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Abstract

We introduce the spatial Lambda-Fleming-Viot model for natural selection within a
population distributed on a spatial continua. We then analyse the behaviour of this
model when one considers the appearance of a rare mutation. We investigate how the
mechanism for reproduction will effect the resulting limiting behaviour. In particular,
we not only show convergence to classical superBrownian motion but also, under suitable
assumptions, to superBrownian motion with stable branching mechanism. We then look
at the effect of a randomly fluctuating environment on the spatial Lambda-Fleming-Viot
model. This is motivated by the changing effects of natural selection driven by the
environment such as the El Nino effect. The final part of the thesis is devoted to
an investigation of the genealogies within a population evolving under sweepstakes
reproduction. This is related to the stable branching mechanism discussed earlier, but
with a focus on the practical implications when sampling from a population one might

expect to be modeled with a stable branching mechanism.
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Chapter 1

Introduction

1.1 Early population models

There has been a great deal of interest in how populations evolve over long time periods.
One of the first mathematically rigorous analyses of this was by Galton and Watson in
1875. Francis Galton had been investigating the extinction of English family names, as
the rate of extinction of aristocratic family names caused concern among Victorians at
the time. Galton therefore proposed the question of what was the probability that a
given family name would become extinct, which was replied to by the Reverend Henry
William Watson, and resulted in the paper Galton and Watson (1875). The model they

proposed can be formulated as a discrete time N-valued Markov process:

Xpp1 =0 er if X, > 1,

Xpi1:=0 if X, =0,

where {£" : i,n € N} is a family of independent identically distributed N-valued random
variables with finite mean, m, and variance, 7. The law of &} is referred to as the
offspring distribution. In this model, X,, represents the number of male members in
generation n of the family in question, and is called a Galton-Watson branching process.
We will say that extinction has occurred by generation n if X,, = 0. The work of Galton

and Watson had an algebraic error. However, if this is corrected they could show, for
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v >0,

lim, 0o P[X,, =0 =1 ifm <1,

lim, 0o P[X,, =0 <1 ifm>1

This means extinction of a family name is guaranteed to occur if the expected number
of legitimate sons a man will have is less than or equal to one.

This model only looks at the total number of individuals present in the population.
However, one can also look at a version of the model which has many different types
of individuals present. When considering individuals of multiple types, we will have a
‘type space’ of possible types which can be present in a given population. The multi-
type Galton-Watson branching process with N types is the NV-valued Markov process
X, = (X},..., X)), where X! is the number of individuals if type ‘i’ in generation n.

We let

n+1 Z ng’

X5 #0 k=1

where {gf ’jn tk,neNi,je{l,...,N}} is a collection of independent N-valued random
variables with {ff 3»” : k,n € N} identically distributed for each pair {7, j}. The law of
51'1, ’jl is the distribution of the number of type j individuals produced by an individual
of type i. This can be seen as a version of the previous model when there are several
distinct types of individuals in the population. The original model can be thought of as
the special case when the number of types, N, is one. There has been interest in the
limiting behaviour of this multi-type model. For instance, an early limiting theorem
for this multi-type model was proved in Kesten and Stigum (1966) and a conceptual
proof was later presented in Kurtz et al. (1997). The proof shows that under very minor

conditions on the distributions of 5 there exists a real number, p, a real vector, b,

’L_]’

and a positive random variable, W with E[W] > 0, such that

X
lim =2 = Wb a.s.

n—00 pn
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In the following work we will write ‘type space’ to refer to the space of possible types in
a population. In this case the type space is finite and can be represented by {1,..., N}.
In later work in Chapter 2 and Chapter 3 the type space will be assumed to have only
two types.

Galton and Watson were interested in the total size of a population. In the multi-
type model we then track the total number of a finite number of different types in a
population. We will restrict ourselves to considering a haploid population in our models
rather than a diploid population. We will also not consider sexual reproduction in our
models. In the following we will continue to refer to individuals. However, these will no
longer be members of species but instead represent a small section of DNA within an
individual, referred to in the literature as a locus. This is because a small section of
DNA is highly likely to remain intact over many generations and in particular, even in
sexual reproduction, will come from only one parent. Therefore, even if a population
undergoes sexual reproduction, if we are interested only in a single locus, then we can
use models which assume the type present at a locus is determined only by the type at
a single parent’s locus.

The single and multi-type Galton-Watson branching processes are some of the earliest
random population models with both being considered in discrete time. The complete
analysis of these processes required the later development of far more sophisticated
machinery, in particular the developments in stochastic analysis made by Kolmogorov,
Lévy, 1t6, Feller and many others in the first half of the 20th century. We draw attention
to the semi-group characterisation of Markov processes and their generators. For an
FE-valued Markov process, X, and a continuous function, f : E — R, the semi-group,

{T} : t > 0}, associated with X is defined by

Tif(z) == Eo[f (X)),

where E, denotes the expectation under the condition Xg = z. We then define a

generator £ which acts on a subset of functions f € D(£) C C(E) with the relation

L(f)(z) = lim 1/ (@) = f(z) (1.1.1)

t—0 t ’



4 Introduction

when the limit exists for every x and defines a continuous function. A key result for
such analysis is the Hille-Yosida theorem proved independently by Hille (1948) and
Yosida (1948). This theorem gives conditions under which a semi-group gives rise to a
generator and vice versa. These tools are primarily used for continuous time models
and, using work by many previous authors, in particular Ethier and Kurtz (1986), one
can prove powerful convergence results for Markov processes by looking only at the
generator associated with them.

The above models have no inherent limit on the population sizes and in fact can
show both exponential growth in the number of individuals and extinction events.
However, it is not natural to see exponential growth over extended time periods. The
total population of individuals will be limited by the availability of food and space. We

therefore turn our attention to models which have a fixed total population.

1.1.1 Fixed population models

For an established species population sizes will tend to remain stable over long periods
of time. Therefore, when looking over an extended time period it is often useful to
look at the different types of individuals present in a fixed total population. As we are
interested in the types present in an assumed very large population we will consider the
frequencies of different types rather than the total number of individuals of each type.

We now introduce the Wright-Fisher model.

Definition 1.1.1 (Wright-Fisher model). If the space of possible types in our popu-
lation is T then the Wright-Fisher model is a discrete time TN -valued process, X,, =
(XT,...,X}). In this model X,, represents a list of the types of the N individuals
present in the population in generation n. In each generation all individuals present
will die and are replaced by individuals who select parents uniformly at random from the

previous generation. They take their type to be that of their parent.

If we were to start with NV distinct types at time 0 then an individual’s type at time
n will tell us which individual was its ancestor at time 0. Conversely, if we know an
individual’s ancestor at time 0 and that ancestor’s type then we will know the type of

the individual. We can therefore trace the ancestors of individuals rather than their
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types. It is for this reason that we are often interested in the most recent common
ancestor (MRCA) of a pair of individuals. This way of thinking about the Wright-Fisher
model gives rise to a dual process which can help analyse the model’s behaviour. We will
discuss this further in Section 1.1.2. We now present some heuristic limiting arguments
following the work of Etheridge (2011).

In the model above, if we pick any two individuals at random at a given generation,
n > 0, then the probability that they have the same parent in generation n — 1 will be %
Therefore the number of generations since the MRCA will have a geometric distribution.
The probability that the most recent ancestor was exactly m generations ago is therefore
given by % (1 — %)m_l. We now give a rough calculation for the limiting behaviour of
the Wright-Fisher model. The appropriately scaled limit of the Wright-Fisher model is
called the Wright-Fisher diffusion. We look at a formal way of obtaining the form of
this diffusion using infinitesimal generators. We recall (1.1.1) and look at a population
with only two different genetic types. The above suggests that if we have NV individuals
in the Nth level of the scaling then by time ¢t we would like to see [tN| generations.
We will consider a population with only two types: type 1 and type 0. We denote the
proportion of type 1 in the population at time ¢ in the Nth level of rescaling by w” (t).

By looking at one generation we can see that

N
N k
E[f (N (1/N)] = 3 ( k>wN<o>k(1 — ()" 1 (k/N).
k=0
From standard properties of the binomial distribution, it follows that
Elw™(1/N) —w™(0)] =0,

and

var(w® (1/N) = w™(0)) = “w™ (0)(1 - w™(0)).
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Then with an abuse of notation and recalling (1.1.1) we see, by using the Taylor

expansion, that we would expect a limit to satisfy

E[f(w(1/N)] — w(0)]
1/N

~N (E[w™ (1/N) = w™ (0)]f (w(0))

+E[(wN (1/N) = w(0))?] " (w(0)))
~w(0)(1 = w(0)) £ (w(0)).

This suggests a limiting process will satisfy the SDE
dwt = wt(l — wt)dBt,

where B, is a Brownian motion. The solution to this SDE is the Wright-Fisher diffusion.

The Wright-Fisher model is a specific example of the more general fixed population
model introduced in Cannings (1974) and Cannings (1975). In a Cannings model,
within a total population of N individuals an individual ‘" will have v; x offspring
in the next generation. In order to maintain a fixed population size it is assumed
vi,N+---+un,ny = N. We also assume that for each N (vq n,...,vn n) are exchangeable
and identically distributed. The Wright-Fisher model is one of the simplest Cannings
models and is often the first case analysed in the literature. The other simple model
often used as a test case is the Moran model. The Moran model is often considered in
continuous time but we include a definition of the discrete time Moran model as then it

appears in the form of a Cannings model.

Definition 1.1.2 (Discrete time Moran model). If the space of possible types in our
population is T then the Moran model is a discrete time TN -valued process, X, =
(XT,...,X}). In this model X,, represents a list of the types of the N individuals
present in the population in generation n. In each generation two individuals present
will be chosen uniformly at random to die. They are replaced by two individuals who
select parents uniformly at random from the two individuals who died. They take their

type to be that of their parent.

A key difference between the Wright-Fisher and Moran models comes in the different

scalings associated with them. In particular we can see that, in a total population size
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of N, the probability that a given two individuals share the same parent in the previous
generation is 1/ (g ). Therefore, in the Nth level of the scaling by time ¢ we would like
to see | (Y)t] generations.

As in the Wright-Fisher case we can see

and

ZN(NQ_I)wN(O)(l — ™ (0)).

Therefore, exactly as in the Wright-Fisher case we would expect a limiting process to

satisfy the SDE

dwt = ’LUt(]. — wt)dBt.

1.1.2 Lineages, coalescents and duality

It is often convenient to consider population models through their lineages. Commonly
lineages are considered in order to use a duality argument as we will in Chapter 2. A
lineage of an individual is a record of the individual’s ancestors. We note that under the
models discussed above each individual has only one parent. Also, as generations do not
overlap, at any point in time the population will contain exactly one ancestor for each
individual. When the ancestors at time ¢ in the past of two individuals are the same we
say the lineages have coalesced by time ¢t. Once two lineages have coalesced then, under
these models, they will remain coalesced. In the Wright-Fisher model the probability
that three or more lineages coalesce at the same time will be O(1/N?). Therefore, when
N is large, if we are tracing a finite number of lineages they will have all coalesced
into one lineage through pairwise coalescences before we see a coalescence involving
three or more lineages. If we consider tracing k lineages, in a population of size N with

N generations in each unit of time as N — 0o, a pair of traced lineages will coalesce
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exponentially at rate (g) This is because there are (g) pairs of lineages that each have
equal chance of coalescing and the choice of scaling will mean that a given two lineages
coalesce at rate one.

We now introduce Kingman’s coalescent, which was first described in Kingman
(1982c). This is a Markov process taking values in partitions on N, which we denote by

P(N).

Definition 1.1.3 (Kingman’s coalescent). For m = {m : t > 0}, a P(N)-valued

stochastic process, we denote by " its restrictions to {1,...,n}, defined by

m={pn{l,...,n} : pem}\{0}.

Note that © is a P({1,...,n})-valued process. Kingman’s coalescent is defined to be the
P(N)-valued process w such that for every n € N, wj* makes transitions to {Ai,..., A} €
P{1,...,n}) at rate 1 whenever {Ay,..., Ax} can be formed by combining exactly two

elements of m}’.

Our previous heuristic arguments show that, under the scalings discussed, Kingman’s
coalescent will be the limit of both the Wright-Fisher coalescent and the Moran coalescent.
As Kingman’s coalescent is a limit of both the Wright-Fisher coalescent and the Moran
coalescent it is used as a model for lineages present in large populations. However,
interest in models where more than three lineages may coalesce at the same time gave

rise to the study of A-coalescents.

Definition 1.1.4 (A-coalescent). The A-coalescent is defined as in Kingman’s coalescent
except that its restriction to {1,...,n} makes transitions to {A1,..., Ax} at rate By, ;
if {A1,..., Ax} can be formed by combining exactly j elements of ©j* and there are m
elements present in m;'. This process does not exist for arbitrary choices of the rates. It

was proved in Pitman (1999) that it will exist if and only if B, ; can be expressed by

Brm.j = /[071] w72 (1 — w)™ T A(du), (1.1.2)

where A is a finite measure on [0, 1].



1.1 Early population models 9

We note that one could attempt to consider a more general A-coalescent model
where ,,; does not have this form. However any such model would be expected to

follow what is known as a consistency condition

Bm,j = Bm+1,j + Bm41,j+1s

which in fact enforces (1.1.2), Pitman (1999). This model can be further generalised
when we allow not only multiple lineages to coalesce but also multiple coalescence events
to occur simultaneously. This has led to the study of Z-coalescents which are also
characterised through a finite measure Z in Schweinsberg (2000). These have also been
studied as limits of Cannings models for example in Mo6hle and Sagitov (2001). We will

follow the notation in Schweinsberg (2003).

Definition 1.1.5 (E-coalescent). The Z-coalescent is also defined through its restrictions
to {1,...,n}. It will make transitions to {Ai,..., Ax} at rate Ak, .k, s, where b =
s+ Y ki, if 7 contains b elements and {A1, ..., Ax} can be formed by, for each i,

combining exactly k; distinct elements of m}*.

