ũ(t)∥L∞(Ω)

)
. Analo-
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gously,

|c′(u)− c′(ũ)| ≤ max
τ∈[0,1]

|c′′(τu+ (1− τ)ũ)||u− ũ| ≤ CLip2|u− ũ|, (4.1.37)

with CLip2 := maxξ |c′′(ξ)| where |ξ| ≤ maxt∈[0,T ]

(
∥u(t)∥L∞(Ω) + ∥ũ(t)∥L∞(Ω)

)
. Since

a ∈ C3(R) and c ∈ C4(R), both CLip1 and CLip2 are bounded positive constants.

If we write Θ = u − ũ, take φ = Θ̇, and integrate the resulting equality from 0 to t,

we have∫ t

0

[〈
Θ̈(s), Θ̇(s)

〉
+ ∥∇Θ̇(s)∥2L2(Ω) +

(
∇Θ(s),∇Θ̇(s)

)
L2

]
ds+

∫ t

0

(
a′(ũ)Θ̇(s), Θ̇(s)

)
L2

ds

= −
∫ t

0

(
c′(ũ(s))∇Θ(s),∇Θ̇(s)

)
L2

ds+

∫ t

0

(
[c′(ũ(s))− c′(u(s))]∇u(s),∇Θ̇(s)

)
L2

ds

+

∫ t

0

(
[a′(ũ(s))− a′(u(s))]u̇, Θ̇(s)

)
L2

ds. (4.1.38)

Using the assumption a(·) ≥ M1, the Lipschitz continuity of a′(·) and c′(·) and Young’s

inequality, we have

1

2
∥Θ̇(t)∥2L2(Ω) +

1

2
∥∇Θ(t)∥2L2(Ω) +

∫ t

0
∥∇Θ̇(s)∥2L2(Ω) ds+M1

∫ t

0
∥Θ̇(t)∥2L2 ds

≤ 1

2
∥Θ̇(0)∥2L2(Ω) +

1

2
∥∇Θ(0)∥2L2(Ω) −

∫ t

0

(
c′(ũ(s))∇Θ(s),∇Θ̇(s)

)
L2

ds

+

∫ t

0

(
[c′(ũ(s))− c′(u(s))]∇u(s),∇Θ̇(s)

)
L2

ds+

∫ t

0

(
[a′(ũ(s))− a′(u(s))]u̇, Θ̇(s)

)
L2

ds

≤ Cc

∫ t

0
∥∇Θ(s)∥L2(Ω)∥∇Θ̇(s)∥L2(Ω) ds

+ CLip2 max
t∈[0,T ]

∥∇u(t)∥L∞(Ω)

∫ t

0
∥Θ(s)∥L2(Ω)∥∇Θ̇(s)∥L2(Ω) ds

+ CLip1 max
t∈[0,T ]

∥u̇(t)∥L∞(Ω)

∫ t

0
∥Θ(s)∥L2(Ω)∥Θ̇(s)∥L2(Ω) ds

≤M1

∫ t

0
∥Θ̇(s)∥2L2(Ω) ds+

C2
Lip1maxt∈[0,T ] ∥u̇(t)∥2L∞(Ω)

4M1

∫ t

0
∥Θ(s)∥2L2(Ω) ds

+
1

2

∫ t

0
∥∇Θ̇(s)∥2L2(Ω) ds+

C2
Lip2maxt∈[0,T ] ∥∇u(t)∥2L∞(Ω)

2

∫ t

0
∥Θ(s)∥2L2(Ω) ds

+
1

2

∫ t

0
∥∇Θ̇(s)∥2L2(Ω) ds+

C2
c

2

∫ t

0
∥∇Θ(s)∥2L2(Ω) ds. (4.1.39)
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This implies that

∥Θ̇(t)∥2L2(Ω) + ∥∇Θ(t)∥2L2(Ω) ≤ C

∫ t

0

(
∥∇Θ(s)∥2L2(Ω) + ∥Θ(s)∥2L2(Ω)

)
ds, (4.1.40)

where C is a positive constant depending on CLip1, CLip2, Cc, M1, maxt∈[0,T ] ∥u̇(t)∥L∞(Ω)

and maxt∈[0,T ] ∥∇u(t)∥L∞(Ω). Applying the Poincaré inequality, we obtain

∥Θ̇(t)∥2L2(Ω) + ∥Θ(t)∥2H1(Ω) ≤ Cp

∫ t

0
∥Θ(s)∥2H1(Ω) ds, (4.1.41)

where Cp depends on both the previous constant C and the Poincaré constant Cpoin.

Finally, by Grönwall’s inequality, we achieve

∥Θ̇(t)∥2L2(Ω) + ∥Θ(t)∥2H1(Ω) = 0. (4.1.42)

This implies that Θ(t) = 0 for arbitrary 0 ≤ t ≤ T. Thus Θ(t) ≡ 0 for all 0 ≤ t ≤ T,

which in turn shows that u = ũ a.e. 0 ≤ t ≤ T.

4.2. Numerical scheme

4.2.1. Semi-discrete approximation Analogously to Section 3.2, we approximate (4.0.1)–

(4.0.3) in space using a continuous Galerkin method first. Here, we define Vh to be a

given family of finite-dimensional subspaces of W 1,∞(Ω)∩H1
0 (Ω) with polynomial degree

p ≥ 1 and assume that the triangulation Th of Ω into d-dimensional simplices, which are

possibly curved along the boundary ∂Ω, is shape regular and quasi-uniform. If we replace

vh by vh ∈ Vh in (ii,a) and (ii,b) of Section 3.2, similar inverse inequalities hold. The

semi-discrete approximation uh : [0, T ] → Vh of the solution of (4.0.1)–(4.0.3) satisfies the

following initial-value problem in Vh:

⟨üh(t), φ⟩+ (∂ta(uh(t)), φ)L2 + (∇u̇h(t),∇φ)L2 + (∇b(uh(t)),∇φ)L2 = 0 (4.2.1)

for all φ ∈ Vh, 0 ≤ t ≤ T,

uh(0) = u0,h ∈ Vh, u̇h(0) = u1,h ∈ Vh, (4.2.2)
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where u0,h and u1,h are specially chosen initial values. Note that the dots over uh mean

u̇h = ∂tuh and üh = ∂ttuh. We use both notations for differentiation with respect to time

t throughout this chapter.

The existence of a local-in-time solution to the system of ODEs (4.2.1) follows from

Caratheodory’s theorem. This local-in-time solution can be extended to the whole of

[0, T ] based on the energy estimates of the form (4.1.19) by replacing um with uh. The

uniqueness of the solution follows from Theorem 4.6 if we replace u by uh in the proof.

Alternatively, we can apply Süli and Wilkins’ [74] argument based on Banach’s fixed

point theorem to show the existence and uniqueness of the semi-discrete problem (4.2.1),

(4.2.2). We omit the details here.

4.2.2. Discontinuous-in-time fully discrete scheme Similarly to previous chapters,

we partition the time interval I = (0, T ] into N time slabs In = (tn−1, tn] having length

kn = tn − tn−1 for n = 1, 2, . . . , N , with t0 = 0 and tN = T. We focus on the generic time

slab In and assume that the solution on In−1 is known. Following the discontinuous-in-

time formulation introduced in previous chapters, we first test the equation (4.0.1) against

φ̇ for φ ∈ H1(In;H
1
0 (Ω)) and integrate on In to obtain the following weak formulation:∫ tn

tn−1

⟨ü(t), φ̇(t)⟩ dt+
∫ tn

tn−1

(∇u̇(t),∇φ̇(t))L2 dt+

∫ tn

tn−1

(∂t(a(u(t)), φ̇(t))L2 dt

+

∫ tn

tn−1

(∇u(t),∇φ̇(t))L2 dt+

∫ tn

tn−1

(∇c(u(t)),∇φ̇(t))L2 dt = 0. (4.2.3)

Now we rewrite (4.2.3) by adding suitable (strongly consistent) terms:∫ tn

tn−1

⟨ü(t), φ̇(t)⟩dt+
(
[u̇]n−1, φ̇(t

+
n−1)

)
L2 +

∫ tn

tn−1

(∇u̇(t),∇φ̇(t))L2 dt

+

∫ tn

tn−1

(∂t(a(u(t)), φ̇(t))L2 dt+

∫ tn

tn−1

(∇u(t),∇φ̇(t))L2 dt+
(
[∇u]n−1,∇φ(t+n−1)

)
L2

+

∫ tn

tn−1

(∇c(u(t)),∇φ̇(t))L2 dt = 0. (4.2.4)



133

Summing over all time intervals in (4.2.4) leads us to define the following semilinear form

A : H×H → R, with

H := H2(0, T ;H−1(Ω)) ∩H1(0, T ;H1
0 (Ω)) ∩ L2(0, T ;H1

0 (Ω)),

by

A(u, φ) :=

N∑
n=1

∫ tn

tn−1

⟨ü(t), φ̇(t)⟩ dt+
N−1∑
n=1

(
[u̇]n, φ̇(t

+
n )
)
L2 +

(
u̇(t+0 ), φ̇(t

+
0 )
)
L2

+

N∑
n=1

∫ tn

tn−1

(∇u̇(t),∇φ̇(t))L2 dt+

N∑
n=1

∫ tn

tn−1

(∂t(a(u(t)), φ̇(t))L2 dt

+

N∑
n=1

∫ tn

tn−1

(∇u(t),∇φ̇(t)) dt+
N−1∑
n=1

(
[∇u]n,∇φ(t+n )

)
L2 +

(
∇u(t+0 ),∇φ(t

+
0 )
)
L2

+
N∑

n=1

∫ tn

tn−1

(∇c(u),∇φ̇(t))L2 dt

for φ ∈ H. Again, the semilinear form A(·, ·) works for piecewise in time version of H×H

as well. Let, further, F be the linear functional defined by

F (φ) :=
(
u1, φ̇(t

+
0 )
)
L2 +

(
∇u0,∇φ(t+0 )

)
L2 .

Then, the discontinuous-in-time fully discrete approximation of the problem reads as

follows: find uDG ∈ Vq
kh such that

A(uDG, φ) = F̃ (φ) for all φ ∈ Vq
kh, (4.2.5)

where F̃ is a modified version of F defined as

F̃ (φ) :=
(
u1,h, φ̇(t

+
0 )
)
L2 +

(
∇u0,h,∇φ(t+0 )

)
L2 .

Here the finite-dimensional space Vq
kh is defined the same as before.

4.3. Convergence analysis

Similarly to the nonlinear elastodynamics problem (cf. Section 3.3), we shall also

prove a priori error estimates for the nonlinear damped wave equation.
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Theorem 4.7. Let u ∈ W s,∞(0, T ;Hm(Ω) ∩ H1
0 (Ω)) be the solution of (4.0.1)–(4.0.3).

Assume that d
2 + 1 < r ≤ min(p,m − 1), s ≥ qi + 1, k

qi− 1
2

i = o(h
d
2 ), and there exist

positive constants µi, νi such that µiki ≤ h2 ≤ νiki for each i = 1, 2, . . . N . Suppose that

we choose the initial data u0,h, u1,h ∈ Vh to be

u0,h =W (0), u1,h = Ẇ (0), (4.3.1)

where W (t) ∈ Vh is the nonlinear elliptic projection of u(t) such that

(∇c(W (t)),∇φ)L2 = (∇c(u(t)),∇φ)L2 for all φ ∈ Vh. (4.3.2)

Then we have for the solutions of (4.2.5) that

∥uDG(t
−
j )−u(t

−
j )∥H1(Ω)+ ∥u̇DG(t

−
j )− u̇(t

−
j )∥L2(Ω) ≤ C(u)

(
h2r +

j∑
n=1

k2qn+1
n

q
2(s−1)
n

) 1
2

(4.3.3)

for each j = 1, . . . , N , where C(u) is a positive constant depending on u.

Remark 4.8. If we use uniform time intervals kn = k = h2 (this is to ensure that the

assumption µiki ≤ h2 ≤ νiki for each i = 1, 2, . . . N is satisfied), and uniform polynomial

degrees qn = q ≥ 2 for n = 1, . . . , N , then the error bound at the end nodal points becomes

∥uDG(t
−
j )− u(t−j )∥H1(Ω) + ∥u̇DG(t

−
j )− u̇(t−j )∥L2(Ω) ≤ C(u)

(
k

r
2 + kq

)
. (4.3.4)

That is, if we use DG–2 elements in the temporal domain and consider r = 2, 3 and 4

(the polynomial degree p in the spatial discretisation is at least 2, 3 or 4 correspondingly),

the expected convergence rates are of order 1.0, 1.5 and 2.0 respectively. For q = 3,

the expected convergence rates are of order 1.5, 2.0, 2.5 and 3.0 for r = 3, 4, 5 and 6

respectively. Similarly, for q = 4, the expected convergence rates are of order 2.0, 2.5 and

3.0 for r = 4, 5 and 6 respectively.

Remark 4.9. The assumptions that k
qi− 1

2
i = o(h

d
2 ) and µiki ≤ h2 ≤ νiki for each

i = 1, . . . , N require that qi >
d
4 + 1

2 for each i = 1, . . . , N . That is, we need that the

polynomial degree in time satisfies qi ≥ 1 for d = 1 and qi ≥ 2 for d = 2, 3 on each time
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interval Ii, with i = 1, . . . , N.

It will be assumed throughout the convergence analysis that

u ∈W s,∞([0, T ];Hm(Ω) ∩H1
0 (Ω))

for m > d
2 + 2 and s ≥ qi + 1 for each i = 1, . . . , N.

4.3.1. Definition of the fixed point map We will prove in Section 4.4 that the non-

linear projection W satisfies the following inequalities:

∥∇uj(t)−∇W j(t)∥L2(Ω) ≤ Cr(u)h
r, 0 ≤ t ≤ T, for j = 0, 1, (4.3.5)

∥u(t)−W (t)∥L2(Ω) ≤ C̃r(u)h
r+1, 0 ≤ t ≤ T, (4.3.6)

∥u(j)(t)−W (j)(t)∥L2(Ω) ≤ C̃r(u)h
r, 0 ≤ t ≤ T, for j = 1, 2, (4.3.7)

∥W (t)∥W 1,∞(Ω) ≤ c0 and ∥Ẇ (t)∥W 1,∞(Ω) ≤ c0, 0 ≤ t ≤ T, (4.3.8)

where d
2 + 1 < r ≤ min(p,m − 1), Cr(u), C̃r(u) are postive constants depending on u,

and c0 is a universal constant independent of h. Analogously to the convergence proof in

Section 3.3, for each W ∈ Hs(In;L
2(Ω)), there exist positive constants Cproj1, Cproj2 and

Cproj3 such that,∫ tn

tn−1

∥∂tt(W (·, t)−ΠkW (·, t))∥2L2(Ω) dt ≤ Cproj1
k
2(µ−2)
n

q
2(s−3)
n

∥W∥2Hs(In,L2(Ω)), (4.3.9)

∫ tn

tn−1

∥∂t(W (·, t)−ΠkW (·, t))∥2L2(Ω) dt ≤ Cproj2
k
2(µ−1)
n

q
2(s−1)
n

∥W∥2Hs(In,L2(Ω)), (4.3.10)

∫ tn

tn−1

∥W (·, t)−ΠkW (·, t)∥2L2(Ω) dt ≤ Cproj3
k2µn

q
2(s−1)
n

∥W∥2Hs(In,L2(Ω)), (4.3.11)

where µ = min(qn + 1, s) and qn is the polynomial degree with respect to the variable t.

For simplicity of notation, we define Cinv to be the maximum of the constants appeared

in inverse inequalities, and Cproj = max

{
Cproj1, Cproj2, Cproj3

}
.
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Again, we need to decompose the error as

uDG(t)− u(t) = (uDG(t)−ΠkW (t)) + (ΠkW (t)−W (t)) + (W (t)− u(t))

:= θ(t) + ρ1(t) + ρ2(t) for t ∈ In, n = 1, 2, . . . , N.

Similarly to the argument in Section 3.3, we can bound the error terms invovling ρ1 and

ρ2 by the following:∫ tn

tn−1

∥ρ(j)1 (t)∥2L2(Ω) dt ≤ C1(u)
k
2(qn+1−j)+1
n

q
2(s−1)
n

for j = 0, 1, (4.3.12)∫ tn

tn−1

∥∇ρ(j)2 (t)∥2L2(Ω) dt ≤ Cr(u)knh
2r for j = 0, 1, (4.3.13)∫ tn

tn−1

∥ρ(j)2 (t)∥2L2(Ω) dt ≤ C̃r(u)knh
2r for j = 1, 2, (4.3.14)∫ tn

tn−1

∥ρ2(t)∥2L2(Ω) dt ≤ C̃r(u)knh
2r+2. (4.3.15)

We define C2(u) = max{Cr(u), C̃r(u)}. Both C1(u) and C2(u) are constants depending

on the exact solution u.

Analogously to the convergence analysis for nonlinear elastodynamics problem, we

replace

N∑
n=1

∫ tn

tn−1

(∇c(u(t)),∇φ̇(t))L2 dt by

N∑
n=1

∫ tn

tn−1

(∇c(W (t)),∇φ̇(t))L2 dt

in the variational formulation and subtract the resulting equality from the fully discrete

scheme to obtain the following equation:

N∑
n=1

∫ tn

tn−1

〈
θ̈(t) + ρ̈1(t) + ρ̈2(t), φ̇(t)

〉
dt+

N−1∑
n=1

(
[θ̇ + ρ̇1 + ρ̇2]n, φ̇(t

+
n )
)
L2

+
(
u̇DG(t

+
0 )− u̇(t+0 ), φ̇(t

+
0 )
)
L2 +

N∑
n=1

∫ tn

tn−1

(∇θ(t) +∇ρ1(t) +∇ρ2(t),∇φ̇(t))L2 dt

+
N−1∑
n=1

(
[∇θ +∇ρ1 +∇ρ2]n,∇φ(t+n )

)
L2 +

(
∇uDG(t

+
0 )−∇u(t+0 ),∇φ(t

+
0 )
)
L2

+
N∑

n=1

∫ tn

tn−1

(∂ta(uDG(t))− ∂ta(u(t)), φ̇(t))L2 dt+

N∑
n=1

∫ tn

tn−1

(∇u̇DG(t)−∇u̇(t),∇φ̇(t))L2 dt
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=
(
u1,h − u1, φ̇(t

+
0 )
)
L2 +

(
∇u0,h −∇u0,∇φ(t+0 )

)
L2

−
N∑

n=1

∫ tn

tn−1

(∇c(uDG(t))−∇c(W (t)),∇φ̇(t))L2 dt, (4.3.16)

for φ ∈ Vq
kh. To deal with the nonlinearity, we apply Taylor’s theorem to have

∂ta(uDG(t))− ∂ta(u(t)) = ∂t [a(uDG(t))− a(u(t))]

= ∂t

[
(uDG(t)− u(t))

∫ 1

0
a′(u(t) + τ(uDG(t)− u(t))) dτ

]
= ∂t

[
(uDG(t)− u(t))a′(uDG(t), u(t))

]
= ∂t [θ(t) + ρ1(t) + ρ2(t)] a

′(uDG(t), u(t))

+ [θ(t) + ρ1(t) + ρ2(t)] ∂ta
′(uDG(t), u(t)),

where

a′(uDG(t), u(t)) :=

∫ 1

0
a′(u(t) + τ(uDG(t)− u(t))) dτ,

and

∇c(uDG(t))−∇c(W (t))

= ∇
[
(uDG(t)−W (t))

∫ 1

0
c′(W (t) + τ(uDG(t)−W (t))) dτ

]
= ∇

[
(uDG(t)−W (t))c′(uDG(t),W (t))

]
= ∇ [θ(t) + ρ1(t)] c

′(uDG(t),W (t)) + [θ(t) + ρ1(t)]∇c′(uDG(t),W (t)),

where

c′(uDG(t),W (t)) :=

∫ 1

0
c′(W (t) + τ(uDG(t)−W (t))) dτ.

