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ABSTRACT
To develop high performance turbomachinery, we need accu-

rate preliminary design correlations to guide us towards optimal
system and component configurations. Endwall (or secondary)
loss has a significant impact on turbine efficiency, but it remains
challenging to predict. Most existing correlations are based on
well-conditioned linear cascade experiments, but these generally
rely on limited databases and do not include the effect of turbine-
realistic inlet conditions, which can increase loss significantly.

This paper develops a new correlation to help address these
deficiencies. The new method is physics-based and tuned to
a large database of linear cascade computations with varying
inlet conditions. Endwall loss is decomposed into Wetted Area
Loss and Secondary Flow Loss. The Wetted Area Loss represents
dissipation in the endwall boundary layers, in a similar manner to
the approach of Denton [1]. The Secondary Flow Loss correlates
with the secondary vorticity predicted by classical theory, e.g.
Hawthorne [2], and is strongly dependent on the thickness and
shape of the incoming endwall boundary layer.

Validation with literature cascade experiments shows that the
new correlation reduces the average error by >30% compared to
the best existing method, which was fit to these data, and more
accurately predicts sensitivity to design parameters. The new
method predicts a realistic increase in loss when moving from
cascade to turbine-like inlet conditions, and thus helps to recon-
cile the historical mismatch between endwall losses in cascades
and real turbines.

1. INTRODUCTION
Accurate preliminary design representations are essential

to develop successful turbomachinery: simple mean-line and
throughflow models can be rapidly iterated to guide a system
towards an optimal configuration. These methods rely on cor-
relations for aerodynamic loss, which must have: (1) absolute
accuracy, to predict the performance of the new machine; and (2)
have the correct sensitivity to design parameters, in order that the
correct optimum is found. In this way, the preliminary design sets
the overall design requirements for each component. Significant
effort is then expended on detailed component design to optimize
performance, e.g. using Computational Fluid Dynamics (CFD),
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optimization, experimental data and prior experience. Nonethe-
less, the resultant machine efficiency is still largely determined
by preliminary design decisions.

For axial turbines, the flow around the blade endwalls is
typically responsible for a third of the lost efficiency [1]. This
endwall loss component has proven hard to correlate, as it is
dependent on multiple physical processes and is sensitive to the
details of the flow entering the blade row.

FIGURE 1: Closing the gap between cascades and engines: the
new correlation can account for more realistic inlet conditions. Ex-
perimental data from [3] [4], showing the effect of varying pitch.
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1.1 Endwall Loss Mechanisms
Our understanding of endwall loss is largely built on simpli-

fied linear cascade models, which replicate much of the physics
of real turbines. One key feature of the endwall flow is the "sec-
ondary flows". The incoming boundary layer rolls up into Horse-
Shoe Vortices upstream of the leading edges, and the vorticity
is re-orientated and stretched, generating a streamwise vorticity
component at the blade row exit [5]. The rotational energy of the
resultant secondary vortices can generate significant loss due to
mixing. The strength of these vortices increases with flow turning
and decreases with outlet-to-inlet velocity ratio, and is strongly
affected by the thickness and shape of the inlet boundary layer
[6]. Detailed descriptions of secondary flow structures are given
in the reviews of Sieverding [7] and Langston [8]. In addition to
the secondary flows, significant loss is generated by the boundary
layers on the endwall platforms, in particular in high velocity
regions, [6] [9].

In real turbines, there are additional factors affecting end-
wall loss which are generally not present in cascades. First, the
geometry is more complex. Platforms have gaps and seals be-
tween components, and often sealing flows. All turbines blades
are three-dimensional by nature due to radial flow variation and
intentional detailed design features such as lean and sweep. Sec-
ond, the flow field at the inlet to each blade row can be unsteady
and spatially complex: the secondary flows from one blade row
generate a complex vorticity field which convects into subsequent
blade rows, tending to increase the endwall losses. In contrast,
almost all linear cascade testing has been performed with rela-
tively thin, turbulent colinear boundary layers. One motivation
of the current work is to better account for this mismatch between
cascade and turbine inlet conditions.

1.2 Existing Correlations: Turbines vs. Cascades
Historically, there have been two approaches to developing

useful preliminary design correlations for endwall loss:

1. Cascade-Based Correlations. Using large datasets of lin-
ear cascade tests, this approach has the advantage of: (a)
enabling accurate separation of profile and endwall losses;
(b) enabling relatively large sets of blade designs to be tested;
and (c) enabling some of the physical processes to be cap-
tured. The main problem with these methods is that they
tend to under-predict endwall loss in real turbines, which
limits their usefulness.

2. Turbine-Based Correlations. Measurements of overall tur-
bine efficiency can be correlated by simultaneously fitting
all components of loss (Endwall, Profile and Over-Tip Leak-
age Loss). Without accurate breakdown of loss components
there is greater uncertainty in the endwall loss obtained with
this approach. Turbine rigs are also much more complex
than linear cascades, so the fitting datasets are smaller. This
issue may be partly mitigated by using a form of correlation
based on linear cascade tests, then re-tuning the coefficients
for turbines (e.g. [10]). These re-tuned methods may pre-
dict reasonable levels of loss for real turbines, but do not
explicitly account for the physical effects, noted above, that
cause higher loss in turbines compared to cascades.

Figure 1 compares the predictions of several methods that
use these approaches. The variation of net endwall loss with
pitch-to-axial-chord ratio (𝑝/𝐶𝑥) are shown, for the cascade data
of Hodson and Dominy [3], [4]. Three existing methods based
on cascade data are shown:

• Craig and Cox [11] correlated endwall loss with aspect ratio,
velocity ratio and a blade lift parameter.

• Dunham [12] correlated endwall loss with aspect ratio, flow
angles and inlet boundary layer thickness.

• Benner et al. [13] fitted an empirical correlation for net
endwall loss to a range of cascade data from the literature.

As shown in Fig. 1, these method give a similar level of loss as
the experiments, though only the Craig and Cox method correctly
captures the trend of increasing endwall loss with increasing
pitch. The Benner method is the most accurate of the three,
perhaps unsurprisingly given that the Hodson and Dominy data
was included in their fitting database. It is notable that none of
these methods account for the shape factor of the inlet boundary
layer, 𝐻12, which has historically been typically constant (∼1.4)
for almost all cascade tests. As noted by Coull and Clark [14],
inlet shape factors in turbines will tend to be higher, in part
because of the change of reference frame between blade rows.