In species that produce extremely high numbers of offspring, such as Pacific oysters
which were analysed in Eldon and Wakeley (2006), Kingman’s coalescent is not a good
approximation for the lineages. In several marine species, individuals will have extremely
high numbers of offspring and large proportions of the next generation can be descended
from a single mating pair. This is often referred to as sweepstakes reproduction in the
literature. This means that one will occasionally see a large decrease in genetic diversity
over a single generation without unusual external factors. Therefore, the A-coalescent,
or =-coalescent, is of particular biological interest in these species. In Birkner et al.
(2013b) they analyse if genealogies can be described by [-coalescents, which are a special
class of A-coalescents. We will investigate a model in Chapter 4 where both Kingman’s
coalescent and [-coalescents will be the limit of the model we are interested in.

We note that taking A = §p corresponds to Kingman’s coalescent. The A-coalescent
is dual to the A-Fleming-Viot process, which takes its values in probability measures
on the type space. This process was first introduced in Donnelly and Kurtz (1999)

then later in Bertoin and Le Gall (2003) where it is called a generalised Fleming-Viot
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process. When A({0}) = 0 there is a natural way of thinking of the A-Fleming-Viot
process. Suppose you have a Poisson point process on [0,00) x (0,1] with intensity
measure dt ® u~2A(du). We will denote the A-Fleming-Viot process at time ¢ by w; and
will call the points of the Poisson point process reproduction events. A point in this
Poisson point process then represents the time and the size of a reproduction event. At
a reproduction event (¢,u) we select a type according to w;— and then kill a proportion
u of the population and replace them with copies of the selected type. In particular if e

is the type selected according to the probability distribution w;— then

wy = (1 — w)wi— + ude.

The duality can be seen by tracing a finite number of lineages backwards in time. When
we hit an event (t,u) we independently mark each lineage that we are tracing with

probability u and then merge all the marked lineages together into a single lineage.

1.1.3 Spatial structure

These models all assume that individuals within the population will interact with each
other equally. However, populations are typically spread over a large area. In general,
individuals will be more closely related to those geographically nearer to them. One
way of modelling this is to assume that a population is subdivided into a number of
‘demes’ where reproduction takes place within a deme and migration takes place between
demes. A deme represents a portion of the population where all individuals present
will reproduce with each other but will rarely reproduce with those outside their own
deme. One example is the stepping stone model introduced by Kimura and discussed in
Kimura and Weiss (1964). In some circumstances demes can be natural, but it is often
more desirable to have a model for analysis in spatial continua.

Interaction between demes is modelled as migration and this can be dependent
on the spatial distance between them. In order to keep the population constant in
each deme, the migration must be modelled by swapping individuals between demes.
Typically one will model demes in a lattice structure with migration only between

adjacent lattice points. If one imagines following lineages in a population, they will
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coalesce according to one of the processes described above if two or more lineages are
within the same deme. Lineages will independently make jumps to adjacent demes
which, if all demes have the same size, will be at a constant rate. Tracing a single
lineage on the lattice, we see a simple random walk with exponentially distributed times
between jumps. If we were to scale the migration rate and the distance between demes
in the appropriate way, in the limit lineages will move according to Brownian motion.
Then when the lineages are in same location they will coalesce according to one of the
methods discussed above. The approximation of an individual’s movement by Brownian
motion is very natural as Brownian motion is thought of as the typical continuous
space approximation for random movement, particularly as a limit of simple random
walks. However, in two dimensions Brownian motion is not point recurrent and three
and higher dimensions Brownian motion is non-recurrent. If lineages move in spatial
continua according to Brownian motion we will not see lineages in the same location
and therefore no interaction between lineages in limiting arguments in dimensions two

and higher.

1.1.4 Some spatial models

In Chapter 2 we will focus on the analysis of the Spatial Lambda-Fleming-Viot model
which will be introduced within that chapter. In order to frame this result we present
some other models which have been analysed in the literature.

We first introduce the Voter model analysed in Cox et al. (2000). This is a Markov
process based on the lattice, Z¢. Each point on the lattice will hold an opinion which
for simplicity is often assumed to be in {0, 1}. For instance when considering electorates
this can represent a preference for the incumbent or a challenger. Each individual
on the lattice has an independent exponential clock and at rate one will adopt the
opinion of another individual in the lattice. The spatial structure is given through the
‘voting kernel’, a function k : Z? x Z¢ — [0,00). The ‘voting kernel’ is chosen so that
k(xz,y) = k(y,x) = k(0,y —z) and >, 74 k(0,2) = 1. When the exponential clock of
an individual at position z rings the individual will, with probability k(x,y) adopt the
opinion of the individual at position y. A key point in the analysis in Cox et al. (2000)

comes through looking at the voter model in a different way. They consider the spread
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of one type of voter by considering points on the lattice as spreading their ‘ideology’
rather than points adopting ideologies of other points. This allows them to use the rich
literature of branching random walks in their analysis.

The next model we introduce has clearer analogies with population models. This is
the contact process which was introduced in Harris (1974) and analysed in Van der Hof-
stad and Sakai (2010). The contact process is similar to the voter model. However, the
two types of individuals are fundamentally different. Each point of the lattice is either
infected or healthy and an infected individual at point y will infect a healthy site at
point = at rate Ak(y — z). We note that k is a kernel with the same constraints as in
the voter model and A > 0 is an infection rate. We will also have infected points recover
at rate 1. We note that although one of these two models has exchangeable types and
the other has distinct types they are both shown to have the same scaling limit.

The third related lattice model is a model for competition between species. The
model was introduced in Neuhauser and Pacala (1999). This is a stochastic spatial

version of the Lotka-Volterra model, also known as predator-prey equations

dx 9
— =aqz — f1x? — 1z
7 B1 NnTY

d
di; =agy — Bay® — ey,

introduced by Volterra (1928) and Lotka (1932). The model introduced by Neuhauser
and Pacala (1999) is based on the lattice as above. They consider an individual at
each point on the lattice. At exponentially distributed times the individual dies and
is replaced by a new individual who takes their type depending on the surrounding
configuration of other individuals. It can be seen that the voter model is a particular
class of this Lotka-Volterra type model. Work by Cox and Perkins (2005) extended the
the previous results with the voter model to this more general class of models.

The final model has clear analogies with the contact process. This is a branching
random walk, in which a number of individuals live on the lattice and each move
according to an independent simple random walk on Z¢. In the simplest case, at
exponential times each individual present will die and will either be replaced by two

individuals at the same location or will not be replaced with equal probability.
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1.2 Thesis Overview

This thesis will be structured as follows. In each subsequent chapter we will first
introduce a specific problem along with some additional material relevant to the chapter.
We will then set out the main results of the chapter followed by the more detailed
proofs in later sections. In Chapter 2 we present some joint work with Alison Etheridge
which resulted in a paper, Chetwynd-Diggle and Etheridge (2018). This work looks at
the limiting behaviour of a spatial population model when considering the appearance
of a mutation in the population carried by a very small number of individuals. As
discussed in Section 1.1.1 the dynamics of a subpopulation of individuals of a rare
type in a Wright-Fisher model can be approximated by a Feller branching process. In
Chapter 2 we establish an analogue of that result for a spatially distributed population
whose dynamics are described by a spatial Lambda-Fleming-Viot process (SLFV),
which we will introduce in Section 2.2.2. The subpopulation of rare individuals is then
approximated by a superBrownian motion, which we define in Section 2.2.1. This result
mirrors Cox et al. (2000), where it is shown that when suitably rescaled, sparse voter
models converge to superBrownian motion. The main novelty of this Chapter is that
by choosing the dynamics of the SLFV appropriately we can recover superBrownian
motion with stable branching in an analogous way. This is a spatial analogue of (a
special case of) results of Bertoin and Le Gall (2006), who show that the generalised
Fleming-Viot process, when suitably rescaled, converges to a continuous state branching
process with stable branching mechanism.

In Chapter 3, we present joint work with Aleksander Klimek with resulted in a
paper, Chetwynd-Diggle and Klimek (2019). In this work we looked at an extension of
the work in Chapter 2 where we consider the same model, but, with the introduction of
a rapidly changing environment. Although at first glance a very simple extension to the
work in Chapter 2 using results from Biswas et al. (2018), the work required the use of
much more complicated machinery in order to complete the proof. In Section 3.1 we will
introduce the Lambda-Fleming-Viot and spatial Lambda-Fleming-Viot with fluctuating
selection. This environment will determine which of the two types of individuals present

in the population has a selective advantage. We will again investigate the behaviour
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of an establishing mutation under this Lambda-Fleming-Viot model and show that
under a suitable scaling it converges to the Feller diffusion in a random environment. In
Section 3.2 we will prove this, non-spatial, result. The proof is broken down into several
parts. We will have to reprove some of the results in Chapter 2, then extend those
techniques to accommodate the effect of the environment. We then extend these results
to a population that is distributed across a spatial continuum in Section 3.4. In this
setting the scaling limit is the SuperBrownian motion in a random environment, which
we introduce in Section 3.3. The scaling results for the behaviour of the rare allele in
this Chapter are achieved via particle representations, which belong to the family of
‘lookdown constructions’ Lookdown constructions were introduced in Donnelly and
Kurtz (1996) and Donnelly and Kurtz (1999) but we will be using techniques and a
construction more similar in flavor to those presented in Kurtz and Rodrigues (2011).

In Chapter 4, we present joint work with Alison Etheridge and Bjarki Eldon where
we looked at a modification of the population model analysed in Schweinsberg (2003).
The Chapter was motivated by recent surveys of Icelandic cod. We will consider the
impact of the large sample sizes involved in these surveys by considering a model for
gene genealogies in a highly fecund haploid population with sweepstakes reproduction.
The model will be a modification of Schweinsberg’s model of genetic reproduction from
Schweinsberg (2003), which incorporates a cut-off to the random number of juveniles
contributed by a given individual. We introduce the model in Section 4.3. Depending on
how the cut-off behaves relative to the population size, we obtain the Kingman-coalescent,
a truncated Beta-coalescent, or the original Beta-coalescent as in Schweinsberg (2003).
The truncated Beta-coalescent and Beta-coalescent are both examples of A-coalescents,
which often appear as limits of population models. We use the cutoff to estimate the
error of the coalescent approximation. The error estimates reveal that convergence
can be very slow, and that a very small sample size can be sufficient to invalidate
convergence, especially if the cut-off is of a specific form. In Section 4.5 we will look at
a common statistical tool and show that the impact on inference will only be noticed at

larger sample size than that at which convergence breaks down.



Chapter 2

SuperBrownian motion and the
spatial Lambda-Fleming-Viot

process

2.1 Background

Our aim in this chapter is to establish a relationship between two, at first sight, very
different classes of measure-valued processes. The first, the spatial Lambda-Fleming-Viot
processes, is a collection of models for the evolution of frequencies of different genetic
types in a population that is dispersed across a spatial continuum. The second is the
(finite and infinite variance) superBrownian motions. Our motivation is two-fold. On the
one hand, we add to the panoply of processes that converge to superBrownian motion;
on the other, we address a question of some interest in population genetics: how does
the frequency of a rare neutral mutation evolve in a spatially distributed population?
SuperBrownian motion, or the Dawson-Watanabe superprocess, was introduced
independently by Watanabe (1968) and Dawson (1975) as a continuous time and space
approximation to systems of branching Brownian motions. In this way it can be thought
of as a spatial analogue of the Feller diffusion approximation to critical (or near-critical)

Galton-Watson branching processes. We shall recall its definition in Section 2.2.1 below.
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In addition to the huge literature exploring the rich mathematical structure of
superBrownian motion, over the last two decades an increasing body of evidence has
emerged that it is a universal scaling limit of critical interacting particle systems above
a critical dimension. It has been obtained as a limit of lattice trees (above 8 dimensions,
e.g. Holmes (2008)), oriented percolation (above 4 dimensions, Van der Hofstad and
Slade (2003)), the contact process (above 4 dimensions, e.g. Van der Hofstad and
Sakai (2010)), the voter model (in two or more dimensions, e.g. Cox et al. (2000)) and
the Lotka-Volterra model (Cox and Perkins (2005)). By changing the range of the
interaction with the scaling, one can also obtain it from the contact process in lower
dimensions (Cox et al. (1999)). These analyses prove convergence of finite-dimensional
distributions; Van der Hofstad et al. (2017) provide a tightness criterion that allows
the extension to convergence on path space and apply it to the example of sufficiently
spread out lattice trees above 8 dimensions. We also refer to that paper for a more
complete list of references.

For populations that are not spatially distributed, one classically models frequencies
of different genetic types (usually refered to as alleles) through a Wright-Fisher or a
Cannings model. Suppose that we are interested in the proportion of individuals of a
particular type, that we shall call type 1. Under the Wright-Fisher model, when suitably
scaled, this proportion converges to the Wright-Fisher diffusion. If type 1 is rare, the
absolute number of type 1 individuals evolves approximately according to a branching
process which, under the same scaling, converges to a Feller diffusion. This branching
process approximation for the rare type has been used extensively in the population
genetics literature and so it is natural to try to establish analogous results for spatially
distributed populations.

In one spatial dimension, the Wright-Fisher diffusion has a stochastic pde counterpart:

dwy(z) = %Awt(a?)dt - \/Ilgwt(x)(l — wy(x))W(dt, dz), (2.1.1)

where w;(z) denotes the proportion of the population at spatial position x at time ¢

that is of type 1, K is the local population density, and W (d¢,dz) is a space time white
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noise. Formally at least, if type 1 is rare, this reduces to
1 1
dw(z) = iAwt(x)dt + ?wt(x)W(dt,dx),

and if we set X; = Kw; to recover absolute numbers rather than proportions, the type

1 population is modelled by
1
dXy(z) = §AXt(a:)dt + \/ X ()W (dt, dx),

which is the stochastic pde governing the density with respect to Lebesgue measure
of the (finite variance) superBrownian motion, and so it is certainly reasonable to
hope to describe establishment of rare alleles in one dimensional populations using
superBrownian motion.

In dimensions two and higher, equation (2.1.1) has no solution and so we need
an alternative approach to modelling allele frequencies in higher dimensional spatial
continua. The obstructions to finding such an approach, often refered to as ‘the pain
in the torus’, are well documented. We refer to Barton et al. (2013) for a survey.
The spatial Lambda-Fleming-Viot process (SLFV) introduced in Etheridge (2008),
overcomes the pain in the torus to provide a class of models for allele frequencies in
populations distributed across spatial continua of any dimension. The first rigorous
construction is in Barton et al. (2010). The SLFV can be thought of as the spatial
counterpart of the ‘generalised Fleming-Viot process’ (that we shall refer to as the
Lambda-Fleming-Viot process in what follows) of Bertoin and Le Gall (2003) and, just
as for their model, comes with a consistent ‘backwards in time’ model (a spatial analogue
of the Lambda-coalescent) for the genealogies describing relatedness between genes in
individuals sampled from the population. We recall the definition of the process in
Section 2.2.2.

