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Brittle-ductile transitions in metals, ceramics and semiconductors are closely connected with
dislocation activity emanating near to crack tips. We have simulated the evolution of crack-
tip plasticity using a two dimensional dislocation dynamics model, applied to single-crystal
tungsten. The dislocation mobility law used was physically based on double-kink nucleation
on screw dislocations, with an activation energy reduced by the local stress. Even in the strong
stress gradients near a crack tip, the dislocations are found to self-organise so that the internal
stress in the array is effectively constant with time and position over a wide range of strain
rates and temperatures. The resultant net activation energy for dislocation motion is found to
be constant and close to the activation energy experimentally measured for the brittle-ductile
transition. Use of a fracture criterion based on the local crack-tip stress intensity factor, as
modified by the stresses from the emitted dislocations, allows explicit prediction of the form
and temperature of the brittle-ductile transition. Predictions are found to be in very close
agreement with experiment.
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1. Introduction

Many materials are brittle at low temperatures and ductile at high temperatures.
The temperature at which the fracture mode changes, the brittle-ductile transition
(BDT) temperature, TBDT , depends on both strain rate and loading geometry.

The basic parameter controlling fracture is the stress intensity factor, K, which
characterises the form and extent of the stress concentration around a loaded crack.
For simple geometries, K = ασ

√
πc, where σ is the remote tensile stress acting on

a crack of length c, and α is a geometrical factor ≈ 1.
If the stress intensity at the crack tip Ktip exceeds the critical value required for

fracture, (the Griffith value for a mode I crack, KIc)

Ktip(t) ≥ KIc (1)

the material will break in a brittle manner. The value of Kapp at which (1) occurs
is the fracture value, Kfrac:

Kfrac = Kapp(t) at which Ktip(t) = KIc. (2)
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The brittle-ductile transition arises because of a competition between the rate
at which the stress intensity at a crack increases because of increasing the applied
loading, Kapp, and the rate at which it decreases because of the effect of dislocations
emitted from the crack-tip.

Experiments on almost all materials which exhibit a brittle-ductile transition
have shown that as the temperature is increased, up to TBDT , the applied stress
intensity required for fracture, Kfrac, also increases [1–4]; this is associated with an
increase in crack-tip dislocation activity [5]. If no dislocations are present condition
(1) is met when Ktip(t) = Kapp(t); this corresponds to totally brittle fracture.
As the strain rate is lowered or the temperature is raised, dislocations may be
nucleated at or near the crack-tip and move away from their sources, allowing
other dislocations to be produced. Arrays of dislocations form along slip planes, and
reduce the stress at the crack-tip (known as “dislocation shielding”)[5], therefore:

Ktip(t) = Kapp(t)−Kdis(t), (3)

where Kdis is the dislocation shielding; due to the stress at the crack-tip exerted
by the dislocations. If limited dislocation activity occurs, fracture occurs but with
Kfrac > KIc due to the shielding effect of the dislocations. If sufficient dislocation
activity occurs, the high level of Kdis can keep Ktip below the value required for
fracture, so that condition (1) is never satisfied and the material is then ductile.

Here we show that a transition temperature can result naturally from the dy-
namics of dislocation generation and motion near the crack-tip. The force between
dislocations decays only as 1/r and as more dislocations are nucleated, full 3-
dimensional simulations become very computationally intensive. We therefore use
a simpler 2D model which captures the essential processes which lead to the BDT
and is able to predict transition temperatures; these we compare to experiments.

2. The Model

2.1. Model Geometry

To be able to model the emission of dislocations from a crack-tip over experimen-
tally realistic time and length scales, it is useful to model the real 3-dimensional
situation by using a 2-dimensional simulation (see figure 1). This approximation
is justifiable if the crack front is effectively homogenous. This is likely to be the
case if there is a high density of dislocation sources at or near the crack-tip. 3D
simulations of a Frank-Read source close to a mode I crack using a modified version
of the 3D dislocations dynamics code MicroMegas [6] have shown that if there is
a high density of sources (equivalent to the periodic boundary conditions used in
Micromegas: see figure 1 (a)) then the sources collectively produce straight paral-
lel edge dislocations. These edge dislocations then move away from the source in
an orderly fashion; shown in figure 1 (b). This situation can be approximated by
modelling the plastic zone as an array of parallel dislocations, emanating from a
line dislocation source near the crack-tip as shown in figure 1 (c) and (d).

