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Abstract

We study statistical inference problems in geometry and topology inspired by data
science. Generally we consider an independently, identically distributed random sample
X = (Xj,...X,) drawn from a measure p over a set M C RP. Then we consider the
class of problem of inferencing a property P of M only using X. The following pairs of
(M, P) are considered:

(1) M = Manifold, P = Dimension. We locally apply PCA (principal components
analysis), and infer the dimension of M by counting how many of the variances fall
under a threshold. While this method is widely used, a rigorous mathematical theorem

guaranteeing its correctness was not established. We prove such a theorem.

(2) M = Manifold, P = Tangent spaces. The local PCA algorithm above can
also be used to infer tangent spaces: a tangent space is estimated as a linear span of top
principal components. Again for this standard well-known algorithm, we prove theorems

guaranteeing the correctness of the algorithm.

(3) M = Stratified space, P = Singular points. A stratified space generalises
manifolds, and possesses singularities at which there is no local resemblance to a Eu-
clidean space. We present a fast algorithm that detects singularities using local hypothe-
sis testing. The kernel method used in the algorithm is significantly faster than previous
topological methods. Experimental results on both synthetic and real data are presented.
Furthermore, we prove a theorem that guarantees the algorithm’s correctness in the case

of union of two manifolds.

(4) M = Manifold, P = Homotopy type. A standard way to infer homotopy
type of a manifold from a finite sample is via constructing a simplicial complex at a small
distance threshold. However instead of stopping at a small threshold, we consider arbi-
trarily large connectivity thresholds and study anomalous topology arising from this. In
particular, we study a very specific case of circle M = S', and show that Cech complexes
arising from finite samples on M are homotopic to bouquets of high-dimensional spheres

with high probability.
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Chapter 1

Introduction

A standard form of data is given by tuples of numbers. Mathematically, this is a point
cloud, defined as a finite subset of a Euclidean space x = {z1,...2,} C R”. We may
imagine x to be a set of points floating in a D-dimensional space, outlining a shape.
A simple probabilistic model for x is that the points zy,...z, are iid (independent,
identically distributed) samples drawn from a probability measure p over RP. Then we
may ask: how do we infer the shape of u from x?

This vague question can be made specific, leading us to topics at the intersection of
data science, geometry, and topology. There are natural geometric objects we can use
from the mathematical perspective: graphs, simplicial complexes, manifolds, stratified
spaces, and so on. Furthermore, standard toolboxes include tangent spaces, curvature,
and homology groups. Statistical inference of these properties is the subject of this thesis.

Our problems all take the following form:

Meta-Question. Let X = (Xi,...X,,) be an iid sample drawn from a measure p on

a subset M C RP. Let P be a property of M. Estimate P from X without M.




Main topics. The following pairs of (M, P) in the Meta-Question are considered.

e M = Manifold, P = Dimension (Chapter |5)).

We locally apply PCA (principal component analysis) on a manifold to estimate
its intrinsic dimension. This is done by estimating covariance matrix locally, and
then counting the number of principal components required to explain a specified
percentage (e.g. 95%). This is a standard algorithm known as Local PCA, yet a
mathematical theorem establishing the correctness of this algorithm was not proven
before. We prove such a theorem, for points sampled from a noisy non-uniform
measure on a manifold. Content of this chapter is published on SIAM Journal on

Applied Algebra and Geometry [64].

e VM = Manifold, P = Tangent spaces (Chapter [5)).

We locally apply PCA on a manifold to estimate tangent spaces at data points.
The Local PCA algorithm is almost same as above, where we use the span of prin-
cipal components to estimate tangent spaces. Unlike dimension estimation, there
are previous mathematical literature that proves that Local PCA-based tangent
space estimation on a manifold works correctly. However the theorem proven in
this chapter is more general and explicitly computes all constants appearing in the
theorem. Content of this chapter is published on SIAM Journal on Applied Algebra
and Geometry [64].

e M = Stratified space, P = Singular points (Chapter @ .

We detect singularities in a stratified space using local measure comparison. A
stratified space generalises manifolds, and possesses singularities at which there is
no local resemblance to a Euclidean space. Our algorithm detects this singularity
by locally reducing dimension of data points and comparing them to a uniform
distribution. This comparison is done using kernel MMD, a statistical distance for
comparing two measures. This kernel method is much faster than the previous line
of research that attempted the same task with topological methods. We prove that
this algorithm correctly detects singularities with high probability, in the case of a
stratified space given by a union of two manifolds.

We furthermore implement the algorithm on Python and demonstrate its efficacy



using various computational experiments. On synthetic datasets, the algorithm
cleanly extracts singularities from datasets of known geometry, and attains high
AUC scores. By aggregating local information of singularity score, the algorithm is
also able to perform a global test of whether the underlying dataset is a manifold.
Furthermore, the algorithm recovers known singularities in real datasets: road net-
works and cyclo-octane conformations. On image datasets, the algorithm separates
locally well-behaved regular images from the anomalous images that deviate from

its class. Content and code of these two chapters are published on SIAM Journal

on Mathematics of Data Science [65] and GitHub (github.com /uzulim /hades]).

M = Manifold, P = Homotopy type (Chapter .

We quantify high-dimensional topology arising from the Cech complex constructed
on a random sample drawn from a circle. The investigations done here deviate from
the standard methods used in topological data analysis, in which homotopy type of
a manifold from a finite sample is “recovered” by constructing a simplicial complex
at a small distance threshold. Instead of stopping at a small threshold, we consider
arbitrarily large connectivity thresholds and study anomalous topology arising from
this. We only study the case of random samples drawn from a circle, which already
yields a rich array of strange topological phenomena. We show that odd-dimensional
spheres and bouquets of even-dimensional spheres appear at specific parts of filtra-
tion radii with high probability. Content of this chapter is published on Discrete €
Computational Geometry [63].



Technical tools. Tools used to analyse these problems are drawn from differential
geometry and statistics. While the above topics were separate, the toolbox used to un-
derstand them developed on a common thread. We collect technical results developed
for this purpose on Chapters [2- [l These chapters are meant as reference materials for
later chapters, and therefore the reader may benefit from first reading Chapters |5 -
for overviews of the main results of the thesis, and then revisit the earlier chapters for

reference. These early chapters are composed as follows:

e Differential geometry (Chapter [2).

We study the geometry of manifolds that are smoothly embedded in an ambient
Euclidean space. Specifically, we study behaviour of geodesics and volumes of this

embedded manifold.

e Statistical distance (Chapter [3)).

We study two statistical distances, the Wasserstein distance and the kernel MMD.
These distances are used to quantify how different two probability distributions are.
Many theoretical arguments in the thesis boil down to proving that two probability
distributions have a small distance between them. These are then used to estimate
quantities using Lipschitz continuity relations, which are proven separately in later

Chapters.

e Concentration inequality (Chapter 4]).

A concentration inequality asserts that a random sample approximates a target
quantity with high probability. We study two types of concentration inequalities:
that of covariance matrix and the Wasserstein distance. We modify known results

that perform global estimation into simultaneous local estimations.



Notations and conventions.

The reader will benefit from skimming over the list

below, before venturing deeper into the thesis.

Notation Meaning
#A The number of elements in a set A
E[X] Expected value of a random variable X
PE] Probability of an event E
Y[p] The D x D covariance matrix of a measure y on R”

B.(x) = B(z,r)
du(z,y)
dun (A, B)

1Al = [l
Al
Wy, v)
Wik, v)
AA
A A
NP A
[I(z, A)
(p, A)
Jof
2l
plo(V)
P(M)
P

T™

Open ball of radius r, centered at x

Distance between x and y in a metric space M

Distance between A and B, defined as dp (A4, B) = inf,eayep dy (2, y)
The operator norm of a matrix A

The Frobenius norm of a matrix A

The p-Wasserstein distance between p and v

W(p,v) = Wi(p,v)

Vector of eigenvalues of a real symmetric matrix A in the decreasing order
The k-th entry of XA

The k-th spectral gap: A A — A1 A

Projection of a point = to a set A

Pushforward of a measure p along the projection I1(—, A)

The Jacobian determinant of a function at x.

The d-dimensional Hausdorff measure

Normalised restriction of a measure, defined as u|y (V) = pw(UNV)/u(U)
The set of Borel probability measures on a topological space M

P = P(RP)

Reach of a set M

wqg = 72 /T(£ + 1), volume of the unit d-dimensional ball

Dirac delta measure centred at a point x

For x = {z1,... 2.}, 6x = 2(64y 4 -+ + 0a,).

Affine linear map r~1(y — x)




The following is the choice of symbols we will be making throughout the thesis.

Notation | Meaning

M Manifold or a stratified space, embedded in a Euclidean space R”

d The (intrinsic) dimension of the manifold or a stratified space M.

D The ambient dimension of the Euclidean space R” in which M is embedded.
W A Borel probability measure on R” whose support is contained in M.

X i.i.d. sample drawn from a measure p over M.

n or m Number of sample points in X.

r Local radius used to isolate points of X,, inside a ball of radius r.

We make note of some acronyms we use throughout the thesis.
e MMD: Maximum mean discrepancy

e PCA: Principal components analysis

Chapters [2] provide preliminary material for the main results of the thesis, which
are in Chapters [}, [6] [7] [8l To aid the reader’s understanding, we will mark descriptions

of the preliminary results in the context of the whole thesis with the symbol (%) .



Chapter 2

Differential geometry

We remind the reader that descriptions of the preliminary results in the context of the

whole thesis will be marked with the symbol () .

2.1 Geometry of embedded manifolds

We prove some results in differential geometry that are relevant to us. Most of the re-
sults concern metric properties of manifolds smoothly embedded in a higher-dimensional
FEuclidean space.

We introduce the following notation for an open ball:

Definition 2.1.1. For z € R” and r > 0, the open ball of radius r centred at z is

denoted as follows:
BT(x) - B<I7T) - {y | d(l’,y) < T’}
We introduce the notion of reach 7. Its significance in this thesis is that 1/7 is an upper

bound for acceleration of any geodesic of a compact Riemannian manifold embedded in

a Euclidean space.

Definition 2.1.2. Given a set A C RP, its reach 74 is defined as follows:

T4 = Sup {t If d(z, A) < ¢, then there is a unique ' € A such that d(x,2") = d(x, A)}

Proposition 2.1.3 (Proposition 6.1, [72]). Let M be a smooth compact manifold embed-
ded in RP with reach 7. If v : [0,1] — M is a geodesic on M, then the acceleration of
is bounded above by 1/7.



(%) The following is a simple extension of Proposition 6.3 of [72], and it controls the
deviation of geodesic from the first order approximation. It is used in Proposition [5.3.4]

and accounts for most of the ways that Riemannian curvature appears in this thesis.

Lemma 2.1.4. [Proposition 6.3, [72]] Let M be a smooth compact manifold embedded in
R with reach 7. Suppose that x,y are connected by a (unit speed) geodesic v : [0,7] — M
of length T with y(0) = x,v(F) = y, and denote r = ||x—yl|. Then the following inequalities
hold:

2

r——<r<r
T

If r <0.57, then the following hold:

2 ~2
<1—y/1= =, and lly = (@ +75(0)]| <

Ifr < (V2 — 1)1 = 0.47, then the following also hold:

N

2

2
~ /r‘ A r
TS?“F?; and ||y — (z + 79(0))|| < .

Proof. Since straight lines are geodesics in RP, we have r < 7. Meanwhile by the triangle

inequality,

> r r
/r‘ —_— —
- 2T

T t1
r= ) =201 = 150 - | [ [ anan
o Jo
When r < 7/2, this is equivalent to 7 ¢ (7 —7v/1 — 277 1r, 7+ 71 — 277 1r). Since 7 = 0

when r = 0, by continuity we must have 7 < 7 — 7¢/1 — 277 1.
To get the error bound of first-order approximation, we calculate by basic calculus

the following:

10 =20)= [aan = [ (30+ [(vwan)an=ro+ [ [ vwana,

and thus
v t1 T t11 52
// F(tz) dtadty S// “dtydty = —
0 /o o Jo T 27

where the last inequality holds because for any ¢, ||5(¢)|| < 77! (the norm of the second

7 (7) = (7(0) + 73(0)) | =

fundamental form is bounded above by 77!, See Proposition 6.1 of [72]).



To get simpler bounds, now suppose that r < (v/2 —1)7. We note that 2 € [0, /2 — 1]

impliel—\/l—Qa:g.:E—i—a:Q. Thus
2
F<r—rVI—2rr<r+—
=

() = (4(0) + FHO)] < 1= < ) <

The following Lemma concerns the nearest-distance projection map.

Lemma 2.1.5. Let M C R” be a compact set and let T be its reach. Let my be the
projection map to M, such that for any v € RP, my(x) is the set of points on M that

mainimises the distance to M. The following hold:

1. The distance function x — d(x, M) = inf{||ly — z|| |y € M} is continuous.

2. For 0 <r <7, mu|Bu,y 15 a single-valued continuous function.

Proof. (1) From the definition it easily follows that d(—, M) is a Lipschitz function; we
have that: | d(z, M) — d(2’, M)| < ||l — 2]

(2) Let’s write m = maz|p(ar,) for the moment. Let x € B(M, ). Suppose that z,, —
but 7(x,) doesn’t converge to m(x). Then there exists s > 0 such that w(x,) ¢ B(w(z), s).

Since d(y, M) = ||y — w(y)|| for each y € B(M,r), the continuity of d(—, M) implies
that there is a convergence ||z, —m(x,)|| = ||[x—m(x)]||. Since we also have z,, — z, we have
o)l = 2= ()] Thus inf{lz—yll|y € M\B(x(z), $)} = o —()]| = d(z, M).

This is a contradiction. Since M\B(w(z), s) is a compact set, the distance function
y — ||y — x| attains a minimum on some z € M\B(w(x), s). This violates the definition
of reach, which requires a unique nearest point of x on M, which can’t be simultaneously

m(x) and z. O
This allows us to prove that a manifold is locally connected by short segments.

Lemma 2.1.6. Let M C R” be a compact path-connected set and let T be its reach. If
x,y € M satisfies |x — y|| < 7, then there exists a continuous path on M that connects

(x,y) such that every point on the path has distance at most ||z — y|| from both x and y.
Since (z + 22)/(1 — /1 —2x) € [1,1.07] when x € [0,+/2 — 1], this relaxation overestimates by at

most 7 percent.



Proof. Define a path 7 : [0,1] — M by 7(¢) = (1 — t)x + ty, the line segment connecting
(x,y). Since ||z — y|| < 7, every point on ¥ is within distance 7 from z, and thus 75, 075 :
[0,1] — M is a (single-valued) continuous function. Let’s write v = my; 0 7.

Let to € [0,1] and write z = ¥(ty) and zZ = J(tp). Then we have:
Iz =zl < llz =2l + 1127 —2ll < ly = 2 + [[2 = 2l| = ly — ]|

where the first inequality is the triangle inequality, the second inequality is due to the
definition of 7, and the last equality is due to (z, Z, y) lying on one line. Therefore ||z—zx| <

|y — x|, and by symmetry of the argument in (z,y), we also get ||z —y| < |ly —z|. O

(%) We derive bounds on Jacobian of the tangential projection map and also volume
of manifold cut out by a ball. For the notion of principal angle appearing below, see
Definition The expression H4(A) is the d-dimensional Hausdorff measure of a set
A; see Definition [5.3.1] The following results appear in Proposition [5.3.4] and [3.1.7]

Proposition 2.1.7. Let M C R” be a d-dimensional submanifold. Let m, : RP — T, M
be the projection map to T, M, and let T, = my|pr : M — T, M and 7, = 7rx|Mm3(m7T).

The following hold:
1. Whenr < 1/2, Ty, has nonsingular derivatives and is a diffeomorphism.

2. For anyy € M, we have J, 7, = det(A] A,), where A, € RP*¢ is any orthonormal
frame of T, M.

3. For anyy € M, the following bound holds:

dM($7y)

coslly, > 1—
-

where O,y = Lax (T M, T, M) is the largest principal angle.
4. For any y € M, the following bound holds:
JyTTy € [(cos Gzﬁy)d, 1}
If r < (V2 = 1)1, then we furthermore get:
JyTe € {(1 —V2r/7)4, 1}

10



5. Suppose that r < (v/2 —1)7. We have

HUM N B(z,r)) c

oy (1= p /72 (1= p—p*)?

where p =1/T.

Proof. (1) The nonsingularity is Lemma 5.4 from [73]. By applying the inverse function
theorem locally at each point where the derivative is non-singular, we see that 7, , is a
diffeomorphism.

(2) This is because d 7, (v) = A] v for each (embedded) tangent vector v € T, M.

(3) This is Proposition 6.2 from [73].

(4) The first bound folllows from (2) and the definition of principal angles. The
second bound follows from (3) and Lemma (Proposition 6.3, [72]), which implies
du(z,9)/7 < (r)7) + (r/7)? < V2r /7.

(5) The lower bound is Lemma 5.3 from [73]. To see the upper bound, we note by
the Area Formula of geometric measure theory that the volume H4(M N B(x,r)) is the
integral of Jacobian of inverse-projection in 7(M N B(x,r)), i.e.

HYM N B(z,r)) = / (Jo7p) tdz
m(MOB(x,r))
where 2/ € M N B(x,r) is the unique point such that m,(z’) = z. Now note that 7(M N
B(x,r)) is contained in a ball of radius r in T,,M, so that its measure is at most wgr?.
Furthermore, the inverse of Jacobian in the integrand is at most (1 — dy(z,y)/7)~¢ by
(3) and (4). By the bound on geodesic length (Lemma [2.1.4] Proposition 6.3, [72])), we
have dys(z,y)/7 < p+ p* and thus obtain the claim. O

Corollary 2.1.8. Let M C RP” be a d-dimensional submanifold. There exist constants

¢y > 0,c0 > 0 depending only on d such that the following hold.
HYM N B(z, 7)) . [ cor CQT:|

R
T T

Proof. Let’s first assume that r < (v/2 — 1)7. Then we can relax the upper bound of (5)
of the previous Proposition into (1 — v/2p)~%. Now we further relax our lower and upper

bounds, which are given by:

Aty = 1=/, fo(t) = (1 - V2t)™

11



Their second derivatives are given by:

" 2 d/2 (d_l)t_4 "
Tty =d-(1—¢/4)Y o

(t)=2d-(d+1)-(1—2t)"%?2
Then we see that f{(t) <0 for t € [0,4/(d —1)] and f(t) > 0 for t € [0,1/1/2].
Therefore, if we let ¢; = min(v/2 — 1,4/(d — 1)), then we see that 1 — ¢yt < f,(t) and

1+ ot > fo(t), where co > 0 is given by:
o = max (1 — (3/4)¥2, (V2 - 1)d)

which are values obtained from slopes of f1(t), f(t) by pluggingin ¢t = 1 and t = /2 — 1
respectively. O]

Corollary 2.1.9. Let M C RP be a d-dimensional submanifold, and let r > 0. Suppose
r € RP is a point satisfying d(x, M) = s -r. There exists constants cs,cy > 0 depending
only on d such that the following holds.

HYM N B(z,r))

wgrd

r<cT,s<1 = €ll—cys+r/T),1+cs(s+r/T)

Proof. We start by assuming that s < 1 and r < 7, so that there is a unique point of
projection y € M minimising distance from z, so that ||z — y|| = sr. By the triangle

inequality, we have the inclusions:
B(y,r — sr) C B(z,r) C B(y,r + sr)
which implies:
HYUM N B(y,r —sr)) < HY(M N B(z,r)) < HYM N B(y,r + sr))

Applying the previous Corollary, we get the lower bound:

HUM N B(y,r — sr)) > (1 — co(r — s1)/7) - wa(r — s7)% > war® - (1 — cor/7)(1 — 5)¢
and the upper bound:

HYUM N B(y,r +s1)) < (14 co(r + s7)/7) - wa(r + s7) < war® - (14 297 /7) (1 + 5)°

where we are assuming that r < (¢;/2)7, so that r — sr < r + sr < ¢;7 and the previous

Corollary applies. Assuming d > 1 and t € [0, 1], the functions ¢ — (1—#)% and t + (1+¢)¢

12



both have non-negative second derivative, so that we have (1 —¢)? > 1 —d -t and
(1+ )% <1+ 2% t. Letting ¢, = max(2%,2¢,), we get:
HIM N B(x,r))

wyrd

€ | (1 —cis)(L—cyr/7),(L+ ¢4s)(1 + c4r/7)
Expanding the brackets, we get:
(1+8)1+cyr/T) =1+ s+ )+ s/ <1+dis+ ¢ -2r/r <1+20,(s+71/7)

and similarly (1 —djs)(1—dcyr/T) > 1—2c,(s+r/7). We thus obtain the claim by setting

c3 = 1/2 and ¢4 = 2¢}. O

Lemma 2.1.10. Let fy : R — R* be a function such that fo(x) = fo(Ax) for any X > 0,
and that fy is differentiable when restricted to the unit sphere S¥'. Define the scaling
map f(z) = fo(x)x for x # 0. Then the Jacobian determinant of f is given by:

Jf(x) = folz)

Proof. We have that %(fo(:v)a:i) =0, + %xi where 0;; is the Kronecker delta. Then

Jf =det(fola+ (Vg)x") = fo+ (Vfo) 'z = fo

by the matrix determinant lemma and the fact that the directional derivative of fo(x)

along z is zero. |

(%) We introduce the notion of exponential map of a Riemannian manifold and derive
a result on the norm of its derivative. This result can be used to obtain an alternative proof
of Proposition [5.3.4] by replacing projection map to tangent space by the exponential

map.

Definition 2.1.11. Let M be a Riemannian manifold and let z € M. Given a tangent
vector v € T, M, let v, be the unique geodesic such that ~,(0) = = and 4,(0) = v. Then
for each v such that =, is defined on the interval [0, 1], the value of exponential map at v

is defined as:

exp,(v) = 7(1)

Sectional curvature may be used to bound the Jacobian of the exponential map, as

follows[61]:

13



Theorem 2.1.12. Let M be a Riemannian manifold with sectional curvature bounded

below and above by k_ and k4. Then for x € M and v € T, M, the following holds:

g S < e, < s ¢ el
Jrall N I

for all v if sy <0, and for ||v|| < w/\/Fy otherwise. The quantity *2% is taken to be
1 when x = 0.

This implies a weaker bound given in terms of the reach:

Corollary 2.1.13. Let M C R be a smoothly embedded compact Riemannian manifold

with reach 7. Then for v € M and v € T, M satisfying v := ||v|| < 77, we have:

sinh /27 1r sinT1r
< [[(dexpy)oll € ——

V2r-tr Tl
In particular, if r < 27, then
2 2
-5 < ll(dexpy)ull <1+ 5

Proof. Norm of the second fundamental form is bounded above by 77! [72], and thus

by the Gauss equation applied to sectional curvature (i.e. K(u,v) = (R(u,v)u,v) =

(T(u, u), (v, v)) —||T(u, v)||? for orthonormal u,v), we may take k- = =272 and k, = 72

for the curvature bounds. Thus the radius condition reads r < w7. Then we have:

: | 2 2
sin /kyr  sint 'r r r
= 1 21——2+O(T4)21——2

Kyr T 1r 67 67

sin \/k_r inh /277! 2 2
_ o var T:1+T—+O(r4)§1+%f0rr§27
T

JE_T V2r-1r 372

where in the end we used sinhx < x + % for x € [0, 2\/5] O

(%) We prove a result that allows us to work with one manifold at a time when

dealing with a union of two manifolds. This Proposition is used in the main theorem of

Chapter [0]

Proposition 2.1.14. Let M = M, UM, C RP be a union of two d-dimensional subman-

ifolds, such that My N My is nonempty. Suppose that for every x € My N Msy, we have

2This can be manually checked by computing the first and the second derivative of z + 23/4 — sinh z.
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dim (T, My NT, M) = dy for a fized dy, and that principal angles of (T, My, T, Ms) are all

> ¢. Then we have:

h(My, My) = inf — M)

1
€My d(l’, M N Mg) < (07 ]

In particular, for any r > 0 and x € My, we have:
i ¢ B(MlﬂMz,hil '7”) - B(I,T) QMQ :(Z)
where h = h(My, M,).

Proof. Firstly h < 1 holds trivially since d(x, My) < d(z, My N M,). Let » > 0 be a

number satisfying:

(2.1.1)

r . V2 -1 1 —cos ¢
— < min ,
T 2 12

where 7 = min(7y, 75) and 7; is the reach of M;. The angle condition involving cos ¢ will
be used in the final steps of the proof. Since M; partitions into the disjoint union of

M; N B and M;\B where B = B(M; N M, r), we may write:

h = min inf d(z, My) in d(z, My)
N zeMiNB d(l’, M, ﬂMQ)’ xeM\B d(l’, M, mMg)

The second term is easily seen to be positive:

in d(ﬂ?, Mg) > infacEMl\B d(l’, MQ)
zeM\B d(z, My N My) — sup,epp d(@, My N Ms)

>0

where the numerator is positive since M;\ B is a compact set and = +— d(z, M) is positive

and continuous, and the denominator is finite since M7, My are bounded.

Reduction to linear algebra. We now examine the fraction d(z, M)/ d(z, M1NM,)
when = € M; N B. Denote rq = d(z, M; N Ms). By compactness of M; N My, we see that
there is a point x¢ € M; N M, such that ro = d(x, z¢). Also denote m; = T,,M; and:

I = H(l’,’ﬂ'l), To = H((L’l,Mg)

Then we apply Lemma (Proposition 6.3, [72]) due Equation with ||z — || =
ro < (V2 — 1)1 and [l |2y — 20| < 2rg < (V2 - 1),

d(z,m) <r3/7, d(ze,m) < (210)%/7

3In detail: ||z — 22| = infyen, [|[21 — yl| < |lz1 — 20| < |Jo — xo|| = 70 and thus [z — z0] <

w2 — x1]| + |21 — 20| < 270.
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Therefore:

d(z, M) > d(z1, M) — d(z, 1)
=d(z1,20) — d(z,m)
> d(x1, 1) — (29, m) — d(z, m)
>d(zy,m) — 57 g (2.1.2)

Linear algebra. Now we are interested in controlling d(z1, m2), and this is an exercise
of linear algebra since x; € m;. Write x1 = II(z1,m2) and (2,21) = (21 — o, 71 — Zo),
so that d(zy,m) = d(z1,21) = d(z,21). Let @, = m — 1o be a vector space (satisfying
0 € w}), and let A; € RP*? be a matrix whose columns are an orthonormal basis of /.
Then z € 7} and 2z, = II(z,7}) = Ay AJ z and

d(w, m2) = d(z, 20)" = [|2]* — [|2L]” (2.1.3)
by Pythagoras’ theorem. Now for some u € R? we may write 2 = A,u, so that ||z,| =
|A2AJ z|| = ||A2Ay Ajul|. Using the fact that the map w — A;w is distance-preserving
and the assumption that principal angles between tangent spaces (7, m,) are > ¢, we
get:

2]l = [ A2A5 Avul = [[ Ay Avul| < [|A3 Al - [lull = [ A3 Ad]l - [|2]] < (cos ¢) - ||z]

(2.1.4)

and we also note that:

|z|| = d(z1, z0) > d(x, 20) — d(w, 21) = d(z, 0) — d(z,71) > 10 —78/7 (2.1.5)

Combining the bound. We plug Equations (2.1.3)), (2.1.4), (2.1.5) into Equation
@1.9):

d(z, My) > d(xy,m5) — 572 /7
>\/1—cos?¢-||z|| — 55 /7
>(1 — cos ¢)(ro — rg/7T) — 51 /T

>rg — ((cos P)ro + 67“3/7)

>1—cosq§

-rg >0
= B To
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where in the last equality, we used the assumption rq/7 < (1 — cos¢)/12 in Equation
(2.1.1). Therefore, recalling that rq = d(z, M;NM,), the following holds for all x € M\ B:

d(z, M) S 1 —cos¢ -

0
d(l’,MlﬂMg) - 2

and the claim is proven. O

2.2 Calculus

(%) We also note some simple calculations we will use later in estimating various quanti-
ties and simplifying expressions. Except the last Proposition in this section, the following

results can be safely regarded as auxiliary calculation tools.