As a special case of the results in Etheridge et al. (2014), in one spatial dimension
one can recover (2.1.1) as a scaling limit of a particular SLF'V. The corresponding scaling
in higher dimensions leads to the (deterministic) heat equation. This can perhaps best

be understood as a ‘law of large numbers’ effect. In particular, the initial conditions
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taken in that paper don’t correspond to ‘rare’ alleles. As we shall see, we can recover
superBrownian motion from the SLFV in arbitrary spatial dimensions, but only if
we take a sufficiently ‘sparse’ initial condition. This should of course be compared to
the results of Cox et al. (2000), who recover superBrownian motion from sparse voter
models and our analysis in the finite variance case owes a great deal to that paper. We
should also mention the work of Freeman (2010), in which he introduces a very close
relative of the SLFV, which he calls a ‘bursting process’, on Z% and shows that for d > 3,
started from sparse initial conditions and suitably scaled, that process too converges to
a superBrownian limit.

In the discussion up to this point we have (implicitly) considered the finite variance
superBrownian motion. Where our work diverges from the body of work described
above is that we are also able to obtain superBrownian motions with stable branching
mechanisms from particular choices of the SLFV. Such superprocesses are the spa-
tial analogue of the continuous state branching processes sometimes known as stable
branching processes. In Birkner et al. (2005a), it is shown that the special class of
Lambda-Fleming-Viot processes that are dual to the so-called Beta-coalescents can
be obtained as time-changed stable branching processes, revealing a deep connection
between the two classes of processes. Bertoin and Le Gall (2006) show that in much the
same way as the Feller diffusion describes evolution of a rare allele in a population evolv-
ing according to the Wright-Fisher diffusion, stable branching describes the evolution of
a rare allele under this Lambda-Fleming-Viot process (see Lambert and Schertzer (2016)
for a ‘backwards in time’ analogue). We provide the ‘back of the envelope’ calculation
that explains Bertoin and Le Gall’s result in Section 2.2.4. What is more surprising is
that we can extract a superBrownian motion with stable branching mechanism from
a sequence of rescaled SLFVs. First, the conditions on the ‘Lambda’-measure under
which we can construct the SLF'V are more restrictive than those under which we can
construct the (non-spatial) Lambda-Fleming-Viot process. Second, the spatial motion of
individuals in the SLFV is intricately connected to the reproduction mechanism, yet we
are trying to produce a limit in which spatial motion is continuous and reproduction is
discontinuous. On the other hand, in Etheridge et al. (2014) the analogue of (2.1.1) with

the Laplacian replaced by the generator of a symmetric stable process is obtained as a
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scaling limit of an SLFV. In that case, in the limit the spatial motion is discontinuous
and the reproduction mechanism continuous.

The rest of this chapter is laid out as follows. In Section 2.2 we remind the reader
of the definitions of the superBrownian motion and the SLFV before stating our main
results. We also give a heuristic explanation of our results. In Section 2.3 we provide
martingale characterisations of the scaled SLF'Vs, from which, in Section 2.4, we formally
identify the limiting objects, deferring tightness to Section 2.5, and the proof of some

key estimates to Section 2.6. The proof of convergence follows in Section 2.7.

2.2 Definitions and statement of results

Before stating our results in Section 2.2.3 below, we fix notation and define our two

classes of processes.

2.2.1 SuperBrownian motion

We shall characterise superBrownian motion through a martingale problem. It is
convenient to use distinct formulations in the finite and infinite variance cases. For an
introduction to superprocesses and, in particular, their construction as scaling limits of
branching particle systems, we refer to Dawson (1993), Etheridge (2000) and Perkins
(2002).

A complete filtered probability space (2, F, F;, P) will be implicit throughout. We
write M p(R?) for the space of finite measures on R?, equipped with the topology of weak
convergence, and C}(R?) for the space of k times differentiable functions ¢ : R — R,
vanishing at infinity, and such that ¢ and its derivatives up to kth order are bounded
with norm

FoR0)

léllcx = max | =5

0<I<k

[e.9]

Definition 2.2.1 (Finite variance superBrownian motion). The finite variance super-
Brownian motion is the unique Mz (R%)-valued Markov process { X;}i>0 with continuous

sample paths such that for each non-negative ¢ € C’S’(Rd), the process

Mi(6) 1= (X0 6) — (Xo,6) — [ 06, 5 Mg,
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s a continuous, square integrable martingale with quadratic variation given by

(M) =2 [ (X0 )s,

where m, k > 0 are constants.

We shall not consider the most general possible superBrownian motions. Instead, we
restrict ourselves to those that arise as scaling limits of branching Brownian motions with
offspring distribution in the domain of attraction of a stable law. These are naturally
parametrised by a parameter 8 € (0,1) (with 8 = 1 corresponding to the finite variance

case).

Definition 2.2.2 (SuperBrownian motion with stable branching law). The super-
Brownian motion with stable branching law of parameter 8 € (0,1) is the unique
Mp(R?)-valued Markov process {X;} >0 with cadlag sample paths such that for each

non-negative ¢ € C3(RY), the process

My(¢) ==

t m
exp(— (X ) = exp(~(X0,)) — [ (Xo 5080 + o) exp(~ (X, ))ds, (2:2.1)
is a martingale, where m,x > 0 are constants.

2.2.2 The Spatial Lambda-Fleming-Viot Process

We now introduce the SLFV processes. In fact there is a much richer class of these
processes than those we consider here, incorporating, for example, various forms of
natural selection. For a (somewhat out of date) survey we refer to Barton et al. (2013).
We restrict ourselves to a population in which there are just two genetic types which we
label by {0,1}. At each time ¢, the random function {w;(z), x € R} is defined, up to a

Lebesgue null set of R?, by

wy(x) ;= proportion of type 1 at spatial position x at time t.
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A construction of an appropriate state space for x — wy(z) can be found in Véber and

Wakolbinger (2015). Using the identification between M and w given by

Lo faaM@ede) = [ {w@)f@1)+ (0 - w@)f@0)}d,
R x{0,1} Rd

this state space is in one-to-one correspondence with the space M, of measures on
R? x {0, 1} with ‘spatial marginal’ Lebesgue measure, which we endow with the topology
of vague convergence. By a slight abuse of notation, we also denote the state space of

the process (wy)icr, by M.

Definition 2.2.3 (SLFV). Let u be a finite measure on (0,00) and, for each r € (0,00),
let v, be a probability measure on (0,1]. Further, let II be a Poisson point process on

RY x (0,00) x (0,00) x (0,1] with intensity measure
dz @ dt @ p(dr)v.(dp). (2.2.2)

The spatial Lambda-Fleming-Viot process (SLFV) driven by (2.2.2), when it exists, is
the Mx-valued process (wy)ier, with dynamics given as follows.
If (z,t,r,p) € II, a reproduction event occurs at time t within the closed ball B, (x)

of radius r, centred on x, in which case:

1. Choose a parental location z uniformly at random within B,(x), and a parental
type, a, according to wy—(z); that is o = 1 with probability wy—(z) and o = 0 with

probability 1 — w;_(z).
2. For every y € B,(z), set wi(y) = (1 — p)wi—(y) + pLlia=1}-

3. Fory & Br(x), we(y) = we—(y)-
We shall refer to p as the impact of the event.

Before providing conditions under which the process exists, it is convenient to
introduce the dual process of coalescing lineages that plays the role for the SLFV played
by the Lambda-coalescents for the (non-spatial) Lambda-Fleming-Viot processes. The
idea is that these lineages trace out the ancestry of a sample from the population. The

dual will also play a crucial role in establishing the estimates of Section 2.6.
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The dynamics of the dual are driven by the same Poisson process of events II that
drives the SLFV. This driving process is reversible and we shall abuse notation by
indexing events by ‘backwards time’ when discussing our dual. We suppose that at
time 0, ‘the present’, we sample k individuals from locations z1,...,z; and we write
€L, ..., €Ns for the locations of the N, ‘ancestors’ that make up our dual at time s before

the present.

Definition 2.2.4 (Dual to the SLFV). The coalescing dual process (Ei)e>o is the
UnZI(Rd)”—valued Markov process with dynamics defined as follows. At each event

(l‘,t,?“, p) e II:

1. For each & € B,(x), independently mark the corresponding ancestral lineage with

probability p;

2. if at least one lineage is marked, all marked lineages disappear and are replaced by

a single ancestor, whose location is drawn uniformly at random from within B, (x).
If no particles are marked, then nothing happens.

Assuming that the SLFV and its dual exist, the duality is expressed through the

following proposition.

Proposition 2.2.5. The SLFV is dual to the process (Z¢)¢>0 in the sense that for every
k€N and ¢ € C((RHF) N LY ((RHF), we have

k
Ewo[ w(m,...,wk){ wt(a?j)}dxl...dxk}
(RA)E -
7j=1
Nt )
= (Rd)k w(.ﬁh . ,wk)E{th’xk} |: H ’wo(fg):| dCEl .. .dxk, (2.2.3)
j=1

where the subscripts on the expectations denote the initial values of the corresponding
processes. In particular, B¢, ..y denotes expectation under the distribution of the

dual process started from Zg = {1, ...,z }.

In Barton et al. (2010), through a powerful result of Evans (1997), it is shown that

existence of the SLFV can be deduced from existence of the dual. In that paper, by
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assuming that

/ priv, (dp)p(dr) < oo, (2.2.4)
[0,1] % (0,00)

one guarantees that started from any finite number of individuals, the jump rate in
the dual is finite, and so Definition 2.2.4 gives rise to a well-defined process. Ancestral
lineages in the dual process move around according to (dependent) compound Poisson
processes which can coalesce if they are affected by the same event. Although one can
write down more general conditions under which the SLFV exists, see Etheridge and

Kurtz (2018), Condition 2.2.4 is trivially satisfied for the processes considered below.

2.2.3 Main results

We are going to extract superBrownian motion from the SLFV through a scaling and
a passage to the limit. There will be two cases, the first leading to the finite variance
superprocess and the second to a superprocess with a stable branching law.

At the Nth stage of our scaling, the local population density will be K = K(N).
We shall denote our scaled SLFV by w” and the population of type 1 individuals by
XN = Kw!, which is defined Lebesgue almost everywhere. We shall think of X? as a

measure-valued process and abuse notation by writing, for any Borel measurable ¢,

N _ N _ N
(XN 0) =K [ o@u@de= [ o)X} @)da.

Before scaling, the SLFV will be driven by a Poisson point process II" with intensity
dr®@dt®p (dr)v,(dp). Each (z,t,r, p) € IV signals a reproduction event for the scaled
process associated with the quadruple (47, %, a7 5), where M := M(N), J := J(N),
are some positive increasing functions of N. In other words, for the scaled process,
time is sped up by a factor N, space is shrunk by M (N), and the impact of each event
is reduced by a factor J(N). Moreover, the local population density is increased to

K = K(N) where K(N) is another increasing function of N.

We shall consider two different scenarios:

1. Fixed radius case: Here we shall take pV(dr) = 4,, independent of N, and
vy (dp) = 0, where u € (0, 1] is fixed.
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2. Variable radius case: Here we shall take

pN (dr) == 7“0‘1{]%1 <T<1}dr, (2.2.5)

where « is a real constant and -~y is a positive constant. We then take v, := §,—.

The lower bound on 7 in the variable radius case ensures that after scaling the impact

of each event is at most 1.

Theorem 2.2.6 (Fixed radius case). In the notation above, in the fized radius case,
suppose that X(])V is absolutely continuous with respect to Lebesgue measure, that the
support supp(XJ) € D, where D is a compact subset of R? (independent of N ), and

that X' converges weakly to Xo € Mp(R?). Moreover suppose that
1. M — o0 as N — o0,

2. %—)Cl as N — oo, and

3. KN

W—)CQ CLSN—>OO,

for some C1,C4 € (0,00). Then if

Mo ifd=1,

logJM =0 Zfd — 2’ (226)

>0 ifd>3,

the sequence {X™}n>1 converges weakly in D([0,00), Mg (R%)), the space of cddldg
functions endowed with the Skorohod topology, to finite variance superBrownian motion

with initial condition Xo and parameters

1
m = ZClurdJrQ/ rid, k= ~Cou?|B,|%
2| <1 2

Conditions 1-3 guarantee tightness; (2.2.6) will ensure that type 1 is sufficiently
‘sparse’ that, asymptotically, descendants of different type 1 ‘individuals’ evolve indepen-

dently (they don’t sense that total population density is constrained) and we recover a
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branching structure. Notice in particular that (2.2.6), combined with Conditions 2 and 3
implies that K — oo as N — oo. In Section 2.2.4 we present a heuristic argument which
suggests that these conditions are in some sense optimal. We note that the conditions
of Theorem 2.2.6 are analogous to those of Cox et al. (2000), Theorem 1.1.

It isn’t hard to convince oneself that if we fix the radius of events, then it is not
possible to find a sequence of impact distributions "V and a scaling under which the
limiting process is superBrownian motion with a stable branching mechanism of infinite
variance, which is why we turn to /¥ (dr). Theorem 2.2.7 provides conditions under
which we do then have convergence to superBrownian motion with a stable branching
mechanism. Even with our special choice of 4V, in d = 1 these are considerably more
technical than those in the fixed radius case. However, we shall see them emerge in a

natural way from our calculations.

