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Abstract

This paper deals with the study of spatial and spatio-temporal patterns in the reaction-
diffusion FitzHugh-Nagumo model on growing curved domains. This is carried out on two
exemplar cases: a torus and a sphere. We compute bifurcation boundaries for the homo-
geneous steady state when the homogeneous system is monostable. We exhibit Turing and
Turing-Hopf bifurcations, as well as additional patterning outside of these bifurcation regimes
due to the multistability of patterned states. We consider static and growing domains, where
the growth is slow, isotropic, and exponential in time, allowing for a simple analytical cal-
culation of these bifurcations in terms of model parameters. Numerical simulations allow us
to discuss the role played by the growth and the curvature of the domains on the pattern
selection on the torus and the sphere. We demonstrate parameter regimes where the linear
theory can successfully predict the kind of pattern (homogeneous and heterogeneous oscil-
lations and stationary spatial patterns) but not their detailed nonlinear structure. We also
find parameter regimes where the linear theory fails, such as Hopf regimes which give rise
to spatial patterning (depending on geometric details), where we suspect that multistability
plays a key role in the departure from homogeneity. Finally we also demonstrate effects due
to the evolution of nonuniform patterns under growth, suggesting important roles for growth
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in reaction-diffusion systems beyond modifying instability regimes.

Keywords: Pattern formation, Turing-Hopf bifurcation, isotropically growing domains,
FitzHugh-Nagumo model.

1. Introduction

In his paper The Chemical Basis of Morphogenesis [60], Alan Turing proposed the mor-
phogenetic mechanism called diffusion-driven instability, now known as the Turing mecha-
nism. This is based on the simultaneous occurrence of two physical processes: reaction and
diffusion of substances (morphogens) interacting in a very non-intuitive way. While Turing’s
approach was simple, this does not means he ignored other important aspects in morphogen-
esis. Turing wrote: “...it is proposed to give attention rather to cases where the mechanical
aspect can be ignored and the chemical aspect is the most significant.” His mechanism can
be described briefly: A homogeneous steady state of the concentrations is stable to pertur-
bations when diffusion is not present, but becomes unstable when the diffusion is introduced.
Once this mechanism is triggered, the chemical concentrations of the reactants evolve in time
away from homogeneity, typically forming discernible steady spatial structures. These are
the so called Turing patterns. The Turing mechanism is triggered whenever four conditions
hold, and the domain is sufficiently large [36]. These conditions are expressed in terms of
the coefficients of the linearization of the system at the spatially homogeneous steady state,
as well as the diffusion coefficients.

The roles of domain size and geometry in this process are well documented in the litera-
ture [25, 39, 42]. These were called “domain effects” by the British embryologist Conrad Hal
Waddington [65]. In fact, both growth and curvature of the domain are quite important in
determining the structure of emerging patterns in development [40], particularly those due to
diffusion-driven instability. In [24], the authors present an account of what has been done so
far in understanding this diffusion-driven instability on growing domains. They review those
approaches where the size of the domain was treated as a bifurcation parameter (equivalently,
quasi-static domain growth), as well as those which derive necessary conditions for the occur-
rence of a Turing bifurcation under stringent conditions, such as slow and isotropic growth
[32]. Finally, they relax these assumptions and construct complicated history-dependent con-
ditions generalizing the classical Turing conditions to uniform growth of a one-dimensional
domain. The key point in the analysis they mention (which is recalled in [5]) is the non-
autonomous nature of the reaction-diffusion system on a growing domain. This puts the
analysis in a quite important mathematical perspective where much of the work is under
current investigation. For instance, the notion of “steady-state” in a non-autonomous sys-
tem has many non-equivalent operationalizations (i.e. plausible mathematical formalisms).
One must carefully consider the history of a non-autonomous dynamical system to account
for instabilities in a meaningful way, and in general this is not tractable analytically.

Besides stationary patterns, other behaviors are possible in reaction-diffusion systems,
such as periodic oscillations. One well known mechanism for the emergence of an isolated pe-
riodic solution (limit cycle) is a Hopf bifurcation. This occurs in a nonlinear two-dimensional



autonomous ordinary differential equation system as one parameter is varied. When one in-
corporates constant diffusion terms into a system whose homogeneous part exhibits a Hopf
bifurcation, it is possible to obtain spatial patterns which oscillate in time. Additionally,
there exist spatio-temporal oscillatory patterns occurring within the parameter values where
the linear local analysis predicts only steady nonhomogeneous Turing patterns without any
Hopf bifurcation at all [29]. In [66], the authors examine the interaction between stationary
Turing patterns and oscillatory wave modes for obtaining oscillatory Turing-like patterns.
This instability is sometimes known as a wave instability. We also mention [26], where the
authors demonstrate oscillatory creation, travelling, and destruction of patterns in reaction-
advection-diffusion scenarios on a static sphere, with the advection and compactness of the
domain implicated in the oscillatory nature of the patterns.

We now describe what we mean by Turing-Hopf bifurcation. This spatio-temporal insta-
bility is algebraically characterized in terms of the parameter values of the system as follows.
The first condition for the Turing bifurcation is that the real part of the eigenvalues of the
Jacobian matrix associated with the reactive part at the equilibrium be negative (this hap-
pens when the Jacobian’s trace is negative and its determinant is positive). In other words,
this requires that the spatially homogeneous system is stable at the equilibrium. In order
to introduce the Turing-Hopf mechanism, this condition is replaced by the real part of these
eigenvalues crossing the imaginary axis (the real part passing through zero) with a nonzero
imaginary part; meanwhile the remaining three conditions for the emergence of Turing pat-
terns are maintained. This indicates a Hopf bifurcation of the homogeneous kinetic system,
as well as instability due to spatial perturbations due to the Turing instability. In order for
both instabilities to occur at precisely the same point, in general two parameters must be
varied, so this is a codimension-2 bifurcation.

A number of authors have studied the Turing-Hopf bifurcation on fixed domains. Their
approach covers a wide range, from numerical simulations to mathematical modeling in
different areas. Namely, this instability has been studied in continuous population dynamical
models [1, 54, 67|, in discrete time models [50], and in chemical reactions [22, 46, 51|. Other
literature deals with various theoretical aspects of this bifurcation [11, 48]. In the vicinity of
a Turing-Hopf bifurcation, the competition between unstable modes coming from the Turing
bifurcation and those coming from the Hopf can result in complex spatio-temporal patterns
in reaction-diffusion systems [10, 35, 57].

