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Abstract

We develop the basic theory of Picard algebroids and twisted differen-
tial operators on a smooth, reduced, locally of finite type scheme over a
commutative ring. We also give a new geometric proof of the classical
Duflo’s theorem. We next move to the study the affinoid enveloping al-
gebra of a semisimple Lie algebra defined over a discrete valuation ring.
We prove that there exists a one-to-one correspondence between the lat-
tice of submodules of an affinoid Verma module of a given weight and
the corresponding classical Verma module. Finally, we classify all the
primitive ideals in the affinoid enveloping algebra and prove that a large
class of two-sided ideals in the affinoid enveloping algebra is controlled by
two-sided ideals in the classical enveloping algebra.
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Chapter 1

Introduction

Representation theory is the subfield of algebra which aims to understand an abstract
algebraic object (groups, rings, etc) by representing its elements as linear transfor-
mations of vector spaces, known as a representation or module. One can think of a
representation as showing some ‘face’ of the algebraic object: some of them are trivial
and provide no information, some of them are faithful when no information is lost.
We are mostly interested in representations that lie in between of these two and in
my research I am particularly interested in representations of groups and rings.

The field of real numbers R can be described as the completion of the field of
rational numbersQ with respect to the Cauchy norm. This allows for the development
of a very rich and fruitful theory of classical analysis; however, there are limited
applications of R in number theory.

Let us fix a prime number p. We may endow Q with another norm, called the
p-adic norm whose completion we denote Qp, the field of p-adic rational integers. To
allow for a more general theory, we work not only over Qp, but over fields K that
are finite extensions of Qp. Similar to how Z is the ring of integers of Q, we have
associated with K a ring of integers denoted OK ; in the case K = Qp, we denote
Zp = OQp the ring of p-adic integers. We also let π be the uniformiser of R = OK
and k = R/πR the residue field.

We call a group, a linear algebraic group if it is a closed subgroup of a matrix group
in the Zariski topology. We let G be a linear algebraic group defined over R and we let
G be a compact open subgroup of G(K); the group G has a more rigid structure than
G which allows for a richer theory. We are interested to study the group G and its
representation theory when the p-adic Lie group G is compact. Classically, to study
the representation theory of a finite groupH, we associate to H a ringK[H] called the
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group ring, such that there is a one-to-one correspondence between H-representations
and K[H]-representations. This correspondence allows using techniques from non-
commutative ring theory to study the representation theory of H. In our case, the
ring K[G] is not rich enough to allow for a nice theory as it ignores the underlying
topology of G. Therefore, we need to look for a new algebra to replace the group
ring.

The R-Iwasawa algebra of G is defined to be:

RG := lim←−
NEoG

R[G/N],

where the inverse limit is taken over all open normal subgroups. We remark that
since G is compact, we have that all normal open subgroups have finite index in G.
We call KG := RG⊗

R
K the Iwasawa algebra of G. The main properties of KG were

established in Lazard’s seminal paper [40]; in particular, the ring KG is Noetherian.
We can also view KG as the continuous dual of the algebra of continuous K-valued
functions on G. The importance of KG in the representation theory of G is given by
the following theorem:

Theorem 1.1.1. [52, Theorem 3.5] There is an anti-equivalence of categories between
K-Banach admissible G-modules and finitely generated KG-modules.

We make a further restriction on G and assume that G is semisimple and split
over K. This restriction has a strong number theory justification: the representation
theory of G forms one side of the celebrated Local Langlands programme. Specifically,
we are interested in simple representations, the ones which do not have any subrep-
resentations. From an algebraic point of view, Jacobson suggested that we should
study the representation theory of a ring by studying the primitive ideals ; an ideal is
primitive if it is the annihilator of a non-zero simple module. This allows us to group
simple representations by their annihilators. The motivating question regarding the
primitive spectrum of the Iwasawa algebras is:

Question 1.1.2. Can we characterise all the primitive ideals in KG?

Understanding the structure of primitive ideals ofKG seems to be a hard problem;
even in the simplest case, there is no direct approach to computing these ideals.

There are two completions of KG that may provide some light on its primitive
ideals: the distribution algebra D(G, K) and the affinoid enveloping algebra ÷U(g)K ,
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where g is a certain Lie algebra associated to G. Understanding the relation between
the representation theory of these 3 rings is a topic of considerable current interest and
our project follows this direction. We should mention that the distribution algebra
D(G, K) can be defined as the continuous dual of K-valued locally analytic func-
tions on G. From the perspective of number theory, specifically the local Langlands
programme, we should mention a theorem of Schneider and Teitalbum that states
that there is an anti-equivalence of categories between admissible G-representations
and coadmissible D(G, K)-modules. Algebraically, the D(G, K) is faithfully flat as a
KG-module, so understanding the structure of the distribution algebra should provide
some information about the Iwasawa algebra.

We let g be the R-Lie algebra associated with G, where we assume that G is
uniform, further denote gK := g ⊗

R
K. Recall that π denotes the uniformiser of K.

The affinoid enveloping algebra of g is defined to be:÷U(g)K := (lim←−U(g)/πiU(g))⊗
R
K.

We also let ◊�U(g)n,K = (lim←−U(πng)/πiU(πng))⊗
R
K.

Let u1, u2, . . . ud be a free R-basis of g. Then as a K-vector space we have◊�U(g)n,K = {
∑
α∈Nd

λαu
α : λα ∈ K, p−n|α|λα → 0 as |α| → ∞}.

Here for a d-tuple α = (α1, α2, . . . αd), |α| =
∑d

i=1 αi and u
α = uα1

1 u
α2
2 . . . uαdd .

We should note that the affinoid enveloping algebra can be defined for any Lie
algebra g which is free as an R-module. For example, if g is the Abelian Lie algebra
of dimension d, then ÷U(g)K is isomorphic with the K-Tate algebra in d-variables.
Informally, we may think about the affinoid enveloping algebras as noncommutative
restricted power series instead of noncommutative polynomial rings (which informally
describe classical enveloping algebras) with the same commutation relations.

For n = 0, there is a natural embedding KG →÷U(g)K that makes ÷U(g)K a flat
KG-module. The ring ÷U(g)K is easier to understand and work with, as it can be
described as a certain completion of the classical enveloping algebra U(g ⊗

R
K) ∼=

U(g)⊗
R
K.
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The study of the universal enveloping algebra of a semisimple Lie algebra has
been a topic of considerable interest since the 1960s. Among the mathematicians
that have worked on this topic, we should mention Anthony Joseph, Michel Duflo,
Jacques Dixmier, Alexandre Beilinson, Joseph Bernstein, Masaki Kashiwara, David
Kazhdan, George Lusztig, David Vogan, Walter Borho, Jean-Luc Brylinsky. In a
seminal paper [25], Duflo obtained a characterisation of all the primitive ideals in
the affinoid enveloping algebra of a semisimple Lie algebra defined over the complex
numbers. Beilinson-Bernstein [8] related the modules over the enveloping algebra to
modules over twisted differential operators on the flag variety. Via the Riemann-
Hilbert correspondence this allows for a proof of the celebrated Kazhdan-Lusztig
conjectures.

The goal of my D.Phil. project is to answer the following question posed by
Ardakov and Wadsley in [6]:

Question 1.1.3. Is it the case that every primitive ideal of ◊�U(g)n,K with K-rational
infinitesimal central character is the annihilator of a simple affinoid highest weight
module?

A positive answer to Question 1.1.3 would be a step towards answering Question
1.1.2. Specifically, Ardakov and Wadsley claim that if one can prove that any infinite
dimensional affinoid highest weight KG-module is faithful, one could use the faithful
flatness of D(G, K) over KG together with the affinoid Quillen’s Lemma [5] to prove
that every non-zero prime ideal of KG is the annihilator of a finite dimensional simple
module.

Let us formulate the main results of the thesis; we let h be a Cartan subalgebra
of g and let h∗ denote the set of linear maps from h→ R.

Theorem A. Let λ ∈ h∗ and consider the affinoid Verma module ’M(λ). There exists
a one to one correspondence between the lattice of submodules of ’M(λ) and the lattice
of submodules of M(λ). In particular, ’M(λ) has a unique simple quotient denoted‘L(λ).

Theorem B. Let R be a mixed characteristic (0, p) complete discrete valuation ring
and let G be a connected, simply-connected, split semisimple, smooth affine algebraic
group scheme over SpecR. Denote g := Lie(G) the Lie algebra of G.

Any primitive ideal in the affinoid enveloping algebra ◊�U(g)n,K with K-rational
infinitesimal central character is the annihilator of some ‘L(λ).
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In particular, we obtain a positive answer to Question 1.1.3. As corollary we
obtain in Proposition 5.7.6:

Proposition 1.1.4. Any ideal in ◊�U(g)n,K with K-rational central character induced
by a regular weight λ ∈ h∗ is controlled by its intersection with U(g)K.

To prove Theorem B, we use an affinoid version of the Beilinson-Bernstein locali-
sation theorem, together with an affinoid version of the Borho-Brylinski equivalence
between equivariant modules on the double flag variety and equivariant modules on
the flag variety.

We also prove an affinoid version of Quillen’s Lemma improving the result proved
by Ardakov and Wadsley [5, Theorem 9.4].

Theorem C. Let M be a finitely generated ◊�U(g)n,K module and ϕ a simple endo-
morphism of M . Then ϕ is algebraic over K.

In fact, by combining Theorem B and Theorem C, we obtain in Theorem 6.5.2 a
full characterisation of the primitive spectrum of ◊�U(g)n,K . Furthermore, we are able
to prove that a large class of two-sided ideals ◊�U(g)n,K are controlled by ideals in the
classical enveloping algebra.

Theorem D. Let I be a two-sided ideal in ◊�U(g)n,K and assume it has a central
character χ : Z(◊�U(g)n,K) → K generated by a dominant regular weight. Then I is
controlled by I ∩ U(g)K.

Finally, let us fix a central character χ = χλ generated by a dominant regular
weight. Let mλ and ”mλ be two-sided ideals in U(g)K and ◊�U(g)n,K generated by
kerχλ, and also let U(g)λK and U(g)λn,K

∧

be the corresponding quotients.

Theorem E. The map ψ : Spec(U(g)λn,K

∧

)→ Spec(U(g)λK), ψ(P+”mλ) = P ∩U(g)K+

mλ is a homeomorphism with inverse ψ
−1

(Q+mλ) = ◊�U(g)n,KQ◊�U(g)n,K + ”mλ.

This thesis is organised as follows: in Chapter 2, we introduce the basic non-
commutative algebra and geometry tools that we use in this thesis. Next, we develop
in Chapter 3 the theory of twisted differential operators on smooth, reduced and
locally of finite type schemes defined over a commutative ring. We then give in
Chapter 4 a geometric proof of the classical Duflo’s theorem based on the theory
developed in 3. In Chapter 5, we complete the proof of Theorem A and Theorem B
using the techniques from the previous 2 chapters. Lastly, in Chapter 6, we generalise
the affinoid Quillen’s Lemma in [5] (Theorem C) and prove Theorem D.
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Chapter 2

Preliminaries

This chapter aims to describe the non-commutative rings and Lie theory tools that
are used in this thesis.

2.1 Filtrations, gradations, and completions

Throughout this document, all rings will be unital. By a module over a ring, we will
mean a left module unless otherwise stated. By a Noetherian ring, we mean a ring
that is both left and right Noetherian.

2.1.1 Filtered rings and modules

Definition 2.1.1. We call R a filtered ring with filtration FR if there is an ascending
chain of additive subgroups FnR, n ∈ Z satisfying 1 ∈ F0R, FnR ⊂ Fn+1R and
FiR.FjR ⊂ Fi+jR for all n, i, j ∈ Z.

Given a filtered ring, we may also define the notion of a filtered module.

Definition 2.1.2. Let R be a ring with filtration FR andM an R-module. A filtration
of M consists of an ascending chain of additive subgroups FnM , n ∈ Z satisfying
FnM ⊂ Fn+1M and FiR.FjM ⊂ Fi+jM for all n, i, j ∈ Z.

Given R-modules M and N with filtrations FM and FN , we call f : M → N a
filtered morphism if f is a module homomorphism and f(FiM) ⊂ FiN for all i ∈ Z.

Lastly, we say that f if strict if f(FiM) = f(M) ∩ FiN .
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Let us now introduce some terminology for filtered modules. This will apply to
filtered rings as well by considering a ring as a module over itself via left multiplication.
We call a filtration positive if FiM = 0 for i < 0. We say that it is exhaustive if
M = ∪i∈ZFiM . Finally, we say that it is separated if ∩i∈ZFiM = 0.

From now on, we will assume that all the filtrations that appear are exhaustive.
Let us now define the filtration topology on M .

Definition 2.1.3. LetM be a filtered R-module with filtration FM . Define a topology
Ω on M by saying that U ⊂ M is open if for all u ∈ U , there exists i ∈ Z such that
u+ FiM ⊂ U . We call this the filtration topology.

It is easy to check that the notation above indeed defines a topology. Furthermore,
the condition that the filtration is separated is equivalent to the topology being Haus-
dorff. Let us finish this subsection by stating some basic properties of the filtration
topology.

Proposition 2.1.4. [33, I.3.1] Let R be a filtered ring with filtration FR and M a
filtered module with filtration FM .

i) The sets m+ FiM , m ∈M and i ∈ Z form a basis for the filtration topology.

ii) Let N be a submodule of M . Then N is open in M if and only FiM ⊂ N for
some i ∈ Z. Furthermore, if N is open, it is also closed.

iii) Let S be a subset of M . The closure of S, denoted by S, is defined to be:

S =
⋂
i∈Z

(S + FiM).

2.1.2 Completions of modules

Throughout this subsection, R will denote a filtered ring with filtration FR. Most of
this subsection is based on [33, I.3]. Let us begin by defining the notion of Cauchy
sequences with respect to the filtration topology.

Definition 2.1.5. Let M be a filtered R-module with filtration FM. A sequence (xn)

of elements of M is said to be Cauchy if for all n′ > 0, there exists an integer N > 0

such that xi − xj ∈ F−n′M for all i, j > N . The sequence converges to x ∈ M if for
every integer n′ ≥ 0, there exists N such that x− xi ∈ F−n′M for i ≥ N .
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Definition 2.1.6. We say that a filtered module M with filtration topology FM is
complete with respect to the filtration topology if FM is a separated filtration and
every Cauchy sequence in M converges to an element of M .

We may now define the completion of a filtered module.

Definition 2.1.7. Let M be a filtered R-module with filtration FM . A completion
of M with respect to the filtration topology is a triple (M̂, FM̂, fM), where M̂ is a
filtered R-module with filtration FM̂ and fM : M → M̂ a filtered ring morphism such
that:

1. M̂ is a complete module with respect to FM̂ .

2. The morphism fM : M → M̂ is strict.

3. fM(M) is everywhere dense in M̂ .

4. ker fM = ∩i∈ZFiM .

It is clear that if such a completion exists, then it is unique. Let us now prove its
existence.

LetM be a filtered R-module with filtration FM . Consider the projective system
M/FiM with the corresponding transition maps ψi,j and let M̂ = lim←−M/FiM . Let
πi : M̂ → M/FiM and ui : M → M/FiM denote the canonical morphisms. Define a
filtration on M̂ , by FiM̂ = kerπi and let fM : M → M̂ be given by fM(m) = (ui(m)).

Proposition 2.1.8. [33, I.3.5] The triple (M̂, FM̂, fM) is the completion of M with
respect to the filtration topology.

We also denote R̂ the completion of R with respect to its filtration. It turns out
that M̂ is a filtered R̂-module with respect to the filtrations FR̂ and FM̂ .

2.1.3 Associated graded rings and modules

Definition 2.1.9. A Z-grading of a ring R consists of a family of subgroups GiR,
i ∈ Z such that GiR.GjR = Gi+jR and R =

⊕
i∈ZGiR.

A Z-grading of an R-module M consists of a family of subgroups GiM , i ∈ Z such
that GiR.GjM = Gi+jM and M =

⊕
i∈ZGiM .
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We may now define the associated graded ring/module of a filtered ring/module.

Definition 2.1.10. Let R be a filtered ring with filtration FR and M a filtered R-
module with filtration FM .

The associated graded ring of R is defined to be

gr(R) =
⊕
i∈Z

Fi+1R/FiR.

The associated graded module of M is defined to be

gr(M) =
⊕
i∈Z

Fi+1M/FiM.

It then follows that gr(R) is a Z-graded ring with GiM = Fi+1R/FiR and gr(M)

is a graded gr(R)-module with GiM = Fi+1M/FiM . There are many properties that
we can deduce about a ring/module from its associated graded ring/module such
as being Noetherian or non-zero. The following proposition shows that completions
interact well with taking the associated graded.

Proposition 2.1.11. [33, I.4.2.2] Let R be a filtered ring with filtration FR and M
a filtered R-module with filtration FM . Then grR ∼= gr R̂ as rings and grM ∼= gr M̂

as grR-modules.

We finish the subsection by defining the Rees ring/module and show how it con-
nects to the associated graded ring/module.

Definition 2.1.12. Let R be a filtered ring with filtration FR and M a filtered R-
module with filtration FM . The Rees ring of R is defined to be the subring of R[t, t−1]

given by

R̃ :=
⊕
i∈Z

tiFiR.

The Rees module of M is the submodule of M [t, t−1] given by

M̃ :=
⊕
i∈Z

tiFiM.

Proposition 2.1.13. We have the following isomorphisms:
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• R̃/(t)R̃ ∼= gr(R) and R̃/(t− 1)R̃ ∼= R as rings.

• M̃/(t)M̃ ∼= gr(M) as gr(R)-modules and M̃/(t− 1)M̃ ∼= M as R-modules.

Definition 2.1.14. Let R be a filtered ring with filtration FR. We say that a filtration
on a R-module M is good if M̃ is finitely generated as a R̃-module or equivalently,
there exist m1,m2, . . .ms ∈M and k1, k2, . . . ks ∈ Z such that:

FiM =
s∑
j=1

Fn−kjRmj.

We should note that any finitely generated R-module admits a good filtration.
Furthermore, it follows from [33, Theorem I.5.7] that if R is complete with respect to
its filtration, FM is a good filtration if and only if gr(M) is finitely generated over
gr(R). In general, only the if part holds.

2.1.4 Artin-Rees property and Zariski rings

Definition 2.1.15. Let R be a filtered ring with filtration FR and M a filtered R-
module. We say that M has the Artin-Rees property if for every finitely generated
R-module N =

∑s
i=1 Rni, there exists c ∈ Z such that for all j ∈ Z,

FjM ∩N ⊆
s∑
i=1

Fj+cRni.

We finish this section by providing the definition and characterisation of Zariski
rings.

Definition 2.1.16. Let R be a filtered ring with filtration FR. We say that R is
a left Zariski ring if R̃ is Noetherian and F−1R ⊂ J(F0R), where J(•) denotes the
Jacobson radical.

Theorem 2.1.17. [33, Theorem II.2.2] The following are equivalent:

1. R is a left Zariski ring.

2. FR is separated, gr(R) is left Noetherian, F−1R ⊂ J(F0R) and every good
filtration on an R-module has the Artin-Rees property.
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3. FR is separated, gr(R) is left Noetherian, F−1R ⊂ J(F0R) and FR has the
Artin-Rees property.

4. gr(R) is left Noetherian and R̂ is a faithfully flat R-module.

5. gr(R) is left Noetherian, F−1R ⊂ J(F0R) and for every I left ideal of R with
good filtration FI, we have

FiI = ∩j∈Z(FiI + FjI).

2.1.5 Algebraic microlocalisation

Throughout this subsection, we let R be a Zariski ring with filtration FR, T an Ore
set in grR consisting of homogeneous elements and M a finitely generated R-module
with good filtration FM .

Lemma 2.1.18. [5, Lemma 2.4]

Let S := {s ∈ R| gr s ∈ T}. Then:

a) S is an Ore set in R.

b) The induced filtration F ′RS on the localisation RS is Zariskian and furthermore
grRS

∼= (grR)T .

c) The induced filtration F ′MS is good and there is an isomorphism of grRS mod-
ules grMS

∼= (grM)T .

Definition 2.1.19. Let the notation be as in the previous lemma. We define the
microlocalisation of R at S, QT (R), to be the completion of RS with respect to F ′RS.
Similarly, we define the microlocalisation of M at S, QT (M) to be the completion of
MS with respect to F ′MS.

Corollary 2.1.20. [5, Corollary 2.4]

The ring QT (R) is flat over R and as QT (R)-modules, we have QT (R) ⊗
R
M ∼=

QT (M). Moreover, QT (M) = 0 if and only MS = 0.
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2.2 Affinoid and Tate algebras

Throughout this section, we let R be a commutative ring.

We call a map | • | : R→ R a valuation of R if for all x, y ∈ R:

1. |xy| = |x||y|.

2. |x+ y| ≤ max(|x|, |y|).

3. |x| ≥ 0 and |x| = 0 if and only if x = 0.

Given a valuation of a ring, we have a topology induced by the corresponding
metric space given by d(x, y) = |x− y|. We call the pair (R, | • |) a valued ring.

Let (F, | • |) be a valued field. We call the set R = {r ∈ F ||r| ≤ 1} the valuation
ring of F . In general, we call (R, | • |) a valuation ring if it is the valuation ring of
a valued field. If R is Noetherian, it is automatically a principal ideal domain. The
units of R are elements of norm 1. In general, R contains a unique maximal ideal m
given by elements of norm strictly less than 1. In particular, R is a local ring and we
call R/m the residue field of R.

Definition 2.2.1. We call R a discrete valuation ring if the value of R\0 is a discrete
subset of R>0. This happens if and only if its value group G is a discrete, hence cyclic
subgroup of R>0. We let ε be such a generator. We call any element π such that
|π| = ε a uniformiser of R.

It follows from Krull’s intersection theorem that every Noetherian valuation ring
R is a discrete valuation ring. Furthermore, given a discrete valuation ring with
uniformiser π, all the ideals of R are given by mn = (πn) for n ∈ N. This allows to
define a negative filtration on R by F−nR = mn for n ∈ N, which can be extended to
the field of fractions of R. It then follows that the completion of R with respect to
the | • |-norm of Frac(R) coincides with the completion with respect to the filtration
topology.

We let | • |p denote the p-adic valuation on Q for p prime. It turns out that all
the non-trivial non-archimedean valuations are given by | • |p for some p. We denote
Qp the completion of Q with respect to | • |p.

For the rest of this section, we let K be a field equipped with a non-archimedean
norm | • |.
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Definition 2.2.2. The Tate algebra in n variables is defined to be the subring of
formal power series K[[x1, x2, . . . xn]] given by:

Tn = K〈x1, x2 . . . xn〉 := {
∑
J∈Nd

aJx
J | |aJ | → 0 as |J | → ∞}.

We may endow the Tate algebra with the Gauss norm: for f ∈ Tn, define
|f(x1, x2 . . . xn)| := maxJ∈Nd |aJ |. This norm is non-archimidean and one may check
that the Tate algebra is a Banach K-algebra with respect to it.

We may also describe the units in Tn; let R be the valuation ring of K and k the
residue field of R. Let T 0

n = {f ∈ Tn| |f | ≤ 1} and consider the natural surjection
q : T 0

n → k[x1, x2, . . . xn].

Proposition 2.2.3. An element f ∈ Tn is a unit if and only if f ∈ T 0
n and q(f) is a

constant polynomial.

The following proposition describes the main ring theoretic properties of Tate
algebras:

Proposition 2.2.4. The ring Tn is Noetherian, Jacobson, factorial, regular of equidi-
mension n, and the Nullstellensatz holds: for each maximal ideal I, the field Tn/I is
a finite extension of K.

Definition 2.2.5. We say that a ring A is a K-affinoid algebra if there is n ∈ N and
I an ideal in Tn such that A ∼= Tn/I.

We may endow such a K-affinoid algebra with the residue norm and with respect
to this norm A becomes a K-Banach algebra. It follows from the definition that A
inherits many properties of Tn; in particular, we obtain from Proposition 2.2.4 that
for any maximal ideal J in A, the field A/J is a finite extension of K.

Tate algebras and affinoid algebras form the starting point of the beautiful the-
ory of rigid geometry. The classical spectrum of the polynomial ring is replaced by
the maximal spectrum of the Tate algebra and affinoid algebras correspond to rigid
varieties. An excellent book that introduces this theory is [18].
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2.2.1 Doubly-filtered rings

Throughout this subsection, we let R be a discrete valuation ring with field of fractions
K, uniformiser π, and residue field k.

Definition 2.2.6. Let V be a K-vector space. We say that an R-submodule L of V
is a R-lattice if V = K.L and ∩∞i=0π

iL = 0.

We call the vector space gr0 V := L/πL the slice of V .

Definition 2.2.7. We call A a doubly-filtered K-algebra if it has an R-subalgebra F0A

which is an R-lattice in A and if the slice gr0A of A is a Z-filtered ring. We say that
A is a complete doubly filtered K-algebra if F0A is complete with respect to its π-adic
filtration, and the filtration on gr0A is also complete. A morphism of doubly filtered
K-algebras is a K-linear ring homomorphism ϕ : A→ B which preserves the lattices
in A and B and which induces a filtered k-linear homomorphism gr0 ϕ : gr0A→ gr0B

between the slices.

Lemma 2.2.8. Let A be a doubly-filtered K-algebra and consider the natural π-adic
filtration on A. Then

grA ∼= gr0A[x, x−1].

Proof. This is [5, Lemma 3.1].

We will use the notation Gr(A) to denote the associated graded ring of the slice
of A. Then Gr is a functor from the category of doubly-filtered K-algebras to the
category of graded k-algebras.

2.3 Dimension theory

Let us begin by defining the general version of a dimension function on a Noetherian
ring.

Definition 2.3.1. Let A be a Noetherian ring. A dimension function is map δ that
associates to each finitely generated A-moduleM , a value δ(M) ∈ Z∪{−∞} satisfying
the conditions:

i) δ(0) = −∞
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ii) If 0 → M ′ → M → M” → 0 is a short exact sequence of finitely generated
A-modules, then δ(M) ≥ max(δ(M ′), δ(M ′′)); the equality always holds if the
sequence is split.

iii) If P is a prime ideal such that PM=0 and M is a torsion A/P -module, then
δ(M) + 1 ≤ δ(R/P ).

If the equality in ii) is always true, δ is called an exact dimension.

A module M will be called homogeneous if δ(M) = δ(M ′) for all non-zero sub-
modulesM ′. In fact, given a dimension function δ, we may always construct an exact
dimension function, δ∗ by setting δ∗(M) = max{δ(N)|N is a subfactor of M}.

Definition 2.3.2. Let A be a Noetherian ring. A dimension function will be called
finitely partitive if for every finitely generated A-module, there is an integer n such
that whenever M = M0 ⊇ M1 ⊇ M2 ⊇ . . .Mi ⊇ . . . is a descending chain of A-
submodules, we have δ(Mi/Mi+1) < δ(M) for all i ≥ n.

2.3.1 Krull dimension

We first introduce the Krull dimension; this is a dimension that measures how close
a module or a ring is to being Artinian. In commutative algebra, we define the Krull
dimension as the maximum length of a chain of prime ideals. This is not a good
measure in non-commutative ring theory, as there are simple Noetherian rings which
are not Artinian. As an example, one may consider the family of Weyl Algebras
defined over a field of characteristic 0.

Let I be a partially ordered set. If a, b ∈ I with a ≥ b, we define a/b = {x ∈ I|a ≥
x ≥ b} to be the factor of a by b. By a descending chain {an} of elements in I, we
mean a sequence a1 ≥ a2 ≥ . . . and the factors ai/ai+1 are the factors of the chain.
We say that I satisfies the descending chain condition if every descending chain is
eventually constant.

Definition 2.3.3. Let I be a partially ordered set. If I is trivial, then I has deviation
−∞. If I satisfies the descending chain condition, then dev I = 0. If α is a general
ordinal, we say that dev I = α if dev I 6= β < α and in any descending chain of I all
but finitely many factors have deviation less than α.

Proposition 2.3.4. [43, Proposition 1.8] Let I be a partially ordered set that satisfies
the ascending chain condition. Then I has a deviation.
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We may now define the Krull dimension for finitely generated modules over
Noetherian rings. Given a R-moduleM , we may view its lattice of submodules L(M)

as a partially ordered set.

Definition 2.3.5. Let A be a Noetherian ring and M a left A-module, we define
its Krull dimension KdimA(M) to be the deviation of L(M). We define the Krull
dimension of A to be KdimA(A), where we view A as a left A-module.

Lemma 2.3.6. Let M be a finitely generated A-module. Then KdimA(M) is defined.

Proof. This follows from Proposition 2.3.4.

Given a finitely generated A-module M 6= 0, we deduce immediately that M is
Artinian if and only if KdimA(M) = 0.

2.3.2 Auslander-Gorenstein rings

Definition 2.3.7. Let A be a Noetherian ring. We say that a finitely generated
A-module M satisfies the Auslander’s condition if for every i ≥ 0 and for every
submodule N of ExtiA(M,A), we have ExtjA(N,A) = 0 for all j < i.

We say that A is Auslander-Gorenstein if the left and right self-injective dimen-
sion of A is finite and every finitely generated (left or right) A-module satisfies the
Auslander’s condition.

We should also note that commutative Auslander-Gorenstein rings are exactly the
Gorenstein rings.

Definition 2.3.8. Let A be a Noetherian ring and M a finitely generated A-module.
We define the grade of M to be

jA(M) = inf{i|ExtiA(M,A) 6= 0}.

If A is an Auslander-Gorenstein ring we define the canonical dimension of M to
be

dA(M) = inj.dimA(A)− jA(M).

We say that a module M is pure if it is homogeneous with respect to the canonical
dimension.
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Proposition 2.3.9. Let A be an Auslander-Gorenstein ring. Then the canonical
dimension, dA, is a finitely partitive exact dimension function.

Proof. This follows from [41, Proposition 4.5].

2.4 Algebraic groups

Throughout this section, R denotes a commutative ring.

Definition 2.4.1. We call a representable functor G : {R-algebras} → {groups} an
affine group scheme. We use the notation R[G] to denote the R-algebra representing
G.

By viewing an affine scheme as a functor from R-algebras to sets, we may view G

as a scheme via the forgetful functor from groups to sets.

Example 2.4.2. The functor Ga defined by Ga(A) = (A,+) is represented by the
polynomial ring R[X].

The functor Gm defined by Gm(A) = (A∗, ·) is represented by the R[X, Y ]/(XY −
1).

The functor GLn defined by GLn(A) = { invertible n×n matrices with entries in
the ring A} is representable.

It turns out that the algebra R[G] has a natural structure of a Hopf Algebra.
In fact, it follows from [60, Theorem 1.4] that there is a one-to-one correspondence
between R-Hopf Algebras and group schemes over R.

Definition 2.4.3. An affine algebraic group scheme G is a subfunctor of GLn, i.e.
for any R-algebra A, G(A) is a subgroup of GLn(A).

Most of this thesis will be about studying a special class of affine algebraic group
schemes called semisimple. Before we define semisimple group schemes, let us intro-
duce some language.

Definition 2.4.4. We say that an algebraic group scheme G is connected if it has no
proper open subgroup scheme.

We call G smooth if the corresponding morphism G→ SpecR is smooth.
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A homomorphism of connected smooth algebraic group schemes G′ → G is called
an isogeny if it is surjective with finite kernel.

We call an algebraic group scheme G simply-connected if G is connected smooth
and any isogeny G′ → G is an isomorphism.

Definition 2.4.5. We call a group scheme G semisimple if its centre Z(G) is a finite
group scheme.

We say that G is split semisimple if it has a torus T inside a Borel subgroup
B ⊂ G such that B = T [B,B], where [B,B] denotes the unipotent radical of B.

There is a wonderful theory of split-semisimple algebraic groups. In particular,
these groups have a root datum. It turns out that a connected semisimple algebraic
group defined over an algebraically closed field is completed determined by its root
datum. This is explained in detail in [36, Chapter II.1].

2.4.1 Representations of algebraic groups

We call a functor F : {R-algebras} → {sets} an R-functor. For an R-module M , we
denote by Ma the R-functor Ma(A) = A⊗

R
M for all R-algebras A.

Definition 2.4.6. Let G be an affine algebraic group scheme and M an R-module.
We callM a G-module (or G-representation) if G(A) acts onMa(A) = A⊗

R
M through

A-linear maps for any R-algebra A.

There is a natural notion of a comodule over a Hopf Algebra [46, Chapter I]. It
turns out that G-modules correspond to R[G]-comodules:

Proposition 2.4.7. [36, Section I.2.8]

The category of G-modules is equivalent to the category of R[G]-comodules.

We should remark that when R is an algebraically closed field and G is a reduced
affine group scheme, there is a natural notion of a rational G(R)-representation. It
turns out that this notion coincides with the one in Definition 2.4.6.

2.4.2 The Lie algebra of an algebraic group

Definition 2.4.8. Let G be an affine algebraic group scheme and define the ring of
dual numbers R[ε] := R[X]/(X2). The Lie algebra of G, denoted by Lie(G) is defined
to be:
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Lie(G) = ker(G(R[ε])→ G(R)).

We also provide an alternatively description of the Lie algebra of G. For an R-
algebra A and an A-module M , we call an additive map D : A→M an R-derivation
if it satisfies D(ab) = aD(b) + bD(a) for all a, b ∈ A and D(R) = 0. When M = A,
we simply call D an A-derivation.

Assume that A is a Hopf Algebra with comodule map ∆. We say that an A-
derivation D is left-invariant if ∆D = (id⊗D)∆.

Proposition 2.4.9. [60, Theorem 12.2] The following are isomorphic as Lie algebras:

• Lie(G).

• The left-invariant derivations on R[G].

• The space of derivations of R[G] into R.

We call a Lie algebra semisimple if it has no non-trivial Abelian ideals. When
R is an algebraically closed field of characteristic 0, there is a one-to-one correspon-
dence between semisimple Lie algebras over R and connected, split-semisimple group
schemes over R.

A very important tool in studying Lie algebras is the universal enveloping algebra
g.

Definition 2.4.10. Let g be a Lie algebra and let T (g) be the tensor algebra of g,
i.e., T (g) =

⊕∞
n=0 T

n(g), where T n(g) =
⊗n g. Further, let I be a two-sided ideal of

T (g) generated by [x, y]− x⊗ y− y⊗ x. The universal enveloping algebra of g, U(g),
is defined to be:

U(g) = T (g)/I.

The universal enveloping algebra satisfies the following universal property, there
exists a unique Lie Algebra homomorphism ε : g→ U(g) such that for all associative
R-algebras A and all Lie algebra homomorphism α : g → A, there exists a unique
ring homomorphism f : U(g)→ A such that the diagram
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g U(g)

A

ε

α
f

commutes. The importance of the enveloping algebra follows from the following
simple lemma: the identity functor provides a one-to-one correspondence between
Lie algebra representations of g and U(g)-modules. Therefore, we can use tools from
non-commutative ring theory to study the representation theory of U(g).

The ring U(g) can also be defined via generators and relations. Assume that g is
a free R-module of rank d with basis u1, u2, . . . ud. Then the enveloping algebra can
be described as:

U(g) = R〈u1, u2 . . . ud〉/I,

where R〈u1, u2, . . . ud〉 denotes the free algebra and I is the two-sided ideal gener-
ated by uiuj − ujui − [ui, uj] for 1 ≤ i, j ≤ d.

Let us finish this section by stating the famous PBW theorem.

Theorem 2.4.11 (PBW theorem). Assume that g is a free R-module of finite rank
with basis u1, u2, . . . ud. Then U(g) is a free R-module with basis

un1
1 u

n2
2 . . . undd , for n1, n2 . . . nd ∈ N.

Using the PBW theorem, we define a filtration on U(g) by F0U(g) = R, F1U(g) =

g and FiU(g) = un1
1 u

n2
2 . . . undd , with n1 + n2 . . .+ nd ≤ i. Therefore, we may form the

graded ring

grU(g) =
∞⊕
i=0

Fi+1U(g)/FiU(g).

Proposition 2.4.12. We have an isomorphism grU(g) ∼= R[u1, u2 . . . , ud]. In par-
ticular, grU(g) is Noetherian if and only if R is Noetherian.
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Chapter 3

Lie algebroids and twisted differential
operators

3.1 Introduction

This chapter is based on [58]; the paper has been submitted for publication. The
aim of this chapter is to establish a good framework to use geometric representation
theory to obtain in Chapter 4 a new proof of the classical Duflo’s theorem [25]:

Theorem 3.1.1. Let g be a semisimple Lie algebra defined over a field K of char-
acteristic 0. Then any primitive ideal in U(g) with K-rational infinitesimal central
character is the annihilator of the simple quotient of some Verma module. In case
K = C, the theorem gives a classification of all primitive ideals.

Assume for now that our ground field is C and let g be a semisimple C-Lie alge-
bra. For a complex variety X, we will denote DX the sheaf of differential operators
on X. Let G be the semisimple connected affine algebraic group associated with
g and fix B a Borel subgroup. Let X = G/B be the flag variety associated to g.
In [17, Proposition 3.6], the authors prove an equivalence of categories between G-
equivariant coherent DX×X-modules and B-equivariant coherent DX-modules. Fur-
ther, the Beilinson-Bernstein theorem [8] establishes an equivalence of categories be-
tween coherent DX-modules and finitely generated U(g)-modules with trivial central
character. Combining these two results, one obtains a geometric proof of Duflo’s the-
orem for ideals with trivial central character. In the next chapter, we remove some
restrictions from [17, Proposition 3.6]: we prove that the results hold over a general
commutative Noetherian ring and that the equivalence holds between coherent mod-
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ules over certain homogeneous sheaves of twisted differential operators, which can be
regarded as equivariant twisted differential operators.

There is a well established theory of twisted differential operators and homo-
geneous twisted differential operators over a complex variety introduced in [9] and
treated in more detail in [45]. The authors also explore the connections between
twisted differential operators(tdo’s) and Picard algebroids and the following question
is answered:

Question 3.1.2. Let f : Y → X be a map of smooth complex varieties and let D be
a tdo on X. How should we define the pullback of D, call it f •D, such that f •D is a
tdo on Y ?

The solution proposed in [9] was to define f •D using the Dif functor introduced
by Grothendieck:

f •D := Diff−1D(f ∗D, f ∗D)

is the sheaf of differential operators from f ∗D to itself that commute with the
right f−1D-action. In particular when D = DX , we obtain f •DX = DY .

Now, let R be a commutative base ring and X be an R-scheme that is smooth,
separated and locally of finite type. In order to build a good theory of twisted
differential operators over a commutative ring, there are two basic questions we need
to answer:

Question What constitutes a good definition of a tdo on X?

Question Given f : Y → X a map of smooth, separated and locally of finite type
R-schemes and D a tdo on X, how should we define the pullback of D such that it is
also a tdo on Y ?

There are two possible candidates of sheaves of differential operators that one can
define over X: DX-the sheaf of crystalline differential operators and DX-the sheaf of
Grothendieck’s differential operators.

One of the key properties satisfied by twisted differential operators over complex
varieties is that they come equipped with a filtration such that the associated graded is
isomorphic with the symmetric algebra of the tangent sheaf over the ring of functions.
The sheaf of Grothendieck’s differential operators DX has a natural filtration given
by the order of differential operators, but the associated grading ring does not satisfy
the desired property. Therefore, we choose to work with the sheaf of crystalline
differential operators.
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Attempting working with the classical definition of the pullback of tdo’s we im-
mediately encounter a problem. Assume that Y = A1 is the affine line over R, let
X = SpecR be the base of Y and f : Y → X be the natural projection. Let DX ∼= R

be the sheaf of crystalline differential operators on X. Then using the classical defi-
nition we obtain

f •D ∼= DA1 ,

which is the sheaf of Grothendieck’s differential operators. In particular, if we
work with the classical definition we obtain that the pullback of a twisted differential
operator does not satisfy the desired property.

To resolve the problem with the definition, we will explore the correspondence
between twisted differential operators (shortened tdo’s frow now on) and Picard al-
gebroids and define the pullback of tdo’s by first defining the pullback of Picard
algebroids.

Specifically, we will be able to go from tdo’s to Picard algebroids and vice-versa
using two functors Lie and T . For a Picard algebroid L on X, we can consider the
pullback f#L as a Lie algebroid on Y and for a general tdo on X we define

f#D := T (f#(Lie(D))).

In the case when R = C, our definition coincides with the definition found in [9] and
[45].

Statement of the main results of the chapter

Let G be a smooth affine algebraic group of finite type over SpecR and let f :

Y → X be a locally trivial G-torsor. Then for a tdo D equipped with a suitable
G-action (we call this a G-htdo), we may define its descent f#DG, which is a tdo on
X.

Proposition 3.1.3 (Corollary 3.10.12). The functors f#(−)G and f#(−) induce
quasi-inverse equivalences between G-htdo’s on Y and tdo’s on X.

For a G-htdo D we may define the Coh(D, G) the category of G-equivariant co-
herent D-modules. Further, let A be a tdo on X andM a A-module. Then we may
endow the O-module pullback f ∗M with the structure of a f#A-module and we call
this module f#M.
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Theorem 3.1.4 (Theorem 3.11.8). Assume that R is a Noetherian ring. Let G be a
smooth affine algebraic group of finite type. Let X, Y be smooth separated and locally
of finite type R-schemes and let f : Y → X be a locally trivial G-torsor. Further, let
D be a sheaf of G-homogeneous twisted differential operators on Y . The functors:

f∗(−)G : Coh(D, G)→ Coh(f#DG)

f#(−) : Coh(f#DG)→ Coh(D, G).
(3.1)

are quasi-inverse equivalences of categories between coherent G-equivariant D-
modules and coherent (f#D)G-modules.

In fact, we generalise the proposition and the theorem in two directions. First,
for r ∈ R a regular element, we define the notion of r-deformed Picard algebroids
and r-deformed G-htdo’s. Then we may prove that the descent of an r-deformed
G-htdo is an r-deformed tdo and similarly the theorem holds for coherent modules
over r-deformed G-htdo’s.

Secondly, for another smooth affine algebraic group of finite type B acting on
X and Y , we prove that for a G × B-htdo on Y , its descent under a B-equivariant
G-torsor is a B-htdo. A similar result also holds for the corresponding coherent G×B-
modules. This generality will be needed in future applications: in [56] we use this
framework to give a geometric proof of 3.1.1 and in [57] we prove an affinoid version
of the same theorem. The proofs of these theorems will be the highlights of the next
chapters.