Theorem 2.2.7 (Variable radius case). In the notation above, suppose that Xév 18
absolutely continuous with respect to Lebesque measure, that the support supp(X{') C D,
where D is a compact subset of R? (independent of N) and that X{¥ converges weakly
to Xo € Mp(RY). We work in the variable radius case with ™ (dr) given by (2.2.5) and

Vp = 0,—. Fiz f € (0,1) and take o and ~v such that
1. 0<fy—d<ﬁ andy>2ifd=1,
2. a+1=(B+1)(y—d).
Suppose that M — oo as N — oo and that
3. % — Cl,
N( KN 0y and K
4. 7(W) — Ca an — 00,
y—d 2
5. J v M B — oo.
In addition, we require:

1-p8)/8
(ﬁﬂ( 7 paeme-nmae g g -,

el 0 ifd=2; (2.2.7)

L =0 ifd>3
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Then the sequence {XN}Nzl converges to superBrownian motion with stable branching

law with parameter B, initial condition Xg, and

1 o)
m = 2C1/ xde/ rotat2=dy, = 2 / (¥ +v—1)v~ B+ qu.
|z|<1 0 —d Jo

v

Once again Conditions 3-5 guarantee tightness of the sequence, whereas (2.2.7)
ensures ‘sparsity’. For d = 1 the condition in (2.2.7) is not necessary, even our proof
shows that it could be improved a little, but in this form it is easy to check: since v > 2
and (1 — 8)(y —1) < 1, we only have to make sure that J — co as N — oo sufficiently

quickly compared to M.
Example 2.2.8. The conditions of Theorem 2.2.7 are satisfied if

1. d> 2 and

(a) a=p, y=d+1,

(b) J = M" with n> 2'7/67 M2t = N, K = JMdJrz/ﬁ.
2.d=1 and

(a) /8:3/47 7:3fa:5/2;

(b) J = M" wheren >4, M**" = N, K = JM"/3,

The structure of the proofs of Theorems 2.2.6 and 2.2.7 will come as no surprise.
We establish tightness of the sequences of rescaled processes and then check that all
limit points satisfy an appropriate martingale problem. The first step will be to write
down the martingale characterisation of the the scaled SLFV and manipulate it into
a form that resembles the desired limit. Tightness for the fixed radius case is then
highly reminiscent of the arguments in Cox et al. (2000). To prove tightness in the
variable radius case, we modify the arguments used in constructing superBrownian
motion with a stable branching mechanism as the limit of a sequence of branching
Brownian motions (although the calculations here are somewhat more involved). In
both cases, a key step in identifying the limit is to establish control over the probability

that two individuals sampled from the same small region in the SLFV are close relatives.
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This is also reminiscent of Cox et al. (2000), being based on estimates for the coalescing

dual of the SLFV.

2.2.4 Heuristics

Before proceeding to the proofs, let us try to motivate the scalings in Theorem 2.2.6

and (at least some of those in) Theorem 2.2.7.

2.2.4.1 Fixed radius

First consider the fixed radius case. If superBrownian motion really is a good approx-
imation for the type 1 population, then, in particular, we expect that the motion of
a single ancestral lineage in the SLFV should converge to Brownian motion. Events
that affect regions in which a given lineage lies fall according to a Poisson process with
rate proportional to N, and, for each such event, the chance that the lineage is affected
by it is u/J. Thus the lineage will jump at rate proportional to N/J. Each jump is
mean zero, finite variance, and O(1/M). In order to obtain a Brownian limit, we seek a
diffusive rescaling; that is N/(JM?) should converge.

Next recall that in d > 2 superBrownian motion is a two-dimensional object, whereas
the support of the SLFV has the same dimension as the state space. The scaling of
the impact of each event dictates that an ‘atom’ of mass is O(1/J), so in order that
the number of atoms in a region of diameter M scale like KM? (as it would for a
two-dimensional object) we take K M2 ~ JM¢9, which if N/(JM?) converges says that
KN/(J?M?) should converge.

The large parameter K controls the total population density, but we must still
ensure that the population of rare alleles in our scaled SLFV is sufficiently ‘sparse’ if
we are to recover superBrownian motion. In the SLFV, the density of the population
is strictly regulated, creating a strong dependence between the mass born during a
reproduction event and that which dies. In contrast, in superBrownian motion, once
born, ‘individuals’ reproduce and die independently of one another. In order to ensure
that the dependence inherent in the SLFV is not apparent to us when we follow just a
single (rare) type, we should like to know that if we sample individuals from the same

small region they are not likely to be close relatives. In this way we can guarantee
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that individuals are not victims of reproduction events in which their own close family
reproduces.

To check whether two individuals sampled from very close to one another are close
relatives, we follow the dual process of ancestral lineages. We should like them to move
apart to a distance of O(1) in the scaled process (without coalescing). If both lineages
are in the region affected by an event, then the chance that they are both affected (and
therefore coalesce) given that at least one of them jumps is of order 1/J. On the other
hand, it only takes a finite number of events in which only one of the lineages jumps
before they are sufficiently far apart that they cannot be affected by the same event
and so evolve independently. We then think of them as making an excursion away from
one another, before they once again come close enough that they are susceptible to
coalescence. The number of such excursions before we see one in which they move apart
to a distance of O(1) (after scaling) has mean O(M) in d =1, O(log M) in d = 2 and
O(1) in d > 3. Since at the end of each excursion, the chance that the lineages will
coalesce rather than starting the next excursion is proportional to 1/.J, we see that our
‘sparsity’ conditions (2.2.6) ensure that the probability that they successfully ‘escape’ to
a distance of O(1) from one another tends to one. This is the intuition underlying the

calculations in Section 2.6.

2.2.4.2 Variable radii

Now we turn to the case of variable radii, from which we are trying to extract a
superBrownian motion with stable branching mechanism.

In the non-spatial setting, Bertoin and Le Gall (2006) recover a stable branching
process with parameter 5 from a Lambda-Fleming-Viot process in much the same way
as we recovered the Feller branching process from the Wright-Fisher diffusion in the
introduction. The Lambda-Fleming-Viot process is driven by a Poisson point process II
on [0,00) x (0,1]. A point (¢, p) € II signals a reproduction event at time ¢ in which a
proportion p of the population is replaced by offspring of a randomly chosen parent.
The intensity of II is dt ® A(dp)/p?, where A is such that the tail A([e,1]) is regularly

varying with index —(1 + ) as ¢ — 0. A simple ‘back of the envelope’ calculation

illustrates why Bertoin and Le Gall’s result should hold. To be completely concrete,
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we present it in the special case A(dp) = C(B8)p~?(1 — p)?dp, corresponding to the
Lambda-Fleming-Viot process which is dual to a so-called Beta-coalescent and, as shown
in Birkner et al. (2005a), is a timechange of the stable branching process.

Once again let K be the total population size and consider a rare allele that makes up
a proportion w of the population. We are interested in the absolute number, X = Kw
of rare alleles. We apply the infinitesimal generator of X to a test function of the form

exp(—0X), where § > 0. This yields

) X . X\ oviin —ax) A(dp)
X(,—6X\ _ O(X+Kp(1-X/K)) _ 0X(1—p) _ —6X
L4 (e7") /O{Ke + (1 K)e e } 2
K oo (X g X (1—wv/K)* 1
_ 0X Ov(1-X/K) _ 0Xv/K _
(ﬂ)/o ‘ {Ke - ge 1} WK B

_ 0y 1
~ C(B)K Xe QX/O {e o —i—@v—l}mdv

= CKPXe %o+,

which we recognise as the infinitesimal generator of the stable branching process,
timechanged by a factor proportional to K?. Recalling the construction of this Lambda-
Fleming-Viot process from individual based models, for example as in Schweinsberg
(2003), we see that the evolution of a population of size K should be compared to the
Lambda-Fleming-Viot process on the timescale 1/K# (just as we see a factor 1/K in
the Wright-Fisher diffusion (2.1.1)). This precisely cancels the K we see here. This
calculation confirms that the emergence of the stable branching process was dictated by
the behaviour of the measure A(dp) close to p = 0.

If we are to extract infinite variance superBrownian motion from an SLFV in an
analogous way, we must have random event radii and, since the spatial motion is
bound up in reproduction events, if in the limit the spatial motion is to be continuous,
the impact will depend on the event size in a nontrivial way. In order to make the
calculations tractable, we fix the impact to be a negative power of the radius of events
and we take pv (dr) to be a truncated power law. The purpose of the truncation is
two-fold: first, by bounding the radii below we force the impact of each event to lie
in (0, 1]; second, by bounding radii above, we ensure that the jumps of lineages in the

unscaled SLFV have finite moments of all orders.
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As for the fixed radius case, we should like the motion of a single ancestral lineage
to converge to Brownian motion. A lineage will fall in the region affected by an event
of (scaled) radius r/M at rate Nr¢u™N (dr) in which case, with probability p/J (with p
sampled from v,.(dp)), it will make a mean zero, finite variance jump of size of order
r/M. Substituting our chosen form of u¥(dr)u,.(dp), we see that in order to obtain a
Brownian limit for the motion of lineages, we should require convergence of

d+2
/000 Nu};«\);; + MN(dr) _ /Jll/V %rd—l-}i-a—'ydr.
Under our conditions on «, v, this implies that N/(JM?) should converge, just as in
the fixed radius case.

We now turn to recovery of the stable branching mechanism. When an event of
radius r falls, the total mass of the offspring in the rescaled population process is
K/(JM?) times v(r) = C(d)r¢=7, where C(d) := fﬁl(o) |z|?dz. Such events fall on a
given point z, and an ‘individual’ at that point is selected as parent of the event, at
rate (N/K)r®drdz (a factor of C(d)r? in the rate at which events of radius r cover the
point x has cancelled with the reciprocal of the same factor in the probability that x
is the point selected uniformly at random from within the ball to be the location of
the parent). Observing that dv(r) = C(d)(d — v)r®~dr (and thus substituting for
redr), we see that for a given ‘individual’ at x, events in which it produces offspring
with mass proportional to v occur at rate proportional to v~(r=d¢tat1)/(v=d)qydz. We
need to match this with the v=?=2 of the non-spatial case close to v = 0, and so we take
a+1=(B+1)(y—4d).

A more careful version of the argument in the previous paragraph leads to Condi-
tions 4 and 5. In fact, Condition 4 can be understood in terms of the dimension of the
limit in much the same way as the corresponding condition for the fixed radius case. In
the stable case, the Hausdorff dimension of the support of the limiting superBrownian
motion will be d A (2/3), so at least in high enough dimensions we expect to need
JM% ~ KM?8 which combined with convergence of N/(JM?) leads to Condition 4.
Conditons (2.2.7), which follow from the same considerations as in the fixed radius case,

ensure sufficient ‘sparsity’.
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2.3 Martingale characterisation of the process { X'}~

In this section we characterise the distribution of the scaled process {X}¥}i>0 as a
solution to a martingale problem. It will be convenient to use different formulations of
the martingale problem for our two scalings. First we need some notation. Suppose

that ¢ € C3(R?) and that f € CZ(R). We use the notation

Xo N _ N

for the infinitesimal generator of the measure-valued process XtN applied to test functions
of the form F(X}V) = f((X}, ¢)). Though we define L;V for f € C3(R) we can use the
compact support of X} to extend this to f(z) =z and f(x) = 22. With a slight abuse
of notation we use £V (¢)(X}") for the corresponding quantity when f(z) = x.

Notice that we have not assumed that ¢ has compact support. Because Xév has
compact support, the rate at which that support is overlapped by a reproduction event
is bounded, and such an event can only increase the volume of the support of X by an
amount bounded above by the volume of the event (which in turn is uniformly bounded).
Iterating this argument and comparing to a pure birth process, it is evident that the
support will remain bounded (indeed compact) up to any finite time, and so the rate of
events affecting X* is bounded.

Writing down the generator is now standard as our process evolves according to a
series of jumps of finite rate. Recall that at each point (z,¢,7, p) € IV, the scaled process
wN

is subject to the reproduction event associated with the quadruple (47, %, 5

At such an event, within the ball B, /5/(x) we have two possibilities:

w (y) —wi (y) = —Lw (y) + 5 with probability w}¥ (z),

w (y) — wi (y) = = 5w (y) with probability 1 — w}¥ (z).

We write B () for the ball B,/ (z) and |BM| = |B,|/M? for its volume. At the time

of the first event to affect XV, we have wﬁ = wév and since, moreover, we only consider
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vy of the form 9, we find

o0 1 u(r
ety =wart | [ [T [ (k[ e

N N
+K<1 -5 > /93;\4(51:) d(y)wy (y)dy + K () B (y)wy (y)dy)

Substituting Kw{’ = X' this becomes

00 N z u\r
G @) = NMdURd/o /BM(x) \31M| XOK( )f<K S) T
u(r)
+( T )/wf(x) X @y + RA\BM () d)(y)XéV(y)dy)
XM (2) u(r)
+ (1= OK)f<< - J) /w(m H) X )y + RABY () gb(y)XéV(y)dy)

= 1( [, o) X8 w)dy)a: uN<dr>dm] - (231)

Since {XtN }>0 is a pure jump Markov process, driven by a Poisson process of jumps, it

follows immediately that for f and ¢ as above,

FOX,00) = S0 = [ £4(6)(xa

defines a mean zero local martingale. In the variable radius case, we shall exploit this
with f(z) = exp(—z) and non-negative ¢. In the fixed radius case, the following lemma,
which follows immediately on setting f(z) = = and f(x) = 22, will provide a more

convenient tool.

Lemma 2.3.9. The quantity (X}, ) has the semimartingale decomposition:

() = (X80 + [ LY s + M), 232)



2.3 Martingale characterisation of the process {X}¥ }¢>0 33

where

A= [ [ L T
R4 BM (3 J|B|

(L ¢<y>dy) XY@ = [, 60X Wy ar)dz

The local martingale M}N(¢) has quadratic variation process

aren= [ [ f‘ff,;ﬂ la- ([ iy POXN 0)ay)’

+ Xé;[(()(/ggy(x) Ko(y)dy — /By(z) Qb(y)XSZV(y)dy)z}dzdxds. (2.3.3)

It will be convenient to extend the semimartingale decomposition to ¢ = ¢(t,x) €

Cg’?’(R x RY). Writing

FUXN, 00)) — FUXE, d0) = FUXY, b)) — FUXE, ¢0))
+ XY o)XY, b — do) + O(XTY, b — d0)° [ lloo)

we deduce that this extension simply results in the additional term
f/<<XéV7 ¢0>)<Xév7 ¢0>

in the generator. In particular, we arrive at the following lemma.

Lemma 2.3.10. The quantity (XN, #;) has the semimartingale decomposition:

(800 = 00+ [ NG+ MY 0), (239

where

N N M2d
(X! / J()XN (y)d +/ / /
") #s(y Y Jpa BM (z) J\B!