In order to define the fixed point mapping, we first need to consider a fixed point subset

F of Vq
kh as in Section 3.3. We define F by

F :=

{
ψ ∈ Vq

kh : ∥ψ(t
−
j )−ΠkW (t−j )∥

2
H1(Ω) + ∥∂t(ψ(t−j )−ΠkW (t−j ))∥

2
L2(Ω)

+

j∑
n=1

∫ tn

tn−1

∥∂t(ψ(t)−ΠkW (t))∥2L2(Ω) dt+

j∑
n=1

∫ tn

tn−1

∥∂t(∇ψ(t)−∇ΠkW (t))∥2L2(Ω) dt
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≤ C∗(u)

(
j∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
for all j = 1, 2 . . . , N

}
, (4.3.17)

where C∗(u) is a positive constant depending on the solution u, which will be specified

later. First note that F is non-empty since ΠkW ∈ F . In addition, F is a closed and

convex subset of Vq
kh in the topology induced by the norm ∥ · ∥F , which is defined by

∥φ∥F = maxt∈In,1≤n≤N (∥φ(t)∥H1 + ∥φ̇(t)∥L2) for φ ∈ Vq
kh. Next, we consider equation

(4.3.16) on the integral of In = (tn−1, tn] only, rearrange terms to the right-hand side, and

apply integration by parts appropriately. The resulting equation motivates us to define

the following fixed point mapping N on F : if ϕ ∈ F , the image uϕ := N (ϕ) is given by

the relation

uϕ(0) = u0,h, u̇ϕ(0) = u1,h, (4.3.18)

∫ tn

tn−1

〈
θ̈ϕ(t), φ̇(t)

〉
dt+

(
[θ̇ϕ]n−1, φ̇

+
n−1

)
L2

+

∫ tn

tn−1

(∇θϕ(t),∇φ̇(t))L2 dt

+
(
[∇θϕ]n−1,∇φ+

n−1

)
L2 +

∫ tn

tn−1

(
a′(ϕ(t), u(t))θ̇ϕ(t), φ̇(t)

)
L2

dt+

∫ tn

tn−1

(
∇θ̇ϕ(t),∇φ̇(t)

)
L2

dt

= −
∫ tn

tn−1

(
a′(ϕ(t), u(t))ρ̇1(t), φ̇(t)

)
L2 dt−

∫ tn

tn−1

(
a′(ϕ(t), u(t))ρ̇2(t), φ̇(t)

)
L2 dt

−
∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))θϕ(t), φ̇(t)
)
L2 dt−

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))ρ1(t), φ̇(t)
)
L2 dt

−
∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))ρ2(t), φ̇(t)
)
L2 dt−

∫ tn

tn−1

⟨ρ̈2(t), φ̇(t)⟩ dt−
∫ tn

tn−1

(∇ρ1(t),∇φ̇(t))L2 dt

−
∫ tn

tn−1

(∇ρ2(t),∇φ̇(t))L2 dt−
∫ tn

tn−1

(∇ρ̇1(t),∇φ̇(t))L2 dt−
∫ tn

tn−1

(∇ρ̇2(t),∇φ̇(t))L2 dt

−
∫ tn

tn−1

(
c′(ϕ(t),W (t))∇θϕ(t),∇φ̇(t)

)
L2 dt−

∫ tn

tn−1

(
c′(ϕ(t),W (t))∇ρ1(t),∇φ̇(t)

)
L2 dt

−
∫ tn

tn−1

(
∇c′(ϕ(t),W (t))θϕ(t),∇φ̇(t)

)
L2 dt−

∫ tn

tn−1

(
∇c′(ϕ(t),W (t))ρ1(t),∇φ̇(t)

)
L2 dt,

(4.3.19)

where θϕ = uϕ −ΠkW.
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4.3.2. Convergence proof Similarly to Section 3.3, we will show that the pair F and

N satisfies the assumptions of Banach’s fixed point theorem, namely that

(a) N (F) ⊂ F .

(b) N is a contraction with respect to d(·, ·) where for ϕ, φ ∈ F ,

d(ϕ, φ) := max
t∈In,1≤n≤N

(
∥ϕ(t)− φ(t)∥H1(Ω) + ∥ϕ̇(t)− φ̇(t)∥L2(Ω)

)
.

Existence of a fixed point of N in F

Taking φ = θϕ in (4.3.19), we obtain

∥θ̇ϕ(t−n )∥2L2(Ω) + ∥θ̇ϕ(t+n−1)∥
2
L2(Ω) + ∥∇θϕ(t−n )∥2L2(Ω) + ∥∇θϕ(t+n−1)∥

2
L2(Ω)

+ 2

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+ 2

∫ tn

tn−1

(
a′(ϕ(t), u(t))θ̇ϕ(t), θ̇ϕ(t)

)
L2

dt

= 2
(
θ̇ϕ(t

−
n−1), θ̇ϕ(t

+
n−1)

)
L2

+ 2
(
∇θϕ(t−n−1),∇θϕ(t

+
n−1)

)
L2

− 2

∫ tn

tn−1

(
a′(ϕ(t), u(t))ρ̇1(t), θ̇ϕ(t)

)
L2

dt− 2

∫ tn

tn−1

(
a′(ϕ(t), u(t))ρ̇2(t), θ̇ϕ(t)

)
L2

dt

− 2

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))θϕ(t), θ̇ϕ(t)
)
L2

dt− 2

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))ρ1(t), θ̇ϕ(t)
)
L2

dt

− 2

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))ρ2(t), θ̇ϕ(t)
)
L2

dt− 2

∫ tn

tn−1

〈
ρ̈2(t), θ̇ϕ(t)

〉
dt

− 2

∫ tn

tn−1

(
∇ρ1(t),∇θ̇ϕ(t)

)
L2

dt− 2

∫ tn

tn−1

(
∇ρ2(t),∇θ̇ϕ(t)

)
L2

dt

− 2

∫ tn

tn−1

(
∇ρ̇1(t),∇θ̇ϕ(t)

)
L2

dt− 2

∫ tn

tn−1

(
∇ρ̇2(t),∇θ̇ϕ(t)

)
L2

dt

− 2

∫ tn

tn−1

(
c′(ϕ(t),W (t))∇θϕ(t),∇θ̇ϕ

)
L2

dt− 2

∫ tn

tn−1

(
c′(ϕ(t),W (t))∇ρ1(t),∇θ̇ϕ

)
L2

dt

− 2

∫ tn

tn−1

(
∇c′(ϕ(t),W (t))θϕ(t),∇θ̇ϕ

)
L2

dt− 2

∫ tn

tn−1

(
∇c′(ϕ(t),W (t))ρ1(t),∇θ̇ϕ

)
L2

dt.

(4.3.20)

By the Cauchy–Schwarz inequality, we obtain

2
(
θ̇ϕ(t

−
n−1), θ̇ϕ(t

+
n−1)

)
L2

≤ ∥θ̇ϕ(t+n−1)∥
2
L2(Ω) + ∥θ̇ϕ(tn−1)∥2L2(Ω), (4.3.21)
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2
(
∇θϕ(t−n−1),∇θϕ(t

+
n−1)

)
L2 ≤ ∥∇θϕ(t+n−1)∥

2
L2(Ω) + ∥∇θϕ(tn−1)∥2L2(Ω). (4.3.22)

By applying (4.3.12), (4.3.14) and Young’s inequality, we have∣∣∣∣− 2

∫ tn

tn−1

(
a′(ϕ(t), u(t))ρ̇1(t), θ̇ϕ(t)

)
L2

dt

∣∣∣∣ ≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c21
δ

∫ tn

tn−1

∥ρ̇1(t)∥2L2(Ω) dt

≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c21C1(u)

δ

k2qn+1
n

q
2(s−1)
n

,

(4.3.23)

∣∣∣∣− 2

∫ tn

tn−1

(
a′(ϕ(t), u(t))ρ̇2(t), θ̇ϕ(t)

)
L2

dt

∣∣∣∣ ≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c21
δ

∫ tn

tn−1

∥ρ̇2(t)∥2L2(Ω) dt

≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c21C2(u)

δ
knh

2r,

(4.3.24)

for some δ > 0 that will be specified later. Here

c1 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥a′(τϕ(t) + (1− τ)u(t))∥L∞(Ω).

Analogously,∣∣∣∣− 2

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))ρ1(t), θ̇ϕ(t)
)
L2

dt

∣∣∣∣ ≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c22
δ

∫ tn

tn−1

∥ρ1(t)∥2L2(Ω) dt

≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c22C1(u)

δ

k2qn+3
n

q
2(s−1)
n

,

(4.3.25)

∣∣∣∣− 2

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))ρ2(t), θ̇ϕ(t)
)
L2

dt

∣∣∣∣ ≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c22
δ

∫ tn

tn−1

∥ρ2(t)∥2L2(Ω) dt

≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c22C2(u)

δ
knh

2r+2,

(4.3.26)
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and∣∣∣∣− 2

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))θϕ(t), θ̇ϕ(t)
)
L2

dt

∣∣∣∣ ≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
c22
δ

∫ tn

tn−1

∥θϕ(t)∥2L2(Ω) dt,

(4.3.27)

where

c2 := max
τ∈[0,1]

max
t∈In,1≤n≤N

(
∥a′′(τϕ(t) + (1− τ)u(t))∥L∞(Ω)∥τ ϕ̇(t) + (1− τ)u̇(t)∥L∞(Ω)

)
.

Applying Young’s inequality again, we have,∣∣∣∣− 2

∫ tn

tn−1

〈
ρ̈2(t), θ̇ϕ(t)

〉
dt

∣∣∣∣ ≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
1

δ

∫ tn

tn−1

∥ρ̈2(t)∥2L2(Ω) dt

≤ δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+
C2(u)

δ
knh

2r, (4.3.28)

∣∣∣∣− 2

∫ tn

tn−1

(
∇ρ1(t),∇θ̇ϕ(t)

)
dt

∣∣∣∣ ≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
1

δ′

∫ tn

tn−1

∥∇ρ1(t)∥2L2(Ω) dt

≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
C1(u)

δ′
k2qn+3
n

q
2(s−1)
n

, (4.3.29)

∣∣∣∣− 2

∫ tn

tn−1

(
∇ρ2(t),∇θ̇ϕ(t)

)
dt

∣∣∣∣ ≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
1

δ′

∫ tn

tn−1

∥∇ρ2(t)∥2L2(Ω) dt

≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
C2(u)

δ′
knh

2r, (4.3.30)

∣∣∣∣− 2

∫ tn

tn−1

(
∇ρ̇1(t),∇θ̇ϕ(t)

)
dt

∣∣∣∣ ≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
1

δ′

∫ tn

tn−1

∥∇ρ̇1(t)∥2L2(Ω) dt

≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
C1(u)

δ′
k2qn+1
n

q
2(s−1)
n

, (4.3.31)

and∣∣∣∣− 2

∫ tn

tn−1

(
∇ρ̇2(t),∇θ̇ϕ(t)

)
dt

∣∣∣∣ ≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
1

δ′

∫ tn

tn−1

∥∇ρ̇2(t)∥2L2(Ω) dt

≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
C2(u)

δ′
knh

2r, (4.3.32)
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for some δ′ > 0 that will be specified later. Similarly, we have∣∣∣∣− 2

∫ tn

tn−1

(
c′(ϕ(t),W (t))∇θϕ(t),∇θ̇ϕ(t)

)
L2

dt

∣∣∣∣
≤ δ′

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c23
δ′

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt, (4.3.33)

∣∣∣∣− 2

∫ tn

tn−1

(
c′(ϕ(t),W (t))∇ρ1(t),∇θ̇ϕ(t)

)
L2

dt

∣∣∣∣
≤ δ′

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c23
δ′

∫ tn

tn−1

∥∇ρ1(t)∥2L2(Ω) dt

≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c23C1(u)

δ′
k2qn+3
n

q
2(s−1)
n

, (4.3.34)

and∣∣∣∣− 2

∫ tn

tn−1

(
∇c′(ϕ(t),W (t))θϕ(t),∇θ̇ϕ(t)

)
L2

dt

∣∣∣∣
≤ δ′

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c24
δ′

∫ tn

tn−1

∥θϕ(t)∥2L2(Ω) dt, (4.3.35)

∣∣∣∣− 2

∫ tn

tn−1

(
∇c′(ϕ(t),W (t))ρ1(t),∇θ̇ϕ(t)

)
L2

dt

∣∣∣∣
≤ δ′

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c24
δ′

∫ tn

tn−1

∥ρ1(t)∥2L2(Ω) dt

≤ δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c24C1(u)

δ′
k2qn+3
n

q
2(s−1)
n

, (4.3.36)

where

c3 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥c′(τϕ(t) + (1− τ)W (t))∥L∞(Ω)

and

c4 := max
τ∈[0,1]

max
t∈In,1≤n≤N

(
∥c′′(τϕ(t) + (1− τ)W (t))∥L∞(Ω)∥τ∇ϕ(t) + (1− τ)∇W (t)∥L∞(Ω)

)
.

Before we proceed further, we estimate the values of the constants c1–c4; this contributes

to the restriction on h, r and kn for each n = 1, . . . , N . First note that c1 ≤ Ca and
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c3 ≤ Cc. For each t ∈ In, n = 1, . . . , N ,

∥τϕ(t) + (1− τ)u(t)∥L∞(Ω) ≤ ∥ϕ(t)− u(t)∥L∞(Ω) + ∥u(t)∥L∞(Ω)

≤ ∥ϕ(t)−ΠkW (t)∥L∞(Ω) + ∥ΠkW (t)−W (t)∥L∞(Ω) + ∥W (t)− u(t)∥L∞(Ω) + ∥u(t)∥L∞(Ω)

≤ Cinvh
− d

2

(
∥ϕ(t)−ΠkW (t)∥L2(Ω) + ∥ΠkW (t)−W (t)∥L2(Ω)

)
+ ∥W (t)− u(t)∥L∞(Ω) + ∥u(t)∥L∞(Ω),

where we have applied the inverse inequality (i,a) to to the first two terms of the above

inequality. Now we bound the first L2-norm term by

∥ϕ(t)−ΠkW (t)∥L2(Ω) ≤ ∥ϕ(t−n )−ΠkW (t−n )∥L2(Ω) +

∫ tn

t
∥∂s(ϕ(s)−ΠkW (s))∥L2(Ω) dt

≤ ∥ϕ(t−n )−ΠkW (t−n )∥L2(Ω) +
√
kn

(∫ tn

tn−1

∥∂t(ϕ(t)−ΠkW (t))∥2L2(Ω) dt

) 1
2

≤ C∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

,

since
√
kn < 1. Here C∗(u) is the constant which appeared in the definition of the fixed

point subset F . For the second L2-norm term, we have

∥ΠkW (t)−W (t)∥L2(Ω) ≤ ∥ΠkW (t−n )−W (t−n )∥L2(Ω) +

∫ tn

t
∥∂s(ΠkW (s)−W (s))∥L2(Ω) ds

≤
∫ tn

t
∥∂s(ΠkW (s)−W (s))∥L2(Ω) ds (since ΠkW (t−n ) =W (t−n ))

≤
√
kn

(∫ tn

tn−1

∥∂t(ΠkW (t)−W (t))∥2L2(Ω) dt

) 1
2

≤
√
kn

(
Cproj

k2qnn

q
2(s−1)
n

∥W∥2Hs(In;L2(Ω))

) 1
2

≤
√
C1(u)

k
qn+

1
2

n

qs−1
n

.

Note that

∥W (t)− u(t)∥L∞(Ω) ≤ ∥W (t)∥L∞(Ω) + ∥u(t)∥L∞(Ω) ≤ c0 + ∥u(t)∥L∞(Ω).
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Thus, for each t ∈ In, n = 1, . . . , N ,

∥τϕ(t) + (1− τ)u(t)∥L∞(Ω)

≤ 2∥u(t)∥L∞(Ω) + c0 + Cinvh
− d

2

[
C∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

+
√
C1(u)

k
qn+

1
2

n

qs−1
n

]
≤ 2∥u(t)∥L∞(Ω) + c̃1,

for some positive constant c̃1 since we have assumed that r > d
2 + 1 (thus r > d

2) and

k
qi− 1

2
i = o(h

d
2 ) (which implies that kqii = o(h

d
2 ) for each i = 1, . . . , N). Analogously, we

have, for each t ∈ In, 1 ≤ n ≤ N ,

∥τ ϕ̇(t) + (1− τ)u̇(t)∥L∞(Ω)

≤ ∥∂tϕ(t)− ∂tΠkW (t)∥L∞(Ω) + ∥∂tΠkW (t)− ∂tW (t)∥L∞(Ω) + ∥∂tu(t)− ∂tW (t)∥L∞(Ω)

+ ∥∂tu(t)∥L∞(Ω)

≤ Cinvh
− d

2

(
∥∂tϕ(t)− ∂tΠkW (t)∥L2(Ω) + ∥∂tΠkW (t)− ∂tW (t)∥L2(Ω)

)
+ ∥∂tu(t)− ∂tW (t)∥L∞(Ω) + ∥∂tu(t)∥L∞(Ω).

Note that

∥∂tϕ(t)− ∂tΠkW (t)∥L2(Ω) ≤ ∥∂t(ϕ(t−n )−ΠkW (t−n ))∥L2(Ω) +

∫ tn

tn−1

∥∂tt(ϕ(t)−ΠkW (t))∥L2(Ω) dt.

Since ϕ ∈ F , we have

∥∂t(ϕ(t−n )−ΠkW (t−n ))∥L2(Ω) ≤ C∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

)
.