Lemma 2.2.1. For everyt > 0 and s > 1, the following hold:

—1 t L 1
1—e U/t < 2’

! +se L 1
— S —
log(1 —s71) 2’

Furthermore, both functions are increasing.

Proof. The function s(t) = 1/(1 — e~/?) is an increasing bijection from (0, 00) to (1, o)
and we have t = —1/log(1 — s(t)~!). Thus it suffices to prove the properties regarding

the function:

1 e 1 ue* —e* +1

1
tf=————"—"-"t=——— = h = =
/() 1—e 1/t et —1 wu u(e* — 1) , Where =g

Then the claim that this quantity falls in the interval [1/2,1] is equivalent to:
ue' —u < 2ue” —2e“ 4+ 2, and ue” —e" +1 < wue" —u

or equivalently,

0<(u—2)e"+(u+2),and 1 +u <e"

The second inequality is a standard fact, and plugging it into the first inequality shows

it easily. To show that f(t) is increasing, we evaluate the derivative:

d 1 el/t .
—_ )=
dt (1 —e 1/t ) (el/t —1)2¢2

17



The derivative is positive iff:

1 (eMt—1)?
Il SV
2 — el/t
which follows from the following:
> 2)? 1
Z (u/2) e"? — 7?2 where u = -
2/{3 + 1 t

k=0

]

Lemma 2.2.2. Suppose 0 < ¢ <1,d>1 andt < c/d. Then we have the following linear
bound:

(1—-t)4<1+

(1—¢)?

Proof. Let fy(t). The first and second derivatives are:

falt) = d(1 =)™ f7(0) = d(d +1)(1 = 1)

and thus f}(t) is an increasing function at ¢ € [0, 1]. This implies that, for each 0 < t <

to < 1, we have:
fa(t) < 1+ fy(to)t
Take tp = ¢/d. Then:

d 1 < d
l—c/d (1—=c/d)® ~ (1—c)?
where we used the fact that s — (1 —1/s)® is an increasing function for s > 0 to see that

(1—c/d)?>(1—c). O

fale/d) =

Lemma 2.2.3. Suppose d > 1,t € [0,1]. Then

d
(ﬁ) >1—2d-t
1+t

Proof. The first and second derivative of the function f4(t) = ((1 —t)/(1 +¢))¢ are:

i) = (1—1) 0= (1 i>d

For t € [0, 1], the second derivative is > 0. Therefore we have f;(t) > 1 + f7(0)t. Since

f4(0) = —2d, we get the claim. 0
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Lemma 2.2.4. Suppose a,b, x are real where b > 1 and x > e. Then we have that

T

>a(l +logh) = = > alogbr —

> a

log x log

Proof. Writing y =logxz > 1 and ¢ = logb > 0, the assertion follows trivially:
z/y>all+c¢) = z>aly+c) = z/y>a

O

(%) The following result describes the covariance matrix of a uniform distribution over
a disk. It is crucial to understanding what Local PCA does at the limit of small local

neighborhood of a manifold. As such, its usage is propagated into the main theorems of

Bl and [6

Lemma 2.2.5. [Lemma 13, [18]] Given a d-dimensional subspace IT of RP | the covariance

matriz of the uniform distribution over the disk 11 N By(0) is given by:

1
d+2

where Py is the D x D projection matrix to 11. Eigenvalues of this matriz are:

S 1nsi )] = Pr

1

— (1,...1,0,...0

d—f—Q(W—/ W—’)
d D—d

Proof. Denote by I1,; p the d-dimensional subspace of R” spanned by the first d canonical

basis vectors. The only nontrivial covariance between the marginals of H%|js, (0) 1s:

1 2 1 2 | P Yo 1
— ridx = / ||| dx:—/r~drdr:/r+dr:—
W Jyja|<1 Wi+ d Jyje)<1 d Jo 0 d+2

where 1/wgy is multiplied so that the distribution is uniform over the unit disk. This yields

the calculation for the vector of eigenvalues. Thus,

1 Id 0

SH s, o) = -
d—+2 0 OD—d

Given any d-dimensional subspace II C RP. consider an orthonormal basis A =
[v1,...vp] such that the first d vectors [vy,...v4] span II. If X ~ Unif(II N B;(0)), then
A™'X ~ Unif(I14p N B1(0)). Thus the covariance matrix of X is

1 Iy 0 1 1
—A AT = gl =——P
d12 0 0p, dr 2[1)17 Ud] [Ul, "Ud] II
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Chapter 3

Statistical distance

We study two notions of statistical distances in this chapter, the Wasserstein distance
and the kernel MMD. A statistical distance assigns a real number to a pair of probabil-
ity measures, used for quantifying how different two measures are. To aid the reader’s
understanding, we will mark descriptions of the preliminary results in the context of the

whole thesis with the symbol () .

3.1 Wasserstein distance

Let (M,dys) be a Polish metric space equipped with probability measures p and v. For
each p > 1, the p-Wasserstein distance between p and v is defined as:

Wl ::< ind /MdeM(%y)”dv(x,y))l/p

VE (V)
where II(ju, v) is the set of measures on M x M with marginals equal to p and v. Note
that whenever 1 < p < ¢, we have W, (p, v) < W, (i, v) by the power mean inequality.
(%) The following Lemmas will be the main tools used for Proposition [5.3.4] which
is a key ingredient in proving the main theorems of Chapter 5

Lemma 3.1.1. Let M be a Polish metric space with metric dy;. Suppose A, B C M are
Borel measurable, with inclusion maps 1* : A — M, B : B < M. Suppose that there is a
continuous bijection f : A — B with a L > 0 with dy(x, f(x)) < L for any x. Let p be

a Borel probability measure on A. Then for any p > 1, the Wasserstein distance between
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pushforwards of p and f.p along inclusions are bounded by L:

W (e, o2 fup) < L

Proof. If X ~ 12y, then f(X) ~ 1B f.u. Therefore, by using the coupling (X, f(X)), we

obtain the claim:

W (e, o2 fupr) < (Ex dar (X, f(X)))P < L

Lemma 3.1.2. Let M be a Polish metric space with metric dy; and a finite diameter L :=
sup, yenr das(2,y). For a Borel probability measure pw on M and a Dirac delta measure 6,
centered at x € M, we have:

WP(M? 61) S L

Proof. Define the transportation plan v on M x M by

wlU) ifzeV
v(UxV)=
0 otherwise
whose marginals are p and J,. The transportation cost is bounded by L. O]

Lemma 3.1.3. Let M be a Polish metric space with metric dy; and a finite diameter
L :=sup, e duy(z,y). Fiz a Borel probability measure p on M. Let f be a non-negative
continuous function on M with sup,cy, f(x) — infoepn f(2) < C and [, f(x)du(z) = 1.
Let iy be the Borel probability measure on M given by taking f as the probability density
function. Then for any p > 1,

Wy(pg, 1) < CL

Proof. For any real number a, we have a = max(0,a) — max(0, —a). Applying this to

a= f(z)— 1, we may write:

uf=u+u?—u‘

where u} (U /maXO flz)—1)dp(x)



As such, for any point x € M,

Wy (g, 1) = Wy 4 py — piy 1) < Wyl 15)

The inequality holds since generally W, (p+v1, p+1vo) < W, (v, v2). Since (M) = pp(M),
we have A := uj (M) = p; (M). Then

Wouf 7)) S Wyuf, A-62) + Wy(A-0a, p7) < 2AL
The second inequality is by the previous lemma. By definition of u]f, Ky

A=py(M) < sup f(x) -1

A=p; (M) <1- inf f(z)

zeM

Thus 2A < C, and 2AL < CL. O

(%) In the following two Lemmas, we study behaviour of the Wasserstein distance
under projection maps. In our context, projection maps arise in the singularity detection
algorithm (Chapter @, . The algorithm works by locally projection data points to a
lower-dimensional subspace and then measuring how uniformly the data points spread
over a disk. Therefore, stability of the Wasserstein distances under projection map is a
necessary ingredient to show that the singularity score is also stable under small pertur-

bation of data points (Proposition [6.4.1)).

Lemma 3.1.4. Let uy,po € P(RP) and © € Gr(k, D). Denoting i, = Tl(u;, ), the
following holds:

W, pa) < W(pa, pa)

Proof. For every transportation plan from p; to us, we can construct a less costly trans-
portation plan from II(uq, ) to II(ug, ) by simply pushforwarding across projection.
Denote by pui = I(py,7) and similarly p3. Denote by p, the orthogonal projection
map to 7. By definition we have ui(U) = u(p;tU) for every open U C 7 and similarly
for iy
Given fi19, a coupling of 1 and jiz, we may define uf; as the pushforward along py X py,

as follows:

15U x V) = pa(p;'U x p;'V)
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for each open U,V C . pi, is a coupling of ui, j3 because:

pa(U X ) = pua(p;'U x p'm) = pa(p;'U x RP) = 1y (p;'U) = iy (U)

and similarly for ps. Now,

/Hx—yllduﬁ(aﬁ,y)Z / 1ps(2) — pr ()| d pra(a, y) < / e — yll d iz, y)
TXT RD xRD

RD xRD

where the first equality is due to the general fact that, for f : X — Y,

/Y o(y)d funly) = /X o(f(2)) d ()

where in our case, ¢($, y) = ||x_yH7 f<x7y) = (pﬂ(x)apTr(y))? H = f12, and f*,LL = :u1l2 u

Lemma 3.1.5. Let p € P(RP) and w1, 7 € Gr(k, D). Assume that the support of p is
bounded in the ball of radius 1, centered at the origin. Denoting p; = 1(u, m;), we have:

W(/Jh /Lg) S \/Sin2 01 + -+ Sin2 Qd
where (01, ...04) are the principal angles between (71, m3).

Proof. Denote the orthogonal projection map to m; by p;. We define a coupling p;o of
(:ulv :U“Q):

p2(U x V) = u(py'UNpy'V)
It is a coupling since (U x RP) = u(p;'U NRP) = u(p;'U) = 11 (U) and similarly for

2.

For each z, consider the following sets:

Sy =pa(pr' (@) N By), S={(z,y)|zem,ye S} Cmxm

S;:(T‘—QHBl)\SIa S'Z{(x,y)|x€7r1,y65;}§7r1 X T

where By = B(0,1) C RP? is the unit ball centered at origin. Also let 0 = £ (m, 7). We
claim that p2|s = 0 and S, C B(z,sinf). The proposition follows from these assump-

tions:

/ e — yll d sz, y) = / e — yll d (e, ) < / sin0d jurg(z, y) = sind
T, X T2 S S
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It remains to prove the postponed claims. First we show pis]sr = 0. Suppose U x V' C
S’. By definition of S’, for each (z,y) € U x V, we have y & po(p;*(z) N By), ie.
py(z) Ny H(y) N By = 0. Therefore we have p; '(U) Np,* (V)N By = 0. Since the support
of u is in By, we have that p1o(U x V) = u(p;*(U) N py* (V) = (@) = 0. Therefore
pzls = 0.

Now we show S, C B(z,sinf). Suppose y € S, = pao(p;'(2) N By), so that there
is 2 € By such that pi(2) = z,p2(2) = y. Let dy = dim(m; N m2). Define 7 C m; to
be the orthogonal complement of m; N m, so that m; = 7# + (m1 N ) is an orthog-
onal decomposition for ¢ = 1,2. By Corollary [5.4.4, we obtain an orthonormal basis

{ug, ... ugy } U{v1, w1, ... 04_qy, Wa—q, } of span(my, ) so that:

m N e =span(uy, . . . Ug,)

71 =span(vy, ... Vg_q,)
Ty =span(vy, ... v_q,)

where v =(cos 6;)v; + (sin 6;)w;

with (01, ...604_4,) being the nonzero principal angles of (7, m2). We now attempt to un-
derstand (x,y) through their 2-dimensional projections. For each i, define p; = span(v;, w;)
and z; = I1(z, p;). Then for any u € p;, we have that II(z,u) = II(z;, u) [[] This gives an

orthogonal decomposition:

d—do
r =Il(z, (m; Nm) +71) = (2, m N o) + Z (2, v;)
i=1
d—do
y =I(z, (m Nmo) +77) = (2,71 Nwy) + Z (2, v})
i=1
Therefore,
d—do d—do d—do

le = yl* = > IM(z00) = Wz o) |P = ) (sin® 6y) - [|i]* < ) sin® 6,
i=1 i=1

i=1
where the second equality follows from elementary Euclidean geometry on each 2-dimensional
plane p;. The claim thus follows (by padding the zero principal angles back in, for which
sin0 = 0.) O

IMore generally, for any pair of subspaces ©' C 7, we have that II(II(z,7),n’) = II(z, '), as it can be

checked by directly writing down the projection matrices.
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(¥) We define the following notions of localised measures. These are heavily featured

in Chapter [6]

Definition 3.1.6. Let u be a Borel probability measure on RP. For z € supp(p) and

r > 0, define the following:
Py = Gor(1t|Bzr))

where g, ,.(v) is the pushforward of the measure v along the affine linear map y +—

r~1(y — x). Furthermore, define the following limit, if it exists:

Mz0 = lim Mz,
r—0

where convergence is measured using the Wasserstein distance. In other words, p, o is the

unique measure satisfying lim, o W (g, ftz0) = 0.

(%) We bound the change of localised measure under moving around the base point.

This is one of the key ingredients of the main theorem in [6]

Proposition 3.1.7. Let M = M, U My, C R” be the union of two d-dimension subman-
ifolds. Let T = min(7y, ), where 7; is the reach of the manifold M;. Let x € My N My
and y € RP. Let r > 0 be a number and let s = ||y — z||/r. Then there exist constants

cs, c¢ > 0 depending only on d such that the following holds:
p, s <5 = W(MZ’,T?M@J,T) < CG(IO+ S); where pP= T/T

Proof. We construct a 3-step transportation plan for the bound. The first two steps
redistribute masses, where in the first step the claim reduces to the case of a single
manifold. The third step moves two parts of mass through translation and relocation. We

begin by defining the following notations:

B, = B(z,1), i = HY(M; N B,)

Step 1. We redistribute mass equally for two manifolds. For ¢ = 1,2, define /ULSCZ)T to

be the normalised restriction of y,, to g, ,(M;), where g,,(2) = (2 — z)/r. Then we see

that:

a1 x ,ua(clﬂ)“ + Qg oy ,u:(z:2,7)”

Oél,z + 042,33

Hzr =
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Define the following:
1
i = 5 (2 02

so that the masses are equally distributed on the two manifolds. We have:

Wt i) < (Wmm«, W)+ Wiy, u;,») WG, )

S(W(MJJ,T’)M/LT) +W(luy77‘7ﬂ’yr ) ZW /J’m 7’7“:1/7‘

where the first inequality follows from the triangle inequality and the second inequality
is due to the fact that the support of u lies on M; U M.

If o1, > agg, then a transportation plan from p,, to M;,r can be constructed by
moving u - ug% to the origin and back to w - ,ug(f,)n, where u = |ay, — qa.|/ (200 2 + 200,).

Distance of masses moved by the transportation plan is at most 2. If oy, < as,, there

is a completely analogous transportation plan. The transportation cost is thus bounded

by:
|a1,a: - a2,x|

W T, /:L"r §2u:
(Hhars My ) P

and similarly for W (g, ., 13, ,)-

Step 2. From the previous step, we are interested in bounding W(,ugc)r, uy,)) for i =
1,2. Due to symmetry in consideration of M; and My, let us simply write N = M; and
also:

(1) (1)

Ve = Uy py Vy = :uy,r

We are interested in bounding W(v,, v,) = W(,uélga, ,uélr),) Define:

where g, ,.(z) = (2 — z)/r. Since g, ,(B,) is the unit ball of radius 1 at the origin of R?,
we see that (U,, V) partition that ball into two regions. We will use them to divide v,

into two parts. Also define:

B. =HNNBAB,), y=H(NNB,NB,), ap = a1,

)

so that 3, + v = a,. With this notation we have:

BalVy + ¢
Vp= ———=
Be +

, Where V; = |, , Vg/gl = ve|lv,
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and similarly for v,,. We’d like to compare the pairs (v, /) and (v, v//) separately, but the

x Yy zr Yy
ratios 3,/ and 3,/ are different. To match the ratios, define 1/; as the linear combination

of (v,,v,) that has the same ratio as that of (v, v}) in v,:

i Buvy + v
Y Bty
Now we construct a transportation plan from v, to I/?j; they are both linear combinations
of v, and v, with different ratios. If 3, > $,, then we transport v, into 1/; by moving
uy - v to the origin and then to uy - v}, where uy = - |(8, +7) ™" — (B +7)7'|. If B, < By,
we move s - V; to the origin and then to us - V,Z . Distance of masses moved around in this

process is at most 2. Therefore,

1 1
By+v Batry

W(I/y,V;D <2-uy=2y-

-
Therefore,

W (vg, vy) <W (v, V;) + W(V;, Vy)
—W <BJJV9/[: +7V3/[:/ 637”;1// +7V;/

) + W, vy

Boty ~ Butn
Be W(vy, vy) +v W(vy,vy) a,
< +2. 1
Bz + v oM

Step 3. At this point our task is reduced to bounding both W (v, ;) and W(v/, ).

We simply relocate all mass of v, to the origin and bring it back to v, so that we use

the trivial bound W(v/, /) < 2. To bound W (v, /), we observe that:

Yy )y

vy = g(H)lgmng(Ban,) = 9(H | ann.nz,)

where g = g, ,. Therefore,

W) = W (gx,rmduMmBmBy), gy,rmduMmBmBy))

Since for any w, g, »(w) = ga»(w) = (v—y)/r, we obtain v, from v by pushforwarding the

measure by translation through (z —y)/r. Thus W(v;,v,) < s := ||z — y||/r. Therefore,

ﬁxW(V;7V;)+7W(VZ7Vg/J/)<ﬁz'2+’}/‘5<2ﬁx
Bo 4 T bty T o

+s
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This thus shows that:

2 T 2 - Uz
W(Vx,yy) S /8 + |O‘y « ‘ +S

Ay Oy

Total bound. We now collect the terms from above and bound them using s and r.
The main tool here is Corollary [2.1.9, which gives bounds for the volume of a manifold
cut out by a ball. To apply it to balls of radii r centered at = and y, we assume that

r/T < ¢z and s < 1. Collecting the terms from above, we get the following inequality:

W(,U/:Jc,ra Ny,r) S El + E2 + E3

E o ‘051,:1: - a2,1| |a1,y - 052,y|
1=
a1 g + a9 g a1y + Qg y
Eg _ ‘al,y _ O‘l,:z:’ + |a2,y - 042,1’
Ol a9 g
Oy g a9 g

)

where 3;, = H%(M; N B,\B,). Corollary implies that for i = 1,2, we have:

)

Oéiy
Yoe 11— 1
o { calp+s), 14 ca(p+5)

ai,x

wyrd

S |:1 —04071‘1‘040},

where p = r/7 ] Here we used the fact that d(y, M;) < ||lz — y|| < s- 7. To work with 3,

we use the triangle inequality to see that B(z,r — sr) C B(y,r) = B,;, and thus:
Biw = H(M; 0 B\B,) < H(M; 0 B,\B(x,r — s1))
Thus Corollary again implies:
Bix Swdrd(l + cap) —wa(r — sr)d(l —cq(r —sr)/T)
<ear® (1= (1= 501 —cop)

<wqgr? (1 —(1—s)%+ 204p)

§wdrd(d 8+ 2¢4p)

2Defining 7 = min(7y, 72), where 7; is the reach of M;, makes these bounds work simultaneously for

a single value of 7.
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where in the last inequality we used the fact that (1 —¢)¢ > 1—d-t for t € [0,1] and
d > 1] Therefore, we see that:

cp _calpts)

2 d- 2
< ’ a(2p+s) B, <2 s+ Gap
L—cp 1—clp+s)

E ;
L—cyp L—cyp

Ey <2

Therefore, assuming that p + s < 1/(2¢4) and thus 1 — ¢4(p + s) > 1/2, we produce the

following linear bound:

W (L, fy.r)
<E,+ Ey+ Ej

<c4(2,0 +5)+2c4(2p+5) +2d- s+ 4eap s
- 1—c(p+s)
10¢4p + (3cq + 2d)s
L—ci(p+s)

<20c4p + (6c4 +4d + 1)s

Therefore we may set c5 = min(ﬁ, c3, 1) and ¢g = max(20cy, 6¢4 + 4d + 1) to obtain our

claim. =

(%) The following is a simplified version of Proposition [5.3.4] which is simply stated

here for reference. This simplified version will be cited in Chapter [6]

Proposition 3.1.8. Let u be the uniform distribution over M C RP, which is a d-
dimensional submanifold. Then for every x € M, ji, is the uniform distribution oveﬁ

T.M N B(0,1). Furthermore, we have the following bound:
T/T <c¢ = W(/vb;r,ru Mz,O) < CST/T

Using the above and repeating the mass-redistribution argument in Step 1 of the proof

in Proposition [3.1.7] verbatim, we obtain the following:

Proposition 3.1.9. Let 1 be the uniform distribution over M = M; U M, C RP, which

is a union of two d-dimensional submanifolds. Then for every x € My N My, ji.0 s the

3This is because the second derivative of (1 — ¢)? is non-negative.
4To be precise, it is the intersection T, M N B(0,1), where T.M = T, M — x is the linear subspace of

RP obtained by translating T, M by (—x). The B(0, 1) here refers to the unit ball centred at the origin

in RP.
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uniform distribution over (T,M; U T, My) N B(0,1). Furthermore, we have the following
bound:

T/T < = W(Nm,m/ﬁz,o) < 6107’/7'

3.2 Kernel distance

We briefly outline a basic theory of kernels and derive some results for our usage. For a

standard reference for kernel theory, see [81].

Definition 3.2.1. Given a set X', a kernel x is a symmetric function x : X x X — X
such that for every zy,...x, € &, the Gram matrix G = (k(z;,2;))1<ij<n 1S positive

semidefinite.

Each kernel corresponds bijectively with a Hilbert space of functions, and this canoni-
cal construction is crucial in many applications. We first define the class of Hilbert spaces

we are interested in:

Definition 3.2.2. A reproducing kernel Hilbert space (RKHS) is a set of functions H C
R* which satisfies the following:

1. H is complete under an inner product, making it a real Hilbert space.

2. (Reproducing property) For any f € H and z € X, (f, x(z, —)) = f(x).

3. The set H' = {a1k(z1,—) + - - - + agk(zg, —) | @; € R} is dense in H.

The bijective correspondence between kernels and RKHS is described as follows.

Proposition 3.2.3 (Moore-Aronszajn). Given a set X, there is a bijection:
U : {Kernels on X} — {RKHS on X}

Denoting @, = k(x,—) € H, the map U and ¥~ are given as follows:

N
U (k) =Completion of {Z aj(b%} under the inner product (®,, ®,) = k(x,y)

j=1

U~Y(H) =Unique k such that for any x € X, f € H, (D, f) = f(z)
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Note that ¥~1(H) above is well-defined by the Riesz representation theorem, applied
to the evaluation functional ev, = (f — f(z)).

The RKHS associated to each kernel furnishes a natural and unique domain for per-
forming linear algebra. This becomes a versatile conceptual framework for organising
kernel-based calculations in terms of linear algebra in a Hilbert space. For example, the
kernel principal components analysis performs the principal components analysis of data
points {z1,...x,} C X in the embedded points {®,,,... P, } C H, where &, = r(x, —).
Note that by pulling back the metric of H, we also get a metric on &X', assuming ¢ is
injective. In fact the construction z — ®, can be made more general, by promoting each
point z € X into a Dirac-delta measure ¢,, and defining an element of RKHS associated

to each measure.

Definition 3.2.4. 1. Given a probability measure pu, its kernel mean embedding is

defined as:
P, = /m(x, —)du(x) € H,

2. The kernel MMD (mean maximum discrepancy) between two probability measures

1, v is then defined as the real number
Aw(p,v) = (1B = Pl
3. A kernel x is said to be characteristic if the mapping p — ®,, is an injective function,
so that A, (i, v) > 0 implies p # v.

The following are two formulas of MMD that follow straightforwardly from its defini-

tion:

Lemma 3.2.5. Given a kernel k, the following formulas hold for its MMD (mazimum

mean discrepancy):

82(u.v) = [ [ w(w ) dp(e) dnte // () dvl) duty) ~2 [ [ o) dpta) dviy)

= Ssup EXNMf( >_]EY~Vf( )
Ifllx<1
where || - || is the RKHS norm of the kernel k. The second expression is known as the

integral probability metric expression.
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The triangle inequality holds for MMD, as does it for any integral probability metric:

sup [Ef(X) ~Ef(2)] <sup (|Ef(X) —Ef(Y)|+ [Ef(Y) - ]Ef(Z)|)
<sup[ES(X) ~ BF(Y)| +sup [EF(Y) ~ E/(2)

Two important classes of characteristic kernels on X = R” include the radial basis
function kernel, given by r(z,y) = exp(—y - ||z — y||?) for v > 0, and the dot product
kernel, given by r(x,y) = >, 5o am(z,y)™ with a,, > 0.

(%) The MMD for the Gaussian kernel can be controlled with the Wasserstein distance
with a Lipschitz continuity relation. This is used in Chapter [6] to replace bounds on

Wasserstein distance with bounds on MMD.

Lemma 3.2.6. Let r(x,y) = e 1#=9° be o Gaussian kernel. Then whenever || f]|, <1,
f is a \/2y-Lipschitz function. Therefore, for any probability measures ., v valued in RP

with finite first moment, we have:

AK(M?”) < \/2_7'W(:uay)

Proof.

|f(z) = fW)] =I(f, k2, =) — Ky, —))]
<[[flls - [[r(z, =) = £y, =)«
=[flls - Vel ) + Ky, y) — 26(z,y)
=V2[|f|lx - V1 — elle=vl?
<V290flls -z =yl

where in the last inequality we used v'1 — e=5* < s. Therefore any function with || f||. <1
is also a y/27-Lipschitz function. The conclusion follows by the integral probability metric
definition. O

(%) The rest of this section is dedicated to proving the following theorem, which is a

key formula used for the singularity detection algorithm in Chapter [7]
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Theorem 3.2.7. Let ji, = (85, + -+ 0,,) be a discrete (non-random) measure and let
ug be the uniform distribution over the unit d-dimensional disk in R%. Let k be a kernel

given by k(z,y) = > pep ar{z,y)*. Then we have:

A2 (fi, 1) ZZ K(Ti, ;) +Za2k5dk <d+2k__ZH |2k)

=1 j5=1

where

1 D¢+ 1)T(k+3)

Par =7 P(k+2+1)

and I'(t) is the Gamma function.
We start with the following proposition.

Proposition 3.2.8. Suppose k is a kernel on Re. Let Uy = w;Hp, be the uniform

distirbution over the unit d-dimensional ball where wq = ©¥%/T (1 + %l) is the volume of

the unit d-dimensional ball. Let fi,, = %(5)(1 +---+0x, ) be the iid sample drawn uniformly
from Uy. Then we have the following.