{ B «(v)dy) X (2) - /By o s (y) XY (y)dy}dz pN (dr)da.
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2.4 Identifying the limit

We now turn to identifying the possible limit points of the sequence of processes
(XN} ~>1 under our chosen scalings, deferring the proof of tightness of the sequence to

Section 2.5.

2.4.1 Spatial motion

Although our scaling and limits are quite different, our calculations are reminiscent
of those of Berestycki et al. (2013). Our aim is to find an approximate form of the
martingale problem that is close to that for superBrownian motion.

For simplicity we take ¢ to be constant in time. An interchange of integrals followed

by an interchange of the roles of y and z in our notation yields

/T,y(z) /W - o(y) (XN (2) — XN (y))dydz

_ / / X () dydz — / / 3(y) XY (y)dydz
BM (z) JBM (z BM () rBM(x

_/ / o(x) + d(z) — o(y) X (y)dydz.
BM (z) JBM (g

We use the Taylor expansion

o(y) = o(z) + Vo(x)(y —x) + 5 Z () (y — )" + Z Ra(y)((y—x)a),

|o¢\ 2 |a|=3

where ||Rqllco < C||¢||cs, with C' independent of ¢, to obtain

/3M (z) /3M ( ))XN( dZdy + /EM /BM ¢ x ¢(y>)X£V(y)dZdy
— z—1x) Oa(x)(2 — x)“
/Bwac) /wm (W( 2 g: 2 o |
£ 3 B2z - )" ) XN ey + 'E’;l' [ 10, (000) 00 X2 )y
la|=3 r
C(d)r*t2 Ag(z ardt3
:{ ](\4)d+2 ¢2( L+0 (%) } /93M(x> X o)y
Bl [ (o) - o) XY (),

M Jpy ()
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where C(d) := [5, o) |z|2dz. Moreover,

/Rd /BM(I o) X' )dydx—/Rd/ Lijoyi< 51 (9(@) = 6(y)) XY (y)dyde
:/Rd /Rd Ljomyl< 3 (6(2) — ¢(1)) XL (y)dady
:/ / (o(x) — ¢(y)) X2 (y)dady.  (2.4.1)

R¢ JBM (y)

Again using Taylor’s Theorem (and interchanging the role of x and y) this is

Lo o, (@00 = 00 X2 @)yt
N /Rd /BM(:K) (v¢($) —r) g Z Oatp(x)(z — )"

|a|2
+ Z R, ( ) N(z)dydx
|a|=3

¢ 3,,nd+3
N o(” ]\b:d% )}X;V(x)dm.

C(d)rit? Ag(x)
- Rd{ M2 2

Combining the above with our expression for £V(¢) from Lemma 2.3.9, for the fixed

radius case we obtain

ar 2 AG) o lear®
N N C
[ X6 //R{ o) ]
B,
x (/ XN (y)dy | |
BM (1)

_/ /Rd{ J;;—;NuAgZ;(m) +O<NU|’iLL§;Td+3)}

x(Md XN(y)dy + XN ( ))dd
—_— X xras.
EN B (2) s \y)ay s

XN (a ))da:ds

We note that, using the same manipulation as in (2.4.1),

/]Rd /BM ) XN (y)dydz = /Rd /BM )XY (x)dydz,

and so since ¢ € Cg’, a Taylor expansion yields,

)t Ny Nu|p||card™?
N N C N
/L )(X] ds_/ /Rd{ e A¢(x)+(‘)<—J . )}X (z)daxds
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)rit2 Nu Nul|gllcsr™3y
_/ , JM2 S A + o (ST (XN 1)ds,

For the variable radius case, we integrate this expression against v, (du)u™ (dr).

Definition 2.4.11. We denote by AN the operator

m(N
.AN(d)) = (2 )A(;S,
where in the fized radius case
2C(d)Nur
m(N) = (} 5 ,

and in the variable radius case

m(N) := %\[ /000 u(r)rd+2MN(d7”),

with C(d) == [, (o) r2dz and u(r) =r=7.

Evidently it is straightforward to extend the calculation above to suitable time

dependent ¢.. We record the result as a lemma.

Lemma 2.4.12. For ¢4(z) :RxRY =R € 0373,

[ e @0as = [(XF,b) + (XF, AV (6)ds +G(0),

where |G (¢)] < O FRosserllen foo ()43, N (@) (XY, 1)ds

2.4.2 Fixed radius case

We now turn to identification of the limit as N — oo of the quadratic variation (M (¢));

of (2.3.3) in the fixed radius case. Recall that

2d,,2 N .
wron= [ Lo {0 TR, 003 wa)’
* X];(()(K /w(m) ¢(y)dy — /w " Sy) X, (y)dy)Q}dzdxds.
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Expanding the brackets we see that

(M (9 t_/ /]Rd /wx K]JWI\ﬁdI - [X;V(Z)(/%Mx) ¢(y)dy>2
ZXSZ((Z) <( /BM @ (s)0) </BM (@) d)(y)XéV(y)dy))

+ ;{(/BM(@ qﬁ(y)XéV(y)dy)Q] dadads,

which can be rearranged to yield

KN|B,|?u? 1 2
A [ @ e [SU(W, Sy, 60)0)

N z
222 (g L, 000) (g [, 000X 0)a))

1, 1 N 2
+ E(W o o(y) X, (y)dy) ]dzdxds. (2.4.2)

Mimicking the manipulation that gave us (2.4.1), and using the regularity of ¢, this can

be written

2 2
(M (), = B / L [XN (2) - (,;M‘ » )¢(y)X§V(y)dy)2

+o(”¢”01) ()]d ds, (2.4.3)

where we used that if z € BM(z) and y € BM (), then |z — y| < 2/M and X/K <1
to estimate the error in replacing the second term in (2.4.2) by twice the third. The
necessity of Conditions 1-3 of Theorem 2.2.6 is already evident from (2.4.3). This result
will be sufficient for the proof of tightness, but more work will be needed to check that
the second term on the right tends to zero as N — oo, and thus identify the limiting
quadratic variation as that corresponding to superBrownian motion. The proof of the

following lemma, which we defer to Section 2.6, rests on the duality of Proposition 2.2.5.

Lemma 2.4.13. Under the conditions of Theorem 2.2.6, for any ¢ € C3(R?),

E [/Ot /Rd Il((\Blan[] o) d)(y)XéV(y)dyfdxds] -0
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as N — 0o.

If we can prove that our sequence {X™V}y>1 of processes is tight and that all limit
points are martingales, then granted Lemma 2.4.13 (and some uniform integrability),
Lemma 2.4.12 and (2.4.3) allows us to identify the limit points as solutions to the
martingale problem for finite variance superBrownian motion with m and k as in the

statement of Theorem 2.2.6.

2.4.3 Variable radius case

We now turn to the variable radius case. Since, if we are to have convergence to the
superBrownian motion with stable branching, the quadratic variation of the previous
subsection must be unbounded as N — oo, we instead turn our attention to Lﬁcv (¢) with
f(z) = e=*. We suppose that ¢ is non-negative and, for simplicity, independent of time.

Substituting in (2.3.1), we obtain

© 1
Lexp(f-)((b)(XéV) :NMdeXp(—<X(])V7<Z5O>)/Rd/O W B (2) [

Nz u(r u(r
X >exp(—K ol IR o ¢<y>XéV<y>dy>

N z u\r
I ( vl R <y>dy> - 1] azp® (dr)d.

J

Taylor expansion of the exponential function yields

N(z u(r u(r
M e ([ ot [ i)

I (k[ )

K J
vo(" [ )X )ay)
T oy WX (W)
X (2) u(r) u(r) 2
+ -2 )[1 + /W(r) ¢(y)X0N(y)dy+O<7 /M(x) () XY (y)dy) ] -1
X

u(r) Xo'(2) | u(r)
7o (KT [ ewa) =S TR s W)y
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N Z)ulr ulr
+ XOK( ) f]) /w(x) Hu) X5 W)y O <(KJ() /BTMu) ¢<y>dy))2>

+ O(ug) /me) H) XY )y

from which, noting that, under the assumptions of Theorem 2.2.7, K/(JM%) — 0,

1B JB1 ()

N z u\r u\r N z
XOK< )eXp (—K f]) /13 e ¢(y)dy>+f]) /3 e ¢(y) Xo' (y)dy—XOK()}dzuN (r)dz

e8] wlr 2 2
+/Rd/0 O( Sz) </B7M(x) gb(y)XéV(y)dy) )MN(dr)dx].

The analogue of Lemma 2.4.13 that we need in this context is

Lexp(—)(9)(X3") = NM exp(~(X§', 60)) [/ I {

Lemma 2.4.14. Under the assumptions of Theorem 2.2.7, for ¢ € C3(RY),

N t 00 1 2
E[J?Md/o L), U<r>2r2d<|w| Ml(x)ay)X;V(y)dy) MN(dr)dxds] 0

as N — oo.

Once again the proof, which relies on duality, is deferred to Section 2.6.
Rearranging the expression for Lexp(—.)(¢) (XJ¥) and reversing the order of integration

we find

Lexp(—)(@)(XD) = exp(— (X}, ) [<Xév ,AN¢ + BY¢)

0 NU(T)2T2d 1 2
* ok, O( JIMY )(m% w(x)‘f)@)XéV(y)dy) uN<dr>dx],

where
AN () ':NMd S| exp K“(T)/ é(y)dy
K Jo | BM| Jpma J JBM ()
K
— exp (—|By!1j7(7a)¢($)>dzﬂlv(d7")y

d oo u(r u(r
o) =3l [ Loup (- K5 o)) 4 12955 o) <] w0
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Consider AN ¢(x). Again by Taylor expansion, we have

NM®| oo 1
AVo(a) == [/0 7 Lo Jos —u<r><<z><y>—<z><x>>dydzuN<dr>]

< 1 KMIN 2
+/0 [BM] Br”f(x)(‘)(ﬂ)“(r)Z(/w(z) o) _¢(f”)dy> dydzp™ (dr)
NME| oo 1
o [/0 | BM| /BTM(I) /BTM(Z) ulr)(#ly) = qb(x))dde“N(dr)] (2.4.4)

< [ EN|ol?
—|—/0 O(JQAMUHC; u(r)? 242 1N (dr),

where the last line follows by observing that ¢(y) — ¢(x) = O(r||¢||c1 /M) for y € BM (z).
We note that the conditions v — d < ﬁ and a+1 = (8 + 1)(y — d) will imply

J52 u(r)?r?@+2uN (dr) < co. The calculations of Section 2.4.1 then allow us to write

ANgZ)(:c) — /OOo [_ C(d)NU(T’)Td+2A(b—|— O(N||¢’C3>u(r)rd+3

JM? JM3
KN|¢[?
+ (‘)( J2Md+23 w(r)?r2 42| N (dr),
where C(d) := [p, (o) r2dz.
We now specialise to u(r) = r=7 and pN(dr) := r*1 = dr as specified in
T <r<

Theorem 2.2.7. However, it should be clear that other choices would result in nontrivial
scaling limits.
Substituting into our expression for B(x) and making the change of variable v =

B [Ku(r)/J]

d otl J’YT
BVg(x) = M (K!Bﬂ)w /
- K(y—d)\ JMH K|Bq]

JMmd

K|Bq]

Jrd g(vgb(x))vf(%*l)dv, (2.4.5)

where g(v) = exp(—v) +v — 1.
Now

/0 ” g(v(@))v?2dv = rog(x)PH,

where kg is a constant, and so to recover the superBrownian motion with stable branching

law with index § in this limit, we choose a+1 = (8+1)(y—d) (to get the right exponent)
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—d
and J 7 K /(JM?) = oo, to ensure that the upper limit of integration tends to infinity.
The lower limit of integration K/(JM?) — 0 was imposed already in order for AN ¢(x)

to converge to a nontrivial limit. To ensure that the term premultiplying the integral

B
in (2.4.5) is positive and finite, we take v — d > 0 and assume that ¥(JJ\KM> — Cs.

Granted Lemma 2.4.14, we have now shown that under the conditions of Theo-

rem 2.2.7, for any ¢ € C3(R?), as N — oo,
m
Loxp() ()XY = (XN, =T8¢+ ro™ ) exp(— (X", 0)),

where m, k € (0,00) are as in the statement of the Theorem.

2.5 Tightness

In this section we turn to the proof of tightness of the sequence {X*V}y>1 in the space
of cadlag Mp(R%)-valued processes. In the fixed radius case, we shall also check that all
limit points are actually continuous processes.

To prove tightness, we appeal to a specialised version of Jakubowski’s general criterion

that we have taken from Cox et al. (2000). For a Borel set A, let X}V (A) := (X}V,14).

Proposition 2.5.15 (Cox et al. (2000), Proposition 3.1). Let ® C Cy(R?) be a separat-
ing class which is closed under addition. A sequence of cadlag Mp(R?)-valued processes

{XNYn>1 is tight if and only if the following conditions hold:

1. For each T, € > 0 there is a compact set K1, C R? such that

sup X}V (K%€> > €
t<T ’

supIP)[ <e. (2.5.1)

N

2. For each T > 0, limp_,o0 supy Plsup,<7(X{¥,1) > H] = 0.
3. For each ¢ € ®, {{XN @)} n>1 is tight.
In fact it is convenient to slightly modify the statements of Conditions 1 and 2.

Corollary 2.5.16. The conclusion of Proposition 2.5.15 remains valid if Condition 1

and 2 are replaced by:
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1". For each T, € > 0 there is a compact set Kp, C R? such that

lim sup}P’[sup xN (K{ﬁa) >e| <e, (2.5.2)
N—o00 t<T
2" For each T > 0,
lim limsup P[sup(X}¥,1) > H] = 0. (2.5.3)
H—00 Nooo  t<T

Proof We mimic the proof of Ethier and Kurtz (1986), Chapter 3, Corollary 7.4.
Suppose that (2.5.2) is satisfied, then given £ > 0, there exists a compact set K%a
and an integer Ny such that for all N > Ny

Plsup Xy((K%E)C) > E] <e.
t<T

For each N < Nj (c.f. the argument at the beginning of Section 2.3 that X}V has

compact support for all ¢ < T'), there is a set K{FV . such that

]P’[sup XtN((K%IE)C) > 51 <e.
t<T
Set K1, = U%OZO K]T\{E and Condition 1 of Proposition 2.5.15 is satisfied.

The proof that 2’ implies 2 is similar. O

We borrow a convenient formulation of the additional criterion for the limit points

to be continuous from the same paper.