In [5], the authors derived the necessary conditions on the parameter values for the
occurrence of Turing and Turing-Hopf bifurcations for the FitzHugh-Nagumo equations.
They considered two scenarios: a fixed square and an isotropically slowly growing square.
The specific growth function they used was exponential in time. The numerical simulations
reported in the above paper showed the richness of the emerging patterns in both scenarios
for parameters where Turing and Turing-Hopf bifurcations occurred. A remarkable spatio-
temporal behavior in the Turing-Hopf case was also presented. This was characterized by
the appearance of oscillatory patterns. These consisted of a series of pairs of spirals which
rotate (inwards and outwards) and change their intensity as time increased. For more details
the reader is referred to sections 2.6 and 3.6 of the above mentioned reference.



The FitzHugh-Nagumo model, derived independently by [15, 16] and [38], is a two-
component simplification of the famous Hodgkin-Huxley model [19], which itself was pro-
posed following experiments with the giant squid axon. The Hodgkin-Huxley equations
model changes in the voltage potential across a surface membrane due to the movement
of potassium and sodium ions (plus a small leakage current of other ions). In general, the
FitzHugh-Nagumo caricature is a prototypical model for excitable media throughout a range
of tissues and in other settings [23]. While many papers have studied FitzHugh-Nagumo ki-
netics in the context of Turing instabilities and pattern formation theoretically, only a few
have studied biologically-motivated pattern formation using these kinetics. Work on the
slime mold Dictyostelium discoideum has used excitable kinetics motivated by FitzHugh-
Nagumo in order to capture wave-induced patterning due to cAMP signalling and cell ag-
gregation [12, 53], though we note that in [12] cells and the cAMP substrate are coupled
via chemotaxis, and both studies assume an immobile recovery variable. We also mention
similar pattern formation in neurogenesis [3], where FitzHugh-Nagumo kinetics were used to
explain physiologically-relevant aspects of emergent patterning.

In the present paper, which can be seen as an extension of [5], we analyze the FitzHugh-
Nagumo reaction-diffusion model with the aim of detecting oscillatory patterns by means of
the Turing-Hopf bifurcation on non-planar geometries. We do this on both a torus and a
sphere, to demonstrate the effects of different kinds of curved manifolds. In both cases we
consider the analysis without growth, as well as when these domains grow slowly and isotrop-
ically, with an exponential growth function. The use of exponential and slow growth allows
for a mathematically simple analysis of the instability conditions. We will also demonstrate
spatio-temporal patterns which are not predicted from this linear analysis, and we suspect
multistability (of the partial differential equations, rather than the kinetic part) is implicated
in these. We note that on many domains, multistability of several non-uniform patterns is
generic, especially in manifolds with dimension greater than one [2, 20, 21|

While it is known that growth and curvature influence patterning in reaction-diffusion
systems, the precise impact these effects have on pattern selection is only understood in very
simple cases, and for particular kinds of nonlinear reaction kinetics. Here we will be interested
in growing domains with different kinds of curvature. Specifically, we will consider both a
sphere and a torus, the latter being an exemplar of nontrivial curvature. Locally on the
surface of the sphere, the Gaussian curvature is constant, and essentially the space is locally
isotropic. Spheres are also canonical domains for many biological studies in development,
tumour growth, etc [6, 28, 63]. On a torus, however, the Gaussian curvature on the outermost
part of the torus is different from the innermost, leading to a local anisotropy due to non-
uniform curvature. This mathematical difference between the two surfaces, among other
things, should lead to different kinds of modes being excited due to Turing instabilities,
as well as possible nonlinear interactions such as competition between modes. This is of
biological relevance, as local anisotropy is implicated in a variety of symmetry-breaking
mechanisms in biology beyond symmetric patterning which one would expect from a Turing
instability [7, 45, 61]. We demonstrate differences in patterning behaviors between these
two geometries, suggesting that even this simple example of non-constant curvature can



substantially impact pattern selection and evolution. This suggests further work on more
complex curved domains in realistic biological settings should be carried out, as such pattern
selection due to geometry has not been fully characterized.

It is often the case that the effects of slow growth do not drastically change the insta-
bility region [32], and that the overall patterns observed are qualitatively similar, differing
primarily in the positioning of pattern elements which has suggested growth as a mechanism
for robustness [8]. However, we will show here that comparing quasi-static reaction diffusion
processes to ones on growing domains can radically change the kind of patterning observed
for the FitzHugh-Nagumo kinetics. This immediately implies an important hysteresis in the
evolution of the fully nonlinear pattern on a slowly growing domain, which we have not seen
reported in the literature. Such a history-dependent effect is in the same spirit as [24], but is
not related to the linear stability analysis, as it is due to the evolution of fully nonlinear pat-
terns due to growth. Biologically, this suggests that growth can not only provide robustness
of Turing patterns, but that it can fundamentally change the kind of pattern observed. Such
nonlinear pattern evolution may help ameliorate some of the difficulties in understanding
Turing patterning mechanisms in complex developmental settings [30].

The paper is organized as follows: in section 2, we describe the reaction-diffusion FitzHugh-
Nagumo system defined on the torus and sphere, as well as recalling the stability analysis for
both Turing and Turing-Hopf bifurcations. In section 3, we compare the linear analysis of
these bifurcations, with full numerical simulations on both geometries, in the case of static
and growing manifolds. Finally section 4 contains a discussion and a brief list of relevant
open problems which we think are worth investigating.

2. FitzHugh-Nagumo on the torus and the sphere

Here we develop the model equations on these manifolds. We also determine how the
equations on a growing manifold appear on a static reference domain, which is necessary to
make the model amenable to numerical simulation. Finally, we recall stability criteria to
detect Turing and Turing-Hopf bifurcations.

2.1. The model and a basic analysis

After an appropriate rescaling, the general form of a reaction-diffusion system defined on
a fixed two-dimensional domain with two reactants is

w = Au+ f(u,v;c),

1
v, = dAv + glu, i), @)

where d = Dy /D1, Dy and Dy are the diffusion coefficients of the reactants whose concentra-
tion are v and v respectively, c¢ is a kinetic parameter and A is the two dimensional Laplacian
operator. When we add the initial and the boundary conditions the mathematical problem
is well posed, as long as f and g are sufficiently well-behaved (usually these functions con-
tain dissipative nonlinearities sufficient for this purpose). If the two dimensional domain is
a surface embedded in a three-dimensional space, then A represents the Laplace-Beltrami
operator acting on this surface, which can be defined via local coordinates on the manifold.



