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Abstract

The formation of regions of low oxygen concentration, or hypoxia, within tumours is a

hallmark of many types of cancer. Oxygen starvation of cancerous cells within tumours

creates an environment that causes tumours to become more aggressive and more resistant

to treatment. Hypoxia within tumours is described as chronic or cycling. Chronic-hypoxia

describes permanently hypoxic regions of tissue, and cycling-hypoxia describes short term

fluctuations of hypoxia. Counterintuitively, the short term application of oxygen to hypoxic

regions does not reverse the negative impact of hypoxia and in many cases exacerbates the

negative health impacts associated with hypoxia. A recent hypothesis for the formation of

chronic-hypoxia based on the equilibria of steady-state models of blood flow in vasculature

networks has been computationally verified. Blood flow within the vasculature dictates the

distribution of RBCs (Red Blood Cells) within a tumour, and if the distribution of RBCs

for a blood flow equilibrium is asymmetric and uneven, then the tissue surrounding vessels

with fewer RBCs suffers hypoxia.

Our goal for this thesis is to expand upon blood flow models to propose a possible

mechanistic explanation for the formation of cycling-hypoxia. We propose a model of blood

flow switching between multiple stable equilibria of vascular networks. In this thesis we

link the existence of multiple equilibria with the change in the flow direction in network

motifs. After demonstrating the importance of flow direction for the existence of multiple

equilibria, we show that stochastic fluctuations of RBC partitioning at vessel junctions can

force the blood flow in vasculature to change direction, resulting in the blood flow switching

between stable equilibria. We hypothesise that this switching of the blood flow between at

least two equilibria may result in part of a tumour being exposed to cycles of normoxic and

hypoxic conditions.
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Chapter 1

Introduction

Hypoxia (lower than normal oxygen concentration) is a common phenomenon in tumours

with implications for the prognosis and treatment of patients. Hypoxic regions within tu-

mours have been shown to be less susceptible to chemo, immuno and radiotherapies, to

increase tumour cell migration, and to increase the number of tumour cells with aggressive

cell phenotypes (Gilkes et al., 2014; Muz et al., 2015; Shannon et al., 2003; Tan et al., 2009;

Ward et al., 2013). These problems present significant obstacles for clinicians seeking to

treat cancer patients. Hypoxia promotes angiogenesis (the formation of new blood vessels)

to alleviate oxygen deficiency in the tumour microenvironment. As tumour cells proliferate

rapidly, the formation of new blood vessels does little to alleviate hypoxia; the persistence

of hypoxia promotes more angiogenesis, causing the tumour microenvironment to become

hypoxic but vascularised (Carmeliet and Jain, 2011). Hypoxia can be broadly defined as

chronic or cycling. Chronic-hypoxic regions are regions in the tumour microenvironment

that are permanently starved of oxygen, and cycling-hypoxic regions are regions that ex-

perience short term fluctuations between hypoxia and normoxia (normal concentration of

oxygen). Instead of reducing the growth of more aggressive and treatment resistant cell phe-

notypes, cycling-hypoxia often leads to increased growth of these phenotypes (Muz et al.,

2015).

Therefore, it is important to understand the physical mechanisms that result in hypoxia and

how such factors can be managed to reduce the detrimental effects. Anti-angiogenic factors

have been shown to improve the prognosis of patients with certain cancers (Browder et al.,

2000; Carmeliet and Jain, 2000; Ferrara et al., 2004; Jain, 2001). Anti-angiogenic drugs

prevent the binding of Vascualar Endothelial Growth Factor (VEGF) to VEGF receptors

on cell surfaces. VEGF are signalling molecules that promote the formation of additional
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blood vessels; therefore, the presence of anti-angiogenic drugs reduces the growth of new

vasculature (Faivre et al., 2007; McCormack and Keam, 2008). In a series of articles, Jain

(2001, 2005) suggested these treatments are effective against tumours because they reduce

hypoxia by allowing for capillary pruning in the tumour vasculature, reducing overall tor-

tuosity, allowing blood to flow more easily. Anti-angiogenic drugs have also proven to be

effective at treating instances of cycling-hypoxia. Matsumoto et al. (2011) treated mice ex-

periencing cycling-hypoxia with Sunitinib, an anti-angiogenic drug. They found that mice

treated with the drug no longer experienced cycling-hypoxia. The mechanism of action

of these anti-angiogenic drugs and their impact on chronic- and cycling-hypoxia strongly

indicates that the structure of the vasculature is a leading cause of hypoxia within tumours.

By reducing cycling-hypoxia in tumours, the emergence of these problematic phenotypes can

be controlled. The effectiveness of anti-angiogenic drugs at reducing instances of cycling-

hypoxia indicates that the blood flow in tumours is partially responsible for the emergence

of cycling-hypoxia (Matsumoto et al., 2011). However, it is not clear why preventing the

formation of new blood vessels provides a therapeutic benefit. One possible hypothesis as to

why anti-angiogenic drugs are effective at treating cancers is due to the concept of normal-

isation of the tumour vasculature. Jain (2005) suggested that abnormal vasculature causes

oxygen and nutrients to be unevenly distributed within the tumour microenvironment, and

preventing the formation of new blood vessels allows for blood vessels to be removed. This

leads to more effective distribution of oxygen and nutrients. Although Jain (2005) did not

explicitly reference cylcing hypoxia, changes to the vascular geometry could also provide

an explanation of why anti-angiogenic drugs are effective at reducing instances of cycling-

hypoxia.

Mathematical models of blood flow could prove useful to understanding why these drugs are

so effective. Ben-Ami et al. (2022) showed how a blood flow model admitted self-sustained

oscillations in a simple vascular network. They suggested that similar oscillations could

result in cycling-hypoxia in tumours. In this thesis I will suggest a different mechanistic

explanation for the emergence of cycling-hypoxia by demonstrating that a blood flow model

predicts the blood flow switching between multiple stable states in simple vascular networks.

By demonstrating that network geometry can leading to switching behaviour in small net-

work motifs, it is possible to hyothesies that the geometry of larger vascular networks can

also result in blood flow switching. This would support the hypothesis that cycling-hypoxia

emerges from abnormal vasculature and that anti-angiogentic drugs allow for normalization

of the vasculature and prevent switching from occuring.

2



The remainder of this chapter is dedicated to discussing the current literature of vascu-

lar geometry in tumours and blood flow models in microcirculation: Section 1.1 discusses

the geometric features of tumour vasculature, Section 1.2 details the main assumptions and

principles of blood flow in microcirculation, in Section 1.3 we discuss how the vasculature

within tumours is abstracted with the use of vasculature networks, in Section 1.4 we discuss

the mathematical model for the time-dependent blood flow in a single vessel, Section 1.5

describes the full list of the variables and constants in vascular networks, Section 1.6 de-

scribes the common geometric features described in this thesis, in Section 1.7 we detail the

construction of the steady-state network equations from the boundary conditions and net-

work geometry, Section 1.8 describes the time-dependent network equations for a vascular

network, Section 1.9 describes some key properties of the steady-state and time-dependent

equations that are critical for understanding the results in this thesis, Section 1.10 con-

tains a discussion of the modelling of blood flow in microcirculation and how we will apply

these models to understand blood flow in tumour vasculature, and Section 1.11 contains an

outline of remainder of the thesis.

1.1 Microvessels in tumours

Tumour vasculature is often described as highly heterogeneous with leaky vessels and irreg-

ular diameters (Jain, 2005). To study blood flow in tumour vasculature using mathematical

models of blood flow, it is important to try and quantify the differences between healthy vas-

culature and tumour vasculature. A common metric used to quantify the vasculature is the

percentage of small vessels. Vogel (1965) showed that 97% of the capillaries within healthy

vasculature have diameters of less than 12µm; by contrast, only 11% of vessels within tu-

mour vasculature have diameters less than 12µm. Yamaura and Sato (1974) showed that

between days 3 and 5 of tumour growth, the number of vessels with diameters smaller than

10µm increased from 40% to 70%. They then observed that after day 10 of tumour growth,

smaller vessels began to dilate or disappear as the tumour grows. This suggests that vessel

diameters in tumour vasculature depend on the stage of growth, that the vasculature may

initially be immature and small, and that these smaller vessels will collapse or dilate over

time. Deane and Lantos (1981) measured the diameters of the vessels of tumours that

grew in mice. They found that when the diameter of a tumour was less than 4mm, the

tumour contained an avascular core containing few vessels surrounded by a periphery of

well vascularised tissue consisting of mostly small vessels with diameters less than 5µm. As

the tumours grew beyond 4mm, the tumour was divided into three regions: the avascular
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core, the tumour boundary where most vessels have diameters of less than 5µm, and an

intermediate region where most vessels have diameters in the range of 3 to 40µm. These

results could explain the discrepancy between Yamaura and Sato (1974) and Vogel (1965):

the vasculature is initially small but eventually dilates or collapses, creating regions with

larger vessels. Therefore, as the tumour grows, the periphery contains vessels with smaller

diameters, but vessels closer to the core have had more time to dilate, resulting in regions

with different vessel diameters observed by Deane and Lantos (1981).

More recently, microvascular density (MVD) has been used to evaluate the vasculature.

MVD is a measurement of the mean number of microvessels within an area of tissue. Al-

though there is no consensus on the expected MVD for normal tissue, most of the results

appear to indicate that tumours have a higher vascular density: Shieh et al. (2009) found

that normal tissue had a MVD of 18.7 ± 5.23(mm−2) and the intratumour region of a tu-

mour had a MVD of 63.9±23.2(mm−2); Sharma et al. (2010) found that normal tissue had

a MVD of 64.4 ± 13.53(mm−2) and the tumour had a MVD of 240.53 ± 92.3(mm−2); and

Mohtasham et al. (2010) found that normal tissue had a MVD of 27.5 ± 12.5(mm−2) and

cancerous tumours had an MVD of 57.8± 10.8(mm−2). Although the results are inconsis-

tent for the MVD of normal or cancerous tissue, they imply that the MVD of cancerous

tissue is greater than the MVD of healthy vasculature.

In addition to vessel diameter measurements and MVD, the structure of the vasculature

in tumours is another potentially important abnormality. Tumour vasculature has been

observed to contain looped structures (Less et al., 1991). Until recently, quantifying loops

has been difficult due to the difficulties of classifying loops in images of tumour vascula-

ture. Topological data analysis (TDA) has been used to quantify vasculature structures

by measuring the number of loops and voids per vessel segment in tumour vasculature.

Stolz et al. (2022) used TDA to measure these two quantities in tumours and observed that

they changed over time for different cancer treatments. They argue that TDA gives an

unprecedented quantification of the structural features of tumour vasculature. Although

they did not use TDA to compare tumour vasculature with healthy vasculature, instead

they compared tumour vasculature of a control tumour group against the vasculature in

tumours treated with Bevacizumab, an anti-angiogenic drug. They found fewer loops and

more voids in treated tumours. Voids can be interpreted at avascular regions, and so these

measurements imply that as tumours are treated, loops become less frequent, and avascular

spaces within the vasculature emerge. Jain (2001, 2005) have suggested that anti-angiogenic

drugs normalise vasculature within tumours, therefore, one interpretation of these results is
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that the number of loops and voids provides a quantitative measure of vasculature normality.

The presence of looped structures would be consistent with the observation of greater vas-

cular density because it is reasonable to assume that the vasculature is more connected if

the vasculature is packed into tighter spaces in tumour vasculature. Secomb et al. (2012)

suggested that the vasculature in tumours contains short wide vessels known as functional

shunts that potentially redirect blood flow. The presence of looped structures could be the

result of the formation of many functional shunts.

1.2 Flow in microcirculation

Although the vascular geometry in tumours is abnormal, blood flow in micro-vessels (cap-

illaries, venules) within the tumour microenvironment are governed by the same equations

and principles as blood flow in healthy vasculature. Most resistance to blood flow occurs in

the microvessels, due to the blood flow changing direction regularly (Katanov et al., 2015).

As a result, blood flow through microvessels is often slower than in larger vessels. Therefore,

blood flow through microvessels is characterised by laminar flow or flow with a Reynolds

number less than one (Secomb, 2017). Thus, blood in a single microvessel can be modelled

with a constant viscosity of µ(g/(µm s) in a solid cylinder with no-slip boundary conditions,

flowing according to Poiseuille’s law (Hagenbach, 1860; Poiseuille, 1846):

Q =
π∆PD4

128Lµ
, (1.1)

where L(µm), is the length of the vessel, D(µm), is the diameter of the vessel, ∆P (Pa) is

the pressure drop across the vessel and Q (m3s−1) is the volumetric flow rate. We can use

this equation to determine the resistance to flow R:

R =
∆P

Q
=

128Lµ

πD4
. (1.2)

It has been suggested that this inverse relationship between the resistance and the fourth

power of the diameter is the primary factor influencing the distribution of flow through the

vasculature.

Although this simple model describes the relationship between the viscosity of any fluid

and volumetric flow for small Reynolds numbers, it assumes that the blood acts as a New-

tonian fluid. This assumption does not reflect the complicated behaviour of suspended
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particles in blood. Blood consists of cells and proteins suspended in plasma, and, as a

result, its viscosity depends on the density of the suspended material. The percentage of

white blood cells is negligible in most studies of blood flow in microcirculation (Gaehtgens,

1991; Pries et al., 1994), therefore, we will ignore their effects in this thesis. Most studies

of blood flow in microcirculation do not consider the impact of other constituents of blood

(such as platelets and fibrinogen) on its viscosity. Therefore, we will assume that the effects

of cells, other than Red Blood Cells (RBCs), and suspended proteins are negligible.

RBCs tend to move away from the walls of blood vessels with diameters smaller than

0.3mm (Goldsmith et al., 1989). The tendency of RBCs to travel in the centre of blood

vessels has a significant effect on the viscosity of the blood. F̊ahraeus and Lindqvist passed

human blood through narrow glass tubes of varying diameters and showed that viscosity

decreased significantly in tubes with diameters smaller than 300µm; this is commonly re-

ferred to as the F̊ahraeus-Lindqvist effect (F̊ahraeus and Lindqvist, 1931; Pries et al., 1992;

Secomb and Pries, 2013). The tendency of RBCs to move away from the vessel wall results

in the formation of a cell free layer (CFL) in the vicinity of the vessel walls, which sub-

sequently reduces the resistance to flow (Goldsmith et al., 1989). The CFL is simply the

space between the vessel wall and the central channel through which the RBCs travel. This

trend continues until the diameter of the blood vessel decreases to 6µm, at which point the

RBCs begin to travel in single file through the blood vessel and the CFL decreases in size.

Pries et al. (1992) collected and analysed multiple experimental results on the flow of RBC

suspensions in glass tubes to construct an empirical relationship between the density of

RBCs and the viscosity of the blood. Their formulas depend on the haematocrit. There are

two definitions of haematocrit that we need to consider. The first is the tube haematocrit

or the ratio of the volume of red blood cells to the volume of blood. The second is discharge

haemocrit, the ratio of the volumetric flow of red blood cells to the volumetric flow of the

blood. The tube and discharge haematocrits are often denoted by HT and HD respectively.

Discrepancies between the two definitions of haematocrit arise due to the movement of

RBCs away from the vessel walls. Regardless of the two definitions, the only biologically

realistic values of HT and HD are within the unit interval. The viscosity is a function of

the discharge haematocrit because the initial experiments measuring the viscosity in glass

tubes assumed that haematocrit entering the tubes must be equal to the haematocrit out.

This assumption makes it easier to formulate the equations in terms of blood leaving the

experimental apparatus rather than to measure the blood within the apparatus. Pries et al.

(1994) later used in vivo experiments to obtain a more accurate expression for the viscosity
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relative to plasma viscosity:

µ(rel)(HD) =

[
1 + (µ45 − 1)

(1−Hd)
C − 1

0.55C − 1

(
D

D − 1.1

)2
](

D

D − 1.1

)2

. (1.3)

µ45, defined as,

µ45 = 6 exp(−0.085D) + 3.2− 2.44 exp(−0.06D0.645), (1.4)

is the relative apparent blood viscosity when H = 0.45. The coefficient C can be defined

by

C = (0.8 + exp(−0.075D))

(
− 1 +

1

1 + 10−11D12

)
+

1

1 + 10−11D12
. (1.5)

To obtain the actual viscosity µ(H), we multiply the relative viscosity with the plasma

viscosity µp:

µ(H) = µpµ
(rel)(H). (1.6)

The resistance in a vessel is then defined by the following equation:

R(H) =
128Lµ(H)

πD4
. (1.7)

Unless otherwise specified, we will refer to the discharge haematocrit with H instead of

HD because the viscosity of the blood within a vessel depends on the discharge haematocrit

(Equation (1.3)). F̊ahraeus and Lindqvist (1931) were the first to notice the discrepancy be-

tween the two definitions of haematocrit and now this phenomenon, known as the F̊ahraeus

effect. Pries et al. (1992) quantified this difference with the following ratio:

HT

HD
= HD + (1−HD)(1 + 1.7 exp((−0.35D))− 0.6 exp(−0.01D)). (1.8)

1.2.1 Conservation laws

Mathematical models of flow in microcirculation are underpinned by the key assumption of

conservation. The main assumption underlying most studies of blood flow in microcircula-

tion is conservation of mass at vessel junctions. This applies to RBCs and blood as a whole.

For example, at a flow bifurcation such as that in Figure 1.1, a feeding vessel indexed with F

flows into two daughter vessels labelled with α and β. At this vessel junction, conservation
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of mass is described by the following equation:

QF = Qα +Qβ. (1.9)

If the flows are reversed and vessels α and β flow into F , then this is known as a flow

Figure 1.1: Example of a bifurcation unit, the blood flow direction is indicated by
arrows and DF , Dα and Dβ are the diameters of the respective vessels. The area shaded
red indicates the region of RBCs and the remaining white space indicates the CFL.
This diagram has been copied from (Secomb, 2017).

convergence, and the same relation holds. Conservation of flow can be intuitively described

as “flow in equals flow out.”

The number of RBCs is also conserved at vessel junctions. If the numbers of RBCs that

pass through each vessel in Figure 1.1 are defined by the following expressions QFHF , QαHα

and QβHβ, then mass conservation law for RBCs dictates that:

QFHF = QαHα +QβHβ. (1.10)

As before, if the flows are reversed, this equality still holds. Even when the flows at a

vessel junction are known, the haematocrit may not be uniquely defined. If flows, QF , Qα

and Qβ are known at a flow convergence, then as long as the inlet haematocrit values Hα

and Hβ are also known, then Equation (1.10) uniquely defines the one unknown, HF . If,

however, the inlet haematocrit HF , and the flows are known for a flow bifurcation, then

from Equation (1.10) we deduce that Hα and Hβ can take values that obey the following

linear relationship:

Hα =
QF
Qα

HF −
Qβ
Qα

Hβ. (1.11)
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To uniquely define the haematocrit values of the daughter vessels, an additional equation

is needed, this equation is called a splitting rule.

1.2.2 Splitting rules

Splitting rules relate the RBC flow in a daughter vessel to the RBC flow in its parent. They

enable the haematocrits in two daughter vessels of a flow bifurcation to be uniquely defined.

Let:

ψα =
QαHα

QFHF
,

be the ratio that we need to specify. There is no consensus on how this ratios should be

defined, but most functions depend on the flow ratio and the haematocrit of the preceding

vessel (Bernabeu et al., 2020; Kiani et al., 1994; Pries et al., 1989, 1990; Pries and Secomb,

2005). For example, Pries et al. (1989) proposed the following relationship between the

ratio ψα and the blood flow ratio, rα = Qα/QF :

logit(ψα) = A+ P · logit

(
rα −X0

1− 2X0

)
, (1.12)

for X0 ≤ rα ≤ 1 − X0. logit(x) = ln(x/(1 − x)), P serves as a fitting coefficient and A,

introduces nonlinearity. X0 is introduced to prevent the formation of a singularity. The

splitting rule can be reformulated as a function of rα:

ψα(rα) =


0 if rα < X0

1 if rα > 1−X0

eA(rα−X0)P

eA(rα−X0)P+(1−rα−X0)P
if X0 ≤ rα ≤ 1−X0

(1.13)

To the best of our knowledge, all splitting rules follow this basic format. There have been

several attempts to find a general expression for the coefficients. For example, Pries and

Secomb (2005) used experimental data to obtain the following formulae for A,P and X0:

A = −13.29[(D2
α/D

2
β − 1)/(D2

α/D
2
β + 1)](1−HF )/DF , (1.14)

P = 1 + 6.98(1−HF )/DF , (1.15)

X0 = 0.964(1−HF )/DF , (1.16)
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where Dα, Dβ are the diameters of the daughter vessels, DF is the diameter of the parent

vessel, and HF is the haematocrit value at the end of the parent vessel.

Although these coefficients allow the splitting of the RBCs to be uniquely defined, they

also have physical interpretations. The coefficient X0 can be viewed as the minimum flow

ratio required for the RBCs to enter a daughter vessel; we will refer to A as the phase

separation coefficient due to the effect this coefficient has on the phase separation of the

RBCs (Pries and Secomb, 2005; Pries et al., 1990) and P will be referred to as the plasma

skimming coefficient. Larger values of P dictate that the vessel with the larger flow ratio

receives a disproportionate fraction of RBCs. When P = 1, the splitting rule does not in-

corporate the plasma skimming effect, and at a bifurcation where the daughter vessels have

equal diameter, the fraction of RBCs each vessel receives is proportional to the flow ratio.

If P < 1, then the vessel with the smaller volumetric flow would receive a smaller fraction

of the RBCs. Antagonistic to this plasma skimming effect is the phase separation effect ob-

served by Barber et al. (2008) and Doyeux et al. (2011). The phase separation effect implies

that the RBCs will favour the daughter vessel with a lower flow rate. Barber et al. (2008)

came to this conclusion after simulating red blood cells as solid spheres and deformable

membranes and found that the sphere was more likely to be biased towards the branch with

a smaller volumetric flow, but Doyeux et al. (2011) simulated this effect with solid spheres

and used microfluidic devices with vesicles to support their claims. Although this may seem

to contradict the plasma skimming effect, both Barber et al. (2008) and Doyeux et al. (2011)

observed that the vessel with the higher flow rate obtained a larger fraction of RBCs, but

once the RBCs were sufficiently close to the entrance of the bifurcation, the migration of

RBCs towards the vessel with a low flow rate became stronger1. Incorporating the effect of

both plasma skimming and phase separation is difficult because they act antagonistically on

the partition of RBCs. The phase separation coefficient in Equation (1.14) devised by Pries

and Secomb (2005) biases the fraction toward the vessel with a smaller diameter. Defining

A with this principle allows both effects to be incorporated; if one daughter vessel is wider

than the other, the volumetric flow in that vessel is likely to be larger due to the fourth

power relationship between the flow and the diameter. Therefore, based on the relationship

between volumetric flow and the fraction of RBCs, this vessel would obtain a larger fraction

of the RBCs. This is known as the plasma skimming effect, because the vessel with less

flow receives more plasma relative to the number of RBCs. The formula for A in Equation

(1.14) helps counterbalance this effect by biasing the RBC fraction towards the opposite

1It should be noted that in the absence of plasma skimming. It would still be expected that a dispro-
portionate fraction of the RBCs would migrate towards the vessel with the highest flow due to the linear
relationship between RBC fraction and the volumetric flow fraction.
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vessel. The coefficients of Pries et al.’s (Pries and Secomb, 2005) splitting rule have been

verified by the simulations performed by Barber et al. (2008) for single RBCs travelling

through a flow bifurcation. Based on these observations, we can summarise the following

principles for splitting rules that we will consider:

1. 0 ≤ X0 � 0.5

2. P > 1.

3. A biases the flow toward the smaller vessel.

Equation (1.12) is just one example of a splitting rule from the literature. From a mathe-

matical perspective, the only constraint on admissible splitting rules is that ψα ∈ [0, 1] and

the ratio chosen for the other daughter vessel:

ψβ =
QβHβ

QFHF
,

is equal to 1− ψα, to satisfy the conservation of RBCs described by Equation (1.10).

1.3 Vascular Networks

Oxygen concentration within the tumour microenvironment is assumed to diffuse evenly,

therefore, oxygen concentration is modelled with a parabolic PDE containing a diffusion

term, an oxygen consumption term and an oxygen source term (Bernabeu et al., 2020;

Pogue et al., 2001; Schiavo et al., 2022; Secomb et al., 1993; Welter et al., 2016). The

source term represents the influx of oxygen into the tumour microenvironment from the

vasculature. This vasculature is often represented with a vascular network. Networks are

objects that contain two sets: the set of nodes, N , and the set of edges, E. An edge, e ∈ E,

is a pair of nodes belonging to N , edges act as the abstract interpretation of vessels. For

example, if v, w ∈ N for which an edge exists between these two, then (v, w) ∈ E. The

vasculature networks are incorporated into the diffusion model by acting as source terms

for the differential equations for every point along an edge of the network. Most of these

models predict that hypoxic regions form in regions which are not well vascularised (Pogue

et al., 2001; Schiavo et al., 2022; Secomb et al., 1993). Therefore, these model predicts that

regions of hypoxia are dependent on the tissue’s proximity to the vasculature. Although

this is a good model for chronic-hypoxia, this model is unlikely to be capable of predicting

the existence of cycling-hypoxia because tissue at the centre of the tumour will always be

subjected to hypoxic conditions.
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Bernabeu et al. (2020) and Welter et al. (2016) both used a different approach to incorporate

the effect of vasculature within the tumour. They modelled the source terms as a function

of the number of RBCs flowing in the network by coupling the diffusion model of oxygen

with blood flow equations for the RBCs within the vessels. The results by Welter et al.

(2016) demonstrate that the proximity of the vasculature is not the only factor influencing

the formation of hypoxia. They observed that acute2-hypoxia formed around the periphery

of the tumour. This result is interesting because this region of the tumour had a higher

than normal MVD and that the vessels often had smaller than normal diameters. Welter

et al. (2016) concluded that this region formed because the narrow blood vessels prevented

the RBCs reaching the vasculature resulting in fewer RBCs within these vessels.

Bernabeu et al. (2020) also demonstrated the impact of irregular vasculature on the sur-

rounding tissue but unlike the results by Welter et al. (2016), they predicted the formation

of chronic-hypoxia in well vascularised tissue. Bernabeu et al. (2020) investigated the im-

pact of different length to diameter ratios for the blood vessels in a synthetic network. They

discovered that for smaller ratios, the RBCs would tend towards one side of the network

resulting in the formation of chronic-hypoxia in the side of the network with fewer RBCs.

This region of hypoxia was not present for larger length to diameter ratios. This result

implies that the formation of chronic-hypoxia in tumours can also result from asymmetric

blood flow instead of just the tissue proximity to blood vessels.

Although Bernabeu et al. (2020) results only predict the formation of chronic-hypoxia, the

fact that the oxygen distribution is coupled to the blood flow through vascular networks im-

plies that changes to the blood flow could result in fluctuations of the oxygen concentration

in the surrounding tissue. So far the blood flow models used to predict the distribution of

RBCs in the vasculature have been assumed to have a unique stable equilibrium. However,

Ben-Ami et al. (2022) showed that oscillations in blood flow in simple networks can result

from abnormal vessel geometry. They proposed that self-sustained oscillations of blood in

tumour vasculature could potentially cause fluctuations of the oxygen concentrations lead-

ing to the formation of cycling-hypoxia. Although they did not use an oxygen diffusion

model to verify this claim, the results by Bernabeu et al. (2020) and Welter et al. (2016)

would imply that so long as the number of RBCs in a vessel is predicted to be low, the

surrounding tissue is likely to be hypoxic.

2Acute in this context referres to a region in the tumour micro-environment experiencing chronic-hypoxia,
however, the level of oxygen in this acute-hypoxic region was only slightly less than the normoxic regions.
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Given the success of vascular networks at predicting the emergence of hypoxia within tu-

mours, this thesis will focus on demonstrating a possible mechanism of cycling-hypoxia

arising from models of blood flow through vascular networks. Instead of demonstrating

oscillations of the blood flow, we will instead focus on the possible formation of cycling-

hypoxia resulting from mutli-stability of the equilibria of blood flow in vascular networks.

Therefore, we dedicate the remainder of this chapter to describing the construction of the

blood flow equations. This includes a discussion of the steady-state equations that have

been used to predict the formation of chronic-hypoxia (Bernabeu et al., 2020; Welter et al.,

2016), and the time-dependent equations neccesary to show how the blood flow changes

with time. The equations for blood flow in any network that we present in this thesis can

be derived from the steps we outline in this chapter and the network geometry. Instead

of describing the network equations for specific networks in the main text, we describe the

geometry of the network from which the network equations are constructed and refer the

reader to Appendix A for a list of all network equations covered in this thesis.

1.4 Time-dependent haematocrit equations for a single ves-

sel

Blood flow through a single vessel is modelled by imposing a fixed pressure drop across the

vessel. For simplicity, we will also assume that all vessels have uniform radii, the blood

flows according to Poiseuille’s law, and haematocrit is transported at the same speed as

the blood plasma. Let θ(x, y, z, t) be the concentration of RBCs within a vessel at the

coordinate (x, y, z) at time t and let u(x, y, z, t) be the velocity in the x direction. The

evolution of θ can be modelled by the transport equation:

∂θ

∂t
+

∂

∂x
(uθ) = 0. (1.17)

The flow in the x direction does not vary throughtout the vessel due to the fact that the

flow regime of the blood is laminar flow. Therefore, u is a function of y, z and t. The tube

haematocrit, discharge haematocrit and average velocity can be defined in terms of θ and

u as follows:

HT (x, t) =

∫
Ω θdydz∫
Ω dydz

, HD(x, t) =

∫
Ω uθdydz∫
Ω udydz

, u(t) =

∫
Ω udydz∫
Ω dydz

, (1.18)
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where Ω is the cross sectional domain of the vessel. Using these definitions, we can refor-

mulate Equation (1.17) as a one-dimensional PDE for the haematocrit in a vessel:

∂HT

∂t
+ u(t)

∂HD

∂x
= 0. (1.19)

This derivation was proposed by Pop et al. (2007) and the resulting PDE has been used

in other studies on the stability of blood flow in small networks (Ben-Ami et al., 2022;

Carr and Lacoin, 2000; Carr et al., 2005; Davis and Pozrikidis, 2011; Geddes et al., 2007).

Although the PDE governing the change in the haematocrit is the same for all these mod-

els, the authors use different modelling approximations to solve the governing equations.

Two main approximations are considered in the literature; the first considers the difference

between the tube haematocrit and discharge haematocrit, and the second focusses on the

volumetric flow of non-uniform haematocrit distributions within a vessel.

We have already discussed the difference between the tube haematocrit and the discharge

haematocrit in section 1.2. The difference between the two definitions has not been relevant

so far because the equation for the relative viscosity (Equation (1.3)), RBC conservation

law (Equation (1.10)), and splitting rule (Equation (1.13)) are posed in terms of discharge

haematocrit. When solving the time-dependent equations, we consider two approaches.

First we assume that the difference between the two quantities is sufficiently small and

consider HD = HT . This approximation is common in the literature (Ben-Ami et al., 2022;

Carr et al., 2005; Geddes et al., 2007).

The other option is to convert the partial derivative for HT into a partial derivative for

HD. By rearranging Equation (1.8), the following expression for the tube haematocrit can

be derived:

HT = λDHD + (1− λD)H2
D. (1.20)

Differentiating Equation (1.20) with respect to time yields the following relationship between

the derivatives for the tube and discharge haematocrit:

∂HT

∂t
=
∂HD

∂t
(λD + 2(1− λD)HD), (1.21)
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were λD = 1 + 1.7 exp (−0.415D) − 0.6 exp (−0.011D). Equation (1.21) can be subsituted

into Equation (1.19) to obtain the following PDE for the discharge haematocrit:

∂HD

∂t
+

u(t)

λD + 2(1− λD)HD

∂HD

∂x
= 0. (1.22)

This approach was used by Pop et al. (2007) and others (Carr and Lacoin, 2000; Davis

and Pozrikidis, 2011).The approximation of HT = HD = H is used throughout this thesis

because modelling the haematocrit in a network using Equation (1.22) increases the com-

plexity of simulating blood flow in large networks. Therefore, the following PDE is used to

describe the transport of haematocrit in a single vessel:

∂H

∂t
+ u(t)

∂H

∂x
= 0. (1.23)

We note that the steady-state haematocrit distribution within a vessel is that of a uniform

distribution for both forms of the haematocrit PDEs in Equations (1.22) and (1.23). The

PDEs in Equations (1.22) and (1.23) are first-order in time and space, which means that only

one spatial and time boundary condition are required for the system to be well posed. This

means that the haematocrit PDEs only attain their equilibrium when the spatial boundary

condition is that of a constant haematocrit:

H(0, t) = H0. (1.24)

Throughout this thesis, we set H(x, 0) as a smooth function to ensure regularity of the time

boundary condition for the haematocrit PDEs.

If we use Poiseuille’s law to approximate the volumetric flow in a vessel, then the volu-

metric flow at time t is given by:

Q(t) =
∆P

R(t)
, (1.25)

where we assume that the pressure difference ∆P remains constant and R(t) denotes the

resistance to flow in the vessel at time t. As the resistance is proportional to the viscosity,

we must define a function for the viscosity of the blood at time t. As the haematocrit is not

constant for the time-dependent equation, Equation (1.3) does not define the viscosity of the

blood for all possible haematocrit distributions within the vessel. Carr and Lacoin (2000)

and Carr et al. (2005) viewed the viscosity as a time-dependent function of the average
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haematocrit, H(t), where:

H(t) =
1

L

∫ L

0
H(x, t)dx, (1.26)

and used the following expression to approximate the resistance to blood flow in a vessel:

R(t) =
128Lµ(H(t))

πD4
. (1.27)

An alternative approach is to average the resistance itself using the following equation:

R(t) =
1

L

∫ L

0

128Lµ(H(x, t))

πD4
dx =

128L

πD4

1

L

∫ L

0
µ(H(x, t))dx =

128L

πD4
µ(t), (1.28)

were µ(t) is the average viscosity at time t. This approach is more widely used throughout

the literature (Ben-Ami et al., 2022; Davis and Pozrikidis, 2011; Geddes et al., 2007; Pop

et al., 2007). Averaging the resistance is a more natural approach because it better takes

into account the nonlinearity of the relative viscosity in Equation (1.3).

Substituting Equation (1.28) in Equation (1.25) yields an expression for Q(t). Which can

be used to define the average velocity of the haematocrit within a vessel. As blood always

flows in one direction:

u(t)A = Q(t), (1.29)

where A is the cross-sectional area. Given that all blood vessels are viewed as cylinders, A

is the area of a circle with radius D and we can define u(t) as follows:

u(t) =
4Q(t)

πD2
. (1.30)

From Equation (1.25) we deduced that the haematocrit velocity can also be written in the

form:

u(t) =
D2∆P

32Lµ(t)
. (1.31)

1.5 Variables and constants

Before we introduce the equations defining blood flow in a vascular network, the variables

and constants of the networks must be defined. Henceforth, unless otherwise stated, we in-

dicate whether a variable or parameter belongs to a node, v, or an edge, (v, w), by indexing

them with subscripts v or (v, w) respectively.
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The dependent variables that we use to model steady blood flow in a vascular network

are:

• P v: Pressure at node v,

• Q(v,w): Volumetric flow in vessel (v, w),

• H(v,w): Haematocrit in vessel (v, w).

The dependent variables for the time-dependent flow equations are as follows:

• P v(t): Pressure variable of node v,

• Q(v,w)(t): Volumetric flow in vessel (v, w),

• H(v,w)(t): Average haematocrit of the blood in vessel (v, w),

• µ(v,w)(t): Average viscosity of the blood in vessel (v, w),

• u(v,w)(t): Average velocity of haematocrit in vessel (v, w),

• H(v,w)(x, t): Haematocrit variable of vessel (v, w).

For both the steady-state equations and time-dependent equations, some of the variables

can be reduced to functions of the other variables, but the variables stated in this section

are often used and so it is convenient to include all variables in a comprehensive list.

The geometry of the network determines the set of edges E and the diameters and lengths

of the vessels. Vessel diameters and lengths are assumed to remain constant. We denote

the diameter and length of vessel (v, w), as D(v,w) and L(v,w) respectively.

As vascular networks are not self contained systems, they require inputs for the network

equations to be well posed. All networks have a number of inlet vessels at which the pressure

and haematocrit must be prescribed. Inlet haematocrits are marked in black to distinguish

them from haematocrit variables (H(v,w) is the haematocrit of an inlet vessel, H(v,w) is the

haematocrit variable associated with a non-inlet vessel3). A similar boundary condition is

required for the time-dependent equations, but the prescribed inlet haematocrit may vary

with time.

3Although we distinguish between variables and constants using colour in the main text, variables in
Figure labels are always in black.
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Figure 1.2: Diagram of the triangle network.

In addition to the haematocrit; pressure or flow boundary conditions must be defined.

Pressure boundary conditions are used throughout this thesis because the resulting net-

work equations in Section 1.7 are more general and simpler than those associated with

flow boundary conditions. We explain how the equations are constructed when pressure

boundary conditions are imposed. While we do not consider flow boundary conditions an

example with flow boundary conditions can be found in (Gardner et al., 2010). All net-

works have boundary nodes at which the pressures must be specified. Boundary pressures

are denoted in black to distinguish them from the unknown pressures at interior nodes (Pv

is the pressure of a boundary node, P v is the pressure variable associated with an interior

node). As for the haematocrit, the boundary pressures for the time-dependent equations

may be prescribed functions of time.

Figure 1.2 is a diagram of a triangle network motif with the associated variables of the

network. The black lines denote the fixed vessels and the turquoise line denotes the redun-

dant vessel. This network will is used throughout this thesis but has been placed here as

an example.

1.6 Network design

All networks studied in this thesis share some common topological properties which are

summarised in this section. All vascular networks have undirected edges as a convention;

however, the direction of flow in a vessel is dictated by the pressure difference across the

vessel’s end nodes and so the flow in the network is directed.
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Most variables and parameters of a vessel can be indexed using either order of the nodes

v and w with the exception of the volumetric flow, Q(x,y), and the average velocity of the

haematocrit, u(x,y). Furthermore, Q(x,y) = −Q(y,x); this is a consequence of Poiseuille’s law

in Equation (1.1). Rewriting Poiseuille’s law in terms of the network variables yields the

following equation:

Q(x,y) =
πD4

(x,y)(P x − P y)
128L(x,y)µ(x,y)(H(x,y))

, (1.32)

where the viscosity, µ(x,y), is defined in Equation (1.6). We note that, as H(x,y) → 1,

1/µ(x,y)(H(x,y))→ 0. Therefore, we use the convention that Q(x,y) = 0 when H(x,y) = 1.

Blood flows in the direction of the pressure gradient. For this reason, the set of boundary

nodes, BN , consists of a set of source nodes, IN , and a set of sink nodes, SN . The biologi-

cal interpretation of these is that sources/sinks represent the blood flow into/out of larger

vessels that are beyond the scope of our modelling. These sources and sinks have degree

1. The values for the pressure parameters at the source nodes must be greater than the

values at the sink nodes to ensure that blood flows from the source nodes to the sink nodes.

Boundary haematocrit values must also be introduced. These boundary values should be

prescribed at inlet vessels. Inlet vessels have one node which is a source node.

In this thesis we consider a limited number of network topologies. The topology network

is dicated by the connections between nodes and the degree of the nodes. The degree of a

node in an undirected network is the number of edges which the node belongs to. Unless

a node is a source or a sink, it must have degree 34. The only possible configurations of

flow at a degree 3 node can be seen in Figure 1.3: a bifurcation unit in Figure 1.3a, and

a convergence unit in Figure 1.3b. Only these configurations are possible because if the

direction of the volumetric flows are all towards the central node or away from the central

node, the flow is not conserved.

1.7 Steady-state haematocrit equations

In this section, we will describe the construction for a network system of steady-state equa-

tions whose solutions are the equilibria of the time-dependent blood flow equations. As

the steady-state of a single vessel is that of a constant haematocrit, the steady-state of a

4It is technically possible for a node to have a degree of 2 but two vessel connected by a single node is
functionally the same as a single vessel as explained in Section 1.9.
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Figure 1.3: The two basic units which make up all flow networks that we will be
studying. (a): Example of a bifurcation unit in a network, the arrows indicate the
direction of flow. (b): Example of a convergence unit in a network, the arrows indicate
the direction of flow.

vascular network must have a constant haematocrit in every vessel. Each vessel is viewed as

a pipe, and the blood flow is modelled as a Newtonian fluid. The model of blood flow in a

single microvessel can be extended to blood flow in a network representing the vasculature

(Fenton and Zweifach, 1981). This description of blood flow in a network is similar to that

of electricity in a circuit where volumetric flow, pressure difference, and hydraulic resistance

are analogous to current, voltage, and electrical resistance, respectively (Pries and Secomb,

2008). The solution to the steady-state equations must satisfy the conservation laws and

splitting rules defined by Equations (1.9), (1.10) and (1.13). While the details of the steady-

state equations for blood flow depend on the choice of splitting rule and the geometry of

the network, with few exceptions, their construction follows the same approach (Ben-Ami

et al., 2022; Bernabeu et al., 2020; Davis and Pozrikidis, 2011; Gardner et al., 2010; Karst

et al., 2017; Pries and Secomb, 2008; Tawfik and Owens, 2013).

The choice of boundary conditions is one variation of the network equations in the lit-

erature. For example, as stated in Section 1.5, it is possible to choose flow boundary

conditions instead of pressure boundary conditions (Gardner et al., 2010). It is also pos-

sible to construct the network equations such that the network boundary nodes are not

assigned pressure values and the blood flow equations do not obey a specific splitting rule

(Fry et al., 2012; Sweeney et al., 2018). In these cases, the blood flow equations are in

the form of a Lagrangian which ensures the conservation of flow and RBCs but instead of

assigning boundary pressure values and a splitting ratio for RBCs at flow bifurcations, the

equations minimise the sheer stress of the blood flow. Defining the network equations with
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a Lagrangian is useful for solving the network flow equations for networks based on phe-

nomenological networks for which the boundary conditions are unknown. However, since

we only consider synthetic networks with known boundary conditions, Therefore, we will

not describe the Lagrangian used in (Fry et al., 2012; Sweeney et al., 2018).

Given that the equations for networks are the same for most vascular networks, the re-

mainder of this section will describe the common construction of the steady-state network

equations when pressure boundary conditions are imposed. We define these equations with

a function F : [0, 1]m×Rn≥0 → Rm+n, for a network with m non inlet vessels and n interior

nodes such that the steady-state equations are defined by the following:

F (H,P ) = 0. (1.33)

We denote the splitting rules at bifurcation as:

ψ(v,w) : [0, 1]2 → [0, 1]. (1.34)

As described in Section 1.2.2, there are several different splitting rules, but most have the

general form of Equation (1.13). Since one of the aims of this thesis is to understand the

impact of the splitting rule on the number of equilibria, the equations will be presented using

ψ(v,w) to represent the splitting rule (The specific forms of the three key coefficients: X0, A

and P in Equation (1.13) are defined for each network in subsequent chapters.). For the

daughter haematocrit H(v,w), a function F(v,w)(H,P ) is constructed such that solutions to

F(v,w)(H,P ) = 0 ensure that the haematocrits and flows obey the splitting rule. Therefore,

for the bifurcation unit in Figure 1.3a, the solution to F(v,w)(H,P ) = 0 must ensure the

following relationship:

ψ(v,w)(Q(v,w)/Q(u,v), H(u,v)) =
Q(v,w)H(v,w)

Q(u,v)H(u,v)
. (1.35)

Rearranging Equation (1.35) yields the following equation:

0 = ψ(v,w)(Q(v,w)/Q(u,v), H(u,v))Q(u,v)H(u,v) −Q(v,w)H(v,w). (1.36)

Therefore, if F(v,w)(H,P ) takes the following form:

F(v,w)(H,P ) = ψ(v,w)(Q(v,w)/Q(u,v), H(u,v))Q(u,v)H(u,v) −Q(v,w)H(v,w), (1.37)
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the solution to F(v,w)(H,P ) = 0 satisfies the relationship between the variables of a bifur-

cation unit (Figure 1.3a) described by Equation (1.35). As described in Section 1.2, every

flow bifurcation needs two equations to uniquely define the haematocrits of both daughter

vessels. To recover the conservation of RBCs at a bifurcation, the following relation must

hold:

ψ(v,w)(Q(v,w)/Q(u,v), H(u,v)) + ψ(v,z)(Q(v,z)/Q(u,v), H(u,v)) = 1,

The equation associated with the variables H(v,z) takes the same form as Equation (1.37)

with the indices of (v, w) replaced by (v, z). The addition of F(v,w)(H,P ) = 0 and F(v,z)(H,P ) =

0 recovers the following expression for the conservation of RBCs at node v.

Q(u,v)H(u,v) −Q(v,z)H(v,z) −Q(w,v)H(w,v) = 0. (1.38)

The function F(v,w)(H,P ) corresponding to the haematocrit of the out flowing vessel in a

convergence unit in Figure 1.3b must also ensure the conservation of RBCs. Therefore, the

solutions to the equations F(v,w)(H,P ) = 0 must satisfy Equation (1.38). Therefore, the

most obvious choice of F(v,w)(H,P ) is:

F(v,w)(H,P ) = Q(u,v)H(u,v) +Q(z,v)H(z,v) +Q(w,v)H(w,v). (1.39)

Equations for each pressure variable P v are obtained by appealing to conservation of flow,

which supplies the following relation for the variables (Q(u,v), Q(w,v), Q(v,z)):

0 = Q(u,v) +Q(w,v) +Q(z,v), (1.40)

for both a convergence and bifurcation unit in Figures 1.3. Given that the volumetric flow

in a vessel depends on the haematocrit in the vessel and the pressures of the end nodes, as

described in Equation (1.32), the form of Fv(H,P ) is the following:

Fv(H,P ) = Q(u,v) +Q(w,v) +Q(z,v). (1.41)

Therefore, a system of equations F (H,P ) = 0 for which each dependent variable of the net-

work satisfies a function in the form of Equations (1.37), (1.39) or (1.41) can be defined for

any network. The flow direction in certain vessels may change, corresponding to a change

in the form of F(v,w)(H,P ) between Equations (1.37) and (1.39) but the size of the system

of equations remains the same.
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Given a system of network equations, the magnitude value of the volumetric flow in a

vessel scales with the size of the inlet pressures. This can be problematic when defining

network equilibria. For example, if (H,P ,Q) is a network equilibrium with pressure bound-

ary conditions {Px0 , Px1 , ..., Pxk}. Then (H,αP , αQ) is also a network equilibrium of the

network with the pressure boundary conditions {αPx0 , αPx1 , ..., αPxk}. We circumvent this

problem by introducing normalised volumetric flows:

Definition 1.1. (Normalised volumetric flow)

Let N = {N,E} be a network with the following set of inlet vessels:

{(x0, y0), (x1, y1), ..., (xm, ym)}. (1.42)

For a vessel (v, w), the normalised flow in vessel (v, w) is defined as:

Q̂(v,w) =
Q(v,w)∑m
i=0Q(xi,yi)

. (1.43)

Defining the equilibria using normalised flows is useful because the values of the haema-

tocrits and volumetric flows for an equilibrium, (H,αP , Q̂), are the same irrespective of the

value of α.