Four methods tuned to overall turbine efficiency are included
in Fig. 1:

• Ainley and Mathieson [15] correlated endwall loss with an
external-style lift coefficient, based on an analogy with wing
tip vortices.

• Dunham and Came [10] re-tuned the cascade correlation of
Dunham [12] to better fit overall turbine efficiency. This
re-tuning for turbines typically multiplies endwall loss by
∼2.5 compared to Dunham’s cascade method.

• Kacker and Okapuu [16] modified Dunham and Came’s
model to reduce the endwall loss for low aspect ratio blades.

• Traupel [17] developed the form of his correlation using
cascade data, and then re-tuned it to better match available
turbine data.

These correlations all predict higher loss than the cascade experi-
ments, as one would expect. However it is unclear from this com-
parison which method may be the most accurate for an equivalent
turbine. There is significant variation between the methods, of
around 60%, suggesting very high uncertainty. Only the method
of Traupel predicts the increase in loss with pitch/chord that was
noted in the cascade data.

1.3 Paper Aim: Closing the Gap between Cascades and
Turbines
It is clear from Fig. 1 that there is a disconnect between the

cascade-based and turbine-based methods, with very little under-
standing of why endwall loss is higher in turbines. This paper
aims to develop a new correlation that can better reconcile the
predictions of cascade and turbine endwall loss. The new corre-
lation accounts for both inlet boundary layer thickness and shape
factor. Using the inlet boundary layer parameters measured in the
cascade tests, the blue line in Fig. 1 yields an accurate prediction
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of the data. The red line shows an example of a more turbine-
realistic prediction, obtained by setting a thicker inlet boundary
layer (𝛿∗/𝐶𝑥 = 0.1) and higher shape factor (𝐻12 = 2.6). This
shift of inlet conditions effectively multiples the cascade loss by
1.8 → 2.3. This prediction is close to the turbine-based method
of Traupel, and suggests that much of the difference between cas-
cade and turbine endwall loss is caused by the inlet conditions.

The key features of the new correlation are:
1. It explicitly models the loss caused by endwall boundary

layer dissipation and secondary-flow-induced loss, [6].
2. It relies largely on analytical models to minimize the number

of empirical tuning coefficients.
3. It captures the effect of inlet boundary layer thickness and

shape factor, using classical secondary flow theory [14].
4. Coefficient tuning is performed using a large database of

cascade CFD cases.
5. Blind validation is performed with experimental cascade

data from the literature. The new method achieves greater
accuracy than existing methods, and is better able to predict
the observed experimental trends.

1.4 Paper Outline
The paper is arranged as follows: §2 outlines the correla-

tion formulation; §3 describes the tuning process with the CFD
database; and §4 compares the predictions to experimental data.
A brief discussion of the implications and remaining challenges
is given in §5.

2. CORRELATION FORMULATION
The net kinetic energy loss through a cascade, 𝜁total, may be

written as:

𝜁total =
𝑉2

2−𝑖𝑠 −𝑉
2
2−𝑚𝑖𝑥

𝑉2
2−𝑖𝑠

(1)

where 𝑉2
2−𝑖𝑠 is the mass-averaged square of isentropic exit veloc-

ity, calculated from the inlet total and exit static conditions, and
𝑉2−𝑚𝑖𝑥 is the mixed-out exit flow velocity. Assuming zero tip
clearance, the Net Endwall Loss 𝜁𝑒𝑛𝑑 is calculated as:

𝜁end = 𝜁total − 𝜁profile (2)

In general, the profile loss 𝜁profile can be taken as the midspan loss
provided that the cascade aspect ratio is sufficiently high.

2.1 Input Parameters
The correlation relies only on preliminary design parameters,

so no detailed information about the blade sections or loading
style is used. Taking the axial chord 𝐶𝑥 as the reference length,
the overall formulation may be written as:

𝜁end = 𝑓

(︃
𝛼1, 𝛼2,

𝑉1
𝑉2
,
𝜌1
𝜌2⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞

mainstream
flow

,
𝛿∗

𝐶𝑥
, 𝐻12⏞ˉ̄ ˉ⏟⏟ˉ̄ ˉ⏞

inlet
endwall

boundary
layer

,
𝑝

𝐶𝑥
,
ℎ

𝐶𝑥
,
𝑇max

𝐶𝑥⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
blade

geometry

,
𝑋US

𝐶𝑥
,
𝑋DS

𝐶𝑥⏞ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄⏞
platform
lengths

)︃

(3)

The mainstream flow is captured by the inlet and exit angles (𝛼1,
𝛼2), and the velocity ratio (𝑉1/𝑉2). The density ratio (𝜌1/𝜌2) has
only a limited influence. The inlet boundary layer is character-
ized by the displacement thickness (𝛿∗) and shape factor (𝐻12).
Blade geometry is described by axial chord (𝐶𝑥), pitch (𝑝), span
(ℎ) and section maximum thickness (𝑇𝑚𝑎𝑥); this latter parameter
has a relatively weak influence. The final parameters are the axial
lengths of the upstream (𝑋𝑈𝑆) and downstream (𝑋𝐷𝑆) endwalls.
These distances set the distances of the inlet and outlet accounting
planes from the leading and trailing edge respectively. The cor-
relation makes no explicit account of Mach or Reynolds number.
Marsh [18] showed theoretically that Mach number has a rela-
tively weak impact on secondary flows for turbines, while several
results show only a weak dependence on Reynolds number (e.g.
[4], [19]).

The endwall loss is correlated as the sum of Wetted Area
Loss 𝜁𝑤𝑒𝑡 and Secondary-Flow-Induced Loss 𝜁𝑠𝑒𝑐:

𝜁𝑒𝑛𝑑 = 𝜁𝑤𝑒𝑡 + 𝜁𝑠𝑒𝑐 (4)

These components are described in the following sections.

