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Abstract

A discontinuous Galerkin (DG) time-stepping method is presented for solving second-
order hyperbolic partial differential equations (PDEs). The proposed numerical method
combines the hp-version discontinuous Galerkin finite element method (hp-DGFEM) in
the time direction with an H'()-conforming finite element approximation for the spatial
variables. We start with the construction and analysis of the discontinuous-in-time scheme
to linear hyperbolic PDEs of second order in Chapter 2. Our analysis shows that this
method is consistent and stable, with arbitrarily high-order convergence rates in the
temporal domain for sufficiently smooth solutions. Error bounds in both energy and L2
norms are derived. These error estimates show that this method allows for a broad range
of hp-refinement strategies with varying time step sizes and polynomial degrees, thus
having the potential to give exponential rates of convergence. Numerical experiments on
linear wave equations and elastodynamics systems show significant gains in accuracy over
existing time integration schemes.

We then extend this DG time-stepping method to approximate solutions of second-
order quasilinear hyperbolic systems in Chapter 3. In particular, we study the nonlinear
elastodynamics problem. The resulting numerical scheme is stable and convergent, and
we derive a priori error bounds at nodal points in the L?-norm for sufficiently regular
solutions. Numerical experiments on a nonlinear elastodynamics problem with smooth
solutions demonstrate the convergence rates.

Chapter 4 further applies this discontinuous-in-time scheme to a nonlinear damped



ii

equation, which is derived from Maxwell’s equations by assuming a linearly polarised wave
propagating on an infinite cylindrical domain. Again, we show a priori error estimates
of the solutions at the nodal points in this chapter. Numerical experiments on nonlinear

wave equations illustrate and confirm these theoretical findings.
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Chapter 1

Introduction

1.1. Motivation

Second-order hyperbolic equations arise in a wide range of relevant applications, in-
cluding acoustic wave equations, nonlinear elastodynamics systems, electromagnetic wave
propagation problems, etc. For nonlinear wave equations, the superposition principle does
not generally apply. This means that such equations are more difficult to analyse math-
ematically and no general analytical method for solving them exists. Thus, developing
numerical methods for wave-type problems, especially for nonlinear equations, has been
a constant interest in the field of partial differential equations (PDEs). For a certain
class of nonlinear second-order hyperbolic equations, no global smooth solutions exist
due to the breaking of waves and the formation of shocks, and this feature adds more
difficulty in solving such problems numerically. For such time-dependent problems, the
crucial step in numerical discretisation is to choose an appropriate time-stepping scheme.
Traditional approaches for numerical integration include explicit and implicit finite dif-
ference, Runge-Kutta [50,67] and Newmark—/ [58] methods. Though implicit schemes
are typically unconditionally stable, explicit schemes are usually preferred in engineer-
ing and physical applications because of their computational convenience. The main

drawback of explicit methods is the limitation on the time step imposed by the Courant—



Friedrichs-Lewy (CFL) [22] condition. Thus, a flexible and efficient time discretisation
method has become a topic of great interest in numerical analysis and computational
mathematics. Different from the above-mentioned finite difference schemes, we introduce
an implicit arbitrarily high-order accurate time-stepping scheme based on an hp—version
of the discontinuous Galerkin (DG) method [6,75] to discretise second-order hyperbolic

PDEs.

1.2. What is a discontinuous Galerkin time-stepping method?

Discontinuous Galerkin (DG) methods [51,64] were first introduced by Reed and
Hill [64] to solve the hyperbolic neutron transport equations, and then generalised to
elliptic and parabolic problems by Babuska & Zldmal [12], Baker [13], Wheeler [78],
Arnold [9] and Riviere [66] etc. Relevant analysis and applications of DG methods to
first-order hyperbolic problems can be found in [20, 21, 37,48, 51, 64, 65, 73].  Several
discontinuous Galerkin finite element methods (DGFEM) for solving wave-type equations
have appeared in the literature [3,39,47,63].

To construct this DG time-stepping scheme, we first discretise the spatial variables
using a Galerkin finite element method, which results in a system of ordinary differential
equations (ODEs) with respect to the temporal variable, then discretise the resulting
ODE system using the DG method. The resulting weak formulation in time is based on
weakly imposing the continuity of the approximate displacements and velocities between
time steps by penalising jumps in these quantities in the definition of the numerical
method. In contrast with traditional finite difference time integration schemes, for which
the solution at the current time step depends on the previous steps, this discontinuous-in-
time scheme on the time interval (¢,,t,+1] only depends on the solution at ¢, . Since the
local polynomial degree is free to vary between time steps, this method is also naturally

suited for an adaptive choice of the time discretisation parameter.



1.3. A note on the history of the DG time-stepping method

Here we give a review of the development of the time-discontinuous Galerkin method.

The DG time-stepping method was first introduced for first order linear non-stiff
ODEs by Delfour, Hager, and Trochu [25], and a nodal convergence of order O(k?4+1),
where ¢ is the polynomial degree of the finite element space, was proved in this work.
Then this discontinuous-in-time scheme was applied to linear parabolic problems in a
time-dependent domain by Jamet [46] who proved unconditional stability of the scheme
and general error estimates of order O(k9"1) where k = h is both the time step size and
the spatial mesh size, and ¢ is the minimum of the polynomial degrees in the spatial and
time variables. Later on, the DGFEM for parabolic problems was studied in a series
of papers by Eriksson, Johnson, Thomée et al. [28-34]. In these works, an h-version of
the DGFEM was first introduced and analysed. That is, the convergence of the discrete
solution to the exact solution is achieved by reducing the mesh size h and the time step
k respectively. The rates of convergence in both time and space are only algebraic. To
achieve an exponential convergence in time and space, the hp-version of the DGFEM was
developed by Schétzau and Schwab [68,69]. In particular, the following a priori error

estimates have been proved in [69]:

Theorem 1.1. Let u € H*1(J; X) for s > 0 be the exzact solution of the following linear

parabolic problem

u'(t) + Lu(t) = g(t), teJ=(0,T)
(1.3.1)
u(0) = wo,
where L is a general elliptic operator, X is a general Hilbert space, ug is the initial data

and g s the forcing term. Let q, = q be the polynomial degrees in time on each time

interval I, and set k = max{k,,} where ky, is the time step size on each time interval



I,,. For the DGFEM approzimation upg € V4(M; X), where
VIM; X) :i={u: J = X :u|j, € Plly,X) for 1 <m < M}, (1.3.2)

we have the error bound

kmin(q,s)+1q7(s+1

lu—upcllz2rx) <C Null g1 (1) (1.3.3)

with a constant C depending on s only.

Let N be the total number of time degrees of freedom. If we consider the h-version
of this DGFEM scheme, where the convergence is achieved by reducing the time step k

at a fixed approximation order ¢, such that N ~ %, we have
lu — upcllz2(s.x) < CN~mn@9)=1 (1.3.4)

If we consider the p-version of this scheme where convergence is achieved by increasing

the approximation order ¢ on a fixed time partition, such that N ~ ¢, we have
lu = upcllz2sxy < CN 75 (1.3.5)

The extension to p- or hp-version of the original h-version DGFEM also relies on the
solution behaviour of parabolic problems. It has been shown in Schétzau and Schwab’s
work [68,69] that the hp-version can resolve time singularities at an exponential con-
vergence rate, independent of the spatial discretisation. Other than analysing the error
estimates of the hp-DGFEM time-stepping for parabolic problems, the algorithmic fea-
tures of this scheme were also explored by Schétzau, Schwab and their coauthors in [77].
The focus of [77] is on the efficiency aspects of the algorithm. For instance, the decoupling
of the spatial systems within every time step was considered, and several parallelisation
strategies were discussed. It has been verified that the decoupling process is of great value
both in terms of computational time and memory requirements. They also showed that
the exponential convergence rates for the hp-DGFEM resulted directly in a significant

CPU time reduction as compared to the original h-version time-stepping scheme.



Based on the success of the hp-DGFEM for parabolic problems, Johnson [47] extended
this time integration scheme to a second-order hyperbolic problem by converting the wave
equation to a bigger first-order in time PDE system. Then a priori and a posteriori error
estimates for linear wave equations were proved in this paper. The approximate solution
upg corresponding to the displacement u in the linear wave equation is of accuracy
orders of O(h2k*% + k%) and O(h? + k3), respectively, in the L?-norm, and of order
O(hk‘_% + k%) and O(h + k?), respectively, in the energy norm, where h and k are the
spatial and time steps as usual. Combining with previous work cited, Johnson also argued
that the DGFEM is a good time discretisation scheme for parabolic or hyperbolic (both

first and second-order) problems because of the following advantages:
(a) high order implicit A-stable time-stepping schemes are generated;

(b) optimal (for parabolic problems) or nearly optimal (for hyperbolic problems) a
priori and a posteriori error estimates can be proved using general variational

techniques including duality;

(c) the space-time mesh on each slab S, can be chosen independently giving the pos-
sibility of (adaptively) changing the mesh from one slab to the next orienting the
mesh along with characteristics or according to features of the exact solution, which

increases the precision and permits larger time steps;

(d) reliable and efficient adaptive versions based on the a posteriori error estimates can

be constructed;
(e) moving or free boundaries can be handled without unnecessary technical difficulties.

Before Johnson’s work, the DG methods were first applied to elastodynamics equations
by Hulbert and Hughes [12, 45] and Hulbert [414] using the space-time finite element
discretisation. That is, discontinuous Galerkin approximations were implemented on

space-time ‘slabs’ S, = 0 x [, where €0 is the underlying spatial domain and I, =



(tn,tny1), for n = 1,2,... N, are time intervals. The formulation of this fully discrete
scheme employs additional least-squares (also known as Petrov-Galerkin) terms, which

enhance stability. The elastodynamics equations Hulbert and Hughes considered are:

pu=V.o(Vu)+f onQ:=Qx(0,7), (1.3.6)
u=g on P, :=T,x(0,7T), (1.3.7)
n-o(Vu)=h on P, =T x(0,7), (1.3.8)
u(z,0) =ug, =z €, (1.3.9)
u(z,0) =vg, z€Q, (1.3.10)

where p = p(z) > 0 is the density, f is the body force, g is the prescribed boundary
displacement, h is the prescribed boundary traction, and n is the unit outward normal to
I. Define h = max(ck, h), where c is the dilatational wave speed, h and k are maximum
element diameters in space and time respectively. Assuming that the exact solution to
(1.3.6) is regular enough, that is, u € [H9T1(Q)]¢, then it was proved by Hughes and
Hulbert [415] that

Il = upcll> < Clu)h, (13.11)

where upg is the DG approximation to the exact solution based on the least square
Galerkin formulation, C'(u) is a constant dependent on u, but not on h, and ||| - ||| is a

norm that is stronger than the total energy norm. To be more precise,

N-1 N
llell|* : = E(e(T)) + E(e(0%) + > E[e(t)]) + Y _(Le, p ' T.Le) 12
n=1 n=1
N
+ (n-[o(Ve)l,p 'sn-[o(Ve)]) 2y n, (1.3.12)
nj;l
+ Z(n .o (Ve),p sn- a(Ve))r2((vy)n)s
n=1

where

£(w) ::;/Qv'v-pv'de—i—;/QVW-a(Vw)dQ



and . is the differential operator, defined as
Lw: =V -o(Vw)+f.

Here Q> and Y, represent the interior boundaries of the corresponding domains. The
matrix operators T and s in the stability terms are the so-called time-scale and slowness
matrices. Hulbert and Hughes’ numerical results not only confirmed the theoretical con-
vergence rates in [45] but also hinted that some simplifications of the DG formulation
may be possible. Moreover, though Hughes [14] considered the fully coupled space-time
finite element method for both linear and nonlinear elastodynamics, convergence and
error estimates were only proved for the linear case. For the nonlinear elastodynamics
problem, only a stability result was presented. Hence, this motivates us to design a sim-
plified version of the discontinuous time-stepping method for nonlinear elastodynamics,
or say, nonlinear hyperbolic PDEs of second-order in general, with a convergence proof
included.

In recent years, different versions of discontinuous time-stepping methods have been
proposed for second-order in time ODEs or linear wave equations. For instance, Ad-
jerid and Temimi [3] introduced a new DGFEM that combines the pth-degree standard
continuous finite element method in space and the gth-degree discontinuous Galerkin
method in time, which is directly applied to the resulting second-order ODE system [2].
In [3], Adjerid and Temimi proved that the DG solution converges to the exact solution
at O(hPT17%) + O(k9T1) rate in the L2([0,T], H*()),s = 0,1, norm provided that the
exact solution is smooth enough. They also established that the DG solution is super-
convergent at the tensor product of Lobatto points in space and Jacobi points in time,
e.g., the DG solution at Lobatto points and ¢, are O(hP*?) + O(k??) super-convergent.
Based on Schwab and Schétzau’s hp-DGFEM scheme for linear parabolic problems, An-
tonietti et al. [6] applied this hp-version of discontinuous-in-time integration scheme to

systems of second-order ODEs. Simultaneously as this thesis is written, Antonietti et



al. [7] presented a new high-order space-time discretisation method for the elastic wave
equation. This scheme is the result of a combination between the discontinuous-in-time
discretisation presented in [6] and the spatial DG formulation introduced in [8].

Though discontinuous-in-time Galerkin schemes have been widely used to solve time-
dependent problems in the past forty years, there has been little work on the construction
and mathematical analysis of the DG time-stepping methods for second-order nonlinear

hyperbolic PDEs, which has been the main focus of the research presented herein.

1.4. Contributions of this thesis

In this thesis, we generalise this high-order discontinuous-in-time method [6] to second-
order hyperbolic-type PDEs, which arise in a wide range of relevant applications, includ-
ing the acoustic wave equation (cf. Chapter 2), nonlinear elastodynamics systems (cf.
Chapter 3), and an electromagnetic wave propagation problem (cf. Chapter 4).

In Chapter 2, discontinuous Galerkin time-stepping methods are presented for linear
second-order hyperbolic equations. The semi-discrete scheme provides a clear demonstra-
tion of how we apply the DG scheme over the temporal domain. To achieve stability, we
impose the continuity of the approximate solution and its derivative between time steps
by penalising jumps in these quantities in the weak formulation. This gives us an implicit,
unconditionally stable and arbitrarily high-order accurate time integration scheme. We
then fully discretise the problem by combining this hp—version of DGFEM for temporal
discretisation with an H'-conforming finite element approximation for the spatial vari-
ables. A priori error estimates are derived both in the energy norm and the L?-norm.
In particular, we proved a convergence rate of O(h" + k:g”ié) for approximation of the
displacement in the energy norm while a convergence rate of O(h™ ™! + k") is proved for
the approximation of the velocity in the L?-norm on each time interval I,, = (tn—1,tn].
Here k,,, for n=1,..., N, and h are the temporal and spatial discretisation parameters,

respectively, and gy, for n = 1,..., N, and r are the corresponding polynomial degrees.



Numerical experiments on both a scalar wave equation and a linearised elastodynamics

system (two-dimensional) are presented to verify the theoretical results. The main ad-

vantages of this new proposed discontinuous-in-time scheme over those in the existing

literature [3,7,44,47] are the following:

(a)

In contrast with Johnson’s method [47] which converts the wave equation into a first-
order system, this direct discretisation leads to a smaller fully discrete problem (i.e.,
the discretisation matrices are smaller in size) for the solution while maintaining

arbitrarily high-order convergence rates [2].
Less regularity is required for the first-order derivative of the solution.

The numerical formulation is simplified as compared to Hughes’ [14] space-time

finite element method while the stability and convergence results are preserved.

The extension to the hp—version of the DGFEM shows a better convergence result

than the h—version [3].

A more structured proof of the convergence results for linear hyperbolic PDEs of

second-order, not limited to elastic-wave propagation [7], is presented.

This flexible and efficient discontinuous-in-time scheme can be naturally applied to

nonlinear hyperbolic equations of second-order.

In Chapter 3, we extend this DG time-stepping method to approximate solutions of

second-order quasilinear hyperbolic systems. In contrast to Hughes’ [44] space-time finite

element method where the convergence result was only proved for linearised elastodynam-

ics problems, we present a detailed convergence proof for the nonlinear elastodynamics

systems based on a Banach fized point argument. A priori error bounds in the L?-norm
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for sufficiently regular solutions are proved. In particular, we have shown that

2¢n+1
a(t;) —upa(t;)llrz) + a(t;) — apa(t;)l @) < C(u) <h2”2 + Z kgq ) :
n=1qn

(1.4.1)
where k,, forn =1,..., N, and h are the temporal and spatial discretisation parameters,
respectively, such that kg"_% = o(hgﬂ) and there exist positive constants u, and v,
such that unk, < h?> < vpk, for n = 1,...,N. Here g, for each n = 1,..., N is the
polynomial degree in time integration and r satisfies %l + 1 < r < min(p,m — 1), where
p is the polynomial degree of the spatial finite element space while m is the regularity
index of the spatial variable (i.e., u € W% (0, T; [H™(Q)]4 N [HL(Q)]4) with s > ¢, +1).
This a priori error estimate shows that the method is arbitrarily high-order accurate with
respect to the time-step size and temporal polynomial degree. Numerical experiments on

a quasilinear elastodynamics problem illustrate and confirm these theoretical findings.
Chapter 4 further applies this discontinuous-in-time scheme to a nonlinear damped
wave equation, which is derived from Maxwell’s equations by assuming a linearly po-
larised wave propagating on an infinite cylindrical domain. The existence of at least one
weak solution is proved for a bounded domain with a smooth boundary under certain
assumptions on the nonlinear terms, and the uniqueness follows if the exact solution
is sufficiently regular. Again, we show a priori error estimates in the L?-norm in this
chapter. Slightly different from the error estimates for the quasilinear elastodynamics
problem presented in Chapter 3, we consider the H'-norm instead of the L?-norm for the

displacement error at nodal points. That is,

_ _ . . f2ant
[u(t;) —upc(t; )@+ 14t ) —ipa(t;) 2@ < Clu <h2 +Z e 1)> , (1.4.2)

n=1 TL
where k,, g, for n = 1,..., N, h and r are defined as above. Here, we only require
_1 _1
ke 2 = o(h%) instead of kn' 2 = o(hgﬂ), for each n =1,..., N, for this case.

Conclusions and possible projects for future research are discussed in Chapter 5.
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1.5. Preliminary results

We close this introductory chapter with a collection of results from Analysis, which

are used repeatedly throughout the thesis.

1.5.1. Banach fixed point theorem The Banach fixed point theorem, introduced by
Stefan Banach [14] in 1992, is an important tool for proving the existence and uniqueness
of solutions for nonlinear problems. A key assumption for Banach fized point theorem is

the contraction, which is defined by the following.

Definition 1.2. Let (X,d) be a metric space and N: F C X — X. N is a contraction

if there exists n € (0,1) such that

AW (@), N(y)) < nd(z,y). (1.5.1)

The following version of the Banach fized point theorem is used throughout the thesis

(cf. Chapter 3 and Chapter 4) to prove the existence and uniqueness of discrete solutions.

Theorem 1.3. Let (X,d) be a complete metric space. Assume that F C X is non-
empty and closed, and N': F C X — F is a contraction mapping. Then N admits a
unique fized point x* in F,(i.e., N(x*) = x*). Furthermore, the sequence x,, defined via

Tpt1 = N(x,) converges for every xg € F to x*.

Proof. First note that since X is complete, and F C X is non-empty and closed, (F,d)

is a complete metric space as well.

e Uniqueness: Assume for contradiction that there are xz,y € F, x # y such that
N(z) = z and N(y) =y, then d(N(x),N(y)) = d(z,y). Since N is a contraction,

ie., dWN(z),N(y)) < d(z,y), this yields a contradiction.

e Existence: Given zyp € F, consider the iterated sequence z,+1 = N(x,). The

definition of the iterated sequences and the contraction assumption imply that

d(xn+la fL‘n) = d(/\/‘(ﬂ?n),/\/‘(ﬂfnfl)) < nd(:vm:cn,l),
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and by induction d(zy+1,z,) < n"d(x1,x0). By the triangle inequality, we have

m—1 m—1 n
d($n+m’xn) < z[:) d($n+p+1a$n+p ZO ,r]n+pd 331’330 < 177_ d(xlva)-
p= b=

Since n € (0,1), we have d(zp4m,xn) — 0 as n — oo. This shows that (z,) is a
Cauchy sequence in F. By completeness of F, we deduce that the sequence ()

has a limit z* in F. Next, note that a contractive map is continuous, thus,

N(z*) =N(lim z,) = lim N(z,) = Jim 2y = x*

n—oo n—oo

O]

1.5.2. The Poincaré inequality We will make use of the following version of Poincaré

inequality.

Lemma 1.4. For every v € H&(Q), there exists a positive constant Cpoin depending only

on the diameter of the domain €2 such that
||U||H1 < CpomHv’UHIp (152)

Proof. See Adams [1]. O

1.5.3. Gronwall’s inequality We need both the continuous and discrete versions of

Gronwall’s inequality.

Lemma 1.5 (Gronwall’s inequality). Suppose that A is a bounded non-negative function

on [0,T] and that E and C are non-negative constants such that
t
At)§E+C/ A(s)ds, 0<t<T; (1.5.3)
0

then we have that

A(t) < Eexp(Ct). (1.5.4)
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Proof. 1f we set R(t) = E+C’fg A(s) ds, it follows from (1.5.3) that R/'(t) < CR(t). Thus

o,

T <R(t) exp(Ct)> = exp(—Ct)(R'(t) — CR(t)) < 0.

Then (1.5.4) follows immediately from the fact that
A(t) exp(—Ct) < R(t) exp(—Ct) < R(0)exp(—C-0) = E.
O

Lemma 1.6 (Discrete Gronwall’s inequality). Suppose that {A,} and {g,} are non-
negative sequences and E is a non-negative constant such that

n
A, < E+ ngAk, form >0, (1.5.5)
k=0

then we have

A, < Eexp (f: gk> . (1.5.6)

k=0

Proof. See Holte [11]. O

1.5.4. Other important results We also need the following results from Seregin’s Lec-

ture notes [71] and Lions and Magenes’ book [53].

Theorem 1.7. Assume that v € L*(0,T,H}(2)) and 8w € L*(0,T; H1(2)). Then
v e C([0,T); L3(Q)) and

to 1 1
O -vdedt = Z[v(-,t2)||22iq) — = 0, 1)
/t1 /Q tU - var QHU(, 2)HL2(Q) 2””(7 1)”L2(Q)
for all ti,ty € [0,T].

Theorem 1.8. Let H be a Hilbert space, V be a reflexive Banach space, and V is con-
tinuously embedded into H. Let V contain a countable set S which is dense in V and in

H. Let V* be a dual space to V' with respect to scalar product in H with the norm

lv7]

v+ =sup{(v*,v)g:v eV, |vly =1}
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Assume that v € LP(0,T;V) N L2(0,T; H) and d,v € LV (0,T;V*) with p' = % and

p>1. Then, v e C([0.T]; H) and

o) 3 — o 013 = 2 / (@), v, ) gt

t1

for all ti,ta € [0,T].



Chapter 2

Linear hyperbolic equations of

second order

In this chapter, we apply a high-order discontinuous-in-time scheme to numerically solve
linear hyperbolic PDEs of second order. We first discretise the PDEs in time while
keeping the spatial differential operators undiscretised. The resulting weak formulation
is based on weakly imposing the continuity of the approximate solution and its time
derivative between time steps by penalising jumps in these quantities in the definition
of the numerical method. We then fully discretise the problem using an H'-conforming
finite element approximation for the spatial variables.

Let Q c RY, for d = 1,2, 3, be an open and bounded domain with sufficiently smooth
boundary 99 (i.e., 9Q € C?). For T > 0, we consider the following initial boundary value

problem:

i(z,t) + Lu(z,t) + Ku(z,t) = f(x,t) in Q x (0,77, (2.0.1)
where f lies in L?(0,7T; L?(Q2)), and
u(0) = ug(z) € HY(Q), u(0) = ui(z) € L*(Q), (2.0.2)

u =0 on 00 x (0,7, (2.0.3)
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are prescribed initial and boundary conditions respectively. Here the dots over u denote
differentiation with respect to time t. Throughout this thesis, @ (respectively i) and d,u
(respectively Oy u) are interchangeable. We also write u(-, ) as u(¢) when appropriate for
the sake of having neater presentation. The differential operators K and L are defined
as K := —A and L := Id respectively, where Id is the identity operator. We note that
the techniques presented in this chapter can be extended to linear hyperbolic PDEs of
second order with more general positive definite differential operators K and L. In this
chapter, we focus on the numerical discretisation of the case K = —A and L = Id only.
The numerical schemes for more general positive definite differential operators K and L

are completely analogous and are therefore omitted.

2.1. Weak solution

We define the time-dependent bilinear form

B[U, ©; t] = (u(t)a SO)LQ + (Vu(t)7 VQD)LZ
for u € L2(0,T; H} (Q)) with @ € L?(0,T; L?(Q)) and » € H} ().
Definition 2.1. We say that a function u € L*(0,T; H}(?)), with u € L*(0,T; L*(12)),

i € L2(0,T; H1(Q)), is a weak solution of the hyperbolic initial boundary value problem
(2.0.1)-(2.0.3) if

(a) (ii(t), ) + Blu,o;t] = (f(t), )2 for all o € HY(Q) and 0 <t < T and
(b) u(0) = g, ©(0) = u;.

Remark 2.2. It is well known that problem (2.0.1)-(2.0.3) is well-posed and admits a
unique weak solution (see Theorem 29.1 in [79]). By Theorem 8.1 and Theorem 8.2 in Li-
ons and Magenes’ work [53], we know that u € C([0,T); HE(Q)) and @ € C([0,T]; L?(Q)).
This shows that the initial conditions are meaningfully attained in H}(Q) and L*(2) re-

spectively.
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Remark 2.3. Note that if K = —A and L = 0, then we have the wave equation
i(x,t) — Au(x,t) = f(x,t) in Q x (0,T]
with f € L*(0,T; L*(R)), and initial/boundary conditions satisfying
u(0) = up € HH(Q), u(0) = uy € L*(Q), u =0 on I x (0,T).

We can easily transform this problem into an equivalent form with L being a positive
definite differential operator as discussed in this section. Consider u = e"v for a positive

real constant y; then v satisfies
to(x,t) + 2ve70(x, t) + Y2 v (x, t) — AV = f(x,t).
Dividing by e on both sides, we have
b(x,t) + 2y0(x, t) + Yo(x,t) — Av(z,t) = f(x,t)e
Then we can show the existence and uniqueness of a solution of this problem similarly as
before but with K = —A +~+%1d and L = 2vId.

2.2. Semi-discrete numerical scheme

In this section, we introduce a high-order DG method of lines approach to discretise
(2.0.1)—(2.0.2) in the time direction. We will show that the resulting variational formu-
lation is well-posed and thus admits a unique solution in the linear space, which we will

define in this section.

2.2.1. Motivation We partition the interval I = (0,7 into N subintervals I,, = (t5—1, t5]
having length k, = t, — t,—1 forn = 1,2,..., N with tg = 0 and ¢ty = T, as shown be-
low. To deal with the discontinuity at each t¢,, in the numerical approximation to u, we

introduce the jump operator

[V] == 0(t)) —v(t,) forn=0,1,...,N — 1,
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Figure 2.1: Partition of the time domain

where

v(ty) = lim v(t, +¢) forn=0,1,...,N — 1,

e—0*

for a function v. By convention, we assume that v(0~) = ug and ©(0~) = uy. Moreover,
we shall write v;} for v(¢;}) and v, for v(t;).

We first derive an energy identity for the exact solution u. On each time interval
I, = (tn—1,tn], we assume that the exact solution u € L?(I,,;; H}(Q)), & € L?(IL,; HE(Q?)),
and i € L?(I,,; H 1(9)). Note that we assume @ € L?(I,; H}(£2)), which is a stronger
assumption than that in Definition 2.1 because we need to ensure that Vi in the following
equation is well defined. Taking ¢ = 4(t) in Definition 2.1 (a) and integrating on I,,, we
have

[F e [T apa [C @uviea= [0 G

tn—1 tn—1 tn—1 tn—1
By taking v = 1 in Theorem 1.7 and v = Vu with H = V = L?(Q) in Theorem 1.8, we

obtain

1/ . _ ) 1 _
3 (Hu(tn)H%%Q) - Hu(t:—l)H%?(Q)) T35 (Hvu<tn)H%2(Q) - Hvu(tz—ﬂ”%%m)

tn tn
+/ [41l|7 2 ) it :/ (f, )2 dt,
tn—l tn—l

forn=1,2,..., N. Summing up over n = 1,..., N, we have

1 L . 1 _
5 (1) 220y = 180 200y ) + 5 (1700220 — IVt 1200y )

it D)2y — ity Dl3ay + -+ [EED B2y — )2

N | =
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1 _ _
2 {Hw<t+_ Wy — IVt )2y + =+ IVt By — IVl 320 )
tn
" Z )2 g dt = 2/ (f, )2 dt (2.2.1)
th—1 th—1
The terms in the middle lines motivate us to add extra terms to achieve a well-posed varia-
tional form. From Remark 2.2, we know that u € C([0, T]; H}(Q)) and u € C([0, T]; L*()),
that is, [u], =0 and [4], =0 for all n =0,1,2,..., N — 1. Adding

N-1

Z([u]mﬂz)ﬂ = (u1+\f—1 - i‘;\/—pﬂﬁ—l)p +ot (ﬂg - ﬂa,ﬂé)m

Z(V[U}m Vug )z = (Vug_y — Vuy_y, V“%ﬂ)p +o+ (Vg = Vg, WJ))Lz
n=0

to the left side of the equality (2.2.1), we have

N-1
1,. _ 1, . 1 . C o
S IR ey + 51 ey + 5 Do (It ey — 2 (@), 56)) 1o + i) 3y
n=1
1 1N—l
+ 5 IVuED e + 5 D (Va2 — 2 (Vulth), Vult;)) 12 + I Vult) Iz )
n=1

N
1 _ o b
+ IVt 2@ — (Vulty), Valtd) 2 = (ilty), alt)) o + / 720 dt
n=1 n—1

—Z/tn (f, @) 2dt.

th—1
That is,
tn 1
Z / il e+ 16 B Z i 3y + 5100 B
1= 1
# G IVUE N + 5 32 IVl + 51V o

—Z / L (fa)gedt+ (a(tg), a(t])) o + (Vulty), V() .

tn—1

This equality motivates us to define an energy norm for the variational formulation.
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2.2.2. Discontinuous-in-time discretisation Now we follow a time integration ap-
proach to incrementally build an approximation of the exact solution u on each time
interval I,,. We focus on the generic time interval I,, and assume that the solution on
I,—1 is known. Testing the equation (2.0.1) against © where v € H'(I,,; H}(Q2)), we have

/tn (ii, v) dt+/tn (1, 0) 2 dt+/tn (Vu, V) 2 dt:/tn (f,0)2dt.  (22.2)

tn—1 tn—1 tn—1 tn—1
We observe that [ul], = [i], = 0 for n =0,1,..., N — 1. Now rewrite (2.2.2) by adding
suitable (strongly consistent) terms:

/n (i, ) dt—i-/n (0, 0) 12 dt—i—/n (Vu, Vo) 2 dt + ([i]—1, 0, ) 12

tn—1 tn—1 tn—1

tn
+ (Vulp-1, Vvl )2 = / (f,0)p2dt forn=1,... N. (2.2.3)
n—1

Note that we define by convention that u, = ug and 1, = w;. Summing over all time

intervals in (2.2.3), we are able to define the bilinear form A: H x H — R with

H = H2(0,T; H1(Q)) N HY(0,T; H} () N L*(0,T; H} ()

N tn N tn
= Z/ <il,1}>dt+2/ ungdtJrZ/ (Vu, Vo). dt

n=1"tn-1
N-1
+ Wy 0 ) 2 + Z W, Vol )2 4 (ad 0 ) 12 + (Vg , Vod ) 2
n:l
(2.2.4)
for all v € H. The linear functional F': H — R is defined as
tn
Z/ (f,0) 2 At + (ur, o8 )2 + (Vug, Vog )2 (2.2.5)
tn 1

Even though the bilinear form A(+,-) is defined for the continuous in time function space

H x H, it also works for piecewise in time version of H x H. Next, we introduce the local
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semi-discrete space
Vi = {v € L2(0, T3 Hy(): v |1, P9 (I; HL(Q))}

where P (I,,;; H}(€)) is the space of polynomials in ¢ of degree less than or equal to
¢n > 2 on I, with coefficients in HZ(Q). Then, introducing q := (q1,4q2,...,qn) € NV
the N-dimensional polynomial degree vector, we can define the discontinuous Galerkin

finite element space as
V4= {v e L*0,T; HY(Q): v |1, € VI forall n = 1,2,...,N}.

The discontinuous-in-time formulation of problem (2.0.1)—(2.0.3) reads as follows: find
upg € V4 such that

A(upg,v) = F(v), for all v € V4. (2.2.6)
2.2.3. Stability analysis We begin by defining an energy norm, which will be used in
the stability and convergence analysis.
Proposition 2.4. The function ||| - |||: V4 — R defined by

2 _ Ly 1 1s 2 Lo e > [t 112
[[ol]|” == 5”“0 172¢0) + B Z 1[0]nll720) + §HUNHL2(Q) + Z 101172 dt
=l =t (2.2.7)

N-1
1 ) 1 ) 1,
+5IVuglz2@) + 5 ; IVI]allzei) + 51IVoNIlze (@)
is a norm on V9.

Proof. The homogeneity and triangle inequality follow from the properties of the L? and
H} norms. It is sufficient to show that |[|[v]|| = 0 & v = 0. If v = 0, it is trivially
true that |||v||]| = 0. Now we need to show that |||v]|| = 0 = v = 0. If |||v]|| = 0, then

o5 1123 0 == IIVvg ll220) = 0 and [, 18]35 g dt = 0. We have

0(t)=0 forte I,

+ _
vy = 0.



22

This implies that v(t) = 0 on I;. We now proceed by induction. Assume that v(t) = 0
on Iy and consider the time interval I,. From |[|[v]n—1]lg1(q) = [V[v]n-1l2(0) = 0,

we know that U:Lll =wv,_; = 0. Then
0(t) =0 for t € I,,
”:—1 =0.
Thus, we conclude that v = 0 on each interval I, for n = 1,...,N. That is, v = 0 on

(0,77. O

Remark 2.5. If L = 0 in our model problem (2.0.1), the corresponding definition for
-] V& — R will be

N-1

1. 1 . 1,._ 1
[[v]|[* == 5””3”%2(9) t3 221 6]l Z2(q) + QHUNH%Q(Q) + §HVUO+H%2(Q)

e 1 (2.2.8)

£33 VBl + 51V ey

n=1
which is not a well-defined norm.

Remark 2.6. If we take u =v in (2.2.4), we have
A(v,v) = |||[v]||* for all v € VY. (2.2.9)
This shows that the bilinear form A(-,-) is coercive with respect to the ||| - ||| norm with

coercivity constant o = 1.

Theorem 2.7. Let f € L*(0,T; L*(Q)), uo € H(Q) and uy € L*(Q). Then the solution
of (2.2.6), upg € V9 satisfies

1
2

[[upcll] < <Hf”%2(0,T;L2(Q)) + 2| V|72 + 2HU1”%2(Q)>

Proof. Using the definition of ||| - ||| in (2.2.7) and Young’s inequality, we have

llupcl|[* = A(upg, upc) = F(unc)
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N tn
= 2/ (f,4pc) e dt + (ur, ipa(,07)) 2 + (Vuo, Vupa(,07)) 2
n=1

tn—1

1L ftn LNt
n=1""'n-1 n=1"7tn-1

1. 1
+ |22 () + 7 lina (- 0720y + Vol 720y + 1IVupc(, 09) 720

1N
<32
n=1

Then the required inequality follows. O

tn 1
| 15601y dt+ llluncllP + lur ey + Va0l

tn—1

\)

2.2.4. Convergence analysis In this section, we prove a priori error estimates with
respect to the energy norm ||| - ||| defined in (2.2.7).

Before we proceed to the proof of the main convergence result, let us first define
the L2-projection operator based on Definition 3.1 in [69] (Schotzau & Schwab, 2000),

Definition 3.2 in [6] (Antonietti et al., 2018) and Thomée’s book [75].

Definition 2.8. Let I = (—1,1). For a function w € C((—1,1]; H3(Q)) N L3(I; H} (Q)),
we define the (boundary value preserving) L?-projection Plw € P4(I; HE(Q)) with ¢ > 0
by the following conditions

Plw(z,1) = w(z,1) € HY(Q), (2.2.10)

/((w — Plw), @) ;2 dt = 0 for all ¢ € PIHT; HY(Q)). (2.2.11)
1

When q = 0, only the first condition is necessary.

Here ‘boundary value preserving’ means that the interpolant evaluated at the right
end point is equal to the original function evaluated at the right end point, which is stated

as (2.2.10) in Definition 2.8.

Definition 2.9. Let I = (—1,1). For a function v € H'(I; H}(Q)) such that i €
C((—1,1]; HY(Q)), we define N € P4(I; HE(Q)) with ¢ > 1 by

t
Mu(x,t) = u(x,—1) —I—/ P Yi(z, s)ds for all t € (—1,1],
—1



24

where PI14 is given in Definition 2.8.

Now we need to show that IT%u(x,t) in Definition 2.9 is well-defined. Consider the
sequence of Legendre polynomials {L;};i>0, L; € P{(I) on I = (—1,1) defined by the
following recurrence relation

(2 + 1) Liy1(t) = (2i + 1)tL4(t) — iLi-1 (1)
with Lo(t) =1 and Ll(t) =t.
The relevant properties of Legendre polynomials for our purpose are the following:
(a) Li(1) =1fori e NU{0};
(b) J', Li(s)ds = 51 (Lis1(t) — Li—1(t)) for i € N;
(c) [1, Li(t)?dt = 525 for i € NU{0}.

Lemma 2.10. II%u(x,t) defined in Definition 2.9 is well-defined.

Proof. Eristence: Note that @ € L*(I; H}(9)), so we can write 4 as a Legendre series in

the following form
iz, t) =Y bi(x)Li(t)
i=0

with b; € H}(Q) for each i € NU{0}. From Lemma 3.5 in [69], we find that

q—2 00
P bz, ) =Y bi()Li(t) + | Y bi(x) | Le-1(t),
i=0 i=q—1
and consequently,
q—2 t o] t
Wou(e, ) =u(z, ~1) + 3 bi(x) /_lLi(s)ds—l— S bia) /_1Lq1(s) ds

i=0 i=q—1

q—2
= (e, =1) + bo(a) (1) + 3 i) 5 (i (8) = Lia(0)
=1

> 1

[ X o | (5t - L)

1=q—1
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_ [u(w,—l) + bo(z) — bl;@] Lo(t) + [b (z) - b"’éx)] Li(t)
q—3
e L | L
b))+ py) YA
or equivalently
(e, t) = > i (x)Li(t), (2.2.12)
i=0
where
uj(e) = ula, 1) +bo(a) — 2,
uj(e) = bo(a) — 2,

bi—1(x)  biy1(w)
*(p) — _ f
w(@) =21 ~ i3 ©

5 _bgs(r) N~ bilw)
(z) = gq—5 - Z 2q -1

ri=2,...,q—3,

i=q—1

Uniqueness: Assume for contradiction that both ui,us € PY(I, H}()) satisfy the condi-
tions in the definition. In particular, we have uj(z,1) = uz(x,1). Now considering the
difference u; — ug, we can write it as a Legendre series (u1 — u2)(z,t) = > ai(z)L;(t)

with a; = [;(u1 — ug)L; dt € H}(Q). It follows from the orthogonality condition that

/I(U1 —ug,aly);» dt =0 for all a € H&(Q), 0<k<qg-—1.