The kinetics of the FitzHugh-Nagumo model can be written as f(u,v;c) = c(u—%g—H)—i—]O)
and g(u,v;c) = —(u — a + bv)/c. Hence the system we consider takes the form

w3
ut:Au—Fc(u—?—i—v—f—IO),

u—a-+bv
v =dAY — ———,
c

(2)

where a, b, c and d are positive parameters and I, in the original physiological interpreta-
tion, is an applied current. We note that u typically has the interpretation of a membrane
potential or voltage, and v is a recovery variable, characterizing a relaxation process. We
note that in general u will take positive and negative values, corresponding to differences
in an electrical potential [23]. As in [3, 12, 53], we are using these kinetics to consider a
general excitable medium, rather than directly modelling two interacting chemical species
or a specific electrochemical process. For this reason we need not think of u and v as con-
centrations, and hence do not require them to remain positive, as they generally will not for
most parameter values.

In order to incorporate growth and curvature of the domain into a reaction-diffusion
model, Plaza et al [47] used first principles to derive a general mathematical framework
which takes into account both factors. We refer to this paper for details. We denote by X
a surface embedded in R? which is parameterized as

X(&n,t) = (x(&n, 1), y(&n,t), 2(§m,1)),

and define h; = || X¢|| and ho = || X,,||, where || -|| is the Euclidean norm, and the subscripts
denote partial differentiation. By assuming that both processes, reaction and diffusion take
place on the surface X, and using conservation of mass, the system (1) becomes

— 1 h2 h'l .
U iy (h_1u5>§ + (E%)n] O (In(hihe))u + f(u,v;c),

(3)

— d h2 hl .
Y ks (h_lvs>£ - (h_QUn) n] Oy (In(hiho))v + g(u, v; c).

We consider two specific manifolds to demonstrate differences due to curvature and
growth. First, let us consider the isotropically growing torus

(R4 rcosn)cosé
X(&n,t)=pt) | (R+rcosn)siné |, (4)

rsinm

where R > r > 0, £,n € [0,27), and p(t) > 0 is the growth function. The major and minor
radii, R and r, determine the overall geometry of the torus, which can be seen in Figure 1a
for the case of r = R/3. The growth function appears multiplying the three entries of X,
and so the surface grows in the same proportion in each direction, i.e. isotropically.



In order to obtain the model for our specific isotropically growing surface, we calculate
h? and h3. These are

hi = || X¢||? = (R +rcosn)’p® and h3 = ||X,|]> = r*p? (5)

respectively. By substituting (4) and (5) into (3), this system becomes

1 r? . rsinm 2p - )
U = U Uy — —————— Uy | — —U u,v;
LT 22 (R + rcosn)? & T R+ rcosn " p Pl
(6)
d r rsinmn 2p
U= P12 {(R + rcos 77)21}ég + U mvn] B ?U +g(u, v;c).

Next we consider the isotropically growing sphere parameterized by

sinncos &

X (& n,t) =p(t) | sinpsing |, (7)
cos

where ¢ € [0,27], n € [0,7], (see figure 1b) and p(t) is the growth function. We again
calculate h? and h3 to find

h
hy = || X¢||? = p?sin®n,  h3 = ||X,|]> = p?, then it follows h—l = sin. (8)
2

Thus, the reaction-diffusion system we are going to consider on the sphere is

1 1 CoS 20
U = E (um, + —5—uge + — nun> — ?pujtf(u,v),

(9)
d 1 cosn 2p
= — + + — - —v+ ,U).
Ut e (vnn sinznv& vn) v+ g(u,v)

For both manifolds we will take the explicit form of the growth function p(t) = exp(kt).
Hence the dilution terms in (6) and (9) simplify as p/p = k. By redefining the kinetics as

- 20 3
flu,v;¢) = f(u,v;¢) — —u=c (u— —+v—|—[0) — 2ku,
¢ (10)

the calculations for obtaining the parameter values for having each type of bifurcation (Hopf,
Turing and Turing-Hopf) in the systems (6) and (9) is easier. We will sketch the results about
these bifurcations derived in [4] and [5] in the next few sections, but refer to these papers
for further details.



(a) (b)

Figure 1: (a) Torus with parameterization given by the term enclosed in rectangular brackets in (4), (b)
Sphere parameterized by the term enclosed in rectangular brackets in (7).

We note from [5] that by imposing the conditions

2k 1 a
— -1 1 11
(c +b—|—2kc)>0 and (O—l_b—l-ch>>07 (11)

we can guarantee that equations (10) have a unique positive real root and two complex
conjugate roots. Hence, the homogeneous system associated with (6) and (9) has a unique
real positive equilibrium which we denote (u*,v*). This defines a unique steady and homo-
geneous solution for these systems, which is constant in time due to the use of exponential
growth (e.g. the spatially homogeneous system is autonomous). In contrast, once we consider
stability with regard to spatial diffusion, we have to consider the non-autonomous nature of
the equations induced by growth, leading in some cases to time-dependent eigenvalues and
more generally to the breakdown of exponential-in-time stability analysis [17, 18]. Stability
analysis for partial differential equations in this setting is only understood under relatively
restrictive assumptions, which we now describe.

2.2. Necessary conditions for Turing instability

We are first interested in determining boundaries of the parameter space whereby a
spatial perturbation to this homogeneous steady state will grow (e.g. the Turing space). In
[32], the authors derived necessary conditions for diffusion-driven instability on a growing
domain for a general growth function. This leads them to carry out the linear analysis
around a time-dependent (homogeneous) reference solution of the corresponding reaction-
diffusion system. In this case, the Turing parameter space has notable changes as time
evolves. In [24], the authors expand on this idea and present evolving parameter spaces
for the Schnakenberg and Gierer-Meinhardt models, where the history-dependence of the
patterns is clearly demonstrated. In contrast to these studies, we consider slow exponential



growth, for which the dilution rate becomes constant, and so our reference state is given
by the homogeneous and stationary solution of our system given by the unique positive
equilibrium point of the kinetics. The time-dependent reference state (Equation (11) in
[32]) is equivalent to the spatially-homogeneous system for which we have a unique constant
equilibrium. Homogeneous perturbations to the spatially homogeneous equilibrium will lead
to a transient difference in the reference state, but these will decay exponentially quickly. If
only spatial perturbations are added (e.g. with zero spatial mean), then the reference state
is identically constant in time, and this is the case we will consider in our simulations.