Structure of the chapter

In Sections 3.2 and 3.3, we review the theory of equivariant O-modules and
equivariant descent for a locally trivial torsor. Next, we define in Section 3.4 the
sheaf of crystalline differential operators and the notion of r-deformed twisted dif-
ferential operators on a smooth, separated and locally of finite type R-scheme. In
the next two sections, we establish correspondences between r-deformed Picard al-
gebroids/equivariant Picard algebroids and r-deformed twisted differential opera-
tors/homogeneous twisted differential operators. We then define the pullback of r-
deformed Picard algebroids and r-deformed tdo’s in Section 3.7. In the next two
sections, we explore the connections between modules over r-deformed Picard alge-
broids and r-deformed twisted differential operators.
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Finally, in Section 3.10, we prove equivariant descent for r-deformed homoge-
neous twisted differential operators (Proposition 3.1.3) and in Section 3.11, we prove
equivariant descent for modules over r-deformed homogeneous twisted differential
operators (Theorem 3.1.4).

Conventions

Throughout this chapter, R will denote a commutative ring of arbitrary charac-
teristic and all the schemes will be R-schemes. For a map f : Y → X of R-schemes,
we will denote f ∗ the pullback in the category of O-modules and f∗ the pushforward
sheaf. Unadorned tensor products will be assumed to be taken over R. An element
r ∈ R is called regular if it is not a zero divisor.

3.2 Equivariant O-modules

Let G be an affine algebraic group scheme acting on a scheme X; denote the action by
σX : G×X → X. Furthermore, we denote pX : G×X → X and p2X : G×G×X → X

the projections onto the X factor, p23X : G × G × X → G × X the projection onto
the second and third factor and m : G×G→ G the multiplication of the group G.

Definition 3.2.1. Let G an algebraic group scheme acting on a scheme X. A G-
equivariant OX-module is a pair (M, α), where M is a quasi-coherent OX-module
and α : σ∗XM→ p∗XM is an isomorphism of OG×X-modules such that the diagram

(1G × σX)∗p∗XM p∗2XM

(1G × σX)∗σ∗XM (m× 1X)∗σ∗XM

p∗23Xα

(1G×σX)∗α

id

(m×1X)∗α

of OG×G×X-modules commutes (the cocycle condition) and the pullback

(e× 1X)∗α :M→M

is the identity map.

We prove a crucial lemma that will be used in the future; it is stated on the stack
project, but the proof is omitted.

25



Lemma 3.2.2. [54, 03LG]

Let G be an affine algebraic group acting on schemes X and Y and let f : Y → X

be a G-equivariant morphism. Then the pullback functor f ∗ given by

(M, α) 7→ (f ∗M, (1G × f)∗α)

defines a functor from G-equivariant OX-modules to G-equivariant OY -modules.

Proof. Let M be a G-equivariant OX-module. Since α : σ∗XM → p∗XM is an iso-
morphism, we get that (1G × f)∗α : (1G × f)∗σ∗XM → (1G × f)∗p∗XM is also an
isomorphism. We have

σX ◦ (1G × f)(g, y) = gf(y) = f(gy) = f ◦ σY (g, y), so (1G × f)∗σ∗XM = σ∗Y f
∗M.

pX ◦ (1G × f)(g, y) = f(y) = f ◦ pY , so (1G × f)∗p∗XM = p∗Y f
∗M.

(3.2)

Thus, (1G × f)∗α : σ∗Y (f ∗M) → p∗Y (f ∗M) is an isomorphism. Next, we need to
prove that the morphism (1G × f)∗α satisfies the cocycle condition; that is we need
to show that the diagram

(1G × σY )∗p∗Y f
∗M p∗2Y f

∗M

(1G × σY )∗σ∗Y f
∗M (m× 1Y )∗σ∗Y f

∗M

p∗23Y (1G×f)∗α

(1G×σY )∗(1G×f)∗α

id

(m×1Y )∗(1G×f)∗α (3.3)

of OG×G×Y -modules commutes given that the diagram

(1G × σX)∗p∗XM p∗2XM

(1G × σX)∗σ∗XM (m× 1X)∗σ∗XM

p∗23Xα

(1G×σX)∗α

id

(m×1X)∗α (3.4)

of OG×G×X-modules commutes.

We shall prove that the diagram 3.3 is the pullback of the diagram 3.4 under the
morphism (1G × 1G × f). We have that
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f ◦ pY ◦ (1G × σY )(g1, g2, y) = f(g2y) = pX ◦ (1G × σX) ◦ (1G × 1G × f)(g1, g2, y).

f ◦ p2Y (g1, g2, y) = y = p2X ◦ (1G × 1G × f)(g1, g2, y).

f ◦ σY ◦ (1G × σY )(g1, g2, y) = f(g1g2y) = σX ◦ (1G × σX) ◦ (1G × 1G × f)(g1, g2, y).

f ◦ σY ◦ (m× 1Y )(g1, g2, y) = g1g2f(y) = σX ◦ (m× 1X) ◦ (1G × 1G × f)(g1, g2, y).

(3.5)

Therefore,

((1G × σY )∗p∗Y )f ∗M = (1G × 1G × f)∗((1G × σX)∗p∗XM).

p∗2Y (f ∗M) = (1G × 1G × f)∗(p∗2XM).

((1G × σY )∗σ∗)f ∗M = (1G × 1G × f)∗((1G × σX)∗σ∗XM).

((m× 1Y )∗σ∗)f ∗M = (1G × 1G × f)∗((m× 1X)∗σ∗XM).

(3.6)

Similarly, we get

(1G × f) ◦ p23Y (g1, g2, y) = (g2, f(y)) = p23X ◦ (1G × 1G × f)(g1, g2, y).

(1G × f) ◦ (1G × σY )(g1, g2, y) = (g1, f(g2y)) = (1G × σX) ◦ (1G × 1G × f)(g1, g2, y).

(1G × f) ◦ (m× 1Y )(g1, g2, y) = (g1g2, f(y) = (m× 1X) ◦ (1G × 1G × f)(g1, g2, y).

(3.7)

Thus,

p∗23Y (1G × f)∗α = (1G × 1G × f)∗p∗23Xα.

(1G × σ)∗(1G × f)∗α = (1G × 1G × f)∗(1G × σX)∗α.

(m× 1X)∗(1G × f)∗α = (1G × 1G × f)∗(m× 1X)∗α.

(3.8)

Combining equations (3.6) and (3.8), we get that the diagram (3.3) is indeed the
pullback of the diagram (3.4) under the morphism 1G×1G×f , so (1G×f)∗α satisfies
the cocycle condition.

Finally, we need to prove that the map (e× 1Y )∗(1G× f)∗α : f ∗M→ f ∗M is the
identity map using (e× 1X)∗α :M→M is the identity map.

We have that (1G × f) ◦ (e× 1Y )(g, y) = (e, f(y)) = (e× 1X)(1G × f), so
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(e× 1Y )∗(1G × f)∗α = (1G × f)∗(e× 1X)∗α = (1G × f)∗(id) = id,

since the identity map is preserved by any functor.

Definition 3.2.3. Let G an affine algebraic group acting on a scheme X via σX . We
define the category of G-equivariant quasi-coherent OX-modules. Objects are given by
G-equivariant OX-modules.

A morphism of G-equivariant OX-modules (M, αM) and (N , αN) is a map φ ∈
HomOX (M,N ) such that the following diagram commutes:

σ∗XM p∗XM

σ∗XN p∗XN .

σ∗Xφ

αM

p∗Xφ

αN

We call such a morphism G-equivariant and denote the category of G-equivariant
OX-modules together with G-equivariant morphisms by QCoh(OX , G).

Proposition 3.2.4. Let G an affine algebraic group acting on a scheme X via σX .
Then the category QCoh(OX , G) is Abelian.

Proof. By construction, we have that QCoh(OX , G) is additive. Let (M, αM) and
(N , αN) ∈ QCoh(OX , G) and let φ ∈ HomQCoh(OX ,G)(M,N ). Consider the exact
sequence:

0→ ker(φ)→M→N → coker(φ)→ 0.

We aim to prove that ker(φ) and coker(φ) are in QCoh(OX , G). Since σX and pX
are smooth morphisms, the pullback functors σ∗X and p∗X are exact, so we get two
short exact sequences:

0→ σ∗X ker(φ)→ σ∗XM→ σ∗XN → σ∗X coker(φ)→ 0,

0→ p∗X ker(φ)→ p∗XM→ p∗XN → p∗X coker(φ)→ 0.
(3.9)

Consider now the diagram:

0 0 σ∗X ker(φ) σ∗XM σ∗XN

0 0 p∗X ker(φ) p∗XM p∗XN .

αM αN
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By construction, we have that αM and αN are isomorphisms, so by the Five
Lemma we obtain an isomorphism β : σ∗X ker(φ) → p∗X ker(φ). Furthermore, since
αM and αN satisfy the cocycle condition, so does β. Thus, we have proven that
ker(φ) ∈ QCoh(OX , G). A similar argument applying the Five Lemma shows that
coker(φ) ∈ QCoh(OX , G). Finally, by construction we have that any monorphism
and epimorphism in QCoh(OX , G) is normal, so QCoh(OX , G) is indeed Abelian
category.

From now on, when we use the notion of morphism of G-equivariant OX-modules,
we always view it as a morphism in the category QCoh(OX , G).

A reformulation of equivariance

We wish to reformulate the notion of an equivariant O-module. Until the end of
the section, we fix X a scheme defined over R acted on by an affine algebraic group
G. For any R-algebra A, we define XA := SpecA ×SpecR X. We start with a very
simple observation: viewing OX as a left OX-module, (OX , id) is a G-equivariant
OX-module. We may reformulate this following ideas in [11]: for each R-algebra A
inducing a map s : SpecA → SpecR and for each geometric point ig : SpecA → G

which induces an automorphism g : XA → XA there exists an isomorphism

qg : s∗O → (g−1)∗s∗O, satisfying

qe = id and qgh = (g−1)∗(qh)qg (3.10)

in such a way that (qg)’s are compatible with base change. Let rg = g∗ ◦ qg. For
each U ⊂ XA affine open, rg induces a map OXA(U) → OXA(g−1U). The equation
(3.10) translates as re = id and rgh = rhrg. Furthermore, the O-module compatibility
requires that for any f1, f2 ∈ OXA(U), we have rg(f1f2) = rg(f1)rg(f2).

We define rg via rg(f)(x) = f(g−1x) for all R-algebras A, U ⊂ XA affine open,
x ∈ U , f ∈ OXA(U), g : XA → XA and it is easy to see that rg’s make OX a G-
equivariant OX-module according to equation (3.10). We may now make an abuse of
notation: for each ig : SpecA → G and each f ∈ OXA(U), we denote g.f = rg−1(f)

and we translate the equivariance structure as

e.f1 = f, g.(h.f1) = (gh).f1, g.(f1f2) = (g.f1)(g.f2) for all g, h ∈ G, f1, f2 ∈ OX .
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Lemma 3.2.5. A OX-module M is G-equivariant if and only if for each R-algebra
A, for each s : SpecA→ SpecR and for each geometric point ig : SpecA→ G which
induces an automorphism g : XA → XA there exists an isomorphism of OA-modules

qg : s∗M→ (g−1)∗s∗M

satisfying

qe = id and qgh = (g−1)∗(qh)qg (3.11)

in such a way that (qg)’s are compatible with base change.

Proof. The proof repeats the argument in [11, Proposition 2.2/Proposition 1.3.1]
working over a commutative ring rather than a field and using the structure sheaf O
instead of the sheaf of differential operators D.

Again, by setting sg = g∗ ◦ qg, we may reformulate equation (3.11) as: for each
R-algebra A and for each ig : SpecA → G, we have an isomorphism of O-modules
sg :MXA →MXA such that for each U ⊂ XA affine open:

se = id,

sgh = shsg,

s′gs are compatible with base change,

rg(f.m) = rg(f).sg(m), for all f ∈ OXA(U),m ∈M(U).

(3.12)

Again, we make an abuse of notation: for each ig : SpecA → G and each m ∈
MA(U), we denote g.m = sg−1(m) and we translate the equivariance structure as:

e.m = m,

gh.m = g.(h.m),

g.(f.m) = (g.f).(g.m),

(3.13)

for all g, h ∈ G, m ∈ M, f ∈ OX . Here, we used an abuse of notation: by m ∈ M
we mean m ∈M(U) for some open U .

Using the definition above, we reformulate the notion of G-equivariance of a mor-
phism of G-equivariant OX-modules, φ :M→N as:
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g.φ(m) = φ(g.m) for all g ∈ G,m ∈M (3.14)

3.3 Equivariant descent for O-modules

Definition 3.3.1. [5, Section 4.3]

Let G be a smooth affine algebraic group of finite type, Y a scheme equipped with
an action G × Y → Y and lastly, let X be a scheme. We say that a morphism
ξ : Y → X is a G-torsor if ξ is faithfully flat and locally of finite type, ξ is a G-
equivariant morphism, and the map

G× Y → Y ×X Y, (g, y) 7→ (gy, y)

is an isomorphism.

An open subscheme U of X is said to trivialise the torsor ξ if there is a G-invariant
isomorphism

G× U → ξ−1(U),

where G acts on G× U by left multiplication on the first factor.

Finally, let SX be the set of affine open subschemes U ⊂ X such that U trivialises
ξ and O(U) is a finitely generated R-algebra. We say that ξ is a locally trivial torsor
if it can be covered by opens in SX .

Definition 3.3.2 (definition-proposition). Let ξ : Y → X be a locally trivial G-torsor
and let (M, αM) be a quasi-coherent G-equivariant OY -module. Then the presheaf
(ξ∗M)G acquires the structure of a quasi-coherent OX-module. Furthermore, if we
are given ψ : (M, αM) → (N , αN) a map of G-equivariant OY -modules there is a
canonical induced map (ξ∗)

Gψ : (ξ∗M)G → (ξ∗N )G.

Proof. The question is local, so we may assume that X is affine, ξ : Y → X is
pX : G × X → X and G acts on G × X via left multiplication on the first factor.
SinceG andX are affine, the category ofG-equivariantOG×X-modules is equivalent to
the category of (O(G×X), G)-modules by the same arguments as in the proof of [11,
Proposition 1.4.1]. Modules in this category are modules equipped with compatible
actions of the ring O(G×X) and of the group G.
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LetM be a G-equivariant OG×X-module and let M = Γ(G×X,M) be its global
sections. Since M is a (O(G×X), G)-module it acquires a comodule structure ρM :

M → O(G) ⊗
R
M . Furthermore, let ρG : O(G × X) → O(G) ⊗

R
O(G × X) denote

the comodule structure on O(G × X) induced from the G-action on G × X by left
multiplication on the first factor.

As X is affine, to prove the first statement, it is enough to prove that the Abelian
group (p∗M)G(X) = MG has the structure of an O(X)-module.

Let f ∈ O(X) and define φ ∈ O(G×X) by φ(h, x) := f(x) for all h ∈ G, x ∈ X,
and for any m ∈MG define f.m := φ.m

We need to prove that f.m ∈MG. By construction, it is clear that ρG(φ) = 1⊗φ.
Since M is a (O(G×X), G)-module, we have

ρM(φ.m) = ρG(φ)ρM(m) = (1⊗ φ)(1⊗m) = 1⊗ φ.m,

so φ.m ∈MG, thus the action of f is well-defined.

For the second statement, notice that if ϕ : (M,αM)→ (N,αN) is a morphism of
(O(G×X), G)-modules, it is G-equivariant, so ϕ restricts to a map MG → NG.

In general if ξ :M→N is a map of G-equivariant OY modules and we let U be
affine open in X, we have canonical maps (ξ∗)

Gψ : (ξ∗M)G(U) → (ξ∗N )G(U) com-
patible with restrictions given by restricting the map ψ. Therefore, glueing together
the local morphisms we get a map of sheaves.

In particular, we have proven that if ξ : Y → X is a locally trivial G-torsor, we
obtain a functor ξG∗ from G-equivariant OY -modules to OX-modules. We would like
to prove that this is an equivalence of categories.

Recall that for an R-Hopf algebra H, a Hopf module M is a left H-module,
together with a comodule map ρ : M → H ⊗

R
M such that ρ is a map of H-modules;

here we view H as a module over itself via left multiplication. For a Hopf module M ,
denote M coH the coinvariants of M . Similarly, one may define the notion of a right
Hopf module.

Lemma 3.3.3. Let H be an R-Hopf algebra and let M be an R-module. Then H⊗
R
M

is a left H-module and (H ⊗
R
M)coH ∼= M and R-modules.
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Proof. We will prove the dual version of this statement, that is for a right R-module
M , we have M ⊗

R
H is a right Hopf comodule and M ∼= (M ⊗

R
H)coH . The first

statement follows from [62, 12.7(1)]. Furthermore, we have by [62, 12.12] that (M ⊗
R

H)H ∼= HomH(R,M ⊗
R
H), where the morphism is considered in the category of right

H-comodules and we view R as a H-comodule. Finally, it follows from [62, 7.9] that
HomH(R,M ⊗R H) ∼= HomR(R,M). The claim follows since HomR(R,M) ∼= M .

We should remark that the compositions of isomorphisms M ∼= HomR(R,M) ∼=
HomH(R,M ⊗

R
H) ∼= (M ⊗

R
H)coH maps m to m⊗ 1.

We will also need the the Fundamental Theorem of Hopf modules:

Theorem 3.3.4. [31, Theorem 4.13] Let H be a Hopf algebra over a commutative
ring R and M a Hopf module. Then the map

µ : H ⊗
R
M coH →M, µ(h⊗m) = h.m

is an isomorphism.

We may now prove the main result of this section. This is presumably known, but
we record it for the sake of completeness.

Proposition 3.3.5. [Equivariant descent for O-modules] Let G be a smooth affine
algebraic group of finite type and let ξ : Y → X be a locally trivial G-torsor. Then
the functors ξ∗(−)G and ξ∗(−) induce quasi-inverse equivalences of categories between
G-equivariant quasi-coherent OY -modules and quasi-coherent OX-modules.

Proof. ForM∈ QCoh(OY , G) and N ∈ QCoh(OX) we obtain by functoriality maps
M→ ξ∗(ξ∗M)G and (ξ∗(ξ

∗N ))G → N , respectively. Thus we only need to prove the
statement locally. We may then assume that Y = G × X, p : G × X → X is the
projection onto the second factor and G acts on G×X via left multiplication on the
first factor.

We start by constructing a natural isomorphism η : id → (p∗)
Gp∗. Let M be a

OX-module. We aim to define a map ηM :M→ pG∗ p
∗M. For any open affine U ⊂ X,

we have

(pG∗ p
∗M)(U) = (O(G)⊗

R
M(U))G.
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Let ηMU : M(U) → (O(G) ⊗
R
M(U))G be defined by m 7→ 1 ⊗m. We have by

Lemma 3.3.3 that ηMU is an isomorphism.

Let V ⊂ U be open affine and let resUV :M(U)→M(V ) be the restriction map.
It is easy to see that the following diagram is commutative:

M(U) (O(G)⊗
R
M(U))G

M(V ) (O(G)⊗
R
M(V ))G.

resUV

ηMU

id⊗
R

resUV

ηMV

Thus, η is a map of sheaves. Next, we prove that the isomorphism η is natural.
Let ϕ : M → N be a morphism of OX-modules. It is enough to show that the
following diagram is commutative:

M (p∗)
Gp∗M

N (p∗)
Gp∗N .

ϕ

ηM

(p∗)Gp∗ϕ

ηN

We can work locally. Let U ⊂ X be affine open and let m ∈ M(U). Then
ηN(ϕ(m)) = 1⊗ϕ(m). On the other hand we have p∗ϕ : p∗M(G×U)→ p∗N (G×U)

defined by p∗ϕ(F ⊗m) = F ⊗ ϕ(m) for any F ∈ O(G),m ∈M(U).

Thus, we have that (p∗)
Gp∗ϕ : (p∗)

Gp∗M(U) → (p∗)
Gp∗M(U) is defined by

(p∗)
Gp∗ϕ(1⊗m) = 1⊗ ϕ(m), for all m ∈M(U). In particular, we get that

(p∗)
Gp∗ϕ(ηM(m)) = (p∗)

Gp∗ϕ(1⊗m) = 1⊗ ϕ(m) = ηN(ϕ(m)),

which shows that the diagram is indeed commutative.

Now, let (M, α) be a G-equivariant OG×X-module. By construction (p∗)
GM is a

subsheaf of p∗M and since there is a canonical sheaf map p∗(p∗)M→M, we get by
functoriality that there is a map νM : p∗(p∗)

GM→M.

Let U ⊂ X open affine. Then we have the induced map

νMG×U : O(G)⊗
R
M(G× U)G = p∗(p∗)

GM(G× U)→M(G× U)

given by νMG×U (f ⊗m) = f.m. We aim to prove that this map is an isomorphism.
SinceM is G-equivariant the isomorphism α induces an automorphism of OG×G×X-
modules on p∗M, so in particular we obtain an automorphism on O(G)⊗M(G×U)
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of O(G×G× U)-modules. This induces a Hopf module structure onM(G× U) for
the Hopf algebra O(G). Thus, by Theorem 3.3.4 we get that νMG×U is indeed an
isomorphism.

Let {Ui}i∈I be an affine open cover of X and let {G×Ui}i∈I be the corresponding
affine cover of G × X. As νMG×Ui

is an isomorphism, the sheaves p∗(p∗)GM and
M agree on an affine open cover and there is a sheaf map between the two, ν is an
isomorphism.

To finish the proof, notice that by construction, we have ν : p∗(p∗)
G → id is a

natural isomorphism. This concludes the proof of the proposition.

We will also consider a slightly more general setting. Let Y be a variety acted on
by two smooth affine algebraic groups of finite type, G and B. Let us denote the two
actions by . and ?.

Observation 3.3.6. Let M be a G × B-equivariant OY -module. Then MG is a
B-equivariant submodule of M. Let φ : M → M′ be a G × B equivariant map of
G×B-equivariant modules. Then φ restricts to a B-equivariant map φ :MG →M′G.

Proof. We view the equivariance structure via the equations (3.13). We have that for
g ∈ G, b ∈ B and m ∈M that

g.(b ? m) = b ? (g.m).

If m ∈ MG, then g.m = m, so by the equation above g.(b ? m) = b ? m, so
b ? m ∈MG. Thus, the B-equivariance onM induces B-equivariance onMG.

Similarly, using the equivariance of morphisms in equation (3.14), we have since φ
is particular G-equivariant that for m ∈MG, g.φ(m) = φ(g.m) = φ(m), so φ restricts
to a mapMG →M′G.

Finally, since φ is in particular B-equivariant, we have that for m ∈MG

b ? φ(m) = φ(b ? m),

concluding the proof.

Lemma 3.3.7. Let G and B be smooth affine algebraic groups of finite type acting on
R-schemes X and Y such that the action of B and G on Y commute. Let ξ : Y → X

be a locally trivial G-torsor that is B-equivariant.
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• Let M be a G × B-equivariant OY -module. Then (ξ∗M)G is a B-equivariant
OX-module.

• Let N be a B-equivariant OX-module. Then ξ∗N is a G × B-equivariant OY -
module.

Proof. Since ξ is B-equivariant, the B-action on OX ∼= (ξ∗OY )G is induced from the
B-action on OY . Further, using the observation above we may define a B-action on
(ξ∗M)G which is compatible with the B-action on OY sinceM is B-equivariant, so
the first claim is proven.

For the second claim, we let G act on N via g.n = n for all g ∈ G and n ∈ N , so
that N is G×B-equivariant. The claim follows from Lemma 3.2.2.

Corollary 3.3.8. Let G and B be smooth affine algebraic groups of finite type acting
on Y and X such that the action of B and G on Y commute. Let ξ : Y → X be a
locally trivial G-torsor that is B-equivariant. The functors ξ∗(−)G and ξ∗(−) induce
quasi-inverse equivalences of categories between G×B-equivariant quasi-coherent OY -
modules and quasi-coherent B-equivariant OX-modules.

Proof. This follows from Proposition 3.3.5, Lemma 3.3.7 and Observation 3.3.6.

3.4 Deformed twisted differential operators

Definition 3.4.1. We call an R-scheme X that is smooth, separated and locally of
finite type an R-variety.

We write TX for the sheaf of sections of the tangent bundle TX.

Definition 3.4.2. [5, Definition 4.2]

Let X be an R-variety. The sheaf of crystalline differential operators is defined to
be the enveloping algebra DX of the Lie algebroid TX .

We can view DX as a sheaf of ring generated by OX and TX modulo the relations:

• f∂ = f · ∂;

• ∂f − f∂ = ∂(f);
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• ∂∂′ − ∂′∂ = [∂, ∂′],

for all f ∈ OX and ∂, ∂′ ∈ TX . The sheaf DX comes equipped with a natural PBW
filtration:

0 ⊂ F0(DX) ⊂ F1(DX) ⊂ . . .

consisting of coherent OX-modules such that

F0(DX) = OX , F1(DX) = OX ⊕ TX , Fm(DX) = F1(DX) · Fm−1(DX) for m > 1.

Since X is smooth, the tangent sheaf TX is locally free and the associated graded
sheaf of algebras of DX is isomorphic to the symmetric algebra of TX :

gr(DX) =
∞⊕
m=0

Fm(DX)

Fm−1(DX)
∼= SymOX TX . (3.15)

If q : T ∗X → X is the cotangent bundle of X defined by the locally free sheaf TX ,
then we can also identify gr(DX) with q∗OT ∗X .

Let X be an R-variety and let U = Spec(A) ⊂ X be open affine. Further, we
considerM a sheaf of OX-bimodules quasi-coherent with respect to the left action.
We define a filtration on M =M(U) given by F•M :

• F−1(M) = 0,

• Fn(M) = {m ∈ M | ad(a0) ad(a1)... ad(an)(m) = 0, for any a0, a1, . . . an ∈ A},
for n ≥ 0.

We say that M is differential if M = ∪n∈NFn(M) and we call M a differential
OX-bimodule if there is an affine open cover (Ui)i∈I such thatM(Ui) is a differential
bimodule for all i ∈ I.

Let M,N be two quasi-coherent OX-modules. Then for any affine open U in
X, the set HomR(M(U),N (U)) has the structure of a OX(U)-bimodule. Let F ∈
HomR(M,N ); we say that F is a differential operator of degree ≤ n if for any affine
open U , F(U) ∈ Fn(HomR(M(U),N (U)). We denote Difn(M,N ) the subsheaf of
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differential operators of degree ≤ n and Dif(M,N ) = ∪n∈N Difn(M,N ) the subsheaf
of differential operators of finite degree.

We may construct differential OX-modules using the following proposition:

Proposition 3.4.3. Let M be a coherent OX-module and let N be a OX-module.
Then Dif(M,N ) is differential OX-bimodule.

Proof. The proof follows by repeating the argument in [59, Proposition 2.1.3].

Definition 3.4.4. Let B be a OX-algebra. We say that B is a differential algebra
if B is a flat R-module and multiplication makes B a differential OX-bimodule. The
filtration F•(B) becomes a ring filtration and with respect to this filtration grF (B) is
commutative.

Definition 3.4.5. Let r ∈ R be a regular element. An algebra of r-deformed twisted
differential operators(tdo) is an OX-differential algebra D such that:

i) The natural map OX → F0(D) is an isomorphism.

ii) The morphism grF1 D → TX = DerR(OX ,OX) defined by ψ 7→ adψ for ψ ∈
F1(D) induces an isomorphism grF1 D ∼= rTX .

iii) The morphism of OX-algebras SymOX (grF1 D)→ grF D is an isomorphism.

A morphism of tdo’s is a morphism of OX algebras compatible with the OX-
bimodule structure and the maps in i)→ iii).

We should make some remarks about this definition: when r = 1 we call D a
sheaf of twisted differential operators. Classically, working with twisted differential
operators over a complex variety the condition iii) is implied by i) and ii). This is
no longer true in our case. Further, the sheaf of Grothendieck ’s differential operators
does not satisfy condition iii) for a general ring R. This is the main reason why
we develop the theory of twisted differential operators using the connection with Lie
algebroids rather than using the classical Dif definition.

Lemma 3.4.6. Assume that X is locally Noetherian R-variety and let D be an r-
deformed tdo on X. Then D is locally Noetherian.

Proof. We have by conditions ii) and iii) that grF D ∼= SymOX (rTX) and because r is
regular SymOX (rTX) ∼= SymOX (TX). Since TX is a free OX-module and X is locally
Noetherian, we obtain that SymOX (TX) is locally Noetherian. Therefore, we have
grF D is locally Noetherian, which implies the same for D.
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3.5 Connections between deformed Lie algebroids
and deformed tdo’s

Throughout this section, we let X denote an R-variety and r ∈ R a regular element.

Definition 3.5.1. A Lie algebroid L on X is a quasi-coherent OX-module equipped
with a morphism of OX-modules ρ : L → TX (the anchor map) and an R-linear
pairing [•, •] : L × L → L such that:

• [•, •] defines the structure of a Lie algebra on L and ρ is a morphism of Lie
algebras.

• [l1, f l2] = f [l1, l2] + ρ(l1)(f)l2 for li ∈ L, f ∈ OX .

A morphism of Lie algebroids is a morphism of OX-modules compatible with the
anchor maps and bracket.

In particular, locally we obtain that for any U ⊂ X affine open that L(U) is an
(R,OX(U))-Lie Rinehart algebra, see [49] for definition and basic properties of Lie
Rinehart algebras. We may think of L as a sheaf of (R,OX)-Lie Rinehart algebras;
we will use this local description soon.

Definition 3.5.2. The universal enveloping algebra of L, denoted U(L), is the sheaf
of R-algebras generated by OX and L modulo the relations:

• i : OX → U(L) is a morphism of R-algebras,

• j : L → U(L) is a morphism of Lie algebras,

• j(fl) = i(f)j(l) and [j(l), i(f)] = i(ρ(l)(f)).

Locally, U(L) is just the enveloping algebra of the corresponding (R,OX(U))-
algebra.

We want to establish a correspondence between Lie algebroids and r-deformed
tdo’s on an R- variety X. For an OX-differential algebra D we define Lie(D) :=

F1(D); one may prove that when D is a tdo, Lie(D) is a Lie algebroid, see [9, 1.2.5];
unfortunately not all Lie algebroids induce tdo’s, so we need a more specific notion.
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Definition 3.5.3. We call a Lie algebroid L an r-deformed Picard algebroid if there
exists a short exact sequence of Lie algebras and OX-modules:

0→ OX → L → rTX → 0.

One should notice that the Lie algebra structure imposed on OX is the trivial one.
We should also denote 1L the image of 1 ∈ OX under the inclusion map.

A morphism of r-deformed Picard algebroids is a morphism of Lie algebroids com-
patible with the maps in the short exact sequence defining r-deformed Picard structure.

Proposition 3.5.4. Let L be an r-deformed Picard algebroid on X. Then the sheaf
of rings D := U(L)/U(L)(i(1)− j(1)) is an r-deformed tdo with Lie(D) = L.

Proof. The question is local so we may assume that X is affine; A = OX(X), T =

TX(X), L = L(X) and let i : A→ L denote the injection induced by the short exact
sequence defining L.

Consider the enveloping algebra U(L) of the (R,A)-Lie algebra L. We can think
of it as being generated by A and the universal enveloping algebra of the Lie algebra
L subject to the relations: fl = f · l (the module action), fl− lf = ρ(l)(f) for f ∈ A
and l ∈ L, l1l2 − l2l1 = [l1, l2] for l1, l2 ∈ L. The natural filtration on U(L) is given
by:

• F0(U(L)) = A,

• For n ≥ 1, Fn(U(L)) = A+ l1l2 . . . lm, where m ≤ n and l1, l2, . . . lm ∈ L.

Since fl − lf = ρ(l)(f) for f ∈ A and l ∈ L, it easy to see that U(L) becomes a
differential A algebra with respect to this filtration.

Let I = 〈i(1)−1L〉 be the central two sided ideal and D := D(X) = U(L)/IU(L).
We give D the quotient natural quotient filtration induced from U(L). By construc-
tion, we have that D is also a differential A-algebra since U(L) is. Furthermore, we
have F0(D) ∼= F0(U(L)) ∼= A.

Let g : F1(U(L)) → L given by g(a + l) = i(a) + l for a ∈ A, l ∈ L. Then it is
clear that g is surjective and ker(g) = a− i(a) = F1(I). Thus, we obtain F1(D) ∼= L,
so Lie(D) ∼= L.
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Since L is an r-deformed Picard algebroid, we obtain immediately that gr1D
∼=

L/A ∼= rT . Finally, because X is an R-variety, T is projective as an A-module.
Therefore, L is also projective as A-module, so we have by [49, Theorem 3.1] that
grD ∼= SymA(gr1D). Thus, we have proven all the required properties to make D an
r-deformed tdo on X.

Using the Lemma above we make the following definition:

Definition 3.5.5. Let X be an R-variety. Define a functor T : category of r-
deformed Picard algebroids on X → category of r-deformed twisted differential oper-
ators on X by

T (L) := U(L)/U(L)(i(1)− j(1)).

Lemma 3.5.6. Let D be an r-deformed tdo on X. The sheaf Lie(D) := F1(D) is an
r-deformed Picard algebroid and furthermore

T (LieD) = U(Lie(D))/U(Lie(D))(i(1)− j(1)) ∼= D.

Proof. Let L := Lie(D). Since D is a differential algebra, L is a Lie algebroid by [9,
1.2.5], with the anchor map ρ : L → TX induced by axiom ii) of Definition 3.4.5.
Further by axioms i) and ii) of 3.4.5 we observe that ker(ρ) = OX and im(ρ) = rTX ,
so L is indeed an r-deformed Picard algebroid.

Let A := U(L)/U(L)(i(1)− j(1)). By Proposition 3.5.4, A is an r-deformed tdo.
Further by construction we have that there is morphism of filtered algebras A → D
and gr1(A) ∼= gr1(D). Since A and D are r-deformed tdo’s, we have by axiom iii) of
Definition 3.4.5 that gr(A) ∼= SymOX (gr1A) and gr(D) ∼= SymOX (gr1D). Therefore,
we get gr(A) ∼= gr(D), so A ∼= D since there is a filtered morphism between them.

Corollary 3.5.7. Let X be an R-variety. The functors T and Lie induce quasi-
inverse equivalences of categories between the category of r-deformed Picard algebroids
on X and the category of r-deformed tdo’s on X.

Proof. This follows from Proposition 3.5.4 and Lemma 3.5.6.

41



3.6 Equivariant deformed Picard algebroids and de-
formed homogeneous twisted differential opera-
tors

Throughout this section, we fix X an R-variety, G a smooth affine algebraic group
of finite type acting on X and r ∈ R a regular element. Recall from 3.13 that for a
G-equivariant OX-moduleM we denoted by abuse of notation by · the group action
giving the equivariance.

Definition 3.6.1. Let (L, ρ) be a Lie algebroid. We say that L is r-deformed G-
equivariant if L is a G-equivariant as a OX-module and it is equipped with a Lie
algebra morphism ig : rg→ L such that:

i) g · [x, y] = [g · x, g · y], for g ∈ G, x, y ∈ L.

ii) g.ρ(l)(f) = ρ(g.l)(g.f), for g ∈ G, l ∈ L, f ∈ OX . This is equivalent to ρ being
G-equivariant.

iii) ig(g.ψ) = g.ig(ψ), for g ∈ G and ψ ∈ rg. Here G acts on rg ⊂ g via the Adjoint
action.

Similarly, we may define the notion of equivariant differential algebra.

Definition 3.6.2. Let D be a differential OX-algebra. We call D an r-deformed G-
equivariant differential algebra if it is G-equivariant as a left OX-module and it is
equipped with a Lie algebra map ig : rg→ D such that:

1. g.1 = 1 and g.(d1d2) = (g.d1)(g.d2), for g ∈ G and d1, d2 ∈ D.

2. g.(fd) = (g.f)(g.d), for f ∈ OX and d ∈ D.

3. ig(g.ψ) = g.ig(ψ), for g ∈ G and ψ ∈ rg.

Lemma 3.6.3. Let (L, ρ, ig) be an r-deformed G-equivariant Lie algebroid. Then
U(L) is an r-deformed G-equivariant differential algebra.

Proof. Since L is quasi-coherent as a OX-module, so is U(L). We define G-action
on U(L) by defining g.(l1l2 . . . g.j) = (g.l1)(g.l2) . . . (g.lj) for l1, l2, . . . lj ∈ L and
g.(fl1l2 . . . lj) = (g.f)(g.l1l2 . . . lj) for f ∈ OX and l1, l2, . . . lj ∈ L. We have
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g.(l1l2 − l2l1) = (g.l1)(g.l2)− (g.l2)(g.l1)

= [g.l1, g.l2]

= g.[l1, l2]

(3.16)

and

g.(fl − lf) = (g.f)(g.l)− (g.l)(g.f)

= [g.f, g.l]

= ρ(g.l)(g.f)

= g.ρ(l)(f).

(3.17)

Since U(L) is generated by OX and the enveloping algebra of L, subject to the
relations (fl− lf) = ρ(l)(f) and fl = f.l, it follows from the equations and definition
that U(L) is G-equivariant as OX-module and furthermore, axioms i) and ii) of
Definition 3.6.2 are satisfied. Further it easy to check that G-action preserves the
filtration on U(L).

The morphism ig : rg → L can be extended to a morphism ig : rg → U(L) via
the natural map L → U(L) and it is clear by construction that under G-action and
the map ig defined above that U(L) becomes an r-deformed G-equivariant differential
algebra.

As we are interested in deformed Picard algebroids, we define the notion of an
r-deformed G-equivariant Picard algebroid. The G action on L induces by differen-
tiation a g := Lie(G) action via a map βM : g → End(L). We also let η : g → TX
denote the infinitesimal action of g on X.

Definition 3.6.4. Let L be an r-deformed Picard algebroid. We say that L is an
r-deformed G-equivariant Picard algebroid if L is an r-deformed G-equivariant alge-
broid, in the short exact sequence

0→ OX → L → rTX → 0

all the morphisms are G-equivariant and

• The derivative of the G-action induces a g action and thus a rg action on L.
This must coincide with the action l 7→ [ig(ψ), l] for ψ ∈ rg and l ∈ L.
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• η|rg = ρ ◦ ig.

A morphism of r-deformed G-equivariant Picard algebroids is a morphism of r-
deformed Picard algebroids compatible with the equivariance structures.

Definition 3.6.5. Let D be a OX-algebra. We say that D is a sheaf of r-deformed
G-homogeneous twisted differential operators (r-deformed G-htdo) if (D, ig) is an r-
deformed G-equivariant differential OX-algebra and a sheaf of r-deformed twisted dif-
ferential operators, and furthermore:

• The image of ig lies in F1D.

• The derivative of the G-action induces a g action and thus a rg-action on D.
This must coincide with the action d 7→ [ig(ψ), d] for ψ ∈ rg and d ∈ D.

• η|rg = ρ ◦ ig, where ρ : F1D = Lie(D)→ TX is the natural anchor map.

A morphism of r-deformed G-htdo’s is a morphism of r-deformed tdo’s compatible
with the equivariance structures.

One should notice that since g.1 = 1, the morphism OX → F0(D) is automatically
G-equivariant.

Lemma 3.6.6. Let (L, ρ, ig) be an r-deformed G-equivariant Picard algebroid. Then
T (L) is an r-deformed G-htdo.

Proof. We have by Lemma 3.6.3 that U(L) is a G-equivariant differential algebra.
Now, since L is G-equivariant, the action of G stabilises the ideal generated by i(1)−
j(1), so the G action descends on U(L)/U(L)(i(1)− j(1)). Similarly, composing the
map ig : rg → U(L) with the natural projection, we obtain a map rg → T (L).

Further, by Proposition 3.5.4, U(L)/U(L)(i(1)− j(1)) is an r-deformed tdo. Finally,
the axioms of Definition 3.6.4 imply that T (L) is an r-deformed G-htdo.

Lemma 3.6.7. Let D be an r-deformed G-htdo. Then L := F1(D) is an r-deformed
G-equivariant Picard algebroid.

Proof. We have by Lemma 3.5.6 that L is an r-deformed Picard algebroid and the
axioms for D imply that L is a G-equivariant. Since D is a G-equivariant differential
algebra the map L → TX is G-equivariant. Lastly, the morphism OX → F0(D)

is G-equivariant and the other axioms in definition Definition 3.6.4 follow from the
corresponding axioms in 3.6.5.
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Corollary 3.6.8. Let X be an R-variety and r ∈ R a regular element. The maps
T and Lie induce quasi-inverse equivalences of categories between the category of
r-deformed G-equivariant Picard algebroids on X and the category of r-deformed G-
htdo’s on X.

Proof. This follows by combining Lemmas 3.6.6 and 3.6.7 and Corollary 3.5.7.

3.7 Pullback of deformed Picard algebroids

Throughout this section, we fix f : Y → X a morphism of R-varieties and r ∈ R a
regular element. The map f induces a morphism f ∗Ω1

X → Ω1
Y and by dualising we

obtain α : TY → f ∗TX . Here Ω1
X and Ω1

Y denote the sheaf of differential 1-forms.

Definition 3.7.1. Let (L, ρX) be an r-deformed Picard algebroid on X and let β =

f ∗(ρX). Then we let

f#L := rTY ×rf∗TX f ∗L = {(d, l)|d ∈ rTY , l ∈ f ∗L, α(d) = β(l)}.

We give f#L the structure of a Lie algebroid by setting ρY (d, l) = d and the Lie
bracket be induced by

[(ψ, f ⊗ P ), (η, g ⊗Q)] := ([ψ, η], fg ⊗ [P,Q] + ψ(g)⊗ P − η(f)⊗Q),

for ψ, η ∈ rTY , f, g ∈ OY , P,Q ∈ f−1L. We call f#L the pullback of L.

Lemma 3.7.2. Let (L, ρX) be an r-deformed Picard algebroid. Then (f#L, ρY ) is an
r-deformed Picard algebroid.

Proof. Since L is an r-deformed Picard algebroid, it fits into a short exact sequence:

0→ OX → L → rTX → 0.

By assumption, X is a smooth variety, thus TX is a free OX-module, so in par-
ticular is flat. Since rTX ∼= TX as OX-modules, by pulling back along f we obtain a
short exact sequence:

0→ OY → f ∗L → rf ∗TX → 0. (3.18)

Considering the pullback diagram

45



f#L f ∗L

rTY rf ∗TX ,

we obtain ker(ρY ) = ker(f#L → rTY ) ∼= ker(f ∗L → rf ∗TX) ∼= OY . Finally, since
im(f ∗L → rf ∗TX) = rf ∗TX , we obtain that im(ρY ) = rTY .

We would like to describe how the pullback interacts with composition of mor-
phisms. In general, one would like to prove that for u : Z → Y, f : Y → X maps of
R-varieties and L an r-deformed Picard algebroid on X, we have u#f#L ∼= (f ◦u)#L.
Unfortunately, we can not prove that it is always true; there is some evidence in [9,
1.4.4] that this may fail in a slightly different context. In the following, we give
sufficient conditions.

Lemma 3.7.3. Let u : Z → Y, f : Y → X be maps of R-varieties and L be an
r-deformed Picard algebroid on X. Assume that u is flat or f is etale. Then

u#f#L ∼= (f ◦ u)#L.