Using the orthogonality properties of the Legendre polynomials we get (a,a);2 = 0 for
all a € H}(Q). Since H}(2) is dense in L?(€2), we have that ay = 0 in L?(2) and thus
ar =0 in H}(Q) for 0 < k < ¢ — 1. This implies that (u1 — ug)(z,t) = a4(x)Ly(t). Since

ui(z,1) = ug(z,1), we have that a;, = 0, which proves the uniqueness of a projection
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polynomial satisfying the conditions in Definition 2.9. O

Lemma 2.11. For any u € HY(I; H}(Q)) such that i € C((—1,1]; H}(Q)), we have for

q>2,
(a) (% — u)(z, —1) = 0;
(b) (M —w)(z,1) = 0;
(c) Oy — u)(z,1) = 0;

(d) fI (O (u— 1) , ) ;2 dt =0 for all p € Pq_2(l; H&(Q))

Proof. (a) follows directly from Definition 2.9. For (b), first note that we can expand
U as
i(a,t) = bi(x)Li(t)
i=0

with coefficients b; € H}(2). Then u can be written as

t

u(z,t) = u(x, —1) +Zbi(x)/ Li(s) ds. (2.2.13)
=0

-1
By orthogonality of the Legendre polynomials, we have

o0 1
u(z,1) = u(zx,—1) + Z bl(az)/ Li(s)ds = u(x, —1) + 2bp. (2.2.14)
=0 -1

Then,

1
Mu(x,1) = u(z, —1) +/ P Y, s)ds
-1

q—2 1 00 1
:u(x,—l)—i—iz;bi(x) /_lLi(s)ds+ izqzlb@-(:r) /_qul(s) ds

=u(z,—1) + 2by

=u(z,1) (by (2.2.14)).
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The equality (c) follows from taking the derivative with respect to ¢ in the equation

q—2 t t
Mz, 1) :u(x,—l)+2bi(x)/ Li(s)ds + Z bl / Ly 1(s) ds.

-1

=0 i=q—1
Note that
)= bila
i=0
and
q—2 o0
OMl%u(z,t) = > bi(x)Li(t) + | > bi(@) | L1 (t).
i=0 i=q—1
Evaluating at t = 1, we have
Olu(x, 1) = Zb ) = a(z,1).

For (d), we can write any g € P472(I; H}(Q)) as q(z,t) = Zz;g ar(z)Lg(t). Then

/ (D (u — ), ) ;> dt = Z (8¢ (u — %), ay Ly,) o dt
I Ik 0

LS
[\

/ (&gu - Pq_latu), akLk)Lz dt
0/ 1

2 ((Sromo (50 ) ) wo
k= i=q L2

by the orthogonality of Legendre polynomials. O

»QW
l\‘)O

On an arbitrary time interval I = (a,b), we define H'} via the linear map
T:Qx(—1,1) - Q2 x (a,b)
1
(2,8) = (2, 5(a+ b+ (b~ a)))

as

Mu=[MuoT) 0T, (2.2.15)

from which it follows that
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(a) (7u—u)(z,a) =0;
(b) (fu —u)(x,b) = 0;

() Oy(Il7u — u)(z,b) =
d) [7 (0(u—u), @), dt =0 for all p € PI=2(1; Hy ().

Similarly as before, on the generic interval I = (a,b), II%u can be written as
q B qa— © t
Hlu(z,t) = ZﬂfL = u(z,a) Z / Li(s)ds + Z b; / Ly—1(s)ds,
i=0 a i=q—1 a
where L; represents the ith mapped Legendre polynomial so that u = >0 @;L; and the
coefficients are defined as before but with b; replaced by b; for each i € NU {0}.

Now we generalise a standard approximation result stated in [11] by Babuska and

Suri to functions in Bochner spaces.

Proposition 2.12. Let I = (a,b) with k =b—a > 0. For every u € H*(I; H}(R)), there
exists a sequence {Qlu} >0 with Qlu € PI(I; H}(Q)) such that, for any 0 < m < s,
k, —m
lw = Q%ull grm (1,113 (02)) < Cqs o 1l s ;2 @)y for s >0, (2.2.16)

where p = min(q + 1,s) and C is a constant independent of u, q and k.

Next, we define the projection operator P}]u on an arbitrary interval I = (a,b) via

the same linear map 7': Q x (—1,1) — Q X (a,b) as before. That is,
Piu=[Pl(uoT) oT .
Then the following approximation result holds.

Proposition 2.13. Let I = (a,b) with k = b —a > 0. For every u € H*(I; H}(Q)),
s > 2, we have

_ 1
10 =PI )| 21,113 c2)) < CFHUHHS(I;H&(Q))v (2.2.17)
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where p = min(q + 1,s) and C is a universal constant.

Proof. We give a sketch of the proof based on several results from [69] and [70]. For

u € H*(I; H)(Q)), define a(z,€) for € € I := (—1,1) and t = F(a+b+&k) by
u(a, 1) = ule, 5(a+b+ &) = il €).

Then we have J¢t(x,§) = gatu(a:, t). Similarly to the existence proof of Lemma 2.10, we

have
Ogti(x, &) = Z bi(
and
q—2 0o
P 0w, &) = Y bi(x)Li(€) + | Y bi(x) | Le-1(§)
=0 i=q—1
where {L;};>0 are Legendre polynomials defined on I [ = (—=1,1). This implies that
O¢in(x, &) — PT 1 0ctu(x, €) = Zb sz Ly 1(8).

Using the triangle inequality, we obtain

|Oga—P*™ aﬁu”m(] HL(Q)) < sz )HL? LHN(Q +H sz Lg1( )HLQ(f;Hé(Q))'
i=q
Note that by Lemma 3.9 from [70], we know that
10¢tt = P11 0] a1 2y = | Z bi(@) Li(E)l| L2 (7,113 2))

where P97! is the standard L?-projection operator such that

~ q—1 ~ R s N ~
|0¢t — P aEUHLQ(I;H&(Q)) = goeIP’q—llng&(Q)) |O¢tt SOHLz(I;H(}(Q)).

Using the orthogonality of Legendre polynomials on I, we have

2
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By Lemma 3.10 from [70], we know that for 1 < sy < s we have

! S 1+ (so—1))!
/_1 @) (@, OP(1 -yt de = Y |bi(x)\22i2+1§if§82_3;; (2.2.18)

i=s0—1

where ﬂ(SO)(aj, €) represents the sp-th partial derivative of @(x, &) with respect to . Thus

UECER) 2 (i+(s0— 1))!
||Zb Weaimgon < (g1 (s0 1)),Zub Btz s i)
— (so—1))! N

for any 1 < sg < min(q + 1, s). Thus, we have

. A (- 1)!
<peIP"I*1l(r}f;‘Hé(Q)) ”aéu (‘D”LQ(I Hl Q) — H Zb L2 IHl( ) < m’u‘H“(f,Hé(Q))

where © = min(q + 1, s). Note also that

(Zb ) 1Tz 7111 0y = sz )70 *I!Zb )50

for ¢ > 2. From Lemma 3.6 in [69], we know that

||Zb )30 ||5§£“HL2 (LHL Q)

where O¢ti(x,&) = Y .2, bi(x)Li(€§) and Cy is a positive constant. Combining with the

previous estimate, we have

1 .
|0t — P9~ 1a£u|yL2(IH1(Q)) {Hagu_ P 13£U!‘L21H1(Q))+q2”8€5“‘|iz(f;z{g(n))}
(2.2.19)

for some constant C' > 0. If we replace Oz by O¢ti — ¢ in (2.2.19) for an arbitrary
@ € Pr=Y(I; H(Q)), then we have

Haiu - P 18§U||L2 IHl(Q))

(2.2.20)

1
. . 2 1 o -
< c {wepq—ll(r}fHé(Q)) Hafu SOHLQ(I;H(%(Q)) + q2 Haffu aggo”LQ(I,Hé(Q))}
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using the fact that
10gt =PI ¢l o 7.1 ) < 1068 = @l 212 ey for any o € PI7H(T; Hp ().

Similarly, we can show that

(g —(s0—1))! ’agu‘ (g — (s0—1))!

. 2 A T A T g+ (so— 1))
10¢e = Oepll7 27,1y = (g4 (so—1))! el

HO(BHY®) ~ (g + (sg — 1)1 HHo+ (5H ()

for 1 < sp <min(¢+ 1,s — 1). Thus,

. 9 (¢ — (n—2))!
Haféu aWHL‘Z(f;Hg(Q)) < (q+ (n—2)! ’u‘H#(IHl(Q))
for ;1 = min(q + 2, s). Therefore,
1
Hafu - P 8§UHL2 IHl(Q))
(¢ —(p—=1) 1 (qg—(p=2))
<O GO a2 (=2 Mo
-1 (g—
_ell- (-2

7 (=) iy

where 1 = min(q + 1, s). Scaling back to I = (a,b), we have
b
R / [9rul-,£) — PE (e )| g
k - ! 1 2
—(5) [ 1069~ P 0 Ol
—1

BN o s paeig s
_ <2> 10¢i = POl Lo 1. 41y e

<G (5) Wi

L e (5)1 PP

B éq12 EZ T EZ 2;: (1;:)—1 /ab <§>2M_1 € ) g
TS i S

B éq12 Eg + EZ gig: <§>2M_2 [l (1,113 o)
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where g = min(q + 1, s). Selecting u = s, we have

. L1 (g—(s—2) (k)¢
o =P ol < C @ s—ay\z)  Maamo)

k‘2(8 1)

SCT L ul %, (LHL(Q)

where the second inequality follows from Stirling’s formula as ¢ — oco. Therefore,

1 Er—1
10vu — P70l 213 () < CFHUHHS(I;H(%(Q))
for p = min(g+1, s) since the semi-norm |- | g (1,1 (q)y is bounded by || || gs (1,11 (). B

As a result, the following estimates also hold.

Lemma 2.14. Let I = (a,b) with k =b—a > 0. For every u € H*(I; H}(2)), s > 2, we

have
=
10¢(w — T7) | L2 (1,113 (2)) < CFHUHHS([;Hg(Q))a (2.2.21)
q K+
lu = Iyull 21,2 () < C'FHUHHs(I;Hg(Q))v (2.2.22)

where p = min(q + 1, s), I1Y is the projection operator as defined in (2.2.15), and C is a

universal constant.

Proof. To prove (2.2.21), we first note that 9;(ITfu) = Pl_lf)tu by definition.

—1
10 (u — H?U)HLQ(I;H(}(Q)) = [|0u — P} 8tUHL?(I;Hg(Q))
fr1 .
S CFHUHHS(LH&(Q)) (by PrOpOSltIOH 213)

For (b), we have
2

2
o= Tl 2 g ) =

t t
u(z,a) +/ Osu(x,s)ds —u(x,a) / P}Zilﬁsu(x,s) ds

L2(I;H ()
2

/ Pl '0,u(z, s) ds

2

L2(I;Hg ()

dt
Hg ()

/au — P D.ul(-, s) ds
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2
b 3
§/ (/ 1d3> </ |0su(-,s) — Pi~ Losul-, )]2ds> dt
“ Hg ()
b t s
</ k </ |asu(-,s)—P;—lasu(-,s)|2ds> dt
a a H&(Q)
1 2
2
</\au P?@u()ﬁm>
Hj(Q)
1
:kWQu—P?emm;m%m»
L
<C% 25 2||u||HSIH1(Q))
Thus
q ku
llw = Wull 21,2 (0)) < CFH“HHS(I;H(%(Q))'
]

We can also derive the following result using Lemma 2.14.

Corollary 2.15. Let I = (a,b) with k = b — a. Then, for every u € H*(I; H}(Q)) with

s > 2, we have

=2
100 (u — TI7w)[| L2 (1,112 () < CquHUHHS(I;H(}(Q)) (2.2.23)

where ;1 = min(q+ 1,s) and C is a universal constant, which may vary from line to line.
Proof.

100 (u = T07u)l| 21,113 () < 1100 (w0 — QM) 21,3 )y + 106( QM — TG) | L2113 )
k,,qu q2 q
sC= [ull o r:m3 ) + Cinv - 10:(QTw = 7wl L2113 )

2
qs—2
=2 'S

< Cqs_Q llull s (13 () + Cinv?Hat(U — Q)| 21,13 ()

2
q _
=C HUHHé(I,Hé(Q)) +Cinv?‘|atgqu_73}] latuHL?(I;H&(Q))

2
+ iy L 100w =P "Ovull 21, pr3 )
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k.,qu q2 k.,ufl
< Oz llm@mye) + O vl amyo)
2 k,u,—l
poh

gt Il g )

n—2
< CFHUHHS(I;H&(Q)V

where we have used Proposition 2.12 and the inequality

2
q
ol ;a1 @) < CinVZH‘PHL%I;H(%(Q))
for some constant Ci,y with ¢ € P71(I; H}(Q)) for ¢ > 1 [70] in the second step. Note
that for the second last step, we have used the estimates from Propositions 2.12 and

2.13. U

Remark 2.16. If we change the spatial function space from H(Q) to L?(2), the same

estimate follows. That is, for every u € H*(I; H}(2)) with s > 2, we have

o2
10 (u — TGu) || 21, 22(0)) < C = lull s (1,2 (2.2.24)

where p=min(g+ 1,s) and C is a universal constant.

Before we begin the proof of the main convergence theorem, we state some useful
properties of the projection error first. Assume that u € H*(0,T; H}(Q)) with s > 2 is
the weak solution of (2.0.1)—(2.0.3) and let II%u € V4 be the projection of u such that
Mfug, = M} u € VI is defined according to (2.2.15) for n = 1,..., N. Then the following

properties hold for ¢, > 2:
(a) (u—u)(z,t5) =0for n=0,1,...,N;
(b) O(u —Mu)(z,t,;) =0forn=1,...,N;
() f (0w —T19),¢0) dt for all p € P@=2(I; H}(R)).

Now we are ready to prove the following convergence theorem.
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Theorem 2.17. Let u be the solution to (2.0.1)-(2.0.3), and let upg € V9 be the dis-

continuous Galerkin approzimation of u. That is,
A(upg,v) = F(v) for all v e V4.

If uy, € Hon(Iy; H2(Q) N HY(Q)) for anyn=1,..., N with s, > 2, then

N 2,Ll,n—3 2/J«n 2
n
llu = unclll = © ( s lllZren 1s2009) + § 2%_2 lelFron 1, H?(m)) ’

n=1 11 n—=1 4n
where p, = min(q, + 1, 8,) for anyn =1,...,N and C is a constant independent of u,

qn and k.

Proof. Denote the global error by e := u — upa, and decompose it as e = e™ + e” with
e™ = u— % and e" = II%u — upg. First note that e™(z,t5) = (u — %u)(z,tE) = 0 for

n=0,...,N and " (z,t;) = O (u — Hlu)(x,t;,) =0 for n = 1,..., N. Therefore,
T2 T + 1 2 1 ST (4= []2 ~ n 7012
el = 21em (6 2y + 5 Z el + 31 € By + D [ e By
n=1""‘n—-1
1N y 1
||V€ () 2) + 5 D IVl Taiq) + 5 1IVET 0720
2 2 @)
n=1
1 1 Y
=Stz + 5 Héﬂ(tr—t) — &t )72 + €7 1720y dt
2 @ 9 (@) - (D)
n=1 n=1""n-
1 N N rtn
SED I LGS Y R L ANER
n=1 n=1"tn—-1
tn

By considering é™ (¢} ) = it

n—1

€™ (s) ds, we have

eI = Z 1y Zu— [ e astig

tn—1

N

<> (Hé”||%2(1n;L2(Q)) +

n=1

N
Fon .
Z <H3t =7 g, 20y + 5 10 - H?n“)”%%zn;ﬂ(ﬂ»)

2|]e”||%2(1n;L2(Q))> (by Holder’s inequality)
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N 2,2 N 2,3
knﬂn knﬂn
<Cy P [l Fron (1,220 + oy P [l Fon 1,.22(0) (by (2:2:21) and (2.2.24))
n=1

n=1 17
<O s lullien (1,020
n=1 4n
where p, = min(q, + 1,s,) for any n = 1,..., N and C' is a universal constant, which
may vary from line to line.

By Galerkin orthogonality, we obtain A(e™ + e® e") = A(u — upg,e?) = 0 as e =

M%u — upg € V4. Then,

1IeMI* = A(e", e") = —A(e™, ")

N tn N tn N tn
= _Z/ <é”,éh> dt — Z/ (€7, &M 2 dt — Z/ (Ve™,Veél) 2 dt
n=1"1tn-1 n=1"tn-1 n=1"1tn-1
N-1 N-1
=D )2 = D (VI Vel (61) 12 — (€7(8), €" (t5) 12
n=1 n=1

— (Ve (1), Vet ().

Integrating by parts the term <é”, éh> and rearranging the addends, we have

N o ftn N o ftn N ftn
P =3 [ @ epa=3 [ @Y [ v v ar
n=1"tn-1 n=1 n=1
N N—

1 1
ST [ = S (V1T Ve () 12 — (€7 (1), ()2
n=1 n=1

— (Ve (t]), Ve (td)) 1o
Note that the first term vanishes by the orthogonality condition that
tn
/ (€7,) 12 dt =0 for all o € P 2(L,;; H} (),

tn—1

and the terms on the second and third lines vanish by the properties of the projection

in
tn—1

N tn N tn
lerz = =% / @ M di+ Y / (D™, éM) s dt
n=1"Yn-1 n=1

tn—1

error. Integrating by parts the term Zf:[:l (Ve™, VéM) 2 dt in the 2 variable, we have



< Z/ /yeﬂueh|dxdt+z/ /]Ae”Hehldmdt

n=1

n=1

N

™ ™ 1 b
> (16 B, o + 1A e z2ap) + 5 D0 161210
n=1

L2 ()

n=1
by Young’s inequality. Note that nyzl HéhHLQ(I’n;[ﬁ(Q) < |||e"||, so we can absorb the
1N psh2

5D mei H€h||L2(1 12() term into the left-hand side of the inequality to get
N

el <237 (1612201, 200 + 1A Bty 2200

n=1
< CZ T 26n—2 HUHHSn(In ;L2(92)

2u
)+ CZ —

n=1 In n=1 11

where p, = min(g, + 1, s,) for any n =1

know that [|Aul|z2q) < [|ullg2(q)- Therefore

h
el < [lle™ {1 + [Tle™]l]

n=1

( 2p,n—2

2,un
C Z 25'”_2 ||u||H‘5n(1n L2 ) + C Z 25n_2 ||u||Hén In,H2(Q))

1
2
n—1 In )
n=1 dn

1
Z S T Z oz llizen 1oy

2
)
n—1 In
where C'is a universal constant, which may vary from line to line

kZun—3 %
CZ q28 n—06 HUHH‘S”(In L2(Q))

O
Remark 2.18. If we use uniform time intervals k, = k, and uniform polynomial degrees
Gn=0q> 2,5, =5>2 forn=1

N, then the error bound becomes
k‘2 nw—3
= ualll < € (5

K2
256 [ or1:L2() T

2 : Er—
23—2Hu||H5(0,T;H2(Q))> < C(u) 3
where p = min(q + 1,s) and C(u) is a constant depending on the exact solution u, but

(NI

< ZHG [l 2 (I;L2()) He HL2(ITL,L2 Q) +ZHA€ HL2(ITL,L2 Q) He ||L2 In;L2(Q))
N

QHAU,”HS“ Lir2()) (by Lemma 2.14)

N. By the definition of the H?>-norm, we

37
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independent of q and k.

2.3. Fully discrete numerical scheme

In this section, we shall construct a fully discrete scheme for the approximation of
the solution of (2.0.1)—(2.0.3). This numerical scheme combines a hp~-DGFEM in the
time direction with an H'()-conforming finite element approximation in the spatial
variables. It is well-known that discontinuous Galerkin finite element methods offer cer-
tain advantages over standard continuous Galerkin methods when applied to the spatial
discretisation of the acoustic wave equation [4]. For instance, the mass matrix has a
desirable block diagonal structure, which gives a more efficient computation when using
an explicit time scheme. However, for the sake of having a neat and concise convergence
analysis, we stick to a continuous Galerkin method in the spatial direction for this thesis;
applying the DGFEM in both the time and spatial directions will be considered in our

future work.

2.3.1. Construction of the fully discrete scheme For the spatial discretisation pa-
rameter h € (0,1), we define V), to be a given family of finite element subspaces of H}(€2)
with polynomial degree p > 1. We shall assume that the triangulation {73} of Q into d—
dimensional simplices, which are possibly curved along the boundary 012, is shape regular

and quasi-uniform. It follows from Bernardi’s work [15] that
inf {Ju—vllz2@) +hlu=vlm@} < OO ulgrig), 1<r<min(p,m-1), (23.1)
vEV)

for u € H™(Q) N H(Q). Now we introduce the space-time finite element space by

dn
Vi ={u: [0,T] = Vs u |1, = Zthj, uj € Vnt,
j=1

with g, > 2 for each 1 <n < N. For q := [q1,...,qn]" € NV, we then define the space

Vi i=A{u: [0,T] = Vp; u |, e VI forn=1,...,N}.
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Following the same procedure as in Section 2.2, we can now define the fully discrete

discontinuous-in-time scheme. We seek a solution upg € V,?h such that
A(upg,v) = F(v) for allv € V| (2.3.2)

where the bilinear form A(-,-): # x H — R is defined by (2.2.4) and F is a modified
version of F' in (2.2.5) defined as
ln
Z L2 dt + (Phu17 (t(—)i_))LQ + (VP}LU[), vv(ta_))L2 ) (233)

tnl

where Pp,: HE(Q) — V), is the Ritz projection such that
(VPru, V)2 = (Vu, V)2 forall ¢ € V. (2.3.4)

The existence and uniqueness of the fully discrete solution upc € Vg of (2.3.2) follow

from the following proposition.

Proposition 2.19. For each 1 < n < N, the local problem

tn tn tn
/ (i, 0) dt+/ (11, 0) 2 dt+/ (Vu, Vo) o dt + (i1, 5 ) + (Va1 Vo )

tn—1 tn—1 tn—1

tn
=/ (f.9)p2 dt + (1,01 ) e + (Vi Vg _y) e (2.3.5)

tn—1

admits a unique solution w € VI on I, provided that un,—1 and f |1, are given.

Proof. We first note that to show uniqueness, it suffices to see that the corresponding

homogeneous equation

tn tn tn
/ (i, 8 dt + / (i, 0) 2 It + / (Vu, Vi) o df + (icF_ 0 )

tn—1 tn—1 tn—1

for all v € V,ZZ only has the trivial solution u = 0. For this purpose, we assume that wu is

a solution and choose v = uw on I,,; then we have

tn
i 720y = it 1172y + 2/75 il 720 At + Vg 720y = IVt 111720
n—1
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+ 20l 172 ) + 20Vl 720y = 0.
That is,

tn
i 172y + k1 1720y + 2/ )12 gy dt + Vg [[72(q) + VU1 [I72() = 0-
n—1

Note that Hu:71||Hé(Q) = ||Vuzfl||L2(Q) = 0 implies that u,” ; = 0. Then we have

u(t) =0 for t € I,,
“:5—1 =0.
This implies that u(t) = 0 on I,,. The existence of a solution to the local problem (2.3.5)

follows from the uniqueness since this is a finite—dimensional problem. O

2.3.2. Convergence analysis In this section we will prove a space-time a priori error
estimate in the energy norm (2.2.7). This error estimate is optimal with respect to both

the spatial and temporal parameters.

Theorem 2.20. Let u be the solution to (2.0.1)(2.0.3) such that w;, € H*"(I,; H™(2)N
H}(Q)) for any n = 1,...,N with s, > 2, and let upg € V3 be the discontinuous

Galerkin approximation of u. That is,
A(upg,v) = F(v) for allv € V.

Assume that 1 <r < min(p,m — 1), s, > ¢, + 1 for each n =1,..., N, then we have

N f2an—1 N 1
ool < €4 32 Sacmgloli gy 74 S Wl -0
n=1 4" n=1 L
{0 (1t s+ 1) By + 1 (18 ) sy + Tt By |

(2.3.6)

where C' is a positive constant, which may vary from line to line.

Proof. Let H?Z denote the modified L?-projection defined by Definition 2.9 on I,, for each
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n=1,...,N. We decompose the error as

upa(t) — u(t) = (upa(t) — U7 Puru(t)) + (7 Pru(t) — Puu(t)) + (Pru(t) — u(t))

=0(t) + p1(t) + p2(t),

AT
In
dtJ

for t € I,, with n = 1,..., N. For simplicity of notation, we define (H?Zw)(j) =

and u@) = v for 4 =0,1 and 2. By Definition 2.9, Lemma 2.14 and Corollary 2.15,

des
we have
t’n () 2 tn/ . ) 2
/t loi” (B)1[22 0y At = /t 1(T19 Pr) D (£) — (Puu) D (1)][2 5 it
n—1 n—1
k%(#*j) )
< Oyl (r,i22(0))  for g =0,1, (2.3.7)
qn
and

tn tn
/ 1o ()12 dt = / (I8 Pr) @ (8) — (Pyu) ) (#)[|22g dt

tn—1 tn—1
k’n(“ 2)
< CT”“”H% (In;L2(Q)) (2.3.8)

n

where 1 = min(s,, g, +1) and C is a universal constant, which may vary from line to line.
If we assume that the solution u of (2.0.1)—(2.0.3) is sufficiently smooth (i.e., s, > g, +1),

then we can write

tn () 9 ki(Qn"‘l_]) 9
/t ) lej (t)HL2(Q) dt S CWHUHH“”(IH;LQ(Q)V (239)
for 7 = 0,1, and
tn @) k2qn—2
/t ”,01 ( )||L2(Q) dt < C—r—= ( ||UHH5n (In;L2(Q)) (2310)
n—1

By Céa’s lemma and the interpolation property (2.3.1), we know that

[V (Pru —u)|| 2y < mln [Vu — Vol r20) < Ch"|lull gr1 - (2.3.11)
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Applying a duality argument (cf. Theorem 5.4.8 in [17]), we have
1Pru = ullL2i) <RIV (Phu — ) 2(0) < CH™ H|ullgrer - (2.3.12)

Thus, we can approximate the terms involving ps by the following;:

tn . tn ,
/t 168 (D)2 At = / [Pwu?(t) = u ()2 o dt
n—1 n—1

< CR*" 2 |\ullips gy for 7 =0,1,2. (2.3.13)

Subtracting the variational formulation from the fully discrete scheme, we have

tn N o rtn
Z/ Gt) + pr(0) + o), 50 de+ S [ (600 + pr(0) + ). 010)) ,

n=1 tnfl L2
N N-1
#3 [ (V00 + Tr(t) + Vial0) Vi) o e+ 3 (64 fn + pabn, 6081 )1
n=1"tn—1 n=1

N—-1
+ D (V8 + Vor + Vpaln, Vo(th)) 12 + (anc(tg) — alty), d(t5)) 12
n=1

+(Vupa(ty) — Vu(ty), Vo(tg ) 2
= (Prur — u1,9(tg )) + (VPruo — Vuy, Vv(tar))Lz . (2.3.14)

By taking v = 6 in (2.3.14), we have

Z "l dt+z " (o 't L dt+z ; (t)>L2 dt
-1 N-1
+ Z([é]mé(trf))m + Y (VO] VO 2 + (0(67), 0(t5) 2 + (VO(1), VOt ) 12
n=1 n=1
N oty tn tn
__;/tn_1< dt—Z/tnl pt t det Z/tnl Vo (t ve())2
N—-1 ) N—-1
=3 (I 6E)) |, dt = 37 (Yol VO(ED) 1
n=1 n=1

N

~(le.06) |, ~ (), V0 12~ S [ (0,600

n=1"tn-1
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(2.3.15)

Since pa(t) := Pru(t) —u(t), both pa(t) and pa(t) are continuous in ¢. By the property of

the Ritz operator, we also have that
(va(t),ve'(t))L2 —0 foralltel, n=1,..., N.

Thus, we can write (2.3.15) as follows:

N tn N tn N tn
3 / (i0).0()) at + > / (6),6()) e 4> / (Vo). viw) , at
n=1 tn—1 n=1 lp—1 n=1 tn—1

N-1 N-1
+ ) (010, 0t 2+ D ([VOn, VO-E)) 2 + (0(7), 0(t)) 2 + (VO(LS), VO(t])) 2

n=1 n=1

N oty

Z/ dt - Z p1 L dt

n=1"tn-1 In—1

N .4, N-1 '

D ARCCCALDIIEEDS ([m]mt:))ﬂ

N—-1
3" (Vo). VO(ED)) 1 (m(t& ), 005 ))L2 = (Vor(tg): VO(t)) 12

1
- dt - dt. 2.3.1

Note that N
/tti <p‘1(t),0'(t)> dt:/ttn i( 1(t), 9'(t)> dt—/tti (pl(t),é(t)>L2 dt
= (At 6) |, = (G, 0)) . (2:317)

where we have used (d) of Lemma 2.11. Substituting (2.3.17) into (2.3.16) and rearranging
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the addends yield

tn ln

Z/ dt+z 't L dt+z (t))Lth
N-1
+ D ([0, 05D) 12 + Z [0, VOE)) L2 + (0(t5), 0(t5)) 2 + (VO(ES), VO(E])) 12
n=1
N ) tn
:_,;/tnl (pl(t, t . dt_z/tn 1 Vpi(t), V(t )) dt
N-1 N— )
= (). 01) = (T 0D (mmﬂmLQ
n=1 n]—VI . . .
— (Vi (), VO(tg) ;/tn 1 <ﬁ2( ), 0 dt— Z - L2 dt.
(2.3.18)

By (a)-(c) in Lemma 2.11, we have p1(tX) = 0 and p1(t;;) =0 for n = 1,..., N. Thus,

N-1
1, 1 1
*||9 ) Z2) + 5 Z 1161720y + §||9(tN)H%2(Q) + §||V9(t3r)\|%2(n) t3 > VOl
n=1
mehz+Z/IWMzt
tn . tn
= — t dt — V ), VO(t dt
Ztnl ).60) Z/M p <>)2
N oty tn
- Z dt - Z/ pa(t Jdt
th—1 tn—1

N

<@Z/ ot memz/ It memz/ 162(D]122 0y
+3x§3/%n9 m2>w+§j/ 18000 e |60 gy
<@Z/ e M>wmz/ Iat M>wmz/ 12Dl 22 0y dt
-wz/|mnhaw+§j 18(8)]2

tn—1
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N t 2qn
1 oo kn ,
< 3 Z/ [0t HL2 dt + QCZ 2(5 =y HuHHsn (In;L2(Q)) + QCZhQ +2”“”}11(1 JHTT1(Q))

n=1"tn-1 n=1 4n
N k2Qn+2
+chh2’"+2\|u||H2 L HP1(Q)) +2C'Z 2o 1)||u”HSn(In SH2(2))
n=1Adn
26]71 1 N tn .
<CZ e 1)||u”HSn(In T )+Czh2r+2||UHH2 Lo H ))+22/t 10(0)] 720 dt
n=1 n n=1 n=1"tn-1

(2.3.19)

We can absorb the last term on the right-hand side of (2.3.19) into the left-hand side to

obtain that

k,2(In . N
HWHF<1%7§:q%nQHumpwh¢w+u))+2C%2+2§:HM@pameuQ»- (2.3.20)

n=1 11 n=1

Note that

N-1
1, . 1 ) 1. 1
o2l = QHPQ(t(J)F)H%?(Q) T3 7; 11p2)nll7 2 () + §HP2UN)H2L2(Q) + §||VP2(t8L)H%2(Q)

—_

i1 Zuwzm@+nwwmm +Z/ 192Dl 220y dt

N |

= *||P'2(t5r)\|%2 + *Hﬁ2(t17v)||2L2(Q) + §HVP2(tSr)H%2(Q) + §”VP2(tf\f)||2L2(Q)
+2/ P21 q
< W (1) sy + 1) 310
+COn* ( w(t§)| 310y + ||U(t1§)||%1r+1(9)) + ChF P2l B o 41 (52))-
We also have that

N-1
1, . 1 ) 1. 1
el = §\|P1(t5r)H%2(Q) T3 7; A1)l 2() + iupl(tN)H%Q(Q) + §||Vpl(t8L)H%2(Q)

-1

=

3 S Voihla@) + 3 IVo ) e +Z/ o1 ()22

N =

1

wal m2+2/ 161 (8) 2 gy

3
Il
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1 N tn N tn
=5l [ ) sl + 30 [ a0l at
n=1 n=1"Ytn-1

n—1
N N
< Z 7” |0 (T Ppu — Phu)H%Q(In;LQ(Q)) + Z 10 (117, Pru — Phu) ”%2(171;?(9))
n=1 n=1
2(171 1 kQQn
<cz e 5 [Pl e 1,22 +CZ 217 1 PrtllFron (1,220
n=1 n n= 1qn
2qn—1
< CZ 2 el Fron 1,202
n=1 4n

By the triangle inequality, we deduce that

[llw = wunglIl < 8[| + [l Il + o2l

D=

N k2qn71 N
n
< C{ WHUH%S"(IMH”H(Q)) + B2r+2 Z ||UH%'-[2(IH;HH—1(Q))}

n=1 1" n=1

#0052 (1) By oy + 18005 By o)

N|=

+ BT (IIU(%)II?{TH(Q) + ||U(tfv)||§{r+1(ﬂ)) } ' (2.3.21)
U

Remark 2.21. If we use uniform time intervals k, = k, and uniform polynomial degrees

Gn=q> 2,8, =52>2 forn=1,...,N, then the error bound becomes

2r qu_l 2
Il = unalll < ) (12 + 555 )
where C'(u) is a positive constant depending on u and 1 < r < min(p,m — 1).

Remark 2.22. If we only consider the L? error estimate at the end point, we can deduce

from the proof of Theorem 2.20 that

a(ty) — wpc(ty) 2@ < 102 + 161 Ex) I z2@) + 620 L2

N

. k2 ST
<C <h2( R q28—2> [l s 0,757+ 0y + CH @ty e (g
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1
29 \ 2
< C(u) (h2(r+1) + 122_2> )
q

Analogously,
o ) B _ B . k24 \ 2
() — e (o)l e + lult) — upc(ty) s < Cw) (h2< ) 4 q) .

2.4. Numerical experiments
In this section, we show some numerical results to verify the convergence properties

of the DG-in-time scheme introduced in Section 2.3.

2.4.1. Numerical results for a scalar linear wave equation We consider the one-

dimensional wave problem

iz, t) + 2yi(x, t) + Y2u(x, t) — Opzu(mw,t) = f(z,1) in (0,1) x (0,77,

u(0,t) =u(l,t) =0 for all t € (0,77,

u(z,0) = up(z), u(z,0)=wui(z).
Here, we set T'=1, v =1 and let ug, u; and f be chosen such that the exact solution is

u(z,t) = sin(v/27t) sin(rz). That is, ug(z) = 0, uy(x) = V27w sin(rz), and
f(z,t) = [(—72 4+ +2) sin(v/27t) + 2V 2y cos(V/2rt)] sin(mz).

We first discretise the problem in the spatial direction using continuous piecewise polyno-
mials of degree p > 1, and compute the corresponding mass and stiffness matrices using
FEniCS. Let V), be the finite element function space with A being the spatial discretisa-
tion parameter specified previously. The numerical approximation of the one-dimensional

wave-type equation is the following: find w; € Vj, such that

/u'h-vhdaH—/2fyuh~vhdm+/72uh-vhdx+/8zuh-8xvhdw:/f-vhdm,
Q Q Q Q Q
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for all v, € Vy. After discretisation in space based on the above weak formulation, the
problem results in the following second-order differential system for the nodal displace-
ment U():

MU(t) + 2yMU(t) + 4*MU(t) + KU(t) = F(t), t< (0,T], o)

U((0) =U;, U(0) = Uy,
where U(t) (respectively U(t)) represents the vector of nodal acceleration (respectively
velocity) and F(t) is the vector of externally applied loads. Here, M and K are the mass
and stiffness matrices (with a Dirichlet boundary condition applied) whose entries are,

respectively,

_ 1 B 1
Mij = / wz(l') : wj(l') dl‘, Kij = / &ﬂb,(x) . &ij(x) d.%',
0 0

where {wi}le are the basis functions in the spatial direction. Multiplying the above

algebraic formulation by M2 and setting Z(t) = M%U(t), we obtain

.

Z(t) + LZ(t) + KZ(t) = G(t), te (0,T], (2.4.2)

2(0) = M2U;, Z(0) = M2 Uy, (2.4.3)

where Uy = [0,... ,O]T ¢ RY and U, is the d-vector corresponding to u; at the grid
points. Here L = 2yId, K = ~4?Id + M~2KM™% and G(t) = Mf%F(t). Note that M2
can be easily computed using scipy.linalg.fractional matrix_power in Python. We
subdivided [0,T") with T'=1 into N sub-intervals I,,, for n = 1,..., N, of uniform length
k. We assume that the polynomial degree in time is constant at each time step. That is,
q1 =+ =qn = q > 2. If we consider the time integration on a generic time interval I, for
each n = 1,... N, our discontinuous-in-time formulation reads as follows: find Z € V]!

such that

(20)%) Ly, (E2O%) L+ (K209 g, + B (05
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+KZ(th 1) - v(th_1) = (G(t),¥) 2, + Z(t, ) vty )+ KZ(t, ) - vt ),
(2.4.4)

for all v € ng, where on the right-hand side the values Z(t;_l) and Z(t,_,) computed
for I,_; are used as initial conditions for the current time interval. For I;, we set Z(to_ ) =
Z(0) and Z(t,) = Z(0). Before we start the algebraic formulation of this problem, we
need to show that equation (2.4.4) is equivalent to the DG formulation of our original
problem. After semi-discretisation in spatial variables, we are left with equation (2.4.1).

On each time interval, our DG formulation is

(a0).9) , KU(t), ¢

A2 (O,e) e (00 ¢) L ( )i

L3(1,)
+ MU(tjz_—l) S@(th_ )+ ’YQMU(t:'L_—l) ot )+ R—U(t:—l) p(th )
= (F@), @) r2¢,) + MU(t,_y) - p(ti_y) +7*MU(t,_y) - p(th_) + KU,y - o(t_y),

for all ¢ € [V},]?. Since both M and K are positive definite and symmetric matrices, we

can replace M 5U by Z to have

. ~ 1 . ~ 1 . 2 ~_ 1 = _1 1,
(2w, 13g)  +2y (Z(t),Mch)L2 + (VP2() + MER N3 2(), M

L2(In) (In

M2RNM 2Lt ,) - M2e(t)y), (2.4.5)

for all ¢ € [Vu]9. By substituting G(t) = M~ 2F(t), K = 42Id + M~ 3KM~: and
v=M _%cp, we obtain equation (2.4.4). Here K is also a symmetric and positive definite
matrix. From now on, we will consider the algebraic formulation of equation (2.4.4) only.
Focusing on the generic time interval I,,, we introduce the basis functions in the time
direction {¢j(t)}?’;{1 for the polynomial space P4 (I,) and define D = d(g, + 1), the

dimension of the local finite element space V,ZZ. We also introduce the vectorial basis

{‘Iﬂn(t)}zn: ji""qgﬂ, where ®7,(t) is the d-dimensional vector whose m-th component is
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@’ (t) and the other components are zero. We write

dA gn—+1

Z(t) = Zl Zl o &7 (1), (2.4.6)
m=1 j=

where od, € R for m = 1,...,d, 5 =1,...,¢q, + 1. By choosing v(t) = @i}z(t) for each

m=1,...,d,7=1,...,q, + 1, we obtain the following algebraic system
Az =b, (2.4.7)

where z € RP = R(@+1d i5 the solution vector (values for af;n). Here b € R corresponds

to the right-hand side, which is given componentwise as

b= (G(O.8],) |, Bl ) B ) KB ) @), (248)

~

form=1,...,d,j=1,...,g,+1. A is the local stiffness matrix of size (qn+1)cZ>< (qn+1)af

with its structure being discussed below. For ,5 =1,...,q, + 1,
ML — (J 'l) . M2 = <", 'l) M3 = ( j 'l)
lj ¢ 7¢ LQ(IH) lj qu ¢ L2(In), lj ¢ 7¢

M= §(t0) - S0, M= ¢/ (60) - o' (5.