Using the inverse inequality, we obtain∫ tn

tn−1

∥∂tt(ϕ(t)−ΠkW (t))∥L2(Ω) dt ≤
√
kn

(∫ tn

tn−1

∥∂tt(ϕ(t)−ΠkW (t))∥2L2(Ω) dt

) 1
2

≤ Cinv
1√
kn

(∫ tn

tn−1

∥∂t(ϕ(t)−ΠkW (t))∥2L2(Ω) dt

) 1
2

≤ CinvC∗(u)
1√
kn

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

.
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On the other hand, we have

∥∂tΠkW (t)− ∂tW (t)∥L2(Ω)

≤ ∥∂tΠkW (t−n )− ∂tW (t−n )∥L2(Ω) +

∫ tn

t
∥∂ss(ΠkW (s)−W (s))∥L2(Ω) ds

≤
∫ tn

t
∥∂ss(ΠkW (s)−W (s))∥L2(Ω) ds ( since ∂tΠkW (t−n ) = ∂tW (t−n ))

≤
√
kn

(∫ tn

tn−1

∥∂tt(ΠkW (t)−W (t))∥2L2(Ω) dt

) 1
2

≤
√
kn

(
Cproj

k
2(qn−1)
n

q
2(s−3)
n

∥W∥2Hs(In;L2(Ω))

) 1
2

≤
√
C1(u)

k
qn− 1

2
n

qs−3
n

.

Note also that

∥∂tW (t)− ∂tu(t)∥L∞(Ω) ≤ ∥∂tW (t)∥L∞(Ω) + ∥∂tu(t)∥L∞(Ω) ≤ c0 + ∥∂tu(t)∥L∞(Ω).

Thus

max
t∈In,1≤n≤N

∥τ ϕ̇(t) + (1− τ)u̇(t)∥L∞(Ω)

≤ Cinvh
− d

2

[
C∗(u)(1 +

Cinv√
kn

)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

+
√
C1(u)

k
qn− 1

2
n

qs−3
n

]
+ c0 + 2∥∂tu(t)∥L∞(Ω)

≤ 2 max
t∈In,1≤n≤N

∥∂tu(t)∥L∞(Ω) + c̃2,

for some positive bounded constant c̃2 since r > d
2 +1, k

qi− 1
2

i = o(h
d
2 ), h2 ≤ νiki for each

i = 1, . . . , N. With this estimate, we can bound c2 by

c2 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥a′′(τϕ(t) + (1− τ)u(t))∥L∞(Ω)∥τ ϕ̇(t) + (1− τ)u̇(t)∥L∞(Ω)

≤ max
ξ

|a′′(ξ)|
(
2 max
t∈In,1≤n≤N

∥∂tu(t)∥L∞(Ω) + c̃2

)
,
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where |ξ| ≤ c̃1 + 2maxt∈In,1≤n≤N ∥u(t)∥L∞(Ω). Similarly, we have, for each t ∈ In, 1 ≤

n ≤ N ,

∥τϕ(t) + (1− τ)W (t)∥L∞(Ω)

≤ ∥W (t)∥L∞(Ω) + ∥ϕ(t)−W (t)∥L∞(Ω)

≤ ∥W (t)∥L∞(Ω) + ∥ϕ(t)−ΠkW (t)∥L∞(Ω) + ∥ΠkW (t)−W (t)∥L∞(Ω)

≤ c0 + Cinvh
− d

2

(
∥ϕ(t)−ΠkW (t)∥L2(Ω) + ∥ΠkW (t)−W (t)∥L2(Ω)

)
,

where we have used (ii,c) and the inverse inequality (i,a). Thus

∥τϕ(t) + (1− τ)W (t)∥L∞(Ω)

≤ c0 + Cinvh
− d

2

(
C∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

+
√
C1(u)

k
qn+

1
2

n

qs−1
n

)
≤ c̃3,

for some bounded positive constant c̃3. For theW
1,∞-term which appeared in c4, we have

∥τ∇ϕ(t) + (1− τ)∇W (t)∥L∞(Ω) ≤ ∥∇W (t)∥L∞(Ω) + ∥∇ϕ(t)−∇W (t)∥L∞(Ω).

Applying the inverse inequality gives

∥∇ϕ(t)−∇W (t)∥L∞(Ω) ≤ Cinvh
− d

2 ∥∇ϕ(t)−∇W (t)∥L2(Ω).

Using the triangle inequality, we can write

∥∇ϕ(t)−∇W (t)∥L2(Ω) ≤ ∥∇ϕ(t)−∇ΠkW (t)∥L2(Ω) + ∥∇W (t)−∇ΠkW (t)∥L2(Ω).

Note that for each t ∈ In, n = 1, . . . , N ,

∥∇ϕ(t)−∇ΠkW (t)∥L2(Ω)

≤ ∥∇ϕ(t−n )−∇ΠkW (t−n )∥L2(Ω) +

∫ tn

t
∥∂s(∇ϕ(s)−∇ΠkW (s))∥L2(Ω) dt

≤ ∥∇ϕ(t−n )−∇ΠkW (t−n )∥L2(Ω) + Cinvh
−1
√
kn

(∫ tn

tn−1

∥∂t(ϕ(t)−ΠkW (t))∥2L2(Ω) dt

) 1
2
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≤ C̃∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

,

where we have used the inverse inequality, Hölder’s inequality, the fact that ϕ ∈ F and

the assumption that µiki ≤ h2 for each i = 1, . . . , N . On the other hand, we have

∥∇(ΠkW (t)−W (t))∥L2(Ω)

≤ ∥∇(ΠkW (t−n )−W (t−n ))∥L2(Ω) +

∫ tn

t
∥∂s(∇ΠkW (s)−∇W (s))∥L2(Ω) ds

≤
∫ tn

t
∥∂s(∇ΠkW (s)−∇W (s))∥L2(Ω) ds ( since ΠkW (t−n ) =W (t−n ))

≤
√
kn

(∫ tn

tn−1

∥∂t(∇ΠkW (t)−∇W (t))∥2L2(Ω) dt

) 1
2

≤
√
kn

(
Cproj

k2qnn

q
2(s−1)
n

∥W∥2Hs(In;H1
0 (Ω))

) 1
2

≤
√
C1(u)

k
qn+

1
2

n

qs−1
n

.

Thus,

max
t∈In,1≤n≤N

∥∇(ϕ(t)−W (t))∥L2(Ω) ≤ C∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

+
√
C1(u)

k
qn+

1
2

n

qs−1
n

≤ C̃∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

.

Then we can bound the W 1,∞-norm term by

max
t∈In,1≤n≤N

∥τ∇ϕ(t) + (1− τ)∇W (t)∥L∞(Ω)

≤ max
t∈In,1≤n≤N

(
∥∇W (t)∥L∞(Ω) + ∥∇ϕ(t)−∇W (t)∥L∞(Ω)

)
≤ c0 + Cinvh

− d
2 C̃∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

≤ c̃4,

where c̃4 is a bounded positive constant. Now we can bound c4 by

c4 := max
τ∈[0,1]

max
t∈In,1≤n≤N

(
∥c′′(τϕ(t) + (1− τ)W (t))∥L∞(Ω)∥τ∇ϕ(t) + (1− τ)∇W (t)∥L∞(Ω)

)
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≤ |c′′(ξ)|c̃4,

where |ξ| ≤ c̃3. Now combing the above estimates (4.3.21)–(4.3.36), we have

∥θ̇ϕ(t−n )∥2L2(Ω) + ∥∇θϕ(t−n )∥2L2(Ω) + 2

∫ tn

tn−1

∥∇θ̇(t)∥2L2(Ω) dt+ 2

∫ tn

tn−1

(
a′(ϕ(t), u(t)), |θ̇ϕ(t)|2

)
L2

dt

≤ ∥θ̇ϕ(t−n−1)∥
2
L2(Ω) + ∥∇θϕ(t−n−1)∥

2
L2(Ω) + 6δ

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ 8δ′
∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt

+

(
c22
δ

+
c24
δ′

)∫ tn

tn−1

∥θϕ(t)∥2L2(Ω) dt+
c23
δ′

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt+ C1,∗
k2qn+1
n

q
2(s−1)
n

+ C2,∗knh
2r,

(4.3.37)

where

C1,∗ :=
c21C1(u)

δ
+
c22C1(u)

δ
+

2C1(u)

δ′
+
c23C1(u)

δ′
+
c24C1(u)

δ′
,

C2,∗ :=
c21C2(u)

δ
+
c22C2(u)

δ
+
C2(u)

δ
+

2C2(u)

δ′
.

Summing up over n = 1, 2, . . . j, we obtain

∥θ̇ϕ(t−j )∥
2
L2(Ω) + ∥∇θϕ(t−j )∥

2
L2(Ω) + 2

j∑
n=1

∫ tn

tn−1

∥∇θ̇(t)∥2L2(Ω) dt

+ 2

j∑
n=1

∫ tn

tn−1

(
a′(ϕ(t), u(t)), |θ̇ϕ(t)|2

)
L2

dt

≤ C1,∗

j∑
n=1

k2qn+1
n

q
2(s−1)
n

+ C2,∗

j∑
n=1

knh
2r + 6δ

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

+

(
c22
δ

+
c24
δ′

) j∑
n=1

∫ tn

tn−1

∥θϕ(t)∥2L2(Ω) dt

+ 8δ′
j∑

n=1

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c23
δ′

j∑
n=1

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt. (4.3.38)

Using the assumption that a′(·) ≥M1 > 0 , we obtain

∥θ̇ϕ(t−j )∥
2
L2(Ω) + ∥∇θϕ(t−j )∥

2
L2(Ω) + 2

j∑
n=1

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+ 2M1

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

≤ C1,∗

j∑
n=1

k2qn+1
n

q
2(s−1)
n

+ C2,∗

j∑
n=1

knh
2r + 6δ

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt
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+

(
c22
δ

+
c24
δ′

) j∑
n=1

∫ tn

tn−1

∥θϕ(t)∥2L2(Ω) dt

+ 8δ′
j∑

n=1

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+
c23
δ′

j∑
n=1

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt. (4.3.39)

Choosing δ = M1
6 , δ′ = 1

8 and applying the Poincaré inequality, we have

∥θ̇ϕ(t−j )∥
2
L2(Ω) +

1

Cpoin
∥θϕ(t−j )∥

2
H1(Ω) +

j∑
n=1

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+M1

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

≤
(
6c22
M1

+ 8c24

) j∑
n=1

∫ tn

tn−1

∥θϕ(t)∥2L2(Ω) dt+ 8c23

j∑
n=1

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt

+ C1,∗

j∑
n=1

k2qn+1
n

q
2(s−1)
n

+ C2,∗

j∑
n=1

knh
2r. (4.3.40)

By the fundamental theorem of calculus and the triangle inequality, we have

∥θϕ(t)∥2L2(Ω) ≤

(
∥θϕ(t−n )∥L2(Ω) +

∫ tn

tn−1

∥θ̇ϕ(t)∥L2(Ω) dt

)2

≤ 2∥θϕ(t−n )∥2L2(Ω) + 2

(∫ tn

tn−1

∥θ̇ϕ(t)∥L2(Ω) dt

)2

≤ 2∥θϕ(t−n )∥2L2(Ω) + 2kn

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt.

This implies that(
6c22
M1

+ 8c24

) j∑
n=1

∫ tn

tn−1

∥θϕ(t)∥2L2(Ω) dt ≤ 2

(
6c22
M1

+ 8c24

) j−1∑
n=1

kn∥θϕ(t−n )∥2L2(Ω)

+ 2

(
6c22
M1

+ 8c24

)
kj∥θϕ(t−j )∥L2(Ω) + 2

(
6c22
M1

+ 8c24

) j∑
n=1

k2n

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt,

(4.3.41)

where the last two terms on the right-hand of the inequality can be absorbed into terms

on the left-hand side. Analogously, we have

8c23

j∑
n=1

∫ tn

tn−1

∥∇θϕ(t)∥2L2(Ω) dt ≤ 16c23

j−1∑
n=1

kn∥∇θϕ(t−n )∥2L2(Ω) + 16c23kj∥∇θϕ(t−j )∥
2
L2(Ω)
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+ 16c23

j∑
n=1

k2n

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt. (4.3.42)

Combining (4.3.41) and (4.3.42), we can further simplify (4.3.40) to

∥θ̇ϕ(t−j )∥
2
L2(Ω) +

(
1

Cpoin
− kj max

{
12c22
M1

+ 16c24, 16c
2
3

})
∥θϕ(t−j )∥

2
H1(Ω)

+

j∑
n=1

∫ tn

tn−1

(
1− 16c23k

2
n

)
∥∇θ̇ϕ(t)∥2L2(Ω) dt

+

j∑
n=1

∫ tn

tn−1

(
M1 − k2n

(
12c22
M1

+ 16c24

))
∥θ̇ϕ(t)∥2L2(Ω) dt

≤ C1,∗

j∑
n=1

k2qn+1
n

q
2(s−1)
n

+ C2,∗

j∑
n=1

knh
2r +

(
12c22
M1

+ 16c24

) j−1∑
n=1

kn∥θϕ(t−n )∥2L2(Ω)

+ 16c23

j−1∑
n=1

kn∥∇θϕ(t−n )∥2L2(Ω). (4.3.43)

By choosing kn for each n = 1, 2, . . . , N sufficiently small such that k2n

(
12c22
M1

+ 16c24

)
≤

M1
2 , 16c23k

2
n ≤ 1

2 and kj max

{
12c22
M1

+ 16c24, 16c
2
3

}
≤ 1

2Cpoin
, we have

∥θ̇ϕ(t−j )∥
2
L2(Ω) + ∥θϕ(t−j )∥

2
H1(Ω) +

j∑
n=1

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

≤ C∗

(
j∑

n=1

k2qn+1
n

q
2(s−1)
n

+ knh
2r

)
+ C̃

j−1∑
n=1

kn∥θϕ(t−n )∥2H1(Ω).

By applying the discrete Grönwall lemma, we have

∥θ̇ϕ(t−j )∥
2
L2(Ω) + ∥θϕ(t−j )∥

2
H1(Ω) +

j∑
n=1

∫ tn

tn−1

∥∇θ̇ϕ(t)∥2L2(Ω) dt+

j∑
n=1

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt

≤ C∗ exp

(
C̃

j∑
n=1

kn

)(
j∑

n=1

k2qn+1
n

q
2(s−1)
n

+ knh
2r

)
≤ Cmax(u)

(
j∑

n=1

k2qn+1
n

q
2(s−1)
n

+ knh
2r

)
,

(4.3.44)

where Cmax(u) = C∗ exp(C̃T ).

Now tracing back constants through the previous estimates, we notice that Cmax(u)

does not depend on C∗(u), so we can define C∗(u) := Cmax(u). That is, we have shown
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that N (F) ⊂ F .

Verification that N is a contraction mapping

In this subsection, we establish the contraction property of N as stated in (b). Before we

start the proof, we note that, since a ∈ C3(R) and c ∈ C4(R), a′, a′′, c′ and c′′ are locally

Lipschitz continuous. We claim that there exist positive constants CL1 − CL4 such that

|a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))| ≤ CL1|ϕ(t)− ϕ′(t)|, (4.3.45)

|a′′(ϕ(t), u(t))− a′′(ϕ′(t), u(t))| ≤ CL2|ϕ(t)− ϕ′(t)|, (4.3.46)

|c′(ϕ(t),W (t))− c′(ϕ′(t),W (t))| ≤ CL3|ϕ(t)− ϕ′(t)|, (4.3.47)

|c′′(ϕ(t),W (t))− c′′(ϕ′(t),W (t))| ≤ CL4|ϕ(t)− ϕ′(t)|, (4.3.48)

for all t ∈ In where n = 1, . . . , N.We prove the first inequality (4.3.45); the proofs for the

other three inequalities follow in exactly the same manner. By definition of a′(·, u(t)), we

have

|a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))|

=

∣∣∣∣ ∫ 1

0
a′(u(t) + τ(ϕ(t)− u(t)))− a′(u(t) + τ(ϕ′(t)− u(t))) dτ

∣∣∣∣
=

∣∣∣∣ ∫ 1

0

∫ 1

0
τ(ϕ(t)− ϕ′(t))a′′(θ[u(t) + τ(ϕ(t)− u(t))] + (1− θ)[u(t) + τ(ϕ′(t)− u(t))]) dθ dτ

∣∣∣∣
≤ 1

2
|ϕ(t)− ϕ′(t)| max

θ,τ∈[0,1]
max
t∈[0,T ]

∥a′′((1− τ)u(t) + θτϕ(t) + (1− θ)τϕ′(t))∥L∞(Ω).

Working on the argument of a′′, we have

∥(1− τ)u(t) + θτϕ(t) + (1− θ)τϕ′(t)∥L∞(Ω)

≤ ∥u(t)∥L∞(Ω) + θτ∥ϕ(t)− u(t)∥L∞(Ω) + (1− θ)τ∥ϕ′(t)− u(t)∥L∞(Ω)

≤ ∥u(t)∥L∞(Ω) + θτ∥ϕ(t)−ΠkW (t)∥L∞(Ω) + θτ∥ΠkW (t)− u(t)∥L∞(Ω)

+ (1− θ)τ∥ϕ′(t)−ΠkW (t)∥L∞(Ω) + (1− θ)τ∥ΠkW (t)− u(t)∥L∞(Ω)

≤ ∥u(t)∥L∞(Ω) + θ∥ϕ(t)−ΠkW (t)∥L∞(Ω) + (1− θ)∥ϕ′(t)−ΠkW (t)∥L∞(Ω)
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+ ∥ΠkW (t)−W (t)∥L∞(Ω) + ∥W (t)− u(t)∥L∞(Ω)

≤ Cinvh
− d

2

[
C∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

+
√
C1(u)

k
qn+

1
2

n

qs−1
n

]
+ c0 + 2∥u(t)∥L∞(Ω)

≤ 2∥u(t)∥L∞(Ω) + c̃1

as before. This implies that

|a′(ϕ(t), u(t))− a′(ϕ(t), u(t))| ≤ 1

2
max

ξ
|a′′(ξ)||ϕ(t)− ϕ′(t)|, (4.3.49)

where |ξ| ≤ 2maxt∈In,1≤n≤N ∥u(t)∥L∞(Ω) + c̃1. Hence (4.3.45) is proved with CL1 =

1
2 maxξ |a′′(ξ)|. The proof of (4.3.46) follows in exactly the same manner, so we omit the

proof here. The proof of (4.3.47) and (4.3.48) also follow immediately since

∥(1− τ)W (t) + θτϕ(t) + (1− θ)τϕ′(t)∥L∞(Ω)

≤ ∥W (t)∥L∞(Ω) + θτ∥ϕ(t)−W (t)∥L∞(Ω) + (1− θ)τ∥ϕ′(t)−W (t)∥L∞(Ω)

≤ ∥W (t)∥L∞(Ω) + θτ∥ϕ(t)−ΠkW (t)∥L∞(Ω) + (1− θ)τ∥ϕ′(t)−ΠkW (t)∥L∞(Ω)

+ τ∥W (t)−ΠkW (t)∥L∞(Ω)

≤ c0 + Cinvh
− d

2

(
θτ∥ϕ(t)−ΠkW (t)∥L2(Ω) + (1− θ)τ∥ϕ′(t)−ΠkW (t)∥L2(Ω)

)
+ Cinvh

− d
2 τ∥W (t)−ΠkW (t)∥L2(Ω)

≤ c0 + Cinvh
− d

2

(
C∗(u)

(
n∑

i=1

kih
2r +

k2qi+1
i

q
2(s−1)
i

) 1
2

+
√
C1(u)

k
qn+

1
2

n

qs−1
n

)
≤ c̃3,

where c̃3 is a bounded positive constant.