Assuming that the growth is slow and isotropic, and after an appropriate time scaling,
[32] derived the following necessary conditions for Turing bifurcation:

fu+gv_2h*<0

(12)
(fugv_fvgu)_h*(fu—'—gv)—i_hz>O ( )

(dfu+ go) — hu(1+d) >0 (14)

[(dfu + gv) - h*(l + d)]2 —4d [(fugv - fvgu) - h*(fu + gv) + hz] > Oa ( )

where h, is related to the value of the dilution term and all the partial derivatives, f(.) and
g, are evaluated at the unique positive equilibrium, whose existence is already guaranteed.
As the growth in equations (6) and (9) is already isotropic and exponential, we can apply
these conditions under the additional assumption that the growth rate is small (e.g. k < 1).
For exponential growth, the modification to the standard Turing conditions takes the form
hy« = 2k. We then have the following conditions for instability of the spatially homogeneous
steady state:

[c(l —u*?) — g —4k| <0,  (16)
[1 — (L= u*?) (b+ 2ke) + # +4K°| >0, (17)
{ <dc(1 —u*?) — g) — 2k(1 + d)} >0, (18)

2
2
de(1 — u*?) — g —2k(1 + d)] —4d {1 — (1= u?) (b+ 2ke) + ? + 41{2} >0, (19)

From the inequalities (16) and (18) the parameters b, ¢, d and k must satisfy the following
inequalities
b+ 2kc

. 2
and  d> Gr (20)

*

c<c

where ¢* is given below as the Hopf bifurcation boundary.

We note that for small growth rates k necessary to derive the above conditions, the effect
of growth is small (O(k)) compared to the standard Turing conditions for a static domain, so
one could approximate the Turing space using such conditions. This approach is sometimes

9



known as an adiabatic approzimation. Additionally, the conditions above will not be valid for
all time ¢, as the growth does not remain small indefinitely even for small k. However, as we
will show, it is sufficient to determine the instability boundaries for reasonable periods of time
as long as k is sufficiently small. We refer to [24] for a more detailed discussion of this point.
We also remark that we will be interested primarily in the qualitative impacts on patterning
below, rather than just the instability boundaries. We will show that in contrast to the
instability conditions, even small and exponential growth can have a substantial impact on
the evolution of patterns on manifolds.

2.3. Conditions for a Hopf and Turing-Hopf bifurcations

We recall from [5] the conditions for the emergence of a limit cycle of the homogeneous
system associated with (2) by means of a Hopf bifurcation. For this purpose we choose
the parameter ¢ as our bifurcation parameter. The critical value, ¢*, of ¢ for which a Hopf
bifurcation occurs in the spatially-homogeneous system is

2k VARZ T b — bu?
N 1 — u*?

*

(21)

From here we have that ¢* is a real number if (4k% +b— bu*?) > 0. Moreover, it is defined
whenever u*? # 1. Hence by using the Hopf bifurcation theorem [34], we conclude that for
each ¢ > 0 such that ¢ > ¢*, the homogeneous system associated with the systems (6) and
(9) has a limit cycle surrounding the positive equilibrium (u*,v*). Additionally, it is easy
to show that the emergent limit cycle is stable (e.g. the Hopf bifurcation is supercritical).
Therefore, we have that for each ¢ > 0 such that ¢ > ¢*, the homogeneous version of the
systems (6) and (9) has an attracting limit cycle surrounding the positive equilibrium.

Once we have the conditions for the occurrence of Turing and Hopf bifurcations, it is
straightforward to state the corresponding conditions for the occurrence of the Turing-Hopf
bifurcation. What we need is to keep the conditions (17)-(19) and impose the restriction
¢ > ¢* on the bifurcation parameter ¢, which in turn means the condition (16), no longer
holds. In this case, the sign of the real part of the eigenvalues of the Jacobian matrix at the
equilibrium changes from negative to positive as the parameter ¢ increases beyond c*.

Finally we note that in the absence of a spatial instability (e.g. growth of a nonzero spa-
tial eigenmode), diffusion will stabilize any nonuniform perturbations, so that a pure Hopf
bifurcation will lead to a spatially-homogeneous oscillation. However, once other spatial
eigenmodes have positive growth rates, as in the Turing-Hopf bifurcation, this is no longer
necessarily true, and the behavior of the system depends on competition between modes.
Such analysis generally involves nonlinear amplitude (or Ginzburgh-Landau) equations in-
volving the growth rates of eigenmodes [52]. We are not aware of any computations of such
amplitude equations applicable to systems defined on curved manifolds, and these will be
generically difficult to study even if one could derive them (as curvature destroys most ansatz
solutions for Ginzburgh-Landau equations). Instead we will explore the system numerically
to determine when spatial or temporal modes dominate, or when their competition leads to
spatiotemporal behaviors. In addition to understanding when Turing or Hopf modes lead to

10



different dynamics, we will also explore the impact of curvature and growth, and show how
fully nonlinear patterns can be impacted by growth.

3. Bifurcations and Numerical Simulations

In this section we first compute diagrams given the conditions for Turing, Hopf, and
Turing-Hopf bifurcations above in order to demarcate the parameter space based on the linear
theory into regions where we expect different behaviors. We will then simulate equations (6)
and (9) at various points in these parameter spaces to demonstrate solution behaviors on
both the torus and the sphere. We note in particular that the linear theory will only give a
rough indication of the solution behavior, as nonlinearity can dominate the solution structure
for large times. Nevertheless, reaction-diffusion systems have been successfully studied using
the linear theory, and so elucidating precisely when and how it succeeds and fails to predict
patterning is exactly what Turing had in mind when he described using machines to explore
his mechanism originally.

We use the commercially-available finite element solver COMSOL, version 5.3, with which
we discretize the manifolds using second-order (quadratic) triangular finite elements on the
surface of each manifold. In all reported simulations, we used a relative tolerance of 1074,
and fixed an initial time step of 107 (but let the solver increase the time step freely as the
solution evolved). The default Backward Difference Formula solver was used, which uses
adaptive variable-order implicit methods of order one (backward Euler) to five. This choice
of finite element software allows for simple implementations of reaction-diffusion systems on
manifolds. This is because the Laplace-Beltrami operator on a surface of dimension n can
be constructed from the Laplace operator in the ambient space R"*1 [13, 14, 43]. In the case
of the sphere, we discretize the manifold using 19,496 triangular elements, and for the torus
we use 11,540 triangular elements.

Convergence of our COMSOL implementation in time was checked by restricting the
maximum time step, and convergence in space was determined via using different numbers
of finite elements, and comparing the norm of solutions over time and space. We also
checked convergence of static domain simulations using the Matlab package Chebfun [58, 59],
obtaining quantitatively identical simulations. Additionally, we compared these simulations
to direct finite-difference solutions comparable to those obtained in [5], and simulations using
the closest-point method [31], to ensure that the finite element scheme was resolving complex
spatio-temporal behaviors.