L2(In)’

Setting
M =M"+M* B = LijM*+ K;;(M?+ M),
with M, B;; € RnT)x@n+) for any i, j =1,..., d, we can write the matrix A as
M 0 0 - 0 | [Bi By - B, ]
Al |0 M 0 0| By Baa o By
_0 0 0 M | _B(i,l BJ,Q de |

For each time interval I,, = (t,,—1, t,,], we use the following shifted and scaled Legendre
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polynomials {¢;} as the basis polynomials.

2(t —ty_1) 6(t—ty_)* 6(t—tr )
o) =1, F)="—""" -1 P =g - T+ L
sy 2 00—t )t 300t y)? 120 —t)
o(t) = k3 B k2 + k o
(1) = 00—ty )" 140t —t, ) N 900t —t, 4)*  20(t—t5 y) o
a ki k3 k2 ko ’
6 252(t —tF ) 630(t—t )t 560(t—tt )3 210(t—tf )? 30(t—t' )
(t) = kD N ki * k3 B k2 L
This implies that
: : 2 . 12(t—tr ) 6
1 2 3 n—1
t) = t) = — t) = ——5"— — —
o) =0, F1)=1- &0 = o
. 60(t—t )2 60(t—tF 12
¢4(t) _ ( 3n—1) N ( - n—l) + —
k3 k2 K
() 280(t — ¢ )®  420(t —t )2 N 180(t —t ;) 20
V=" 5 R
(1) = 1260(t —tt )% 2520(t — ¢t} )3 N 1680(t —tt )2 420(t—t! ) N 30
- k3 k4 k3 k2 kn’
and
; 12 . 1200t -t ) 60
P (t) = ok o'(t) = k—gl 33
840(t —t ) 180
R A

0 5 10 15 20 25 30 35 40 0 10 20 30 40 50 60

Figure 2.2: Sparsity pattern of the matrix A for p = ¢, = 2,3,4,5 from left to right,
where p is the polynomial degree for the spatial discretisation.

— 1.
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6 5040(t —tt )3 7560(t —tT )% 3360(t—tS ) 420
e

We compute My, ..., M5 according to the above-mentioned formulae for ¢, = 2,3,4,5
respectively. The corresponding matrix A has a symmetric density structure and its
sparsity depends on the polynomial degree of the fully discrete finite element space Vg;; for
each time step. We plot the sparsity of A in Figure 2.2 for ¢, = 2, 3,4, 5 with CG—p (where
P = @) elements in space. It shows that the matrix gets less sparse as the polynomial
degree increases. The linear system Az = b is solved using numpy.linalg.solve in

Python.

Table 2.1: 1D linear wave equation with p = ¢: computed errors |||Z — Zpgl||, ||w(T") —
upa(ty)l| r2(0) and corresponding convergence rates with respect to polynomial degrees
q=2,3,4,5.

q k energy-norm error  rate L?-error rate
2 5.000e —1 1.6104e — 0 — 2.7764e — 2 —
2.500e — 1 6.3133e — 1 1.3509 3.1785e — 3  3.1268

1.250e — 1 2.3095e — 1 1.4508 2.9815e —4  3.4142
6.250e — 2 8.2525e — 2 1.4847 3.8145e —5  2.9665

3 5.000e -1 3.3107e — 1 — 9.2796e — 3 —
2.500e — 1 6.6906e — 2 2.3069  3.4250e —4  4.7599
1.250e — 1 1.2170e — 2 2.4588 1.4774e—5 4.5350
6.250e — 2 2.1682e — 3 2.4888 7.6664e — 7 4.2684

4 5.000e -1 6.3773e — 2 — 2.4916e — 4 —

2.500e — 1 5.7582e — 3 3.4693 4.3113e —6  5.8528
1.250e — 1 5.1473e — 4 3.4837 1.1657e —7  5.2089
6.250e — 2 4.5654e — 5 3.4950 3.8021e —9 4.9383

5 5.000e -1 6.8152¢ — 3 — 1.3549¢ — 5 —
2.500e — 1 3.3249¢ — 4 4.3574  2.8591e—T7 5.5665
1.250e — 1 1.4968e — 5 4.4734  4.9007e —9  5.8664

6.250e — 2 6.6462e¢ — 7 4.4932 7.7459e — 11 5.9834

Here we use CG—p elements (continuous piecewise polynomials of degree p) in space
with h = k, T = 1 and v = 1, and compute the errors |||Z — Zpg||| and ||a(T) —
upG (ty) 2y versus k for k = 27t 1 =1,2,3,4, with respect to polynomial degrees

q=2,3,4,5. We first choose p = ¢, i.e., the polynomial degree in the spatial direction is



53

the same as the polynomial degree in the time direction. Both the semi-discrete errors
in the energy norm and the fully discrete errors at end nodal points in the L2-norm
are reported in Table 2.1 and plotted in a log-log scale in Figure 2.3 and Figure 2.4. As
expected, the convergence rate in the energy norm is of order O(kq_%), which is consistent
with Remark 2.18. For the fully discrete errors in the L?-norm, the numerical experiments
show a better convergence rate of O(k%"1) rather than O(k9) (cf. Remark 2.22). This
hints that our error estimates derived at the nodal points are not optimal. In fact, an
error estimate of O(hP*! 4 k29=1) at the nodal points was proved by Eriksson et al. [34]
for the linear parabolic equation. It is thus possible to derive similar error estimates
for the linear wave equation. To verify our conjecture, we test with p = 2¢ — 2 and
p = 2q — 1 respectively (cf. Table 2.2 and Table 2.3). Both tests show a convergence rate
of O(k?9~1), which is consistent with our conjecture. Note that for the case p = 2¢ — 1,

with h = k, the error estimate is still of O(k?9~1) because O(k%~!) dominates O(h%9).

Remark 2.23. Note thaty > 0 (i.e., L is a positive definite differential operator) ensures
the stability of our numerical scheme. If we set v = 0 and consider the following wave
equation
i(x,t) — Oppu(z,t) = f(z,t) in (0,1) x (0,77,
with
f(z,t) = —n? sin(vV/2nt) sin(rz),

similar convergence rates are observed. This suggests that our numerical scheme still

works even if the coercivity of the bilinear form does not induce a norm.
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Table 2.2: 1D linear wave equation with p = 2¢ — 2: computed errors |||Z — Zpgl||,
|[4(T) — upc(ty)|lz2(q) and corresponding convergence rates with respect to polynomial

degrees ¢ = 2,3, 4.

q k energy-norm error  rate L2-error rate
2 5.000e -1 1.6104e — 0 — 2.7764e — 2 —
2.500e — 1 6.3133e — 1 1.3509 3.1785e¢ —3  3.1268
1.250e — 1 2.3095e — 1 1.4508 2.9815e —4  3.4142
6.250e — 2 8.2525e — 2 1.4847 3.8145e¢ —5  2.9665
3 5.000e -1 3.3067e — 1 — 8.4203e — 3 —
2.500e — 1 6.6901e — 2 2.3053  2.5352e —4  5.0537
1.250e — 1 1.2169e — 2 2.4588 7.4658¢ — 6  5.0857
6.250e — 2 2.1682e¢ — 3 2.4886  2.240le — 7  5.0587
4 5.000e -1 6.3765e — 2 — 1.5878e — 4 —
2.500e — 1 5.7580e — 3 3.4691 1.2464e —6 6.9931
1.250e — 1 5.1472e — 4 3.4837  9.5992e —9  7.0206
6.250e — 2 4.5654e — 5 3.4950 7.2384e — 11 7.0511

Table 2.3: 1D linear wave equation with p = 2¢ — 1: computed errors |||Z — Zpgl||,
|[4(T) — upG(ty)||L2(q) and corresponding convergence rates with respect to polynomial

degrees q = 2, 3, 4.

q k energy-norm error  rate L?-error rate
2 5.000e -1 1.6125e — 0 — 9.4398e — 2 —
2.500e — 1 6.3137e — 1 1.3527  1.3508e — 2  2.8049
1.250e — 1 2.3095e — 1 1.4509 1.7750e —3  2.9279
6.250e — 2 8.2525e — 2 1.4847  2.2554e —4  2.9763
3 5.000e -1 3.3075e — 1 — 2.1981e — 3 —
2.500e — 1 6.6902e — 2 2.3056  9.6398e —5 4.5111
1.250e — 1 1.2169e — 2 2.4588 3.2432¢ — 6  4.8935
6.250e — 2 2.1682e — 3 2.4886 1.0376e —7 4.9661
4 5.000e -1 6.3765e — 2 — 7.9749¢ — 5 —
2.500e — 1 5.7580e — 3 3.4691  6.0876e — 7  7.0334
1.250e — 1 5.1472e — 4 3.4837 4.8693e —9  6.9660
6.250e — 2 4.5654e — 5 3.4950 3.9113e — 11 6.9599
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Table 2.4: 1D linear wave equation with the generalised—a and the Newmark—3 methods:
computed errors ||[i(T) —tipa(ty)||L2(q) and corresponding convergence rates with respect
to polynomial degrees p = 2,3, 4.

P k=h Newmark— error  rate  generalised—« error  rate
2 5.000e — 1 1.2325e — 0 — 1.2283e — 0 —
2.500e — 1 5.1116e — 1 1.2697 5.4672e — 1 1.1678
1.250e — 1 1.4317e — 1 1.8360 1.5308e — 1 1.8365
6.250e — 2 3.6778e — 2 1.9608 3.9282e — 2 1.9623
3 5.000e —1 1.2455e¢ — 0 — 1.2411e — 0 —
2.500e — 1 5.1247e — 1 1.2812 5.4793e — 1 1.1796
1.250e — 1 1.4327e — 1 1.8387 1.5316e — 1 1.8390
6.250e — 2 3.6784e — 2 1.9616 3.9288e — 2 1.9629
4 5.000e —1 1.2438¢ — 0 — 1.2397e — 0 —
2.500e — 1 5.1238¢ — 1 1.2795 5.4785e — 1 1.1781
1.250e — 1 1.4326e — 1 1.8386 1.5316e — 1 1.8387
6.250e — 2 3.6784e — 2 1.9615 3.9288e — 2 1.9629
Table 2.5: 1D linear wave equation with p = 2: comparison of computational time
between the DG method and the generalised—a method
q k single time step total time L?-error
DG method  1.250e — 1 5.82e — 2s 7.06e —1s 2.9815e — 4
Generalised o 1.250e — 1 2.26e — 2s 3.67e —1s 1.5308e — 1

We also compare our proposed DG method with the generalised—« method [35] (with

am = 0.2 and ay = 0.4) and the Newmark-5 method (i.e., the generalised—o method

with oy, = ay = 0), which are second-order accurate in the temporal domain (cf. Table

2.4 and Table 2.5). As expected, our DG method outperforms these two finite difference

schemes in terms of convergence rate and accuracy. Though each time step is more

expensive in our approach because a linear system needs to be solved for each time step,

this can be balanced using a larger time step.
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2.4.2. Numerical results for a two-dimensional elastodynamics problem Now
we consider a two-dimensional linearised elastodynamics problem. For T' > 0, find u: € x
[0, 7] — R? such that

pi+ 2070+ py?u—V-o=f in Q x (0,7,

u=20 on 0% x (0,77,

u(z,0) =up(z), u(z,0)=u(z) in Q.

Here f € L2(0,T, L*(Q)) is the source term, and p € L®(2) is such that p = p(x) > 0
for almost any x € ). The stress tensor o is defined through Hooke’s law, that is,

o = 2ue + Atr(e)Id, where Id is the identity matrix, tr is the trace operator, and
1 T
e(u) = 5(Vu+ Vu').

Note that we assume 92 € C? in the problem set up (cf. equation 2.0.1) to apply the
duality argument in the convergence analysis (cf. Section 2.3). In fact, it is sufficient to
assume that 2 is a convex polygon for d = 2. We consider Q@ = (0,1) x (0,1), T" = 1,
and set p=1,y=1,A =1 and g = 1. Here we choose up, u; and f such that the exact

solution is
a(z, 1) = sin(v/3r?) — sin?(7x) sin(27y)
sin(27x) sin?(my)

We discretise the linearised elastodynamics equations in the same manner as in Section
2.4.1. Again, we choose p = ¢q, h = k and compute the errors |||Z — Zpg||| and ||[u(T) —
upc(ty)ll2) + [[a(T) — apa(ty)llL2) versus k for k = 0.500,0.250,0.125 and 0.100
with respect to polynomial degrees ¢ = 2,3,4. Note that here we use £k = h = 0.100
instead of 0.0625 for the smallest time step; this is due to the computational limits of
FEniCs for the high order approximation of non-scalar problems. We choose the last step

to be 0.100 to ensure that we still have sufficient data to compute the convergence rates.

Both the semi—discrete errors in the energy norm and the fully discrete errors at nodal
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points in the L?-norm are computed in Table 2.6 and plotted in a log-log scale in Figure

2.5 and Figure 2.6.

Table 2.6: 2D linearised elastodynamics problem with p = ¢: computed errors |||Z —
Zpal|l, [[a(T) —upc(ty)llr2() + [[0(T) —tpc(ty)||£2(0) and corresponding convergence
rates with respect to polynomial degrees ¢ = 2, 3, 4.

q k energy-norm error  rate L?-error rate
2 5.000e -1 1.2668e — 0 — 7.2172e — 1 —
2.500e — 1 5.2863e — 1 1.2609 9.5802e —2 2.9133
1.250e — 1 1.9754e — 1 1.4201 1.2390e —2 2.9509
1.000e — 1 1.4262¢ — 2 1.4599 6.8663e —3 2.6452
3 5.000e -1 3.1328e — 1 — 1.3788e — 1 —
2.500e — 1 6.0999¢ — 2 2.3606 1.278% —2 3.4304
1.250e — 1 1.0548e — 2 2.5318 6.1569e —4 4.3765
1.000e — 1 6.0522e — 3 2.4895 2.4334e —4 4.1600
4 5.000e —1 1.5241e — 1 — 8.4535e — 2 —

2.500e — 1 6.153% — 3 4.6303 1.7324e —3 5.6087
1.250e — 1 4.5846e — 4 3.7466 5.4731le — 5 4.9843
1.000e — 1 2.0732e — 4 3.5565 1.7987e —5 4.9868

Table 2.7: 2D linearised elastodynamics problem with p = 2¢g — 2: computed errors |||Z —
Zpcl|l, [[a(T) —upc(ty)llr2) + [10(T) —apc(ty)|| 2 (o) and corresponding convergence
rates with respect to polynomial degrees ¢ = 2, 3, 4.

q k energy-norm error  rate L?-error rate
2 5.000e -1 1.2668e — 0 — 7.2172e — 1 —
2.500e — 1 5.2863e — 1 1.2609 9.5802e —2 2.9133
1.250e — 1 1.9754e — 1 1.4201 1.2390e —2 2.9509
1.000e — 1 1.4262e — 2 1.4599 6.8663e —3 2.6452
3 5.000e — 1 2.9135e — 1 — 7.3446e — 2 —
2.500e — 1 5.6740e — 2 2.3603 3.7267e¢ —3 4.3007
1.250e — 1 1.0486e — 2 2.4359 1.1836e —4 4.9766
1.000e — 1 6.0356e — 3 2.4754 3.8835e —5 4.9941
4 5.000e — 1 5.2822¢ — 2 — 6.7767e — 3 —

2.500e — 1 4.9297e — 3 3.4216 4.4456e — 5 7.2521
1.250e — 1 4.4454e — 4 3.4711 3.7959e¢ — 7 6.8718
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2D linearised elastodynamics problem with the generalised—a and the
Newmark-3 methods: computed errors |[u(T") —upc(ty )l L2(q) + [[W(T) —pc (Ey)l 22(0)
and corresponding convergence rates with respect to polynomial degrees p = 2, 3, 4.

P k=h Newmark— error  rate  generalised—« error  rate
2 5.000e —1 1.7657e — 0 — 3.3111e — 0 —
2.500e — 1 6.6997e — 1 1.3981 1.3432e — 0 1.3016
1.250e — 1 1.5397e — 1 2.1214 2.9609e — 1 2.1816
6.250e — 2 3.5884e — 2 2.1012 6.4175e — 2 2.2060
3 5.000e —1 2.3486e — 0 — 4.2408e — 0 —
2.500e — 1 8.0663e — 1 1.5418 1.5214e — 0 1.4789
1.250e — 1 1.6678e — 1 2.2740 3.1034e — 1 2.2934
6.250e — 2 3.6695e — 2 2.1843 6.5030e — 2 2.2547
4 5.000e —1 2.3966e — 0 — 4.3113e — 0 —
2.500e — 1 8.1573e — 1 1.5548 1.5310e — 0 1.4936
1.250e — 1 1.6703e — 1 2.2880 3.1059¢ — 1 2.3014
6.250e — 2 3.6703e — 2 2.1861 6.5038e — 2 2.2557

Table 2.9: 2D linearised elastodynamics equation with p = 2: comparison of computa-
tional time between the DG method and the generalised—a method.

q k single time step total time L?-error
DG method 1.250e —1 9.81e + 1s 1.04e 4+ 3s  1.2390e — 2
Generalised o 1.250e — 1 3.86e — 1s 3.44e — 0s  2.9609e — 1

A convergence rate of O(k:qfé) for the energy norm is observed, in accordance with

the theoretical result (cf. Remark 2.18). Again, the numerical experiments show a better

nodal convergence rate in the L? norm of O(k9*!) rather than O(k?). If we repeat the

numerical tests with p = 2¢ — 2 and h = k (cf. Table 2.7), we obtain a convergence rate

of O(k??71) as in the one-dimensional example. Note that for DG4 elements, we did

not compute the errors for the last time step £ = 0.100 due to computational limit. In

particular, each mass matrix M takes around 1.38GB storage space, and this means that

the linear system Az = b we are solving takes at least 1.38 x (4 + 1)? = 34.5GB physical

memory. Thus, it is not within the capabilities of my computational resources.

Again, we compare the proposed DG method with the generalised—a [35] and the
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Newmark—3 [58] time integration schemes. For the two-dimensional example, our DG
approach is much more expensive than the generalised-a scheme. Thus, it is necessary
to introduce some preconditioning or parallelisation strategies to improve the efficiency

of computations.



Chapter 3

Nonlinear elastodynamics

equations

This chapter aims to show how a discontinuous Galerkin time-stepping method can be
used to approximate solutions of second-order quasilinear hyperbolic systems, which arise
in a range of relevant applications, namely elastodynamics and general relativity. There
has been a substantial body of research devoted to both the theoretical and numerical
analysis of solutions to second-order hyperbolic equations. In particular, Kato [19] es-
tablished the existence of solutions to the initial-boundary-value problem for quasilinear
hyperbolic equations using semigroup theory. Building on Kato’s work [49], Hughes, Kato
and Marsden [13] analysed the existence, uniqueness and well-posedness of a more general
class of quasilinear second-order hyperbolic systems on a short time interval. They also
applied these results to elastodynamics and Einstein’s equations for the Lorentz metric
Ja,p ON R%, 0 < a, B < 3. In contrast to the semigroup approach, Dafermos and Hrusa [24]
used energy methods to establish the local in time existence of smooth solutions to initial-
boundary-value problems for such hyperbolic systems on a bounded domain @ C R? where
d=1,2,3. In the case of d = 3, Chen and Von Wahl proved an existence theorem for simi-

lar initial-boundary-value problems in [18]. Concerning numerical approximations of such
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equations, Makridakis [56] proved optimal L? error estimates for both a semi-discrete and
a class of fully discrete schemes for the elastodynamics problem. In [61], Ortner and Siili
developed the convergence analysis of semidiscrete discontinuous Galerkin finite element
approximations of second-order quasilinear hyperbolic systems. In this chapter, we will
focus on the equations of nonlinear elastodynamics, though the ideas and techniques can
be easily generalised to other second-order nonlinear hyperbolic equations, for instance,
Einstein’s equations, provided the assumptions on the nonlinearity assumed herein are
satisfied.

We begin by formulating the time-dependent problem resulting from nonlinear elas-
ticity. Consider a homogeneous elastic body with reference configuration €2, a bounded
domain in R? for d = 1,2,3, with sufficiently smooth boundary 0. Particles in this
reference configuration are denoted by their coordinates . A motion x(-,t): Q@ — R”
over the time interval [0,7] for 0 < T' < oo is a mapping of the body to the current

configuration, which satisfies the equations of balance of linear momentum
X(z,t) = DivS(z,t) + f(z,t) in Q x (0, 7). (3.0.1)

Here x(x,t) is the position of the particle with reference position x at time ¢, S represents
the Piola-Kirchhoff stress and f is the body force. Here the dot over x denotes differenti-
ation with respect to time and Div is the divergence operator. The Piola-Kirchhoff stress
S is determined from the deformation gradient Vx through the following constitutive
relation

N

Sz, t) = S(Vx(z,1)), (3.0.2)

where S is a given smooth d x d matrix-valued function defined on R?*¢, which charac-
terises the material.

A typical problem of interest is to determine a motion of the elastic body when its
boundary is held fixed, its initial configuration x/(-,0) and initial velocity x(-,0) are

known, and the body force f is given. We consider the displacement field u: Q x [0,7] —
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R"™ defined by
u(z,t) = x(z,t) — . (3.0.3)

For simplicity, we assume that the reference configuration is an actual configuration of
the body, that is, we write S(Vu) instead of S(Vu+1Id). Then this displacement field u

satisfies the following initial-boundary-value problem:
d
iii(2,t) = Y OaSia(Vu(z,t)) = fi(z,t) in Q x (0, 7], (3.0.4)
a=1

for each i = 1,...,d, where u = [ul,...,ud]T represents the displacement field and

f=[f1,..., f4]7 is the given body force which is sufficiently smooth, and
u(x,t) =0 on 00 x (0,77, (3.0.5)

u(z,0) = ug(x) € [H}( Q)TN [H™(Q)]?, a(z,0) =u(z) € [H™H(Q)]4, (3.0.6)

are prescribed boundary and initial conditions, and m is an integer which will be specified
later. Here and in (3.0.4) the dots over u denote differentiation with respect to time ¢,
and 0, is the partial derivative with respect to x,. For a complete discussion of the
relevant mechanical background, we refer the reader to [5,40].

For hyperelastic materials, .S is the gradient of a scalar-valued ‘stored energy function’,

that is,
Sia(n) = 0 W (n), for n € R,
ania
Let
9 dxd
Aiajp(n) = Sia(n), for n € R**%.
IMjp
Clearly, we have
Aiajs = Ajias for 1 <i,a,j,8 < d. (S1a)

We assume that the elasticities A;q ;3 satisfy the strict Legendre-Hadamard condition

d
D Aiajp()Calpéi&s = Mol¢P[)>  for all p € O and ¢, € € R, (S1b)
i,a,8,j=1
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for some real number My > 0, where O is the domain of definition of A;4;3 and here |- |
denotes the Euclidean norm on RY.

The initial-boundary-value problem (3.0.4)—(3.0.6) does not have a global smooth
solution as a result of breaking waves and shocks no matter how smooth ug, u; and f are.
It was proved by Dafermos and Hrusa [24] that there exists a unique local solution to the
problem (3.0.4)—(3.0.6) provided that (Sla,b) are satisfied. We summarise this existence

result in the following theorem.

Theorem 3.1. Let Q be a bounded domain in RY with smooth boundary 0. Assume
that (S1a,b) hold, that Ainjp and £ are sufficiently smooth, and that ug € [H™(Q)]¢ and
w; € [H™HQ)]? for some integer m > [4] + 3. Assume further that the initial values of
the time derivatives of u up to order m — 1 vanish on 9Q and that Vuo[Q] C O. Then,
there exists a finite time T > 0 for which (38.0.4)—(5.0.6) has a unique solution u such
that

ue () Cm (0, T [H*(Q)]F). (3.0.7)
s=0
By the Sobolev embedding theorem, (3.0.7) implies that

ue [C7[0,T] x Q)] := ﬁCﬁs([QT]; [C*(@)]Y),
5=0
where 3 = m—[2]—1. Note that our assumption on m implies that 8 > 2. We shall assume
throughout this chapter that the above assumptions are satisfied for m sufficiently large
so that a unique solution of (3.0.4) exists. In fact, by Theorem 3.1, this unique solution

satisfies

ue CH([0, 7], [H™ ()] n C((0,T], [H™(2)]).

3.1. Definition and assumptions

In order to find a numerical approximation to the solution of the hyperbolic system
(3.0.4)—(3.0.6), we discretise it in space using a continuous Galerkin method, and then ap-

ply a discontinuous Galerkin method in time. For the sake of showing the well-posedness
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of the resulting numerical method, we consider the substitution u = v, with v > 0,

resulting in the equivalent equation:

d
B, 1) + 2901 (2, 1) + 720l 1) — 0 S 0aSia (@' V(2 1)) = fila, ) in Q@ x (0,7,
a=1
(3.1.1)

for each i = 1,...,d, where f= e f, v > 0 is a fixed constant,
v(z,t) =0 on 0Q x (0,77, (3.1.2)

v(z,0) = vo(z) € [HH Q)] N [H™(Q))4, ¥(2,0) = vi(z) € [H™ Q)Y  (3.1.3)

where vo(z) = ug(z) and vi(z) = ui(x) — yup(x). Here v can be any positive number
and it does not have any effect on the convergence of the numerical scheme. From now

on, we focus on the system of equations (3.1.1)—(3.1.3) only. By Theorem 3.1, we have
v =ue " e CY([0,T], [H™H(Q)]F) N C([0, T, [H™()]).

This shows that the initial conditions stated as (3.1.3) in the above definition are mean-
ingful.

We define the following time-dependent semilinear form

d
V(1)) i= 3 € (Sia(€"VV(E), Dapi) iz, for o € [HIQ)
1,a=1

Since we also need to approximate the gradient of the solution Vu = ¢”*Vv, we assume

that there exists an open convex set M with M C O such that Vu([Q x [0, T]]) € M. If

the distance of M from 90O is §, we consider the set
= R4 inf |np—o| <6 3.14
Ms={n¢e Jnf n—o| <4}, (3.1.4)

where | - | denotes the Frobenius norm on R%*? defined, for n € R¥*? by |n| = (n : 77)%

Notice that the set M; is convex (cf. [60] for the proof). Since we only require S to be
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locally Lipschitz continuous in Mg, we define the local Lipschitz constant of S in M by

d 2
Ks = sup Z [Aiajs(m* | (3.1.5)
1M\ i, 5=1

and the local Lipschitz constant of the fourth-order elasticity tensor A = V.S by

d 2
Ls = sup m =2l [ DD Aiags(m) = Aiajs(m2)* | (3.1.6)
n1,M2EMs, n1F#n2 i,0,5,8=1

Since the set M; is a compact subset of R¥9 for every § > 0 and Ajqjp is sufficiently
smooth (and in particular continuously differentiable on M), it follows that K5 and L

are finite. We also define
Zs5 = {® e L®(Q)¥: d(x) € Mg,z € Q). (3.1.7)

This set Z5 is expected to contain the gradients of approximations of u. We define

d
a(‘Pa ?, ’(p) = Z (AZOIJ,B(V(ID)aﬁd)J) 6a¢i)L2 ’ for P, O UNS [HOl (Q)]d (318)

i’a7j7ﬁ:1

By the definition of Z5 and (Sla), we have

a(p; ¢, ) = @i, ¢),  for @, ¢, € [Hg ()], Vip € Z5. (S2a)
We also assume that there exists a real number M7 > 0 such that

(5 d, @) > Mi||[Vl2(q),  for @, ¢ € [Hy()]%, Ve € Z5. (S2b)

In general, (S1b) does not imply (S2b) for d > 1. We refer the reader to [23,706,80] for

counterexamples. In fact, (S1b) only implies the following Garding’s inequality:

~ 1
a(: 0, ¢) = SMo|Vlie — pldli.  for u=0,0,¢ € [Hy(Q)", Ve € 25,

cf. Theorem 6.5.1 in [57] and Lemma 5 in [60]. The techniques of this chapter can be

extended so that our results are still valid under this weak condition.
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3.2. Numerical scheme

3.2.1. Semi-discrete approximation We shall discretise the problem (3.1.1)—(3.1.3)
in space using a continuous Galerkin method. For the spatial discretisation parameter
h € (0,1), we define V, to be a given family of finite-dimensional subspaces of [H{ (£2)]9N
[H™(Q)]% with polynomial degree p > 1. We shall assume that the triangulation {73, }x>0
of © into d-dimensional simplices, which are possibly curved along the boundary 052,
is shape-regular and quasi-uniform. It follows from Bernardi’s work [15] that, for v €
H™ (@) N [HY @),

viggh{“v—vhHL%Q)+h\|V—VhHH1(Q)} < CH Y[y, 1< <min(p,m—1). (i)
Further, the following inverse inequalities follow directly from the quasi-uniformity of the
triangulation.

There exists a positive constant Cy such that, for every vy, € Vp,
IVVhllz2) < Coh™ HIvallze)y  and  [[VValzeoi) < Coh™ HIVall () (ii,a)
There exists a positive constant C'; such that, for every vy € Vp,
IVVhll o) < Crh72)VVall o) and  [[Vallzeg) < Cih~2 [Vallpa).  (iib)

With the above assumptions, we are ready to construct the continuous-in-time finite
element approximation vy, of v. The semi-discrete approximation vy : [0,7] — V), of the

solution of (3.1.1)—(3.1.3) satisfies the following initial-value problem in V:

(Va(t), @)z + a(vi(t), @) + 27 (Va(t), @) 12 + 77 (vi(t), 0) 12 = E(1), )12 (3:2.1)
forall p € V},,0 <t < T,
vi(0) =von € Vi, Vi(0) =vip €V, (3.2.2)

where vg 5, and vy j are specially chosen initial values. It was proved by Makridakis [50]
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that the semi-discrete problem (3.2.1), (3.2.2) with v = 0 (the semi-discrete form based
on a continuous finite element approximation of the original problem (3.0.4)—(3.0.6)) has

a locally unique solution and that the optimal-order L? error estimate

max [|v(t) = va(t)|| 20y < C(v)hPH! (3.2.3)

0<t<T
holds for sufficiently smooth initial data. Here p is the polynomial degree of the elements
of the finite-dimensional space V}, which satisfies p > %. The proofs of these assertions

for v > 0 are completely analogous and are therefore omitted.

3.2.2. Discontinuous-in-time fully discrete scheme In this section we shall con-
struct a fully discrete approximation of the solution of (3.1.1)-(3.1.3) by applying a
discontinuous Galerkin method in time. For this purpose, we partition the time interval
I = (0,77 into N subintervals in the same manner as the linear case in Section 2.2.1 and

define the jump operator
[Viln == vi(t)) —vp(t,) forn=0,1,...,N —1,

where

vip(tE) := lim vj,(t, +¢) forn=0,1,...,N —1.

e—0T

Again, we assume that v;(07) = vgp and v, (07) = vy . Moreover, we define v;{n =

v () and Vin = Vi(ty ). Taking ¢ = V5 (t) in (3.2.1) and integrating on I,,, we have

tn . .
/ (Vi(t), Vi(t)) g2 dt + / a(vp(t), vi(t))dt + 27/ H\'fh(t)||2LQ(Q) dt
thn—1 tn_1 t1
9 [ 2
#? [ 0o a= [ (f00m)  an orn=1208

(3.2.4)

That is,

tn

[ @nran®mderzy [ a0 dt+a? [ a0, 0n(0);

th—1 th—1 tn—1
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tn 4 _
+ /tn1igle_'Yt(Sia(vvh(t)e“/t)vaa\'fh,i(t))m dt = /tnl (f(t),\'rh(t)>L2 dt,  (3.2.5)

forn =1,2,...,N. To determine the appropriate strong consistent terms corresponding

to Ziazl e M (Sia(VVi(t)eM), 0aVp i(t)) 2 in the numerical scheme, we linearise this

semilinear term first. By Taylor’s theorem with an integral remainder, we have

1
Sia(Vvp(t)et) = Z v j(t)er / Aiajp(TV V(1)) dr.
J,8=1

By assuming that S(0) = 0, we can write the semilinear term as

d

tn

/ S ¢ (Sia(TVA(E), Ba¥n(t) o dt

tn—1 i,a=1
tn d 1

= / > <agvh,jt / Amjﬁ(TvVh(t)evt)dT,aavh,i(t)) dt
=1 a,j,8=1 L2

tn 1 d
I ] Y (il 9vn(00)0vis0),0090,0) o dr
tn_l 0 /L7a’.7’/3 1
tn

1
= / { / d(th(t)e7t;vh(t),\'fh(t))dT} dt. (3.2.6)
tn—1 0
Note that
1 1d 1
| atrtetvie.amm)yar = 5 [ atrva@etsvio, vi) dr
0 0
1t
~3 ), > (0rAiajs(TVVR(E)) gV ;(t), 0aVhs(t)) 2 dT. (3.2.7)
i,0,7,6=1

Using Theorem 1.7 and Theorem 1.8 in (3.2.5), we have

1 . - L
5 ( /0 a(th,ne’Ytn ' Vi Vh,n) dr — /0 a(TV;,n—le’Ytnil; V;,n—l’ vin—l) dT>
Ll 2 2 Vo= 2 + 2
T3 Vhallz2) = ¥ noalliz@) | + o IViallz2) = IVhn-alliz)

tn
27 [ 0B e

tn—1

/n / Z (01 Aiajs (TVVA()e™) D5V ;(t), Davn,i(t)) » dr dt

tn 1 Z a?]?/B 1
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+ /tt_ (F@, wn(0) , .

Summing up over n =1,2,..., N, we have

1 1 1
- v NNy o Y R S TS
2\, a(thvNe ,Vh7N,Vh’N)dT ; a(th,Oe,vh’O,vh.O)dT

2
. . y _
+ (H"h(tzv)\%?(ﬂ) - ||Vh(t5r)||%2(sz)> T (th(tN)H%Q(Q) - ||Vh(t8L)||%2(Q)>

N[ —

N —

- {H‘"h(t?\rrﬂ\\%%ﬂ) — Va2 + -+ 1R 12 — H"’h(tf)H%%Q)}

2
,7 - J—
- T B — Ity Ty = (D) B |
1 1 . 1 t
_ 2{/0 a(TV;;N_le'Y NJ;V,J;N_l,V,J{?N_l) dr —/0 a(Tv};N_leV N—l;V};N_l,V};N_l) dr

1 1
+ -4 / d(Tv,tleytl;v,tl, v,tl) dr — / EL(TV};le'ytl;vg’l, v,;l) dT}
0 0

N tn
+2’YZ/ Va7 dt
n=1
1

tn—1

N d
1 tn
= 22/ / D (OAiajs(rVVR(D))Davi ;(t), Oavii(t)) o d7 dt
0

n=1"1n=170" 4 jg=1

The terms in the large brackets motivate us to add extra terms to achieve a well-posed
variational form. By Carathéodory’s existence theorem for systems of ODEs, we deduce
from (3.2.1) that both vj; and v}, are absolutely continuous in time. This implies that
[Vi]n = 0 and [Vp], =0 for all n =0,1,..., N — 1. Slightly different from the linear case

in Chapter 2, we add

1 1 1
L St Ayt ot B O
21, a(th’ne ",vhm,vh’n) dr ; a(thme ",vh’n,vhm) dr

to compensate the terms

1 1 1
= S E R S s _ S b o— o—
21, a(thyne ”,vh7n,vh7n) dr ; a(th’ne "7vh7n,vh7n) dr
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arising from integration by parts of the linearised version of

tn 4
[ e (ST, 00904(0) .
tn—1 i7a:1

for each n =10,1,..., N — 1. Adding
N-1

. o + o o + - — . + . + °« — . +
§ ([Vh]mvh,n)ﬁ = (Vh,N71 - Vh,Nflth7N71)L2 +oot (Vh,(] - Vh,(]’vh,O)

9
2
n=0

N-1
2 + o2 o+ - + a2 (ot o— ot
0l E (Valn, Vi )2 = (Vh,NA - Vh,Nfl’vh,Nfl)LQ oty (Vh,() Vh,D’Vh,0>

)
L2
n=0

N-1

1 1 1
(ot oYt o Yy
E 3 a(th7 e Vi Vi, n) dr — cL(TVh,ne7 ,th,vh’n) dr
0 0

n=0
to the left-hand side, we have
N-1

1 1. 2
*”Vh(to )”L?(Q) +5 Z [¥aln HL2 §th(tN)H%2(Q) + 3\|Vh(t8L)H%2(Q)

2N1

L, o
5 2 Il i ey + 5 [ Arvion e vi Vi) d
tn
+m2l|mwm
n—1

Ntn~
Z/ (), 9n(0) 22 At + (¥t ), 00 (D)) 12 + 72 (Valty ), valtD) 1o

T3 Z/" / Z 8t i (TV V(1 )e’y )08V (t), Oavh,i(t ))L2 dr dt

tn—1 i,a,7,8=1

|
+ 2/0 a(thp;Vh,o’Vh,O) dr.

We now focus on the generic time slab I,, and assume that the solution on I,,_; is known.

Testing the equation (3.1.1) against ¢ for ¢ € H'(I,,;[H}(2)]?) and integrating on I,,,
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we have
tn tn d
[ @O0 [ e (ST, 0ui0) s
tnfl tnfl i7a:1
tn ) tn tn
+2y / (¥(t), (1)) 12 dt + / (vV(1), (1)) 1> dt = / (Fo). ) , at
th—1 tn—1 tn—1 L
(3.2.8)
Rewriting (3.2.8) by adding suitable (strongly consistent) terms, we have
tn tn 4
[ GO @ der (FOLo gl )+ [ 3 e (Sl VYO, upi(0) 2
tn—1 tn—1 ,L'7a:1
tn tn
w27 [ @80 d+® [ 0060 dt+ 7 (YOl o)
n—1 tn—1
L A - ¢ + + - ¢
+ 2{ /0 a(th’n_le7 ”—l;vh’n_l, vhm_l) dr — /0 a(Tv,;n_le7 ”—l;v,;n_l, V}:,n—l) dT}
tn
_ /t (F). ) , ar (3.2.9)

Summing over all time intervals in (3.2.9) leads us to define the following semilinear form

A:H xH — R with

H = H(0,T; [H™ ()] 0 [Hg ()],

by
tn N-1
A(v, @) Z t ), (1)) dt + Z (@), (D)) 12 + (¥t 2(t)) 12
_|_f)/22 t ! L2 dt—l—’yQ Z )L2 +'V ( (ta_)vcp(t[—)i_))LQ
N .t tn
X / T (Sia(VY(ET), Dai(1)) 1 dt+2vZ (1), 6(8))2 dt
tn—1 i,a=1 fn-1

N |

+Zl{/ a(rviy e’ vy ot ))dT—/Ola(TV Vv et ))dr}

1
| st et ar

N

+
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for ¢ € H. Note that the consistent terms added in the fourth and fifth lines of the defini-
tion of A correspond to the linearised version of Zzazl e M (Sia(VVr(t)e), 0aVni(t)) 2.

Let, further, F' be the linear functional defined by

N b,
MMFELHG@ﬂmB&+M@@MyM%mﬂ$mg

1 1
+3 [ atrvova (i) dr
0

Again, the semilinear form A(-, -) works for piecewise in time version of H x H as well.