1.8 Time-dependent haematocrit equations for a network

The PDE governing the evolution of the haematocrit in a particular vessel is the same as

that governing the haematocrit in a single vessel described in Section 1.4 (Equation (1.23)).

However, the time-dependent equations for a vascular network differ from those for a single

vessel in two respects. The first are the equations for the volumetric flows. The volumetric

flow in a vessel within a vascular network is governed by the following equation:

Q(t) =
∆P (t)

R(t)
. (1.44)

The equation for the resistance is the same as Equation (1.28) but the pressure difference

is now implicitly defined. As for the steady-state equations in Section 1.7, each node has

an associate pressure variable. For vessel (v, w), ∆P(v,w)(t) = P v(t) − Pw(t). As for the

steady-state equations, the pressures are defined implicitly via conservation of blood flow

23



at each internal node, v:

Q(u,v)(t) +Q(w,v)(t) +Q(z,v)(t) = 0. (1.45)

Given the resistance in each vessel, this linear system of equations implicitly defines the

pressures of the interior nodes at time t.

The second difference between the time-dependent equations in a vasculature network and

the equations for a single vessel are the boundary conditions. If a vessel is an inlet vessel,

then the spatial boundary for the haematocrit can either be a constant value or a function

of time. The boundary conditions for all other vessels are determined by conservation of

RBCs and the splitting rules. For example, at the convergence unit in Figure 1.3b, the only

spatial boundary condition for vessel (v, w) that conserves RBCs at the vessel junction is:

H(v,w)(0, t) =
H(u,v)(L(u,v), t)Q(u,v)(t) +H(z,v)(L(z,v), t)Q(z,v)(t)

Q(v,w)(t)
. (1.46)

Depending on the flow direction in a vessel, a spatial boundary condition is prescribed at

x = 0 or x = L. So long as the boundary condition is prescribed for the end of the vessel

from which blood is flowing away from, the boundary condition is well defined. This flexi-

bility in defining the boundary conditions of the network is convenient if the flow direction

in certain vessels can change with time.

The boundary conditions a flow bifurcation must satisfy conservation of the RBCs and

the splitting rules. The boundary conditions for vessels (v, w) and (v, z) in the bifurcation

unit of Figure 1.3a are as follows:

H(v,w)(0, t) = ψ(v,w)(r(v,w)(t), H(u,v)(L(u,v), t))
H(u,v)(L(u,v), t)

r(v,w)(t)
, (1.47)

H(v,z)(0, t) = ψ(v,z)(r(v,z)(t), H(u,v)(L(u,v), t))
H(u,v)(L(u,v), t)

r(v,z)(t)
, (1.48)

where:

r(v,w)(t) = Q(v,w)(t)/Q(u,v)(t), r(v,z)(t) = Q(v,z)(t)/Q(u,v)(t).

The time-dependent network equations for any network can be derived from the network

geometry and the steps in this section and Section 1.4. For example, consider the triangle

network in Figure 1.2. This network has two inlet vessels and three boundary nodes, such
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that H(1,4)(0, t), H(2,5)(0, t), P1(t), P2(t) and P3(t) are either functions of time or constants

for the time-dependent network equations for the triangle network. The conservation of

flow equations are as follows:

0 = Q(1,4)(t) +Q(6,4)(t) +Q(5,4)(t), (1.49)

0 = Q(2,5)(t) +Q(6,5)(t) +Q(4,5)(t), (1.50)

0 = Q(3,6)(t) +Q(4,6)(t) +Q(5,6)(t), (1.51)

and the spatial boundary conditions for the haematocrit variables of the network are:

H(4,6)(0, t) =


ψ(4,6)(r(4,6)(t),H(1,4)(L(1,4),t))H(1,4)(L(1,4),t)

r(4,6)(t)
Q(4,5)(t) > 0,

H(1,4)(L(1,4),t)Q(1,4)(t)+H(4,5)(0,t)Q(5,4)(t)

Q(4,6)(t)
Q(4,5)(t) ≤ 0,

(1.52)

H(5,6)(0, t) =


ψ(5,6)(r(5,6)(t),H(2,5)(L(2,5),t))H(2,5)(L(2,5),t)

r(5,6)(t)
Q(4,5)(t) ≤ 0,

H(2,5)(L(2,5),t)Q(2,5)(t)+H(4,5)(L(4,5),t)Q(4,5)(t)

Q(5,6)(t)
Q(4,5)(t) > 0,

(1.53)

H(4,5)(0, t) =
ψ(4,5)(r(4,5), H(1,4)(L(1,4), t))H(1,4)(L(1,4), t)

r(4,5)(t)
if Q(4,5)(t) > 0, (1.54)

H(4,5)(L(4,5), t) =
ψ(5,4)(r(5,4), H(2,5)(L(2,5), t))H(2,5)(L(2,5), t)

r(5,4)(t)
if Q(4,5)(t) ≤ 0, (1.55)

H(6,3)(0, t) =
H(4,6)(L(4,6), t)Q(4,6)(t) +H(5,6)(L(5,6), t)Q(5,6)(t))

Q(6,3)(t)
, (1.56)

where:

r(4,6)(t) =
Q(4,6)(t)

Q(1,4)(t)
, r(5,6)(t) =

Q(5,6)(t)

Q(2,5)(t)
, r(4,5)(t) =

Q(4,5)(t)

Q(1,4)(t)
, r(5,4)(t) =

Q(5,4)(t)

Q(2,5)(t)
.

The evolution of the haematocrit in each vessel is governed by the PDE in Equation (1.23).

We do not derive the full set of network equations for every network motifs we study in the

main text of this thesis. However, the full set of the network equations for the remaining

networks in this thesis can be found in Appendix A.

1.8.1 Non-dimensionalisation of the equations

Let N = {N,E} be a network with n nodes and m vessels. The time-dependent network

equations have a common independent time variable but every haematocrit variable depends
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on a different spatial variable. Let t denote the independent time variable and let xi

denote the independent spatial variable for the ith vessel. The goal is to find a non-

dimensionalisation such that the resulting equations are defined in one independent time and

spatial variable, (t̃, x) such that (t, x1, x2, ..., xm) = (βt̃, α1x, α2x, ..., αmx). As xi ∈ [0, Li],

we fix αi = Li. Under this coordinate transformation, the average viscosity of the blood is

simplified:

µi(t) =
1

Li

∫ Li

0
µ(H(xi, t))dxi =

∫ 1

0
µ(H(Lix, t))dx. (1.57)

Let H̃(x, t̃) = H(Lix, βt̃) = H(xi, t),then:

∂H̃

∂t̃
= β

∂H

∂t
,
∂H̃

∂x
= Li

∂H

∂xi
. (1.58)

Then from Equation (1.23) with the the velocity of the blood defined by Equation (1.31),

we obtain the following PDE for the haematocrit:

1

β

∂H̃

∂t̃
+

(Di/Li)
2∆Pi(t̃)

32µi(t̃)

∂H̃

∂x
= 0, (1.59)

such that ∆P i is the pressure difference across the ith vessel. Ideally, β is chosen to simplify

the PDE. Each pressure is smaller than the largest input pressure, Pmax. The viscosity

µi(t) = µpµ
(rel)
i (t) (Equations (1.3) and (1.6)). With:

β =
32µp
Pmax

, (1.60)

the non-dimensionalised PDEs5 reduce to the following form:

∂H̃

∂t̃
+ ũ(t̃)

∂H̃

∂x
= 0, (1.61)

were:

ũ(t) =
(Di/Li)

2(∆Pi(t̃)/Pmax)

µ
(rel)
i (t̃)

. (1.62)

Henceforth, tildes will be dropped, t will refer to the dimensionless time variable and x will

refer to the dimensionless spatial variable. Furthermore, only one spatial variable, x ∈ [0, 1]

will be needed to describe the system of PDEs.

5In this thesis, we use β = 32/Pmax instead because we found that the time-dependent equations were
easier to solve if we did not include the plasma viscosity in non-dimensionalisation.
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1.9 Properties of the system

The volumetric flows influence the haematocrit values, and the volumetric flows in each

vessel depend on the vessel haematocrit. Due to this nonlinear coupling between these

variables, computing solutions to the steady-state network equations is difficult for large

networks. However, the equations have important properties that facilitate solving these

equations. In this section, we describe important properties that have not previously been

described in the literature for vasculature networks.

1.9.1 Nodes with degree 2

Although all networks studied in this thesis comprise of boundary nodes with degree 1 and

non-boundary nodes with degree 3, it is possible to divide vessels into vessel segments by

introducing nodes with degree 2. Vessels in vascular networks often break vessels up into two

or more vessel segments (Bernabeu et al., 2020; Karst et al., 2017). This modification does

not make a significant difference to the equilibria. For example, consider a network N =

{N,E} such that (x, y) ∈ E and for a given equilibrium (P ,H) such that P x > P y. Consider

a new network N̂ = {N̂ , Ê} such that N̂ = N ∪{z} and Ê = (E \{(x, y)})∪{(x, z), (y, z)};
L(x,z) = αL(x,y) and L(y,z) = (1− α)L(x,y) for some α ∈ (0, 1); and D(x,y) = D(x,z) = D(z,y).

Then conservation of flow and haematocrit dictate that:

Q(x,z) = Q(z,y),

Q(x,z)H(x,z) = Q(z,y)H(z,y).

The addition of the new variables H(x,z), H(z,y) and P z and the removal of the variable

H(x,y) requires adaptation of the steady-state equations. If F (H,P ) = 0 are the steady-

state equations for the network N = {N,E}, then F̂ (Ĥ, P̂ ) = 0 denotes the steady-state

system of N̂ = {N̂ , Ê}. Furthermore, the equation F(x,y)(H,P ) = 0 is replaced with a

equation F̂(x,z)(Ĥ, P̂ ) = 0 and the system of equations F̂ (Ĥ, P̂ ) = 0 must now include

the equations F̂z(Ĥ, P̂ ) = 0 and F̂(z,y)(Ĥ, P̂ ) = 0. To ensure the conservation of flow and

RBCs, at node z, F̂z(Ĥ, P̂ ) and F̂(z,y)(Ĥ, P̂ ) take the following forms:

F̂z(Ĥ, P̂ ) = Q(x,z) −Q(z,y), (1.63)

F̂(z,y)(Ĥ, P̂ ) = Q(x,z)H(x,z) −Q(z,y)H(y,z). (1.64)
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F̂ (Ĥ, P̂ ) shares all other equations with F (H,P ) = 0. The only non-trivial solutions to

F̂z(Ĥ, P̂ ) = 0 and F̂(z,y)(Ĥ, P̂ ) = 0 are those for which H(y,z) = H(x,z) and Q(z,y) = Q(x,z).

Given this condition, P z can be defined in terms of P x, P y and α. Using the fact that

µ(z,y)(H(z,y)) = µ(z,x)(H(z,x)), D(x,z) = D(y,z) = D(x,y), and Q(x,z) = Q(z,y); using Equation

(1.32), the following relation holds:

P x − P z
α

=
P z − P y

1− α
. (1.65)

As a result, we observe that:

P z = (1− α)P x + αP y. (1.66)

By replacing the variable P z in Equation (1.32) with the expression in Equation (1.66) we

obtain the following equality:

Q(x,z) =
(P x − P z)πD4

(x,z)

128αL(x,y)µ(x,z)(H(x,z))
=

(P x − (1− α)P x − αP y)πD4
(x,z)

128αL(x,y)µ(x,z)(H(x,z))
(1.67)

=
(P x − P y)πD4

(x,y)

128L(x,y)µ(x,y)(H(x,z))
=

(P x − P y)πD4
(x,y)

128L(x,y)µ(x,y)(H(x,y))
= Q(x,y). (1.68)

As a result, Q(x,z) or Q(z,y) can be replaced by Q(x,y) in the system of steady-state equations.

Therefore, any equilibrium for the vessel network N = {N,E}, can be extended to an

equilibrium of N̂ = {N̂ , Ê} such that the values of the haematocrits of the new vessel

segments are equal to the haematocrit of the original vessel. This process can be repeated

to break up a vessel into an arbitrary number of segments.

1.9.2 Reduction to a linear set of equations

An important property of the system of steady-state network equations is the reduction

of the equations to a set of linear equations. The only possible haematocrit distribution

for a network with 0 inlet haematocrit in all inlet vessels is that of 0 haematocrit in all

vessels. As a consequence, the viscosity of the blood in each vessel is a constant. Therefore,

the conservation of flow equations (Equation (1.41)) form a linear set of equations for the

pressure variables. This result implies that for multiple equilibria to exist, at least one inlet

haematocrit must be positive.

A similar set of linear equations can also be formed by setting the haematocrit value of

every vessels to any set of constant values so long as the haematocrit values are less than 1.
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1.9.3 Properties of a convergence unit

Conservation of flow and RBCs at a convergence unit means that the haematocrit value in

the outflowing vessel of a convergence unit in Figure 1.3b is lower than the haem in one

of the inlet vessels. Rearranging the solutions to F(v,w) = 0 for Equation (1.39) yields the

following expression:

H(v,w) =
Q(u,v)

Q(v,w)
H(u,v) +

Q(z,v)

Q(v,w)
H(v,z). (1.69)

This expression simplifies to the following form:

Q(u,v)

Q(v,w)︸ ︷︷ ︸
=r

H(u,v) +

(
1−

Q(u,v)

Q(v,w)

)
H(v,z) = H(v,w). (1.70)

We obtain the following:

H(v,w) = rH(u,v) + (1− r)H(z,v). (1.71)

As 0 ≤ r ≤ 1, we have that:

min(H(z,v), H(u,v)) ≤ H(v,w) ≤ max(H(z,v), H(u,v)). (1.72)

1.9.4 Properties of a bifurcation unit

Similar results can be obtained at flow bifurcations. Consider the bifurcation unit in Figure

1.3a. With F(v,w)(H,P ) defined by Equation (1.37), if F(v,w)(H,P ) = 0 then we have that:

H(v,w) = ψ(v,w)(Q(v,w)/Q(u,v)︸ ︷︷ ︸
=r

, H(u,v))
Q(u,v)

Q(v,w)︸ ︷︷ ︸
=1/r

H(u,v), (1.73)

for the haematocrit in the daughter vessel, H(v,w). is obtained by rearranging Equation

(1.39). With Fv(H,P ) defined by Equation (1.41), if Fv(H,P ) = 0 then Equation (1.73)

simplifies to give:

H(v,w) =
1

r
ψ(v,w)(r,H(u,v))H(u,v). (1.74)

This equation is important because H(v,w) is greater than or less than H(u,v) depending on

the properties of ψ(v,w) and the value of r.
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Consider the general splitting rule of Equation (1.37) with:

A = − 7

D(u,v)

(D(v,w) −D(v,z))

(D(v,w) +D(v,z))
, P = 2.0, X0 = 0.05.

In Figure 1.4, we sketch the ratio ψ(v,w)(r)
6 for two sets of values of the diameters for

the bifurcation unit in Figure 1.3a. In Figure 1.4a D(v,w) = D(v,z), while in Figure 1.4b

D(v,w) = 100µm,D(v,z) = 5µm and D(u,v) = 10µm. If r = 0.6 and the diameters of

the daughter vessels are equal, Figure 1.4a indicates that ψ(v,w)(r)/r > 1. In contrast, if

r = 0.6 and the diameters of the vessels are the same as those used to generate Figure

1.4b, ψ(v,w)(r)/r < 1. Therefore, the haematocrit in the daughter vessel depends on the

splitting rule and the network parameters. However, if A = 0, ψ(v,w)(r) ≥ r for r ≥ 0.5

for all values of P and X0. In this case, the daughter vessel with the larger flow also has a

greater haematocrit value than the parent vessel.

A similar expression can be formulated for the haematocrit in the other daughter vessel,

H(v,z). It is straightforward to show that:

H(v,z) =
(1− ψ(v,w)(r))

1− r
H(u,v). (1.75)

If ψ(v,w)(r) > r, then 1 − ψ(v,w) < 1 − r and H(v,z) < H(u,v). (and conversely when

ψ(v,w)(r) < r). We conclude that, the haematocrit value of one daughter vessel is always

greater than the haematocrit value of the parent vessel and the haematocrit value of the

other daughter vessel is always less.

Another important property of a splitting rules is the existence of maxima in Figures 1.4c

and 1.4d. Both figures show the plot of:

f(v,w)(r) =
ψ(v,w)(r)

r
, (1.76)

which is also the scaling factor for the daughter haematocrit in Equation (1.74). Equation

(1.76) is once differentiable on (0, 1) because φ(v,w)(r) and 1/r are both once differentiable

on (0, 1). This maxima always exists in an interval between (r1, 1 − X0), where r1 is the

value of r ∈ (0, 1) for which f(v,w)(r1) = 1. Taking the derivative of f(v,w)(r) with respect

6As the values of A,P and X0 do not depend on H(u,v), the splitting rule reduces to a function of r.
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Figure 1.4: Comparison of ψ(u,v) with the two different parameter sets for the bifurcation
unit in Figure 1.3a. (a): Plot of ψ(u,v)(r) for the vessel diameters D(v,w) = D(v,z); (b):
Plot of ψ(u,v)(r) when D(v,w) = 100µm , D(v,z) = 5µm and D(u,v) = 10µm; (c): Plot of
ψ(u,v)(r)/r when D(v,w) = D(v,z); (d): Plot of ψ(u,v)(r)/r D(v,w) = 100µm , D(v,z) = 5µm and
D(u,v) = 10µm.
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to r, it is straightforward to show that:

f ′(v,w)(r) =
1

r
(ψ′(v,w)(r)− f(v,w)(r)). (1.77)

ψ(v,w)(r1) > 1, because ψ(v,w)(r) intersects r at r = r1. We deduce that:

f ′(v,w)(r1) =
1

r1
(ψ′(v,w)(r1)︸ ︷︷ ︸

>1

− f(v,w)(r1)︸ ︷︷ ︸
=1

) > 0. (1.78)

Since ψ′(v,w)(1−X0) = 0 we have that:

f ′(v,w)(1−X0) =
1

1−X0
(ψ′(v,w)(1−X0)︸ ︷︷ ︸

=0

−f(v,w)(1−X0)) < 0. (1.79)

Since f ′(v,w)(r1) > 0 and f ′(v,w)(1−X0) < 0, a maxima must exist in the interval (r1, 1−X0).

Another consequence of Equation (1.76) is that the value of the haematocrit in the daughter

vessel with larger flow will eventually decrease as the flow ratio approaches 1.

1.9.5 Acyclic flow

As blood flow is driven by pressure gradients, the possible directions of blood flow in a

network are restricted. Consider a vascular network network N = {N,E} with m vessels

and n nodes. Let G be a directed network that has the same nodes and edges as N but

the edges are directed. Let GN be the set of all directed networks based on network N for

which: all inlet and outlet nodes have degree 1, all interior nodes have a minimum in degree

of 1 and minimum out degree of 1, and the direction of flow can be induced by a distribution

of nodal pressures. Another description of the criteria of GN , is a set of directed networks

that correspond to the possible directions of blood flow in N . One consequence of these

criteria is that all networks G ∈ GN must be acyclic because flow loops are not possible.

A loop in a network is any path that starts and stops at the same node. Loops are not

possible for the set of equations because the direction of flow in a vessel, (x, y), is dictated

by values of P x and P y. For the flow in vessel (x, y) to flow from x to y, P x > P y. Now

consider a sequence of k nodes, {ui}ki=1, such that u1 = x, uk = x, ui 6= x for 1 < i < k. For

this loop to belong to a network G ∈ GN , this would imply that:

P x > P u1 > .... > P uk−1
> P x. (1.80)
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This is clearly a contradiction. Therefore, loops of flow cannot exist. An important conse-

quence of this property is that the number of possible flow directions in a network is limited

by the topology of the network.

Definition 1.2. (Redundant vessels)

Consider a network N = {N,E}. Let GN denote the set of all acyclic directed networks of

N . If G1 = {N,E1} ∈ GN and G2 = {N,E2} ∈ GN such that a vessel (x, y) ∈ E, (x, y) ∈ E1

and (y, x) ∈ E2, then vessel (x, y) is known as a redundant vessel.

The term “redundant vessel” was first used by Ben-Ami et al. (2022) to describe a vessel

for which a solution existed with a haematocrit value of 0 in that specific vessel. However,

the key topological property of the network that led to multiple equilibria and instability of

the blood flow was the fact that the flow direction was not fixed in this vessel. Therefore,

the redundant vessel introduced by Ben-Ami et al. (2022) is consistent with Definition 1.2.

If a vessel is not a redundant vessel, then it is known as a fixed vessel. From now on,

we use triangular bracket notation to denote redundant vessels. For example, if a vessel

between node x and node y is a redundant vessel, then this vessel is denoted by 〈x, y〉.
Round brackets will be used as the notation for fixed vessels.

1.9.6 Single inlet/outlet networks

As the equations of flow and haematocrit are posed in terms of ratios of flow, the haematocrit

distribution of a network with a single inlet and outlet vessel is independent of the inlet and

outlet pressure. For example, consider a network N = {N,E} with n nodes and m edges.

If the network nodes are indexed with i ∈ {1, ..., n}, let 1 be the inlet node and n be the

outlet node. For any solution to the network equations, (P ,H), let:

{P1, P 2, P 3, ..., PN−1, Pn} and {Q(x1,y1), Q(x2,y2), ..., Q(xM ,yM )},

be the corresponding pressures and flows of the network. If the following transform is

applied to every pressure:

{α(P1 − β), α(P 2 − β), α(P 3 − β), ...., α(Pn−1 − β), α(Pn − β)}, (1.81)

such that α > 0 and β < Pn. Using the formula for flow in a vessel in Equation (1.32),

the ratio of flows for any two vessels can be shown to be independent of this pressure
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Figure 1.5: Diagram of a possible flow loop in a vasculature network.

transformation:

πD4
(xi,yi)

(α(Pxi−β)−α(P yj−β))
128L(xi,yi)

µ(xi,yi)(H(xi,yi)
)

πD4
(xj,yj)

(α(Pxj−β)−α(P yj−β))
128L(xj,yj)

µ(xj,yj)(H(xj,yj)
)

=

πD4
(xi,yi)

(Pxi−P yi)
128L(xi,yi)

µ(xi,yi)(H(xi,yi)
)

πD4
(xj,yj)

(Pxj−P yj )
128L(xj,yj)

µ(xj,yj)(H(xj,yj)
)

=
Q(xi,yi)

Q(xj ,yj)
. (1.82)

Therefore, the flow ratios are independent of the choice of inlet and outlet pressures. As a

consequence, the haematocrit distribution is the same regardless of the choice of pressure

boundary conditions. Therefore, the inlet and outlet pressures can be adjusted to any pair

of non-zero values without altering the haematocrit distribution using the transformation

in Equation (1.81), so long as P1 > Pn. A similar result is true for a network with a single

outlet and multiple inlets by setting β to the value of the outlet pressure.

Conservation of flow and RBCs also dictates that the inlet haematocrit must be equal

to the outlet haematocrit. For the example network, let (1, 2) and (n− 1, n) correspond to
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the inlet and outlet vessels. Then by conservation of flow and RBCs:

Q(1,2) = Q(n−1,n), (1.83)

Q(1,2)H(1,2) = Q(n−1,n)H(n−1,n), (1.84)

H(1,2) = H(n−1,n). (1.85)

1.10 Discussion

The construction of network equations are presented in this chapter are used througout

this thesis because the equation construction allows for the derivation of the network equa-

tions for any size system using the same types of equations. The structure of the network

equations not only allows for the derivation of equations from the network geometry and

boundary conditions, but also facilitates some of the numerical techniques that we utilise

to solve the system of steady-state network equations. These methods are described in

Chapters 2 and 3.

Using the modelling framework described in this chapter, we will demonstrate a mecha-

nism that may generate cycling-hypoxia within the tumour microenvironment. Bernabeu

et al. (2020) showed that equilibria of blood flow within networks can result in the formation

of chronic-hypoxia. We wish to demonstrate a similar mechanism for cycling-hypoxia. How-

ever, since cycling-hypoxia is a time-dependent process, we must include the time-dependent

blood flow equations in our proposed mechanism. Ben-Ami et al. (2022) proposed that

cycling-hypoxia could arise from the formation of self-sustained oscillations of blood flow.

However, we propose that cycling-hypoxia results from the blood flow switching between

multiple equilibria as an alternative hypothesis. We hypothesise that these switching events

could either arise from stochastic fluctuations of RBC partitioning at flow bifurcations or

from constantly changing network boundary conditions.

As we focus on deriving network properties that lead to multiple steady-state solutions,

we restrict our attention to small motifs. Section 1.1 describes some of the key observa-

tions of the vasculature in tumours compared with healthy vasculature. Some of the key

characteristics that are commonly described are the wide range of vessel diameters and the

presence of loops. Therefore, the geometry of synthetic networks in this thesis should ex-

hibit these characteristics. We also investigate the role of certain vessels, known as shunts,

in redirecting blood flow in vascular networks. Section 1.9.5 introduced the concepts of
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redundant and fixed vessels. The presence of redundant vessels in synthetic networks nat-

urally introduces shunts to synthetic networks because multiple flow pathways must exist

for a redundant vessel to exist.

In what follows, we will focus on investigating the impact of redundant vessels. Vascular

networks with redundant vessels are important to study because the structural similarities

to tumour vasculature. We discussed how tumour vasculature can often form looped struc-

tures in Section 1.1, the presence of redundant vessels in vascular networks can introduce

looped structures in synthetic networks. Not only do these redundant vessels mimic the

structure of tumour vasculature, networks that have been shown to admit multiple equi-

libria also had multiple different flow directions. Gardner et al. (2010) showed that the

triangle network admitted three equilibria and identified one vessel in which the flow was

not fixed. Karst et al. (2017) showed that hexagonal and Voronoi networks may admit

multiple equilibria. Where multiple equilibria existed, most equilibria were associated with

a unique set of flow directions. Furthermore, the flow directions were only different for a

small proportion of the vessels. Therefore, although they did not explicitly identify the

vessels for which the flow direction could change, they were aware that the flow did not

change direction in all vessels.

1.11 Thesis outline

In this chapter, we have explained the significance of chronic- and cycling-hypoxia, de-

scribed how vascular networks differ between tumour and normal tissues, and reviewed the

mathematical models of blood flow in vascular networks. We considered steady-state and

time-dependent models for the blood flow in the vasculature. We showed how the models

are constructed by combining Stokes flow in pipes and phenomenological laws describing

the blood viscosity and how RBCs partition have been derived from in vivo experiments.

Finally, we introduced some properties of vascular networks that have implications for the

existence of multiple equilibria. These properties were included in this chapter because we

refer to them throughout the thesis. Importantly, we introduce the concept of redundant

vessels. In the remaining chapters, we will show how the existence of multiple equilibria

depends on the presence of redundant vessels and propose a mechanism by which blood

flow in redundant vessels may change direction.

In Chapter 2 we review some of the techniques that we use to solve the network equa-

tions.
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In Chapter 3 we investigate the impact of redundant vessels on the multiplicity of steady-

state solutions for specific network motifs. Here, we are primarily interested in determining

the relationship between the number of redundant vessels and the number of equilibria.

More specifically, we show that the upper bound on the number of equilibria increases

exponentially with the number of redundant vessels. By linking the number of equilibria

to the number of redundant vessels, we aim to improve predictions about the number of

possible equilibria a network may admit. We also show that for multiple equilibria to exist,

the flow direction in at least one redundant vessel must be different for one of the equilib-

ria. Furthermore, we show a consistent pattern of multiple equilibria, which applies to all

network motifs that we study in the chapter for a range of vessel length ratios and network

boundary conditions.

In Chapter 4 we show how the link between network redundancy and multiple equilib-

ria applies to specific networks for a range of vessel diameters. Microcirculation contains

vessels with diameters as large as 300µm, and blood behaves differently in vessels with

smaller diameters. Due to the complication of investigating the link between redundancy

and equilibria across a wide range of diameter scales and ratios.

In Chapter 5 we introduce mechanisms that may cause the direction of blood flow within

redundant vessels to change. At the same time, we show how the time-dependent solutions

switch between stable equilibria. As the distribution of RBCs within a network are differ-

ent for each equilibrium, showing how these switches occur links the results in Chapters

3 and 4 with cycling-hypoxia. For this investigation, we introduce a deterministic mecha-

nism based on hysteresis and a stochastic mechanism for switching between equilibria. The

stochastic mechanism is especially important because unlike the deterministic mechanism,

this mechanism does not require any additional inputs into the model. Therefore, it enables

us to investigate how the time scales between switches depend on properties of the networks.

Finally, in Chapter 6 we discuss the implications of our results and how they provide in-

sight into possible causes of cycling-hypoxia. We also outline possible directions for future

investigation which have been made possible by our findings.
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Chapter 2

Methods

2.1 Introduction

Given the complicated nonlinear coupled relationship between volumetric flow and discharge

haematocrit of the steady-state network equations in Section 1.7, it is difficult to solve these

equations for large networks. In this thesis, our aim is to determine if a mechanism exists

that is able to push the time-dependent solution between multiple stable equilibria. There-

fore, we require a numerical scheme that converges to the solution of the time-dependent

equations described in Sections 1.4 and 1.8, and a numerical method capable of determining

multiple solutions to the nonlinear steady-state network equations described in Section 1.7.

The PDE for the motion of haematocrit in a vessel (Equation (1.23)) is in the form of the

transport equation and there are many different schemes that can be applied to this prob-

lem. Furthermore, there is more literature on solving the time-dependent network equations

(Ben-Ami et al., 2022; Carr and Lacoin, 2000; Carr et al., 2005; Davis and Pozrikidis, 2011;

Geddes et al., 2007; Karst et al., 2017; Pop et al., 2007).

Solving the steady-state equations is more difficult than solving the time-dependent equa-

tions because the equations are coupled and nonlinear. Occasionally, it is possible to reduce

the network equation to a single nonlinear equation (Gardner et al., 2010). When this is

possible enumerating the solutions of this equation is feasible without the use of a compli-

cated numerical method. However, this is rarely the case. Therefore, we require a more

general method to reliably solve the system of network equations and find multiple solutions

for a range of different network geometries. It has been shown in the literature that it is

relatively easy to compute a single equilibrium for a network compared with computing

multiple solutions. Furthermore, it is difficult, if not impossible, to determine if a set of
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solutions is complete.

This chapter will contain a discussion of some of the methods used to solve both the steady-

state and time-dependent network equations, as well as a full description of the techniques

that we use throughout the thesis. This chapter contains the following sections: Section

2.2 details some of the methods that have been used to solve the network equations using

pressure boundary conditions and describes in more detail the particular methods used in

this thesis; Section 2.3 contains a discussion of the numerical methods for solving the system

of network PDEs; and in Section 2.4 we discuss why the methods we use in this thesis have

been selected.

2.2 Methods for solving the steady-state equations

The first method we discuss is the iterative approach to solving for the haematocrit dis-

tribution associated with the steady-state equilibrium. This method has been widely used

to find the equilibria of vasculature networks (Bernabeu et al., 2020; Ganesan et al., 2010;

Grogan et al., 2017; Kiani et al., 1994; Pries et al., 1990; Tawfik and Owens, 2013). Itera-

tive methods are based on two properties of the network equations; the interior pressures

are uniquely defined by the haematocrit distribution and the boundary conditions; and a

unique haematocrit distribution can be defined by the flow and the previous haematocrit

distribution. These two properties form a two step process to define a sequence which

converges to the solution of steady-state network equations. A haematocrit distribution is

used to uniquely define a set of pressures which, in turn, is used to define the flows for a

network. Once the flow in every vessel is known, the haematocrit distribution and the flows

are used to update the haematocrit distribution. The resulting sequence of haematocrit

distributions, pressures, and flows will in theory converge to an equilibrium of the system

for any initial starting haematocrit distribution.

Iterative methods are widely used to find a solution to the network equations for large

networks. Pries et al. (1990) were some of the first to use this iterative approach to find

the equilibria of networks based on rat mesentry. Using this method, they were able to

evaluate networks with 436 − 913 vessel segments. Bernabeu et al. (2020) used the same

method to find the equilibria of a hierarchical network containing 46 vessels. Regardless

of the network topology, this method does not restrict the choice of splitting rule, as long

as it uses the same basic formula given in Equation (1.13), and in theory can be scaled to
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any size network. However, the iterative approach relies on the assumption that the itera-

tion will converge. Karst et al. (2017) demonstrated that the iterative approach displayed

dynamic properties such as period-doubling and chaos for some choices of initial starting

haematocrit distributions when computing the equilibria of a simple triangle network.

The other method we consider is that of numerical continuation. Continuation methods

are a general set of methods that are used to find zeros of nonlinear systems of equations.

Although they have rarely been used to find equilibria of vasculature networks, they have

been successfully used to find multiple equilibria (Karst et al., 2017). Continuation methods

are used primarily to solve systems comprising N nonlinear equations in N variables in the

form:

F : RN → RN ,

where the Jacobian JF , of F is of full rank. The idea underpinning continuation is that

if a solution of F = 0 is known for a parameter value of the system and the solution of

the system depends continuously on a parameter, it is possible to find solutions in the

neighbourhood of the initial solution. For instance, let F (x, ξ) = 0 be a system of equations

such that x is the set of variables and ξ is a parameter of the system. If the solution to

F (x, ξ) = 0 is known for some ξ = ξ0. This solution can be used to find a continuous set of

solutions x(ξ) which is implicitly defined by:

F (x(ξ), ξ) = 0. (2.1)

We will now use the term zero of the system F when describing the solutions to Equation

(2.1).

If a zero of F is not known for any value of ξ, it is possible to use numerical continu-

ation to find a zero of F by construction of a homotopy function. Consider a different

system of equations:

G : RN → RN ,

for which the zeros of G are trivial to find. A homotopy or deformation function deforms

the zeros of G into the zeros of F 1:

h : RN+1 → RN ,
1In most of the literature, this function is denoted by H : RN+1 → RN . It has been changed here to

address any possible confusion with the haematocrit variables H.
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with the following proprieties; h(x, 1) = G(x) and h(x, 0) = F (x). G is known as the

starting system and F is known as the target system. To find the zeros of F , one can

track the paths from the known zeros of G such that h(x, ξ) = 0, ∀ξ ∈ [0, 1]. However,

the homotopy function must have certain properties for this method to be applicable. If

we denote a zero of G by x and the corresponding zero of F by x, then h must have the

following properties:

1. A smooth curve c(s) ∈ h−1(0) must exist such that (x, 1) belongs to the range of c(s).

2. c : J → RN+1 such that J is an open interval.

3. The curve must intersect F−1(0) when ξ = 0.

The implicit function theorem guarantees the first and second properties so long as the

Jacobian of h(x, ξ) has full rank at the point (x, 1) (Any point that satisfies this condition

is known as a regular point if h satisfies this condition), and a curve c(s) ∈ h−1(0) will

belong to an open set containing (x, 1).

The second property is not true in all circumstances. However, so long as h satisfies some as-

sumptions, it is possible to deduce two possible behaviours of the curve c(s). For a function

f : Rq → Rp, if y ∈ Rp such that all x ∈ f−1(y) are regular points of f then y is known as a

regular value. If 0 is a regular value of h then there are only two possibilities for the curve

c(s); (i) c(s) is diffeomorphic to a circle, more precisely, c(s1) = c(s2) if and only if s1 − s2

is an integer multiple of some T ; (ii) c(s) is diffeomorphic to the real line or c is injective

and has no accumulation point for s → ±∞. Details of the proof of these properties can

be found in Allgower and Georg (2003). By carefully choosing G, we can ensure that (x, 1)

is a regular point of h. It is possible that c(s) never intersects F−1(0) if our curve is diffeo-

morphic to a circle. It is also possible that the curve c(s) does not intersect F−1(0) because

0 is not a regular value of h. One strategy to overcome of these problems when finding ze-

ros of F is to choose a different starting system, G, if h is unsuccessful at finding a zero of F .

Consider a homotopy function of the form of h(x(ξ), ξ) and let x(ξ) be the curve implicitly

defined by h(x(ξ), ξ) = 0 starting at (x, 1). If we take the derivative of h(x(ξ), ξ) = 0

with respect to ξ, then we obtain the resulting system of differential equations, known as a

Davidenko differential equation:

d

dξ
h(x(ξ), ξ) = Jh(x(ξ), ξ)

dx

dξ
+
∂h

∂ξ
(x(ξ), ξ) = 0. (2.2)
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Jh(x, ξ) is the Jacobian of h(x, ξ) with respect to the variables {x1, x2, ..., xn}. Therefore,

to track the zeros of G(x) to the zeros of F (x), we simply need to numerically solve the

differential equation from the initial value (x, 1), so that G(x) = 0. In practice, finding the

curve x(ξ) will not solely be done by solving the system of differential equations because

this method is inefficient. The most commonly accepted approaches to finding the curve is

the predictor-corrector method or the piecewise linear method (Allgower and Georg, 2003).

These methods allow for the curve to be traced more accurately by making corrections to

the numerical solution of the ODE in Equation (2.2). Let (xn, ξn) be a point on (x(ξ), ξ),

the predictor-corrector method uses Euler’s method and the point (xn, ξn) to find the point

(y0, ξn+1) that approximates the next point on the curve (xn+1, ξn+1). Newton-Raphson’s

method is then used with this initial approximation y0 to generate a sequence of points

{yi}i=0. Once |h(yk, ξn+1)|< ε for some chosen tolerance, xn+1 is set to value of yk. Another

more complex method used to trace the curve is that of the piecewise-linear approximation

method. We do not summarise this method in this thesis for the sake of brevity, but the

details of this method can be found in Chapter 12 in Introduction to Numerical Continua-

tion (Allgower and Georg, 2003).

Numerical continuation is not only useful for finding an initial zero of a system of equations.

Once this zero is known, numerical continuation can be used to create a bifurcation diagram

of the zeros as some key parameter varies. Instead of considering a homotopy function h, if

we consider the following system of equations:

F : RN+1 → RN , (2.3)

such that x(ξ) is a zero of the system for the parameter value of ξ. Numerical continuation

for finding the zeros of F as some parameter, ξ, changes is similar to finding an initial zero

of F . If one zero of F is known for ξ = ξ0 such that (x(ξ0), ξ0) is a regular point, then

numerical continuation can be used to find a curve c(s) such that c(0) = (x(ξ0), ξ0).

Unlike the system of equations h, 0 may not be a regular value for F . Therefore, the

curve c(s) may contain bifurcation points. For simplicity we focus on fold bifurcations be-

cause the existence of fold bifurcations for a system coincides with multiple equilibria. A

fold bifurcation is a point, c(s1) = (x(ξ1), ξ1), at which one of the eigenvalues of JF (x(ξ1), ξ1)

is equal to zero (Kuznetsov et al., 1998). The geometric implication of these fold points is

that the curve c(s) will contain a second branch that also tends towards the fold bifurca-

tion. Test functions can detect bifurcation points by detecting a change in sign for a key
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parameter. For example, a test function that detects the existence of a fold bifurcation for

the system of equations F (x, ξ) = 0:

T (x, ξ) = Πn
i=1λi(x, ξ), (2.4)

where λi(x, ξ) is the eigenvalue of JF (x, ξ). If the value of T (x, ξ) changes sign between two

points on the curve c(s) then a fold bifurcation has occured. Test functions are also capable

of detecting more complicated bifurcations points such as pitchfork and Hopf bifurcation

but we restrict our attention to fold bifurcations in this thesis for simplicity. We will also

not specify the types of test functions used for numerical continuation as we utilise standard

software capable of detecting the fold bifurcations (Doedel et al., 1999).

2.3 Numerical methods for the time-dependent equations

The simplest method to solve the time-dependent network equations is to assume that the

haematocrit in each vessel is well mixed by converting Equations (1.37) and (1.39) into the

following:

dH(v,w)

dt
= ψ(v,w)(Q(v,w)/Q(u,v), H(u,v))Q(u,v)H(u,v) −Q(v,w)H(v,w), (2.5)

dH(v,w)

dt
= Q(u,v)H(u,v) +Q(z,v)H(z,v) +Q(w,v)H(w,v). (2.6)

The subscript (v, w) in Equation (2.5) refers to the daughter vessel in the bifurcation unit

in Figure 1.3a and the same subscript in Equation (2.6) refers to the outflow vessel in the

convergence unit in Figure 1.3b. This method is known as the mixed method. Carr and

Lacoin (2000) used the mixed method to evaluate the stability of a network and found

that it predicted steady-states for networks for which other numerical methods resulted in

oscillations. Therefore, this method is unreliable at accurately solving the time-dependent

equations.

Various standard numerical schemes have been applied to the network PDEs in the lit-

erature. The Lax-Wernoff and Upwind schemes have been used by Geddes et al. (2007) to

verify the instabilities of a simple two node network. The Upwind scheme has also been used

by Davis and Pozrikidis (2011) to solve PDEs for branching networks. One problem with

these schemes is that the numerical solution could lead to dispersive or diffusive behaviour

(LeVeque, 2007). This is less of an issue for the networks studied by Geddes et al. (2007)
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and Davis and Pozrikidis (2011) because they worked on networks with only one possible

flow direction and the initial conditions chosen for the networks were smooth. However,

this dispersive behaviour could prove to be more of an issue for networks with redundant

vessels because the blood flow in the redundant vessels can change direction. When blood

flow changes direction, there is no guarantee that haematocrit is uniformly 0 throughout

the whole vessel, resulting in the formation of a discontinuity in the solution.

Pop et al. (2007) used the method of characteristics to evaluate the numerical solution

to the PDEs with shocks and Carr and Lacoin (2000) used this method to solve PDEs for

a network with redundant vessels. However, this method can be computationally expensive

because it requires tracking the haematocrit distributions for every vessel. As our goal for

solving time-dependent network equations is to understand when the solutions switches be-

tween stable equilibria, it is not necessary to understand how the haematocrit distribution

evolves in each vessel.

The most common approach in the literature is to convert the system of PDEs described in

Sections 1.4 and 1.8 into a system of Delay Differential Equations (DDEs). If we take the

spatial average in the x direction for equations in the form of Equation (1.62).

∫ 1

0

∂H

∂t
dx = −

∫ 1

0
u(t)

∂H

∂x
dx (2.7)

dH

dt
= u(t)(H(0, t)−H(1, t)). (2.8)

Geddes et al. (2007), Carr et al. (2005) and Ben-Ami et al. (2022) used this method to

study the dynamics of simple networks, but we will specifically focus on the method used

by Ben-Ami et al. (2022). We converted this system of PDEs into a system of DDEs. The

key step employed here is to use the fact that it takes a finite amount of time for haematocrit

to propagate through a vessel. The haematocrit leaving the vessel at time t is equal to the

haematocrit entering the vessel at some time t− τ(t) such that:

H(1, t) = H(0, t− τ(t)). (2.9)

As vessels have a fixed length, taking the integral of the propagation speed u between the

limits of (t− τ(t), t), we know that:

1 =

∫ t

t−τ(t)
u(s)ds. (2.10)
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Therefore, τ(t) is the time needed to satisfy this equality. To find the average haematocrit,

we need to solve the DDEs numerically, which is simpler than solving the PDEs. The

difficulty of this method is determining the resistance of the vessel at time t. Carr et al.

(2005) and Geddes et al. (2007) considered the resistance to be a function of the average

haematocrit. This approximation does allow for the equations to be solved, but is an

unnecessary simplification. Therefore, we will use the same method that we used in (Ben-

Ami et al., 2022). If the partial derivative with respect to t is taken on both sides of the

equation for the average viscosity, then the following differential can be derived:

∂

∂t
µ(t) =

∂

∂t

∫ 1

0
µ(H(x, t))dx, (2.11)

dµ

dt
(t) =

∫ 1

0

∂H

∂t

dµ

dH
dx, (2.12)

dµ

dt
(t) = −u(t)

∫ 1

0

∂H

∂x

dµ

dH
dx, (2.13)

dµ

dt
(t) = u(t)[µ(H(0, t))− µ(H(0, t− τ(t)))]. (2.14)

This differential equation can be calculated simultaneously with the equation for the average

haematocrit, allowing the resistance and flow to also be known at time t. It is important

to note that the differential equations for the average haematocrit are decoupled from the

equations for the average viscosity. Both sets of differential equations depend on the haema-

tocrit values at the beginning and end of each vessel, but these are both determined by the

flow which are functions of the average viscosity.

The difficulty of this method is how to deal with vessels for which the flow can change

direction. This method presents a different challenge from that presented by the mixed

method. The system of equations for the mixed method could automatically take into ac-

count the direction of flow. The same does not apply to the DDEs, because the form of

the equations depends on the haematocrit at either end of the vessel. When the direction

of flow changes, the orientation of the two ends also changes, and this needs to be reflected

by Equations (2.8) and (2.14). Furthermore, this complicates computing H(1, t) because it

is no longer possible to find a τ(t) such that Equation (2.10) holds if a sufficient amount

of time has passed for the haematocrit to propagate from one end of the vessel to the

other. This is also an issue for a small initial time interval, but this can be more easily

circumvented by setting an initial haematocrit distribution and setting:

H(1, t) = H
(

1−
∫ t

0
u(s)ds, 0

)
, (2.15)
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until:

1 =

∫ t

0
u(s)ds. (2.16)

Fortunately, it is still possible to use DDEs for networks with redundant vessels. Ben-Ami

et al. (2022) devised a scheme by which the change in the direction of blood flow in a

redundant vessel could be tracked and used to reconstruct the haematocrit values at the

ends of the redundant vessels with changes in the direction of the flow. If we let τ1 be the

time at which u = 0, the flow direction starts to reverse. We will adopt the convention that

H(1, t) is now the inlet haematocrit of the vessel at t > τ1 and H(0, t) is now the outlet

haematocrit for the vessel at t > τ1. Then the blood at time t > τ1 can only have travelled

a length of L1 along the vessel, which is defined as:

L1 =

∫ t

τ1

u(s)ds. (2.17)

Assuming that L1 < 1, this means that the blood has travelled L1 back along the vessel

displacing the haematocrit up to the length of L1 from the vessel, and so:

H(0, t) = H(L1, τ1). (2.18)

A visual representation of the haematocrit from one end of the vessel displacing the haema-

tocrit from the other end can be seen in Figure 2.1a. Therefore, to find the haematocrit for

the outlet of the vessel, we need to find H(L1, τ1) but this can be done in a similar way to

before, where the delayed time τ(τ1) can be found by solving for:

L1 =

∫ τ1

τ1−τ(τ1)
u(s)ds. (2.19)

This means that:

H(0, t) = H(L1, τ1) = H(0, τ1 − τ(τ1)). (2.20)

As soon as L1 = 1, the equation reverts back to the original case, but with the flow in the

opposite direction. It is possible that the flow changes direction again before L1 = 1. If

this occurs, we can use the same trick again with some alterations. If we now let τ2 be the
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(a)

(b)

(c)

Figure 2.1: Vessel diagrams of the sequential cases for two changes of flow direction
with a redundant vessel in a vascular network. (a): Vessel diagram showing the progress
of the red blood cells along a non-dimensionalised vessel at time t for which the flow
direction has changed once. (b): Vessel diagram showing the progress of the red
blood cells along a non-dimensionalised vessel at time t for which the flow direction
has changed twice and L2 < L1. (c): Vessel diagram showing the progress of the red
blood cells along a non-dimensionalised vessel at time t for which the flow direction has
changed twice and L2 ≥ L1.