2.2 Wetted Area Loss ζwet

From Denton [1], the entropy generation rate 𝑆̇ in the endwall
boundary layer can be expressed by the integral:

𝑆̇ =

∫
𝐶𝐷

𝜌𝑉3

𝑇
dA (5)

where the density 𝜌, velocity 𝑉 and temperature 𝑇 are the
freestream values. The wetted area loss is calculated as the
sum of three zones on the platform (upstream, in-passage and
downstream), so that:

𝜁𝑤𝑒𝑡 = 𝜁𝑈𝑆 + 𝜁𝑝𝑎𝑠𝑠 + 𝜁𝐷𝑆 (6)

The upstream and downstream terms are calculated directly from
the dissipation generation rate in Eq. (5), assuming that the ve-
locities are equal to the inlet and exit values respectively:

𝜁𝑈𝑆 = 4𝐶𝐷
(︃

𝐶𝑥

ℎ cos𝛼2

)︃ (︃
𝑉1
𝑉2

)︃3 (︃
𝑋𝑈𝑆

𝐶𝑥

)︃
(7)

𝜁𝐷𝑆 = 4𝐶𝐷
(︃

𝐶𝑥

ℎ cos𝛼2

)︃ (︃
𝑋𝐷𝑆

𝐶𝑥

)︃
(8)

It is harder to define an “average” velocity and area for the in-
passage loss. By examining integrated values of isentropic 𝜌𝑉3/𝑇
from the CFD for around 200 cascades, it was found that this term
can be reasonably approximated by the simple expression:

𝜁pass = 4.363 𝐶𝐷
(︃
𝐶𝑥

ℎ

)︃
(9)

Equation (9) is accurate to around 10-15% (95% confidence),
which introduces only a small error in the total endwall loss.
Thus the total wetted area loss is given by:

𝜁𝑤𝑒𝑡 = 𝐶𝐷

(︃
𝐶𝑥

ℎ

)︃ (︄
4

cos𝛼2

[︄(︃
𝑉1
𝑉2

)︃3 (︃
𝑋US

𝐶𝑥

)︃
+

(︃
𝑋DS

𝐶𝑥

)︃]︄
+ 4.363

)︄
(10)
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In line with [6], a dissipation coefficient of 𝐶𝐷 = 0.002 is as-
sumed, which is a reasonable approximation for many turboma-
chinery flows [1]. Note that for non-parallel endwalls, surface
lengths should be used in lieu of axial lengths.

2.3 Secondary-Flow-Induced Loss
The Secondary-Flow-Induced Loss 𝜁𝑠𝑒𝑐 takes the form:

𝜁𝑠𝑒𝑐 = 𝜁𝑠𝑒𝑐−𝑚𝑖𝑥 + 𝜁𝑆𝐾𝐸 (11)

The two terms represent the Secondary-Flow-Induced-Mixing
loss and the Secondary Kinetic Energy (SKE) respectively. This
separation is based on the analysis of Coull et al. [20].

2.3.1 Secondary-Flow-Induced-Mixing Loss ζsec−mi x .
When the inlet boundary layer is thin (𝛿∗ → 0), the SKE is
low but there are still significant mixing losses generated by the
secondary flows. In line with the findings of Coull [6], 𝜁𝑠𝑒𝑐−𝑚𝑖𝑥
is approximately proportional to the non-dimensional passage
vortex circulation:

𝜁sec−mix = 2
(︂ 𝑝 cos𝛼2

ℎ

)︂ (︁
0.01442 Γ∗

sec
)︁

(12)

The factor 2 represents contributions from both endwalls. This
term is inversely proportional to an aspect ratio (ℎ/𝑝 cos𝛼2),
which is approximately equal to the inverse of span-to-throat used
by Craig and Cox [11]. The coefficient (0.01442) in Eq. (12)
is empirical and has been tuned to the computational cascade
database, as described in §3. The non-dimensional Passage Vor-
tex Circulation, Γ∗

sec, is calculated from secondary flow theory
using the method of [14]. In this form, it is independent of the
inlet conditions and aspect ratio, and is a function of the midspan
(2D section) design only:

Γ∗
sec = 𝑉

∗ Δ𝑇∗𝐶𝑥
𝑝 cos𝛼2

+
|︁|︁|︁|︁𝑉1
𝑉2

sin𝛼1
cos𝛼2

−𝑉∗ tan𝛼2

|︁|︁|︁|︁ (13)

where:
𝑉∗ =

(︃
1 −

√︂
1 − (𝑉1/𝑉2)2

)︃
(14)

Equation (13) shows that secondary flows increase in strength
with increasing flow turning, velocity ratio𝑉1/𝑉2 and Δ𝑇∗, which
is the non-dimensional difference in transit time between flow
passing over the pressure and suction surfaces of the blade.

2.3.2 Transit Time Difference ∆T ∗. If the blade geometry
and loading distribution are known, Δ𝑇∗ can be calculated by
integrating the inverse velocity around the surface, [6]:

Δ𝑇∗ =

∮ (︃
𝑉2
𝑉

)︃
𝑑

(︃
𝑆

𝐶𝑥

)︃
(15)

where 𝑉 is the boundary layer edge velocity. However, a require-
ment to know the section geometry and aerodynamic loading is
unsatisfactory for preliminary design, which relies on meanline
or throughflow representations of the turbine. The transit time is
therefore correlated using a subset of the input parameters from
Eq. (3):

Δ𝑇∗ = 𝑓

(︃
𝛼1, 𝛼2,

𝜌1
𝜌2
,
𝑝

𝐶𝑥
,
𝑇max

𝐶𝑥

)︃
(16)
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FIGURE 2: Aggregate correlation for Transit Time Difference (∆T ∗)
compared to values calculated from Mises for 200 cascades. De-
tails of the methods are given in Appendix A.

The transit time increases as pressure side velocity decreases,
which tends to occur for greater turning angles, higher pitch and
thinner blades. To fit this correlation, Δ𝑇∗ was calculated by
applying Eq. (15) to two-dimensional Mises calculations [21]
for 200 cascades. The correlation is described in Appendix A.
Figure 2 shows that, while there are some outliers, the average
fitting error in Δ𝑇∗ for the final Aggregate Method is less than
10%.

While satisfactory, the transit time correlation will be a po-
tential source of inaccuracy. In particular, Δ𝑇∗ can vary signif-
icantly with the detailed blade loading style, which cannot be
captured by the input parameters in Eq. (3) and Eq. (16). For
example, Pullan et al. [22] found that an aft-loaded profile had
lower endwall loss than a fore-loaded design. It may be possi-
ble to modify the existing Δ𝑇∗ correlation to include additional
"design style" input parameters, but this would add significant
complexity and likely decrease the robustness of the method.