Unless otherwise specified, we take initial data of the form u(0,7,&) = u*(1 + Wy (n,£))
and v(0,n,&) = v*(1+W,(n,§)), where W,, and W, are normally distributed spatial Gaussian
processes with zero mean and standard deviation 10~2. The form of these noise terms ensures
that the noise will be typically very much smaller than the steady state value. These small
spatial noise terms are sufficient to excite any unstable mode given by the Turing or Hopf
bifurcations described previously. For a given geometry, we will use the exact same realization
of the noise terms for each simulation, although we note that additional simulations were
also used with different initial data to check the robustness of our results. For the sphere
we take an initial radius Ry which we vary across the simulations, and for the torus an
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initial major radius given by Ry and minor radius given by Ry/3. We run simulations for
varying final times 7', but always ensure that we are observing long-time behaviors rather
than transients. In the growing cases these will typically correspond to a manifold which will
grow exponentially up to 4 times its initial size. That is, "= In(4)/k so that the final radius
of the manifold is R = p(T)Ry = 4Ry. We compare static manifolds in the case of k = 0
on both the smaller and the larger domains, in order to determine when growth matters; in
other words we consider both R = Ry and R = 4Ry when k = 0. Throughout this section
we will display patterns on the torus and the sphere using a fixed size of the manifold for the
static and growing cases, and clearly describe the actual size of the manifolds in the figure
captions.

The detailed spatial and spatiotemporal dynamics we find are generally complex. How-
ever, we define three qualitatively distinct states: spatially uniform oscillations, spatially
nonuniform stationary patterns, and spatiotemporal dynamics (sometimes referred to in the
literature as chemical turbulence). The first of these is simply a spatially-extended oscillation
of the homogeneous system undergoing an oscillation. The second are commonly referred to
as Turing patterns. Finally the third behaviour is a complex interplay of spiral waves and
pulses lacking any persistent recurrent patterning over long time scales [56].

3.1. Turing, Hopf, and Turing-Hopf Bifurcations

We now use the criteria outlined in sections 2.2-2.3 to deduce parameter ranges where
we have Turing and Hopf bifurcations. Where the equilibrium state is unstable both due
to a Hopf bifurcation and to a perturbation for a nonzero wavenumber, we also identify the
Turing-Hopf region. We note, however, that such linear analysis will only give information
about modes which grow for short time intervals, and that the long-time behavior can differ
from these predictions. Near the codimension-2 point where the Hopf and Turing bifurcation
boundaries intersect, we anticipate an interplay between spatial patterning and temporal
oscillation, and so we will primarily focus near this region, for small growth rates k.

We show how these instability regions change as we vary the ratio of diffusions d, the
bifurcation parameter ¢, and the growth rate k£ in Figure 2. In the case of a static domain
without growth (kK = 0), we see that the Turing and Hopf instability boundaries merge at
a single point, consistent with a codimension-2 Turing-Hopf bifurcation. For 0 < k£ < 0.01,
the bifurcation structure is almost identical to the case without growth. However, for larger
values of k, we see the pure Hopf bifurcation region shrink until it coincides with the boundary
of the Turing space. We note, however, that the conditions derived are only valid for small
values of k£, and both nonlinear effects and history-dependent effects will occur as k increases
[24]. For this reason, we will primarily explore growth when k& is very small, in which case
the bifurcation regions are almost identical to the static domain case.

We have explored several points in this parameter space numerically, in addition to other
values of a, b, and Iy which all have qualitatively similar parameter space diagrams. We
indicate the type of patterns observed on the £ = 0 diagram in Figure 2, where the behaviour
was observed in one of the simulations described in the next sections. These correspond to
either spatially homogeneous oscillations, stationary spatial patterning, or spatio-temporal
oscillations. We checked several simulations in the region where the spatially homogeneous
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Figure 2: Parameter space diagrams illustrating regions where the unique spatially homogeneous steady state
is stable, or unstable due to Turing or Hopf bifurcations. Here we used the parameters a = 0.6, b = 0.99,
and Iy = —0.6 for varying values of k. For these parameters, the Hopf bifurcation boundary is characterized
by ¢* =~ 1.0211. For k = 0 we mark the kind of behavors observed as spatially homogeneous oscillations by
a o, stationary Turing patterns by a [J, and spatio-temporal oscillations by an x.
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steady state was stable to confirm that it was stable for the initial data that we used for the
remaining simulations.

We will only show a subset of these simulations that will be indicative of the kinds of
dynamics observed throughout these parameter regimes. We remark that there are two
interesting points where multiple solution behaviors were found, depending on the geometry
(these are denoted by overlapping symbols in the £ = 0 panel of Figure 2). One of these
is where spatio-temporal oscillations were found within the Hopf bifurcation regime, and
the other is far into the Turing-Hopf regime. Finally, while we have restricted most of our
analysis to the case where £ = 0, simulations for the small value of £ = 0.001 have comparable
outcomes for small times (and almost identical parameter space regions), although differences
do arise close to the boundaries of these regions, or for very large times when the growth is
no longer sufficiently slow. We will therefore focus on the interior of these regions, and for
short enough times such that the linear analysis is still valid. We note that the qualitative
patterns we will present are apparent independent of the medium, but refer to the online
version of the manuscript for colored figures. The colored scale used is an intense blue for
the lowest value of u, and an intense red for the highest value of u.

3.2. Patterning on the Torus

We first consider the case of the reaction-diffusion system on the torus, given by (6). We
ran 10 simulations of these reaction-diffusion systems using different realizations of the noisy
initial conditions throughout the parameter space shown in Figure 2 (specifically where the
symbols appear). While quantitative differences appeared between different initial data, such
as different emergent patterns, in all cases the same qualitative behavior was observed. Here
we will use a few choice examples to demonstrate the different kinds of patterning behavior
emergent from this system.

In Figure 3 we consider simulations in the Turing space of Figure 2 for kK = 0 on a
small torus (top row) and a large torus (middle row), and compare these with a growing
torus (bottom row). In the static cases we observe spot patterns forming, which stabilize
over the simulation time period. As expected, the larger torus admits many more spots,
and the occasional spot which has curved due to neighboring interactions. The growing
torus, however, admits a markedly different behavior, with spots growing and bending as
the domain itself grows. That growth leads to different patterning is evident in comparing
the final simulation times for the static large torus, and the grown torus, with the former
admitting primarily a uniform spot pattern, and the latter showing a winding labyrinthine
pattern coming from the initial spot formation before growth.