47



time for the second change in flow direction, then we define the following.

L1 =

∫ τ2

τ1

u(s)ds, (2.21)

L2 =

∫ t

τ2

u(s)ds. (2.22)

Assume that L2 < L1, then a similar situation to L1 occurs, but in reverse. Blood travels

a distance of L2 along the vessel and blood up to the point of L1 − L2 is displaced from

the vessel at the opposite end. A similar calculation can be performed to find the average

haematocrit at the boundary:

H(1, t) = H(1− L2, τ2) = H(1, τ2 − τ2(τ2)), (2.23)

where τ(τ2) is implicitly defined by:

L2 =

∫ τ2

τ2−τ(τ2)
u(s)ds. (2.24)

A visual representation of the haematocrit from one end of the vessel displacing the haema-

tocrit from the other end can be seen in Figure 2.1b. If 1 > L2 > L1 then:

H(1, t) = H(1− L2 + L1, τ1) = H(0, τ1 − τ(τ1)), (2.25)

where τ(τ1) is implicitly defined by:

1− L2 + L1 =

∫ τ1

τ1−τ(τ1)
u(s)ds. (2.26)

This last case is visually represented by Figure 2.1c. When L2 > 1 the equation reverts

back to the original case before the flow changed direction at τ1. It is possible for further

cases of flow reversal to occur, in which case it is possible to define a sequence of lengths

{Li}ni=1 with the following formula:

Li =


∣∣∣ ∫ τi+1

τi
u(s)ds

∣∣∣ i < n,∫ t
τi
u(s)ds i = n,

(2.27)
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where τi defines the times at which the flow direction is reversed. As long as 1 > L1 >

L2 > ... > Ln, the sequence can be used to construct the haematocrit at the ends of the

vessel. As soon as Ln ≥ Ln−1, the sequence of lengths is replaced by {Li}ni=1,i 6=n−1. As

the interval (0, 1) can be continuously divided, these rules can be applied recursively to the

vessel because the sum of the lengths will always be less than 1 by construction.

This method has had some encouraging results. It has been shown in the literature that this

method has correctly identified stable steady-states and oscillatory limit cycles for networks

(Carr et al., 2005). Therefore, it is suitable for the purpose of correctly identifying stability

of the equilibria. This method does have the drawback of not saving the distribution of

haemaocrit over time changes, but this can be recreated from the speed of propagation

function. However, this may be difficult to do at every time point especially if multiple

changes in the flow direction in redundant vessel has occurred.

2.4 Discussion

For the remainder of this thesis, numerical continuation is used to find zeros of the system

of network equations and DDEs are used to find time-dependent solutions. As discussed

in Section 2.2, so far, only numerical continuation has proven successful at finding multiple

equilibria in vasculature networks with more than six vessels. Numerical continuation is

also useful because it allows for the generation of bifurcation diagrams. However, numerical

continuation does have limitations. It is not clear which starting system, if any, would

result in a path to the solution of the target system. For the specific purpose of solving

the system of steady-state network equations, we consider more than one option for the

starting system in Chapter 3 but this does not provide a theoretical guarantee of finding an

equilibrium of the network. We did explore the possibility of using Homotopy continuation

to solve the network equations because this has a theoretical guarantee of finding the zeros

of an algebraic system of equations. It is possible to convert the system of steady-state

network equations into an algebraic approximation that can be solved using homotopy con-

tinuation, but this method scales too poorly with network size to be practical, and so we

do not provide details of this algebraic approximation in this thesis.

Converting the system of PDEs into a system of DDEs is advantageous for two reasons.

The haematocrit distribution for every vessel does not need to be explicitly found which im-

proves the computational expense for solving the system of equations for a whole network.

Furthermore, the haematocrit distribution for any vessel is recoverable by using the history
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of the haematocrit at the ends of the vessels and the volumetric flow. Secondly, converting

the system into DDEs is also useful because we will modify the system of DDEs with the

addition of stochastic noise in Chapter 5.
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Chapter 3

Implications of network

redundancy on multiple equilibria

3.1 Introduction

Vascular networks come in a wide range of geometries and topologies. Due to the compli-

cated nonlinearity of the network equations, it is unclear whether the properties of a specific

network leading to the existence of multiple equilibria generalise to other networks. Two

networks that share common parameters, such as inlet haematocrits, can admit different

numbers of equilibria even if the two network topologies are similar. Predicting the existence

of multiple equilibria in a network based on equilibria of subnetworks may not be possible

because even the addition of a single new vessel to a network may completely change the

number of equilibria. One of the fundamental issues with finding network equilibria is the

lack of understanding behind the causes of multiplicity of solutions. This chapter addresses

this issue by linking the existence of multiple equilibria with the direction of blood flow in

the network. Furthermore, the relationship between the stability of the equilibria and the

flow direction in a network is also explored.

We remind the reader of the concept of redundant and fixed vessels first discussed in Section

1.9.5; the topology of the network allows the flow direction of certain vessels to change, these

are known as redundant vessels (Definition 1.2), and vessels for which the flow direction

cannot change are known as fixed vessels. As described in Section 1.9.5, all vessels that are

specified with triangular brackets (〈, 〉) are redundant vessels and all fixed vessels are denoted

by circular brackets. Karst et al. (2017) observed that the number of equilibria admitted by
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honeycomb and Voroni networks correlated with the number of viable flow directions in the

two networks. Almost all equilibria have a corresponding unique flow direction through the

two networks. Distinguishing between different equilibria using the flow direction is more

useful than comparing the haematocrit or volumetric flows of individual vessels because

comparing flow directions allows for a natural categorisation of the equilibria into discrete

sets. Comparing two equilibria via continuous values, such as haematocrits or volumetric

flows, does not allow for the same categorisation. For example, if more than two equilibria

were compared using the haematocrit of a specific vessel, it would be possible to group sets

based on some specified ordering. For instance, each set could be defined by some interval

of values and equilibria with a haematocrit value in that interval belong to that set. The

danger of categorising the equilibria using some imposed order is that this order is arbitrary

without some prior knowledge of the significance of categorising the equilibria using a chosen

set of intervals. By contrast, comparing equilibria via flow directions allows for the number

of equilibria to be predicted based upon the number of equilibria that share a flow direction.

Although (Karst et al., 2017) did not define vessels as redundant or fixed, they made the

important observation that the flow direction in some vessels did not change. Furthermore,

almost all equilibria had a unique corresponding flow direction in key vessels. Based on this

observation, it is possible to conclude that networks with more vessels for which the flow

direction can change have more equilibria. However, their description of the equilibria has

a potential drawback, in that two of equilibria they found shared the same flow direction

in the network vessels for a specific set of parameter values. Therefore, although the flow

direction gives a more precise description of the equilibria, this description is not necessarily

unique. A similar scenario has been observed in a simple triangle network; Gardner et al.

(2010) identified three equilibria for the triangle network, but two of the three equilibria

would always share the same flow direction in the redundant vessel.

In this chapter, a more selective categorisation of the equilibria, based on flow direction,

is introduced. Instead of describing the flow in a redundant vessel as having a positive or

negative flow direction, the blood flow is described as negative, positive, or intermediate.

Intermediate flow is mostly easily understood for a network with a single redundant vessel.

Definition 3.1. (Intermediate flow for networks with a single redundant vessel)

Let N = {N,E} be a network with a single redundant vessel, 〈x, y〉. An equilibrium has

intermediate flow in the redundant vessel if the equilibrium satisfies one of the two cases:

Case 1. Q〈x,y〉 = 0.
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Case 2. Consider a set of three equilibria, labelled as equilibria a,b and c. Let Q
(a)
〈x,y〉, Q

(b)
〈x,y〉

and Q
(c)
〈x,y〉 denote the volumetric flows for the three equilibria. Suppose:

Q
(a)
〈x,y〉 < 0, Q

(b)
〈x,y〉 ≤ 0 and Q

(c)
〈x,y〉 > 0 or

Q
(a)
〈x,y〉 < 0, Q

(b)
〈x,y〉 ≥ 0 and Q

(c)
〈x,y〉 > 0.

Equilibrium b is said to have intermediate flow in vessel 〈x, y〉 if:

∣∣∣∣Q(b)
〈x,y〉

∣∣∣∣ < ∣∣∣∣Q(a)
〈x,y〉

∣∣∣∣ and

∣∣∣∣Q(b)
〈x,y〉

∣∣∣∣ < ∣∣∣∣Q(c)
〈x,y〉

∣∣∣∣.
An equilibrium has negative flow in a redundant vessel if the flow direction in the

redundant vessel is negative, but does not meet the requirements of intermediate flow.

Positive flow is analogously defined for an equilibrium with a positive flow direction in the

redundant vessel.

Remark 3.1. Instead of describing an equilibrium as having negative, intermediate, or pos-

itive flow, it will sometimes be convenient to describe the equilibrium as having a negative,

intermediate, or positive flow state.

Figure 3.1 shows an example of the three flow states in a simple triangle for which vessel

〈4, 5〉 is a redundant vessel. Figure 3.1d shows the equilibria of the triangle network as

Q(1,4) varies. Positive equilibria are represented in blue, negative equilibria are represented

in red, and intermediate equilibria are represented in green. Figures 3.1a, 3.1b and 3.1c

show negative, intermediate and positive equilibria, respectively, when Q(1,4) = 0.505 as

indicated on Figure 3.1d. As Q
(a)
〈4,5〉 < 0, Q

(b)
〈4,5〉 < 0 and Q

(c)
〈4,5〉 > 0, the first part of the

definition is satisfied. Moreover:∣∣∣∣Q(b)
〈4,5〉

∣∣∣∣ < ∣∣∣∣Q(a)
〈4,5〉

∣∣∣∣ and

∣∣∣∣Q(b)
〈4,5〉

∣∣∣∣ < ∣∣∣∣Q(c)
〈4,5〉

∣∣∣∣. (3.1)

Therefore, the second criterion is satisfied, which implies that the equilibrium in Figure

3.1b has intermediate flow in vessel 〈4, 5〉. Although the direction of flow is important for

the definition of intermediate flow, the flow direction can be positive or negative as shown

in Figure 3.1d. The definition of intermediate flow in a network with a single redundant

vessel is extended to networks with multiple redundant vessels in Section 3.4.
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Figure 3.1: Schematic of three equilibria in the triangle network corresponding to
negative, positive and intermediate flow in the redundant vessel 〈4, 5〉. The solid black
lines indicate fixed vessels and the coloured vessels represent the redundant vessels.
Arrows indicate flow direction for the vessels. (a): equilibrium with a negative flow
state, (−); (b): equilibrium with an intermediate flow state, (0); (c): equilibrium with
a positive flow state, (+); (d): bifurcation diagram showing how Q〈4,5〉 changes as Q(1,4)

varies.
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To make use of this concept, new notation is introduced to describe the equilibria us-

ing combinations of flow states in the redundant vessels. For a specified order of redundant

vessels, the equilibria can be described with a sequence of −,+ or 0 symbols to represent

negative, positive, or intermediate flow in a redundant vessel, respectively. For instance, if

a network has one redundant vessel, the three descriptions of the equilibria are as follows:

(−), (+) or (0).

The equilibria in Figure 3.1d are labelled using this notation. For a network with two

redundant vessels, the possible descriptions of the equilibria are as follows:

(−,−), (−, 0), (−,+), (0,−), (0, 0), (0,+), (+,−), (+, 0) or (+,+),

for some specified order of the two redundant vessels. From now on, these descriptions of

the equilibria will be known as flow configurations. Some more informative examples of the

different flow states and this notation will be explored in Section 3.4.

This chapter will show that equilibria often have unique flow configurations. To ensure

that the uniqueness of the flow configurations is a common phenomenon in networks, this

chapter contains a number of different example networks and choices of parameters for those

networks. Given that the microvasculature contains many different scales of vessels, it is

important to show that the key network properties leading to multiple equilibria in network

motifs also lead to multiple equilibria in larger networks. The size of a network depends

on three key factors; vessel length, number of vessels, and vessel diameters. If a network

admits multiple equilibria for one set of vessel lengths, so long as the length ratios remain

constant, scaling the vessel lengths of a network by the same factor does not change the

flow ratios because the volumetric flow in a vessel is proportional to the reciprocal of the

vessel length. Therefore, since the equations of flow and haematocrit are equations of the

flow ratio, the haematocrit distribution remains the same. Each haematocrit distribution

has a unique pressure distribution which implies that because the haematocrit distributions

are unaffected by a change in the length scales, the number of equilibria remains the same.

Showing that multiple equilibria exist as the number of vessels grows is more difficult. In-

stead of trying to show that equilibria exist for a range of networks with different numbers

of vessels, we will show how the number of equilibria changes with the number of redundant

vessels. Showing that networks admit multiple equilibria for a range of diameter values is
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more difficult than for a range of vessel lengths. As the viscosity of a vessel is a nonlinear

function of the diameter and haematocrit, the flow ratios change with the diameters even if

the diameter ratios remain constant. Furthermore, the splitting rules often depend on the

diameters of the vessels. Due to the difficulty in investigating how the equilibria of a net-

work change as the diameters vary, a full investigation of the impact of different diameters

and diameter ratios can be found in Chapter 4.

This chapter will be broken up into the following sections: Section 3.2 describes how nu-

merical continuation can be adapted to solve the network equations, Section 3.3 contains

descriptions of the networks studied in this chapter, in Section 3.4 we compare the equilibria

of the square plus triangle networks with different splitting rules, in Section 3.5 we show

the relationship between the redundancy of the triangle and square plus triangle network

with the number of equilibria the two networks admit, Section 3.6 shows how the number

of equilibria scale with the number of redundant vessels, Section 3.7 explores the stability

of the different flow configurations, and Section 3.8 contains a discussion of the implications

of our results and directions for future work.

3.2 Numerical continuation for network equations

Karst et al. (2017) were the first to use numerical continuation to investigate the multiplic-

ity of equilibria. As described in Section 1.9.2, a network for which the haematocrit of every

inlet vessel is set to zero, only admits one equilibrium for which the haematocrit in every

vessel is also zero. Karst et al. (2015) performed continuation by using inlet haematocrits

as the continuation variable in hexagonal and Voronoi networks. Because they started with

zero haematocrit in each of the inlet vessels, the initial equilibrium was unique and easy

to compute. This approach of numerical continuation was sufficient to show the existence

of multiple equilibria and show the relationship between flow direction and the number of

equilibria.

Since we are interested in understanding how different network parameters and haemat-

ocrit splitting rules affect the solutions to the network equations we consider a different

approach to numerical continuation. Given the difficulty of finding a single equilibrium of

the network equations, numerical continuation is used to find an initial equilibrium and

to determine the pattern of bifurcations as parameters of the network vary. This section

describes how numerical continuation is adapted for both uses.
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3.2.1 Finding an initial equilibrium

To find an initial equilibrium of the system, a homotopy function1 known as a convex

homotopy is used to first obtain a solution to the network equations. A description of the

theory underpinning the technique can be found in Section 2.2 but some details of this

method are summarised before the specifics for the network equations are described. The

homotopy function of a convex homotopy tracks the solutions to an initial starting system

of equations, G, to a target system equations, F . A convex homotopy function takes the

form:

h(x, ξ) = F (x)(1− ξ) +G(x)ξ. (3.2)

It is easy to infer from Equation (3.2) that h(x, 0) = F (x) and h(x, 1) = G(x). In theory,

a solution to F can be found by tracking a solution to G to a solution to F by varying the

continuation variable, ξ, from 1 to 0.

In this case, the target system of equations is the full network equations. Therefore, the

homotopy function for finding an initial equilibrium of the system of network equations

takes the following form:

h(H,P , ξ) = F (H,P )(1− ξ) +G(H,P )ξ, (3.3)

where F is the system of network equations and G is a starting system of equations for

which G = 0 is easy to solve. As there is no specific starting system; we considered two

options for our starting system. The first choice of G is that of the network flow equations

with a constant haematocrit distribution. In this case, fixing the haematocrit distribution

uniquely defines the pressures of the network because the conservation of flow equations

are linear for a fixed haematocrit distribution. For a network N = {N,E}, the functions

associated with the pressure and haematocrit variables for the starting system G are in the

following forms:

Gv(H,P ) = Q(u,v) +Q(w,v) +Q(z,v). (3.4)

G(v,w)(H,P ) = H(v,w) −H∗(v,w). (3.5)

1This function is known as a homotopy function by convention. However, numerical continuation is
exclusively used in this chapter despite the function sharing the same name as the homotopy functions used
to perform homotopy continuation.
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where Gv is the functions associated with the variable P v, G(v,w) is the function associated

with the haematocrit variable H(v,w), and H∗(v,w) is a constant haematocrit that has been

set. This means that the solution to G = 0 is specified by the chosen haematocrit distribu-

tion H∗.

As the equations associated with the pressure variables in the network equations are the

same as the starting system:

Gv(H,P ) = Fv(H,P ) = hv(H,P , ξ). (3.6)

Given that F(v,w) can take the form of Equations (1.37) or (1.39) the associate homotopy

function h(v,w) can also take two different forms. Therefore, for the flow bifurcation in

Figure 1.3a, the homotopy function associated with the haematocrit variable H(v,w):

h(v,w)(H,P , ξ) = (φ(v,w)Q(u,v)H(u,v) −Q(v,w)H(v,w))(1− ξ) + (H(v,w) −H∗(v,w))ξ, (3.7)

where ξ is a continuation parameter. For the flow convergence in Figure 1.3b, the homotopy

functions associated with the haematocrit variables H(v,w) takes the following form:

h(v,w)(H,P , ξ) = (Q(u,v)H(u,v) +Q(w,v)H(v,w) +Q(z,v)H(v,z))(1− ξ) + (H(v,w) −H∗(v,w))ξ.

(3.8)

It is possible that the homotopy function switches between the two forms in Equations

(3.7-3.8) as ξ varies. Let h
(bif)
(v,w) and h

(conv)
(v,w) denote the homotopy functions in Equations

(3.7-3.8). Therefore, the homotopy function associated with the variables H(v,w) takes the

following form:

h(v,w)(P ,H, ξ) =


h

(bif)
(v,w)(H,P , ξ) P u > P v, P v > Pw, P z > P v,

h
(conv)
(v,w) (H,P , ξ) P u > P v, Pw ≤ P v, P v ≥ P z,

(3.9)

for a vessel junction present in either flow configuration in Figure 1.3. It is possible that

the flow in a junction has more possible configurations depending on the position in the

network. However, the only difference between the two flow configurations present in Figure

1.3 and other possible flow configurations are which vessels are the parent and daughter

vessels. Therefore, the form of Equation (3.9) remains the same regardless of the flow con-

figuration. The homotopy function is easily adaptable if a continuation is unsuccessful in

obtaining an equilibrium of the network. A new haematocrit distribution, H∗, is chosen
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until an equilibrium is obtained. Although in most cases this is sufficient to perform a

successful continuation, in general, it is not possible to determine if a path between the

solutions of the starting system and target systems exists.

The second starting system we consider is that of the network equations with a differ-

ent splitting rule. If the solutions to the network equations for the splitting rule φ are

known, then the network equations with φ as the splitting rule can be used as the starting

system. The only difference with the homotopy functions described by Equations (3.6-3.9)

and homotopy function based on a starting system of network equations is that Equations

(3.7-3.8) are replaced with equations:

h
(bif)
(v,w)(H,P , ξ) = (φ(v,w)ξ + ψ(v,w)(1− ξ))Q(u,v)H(u,v) −Q(v,w)H(v,w), (3.10)

h
(conv)
(v,w) (H,P , ξ) = Q(u,v)H(u,v) +Q(w,v)H(v,w) +Q(z,v)H(v,z). (3.11)

One strategy for finding solutions to the network equations for different splitting rules may

be to start with a constant haematocrit distribution to find the solutions to the network

equations for one splitting rule, then use these equilibria to find the equilibria to the network

equations for other splitting rules.

3.2.2 Tracking equilibria in parameter space

Once at least one equilibrium of a network is known, numerical continuation can be used to

investigate how the equilibria change as certain parameters vary. If F : [0, 1]m×Rn+ → Rn+m

is the system of network equations for a network with m haematocrit variables and n

pressure variables, then the homotopy function used to investigate how the equilibria change

as the parameter varies is:

h(H,P , ξ) = F (H,P , ξ), (3.12)

where ξ is the parameter of interest. For instance, ξ could be one of the inlet pressures or an

inlet haematocrits. Once the solution to h = 0 is known for a starting value of ξ = ξ0, this

solution is used as the starting solution for numerical continuation as ξ varies. If the path

of h = 0 encounters a bifurcation point, then one equilibrium can be used to find the other

equilibria by tracking the equilibria emerging from the bifurcation point. This is the main

method that will be used to find multiple equilibria of the network equations throughout

this thesis.
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The homotopy functions of Equations (3.9-3.12) are used to generate bifurcation diagrams

or sets of equilibria of the network throughout this thesis. The process of generating a

bifurcation diagram or a single equilibrium is summarised by the flow chart in Figure 3.2.

The diamond boxes represent decisions on which direction to traverse the flow chart or a

choice of which parameters to vary, the rectangles represent processes, the parallelograms

with sharp corners represent inputs and the parallelograms with round corners represent

outputs or results. All numerical continuation is performed by bifurcation analysis software

AUTO 07p (Doedel et al., 1999).

3.3 Network construction for the test cases

To investigate the effect of different network configurations on the number of equilibria,

we investigate three network topologies. First, we consider the triangle network, which is

formed of six nodes: three interior nodes labelled 4, 5 and 6; two input nodes labelled 1

and 2; and one outlet node labelled 3 (see Figure 3.3a). As there is one outlet node, the

pressure of the outlet node can be set to 0 without changing the values of the haematocrit

or flow variables of the equilibria (see Section 1.9.6 for details). Inlet pressures P1 and P2

can be rescaled to values between 0 and 1 without changing the haematocrit distribution.

For instance, if:

(P1, P2, P3 = 0, P 4, P 5, P 6), (3.13)

are the pressures for a given haematocrit distribution, and if the pressures are scaled uni-

formly, then the flows will scale by the same factor since the governing equations depend

on flow ratios; scaling the flows uniformly does not affect these ratios. If all pressures are

scaled by 1/(P1 + P2), this results in the following pressures:

(
P1

P1 + P2
,

P2

P1 + P2
,
P3 = 0

P1 + P2
,

P 4

P1 + P2
,

P 5

P1 + P2
,

P 6

P1 + P2

)
. (3.14)

The flow ratios for the translated pressures are the same as the original pressures, which

implies that the haematocrit distribution remains the same. The benefit of choosing these

boundary conditions is that all possible choices for boundary pressures can be described by

this simplification. As the triangle network only contains one redundant vessel, 〈4, 5〉, only

the following flow configurations are possible:

(−), (0), (+). (3.15)
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Network topology N = {V,E}, splitting rule and network parameters

Choose H∗.

Use homotopy Equation (3.3) to identify
an equilibrium of the system.

Single equilibrium of the system

Use a different splitting rule?

Bifurcation analysis using Equation (3.12)
for a single parameter.

Use homotopy Equations (3.10-3.11) to identify
an equilibrium of the system.

Choose a new parameter

Bifurcation diagram
or a set of equilibria

Choose a known equilibrium Yes

No

Yes

No

Figure 3.2: Flow diagram of a process to generate bifurcation diagrams for the system
of network equations.
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The square plus triangle network is similar to the triangle network, but with two extra

interior nodes to form a quadrilateral. The boundary nodes have the same indices as those

of the triangle network, with node 3 being the only outlet node. The interior nodes are

labelled 4, 5, 6, 7, 8: nodes 4, 5, 6, 7 form a quadrilateral and nodes 6, 7, 8 form a triangle (see

Figure 3.3b). As the number of inlets and outlets is the same as that of the triangle network,

it is possible to make the same simplification for the boundary pressures. Unlike the triangle

network, the square plus triangle network contains two redundant vessels instead of one,

〈4, 5〉 and 〈6, 7〉. As the network contains two redundant vessels, the list of possible flow

configurations are as follows:

(−,−), (−, 0), (−,+), (0,−), (0, 0), (0,+), (+,−), (+, 0), (+,+), (3.16)

for any order of the two redundant vessels. However, when describing the equilibria of

a given network, the order of the redundant vessels must be specified to ensure that

our descriptions of the equilibria are consistent. For example, if we choose the order

O1 = (〈4, 5〉, 〈6, 7〉) for the square plus triangle network, then the flow configuration (−,+)

corresponds to an equilibrium for which the flow in vessel 〈4, 5〉 is negative and the flow in

vessel 〈6, 7〉 is positive. However, for the order O2 = (〈6, 7〉, 〈4, 5〉), the flow configuration

(−,+) corresponds to an equilibrium for which the flow in vessel 〈4, 5〉 is positive and the

flow in vessel 〈6, 7〉 is negative. All equilibria of the square plus triangle network will be

described using order O1 in this thesis. The square plus triangle network makes for a use-

ful comparison with the triangle network because the network can be formed by adding a

redundant vessel (vessel 〈6, 7〉) to the triangle network bisecting vessels (4, 6) and (5, 6).

After identifying some of the necessary conditions for the existence of multiple equilib-

ria in the triangle and square plus triangle networks, it is important to verify our find-

ings in a larger unstudied network with similar properties. The triple triangle network

is constructed by concatenating two diamond networks onto the triangle network (Figure

3.3c). The flow configurations for the triple triangle network will be defined by the order

(〈6, 7〉, 〈8, 9〉, 〈12, 13〉). An important difference between the triple triangle and the dia-

mond subnetworks is the orientation of the redundant vessels. The two redundant vessels

in the square plus triangle network are not upstream or downstream of the other redundant

vessels.

62



(a) (b)

(c)

Figure 3.3: (a): Diagram of the triangle network; (b): diagram of the square plus
triangle network; (c): diagram of the triple triangle network. The redundant vessels
are coloured turquoise and the fixed vessels are coloured black for all three networks.
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3.4 Effect of different splitting rules

So far, most results in the literature have used only one splitting rule per publication to

investigate different networks. Although these splitting rules often share the same basic

structure, it is not clear if the existence of multiple equilibria is dependent on the choice

of splitting rule. This section considers the impact of splitting rules of the same form as

Equation (1.13):

ψ(v,w)(r(v,w)) =


0 if r(v,w) < X0,

1 if r(v,w) > 1−X0,

eA(r(v,w)−X0)P

eA(r(v,w)−X0)P+(1−r(v,w)−X0)P
if X0 ≤, r(v,w) ≤ 1−X0

(1.13)

where the indices of the vessels can be seen in Figure 1.3a. This splitting rule dictates

the ratio of red blood cells entering the daughter vessel (v, w). r(v,w) = Q(v,w)/Q(u,v) is the

ratio of the volumetric flow of the blood entering vessel (v, w) and the coefficients of the

splitting rule, X0, A and P are specified for different splitting rules in Table 3.1.

For this section, we consider five different splitting rules, two from the literature, and

three that have been created in this chapter. The two splitting rules from the literature are

the Gardner2 (Gardner et al., 2010; Pries et al., 1990) and Pries (Pries and Secomb, 2005)

rules. The advantage of testing the Pries and Gardner splitting rules is that they share the

same functional form of P (see Table 3.1 for details). The functional forms for A are also

equivalent for this Chapter because A = 0 for both splitting rules when the diameters of all

vessels are the same value. Therefore, the Gardner and Pries splitting rules only differ in

terms of X0. For the Gardner rule, X0 depends on the diameter of the parent vessel, while

for the Pries rule, X0 also depends on the parent haematocrit (see Table 3.1 for details).

The three new simplified splitting rules that we introduce have properties similar to those

of the Gardner and Pries rules, but were developed to understand the importance of the

functional forms of X0, P and A on the existence of multiple equilibria. The functional

forms of A and X0 of the Gardner and Pries rules share some common properties; A intro-

duces a bias towards the narrowest vessel and X0 is always small relative to 0.5 (see Table

2The Gardner splitting rule was first described by Pries et al. (1990). We call this the Gardner splitting
rule to distinguish this rule from the other splitting rule described by Pries and Secomb (2005) and because
the Gardner splitting rule was used by Gardner et al. (2010) to obtain important results for the triangle
network.

64



Splitting rule P A X0

Gardner 1 + 6.98
1−H(u,v)

D(u,v)
− 6.96
D(u,v)

log

(
D(v,w)

D(v,z)

)
0.4

D(u,v)

Pries 1 + 6.98
1−H(u,v)

D(u,v)
−13.29

[
D2

(v,w)
−D2

(v,z)

D2
(v,w)

+D2
(v,z)

]
1−H(u,v)

D(u,v)
0.964

1−H(u,v)

D(u,v)

Simple I, II & III 1.1, 1.4, 2 − 7
D(u,v)

(D(v,w)−D(v,z))

(D(v,w)+D(v,z))
0.05

Table 3.1: Summary of the different functional forms that are used in Equation (1.13) to
generate the different haematocrit splitting rules. The indices of the vessels correspond
to the bifurcation unit in Figure 1.3a and the functions of P,A and X0 determine the
ratio of RBCs Q(v,w)H(v,w)/Q(u,v)H(u,v).

3.1 for details). The functional forms of X0 and A for the simple splitting rules also share

these properties. We consider fixed values of P for the simple splitting rules to investigate

if P depending on the parent haematocrit and the diameters of a bifurcation is required for

multiple equilibria to exist.

For this section, we focus only on the square plus triangle network. Our motivation to

study the square plus triangle network instead of the triangle network is due to the fact

that the plasma skimming coefficient P is often a function of the haematocrit of the parent

vessel. For the triangle network, this P is always constant because the topology of the

network only admits one flow bifurcation immediately after one of the two inlet vessels.

By contrast, the square plus triangle network admits two bifurcations; one at node 4 or 5

and a second at node 6 or 7. As a result, this network is better at determining whether P

must be a function of the parent haematocrit or diameter for multiple equilibria to exist.

To determine the impact of different splitting rules, the following parameters for the square

plus triangle network have been chosen:

L(6,8) =110µm,L〈4,5〉 = L〈6,7〉 = 50µm,L = 100µm,

D = 10µm,H(1,4) = H(2,5) = 0.45,

where L and D denote the lengths and diameters of the vessels that have not been explicitly

specified.

To generate the equilibria of the square plus triangle network with the Gardner, Pries

and simple (II) splitting rules, the inlet pressure P1 is used as the continuation parameter,

and the second inlet pressure is set to P2 = 1 − P1. The splitting rules have been studied

in sets of three to better distinguish the difference between the equilibria generated using
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Figure 3.4: Series of plots showing how the haematocrit and volumetric flows in the
redundant vessels of the square plus triangle network change as the inlet pressure P1

varies. The different line styles represent the equilibria for different splitting rules: the
solid lines represent the Gardner splitting rule; the dashed lines represent the Pries
splitting rule; the solid lines with dots represent the simple splitting rule II (see Table
3.1).

different splitting rules. The first set of splitting rules considered are the Pries rule, Gardner

rule and the simple splitting rule for which P = 1.4 because this is close to the value of P

in the Gardner and Pries rules when D = 10µm and the value of the parent haematocrit is

0.45. This haematocrit value is important because this is the same value of the haematocrit

for the two inlet vessels. Therefore, P ≈ 1.4 for both the Pries and Gardner splitting rules

for the first flow bifurcation.

Figure 3.4 shows that the equilibria for the first set of splitting rules are all qualitatively and

quantitatively similar. Figures 3.4b and 3.4d indicate that differences in the haematocrit

values for the different splitting rules are more pronounced for vessels that are further from

the inlets. Regardless of the larger difference of the values of H〈6,7〉, the three splitting rules
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generally agree with each other.

The second observation to make is the consistent pattern of fold bifurcations for the three

splitting rules. The continuation curve contains two intervals of P1 created by two fold

bifurcations. This first interval is approximately 0.45 . P1 . 0.49 and the second interval

is approximately 0.495 . P1 . 0.5. The first interval can be more clearly identified in

Figures 3.4b and 3.4d and the second interval can be more clearly identified in Figures 3.4a

and 3.4c. Not only does this pattern of fold bifurcations make for a useful comparison, the

position of the fold bifurcations also reveals a possible mechanism behind the formation of

multiple equilibria. The section of the continuation curve between the two fold bifurcations

of the second interval, labelled in pink, contains a point at which Q〈4,5〉 = 0. Therefore, the

existence of three equilibria coincides with the change in the direction of flow in vessel 〈4, 5〉.
This would suggest that the existence of multiple equilibria is linked to the change in the

direction of flow in one of the redundant vessels. Furthermore, the first interval contains a

point at which Q〈6,7〉 = 0, implying a change in the direction of blood flow in vessel 〈6, 7〉.

Figure 3.4 clearly reveals a link between the direction of flow in redundant vessels and

the multiplicity of solutions for the network equations. However, if the equilibria are char-

acterised solely on flow directions in the redundant vessels, the equilibria cannot be uniquely

defined using the different flow directions. However, the existence of this pattern of fold

bifurcations clearly indicates that the flow for one of the equilibria belongs to a transition

phase for which the flow direction can be positive or negative. For this reason, we intro-

duced the concept of intermediate flow to characterise this transition phase.

To determine whether the equilibria of the square plus triangle network can also be labelled

by flow configuration, the definition of intermediate flow must be extended to networks

with more than one redundant vessel. The definition of intermediate flow can be extended

to networks with any number of redundant vessels by adding the criterion that all other

vessels must have the same flow state.

Definition 3.2. (Intermediate flow for networks with multiple redundant vessels)

For a network, N = {N,E}, with n + 1 redundant vessels, {〈x0, y0〉, 〈x1, y1〉, ..., 〈xn, yn〉}.
Let s〈xi,yi〉 = −, 0,+ denote the flow state of redundant vessel 〈xi, yi〉. An equilibrium has

intermediate flow in vessel 〈x0, y0〉 if the equilibrium satisfies one of the following cases:

Case 1. Q〈x0,y0〉 = 0.
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Case 2. For a set of three equilibria, equilibria a,b and c, let Q
(a)
〈x0,y0〉, Q

(b)
〈x0,y0〉 and Q

(c)
〈x0,y0〉

denote the volumetric flows in vessel 〈x0, y0〉 for the three equilibria. If:

Q
(a)
〈x0,y0〉 < 0, Q

(b)
〈x0,y0〉 ≤ 0 and Q

(c)
〈x0,y0〉 > 0, (3.17)

or:

Q
(a)
〈x0,y0〉 < 0, Q

(b)
〈x0,y0〉 ≥ 0 and Q

(c)
〈x0,y0〉 > 0, (3.18)

and: (
s

(a)
〈x1,y1〉, ..., s

(a)
〈xn,yn〉

)
=

(
s

(b)
〈x1,y1〉, ..., s

(b)
〈xn,yn〉

)
=

(
s

(c)
〈x1,y1〉, ..., s

(c)
〈xn,yn〉

)
. (3.19)

Equilibrium b is said to have intermediate flow in the redundant vessel 〈x0, y0〉 if:

∣∣∣∣Q(b)
〈x0,y0〉

∣∣∣∣ < ∣∣∣∣Q(a)
〈x0,y0〉

∣∣∣∣ and

∣∣∣∣Q(b)
〈x0,y0〉

∣∣∣∣ < ∣∣∣∣Q(c)
〈x0,y0〉

∣∣∣∣. (3.20)

As with networks with a single redundant vessel, a redundant vessel is said to have neg-

ative flow if the direction of flow in the vessel is negative, but the definition of intermediate

flow does not apply. Analogously, an equilibrium for which the flow in a redundant vessel

is positive but the equilibrium does not satisfy the definition of intermediate flow is said to

have positive flow.

Using this definition of intermediate flow allows the classification of these equilibria between

fold bifurcations with unique flow configurations. For instance, Q〈4,5〉 < 0 for all three equi-

libria of the first intervals in Figure 3.4c, therefore, the flow state for 〈4, 5〉 is negative for

all three equilibria. Furthermore, Qblack
〈6,7〉 < 0 and Qgreen

〈6,7〉 > 0 and |Qred
〈6,7〉|< |Q

green
〈6,7〉 |, |Q

black
〈6,7〉 |.

Hence, the equilibria of the red curve satisfy the definition of intermediate flow. This means

that the equilibria belonging to the black, red and green curves in Figures 3.4d and 3.4b

have the respective flow configurations:

{(−,−), (−, 0), (−,+)}.

Therefore, every equilibria have a unique flow configuration for each value of P1. When

applying the definition of intermediate flow to the second interval of multiple equilibria, the

network equilibria have unique flow configurations and these configurations are consistent

for all splitting rules (see Figures 3.4d and 3.4b). Figures 3.4c and 3.4d reveal that the

68



pink curve satisfies the definition of intermediate flow in vessel 〈4, 5〉. Therefore, the flow

configuration for the equilibria belonging to the pink curve is (0,+). This means that the

equilibria belonging to the green, pink, and turquoise curves in Figures 3.4c and 3.4a have

the respective flow configurations:

{(−,+), (0,+), (+,+)}.

Therefore, the set of possible flow configurations for the range of P1 are as follows:

{(−,−), (−, 0), (−,+), (0,+), (+,+)}.

It is important to note that not all possible flow configurations correspond to an equilibrium

of the square plus triangle network but every equilibrium has a unique flow configuration.

Furthermore, these results show that there are multiple intervals of multiple equilibria, dis-

tinguished by a change in the flow state of a single redundant vessel in the first and second

intervals in Figure 3.4.

Figure 3.5 shows a similar comparison to that of Figure 3.4 for the three simple split-

ting rules. As with the comparison in Figure 3.4, the equilibria for the different splitting

rules are all qualitatively and quantitatively similar. However, the three sets of equilibria

are more distinct than for the previous comparison of the splitting rules. For instance, the

maximum difference in H〈6,7〉 between the equilibria generated for the different splitting

rules in Figure 3.5b is approximately 0.14 compared to 0.025 in Figure 3.4b.

Apart from differences in the haematocrit, the other characteristics of Figure 3.5 are very

similar to those of Figure 3.4. The curves contain two intervals formed by two fold bifurca-

tions for which the flow in one of the redundant vessels changes direction. Therefore, the

equilibria for the two intervals are characterised by the same flow configurations present in

Figure 3.4. However, the difference in the size of the intervals created by fold bifurcations

are more pronounced for the three simple splitting rules. The simple splitting rule with

P = 1.1 forms the smallest intervals and P = 2.0 forms the largest intervals. Furthermore,

the intervals for P = 2.0, overlap, forming a small interval of five equilibria with the flow

configurations:

{(−,−), (−, 0), (−,+), (0,+), (+,+)}.
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Figure 3.5: Series of plots showing how the haematocrit and volumetric flows in the
redundant vessels of the square plus triangle network changes as the inlet pressure P1

varies for the simple splitting rule with different values of P (see Table 3.1). The different
line styles represent the different values of P : the solid lines with dots represent the
simple splitting rule with P = 1.4; the dotted line represents the simple splitting rule
with P = 1.1; and, the dotted dashed lines represents the simple splitting rule with
P = 2.0.

These results present two important characteristics of the equilibria; the equilibria can

be categorised by unique flow configurations of redundant vessels for each value of P1 and

the existence of multiple equilibria is not significantly affected by the choice of splitting

rule. The one exception to this was the simple splitting rule when P = 2.0, but it should be

noted that the continuation curves for the equilibria still contained two intervals created by

the change in the flow directions in the two redundant vessels, which is consistent with the

equilibria for the other splitting rules. From now on, unless otherwise specified, all results

are generated using the Gardner splitting rule.
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3.5 Comparing the triangle and square plus triangle net-

works

Now that it has been shown that the choice of splitting rules is not the key reason for the

emergence of multiple equilibria in Section 3.4, it is possible to further investigate the link

between redundancy and multiple equilibria. Thus far, our results indicate that the key

property of networks leading to multiple equilibria is the existence of redundant vessels.

Furthermore, the multiplicity to solutions to the network equations have been intrinsically

linked with the flow states in the redundant vessels. The equilibria for the networks studied

thus far, are found in intervals of parameter space for which the flow state in a single redun-

dant can be negative, positive or intermediate. This means that for each set of parameters

within these intervals, the network equations admit three solutions, each with a unique flow

state for one of the redundant vessels. Therefore, finding parameters for which the network

equations admit multiple solutions is equivalent to finding parameters for which the net-

works support multiple viable flow states in one or more redundant vessels. When these

intervals of multiple viable flow states for different redundant vessels overlap, more combi-

nations of flow configurations become viable coinciding with an increase in the number of

equilibria. The implication of these results is that each network has a natural bound on the

number of potential equilibria dictated by the number of possible flow configurations. This

link between network redundancy and multiple equilibria provides insight into why multiple

equilibria are present in certain networks and for which parameters multiple equilibria may

be observed.

To justify our hypothesis that all equilibria have a unique flow configuration of flow states

in the redundant vessels and that multiple equilibria are only possible when multiple flow

configurations are viable, we must show this principle holds for a variety of parameters.

Thus far, in Section 3.4, we have shown how this principle holds for some ratio of the inlet

pressures. Ideally, this principle would be tested for all possible parameter combinations,

but given the complexity of the network equations and size of parameter space, this is not

possible. The focus of this Section is to investigate if multiple flow configurations remain

viable for different vessel length ratios in the triangle and square plus triangle networks.

The resistance to flow in a single vessel is proportional to the length as long as the haema-

tocrit remains constant. Therefore, understanding which flow configurations remain viable

as the length ratios provides insight into how changes to the resistance to blood flow influ-

ence the viability of flow configurations. By altering the length ratios, we can observe how

asymmetry of a network’s geometry determines which flow configurations remain viable.
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3.5.1 Comparison of the length scales for the triangle and square plus

triangle network

To compare the two networks as the geometry of the networks changes, common param-

eters that have a similar influence on the geometry must first be identified to perform a

meaningful comparison. As the main focus of this section is to study the impact of net-

work redundancy, an obvious candidate for a common parameter would be the length of

the redundant vessels. As the network equations are based on the flow ratios, the common

parameter is characterised as the length ratio of the redundant vessels to some reference

length. The second length ratio parameter should introduce some bias to the resistance to

the blood flow along the sides of the network. By introducing some bias to the network,

the influence of the asymmetry of a network on the viability of the different flow states can

be assessed. The length ratios used by Gardner et al. (2010) introduced bias to the flow

in the network by increasing the length of one side of the network. Therefore, the same

length ratios have been chosen for this section, and the resulting parameters for the triangle

network are as follows:

D = 10µm,L = 100µm,P1 = P2 = 0.5,

H(1,4) = H(2,5) = 0.45, L〈4,5〉 = αL,L(4,6) = βL.

The diameters and lengths of the vessels that have not been specified take the values of

D and L, respectively. As our goal is to compare the triangle network with the square

plus triangle network, the same set of length ratios, (α, β), are used for the parameters of

the square plus triangle network. As α dictates the length of the redundant vessel in the

triangle network, α also dictates the length of both redundant vessels in the square plus

triangle network, to be consistent with the geometry of the triangle network. There are two

possible choices for the length ratio β. The length ratio β could be used in one of two ways;

L(4,6) = βL and L(6,8) = βL, or L(4,6) = L and L(6,8) = βL. In this section, the second

choice of network geometry has been used because the subnetwork created by the vessels

{(4, 6), (5, 7), 〈6, 7〉, (6, 8), (7, 8), (8, 3)} has the same length as the triangle network for this

choice of network parameters. The disadvantage of choosing this network geometry is that

the side of the network no longer scales with the parameter β. Therefore, the parameters
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of the square plus triangle network are as follows:

D = 10µm,L = 100µm,P1 = P2 = 0.5,

H(1,4) = H(2,5) = 0.45, L〈6,7〉 = L〈4,5〉 = αL,L(6,8) = βL.

Using the same length ratios for both networks, it is possible to determine whether there

are any common trends between the length ratios and the number of equilibria for the two

networks. To compare the two networks, we found the regions of multiple equilibria in the

(α, β) plane for both networks. By finding the region in parameter space for which the two

networks admit multiple equilibria, it is possible to compare how the number of equilibria

are influenced by additional redundancy.

Gardner et al. (2010) identified a region of multiple equilibria in the (α, β) plane for the

triangle network with flow boundary conditions. Flow boundary conditions allow the equa-

tions to be manipulated into an expression for the boundaries of the region of multiple

equilibria. As pressure boundary conditions have been imposed instead of flow boundary

conditions, it is not possible to generate the same results for the length ratios α = L〈4,5〉/L

and β = L(4,6)/L because the same manipulation of the equations is not possible. How-

ever, it is possible to generate a heatmap showing similar information for the triangle and

square plus triangle networks. Figure 3.6 shows the regions of multiple equilibria for the two

networks in the parameter space of the plane defined by (α, β). The plots were generated

by finding a pair (α0, β0) for which only one equilibrium exists, then using continuation

with single equilibrium as the initial solution to the homotopy function in Equation (3.12),

the full set of equilibria for different values of β are found. Given the equilibria for all

(α, β) ∈ {α0} × [0.25, 2.50], the number of equilibria are counted for a fixed number of

points in {α0} × [0.25, 2.50]. A new value of α is chosen, and the process is repeated until

the full range of α has been resolved.