An advantage of a 2D model is that the distribution of image dislocations required
for zero traction on the crack surfaces can be calculated by using the analytic
expressions developed by Lakshmanan and Li [7] for an infinite crack under mode
I loading. Given the position and Burgers vector of a dislocation the resulting
distribution of image dislocations and the resulting image stress on the dislocation
can be calculated. As the image terms are linear they can be added to calculate
the total image stress resulting from any number of dislocations.
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Figure 1. (a) Schematic of a 3-dimensional crack with multiple dislocation sources, s. (b) The sources
produce dislocation half loops which combine to give parallel straight edge dislocations on the slip plane.
(c) The 2D dislocation array modelled on two symmetric slip planes. (d) By cutting along the dashed line
the 3D problem in (c) can be reduced to a 2D problem.

This type of model has been successfully used to study crack-tip plasticity in
various materials [5, 8–10]. Here we use it to study pure single crystal tungsten,
where a comprehensive set of experimentally measured BDT data is available [11] at
five different strain rates. In the experiments, test specimens were in the form of pre-
cracked four-point bend beams, with crystal axes 〈100〉 along the major axes of the
beams. The primary slip systems in tungsten are {110}〈11̄1〉; the slip planes with
the highest critical resolved shear stress near the crack tip are those intersecting the
crack tip, and at an angle of 45◦ to the crack plane (i.e. the experimental geometry
corresponds closely to that shown in figure 1 (d) with θ = 45◦). In the model (as in
the experiments) the applied stress increases linearly in time, hence eventually the
stress on a test dislocation at the source τ(r0) > 0 and a dislocation is produced
and moves along the slip plane. The source feels a back stress from the dislocation
which decreases as the dislocation moves away; also the stress on the source from
the applied loading increases with time. Eventually τ(r0) > 0 again and another
dislocation is nucleated. The process repeats and an array of moving dislocations
is formed on each slip plane as illustrated in figure 1 (d).

The shear stress, τi, on the ith dislocation in the array of dislocations is given
by:

τi =
Kapp

r
1/2
i

f(θ)+
Kapp

c1/2
g(ri, θ, c, L)+

n∑

j

h(ri, rj , θ, µ, ν)+
n∑

j 6=i

m
(|ri − rj |−1, θ, µ, ν

)

(4)
where Kapp = Kapp(t) is the applied stress intensity factor, ri = ri(t) is the distance
of the ith dislocation from the tip of the crack (of length c), n = n(t) is the number
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of nucleated dislocations, θ is the angle between the slip plane and the crack plane,
µ is the material’s shear modulus, ν is Poisson’s ratio, L is the specimen thickness
and f, g, h and m are functions of the variables given. The first term corresponds to
the crack-tip stress field, the second term to the specimen’s ‘background’ bending
stress field, the third term to dislocation - image dislocation interactions and the
fourth term to direct dislocation-dislocation interactions. For edge dislocations near
a mode I crack, exact solutions for the first, third and fourth terms are given by
Lakshmanan and Li [7]; the second term is simple to calculate for a given specimen
geometry.

Dislocation dynamics modelling requires a velocity law for the dislocations. In
bcc metals, such as tungsten, the screw dislocations move much more slowly than
edge dislocations [12] so that the expansion of dislocation loops and the operation
of dislocation sources is controlled by the mobility of the screw dislocations. Hence
in the simulations, the mobility law used is one appropriate to screw dislocations
moving by kink-pair nucleation and motion [13]

v(τ, T ) = v0 exp(−(Q− τVA)/kBT ) (5)

where Q is a constant representing the kink pair formation energy at zero stress,
τ is shear stress at the dislocation position, VA = 2Vkp where Vkp is the activation
volume for the kink pair formation, v0 is a constant pre-factor and kB is Boltz-
mann’s constant. For tungsten, experiments [11, 14] found Q = 1.75 eV and a
representative value [15] of Va is 20b3 (where b is the Burgers vector magnitude);
these values were used in the simulations reported here.