To show the contraction property, we consider R = ϕ − ϕ′ and Θ = uϕ − uϕ′ , where

ϕ, ϕ′ ∈ F . Then∫ tn

tn−1

〈
Θ̈(t), φ̇(t)

〉
dt+

(
[Θ̇]n−1, φ̇(t

+
n−1)

)
L2

+

∫ tn

tn−1

(∇Θ(t),∇φ̇(t))L2 dt+
(
[∇Θ]n−1,∇φ(t+n−1)

)
L2
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+

∫ tn

tn−1

(
∇Θ̇(t),∇φ̇(t)

)
L2

dt+

∫ tn

tn−1

([
a′(ϕ(t), u(t))θ̇ϕ(t)− a′(ϕ′(t), u(t))θ̇ϕ′(t)

]
, φ̇(t)

)
L2

dt

= −
∫ tn

tn−1

([
a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))

]
(ρ̇1(t) + ρ̇2(t)), φ̇(t)

)
L2 dt

−
∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))− ∂ta
′(ϕ′(t), u(t))

]
(ρ1(t) + ρ2(t)), φ̇(t)

)
L2 dt

−
∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))θϕ(t)− ∂ta
′(ϕ′(t), u(t))θϕ′(t)

]
, φ̇(t)

)
L2 dt

−
∫ tn

tn−1

([
c′(ϕ(t),W (t))− c′(ϕ′(t),W (t))

]
∇ρ1(t),∇φ̇(t)

)
L2 dt

−
∫ tn

tn−1

([
∇c′(ϕ(t),W (t))−∇c′(ϕ′(t),W (t))

]
ρ1(t),∇φ̇(t)

)
L2 dt

−
∫ tn

tn−1

([
c′(ϕ(t),W (t))∇θϕ(t)− c′(ϕ′(t),W (t))∇θϕ′(t)

]
,∇φ̇(t)

)
L2 dt

−
∫ tn

tn−1

([
∇c′(ϕ(t),W (t))θϕ(t)−∇c′(ϕ′(t),W (t))θϕ′(t)

]
,∇φ̇(t)

)
L2 dt. (4.3.50)

Taking φ = Θ, we obtain

1

2
∥Θ̇(t−n )∥2L2(Ω) +

1

2
∥Θ̇(t+n−1)∥

2
L2(Ω) +

1

2
∥∇Θ(t−n )∥2L2(Ω) +

1

2
∥∇Θ(t+n−1)∥

2
L2(Ω)

+

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω)dt+

∫ tn

tn−1

([
a′(ϕ(t), u(t))θ̇ϕ(t)− a′(ϕ′(t), u(t))θ̇ϕ′(t)

]
, Θ̇(t)

)
L2

dt

= −
∫ tn

tn−1

([
a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))

]
ρ̇1(t), Θ̇(t)

)
L2

dt

−
∫ tn

tn−1

([
a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))

]
ρ̇2(t), Θ̇(t)

)
L2

dt

−
∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))− ∂ta
′(ϕ′(t), u(t))

]
ρ1(t), Θ̇(t)

)
L2

dt

−
∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))− ∂ta
′(ϕ′(t), u(t))

]
ρ2(t), Θ̇(t)

)
L2

dt

−
∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))θϕ(t)− ∂ta
′(ϕ′(t), u(t))θϕ′(t)

]
, Θ̇(t)

)
L2

dt

−
∫ tn

tn−1

([
c′(ϕ(t),W (t))− c′(ϕ′(t),W (t))

]
∇ρ1(t),∇Θ̇(t)

)
L2

dt

−
∫ tn

tn−1

([
∇c′(ϕ(t),W (t))−∇c′(ϕ′(t),W (t))

]
ρ1(t),∇Θ̇(t)

)
L2

dt
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−
∫ tn

tn−1

([
c′(ϕ(t),W (t))∇θϕ(t)− c′(ϕ′(t),W (t))∇θϕ′(t)

]
,∇Θ̇(t)

)
L2

dt

−
∫ tn

tn−1

([
∇c′(ϕ(t),W (t))θϕ(t)−∇c′(ϕ′(t),W (t))θϕ′(t)

]
,∇Θ̇(t)

)
L2

dt

+
(
Θ̇(t−n−1), Θ̇(t+n−1)

)
L2

+
(
∇Θ(t−n−1),∇Θ(t+n−1)

)
L2 . (4.3.51)

Note that(
a′(ϕ(t), u(t))θ̇ϕ(t), Θ̇(t)

)
L2

−
(
a′(ϕ′(t), u(t))θ̇ϕ′(t), Θ̇(t)

)
L2

=
(
a′(ϕ(t), u(t))Θ̇(t), Θ̇(t)

)
L2

+
([
a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))

]
θ̇ϕ′(t), Θ̇(t)

)
L2
.

Similarly, we have(
∂ta

′(ϕ(t), u(t))θϕ(t), Θ̇(t)
)
L2

−
(
∂ta

′(ϕ′(t), u(t))θϕ′(t), Θ̇(t)
)
L2

=
(
∂ta

′(ϕ(t), u(t))Θ(t), Θ̇(t)
)
L2

+
([
∂ta

′(ϕ(t), u(t))− ∂ta
′(ϕ′(t), u(t))

]
θϕ′(t), Θ̇(t)

)
L2
,

(
c′(ϕ(t),W (t))∇θϕ(t), Θ̇(t)

)
L2

−
(
c′(ϕ′(t),W (t))∇θϕ′(t), Θ̇(t)

)
L2

=
(
c′(ϕ(t),W (t))∇Θ(t), Θ̇(t)

)
L2

+
([
c′(ϕ(t),W (t))− c′(ϕ′(t),W (t))

]
∇θϕ′(t), Θ̇(t)

)
L2
,

and(
∇c′(ϕ(t),W (t))θϕ(t), Θ̇(t)

)
L2

−
(
∇c′(ϕ′(t),W (t))θϕ′(t), Θ̇(t)

)
L2

=
(
∇c′(ϕ(t),W (t))Θ(t), Θ̇(t)

)
L2

+
([

∇c′(ϕ(t),W (t))−∇c′(ϕ′(t),W (t))
]
θϕ′(t), Θ̇(t)

)
L2
.

By the Cauchy–Schwarz inequality, we have

2
(
Θ̇(t−n−1), Θ̇(t+n−1)

)
L2

≤ ∥Θ̇(t−n−1)∥
2
L2(Ω) + ∥Θ̇(t+n−1)∥

2
L2(Ω), (4.3.52)

2
(
∇Θ(t−n−1),∇Θ(t+n−1)

)
L2 ≤ ∥∇Θ(t−n−1)∥

2
L2(Ω) + ∥∇Θ(t+n−1)∥

2
L2(Ω). (4.3.53)

Combining (4.3.52), (4.3.53) and the above equalities, we deduce from (4.3.51) that

∥Θ̇(t−n )∥2L2(Ω) + ∥∇Θ(t−n )∥2L2(Ω) + 2

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt+ 2

∫ tn

tn−1

(
a′(ϕ(t), u(t))Θ̇(t), Θ̇(t)

)
L2

dt
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≤ ∥Θ̇(t−n−1)∥
2
L2(Ω) + ∥∇Θ(t−n−1)∥

2
L2(Ω) + |Ia|+ |IIa|+ |IIIa|+ |IVa|+ |Va|+ |VIa|+ |VIIa|

+ |Ic|+ |IIc|+ |IIIc|+ |IVc|+ |Vc|+ |VIc|, (4.3.54)

where Ia, . . . ,VIc are terms defined and estimated below.

|Ia| :=
∣∣∣∣− 2

∫ tn

tn−1

([
a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))

]
θ̇ϕ(t), Θ̇(t)

)
L2

dt

∣∣∣∣
≤ 2CL1

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥L∞(Ω)∥θ̇ϕ(t)∥L2(Ω)∥Θ̇(t)∥L2(Ω) dt

≤
C2
L1

δ̃
max
t∈In

∥R(t)∥2L∞(Ω)

∫ tn

tn−1

∥θ̇ϕ(t)∥2L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt, (4.3.55)

for some δ̃ > 0 that will be specified later.

|IIa| :=
∣∣∣∣− 2

∫ tn

tn−1

([
a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))

]
ρ̇1(t), Θ̇(t)

)
L2

dt

∣∣∣∣
≤ 2CL1

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥L∞(Ω)∥ρ̇1(t)∥L2(Ω)∥Θ̇(t)∥L2(Ω) dt

≤
C2
L1

δ̃
max
t∈In

∥R(t)∥2L∞(Ω)

∫ tn

tn−1

∥ρ̇1(t)∥2L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt. (4.3.56)

|IIIa| :=
∣∣∣∣− 2

∫ tn

tn−1

([
a′(ϕ(t), u(t))− a′(ϕ′(t), u(t))

]
ρ̇2(t), Θ̇(t)

)
L2

dt

∣∣∣∣
≤ 2CL1

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥L∞(Ω)∥ρ̇2(t)∥L2(Ω)∥Θ̇(t)∥L2(Ω) dt

≤
C2
L1

δ̃
max
t∈In

∥R(t)∥2L∞(Ω)

∫ tn

tn−1

∥ρ̇2(t)∥2L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt. (4.3.57)

|IVa| :=
∣∣∣∣− 2

∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))− ∂ta
′(ϕ′(t), u(t))

]
ρ1(t), Θ̇(t)

)
L2

dt

∣∣∣∣
=

∣∣∣∣− 2

∫ tn

tn−1

(∫ 1

0

[
a′′(u(t) + τ(ϕ(t)− u(t)))− a′′(u(t) + τ(ϕ′(t)− u(t)))

]
(u̇(t) + τ(ϕ̇(t)− u̇(t)))

+ a′′(u(t) + τ(ϕ′(t)− u(t)))τ(ϕ̇(t)− ϕ̇′(t))dτρ1(t), Θ̇(t)

)
L2

dt

∣∣∣∣
≤
C2
L2c

2
5

δ̃

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥2L∞(Ω)∥ρ1(t)∥
2
L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

+
c26
δ̃

∫ tn

tn−1

∥ϕ̇(t)− ϕ̇′(t)∥2L∞(Ω)∥ρ1(t)∥
2
L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt
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≤
(
C2
L2c

2
5

δ̃
max
t∈In

∥R(t)∥2L∞(Ω) +
c26
δ̃
max
t∈In

∥Ṙ(t)∥2L∞(Ω)

)∫ tn

tn−1

∥ρ1(t)∥2L2(Ω) dt

+ 2δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt, (4.3.58)

where

c5 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥u̇(t) + τ(ϕ̇(t)− u̇(t))∥L∞(Ω)

and

c6 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥a′′(u(t) + τ(ϕ′(t)− u(t)))∥L∞(Ω).

Analogously, we have

|Va| :=
∣∣∣∣− 2

∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))− ∂ta
′(ϕ′(t), u(t))

]
ρ2(t), Θ̇(t)

)
L2

dt

∣∣∣∣
≤
C2
L2c

2
5

δ̃

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥2L∞(Ω)∥ρ2(t)∥
2
L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

+
c26
δ̃

∫ tn

tn−1

∥ϕ̇(t)− ϕ̇′(t)∥2L∞(Ω)∥ρ2(t)∥
2
L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤
(
C2
L2c

2
5

δ̃
max
t∈In

∥R(t)∥2L∞(Ω) +
c26
δ̃
max
t∈In

∥Ṙ(t)∥2L∞(Ω)

)∫ tn

tn−1

∥ρ2(t)∥2L2(Ω) dt

+ 2δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt, (4.3.59)

and

|VIa| :=
∣∣∣∣− 2

∫ tn

tn−1

([
∂ta

′(ϕ(t), u(t))− ∂ta
′(ϕ′(t), u(t))

]
θϕ′(t), Θ̇(t)

)
L2

dt

∣∣∣∣
≤
C2
L2c

2
5

δ̃

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥2L∞(Ω)∥θϕ′(t)∥2L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

+
c26
δ̃

∫ tn

tn−1

∥ϕ̇(t)− ϕ̇′(t)∥2L∞(Ω)∥θϕ′(t)∥2L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤
(
C2
L2c

2
5

δ̃
max
t∈In

∥R(t)∥2L∞(Ω) +
c26
δ̃
max
t∈In

∥Ṙ(t)∥2L∞(Ω)

)∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) dt

+ 2δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt. (4.3.60)

|VIIa| :=
∣∣∣∣− 2

∫ tn

tn−1

(
∂ta

′(ϕ(t), u(t))Θ(t), Θ̇(t)
)
L2

dt

∣∣∣∣
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≤ c27
δ̃

∫ tn

tn−1

∥Θ(t)∥2L2(Ω) dt+ δ̃

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt, (4.3.61)

where

c7 := max
τ∈[0,1]

max
t∈In,1≤n≤N

(
∥a′′(u(t) + τ(ϕ(t)− u(t)))∥L∞(Ω)∥u̇(t) + τ(ϕ̇(t)− u̇(t))∥L∞(Ω)

)
.

As for the terms involving c′(ϕ(t),W (t)) and ∇c′(ϕ(t),W (t)), we have

|Ic| :=
∣∣∣∣− 2

∫ tn

tn−1

([
c′(ϕ(t),W (t))− c′(ϕ′(t),W (t))

]
∇ρ1(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
≤
C2
L3

δ̂
max
t∈In

∥R(t)∥2L∞(Ω)

∫ tn

tn−1

∥∇ρ1(t)∥2L2(Ω) dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt, (4.3.62)

for some constant δ̂ > 0 which will be specified later.

|IIc| :=
∣∣∣∣− 2

∫ tn

tn−1

([
c′(ϕ(t),W (t))− c′(ϕ′(t),W (t))

]
∇θϕ′(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
≤
C2
L3

δ̂
max
t∈In

∥R(t)∥2L∞(Ω)

∫ tn

tn−1

∥∇θϕ′(t)∥2L2(Ω) dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt,

(4.3.63)

|IIIc| :=
∣∣∣∣− 2

∫ tn

tn−1

(
c′(ϕ(t),W (t))∇Θ(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
≤ c28

δ̂

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt, (4.3.64)

where

c8 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥c′(W (t) + τ(ϕ(t)−W (t)))∥L∞(Ω).

|IVc| :=
∣∣∣∣− 2

∫ tn

tn−1

([
∇c′(ϕ(t),W (t))−∇c′(ϕ′(t),W (t))

]
ρ1(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
=

∣∣∣∣− 2

∫ tn

tn−1

(∫ 1

0

[
c′′(W + τ(ϕ−W ))− c′′(W + τ(ϕ′ −W ))

]
(∇W + τ(∇ϕ−∇W ))

+ c′′(W + τ(ϕ′ −W ))τ(∇ϕ−∇ϕ′)dτρ1(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
≤
C2
L4c

2
9

δ̂

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥2L∞(Ω)∥ρ1(t)∥
2
L2(Ω) dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt
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+
c210

δ̂

∫ tn

tn−1

∥∇ϕ(t)−∇ϕ′(t)∥2L∞(Ω)∥ρ1(t)∥
2
L2(Ω) dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt

≤
(
C2
L4c

2
9

δ̂
max
t∈In

∥R(t)∥2L∞(Ω) +
c210

δ̂
max
t∈In

∥∇R(t)∥2L∞(Ω)

)∫ tn

tn−1

∥ρ1(t)∥2L2(Ω) dt

+ 2δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt, (4.3.65)

where

c9 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥∇W (t) + τ(∇ϕ(t)−∇W (t))∥L∞(Ω)

and

c10 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥c′′(W (t) + τ(ϕ′(t)−W (t)))∥L∞(Ω).

|Vc| :=
∣∣∣∣− 2

∫ tn

tn−1

(
∇c′(ϕ(t),W (t))Θ(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
≤ c211

δ̂

∫ tn

tn−1

∥Θ(t)∥2L2(Ω)dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω)dt, (4.3.66)

where

c11 := max
τ∈[0,1]

max
t∈In,1≤n≤N

(
∥c′′(W (t) + τ(ϕ(t)−W (t)))∥L∞(Ω)∥∇W (t) + τ(∇ϕ(t)−∇W (t))∥L∞(Ω)

)
.

|VIc| :=
∣∣∣∣− 2

∫ tn

tn−1

([
∇c′(ϕ(t),W (t))−∇c′(ϕ′(t),W (t))

]
θϕ′(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
=

∣∣∣∣− 2

∫ tn

tn−1

(∫ 1

0

[
c′′(W + τ(ϕ−W ))− c′′(W + τ(ϕ′ −W ))

]
(∇W + τ(∇ϕ−∇W ))

+ c′′(W + τ(ϕ′ −W ))τ(∇ϕ−∇ϕ′)dτθϕ′(t),∇Θ̇(t)

)
L2

dt

∣∣∣∣
≤
C2
L4c

2
9

δ̂

∫ tn

tn−1

∥ϕ(t)− ϕ′(t)∥2L∞(Ω)∥θϕ′(t)∥2L2(Ω) dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt

+
c210

δ̂

∫ tn

tn−1

∥∇ϕ(t)−∇ϕ′(t)∥2L∞(Ω)∥θϕ′(t)∥2L2(Ω) dt+ δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt

≤
(
C2
L4c

2
9

δ̂
max
t∈In

∥R(t)∥2L∞(Ω) +
c210

δ̂
max
t∈In

∥∇R(t)∥2L∞(Ω)

)∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) dt

+ 2δ̂

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt. (4.3.67)

Again, we need to verify that all these constant c5–c11 appearing in the above estimates
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are bounded. First note that

c5 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥u̇(t) + τ(ϕ̇(t)− u̇(t))∥L∞(Ω) ≤ 2 max
t∈In,1≤n≤N

∥∂tu(t)∥L∞(Ω) + c̃2.

c6 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥a′′(u(t) + τ(ϕ′(t)− u(t))∥L∞(Ω) ≤ max
ξ

|a′′(ξ)|,

and

c7 := max
τ∈[0,1]

max
t∈In,1≤n≤N

(
∥a′′(u(t) + τ(ϕ(t)− u(t))∥L∞(Ω)∥u̇(t) + τ(ϕ̇(t)− u̇(t))∥L∞(Ω)

)
≤ max

ξ
|a′′(ξ)|

(
2 max
t∈In,1≤n≤N

∥∂tu(t)∥L∞(Ω) + c̃2

)
,

where |ξ| ≤ c̃1 + 2maxt∈In,1≤n≤N ∥u(t)∥L∞(Ω). Clearly,

c8 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥c′(W (t) + τ(ϕ(t)−W (t)))∥L∞(Ω) ≤ Cc <∞.