In Figure 4 we consider the same three tori using different parameters, yet still within the
Turing space of Figure 2 for £ = 0. For these parameters, the static domains form twisted
labyrinthine patterns across the torus. As one might expect, the larger torus has much finer
patterning, with an occasional spot or defect in the labyrinthine structure. The growing case
shows more regularity of the final patterned state by comparison to the larger static torus,
but is otherwise qualitatively similar in structure.

Next we consider simulations within the Hopf regime, where the homogeneous steady
state is not Turing unstable, but is Hopf unstable. We take d = 1, implying the same
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Figure 3: Values of u from solutions of equations (6). Here we used the parameters a = 0.6, b = 0.99, ¢ = 1,
d =1.75 and Iy = —0.6 for two values of k. The first row uses k = 0, Ry = 20, the second row uses k = 0,
Ry = 80, and the third row uses k& = 0.001, Ryg = 20. We note that in the growing case (third row), these
three times correspond to when the manifold is 1.5, 2, and 4 times its initial size.
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Figure 4: Values of u from solutions of equations (6). Here we used the parameters a = 0.6, b = 0.99, ¢ = 0.5,
d = 20 and Iy = —0.6 for two values of k. The first row uses k = 0, Ry = 20, the second row uses k = 0,
Ry = 80, and the third row uses k£ = 0.001, Ry = 20. We note that in the growing case (third row), these
three times correspond to when the manifold is 1.2, 2, and 4 times its initial size.
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diffusion rate between activator and inhibitor, which should not give rise to any spatial
patterning via a Turing instability. Surprisingly, what we observe is a rapid oscillation
which gives rise to spatial variation travelling around the torus in Figure 5, where again we
consider two stationary tori and a growing one. We note that the spatial structure on the
larger torus is much finer with more detail, consistent with what one expects on a larger
domain, and that the growing torus then admits behavior on a variety of scales as it grows.
Finally, we remark that these spatio-temporal behaviors fluctuate rapidly, with maximal and
minimal spatial values changing quickly in time, and the spatial structure evolves via spiral
waves and other complex patterns.

This surprising result could be due to subcriticality of the nearby Turing instability,
which was recently discussed in [27]. This kind of bifurcation gives rise to multistability of
homogeneous and inhomogeneous solutions, and our simulations indicate a different spatio-
temporal solution attracts solution, rather than the homogeneous oscillation predicted by
the Hopf bifurcation. The authors in [49] have also shown another mechanism by which Hopf
bifurcations can excite Turing modes, even when the diffusion coefficients are equal, as they
are in this case.

Solutions in Figure 2 sufficiently close to the intersection of the Hopf and Turing bound-
aries all exhibited qualitatively similar dynamics to those shown in Figure 5, including those
only in the Hopf regime (¢ > ¢*) which were sufficiently close to this point. These spatio-
temporal dynamics are then characteristic of not only what occurs in the Hopf regime, but
also nearby in the Turing-Hopf regions of parameter space. For values of ¢ that are farther
from this point, if the diffusion was sufficiently small then only spatially homogeneous os-
cillations were observed. Similarly, for large values of d, we observed primarily stationary
Turing patterns forming, even when ¢ > ¢*. Specifically, we find only stationary patterns for
d > 7 and ¢ < 3, as shown by the squares in the & = 0 case of Figure 2. However, as these
are very nonlinear effects, determining the boundaries of these behaviors is not presently a
tractable problem.

Additionally, there are some parameter regions where either initial data or the size of
the torus influenced the qualitative dynamics. In Figure 6 we plot solutions for ¢ = 3 and
d = 5, and see that the small torus and the growing torus both exhibit labyrinthine solutions
comparable to Figure 4. However, for the larger torus we see Turing and Hopf modes
directly competing, with local regions of striped patterns and spatio-temporal oscillations.
Over time these oscillations destroy the patterned state and the final behaviour is a simpler
travelling-wave like oscillation moving from one side of the torus to the other rapidly. This
behaviour was observed across several realizations of the initial data, but for much larger
initial data (e.g. when the Gaussian noise had standard deviations that were O(1)), we
occasionally observed stationary labyrinthine patterning. Hence, whether the final behavior
is a stationary labyrinthine pattern, or a simple spatio-temporal oscillation, depends on both
the geometry and the initial data. For these parameters we never observed complex spatio-
temporal dynamics which were not transient, suggesting that either Hopf or Turing modes
would dominate the long-time behavior.
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Figure 5: Values of u from solutions of equations (6). Here we used the parameters a = 0.6, b = 0.99, ¢ = 1.1,
d =1 and Iy = —0.6 for two values of k. The first row uses k = 0, Ry = 20, the second row uses k = 0,
Ry = 80, and the third row uses k& = 0.001, Ryg = 20. We note that in the growing case (third row), these
three times correspond to when the manifold is 1.5, 2, and 4 times its initial size.
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Figure 6: Values of u from solutions of equations (6). Here we used the parameters a = 0.6, b = 0.99, ¢ = 3,
d =5 and Iy = —0.6 for two values of k. The first row uses k = 0, Ry = 20, the second row uses k = 0,
Ry = 80, and the third row uses k£ = 0.001, Ry = 20.
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3.3. Patterning on the Sphere

We now consider simulations on a sphere. The topological differences between a torus
and a sphere give rise to different symmetries, especially under the forms of isotropic growth
used, so we want to consider geometries that are reasonably similar. One approach would be
to set the radius of the sphere to be equal to the major radius of the torus. Alternatively, as
we are patterning on the surface, we could choose sizes of the sphere that give comparable
surface areas. The tori we have considered have surface areas of 472R?/3, with R the major
radius. We note that this is 1/3 the surface area of a sphere with a comparable outer radius,
so we could scale the radius of the sphere by 1/ V/3 of the outer radius of the torus to achieve
a surface of identical area. We simulated both choices, and will mention differences between
them where they arise. For consistency of notation we will treat R, as the radius of the
sphere.