1 - 1 2
Ay(p,v) :EFn,d +3 Z K(Ti, ) — nion Z Fea(w;)
d i, i=1

where

Fn,d(w)Z/ r(z,y)dy, Fﬁ,dz/ F.q4(x)dz
lyll<1 lz)<1

Proof. We separately evaluate the terms:

1
// r(z,y) dUa(x) dUa(y) = // K(z,y)dedy = — Fea(z)da
el <Lllyll<1 Wa Jlz)<1
// (2,y)d fin(z) d fin( 22 K(xi, x;)

// Qi'y d,un dUd ndeFnd xz
O

The volume of S9! is equal to dwy. The volume of a d-dimensional ball is equal to

T2 /(4 +1).
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Lemma 3.2.9. Let k(x,y) be a kernel on RY invariant under rotation, i.e. for any orthog-
onal transform A € O(d), we have that k(Ax, Ay) = k(x,y). Then whenever ||z1|| = ||x2||,
we have F, 4(x1) = F; a(x2). Furthermore, the following identity holds:
1
Fk,d = dwd/ F,,@’d(r)rd*l dr
0

Proof. Rotational invariance of the unit ball directly implies that ||z1]] = ||z gives

F.a(z1) = F, a(x2). We also evaluate:

1 1
Fra :/ Foalx)dz = HEL(ST / F,.g,d(r)rd_1 dr = dwd/ F,@d(r)rd_l dr
[|lz][<1 0 0

O
We also note the simple expression for the expected value.
Proposition 3.2.10. We have:
. 1
B, AL ftns ) = — - (/ k(z, z) dp(z // k2, y) d () d p(y ))
Proof.
2 C
Epn, AL (fun, 1) kdrxdy —2 /idxdy—l- + =z EZK (X X))
i#£]
1
=— — —E///idmdy
n o n
O

Proposition 3.2.11. For k > 0, let x(z,y) = (z,y)* be a monomial kernel. Then we

have that:
E+1 d+1 m(d=1/27 (L -
Fa(r) :Wd—lB( 5 ' 9 ) = F(% jf 12) ) -k ,if kois even
_ d E+1 d+1 2d =1 1 k+1 d+1
F. = B , — ) B : ik
S RN ( 2 2 ) d—D00 d+k 2 ' 2 ik is even

and both expressions are zero if k is odd.

Proof. We directly evaluate:

Fra(r) =/ K(r-en,y)fdy
lyll<1

+1
N / / (rs)"dzds
1 Jjel v semit

+1
:wd_lrk/ sF(1 — s?)d-D/2g 5

1
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By symmetry, odd k implies that F}, 4(r) = 0. For even k, we may write:
+1 1
/ Sk(l _ SQ)(d—l)/Q ds :2/ (SQ)k/2(1 . 52)(d—1)/2 ds
-1 0
1
:2/ tk/Q(l . t)(d—l)/2(2\/g>—1
0

1
:/ $=D/2(1 _ 4)d=D/2 qy
0

k+1 d+1
Y (R
(%)

where B(u,v) fo t* (1 —t)*"'dt = T'(u)'(v)/T(u + v) is the Beta function. Thus for

even k we get that:

k+1 d+1 n@=D/2 T(ELD(EL)  pld-DRp(k)
2 7 2 ) F1+4h) ke +1) I(EHd 4+ 1)

Foalr) /P = a8 (5

For Fﬁ,d and even k,
B 1
Foa :dwd/ Eoq(r)ritdr
0

E+1 d+1\ [*
—dwdwdlB(L L)/ rhrd=lqy
0

2 7 2
d B k+1 d+1
- — w w _ . —_— [
d+k et 2 ' 2
We note that:
d—(1/2) d—(1/2) od d—1

WaWg—1 = =

D(E2)r(4L) — 2@ /ard+ 1)

2
where we used the Lagrange duplication formula I'(z)['(z + 1) = 2'7%/7['(2z2) for z =
(d+1)/2. This gives:

P _ 20pdmt k+1 d+1
ST A=) d+k 2 2

]

Proposition 3.2.12. Let k(z,y) = >0y ax{z, y)* be a power series kernel with ay > 0.
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Then we have that:

> 1 d+1
Fa(r) =wg1 ZB (k? + 2 T) agr?*
k=0

< T(k+3)
—(d=1)/2 _ - \vTas 2k
™ Zf(k’—{—d—l—l) A2T

1 d+1 a
Fd—dwdwd 12B(k+2 9 )d—:];k

odpd—1 2 1 d+1\  as
=7 __NTB(#k
(d—1)!§ <+2 > )d+2k

Proof. This is proven by interchanging sum and integral, using the previous proposition

for monomial kernel, and noting that only the even indexed terms survive. The exchange

of sum and integral is justified because of absolute convergence, following from a, > 0. [

We now return to finishing the proof of the main result of this section.

Proof of Theorem . The claim can be restated as Ay (fin, Ug)

1
A :ﬁ Z (LUZ', Ij)

+1 i (Izk d
(k%l» + )d+2/€

)n F agk

d
5 2k
Ve Mirwe v Z” |

We firstly know that:

nQ
17]
Wil = d 1 d+1
B= B(k+=
a §d+2k < 22 )a%
c== B(k+o 2= ;
Sy (k557 ) o Dl
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We compute:

: i d F(/H%)r(%)a
Ty &~d+2k T(k+4+1) >

Wi~ d 1 d+1
b= Zd+ kB(k+§’ 2 >a2’“
)
)

2
d > d (k—i—l)a%
= Y0 (=41
i <2+ )Zd+2kr(k+ 4 7)

and

2Wd_1 1 + 2%
=2 B (k42 Z
" ( +3 3 )aszHx I

2 i (d - F( 3) a2t 2k
=— M'f=-+1 x;
n" <2+ T(k+2+1) ZH |

We now estimate the error rate of the expression in Theorem upon taking only

finite sum.

Error rate. The MMD expression above involves the following infinite series:

I'(¢+1) i": U(k+3)aw d

B:
VT e F(k+£l+1)d+2k:
2 F(d‘i' ) - agk

c==. 2 2k
noJm k:+ +1 ZH d

k=1

Up to constant, the series are:

L(k+ Yax, d i Lk + 3)ask z”: N
— > |la?

Pk+8+1)d+2k" “=T(k+4§+1)4

k=0 =1
Observe that the summands d/(d + 2k) and )", ||z;]|?* are non-increasing in k. Also, we
substitute in ag, = 2. We are interested in the relative error of estimation, so that we

are then further simply interested in:

D(k+ )y

—~T(k+§+1)
At d =1, this is
Tk + 3%y
> <> =—log(l -9
3
= Tk+3) ok



Thus a crude error bound is given by considering the convergence rate of the function
log(1 —~?).
By direct evaluation, the evaluation up to & = 10 of the Taylor series and v < 0.9

gives relative error < 0.03 and v < 0.5 gives relative error < 1075,
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Chapter 4

Concentration inequality

Concentration inequalities allow us to control a probabilistic quantity. It generally takes
the following form: For each n, let f,,(X3,...X,) be a function of random variables. Then
for every € > 0, the following holds:

7

where lim,,_,, g(n,€) = 0. This allows a precise quantification of error. Specifically for

fu(Xy,... X)) —Ef,

26} < g(n,e)

us, we are interested in estimating the covariance matrix and the Wasserstein distance.
Most of the probability theory appearing in this thesis is contained in this chapter. The

nontrivial task for us is to mold the standard results in controlling global estimation into

simultaneous local estimation. These are Propositions 4.1.6|and [4.2.7] the main results of

this chapter.

4.1 Covariance matrix

(%) The main result of this section is Proposition where we establish bounds for
local covariance estimation. It is used to prove the main technical theorem of Chapter [5
which is Theorem [5.5.3]

Our main tool is the matriz Hoeffding inequality [92, Theorem 1.3]E]. Here onwards,

we will use || A[| to denote the operator norm of a given matrix A: [|Al| := supy,; [|Az].

LOur version of the matrix Hoeffding inequality follows from the one in [92] by noting that for
any matrix A, the operator norm ||A|| equals max(Amax(A), Amax(—A4)) where Apax denotes the largest

eigenvalue. And moreover, ||A| < a implies that o - Id — A? is positive definite.
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Theorem 4.1.1 (Matrix Hoeffding). Let Yi,...Y,, be independent Hermitian random
D x D matrices so that for each i we have both EY; = 0 and ||Y;|| < «; for some real
number o; > 0. Write 0> = > ai. Then for every e > 0,
—¢2
P(|Yi+ 4 Yl >¢) §2D-exp( )

802

This inequality can be used to establish concentration of vectors [

Corollary 4.1.2. Let X, ... X,, be independent random vectors in RY satisfying EX; =

0, and || X;|| < a; for some real number ;. Write 0® = 1" o?. Then for every e > 0,

2
P([[Yi+ -4+ Yn| =€) <2(D+1)-exp <87:2)

Throughout the remainder of this section, we fix a Borel probability measure p on

RP. We define some probabilistic notions.

Definition 4.1.3. Given X ~ pu, the covariance matriz of p is the following D x D

matrix:

Sy = E[(X - EX)(X - EX)']

Let §, be the Dirac delta measure at a point x. Given x = {x1,...2,,} C R”, define the

empirical measure 0y:

1
Oy 1= 5(6361 + 4 0g,)

Given a Borel set U C R, the normalised restriction of pu to U is defined as follows: for

each Borel set V C R?,

pUNV)
()

We impose the convention that p|y = 0 whenever u(U) = 0, and note that p|y constitues

plo(V) =

a Borel probability measure on R? whenever p(U) > 0.

If X = (Xi,...X,,) is p-iid. sample, then B[ox] = = 3" (X; — X)(X;— X) T, where
X = L% X, is the sample mean. The expected value of X[0x] is in fact =5[], but

the following computation tells us that we may use it to estimate 3[pu].

2Apply Hermitian dilation, which takes a rectangular matrix A and produces a Hermitian matrix

Ag = [,91 AOT]. Then ||Ag|]? = [|[A%|| = ||A||? and the result applies.
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Proposition 4.1.4 (Concentration inequalities for covariance). Let p be a Borel proba-
bility measure on RY and let X = (X1,... X,,) be an i.i.d. sample drawn from p. Suppose

that the support of p is contained in a ball of radius r. Then for each € > 0,

P([[5 — S]] > €) <2D-exp (_ me? >

P(|S - Sl > €) < (4D +2) - exp <_ me? )

where, denoting X = % > X,

N e S e _ .
o=—) (Xi—EX)(X;—EX)", == (X;,—-X)(X;,—-X)T
= BN -BX) = Y - (- )
Proof. We may assume that » = 1 without loss of generality, since for general r we

know that 72X is the covariance of r - X for all X ~ p. Thus, we have | X — EX|| < 2
by the triangle inequality and the constraint on the support of p. The bound for So
is obtained directly by applying the matrix Hoeffding inequality from Theorem as
follows. Writing £[p] = 3, set ¥; = L ((X; —EX)(X; —EX)" —X). Then ||Y;|| < (4+4)/m
and 02 = m - (8/m)? = 64/m. Since 3y = ¥ + (X —EX)(X —EX)T, we have

P(IZ — X[ > t) = P(||Zo — (X —EX)(X —EX)" - 3| > ¢).
Therefore, for any parameter « in [0, 1], we obtain
P(|IS = 2| > t) <P([So — 2| > at) + P(|X — EX|* > (1 - a)t)
< P15 - 1 2 at) + P (1% - EX| 2 J(1 - o)

(1 — a)?*mt?
128 '

o*mt?

012

§2D-exp(— )+2(D+1)-exp<—

In the last inequality, we used the bound for S0 as well as Corollary 4.1.2) with o2 = 4.

Choosing « = 2/3 to make the exponents equal, we obtain the second bound. O

We will estimate X[u|y] with X[0x|v] assuming that U is bounded.

Proposition 4.1.5. Let X = (Xy,...X,,) be an i.i.d. sample drawn from p and let
U C RP be a Borel set which is contained in a ball of radius r. Denote by Sy the
covariance X[0x|v], and similarly write Xy = 3[u|y]. Then for any error level € > 0, we

have that f]U estimates Xy :
P(||Sy — Sull <€) >1-3,
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where 0 is an expression such that lim,, ... 6 = 0, defined as:
§= (4D +2)(1 — pu(U)A =)™ with & := exp(—e*/1152r%).

Proof. The proof follows from conditioning the membership of elements of X to U. De-
noting by Sy the event (X; € U <= i € I) and writing u := u(U), we have

P20 —Sull 2 €)= > P(ISv—Zull > €| Si) - P(S)).
IC{1,..m}
Writing || for the cardinality of each I, we have

P([S0 —Sull =€) = > a1 —u)y" VP(|[Sy — Syl > €| )

IC{1,..m}

m A
(7)o = w4 - S0 > ¢l Sp.)

M 10

IN

(’Z) WF(1 — u)™F - (4D + 2)€*

£
I

0

AD +2)- (1 — u(l - &)™

—~

Here Proposition [4.1.4) was applied in the only inequality above. Note that the possibility
Sy is correctly accounted for since we included £ = 0 when indexing the sum in the second

line above. []

Now we prove the main result of this section, about estimating X[u|y,] for open balls

Us.

Proposition 4.1.6. Let u be a Borel measure supported on a compact subset K C RP,
and let X = (X1,...Xm) be a p-i.i.d. sample. Given a radius v > 0, consider for 1 <
i < m the covariances ¥; = X[ox,|v,] and Xy = S[u|y,], where X; = {X;|j # i} and
U; = B.(X;). Let €,6,0 > 0 where we assumdﬂ that € < 2r%. Then the following holds:
m_ 115674 log <14D9)

logm —  wuge? )

= P(Igaxﬂﬁi — 3] < e) >1-9
i<om

where ug = inf e p(B,(x)) > 0.

3We lose nothing from this assumption; suppose u,v are two measures supported on a single ball
of radius 7. Then ||Z[u] — S[v]|| < 21 since [|Z[u] — Z[V]|| = supjj,=y 2T Exopya XXT =YY Nz =
sup”1H:1(<X,x>2 — (Y, z)% < 2r?) < 212,
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Proof. Let k = |om]. Define the set E; C (RP)™ as:

Bro= {x = (@0, omm) | |50

Ui] - E[H

>e}.

where x; = {z;|j # i¢}. By the union bound, symmetry, and Proposition we then

Ui]

have:
p(EL U - U Ey) < p(Er) + - + p(Eg)
= [ ()l n) € B} ) do)
<k /(40 + (1 = up(1 — )™ d ()

where u, = u(B,.(x)), £ = exp(—€%/1152r*), and p*~! is the product measure on (R”)*~1
induced by p. Since 0 < ¢ < 1 and 0 < u, < 1 for any x in the support K of u, we have

that 0 < u,(1 — &) < 1 as well. Letting ug := inf,cx u,, we have:
/(40 + 2)k(1 — u (1 — €)™ P dp(x) < (4D + 2)k(1 — up(1 — &)™ (4.1.1)
Letting right hand side of (4.1.1]) to be < §, we get the condition:

(4D + 2)k(1 — up(1 — €)™ < §

1 o (DY
= g () 12

To produce a simpler lower bound for m, we calculate:

-1 1 /115274 1 1 1156r* 1
< — +1) - =

log (1 —up(1—¢)) =~ o 2
where the first inequality is due to Lemma and the second inequality follows from
the assumption that €2 < 47*[] Using the fact that log((4D+2)/5) > 2 and Lemma[2.2.4]
we obtain the claimed sufficient condition for (4.1.2)):

€2

115674 (14Dg) m
—log () <

Ug€? ~ logm
To establish that ug > 0, consider the covering of K by balls of radius r/2. Since K is

compact, it admits a subcover {B,2(x) | x € J}, with J a finite set. Thus, every x € K

4By similar reasoning, the left hand side of (4.1.2)) is at least u%(llE)OT4 /€?), so that this sufficient

condition doesn’t weaken the bound much.
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admits a y € J satisfying x € B,/2(y). Triangle inequality guarantees that B,/:(y) C
B, (x), so that (B, 2(y)) < wu(B,(x)) and hence infye; pu(B,2(y)) < infoex p(By(2)).
Since the left hand side is an infimum over a finite set of strictly positive numbers, it is

also strictly positive and we have ug > 0 as desired. [

4.2 Wasserstein distance

(%) In this subsection we study how the empirical measure approximates the underlying
measure, in the sense of Wasserstein distance. The main objective of this subsection is
Proposition , which is derived by simplifying Corollary 1.2 from [25]. This is used to
prove the main theorem of Chapter [6] which is Theorem [6.1.1] To see it in action, refer
to the last section of Chapter [6]

We use the notion of covering number for this:
Neover (M, r) = min {m ‘ dxy,...xpm € M, U B(xiyr) 2 M}

Theorem 4.2.1 (Boissard-Le Gouic). Let (M, d, ) be a measured Polish space of a finite
diameter R. Suppose that there exist o > 2p, 8 > 0 so that the following holds for for
every 0 <r < R/4:

Newar (M, 1) < 3 (5>

r

Then the following holds:

) 64R 2 2p/a ﬁ 1/a

To apply this to compact subsets of a Euclidean space, we use a lemma from [14]:

Lemma 4.2.2. The D-dimensional unit ball Bp satisfies:
Noover(Bp,7) < (1+2r71)"

Proof. Tt is easy to see that a mazimal packing by N’ balls of radii r/2 is also a covering

by balls of radii 7ﬂ and so we have Neover(Bp, ) < N'. Now consider a maximal packing

SSuppose that balls of radii 7/2 centered at x1,...zy is a maximal packing, but it’s not a covering
if we chose radii r. Then there exists a point y that is away by the distance r from z1,...xxs, which
means that balls of radii 7/2 centered at N’ + 1 points {y,z1,...zn} is also a packing. This contradicts

maximality.
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by balls of radii 7/2 centered at xy,...xys. Then,

= N'-(r/2)” < (1+r/2)"
m

Corollary 4.2.3. Let i be a Borel probability measure valued in R whose support has
the diameter of R, and suppose D > 3. Then we have:

~ C1 Co

9 2/D
where ¢; = 32R - <m) , co =DlR

Also, if D > 4, we may take co = 32R.

Proof. Whenever r < R/2, the following holds:

9 D
Ncover(My T) S Ncover((R/Q) : BDylr) - Ncover(BDy 2T/R) S (]— + m) S (15R/T)D

(The assumption r < R/2 is only used in the last inequality above) Thus we may apply
the previous theorem by taking o = D, = 1.5, and p = 1, from which we get that:

E{W(ﬂm,u)} < 32R- f(D/2) - m~YP where f(t) = (t — 1)~/

The derivative of f(t) has the same sign as (¢t — 1) log(t — 1) — | which is an increasing
function that takes a zero value at some ¢t € (4.5,5) and nowhere else. Thus f(t) at [1.5, 00)
is bounded above by f(1.5) = 22/3 < 1.6 and the limit value of f at infinity, which is < 1;

we have limy_,o (t — 1)/* < limy_,o Y/t = exp(limy_,o0(logt)/t) = 1. Therefore, we get:
32R- f(D/2) -m VP <32R-2*3 . m VP < 51R-m VP
Note also that f(2) =1, so that D > 4 implies the tighter bound. O

To obtain a concentration inequality, we use the Proposition A2 from [25]:

(t—1)log(t—1)—t

6 ..
The derivative is (1)
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Proposition 4.2.4. Let (E,d, ) be a measured Polish metric space of a finite diameter
R and suppose that p has a finite p-th moment. Then we have:

. . mt?P
]P<Wp<:umvﬂ) > 1+ E[Wp(,umnu)]> < exp <_2R2p)

Combining the above with Corollary we obtain that:

Proposition 4.2.5 (Global concentration). Let p be a Borel probability measure valued
in RP whose support has the diameter of R, and suppose D > 3. For any t > 0, the

following holds whenever m > f(t):

P(W(ﬂm,u) > t) < exp (—?—;)
where f(t) = (102R/t)P.

Proof. Follows directly by using Proposition and letting the expected value of the
Wasserstein distance be < ¢/2 in Corollary |4.2.3] O

We modify the above Proposition to study local behaviour of measures.

Proposition 4.2.6 (Local concentration). Let X = (Xy,...X,,) be an i.i.d. sample
drawn from p € P(RP), where D > 3. Let ji,, = %ZZ dx, be the empirical measure
constructed from X. Let U C RP be a Borel set which is contained in a ball of radius
r. Denote u = p(U). For any error level ¢ > 0, the following holds whenever m >
max (N, 2u™!):

IP)<VV(,Qm|U7,u|U) > t) <c-mPym

where

€= (ﬂu) . N =T004r/)71, v=1—u(l —exp(~t*/8r%))

In particular, v € (0,1) and the probability of error decays exponentially in m.

Proof. We condition over points of X falling into U. Denote by Sy the event (X; € U <
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i € I), |I] for the cardinality of each I, and u := p(U), we have

F(Winloosle) =€) = 30 B8 B Wianloosle) = | 1)

IC{1,..m}
= ST (Wil ) 2 1| )
IC{1,..m}
m m A
=D, (k)uk(l - U)m‘kP(W(umlw plu) =t ‘ 3{1,-.-k}>
k=0

(4.2.1)

Now we apply Proposition to the conditional probabilities above. This only applies
to k > N = [(204r/t)P], thus we split the sum for k < N and k > N. Writing £ =

exp(—t%/8r?), Equation ([4.2.1)) is thus bounded by:

0 k=0
—(1— U)M(i;)i_ (1 -t uf)
<(1 —u)m(( Wiuu>N - 1) + (1 —u+u)
s(l”i“u>N (1= u+ ug)™

where in the second to last inequality we used the assumption mu/(1 —u) > 2 and in the

last inequality we used (1 —u)™ < (1 —u + u&)™. O

We further modify the above into a simultaneous concentration inequality, which is

the main result of the section.

Proposition 4.2.7 (Local simultaneous concentration). Let X = (Xi,...X,,) be an
i.i.d. sample drawn from p € P(RP), where D > 3. Let fi, = = >, 0x, be the empirical
measure constructed from X. Also let r,t > 0 and U; = B(X;,r)\{Xi}. Then the following

holds whenever m > max(N,2/u_):
P m Wil ) 1) 2 15,
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where lim,, . 0, = 0 exponentially fast, given explicitly as:

5 —c- mN—l—l,ym
where
N D 2
Uyt 204r —t
‘ (1—U+) ’ [( t ) —‘7 ! u-(1=8), ¢ eXp<8r2)
wo= inf p(B(x,r), w= swp p(Blz,r))
TESUpPp K TESUpP

Proof. We use union bound for different ¢ = 1,...m. Let ™ = p x - -+ x u be the product

measure on (RP) x -+ x (RP). Define the set E; C (R”)™ as the set where the exception

event occurs for Uj;:

W(3,

Vs IWvi) > t}, where V; = B(x;,r)

Bi={x= (o1

Then we have:

P Wil ) < ) = 1= "B U+ U )
We then apply the union bound:

p"M(Ey U U Ey) <p™ s " (Ey)

p"(E) +
Iy T

N
u

< X T N_m—1

m /(1 ux) (m — 1Ny tda

where u, = pu(B(z,r)) and v, = 1 — u,(1 — &). Then u, < uy and v, < 7, so that we

(%1,1‘2, .. $m> € El) dl’l

have:

p"(ByU---UEy,) <c-mNTym

and the claim is shown. O
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Chapter 5

Tangent space and dimension

estimation

5.1 Introduction

In this chapter, we study the problem of estimating tangent spaces and the intrinsic
dimension of a data manifold with high confidence. Our goal is to provide mathematically
rigorous, explicit and practical bounds on the number of sample points required for such
estimations. In data science terms, a tangent space gives the optimal local linear regression
and the intrinsic dimension is the degree of freedom of data. Our estimators are standard
applications of Local PCA, a local version of principal component analysis (PCA). Locally
computed principal components approximate tangent spaces, and their eigenvalues allow
inference of the intrinsic dimension.

To the best our knowledge, our results on both tangent space and dimension estima-
tion are the first ones which simultaneously: (1) apply to noisy non-uniform distribution
concentrated near a manifold, with the noise term allowed to vary across the manifold,
(2) accommodate multiple data points, and (3) explicitly compute all constants appear-
ing in the bounds, including dependence on dimension. Our proofs clearly separate the
geometric and probabilistic aspects of the estimation process into modular components;
we hope that the reader will find this convenient when attempting to use, build upon or

improve our results. We begin by defining our estimators.
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Estimators from Local PCA. Given u, a probability measure on R”, its estimated

dimension d(p) and linear regression L(p) are defined as:

- . Moyl + -+ Ap
d. (1) =min 4 k <
) =min {1 | et T |

@m%wmnGWAm“wﬂ%Mo

where (A1, ... Ap) are eigenvalues of X[u], E(u, A) is the A-eigenspace of ¥[u|, and X[y
is the covariance matrix of pu.

Given m points x = {x1,...2,,} C RP, local PCA at an open set W C R performs
PCA on points of x that lie in W. We are interested in W given by an open ball.
Given a radius parameter r > 0, let x; := {z; | j # i} N {y | |ly — =] < r} and

1

let f1; := v ZyeXi d, be the local empirical measure at z;. Define the k-dimensional

tangent space estimator and the intrinsic dimension estimator with threshold n:
(x4, k) =Ly (i)

d(x,7,1,m) =d,(ji;) (5.1.1)

When we calculate I and d for a sample drawn near a d-dimensional manifol, we
will get accurate estimations of tangent spaces and the intrinsic dimension d. Intuitively,
this is because when a manifold is zoomed in closely enough at each point, its curvature
flattens out and we essentially get a d-dimensional disk. Let’s translate this intuition to
precise mathematics. To do this, we precisely describe how we draw a random sample

near a manifold.

I'Note that in explanations like this, dependence on hyperparameters is implicit; I = f[(x, ryi, k),

= d(x,r,,n)
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Figure 5.1: An illustration of Local PCA. Left: Dataset concentrated near a torus. Mid-
dle: Local neighborhood selection. Top Right: Tangent space estimation. Top bottom:

Dimension estimation.

Setup. Let M C RP be a smoothly embedded d-dimensional compact manifold.
Let 1o be a Borel probability measure on R” with a probability density function
¢ : M — Rsq: for each open U C RP define

o (U) ::/ o dH?
UnM

where H? is the d-dimensional Hausdorff measure. Let X ~ jio. Let Y be a RP-valued
random variable representing noise, with bounded norm ||Y|| < s. Now our random

sample X = {X3,... X, } is drawn i.i.d. from p:
p:=Law(X +Y)

Here we emphasise that X and Y are not assumed to be independent. Assume that
¢ satisfies the Lipschitz condition ||o(z) — ¢(y)|| < a - dy(z,y) for every z,y € M,
where dj; is the geodesic distance on M. Assume that s < 7, where 7 is the reach of

M, defined as the maximum length to which M can be thickened normally without

self-intersection.

Additionally, denote by wq = 7%2/T'(4+1) the volume of the unit d-dimensional ball.
Denote by £(IIy,Il5) the principal angle between subspaces IIj, Il (Definition |5.4.1)).
Denote by P(F) the probability of event E. Denote by ¢max, ¢min the maximum and the

minimum of the function ¢. Our main results ensure accurate estimations if:
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1. r is small enough to ignore curvature
2. r is big enough to ignore noise

3. mr? is big enough to ensure dense sampling

Here, recall that r is the radius parameter used to isolate a local neighborhood, as in

Equation (5.1.1)), and d is the dimension of the manifold M.

Main Results.

Theorem A (Tangent Space Estimation). Let X = {X}, ... X,,} be a random sample
as above. Given 6,6, o > 0, the following holds:

d
V2rs <r <5, and

> 5y — P(maM(ﬁ-,T,-) ge) >1-6

ogm i<om

Here T; is the tangent space of M at X, the orthogonal projection of X; to M.
T, = 1I(X, r,i,d) is the tangent space estimator defined in (5.1.1). Sy, 9o are:

sin 0 Omin
(d + 2>3/2 cldgpmax + coaT

d+2)3 D
g, = dF2 ) (aDe
WqPmin SIN“ 0 )

Slz

where (cq, co, c3,¢4) = (928,192, 18574, 14).