Analogously to Section 2.3, the fully discrete finite element space is defined as
V3 ={v:[0,T] = Vv, € VI forn=1,2,...,N},

for q := [q1, g2, ..., qn]T € NV, where

qn
ng ={v: [0, T] = Vp; v, = Zvjtj,vj €V},
=0

with ¢, > 2 for each 1 < n < N. Then, the discontinuous-in-time fully discrete approxi-

mation of the problem reads as follows: find vpg € V,?h such that
A(vpa, p) = F(p) for all p € VL | (3.2.10)

where F' is a modified version of F defined as

N ot
Pl =2 [ (F0.60) , ar+ (i $00) o 497 (Vo)

n=1"7tn-1

1t _

+3 [ atrvonsvon (i) o
0

3.3. Convergence analysis

By using the ideas introduced in [56] based on Banach’s fixed point theorem, we will
show the existence and uniqueness of vpg. We shall also prove a priori error estimates

as summarised in the following theorem.

Theorem 3.2. Let v € W*°([0,T]; [H™(Q)]% N [HE(Q)]?) be the solution of (3.1.1)-
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1
(5.1.3). Assume that ¢ +1 <r <min(p,m — 1), s > ¢; + 1, k?z 2 = o(h%H), and there
exist positive constants p;, v; such that u;k; < h?> < v;k; for each i =1,2,...N. Suppose

that we choose the initial data vop, Vi, € Vy, to be
vor =W(0), vin=W(0), (3.3.1)
where W (t) € Vy, is the nonlinear elliptic projection of v(t) such that
a(W(t), ) =a(v(t),p) for all p € V. (3.3.2)

Then there exists a unique solution to (3.2.10) such that

/ 2Qn+1
Ivpa(t;) = v(t;) 2@ + [Vpa(t;) = v(t;)lr2@) < C(v <h2r+2+z e )
n=1 n
(3.3.3)

for each j =1,..., N, where C(v) is a positive constant depending on the solution v.

Remark 3.3. If we use uniform time intervals k, = k = h?, and uniform polynomial

degrees g, = q > 2, form=1,..., N, then the error bound at the end nodal point becomes

— — . — . — r+1
IVpa(tx) = VR ) + V6 (ty) = () ey < C) (K5 +47).
1
Remark 3.4. The assumptions that k:;h 2 = o(hHg) and pik; < h? < yk; for each
1 =1,...N require that ¢; > 1 —I—% for eachi=1,...,N. That is, we need the polynomial

degree in time satisfies ¢; > 2 for d = 1,2,3 on each time interval I;, withi=1,..., N.

Remark 3.5. By the Sobolev embedding theorem, v € W(0,T;[H™(Q)]?) for m >
442 implies that v € W*>°(0,T; C>*(Q)?) for some a € (0,1). Note that the assumption
m > 5 + 2 is consistent with the assumption m > [%] + 3 in Theorem 3.1. That s, we

need m > 3 ford=1 and m > 4 for d = 2,3.
It will be assumed throughout the convergence analysis that

v € W0, T5 [H™ ()] 1 [Hg ()]).
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3.3.1. Definition of the fixed point map It is known, see [26] and [62], that (3.3.2)
has, for h sufficiently small, a locally unique solution W (t) € V}, for 0 <t < T. Further-
more, W satisfies the following properties, which are established in Section 3.4.

There exists a constant C,(v) depending on v such that, for %4— 1 <r <min(p,m—1),

Vv (t) = VW (1)[| 20 < Cr(v)R, 0<t<T, (iii, )
for j = 0,1, where vU) := dtJ . In addition, we shall prove for the time-derivatives of W
there holds

VD () = WO (8|12 < Cr(v)R™T, 0<t<T, (iii,b)

for j = 0,1,2. We can also show that there exist constants ¢y and c¢;, independent of h,
such that

IVW ()] oo () < co and [[VW(#)[poe() < e1, 0<t<T. (iii,c)

Let II; = H‘}: denote the modified L?-projector in the time direction. That is, for each

n=1,2,...,N,
(LW — W)(z,tf ) =0; (3.3.4)
(ILW — W)(z,£;) = 0; (3.3.5)
O (ILW — W) (z,t;) = 0; (3.3.6)
tn
/ (O(ILW — W), x)p2 dE =0 for x € V2, (3.3.7)
tn—1

It was proved in Section 2.2 that for each W € H*(I,; [L?(2)]?), there exists a positive

constant C such that

tn 2(# 2)
[ 10 ) T a0 < O W s e (339
n—1
tn kQ(M 1)
L W) W 0D € O W oy 839
tn ) ]{52“
/t WG = TW Dy 0 < oy AL —, (3.3.10)
n—1
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where p = min(q, + 1,s) and ¢, is the polynomial degree with respect to the variable
t. If we change the spatial function space from [L%(Q)]? to [H}(€2)]¢ in (3.3.8)—(3.3.10),
analogous estimates follow. Note that we can also get inverse inequalities with respect
to the time derivatives in an analogous manner as (ii,a). That is, there exists a positive

constant Cy such that, for each fixed z € €, for every ¢ € Vi,

1esp (2, ) L2(1,) < Cok o, ) 21, (3.3.11)
10ep (2, )| oo (1) < Cobey o (@, ) | oo 1) (3.3.12)
for each n =1,2,..., N. We now decompose the error as

VDG (t) = v(t) = (vpa(t) — W (1)) + (ILW(t) — W(1)) + (W(t) - v(1))
— 9(t) + pu(t) + pa(t)

forte€I,,n=1,2,...,N. First note that

tn . t” . .
/ 169 ()220 dt = / ITW O () — WO ()2

tn—1 tn—1
kn'u 7) tn S
5[ WO ar
tn— 1 =0
k‘ 2(p—j)+1
Qn

where we have applied (3.3.9) and (3.3.10). Here 4 = min(s, ¢, +1) and I, W0) = djgtkjw,

W) = ddt‘;v, with j = 0, 1. If we assume that the solution

v € W0, T; [H™(Q)]% N [HE (Q)]%)

of (3.1.1)—(3.1.3) is sufficiently smooth (i.e. s > g, + 1), then we can write

Qn+1 ] k (Qn+1_])+1

t’VL S
T [ WO gy < O

In—1 o—0 n

t7L
/t 169 ()2 dt < 22—
n—1

(3.3.14)
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for j = 0,1. By the property (iii,b) of the elliptic projection, we know that
tn . tn . .
| 1o Ot = [ W)~ v @)y dt < Colv I (335
n—1 n—1
for j = 0,1,2. Here C;(v) for ¢ = 1,2 are constants depending on the exact solution v.

Recall that the fully discrete scheme is

N

tn
Z /t <VDG( dt + Z VDG ’rL7 ‘Pn )LQ + <{’]—"D_G,0’ LPE]F)LQ
n=1 n—1
N n N-1
+’yQZ/ (vpa(t), ¢ L2 dt+72 Z [vbal(t naSon)LQ +’7 <VJ6G,07900+)L2
n=1
tn
+ Z/ Z T (Sia(VVDG (1)), Datpi(t)) 1 dt+272 (¥pa(t), @(t)) 2 dt
tn— 120( 1 tn—1

1
tn. + + ~ - tn. - -
+ E {/ TVDGne"Y ,VDG’n,Qon)dT—/ a(TVDG?ne7 7VDG,n7‘Pn)dT}
0

N
= (Vl,ha Sbar)LZ + 72 (VO,fu (PE)F>L2 + Z/ <§(t)7 ¢(t)>L2 dt, for S V}?h

(3.3.16)
The variational form of the original problem is written as
tn N-1
Z t ) dt+ > (VO &) 12 + (95, 8) 1o
n—1 n=1
tn
wz/ )i dmzz Mo s 477 (8 )
tn tn
+ Z / S € (ST, Dui() 2 i+ 272 (V(0), (1)) 2
tn—1 i o= 1 tn—1

1
+Z {/ TV e’ytn, n’(pn)dT_/ a(TV e’Ytn na‘Pn)dT}
0

N tn _
= (vi.8d) 2 + 7 (vo, 00 ) 12 + Z/t (f(t), gb(t))L2 dt, for p € V. (3.3.17)
n=1"vtn-1

By considering the nonlinear elliptic projection of v(t) (cf. equality (3.3.2)), we can



replace

d d

Z et (Sm(VV(t)evt),8agbi(t))L2 dt by Z et (Sm(VW(t)eW),aagbi(t))Lz

i,a=1 i,a=1
n (3.3.17). Using the continuity of v(¢) and W (¢) in time, we can also replace

N-1

1 1
> {/ @(TVIth";VZ#?{)dT—/D &(TVEe”t";V;,LPE)dT}
0

n=0

N—

1
Z {/ (TW Fein, W+,<pn)d7—/ EL(TW;th”;W;,go;)dT}
0

n (3.3.17). Subtracting the resulting equality from (3.3.16), we have

Z/tn 6(t) + p1 () + palt), >dt+z< )+ 81l) + a0

tn1
tn 5
! (VDGO v 7¢0 et QVZ/ )+ P1(t) + ﬁz(t%sb(t))Lg dt
tno1
N
—|—’y?z t) + pi(t) + pa2(t), ()2 dt
tn 1
+’Y2 Z +p1 +p2( )]TL:LPn)LQ —f—’}/ (vDGO V8_,4P8->L2
N ., d
+ Z / 3 e (Sia(VVDa)e") — Sia(VW(H)™), dugpy) .z dt
tn—14 ,a=1
N-1 L 1
+ Z 2{ /0 d(TV]—SG,ne'Ytn; V—"D_G’nv LP:) dr — /0 EL(TW;e’ytn;W;’ cp;:) dT}
n=0

N-1 1 1
1 R _ _
+ E 2{/0 a(tW,, evin; Wm‘Pn)dT_/O a(TVDG7ne'yt”;vDG7n,<,on)dT}
n=0

= (Vl,h — Vi, {’)bE)i_)LQ + 72 (VO,h — Vo, SDS_)LQ

for ¢ € V,?h. Now we consider the integral on I, = (t,,—1, t,] only,

/ttn (B0, 6(0) at-+ (BOh-v.81) 20 |

n—1 n—1

tn

(é(t), gb(t)) dt

L2

dt

79

(3.3.18)
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A2 / 0, ¢(0) 12+ (001007 1) 1

tn—1
d

F[Y  (Sa(Tvna(t)e) = Sia( VW), 0upi(0) .

tn—1j o=1

1 L L
"’2{/0 a(TVJﬂG’n_le’yt"1;V$G,n_1,g0::_1)d7'—/0 a(TW;LF—le’Ytn1;W:L>—17(P:L>—1)d7—}

1 1

1
w3l [arwoenwi e e |
tn tn tn
- / (B1(1), (1) dt 2 / (p1(t), $(8)) 2 dlt — 24 / (B1 (1), $(1)) 12

tn—1 tn—1 tn—1

5 = Vtn—1.— -
a(TVDG’n_le n 7VDG,n—1"Pn—1)dT}

- ([f)l]n—h Qb:'z_fl)lﬂ - 72 ([pl]n—h (10:';71)[,2

tn tn tn
- / (Balt). B(8) dt — 2 / (p2(t). (1)) 2 dt — 2 / (palt), $(t)) 12
tnnfl tnnfl tnnfl
- / (B1(1). (1)) dt — / (p1(), (1)) 2 dt — 2 / (B1(1), (1))» dt
tn—1 th—1 tn—1
- ([)l(tT_L)7 ¢7’_L)L2 + (p'l(t;,l), ¢7J{71)L2 - ’72 ([pl]n—la ‘szrfl)L?
tn tn tn
- / (Balt), (1)) dt — / (pa(t), (1)) 2 dt — 2 / (pa(t). $(1)),» dt
= / (P1(£), (1)) 12 dt — 29 / (Pr(0), (1)) 12 it — / (Ba(t), B(1)) dt
2 [ el @O dt =2y [ (palt), (0, (3:3.19)
tn—1 tn—1

where we have used the fact that po(t) and po(t) are continuous in time and properties

(3.3.4)—(3.3.7). By Taylor’s theorem with an integral remainder, we have
Sia(VVvDa(t)e™) = Sin (VW (t)e)

d
+ j;l e’ 9s(vpa(t) — W(t)); /01 a;;Sm(VW(t)th +r(Vvpa(t) — VW ()e) dr.

If Vvpg(t)e’ € Z5, VW (t)e € Zs for each t € [0, T], we have VW (t)e" +7(Vvpg(t) —

VW (t))e" € Zs for 0 < 7 < 1 by the convexity of Zs. This implies that the term in the
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integral remainder is well-defined. Thus, we can write
d

D e (Sia(VVpa(t)e) = Sia(VW (D)), daiii(t)) 12 dt

1 1
<+ A + - + ytno1.ywE +
/o a(TVhG p—1© 1’VDG,n17‘Pn—1)dT—/O a(TW, €7 Wiy ) dr

L2

— + Yin—1. . + +
=A(Vpe 1€ Va1 — Wao1 Pno1)-

Since W (t:) — II,W(t5) = 0 for each n = 1,2,..., N, our equation (3.3.19) becomes

/t:: <0(t)790(t)> dt + ([é(t)]n—1,¢:§_1>L2 + 2y /t:: <é(t)7¢(t))L2 dt
+7° /tt (0(8), (1) 2 At + 7 (BD)]n1,971) .

tn 1
+ / A(vpa(t)e; vpa(t) — LW (1), ¢(t)) dt + iA(V]—SG,nfle’Ytn_l. 0

- LAY
=—° /t:: (p1(t), o(1)) 2 At — 27 /t:: (P1(), (1) 2 dt — /t:: (Ba(t), p(1)) dt
- /t t (p2(t), p(t)) 2 At — 27 /tt (P2(t), p(t)) 2 dt
+ t:nl A(vpa(t)e™: W(t) — W (1), (1)) dt + %A(VB 0 )
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for ¢ € V,?h. Consider the following subset of V,(jh defined by

{1/; e V3 | foreach j=1,2,...,N, l¥(t;) — HkW(tj_)”JQL[l(Q)

o) — W () 22 >+Z / 1003 (8) — THW (£)) |23

2gn+1

(Zk par+z 4 Ko _)>,e7tv¢(t)635},

(3.3.20)

where C,(v) is a positive constant depending on the solution v, which will be specified
later. First note that F is non-empty since II;W € F. In addition, F is a closed and

convex subset of V!, in the topology induced by the norm || - ||, which is defined by

lellr =, max_ (le®lm@ +10)r2@)

for p € V,?h. With this notation, we are ready to define a fixed point mapping N on F

as follows: if ¢ € F, the image vy := N(¢) is given by the relation

vp(0) = von, Vg(0) =vip, (3.3.21)

T {Ba0.60) dt+ (BaOln bl ) |+
L

th—1 tn—1

tn

(650, 0(1)) , dt

L2

+ ’72 / ' (9¢(t)7 ‘f.’(t))Lz dt + 72 ([0¢>(t)]n—17 ‘P(tr—t—l))L2

tn—1

+ / " A By(1), B(1)) it + ST 0(67 ), (1)

7 [ 00 dt =2y [ (0 p0) = [ Gt o0 a
2 [ (a0 @2 dt =27 [ (palt). () (3.3.22)

tn

+ Alp()e; W(t) — W (1), ¢(t)) dt + A(¢(t;1)e”t"*1;9¢(t;1)790(t;1))7

tn 1
where 04 = vy — I, W.

In order to complete the proof of the theorem, it suffices to show that, for each
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n=1,...,N, the map N defined by (3.3.22) has a unique fixed point in F. If vpg € F

is this fixed point, then vpg is a solution to (3.2.10).

3.3.2. Auxiliary results If we take ¢ = 04 in (3.3.22), then the nonlinear term inside

the integral becomes

A(p(1)e™";8,(t), 4 (1)) = A(B(t)e™; B4(t), B4 (t)).

Following the proof in [56], it is crucial to replace the expression A(¢p(t)e;0,(t), 0¢(t))

by
1d o
5 A B3 04(1), 04(1)) Z at 70j50305.5(1), 0204,4(1)) ., dr,
zagﬂ 1
where A7 5 = Aiajs(VW (1)e?" +7(Vo(t) - VW (t))e?) and t € Ip,n = 1,2,...,N. We

shall need an estimate on the expression

A1) (1), Z / (DAL, 50505 (), Oatpi(8)) , dr
za,]ﬁ 1

for 90,1[)EV,?k,tGIn,nzl,Q,...,N.

Lemma 3.6. Under the assumptions stated in Theorem 3.2, there exists a constant Cr >

0 such that, fort € I, n=1,2,..., N,
A(D(1)e; p(t), ¥ (1))] < Cr IV (t)l| 2@ VY (B)]| 2 () - (3.3.23)
Proof. Note that fort € I,,n=1,2,..., N,

O Aiajp(VW (t)e™ + 7(Vep(t) — VW (t))e™)]

4. QAT
= Z 87;:]68 (8t(Wk( )e’Yt) + Tat((¢k(t) _ Wk(t))e’yt)) .
k,m=1 m

Since the values of the function VW (¢)e? + 7V (p(t) — W (t))e for t € [0,T], 7 € (0,1),

belong to the compact convex subset Mg of R¥*¢ and Aiqjp is sufficiently smooth (and
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in particular continuously differentiable on Mj), we have

d 1
> % /0 (0 Aiajs (VW ()™ + 7V($(t) — W (1))e)]050; (1), uthi(t)) 1 d7

i,0,7,0=1
< ¢ (IPW®ll ey + 1YW ey ) IVl 220yl V8 (8) 220y

+ ¢ (IV((1) = W) e + V(1) = WD) (e ) IV 22y I VDl 222y
< W5 (IV((0) = W) 2@ + V(1) = W) 2@ ) 199(0) 22000 | T80 | 20y

+CIVe(t)ll 2@V (1)l 2 ().

where we have applied the inverse inequality (ii,b) and property (iii,c) of the nonlinear

projection W. We shall bound ||V(¢(t) — W(t))HLz(Q) and [|[V(e(t) — W (t))[ z2(q) for

tel,,n=1,2,...,N. Applying the triangle inequality, we have
IV(e(t) = W)l 2() < V() — LW (E)) ]l 2(0) + [VALW(E) — W () 12(0)
Note that for t € I,,n =1,2,..., N,
IV((t) — ILW (1))l 22()
< |[IV(e(t,) = W ()l 12() + /ttn 10s(Ve(s) — VILW (s)) [l 2(q) ds

< [[V(o(t,,) — Ik W (t,,))l £2(0) +/n 10:(Vp(t) — VILW (2)) 12() dt

tn—1

[N

< [IV(e(t,) — e W (t,)ll 20) + Coh™ 1\ﬁ</ 10:(d(t) — kW (1)1 72q dt)

tn—1
2+2 k2%+1 1
(S 5)

)

where we have used the inverse inequality (ii,a), Holder’s inequality, the fact that ¢ € F

and the assumption that y;k; < h? for each i = 1,..., N. Here C(v) denotes a constant

depending on v, which may vary throughout this proof. On the other hand,

VLW (t) = W () 2(0)
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< IVILW(E,) = W(t, )l 29 +/tn 10s(VIL W (s) = VW (5))[| £2(0) ds

< / " OUVILW(E) — VW (0) ||z At ( since W () = W(t))

tn—1

< Vi / T ILW (O~ TW(O) 0y )

an"F* s
< C= Wl r, g ey, for W€ H*([0, T]; [Hg ()],

n

where we have used inequality (3.3.9) with the [L?(22)]? norm in space replaced by the
[H'(Q)]¢ semi-norm. Thus,

tEIn 1<n<N

k2qz+1 Qn+2
IV(o(t) =W (£))]l 12(0) (Z kih® 2 4 q’ = 1)> +C?HWHHS(IM[H3(Q)]UZ)'
Z (3.3.24)
Applying the triangle inequality to the time derivative term, we have
IV (d(t) — W)l 2(0) < 10:(V(t) — VILW (£)) [l 120y + 10:(VILW () — VW (£)]| 12(0)-
Note that for t € I,,,n=1,2,... N,
10:(V(t) — VIIL,W (1)) || 2()
< Coh™H|0u(d(t) — ILW (1))]| 12 (0

< Coh™M|0u((t,) = kW (t,)) | 22(0) + Coh™ /tn”688(¢(3)_HkW(S))HLQ(Q)dS

< Coh™M|0u((t,) = W ()|l 22(0) + Coh™ /n 100 (&(t) — I W (1))]| L2 () .-

tn—1

Since ¢ € F, we have

2q;+1
10 (1) — W () | 220 (Zkhmz j 1))

7

Using the inverse inequality in time (cf. inequality (3.3.11)), we obtain

=

/n 100 ((t) = LW (1)) | 2@ dt <V (/ " 10u((t) W ()1 72(0 dt)

tn—1 tn—1
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(NI

1 fn
< 02\/5 (/tn 1 10:(p(t) — T W (t ))H%?(Q) dt)

k2%+4
2r+2 z
9 (e 5

1

On the other hand, fort € I,,,n =1,2,..., N, we have
[0:(VILW () = VW (2))]| £2(0)
tn
< N0((VILW (t,,) = VW (£,))] 120 +/t [[0ss(VILW (s) = VW (5)) | 12(0) ds

< [ 10T @0 - TW) a0y

tn—1

Wl

<k </t ' 18 (VLW () = VW (1)) 720 dt)

1
qn—735

kn s
<C = IW |z rspma gy, for W e H*(0,T; [Hg (2)]).

Thus
1 1 9 2 kQ%*J
< - - 4 z
tEIn,1<n<N IVe(t) — VW(t M2y < Cv)(h +h kn <Zk h q ))
g2
+ CFHWHHS(O,T;[H&(Q)H)- (3.3.25)

Combining (3.3.24) and (3.3.25), we have

=, _d . .

Ch™> teln,1<n<N (”V¢( )~ (t)”LQ(Q) +[[Vo(t) - VW(t)HL?(Q))

-4 - B 1 n . k2q¢+l
<Ch 2C(v)A+h " +h 7k, ?) (Z kih 2 + qﬁ@l))

)

Q7L+ k]q"_%
& mn
+ Ch 20< 1 + 53 >HW||H9(O,T,[HOI(Q)]‘1) (3326)
an qn
1
Since 7 > % +1, kfz 2 = o(h“‘g) and pk; < h? < vik; for each i = 1,2,..., N, we can

choose hg > 0 such that for h < hg, the right-hand side of (3.3.26) is bounded by 1.
Thus, (3.3.23) follows by taking C, = C' 4 1. The constant C, defined in this way does
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not depend on Cy(Vv). O

3.3.3. Convergence proof We will establish the existence of a unique fixed point in
F by showing that the pair F and N satisfies the assumptions of Banach’s fixed point

theorem, namely that
(a) N(F) C F.
(b) N is a contraction with respect to d(-,-) where for ¢, p € F,

Ag,) =, max_(I6(t) — ol + 16() — (Ol ) -

tel,, 1<n<N

Existence of a fixed point of N in F
For (a), we first observe that N is well-defined. Indeed, if ¢ € F, since VWe' € Zs,

VWe'l+7(Vep—VW)e' € Z;5 for 0 < 7 < 1, and the bilinear form A(¢(t)et; -, -) is sym-

metric and positive definite. Taking ¢ = 8, in (3.3.22) and replacing A(@(t)e?t; 0,4(t), 04(t))

by
1d 1 d 1
5aA(qb(t)ew;tﬂ)qs(t),(:w(t)) ~3 > /0 (01A7,;50805,5(t), 0aBy:(1)) ., d,
i,a,7,0=1
we obtain

105 () 1720y + 1106t D720y + V2106t 172 () + 721106 (8- D17 20

tn .
+4y / 105(0)1[220y dt + At )7 Bt ), Bt
n—1

— 92 /t " (pl(t),é¢(t)>L2 dt — 4y / " (pl(t),éd,(t))m dt (3.3.27)

tn—1

2 [ (p0.000) =22 [ (.00, at

n—1

- 4”/ " (520).65(0)) At +2 (65(t5).80(t51)) |, + 207 (Bplt1). Oo(ti1)) 1o

tn—1

+2 / " A W) — TW(E), (1)) b+ At )e™ 1 0,(5 1), Bo(t 1))

tn—1
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d tn 1
+ Z / /0 (8tAZ—ajﬁa,30¢J (t), 8a0¢ﬂ- (t))L2 dT dt.

i, f=1" n=1
By using (3.3.14), (3.3.15) and Young’s inequality, we have
tn

RN,

n—1

—2/;" (palt).65(1)) dt 272 /tt"

—1 tn—1

tTL . t7L
<3y 106 ()II72(q) dt + C1(7) 181720y + P12y ) At
) (@) () (@)

tn— tn—1

(B1(0).65(0) , at

—1

tn
res) | (nﬁz(wn%m) a0 By + ||p2<t>||%2m>) dt
n—1

th 2qn+1
<37 [ 1ot e+ 1(7,0) S + ol )k
n—1

n

tn o 9 9t k%‘ln“!‘l
< 37/ 106 ()[72(0) dt + C (v, v) (knh 4 26 | (3.3.28)

tn—1 n

where C;(7) for i = 1,2 are constants depending on ~ only, while C(~,v) and ¢;(y, v) for
i = 1,2 are constants depending on both v and the exact solution v. By the Cauchy—

Schwarz inequality, we obtain

2 (9'(1)(757;1), éqb(t:fl))m < ||é¢(t1—’iz_fl)H%2(Q) + ||0.¢(tr_Lfl)”%2(Q)7 (3.3.29)
292 (0(ty_1): 05ty _1)) 12 < V106D 72(0) + V106t 1)I72(0) - (3.3.30)
Note that
. d
A(d()e™; W(t) =TI W (1), 04(1)) = ZA((1)e”"s W(t) — IkW (2), 8,(t))

— Alp(t)e™; (W (t) — TIW (1)), 04(t))

d 1
_ Z / (@A[ajﬁaﬁ(w—HkW)j,8a9¢7i(t)>
0

i\c,j,B=1 L2

(0. 05(0) , at =7 [ (20,0400 , a1

dr.
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Using the fact that (W — W) (¢,,;) = (W —I;W) (tF ;) =0 for n = 1,2,..., N, we

have
/t " A W(E) — TLW(1), 8y(t) = — / " AT 8 (W) — TLW(E)  84(t)) dt
tn d
_ / / 1 (atA;ajﬁaﬁ(W(t)—Hkvv(t))j,aao¢,i(t)> dr dt. (3.3.31)
=1 aj,8=1 L2
Then

[ A@we Wi - mew), 6y(0) dt\

tn—1
tn
<|- / A(d(t)e™;0; (W (t) — Iy W (1)), 04(t)) dt‘
tn—1
tn d 1
+ [ (21475505 (W (o) - W (0),.0,60,(0)) aras
=1 a,j,8=1 L2
tn
< K5|[VO (W (t) — I W (0)) | L2(0) VO ()| 12 () dt
tn—1
tn
+C; t V(W () = I W (6))[| 12(0) [ VO ()] L2(02)
n—1
Ks  Cr\ [™ Ks [
<(5+G) [ 190t [ IV@W O - MW @)
n—1 n—1
Cq— tn 2
+ t [VIW(t) = LW (8))[|72(q) dt
n—1
K C; tn 2 '?an_i_l 8,00 1 d
n—1 Qn
(3.3.32)
To bound the terms involving 0;A4;43, we apply Lemma 3.6 to get
tn d 1 tn )
/ / (AT, ;50500.5(1), 0a00,:(1)) det‘ < / 190, (D112 g dt.
tn—1 i,a,j,ﬁil tn—1
(3.3.33)

Combining (3.3.27)—(3.3.33), we obtain

tn .
165t 2200y + 721066220y + 7 / 165(8) 220

tn—1
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+A(B(t, )™ 00(t,), 05(t5)) — Al(t,_1); 0p(t,_1), 06 (L, 1))

tn .
SC/t IVOs () 720y At + 1105t _1)II72() + 771106t 1) |72

orio 2gn+1 2qn+1 k?(Qn-i—l)—i—l
r+ n n
+C(,v) (k:nh + 721(81)> + O(V)—— 26D + C(V)iqg(sfl) (3.3.34)
Summing up over n =1,..., 4, we obtain
166(8) 1720 + 711068 )17 20 +VZ t " 16y N2 At +A(@(17)e:04(t7 ), 05(17))
n—1
J' N f;2an+1

< CZ/ |IVO4(t ||L2 ydt +C(v )z_:l <k3nh r+2 qg(sl)) . (3.3.35)
Using the coercivity of A(¢(t; T)eving 05(t; ), 04(t; ), we have
1051720y + Y2106t 720 +’YZ/ 105 ()[172(q) At + M1 VOs(t7) 1720

tn J S kQQn‘i’l

T+ n

<cZ/tn 1\|v0¢( 720 dt +C(v )nz_:l (knh + 3(5_”)- (3.3.36)

By the fundamental theorem of calculus, the triangle inequality and the inverse inequality,

we have for each t € I,, withn=1,..., N,

tn—1

2
tn .
IVOs(t)l72() < (HV%( e +/ ||V9¢(t)||L2(Q)dt>

th .
< 2V0,(t ) ey + 2080 2h [ 1800 .
n—1

This implies that

165() 2200y + 72106220 HZ / 165(8) 122 0 A + My [V04(£7) 122y

j—1
<20kl VOs(t) 720y + 2Ck; 11V O4(E; )17 Q)+2CC’§Zh 2k2/t 186(£)[1 72
n=1 n=1 n—1

k2(In+1
2r+2
Z b 55D
q

n=1 n
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7—1

. tn .
<20 kallVO(t7) a gy + 20k V04t )22 m+0§:k [ 1860 2oy
n—1

n=1 tn—

J 2gqn+1
+ C(V) Z <knh27‘+2 + ;(81)) , (3337)
n=1 q

n

where the last inequality follows from the assumption that ju;k; < h? foreachi =1,..., N,

with C' = 2CC? max1<z<] . The term 2Ck; ilIVO,(t; Pl ) and the sum of integrals on

the right-hand side of (3.3.37) can be absorbed into the third and fourth terms of the

left-hand side of (3.3.37) if we choose each time step k, to be sufficiently small. That is,
J

tn .
16506 ) s+ 718665 ooy + D00 = ) [ 164(0) e
n—1

n=1 tn—

+ (M1 = 2Ckn) VOt 720

= j 1200+
<20 kallVOs(t) 72y + C(V) Y (knh27"+2 + q2(8_1)> . (3.3.38)
n=1 n=1 n

a2 My
2C7 4C

By choosing k;,, < min{ } for each n = 1,..., N and applying the discrete Gronwall

lemma, we have

165(t7) 1220y + 18625 >||m>+z / 165(0) 2200y dt + 170685220

j J ) +2 kg%’ri’l 92 k?ﬁn‘i’l
V) exp Ozk Z knh qz(s—l) < Cma"(v)z Fnh™ T 260 )7

n=1 n

(3.3.39)

where Cpax(v) = maxj<p<n Cn(v)exp(CT). Now tracing back constants through the
previous estimates, we notice that Crax(v) does not depend on Cy(v), so we can define

Cy(v) := Chax(v). Note that

Vv (t) = Vv (b)) < [VVe(t) = VW (@)[| Lo (0) + [VV(E) = VW (#)]| Lo (-

By the inverse estimate (ii,b), the error bound (iii,a), and the approximation properties

of Py, in the [W1°°(Q)]¢ and [H*(Q)]? semi-norms, we can find an h; > 0 such that, for
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h<h1,

VW (t) = Fv (1)l () < IVW(E) = TPuv(B)l| () + [VPav(E) = V(1) oo
< C1h73 V(W) = Pav(t) o) + COVIT2 (by (iib)
< CR7E V(W) = V(1) |22 + C1h™ 2 [V(Pav(t) = v()) 2o

+CO(V)hT 8

[«

< C(v)h—2 < 27,

\V)

1
Since r > %l+ 1, k:l(.h 2 = 0(h1+§) and p;k; < h? for each i = 1,..., N, we can also choose

ho > 0 such that, for t € I,,n =1,2,..., N, for h < ho,

[Vve(t) = VW ()| L~ @)

_4d
< ™ (900 0) + IVILW(O) - YW (D) 1200 )

tn
< Cih (||v0¢< e+ [ 107850520
n—1

tTL
VW) = YW+ [ 10(TTW = YW@ e dt)
n—1

4 3 tn
< ot (IV0u(t )iz + [ 107060200t
n—1

1
2

+ C1h™ \/></t 18:(VILW — VW) (1) 720 dt)

l k,Qn+1

e (||v0¢< i+ o [ 10050y ot + cowyn 1

an
2q;+1
J 242 ki é —T
2 (E kih q )> < 2e .

7

By choosing h < h, = min{hg, h1, ha}, we obtain Vvye’ € Zs.

Verification that A is a contraction mapping

To show the contraction property, we consider R = ¢ — ¢’ and ® = v, — vy where

¢, @’ € F. Replacing ¢ in (3.3.22) by ¢’ and subtracting the new equation from (3.3.22),
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we have

/ (O®, (1)) dt+ (OW]n1,(t)) , +27 /

—1

(@(t), ¢(t)) dt

L2

+fy2/t" (©(1), ()2 dt + 72 (OB 1, (£ 1)) 12
. n—1
[ (M@0 00, 6(0) - A 000,610 ) at
tn—1
+ A0 1)l 1)) — A ) Bttt 1)

-/ <A<¢(t>evt; W)~ TLW (1), (1)) — A (™ W (1) — T W(2), ‘P(t))) «

3 A B0t 1)l 1) — A (1) 3800 plty 1) -

Taking ¢ = ® and replacing

(B 04(1), O(1)) — A& (e 0,1 (1), (1))
by
A(@(D)e; O (1), (1)) + AlS(1)e: 0, (1), O(1)) — Al (e 0, (1), O(1))
in the resulting equation, we have
1, . 1 . 2 2
SO By + 510 a0y + 210 Baey + L1001 ey
tn tn )
27 [ 100ttt [ AGEOO0.6(0) + JAGE 5 OL, O,)
th—1 tn—1
-/ ’ (A<¢'<t>eﬁ; 0,(1). O(1)) — A(G(1)e™: 0, (1), ®<t>>> dt
tn—1

1 _ _ _ - . _
A0, 1, 0, ) + (O(t1). 0t)) |, +77 (Ot,1). O(t)) 1.

# [ (A0S WO~ LW, (1) — A/ (067 WiE) — 1W (D). 6(0))

+ {A(qﬁ’(tﬁ_l)ew"‘l; Oy (t_1), Ot 1)) — Al@(t_ e 104 (L)), @(tz—ﬁ)}

+

N = N =

{A<¢<tn1>eﬁn1;e¢/<tnl>,@<tn1>> - A<¢'<tn1>evtn1;e¢/<tn1>,@<tn1>>}.
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By writing

[ mewerom.oma=1 [ Easneon e

2 Jy, ,dt
1 & tn gl
- 5 Z / / <atA:iraj68/3@j (t)a aa@i(t)> drdt,
i,a,j,f=1"tn=1 0 12

where A7 5 = Aiajp(VW (1) + 7(V(t) — VW (t))e?"), we have
1Ot 7200y + 1OE_D72) + 72 1OE) 172 + V1O D720
ri [ 100 gt + Al 07.07)
=2(0(t,11), O(_1)) , +29 (Ot,11), O(t_)) 1 + A1 50,0,

n—1 n—1° n—l)
d tn 1
+ ) /t /0 <at,4;ajﬁaﬁ@j(t),aa@i(t))mdet
n—1

iog =1
i /t:: (Aw(t)evt; W(t) - TW(t), ©(t)) — A(¢' (t)e™; W (1) — TIEW (), @(t))> at
+ Q/t:: (A(¢’(t)e’7t;0¢/(t),(;)(t)) - A(¢(t)evt;9¢,(t)7(;)<t>)> it
+ (A(Cbl(t:—l)ewn—l; 0y (tF 1), Ot 1)) — Al )50, (t ), 0 ti_m)
+ <A(¢(tn1)e7tn1;0¢, (). Ot 1) — Al ()T 110, (t_,), O tnl)))-
Note that
/t :nl A(@ (t)e™; 04 (1), O(t)) dt + A(¢' (11 )™ 04 (1), Ot _,))
— A(@ (t,_ 1) 504 (L;, 1), O(t, 1))

_ /t A (D)6, (1), ©(t)) dt

d th gl ~
tn—1J0 L?

i7a7j7ﬁzl

+A(Q (1) 04 (1), O(t,)) — AP (t,_1)e"" 11 04 (t,_1), O(t,_1)),
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where Azajﬁ = Aiajg(VW (£)e" + 7(V/ (t) — VW (t))e). Analogously, we have

/n A(P(1)e7"; 0, (t), O (1)) dt — A(d(t_1)e " ;0 (tF_y), O(t) )

tn—1

+ A(¢)(t;71)e'yt"*1 10y (1), ©(t,_1))

_ / " A1) B, (1), ©(1)) dt

tn—1

d tn 1

is,j,8=1"tn=1 L
— A(@(t, )10 (,), O(t,,)) + A(@(t,_1 )5 0y (t,_1), O (t,,_1))-

This implies that

IOt 2 (@) + 1OE_DIZ2() + VIO Z20) + V1O 1)1 Z2(0)

tn .
iy [ 100 dt+ Algr 507, 07)

tn—1

=2(O(t;-1).0t51)) |, + 27 (Ot1) O(t)) o + Al 17" 5 ©,,.0, )

d tn 1
+ ) / / <atA;ajﬂaﬁej(t),aaei(t)> dr dt

ia,j,B=1"tn=10 L?