2.3.3 Secondary Kinetic Energy Loss ζSKE . "Secondary
Kinetic Energy" (SKE) refers to the rotational energy of the sec-
ondary flows. Denton [1] argued that some of this energy may
be recovered in downstream stages, but in practice most of the
SKE will be dissipated within a short distance of the trailing edge
(e.g. [20]). As noted above, the current method considers fully
mixed-out loss and therefore assumes that all SKE is dissipated.

SKE is heavily dependent on the inlet endwall boundary
layer, as demonstrated by Coull and Clark [14]. A thin inlet
boundary layer (𝛿∗ → 0) tends to generate streamwise secondary
vorticity that is concentrated in thin layers near the passage walls.
The rotational flow induced by this vorticity is largely canceled
out by the mirror vorticity reflected in the passage walls. There-
fore the SKE tends to zero, 𝜁𝑆𝐾𝐸 → 0, as 𝛿∗ → 0. Increasing
the boundary layer thickness and/or shape factor tends to displace
the secondary vorticity away from the walls, reducing mirror can-
cellation and increasing SKE. These trends can be quantitatively
described by classical secondary flow theory, e.g. as described
by Hawthorne [23] and Marsh [24].

Using calculations for a large number of cases, [14] showed
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FIGURE 3: Fit for Vorticity Distribution Parameter, Eq. (18). Sym-
bols are numerical calculations from [14].

that numerical SKE calculations using Hawthorne’s theory col-
lapse to the following relationship:

𝜁SKE = 2
(︂ 𝑝 cos𝛼2

ℎ

)︂ (︁
Γ∗
𝑠𝑒𝑐

)︁2
Π𝑆𝐾𝐸⏞⏟⏟⏞

𝑓

(︃
𝛿∗eff

𝑝 cos 𝛼2
,𝐻12

)︃ (17)

where the parameterΠSKE describes how the vorticity distribution
in the blade passage affects SKE. The effective displacement
thickness 𝛿∗eff is corrected for streamtube contraction effects, as
described in the following section. Figure 3 presents the data
from [14]. 𝜁𝑆𝐾𝐸 is maximum for high inlet shape factors (𝐻12).
As the displacement thickness (𝛿∗eff ) increases, SKE initially rises
rapidly before plateauing and reducing. Here, ΠSKE is fitted to
the numerical results with the following expression, shown on the
plot:

ΠSKE =
0.0102 (𝐻 − 1) 𝐷 ( 0.170

𝐻−1 +0.593)
𝐷1.636 + 0.0986 (𝐻 − 1) − 0.119

(18)

where:
𝐻 = max(𝐻12, 1.23) (19)

𝐷 =
𝛿∗eff

𝑝 cos𝛼2
(20)

2.3.4 Correction for Streamtube contraction. The classi-
cal theory of Hawthorne ignores any streamtube contraction or
twist through the blade row, thus assuming that all fluid remains
on two-dimensional planes as it passes through the cascade. This
assumption can lead to discrepancies, and therefore a simple cor-
rection is made to the displacement thickness.

To demonstrate the issue, the symbols in Fig. 4 show endwall
loss values for four cascades from the CFD database, described
in detail in §3. The thin lines in these plots show the correlation
without any correction for streamtube contraction. Most of the
curves show good agreement with the CFD, but a large discrep-
ancy is noted for the highest turning design in Fig. 4(d). For
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FIGURE 4: CFD and correlation with and without the streamtube
contraction correction. Effect of inlet condition for four cascades
from [6], Aspect ratio h/Cx = 3.

the laminar-like inlet condition, 𝐻12 = 2.6, the theory (thin blue
line) predicts a similar peak value of 𝜁𝑒𝑛𝑑 but under-predicts the
boundary layer thickness at which it occurs: 𝛿∗/(𝑝𝑐𝑜𝑠𝛼2) ≈ 0.2
compared to ∼ 0.6 in the CFD.

The correction reduces the effective 𝛿∗. From the one-
dimensional Von Karman momentum integral equation, together
with the ratio of exit to inlet flow area (cos𝛼2/cos𝛼1), the fol-
lowing Contraction Factor CF is postulated:

CF = (1 + min (2.62, 𝐻12))
(︃
𝑉2
𝑉1

− 1
)︃ (︃

cos𝛼2
cos𝛼1

)︃
(21)

The shape factor limit (2.62) reflects the maximum value in the
CFD database. The CF parameter is limited to be in the range
0 → 5, and the effective inlet displacement thickness is correlated
by:

𝛿∗eff

𝛿∗
= 𝑒−0.345CF (22)

The constant (-0.345) has been tuned to the computational cas-
cade database, as described in the following section. The thick
lines in Fig. 4 show the corrected correlation, which improves the
agreement - especially for the highest turning cascade in Fig. 4(d).

3. TUNING WITH CFD DATABASE
The two empirical coefficients for secondary-flow-induced

mixing loss (Eq. (12)) and the streamtube contraction correction
(Eq. (22)) were optimized using a database of ∼500 CFD cascade
calculations with a range of colinear inlet boundary layers.

3.1 Tuning Database
The tuning database includes the cases studied by [6], [26]

and [14], alongside additional test cases. Reynolds-Averaged-
Navier-Stokes calculations have been performed using the Rolls-
Royce HYDRA code [27], on structured meshes with 𝑦+ ≈ 1 and
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FIGURE 5: Comparison of secondary-flow-induced loss: corre-
lated vs. CFD database.

TABLE 1: Input parameter ranges in CFD database.