Proof. First assume u is flat. Then:

u#f#L = u#(rTY ×rf∗TX f ∗L)

= rTZ ×ru∗TY u∗(rTY ×rf∗TX f ∗L)

= rTZ ×ru∗TY ru∗TY ×ru∗f∗TX u∗f ∗L (u is flat, so commutes with limits)
∼= rTZ ×ru∗f∗TX u∗f ∗L
∼= (f ◦ u)#L.

(3.19)

Now suppose f is etale, thus f ∗TX ∼= TY . Then:

u#f#L = u#(rTY ×rf∗TX f ∗L)

∼= u#f ∗L
∼= rTZ ×ru∗TY u∗f ∗L
∼= rTZ ×ru∗f∗TX u∗f ∗L
∼= (f ◦ u)#L.
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Lemma 3.7.4. Let (L, ρX , ig) be an r-deformed G-equivariant Picard algebroid on X
and assume further f : Y → X is a G-equivariant. Then (f#L, ρY ) is an r-deformed
G-equivariant Picard algebroid.

Proof. By the Lemma above, f#L is an r-deformed Picard algebroid. Since f : Y →
X is G-equivariant, we obtain by Lemma 3.2.2 that f ∗L is a G-equivariantOY -module
and that the maps α and β are G-equivariant. We define a G action on f#L via

g.(d, l) = (g.d, g.l) for d ∈ rTY , l ∈ f ∗L.

We need to check that this action is well-defined and ρY is G-equivariant. The
second statement is easy, we have g.ρY (a, b) = ρY (g.(a, b)). For the other statement,
let d ∈ rTY , l ∈ f ∗L such that α(d) = β(l). Then, we have

α(g.d) = g.α(d) = g.β(l) = β(g.l).

So, we are left to prove that G-action interacts correctly with the Lie bracket. Let
ψ, η ∈ rTY , f, h ∈ OY , P,Q ∈ f−1L. Then

g.[(ψ, f ⊗ P ), (η, h⊗Q)] = g.([ψ, η], fh⊗ [P,Q] + ψ(h)⊗ P − η(f)⊗Q)

= (g.[ψ, η], g.fh⊗ g.[P,Q]

+ g.ψ(h)⊗ g.P − g.η(f)⊗ g.Q)

= ([g.ψ, g.η], (g.f)(g.h)⊗ [g.P, g.Q]

+ ψ(g.h)⊗ g.P − η(g.f)⊗ g.Q)

= [g.(ψ, f ⊗ P ), g.(η, h⊗Q)].

(3.20)

Since G acts on Y we obtain the infinitesimal map η : g → TY . The map ig :

rg → L can be extended to a map ig : OX ⊗ rg → L and by pulling back we obtain
a map i∗g : OY ⊗ rg → f ∗L. We let i : rg → f ∗L be the restriction of i∗g to rg; by
construction, we have that the rg action induced by i coincides with the one induced
by the G action. Therefore we obtain a map (η|rg, i) : rg→ f#L and it follows by the
construction that the rg-action induced by the derivative of the G-action coincides
with the rg-action induced by (η|rg, i) and further that η|rg = ρY ◦ (η|rg, i). Thus
(f#L, ρY , (η|rg, i)) is an r-deformed G-equivariant Picard algebroid.
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Definition 3.7.5. Let D be an r-deformed tdo/G-htdo on X and let f : Y → X be
a morphism/G-equivariant morphism of R-varieties. We call

f#D := T (f# Lie(D))

the pullback of D along f .

Corollary 3.7.6. Let the notation as above. Then f#D is well defined and further-
more it is an r-deformed tdo/htdo.

Proof. This follows from Lemmas 3.7.2, 3.7.4 and Corollaries 3.5.7, 3.6.8.

Corollary 3.7.7. Let u : Z → Y, f : Y → X be maps of R-varieties and D be an
r-deformed tdo on X. Assume that u is flat or f is etale. Then

u#f#D ∼= (f ◦ u)#D.

Proof. This follows from Lemma 3.7.3 and Corollary 3.5.7.

Let us explain how our condition for an r-deformed G-htdo fits into a diagram
satisfying the cocycle condition. Denote the G-action by σX : G×X → X. Further-
more, we denote pX : G×X → X and p2X : G×G×X → X the projections on the
X factor, p23X : G×G×X → G×X the projection onto the second and third factor
and m : G×G→ G the multiplication of the group G.

Lemma 3.7.8. Let D be an r-deformed G-htdo on X. Then there exists α : σ#
XD →

p#
XD an isomorphism of OG×X-algebras such that the diagram:

(1G × σX)#p#
XD p#

2XD

(1G × σX)#σ#
XD (m× 1X)#σ#

XD

p#23Xα

(1G×σX)#α

id

(m×1X)#α (3.21)

of OG×G×X-algebras commutes ( the cocycle condition) and the pullback

(e× 1X)#α : D → D

is the identity map. We note that this is the same condition as in [59, Section 5.2].
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Proof. Let L = Lie(D); we have by Lemma 3.6.7 that L is a G-equivariant r-deformed
Picard algebroid. In particular, we obtain an isomorphism β : σ∗XL → p∗XL, which
can be extended to an isomorphism of r-deformed Picard algebroids σ#

XL → p#
XL and

thus to an isomorphsim of OG×X-algebras α : σ#
XD = T (σ#

XL) → T (p#
XL) = p#

XD.
Further, since the map β satisfies the cocycle condition, so does α.

3.8 Representations of Lie algebroids

Throughout this section we fix X an R-variety, r ∈ R a regular element and (L, ρX)

a Lie algebroid on X.

Definition 3.8.1. Let M be a quasi-coherent OX-module. We say that M is a L-
module ifM is a sheaf of modules over the sheaf of Lie algebras L and for all f ∈ OX ,
l ∈ L, m ∈M, we have

f.(l.m) = l.(f.m)− ρX(l)(f).m,

(f.l).m = f.(l.m).
(3.22)

We define a morphism of L-modules to be a morphism of OX-modules compatible
with the L-action.

Definition 3.8.2. Assume that (L, ρX) is an r-deformed Picard algebroid and let
f : Y → X be a map of R-varieties andM a L-module. Then we define the pullback
ofM along f , via f#M = f ∗M as an OY -module and

(ψ, P ⊗ l).(Q⊗m) := ψ(Q)⊗m+ PQ⊗ l.m,

for ψ ∈ rTY , P,Q ∈ OY , l ∈ f−1L,m ∈ f−1M.

Lemma 3.8.3. The action defined above makes f#M a f#L-module.

Proof. First, we check the bracket action. We have for ψ, η ∈ rTY , P,Q,R ∈ OY ,
a, b ∈ f−1L and m ∈ f−1M that

(ψ, P ⊗ a).((η,R⊗ b).Q⊗m) = (ψ, P ⊗ a).(η(Q)⊗m+RQ⊗ b.m)

= ψ(η(Q))⊗m+ Pη(Q)⊗ a.m

+ ψ(RQ)⊗ b.m+ PQR⊗ a.(b.m)

(3.23)
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and

(η,R⊗ b).((ψ, P ⊗ a).Q⊗m) = η(ψ(Q))⊗m+Rψ(Q)⊗ b.m

+ η(PQ)⊗ a.m+ PQR⊗ b.(a.m).
(3.24)

Thus, combining the equations above, we obtain

(ψ, P ⊗ a).((η,R⊗ b).Q⊗m)− (η,R⊗ b).((ψ, P ⊗ a).Q⊗m)

= ψ(η(Q))− η(ψ(Q))⊗m

+ PQR⊗ a.(b.m)− b.(a.m)

+ Pη(Q)− η(PQ)⊗ a.m+ ψ(RQ)−Rψ(Q)⊗ b.m

= [ψ, η](Q)⊗m+ PQR⊗ [a, b].m

−Qη(P )⊗ a.m+Qψ(R)⊗ b.m

= [(ψ, P ⊗ a), (η,R⊗ b)].(Q⊗m).

(3.25)

To check the first axiom, we have

R.((ψ, P ⊗ l).Q⊗m) = R.(ψ(Q)⊗m+ PQ⊗ l.m)

= Rψ(Q)⊗m+ PQR⊗ l.m

= ψ(RQ)⊗m−Qψ(R)⊗m+ PQR⊗ l.m

= (ψ, P ⊗ l).R.(Q⊗m)− ρY (ψ, P ⊗ l)(R).(Q⊗m).

(3.26)

Finally, we have

R.((ψ, P ⊗ l).Q⊗m) = R.(ψ(Q)⊗m+ PQ⊗ l.m)

= Rψ(Q)⊗m+ PQR⊗ l.m

= (R.(ψ, P ⊗ l)).Q⊗m.

We now define equivariant representations. Let G be a smooth affine algebraic
group of finite type acting on an R-variety X.

Definition 3.8.4. Let (L, ρ, ig) be an r-deformed G-equivariant Lie algebroid on X.
We say thatM is a G-equivariant L-module if:
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i) M is a G-equivariant OX-module andM is a L-module.

ii) g.(l.m) = (g.l).(g.m) for any g ∈ G, l ∈ L and m ∈M.

iii) The rg action induced by restricting the g action induced from the derivative of
the G-action onM coincides with the rg-action induced from ig.

A morphism of G-equivariant L-modules is a morphism of G-equivariant OX-
modules compatible with the L-action.

Lemma 3.8.5. Let L be an r-deformed G-equivariant Lie algebroid on X and M a
G-equivariant L-module. Further, let Y be a variety and f : Y → X a G-equivariant
morphism. Then f#M is a G-equivariant f#L-module.

Proof. We have the G action on f#M induced by the action on the simple tensors
g.(Q ⊗m) = g.Q ⊗ g.m for g ∈ G, Q ∈ OY , m ∈ f−1M. Since f#M = f ∗M as a
OY -module, the first axiom of Definition 3.8.4 follows from Lemma 3.2.2.

Next, we have for g ∈ G, ψ ∈ TY , Q ∈ OY , l ∈ f−1L,m ∈ f−1M:

g.((ψ, P ⊗ l).Q⊗m) = g.(ψ(Q)⊗m+ PQ⊗ l.m)

= g.ψ(Q)⊗ g.m+ g.(PQ)⊗ g.(l.m)

= (g.ψ)(g.Q)⊗ g.m+ g.Pg.Q⊗ (g.l).(g.m)

= (g.ψ, g.(P ⊗ l).(g.Q⊗ g.m)

= (g.(ψ, P ⊗ l)).(g.(Q⊗m)).

(3.27)

Finally, the third axiom follows easily from the definition of G-action on f#L and
on f#M.

We should remark that one could define a more general notion of equivariance over
an r-deformed G-equivariant Lie algebroid (L, ρ, ig). Let L be a closed subgroup of G,
then one may relax condition i) to L-equivariance, impose condition ii) to hold just
for g ∈ L and change condition iii) to: the rl = Lie(L) action induced by derivative
of the L-action onM coincides with the rl-action induced by the restriction of ig to
rl.
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3.9 Modules over twisted differential operators

We keep the notation from the previous section. As our main interest is in modules
over deformed htdo’s, we need a definition of a representation of a deformed Picard
algebroid. Recall that (L, ρ) is an r-deformed Picard algebroid if L fits into the
following short exact sequence 0→ OX → L → rTX → 0, Thus, for a L-module, we
get two actions of the structure sheaf: one sinceM is an OX-module by assumption
and one induced by the short exact sequence.

We say thatM is a Picard module if the two actions defined above coincide.

Lemma 3.9.1. Let (L, ρ) be an r-deformed Picard algebroid and let M be a Picard
L-module. ThenM is a module over D := T (L).

Proof. Since M is a L-module, we obtain thatM is also a U(L)-module in a simi-
lar fashion as Lie algebra representations correspond to enveloping algebra modules.
Further, the condition thatM is a Picard is exactly the condition that allows us to
descend to a D-module.

As a corollary of the proof, we obtain immediately:

Corollary 3.9.2. Let (L, ρ) be an r-deformed Picard algebroid on X and D =

T (L). Then the identity map provides a one-to-one correspondence between Picard
L-modules and D-modules.

For an r-deformed Picard algebroid L we will denote Mod(L) the category of
Picard L-modules. Similarly, for an r-deformed tdoD we denote Mod(D) the category
of quasi-coherent D-modules and Coh(D) its full subcategory consisting of coherent
modules.

Equivariant representations

We now move to the equivariant setting. Recall that G is an algebraic group
acting on X with Lie algebra g.

Definition 3.9.3. Let (D, ig) be an r-deformed G-htdo. We say that a D-moduleM
is a G-equivariant module over D if:

i) M is a G-equivariant OX-module.

ii) g.(d.m) = (g.d).(g.m), for all g ∈ G, d ∈ D,m ∈M.
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iii) The rg-action induced by the derivative of the G-action on M coincides with
the rg-action induced by ig.

Lemma 3.9.4. Let (L, ρ, ig) be an r-deformed G-equivariant Picard algebroid andM
be a G-equivariant Picard L-module. Further, let D = T (L) the r-deformed G-htdo
corresponding to L. ThenM is a G-equivariant D-module.

Proof. We have by Corollary 3.9.2 thatM is a D-module, so we only have to prove
equivariance. Axioms i) and iii) follow from the corresponding axioms in Definition
3.8.4, while axiom ii) follows by an easy induction argument by using the definition of
the G-action on U(L). We only check the first step: we have that for g ∈ G, l1, l2 ∈ L
and m ∈M that

g.(l1l2.m) = g.(l1.(l2.m)

= (g.l1).(g.(l2.m)

= [(g.l1)(g.l2)].(g.m)

= (g.l1l2).(g.m).

Similarly to the non-equivariant case, we obtain

Corollary 3.9.5. Let X be an R-variety and (L, ρ, ig) an r-deformed G-equivariant
Picard algebroid and let D = T (L) be the corresponding r-deformed G-htdo. The
identity map provides a one-to-one correspondence between G-equivariant Picard L-
modules and G-equivariant D-modules.

For an r-deformed G-equivariant Picard algebroid L we will denote Mod(L, G)

the category of G-equivariant Picard L-modules. Similarly, for a G-htdo D we denote
Mod(D, G) the category of quasi-coherent G-equivariant D-modules and Coh(D, G)

its full subcategory consisting of coherent modules. A similar argument to the one in
Proposition 3.2.4 proves that these categories are Abelian.

Pullback of modules over twisted differential operators

We conclude the section by defining of the pullback of a module over a sheaf of
twisted differential operators.

Definition 3.9.6. Let f : Y → X be a morphism of R-varieties, D an r-deformed
tdo on X and M a D-module. We define the pullback of M under the map f to be
f#M.
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We should remark that the sheaf f#M has the structure of a f#D-module by
Corollary 3.5.7, Lemma 3.8.3 and Corollary 3.9.2.

Lemma 3.9.7. Let D be an r-deformed G-htdo, M a G-equivariant D-module and
f : Y → X a G-equivariant morphism of R-varieties. Then f#M is a G-equivariant
f#D-module.

Proof. We have by the definition above that f#M is a f#D module and by Corollary
3.9.2, f#D is an r-deformed G-htdo, so the statement makes sense. The claim now
follows by combining Lemma 3.8.5 and Corollary 3.9.5.

As for the r-deformed G-htdo’s, we may prove that a G-equivariant module over
an r-deformed G-htdo module satisfies a cocycle condition. Denote the G-action on X
by σX : G×X → X. Further, we denote pX : G×X → X and p2X : G×G×X → X

the projections on the X factor, p23X : G × G × X → G × X the projection onto
the second and third factor and m : G × G → G the multiplication of the group
G. Let D be an r-deformed G-htdo andM a G-equivariant D-module. Then there
exists α : σ#

XM→ p#
XM an isomorphism of p#

XD-modules such that the diagram 3.21
commutes, where we replace D by M. Again, we note that the condition is similar
to the one in [59, Section 5.2.9].

3.10 Equivariant descent for Lie algebroids and ho-
mogeneous twisted differential operators

Throughout this section, we letX, Y be R-varieties, G a smooth affine algebraic group
of finite type acting freely on Y . Further, we fix f : Y → X a locally trivial G-torsor
and (L, ρ, ig) an r-deformed G-equivariant Picard algebroid on Y . Let α : g → TY
be the derivative of the G-action on Y . Recall that by Definition 3.6.4, α = ρ ◦ ig as
maps from rg to TX . Throughout this section, we will use without further specifying
that all the R-modules appearing have no r-torsion.

Let ‹TX := (f∗TY )G and let σ : ‹TX → TX denote the anchor map. Further, we
denote g̃X := (f∗OY ⊗ g)G, where G acts on g via the Adjoint action. We let α̃
the induced map g̃X → ‹TX . Since f∗OY ⊗ g has no r-torsion, it is easy to see that
rg̃X ∼= (f∗OY ⊗ rg)G.

Lemma 3.10.1. The maps α̃ and σ induce a short exact sequence
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0→ g̃X
α̃−→ ‹TX σ−→ TX → 0.

Proof. The question is local, so we may assume that X is affine Y = G×X, G acts
on Y via left multiplication on the first factor and f is the projection on the second
factor. In that case, we have

g̃X(X) : = (f∗OY ⊗ g)G(X)

= (OY (Y )⊗ g)G

∼= (OX(X)⊗OG(G)⊗ g)G

∼= OX(X)⊗ (OG(G)⊗ g)G

∼= OX(X)⊗ (T (G))G.

(3.28)

Further, we have by the proof of [5, Lemma 4.4] that ‹TX(X) ∼= OX(X)⊗T (G)G⊕
TX(X), so the conclusion follows.

By abuse of notation we denote ig the map ig : OY ⊗rg→ L and ĩg : rg̃X → (f∗L)G

the induced map.

Definition 3.10.2. Let f#LG be the OX-module (f∗L)G/ ĩg(rg̃X). We call this the
descent of L.

Lemma 3.10.3. The OX-module f#LG has the structure of an r-deformed Picard
algebroid.

Proof. The bracket structure on L̃ := (f∗L)G is induced from the bracket structure
on L; furthermore this descends to a bracket structure on f#LG by setting [a +

ĩg(rg̃X), b + ĩg(rg̃X)] = [a, b] + ĩg(rg̃X) for a, b ∈ (f∗L)G. Since the image of ig is an
ideal in L, we obtain that the image of ĩg is an ideal in (f∗L)G, thus the bracket is
well defined. Therefore, we are left to construct an anchor map.

Consider the short exact sequence 0 → OY → L
ρ−→ rTY → 0. Applying Proposi-

tion 3.3.5, we obtain a short exact sequence

0→ OX → L̃
ρ̃−→ r‹TX → 0.

By construction, we have α̃ = ρ̃ ◦ ĩg, so the map

¯̃ρ : L̃/ ĩg(rg̃X)→ ‹TX/α̃(rg̃X)
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is well defined. Furthermore, since there is no r-torsion, we have by Lemma 3.10.1
an induced isomorphism σ̄ : r‹TX/rα̃(g̃X) → rTX . We define the anchor map on
L̃/ ĩg(rg̃X) to be ρX := σ̄◦ ¯̃ρ and it is clear that together with the bracket L̃/ ĩg(rg̃X) be-
comes a Lie algebroid, so it remains to show that it is an r-deformed Picard algebroid.
It is easy to see that im ρX = rTX , so it is enough to prove that ker(ρX) ∼= ker ρ̃ ∼= OX .

Since σ̄ is injective we have that

ker ρX = ker(¯̃ρ) = (ker ρ̃+ ĩg(rg̃X))/ ĩg(rg̃X) ∼= ker ρ̃/ ker ρ̃ ∩ ĩg(rg̃X)

by the second isomorphism theorem. Thus, it is enough to prove ker ρ̃ ∩ ĩg(rg̃X) = 0

and since α̃ = ρ̃ ◦ ĩg, this reduces to proving ker α̃ = 0. By assumptions, the action of
G on Y is free; thus the map α : g→ TY is injective and since OY is a faithfully flat
R-module, the induced map α : OY ⊗ rg→ rTY injective and thus so is α̃.

Lemma 3.10.4. Let L as before. Then f#(f#LG) ∼= L.

Proof. Recall that by abuse of notation, we denote ig : OY ⊗ rg → L and α :

OY ⊗ rg → TY the induced maps; we still have α = ρ ◦ ig. Let L̃ := (f∗L)G so that
there is a short exact sequence

0→ (f∗OY ⊗ rg)G → L̃ → f#LG → 0

Pulling back under the torsor f and applying Proposition 3.3.5, we obtain a short
exact sequence

0→ OY ⊗ rg
ig−→ L → f ∗(f#LG)→ 0,

so, f ∗(f#LG) ∼= L/ig(OY ⊗ rg).

Similarly, by pulling back under f the short exact sequence in Lemma 3.10.1 and
taking into account there is no r-torsion we obtain a short exact sequence

0→ OY ⊗ rg
α−→ rTY → rf ∗TX → 0, (3.29)

so rf ∗TX ∼= rTY /α(OY ⊗ rg).

Therefore, we obtain

f#(f#LG) ∼= f ∗(f#LG)×rf∗TX rTY ∼= L/ig(OY ⊗ rg)×rTY /α(OY ⊗rg) rTY .
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Define ϕ : L → f#(f#LG) by ϕ(l) = (l + ig(OY ⊗ rg), ρ(l)) for any l ∈ L.

To see that ϕ is injective, we use that α is an injective map, thus so is ig, therefore
ig(OY ⊗ rg) ∩ ker(ρ) = 0.

Finally, let (l+ ig(OY ⊗ rg), x) ∈ L/ig(OY ⊗ rg)×rTY /α(OY ⊗rg) rTY , so that ρ(l) +

α(OY ⊗ rg) = x + α(OY ⊗ rg), thus x = ρ(l) + i for some i ∈ α(OY ⊗ rg). Since α
is injective there exist a unique j ∈ OY ⊗ rg, so that α(j) = i. Thus ϕ(l + ig(j)) =

(l + ig(OY ⊗ rg), x), so ϕ is surjective.

Lemma 3.10.5. Let P be an r-deformed Picard algebroid on X. Then f#(f#P)G ∼=
P.

Proof. We may view P as an r-deformed G-equivariant Picard algebroid by letting
g.p = p for all g ∈ G, p ∈ P and the map rg → P to be the 0 map. Then by
Lemma 3.7.4, f#P is an r-deformed G-equivariant Picard algebroid. The induced
map ig : rg→ f ∗P ×rf∗TX rTY is defined as ig(ψ) = (0, α(ψ)).

Using Proposition 3.3.5 for O-modules together with the fact that (f∗)
G commutes

with limits we get:

(f∗f
#P)G = (f∗(f

∗P ×rf∗TX rTY ))G

∼= (f∗f
∗P)G ×r(f∗f∗TX)G (rf∗TY )G

∼= P ×rTX r‹TX . (3.30)

Therefore, we obtain:

f#(f#P)G ∼= (f∗f
#P)G/ig(rg̃X)

∼= (P ×rTX r‹TX)/ig(rg̃X)

∼= P ×rTX rTX (by Lemma 3.10.1).
∼= P .

Corollary 3.10.6. The functors f#(−)G and f#(−) induce quasi-inverse equiva-
lences of categories between the category of r-deformed G-equivariant Picard algebroids
on Y and the category of r-deformed Picard algebroids on X.

Proof. The proof follows from Lemmas 3.10.4 and 3.10.5.
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We consider again a more general setting: let B another smooth affine algebraic
group acting on Y and X such that f : Y → X is B-equivariant. Recall that we are
assuming that f is a locally trivial G-torsor.

Lemma 3.10.7. With the assumption as above we have:

• let (L, ρ, ig×b) be an r-deformed G×B-equivariant Picard algebroid on Y . Then
f#LG may be given the structure of an r-deformed B-equivariant Picard alge-
broid on X.

• let (K, ρX , jb) be an r-deformed B-equivariant Picard algebroid on X. Then
f#K may be given the structure of an r-deformed G × B-equivariant Picard
algebroid on Y .

Proof. For the first claim, we start by proving that L̃ = (f∗L)G is a B-equivariant
Lie algebroid. First, we get a B-action on L̃ from Lemma 3.3.7, so that L̃ becomes a
B-equivariant OX-module. Further, since L is B-equivariant, axiom i) of definition
3.6.1 is also satisfied.

Next, since the actions of G and B on Y commute the anchor map σ : ‹TX → TX
is B-equivariant. Composing with the B-equivariant map ρ̃ : L̃ → ‹TX we obtain a
B-equivariant map σ ◦ ρ̃ : L̃ → TX , so axiom ii) of 3.6.1 is satisfied.

We let ig and ib denote the restriction of ig×b to rg ∼= rg × 0 ⊂ r(g × b) and
rb ∼= 0 × rb ⊂ r(g × b), respectively. Let β : b :→ TY , γ : b → TX denote the
infinitesimal action B on Y and X; since L is in particular B-equivariant, we have
β = ρ ◦ ib. By descending we obtain maps β̃ : rb → ‹TX and ĩb : rb → L̃ such that
β̃ = ρ̃ ◦ ĩb. Since the actions of G and B commute, we also get γ = σ ◦ β̃ so γ = σ ◦ β̃.
Therefore combining this two we get:

γ = (σ ◦ ρ̃) ◦ ĩb.

We get since L is B-equivariant, that the Lie algebroid (L̃, σ ◦ ρ̃, ĩb) is also B-
equivariant. By the proof of Lemma 3.10.3, to show that f#LG is B-equivariant it
suffices to prove that ig(rg̃X) is B-equivariant as an OX-module. Further, by using
Lemma 3.3.7 this is equivalent to proving ig(OY ⊗ rg) is a B-equivariant OY -module.
This is true since ig×b is in particular B-equivariant, so ig sends a B-equivariant
module to a B-equivariant module.
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Now, we prove the second claim. We may endow K with a trivial G-action g.k = k

for all k ∈ K and with the zero map jg → K so that (K, ρX , jg × jb) becomes G×B-
equivariant. The claim follows from Lemma 3.7.4.

Corollary 3.10.8. The functors f#(−)G and f#(−) induce quasi-inverse equiva-
lences of categories between the category of r-deformed G × B-equivariant Picard
algebroids on Y and the category of r-deformed B-equivariant Picard algebroids on
X.

Proof. This follows from Corollary 3.10.6 and Lemma 3.10.7.

Descent of twisted differential operators

We keep the notations from the start of the section. Further, we let D be a sheaf
of r-deformed G-homogeneous twisted differential operators on Y .

Definition 3.10.9. We define the descent of D under the torsor f : Y → X to be
the sheaf

f#DG := T (f#(LieD)G).

Lemma 3.10.10. Let the notations be as above. Then:

i) f#DG is an r-deformed tdo on X.

ii) f#(f#DG) ∼= D.

Proof. The first claim follows from Lemma 3.10.3 and Corollary 3.5.7. The second
claim follows from Lemma 3.10.4 and Corollary 3.6.8.

Lemma 3.10.11. Let A be an r-deformed tdo on X. Then (f#f
#A)G ∼= A.

Proof. We view A as an r-deformed G-equivariant htdo on X with the trivial G-
action, so that Lie(A) is an r-deformed G-equivariant Picard algebroid with the trivial
G-action. The claim follows from Lemma 3.10.5 and Corollary 3.5.7.

Similarly to the deformed Picard algebroids case we obtain:

Corollary 3.10.12. The functors f#(−)G and f#(−) induce quasi-inverse equiva-
lences between the category of r-deformed G-equivariant htdo’s on Y and the category
of r-deformed tdo’s on X.
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Proof. This follows from the Lemmas 3.10.10 and 3.10.11.

Corollary 3.10.13. Assume that f is also B-equivariant. The functors f#(−)G

and f#(−) induce quasi-inverse equivalences between the category r-deformed G×B-
equivariant htdo’s on Y and the category r-deformed B-equivariant htdo’s on X.

Proof. This follows from the previous corollary, along with Lemma 3.10.7 and Corol-
lary 3.6.8.

3.11 Equivariant descent for equivariant Picard al-
gebroids and htdo’s modules

We keep the notations from the previous section: recall that G is a smooth affine
algebraic group of finite type, X and Y are R-varieties, and f : Y → X is a locally
trivial G-torsor. Further, we assume that (L, ρ, ig) is an r-deformed G-equivariant
Picard algebroid on Y .

Lemma 3.11.1. Let M be a G-equivariant Picard L-module. Then (f∗M)G is a
Picard f#LG-module. We call (f∗M)G the descent ofM.

Proof. Let L̃ = (f∗L)G. Then (f∗M)G is a Picard L̃-module, so it remains to prove
that the action of ig(rg̃X) kills (f∗M)G.

Since the G action on (f∗M)G is constant, by differentiating this action we obtain
a trivial g action, so a trivial rg action. But by our assumption onM this coincides
with the rg action induced from ig : rg→ L; the conclusion follows.

Proposition 3.11.2. Let L be an r-deformed G-equivariant Picard algebroid on Y .
The functors

f∗(−)G : Mod(L, G)→ Mod(f#LG),

f#(−) : Mod(f#LG)→ Mod(L, G),
(3.31)

are quasi-inverse equivalences of categories.

Proof. This follows from the Lemma above, Lemma 3.10.4 and Proposition 3.3.5.
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Corollary 3.11.3. Let D be an r-deformed G-htdo on Y . The functors

f∗(−)G : Mod(D, G)→ Mod(f#DG),

f#(−) : Mod(f#DG)→ Mod(D, G),
(3.32)

are quasi-inverse equivalences of categories.

Proof. This follows from the Proposition above and Corollaries 3.9.2 and 3.9.5.

Let B is another smooth affine algebraic group acting on Y such that the actions of
G and B commute and f : Y → X is B-equivariant. Let D be an r-deformed G×B-
htdo. Similar to the O-module case (Corollary 3.3.8), we obtain using Corollary
3.11.3:

Corollary 3.11.4. Let D be an r-deformed G × B-htdo on Y and assume f is B-
equivariant. The functors

f∗(−)G : Mod(D, G×B)→ Mod(f#DG, B),

f#(−) : Mod(f#DG, B)→ Mod(D, G×B),
(3.33)

are quasi-inverse equivalences of categories.

To prove the main theorem of the chapter, we need two easy results. Recall that
for an R-variety Z we denote DZ the sheaf of crystalline differential operators on Z.
For r ∈ R regular element, we call DZ,r = T (OZ ⊕ rTZ) the sheaf of r-deformed
differential operators and D(Z)r = Γ(Z,DZ,r). It is clear by construction that DZ,r is
an r-deformed tdo. We also make the following assumption:

Assumption 3.11.5. The base ring R is Noetherian.

Lemma 3.11.6. Let M be a DX,r-module. Then f ∗M is a coherent DY,r-module if
and onlyM is a coherent DX,r-module.

Proof. Since coherence is a local property, we may assume thatX is affine, Y = G×X,
f is the projection onto the second factor and G acts on Y via left multiplication on
the first factor. Let M be a D(X)r module, so f ∗M ∼= O(G)⊗M .

We may view D(Y )r as an r-deformation of the ring D(Y ). Since D(Y ) ∼=
D(G) ⊗D(X) and deformations commutes with tensor product, we obtain that the
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ring D(Y )r ∼= D(G)r ⊗D(X)r acts naturally on f ∗M . Further, since our base ring R
is Noetherian we have by Lemma 3.4.6 that D(Y )r and D(X)r are Noetherian rings,
so coherence is equivalent to local finite generation. Thus it is enough to prove the
following claim:

Claim. M is a finitely generated D(X)r module if and only if O(G) ⊗M is a
finitely generated D(G)r ⊗D(X)r module.

The direct implication is trivial. For the reverse implication, we will prove the
contrapositive: ifM is not Noetherian, neither isO(G)⊗M . LetM1 (M2 (M3 . . . (
be an infinite ascending of M -submodules. Since G is a smooth group, O(G) is a
faithfully flat R-module, thus tensoring with O(G) preserves injections. In particular,
we obtain an infinite chain

O(G)⊗M1 ( O(G)⊗M2 ( O(G)⊗M3 . . . (

of submodules of O(G)⊗M . Therefore, the claim is proven.

Corollary 3.11.7. Let D be an r-deformed G-htdo on Y and let M be a (f#D)G-
module. Then f#M is a coherent D-module if and only ifM is coherent.

Proof. The claim is local, thus we may assume that D = DY,r so that (f#D)G = DX,r.
The claim follows by the Lemma above and Lemma 3.10.10.

We may now prove the main theorem.

Theorem 3.11.8. Assume the base ring R is Noetherian. Let G be a smooth affine
algebraic group of finite type. Let X, Y be R-varieties and let f : Y → X be a locally
trivial G-torsor. Further, let D be a sheaf of r-deformed G-homogeneous twisted
differential operators on Y . The functors:

f∗(−)G : Coh(D, G)→ Coh(f#DG),

f#(−) : Coh(f#DG)→ Coh(D, G),
(3.34)

are quasi-inverse equivalences of categories between coherent G-equivariant D-modules
and coherent (f#D)G-modules.

Proof. This follows from Corollaries 3.11.3 and 3.11.7.
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As a corollary, we obtain using Corollary 3.11.4:

Corollary 3.11.9. Let the assumptions be as above. Further, assume that B is a
smooth affine algebraic group of finite type such that f : Y → X is B-equivariant.
Further assume that D is an r-deformed G×B-htdo on Y . The functors:

f∗(−)G : Coh(D, G×B)→ Coh(f#DG, B),

f#(−) : Coh(f#DG, B)→ Coh(D, G×B),
(3.35)

are quasi-inverse equivalences of categories.
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Chapter 4

A geometric proof of classical Duflo’s
theorem

4.1 Introduction

This chapter is based on the second paper of the series ([58], [56], [57]). The goal of
this chapter is to explain the well-known Beilinson-Bernstein localisation mechanism
in a more general setting. In particular, we will work over a commutative ring R of ar-
bitrary characteristic rather than over an algebraically closed field of characteristic 0.
Together with the framework developed in the previous chapter, we give a new proof
of Duflo’s theorem classifying primitive ideals in enveloping algebras of semisimple
Lie algebras defined over a field of characteristic 0.

Let K be a field of characteristic 0 and G be a connected, simply-connected, split
semisimple, smooth affine algebraic group over K with Lie algebra g = Lie(G). Fix
g = n−⊕ h⊕ n+ a Cartan decomposition. In a seminal paper [12], the authors define
the category O of representations for the algebra U(g). The building blocks are given
by Verma modules M(λ) = U(g) ⊗

U(b)
K for each λ ∈ h∗; b = h ⊕ n+. These are

highest weight modules with unique maximal submodule N(λ) and unique simple
quotient L(λ). Moreover, this category O is Artinian and the set of simple objects is
characterised exactly by L(λ) for λ ∈ h∗. An excellent exposition of category O can
be found in [34].

The importance of category O in the representation theory of the ring U(g) can
be seen in the following theorem:

Theorem 4.1.1 (Duflo’s Theorem). [25, Theorem 4.3]
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Let I be a primitive/prime ideal in U(g) with K-rational infinitesimal central
character. Then

I = Ann(L(λ)) for some λ ∈ h∗.

Duflo’s original statement requires the ground field to be C. In their paper [13],
Bernstein and Gelfand extend this result for algebraically closed fields of characteristic
0 which in turn can be extended to the generality stated by a base change argument.
Another purely algebraic proof of Duflo’s theorem can be found in [37] and for a cate-
gorical proof, see [28]. One should note that if K is algebraically closed, all primitive
ideals have K-rational central character, so the theorem gives a full classification of
the primitive spectrum.

Fix B a Borel subgroup of G and let X = G/B denote the flag variety of the group
G. For λ ∈ h∗, let χλ denote the corresponding central character. Furthermore, let
U(g)λ be the quotient of U(g) by the two-sided ideal generated by ker(χλ) and Dλ
denote the sheaf of λ-twisted differential operators on X as defined in [8].

For a Lie algebra g, we let ρ denote the half sum of positive roots. Throughout
this document, we call a weight λ ∈ h∗ dominant if it is ρ-dominant, i.e. for any
coroot α∨ corresponding to a positive root α we have (λ+ρ)(α∨) /∈ {−1,−2,−3, . . .}.

Theorem 4.1.2 (Beilinson-Bernstein localisation, [8]). Let λ : h→ K be a dominant
weight. Consider the functors:

Loc : Mod(U(g)λ)→ QCoh(Dλ), Loc(M) := Dλ ⊗
U(g)λ

M,

Γ : QCoh(Dλ)→ Mod(U(g)λ), Γ(M) :=M(X).
(4.1)

The functors Loc and Γ induce quasi-inverse equivalences of categories between
Mod(U(g)λ) and the quotient category QCoh(Dλ)/ ker Γ. In the case when λ is also
regular, one has ker Γ = 0.

Furthermore, this equivalence restricts to an equivalence of categories between
finitely generated U(g)λ-modules and coherent Dλ-modules.

Let L be a closed subgroup of G. In [8], the authors define the notion of L-
equivariant U(g) and D-modules. A more detailed definition can be found in [32,
Section 11.5] . The equivariant localisation theorem states:
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Theorem 4.1.3 (Equivariant Beilinson-Bernstein localisation, [8]). Let λ : h → K

be a dominant weight. Consider the functors:

Loc : Mod(U(g)λ, L)→ QCoh(Dλ, L), Loc(M) := Dλ ⊗
U(g)λ

M,

Γ : QCoh(Dλ, L)→ Mod(U(g)λ, L), Γ(M) :=M(X).
(4.2)

The functors Loc and Γ induce quasi-inverse equivalences of categories between
Mod(U(g)λ, L) and the quotient category QCoh(Dλ, L)/ ker Γ.

Using the equivariant Beilinson-Bernstein localisation, the authors prove in [17]
a version of Duflo’s theorem for ideals with trivial central character for Lie algebras
defined over the complex numbers.

Statement of the main results of the chapter

Let R be a commutative base ring and let G be a connected, simply-connected,
split semisimple, smooth affine algebraic group defined over R and let r ∈ R be a
regular element. Fix B a Borel subgroup of G and let X = G/B be the flag scheme.

Let D be a sheaf of r-deformed G-homogeneous twisted differential operators (G-
htdo) on the double flag variety X × X, see Section 3.6 for the definition of an
r-deformed G-htdo. Let x0 = eB be a base point of X and let ir : X → X × X,

ir(x) = (x0, x) be the inclusion of X into the right copy. One can define the pullback
of D, i#r D as a sheaf of rings on X, see Section 3.7 for the definition of the pullback.
We should remark that ir does not depend on the deformation parameter, we use the
index r here to specify that it is the inclusion into the right copy.

Theorem 4.1.4 (Theorem 4.3.5). The pullback i#r D is an r-deformed B-htdo on X
and there is an equivalence of categories between G-equivariant coherent D-modules
and B-equivariant coherent i#r D-modules.

In our applications, D will be a sheaf of r-deformed λ-twisted differential operators
on X × X for some λ ∈ (rh × rh)∗. Here h = Lie(H) is the Cartan subalgebra
correspoding to a Cartan subgroup of G. In particular, when r = 1, R = C and
D = DX×X we obtain the Borho-Brylinski equivalence [17, Proposition 3.6].

Next, we consider the r-deformation of the enveloping algebra of g := Lie(G).
This is isomorphic with U(rg); further we let L be a closed subgroup of G and A be
a sheaf of r-deformed L-htdo on X.
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Proposition 4.1.5 (Propositions 4.5.1 and 4.5.4). Let A be as above and letM an L-
equivariant U(rg)-module. Then Loc(M) := A ⊗

U(rg)
M is an L-equivariant A-module.

LetM be an L-equivariant A-module. Then Γ(X,M) is an L-equivariant U(rg)-
module.

In particular when r = 1, R = C, A = Dλ with λ ∈ h∗ dominant, this follows
directly from the Beilinson-Bernstein equivalence Theorem 4.1.3.

As an application of theory developed, we give a geometric proof of classical Duflo’s
theorem in Theorem 4.7.1. As mentioned before, this approach was studied in [17],
where the authors use similar geometric methods to prove the theorem in the case
of primitive ideals with trivial central character. Our new approach deals with all
the rational central characters and the corresponding sheaves of twisted differential
operators building on the framework developed in the previous chapter.

In the next chapter, we will use Theorem 4.1.4 and Proposition 4.1.5, to obtain
an affinoid version of Duflo’s theorem.

Structure of the chapter

This chapter is organised as follows: in Section 4.3, we prove a more general version
of Borho-Brylinski equivalence [17, Proposition 3.6]. Next, in 4.4, we introduce the
notion of G-equivariant modules over deformed enveloping algebras and prove that
certain two-sided ideals are G-equivariant as bimodules over deformed enveloping
algebras. In Section 4.5, we explain the localisation mechanism connecting equivariant
modules over deformed enveloping algebras with equivariant modules over deformed
homogeneous twisted differential operators. Next, in Section 4.6 we combine the
results in Sections 4.3 and 4.5 to compute the pullback of certain equivariant modules
over deformed homogeneous twisted differential operators on the double flag variety
under the left/right inclusion of the flag variety. Finally, in Section 4.7, we complete
the proof of classical Duflo’s theorem.

Conventions. Throughout this chapter R will denote a commutative Noethe-
rian base ring of arbitrary characteristic. All the varieties/algebraic groups will be
considered over R unless otherwise specified. Unadorned tensor products and scheme
products will be assumed to be taken over R and over Spec(R), respectively.

All the algebraic groups appearing in this chapter will be assumed to be connected
and locally of finite type unless otherwise stated. All the modules will be regarded as
left modules unless explicitly stated otherwise.
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For a ring R, we will use Rop to denote the opposite ring. Given an R-algebra
A and any R-Lie algebra/module g/M , we define gA = g ⊗

R
A and MA = M ⊗

R
A.

Further, we will assume that all the ring filtrations appearing in this document are
positive, exhaustive and separated.

For a scheme X and D a sheaf of rings on X, a D-module is called quasi-coherent
if it is quasi-coherent as an OX-module.

Lastly, given f : X → Y a map of schemes, we use f ∗ to denote the pullback in
the category of O/D-modules and f−1/f∗ to denote the inverse/direct image sheaf.

4.2 Deformations

Definition 4.2.1. Let A be a positively Z-filtered R-algebra such that F0A is an R-
subalgebra of A. We call A a deformable R-algebra if grA is a flat R-module. A
morphism of deformable R-algebras is an R-linear filtered ring homomorphism.

Definition 4.2.2. Let A be a deformable R-algebra and let r ∈ R be a regular element.
The r-th deformation of A is the following R-submodule of A:

Ar :=
∞∑
i=0

riFiA.

By construction Ar is an R-subalgebra of R. Further, the definition is functorial,
and the following lemma states that we have a family of endofunctors A 7→ Ar.

Lemma 4.2.3. Let A be a deformable R-algebra and r ∈ R a regular element. Then
Ar is also a deformable R-algebra and there is a natural isomorphism grA ∼= grAr.