Theorem B (Intrinsic Dimension Estimation). Let X = {X3,... X,,} be a random
sample as above. Given 7, d, 0 > 0 with n < (2D)~!, the following holds:

d

V2rs <r<JS5; and 252:>]P>(cii:df0ri§gm)21—5

ogm

where d; = d(X, r,i,7) is the dimension estimator defined in (5.1.1). Sy, S, are:

S o 1 ®min
P ([d+2)D(1+ 7Y crdgmax + 07
272 —1\2
S, — cs(d+2)°D*(1+n~1) log <C4DQ)
WdPmin (5

where (¢q, ¢o, c3,¢4) = (1392,288,41791, 14).
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Remarks.

e We explain the presence of r¢ and wy in the condition for sample size m. For
simplicity, suppose a uniform distribution, so that @y, = 1/Vys, with Vj, = Hd(M )
being the intrinsic volume of the manifold M. Then the condition 7¢(n/logn) > S,

of Theorem A can be rephrased as:

m war? c3(d + 2)3 csDo
. Z ) ' IOg
logm Vi sin” @ )

Here, note that (wqr?)/Vy, is the proportion of area taken up by a small disk of

radius r lying on the manifold M. Thus, the left hand side approximately measures
the number of points lying on the small disk. In our derivation, the wyr? term can

be traced to ug in Theorem [5.5.3|

e Due to the 74 term in the condition 7¢(m/logm) > S,, we see that setting r =
(Slogm/m)' for some S > Sy ensures that this condition is always met. Indeed,
this is the prescription of r appearing in the Theorem 2 of [2]. The constant Sy is fully
calculated in our main theorems, improving Theorem 2 of [2]. As such, a condition
of the form r®(m/logm) > Sy is likely the sharpest at o« = d. This also matches
with the interpretation of "number of points lying in each local neighborhood” in

the previous item.

e If ¢ vanishes in a small region, we may avoid division by zero by replacing ¢min
by ®(r_). Here & quantifies local concentration of the measure pyg. It is defined as
®(r) = infyenr po(Usy) /(war?) and Uy, = {y € M | d(z,1L,(y)) < r}, where II, is
the projection map to T, M. Also r_ is defined as r_ = r(1 — r?/47%) — 2s. This

stronger result is stated in Theorem [5.5.3]

e Conditions for r given by two inequalities can be collectively replaced by one upper

bound on a function @, defined in Proposition [5.3.4]

Structure of the chapter. Theorems A and B follow easily from Theorem [5.5.3| in
Section 5, which is about estimating covariance matrices locally. Theorem [5.5.3|is proven

by combining;:
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e Local concentration of covariance
e Lipschitz continuity of covariance vs. Wasserstein
e Flattening a manifold locally

The first ingredient, the local concentration inequality, is developed in an earlier chapter:
Proposition [4.1.6, The second ingredient shows that given two compactly supported prob-
ability measures y, v valued in R?, there is a Lipschitz relation of the form || X[u] —X[v]|| <
C - Wi (u,v) where X[y] is the covariance matrix of y (Proposition [5.2.3). Flattening a
manifold locally refers to precisely quantifying the Wasserstein distance between a small
local section of a noisy non-uniform measure on manifold versus the uniform distribution
over the tangential disk (Proposition . The Lipschitz relation then translates the

Wasserstein bound to the bound on matrix norms.

Related works. The task of estimating geometric and topological quantities of man-
ifolds from finitely many sample points lies at the crux of statistical inference, and as
such the literature surrounding these topics is vast. Below we have described some of
the techniques of which we are aware, and direct the reader to [I01} 58, B34] for a more
comprehensive survey.

Tangent space estimation. Probabilistic bounds on tangent space estimation using
Local PCA have been studied in considerable detail, for example in [2 93, 53, 84]. To the
best of our knowledge, our work is the first in which the tangent space estimation applies

to:
1. Noisy non-uniform distribution with noise allowed to vary across the manifold,
2. Deals with multiple data points simultaneously, and
3. Explicitly computes all constants in bounds, including dimensional dependence.

The dimensional dependence, for example, reflects the fact that covariance of the uniform
distribution over the d-dimensional unit disk have O(1/d) terms (see Lemma [2.2.5]).
In [53] and [93], the underlying probability measure is assumed to be uniform, and

only estimation at a single point is considered. In [84], various constants have not been
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explicitly computed, and there is no consideration of noise in data distribution. In [2],
various constants have not been computed explicitly, thus not specifying the minimum
sample size requirement and scaling factor ¢ for their prescription r = (clogm/m)'/4.

Furthermore, their noise model is assumed to be orthogonal to the manifold.

Dimension estimation. The idea to use local principal component analysis for es-
timating intrinsic dimension is ancient, dating back at least to [43]. As such, there is
a plethora of literature on the problem of estimating intrinsic dimensions. The work of
[60] provides a practical and widely-used maximum likelihood estimator, but there are
no known theoretical guarantees of its correctness even for synthetic data. The minimax-
based estimator of [54] does come with such guarantees, but in order to compute it one is
compelled to solve minimisation problems over the symmetric group on m elements (with
m being the total size of the input dataset); thus, this estimator becomes intractable in
practice. The recent work of [2I] introduces a far more efficient Wasserstein-based esti-
mator with guaranteeﬂ, but does not adapt to noise. Our efforts in this chapter were
motivated by the desire to find a suitable balance between practical efficiency, theoretical

soundness and compatibility with noise.

Concentration inequality. Our concentration inequality for covariance matrices,
Proposition is directly derived from the matrix Hoeffding inequality in [02]. A more
sophisticated approach, such as the one from [55], may be used to improve our concen-
tration inequality. For instance, the constants appearing in Proposition [4.1.4] may be
improved. Similar methods for analyzing (non-local, non-manifold) PCA are also studied

in [56, 76].

Other Techniques. We also list related techniques that appear in other papers.
A cubic bound of the form ||S[u] — 3[v]|| < Cr3, where p,v are probability measures
supported on a ball of radius r in R, is derived for uniform measures in [12]. We also
obtain a similar inequality (Proposition and Corollary [5.3.5). The key difference in
the two derivations is that our approach uses the Wasserstein distance rather than the

total variation distance from [12] to quantify similarity of measures. Our inequality has

2We note in passing that the number of points we require to ensure a 1 — & probability of correct

dimension estimation in our result is m ~ log(1/§), which improves on the rate m ~ log(1/8)? of [21].
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the advantage of allowing non-uniformity and of having explicit constants.

We use a transportation plan in Proposition to quantify how much a measure
supported near a manifold locally deviates from the uniform measure on a tangential disk.
This transportation plan is executed with a similar idea as the proof of Proposition 3.1
in [91]. However, their transportation plan does not involve noise and applies to different
types of local covariance matrices.

In [10], local polynomial regression were used to estimate manifolds and their tangent
spaces from uniform point samples lying on tubular neighbourhoods. Compared to this
work, our results have the advantage of not requiring the noise to be uniformly distributed.
Our result only estimates tangent spaces and not higher-order information like curvature.
However, the Wasserstein bound could potentially be leveraged to produce bounds on
polynomial approximations.

There is an extensive body of research dedicated to understanding the effects of ad-
ditive noise on the inference of principal components and singular values. In particular,
we point out that there are principled methods to choose the threshold for the singular
values, such as [38]. Meanwhile, PCA projection is known to be sensitive to distortions
caused by noise, and algorithms like Randomised SVD have been proposed to reduce this
effect [77].

Local PCA has been extensively used in contexts independent of the manifold hy-
pothesis [43, 52, 94, 69], although the theoretical analysis is either heuristic or makes
strong assumptions on the underlying distribution (e.g. Gaussian). Theoretical analy-
sis in manifold learning is a flourishing field, with many significant examples including

[45, 44, [T, 2, 42, 41], 54, 10, ©1] and many others.

5.2 Lipschitz property of covariance matrix

Our goal in this section is to outline sufficient conditions under which the assignment
p — 3[p| becomes a Lipschitz function with respect to the Wasserstein distance [97] on
its domain. Throughout this section, we use the notation X ~ p and Y ~ v, whenever

probability distributions pu, v are defined.
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Lemma 5.2.1. Given Borel probability measures p, v valued in RY, define ji = Law(X —

EX) and similarly v. Then for each p > 1,
1. [EX —EY| < W,(1,v)
2. W,(a,v) <2-W,(u,v)

Proof. Defining xo := EX and y, := EY, we have

=l = | [ [ o= nautav)

/ (x—y) dv(l’,y)H , for any v € II(, v)
RD xRD
= inf

r—y)dy(x,
ot /RDX]RD( y) d( y)H

< inf / e — yll d(e.y)
RD xRD

Y (p,v)

::\VE(U7V)

Noting that Wi (p,v) < W,(u,v) for any p > 1, we get the first claim. For the second

claim,

Wy(fi, 7)P = inf 1(z —20) — (y — yo)I” d (2, y)
YE(w,v) JRD «RD

_ v, inf / o = yll £ Jlzo = ol pdv(x 0
ye(u,v) JRD «RD 2 ’

e [ bl

- ~YEl(p,v) JRD «RD 2 ’

= 2" (W (11, )P + [lwo — wol”)

< W, (, )

where the first inequality is the power mean inequality, and the second inequality follows

from the first claim. OJ

Lemma 5.2.2. For probability measures p,v defined on R and supports contained the

interval [— R, +R)|, we have the 2R-Lipschitz relation for all p > 1:

E[X?] ~ E[Y?] < 2R - W,(u,v)
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Proof. Since W, is increasing in p, it suffices to prove the assertion for p = 1.

E[X?] - E[Y?] = //x—y dp(z)dv(y)

_/R R(x —y*)dy(z,y), for any v € (i, v)

<2R. inf/ |z —yldy(z,y)
RxR

yEl(p,v)

=2R- Wl(/JJ, V)

where the only inequality above follows from the fact that the derivative of f(z) = 22 is

bounded by 2R if x € [-R, +R). O

Proposition 5.2.3. Suppose u, v are probability measures on R such that each measure
comes with a ball of radius r that contains the support of the measure. Then for p > 1,

we have the following Lipschitz property:
[B[p] = Z[]|| < 4r - Wy (i, v) < 8r- Wp(p,v)
where i = Law(X — EX).

Proof. We assume that » = 1, since the case for general r follows by scaling: r affects
the covariance matrix on the order of 72 and the Wasserstein distance on the order of 7.
Also, the second inequality follows from the first by Lemma [5.2.1] so it suffices to show
the first inequality. Since we are then working with £ and 7 and since covariance matrix
is invariant under translation, we may rewrite ¢ = & and v = v and assume that pu,v
have zero means. We may also assume that both supp p and supp v are contained within
B5(0) by the triangle inequality; there is a ball Bi(x) of radius 1 containing supp p, so
that by triangle inequality, supp u C Bi(x) C Bs(0).

Denoting S := X[u] — X[v], it is a real symmetric matrix and we may diagonalise it
as S = UANU". U = [uy,...up] is orthogonal and A is a diagonal matrix with entries

A1 > -+ > Ap. The operator norm of S is max; |\;|, which can be written as:
15]] = max|A;] = max [(UTSU),4l
= max EUTXX Ui, —E[UTYY U],

=max [E(U'X)? —E(UY);|
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where A;; refers to the (7,7)th entry of a matrix A and w; refers to the ist entry of a

vector w. Now we are done by the following that holds for all ¢:

E(U'X); —E(UTY); <4Wi((U )i, (Uv))
<AW (U p, UTv)
=AW (p,v)

where Uy = Law(U " X) and (U " p1); denotes the marginal of Uy at its ith coordinate.
The first inequality is Lemma [5.2.2| with 2R = 4. The second inequality is a general fact
that applies to the Wasserstein distances between marginals. The last equality follows
from the fact that the Wasserstein distance is invariant with respect to isometry applied
simultaneously to the two measures. Finally, multiplying by the Lipschitz constant 2 for
the non-centered measures, we get the Lipschitz constant 8. The inequality for other p

follows since W, is increasing in p. O]

5.3 Flattening a measure on manifold

In this section, we quantify the extent to which a probability distribution valued near a
manifold approximates the uniform distribution over a tangential disk, using the Wasser-
stein distance. We first define the measure of interest using a probability density function,

Hausdorff measure, and a noise term.

Definition 5.3.1. Given a metric space and a positive integer d, denote by H? the
d-dimensional Hausdorff measure [83] on the metric space:
HUU) =lim HUU), HUU) = inf (Z diam(C )
1)<6

510 2d diam(C
UCUC

where wy := #

r(g+1)
Definition 5.3.2. Suppose M is a d-dimensional smooth compact manifold with a
smooth embedding into R” and ¢ : M — R* is a continuous function satisfying |’ ypd He =
1. Let o be the Borel probability measure given by defining for each open U C R? the

following;:

po(U) = / pd H
UnM
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Let s > 0 be a constant, X ~ p and let Y be a random variable valued in R” with

bounded norm [|Y]| < s. Here X and Y are not assumed to be independent. Define
p = Law(X +Y)
Then P (M, s) is defined as the set of all such pairs (pg, ), given M and s.
The following are notions from differential geometry relevant to us.

Definition 5.3.3. For each compact Riemannian manifold M C RP,

1. For each z,y € M, let dps(x,y) be the length of the shortest geodesic connecting x
and y [

2. The reach 7 of M is the supremum of ¢ > 0 satisfying the following: If = €
RP satisfies dgo(x, M) < t, then there is a unique point x; € M such that
dgo (2,2, ) = dgo(x, M). Here, dgo(z,y) = || — y|| is the Euclidean distance on
RP, and dgo(z, M) = inf,cp dro (2, y).

3. For each point x € M, we denote by B, C T,M the open ball of radius r around
0 € T, M, while the notation B,(x) C RP is reserved for the (usual) open ball of

radius r around z € RP.

4. Given x € M, the exponential map exp, sends each v € T, M to the endpoint of

the unique geodesic on M starting at x with the initial velocity of v.

We remark that 1/7 is an upper bound of the acceleration of geodesics on M in the

ambient space R” D M. The following is the main result of this section.

Proposition 5.3.4. Let (pg, 1) € P(M, s) where M C RP is a compact smoothly embed-
ded d-dimensional manifold with reach T and s > 0. Let x € supp u, let x be any point
in Bs(z) N M, and let v be a number satisfying the conditions 2s < r < (v/2 — 1)1 — 2s
and r < 7/(2v/2d). Then the following holds for any p > 1:

Wy(n,7) <7-Q (%, 2)

T T

where v := (1|, (z), and U = %d‘BT(IL)ﬂTxLM

3Equivalently, das(z,y) be the infimum of lengths of all piecewise regular curves that connect x and

y. This follows from the Hopf-Rinow Theorem; see Corollary 6.21 and 6.22 in [59].
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where Q) 1s given by:

QUp.0) =30+ (p-+ 20" + 2900~ ¥ (14 4V

L 1
+ (6 (Somax - (pmin) (1 + 4\/5(1/)) -+ 4\/§dp> . 2p + ZpB
where Pmax, Pmin aT€ €xtrema OfQD taken over BT+2S(J;L);
-1B° B 2
Wal'— T+ 4t

B° is the tangential disk of radius r_ centred at x,, and 11 is the projection map to the

tangent space T, M, restricted to B,(x) N M.

Proof. We use the following multi-step transportation plan (see F igure, from vy := v,
going through vy, vs, 13, v4 which we define below and finally reaching v := . Informally,

these steps can be summarized as
1. Perform a naive denoising on v to get v,
2. Apply projection to get 1,
3. Fold in the portion of v, on the outer rim to the inside to get 15
4. Flatten out the nonuniformity and get vy.

5. Rescale radius uniformly to get vs.

Step 1. Suppose that X ~ pp and (X +Y) ~ u. We define vy := Law(X | X + Y €
B.(z)) and define the transportation plan vg; by v := Law((X+Y, X) | X+Y € B.(x)),

whose marginals are v, and v;. Thus for each open U C RP, we have
nU)=P(X eU|X+Y € B.(z))
1
=—P(X €U and X +Y € B,(x))
u

where u =pu(B,(x)) (5.3.1)

where v = p(B.(z)) = P(X +Y € B,(x)), which follows by the definition of u. The

transportation cost is bounded as
Wi (10, 11) < Eixry x)mu (X +Y) = X[ < s
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Qoise H/'

Rok‘i In Uniformi7y ﬁzﬂe

Figure 5.2: An overview of the transportation plan in the proof of Proposition The

last four sub-diagrams take place on the tangent space. Nonuniform shadings in the 3rd,

4th sub-diagrams indicate nonuniform probability distribution.

Note that by the assumption x € supp p, we have © > 0 and thus we are not conditioning
on the null event.

By Equation , vy is well understood in regions where the condition X +Y €
B.(z) either always or never holds. If X € B,_4(z), then since ||Y] < s, the triangle
inequality implies X +Y € B,(x). Similarly if X ¢ B, s(z), then X +Y ¢ B,.(x). By also
noting that ||z — z || < s, the triangle inequality once again implies B, _os(x 1) C B,_4(x)

and B, s(x) C B,yas(z) ). Applying Equation (5.3.1]), we get the following:

n(U) < MOS]) for any U
nU) = ’UOUU) for U C B,_95(x )
n(U)=0 for U C Byios(x1)¢ (5.3.2)

where A° denotes the complement of a set A. Note that p(B,(x)) is a constant, since we
fixed x.

Step 2. We define v, by pushing forward v; along the projection map to the tangent
space, and we must do it where the map is invertible. In this proof, we define II as the
projection map to the tangent space T, M, restricted to B,(z) N M. By Lemma

we know that the projection map is a diffeomorphism. Furthermore,

B> CT(B.NM), T(B,NM)CB (5.3.3)
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Figure 5.3: Measure p and its restriction g, (»), where € R” and 2, € M.

where, denoting B, by the open ball of radius r in 7}, M centered at 0,

B_ = BT‘*2S(£J_>7 B+ = Br+2s<xj_)
B =B, B.=8

T4

2
r_ :r(1—4—72) —2s, ry=1r+2s
The transportation plan is the application of Lemma to the pushforward along II. In
performing the transportation, we regard the tangent space as embedded: T,,, M C R so
that the transportation happens in the ambient space R”. By the last result mentioned

in Lemma (Proposition 6.3, [72]), the transportation cost then is bounded as:

Wy (v1, 1) < w
Thus by Equations (/5.3.2)) and ([5.3.3)),
n(U) < M for U C B,
7/2(U):’MO(HTlU) for U C B_
n(U) =0 for U C (B,)° (5.3.4)

Meanwhile, we can evaluate 1o(U) when U C B. explicitly using the area formula from
geometric measure theoryEL which is a generalization of chain rule:

w0 = [

sodez/w(H‘ly)JH‘l(y)dy (5.3.5)
n-1u U

“Note that (r — 2s)(1 — (r — 2s)2/472%) < (r —2s)(1 — r?/472) = r(1 — r?/47%) — 2s(1 — r?/47?) <
r(1 —1r%/472%) — 2s

5See for example [40] for a standard reference in geometric measure theory
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Here, J f denotes the Jacobian of a function f and dy is the d-dimensional Lebesgue

measure. Thus,

v(U) < %/ (I 'y) JIT Y (y)dy for U C By
U
1 .
ve(U) = E/ o(IT 1) JI(y) dy for U C B_
U
w(U) =0 for U C (B, )° (5.3.6)

Step 3. We saw that 15 can be written in terms of ug inside radius r_ and vanishes
outside radius r,. The annular region between the two radii is harder to understand
since it is where curvature and noise interact, as indicated by Equation . In Step
3 we remove this annular region, so that we only need to deal with v5 restricted to B_.
We decompose v, as v = v, + 1/2+ , where we define for each Borel set U C T, M the

following;:

vy, (U) :=wn(UNB.)

o

Vi (U) == 1n(UN (B - B.))
Define

V3 ::m_lyg

m:=v, (T, M)

The transportation plan is to: (a) transport v5 to the Dirac delta distribution centered
at 0 € T, M and (b) transport this Dirac delta distribution back to ="v;. By Lemma
3.1.2 we have the bound:

W, (va,v5) < (ry +r-)(1 —m) < 2r(1 —m)

since the first part of this transportation moves by distance at most r, the second part
moves by at most 7_, and the total mass to move is (1 —m). Equation (5.3.6) carries over

since v3 and v, are proportional; for each open U C T, M,

va(U) = — p(IT1y) JITH (y) dy (5.3.7)
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Step 4. We flatten out the non-uniformity in 5. As in Equation (5.3.7) above, 3
is given by the probability density function ¥(y) := ¢@(IT"'y) JII"!(y) times a constant.
Defining v, = H| 5 , we can directly apply Lemma m

wdT’C_l

WP(V37 V4) S (wmax - ¢min) - 2r_

um

where the factor wyr? is needed to rescale the Lebesgue measure d y in Equation (5.3.7))

into &g] = dy/(wgr?) so that [ &@ = 1, so that Lemma |3.1.3[ can be applied. In the

above, extrema of ¢ are taken over B_. Since ¥ is the product of ¢ and the Jacobian,

the variation Y. — ¥min can be controlled with the triangle inequality as follows:

[¥max — Ymin| < (Pmax = Pmin) S+ + Pmin(J4 — J-)

Here the extrema of ¢ are taken over the geodesic ball I'B_. By Proposition we
see that:

Jo<JI- < J,

—d
where J_ =1, J, = <1 — @> (5.3.8)

T

We furthermore note that, by Equation [5.3.6]

un = [ o071 7 (5) dy = wart S
B_

. < um 1
Pmin = war®  J_

Thus the transportation cost is bounded as{

war? J, — J_)

(Qomax - Somin) JJr + - 2r_

Wi (vs,va) < < um J_

Step 5. Here we simply rescale B_ from radius r_ to r radially, which multiplies the
associated probability density function by a constant factor (Lemma [2.1.10]), so that we
get another uniform distribution. By Lemma [3.1.1] the transportation cost is bounded

by
3
W, (vg,v5) <1 —1_ = e + 2s

6We note at this point that the extrema of ¢ may be taken over B,y o4(x ) instead, since B, 25(z1) 2

H_l(l”;',). This relaxation is done for a compatibility with another extrema of ¢ taken later.
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The Total Bound. Collecting the boundsﬂ, we get:

Wy (0, v5)
<Wo(vo, v1) + Wy, v2) + Wp(va, v3) + Wy(vs, vs) + W (v, vs)
2 2
<5+ TE2) o —myt
T
d 3
wyr_ T
max ~ ¥min -1 -2 ) 2 e
+(um (p Omin) J+ + (J+ )) r+<472—|— 3) (5.3.9)

Using Equations ([5.3.4)), (5.3.6)) and ([5.3.8]), we obtain the following bounds:

um = MO(H_IB—) < Omaxrwar®
u(l —m) < po(IIH(B, — B)) < PmaxJrwa(rd — )

where Ypax is the maximum of ¢ taken over B, o4(z l)ﬁ Combining these, we get:

1—m _ u(l —m) - PmaxJrwa(rd —rd)

='(Q77 1)
m um um

r_ Jwgrd
WithQ:_,q)/:SOmaX—de—zl
Ty um

We can bound [ 19" using the above, as follows:

—1 -1
m 1

l-m=(14+—— <|14+ — < P'(1 -

me () = (rpmey) se0-

where the first inequality holds by plugging in the upper bound for (1 — m)/m, and the
second inequality holds since ®' > 1. Plugging these into Equation (5.3.9)), we get that

2 2 d
u + 27,(1 _ Qd)SOmaxJ—i-wdri

W <
p(Vo,V5) sS + wm

d 3
Wyr_— T
max ~ ¥min —1 -2 Y 2
+(um (¢ Omin) J+ + (J4 )) r+<472+ s)

We bound J, using Lemma [2.2.2, By applying the assumption r < 7/(2v/2d), we see
that the lemma applies with ¢ = 1/2:

( ‘/§T>_d§1+@

1— 2=
T T

Applying this to the above bound on W, (v, v5) and also plugging in p = r/7,0 = s/,

we obtain the Q(o, T) expression that was claimed in the beginning. ]

"We plug in the definition J_ = 1, and we also use a slight abuse of notation and identify v} with
tsvp for k=2,...5, where ¢ : T, M — RP is the inclusion of tangent space. This is not a problem, since

generally W, (capt1, tapto) < Wy (1, o) holds for any measures g1, po on T, M.

8See Equation W
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Corollary 5.3.5. In Proposition |5.5.4), suppose that we additionally assume that there
exists o such that the following Lipschitz continuity holds for every x,y € M :

le(z) =)l < a-du(z,y)
Suppose we also assume s < r?/(27). Then we have the following quadratic bound:
W(V7ﬁ) S QZ 'sz

where Qo is defined as:

27/2
= (i) 4 2t

Proof. We use the notation p = r/7,0 = s/7. Firstly by the assumption o < p?/2,

—p3lh—20 1—p?/4— 1— 9
q_P=r/ o p°/ Pol= erec="
p+20 1+p 1+cp 8

Then, assuming p € [0,8/9], Lemma says:

1— d

1-Q%<1 —
= Qtep) T

By the Lipschitz condition and the noise bound,
1
Q(p,0) =30 + (p+20)* + 2p(1 — Qd)agpmax (1 + 4\/§dp>

! 1
+ (5 (meax - mein) (1 + 4\/§dp) —+ 4\/§dp) . 2p + ZPB

3 1
§§p2 + (14 p)*p* + gsomaxéldc(l + 4\/§dp> P

+ (é@(r +2s)a)(1 4+ 4\/§dp) + 4\/§d) - 2p% + }lpg

where the Lipschitz relation is applied to bound @nax — @min < 2(r + 2s)a by using two
radial geodesics of length < r, = r+ 2s in the unit ball of radius r, in the tangent space
T,, M. Factoring out p? and plugging back in the definition ¢ = %, we get:

A(p + p*)ar

% (14 4v/2dp)

1 5 9 Pmax 9
el < o0d 22 2 rmax 7 10 4 4y/2

Using the assumption p < ﬁ, we get the bounds 1 + 4v/2dp < 3, and 9p/4 + p* < 1,
and p + p? < % We obtain the claimed bound by plugging them in. O]
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5.4 Principal angles

To work with a general notion of angles, we define and study principal angles in this
section. Indeed, every pair of linear subspaces of the same dimension can be characterised

by principal angles, up to (simultaneous) rigid motion.

Definition 5.4.1. Given 7y, my € Gr(d, D), let A; € RP*? be a matrix with orthonormal
columns that span 7;. Denote by £(m,m) € [0,1]¢ the singular values of the matrix
A] Ay, arranged in the descending order. The principal angles of (m;, ) are defined as
the angles (61,...6) € [0,7/2]¢ such that (cos@y,...cosf;) = £(m,m), which satisfy
0 < - < by

We note in particular that ; = --- = 0, = 0 < 84,41, where dy = dim(m;) = dim(7ms).

The largest principal angle has a simple interpretation:
Lemma 5.4.2. If L(m,m) = (cosby,...cos0,) for m,ms € Gr(d, D), then:

04 = maxmin £(z,y) = dg(m NS, T NS)

TET] YET2
Here £(x,y) = cos™ ((z,y)/(lz]| - lyl)), du(A, B) = inf{r | B(A,r) 2 B,B(B,r) 2 A}
is the Hausdorff distance between two sets A, B, and S is the unit (D — 1)-dimensional

sphere.

Proof. Let A; € RP*? be a matrix whose columns form an orthonormal basis of 7;. We

have:

cosfp = min ||A] Agz|| = min  [|A]y||= min
D H2|I=1H 1 Aoz| ||y||:1,y€H2|| 1Yl ||y||:1,y€1_[2<y17y>

where y; is the unit vector in the direction of A;A{ y. Noting that (y1,y) = max|,|=1zem (2, y),

we have cosfp = min =1 yer, MaAX|z|=1,0em (T, V). O
Principal angles characterise pairs of subspaces up to rotation.