Corollary 2.5.17 (Cox et al. (2000), Corollary 3.2). If a sequence of measure valued
processes satisfy the conditions of Proposition 2.5.15 with ® = C$°(R?) and for each
¢ € ®, every limit point of {(XN,¢)}n>1 is supported on the space of continuous

functions, then {X™}N>1 is tight and all limit points are continuous.

These two results reduce much of the work in proving tightness to an examination
of the one-dimensional projections {(X, ¢)}n>1. For this we shall make use of the
calculations of Section 2.4 which showed, in particular, that £ (¢)(X}V) is close to

(XN AN @) where A, defined in Definition 2.4.11, is m(NN)A/2. This will allow us to
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exploit the following elementary properties of the heat equation which, for convenience,

we record as a lemma.

Lemma 2.5.18. Suppose that ¢ : RY — R € C3 and that v is a classical solution to

% = %Av, v(0,z) = Y(z), (2.5.4)

where the diffusion coefficient is a constant m € (0, 00).

1. If ¢ is uniformly Lipschitz continuous with Lipschitz-constant M, then for all t,

v(t,-) is Lipschitz continuous with Lipschitz constant M.

2. For any k € N, for each t, the C* norm of v(t,z) (as a function of x) is bounded

above by that of V.

8. If v solves the equation with initial data 1 then Av solves the same equation with

initial data Av.

Notation 2.5.19. We denote by Pt(m) the heat semi-group with diffusion coefficient m,

so that the solution to (2.5.4) can be written

where By is a standard Brownian Motion.

2.5.1 Verification of Condition 2’ of Corollary 2.5.16

Lemma 2.5.20. Under the conditions of either Theorem 2.2.6 or Theorem 2.2.7, for

each T > 0,

vt < T; (2.5.5)

lim sup Plsup(X}¥,1) > H] = 0.
H—oo t<T

Proof
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1. We set V() = E[(X}V,1)].
Let € > 0 and let {hR} Rr>1 be a sequence of smooth, compactly supported functions

on R% such that
WM a0 =1 h¥lppe =0, AR <e [pf| <1, B <AFHL

We can further arrange that ||hft||cs < D for all R.

In the notation of Lemma 2.4.12,
t
X 11 = (X B+ [ (XN AN (W) s+ G (0R) + M ().
0
Taking expectations,

BIOGY, W] = (6% + B[ (XY AV () ds] + EIGY (1)

t NIIKhE t
<X (0) + A" | XN(s)ds+o(b]\4!C3)/o AV (s)ds.

We have used the fact that, under our assumptions, m(/N) converges to bound the con-
stant in front of the Laplacian, and the bound on the error E[¢/ (h?)] from Lemma 2.4.12.

Letting R T oo and applying the Monotone Convergence Theorem,

R t
XN(t) < XN(O) + (Ce + O(W)) /0 XN(S)ds,

and applying Gronwall’s inequality and using that ¢ was arbitrary,

(1) < XN exp (0(5)1),

as required.

2. Define a sequence of stopping times by

N o=inf{t >0: (XN, 1) > H},
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and set XN := XN

tATN

Then
R R ATy - o
(XN, 0) = (R, ) + /0 (XN AN (@))ds + ¢y (6) + NN (9),

where MY (¢) = MY . Write XV (t) = E[(X}N,1)], and proceed as above, but with the
stopped martingale problem, to obtain
E[(X{, hf)] =(X{', h") + E

[ RN A0 as] LG (0] + BT 1)

tATN NT||hE|| s -
<oN XN 1vd o2 e \m xN 1
t HTN ||| s
N N C
<x (O)+CG/OX (s)ds+o<J3 )

The Monotone Convergence Theorem gives E[(XN, h®)] — E[(X},1)] and so E[(X}N,1)] <

XN(0)+0 (Hf]\]/}@,D ) then Gronwall’s inequality implies

E[(XN,1)] < (Ew?év, 1]+ 0 (%)) exp(CH).

Markov’s inequality now gives

- E[(X],1 E[(Xx{,1 NT||h%
]P)KXN 1> > H] < [< t >] < ( [< 0> >] —l-O( JM?)HC«?)) exp(Ct). (256)
Noting that P[sup,<r(X{¥,1) > H] = IP’[()A({FV, 1) > H], we can now conclude, since for
any T, € > 0 we can choose Hi, Ny such that for H > Hy, N > Ny and ¢t < T the right
hand side of (2.5.6) is less than e. O

Remark 2.5.21. An elegant proof of the first part of Lemma 2.5.20 takes a sequence
Yn, T 1 in the duality relation (2.2.3) with k = 1. Symmetry of the jump distribution of
ancestral lineages, Fubini’s Theorem, and monotone convergence will yield the result.
One can also show, under our particular choice of initial conditions and event structure,
that <XtN, 1) is a martingale. However, one needs to take care to show that the support

of XtN remains in a compact set.



46 SuperBrownian motion and the spatial Lambda-Fleming-Viot process

2.5.2 Verification of Condition 1’ of Corollary 2.5.16

Lemma 2.5.22. Under the conditions of either Theorem 2.2.6 or Theorem 2.2.7, for

each T, € > 0 there is a compact set Kt C R? such that

lim sup P [sup XV (K%E> > e
N—oo  [t<T '

<e (2.5.7)

Proof

Let h € C*®(R%) satisfy
h|'Bl(O) = 0, and h|32(0)c =1.
Define hy(x) := h(z/n). It will evidently suffice to show that for sufficiently large n,

lim sup]P’[sup(XtN, hp) > F;| <e. (2.5.8)
N—o0 t<T

We note that the C? norms of Ah,, are uniformly bounded in n, so that by Lemma 2.5.18
the C2 norms of APt(m)(hn) are uniformly bounded in n and ¢.

With m(N) as in Definition 2.4.11 we set ¢ := APt(T(N))(hn), so that

S

bs(x) + AN (¢5)(z) = 0.

By Lemma 2.4.12 and Lemma 2.5.18

/OtLN(Pt(TS(N))(hn))(XSN)ds‘ = o(N!’H}\lJifB) /Ot<X§V, 1)ds, (2.5.9)

and this bound is uniform in n. In particular, using (2.5.5),

o) [ .00

N N|hes N
JMs)Texp(O( e )T)(X5', 1),

ELXY, b = BUXY, PE" Y, + B

< B[O, P ha)) + o

(2.5.10)
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We recall that
(XN ha) = (XN b +/ (XN AN (h)yds + CN () + MY (). (2.5.11)

We shall consider each term on the right hand side separately. The first term will be
zero for sufficiently large n, since supp(X{') C D for all N, where D C R is compact.
The bound (2.5.10) will help us to control the integral term. First note that, since m(N)

converges,

/t<X;V,AN(hn)>ds

E [sup
0

t<T

] <i [ e 1Y s

T
SCE[/ <Xév, 13n_1(0)c>d8:| s
0
where C is independent of n and N. Now set m := [ %51 ].

E[/OT<X;V,1BM(O)C><13} < EUOT<X;V,hm>ds] < /OTEKX;V,hm)]ds

T
N p(m(N)) Nl[hmllcs \ 2 N N
5/0 (XN, P (hm)>ds+0( T exp (0(527)T) (Y. 1),

(2.5.12)

where we used (2.5.10) to obtain (2.5.12). Under the assumptions of Theorem 2.2.6
or Theorem 2.2.7, N/(JM?) — C; and M — oo as N — oo and so we can take N
sufficiently large that the error term is less than £2/32.

Denoting standard Brownian motion by {B¢}+>0, consider now

[ PO s = [ B (B )
< [0 B L e By s
<X (B0 + X3 (B 200 59 P By > 2]
<T (X (Bnj2(0)7) + X5 (RY) sup B[ Bnys| 2 /2]

(2.5.13)
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which (by our assumptions that supp(X{¥) C D for all N and that m () converges)
tends to 0 as m — oo uniformly in N, so in particular is < 2/32 for sufficiently large
m.

Combining the estimates above, we have shown that given £ > 0, there exist Ny, ng

such that for N > Ny and n > ny,

t
E[sup/ (XN AN (hy))ds|| < €2/16.
0

t<T

From Lemma 2.4.12,

Nlhalicsy (7
N < c / N 1
sup |67 ()| < O(= 775%™ | (X2 1)ds

and we can estimate the right hand side through (2.5.5) from Lemma 2.5.20 and see
that for sufficiently large N it is bounded above by £2/16.

In order to control the martingale term we shall control E[|MA (h,,)|] and then apply
Doob’s inequality.

For sufficiently large N, the argument that gave us (2.5.13) allows us to bound (2.5.10)
with ¢ = T by £2/8. Rearranging (2.5.11) and using the triangle inequality, given & > 0,
there exist Ny, ng, such that uniformly in n > ng, for N > Ny, E[|MY (h,)|] < £2/4.

Therefore by Doob’s maximal inequality, for any such n and N, we have that

Plsup | MY (hy)| > E] < w

<
t<T 2 e

N ™

Combining the estimates above with another application of Markov’s inequality to the
sum of the remaining terms on the right hand side of (2.5.11) we have verified (2.5.8)

and the proof is complete. O

2.5.2.1 Tightness of projections: fixed radius case

We shall verify Condition 3 of Proposition 2.5.15 separately for our two cases. In
the fixed radius case it is relatively straightforward as the quadratic variation of the
martingale part of our semimartingale decomposition (2.5.11) will remain bounded as

N — o0o. In this section we shall deal with that case and moreover check the conditions
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of Corollary 2.5.17 so that we can deduce that all the limit points of {XV}y>1 are in
fact continuous processes. We shall exploit some standard results that we record here

for convenience.

Proposition 2.5.23 (Jacod and Shiryaev (2003), Chapter VI, Part of Proposition
3.26). A sequence {YN}n>1 of cadlag R -valued processes is tight and all limit points of
the sequence of laws of YN are laws of continuous processes if and only if the following

two conditions are satisfied:

1. VI'e N, e >0, dNg € N, T" € R such that

NZNO:P[sup]YtN\ >F} <e.
t<T

2.V eN,e>0,n>0,3dNy €N, § >0 such that

N2N0:>IP’{ sup ( sup D@]lv—Y;ZZV)>77]§E.
0<IST—5 N sy, 596t t+9)]

Proposition 2.5.24 (Jacod and Shiryaev (2003), Chapter VI, Part of Proposition 3.26).
A sequence {YN}Nzl is tight and all limit points of the sequence of laws of YN are laws

of continuous processes if and only if {YN}n>1 is tight and for all T > 0, & > 0,

lim Pfsup [VY — VY| > ¢] = 0.
N—oo  t<T

Theorem 2.5.25 (Jacod and Shiryaev (2003), Chapter VI, Theorem 4.13). If for each
N, MY is a locally square integrable local martingale, then sufficient conditions for the

sequence {M™}n>1 to be tight are:
1. The sequence { MY }n>1 is tight.
2. The sequence {{M™N)}n>1 is tight with all limit points being continuous.

Lemma 2.5.26. Under the assumptions of Theorem 2.2.6, for each ¢ € CZ(RY),

{(XN,¢)}Ny>1 is tight and all the limit points are continuous.

Proof Consider Y,V := (XN, ¢) with ¢ € C3(R?). Since |V;"| < ||¢]|oo (X}, 1), the first

condition of Proposition 2.5.23 follows immediately from our verification of Condition 2’
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of Corollary 2.5.16. To check the second condition of Proposition 2.5.23, we once again

use the semimartingale decomposition
(60 = (X000 + [ XAV @)ds +G(6) + MY ().
Evidently

<C(¢)|s1 — sa|sup(X}", 1)
t<T

| A enas - [T Ag)as
0

0

and combining with

tsup(XY,1)
s<t

Nur®™3||¢||cs
N C
and (2.5.6) we see that, under the conditions of Theorem 2.2.6, both these terms satisfy
Condition 2 of Proposition 2.5.23 and our problem is reduced to showing tightness with
continuous limits of the martingale part. Theorem 2.5.25 tells us that it suffices to
consider the quadratic variation.

Recall from (2.4.3) that

=1 K]jg'iiu [(¢<x>2xév<m>—;(¥j o) 60X ()dy) )

U 2
//Rd K]};']ic'z {<X§V»¢2>+O(W]\||40)<X;V,1>}ds. (2.5.14)

Using Proposition 2.5.23 and our bounds on (X, 1) from Lemma 2.5.20, the tightness
of {{M¥(¢))}n>1 is immediate.

We now conclude through an application of Proposition 2.5.24. The probability that
the support of X, which is compact, is simultaneously overlapped by two events of
the SLFV is zero, and ¢ is bounded, so

d)K
sup [V — VY| < e

P—a.s..
<t S gma T
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Proposition 2.5.27. Under the conditions of Theorem 2.2.6, {X~ }N>1 is tight and

all limit points are continuous.

Proof This is now immediate from Corollary 2.5.17. O

2.5.2.2 Tightness of projections: variable radius case

Our proof in the fixed radius case breaks down in the variable radius setting since
the quadratic variation of the martingale part of (X", ¢) will grow without bound as
N — oo. Instead we exploit the fact that the (1 + 6)th moments of supg<;<7 (X}, ¢)
will remain bounded for any § < 3. We follow Dawson (1993) who used essentially the
same argument to show that branching Brownian motion with stable branching law,
suitably rescaled, converges to superBrownian motion with stable branching, although
there are some extra layers of estimation in our setting.

We exploit the following elementary lemma, which we learned from a preliminary
version of Dawson (1993), but we record here since it does not appear in the published

version.
Lemma 2.5.28. There exist c1,ca,c3 € (0,00) such that
1. 1—3;—1—%2 —exp(—z) >0, for z > 0.
2. %(1—x+%2—exp(—x)> >c1 >0 forax>2.
3. 0<exp(—z)+z—1<cox!™B, for x>0 where 0 < < 1.

4. For a non-negative random variable Y and 0 # —1,

EY' <2+ (1+ 0)/ y'PlY > yldy.
1

5. For a non-negative random variable Y and any y > 1,

2
PlY > 9] < ng/y Elexp(—AY) — 1 4+ AY]dA.
0
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Proof(sketch) For 4, note that

20 =14 (1+ 9)/ yedy,
1

and so

EY'H0) <1+ /100 (1 +(1+0) /f yedy>dIP’[Y < 7
< 2+/100(1 +0) /fyedyd]P)[Y < 1]
=2+ (1+0) /looyGIP[Y > y]dy,

where the last line follows from reversing the order of integration.