Parameter Symbol Range
Inlet Angle 𝛼1 −20◦ → 40◦

Outlet Angle 𝛼2 −70◦ → −50◦
Velocity Ratio 𝑉1/𝑉2 0.265 → 0.749

Inlet Displacement Thickness 𝛿∗/𝐶𝑥 0.003 → 0.53
Inlet Shape Factor 𝐻12 1.2 → 2.62

Pitch-to-Axial-Chord 𝑝/𝐶𝑥 0.573 → 2
Span-to-Axial-Chord ℎ/𝐶𝑥 2 → 12

Blade Maximum Thickness 𝑇𝑚𝑎𝑥/𝐶𝑥 0.15 → 0.2
Upstream Platform Length 𝑋𝑈𝑆/𝐶𝑥 0.8

Downstream Platform Length 𝑋𝐷𝑆/𝐶𝑥 0.5

around 10 million cells for a single passage. The flow is modeled
as fully turbulent using the 𝑘 − 𝜔 Shear Stress Transport model
of Mentor [28]. While higher fidelity simulations may better
capture the details of the flow, the current approach gives good
accuracy for the prediction of bulk endwall loss [14]. The inlet
plane is located 0.8𝐶𝑥 upstream of the leading edge, the outlet
flow is extracted at a plane 0.5𝐶𝑥 downstream of the trailing edge,
while the domain exit is a further 0.7𝐶𝑥 downstream. Net loss
coefficients are calculated by considering constant-area mixing
of the outlet flow to a uniform condition [14]. Endwall loss is
then defined in the usual manner by subtracting the midspan loss
from the passage loss, Eq. (2). Full details of the methods and
validation can be found in [14]. The input parameter range for
the CFD tuning database is given in Table 1.

3.2 Coefficient Tuning
The two empirical coefficients in Eq. (12) and Eq. (22) were

optimized simultaneously to minimize the arithmetic average er-
ror in endwall loss coefficient. The resultant fit of 𝜁end is shown

in Fig. 5. Only the cases with colinear inlet boundary layers were
used in this training set (red and blue symbols). The average
error in loss coefficient is less than 0.0013 (∼8.5% relative er-
ror). Given the limited degrees of freedom, the fit achieved gives
confidence in the method.

3.3 Non-Colinear Inlet Conditions
Additional CFD predictions with more complex inlet condi-

tions were also performed. While not used to tune the correlation,
these data are included in Fig. 5 as gray symbols:

• Skew arises due to the change of reference frame between
blade rows, and has been shown to enhance secondary flow
and endwall loss in turbines, [29]. Skewed boundary layer
calculations were included in the current database by mim-
icking this change in reference for different flow coefficients
(𝜙 = 𝑉𝑥/𝑈𝑏𝑙𝑎𝑑𝑒 = 0.5, 0.9) at the inlet.

• In a turbine stage, the secondary flows from the stator row
convect into the downstream rotor. Here, these inlet con-
ditions are approximated using the outlet flow field from a
calculation with a colinear inlet (𝛿∗/𝐶𝑥 = 0.007,𝐻12 = 1.4),
and accounting for the change of reference frame assuming
a 50% reaction turbine.

Inlet boundary layer parameters (𝛿∗, 𝐻12) were calculated for
each case by considering only the streamwise (𝛼1) component of
velocity. In general, Fig. 5 shows that these cases are satisfactorily
predicted. While encouraging, it is noted that the relatively long
inlet duct in the current calculations (0.8𝐶𝑥) is not representative
of closely-coupled blade rows. Further work is therefore needed
to better understand how such complex inlet conditions affect
secondary flows and endwall loss.

4. COMPARISON TO EXPERIMENTS AND PREVIOUS
CORRELATIONS

To assess the accuracy of the new method, predictions are
now compared to a range of cascade experiments from the litera-
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FIGURE 6: The endwall loss correction method of Benner et al. [25]
applied to the experimental database.
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FIGURE 7: Predictions of Current Correlation vs. Measured Net Endwall Loss: filled symbols indicate mixed-out loss; open symbols indicate
mass-averaged.

TABLE 2: Mean errors for different correlations (absolute values), ordered by decreasing accuracy.

Mass-Averaged Cases Mixed-Out Cases All Cases
Method average bias average bias average bias
Current 0.0055 +0.0051 0.0056 +0.0013 0.0055 +0.0029
Benner et al. [13] 0.0120 +0.0120 0.0052 -0.0010 0.0081 +0.0044
Dunham [12] 0.0207 +0.0207 0.0121 +0.0114 0.0157 +0.0153
Craig and Cox [11] 0.0266 +0.0266 0.0140 +0.0081 0.0192 +0.0158
Traupel [17] 0.0265 +0.0265 0.0256 +0.0256 0.0260 +0.0260
Ainley and Mathieson [15] 0.0213 +0.0213 0.0511 +0.0511 0.0387 +0.0387
Kacker and Okapuu [16] 0.0464 +0.0464 0.0546 +0.0546 0.0512 +0.0512
Dunham and Came [10] 0.0512 +0.0512 0.0564 +0.0564 0.0542 +0.0542

ture, summarized in Appendix B. Most of these cases were used
by Benner et al. [13] to fit their cascade loss correlation.

4.1 Benner’s method for Profile Loss Correction

Typically the two-dimensional (2D) profile loss in Eq. (2)
is taken as the midspan loss. However, in many tests the aspect
ratio is too low to ensure that the midspan flow is truly two-
dimensional. In the first paper of their correlation development,
Benner et al. [25] proposed a means to correct the midspan loss to
get a better estimate of the “true” profile and endwall breakdown.
They showed that this allows a more realistic estimate of endwall
loss for a range of cascades. Their approach was to correlate for
the spanwise penetration depth of the secondary flow at the blade
trailing edge (𝑍TE). By considering the wetted area ratios, they
then use the following scaling factor to relate the midspan loss to

the “true 2D” profile loss:

𝜁profile≈𝜁mid

(︃
1 − 𝑍TE

ℎ

)︃
(23)

where 𝑍𝑇𝐸 is the spanwise penetration depth of the secondary
flows. Following the approach of Sharma and Butler [30], Ben-
ner et al. then correlated 𝑍𝑇𝐸/ℎ with aspect ratio, a modified
lift coefficient, the ratio of inlet-to-exit flow areas and the inlet
displacement thickness. This approach has been used here to cor-
rect all of the reported losses in the cascade database. As shown
in Fig. 6, the correction is modest (<0.004) for most cases. The
outliers to the top left of the plot are data from Benner et al. [31]
at +20° incidence, where the original endwall loss was zero or
negative. These cases are therefore particularly sensitive to the
accuracy of this correction.

After applying the correction of Benner, all of the reported
loss coefficients were converted to kinetic-energy loss referenced
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FIGURE 8: Cascade correlations vs. experiments.