The local stress intensity at the crack-tip, Ktip(t), is lower than the applied
value, due to the elastic strain field of the dislocations “shielding” the crack-tip.
The function for the stress intensity factor at the crack-tip has the form [7]

Ktip(t) = Kapp(t)−Kdis(t) (6)

= K̇appt−B

n(t)∑

j=1

r
−1/2
i (t) (7)

where B =
bµf(θ)√
2π(1− ν)

and θ is the slip plane angle; f(θ) is given by Lakshmanan and Li [7]. The shielding
from a given dislocation is proportional to r−1/2; the sum over all dislocations, n(t),
gives the total shielding.

2.2. Model Behaviour

Typical results for the model, using input data (temperatures, loading rates and
crack size) appropriate for the experiments on tungsten are shown in figure 2.
The applied loading rate is constant whereas the shielding rate increases with
time, because dislocations move away from the sources faster as the applied stress
increases, giving rise to an increasing dislocation nucleation rate. This is illustrated
in figure 2 (a): the nucleation rate increases continually while the plastic zone size
growth rate reaches a peak value and then decreases. The dislocations are driven
away from the crack-tip by the bending stress and the crack stress; both decrease
as the dislocations move away from the crack tip. The net rate of increase in Kdis

(see eqn (7)) is not constant but increases. Eventually the dislocation shielding rate



October 8, 2008 17:3 Philosophical Magazine WBDT

Philosophical Magazine 5

0

0.4

0.8

1.2

1.6

2

0 5 10 15 20

dKdis/dKapp

Ktip

0

0.4

0.8

1.2

1.6

2

K
ti
p

(M
P

a
m

1
/2

) d
K

d
is /d

K
a
p
p

(b)

0

1

2

3

4

0 5 10 15 20

77 K

150 K

250 K

392 K

Kapp (MPa m1/2)

K
ti
p

(M
P

a
m

1
/2

)

KIc

Kfrac

(c)

d
r
1
/2/d

t (µ
m

1
/2s

-1)

N
u
c
le

a
ti
o
n
 r

a
te

 (
s

-1
)

dn/dKapp
dr1/2/dKapp

Kapp (MPa m1/2)

0

100

200

300

400

500

600

0 5 10 15 20
0

0.5

1

1.5

2

2.5

3

(a)

Kapp (MPa m1/2)

Figure 2. The origin of the BDT. (a) The derivatives, dr1/2/dKapp and dn/dKapp where r is the position
of the leading dislocation and n the number of dislocations. The plastic zone size growth rate peaks whereas
the dislocation nucleation rate continues to increase. (b) The dislocation shielding rate (solid line) increases;

eventually K̇dis exceeds K̇app producing a peak in Ktip (dashed line). The simulations in (a) and (b) used

T = 392 K and ε̇ = 2.9 × 10−6 ms−1. (c) Simulations for various temperatures. At higher temperatures
Kdis increases, which lowers the peak stress intensity at the crack-tip Ktip. The BDT occurs when Ktip

is lower than the critical stress intensity for cleavage, KIc. For this strain rate, this is 392 K.

exceeds the rate of applied deformation: K̇dis(t) > K̇app(t) or

dKdis

dKapp
> 1 (8)

so that Ktip reaches a maximum before decreasing (figure 2 (b)). It is this peak in
Ktip which allows a brittle-ductile transition to occur, and the transition temper-
ature to be predicted.

As the simulated temperature is increased the dislocations move away from the
source faster, which increases the dislocation nucleation rate; the dislocation shield-
ing Kdis increases and lowers Ktip. At a critical temperature the maximum value of
Ktip is less than KIc: the fracture condition (1) is never met and the result of the
simulation is then predicted to be ductile. The temperature at which this occurs
is the brittle-ductile transition temperature, TBDT .



October 8, 2008 17:3 Philosophical Magazine WBDT

6 E. Tarleton & S.G. Roberts

Table 1. The predicted transition temperatures and the experimentally

measured values.

ε̇ (s−1) Predicted TBDT (K) Experimental [11] TBDT (K)

3.3× 10−3 523 520
7.3× 10−4 491 478
7.3× 10−5 444 438
7.3× 10−6 406 409
2.9× 10−6 392a 392

aVelocity law prefactor fitted to match TBDT value at this ε̇.
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Figure 3. Predicted and experimental fracture toughness of single crystal tungsten for 5 strain rates. The
experimentally measured transition temperatures [11] are marked with vertical dotted lines.