Proof. We give Ar the subspace filtration FiAr := FiA ∩ Ar. As grA is flat over R
we have FiAr =

∑i
j=0 r

jFjA. For i ≥ 1 define a R-linear map

f : FiA/Fi−1A→ FiAr/Fi−1Ar, f(x+ Fi−1A) = rix+ Fi−1Ar.

To finish the proof it is enough to check that f is bijective. First, we prove that f
is injective. Assume that rix ∈ Fi−1Ar, so rix ∈ Fi−1A which implies that x ∈ Fi−1A

since grA is flat, so in particular R-torsion free. It is straightforward to see that f is
also surjective.
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Recall Definition 3.4.1; we call an R-scheme X that is smooth, separated and
locally of finite type an R-variety. For the rest of the section, we let r ∈ R be a
regular element.

Further in the chapter, we will use the following lemma:

Lemma 4.2.4. Let D be a tdo(1-tdo). Let Dr be the sheafification obtained by com-
posing D with the deformation functor. Then Dr is an r-deformed tdo.

Proof. The claim is local, so we may assume that X is affine and D = D(X) is the
sheaf of crystalline differential operators on X. Clearly, Dr is a differential algebra.
Next, we have F1D = O(X) ⊕ T (X). By construction we have F0Dr = O(X) and
F1Dr = O(X)⊕rT (X), so the first two axioms of Definition 3.4.5 are satisfied. Since
r is regular, r gr1Dr

∼= gr1D as O(X)-modules, so the last claim follows from Lemma
4.2.3.

We recall the definition of a G-htdo and rephrase it for later use in this chapter:

Definition 4.2.5 (Definition 3.6.5). Let D be a differential OX-algebra. We call D
a sheaf r-deformed G-homogeneous twisted differential operators(G-htdo) if it is G-
equivariant as a left OX-module, D is an r-deformed tdo and D is equipped with a
Lie algebra map ig : rg→ D such that:

i) g.1 = 1 and g.(d1d2) = (g.d1)(g.d2) for g ∈ G and d1, d2 ∈ D.

ii) g.(fd) = (g.f)(g.d) for f ∈ OX and d ∈ D.

iii) ig(g.ψ) = g.ig(ψ) for g ∈ G,ψ ∈ rg.

iv) The derivative of the G-action induces a g-action and so a rg ⊂ g-action. This
must coincide with the action d→ [ig(ψ), d] for ψ ∈ rg and d ∈ D.

v) ig(rg) ⊂ F1D.

vi) η = ρ ◦ ig as maps from rg to rTX where η : g → TX is the infinitesimal map
and ρ : F1D → TX is the natural anchor map.

Definition 4.2.6. Let (D, ig) be a r-deformed G-htdo and L be a closed subgroup of
G, with Lie algebra l. A D-moduleM is weakly L-equivariant if:

i) M is an L-equivariant OX-module.
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ii) g.(D.m) = (g.D).(g.m) for any g ∈ L, d ∈ D,m ∈M.

We callM L-equivariant if in addition:

iii) The rl-action induced by the derivative of the L-action onM coincides with the
rl-action induced by the restriction of ig to rl.

A morphism of (weakly) equivariant D-modules is a morphism of L-equivariant
OX-modules that is D-linear.

In case L = G, we recover the Definition 3.9.3, but we will need this more gen-
eral definition for explaining the localisation mechanism. We denote Coh(D, G) the
category of coherent G-equivariant coherent D-modules.

4.3 An equivalence à la Borho-Brylinski

Throughout this section, we let G be a connected, smooth, affine algebraic group over
SpecR, B a closed subgroup of G and we make the following assumption:

Assumption 4.3.1. The quotient scheme X = G/B is an R-variety and the quotient
map dB : G→ X given by dB(g) = gB is a locally trivial B-torsor with respect to the
action � given by b � g = gb−1.

This is satisfied in particular when B is a Borel subgroup of G and X = G/B

becomes the flag scheme.

4.3.1 Notation and preliminaries

First, we introduce some notation: we will denote the standard action (left multipli-
cation) of G or B on X by gx for all g ∈ G and x ∈ X. Furthermore, the standard
B action on X (the restriction of the G-action to B) will also be denoted actB.

Define:

• act1,G,B(�) : (G×B)× (G×X)→ (G×X) : (g, b)�(h, x) := (ghb−1, bx).

• act2,G,B(4) : (G×B)× (G×X)→ (G×X) : (g, b)4(h, x) := (ghb−1, gx).

• p : G×X → X, p(g, x) := x.

• δ : G×X → X, δ(g, x) := g−1x.
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• α : G×X → G×X, α(g, x) := (g, g−1x).

Lemma 4.3.2. The following statements are easy to see:

• p ◦ α = δ.

• α is a bijective G×B-equivariant map with respect to the actions 4 and �.

Lemma 4.3.3. The map δ is a B-equivariant locally trivial G-torsor. Further, the
4 actions of G and B on G×X commute.

Proof. By construction, we have that p is a locally trivial G-torsor. The � actions of
G and B actions on G×X commute. The claim follows by Lemma 4.3.2, by viewing
α as a B-equivariant locally trivial G-torsor.

We introduce further notation.

• Let actG : G × (X × X) → X × X, actG(g, x, y) := (gx, gy) be the diagonal
action .

• Let d : G×X → X ×X, d(h, x) := (hB, x) be the quotient map.

Lemma 4.3.4. By abuse of notation, we will denote 4 the B action on G×X given
by b4(g, x) = (gb−1, x). Then the descent map d is a G-equivariant locally trivial
B-torsor with respect to the B-action given by 4.

Proof. We have

d(g4(h, x)) = d(ghb−1, gx) = (ghB, gx) = actG(g, d(h, x)),

so d is indeed G-equivariant.

We have that d = dB× idX and since dB is faithfully flat and locally of finite type
so is d. Since dB is a B-torsor, we have that the map

G×B → G×X G

sending (g, b)→ (g, gb−1) is an isomorphism, so the map

(G×X)×B → (G×X)×X×X (G×X)
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sending ((g, x), b)→ ((g, x), (gb−1, x)) is also an isomorphism. Therefore, d is indeed
a B-torsor.

To conclude, one needs to show that d is locally trivial. Let S = {Ui}i∈I be an
affine open cover of X trivialising the torsor dB and let φi : B × Ui → d−1

B (Ui) the
corresponding B-invariant isomorphisms. Define {Vij := Ui × Uj|Ui, Uj ∈ S}. Then
{Vij} is an affine open cover of X ×X. We have that

OX×X(Vij) = OX×X(Ui × Uj) ∼= OX(Ui)⊗
R
OX(Uj) for any i, j ∈ I.

By assumption, for any k ∈ I,OX(Uk) is a finitely generated R-algebra; therefore
the ring OX(Ui)⊗

R
OX(Uj) is also a finitely generated R-algebra.

We claim that any {Vij} trivialises the torsor d. We have by definition d−1(Vij) =

(d−1
B Ui, Uj).

Let ϕij : B × Ui × Uj → (d−1
B Ui, Uj) be defined by ϕ(b, x, y) := (φi(b, x), y).

Then it is trivial to check that this is an isomorphism compatible with the B-
action given that φi is. Therefore, we have checked all the conditions to make d a
locally trivial B-torsor.

4.3.2 Pullback of representations of homogeneous twisted dif-
ferential operators on X ×X

We keep the notation from the previous subsection. Let ir : X → X × X, ir(x) =

(eB, x) denote the inclusion of X into the right copy of X × X. We also fix (D, ig)
an r-deformed G-htdo on X ×X with respect to the G-action defined by actG. The
goal of this subsection is to prove the following theorem:

Theorem 4.3.5. The pullback i#r D is an r-deformed B-htdo and the functor

i#r : Coh(D, G)→ Coh(i#r D, B)

is an equivalence of categories.

To prove this theorem, we will need some additional results:
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Lemma 4.3.6. The pullback d#D is an r-deformed G×B-htdo and the functors

d#(−) : Coh(D, G)→ Coh(d#D, G×B),

d∗(−)B : Coh(d#D, G×B)→ Coh(D, G)
(4.3)

are quasi-inverses equivalences of categories.

Proof. This follows from Lemma 4.3.4, Corollary 3.10.13 and Corollary 3.11.9.

Lemma 4.3.7. Denote A := δ#(d#D)G. Then A is an r-deformed B-htdo and the
functors:

δ#(−) : Coh(A, B)→ Coh(d#D, G×B),

δ∗(−)G : Coh(d#D, G×B)→ Coh(A, B)
(4.4)

are quasi-inverses equivalences of categories.

Proof. This follows from Lemma 4.3.3, Corollary 3.10.13 and Corollary 3.11.9.

As a corollary, we obtain from the previous two lemmas an equivalence between
Coh(D, G) and Coh(A, B).

Lemma 4.3.8. The sheaves of r-deformed twisted differential operators A and i#r D
are isomorphic. In particular, i#r D is an r-deformed B-htdo.

Proof. Define the maps s : G × X → G × X × X, s(g, x) := (g−1, gB, x) and q :

G×X ×X → X ×X, q(g, x, y) := (x, y).

By construction, d = q ◦ s, so d#D ∼= (q ◦ s)#D. Since d and q are locally trivial
B respectively G-torsors, s is flat, so by Corollary 3.7.7, we get (q ◦ s)#D ∼= s#q#D.
Further, since D is a deformed G-htdo, we have q#D ∼= act#

G D. Therefore, using
again that s is flat, we have by Corollary 3.7.7 s#q#D ∼= (actG ◦s)#D.

By construction, one has actG ◦s = ir ◦ δ, so (actG ◦s)#D ∼= (ir ◦ δ)#D. Since δ is
smooth, it is in particular flat, so by Corollary 3.7.7, (ir ◦ δ)#D ∼= δ#i#r D. Therefore,
we have obtained that d#D ∼= δ#i#r D. To conclude we use Corollary 3.10.13 to obtain:

A = δ#(d#D)G ∼= δ#(δ#i#r D)G ∼= i#r D.
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Lemma 4.3.9. LetM∈ Coh(D, G). Then

(dB∗ ◦ δ#) ◦ i#rM∼=M,

i.e. the functor dB∗ ◦ δ# is a left quasi-inverse to i#r .

Proof. By repeating the argument in the previous lemma, we get d#M∼= δ# ◦ i#rM.
The claim then follows by Lemma 4.3.6.

To complete the proof of the equivalence theorem, we need one more categorical
lemma:

Lemma 4.3.10. Let C and D be two categories and let H : C → D and F1, F2 :

D → C be functors such that:

HF1
∼= 1D, F1H ∼= 1C , HF2

∼= 1D.

Then F2H ∼= 1C.

Proof. We have

H(F2H)F1
∼= (HF2)(HF1) ∼= 1D, so

F1(HF2HF1)H ∼= F1H ∼= 1C . (4.5)

On the other hand we have:

F1(HF2HF1)H ∼= (F1H)(F2H)(F1H) ∼= 1C(F2H)1C = F2H. (4.6)

Thus, by combining the equations (4.5) and (4.6) we obtain F2H ∼= 1C .

We can now prove Theorem 4.3.5:

Proof. We have by Lemmas 4.3.6, 4.3.7 and 4.3.8 that dB∗ ◦ δ# and δG∗ ◦ d# provide
quasi-inverse equivalences of the categories mentioned in the statement. By Lemma
4.3.9, dB∗ ◦ δ# is a left quasi-inverse to i#r , so by applying Lemma 4.3.10 it is also
a right quasi-inverse. Thus, for M a G-equivariant coherent D-module, we have
i#rM∼= δG∗ ◦ d#M.
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By setting R = C, r = 1 and D = DX×X , we recover the classical Borho-Brylinski
equivalence [17, Proposition 3.6d)].

Let il : X → X ×X, il(x) := (x, eB) to be the inclusion of X into the left copy.
Then by duality, we get:

Corollary 4.3.11. The pullback i#l D is a B-htdo and the functor

i#l : Coh(D, G)→ Coh(i#l D, B)

is an equivalence of categories.

4.3.3 Global sections of O-modules

We keep the notation from the previous subsection. We aim to prove the following
proposition:

Proposition 4.3.12. Let N ∈ QCoh(OX) such that Γ(X,N ) = 0. Then

Γ(X ×X, (d∗)Bδ∗N ) = 0.

We will need two additional lemmas:

Lemma 4.3.13. Let N be a quasi-coherent OX-module such that Γ(X,N ) = 0. Then

Γ(G×X, p∗N ) = 0.

Proof. Let (Ui)i∈I be an affine finite open cover of X. Then (G × Ui)i∈I is an affine
finite open cover of G×X stable under the map p. Let Uij := Ui ∩ Uj.

Consider the Cech complex

0→ N (X)→
∏
i∈I

N (Ui)→
∏
i,j∈I

N (Uij).

The assumption tells us that the last map is injective.

Consider now the Cech Complex

0→ p∗N (G×X)→
∏
i∈I

p∗(N )(G× Ui)→
∏
i,j∈I

p∗(N )(G× Uij). (4.7)
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We have p∗(N )(G × Ui) = O(G) ⊗
R
N (Ui) and since tensor product commutes

finite products we get

∏
i∈I

p∗(N )(G× Ui) ∼= O(G)⊗
R

∏
i∈I

N (Ui),

and similarly

∏
i,j∈I

p∗(N )(G× Uij) ∼= O(G)⊗
R

∏
i,j∈I

N (Uij).

Since O(G) is flat over R we get that the tensor product preserves injections, so
the last map in equation (4.7) is injective; the claim follows.

Lemma 4.3.14. Let Y be a smooth scheme let β : Y → Y be an automorphism and
letM be a quasi-coherent OY -module such that Γ(Y,M) = 0. Then Γ(Y, β∗M) = 0.

Proof. Since β is an automorphism of a smooth scheme, it is smooth, so in particular
it is faithfully flat. The same is true for β−1. Therefore, we get an injection

α : Γ(Y, β∗M)→ Γ(Y, β−1∗β∗M) ∼= Γ(Y,M) = 0,

so the claim is proven.

Proof of Proposition 4.3.12. Since δ∗N = α∗p∗N , we have by Lemma 4.3.13 and
Lemma 4.3.14 that Γ(G × X, δ∗N ) = 0. The claim follows from the definition of
pushforward sheaf.

As a corollary we obtain:

Corollary 4.3.15. Let N ∈ Coh(D, G) with Γ(X, i#r N ) = 0. Then Γ(X×X,N ) = 0.

Proof. We have that at the level of O-modules that i#r = i∗r and δ# = δ∗. The claim
then follows from Theorem 4.3.5 and Proposition 4.3.12.

By duality we obtain:

Corollary 4.3.16. Let N ∈ Coh(D, G) with Γ(X, i#l N ) = 0. Then Γ(X×X,N ) = 0.

76



4.4 Representations of deformed enveloping algebras

4.4.1 Notation

Let G be a connected, simply connected, split semisimple, smooth affine algebraic
group over a commutative ring R and g denote its Lie algebra which is free as an
R-module. Fix h a Cartan subalgebra and g = n−⊕h⊕n a triangular decomposition.
Let b = h⊕ n be a Borel subalgebra. We make the following notation:

Notation 4.4.1. • h∗ the dual space of h- elements of h∗ are called weights.

• φ - set of roots in g.

• φ+- set of positive roots.

• 4- set of simple roots.

• For a root α, we denote α∨ the corresponding coroot.

• ρ- half sum of positive roots.

• W - the Weyl group associated with g.

• wo- the longest element of W .

Definition 4.4.2. We define a shifted dot action of W on h∗ by

w · λ = w(λ+ ρ)− ρ for w ∈ W,λ ∈ h∗.

We say that a weight is dominant if (λ + ρ)(α∨) /∈ Z≤−1 for all α ∈ φ+. Any
W -orbit contains a dominant weight.

We say that a weight is regular if (λ + ρ)(α∨) 6= 0 for all α ∈ φ+. This is
equivalent to the stabiliser of λ under the shifted dot action being trivial.

Let Z(g) = Z(U(g)) denote the center of the universal enveloping algebra. For
any λ ∈ h∗ there is an associated central character χλ : Z(g)→ R. Furthermore, we
have that for all w ∈ W , χλ = χw·λ.
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4.4.2 Equivariant modules over deformed enveloping algebras

Fix r ∈ R a regular element and consider the r-th deformation of U(g) denoted U(g)r.
Using the PBW theorem we obtain that U(g)r ∼= U(rg). The enveloping algebra U(g)

is a G-representation via the Adjoint action, so by the module-comodule duality we
obtain a map ρ : U(g)→ O(G)⊗

R
U(g) making U(g) a comodule for the Hopf algebra

O(G). Furthermore, since the G action commutes with the R action, the map ρ

restricts to a map ρ : U(rg)→ O(G)⊗
R
U(rg).

Let L be a closed subgroup of G. Then L also acts on U(rg) via the restriction
to L of the Adjoint action of G. Again, by duality we obtain a comodule map
ρrg,L : U(rg)→ O(L)⊗

R
U(rg).

LetM be a U(rg)-module that is also an O(L)-comodule. The comodule structure
induces an action of L; the derivative of the L-action induces an action of the Lie
algebra l = Lie(L), and so of rl, on M . Furthermore, since U(rg) and M are O(L)-
comodules, so is U(rg)⊗

R
M , see [46, Section 1.8] for details.

Definition 4.4.3. A weakly L-equivariant U(rg) module is a triple (M,α, ρ), where
M is a R-module, α : U(rg)⊗

R
M →M is a left U(rg)-action, ρ : M → O(L)⊗

R
M is

a O(L) co-action such that α is a morphism of O(L)-comodules.

Furthermore, if the action of rl ⊂ l = Lie(L) induced by ρ by derivating coincides
with the restriction of the rg action to rl, we say that (M,α, ρ) is L-equivariant. As for
equivariant D-modules, we will omit the equivariance structure when it is understood
from the context.

A morphism of (weakly) L-equivariant U(rg)-modules (M,α, ρ1) and (N, β, ρ2) is
a map f : M → N of Abelian groups that is U(rg)-linear with respect to actions α, β
and O(L)-co-linear with respect to ρ1 and ρ2. We call such a morphism L-equivariant.

Denote Mod(U(rg), L) the category of consisting of L-equivariant U(rg)-modules
together with L-equivariant morphisms.

We can reformulate the weakly equivariant condition in the following way: by the
module-comodule correspondence M can be viewed as a representation of the alge-
braic group L. Since U(rg) is also an L-representation we may rewrite the condition
that the map α : U(rg)⊗

R
M →M is a morphism of O(L)-comodules as:

l.(ψ.m) = (l.ψ).(l.m),
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for all R-algebras A, l ∈ L(A), ψ ∈ U(rg)A and m ∈ MA. By abuse of language we
define an equivalent notion of a weakly L-equivariant U(rg)-module by:

M is a representation of L.

l.(ψ.m) = (l.ψ).(l.m) for all l ∈ L, ψ ∈ U(rg),m ∈M. (4.8)

We will also need the following notion: let φ : U(rg) → S be a map of rings.
We say that an S-module is (weakly) L-equivariant if it (weakly) L-equivariant as
U(rg)-module. We denote Mod(S, L) the category of L-equivariant S-modules.

4.4.3 Equivariance of two-sided ideals in classical enveloping
algebras

In this subsection we prove that any two-sided ideal in U(g) is a G-equivariant U(g×
g)-module (U(g) − U(g)-bimodule) when the base ring is a field of characteristic 0.
Here we view G via its isomorphism with the diagonal subgroup of G×G. The group
G acts on the enveloping algebra U(g) via the Adjoint action-denoted Ad.

Let τ denote the principal anti-automorphism of U(g) induced by x 7→ −x for all
x ∈ g. To simplify the notation, we will use xτ to denote τ(x). We have an action of
U(g× g) ∼= U(g)⊗ U(g) (by [53, III.2.2)]) on U(g) via

(x⊗ y) · a = yaxτ for all x, a, y ∈ U(g).

Proposition 4.4.4. Assume that R is a field of characteristic 0. Let I be a two-sided
ideal in U(g). Then I ∈ Mod(U(g× g), G).

Proof. First, since R is a field of characteristic 0, we have by [24, Proposition 2.4.17]
that I is invariant under the Adjoint action, so I is a G-module. By construction,
it is clear I is a U(g) ⊗ U(g)-module under the action defined above. We then have
that for all g ∈ G, x, y ∈ U(g), u ∈ I that

Ad(g) · ((x⊗ y)u) = Ad(g)(xuyτ )

= Ad(g)yAd(g)uAd(g)xτ

= Ad(g)yAd(g)u(Ad(g)x)τ

= (Ad(g)x⊗ Ad(g)y) · Ad(g)u.

(4.9)
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The derivative of the Ad action is the ad-action of the Lie Algebra g. Since
Lie(G) embeds into U(g) ⊗ U(g) via x → x ⊗ 1 + 1 ⊗ x for x ∈ g, the two actions
coincide. Therefore, we have proven all the conditions for I to be a G-equivariant
U(g× g)-module.

We now specialise to two-sided ideals in U(g) with a given central character. For
λ ∈ h∗, we let χλ : Z(g)→ R the associated central character. Let mλ = ker(χλ) and
U(g)λ = U(g)/mλU(g).

Consider the centre C := Z(U(g× g)) = Z(g× g). Since, U(g× g) ∼= U(g)⊗U(g)

and since U(g) is a free R-module one obtains C ∼= Z(g)⊗Z(g). Any central character
of C is determined by a pair θ1, θ2, where θi : Z(g) → R. Let λ, µ ∈ h∗ and let
θ1 = kerχλ and θ2 = kerχµ , so that we obtain:

ker(χλ, χµ) = mλ ⊗ Z(g) + Z(g)⊗mµ.

Therefore we obtain:

U(g× g)λ,µ ∼= U(g)⊗ U(g)/U(g)⊗ U(g)(mλ ⊗ Z(g) + Z(g)⊗mµ)

∼= U(g)/U(g)mλ ⊗ U(g)/U(g)mµ

∼= U(g)λ ⊗ U(g)µ.

(4.10)

Recall that if I is a two-sided ideal in U(g) and R a field of characteristic 0,
we proved in Proposition 4.4.4 that I ∈ (U(g × g), G). Furthermore, if I is a two-
sided ideal in U(g)λ, we can view it as a U(g)λ-bimodule, so a module over the ring
U(g)λ

op ⊗ U(g)λ. Further, we have by [10, Lemma 5.4-Equation 5.5] that τ induces
an isomorphism U(g)λ

op ∼= U(g)−woλ; recall that wo denotes the longest element of
W . Therefore, using equation (4.10), we deduce that a U(g)λ-bimodule is the same
as a U(g× g)−woλ,λ-module. In particular, we obtain:

Corollary 4.4.5. Assume R is a field of characteristic 0. Let I be a two-sided ideal
in U(g)λ. Then I ∈ Mod(U(g× g)−woλ,λ, G).

4.4.4 Equivariance of two-sided ideals in deformed enveloping
algebras

Throughout this subsection only, we will assume that R is a Noetherian
local ring of characteristic 0.
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Let r ∈ R a regular element and consider the r-th deformation U(g)r ∼= U(rg).
Unfortunately, we cannot prove that any two-sided ideal in U(rg) is G-equivariant
with respect to the Adjoint action using the method below, so we restrict to a special
class of ideals. We call a two-sided ideal I in U(rg) an r-ideal if rni ∈ I for some
n ∈ N and i ∈ U(g) implies that i ∈ I. This is equivalent to U(rg)/I having no
r-torsion.

Lemma 4.4.6. Let I be an r-ideal in U(rg) and x ∈ U(g). Then adx(I) ⊂ I. In
other words, I is closed under the adjoint action of g on U(g).

Proof. Since x ∈ U(g), there exists n ∈ N such that rnx ∈ U(rg). Since I is an ideal
in U(rg), we have adrnx(I) ⊂ I. The claim follows since I is an r-ideal.

For α ∈ φ, we let xα : Ga → G and eα = (dxα)(1) ∈ g be the root homomorphism
and root vector corresponding to α, respectively.

Corollary 4.4.7. Let I be an r-ideal in U(rg). Then Ad(G(R))(I) ⊂ I; in other
words I is closed under the Adjoint action.

Proof. We have by [6, Lemma 4.1b,c)] that for all α ∈ φ and s ∈ R:

xα(s) · a =
∞∑
i=0

ad(seα)m

m!
(a), (4.11)

and there exists n ∈ N such that ad(seα)n

n!
(a) = 0 for all a ∈ U(g). In particular,

combining Lemma 4.4.6 with equation (4.11), we obtain xα(s) · I ⊂ I. To finish, we
have that R is a local ring, so by [1, Proposition 1.6] the Chevalley group G(R) is
generated by elements of the form xα(s).

Recall that τ denote the principal anti-automorphism of U(g) induced by x 7→ −x
for all x ∈ g. We have by combining [4, Lemma 3.3] and the PBW theorem that
U(g× g)r ∼= U(rg)⊗ U(rg) . We get an action of U(rg)⊗ U(rg) on U(rg) via

(x⊗ y) · a = yaxτ for all x, a, y ∈ U(rg).

Proposition 4.4.8. Let I be an r-ideal in U(rg). Then I ∈ Mod(U(g× g)r, G).
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Proof. We have by the Corollary above that I is a G-module. By construction, it is
clear I is a U(rg)⊗ U(rg)-module under the action defined above. We then have by
the same arguments as in Proposition 4.4.4 that for all g ∈ G, x, y ∈ U(rg), u ∈ I

Ad(g) · ((x⊗ y)u) = (Ad(g)x⊗ Ad(g)y) · Ad(g)u.

The derivative of the Ad is the ad-action. Since r Lie(G) embeds into U(rg)⊗U(rg)

via x → x ⊗ 1 + 1 ⊗ x for x ∈ rg, the derivative of the G-action coincides with the
Lie algebra action. This concludes the proof.

4.4.5 Verma modules

An important tool in studying the representation theory of semisimple Lie Algebras
are the Verma modules.

Definition 4.4.9. Let λ ∈ rh∗. We extend λ to a map rn− ⊕ rh → R and to a
ring morphism λ : U(rb) → R and denote Rλ the corresponding U(rb)-module. The
Verma module of weight λ is defined to be

M(λ) = U(rg) ⊗
U(rb)

Rλ.

For the rest of this subsection assume that R = K is a field of characteris-
tic 0. Given an U(g)-module M and a weight λ ∈ h∗, we denote Mλ = {m ∈
M |hm = λ(h)m} for all h ∈ h. Consider the BGG category O of finitely generated
U(g)-modules M such that M =

⊕
λ∈h∗Mλ and the action of n on M is locally finite.

We recall some basic facts about objects in category O that will be useful in the
later sections.

Proposition 4.4.10. • The Verma module M(λ) has a unique maximal submod-
ule denoted N(λ) and a unique simply quotient denoted L(λ).

• The annihilator of M(λ) is given by ker(χλ)U(g).

• Any module in category O has finite length.

• The composition factors of objects in O are of the form L(µ) for µ ∈ h∗.
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4.5 The localisation mechanism

Throughout this section G will denote a connected, simply-connected, split semisim-
ple, smooth affine algebraic group over R, g = Lie(G) its Lie algebra, X will denote
an R-variety with a G-action and r ∈ R a regular element.

4.5.1 Equivariant localisation theory

We fix (D, ig) an r-deformed G-htdo on X. We aim to prove that even though
Beilinson-Bernstein equivalence theorem does not work over an arbitrary commutative
ring, the equivariance structure is preserved under localisation and taking global
sections. Let L be a closed subgroup of G; since D is a G-htdo, it is in particular an
L-htdo and we denote by ? the L-action on D. The Lie algebra map ig : rg→ D can
be extended to a ring homomorphism ig : U(rg)→ D.

Proposition 4.5.1. Let L be a closed subgroup of G and M an L-equivariant U(rg)-
module. Then D ⊗

U(rg)
M is an L-equivariant quasi-coherent D-module.

To prove the proposition we will use two additional lemmas:

Lemma 4.5.2. Let M be weakly L-equivariant U(rg)-module. Then D ⊗
U(rg)

M is a

weakly L-equivariant quasi-coherent D-module.

Proof. We follow the idea in [26, Section 10.4]. Consider the induced G-actions on D
and M induced by equivariance condition. We define a twisted G-action on D ⊗

R
M

by viewing M as a constant sheaf on X and defining:

l · (D ⊗m) = l ? D ⊗ l.m,

for any D ∈ D, m ∈M and l ∈ L.

We begin by proving that the D-module D ⊗
R
M is weakly L-equivariant for the

action defined above. We have:

l ·D1(D2 ⊗m) = l · (D1D2 ⊗m)

= l ? (D1D2)⊗ l.m

= (l ? D1)(l ? D2)⊗ l.m (by 4.2.5 i))

= (l ? D1)(l · (D2 ⊗m)),

(4.12)
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for all l ∈ L, D1, D2 ∈ D,m ∈M .

To prove that the L-action is well-defined on D ⊗
U(rg)

M (and thus D ⊗
U(rg)

M is also

weakly L-equivariant) it remains to prove that for any ψ ∈ U(rg), m ∈M , l ∈ L and
D ∈ D a local section that

l · (Dig(ψ)⊗m) = l · (D ⊗ ψ.m).

We have

l · (D ⊗ ψ.m) = l ? D ⊗ l.(ψ.m)

= l ? D ⊗ (Ad(l)ψ).(l.m) (by equation (4.8))

= (l ? D)ig(Ad(l)ψ)⊗ l.m

= (l ? D)(l ? ig(ψ))⊗ l.m (by 4.2.5 iii))

= l ? (Digψ)⊗ l.m (by 4.2.5 i))

= l · (Dig(ψ)⊗m).

Lemma 4.5.3. Let L a closed subgroup of G and let M a U(rg)-module that is also is
an O(L)-comodule and assume that the action of rl ⊂ l = Lie(L) induced by derivating
the L-action coincides with the restriction of the rg action to rl.

Consider the restriction to rl of the rg-action on D ⊗
U(g)

M induced by ig : rg→ D

and the action of rl induced by the derivative of the L action on D ⊗
U(g)

M . Then these

two actions coincide.

Proof. Fix ψ ∈ rl, D ∈ DX a local section and m ∈M .

The first action is given by ψ · (D ⊗m) = ig(ψ)D ⊗m.

Let ?1 be the derivative of the L-action on D and ?2 the derivative of the L-action
on M . Then the second action (denote it ?) is given applying the chain rule by

ψ ? (D ⊗m) = ψ ?1 D ⊗m+D ⊗ ψ ?2 m.

We have by Definition 4.2.5 iv) that ψ ?1 D = ig(ψ)D − Dig(ψ) and because of
the assumption on M , ψ ?2 m = ψm. Therefore, we get
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ψ ? (D ⊗m) = ψ ?1 D ⊗m+D ⊗ ψ ?2 m

= [ig(ψ)D −Dig(ψ)]⊗m+D ⊗ ψm

= ig(ψ)D ⊗m−Dig(ψ)⊗m+D ⊗ ψm

= ig(ψ)D ⊗m−D ⊗ ψm+D ⊗ ψm

= ig(ψ)D ⊗m

= ψ · (D ⊗m).

(4.13)

Thus the lemma is proved.

Proposition 4.5.1 now follows from Lemmas 4.5.2 and 4.5.3.

Proposition 4.5.4. Let L be a closed subgroup of G andM an L-equivariant quasi-
coherent D-module. Then M := Γ(X,M) is an L-equivariant U(rg)-module.

We will do this in two steps:

Lemma 4.5.5. Let L be a closed subgroup of G andM a weakly L-equivariant quasi-
coherent D-module. Then M := Γ(X,M) is a weakly L-equivariant U(g)-module.

Proof. First, notice that the U(rg)-module structure on M is given by

ψ.m = ig(ψ).m, for ψ ∈ U(rg),m ∈M.

We have that for l ∈ L, ψ ∈ U(rg) and m ∈M

l.(ψ.m) = l.(ig(ψ).m)

= (l.ig(ψ)).(l.m) (by 4.2.6 ii))

= ig(l.ψ).(l.m) (by 4.2.5 iii))

= (l.ψ).(l.m).

Lemma 4.5.6. Let M be weakly L-equivariant D-module and assume that the rl ⊂
l = Lie(L) action induced by the derivative of the L-action coincides with the re-
striction to rl of the rg action on M induced by ig. Then the same holds on M :=

Γ(X,M).

Proof. The lemma follows from the fact that D is G-htdo and definition 4.2.6, notice
it is much easier to prove than the corresponding Lemma 4.5.3.

Proposition 4.5.4 now follows from Lemmas 4.5.5, 4.5.6.
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4.5.2 Homogeneous twisted differential operators on the flag
variety

In this subsection, we aim to prove that the r-th deformation of the sheaf of λ-
twisted differential operators on the flag variety is an r-deformed G-htdo. We begin
by reviewing the constructions in [5, Section 4, Section 6.4] and [3, Section 5.1]. For
now, we keep the notation from the previous section. Recall that by [3, Definition
5.1.1] there is an infinitesimal action of g on X given by a R-linear Lie algebra map
ϕ′ : g → TX(X). This morphism is G-equivariant by [3, Lemma 5.1.3] and can be
extended to a G-equivariant ring homomorphism α : U(g)→ Γ(X,DX).

Lemma 4.5.7. The sheaf (DX , α) is a G-htdo.

Proof. Recall by Definition 3.4.2 that DX is a differential algebra with F0DX ∼= OX
and gr1DX ∼= TX . Further by equation (3.15), we have grDX ∼= SymOX TX , so DX is
a tdo on X.

We endow DX with a G action by setting:

g.f(x) = f(gx) for g ∈ G, f ∈ O, x ∈ X,

g.τ(f) = g.τ(g−1f) for g ∈ G, τ ∈ T , f ∈ O.
(4.14)

With this action, DX satisfies axioms i) and ii) from Definition 4.2.5. Since α is
G-equivariant, axiom iii) is also satisfied. Further, it is clear that the map α satisfies
axioms v) and vi). Finally, axiom iv) follows from the proof of [11, Proposition
2.2].

Lemma 4.5.8. Let H be another smooth affine algebraic group acting on X such that
the actions of G and H commute. Then im(α) ⊂ Γ(X,DX)H .

Proof. This follows from [5, Section 4.8].

Recall that we assume that G is a connected, simply connected, split semisimple,
smooth affine algebraic group scheme over R. Let B be a closed and flat Borel R-
subgroup scheme, N its unipotent radical and H = B/N the abstract Cartan group.
Let ‹X = G/N denote the basic affine space and X = G/B denote the flag scheme.
Define an action of H on ‹X via

bN · gN := gbN, b ∈ B, g ∈ G.
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Lemma 4.5.9 ([5, Lemma 4.7]). i) The action of H commutes with the natural
action of G.

ii) ‹X and X are smooth separated schemes over R, locally of finite type.

iii) The natural projection ξ : ‹X → X is a locally trivial H-torsor.

Definition 4.5.10. The relative enveloping algebra is the sheaf of H-invariants of
ξ∗D‹X : ‹DX := (ξ∗D‹X)H .

The sheaf comes with a natural filtration Fi‹DX := (ξ∗FiD‹X)H induced by the
natural filtration on D‹X .
Proposition 4.5.11. Let ‹TX := (ξ∗T‹X)H , h = Lie(H), U be an affine open set of X
trivialising ξ. Then:

i) D‹X(U)⊗
R
U(h) ∼= ‹DX(U).

ii) SymOX
‹TX ∼= gr ‹DX .

iii) The derivative of the H action on ‹X induces a central embedding j : h→ ‹DX .
Proof. The first two claims follow by [5, Proposition 4.6] and the third follows by [5,
Section 4.10] along with Lemma 4.5.9 ii) and iii).

The sheaf ‹DX will be used to construct the sheaf of λ-twisted differential operators.
Proposition 4.5.11 i) shows that ‹DX can not be a htdo as it is not a tdo on X.

Lemma 4.5.12. The sheaf (‹DX , α) is a differential algebra, G-equivariant as an
OX-module and furthermore it satisfies axioms i) to vi) of Definition 4.2.5.

Proof. The filtration on ‹DX makes it a differential algebra. Since the actions of G
and H commute we have by [58, Lemma 3.6] that the G action on D‹X descends to a
G-action on ‹DX . Thus, axioms i), ii) of Definition 4.2.5 are satisfied. Axioms iii)−vi)
follow from construction and Lemma 4.5.8 since α and ξ are G-equivariant.

Definition 4.5.13. Let ‹Dr be the sheafification of the presheaf obtained by postcom-
posing ‹DX with the deformation functor A → Ar. Since the G-action preserves the
filtration on ‹DX induced by deformation, it restricts to a G-action on ‹Dr.
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Now, let λ : rh → R; the map λ can be extended to a ring homomorphism
λ : U(rh) → R and we denote Rλ the resulting U(rh)-module. Furthermore, recall
that by Proposition 4.5.11 iii), there exists a central embedding j : h → ‹DX which
can be extended to a ring morphism j : U(h) → ‹DX . By applying the deformation
functor we obtain a homomorphism j : U(rh)→ ‹Dr.
Definition 4.5.14. The sheaf of r-deformed λ-twisted differential operators on the
flag variety X is the central reduction

Dλ,r := ‹Dr ⊗
U(rh)

Rλ.

We give Rλ the trivial filtration and we view Dλ,r as a sheaf of filtered R-algebras
with the tensor filtration.

Corollary 4.5.15. The sheaf (Dλ,r, α) is an r-deformed G-htdo on the flag variety.

Proof. We have by [5, Lemma 6.4] that Dλ is a tdo on X. Since Dλ,r can be viewed
as the r-th deformation of Dλ, we have by Lemma 4.2.4 that Dλ,r is an r-deformed
tdo. Let I = 〈j(h) − λ(h)|h ∈ rh〉 be two-sided ideal in ‹Dr such that Dλ,r = ‹Dr/I.
We have by Lemma 4.5.8 (note that we swap G and H) that g.j(h) = h. Therefore,
the ideal I is stable under the G-action, so the G-action on ‹Dr descends to Dλ,r. By
abuse of notation we denote α the composition α : U(rg) → ‹Dr with the projection‹Dr → Dλ,r. Then (Dλ,r, α) is an r-deformed G-htdo.

We finish the subsection by computing the geometric fibre of Dλ = Dλ,1 at the
identity. This is also sketched is [45, I.2.4], but we use different conventions to con-
struct the sheaf Dλ. Since the group G is split we can find a Cartan group T of G
complementary to N in B. Using the natural isomorphism H → T , we view h as
a Cartan subalgebra of g. We let g = n− ⊕ h ⊕ n and b = h ⊕ n to be the corre-
sponding decompositions for the Lie algebra and Borel subalgebra respectively. The
adjoint action of H on g induces a decomposition g = n− ⊕ h⊕ n+, where we regard
n− = Lie(N) as being spanned by negative roots.

Lemma 4.5.16. Let m be the ideal sheaf of functions on X vanishing on eB and let
i : [eB]→ X denote the natural inclusion. Then:

U(g)/n−U(g) ∼= Γ(X, ‹DX/m‹DX).
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Proof. Let Y = G/N denote the basic affine space, let x0 = eN denote the base point
and mN denote the ideal sheaf of functions vanishing on x0.

Let ρ : g→ G/N encode the infinitesimal action of g on G/N induce by the action
of G on G/N by left multiplication. Since the stabiliser of x0 with respect to this
action is N we have that:

ρ(n−) ⊂ mNDG/N .

Applying the descent functor (ξ∗)
H we obtain a map ρ̃ : n− → (mNDG/N)H ∼=

(mN)H‹DX . By construction ρ̃ is just the restriction of the infinitesimal action of g
on G/B to n−. By considering the following diagram

G/N x0 = N/N

G/B eB

we observe that (mN)H‹DX ⊂ m‹DX , so ρ̃(n−) ⊂ m‹DX . Therefore we obtain a
surjective map

U(g)/n−U(g)→ Γ(X, ‹DX/m‹DX).

By passing to the associated grading rings and applying Proposition 4.5.11 ii)

we obtain an isomorphism gr(U(g)/n−U(g)) → Γ(X, gr(‹DX/m‹DX)), so the claim
follows.

Corollary 4.5.17. Let λ ∈ h∗ and let m the ideal sheaf of functions on X vanishing
on eB. Further, let Rλ be the U(h)-module induced by the h module on which h acts
by λ. Then

Rλ ⊗
U(h)

(U(g)/n−U(g)) ∼= Γ(X,Dλ/mDλ).

Proof. We have:
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Γ(X,Dλ/mDλ) = Γ(X, (i∗)OeB ⊗
OX
‹DX) ⊗

U(h)
Rλ

∼= Γ(X, ‹DX)/m‹DX) ⊗
U(h)

Rλ)

∼= Γ(X,Rλ ⊗
U(h)

‹DX)/m‹DX) (by Proposition 4.5.11)

∼= Rλ ⊗
U(h)

Γ(X, ‹DX)/m‹DX)

∼= Rλ ⊗
U(h)

U(g)/n−U(g) (by Lemma 4.5.16).

(4.15)

4.5.3 Applications of the localisation mechanism

We retain the notation from the previous subsection. Recall that for any weight
λ : h → R, we defined χλ the corresponding central character and we let U(g)λ =

U(g)/ ker(χλ)U(g).

By [5, Section 6.10], we have a map ϕ : U(g)λ → Dλ; by functoriality of de-
formation, we obtain a map ϕ : U(g)λr → Dλ,r. Define the localisation functor
Locλ,r : Mod(U(g)λr ) → Mod(Dλ,r). This functor is adjoint to the global sections
functor Γ(X,−) : Mod(Dλ,r)→ Mod(U(g)λr ).

Proposition 4.5.18. Let L be a closed subgroup of G. The functors Locλ,r and
Γ(X,−) induce a pair of adjoint functors between Mod(U(g)λr , L) and Mod(Dλ,r, L).

Proof. This follows by combining Corollary 4.5.15 and Propositions 4.5.1 and 4.5.4.

In general, the functors above do not provide an equivalence of categories. How-
ever, when R is a field of characteristic 0 we get the well-known Beilinson-Bernstein
localisation. We will also need the following proposition:

Proposition 4.5.19. Assume that R is a field of characteristic 0. Then the map
ϕ : U(g)λ → Γ(X,Dλ) is an isomorphism.

Theorem 4.5.20. ([8], [38, Section 9.2]) Assume that R is a field of characteristic
0. Let λ be a dominant weight and L a closed subgroup of G. Then the functor
Locλ is an equivalence of categories between Mod(U(g)λ, L) and the quotient category
Mod(Dλ, L)/ ker Γ. A quasi-inverse is given by Γ(X,−).
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Furthermore, under this equivalence finitely generated U(g)λ-modules correspond
to coherent Dλ-modules and the global sections functor is exact.

If λ is also regular, ker Γ = 0, so one obtains an equivalence of categories between
Mod(U(g)λ, L) and Mod(Dλ, L).