I <A<¢'<t>eﬁ; 0.(1),O(1)) — A1) 0, (1), é(t))) at

_I_

+ /tn_1 <A(¢>(t)e”t;9¢>’ (1),0(t)) — A(¢' (t)e; 04 (1), @(t))) dt

tn 1 d )
+ \/tn—l /0 iﬂ%_l ((atAi,a,j,g - 315141'@]'5)35991)/7]-(15), 8a®i(t)> . dr dt
i ttn (A<¢<t>e”; W(t) — LW (1), ©(1) — A/ ()7 W(t) — TLW(2), ®<t>>) at

HAP (1) 04 (L), ©(t)) — A (t,_1)e"" 0 (t,_1), O(t,_1))

— A ()™ 0y (1), O(t)) + Aty )30, (t,_,), ©(t_,)). (3.3.40)

By the Cauchy—Schwarz inequality, we have

2 (é(t;—l): (;)(t:zr—l))m < ”é(t;—ﬁ”%?(ﬂ) + H@(ti_l)llim), (3.3.41)
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272 (©(t;,_1).©(t;_1)) 1 < V1Ot )llFa) + VIO D Fa)  (3:3.42)

By Lemma 3.6, for ¢ € F, we have

tn

(at 7i5080(1), 0.0,(1 )>

2

tn
drdt' < / VO[30 dt
tnfl

(3.3.43)
Recalling that the values of VW (t)e? +7V (¢p(t) — W (t))e and VW (t)e? + 7V (¢’ (t) —

tn—1 i,a,7,8=1

W (t))e belong to the convex set Mg, and that A;a;g is Lipschitz continuous on Ms,
we have

/n A(@' ()™ 04 (1), ©(t)) — A(B(t)e™; 8 (t), O (1)) dt

tn—1

< [ M@ 004 (0, 6(0) - @38, (0), O(1)

tn—1

tn .
< L / IV (1) — Vo' (8] 2 906 (8) | o ) VO (D) 2y It

tn—1

tn .
SLO‘COCI/ IVR(®) | 20y h ™2 VO (1)]| 20 |O(1) | 2yt

tn—1

tn . tn
<2 [ 1SN0yt + COImas VRO > [ 1900 e

tn—1 tn—1

(3.3.44)

where we have used the inverse inequalities (ii,a) and (ii,b), Young’s inequality. By the

fundamental theorem of calculus, we have

2
ln in .
/ ||v0¢f<t>||iz(mdt§2knuve¢/<t;>||%2(m+2kn(/ 196, ()220 dt)
n—1 n—1

tn
< 2| VO (1) 172 () + 2C5 k™ /t 184 (t)][72 0 it
n—1

This implies that

/” A(¢' (t)e; 8, (1), O(t)) —A(¢(t)evt;9¢,(t),®(t))dt‘ < 27/n 1©(1)[|72 () dt

tn—1 tn—1
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tn
+ ng}x”VR(t)||%2(Q)h_2_dkn <||V9¢’(tﬁ)|%2(9) +/ 184 (1)1 72 dt) ;
n n—1
(3.3.45)

where we have used the assumption that j;k; < h? for each i = 1,...,N. Here C is a

generic positive constant. Analogously, we obtain

/n A(@' ()¢50, (1), (1)) — A((t)e™; 0 (1), O(1)) dt

tn—1

< / AW (1) 64 (1), ©(1)) — Ad(t)e™; B, (1), O(1))] dt

tn—1

tn .
< La/ V() = V&' ()l L2 IVOy ()] Lo () I VO ()| 1202y dt

tn—1
t7L d .
< L(SCl/ VR 2)h 2 IVOs (D) 220 VO () || £2(2) At
tn—1
tn

tn .
<C IVO(t)|[72(0) dt + C max IVR(®)[72i)h™ " (/ 184 (£)1172 (0 dt) :

tn—1 tn—1

(3.3.46)

Applying the Lipschitz continuity of A;,j3 again, we have

2

/tn (Alp(t)e™; W (t) — LW (1), ©(1)) — A(¢/ (1)e™; W (t) — LW (1), ©(1))) dt’

tn—1

in
<2
th—1

tn .
< 2L5/ IVR(#)|| 2 IVW (1) = V(ILW) ()| Lo () VO (1) [| 2 () dt
n—1

(Alp(D)e™; W(t) — LW (1), ©(1)) — A(¢/ (1)e"; W (t) — ILW (1), é(t)))‘ d

L [t )
< 2L50001h_2_1/ VRO 2@ IVW () = VW) ()| 20 1O () | 2 () A2

tn—1

tn tn .
< COM 2 max VRO [ VW) = VALW)OlE iy dt+ [ 10030 d
n n—1 n

tn— tn—1

tn . kQ(qn+1)+1
< 7/ 1©(%) ”%2(9) dt + C(, W)hfdfzw max ”VR(t)H%?(Q)a (3.3.47)

tn—1 n
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for W € W*(0, T; [H} (2)]9), where C(y, W) is a positive constant depending on both

~ and the nonlinear projection W. Recall that

O AL 5 = O Aiajs (VW (1) + 1(Ve(t) — VW (1))e™),

O A],

Toip = OiAiajs (VW ()™ + 7(V' (t) — VW (1))e™).

By Taylor’s theorem, we have

O0LA], 5 — OLA],

g B i)

1 82
-

| Oy Omis
X 0,05(Wi(t)e?" + 7(](t) — Wy(t))e" + (¢ — ¢1)e”" )70, (i (t) — @) (1)) d7.

d
Ainjs(VW()e" + 7(V'(t) — VW (1))e" + F1(V — V' )e)
k,y,l,0=

Since Ajqjp is sufficiently smooth (in particular, twice continuously differentiable), we

can estimate the above difference term by

00AL, 5 — 0tAT 5l < CIVR() || o0y (IVW ()| 1o () + IVW (#) | 10 ()

+ CIIVR(®)| oo (IV (1) = V' (8[| (@) + IV (t) = V' (8)| < ()

+ CIVR() 10y (VY (1) = VW (1) L) + [VF! (1) = VW (#)]| oo () -
Similarly to the proof of Lemma 3.6, we can show that
IV (t) = VW (1)l (@) + IV () = VW ()| 1< (0) < Cr- (3.3.48)
Property (iii, ¢) of the nonlinear projection W implies that
IVW ()| 2 () + VW ()| 1o (o) < o+ c1. (3.3.49)
In the view of triangle inequality, we have

IVo(t) — V' (t) || 1(0) + [VI(t) — VY (1)l 1 (0
< || Vé(t) — VW (#)|| () + VP (t) = VW ()| 1(0) + V() — VW (1) || ()

VP () = VW (1)|| () < 2C;. (3.3.50)
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Combining (3.3.48)—(3.3.50) and applying the inverse inequality (ii,b) and Young’s in-
equality, we obtain

In—-1 i,0,3,8=1

dr dt‘
L2

< Cui / IVR(®)]| oo (@) VO (1) | L2 () IV O ()| L22)

tn—1

th
~ _d
< CLipChh 2/t VR[22 IVOy (O L2(0) VO (D) L2 () At
n—1

tn tn

<C [ VOl dt+ Ch [ VRO 0 I8 (1) 2oy
n—1 n—1
tn

<C [ IVOWIiq dt+ 20 max VRO ey~ V84 (1) 2o
n—1 "

tn .
+2C max IVR()Z2 ()P~ hn / 184 (£) 1172y At (3.3.51)
€l, tn

where C’Lip = C’(3CT +¢p+ c1) and C is a generic positive constant. Combining the

estimates (3.3.41)—(3.3.47) and (3.3.51), we obtain

tn .
1O 220 + 12O 220y + Al e?™; ©7,©7) + 7 / 1O0)]122 g dt
tn—1
tn
< 1Ol + 21O sy + Al 1071, 05 )+ C [ VO] dt

tn—1

tn .
+ O 2+ Bk, (HV%’(%)H%%Q) + /t 184 (£)1172 (0 dt) max IVR()[172(0
n—1 "

tn . kQQn+3
2 —d—2 2 —d—2Fn 2
+ Cgféé}f IVR(@)|72 (0P </tn_1 104 ()l 22(c2) dt) +C(v, W)h 267D max IVR()[72(0

+ AP (1) 04 (t,),O(t,) — Al@' (t, 1)1 04 (L, 1), O(t;,_1))

— A7) 0 (17). ©(t7)) + Allty_ )™ 5 0 (1), ©(1,_y))- (3.3.52)
Summing up over n = 1,...,j, we obtain
1O B2y + 72105 ey + AlD(E )7 Ot )+ VZ / 1O(1)]13 ¢ dt
kQQn+3

<OZ/ IVO)|220 dt + Cly, W)k 22 i g VRO
n 1
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—d—2 —d 2
£O (e )(Zk V6o (-l >tg,??&>;g'VR<’f>”L2<ﬂ>
—d—-2 | 1 —d g2 2
+0 (hi=2 ) (; b [ 1001 dt) max_ [VR)Ex

J tn
—d—2 . ) ,
o (nz—:l /tn1 166t iz dt) telnins; IVR®)lIZ20)

+ A(¢'(t;)e“f; Oy (t5), ©(t7)) — Al@(t;)e ;04 (17 ), O(t}))
—2 2
<oy [ 190l at + 06 Wi > S s, VRO

tn—1

k2qn+1

d— 2 2r+2 2
+O) (42 n) (Zk W 1)> e IVRO] 20

kZQn+1
—d—2 — 2r+2 2
+C(v) (h +h )1@%/4 (E kinh 26 erax VRO

+A<¢( 7)€ 8 (t7), ©(t)) —A(¢(t;>e”fﬂ*0¢'<t.‘> e(t;))

n d—2 orya | Rni 2
<c§j [ IVl it + v Sk ) e VRO
n—1 n=1 qn
A (11670, (1), ©(17)) — A1} )70 (1)O11})), (33.5)

where C is a generic positive constant and C(v) is a positive constant depending on
the exact solution v. These constants may change from line to line. Using the Lipschitz

continuity of A(; 04 (t;), O(t;

)) and the inverse inequality (ii,b), we obtain
A ()70, (£7), ©(£7)) — A(S(t])e1: 0, (1), ©(£7))
< L [[VR(t;) | 2(2) IV 0o (5) [ oo () [ VO () [ 20

kQQn‘i’l

h4 242 | -
2 (Zk h _1)) i (VR 220 VOl 20y

(3.3.54)
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Combining the estimates (3.3.53) and (3.3.54) and applying the assumption (S2b) to

A(¢(tj_)67ti ;O(t; ), ©(t;)) on the left-hand-side of the resulting inequality yield

165y + 22100t )3 + M VO(; >||L2<m+vz / ()]0 e

tn kQQn+1
d—2 27"+2 2
<CZ ] IVt + o (Zkh 2500 ) e, VROl

tn—1 n=1

27"-1-2 kz2q1+1 -
Zk h o) IVRO)@ VO )

n, 1<n<j
(3.3.55)
By applying Young’s inequality on the right-hand side of (3.3.55), we have
1O )12 + 2210 )220y + M VO m)ﬂz / 16(0)2 )
e d—2 r42 kit 2
T+ n
< cZ [ IVl -+ O Zk P S ) e, IRl
) 2 kQQ¢+1
r+ i
F Oy (Zkh q2(5_1)> VRO + 190065 2
(3.3.56)

where C'(Mi,v) is a constant depending on M; and the exact solution v. This implies

that

. - M, - I ot
1O(t; )|’%2(Q)+'72H®(tj)”%Q(Q)—i_?HV(a(tj 720 +’YZ/ 1©(t)[172q At

tn , kQQn‘i'l
<CZ / IVO(t)|72(q) dt + C(v)h™" 2<Zk W a6 | e IVR(#)][7:(0

b1 1 1<n<y

d 2 2 k2q¢+l 2
§ T+ [
+C(My, V)R kil q2(8*1) tely,, 1<n< VR )”L2(Q)

)

2(1n+1

d—2 242 4 2
< CZ/ Vel ||L2 dt+0( )h~ (2:1"3 h qg(s 1)> tely,, 1<n<]||VR( )HLQ(Q)'

(3.3.57)
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By an analogous application of the discrete Gronwall’s lemma as in the proof of (a), we

can deduce that, for k, sufficiently small for each n =1,..., 7,

IO B2y + 106 ey + IVOE e +Z [ 160

tel,, 1<n<j

J 2¢n+1
- L . kngn
dn

where C (v) is a positive constant depending on v which may vary from line to line. By
the fundamental theorem of calculus and the triangle inequality, we have for each t € I,,,

withn=1,... N,

tn .
IVO (@)l L20) < IVO(t,)llL2(0) +/ IVO(t)| 20 dt

[SIE

1 tn
< |[VO(t,)l 2 + Coh™ 'k (/ H®(t)Hiz<mdt>

tn—1

This implies that, for each ¢t € I,, with 1 <n < N,

B 1 1 d_ . k2Qi+1
IVOWliz@ < (1 + Coh™hi)O(v)2h72 (Z‘f T q5<31>> e, 5 e VRO 20
5 iy N orio k?QHrl
<Ci(v)h™2 ;kih + 26D ver Iy IVR(®) L2
(3.3.59)

where the last inequality follows from the assumption that p;k; < h? for each 1 <4 < N.

Analogously, we have

N

tn
10D L20) < 1Ol L2(0) kS (/t lO®)I72(0) dt)
n—1

2¢;+1

k;
27“—}—2 z
(Zkh ¢ (s— 1)) teln, 1<n<N||VR( Mz,

(2

(3.3.60)
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and

N [=

tn—1

. . 1 2
1©®)[|2() < [1Otn)llL2(0) + C2kn (/ 10(t)[172(q) dt)

k2%+1

~ 2r+2 i
= CGs(v) (Zk h q —1)> te[n 1<n<N IVR®)llz2@)

7

(3.3.61)

Summing up (3.3.59)—(3.3.61) and taking maximum on the left-hand for ¢t € I, with

1 <n <N, we have

e W5y (180Nmo) + 16020

[NIE

A —4_1 -3 2r+2 4 kzz%ﬂ
< C(v)h™ 2 11<na<xNk g k;h =) el 1< <NHVR( )HLQ(Q). (3.3.62)
n q n,l<n

7

By choosing the mesh size h and time steps {kl}f\il < 1 foreach ¢ =1,2,..., N small

enough, and r and {Qi}i]\i1 for each i = 1,2,..., N large enough such that

1<n<N

~ d k2qz+1
C(v)h 27! max k, Zkh%” Zr—_ <1, (3.3.63)

Z

we obtain

o (100) @) +100x@) < max_ (1ROl + 1RO 2) -
(3.3.64)
Indeed, the inequality (3.3.63) follows from our assumptions that r > % + 1, kfif% =
o(hH%) foreach7=1,2,...,N.
Therefore, by Banach’s fixed point theorem, vpg = vy is the unique solution to
(3.2.10). By the triangle inequality, properties of the modified projection operator, and

property (iii,b) of the nonlinear projection W, we have

Ivba(t;) — vt Lz + IWpa(t;) — V() L2

<10t lz2() + 1020 + IW (&) = V()20 + W (&) =¥ ()| 220
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kQQH"Fl 1

j 2 ~
sc*<v>(2knh”“+ ;131)) +2C (VA (by (b))
n=1

n

J 12+l %
2r—+2 n

n=1 qn
3.4. Approximation properties of the elliptic projection

Here we derive the properties (iii,a)—(iii,c) of the nonlinear projection W. We write
a S b if there exists a universal constant C' > 0 independent of the spatial discretisation

parameter h such that a < Cb.

3.4.1. L?> bound on V(v—W) and L* bound on VW Recall that for each ¢ € [0, T,
a(W(t),) = a(v(t),e) for all ¢ € Vj. Let Pp: L? — V), denote the standard L>-

projection operator in the spatial direction. Then we have
(W (1), ) — a(Pav(t), ) = a(v(t), @) — a(Puv(t), @) forall € V. (3.4.1)
That is,
1
/ a(Ppv(t)e’ + (W (t) — Ppv(t))e’; W(t) — Ppv(t), ) dr
0
1
= / a(Ppv(t)e” + 7(v(t) — Ppv(t))e™; v(t) — Ppv(t), o) dr.
0
For v € [H™(Q)]4 N [HL(2)]¢, we define the following subset of [HE ()],
d .
F={peVy: ||V(¢p— phV)HL2(Q) < C*hTHVHHTH(Q) for B <r <min(p,m —1)}

where C, is a constant independent of h. The set F is non-empty since for each fixed
€ [0,T), Ppv(t) € F. Furthermore, F is a closed and convex subset of [HE(Q)]%. We
define the fixed point mapping N on F as follows. Given ¢ € F, we denote by Wy € V,

the solution to the following variational problem: find W € Vj, such that

1
/O G(Phv (D) 1 r((t) — Pav(£)e™s Wy(t) — Prv(t), ) dr
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1
= /0 a(Ppv(t)e’ + 7(v(t) — Ppv(t))e™;v(t) — Ppv(t),p)dr  for all ¢ € V.

Since V}, is a finite-dimensional linear space, the existence and uniqueness of W(t) € V},
for each t € [0,T] follow if we can show that fol a(Ppv(t)e? + 1(p(t) — Ppv(t));-,-) is
coercive on Vy, X Vy, in the |- |1 semi-norm. This is indeed true in view of the assumption

(S2b). For each t € [0,T], if we take W (t) = W(t), we have
V(W (t) = Prv(t) |2y < Ch"[[V(E) a1 (0 g <r <min(p,m —1). (3.4.2)
By the approximation properties of Py, in the |- |g1 semi-norm, we have
IV 8) = Prv () iz S K IV iy, o <r <min(pom—1).  (343)
It follows from the triangle inequality that
VW) ~ vz S F IV, 5 <r<minpm—1).  (344)
By the approximation properties of Py, in the | - |jr1,00 semi-norm, we have
IV (0) = Pav) ey S BV lirony, 5 <7 <minp,m—1).  (3.45)
Combining (3.4.4) and (3.4.5), we obtain

IFW ()20 < [I99(0) o= + IV (W () = v(0) | =)
< IV ey + VW) = Pav(0) @) + 9Py () = V() (o)
< IVl + Crh™ 2 [V (W () = Pov(0) ] 2y + Cv)H 2

< €o,

for some constant ¢y. The last inequality follows from the boundedness of Vv and the

fact that r > %l, while the second last line follows from (ii,b) and (3.4.5).

3.4.2. L? bound on V(W —v) and L*® bound on VW For the estimate of the L%~

bound on V(W — V), we follow the proof from Section 6 in [60]. We need to show that
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t — W(t) is differentiable with respect to t. For U € V}, and ¢ € [0,7], we notice that
the mapping ¢ — a(U, ) — a(v(t), ) is a bounded linear functional on Vj; hence by

the Riesz representation theorem, there exists a unique A(t, U) € V}, such that

(A, U), ) = a(U, ¢) — a(v(t), ¢).

It follows from the linearisation process that the derivative of the nonlinear mapping
(t,U) — A(t, U) with respect to U, evaluated at U = W (t), exists and is invertible for
any ¢t € [0,7]. We also have A(t, W(t)) = 0. Since v(t) is differentiable with respect
to t, it follows that A(¢, U) is differentiable in a neighbourhood of (¢y, W (tg)) for any
to € (0,7). We then deduce from the implicit function theorem that t — W(t) is

differentiable in (0,7). Next, we derive an error bound on [[V(W(t) — V(1)) 12(q)- By

the definition of W(t), we have
/0 APV (e T (W(E) — Prv(£))e™ W(E) — Puv(t), @) dr
-/ AP + (v(t) = Puv(®)T: v(t) - Puv(t). @) dr,
for all ¢ € V. After differentiation with respect to ¢, we have

1
/0 a(Ppv(t)e + 1(W(t) — Ppv(t))e; W(t) — Ppv(t), p)dr

1 d
Aia'
+ / / > ({8 B (VP + (VW (t) — VP (t))e)
0 90 bmmm \ L Ol

X O, (O [Prvi(t)e™] + 70, [(W(t) — Prvi(t))e™]) }8j(W — Prv)s, 8j<pa> ) dzdr

L

1
- /0 G(Pav (D)™ + T(v(t) = Pav(t))e: ¥(t) — Prv(£), ) dr

1 d
A
+ / / >, <{W(V7’hV(t)e”t+T(vV(t)_vphv(t))evt)
0 9 0 Gmme \ L OMhm

X Om (8i[Prvi(t)e™] 4+ 704 [(vi(t) — Prvi(t))e™]) }5j(v — Pnv)s, 3j90a> 2 dzdr,

L
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for all ¢ € V},. Rearranging gives
1
/ a(Ppv(t)e’ + (W (t) — Ppv(t))e’; W(t) — Ppv(t), ) dr
0

1
= /0 a(Ppv(t)e™ + 7(v(t) — Ppv(t))e; v (t) — Puv(t), ) dr

1 d 0A;njp ot o
“ / 2 <{ D LY VDT (VYD) = VPRV (E))eT)
X O (Ou[Pavi(t)e"] + O (ve(t) = Pvi(t))e™]) }6‘j<v ~ Pav)s, ajcpa) dedr

8nkm

oy

X 8m (8t[Pth(t)e’yt] + T&t[(Wk(t) — thk(t))e'yt]) }8] (W — th)g, 8j§0a)

d
3 ({ M(vphv(t)evt + 7(VW(t) — VP,v(t))e™)
B,k,m=1

Z"O‘7j7

dx dr
L2

=T +Tr, 4+ T5.
Taking o (t) = W(t) — P,v(t), we have
Ty S W01y [V (W) — P (6)) 20
2 5 (VPO + IV 0) = Puv(O) o) + IVPivOll(o
FITE(0) = Pav (Ol ) % V() = TPv(0) 2 VWD) = Pb ) o
< WV 1) [V OW () — Pt () 0y,
14 5 (VPO (o) + IVOV (D) = Prb )l + 9P (B0
HITOW () = Pav()ll=(e) ) % [VOW(0) = Puv(e)llao | 9 OWE) = Prv(0) s
SNl (IVPAOlle) + ITW0) = PO o + TP
HITOW) = Prev()leco) ) * IVOW(0) = PLe) o
SO0y (90l (o) + 1960 = PO si0) + 1990 llg0

+IVv(t) - PhV(t))llLoo(Q)) X |V(W (1) = Priv(t))ll 2 (@)
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_d . )
+ "2 [V @) I VW () = Prv(E) || L2 VW () = Prv ()l 22 o)
_d . )
+ B2 V() || e @) VW () = Pr¥(8) 172y
SHIVO @ IV (W (E) = Pad () [ 220
_d . )
+ "2 ||V g @) [IVIW(E) = Prv() || 22 V(W (E) = Prv ()l 22 (o)
_d . )
+ R 2V () [ e @) IV (W () = Pri(0)) 1720
Combining the estimates for 717, T and T3, we have
1
/ a(Ppv(t)e’ + 7(W(t) — Ppv(t)e?; W (t) — Prv(t), W(t) — Ppv(t)) dr
0
SHT (VO ey + 1Vl ) IVW(E) = Pav ()l 220 (3.4.6)
_d . .
+ R 2|Vl @) VW () = Puv ()] 2o [[VIW () = Prv(t) || 220
_d . .
+ R 2V e ) [ VW () = P (8) 1720
Applying the strong ellipticity condition (S2b) on the left-hand side of (3.4.6), we have
M| V(W (t) = P () 1720
1
< / G(Pav (D) + T(W(t) = Pav(t))e™s W(E) — Puvr (), W(E) — Pav(t)) dr
0
SH(IvE g + 1Vl ar@) [VW (@) = Prv ()| 220y
_d . )
+ W2 ||l @ VW () = Puv ()] 2o IVIW (@) = Pr¥v ()l 220
_d . .
+ 1 V@ IV (W () = P (8) 22 -
Dividing by [|[V(W (t) — Py ()| 12(q) on both sides yields
M|V(W () = Pu¥ (1)l 20
. pd
S (VO g+ + 1V ar+1@) + B2 1V g1 [V W () = Pav(t) | 120

_d . )
+ B 2|V gre ) IVIW () = Pu¥ ()] 2 0)-
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Since r > %, we can choose h sufficiently small such that the last term on the right-hand

side can be absorbed into the term on the left-hand side. This yields

V(W (t) = Pp¥(t) ]l 20
. pd
S A (VO a1 + VO g ) + 22 1] e o) IVIW (E) = Prv(E)]] 120

< (VO o) + IR O lam)) (3.47)

where we have applied [[V(W(t) — Ppv(t))|lr2() < Cuh"[[V(t)||gr+1(q) for the last in-

equality. Again, by the approximation property of Py, we have, for each ¢ € [0, 77,
. . e d .
VG0~ v )z S WIRO sy, <r <minpm—1).  (348)
It follows from the triangle inequality that, for each ¢ € [0, 7],

IVW () = V¥ (D)l 2i) S B (IVO 1) + N O 1) - g <7 < min(p,m —1).

(3.4.9)
By a similar argument as in the previous section, we can show that there exists a constant
c1 > 0 such that

va(t)HLOO(Q) < a. (3.4.10)

3.4.3. L2 bounds on (v — W), (v — W) and (¥ — W) It was proved by Dobrowolski

and Rannacher in [26] that for each ¢ € [0,T],
r+1 d 3
[v(t) = W)l 120 < Cr(v)R, 5 <r < min(p,m — 1). (3.4.11)

We shall focus on proving the L? error bound on the time derivative using a duality
argument in this section.
Consider the following boundary value problem: for a given g € [L?(Q2)]%, solve

¥ € [HE(Q)]? such that

a(vip, d) = (g, )2 for all ¢ € [HE(Q)]4, (3.4.12)
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where v is the solution of (3.1.1)—(3.1.3) and

d

a(vi, @) = > (Aiajs(VV)9s%, Oahi) 2. (3.4.13)

i,0,j,8=1
Since Ajq;3(Vv) € Wh(Q) provided that A;n;g is sufficiently smooth and Vv €
[C%2(Q)]?*? (cf. Remark 3.5 ), the adjoint problem (3.4.12) has a unique solution, which
satisfies the following elliptic regularity conditions, cf. Theorem 1.1 and Theorem 2.6 of
Chapter 8 in [19],
1l 2 < (192 + l8llz2 @) (3.4.14)

for some positive constant ¢. Taking ¢ = ¢ € [H}(Q)]? in (3.4.13) and applying the

coercivity condition (S2b), we have
M|V 72y < Nl 2@ ll9lz2@)- (3.4.15)
Applying Poincaré’s inequality in (3.4.15), we deduce that
191 120y < My ' Cpoinllgl 20

Thus

| 20y < cllgllzz), (3.4.16)

for some positive constant c¢. The corresponding discrete problem is formulated as follows:

find vy, € V), such that
a(vi;p, @) = (8, @) 12, forall ¢ € V. (3.4.17)
It is known (cf. [26]) that we have

I — Pnllr2) + PV — Yulli o) < CR™ 9] g ), (3.4.18)

for some constant C. Let g = v — W then (3.4.12) becomes

a(v,h, ) = (V — W, ) 2. (3.4.19)
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Plugging ¢ = v — W into (3.4.19), we obtain
IV = W72y = a(viep, ¥ — W). (3.4.20)
Using (S2a) and the definition of the elliptic projection, we have,

a(vip, v = W) =a(v;p — b, ¥ — W) + a(vihy, v — W)
=a(vip —hn, v — W) +a(v;v — W, 4,)

a(vihp — p, v — W) + a(W; W,apy) —a(v; W,ap,).  (3.4.21)

By (iii,a), (3.4.16) and (3.4.18), we have

a(vip — pn, v — W)| < K[| V(& = W)l 120 IV (% — ¥n) | 120
< KsCr(V)R" - Chl[| g2y (by (iii,a) and (3.4.18))
< K5cCp(v)CH Y = W[ 12(q)  (by (3.4.16)).
For the remaining terms in (3.4.21), we observe that
a(Ws W, apy) — a(vi W 4py)| < [a(W; W, 4py, — ) = a(vi W, 9y, — )|
+a(W W =¥, 9) = a(v; W = ¥, 9)|
+ |a(W; ¥V, ) — a(v; v, )|
=Ty +T5 + Ts.

By the Lipschitz continuity of A;q;g, we have

Ty < Ls|V(W = V)|l 120y VW || o () IV (%1 — ¥) [l 120
S Cr(V)R 1|V (e — )|z ( by (iii,a) and (iii,c))
< Cr(v)erh” - Chl|Yll g2 (by (3.4.18))

< cCCH(V)erth W =¥l 2()  (by (3.4.16)).
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Similarly, we have

Ts < L | V(W =) 100 V(W = 9)]| 20 IVl 120

Following the analysis in [63] and Chapter 8 of [17], it can be shown that
[V — Wl < e(v)R", (3.4.22)

where ¢(v) is a positive constant depending on the exact solution v. Therefore, we can

bound T5 by
T5 < Lsc(v)R" Cr (V)R |9 g2 () < Lsc(v)Cyp(V)eh™ W — V20, (3.4.23)
for any r > 1 provided that h is sufficiently small. We bound Tg by

Ts = |a(W; ¥, 9) — a(v; v, )|

d
. 8141'04 ]
| T (w0 2 (w0
i, Bk =1 My L?
d 1924, .
_ _ . Y Hiajp _ .
+ Z ((95(Wz v1)0y (W — vi) 0V A (Vv +7V(W —v))dr, 8011/)1) L

?:7a’j?/87k7fy7l?5:1

=b(W,v;v, ) +d(W,v; Vv, 9).

To ensure that VW € Z;, we take h sufficiently small. By the convexity of Z5 and My,
we know that Vv(z) + 7V(W(z) — v(z)) € M; for x € Q. Since Ajnjp is sufficiently

smooth (in particular twice continuously differentiable on My), we have

d(W,v;¥,9) < Cal| V(W = V)1 IV V| 220 [V L2 (2)
< Cac(v)* W |V 2 IVl 2y (by (3.4.22))
< CAC(V)2h2rHv‘.’HL2(Q)||1/’||H2(Q)
< Cac(v)?eh™ [V¥| 2 @llW =¥ 2 (by (3.4.16))

< ChH W — VL2, forr>1.
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For the estimation of b(W,v;v, 1), we apply integration by parts and the fact that
Vi, C [HY(2)]? to obtain

d

. . 8A7La‘
(W, v;v, ) = > <a7 [05V; 5 22.(7v), 8o tpi) (W, — vk)>
i, B k=1 ey 2
< COIW = vl 2 [[¥]lw2.00 @) IVIIw2.00 ) 1% 72 (02)
<Ch™Y W = V| 12y (by (3.4.16) and (3.4.11)).
Combining the above estimates for Ty, Ts and Tg, we have
W =¥l 12(q) < Cr(v)R"H, (3.4.24)

for some positive constant C,.(v).

By a similar argument, we can easily show that W(t) is differentiable with respect to
¢t and derive a similar L? error estimate for W — ¥. The proof of this estimate can be
found in [54] and [55]. We omit the details here.

3.5. Numerical experiments
In this section, we show some numerical experiments on a simple version of the non-

linear elastodynamics equation to verify the convergence result.

3.5.1. Numerical results for a nonlinear elastodynamics problem We consider

the one-dimensional nonlinear equation
iz, t) + 2vi(z, t) + Y2u(z, t) — 0[S (Dpu(z,t))] = f(x,t) in (0,1) x (0,T], (3.5.1)
u(0,t) =u(l,t) =0 for allt € (0,71, (3.5.2)

u(z,0) = up(x), u(z,0)=ui(x). (3.5.3)
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We take S(0,u) := $0,u® and the time interval I = (0,7] with T' = 1. Let uo, uy and f

be chosen such that the exact solution is
u(z,t) = sin(v/2mt) sin(wz).
That is, ug(z) = 0, ui(z) = V27 sin(rz), and
f(x,t) = [(—2724+~2) sin(vV27t)+2v/2y7 cos(V2nt)| sin(mx) 47 sin® (vV/2rt) cos? (mz) sin(mz).

Analogously to Section 2.4.1, we first discretise the problem in the spatial direction using
continuous piecewise polynomials of degree p > 1. Let V;, be the finite element function
space with h being the spatial discretisation parameter. The numerical approximation of
the nonlinear wave-type equation following a Picard-type linearisation in the nonlinear

term is the following: find up € V}, such that

1
/ﬂhmhdx—l—/27ah~vhdx+/72uh-vhda:+/(Owufl)Q@zuh@wvhdx:/f~vhdx,
Q Q Q 3 Ja Q

for all v, € Vj,. Here we assume that O0,u; is known at each time step I, either as
an initial guess by using wu; over the previous time interval, or as a previous iterate in
the Picard iteration. Now the problem results in the following second-order differential

system for the nodal displacement U (t):
MU(t) + 2yMU(t) + ¥ MU(t) + SK()Ut) = F(t), te (0,7,
U(0) =U;, U(0) = U,.

Again, U(t) (respectively U(t)) represents the vector of nodal acceleration (respectively
velocity) and F(t) is the vector of externally applied loads. M is the mass matrix defined
as before. However, in contrast to the discretisation for linear equations, the stiffness

matrix K (t) is now time-dependent:

1
Ry(t) = [ @i (000 (2) - 01 w) o
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which is computed using u; at each time step. Similarly to Section 2.4, we have

Z(t) + LZ(t) + KoZ(t) + K(t)Z(t) = G(t), te (0,T), (3.5.4)
7(0) = M2U;, Z(0) = M2U, (3.5.5)

Here
L=2Id, Ky=+d, K(t)=

Note that both K(t) and K(t) are time-dependent. We subdivided [0,7) into N subin-
tervals I,,, for n = 1,..., N, of uniform length k and assume that ¢ =--- =qy =q > 2
on each time interval. If we consider the time integration on a generic time interval I,

for each n = 1,... N, our DG in time formulation reads as: find Z € V' such that

(20).%) 4 (BB0Y) 4+ (KoZ0,%) )+ (KB, %) 1241,

+ Z(t:fl) ) “’(trfﬂ) + KOz(t:;ﬂ) ) V(t;:fl) + K(t;ll)z(t:{fl) ) V(t:ﬂ)

= (G(1), V) 2,y + Lt 1) - V(1) + KoZ(t,_y) - v(ti_y) + K (t,_1)Z(t,_y) - v(ti_y),

for all v € Vg;;. By choosing appropriate test functions as in the previous chapter, we
obtain an algebraic system Az = b, where z € R = R(@+1d ig the solution vector;
b € RP corresponds to the right-hand side, and A is the local stiffness matrix with its

structure defined in Section 2.4. In this case, we set
M =M"+M*, Bjj = LijM?*+ Ko;(M?+ M®) + (M? + MP),

with M, By; € Rn+Dx(@n+D) for any 4,5 = 1,...,d. The new time-dependent matrices

M3 and M5 are defined as

it = (K@, d) |, I = K8 6) 6y

L2(Ln)
where ¢!, ¢/ for I,j = 1,...,q, + 1 are the basis polynomials as defined in Chapter 2.

The computation of M3 () and M®(t) depends on the time-dependent matrix K (t). In
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order to compute this matrix K (t) (correspondingly K (t)), we apply a Picard iteration
at each time interval. We set the maximal number of Picard iterations to be 30 at each
time step and the tolerance to be 1le — 10. The details of the algorithm are summarised
in Algorithm 1.

We use CG—p elements where p = ¢ in space with k = h?, T = 1 and v = 1,
and compute the errors [|u(T) — upa(ty)llr2) + 4(T) — ipc(ty)ll 2@y versus k for
k = h? with respect to polynomial degrees 2,3,4 in Table 3.1. Note that here we use
h = 2.50 x 101, 2.00 x 107!, 1.25 x 10! and 6.25 x 10~ 2 instead of the conventional
halving procedure; this is to avoid the accumulation of any unnecessary floating point
errors resulting from a large number of time steps while still having sufficient data to
compute the convergence rates. The computed errors are shown in Figure 3.1 in a log-log
scale. As expected, the error decreases as we increase the polynomial degree ¢ or decrease
the time step k. By Remark 3.3, we expect convergence rates of order 1.5,2.0 and 2.5 for
q = p = 2,3 and 4 respectively, which are consistent with the numerical results shown in

Table 3.1.
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Algorithm 1 Iterative Algorithm (Multiple Picard iterations at each time interval)

Initialisation: Oyu; = Oyug and
1
K0, = / (Duti0) 20 (2)Dut; () dor.
0

Iteration: On each interval I, = (t,—1,t,] for n=1,2,..., N, we solve

NE(t) + 290U (8) + 420U (E) + éf(“(t)U(t) —F()

iteratively (using Picard iterations) by applying the discontinuous-in-time integration.
Here

~ 1
&) = /0 D0l (8200 () ()

where ufs! (¢) is the solution we obtained from the previous time interval I,,_;.

~ 1 k
R = /0 D0 ()20, ()9 () dr,

for k =1,2,..., where u%}i’k—l(t) is computed from the previous Picard iteration by
using the stiffness matrix [K}'_]i;.

Update:
1
K55 = [ O @)P0,0:(0)0, ) da,
where O,up)(t) is computed using [f(gend]. Here kepq is either the maximal (final)

Picard iteration number or the iteration at which a certain tolerance is achieved.
Now move to the next time interval I, .
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Table 3.1: 1D nonlinear elastodynamics equation with p = ¢: computed error ||u(T") —
upG (ty)|lz2() +|4(T) —ipa (ty)|| 12 (@) and corresponding convergence rates with respect

to polynomial degrees ¢ = 2,3, 4.

q h k= h? L?-error rate
2 2.50000e —1 6.25000e —2 1.2123e¢ — 2 —
2.00000e — 1 4.00000e —2 4.9774e —3 1.9948
1.25000e — 1 1.56250e — 2 1.1643e —3 1.5455
6.25000e — 2 3.90625e —3 1.2454e —4 1.6124
3 2.50000e —1 6.25000e —2 4.1533e — 4 —
2.00000e — 1 4.00000e —2 1.8590e —4 1.8012
1.25000e — 1 1.56250e — 2 2.5283e — 5 2.1224
6.25000e — 2 3.90625¢ — 3 1.5609¢ — 6 2.0089
4 2.50000e —1 6.25000e —2 2.5498¢ — 5 —
2.00000e — 1 4.00000e —2 8.3999¢ — 6 2.4881
1.25000e — 1 1.56250e —2 9.7790e — 7 2.2878
6.25000e — 2 3.90625e —3 3.1115e — 8 2.4870

Plot of ||u — Upg|| 2 +]|U — Upc||L2(q) versus 1/k
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Figure 3.1: 1D nonlinear elastodynamics equation with p = ¢: computed error ||u(T") —
upG (ty)ll2) + 14(T) — ipa(ty)llr2() plotted against 1/k for ¢ = 2,3,4 in a log-log

scale.



Chapter 4

Nonlinear damped wave equations

Let © be a bounded domain in R? for d = 1,2,3, with smooth boundary 99, and let

0 < T < co. We consider the damped wave equation given by
i(z,t) + Oa(u(x, t)) — Ad(z,t) — Ab(u(x,t)) = 0 in Q x (0,77, (4.0.1)
subject to the initial conditions
u(-,0) = up(-) € H} (Q), 4(-,0) = ui(-) € L*(Q) in Q, (4.0.2)
and the homogeneous Dirichlet boundary conditions
u(z,t) =0 on 00 x [0,T], (4.0.3)

where a € C3(R), b(u) = u + c(u) € C*R) with ¢/(u) > My > 0 and a'(u) > M; > 0.
We assume that |a’(+)] < C, and |¢/(+)| < C. for some positive constants C, and C.. The
motivation for studying the nonlinear wave equation of (4.0.1) comes from the nonlinear
wave-dielectric interaction problem, derived from Maxwell’s equations by assuming a
linearly polarised wave propagating on an infinite cylindrical domain € (see Bloom [16])
of the form

Q={(x,y,2) | —0o <z <00, fly,z)=c>0}.
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The resulting one-dimensional nonlinear wave equation is of the following form.

0°D oD 1 0%b(D)
IO L spy?2 L
oz T2 P = o

(4.0.4)

where D(z,t) is the scalar electric displacement, and pg is a constant representing the
permeability of free space. The nonlinear function b is defined as b(D) = AgD + Ao D3
with A\; > 0 for ¢ = 0,2. Here X(D) = 4(b(D))b(D) where 6(§) = 0(0,,0) with o
being the nonlinear function appearing in Ohm’s law. That is, J = o(E)E, where J is
the current and E is the electric field. The detailed derivation from Maxwell’s equations
of this one-dimensional nonlinear equation can be found in Section 2.6 of [16]. The
existence and uniqueness of a solution to the nonlinear wave equation (4.0.4) follows
from [18] and Chapter 3 of Bloom’s book [16]. The A% term is added in (4.0.1) for the
sake of ensuring stability of our numerical scheme. By performing an abstract Galerkin
semi-discretisation, we will prove in the next section that the same local existence result
holds for (4.0.1)—(4.0.3). After that, we will approximate (4.0.1)—(4.0.3) by a continuous

Galerkin method in space first, then apply a DG discretisation in time.

4.1. Existence of a unique weak solution

In this section, we aim to show the existence of a unique weak solution to (4.0.1)-

(4.0.3) on any space-time domain € x [0, 7).

Definition 4.1. Suppose that ug € H} () and uy € L*(Q), and that a and b satisfy the
assumptions stated in the previous section. We say that a function u € L*(0,T; Hi(Q)),
with w € L*(0,T; HY(Q)), i € L*(0,T; HY(Q)), is a weak solution of the hyperbolic
initial-boundary-value problem (4.0.1)-(4.0.3) if

(a) (ii(t), 0)+(Oea(u(t), ) L2 +(Vilt), Vo) 2+ (Vb(u(t)), Vip) 12 = 0 for all o € H(Q)

and a.e. time 0 <t <T, and

(b) u(z,0) = up(x), u(z,0) = ui(x) for z € Q.
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Here {-,-) denotes the dual pairing between H=1(Q) and HE(Q).