Note that for each t ∈ In, 1 ≤ n ≤ N ,

∥W (t) + τ(ϕ(t)−W (t))∥L∞(Ω) = ∥(1− τ)W (t) + τϕ(t)∥L∞(Ω) ≤ c̃3,

∥∇W (t) + τ(∇ϕ(t)−∇W (t))∥L∞(Ω) = ∥τ∇ϕ(t) + (1− τ)∇W (t)∥L∞(Ω) ≤ c̃4.

This implies that

c9 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥∇W (t) + τ(∇ϕ(t)−∇W (t))∥L∞(Ω) ≤ c̃4,

c10 := max
τ∈[0,1]

max
t∈In,1≤n≤N

∥c′′(W (t) + τ(ϕ(t)−W (t))∥L∞(Ω) ≤ |c′′(ξ)|,

and

c11 := max
τ∈[0,1]

max
t∈In,1≤n≤N

(
∥c′′(W (t) + τ(ϕ(t)−W (t))∥L∞(Ω)∥∇W (t) + τ(∇ϕ(t)−∇W (t))∥L∞(Ω)

)
≤ |c′′(ξ)|c̃4,

where |ξ| ≤ c̃3. Here, c2, c̃4, c̃3, c̃2 and c̃1 are defined as in the proof of (a).
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Combining all these estimates, we have

∥Θ̇(t−n )∥2L2 + ∥∇Θ(t−n )∥2L2(Ω) + (2− 8δ̂)

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt+ (2M1 − 10δ̃)

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ ∥Θ̇(t−n−1)∥
2
L2(Ω) + ∥∇Θ(t−n−1)∥

2
L2(Ω) +

(
c211

δ̂
+
c27
δ̃

)∫ tn

tn−1

∥Θ(t)∥2L2(Ω) dt+
c28
δ̃

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt

+
C2
L1

δ̃
max
t∈In

∥R(t)∥2L∞(Ω)

{∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2(Ω) + ∥ρ̇1(t)∥2L2(Ω) + ∥ρ̇2(t)∥2L2(Ω) dt

}
+
C2
L2c

2
5

δ̃
max
t∈In

∥R(t)∥2L∞(Ω)

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) + ∥ρ2(t)∥2L2(Ω) dt

}
+
c26
δ̃
max
t∈In

∥Ṙ(t)∥2L∞(Ω)

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) + ∥ρ2(t)∥2L2(Ω) dt

}
+
C2
L3

δ̂
max
t∈In

∥R(t)∥2L∞(Ω)

{∫ tn

tn−1

∥∇θϕ′(t)∥2L2(Ω) + ∥∇ρ1(t)∥2L2(Ω) dt

}
+
C2
L4c

2
9

δ̂
max
t∈In

∥R(t)∥2L∞(Ω)

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) dt

}
+
c210

δ̂
max
t∈In

∥∇R(t)∥2L∞(Ω)

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) dt

}
≤ ∥Θ̇(t−n−1)∥

2
L2(Ω) + ∥∇Θ(t−n−1)∥

2
L2(Ω) +

(
c211

δ̂
+
c27
δ̃

)∫ tn

tn−1

∥Θ(t)∥2L2(Ω) dt+
c28
δ̃

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt

+ C2
inv

C2
L1

δ
max
t∈In

∥R(t)∥2L2(Ω)h
−d

{∫ tn

tn−1

∥θ̇ϕ′(t)∥2L2 + ∥ρ̇1(t)∥2L2(Ω) + ∥ρ̇2(t)∥2L2(Ω) dt

}
+ C2

inv

C2
L2c

2
5

δ̃
max
t∈In

∥R(t)∥2L2(Ω)h
−d

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) + ∥ρ2(t)∥2L2(Ω) dt

}
+ C2

inv

c26
δ̃
max
t∈In

∥Ṙ(t)∥2L2(Ω)h
−d

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) + ∥ρ2(t)∥2L2(Ω) dt

}
+ C2

inv

C2
L3

δ̂
max
t∈In

∥R(t)∥2L2(Ω)h
−d

{∫ tn

tn−1

∥∇θϕ′(t)∥2L2(Ω) + ∥∇ρ1(t)∥2L2(Ω) dt

}
+ C2

inv

C2
L4c

2
9

δ̂
max
t∈In

∥R(t)∥2L2(Ω)h
−d

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) dt

}
+ C2

inv

c210

δ̂
max
t∈In

∥∇R(t)∥2L2(Ω)h
−d

{∫ tn

tn−1

∥θϕ′(t)∥2L2(Ω) + ∥ρ1(t)∥2L2(Ω) dt

}
. (4.3.68)

Taking δ̂ = 1
8 , δ̃ =

M1
10 and summing up over n = 1, . . . , j, we obtain

∥Θ̇(t−j )∥
2
L2(Ω) + ∥∇Θ(t−j )∥

2
L2(Ω) +

j∑
n=1

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt+

j∑
n=1

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt
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≤ C̃1,∗(u)h
−d

(
j∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j

(
∥Ṙ(t)∥2L2(Ω) + ∥R(t)∥2H1(Ω)

)
+ C̃2,∗

j∑
n=1

∫ tn

tn−1

∥Θ(t)∥2L2(Ω) dt+ C̃3,∗

j∑
n=1

∫ tn

tn−1

∥∇Θ(t)∥2L2(Ω) dt, (4.3.69)

where C̃1,∗ is a positive constant depending on the solution u while C̃2,∗ and C̃3,∗ are two

generic constants independent of u and the discretisation parameters. By an analogous

application of the discrete Grönwall lemma as in the proof of (a), we can deduce that,

for kn sufficiently small, for each j = 1, . . . , N ,

∥Θ̇(t−j )∥
2
L2(Ω) + ∥∇Θ(t−j )∥

2
L2(Ω) +

j∑
n=1

∫ tn

tn−1

∥∇Θ̇(t)∥2L2(Ω) dt+

j∑
n=1

∫ tn

tn−1

∥Θ̇(t)∥2L2(Ω) dt

≤ C̃(u)h−d

(
j∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j

(
∥Ṙ(t)∥2L2(Ω) + ∥R(t)∥2H1(Ω)

)
. (4.3.70)

By the fundamental theorem of calculus, we have for t ∈ Ij ,

∥∇Θ(t)∥2L2(Ω) ≤ 2∥∇Θ(t−j )∥
2
L2(Ω) + 2

(∫ tj

tj−1

∥∇Θ̇(t)∥L2(Ω) dt

)2

≤ 2C̃(u)h−d

(
j∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j

(
∥Ṙ(t)∥2L2(Ω) + ∥R(t)∥2H1(Ω)

)
,

∥Θ(t)∥2L2(Ω) ≤ 2∥Θ(t−j )∥
2
L2(Ω) + 2

(∫ tj

tj−1

∥Θ̇(t)∥L2(Ω) dt

)2

≤ 2C̃(u)h−d

(
j∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j

(
∥Ṙ(t)∥2L2(Ω) + ∥R(t)∥2H1(Ω)

)
,

∥Θ̇(t)∥2L2(Ω) ≤ 2∥Θ̇(t−j )∥
2
L2(Ω) + 2

(∫ tj

tj−1

∥Θ̈(t)∥L2(Ω) dt

)2

≤ 2∥Θ̇(t−j )∥
2
L2(Ω) + 2C2

invk
−1
j

∫ tj

tj−1

∥Θ̇(t)∥2L2(Ω) dt

≤ Ĉ(u)h−d−2

(
j∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤j

(
∥Ṙ(t)∥2L2(Ω) + ∥R(t)∥2H1(Ω)

)
,
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where we have used the assumption that µjkj ≤ h2 ≤ νjkj . Thus,

max
t∈Ij

(
∥Θ̇(t)∥2L2(Ω) + ∥Θ(t)∥2H1(Ω)

)
≤ C∗(u)h−d−2

(
N∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤N

(
∥Ṙ(t)∥2L2(Ω) + ∥R(t)∥2H1(Ω)

)
.

(4.3.71)

Taking maximum over j = 1, . . . , N , we have

max
t∈Ij ,1≤j≤N

(
∥Θ̇(t)∥2L2(Ω) + ∥Θ(t)∥2H1(Ω)

)
≤ C∗(u)h−d−2

(
N∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

)
max

t∈In,1≤n≤N

(
∥Ṙ(t)∥2L2(Ω) + ∥R(t)∥2H1(Ω)

)
.

(4.3.72)

We can choose h and kn sufficiently small and qn and r sufficiently large for each n =

1, . . . , N such that C∗(u)h−d−2

(∑N
n=1 knh

2r + k2qn+1
n

q
2(s−1)
n

)
< 1, which is possible under our

assumption that r > d
2 + 1, k

qn− 1
2

n = o(h
d
2 ) and µnkn ≤ h2 ≤ νnkn for each n = 1, . . . , N .

This completes the proof of the contraction property.

By Banach’s fixed point theorem, there exists a unique uDG ∈ F such that N (uDG) =

uDG. By the triangle inequality, the properties of the modified projection operators and

the properties of W , we have

∥uDG(tj)− u(t−j )∥H1(Ω) + ∥u̇DG(tj)− u̇(t−j )∥L2(Ω)

≤ ∥θ(t−j )∥H1(Ω) + ∥θ̇(t−j )∥L2(Ω) + ∥W (t−j )− u(t−j )∥H1(Ω) + ∥Ẇ (t−j )− u̇(t−j )∥L2(Ω)

≤ C∗(u)

(
j∑

n=1

knh
2r +

k2qn+1
n

q
2(s−1)
n

) 1
2

+ 3C2(u)h
r ≤ C(u)

(
h2r +

j∑
n=1

k2qn+1
n

q
2(s−1)
n

) 1
2

.

4.4. Approximation properties of the nonlinear projection

Here we derive the properties (4.3.5)–(4.3.8) of the nonlinear projection W . We write

a ≲ b if there exists a universal constant C > 0 independent of the spatial discretisation
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parameter h such that a ≤ Cb.

4.4.1. Bounds on u−W and W Recall that for each t ∈ [0, T ], the nonlinear projection

W (t) ∈ Vh satisfies that

(∇c(W (t)),∇φ)L2 = (∇c(u(t)),∇φ)L2 for all φ ∈ Vh. (4.4.1)

We can rewrite (4.4.1) as

(
c′(W (t))∇W (t),∇φ

)
L2 =

(
c′(u(t))∇u(t),∇φ

)
L2 for all φ ∈ Vh, (4.4.2)

for c ∈ C4(R) with c′(·) ≥M0 > 0. This arises from the following elliptic problem:

−∇ · (c′(u)∇u) = f in Ω, u = 0 on ∂Ω, (4.4.3)

where f is sufficiently smooth. For each t ∈ [0, T ], W (t) is the Galerkin approximation

of the solution u(t) of the above nonlinear Dirichlet problem. For dimensions d ≤ 3 and

finite elements of degree p ≥ 2, Douglas and Dupont [27] proved that

∥u−W∥L2(Ω) + h∥∇u−∇W∥L2(Ω) ≲ hp+1∥u∥Hp+1(Ω). (4.4.4)

Thus, we conclude that for each t ∈ [0, T ], d
2 + 1 < r ≤ min(p,m− 1),

∥u(t)−W (t)∥L2(Ω) ≲ hr+1∥u(t)∥Hr+1(Ω), (4.4.5)

∥∇u(t)−∇W (t)∥L2(Ω) ≲ hr∥u(t)∥Hr+1(Ω). (4.4.6)

Let Ph : H
1
0 (Ω) → Vh be the standard finite element interpolation operator; then we have

∥u− Phu∥H1(Ω) ≲ hr|u|Hr+1(Ω),
d

2
+ 1 < r ≤ min(p,m− 1),

∥u− Phu∥W 1,∞(Ω) ≲ hr−
d
2 |u|Hr+1(Ω),

d

2
+ 1 < r ≤ min(p,m− 1).

See Brenner and Scott [17] for the proof of these results. Now we can bound the W 1,∞-

norm of W (t) for each t ∈ [0, T ] by

∥W (t)∥W 1,∞(Ω) ≤ ∥W (t)− Phu(t)∥W 1,∞(Ω) + ∥Phu(t)− u(t)∥W 1,∞(Ω) + ∥u(t)∥W 1,∞(Ω)
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≤ Cinvh
− d

2 ∥W (t)− Phu(t)∥H1(Ω) + Chr−
d
2 + ∥u(t)∥W 1,∞(Ω)

≤ Cinvh
− d

2
(
∥W (t)− u(t)∥H1(Ω) + ∥u(t)− Phu(t)∥H1(Ω)

)
+ Chr−

d
2 + ∥u(t)∥W 1,∞(Ω)

≤ Chr−
d
2 + ∥u(t)∥W 1,∞(Ω)

≤ c0,

for some positive constant c0. Note that here C is a generic positive constant, which may

vary from line to line.

4.4.2. Bounds on u̇− Ẇ and Ẇ We first need to show that t 7→W (t) is differentiable

with respect to t. Here we follow the proof from Section 6 of Ortner and Süli’s work

[60]. For U ∈ Vh and t ∈ [0, T ], we notice that the mapping φ 7→ (∇c(U),∇φ)L2 −

(∇c(u(t)),∇φ)L2 is a bounded linear functional on Vh; hence by the Riesz representation

theorem, there exists a unique A(t, U) ∈ Vh such that

(A(t, U), φ) = (∇c(U),∇φ)L2 − (∇c(u(t)),∇φ)L2 . (4.4.7)

Here (·, ·) is the inner product associated with the Hilbert space Vh ⊂ H1
0 (Ω). That is,

(∇A(t, U),∇φ)L2 = (∇c(U),∇φ)L2 − (∇c(u(t)),∇φ)L2 . (4.4.8)

It follows from the linearisation process that the derivative of (t, U) 7→ A(t, U) with

respect to U , evaluated at U =W (t), exists and is invertible. We also have A(t,W (t)) =

0. Since t 7→ u(t) is differentiable with respect to t, it follows that A(t, U) is differentiable

in a neighbourhood of (t0,W (t0)) for any t0 ∈ (0, T ). It can be therefore deduced from

the implicit function theorem that t 7→W (t) is differentiable in (0, T ).

Before we proceed to the proof of the L2-estimate of u̇− Ẇ , we first note that since

c ∈ C4(R), c′, c′′ and c′′′ are locally Lipschitz continuous. That is, there exists a positive

constant CLip <∞ such that

|c′(u(t))− c′(W (t))| ≤ CLip|u(t)−W (t)|, (4.4.9)
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|c′′(u(t))− c′′(W (t))| ≤ CLip|u(t)−W (t)|, (4.4.10)

|c′′′(u(t))− c′′′(W (t))| ≤ CLip|u(t)−W (t)|, (4.4.11)

where CLip = maxξ (|c′′(ξ)|, |c′′′(ξ)|, |c′′′′(ξ)|) , with |ξ| ≤ maxt∈[0,T ]

(
∥u∥L∞(Ω) + ∥W∥L∞(Ω)

)
.

Now, by differentiating (4.4.2) with respect to t, we have(
c′(W (t))∇Ẇ (t),∇φ

)
L2

+

(
c′′(W (t))Ẇ (t)∇W (t),∇φ

)
L2

=

(
c′(u(t))∇u̇(t),∇φ

)
L2

+

(
c′′(u(t))u̇(t)∇u(t),∇φ

)
L2

for all φ ∈ Vh. (4.4.12)

Using the assumption that c′(·) ≥M0 > 0, we have

M0∥∇Ẇ (t)−∇u̇(t)∥2L2(Ω) ≤
(
c′(W (t))(∇Ẇ (t)−∇u̇(t)),∇Ẇ (t)−∇u̇(t)

)
L2

=
(
c′(W (t))(∇Ẇ (t)−∇u̇(t)),∇Ẇ (t)−∇Phu̇(t)

)
L2

+
(
c′(W (t))(∇Ẇ (t)−∇u̇(t)),∇Phu̇(t)−∇u̇(t)

)
L2

:= T1 + T2.

Since ∇Ẇ (t)−∇Phu̇(t) ∈ Vh, we can apply (4.4.12) to have

T1 =
(
c′(W (t))(∇Ẇ (t)−∇u̇(t)),∇Ẇ (t)−∇Phu̇(t)

)
L2

=
(
c′(u(t))∇u̇(t),∇Ẇ (t)−∇Phu̇(t)

)
L2

−
(
c′(W (t))∇u̇(t),∇Ẇ (t)−∇Phu̇(t)

)
L2

+
(
c′′(u(t))u̇(t)∇u(t),∇Ẇ (t)−∇Phu̇(t)

)
L2

−
(
c′′(W (t))Ẇ (t)∇W (t),∇Ẇ (t)−∇Phu̇(t)

)
L2

=
(
[c′(u(t))− c′(W (t)]∇u̇(t),∇Ẇ (t)−∇Phu̇(t)

)
L2

+
(
c′′(u(t))u̇(t)[∇u(t)−∇W (t)],∇Ẇ (t)−∇Phu̇(t)

)
L2

+
(
c′′(u(t))u̇(t)∇W (t),∇Ẇ (t)−∇Phu̇(t)

)
L2

−
(
c′′(W (t))Ẇ (t)∇W (t),∇Ẇ (t)−∇Phu̇(t)

)
L2

=
(
[c′(u(t))− c′(W (t)]∇u̇(t),∇Ẇ (t)−∇Phu̇(t)

)
L2

+
(
c′′(u(t))u̇(t)[∇u(t)−∇W (t)],∇Ẇ (t)−∇Phu̇(t)

)
L2

+
(
[c′′(u(t))− c′′(W (t))]u̇(t)∇W (t),∇Ẇ (t)−∇Phu̇(t)

)
L2
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+
(
c′′(W (t))[u̇(t)− Ẇ (t)]∇W (t),∇Ẇ (t)−∇Phu̇(t)

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥∇u̇(t)∥L∞(Ω)∥∇Ẇ (t)−∇Phu̇(t)∥L2(Ω)

+ CLip∥u̇(t)∥L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇Ẇ (t)−∇Phu̇(t)∥L2(Ω)

+ CLip∥u(t)−W (t)∥L2(Ω)∥u̇(t)∥L∞(Ω)∥∇W (t)∥L∞(Ω)∥∇Ẇ (t)−∇Phu̇(t)∥L2(Ω)

+ CLip∥u̇(t)− Ẇ (t)∥L2(Ω)∥∇W (t)∥L∞(Ω)∥∇Ẇ (t)−∇Phu̇(t)∥L2(Ω)

≤ C
(
hr + ∥Ẇ (t)− u̇(t)∥L2(Ω)

)
∥∇Ẇ (t)−∇Phu̇(t)∥L2(Ω)

≤ C
(
hr + ∥Ẇ (t)− u̇(t)∥L2(Ω)

)
∥∇Ẇ (t)−∇u̇(t)∥L2(Ω)

+ C
(
hr + ∥Ẇ (t)− u̇(t)∥L2(Ω)

)
∥∇Phu̇(t)−∇u̇(t)∥L2(Ω)

≤ C
(
hr + ∥Ẇ (t)− u̇(t)∥L2(Ω)

)
∥∇Ẇ (t)−∇u̇(t)∥L2(Ω) + C

(
h2r + hr∥Ẇ (t)− u̇(t)∥L2(Ω)

)
.