2.3. Modelling the BDT in tungsten

The pre-factor v0 in the dislocation velocity law (5) was set by adjusting its value so
that at the lowest strain rate used (2.9×10−6s−1) the predicted TBDT matched the
experimental TBDT (392 K). All other parameters in the model: KIc (2MPa m1/2)
[16], K̇ = (πc)1/2σ̇, crack length c (60 µm), specimen thickness L (1 mm), and
the slip plane angle θ (45◦), were taken from experimental values [11]. (Note that
the experimental strain rates given by Giannattasio et al [11] have been found
to be miscalculated by a constant factor; this miscalculation does not effect the
conclusions of that study. The correct strain rates are given here and were used in
the modelling.)

Figure 2(c) shows the critical condition for fixing v0, which was adjusted for
modelling the experiments at the lowest strain rate so that the maximum value
of Ktip is just below KIc , at the experimental BDT temperature, so the material
does not fracture and Kfrac becomes infinite. At lower simulated temperatures
the material does fracture as the dislocation shielding is reduced and the fracture
condition (1) is met at Ktip = KIc. This value of v0 (5.8× 105ms−1) was then used
to simulate fracture tests at higher strain rates.

Figure 3 shows the predicted and experimental fracture toughness Kfrac as a
function of temperature at five different strain rates, corresponding to values used in
the experiments [11]. The model reproduces the variation of Kfrac with increasing
T , the rapid rise in Kfrac close to the BDT and the increase in TBDT resulting
from increased strain rates (see Table 1).
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Figure 4. Arrhenius plot of experimental and predicted transition temperatures. The net activation energy
resulting from the model is in excellent agreement with the experimental value.
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Figure 5. (a) Resolved shear stress felt by dislocations as a function of time and dislocation position,
for ε̇ = 2.9 × 10−6s−1, T = 391 K. (b) The activation energy of dislocations as a function of time at
ε̇ = 2.9× 10−6s−1, T = 391 K and ε̇ = 3.3× 10−3s−1, T = 522 K.

Experiments show that an empirical relation is valid for a wide range of materials,

ε̇ = exp(−Ea/kBTBDT ), (9)

where TBDT is the measured transition temperature at strain rate ε̇. Plotting ln ε̇
against 1/TBDT produces a straight line with a gradient equal to the activation
energy of the BDT. The predicted and experimental transition temperatures are
plotted in Arrhenius form in figure 4. The data from the model lie on a straight
line covering the whole range or ε̇, yielding an activation energy (0.95 eV). The
activation energy is considerably lower than the kink-pair energy, Q (1.75 eV);
but is consistent with that measured experimentally. The net activation energy
for motion of the dislocations in the mobility law (5) is Edis = Q − τVA, with
Q = 1.75 eV and VA = 20b3. The dislocations in the crack-tip arrays self-organise
under the influence of the applied stress and their elastic interactions so that, at
conditions close to the BDT, the net stresses on the dislocations are approximately
constant with time and with dislocation position. Figure 5 a) shows the resolved
stress τ in the dislocation array; calculated using (4). The stress is very nearly
constant in the array at all times and positions, and is 326 MPa at all the predicted
transition temperatures. Figure 5(b) shows the resultant net activation energy,
Edis, for two strain rates. At fracture Edis = 1.75 eV− 0.85 eV ≈ 0.95 eV. This is
equal to Ea obtained from figure 4.
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3. Summary

We have applied a discrete dislocation dynamics model to crack-tip plasticity in
fracture tests and found that the dislocation shielding can delay and even prevent
fracture. This occurs because the dislocation shielding rate continually increases
whereas the applied loading rate is constant, causing the stress intensity at the
crack tip to peak and then decrease with increasing time. If this maximum in Ktip

is below KIc fracture cannot occur; this happens at high simulated temperatures,
with associated high dislocation velocities and nucleation rates. If the strain rate
is increased the applied deformation rate, K̇app increases; to prevent fracture K̇dis

needs to increase and so the temperature needs to increase. The predicted increase
in TBDT with strain rate is in excellent agreement with experiments. The simula-
tions used a velocity law based on kink-pair formation with an activation energy
reduced by local shear stresses.The dislocations self-organise due to their mutual
elastic interactions so that the shear stress in the dislocation array is effectively con-
stant with time and position. This reduces the net activation energy for dislocation
motion below that for kink pair nucleation. The activation energy, Ea, obtained
from an Arrhenius plot of the predicted transition temperatures was found to be
in very close agreement with the net activation energy for the dislocation motion,
Edis.
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