We first demonstrate comparable simulations to Figures 3-4 on the sphere in Figures
7-8. These are again three different scenarios (a small sphere, a large sphere, and a growing
sphere) in the case of parameters which give rise to spots in Figure 7, and parameters that
lead to labyrinthine patterns in Figure 8. As in the toroidal case, we observe the influence
of growth in both parameter regimes, and broadly see the same dynamics as on the torus
despite differences in the manifold. We do note that in the cases of growing spots and
stripes, locally on the surface of the manifold, the deformation of the spots is influenced via
an isotropic scaling of the local curvature, whilst the torus has different scalar (e.g. Ricci
or Gaussian) curvature inside as opposed to outside the torus. This difference in curvature
undoubtedly influences the final patterned state, but remarkably no obvious effect is visually
apparent, and observing the two we might claim they are, at least qualitatively, identical.
For instance, considering the final pattern on the large static torus and sphere (the middle
row and third column in both Figures 3 and 7), we note that, besides some defects, many of
the spots are arranged with a sevenfold symmetry, despite difference in the local curvature.
We do remark that the growing case, for both spots and stripes, does appear to ‘conserve’
the number of regions of high and low activator u, and so the growing case contains fewer
connected regions than the static large sphere.

Analogously to Figure 5, we considered simulations of equations (9) in the pure Hopf
regime, where the linear theory only anticipates spatially homogeneous oscillations about
the steady state. In Figure 9 we see that the small and large static spheres, as well as the
growing sphere, all admit spatio-temporal solutions. We observe simpler spatial structures
on the small sphere, consisting of large waves travelling across the surface, in comparison
to more complex local interactions between wavefronts in the larger sphere. In this case,
the growing sphere admits solutions which appear to become finer in spatial structure as
time goes on, suggesting that in this case, a quasi-static approximation of the domain would
appropriately capture the dynamics of slow growth with respect to the size of the observed
patterns.

We demonstrate an example of a detailed spatio-temporal behavior in Figure 10, using
the same parameters as in Figure 9 on a small and a very large static sphere. We can see
that the small sphere exhibits a large spiral-like region, which the solution is periodically
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Figure 7: Values of u from solutions of equations (9). Here we used the parameters a = 0.6, b = 0.99, ¢ = 1,
d =1.75 and Iy = —0.6 for two values of k. The first row uses k = 0, Ry = 20, the second row uses k = 0,
Ry = 80, and the third row uses k& = 0.001, Ryg = 20. We note that in the growing case (third row), these
three times correspond to when the manifold is 1.5, 2, and 4 times its initial size.
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Figure 8: Values of u from solutions of equations (9). Here we used the parameters a = 0.6, b = 0.99, ¢ = 0.5,
d = 20 and Iy = —0.6 for two values of k. The first row uses k = 0, Ry = 20, the second row uses k = 0,
Ry = 80, and the third row uses k& = 0.001, Ryp = 20. We note that in the growing case (third row), these
three times correspond to when the manifold is 1.2, 2, and 4 times its initial size.
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Figure 9: Values of u from solutions of equations (9). Here we used the parameters a = 0.6, b = 0.99, ¢ = 1.1,
d =1, and Iy = —0.6. The first row uses k = 0, Ry = 20, the second row uses k = 0, Ry = 80, and the third
row uses k = 0.001, Ry = 20.

emanating from. The large sphere demonstrates many interacting waves and oscillations all
over its surface, giving rise to a complex picture with small spirals, loops, and pulsating
spots. We note that this dependence on the size of the domain is characteristic of Turing
patterns, as there are many more unstable wavemodes for a larger domain, but that here we
have taken d = 1 and so cannot, strictly speaking, be in the Turing regime.

We remark that in all of the above simulations, we have used Ry to denote the radius
of the sphere, and we have used comparable radii to those used for the major radius of the
torus in the previous section. As mentioned at the beginning of this section, we also used a
sphere of radius of Ry/+/3 to achieve a surface with identical surface area to that of the torus
simulations. In almost all cases, we observed qualitatively identical results, with only small
quantitative differences due to a smaller manifold. In the case of the pure Hopf bifurcation
(Figure 9) an important difference happens for the smaller spheres of comparable surface
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Figure 10: Values of u from solutions of equations (9). Here we used the parameters a = 0.6, b = 0.99,
c=11,d=1k=0, Iy = —0.6, Ry = 40 in the top two rows and Ry = 200 in the bottom two rows. These
are at times ¢ = 900, 904, 908, 912,916, and 920 along each pair of rows. The colors are as in Figure 9, with
the minimum value of u ~ —0.7 and maximum u ~ 0.7.
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area to the tori from Figure 5. In the case of the small sphere (radius 20/v/3) and the
growing sphere, an initial spatio-temporal oscillation is observed that travels back and forth
across antipodal points of the sphere. However, relatively quickly the spatial component
of this oscillation dies away and the long-time behavior is in fact a spatially homogeneous
oscillation. For the larger sphere (radius 80/ \/3), however, spatio-temporal oscillations can
exist for precisely these parameters, as in Figure 9. This suggests that determining which
modes (Turing or Hopf) dominate the long-time stability depends on both the geometry of
the manifold, and the history (e.g. whether or not growth occurred), as the sphere which grew
to be of comparable size to the large one admits only spatially homogeneous oscillations.

Finally, we also consider simulations on the spherical geometry with parameters in the
Turing-Hopf regime. For parameter values close to the Turing-Hopf point, we observe spatio-
temporal oscillations as in the case of the torus. Far from it, we see a variety of stationary
patterns as well as homogeneous and spatio-temporal oscillations. However, we typically
see simpler behavior on the sphere than in the case of the torus. For instance, using the
same parameters as in Figure 6 (d = 5 and ¢ = 3), we observe regions of spatial patterns
and regions which are oscillating, but over time the oscillating regions destroy the patterned
regions, leaving behind a sphere which is oscillating homogeneously. In comparison, for d = 7
and ¢ = 3, we observe only patterned states comparable in structure to Figure 8.

4. Conclusions

In this paper we have used the general framework developed in [47] to study the influence
of growth and curvature on a reaction-diffusion system. We have used the detailed analysis
carried out in [5] to determine the parameter conditions for the occurrence of Turing and Hopf
bifurcations. We presented the results of our study on the emergence of patterns supported
by a reaction-diffusion system using FitzHugh-Nagumo kinetics. This was conducted in two
domains, a torus and a sphere, and considering both static and growing domains.

It is well documented in the scientific literature that growth and curvature are crucial for
the selection of patterns in reaction-diffusion systems [25, 39, 42, 47]. Of course, these influ-
ences were observed in the specific system we studied. The main features of the emerging
patterns are determined by whether or not they are stationary in time. To a first approxima-
tion, this can be determined based on whether or not a Hopf bifurcation occurs (e.g. whether
¢ < ¢* or ¢ > ¢*). This provides a necessary criterion for spatio-temporal patterns to emerge,
but it is not sufficient, as for larger values of the diffusion ratio d, we still observe stationary
patterns far into the Hopf regime. See Figure 2 for a rough characterization of the parameter
space coming from the linear theory. Additionally, well beyond the Hopf bifurcation, oscilla-
tory modes can dominate leading to simple spatial oscillations where most of the emergent
patterning has been destroyed; see the middle row of Figure 6 for an example of this. The
qualitative structure of the emergent patterns depends not only on the model parameters,
but also on the geometry as well.