Remark 4.2. It follows directly from Sobolev embedding in one-dimensional space that
w € HY0,T; HY(Q)) € C([0,T); H(Q)). By Theorem 3 in Sect.5.9.2 of Evans [36], we
know that v € L?(0,T; H3(Q)) with i € L?(0,T; H-1(Q)) implies © € C([0,T]; L*(Q)).

This shows that the initial conditions stated as (b) in the above definition are meaningful.

4.1.1. Existence of weak solutions We show the existence of weak solutions using an
abstract Galerkin’s method by selecting smooth functions wy = wg(x) (k = 1,...) such
that

{wy}32 is an orthogonal basis of H}(Q) (4.1.1)

and

{wy,}32, is an orthonormal basis of L%(£2). (4.1.2)

For a positive integer m, we write
m
um () :=">_ dy, (Hwg, (4.1.3)
where we intend to select the coefficients d¥, (¢)(0 <t < T,k =1,...,m) to satisfy
d (0) = (ug,wr) ;2 (k=1,...,m), (4.1.4)

s (0) = (ur,wy) . (k=1,...,m), (4.1.5)

and
(i (t), wk) 2 +(Oralum (), wi) 2+ (Viun (t), Vwk) 2+ (V0(um(t)), Vwg) 2 = 0, (4.1.6)
for0<t<T,k=1,...,m.

Theorem 4.3 (Existence of approximate solutions). For each integer m = 1,2, ..., there

exists at least one function u,, of the form (4.1.3) satisfying (4.1.4)—(4.1.6).

Proof. We assume that u,, is given by (4.1.3), then using the fact that {w;}7, is an
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orthonormal basis of L%(Q), we have
(i (1), w3 12 = b, (1), (4.1.7)

(Vi (), Vwg) 12 = db, (1) (Vawg, Vwg) 2 (4.1.8)

=1
= idfn(t) (a’ (Zm: d,’;(t)wk> wl,wk> , (4.1.9)
=1 k=1 2
(Vb(um), Vwy) 2 = idfﬂ(t) (b’ (i dz(t)wk> Vuwy, Vwk> . (4.1.10)
Then we can rewrite (4.1.6) ;:1 - "
b (8) + [ Vw2 gy din () = 4 (), dun(9)) (4.1.11)

subject to the initial conditions (4.1.4) and (4.1.5). Here f* is a nonlinear function in
terms of d,, and d,, defined using the relations (4.1.9) and (4.1.10). By Peano’s theorem,
there exists at least one C? function d,,(t) = (dL (t),...,d™(t)) satisfying the initial
conditions (4.1.4), (4.1.5) and solving (4.1.11) for 0 <t < Ty where Ty € (0,7).

Multiplying (4.1.6) by dzfn(t) and summing over k = 1,...,m give
(ims tim ) 2 + (Ora(tm), tm) 2 + (Vi Vi) g2 + (0 () Vg, Vi) 1 = 0, (4.1.12)
for a.e. 0 <t <Tjy. Recall that b(uy,) = um + c(unm), SO we can write

(V' (tm) Vi, Vi) (Vttn, Vi) 12 + (¢ (wn) Vi, Vi, )

L.
(3himlae ).

1
(319l )

2= L2

We note that

(ﬁm’ um)L2 -

Ele &~

(vu'rn, vum)LQ -
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Integrating (4.1.12) from 0 to ¢, we have

1,. 1 t . . Lo
2llum(t)|!%z(m+QIIVum(t)Hizmﬁ/o (a' ()i (5), Wm(s)) ;2 ds+/0 [Vt ()12 ds

= im0 a0y + 5V (O)]22(q) - /0 (¢/(tm(5)) Vit (5), Vit (5)) 12 ds.

Applying the Cauchy—Schwarz inequality and using the fact that a(u,,) > M; and

|/ ()| < Cp, we have
2 2 t 2 t 2
e (8)2(y + Vet (8)] 22y + 203 /O i (5)]12 g s + 2 /0 [Vt (5) 12y s

t t
< i (O)22qy + | Vet ()22 + /0 |Vt (5)1[2gy s + C2 /0 [Vt (5) 220y s

(4.1.13)
That is,
2 2 t 2 t 2

[tm ()] 220) + IVum (Ol Z2) +2M1 [ Ndm ()72 ds + [ [ VimllZ2 () ds

0 0

t
< i 0) 220 + [Vt (0) |22 + C2 /0 IVt (5) 22y ds
t

< s ey + uollZy ) + €2 / IVt (5) 22y ds. (4.1.14)

Thus, Gronwall’s inequality (cf. Lemma 1.5) implies that

t
im0 72y + [ Vum @)z +/o Vit |2 ds < exp(CZTp) (HUIH%%Q) + HUOHQH(}(Q)> -

(4.1.15)
Since 0 < t < Tj is arbitrary, we see from the above estimate that
2 2 T 2
s (im0 )+ lun®g) + [ 1Vl
< exp(C2T0) (320 + ol ) (4.1.16)

1

Fix v € H}(Q), ||1)HH3(Q) < 1 and write v = o' + v? where v! € span{w;}7, (i.e.

vl = Y7, cFwy for some constants {c,}7 ;) and (z;Q,ﬂwk)L2 =0for k=1,...,m. Note



124

that there exists a positive constant C, such that

1
2

o' 1) = vt l2e) + VU [ r2(0) < Ivllz2@) + (Z CzHV’wk’QLz(Q)) < Gy,
p

where we have used the orthogonality relation (v2, wk) 2 =0fork=1,...,min the first

inequality. Then we have

(i, v) = (tign, V) 2 = (ijm,vl)LQ
=— (a’(um)ﬂm,vl)L2 — (vum, VUI)L2 — (Vum,Vvl)LQ — (c’(um)Vum,Vvl)L2
< Calliimll 2@ v | z2(0) + 1VEml L2 I V0 | 2(0) + 1 Vtm 220 [V | 220
+ Cel V|l 2200y IV | 2200
<C (HumHLQ(Q) + [ Vim || £2(0) + HvumHL2(Q)) ; (4.1.17)

where we have used the fact that [[v!]|;1q) < Cy. Here C is a positive constant which

may vary from line to line. Consequently

To ) To ) ) )
/0 [t |71 (0 At < C/O (||75Lm||L2(Q) + 1Vl 720) + ||VUm||L2(Q)> d
< C (Jlarll3a(gy + luol%y ) ) - (4.1.18)

Combining (4.1.18) and (4.1.15), we deduce the following energy inequality:

2 . 2 . 2 . 2
max ([l () gy + i ()32 ) + lion 20 15011y + o 20,78

< C (lurllfeq) + Mol o) - form=1,2,.... (4.1.19)

This implies that w,(Ty, ) € HE(Q) and 1y (1o, ) € L*(Q). Thus, we can use t = Tp as
initial data to extend w,, beyond Ty. By applying the same argument on the intervals
[To, 2T0), [2T0, 3T0) etc., we can eventually deduce the existence of u,, on the whole time

interval [0, 7], with the following energy estimate.

s (lum (Dl gy + i (D ey ) + il Fogo 7110y + 20 2oy
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<C (HulH%Q(Q) + Hungqé(Q)) . form=1,2,.... (4.1.20)
O

Now we are ready to pass to the limits in our Galerkin approximations. In order to
pass to the limits in the nonlinear terms, we need strong convergence results, which arise

from the following Aubin—Lions lemma [10,52,72].

Lemma 4.4 (Aubin-Lions Lemma). Let Xo, X and X; be three Banach spaces with
Xo € X C Xy. Suppose that Xg is compactly embedded into X and X is continuously

embedded into X1. For 1 < p,q < +oo, let
W = {u e LP(0,T; Xo) | w € LI(0,T; X1)}.
(a) If p < 400, then the embedding of W into LP(0,T; X) is compact.
(b) If p= 400 and q > 1, then the embedding of W into C([0,T]; X) is compact.
With this lemma, we can prove the following existence result.
Theorem 4.5. There ezists at least one weak solution to (4.0.1)-(4.0.3).

Proof. By the energy estimates (4.1.20), we see that the {u,, }°_ is bounded in L?(0, T; H()),
{1, }2°_; is bounded in L%(0,T; HE(Q)) and {ii,, }3°_; is bounded in L?(0,T; H~1(Q)).
As a consequence of the Banach-Alaoglu theorem, there exist a subsequence {up;};°; C

{um}_; and u € L?(0,T; H}(Q)), with @ € L*(0,T; H}(Q)), i € L*(0,T; H~Y(Q)) such

that
Uy — u  weakly in L2(0, T; HL(2)),
Uy — 4 weakly in L2(0,T; HL(2)),
\ﬁml — i weakly in L?(0,T; H 1(Q)).
Consider

Wi = {u e L0, T; HY(Q)) | & € L>=(0,T; L*(Q))}.
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Applying the Aubin-Lions lemma with Xo = H}(Q), X = X; = L*(Q) and p = q = 0,
we know that Wy is compactly embedded into C([0,T]; L?(R2)). According to the energy

estimates (4.1.19), we have
Uy — w in C([0,T); L*(Q)).
Analogously, if we consider
Wy = {v e L*(0,T; L*(Q)) | & € L*(0,T; H~'())},

Ws is compactly embedded into C([0,T]; H-1(Q2)) by taking Xy = L*(Q),X = X; =
H=1(Q), p =00 and ¢ = 2 in the Aubin-Lions lemma. Again, using the energy estimates

but with v = %, we have

Uy — @ in C([0, T); H1(Q)).

Since {wy,}3°, is an orthogonal basis in H (), (4.1.6) implies that

T
/O [(ﬂm(t), @) 2+ (0ca(um(t)), o(t)) 2+ (Vium(t), V(1)) 2+ (Vb(um(t)), V@(t))m] dt =0,
(4.1.21)
for all p € L2(0,T; HS(Q)) We know that H&(O, T;C3°(€2)) is a dense subset of L?(0,T; H&(Q)),

thus

T
/0 |:(ﬁm(t)vSp(t))L2+(ata(um(t))a@(t))LQ_‘_(vum(t)vv@(t))L2+(Vb(um(t))’ V@(t))m] dt =0,
(4.1.22)
for all ¢ € H&(O,T; C5°(§2)). Here C3°(Q2) represents the set of smooth functions with

compact support in €. Integration by parts for the nonlinear terms in (4.1.22) gives

T
/0 {(um@), (8)) 2= (@(at (1)), (1)) (Vi (1), Vip(t)) 2 (blut (1)), Aso(t))y} dt = 0,
(4.1.23)

for all ¢ € HE(0,T;C5(R)). Note that there are no boundary terms resulting from
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integration by parts because ¢ € Hg(0,T;C5(€)). Recall that

Uy — u  weakly in L2(0, T; HL(2)),

iy — @ weakly in L2(0,T; HL(2)),

figy — 1 weakly in L2(0,T; H1(2)).
\

By setting m = m;, we have

T T
/ (i (£), () ol — / (1), (1)) 12 dt (4.1.24)
0 0

and

T T
/O (Vi (£), V() 2t — /O (Vilt), V(b)) dt (4.1.25)

as m — oo, for all p € HL(0,T;C5°(Q)). For the two nonlinear terms, we notice that
T T
[ @), 6005 a0 [ atuo).p00),0 at
0 0
T
[ atunt®) - atwto). (00, o

T
< /O laCuum (£)) — a(u(®)]] 22 |60 2 dt
T
< / Cltim (£) — u(®) |20y | (1) | 2y
< Calloll 20,1 2@ lum — ull 220 1,02(0)) — 0 as m — oo,

(4.1.26)

since [|4||z2(0,1;22(0)) < 00 and upy — w in C([0,T); L?(£2)). For the second last line of

the inequality, we have applied the global Lipschitz continuity of a with C, being the
Lipschitz constant. Analogously, with C’Lip =14+C,,

g T
/ (bum(£)), Ap(t)) 2 dt—/ (b(u(t)), Ap(t)) 2 dt‘
° 0
T
/0 (b(um (t)) — b(u(t)), Ap(t)) 2 dt‘

T
S/ [6(um (t)) = b(u(®)) || L2 [|A@(t) || L2(0) dt
0

T
< [ Chinllun () = w(®)ll ey 186D 200y de
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< C'Lip”A<P\|L2(0,T;L2(Q))Hum - UHB(O,T;L?(Q)) —0 asm — oo,

(4.1.27)

since || Al r2(0,7,12(0)) < 00 and uy, — win C([0,T]; L*(2)). Combining (4.1.24)-(4.1.27)

and applying integration by parts in the reverse direction, we obtain
T
/0 [(u(t), o(t)) + (Ora(u(t)), o(t)) 2 + (Vu(t), Vo(t)) 2 + (Vb(u(t)), Ve(t)) 2 | dt =0,

(4.1.28)
for all ¢ € H}(0,T;C5(2)). The equality (4.1.28) then holds for all functions ¢ €

L2(0,T; HY(Q)) since HL(0,T;C§°(€2)) is dense in L2(0, T'; H}(2)). We consider functions

@(x,t) of the factorised form ¢ (z,t) = ¢(t)1p(x) in (4.1.28); then it follows that

(@(t),¥) + (Fra(u(t)), V) 2 + (Va(t), Vi) 2 + (Vb(u(t)), V) 12 = 0 (4.1.29)
for all ¢ € H}(Q) and a.e. t € [0,T]. Furthermore, u € C([0,7]; L?(R2)) and @ €
C([0,T); H~H(9).

Next, we need to verify (4.0.2). Now we choose any test function ¢ € C?([0,T]; Hi(Q)),
with ¢(T') = ¢(T') = 0. Then, integrating by parts twice with respect to ¢ in (4.1.28), we
have

T
/0 [(U(t)a P(1)) 2 + (Bra(u(t), o(t) 2 + (Va(t), Ve(t)) 2 + (V(u(t)), V@(t))Lz] dt

— (u(0), $(0)) 2 + ((0), ¢(0)) 2 - (4.1.30)

Similarly, applying integration by parts to the first term in (4.1.22) twice yields

T
/O {(um(t), ¢(1)) 2 + (Bralum(t), o) 2 + (Vi (1), V(b)) 2 + (VO(um(t)), VSO(t))LQ] d

= (um(0), $(0)) 2 + (4m(0), 9(0)) 2 - (4.1.31)

By setting m = my in (4.1.31) and using (4.1.4), (4.1.5) and the convergence of integrals
asserted in (4.1.26) and (4.1.27), we have

T
/0 [(U(t), P(8)) 2 + (Bra(u(t), w(t) 2 + (Va(t), Vb)) 2 + (VO(u(t)), Vi(t)) 2 | dt
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= — (0, $(0)) 2 + (11, 9(0)) 12 (4.1.32)

Comparing (4.1.30) and (4.1.32), we conclude that u(0) = ug and 4(0) = uy since ¢(0)

and ¢(0) are arbitrary. Therefore, u is a weak solution of (4.0.1)—(4.0.3). O

4.1.2. Uniqueness of the weak solution

Theorem 4.6. A weak solution of (4.0.1)—(4.0.3) is unique in the class of functions
u e C(0, T Wh(@)) N ([0, T); I2(Q)).

Proof. First note that for u € C([0, T]; Wh>(Q))nC ([0, T}; L>(2)), max,epo, 71 [|u(t)|| Lo (0,
max; (o7 ||vu(t)HLoo(Q) and max;e[o 7] Hu(t)”Loo(Q) are all bounded.

Assume that both v and @ are the solutions of (4.0.1)—(4.0.3), then
(i, 0) + (Bra(u), ¥) 2 + (Vi, Vo) 2 + (Vu, Vo) 12 + (Ve(u), Vi) o = 0, (4.1.33)
and
(i, 0) + (Oa(), @) 12 + (Vii, Vo) 1o + (Vii, Vi) 12 + (Ve(@i), V) 2 =0, (4.1.34)

for all ¢ € H(Q). We also have u(0) = @(0) = ug and 4(0) = @(0). Subtracting (4.1.34)
from (4.1.33) gives

(it — i, ) + (Vie — Vi, V), + (Vu— Vi, V) s

= (Ora(a) = Ora(u), )2 + (Ve(a) = Ve(u), Vo) o

= (d(@)u — d'(@)i, ¢) p» + ([0 (@) — ' (W), ) 1

+ (d(a)Vi - (@)Vu, Vo) ., + ([¢(a) = ¢ (u)]Vu, Vo) . (4.1.35)
Note that
la’(u) —d'(a)| < m[%}i la” (tu+ (1 — 7)a)||u — | < CLipi|u — al, (4.1.36)
T€|0,

with Crip1 := maxe |a”(§)| where |¢] < maxeo 7 ([[u(t)] o) + 1@(t)]| oe(q)) - Analo-
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gously,
| (u) — ' (w)] < m{g}i |’ (tu+ (1 —7)a)||u — 4| < Cripe|u — 1l (4.1.37)
T€|0,
with Cripz := maxg |c”(§)] where [¢] < maxeoq ([[u(t)] @) + 1@(t)|| Loe(q)) - Since

a € C3(R) and ¢ € C*(R), both Chip1 and Clip2 are bounded positive constants.

If we write © = u — @, take ¢ = ©, and integrate the resulting equality from 0 to ¢,
we have

/Ot [<(:)(5), O()) + VO By + (ve(s),vé(s))m] ds + /Ot (a/(@)6(5). 6(s))

- _ /Ot (c’(ﬂ(S))V@(S), V@(S)>L2 ds + /Ot ([c’(qj(s)) — (u(s))]Vu(s), VG)(S))LQ ds
" /Ot (Ia'(a(s)) = @' (u()}i O(s)) , ds.

ds
L2

(4.1.38)

Using the assumption a(-) > My, the Lipschitz continuity of a’(-) and ¢/(-) and Young’s

inequality, we have

31600 + FIVOWI e+ [ 1V Fagoyds+ 30 [ 1002 s
< 51600 + 51VOO o)~ [ ((@)0(:).T6()) , s
/0 (I¢((s)) = ¢ (u(s))] Vu(s), VO(s)) | ds+ /0 (o' (a(s)) = o' (u(s))]11, O(s)) , ds

t
<c /0 IVO(s) |20 | VO(s) | 12 ds

N

_I_

t
+ Cuipz max || Va(t)| =) / 10(5) 226y I VO8] z2(cy dis
te(0,7) 0

t
+ Cup e [i(0)] @y [ 100)] 120y 16(6)] 120 d

b Clipr maxefo.r) [0t 1oy [
<My [0 g ds + R D [ 1005) B2y ds
0 1 0

| L Clipe maxiepo 1] VUt |5 iy [
+5 / IV (5)[13 2 ds + — 5 @ / 16(5)[32( ds
0 0

I c? gt
+2/ Hve(s)||§2m)ds+2/ IVO(s)]122 0 ds. (4.1.39)
0 0
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This implies that

t
160) 20y + 1900 < [ (IVO) ) + [0 ey) s, (4.140)

where C' is a positive constant depending on CLip1, CLip2, Ce, M1, maxco. 7y [|4(t) || Lo ()

and max,c(o, 7] | Vu(t)|| 1 (q)- Applying the Poincaré inequality, we obtain

t
16(1) 22y + 10) 210y < Co /O 101310 d. (4.1.41)

where C,, depends on both the previous constant C' and the Poincaré constant Cpoin.

Finally, by Gronwall’s inequality, we achieve
16(1) 122 + 10(8) 220y = 0- (4.1.42)

This implies that O(t) = 0 for arbitrary 0 < ¢ < 7. Thus O(¢t) = 0 for all 0 < ¢t < T,

which in turn shows that u = uw a.e. 0 <t <T. O

4.2. Numerical scheme

4.2.1. Semi-discrete approximation Analogously to Section 3.2, we approximate (4.0.1)—
(4.0.3) in space using a continuous Galerkin method first. Here, we define V}, to be a
given family of finite-dimensional subspaces of W1 () N HZ(Q) with polynomial degree
p > 1 and assume that the triangulation 73 of Q into d-dimensional simplices, which are
possibly curved along the boundary 952, is shape regular and quasi-uniform. If we replace
v, by vy € Vy in (il,a) and (ii,b) of Section 3.2, similar inverse inequalities hold. The
semi-discrete approximation up: [0, 7] — V}, of the solution of (4.0.1)—(4.0.3) satisfies the

following initial-value problem in Vj:
(iin(t), 0) + (Ora(un(t)), ©)r2 + (Vin(t), Vo) 2 + (Vb(un(t)), Vo) o =0 (4.2.1)
forall p € Vp,0 <t < T,

up(0) = uop € Vi, un(0) = uip € Vi, (4.2.2)
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where ug j, and uy j, are specially chosen initial values. Note that the dots over w; mean
up, = Oyup, and iy, = Opup. We use both notations for differentiation with respect to time
t throughout this chapter.

The existence of a local-in-time solution to the system of ODEs (4.2.1) follows from
Caratheodory’s theorem. This local-in-time solution can be extended to the whole of
[0,T] based on the energy estimates of the form (4.1.19) by replacing wu,, with u,. The
uniqueness of the solution follows from Theorem 4.6 if we replace u by up in the proof.
Alternatively, we can apply Siili and Wilkins’ [74] argument based on Banach’s fized
point theorem to show the existence and uniqueness of the semi-discrete problem (4.2.1),

(4.2.2). We omit the details here.

4.2.2. Discontinuous-in-time fully discrete scheme Similarly to previous chapters,
we partition the time interval I = (0,7 into N time slabs I, = (t,—1,t,] having length
kn=t,—t,_1forn=1,2,..., N, with tg = 0 and ¢ty = T. We focus on the generic time
slab I,, and assume that the solution on I,,_; is known. Following the discontinuous-in-
time formulation introduced in previous chapters, we first test the equation (4.0.1) against

¢ for ¢ € HY(I,,; H}(Q)) and integrate on I,, to obtain the following weak formulation:

/t " i), ¢(0) dt + / " (Vat), V(t)) e dt + / " (@rla(u(t)), $(6) 2 dt
tn tn
+ /t (Vau(t), V(t)) 2 dt + /t (Ve(u(t)), Vé(t)) 2 dt = 0. (4.2.3)

Now we rewrite (4.2.3) by adding suitable (strongly consistent) terms:

ln

/ " i), () dt + ([aln- 1, S5 1) 12+ / (Vi(t), Vp(t)) 1 dt

tn—1 tn—1

+ / " (Gualu(), $(1)) 1o dt + / C(Vult), V(1) 2 dt + ([Vulao1, Veltd 1) s

m tn—1

[ (Telult)). Vele)) sz at = o (4:24)
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Summing over all time intervals in (4.2.4) leads us to define the following semilinear form

A: H xH — R, with
H = H*(0,T; H-'(Q)) N H'(0,T; Hy () N L*(0, T; Hy (),

by
N . N-1
A@@:Z/<wmmw+zw%wmpﬂwmwmp
n=1"7tn-1 n=1

N 4, N
+ z_:l /tn1 (Vi(t), Vo(t)) gz dt + Z/ (D (a(u(t)), p(t)) o dt

N 4, 1\7—1:1 "
+ Z/t (Vu(t), V) dt + Y ([Vuln, Vo(th)) 1o + (Vult), Vo(t])) 12
n=1"vtn-1 n=1

N tn
+3° [ (Velw), Vo) e
n=1

tn—1
for ¢ € H. Again, the semilinear form A(-, -) works for piecewise in time version of H x H

as well. Let, further, F' be the linear functional defined by

F(p) := (u1,9(t])) 2 + (Vuo, Vo(tg)) ;2 -

Then, the discontinuous-in-time fully discrete approximation of the problem reads as

follows: find upg € Vl?h such that
A(upg, @) = F(p) for all p € V], (4.2.5)

where F' is a modified version of F defined as

F(p) = (uip, ¢(t5)) 12 + (Vuon, Ve(tf)) -
Here the finite-dimensional space V,?h is defined the same as before.

4.3. Convergence analysis

Similarly to the nonlinear elastodynamics problem (cf. Section 3.3), we shall also

prove a priori error estimates for the nonlinear damped wave equation.
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Theorem 4.7. Let u € W(0,T; H™(Q) N HL(Q)) be the solution of (4.0.1)-(4.0.3).
1

Assume that % +1 < r <min(p,m—1), s > ¢ + 1, kf’ 2 — o(hg), and there exist

positive constants i, v; such that p;k; < h? < vik; for each i =1,2,...N. Suppose that

we choose the initial data ugp, uip € Vy to be
upp = W(0), wuyp=W(0), (4.3.1)
where W (t) € Vy, is the nonlinear elliptic projection of u(t) such that
(Ve(W (1)), V)2 = (Ve(u(t)), V)2 forall p € Vy,. (4.3.2)

Then we have for the solutions of (4.2.5) that

J 2qn+1\ 2
_ _ ) N , knt™
lubc(t; ) —u(t; ) lar @) + ltpa(t;) — o) )l z2@) < C(u) <h2 +> 2(51)> (4.3.3)

n=1 4Yn

for each j =1,..., N, where C(u) is a positive constant depending on u.

Remark 4.8. If we use uniform time intervals k, = k = h? (this is to ensure that the
assumption pik; < h? < vik; for each i = 1,2,... N is satisfied), and uniform polynomial

degrees g, = q > 2 forn=1,..., N, then the error bound at the end nodal points becomes
luna (1) = wlt) ey + lina (1) = @tz < Clu) (K2 +£7). (4.3.4)

That is, if we use DG-2 elements in the temporal domain and consider r = 2,3 and 4
(the polynomial degree p in the spatial discretisation is at least 2,3 or 4 correspondingly),
the expected convergence rates are of order 1.0, 1.5 and 2.0 respectively. For q = 3,
the expected convergence rates are of order 1.5, 2.0, 2.5 and 3.0 for r = 3,4,5 and 6
respectively. Similarly, for g = 4, the expected convergence rates are of order 2.0, 2.5 and

3.0 for r = 4,5 and 6 respectively.

1
Remark 4.9. The assumptions that k‘gl 2 = o(h%) and pik; < h? < vik; for each
i =1,...,N require that q; > %%— % for each i = 1,...,N. That is, we need that the

polynomial degree in time satisfies ¢; > 1 for d =1 and ¢; > 2 for d = 2,3 on each time
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interval I;, withi=1,...,N.
It will be assumed throughout the convergence analysis that
u € W ([0, T); H™(Q) N HY(Q))
for m > %—i—2and32qi+1 foreachi=1,..., N.

4.3.1. Definition of the fixed point map We will prove in Section 4.4 that the non-

linear projection W satisfies the following inequalities:

IV (t) = VWY (8)| r2(0) < Cr(u)h”, 0<t<T, for j=0,1, (4.3.5)
lu(t) = W(t) |2 < Crw)h™!, 0<t<T, (4.3.6)
[uD (t) = WD ()| 12y < Cr(w)h”, 0<t<T, for j=1,2, (4.3.7)
IW () llw1.oe(0) < co and [[W(8)|wreoi) < co, 0<t<T, (4.3.8)

where % +1 < r < min(p,m — 1), Cp(u),Cp(u) are postive constants depending on u,
and cg is a universal constant independent of h. Analogously to the convergence proof in
Section 3.3, for each W € H*(I,,; L?(£2)), there exist positive constants Cproj1s Cproj2 and

Chroj3 such that,

tn 2(n—2)
/t 18 (W (-, 1) = TW (-, 1)) || 72 () At < Cprojlﬁ”W”?qs(zn,m(g))v (4.3.9)
n—1 Qn
tn 9 kz(ﬂfl) 5
/t ||at(W(a t) - HkW(7 t))HLQ(Q) dt < C'proj2 72(5_1) ||W||H~“(In,L2(Q))’ (4310)
n—1 Qn
tn 9 kiﬂ
/t [W(t) = LW (-, )72 dt < Cpr0j3mHWH?{S(I",L%Q))v (4.3.11)
n—1 Qn

where 1 = min(g,, + 1, s) and g, is the polynomial degree with respect to the variable ¢.
For simplicity of notation, we define Cj,, to be the maximum of the constants appeared

in inverse inequalities, and Cp0j = max {C’projl, Chroj2s Cprojg}.
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Again, we need to decompose the error as
upa(t) — u(t) = (upc(t) — W (1)) + (LW (t) — W (k) + (W(t) — u(t))
=0(t) + p1(t) + p2(t) for t € I,,n=1,2,...,N.

Similarly to the argument in Section 3.3, we can bound the error terms invovling p; and

p2 by the following:

tn ) ) ki(qn+1—j)+1
/t1 lpi” ()72 dt < Cl(u)W for j = 0,1, (4.3.12)
tn .
/ IV O oyt < Cr kb for = 0.1, (4313)
tn , ~
L 1Oy bt < Gtk tor = 1.2 (43.14)
tn 5
/t - lp2 ()12 At < Cr(whenh® 2. (4.3.15)

We define Co(u) = max{C,(u), Cr(u)}. Both C;(u) and Cy(u) are constants depending
on the exact solution wu.
Analogously to the convergence analysis for nonlinear elastodynamics problem, we

replace

N tn N tn
3 / (Ve(u(®), Vo) 2 dt by 3 / (Ve(W (1)), V(1)) 12 dt
n=1"tn-1 n=1"Ytn—1

in the variational formulation and subtract the resulting equality from the fully discrete

scheme to obtain the following equation:

N N-1

S [ (004 0+ 30, 60) @i+ T (104 51+l o125))
n=1

2
n=1 tn—1 L

N tn
+ (ina () — (), o)) 2 + S / (VO(t) + Vpr(t) + Vpalt), V(1)) 12 i
n=1 tn-1

N-1
+ ) (IV0+ Vo1 + Vpaln, V() 12 + (Vupa(t) — Vu(ty), Ve(td)) 1

N ot N ot
+3° [ @ratuno(t) — da(ul) (1)) e + )3 | (Vina) - Vi), (o), d

n=1 tn—1 th—1



137

= (U1 h—u1, @(t)) 1o + (Vuon — Vg, Vo(td)) -

_ Z /ttn (Ve(upg(t)) — Ve(W (1)), Vo(t)) 2 dt, (4.3.16)
for ¢ € V,?h. To deal with the nonlinearity, we apply Taylor’s theorem to have
dha(upa(t)) — ra(u(t)) = 9 [a(upa(t)) — alu(t))]

1
= 0, [(upg(t) - u(t))/ a'(u(t) + T(upa(t) —u(t)))dr
0
= 0 [(upa(t) — u(t))d (upc(t), u(t))]

= 0 [0(t) + p1(t) + p2(t)] @' (unc (t), u(t))

+10(t) + p1(t) + p2(t)] dea’ (unc (1), u(t)),

where
1
a'(upg(t), u(t)) := / a'(u(t) + 7(upg(t) — u(t)))dr,
0

and
Ve(upg(t)) — Ve(W(t))

1
=V | (0) = W) [ ¢OV0)+ runclt) = W(e) dr
=V [(upa(t) = W(t))c (upc(t), W (t))]

= VI[0(t) + pr(8)] ' (upc (), W (1) + [6() + pr(8)] V' (upc (t), W (),

where
1
d (upa(t), W(t)) := / d(W(t) + m(upg(t) — W(t)))dr.
0
In order to define the fixed point mapping, we first need to consider a fixed point subset

F of Vi, as in Section 3.3. We define F by
Fo= {¢ €V I6(E7) — W () 2y + 10 (E ) — LW () 220y

tn
+Z/t 19: (4 (£) — LW (£) 172 )dt+2/ 10:(Vep(t) — VILLW (£))][7 20y At
n—1
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k2Qn+1
Zk . 26T for all j = 1,2...,N}, (4.3.17)

where C,(u) is a positive constant depending on the solution w, which will be specified
later. First note that F is non-empty since II;W € F. In addition, F is a closed and
convex subset of V. in the topology induced by the norm || - ||, which is defined by
lellr = maxier, 1<n<n (@) z1 + [|@(t)||L2) for ¢ € Vi . Next, we consider equation
(4.3.16) on the integral of I,, = (t,—1, t,] only, rearrange terms to the right-hand side, and
apply integration by parts appropriately. The resulting equation motivates us to define
the following fixed point mapping N on F: if ¢ € F, the image ug := N (¢) is given by

the relation

ug(0) = uon, ug(0) =up, (4.3.18)
/ (Bs0),0(6) )t + (Bslr,67-1) |, + / (VO5(t), V(1)) dt
+ (IV0Jn-1, Vi 1) o + / (a/00), u@do(0), 2(1)) , dt + / (Vbo(t). V() , at
- [ (@ u()in (), 4(0)) . dt - / ((6(8), u(t)) palt), $(0) 1
/ (910 (6(8), ()8 (8). £(8)) .t / (01 (6(8), u()pr (1), £() 1
[ @0 10,910, - / (a(t), 9 (8)) lt — / (Vo (1), V(1)) 12
/ 0,550 = [ T, To(0) at= [ (O, 90
G W00, V50) 2t [ (60 W) 99(0) 1
/t ' W (£)0,(1). V(1)) 1 dt - / (Y (600, W (6)p1 (1), V(1)) 1
(4.3.19)

where 04 = ug — II;W.
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4.3.2. Convergence proof Similarly to Section 3.3, we will show that the pair F and

N satisfies the assumptions of Banach’s fixed point theorem, namely that
(a) N(F) C F.

(b) N is a contraction with respect to d(-,-) where for ¢, € F,

(), ) = l6(t) = (&)l a2 () + 16(1) — ¢(t)HL2(Q)) :

tGIn 1< <N(

Existence of a fixed point of N in F

Taking ¢ = 64 in (4.3.19), we obtain

S
~—

165t 1 220y + 106t Z2() + IVO(t) 120y + 1V06(61_1) 720
tn

2 [ VOO a2 [ (00 u(0)olt).60(0)) ,

tn—1

~+
3

|
—

Il
[\
/N

.
©
—~

o~
S|

0660 2 (VBolty 1) VOs(t] 1)

d(6(8), u®)p (). 05(0) |, dt—2 [ (a(6(0) u(t)pa(t).05(1)) ,

tno

| |
[\) [\)
e
| 3 | 3
TSl

|
[\
v\
B
/N /N /N /N Y /N /N
<
>
Ay

01 (B(0), u()6s(0).65(1)) |, At 2 [ (8 (6(0),u()r (1), 60(0)) ,

tn—1

|
[(\]
S~
| 3
T

2
tn—1 L

3
i

Vpi(t), V6 (t))L2 dt—2/tn (sz , VO, )
), d

|
[(\&]
S~
| 3
]

. in
V0. V0,(0) , dt =2 [ (Vinl), V(0

2
tn—1 L

|
[\&]
S~
| 3
]

c’(qb(t),W(t))V9¢(t),V9¢)L2 dt — 2 /t ' (c'(gb(t),W(t))Vm(t),V9¢)L2 dt

|
[\)
’\ﬁ
3
AR

3
|

vc'(¢(t),W(t))9¢(t),v9’¢)L2 t — 2 /t ' (vc'(qa(t),W(t))m(t),V9¢)L2 dt.

(4.3.20)

By the Cauchy—Schwarz inequality, we obtain

2 (Bo(t_1). O0(t7-0)) |, < W80y + 160t I22(0y, (13.21)
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2 (V(ty1), VOs(t51) 12 < V0555 DIBagey + 1905t ) Baey.  (4.3.22)

By applying (4.3.12), (4.3.14) and Young’s inequality, we have

tn . o G [
=2 [ (@0a)n0.0,0)) ) <5 [ 1O ey a4 S [ 0 a
th—1 tn—1 tn—1
tn . C Cl u k%qn—’—l
<6 ”‘9¢(t)”%2(9) dt + = 5< ) 2(s—1)°
dn

tn—1

(4.3.23)

2 tn

tn . tn |
=2 [ (o) uwninte). 0u0) | <5 [ 1Oyt + G [ 10l

tn—1

n—1
tn e c 02( ) r
< 5/t 106 ()72 dt + ———knh™",
n—1

(4.3.24)

for some ¢ > 0 that will be specified later. Here

o— / _
eri= o max o/ (ro(t) + (1= 7)ult) |10

Analogously,

tn ) tn 2 ptn
=2 [ (oo ) @.0000) , ) <5 [ 10Nyt + F [ Iy

tn—1 n—1
tn . c Cl(u) k%qn+3
<6 [ 1Byt + 2 ,
. L2(Q ) q721(5—1)
(4.3.25)
tn ] tn & [t ,
=2 [ (00 00.u0)0.00) | <5 [ 10000y at + G [ 0l
n—1 tn—1

n 1
tn . CCQ -
< / 10 ()2 e + 2200 p2rs2,
1

(4.3.26)
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n b 2 rtn
\2/ (' (o() u ommewwpwkaﬁlwwwhmw+?éuwwwamm

(4.3.27)

Cp = max  max (”a//(TgZ)(t) +(1- T)u(t))HLoo(Q)HTqﬁ(t) + (1 —7)u(t )”LOO(Q)>

7€[0,1] t€1n,1<n<N

Applying Young’s inequality again, we have,

SNy e L,
-2 <02(t)a9¢>(t)> dt| <o 106 ()| 720y dt + = 12(8) 172 At
tn—1 tn—1 5 tn_1
tn . C
<6 [ 10Nyt + i (13.28)
tn . , tn . 1 tn ,
’—Q/t (Vpl(t)7V9¢(t)) dt‘ <5/t V05 ()72 () At + 5,/t IV o1 (11320 dt
n—1 n—1 ne1
t 2qn+3
" : Ci(uw) kn,
tn—1 dn
tn X , tn . 1 tn )
‘—Q/t (sz(t),va¢(t)) dt‘ ga/t IV05 (11172 dt + 5,/ IV p2 (8172 At
n—1 n—1 —
tn .
< 5’/ [ VO,(t )HLQ dt + 025(, )knhz”, (4.3.30)
tn—1
tn i . , tn . 1 tn ) )
’—Q/t (Vpl(t),V%(t)) dt‘ §5/t V06 ()72 dt + 5,/ 1V 51 (8) 72 It
n—1 n—1
t L2+l
"t e Ci(u) kn
!
<5 /t V00 gyt + =5 o (438
and
tn . . y tn . 1 tn ) )
‘—2/t (VP2(t)7V9¢(t)> dt‘ §6/t V050720 dt+5,/ IV p2 (81132
n—1 n—1
tn . C
< 5’/ IV 0 (t)]|72c At + 25(, )knh”, (4.3.32)
n—1
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for some ¢ > 0 that will be specified later. Similarly, we have

‘2 / " (c’(¢(t),W(t))ve¢(t),vé¢(t))L2 dt‘

tn—1
[ ) 2 g [ 2

<0 [ VBt + 3 [ V00 (4.3.33)
n—1 n—1

2 [ (W) Vi), o

tn—1
2

tn ) 2 [tn
<0 [T I+ G [ IOl o
n—1

n—1
tn ) 6201 (’LL) k,%qn‘i’?)
< / 1||v9¢(t)||ig(9) at+ = S (4.3.34)

and

2 [ (960, W0, V(1) , 0

tn—1
i [ VGOt D 10, d 4.3.35
= ] | ¢(t)”L2(Q) t+ 5 J, I <i>(t)HL2(Q) t, (4.3.35)
n—1 n—1

2 [ (V0w 010,00,

tn—1
tn ) c2 [tn
<O [ IOt + 5 [ IOl
n—1 n—1
tn . 6201 (’LL) kZ(Zn+3
< 5’/t V0 ()] 720 At + = e (4.3.36)
n—1 Qn

where

Fp— / _
€3 = max  max o I (T (t) + (1 — 7)W (1))l < (o

and

= max  max (¢ (0(0) + (1= W) | [FV6(0) + (L= VW) 1(0).