The results in Figure 3.6 support our claim that for each value of α, the interval of β

for which the two networks admit multiple equilibria is much larger for the square plus

triangle network. Furthermore, the value of α for which the networks can only admit one

equilibrium when β = 1 is also much larger for the square plus triangle network. Therefore,

the size of the region in the (α, β) plane for which the two networks admit multiple equi-

libria is much larger for the square plus triangle network.

The region of multiple equilibria in the (α, β) plane for the triangle network contains only
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three equilibria. Unlike the triangle network, the region of multiple equilibria for the square

plus triangle network is further divided into regions for which the square plus triangle net-

work admits different numbers of equilibria. For instance, for small α and β ≈ 1, there

are nine equilibria, but once β is sufficiently large or small, the network only admits three

equilibria. This is indicated by the green region in Figure 3.6b.
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Figure 3.6: Two heatmaps displaying the number of equilibria present for the triangle
and square plus triangle network in the (α, β) planea. (a): the number of equilibria of
the triangle network; (b): the number of equilibria of the square plus triangle network.

aSome bands in the plots appear to indicated that there is a jump in the number of equilibria present
but this is because AUTO was not able to perform a full continuation for these particular parameter values.

Figure 3.5 shows that the square plus triangle network (with the Simple splitting rule

(III)) admitted five equilibria for a small interval of inlet pressures. The interval of five

equilibria was created by two overlapping intervals of three equilibria. These two intervals

of three equilibria were created by a change in the flow state of one of the redundant vessels;

therefore, the interval of five equilibria contained flow configurations from the two intervals

of three equilibria. The same principle can be applied to the equilibria of the square plus

triangle for the different length ratios. When α = 0.1, Figure 3.7a shows that the flow

in the redundant vessel of the triangle network is in two possible flow directions within

the interval 0.96 . β . 1.04. By contrast, for the same value of α and a similar interval

of β, Figures 3.7b, 3.7c and 3.7d show four possible combinations of flow direction in the

redundant vessels of the square plus triangle network. Furthermore, the change in the flow

direction coincides with the fold bifurcations of the equilibria. In Figure 3.7a, the point at

which Q〈4,5〉 = 0 lies between two fold bifurcations. The square plus triangle network admits

a similar, but more complicated, pattern of fold bifurcations. As with the triangle network,

the fold bifurcations indicate the intervals for which the flow in one of the redundant vessels
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changes direction; Figure 3.7d shows that the six fold bifurcations in a neighbourhood of

β = 1 dictate the interval of β for which Q〈6,7〉 changes sign. Therefore, the other two fold

bifurcations dictate the interval of β for which Q〈4,5〉 changes sign. Given that the number

of equilibria exceeds the number of flow directions, the equilibria do not have unique flow

directions. However, the pattern of fold bifurcations and changing flow direction clearly

shows that, although the two equilibria may share the same flow direction, the flow clearly

undergoes the same transition in flow direction between the two fold bifurcations.

As in Section 3.4, when the definitions of the different flow states are applied to the equilib-

ria in Figure 3.7a, the equilibria between the two fold bifurcations have intermediate flow in

the redundant vessel. The other two equilibria have negative and positive flows. Therefore,

each equilibria of the triangle network have a unique flow configuration:

(−), (0), (+).

It is difficult to apply the definition of flow states to the nine equilibria of the square

plus triangle network in Figures 3.7b, 3.7c and 3.7d. The definition of intermediate flow

(Definition 3.2) requires the identification of three equilibria for which the flow direction in

one of the redundant vessels, in one of the equilibria, is opposite to the flow direction of the

other two equilibria. If only three equilibria exist, Definition 3.2 can be applied directly.

If more than three equilibria exist, it can be difficult to determine which three should be

selected. However, for this example, all equilibria can be identified with a unique flow

configuration in the intervals for which only three equilibria are admitted by the network.

Q〈6,7〉 > 0 for all three equilibria when 1.04 . β . 2.3 which implies that s〈6,7〉 = +

for all three equilibria in the interval. Therefore, applying the definitions of the different

flow states to Q〈4,5〉 for the same interval, we find that the flow configurations of the three

equilibria are as follows.

(−,+), (0,+), (+,+). (3.21)

Q〈6,7〉 < 0 for all three equilibria when 0.4 . β . 0.96, which implies, by a similar process

of elimination that the three equilibria are characterised by flow configurations:

(−,−), (0,−), (+,−). (3.22)

The equilibria in the interval 0.96 . β . 1.04 are harder to define because, unlike the other

two intervals, the equilibria of the network have different flow directions in the redundant
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vessels. However, the equilibria for the other two intervals also belong to the interval

(0.96, 1.04). If we use the convention that an equilibrium has the same flow configuration

for all values of β until the equilibrium meets with a fold bifurcation, then it is possible

to uniquely classify the equilibria. With this convention, the equilibria that belong to the

interval (0.96, 1.04) and one of the other intervals retain the same flow configurations. To

determine the flow configurations of the other equilibria, the flows in the redundant vessels

for the equilibria with the flow configuration (s〈4,5〉, s〈6,7〉) are denoted by:

Q
(s〈4,5〉,s〈6,7〉)

〈4,5〉 , Q
(s〈4,5〉,s〈6,7〉)

〈6,7〉 . (3.23)

The flows in the redundant vessels for the equilibria represented by the equilibria that

belong to the solid red, green and blue curves in Figures 3.7b, 3.7c and 3.7d:

Q
(r,g,b)
〈4,5〉 , Q

(r,g,b)
〈6,7〉 , (3.24)

Figures 3.7b and 3.7d show that:

Q
(+,−)
〈4,5〉 > 0,Q

(+,+)
〈4,5〉 > 0, Q

(b)
〈4,5〉 > 0, (3.25)

Q
(+,−)
〈6,7〉 < 0, Q

(+,+)
〈6,7〉 > 0, Q

(b)
〈6,7〉 ≤ 0 or Q

(+,−)
〈6,7〉 < 0, Q

(+,+)
〈6,7〉 > 0, Q

(b)
〈6,7〉 ≥ 0, (3.26)

|Q(+,−)
〈6,7〉 |> |Q

(b)
〈6,7〉|, |Q

(+,+)
〈6,7〉 |> |Q

(b)
〈6,7〉|. (3.27)

This implies that the equilibria belonging to the solid blue curve have the flow configuration

(+, 0). By the same logic, the equilibria belonging to the solid red curve have the flow

configuration (−, 0). Lastly, the equilibria belonging to the green curve must have the flow

configuration (0, 0) because:

|Q(0,−)
〈4,5〉 |> |Q

(g)
〈4,5〉|, |Q

(0,+)
〈4,5〉 |> |Q

(g)
〈4,5〉|, (3.28)

|Q(−,0)
〈6,7〉 |> |Q

(g)
〈6,7〉|, |Q

(+,0)
〈6,7〉 |> |Q

(g)
〈6,7〉|. (3.29)

The example in Figure 3.7 also reveals how it can sometimes be difficult to directly ap-

ply the definition of intermediate flow. If the definition of intermediate flow is applied di-

rectly to the interval of β ∈ (0.96, 1.04), then the flow configurations would not be uniquely

defined. However, because six of the nine equilibria also belong to the other intervals of
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Figure 3.7: Series of plots of the flow in the redundant vessels in the triangle and square
plus triangle network as the length ratio β changes for the length ratio α = 0.1. (a):
Flow of Q〈4,5〉 as β changes in the triangle network. (b) Flow of Q〈4,5〉 as β changes in
the square plus triangle network. (c): Flow of Q〈6,7〉 as β changes in the square plus
triangle network. (d): close up of (c).
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multiple equilibria. The implication of this approach to classifying equilibria is that it may

be necessary to study how the flow configurations change as the parameters vary.

Just like the results in Section 3.4, the key defining characteristic of an equilibrium is

the flow state of the redundant vessels. The implication of these results is that multiple

equilibria are limited by the number of possible flow configurations in the redundant vessels,

but not all flow configurations correspond to an equilibrium. Therefore, the only require-

ment for the existence of multiple equilibria is the existence of multiple viable flow states in

a single redundant vessel. Furthermore, Figures 3.7b, 3.7c and 3.7d show that the interval

of multiple viable flow states s〈6,7〉 is embedded within the interval of multiple viable flow

states s〈4,5〉. As a result, the interval created by the overlap of these two intervals contains

every possible combination of the two flow states. Therefore, the results from this section

support the hypothesis that intervals of more than three equilibria are created by overlaps

of intervals of changing flow direction in the redundant vessels.

Lastly, for completion, the flow configuration and pattern of equilibria for a larger value

of α must also be considered. Figure 3.8 displays plots of the flows Q〈4,5〉 and Q〈6,7〉 for

different values of the length ratio β, with α = 2.5. The continuation curves for Q〈4,5〉

and Q〈6,7〉 both closely resemble the curve for the triangle network in Figure 3.7a. Both

have a region of multiple equilibria created by two fold bifurcations and the section of the

curve between the two bifurcations, represented in green, contains the equilibrium with the

following parameter and variable values, β = 1, Q〈4,5〉 = 0, Q〈6,7〉 = 0. This equilibrium

has intermediate flow in the two redundant vessels. All other equilibria that belong to the

green curve have a flow configuration of (−,−) or (+,+). Given that the red curve con-

tains equilibria with a flow configuration of (−,−) and the blue curve contains equilibria

with a flow configuration of (+,+), the flow configurations for this example are not unique.

However, it should be noted that this set of equilibria only occurs for realistic length ratios

for the redundant vessels and symmetric boundary conditions. Therefore, cases of multiple

flow configurations with the same flow states in the same redundant vessels are probably

rare in more realistic networks. Given the similarity between Figures 3.7a and 3.8a, the two

redundant vessels in the square plus triangle network can be considered to act as a single

vessel. For this reason, the equilibria between the two-fold bifurcations have been labelled

with the (0, 0) flow configuration.
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Figure 3.8: Plots of the flow in the redundant vessels as β = L(4,6)/L changes for the
length ratio α = 2.5.

3.5.2 Asymmetry of the haematocrit distribution in the triangle network

The link between possible flow configurations and the number of equilibria could be useful

to determine an upper bound on the number of equilibria. Furthermore, the difference in

the flow state of a single redundant vessel could prove critical when analysing larger net-

works. The results in Figure 3.6 indicate that the addition of a redundant vessel creates a

larger region of multiple equilibria in the parameter space. Furthermore, the flow in only

one of the redundant vessels needs to change for this region to exist. Therefore, despite the

existence of redundant vessels that facilitate the emergence of multiple flow configurations,

the geometry and boundary conditions of the network dictate which of these flow configu-

rations are viable.

To better understand which network geometries and boundary conditions may give rise

to the existence of multiple equilibria, it is important to understand why certain flow con-

figurations are not viable for certain parameters. Due to the nonlinearity of the equations,

it is not possible to give a rigorous explanation behind the formation of multiple equilibria.

However, the example of the triangle network in Figure 3.7a provides an intuitive explana-

tion behind this process.

Before providing an explanation as to why certain parameters prohibit the formation of

multiple equilibria, it is important to understand why the existence of multiple equilibria

can be inferred from network symmetry. As discussed in Section 1.9, multiple equilibria

can exist only for non-zero inlet haematocrit because nonlinearity is key to the existence of

multiple equilibria and the triangle network admits multiple equilibria provided the inlet
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haematocrit is sufficiently large (Gardner et al., 2010). Therefore, for the symmetric trian-

gle network, with equal inlet pressures and equal inlet haematocrits, Hin, if the following is

an equilibrium for the network:

(P 4 = P ∗4, P 5 = P ∗5, P 6 = P ∗6, H〈4,5〉 = H∗〈4,5〉, H(4,6) = H∗(4,6), H(5,6) = H∗(5,6)), (3.30)

such that the starred values represent constants, Q〈4,5〉 > 0 and H∗(4,6) > H∗(5,6), then by

symmetry

(P 4 = P ∗5, P 5 = P ∗4, P 6 = P ∗6, H〈4,5〉 = H∗〈4,5〉, H(4,6) = H∗(5,6), H(5,6) = H∗(4,6)), (3.31)

with Q〈4,5〉 < 0, is also an equilibrium. This explains why the (−) and (+) equilibria exist

in pairs for the symmetric triangle network. Additionally, the following equilibrium:

(P 4 = 0.375, P 5 = 0.375, P 6 = 0.25, H〈4,5〉 = 0, H(4,6) = Hin, H(5,6) = Hin), (3.32)

always exists because the triangle network with Q〈4,5〉 = 0 is equivalent to a convergence

unit in Figure 3.9. As H(1,4) = H(2,5) = Hin and P1 = P2 = 0.5, the conservation of flow and

RBCs in Equations (1.39) and (1.41) implies that H(6,3) = Hin. Therefore, the viscosity of

the blood is equal for every vessel and the network equations for the pressure variables can

be reduced to linear equations of flow ratios. Given that the lengths of the two inlet vessels

are twice the length of the outlet vessel, for this example, P 6 = 0.25, P 4 = P 5 = 0.375, due

to the properties of the network when including additional nodes to break up the vessels

into segments described in Section 1.9.

Therefore, the equilibria of the symmetric triangle network always occur as triples because

the (0) equilibrium always exists and as soon as the inlet haematocrit is sufficiently large to

support equilibria with nonzero flow in the redundant vessel, the (−) and (+) equilibria are

mirror images of each other. As the network equations are continuous, multiple equilibria

persist for small perturbations of the network parameters.

Figure 3.10 contains plots of the haematocrits, resistances and flow ratios for the equi-

libria in Figure 3.7a. Recall that the resistance is a function of the haematocrit in the

vessel:

R(x,y) =
µ(H(x,y))L(x,y)

D4
(x,y)

. (3.33)
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The first important observation to make is that of the pattern of H〈4,5〉 in Figure 3.10g

for the equilibria with intermediate flow. For most of the green curve, the haematocrit

is 0, and is only non-zero close to the fold bifurcations. As this section of the curve also

corresponds to the change in the flow direction in vessel 〈4, 5〉, a haematocrit of 0 would be

expected because the splitting rules dictate that no RBCs can enter a vessel for small flow

ratios. It should also be observed that fold bifurcations occur close to the points at which

H〈4,5〉 > 0 for equilibria with intermediate flow. The corresponding plot for the resistance

to flow in Figure 3.10h follows a similar pattern. Given that the resistance is a function of

the haematocrit and the length ratio β does not influence the length of L〈4,5〉, this result is

intuitive to understand.

Predictions on the value of H(4,6) and H(5,6) can be made based on the flows Q(4,6)

and Q(5,6), and the properties of the network. Notice that H(4,6) > H(1,4) = 0.45 and

H(5,6) < H(2,5) = 0.45 for the (+) equilibrium and the opposite is true for the (−) equi-

librium (see Figures 3.10a and 3.10b). The properties of the bifurcation unit in Section

1.9 adequately explain this result. The daughter vessel, for which the flow ratio is greater,

has a greater haematocrit value than the parent vessel haematocrit value so long as the

diameters of the daughter vessels are of equal size. As the bifurcation is at node 4, for the

(+) equilibrium, H(4,6) > H(1,4).

Our results in Figure 3.10 also reveal some interesting trends between the relationship

between resistance and haematocrit variables for vessels (4, 6) and (5, 6). These results

provide an intuitive explanation behind the formation of the two fold bifurcations. This

explanation is in the form of six cases. Before describing these six cases, we first need to

remind the reader of some of the properties first discussed in Section 1.9. The first is the

Figure 3.9: Diagram of the triangle network with the vessel 〈4, 5〉 removed, represented
by the dashed line.
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property of a convergence of flow. The value of the haematocrit in the daughter vessel of a

flow convergence is always less than the maximum of the parent haematocrits. For instance,

if Q〈4,5〉 ≥ 0 then:

H(5,6) = rH(2,5) + (1− r)H〈4,5〉, (3.34)

where r = Q(2,5)/Q(5,6). Therefore, H(5,6) ≤ max({H(2,5), H〈4,5〉}). This also means that if

r = 1, then H(5,6) = H(2,5) and if r = 0, then H(5,6) = H〈4,5〉. The second important prop-

erty is that ψ(v,w)(r)/r has a maxima, rm, in the interval (r1, 1), where ψ(v,w) is a splitting

rule and r1 ∈ (0, 1) is the flow ratio for which ψ(v,w)(r1)/r1 = 1. As a consequence, the

derivative of ψ(r)/r with respect to the flow ratio r is negative when r > rm and positive

when r < rm.

Seven points on the plots have been labelled to indicate which case corresponds to each

section of the curve. These seven points include the three equilibria present when β = 1,

the two fold bifurcations and the two equilibria present at β = 0.9 and 1.1.

Impact of increasing β on the (0) equilibrium

The first example describes the change in the values of the variables for the (0) equilibrium

between points d and c in Figures 3.7a and 3.10. When β = 1: Q〈4,5〉 = 0, H〈4,5〉 = 0

and H(4,6) = H(5,6) = H(1,4) = H(2,5) for the (0) equilibrium. As β increases, R(4,6)

decreases. This may initially seem counter-intuitive because the resistance to the blood

flow in a vessel is proportional to the length. However, as β increases, so does Q〈5,4〉 (see

Figure 3.7a). Due to the properties of a flow convergence, an increasing value of Q〈5,4〉

for the (−) equilibrium has the result of H(4,6) and R(4,6) decreasing (see Figures 3.10a

and 3.10c). As Q〈5,4〉 increases, this coincides with a decrease in the value of Q(5,6)/Q(2,5)

(see Figures 3.10d) and, due to the properties of the haematocrit values of the daughter

vessels at a bifurcation, this results in an increase in H(5,6) and R(5,6) (see Figures 3.10b and

3.10d). As R(4,6) decreases and R(5,6) increases, R〈4,5〉 remains constant because the flow

in the redundant vessel is too small for additional RBCs to enter. Therefore, the resistance

along the blood flow pathway 5 → 4 → 6 decreases. This process continues until Q〈5,4〉 is

sufficiently large for the RBCs to enter the redundant vessel. At this point, the resistance

R〈4,5〉 sharply rises, coinciding with the existence of fold bifurcation. One interpretation of

the emergence of this limit point is that the flow pathway 5→ 4→ 6 is no longer viable due

to the sharp increase in the value of R〈4,5〉. At this point, the equilibrium must terminate

at a limit point, which takes the form of a fold bifurcation in this case.

82



Impact of increasing β on the (−) equilibrium

The process of how the values of the variables for the equilibrium (−) change between points

b and c in Figures 3.7a and 3.10, follows a different set of arguments, but can be explained

using the same properties. The key to understanding this behaviour is understanding the

process of the changing values of H(5,6) and H〈4,5〉. The flow bifurcation for all (−) equilibria

is located at node 5. Due to the properties of a flow bifurcation H(5,6) > H(2,5). When

β = 1, Q(5,6)/Q(2,5) > rm, therefore, if Q(5,6)/Q(2,5) increases, then H(5,6) decreases, but

if Q(5,6)/Q(2,5) decreases, then H(5,6) increases. H〈4,5〉 > 0 for all the (−) equilibria, as

a result, Q〈5,4〉 increasing leads to H〈4,5〉 increasing, and Q〈5,4〉 decreasing leads to H〈4,5〉

decreasing. As β increases, so does L(4,6). Unlike the case for the (0) equilibrium, the value

of R(4,6) increases (see Figure 3.10c). An increasing value of R(4,6) results in a decreasing

value of Q〈5,4〉 (see Figure 3.7a). As node 4 is a flow convergence, the decrease in Q〈5,4〉

leads to an increase in H(4,6) and R(4,6) (see Figures 3.10a and 3.10c), further reducing the

inflow from vessel 〈4, 5〉. The decrease in Q〈5,4〉 corresponds to a decrease in H〈4,5〉 and

R〈4,5〉 (see Figures 3.10g and 3.10h), and an increase in Q(5,6)/Q(2,5) (see Figure 3.10f). Due

to the property of bifurcations of flow, this simultaneously reduces the value of H(5,6) and

R(5,6) (see Figures 3.10b and 3.10d). Therefore, the simultaneous increase of R〈4,5〉 and

R(5,6) results in an increase of the resistance along the blood flow pathway 5→ 4→ 6. This

reduction in flow Q〈5,4〉 results in the flow ratio Q(5,6)/Q(2,5) tending to 1, and eventually,

the equilibrium is no longer viable close to this limit because for this process to continue,

the blood flow would eventually need to change direction. As this equilibrium is defined by

negative flow in the redundant vessel, this is not possible. Therefore, this equilibrium must

cease to exist at a limit point. Although there is no fundamental reason why the (0) and

(−) equilibria would meet at the same fold bifurcation, since the difference between the two

equilibria is decreasing, the presence of the fold bifurcation aligns with this explanation.

Impact of decreasing β on the (−) equilibrium

The effect of a decreasing value of β is similar to that of an increasing β due to the symmetry

of the network. As β decreases between points b and a, so does R(4,6) (see Figure 3.10c). As

resistance to blood flowing into vessel (4, 6) decreases, the values of Q〈5,4〉 and H〈4,5〉 both

increase (see Figures 3.7a and 3.10g). As node 4 is the central node of a flow convergence,

the values of H(4,6) and R(4,6) decrease as Q〈5,4〉 increases (see Figures 3.10a and 3.10c).

This coincides with a decrease in Q(5,6)/Q(2,5) (see Figure 3.10f) which results in an increase

in H(5,6) and R(5,6) because Q(5,6)/Q(2,5) > rm when β = 1 (see Figures 3.10b and 3.10d).

Therefore, despite the fact that R〈4,5〉 is increasing, the change in β results in an overall
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reduction of the resistance to the flow pathway 5 → 4 → 6. As this reduces the resistance

in the vessels along the current blood flow pathway, the equilibrium does not hit a limit

point.

Impact of decreasing β on the (0) equilibrium

The effect of decreasing β on the (0) equilibrium is similar to the impact of increasing β

due to the symmetry of the network. As β decreases between points d and e, the values

of H(4,6) and R(4,6) increase (see Figure 3.10c). The reason for the increase of H(4,6) and

R(4,6) is analogous to the increase of H(5,6) and R(5,6) between points d and c. The increase

of R(4,6) coincides with an increase in Q〈4,5〉 and a decrease in Q(4,6)/Q(1,4) (see Figures

3.7b and 3.10e). Therefore, H(4,6) and R(4,6) both decrease (see Figures 3.10a and 3.10c)

analogously to decreasing H(5,6) and R(5,6) between points d and c. As with the example

of an increase in β in the (0) equilibrium, H〈4,5〉 and R〈4,5〉 are constant (see Figures 3.10g

and 3.10h). As R(5,6) decreases, R(4,6) increases and R〈4,5〉 remains constant, the resistance

along the pathway 4 → 5 → 6 decreases. As with the example of increasing β on the (0)

equilibrium, once Q〈4,5〉 is large enough, R〈4,5〉 sharply increases, which coincides with the

existence of a limit point.

Impact of decreasing β on the (+) equilibrium

The impact of decreasing β on the (+) equilibrium between points f and e is analogous to

the impact of increasing β on the (−) equilibrium between points b and c. As β decreases,

so does R(4,6) (see Figure 3.10c). This decrease in R(4,6) results in a decrease in the values of

Q〈4,5〉, H〈4,5〉 and R〈4,5〉 (see Figure 3.7a, 3.10g and 3.10h). The decrease in Q〈4,5〉 leads to

the decrease in the values of H(4,6) and R(4,6) (see Figures 3.10a and 3.10c). The reason for

this is analogous to the decreasing values of H(5,6) and R(5,6) between points b and c. H(5,6)

and R(5,6) increase (see Figures 3.10b and 3.10d). The reason for this increase is analogous

to how H(4,6) and R(4,6) increase when β increases between points b and c. Therefore, the

resistance to blood flow along the path 4 → 5 → 6 also increases. As Q〈4,5〉 is decreases,

this means that the flow ratio Q(4,6)/Q(1,4) tends toward 1, eventually the equilibrium is no

longer viable.

Impact of increasing β on the (+) equilibrium

As β increases: H(4,6) and R(4,6), between points f and g, increase; Q(4,6)/Q(1,4) decreases;

and H(5,6) and R(5,6) decrease. The explanation is analogous to decreasing β for the (−)

equilibrium between points b and a. Despite the increase in R〈4,5〉, the resistance along the
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path 4→ 5→ 6 decreases. As this reduces the resistance in the vessels for the current flow

direction, the equilibrium does not encounter a limit point.

To simplify the explanation for the formation of this pattern of two fold bifurcations, the

processes have been described as a sequence of events. However, in reality, all processes

occur simultaneously. Although the reason for each case is slightly different, the cases did

share some common properties. In all cases, the resistance along the flow pathways would

adjust to accommodate a change in the network parameters. For the cases that resulted in

the existence of a limit point, the variables could no longer adapt to the change in geometry.

For the cases that did not end at a limit point, the change in the resistances of the flow

pathway was favourable to the current flow directions in the network.

The plots of the haematocrit and resistance variables for the square plus triangle network

with the same geometry used to generate the continuation curve in Figures 3.7b and 3.7c

share many of the same properties observed in Figure 3.10 (Results not shown). Given

the complex nature of the square plus triangle network, an explanation for the existence

of fold bifurcations similar to that of the triangle network is far more complex. Therefore,

an explanation of the fold bifurcations for the square plus triangle network has not been

attempted. However, given that the fold bifurcations are a common feature of equilibria, it

is reasonable to suggest that the formation of the pattern of fold bifurcations in any network

is similar to the description of the formation of fold bifurcations for the triangle network.

3.6 Equilibria for larger networks

Before considering the stability of different equilibria, we pause to investigate if the equilib-

ria of the triple triangle network in Figure 3.3c have unique flow configurations. So far, the

two networks we have studied demonstrate that each equilibrium corresponds to a unique

flow configuration for the redundant vessels for most sets of network parameters. The im-

plications of this being true limits the number of possible equilibria present in a network

by the maximum number of flow configurations. The Triple triangle network has three re-

dundant vessels: if the same principle applies to the triple triangle network, we can expect

a limit of 27 equilibria.

Previously, the maximum number of equilibria was attained for symmetric networks with

small diameters. Therefore, the following parameter values are used to demonstrate this
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Figure 3.10: Series of plots of variables in the triangle network as the length ratio β
changes for the fixed length ratio α = 0.1. (a): H(4,6); (b): H(5,6); (c): R(4,6); (d): R(5,6);
(e): Q(4,6)/Q(1,4); (f): Q(5,6)/Q(2,5); (g): H〈4,5〉; (h): R〈4,5〉.
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principle:

L〈6,7〉 = L〈8,9〉 = L〈12,13〉 = 10µm,L = 100µm,D = 10µm,P2 = 1− P1, (3.35)

and the inlet pressure, P1, is the continuation parameter. Using this continuation param-

eter, we found 27 equilibria in a small neighbourhood around P1 = 0.5 for which the flow

configuration for every equilibrium is unique, as predicted. However, the equilibria differ

from those observed for the previous two networks. The equilibria of the previous networks

belonged to a single continuation curve for which the inlet pressure P1 was the continua-

tion parameter. This is not the case for the triple triangle network; the equilibria of the

network all belong to one of nine disconnected continuation curves. Furthermore, these

disconnected curves are characterised by the flow configurations of vessels 〈6, 7〉 and 〈8, 9〉.
Only the curves characterised by the flow configurations:

(−,−, ·), (−, 0, ·), (−,+, ·), (3.36)

are shown in Figure 3.11 for the sake of brevity. The flow configurations and the value of

the normalised flow in the redundant vessels when P1 = 0 for the curves in Figure 3.11

have been listed in Table 3.2. The other disconnected continuation curves are similar to the

curves in Figure 3.11 but these results have been left out of the thesis for brevity.

It is also important to specify that the haematocrit distribution within the diamond sub-

networks is independent of changes in pressure conditions. Some of the properties of these

networks, first discussed in Section 1.9.6, provide an explanation for this observation. As

the inlet haematocrit is independent of the changes in the boundary pressures, this implies

that H(10,12) = H(1,4) and H(11,13) = H(2,5). Given that the haematocrit distribution for

a network with a single inlet and outlet is independent of the pressure boundary condi-

tions, this principle also applies to the diamond subnetworks of the triple triangle network

because a change in the pressure boundary conditions does not change the inlet haemat-

ocrit. However, if the haematocrit boundary conditions were to change, then the number

of disconnected paths would decrease. Figure 3.12 shows how the equilibria of the diamond

subnetwork, consisting of the nodes {1, 4, 6, 7, 10, 12}, change as the inlet haematocrit H(1,4)

decreases. Eventually the negative and positive solutions encounter fold bifurcations and

beyond the critical values of H(1,4) of the fold bifurcations, only one equilibrium remains

viable. Therefore, if the values of H(1,4) and H(2,5) were below these critical values, then
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all equilibria would only belong to a single continuation curve because only one equilibrium

exists in each diamond subnetwork.

Q〈6,7〉 Q〈8,9〉 Q〈12,13〉 Flow orientation Network diagrams

−0.0818 −0.0817 −0.1673 (−,−,−)

−0.0819 −0.0819 0.0 (−,−, 0)

−0.0817 −0.0818 0.1673 (−,−,+)

−0.0818 0.0 −0.1692 (−, 0,−)

−0.0819 0.0 0.0022 (−, 0, 0)

−0.0817 0.0 0.1654 (−, 0,+)

−0.0818 0.0817 −0.1673 (−,+,−)

−0.0819 0.0819 0.0 (−,+, 0)

−0.0817 0.0818 0.1673 (−,+,+)

Table 3.2: Table of the equilibria for the triple triangle network in Figure 3.11. The
flow orientation column is of the form (s〈6,7〉, s〈8,9〉, s〈12,13〉). The single arrows on the
network diagrams indicate a fixed flow direction, the two headed arrows indicate a
varying flow direction and the dashed lines indicate intermediate flow.

As can be seen in Figure 3.12, so long as the inlet haematocrit of one of the diamonds

is sufficiently large, the diamond admits three equilibria, distinguished by the flow state

in the redundant vessel. Each of the equilibria has an associated haematocrit distribution

independent of the pressures at the inlet and outlet. As the haematocrit distributions are

separate and do not change with changes in the boundary conditions, the three equilibria are

distinct for any changes to the boundary conditions. Therefore, the three equilibria belong

to three different paths in parameter space. Therefore, the combination of two diamond

networks with this property results in the existence of nine disconnected paths. Given that

the two diamond networks admit three equilibria when H(1,4) = H(2,5) = 0.45, the triple

triangle network admits 9 paths.

3.7 Stability of the equilibria

Gardner et al. (2010) determined that the equilibrium with intermediate flow in the re-

dundant vessel was unstable and the equilibria with negative or positive flow were stable.
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Figure 3.11: Series of plots for volumetric flows and haematocrit variables for the
redundant vessels. We plot the equilibria for which the flow in the vessel 〈6, 7〉 is
negative.
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Figure 3.12: Series of plots for volumetric flows and haematocrit variables for the re-
dundant vessel of a diamond subnetwork of the triple triangle network. (a): Q〈6,7〉/Q(1,4)

as a function of the inlet haematocrit H(1,4); (b): H〈6,7〉 as a function of the inlet haema-
tocrit H(1,4).

This section does not attempt to classify the stability of every equilibrium found in the

previous sections, but instead, determine if the stability pattern of the square plus triangle

network is similar to the stability pattern identified for the triangle network by Gardner

et al. (2010). Instead of performing a linear stability analysis of the system of PDEs for

the square plus triangle network, we have chosen to solve the equations numerically to as-

sess stability. The system of PDEs for the square plus triangle network can be inferred

from the network geometry and the equation construction in Section 1.8, but a summary

of the equations for the square plus triangle can be found in Appendix A.2. To solve the

time-dependent equations, the PDEs are converted into a system of DDEs of the form:

dH

dt
= u(t)(H(0, t)H(0, t− τ(t))), (3.37)

dµ

dt
= u(t)(µ(H(0, t), D)− µ(H(0, t− τ(t)), D)), (3.38)

where H is the average haematocrit of the vessel, µ is the average viscosity and u is the

average propagation speed of the RBCs. Details of this method can be found in Section

2.3. To assess the linear stability of an equilibrium, the haematocrit distribution for the

equilibrium is used as the initial condition but with a small perturbation applied to one

of the haematocrit values. The numerical solution was then calculated for t = 30 and if

the numerical solution at t = 30 was within 0.001 of the original equilibrium, then that

equilibrium was classified as stable.
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To understand the relationship between the flow configurations and the stability of the

time-dependent equations, we use the following set of parameters to generate a set of equi-

libria:

D = 10µm,L = 100µm,P2 = 1− P1,

H(1,4) = H(2,5) = 0.45, L〈6,7〉 = L〈4,5〉 = 50µm

and P1 as the continuation parameter. Figure 3.13 shows the set of equilibria for the

specified parameters. The stable equilibria are displayed by solid lines and the unstable

equilibria are shown by dashed lines. For the results in Figure 3.13, the following flow

configurations were stable:

(−,−), (−,+), (+,−), (+,+), (3.39)

and the equilibria with the flow configurations:

(0,−), (0,+), (−, 0), (+, 0), (0, 0), (3.40)

were unstable. Therefore, we conclude that the equilibria with intermediate flow in one or

both redundant vessels are unstable.

3.8 Discussion

Given the nonlinearity of the network equations, it is difficult to definitively conclude which

properties of a network are vital for the formation of multiple equilibria in a single network.

Furthermore, vasculature topology and geometry can vary significantly, and so it is difficult

to translate the results from numerical studies to other networks. However, we have been

successful in our goal of identifying the key properties of network topology that lead to the

formation of multiple equilibria. Our results represent a wide range of test cases designed

to extract some common properties of the flow behaviour in microvasculature. Each case

provided supporting evidence for a variety of conclusions. These conclusions have been

summarised in the following six sections
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Figure 3.13: Series of plots of the equilibria of the square plus triangle network as the
inlet pressure P1 varies. The solid lines represent the stable equilibria and the dashed
lines represent the unstable equilibria.

92



Pattern of flow state configurations

The main conclusion to draw from these results is the relationship between the equilibria

and the flow configurations of the redundant vessels. By classifying the flow in redundant

vessels as positive, negative, or intermediate, most equilibria can be classified using a unique

combination of these classifiers. Karst et al. (2017) were the first to observe the link between

the flow direction and the multiple equilibria, but did not link these multiple flow directions

to the network topology. The results of this chapter extend the link between flow direction

and the equilibria with the introduction of the intermediate flow states in the redundant

vessels. Categorising the equilibria using flow configurations is more advantageous than

grouping the equilibria by flow direction because using flow states provides a more granu-

lar description of the equilibria. Based on this understanding of the flow configurations of

positive, negative, and intermediate flow states in the redundant vessels, predictions for the

number of possible equilibria can be based purely upon the network’s topology.

Until now, the link between network redundancy and the multiplicity of solutions to the

network equations has not been identified. Our results in Section 3.4 show that despite

the difficulty of predicting the values of the parameters for which the network would admit

multiple equilibria, the existence of multiple equilibria always occurred when the flow in a

redundant vessel could travel in both directions. When the definitions of the flow states

were applied to these results, the definitions yielded a unique description of the equilibria.

Most of the results in Section 3.4 show that the square plus triangle network admitted

two intervals of changing flow direction, one for each redundant vessel. These intervals

were disconnected for most of the splitting rules. Therefore, each interval admits only three

equilibria, each of which has a different flow state in one of the two redundant vessels.

However, for one of the splitting rules that we studied, these intervals of changing flow

direction overlap, leading to the formation of an interval for which the square plus triangle

network admits five equilibria, as seen in Figures 3.5c and 3.5d. As the network equations

are nonlinear and highly coupled, the existence of one region of multiple equilibria in pa-

rameter space influences the existence of other regions. However, these equilibria belong to

distinct regions in parameter space and this example shows that if the choice of splitting

rule and network geometry allows for these intervals to overlap, then the combination of

flow configurations create intervals of more than three equilibria. Section 3.5 shows more

examples of these overlaps, leading to the creation of an equilibrium for every possible flow

configuration. Figures 3.7b, 3.7c and 3.7d show two intervals in the length ratio β for which

the flow in the redundant vessel supports the three flow states. As the interval of multiple
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viable flow states for vessel 〈6, 7〉 is embedded within the interval of multiple flow states for

vessel 〈4, 5〉, the network supports every configuration of the flow states.

In most of the cases studied, the equilibria always correspond to a unique flow configura-

tion. This not only allows predictions on how many possible equilibria are present in larger

networks, it also provides a possible methodology for finding these equilibria. As viable

flow configurations of redundant vessels are linked to the existence of multiple equilibria,

identifying redundant vessels of larger networks provides a useful starting point for finding

the equilibria of a network. As redundant vessels are determined by the network topology,

they can be identified without prior knowledge of the equilibria. This could be crucial for

using the homotopy function of Equation (3.9). The starting system for this homotopy

function only has one equilibrium for a set haematocrit distribution H∗. Therefore, using

different starting haematocrit distributions with different corresponding flow directions in

the redundant vessels may be a more useful strategy than randomly choosing a starting

distribution. Although numerical continuation is never guaranteed to find a solution, in

theory, it is possible to track the equilibrium of the starting system to an equilibrium of the

target system with the same flow configuration if that flow configuration is viable for the

network.

Pattern of fold bifurcations

We have shown that equilibria occur mainly in sets of three, distinguished by a difference in

flow state for a single redundant vessel. Most intervals of multiple equilibria in this chapter

have been formed by patterns of fold bifurcations which coincide with a change in the flow

direction in a redundant vessel. Section 3.5.2 explains how the symmetry of a symmetric

triangle network resulted in the existence of three equilibria. This is an intuitive result for

the triangle network because it is clear that one of these equilibria is simply the mirror image

of the other. Furthermore, Section 3.5.2 also explains the wider phenomenon of equilibria

occurring in sets of three, or the prevalence of the common pattern of fold bifurcations.

Figure 3.10 shows that the haematocrit distributions of the three equilibria adjust as the

geometry of the network changes to account for the breaking of symmetry. As with all

examples studied in this chapter, the haematocrit distribution can only account for rela-

tively small changes in the asymmetry of the network. Once the haematocrit distribution

can no longer adjust to account for the alteration of the network geometry, the equilibria

encounter fold bifurcations, and only one of the equilibria remains viable. Furthermore,

the flow direction in the remaining equilibrium is always in the direction that favours the

asymmetry of the network. For instance, as the length of the side of the triangle network
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increases, the resistance in the side increases. Once the length of the side is sufficiently

large, only the (+) equilibrium remains viable because the blood is flowing away from the

side of the network with greater resistance.

The pattern of fold bifurcations like those seen in Figure 3.7a are not exclusive to the

triangle network. The square plus triangle network also admits these patterns of fold bi-

furcations. However, the fold bifurcations were not exclusive to a single redundant vessel.

In Figures 3.7b and 3.7c two intervals of changing flow direction are created by the same

pattern of fold bifurcations. One interval corresponded to a change in the direction of the

flow in vessel 〈4, 5〉. The other interval was formed by the flow changing direction in vessel

〈6, 7〉 for each flow state of vessel 〈4, 5〉. This indicates that although the network equations

are highly coupled, changes in the flow state of certain redundant vessels can be induced

without changing the flow state of other redundant vessels. Therefore, the haematocrit

distribution in the network can change locally to account for small differences in network

geometry.

Not only can the haematocrit distribution account for the change in the geometry of a

network, asymmetry of the boundary conditions can also recover flow configurations that

are no longer viable due to a change in the geometry. For example, only the equilibria with

the flow configurations:

(−,+), (0,+), (+,+), (3.41)

are admitted by the square plus triangle network in Figures 3.4 and 3.5 when the boundary

conditions of the network were symmetric. When asymmetry was introduced to the pressure

boundary conditions, the three equilibria created by a change in the flow direction in vessel

〈4, 5〉 are no longer viable, but this coincides with the emergence of three equilibria with

a change in the flow direction in vessel 〈6, 7〉. Therefore, the change in the flow direction

in vessel 〈6, 7〉 has been recovered by the asymmetry of the inlet pressures at the cost of

removing the change in the flow direction in vessel 〈4, 5〉. Based on these results, we can

conclude that the underlying process of the emergence of multiple equilibria remains the

same in a network, but asymmetries in the geometry or boundary conditions dictate which

flow configurations are viable.

Negligible impact of splitting rules

An important result we have obtained is the negligible impact of different splitting rules

on the emergence of multiple equilibria. For instance, in Section 3.4, we found that all
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five splitting rules admitted multiple equilibria for very similar intervals of inlet pressures.

These intervals also contained the same number of equilibria and could be characterised by

the same flow configurations. Therefore, regardless of the splitting rule, the classification

of the equilibria has remained constant. The only exception to this general trend is that of

the simple splitting rule when P = 2.0 (see Figure 3.5). The two intervals of changing flow

direction overlapped, creating an interval with more than three equilibria. Although this

is an important distinction, this example does not fundamentally change the mechanism

by which multiple equilibria emerge. We conclude that different splitting rules change the

size of the intervals for which multiple equilibria exist but does not have a significant effect

on the position of the intervals nor on the flow configurations present in the intervals. It

should be noted that the difference between the variables for the three sets of equilibria in

Figures 3.4d and 3.5d was greater than in Figures 3.4c and 3.5c. Hence, the difference in

the equilibria may eventually diverge for vessels sufficiently distant from the network’s inlets.

The existence of intermediate flow provides one possible explanation of why the specific

choice of splitting rule has a minimal effect on the number of equilibria. Usually, when

an equilibrium has intermediate flow in a redundant vessel, the ratio of flow entering that

vessel is less than the critical X0 parameter. Therefore, the haematocrit within the redun-

dant vessel is 0 and the haematocrit for the other daughter vessel is equal to Hp/r for any

splitting rule (Hp is the haematocrit of the parent vessel and r is the flow ratio). Therefore,

the equilibrium with intermediate flow is quantitatively and qualitatively similar for all five

splitting rules. Equilibria with intermediate flow belong to sets of three, and these three

equilibria often form a pattern of fold bifurcations with a change in the flow direction in a

redundant vessel. Therefore, the other equilibria in these sets of three are found in similar

intervals of parameter space.

It should be noted that our results in this chapter were only generated with networks

for which the diameters of the vessels were of a uniform size. Given that all splitting rules

have a bias term which depends on the diameters of the daughter vessels, the difference in

the functional form of this bias term may result in different patterns of equilibria for net-

works with nonuniform diameters. The impact of different diameters and diameter ratios

is explored in Chapter 4.

Separate paths of equilibria

Our main aim of this chapter was to understand the link between the redundancy of a

network and the existence of multiple equilibria. By introducing flow configurations to net-
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works, it was possible to uniquely classify most equilibria using the flow in the redundant

vessels. Furthermore, flow configurations allow predictions to be made for the maximum

number of potential equilibria in a vasculature network. Using this approach, we were

able to successfully predict that the maximum number of equilibria admitted by the triple

triangle network in Figure 3.11 was twenty-seven. Like the triangle and square plus trian-

gle network, the equilibria admitted a pattern of fold bifurcations for a redundant vessel

changing flow direction. However, the equilibria for the triple triangle network had distinct

properties.

Unlike the equilibria of the triangle and square plus triangle network, the equilibria of

the triple triangle network belong to nine different paths in parameter space instead of one.

This result can be extrapolated to conclude that a network containing subnetworks with

a single inlet and outlet vessel will admit separate paths of equilibria in parameter space

characterised by the combinations of flow configurations of all subnetworks of this type; so

long as the value of the haematocrit entering each subnetwork is sufficiently large for the

subnetwork to admit multiple equilibria.

The fact that the haematocrit distribution of these subnetworks is independent of the flows

in the rest of the network could prove to be useful when resolving the equilibria of much

larger networks. Instead of choosing a random haematocrit distribution as the basis of the

initial continuation to find an equilibrium of a network, haematocrit distributions based on

combinations of haematocrit distributions for smaller network motifs will provide a better

initial estimate. By making modifications to the numerical continuation algorithm described

in Figure 3.2, the equilibria of larger networks are more easily constructed. For example,

if the equilibria of the triple triangle network are resolved using this modification, then the

nine combinations of the equilibria for the diamond networks provide a better initial guess

for the equilibria of the whole network.

Flow pathways

Results in Section 3.5 show that the region of multiple equilibria is much larger for the

square plus triangle network. The shape of these regions may provide some insight into the

reason for this phenomenon. The networks admitted larger intervals of multiple equilibria

when the length of the redundant vessels were small. Shorter vessels have less resistance

than longer vessels provided the haematocrit and diameter remains constant, so shorter

redundant vessels incur less of a penalty for blood flow. Therefore, the blood flow pathways

through redundant vessels are more viable in either direction because there is less potential
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resistance for the blood flow in either direction. This is why, despite the asymmetry of the

other vessels in the network, smaller redundant vessels allow for the blood to flow along

more potential pathways. Due to the relationship between the number of flow pathways

and equilibria, shorter redundant vessels correspond to the existence of more equilibria.

As the number of flow states grows exponentially with the size of the network, it may be

computationally infeasible to find all viable flow configurations of a large network. However,

if the tumour vasculature does not contain many redundant vessels, then the exponential

upper bound may not be a prohibitive barrier to computing all equilibria. (Pries et al., 2010)

suggested that a small number of vessels in tumours redirect blood along longer pathways,

causing redistribution of blood within the tumour vasculature. These are often referred to

as functional shunts. Unlike redundant vessels, these have not been defined by the topology

of the network, but share some qualitative characteristics with the redundant vessels. It is

not clear how prominent these structures are in the tumour vasculature, and it is possible

that shunts are rare (Less et al., 1991). Our results suggest that multiple equilibria are

more likely to exist in networks with more redundant vessels, due to the existence of more

potential flow pathways, but if redundant vessels are rare, then this would suggest that the

presence of multiple equilibria is an unlikely phenomenon.

Instability of intermediate flow

We found that the equilibria with intermediate flow were consistently unstable, while equi-

libria with positive or negative flow were stable. Intermediate flow in a redundant vessel

usually corresponds to zero, or close to zero, haematocrit in that redundant vessel. There-

fore, the resistance to blood flow in a redundant vessel for equilibria with intermediate

flow is less than the resistance for equilibria with positive or negative flow. We hypoth-

esised that the lower resistance makes the equilibria more susceptible to change because

any change in the haematocrit distribution will have a greater impact on an equilibrium

with zero haematocrit in a redundant vessel because there is less resistance to the blood

flow changing direction. Although this adequately explains the results presented here, it

should also be noted that oscillations have been observed for equilibria of networks with

one redundant vessel (Ben-Ami et al., 2022; Geddes et al., 2010; Karst et al., 2015). Geddes

et al. (2007) observed oscillations for both triangle and diamond networks. Karst et al.