Proposition 5.4.3. £ induces the following bijection:

.. Gr(d. D) x Gr(d, D)
& O(D)

— S(d, max(0,2d — D))

where S(k,j) = {(t1,...tg) |1 >t;1 > - >t >0, ty = --- =t; = 1}, which is a set

homeomorphic to the standard (k — j)-simplex.
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Ezxplicitly, we have the following. If (w1, m2), (7}, 7)) € Gr(d, D) x Gr(d, D) satisfy
L(my,me) = L(m),7h), then there exists an element A € O(D) such that (Am, Amy) =
(7}, 7). Furthermore, if (t1,...ts) € [0,1]¢ satisfiest; > -+ >ty and t; = -+~ =t; =1
with j = d — max(0,2d — D), then there ezists (w1, m) € Gr(d, D) x Gr(d, D) such that

4(7'['1,7'('2) = (tl, .. td)

Proof. We prove the explicit version. Suppose that (my, ), (77, 75) € Gr(d, D) x Gr(d, D)
with £L(my, ) = L(7], 7). Let A; € RP*4 be a matrix with orthonormal columns
spanning m;, and similarly define A;. Without loss of generality, we may assume that
Ay = A} = J, since by Gram-Schmidt there are matrices H, H' € O(D) such that HA; =
H'A} = J, where J = [I4,0p_q4] € RP*% has 1 on the diagonal and zero elsewhere. Let’s
relabel B = Ay, B = A). Also write B" = [B], B, | and (B)" = [(B})", (B5)"], where
By, B} are both (d x d)-matrices.
Since £ (my,m) = L(}, ), the singular values of (d x d)-matrices J'B = B; and

JTB" = B} are equal. Therefore there exist U,V € O(d) such that B] = UB,V . Then:

v e V= VBV = B , where By = ByV''

0 1| |Be ByV'T B3
The right hand side also has orthonormal columns, so that we have (B})" B} + B, Bs = I;.
Since B’ also have orthonormal columns, we also have (B})" B, +(B5)" By = 1. Therefore,
BJ B3 = (B})" Bl. This guarantees the existence of W € O(D — d) such that W Bs = Bj,.
Therefore, for Z = [[U, 0], [0, W]], we have:

ot U OBl |UBVT B (B,
0 W\ |B; WB VT W Bj B

Therefore Zmy = 7. The block diagonal form of Z also ensures that Z leaves 7, = 7} = R¥

invariant. Therefore, we have (Zmy, Zmy) = (m}, 7)) as desired. O

Corollary 5.4.4. Given 7,7 € Gr(d, D), suppose that A; € RP*? has columns forming
an orthonormal basis of m;. Let dy = dim(m Nme) > 2d — D and let dy = D — 2d + dy.
Then there exist matrices U € O(D) and V1,Vy € O(d) such that UAV; = A, and
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UA, Vo = AQ; where

L, 0
- I - 0 cos®
Al = a 5 AQ = € RDXd
0 0 sin®
0 0

where © = diag(04y11, . .. 04) € RW@d0)x(d=do) s the diagonal matriz of nonzero principal

angles £(m1,m9) = (01, ...04).

Proof. A;, Ay have orthonormal columns and furthermore /LTAQ and A] A, have the same

singular values. Therefore the previous proposition applies, and the claim follows. O]

To control angles between tangent spaces, we will use the following variant of the

Davis-Kahan theorem [36], [102] (recall the eigenvalue notations given in the Introduction):

Theorem 5.4.5 (Davis-Kahan-Wang-Samworth). Let A, B € RP*P be real symmetric
matrices. Let 1 < dy < dy < D and assume that min()\f;l?IilA,/\gij) > 0. Let w4 be the
span of the eigenspaces corresponding to Agy A, Mg, 114, ... A, A, and let 0; < ... < 0y be

the principal angles between (w4, 7). Then we have:

2
.9 .9 .
\/sm 04, + -+ - +sin” 0y, < (P, 4, AEA) - min <HA — Bllp, Vd|A - BH)

In particular, for (dy,ds) = (1,d), we have:

2
Vsin? 0y + - - - +sinf, < A - min (HA — Bllp, Vd|A - BH)

5.5 Tangent space and dimension estimation

In this section, we combine the Propositions £.1.6], [5.2.3] and [5.3.4] to prove Theorem
5.5.3] This in turn implies both Theorem [A] and [BIf]

Definition 5.5.1. Given a d-dimensional subspace II C R”, denote the D x D orthogonal

projection matrix to IT by Py, which is a real symmetric matrix, given concretely as:

Py = AgAf

9Technical note: In Theorems A and B, use Lemma(2.2.4] and use log(14D) > 1+log(4D+2) assuming
D > 2.
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where Ay € RP*? is any matrix whose columns form an orthonormal basis of II.

Definition 5.5.2. Let X = (Xj,...X,,) be an ii.d. sample drawn from p, a Borel

probability measure on R”. Given z € R” and r > 0, define:

Cd+2

]-?)z’ .
r2

E[5Xi|Ui]7 where X”A - {Xj}j?éﬁ U”L - BT(XZ)

If II C R” is a d-dimensional subspace, then Lemma says that:
(d + 2)S[Unif(IT N By(0))] = Pu

Thus an approximation to this covariance matrix in Proposition amounts to the

approximation of a projection matrix, and justifies the definition of P,.

Theorem 5.5.3. Let (1, p10) € P(M, s\ where M is a smoothly embedded compact
d-dimensional manifold M C RP with reach 7 and s > 0 is a real number. Let ¢ be
the probability density function of po which satisfies ||p(z) — p(y)|| < a - dy(z,y). Let
X1,... X, be an i.i.d. sample drawn from p and let Xi-, ... X:: be their orthogonal pro-

jections to M. Given 6,¢,a > 0 and assumz’nﬂ € < 2, suppose r,m satisfy the following:

2
5 7 . o 5 1642(d+2)° (14D
T T 17 16(d+2)Q2 logm Up€e? 4]

where uy = infyequpp u (B (z)). Then with probability at least 1 — §, the following holds:

P, —P;

max <e

i<am ‘

where P; 1s the projection matrix to the tangent space Ty 1 M, and )y is defined as:

27/2)dpmax n'Be
sz(g+8\/§d>+(7/)gp +6m—,where®:u

o wgr?

Proof. Out of total allowed error €, we will allocate one half €/2 to the concentration
inequality (Proposition 4.1.6)) and the other half €/2 to the curvature (Proposition |5.3.4)).
Throughout the proof, we use the shorthand U; = B,.(X;').

10Gee Definition
H'Nothing is lost from this assumption since operator norm of the difference of two projection operators

is at most 2.
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Concentration inequality: By Proposition |4.1.6] we may use k = | om| points for

local covariance estimation by error level r?e/2(d + 2):

r? €

Yldx.
| X[0x, 112 o

for all 1 < k

Ui] - E[:u

<

Ui]

with probability at least 1 — 9, if m satisfies the inequality in the theorem statement.
Curvature: By combining Corollary and Proposition [5.2.3] the following holdg"]

for every x € supp

7"2

B <8 r2Q 8Te Qs r? €
d+2

- T T 16(d+2)Q; T Td+2 2

P;

Ui]

o

Note that d’”—; Py is the covariance of the uniform measure over the tangential disk of

radius r, by Lemma [2.2.5]
By the triangle inequality, for all i < k we have

d+2 d+2 r?
Yox. o] — Pil| < Ylox|y ] — 2 . X |- —PF,
|2 txdud - Py < 52 (elood = Sl + D] - 5]
€L
_2 2_67

as desired. We note that the assumptions 2s < 7 and r + 2s < (v/2 — 1)1 of Proposition
follow from the assumption on r and € < 2. O

Remark. Note that the r? term in Theorems A and B appear from ug; see the end

of the upcoming subsection, where we use the inequality 1y > wr%Qmin.

5.5.1 Proof of Theorem A

To use Theorem [5.5.3] we relate the projection matrices to angular deviation between

subspaces using the Davis-Kahan theorem.

Proof of Theorem A. This is a direct corollary of plugging in € = (sin#)/(2v/d + 2) in
Theorem . Assuming that, the following holds for each i < |om]:
sin 6
2/d+ 2
12 Applying Corollay requires assuming p + p* < v2 — 1 and p < 1/(v/8d). But this assumption

is automatically satisfied by the r in the assumption of the theorem, where we already assume p <

€/(16(d + 2)Q2) < 1/(192(d + 2)?). Thus these assumptions become redundant.

| Ps =P <
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Since both P; and 13Z are real symmetric matrices and since eigenvalues of P; are (1,...1,0,

its d-th spectral gap is 1 and therefore letting A = P;, B = P, in the Davis-Kahan theorem

gives the following™}

. A 2v/d
sin £ (H(Pi, d), I1(P;, d)> < 2Vd||P; —Py|| < —\/— sin@ < sin 6
2vd+ 2
where TI(A, d) is the span of the top d eigenvectors of a real symmetric matrix A. Since

P, is the projection matrix to Ty M, a d-dimensional space, we have TI(P;,d) = Ty . M.
Furthermore, H(f’i, d) = II(X[ox,

v.], d) = II;, where U; = B,(X,).

In Theorem A, the conditions for (r,m) used in Theorem are made stricter for
the sake of easy interpretability. We explain how this is done.

Condition on r. The following is the required upper bound on p = r/7:

sin 6
24/d + 2

Using ® > @i (follows from Equation (5.3.5) and the Jacobian of inverse-projection
being > 1), we get the following upper bound on Qs:

7 1 /27d
=\ 3 2 | & ¥Pmax
Qo (2+8\/_d) +¢( R4 +6om->
7 1 27d
< (5 + 8\/§d) + <7%0max + 6047')

€
< —+———— wh =
p < 16(d—|—2)Q2’W ere €

©min

<2 48V24 2 |q. Dmax y 20T
2 2 ©min Pmin

< 29dpmax + 6T
mein

(5.5.1)

Thus we get the required upper bound for p = /7 used in Theorem A, as follows:
€

. sin @ ©min sin 6 ©min
16(d +2)Qy  32(d +2)3/2 29d@pmay + 6T

(d + 2)3/2 C1dPmax + 20T
where (¢1,¢3) = (928,192).

Condition on m. The required lower bound for m/log m is obtained by also plugging

in € = sinf/(2v/d + 2) in Theorem [5.5.3, and noting that uy > war? @mi, by Equations
(5.3.5) and ([5.3.3). Furthermore, we use the following:

r? roor?
T'_:T(l—p)—QSZT(l—;—p)

13In the equation, note that we could choose € = e/(2\/g) for a slightly tighter bound. Our choice of €
is for cleanliness of the final expression produced.

73



Assuming that p = r/7 satisfies p + p?/4 < ¢/d for some constant ¢ > 0 and applying
Lemma with t = p+ p?/4 < ¢/d, we get:

L1 1—zs_d<1 I R PRI
rd — pd — rd (1—=¢)2 ) — rd (1 —c)?

By assuming the condition on 7 derived above, we have that p < 1/(3%?2.928) < 4820,
so that we can take ¢ = 0.00025, which implies ¢/(1 — ¢)? < 0.0003. This yields 1.0003 x
(4642 x 4) < 18574 = c;.

5.5.2 Proof of Theorem B

To relate a perturbation of eigenvalues to a perturbation of covariance matrices, we use
the Hoffman-Wielandt theorem [49]. Before stating it, we prove a simple lemma that gives

a simple, clean version of the Hoffman-Wielandt theorem for real symmetric matrices.

Lemma 5.5.4. For a metric space M and its n-fold product space M™, the following

function is a metric on M":

do(z,y) == Urgégln dy(o -z, 7-y) = min dy(z,0 - y)
where S,, is the permutation group on n elements and o - (y1,...Yn) = (Yo(1)s - - - Yo(n))

permutes the coordinates. If M =R, x,y € M, and if entries of x,y are arranged in the

decreasing order, then

do(z,y) = [z — yl|

Proof. Reflexivity and symmetry of d, hold obviously. To see the triangle inequality,
suppose that z,y, 2 € MP and define o, by the relation d,(z,y) = dp/(z, 04,-y) (similarly

for 0,,0,.). Then

do(2,y) + do(y, 2) =dn(, Ozy * y) +du(y, Oyz z)
=dy (7, 00y y) + Ay (Ony - Yy Ony - 0y - 2)
Z dM(x>0-:1:y *Oyz * Z)

>do(x, 2)
This shows that d, is indeed a metric.
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Consider M = R. Suppose that 1 < --- < z,,y; < -+ < y,. Then we claim that for
any o € Sy, ||z —y|| < ||lx — o - yl|. Suppose z € R™ doesn’t necessarily have its entries
ordered in a decreasing order. If there exists a pair ¢ < j with 2z; > z;, then we have:
|z — 75 - 2| < ||z — 2|, where 7;; € S, is the transposition that swaps ¢ and j. This is
because whenever a < b,a’ < V', we have (a —a')?> + (b —V)? < (a — b')* + (b — d’)%. By
repeatedly applying this sorting process to z = o -y, we get the claim. The sorting process
ends in finite time because one can recursively take the smallest unsorted element and

swap it all the way down, i.e. perform a bubble sort. O]

Theorem 5.5.5 (Hoffman-Wielandt). For normal matrices A, A" of dimension D x D,

there is an enumeration of eigenvalues (A1, ...Ap) of A and (N},...Np) of A" such that
D
Do NP < A= AR
i=1

where ||A||p := /Tr(ATA) denotes the Frobenius norm, with Tr(e) denoting the trace.

In particular, if A, A" are real symmetric matrices, then by the previous Lemma,
XA = XA < | A= A|e
where NA € RP is the vector of eigenvalues of A, arranged in the decreasing order.

Now we note the following simple result for dimension estimation using tail sum.

Proposition 5.5.6. Let X = (A1,...A\p) € RP be such that Ay > Ay > -+ > Ap > 0.

Let X(d, D) = 1,...1,0...0) € RP where there are D — d zeros. Let 1 be a tolerance

(L
parameter such that 0 < n < 1/(2d).

X —X(d, D)

, 3D

where cfn is defined in the Introduction.

Proof. Writing X — X(d, D) = (t1,...tp), let g = |t1] + - + [tal, o = |tasa| + - + |tnl,
and ¢ = ¢1 + g2 = ||X — X(d, D)||;. Then since generally D~Y2||z||, < |||z, we have:

n . n
Q<\/5'3\/5(1+n) - 3(1+n)
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A sufficient condition for Thr(x, n) =d is:
< HXH d g+ LI > HXH
an
q2 = N{A[l1, 42 d+ 9 il MiAlI

Since ||X(d, D)||; = d/(d + 2), triangle inequality implies that 5 —q< N1 < 5 +a

Thus we can formulate the following sufficient conditions:

< 4 and;— > L_’_
T=May2 1) d+2 17T\ g1

— (14+n)g<

nd
d+2
min(nd, 1 — nd)

(1+n)(d+2)

= q<

By our assumption that n < 1/(2d), we have min(nd, 1 — nd) = nd. Thus our sufficient
condition is ¢ < 1—_%7 . ﬁ. The right hand side is minimised for d = 1, so that this is

precisely implied by the assumption. O

Proof of Theorem B.

The proof goes verbatim except we use the Hoffman-Wielandt theorem instead of the
Davis-Kahan theorem, and that we use the estimation error for the covariances || — 3|,
given by €1 = 3D(1+n71). Then the following chain of inequalities hold with probability
>1—6:

IN=X(d, D)ll2 < |E£ = e < VD ||I£ = Z|z <

1
3vD(1+n71)
The proof is then completed by applying Proposition [5.5.6, We note how the expression

Q> is weakened by using Equation (5.5.1)), which is also used in deriving Theorem A:

€ 1 Pmin 1 Pmin
> —
16(d +2)Q2 — 48(d+2)D(1 +n71) 29dpmax + 61 (d+2)D(1 4+ n7t) c1dpmax + 20T

where (¢1, ¢2) = (1392, 288). The condition on m is derived in a similar manner described

in the proof of Theorem A. This time, we get 1.0003 x (4642 x 9) < 41791 = cs.

5.5.3 Concluding remarks

In this chapter we used Wasserstein distance to quantify the deviation of a random

sample from a manifold, and used simultaneous-local concentration inequalities to give
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probabilistic bounds on how well Local PCA works assuming the manifold hypothesis. In
measuring Wasserstein distance, a key challenge was to construct a precise transportation
plan and track all of the distances involved. The main theorems thus rely on many careful
calculations.

We use analogous techniques to those used in this chapter to prove the main theorem in
the upcoming chapter, on the theoretical guarantee for a singularity detection algorithm
(Theorem . In fact, this chapter was developed as an important component of the
singularity detection theorem. In the next chapter, we will again use Wasserstein distance
to quantify deviation of measures, for the setting of a union of two manifolds. Instead
of using a concentration inequality of covariance matrices, a concentration inequality of
Wasserstein distance will be used.

Separately to the singularity detection algorithm, Local PCA itself plays a founda-
tional role to understanding a manifold from a finite sample. This is because its philosophy
of local linearisation, which is the very same principle underlying calculus. The approach
taken in this chapter is modular, clear, and explicit, so that one could further sharpen

the main theorems of this chapter by improving each module of the proof.
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Chapter 6

Singularity detection - Theory

6.1 Introduction

In this chapter we define singularity score, an estimator that detects singularities in
stratified spaces. The algorithmic implementation of the singularity score is done in the
next chapter (Chapter [7)), and in this chapter we purely study the theoretical properties
of the singularity score.

The singularity score is calculated by the following simple heuristic observation: when
a manifold is zoomed in close, it resembles a flat disk. More precisely, the singularity

score is calculated in the following steps:
1. Given a point cloud, isolate the local neighborhoods near each data point.
2. At each local neighborhood, use PCA projection to reduce data dimensionality.

3. Construct an empirical measure with the projected local data sample, and calculate
the statistical distance between the empirical measure and uy. Here 1y is the uniform

distribution over the unit d-dimensional disk.

Our choice of statistical distance is the kernel MMD distance, which we found to be
particularly effective in detecting singularities in the programming implementation. The
proof presented in this Chapter also works for the Wasserstein distance.

We start by recalling the PCA dimension estimator cin and linear regression £,;, defined
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in the beginning of the previous Chapter:

5 . Mer1 + -+ Ap
d, (1)) =min | k <
) =min {1 | BT |

(00 =span (£ 2), .- £ N )

Here we used a slight abuse of notation and defined £, = £ dy () 88 1t appeared in the
previous Chapter.

We now define the mathematically precise version of the singularity score. In the
following let A(u, v) denote the kernel MMD associated to the Gaussian kernel k(z,y) =
exp(—3 - l& — y||*). Also denote by u4 the uniform measure over the unit d-dimensional
disk centered at the origin. We first define the abstract singularity score, and use this for

empirical measures to define the empirical singularity score.

Singularity score. The abstract singularity score is defined as:

o(p) =A(u1,uy)

where d = d(p) and g, = II(y, L) is the pushforward of y along the projection to
Lp. Let x = {z1,...2,} C RP and let r > 0. Denote x(z) = x N B(z,r)\{z}, where

B(z,r) C RP is the open ball of radius r, centred at The local empirical measure

i(2) =gz7r(#x#(z) 3 @)

yEX(2)

of x at z is:

where g, ,(v) is the pushforward of a measure v by the affine map = — r~!(z — 2).

The i-th empirical singularity score of x is defined as:

5-z‘(xa Ty 77) = U(ﬂ(%z))

Note that all of (JZ, L, o depend on the choice of dimension estimation threshold n. We

now state the setup and the main theorem.
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Main theorem

Theorem 6.1.1. Let M = M; U M,, where M;, M, C RP are smooth compact d-
dimensional manifolds embedded in RP. Suppose there exist dy, ¢ > 0 such that the
following holds for every x € My N My: the tangent spaces T, M; and T, M, intersect
at a dy-dimensional subspace, and all principal angles of the pair are > ¢. Let u be
the uniform measure over M, and let X,, = (X1,...X,) be an zzcﬂ sample of size n
drawn from p.

There exist constants &,m_,ny,ca,cp, 1o > 0 depending only on M such that the fol-
lowing holds. Given n € [n_,ny], r < ro, and ¢ € (0,1), the following implications

both hold for all i with probability at least q, when n is large enough:
o When the distance of X; from My N My is less than car, then 6; > 2€.
e When the distance of X; from My N M, is greater than cgr, then 6; < &.

where 6; = ;(X,7,m).

A prominent tool for the theorem is the Wasserstein distance, instead of the kernel
MMD, which is possible since A(u,v) < /27 - W(u,v) for the Gaussian kernel x(z,y) =
e lz=yll? (Lemma. The advantage of the Wasserstein distance is that it is intuitively
easy to prove geometric claims. The proof of the main theorem consist of the following

ingredients.

1. For a fixed z € M and as r — 0,n — oo, the empirical measure fi(z) converges
to the uniform distribution over T,M° := T,M N B(0,1), where B(0,1) C R is
the unit ball of radius 1. Convergence is quantified using the Wasserstein distance.

(Proposition [4.2.7))

2. The singularity score function p — o(u) is a Lipschitz continuous function in ,

where Lipschitz continuity is quantified using the Wasserstein distance. (Proposition

6.4.1)

3. The singularity score of the limiting measure at each point as r — 0,n — oo is zero

at smooth points and positive at singular points (Propositions [6.4.4}, 6.4.5]).
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4. By moving sufficiently far away from the singularities, the local neighborhood of a

point only isolates one manifold M; at a time, instead of cutting through both M;
and M, (Proposition [2.1.14])).

To understand the proof, the reader is advised to start from the last part, Subsection [6.5],
and work backwards to identify the components used in the proof.

We remark that the constants ca,cp appearing in the theorem are unfortunately
intrinsic features of the singularity detection algorithm. Suppose that x € M, the ball
of radius r is used to isolate local neighborhood of x, and that the distance of x to the
singularities of M is ¢-r where ¢ € R™. Then there is an inherent ambiguity in choosing ¢
such that whenever ¢ > ¢g, = is declared non-singular, and whenever ¢ < ¢g, x is declared

singular.

6.2 Eigenvalue control

Before deriving results on singularity score, we first need to derive results on dimension
estimation and linear approximation, which are used to define the singularity score. In
this section we derive results for controlling the change of eigenvalues of a real symmetric
matrix. The real symmetric matrix of interest for us is the covariance matrix, from which

we get eigenvalues for dimension estimation. We introduce the following notations.

Definition 6.2.1. Given a symmetric real matrix A € RP*P we use the following

notation for the vector of eigenvalues of A, arranged in the decreasing order:
XA =(MA, ... ApAd) eRP
We also denote:
NEPA =N A — M A
Taily A = g1 1A+ -+ ApA
10,4- T84

where TQ stands for tail quotient. For a measure x4 on R”, we will use a slight abuse of

notation, and denote the spectral gap of its covariance matrix as:
NP = AP
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Also using Proposition [5.2.3| proven in the previous chapter, we then get the following

bound on the variation of the spectral gap:

Lemma 6.2.2. Let u,v € P be such that the support of each measure is contained in a
ball of radius 1. Then,
AR = AP < 16D - W(p, v)

Proof. Let A = Xu, A’ = Yv. The Hoffman-Wielandt theorem implies the following for
all k:

D72 IA(A) = A(A) < DTV IX(A) = A 1 < IAA) = A2 < [|A = A'lp

1/2

where the second inequality is due to the fact that D=2 . ||z||; < ||z||» for any z € RP.

The triangle inequality then implies:
XEP(A) = AP (A)] < IA(A) = Me(A)] + A (A) = M1 (A)] € 2VD - [|A = Al

Now the claim follows by applying Proposition [5.2.3| and the fact that Frobenius norm
satisfies | B||p < v/D - || B|| generally for any B € RP*P.

IA—A'llr < VD-[|A= A <8VD - W(p,v)

The variation of tail quotient can be controlled as follows:

Lemma 6.2.3. Let u,v € P be such that the support of each measure is contained in a
ball of radius 1. Assume that W(u,v) < 8/(16D), where B = |XSp||1. Then the following
holds for all k:

| TQx (k) — TQu(v)| < 32DB7" - W(p, v)

Proof. Denote A = X, A’ = Yv. The Hoffman-Wielandt theorem and Proposition [5.2.3]

imply:

Z M A — A\ A/

i>k

<) IMRA = A < IXA = XAy

>k

<VD XA = XAy < VD |A— A|p < 8D W(p,v)
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|B|lr < VD - ||B|| generally for any B € RP*P. Define the following notations:

where we also used the fact that D™'/2 . ||lz|; < ||z||o generally for any z € R? and

a = Tailg(Xp), [ = Tailg(Xu)
t1 + o = Tailg(Xv), to+ B = Tailg(Xv), t=8D -W(u,v)

From the above we know that |t1],|ts] < ¢t and by assumption t < (/2. By simple

calculation the claim follows:

tlﬁ — tQCK
B(B +ta)

a+1 «

o <t(ﬂ—|—a)< 2/t
B+t B

T BBt T B2

= 4571¢

6.3 Covariance of two disks

The following proposition is required to understand spectral gap of the localised measure

of a union of two manifolds.

Proposition 6.3.1. Let 7y, m € Gr(d, D) with dim(m; N 7m) = dy > 2d — D. Define
H = %(Nl + u2), where p; is the uniform measure over m; N B(0,1). Then eigenvalues of

the covariance of u are:

A [p] = ) (1,...1,c08%(0go41/2), . .. cos?(04/2),sin?(04/2), . . .sin*(04,41/2), 0,...0)
do D—2d+dy
where 0; < -+ < 04 are the principal angles between (mwy, 7o) with 61 = ... =04, =0 <

edo—l-l .

Proof. By starting from the matrix form in Corollary and then by applying multiple
2-dimensional rotations to the standard matrix form of (m,ms), the following can be
proven. There exists an orthogonal matrix V' € O(D) and matrices A;, As such that

columns of each V' A; is an orthonormal basis of ;:

Ly, 0 1y, 0

0 cos %@ 0 CoSs %@
Al = 7A2 =

0 sin %@ 0 —Sin%@

0 0 0 0
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where © € R(@-d0)x(d=do) j5 the diagonal matrix of nonzero principal angles. Therefore

Ay = Uy J, Ay = Uy J where J is given by JT = [I,0] € R™>*P and

L, 14,

cos%@ —sin %@ COS %@ sin %@

U1 ) U2

sin %@ CoS %@ —sin %@ CoS %@

Ip_2d+d, Ip_2d+d,

Here the matrix V' € O(D) simply plays the role of an orthonormal coordinate transform
and can be safely ignored in calculating the eigenvalues of X[u]. Indeed, orthonormal
coordinate transformation induces a conjugation on the covariance matrix, and leaves its
eigenvalues invariant. Thus without loss of generality, assume that columns of each A; is
an orthonormal basis of ;.

Let Z € RP be a random vector, drawn from the uniform distribution over the unit
d-dimensional disk that spans the first d canonical basis vectors of R”. Then for each

X; ~ i, we have X; = U;Z. This implies that:

1 I; 0
S[u] = E[X, X, | = UE[ZzZ"U] = o/ I WA
d+2) 1o o
Thus we write Uy, Us in block diagonal forms:
gy a2)
Ui _ 7 i
Uy
where
Ui(n) _ Iq, 0 >Ui(12) _ 'O 0
| 0 cos 10 (—=1)'sin© 0
e _ 0 (-1)"'sinio© ) _ cos 30 0
0 0 0 Ip—2d+d,
Thus we compute:
Un Upl |1y 0 UL U U. 0| (UL U, UnU), UnUy,

U Usl| [0 0| |UL U} Un 0| |UL U} UnUJ, UnUsy;

84



Thus

I 0 0 0 sin?1e@ 0
UL = | UnU: = UnU) = 2
0 cos? %@ cos %@ sin %@ 0 0 0
and
I, 0 0 0
S 1 0 cos? %@ cos%@sin%@ 0
Hi] =
(d+2) 0 cos %@sin %@ sin? %@ 0
0 0 0 0

Doing the calculation verbatim for X[us| gives flipped sign for off-diagonl entries. Thus:

1,0 0o o

S = SlGn ) = | OO 0
2 @+2) 10 0 sn?lO 0

i 0 0 0 0_

This is already a diagonal matrix, and we directly take the diagonal entry to obtain the

]

claim.

6.4 Singularity score

In this section we show that when spectral gap is bounded from below and the estimated

dimension are constant, then the singularity score obeys a Lipschitz continuity relation.