The same statements hold if we remove the L-equivariance from both sides, i.e.
setting L = e.

As an easy consequence we obtain:

Corollary 4.5.21. Assume that R is a field of characteristic 0 and let λ be a dominant
weight. Consider M ∈ Mod(U(g)λ, L). Then

Γ(X,LocλM) ∼= M.

In the next sections, we will apply the theorem in two particular cases: B is a
Borel subgroup of G acting on X = G/B and G = {(g, g)|g ∈ G} ⊂ G × G acting
diagonally on the flag variety of G×G, which is X×X. Notice, we are using a slight
abuse notation and identify G with the diagonal subgroup.

4.6 Pullback of modules over deformed
homogeneous twisted differential operators

We retain the notation from the beginning of the previous section: recall that G de-
notes a connected, simply-connected, split semisimple, smooth affine algebraic group
scheme over R, g = Lie(G), B a closed and flat Borel subscheme of G and X = G/B

the flag scheme. We consider the triangular decomposition g = n− ⊕ h ⊕ n+, we let
b− := n− ⊕ h, b := h⊕ n+.

By construction, X is a G-homogeneous space; furthermore we have by [36,
II,1.10(2)] and by Lemma 4.5.9 ii) that Assumption 4.3.1 is satisfied. Therefore,
we may apply the machinery developed in Sections 4.3 and 4.5.

We consider homogeneous twisted differential operators on the double flag variety
X × X of the group G × G. The Cartan algebra of rg × rg is given by rh × rh, so
picking a weight of the deformed Cartan Lie subalgebra is equivalent to picking a
pair of weights λ, µ ∈ rh∗. We have by Corollary 4.5.15 that Dλ,µ,r is an r-deformed
G×G-htdo on X ×X. In particular, it is an r-deformed G-htdo with respect to the
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diagonal G action defined in Section 4.3. Recall also that il : X → X × X denotes
the inclusion into the left copy. We have by Corollary 4.3.11 that Dλ,r ∼= i#l Dλ,µ,r
is an r-deformed B-htdo and the functor i#l : Coh(Dλ,µ,r, G) → Coh(Dλ,r, B) is an
equivalence of categories. From now on, until the end of this section, we will assume
that λ, µ : rh→ R are dominant weights.

Definition 4.6.1. Let i : eB → X be the natural inclusion and let R to be trivial
OeB-module. We letMµ,r be the right Dµ,r-module defined by:

Mµ,r := i∗R ⊗
OX
Dµ,r.

Lemma 4.6.2.

i) Mµ,r is coherent as a right Dµ,r-module.

ii) LetMµ =Mµ,1. Then Γ(X,Mµ) = Rµ ⊗
U(b−)

U(g); we will use T (µ) to denote

this module.

Proof. Since Dµ,r is in particular an r-deformed tdo, we have by Definition 3.4.5 that
grDµ,r ∼= SymOX (rTX) is a sheaf of Noetherian rings, so Dµ,r is a sheaf of Noetherian
rings. Therefore, coherence is equivalent to locally finite generation. Let U ⊂ X be
affine open; if eB /∈ U , thenMµ,r(U) = 0. If eB ∈ U , then 1 ⊗ 1 is a generator for
Mµ,r(U).

For the second part, we have by construction thatMµ
∼= i∗(i

∗Dµ) ∼= TeB(Dµ) (the
geometric fibre at the identity). Let m be the ideal sheaf of functions on X vanishing
on eB. We have:

TeB(Dµ) = Γ(X,Dµ/mDµ)

= Rµ ⊗
U(h)

U(g)/n−U(g) (by Corollary 4.5.17)

= Rµ ⊗
U(b−)

U(g).

Lemma 4.6.3. Let pr : X × X → X denote the projection onto the right factor.
Then

p−1
r (Mµ,r) ⊗

p−1
r Dµ,r

Dλ,µ,r ∼= il∗i
∗
lDλ,µ,r.
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Proof. We have

il∗i
∗
lDλ,µ,r = il∗(OX ⊗

i−1
l OX×X

i−1
l Dλ,µ,r)

∼= il∗OX ⊗
OX×X

Dλ,µ,r

∼= il∗OX ⊗
OX×X

p−1
r Dµ,r ⊗

p−1
r Dµ,r

Dλ,µ,r.

(4.16)

Therefore, it is enough to prove that

p−1
r Mµ,r

∼= il∗OX ⊗
OX×X

p−1
r Dµ,r.

Consider the following Cartesian square:

X eB

X ×X X,

p

il i

pr

where i and p denote the natural inclusion and projection. Consider the constant
sheaf R on the trivial scheme eB. We then have by [54, 02KG]

p∗r(i∗R) ∼= il∗(p
∗R).

Here the pullback is taken in the category of right modules instead of left modules.
Since p∗R ∼= OX as right OX-modules, we obtain that as right OX×X-modules

il∗OX ∼= p∗r(i∗R).

Therefore, we obtain

il∗OX ⊗
OX×X

p−1
r Dµ,r ∼= p∗r(i∗R) ⊗

OX×X
p−1
r Dµ,r

∼= p−1
r (i∗R) ⊗

p−1
r OX

OX×X ⊗
OX×X

p−1
r Dµ,r

∼= p−1
r (i∗R) ⊗

p−1
r OX

p−1
r Dµ,r

∼= p−1
r (i∗R ⊗

OX
Dµ,r)

∼= p−1
r Mµ,r.
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Corollary 4.6.4. LetM be a coherent Dλ,µ,r-module. Then

il∗i
#
l M∼= p−1

r (Mµ,r) ⊗
p−1
r Dµ,r

M.

Proof. We have

il∗i
#
l M∼= il∗i

∗
lM

∼= il∗(OX ⊗
i−1
l OX×X

i−1
l M)

∼= il∗(OX ⊗
i−1
l OX×X

i−1
l Dλ,µ,r ⊗

i−1
l Dλ,µ,r

i−1
l OX×X ⊗

i−1
l OX×X

i−1
l M)

∼= il∗(i
∗
lDλ,µ,r ⊗

i−1
l Dλ,µ,r

i−1
l M)

∼= il∗i
∗
lDλ,µ,r ⊗

Dλ,µ,r
M (Since il is closed)

∼= p−1
r (Mµ,r) ⊗

p−1
r Dµ,r

Dλ,µ,r ⊗
Dλ,µ,r

M (By Lemma 4.6.3)

∼= p−1
r (Mµ,r) ⊗

p−1
r Dµ,r

M.

4.6.1 Global sections under the pullback

Throughout this subsection, we will assume that R = K is a field of char-
acteristic 0.

Recall that by equation (4.10), we have U(g× g)λ,µ ∼= U(g)λ ⊗ U(g)µ. We aim to
prove the following theorem:

Theorem 4.6.5. Let λ, µ be dominant weights and letM be a coherent G-equivariant
Dλ,µ-module. Then we obtain an isomorphism of left U(g)λ-modules

Γ(X, i#l M) ∼= T (µ) ⊗
U(g)µ

Γ(X ×X,M).

We should make several remarks before we proceed to prove this. We view Γ(X×
X,M) as a left U(g)µ-module by defining y.m = (1 ⊗ y).m for y ∈ U(g)µ and
m ∈ Γ(X ×X,M). Further, we note that the space T (µ) ⊗

U(g)µ
Γ(X ×X,M) has the

structure of a left U(g)λ-module via x.(m ⊗ m′) = m ⊗ (x ⊗ 1).m′ for x ∈ U(g)λ,
m ∈ T (µ) and m′ ∈ Γ(X ×X,M).

In order to prove this theorem, we need to introduce additional notation. Let Y, Z
be K-schemes,M an OY -module and N an OZ-module. We will use the notation:
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M�N := OY×Z ⊗
q−1
Y OY ⊗q

−1
Z OZ

q−1
Y M⊗ q

−1
Z N ∼= q∗YM ⊗

OY×Z
q∗ZN , (4.17)

where qY : Y × Z → Y and qZ : Y × Z → Z denote the natural projections. We
refer to [32, Section I.1.5] for the basic properties of box tensor product. We will also
identify X with X × eB and the map il with id×i; recall i : eB → X denotes the
natural inclusion. We have that:

i∗lDλ,µ ∼= (id×i)Dλ,µ
∼= (id×i)(Dλ �Dµ) (by [29, Section 5.4])
∼= Dλ � i∗Dµ
∼= Dλ ⊗

K
Γ(eB, i∗Dµ)

∼= Dλ ⊗
K

Γ(X, i∗i
∗Dµ)

∼= Dλ ⊗
K

Γ(X,Mµ)

∼= Dλ ⊗
K
T (µ) (by Lemma 4.6.2).

(4.18)

Therefore we obtain that as left Dλ-modules i#l Dλ,µ ∼= Dλ⊗
K
T (µ), so by Theorem

4.1.2, we have that as left U(g)λ-modules:

Γ(X, i#l Dλ,µ) ∼= U(g)λ ⊗
K
T (µ). (4.19)

Proof of theorem 4.6.5. Let F ,J : Coh(Dλ,µ, G)→ Mod(U(g)λ, B) defined by

F (M) : = Γ(X, i#l M),

J (M) : = T (µ) ⊗
U(g)µ

Γ(X ×X,M).
(4.20)

The theorem follows if we can prove that F (M) ∼= J (M). First, we extend the
functors F ,J to the category WCoh(Dλ,µ, G); this is the category of coherent Dλ,µ-
modules that are equivariantO-modules together withG-equivariant morphisms. The
reason to do this is that Dλ,µ ∈WCoh(Dλ,µ, G), but Dλ,µ /∈ Coh(Dλ,µ, G).

Since i#l ∼= i∗l as O-modules, i#l is an equivalence of Abelian categories and λ is
dominant, we obtain by Theorem 4.1.2 that F is right exact. Furthermore since λ
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and µ are dominant weights, by the same theorem applied on Dλ,µ-modules, J is
also right exact.

Next, let us construct a map from J (M) → F (M). Let N = il∗i
∗
lDλ,µ and

consider the spaceN ⊗
Dλ,µ
M. By construction, this is isomorphic to il∗i∗lM. Therefore,

we have

F (M) = Γ(X, i#l M)

= Γ(X, i∗lM)

∼= Γ(X ×X, il∗i∗lM)

∼= Γ(X ×X,N ⊗
Dλ,µ
M).

(4.21)

Therefore, it is enough to construct a map from J (M) to Γ(X ×X,N ⊗
Dλ,µ
M).

This reduces to proving that J (M) ∼= Γ(X ×X,N ) ⊗
Γ(X×X,Dλ,µ)

Γ(X ×X,M). Let

B := Γ(X ×X,N ) ⊗
Γ(X×X,Dλ,µ)

Γ(X ×X,M).

We have

B = Γ(X ×X,N ) ⊗
Γ(X×X,Dλ,µ)

Γ(X ×X,M)

= Γ(X ×X, il∗i∗lDλ,µ) ⊗
Γ(X×X,Dλ,µ)

Γ(X ×X,M)

∼= U(g)λ ⊗
K
T (µ) ⊗

U(g)λ⊗
K
U(g)µ

Γ(X ×X,M)

∼= T (µ) ⊗
U(g)µ

Γ(X ×X,M)

∼= J (M).

(4.22)

Finally, we have that

J (Dλ,µ) = T (µ) ⊗
U(g)µ

Γ(X ×X,Dλ,µ)

∼= T (µ) ⊗
U(g)µ

U(g)λ ⊗
K
U(g)µ

∼= U(g)λ ⊗
K
T (µ)

∼= Γ(X, i#l Dλ,µ) (by equation (4.19))
∼= F (Dλ,µ).

(4.23)
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The claim follows by picking a presentation (Dλ,µ)n → (Dλ,µ)m → M → 0 and
applying the Five Lemma.

As a corollary, we obtain using Corollary 4.6.4:

Corollary 4.6.6. Let λ, µ be dominant weights and letM∈ Coh(Dλ,µ, G). Then:

Γ(X ×X, p−1
r (Mµ) ⊗

p−1
r Dµ

M) ∼= T (µ) ⊗
U(g)µ

Γ(X ×X,M).

4.7 Primitive/prime ideals in the universal envelop-
ing algebra of a semisimple Lie algebra

We retain the notations from 4.6.1, recall that R = K is a field of characteristic 0. In
this section, we aim to finish the proof of Duflo’s Theorem, that is we aim to prove:

Theorem 4.7.1. Let λ : h→ K be a dominant weight and let I be a primitive/prime
ideal in U(g)λ. Then

I = Ann(L(µ)) for some µ ∈ h∗.

For the rest of this section, fix λ ∈ h∗ a dominant weight and let λ∗ = −woλ; if λ
is dominant, λ∗ will also be dominant. Recall further that τ induces an isomorphism
U(g)λ

op ∼= U(g)λ
∗ .

Consider the functor F : Modfg(U(g× g)λ
∗,λ, G)→ Modfg(U(g)λ

∗
, B) defined by

F (M) := Γ(X, i#l ◦ Locλ
∗,λ(M)).

Proposition 4.7.2. The functor F is exact and F (M) ∼= T (λ) ⊗
U(g)λ

M as U(g)λ
∗-

modules.

Proof. LetM := Locλ
∗,λ(M); we have by Corollary 4.5.21 that Γ(X ×X,M) ∼= M

and by Theorem 4.5.20 that M ∈ Coh(Dλ∗,λ, G) , so the second claim follows from
Theorem 4.6.5. Consider a short exact sequence of finitely generated G-equivariant
U(g× g)λ

∗,λ-modules:

0→ N →M → P → 0.

97



We let N ,M,P be the localisations of N,M and P respectively and let K =

ker(N →M). Since the functor Locλ
∗,λ is right exact we obtain an exact sequence

0→ K → N →M→ P → 0.

Since i#l is an equivalence of Abelian categories by Theorem 4.3.5, i#l is in partic-
ular exact. Furthermore, by Theorem 4.5.20 the global sections functor is also exact,
so we obtain an exact sequence

0→ Γ(X, i#l K)→ Γ(X, i#l N )→ Γ(X, i#l M)→ Γ(X, i#l P)→ 0.

Applying Theorem 4.6.5 we obtain an exact sequence

0→ T (λ) ⊗
U(g)λ

Γ(X ×X,K)→ T (λ) ⊗
U(g)λ

N →

→ T (λ) ⊗
U(g)λ

M → T (λ) ⊗
U(g)λ

P → 0.
(4.24)

The claim follows since Γ(X ×X,K) = 0 by definition of K, Theorem 4.5.20 and
Corollary 4.5.21.

Lemma 4.7.3. Let M ∈ Modfg(U(g× g)λ
∗,λ, G) and assume that F (M) = 0. Then

M = 0.

Proof. Let M = Locλ
∗,λ(M). Then, by assumption, we have that Γ(X, i#l M) = 0.

Applying Corollary 4.3.16, we obtain Γ(X × X,M) = 0, so by Corollary 4.5.21,
M = 0.

We now specialise to two sided ideals in U(g)λ; recall that a two-sided ideal I can
be viewed as a module over U(g)λ

∗ ⊗U(g)λ via (x⊗ y).i = yiτ(x) for x ∈ U(g)λ
∗
, y ∈

U(g)λ and i ∈ I. Further, by Corollary 4.4.5, I ∈ Modfg(U(g× g)λ
∗,λ, G), so F (I) is

well-defined. As a corollary, we obtain immediately:

Corollary 4.7.4. Let I, J be two-sided ideals in U(g)λ such that I ⊆ J . Assume that
F (I) ∼= F (J). Then I = J .

Proof. Consider the short exact sequence:

0→ I → J → J/I → 0.
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By Proposition 4.7.2, F is an exact functor, so we obtain an exact sequence

0→ F (I)→ F (J)→ F (J/I)→ 0.

By assumption, we have F (I) ∼= F (J), so F (J/I) = 0. The claim follows by
Lemma 4.7.3.

Lemma 4.7.5. Let I a two-sided ideal in U(g)λ. Then as U(g)λ
∗-modules we have:

F (I) ∼= T (λ)I.

We should remark that U(g)λ
∗ acts on T (λ)I via x.(ti) = t(x.i) = tiτ(x) for

x ∈ U(g)λ
∗
, t ∈ T (λ), i ∈ I and the isomorphism is natural in I.

Proof. Consider the following short exact sequence:

0→ I → U(g)λ → U(g)λ/I → 0.

Applying the exact functor F and using Proposition 4.7.2, we obtain an exact
sequence:

0→ T (λ) ⊗
U(g)λ

I → T (λ)→ T (λ) ⊗
U(g)λ

U(g)λ/I → 0.

This exact sequence fits into the commutative diagram:

0 T (λ) ⊗
U(g)λ

I T (λ) T (λ) ⊗
U(g)λ

U(g)λ/I 0

0 T (λ)I T (λ) T (λ) ⊗
U(g)λ

U(g)λ/I 0.

It is easy to see that the first map is a surjection and the second and the third
maps are isomorphisms. Furthermore, by the Five Lemma, the first map is injective,
so indeed we get F (I) ∼= T (λ)I.

Let σ : g → g denote the Chevalley involution that swaps n+ and n− and fixes
h . Then σ extends to an anti-automorphism of U(g) that fixes the center by [34,
Exercise 1.10], so it descends to an anti-automorphism σ : U(g)λ → U(g)λ. Recall
that by construction we have T (λ) = Kλ ⊗

U(b−)
U(g).
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Lemma 4.7.6. The map

φ : T (λ)→M(λ), φ(k ⊗ x) = σ(x)⊗ k, k ∈ Kλ, x ∈ U(g)

is a K-linear isomorphism of vector spaces satisfying φ(tu) = σ(u)φ(t) for all u ∈
U(g) and t ∈ T (λ).

Proof. Since σ swaps n+ and n− and fixes h, it is easy to check that the map φ is
well-defined. Furthermore, as σ is a K-linear anti-automorphism, φ is a K-linear
isomorphism of vector spaces.

Finally, we have for k ⊗ x ∈ T (λ) and u ∈ U(g):

φ((k ⊗ x)u) = φ(k ⊗ xu)

= σ(xu)⊗ k

= σ(u)σ(x)⊗ k

= σ(u)φ(k ⊗ x).

In particular, we obtain that if I is a two-sided ideal in U(g)λ, φ(T (λ)I) =

σ(I)M(λ).

Corollary 4.7.7. Let I a two-sided ideal in U(g)λ. Then

I = Ann(M(λ)/IM(λ)).

Proof. Let J := Ann(M(λ)/IM(λ)). Since I(M(λ)/IM(λ)) = 0, we obtain that
I ⊆ J , so σ(I) ⊆ σ(J). We remark that since σ is anti-automorphism of U(g)λ,
σ(I) and σ(J) are two-sided ideals in U(g)λ. Since F preserves injections, we obtain
F (σ(I)) ⊆ F (σ(J)).

Consider the following diagram:

F (σ(I)) F (σ(J))

T (λ)σ(I) T (λ)σ(J)

IM(λ) JM(λ)

φ φ
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By construction, the bottom diagram commutes and by the definition of J , we have
JM(λ) = IM(λ). Using Lemma 4.7.6, we get T (λ)σ(I) = T (λ)σ(J). Furthermore,
since the isomorphism in Lemma 4.7.5 is natural on ideals, we obtain that the top
diagram also commutes. Therefore, F (σ(I)) ∼= F (σ(J)). The claim now follows by
Corollary 4.7.4 since σ is an anti-automorphism.

We now have all the ingredients to prove Duflo’s Theorem; the idea of the proof
was first given by Dixmier in [24, Problem 30].

Proof of Theorem 4.7.1. Let I be a prime ideal in U(g)λ. Then, by Corollary 4.7.7,
we have I = Ann(M(λ)/IM(λ)). Since M(λ)/IM(λ) is quotient of M(λ), we have
by Proposition 4.4.10 that there exists a finite composition series

0 = M0 ⊂M1 ⊂M2 ⊂ . . . ⊂Mn = M(λ)/IM(λ).

Let Ii := Ann(Mi/Mi−1) for 1 ≤ i ≤ n. Then

I1I2 . . . In(M(λ)/IM(λ)) = I1I2 . . . InMn

= I1I2 . . . In−1Mn−1

= . . .

= 0,

(4.25)

so I1I2 . . . In ⊂ I. Since the ideal I is prime, there exists 1 ≤ j ≤ n such that
Ij ⊂ I. On the other hand, by construction I ⊂ Ij. Thus, we obtain that I = Ij =

Ann(Mj/Mj−1). The claim follows since by Proposition 4.4.10, Mj/Mj−1
∼= L(µ) for

some µ ∈ h∗.

Since any primitive ideal is in particular prime, we obtain that any primitive ideal
in U(g)λ is the annihilator of some L(µ).

In the case when K is algebraically closed, for example, K = C, we may charac-
terise all the primitive ideals in U(g).

Corollary 4.7.8. Assume that K is an algebraically closed field of characteristic 0

and let I be a primitive ideal in U(g). Then

I = Ann(L(µ)) for some µ : h→ K.
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Proof. This follows by combining Proposition 4.4.10, Theorem 4.7.1 and Theorems
[24, 8.4.3-8.4.4 d)].
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Chapter 5

Primitive ideals in affinoid enveloping
algebras

5.1 Introduction

This chapter is based on the final paper series [58], [56], [57]. The goal of the chapter
is to prove Theorem A and Theorem B mentioned in the introduction. Recall that
for a Lie algebra g defined over a discrete valuation ring R, with uniformiser π and
field of fractions K, we have defined a family of affinoid algebras◊�U(g)n,K = (lim←−U(πng)/πiU(πng))⊗

R
K.

Our strategy for proving Theorem A and Theorem B is to enhance the affinoid
Beilinson-Bernstein localisation [5, Theorem C] developed by Ardakov and Wadsley
to the equivariant setting to obtain an affinoid version of Theorem 4.5.20. Further,
we prove an affinoid versions of Theorem 4.3.5, Proposition 4.7.2 and Corollary 4.7.7.

We should also remark that our initial approach was to try to adapt one of the
classical proofs in [25], [12], [28], [37] to the affinoid setting. Unfortunately, these
approaches failed to produce results for g 6= sl2. It boils down to the fact that the
weight spaces of the ad-action of the Cartan subalgebra on the affinoid enveloping
algebra are not finite dimensional. This is in contrast to what happens in Theorem
5.2.25, where we can adapt classical machinery to obtain a correspondence between
the lattices of submodules of ’M(λ) and M(λ), respectively.

Structure of the chapter

The chapter is organised as follows: in Section 5.2, we introduce affinoid enveloping

103



algebras and affinoid Verma modules. We prove that for any weight λ of the Cartan
subalgebra, there is an explicit one-to-one correspondence between submodules of
affinoid Verma module of weight λ and the classical Verma module of weight λ.

In Chapter 4, we have proven that there is an equivalence of categories between
G-equivariant (λ, µ)-twisted D-modules on the double flag variety and B-equivariant
λ-twisted D-modules on the flag variety for any all weights λ, µ. In Section 5.3, we
prove an affinoid version of this equivalence.

Next, in Section 5.4, we enhance the affinoid Beilinson-Bernstein equivalence
proven by Ardakov and Wadsley in [5] to the equivariant setting. We further prove
that any two-sided ideal in the affinoid enveloping algebra is G-equivariant when
viewed as a bimodule over the affinoid enveloping algebra.

In Section 5.5, we compute global sections under the affinoid pullback functor
defined in Section 5.3. Finally, in Section 5.6, we prove an affinoid version of Duflo’s
theorem.

Conventions

Throughout this chapter, except otherwise stated, R will denote a mixed charac-
teristic (0, p) complete discrete valuation ring with uniformiser π and field of fractions
K. We use || · || to denote the norm of an element in R or K.

Given an R-moduleM , we defineMK := M⊗
R
K. For any R-algebra A and for g a

R-Lie algebra, we define gA := g⊗
R
A; if M is an R-module, we denote MA := M ⊗

R
A.

IfM is a sheaf of R-modules on a topological space Y , we define a sheaf of K vector
spaces on Y ,MK , byMK(U) :=M(U)⊗

R
K for any U ⊂ Y open.

Following [5, definition 2.7], an R-module/sheaf of R-modulesM/M of aK-vector
space/sheaf of K-vector spaces V/V will be called a lattice if

M ⊗
R
K ∼= V/M⊗

R
K ∼= V and ∩n∈N∗ πnM = 0/ ∩n∈N∗ πnM = 0.

We will use ⊗̂ to denote the completed tensor product, see [54, 0AMU] for defini-
tion. We will assume that all the filtrations appearing are exhaustive. Given a filtered
A with filtration FiA, i ∈ Z, we will use grA to denote the associated graded ring
with respect to the filtration. Further, for any ring A, Z(A) will denote its centre.
We will use the notation (Vi) to denote a set of objects indexed by the non-negative
natural numbers.
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Lastly, given f : X → Y a map of schemes, we will use f ∗ to denote the pullback
in the category of O and D-modules and f−1, f∗ to denote the inverse/direct image
sheaf.

5.2 Affinoid enveloping algebras and Verma modules

From now on, till the end of the chapter, we will assume that R is a complete mixed
characteristic (0, p) discrete valuation ring with field of fractions K, uniformiser π
and residue field k.

For a deformable R-algebra A and n ∈ N∗, we denote An := Aπn the πn-th
deformation of A.

5.2.1 Background on affinoid enveloping algebras

In this subsection, we recall the main construction and results concerning affinoid
enveloping algebras.

Let G be a connected, simply connected, split semisimple, smooth affine algebraic
group scheme over SpecR. Denote g the Lie algebra of G. The Lie algebra g is
a linear G representation via the Adjoint action; see [36, II.1.12] for details. In
particular the functor of points G(R) acts on g. Using the functoriality one may
extend this action to the enveloping algebra U(g). For example, if we consider a
monomial x1x2 . . . xn ∈ U(g), with xi ∈ g, we get that for each g ∈ G(R) we have

g · x1x2 . . . xn = (g · x1)(g · x2) . . . (g · xn).

It follows that the action of G(R) preserves the standard PBW filtration on U(g).
Consider the corresponding comodule structure on O(G) induced by the action of G
and let ρ : U(g)→ O(G)⊗U(g) be the defining map. It follows from the definition of
the G(R) action that the comodule map satisfies ρ(ab) = ρ(a)ρ(b) for any a, b ∈ U(g).

Let H be a fixed maximal torus for G and Φ the corresponding root system, and
xα : Ga → G and eα := (dxα)(1) ∈ g be the root homomorphism and root vector
corresponding to a root α ∈ Φ.

Lemma 5.2.1 ([6], Lemma 4.1). Let r ∈ R and a ∈ Φ. Then the following hold:

1. For every G module M , the action of emα
m!

preserves M .
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2. For all b ∈ U(g), there exists i ≥ 1 such that ad(reα)i

i!
· b = 0.

3. xα(r) · a =
∑∞

m=0
ad(reα)m

m!
(a) for all a ∈ U(g).

Definition 5.2.2. Let A be an R-algebra. The π-adic completion of the R-algebra A
is defined to be Â = lim

←−
A/πiA.

Let u1, u2, . . . ud be a free R-basis of g. Then as a vector space we have◊�U(g)n,K = {
∑
α∈Nd

λαu
α : λα ∈ K, π−n|α|λα → 0 as |α| → ∞}. (5.1)

Here for a d-tuple α = (α1, α2, . . . αd), we define |α| =
∑d

i=1 αi and
uα = uα1

1 u
α2
2 . . . uαdd .

By functoriality, the Adjoint action ofG on U(g) extends to aG-action on ◊�U(g)n,K .
The following proposition extends the classical results for enveloping algebras defined
over a field of characteristic 0.

Lemma 5.2.3. [6, Corollary 4.3]

i) Every two sided ideal in ◊�U(g)n,K is preserved by G(R).

ii) For any z ∈ Z(◊�U(g)n,K) and for any g ∈ G(R), we have g · z = z.

One may wonder if the converse of Lemma 5.2.3 ii) also holds. Classically, we
have Z(U(gK)) ∼= U(gK)G. The following theorem states that the result carries in
the affinoid setting:

Theorem 5.2.4. [6, Theorem 4.4] We have Z(◊�U(g)n,K) ∼= ◊�U(g)Gn,K .

Recall that H ⊂ B− is a split maximal torus in G contained in B−. The unipotent
radical N− of B− will be considered as generated by negative roots corresponding to
the adjoint action of H on G. Furthermore, let N+ be the unipotent radical of the
opposite Borel group B+ containing H. Let h, b−, n−, n+, b+ be the Lie algebras
corresponding to the algebraic groups so that we have a decomposition

g = n− ⊕ h⊕ n+.

Let λ : πnh → R be an R-linear character; extend this to an R-linear map
πnb+ → R by pulling along the projection map πnb+ → πnh. Similar to the classical
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case, we denote Kλ the corresponding one dimensional module over Ÿ�U(b+)n,K ; the
Lie algebra b+ acts on Kλ via the corresponding map πnb+ → R and we may extend
this action to the whole algebra Ÿ�U(b+)n,K .

Definition 5.2.5. The affinoid Verma module with highest weight λ is defined to be’M(λ) := ◊�U(g)n,K ⊗⁄�U(b+)n,K

Kλ.

Notice that affinoid Verma modules are non-trivial for hK-weights induced by
weights of πnh; for a general hK-weight, a unit in ◊�U(g)n,K may annihilate the affinoid
Verma module. It is clear by construction that, similarly to the classical case, the
affinoid Verma modules are cyclic: ’M(λ) is generated by vλ = 1 ⊗⁄�U(b+)n,K

1.

The centre Z(gK) of U(gK) acts on the classical Verma module defined byM(λ) :=

U(gK) ⊗
U(b+K)

Kλ by a character χλ : Z(gK)→ Kλ. As ’M(λ) contains M(λ) as a dense

subset the action of Z(gK) on ’M(λ) also factors through χλ. In [6], the authors
compute the annihilator of the affinoid Verma module ’M(λ).

Theorem 5.2.6. [6, Theorem 4.6] If p is a very good prime for G then the annihilator
of the affinoid Verma module ’M(λ) inside ◊�U(g)n,K is“Iλ := kerχλ◊�U(g)n,K .

For the rest of section we fix a R-linear map λ : πnh→ R and let ’M(λ) and M(λ)

be the affinoid respectively classical Verma module of weight λ. In the next subsec-
tions, we prove there is an explicit one-to-one correspondence between submodules of’M(λ) and submodules of M(λ).

5.2.2 The height function

For the semisimple Lie algebra g, let ∆ denote the set of simple positive roots and
Φ+ the set of positive roots. For any root α, we will denote α∨ the corresponding
coroot. In the Killing form identification of h and h∗ the coroot α∨ corresponds to
hα ∈ h.

Definition 5.2.7. Let β ∈ Φ+ be a positive root. Then β =
∑

α∈∆ cαα, with cα ∈ Z+

determined uniquely, see [34, section 0.2] for details. We define the height of β to be

ht(β) :=
∑
α∈∆

cα.
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We now extend this definition to monomials in the universal enveloping algebra
using the correspondence between roots and root vectors. Fix an order between the
positive roots and let e1, e2 . . . , em the corresponding order between root vectors. For
a root vector ei, we define the height, ht(ei), to be the height of the root corresponding
to ei.

Definition 5.2.8. For a1, a2 . . . am ∈ N, let eA := ea11 e
a2
2 . . . eamm ∈ U(n+) be such that

ei ∈ n+. Then we define the height of eA to be

ht(eA) :=
m∑
i=1

ai ht(ei).

Let fB = f b11 f
b2
2 . . . f bmm ∈ U(n−) such that fi ∈ n−. Then we define the height of

fB to be

ht(fB) :=
m∑
i=1

bi ht(ei),

where ei is the positive root vector corresponding to fi.

Let ρ be the half sum of positive roots and δ = ρ∨ ∈ h the corresponding coroot.
Let α be a positive root; then by the roots-coroots duality we have α(δ) = ρ(α∨);
furthermore by [34, section 0.6], we have ρ(α∨) = ht(α), therefore we obtain α(δ) =

ht(α).

Lemma 5.2.9. [6, Section 4.7] Let fB = f b11 f
b2
2 · · · f bmm ∈ U(n−) for β ∈ Nm. Then

for any h ∈ h, we have:

h · fBvλ = (λ−
m∑
j=1

bjαj)(h)fBvλ.

For the ease of notation, denote Λ := λ(δ). Setting h = δ in the equation above
we get:

δfBvλ = (λ−
m∑
i=1

biαi)(δ)f
Bvλ = (Λ−

m∑
i=1

bi ht(αi))f
Bvλ = (Λ− ht(fB))fBvλ. (5.2)

As an easy corollary we get:
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Corollary 5.2.10. Let a ∈ N, fB ∈ U(n−). Then:

(δ − Λ + a)(fB)vλ = (a− ht(fB))fBvλ.

Definition 5.2.11. Let M be a U(h)-module and µ ∈ h∗K. We say that m ∈ M has
weight µ if hm = µ(h)m for all h ∈ hK. The set of vectors of weight µ is denoted
Mµ.

The following lemma follows easily from the construction of affinoid Verma mod-
ules:

Lemma 5.2.12. Let N a submodule of ’M(λ). Then Nµ is a finite dimensional vector
space for any µ ∈ h∗K .

5.2.3 Submodules of affinoid Verma modules

Throughout this subsection, we will make free use of the following well known facts:

• U(gK) ∼= U(g)K = U(g)⊗
R
K.

• ’U(g)n is flat over U(g)n and ◊�U(g)n,K is flat over U(g)K .

• Given N a submodule of M(λ), we may view N as a subset of the topological
module ’M(λ). The closure of N inside ’M(λ) is given by

N̂ := N = ◊�U(g)n,K ⊗
U(g)K

N.

• The affinoid Verma module ’M(λ) has a K-topological basis given by fBvλ,
where fB ∈ U(n−); recall that vλ = 1⊗ 1.

We begin by extending our definition of the height function to homogeneous poly-
nomials, homogeneity being given by height. We say that a polynomial in U(n−K) has
height n if all the monomials appearing in its expansion have height n. We also let
M =max(ht(ei)), so that we have the inequality

M |B| ≥ ht(fB) ≥ |B|. (5.3)

By construction, we know that as a vector space
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Ÿ�U(n−)n,K = {
∑
B∈Nm

aBf
B, p−n|B|||aB|| → 0 as |B| → ∞}.

We can reformulate this in terms of height function using equation (5.3):Ÿ�U(n−)n,K = {
∑
B∈Nm

aBf
B, p−n|B|||aB|| → 0 as ht(fB)→∞}.

Let N a closed submodule of ’M(λ) and let ν ∈ h∗. We know by equation 5.2 that
δfBvλ = (Λ − ht(fB))fBvλ so any element of Nν must be of the form Pvλ, where
P ∈ U(n−K) is a homogeneous polynomial of height Λ− ν(δ).

Proposition 5.2.13. Let N be a closed submodule of ’M(λ). Then

N =
⊕
µ∈h∗K

Nµ = N ∩M(λ),

where M(λ) is the Verma module of weight λ.

Fix the closed submodule N and an element u ∈ N , which we write as

u =
∑
B∈Nm

aBf
Bvλ,

with p−n|B|||aB|| → 0 as ht(fB) → ∞. Furthermore, fix Pvλ ∈ Nµ, with P 6= 0 of
height L appearing in the expansion of u. To prove Proposition 5.2.13, it is enough
to prove that Pvλ ∈ N . To do this, we begin by eliminating all the other terms of
height L appearing in the expansion of u. We write u as

u =
∑

B∈Nm,ht(fB)6=L

aBf
Bvλ + Pvλ +

∑
s∈S

Qsvλ,

where S is a set such that Qs has height L and Qsvλ ∈ Nνs for some weight νs 6= µ.
By Lemma 5.2.12, the set S is finite.

Let s ∈ S. As νs 6= µ, there exists hs ∈ hK such that µ(hs) 6= νs(hs). So we
can define an operator HS :=

∏
s∈S(hs − νs(hs)) ∈ U(hK). Since Qs ∈ Nνs , we get

HS · Qsvλ = 0. Therefore applying the operator HS to u we obtain a new element
u′ ∈ N , which can be written as

u′ =
∑

B∈Nm,ht(fB)6=L

bBf
Bvλ +

∏
s∈S

(µ(hs)− νs(hs))Pvλ,
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with p−n|B|||bB|| → 0 as ht(fB)→∞. By our construction
∏

s∈S(µ(hs)−νs(hs)) 6= 0,
so for the ease of notation we set P =

∏
s∈S(µ(hs)− νs(hs))P 6= 0, so that

N 3 u′ =
∑

B∈Nm,ht(fB)6=L

bBf
Bvλ + Pvλ.

To complete the proof we need to define a new set of operators in U(hK). We use
the convention that for x ∈ U(hK) and i ∈ N the symbol

(
x
i

)
will denote

i−1∏
l=0

1

i!
(x− l) ∈ U(hK).

Definition 5.2.14. For i, j ∈ N define εi,j :=
(
δ−Λ+i+j

i

)
∈ U(hK).

Lemma 5.2.15. For B ∈ Nm, we have that εi,jfBvλ =
(
i+j−ht(fB)

i

)
fBvλ.

Proof. We have

εi,jf
Bvλ =

1

i!

i−1∏
l=0

(δ − Λ + i+ j − l)fBvλ

=
1

i!

i−1∏
l=0

(i+ j − l − ht(fB))fBvλ (by Corollary 5.2.10)

=

Ç
i+ j − ht(fB)

i

å
fBvλ.

We are now ready to prove Proposition 5.2.13; recall that it is enough to prove
that for u′ =

∑
B∈Nm,ht(fB)6=L bBf

Bvλ + Pvλ, we have Pvλ ∈ N .

Proof of Proposition 5.2.13. Write u′ as

u′ =
∑

B∈Nm,ht(fB)<L

bBf
Bvλ + Pvλ +

∑
B∈Nm,ht(fB)>L

bBf
Bvλ.

Consider the operator εL−1,0 acting on u′. We get
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N 3 u′′ : = εL−1,0 · u′

=
∑

B∈Nm,ht(fB)<L

Ç
L− 1− ht(fB)

L− 1

å
bBf

Bvλ +

Ç
L− 1− L
L− 1

å
Pvλ+

+
∑

B∈Nm,ht(fB)>L

Ç
L− 1− ht(fB)

L− 1

å
bBf

Bvλ

= b0vλ + (−1)L−1Pvλ +
∑

B∈Nm,ht(fB)>L

Ç
L− 1− ht(fB)

L− 1

å
bBf

Bvλ.

(5.4)

Next, we apply the operator (−1)L(δ−Λ)
L

. We have

N 3 u(3) : =
(−1)n(δ − Λ)

L
· u′′

=
(−1)L

L
[(Λ− Λ)b0vλ + (Λ− L− Λ)(−1)L−1Pvλ+

+ (by 5.2.10)
∑

B∈Nm,ht(fB)>L

(Λ− ht(fB)− Λ)

Ç
(L− 1− ht(fB))

L− 1

å
bBf

Bvλ]

= Pvλ +
∑

B∈Nm,ht(fB)>L

cBf
Bvλ,

(5.5)

for some cB ∈ K with p−n|B|||cB|| → 0 as ht(fB) → ∞. Finally, we consider the
family of operators εi,L where i ∈ N varies. By Lemma 5.2.15, we have that

εi,Lf
Bvλ =

Ç
i+ L− ht(fB)

i

å
fBvλ.

In particular, εi,LPvλ = Pvλ and εi,LfBvλ = 0, for L < ht(fB) ≤ i+L. Therefore,
for any i ∈ N one has

N 3 ui = εi,L · u(3) = Pvλ +
∑

B∈Nm,ht(fB)>i+L

Ç
i+ L− ht(fB)

i

å
cBf

Bvλ.

Since p−n|B|||cB|| → 0 as ht(fB)→∞ and ||
(
i+L−ht(fB)

i

)
|| ≤ 1, we get limi→∞ ui =

Pvλ. Since we assumed that N is closed submodule of ’M(λ), we may conclude that
Pvλ ∈ N , which is the desired result.
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Recall that we aim to prove that there is a one-to-one correspondence between
submodules of affinoid Verma module ’M(λ) and the corresponding classical Verma
module M(λ) where λ : πnh → R is a R-linear map. Define a function F from
submodules of ’M(λ) to submodules of M(λ) sending the submodule N to N ∩M(λ).

Lemma 5.2.16. The function F is injective.

Proof. Let N1, N2 be submodules of ’M(λ) such that

F (N1) = N1 ∩M(λ) = N2 ∩M(λ) = F (N2).

As the induced metric topology on ’M(λ) is complete, any submodule of ’M(λ) is
closed by [33, I.5.5]. Thus, applying Proposition 5.2.13, we obtain N1 = N1 ∩M(λ) =

N2 ∩M(λ) = N2, so N1 = N2. Therefore, the function F is injective.

We aim to prove that F is also surjective. For any ring A, S a subset of A and
M an A-module, we say that M is not S-torsion if there exists m ∈M such that for
all s ∈ S, sm 6= 0.

Proposition 5.2.17. Let λ : πnh → R be an R-linear map and let M be a U(gK)

subquotient of M(λ) that is not 1 + πU(g)-torsion. Then◊�U(g)n,K ⊗
U(gK)

M 6= 0.

To prove this proposition we will need a few additional results. We say that a
right ideal I in a right Noetherian ring A has the Artin-Rees property if for any right
ideal J , there exists n ∈ N∗ such that J ∩ In ⊂ JI.

Proposition 5.2.18. [43, Proposition 4.2.9]

Let A be a right Noetherian ring and I an ideal with the right Artin-Rees property.
Then:

1. 1− I is a right Ore set, so a right denominator set.

2. Writing S for 1 − I, we have IS ⊂ J(AS), where J(•) denotes the Jacobson
radical of a ring and IS and AS denote the sets S−1I and S−1A, respectively.

Corollary 5.2.19. Consider the ideal I = πU(g)n of U(g)n. Then U(g)n1+I
exists

and is non-zero; furthermore πU(g)n1+I
⊂ J(U(g)n1+I

).
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Proof. By [43, Proposition 4.2.6], any ideal generated by normal elements in a right
Noetherian ring has the Artin-Rees property, so in particular we get that the ideal
πU(g)n in U(g)n has the Artin-Rees property. The claim follows from Proposition
5.2.18.

Remark 5.2.20. Notice that as the ring U(g)n is both left and right Noetherian we
get the same results for the left localization. Thus, 1+πU(g)nU(g)n = U(g)n1+πU(g)

by
[43, Corollary 2.1.4].

From now on until the end of the section, S will denote the set 1 + πU(g)n. The
ring U(g)nS has a π-adically negative filtration F• given by

FiU(g)nS = π−iU(g)nS , for i ≤ 0.

Denote ÷U(g)nS the π-adically completion of U(g)nS , i.e. the completion induced
by the filtration F•.

Proposition 5.2.21. ÷U(g)nS is a faithfully flat right U(g)nS -module.