For 5, observe that

y/j Elexp(=AY) — 1+ AY]d\ = /OOO y/o3 (exp(f)\x) -1+ )\x)d)\dIP’[Y < ]
Ny EIC R
( )

gy 20 1 /2x\2 2z
2/ “1l-—4= —exp| ——
y T y  2\y y

where we have used 1 and 2. O

In the classical setting of Dawson, at this stage one exploits the fact that the
approximating processes are branching processes, in exact duality with the solution to
a deterministic evolution equation. This is no longer true in our setting, so instead our
first task is to write down an approzimate evolution equation, whose solution we denote

by v(];/ , with the property that

where eV — 0 as N — oc.
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From our calculations in Section 2.4.3 (in particular equations (2.4.4) and (2.4.5)),

and assuming the result of Lemma 2.4.14, we can write

Lexp(—)(@)(X0) = exp(—(X{',0)) [<ng ,—LY6 + BY¢) + 0(E™)|¢l 3. (X, 1>]
(2.5.15)

with &Y — 0, where

NM®| e 1
L¥o(@) = = [/0 w7 Lo I, y(z)uwwy)—¢<w>>dydzw<dr>]

and
atl A K|
NM? (K|By|\5a 77 S (et
BN¢($) = K( —d)(JMd> /K|231\ ™ g(veé(zr))v (7_d+ )dU,
K T

Now let us define vg(t, x) by

avj;’ (t,x)
ot

Ug((), x) = ¢(x).

= ILNoN(t. Y 2) = BNoN(t. V(x
= LTy (t,)(x) = BYug (t,-)(2), (2.5.16)

This is the evolution equation corresponding to a superprocess in which the spatial motion
is the compound Poisson process with generator L'V and the branching mechanism is
determined by BY. The existence of such a process (which then, by duality, guarantees
the uniqueness of the solution of the evolution equation) follows from, for example, El
Karoui and Roelly (1991).

Let us write {S{¥};>0 for the semigroup generated by LY. Then the solution

to (2.5.16) can be written

ol (t,z) = S (6)() — /0 "oy (B} (5.)) (@)ds. (2.5.17)

An immediate consequence of (2.5.15) is that we have an approximate duality between

XN and vg since

[Lesp(—) 0] (£ = 5,0 (XN)| < OEM)[0] (¢ = s, ) |Eo(X Y, 1) exp(—(X N, 0 (£ = 5,-)))
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< O(M)[Jwg (t — s, )5 (XY, 1),
and so integrating over [0, ],

t

E[exp(—(X7, )] = exp(—(X3", 0 (t,) + 0™ [ 03 (¢ =5, Eds B, 1)
— exp(— (X0 (8,) + 0612 (X, 1), (25.15)

where we used Lemma 2.5.20 to replace E[fj (X, 1)ds] by (X4, 1) at the expense of

replacing Y by ¢V, but still with eV — 0 as N — oo, and we used (2.5.17) to see

that Hv(g(t = 9)|loo < ||¢|loo- In particular, applying this with A¢ in place of ¢ and

differentiating with respect to A at A = 0 gives

E[(X, ¢)] = (X5, 57" (9))-

The key step in proving tightness is the following:

Lemma 2.5.29. For { X"} x> satisfying the conditions of Theorem 2.2.7 and ¢ € C§°

we will have that, for any fired 0 < 6 < 3,

E[sup(X),¢)' '] < H,
s<T

where H is independent of N.

Proof In the proof of this lemma, C' is a constant which is independent of N, but may

change from line to line. First observe that, using Lemma 2.5.28 parts 4 and 5,

B, < 240 [Ty [ Blexp(— (X, )~ 1+ (X Mgy

=240 [y [ [exp(— (X oyt ) - 14+ (X, SY (09)

OEM) MBIt (XY, 1)]dAdy,  (25.19)

where we have used (2.5.18) and (2.5.5) and the constant C' is determined by those in

Lemma 2.5.28. Using Part 3 of Lemma 2.5.28,
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exp(—(Xq', vag(t,))) = 1+ (X5, 8, (Ae))

< o X3 AST (@) + exn(— (X', w35 (¢, ) — exp(—(X5', 57 (Ae)).

The first term is at most co[|Ap|| LI (X{Y, 1)15. To control the remaining terms, note

that

exp(—(X(', v, ))) — exp(—(X3", ST (D) () < (X7, [oRg(t, ) — S (M) ()])

t
= (0| [ S (BY o5 ds].
0

(where we have used (2.5.17)). Now for non-negative ¢, under the assumptions of

Theorem 2.2.7, using (2.4.5),

NM? (K(z)\r—i [ Cat1
BN(b(x)SK('y—d)( J?\;;) /0 (exp(—v) +v — 1)v~ 74 'dv

<C(x)"*7,
so that using (2.5.17) again,

¢ t
o S o 0[S0

<cx, [ S (5200 as

< Ollgllad? A Pe(xg, 1),

Substituting in (2.5.19),

2
Yy

BN, o) <20 [ [ Il (06, 01 + 1, 1)
1 0

+0EM)INIZH (XY, 1)] dAdy,

and since 0 < (8 the right hand side is finite.

An application of the Monotone Convergence Theorem yields

E[(xY, 1)) < H, (2.5.20)
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with H' < co independent of t < T.

We have now established a bound of the form
. 2
BN, o)) <240 [y [V k(0 0+ (X)) < B
1 0

The proof now follows the pattern established in Lemmas 2.5.22 and 2.5.26. Taking the
terms in the semimartingale decomposition of (XtN , @) one by one, first observe that by

Jensen’s inequality,

E[C/Ot<XéV,|AN(¢)]>d3>1+9 gEE/Ot<XsN7|AN¢‘>1+0dS ,

which we can bound using (2.5.20) and the fact that, from Lemma 2.5.18, |[AN¢| <
m(N)||¢|lcs. Rearranging the semimartingale decomposition to give an expression for
M} (¢) and combining with Minkowski’s inequality we can bound E[|M¥ (¢)[**?], and

then by Doob’s martingale inequality we see that

E[sup(X., ¢)' 7]
s<T

T 140
< C(E[<X§7¢>l+9] +E (/0 \LN(%)(XéV)IdS)

+ E[\M%V(cﬁ)”a!]) ,

and, since we have established uniform bounds on each of the terms on the right hand

side of this expression, this completes the proof. O

To conclude the proof of tightness of {X~}x>1 we shall use a criterion due to

Aldous.

Theorem 2.5.30 (Aldous (1978)). A sequence of cidlag real-valued processes {Y N} ns>1

1s tight if and only if the following two conditions hold:
1. for each fived t, {Y,N}n>1 is tight in R;

2. for any € > 0, given a sequence of stopping times T bounded above by T and a

sequence of real numbers oy — 0 as N — oo,

]\}EHOOPHYT%JFJN - Yrjj\fv‘ > 8] =0.
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The first condition is trivially satisfied, and so it remains to prove the following

lemma.

Lemma 2.5.31. Under the conditions of Theorem 2.2.7, for non-negative ¢ € C3(R?),
given € > 0, a sequence of stopping times Tn bounded above by T, and a sequence of

real numbers dy — 0 as N — oo,

lim P[|<X7]'\1[V+5N7¢> - <X7]—\1[\77¢>’ > 6] = 0.

N—oo

Proof Again following the proof of Theorem 4.6.2 in Dawson (1993), we study the joint

distribution of (X% Lony @) and (X 2, ¢) through the Laplace transform

LV (633 A, Do) = Elexp(— A (XD 15, 0) — 2 (XD, 0))].

The approximate duality (2.5.18), combined with the strong Markov property, gives

LN (5n3 A1,02)
::E[E[exp(—)\l(ng_i_(;N,qb) A2 ( XN ,0) )| ”
=E |exp (— (X[} 0 (0 )) = (XN o (0.0)) | + 0N Mgl *xg". 1)

=E [exp (— (0, vl (0 ) + vd0(0,) | + 0™ Mol 1),

from which

LN (853 Aty A2) — LV (0 A0, o)

< [loRe(0n, ) = vR,6(0, )l E [Sug<X§V,1>] +0(eM)IMgl*(Xg', 1)

< [loR6 (08, ) = 03,0, ) locE[L + Sgg<X§V, 1)+ 0(eM)Ihel* (X', 1).

Now from (2.5.17) it follows that HU)]\\Z(;&((SN, )= v)]\\iqb(o, Moo = 0 as N — oo and so

combining with the above,

[LY (65 A1, A2) — LN (05 A1, A2)| — 0.
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Tightness of {(ng_s_éN, o), <X7J.YV, @)} follows from Lemma 2.5.29. Taking a convergent
subsequence, since | LY (0 A1, A2)—LY (0; A1, A2)| — 0, the limit Of{<X7]'YV+6N7 ®), (XN o)}

TN

must be of the form {Z, Z} and so we see that (XV von O)— <ng ,¢) — 0 in probability,

TN

which completes the proof. O

Tightness is now proved.

2.6 Proofs of Lemmas 2.4.13 and 2.4.14

In this section we exploit the duality of the SLF'V with a process of coalescing lineages to
prove the two key estimates provided by Lemmas 2.4.13 and 2.4.14. In the fixed radius
case, it is straightforward to make the heuristic argument of Section 2.2.4 rigorous and
analogous arguments can be found in, for example, Etheridge et al. (2017). However, in
the variable radius case, we must work a little harder to recover the result claimed here.
We present an approach that works in either setting, but to avoid repetition restrict

ourselves to the variable radius case.

2.6.1 A coupling of ancestral lineages

The key to our proof is the duality of the SLF'V from Proposition 2.2.5. We first consider

1 2
. [/Rd (\B%I B (2) ¢(y)XtN(y)dy> dx] (2.6.1)

for fixed r and t.

Using Proposition 2.2.5, for integrable functions %, for the scaled process,
Ny N
E{/ 2w wdedz}:/ ,2)Eey wd (&) | dydz,
i Joa P 2000 W)wy (2)dy i o VD)) i|:|1 o (& )|dy

where {§tN ’l,fiv ’2} are the positions of two ancestral lineages started from y and z
respectively at time 0. In the scaled ancestral process, events of radius /M covering
the point y fall at rate Nr?uV(dr). During such an event, each lineage in the region
covered by the event, independently, is affected with probability u(r)/J. Those lineages

that are affected all jump to the same new position which is chosen uniformly at random



2.6 Proofs of Lemmas 2.4.13 and 2.4.14 59

from the affected region. To estimate (2.6.1) we take

1
¢(ya Z) = W Rd ¢(y)¢(z)1|y—a:|<r/M1\z—x|<r/de

and recall that X~ = Kw!. The key tool is a coupling.

Proposition 2.6.32. Let {f,fv’l,dv’z}tzo be the scaled ancestral lineages above. Then
€6 £ (O 4+ e (G 4 D)l + (N 4 6 10,),

where YN and YN2 are independent random walks and the random coalescence time T

has hazard rate bounded above when |££V’1 - §tN’2| = 2ro/M by

M? 1
h(?"o) = CT (7*0 v J—l/’y)’y—ﬁ('y—d) 5 (262)
with C' a constant independent of N. Moreover, for d > 2
E[ sup M2J> et — N2 50 as N — . (2.6.3)
0<t<T
whereas if d =1,
E[ sup Jlept — el 22 = 0(1). (2.6.4)

0<t<T
Before proving this result, let us see why it helps. The error terms 5?[ " are very far

§N,1

from being independent, but they are very small. Notice in particular that if and

£N:2 have coalesced by time ¢, then since K wév = Xév converges weakly to X,

L L 2B (€ dydz
Rd JRd

is of order 1/K, which when multiplied by K2 to give us the contribution to (2.6.1) is
O(K). If, on the other hand, the two lineages have not coalesced, then they are close to

independent random walks and

1
/Rd Rdd}(y’Z)E(y,z)[wév(fgv’l)wév(ggvz)]dydz - O<I(2)
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Under the assumptions of Theorem 2.2.6, (KN)/(J?M?) — Cy as N — oo, and so
the proof of Lemma 2.4.13 is reduced to checking that the coalescence probability tends

to zero as N — oco. Under the conditions of Theorem 2.2.7,

% /OOO w(r)2r2y N (dr) = O(J;]\\;d J(l—ﬁ)(w—d)/w) 0 (M;dj(l—ﬁ)(v—d)/v)

(2.6.5)
In d > 2, since (1 — f)(y —d)/y < 1, we easily see that this tends to zero as N — oo.
The sparsity condition (2.2.7) guarantees that the same is true in d = 1 and so the
contribution to the expression in Lemma 2.4.14 from lineages that have not coalesced is
negligible. On the other hand, multiplying the expression in (2.6.5) by K we obtain an
expression of order

KN J\(1-8)/8
Y Q-8 (v=d) /v — el (1=B8)(v=d)/~
O(J2 dJ )-O((N) J ),

which grows without bound as N — oo (because of Condition 5 of Theorem 2.2.7). To
prove Lemma 2.4.14 we must show that this quantity multiplied by the coalescence
probability tends to zero. In d > 2, under the conditions of Theorem 2.2.7, the
coalescence probabilities will be of the same order as in the fixed radius case, and so the
Lemma will follow easily (again using (1 — 3)(y —d)/y < 1). In one dimension, things

are more delicate, and we shall see the need for our more stringent sparsity condition.

Proof of Proposition 2.6.32.

We rewrite the Poisson process of events IIV that drives the dynamics of ¢V'! and
¢N:2 as the sum of four components through a thinning. Each event (z,t,7,p) € IT is
augmented by two independent Bernoulli random variables, 71, 72, each with success
probability p = u(r) = r~7. The random variable 7); determines whether or not the ith
ancestral lineage is affected by the event. We now let II'V:! be the events in II for which
m = 1,m2 = 0; T2 is the subset of events with 7; = 0,72 = 1 and IIV"}2 is the events
with 1 = 12 = 1. The remaining events won’t affect the motion of either lineage.