We note some interesting differences between these dynamics on the torus and on the
sphere. The stationary Turing patterns in each case exhibit qualitatively similar behavior,
although it is clear that the patterned structures themselves differ due to differences in local
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curvature. Stripes or spots on the sphere are in some sense locally isotropic, as there are
no distinguished directions on the surface of a sphere. In contrast, stripes in the torus seem
to have a slight preference for aligning along the major radius of the torus, likely due to
differences in the eigenfunctions that are excited via the Turing instability. However, this
small quantitative difference is very minor, and stripe stability and orientation only have a
profound dependence on the geometry near parameter boundaries (see Figure 2). This is in
agreement with what was found on the torus and the ellipsoid for different kinetics in [39].

In the Hopf and Turing-Hopf cases we see more dramatic differences between patterning
on these manifolds, especially as the size of the torus and the sphere vary. In particular,
consider the first row of Figure 5, and the middle row of Figure 6, where we see spatio-
temporal oscillations or waves travelling along the torus only in one direction, without much
structure in the transverse direction. This is a size-dependent effect, where spatial modes
in the transverse direction are either never excited, or are dominated by Hopf modes, so
that the motion is almost entirely in waves around the torus. On both manifolds, we can
find some parameter regimes where competition between Turing and Hopf effects induces
complex spiral waves and pulsating regions on the surface. Additionally, we refer to the size-
dependent mode selection reported at the end of the previous section, where a sufficiently
small sphere gave rise to only spatially homogeneous oscillations. This spatial homogeneity
persisted even if the sphere grew from a small sphere. This is in sharp contrast to a static
larger sphere, which gave rise to spatio-temporal patterning. Additionally, this homogeneous
oscillation was not observed on static and growing tori with the same surface area.

Finally, we also discuss the nontrivial results for pure Turing patterns in static and grow-
ing domain cases shown in Figures 3 and 7. As the growth is slow, spots emerge on the
smaller manifold before it grows very much, and so what we observe is the evolution of
nonlinear stationary patterns into labrynthine-like arrangements which are fundamentally
different to spot patterns observed on the small and large static domains which might adia-
batically approximate the growing domain. This is in contrast to earlier studies of growth,
which primarily observed robustness of patterning, but not qualitatively different patterns
emerging from growth [8]. Additionally, this is a purely nonlinear phenomenon, and is unre-
lated to the stability analysis or mode selection effects which are more well understood, and
which we also record here. This result especially calls for further work on the influence of
growth in terms of pattern selection in fully nonlinear regimes, where patterns are already
well developed before growth begins to change them.

There are many interesting open problems that could be pursued extending our work, and
more generally the field of reaction-diffusion systems on growing manifolds. An important
point to address is the history-dependence in the stability conditions, which becomes crucial
for non-exponential growth, or over longer time scales. The authors in [24] outline a general
procedure to do this, but restrict their attention to one-dimensional growth, remarking that
linear and isotropic growth follows from their results. It is unclear how to proceed in the more
general case. In particular, curvature and non-autonomous dynamics can both play a role
due to the time-dependent Laplace-Beltrami operator corresponding to a growing manifold.

One could also investigate non-uniform domain growth in higher dimensions, as originally
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studied in [9] for a one-dimensional domain. Additionally, the investigation of anisotropic
growth could also prove invaluable, as isotropic (or apical) growth is unable to recapitulate
the complete range of complex biological structures observed in developing organisms [7, 45,
61]. Extending the stability analysis to this setting would involve a careful consideration
of the kind of growth. In particular, it is not trivial to extend the results in [24, 32| to
incorporate anisotropy or non-uniformity in the growth, which leads explicitly to spatial
heterogeneity in the governing equations. We remark that not only does this complicate the
bifurcation analysis, but a general modelling framework extending [47] to account for general
non-uniform growth and anisotropy has not been presented in the literature.

Finally, we make a closing comment regarding the classification of the different schools of
thought in explaining the origins of the biological forms and their mathematical formaliza-
tions. In [62] the author divides researchers into three schools of thought depending on the
meaning given to the terms “patterning,” “pattern formation” and “morphogenesis.” These
are the molecular, chemical, and mechanical views respectively. Alternatively, we propose
that there are two schools of thinking about biological forms. One is an explanation given by
evolutionary theory in terms of genetic modification due to natural selection. This viewpoint
describes biological form following a teleology according to past selection pressures. We are
not satisfied with this kind of historical account of form; while useful, it does not give a
complete view into the development of the current biological structures. Quoting Wolpert
[64]: “DNA provides the program that controls the embryo development and leads it along
the epigenesis.” Once again, everything in the embryo, including the forms, lies in the DNA.
This is in stark contrast to a growing body of experiment which questions the gene-centric
view of evolution [41].

The other school of thinking, called structuralism traces back at least to Goethe’s times.
Its finished form was due to the great Scottish scholar, D’Arcy Wentworth Thompson. His
views on the underlying mechanisms, not just of the biological forms but for every single
form in Nature, were written in an elegant prose and plenty of erudition in his grand opus On
Growth and Form [55]. There, in the case of living organisms, Thompson does not suggest
that heritage is unimportant in the forms organisms already have, but in addition to heritage,
there exist physical constraints acting on every portion of matter across scales in time and
space. The genes are not acting alone. They are part of matter which itself obeys physical
laws. The matter is under physical structural constraints which have different origins ranging
from those physical, chemical, mechanical, etc. Some of these can be formulated in terms of
mathematical equations.

In these terms, we recognize ourselves on the side of the structuralist school of thought.
While the model we have explored here is electrochemical in nature, we believe that the
incorporation of growth is an important step toward a more thorough characterization of
the physical and chemical basis of morphogenesis. This is in line with the mechanochemical
models described in [33, 37, 44|, where there is an important feedback between the physical
constraints imposed by mechanics, and chemical patterning mediated via reaction and diffu-
sion. Such constraints can include important geometric considerations, and it is here that we
think our results help connect classical reaction-diffusion systems with such mechanochemical
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models. As discussed in the introduction, this is in line with Turing’s approach to consider
first the simplest setting whereby symmetry-breaking can be observed, and then to consider
such aspects which had been first neglected [60].
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