Proposition 6.4.1. Let u,v € P be measures whose supports are contained in the ball
of radius 1 centered at the origin of RP. Assume that for some n € (0,1) and k > 0, we
have d, (1) = d,(v), and define s = max(A\&* Sy, \&Pw). Then the following hold:

S (Lo, Lyv) <16Vds™ - W (p, v)
o) — 40| <v/F(1 + 16V ™) Wiy, )

where &(my, me) = \/Sin2 O + - - +sin? 0y, with (0y,...604) being the principal angles be-

tween (my, ).
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Proof. Let’s abbreviate 0 = 0,, L = L,,. By assumption dim £y = dim Lv = k and we
now apply the Davis-Kahan theorem and Proposition [5.2.3}

S(Lu, Lv) < iHEu || < MW(M, V)
For the singularity score, we get:
o (1) = o ()] = A (e, ue) = Awe,u)| < Alur,vi) < /27y Wi, vi)
where pu, = I(p, Lp), v, = TI(v, Lv). Furthermore,

Wit ) =W (T ). T ) )

<W (H(u, L), (v, ﬁu)) +W (H(y, L), (v, cy))

<W(u,v)+6&(Lu, Lv)
(1 + ﬂ) W(v)

where in the second to last inequality we applied Lemmas [3.1.4] and [3.1.5] O]

In the following Proposition, spectral gap, tail quotient, dimension estimate, and the
singularity score are simultaneously controlled, for a measure v sufficiently close to a
given measure y. In our application of the Proposition, v will be an empirical measure,

from which the empirical singularity score will be calculated.

Proposition 6.4.2. Let p,v € P be measures supported on the unit ball B(0,1) C RP.
Leta € [0,1] and k > 0 be an integer. Suppose that W (u, v) is sufficiently small; explicitly,
assume that:

min(4as, 43, afG)
<

where 8 = | XS, Gr = TQu_, (1) — TQu(1), and s = A& (). Then the following hold:

(1) There is a bound for spectral gaps:
Aot (1) =2 (1= a) X ()
(2) There are inclusions of intervals of tail quotients:

Jeo(V) 2 Jra(ir),  Jko(pt) 2 Jralpt)
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where Jyo(p) = [TQp(1) + §Gr, TQu_1 (1) — 5G]
(3) For a choice of n € Jiq(1), the following hold:

dy (1) = dy(v) =k
S(my,m) < 16Vds™ - W(p, v)
o — ogv| < /29(1 + 16\/85_1) - W(p,v)

where &(my, o) = \/Sin2 O + - - +sin? 0y, with (0y,...04) being the principal angles be-

tween (71, ma).
Proof. (1) By Lemma and the assumption on W(u, v), we have:
NP — A5y < 16D - W(p,v) <a-s

(2) By Lemma and the assumption on W(u, v), for each j we have:

ITQ,(0) ~ TQ,0)| £ 2 Win») <

This implies the first inclusion, and the second inclusion holds trivially.
(3) By (2), 7 € Jral(p) implies both 5 € Jyo(v) and 1 € Jyo(p), so that d,(u) =
dn(y) = k by the definition of cin. The rest of the claims follow from Proposition O

- Gr(p)

o2

We recall the following definition given in Chapter [3}

Definition 6.4.3. Let u be a Borel probability measure on RP. For x € supp(u) and
r > 0, define the following:

Hzr = Gz r (:u|3(5071”))

where g, ,(v) is the pushforward of the measure v along the affine linear map y

r~!(y — x). Furthermore, define the following limit, if it exists:

Mzo = lim M
r—0

where convergence is measured using the Wasserstein distance. In other words, p, o is the

unique measure satisfying lim, _,o W (fty -, ftz0) = 0.

We establish some limit behaviour of the singularity score.
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Proposition 6.4.4. Let M C RP be a d-dimensional submanifold. Suppose n € (0, (d +
2)71). Then for any x € M, o,(j1z0) = 0.

Proof. By Proposition [3.1.8, we have p, o = H*
noting that the spectral gap of p, is (d 4+ 2)™!, we obtain the claim. ]

ronm, where ToM =T, M N B(0,1). Also

Proposition 6.4.5. Let M = M; U My, C RP be a union of two d-dimensional sub-
manifolds such that for any x € My N My, we have dim(T, My N T, Ms) = dy, and all
principal angles of (T, My, T, Ms) are bounded above a fized constant ¢ > 0. Suppose
n € (0,(d+2)7"-sin*(¢/2)). Then the function x + 0, (liz0) is continuous on My N My,

and takes positive values. In particular, we have inf,enp, s, 0y (fe0) > 0.

Proof. Due to the eigenvalue computation in Proposition [6.3.1} the condition n < d~* -
sin?(¢/2) implies
reMiNM — Cin(ﬂz,o) =2d — dy

Also, we have a lower bound on the (2d — dy)-th spectral gap:

a sm2(¢/2)
A5 go (Btta0) > “d+2

Therefore we can apply Proposition , and see that the function x — o,(us0) is
(Lipschitz) continuous on M; N Ma.

The projected measure (p, o), is the (pushforward along) projection of p, to the
(2d — dp)-dimensional space spanned by T, M; + T, Ms,. This measure, supported along
the union of two d-dimensional disks, is clearly not equal to the (2d — dy)-dimensional

uniform measure uyg_4,. Then the universality of kernel MMD implies that:

oy (fapo) = A((Nm,(])J_; uzdd0> >0

Therefore the function = — 0, (1,,0) is continuous and positive on a compact set My N M,

so that its infimum is also positive. O

6.5 Proof of the main theorem

In this section we prove Theorem [6.1.1], the main theorem of this chapter.
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Definitions.

For the logical clarity of the proof, we will first define some constants, and postpone
the explanation for their choice to later parts of the proof.

7,1, (, sg are defined as:

r=min(n,m), v="00 30=m(1+M)

1n_,ns are defined as:

&, & are defined as:

3= _inf oypn(teo), & =min <C7 Séo)

reM1NMa

ro,Ca, cg are defined as:

ro = min (c c7,C —50 —50 —50 T
0 — 5, L7, 09, ) ) :
208 806 4010

Cqp = IMIN C5,§
6

Cp — Imax (h(Ml, MQ)_l, h(MQ, Ml)_l)

‘ d(z, M)
here h(M, My) = inf
where h(M,, M>) oMy d(z, My N My)

where the constants cs, . .. 19, which depend only on d, are defined in Propositions (3.1.8],

3.1.7, and

Finally, we fiz a choice of n,r as any number in the range:

nem_,ns, re0,mr

We remark that if v € P and cin(u) = czn/(l/) for some threshold values 7,7’, then we
have 0, (v) = 0,/(v). In particular, due to Propositions |6.3.1} [6.4.5, « € M; N M, implies
CZWQ(,LL%O) = d,(tz0), and thus:

3= iy, Ovralizo) = ik onlkizo)

Outline.
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We will first describe the non-random situation in detail and then describe the ran-
domness using the Wasserstein concentration inequality. Let x = (z1,...x,) C M. Define

the (non-random) singularity scores:

0; = Ui<X7 T, 77) = %(ﬂz‘)

where fi; is defined using (x,r) as described in the Introduction.

Our strategy of proof involves the following successive approximations:

Singular part: d(z;, My N My) < car = ()  0(fts,) ~ 0 () ~ 0(p1y,0) > 3

Smooth part: d(z;, M1 N M) > cgr = o () = 0(tz;r) = 0(fiz;0) =0

where y; is the projection from x; to M; N M,. By the choice of parameters made before,
the approximations will each amount to at most £ of error, so that in the smooth case we
have o(f1;) < £ and in the singular case we have o(fi;) > 2¢. We now describe the proof

precisely.

Limit behaviour. We apply Propositions [6.4.5( and [6.4.4] and see that:

T € (Ml U MQ)\(Ml N MQ) — O'(/JJ%()) =0

x e M N M, :>O'([nyo) 23€>0
Singular part. When d(z;, My N M) < car, the following holds:
0 20(piy0) = |o(fis) = oty 0)| = 3¢ — |0 (1) — oy, 0)] (6.5.1)

where y; € My N My is a point satisfying d(z;,y;) = d(z;, M1 N MQ)H
Smooth part. When d(zx;, My N My) > cpr, the following holds:

03 <0 (fta; 0) + |0 (1) = 0 (pa,0)| = 0 + [0 (f1) = 0 (pta; 0)] (6.5.2)

Even though Equations (6.5.1)) and (6.5.2) didn’t use anything specific about the distance
d(z;, My N M,), this will be used while controlling the error terms.

From singularity score to Wasserstein distance.

3Compactness of M; N M, and continuity of the distance function implies that such a y exists.
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Differences of singularity scores are controlled using Proposition [6.4.2] which is a
Lipschitz continuity relation with respect to the Wasserstein distance. Our definition of ¢
is obtained by setting a = 1/2, § = d/(d+2), G = s = 1 in the condition in Proposition
[6.4.2] This then implies that for all x € M and v € P,

W(:U’a:,Oa V) < C = |0(,u$70) - U(”)' <0+ W(:uw,()? V)

where we recall our definition s = /2v(1 + 16v/dip~"). The definition of &, allows us to

make a more straightforward inference:

W 0,v) <& = |o(pa0) —o(¥)] <€ (6.5.3)

Therefore we can control error terms in Equation (6.5.1)), (6.5.2]) using the Wasserstein

distance.

Wasserstein distance control.
Singular part. Suppose that x satisfies d(z, My N M) < cqr. Let y € My N My satisfy
d(z,y) = d(xz, MyNMs;). We denote p = r/7 and also set s = ||x—y/||/r. Then Propositions

3.1.8 and [3.1.7] imply that:

p, s < C; = W(:U/:v,rwuym) < co(p+ )

P < ¢y = W(ﬂy,mﬂy,o) < Ciop

Our definitions of r¢, c4 allows us to apply the bounds above, and we obtain:

§
W(Nﬂ:,ra My,O) < W(:ux,ra ,uy,r) + W(My,ru Ny,()) < EO (6.5.4)

Smooth part. Suppose that x satisfies d(z, M; N My) > cpr. Here our choice of cp
allows us to apply Proposition [2.1.14] so that B(x,r) intersects either only one of M; or
M,. Thus we only need to work with one manifold at a time here. Thus Proposition (3.1.9

implies:
pL o = W(Mm,ra Nm,O) < cgp

and yet again by our definition of ry, this bound implies:

W(,UJ:,M,U:E,O) S % (655)
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Empirical estimation.

Almost all of the puzzle pieces have been fit together to complete the proof. It now
remains to control the probability of empirical esimtation.

We reintroduce randomness, and let X,, = (Xi,...X,,) be an iid sample drawn uni-
formly from M; U M,. The choice of all other parameters remain the same as before.
We plug in the error level of ¢ = r§,/2 to Proposition , and obtain the following.

Whenever n > max(N,2/u_), we have:
P(mﬁxw(/@mﬂxi,r) < %) >1—=9p, (6.5.6)
where lim,, . d,, = 0 exponentially fast, given explicitly as:
§=c-nltiyn

where

N D
N _ (408 Ry
=(25) v=l(8) ] vmreamee

u_ = inf p(B(z,r)), uy= sup u(B(z,r))

TESUPp U zESUPP L

Therefore there exists some ng > 0 such that, for the § > 0 given in our theorem, n > ny
implies 9, < 9. Note that this ng depends on 6, u, r, &, which have already been fixed in
the beginning of the proof.

Combining the bound.
We now complete the proof. When n > ng, the following holds for every ¢, with

probability at least 1 — d:

W(ﬂza ,uXi,r) S 52_0

Equations (6.5.4)) and (6.5.5) apply verbatim for the random setting:

M) e Wi < &
d<X7" Ml A MZ) > Cpr = W(/l’Xi,h:uXi,O) < %

nstead of t = &y/2, we plug in t = r&,/2 because we are controlling the Wasserstein distance between

measures that have been rescaled by the factor of r—1.
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where Y; € My N M, is a point satisfying d(X;,Y;) = d(X;, My N M,). Therefore by the

triangle inequality, the above two equations imply that:

d(Xs, My N M) < car = W(ili, pty;0) < &o

d(X;, My N M) > epr = W (i, pix,0) < &o

This precisely fits the condition in Equation (6.5.3]), from which we obtain that:

d(X;, My N M) < car = |o(f1s) — o(py,0)] <€

d(Xs, My N My) > cpr = |o(jis) — o(px,0)| <&

Plugging them into Equations (6.5.1)) and (6.5.2]), we obtain the conclusion of the theorem:

d(XZ, MinN Mg) <cypur = O'(ﬂz) > 25

d(Xi,Ml N Mg) > cpr — O'(IELZ) < f

6.5.1 Concluding remarks

In this chapter we used the tools developed in the previous sections to prove Theorem
6.1.1] which guarantees that our singularity detection algorithm works correctly in the
case of two transversally intersecting manifolds of equal dimensions. This theorem marks
the main theoretical achievement of the DPhil thesis, for it uses all of the mathematical
techniques developed so far. Calculations leading to the conclusion of the theorem require
bounding Wasserstein distances, which often entail many subtle details that require a lot
of careful attention.

An extension of the singularity detection theorem would expand its correctness to
more general stratified spaces than a union of two manifolds. This requires adapting
some key techniques to a more general setting, but ingredients such as Proposition [2.1.14
and Proposition [3.1.7] are nontrivial to prove even for the case of two manifolds. As
such, one would need analogous results for general stratified spaces in order to generalise
Theorem [6.1.71

In the upcoming chapter, we will explore the singularity detection algorithm in action.
We will see that, due to the simple design of the algorithm using fast, well-understood

statistical techniques, the algorithm performs well in datasets, both synthetic and real.
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In particular, we will see that it is faster and more principled than other singularity

detection algorithms based on topological techniques.
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Chapter 7

Singularity detection - Experiments

7.1 Introduction

In this chapter, we present algorithmic aspects of the singularity score defined in the
previous chapter. In fact, we develop further methodologies that aren’t covered by the
theoretical analyses done in the previous chapter - we go one step further to compute
the singularity p-values from the singularity scores, thereby directly performing a local
goodness-of-fit test. Furthermore, a global test of whether the geometric space underlying
a dataset is a manifold is presented.

This chapter and the previous chapter attempt to overcome a restrictive assumption
in data science known as the Manifold Hypothesis. The Manifold Hypothesis states that,
generally, the data points we encounter are sampled from a manifold, potentially with
additional perturbations by noise. It is an appealing hypothesis since manifolds are a
general class of geometric spaces that encapsulate non-linear distribution of data.

However, already for many low-dimensional data sets that can be visualized it becomes
obvious that the Manifold Hypothesis can be too strong. Instead, real data can have
singularities — points at which the local geometry of data distribution is non-manifold.
Some datasets even have intrinsically singular geometry, such as branching points seen on
road networks, neurons, and cosmic filaments. Furthermore, high-dimensional data with
non-constant intrinsic dimension is expected to possess singularities, since a connected
manifold must possess the same intrinsic dimension everywhere.

We propose Hades (Hypothesis-testing Algorithm for Detection and FExploration of
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Singularities), an algorithm that uses local goodness-of-fit tests to detect singularities.
This expands the singularity score defined in the previous chapter. The intution of our
algorithm is the same as before, and uses two elementary observations: firstly, locally
a manifold resembles flat disk; secondly, this resemblance can be quantified with the
distance between an empirical measure and a uniform measure. Indeed, given a point in
a point cloud, suppose we identify its neighboring points as an empirical measure. If the
Manifold Hypothesis holds this measure should resemble the uniform measure on a disk,
if not this is evidence for a singularity at this point.

Our algorithm quantifies this resemblance with a goodness-of-fit test, from which we
directly obtain a p-value for rejecting the null hypothesis that a data point has a smooth,
non-singular neighborhood. We use an explicit formula for kernel MMD (maximum mean
discrepancy) to perform the goodness-of-fit test, and this has a time complexity that is
linear in the data dimension. This significantly improves the time complexity of previous
topological methods, whose time complexity is exponential in the data dimension.

We demonstrate our algorithm Hades on synthetic and real world datasets. On syn-
thetic datasets we observe through scatterplots and AUC score (area-under-curve) that
singularities are correctly detected (Figure , . We use three real world datasets
- road networks, cyclo-octane conformations, and images of hand-written digits and cloth-
ings. In the road network dataset, consisting of points on the 2D plane that trace aerial
photographs of roads, the algorithm is able to cleanly extract intersections and sharp
corners on roads (Figure . In the cyclo-octane conformations dataset, consisting of
24-dimensional points that represent all possible positions of carbon atoms in a cyclo-
octane, the algorithm recovers the known singular structure in the dataset, given by two
circles formed by intersection of a Klein bottle and a sphere (Figure . In the image

datasets, the algorithm identifies anomalous images that deviate heavily from the same

type of images in the class (Figure 7.11]).

Related Work. Identifying non-manifold points and studying their structure often
goes under the name of stratified learning, which attempts to model data using stratified
spaces, instead of manifolds. An early example of studying non-manifold behaviour in

data is seen in [46], where a Poisson mixture model was used to measure locally evaluated
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intrinsic dimension that may vary across data. Follow-up works considered data sampled
from a union of multiple manifolds. In multi-manifold clustering, one starts with a data
sampled from a union of intersecting manifolds and clusters data by separating them into
the individual manifolds [86], 100} 85] 13} [IT, 12]. Evidence for real world data containing
multiple manifolds of mixed dimension have been recently studied [29] 30, 67]. We remark
that unions of manifolds only constitute a small subset of all stratified spaces. While our
algorithm doesn’t recover the structural information of manifolds, it detects more diverse
types of singularities not present in a union of manifolds.

Stratification learning received considerable attention from the topological data anal-
ysis community. The flagship tool here is persistent homology, which extracts topological
information at multiple scales of data. In [I7, 18], [19], persistent intersection homology
was used to discover stratified structure of data. In [99] 26] 27], algorithms for recovering
low-dimensional stratification structure and homotopy type of a stratified space has been
studied. Discovering a stratification structure of a given simplicial complex [71] and a
complex projective variety [48] has also been studied. In [88] O8], persistent homology
was used to detect singularities in data, and their algorithms have the same objective as
our algorithm. Compared to their algorithms, our algorithm has a significantly improved
time complexity and theoretical foundation.

Dimension estimation and reduction are key steps in our algorithm, for which we sim-
ply apply PCA locally. Nevertheless there are many more advanced dimension estimation
methods available, such as [60] 33, B32] 39 50, 20, 08]. Dimension reduction methods in
the literature include [16, 103, 89, 68, 05]. For a survey of dimension estimation and

dimension reduction algorithms, see [311, [96].

7.2 Algorithm

The main intuition for Hades is that a manifold locally resembles a flat disk, and this
resemblance can be measured with a goodness-of-fit test. This property fails at singular
points; for example, a branching point of a planar graph locally spans 2 dimensions, but it
doesn’t span the full 2-dimensional disk. The flat disk that a manifold resembles locally is

a subset of the tangent space to the manifold. Therefore, it is necessary to first project the
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Figure 7.1: Schematic for a fully automated run of Hades. UT stands for Uniformity Test.

local sample to the tangent space. After this, we assess deviation of the local empirical
measure from the uniform distribution over the flat disk. Our method is a goodness-
of-fit test using the kernel maximum mean discrepancy (MMD). Using the asymptotic

distribution of the kernel MMD, we can compute the p-value of the goodness-of-fit test.

7.2.1 Main loop

We first explain the main loop of the algorithm, which performs local goodness-of-fit tests
over query points to obtain p-values and then chooses a cutoff for determining singular
points. The main loop requires fixing the hyperparameters (r,7), where r is the radius
parameter and 7 is the PCA threshold parameter. We explain later in Subsection [7.2.3
how the optimal set of hyperparameters is chosen. Note that Algorithm [I]is an algorithmic
implementation of the singularity score defined in the previous chapter, plus a step for

calculating p-values.
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Algorithm 1 Hades (Fixed hyperparameters)

Input: Points 1, ...z, € RP and hyperparameters (r, 7).
Output: Labels 4, ...y, € {0, 1}, singularity p-values o1, ...0, € R, and a cutoff &.
for z € {z;,...2,} do

1. Get a local neighborhood z C x near z, using r.

2. Estimate cz, the intrinsic dimension of z, using 7.

3. Compute z, a d-dimensional projection of z.

4. Perform a goodness-of-fit test of the empirical distribution defined by z, against
the uniform distribution over the unit d-dimensional disk. The test is performed using a
null distribution of kernel MMD. The p-value of the goodness-of-fit test is the singularity
score o(z).
end for
Select a global cutoff value £ so that the points z; satisfying o(x;) < & are labelled

y; = 1, and declared to be singular points.

Remark. In our methods, we use a formula for directly measuring the kernel MMD
between an empirical measure and the uniform measure over a disk (Theorem [7.2.1). As
such, we don’t need to produce a random sample from the disk when performing the
goodness-of-fit tests, and makes our method conceptually clean.

We now provide details of computations for each z € {z1,...2,},

Step 1 : Newghbor determination. We use the radius parameter r to isolate local neigh-
borhoods. The neighborhood of z is defined as z = {r~'(z; — 2) | |lz; — z|| < r}. In z,

each point z; is translated and rescaled so that z fits into a unit ball. E]

Step 2 : Dimension estimation. We use PCA with variance threshold 7. Given the local

neighborhood z, let the empirical covariance matrix be S =n;*> _(w —2z)(w — 2z)"

where n, is the number of points in z and Z is the mean of z. Let Ay > ... > Ap be the

eigenvalues of S. Our local estimated dimension d is defined as the largest k such that

Mg+ -+ Ap <o (A + -+ Ap).

'We also implemented isolating neighborhoods consisting of k nearest-neighbors, where k is fixed in

advance.
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Step 3 : Dimension reduction. We use PCA projection. Suppose S = UAU " is a diago-
nalisation of S. Equipped with the estimated dimension d, let U be the matrix of leftmost

d columns of U. The projected local sample is defined as z = UU 2.

Step 4 : Uniformity test. We use a goodness-of-fit test using kernel methods. Given

z obtained from projection, define the empirical measure i, = n; !> _.d,, where 4,

TEZ
is the Dirac delta measure centered at x. Let u; be the uniform measure over the unit

d-dimensional disk. We define the singularity score as follows::

5(2) = Aljis, )

where A is the MMD associated to a kernel x that is fixed ahead in time. Finally our
singularity p-value o is defined as the p-value obtained from comparing ¢ against a null

distribution. Let 7 = n;'>___, d, be the empirical measure constructed from Z, where

T€Z
Z is an i.i.d. sample of size n, drawn from u . Let ® be the cumulative density function

associated to the random variable A(7,u;). Then o is defined as:

Cutoff selection. After performing the Steps 1-4 above for ¢ = 1,...n, singularity
scores o(z1),...0(x,) are obtained. We now describe how to obtain a cutoff value ¢ so
that we give a label y; = 1 whenever o; < &, and conversely give the label y; = 0 whenever
o; > €.

If x; is sampled near a singularity, we expect o(z;) to be very small, since it is the p-
value obtained from the uniformity test. Equivalently, this means that — log o(z;) is large.
Under the assumption that each type of singular geometry contributes to a concentrated
mass in the distribution of o;, we thus seek a dip in density of the distribution of — log(o;).

Let ¢ be the density function of —log(s;), obtained through methods like histogram
or kernel density estimation. Since singular strata has measure zero in a stratified spaceﬂ,
only a small proportion of a random sample sampled from a stratified space is sampled

near the singular strata. Thus in order to detect the small dip in density, we examine

2If M is a d-dimensional stratified space with dense top strata, then the d-dimensional Hausdorff

measure of the singular points of M is zero.
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— log . Finally, this dip is detected by applying the Kneed algorithm [79] to the function

—log .

Remark. There are many choices for each of the 4 steps above that work independently
of other steps. These may replace the current choices to improve the algorithms in the
future. For example, a more sophisticated application might use UMAP [68] to perform
local dimensionality reduction, and statistical distances such as the Wasserstein distance
could be used in place of kernel MMD in the last step of Algorithm [} In practice, we
found that the kernel MMD is more sensitive to detecting non-uniformity compared to

the Wasserstein distance or its regularised Sinkhorn approximation [35].

7.2.2 Uniformity Test

We describe details in evaluating MMD and the null distribution in the goodness-of-
fit test at Step 4 of Algorithm [ The MMD is evaluated using the following ezplicit
expression for a power series kernel which computes in O(m?) where m is the size of the

empirical distribution. This was proven earlier in Chapter 3] stated as Theorem [3.2.7]

Theorem 7.2.1. Let ji,, = %(5951 +- - +0z,) be a discrete (non-random) measure and let
ug be the uniform distribution over the unit d-dimensional disk in R%. Let k be a kernel

given by k(z,y) = > oo ar(®, y)*, and let A be the MMD associated to k. Then we have:

A% (fin, ug) ZZ k(@i, +Za2kﬂdk<d+2k——zn |2k>

i=1 j=1

where the numbers Bqy are defined using the Gamma function I' as:

1 T(E+0(k+3)
v T(k+441)

To evaluate the p-value arising from the MMD, we use its asymptotic distribution.

Bd,k =

The MMD is a V-statistic, for which asymptotic convergence under scaling by sample

size holds true (Section 5, [82]):

Theorem 7.2.2. Let i1 be a Borel measure on X C R? and let fi,, be the empirical measure

of size n drawn from p. Let k : X x X — R be a function satisfying k(x,y) = k(y, ),
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and let A be the MMD associated to k. Then there is a convergence in distribution as

n — oo:

e A (jin, i) — o+ > N(ZE—1)

i=1

Here Zy are independent standard normals, cx := E[rk(X, X)] — E[x(X,Y)], and Ay are

eigenvalues of the integral operator:

Lfo) = [ #a. =)o) duo)
where £(x,y) = k(x,y) — E[x(X,y)] — Els(z, V)] + E[x(X,Y)].

We obtain the asymptotic distributions by Monte Carlo, i.e. by directly sampling the
null statistics n-A%(fi,, 1) and using this to construct an empirical cumulative distribution
function. Informed by [78], we use exponential decay to estimate probabilities of very low

p-value, lying outside the domain of simulation of Monte Carlo.

7.2.3 Hyperparameter selection

Algorithm [1| describes Hades for one set of hyperparameters. To choose the optimal set of
hyperparameters, we define the dispersion score, which is made to be minimised among
outputs of all hyperparameters. The dispersion score measures the total degree of local
dispersion defined by a binary label on a point set. The full run of Hades performs
Algorithm (1) over a (2-dimensional) grid of hyperparameters (r, ) and chooses the output
that produced the smallest dispersion score. The dispersion score is defined using purity

score and separation score:

Definition 7.2.3. Let x = (z1,...2,), ¥ = (¥1, - ..yn) be points and their binary labels,
r; € RP, y; € {0,1}. For each i = 1,...n, let N (i) C {1,...n} be a set satisfying
i € N(i). Define a partition Zo UZ; = {1,...n}, where Z, = {i | y; = a}.

The purity score p; is the proportion of indices j € N (i) with y; = 1:

#N (i)

The separation score is defined as an AUC (area-under-curve) score:

pi(y7N) =

si(x,y,N) =AUC {(tm Y;)

jeN)
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where ¢;; are real numbers defined as follows:

T ~
tij :<$j — Ty, ||jz|| >, where I; = E (xj — ;)
(2

JEN (i)NTh

The dispersion score is defined as:
1
D(x,y,N) =a - Di(P)+ 292(%‘)7 where ¢, =1— 5(81 + pi)
i€Z1
where P = #(Z;)/n is the global purity score, « is a regularisation constant, and D;, Dy

are damping functions, which are bijections D; : [0, 1] — [0, 1] satisfying D;(z) < x. E|

Separation score quantifies how well the binary labels are cleanly separated along
locally defined axes of direction, Z;. Indeed z; is the sum of displacements z; — x; for
which y; = 1, and ¢;; is the projected length of the displacement z; — x; onto Z;. Thus,
s; measures how well the numbers ¢;; can classify the binary labels y; when j € N (i).