Note that

T2 =
(
c′(W (t))(∇Ẇ (t)−∇u̇(t)),∇Phu̇(t)−∇u̇(t)

)
L2

≤ Cc∥∇Ẇ (t)−∇u̇(t)∥L2(Ω)∥∇Phu̇(t)−∇u̇(t)∥L2(Ω)

≤ Chr∥∇Ẇ (t)−∇u̇(t)∥L2(Ω).

Combining the estimates for T1 and T2 we have

M0∥∇Ẇ (t)−∇u̇(t)∥2L2(Ω) ≤ C
(
hr + ∥Ẇ (t)− u̇(t)∥L2(Ω)

)
∥∇Ẇ (t)−∇u̇(t)∥L2(Ω)

+ C
(
h2r + hr∥Ẇ (t)− u̇(t)∥L2(Ω)

)
≤ M0

2
∥∇Ẇ (t)−∇u̇(t)∥2L2(Ω) + Ch2r + C∥Ẇ (t)− u̇(t)∥2L2(Ω).

(4.4.13)

This implies that

∥∇Ẇ (t)−∇u̇(t)∥L2(Ω) ≤ Chr + C∥Ẇ (t)− u̇(t)∥L2(Ω), for 1 +
d

2
< r ≤ min(p,m− 1).

(4.4.14)

Now we focus on deriving the L2-bound on u̇(t) − Ẇ (t) using a duality argument. Fol-



167

lowing the ideas introduced in [27], we consider the formal derivative,

Lφ = −∇ · (c′(u)∇φ+ φc′′(u)∇u) (4.4.15)

of the elliptic operator in (4.4.3). The formal adjoint of L is defined as

L∗ψ := −∇ · (c′(u)∇ψ) + c′′(u)∇u · ∇ψ. (4.4.16)

It follows from the weak maximum principle (cf. Theorem 8.1 and Corollary 8.2 from [38])

that the following homogeneous Dirichlet boundary value problem

L∗ψ = 0 in Ω, ψ = 0 on ∂Ω (4.4.17)

has only the trival solution ψ ≡ 0 in Ω. By the Fredholm alternative (see Theorem

4, Section 6.2.3 from [36] for more details), for any ξ ∈ L2(Ω), there exists a unique

ψ ∈ H2(Ω) such that

L∗ψ = ξ in Ω, ψ = 0 on ∂Ω. (4.4.18)

By the well-known elliptic regularity (cf. Theorem 8.8 from [38]), there exists a constant

C independent of ξ such that

∥ψ∥H2(Ω) ≤ C∥ξ∥L2(Ω). (4.4.19)

Taking ξ = u̇− Ẇ in (4.4.18), we have

∥u̇(t)− Ẇ (t)∥2L2(Ω) =
(
u̇(t)− Ẇ (t), L∗ψ

)
L2

=
(
L(u̇(t)− Ẇ (t)), ψ

)
L2

=
(
c′(u)[∇u̇(t)−∇Ẇ (t)],∇ψ

)
L2

+
(
[u̇(t)− Ẇ (t)]c′′(u)∇u,∇ψ

)
L2

=
(
c′(u)∇u̇(t),∇ψ

)
L2 −

(
c′(W )∇Ẇ (t),∇ψ

)
L2

+
(
[c′(W )− c′(u)]∇Ẇ (t),∇ψ

)
L2

+
(
[u̇(t)− Ẇ (t)]c′′(u)∇u,∇ψ

)
L2
.
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Now let ψh ∈ Vh be the Galerkin approximation of ψ; then it is known that we have

∥ψ − ψh∥L2(Ω) + h∥∇ψ −∇ψh∥L2(Ω) ≤ Ch2∥ψ∥H2(Ω). (4.4.20)

From (4.4.12), we know that

(
c′(u)∇u̇(t),∇ψh

)
L2 −

(
c′(W )∇Ẇ (t),∇ψh

)
L2

=
(
c′′(W )Ẇ (t)∇W (t),∇ψh

)
L2

−
(
c′′(u)u̇(t)∇u(t),∇ψh

)
L2 . (4.4.21)

Then, we have

∥u̇(t)− Ẇ (t)∥2L2(Ω)

=
(
c′(u)∇u̇(t),∇ψ −∇ψh

)
L2 −

(
c′(W )∇Ẇ (t),∇ψ −∇ψh

)
L2

+
(
c′′(W )Ẇ (t)∇W (t),∇ψh

)
L2

−
(
c′′(u)u̇(t)∇u(t),∇ψh

)
L2

+
(
[c′(W )− c′(u)]∇Ẇ (t),∇ψ

)
L2

+
(
[u̇(t)− Ẇ (t)]c′′(u)∇u,∇ψ

)
L2

=
(
c′(W )[∇u̇(t)−∇Ẇ (t)],∇ψ −∇ψh

)
L2

+
(
[c′(u)− c′(W )]∇u̇(t),∇ψ −∇ψh

)
L2

+
(
[c′(W )− c′(u)]∇Ẇ (t),∇ψ

)
L2

+
(
c′′(u)u̇(t)[∇u(t)−∇W (t)],∇ψ −∇ψh

)
L2

+
(
[c′′(u)u̇(t)− c′′(W )Ẇ (t)]∇W (t),∇ψ −∇ψh

)
L2

+
(
c′′(W )Ẇ (t)∇W (t)− c′′(u)Ẇ (t)∇u(t),∇ψ

)
L2

:= T3 + T4 + T5 + T6 + T7 + T8.

Note that

T3 =
(
c′(W )[∇u̇(t)−∇Ẇ (t)],∇ψ −∇ψh

)
L2

≤ Cc∥∇u̇(t)−∇Ẇ (t)∥L2(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥∇u̇(t)−∇Ẇ (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Ch∥∇u̇(t)−∇Ẇ (t)∥L2(Ω)∥u̇(t)− Ẇ (t)∥L2(Ω).

T4 =
(
[c′(u)− c′(W )]∇u̇(t),∇ψ −∇ψh

)
L2
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≤ CLip∥u(t)−W (t)∥L2(Ω)∥∇u̇(t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥u(t)−W (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Chr+2∥u̇(t)− Ẇ (t)∥L2(Ω).

T5 =
(
[c′(W )− c′(u)]∇Ẇ (t),∇ψ

)
L2

≤ CLip∥W (t)− u(t)∥L∞(Ω)∥∇Ẇ (t)−∇u̇∥L2(Ω)∥∇ψ∥L2(Ω)

+ CLip∥W (t)− u(t)∥L2(Ω)∥∇u̇∥L∞(Ω)∥∇ψ∥L2(Ω).

It was proved by Nitsche [59] that

∥W (t)− u(t)∥L∞(Ω) ≤ Chs, (4.4.22)

with s = min(n+σ, p+1), where p is the polynomial degree of the finite element space, n

is an integer and 0 ≤ σ ≤ 1 such that u ∈ Cn,σ(Ω) (i.e., u has continuous derivatives up

to the order n which are Hölder-continuous with an exponent σ). Note that in our case,

u ∈ Hm(Ω) withm > d
2+2. By Sobolev embedding theorem, we have u ∈ Cm−1−[ d

2
],σ(Ω),

with

σ =


[d2 ] + 1− d

2 if d
2 /∈ Z,

any element in (0, 1) if d
2 ∈ Z.

This implies that s ≥ m− 2 > 1 for d = 2, 3. Thus

T5 ≤ Ch∥∇Ẇ (t)−∇u̇(t)∥L2(Ω)∥u̇(t)− Ẇ (t)∥L2(Ω) + Chr+1∥u̇(t)− Ẇ (t)∥L2(Ω).

T6 =
(
c′′(u)u̇(t)[∇u(t)−∇W (t)],∇ψ −∇ψh

)
L2

≤ CLip∥u̇(t)∥L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥∇u(t)−∇W (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Chr+1∥u̇(t)− Ẇ (t)∥L2(Ω).
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T7 =
(
[c′′(u)u̇(t)− c′′(W )Ẇ (t)]∇W (t),∇ψ −∇ψh

)
L2

=
(
[c′′(u)u̇(t)− c′′(W )u̇(t)]∇W (t),∇ψ −∇ψh

)
L2 +

(
c′′(W )[u̇(t)− Ẇ (t)]∇W (t),∇ψ −∇ψh

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥u̇(t)∥L∞(Ω)∥∇W (t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

+ CLip∥u̇(t)− Ẇ (t)∥L2(Ω)∥∇W∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥u(t)−W (t)∥L2(Ω)h∥ψ∥H2(Ω) + C∥u̇(t)− Ẇ (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Chr+2∥u̇(t)− Ẇ (t)∥L2(Ω) + Ch∥u̇(t)− Ẇ (t)∥2L2(Ω).

T8 =
(
c′′(W )Ẇ (t)∇W (t)− c′′(u)Ẇ (t)∇u(t),∇ψ

)
L2

=
(
[c′′(W )− c′′(u)][Ẇ (t)− u̇(t)]∇W (t),∇ψ

)
L2

+
(
[c′′(W )− c′′(u)]u̇(t)∇W (t),∇ψ

)
L2

+
(
c′′(u)[Ẇ (t)− u̇(t)][∇W (t)−∇u(t)],∇ψ

)
L2

+
(
c′′(u)u̇(t)[∇W (t)−∇u(t)],∇ψ

)
L2

≤ CLip∥W (t)− u(t)∥L∞(Ω)∥u̇(t)− Ẇ (t)∥L2(Ω)∥∇W∥L∞(Ω)∥∇ψ∥L2(Ω)

+ CLip∥W (t)− u(t)∥L2(Ω)∥u̇(t)∥L∞(Ω)∥∇W∥L∞(Ω)∥∇ψ∥L2(Ω)

+
(
c′′(u)[Ẇ (t)− u̇(t)][∇W (t)−∇u(t)],∇ψ

)
L2

+ CLip∥u̇(t)∥L∞(Ω)∥∇W (t)−∇u(t)∥L2(Ω)∥∇ψ∥L2(Ω)

≤
(
c′′(u)[Ẇ (t)− u̇(t)][∇W (t)−∇u(t)],∇ψ

)
L2

+ Ch∥u̇(t)− Ẇ (t)∥2L2(Ω) + Chr+1∥u̇(t)− Ẇ (t)∥L2(Ω) + Chr∥u̇(t)− Ẇ (t)∥L2(Ω).

Note that for d = 2, 3, by Sobolev embedding theorem and the Gagliardo-Nirenberg

interpolation inequality

∥φ∥L3(Ω) ≤ C∥φ∥
1
2

L2(Ω)
∥∇φ∥

1
2

L2(Ω)
, (4.4.23)

we have (
c′′(u)[Ẇ (t)− u̇(t)][∇W (t)−∇u(t)],∇ψ

)
L2

≤ CLip∥u̇(t)− Ẇ (t)∥L3(Ω)∥∇W (t)−∇u(t)∥L2(Ω)∥∇ψ∥L6(Ω)
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≤ Chr∥u̇(t)− Ẇ (t)∥
1
2

L2(Ω)
∥∇u̇(t)−∇Ẇ (t)∥

1
2

L2(Ω)
∥ψ∥H2(Ω)

≤ Chr∥u̇(t)− Ẇ (t)∥
3
2

L2(Ω)
∥∇u̇(t)−∇Ẇ (t)∥

1
2

L2(Ω)
.

For d = 1, H2(Ω) is compactly embedded into W 1,∞(Ω), thus(
c′′(u)[Ẇ (t)− u̇(t)][∇W (t)−∇u(t)],∇ψ

)
L2

≤ CLip∥u̇(t)− Ẇ (t)∥L2(Ω)∥∇W (t)−∇u(t)∥L2(Ω)∥∇ψ∥L∞(Ω)

≤ Chr∥u̇(t)− Ẇ (t)∥L2(Ω).

Combining these two cases, we have that

T8 ≤ Ch∥u̇(t)− Ẇ (t)∥2L2(Ω) + Chr+1∥u̇(t)− Ẇ (t)∥L2(Ω) + Chr∥u̇(t)− Ẇ (t)∥L2(Ω)

+ Chr∥u̇(t)− Ẇ (t)∥
3
2

L2(Ω)
∥∇u̇(t)−∇Ẇ (t)∥

1
2

L2(Ω)
.

Combining the estimates for T3–T8, we have

∥u̇(t)− Ẇ (t)∥L2(Ω) ≤ Chr + Ch∥u̇(t)− Ẇ (t)∥L2(Ω) + Ch∥∇u̇(t)−∇Ẇ (t)∥L2(Ω)

+ Chr∥u̇(t)− Ẇ (t)∥
1
2

L2(Ω)
∥∇u̇(t)−∇Ẇ (t)∥

1
2

L2(Ω)

≤ Chr + Ch∥u̇(t)− Ẇ (t)∥L2(Ω) + Ch∥∇u̇(t)−∇Ẇ (t)∥L2(Ω)

+ Chr
(
∥u̇(t)− Ẇ (t)∥L2(Ω) + ∥∇u̇(t)−∇Ẇ (t)∥L2(Ω)

)
.

This implies that

∥u̇(t)− Ẇ (t)∥L2(Ω) ≤ Chr + Ch∥∇u̇(t)−∇Ẇ (t)∥L2(Ω). (4.4.24)

Substituting (4.4.24) into (4.4.14), we have

∥∇u̇(t)−∇Ẇ (t)∥L2(Ω) ≤ Chr. (4.4.25)

If we substitute (4.4.25) back to (4.4.24), we have

∥u̇(t)− Ẇ (t)∥L2(Ω) ≤ Chr. (4.4.26)
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The L2 error estimate obtained here is not of optimal order, but it is sufficiently sharp

for our purposes. Analogously, we have for each t ∈ [0, T ] that

∥Ẇ (t)∥W 1,∞(Ω) ≤ ∥Ẇ (t)− Phu̇(t)∥W 1,∞(Ω) + ∥Phu̇(t)− u̇(t)∥W 1,∞(Ω) + ∥u̇(t)∥W 1,∞(Ω)

≤ Cinvh
− d

2 ∥Ẇ (t)− Phu̇(t)∥H1(Ω) + Chr−
d
2 + ∥u̇(t)∥W 1,∞(Ω)

≤ Cinvh
− d

2

(
∥Ẇ (t)− u̇(t)∥H1(Ω) + ∥u̇(t)− Phu̇(t)∥H1(Ω)

)
+ Chr−

d
2 + ∥u̇(t)∥W 1,∞(Ω)

≤ Chr−
d
2 + ∥u̇(t)∥W 1,∞(Ω)

≤ c0.

4.4.3. Bounds on ü− Ẅ By an analogous argument as in the previous section, we find

that Ẇ (t) is differentiable with respect to t and a similar L2-error estimate holds. By

differentiating (4.4.12), we have(
c′(W (t))∇Ẅ (t),∇φ

)
L2

+ 2
(
c′′(W (t))Ẇ (t)∇Ẇ (t),∇φ

)
L2

+
(
c′′(W (t))Ẅ (t)∇W (t),∇φ

)
L2

+
(
c′′′(W (t))Ẇ (t)2∇W (t),∇φ

)
L2

=
(
c′(u(t))∇ü(t),∇φ

)
L2 + 2

(
c′′(u(t))u̇(t)∇u̇(t),∇φ

)
L2 +

(
c′′(u(t))ü(t)∇u(t),∇φ

)
L2

+
(
c′′′(u(t))u̇(t)2∇u(t),∇φ

)
L2 for all φ ∈ Vh. (4.4.27)

Now we derive an L2-bound on ü− Ẅ as in the previous section. In particular, we take

ξ = ü− Ẅ in the adjoint problem (4.4.18); then we have

∥ü(t)− Ẅ (t)∥2L2(Ω) =
(
ü(t)− Ẅ (t), L∗ψ

)
L2

=
(
L(ü(t)− Ẅ (t)), ψ

)
L2

=
(
c′(u)[∇ü(t)−∇Ẅ (t)],∇ψ

)
L2

+
(
[ü(t)− Ẅ (t)]c′′(u)∇u(t),∇ψ

)
L2

=
(
c′(u)∇ü(t),∇ψ

)
L2 −

(
c′(W )∇Ẅ (t),∇ψ

)
L2

+
(
[c′(W )− c′(u)]∇Ẅ (t),∇ψ

)
L2

+
(
[ü(t)− Ẅ (t)]c′′(u)∇u(t),∇ψ

)
L2
. (4.4.28)
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Again, we let ψh ∈ Vh be the Galerkin approximation of ψ; then it satisfies that

∥ψ − ψh∥L2(Ω) + h∥∇ψ −∇ψh∥L2(Ω) ≤ Ch2∥ψ∥H2(Ω). (4.4.29)

From (4.4.27), we know that, for ψh ∈ Vh,(
c′(W (t))∇Ẅ (t),∇ψh

)
L2

−
(
c′(u(t))∇ü(t),∇ψh

)
L2

= 2
(
c′′(u(t))u̇(t)∇u̇(t),∇ψh

)
L2 − 2

(
c′′(W (t))Ẇ (t)∇Ẇ (t),∇ψh

)
L2

+
(
c′′(u(t))ü(t)∇u(t),∇ψh

)
L2 −

(
c′′(W (t))Ẅ (t)∇W (t),∇ψh

)
L2

+
(
c′′′(u(t))u̇(t)2∇u(t),∇ψh

)
L2 −

(
c′′′(W (t))Ẇ (t)2∇W (t),∇ψh

)
L2
. (4.4.30)

Substituting (4.4.30) into (4.4.28) gives

∥ü(t)− Ẅ (t)∥2L2(Ω)