Before we proceed further, we estimate the values of the constants ¢;—c4; this contributes

to the restriction on h, r and k,, for each n = 1,..., N. First note that ¢; < C, and
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c3 < C,. Foreachtel,,n=1,...,N,
I7o(t) + (1 — T)u(t)|| Loo() < [|@(E) — ult)]| Loo () + [[u(t)] Loo ()
< |o(t) = W ()| oo () + T W (t) — W ()| oo () + W () — u(t)| oo () + lut)]| oo ()
d
< Cineh™ (11600 =~ TV (@) 0y + 1) = W (O
+ [IW (1) = u(®) || Lo ) + lu() ]| Lo @),

where we have applied the inverse inequality (i,a) to to the first two terms of the above

inequality. Now we bound the first L?-norm term by

lo(t) = LW (t)l[12(0) < ll6(t,) = W (£,) [ 12(0) +/tn 10s(6(s) — LW ()]l £2(q) dt

tn
< lo(ty) — W (t) || 20 + VEn (/t 10:(e(t) — HkW<t>>H%2<mdt>
, k?q’“
(Zkiﬂ )> ,

’L

since vk, < 1. Here C,(u) is the constant which appeared in the definition of the fixed

point subset F. For the second L?-norm term, we have
tn
MW () = W ()l 2(0) < (MW (L) = W(E) 2o +/t 10s (I W (s) = W (s))l 2(q) ds

< /t ) 0u (W (s) - W(s)lr2@ds  (since ILW (L) = W(t,))

1
2

< Vkn (/t "o () - W72 dt)

N

2qn
< \/7 ( pI‘OJﬁHWHHS In; LQ(Q))>

kgln+2
S Cl(u) 5—1 -

Note that

[W(t) —u() Lo @) < W ()l o) + 1wl o) < co + [u) || (o)

D=
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Thus, for each t € I,,n=1,..., N,

I7¢() + (1 = T)u(®)]| Lo (@)

k2q1+1 an"‘
< 2[ju(®)|[L(0) + co + Cinvh ™2 [ (Zk h* 4 1)> Cr(u)—=

< 2[[u(t)|| Lo () + €1,

for some positive constant ¢; since we have assumed that r > %l + 1 (thus r > %) and

1
k:gl 2 = o(h%) (which implies that k" = o(hg) for each i = 1,..., N). Analogously, we

have, for each t € I,,1 <n < N,

I76(2) + (1 = 7)iu(t)]| o=

< [0 (t) — OILW ()| oo () + 1OLTLW (t) — OW (1) Loo () + [[Oru(t) — QW (1) Lo ()

+ 10su() || Lo ()
< Ciyh ™2 (Hatfﬁ(t) — OILW ()| L2 + 0T W (t) — 3tW(t)HL2(Q)>
+ [[0cu(t) — OW (1) oo () + [|0u(t)[| Loo () -

Note that

10:0(t) = OILW (1) L2(0) < [10:(@(E,) — TLW (2, ))||L2(Q)+/n 10 (&(t) — ILW (2))]| £2(q) dt.

tn—1

Since ¢ € F, we have

2q;+1
10:(D () = W ()] £2(2) (Zkh% kl ))

Z

Using the inverse inequality, we obtain

/ " 0u((E) — W () |y At < v/ (/ " 1w <>—ka<t>>||izm>dt>

th—1 tn—1

1 tn % 9 k2qv.+1
< Ciny 7= </tn_1 100(6(t) = TW (£) 1 20 dt> < Ciny Ci(u (Zk h ))

Z
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On the other hand, we have

10T W (t) — O W (1) L2(e)
in
< 1OALW (E,) — 0:W (t:) | 20 +/t 10ss (W (s) = W (s))ll L2() ds

< /t ' [|0ss (LW (s) — W (s))||£2(q) ds ( since oI W (t,,) = W (¢,,))

1
2

< Vkn (/ o (W (1) - (t))lliz(mdt)

k2 (Qn 1)

1
2
< vk < Projiqg(s ) W11 1. L2(Q))>

Qn_%
Cy(u) n
g ®

Note also that

10:W (t) — Opu(t) || oo () < N0 ()| Lo () + |0su(t) | Loo (@) < co + |0su(t) || oo (02)-

Thus

max ||7é(t) + (1 —7)u Oz

tel,,1<n<N

2(11“1’1 anfé

1
< Cinvh_g C*( 1nv <Zk h2r z )) + Cl(u) n .

n

+ co + 2| 0u(t) || L= (0)
< 2 oo C
= teln 1< <N [0cu(t)]| oo () + C2s

d
2

for some positive bounded constant ¢ since r > & —|— 1, k:q’ 2 =o(h2), h? < y;k; for each

t=1,...,N. With this estimate, we can bound co by

L " o ] o
o= max x|l (76(t) + (1= 7)u(®) el 76(2) + (1= 7)a(®) <o

< " 2 Opu(t)| oo c
< max 0" (@) (2, max_ [00t)] e + 2
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where [§] < & + 2maxier, 1<n<n |[u(t)| Lo (q)- Similarly, we have, for each t € I,,,1 <

n <N,

[To(t) + (1 = 7)W (1) Lo ()
< W)z + 16() = W) o)
< |[W (@)L ) + o) — W () || ooy + [TLW (2) — W(E) || Lo ()

_d
< co+ Cinyh ™2 (I|¢(t) — LW (@)l L2 (o) + MW () — W(t)||L2(Q)>7

where we have used (ii,c) and the inverse inequality (i,a). Thus

ITo(t) + (1 = W ()]l 20

) n 20+ 2 kqn+%
S Co + CfinvhiE <C* (U) (Z kihQT + 5(8—1)) + Cl (U) ;Sfl )
i=1 4q; "

< ¢,
for some bounded positive constant ¢3. For the W1 *°-term which appeared in ¢4, we have
[TV e(t) + (1 = 7)VW ()] () < (VW ()] Lo (@) + [[VO(E) = VIV (E)[| oo (0)-
Applying the inverse inequality gives
IV6(t) — VW (1) 1 () < Civh ™2 V() — VW (1) 1200
Using the triangle inequality, we can write
IV(t) = VW ()l L2y < V() — VILW (8)l 2o + (VW () — VILW (1) 12(q)-
Note that foreacht € I,, n=1,..., N,
[Vo(t) — VILW (1)] 22(q)

tn
<IVe(t,) = VILW ()l 20 +/t 105(V(s) = VILW (s))[| L2(0) dt

[NIES

tn—1

tn
< [Vo(ty) = VILW ()| 20 + Cineh ™V Ew < / 106 () — LW () 220 dt)
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k2Q'L+1
2r z
(Z kih =R

where we have used the inverse inequality, Holder’s inequality, the fact that ¢ € F and

the assumption that p;k; < h? for each i = 1,..., N. On the other hand, we have
IVILW () = W ()l 120
tn
< VLW (E,) = W(t) Lz @) +/t [0s(VILW (s) = VW (s)) || 12() ds

< /t ! |0s(VILW (s) — VW ()2 ds  ( since LW (t,) = W(t,))

=

< Vh, ( | 10T mav ) = V) dt)

SIS

2qn
< Vk ( Coroj 15—y W llre 1, Hl(n»)
q

S Cl(’U;) qs 1 -
Thus,
k2%+1 k‘}n""%
B 2r z n
te[nr,ri%}wiSNHV(Qb(t) W(t))HLQ( (Zk ih )> + Cl(U) q:rsz_l

1
k.QQ1+1 2
27‘ [
(Z kil 2(5 1)

Then we can bound the W1 *-norm term by

o max_[[796(E) + (L= )W ()|

< oo - o0
< max_ (YWl + V(D) = TW(O) (@)

k2%+1

S co + Cinv 7% (Z k? h2T 1 )> S 54,

Z

where ¢4 is a bounded positive constant. Now we can bound ¢4 by

evim max x| (1(79(0) + (1= TIW () o [VO(E) + (1= 7) VW 0) |1 (0)
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< |c"(§)les,

where || < ¢3. Now combing the above estimates (4.3.21)—(4.3.36), we have

. tn . tn .
10t ey + 19860 B + 2 [ 190Nyt +2 [ (00 ule)). o)), a

2
tn—1 L

o tn . tn .
< ot ) 22y + 900t )2y + 65 / 100(8) 22yt + 85 / 96, (8)2q dt
n—1 n—1

C% 6421 tn 9 C% tn 9 727/(]n+1 o
* (5 + 5/) / OOz A+ / IV85(0) 0y At + gy + k™

n tn—1

(4.3.37)

where

ACi(u)  A0i(u) 201(u) ECi(u)  ACi(u)
B SR I R T
2 2
ciCa(u)  c5Co(u)  Ca(u) = 2Ca(u)

R L

CL* =

02,* =

Summing up over n = 1,2, ... 7, we obtain

. j tn .
1006 B2y + V06 oy +2 3 [ IV0(0)
n=1""'n-1

+2i / ’ ((@(0), u(®), 1050)P) , at
n=1

2
tn—1 L

J k?an+1 J ) J th . )
< Cre) gy + Cow ) knh™ + 65Z/t N6 @Olz2(g 4
n=1 n=1Y"n~-

n=1 A4n

& AV [
(24 D) [ 10600y
n=1

tn—1

tn—1

i ta 2 I e
. c
+ 8¢ Z/ V05 (8) 1720 At + 5—? Z/t V05 (8)[172 () - (4.3.38)
n=1 n=1""'n—-1
Using the assumption that a/(-) > M; > 0 , we obtain

J tn ) J tn
10005 oy + 19060 sy + 23 [ V0O oy dt+200 3 [ 16a(0)l ey
n=1 n—1 n=1 n—1

n 2r ) 2
L N R DT oy R YT
n=1 n=1Y"n—

n=1 qn
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3 3 L fin 2
+ (2 5,) S [ Wt o

t7l
+85’Z 1O i+ Z AL (1.3.39

Choosing § = M1 , 0 = 8 and applying the Poincaré inequality, we have

tn
16665 B2 e +—H0¢ e +Z / 1906 (02 dt+Mlz / 166(DI

tnl
( T8 )Z / 10512200, dt+8c§Z / 1906(8) 240

k2Qn+1
ey + Con Zk h2r (4.3.40)

n=1 4Yn =

+Cl*

By the fundamental theorem of calculus and the triangle inequality, we have

tn
H9¢>(t)H%2(Q) < <”9¢(tn)HL2(Q) +/

tn—1

2
165(8)] 2 () dt)
2

tn
< 2005t ) 720 +2</t ||9¢(t)||L2(Q>dt>
n—1

tn
< 200063y + 2n [ 160(0) e

This implies that

1

62 J tn 6¢3 s
( 2 | 8¢ )Z/ RO dt<2< % +8c4> anu% 20

tn—1

o .
+2<M+8c4>kH€¢( iz +2<+8 )Zkz/ 166 ()72 dt;

—1

(4.3.41)

where the last two terms on the right-hand of the inequality can be absorbed into terms

on the left-hand side. Analogously, we have

8c32 / 1905(8) 220 dt<16c32kuv0¢< M2y + 166KV 06(E5) 220

n=1
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J tn .
+16c32k3 / I905(8) 220 . (4.3.42)

Combining (4.3.41) and (4.3.42), we can further simplify (4.3.40)

1 12¢3 9 o
—— —k;j —2 4+ 16¢3,1
u%nmm%%mkmwbﬁ+mw%\w>m

tn .
/ (1= 1663k2) [ VO5(1) 32 dt

Mh.

+
n=1 tn—1
Lt 12¢
2 2 . 9
+;/t B <M1 — K2 (M + 1604)> 160(£)]122 ) dt
J 2Qn+1 19
QMZQ“+@Q}MT<2+M)me W

n=1 4n
]—1
n=1

2
By choosing k,, for each n = 1,2, ..., N sufficiently small such that k2 (1]\24—? + 1603) <

12¢2
%, 1603]@% < % and k; max{ Mcf + 1602, 160%} < ﬁ, we have

1008y + 10625 mm+2/rmummw+z/rmrmmﬂ

j Qqn—i-l
2r
(Z 2(5—1) + knh >+C’Zk 1604(t,, HHl

nln

By applying the discrete Gronwall lemma, we have

J tn ) J tn
me@@wwm@m+zl|wwmmw+zl 1811220 dt
n—1 _ —

2(]n+1

~ J J 2qn+1
< Cyexp (Can) (Z Sy T kn h”) < Chnax(u (Z TR h2’”>
—14n n=1 n

n=1

(4.3.44)

where Chax (1) = Cy exp(CT).
Now tracing back constants through the previous estimates, we notice that Chax(u)

does not depend on Cy(u), so we can define Cy(u) := Cpax(u). That is, we have shown
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that N(F) C F.

Verification that A is a contraction mapping

In this subsection, we establish the contraction property of A as stated in (b). Before we
start the proof, we note that, since a € C3(R) and ¢ € C*(R), a/, a”, ¢/ and ¢” are locally

Lipschitz continuous. We claim that there exist positive constants C; — C'r4 such that

|0 (6(t), u(t)) — a'(¢/ (1), u(t))] < Crald(t) — ¢'()], (4.3.45)
|a"(¢(t), u(t)) — a”(¢' (1), u(t))| < Cral(t) — ¢'(£)], (4.3.46)

| (6(2), W (1) — (&' (1), W ()| < Crslo(t) — ¢'(1)], (4.3.47)
|"(6(t), W (t)) — " (¢/(t), W ()| < Cralé(t) — ¢'(B)], (4.3.48)

for all t € I,, where n = 1,..., N. We prove the first inequality (4.3.45); the proofs for the
other three inequalities follow in exactly the same manner. By definition of a/(-, u(t)), we

have

@' (6(t), u(t)) — a'(¢'(t), u(t))|
1
a'(u(t) + 7(6(t) — u(t))) — a'(u(t) + 7(¢'(t) — u(t))) dr

(£)a" (0[u(t) + 7((t) — u(t))] + (1 = O)[u(t) + 7(¢(t) — u(?))]) df dr

<

o(t) — ¢/(7f)\ max max [la”((1 —7)u(t) + 07¢(t) + (1 = 0)7¢/ (1))l 1= (0)-

0,7€[0,1] t€[0,T]

l\D\H

Working on the argument of a”, we have

(L= 7)u(t) + 076 (t) + (1 = 0O)7¢/ (1) = (o)

< Nu)ll Lo @) + 07l16(t) — w(t)l[ o) + (1 = O)7¢/(t) — u(t)[[ (o)

< [lu®)l| oo (@) + 07lI¢(E) = TeW ()| oo () + O[T (£) — ()| oo (02
+ @ =0)7]|¢'(t) = LW (t)[| oo (o) + (1 = O)TITLW () — u(t) ]| 1< ()

< u@®llze(o) + Ollo(t) — W (t)l| Loe o) + (1 = )16 () — TLW ()| 1< ()
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+ W (t) = W ()| oo () + W () — ult) | Lo (o)

4 n 201 2 kanr%
< Cinh ™2 [c*(u) (2_; kil + q£<s_1>> +/C (u)# + co + 2/[u(®)][ (@)
<2 u(®)|[ze ) +
as before. This implies that
la(6(t), u(t)) — a'(¢(t), u(t))] < ;mfax " (©)ll¢(t) — &' ()], (4.3.49)

where [§] < 2maxier, 1<n<n [[u(t)|| L) + ¢1. Hence (4.3.45) is proved with Cp; =
3 maxg |a”(£)|. The proof of (4.3.46) follows in exactly the same manner, so we omit the

proof here. The proof of (4.3.47) and (4.3.48) also follow immediately since

(L= W) + 676(0) + (1= O)rd/ B0

< W) (@) + O76(8) ~ WOy + (1= )76 (6) = WD) ey

< W) @) + O70(8) — T (8) @) + (1 = O)76/(8) — LIV (0] )
+ 7[|W(t) — T W (1) oo ()

< o+ Cinde™* (0711600 = T O 20 + (1 = 0)716/() ~ TV (0 0

d
+ Cinyh 2 7[[W (2) = TW (8)]] 20

kqn‘i’%

4 n k2Qi+1 %
<co+ Cinvh™ 2 <C*(U) (Z} kih®" + qgl(s—l)> +v iy s—1 )

< 63)

where ¢3 is a bounded positive constant.
To show the contraction property, we consider R = ¢ — ¢’ and © = uy — ugy, where
¢,¢' € F. Then

| (B0.60) at+ (1016650) ,+ [ (700, 9p(0)52 dt + (V0lumr. Velt 1),

tn—1



tn
—/t ([VE (D), W (£)05(t) — V(&' (1), W(1)0g (1)] , V(1)) 1 dt. (4.3.50)
n—1
Taking ¢ = O, we obtain
Loz Lioat 02 1 2 1 + o2
SN0E2(0) + 519 DlT2(@) + 5IVOE)IL2(0) + SIVOE_ )T

+ /::1 VO dt + /t:: (o (0(8), u(t)fs(t) - a'(&/(8), ult)by (1)] 61 at

L2

— —/t ' ([a’(¢(t)7u(t)) — a’(qﬁ/(t),u(t))] pl(t)7é)(t)> dt

L2
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} / ([0, W@)V0s(1) = ¢(¢/(0), W (1) V0 (1)] . VO(D))  dt

B / ([V€/(60, WE)0s(t) = V(&' (1), W ()0 (8)] . VO(D))  dt

(60, 6(61) |, + (VO(5,). TO()) . (4.3.5)
Note that
(/00 u0)0s(), 61)) |
— (@(6(t), u())O(), G(t))L
Similarly, we have

(B (60, u(@)05(8), 6(1)) , = (' (6 (1), u(®)0 (1), 6(1)) |
= (0 (6(6), u()0(1). 6(1)) , + ([0 (8(8), u(t)) = 4’ (6/ (1), u())] (1), O(D)) .

(¢, WE)Vos(6),6() , = (¢(¢/(1), W (1)Vos (1), 0(1))

L2
= (¢t WE)VOWM),0()  + ([0, W) = (¢ (1), W(1)] Vo (1), 0())
and
(Ve (o0, W(#)85(6),6(1) , — (V1) W) (1), 0(1))
= (V60 W ()0 (1),6() ,+ ([Te(00). W (1) = V' (¢/(1). W(1))] 0 (1), (1))

L2
L2’

By the Cauchy—Schwarz inequality, we have

2(O(t7-1),005-1)) |, < 10t )3z + 10 )20, (43.52)

2 (YOt ,), VO ) o < IVOUr s + VO gy (43.53)
Combining (4.3.52), (4.3.53) and the above equalities, we deduce from (4.3.51) that

10 oy + 190 ey +2 [ 19Oy dt+2 [ (a0t ut)O®,6(0) , de

n—1 n—1
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<100, DZ2i) + VO, D2y + al + Ma| + [ILe] + [IVa] + [Va| + [VIa| + [V,

+ [Te| + [e| 4 M| + [IVe| + [Ve| + VL],

where I, ..., VI, are terms defined and estimated below.

L] = ' -2 f " (6. ) — o 1), u(0)] 8, 6(0) dt\

L2
tn « .
< QCLl/t 16(t) — &' ()l oo () 106 ()| L2 () 1O () | L2 () At
n—1
Ch 2 o 2 < [t 2
<= Itrg}i(HR(t)HLOO(Q) 5 1H0¢(t)”L2(Q)dt+6 10()I72(q) dt,

tn—1

for some § > 0 that will be specified later.

= |2 " (@60, u0) — (& 1), u(0)] 1 (0. 60)

a
L2

tn .
< QCLl/t 16(t) — &' ()l oo () 01 ()| 20 1O (B) | 2 At
n—1
Ch R(1)|I2 "o 2, ondt+6 " O)||%2/n d
== max | R(t)|| 7 o) 191 ()72 () At + 1OO)IZ2 () At
(5 te]" tn—1 tn—1

IN

| =| -2 " (660, u(6) — (@ 0. 1)) 2. 60)) dt\

L2
tn .
< QCLl/t 16(t) = &' ()| oo () |1 p2 ()| L2 () 1O () | L2(@)
n—1
2

Cia 2 o 2 3 TR
< = max||R()] 7~ ) /n 1 1281720 dt+5/tn1 19172 -

IV, = ] 9 / ([0 (8(0), w(®)) — D1 (&' (1), u(®))] ;1 (1), (1)) | dt]

o (ult) + (@) — u®))r (D) — & (1) drpa(), e<t>) dt'

L2

02 C2 tn ~ tn .
< L§5/t lo(t) = &' (D17 () 21 (O 7253y A + 5/t 1O Z2(e dt
n—1 n—1
C% o 1/ 2 2 s 2
+ ) [6() = &' () 700 (o) lP1 ()| 720y dE + 0 10872 dt

tn—1

(4.3.54)

(4.3.55)

(4.3.56)

(4.3.57)

tn 1 ) .
= ‘ - Q/tn_l </0 [a" (u(t) + 7(6(t) — u(t)) — a” (u(t) + 7(¢'(t) — w(t)))] (u(t) + 7($(t) — u(t)))



156

Clac 2 % S04 |12 i 2
< (2 i RO i) + 5§ e 1RO ey ) [ 110 g
~ tn .
125 [ 11002 dt. (4.3.58)
tn—l
where
C5 := max |a(t) + T(¢(t) - ﬂ(t))HL‘X’(Q)

relo, }te[n 1EheN

and

/
e = max  max_ fa"(u(t) +7('() — ult)ll< (@)

Analogously, we have

tn .
Vol = ‘ - 2/ (100 (0(0), u(t) — 00 (8 (1), u(t))] p2(t). ©1)) , dt’
C2.02 ftn , < [t
SLS“/tM ||¢(t)¢(t)||%°°<m||p2(t)||%2(9>dH(s/tn1 [CIOIFt
i)

. . ~ tn .
1606) = ) e 2Oyt +5 [ 1000 g
n—1
< (2% s RO ey + B i VO gy ) [ IOy
- 5 tel, Leo (@) ) tel, Leo () tno1 L)
tn

+26 ”(;)(t)H%Z(Q) dt, (4.3.59)

tn—1

and

VI = ] 2 [ ([0 (@(0). u(t) ~ 0 (1), u(0)] 61, 6(1))

dt‘
tn—1 L2

2 9
Ciacs

tn ot
<=5 /t 16(2) = &' (1700 () 106 (D172 ) dt+5/t 1011720 it
n—1 n—1
2 tn

C . . ~ tn .
+ f ||¢>(t) — ¢ ()00 100 (D120 dt + 5/t 101172y it
n—1

OL2 5 2 4 504 (12 " 2
§< : @XHR()Hmm+§%§§\IR(7€)IILW(Q) /tn1||9¢’<t>||m(mdt

~ tn .
+ 26 / 1©()]172 (0 dt- (4.3.60)

tn—1

Vil = |2 [ (a6 utre(e). 600)

dt‘
tn—1 L?
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2 [in orte
<L [T 100N dt+7 [ 100Nyt (4:3.61)
n—1

th—1

where

eri= e amae (|l (ult) 4+ 7(0(0) = u(t) | [i00) + 7(3(0) i) |1~ (@)

As for the terms involving ¢(¢(t), W(t)) and V' (4(t), W (t)), we have

I = \ 2 [ ([0, W(0) - 60, W] Vi), VOO

dt'
tn—1 L?

CQ tn " tn .
< Lo |ROP ) [ V010 16 [ VOO at. (4302
n—1 n—1

5 tel,

for some constant § > 0 which will be specified later.

L) = ‘ 9 / ; ([0, W) - ¢/ (1), W(1)] Vo (1), 7O(1)) dt\

by
Cis 1 2 tn 2 [ : 2
< L max RO ey | V00Ol dt+5 [ VOO0 .
5 teln tn—1 tn—1
(4.3.63)
tn .
=2 [ (o w)ven.vew) ,
tn—1 L2
Cg fn 2 o [t . 2
S AN \CICT dt+<5/t IVO() 220 . (4.3.64)
n—1 n—1
where

. / _
= max  max V() +7(6(0) = W) |10

V.| = ‘ =7 " (V0. W) - S 0. W 0)] (0. VOW) | dt]

tn—1

tn 1
_ ' _ 2/t (/0 (W + (¢ — W) — (W +7(¢ — W)] (YW +7(Vé — V)
+ "W +7(¢) = W) T(Vp — V¢ )drpyi(t), V@(t)) . dt‘

C2 02 tn Rz .
< iLg Q/t l6() = &' (D 2o (@ llo1 (D172 dt+5/t IVO () 1720 dt
n—1 n—1
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2. [tn _ fte )
(1§0 t IVo(t) = V&' (61700 (@) 01 (D)1 720 dt+5/t IVO(1)[|72 (0 dt
n—1 n—1
02 62 CQ tn
< (BT xR o) + L ax IR ) [ IoaOey
n n n—1
tn _
+26 t IVO)[|72 0 dt, (4.3.65)
n—1
where
= max  max (VW) +7(Vo(t) ~ VIV(0)]li(a)
and
P /! / _
10 = max, telnl?}%);g]vllc (W) +7(¢'(t) = W)l Lo (@)
tn '
Ve| = _Q/t (Vc’(gi)(t),W(t))@(t),V@(t)) 2dt‘
n—1
02 tn
<-4 (IO dt+6 ||v9( 720 (4.3.66)
5 tn—1 )
where

e = max  max_ (|l (W(t) + 7(0(t) = WO ey [V (E) + 7(Vo(t) = VW ()| 1o (en) -

T7€[0,1] t€ln,1<n<N

VI = \ 2 [ (IVE00. W) - S 0, (0)] 6 (), T6(0))

dt‘
tn—1 L2

_ ‘ _2 /tt (/01 (W + (6 — W) — (W +7(¢ — W))] (VW +7(Vé— VIT))

W (6 = W)r(V— V6t (0. 900) o
3059 / 16(2) = &' (D)1 o ) 10 (£) 132y At + 6 t71!|V®<t>II%2m>dt
it I96(t) — Vo (1) 2 g 18 (1) 22y lt + 5 VO 72y dt
< <0%03 max | R(t)[F o gt (t)llioo(m> /tlt 160 (1)1 Z2c it
426 tt_ IVO®) 22 dt. (4.3.67)

Again, we need to verify that all these constant cs—c11 appearing in the above estimates
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are bounded. First note that

max ||6tu(t) HLoo (Q) + 62.

= 1(t h(t) — ()| fooron < 2
s f&%ﬁ tgfﬁ%}igv”“( )+ 7(p(t) — ()l e () < -

. " Ty "
co = max, wmax e’ (u(t) + r(¢'(t) — ut)lze ) < max|aT(O)],

and

eri= max  max((la"(u(®) + 7(6(0) — (b)) (e i) + 760 — 1) 1)

< max 0" (©) (2, max_ 1000 o) + 22

where [£] < &1 + 2maxier, 1<n<N [[u(t)| po(q)- Clearly,

I/ (W (t) + 7(6(t) = W ()| Lo (@) < Ce < 00.

Cg '= max  max
T€[0,1] t€ln,1<n<N

Note that for each t € I,,1 <n < N,
[W(t) + 7(o(t) = W) L) = |1 = 7)W(t) + 76(t) || 1o () < C3,

VW (2) + 7(V6(t) — VW (0) £y = [ITV(E) + (1= 1) YW (1)l ooy < .

This implies that

cg = Trél[%,}i] te]ﬁ?ﬁg]\f VW (t) + 7(Vo(t) — VW (1)) Loo () < Ca,
" (W () + 7(8(t) = W ()l Lo () < 1" (6],

€10 = max  max
7€[0,1] t€ln,1<n<N

and
wim e max (|0 (@) + 7(0(0) W) e [TW(0) + 7(V6(0) = TW () (o)
< |c"(&)]éa,

where |£| < ¢é3. Here, co, ¢4, €3, é2 and ¢; are defined as in the proof of (a).
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Combining all these estimates, we have

tn . ~ tn .
10172 + VO, )72y + (2 — 89) / IVO() 220 dt + (20, — 105) / 10(t) 720y dt

tn—1 tn—1

© 2 - 2 it C%
< ||®(tn71)||L2(Q) + ||v®(tn71)||L2(Q) 1= T

tn 2 tn
ot)||? dt+c§/ VO(t)|[2 0 dt
) AL A CIOT

tn—1

02 tn . ) )
+ =L max ||R<t>|%w<m{ / 18 (22 + 161 (8) 2y + 52D 22y dt}
n—1

02 C tn
+ 2% e | R >||im<m{ / 100 )220y + 101 (1) 22y + o2 (D22 0y dt}
n—1

C2 tn
= L [BOwor{ [ 1000 ey + 1010 + 20y
n—1

2
L3

tn
O~ [ 190000 + 19100y e
n n—1
t7L
RO { [ 1000 ) + 1m0 oy ot
tn
(1700 18 () 720y + 11 (8] 720y At
tn—1

< B c2 c2
< 160t oy + IV ey + (2 + F)

C?,c2
4 “La%

2

tn 2 tn
| 100t + 2 [ VO
tn—1 tn—1

02 tn .
+ B S |RO ] [ 1001 + 120 ey + 120 ey

C?.c2 ' tn
+ B TS | RO = [ 10001+ 11010 + 020030y

n—1

tel,
2

C . _ tn
+ L R0 o] [ 1000 ey + 1O + 12000y}
n n—1

02 _ tn
+CE, 53rtgaqu<>Hiz<mh d{ / Hvewm%z(mmet)u%m)dt}
n—1

C? _ tn
+ Ciy Lg‘ 9maXHR( Bl 0 d{/t 160 (DI Z2(0) + I (D122 dt}
n—1

tel,
in
+ 02, 0 e [ )Hiz(mhd{ [ 10000 + IO gy} a368)
n—1
Taking 6= % 6= o and summing up over n = 1,..., j, we obtain

16 ) ey + VO ) e +Z [ e ||L2(mdt+2 [ 190y
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B kQQn'i‘l .
27‘ n 2 2
=G (Zk " )> te I Sn<; (HR(t)”L2(Q) * HR(t)HHl(Q)>
~ n = ] tn
+ 02,*2 /t 1O(t)][720y dt + Ca Y /t IVO()[|72 (0 At (4.3.69)
n=1vtn-1 n=1"‘n-1

where CN’L* is a positive constant depending on the solution u while C~'27* and C~'37* are two
generic constants independent of u and the discretisation parameters. By an analogous
application of the discrete Gronwall lemma as in the proof of (a), we can deduce that,

for k,, sufficiently small, for each j =1,..., N,

16 )20y + 1705 \\L2(9+Z [ iver HLQ(Q)dHZ [ 190y

k2Qn+1

= (Z%h% : Jmmﬁ<0mmhmﬂwwﬁmo-<mm>

By the fundamental theorem of calculus, we have for ¢ € I,

2
tj .
VOB 72y < 21VOE; ) 721 +2 </ VO 220 dt)

tji—1
2(]n+1

J
ﬂ%2mw+ﬁ“0@m%(moﬁ®+mw@@%

2
tj
1O 172y < 2110720 + 2 (/ 192 dt)

tji—1
- d J 9 k‘%q"+1 2 2
<2C(w)h™ (Y kB + ) e (HR( Wz2 @) + HR(t)”Hl(Q)) ;
n=1 n

2
. . too
10721y < 2110 Z2(q) + 2 (/ 19() |2 dt)

ti—1

. tj
< 2606 sy + 288" [ 1Oy dt
j—1
J 2qn+1

A e - kn
< Cuph-? (zw + 1>> o (1RO + 1RO )




162

where we have used the assumption that p;k; < h? < vjk;. Thus,
max (0020 + 100 (e))

kQQn“l‘l

< O (Zk W+ =5 )) tEIn 18N (HR(t)”%Q(Q) + HR(t)”%’l(Q)) '

(4.3.71)
Taking maximum over j =1,..., N, we have
2
e (10 70) + 100 (o))
d—2 2 k%qnﬂ 2(1)112 2
< Cr(wh Z bt 25 ) 5y (RO + 1ROl )
(4.3.72)

We can choose h and k, sufficiently small and ¢, and r sufficiently large for each n =
* —d—2 N or | kEnT! Lo .
., N such that C*(u)h Y ne1 knh®" + o= | < 1, which is possible under our
qﬂ/
1

assumption that r > £ —|— 1, - o(h%) and ji,k, < h? < vpk, foreachn =1,..., N.
This completes the proof of the contraction property.

By Banach’s fixed point theorem, there exists a unique upg € F such that N (upg) =

upg. By the triangle inequality, the properties of the modified projection operators and

the properties of W, we have

lunc (t) — ut; )l mr o) + enc(t;) — ;)2

< 16 () + 10 20y + W (E7) = wt) )y + W) = ;) 20

Nl=

9 k;’,%Qn"l‘l 9 ] QQn“‘l %
Zkh 26T +302( YT < C(u) [ R +Z peg
n=1 n

4.4. Approximation properties of the nonlinear projection

Here we derive the properties (4.3.5)—(4.3.8) of the nonlinear projection W. We write

a < b if there exists a universal constant C' > 0 independent of the spatial discretisation
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parameter h such that a < Cb.

4.4.1. Bounds on u—W and W Recall that for each ¢ € [0, T], the nonlinear projection

W (t) € V), satisfies that
(Ve(W(t)), V)2 = (Ve(u(t)), V)2 forall p € V. (4.4.1)
We can rewrite (4.4.1) as
(W@)VW(t),Ve) . = ((u(t)Vu(t), Ve),, forall o €V, (4.4.2)
for ¢ € C*(R) with ¢/(-) > Mgy > 0. This arises from the following elliptic problem:
— V- (d(w)Vu)=fin Q, wu=0on0dQ, (4.4.3)

where f is sufficiently smooth. For each ¢t € [0,7], W (t) is the Galerkin approximation
of the solution u(t) of the above nonlinear Dirichlet problem. For dimensions d < 3 and

finite elements of degree p > 2, Douglas and Dupont [27] proved that
lu = W2y + bIVu = VW || 1200y S PPl g o) - (4.4.4)

Thus, we conclude that for each ¢ € [0,T7, % +1 <7 <min(p,m — 1),
lu(t) = W)l L20) S B a1 @), (4.4.5)

IVu(t) = VW ()l L20) S B l[u(®)l r+1(0)- (4.4.6)

Let Py : H} () — V), be the standard finite element interpolation operator; then we have

d .
|u = Prull gy S W |ulgri ), s tl<rs min(p, m — 1),
d
[u = Prullpwree) S hr*g\umrﬂ(g)a B +1 <7 <min(p,m —1).

See Brenner and Scott [17] for the proof of these results. Now we can bound the W1°°-

norm of W (t) for each ¢ € [0,T] by

IW ()l ) < W () = Pats(®)llsey + [Pau() = uld) .oy + @)l o)
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_d r_d
< Cinvh™ 2 |[W(t) = Pru(®)|| g (o) + CR"2 + |[ult)][wieq)
_d rd
< Cinvh™2 (W () — u(®) |1 () + ult) = Pru®) | m @) + CR™2 + [lu(t) [wie @)
_d
< Ch72 4 [[u(®) [l o)

< €o,

for some positive constant ¢g. Note that here C' is a generic positive constant, which may

vary from line to line.

4.4.2. Bounds on & — W and W We first need to show that ¢ — W (t) is differentiable
with respect to t. Here we follow the proof from Section 6 of Ortner and Siili’s work
[60]. For U € V,, and t € [0,T], we notice that the mapping ¢ — (Ve(U), V)2 —
(Ve(u(t)), V) 2 is a bounded linear functional on Vy,; hence by the Riesz representation

theorem, there exists a unique A(t,U) € V}, such that
(At U), @) = (Ve(U), V) 12 = (Ve(u(t), Vo) o (4.4.7)
Here (-,-) is the inner product associated with the Hilbert space V;, C H}(£2). That is,
(VA U), Vo) 2 = (VeU), Vo) 2 — (Ve(u(t)), Vo) - (4.4.8)

It follows from the linearisation process that the derivative of (t,U) — A(t,U) with
respect to U, evaluated at U = W (t), exists and is invertible. We also have A(t, W (t)) =
0. Since t — u(t) is differentiable with respect to ¢, it follows that A(¢, U) is differentiable
in a neighbourhood of (tg, W(to)) for any to € (0,7). It can be therefore deduced from
the implicit function theorem that t — W (t) is differentiable in (0, 7).