Dispersion score detects points x; for which both s; and p; are simultaneously small,
whilst also penalising the degenerate case P =~ 1, when almost all points satisfy y; = 1.
The points x; satisfying ¢ € Z; and s; + p; = 0 are far away from other indices j € 7,
and have poorly defined local boundary for separating the label 1 from the label 0. By
using the damping functions Dy, D,, we ensure that only the points z; for which ¢; is
sufficiently large make a meaningful contribution to ®, and also only the degenerate case
for which P =~ 1 makes a meaningful contribution to ©.

Hades is an unsupervised learning algorithm, for which there is no training dataset
whose loss value can be minimised over many sets of hyperparameters. Instead, like clus-
tering algorithms, the best set of hyperparameters is chosen by optimising a qualitatively
defined criterion. The dispersion score differs from the classical clustering quality mea-
sures that rewards concentration around centroids of clusters. The difference is that it
aggregates local clustering information gathered from the data points, and thus the dis-
persion score can still be made small for complex shapes formed by the binary labels.
This is adequate since the set of singularities of a stratified space have no reason to be
concentrated around their centroid. (See Figure , the singular points marked in blue

are not point-like clusters sought by the classical clustering quality measures.)

3In the code, the default choice of the damping functions is given by Dy = Fy2 and Dy = Fy 55,
where F, ,(t) = (1=2)°.

1—a
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7.2.4 Testing the Manifold Hypothesis

We explain an algorithm used to test whether the geometric space underlying a dataset is
a manifold. The main idea is the following: Given an iid sample X7, ... X,, drawn from a

geometric space M and singularity p-values oy, ..., calculated from them, the following

should hold:

e If M is a manifold, then oy,. ..o, should distribute uniformly over [0, 1].

e If M has a singularity, then oy, ... o, should be concentrated near 0.

We give a heuristic argument for the above criterion. Firstly given any random variable
Z with the probability density ¢, the p-value variable Z := [ () dt is follows the

uniform distribution over [0, 1]. This is because if we let @ = [ ¢, we have:

P[ng]:P{/ngpg/:ogo}:P[Zga]:d

Now for a fixed ¢, consider the singularity p-value o; calculated at the neighborhood of
X, by using the random sample X, ... X, drawn iid from a d-dimensional manifold M.
Assuming that the local radius parameter is sufficiently small and n is sufficiently large,
(1) the estimated dimension at X; is d and (2) the empirical measure formed by the local
neighborhood at X; closely approximates the uniform distribution over a tangential disk
at X;.

Conditioning on k points among X, ... X, landing in the local neighborhood of X,
we see that this marginal distribution of o; approximates Zk Here, Z, = A(Dy, uy) where
Uy is the empirical distribution constructed from an iid sample of size k£ drawn from
the uniform distribution ug, and Zj, is the p-value of Z; constructed in the way described
above. Therefore, we expect ; to be approximately uniformly distributed over [0, 1] when
r — 0,n — oo. Lastly, assuming sufficiently small r, most pairs of local neighborhoods at
Xi,...X, do not overlap, and we may expect the singularity scores oy, ..., to behave
almost independently, so that their distribution over [0, 1] is almost uniform. On the
contrary, if M possessed a singularity, then near each singularity the singularity score
(which is kernel MMD) becomes large and the singularity p-value will become small.

Thus we expect a high concentration of singularity p-values near 0 if M has a singularity.
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To differentiate between a uniform distribution of p-values over [0, 1] and a distribution

possessing a sharp spike of p-values near 0, we use the following three methods:

1. SUPC (Small Uniformity p-value Concentration) Choose threshold values {q1, ... q;} C

[0,1] and for each ¢ € {q,...qx}, calculate

#{Ui < C]}

SUPC := max(qi, . .q,i), where ¢ =
ng

2. UPUP (Uniformity p-value Uniformity p-value) Construct an empirical distribu-

tion 7 from oy, ... 0, and perform the uniformity test using the kernel MMD method

developed in this chapter (Theorem [7.2.1]).

3. KS (Kolmogorov-Smirnov) Again construct » from oy, ... o, and perform the one-

sample Kolmogorov-Smirnov test against the uniform distribution over [0, 1].

7.2.5 Computational Complexity

We now compute the computational complexity of Hades. Suppose x C RP is a D-
dimensional dataset consisting of n points. Suppose that neighborhoods of the query
points, defined by points within distance r, contain k points in averageﬁ Suppose that x
lies on a d-dimensional stratified space. Suppose further that tangent cones at all points of
the stratified space are at mots dyp-dimensional. Given this information, we now account

for computational complexity of each step in Hades.

Constructing kd-tree. In order to isolate neighborhoods in Step 1, we use the kd-tree

algorithm. Construction of the kd-tree on n points has the time complexity of:

To = O(nlogn)

Step 1. On a single query point, retrieving k nearest neighbors has the time complexity
of:
T, = O(klogn)

4 Alternatively, we can assume that k was fixed in advance and we isolated neighborhoods consisting

of k nearest neighbors of each query point.
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Step 2, 3. In this step, SVD is performed on a rectangular matrix of dimension k x D,

which has the time complexity of O(min(D, k) - Dk). With the estimated dimension of

A

d, a matrix multiplication between a rectangular matrix of size (k x d) and a diagonal
matrix of size (d x d) is performed, for which the time complexity is O(dk). This step

thus amounts to the time complexity of:

Tys = O(Dk* + dk)

Step 4. In this step we compute the MMD of a d-dimensional point set of size k.
Following the expression computed in Theorem [7.2.1] the time complexity for this step
1s:

Ty = O(K*d + k + kd) = O(k*d)
Summing up all of the time complexities, we get the total time complexity of:
Tiotal =10 + q(Th + 123 + T1)
=0 (n logn + gk logn + q(d + D)k2)

Taking ¢ = n, and using d = O(D), we get a simpler expression:

tlotal - O((n lOg n)Dk2)

We remark that Algorithm |1} can be trivially parallelized since the outputs o; for
i = 1,...n can be computed separately, so that ¢ may be replaced by ¢/mcore, Where

Meore 1S the number of computational cores used for parallel computation.

7.3 Comparison with other methods

7.3.1 Topological algorithms for singularity detection

We demonstrate significantly improved time complexity and statistical foundation of
Hades in the singularity detection task, compared to the previous topological methods.
Topological methods of singularity detection are based on persistent homology, a promi-
nent tool from topological data analysis |98, 88, [19], [1'7, [18] 99} 26], 27]. Persistent homol-

ogy computes topological features at varying scales of data, and the main idea behind
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Figure 7.2: Comparison of computation time of local shape analysis in Hades (blue) versus

Ripser (orange), a highly optimised library for computing persistent homology.

topological methods for singularity detection is to compute persistent homology on local
neighborhoods of data. In particular, the recent algorithms in [98] 88| uses the fact that a
small annular neighborhood of a point on a manifold has the topology of a sphere, whose

topology is well-understood.

Time complexity. A major advantage of Hades over singularity detection algorithms
based on persistent homology is that Hades scales much better to high-dimensional data.
In comparison, the time complexity of persistent homology increases exponentially in the
intrinsic dimension of data. The computational complexity of Ripser [I5], a highly opti-
mised Python package for computing persistent homology, is O(s®) where s is the number
of simplices constructed. However a dataset of k points has a total of s = ( d-ku) = O(k%1)
simplices of dimension d. A small annular local neighborhood of a d-dimensional manifold
is topologically a (d — 1)-sphere, and requires computationally constructing d-simplices.
Therefore, the computational complexity of the (d — 1)-th persistent homology group
is O(k*¥*3). Persistent homology computation corresponds to Steps 2-4 in Algorithm [
where in our algorithm we instead use PCA and kernel MMD. Using the computational
complexity of Algorithm [I| given above, we have the following comparison of computa-

tional complexity incurred by local shape analysis:

PCA + Kernel goodness-of-fit (Hades): O(k*D)

Persistent homology: — O(k3+?)
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Figure 7.3: Birth and persistence of the STS (significant topological signature) at (d,n).

Thus we observe an exponential dependence of persistent homology computation on the
intrinsic dimension d of data, whereas Algorithm[IJhas a linear dependence on the ambient
dimension D.

In Figure , we compare computation times of Hades (blue curve) and Ripser (orange
curve). On each of the five plot shows computation times for a fixed dimensionﬂ but
varying sample size. We observe that while Hades shows poorer performance than Ripser

in low-dimensional data, the situation is quickly reversed in high-dimensional data.

Diminishing persistence. We observe from computational experiments that the topo-
logical signature of a high-dimensional sphere has a small persistence. This appears to
present problem in applying the standard practice in topological data analysis, which
declares a point on the persistent diagram as a genuine signal only if the point has a
high persistence. In the case of the d-dimensional sphere, one seeks one highly persistent
point on the d-dimensional persistence diagram, since the d-dimensional sphere has a
1-dimensional d-th homology group, and all other k-th homology groups of are zero for
k> 0.

As such we define the significant topological signature (STS) at (d,n) to be the most
persistent point of PD4(X,,), where PD4(X,,) is the d-th persistence diagram of the Rips
filtration on X,,, and X,, is an independently and identically distributed sample of size n

from the d-dimensional sphere. Figure tabulates birth times and persistences (y-axis)

5For d-dimensional data, we use samples of the unit d-dimensional ball for Hades and samples of the

unit (d — 1)-dimensional sphere for Ripser.
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of the STS at (d,n) for varying sample size n (x-axis) the dimension d (different curves,
colour-coded). The STS is significant because it is the main signal sought by the standard
practice of topological data analysis.

Figure indicates that the STS of a high-dimensional sphere has a small persistence
and a large birth time. The small persistence tells us that STS becomes increasingly
unreliable in high dimensions, due to it resembling ”topological noise”. This appears to
defy the current paradigm of topological data analysis where highly persistent topological
features are to be seen as genuine signal and other topological features are to be seen as
noise. The large birth time tells us that one cannot use small connectivity threshold to
detect STS, and therefore that it is difficult to reduce the number of high-dimensional
simplices appearing in the full filtration of a point cloud.

This situation may be improved by using low-dimensional topological signal of high-
dimensional spheres, which runs on smaller time complexity. In fact, even the 1-dimensional
sphere (circle) exhibits systematic high-dimensional topological signals in large connec-
tivity thresholds [63, 3], and high-dimensional spheres exhibit systematic low-dimensional

topological signalsﬂ

7.3.2 Anomaly detection

We remark that Hades has a different objective to existing anomlay detection algorithms.
Whereas Hades detects anomaly in local geometry, existing anomaly detection algorithms
detect outliers. Along with Hades, three anomaly detection algorithms were tesed in
Figure (One-Class SVM [80], Isolation Forest [66], Local Outlier Factor [28]). The
first row shows the dataset of two circles and the second row shows the dataset of two

disks, and points with high anomaly score are marked in yellow (viridis colormap).

6In computational experiments that are yet to be released, the authors observed that a Random
Forest classifier can be used to distinguish dimensions of high-dimensional spheres just from using their

low-dimensional topological signals.
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Figure 7.4: Hades is different from the anomaly detection algorithms; points marked as

highly anomalous are marked in yellow.
7.4 Experiments

We implemented Hades in Python and performed various computational experiments.
Singularity detection lacks a ground truth for most real-world datasets, and is an unsu-
pervised learning algorithm. We follow the standard 2-step approach to assess the per-

formance of a singularity detection algorithm:

(i) Synthetic data. We plot singularities detected from 2- and 3-dimensional datasets
and visually inspect that the singularities are detected correctly. Then we de-
tect singularities from families of high-dimensional synthetic datasets whose sin-
gularities are completely understood by construction, and use receiver-operating-

characteristic (ROC) curve to quantitatively assess accuracy of the algorithm.

(ii) Real data. We study datasets of road networks, cyclo-octane conformation, im-
ages of handwritten digits, and images of clothing items. For the road network and
cyclo-octane conformation datasets, we recover the already-known locations of the
singularities. For the image datasets whose geometry are not well-understood, we
observe that images with high singularity score are anomalous from visual inspec-

tion.

For details of the experiments, see Section
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7.4.1 Synthetic data: Visualisation and ROC Curves

We first apply Hades to the 2- and 3-dimensional point clouds in Figure [7.5] where
singular points detected by the algorithm are marked blue. These synthetic datasets
are generated from known data distributions of various geometric shapes, and uniform
noise has been added to the datasets. They demonstrate that the algorithm is robust to
noise and curvature. The algorithm simultaneously detects multiple types of singularities
such as intersections, branching points, sharp corners, and cones. We also observe that
no singularities are detected for the first row, which consist entirely of manifolds. This is
enabled by the manifold hypothesis testing algorithm SUPC described in[7.2.4] The sizes
of datasets range from 5,000 to 15,000. The time taken to extract singularities from each
dataset ranges from 3 minutes to 40 minutes. The time taken per data point ranges from
0.03 seconds to 0.15 seconds.

Going beyond visual inspection, we quantify accuracy of Hades on three families of

geometric spaces:
1. One solid d-dimensional ball. (Singularity at boundary sphere)

2. Union of two unit d-dimensional spheres in R4 with centres separated by dis-
tance 1, such that they intersect at a (d — 1)-dimensional sphere. (Singularity at

intersection )

3. Union of two unit 2d-dimensional disks in R3? that intersect orthogonally at a d-

dimensional disk. (Singularity at intersection and boundary)

Visual inspection is inadequate for inspecting high-dimensional singularities, so we use
receiver-operating characteristic (ROC) curve and its area-under-curve (AUC) to assess
the performance. The AUC scores we obtain are all > 0.89. More precisely, the AUC are
the following for d = 1,...5:

One d-dimensional solid ball: AUC = (1.00, 1.00, 1.00, 1.00, 1.00)
Two d-dimensional spheres: AUC = (0.99,0.93,0.89, 0.89, 0.89)

Two 2d-dimensional disks: AUC = (0.95,0.93,0.94, 0.95,0.96)

The ROC curves and the AUC values are shown in Figures [7.6]
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Figure 7.5: Singularities discovered by Hades marked blue in synthetic datasets.
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datasets.
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Figure 7.7: Testing the manifold hypothesis with Hades. Left: AUC of manifold hypothesis
performed with three different scores: SUPC, UPUP, KS with synthetic datasets. Right:

Boxplots of SUPC for manifolds vs. stratified spaces at sample size 8000.

7.4.2 Synthetic data: Manifold hypothesis

We test the manifold hypothesis with Hades using the methods described in Subsection
[7.2.4 Unlike the local tests of detecting singularities, we perform a global test, on one
dataset at a time. For this, datasets consisting of synthetically generated point clouds
were created, with a binary label on whether each point cloud was a stratified space (with
singularities) or a manifold (without singularities). The manifolds consisted of spheres,
ellipsoids, Cartesian products of spheres, and torus. The stratified spaces consisted of
unions of two spheres, cones, hollow cubes, and a union of three disks. For each specified
sample size N € {1000, 2000, 4000,8000} (see the z-axis on the left plot of Figure [7.7)),
20 copies of each point cloud were randomly generated. Thus for each sample size, a
synthetic dataset consisting of 160 point clouds sampled from various manifolds and
120 point clouds sampled from various stratified spaces were generated. Then SUPC,
UPUP, KS scores were calculated for each point cloud, and we tested their efficacy in
distinguishing manifolds from stratified spaces.

Figure [7.7 shows the results. As sample sizes increase from 1000 to 8000, AUC values
for all of SUPC, UPUP, KS increase, with UPUP and KS reaching just about 0.7 and
SUPC reaching the AUC score 1.00. The boxplot on the right shows the distribution of

SUPC scores for the manifolds and stratified spaces at sample size 8000, demonstrat-
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ing a clean separation between the two types of data. This indicates that the manifold

hypothesis can be effectively tested with SUPC.

7.4.3 Real data: Road network

We apply Hades to the Massachusetts Roads Dataset [70], a dataset consisting of pixelised
images of road networks in Massachusetts. Each road network is mathematically a planar
embedding of a graph. Intersections and sharp corners of the road are singular points,
and everything else is locally a straight line, and thus are smooth points. From Figure
[7.8] visual inspection reveals that singularities are accurately detected. Each image had
1500 x 1500 resolution, containing 45,000 to 200,000 pixels with non-zero brightness
values. The time taken to run each dataset ranges from 6 to 31 seconds. Expanding this
analysis, the same computational experiment can be performed to other datasets that
can be modeled as (1-dimensional) graphs, including images of neurons, and filamentary

structures formed by galaxies.

7.4.4 Real data: Cyclo-octane conformation

We apply Hades to the dataset of cyclo-octane conformations. This dataset, introduced
in [67], consists of 6040 points on the 24-dimensional space R?*! that parametrises 3D
positions of 8 carbon molecules in the cyclo-octane CgH;4. The space of cyclo-octane was
previously identified to be the union of a Klein bottle and a sphere, intersecting at two
circles [67]. These two circles are singularities of the space of conformations, and indeed
they are correctly detected by Hades, as seen in Figure [7.9] The 3D projections of the
conformation dataset, obtained using the dimensionality reduction algorithm Isomap [89],
is displayed in Figure [7.9; we emphasise that the computation wasn’t done on the 3D
projection, and instead done directly on the original 24-dimensional data.

Running Hades on the entire conformation dataset took 4 seconds on a standard
laptop. This shows great improvement from the previous benchmark for this dataset, in
[88], in which their singularity detection algorithm Geometric Anomaly Detection took
at least several hours on parallel processing, as informed by the main author on private

communication.
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Figure 7.8: Singularities discovered by Hades marked blue in the Massachusetts Roads
Dataset.

Figure 7.9: Singularities discovered by Hades marked blue in a cyclo-octane conformation
dataset, which are union of two circles. Each row shows rotations of the same 3D Isomap
projection of the 24-dimensional dataset. The first row shows the whole dataset and the

second row shows singularities.
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7.4.5 Real data: Images of handwritten digits and clothings

We apply Hades to image datasets, of handwritten digits (MNIST) and clothing items
(Fashion-MNIST), and find that images with high singularity scores are visibly more
anomalous. MNIST is a standard dataset of images of handwritten digits [57] consisting
of 60,000 data points, where there are 6,000 data points for each digit from 0,1,...9.
Each data point is a 28 x 28 = 784-dimensional vector of brightness values between 0
and 1, where each entry of the vector indicates the brightness value of each pixel in the
image. Similarly, the Fashion-MNIST dataset consists of 28 x 28 images of 10 classes of
clothing item{], where there are 6,000 data points per class.

We applied Hades on MNIST and Fashion-MNIST datasets on each class of 6,000 im-
ages’] and sorted the images according to their singularity scores. Prior to applying Hades,
each 784-dimensional image vector was reduced to 100-dimensional vector by applying
Discrete Cosine Transform. Figure[7.10] (MNIST) and Figure [7.11] (Fashion-MNIST) show
the result, where the left half of each Figure displays images with the lowest singularity
scores and the right half displays images with the highest singularity scores.

Images on the right half have irregular characteristics when compared to images on
the left. This is explained from the fact that Hades assesses local uniformity. Indeed, im-
ages on the left look similar to each other, indicating that there are a lot more of similar
images of small, subtle variations, thus locally constituting a more uniform distribution
with a well-behaved variation. On the other hand, images on the right arise from irregular
handwritings and clothing items. This means that there wouldn’t be a uniform distribu-
tion of similar variations of the images, and thus picked up by Hades as highly singular.
The computation time for running Hades on 6,000 images corresponding to each digit

spanned 30 seconds to 45 seconds.

"T-shirt, Trouser, Pullover, Dress, Coat, Sandal, Shirt, Sneaker, Bag, Ankle boot
8Similar results were obtained from running Hades on the entire dataset of 60,000 datasets.
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Figure 7.11: Images with the lowest singularity scores (left half) and the highest singu-
larity scores (right half), upon applying Hades to the Fashion-MNIST dataset.

7.5 Experimental details

We implemented Hades in Python. Computational experiments were done with a standard
laptop: Macbook Pro 2018 with the 2.6 GHz Intel Core i7 processor and the 16 GB 2400
MHz DDR4 memory.

Synthetic data: Low-dimensional. Details of the datasets used are in Table [7.5.1}
Hyperparameters were not specified to run each dataset; they were identified automati-

cally by the algorithm. This means that only the point clouds were inputted to Hades to
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produce Figure [7.5]

Dataset Description Size Time T/S
Circle One circle 5000 184 0.037
Sphere One 2-dimensional sphere 10000 1153  0.115
Torus One standard embedding of the 2-dimensional torus 10000 932 0.093
Two circles  Two intersecting circles 5000 156 0.031
Wheel One circle and three line segments connecting them 7497 305 0.041
Venus One disk and two intersecting line segments attached 9998 805 0.081
Two spheres Two intersecting spheres 15000 2012  0.134
Cone Two joined cones that are cut along top and bottom 10000 1061  0.106
Box One hollow cube 15000 1496  0.100
Pinch torus  One torus, pinched along a neck 10000 1326  0.133
Skewer One saddle surface skewered by a line segment 15000 2174  0.145
Saturn One unit sphere and a larger disk cutting the middle 15000 2172  0.145

Table 7.5.1: Details of synthetic low-dimensional datasets, with the number of data points

(size) and the time taken to run Hades on each data, and the time taken divided by size,

in seconds (T/S).

Synthetic data: High-dimensional.

structed for values of d =1,2,3,4,5:

1. Solid ball. One d-dimensional unit ball (with filled interior).

There are three families of datasets here, con-

2. Two Disks. Two 2d-dimensional unit disks intersecting at a d-dimensional disk.

Constructed by taking two 2d-dimensional unit disks in R*?, where the first disk

spans axes 1,2,...2d and the second disk spans axes d + 1,d + 2, ... 3d.

3. Two Spheres. Two d-dimensional spheres intersecting at a (d — 1)-dimensional

sphere. Constructed by taking two d-dimensional unit spheres in R*!, whose centres

are spaced apart by distance 1.
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To calculate ROC curves, binary labels constituting ground truth are required. We
define the ground truth label to depend on the local radius used for neighborhood isola-
tion. This is because singular locus in a stratified space has measure zero, so that there
is in fact 0 probability that a randomly sampled point from a stratified space is singular.
However, the measure is positive when we thicken the singular locus by a radius, which
is relevant to experimental setting where local neighborhoods used for data analysis may
intersect the singular locus sufficiently closely.

We therefore define a binary label on a stratified space M with singular locus Mg
by declaring that x € M is s-close to singularity if the distance from x to Mg is within
s. Furthermore, when a local radius parameter r is used for Hades, we set s = r/2, so
that a data point is declared singular iff it is within the distance r/2 from the singular
locus. The scores used for Hades’ classification is log(1/p;), where p; is the goodness-of-fit
p-value of the i-th data point.

The volume of a d-dimensional disk of radius r is wyr?, where wy is a constant. There-
fore, when r < 1, the volume diminishes exponentially in d. To account for this, we
increased the radius parameter and the sample size as the dimension increased. We used

d .
/4 and sample sizes Ny = Npa? for constants 7o, N, c.

the radius parameters ry = ré
For the Solid Ball dataset, we used (rq, Ny, @) = (0.02,15000, 1.5). For the Two Disks
dataset, we used (rq, Vo, @) = (0.1, 15000, 1.5) and for the Two Spheres dataset, we used

(ro, No, &) = (0.03,15000, 1.5). The threshold parameter n was fixed at n = 0.95.

Road networks. Starting from 1500 x 1500 images of aerial photographs of road net-
works, we extracted pixels that contain non-zero brightness values. Due to the uniform,
clean nature of the images, we used fixed hyperparameters (r,n7) = (0.012,0.8) (each
image was normalised to fit in a unit square). Due to the large number of pixels in the
images, only 10% of the pixels were used for singularity score calculations, and the singu-
larity scores obtained here were extrapolated to the rest of the pixels. This significantly
reduced computation time while still cleanly detecting singularities. The number of points
contained in the images ranged from 45,000 to 200,000, and the time taken to run Hades

on each image ranged from 6 to 31 seconds.
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Cyclo-octane conformation. The consists of 6040 points on the 24-dimensional space
R?% that parametrises 3D positions of 8 carbon molecules in the cyclo-octane CgHig. This
was taken from the publicly available repository of [88]. Hades was run directly on the
24-dimensional dataset, with the fixed hyperparameters (r,n) = (0.35,0.95). This took 4

seconds to run.

Image datasets. We first applied Discrete Cosine Transform to each image and re-
duced the 784-dimensional image vector into a 100-dimensional vector. This reduces the
data dimension whilst retaining shape information of each digit. On this transformed
dataset of 100-dimensional vectors, we ran Hades with the fixed hyperparameters of
(k,m) = (200,0.95), where k is the number of nearest neighboring points used for lo-
cal neighborhood isolation, and 7 is the PCA threshold parameter. Nevertheless the
algorithm returns similar results when we change the hyperparameters. Hades was run
separately on each class of images, although we observed similar results when we ran the

algorithm on the whole dataset.

7.5.1 Concluding remarks

We introduced and studied Hades, an unsupervised learning algorithm that assigns a
singularity score to data points. This is the experimental implementation of the main
objective of this DPhil thesis, for which the theory has been developed in the chapters
leading to the current one. While the theoretical content of the thesis is nontrivial, a
large amount of work has also gone into making Hades readily deployable and statistically
principled.

Hades detects singularities by measuring how much the local geometry deviates from
a manifold using a goodness-of-fit. The strengths of the algorithm are firstly its speed, in
particular compared with recent topological approaches, and secondly that it can be seen
as first step toward learning the full stratified space. The main disadvantage is that the
goodness-of-fit algorithm simply detects what is not like a disk, and doesn’t give a further
details about the local geometry. This is where future research may blossom by using the
richer information of local geometry provided by topological methods; for example one

may compute persistent homology only at points declared to be singular by Hades. These
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research works together aim to create a computational toolbox for modeling general data

using stratified spaces.
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Chapter 8

Strange random topology of the

circle

8.1 Introduction

A conventional wisdom in topological data analysis says the following: if we construct a
simplicial complex from a random sample drawn from a manifold, then the topology of
the simplicial complex approximates the topology of the manifold. Indeed this is true if
we scale down the connectivity radius smaller as the sample size grows larger, but what
happens when the connectivity radius stays the same?

We study the strange random topology of the circle, where we find high-dimensional
topology arise in a systematic way. We find intervals of filtration radii in which the
random Cech complex constructed from the circle is homotopy equivalent to bouquets of
spheres, with positive probabilities. Here, a bouquet of spheres is the wedge sum V2SF.
It was known that only a = 1 is allowed if k is odd, and all a > 1 are allowed if k is even
[6]. We show that the single odd sphere S?**! appears with high probability over long
intervals of filtration radii. The bouquet of even sphere V*S?* appears with a smaller but
positive probability over shrinking intervals of filtration radii. In particular, we show that
a can get arbitrarily large for V*S?*. To get to our conclusions, we use the expected Euler
characteristic and the stability theorem of persistence diagram. Let’s describe the setup

more precisely.
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Figure 8.1: Left: Graphs of normalised expected Euler characteristics, y = n~

are (un-normalised) expected Euler characteristics. Yellow curves correspond to larger n.

Red circles are the limiting spikes, given by <2kkﬁ7 E:ff;,) for all £ > 0.

Setup. We define the circle S' as the quotient space S' = [0,1]/ ~, as the interval
of length 1, glued along endpoints: 0 ~ 1. A bouquet of spheres VS* is defined as the
wedge sum of a copies of S¥ . For a positive integer n, let X,, be the i.i.d sample of size
n, drawn uniformly from S!'. The Cech complex of filtration radius < r is denoted by
C(Xn,'r). In doing this construction, we always use the intrinsic topology of the circle,
i.e. the Cech complex is a nerve complex constructed from arcs. We use the following
notation for the expected Euler characteristic and expected Betti number, for Theorems

Al and A2:

x(n,r) = Ex, [X(C(Xn, r))] . b(n,7) =Ex, {dim Hy(C(X,, 7))

Theorem A1l (Expected Euler Characteristic). Let n > 0 and r € (0,1). The following

equality holds:

T (n ! - 7") _ UX/:J (Z) (1 = k)= (o)™

k=1

'We take the convention that for a topological space K, we define the 0-th wedge sum V'K = x, the

singleton point set, and the 1st wedge sum V'K = K itself.
2Independently and identically distributed
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In particular, x(n,r) is a continuous piecewise-polynomial function in r.