(2015) linked the existence of multiple equilibria with different flow directions with stable

and unstable limit cycles centred at the non-zero equilibria and found a variety of different

dynamic behaviours for a range of different length ratios and inlet haematocrits. Further-

more, their results imply that the equilibria are more likely to be stable for a symmetric
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network. Given that the network studied in Section 3.7 was symmetric, it is unsurprising

that four of the nine equilibria were stable. Ben-Ami et al. (2022) provide the most clarity

on the link between multiple equilibria and stability. They observed that in a phase plane

of the inlet haematocrit and diameter ratios for the triangle network, the equilibria with

zero flow, or trivial solution, were stable for smaller inlet haematocrit values. Furthermore,

a transcritical bifurcation existed for all diameter ratios for which the trivial solution would

become unstable, and this transcritical bifurcation would almost exactly coincide with the

emergence of multiple equilibria. At least one of these equilibria is always stable and if

the network is symmetric, then both non-zero equilibria are stable. With this additional

context, we can hypothesise that equilibria with only positive and negative flows are not

always stable, but equilibria with intermediate flow are unstable.

We have demonstrated in this chapter that, although it is not possible to predict the ex-

istence of multiple equilibria in larger networks based on the equilibria of other networks,

network redundancy is key to the formation of multiple equilibria. These conclusions pro-

vide useful insights that can be used to find the equilibria of larger networks and explain

why multiple equilibria occur. In particular, our results could provide insight into which

networks are likely to admit multiple equilibria based on the number of redundant vessels.

Finding the equilibria of these networks could then be used to investigate oxygen distribu-

tion patterns in cancerous tumours and many other conditions.

Ben-Ami et al. (2022) showed that multiple equilibria are vital to the instabilities and self

sustained oscillations of the blood flow for a network with a single redundant vessel. There-

fore, one avenue for future work would be to investigate the behaviour of time-dependent

flow equations to determine if the multiple equilibria present in larger networks lead to the

formation of oscillatory dynamics in the blood flow. Another potential avenue would be

to uncover a mechanism for the switching of the solution from one stable state to another.

Both avenues could be used to explain the fluctuations observed in oxygen levels in the

surrounding tissue. Understanding the link between blood flow in the microcirculation and

oxygen fluctuations could be critical to understanding the formation of cycling-hypoxia.
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Chapter 4

Influence of scale on the

multiplicity of equilibria

4.1 Introduction

In Chapter 3, the link between network redundancy and the multiplicity of solutions was

explored. By linking the flow states with the network equilibria, most equilibria were cate-

gorised with unique flow configurations that consistently captured the behaviour of the flow

in the network. Our results provide insight into previous results by suggesting a possible

mechanism for the existence of multiple equilibria found in the literature. For example,

(Karst et al., 2017) showed that honeycomb and Voronoi networks admitted multiple equi-

libria for a range of lengths and diameters, and made the important observation that the

equilibria often differed by flow direction, but some equilibria would share the same flow

direction. Our results may explain both of these phenomena; according to the network

equations, the flow direction can only change in certain vessels known as redundant vessels

(Definition 1.2), and vessels for which the flow cannot change direction are referred to as

fixed vessels. As described in Section 1.9.5, all vessels that are specified with triangular

brackets (〈, 〉) are redundant vessels and all fixed vessels are denoted by circular brackets.

Our results consistently show that multiple equilibria differ by flow state in one or more

redundant vessels. The key difference between characterising equilibria using flow state

instead of flow direction is that the definition of flow states includes intermediate flow. The

flow states for a pair of equilibria can be different despite sharing a common flow direction

in a redundant vessel. This not only explains why the multiplicity of equilibria is linked

to the change in the flow direction and why this flow direction is only observed in certain
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vessels; our results explain why the flow directions for some pairs of equilibria are the same.

As explained in the previous chapter, it is important to show the relationship between flow

configurations and equilibria for a wide variety of networks. So far, we have demonstrated

the relationship between flow configurations and equilibria for a range of vessel length ratios

and scales on a small set of networks. We also showed evidence that the number of equilib-

ria has an upper bound that increases exponentially with the number of redundant vessels.

Both of these results provide strong evidence for the relationship between flow configura-

tion and equilibria for all sizes of network. However, so far, we have only demonstrated this

phenomenon in networks with small diameters. Furthermore, the diameters of all vessels in

the networks in Chapter 3, were of uniform size. As the flow in a vessel is proportional to

the fourth power of the diameter (Equation (1.32)), assuming constant viscosity, changes

in the diameter potentially have a significant effect on the flow in a network. To further

complicate the impact of vessel diameters, viscosity is a nonlinear function of the diameter

and haematocrit of a vessel (Equation (1.3)). The parameters of the splitting rule are also

often functions of the diameters of the vessels. Therefore, we must show that the equilibria

of a network correspond to unique flow configurations for a range of vessel diameters.

So far, all results have been for networks for which all vessels have diameters of 10µm

which represents the lower end of the scale on the size of the vessels in the microvascu-

lature. Given most equilibria are regular points1 of the steady-state network equations,

most equilibria exist for at least some small neighbourhood of diameter values. Gardner

et al. (2010) have shown that multiple equilibria exist for the triangle network for a wide

range of vessel diameters, provided that the inlet haematocrits are sufficiently large. In

this chapter, we investigate if the flow configurations of networks are unique as the vessel

diameters vary. Due to the difficulty of investigating how the flow configurations change

as the diameters vary, the analysis of how the flow configurations change as the diameters

and diameter ratios vary was left out of Chapter 3. If we can show that the uniqueness of

flow configurations is consistent as diameters and diameter ratios vary in just one network

with multiple redundant vessels, then it is reasonable to conclude that the link between flow

configurations and multiple equilibria is applicable for a wide variety of networks.

In addition to understanding how the equilibria of networks change as the diameters of

1A regular point, x∗, for a system of equations, F , is a point for which the Jacobian, JF , has full rank at
the point x∗. For example, if F : RN → RN , then rank(JF (x∗)) = N .
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a network vary, it is important to show that flow configurations remain consistent for dif-

ferent diameter ratios because it is unlikely that vasculature networks have uniform vessel

diameters. Cecil Murray (Murray, 1926), found that the work against blood flow in mi-

crocirculation was minimised when the volumetric flows in all vessels were proportional to

the cube of the diameter of the vessel. The implication of Murray’s law is that the sum

of the cubes of the diameters of vessels entering a vessel junction is equal to the sum of

the cubes of the diameters leaving the junction (Sherman, 1981). If this law is applied to

vessel networks, then the vessel diameters should never be uniform. Furthermore, tumour

vasculature is known to be chaotic (Carmeliet and Jain, 2000). In any case, the vessels

in microvasculature should not all have the same diameters. It is not inherently true that

vasculature networks with variable diameter ratios would admit the same patterns of flow

configurations as those with consistent diameters. Not only does the difference in diameters

impact the resistance to blood flow, the splitting rules usually bias flow according to the di-

ameters of the daughter vessels (Bernabeu et al., 2020; Pries et al., 1990; Pries and Secomb,

2005). Therefore, we must determine whether equilibria have unique flow configurations for

a range of different diameter ratios to show that this principle is consistent for all networks.

Numerical continuation will be used again in this chapter to investigate the impact of

changing diameters and diameter ratios. The homotopy functions for numerical continua-

tion in this chapter are the same as the homotopy functions described in Section 3.2. As

continuation is used to investigate the change in the equilibria as the diameters increase,

the diameters will eventually be larger than the vessel lengths according to the model. As

the haematocrit distribution of a network does not change as long as the vessel lengths are

scaled uniformly, this does not present a problem for the study of different diameter ratios.

The remainder of this chapter is broken up by the following sections: Section 4.2 describes

the network constructions to be used in this chapter, Section 4.3 shows the impact of uniform

scaling of network diameters, Section 4.4 contains the results of varying the diameter ratios

of networks, and Section 4.5 contains the discussion of the results and future directions.

4.2 Network construction for the test cases

To investigate the effect of different network configurations on the number of equilibria,

we return to the square plus triangle network first described in Section 3.3. The square

plus triangle network consists of 8 nodes such that Nodes 1 and 2 are inlet nodes and

Node 3 is the only outlet node. The interior nodes are labelled 4, 5, 6, 7, 8: Nodes 4, 5, 6, 7
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Figure 4.1: Diagram of the square plus triangle network.

form a quadrilateral and Nodes 6, 7, 8 form a triangle (see Figure 4.1). As the network

has two inlets and one outlet, it is possible to simplify the boundary pressures so that

P1 ∈ [0, 1], P2 = 1 − P1, and P3 = 0 without altering the haematocrit distribution of

any equilibrium (see Section 3.3 for details). The square plus triangle network contains

two redundant vessels instead of one, namely, 〈4, 5〉 and 〈6, 7〉. The order of redundant

vessels used in this chapter is (〈4, 5〉, 〈6, 7〉), for which the possible flow configurations are

(−,−), (−, 0), (−,+), (0,−), (0, 0), (0,+), (+,−), (+, 0) and (+,+).

4.3 Large diameters

Few publications contain results that describe how the number of equilibria of networks

changes as vessel diameters vary. Gardner et al. (2010) investigated how the number of

equilibria of the triangle network changes as the size of vessel diameters vary. They found

that multiple equilibria exist for a greater range of inlet haematocrits when the vessel

diameters of the triangle network are smaller, but they limited their study to investigating

this effect in networks for which the vessel diameters are all the same size. The network

equations are based on the ratios of flow in the network, and the flow in a vessel is inversely

proportional to the vessel length. Therefore, scaling all vessel lengths uniformly in a network

does not affect the equilibria. This result does not hold for vessel diameters. The flows are

proportional to the reciprocal of the viscosity, and the viscosity is a nonlinear function of a

vessel’s haematocrit and diameter. As a result, the flow ratio will change as the diameter

changes even if the diameters all change by the same scale. Consider, the bifurcation in

Figure 1.3a. Assume that P u − P v = P v − Pw = 1, D(u,v) = D(v,w) = 10µm,L(u,v) =
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L(v,w) = 100µm,H(u,v) = 0.45 and H(v,w) = 0.4. Then the ratio of flows is given by:

Q(v,w)

Q(u,v)
=

10000π
12800µ(0.4,10)

10000π
12800µ(0.45,10)

=
µ(0.45, 10)

µ(0.4, 10)
= 1.1731, (4.1)

where µ(H,D) = µpµ
(rel)(H,D), µp is the viscosity of the plasma and µ(rel)(H,D) is given

by Equation (1.3). If we change the diameters of the two vessels to D(u,v) = D(v,w) = 20µm,

then the flow ratio is:
Q(v,w)

Q(u,v)
=
µ(0.45, 20)

µ(0.4, 20)
= 1.1385. (4.2)

Although this is not a large difference given that the diameters of the network can influence

the number of equilibria in the triangle network, we anticipate a similar behaviour for the

square plus triangle network (Gardner et al., 2010).

In Section 3.4, we investigated the effect of different splitting rules on the equilibria, but

only for the square plus triangle network with uniform diameters. As in Chapter 3, it is

important to verify our findings for more than one splitting rule to control bias in our re-

sults introduced by a specific splitting rule. Section 3.4 directly compared the Gardner2

(Gardner et al., 2010; Pries et al., 1990), Pries (Pries and Secomb, 2005) and Simple split-

ting rules. The conclusion to this comparison was that the flow configuration is unique for

every equilibrium regardless of the choice of splitting rules. Given the similarities between

the equilibria using different splitting rules in Chapter 3, it is not necessary to use all five

splitting rules in this chapter, but all bifurcation diagrams are generated using the Gardner

and Simple splitting rule. As a reminder, all splitting rules are in the form of Equation

(1.13):

ψ(v,w)(r(v,w)) =


0 if r(v,w) < X0

1 if r(v,w) > 1−X0

eA(r(v,w)−X0)P

eA(r(v,w)−X0)P+(1−r(v,w)−X0)P
if X0 ≤ r(v,w) ≤ 1−X0

(1.13)

where the indices u, v and w denote the nodes present in Figure 1.3a, r(v,w) = Q(v,w)/Q(u,v),

and the coefficients X0, A and P are defined by the specific splitting rule. The definitions

for the key splitting rule coefficients for the Gardner and Simple splitting rules can be found

2The Gardner splitting rule was first described by Pries et al. (1990). We call this the Gardner splitting
rule to distinguish this rule from the other splitting rule described by Pries and Secomb (2005) and because
this splitting rule was used by Gardner et al. (2010) to obtain important results for the triangle network.

104



in Table 4.1.

Splitting rule P A X0

Gardner 1 + 6.98
1−H(u,v)

D(u,v)
− 6.96
D(u,v)

log

(
D(v,w)

D(v,z)

)
0.4

D(u,v)

Simple 1.4 − 7
D(u,v)

(D(v,w)−D(v,z))

(D(v,w)+D(v,z))
0.05

Table 4.1: Summary of the different functional forms that are used in Equation (1.13) to
generate the different haematocrit splitting rules. The indices of the vessels correspond
to the bifurcation unit in Figure 1.3a and the functions P,A and X0 determine the ratio
of RBCs Q(v,w)H(v,w)/Q(u,v)H(u,v).

To better understand how the diameters of the vessels affect the equilibria of a network,

we will test how the equilibria change when all diameters of the square plus triangle network

are scaled by the same constant. The square plus triangle network admits up to nine

equilibria when the network is symmetric. Therefore, we will use lengths and boundary

conditions that are symmetric for the two sides of the square plus triangle network. For

this example, we can choose the following variables:

L〈4,5〉 = L〈6,7〉 = 10µm,L = 100µm,H(1,4) = H(2,5) = 0.45, P1 = P2 = 0.5.

For vessel diameter values of D = 10µm, the square plus triangle network admits nine

equilibria for both splitting rules. These nine equilibria are uniquely defined by their re-

spective flow configurations, and given that the square plus triangle network only contains

two redundant vessels, these equilibria represent the full range of flow configurations. Before

describing how these equilibria change as the diameters of the network vary, it is important

to remind the reader of the definitions of intermediate flow. Definition 3.1 defines the in-

termediate flow in networks with a single redundant vessel and Definition 3.2 defines the

intermediate flow in networks with multiple redundant vessels. To summarise the main

properties of both definitions: for a set of three equilibria, a, b and c, if:

Q
(a)
〈x,y〉 < 0, Q

(b)
〈x,y〉 ≤ 0, Q

(c)
〈x,y〉 > 0 or Q

(a)
〈x,y〉 < 0, Q

(b)
〈x,y〉 ≥ 0, Q

(c)
〈x,y〉 > 0,

and:

|Q(a)
〈x,y〉|> |Q

(b)
〈x,y〉| and |Q(c)

〈x,y〉|> |Q
(b)
〈x,y〉|,

then the network has intermediate flow in vessel 〈x, y〉 for equilibrium b. Equilibria for

which the flow in a redundant vessel does not meet the requirements for intermediate flow

are described as having positive or negative flow if the flow direction in the vessel is positive
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or negative, respectively.

Each of these nine equilibria of the square plus triangle network present when D = 10µm

are used as the starting solutions to the homotopy function in Equation (3.12), with D as

the continuation parameter. In this section, we use the convention that all equilibria in

the bifurcation diagrams are labelled with the same flow configuration for the square plus

triangle when D = 10µm.

Figure 4.2 displays the bifurcation diagrams for normalised flow in redundant vessels for

the square plus triangle network. The nine flow configurations, identified by the legend,

remain viable for an interval of diameters between (8µm, 27µm) for both splitting rules. For

a diameter value of ≈ 27µm, pairs of equilibria converge at fold bifurcations. Above this

range, only three equilibria with the flow configurations (−,−), (+,+) and (0, 0) remain

viable. Another pair of fold points can be found at D ≈ 30µm and so the only valid flow

configuration for diameters greater than 30µm is that of (0, 0). As with the diameter values

of ≈ 27µm, pairs of equilibria meet at fold bifurcations at diameter values between 7µm

and 8µm. For D . 7µm, only the equilibrium (0, 0) remains viable. Therefore, multiple

flow configurations remain viable for a wide interval of D.

However, it should be noted that the equilibria do not have unique flow configurations for

all values of D. For example, there are five equilibria with the following flow configurations:

(−,−), (−,−), (0, 0), (+,+), (+,+), (4.3)

when D ≈ 30µm. This contradicts our claim that each equilibrium has a unique flow con-

figuration, but given that this occurs in such a narrow interval of D, we conclude that these

exceptions are rare. There are other possible exceptions close to the fold points close to

D ≈ 27µm and D ≈ 8µm. Because some of the fold points represent limit points for equilib-

ria with intermediate flow in one of the two redundant vessels, these fold points disrupt the

grouping of the equilibria into sets of three required to apply the definition of intermediate

flow. Given that these intervals are small, these exceptions can be safely ignored without

compromising the general principle.

The results in Figure 4.2 suggest that the choice of splitting rule affects how the equi-

libria change as the diameters of the vessels vary, but the qualitative behaviour is the same

for both splitting rules. More specifically, the equilibria meet in the same pairs of flow
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configurations and for approximately the same diameter values. For example, the equilibria

with the flow configurations (−,−) and (+,+) meet when D ≈ 30µm and D ≈ 7µm for

both splitting rules. Other pairs of flow configurations also consistently meet for the two

splitting rules. These have been labelled in Figures 4.2b and 4.2d but they are also present

in Figures 4.2a and 4.2c. The main difference between the two sets of equilibria is the rate

at which the flows converge towards the (0, 0) equilibrium, with the flows converging to 0

more quickly for the Gardner splitting rule. Apart from this difference, the two splitting

rules exhibit qualitatively similar behaviour in closely aligned intervals of D.

As shown in Figure 4.2, multiple equilibria are not viable for all diameter values when

the inlet haematocrit values are 0.45. Therefore, although the theory of flow configurations

is consistent with changing diameters, Figure 4.2 would indicate that multiple equilibria are

only viable for the smaller scale of vessel diameters in microcirculation. An inlet haema-

tocrit of 0.45 is widely accepted to be a phenomenologically realistic value for the inlet

haematocrits. However, Gardner et al. (2010) showed that for most vessel diameters, the

triangle network admitted multiple equilibria, provided that the inlet haematocrits were

larger than the critical value of the inlet haematocrit for the value of the diameters of the

triangle network.

If D = 10µm and Hin is the continuation variable for the square plus triangle network

such that H(1,4) = H(2,5) = Hin, nine equilibria exist for most values of Hin. However, as

Hin decreases, these equilibria meet at fold bifurcations until eventually only one equilib-

rium remains (see Figure 4.3). This suggests that the behaviour of the square plus triangle

network is similar to that of the triangle network for the same choice of the splitting rule.

For each value of D a critical value of the inlet haematocrits Hcrit3
in exists for which multiple

equilibria exist for Hin ≥ Hcrit3
in . However, unlike the triangle network, the square plus

triangle network may not admit an equilibrium for all possible flow configurations for all

values of Hin > Hcrit3
in . For example, Hcrit3

in ≈ 0.3 but for 0.3 . Hin . 0.33, the square plus

triangle only admits three equilibria.
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Figure 4.2: Series of plots of the normalised flow in the redundant vessels in the square
plus triangle network, 〈4, 5〉 and 〈6, 7〉, as the diameters of the network vary using two
splitting rules when Hin = 0.45. (a): Q〈4,5〉 for the Gardner splitting rule; (b): Q〈4,5〉 for
the simple splitting rule; (a): Q〈6,7〉 for the Gardner splitting rule; (a): Q〈6,7〉 for the
simple splitting rule.

As with the results generated by Gardner et al. (2010), it is possible to generate a region

of multiple equilibria in the (D,Hin) plane. Unlike the triangle network, this region will

contain subregions for which the square plus triangle network admits multiple equilibria but

does not admit nine equilibria. Figure 4.4 shows the different regions of multiple equilibria in

the (D,Hin) plane. According to the diagram, the point (30, 0.45) belongs to the region for

which the square plus triangle network admits only one equilibrium, which corresponds to

our results in Figure 4.2. The regions of 1 equilibrium and nine equilibrium are separated by

a thin regions of three and five equilibria or regions of three and seven equilibria. Therefore,

for every value of D, the square plus triangle network will have the corresponding critical

values Hcrit3
in , Hcrit9

in and Hcrit5
in or Hcrit7

in such that:

Hcrit3
in < Hcrit5

in ≤ Hcrit9
in , (4.4)

108



(a)

0.35 0.4 0.45

-0.075

-0.05

-0.025

0

0.025

0.05

0.075

(b)

0.35 0.4 0.45

-0.1

-0.075

-0.05

-0.025

0

0.025

0.05

0.075

0.1

Figure 4.3: Bifurcation diagrams of the normalised flow in the redundant vessels in the
square plus triangle network, 〈4, 5〉 and 〈6, 7〉, as the inlet haematocrits Hin = H(1,4) =
H(2,5) vary and D = 10µm. (a): bifurcation diagram of Q〈4,5〉. (b): bifurcation diagram
of Q〈6,7〉.

or:

Hcrit3
in < Hcrit7

in ≤ Hcrit9
in . (4.5)

The square plus triangle network admits at least three equilibria for Hin > Hcrit3
in , five equi-

libria forHin > Hcrit5
in , seven equilibria forHin > Hcrit7

in , and nine equilibria forHin > Hcrit9
in .

For example, the values of Hcrit5
in and Hcrit9

in are both approximately 0.33 in Figure 4.2 but

Hcrit3
in < Hcrit5

in < Hcrit9
in . The region of three equilibria is created by two curves that seem

to run parallel to each other. Both curves have a maxima at D ≈ 50µm after which the

two curves slowly decrease and appear to approach a plateau at D = 200µm. This means

that for diameters in an interval around D = 50µm, multiple equilibria are not viable for

Hin = 0.45 but for all other values of D, the network admits multiple equilibria when

Hin = 0.45.

An explanation of this phenomenon is readily available from the characteristics of the rel-

ative viscosity function. For H = 0, µ(rel)(0, D) = (D/(D − 1.1))2 and so the viscosity is

monotonically decreasing as the vessel widens. For non-zero values of H, the relative viscos-

ity function admits a minimum point as shown in Figure 4.5a. By plotting the values of D

which minimise the relative viscosity for each value of H, we find that for most haematocrit

values, the diameter that minimises the viscosity is 50µm (see Figure 4.5b). As most of the

blood flow in the square plus triangle network is along the fixed vessels, the haematocrit

values in the fixed vessels are similar to the value of Hin. Therefore, for phenomenologically

realistic values of Hin, the viscosity in the fixed vessels relative to the redundant vessels is
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Figure 4.4: Diagram of the regions of multiple equilibria in the (D,Hin) plane.
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minimal for D ≈ 50µm. As a consequence, the values of Hin required for multiple equilibria

is greater for D ≈ 50µm.
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Figure 4.5: (a): Plots of the relative viscosity function for different values of H. (b):
Plot of the diameter value that minimise µ(rel)(H,D).

Figure 4.4 is similar to Figure 7a for the triangle network in (Gardner et al., 2010)

and both results show that multiple equilibria are present for a wide range of phenomeno-

logically realistic diameter and inlet haematocrit values. Given that both results indicate

that multiple equilibria exist when Hin ≈ 0.45 for most diameter values, we conclude that

multiple equilibria exist for most values of D.

An interesting aspect of both results is the plateau for the curves that separate the re-

gions of different numbers of equilibria as D increases. The implication of the plateauing

curve is that the region for which multiple equilibria are not present may be very small for

most networks, and once the diameters of a network are sufficiently large, the values of Hin

for which multiple equilibria are viable do not vary significantly. The form of the equations

provides an explanation as to why this critical value does not change significantly once the

diameters of the network are sufficiently large. As explained previously, it is the form of the

relative viscosity function that prevents consistency of the ratio of flows as the diameters

are scaled uniformly:

µ(rel)(H,D) =

[
1 + (µ45 − 1)

(1−H)C − 1

0.55C − 1

(
D

D − 1.1

)2
](

D

D − 1.1

)2

, (4.6)

where H is the haematocrit in the vessel; µ45, defined as:

µ45 = 6 exp(−0.085D) + 3.2− 2.44 exp(−0.06D0.645), (4.7)
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is the relative apparent blood viscosity for a discharge haematocrit H = 0.45; and the

coefficient C is defined as:

C = (0.8 + exp(−0.075D))

(
− 1 +

1

1 + 10−11D12

)
+

1

1 + 10−11D12
. (4.8)

If we take the limit of C and µ45 as D → ∞ then both parameters tend towards a finite

limit:

lim
D→∞

C = −0.8, (4.9)

lim
D→∞

µ45 = 3.2. (4.10)

Then the limit of µ(rel) is:

lim
D→∞

µ(rel)(H,D) = 1 + (3.2− 1)
(1−H)−0.8 − 1

0.55−0.8 − 1
= µ(rel)

∞ (H). (4.11)

If we consider the volumetric flow using µ
(rel)
∞ (H) instead of µ(rel)(H,D), then the flow ratio

for any two vessels does not change significantly, regardless of the change in the diameter

values. Let:

Q
(∞)
(x,y) =

(Px − Py)D4
(x,y)π

128L(x,y)µ(∞)(H(x,y))
, (4.12)

such that µ(∞)(H) = µpµ
(rel)
∞ (H). Then we return to the examples given in Equations

(4.1-4.2) and consider the same ratios using Equation (4.12) instead of Equation (1.32) for

the equation for flow in a vessel. When D(v,w) = D(u,v) = 10µm, the new flow ratio is:

Q
(∞)
(v,w)

Q
(∞)
(u,v)

=

10000π
12800µ(∞)(0.4)

10000π
12800µ(∞)(0.45)

=
µ(∞)(0.45)

µ(∞)(0.4)
= 1.1384. (4.13)

If the diameters are changed to D(v,w) = D(u,v) = 20µm, the ratio remains constant:

Q
(∞)
(v,w)

Q
(∞)
(u,v)

=

160000π
12800µ(∞)(0.4)

160000π
12800µ(∞)(0.45)

=
µ(∞)(0.45)

µ(∞)(0.4)
= 1.1384. (4.14)

Therefore, for a fixed haematocrit distribution as the diameters of a network increase, the

ratio of flows tend towards a limit. As the network flow equations are equations of the flow

ratios, scaling the diameters by the same factor has increasingly little impact on the flow
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ratios and, by extension, the existing equilibria.

One potential problem with this explanation is that we have not taken into account the

effects of the splitting rule. The coefficients for the splitting rules are usually functions of

vessel diameters, so altering the diameters also influences the ratio at a flow bifurcation.

However, the splitting rules also depend less on the diameters of the network as the diam-

eters of the network increase. If we consider the limit of the splitting rule coefficients for

the Gardner splitting rule described in Table 4.1, the limits are finite:

lim
D→∞

A = 0, lim
D→∞

X0 = 0, lim
D→∞

P = 1. (4.15)

These limits are viable regardless of the diameter ratios for the flow bifurcations. There-

fore, as the diameter increases, the dependence of the network equations on the diameters

decreases. If multiple equilibria exist for a specific diameter that is sufficiently large, the

same equilibria will be present for any greater diameter value. Although we have used the

Gardner splitting rule to reach this conclusion, this does not change much for the simple

splitting rule. limD→∞A = 0 for the simple splitting rule, but limD→∞ x0 = 0.05 and

limD→∞ P = 1.4. However, the viscosity function would still tend towards µ∞(H) which

implies that the flow ratios would also tend toward a limit. Therefore, as long as the split-

ting rule coefficients tend towards a finit limit as D →∞, and if multiple equilibria exist for

a relatively large diameter values, these equilibria are likely to persist for diameters larger

than this critical value.

4.4 Diameter ratios

So far, our results have linked the number of equilibria present with the flow configurations

when the diameters of all vessels in the network are equal. As multiple equilibria exist for

symmetric networks with equal diameter, multiple equilibria will exist for small perturba-

tions of the diameter ratios because most equilibria are regular points for the steady-state

network equations. However, if equilibria only exist for some small region of parameter space

and a small perturbation of the diameter ratios could destroy multiple equilibria, then this

implies that multi-stability is an unlikely scenario in biologically realistic networks. It will

also be important to consider whether specific splitting rules have a greater impact on the

equilibria for vessel networks with different diameter ratios because the coefficients of the

splitting rules are influenced by the diameters of a network (see Table 4.1).
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The square plus triangle network provides a good test case for varying diameter ratios.

The functional forms for P,A and X0 for the Gardner and simple splitting rules change as

the diameter ratios vary (see Table 4.1 for details). It is important to choose one splitting

rule for which the functional form of P depends on the haematocrit and diameter of the

parent vessel. In Section 3.4, our results implied that the principle that the existence of

multiple equilibria depends on the viability of multiple flow configurations remaines true

regardless of whether P depends on the parent haematocrit. Section 4.3 shows that this re-

mains true for P depending on the parent haematocrit and diameter. The same conclusion

can be drawn for the coefficient X0.

In symmetric networks, the choice of the coefficients, P and X0, does not influence the

qualitative behaviour of the solutions or regions in the parameter space for which multiple

equilibria are found. However, it is not possible to conclude that the splitting rules have

little impact on the existence of multiple equilibria in general because we have not tested

the hypothesis that the choice of splitting rule is not the main contributing factor leading

to multiple equilibria in networks with asymmetric diameter ratios. The reason why this is

significant is because of the coefficient A. For all splitting rules, if the diameter ratios are

equal to 1, A = 0 regardless of the specific form. As explained in Section 1.9.4, for a flow

bifurcation like the one in Figure 1.3a, the function:

ψ(v,w)(r(v,w))

r(v,w)
H(u,v) = H(v,w), (4.16)

attains its maximum for some r(v,w) ∈ (0.5, 1) if A = 0. Therefore, for A 6= 0, the interval for

which the maximum is attained changes. This may have a significant impact on the regions

in the parameter space for which multiple equilibria are found. To better understand the

impact of asymmetric diameter ratios on the existence of multiple equilibria, we will study

how the equilibria of the symmetric square plus triangle network change as we introduce

asymmetry to the diameter ratios.

In this section, we will show that, regardless of the splitting rule, most equilibria can

be defined with a unique flow configuration, and that multiple equilibria exist in similar

intervals in parameter space for both splitting rules.
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4.4.1 Effect of changing the diameters of the redundant vessels

In this section we investigate how the equilibria change as the diameter ratios for the

redundant vessels vary. We choose the following parameters for the square plus triangle

network:

L〈4,5〉 = L〈6,7〉 = 10µm,L = 100µm,D = 20µm,H(1,4) = H(2,5) = 0.45, (4.17)

P1 = P2 = 0.5, D〈4,5〉 = D〈6,7〉 = ζD (4.18)

where L and D denote the length and diameter of all non-specified vessels. The results in

Section 4.3 show that nine equilibria exist when ζ = 1 for both the simple and Gardner

splitting rules. Therefore, these nine equilibria can be used as starting solutions for numer-

ical continuation using Equation (3.12) as the homotopy function for which ζ ∈ [0,∞) is

the continuation parameter. We have used D = 20µm instead of D = 10µm because the

results in Section 4.3 indicate that the equilibria collapse to a single equilibrium when the

vessel diameters are comparable to the diameters of the RBCs. Therefore, if D = 10µm, it

is probable that the number of equilibria collapse to a single equilibrium for ζ ≈ 0.8. As we

wish to see a variation of ζ before this convergence of equilibria, D = 20µm has been chosen.

Figure 4.6 displays the bifurcation diagrams for the normalised flow in the redundant vessels

as ζ varies. As with the results from Figure 4.2 the equilibria for the two splitting rules

share many of the same qualitative properties. The most obvious similarity is the meet-

ing of the equilibria at fold bifurcations for both splitting rules. The equilibria with flow

configurations (−,+) and (0,+) meet at a bifurcation at ζ ≈ 0.7, the same is true for the

(+,−) and (0,−) equilibria. Understandably, these bifurcations occur for the same value of

ζ due to the symmetry of the network. Furthermore, as ζ approaches 0.5, the (+,+) and

(−,−) equilibria meet at another fold point. These have been labelled in Figures 4.6b and

4.6d but they are also present in Figures 4.6a and 4.6c. Unlike the results in Figure 4.2, all

equilibria present at ζ = 1 persist for larger values of this ratio, and Figure 4.6 seems to indi-

cate that this trend continues for all values of ζ > 0.8, but this cannot be explicitly verified.

As with Figure 4.2, the curves in Figure 4.6 have been labelled with the flow configura-

tions present at ζ = 1. This results in small intervals of multiple equilibria labelled with the

same flow configuration. These small neighbourhoods exist close to ζ ≈ 0.5 and ζ ≈ 0.7.

Given that these neighbourhoods are small, we can conclude that the equilibria have unique

flow configurations for most values of ζ.
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Figure 4.6: Series of plots of the normalised flow in the redundant vessels in the square
plus triangle network, 〈4, 5〉 and 〈6, 7〉, as the diameter ratio ζ varies using two splitting
rules when Hin = 0.45. (a): Q〈4,5〉 for the Gardner splitting rule; (b): Q〈4,5〉 for the
simple splitting rule; (a): Q〈6,7〉 for the Gardner splitting rule; (a): Q〈6,7〉 for the simple
splitting rule.
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4.4.2 Effect of changing the diameters of the side vessels

We now vary the diameters of one side of the square plus triangle network. In contrast

to Section 4.4.1, this test will focus on the effect of changing the diameters of some of the

vessels with a fixed flow direction. In this section, we choose the following parameters for

the square plus triangle network:

L(4,5) = L(6,7) = 10µm,L = 100µm,D = 20µm,H(1,4) = H(2,5) = 0.45, (4.19)

P1 = P2 = 0.5, D(1,4) = D(4,6) = D(6,8) = ξD (4.20)

where D and L denote diameters and lengths that have not been specified. The square

plus triangle network admits nine equilibria when ξ = 1. These are the same equilibria

used as starting solutions for numerical continuation in Section 4.4.1. These equilibria will

again be used as starting solutions for numerical continuation, but ξ ∈ [0,∞) is used as the

continuation parameter. Unlike the results in Sections 4.3 and 4.4.1, varying ξ breaks the

symmetry of the network. Therefore, we anticipate that altering the diameter ratios of the

side vessels of the square plus triangle network will force the blood flow in the redundant

vessels to only flow in one direction.

The results in Figure 4.7 reveal that, just as in the previous simulations of changing diam-

eters, the qualitative properties of the two splitting rules remain the same. The equilibria

for the two splitting rules form 3 fold bifurcations at approximately the same values of ξ:

ξ ≈ 0.7, 1.2, 1.4. (4.21)

Furthermore, as with the previous results in Section 4.4.1, the flow configurations of the

equilibria that meet at these fold points are consistent for the two splitting rules. The equi-

libria with the flow configurations (−,+) and (0,+) meet at the fold bifurcation at ξ ≈ 1.4.

The same is true for (+,−) and (+, 0) at ξ ≈ 1.2 and (−, 0) and (−,+) at ξ ≈ 0.7. There

are more fold bifurcations around ξ ≈ 0.4 for both splitting rules, but they are not detailed

here for the sake of brevity, but the flow configurations of the equilibria for both splitting

rules meeting at these fold bifurcations are consistent with one another (These can be seen

in Figures 4.7b and 4.7d but they are also present in Figures 4.7a and 4.7c). Therefore,

even with the breaking of the symmetry of the diameters of the network, the pattern of fold

bifurcations remains consistent regardless of the chosen splitting rule.

117



Unlike the results in Sections 4.3 and 4.4.1, we have not labelled the equilibria with the

flow configurations present when the diameters of the network are all equal but instead

used the definition of intermediate flow (Definition 3.2) to evaluate the flow configurations

for every value of ξ. The convention of labelling the equilibria with the same flow config-

urations present when the diameters of the network are equal was applied to the results

in Sections 4.3 and 4.4.1 because these labels were consistent with the definitions of the

flow states for most values of the specified continuation parameters. This is not true for

the results in Figure 4.7, so the equilibria exchange flow configurations depending on the

position of the fold bifurcations. For example, the (0,+) and (−,+) equilibria meet at

a fold bifurcation when ξ ≈ 1.4, after this fold bifurcation, the definition of intermediate

flow no longer applies to the (−, 0) equilibrium, which means that because Q〈6,7〉 > 0, this

equilibrium exchanges flow configurations with the (−,+) equilibrium. However, even with

this adjustment, the flow configurations for the equilibria are still unique for all values of

ξ & 0.4. For a small interval around ξ ≈ 0.4, all equilibria apart from the (0, 0) equilibrium

end at fold bifurcations. Due to the complicated pattern of fold bifurcations, the definition

of intermediate flow no longer consistently applies to many of the equilibria, but because

this occurs for such a small interval of ξ, these exceptions can be ignored. Therefore, the

uniqueness of the flow configurations is generally true for asymmetric diameter ratios.

We also observe that the number of equilibria rapidly decreases as the vessel diameters

decrease below 10µm For instance, in Figure 4.7, only one equilibrium is present when

ξ ≈ 0.4 and as D = 20µm. For this ratio, the diameters for one side of the network are

approximately 8µm which is similar in size to red blood cells. This is consistent with the

bifurcation diagrams in Sections 4.3 and 4.4.1. For ξ & 1.4 the number of equilibria remains

constant at least in the range that we were able to study. This is very similar to the bifur-

cation diagrams in Section 4.4.1 but contrasts with the results in Section 4.3. Unlike the

results in Section 4.4.1, the equilibria tend towards the equilibria (0, 0). Another interesting

aspect of these equilibria is the fact that the (0, 0) equilibrium is the only equilibrium with

intermediate flow in either redundant vessel for ξ & 1.4.
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Figure 4.7: Series of plots of the normalised flow in the redundant vessels in the square
plus triangle network, 〈4, 5〉 and 〈6, 7〉, as the diameter ratio ξ varies using two splitting
rules when Hin = 0.45. (a): Q〈4,5〉 for the Gardner splitting rule; (b): Q〈4,5〉 for the
simple splitting rule; (a): Q〈6,7〉 for the Gardner splitting rule; (a): Q〈6,7〉 for the simple
splitting rule.

Although we have shown for a variety of different diameter ratios that multiple equilibria

exist and have unique flow configurations, we have only tested this for one standardised

diameter value (D = 20µm). However, we can use the same reasoning used in Section 4.3

to justify that this trend will hold for most diameter values. If we return to the example in

Equations (4.13-4.14). If we use Equation (4.12) for the volumetric flows but choose a set

of diameter values that differ by some ratio such that D(v,w) = αD(u,v). If D(u,v) = 10µm

then the flow ratio for the two vessels is now:

Q
(∞)
(v,w)

Q
(∞)
(u,v)

=

α410000π
12800µ(∞)(0.4)

10000π
12800µ(∞)(0.45)

=
α4µ(∞)(0.45)

µ(∞)(0.4)
= 1.1384α4. (4.22)
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If D(u,v) = 20µm then the flow ratio for the two vessels is:

Q
(∞)
(v,w)

Q
(∞)
(u,v)

=

α4160000π
12800µ(∞)(0.4)

160000π
12800µ(∞)(0.45)

=
α4µ(∞)(0.45)

µ(∞)(0.4)
= 1.1384α4. (4.23)

As the limit of the viscosity function no longer depends on the diameters, the flow ratio is

exactly the same regardless of the values of D(u,v) and α. Therefore, as long as the ratio α

remains constant, once the vessel diameters are sufficiently large, the flow ratio does not vary

significantly. However, we have not taken into account the change in the coefficient A for the

splitting rule. Note that in this section, unlike the scenario in Section 4.3 where the vessel

diameters are all equal, A 6= 0. Although this is important for smaller diameter values, as

vessel diameters in a network are above a certain threshold, A has limited influence on the

equilibria of the network because the limit of A as the diameters tend to infinity is always

0. The implication of the limits of the viscosity and the coefficients of the splitting rules is

that as long as the network admits multiple equilibria for relatively large vessel diameters,

these equilibria are likely to persist with similar haematocrit distributions as the diameters

are scaled by the same factor.

4.5 Discussion

We concluded in Chapter 3 that the main factor driving the multiplicity of equilibria in a

vessel network was the existence of redundant vessels. In this chapter, we have expanded

upon this result to networks of different scales by investigating the multiplicity of equilibria

in networks with wider vessels and networks with asymmetric vessel diameter ratios. By

showing that equilibria have unique flow configurations for a range of different diameter

values and diameter ratios, the results in this chapter combined with the results in Chapter

3 show that this is a consistent principle for all network geometries.

Uniqueness of flow state configurations

Although we concluded in Chapter 3 that almost all equilibria have a unique flow con-

figuration, until now we did not test this hypothesis for a variety of vessel diameters and

diameter ratios. As most equilibria are regular points of the system of network equations,

the existence of multiple equilibria for networks with uniform vessel diameters with unique

flow configurations implies that multiple equilibria with the same flow configurations exist

for small perturbations of these vessel diameters. However, it is possible that these diame-

ter perturbations are so small that this principle is unlikely to hold in more realistic vessel
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networks. Without verifying that the same principle holds for wide variations in the vessel

diameters, it was not possible to conclude that our results are applicable for a variety of

network geometries.

For most network parameters explored in this chapter, the square plus triangle network

admitted equilibria with unique flow configurations. As with Chapter 3, there were a few

exceptions to this principle. All exceptions occurred in the vicinity of fold bifurcations

and only existed in small intervals in parameter space. Some notable examples of these

exceptions can be seen in Figures 4.2, 4.6 and 4.7. As we have shown in this chapter and

Chapter, 3, the exceptions to the uniqueness of flow configurations can only be found in

small regions in the parameter space, we can conclude that almost all equilibria have unique

flow configurations in the redundant vessels.

Critical inlet haematocrits

One of the more surprising results of this chapter was the existence of critical values of

the haematocrit for every diameter value in the range [10, 200]. Each diameter value of the

square plus triangle network had corresponding critical values for the inlet haematocrits

for which the network would admit different numbers of equilibria. As a consequence, the

plane (D,Hin) can be broken up into separate regions of different number of equilibria as

shown in Figure 4.4.

The region of only three equilibria in Figure 4.4 is created by two curves that appear to be

almost parallel to each other. Both curves have a maximum value for D ≈ 50µm and they

both appear to start plateauing as D → ∞. As explained in Section 4.3, an explanation

of both of these properties is readily available from the characteristics of the coefficients

for the viscosity function. Figure 4.5b showed that for most physically realistic diameter

values, the viscosity was minimised for diameters of approximately 50µm. Therefore, a

minimised value for the viscosity coincides approximately with the maximum for the two

curves creating the region of three equilibria. Furthermore, the value of the diameters for

the maximum of the two curves is similar to results generated for the triangle network by

Gardner et al. (2010). Gardner et al. (2010) also generated a plot for the region of multiple

equilibria in the (Hin, D) plane (Figure 7a in (Gardner et al., 2010)). They found that the

plane was bisected by a curve for which larger haematocrit values corresponded to multiple

equilibria for the triangle network and haematocrit values below the curve corresponded to a

unique equilibrium. The maximum of this curve also occured at approximately D = 50µm.

Given the maximum of the curves in Figure 4.4 and Figure 7a in Gardner’s publication
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occur at diameter values that approximately coincide with values of D that minimise the

relative viscosity for most haematocrit values. This may imply that all networks admit a

similar peak given the network equations for any network include the same relative viscosity

function. If this property of the triangle and square plus triangle network generalises to

all networks, this would imply that sections of the tumours vasculature with diameters of

approximately 50µm are less likely to admit multiple equilibria.

For sufficiently large vessel diameters, the functions for the viscosity and the splitting coef-

ficients become increasingly insensitive to changes in the diameters of the network as shown

by the plateau of the curves separating the regions of multiple equilibria in Figure 4.4.

Therefore, if a network motif admits multiple equilibria for sufficiently large vessel diame-

ters, the haematocrit distributions for these equilibria are unlikely to change significantly

if the diameters are scaled uniformly by a scaling factor greater than one. Therefore, the

multiple equilibria will persist for larger diameters. If the square plus triangle network

admits multiple equilibria for some combination of values for the inlet haematocrits and

vessel diameters, due to the increasing insensitivity to the diameter values, the haematocrit

distributions is unlikely to change significantly as the diameters are increased. As a conse-

quence, the critical values for the inlet haematocrits for which multiple equilibria exist do

not change significantly for diameter values above a certain threshold.

Although we have not explicitly solved the network equations for a network with multi-

ple scales for vessel diameters, we have shown that multiple equilibria exist for a range of

diameter ratios. Therefore, we hypothesise that multiple flow configurations in a simple

network motif with at least one redundant vessel and large diameter vessels would remain

viable if the motif was embedded in larger vascular network because of the insensitivity of

the network flow equations on the vessel diameters.

Negligible impact of splitting rules

As with the uniqueness of the flow states, we originally concluded that the splitting rule had

negligible effect on the equilibria in Chapter 3. However, previously, the dependence on the

splitting rules was only evaluated in a square plus triangle network with equal vessel diam-

eters. This chapter completes this analysis to conclude that the qualitative characteristics

of the equilibria remain the same regardless of the choice of splitting rule. All bifurcation

diagrams for the two splitting rules evaluated in this chapter contained fold bifurcations for

approximately the same parameter values, and the equilibria that meet at fold bifurcations

consistently have the same flow configurations for the two splitting rules.
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In Chapter 3, we argued that the splitting rules were not the main factor contributing

to multiple equilibria due to the existence of intermediate flow. Most instances of multi-

ple equilibria occurred when all three flow states were viable in a single redundant vessel.

Usually these equilibria belonged to the same paths in the parameter space as the length

ratios were altered. Therefore, for both negative and positive flows to be viable, so does

intermediate flow. Usually, when an equilibrium has intermediate flow in a redundant ves-

sel, the flow ratio entering that vessel is less than the critical coefficient X0. Therefore, the

haematocrit within the redundant vessel is 0 and the haematocrit for the other daughter

vessel is equal to Hp/r for any splitting rule (Hp is the haematocrit of the parent vessel

and r is the flow ratio). Therefore, because multiple equilibria usually emerge in sets of

three and the network equations are similar for intermediate flow regardless of the splitting

rule, the regions in parameter space for which a network admits multiple equilibria for one

splitting rule are likely to be similar for all splitting rules. This argument also applies to

the splitting rules for which A 6= 0.

Flow pathways

A conclusion of Chapter 3 that we expand in this section is the concept of flow pathways.