Proof. Since U(g)n is left and right Noetherian, and S is an Ore set, we get that
the ring U(g)nS is also left and right Noetherian. Furthermore, we have that the
ideal inducing the π-adic filtration on U(g)S is generated by a central element, so
by [47, Proposition 3.12], the Rees ring ‡U(g)nS is also left and right Noetherian. By
Corollary 5.2.19, we have F−1U(g)nS ⊂ J(F0U(g)nS), therefore by combining the two
statements, we get that U(g)S is a left Zariski ring as defined in Definition 2.1.16.
The claim follows from Theorem 2.1.17.

Corollary 5.2.22. Let M be a non-zero U(g)n-module that is not S-torsion. Then’U(g)n ⊗
U(g)n

M 6= 0.

Proof. Since M is not S-torsion, we have by localising

0 6= S−1M = S−1U(g)n ⊗
U(g)n

M = U(g)nS ⊗
U(g)n

M.

By Proposition 5.2.21, ÷U(g)nS is faithfully flat over U(g)nS , so÷U(g)nS ⊗
U(g)nS

S−1M 6= 0.
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Recall that all the elements of S are of the form 1+πx, with x ∈ U(g)n, but when
we π-adically complete U(g)nS everything in S becomes a unit, so ÷U(g)nS

∼= ’U(g)n.
We then get:

0 6= ÷U(g)nS ⊗
U(g)nS

S−1M ∼= ’U(g)n ⊗
U(g)nS

S−1M

∼= ’U(g)n ⊗
U(g)nS

U(g)nS ⊗
U(g)n

M

∼= ’U(g)n ⊗
U(g)n

M.

We now apply the results for objects in category O for the enveloping algebra
U(gK). Let λ : πnh→ R be an R-linear map and consider the simple U(gK) module
L(λ)-the unique simple quotient of M(λ)- and view it as a U(g)-module.

Lemma 5.2.23. Let the notations be as above. The module L(λ) is not 1 + πU(g)-
torsion.

Proof. The module L(λ) is cyclic being generated by vλ + N(λ), where N(λ) is the
unique maximal submodule ofM(λ). It is enough to prove that vλ+N(λ) is 1+πU(g)

torsion-free.

Consider the Cartan Lie subalgebra h. We extend the character λ : h→ R to an
R algebra homomorphism λ : U(h) → R. We use the decomposition of U(g) given
by U(g) = (n−U(g) + U(g)n+) ⊕ U(h). Notice that if x ∈ U(g)n+, then xvλ = 0.
Furthermore, if x ∈ n−U(g), then

xvλ ∈ n−KU(n−K)vλ. (5.6)

In fact, one may prove that xvλ is in n−U(n−)vλ, but that requires a messy com-
putation and we do not need this in our argument. Next, for y ∈ U(h), we have

yvλ = λ(y)vλ, where λ(y) ∈ R. (5.7)

Now, let U(g) 3 z = x+ y be such that x ∈ n−U(g) + U(g)n+ and y ∈ U(h). By
equation (5.6) there exists s ∈ n−KU(n−K) such that xvλ = svλ and by equation (5.7),
yvλ = λ(y)vλ. Therefore, we get

(1 + πz) · (vλ +N(λ)) = (1 + πs+ πλ(y))vλ +N(λ).
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Proving that (1 + πz)vλ +N(λ) 6= 0 is equivalent to (1 + πz)vλ /∈ N(λ). Assume
for a contradiction that (1 +πz)vλ ∈ N(λ). Then (1 +πλ(y))vλ+πsvλ ∈ N(λ). View
(1 + πλ(y))vλ + πsvλ as an element in M(λ). Consider the decomposition of M(λ)

given by

M(λ) = M(λ)λ ⊕M(λ)<λ = Kvλ ⊕M(λ)<λ,

where M(λ)<λ denotes the K-span of all vµ ∈ M(λ)µ with µ < λ. Notice that since
s ∈ n−KU(n−K), we have πsvλ ∈ M(λ)<λ; furthermore, 1 + πλ(y)vλ ∈ M(λ)λ. Now
since the module N(λ) is itself hK-semisimple, we have

(1 + πλ(y))vλ ∈ N(λ).

By construction, λ(y) ∈ R, so ||πλ(y)|| < 1, thus 1 + πλ(y) is a unit in R.
Therefore, multiplying by its inverse we conclude that vλ ∈ N(λ), so N(λ) = M(λ)

which is the desired contradiction. We conclude that L(λ) is indeed not 1 + πU(g)-
torsion.

As an easy corollary of the Lemma above, using the fact 1 + πU(g)n is a subset
of 1 + πU(g), we obtain:

Corollary 5.2.24. Let the notations as in the previous lemma. View L(λ) as U(g)n-
module. Then L(λ) is not 1 + πU(g)n-torsion.

We may now prove Proposition 5.2.17:

Proof. LetM be a subquotient ofM(λ) and view it as a U(g)n-module. Any subquo-
tient of the Verma module M(λ) has finite length and can be viewed as extension of
modules of the form L(µ). Each L(µ) is not 1+πU(g)n-torsion by Corollary 5.2.24. As
finite extension of modules that are not 1 +πU(g)n-torsion is not 1 +πU(g)n-torsion,
M is not 1 + πU(g)n-torsion. Therefore, by Corollary 5.2.22, we have’U(g)n ⊗

U(g)n

M 6= 0.

As this space has no π-torsion we get

0 6= (’U(g)n ⊗
U(g)n

M)⊗
R
K = (’U(g)n ⊗

R
K) ⊗

(U(g)n⊗
R
K)

(M ⊗
R
K)

= ◊�U(g)n,K ⊗
U(gK)

M.
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We are now able to prove Theorem A:

Theorem 5.2.25. Let λ be a weight in πnh∗ and extend this to a weight λ ∈ h∗K.There
is a one to one correspondence between submodules of ’M(λ) and submodules of M(λ).

Proof. Recall the function F going from submodules of ’M(λ) to submodules ofM(λ)

sending a submodule N to N ∩M(λ). We have already proven in Lemma 5.2.16 that
F is injective, so we only need prove that F is surjective.

Let N be a submodule of M(λ) and let N = “N = ◊�U(g)n,K ⊗
U(gK)

N . Furthermore,

let N ′ = “N ∩M(λ). We aim to prove that N = N ′ = F (“N). By construction we
have that N ⊂ N ′ and by Proposition 5.2.13, “N = ◊�U(g)n,K ⊗

U(gK)
N ′. Assume for a

contradiction that N is strictly included in N ′. Consider the short exact sequence

0→ N → N ′ → N ′/N → 0.

As ◊�U(g)n,K is flat over U(gK) we get a short exact sequence

0→ ◊�U(g)n,K ⊗
U(gK)

N → ◊�U(g)n,K ⊗
U(gK)

N ′ → ◊�U(g)n,K ⊗
U(gK)

N/N ′ → 0, so

0→ “N → “N → ◊�U(g)n,K ⊗
U(gK)

N/N ′ → 0

is a short exact sequence, which implies that ◊�U(g)n,K ⊗
U(gK)

N/N ′ = 0. Finally, by

Proposition 5.2.17, we have ◊�U(g)n,K ⊗
U(gK)

N/N ′ 6= 0, which is the desired contradiction.

One might also try to prove the theorem above using [23, Korollar 1.3.12]; we were
not aware of the existence of this paper at the time of the proof.

Using the theorem above, we obtain immediately:

Proposition 5.2.26. Let λ : πnh → R be an R-linear map. The affinoid Verma
module ’M(λ) has finite length equal to the length of classical Verma module M(λ).

Proof. By Theorem 5.2.25, there is a one to one correspondence between submod-
ules of ’M(λ) and submodules of M(λ). As the module M(λ) has finite length by
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[34, Theorem 1.11], it follows that ’M(λ) also has finite length. Furthermore, the
correspondence is 1-1, so the lengths must be the same.

For λ as in Theorem 5.2.25 we get the following corollaries:

Corollary 5.2.27. An affinoid Verma module ’M(λ) is simple if and only if the
corresponding classical Verma module M(λ) is simple.

Corollary 5.2.28. Any affinoid Verma module has a unique maximal submodule and
a unique simple quotient. The unique simple quotient ‘L(λ) of ’M(λ) is given by‘L(λ) := ◊�U(g)n,K ⊗

U(gK)
L(λ),

where L(λ) denotes the unique simple quotient of M(λ).

Proof. Let N(λ) denote the unique maximal submodule of M(λ). Consider the short
exact sequence

0→ N(λ)→M(λ)→ L(λ)→ 0.

Since ◊�U(g)n,K is flat over U(gK) we obtain a short exact sequence

0→ ◊�U(g)n,K ⊗
U(gK)

N(λ)→ ◊�U(g)n,K ⊗
U(gK)

M(λ)→ ◊�U(g)n,K ⊗
U(gK)

L(λ)→ 0. (5.8)

By construction, ’M(λ) ∼= ◊�U(g)n,K ⊗
U(gK)

M(λ) and by Theorem 5.2.25, one obtains’N(λ) := ◊�U(g)n,K ⊗
U(gK)

N(λ) is the unique maximal submodule of ’M(λ). The claim

now follows from equation (5.8).

Proposition 5.2.29. Let M̂ be a subquotient of ’M(λ). Then M̂ has a finite compo-
sition series and all the simple quotients are of the form ‘L(µ) for some µ ∈ πnh∗.

Proof. The first statement follows directly from Proposition 5.2.26. It is enough to
prove the second statement in the case M̂ = ’M(λ). Let

0 = M̂0 ⊂ M̂1 ⊂ M̂2 ⊂ . . . M̂n = ’M(λ),
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be a composition series for ’M(λ). By Theorem 5.2.25, there exists a composition
series of M(λ)

0 = M0 ⊂M1 ⊂M2 ⊂ . . .Mn = M(λ),

such that M̂i = ◊�U(g)n,K ⊗
U(gK)

Mi for 0 ≤ i ≤ n.

Fix 1 ≤ j ≤ n; it is enough to prove that M̂j/M̂j−1
∼= ‘L(µ) for some µ ∈ h∗.

Consider the short exact sequence:

0→Mj−1 →Mj →Mj/Mj−1.

Since ◊�U(g)n,K is flat over U(gK) we obtain by tensoring on the left a short exact
sequence

0→ M̂j−1 → M̂j → ◊�U(g)n,K ⊗
U(gK)

Mj/Mj−1,

so M̂j/M̂j−1
∼= ◊�U(g)n,K ⊗

U(gK)
Mj/Mj−1. Since Mj/Mj−1 is a simple subquotient of

M(λ), we have Mj/Mj−1
∼= L(µ) for some µ ∈ h∗K by [34, Section 1.11]. This is

induced by some R-linear map µ : πnh → R. The conclusion follows from Corollary
5.2.28.

5.3 An affinoid equivalence of categories à la Borho-
Brylinski

Recall that G is a connected, simply connected smooth affine algebraic group scheme
defined over SpecR with Lie algebra g. We also let B be a closed subgroup of G.
Throughout this section, we retain Assumption 4.3.1; that is we assume that the
quotient scheme X = G/B is an R-variety and the quotient map dB : G → X given
by dB(g) = gB is a locally trivial B-torsor with respect to the action � given by
b � g = gb−1.

5.3.1 Introduction to “D-modules

We use the following convention, for a sheaf of R-modules M, we define its π-adic
completion M̂ := lim

←−
M/πiM.
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Let Y be an R-variety and D be a sheaf of Noetherian rings on Y . Since π-adic
completion preserves Noetherianity we obtain that “D is a sheaf of Noetherian rings.
Thus, a module M over “D is coherent if and only if it is locally finitely generated.
Furthermore, we will use without further comments that ifM is a coherent “D-module,
thenM ∼= lim

←−
M/πiM; this follows from [5, Lemma 5.4]. We also use that for any

i ∈ N∗, we have “D/πi“D ∼= D/πiD. For more background on “D-modules, the reader is
advised to consult [5, Section 5] and [14, Section 3].

In general, it is hard to determine whether a “D-module M is coherent. This is
true for example ifM = “N for some coherent D-module N . In the following, we give
a more general set of sufficient conditions.

Proposition 5.3.1. [14, Lemme 3.2.2] Let D be a ring and I an ideal generated by
finitely many central elements, and let Di = D/I iD, i ∈ N∗. Furthermore, suppose
there exists (Mi) an inverse system of Di-modules such that for j ≥ 2 the canonical
morphisms Mj/π

j−1Mj →Mj−1 are isomorphisms. We let M = lim
←−

Mi. Then:

1. For i ≥ 1 the canonical morphisms

M/I iM →Mi

are isomorphisms.

2. If M1 is finitely generated over D1, then M is finitely generated over “D :=

lim
←−

Di. Furthermore, a generating set for M can be obtained by lifting a gener-
ating set for M1.

Corollary 5.3.2. Let Y be an R-variety and D a sheaf of Noetherian rings on Y .
Further, let (Mi) be an inverse system of coherent modules over D/πiD and suppose
that the connecting maps induce isomorphisms Mi/π

i−1Mi
∼= Mi−1 for all i ≥ 2.

Define
M := lim

←−
Mi.

ThenM is a coherent “D-module andMi
∼=M/πiM for all i ≥ 1.

Proof. The question is local; as “D is a sheaf of Noetherian rings, a module is coherent
if and only if it is locally finitely generated. Let U ⊂ Y be open affine and let
MiU :=Mi(U) and DiU := D(U)/πiD(U), so thatM(U) = lim

←−
MiU .
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SinceMi is coherent as a D/πiD-module, we get that MiU is a finitely generated
DiU -module. By definition, we have MiU/π

i−1M ∼= Mi−1U , so by the second part of
Proposition 5.3.1, we get that M(U) is finitely generated as a “D(U)-module, so M
is indeed a coherent “D-module. For the second part of the statement we have by the
first part of Proposition 5.3.1 that

MiU
∼=M(U)/πiM(U).

As this is true for any open affine and there is a mapM/πiM→Mi, we get the
desired conclusion.

5.3.2 Pullback of “D-modules

Lemma 5.3.3. Let f : Z → Y be a map of smooth R-varieties and let M be a
quasi-coherent OY -module. Then as OZ-modules we have

f ∗(M/πjM) ∼= f ∗(M)/πjf ∗(M), for any j ≥ 1.

Proof. Consider the short exact sequence:

M ·πj−→M→M/πjM→ 0.

The functor f ∗ is right exact, so applying this to the short exact sequence above
we get:

f ∗M f∗(·πj)−−−−→ f ∗M→ f ∗(M/πjM)→ 0.

Finally, notice that f ∗(·πj) = ·πj, so we get that indeed

f ∗M/πjf ∗M∼= f ∗(M/πjM).

For the rest of this section, we fix n a deformation parameter. Let D be a πn-
deformed tdo on an R-variety Y .

Definition 5.3.4. Let f : Z → Y be a map of smooth R-varieties and let M be a
coherent “D-module on Y . Then we define the π-adic pullback ofM to be

f̂#(M) := lim
←−

f#(M/πiM).
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Remark 5.3.5. The inverse limit is considered in the category of presheaves over
Z. By construction, we have that Mi := M/πiM is in particular a D-module, so
f#(Mi) is a f#D-module. Since πiMi = 0, we obtain πif#(Mi) = 0, thus f#(Mi)

is a f#D/πif#D-module. Therefore, we obtain that f̂#(M) has the structure of a‘f#D-module.

Let L be a smooth affine algebraic group locally of finite type defined over SpecR

acting on Y and let D be a πn-deformed L-htdo on Y . We define the notion of
L̂-equivariant “D-modules.

Definition 5.3.6. A L̂-equivariant coherent “D-module is a triple (M, (Mi), (αi))

such that:

1. (Mi) is an inverse system of D-modules and πiMi = 0.

2. For i ∈ N∗, (Mi, αi) ∈ Coh(D, L).

3. For i ≥ 2, the connecting map in the inverse system induces an isomorphism
Mi/π

i−1Mi
∼=Mi−1 of L-equivariant D-modules.

4. M∼= lim
←−
Mi as “D-modules.

A L̂-equivariant morphism between L̂-equivariant “D-modules (M, (Mi), (αi)) and
(N , (Ni), (βi)) is a “D-linear morphism φ : M → N such that there exist compatible
maps φi ∈ HomCoh(D,L)(Mi,Ni) with φ = lim

←−
φi.

We define the category of L̂-equivariant “D-modules to consist of L̂-equivariant
objects and L̂-equivariant morphisms. As before, we will omit the equivariance struc-
ture when it is understood from the context. We denote Coh(“D, L) the category of
L̂-equivariant coherent “D-modules.

Proposition 5.3.7. Let the notation be as above. The category Coh(“D, L) is Abelian.

To prove this proposition, we will need the following lemma:

Lemma 5.3.8. Let A be a π-adically complete Noetherian R-algebra. Let (Mi)i∈N∗

and (Ni)i∈N∗ be inverse systems of A-modules such that πiMi = πiNi = 0 for all
i ∈ N∗ and assume that transition maps induce isomorphisms Mi/π

i−1Mi
∼= Mi−1

and Ni/π
i−1Ni

∼= Ni−1. Let (fi) : (Mi) → (Ni) be a map of inverse systems and
(Ki) = ker(fi). Then Ki/π

i−1Ki
∼= Ki−1.
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Proof. We follow the idea in [54, 087X]. Let M := lim
←−

Mi, N := lim
←−

Ni and f : M →
N the induced map; further let K = ker(f). We have by Proposition 5.3.1 that for
any j ∈ N∗, Mj

∼= M/πjM and Nj
∼= N/πjN , so we may assume that the map

fj : M/πjM → N/πjN is given by fj(m+ πjM) = f(m) + πjN for all m ∈M .

Next, we know by [14, 3.2.3i)] that there exists c ∈ N such that for n ≥ c, we have
πnN ∩ f(M) ⊂ πn−cf(M). In particular, we obtain:

f−1(πnN) ⊂ K + πn−cM. (5.9)

For s, t ∈ N, s ≥ t, we let K ′s,t := im(ker(fs) → Mt). We claim that for a fixed t,
K ′s,t is eventually constant and we denote K ′t this value. We have that for s ≥ t+ c

K ′s,t = f−1(πsN) + πtM/πtM

= K + πtM/πtM (by equation (5.9))
∼= K/K ∩ πtM.

(5.10)

Therefore K ′t = K/K ∩ πtM is the constant value we seek. We claim that for any
n ∈ N the system (K ′t/π

nK ′t)t≥n is eventually constant with value K/πnK. Again,
we have by [14, 3.2.3i)] that there exists d ∈ N such that

K ∩ πuM ⊂ πu−d for any u ≥ d. (5.11)

Therefore we obtain that for t ≥ n+ d

K ′t/π
nK ′t
∼= K/K ∩ πtM/(πnK/K ∩ πtM)

∼= K/(K ∩ πtM + πnK)

∼= K/πnK (by equation (5.11)).

(5.12)

Finally, to prove that K/πnK ∼= Kn for all n ∈ N, we repeat the argument in [54,
087X] to prove that the inverse system (K/πiK) is indeed the the kernel of (fi).

Proof of Proposition 5.3.7. We have by Section 3.9 that the category Coh(D, L) is
Abelian. We view Coh(“D, L) as a full subcategory of the Abelian category of towers
consisting of objects in Coh(D, L). It is easy to see that 0 ∈ Coh(“D, L) and the
category is closed under direct sums. Therefore, we only need to prove that Coh(“D, L)

is closed under kernels and cokernels.
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Let φ : (M, (Mi), (αi)) → (N , (Ni), (βi)) be a map of objects in Coh(“D, L). For
i ∈ N∗, let φi : Mi → Ni be the corresponding map and Ki = ker(φi). Since
Coh(D, L) is Abelian, we have Ki ∈ Coh(D, L); further by construction we have
πiKi = 0 and that (Ki) forms an inverse system of D-modules. Finally, by working
locally and using Lemma 5.3.8, we obtain that for any i ∈ N∗, Ki/πi−1Ki ∼= Ki−1, so
K = kerφ = lim

←−
Ki ∈ Coh(“D, L); the coherence of K follows form Corollary 5.3.2.

A similar argument proves that Coh(“D, L) is closed under cokernels.

Recall that il : X → X×X denotes the inclusion of X into the left copy of X×X.
Further, recall from Theorem 4.3.5 that for a πn-deformed G-equivariant htdo on
X ×X, the functor i#l induces an equivalence of categories between Coh(D, G) and
Coh(i#l D, B). We denote Hl the quasi-inverse of i#l .

Proposition 5.3.9. Let D be a πn-deformed G-equivariant htdo on X×X. The func-
tor îl

#
induces an equivalence of categories between Coh(“D, G) and Coh(

‘
i#l D, B). A

quasi-inverse is given”Hl defined by”Hl(N ) := lim
←−

Hl(N /πiN ) for N ∈ Coh(
‘
i#l D, B).

Proof. Let M ∈ Coh(“D, G) and Mi := M/πiM for i ≥ 1. By construction
Mi ∈ Coh(D, G), so applying Theorem 4.3.5, we obtain Ni := i#l Mi ∈ Coh(i#l D, B).
Further, we have πiNi = 0 since πiMi = 0. By Lemma 5.3.3, Ni/πi−1Ni ∼= Ni−1.
Therefore, we obtain by Corollary 5.3.2 that“N := îl

#M = lim
←−
Ni ∈ Coh(

‘
i#l D, B).

We have by Corollary 5.3.2 that Ni ∼= N /πiN , so we get:

”Hl ◦ îl
#

(M) = ”Hl(N )

∼= lim
←−

Hl(Ni)
∼= lim
←−
Mi (by Theorem 4.3.5)

∼=M.

(5.13)

Thus ”Hl is a left quasi-inverse for îl
#
. A similar argument shows that ”Hl is also

a right quasi-inverse.
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5.3.3 Some category theory lemmas

To prove an affinoid version of the Borho-Brylinski theorem, we need some lemmas
for R-linear Abelian categories.

Throughout this subsection we fix A an R-linear small Abelian category and let
B be the full A-subcategory of π-torsion elements, i.e. ob(B) = {A ∈ A| πn idA =

0 for some n ∈ N} (here idA denotes the identity morphism going from A to A).
We also call a morphism f ∈ Hom(A,B) π-torsion if there exists n ∈ N such that
πnf = 0.

Throughout this subsection we use that in an R-linear category, we have for f ∈
Hom(A,B), g ∈ Hom(B,C) and r ∈ R

r(g ◦ f) = (rg) ◦ f = g ◦ (rf).

Define a new category AK , where ob(AK) = ob(A) and Hom sets given by
HomAK (M,N) := HomA(M,N) ⊗

R
K, for all M,N ∈ ob(A). Furthermore, denote

F the natural functor A → AK .

The aim of this subsection is to establish the following theorem:

Theorem 5.3.10. There exists an equivalence of categories between the quotient cat-
egory A/B and the category AK.

One should notice that apriori it is not clear why the quotient category A/B is
well-defined, so we should begin by proving that B is a Serre subcategory of A. We
start by proving a very useful lemma:

Lemma 5.3.11. Let B ∈ B, C ∈ A and consider morphisms f ∈ Hom(B,C) and
g ∈ Hom(C,B). Then f and g are π-torsion.

Proof. Since B ∈ B, there exists n ∈ N such that πn idB = 0. We have

πnf = πn(idB ◦f) = (πn idB) ◦ f = 0,

so f is indeed π-torsion. A similar argument shows that g is also π-torsion.

Proposition 5.3.12. The category B is a Serre subcategory of A.
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Proof. Consider a short exact sequence:

0→ A
f−→ B

g−→ C → 0.

One needs to prove that B ∈ B if and only if A,C ∈ B.

First assume that B ∈ B. By Lemma 5.3.11, f is π-torsion so there exists n ∈ N
such that πnf = 0, so that

0 = πnf = πn(f ◦ idA) = f ◦ πn idA .

Since f is a monomorphism, we can left cancel to get πn idA = 0, so A ∈ B.

By Lemma 5.3.11, g is π-torsion, so there exists n ∈ N such that πng = 0, so that

0 = πng = πn(idC ◦g) = πn idC ◦g.

As g is an epimorphism, we can right cancel to obtain πn idC = 0, so C ∈ B.

Now assume that A,C ∈ B. By Lemma 5.3.11, f, g are π-torsion so there exist
n1, n2 ∈ N such that πn1f = πn2g = 0. Let n = max(n1, n2) and h := πn idB. We
have

0 = πnf = πn(idB ◦f) = (πn idB) ◦ f = h ◦ f.

0 = πng = πn(g ◦ idB) = g ◦ (πn idB) = g ◦ h.
(5.14)

Since h ∈ Hom(B,B), we have by Lemma 5.3.13 below that h2 = 0, so π2n idB = 0.
Thus B ∈ B.

Lemma 5.3.13. Let C be a small Abelian category and let

0→ A
f−→ B

g−→ C → 0

be a short exact sequence. Let h ∈ Hom(B,B) such that h ◦ f = g ◦ h = 0. Then
h2 = 0.

Proof. By the Freyd-Mitchell embedding we may assume that C = S-mod for some
ring S. In particular, we may assume that A,B and C are Abelian groups. Let
b ∈ B; then g(h(b)) = 0, so h(b) ∈ ker(g) = im(f). Thus, there exists a ∈ A with
f(a) = h(b). Then
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0 = h(f(a)) = h(h(b)),

proving that h2 = 0.

Let S be the collection of B-isomorphisms, i.e. morphisms f in A such that
ker(f) and coker(f) are in B. Then S is a multiplicative system in the sense defined
in [61, Appendix II]. Furthermore, by [61, Example A.1.2], the quotient category
A/B is equivalent to the localised category AS. Denote loc : A → AS the localisation
functor.

Proof of Theorem 5.3.10. By the discussion above, it is enough to prove that there
exists an equivalence of categories betweenAS andAK . By construction, we have that
for any s ∈ S, F(s) is an isomorphism, so by the universal property of localisation
there exists a unique functor G : AS → AK defined by G(s−1f) = F(s)−1F (f) for
any s−1f in HomAS(X, Y ).

We claim that G is an equivalence of categories. It is clear that G is essentially
surjective, so we need to prove that it is fully faithful.

Let φ ∈ HomAK (A,B) = HomA(A,B) ⊗
R
K. Then there exists n ∈ N such that

φ = f ⊗ π−n for some f ∈ HomA(A,B). By construction, we have that πn idB ∈ S,
so we get that

G((πn idB)−1f) = F(πn idB)−1 ◦ F(f)

= (idB ⊗π−n) ◦ (f ⊗ 1)

= f ⊗ π−n

= φ.

(5.15)

Thus, G is indeed full. Lastly, we need to prove that G is faithful. As all the categories
involved are Abelian it is enough to prove that for s−1f ∈ HomAS (X, Y ), if G(s−1f) =

0, then s−1f = 0. Here we assume s ∈ HomA(X ′, X), s ∈ S and f ∈ HomA(X ′, Y ).
We have 0 = G(s−1f)= F(s)−1 ◦ F(f), so F (f) = 0. Therefore, we get that f is
π-torsion, so there exists n ∈ N such that πnf = 0. Then:

f ◦ πn idY = πnf ◦ idY = 0,

and since πn idY ∈ S, we obtain by [44, Lemma 2.1.5] that s−1f = 0. Thus, G is
indeed faithful.
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We finish the subsection by proving a categorical proposition that we will need in
the next subsection.

Proposition 5.3.14. Let F : A → B be an equivalence of Abelian categories. Let
C and D be Serre subcategories of A and B, respectively such that F restricts to an
equivalence F : C → D. Then F induce an equivalence between the quotient categories
A/C and B/D.

Proof. Let qA : A → A/C and qB : B → B/D denote the localisation functors and let
H := qB ◦ F . By assumptions, we have kerH = C, so by [48, Exercise 5, Section 4.4],
there exists a faithful and exact functorH : A/C such thatH◦qA = H = qB◦F . Since
qB ◦F is essentially surjective, we obtain that H is also essentially surjective. Finally,
for any morphism f in B/D, there is a morphism g in A/C, such that H(g) = f , so
H is also full.

5.3.4 Affinoid equivariant equivalence a la Borho-Brylinski

Let Y be an R-variety and L a smooth affine algebraic group locally of finite type
defined over R and D a sheaf of πn-deformed L-equivariant htdo on Y . Recall that
by Proposition 5.3.7 the category of L̂-equivariant coherent “D-modules, Coh(“D, L),
is Abelian.

Definition 5.3.15. Let Y be a quasi-compact R-variety and L an algebraic group
acting on Y . Let Coh(“D, L)π be the full subcategory of Coh(”DY , L) consisting of π-
torsion objects. As Y is quasi-compact this is equivalent to the full subcategory of
Coh(”DY , L) such that all the sections are π-torsion.

Proposition 5.3.16. There is an equivalence of categories between the quotient cat-
egory
Coh(“D, L)/Coh(“D, L)π and the category Coh(“D, L)K.

Proof. This follows directly from Theorem 5.3.10.

Definition 5.3.17. Let Y be a R-variety; recall that D̂K = “D ⊗
R
K. A coherent L̂K-

equivariant D̂K-module is quadruple (M,M0, (Mi), (αi)) such that M0 is a lattice
ofM and (M0, (Mi), (αi)) ∈ Coh(“D, L).

Let (M,M0, (Mi), (αi)) and (N ,N0, (Ni), (βi)) be L̂K-equivariant D̂K-modules
and let φ :M→N be a D̂K-linear morphism. We have by the proof of [14, Proposi-
tion 3.4.5] that
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Hom“D(M0,N0)⊗
R
K ∼= Hom‘DK (M,N ),

so there exists a pair (φ0, x), φ0 ∈ Hom“D(M0,N0) and x ∈ K such that φ = φ0 ⊗ x.
We say that φ is L̂K-equivariant if φ0 is L̂-equivariant.

We denote Coh(D̂K,L) the category of coherent D̂K-modules consisting of L̂K-
equivariant objects together with L̂K-equivariant morphisms.

We will ignore the equivariance structure when it is well understood from the
context and just callM an L̂K-equivariant D̂K-module.

Lemma 5.3.18. Assume that Y is quasi-compact. Then there exists an explicit equiv-
alence of categories between Coh(“D, L)K and Coh(D̂K , L).

Proof. Define F : Coh(“D, L)K → Coh(D̂K , L) by F (M) = M⊗
R
K for any object

M∈ Coh(“D, L)K and

F(f ⊗ x) = f ⊗ x, for all f ⊗ x ∈ Hom(M,N )⊗
R
K.

By construction, it is clear that F is essentially surjective and since the tensors in
Hom(M,N)⊗

R
K are all pure, F is also faithful. Furthermore, it follows by definition

of the morphisms in Coh(D̂K , H) that F is also full.

Until the end of the section, we assume that D is a πn-deformed G-equivariant
htdo on X ×X.

Lemma 5.3.19. The functor îl
#
in Proposition 5.3.9 restricts to an equivalence be-

tween Coh(“D, G)π and Coh(
‘
i#l D, B)π. A quasi-inverse is given ”Hl.

Proof. LetM ∈ Coh(“D, G)π and defineMi :=M/πiM. By definition, there exists
m ∈ N∗ such that for j ≥ m, Mj = M. Let Ni = i#l Mi; we have îl

#M = lim
←−
Ni

and by Corollary 5.3.2, Ni = îl
#M/πiîl

#M. Further by construction, we have that

for j ≥ m, Nj = i#l M, therefore îl
#M∈ Coh(

‘
i#l D, B)π.

An analogous argument proves that for N ∈ Coh(
‘
i#l D, B)π, we have ”Hl(N ) ∈

Coh(“D, G)π. The conclusion follows from Proposition 5.3.9.

We can now prove an equivariant version of Corollary 4.3.11:
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Theorem 5.3.20. There is an equivalence of categories between Coh(D̂K , G) and

Coh(
’
i#l DK , B).

Proof. To simplify the proof, we use ∼= to denote an equivalence of categories. Since
G is affine and the quotient map G→ G/B is surjective, we obtain that X is quasi-
compact, thus so is X ×X. We have by Lemma 5.3.18:

Coh(D̂K , G) ∼= Coh(“D, G)K and Coh(
’
i#l DK , B) ∼= Coh(

‘
i#l D, B)K . (5.16)

Furthermore, we have by Proposition 5.3.16 that

Coh(“D, G)K ∼= Coh(“D, G)/Coh(“D, G)π,

Coh(
‘
i#l D, B)K ∼= Coh(

‘
i#l D, B)/Coh(

‘
i#l D, B)π.

(5.17)

Next, we have by Proposition 5.3.9 that there is an equivalence of categories
îl

#
: Coh(“D, G) ∼= Coh(

‘
i#l D, B) and by Lemma 5.3.19 this restricts to an equiv-

alence Coh(“D, G)π ∼= Coh(
‘
i#l D, B)π, so applying Proposition 5.3.14, we obtain an

equivalence between the quotient categories:

Coh(“D, G)/Coh(“D, G)π ∼= Coh
’
(i#l D, B)/Coh(

‘
i#l D, B)π. (5.18)

Therefore, by combining equations (5.16), (5.17) and (5.18), we get

Coh(D̂K , G) ∼= Coh(
’
i#l DK , B).

Remark 5.3.21. Denote î#l,K the equivalence functor from the category Coh(D̂K , G)

to the category Coh(i#l D̂K , B). LetM∈ Coh(D̂K , G) and letM0 be the corresponding
lattice ofM. Then under the equivalence of categories above we have that

î#l,KM = (îl
#M0)⊗

R
K.

Let us finish the section by proving an affinoid version of Corollary 4.3.16.

Corollary 5.3.22. Let M ∈ Coh(D̂K , G) and assume that Γ(X, î#l,KM) = 0. Then
Γ(X ×X,M) = 0.
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Proof. LetM0 be the corresponding lattice ofM and defineMi :=M0/π
iM0 and

Ni := i#l Mi. By construction, we have N := îl
#M = lim

←−
Ni and by Corollary 5.3.2,

Ni = N /πiN .

By assumption, we know that Γ(X, î#l,KM) = Γ(X,N ) ⊗
R
K = 0. Since N ∈

Coh(“D, L), the sections of N are finitely generated over “D; in particular, there exists
m ∈ N such that πmΓ(X,N ) = 0, so Γ(X, πmN ) = 0.. Since Γ(X,N ) = lim

←−
Γ(X,Ni),

we obtain that for j ≥ m, Γ(X,Nj) = Γ(X,N ), so Γ(X, πmNj) = 0. Therefore, by
applying Corollary 4.3.16, we obtain Γ(X ×X, πmMj) = 0 for j ≥ m, so πmΓ(X ×
X,Mj) = 0. Since Γ(X ×X,M0) = lim

←−
Γ(X ×X,Mj), we conclude that πmΓ(X ×

X,M0) = 0, so Γ(X ×X,M) = Γ(X ×X,M0)⊗
R
K = 0.

5.4 Affinoid equivariant Beilinson-Bernstein locali-
sation

Throughout this section we let G be a connected, simply connected, smooth affine
algebraic group scheme locally of finite type defined over SpecR and we let g = Lie(G)

be its Lie algebra. We also let X be a quasi-compact R-variety on which G acts.

5.4.1 Affinoid localisation mechanism

We fix L a closed subgroup of G and n a deformation parameter. We denote U(g)n

the πn-th deformation of U(g) and we let (D, ig) be a πn-deformed L-htdo on X.
Throughout this section we also make the following assumption:

Assumption 5.4.1. Let M be a coherent D-module. Then Γ(X,M) is a finitely
generated U(g)n-module.

This is a restriction that is always satisfied when D is a πn-deformed tdo on the
flag scheme X (the equivariance does not play any role). This is the case we are
mainly interested in, but we choose the write theory in this more general setting.

Recall that ’U(g)n denotes the π-adic completion of U(g)n; further we denoted◊�U(g)n,K := ’U(g)n⊗
R
K. Similar to Definition 5.3.6, we define the notion L̂-equivariant’U(g)n-modules by extending Definition 4.4.3.
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Definition 5.4.2. A L̂-equivariant ’U(g)n-module is quadruple (M, (Mi), (αi), (ρi))

such that M is a finitely generated ’U(g)n-module, (Mi) is an inverse system of U(g)n-
modules and

• (Mi, αi, ρi) is a finitely generated L-equivariant U(g)n-module and πiMi = 0.

• The transition maps induce isomorphisms Mi/π
i−1Mi

∼= Mi−1 of
L-equivariant U(g)n-modules.

• M ∼= lim
←−

Mi as ’U(g)n-modules.

A morphism between two L̂-equivariant ’U(g)n-modules (M, (Mi), (αi), (ρMi)) and
(N, (Ni), (βi), (ρNi)) is a map of f : M → N of ’U(g)n-modules such that there is
a family of compatible L-equivariant morphisms fi : Mi → Ni such that f = lim

←−
fi.

We call such a morphism L̂-equivariant and denote Modfg(’U(g)n, L) the subcategory of
Modfg(’U(g)n) consisting of L̂-equivariant modules and morphisms. As for equivariant“D-modules, we will omit the equivariance structure when it is clear in the context and
just call M a L̂-equivariant ’U(g)n-module.

We also define the notion of equivariant modules for the ring ◊�U(g)n,K .

Definition 5.4.3. A L̂K-equivariant ◊�U(g)n,K-module is a quintuple
(M,M0, (Mi), (αi), (ρMi)) such that M0 is a lattice for M and
(M0, (Mi), (αi), (ρMi)) ∈ Modfg(’U(g)n, L).

Next, let (M,M0, (Mi), (αi), (ρMi)) and (N,N0, (Ni), (βi), (ρNi)) be L̂K-equivariant◊�U(g)n,K-modules, and let f : M → N be a ◊�U(g)n,K linear morphism. As M and N
are finitely generated, we have

Hom÷U(g)n
(M0, N0)⊗

R
K ∼= HomŸ�U(g)n,K

(M,N),

so there exists f0 : M0 → N0 and x ∈ K such that f = f0 ⊗ x. We say that f
is L̂K-equivariant if f0 is L̂-equivariant. Denote Modfg(◊�U(g)n,K , L) the subcategory
of finitely generated ◊�U(g)n,K modules consisting of L̂K-equivariant objects along with
L̂K-equivariant morphisms. We will ignore the equivariance structure when it is well
understood from the context.

Before stating the affinoid localisation mechanism, we need one more lemma:
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Lemma 5.4.4. Let B be a Noetherian R-algebra and A a finitely generated B-module.
Let Ai = A/πiA, Bi = B/πiB, Â = lim

←−
Ai, B̂ = lim

←−
Bi. Further, let Ci be a inverse

system of Bi-modules and C = lim
←−

Ci. Assume that Ci = C/πiC. Then:

lim
←−

(Ai ⊗
Bi
Ci) ∼= Â⊗

B̂

C.

Proof. Since B is a Noetherian R-algebra, we have Â ∼= A⊗
B
B̂, so

Â⊗
B̂

C ∼= A⊗
B
B̂ ⊗

B̂

C ∼= A⊗
B
C.

Consider the exact sequence

C
·π−→ C → C/πiC → 0.

Since tensor product is right exact, one obtains:

A⊗
B
C
·π−→ A⊗

B
C → A⊗

B
Ci → 0.

Therefore, we get

[A⊗
B
C/πi(A⊗

B
C)] ∼= A⊗

B
Ci ∼= Ai ⊗

Bi
Ci.

The claim follows since A⊗
B
C is π-adically complete.

Recall by Definition 4.2.5 that there exists a map ig : U(g)n → D. By functoriality,
the map ig : U(g)n → D induces a map îg : ’U(g)n → “D and thus a map îg : ◊�U(g)n,K →
D̂K .

Definition 5.4.5. We define two functors:

Loc : Mod(◊�U(g)n,K)→ Mod(D̂K), Loc(M) = D̂K ⊗Ÿ�U(g)n,K

M,

Γ : Mod(D̂K)→ Mod(◊�U(g)n,K), Γ(M) = Γ(X,M).

(5.19)

Proposition 5.4.6.

i) Let M ∈ Modfg(◊�U(g)n,K , L). Then Loc(M) ∈ Coh(D̂K , L).
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ii) LetM∈ Coh(D̂K , L). Then Γ(X,M) ∈ Modfg(◊�U(g)n,K , L).

Proof. Let M0 be the lattice of M such that M0 ∈ Mod(’U(g)n, L). Then

(“D ⊗÷U(g)n

M0)⊗
R
K ∼= D̂K ⊗Ÿ�U(g)n,K

M ∼= Loc(M),

soM := “D ⊗÷U(g)n

M0 is a lattice for Loc(M), so we need to proveM is L-equivariant.

Let Mi = M0/π
iM0 and Mi := D ⊗

U(g)n
Mi. Then, we have by applying Lemma

5.4.4 that M ∼= lim
←−
Mi. Fix i ∈ N∗; by construction we have πiMi = 0; next, by

definition we have that Mi is a L-equivariant finitely generated U(g)n-module, soMi

is a quasi-coherent L-equivariant D-module by Proposition 4.5.1. Since Mi is finitely
generated as a U(g)n-module, by picking a presentation of Mi we obtain thatMi is
also coherent.

Finally, consider the short exact sequence:

Mi
·π−→Mi →Mi−1 → 0.

Since tensor product is right exact, we get a short exact sequence:

D ⊗
U(g)n

Mi
·π−→ D ⊗

U(g)n
Mi → D ⊗

U(g)n
Mi−1 → 0,

soMi/π
i−1Mi

∼=Mi−1. Thus, we proved thatM is indeed L-equivariant, so Loc(M)

is also L-equivariant. This proves the first statement.

On the other hand, consider M ∈ Coh(D̂K , L) and let M = Γ(X,M). Further,
let M0 ∈ Coh(“D, L) be the corresponding lattice of M and M0 = Γ(X,M0). By
construction M0 ⊗

R
K ∼= M , so it is enough to prove that M0 is L-equivariant. Let

Mi := M/πiM, Mi := Γ(X,Mi). Since M is coherent, we have M ∼= lim
←−
Mi, so

M0 = lim
←−

Mi. Further, Mi/π
i−1Mi

∼= Mi−1 and πiMi = 0 for all i ∈ N, so we are left
to prove that Mi’s are L-equivariant finitely generated U(g)n-modules.

Since M0 ∈ Coh(“D, L), we obtain by construction and Corollary 5.3.2 that for
all i ∈ N∗, Mi is a L-equivariant coherent D-module. Then by Proposition 4.5.4
and Assumption 5.4.1 we obtain that for all i ∈ N∗, Mi is a L-equivariant finitely
generated U(g)n-module. This concludes the proof.
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5.4.2 Applications of the localisation mechanism

Throughout this subsection, we assume that G is a connected, simply connected, split
semisimple, smooth affine algebraic group scheme over SpecR. We also let X = G/B

denote the flag scheme which is a quasi-compact R-variety. Fix n a deformation
parameter and g = n− ⊕ h⊕ n+ a Cartan decomposition of g = Lie(G). Further, we
fix λ : πnh → R an R-linear map and denote Rλ the corresponding U(h)n-module.
By [5, Section 6.10] we have an induced map (U(g)G)n → U(h)n and we view Rλ

as a (U(g)G)n-module via this map. We also let Kλ := Rλ ⊗
R
K the corresponding◊�U(g)Gn,K-module. We make the following definitions:

• U(g)λn := U(g)n ⊗
(U(g)G)n

Rλ,

• ’U(g)λn := lim
←−

U(g)λn/π
iU(g)λn and

• ◊�U(g)λn,K := ’U(g)λn ⊗
R
K.