=
(
c′(u)∇ü(t),∇ψ −∇ψh

)
L2 −

(
c′(W )∇Ẅ (t),∇ψ −∇ψh

)
L2

+ 2
(
c′′(W )Ẇ (t)∇Ẇ (t),∇ψh

)
L2

− 2
(
c′′(u)u̇(t)∇u̇(t),∇ψh

)
L2 +

(
c′′(W )Ẅ (t)∇W (t),∇ψh

)
L2

−
(
c′′(u)ü(t)∇u(t),∇ψh

)
L2

+
(
c′′′(W )Ẇ (t)2∇W (t),∇ψh

)
L2

−
(
c′′′(u)u̇(t)2∇u(t),∇ψh

)
L2 +

(
[c′(W )− c′(u)]∇Ẅ (t),∇ψ

)
L2

+
(
[ü(t)− Ẅ (t)]c′′(u)∇u(t),∇ψ

)
L2

=
(
[c′(u)− c′(W )]∇ü(t),∇ψ −∇ψh

)
L2 +

(
c′(W )[∇ü(t)−∇Ẅ (t)],∇ψ −∇ψh

)
L2

+
(
[c′(W )− c′(u)]∇Ẅ (t),∇ψ

)
L2

+
(
c′′(u)ü(t)[∇u(t)−∇W (t)],∇ψ −∇ψh

)
L2

+
(
[c′′(u)ü− c′′(W )Ẅ (t)]∇W (t),∇ψ −∇ψh

)
L2

+
(
[c′′(W )∇W (t)− c′′(u)∇u(t)]Ẅ (t),∇ψ

)
L2

+ 2
(
c′′(u)u̇(t)∇u̇(t)− c′′(W )Ẇ (t)∇Ẇ (t),∇ψ −∇ψh

)
L2

+ 2
(
c′′(W )Ẇ (t)∇Ẇ (t)− c′′(u)u̇(t)∇u̇(t),∇ψ

)
L2

+
(
c′′′(u)u̇(t)2∇u(t)− c′′′(W )Ẇ (t)2∇W (t),∇ψ −∇ψh

)
L2

+
(
c′′′(W )Ẇ (t)2∇W (t)− c′′′(u)u̇(t)2∇u(t),∇ψ

)
L2

:= E1 + E2 + E3 + E4 + E5 + E6 + E7 + E8 + E9 + E10.
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Note that

E1 =
(
[c′(u)− c′(W )]∇ü(t),∇ψ −∇ψh

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥∇ü(t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥u(t)−W (t)∥L2(Ω)∥∇ü(t)∥L∞(Ω)h∥ψ∥H2(Ω)

≤ Chr+2∥ü(t)− Ẅ (t)∥L2(Ω),

E2 =
(
c′(W )[∇ü(t)−∇Ẅ (t)],∇ψ −∇ψh

)
L2

≤ Cc∥∇ü(t)−∇Ẅ (t)∥L2(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥∇ü(t)−∇Ẅ (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Ch∥∇ü(t)−∇Ẅ (t)∥L2(Ω)∥ü− Ẅ∥L2(Ω),

E3 =
(
[c′(W )− c′(u)]∇Ẅ (t),∇ψ

)
L2

=
(
[c′(W )− c′(u)][∇Ẅ (t)−∇ü(t)],∇ψ

)
L2

+
(
[c′(W )− c′(u)]∇ü(t),∇ψ

)
L2

≤ CLip∥W (t)− u(t)∥L∞(Ω)∥∇Ẅ (t)−∇ü(t)∥L2(Ω)∥∇ψ∥L2(Ω)

+ CLip∥W (t)− u(t)∥L2(Ω)∥∇ü∥L∞(Ω)∥∇ψ∥L2(Ω)

≤ Ch∥∇Ẅ (t)−∇ü(t)∥L2∥Ẅ (t)− ü(t)∥L2(Ω) + Chr+1∥Ẅ (t)− ü(t)∥L2(Ω),

E4 =
(
c′′(u)ü[∇u(t)−∇W (t)],∇ψ −∇ψh

)
≤ CLip∥ü∥L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥∇u(t)−∇W (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Chr+1∥ü(t)− Ẅ (t)∥L2(Ω),

E5 =
(
[c′′(u)ü(t)− c′′(W )Ẅ (t)]∇W (t),∇ψ −∇ψh

)
L2

=
(
[c′′(u)− c′′(W )]ü(t)∇W (t),∇ψ −∇ψh

)
L2 +

(
c′′(W )[ü(t)− Ẅ (t)]∇W (t),∇ψ −∇ψh

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥ü(t)∥L∞(Ω)∥∇W (t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)
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+ CLip∥ü(t)− Ẅ (t)∥L2(Ω)∥∇W (t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥u(t)−W (t)∥L2(Ω)h∥ψ∥H2(Ω) + C∥ü(t)− Ẅ (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Chr+1∥ü(t)− Ẅ (t)∥L2(Ω) + Ch∥ü(t)− Ẅ (t)∥2L2(Ω),

E6 =
(
[c′′(W )∇W (t)− c′′(u)∇u(t)]Ẅ (t),∇ψ

)
L2

=
(
[c′′(W )− c′′(u)]∇W (t)Ẅ (t),∇ψ

)
L2

+
(
c′′(u)Ẅ (t)[∇W (t)−∇u(t)],∇ψ

)
L2

=
(
[c′′(W )− c′′(u)]∇W (t)[Ẅ (t)− ü(t)],∇ψ

)
L2

+
(
[c′′(W )− c′′(u)]∇W (t), ü(t),∇ψ

)
L2

+
(
c′′(u)[Ẅ (t)− ü(t)][∇W (t)−∇u(t)],∇ψ

)
L2

+
(
c′′(u)ü(t)[∇W (t)−∇u(t)],∇ψ

)
L2

≤ CLip∥W (t)− u(t)∥L∞(Ω)∥∇W (t)∥L∞(Ω)∥Ẅ (t)− ü(t)∥L2(Ω)∥∇ψ∥L2(Ω)

+ CLip∥W (t)− u(t)∥L2(Ω)∥∇W (t)∥L∞(Ω)∥ü(t)∥L∞(Ω)∥∇ψ∥L2(Ω)

+ CLip∥ü(t)∥L∞(Ω)∥∇W (t)−∇u(t)∥L2(Ω)∥∇ψ∥L2(Ω)

+
(
c′′(u)[ü(t)− Ẅ (t)][∇W (t)−∇u(t)],∇ψ

)
L2
.

Note that for d = 2, 3, by Sobolev embedding theorem and the Gagliardo-Nirenberg

interpolation inequality

∥φ∥L3(Ω) ≤ C∥φ∥
1
2

L2(Ω)
∥∇φ∥

1
2

L2(Ω)
, (4.4.31)

we have (
c′′(u)[Ẅ (t)− ü(t)][∇W (t)−∇u(t)],∇ψ

)
L2

≤ CLip∥ü(t)− Ẅ (t)∥L3(Ω)∥∇W (t)−∇u(t)∥L2(Ω)∥∇ψ∥L6(Ω)

≤ Chr∥ü(t)− Ẅ (t)∥
1
2

L2(Ω)
∥∇ü(t)−∇Ẅ (t)∥

1
2

L2(Ω)
∥ψ∥H2(Ω)

≤ Chr∥ü(t)− Ẅ (t)∥
3
2

L2(Ω)
∥∇ü(t)−∇Ẅ (t)∥

1
2

L2(Ω)
.

For d = 1, H2(Ω) is compactly embedded into W 1,∞(Ω), thus(
c′′(u)[Ẅ (t)− ü(t)][∇W (t)−∇u(t)],∇ψ

)
L2
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≤ CLip∥ü(t)− Ẅ (t)∥L2(Ω)∥∇W (t)−∇u(t)∥L2(Ω)∥∇ψ∥L∞(Ω)

≤ Chr∥ü(t)− Ẅ (t)∥L2(Ω).

Combining these two cases, we have that

E6 ≤ Ch∥ü(t)− Ẅ (t)∥2L2(Ω) + Chr+1∥ü(t)− Ẅ (t)∥L2(Ω) + Chr∥ü(t)− Ẅ (t)∥L2(Ω)

+ Chr∥ü(t)− Ẅ (t)∥
3
2

L2(Ω)
∥∇ü(t)−∇Ẅ (t)∥

1
2

L2(Ω)
.

E7 = 2
(
c′′(u)u̇(t)∇u(t)− c′′(W )Ẇ (t)∇W (t),∇ψ −∇ψh

)
L2

= 2
(
[c′′(u)− c′′(W )]u̇(t)∇u(t),∇ψ −∇ψh

)
L2

+ 2
(
c′′(W )Ẇ (t)[∇u(t)−∇W (t)],∇ψ −∇ψh

)
L2

+ 2
(
c′′(W )[u̇(t)− Ẇ (t)]∇u(t),∇ψ −∇ψh

)
L2

≤ 2CLip∥u(t)−W (t)∥L2(Ω)∥u̇(t)∥L∞(Ω)∥∇u(t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

+ 2CLip∥Ẇ (t)∥L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇ψ −∇ψh∥L2(Ω)

+ 2CLip∥u̇(t)− Ẇ (t)∥L2(Ω)∥∇u(t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

≤ C∥u(t)−W (t)∥L2(Ω)h∥ψ∥H2(Ω) + C∥∇u(t)−∇W (t)∥L2(Ω)h∥ψ∥H2(Ω)

+ C∥u̇(t)− Ẇ (t)∥L2(Ω)h∥ψ∥H2(Ω)

≤ Chr+1∥ü(t)− Ẅ (t)∥L2(Ω).

E8 = 2
(
c′′(W )Ẇ (t)∇W (t)− c′′(u)u̇(t)∇u(t),∇ψ

)
L2

≤ 2CLip∥u(t)−W (t)∥L2(Ω)∥u̇(t)∥L∞(Ω)∥∇u(t)∥L∞(Ω)∥∇ψ∥L2(Ω)

+ 2CLip∥Ẇ (t)∥L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇ψ∥L2(Ω)

+ 2CLip∥u̇(t)− Ẇ (t)∥L2(Ω)∥∇W (t)∥L∞(Ω)∥∇ψ∥L2(Ω)

≤ C∥u(t)−W (t)∥L2(Ω)∥ψ∥H2(Ω) + C∥∇u(t)−∇W (t)∥L2(Ω)∥ψ∥H2(Ω)

+ C∥u̇(t)− Ẇ (t)∥L2(Ω)∥ψ∥H2(Ω)

≤ Chr∥ü(t)− Ẅ (t)∥L2(Ω).
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E9 =
(
c′′′(u)u̇(t)2∇u(t)− c′′′(W )Ẇ (t)2∇W (t),∇ψ −∇ψh

)
L2

=
(
[c′′′(u)− c′′(W )]u̇(t)2∇u(t),∇ψ −∇ψh

)
L2 +

(
c′′′(W )u̇(t)2[∇u(t)−∇W (t)],∇ψ −∇ψh

)
L2

+
(
c′′′(W )∇W (t)[u̇(t)2 − Ẇ (t)2],∇ψ −∇ψh

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥u̇(t)∥2L∞(Ω)∥∇u(t)∥L∞(Ω)∥∇ψ −∇ψh∥L2(Ω)

+ CLip∥u̇(t)∥2L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇ψ −∇ψh∥L2(Ω)

+ CLip∥∇W (t)∥L∞(Ω)∥u̇(t)− Ẇ (t)∥L2(Ω)

(
∥u̇(t)∥L∞(Ω) + ∥Ẇ (t)∥L∞(Ω)

)
∥∇ψ −∇ψh∥L2(Ω)

≤ Chr+2∥ψ∥H2(Ω) + Chr+1∥ψ∥H2(Ω)

≤ Chr+1∥ü(t)− Ẅ (t)∥L2(Ω).

E10 =
(
c′′′(W )Ẇ (t)2∇W (t)− c′′′(u)u̇(t)2∇u(t),∇ψ

)
L2

=
(
[c′′′(W )− c′′′(u)]u̇(t)2∇u(t),∇ψ

)
L2 +

(
c′′′(W )u̇(t)2[∇W (t)−∇u(t)],∇ψ

)
L2

+
(
c′′′(W )∇W (t)[Ẇ (t)2 − u̇(t)2],∇ψ

)
L2(Ω)

≤ CLip∥u(t)−W (t)∥L2(Ω)∥u̇(t)∥2L∞(Ω)∥∇u(t)∥L∞(Ω)∥∇ψ∥L2(Ω)

+ CLip∥u̇(t)∥2L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇ψ∥L2(Ω)

+ CLip∥∇W (t)∥L∞(Ω)∥u̇(t)− Ẇ (t)∥L2(Ω)

(
∥u̇(t)∥L∞(Ω) + ∥Ẇ (t)∥L∞(Ω)

)
∥∇ψ∥L2(Ω)

≤ Chr+1∥ψ∥H2(Ω) + Chr∥ψ∥H2(Ω) ≤ Chr∥ü(t)− Ẅ (t)∥L2(Ω).

Combining the estimates for E1–E10, we have

∥ü(t)− Ẅ (t)∥L2(Ω) ≤ Chr + Ch∥ü(t)− Ẅ (t)∥L2(Ω) + Ch∥∇ü(t)−∇Ẅ (t)∥L2(Ω)

+ Chr∥ü(t)− Ẅ (t)∥
1
2

L2(Ω)
∥∇ü(t)−∇Ẅ (t)∥

1
2

L2(Ω)

≤ Chr + Ch∥ü(t)− Ẅ (t)∥L2(Ω) + Ch∥∇ü(t)−∇Ẅ (t)∥L2(Ω)

+ Chr
(
∥ü(t)− Ẅ (t)∥L2(Ω) + ∥∇ü(t)−∇Ẅ (t)∥L2(Ω)

)
.

This implies that

∥ü(t)− Ẅ (t)∥L2(Ω) ≤ Chr + Ch∥∇ü(t)−∇Ẅ (t)∥L2(Ω). (4.4.32)
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Again, applying the assumption that c′(·) ≥M0 > 0, we have

M0∥∇Ẅ (t)−∇ü(t)∥2L2(Ω) ≤
(
c′(W (t))(∇Ẅ (t)−∇ü(t)),∇Ẅ (t)−∇ü(t)

)
L2

=
(
c′(W (t))(∇Ẅ (t)−∇ü(t)),∇Ẅ (t)−∇Phü(t)

)
L2

+
(
c′(W (t))(∇Ẅ (t)−∇ü(t)),∇Phü(t)−∇ü(t)

)
L2

:= E1 + E2.

Note that

E1 =
(
c′(W )∇Ẅ (t),∇Ẅ (t)−∇Phü(t)

)
L2

−
(
c′(W )∇ü(t),∇ ¨W (t)−∇Phü(t)

)
L2

=
(
[c′(u)− c′(W )]∇ü(t),∇Ẅ (t)−∇Phü(t)

)
L2

+ 2
(
c′′(u)∇u̇(t)u̇(t)− c′′(W )(t)∇ẆẆ (t),∇Ẅ (t)−∇Phü(t)

)
L2

+
(
c′′(u)∇u(t)ü(t)− c′′(W )∇W (t)Ẅ (t),∇Ẅ (t)−∇Phü(t)

)
L2

+
(
c′′′(u)∇u(t)u̇(t)2 − c′′′(W )∇W (t)Ẇ (t)2,∇Ẅ (t)−∇Phü(t)

)
L2

:= E3 + E4 + E5 + E6.

We can bound E3–E6 by the following estimates:

E3 =
(
[c′(u)− c′(W )]∇ü(t),∇Ẅ (t)−∇Phü(t)

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥∇ü(t)∥L∞(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

≤ Chr+1∥∇Ẅ (t)−∇Phü(t)∥L2(Ω),

E4 = 2
(
c′′(u)∇u̇(t)u̇(t)− c′′(W )∇Ẇ (t)Ẇ (t),∇Ẅ (t)−∇Phü(t)

)
L2(Ω)

= 2
(
[c′′(u)− c′′(W )]∇u̇(t)u̇(t),∇Ẅ (t)−∇Phü(t)

)
L2(Ω)

+ 2
(
c′′(W )∇u̇(t)[u̇(t)− Ẇ (t)],∇Ẅ (t)−∇Phü(t)

)
L2(Ω)

+ 2
(
c′′(W )[∇u̇(t)−∇Ẇ (t)]Ẇ (t),∇Ẅ (t)−∇Phü(t)

)
L2(Ω)

≤ 2CLip∥u(t)−W (t)∥L2(Ω)∥∇u̇(t)∥L∞(Ω)∥u̇(t)∥L∞(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)
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+ 2CLip∥∇u̇(t)∥L∞(Ω)∥u̇(t)− Ẇ (t)∥L2(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

+ 2CLip∥Ẇ (t)∥L∞(Ω)∥∇u̇(t)−∇Ẇ (t)∥L2(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

≤ Chr∥∇Ẅ (t)−∇Phü(t)∥L2(Ω),

E5 =
(
c′′(u)∇u(t)ü(t)− c′′(W )∇W (t)Ẅ (t),∇Ẅ (t)−∇Phü(t)

)
L2

=
(
[c′′(u)− c′′(W )]∇u(t)ü(t),∇Ẅ (t)−∇Phü(t)

)
L2

+
(
c′′(W )ü(t)[∇u(t)−∇W (t)],∇Ẅ (t)−∇Phü(t)

)
L2

+
(
c′′(W )∇W (t)[ü(t)− Ẅ (t)],∇Ẅ (t)−∇Phü(t)

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥ü(t)∥L∞(Ω)∥∇u(t)∥L∞(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

+ CLip∥ü(t)∥L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

+ CLip∥∇W (t)∥L∞(Ω)∥ü(t)− Ẅ (t)∥L2(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

≤ Chr+1∥∇Ẅ (t)−∇Phü(t)∥L2(Ω) + Chr∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

+ C∥Ẅ (t)− ü(t)∥L2(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω),

E6 =
(
c′′′(u)∇u(t)u̇(t)2 − c′′′(W )∇W (t)Ẇ (t)2,∇Ẅ (t)−∇Phü(t)

)
L2

=
(
[c′′′(u)− c′′′(W )]∇u(t)u̇(t)2,∇Ẅ (t)−∇Phü(t)

)
L2

+
(
c′′′(W )u̇(t)2[∇u(t)−∇W (t)],∇Ẅ (t)−∇Phü(t)

)
L2

+
(
c′′′(W )∇W (t)[u̇(t)2 − Ẇ (t)2],∇Ẅ (t)−∇Phü(t)

)
L2

≤ CLip∥u(t)−W (t)∥L2(Ω)∥u̇(t)∥2L∞(Ω)∥∇u(t)∥L∞(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

+ CLip∥u̇(t)∥2L∞(Ω)∥∇u(t)−∇W (t)∥L2(Ω)∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

+ CLip∥∇W (t)∥L∞(Ω)∥u̇(t)− Ẇ (t)∥L2(Ω)

(
∥u̇(t)∥L∞(Ω) + ∥Ẇ∥L∞(Ω)

)
∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

≤ Chr∥∇Ẅ (t)−∇Phü(t)∥L2(Ω).
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For the E2 term, we have

E2 =
(
c′(W )(∇Ẅ (t)−∇ü(t)),∇Phü(t)−∇ü(t)

)
L2

≤ Cc∥∇Ẅ (t)−∇ü(t)∥L2(Ω)∥∇Phü(t)−∇ü(t)∥L2(Ω)

≤ Chr∥∇Ẅ (t)−∇ü(t)∥L2(Ω).