As described in Section 1.9.5, blood flow cannot form a loop. This means that blood flow

is limited to a finite number of pathways through the network. These pathways can include

either passage through redundant vessels or through fixed vessels. However, as shown using

numerous examples, not all flow pathways are viable depending on the network geometry

and boundary conditions. Although it is never possible to know exactly for which network

parameters multiple flow pathways are viable, we can reasonably argue which network pa-

rameters are likely to lead to the formation of multiple equilibria. In Chapter 3 we found

that networks with shorter redundant vessels were more likely to admit multiple equilibria.

For networks like the square plus triangle network, most flow pathways required traversing

redundant vessels. We reasoned that because the resistance in the shorter vessels is less

than the resistance in the longer vessels (provided the haematocrit and diameter are the

same), it was easier for the blood flow to traverse shorter redundant vessels in either di-

rection. We concluded that if redundant vessels are shorter, then the existence of multiple

flow pathways is more likely, and by extension multiple equilibria.

Our results in this chapter support the key findings on the link between potential resis-

tance in redundant vessels and the viability of flow pathways. As the diameter of a vessel

increases, the resistance to flow decreases. Figure 4.6 shows how the equilibria of the square
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plus triangle network vary as the ratio of the redundant vessel diameters to the fixed vessel

diameters vary. For a sufficiently large ratio, there is an equilibrium for every possible flow

configuration. As this ratio decreases, these equilibria end at limit points in the form of fold

bifurcations. Eventually, once the diameters of the redundant vessels are of a similar size to

the diameters of the RBCs, only one possible flow configuration remains viable. This flow

configuration coincides with zero volumetric flow in the two redundant vessels. Even in a

vessel with 0 haematocrit, as the vessel constricts the resistance increases. Therefore, as the

diameters of the redundant vessels decrease, the potential resistance to the flow pathways

traversing these vessels increases until eventually these pathways are no longer viable.

The results in Figure 4.6 are intuitive to understand based on the equations for the re-

sistance and the results from Chapter 3. It is less clear how the concept of flow pathways

can explain the results in Figure 4.2 for changes to all diameters of vessels. For diameters

less than 8µm, the square plus triangle network only admits one equilibrium. This can be

intuitively explained by the fact that the diameters of RBCs also have diameters of ap-

proximately 8µm. For vessels of similar size to the RBCs, F̊ahraeus and Lindqvist (1931)

hypothesised that the RBCs travel through blood vessels in a single file and the resistance

increases rapidly as the vessel constricts. Therefore, the fact that the only flow pathways

that remain viable are the pathways that do not traverse the redundant vessels, could be

explained by the RBCs travelling in single file along the sides of the network. The RBCs can

not travel down the redundant vessels because this would disrupt the single file movement

of the RBCs in either side of the network. Ben-Ami et al. (2022) showed that it is possible

to see multiple equilibria in a triangle network with vessel diameters which are similar in

size to RBCs. However, this was only observed in a triangle network with one smaller side

of the network and for physically unrealistic inlet haematocrit values. It is more difficult

to explain why multiple flow pathways are no longer viable for larger diameter values in

Figure 4.2. Figure 4.5b shows that the relative viscosity of the blood is at a minimum for

D ≈ 50µm for most physically realistic values of the vessel haematocrit. As most of the

flow in the square plus triangle network travels down the side vessels, this implies that if

the inlet haematocrits are physically realistic values, so are the haematocrit values of the

fixed vessels. This implies that for diameter values in some neighbourhood of D = 50µm,

the viscosity of blood in fixed vessels is minimised for these diameter values compared to

redundant vessels. This reduces overall potential resistance for the flow pathways that just

traverse the fixed vessels. Therefore, the flow pathways that traverse the redundant vessels

provide no advantage, and so multiple equilibria do not exist.
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A similar case can be seen in Figure 4.7, where as the diameters of the vessels on the

side of the network decrease, blood flow is forced to travel exclusively in the fixed vessels.

Even if the diameters changing in Figure 4.7 are from one side of the network, as these

diameters shrink the RBCs travel in single file down this side of the network when the di-

ameters are of a comparable size to the RBCs. Therefore, any flow in the redundant vessels

disrupts this flow. As this diameter ratio increases, we observe that some flow pathways,

and by extension multiple equilibria, are no longer viable. As with the example of all vessels

dilating, the dilation of these vessels encourages the blood to flow down the pathways with

the least potential resistance. Therefore, providing less advantage for blood to traverse the

redundant vessels. However, because the vessel diameters for one side of the network do not

minimise the viscosity in fixed vessels for one side of the network, multiple flow pathways

are still viable.

Given the large parameter space of any vasculature network, it is not possible to formulate

simple rules or relations between the parameters that lead to the formation of multiple

equilibria. However, by studying the parameters governing the viscosity and resistance of

the flow pathways, it is possible to make predictions about the characteristics of networks

that admit multiple equilibria. Based on the results in Chapter 3 and this chapter, net-

works with short and wide redundant vessels, and fixed vessels with diameters in the range

[10, 30] micrometers are more likely to admit multiple equilibria. It has been hypothe-

sised that wider redundant vessels, known as functional shunts, have been hypothesised to

redirect blood along a longer pathway causing maldistribution of blood within the tumour

vasculature (Pries et al., 2010). It is not clear how prominent these structures are in the

tumour vasculature, and some results suggest that shunts can be rare (Less et al., 1991),

but it is possible that only one shunt is required to sufficiently deviate the blood from the

normal blood flow pathways. From our results, functional shunts share some of the same

properties as redundant vessels because redundant vessels have the potential to redirect

blood flow. As blood flow dictates the haematocrit distribution, this results in uneven RBC

distributions, our results support the hypothesis that functional shunts cause hypoxic re-

gions to form and provide a possible mechanism for the maldistribution of RBCs.

Most results in this chapter simply verify that the results in the previous chapter hold

for a range of diameter values and diameter ratios. By verifying the uniqueness of flow con-

figurations for most network parameters, our results facilitate predictions to be made for

the maximum number of equilibria a network may admit and the geometric characteristics

of a network that may lead to multiple equilibria. The aim of the last two chapters was
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to identify some key properties of network motifs that could be used to solve the network

equations for larger vasculature networks possibly based upon tumour images. Given the

relationship between redundant vessels and multiple equlibria, it should be possible to eval-

uate how likely a vessel network is to admit multiple equlibria by counting the number of

possible flow pathways. Therefore, future work could involve investigating the equilibria

of small sections of tumour vasculature (subnetworks of approximately 30 − 400 vessels).

The conclusions of the last two chapters could aid in this process by guiding which sub-

networks are likely candidates for multiple equilibria. If subnetworks have many short and

wide redundant vessels, then these subnetworks are more likely to admit multiple equilibria.

Our aim in this thesis is to propose a new mechanistic explanation for the formation of

cycling-hypoxia. This new mechanism is centred around the principle of multi-stability of

a network’s equilibria. The hypothesis that we wish to test is that networks admit multiple

equilibria and the blood flow can switch between these equilibria. As the blood flow dictates

the RBC distribution, if the RBC distribution changes then the concentration of oxygen

in the surrounding tissue will also change. If the RBC distribution periodically switches

between a distribution for which the surrounding tissue is normoxic and one for which the

surrounding tissue is hypoxic, then this will result in cycling-hypoxia if this process occurs

periodically or almost periodically. To propose this mechanism, we must show examples

of networks that admit multiple equilibria and demonstrate that the blood flow can switch

between them. So far we have satisfied the first part of this problem by demonstrating

the link between network topology and multiple equilibria. In the next chapter, we will

demonstrate a couple of possible mechanisms for driving the time-dependent blood flow

equations between the equilibria.
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Chapter 5

Switching of flow directions in

vessel networks

So far this thesis has focused on the topological features of networks that are necessary

for the existence of multiple equilibria, without relating these multiple equilibria to the

potential existence of cycling-hypoxia. Previous studies have shown that anti-angiogenic

drugs can suppress the formation of cycling-hypoxia. Matsumoto et al. (2011) showed that

when mice with tumours experiencing cycling-hypoxia were treated with Sunitinib, an anti-

angiogenic drug, the tumours no longer experienced cycling-hypoxia. Sunitinib was also

shown to reduce the vascular density within the tumours implying that the mechanistic

explanation for the presence of cycling-hypoxia must in part depend on the vascular ge-

ometry. However, the specific mechanisms by which cycling-hypoxia arises remain elusive.

Ben-Ami et al. (2022) showed the formation of self-sustained oscillations of the solution to

the time-dependent blood flow equations in a simple triangle network. Although this was

a theoretical study of a small vasculature network, they proposed that similar oscillations

could drive cycling-hypoxia in tumours. Furthermore, self-sustained oscillations have been

observed in a variety of small vascular networks, which could imply that oscillations are

a common feature of blood flow in microcirculation (Carr and Lacoin, 2000; Carr et al.,

2005; Geddes et al., 2007, 2010; Karst et al., 2015). The important distinction between

the oscillations observed by Ben-Ami et al. (2022) and similar work was the link between

the formation of these oscillations and multiple equilibria resulting from redundancy in the

vasculature.

In this chapter, we propose an alternative mechanism for the emergence of cycling-hypoxia
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that exploits the existence of multiple equilibria. We hypothesise that oxygen fluctuations

can arise due to the blood flow switching between multiple equilibria. Each equilibrium has

a unique RBC distribution within the vascular network. Bernabeu et al. (2020) showed that

asymmetric RBC distributions result in an asymmetric distribution of oxygen that could

cause the formation of hypoxic regions within tumours. Therefore, if we can show that

blood switches between multiple stable equilibria with asymmetric RBC distributions, then

it is reasonable to assume this could cause a switching between asymmetric oxygen distri-

butions. This switching may explain cycling-hypoxia so long as the time between switches

is longer than the diffusion time scale.

We investigate two different potential causes for these switches: changes in the boundary

conditions and stochastic fluctuations. We saw in Chapter 3 that multiple stable equilibria

exist for certain choices of the boundary conditions and that altering the boundary condi-

tions causes certain stable equilibria to vanish. The intervals in parameter space for which

multiple equilibria exist are often narrow. One common mechanism by which a system may

switch between equilibria within a narrow parameter interval is due to a hysteresis resulting

from the existence of a bi-stable system. For example, consider an ODE:

ẋ = f(x, t;β), (5.1)

that admits a bi-stable interval for the parameter β created by two fold bifurcations at

β = β
(l)
f and β = β

(u)
f (Figure 5.1b). For any three values of β, (β0, β1, β2), such that

β
(u)
f < β0 < β

(l)
f , β1 > β

(l)
f , and β2 < β

(u)
f . Let xβ(t) denote the solution to the ODE

such that β = β(t) and xβ(0) takes the value of the steady-state on the lower branch of

the bistable interval in Figure 5.1b. A hysteresis refers to a behaviour exhibited by xβ(t)

such that the value of xβ(t) switches between the stable equilibria and then returns to the

original equilibrium. An example of this path is shown in Figure 5.1b. It is also possible

to start on the upper stable branch, but the direction of the arrows in Figure 5.1b always

consistent. Furthermore, a hysteresis in an interval of bistable equilibria is only possible if

the key parameter driving the hysteresis can both increase and decrease in value.
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Figure 5.1: (a): example function of β(t) driving a hysteresis; (b): resulting hysteresis
for the ODE, ẋ = f(x, t;β).

Hysteresis is a common mechanism in biologically motivated problems (Angeli et al.,

2004; Chatterjee et al., 2008; Pomerening et al., 2003; Ozbudak et al., 2004; Sha et al.,

2003). In these examples, the hysteresis coincides with a change in the behaviour of the

system of equations with related biological consequences and once this change has been

induced by a change in the parameters, returning to the original parameter value does

not always recover the original behaviour. In the case of blood flow in microcirculation,

a hysteresis coincides with a switch between two equilibria with different RBC distributions.

Chapters 3 and 4 contain a variety of examples of complicated patterns of fold bifurcations

arising from asymmetry of the network parameters. Therefore, networks could potentially

have more than one control parameter driving a hysteresis. However, we will not focus

on parameters that change the vessel lengths of the network because these parameters are

unlikely to result in a hysteresis because the vessel length parameter can not increase and

decease. It is possible that vessel growth could cause the time-dependent solution to switch

once. For instance, as shown in Chapter 3, varying the length ratio of vessels can generate

complex bifurcation diagrams. Therefore, elongation of vessels driven by growth could po-

tentially drive switches between equilibria when the ratio of two vessels is sufficiently large.

However, although changes in length ratios could cause a switch between the equilibria, as

there is no mechanism for the vessel to shrink, the solution can not switch back to the orig-

inal equilibrium. A hysteresis needs both of these events to occur and so changing a vessels

length is not a realistic driver of a hysteresis. Furthermore, vessel growth is the results

of sprouting of new vessels as opposed to the elongation of preexisting vessels. Although

the formation and growth of new vessels may drive the blood flow to change direction in
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a network, investigating this potential driver of blood flow switching would require the ap-

plication of an angiogenesis model. An angiogenesis model would also change the topology

of the network, and switching between equilibria driven by changes to the topology of the

network could not produce hysteresis because the equations of flow would constantly change

with the topology. Therefore, incorporating changes in the vascular topology and length

scales is beyond the scope of this investigation.

Vessel diameters are an alternative set of parameters that could form a hysteresis of the

solution. It is well known that the tumour microenvironment may compress the vasculature

within tumours (Jain et al., 2014; Padera et al., 2004). Intratumour compression has the

potential to compress vessels and, in some cases, cause vessels to collapse. Vessel compres-

sions have been linked with the formation of hypoxic regions. As these compressions do

not alter the network topology, with the exception of vessel collapse, a changing diameter

value is a more realistic driver of hysteresis. However, the model for the time-dependent

blood flow assumes that blood vessels are perfect cylinders for simplicity. Although this is

a sufficient model for vessels under normal circumstances, compressed blood vessels do not

have a circular cross section (Jain et al., 2014). Therefore, the equations for the hydraulic

resistance are no longer valid in the compressed vessels. Furthermore, there is some evidence

that vessel compression leads to irregular splitting of RBCs downstream of the compressed

vessel (Enjalbert et al., 2021). Due to the difficulties associated with capturing the impact

of changes in the geometry of the network on blood flow, this chapter focuses on changes to

the boundary conditions as potential drivers of hysteresis instead of changing the radius.

The second mechanism that we propose is due to stochastic fluctuations. Unlike changes in

the boundary conditions, this mechanism assumes that stochastic fluctuations are an inher-

ent property of blood flow in microcirculation. So far we have used continuum models to

describe the proportion of the blood that contains RBCs. In reality, blood contains discrete

numbers of RBCs suspended in plasma and so the haematocrit is not a smoothly varying

quantity. There is some biological evidence to support the existence of stochastic fluctua-

tions in microcirculation. Fung (1973) observed fluctuations in blood flow in the mesentry

of dogs. These stochastic fluctuations manifested themselves as unpredictable changes in

the direction of blood flow in vessels. Bedggood and Metha (2012) observed fluctuations of

blood flow in human retinas and Pawlik et al. (1981) observed stochastic fluctuations in the

cerebral cortex of cats, these fluctuations exhibited properties of white noise and stochastic

periodicity. The observation of stochastic periodicity is particularly important for the study

of cycling-hypoxia. If a mathematical model of blood flow can predict similar stochastic
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periodicity, periodic fluctuations in the flow would coincide with periodic fluctuations of the

RBCs. If these period fluctuations of RBCs could be linked to periodicity of the oxygen

distribution in the surrounding tissue, this would provide a possible explanation for how

cycling-hypoxia arises.

There are a couple of competing theories for the cause of these fluctuations. Fung (1973)

suggested that stochasticity is due to fluctuations in the RBC diameter distribution. Due

to the discrete nature of RBCs, and since RBCs vary in size, a large RBC that enters a

blood vessel temporarily increases the resistance to blood in that vessel. As the size of

the RBCs entering the vessels is random, the resulting blood flow is random. Bedggood

and Metha (2012) proposed a similar explanation but reasoned that the stochastic fluctu-

ations are caused by larger or smaller RBCs downstream of the blood vessels experiencing

stochastic fluctuations. Computational studies have also provided insight into the nature of

stochastic fluctuations of blood flow. Balogh and Bagchi (2017, 2018) suggest four possible

mechanisms for stochastic fluctuations at flow bifurcations resulting from the properties of

blood flow at flow bifurcations in vascular networks. Regardless of the specific mechanism

for the formation of these fluctuations, all theories suggest that these fluctuations occur at

flow bifurcations. So far, no continuum model that incorporates stochastic fluctuations has

been proposed in the literature. Therefore, one goal of this chapter is to understand if the

application of stochastic noise to the continuum equations in Section 1.8 induces the blood

flow to switch between stable equilibria. If the blood flow switches are driven by stochastic

fluctuations, the time taken for the solution to switch from one equilibrium to another and

then back is a random variable with an associated probability distribution. By finding this

probability distribution, predictions for the time spent in each state can be made. As with

a hysteresis of the solutions, each state corresponds to a unique RBC distribution in the

network. Therefore, predictions of the time spent in each state translates to predictions for

the time between oxygen fluctuations.

This chapter is broken up into the following sections: in Section 5.1 we investigate whether

changing the boundary conditions for the time-dependent equations of a bistable system

of network equations results in switching between equilibria; in Section 5.2 we present a

stochastic model of blood flow and demonstrate the resulting switching between stable

states; and in Section 5.3 we interpret our results and present possible directions for future

work.
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5.1 Deterministic model

Our aim in this chapter is to demonstrate that switching between different equilibria is

possible by altering the network boundary conditions. The key result of Chapters 3 and

4 is the relationship between redundant vessels and the existence of multiple equilibria.

Redundant vessels, as defined in Definition 1.2, are vessels for which the direction of blood

flow is not restricted to a single direction by the network topology. As described in Section

1.9.5, all vessels that are specified with triangular brackets (〈, 〉) are redundant vessels and

all fixed vessels are denoted by circular brackets. To simplify the analysis, all test networks

in this chapter are small and contain a single redundant vessel. Therefore, each network has

three equilibria distinguished by the flow configuration in the redundant vessel as described

in Chapter 3. We will show how solutions to the time-dependent blood flow equations can

switch between equilibria with positive, negative, or intermediate flow in the redundant ves-

sel. For a network with a single redundant vessel such that the network admits at least three

equilibria. For a set of three equilibria such that the flow direction in the redundant vessel

for one of the equilibria is opposite to the direction for the other equilibria, the equilibrium

such that the absolute value of the flow in the redundant vessel is less than the absolute

value of the flow for the other equilibria has intermediate flow in the redundant vessel (see

Definition 3.1 for details). The remaining equilibria have either positive or negative flow

depending on whether the flow direction is either positive or negative.

As in Chapters 3 and 4, the equilibria are described using sequences of 0,− and + symbols

to describe the flow in the redundant vessels. Given that all networks in this chapter have

only one redundant vessel, the three possible descriptions of equilibria are: (−), (0) and

(+).

Remark 5.1. For geometrically symmetric networks with equal inlet pressures and inlet

haematocrits, the flow value in the redundant vessel for the (0) equilibria is 0. In these cases,

the (0) equilibrium is known as the trivial equilibrium, and the (+) and (−) equilibria are

known as the non-trivial equilibria.

5.1.1 Changes to the pressure boundary conditions

In this section, we investigate whether changes to the inlet pressure can drive time-dependent

solutions of a network to switch from one stable equilibrium to another. We start by consid-

ering the triangle network shown in Figure 5.2 first introduced in Chapter 3. The steady-

state and time-dependent equations can be derived from the network geometry and the

equation constructions in Sections 1.7, 1.8 and 2.3 but a summary of the equations can be
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found in Section 1.8. The splitting rule that we use throughout this chapter is that of the

Gardner splitting rule defined by Equation (1.13) with the coefficients specified in Tables

3.1 and 4.1. As there is only one outlet node, the outlet pressure, P3, can be set to 0 without

loss of generality. Inlet pressures P1 and P2, can be rescaled so that 0 ≤ P1, P2 ≤ 1 without

changing the flow characteristics through the network. For instance, if:

(P1, P2, P3 = 0, P 4, P 5, P 6), (5.2)

are the pressures for a given haematocrit distribution. These values can be replaced by:

(
P1

P1 + P2
,

P2

P1 + P2
,
P3 = 0

P1 + P2
,

P 4

P1 + P2
,

P 5

P1 + P2
,

P 6

P1 + P2

)
, (5.3)

without changing the haematocrit distribution. For this example, we choose the following

parameter values for the triangle network:

L = 100µm,D = 10µm, H(1,4)(0, t) = H(2,5)(0, t) = 0.45,

L〈4,5〉 = 10µm, P2(t) = 1− P1(t),

where L and D are the lengths and diameters of the non-specified vessels and the function

P1(t) controls the inlet pressures.

Figure 5.2: Diagram of the triangle network.

We showed in Chapter 3 that the symmetric triangle network admits three equilibria with

flow configurations (−), (0) and (+) when the network is symmetric; the inlet haematocrit

is sufficiently large; and the pressure and haematocrit boundary conditions are symmetric.
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These three equilibria are all present for a small interval of P1 around P1 = 0.5. Figures

5.3d and 5.3e show the characteristic double fold bifurcation that creates an interval of three

equilibria for the triangle network as the inlet pressure P1 varies.

Figure 5.3 shows the hysteresis of the solution to the time-dependent flow equations and

the function P1(t) that drives the hysteresis. Although the (0) equilibrium is labelled on

Figures 5.3b-5.3c, the system does not evolve towards this equilibrium because, according

to our results in Chapter 3, any equilibrium with intermediate flow is unstable1. In the

hysteresis diagrams in Figures 5.3d and 5.3e, the time-dependent solution follows the same

path as the equilibrium until the equilibrium hits a fold bifurcation. At this point, the

time-dependent solution jumps to the other stable equilibrium. Therefore, provided there

is a sufficiently long time period during which P1(t) takes values for which the network does

not admit multiple equilibria, the time-dependent solution will switch to the remaining

equilibrium. For example, when P1 = 0.4975, the network only admits the (−) equilibrium.

As P1 takes this value in the interval [21, 31] and this time interval is sufficiently large, the

solution switches from the (+) equilibrium to the (−) equilibrium.

5.1.2 Changes to the haematocrit boundary conditions

Next, we study the impact of changing the inlet haematocrits. The principle behind chang-

ing the inlet haematocrits is fundamentally the same as that for changing the pressure

boundary conditions. Networks admit multiple equilibria that depend on the inlet haema-

tocrits. However, unlike changes in pressure boundary conditions, changes to the inlet

haematocrit boundary conditions will not have an immediate impact because it takes time

for the haematocrit to propagate through the network. As before, if we consider a triangle

network with the following parameter values:

L = 100µm, D = 10µm, L〈4,5〉 = 10µm, P1 = P2 = 0.5, (5.4)

where L and D are the lengths and diameters of the vessels that have not been explicitly

specified. If we fix H(2,5) = 0.45 and use H(1,4) as a continuation variable, then the equilib-

ria (−), (0) and (+) exist for all values of H(1,4) and are not connected by fold bifurcations

(see Figures 5.4a and 5.4b). Due to the symmetry of the network, the same is true for the

triangle network if H(2,5) is the continuation variable. We conclude that it is not possible

1It is possible for an equilibrium that equilibria with intermediate flow are stable. For instance, the trian-
gle network admits stable equilibria with intermediate flow. However, this occurs when the inlet haematocrit
is too small for the network to admit multiple equilibria and the networks lengths are all equal (Ben-Ami
et al., 2022).
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Figure 5.3: Plots of the time-dependent solutions for the triangle network as the pres-
sure boundary conditions vary denoted by the solid purple curves. The (−), (0) and (+)
equilibria when P1 = 0.5 are denoted by dashed lines and the (−), (0) and (+) equilibria
for varying inlet pressure P1 are denoted by solid red, green and blue curves. (a):
Inlet pressure P1 as a function of time; (b): normalised flow in the redundant vessel
as a function of time; (c): haematocrit in the redundant vessel as a function of time.
(d): hysteresis diagram of the normalised flow in the redundant vessel; (e): hysteresis
diagram of the haematocrit in the redundant vessel.
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to force the solution to switch between equilibria by altering only one inlet haematocrit

value. However, if we set H(1,4) = H(2,5) = H(in) and vary H(in), then Figures 5.4c and

5.4d show that if H(in) is less than some critical value, then the network only admits the

(0) equilibrium. We conclude that both inlet haematocrits must be varied for the solution

to switch between equilibria.

If both inlet haematocrits are changed at the same rate, then no switching occurs (see

Appendix D). Therefore, to induce switching, the inlet haematocrits must vary at different

rates. Figure 5.6a shows a combination of functions for H(1,4)(0, t) and H(2,5)(0, t) that

induce a switch. These functional forms were chosen to first reduce the inlet haematocrits

to values for which the network admits a unique equilibrium, then increase them one at

a time in order to bias the flow direction in vessel 〈4, 5〉. As more than one parameter is

varied, it is not possible to present the results on a hysteresis diagram. However, Figure

5.6 shows the variables: Q〈4,5〉(t), H〈4,5〉(t), H(4,6)(t) and H(5,6)(t) switching between the

two equilibria when a combination of functions for the inlet haematocrits in Figure 5.6a is

applied.

A successfully induced switch between the non-trivial equilibria of the triangle network

in Figure 5.3 is possible because a pressure difference across the redundant vessel can be

induced by changing the boundary pressures. We anticipate that similar switches can be

induced for any network with two or more inlet vessels using a similar process. It may also

be possible to induce switching in networks with a single inlet vessel and multiple outlet

vessels, but only if the outlet pressures can be manipulated.
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Figure 5.4: Series of plots of the equilibria of the triangle network as the inlet haema-
tocrits vary. (a): Value of the normalised flow in the redundant vessel as inlet haema-
tocrit H(1,4) varies; (b): value of the haematocrit in the redundant vessel as inlet
haematocrit H(1,4) varies; (c): value of the normalised flow in the redundant vessel
as H(in) = H(1,4) = H(2,5) varies; (d): value of the haematocrit in the redundant vessel as
H(in) varies.

We now consider changing the inlet haematocrit to a network with a single inlet and

outlet vessel. As shown in Section 1.9.6, the haematocrit distribution for any equilibrium of

a network with a single inlet and outlet is independent of the choice of boundary pressures,

(Pin, Pout), as long as Pin > Pout. As the haematocrit distribution does not change with the

boundary pressures, the haematocrit distribution effectively acts as a fixed haematocrit dis-

tribution. If the haematocrit in each vessel is fixed, then the conservation of flow equations

(Equation (1.40)) reduces to a linear set of equations with a single solution. These solutions

for the interior nodal pressures scale with the choice of the boundary pressures but as the

scaling factor is the same for all pressures, the resulting flow ratios remain constant. This

implies that a switch between equilibria cannot be induced for a network with one inlet and

one outlet by changing the inlet pressure alone. Therefore, the only control that can be
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Figure 5.5: Diagram of the diamond network and the associated variables.

used for a network with a single inlet and outlet is the inlet haematocrit2.

We now consider the diamond network shown in Figure 5.5 with the following parame-

ter values:

L = 100µm, D = 10µm, L〈4,5〉 = 10µm, P1 = 1, P2 = 0. (5.5)

The diamond network is the simplest example of a network with a single inlet and outlet

vessel, containing a redundant vessel. The diamond network in Figure 5.5 admits three pos-

sible equilibria and has two bifurcations. The first of these flow bifurcations is present at

node 3, for which vessel (1, 3) is the parent vessel, and vessels (3, 4) and (3, 5) are daughter

vessels. The second bifurcation appears at node 4 or 5 depending on the direction of blood

flow in the vessel 〈4, 5〉. If the bifurcation is present at node 4, vessel (3, 4) is the parent

vessel and vessel 〈4, 5〉 and (4, 6) are the daughter vessels. If the bifurcation is present

at node 5, vessel (3, 5) is the parent vessel and vessels 〈4, 5〉 and (5, 6) are the daughter

vessels. As with the triangle network, the steady-state and time-dependent equations can

be derived from the network geometry and the equation constructions in Sections 1.7, 1.8

and 2.3. A full list of the equations and the variables of the diamond network can be found

in Appendix A.3.

For sufficiently large values of H(1,3), the network admits three equilibria, with flow con-

figurations (−), (0) and (+). Figure 5.7 contains the plots of a prescribed function for the

2Discounting geometric parameters such as the length and diameters of the vessels
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Figure 5.6: The time-dependent solutions for the triangle network as the haematocrit
boundary conditions vary and the prescribed inlet haematocrit boundary conditions.
The (−), (0) and (+) equilibria when H(1,4) = H(2,5) = 0.45 are denoted by dashed red,
green and blue lines. (a): Inlet haematocrit for the triangle network as functions of
time; (b): normalised flow in the redundant vessel; (c): H〈4,5〉(t); (d): H(4,6)(t); (e):

H(5,6)(t).
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inlet haematocrit of the diamond network and the resulting time-dependent solutions. Fig-

ures 5.7d and 5.7b show how the time-dependent solution moves from the (−) equilibrium

towards the (0) equilibria as H
(in)
(1,3)(t) decreases, and then towards the (−) equilibria once

H
(in)
(1,3)(t) returns to it’s original value. Due to the symmetry of the network, solutions start-

ing at the (+) equilibrium, exhibit a similar behaviour. The reason that it is not possible

to induce a switch is because of a history of the solution. If we consider the solution repre-

sented by the pink curve in Figure 5.7, once the inlet haematocrit value is reduce to a value

such that only the (0) equilibrium exists, the solution will tend towards this equilibrium. As

the solution is positive before the inlet haematocrit is less than the haematocrit value at the

fold bifurcations, the solution is never the same values as the (0) because this equilibrium

is defined by 0 flow in the redundant vessel. Therefore, once the haematocrit has increased

to the original value again, the solution tends towards the (+) equilibrium because the flow

in the redundant vessel is positive. As no other boundary conditions can be controlled, we

deduce that a switch cannot be induced by continuously varying the inlet haematocrit.

5.2 Stochastic model

In the previous section, we saw that altering the boundary conditions can drive time-

dependent solutions to switch between equilibria in networks with two or more inlet vessels.

Similar behaviour was not observed in networks with a single inlet and a single outlet.

Our inability to induce switching between equilibria in the diamond network motivates us

now to consider the impact of stochastic fluctuations. Stochastic fluctuations represent the

randomness of the proportion of RBCs entering a daughter vessel. Based on experimental

observations and computational experiments, stochastic blood flow models should incor-

porate stochastic fluctuations at flow bifurcations. In this section, this stochastic noise is

represented by the addition of haematocrit in one daughter vessel and the subtraction of

haematocrit from the other daughter vessel. The application of noise to the haematocrit

splitting is the most practical approach to incorporate stochastic fluctuations caused by the

complex behaviour of RBCs.

Although stochastic processes are an important component of the dynamics of blood flow

at flow bifurcations, the addition of stochastic noise to models of blood flow must preserve

the conservation laws for blood flow and RBCs. Furthermore, it is important that the time-

averaged proportion of RBCs entering a daughter vessel is equal to the proportion of RBCs

predicted by the splitting rules. To incorporate the stochastic effects at flow bifurcations

140



(a)

0 200 400 600 800 1000

0.328

0.3281

0.3282

0.3283

0.3284

0.3285

0.3286

0.3287

0.3288

0.3289

0.329

(b)

200 400 600 800

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

0.025

(c)

0 200 400 600 800 1000

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
10

-3

(d)

0.328 0.3282 0.3284 0.3286 0.3288 0.329

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

0.025

(e)

0.3278 0.328 0.3282 0.3284 0.3286 0.3288 0.329 0.3292

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
10

-3

Figure 5.7: Plots of the time-dependent solutions for the diamond network as the
haematocrit boundary conditions vary in purple and pink. The (−), (0) and (+) equilibria
when H(1,3) = 0.329 are denoted by dashed lines and the (−), (0) and (+) equilibria for
varying inlet haematocrit H(1,3) are denoted by solid red, green and blue curves. (a):
Inlet haematocrit H(1,3)(t) as a function of time; (b): Q〈4,5〉(t)/Q(1,3)(t) as a function

of time; (c): H〈4,5〉(t) as a function of time. (d): hysteresis diagram of Q〈4,5〉(t); (e):

hysteresis diagram of H〈4,5〉(t).
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and the splitting rules, stochastic noise is applied to the boundary conditions of the time-

dependent network Equations described in Section 2.3. For the bifurcation unit depicted in

Figure 1.3a, the Equations of haematocrit and viscosity without stochastic fluctuations are

as follows:

dH(u,v)

dt
= u(u,v)(t)∆H(u,v)(t), (5.6)

dµ(u,v)

dt
= u(u,v)(t)∆µ(u,v)(t), (5.7)

dH(v,w)

dt
= u(v,w)(t)∆H(v,w)(t), (5.8)

dµ(v,w)

dt
= u(v,w)(t)∆µ(v,w)(t), (5.9)

dH(v,z)

dt
= u(v,z)(t)∆H(v,z)(t), (5.10)

dµ(v,z)

dt
= u(v,z)(t)∆µ(v,z)(t). (5.11)

∆H(x,y)(t) and ∆µ(x,y)(t) have been introduced to simplify the Equations in Section 2.3:

∆H(x,y)(t) = H(x,y)(0, t)−H(z,y)(0, t− τ(x,y)(t)), (5.12)

∆µ(x,y)(t) = µ(x,y)(H(x,y)(0, t))− µ(x,y)(H(x,y)(0, t− τ(x,y)(t))), (5.13)

where, (x, y) = (u, v), (v, w) or (v, z).The delay term τ(x,y)(t) is implicitly defined by the

following Equation:

L(x,y) =

∫ t

t−τ(x,y)(t)
u(x,y)(s)ds. (5.14)

The boundary conditions for the delay differential Equations for vessels (v, w) and (v, z)

are as follows:

H(v,w)(0, t) = ψ(v,w)(r)
1

r
H(u,v)(0, t− τ(u,v)(t)), (5.15)

H(v,z)(0, t) = (1− ψ(v,w)(r))
1

1− r
H(u,v)(0, t− τ(u,v)(t)), (5.16)

where r = Q(v,w)(t)/Q(u,v)(t) and ψ(v,w) is a splitting rule. Therefore, the most intuitive

approach to introducing stochastic noise to the blood at a flow bifurcation is to apply a

stochastic process to the haematocrit inlet boundary conditions of the daughter vessels.

Let ε(v,w) and ε(v,z) denote the noise terms applied to each of the daughter vessels, then we
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modify Equations (5.15-5.16) into stochastic boundary conditions:

H(v,w)(0, t)
(s) =

(
ψ(v,w)(r)

1

r
+ kf(r)ε(v,w)

)
H(u,v)(0, t− τ(u,v)(t)), (5.17)

H(v,z)(0, t)
(s) =

(
(1− ψ(v,w)(r))

1

1− r
+ kf(1− r)ε(v,z)

)
H(u,v)(0, t− τ(u,v)(t)), (5.18)

where the function f(r) is chosen to ensure the conservation of RBCs and k is an ampli-

tude parameter. The superscript is used throughout this Chapter to differentiate from the

deterministic haematocrit boundary condition, H(x,y)(0, t), from the stochastic boundary

condition, H
(s)
(x,y)(0, t). As stated previously, it is important that the deterministic and

stochastic boundary conditions obey the conservation of RBCs:

H(u,v)(0, t− τ(u,v)(t)) = rH(v,w)(0, t) + (1− r)H(v,z)(0, t), (5.19)

H(u,v)(0, t− τ(u,v)(t)) = rH
(s)
(v,w)(0, t) + (1− r)H(s)

(v,z)(0, t). (5.20)

The relationship between ε(v,w) and ε(v,z) is obtained by subtracting Equation (5.19) from

Equation (5.20):

0 = rf(r)ε(v,w) + (1− r)f(1− r)ε(v,z), (5.21)

which implies that:

rf(r)ε(v,w) = −(1− r)f(1− r)ε(v,z). (5.22)

To ensure that this relationship holds at every time t, ε(v,w) and ε(v,z) must be based on the

same stochastic process. Therefore:

ε(v,w) =
dWt

dt
, (5.23)

ε(v,z) = −dWt

dt
, (5.24)

where Wt is a Weiner process. The result of this choice of ε(v,w) and ε(v,z) requires that the

function f obey the following condition:

rf(r) = (1− r)f(1− r). (5.25)
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There are a number of different possible choices of f(r) that satisfy the condition of Equation

(5.25). For example, the following three functions satisfy this condition:

f1(r) =

√
1

r
− 1, (5.26)

f2(r) = 2(1− r), (5.27)

f3(r) =
1

2r
, (5.28)

The plots of rf1(r), rf2(r) and rf3(r) are shown in Figure 5.8. It is important to note that

the maximum value of rf(r) is the same for all three choices of f(r). The ideal choice of

f(r) should have the following four properties:

1. 1× f(1) = 0× f(0) = 0,

2. rf(r) is continuous on [0, 1],

3. rf(r) > 0 for k > 0 and r ∈ (0, 1),

4.
∫ 1−r1
r1
|(rf(r))′|dr should be minimised ∀r1 ∈ (0, 0.5).

Condition 1 is important because if no blood is flowing into one of the daughter vessels,

then all RBCs will enter the other daughter vessel, and so no stochastic fluctuations in the

number of RBCs should be possible. Condition 2 ensures that non-physical behaviour is

unlikely close to r = 0 or r = 1. If r ≈ X0, then ψ(v,w)(r) ≈ 0 (see Section 1.7 for details).

This means that for some stochastic fluctuations with dWt < 0, H
(s)
(v,w)(0, t) < 0, but if the

amplitude of the stochastic noise also scales with r, the probability of these non-physical

values of H
(s)
(v,w)(0, t) decreases. Condition 3 ensures that the addition of stochastic noise

is non-trivial. Condition 4 has been chosen so that the function rf(r) is similar to a step

function that takes the value of k for all values of r ∈ (0, 1) and 0 for r ∈ {0, 1}. Ideally,

the amplitude of the noise entering a vessel should be independent of the flow, except for

r = 0 or 1. However, this is incompatible with conditions (1-3). By minimising the average

gradient, rf(r) acts more like a constant.

It is clear that f3(r) satisfies condition 4 better than f1(r) or f2(r) but does not sat-

isfy conditions (1-3) simultaneously. f1(r) and f2(r) satisfy conditions (1-3) but f1(r) is a

better choice than f2(r) because:

∫ 1−r1

r1

|(rf2(r))′|dr >
∫ 1−r1

r1

|(rf1(r))′|dr, (5.29)
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Figure 5.8: Comparison between rf1(r), rf2(r) and rf3(r). f1(r), f2(r) and f3(r) are defined
in Equations (5.26-5.28).

for all r1 ∈ (0, 0.5).

By defining the new stochastic boundary conditions in Equation (5.17-5.18), the deter-

ministic time-dependent blood flow Equations can be converted into a system of Stochastic

Functional Differential Equations (SFDEs) of the form:

dX(t) = g1(xt)dt+ g2(xt)dWt, (5.30)

where the functions g1 and g2 are bounded and xt is the set:

xt = {X(t+ θ) : −τ ≤ θ ≤ 0} ∈ C([τ, 0];R)}. (5.31)

However, substituting the boundary conditions described by Equations (5.15-5.16) with

the boundary conditions described by Equations (5.17-5.18) into Equation (5.32), does not

convert the system of DDEs into a system of SFDEs. Let (x, y) = (v, w) or (x, y) =

(v, z) at a flow bifurcation, and let κ = kH(u,v)(0, t − τ(u,v)(t)). Replacing H(x,y)(0, t) and

H(x,y)(0, t−τ(x,y)(t)) with the equivalent stochastic boundary conditions in Equation (5.12)

results in the following expression:

∆H
(s)
(x,y)(t) = ∆H(x,y)(t)± (κf(r)dWt − κf(rτ(x,y))dWτ(x,y)), (5.32)
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where Wτ(x,y) refers to the Weiner process at times t − τ(x,y)(t) and rτ(x,y) = Q(x,y)(t −
τ(x,y)(t))/Q(u,v)(t−τ(x,y)(t)). If Equation (5.12) is replaced by Equation (5.32) in Equations

(5.8) and (5.10) results in the following Equations:

dH(v,w) = u(v,w)(t)∆H(v,w)(t)dt+ u(v,w)(t)(κf(r)dWt − κf(rτ(v,w)
)dWτ(v,w)

), (5.33)

dH(v,z) = u(v,z)(t)∆H(v,z)(t)dt− u(v,z)(t)(κf(1− r)dWt − κf(rτ(v,z))dWτ(v,z)). (5.34)

However, Equations (5.33-5.34) are not SFDEs because Equations in the form of Equation

(5.30) contain only one Weiner process.

Instead, by applying the new boundary conditions to both terms of Equation (5.12, a new

expression for ∆H
(s)
(x,y)(t) can be derived by applying the stochastic boundary conditions to

the vessel inlet at time t:

∆H
(s)
(x,y)(t) = ∆H(x,y)(t)± κf(r)dWt. (5.35)

SFDEs governing the rate of change for H(v,w) and H(v,z) are derived by replacing Equation

(5.12) with Equation (5.35) in Equations (5.8) and (5.16):

dH(v,w) = u(v,w)(t)∆H(v,w)(t)dt+ u(v,w)(t)κf(r)dWt, (5.36)

dH(v,z) = u(v,z)(t)∆H(v,z)(t)dt− u(v,z)(t)κf(1− r)dWt. (5.37)

The difference between Equations (5.36-5.37) and Equations (5.33-5.34) is the fact that

Equations (5.33-5.34) include the terms H
(s)
(v,w)(0, t−τ(v,w)(t)) and H

(s)
(v,z)(0, t−τ(v,z)(t)) while

Equations (5.36-5.37) do not. This means that the haematocrits leaving the vessels are de-

termined by H(v,w)(0, t−τ(v,w)(t)) and H(v,z)(0, t−τ(v,z)(t)) instead of H
(s)
(v,w)(0, t−τ(v,w)(t))

and H
(s)
(v,z)(0, t− τ(v,z)(t)). Therefore, the SFDEs do not account for the effect of additional

haematocrit generated by the Weiner process propagating through the daughter vessels.

One potential issue with not accounting for this additional haematocrit exiting the daugh-

ter vessels is the fact that the stochastic fluctuations will not propagate through the rest of

the network. However, as long as these fluctuations in the inlet haematocrit are taken into

account by the Equations governing the average viscosity, the volumetric flows will fluctuate.

As with the system of DDEs, the average haematocrit variables do not influence the over-

all behaviour of the system because the flow Equations depend on the average viscosity
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(see Section 2.3 for details). Therefore, the boundary conditions in Equations (5.9) and

(5.11) must be adapted to incorporate the Weiner process. As with the Equations for the

haematocrit, the Equations for the average viscosity are converted into SFDEs by replacing

∆µ(x,y)(t) in Equation (5.13) with a new expression for the difference in viscosity that in-

cludes the Weiner process, ∆µ
(s)
(x,y)(t). Substituting H

(s)
(v,w)(0, t) into Equation (5.13) yields

the following Equation:

∆µ
(s)
(x,y)(t) = µ(x,y)(H(x,y)(0, t) + κf(r)dWt/dt)− µ(x,y)(H(x,y)(0, t− τ(x,y)(t))). (5.38)

If Equation (5.13) is replaced with Equation (5.38) in Equations (5.9) and (5.11), the

resulting Equations are not SFDEs because the dWt/dt term is within the viscosity function.

Therefore, another approximation is required. Consider the following linear approximation

of µ(x,y):

µ(x,y)(H(x,y)(0, t) + κf(r)dWt/dt) ≈ µ(x,y)(H(x,y)(0, t)) + µ′(v,w)(H(v,z)(0, t))κf(r)dWt/dt.

(5.39)

The justification of using the first-order Taylor expansion has been omitted from the main

text but can be found in Appendix C. Substituting µ(x,y)(H(x,y)(0, t) + κf(r)dWt/dt) with

the approximation in Equation (5.39), results in the following expression for the viscosity

difference:

∆µ
(s)
(x,y)(t) = ∆µ(x,y)(t) + µ′(v,w)(H(v,w)(0, t))κf(r)dWt/dt. (5.40)

SFDEs for the average viscosity in vessels (v, w) and (v, z) can be derived using a similar

method to the derivation of Equations (5.36-5.37). The substitution of Equation (5.13) with

Equation (5.40) in Equations (5.9) and (5.11) yields the following SFDEs:

dµ(v,w) = ∆µ(v,w)(t)dt+ u(v,w)(t)µ
′
(v,w)(H(v,w)(0, t))κf(r)dWt, (5.41)

dµ(v,z) = ∆µ(v,z)(t)dt− u(v,z)(t)µ
′
(v,z)(H(v,w)(0, t))κf(1− r)dWt. (5.42)

So long as the amplitude parameter, k, is relatively small compared to the haematocrit

predicted by the deterministic boundary conditions in Equations (5.15-5.16), the linear ap-

proximation of the viscosity function is sufficiently accurate to capture the stochastic effects

on the viscosity of the blood.

All other Equations for the average haematocrit and viscosity in the vessels not in the

triangle network do not include a Weiner process. Therefore, they are automatically in
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the form of Equation (5.30) such that g2(xt) = 0. Therefore, Equations (5.36-5.37) and

(5.41-5.42), and the other deterministic flow Equations, form a system of SFDEs.

An important property of SFDEs is the dependence of the solution on the initial conditions.

Unlike stochastic differential Equations, not only does the distribution of the variables at

time t depend on the initial conditions, it is possible for the steady-state distribution to differ

for two sets of initial conditions (Longtin, 2009). This dependence on the initial conditions

presents some challenges in understanding the underlying role of stochastic fluctuations on

the dynamics of blood flow. It is important to isolate the effects of varying parameters from

different choices of initial conditions. As the objective is to understand whether the blood

flow switches between stable equilibria, all initial conditions considered in this chapter are

set equal to stable equilibria of the deterministic time-dependent network Equations. It

may be possible that two different stable equilibria result in different steady-state distri-

butions for the SFDEs for some network. If this case arises, both initial conditions will be

investigated separately.

Several numerical schemes have been suggested to solve stochastic delay differential Equa-

tions (Akhtari, 2019; Baker and Buckwar, 2000; Buckwar, 2000; Mao, 2003). The schemes

devised by Mao (2003) and Buckwar (2000) both allow the time delay to depend on the

solution at time t. However, it is important that the time delay is different in each vessel

and the scheme devised by Buckwar (2000) is only applicable to SDDEs for which the time

delay is the same for every variable. Therefore, we use the scheme devised by Mao (2003)

because it allows delays in each vessel to depend on the history of the solution and differ

for each vessel (Mao, 2003). A set of restrictions on the form of the functions g1 and g2

in Equation (5.30) are required for the scheme devised by Mao (2003) to be applicable. In

our case, not all of these conditions can be proven analytically. We justify our use of this

method by proving those conditions that we can and using different time steps to verify

the numerical solutions converge to the same distributions. A description of Mao et al.’s

scheme and the results of these numerical experiments can be found in Appendix B.