We should remark that by [5, Theorem 6.10a)], ◊�U(g)λn,K
∼= ◊�U(g)n,K ⊗Ÿ�U(g)Gn,K

Kλ, so

in particular ◊�U(g)λn,K is a quotient of ◊�U(g)n,K .

We also let Dλn be as in [5, Section 6.4]. This coincides with Dλ,πn as defined in

Definition 4.5.14. By [5, Theorem 6.10b)] one has Γ(X, ‘Dλn,K) ∼= ◊�U(g)λn,K . We define
a localisation functor

Locλ : Modfg(
◊�U(g)λn,K)→ Coh(‘Dλn,K) Locλ(M) := ‘Dλn,K ⊗Ÿ�U(g)λn,K

M.

We say that λ ∈ h∗K is dominant if (λ + ρ)(h) ≥ 0 for any positive coroot h ∈ h.
Given λ : πnh → R, we say that λ is dominant if the corresponding root λ ∈ h∗K is
dominant. We say that λ : πnh→ R is regular if the corresponding λ ∈ h∗K is regular,
i.e. the stabiliser of the Weyl group action on λ is trivial.

In [5], the authors prove an affinoid version of Beilinson-Bernstein localisation:

Theorem 5.4.7. [5, Theorem C] [3, Theorem 5.3.13] Let λ : πnh → R be a dom-
inant weight. The functor Γ is exact and the functors Locλ and Γ induce quasi-
inverse equivalences of categories between Modfg(

◊�U(g)λn,K) and the quotient category

135



Coh(‘Dλn,K)/ ker Γ. In case λ is also regular, then ker Γ = 0 whenever n > 0 or p is a
very good prime for G.

We should remark that the part of the proof where λ is dominant does not require
p to be a very good prime for G. The restriction on p has been removed in [3, Theorem
5.3.13] provided that n > 0.

We may prove an equivariant version of the affinoid localisation theorem.

Theorem 5.4.8. Let L be a closed subgroup of G and let λ : πnh → R be a domi-
nant weight. The functors Locλ and Γ induce quasi-inverse equivalences of categories
between Modfg(

◊�U(g)λn,K , L) and the quotient category Coh(‘Dλn,K , L)/ ker Γ. In case λ
is also regular, then ker Γ = 0 whenever n > 0 or p is a very good prime for G.

Proof. By Theorem 5.4.7, it is enough to prove that Locλ and Γ preserve the L-
equivariance. We have by Corollary 4.5.15 that Dλn is a πn-deformed G-htdo, so in
particular it is πn-deformed L-htdo. Further, we have by [5, Proposition 5.15] that
Dλn satisfies Assumption 5.4.1. The claim follows from Proposition 5.4.6 since ◊�U(g)λn,K

is a quotient of ◊�U(g)n,K .

As a corollary we obtain:

Corollary 5.4.9. Let M ∈ Modfg(
◊�U(g)λn,K). Then

Γ(X,Locλ(M)) ∼= M.

In the next section, we will apply Theorem 5.4.8 in two cases: B is a Borel
subgroup of a G and G ∼= Gd = {(g, g)|g ∈ G} is the diagonal subgroup of G×G.

5.4.3 Equivariance of two-sided ideals

We keep the notation from the previous section. The Lie algebra of the algebraic
group G×G is given by Lie(G×G) = Lie(G)×Lie(G) = g×g. We aim to prove that
any two-sided ideal in ◊�U(g)n,K is G-equivariant when viewed as ¤�U(g× g)n,K-module.
Here we view G as the diagonal subgroup of G × G. To avoid confusion, we denote
this group Gd.

Recall that the enveloping algebra U(g) is a G-representation. In particular, the
group G(R) acts on U(g) via the Adjoint action inducing a comodule map
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ρ : U(g)→ O(G)⊗ U(g).

Further, since the G-action preserves U(g)n, the map ρ restricts to a comodule
map ρ : U(g)n → O(G) ⊗ U(g)n. Let ’O(G) := lim

←−
O(G)/πiO(G) denote the π-adic

completion of the Hopf algebra O(G) corresponding to the group G. Using the fact
that the π-adic completion is a functor, we obtain a map

ρ̂ : ’U(g)n →’O(G)⊗̂’U(g)n,

where ⊗̂ denotes the completed tensor product.

Definition 5.4.10. We say that a two-sided ideal I in ’U(g)n is π-closed if the quotient’U(g)n/I is π-torsion-free.

For the rest of this subsection, we let I a π-closed two-sided ideal in ’U(g)n.

By construction, we have that g · x = ρ̂(x)(g), for all g ∈ G(R), x ∈ ’U(g)n, so
applying [6, Corollary 4.3], we obtain

ρ̂(x)(g) = g · x ∈ I, for all g ∈ G(R), x ∈ I. (5.20)

For each g ∈ G(R) consider the map εg : ’O(G) → R, εg(f) := f(g) and let q :’U(g)n → ’U(g)n/I denote the natural projection. Consider the following commutative
diagram: ’O(G)⊗̂’U(g)n ’O(G)⊗̂’U(g)n/I

R⊗̂’U(g)n R⊗̂’U(g)n/I.

εg⊗̂ id

id⊗̂q

εg⊗̂ id

id⊗̂q

(5.21)

By equation (5.20), we have that (id ⊗̂q) ◦ (εg⊗̂ id) ◦ ρ̂(i) = 0, for all i ∈ I and
g ∈ G(R), therefore we obtain

(εg⊗̂ id) ◦ (id ⊗̂q) ◦ ρ̂(i) = 0 for all g ∈ G(R), i ∈ I. (5.22)

Let ’K(G) := ’O(G) ⊗
R
K. We wish to prove that the Jacobson radical of ’K(G)

is 0, and if f ∈ ’O(G), viewed as an element of ’K(G), is such that εg(f) = 0 fo all
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g ∈ G(OL) and all L/K finite extensions, then f is in the intersection of all maximals
ideals of ’K(G). By combining the results, we obtain f = 0.

Proposition 5.4.11. The Jacobson radical of ’K(G), J(’K(G)), is 0.

Proof. Any free Tate algebra over a non-archimidean field K is a Jacobson ring by
[18, Proposition 3.1.3]; in particular as ’K(G) = K〈x1, x2, . . . xn〉/J is a quotient of a
free Tate algebra by some closed ideal J , we have J(’K(G)) =nilradical(’K(G)), so it
suffices to prove that nilradical(’K(G))=0.

As G is a reductive connected group scheme, we have by [36, II.1.9 (4)] that
O(G) is an integral domain, therefore k(G) := O(G) ⊗

R
k is also an integral domain.

Consider the π-adic filtrations on O(G) and ’O(G); we have by the properties of π-adic
completions

gr(÷O(G)) = gr(O(G)) ∼= (gr R)(G).

As (gr R) is a polynomial ring over k and k(G) is an integral domain, we obtain
that gr(’O(G)) is an integral domain, so ’O(G) is an integral domain. Therefore,’K(G) = ’O(G)⊗

R
K is an integral domain, so in particular ’K(G) has trivial nilradical.

Proposition 5.4.12. Let f ∈’O(G) such that εg(f) = 0 for all g ∈ G(OL) and all L
finite extensions of K. Then f = 0.

Proof. View f as an element of ’K(G). Further, let K〈x1, x2 . . . , xn〉 be a free Tate
algebra projecting onto ’K(G) via a map denoted φ; let J = kerφ. Finally, let
m ⊂’K(G) be a maximal ideal of ’K(G); we aim to prove that f ∈ m.

As m ⊂ ’K(G) is maximal, φ−1(m) is a maximal ideal in K〈x1, x2 . . . , xn〉, so we
get an induced map ζ : ’K(G)/m → K〈x1x2 . . . xn〉/φ−1(m). Further, we have by
[18, Corollary 2.2.12], K〈x1, x2, . . . , xn〉/φ−1(m) ∼= L, where L is a finite extension
of K. The image of f under the composition of the maps (call this composition
η : ’O(G)→ L) lies into the ring of integers of L, OL.

By [20, Example 1.8 ii)], there is a correspondence between maps from ’K(G)

to L and the zero locus of a system of generators for the ideal defining J (recall’K(G) = K〈x1, x2 . . . , xn〉/J) inside OnL. Therefore, as εg(f) = 0 for all g ∈ G(OL),
we obtain η(f) = 0. Consider the composition defining η:’K(G)→’K(G)/m→ K〈x1, x2 . . . xn〉/φ−1(m) ∼= L.
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As m is a maximal ideal, ’K(G)/m is a field, so the map ’K(G)/m → L is an
injection. Thus, as η(f) = 0, one obtains that f ∈ m. In conclusion, f lies in all
the maximal ideals of ’K(G), i.e. f ∈ J(’K(G)); applying Proposition 5.4.11, we get
f = 0.

Theorem 5.4.13. Let I be a π-closed two-sided ideal in ’U(g)n. Then ρ̂(I) ⊂’O(G)⊗̂I.

Proof. Consider the composition map (εg⊗̂ id) ◦ (id ⊗̂q) ◦ ρ̂ : I → R⊗̂’U(g)n/I. By
equation (5.22), we know that for all i ∈ I, (εg⊗̂ id) ◦ (id ⊗̂q) ◦ ρ̂(i) = 0.

Let IK = I ⊗
R
K and notice that IK is a two-sided ideal in ◊�U(g)n,K . As I is a

π-closed ideal, the space ’U(g)n/I has no π-torsion, so we obtain’U(g)n/I ⊗
R
K ∼= ◊�U(g)n,K/IK .

The space ◊�U(g)n,K/IK is a K-Banach space that has a countably dimensional
dense subspace consisting of elements of the form x + IK , x ∈ U(gK). Therefore,
applying [51, Proposition 10.4], we get that ◊�U(g)n,K/IK has a countable topological
K-basis, so ’U(g)n/I has a countable topological R-basis; denote this basis {yi|i ∈ N}.
Another way to see the existence of this basis is that the space ◊�U(g)n,K/IK is a
separable K-Banach space, so it has a Schauder basis.

Consider an element a =
∑∞

i=1 fi⊗̂yi ∈ ’O(G)⊗̂’U(g)n. Then we have for all
g ∈ G(R),

0 = (εg⊗̂ id)(
∞∑
i=1

fi⊗̂yi) =
∞∑
i=1

fi(g)yi.

As yi’s form a topological basis of ’U(g)n, we obtain

εg(fi) = 0 for all g ∈ G(R), i ∈ N. (5.23)

Now, let A be π-adically complete commutative R-algebra finitely generated as
an R-module. For g ∈ G(A) let εg : ’A(G)→ A denote the evaluation map by abusing
notation.

Recall that ’U(g)n is a G-representation by extending the Adjoint action of G on
g. Consider the set I ⊗

R
A inside ◊�U(g)n,A := ’U(g)n⊗

R
A. Notice that since A is finitely
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generated as an R-module, we only need to take the standard tensor product, not the
completed one. Let x1 ⊗ y1 be a simple tensor in ◊�U(g)n,A and x2 ⊗ y2 be a simple
tensor in I ⊗

R
A. Then

(x1 ⊗ y1)(x2 ⊗ y2) = x1x2 ⊗ y1y2.

As x2 ∈ I and I is a two-sided ideal x1x2 ∈ I, so (x1 ⊗ y1)(x2 ⊗ y2) ∈ I ⊗
R

A. Extending this to non-simple tensors, taking in account all the possible ways to
represent elements in I ⊗

R
A and ◊�U(g)n,A as sums of simple tensors, we get that I ⊗

R
A

is a left ideal in ◊�U(g)n,A. By symmetry it is also a right ideal, so I ⊗
R
A is indeed

a two-sided ideal in ◊�U(g)n,A. As ’U(g)n is a G-representation and G(R) preserves I,
G is a flat group scheme, we deduce that I is a G-subrepresentation of ’U(g)n, so
G(A) · (I ⊗

R
A) ⊂ I ⊗

R
A. Therefore, by base changing equation (5.23) to A we get

εg(fi) = 0 for all g ∈ G(A), i ∈ N. (5.24)

In particular we get that the result is true for any OL, where L is a finite extension
of K. Applying Proposition 5.4.12, we obtain fi = 0 for all i ∈ N. Thus, we have
obtained that a = 0, so (id ⊗̂q) ◦ ρ̂(i) = 0, which implies

ρ̂(i) ∈ ker(id ⊗̂q) = ’O(G)⊗̂I.

Therefore, ρ̂(I) ⊂’O(G)⊗̂I.

Let τ be the principal anti-automorphism of U(g) induced by x → −x for all
x ∈ g. We use xτ to denote τ(x). For all x1, x2 . . . xn ∈ g, we have

(x1x2 . . . xn)τ = (−1)nxnxn−1 . . . x2x1.

We define the action of the ring Ÿ�U(g× g)n ∼= ’U(g)n⊗̂’U(g)n on ’U(g)n via

(a⊗ b)x = bxaτ , for all a, b, x ∈ ’U(g)n.

Let m : (’U(g)n⊗̂’U(g)n)⊗̂’U(g)n → ’U(g)n denote the action map. The set of
submodules of ’U(g)n under this action coincide with the set of two-sided ideals. The
group G×G acts on ’U(g)n⊗̂’U(g)n via the adjoint action:
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(g1, g2) · (x⊗̂y) = (Ad(g1)x⊗̂Ad(g2)y).

In particular we get an action of the group Gd
∼= G. Let

ρ̂bimod : ’U(g)n⊗̂’U(g)n →’O(G)⊗̂’U(g)n⊗̂’U(g)n

be the corresponding comodule map.

Finally, let gd = Lie(Gd). It embeds into ’U(g)n⊗̂’U(g)n via x 7→ x⊗̂1 + 1⊗̂x for
all x ∈ gd.

Proposition 5.4.14. Let I be a π-closed two-sided ideal in ’U(g)n. Then, I ∈
Mod(Ÿ�U(g× g)n, Gd).

Proof. By abuse of notation let ρ̂ : I →’O(G)⊗̂I be the restriction of ρ̂ to I induced
by the Ad action; by Theorem 5.4.13 this map is well defined. Furthermore, since the
ring ’U(g)n⊗̂’U(g)n is Noetherian, I is also finitely generated. Let

ρ̂tensor : ’U(g)n⊗̂’U(g)n⊗̂I →’O(G)⊗̂’U(g)n⊗̂’U(g)n⊗̂I

be the comodule map induced by ρ̂ and ρ̂bimod. To prove that the multiplication m
is a morphism of comodules it is enough to prove that for all g ∈ G, x, y ∈ ’U(g)n, u ∈
I.

Ad(g) · ((x⊗̂y) · u) = (Ad(g)x⊗̂Ad(g)y) · (Ad(g)u)

We have:

Ad(g) · ((x⊗̂y) · u) = Ad(g)(yuxτ )

= Ad(g)yAd(g)uAd(g)xτ

= Ad(g)yAd(g)u(Ad(g)x)τ

= (Ad(g)x⊗̂Ad(g)y) · (Ad(g)u).

(5.25)

Next, the differentiation of the Ad action is the ad action which coincides with
the action of the Lie Algebra gd. (*)

Now, consider Ii = I/πiI. Then it is easy to see that Ii is finitely generated as
U(g×g)n ∼= U(g)n⊗U(g)n-module (here U(g)n⊗U(g)n acts on Ii via (x⊗y)·(u+πiI) =
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xuyτ + πiI), πiIi = 0 and I = lim
←−

Ii. The map ρ̂ : I →’O(G)⊗̂I descends to a map
ρi : Ii → O(G)⊗Ii which is compatible with the action map since ρ̂tensor is a comodule
homomorphism. Finally, by (*) the differentiation of the Ad action descend to Ii, so
Ii is indeed a Gd-equivariant U(g)n ⊗ U(g)n-module. Thus, we have proven all the
conditions required to make I a Ĝd-equivariant Ÿ�U(g× g)n-module.

We may now prove an affinoid version of Proposition 4.4.4.

Corollary 5.4.15. Let J be a two-sided ideal in ◊�U(g)n,K. Then

J ∈ Modfg(¤�U(g× g)n,K , Gd).

Proof. Clearly, J is finitely generated since ¤�U(g× g)n,K is a Noetherian ring. Let
I = J ∩’U(g)n. It is easy to see that I is a two sided ideal in ’U(g)n; we claim it is
π-closed. Suppose there exists x ∈ ’U(g)n and n ∈ N∗ such that πn(x + I) = 0 + I.
Then we obtain πnx ∈ I ⊂ J . Since J is a two-sided ideal in ◊�U(g)n,K , we have x ∈ J .
By the construction of I, we obtain x ∈ I, i.e. x+ I = 0 + I, so I is indeed π-closed.
Therefore, by applying Proposition 5.4.14, we obtain I ∈ Mod(Ÿ�U(g× g)n, Gd).

To finish the proof, we need to prove that I is a lattice for J . Notice that I⊗
R
K ⊂

J . Let x ∈ J ; there exists n ∈ N such that πnx ∈ ’U(g)n, so πnx ∈ I. Thus
x = πnx ⊗

R
π−n ∈ I ⊗

R
K, so J = I ⊗

R
K. Finally, since ∩∞i=1

’U(g)n/π
i’U(g)n = 0 we

obtain that ∩∞i=1I/π
iI = 0, so I is indeed a lattice for J .

5.4.4 Ideals with a given central character

We now specialise to ideals in ◊�U(g)n,K with a given central character. The Cartan
subalgebra of g × g is given by h × h, so picking a weight ν : πn(h × h) → R is the
same as picking a pair of weights (λ, µ) where λ, µ : πnh→ R.

Proposition 5.4.16. We have U(g× g)λ,µn,K

∧
∼= U(g)λn,K

∧

⊗̂
K
U(g)µn,K

∧

.

We need the following Lemma:

Lemma 5.4.17. Let A and B be complete normed K-algebras and I, J be closed
two-sided ideals in A and B, respectively. Then

A⊗̂
K
B/(I⊗̂

K
B + A⊗̂

K
J) ∼= A/I⊗̂

K
B/J.
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Proof. We call a continuous morphism φ : M → N between two semi-normed K-
vector spaces strict if the natural morphism coimφ → imφ is a homeomorphism. If
M and N are Banach spaces, then by [16, Lemma 2.6], φ is strict if and only if the
image of φ is closed in N .

Let φ1 : A → A/I, φ2 : B → B/J be the natural projections. Since A and B

are Banach spaces and I and J are closed ideals, we get by the discussion above
that φ1 and φ2 are strict morphisms. Further, R is mixed characteristic (0, p), so
the valuation on Q ⊂ K = Frac(R) is non-trivial. Thus, by [16, Theorem 2.8] the
morphism φ1⊗

K
φ2 : A⊗

K
B → A/I⊗

K
B/J is also strict. Furthermore, as I, J are closed

in A and B respectively, we get that the natural inclusion I ⊗
K
B + A ⊗

K
J → A ⊗

K
B

is also strict. Therefore, we obtain a strict short exact sequence

0→ I ⊗
K
B + A⊗

K
J → A⊗

K
B → A/I ⊗

K
B/J → 0.

Applying [19, Corollary 1.1.9/6], we get a strict exact sequence

0→ I ⊗
K
B + A⊗

K
J → A⊗̂

K
B → A/I⊗̂

K
B/J → 0. (5.26)

Since I and J are closed ideals, we have I ⊗
K
B + A⊗

K
J = I⊗̂

K
B + A⊗̂

K
J . The lemma

follows from equation (5.26).

We can now prove Proposition 5.4.16:

Proof. For λ : πnh→ R denote χλ : U(g)Gn → R the map obtained by composing the
map λ with the map U(g)Gn → U(h)n. Recall by Theorem 5.2.4, we have Z(◊�U(g)n,K) ∼=◊�U(g)Gn,K , so χλ determines a central character of ◊�U(g)n,K which we denote χλ by abuse

of language. Let mλ = kerχλ, so that U(g)λn,K

∧

= ◊�U(g)n,K/◊�U(g)n,Kmλ. Further,

consider χλ,µ : U(g × g)G×Gn → R and let mλ,µ = kerχλ,µ so that U(g× g)λ,µn,K

∧

=¤�U(g× g)n,K/mλ,µ
¤�U(g× g)n,K .

We have by definition that mλ,µ = mλ ⊗ (U(g)G)n + (U(g)G)n ⊗mµ, so

mλ,µ
¤�U(g× g)n,K = mλ⊗̂

K

◊�U(g)n,K + ◊�U(g)n,K⊗̂mµ. (5.27)

The claim now follows by applying Lemma 5.4.17.
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Recall that τ denotes the principal anti-automorphism of U(g). It can be extended
to an anti-automorphism of ◊�U(g)n,K , which we will also call τ . We have by [10,
Lemma 5.4-Equation 5.5] that τ induces an isomorphism U(g)λ

op ∼= U(g)−woλ; here wo
denotes the longest element ofW . The map τ extends to an isomorphism U(g)λn,K

∧op ∼=
U(g)−woλn,K

∧

. From now on, until the end of the document we will use λ∗ to denote −woλ.

Recall that if I is a two-sided ideal in ◊�U(g)n,K , we have shown in Corollary 5.4.15

that I ∈ Modfg(¤�U(g× g)n,K , Gd). Furthermore, if I has central character χλ, i.e.
mλ ⊂ I, we view I as a two-sided ideal in U(g)λn,K

∧

. We have by Proposition 5.4.16

that I is a module over the ring U(g× g)λ
∗,λ
n,K

∧
∼= U(g)λ

∗
n,K

∧

⊗̂
K
U(g)λn,K

∧

, so we have:

Corollary 5.4.18. Let I be a two-sided ideal in U(g)λn,K

∧

. Then

I ∈ Modfg(U(g× g)λ
∗,λ
n,K

∧

, G).

.

We should remark that we have dropped the index d as this should not cause
any confusion for the rest of the document. Recall that we view G via its diagonal
embedding into G×G. The corollary above is an affinoid version of Corollary 4.4.5.

5.5 Global sections under affinoid pullback

Throughout this section, we aim to compute global sections under the affinoid pull-
back defined in Remark 5.3.21. We proceed by developing some machinery.

5.5.1 Preliminary lemmas

Recall that for any sheaf R-modules F on a topological space Y , we denote F̂ :=

lim
←−
F/πiF its π-adic completion and FK the sheaf defined by FK(U) := F (U) ⊗

R
K

for any U ⊂ Y open.

Throughout this section we will freely make use of the following easy result: Let
f : Y → W be a map of R-schemes and F be a sheaf of R-modules on Y , then
(f∗F)K ∼= f∗(FK).

Lemma 5.5.1. Let j : Y → W be a closed embedding of R-varieties and let (Fi) be
an inverse system of sheaves of R-modules such that Fi/πi−1Fi ∼= Fi−1 for i ≥ 1. Let
F := lim

←−
Fi. Then:
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j∗F ∼= (lim
←−

j∗Fi).

Proof. Notice that apriori it is not clear that the right-hand side is well defined.
However, since j is a closed embedding, it is in particular right exact. Therefore, one
can prove in a similar fashion to Lemma 5.3.3 that

j∗Fi/πi−1j∗Fi ∼= j∗Fi−1.

Let G := lim
←−

j∗Fi. Since j∗ is a right adjoint functor to the inverse image functor,
j∗ commutes with inverse limits, thus

j∗F = j∗(lim←−
Fi) ∼= lim

←−
(j∗Fi) = G.

Lemma 5.5.2. Let Y be an R-variety and let pr : Y × Y → Y be the projection on
the right factor, and F a sheaf of R-modules. Then:’p−1

r F ∼= p−1
r F̂ .

Proof. First, notice that there is a map from the right hand side to the left-hand
side via the maps F̂ → F̂/πiF̂ ∼= F/πiF . Let U, V ⊂ Y be affine open, so that
U × V ⊂ Y × Y is affine open. Then, we have:

’p−1
r F(U × V ) = lim

←−
(p−1
r F/πip−1

r F)(U × V )

∼= lim
←−

p−1
r F(U × V )/πip−1

r F(U × V )

∼= lim
←−
F(V )/πiF(V )

∼= F̂(V )

∼= p−1
r F̂(U × V ).

(5.28)

Now let (Ui)i∈I be an affine open covering of Y . Then {Uj × Uk|j, k ∈ I} is an
affine open covering of Y × Y . By equation (5.28), we have that the sheaves ’p−1

r F
and p−1

r F̂ agree on affine open cover and since there exists a map between the two,
they are isomorphic.
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5.5.2 Simplyfing the pullback functor

We retain the notation from the previous section. Further, for the rest of the sec-
tion we assume λ, µ : πnh → R are R-linear dominant weights. Since Dλ,µn is a
sheaf of πn-deformed G-htdo by Corollary 4.5.15 and the double flag variety X ×X
is quasi-compact we have by Theorem 4.3.5, Proposition 5.3.9 and Theorem 5.3.20
equivalences of categories:

i#l : Coh(Dλ,µn , G)→ Coh(Dλn, B),

îl
#

: Coh(
‘Dλ,µn , G)→ Coh(”Dλn, B),

î#l,K : Coh(
‘Dλ,µn,K , G)→ Coh(‘Dλn,K , B).

(5.29)

We let i : eB → X and pr : X × X → X denote the natural inclusion and
projection onto the right factor, respectively. We also defineMµ

n := i∗R ⊗
OX
Dµn.

We can now give a description of the pullback of G-equivariant coherent ‘Dλ,µn -
modules and ‘Dλ,µn,K-modules. We start by proving π-adic and affinoid versions of
Corollary 4.6.4.

Proposition 5.5.3. LetM∈ Coh(
‘Dλ,µn , G). Then:

il∗(îl
#M) ∼= p−1

r
‘Mµ

n ⊗
p−1
r D̂µn

M.

Proof. We know by construction thatM/πiM∈ Coh(Dλ,µn , G). We have

il∗(îl
#M) = il∗(lim←−

i#l (M/πiM))

∼= lim
←−

(il∗(i
#
l (M/πiM))) (by Lemma 5.5.1)

∼= lim
←−

(p−1
r Mµ

n ⊗
p−1
r Dµn

M/πiM) (by Corollary 4.6.4)

∼= lim
←−

(p−1
r Mµ

n/π
ip−1
r Mµ

n ⊗
p−1
r Dµn/πip−1

r Dµn
M/πiM)

∼= ◊�p−1
r M

µ
n ⊗◊�
p−1
r Dµn

M (by Lemma 5.4.4)

∼= p−1
r
‘Mµ

n ⊗
p−1
r D̂µn

M (by Lemma 5.5.2).
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Corollary 5.5.4. LetM∈ Coh(
‘Dλ,µn,K , G). Then:

il∗ (̂i
#
l,KM) ∼= (p−1

r
‘Mµ

n)K ⊗
p−1
r
÷Dµn,KM.

Proof. LetM0 be the correspoding lattice forM such thatM0 ∈ Coh(
‘Dλ,µn , G). By

definition (̂i#l,KM) = (îl
#M0)K . We have

il∗ (̂i
#
l,KM) = il∗((îl

#M0)K)

∼= (il∗i
#
l M0)K

∼= (p−1
r
‘Mµ

n ⊗
p−1
r D̂µn

M0)K (by Proposition 5.5.3)

∼= (p−1
r
‘Mµ

n)K ⊗
(p−1
r D̂µn)K

(M0)K

∼= (p−1
r
‘Mµ

n)K ⊗
(p−1
r D̂µn)K

M

∼= (p−1
r
‘Mµ

n)K ⊗
p−1
r
÷Dµn,KM.

We should remark that the argument above proves that the functor î#l,K is well
defined, i.e. it does not depend on the lattice ofM.

5.5.3 Computation of global sections

We aim to compute Γ(X, î#l,KM) for M ∈ Coh(
‘Dλ,µn,K , G). Recall that Z = X × X

denotes the double flag variety. We start by making some notations.

To simplify the notation, we denote A := Γ(X,”Dµn), so that AK = A ⊗
R
K ∼=

Γ(X, ‘Dµn,K). Further, we let B := Γ(X,
‘Dλ,µn ). We have by combining Proposition

5.4.16 and [5, Theorem 6.10b)] that U(g× g)λ,µn,K

∧
∼= BK ∼= U(g)λn,K

∧

⊗̂
K
AK . Given a

BK-module M , we may view it as AK-module via x.m = (1 ⊗ x).m for x ∈ AK and
m ∈M .

Proposition 5.5.5. Let M ∈ Coh(
‘Dλ,µn,K , G). Then as U(g)λn,K

∧

-modules we have an
isomorphism:

Γ(X, î#l,KM) ∼= Γ(X, ’Mµ
n,K) ⊗

AK
Γ(Z,M).
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Proof. We have Γ(X, î#l,KM) ∼= Γ(Z, il∗ (̂i
#
l,KM)), so using Corollary 5.5.4, it is enough

to compute Γ(Z, (p−1
r
‘Mµ

n)K ⊗
p−1
r
÷Dµn,KM).

We have by the first part of Lemma 4.6.2 that there is an exact sequence (Dµn)a →
(Dµn)b → Mµ

n → 0 for some a, b ∈ N∗. Since π-adic completion is exact on coherent
modules, we obtain an exact sequence (”Dµn)a → (”Dµn)b → ‘Mµ

n → 0, so an exact
sequence

(‘Dµn,K)a → (‘Dµn,K)b → ’Mµ
n,K → 0.

Since p−1
r
’Mµ

n,K
∼= (p−1

r
‘Mµ

n)K and tensor product is right exact we obtain an exact
sequence:

(p−1
r
‘Dµn,K)a ⊗

p−1
r
÷Dµn,KM→ (p−1

r
‘Dµn,K)b ⊗

p−1
r
÷Dµn,KM→ (p−1

r
‘Mµ

n)K ⊗
p−1
r
÷Dµn,KM→ 0.

To simplify the notation, we let E = p−1
r
‘Dµn,K andM = Γ(Z,M). The above short

sequence fits into the following commutative diagram:

Ea ⊗
E
M Eb ⊗

E
M (p−1

r
‘Mµ

n)K ⊗
E
M 0

Ma Mb (p−1
r
‘Mµ

n)K ⊗
p−1
r
÷Dµn,KM 0.

Since Γ(Z,−) is exact on coherent modules by Theorem 5.4.7 we obtain a com-
mutative diagram:

Γ(Z, Ea ⊗
E
M) Γ(Z, Eb ⊗

E
M) Γ(Z, (p−1

r
‘Mµ

n)K ⊗
E
M) 0

Γ(Z,Ma) Γ(Z,Mb) Γ(Z, (p−1
r
‘Mµ

n)K ⊗
E
M) 0

Ma M b Γ(Z, (p−1
r
‘Mµ

n)K ⊗
E
M) 0

Γ(X, ‘Dµn,Ka) ⊗AK M Γ(X, ‘Dµn,Kb) ⊗AK M Γ(X, ’Mµ
n,K) ⊗

AK
M 0.
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By construction, we have that the vertical arrows on the first, second and fourth
columns are isomorphisms. Considering the first and fourth row and applying the
Five Lemma, we get the desired isomorphism.

5.5.4 Global sections of ’Mλ
n,K

Recall that b− = n− ⊕ h denotes the negative Borel subalgebra of g. Let T (µ)0 =

Rµ ⊗
U(b−)n

U(g)n denote the right U(g)n-module such that U(b−)n acts on R via µ.

Further, we let T (µ) := T (µ)0 ⊗
R
K ∼= Kµ ⊗

U(b−)K

U(g)K and ‘T (µ) := ’T (µ)0 ⊗
R
K ∼=

T (µ) ⊗
U(g)K

◊�U(g)n,K . We should remark that T (µ) is the same as defined in Lemma

4.6.2.

Proposition 5.5.6. We have Γ(X, ’Mµ
n,K) ∼= ‘T (µ) as right ◊�U(g)n,K-modules.

Proof. We have by construction that Γ(X,Mµ
n) ⊗

R
K ∼= Γ(XK ,Mµ

n,K|XK ) and by

Lemma 4.6.2 that Γ(XK ,Mµ
n,K|XK ) ∼= T (µ). Therefore

Γ(X,Mµ
n)⊗

R
K ∼= T (µ)0 ⊗

R
K ∼= T (µ).

By [5, Proposition 5.15b)], Γ(X,Mµ
n) is finitely generated as a U(g)n-module,

so Γ(X,Mµ
n) and T (µ)0 are both lattices for T (µ). Therefore, they agree modulo

bounded π-torsion, i.e. there exists an exact sequence

T (µ)0 → Γ(X,Mµ
n)→ C → 0,

such that πmC = 0 for some m ∈ N and C is a finitely generated U(g)n-module.
Since, π-adic completion is exact on finitely generated U(g)n-modules we get an exact
sequence ’T (µ)0 → Ÿ�Γ(X,Mµ

n)→ Ĉ → 0,

with πmĈ = 0. So by tensoring with K we obtain‘T (µ) = ’T (µ)0 ⊗
R
K ∼= Ÿ�Γ(X,Mµ

n)⊗
R
K ∼= Γ(X, ’Mµ

n,K).
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Wemay now prove the main theorem of this section, an affinoid version of Theorem
4.6.5.

Theorem 5.5.7. LetM∈ Coh(
‘Dλ,µn,K , G). Then as U(g)λn,K

∧

-modules we have:

Γ(X, î#l,KM) ∼= ‘T (µ) ⊗
U(g)µn,K

∧Γ(Z,M).

Proof. This follows by combining Corollary 5.4.8, Proposition 5.5.6 and [5, Theorem
6.10b)].

5.6 Affinoid Duflo’s theorem

Throughout this section λ : πnh → R denotes an R-linear dominant weight. Recall
that we use λ∗ to denote the weight −woλ, where wo is the longest element of the
Weyl group. If λ is a dominant weight, so is λ∗. To prove an affinoid version of Duflo’s
theorem, we follow the same lines as in Section 4.7 at the affinoid level. We consider
the functor

F : Modfg(U(g× g)λ
∗,λ
n,K

∧

, G)→ Modfg(U(g)λ
∗
n,K

∧

, B),

F (M) := Γ(X, î#l,K Locλ(M)).

Proposition 5.6.1. The functor F is exact and F (M) ∼= ‘T (λ) ⊗
U(g)λn,K

∧M as

U(g)λ
∗
n,K

∧

-modules for M ∈ Modfg(U(g× g)λ
∗,λ
n,K

∧

, G).

Proof. Let M ∈ Modfg(U(g× g)λ
∗,λ
n,K

∧

, G) and M := Locλ
∗,λ(M). We have by Corol-

lary 5.4.9 that Γ(Z,M) ∼= M and by Theorem 5.4.8 that M ∈ Coh(
’Dλ∗,λn,K , G), so

the second claim follows from Theorem 5.5.7. Consider a short exact sequence in
Modfg(U(g× g)λ

∗,λ
n,K

∧

, G):

0→ N →M → P → 0.

We let N ,M,P denote the localisation of N,M and P respectively. Further, we
denote L := ker(N → M). By construction, Locλ

∗,λ is right exact, so we obtain an
exact sequence:
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0→ L → N →M→ P → 0.

Since î#l,K is an equivalence of Abelian categories, it is exact. Furthermore, by
Theorem 5.4.8 the global sections functor is also exact, so we obtain an exact sequence

0→ Γ(X, î#l,KL)→ Γ(X, î#l,KN )→ Γ(X, î#l,KM)→ Γ(X, î#l,KP)→ 0.

Combining Theorem 5.5.7 and Corollary 5.4.9 we obtain an exact sequence

0→ ‘T (λ) ⊗
U(g)λn,K

∧Γ(Z,L)→ ‘T (λ) ⊗
U(g)λn,K

∧N

→ ‘T (λ) ⊗
U(g)λn,K

∧M → ‘T (λ) ⊗
U(g)λn,K

∧P → 0.
(5.30)

The claim follows since Γ(Z,L) = 0 by definition of L and Corollary 5.4.9.

Lemma 5.6.2. Let M ∈ Modfg(U(g× g)λ
∗,λ
n,K

∧

, G) and assume F (M) = 0. Then
M = 0.

Proof. LetM := Locλ
∗,λ(M). Then, by assumption, we have that Γ(X, î#l,KM) = 0.

By applying Corollary 5.4.9 and Corollary 5.3.22, we obtain M = 0.

We now specialise to two sided ideals in U(g)λn,K

∧

; recall that a two-sided ideal

I can be viewed as a module over U(g)λ
∗
n,K

∧

⊗ U(g)λn,K

∧

via (x ⊗ y).i = yiτ(x) for

x ∈ U(g)λ
∗
n,K

∧

, y ∈ U(g)λn,K

∧

and i ∈ I. Further, by Corollary 5.4.15, we have I ∈
Modfg(U(g× g)λ

∗,λ
n,K

∧

, G), so F (I) is well-defined. As a corollary, we obtain immedi-
ately:

Corollary 5.6.3. Let I, J be two-sided ideals in U(g)λn,K

∧

such that I ⊆ J . Assume
that F (I) ∼= F (J). Then I = J .

Proof. Consider the short exact sequence:

0→ I → J → J/I → 0.

By Proposition 5.6.1 the functor F is exact, so we obtain an exact sequence
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0→ F (I)→ F (J)→ F (J/I)→ 0.

Using the assumption, we obtain F (J/I) = 0. The claim follows by Lemma
5.6.2.

Corollary 5.6.4. Let I be a two-sided ideal in U(g)λn,K

∧

. Then as left U(g)λ
∗
n,K

∧

-modules
we have

F (I) ∼= ‘T (λ)I.

We should remark that U(g)λ
∗
n,K

∧

acts on ‘T (λ)I via x.(ti) = t(x.i) = tiτ(x) for

x ∈ U(g)λ
∗
n,K

∧

, t ∈ ‘T (λ) and i ∈ I. Further, the isomorphism is natural in I.

Proof. Consider the following exact sequence:

0→ I → U(g)λn,K

∧

→ U(g)λn,K

∧

/I → 0.

Applying Proposition 5.6.1 we obtain a short exact sequence:

0→ ‘T (λ) ⊗
U(g)λn,K

∧I → ‘T (λ)→ ‘T (λ) ⊗
U(g)λn,K

∧U(g)λn,K

∧

/I → 0.

This short exact sequence fits in the following commutative diagram:

0 ‘T (λ) ⊗
U(g)λn,K

∧I ‘T (λ) ‘T (λ) ⊗
U(g)λn,K

∧U(g)λn,K

∧

/I 0

0 ‘T (λ)I ‘T (λ) ‘T (λ) ⊗
U(g)λn,K

∧U(g)λn,K

∧

/I 0.

It is easy to see that the first map is a surjection and the second and the third
maps are isomorphisms. Furthermore, by the diagram above, the first map is also
injective, so indeed we get F (I) ∼= ‘T (λ)I.

Let σ : g → g denote the Chevalley involution that swaps n+ and n− and fixes
h . Then σ extends to an anti-automorphism of U(g)K that fixes the center by
[34, Exercise 1.10]. Therefore, we obtain that an anti-automorphism σ̂ : U(g)λn,K

∧

→
U(g)λn,K

∧

. Recall that T (λ)0 = Rλ ⊗
U(b−)n

U(g), so that ‘T (λ) ∼= Kλ ⊗⁄�U(b−)n,K

◊�U(g)n,K .
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Lemma 5.6.5. The map

φ̂ : ‘T (λ)→’M(λ), φ̂(k ⊗ x) = σ̂(x)⊗ k, k ∈ Kλ, x ∈ ◊�U(g)n,K

is a K-linear isomorphism of vector spaces satisfying φ̂(tu) = σ̂(u)φ̂(t) for all u ∈◊�U(g)n,K and t ∈ ‘T (λ). In particular, if I is a two-sided ideal in U(g)λn,K

∧

, then

φ̂(‘T (λ)I) = σ̂(I)’M(λ).

Proof. We have by Lemma 4.7.6 that the map φ : T (λ)→M(λ), φ(k⊗x) = σ(x)⊗K
is a K-linear isomorphism of vector spaces satisfying φ(tu) = σ(u)φ(t) for all t ∈ T (λ)

and u ∈ U(g)K . Therefore, the claims follow from the construction of φ̂ and σ̂.

To prove the main theorem, we will need the following corollary:

Corollary 5.6.6. Let I be a two-sided ideal in U(g)λn,K

∧

. Then:

I = Ann(’M(λ)/I’M(λ)).

Proof. Let J := Ann(’M(λ)/I’M(λ)). Since I(’M(λ)/I’M(λ)) = 0, we obtain that
I ⊆ J , so σ̂(I) ⊆ σ̂(J). We remark that since σ̂ is an anti-automorphism of U(g)λn,K

∧

,

σ̂(I) and σ̂(J) are also two-sided ideals in U(g)λn,K

∧

. Since F is exact, in particular
left exact, we obtain F (σ̂(I)) ⊆ F (σ̂(J)). Consider the following diagram:

F (σ̂(I)) F (σ̂(J))‘T (λ)σ̂(I) ‘T (λ)σ̂(J)

I’M(λ) J’M(λ)

φ̂ φ̂

By construction, the bottom diagram commutes and by the definition of J , we have
J’M(λ) = I’M(λ). Using Lemma 5.6.5, we get ‘T (λ)σ̂(I) = ‘T (λ)σ̂(J). Furthermore,
since the isomorphism is Lemma 5.6.4 is natural on ideals, the top diagram is also
commutative. Therefore, F (σ̂(I)) ∼= F (σ̂(J)). The claim follows from Corollary
5.6.3 since σ̂ is an anti-automorphism.

Theorem 5.6.7. Let I be a prime ideal in U(g)λn,K

∧

. Then

I = Ann(‘L(µ)) for some µ : πnh→ R.
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Proof. Since ’M(λ)/I’M(λ) is a quotient of ’M(λ), we have by Proposition 5.2.29 that
there exists a finite composition series:

0 = M0 ⊂M1 ⊂ . . .Ml = ’M(λ)/I’M(λ).

Let Ii = Ann(Mi/Mi−1) for 1 ≤ i ≤ l. We have

I1I2 . . . IlMl = I1I2 . . . Il−1Ml−1 = . . . = 0,

so I1I2 . . . Il ⊂ Ann(’M(λ)/I’M(λ)) = I by Corollary 5.6.6. Since I is prime, there
exists 1 ≤ j ≤ l such that Ij ⊂ I. On the other hand, we have by construction
I ⊂ Ij, so I = Ij = Ann(Mj/Mj−1). Finally, we have by Proposition 5.2.29 that
Mj/Mj−1

∼= ‘L(µ) for some µ : πnh→ R.