Combining the estimates E1–E6, we have

M0∥∇Ẅ (t)−∇ü(t)∥2L2(Ω)

≤ Chr∥∇Ẅ (t)−∇ü(t)∥L2(Ω) + C
(
hr + ∥ü(t)− Ẅ (t)∥L2(Ω)

)
∥∇Ẅ (t)−∇Phü(t)∥L2(Ω)

≤ Chr∥∇Ẅ (t)−∇ü(t)∥L2(Ω) + C
(
hr + ∥ü(t)− Ẅ (t)∥L2(Ω)

)
∥∇Ẅ (t)−∇ü(t)∥L2(Ω)

+ C
(
hr + ∥ü(t)− Ẅ (t)∥L2(Ω)

)
∥∇ü(t)−∇Phü(t)∥L2(Ω)

≤ Chr∥∇Ẅ (t)−∇ü(t)∥L2(Ω) + Ch2r + C∥ü(t)− Ẅ (t)∥L2(Ω)

(
∥∇Ẅ (t)−∇ü(t)∥L2 + hr

)
.

This implies that

∥∇Ẅ (t)−∇ü(t)∥L2(Ω) ≤ Chr + C∥ü(t)− Ẅ (t)∥L2(Ω). (4.4.33)

Substituting (4.4.33) into (4.4.32) gives

∥Ẅ (t)− ü(t)∥L2(Ω) ≤ Chr. (4.4.34)

This completes our proof.
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4.5. Numerical experiments

4.5.1. Numerical results for a nonlinear damped wave equation We consider the

following one-dimensional nonlinear wave equation

ü(x, t) + a′(u)u̇(x, t)−∆u̇(x, t)−∆b(u(x, t)) = f(x, t) in (0, 1)× (0, T ], (4.5.1)

u(0, t) = u(1, t) = 0 for all t ∈ (0, T ], (4.5.2)

u(x, 0) = u0(x), u̇(x, 0) = u1(x). (4.5.3)

We take a(u) = u + u3, b(u) = u + u3, and the time interval I = (0, T ] with T = 1.

Let u0, u1 and f be chosen such that the exact solution is u(x, t) = et sin(πx). That

is, u0(x) = u1(x) = sin(πx), and f(x, t) = (2π2 + 2)et sin(πx) + (2π2 + 3)e3t sin3(πx) −

6π2e3t cos2(πx) sin(πx).

Analogously to Section 3.5, the numerical approximation of the nonlinear damped

wave equation following a Picard-type linearisation in the nonlinear term is the following:

find uh ∈ Vh such that∫
Ω
üh·vhdx+

∫
Ω
(3u∗h

2+1)u̇h·vhdx+
∫
Ω
(3u∗h

2+1)∂xuh·∂xvhdx+
∫
Ω
∂xu̇h·∂xvhdx =

∫
Ω
f ·vhdx,

for all vh ∈ Vh, where Vh is the finite element function space with polynomial degree

p ≥ 1. We assume that u∗h is known at each time step In either as an initial guess by

using uh over the previous time interval, or as a previous iterate in the Picard iteration.

This time, the nonlinear problem results in the following ODE system for U(t):
M̃Ü(t) + [K̃ + M̃ + M̃∗(t)]U̇(t) + [K̃ + K̃∗(t)]U(t) = F(t), t ∈ (0, T ],

U̇(0) = U1, U(0) = U0.

The mass and stiffness matrices are defined as before. The time-dependent matrices

K̃∗(t) and M̃∗(t) are defined by

M̃∗
ij(t) :=

∫ 1

0
3u∗h(t)

2ψi(x) · ψj(x) dx, K̃∗
ij(t) :=

∫ 1

0
3u∗h(t)

2∂xψi(x) · ∂xψj(x) dx.
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Again, by setting Z(t) = M̃
1
2U(t), we obtain

Z̈(t) + (K0 + Id)Ż(t) +M(t)Ż(t) +K0Z(t) +K(t)Z(t) = G(t), t ∈ (0, T ], (4.5.4)

Ż(0) = M̃
1
2U1, Z(0) = M̃

1
2U0, (4.5.5)

where

K0 = M̃− 1
2 K̃M̃− 1

2 , K(t) = M̃− 1
2 K̃∗(t)M̃− 1

2 ,

M(t) = M̃− 1
2 M̃∗(t)M̃− 1

2 , G(t) = M̃− 1
2F(t).

Analogously to Section 3.5, our DG in time formulation reads as: find Z ∈ Vqn
kh such that(

Z̈(t), v̇
)
L2(In)

+
(
(K0 + Id)Ż(t), v̇

)
L2(In)

+
(
M(t)Ż(t), v̇

)
L2(In)

+ (K0Z(t), v̇)L2(In)

+ (K(t)Z(t), v̇)L2(In)
+ Ż(t+n−1) · v̇(t

+
n−1) +K0Z(t

+
n−1) · v(t

+
n−1)

= (G(t), v̇)L2(In)
+ Ż(t−n−1) · v̇(t

+
n−1) +K0Z(t

−
n−1) · v(t

+
n−1), (4.5.6)

for all v ∈ Vqn
kh. Similarly to previous chapters, we obtain the algebraic system Az = b,

where z ∈ RD = R(qn+1)d̂ is the solution vector, b ∈ RD corresponds to the right-hand

side, and A is the local stiffness matrix with its structure defined in Section 2.4. Here,

we set

M =M1 +M4, Bij = LijM
2 + M̃2 +K0ij(M

3 +M5) + M̃3,

where L = K0 + Id, M,Bij ∈ R(qn+1)×(qn+1) for any i, j = 1, . . . , d̂. Here, M1–M5 are

defined the same as in Section 2.4, M̃3 and M̃5 are defined in Section 3.5, and the new

term M̃2 is defined by M̃2
lj =

(
M(t)ϕ̇j , ϕ̇l

)
L2(In)

, for l, j = 1, . . . , qn + 1. In order to

compute the time-dependent matrices M̃2(t) and M̃3(t), we apply a Picard iteration at

each time interval. This is summarised in Algorithm 2.
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Algorithm 2 Iterative Algorithm (Multiple Picard iterations at each time interval)

Initialisation: u∗h = u0 and

[K̃0]ij = 3

∫ 1

0
(u0)

2∂xψi(x)∂xψj(x) dx,

[M̃0]ij = 3

∫ 1

0
(u0)

2ψi(x)ψj(x) dx.

Iteration: On each interval In = (tn−1, tn] for n = 1, 2, . . . , N , we solve

M̃Ü(t) + [K̃ + M̃ + M̃n(t)]U̇(t) + [K̃ + K̃n(t)]U(t) = F(t),

iteratively (using Picard iterations) by applying the discontinuous-in-time integration.
Here

[K̃n
0 ]ij = 3

∫ 1

0
[un−1

DG (t)]2∂xψi(x)∂xψj(x) dx,

[M̃n
0 ]ij = 3

∫ 1

0
[un−1

DG (t)]2ψi(x)ψj(x) dx,

where un−1
DG (t) is the solution we obtained from the previous time interval In−1.

[K̃n
k ]ij = 3

∫ 1

0
[un−1,k−1

DG (t)]2∂xψi(x)∂xψj(x) dx,

[M̃n
k ]ij = 3

∫ 1

0
[un−1,k−1

DG (t)]2ψi(x)ψj(x) dx,

for k = 1, 2, . . . , where un−1,k−1
DG (t) is computed from the previous Picard iteration by

using [K̃n
k−1]ij and [M̃n

k−1]ij .
Update:

[K̃n+1
0 ]ij = 3

∫ 1

0
[unDG(t)]

2∂xψi(x)∂xψj(x) dx,

[M̃n+1
0 ]ij = 3

∫ 1

0
[unDG(t)]

2ψi(x)ψj(x) dx,

where unDG(t) is computed using K̃n
kend

and M̃n
kend

. Here kend is either the maximal
(final) Picard iteration number or the iteration at which a certain tolerance is achieved.

Now move to the next time interval In+1.

We use CG–p elements for p ≥ 2 in space with k = h2, T = 1 and compute the errors

∥u(T ) − uDG(t
−
N )∥L2(Ω) + ∥u̇(T ) − u̇DG(t

−
N )∥L2(Ω) versus k for k = h2 with respect to
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polynomial degrees p for q = 2, 3 and 4 respectively. Note that here we use h = 2.50×10−1,

2.00× 10−1, 1.25× 10−1 and 1.00× 10−1 instead of the conventional halving procedure;

this is to avoid the accumulation of any unnecessary floating point errors resulting from a

large number of time steps while still having sufficient data to compute the convergence

rates.

For q = 2 (i.e., DG–2 elements in the temporal domain), we consider p = 2, 3 and 4.

The computed errors are presented in Table 4.1 and plotted in Figure 4.1 with a log-log

scale. By Remark 4.8, we expect convergence rates of order 1.0, 1.5 and 2.0 for p = 2, 3

and 4 respectively, which are consistent with the numerical results shown in Table 4.1.

Similarly, for q = 3, the computed errors for p = 3, 4, 5 and 6 are shown in Figure 4.2,

and they agree with the expected convergence rates of 1.5, 2.0, 2.5 and 3.0 respectively.

For DG–4 elements in the temporal domain, we would expect convergence rates of

2.0, 2.5, 3.0 for p = 4, 5, and 6 respectively since the error is of order O(k
p
2 + k4) with k

p
2

being the dominating term for p ≤ 8. The numerical results agree with our theoretical

findings (cf. Figure 4.3). In general, the accuracy of this discontinuous-in-time integration

scheme outperforms many other existing finite difference schemes. If we compare Table

4.1, Table 4.2 and Table 4.3, we observe that the error decreases as we increase the

polynomial degree q or decrease the time step k, thus permitting up to exponential rates

of convergence.

Remark 4.10. Note that the ∆u̇ term is added in (4.0.1) for the sake of ensuring stability

of our numerical scheme. If we remove this term and consider the following equation

ü(x, t) + a′(u)u̇(x, t)−∆b(u(x, t)) = f(x, t) in (0, 1)× (0, T ],

with f = (π2 + 2)et sin(πx) + (2π2 + 3)e3t sin3(πx)− 6π2e3t cos2(πx) sin(πx) in this case,

similar convergence rates are observed. This suggests that it is possible to directly apply

our proposed discontinuous time-stepping method to the original damped wave equation

considered in Süli and Wilkins’ work [74].
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Table 4.1: 1D nonlinear damped wave equation with q = 2: computed error ||u(T ) −
uDG(t

−
N )||H1(Ω)+||u̇(T )−u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect

to polynomial degrees p = 2, 3, 4.

p h k L2-error rate

2 5.0000e− 1 2.5000e− 2 6.0903e− 1 —
2.5000e− 1 6.2500e− 2 1.4774e− 1 1.0217
2.0000e− 1 4.0000e− 2 8.9097e− 2 1.3332
1.2500e− 1 1.5625e− 2 3.5502e− 2 0.9789
1.0000e− 1 1.0000e− 2 2.2374e− 2 1.0345

3 5.0000e− 1 2.5000e− 2 8.5172e− 2 —
2.5000e− 1 6.2500e− 2 9.5072e− 3 1.5816
2.0000e− 1 4.0000e− 2 4.6403e− 3 1.6072
1.2500e− 1 1.5625e− 2 1.1684e− 3 1.4672
1.0000e− 1 1.0000e− 2 5.9048e− 4 1.5292

4 5.0000e− 1 2.5000e− 2 1.2530e− 2 —
2.5000e− 1 6.2500e− 2 5.4227e− 4 2.2651
2.0000e− 1 4.0000e− 2 2.0021e− 4 2.2326
1.2500e− 1 1.5625e− 2 2.9801e− 5 2.0264
1.0000e− 1 1.0000e− 2 1.1899e− 5 2.0572

Figure 4.1: 1D nonlinear damped wave equation with q = 2: computed error ∥u(T ) −
uDG(t

−
N )∥H1(Ω) + ∥u̇(T ) − u̇DG(t

−
N )∥L2(Ω) plotted against 1/k for p = 2, 3, 4 in a log-log

scale.



186

Table 4.2: 1D nonlinear damped wave equation with q = 3: computed error ||u(T ) −
uDG(t

−
N )||H1(Ω)+||u̇(T )−u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect

to polynomial degrees p = 3, 4, 5, 6.

p h k L2-error rate
3 5.0000e− 1 2.5000e− 2 8.3459e− 2 —

2.5000e− 1 6.2500e− 2 9.4976e− 2 1.5677
2.0000e− 1 4.0000e− 2 4.6388e− 3 1.6057
1.2500e− 1 1.5625e− 2 1.1684e− 3 1.4668
1.0000e− 1 1.0000e− 2 5.9047e− 4 1.5292

4 5.0000e− 1 2.5000e− 2 8.2612e− 3 —
2.5000e− 1 6.2500e− 2 4.8451e− 4 2.0459
2.0000e− 1 4.0000e− 2 1.8660e− 4 2.1380
1.2500e− 1 1.5625e− 2 2.9049e− 5 1.9787
1.0000e− 1 1.0000e− 2 1.1718e− 5 2.0342

5 5.0000e− 1 2.5000e− 2 6.6916e− 4 —
2.5000e− 1 6.2500e− 2 1.8487e− 5 2.5888
2.0000e− 1 4.0000e− 2 5.7761e− 6 2.6067
1.2500e− 1 1.5625e− 2 5.6859e− 7 2.4663
1.0000e− 1 1.0000e− 2 1.8397e− 7 2.5284

6 5.0000e− 1 2.5000e− 2 6.7489e− 5 —
2.5000e− 1 6.2500e− 2 6.8508e− 7 3.3111
2.0000e− 1 4.0000e− 2 1.6209e− 7 3.2297
1.2500e− 1 1.5625e− 2 9.5069e− 9 3.0171
1.0000e− 1 1.0000e− 2 2.4616e− 9 3.0277

Figure 4.2: 1D nonlinear damped wave equation with q = 3: computed error ∥u(T ) −
uDG(t

−
N )∥H1(Ω) + ∥u̇(T )− u̇DG(t

−
N )∥L2(Ω) plotted against 1/k for p = 3, 4, 5, 6 in a log-log

scale.
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Table 4.3: 1D nonlinear damped wave equation with q = 4: computed error ||u(T ) −
uDG(t

−
N )||H1(Ω)+||u̇(T )−u̇DG(t

−
N )||L2(Ω) and corresponding convergence rates with respect

to polynomial degrees p = 4, 5, 6.

p h k L2-error rate

4 5.0000e− 1 2.5000e− 2 8.2580e− 3 —
2.5000e− 1 6.2500e− 2 4.8451e− 4 2.0456
2.0000e− 1 4.0000e− 2 1.8660e− 4 2.1380
1.2500e− 1 1.5625e− 2 2.9049e− 5 1.9787
1.0000e− 1 1.0000e− 2 1.1718e− 5 2.0342

5 5.0000e− 1 2.5000e− 2 6.5806e− 4 —
2.5000e− 1 6.2500e− 2 1.8482e− 5 2.5770
2.0000e− 1 4.0000e− 2 5.7757e− 6 2.6063
1.2500e− 1 1.5625e− 2 5.6859e− 7 2.4662
1.0000e− 1 1.0000e− 2 1.8397e− 7 2.5284

6 5.0000e− 1 2.5000e− 2 4.4105e− 5 —
2.5000e− 1 6.2500e− 2 6.3450e− 7 3.0596
2.0000e− 1 4.0000e− 2 1.5579e− 7 3.1467
1.2500e− 1 1.5625e− 2 9.4363e− 9 2.9829
1.0000e− 1 1.0000e− 2 2.4728e− 9 3.0008

Figure 4.3: 1D nonlinear damped wave equation with q = 4: computed error ∥u(T ) −
uDG(t

−
N )∥H1(Ω) + ∥u̇(T ) − u̇DG(t

−
N )∥L2(Ω) plotted against 1/k for p = 4, 5, 6 in a log-log

scale.



Chapter 5

Conclusion

In this thesis, we have proposed an arbitrarily high-order accurate time integration scheme

for a broad range of second-order hyperbolic PDEs, supported with a complete mathemat-

ical analysis in terms of stability and convergence, as well as various numerical examples

to verify our theoretical findings. This proposed numerical scheme is based on the hp-

version of the DGFEM. It overcomes many challenges in the mathematical analysis of

high-order numerical methods for second-order nonlinear hyperbolic PDEs and overper-

forms many existing finite difference time-stepping schemes in terms of flexibility and

accuracy. Our numerical experiments on hyperbolic equations of second order demon-

strate the high-order convergence rates in the temporal domain and the adaptability of

this numerical algorithm to different nonlinear problems.

We have shown that this discontinuous-in-time scheme is an implicit, unconditionally

stable and convergent method for the linear problem. In contrast, we require a weak

restriction on the temporal step in terms of the spatial mesh size (i.e. kn = O(h2) for

each n = 1, . . . , N) for the nonlinear case. It might be possible to relax these conditions

if one could improve the fixed point argument that we used in the derivation of the error

estimates.

This discontinuous-in-time discretisation approach to nonlinear elastodynamics sys-
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tems presented in Chapter 3 also shows its potential to solve more challenging Einstein

equations. For instance, Hughes, Kato and Marsden [43] mentioned that the following

Einstein equations for a Lorentz metric gα,β on R4, 0 ≤ α, β ≤ 3,

− 1

2
gαβ

∂2guµ
∂xα∂xβ

+Hµν

(
gαβ,

∂gαβ
∂xλ

)
= 0 (5.0.1)

can be transformed into a quasilinear second-order hyperbolic systems of the form

a00
∂2φ

∂t2
=

d∑
i,j=1

aij
∂2φ

∂xi∂xj
+

d∑
i=1

(a0i + ai0)
∂2φ

∂t∂xi
+ b, (5.0.2)

where the unknown φ = (φ1, . . . , φN ) is an N–vector valued function of t ∈ [0, T ] and

of x = (x1, . . . , xd) ∈ Rd, where {aij | i, j = 1, . . . , d} is a collection of (N × N)-matrix

valued functions of the suppressed arguments t, x, φ, ∂φ∂t ,∇φ, and b is an N–vector valued

functions of the same arguments. Despite the fact that the extra coefficient terms aij

may lead to more tedious calculations, a slightly modified version of our proposed scheme

would be naturally suited for this more general class of quasilinear hyperbolic systems.

Another possible direction for future research would be exploring the preconditioning

and parallelisation strategies to improve the efficiency of computations. Werder, Gerdes,

and their collaborators [77] introduced a decoupling procedure for a discontinuous time-

stepping method for parabolic problems. Their numerical examples showed that the

decoupling process is helpful in terms of the reduction of both the computational time

and memory requirements. They also briefly discussed several parallelisation strategies,

including local static condensation, parallel computing on shared memory machines and

distributed memory machines. All of the possible parallelisation strategies considered for

parabolic problems open up the possibility of designing similar robust and efficient solvers

for nonlinear hyperbolic equations of second order, which would be of importance for the

numerical approximation of second-order linear and nonlinear hyperbolic problems that

arise in real-world applications.
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