Theorem A2 (Expected Betti Number). Let & > 1. Given € > 0, the following uniform

bounds hold for all r € [ k ﬂ) when n is sufficiently large:

2h+27 2k+4
X(n,r) ¢ < bar(n, ) < x(n,r)
n n n

By directly plotting the expected Euler characteristic, we observe interesting limiting
behaviours. Figure[8.1]shows graphs of f,,(r) = n='-x(n,r), which are normalised versions
of x. As n becomes larger, f,,(r) shows peaks that converge to a sequence of narrow spikes.
By definition x(n,r) = n- f,(r), and therefore we see that as n becomes larger, x(n, r) also
becomes arbitrarily large at those spikes. Theorem A2 then says that the expected Betti
number of a certain homological dimension is precisely responsible for each spike. We also
compute later (Proposition that height of the k-th limiting spike is precisely given

by:
(k’ _ 1>k71
klek—1

Using the Euler characteristic formula, we can now obtain probabilistic bounds on ho-

W =

motopy types. As stated before, all homotopy types arising from nerve complexes of
circular arcs were completely classified in [6]: they are either S?**! for some k > 0, or
VeS?* for some a,k > 0. We observe that x(S?***!) = 0, whereas y(V°S*) = a + 1.
Therefore in Figure [8.1] limiting spikes indicate contribution from the even-dimensional
sphere bouquets V*S?* with large a, and the plateaus indicate contribution from the odd-
dimensional spheres. Recalling that X,, is an i.i.d. sample of size n drawn from S', we

introduce Theorems B and C:

Theorem B (Odd Spheres). Let k£ > 0 be an integer, and also let €, > 0. Suppose that
|r — k| < 7, — €. Then for sufficiently large n, the following homotopy equivalence holds
with probability at least 1 — §:

C(X,,r) ~ S

where
2k 4 4k + 1 1
l/k - y T]C ey
Ak +1)(k +2) Ak+ 1)k +2)
We note that v, = %(% + ﬁ) and 7, = %(% _ #)7 0 that Theorem B covers
most of each interval r € [T]iw 2’2%14]

126



Theorem C (Even Spheres). Let £ > 2, n € (0,1). Suppose that |r — pg,| < op,/n.
Then for sufficiently large n, the following homotopy equivalence holds with probability

at least n - kwy:

- (1= n)wy, - 1

C(X,,,r) ~ VS =2 for some <a+1<

>3

where

n(k+1) (1 — n)*(kwy)” (k— 1)

Pon = oktn—1) 7T T 0vk 2 | FT T RleR T

To see Theorem C in action, one may simply set n = 1/2 to obtain results.

Structure of the chapter.ﬂ In Section 2 we prove Theorem Al, i.e. compute the
expected Euler characteristic precisely. In Section 3 we analyse the limiting spikes of the
expected Euler characteristics. In Section 4 we use the classification of homotopy types
arising from a nerve complex of circular arcs, to give constraints on homotopy types and
compute probabilistic bounds. Theorem A2 and Theorem C are proven in Section 4. In
Section 5 we use the classical method of stability of persistence diagram to prove Theorem
B; this section works separately and doesn’t use the Euler characteristic method.

Theorem C takes the most work to prove. It is a simplified version of Theorem [8.4.8]
which has a few more parameters that can be tweaked to obtain similar variants of

Theorem C. Theorem [8.4.8)is obtained by combining three ingredients: Propositions[8.3.4]
ET3 and

Related works.

The classical result of Hausmann shows that the Vietoris-Rips complex constructed
from the manifold with a small scale parameter recovers the homotopy type of the man-
ifold [47]. Another classical result of Niyogi, Smale, Weinberger shows that if a Cech
complex of small filtration radius is constructed from a finite random sample of a Eu-
clidean submanifold, then the homotopy type of the manifold is recovered with high
confidence [72].

3We remark that the theorems A1, A2, B, C aren’t proven in sequential order; they are arranged in

that order for a clean exposition of the main results.
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Much work has been done for recovering topology of a manifold from its finite sample,
when connectivity radius is scaled down with the sample size at a specific rate [23] [37]
[51] [24]. A central theme of this body of work is the existence of phase transitions when
parameters controlling the scaling of connectivity radius are changed. For a comprehensive
survey, see [75] and [22].

In comparison, the setting when connectivity radius is not scaled down with sample
size is studied much less. Results on convergence of the topological quantities have been
studied [74] [90], but not much attention has been devoted to analysing specific manifolds.

This chapter builds on two important works that characterised the Vietoris-Rips and
Cech complexes of subsets of the circle: [6] and [3]. Several variants of these ideas were
studied, for ellipse [§], regular polygon [9], and hypercube graph [4]. Randomness in these
systems were studied using dynamical systems in [7]. One key tool to further study the
topology of Vietoris-Rips and Cech complexes arising from a manifold is metric thickening
[5]. Using this tool, the Vietoris-Rips complex of the higher-dimensional sphere has been

characterised up to small filtration radii [62].

8.2 Expected Euler characteristic

In this section we compute the expected Euler characteristic precisely. We start with a
simple calculation that also briefly considers the Vietoris-Rips complex, but soon after
we only work with the Cech complex. Let VR(X,,,r) denote the Vietoris-Rips complex
of threshold r. The following proposition reduces computation of expected values to the

quantities T}, and Qg, defined below:

Proposition 8.2.1. For each n > 0, let X,, be the iid sample drawn uniformly from St.
Then we have that:
B (VRO )] = Y- ()7t

k=1
n

B (O] =1+ 31 ) @il - 20

k=1
where Ty(r) is the probability that every pair of points in Xy, are within distance r, and

Qr(r) is the probability that open arcs of length v centered at points of Xj cover S'.
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Ezxpectation is taken over the iid sample X,,.

Proof. Denoting by sx(K) the number of k-simplices in a simplicial complex K, we have

that:
Bl (VROS,. ) = ()70
and thus
B (VR )] = 3 (- DB (VRO )] = Y0 ()7t

The relation for the Cech complex is derived in the same way, except we note the following;:
the probability that arcs of radius r centered at points of X, intersects nontrivially is equal
to 1 —Qx(1—2r). This is by De Morgan’s Law: for any collection of sets {U; C S'};c;, we
have N U; = 0 iff Uje ;U5 = S'. In the case of circle (of circumference 1), complement

of a closed arc of radius r is an open arc of length 1 — 2r. Applying this logic, we obtain:

. " . (n
B(C )] = Y0 () - Qi1 = 20)
k=1
which is easily seen to be the same as the asserted expression (note that Y, (—=1)**(}) =
1.) O
The @ were computed by Stevens in 1939 [87]. We reproduce the proof for complete-

ness.

Theorem 8.2.2 (Stevens). If k arcs of fixed length a are independently, identically and
uniformly sampled from the circle of circumference 1, then the probability that these arcs

cover the circle is equal to the following:

[1/a]
a0 =Y (-1(})a-

1=0
Proof. The proof is an application of inclusion-exclusion principle. Consider the set £ =
{(z1,...2)]0 < 21 < -+ <z < 1}. For each collection of indices J C {1,...k}, define

E; and E; as the following subsets of E:

E; :{(l'l,l'k) €E|j €J — Tjp1 — Zj >CL}

J'DoJ
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By definition, we have Vol(Ep) = Qx(a). To compute it, we apply the inclusion-exclusion

principle for the membership of each E; over E; whenever J' O J. Noting the relation
S (1) (R) = 1, we see that:
Z Vol(Ey) = Vol(Eg) — Y (—=1)*/ Vol(E,)
I, 0£JC{1,...k}
Finally, if | = #.J and [ < [1/a], then Vol(E;) = (1 —la)"~*. This is because demanding
gap conditions x;, 1 — x; > a at [ places is equivalent to sampling n — 1 points from an
interval of length 1 — Id!} Meanwhile if [ > |1/a], then we always have Vol(E,) = 0.

Plugging these into the above equation, we get:

[1/a)
Vol(Eg) =1+ ) (~1) (’;) (1—la)""

=1

as desired. ]
We then get the following:

Theorem 8.2.3 (Theorem Al). Expected Euler characteristic of random Cech complex

on a circle of unit circumference obtained from n points and filtration radius (1—1)/2 is:

% (n - 7") - Uf (Z) (1 — ke ()

k=1

In particular, x(n,r) is a continuous piecewise-polynomial function in r.

Proof. Substituting the @)y expression in, we get:

(n5) =1 e () eutr

k=1
=1+ LX/IJ ﬁ(—n’f“ (5=
5

4This can be seen more precisely by considering the collection E’ of (yi,...yr_1) defined by y; =
xiy1—x; > 0and > y; <1, and then considering the subset E’; defined by y; > a for i € J. The quantity
of interest is Vol(E’;)/ Vol(E’). Furthermore, the map (y1,...yx—1) — (¥1 — Lies,.- - Ye—1 — Lp—1eg)
isometrically maps E’ to (1—la)-E’, so that Vol(E’;) = (1—la)*~! Vol(E’) due to the (k—1)-dimensional

volume scaling. This is exactly the original claim.
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where we switched the order of summation in the second equality, and isolating the [ = 0

part cancels out the 1 in the third equality. Noting that (Z) (];) = (7) (Z:f), we further

get:

8.3 Limit behaviour of Euler characteristic

We prove a sequence of lemmas in this section to characterise the limiting spikes in
Figure 8.1} The main idea is that only one summand in the expected Euler characteristic

contributes mainly to the spike, and this is a polynomial term that can be studied with

calculus. The main results of this section are Propositions|8.3.3|and[8.3.4] The two lemmas

leading up to it are exercises in calculus that explain the specific situation of our expected

Euler characteristic.

Lemma 8.3.1. For a,b > 1, the function f(t) = t*(1 —t)° satisfies the following:
(a) In the range 0 <t <1, f(t) achieves the unique mazimum value att = a/(a+b):

maxf<t>=f( ‘ )z( b

0<i<1 a+b o+ b)ath

Also, f(t) is increasing on t € (0,a/(a + b)) and decreasing ont € (a/(a+b),1).
(b) The following linear lower bounds hold:

f(t) Zu((a+b)vt—av—l—1), when 0 < t <

a+b
a
t) > — b)vt 1 h <t<l1
f()_u( (a + b)vt + av + ),wena+b
where
B a®b? a+b
(a + b)att’ ! ab



(c¢) For each X € [0,1], we have that:

a ‘<(1—A)x/%

a b
o TEDEE — t*(1—1)" > \u

't
Proof. The first two derivatives are:
f'(t) = (a —(a+ b)t) 1 —¢)?
() = ((a +b)(a+b—1t? +2a(l —a—b)t +ala — 1)>ta—2(1 —1)b2

The first derivative vanishes at ¢ € {a/(a+b),0,1} and the second derivative vanishes at

t € {to £mno,0,1} where

o 1L/ ab - Vab B
Taty P TaroVarb-1 (cz—l—l))i"’/2_771

The first derivative is positive at (0,a/(a + b)) and negative at (a/(a + b),1). Thus the

maximum at ¢ € [0, 1] is given by:

a®t®
f(to) = @+ D)
Thus
f(t) > f;tO)(t —to) + f(to), when 0 < t <
1
F(t) > _f;](tO)(t —to) + f(to), when tg < t < 1
1
and
f(to) at (a+ b)*/? a
=L 0w+ st = s (£ (- 253) +)
(c) follows from the linear bound of (b). O

Lemma 8.3.2. Let m,n > 1 be integers and define:

ot~ ()0 i

Then fp,n satisfies the following:

(a) fnn(t) is increasing when 0 < t < ty and decreasing when ty < t < 1/m where
to=—5(1—2).
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(b) The mazimum over 0 <t < 1/m is given by:

(1)

(n— 1)1

max  fon(t) = fin(to) =

0<mt<1

(c) For each A € [0,1], we have that:

(L= Ny/(m—1(n—m)

m(n — 1)3/2

|t —to| <

- fm,n(t) > /\fm,n(tO)

(d) The normalised limit of mazimum as n — 0o is given by:

i maXop<t<i/m Srnn(t) (m — 1)m_1
1m -
n—o0 n mlem—1

Proof. (a)-(c) follow from the previous lemma. For (d), we compute:

m Jm,n t - ]- m=1 . - nem
lim D0st<t/m a8 _(m = D"y )= m s 1))
n—00 n m! n—00 (n _ 1)n—1
— 1)ym-1 o n—m
et (=)
m! n—00 (n — 1)”‘""”
and also
_ n—m —1 n—m 1 n—1 1
i T (12 — fim (1-2 -
n—00 (n — 1)"77’” n—00 n—1 n—00 n—1 emfl
which gives the desired expression. O]

Proposition 8.3.3. Suppose that m,n are integers with 2 < m < +/n. The following
holds for x(n,r).
(a) The following bounds hold:

e < MSm) ap gy
n
where
1 1—r 1 1
M= “x el—— —
max{nx(n, 2 ) " (m—i—l’m)}
(m—1)n

Sm,n “2(n—)m

amn=<”>“n—1wl%n_ﬂwnm

n(n — 1)1
1 n—1
by =en™ (1 — ——
’ m+1
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(b) We have the following limits:

m— 1 m—1
lim amn:%, lim b, =0
n— o0 m'e n—oo

c) Suppose additionally that n > 2m=. en jor eac € 10,1}, we have that:
S dditionally th 2m?2. Then f hAel01 h h

n—m (1 =X/ (m—1)(n—m) 1 1—r
- = —¥ > Apn
" (n—1)m ’ m(n — 1)3/2 M\ T2 fim,
This condition for r in particular satisfies r € (m_+1’ E]'
Proof. Let r € (m_+17 l] and also write r = % —t, with t € [0, m} Then we may

rewrite the normalised expected Euler characteristic as follows:

X (n’ 1 ; 7“) :i (Z)(l o) o)k

k=1

m k—1 n—k
_ C)Q_ﬁ+m) (ﬁ_m)
— k m m

We now claim that the £ = m term is the dominant one among the above summands. As

such, we split the above sum as:

¥ (n, L ; T) = fn(t) + E

where

n

m

m—1 k—1 n—k
E ()@_ﬁ+m) (ﬁ_m)
1 m m

Since m < /n, we have s,,, = ﬁ(l - %) < m(n’lLJrl)‘

Therefore, the previous Lemma
tells us that f,, ,(t) achieves (global) maximum at § € <0, m}, with the maximum

value given by:

n) (m—1)""(n—m)"™™

fm,n(§> =N Qmn, where Amn = (m n(n — 1)n—1
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We also bound E as follows, using the inequality %5 <1—mi <1

5 () (- o) (Eom)

=1

m—1 k—1 n—k
n 1 1

< 1—-— 1——

<X () (7)) (-3)

k=1

m—1 L n—1

5 (-25)

kzlk m+1

This shows (a). Now (b) follows from the previous Lemma and the fact that (1 — ~15)”
term causes exponential decay for by, ,,.
(c) follows from (c) of the previous Lemma. We additionally impose the condition

n > 2m?, so that the endpoints of ¢ satisfying the condition fall in the interval t &

1
0. ) O

Proposition 8.3.4. Let m > 2, € > 0. The following holds for sufficiently large n:

rela 0] = %X (n, L ; T) € {(1 — €)W, (14 €)wm

where
gt tmm (o pevm—l W, = (m —1)mt
(n—1)m n mlem—1

Proof. This follows directly from the previous Proposition. a*

are slight relaxations of

the interval in (c), where we set A =1 — e

(n — 1)m — €eRy, —(n — 1)m + €R1:| 2 {m(l B ERQ), m(l + GRQ)
76\/(m_1)(”—m) vm =1
where R; = (1 Ry = -

8.4 Random homotopy types

8.4.1 Constraints on homotopy types

Let U, = {i/n]i=0,1,...n—1} C S! be the set of n equally spaced points. Let N'(n, k)

be the nerve complex on U, defined by the open cover consisting of closed intervals
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[i/n, (i +k)/n].
Lemma 8.4.1. We have that:

|2rn |

C(Up,r) = C(Un, 7) = N(n, [2rn])

The following result is from [6]:

Proposition 8.4.2.

\/n_k_1§2l ifﬁ 1
N(?’L, k’) ~ n I+1
s if w € (71 12
Note that if (k,n) = (jl,7(1+ 1)), thenn —k —1=j — 1, so that V" *71§% = vi~I1§2%,

Using the above, we easily show that:

Proposition 8.4.3. Given r € (0,1/2), the following two subsets of Z* are equal:

. 1
{(n,a,b)‘ C'(Un,r):\/aS%}:{((a+1)(b+1),a,b) b—f—lS?”:_l, CL"‘]_Sm}
where 7 = 1 — 2r. In particular, if 7' € [k,k + 1), then b € {0,1,2,...k — 1} and we

have a < k —1 when b < k — 2.

Proof. To have N (n, |2rn]) = C(U,,r) ~ VS?, we see from the previous Proposition
that the condition is given by (|2rn],n) = ((a + 1)b, (a + 1)(b + 1)). This determines n

from (a,b). The condition on |2rn] is then:

(a+1)b<2r(a+1)(b+1)<(a+1)b+1
<~ 7(b+1)<1l,a<t(a+1)(b+1)

= b+1) <t (a+1)<(1—7F0b+1)"
as desired. ]

Remark. At fixed [, let K = b+ kg. Then m =1+ % and changing ko by a

single value can have a heavy effect on the upper bound.
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Proposition 8.4.4. Letr € (0,1/2) and n be given; define t = 1 —2r and let k = [7!].

We have the following relations between subsets of Z2:
%m@ dey:wyﬂYcS%#Y:n}
:{(a, b) | C(Up, 1) =~ VoS, m < n}

n 1
- b)|b+1<k 1 < mi
_{(a, )| b+1 <k a+ _mln(b+1’1—(b+1)f)}

k

1<
eTi=%

where in the final expression, k/0 = oo by convention.

Proof. The first equality holds because for every Y C S', there exists Y’ C Y such that
C(Y,r) ~ C(Y',r) =~ C(Up,7), where m = #Y’ [6]. The first inclusion follows from the
previous Proposition. The second inclusion follows from separating the two cases b+1 < k

and b+1=k. O

8.4.2 Probabilistic bounds

For a topological space K, we define the following notation for probability:
p(K,n,r) = B[C(X,, 1) = K]
We generally have the following:

X(n,r) = E(C(Xn, )] = Y x(K) - p(K,n,7)
K
where the sum is well-defined because there are only finitely many combinatorial struc-

tures that C(X,,r) can take. Furthermore if we let k& = |(1 — 2r)~'], then Proposition
B.4.4 tells us that:

k
{K|p(K,TL,7”) > 0} C {\/GSZZ) b+1 < k‘—l,a—i—l < m}U{\/QSQk_Q

n
1< =
a-+ _k;}
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From this we infer thatP}

X(n,r) =Acy + Ay
where Ay = Z (a+1)-p(v'S* n,r)
0<b<k—2
(a+1)(k—b—1)<k

A, = Z (a+1)-p(ViS*=2 n,r)

l<at+1<n/k
where we used x(V?S?*) = a + 1. Since sum of probabilities is 1, applying the constraint

(a+1)(k—b—1) <k implies that A, < k. This implies the following:

Proposition 8.4.5. The following holds:

where

Av= > (a+1)-p(v'S™* 2 n,r)

1<a+1<n/k
Corollary 8.4.6 (Theorem A2). Let k > 2. Given e > 0, the following hold for sufficiently

large n:

11 v B _
k+ 1k n N .

Now we're interested in controlling probabilities that VeS?*~2 appear, with large n.

For this, we further define following:

pa =p(V'S*2 n 1)

[ =|n/k] —1

o =[on/k] — 1
AM::Z(aqu)-pa: Z (a+1)-pa
§<a<l dn/k<a+1<n/k
Bisi= Y Pa
§<a<l

To produce bounds for By s, we split Ay, into two parts:

A, = (2p1+3p2+-~-+5ps_1) + ((6+1)ps+~~+(l+1)pz>

°By convention, in the summation we only consider a < 0 when b = 0 and instead consider a > 0

when b > 0. This is so that the singleton set VS?® = x is counted only once.
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from which it directly follows that:
(0 +1)Bys < Ap < 0(1 — Brs) + (I + 1) By
and therefore

— 0+ 1)Bys <A <0+ (1+1—08)Bys

M g A
[+1-4 6+ 1
Ap, — [6n/k] +1 Ay,
— < _—
[n/k| — [on/k1+1 = % = [on/k]
A, —on/k Ay,

< Bps < ——
1—=0)(nfk)+1 = " = sn/k
In summary, we have the following:
Proposition 8.4.7. Letn € Z*,§ € (0,1), r € (0,1/2) be given, and let k = [(1—2r)"!].
The following holds:

k’Ak — (571, k‘Ak
— < B s < —
(I—8n+k = "= 6n
where
Av= > (a+Dps, Brs= > pa pa:=pV'S" 7 nr)

1<a+1<n/k on/k<a+1<n/k

Now Propositions [8.3.4] [8.4.5 [8.4.7] imply the following, which is a more general

version of Theorem C:

Theorem 8.4.8. Letr € [2,1) and let k = [(1—2r)71]. Givene, 6 € (0,1), the following

472

implication holds for large enough n:
1-2refa,a’] = Bise[B8 —¢ 0 +¢

where

aizln—k<1iv%i7_&1—®_0’

kn—1 n 5
_ _kwk ) + kwk
b= =7
(k _ 1)k—1
Whk T Rlek1
Bk,§ = Z p(\/GSQk—Q’ n, T)
on/k<a+1<n/k

The bounds B* satisfy B~ < kwy, < BF. Also B~ > 0 iff 6 < kwy, and BT < 1 iff § > kwy.
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Proposition gives us:
kA — on << kA,
(1-0)n+k~  — on

Proof. We first describe the heuristic reasoning for the bounds, which is rather simple

RAe B T
Ton T4

By Proposition [8.3.4] and [8.4.5| the upper bound has the following approximations:

on

and similarly the lower bound has the following approximations:
1—-9

kAk—(Sn NkAk—(SnNk)_(—(SNkwk—d
~ T 19

(1-0n+k  (1—0)n

The actual proof becomes more complicated due to using a different choice of € in applying

Let € = (1 —0) - ¢/5. We apply Proposition with € taking the role of €, and

Proposition [8.3.4]

< (1+€)wy

S =

(1—€)wy <

Before going further, we note the following inequalities for ¢/, which we will use later:

6,_5(1—§)€< 5(1—0d)e
441 ~4+06(1—90)e
. ¢ <5(1—5)€
1—€ 4
— ¢ <mim<4(5,5_1—1,1)~E
1—€ 4

k’wk 1 k')_(
> - > —
0 ~1+eédn —1+€ on

Upper bound.
By Equation (8.4.1)) and Proposition [8.4.5 we have:
1 kA,

By Equation ({8.4.2)), we have that:
1 kA S kA, )
on

14+¢ on —

Then Proposition applies and we have the upper bound.

Lower bound.
140
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(8.4.1)

(8.4.2)



By Equation (8.4.1)) and Proposition [8.4.5, we have:

kwk—(5< 1 1 kx - 1 1 k2+kAk_5
1—9 —1=6\1—¢€¢n —1-0\1-¢ n

Let Lo be the right hand side. We rewrite it as follows:

Lo=1L1+Fy =L+ By + By

where
kA —on de' + k*/n
L - E =
o= -—em Tt =81 —¢)
I kA — on kA — on k+ (1 —0)ne
2 = = ’

(1—0)n+k £ 1-81—ém (1-0n+k

By Equation ({8.4.2)), the relation kA, < n and by taking n large enough, we see that
El, E2 S 6/2

This implies that:

kwk—é
1-9

—e<Ly—e=Ly+FE +Ey—e< Ly

Then again Proposition [8.4.7| applies and we have the lower bound.

]

We remark that Theorem C is obtained by setting € = 0 = (1 — a)kwy/2. The gap

+

a™ — a~ is replaced by a smaller but simpler quantity.

8.5 0Odd spheres

We prove Theorem B using the stability of persistence diagram. In this case, we will be
using the Cech complex constructed from the full set of the circle, and then bound the
Gromov-Hausdorff distance between the full circle and a finite sample of it. We use the

following result from [3]:
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Theorem 8.5.1. The homotopy types of the Rips and Cech complexes on the circle of

unit circumference are as follows:

/

S < < B
1 AT 20+3
VR(S", r) ~
cQ i
\\/ ST ifr= g7
4
SZH—I ,if l <r< I+1
. 2014+2 20+4
O(S')r) ~
Y S
\\/ ST Lifr = g3

where ¢ is the cardinality of the continuum.
We also note the stability of persistence:

Theorem 8.5.2 (Stability of Persistence). If X,Y are metric spaces and DM is the

k-dimensional persistence diagram of persistence module M, then

where dgy denotes the Gromov-Hausdorff distance.

The following proposition is a more precise version of Theorem B, which specifies an

explicit lower bound for the probabilities of homotopy equivalence:

Proposition 8.5.3. For eachl > 0 and t € (21+r2, 5;’714), the following holds with proba-

bility at least Q,(1"):
C(X,,, t) ~ S+

where 1’ 1s:
1 202 + 41+ 1

41+ 1)(1+2) 41+ 1)(1+2)
Proof. Consider a random sample X,, = (Xj,...X,,). Then with probability @, (r), arcs

/

of radius r centered at X,, covers S, so that dgg(X,,,S') < dg(X,,S") < r. This implies:
dp(DrC(X,), DrC(SY)) < dgu(X,,S') <r
For each [ > 0, we have that:

. [ [+1
206 = { (g3 351 )
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so that the definition of the bottleneck distance implies that

I(u,v) € Dy 1C(X,,)

ith l <u< l +
with —— —r<u< — +r
20+ 2 - T 2l+2
[+1 [+1
2T ey
ta TSV Sg gt
This implies that whenever ﬁ—l—r <t < 5714 — r, we have:

1 S dim HQZ+1C(Xn, t)
and due to the enumeration of possible homotopy types, we have that:

C(X,,, 1) ~ S+

The condition translates to ‘t — % (ﬁ + 21;“714)‘ < % (27'714 — 2/?) — r, or equivalently
20 + 41+ 1 1
— < —r

40+ 1D)(1+2)] 41+ 1D)(1+2)

and thus we obtain the proof.

8.5.1 Concluding remarks

This chapter is the last of this thesis, and studies a rather different problem from the
chapters leading up to it: the random topology of a Cech complex constructed on a simple
data manifold: circle. In the chapter, it was proven that ”"unexpected” homotopy types
(bouquet of high-dimensional spheres) that disagree with the underlying topology (circle)
arise with high probability. The results call us to examine a paradigm in topological data
analysis, which implicitly assumes that the objective of a topological inference process
is to solely recover the underlying topology, while discarding homotopy types that differ
from it by regarding them as "noise”. Even though this chapter is about topological
inference, its spirit is the same one mentioned in the title: ”Geometric and topological
inference from random samples”. The entire thesis focuses on careful examination of some
commonly overlooked themes in geometric and topological inferences.

The topic of this chapter began at the very beginning, not end, of the DPhil degree.

Initially, the author was suggested to create a singularity detection algorithm based on
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topological methods. But one of the first discoveries was that unexpected homotopy types
arise from the Vietoris-Rips complexes over spheres, suggesting that there are deeper
secrets about topological inferences that are yet to be understood. After many trial-
and-error, the author would discover that there are faster, better understood classical
techniques that achieves the same job, and that is how the Hades algorithm of Chapter
was born. But separately to Hades, the emergence of unexpected high-dimensional
topology was still intriguing, so the current chapter was born after careful calculations.
This chapter marks a new beginning for topological data analysis, to treat the "topological

noise” with more sincerity and uncover the mysteries in topological inference.
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