As an easy corollary, we obtain a positive answer to [6, Question A], thus com-
pleting the proof of Theorem B.

Corollary 5.6.8. Every primitive ideal of ◊�U(g)n,K with K-rational infinitesimal cen-
tral character is the annihilator of a simple affinoid highest weight module.

Proof. Any primitive ideal in ◊�U(g)n,K with K-rational infinitesimal central character
intersects Z(◊�U(g)n,K) in a maximal ideal of the form kerχλ; here we view kerχλ

as a central character of ◊�U(g)n,K via Theorem 5.2.4. Therefore, classifying these
ideals reduces to classifying the ideals in U(g)λn,K

∧

for all λ ∈ πnh∗. There is an
action of the Weyl group W on the set of weights such that for two weights λ and
µ, U(g)λn,K

∧

= ◊�U(g)µn,K if and only if λ and µ are W -conjugate. Further, every W -
conjugacy class contains at least one dominant weight. The claim follows by Theorem
5.6.7 since every primitive ideal is prime.

We should remark that in the case p is a very good prime for G, we have by
Theorem 5.2.6 that the ideals {Îλ = Ann(’M(λ))|λ ∈ πnh∗} form the set of minimal
primitive ideals with K-rational central character.
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5.7 A controller theorem

We keep the notations and assumptions from the previous section; we further assume
that λ : πnh → R is also regular. We will also make use of the fact that two-
sided ideals in ◊�U(g)n,K that contain ◊�U(g)n,K kerχλ correspond to two-sided ideals in
U(g)λn,K

∧

.

Lemma 5.7.1. Let I be a two-sided ideal in U(gK). Then ◊�U(g)n,KI is a two-sided
ideal in ◊�U(g)n,KI and furthermore, ◊�U(g)n,KI = ◊�U(g)n,KI◊�U(g)n,K.

Proof. Clearly, it is enough to prove that I◊�U(g)n,K ⊂ ◊�U(g)n,KI.

Viewing ◊�U(g)n,K as a left ◊�U(g)n,K-module via left multiplication, we have that◊�U(g)n,KI is a ◊�U(g)n,K-submodule. Since the topology ◊�U(g)n,K is complete, we have
by [33, I.5.5] that ◊�U(g)n,KI is a closed subset.

Let i ∈ I and x ∈ ◊�U(g)n,K . Recall that assuming that u1, u2 . . . ud is a free
R-basis for g, we may write as x =

∑
α∈Nd cαu

α, with ||p−ncα|| → 0 as |α| → ∞.
For k ∈ N, let xk =

∑
α∈Nd,|α|≤k cαu

α. Since I is a two-sided ideal, we obtain that

ixk ∈ I ⊂ ◊�U(g)n,KI.

Finally, we have ix = i limk→∞ xk = limk→∞ ixk. Since ◊�U(g)n,KI is closed, we
obtain ix ∈ ◊�U(g)n,KI finishing the proof.

Proposition 5.7.2. Let I be a two-sided ideal in ◊�U(g)n,K such that ◊�U(g)n,K kerχλ ⊂
I. Then there exists an unique two-sided ideal J in U(gK) such that I = ◊�U(g)n,KJ .

Proof. Let M̂ = I’M(λ).We have by Theorem 5.2.25 that there existsM a submodule
ofM(λ) such that M̂ = ◊�U(g)n,K .M . Further, we have by [13, Theorem 4.3] that there
exists an unique two-sided ideal J in U(gK) such that JM(λ) = M . By applying
Lemma 5.7.1 we obtain:

(◊�U(g)n,KJ).’M(λ) = (◊�U(g)n,KJ)◊�U(g)n,K .M(λ)

= (◊�U(g)n,KJ).M(λ) = ◊�U(g)n,K .M = M̂,
(5.31)

so (◊�U(g)n,KJ)’M(λ) = I’M(λ). Let J ′ = ◊�U(g)n,KJ + I, so that J ′’M(λ) = I’M(λ)

and I ⊂ J ′. We have by Lemma 5.7.1 that J ′ is also a two-sided ideal. Further,
by combining Corollary 5.6.3, Corollary 5.6.4 and Lemma 5.6.5 we get J ′ = I, so◊�U(g)n,KJ ⊂ I. Applying the same strategy again, we obtain ◊�U(g)n,KJ = I.
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To finish the proof, we need one more lemma. This is probably well-known among
the experts, but we have not been able to locate a reference.

Lemma 5.7.3. Let S ⊂ T two rings and let I be a left ideal of T generated by X ⊂ S.
Then I = T (I ∩ S).

Proof. Let J = I ∩ S. Obviously, we have TJ ⊂ I. On the other hand, we have
X ⊂ S, X ⊂ I, so X ⊂ J . Therefore, I = T.X ⊂ TJ . The claim follows.

Theorem 5.7.4. Let λ : πnh→ R be a R-linear dominant regular weight. Let I be a
two-sided ideal in ◊�U(g)n,K with χλ-central character. Then:

I = ◊�U(g)n,K(I ∩ U(gK)).

Proof. This follows immediately from Proposition 5.7.2 and Lemma 5.7.3.

As a corollary, we obtain immediately:

Corollary 5.7.5. Let λ : πnh→ R be a R-linear dominant regular weight. The maps:

I 7→ I ∩ U(gK)

J 7→ ◊�U(g)n,KJ
(5.32)

induce inverse bijections between the set of two sided ideals in ◊�U(g)n,K with χλ central
character and the set of two sided ideals in ◊�U(g)n,K with χλ central character.

We may also prove which ideal controls the annihilator of the simple affinoid
module ‘L(µ).

Proposition 5.7.6. Let µ : πnh→ R and assume that µ is W -linked to λ. Then:

Ann(‘L(µ)) = ◊�U(g)n,K AnnL(µ).

Proof. Let P̂ := Ann(‘L(µ)), P = Ann(L(µ)) and J = P̂ ∩ U(gK). Then, we have by
construction P ⊂ J .

We claim that ◊�U(g)n,KP contains the annihilator of ‘L(µ). We have by the proof
of Lemma 5.7.1 that for all p ∈ P and x ∈ ◊�U(g)n,K , there exist q ∈ P and y ∈ ◊�U(g)n,K
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such that px = yq. Therefore, we have for all z ∈ ◊�U(g)n,K and x⊗ l ∈ ◊�U(g)n,K ⊗
U(gK)

L

that

zp.(x⊗ l) = z(px⊗ l) = zy(q ⊗ l) = zy(1⊗ q.l) = 0,

so the claim is proven. Therefore, we obtain using Corollary 5.7.5 that P = J and
so, P̂ = ◊�U(g)n,KP .

Let ”mλ and mλ be the corresponding ideals generated by kerχλ in ◊�U(g)n,K and
U(g)K , respectively. As a corollary, we obtain

Corollary 5.7.7. Let λ : πnh → R be a R-linear dominant regular weight. The
map ψ : Spec(U(g)λn,K

∧

) → Spec(U(g)λK), ψ(P + ”mλ)) = (P ∩ U(g)K) + mλ is a

homeomorphism with inverse ψ−1 : Spec(U(g)λK) → Spec(U(g)λn,K

∧

), ψ−1(Q + mλ) =

(U(g)λn,K

∧

Q) + ”mλ.

Proof. This follows by combining Theorem 5.6.7, Corollary 5.7.5 and Proposition
5.7.6.

Question 5.7.8. Does the result of Theorem 5.7.4 hold if we drop the assumption
that λ is regular? What about if we restrict ourselves to just prime ideals?
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Chapter 6

Affinoid Quillen’s Lemma

The goal of this chapter is to prove a more general version of affinoid Quillen’s Lemma
[5, Theorem C]. The original proof works only for the case n > 0, while our version
will also work in the case n = 0. The proof will follow the same lines as the one by
Ardakov and Wadsley; we also introduce new techniques to deal with the fact that
the slice of ÷U(g)K , which is isomorphic to U(gk), is not commutative. Using this
version of affinoid Quillen’s Lemma we are able to characterise all the primitive ideals
in ◊�U(g)n,K for all n ∈ N.

Throughout this chapter, we fix a ring A such that A is a completely filtered
K-algebra, F0A is an R-lattice in A and the slice gr0A = F0A/πF0A is an almost
commutative Noetherian k-algebra (we call such algebras almost commutative affinoid
algebra) such that gr0A is finitely generated as a module over a central subalgebra
Z.

6.1 Introduction

Let M be a finitely generated A module and ϕ ∈ EndA(M). We say that ϕ is simple
if every non-zero element of K[ϕ] acts invertibly on M . We also let K(ϕ) be the
subfield of EndA(M) generated by K and ϕ.

From now on, we fix M and ϕ and assume that ϕ is simple.

Definition 6.1.1. We say that N ⊂M is a regular F0A− ϕ-lattice if N is a lattice
of M , N is a finitely generated F0A-module and the subring

B := {φ ∈ K(ϕ)|φ(N) ⊂ N}
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is a discrete valuation ring and a lattice in K(ϕ).

Definition 6.1.2. Let S be an integral domain and T an S-algebra. For f 6= 0, we
denote Sf the localisation of S at powers of f and Tf := Sf ⊗

S
T .

We say that T is generically flat over S if for every finitely generated S-module
P , there exists 0 6= f ∈ S such that the module Pf = Tf ⊗

T
P is free over Sf .

Lemma 6.1.3. The ring gr0A[x] is generically flat over k[x].

Proof. Consider the filtration on gr0A[x] induced by the filtration of gr0A. In respect
to this filtration, gr(gr0A[x]) ∼= gr(gr0(A))[x], and by our assumption on A, we have
gr(gr0(A)) is finitely generated k-algebra. Therefore, by [54, Lemma 10.117.2], we get
that gr(gr0A[x]) is generically flat over k[x]. The claim follows from [43, Proposition
4.9]

Lemma 6.1.4. Suppose that M has a regular F0A − ϕ-lattice N . Then the residue
field of the discrete valuation ring B, k′, is an algebraic extension of k.

Proof. Let τ be a uniformiser of B and note that the residue field k′ := B/τB of
B acts faithfully on N/τN by the definition of B. In particular, N/τN is non-zero.
Since B is an R-lattice in K(ϕ), π is not a unit in B. Hence, π ∈ τB and N/τN is a
finitely generated gr0A-module.

Now, let s ∈ k′; then s acts onN/τN , so we may viewN/τN as a finitely generated
gr0A[s]-module. We have by Lemma 6.1.3 that there exists f ∈ k[s], f 6= 0, such that
(N/τN)f is a free k[s]f -module. Since k[s]f is a subring of k′ and k′ acts invertibly on
N/τN , k[s]f will also act invertibly on the free k[s]f -module (N/τN)f , forcing k[s]f

to be a field. The claim now follows from the Nullstellansatz.

Proposition 6.1.5. Let the notations and assumptions be as in Lemma 6.1.4. Then
k′ is a finite extension of k.

Proof. Since k′ acts invertibly on N/τN we may identify k′ as a subfield of the
endomorphism ring Endgr0 A(N/τN) ⊂ EndZ(N/τN); recall that Z is a central subring
of gr0A such that gr0A is finitely generated as a Z-module..

Let P ∈ Spec(Z) be a minimal prime over AnnZ(N/τN) and let k(P ) be the
residue field of ZP . Letting X := k(P ) ⊗

Z
N/τN , we have a natural k-linear ho-

momorphism EndZ(N/τN) → Endk(P )(X) given by φ 7→ 1 ⊗ φ. Since N/τN is a
finitely generated gr0A-module and gr0A is finitely generated as a Z-module by our
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assumption, we get that N/τN is a finitely generated Z-module. Therefore, X is a
finite dimensional k(P )-vector space and we view k′ as a subfield of the matrix ring
Endk(P )(X).

Finally, since Z is a finitely generated k-algebra, k(P ) is a finitely generated
field extension of k. Since the image of k(P ) lies in the centre of Endk(P )(X), the
algebra k′k(P ) is finite dimensional over k(P ). Thus, if Q ∈ Spec(k′k(P )), then
L = k′k(P )/Q is an integral domain and further it is a finite dimensional k(P )-vector
space. In particular, we get that L is a finitely generated field extension of k. It
follows from [39, Propostion III.6] that every subextension, and in particular, the
image of k′ in L, is a finitely generated field extension of k. The claim follows since
the image of k′ in L is non-trivial.

Corollary 6.1.6. Assume that M has a regular F0A−ϕ-lattice. Then ϕ is algebraic
over K.

Proof. Let N be a regular F0A− ϕ-lattice of M . Then we have by Proposition 6.1.5
that the residue field of B := {φ ∈ K(ϕ)|φ(N) ⊂ N} is a finite extension of k. Since
the τ -adic filtration on B is separated we have by [33, Theorem I.5.7] that B is a
finitely generated R-module, so K(ϕ) = Frac(B) is a finite dimensional K = Frac(R)

vector space.

6.2 Microlocalisation

Throughout this section, we fix F0M an F0A- lattice of M . We also let P1, P2, . . . Pr

be the distinct minimal primes in Z above AnnZ(gr0M) and T := Z \
⋃r
i=1 Pi.

We have by Lemma 2.2.8 that grA := gr0A[x, x−1] and since T ⊂ gr0A con-
sists of homogeneous elements of degree 0, we have by Lemma 2.1.18 that we may
consider the microlocalisations of A and M at T as in Definition 2.1.19; denote the
microlocalisations by Q := QT (A) and QT (M), respectively.

Lemma 6.2.1. There are ring/module filtrations on Q and QT (M) such that gr(Q) ∼=
(gr0A)T [s, s−1] and gr(QT (M)) ∼= (gr0M)T [s, s−1]. In particular, the ring Q is
Noetherian.

Proof. We have by [7, Proposition 3.10] that
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gr(Q) ∼= T−1 grA ∼= T−1(gr0A[x, x−1]) ∼= (gr0A)T [x, x−1]. (6.1)

A similar argument computes gr(QT (M)). The last claim follows from the equa-
tion above since (gr0A) is Noetherian, the localisation of a Noetherian ring is also
Noetherian and Hilbert’s basis theorem.

Lemma 6.2.2. The module QT (M) is Artinian as a Q-module. In particular, the
slice gr0(QT (M)) is an Artinian gr0Q module.

Proof. Since some product of P ′is annihilates gr0M , we may find a finite chain of ZT -
submodules of (gr0M)T such that each quotient is isomorphic to (Z/Pi)T for some i.
On the other hand, the ring (Z/Pi)T is the residue field of the ZPi , so, in particular,
(gr0M)T has finite length.

Since (gr0M)T has finite length as a (gr0A)T -module, we have by Lemma 6.2.1
that grM is an Artinian grQ-module. Since the filtration on M is separated and Q
is complete, the claim follows from [33, Proposition I.7.1.2].

Since microlocalisation is a functor, we may extend any A-linear endomorphism
of M to a Q-linear endomorphism of QT (M). Therefore, we may view QT (M) as a
Q−K(ϕ)-bimodule.

Lemma 6.2.3. Let V be a simple Q−K(ϕ) quotient of QT (M). The module V has
at least one F0Q lattice. Furthermore, for any such F0Q lattice L, L/πL has finite
length and KdimF0Q(L) = 1.

Proof. Let L0 be the image of F0QT (M) in V . By Lemma 6.2.1, F0Q is Noetherian
and since it is π-adically complete we have by [5, Lemma 3.2a)] that L0 is a F0Q-
lattice in V . Furthermore, since L0/πL0 is a quotient of gr0(QT (M)), we get by
Lemma 6.2.2, that L0/πL0 has finite length.

Now, let L be another F0Q-lattice in V . We have by [27, Proposition 1.1.2] that
the class of L/πL is equal to the class of L0/πL0 in the Grothendieck group of gr0Q

modules, so, in particular, L/πL has finite length.

Next, by applying [33, Proposition I.7.1.2], we obtain

KdimF0Q(L) ≤ Kdimgr(F0Q)(grL) = Kdimgr0Q[x](L/πL[x]).
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Since L/πL is a quotient of gr0(QT (M)), we have by Lemma 6.2.2 that
Kdimgr0Q(L/πL) = 0, so by [30, Theorem 15.19], Kdimgr0Q[x](L/πL[x]) = 1.

Since L has an infinite descending chain of F0Q-submodules given by πnL, it
cannot be Artinian, so KdimF0Q(L) = 1.

Definition 6.2.4. We say that a subring B of K(ϕ) is a lattice preserver if there is
an F0Q lattice L of V such that BL ⊂ L.

We fix L0 a F0Q lattice in V and we denote L the set of F0Q lattices contained in
L0, but not contained in πL0. We also denote P the set of lattice preservers in K(ϕ).

Lemma 6.2.5. The set P has a maximal element.

Proof. This repeats the argument in [5, Proposition 8.3] word for word.

Theorem 6.2.6. Every maximal lattice preserver is a discrete valuation ring.

Proof. We repeat the argument in [5, Theorem 8.4] word for word.

6.3 Finding the lattice using Auslander-Gorenstein
theory

Throughout this section, we assume that gr0A is an Auslander-Gorenstein ring.

Lemma 6.3.1. i) The ring F0A is Auslander-Gorenstein.

ii) For every finitely generated π-torsion-free F0A-module N , we have

jF0A(N) = jgr0 A(N) + 1.

Proof. We have by [21, Theorem 2.1] that gr0A[x] is also Auslander-Gorenstein. Since
gr(F0A) ∼= gr0A[x] and the π-adic filtration on F0A is Zariskian, the first claim follows
from [15, Theorem 3.9].

We have by Rees Lemma [2, Lemma 1.1] an isomorphism of Abelian groups

Extigr0 A
(N, gr0A) ∼= Exti+1

A (N,A) for i ≥ 0.

The second claim follows from the definition of grade.
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Definition 6.3.2. We say that a pair (B,C) has property P if B is a Noetherian
ring which is finitely generated over a central subring C, and for all finitely gener-
ated B-modules N1 ⊂ N2 such that P1, P2, . . . , Pr denote the minimal primes above
AnnC(N2), if there exists t ∈ C \

⋃r
i=1 Pi with tN1 = 0, then

jB(N1) > jB(N2).

We say that a Noetherian ring B is centrally grade preserved on modules if it has
a central subring C such that (B,C) has property P.

From now on, we further assume that gr0A is centrally grade preserved on modules
and we let Z be a central subring such that (gr0A,Z) has property P.

Lemma 6.3.3. Let N be a finitely generated A-module and let L1, L2 be two F0A

lattices of N . Then SuppZ(L1/πL1) = SuppZ(L2/πL2).

Proof. Let I1 = AnnZ(L1/πL1), I2 = AnnZ(L2/πL2) and let z ∈ I1. Let z′ ∈ F0A be
a lift of z. Since L1, L2 are F0A lattices, there exists c, d ∈ N such that πcL2 ⊂ L1

and πdL1 ⊂ πc+1L2. Therefore, for l2 ∈ πcL2 we have z′dl2 ∈ z′dL1 ⊂ πdL1 ⊂ πc+1L2.
Thus, zd ∈ AnnZ(πcL2/π

c+1L2) = AnnZ(L2/πL2).

In particular, we proved that z ∈
√
I2, so I1 ⊂

√
I2 and it follows that

√
I1 ⊂

√
I2.

A similar argument shows
√
I2 ⊂

√
I1. The claim follows since for any ideal I that

is the annihilator of a finitely generated Z-module M , we have Supp(M) = V (I) =

V (
√
I).

Proposition 6.3.4. Let N be a finitely generated F0A-module.

i) If N is π-torsion-free, then jF0A(N) = jA(N ⊗R K).

ii) If L is an F0A lattice in M and N a submodule of M/L such that QT (N) = 0,
then jF0A(N) ≥ jF0A(L) + 2.

Proof. The first part repeats the argument in [5, Lemma 8.5] word for word.

Since N ⊂M/L is finitely generated, it is contained in π−mL/L for some m ≥ 1.
By considering the filtration N induced by L ( π−1L . . . ( π−mL, we may assume
that m = 1, so πN = 0. By our assumptions, N and (L/πL) are finitely generated
Z-modules, so SuppZ(N) ⊂ SuppZ(π−1L/L) = SuppZ(L/πL). Further, we have by
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Lemma 6.3.3 that SuppZ(L/πL) = SuppZ(gr0M), so L/πL is annihilated as a Z-
module by some product of the minimal primes P1, P2, . . . , Pr above AnnZ(gr0M).
Since πN = 0 and QT (N) = 0, we have by Corollary 2.1.20 that N is T -torsion.
Further, as N is finitely generated as a Z-module, we get tN = 0 for some t ∈ T .

Therefore, viewing N as a submodule of L/πL and using the assumptions in
Definition 6.3.2, we obtain jgr0 A(L/πL) + 1 ≤ jgr0 A(N). Thus, applying part ii) of
Lemma 6.3.1 twice we obtain:

jF0A(N) = jgr0 A(N) + 1 ≥ jgr0 A(L/πL) + 2 = jF0A(L/πL) + 1.

To finish, we use part i) of Lemma 6.3.1 and Proposition 2.3.9 to obtain that
jF0A(L/πL) ≥ jF0A(L) + 1.

Proposition 6.3.5. Suppose that M is a simple A−K(ϕ)-bimodule. Then M has a
regular ϕ-lattice.

Proof. The proof repeats the argument in [5, Proposition 8.6]; we remark that since
1 ∈ T , if we let S be the preimage of T in F0A, it still follows that π is in the Jacobson
radical of F0AS.

Corollary 6.3.6. Let A be an almost commutative affinoid K-algebra such that its
slice is an almost commutative Auslander-Gorenstein k-algebra and centrally grade
preserved on modules. Then every simple endomorphism of every finitely generated
A-module is algebraic over K.

Proof. This repeats the argument in [5, Corollary 8.6].

6.4 Affinoid Quillen’s Lemma for ÷U(g)K
Let us provide sufficient conditions for property P to be satisfied.

Definition 6.4.1. Let B a Noetherian ring and δ a finite partitive function on B.
We call B δ-Cohen-Macaulay if for every finitely generated B-module M , we have

δ(B) = δ(M) + jB(M).
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Lemma 6.4.2. Let B be a Noetherian ring and C a central subring such that B is
finitely generated as a C-module, Kdim(B) < ∞ and B is Krull-Cohen-Macaulay.
Then the pair (B,C) has property P.

Proof. Let N1 ⊂ N2 be two finitely generated B-modules, P1, P2 . . . , Pr the minimal
primes above AnnC(N2) and t ∈ C \ ∪ri=1Pi such that tN1 = 0. Following definition
6.3.2, we need to prove jB(N1) > jB(N2).

By our assumptions, we have KdimC(N1) < KdimC(N2). Further, we have by [43,
Corollary 10.1.10] that KdimB(Ni) = KdimC(Ni) for i = 1, 2. The claim follows since
KdimB(Ni) = KdimB(B)− jB(Ni) for i = 1, 2.

Lemma 6.4.3. Let B be a ring and C a central subring such that C is Gorenstein
and HomC(B,C) ∼= B as B-modules. Then the pair (B,C) has property P.

Proof. Let N1, N2, t be as in the proof of the previous lemma. Since C is Gorenstein,
our assumption gives us jC(N1) > jC(N2).

We claim that for any finitely generated B-module M , we have jB(M) = jC(M).
First, notice that

HomC(M,C) = HomB(M,HomC(B,C)) ∼= HomB(M,B)

for any finitely generated B-module M . Therefore, the functors HomC(−, C) and
HomB(−, B) coincide, so viewing Ext as the right derived functor of Hom, we obtain
ExtiB(M,B) ∼= ExtiC(M,C) for i ≥ 0.

As a corollary, we obtain immediately:

Corollary 6.4.4. Let C ⊂ B a Frobenius extension and assume that C is Gorenstein.
Then (B,C) has property P.

Let us now prove that the ring ÷U(g)K satisfies the assumptions of Corollary 6.3.6.
It is clear that ÷U(g)K is an almost commutative affinoid K-algebra, so we only need
to prove that U(gk) = gr0(÷U(g)K) is an almost commutative Auslander-Gorenstein
k-algebra that is centrally grade preserved on modules.

Lemma 6.4.5. The ring U(gk) is an almost commutative Auslander-Gorenstein ring
that is Cohen-Macaulay with respect to the GK-dimension.
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Proof. This follows from the PBW filtration and [55, Corollary 4.5] since S(gk) is a
polynomial identity ring of finite injective dimension.

Proposition 6.4.6. The pair (U(gk), Z(U(gk))) has property P.

Proof. We have by [55, Lemma 4.3] that KdimU(gk)(M) = GKdimU(gk)(M) and by
Lemma 6.4.5 that GKdimU(gk)((M) + jU(gk)(M) = GKdim(U(gk)) for every finitely
generated U(gk)-module M . The claim follows by combining [35, Proposition 2] and
Lemma 6.4.2.

We can now prove Theorem C from the introduction, the case n > 0 is proven in
[5, Theorem 9.4].

Theorem 6.4.7. Let M be a finitely generated ÷U(g)K module and ϕ a simple endo-
morphism of M . Then ϕ is algebraic over K.

Proof. This follows by combining Proposition 6.4.6 and Corollary 6.3.6.

6.5 Applications of Affinoid Quillen’s Lemma

Let us now mention two important applications of Theorem 6.4.7.

Proposition 6.5.1. Assume that p is a very good prime for G and let B be a Borel
subgroup of G. Then the Krull dimension of ÷U(g)K, Kdim(÷U(g)K), satisfies the
inequality:

Kdim(÷U(g)K) ≤ dim(B).

Proof. As remarked in [4, Theorem 4.3] the restriction to the case n > 0 is only
required to apply the affinoid Quillen’s lemma in [5] which only works for n > 0. This
restriction is removed by Theorem 6.4.7.

We are now able to characterise all the primitive ideals in ◊�U(g)n,K for any n ∈ N.

Theorem 6.5.2. Let I be a primitive ideal in ◊�U(g)n,K. Then there exists a finite
extension L/K and a primitive ideal J ∈ ◊�U(g)n,K⊗

K
L with L-rational central character

such that:
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I = J ∩◊�U(g)n,K .

Further, this ideal J is of the form Ann(‘L(λ)) for some suitable λ.

Proof. We have by Theorem 5.2.4 that Z(◊�U(g)n,K) is isomorphic with a Tate algebra.
Further, we have by Theorem 6.4.7 that I has some central character. Therefore,
there exists L/K finite extension such that I ⊗

K
L ⊂ ◊�U(g)n,K ⊗

R
K has L-rational

central character.

Let e be the ramification index of L/K, OL the ring of integers of L, π′ the
uniformiser of OL and g′ = g⊗

R
OL. We have by [5, Lemma 3.9 c)] that ◊�U(g)n,K⊗L ∼=ÿ�U(g′)en,L. Finally, we have by [43, Theorem 10.2.9] that there exists a prime ideal

J ∈ ÿ�U(g′)en,L such that I = J ∩◊�U(g)n,K . Thus J contains I ⊗
K
L, so in particular it

has an L-rational central character. The claim follows from Theorem 5.6.7.

Let us end this section by proving Theorem D. First, we need to prove an auxilary
proposition.

Proposition 6.5.3. Let I be a two-sided ideal in ◊�U(g)n,K and assume it has a central
character χ : Z(◊�U(g)n,K) → K generated by a dominant regular weight. Then I is
controlled by a two-sided ideal in U(g)K.

Proof. We have by the proof of Theorem 6.5.2 that there exists a finite extension L/K
such that I⊗

K
L has a L-rational central character. By passing to the Galois closure, if

necessary, we may assume that L/K is a Galois extension; let G = Gal(L/K) denote
the corresponding Galois group. Again, let e be the ramification index of L/K, OL
the ring of integers of L, π′ the uniformiser of OL and g′ = g ⊗

R
OL. As before, it

follows from [5, Lemma 3.9 c)] that ◊�U(g)n,K ⊗
K
L ∼= ÿ�U(g′)en,L.

Since I is a two-sided ideal in ◊�U(g)n,K and L/K is finite, we get that I ⊗
K
L is a

two-sided ideal in ◊�U(g)n,K ⊗
K
L ∼= ÿ�U(g′)en,L. Therefore, we have by Proposition 5.7.2

that there exists J , a two-sided ideal in U(g′)L, such that I ⊗
K
L = ÿ�U(g′)en,LJ .

By construction, I ⊗
K
L is closed under the natural action of G, therefore J is also

closed under the corresponding G-action on U(g′)L. We have
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U(g′)L ∼= U(g⊗
R
OL) ⊗

OL
L ∼= U(g)⊗

R
OL ⊗

OL
L ∼= U(g)⊗

R
L ∼= U(g)K ⊗

K
L. (6.2)

Since L/K is a finite Galois extension, we have by Galois descent and the same
arguments as in [22, Theorem 4.2] that J = J0U(g′)L for some two-sided ideal J0 in
U(g)K . We have

Iÿ�U(g′)en,L = I ⊗
K
L = Jÿ�U(g′)en,L = (J0U(g′)L)ÿ�U(g′)en,L

= J0
ÿ�U(g′)en,L = (J0

◊�U(g)n,K)⊗
K
L.

(6.3)

Therefore, by taking G-invariants and taking into account that I and J0
◊�U(g)n,K

are fixed by the G-action, we obtain

I = (I ⊗
K
L)G = ((J0

◊�U(g)n,K)⊗
K
L)G = J0

◊�U(g)n,K . (6.4)

In conclusion, I is controlled by J0 and the claim is proven.

Proof of Theorem D. This follows by combining Proposition 6.5.3 and Lemma 5.7.3.

For the rest of this section, we fix χ = χλ : Z(◊�U(g)n,K) → K a central character
generated by λ dominant.

Proposition 6.5.4. The map ψ : { two-sided ideals in ◊�U(g)n,K with character χ }
→ { two-sided ideals in U(g)K with character χ }

ψ(I) = I ∩ U(g)K

is bijective, with inverse ψ−1(I0) = ◊�U(g)n,KI0
◊�U(g)n,K.

Proof. First, we prove that ψ is injective. Let I, JE◊�U(g)n,K and assume that ψ(I) =

ψ(J). Then ◊�U(g)n,K(I ∩U(g)K)◊�U(g)n,K = ◊�U(g)n,K(J ∩U(g)K)◊�U(g)n,K and the claim
follows from Theorem D.

To prove ψ is surjective, it is sufficient to prove that if I0, J0 E U(g)K and◊�U(g)n,KI0
◊�U(g)n,K = ◊�U(g)n,KJ0

◊�U(g)n,K , then I0 = J0.
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Again, we choose L/K a Galois extension such that (◊�U(g)n,KI0
◊�U(g)n,K) ⊗

K
L has

L-rational central character; let G = Gal(L/K) the Galois group.

By construction, we have that (◊�U(g)n,KI0
◊�U(g)n,K)⊗

K
L is controlled by I0⊗

K
L and

J0⊗
K
L. Thus, applying Proposition 5.7.2, we obtain that I0⊗

K
L = J0⊗

K
L. Therefore,

we get by Galois descent

I0 = (I0 ⊗
K
L)G = (J0 ⊗

K
L)G = J.

Lemma 6.5.5. Let ψ be as in the previous proposition. Then ψ(I) is a prime ideal
if and only if I is a prime ideal.

Proof. First assume that I is prime. Let A,B EU(g)K be two-sided ideals such that
AB ⊂ ψ(I) = I ∩ U(g)K . Then

(◊�U(g)n,KA◊�U(g)n,K)(◊�U(g)n,KB◊�U(g)n,K) ⊂ ◊�U(g)n,K(I ∩ U(g)K)◊�U(g)n,K = I,

and since I is prime we obtain that ◊�U(g)n,KA◊�U(g)n,K ⊆ I or ◊�U(g)n,KB◊�U(g)n,K ⊆ I.
Therefore, by Proposition 6.5.4, we obtain that A ⊆ I ∩U(g)K or B ⊆ I ∩U(g)K , so
ψ(I) is prime.

For the other direction, let I0 = ψ(I). Let A,BE◊�U(g)n,K such that AB ⊂ I. We
have by Proposition 6.5.4 that A = ◊�U(g)n,KA0

◊�U(g)n,K and B = ◊�U(g)n,KB0
◊�U(g)n,K

for some A0, B0 E U(g)K . Therefore, we obtain◊�U(g)n,K(A0B0)◊�U(g)n,K ⊆ ◊�U(g)n,K(I0)◊�U(g)n,K .

Thus, applying again Proposition 6.5.4, we get A0B0 ⊆ I0. Since I0 is prime,
either A0 ⊆ I0 or B0 ⊆ I0. In conclusion, we obtain that either A ⊆ I or B ⊆ I.

Now, let us finish this section by proving Theorem E; this can be seen as a more
general version of Corollary 5.7.7. Let mλ and ”mλ be two-sided ideals in U(g)K and◊�U(g)n,K generated by kerχλ, and also let U(g)λK and U(g)λn,K

∧

be the corresponding
quotients.

Corollary 6.5.6 (Theorem E). The map ψ : Spec(U(g)λn,K

∧

)→ Spec(U(g)λK),
ψ(P + ”mλ) = ψ(P ) +mλ is a homeomorphism with inverse
ψ
−1

(Q+mλ) = ◊�U(g)n,KQ◊�U(g)n,K + ”mλ.

Proof. This follows from Proposition 6.5.4 and Lemma 6.5.5.
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6.6 An algebraic proof of Duflo’s theorem for g = sl2

Let us now give an algebraic proof of Duflo’s theorem for g = sl2 using the bound on
the Krull dimension of ÷U(g)K . We will only present the proof in the case of trivial
central characters and n = 0, but this can easily be extended to all rational central
characters and to all n ∈ N∗. The proof only works in the case g = sl2 as this is the
only Lie Algebra in which the centre of the affinoid enveloping algebra is a PID, in
this case, Z(÷U(g)K) is isomorphic to a Tate algebra in one variable.

6.6.1 ad-Action on the Affinoid Enveloping Algebra

Frow now on, we will assume that g = sl2 and we denote e, f, h the standard sl2-basis,
and let c denote the Casimir operator. Consider the adh = [h,−] action on U(gK).

Lemma 6.6.1. [42, Lemma 2.29]

For i, j, k ∈ N, the operator [h,−] acts on the monomial eihjfk with eigenvalue
2(k − i). In particular, the action adh on U(gK) is diagonalisable.

We need a more general definition of a diagonalisable action to apply for ÷U(g)K in
order to replace the direct sum decomposition with a convergent sum decomposition
as in [50]. A module M will be called h∗-diagonalisable if there is a set of weights∏

(M) ⊂ h∗ with the property: for every m ∈ M there exists a family {mλ ∈
Mλ}λ∈∏(M) converging cofinite to zero in M and satisfying

m =
∑

λ∈
∏

(M)

mλ.

In particular, if we let M = ÷U(g)K and consider the adh action on it we get by
Lemma 6.6.1 that ÷U(gK) is diagonalisable with the set of weights given by 2s, s ∈ Z.

We would like to compute the space ÷U(g)K0, i.e, the centralizer of h in the affinoid
enveloping algebra. For this we need an auxiliary result; recall that c denotes the
Casimir operator.

Lemma 6.6.2. [42, Proposition 2.30]

U(gK)0 = K[h, c],

As a corollary we obtain:
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Corollary 6.6.3. The centralizer of h inside the affinoid enveloping algebra of sl2 is
given by ÷U(g)K0 = K〈h, c〉.

We now use the decomposition of ÷U(g)K into h∗ subspaces to deduce a crucial
property about the h∗ subspace decomposition of two sided ideals in ÷U(g)K .

Proposition 6.6.4. Let I be a two sided ideal in ÷U(g)K and let i ∈ I. Write

i = a0i0 +
∑

s∈Z,s 6=0

asis,

with i0 ∈÷U(g)K0, is ∈÷U(g)K2s and such that ||as|| → 0 as |s| → ∞. Then a0i0 ∈ I.

To prove the proposition we define a new family of operators Hj for j ∈ N that
act on the affinoid enveloping algebra. Let

Hj := (−1)j
1

22j(j!)2

j∏
l=1

(adh−2l)(adh +2l).

Lemma 6.6.5. Let ms ∈÷U(g)K2s. Then:

Hjms =


ms if s = 0.

0 if |s| ≤ j.

bsms if |s| > j, with bs ∈ K, ||bs|| ≤ 1.

(6.5)

Proof. We have that

Hjms = (−1)j
1

22j(j!)2

j∏
l=1

(adh−2l)(adh +2l)ms

= (−1)j
1

22j(j!)2

j∏
l=1

(2s− 2l)(2s+ 2l)ms

= (−1)j
1

22j(j!)2
4j

j∏
l=1

(s− l)(s+ l)ms

= (−1)j
1

(j!)2

j∏
l=1

(s− l)(s+ l)ms.

(6.6)
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For s = 0, we obtain

Hjm0 = (−1)j
1

(j!)2

j∏
l=1

−l2m0 = m0.

Next, if |s| ≤ j, there exist l ≤ j such that s+ l=0 or s− l = 0, so Hjms = 0.

Finally, assume |s| > j and without loss of generality that s > 0, so that s > j.

Then

1

j!

j∏
l=1

(s+ l) =

Ç
s+ j

s

å
and

1

j!

j∏
l=1

(s− l) =

Ç
s− j
s

å
.

Thus, we get Hjms = (−1)j
(
s+j
s

)(
s−j
s

)
ms, so bs = (−1)j

(
s+j
s

)(
s−j
s

)
∈ N, which

immediately implies ||bs|| ≤ 1. A similar result holds for s < 0. This concludes the
proof of the lemma.

Proof of proposition 6.6.4. Define a new sequence i(j) := Hj.i. Since I is a two sided
ideal, we have that i(j) ∈ I. Furthermore, by applying Lemma 6.6.5 one gets

i(j) = a0i0 +
∑

s∈Z,|s|>j

asbjsis,

with ||bjs|| ≤ 1. Since ||as|| → 0 as s→∞ and ||bs|| ≤ 1 the sequence i(j) has limit î
given by

î = lim
j→∞

i(j)

= lim
j→∞

a0i0 +
∑

s∈Z,|s|>j

asbsjis

= a0i0

(6.7)

By [33, Corollary I.5.5], I is a closed ideal, so a0i0 = î ∈ I.

6.6.2 Ideals in the Tate algebra in one variable

Let us now prove some basic results about the ideals in the Tate algebra in one
variable. Let K〈t〉 denote this Tate algebra. Recall from Section 2.2 the Gauss norm
on K〈t〉 given by ||

∑∞
j=0 ajt

j|| = maxj∈N ||aj||.
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Definition 6.6.6. We call f =
∑∞

j=0 ajt
j ∈ K〈t〉 distinguished of degree s if ||as|| ≥ 1,

||f || = ||as|| and ||at|| < ||as|| for t > s.

We call an element of w ∈ K[t] a Weierstrass polynomial if w is monic and
||w|| = 1. Denote by W the set of Weierstrass polynomials in K[t].

Proposition 6.6.7 (Weierstrass Preparation Theorem). Let f ∈ K〈t〉 be distin-
guished of degree s. Then there exists unique w ∈ W and g ∈ K〈t〉∗ such that
f = wg.

Corollary 6.6.8. Let f =
∑∞

j=0 ajt
j ∈ K〈t〉. Assume that a0 6= 0. Let I = (f) be

the ideal generated by f . Then there exists f ′ =
∑N

j=0 bjt
j ∈ K[t] ∩ I with b0 6= 0. In

particular, one may assume that b0 = 1.

Proof. By scaling with a suitable power of π, we may assume that f is distinguished
of degree s. Therefore, by Proposition 6.6.7, we have f = we for w ∈ W and
e ∈ K〈t〉∗. Write w =

∑N
j=0 bjt

j. Since a0 6= 0, b0 6= 0 as well. Therefore, we have
w = wee−1 = fe−1 ∈ (f) and the claim is proved.

Remark 6.6.9. It follows from Proposition 6.6.7 that any ideal in K〈t〉 intersects
K[t]. This only holds for the Tate algebra in one variable. Indeed, one may construct
an ideal J in the Tate algebra K〈t1, t2〉 such that J ∩K[t1, t2] = ∅.

6.6.3 Primitive ideals with trivial central character

Let us now describe the primitive ideals in ÷U(g)K with trivial central character. We
let U0 = ÷U(g)K/(c) and we will identify the ideals in U0 with ideals in ÷U(g)K with
trivial central characters. We aim to prove that U0 contains a unique proper prime

ideal corresponding to the augmentation ideal, ÷U(g)K
0

, in ÷U(g)K .

Proposition 6.6.10. Let I be a prime ideal in U0. Assume that I is proper. Then

I = ÷U(g)K
0

/(c).

Proof. Let ’M(0) denote the Verma module of weight 0 and let M = I’M(0). We
have by Theorem 5.2.25 that M ∈ {0,’N(0),’M(0)}, where’N(0) denotes the maximal
submodule of ’M(0).

Case I. M = 0. Then I ⊂ Ann(’M(0)) + (c) = 0 + (c), so I = 0 + (c), which is
not a proper ideal.
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Case II. M = ’N(0). View I as a two-sided ideal in ÷U(g)K containing (c). We

have 0 ( (c) ( I ⊂ Ann(’M(0)/’N(0)) = ◊�U(g)n,K
0

. Since I is a prime ideal it follows

from combining [43, Lemma 4.5] and Proposition 6.5.1 that I = ◊�U(g)n,K
0

.

Case III. M = ’M(0). Let v0 = 1 ⊗ 1 ∈ ’M(0). Since v0 generates ’M(0), there
exists i ∈ I such that iv0 = v0, so i is of the form

1 +
∑

x,y,z∈N,x+y+z>0

αx,y,zf
xhyez + (c).

Next, write i as i0 + i′, where

i0 = 1 +
∑

x,y,z∈N,x+y+z>0,x=z

fxhyez.

We have by combining Lemma 6.6.1 and Proposition 6.6.4 that i0 + (c) ∈ I.
Further, we have by Corollary 6.6.3 that i0 ∈ K〈h, c〉. Therefore, there exist (aj)j∈N∗ ∈
K such that 1 +

∑∞
j=1 ajh

j + (c) ∈ I, where ||aj|| → 0 as j → ∞. Therefore, by
Corollary 6.6.8, there exist (bj)j∈N∗ ∈ K such that x = 1 +

∑N
j=1 bjh

j + (c) ∈ I.

Finally, view I as an ideal containing (c) and let I ′ = I ∩U(gK). Then x ∈ I ′ and
it follows that I ′M(0) = M(0). Therefore, by applying [13, Theorem 4.3], we obtain
I ′ = U(gK), so I = ÷U(g)K .

As a corollary, we obtain:

Corollary 6.6.11. The only prime ideals in ◊�U(sl2)K with trivial central character
are the ideal generated by the Casimir and the augmentation ideal.
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