FIGURE 9: Sensitivity to incidence for the data of Hodson and
Dominy, [3] [4].

to the outlet conditions (Eq. (1)) and the net endwall loss 𝜁end cal-
culated (Eq. (2)). Where only gross loss coefficients were given,
the loss at the cascade inlet was estimated using the reported inlet

boundary layer parameters.

4.2 Predictions vs. Experimental Data
The experiments and new correlation are compared in Fig. 7.

The cases are grouped by author and the symbol fill differenti-
ates between mixed-out (filled) and mass-averaged (open) loss
definitions. Noting that the correlation was formulated to pre-
dict mixed-out loss (see above), mass-averaged data tends to be
over-predicted as one would expect, with an average bias for these
cases of around +0.005. This bias can be observed in the data of
Harrison [32], where both definitions of loss are given: the mass-
averaged loss (open black stars) is over-predicted by about 0.011,
while the mixed-out loss (filled black stars) is predicted to within
±0.001. All of the cases in Fig. 7 are predicted to within ±0.011
with the exception of one outlier. This outlier is the Benner LS2
blade [25], with very low aspect ratio and +20° incidence. This
is the case in Fig. 6 where the original endwall loss was negative.
As such there is significant uncertainty in the corrected endwall
loss for this data point.

4.3 Accuracy Compared to Other Methods
Table 2 presents the arithmetic average and bias errors for

the new correlation and a range of existing methods from the
literature, ordered by decreasing accuracy. For the whole dataset,
the mean error for the current method (0.0055) is around 30%
less than that of Benner et al. (0.0081). Again it is noted that
their fitting database included most of these test cases.

In line with Fig. 1, Table 2 shows that the three cascade-
based methods (Benner et al., Dunham, Craig and Cox) have the
lowest errors. These methods are compared to the data in Fig. 8,
and show significantly higher scatter than the new method. As
expected, the turbine-based correlations (Traupel, Ainley and
Mathieson, Kacker and Okapuu, Dunham and Came) predict
significantly higher loss than the cascade values, indicated by the
large, positive bias errors in Table 2.

4.4 Parameter Sensitivity
In addition to achieving high absolute accuracy, prelimi-

nary design correlations should also predict the sensitivity to key
design parameters, so that optimal configurations may be deter-
mined. It was noted in Fig. 1 that only the new correlation and
those of Craig and Cox [11] and Traupel [17] correctly capture
the increase in loss with pitch. To expand on this comparison,
Fig 9 shows the variation of net endwall loss with incidence for
the Hodson and Dominy cascade, [3] [4]. The data reported were
mixed-out losses, again indicated by the filled symbols. Different
correlation predictions are overlaid:

• The current correlation gives an accurate replication of the
trend and level of loss with varying incidence.

• All of the methods correctly show an increase in loss as
incidence increases, with the exception of Craig and Cox
[11].

• The cascade correlations of Benner et al. [13] and Dunham
[12] also capture the data to a reasonable degree of accuracy.

• The turbine-based correlations all predict higher loss than
measured, by a factor of around 2 → 3, but with a similar
trend with inlet angle.
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FIGURE 10: Sensitivity to Reynolds number for the data of Hodson
and Dominy, [3] [4]. Legend in Fig. 9.

FIGURE 11: Sensitivity to blade thickness, mass-averaged loss co-
efficients from Brear et al. [33]. Legend in Fig. 9.

Subsequent plots show additional comparisons. In Fig. 10,
we observe that Reynolds number had only a modest impact on
loss for the Hodson and Dominy cascade. The new correlation
is not dependent on Reynolds number, but small variations are
predicted due to modest changes in the inlet conditions. A simi-
lar insensitivity to Reynolds number has been observed in other
cases, e.g. [19].

Figure 11 shows the effect of blade thickness in the data of
Brear and Hodson [33]. For the cascades with variable span-
wise thickness, the maximum thickness 𝑇𝑚𝑎𝑥/𝐶𝑥 at the endwall
has been used as an input parameter. The correlation correctly
captures the trend while predicting higher loss than the mass-
averaged experimental data, as expected. A small, undesirable,
kink in the predictions is evident between𝑇𝑚𝑎𝑥/𝐶𝑥 = 1.3 → 1.4,
which is caused by a switch between methods for predicting Δ𝑇∗,
see Eq. (36). No other method has any sensitivity to thickness.

The effect of inlet displacement thickness is shown for four
cascades. Figures 12 and 13 respectively show the thick and thin
blades studied by de la Rosa Blanco et al. [34]. The correla-
tion is sensitive to blade maximum thickness 𝑇𝑚𝑎𝑥 , and correctly
predicts the trend of higher loss for the thin blade. For both
blades, the correlation captures the increase in loss with increas-
ing 𝛿∗. However the rise in loss is under-predicted for the thin
blade, which likely reflects the complex interaction between the
secondary flow and the pressure side separation present for this
blade [34]. Figure 14 shows data for Hodson and Dominy [3]
[4]. With increasing 𝛿∗, the data show a modest reduction in
loss, compared to a modest rise for the correlation; nonetheless
the errors remain relatively small. Finally, Fig. 15 shows data for
the Durham cascade, [35]. As seen in the experimental data, the
correlation predicts a kink at low 𝛿∗, which is caused by variation
in the inlet shape factor. In order of increasing 𝛿∗, 𝐻12 for the
three points varied from 1.28 → 1.22 → 1.42.

These comparisons demonstrate that the new correlation cap-
tures the effects of key parameters more accurately than the ex-
isting methods, while demonstrating that the new correlation has
better absolute accuracy.

5. DISCUSSION
5.1 The Need for Further Data

It is clear that the new method is more accurate than the previ-
ous correlations. There remain, however, several key predictions
that remain untested by the available experimental data. Shape
factors are likely to be high in turbines [14], but the cascade lit-
erature almost exclusively focuses on turbulent inlet profiles with
𝐻12 ≈ 1.4. There is therefore a need for systematic experimental
studies of cascades with varying inlet shape factor and boundary
layer thickness, and more complex inflow conditions as experi-
enced by installed turbines (e.g. §3.3). Such data would enable
a more thorough test of the new method, for both accuracy and
sensitivity, and highlight gaps in our understanding.