Before we proceed to the proof of the L%-estimate of @ — W, we first note that since
c€ C*R), ¢, ¢" and ¢ are locally Lipschitz continuous. That is, there exists a positive

constant Cpi, < oo such that

| (u(t)) — /(W (t))| < Cuiplu(t) — W ()], (4.4.9)
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" (u(t)) = " (W ()] < Ciplu(t) = W(t)], (4.4.10)
[ (u(t)) = " (W ()] < CLip|u(t) = W(t)], (4.4.11)

where Ciip = maxe (|/(€)], [/(€)], ¢ (€)]) with |¢] < maxyeo;r) ([[ull o) + 1 | oo ()

Now, by differentiating (4.4.2) with respect to ¢, we have

<c’(W(t))VW(t), Vgp) + (c”(W(t))W(t)VW(t), Vg0>

L2 L2

= (c’(u(t))vu(t), Vgo) + (C”(u(t))u(t)Vu(t), Vgo) for all ¢ € V. (4.4.12)

L2 L2

Using the assumption that ¢/(-) > My > 0, we have

Mol[VW (8) = Vit) a0y < (¢ W)V (0) = Va(t), VI () — Va())
- (c’(W(t))(VW(t) — V), VIV (t) — vpha(t))L2
+ (W)TW () - Va(t), VPyilt) - Va(t))

=Ty + Th.
Since VIV (t) — VPyu(t) € Vi, we can apply (4.4.12) to have
T = (c’(W(t))(VW(t) —Va(t)), VIV (t) — VPha(t )

(t

- (c'(u(t))va(t),vW() VPt )> 2_( w

n (c”(u(t))u(t)Vu(t),VW( ) — VPya(t ))

NVa(t), VW () = VPy(t))

- (c”(W(t))W(t)VW(t), VIV (t) — VPW(t))LQ

= (I¢'(u(®) = ¢ (W OIVi(t), VW (E) = VPui(t)) |
+ (< (®)i®[Vu(t) = VWL V() = VPya(h))
+ (®)AOVW (@), VW) = VPi()) | = (& (W O)W OTW (), VI () = VPyalh))
= ([¢'(u(®) = ¢ (W OIV(t), VW () = VPyi(t)) |
+ (¢ (u)a(t) [Fu(t) = YW (0], VIV (1) = VPyi(t) )

L2

+ ([c”(u(t)) — '(W()]a(t) VW (1), VIV (t) — VPhu(t))L2
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- (c”(W(t))[u(t) —W@)VW(t), VIV (t) — VPhu(t)>L2
< Cripllu(t) = W(t) | 20 [ Vi(t) oo ) VW (1) = VP 20
o+ Cipl(t) | o0 I V(t) = VW (8)] 2y IV (£) = VPhit(t) |20
+ Cliplu(t) = W (8)] 2y 8) | o= (o VWV (8)| e IV (8) — VPie(t) | 20
+ Clipli(t) = W (8)]| 2oy IV W (8)| oo o IV (£) = VPit(8) | 20
< C (B W) = alt) 2y ) IV (1) = VPwi(t) | 20y
< C (B + W) = alt) | 2y ) IV (E) = Vi) 2oy
+C (W4 () = i) 2y ) IVPRile) = Vi) 2oy
< C (W + W) = a2 ) IVW () = Vit 2@y + C (A2 + BV = (1) | 120y ) -

Note that

Ty = (c’(W(t))(VW(t) — Va(t)), VPyalt) — vu(t))L2
< Cel|[VW (t) = Vi(t) | 2 () | VPwi(t) — V()| z2q)

< CH||IVW (L) — Va(t) || z2(q)-
Combining the estimates for T} and 715 we have

Mo[[VW (1) = Vit) [y < C (B + [W(0) — it) 2@y ) IV (1) — V(o) | 20
+C (hQT FRW (L) — u(t)|yL2(Q))
Moo . \ - .
< TOHVW@) = Va(t)|[72(q) + CH* + C[W (1) — a(t)||72(0)-
(4.4.13)

This implies that

. . d
VW (t) — Va(t)| L2 < CR" + C[[W(t) — u(t)|| 2(q), for 1+ 5 <r < min(p,m — 1).
(4.4.14)

Now we focus on deriving the L2-bound on u(t) — W (t) using a duality argument. Fol-
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lowing the ideas introduced in [27], we consider the formal derivative,
Lo = -V - (d(u)Ve+ o’ (u)Vu) (4.4.15)
of the elliptic operator in (4.4.3). The formal adjoint of L is defined as
L*:= =V - (' (u) V) + " (w)Vu - V. (4.4.16)

It follows from the weak mazimum principle (cf. Theorem 8.1 and Corollary 8.2 from [38])

that the following homogeneous Dirichlet boundary value problem
L*%=01in Q, 1 =0 on 0N (4.4.17)

has only the trival solution ¥ = 0 in Q. By the Fredholm alternative (see Theorem
4, Section 6.2.3 from [36] for more details), for any ¢ € L?(f), there exists a unique
Y € H%(Q) such that

L*%=¢in Q, ¢ =0 on dN. (4.4.18)

By the well-known elliptic regularity (cf. Theorem 8.8 from [38]), there exists a constant

C independent of ¢ such that

1] 2 ) < Cll€llL2(0)- (4.4.19)
Taking £ = ¢ — W in (4.4.18), we have
lit) = WOl = (at) - WD), L)

(Leat) = W), v)
(

¢ (w)[Va(t) — VIV (2], w) Lt ([a(t) — W ()] (W)Y, w)

L2

L2

= (@Vi(t), Vo), = (CN)VIW (0, VY) |

+ (lew) = @)vW ), Vo) |+ ([i) = WOl @V, Vo) .
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Now let ¢, € V},, be the Galerkin approximation of ¢; then it is known that we have

1 — ¥nll2() + IV — Vbl 2y < CR 10|20 (4.4.20)

From (4.4.12), we know that

(¢ () Vi(t), Vibn) o — (c’(W)vW(t), v¢h)

L2

- (c”(W)W(t)VW(t), wh) — (" (wyi(t)Vu(t), Vi) o (4.4.21)

L2

Then, we have

et = W ()20
= ((@)Vilt). VY = Ver) 1o = (S W)VW (1), Vo = Vi)
+ (W) v¢h> = ()it Vu(t), Vin)
+ (le(w Wi, ve) , + (lat) - W' wu, Vo) |
- (c’(W)[w )= VWL Ve = Vi) |+ (1¢w) = ¢(W)Vilt), T = Ven)
+ ([COV) = d@]TW (), V) |+ (¢ (ia®)[Vu(t) = VW (D), V4 — Vo) 1
¢ (alt) - ' (W)W OIVW (), Vo - Vo)
+ (c”(W)W(t)VW(t) — )W () Vu(t), w) p
=13+ Ty +T5 + T+ T7 + 13

Note that

Ty = (d(W)[Valt) = VW (D], Vo = Viin) |,
< Cel| V() = VW (0]l 200 |V = Vel 220
< C||Vi(t) = VW (0)l 2y bl 20

< Ch||\Va(t) — VW (t)l| 2@y lli(t) = W(0)] 12 ()

Ty = (¢ (w) — (W) Vilt), Vo — Vi) o
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< Cuipllu(t) = W)l L2 [IVa(t) || Lo () IV = VY|l 120

< Cllu(t) = W)l L2 bl | 52

< ChP2a(t) — W (t) | r2(0)-
75 = (W) =)V (1), Vo) |
< CLip||W(t) - U(t)HLoo(Q)HVW(t) = Vil 2 ) VYl 120

+ Crip [W(t) — u(t)[| L2 [ Vil oo () VY L2(0)-
It was proved by Nitsche [59] that
W () — u(t)][ (o) < OB, (4.4.22)

with s = min(n+o,p+ 1), where p is the polynomial degree of the finite element space, n
is an integer and 0 < ¢ < 1 such that u € C™°(Q) (i.e., u has continuous derivatives up
to the order n which are Holder-continuous with an exponent o). Note that in our case,
u e H™(Q) with m > %+2. By Sobolev embedding theorem, we have u € C’mflf[%]’g(ﬁ),
with
g1 +1-4 if § ¢Z,
o=

any element in (0,1) if ¢ € Z.

This implies that s > m — 2 > 1 for d = 2,3. Thus

Ty < OV (£) = Vi(t)l| 2oy (t) — WO 120 + OO [a(t) = W ()] 20

Ts = (" (u)a(t)[Vu(t) = VW ()], Vi = Vi)
< CLipla(®)]| Lo (@ lIVu(t) = VW (@) 2 VY — Vull L2
< C||Vu(t) = VW ()| L2 bl 20

< O () = W) 120,
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Ty = ([ (w)i(t) - (W)W (OIVW (£), Vi = Vo)

2

= (I¢"(@yidt) — " (W)UVW(0), T = Vin) o + (¢ (W)[alt) = WIVW (), V6 = Vi)
< Cuspllu(t) = W(0)l 2@y lit) | oo IV W (0| o0 0 | V9 — Vil ey

+ Cuplli(t) = WO |2y | VW | zw@l| V6 — V2
< Clfu(t) — W(0)| oyl e + Cllae) — W (o) | acayhlo ey

< Ch™2||a(t) = W)l () + Chlla(t) = W(H)|72(q)-

(
= ([e"(W) = " (@)W (1) = )V (0), Vo) + ([ (W) = " ()Ja() TW (1), V¥) 1.
+ (V) - a@W () = Vu(®)], Ve) |+ ([ @iTW (@) - Vu(t)], V) .
< CuipllW(E) = w(®)ll (o) [6) = W (B L2 | VW L2 0 [ V¥ 20
+ Cuip W (2) = w®) 20 [l ()| VWL 22 | V20
+ (@ () = @YW (1) - Va(®)], Vo)
+ Cuipll(t) (@) VW () = Vat) |20 [ V¥ |20
< (/)W (1) = a@®ITW (1) = Vu(®)], Vo)

+ Chlla(t) = W(t)lI72(q) + OB Ha(t) — Wt 2() + OB [la(t) — W (t)l| 2.

Note that for d = 2,3, by Sobolev embedding theorem and the Gagliardo-Nirenberg

interpolation inequality
1 1
el < CllellZagy 10122 - (4.4.23)
we have

(@D (1) = @)V W (1) - Vu(t), Vo) |

< Cuiplla(t) = W(t)l| L@ IVW (1) = Vul(t) | 20 V| o)



. 1 . 1
< CR'|[a(t) = W) 72y IValt) = VWO L2 19120

. 3 _ : 1
< ChTHﬂ(t) - W(t)||z2(g)||vu(t) - VW(t)HZQ(Q).
For d = 1, H?(f)) is compactly embedded into W1°°(€2), thus

(@I (t) @)V W (t) = Vu(®), V¥) |
< Ciplli(t) = W (1) |20 VW (8) = Vu(®) 20 [ V¥ 1o

< CR[[a(t) = W (t)l| L2

Combining these two cases, we have that
Ts < Chlla(t) = W(1)[[72(q) + CR™H[a(t) = W ()| r2() + CR [[a(t) = W (1)l 2(q)
. 3 . 1
T OW[alt) = W (0220 IVi(t) — VW (O] -

Combining the estimates for T5-Tg, we have

[ a(t) = W(t)|l 2 < Ch™ + Chlla(t) — W(t)|| 12(q) + ChlIVi(t) — VIV ()]l 12 (0
. 1 . 1
+ Ch[a(t) = Wl f2(q) IVilt) = VW (D) f2q)
< Ch" + Chl|u(t) — W(t)||L2(Q) + Ch||Va(t) — vW(t)HLQ(Q)

+ N (J[at) = W ()| 2oy + IV(t) = VW ()] 2(ey) -

This implies that

li(t) = W ()|l 2 () < ChT + Chl|Vi(t) — VW (1) 120y (4.4.

Substituting (4.4.24) into (4.4.14), we have

IVi(t) — VIV (#)|| 2y < CH. (4.4.

If we substitute (4.4.25) back to (4.4.24), we have

li(t) — W (t)|| 20 < CH. (4.4.
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24)

25)

26)
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The L? error estimate obtained here is not of optimal order, but it is sufficiently sharp

for our purposes. Analogously, we have for each ¢ € [0, T] that

W (8)llwrr.eo () < W () = Pris(t)lwr.oo () + 1Pat(t) — @(t)|[wr.e () + 116t lw.eo )
< Ciayh ™3| W (t) - Prt(t)| o) + Ch'™™% + [ (t)[[w1.00 ()
< Ciyh ™2 <||W(t) —u(t)|| gy + llult) — Phﬂ(t)HHl(Q)) +ORTTE [[a()][w.0 ()
< CH% +[|a(t) lwr.e (o)

< .

4.4.3. Bounds on i — W By an analogous argument as in the previous section, we find
that W(t) is differentiable with respect to ¢ and a similar L2-error estimate holds. By

differentiating (4.4.12), we have

(W), V) | +2(WOIW VW), Vi) |+ (W)W OTW D). Vo) |

+ (W)W (VW (1), V) |

= ((u®)Vii(t), Vo) 5 +2 (" (u®)a(t) Vi(t), Vi) o + (" (u(®))i(t) Vu(t), Vi) 2

+ (" (u(t))i(t)*Vu(t), Vi) 2 forall p € Vy. (4.4.27)

Now we derive an L?-bound on i — W as in the previous section. In particular, we take

¢ = ii — W in the adjoint problem (4.4.18); then we have

lia(t) = W(B) 22y = (i) = W (1), L*0)

(LG = W), v)
(

¢ )[Viilt) = VW (0), Vi) + ([i(t) = W] (@) Vu(t), V)
— ((u)Vii(t), V) o — (c’(W)VW(t), w) L ([c'(w> — )V (), w) .

L2

L2

L2

+ ([il(t) — W) (u)Vu(t), Vw) L (4.4.28)
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Again, we let ¢y, € V;, be the Galerkin approximation of v; then it satisfies that

1 = ¥l r2) + RV — Vul 2y < CR 9] g2(q)- (4.4.29)

From (4.4.27), we know that, for ¢y, € V,

(c'(W(t))VW(t), wh)L — ( () Vii(t), Vibn) .

2

= 2( (u)a(t)Vi(t), Vin) 1 — 2 (¢ (W)W OV (1), Ver )

2

(w0 Tu(t), Ven) 1 — (V@)W OVW (), V1)

2

+ (C”/(U(t))U(t)2VU(t), th)Lz o (C/”(W(t))W(t)QVW(t)a v¢h> L (4430)
Substituting (4.4.30) into (4.4.28) gives

() — W ()12

— (¢ (W) Vii(t), Vib — Vi) o — (c'(W)vv"V(t), Vip — wh)LQ 49 (c”(W)W(t)VW(t), Wh)L

2

= 2 (@i Vit), Vin) .+ (VW OV, Vin) | = (@i Tu(t), Ton)

2

+ (c”’(W)W(t)2VW(t), wh)L — (" (w)a(t)>Vu(t), Vibn) o + <[c’(W) — W)V (), w)

2

+ (L)) = W () () Vu(t), Vo)

L2

= ([¢w) — OV)IVi(0), Vo = V) o + (W) [Vie) = VIV (2)), Vo = V)

+ () = @IV (), V) |+ (¢ (it)[Vult) = YW (0), Vi = Vi) 1

+ ([c"(u)ii I WYW ()W (L), Vi — wh) L ([c”(W)VW(t) — )V W (L), w) p

42 (c"(u)u(t)vu(t) — I WYW (VW (1), Vi — W)L2

42 (c”(W)W(t)VW(t) — Mu)a(t)Valt), w)LZ

I (c’”(u)u(t)ZVU(t) _ C’”(W)W(t)ZVW(t), Vi — th)L

2

n (c’”(W)W(t)2VW(t) — c///<u)u(t)2Vu(t), V¢> 12

=1+ Fy+ FEs+ Eyg+ Es + Eg + E7 4+ Eg+ Eg + Eqp.

L2
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Note that

By = ([ (u) — ¢ (W)]Vii(t), Vip — Vip) o
< Cuipllu(t) = W) 2@ I Vi)l Lo @) VY = Vil L2 (0
< Cllu(t) = W)l L2l Vi) || L ) hlIY | 520

< O 2[it) — W () 120y,

By = (c'(W) [Vii(t) — VW (1)], Vi — Wh)L2

< Ce|| Vii(t) = VW ()l 120 VY = Vel 20y

< CVa(t) = VW ()| 2 bl | 20

< CR||Vii(t) = VW (t)|| 20 |t = Wl 2
By = ([c/(W) — )V (#), w) .
= (I¢(W) = @IVW () = V)], Vo) |+ (W) = ¢ )] Vii(t), V)
< CLip|W(#) = u() || Lo IVW (1) = Vii(t) 2 () V¥l 20

+ CLip [W(t) — w(t)|| 20 IVl Lo () [Vl 22 ()

< Ch| VW (t) = V()| 12| W () — @)l 12(q) + CR™HHW () — @(t)] 12 ().

Ey = ("(w)i[Vu(t) = VW ()], Vi) — Vi)
< Cuipllii|| oo (o) [IVu(t) = VW ()l 2200 IV = V| 120
< Cl[Vu(t) = VW ()| 2 bl | 520

< () = W (D)l 120,

Bs = ([¢"(wii(t) - " (W)W (O] W (1), Vi — Vain)

2

= (["(uw) = "(W)]Jat) VW (2), Vb — Vi) o + (C"(W) [i(t) = W)V (L), Vip — th)L

< Cuipllu(t) = W ()| L2 [11(t) | Lo () [ VWV (D) oo () I VY — V]| 12(0)

2
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+ CLipllii(t) = W (t)l| 2 | VW ()| oo 0 V4 = Vbl L2
< Cllu(t) = Wbl 2@ hll¥ | a2 () + Clli(t) = W)l 2 @hllv | 220

< Ch™i(t) = W)l () + Chlli(t) = W(H)| 72 ()

5= (lw WV (1), V)

(le"w WRW (), ve) |+ (WO () - V). Vo) |
(1ov

.

WOV (0 = ()], V), + (1 (W) = @] VW (1), (). ) 1
(@I (1) = VW (1) = Vu®)]. V) |+ (iYW (1) = Vu(t)), V9) ;.
< CLipllW(E) = w(®)llz (@) VW ()l 2w | W (8) = (®) 12000 IV 20
+ Cipll W(E) = u(®) 2y | VW (1) 0w 0 |6(8) (0 [ V1200
o+ Crip[(8) |2 (@) VW () = Vu®) 220 [ V¥ |2y
+ (¢ @l = WOV (@) = Va(®)], Vo)
Note that for d = 2,3, by Sobolev embedding theorem and the Gagliardo-Nirenberg

interpolation inequality

lells < ClelZa Vel 2y (4.4.31)
we have
(¢ )07 (6) = BOUVW () ~ Tu(t)], 99
< Criplli(t) = W)l s (@ IVW (£) = Va(®) 2(0) V¥ s (0
< OW[i(t) = W (8)|122 0 | Vi) — VIV (8)]123 g 10l 1120
< O (1) W (1) |22y V(1) — VIV (D] 22y

For d = 1, H?(f)) is compactly embedded into W1°°(€2), thus

(C”(U) (W (t) = a(O)[VW(¢) = Vu(t)], WJ)

L2



< Criplli(t) = W (t)l| L2 VW (£) = Va(t)] 20 VY | £ (@)

< ChT|li(t) = W ()|l 2.

Combining these two cases, we have that

Eg < Chlli(t) = W (t)|[72(q) + CR™a(t) — W (t)l| 2() + OB [li(t) — W (t)ll12(0)
1

. 3 .
- ORii(t) — W (8) 2 gy | Vik(t) — VW (£)| 22 .

Er =2 (c"(u)u(t)vu(t) — (W)W VW (), Vip — wh)L

2

=2 ([¢" (u) — " (W)]a(t)Vu(t), Vi — Vibp)
+2 (W)W (OTu(t) — VW),V - T )

2
+2 (c”(W)[u(t) CW(]Vau(t), Vi — wh)m
< 2CLipllu(t) = W) 2@ lla (@) [l oo () I Vul) | oo () IV — Vnl| 22
+ 2CLip W (1) | oo () V() = VW (8) | L2y | VY — Vbl L2
+ 2CLip () — W ()| 2o [ Vu() | oo @) I VY — Vu | r2 (0
< Cllu(t) = W)l 2@l a2 + ClIVult) = VW ()| 22 hl[¥ || 220
+ Clla(t) = W(E) 2@ hl1¢ | 2
< R Hi(t) = W) 2o

Bs =2 (c”(W)W(t)VW(t) — Mu)a(t)Vau(t), w) .

< 2CLipllu(t) = W) 2@ lle (@) | oo () I Vu) [| oo () IV 220
+ 2CLip W (1) | oo () [ Vu(t) = VW ()| L2 | V| 2y
+ 2CLip | a(t) — W (t)l| L2 VW ()| oo () V¥ | 2

< Cllu(®) = W)l 2@ 1Yl g2(0) + ClIVu(t) = VW (@) L2 1Vl 220
+ Clla(t) = W) 2@ 1¢ n20)

< Ch"|i(t) = W (t) || 2.
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By = (c’"(u)u(t)QVu(t) — WYW ()W (L), Vi — Wh)p

= ([¢"(uw) = " W)]a(t)*Vu(t), Vo — Von) o + (¢ (W)a(t)?[Vu(t) = VW (1)), Vi = Vi) 1

+ (VWO - W), Vo - Ve )

< Crip|lu(t) = W ()] 2 () ()| oo ) | Vi) | Lo (@) IV = Vinl L2
+ CLipl[a(8) 1700 (o) [ Vu(t) = VW ()| 120 IV = Vbl 20

+ Crip VW ()l l8) = W) 2 (1)l zoe) + IW (D)l ) 1V = Ttbnll (e

< CH P2 2y + CR™ [0l 2oy

< ChHi(t) — W(t) || 12(q)

Ei = (<" (W)W (VW () - " (w)i(t)*Vu(t), Vi)

— ([ (W) — " () Vu(t), Ve) 1, + (" (W)a®) VW (1) — Vu(t)], V) .

(VWG i, V)

< Cuipllut) = W)l 20 [(8) 2 o I Va0 | V2000
+ Crip[a(t) [ 700 ) [ Vu(t) = VW ()| 20 IVl 20
+ Cuip VW @)l oo @) 1) = W) 20 ([l (@) + I (022 ) 1Vl 2200

< O @l () + CR [l 2 () < CRTIlii(t) — W (1) 2y -
Combining the estimates for E1—F1g, we have

() = W (0]l 20y < Ch" + Chlfii(t) = W (1)l 20 + CRIVii(t) = VW (1) 20

(@)

Tt
T+ OWii(t) = W ()| 0y | Vi(t) — VIV (D12,
W ()20 + CRIVi(t) — TW (5) | 12

< Ch" + Chljii(t) —
+nr (life) = W)z + IV(t) = W ()] ey ) -

This implies that

\lii(t) — W (t M2 < Ch" + Ch||Vi(t) — VW(t)HLz(Q). (4.4.32)
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Again, applying the assumption that ¢/(-) > My > 0, we have
M| VW (t) = Vii(D)|[F2(q) < (¢(W )V (1) = Via(t)), VW (t) = Vii(t)) |

- (c'(W(t))(VW(t) — Vi), VI (t) — vpha(t))L2

+ (W)Y (1) = Vii(t)), VPyi(t) = Viilt)) |

=E&1 + &,
Note that

& = (c'(W)vv"V(t), VIV (t) — VPhil(t)>L2 - (c’(W)Vii(t), VW (t) — VPhil(t))

L2

- ([c'(u) — (W) Va(t), VIV (t) — vphu(t))

L2
+2 (c”(u)ViL(t)u(t) — WYV WW (E), VW (t) — VPhil(t))L2

+ (c"(u)vu(t)u(t) — WYYW ()W (£), VIV (E) — VPhil(t)>L2
+ <c’”(u)Vu(t)u(t)2 — W)W ()W ()2, VIV (E) — VPhil(t))L2
=&+ &+ &5+ &.

We can bound £3—& by the following estimates:

& = (I¢(w) = (WVii(t), VIV (1) = VPwi(t)) |
< Clipllu(t) = W(E) || 2o V() | oo @ I VW (£) = VPyii(t) || 12(q)

< CR™ VW (t) — VPii(E) | 120

€4 =2 (¢ (W) Va(t)i(t) — ' (W)W W (£), VIV (1) = VPyi(t) ) @)

=2 ([¢"(u) — " (W)Vilt)a(t), VW (1) = VPyi(1)) |,

49 (c”(W)vu(t)[u(t) —W(t)], VW (t) — VPhﬂ(t)) 2@

42 (c"(W)[vu(t) — VW (6)]W (t), VWV () — Vphﬁ(t>)L2(m

< 2CLip|[ult) = W ()| L2y | V()| poo () 10(E) | oo (o) [ VIV () — VPRiL(E) || 120



+ 2C1ip V(1) | oo @ () = W (1) 2o VW (1) = VPoi(1)]] 120
+ 2CLip [W (1) | oo (0 | Va(t) = VW (1)]| 2@ [IVW (£) = VPrii(1)]| 2 0

< CH|IVW (t) — VPii(t) | 120

&5 = (c"(u)vu(t)u(t) — (WW ()W (), VI () — vphu(t))L2
= (e (w) = " (W) Tult)is(t), VIV (t) = VPyi(t))
+ (W)i)[Tu(t) - TW ()], VW (1) ~ VPyi(t))
+ (W)W Li(t) W), VW () ~ VPyi(h))
< Cuipllu(t) = W ()| 2 (@) () | oo ) [ Vet (0) | oo () VW (1) = VPii(t)l] 120
+ OLipli(t) | oo o) Vult) = VW (1)l 20 I VW () = VPii(t)] 120
+ CLipl VW (@) oo (@ 1) = W (@) 200 [ VWV () = VPii(t)l| 20
< CHHY VW (t) = VPii(t)|| L2() + CHTIIVW (1) = VPii(t)]| 2 (@)

+ CW () = (1) 20 I VW (£) = VPi(1) | L2

- (c — (W)W (W ()2, VW (1) = VPyi(t))
( " /// ( ) .(75)27 VW(t) . VPhii(t)>L2
- ( ¢ (W)i(t)*[Vu(t) — VW (1)), VIV (1) = VPyi(t))

+ (VW) [(t)? = W ()%, VIV (1) = VPai(t))

< Cripllu(t) = W ()| L2 (@ 1() | F oo ) [Vt (0) | oo () VW (1) = VPii(t)] 20

+ Cripll(t) |1 0e (0 | Vu(t) = VW (1) L2 VW (1) = VPRii(t) 2 ()

+ Crip [ VW () £ (@[l (t) = W (t)]| 120 (Hib(t)llLoo(Q) + ||W||L°°(Q)) IVW(t) = VPyii(1)]| 20

< CIT|[VW () = VPyii(t)|| 12(q)
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For the & term, we have

&z(ﬂ%ﬂVW@%WM@LV%Mﬂ—VMQLQ

< Cel[VW (t) = Vi) || 2o IV Pii(t) — Vi) 20y

< CRIVW (L) — Vii(t) || 12 (-
Combining the estimates £1—&g, we have

Mo|| VW (t) = Vii(1)[|72q

< CHTIVW () = Vii(®)l| 20y + C (B + i(t) = W(0) 2y ) IVW () = TPy (t) | 20
< OV (t) = Vi(t) | 20y + € (B + () = WD)l 2@ ) VW (2) = V(0|20
+C (W + (i) = W (Bl 2oy ) IVilt) = VPyii()l| 20y

< ORIV () — V()| 2y + O + Clli(e) = WD) 2y (I9(5) — Vi) 2 +17)
This implies that
IVW (t) = Vii(t)| r2) < Ch" + Cllii(t) — W (1)l r2(q)- (4.4.33)
Substituting (4.4.33) into (4.4.32) gives
W () — ii(t) || L2() < CR". (4.4.34)

This completes our proof.
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4.5. Numerical experiments

4.5.1. Numerical results for a nonlinear damped wave equation We consider the

following one-dimensional nonlinear wave equation
ii(z,t) + d' (u)i(x, t) — Ad(x,t) — Ab(u(z,t)) = f(z,t) in (0,1) x (0,T],  (4.5.1)
u(0,t) =u(l,t) =0 for all t € (0,7, (4.5.2)
u(z,0) = up(z), u(z,0)=ui(x). (4.5.3)

We take a(u) = u + u?, b(u) = u + u3, and the time interval I = (0,7] with T = 1.
Let ug, u1 and f be chosen such that the exact solution is u(x,t) = e’sin(wx). That
is, ug(z) = ui(z) = sin(rz), and f(z,t) = (2r% + 2)e’ sin(rz) + (272 + 3)e3 sin?(wx) —
6723t cos?(mx) sin(rx).

Analogously to Section 3.5, the numerical approximation of the nonlinear damped

wave equation following a Picard-type linearisation in the nonlinear term is the following:

find up € V), such that

/ﬁh-vhdx—i—/ (3u22+1)uh-vhdx+/ (3u22+1)8muh-8mvhdx—|—/ Oy, -Ogvnde = / fropda,
Q Q Q Q Q

for all vy € Vp, where V}, is the finite element function space with polynomial degree
p > 1. We assume that u; is known at each time step I,, either as an initial guess by
using uyp, over the previous time interval, or as a previous iterate in the Picard iteration.

This time, the nonlinear problem results in the following ODE system for U(¢):

MU®) + [K + M+ M*(H)]U®1) + [K + K*)]U®t) = F(t), te (0,T],

U(0) =U;, U(0) = U,.
The mass and stiffness matrices are defined as before. The time-dependent matrices
K*(t) and M*(t) are defined by
1

1
M{;(t) = ; 3uj (1)1 () - ¥j(2) da, f(;‘](t) = /0 3uj (t)2059i(x) - 0y () da.
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Again, by setting Z(t) = M%U(t), we obtain
Z(t) + (Ko + Id)Z(t) + M(t)Z(t) + KoZ(t) + K(t)Z(t) = G(t), te (0,T], (4.5.4)

Z(0) = M2U;, Z(0) = M2U,, (4.5.5)

where

Analogously to Section 3.5, our DG in time formulation reads as: find Z € V,Zz such that

(2().%) vy T (ko +10)2(t), ) . (M@)Z@),v) poiy 02092,

+ (K()Z(1), V) 21,y + Z(t) ) v(th )+ KoZ(ty ) - v(t) )

— (G, V) g2y + Bltyy) - ¥(t) + KoZ(ty_y) - v(EL,), (4.5.6)
for all v € V,gz. Similarly to previous chapters, we obtain the algebraic system Az = b,
where z € RP = R@+1Dd ig the solution vector, b € RP corresponds to the right-hand

side, and A is the local stiffness matrix with its structure defined in Section 2.4. Here,

we set
M =M"+M* Bjj=LjM?*+ M?+ Kojj(M? + M) + M?,

where L = Ky + 1d, M, B;; € RUn+D)x(@+D) for any 4,5 = 1,...,d. Here, M'-M? are
defined the same as in Section 2.4, M? and M? are defined in Section 3.5, and the new
term M? is defined by ]\Zfé = (M(t)éj,él>L2(In), for I,j = 1,...,q, + 1. In order to
compute the time-dependent matrices My (t) and Ms(t), we apply a Picard iteration at

each time interval. This is summarised in Algorithm 2.
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Algorithm 2 Iterative Algorithm (Multiple Picard iterations at each time interval)

Initialisation: uy = up and
[K°);; = 3/01(u0)28z¢i($)8x¢j(95) dz,
[M°);; = 3/01(%)2%(36)%(%) d.
Iteration: On each interval I, = (t,—1,t,] for n=1,2,..., N, we solve

MU®) + [K + M+ M"@®)]U(t) + [K + K*(#)]U(t) = F(¢t),

iteratively (using Picard iterations) by applying the discontinuous-in-time integration.
Here

1
B3l =3 [ e (OF 0rvie)0rv o) do
1
35315 =3 | b (O (2) @) o
where u%al (t) is the solution we obtained from the previous time interval I,,_.
o ! —1,k—1 2
K2l =3 [ s OF 0@ (@) do.
1
3121 =3 [ [ Oy o) da,

fork=1,2,..., where ugal’k_l(t) is computed from the previous Picard iteration by

using [Kj_]i; and [Mp_]ij.
Update:

5 1
R+ =3 /0 s (1)) s(2) Dty () dir,
1
VI = 3 /0 [y (8240 () () di,

where uf)(t) is computed using f(,?end and M,?e - Here kenq is either the maximal
(final) Picard iteration number or the iteration at which a certain tolerance is achieved.

Now move to the next time interval I,,41.

We use CG—p elements for p > 2 in space with k = h%, T = 1 and compute the errors

|u(T) — upc(ty) 2y + [[W(T) — dpc(ty)llr2) versus k for k = h? with respect to
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polynomial degrees p for ¢ = 2,3 and 4 respectively. Note that here we use h = 2.50x107!,
2.00 x 1071, 1.25 x 10! and 1.00 x 10! instead of the conventional halving procedure;
this is to avoid the accumulation of any unnecessary floating point errors resulting from a
large number of time steps while still having sufficient data to compute the convergence
rates.

For ¢ = 2 (i.e., DG-2 elements in the temporal domain), we consider p = 2,3 and 4.
The computed errors are presented in Table 4.1 and plotted in Figure 4.1 with a log-log
scale. By Remark 4.8, we expect convergence rates of order 1.0, 1.5 and 2.0 for p = 2,3
and 4 respectively, which are consistent with the numerical results shown in Table 4.1.

Similarly, for ¢ = 3, the computed errors for p = 3,4, 5 and 6 are shown in Figure 4.2,
and they agree with the expected convergence rates of 1.5, 2.0, 2.5 and 3.0 respectively.

For DG4 elements in the temporal domain, we would expect convergence rates of
2.0,2.5,3.0 for p = 4,5, and 6 respectively since the error is of order O(kg + k%) with k%
being the dominating term for p < 8. The numerical results agree with our theoretical
findings (cf. Figure 4.3). In general, the accuracy of this discontinuous-in-time integration
scheme outperforms many other existing finite difference schemes. If we compare Table
4.1, Table 4.2 and Table 4.3, we observe that the error decreases as we increase the
polynomial degree g or decrease the time step k, thus permitting up to exponential rates

of convergence.

Remark 4.10. Note that the At term is added in (4.0.1) for the sake of ensuring stability

of our numerical scheme. If we remove this term and consider the following equation
i, ) + o/ (w)i(w, ) — Ab(u(z, £) = f(z,t) in (0,1) x (0,T],

with f = (72 + 2)e! sin(rx) + (272 + 3)e3 sin®(nx) — 672e3 cos?(nx) sin(nz) in this case,
similar convergence rates are observed. This suggests that it is possible to directly apply
our proposed discontinuous time-stepping method to the original damped wave equation

considered in Sili and Wilkins’ work [7/].



185

Table 4.1: 1D nonlinear damped wave equation with ¢ = 2: computed error ||[u(T) —
upc (ty)|| 1 (@) +|@(T) —upc (ty)|| 12() and corresponding convergence rates with respect

to polynomial degrees p = 2,3, 4.

P h k L?-error rate
2 5.0000e —1 2.5000e —2 6.0903e — 1 —
2.5000e —1 6.2500e —2 1.4774e —1 1.0217
2.0000e —1 4.0000e —2 8.9097e —2 1.3332
1.2500e — 1 1.5625e — 2 3.5502¢ —2 0.9789
1.0000e — 1 1.0000e — 2 2.2374e —2 1.0345
3 5.0000e —1 2.5000e —2 8.5172e — 2 —
2.5000e — 1 6.2500e —2 9.5072e —3 1.5816
2.0000e —1 4.0000e —2 4.6403e —3 1.6072
1.2500e — 1 1.5625¢ —2 1.1684e —3 1.4672
1.0000e —1 1.0000e —2 5.9048¢ —4 1.5292
4 5.0000e —1 2.5000e —2 1.2530e — 2 —
2.5000e —1 6.2500e — 2 5.4227e —4 2.2651
2.0000e — 1 4.0000e —2 2.0021e —4 2.2326
1.2500e — 1 1.5625e¢ —2 2.9801e — 5 2.0264
1.0000e —1 1.0000e —2 1.1899¢ —5 2.0572

Izlot of ||u — upg||H1q) + ||U — Upa]|L2(q) versus 1/k for DG2 in time
10

- CG 2
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1071 4 .,
"
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.
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Figure 4.1: 1D nonlinear damped wave equation with ¢ = 2: computed error |u(T") —
upc (ty)ll a1 () + |a(T) — ipc(ty)llz2(q) plotted against 1/k for p = 2,3,4 in a log-log

scale.
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Table 4.2: 1D nonlinear damped wave equation with ¢ = 3: computed error ||u(T") —
upa (ty)|| 1 (@) +|@(T) —upc (ty )| 12() and corresponding convergence rates with respect
to polynomial degrees p = 3,4, 5, 6.

h

k

L2-error

rate

b
3

5.0000e — 1
2.5000e — 1
2.0000e — 1
1.2500e — 1
1.0000e — 1
5.0000e — 1
2.5000e — 1
2.0000e — 1
1.2500e — 1
1.0000e — 1
5.0000e — 1
2.5000e — 1
2.0000e — 1
1.2500e — 1
1.0000e — 1
5.0000e — 1
2.5000e — 1
2.0000e — 1
1.2500e — 1
1.0000e — 1

2.5000e — 2
6.2500e — 2
4.0000e — 2
1.5625e — 2
1.0000e — 2
2.5000e — 2
6.2500e — 2
4.0000e — 2
1.5625e — 2
1.0000e — 2
2.5000e — 2
6.2500e — 2
4.0000e — 2
1.5625e — 2
1.0000e — 2
2.5000e — 2
6.2500e — 2
4.0000e — 2
1.5625e — 2
1.0000e — 2

8.3459% — 2
9.4976e — 2
4.6388e — 3
1.1684e — 3
5.9047e — 4
8.2612e — 3
4.8451e — 4
1.8660e — 4
2.9049e — 5
1.1718e — 5
6.6916e — 4
1.8487e — 5
5.7761e — 6
5.6859¢ — 7
1.8397e — 7
6.7489e — 5
6.8508e — 7
1.6209e — 7
9.5069¢ — 9
2.4616e — 9

1.5677
1.6057
1.4668
1.5292
2.0459
2.1380
1.9787
2.0342
2.5888
2.6067
2.4663
2.5284
3.3111
3.2297
3.0171
3.0277

Plot of ||U - UDG”Hl(Q) + ||U - uDG”LZ(Q) versus 1/k for DG3 in time

1071 4

102 4

1073 4

1074 4
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10—6 4
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Figure 4.2: 1D nonlinear damped wave equation with ¢ = 3: computed error |u(T) —
upG ()l a1 () + 14(T) — ipa(ty)l| L2 (q) plotted against 1/k for p = 3,4,5,6 in a log-log

scale.
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Table 4.3: 1D nonlinear damped wave equation with ¢ = 4: computed error ||u(T") —
upc (ty)|| 1 (@) +|@(T) —upc (ty)|| 12() and corresponding convergence rates with respect

to polynomial degrees p = 4,5,6.

P h k L?-error rate
4 5.0000e —1 2.5000e —2 8.2580e — 3 —
2.5000e — 1 6.2500e —2 4.8451e —4 2.0456
2.0000e —1 4.0000e —2 1.8660e —4 2.1380
1.2500e — 1 1.5625e — 2 2.9049e¢ — 5 1.9787
1.0000e — 1 1.0000e —2 1.1718e —5 2.0342
5 5.0000e —1 2.5000e —2 6.5806e — 4 —
2.5000e — 1 6.2500e —2 1.8482e —5 2.5770
2.0000e —1 4.0000e —2 5.7757e — 6 2.6063
1.2500e — 1 1.5625e — 2 5.6859e — 7 2.4662
1.0000e —1 1.0000e —2 1.8397e — 7 2.5284
6 5.0000e —1 2.5000e —2 4.4105e — 5 —
2.5000e —1 6.2500e —2 6.3450e — 7 3.0596
2.0000e —1 4.0000e —2 1.5579e — 7 3.1467
1.2500e — 1 1.5625e —2 9.4363e — 9 2.9829
1.0000e — 1 1.0000e —2 2.4728¢ —9 3.0008

Plot of ||u — upc||wi(q) + ||t — Upc||2@) versus 1/k for DG4 in time
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Figure 4.3: 1D nonlinear damped wave equation with ¢ = 4: computed error |u(T") —
upc (ty)ll a1 () + |4(T) — ipc(ty)llz2(q) plotted against 1/k for p = 4,5,6 in a log-log

scale.



Chapter 5

Conclusion

In this thesis, we have proposed an arbitrarily high-order accurate time integration scheme
for a broad range of second-order hyperbolic PDEs, supported with a complete mathemat-
ical analysis in terms of stability and convergence, as well as various numerical examples
to verify our theoretical findings. This proposed numerical scheme is based on the hp-
version of the DGFEM. It overcomes many challenges in the mathematical analysis of
high-order numerical methods for second-order nonlinear hyperbolic PDEs and overper-
forms many existing finite difference time-stepping schemes in terms of flexibility and
accuracy. Our numerical experiments on hyperbolic equations of second order demon-
strate the high-order convergence rates in the temporal domain and the adaptability of
this numerical algorithm to different nonlinear problems.

We have shown that this discontinuous-in-time scheme is an implicit, unconditionally
stable and convergent method for the linear problem. In contrast, we require a weak
restriction on the temporal step in terms of the spatial mesh size (i.e. k, = O(h?) for
each n =1,...,N) for the nonlinear case. It might be possible to relax these conditions
if one could improve the fixed point argument that we used in the derivation of the error
estimates.

This discontinuous-in-time discretisation approach to nonlinear elastodynamics sys-
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tems presented in Chapter 3 also shows its potential to solve more challenging Einstein
equations. For instance, Hughes, Kato and Marsden [413] mentioned that the following

Einstein equations for a Lorentz metric g, g on R* 0<a,p <3,
1 0%g dg
_ ZgoB Y Gun GIaf ) _
g° 50508 +H, <ga5, o ) = (5.0.1)

can be transformed into a quasilinear second-order hyperbolic systems of the form

Po &K P O 9%
Sk PR an Qo) e + b 5.0.2
apo o2 ijZZI Qg 8%1833] + ;(a’OZ + azO)ataxi =+ 0, ( )
where the unknown ¢ = (¢1,...,¢N) is an N—vector valued function of ¢ € [0,7] and
of ¥ = (z1,...,74) € RY, where {a;; | i,j = 1,...,d} is a collection of (N x N)-matrix

valued functions of the suppressed arguments t, x, @, %—f, Vi, and b is an N—vector valued
functions of the same arguments. Despite the fact that the extra coefficient terms a;;
may lead to more tedious calculations, a slightly modified version of our proposed scheme
would be naturally suited for this more general class of quasilinear hyperbolic systems.
Another possible direction for future research would be exploring the preconditioning
and parallelisation strategies to improve the efficiency of computations. Werder, Gerdes,
and their collaborators [77] introduced a decoupling procedure for a discontinuous time-
stepping method for parabolic problems. Their numerical examples showed that the
decoupling process is helpful in terms of the reduction of both the computational time
and memory requirements. They also briefly discussed several parallelisation strategies,
including local static condensation, parallel computing on shared memory machines and
distributed memory machines. All of the possible parallelisation strategies considered for
parabolic problems open up the possibility of designing similar robust and efficient solvers
for nonlinear hyperbolic equations of second order, which would be of importance for the
numerical approximation of second-order linear and nonlinear hyperbolic problems that

arise in real-world applications.
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