5.2.1 Types of switching

Motivated by the results presented in Figure 5.7, we focus on the diamond network when

investigating the impact of stochastic effects on blood flow. For simplicity, stochastic effects

are negated for the second flow bifurcation. As one of the daughter vessels is always vessel

〈4, 5〉, for the blood flow to switch between the two equilibria, Q〈4,5〉(t) = 0 for some time

t. Therefore, the ratios Q〈4,5〉(t)/Q(3,4)(t) or Q〈5,4〉(t)/Q(3,5)(t) must eventually be smaller
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than X0 of the splitting rule in Equation (1.37). When the flow ratio is below this threshold,

the deterministic boundary condition for vessel 〈4, 5〉 is 0. Therefore, if the Weiner process

is negative when these ratios are less than X0, the stochastic boundary condition is not

physical.

We also restrict our attention to symmetric diamond networks in this thesis. Karst et al.

(2015) found that for certain choices of asymmetric lengths, L(4,6) and L(5,6), the determin-

istic blood flow equations would admit unstable limit cycles for the (−) or (+) equilibria

(Karst et al., 2015). As the purpose of this section is to investigate the switching behaviour

between stable equilibria, restricting the diamond network to be symmetric networks en-

sures that the (−) and (+) equilibria are both stable.

Figure 5.9 shows the time-dependent solution to the stochastic network equations for the

diamond network with the following parameters:

L = 100µm,D = 10µm,H(1,3)(0, t) = 0.3966, k = 0.00001, (5.43)

for three different random seeds represented by black, green and turquoise curves. All three

realisations start at the (−) equilibrium. Figure 5.9a shows that stochastic effects can drive

changes in the flow direction in the redundant vessel, and the fluctuation of the flow is

between the two stable equilibria associated with the deterministic model. Figures 5.9c

and 5.9d reveal that the differences in the values of H(3,4) and H(3,5) for the two stable

equilibria are minimal. This explains why relatively little noise is required to change the

flow direction. It is possible that switching only occurs between equilibria for which the

haematocrit values in the daughter vessels of a bifurcation are sufficiently close. In theory,

as long as the amplitude parameter is non-zero, it is possible for a single perturbation or

a sequence of perturbations to drive the solution from one equilibrium to the other, but

the probability of this event occurring depends on the size of the interval and the size of

the amplitude parameter, k. Therefore, to adequately understand under which conditions

switching occurs with any regularity, the influence of k and the parameters of the network

on these switching events must be determined.

Another interesting property of this switching is the difference in haematocrit values for

the two stable equilibria in Figures 5.9e and 5.9f, this difference is much greater than the

difference in Figures 5.9c and 5.9d. The haematocrit values in H(4,6) and H(5,6) are not

directly affected by the stochastic fluctuations at the first flow bifurcation and k is relatively
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small compared to the difference in the values of H(4,6) or H(5,6). Therefore, small stochas-

tic fluctuations upstream have a larger potential impact on the haematocrit downstream

in a network. To fully investigate the downstream effects, large networks with multiple

redundant vessels should be studied, but this is beyond the scope of this thesis.

One distinctive feature of the solutions in Figure 5.9 is the spontaneous switching between

the (−) and (+) equilibria. As the stochastic blood flow equations are not deterministic, it

is not possible to predict with absolute certainty when the blood flow will switch between

the two stable equilibria. As one of the goals of applying stochastic noise is to propose

stochastic fluctuations as a potential cause or contributing factor to cycling-hypoxia, it is

important to make predictions on how long the blood flow will remain in each state. There-

fore, the spontaneous change in the direction of the flow presents the challenge of predicting

how long the blood flow remains in each state. However, it is possible to predict the du-

ration of full switches. A full switch will be defined later in this Section, but intuitively,

a full switch occurs when the blood flow in the redundant vessel changes direction twice.

Predicting the duration of the switches facilitates making predictions for the time between

oxygen fluctuations.

We have devised two definitions of a full switch; a threshold switch and a checkpoint switch.

A threshold switch is defined by thresholds that the numerical solution must hit and a check-

point switch is based upon the propagation of flow in the redundant vessel in a network.

Before defining a threshold switch, the concept of σ-negative and σ-positive thresholds must

first be defined.

Definition 5.1. (Threshold for network with two stable equilibria)

Let N be a network with a single redundant vessel, 〈x, y〉, such that the network admits

three equilibria with the following flow configurations {(−), (0), (+)} such that the (−) and

(+) equilibria are stable. Let Q
(+)
〈x,y〉 and Q

(−)
〈x,y〉 denote the value of the normalised flow in the

redundant vessel for the (+) and (−) equilibria respectively. The σ-positive and σ-negative

thresholds, (Q
(+)
σ , Q

(−)
σ ) are defined as:

Q(+)
σ = σQ

(+)
〈x,y〉, Q

(−)
σ = σQ

(−)
〈x,y〉, (5.44)

where σ ∈ (0, 1].

Now that σ-negative and σ-positive thresholds have been defined, we can now define

the (−)→ (+) and (+)→ (−) σ-threshold switches.
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Figure 5.9: Plots of select variables for three different realisations of the time-dependent
solutions of the SFDEs of the diamond network. (a): normalised flow in the redundant
vessel; (b): H〈4,5〉(t); (c): H(3,4)(t); (d): H(3,5)(t); H(4,6)(t); H(5,6)(t).
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Definition 5.2. (Threshold switch)

Let N be a network with a single redundant vessel, 〈x, y〉, such that the network admits

three equilibria with the following flow configurations {(−), (0), (+)} for which the (−) and

(+) equilibria are stable. A (−) → (+) σ-threshold switch is a section of the solution to

the SFDEs of a network consisting of the following two phases.

Perturbation phase:

Let Q〈x,y〉(t) = Q
(−)
σ at tstart and Q〈x,y〉(t) = Q

(+)
σ at t0 such that:

Q(−)
σ < Q〈x,y〉(t) < Q(+)

σ ,∀t ∈ (tstart, t0). (5.45)

The solution to the SFDEs in the interval [tstart, t0] is known as the perturbation phase.

Return phase:

Let Q〈x,y〉(t) = Q
(−)
σ at tend such that: tend > t0 and Q

(−)
σ < Q〈x,y〉(t), ∀t ∈ [t0, tend). The

solution in the interval [t0, tend] is known as the return phase.

The (+) → (−) σ-threshold switch is defined analogously for the solution starting and

ending at the positive σ-threshold.

The (−) → (+) and (+) → (−) σ-threshold switching times are defined as the time

between tstart and tend for both directions of the σ-threshold switches.

The (−) → (+) and (+) → (−) checkpoint switches can also be defined with phases,

but a checkpoint switch contains two relaxation phases, as well as a perturbation and a

return phase. After the flow direction in the redundant vessel changes direction, there is a

time delay before the blood flow fully propagates through the vessel.

Definition 5.3. (Checkpoint switch)

Let N be a network with a single redundant vessel, 〈x, y〉, such that the network admits

three equilibria with the following flow configurations {(−), (0), (+)} such that the (−) and

(+) equilibria are stable. A (−)→ (+) checkpoint switch is a section of the solution to the

SFDEs of a network consisting of the following four phases.

Perturbation phase:

Let Q〈x,y〉(t) = Q
(−)
〈x,y〉 at tstart and Q〈x,y〉(t) = Q

(+)
〈x,y〉 at t0 such that:

Q
(−)
〈x,y〉 < Q〈x,y〉(t) < Q

(+)
〈x,y〉, ∀t ∈ (tstart, t0). (5.46)
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The solution to the SFDEs in the interval [tstart, t0] is known as the perturbation phase.

1st relaxation phase

Let t1 denote the time such that:

L〈x,y〉 =

∫ t1

t0

u〈x,y〉(s)ds, (5.47)

and Q〈x,y〉(t) > Q
(−)
〈x,y〉,∈ (t0, t1). The 1st relaxation phase is the section of the solution in

the interval [t0, t1].

Return phase:

Let Q〈x,y〉(t) = Q
(−)
〈x,y〉 at t2 such that: t2 > t1 and Q

(−)
〈x,y〉 < Q〈x,y〉(t), ∀t ∈ [t1, t2). The

solution in the interval [t1, t2] is known as the return phase.

2nd relaxation phase

Let tend denote the time such that:

L〈x,y〉 =

∫ tend

t2

u〈y,x〉(s)ds, (5.48)

and Q〈x,y〉(t) < Q
(+)
〈x,y〉,∈ [t2, tend). The 2nd relaxation phase is the section of the solution

in the interval [t2, tend].

The (+) → (−) checkpoint switch is defined analogously for the solution starting and

ending at Q
(+)
〈x,y〉.

The (−) → (+) and (+) → (−) checkpoint switching times are defined as the time

between tstart and tend for both directions of the checkpoint switches. If the first relaxation

phase is interrupted by the solution returning to the original equilibrium before the RBCs

can fully propagate through the redundant vessel, then the checkpoint switch has not oc-

curred. If the solution returns to the opposite threshold before the second relaxation phase

has completed, then that section of the curve that incorporates the brief reversal of the flow

direction is considered part of the return phase.

Remark 5.2. If |Q(+)
〈x,y〉|= |Q

(−)
〈x,y〉|, then there is no difference between the (−) → (+) and

(+)→ (−) switches or switching times. Therefore, the (−)→ (+) and (+)→ (−) switches

and switching times will simply be referred to as the σ-threshold and checkpoint switches,

and the σ-threshold and checkpoint switching times.

153



It should be noted here that the perturbation phase of a checkpoint switch is the same as

the perturbation phase of the equivalent 1-threshold switch. Furthermore, the combination

of the 1st relaxation phase and the return phase of the checkpoint switch would also define

a 1-threshold switch return phase. Therefore, every checkpoint switch has an embedded

1-threshold switch but the opposite implication does not apply.

Figure 5.10 shows the phases of the two types of switch metric for the same realisation

of the SFDEs for the diamond network. Figure 5.10a shows a (+) → (−) 0.8-threshold

switch and Figure 5.10b shows a (+) → (−) checkpoint switch. The negative and positive

0.8-thresholds are represented by the red and blue dotted dashed lines in Figure 5.10a and

the values of Q
(−)
〈4,5〉 and Q

(+)
〈4,5〉 are represented by the red and blue dashed lines in Figure

5.10b. The perturbation and return phases are represented by purple and black for both

types of switching. The two relaxation phases for the checkpoint switch are represented in

pink. (−) → (+) switches are also presented in Figure 5.10 but only one switch has been

explicitly highlighted to represent the phases of a switch.
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Figure 5.10: Plots of the turquoise solution in Figure 5.9a with the two methods of
measuring switching. The dashed red and blue lines denote the (−) and (+) equilibria
and the dotted dashed red and blue lines denote the ×0.8 threshold of the two equilibria.
(a): Threshold switching; (b) Checkpoint switching.

Before using switching to evaluate the network behaviour, the different behaviour of the

switching definitions must first be identified to isolate the effects of our method for evalu-

ating the switching behaviour. Figure 5.10, shows that the two switching methods predict

a similar time for the switch for this example, but checkpoint switching predicts a longer

time for the switch. Given the similarities of the method, it is possible to conclude that

a checkpoint switch is always longer than a threshold switch because checkpoint switching

includes two of the same phases as threshold switching. However, this does not indicate
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whether the switching time distributions are similar. Threshold switching may predict more

switching and potentially more significantly shorter switches. Given the complicated nature

of the SFDEs, it is not possible to determine analytical expressions for the distributions of

the two switching times, but by performing multiple simulations, it is possible to create an

approximation to the distribution curves.

To approximate these distribution curves, the network SFDEs were solved for 10, 000 ran-

dom seeds. Realisations for the SFDEs were computed until two switches were observed.

This was due to the observation that an initial switch was usually observed immediately

after the noise terms were applied to the equations3. If a switch was not observed before

tend = 24×60×60, the simulation was stopped and restarted using a different random seed.

The second recorded switching times were used to generate a distribution using MATLAB’s

inbuilt distribution fitting application. The distribution chosen for the fit was that of a

non-parametric fit for only positive values. In Figure 5.11 we compare the two switching

time metrics for the amplitude parameter of k = 0.001. The distributions and associated

histograms for the data used to generate the two curves are presented in Figures 5.11a and

5.11b. The two distributions are plotted on the same axes in Figure 5.11c. Figure 5.11c

clearly shows the similarities between the two distribution curves. Due to the fact that it

takes time for the solution to travel between the thresholds for either switching metric, we

expected that there would always be a minimum switching time, tmin > 0, representative of

the minimum time required for a switch to occur for both switching metrics. As expected,

the two curves show a probability density of 0 close to t = 0. Both curves also have a

single modal peak which appears earlier for threshold switching as expected. After this

peak, the probability density of both types of switching appears to decrease exponentially.

Unfortunately, there is no known distribution curve that adequately fits the data, and so

it is difficult to know which measurements of the distributions are most important to com-

pare to the data. However, the modes of the distribution curves provide a clear distinction

between the curves.

Figure 5.12 shows how the distribution of the two switching times changes as the am-

plitude k of the noise term varies. The shapes of the distributions remain similar as k

varies (Results not shown). Modal switching times for both types of switching decrease

as k increases. Thus, we expect more rapid switching as the amplitude of the fluctuations

increases. Figures 5.12c and 5.12d show the plots for the logarithm of the modal switch-

ing times against the logarithm of k. As expected, the modal switching time decreases as

3This can be observed in Figure 5.9.
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Figure 5.11: Series of plots showing the comparison between threshold and checkpoint
switching for the diamond network when k = 0.00010. (a): Best fit to the distribution
curve of threshold switching with the associated histogram for the data; (b): Best fit
to the distribution curve of checkpoint switching with the associated histogram for the
data; (c): Comparison of the distribution curves in (a) and (b).
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k increases. However, the line of best fit for threshold switching is steeper than the line

for checkpoint switching, and the confidence interval for threshold switching is also much

smaller. One explanation for this observation is that the duration of relaxation phases in

checkpoint switching is highly variable. Regardless of these differences, the distributions

of switching times exhibit a similar behaviour for both definitions of switching times. We

conclude that either definition can be used. However, we will use checkpoint switching for

the remainder of the chapter. This effectively means that the two stable equilibria of the

deterministic network equations are defined by positive or negative flow in the redundant

vessel for which the RBCs have fully propagated from one side of the network to the other.

The state before and after a full checkpoint switch requires that the RBCs have propa-

gated fully through the redundant vessel. As this property is also shared by the equilibria,

checkpoint switching is a more natural way to count switching.
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Figure 5.12: Plots showing the evolution of the switching time distribution curves as the
noise amplitude parameter k varies. (a): Distribution curves for the threshold switching
times for a threshold of 0.8; (b): Distribution curves for the checkpoint switching times;
(c): plot of the logarithm of the modal threshold switching times against the logarithm
of the noise amplitude parameter k; (d): plot of the logarithm of the modal checkpoint
switching times against the logarithm of the noise amplitude parameter k.

5.2.2 Relationship between haematocrit and switching time

The duration of the switching times influences tissue oxygen levels. If the switches are rapid,

then the oxygen levels of the tissue may become more evenly distributed. If the switches

are slow, then parts of the tissue may experience hypoxia for long time periods. For this

reason, it is important to understand how the network parameters influence the distribution

of switching times. In this section, we investigate how key parameters, such as the length

of the redundant vessel and the size of the inlet haematocrit impact switching times. As

blood flow must fully propagate through the redundant vessel for a switch to occur, we

anticipate that vessel length will have a significant impact on the distribution of switching

times. The inlet haematocrit is likely to be important because multiple equilibria exist only
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for sufficiently large values of the inlet haematocrit. Furthermore, as the inlet haematocrit

increases, the difference between the values of H(3,4) and H(3,5) for non-trivial equilibria

increases. Varying the inlet pressure is not considered because the diamond network has a

single inlet and outlet vessel. As discussed in Section 1.9.6, the haematocrit distribution

of an equilibrium in networks with a single inlet and outlet vessel is independent of the

inlet and outlet pressure, as long as the inlet pressure is larger than the outlet pressure.

We anticipate that other network parameters, including vessel diameters, may influence the

switching times. We postpone consideration of these effects to future work.

Ideally, we would determine the switching time distributions for a range of values in the

(L〈4,5〉, H(1,3)) plane. Given the computational cost of approximating the switching time

distribution for one set of parameter values, it is not feasible to evaluate the switching

times for a wide range of values of L〈4,5〉 and H(1,3)). Even for a course grid of points in

the (L〈4,5〉, H(1,3)) plane, calculating a sufficient number of switching times for each point

is too computationally expensive. The distribution curves in Figure 5.12 required 10, 000

switching times to generate each distribution curve. We found that generating the same

distribution curves in Figure 5.12 using 1, 000 switching times produced modal times that

were sufficiently close to the modal times in Figure 5.12. Therefore, as long as there were at

least 1, 000 switching times, a sufficient approximation of the modal switching time could

be computed. The time given for a simulation to find switching times was also relaxed

from t = 24 × 60 × 60 to t = 2.5 × 60 × 60. Instead of stopping the simulation as soon as

the second switch occurs, the simulation was run for the full time and the switching times

were recorded throughout the simulation4. This meant that some simulations would predict

more than one switch and others would record none. Even with these relaxations of the

times constraints for a single realisation of the equations, finding enough switching times

for a grid of points in the (L〈4,5〉, H(1,3)) plane is too inefficient.

Instead of investigating the differences in the switching times for each point in a grid of

points for the pair of parameters (L〈4,5〉, H(1,3)), we show how the switching time changes

as the inlet haematocrit varies for four different values of L〈4,5〉 shown in Figure 5.13a.

This approach provides information on the impact of the emergence of multiple equilibria

of different lengths and the trend as the inlet haematocrit increases.

Figure 5.13b shows how the switching times distribution changes as the inlet haematocrit

4Switching times were only counted after the first switch so that the methodology was consistent with
that in Section 5.2.1.
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H(1,3) varies when L〈4,5〉 = 100µm. Due to the computational difficulty of finding switching

times, we restrict our attention to the cases for which H(1,3) ≤ 0.5. With H(1,3) ≤ 0.5, we

find that the modal switching time increases as the inlet haematocrit increases. This trend

is more pronounced in the log-log plot of the inlet haematocrit and the modal switching time

presented in Figure 5.13c. Due to the tight confidence intervals and the simple relationship

between the inlet hematocrit and the modal switching time, we predict that this trend will

extend to values of H(1,3) greater than 0.5. The linear relationship between log(tmode) and

log(H(1,3)) is valid for other values of L〈4,5〉 displayed in Figure 5.13a (Results not found).

Figure 5.13d compares all linear fits between log(tmode) and log(H(1,3)) for all lengths of

L〈4,5〉 represented in Figure 5.13a. Except for a small difference for the gradient values,

the lines are parallel. The only difference between the fits is the value of H(1,3) at which

the lines emerge. These values correspond exactly to the value of H(1,3) at which multiple

equilibria emerge, as shown in Figure 5.13a. This suggests that the length of the redundant

vessel does not directly influence the distribution of switching times. Figure 5.13d suggests

that for each value of L〈4,5〉, there is a corresponding critical value of H(1,3) (H∗(1,3)) for

which the network admits multiple equilibria. The value of tmode is the same for all values

of H∗(1,3) and log(tmode) increases linearly with log(H(1,3)).

Now that the relationship between (L〈4,5〉, H(1,3)) and tmode has been established, the

next task is to understand why the modal switching time is the same for all critical values

of H(1,3). As can be seen in Figure 5.7e, non-trivial equilibria correspond with the emergence

of non-zero values of H〈4,5〉. Therefore, we hypothesise that a linear relationship between

the values of H〈4,5〉 for the non-trivial equilibria and log(tmode) for all values of L〈4,5〉. Fig-

ure 5.14a shows the linear relationship between H〈4,5〉 and log(tmode) when L〈4,5〉 = 100µm.

As in Figure 5.13c, the confidence interval is close to the line of best fit. The fits for other

values of L〈4,5〉 are left out of this thesis for brevity. In Figure 5.14b when we compare

all fits, we find that the relationship between H〈4,5〉 and log(tmode) does not depend on the

value of L〈4,5〉. As the viscosity of the blood depends on the haematocrit, Figure 5.14b

shows that the main factor that determines the modal switching time is the viscosity of the

blood.

5.3 Discussion

In this chapter, we have presented a viable hypothesis for the formation of cycling-hypoxia

in cancerous tumours. Previous studies of blood flow models suggest that fluctuations in

oxygen within the tumour microenvironment can be caused by oscillations in blood flow in
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Figure 5.13: (a): Area plot of H(1,3) against L〈4,5〉 for which the orange area indicates the
area of the region for which multiple equilibria are not possible and green indicates the
area of haematocrit values that we are not modelling; (b): Distributions of switching
times for L〈4,5〉 = 100µm; (c): Plot of the log(tmode) against the log(H(1,3)) when L〈4,5〉 =
100µm; (d): Plots of log(tmode) against log(H(1,3)) for the lengths indicated in (a).
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Figure 5.14: (a): Plot of log(tmode) against the value of H〈4,5〉 for the (−) or (+) equilibria
when L〈4,5〉 = 100µm; (b): Plots of log(tmode) against the values of H〈4,5〉 for the (−) or
(+) equilibria for the lengths indicated in Figure 5.13a.
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the microvasculature. Oscillations in blood flow can form as a result of structural features

of a network that lead to the existence of Hopf bifurcations of the deterministic blood flow

equations detailed in Sections 1.8 and 2.3 (Ben-Ami et al., 2022; Karst et al., 2015). Ben-

Ami et al. (2022) showed that self-sustained oscillations were present in triangle networks

with significant vessel diameter asymmetry, and Karst et al. (2015) obtained a similar result

for diamond networks with asymmetric vessel lengths. In both cases, self-sustained oscilla-

tions only arose when the networks admitted multiple equilibria.

The mechanism by which solutions to the time-dependent blood flow equations switch

between stable equilibria tested in this chapter relies on the existence of multiple equilibria

which differ in terms of the direction of blood flow in a redundant vessel. We proposed two

mechanisms that may explain this phenomenon: one deterministic and one stochastic. Both

mechanisms have been shown to be viable in simple networks with a single redundant vessel.

The deterministic mechanism relies on a sufficiently large perturbation of the network

boundary conditions to drive a switch in the time-dependent solution of the governing

equations between different stable equilibria. A hysteresis occurs when the solution to a

system of differential equations switches between stable equilibria of the system as param-

eters of the equation are altered. Ben-Ami et al. (2022) showed that symmetric triangle

networks for which the lengths and diameters of the vessels were all equal admitted two

stable equilibria and one unstable equilibrium for sufficiently large inlet haematocrits. This

observation is consistent with our results in Chapter 3 which showed that equilibria without

intermediate flow in the redundant vessels are stable for symmetric networks.

We have shown that hysteresis behaviour can occur in a symmetric triangle network as

the pressure boundary conditions vary. By creating asymmetry of the boundary pressures,

the pressure difference across the redundant vessel is forced to reverse. As the flow in a

network is in the same direction as the pressure difference, the flow in the redundant ves-

sel changes direction. This mechanism may persist in asymmetric triangles, but as shown

by Ben-Ami et al. (2022), asymmetric triangle networks admit one stable equilibria, two

unstable equilibria, and one unstable limit cycle. Therefore, a hysteresis would drive the

time-dependent solution between a stable equilibrium and a limit cycle. Regardless of the

specifics of the network geometry, the key to the mechanism is creating a sufficient asym-

metry of the boundary conditions to create a change in the pressure difference across the

redundant vessel.
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The main limitation of this mechanism is that it relies on an external source to drive

changes in flow. Furthermore, these changes occur on the same time scales as changes

in the boundary conditions. Therefore, while such switches between multiple equilibria

may explain the formation of heterogeneous oxygen distributions and fluctuations in these

distributions, this mechanism does not predict the time scales for these fluctuations. For

example, consider equation for P1 in Figure 5.3a, if the time for which P1 is at its minimum

or maximum value persisted for longer time periods, the time for the solution to complete

a hysteresis loop is longer.

By contrast, self-sustained oscillations belong to a closed system. The resulting fluctua-

tions in the oxygen distribution are dictated by the frequency of the oscillations rather

than by an imposed change in the boundary conditions. However, several mechanisms may

explain the changes in the boundary conditions. For instance, changes in the boundary

conditions could be driven by self-sustained oscillations in other parts of a network. If there

is more than one source of oscillations in the network, more complex switching patterns

could arise as a consequence of these oscillations going in and out of phase.

Another limitation of the deterministic mechanism of changing flow directions is that a

redundant vessel must be downstream of two or more inlets. Figure 5.7 shows that changes

in the flow direction in a redundant vessel did not occur in the diamond network. This

is because the deterministic time-dependent flow equations have an inherent history that

prevents the flow of the redundant vessel from changing direction.

The addition of a stochastic noise term at a flow bifurcation was shown to induce switching of

flow direction within the redundant vessel in the diamond network. To our knowledge, this

is the first time that stochastic noise has been incorporated into the continuum equations,

but it has been well documented that stochastic effects arise in microcirculation (Bedggood

and Metha, 2012; Fung, 1973; Pawlik et al., 1981). Furthermore, the number of red blood

cells entering daughter vessels downstream of flow bifurcations has been shown to undergo

random fluctuations in computational models that track individual red blood cells (Balogh

and Bagchi, 2017, 2018).

One possible explanation for these switching events of the blood flow in the diamond net-

work is the relationship between the haematocrit in the daughter vessels of the flow bifur-

cation at node 3 and the flow direction in the redundant vessel for the stable equilibria.

The haematocrit values for the daughter vessels are unequal for the non-trivial equilibria.
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H(3,4) > H(3,5) for the (−) equilibria and H(3,5) < H(3,4) for the (+) equilibria. Each

stochastic fluctuation increases the inlet haematocrit of one daughter vessel and decreases

the inlet haematocrit of the other. If the blood flow in the redundant vessel is positive and

the solution is close to the (+) equilibrium, then H(3,5)(0, t) < H(3,4)(0, t). For sufficiently

large stochastic fluctuations or series of stochastic fluctuations, the value of H(3,5)(0, t)

increases and H(3,4)(0, t) decreases. As the direction of the flow in the redundant vessel

depends on the values of haematocrit in the daughter vessels, the direction of blood flow

is forced to change. Once this change has occurred, the solution is now closer to the (−)

equilibrium.

Another interesting aspect of the stochastic behaviour in a diamond network is the prop-

agation of stochastic behaviour through the network. As discussed in Section 5.2.1, small

stochastic fluctuations upstream in the diamond network can result in much larger down-

stream differences in haematocrit of certain vessels. This is probably a consequence of

the haematocrit values of the daughter vessels of bifurcations being larger than the parent

haematocrit (see Section 1.9.4 for details). Therefore, small perturbations in the value of

the haematocrit upstream in a network have a more significant impact on the haematocrit

downstream in a network after successive flow bifurcations. Although we have only shown

this behaviour in the diamond network, this difference in the downstream haematocrit val-

ues in a network is likely to be common for a variety of network geometries due to the

properties of the flow bifurcations discussed in Section 1.9.6. It is also possible that the

propagation effect could result in further switching between equilibria. In Section 5.1.2,

we observed that the solution to the time-dependent flow equations switched between two

stable equilibria when the haematocrit boundary conditions for the network were altered.

Although this clearly shows that changes in flow direction in the redundant vessel of the

network can be driven by this mechanism, it depends on an upstream external mechanism

that dictates the change in haematocrit boundary conditions. The propagation of stochas-

tic behaviour in a network could be one potential mechanism driving the changes in the

haematocrit boundary conditions for network motifs.

We showed in Section 5.2 that time-dependent solutions to the stochastic blood flow equa-

tions may lead to changes in flow direction in the redundant vessel and that the solutions

may switch between the two non-trivial equilibria. Given the random nature of the solu-

tions, the time it takes to switch between non-trivial equilibria and then back to the original

equilibrium is also random. However, as described in Section 5.2, the numerical solution

rarely returns exactly to one of the two non-trivial equilibria if at all. Therefore, measuring
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the time for the values of the solution to exactly return to the values of one of the two equi-

libria may be impossible. To describe the switch, we introduce two alternative definitions

of a switching time. Although the distributions for the two definitions of switching time

were different, the characteristics of the two curves were consistent. The two distributions

contain a minimum switching time and a single modal peak for values of t > 0. Both distri-

butions also contain a long tail that begins at t = tmode. Examples of these distributions can

be seen in Figure 5.11. The peaks of the distributions (modal switching times) increased as

the amplitude of the fluctuations increased. In particular, higher noise levels increased the

likelihood that a faster switch would occur. Furthermore, the modal times were fitted to a

power law, allowing predictions to be made about the modal switching times for different

values of the amplitude parameter (see Figure 5.12).

The most important result in Section 5.2 is the link between the haematocrit of the re-

dundant vessels and the modal switching times. As shown in Section 5.2, the length of

the redundant vessel does not directly affect the switching time. For each value of L〈4,5〉, a

critical value of the inlet haematocrit exists for which the deterministic time-dependent flow

equations admit multiple stable equilibria. We have shown that the modal switching times

at these critical values of the inlet haematocrit are equal or practically indistinguishable.

The gradient of the linear relationship between the logarithm of the inlet haematocrit and

the logarithm of the modal switching time is independent of the length of the redundant

vessel. To better understand why this relationship holds, we studied the correlation between

the haematocrit value in the redundant vessel for the two non-trivial stable equilibria and

the modal switching time. The coefficients of the linear fits between the logarithm of the

modal switching time and the haematocrit in the redundant vessel were sufficiently close to

conclude that the linear relationship was the same for all lengths of the redundant vessel

(Figure 5.14b). We conclude that the viscosity in the redundant vessel for the equilibria is

the dominant factor determining the modal switching time, since the viscosity is a function

of the haematocrit in the vessel and the speed of propagation is a function of the viscosity.

Therefore, the haematocrit values in the redundant vessel of the non-trivial equilibria are

the best predictor of the modal switching time regardless of the other network parameters.

If the result generalises to larger, asymmetric networks, then the network equilibria may

provide sufficient information to predict the distributions of switching times.

We have identified a novel mechanism stimulating cycling-hypoxia within the tumour mi-

croenvironment. Before our proposed switching mechanism can be used to predict blood

flow in tumours, several challenges must be overcome. First, the amplitude parameter
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should be estimated so that stochastic noise matches physical noise. The amplitude pa-

rameter can be viewed as a control parameter that dictates the standard deviation of the

additional haematocrit entering a daughter vessel. The addition or subtraction of haemat-

ocrit at a flow bifurcation has at least two different physical interpretations. Fung (1973)

proposed that stochastic fluctuations arise from the distribution of RBC diameters. If this

were the primary mechanism for stochastic fluctuations, the amplitude parameter represents

the additional increase in haematocrit as a result of larger or smaller than normal RBCs at

a specific time point. However, we anticipate that larger vessels would be subject to smaller

fluctuations because they typically contain more RBCs, and therefore the influence of the

larger RBCs would be expected to be averaged out by the addition of smaller RBCs. If the

fluctuations are caused by additional RBCs entering one of the two daughter vessels due to

complex interactions between the RBCs, the noise amplitude parameter would be relatively

large for smaller vessels and relatively small for large blood vessels. Given that k must be

fixed for every flow bifurcation, further work is needed to determine how the amplitude of

the fluctuations depend on the diameters of the parent and daughter vessels.

Another significant challenge is performing the necessary computations to determine the

switching times in larger networks. All switching time distributions were approximated

because a Fokker-Planck equation does not exist for stochastic equations that are non-

Markovian. Therefore, multiple realisations of the equations are required to accurately

approximate the switching time distributions. Given the relatively large number of reali-

sations required to approximate the switching time for a simple network like the diamond

network, computing the switching times for larger networks is likely to be computationally

infeasible. Methods from large deviation theory could be used to approximate the average

time for the system to transition between stable states (De La Cruz et al., 2018; Dykman

et al., 1994). Large deviation theory can provide sufficient approximation to the mean first

passage time between two states of a system of SDEs. Once these times are known for

a range of parameters, the systems of SDEs can be coupled to create a large system of

SDEs. The mean first passage times for the subsystems of SDEs can then be used to pre-

dict the mean first passage time between states of the large system without the requirement

to directly compute each mean first passage time between every equilibria. To apply this

technique to flow in microcirculation, the small systems of SDEs are applied to network

motifs and the large system of SDEs is created by coupling the SDEs of the motifs together.

These techniques may only be capable of finding an imprecise prediction for the switching

times for larger networks. However, imprecise approximations may be sufficient to explain

the formation of cycling-hypoxia.

166



Once some of these challenges can be overcome, these models could be used to make pre-

dictions on how best to treat instances of cycling-hypoxia. Switching behaviour is only

possible due to the existence of a redundant vessel. The removal of these vessels may re-

move instances of cycling-hypoxia. As stated in Section 5, anti-angiogenic drugs have been

shown to reduce instances of cycling-hypoxia in mice (Matsumoto et al., 2011). Modelling

stochastic blood flow in larger networks, possibly derived from tumour images, could be

used to better understand which measurements of a network are linked to these switch-

ing events. For example, measurements from TDA for the number of looped structures

in vasculature first discussed in Section 1.1 could be a useful predictor of which vascular

networks are likely to result in the emergence of switching events. Stolz et al. (2022) used

TDA to measure the number of voids and loops in tumours within mice over several days.

If these measurements can be linked to switching event sof blood flow, then they can act as

a predictor of likeliehood of switching events in tumours. Stolz et al. (2022) measured how

the number of loops and voids changed as tumours were treated with bevacizumab, and

found that the number of loops decreased and the number of voids increased. Therefore, if

the number of loops and voids can be linked to the switching events, these measurements

could be used to infer the required dosage of anti-angiogenic drugs to reduce the likliehood

of switching from occuring. This will hopefully act as a proxy for the required dosage to

prevent cycling-hypoxia.
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Chapter 6

Discussion

6.1 Thesis summary

Our research goal was to propose a possible mechanism for the emergence of cycling-hypoxia,

or short term fluctuations in hypoxia, within cancerous tumours. Although we have not

verified that our proposed mechanism leads to fluctuations in tissue oxygen levels, Bern-

abeu et al. (2020) established that heterogeneous haematocrit distributions cause regions

of chronic-hypoxia to form. Therefore, we conclude that fluctuations in haematocrit dis-

tributions have the potential to cause cycling-hypoxia. The research was organised into

three main chapters in which we sought to uncover the role of network redundancy on

the multiplicity of solutions for the steady-state network equations and demonstrated time-

dependent mechanisms which could be responsible for changing flow directions in redundant

vessels (Definition 1.2). Anti-angiogenic drugs have been shown to reverse or prevent the

formation of cycling-hypoxia (Matsumoto et al., 2011). Anti-angiogenic drugs are usually

mono-clonal antibodies that block the receptors of Vascualar Endothelial Growth Factor

(VEGF), preventing the formation of new blood vessels. As discussed in Section 1.1, the

vasculature in vessels is often heterogeneous and dense. It has been theorised that anti-

angiogenic drugs are effective treatments against chronic-hypoxia because they normalise

the vasculature allowing blood to flow more easily through the vasculature (Jain, 2005).

Given that anti-angiogenic drugs are also effective at treating cycling-hypoxia, we hypoth-

esised that blood flow in microvasculature must also be an important factor driving the

formation of cycling-hypoxia. Therefore, mechanistic models of cycling-hypoxia should in-

corporate blood flow in microcirculation.

The aim of Chapter 3 was to show that the upper bound for the number of equilibria
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can be obtained by the number of redundant vessels and that each equilibrium is uniquely

distinguished by the flow states (Definitions 3.1 and 3.2) of the blood in the redundant

vessels. By showing these key features of the network equilibria for a variety of network

geometries, we have expanded on the work on the multiplicity of solutions carried out so

far. Gardner et al. (2010) showed that a simple triangle network with three nodes admits

up to three equilibria for which the flow direction in the redundant vessel for one of the

equilibria was always opposite to the flow direction for the remaining two equilibria. Karst

et al. (2017) expanded on this result by showing that the equilibria of more complex net-

works often had a unique set of flow directions in the network’s vessels. Furthermore, they

observed that the flow direction only changed for a small set of the networks vessels.

Our work in Chapter 3 is distinguished by the fact that we identified the specific ves-

sels in which the flow changes as redundant vessels and we also identified that the solutions

appear in triples. More specifically, the triples would always have a common structure

based on the flow direction in a redundant vessel. In Section 3.5.2 we discussed how the

equilibria of a symmetric triangle network admitted a very clear structure. As the network

was symmetric, the network admitted three equilibria: one with a positive flow direction in

the redundant vessel, one with a negative flow direction in the redundant vessel, and the

remaining equilibrium had zero flow in the redundant vessel. Due to the symmetry of the

network, the two non-zero equilibria were mirror images of each other. When asymmetry

to the network geometry is introduced by altering the length of one of the side vessels,

the two equilibria that were mirror images of one another are no longer mirror images,

but the structure of the equilibria remains for some small interval of the changing vessel

length. Therefore, so long as multiple equilibria exist in the triangle network, the blood

in the redundant vessel for one equilibrium will always be in the opposite direction to the

other two and the flow in one redundant vessel is close to zero relative to the other two

equilibria. This pattern was common for all equilibria that differed by the flow direction

in a single redundant vessel for the networks we studied. Based on the consistency of this

observation, we conclude that it is likely that this pattern of multiple equilibria is common

to all vascular networks. Using these principles, we devised a categorisation system for

the equilibria of any network that distinguished if the flow in each redundant vessel was

negative, positive, or intermediate (Definitions 3.1 and 3.2). We referred to each category

as a flow configuration, and we showed that for most network geometries and boundary

conditions, each equilibrium admitted by a network was unique. Furthermore, we showed

that the key factors that dictate if an equilibrium with a specific flow configuration exists

are the network geometry and boundary conditions. We showed that with the exception
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of small intervals in the parameter space, the choice of splitting rule was not a key factor

dictating which flow configurations were viable.

We tested the uniqueness of the flow configurations in four networks in total and found

that the equilibrium had unique flow configurations for most choices of network parameters

with very few exceptions. Most of these exceptions occur in small intervals of key param-

eters. In addition, we showed that multiple regions of parameter space can be found in

which the equilibria are distinguished by their flow configuration for asymmetric networks.

We found that the existence of multiple redundant vessels can also influence the size of

the regions of multiple equilibria. For example, in Section 3.5.1, we directly compared the

regions of multiple equilibria in the plane of two length ratios admitted by the triangle

network, containing one redundant vessel, to the square plus triangle network, containing

two redundant vessels. We found that the region or multiple equilibria in the plane for the

square plus triangle network was larger than the region for the triangle network. Therefore,

we conclude that a network with more redundant vessels is more likely to admit multiple

equilibria, since there is a greater chance that the flow direction in a redundant vessel can

flow in either direction if a network has more redundant vessels.

We also found that networks with shorter redundant vessels were more likely to admit

multiple equilibria. The shorter the redundant vessel, the lower the potential resistance

to blood flow in either direction. Therefore, shorter redundant vessels resulted in a much

wider variation in the lengths of fixed vessels (vessels that are not redundant) for which the

networks admit multiple equilibria. Shorter redundant vessels share many of the same prop-

erties as functional shunts. Functional shunts are vessels with minimal resistance that are

hypothesised to cause hypoxia by redirecting blood flow to the tumour vasculature (Pries

et al., 2010). Given that shorter redundant vessels are more likely to result in multiple

equilibria and have lower resistance than longer vessels, they act analogously to functional

shunts.

We also found that the resistance in redundant vessels has a significant impact on the

stability of the equilibria. We verified that for a symmetric square plus triangle network,

the equilibria with intermediate flow in either redundant vessel were unstable when multiple

equilibria exist. As the absolute value of the flow in the redundant vessels is less for the

equilibria with intermediate flow, this corresponds to fewer RBCs entering the redundant

vessel compared to the number of RBCs entering for the equilibrium with positive or nega-

tive flow. Since the resistance in a vessel is a function of the haematocrit within the vessel,
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we hypothesise that equilibria with intermediate flow in a redundant vessel are unstable

because the smaller resistance values in redundant vessels means that the flow in the re-

dundant vessel is more susceptible to small perturbations to the system. However, multiple

equilibria can exist, and an equilibrium with intermediate flow is stable. Ben-Ami et al.

(2022) showed that a triangle network with asymmetric vessel diameters can admit a stable

equilibrium with intermediate flow. These cases are restricted to small regions in parameter

space; and can therefore largely be ignored. Further instability of the equilibria with inter-

mediate flow does not guarantee the stability of the equilibria with no intermediate flow,

although our results indicate a relationship between intermediate flow and instability.

Finally, we demonstrated the uniqueness of flow configurations in the triple triangle network

containing two diamond subnetworks. Each diamond subnetwork contains one inlet vessel,

one outlet vessel, and a redundant vessel. The triple triangle network admitted nine sepa-

rate solution branches as the inlet pressures varied. These nine equilibria are distinguished

by the flow configurations of the redundant vessels associated with each diamond subnet-

work. The reason these solution branches exist is because the haematocrit distribution for

the equilibria of the diamond subnetworks is independent from the changes to the bound-

ary pressures. Therefore, there will be at least one equilibrium of the network will exist for

every combination of equilibria of the diamond subnetworks. As the independence of the

haematocrit distribution from the boundary pressure conditions is a common property for

all networks with a single inlet and outlet, we conclude that a network will admit at least one

equilibrium for every combination of equilibria of subnetworks with a single inlet and outlet.

The results in Chapter 3 were generated in networks in which all vessels had the same

diameter. The main aim of Chapter 4 was to verify the key findings in Chapter 3 apply to

networks with heterogeneous vessel diameters. In particular, we sought to show that, for

most parameter values, each equilibrium has a unique flow configuration. Despite the fact

that we showed that this principle held for a range of length ratios and boundary condi-

tions in Chapter 3, the importance of showing that this holds more generally for different

diameter ratios should be highlighted because of the nonlinearity of the viscosity and the

dependence of the flow on the fourth power of the vessel diameter. As in Chapter 3, we

show that each equilibrium has a unique flow configuration for most choices of the vessel

diameters. Furthermore, we need to verify that the choice of splitting rule has little impact

on which flow configurations remain viable.

All results in Chapter 4 supported our hypothesis that the network flow configurations

171



were unique for most choices of the parameter values. Therefore, we conclude that our

results are applicable to networks with heterogeneous diameters. As discussed in Chapter

1, the diameters of vessels in tumours can take a wide range of values. We showed that

multiple equilibria exist for almost the entire range of vessel diameters, and that multiple

equilibria also exist for a wide range of diameter ratios. The only exception to this general

principle was if the diameters of the blood vessels were similar to the size of the RBCs.

In Chapter 4 we performed three different continuations for the square plus triangle net-

work to verify the consistent behaviour of the equilibria as the diameters vary: varying the

diameters of all vessels, varying the diameters of the redundant vessels, and varying the

diameters of one side of the network. In all three cases, if the diameters of the vessels were

similar in size to the RBCs, only one equilibrium remained viable. Furthermore, in all three

cases, this equilibrium had zero flow in both redundant vessels.

Gardner et al. (2010) found an interesting relationship between the vessel diameters and

inlet haematocrit for the triangle network when the diameters of the network were all the

same. For each diameter value, a critical inlet haematocrit value exists such that the network

would admit multiple equilibria if and only if the inlet haematocrit exceeded this critical

value. In our study of the square plus triangle network we identified a similar critical value

for the inlet haematocrit for each diameter value. When we plotted these critical values as a

function of the diameters of the vessels, the curve attained a maximum value for a diameter

of approximately 50µm and then gradually decreased to a limiting value. This result is sim-

ilar to results from Gardner et al. (2010), who found that the maximum value for the critical

haematocrit values also occurred for vessel diameters of approximately 50µm. This value for

the diameter also coincides with the diameter that minimises the viscosity for most haema-

tocrit values. This suggests that a diameter value of approximately 50µm maximises blood

flow through the main flow pathways and minimises the flow through any redundant vessels.

As in Chapter 3, the geometry of the network dictates which flow configurations are vi-

able. Although the resistance to flow in a vessel depends upon the haematocrit variable as

well as the length and diameter parameters, the link between resistance and equilibria can

be drawn by considering the function for the resistance (Equation 1.7). For a fixed haemat-

ocrit value, the resistance increases as the diameter decreases or the length increases. Even

though the resistance also depends on the haematocrit which is a variable of the system, it

is still possible to explain the unviability of certain flow configurations using the changes

in the resistance resulting from the changes to the geometry. The resistance in the vessel

is at its lowest when the haematocrit is equal to zero. Even if the haemaocrit in a vessel is
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zero, the resistance in the vessel continues to increase as the diameter tends towards zero.

Therefore, regardless of the haematocrit distribution in the remainder of the network, it is

possible for the value of the resistance in a single vessel to exceed the value of the resistance

in other network vessels regardless of the haematocrit distribution. For example, the bifur-

cation diagrams in Section 4.4.1 show that as the vessels of the two redundant vessels of the

square plus triangle network constrict, the blood can no longer flow in either direction along

the redundant vessels because the resulting resistance in the redundant vessels would be too

high. As the blood can no longer flow along the redundant vessels, the flow pathways which

traverse the redundant vessels can no longer sustain equilibria. By contrast, if the two re-

dundant vessels are dilated, all nine equilibria corresponding to the nine flow configurations

remain viable because the potential resistances in the two redundant vessels continues to

decrease. A similar observation can be made for the bifurcation diagrams in Sections 4.3

and 4.4.2. Section 4.3 shows how the equilibria of the square plus triangle network change

as all vessels of the network dilate or constrict at the same rate. As the vessels constrict

only the equilibrium with no flow in either redundant vessel remains viable. Section 4.4.2

shows how the equilibria of the square plus triangle network change as the vessels of one

side of the network dilate or constrict. As with the results in Sections 4.3 and 4.4.1, as

the vessels constrict, only one equilibrium remains viable. However, unlike the results in

Sections 4.3 and 4.4.1, the results Section 4.4.2 show the effect of only constricting fixed

vessels. The square plus triangle network contains of two flow pathways that only consist

of fixed vessels for the two sides of the network. As these pathways only contain fixed ves-

sels, the blood must flow down these pathways and so by constricting one of the two main

flow pathways, the blood is forced to flow down the other pathway. Therefore, only one

equilibrium with zero flow in the two redundant vessels remains viable. A similar scenario

can be observed when one of the two main flow pathways dilates. As the vessels dilate,

the resistance to the flow in the pathway decreases and some of the flow configurations are

no longer viable. We hypothesise the flow configurations are no longer viable because the

resistance in the dilating vessel is decreasing encouraging more of the blood flow flow along

this flow pathway. As a result fewer of the flow configurations with intermediate flow re-

mained viable because the potential resistances of the fixed vessels were so imbalanced that

the intermediate flow could not longer exist in just one redundant vessel. Chapters 3 and 4

clearly show that the viability of flow configurations is dictated by the network’s geometry.