5.2 Application in Turbine Preliminary Design
As Fig. 14 shows, the new method can predict a realistic

increase in loss as we move from typical cascade inlet conditions
(thin boundary layer, low shape factor) to more representative
turbine inlet conditions (thick boundary layer, higher shape fac-
tor). Building on this encouraging result, we need to explore how
best to apply the method for turbine preliminary design and to
formally assess its accuracy:

• The correlated endwall loss is sensitive to the choice of
row inlet conditions (𝛿∗ and 𝐻12). In practice, these are
case-dependent, being affected by upstream components and
leakage/sealing flows. Further work is therefore needed to
better characterize the variations of inlet conditions and to
capture their influence during preliminary design.

• As noted in §1.2, the endwall loss component cannot be
accurately determined from turbine test data. However, the
accuracy of the method should ultimately be assessed as part
of a wider preliminary design prediction, including models
of Profile and Over-Tip Leakage Loss.
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FIGURE 12: Sensitivity to inlet displacement thickness. Mixed-out
loss coefficients from de la Rosa Blanco et al. [34], Thick Blade.
Legend in Fig. 9.

FIGURE 13: Sensitivity to inlet displacement thickness. Mixed-out
loss coefficients from de la Rosa Blanco et al. [34], Thin Blade.
Legend in Fig. 9.

5.3 Potential Improvements to the Method
A key area for potential improvement to the method is the

estimate of transit time differenceΔ𝑇∗ (Appendix A). The current
method achieves a satisfactory fit, but a more comprehensive and
physical approach would be desirable, for example if a robust
method could be formulated that includes the effect of loading
style parameters. Alternatively, if the blade section geometry
and aerodynamics are known, Δ𝑇∗ can be simply calculated from
Eq. (15) and directly inputted into the correlation (Eq. (13)),
removing almost all of the empiricism in the current method.

5.4 Open-Source Code
To facilitate comparison with future datasets, the correla-

tion has been published as an open-source matlab code from the

FIGURE 14: Sensitivity to inlet displacement thickness. Mixed-
out loss coefficients from Hodson and Dominy, [3] [4]. Legend in
Fig. 13.

FIGURE 15: Sensitivity to inlet displacement thickness: mixed-out
loss coefficients from [35]. Legend in Fig. 9. The kink is caused by
variation in inlet shape factor between the cases.

mathswork file exchange1. This code includes options to specify
Δ𝑇∗ directly rather than using the correlation, and can perform
simple design sweeps.

6. CONCLUSIONS
A new correlation for endwall loss has been developed, which

synthesizes the surface dissipation approach of Denton [1] with
the classical secondary flow theory of Hawthorne [23]. The
method uses only low-order input parameters: flow angles at
inlet and exit; velocity ratio; aspect ratio; pitch-to-axial-chord;
platform lengths; blade maximum thickness and inlet boundary

1https://uk.mathworks.com/matlabcentral/fileexchange/
180113-correlation-for-turbine-endwall-loss-coull-gt2025-151998
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layer parameters. The correlation is formulated for linear cas-
cades, but can predict realistic increases in endwall loss as we
move from cascade-like to turbine-like inlet conditions, which
have higher shape factor.

The correlation procedure can be summarized as follows:
1. The Wetted-Area-Loss is calculated by approximating the

integral of velocity-cubed over the endwall surfaces and as-
suming a typical dissipation coefficient of 0.002.

2. The Secondary-Flow-Induced loss is calculated in stages:

(a) The difference in transit time between flow passing
over the pressure and suction sides is correlated. This
sets the theoretical circulation of the passage vortex.

(b) A first-order correction for streamtube contraction is
applied to the inlet conditions.

(c) The loss is calculated as the sum of (1) a term propor-
tional to the circulation and (2) the Secondary Kinetic
Energy term, from theory.

The correlation has been tuned using a large database of∼500
CFD calculations and blind validation has been performed with
experimental cascade data from the literature. The new method
has several advantages:

1. It is more accurate than existing methods. The average error
in predicting experimental cascade loss was 30% lower than
the next-best method.

2. The correlation is more physical than previous methods,
directly representing the key mechanisms governing endwall
loss.

3. At a high level, the empirical aspects of the correlation are
minimal. Only 2 coefficients were optimized with the CFD
database.

4. The correlation is the first to capture the effects of inlet
boundary layer shape factor. Computations have previously
shown that high shape factor can increase loss by a factor of
2 or more.

Further experimental data is needed to test the predictions of the
new method, in particular to obtain data on the effect of inlet
shape factor.
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NOMENCLATURE
𝐶𝐷 Dissipation Coefficient
𝐶𝐹 Contraction Factor (Eq. (21))
𝐶𝑥 Axial Chord
ℎ Span
𝐻12 Inlet Boundary Layer Shape Factor
𝑝 Pitch
𝑆̇ Entropy Generation Rate
Δ𝑇∗ Non-Dimensional Transit Time Difference

𝑇𝑚𝑎𝑥 Maximum Blade Thickness
𝑉 Velocity
𝑋𝐷𝑆 Downstream Platform Length
𝑋𝑈𝑆 Upstream Platform Length
𝛼 Midspan Swirl Angle
𝛾 Ratio of Specific Heats
𝛿∗ Inlet Displacement Thickness
𝜌 Density
Γ∗
𝑠𝑒𝑐 Non-Dimensional Passage Vortex Circulation ([14])

Π𝑠𝑒𝑐 Vorticity Distribution Parameter ([14])
𝜁 Kinetic Energy Loss Coefficient
Superscripts and Abbreviations
1 Inlet
2 Outlet
𝑒 𝑓 𝑓 Effective
𝑒𝑛𝑑 Endwall
𝑃𝑆 Pressure Surface
𝑠𝑒𝑐 Secondary Flow
𝑠𝑒𝑐 − 𝑚𝑖𝑥 Secondary Flow Mixing
𝑆𝑆 Suction Surface
𝑆𝐾𝐸 Secondary Kinetic Energy
𝑤𝑒𝑡 Wetted Area
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APPENDIX A. TRANSIT TIME DIFFERENCE
The transit time in equation (15) can be rewritten in terms

of the suction and pressure surfaces contributions, including the
surface lengths (𝑆0) and average inverse velocities:

Δ𝑇∗ = 𝑇∗
PS − 𝑇

∗
SS =

(︃
𝑆0−PS

𝐶𝑥

)︃ (︃
𝑉2
𝑉PS

)︃
−

(︃
𝑆0−SS

𝐶𝑥

)︃ (︃
𝑉2
𝑉SS

)︃
(24)

The overbars indicate surface-length-averages. Table 3
shows the variation in these terms across the CFD database. Cor-
relations are given in the table for three of the terms in Eq. (24),
along with the accuracy of the fits. The remaining term, the in-
verse pressure surface velocity (𝑉2/𝑉PS) is responsible for most
of the variation in transit time and requires a more complex cor-
relation. An aggregate of two methods are used to estimate this
parameter; both of which consider the cross-passage pressure gra-
dient due to turning inside the blade. Method 2 is usually more
accurate, but tends to under-predict Δ𝑇∗ in some cases. Method 1
tends to over-predict these cases. The aggregate method therefore
defaults to Method 2 except where there is a large discrepancy
between the two methods, when it takes an average. Though
relatively complex, this aggregate approach achieves reasonable
accuracy and robustness.

Both methods follow the approach of Coull [14], and model
the blade-to-blade geometry, Fig. 16(a), with an equivalent curved
passage, Fig. 16(b). By considering free vortex flow through
the equivalent curved passage, the pressure side velocity can be
estimated.

A.1 Method 1
We first estimate the radius of curvature of the PS and then

use the pitch and max thickness to calculate the SS curvature:

𝑅PS

𝐶𝑥
=

1
|sin𝛼1 − sin𝛼2 |

(25)

FIGURE 16: Free Vortex model to estimate the pressure surface
velocity, [6].

𝑅SS

𝐶𝑥
=
𝑅PS

𝐶𝑥
− (𝑝 − 𝑇max)

𝐶𝑥
(26)

The average pressure side velocity, (𝑉PS/𝑉2), is correlated by:

(︃
𝑉PS

𝑉2

)︃
=

(︂
𝑝

𝑅PS

)︂
0.352

(︂
cos𝛼2 + 1.864max

(︂
𝑅SS
𝑅PS
,−1.5

)︂
− 3.10

)︂2 (27)

This parameter is clipped to be in the range 0.05-0.9. We then
correlate for the average inverse (𝑉2/𝑉PS). Note that because
there is a distribution of velocity over the surface, this is not
simply (𝑉PS/𝑉2)

−1
:(︃

𝑉2
𝑉PS

)︃
Meth1

= 0.9641
(︃
𝑉PS

𝑉2

)︃ −1

+ 0.01974
(︃
𝑉PS

𝑉2

)︃ −4.1106

(28)

And thus Δ𝑇∗
Meth1 is calculated using Eq. (24).

A.2 Method 2
In this approach, we first estimate 𝑅SS directly and then add

the passage width to obtain 𝑅PS:

𝑅SS

𝐶𝑥
=

0.7
|sin𝛼2 |

(29)

𝑅PS

𝐶𝑥
=
𝑅SS

𝐶𝑥
+ (𝑝 − 𝑇max)

𝐶𝑥
(30)

TABLE 3: Terms in Transit Time Correlation, Eq. (24).

Term
Variation:
Mean± Std.
Dev.

Correlation Residual
Error(︂

𝑆0−PS
𝐶𝑥

)︂
1.39 ±0.26 ≈ 0.4267

cos 𝛼2
+ 0.5086 0.063 (1.6%)(︂

𝑉2
𝑉PS

)︂
3.25 ±2.17 See below 0.19 (5%)(︂

𝑆0−SS
𝐶𝑥

)︂
1.62 ±0.32 ≈ 0.5024

cos 𝛼2
+ 0.5202 0.033 (0.8%)(︂

𝑉2
𝑉SS

)︂
0.98 ±0.07 ≈0.98 0.07 (7%)
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The average pressure side velocity (𝑉PS/𝑉2) is given by the
analytical expression in Coull [6]:(︃

𝑉PS

𝑉2

)︃
=

𝑝 cos𝛼2
𝑅PS ln (𝑅PS/𝑅SS)

(31)

Method 2 then correlates directly for the pressure side transit
time, including the density ratio:

𝑇∗
PS−Meth2 =

(︃
𝑆0−PS

𝐶𝑥

)︃ (︃
𝑉2
𝑉ps

)︃
≈ 𝜌1
𝜌2

(︂
𝑌 + 0.0226𝑌4.434

)︂
(32)

where

𝑌 =

⎡⎢⎢⎢⎢⎢⎣
(︂
1.075 − 0.109

cos 𝛼2

)︂
(︂
𝑉PS
𝑉2

)︂ ⎤⎥⎥⎥⎥⎥⎦ (33)

Again, Δ𝑇∗
Meth2 is calculated using Eq. (24):

Δ𝑇∗
Meth2 = max

[︄
0, 𝑇∗

PS−Meth2 −
(︃
𝑆0−SS

𝐶𝑥

)︃ (︃
𝑉2
𝑉ss

)︃]︄
(34)

A.3 Aggregate Method
The relative error between the methods is quantified as:

err =

|︁|︁Δ𝑇∗
Meth2 − Δ𝑇∗

Meth1
|︁|︁

Δ𝑇∗
Meth2

(35)

A linear interpolation is used to switch between method 2 (for
low error) and an average of methods 1 & 2 (for high error):

Δ𝑇∗ =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
Δ𝑇∗

𝑀𝑒𝑡ℎ2 err < 0.29

𝑇∗
Meth2 +

(Δ𝑇∗
12−Δ𝑇

∗
Meth2) (err−0.29)
0.02 0.29 ⩽ err ⩾ 0.31

Δ𝑇∗
12 𝑒𝑟𝑟 > 0.31

(36)
where

Δ𝑇∗
12 = 0.5(Δ𝑇∗

Meth1 + Δ𝑇∗
Meth2) (37)

A sensible limiter of Δ𝑇∗≤12 is then applied. The accu-
racy of the different methods is shown in Fig. 2 in the main text.
Method 2 achieves the lowest average fitting error, but the aggre-
gate method has very similar accuracy and reduces the number
of extreme outliers.

APPENDIX B. EXPERIMENTAL DATABASE
Table 4 list the key parameters of the experimental test cases.

TABLE 4: Key Parameters from Experimental Database.
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