Due to the relationship between the geometry and the potential resistance to blood flow,

we hypothesise that the resistance in vessels along the different potential flow pathways

dictate which flow configurations are viable. Therefore, symmetric networks allow for more

flow configurations to be viable because the difference in the resistance in flow pathways
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differing by the flow direction in redundant vessels is sufficiently small to allow for multiple

flow configurations to coexist. Based on these results, we hypothesise that multi-stability

would not be expected in regions of the tumour with narrow vessels such as those created

in the early stages of angiogenesis but could exist in regions with wider, more mature vessels.

In Chapter 5, we proposed a new mechanism for the formation of cycling-hypoxia based on

switching events between multiple stable equilibria. As stated, equilibria with heterogeneous

haematocrit distribution can result in chronic-hypoxia (Bernabeu et al., 2020). Therefore,

it is plausible that the blood flow switching between multiple equilibria with heterogeneous

haematocrit distribution could cause cycling-hypoxia. Chapters 3 and 4 showed that for a

network motif to admit multiple equilibria, it must be possible for the blood in at least one

redundant vessel to flow in either direction. Given the consistency of this principle for all

network motifs that we studied, we conclude that for multiple equilibria to exist in tumour

vasculature, it must also be possible for the blood to flow in either direction in at least one

redundant vessel. Given the relationship between flow in the redundant vessels and multiple

equilibria, if the blood flow changes direction periodically in at least one redundant vessel,

then the resulting change in the haematocrit distribution may result in the formation of

cycling-hypoxia. In Chapter 5 we demonstrated two potential mechanisms for changing

blood flow direction in simple network motifs. As with the results in Chapters 3 and 4,

by demonstrating the two mechanisms in smaller network motifs, we can conclude that it

is plausible that a similar mechanism may drive blood flow switching in tumour vasculature.

The first mechanism of switching blood flow that we demonstrated in Chapter 5 is that

of a hysteresis of the equilibria. A hysteresis of a system occurs when the state of the sys-

tem depends upon the history of the previous states. Hysteresis of systems are common in

other biological models and often control the biological behaviour of a system. A hysteresis

loop is often caused by a bi- or multi-stable region created by fold bifurcations. In Chapter

3 we have shown the formation of a region of multi-stability for the square plus triangle

network created by changing the pressure boundary conditions. Therefore, it was expected

that altering the pressure boundary conditions of the network forces the time-dependent

solution to switch between the equilibria so long as a network admits a bi-stable interval.

In Section 5.1.1, we showed that by changing the ratio of the inlet pressures for the triangle

network, a hysteresis loop is created. The physical interpretation of this switch between

the equilibria is that if the ratio between the inlet pressures is sufficiently asymmetric, the

blood flow is forced to travel in a certain direction along the redundant vessel. If this ratio

is reversed then the pressure gradient along the redundant vessel is reversed, and the blood

174



flow changes direction. A similar scenario can be observed for changes to the haematocrit

boundary conditions. Although the inlet haematocrits do not directly affect the pressure

gradient across the redundant vessel, the inlet haematocrits affect the resistance in the two

inlet vessels. As the pressures of the interior nodes are implicitly defined by the resistance

of the vessels, the pressure gradient across the redundant vessel can be forced to change.

In Section 5.1.2, we showed one example of a hysteresis for the triangle network arising

from altering the haematocrit boundary conditions. However, this mechanism is limited for

two reasons. First, it requires a sufficiently large variation in the boundary conditions to

cause the pressure difference across the redundant vessel to change. This may be reason-

able for some networks, but this mechanism is unable to induce switching in the diamond

network. Secondly, this mechanism relies on an external input to drive switching. As a

result, it is difficult to predict the time spent in each state because this mechanism relies

on assumptions about the time it takes for the difference between the boundary conditions

to be sufficiently large to reverse the direction of flow in the redundant vessel.

The second mechanism for blood flow switching that we proposed in Chapter 5 was a

stochastic mechanism. This mechanism relies upon the assumption that the haematocrit

entering the daughter vessels at a flow bifurcation is subject to white noise or random

fluctuations. This is a justifiable assumption, Fung (1973) observed random partitioning

of RBCs at flow bifurcations in dog mesentry and random fluctuations in blood flow is a

common observation within the mirocirculation (Bedggood and Metha, 2012; Pawlik et al.,

1981). To our knowledge, this is the first time that it has been attempted to incorporate

white noise into a model of blood flow in microcirculation.

We tested our model using a simple diamond network with two flow bifurcations. How-

ever, stochastic fluctuations were only applied to one of the flow bifurcations for simplicity.

With the addition of stochastic noise, the blood flow in the redundant vessel changed direc-

tion randomly. This was a significant improvement over the deterministic mechanism for

switching based on altering boundary conditions. Unlike the deterministic mechanism, the

stochastic mechanism could force the blood flow in the redundant vessel of the diamond

network to change direction. Therefore, the stochastic mechanism does not rely on external

inputs to force the blood flow in the redundant vessel to change direction and this mecha-

nism can force a switch between the stable equilibria for more networks.

The stochastic switching mechanism also had the added advantage of facilitating predic-

tions for the time between the blood flow changing direction. The time taken for the blood
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flow to change direction for the deterministic mechanism is dictated by the time taken for

the boundary conditions to sufficiently change to force the blood flow to reverse. As this

time was a controlled input, this does not allow for predictions to be made for the time

between switches. By contrast, the stochastic switching mechanism did not depend on the

controlled inputs and so the time between switches is a feature of the model. However, these

times were random due to the random nature of the time-dependent solutions. Despite the

random time between changes, it is still possible to make some predictions on when a switch

will occur. To understand how long the time-dependent solution spent in the vicinity of

the two stable equilibria of the diamond network, we defined the concept of switching times

(Definitions 5.2 and 5.3) which can be intuitively understood as the time it takes for the

time-dependent solution to start at one equilibrium, and switch to the other equilibrium

before returning to the original equilibrium. By solving the time-dependent equations with

white noise for a large number of random seeds, it was possible to approximate the distri-

bution of the two definitions of switching times. By approximating the distribution curves

for the switching times, it is possible to infer the probability of how long the blood flow

in a redundant vessel will flow in a certain direction. By extension, this also acts as a

prediction for time that the associate haematocrit distribution is present in the network.

As the haematocrit distribution dictates the oxygen distribution in the surrounding tissue,

the predictions for the switching times can be used to infer the time between fluctuations

for cycling-hypoxia.

We did not directly use the stochastic switching model to infer the time between oxygen

fluctuations in cycling-hypoxia because it was important to demonstrate the determinis-

tic and stochastic switching mechanisms in simple networks before demonstrating that the

mechanisms are also present in larger networks. It is also not possible to determine how

large the amplitude of the stochastic fluctuations should be at the flow bifurcation. How-

ever, it is possible to demonstrate how switching times may change as the geometry and

boundary conditions are altered. We specifically studied how the modal switching times

for the diamond network changed as inlet haematocrit and length or the redundant vessel

varied. We found that all lengths of the redundant vessel had an associated critical value

for the inlet haematocrit. The diamond network would only admit multiple equilibria if

the inlet haematocrit was larger than this critical value. By plotting the log of the modal

switching times against the log of the inlet haematocrit, we found that relationship between

the log of the modal switching time and the log the inlet haematocrit was always linear and

positive. Furthermore, the gradient of this linear relationship was the same regardless of

the length of the redundant vessel and the modal switching time was always the same for
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each critical haematocrit value. In Chapter 5 we also plot the log of the modal switching

time against the value of the haematocrit in the redundant vessel for the stable equilibria.

We found that the relationship between these these two variables is also linear and that the

coefficients for this linear relationship are the same for all lengths of the redundant vessel.

6.2 Future work and perspectives

Our results reveal several possible avenues for future work. The most obvious avenue is

to use our findings to identify multiple equilibria in networks extracted from images of tu-

mour vasculature. Throughout this thesis we have used numerical continuation to find the

equilibria of networks. Numerical continuation deforms the equations of a starting system

of equations to the equations for flow in a network. The starting system that we have pri-

marily used is that of the network flow equations with a constant haematocrit distribution

because this starting system admits one equilibrium that is simple to compute. Once a

network has been extracted from a tumour image and the boundary conditions estimated,

numerical continuation can be used to determine if multiple equilibria exist. The mecha-

nism that we proposed for the cause of cycling-hypoxia is the blood flow switching between

stable equilibria of the network. If the network only admits one equilibrium, then blood

flow switching, and by extension cycling-hypoxia, is not possible according to our proposed

mechanism. Therefore, if a network extracted from tumour vasculature admits multiple

equilibria, then the tumour vasculature has the potential to cause cycling-hypoxia even

without explicitly simulating the time-dependent blood flow. When determining whether a

network admits multiple equilibria, it is important to capture as many vessels as possible to

generate realistic predictions. Imaging techniques now have the resolution to capture most

vessels in the tumour microenvironment (Maslov et al., 2008; Upputuri et al., 2015). The

results of Chapters 3 and 4 could prove useful in finding more equilibria for larger networks.

In the discussion of Chapter 3 we proposed an adjustment to the homotopy function that

was initially used to find an equilibrium of the network. So far, we have used a randomly

chosen haematocrit distribution for the starting system of the homotopy function. The

equilibrium of the starting system is unique; therefore, so is the associated flow configura-

tion. Instead of randomly choosing the haematocrit distribution for the starting system,

it is possible to choose a distribution corresponding to each possible flow configuration.

We hypothesise that if a network admits an equilibrium with a certain flow configuration,

numerical continuation using a starting system with the same flow configuration is more

likely to find the corresponding equilibrium for the full system of flow equations. There-

fore, by performing numerical continuation for multiple starting systems with the full range
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of flow configurations, even if the network does not admit a flow an equilibrium for each

flow configuration, this method is a more systematic approach to finding multiple equilibria.

In this thesis, we have categorised vessels as fixed or redundant. Blood can flow in ei-

ther direction in redundant vessels and only in one direction in a fixed vessel. Another

avenue that we have not explored is the effect of having multiple connected redundant ves-

sels. All redundant vessels in the network motifs that we studied were connected only to

fixed vessels. It is possible that a network with two connected redundant vessels does not

admit every possible combination of flow states for these two redundant vessels. It may

be the case that tumour vasculature contains many connected redundant vessels, so it is

important to understand how this scenario could affect the number of equilibria. It may be

possible to define redundant flow pathways constructed from multiple connected redundant

vessels for which similar predictions can be derived for the maximum number of equilibria

from the number of redundant pathways.

In Chapter 1 we discussed the difference between tumour and healthy vasculature, and

some of the treatments for cycling-hypoxia. We reviewed some of the vasculature metrics

that have been used to quantify the differences between healthy vasculature and tumour vas-

culature, and the metrics used to quantify the normality of the vasculature. Furthermore,

the geometry of the vasculature would appear to be a key factor driving cycling-hypoxia

because anti-angiogenic drugs have been shown to be effective at preventing instances of

cycling-hypoxia (Matsumoto et al., 2011). Given that the mechanism of action of anti-

angiogenic drugs affects the tumour vasculature, blood flow clearly plays an important role

in the formation of cycling-hypoxia. Research into multiple equilibria of tumour vascula-

ture could be combined with metrics to quantify the vasculature to explain why this form of

treatment is so effective. For example, Stolz et al. (2022) used TDA to compared measure-

ments of tumour vasculature such as loops and voids defined by TDA, with other vasculature

measurements by assessing the correlation between the measurements. This analysis could

be extended by correlating these TDA measurements with the number of equilibria that

tumour vasculature admits. If these two quantities correlate, then this would show that a

greater number of loops and fewer voids imply a greater number of equilibria exist. Fur-

thermore, the number of loops and voids has already been used to assess the impact of

Bevacizumab, an anti-angiogenic drug, on tumour vasculature using TDA (Stolz et al.,

2022). By combining this analysis with a study of the number of possible equilibria, the

correlation between the number of loops with the dosage of anti-angiogenic drugs and the

number of equilibria could be assessed. If these quantities are correlated, estimates for the
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dosage required for an equilibrium of a network to be unique, or for the number of equilibria

to fall below a certain threshold, could be derived from the number of loops or voids. Even

without simulating blood flow in vasculature, this would provide a reasonable prediction

of the dose required to prevent switching from occurring because switching blood flow is

dependent on the existence of multiple flow pathways.

Our stochastic model of blood flow has the potential to provide insight into the mechanisms

driving cycling-hypoxia. However, the model is based on several simplifying assumptions;

therefore, without verification, it is not possible to assess the accuracy of the model. This

presents a disadvantage compared to other potential driving mechanisms of cycling-hypoxia,

such as self-sustained oscillations. Self-sustained oscillations depend only on the physical

principle of blood flow at small Reynolds numbers; therefore, because this model has been

derived from physical principles that have been experimentally verified, this mechanism

relies on fewer assumptions (Ben-Ami et al., 2022; Carr et al., 2005; Geddes et al., 2007;

Karst et al., 2015). The best way to verify our model would be with the use of a microfluidic

device. Measuring the switching time distributions using a microfluidic device would enable

us to test the validity of our model. However, it may be difficult to perform these experi-

ments because of the limitations of these devices. Roman et al. (2016) experimented with

square microfluidic channels in with feed haematocrits as high as 0.6. If we assume that

the feed haematocrit is equal to the discharge haematocrit of a vessel, a feed haematocrit of

this value should imply that observing multiple equilibria within a microfluidic device is, in

theory, possible. However, they made the observation that a discrepancy between the feed

haematocrit and the discharge haematocrit exists. Fenton et al. (1985) performed similar

experiments with a feed haematocrit of 0.4 for a microfluidic device with a parent channel

with a width of 20µm. They observed that the tube haematocrit for this experiment was

only 0.2. If we use Equation (1.8) to solve for the discharge haematocrit using the a tube

haematocrit of 0.2, then the discharge haematocrit should be 0.3 not 0.4. Therefore, a large

feed haematocrit is not a guarantee of a large discharge haematocrit. Roman et al. (2016)

also observed that for feed haematocrits greater than 0.6 often resulted in channels be-

coming plugged with RBCs. Furthermore, the microfludic devices studied by Fenton et al.

(1985) and Roman et al. (2016) consisted only of a single flow bifurcation. These limitations

of microfluidic devices would need to be addressed in order to perform sufficiently accurate

measurements to verify the existence of stochastic switching events.

A natural extension of our work would be to couple the blood flow switching model with an

oxygen diffusion model. Oxygen diffusion models have already shown that chronic-hypoxia
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can result from heterogeneous haematocrit distributions (Bernabeu et al., 2020), therefore,

introducing time-dependent blood flow would demonstrate possible instances of cycling-

hypoxia. However, the oxygen diffusion model used by Bernabeu et al. (2020) was based

on the assumption of constant haematocrit in blood vessels and that the oxygen distribu-

tion was in a steady-state. As the haematocrit distribution within each vessel is constantly

changing in our stochastic blood flow model, obtaining a similar result to that of Bernabeu

et al. (2020) would require a time-dependent oxygen diffusion model or a separation of time

scales to use the steady-state diffusion model.

So far we have shown switching behaviour in a small network motif where noise is only

applied at the first flow bifurcation. To make our model more widely applicable, we must

also show that switching behaviour can occur in larger networks. However, this introduces

difficulty in computing the switching times accurately. As discussed in Chapter 5, comput-

ing the switching time distributions for a simple network was computationally expensive

and is likely to scale poorly when white noise is incorporated at multiple flow bifurcations.

Therefore, progressing this research may require techniques from large deviation theory to

improve computational time. Large deviation theory can be used to find the mean first pas-

sage time for a system of stochastic differential equations to transition between two stable

equilibria (Dykman et al., 1994; Lv et al., 2014; Roma et al., 2005). With reduced computa-

tion time, it may be possible to simulate switching events for larger networks by estimating

the switching times for subnetworks of the larger networks. For example, switching times

for a network generated by repeated generations of inverted triangle networks could be

estimated from the switching times for each individual inverted triangle subnetwork. It is

also possible to find the mean first passage time between the limit cycle of one equilibrium

and a stable equilibrium (De La Cruz et al., 2018). Limit cycles can form in asymmetric

network motifs and so an important avenue of study will be to estimate the passage time

between stable equilibria and limit cycles.

6.3 Conclusion and final remarks

In this thesis, we examined the impact of redundant vessels on blood flow in tumour vas-

culature. We have extended the theory relating to the existence of multiple equilibria

within vascular networks and used this theory to develop a novel model for the formation

of cycling-hypoxia within tumours. In the longer term, these results could assist with the

development of new cancer treatments designed to reduce cycling-hypoxia. As tumours

experiencing cycling-hypoxia often contain more aggressive and resilient phenotypes than
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normoxic tumours, reducing cycling-hypoxia has the consequence of indirectly improving

patient prognosis. By utilising numerical continuation, we have demonstrated a clear link

between the presence of redundant vessels and the existence of multiple equilibria. We pro-

posed a new mechanism for cycling-hypoxia based on the change in the direction of blood

flow in redundant vessels. This mechanism is based on stochastic perturbations or RBC

partitioning at flow bifurcations. A consequence of this proposed switching mechanism is

that it demonstrates how reducing the number of redundant vessels could reduce the like-

lihood of cycling-hypoxia, even when the detailed pattern of blood flow through a vessel

network is unknown.

One of the most significant implications of our research is its potential to improve our

understanding of the mechanisms by which anti-angiogenic drugs impact cycling-hypoxia

in future work. TDA has already been shown as an effective means to measure the topo-

logical structures of vasculature such as the presence of void and loops (Stolz et al., 2022).

If these measurements can be linked to the emergence of switching behaviour, it will be

possible to use these measurements as a proxy for the likelhood of switching events. These

TDA measurements can then be used to study how different dosing strategies effect the

emergence of these switching events. Anti-angiogenic drugs lose effectiveness over time due

to adaptation of the tumour microenvironment (Bergers and Hanahan, 2008; Haibe et al.,

2020). Therefore, it is important to develop an effective dosing strategy to maximise the

effectiveness of these treatments before the tumour develops resistance to them. Given that

cycling-hypoxia selects for more aggressive and treatment resistant cell phenotypes than

chronic-hypoxia (Muz et al., 2015), agents that remodel the vasculature reducing cycling-

hypoxia while increasing chronic-hypoxia may still provide a health benefit to patients.

To our knowledge, this thesis constitutes the first instance of incorporating stochastic white

noise into mathematical models of blood flow in the microcirculation. Our aim was to pro-

duce continuum models that accurately capture the discrete dynamics of blood flow at flow

bifurcations. Although our primary goal was to use mathematical modelling to investigate

potential mechanisms of cycling-hypoxia, our approach could be adapted to study other

aspects of blood flow in the microcirculation.
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Appendix A

Network equations

All network equations in this thesis can be derived from the network topology and the

construction of the equations described in Sections 1.7 and 1.8. The construction of the

steady-state equations defining the equilibria of a network can be found in Section 1.7 and

the construction of the time-dependent equations for networks can be found in Section 1.8.

This appendix includes a full set of time-dependent equations for each network that we

study in this thesis. The steady-state equations for each network can be inferred from the

time-dependent equations

A.1 Network equations

To simplify the descriptions of network equations in this appendix, the common parame-

ters, variables and equations used to describe the network equations have been summaries

in this section. This section has been broken up into the following subsections: Section

A.1.1 describes the functions common to all network equations, Section A.1.2 describes the

equations common to the network PDEs, and Section A.1.3 describes the equations common

to the network DDEs.
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A.1.1 Network functions

Relative viscosity function for the blood in vessel (v, w):

µ
(rel)
(v,w)(H(v,w)) =

[
1 + (µ45 − 1)

(1−H(v,w))
C − 1

0.55C − 1
Θ

]
Θ, (A.1)

Θ =

(
D(v,w)

D(v,w) − 1.1

)2

, (A.2)

µ45 = 6 exp(−0.085D(v,w)) + 3.2− 2.44 exp(−0.06D0.645
(v,w)), (A.3)

C = (0.8 + exp(−0.075D(v,w)))(Λ− 1) + Λ, (A.4)

Λ =
1

1 + 10−11D12
(v,w)

. (A.5)

Viscosity of the blood in vessel (v, w):

µ(v,w)(H(v,w)) = µpµ
(rel)
(v,w)(H(v,w)). (A.6)

Spitting rule for the ratio of RBCs entering daughter vessel (v, w) from parent vessel (u, v)

in Figure 1.3a:

ψ(v,w)(r(v,w), H(u,v)(L(u,v), t)) =


0 if r(v,w) ≤ X0,

eA(r(v,w)−X0)P

eA(r(v,w)−X0)P+(1−r(v,w)−X0)P
if X0 < r(v,w) < 1−X0,

1 if r(v,w) ≥ 1−X0,

(A.7)

r(v,w) =
Q(v,w)(t)

Q(u,v)(t)
. (A.8)

The forms of the parameters X0, A and P depend on the splitting rule. Volumetric flow in

vessel (v, w):

Q(v,w)(t) =
(P v(t)− Pw(t))πD4

(v,w)

128L(v,w)µ(v,w)(t)
. (A.9)

Average velocity of the haematocrit in vessel (v, w):

u(v,w)(t) =
4Q(v,w)(t)

πD2
(v,w)

. (A.10)
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A.1.2 Equations for network PDEs

Average haematocrit of the blood in vessel (v, w):

H(v,w)(t) =
1

L(v,w)

∫ L(v,w)

0
H(v,w)(x, t)dx. (A.11)

Average viscosity of the blood in vessel (v, w):

µ(v,w)(t) =
1

L(v,w)

∫ L(v,w)

0
µ(v,w)(H(v,w)(x, t))dx. (A.12)

Partial differential equation for the haematocrit in vessel (v, w):

∂H(v,w)

∂t
+ u(v,w)(t)

∂H(v,w)

∂x
= 0. (A.13)

A.1.3 Equations for network DDEs

Implicit equation for the time delay, τ(v,w)(t), in vessel (v, w):

L(v,w) =

∫ t

t−τ(v,w)(t)
u(v,w)(s)ds. (A.14)

Delayed differential equation for the average haematocrit in vessel (v, w):

dH(v,w)

dt
=
u(v,w)(t)

L(v,w)
(H(v,w)(0, t)−H(v,w)(0, t− τ(v,w)(t))). (A.15)

Delayed differential equation for the average viscosity in vessel (v, w):

dµ(v,w)

dt
=
u(v,w)(t)

L(v,w)
(µ(v,w)(H(v,w)(0, t))− µ(v,w)(H(v,w)(0, t− τ(v,w)(t)))). (A.16)

A.2 Square plus triangle network

This Appendix includes the boundary conditions and flow conservation equations for the

system of PDEs or DDEs associated with the time-dependent equations for the square plus

triangle network in Figure 3.3b. The forms of the differential equations can be found in

Section A.
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Conservation of flow equations

0 = Q(1,4)(t) +Q(6,4)(t) +Q(5,4)(t), (A.17)

0 = Q(2,5)(t) +Q(7,5)(t) +Q(4,5)(t), (A.18)

0 = Q(4,6)(t) +Q(7,6)(t) +Q(8,6)(t), (A.19)

0 = Q(5,7)(t) +Q(6,7)(t) +Q(8,7)(t), (A.20)

0 = Q(3,8)(t) +Q(6,8)(t) +Q(7,8)(t). (A.21)

Boundary conditions

H(4,6)(0, t) =


ψ(4,6)(r(4,6)(t),H(1,4)(L(1,4),t))H(1,4)(L(1,4),t)

r(4,6)(t)
Q(4,5) > 0,

H(1,4)(L(1,4),t)Q(1,4)(t)+H(4,5)(0,t)Q(5,4)(t)

Q(4,6)(t)
Q(4,5) ≤ 0,

(A.22)

H(5,7)(0, t) =


ψ(5,7)(r(5,7)(t),H(2,5)(L(2,5),t))H(2,5)(L(2,5),t)

r(5,7)(t)
Q(4,5) ≤ 0,

H(2,5)(L(2,5),t)Q(2,5)(t)+H(4,5)(L(4,5),t)Q(4,5)(t)

Q(5,7)(t)
Q(4,5) > 0,

(A.23)

H(6,8)(0, t) =


ψ(6,8)(r(6,8)(t),H(4,6)(L(4,6),t))H(4,6)(L(4,6),t)

r(6,8)(t)
Q(6,7) > 0,

H(4,6)(L(4,6),t)Q(4,6)(t)+H(6,7)(0,t)Q(7,6)(t)

Q(6,8)(t)
Q(6,7) ≤ 0,

(A.24)

H(7,8)(0, t) =


ψ(7,8)(r(7,8)(t),H(5,7)(L(5,7),t))H(5,7)(L(5,7),t)

r(7,8)(t)
Q(6,7) ≤ 0,

H(5,7)(L(5,7),t)Q(5,7)(t)+H(6,7)(L(6,7),t)Q(6,7)(t)

Q(7,8)(t)
Q(6,7) > 0,

(A.25)

H(4,5)(0, t) =
ψ(4,5)(r(4,5), H(1,4)(L(1,4), t))H(1,4)(L(1,4), t)

r(4,5)(t)
if Q(4,5) > 0, (A.26)

H(4,5)(L(4,5), t) =
ψ(5,4)(r(5,4), H(2,5)(L(2,5), t))H(2,5)(L(2,5), t)

r(5,4)(t)
if Q(4,5) ≤ 0, (A.27)

H(6,7)(0, t) =
ψ(6,7)(r(6,7), H(4,6)(L(4,6), t))H(4,6)(L(4,6), t)

r(6,7)(t)
if Q(6,7) > 0, (A.28)

H(6,7)(L(6,7), t) =
ψ(7,6)(r(7,6), H(5,7)(L(5,7), t))H(5,7)(L(5,7), t)

r(7,6)(t)
if Q(6,7) ≤ 0, (A.29)

H(8,3)(0, t) =
H(6,8)(L(6,8), t)Q(6,8)(t) +H(7,8)(L(7,8), t)Q(7,8)(t))

Q(8,3)(t)
, (A.30)
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where:

r(4,6)(t) =
Q(4,6)(t)

Q(1,4)(t)
, r(5,4)(t) =

Q(5,4)(t)

Q(2,5)(t)
, r(5,7)(t) =

Q(5,7)(t)

Q(2,5)(t)
, r(4,5)(t) =

Q(4,5)(t)

Q(1,4)(t)
,

r(6,8)(t) =
Q(6,8)(t)

Q(4,6)(t)
, r(7,6)(t) =

Q(7,6)(t)

Q(5,7)(t)
, r(7,8)(t) =

Q(7,8)(t)

Q(5,7)(t)
, r(6,7)(t) =

Q(6,7)(t)

Q(5,7)(t)
.

A.3 Diamond network

This Appendix includes the boundary conditions and flow conservation equations for the

system of PDEs or DDEs associated with the time-dependent equations for the diamond

network in Figure 5.5. The forms of the differential equations can be found in Section A.

Conservation of flow equations

0 = Q(1,3)(t) +Q(4,3)(t) +Q(5,3)(t), (A.31)

0 = Q(3,4)(t) +Q(5,4)(t) +Q(6,4)(t), (A.32)

0 = Q(3,5)(t) +Q(4,5)(t) +Q(6,5)(t), (A.33)

0 = Q(2,6)(t) +Q(4,6)(t) +Q(5,6)(t). (A.34)

Boundary conditions

H(3,4)(0, t) =
ψ(3,4)(r(3,4)(t), H(1,3)(L(1,3), t))H(1,3)(L(1,3), t)

r(3,4)(t)
, (A.35)

H(3,5)(0, t) =
ψ(3,5)(r(3,5)(t), H(1,3)(L(1,3), t))H(1,3)(L(1,3), t)

r(3,5)(t)
, (A.36)

H(4,6)(0, t) =


ψ(4,6)(r(4,6)(t),H(3,4)(L(3,4),t))H(3,4)(L(3,4),t)

r(4,6)(t)
Q(4,5) > 0,

H(3,4)(L(3,4),t)Q(3,4)(t)+H(4,5)(0,t)Q(5,4)(t)

Q(4,6)(t)
Q(4,5) ≤ 0,

(A.37)

H(5,6)(0, t) =


ψ(5,6)(r(5,6)(t),H(3,5)(L(3,5),t))H(3,5)(L(3,5),t)

r(5,6)(t)
Q(4,5) < 0,

H(3,5)(L(3,5),t)Q(3,5)(t)+H(4,5)(L(4,5),t)Q(4,5)(t)

Q(5,6)(t)
Q(4,5) ≥ 0,

(A.38)

H(4,5)(0, t) =
ψ(4,5)(r(4,5), H(3,4)(L(3,4), t))H(3,4)(L(3,4), t)

r(4,5)(t)
if Q(4,5) > 0, (A.39)

H(4,5)(L(4,5), t) =
ψ(5,4)(r(5,4), H(3,5)(L(3,5), t))H(3,5)(L(3,5), t)

r(5,4)(t)
if Q(4,5) ≤ 0, (A.40)

H(6,2)(0, t) =
H(4,6)(L(4,6), t)Q(4,6)(t) +H(5,6)(L(5,6), t)Q(5,6)(t))

Q(6,2)(t)
, (A.41)
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where:

r(3,4)(t) =
Q(3,4)(t)

Q(1,3)(t)
, r(3,5)(t) =

Q(3,5)(t)

Q(1,3)(t)
, r(4,6)(t) =

Q(4,6)(t)

Q(3,4)(t)
,

r(5,6)(t) =
Q(5,6)(t)

Q(3,5)(t)
, r(4,5)(t) =

Q(4,5)(t)

Q(3,4)(t)
, r(5,4)(t) =

Q(5,4)(t)

Q(3,5)(t)
.

A.4 Triple triangle network

The steady-state and time-dependent network equations for the triple triangle network in

Figure 3.3c can be directly formed from the equations for the triangle and diamond networks

in Sections 1.8 and A.3.
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Appendix B

Time step analysis for network

SDFEs

This chapter contains the justification and description of the numerical scheme for solving

systems of SFDEs described in (Mao, 2003) and used solve the SFDEs described in Chapter

5.

B.1 Description of the scheme

The method in question is used to solve systems of SFDEs in the form of:

dx(t) = g1(xt)dt+ g2(xt)dW (t), (B.1)

such that:

f : C([−τ, 0];Rn)→ Rn, g : C([−τ, 0];Rn)→ Rn×m, (B.2)

and

xt = {x(t+ θ) : −τ ≤ θ ≤ 0}, (B.3)

such that the initial condition x0 ∈ C([−τ, 0];Rn). Let x(t) denote the solution to Equation

(B.1) and y(t) the approximate solution for Equation (B.1) generated using the Euler-

Maryuama numerical method described in (Mao, 2003). Let the step size ∆ ∈ (0, 1) be a

fraction of τ , such that ∆ = τ/N for some integer N > τ . The discrete Euler-Maruyama
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approximate solution y(k∆), k ≥ −N is defined as follows:


y(k∆) = ξ(k∆) −N ≤ k ≤ 0,

y((k + 1)∆) = y(k∆) + f(y(k∆))∆g(y(k∆))∆Wk, k ≥ 0,

(B.4)

where ∆Wk = W ((k + 1)∆) −W (k∆), ξ ∈ LpF0
([−τ, 0];Rn) for some p > 2, and yk∆ =

{yk∆(θ) : −τ ≤ θ ≤ 0} is a C([−τ, 0];Rn)-valued random variable defined as follows:

yk∆(θ) =
∆− (θ − i∆)

∆
y((k + i)∆) +

θ − i∆
θ

y((k + i+ 1)∆), (B.5)

for i∆ ≤ θ ≤ (i+ 1)∆, i ∈ {−N,−(N − 1), ...,−1}. Let:

yt =
∞∑
k=0

yk∆1[k∆,(k+1)∆](t). (B.6)

The continuous time Euler-Marauyam approximation is as follows:

y(t) = y(k∆) +

∫ t

k∆
g1(ys)ds+

∫ t

k∆
g2(ys)dW (s). (B.7)

For this scheme to be applicable to a system of SFDEs, the functions g1 and g2 must satisfy

a certain set of criteria described by Mao (2003). Most of these criteria can be analytically

proven for the system of SFDEs for flow in the diamond network described in Section 5.2

with the exception of the local Lipschitz condition. Instead of showing this last condition,

a time step analysis can be performed to verify the behaviour of the numerical solutions

remains consistent regardless of the choice of time step. Unlike deterministic equations,

it is not possible to directly compare two numerical solutions using different time steps

because the noise generated depends on the time step. Therefore, to compare between two

different times steps, the distributions of some output must be compared instead of directly

comparing the numerical solutions.

As Chapter 5 mainly focuses on the switching times of the diamond equations, we have

compared the different distributions of switching times for the diamond network using dif-

ferent switching times. For the diamond network in Figure 5.5, the following parameters

are used to generate distributions of switching times:

L = 100µm,D = 10µm,H(1,3)(0, t) = 0.45. (B.8)
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The times steps dt1 = 0.0059,dt2 = 0.0030 and dt3 = 0.0012 have been used to generate

a sets of switching times which shall be denoted by T1, T2 and T3 by performing 8, 000

simulations from t = 0 to t = 9, 000 and recording the switching times. The Kolmogorov-

Smirnov test was used to determine if the three sets of switching times plausibly sampled

from the same distribution. A significance level of α = 0.05 has been chosen to reject the

null hypothesis that two samples are generated using the same probability distribution.

The test revealed a p-value of 0.5989 for the comparison between T1 and T2, 0.1552 for the

comparison between T1 and T3 and 0.4964 between T2 and T3. All three test show that

null hypothesis must be rejected so the three sets are plausibly sampled from the same

distribution. By using the same process described in Section 5.2 to generate approxima-

tions to the probability distribution of switching times. Figure B.1b shows the approximate

distribution curve for dt = 0.0059 against a the histogram of the actual switching times.

Figure B.1a shows the comparison between the three approximate distribution curves. As

can be visually seen, the difference between the curves is minimal and the largest difference

between the curves can be seen between the curves generated using dt1 and dt3. This is

supported by our results from the Kolmogorov-Smirnov test.

Our times step analysis shows that although we can not rigorously prove the Local Lips-

chitz condition, our numerical method produces consistent distribution curves regardless of

the choice of time step provided the time step is sufficiently small to produce a reasonable

approximation to the numerical solutions.
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Figure B.1: Series of plots displaying the comparison of the switching time distributions
generated using different time steps. (a): Comparison between the distribution curves
generated using different time steps; (b): Histogram of the switching times generated
using a time step of dt = 0.0059.
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Appendix C

Stochastic viscosity equation

derivation

This Appendix concerns the derivation of the SFDE for the average viscosity (Equations

(5.41-5.42)). In Section 5.2, a first-order Taylor expansion is used to model the stochasticity

of RBCs at a vessel bifurcation on the viscosity of the blood in the daughter vessels of a

flow bifurcation. However, a second-order Taylor expansion is often used for functions of

stochastic differential equations. For example, consider the function w(Xt) such that:

Xt =

∫ t

t0

a(Xs)ds+

∫ t

t0

b(Xs)dWs, (C.1)

If the value of Xt is known at t = t0, using Ito’s lemma, w(Xt) can be approximated with

the following expansion:

w(Xt) = w(Xt0) + L0w(Xt0)(t− t0) + L1w(Xt0)(Wt −Wt0) +R, (C.2)

such that:

R =

∫ t

t0

∫ s

t0

L0L0w(Xz)dzds+

∫ t

t0

∫ s

t0

L1L0w(Xz)dWzds+∫ t

t0

∫ s

t0

L0L1w(Xz)dzdWs +

∫ t

t0

∫ s

t0

L1L1w(Xz)dWzdWs,

(C.3)
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and:

L0 = a(x)
∂

∂x
+

1

2
b(x)2 ∂

2

∂x2
, (C.4)

L1 = b(x)
∂

∂x
. (C.5)

Therefore, Equation (C.2) includes a second-order term.

The intention of this appendix is to justify the use of a first-order Taylor expansion in

Equation (5.39). The issue with the approximation that we use is that instead of deriv-

ing the Taylor series for a stochastic random variable of the form of Equation (C.1), the

variable in Equation (5.39) includes a generic noise term. This is problematic because it is

not possible to use the Taylor expansion described by Equation (C.2). This appendix has

been divided into the following sections: Section C.1 describes the abstract forumation of

the problem, Section C.2 describes how this problem applies to the equations in the the-

sis, Section C.3 describes the modelling approximation used, and Section C.4 provides the

numerical verification of the approach described in Section C.3.

C.1 Abstract problem

The fundamental problem that needs to be addressed is how should a system of deterministic

DDEs in the following form:

dx

dt
= u(t)[v(y(t))− v(y(t− τ))], (C.6)

dy

dt
= u(t)[w(v(y(t)))− w(v(y(t− τ)))], (C.7)

be converted into a system of SDDEs such that the noise term is applied to the differential

of x. For this system of DDEs, we wish to apply the noise term, εξ, to the process defined

by v(y(t)). Therefore, if we add an additional noise term to this expression, then we obtain

the following expression:

dx

dt
= u(t)[v(y) + εξ︸︷︷︸

noise term

−v(y(t− τ))]. (C.8)
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Multiplying by dt yields an equation in the form of an SDDE:

dx = u(t)[v(y)− v(y(t− τ))]dt+ εu(t) dWt︸︷︷︸
=ξdt

. (C.9)

The problem with this approach is that if we attempt to perform the same set of steps on

Equation (C.7), then we obtain the following equation:

dy = u(t)[w(v(y(t)) + εξ)− w(v(y(t− τ)))]dt. (C.10)

However, this is not in the form of an SDDE. One approach to resolving this issue is to take

a Taylor expansion of w to ensure that the noise term is not within the function:

dy = u(t)

[ ∞∑
n=0

1

n!
w(n)(v(y(t)))(εξ)n − w(v(y(t− τ)))

]
dt. (C.11)

However, this approach also has its limitations. Because ξdt = dWt, this implies that

ξ = dWt/dt, but O(dWt) = O(
√

dt). This implies that the order of the nth term in the

Taylor expansion is O(dt−n/2). If ε � 1, this may not be a significant problem for finding

the numerical solution. For a step size of ∆t, as long as:

∣∣∣∣∣ 1

n!
w(n)(v(y(t)))(∆t)−

n
2

∣∣∣∣∣ < εn, (C.12)

the sequence will converge. However, for the numerical solution to the SDEs, the numerical

solution diverges as the step size decreases. Given this behaviour, a different modelling

approach must be used to approximate the stochastic behaviour of y.

C.2 Practical formulation

The practical formulation for which we wish to model is that of the impact of stochastic noise

generated by the pattern of bifurcating RBCs at a flow bifurcation in a vascular netowrk. To

formulate the practical problem, we replace: w with µ, ε with H(u,v)(1, t)kf(r), and v(y(t))

with H(v,w)(0, t) or H(v,z)(0, t). As haematocrit entering a vessel at a flow bifurcation

depends on the volumetric flows in a network which are functions of the average viscosity in

the vessels, this last substitution in valid. Therefore, the abstract problem can be formulated

by replacing Equation (C.6) with Equation (5.8) or (5.10), Equation (C.7) with Equation
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(5.9) or (5.11), and Equation (C.9) with Equation (5.36) or (5.37). We will assume that

f(r) ∈ (0, 2) for all biologically realistic values of r.

C.3 Modelling Approach

We will use the abstract interpretation of the problem to devise different modelling ap-

proaches to simplify the notation. The modelling approach we will take to this problem is

to consider a Taylor expansion for a stochastic random variable for which the differential of

the variables is defined by a similar expression as that of Equation (C.1). However, we will

consider this Taylor expansion for a different time variable t̃. Therefore, instead of finding

conditions for the time difference or the constant amplitude ε in Equation (C.11), this ap-

proach seeks to replace the term w(v(y(t)) + εξ) with an approximation that appropriately

captures the dynamics for a short time step. Consider the following:

w(Xt̃), (C.13)

such that dXt̃ = εdWt̃. Then assuming that the value of Xt̃ is known at t̃ = t0, using Ito’s

lemma, we obtain a second-order Taylor expansion for w(Xt̃):

w(Xt̃) = w(Xt0) +
ε2

2
w′′(Xt0)(t̃− t0) + εw′(Xt0)(Wt̃ −Wt0) +R. (C.14)

where R is defined by Equation (C.3). All the terms of R, with the exception of the last

term, are of order O(
√

dt
3
). If we apply Ito’s lemma to the last term, we obtain the following

expression:

ε2
∫ t̃

t0

∫ s

t0

w′′(Xz)dWzdWs =ε2w′′(Xt0)

∫ t̃

t0

∫ s

t0

dWzdWs+

ε3
∫ t̃

t0

∫ s

t0

∫ z

t0

w(3)(Xu)dWudWzdWs+

ε4

2

∫ t̃

t0

∫ s

t0

∫ z

t0

w(4)(Xu)dudWzdWs.

(C.15)

The last of these terms have order O(
√

dt
3
) or O(

√
dt

4
), therefore, these terms can be

ignored. Using Ito’s lemma again, it is possible derive an expression for this first term:

ε2w′′(Xt0)

∫ t̃

t0

∫ s

t0

dWzdWs =
ε2w′′(Xt0)

2
(Wt̃ −Wt0)2 − (t̃− t0)

2
. (C.16)
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However, the expectation of this term is equal to 0. As a consequence, we consider R ≈ 0

and ignore R for the Taylor expansion. Therefore, we will assume that:

w(Xt̃) ≈ w(Xt0) +
ε2

2
w′′(Xt0)(t̃− t0) + εw′(Xt0)(Wt̃ −Wt0). (C.17)

Given that ε� 1, it is possible to use a large time step. Therefore, if we let t̃− t0 = 1 and

assume that Wt̃ −Wt0 ≈ ξ then we achieve the following approximation:

w(Xt̃) ≈ w(Xt0) +
ε2

2
w′′(Xt0) + εw′(Xt0)ξ. (C.18)

To use this approximation in Equation (C.10), set Xt0 = v(y(t)), and ξdt = dWt:

dy = u(t)

[
w(v(y(t))) + ε2

w′′(v(y(t)))

2
− w(v(y(t− τ)))

]
dt+ εu(t)w′(v(y(t)))dWt. (C.19)

Although this approach uses a different time varaible to derive the approximation, the fact

that ε� 1 means that any error from this method should be relatively small.

To use this approach in the practical problem, we replace v(y(t)) with H(v,w)(0, t), ε with

H(u,v)(1, t)f(r)k, and w with µ. It is important to note that this approximation for the

stochastic effects on the blood viscosity includes a term with the second derivative of µ. In

Section 5.2, this term is negated. This is due to the fact that the second derivative is scaled

by k2. However, to justify the omission of this term, it must be computationally verified

the impact of this term is negligible.

C.4 Numerical verification

One method of determining the impact of the term with the second derivative in Equation

(C.19) is to compare the distribution of switching times in the diamond network for the set

of SDDEs including and excluding this term. If the distribution curves are not significantly

different, then we can conclude that the term can be omitted. Let pi(t) and pe(t) denote the

probability density functions of the switching times including and excluding the term with

the second derivative of µ respectively. There are two metrics that we use to compare pe(t)

with pi(t). The first is the two-sample Kolmogorov-Smirnov test. This test indicates if two

sets of data have been sampled from different continuous distributions. The null hypothesis

for this test is that the two sets of data are of the same continuous distribution. We will use

a 95% confidence interval. Therefore, if the p value for the test is greater than 0.05 then we
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conclude that the two sets of data are from the same continuous distribution according to

this test.
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Figure C.1: (a): Comparison of pe(t) and pi(t). (b): Relative difference between pe(t)
and pi(t). (c): pe(t) and a histogram of the samples used to generate the approximate
distribution curve. (d): pi(t) and a histogram of the samples used to generate the
approximate distribution curve.

The second metric we use is the relative difference between the two curves. Let:

M(pe, pi, t) =
|pe(t)− pi(t)|

max(‖pe(t)‖∞, ‖pi(t)‖∞)
, (C.20)

Then ‖M(pe, pi, t)‖∞ gives a comparable measure between the two curves. As with other

results, it is not possible to analytically define the probability density functions, pe and

pi, for the switching times but they can be approximated. By using the numerical method

described in Appendix B, the two distribution curve are approximated by generating 10, 000

iterations of the numerical solution and then using MATLAB’s inbuilt kernel distribution,

using the normal distribution kernel, to fit the distribution curves to the data. These ap-
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proximation can then be used for the metric defined in Equation (C.20). The two-sample

Kolmogorov-Smirnov does not use the same approximate distribution function and instead

uses the empirical distributions for the two samples. We use MATLAB’s inbuilt two sample

Kolmogorov-Smirnov to test between two samples.

Figure C.1 displays the comparison for the switching times of the diamond network with

the following parameters:

L = 100µm, D = 10µm, H(1,3)(0, t) = 0.5, k = 2× 10−4,

where L and D denote the lengths and diameters of the network’s vessels. These parameters

have been chosen because these are the largest values of k and H(1,3)(0, t) that are used

in the thesis. Therefore, the greatest error is likely to occur for these parameter values.

Figure C.1a clearly shows that the two curves are not significantly different, and Figure

C.1b shows that the metric defined by Equation (C.20) does not exceed 0.05. The p value

for the Kolmogorov-Smirnov test is 0.7557. Therefore, we conclude that the addition of

the second derivative term does not significantly impact the probability distribution of the

switching times.

Although the derivation of the approximation for the blood viscosity described in Sec-

tion C.3 differs from the derivation from the approximation in Section 5.2, given that the

addition of the term with the second derivative does not significantly alter the switching

time distribution, either derivation is valid for the purpose of this thesis.
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Appendix D

Triangle network with haematocrit

controls
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Figure D.1: (a): Plot of Hin(t); (b): hysteresis diagram of the normalised flow in
the redundant vessel of the triangle network; (c): hysteresis diagram of the average
haematocrit in the redundant vessel of the triangle network.
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