The lineage §tN s driven by IV TIV:L2 (recalling that after coalescence there

is a single lineage, £V'1). Coalescence results from both lineages being in the region
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covered by an event from ITV:1:2. If |£tN’1 — §tN’2

= 2r9/M, then the rate at which they

1,2

are both in the region affected by an event from ITV:12 is bounded above by

1 1 2
C,% /ro ()’ (dr) = Cl% /role/’Y rRdr < CMT (ro V Jl/lv)vﬂ(wd)’
where we have approximated the volume of the centres = such that B, (x) contains two
points at separation 2rg by C(d)r? for r > ro and we have used that a+1 = (3+1)(y—d)
and N/(JM?) — Cy as N — o0.

Let Y™ be the random walk driven by the events of II"V+ and 5?7’1' = th - YtNZ
Evidently, since they are driven by independent Poisson processes of events, the walks
Y1 and Y2 are independent. It remains to bound |eM! — eV2|. First observe that
we can couple our lineages §£V " with a system §~tN’i of lineages that do not coalesce, by

at each event of ITV:1:2

choosing two parental positions independently and uniformly
at random from the affected region and, if both lineages are in the affected region,
the lineage EtN’i jumps to the ith parental location. Until the coalescence time 7, the
processes EtN’i and §£V " coincide. We define 5?[ " in the obvious way. Evidently, it will
suffice to control the supremum of [V} — V2| over the time interval [0, T].

First observe that

M(t) =gt — g2

is a mean zero martingale. We should like to estimate its variance at time ¢. It is driven

7172

entirely by events from ITV:1:2 and by exploiting translation invariance of the system,

we find that

E[(Mz):] < = — ) Brtdteqrd
) < o[ 5 [ G eans

O(4) if By —d)—v+2>0;

=\ 0(%) if By —d) =7 +2=0;

O(5me=—mr) fB(y—d)—v+2<0.
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Since B(y—d)—v+2 = 2—d—(1—)(y—d) and under our assumptions (1—7)(y—d) < 1,
if d = 1 the first line holds, whereas if d > 2 the third line holds. In particular, for d > 2,
using Condition 5 of Theorem 2.2.7, the quantity on the right is always o(1/(M?2J?/7))
from which (2.6.3) easily follows via Doob’s maximal inequality. An application of

Doob’s inequality also gives the result in d = 1. O

2.6.2 Coalescence Probabilities

It remains to estimate our coalescence probabilities.

Proposition 2.6.33. Let the scaled ancestral lineages N1, €N:2 be as in the previous
subsection. We start them from two points sampled independently at random from
Bf}/[(O). The probability that they have coalesced by time T, which we shall denote by

pn(T) satisfies

pn(T)

IN

CleM ind=2; (2.6.6)

C i d> 3.

1
J

In the light of the discussion immediately after the statement of Proposition 2.6.32,
this result will complete the proof of our key lemma in the variable radius case.

Proof of Proposition 2.6.33.

Our aim is to show that

B [ hOiet - €2l (26,7

is bounded by the quantities on the right hand side of (2.6.6). where h(r) is given
by (2.6.2). To do this, we shall use the coupling of Proposition 2.6.32 to approximate
[N —¢N:2| by |V N>l —Y'N:2| and then the classical Fourier transform approach of Darling
and Kac (1957) to estimate the corresponding expected integral of the hazard rate. Since
we are only interested in the separation of our lineages we denote YV := |[YV:1 — yN.2|

and eV := |eN — N2,
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We first observe that

E[/Th(M(YN+e ))ds|

_/ RMYN) + MW (MYN) + (MY 20" (MY + 0(s)Mel)|ds, (2.6.8)

for some 6(s) € (0,1) and that

W (r) = C’h(r)%l[‘,fl/u} (r) < JYh(r); B'(r) = c'h(r):fﬁ,,lm] (r) < JVh(r).

(2.6.9)

We now begin with d > 2. Using (2.6.3), we see that
/h MY 4N ds<C/ h(MYN)]ds.

The random walk YV jumps at exponentially distributed times with mean O(1/M?),

and so will make O(M?) such jumps by time 7. It is evidently enough to show that
Tn
/ E[h(MYN)]ds
0

is bounded by the quantities on the right of (2.6.6) where T is the random time at
which the walk YV has made a geometric number of jumps with mean M?2. Let us
write p(x,y) for the probability density function of the unscaled displacement MY at
a single jump and p**(z,vy) for its k-fold convolution. Further write Tps for the time of
the GMth jump of Y'!, where G is an independent geometrically distributed random
variable with mean M?. Then

E[/OTN h(MYN)ds| =

1
e A

h(Y,)ds]

1
<37} Z [ A 0. ubay = Qur, (2610
where zj; = 1 — 1/M? and on the right hand side we have bounded the expectation

above by setting Yy = 0. Define Iy (z) := 3202 2%, p**(0, z)h(|z|). Writing ¢(t) for the

characteristic function of the displacement of Y in a single jump and taking Fourier
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transforms,

~

Tu(t) = (1—1zM¢ oﬁ) ®).

Since Y is rotationally symmetric with strictly bounded jumps, its characteristic function

is real-valued and ~ 1 — C|t|? close to the origin and

1 C’
< :
L—z2m(t) = 3 + Ot

In d > 3 we may let M — oo in this expression (corresponding to an infinite time

‘Q—d

horizon) and using that the inverse Fourier transform of [t|2 is |z and, recalling

the definition of h from (2.6.2), we can approximate Qs by
1/ Ing(y)dy < QE 1 rz_drd_lil dr = ¢ /1 Pl HBO=d) gy l,
M2 Jga M2 J Jo ry—B(y—d) J Jo J
where we obtained an upper bound by replacing the lower limit of integration by zero.

In d = 2, the inverse Fourier transform of 1/(e? + [t|?) is Ko(e|x|), where Kj is the
modified Bessel function of the second kind of order zero (Eq. 17, p.365, Gel’fand and
Shilov (1964)) . Recalling that Ky(z) ~ log(1/z) as z — 0, and substituting in (2.6.10)
yields Qnr < C(logM)/J.

We now consider d = 1. Looking again at ()7, we can no longer replace the lower
limit in the integral by zero as r~27T%*+1 is not integrable at the origin. Instead observe
that (by a change of variables) the inverse Fourier transform of (1/M? + |t|?)~! at z is
M times that of 1/(1 + |¢|?) evaluated at /M, which, using Eq. 40, p.363 of Gel’fand
and Shilov (1964) and writing K /o for the modified Bessel function of the second kind
of order 1/2,

’xK1/2<‘x’> ~1 as M — oo.

M M
Substituting,
cM? 11 1 9 M 1 1 \~2rto+2 M
p— —2y4a+1 — e r A
@u <=7 /0 M/mw/ﬂ/f drdro = O~ Jl/V(Jl/V) +0—

_ oM sa-pi-n/y
7
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In other words the main contribution comes from separations at most 1/.J%7. This
bounds the contribution from h(MY}V) in (2.6.8). From (2.6.4), M|gV| is at most
O(M/V/J) and so if M/\/J < O(J~'/7), by using (2.6.9) as in two dimensions, we
obtain a bound which is 1/M times the expression on the right hand side of (2.6.6) and
we are done. If not then the order of the error is M.J/7 / V/J times the quantity above

and, since by assumption v > 2, this completes the proof. O

2.7 Showing convergence

Armed with tightness, it remains to identify the limit points of the sequences { XV} N>1-

2.7.1 Proof of Theorem 2.2.6

Recall that for each N, using Lemma 2.4.12,

MY(@) = (XN 6) — (X, 0) = [ (XN, AV (@))ds - ¢ (0)

t
0
is a martingale.

From the convergence of m(N),

lim E [sup /t<XN AN(¢)>d5+CN(¢)—/t<X
N—oo |¢<rlfo ° 7 ! o

where m is as in the statement of Theorem 2.2.6. Moreover, using (2.4.3) and

Lemma 2.4.13
t
Y@ = 26 [ (XN, 0)ds
0

as N — oo.

Suppose that {X k}r>1 is a convergent subsequence. To prove that the limit is the
finite variance superBrownian motion, we must check that the martingale property is
preserved under passage to the limit and that for each t < T, M{**(¢)% + (M™% (¢)),
is uniformly integrable (see e.g. Lemma I1.4.5 in Perkins (2002)). To check the first
condition, suppose that 0 <t} < ... <tx < s<t, hi,...,ht € Cp and ¢ € Cg(Rd). An

application of the Dominated Convergence Theorem combined with taking a subsequence
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yields

E

t k
S ]:1
Thus, see e.g. Theorem 4.8.10 of Ethier and Kurtz (1986),

Mi(6) = (Xi,0) ~ (Xo,0) ~ [ (X0, T A0,

is a martingale.

The uniform integrability of (M (¢)); is immediate from our previous calculations.
That of M} (¢)? follows on setting # = 1 in the arguments (based on Jensen and
Minkowski’s inequalities) that gave us Lemma 2.5.29.

Since the solution to the martingale problem corresponding to the finite vairance

superBrownian motion is unique, the proof of Theorem 2.2.6 is complete.

2.7.2 Proof of Theorem 2.2.7

Since the solution to the martingale problem for the superBrownian motion with
stable branching law is unique, it is enough to check that all limit points satisfy the
martingale problem (2.2.1). Once again we must check that the martingale property is
conserved under passage to the limit, for which it suffices to show that for any k£ > 0,

0<ti <..<tp<s<t,hy,..,hg € Cp and ¢ € Cg(Rd) with ¢ > 0,

lim E[(exp(—(XtN,@) —eXp(—<X£Va¢>)

N—oo

_ /St<xff, —%Aqﬁ + H¢1+ﬁ> exp(— (X, ¢>)du> ﬁ hj(<th,¢>)] =0,

J=1

with m and s as in the statement of Theorem 2.2.7. Once again, since the h; are
bounded, this is an easy consequence of the Dominated Convergence Theorem, our

results of Section 2.4.3 and Lemma 2.4.14.



Chapter 3

Spatial Lambda-Fleming-Viot

Model in fluctuating environment

3.1 Introduction

In this chapter we expand on the work in Chapter 2 and address a question of some
biological interest: how the frequency of a rare mutation evolves in a spatially distributed
population if the direction of selection on that mutation fluctuates in time? This type of
question is particularly relevant in the context of the ‘Court Jester hypothesis’ discussed
in Barnosky (2001) and Benton (2009). The ‘Court Jester hypothesis’ states that long
term improvements in fitness may not occur, since populations must constantly evolve
to keep pace with changes in their environment.

The simplest mathematical framework in which this question can be addressed is
given by the observation of a single genetic locus. As in Chapter 2, we will consider
a population with two genetic types. The ‘common type’, k., is often referred to as a
wild type in biological literature and the ‘rare’ type, k,. We again assume that the rare
type forms only a small fraction of the total population.

We recall a simple model without selection, for example, a Moran model or a
Wright-Fisher model. In the absence of spatial structure, the absolute number of rare
individuals will evolve approximately according to a branching process, which, under
appropriate scaling, as discussed in Section 1.1, converges to the Feller diffusion. We

may ask whether a similar phenomenon occurs in the presence of selection, in particular
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we are interested in when the direction of selection fluctuates rapidly in time. One
expects that in the latter case the evolution approximately follows a branching process
in a random environment, and, under suitable scaling, converges to the Feller diffusion
in a random environment.

We also seek to establish an analogous result for a spatially distributed population.
As discussed before, there are serious difficulties when trying to construct models which
incorporate genetic drift in higher dimensional spatial continua, so we turn again to the
spatial Lambda-Flemming-Viot model introduced in Etheridge (2008) and Barton et al.
(2010).

Therefore, the spatial Lambda-Fleming-Viot model provides a reasonable framework
to study the behaviour of the establishment of a mutation. The work in Chapter 2 for
the model without selective advantage or disadvantage for the rare mutation shows
convergence. The limiting object was superBrownian motion, a measure-valued process
introduced independently by Watanabe (1968) and Dawson (1975), which is the spatial
counterpart of the Feller diffusion.

Recently Biswas et al. (2018) studied a diffusion approximation of the spatial
Lambda-Fleming-Viot with selection in a fluctuating environment. In contrast to their
work we are interested in the behaviour of an establishing mutation within a large
population rather than two established populations of comparable size. In an analogy to
the non-spatial case, we show that the limiting process is the superBrownian motion in a
random environment, introduced and studied in Mytnik (1996). The work of Nakashima
(2015) shows that superBrownian motion in a random environment is the scaling limit
of a model of branching random walks on a lattice in random environment, introduced
by Birkner et al. (2005b). It is our conjecture that superBrownian motion in a random
environment is a universal scaling limit for the critical interacting particle systems in
random environments.

The proof of the scaling result in Chapter 2 is based on a duality method. However,
as discussed in detail in Section 5 of Biswas et al. (2018), a useful dual process seems
not to be available in this setting. The techniques of Biswas et al. (2018) are also not
available to us as we are considering a rare mutation. Therefore, rather than adapt

their techniques, we use a different approach based on a particle representation which
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belongs to the family of lookdown constructions. We build on the work of Kurtz and
Rodrigues (2011) and provide a new lookdown construction of superBrownian motion
in a random environment. We then use ideas from Etheridge and Kurtz (2018) and
a slightly modified version of their construction of the spatial Lambda-Fleming-Viot
lookdown which incorporates a random environment.

For other techniques discussed above many difficulties arise with the introduction
of spatial continua. However, the vast majority of our work in the non-spatial case
transfers to the spatial case without difficulty. We give an explanation for this unusual
phenomenon in Remark 3.1.5. For this reason, the majority of this chapter is devoted to
the rigorous derivation of the non-spatial result. Our proof technique in this chapter is
based on four main ingredients: lookdown representation, an averaging trick due to Kurtz
(1973), a perturbation result due to Kurtz (1992) (which we recall as Theorem 3.2.16)
and the Markov Mapping Theorem of Kurtz (1998) (which we recall in Section 3.5.2).
Previous results using the lookdown approach have shown either the existence of
processes under weak conditions, or convergence of processes which had previously been
shown to converge through other means. This is, to our knowledge, the first proof of
convergence using the lookdown approach in which other techniques were not available.

Lookdown constructions were introduced in Donnelly and Kurtz (1996) and Donnelly
and Kurtz (1999). This approach has proved to be particularly fruitful in applications
to population models. In this setting, each individual in the population is assigned a
‘level’ taking values in either the possitive integers, as in the original paper of Donnelly
and Kurtz (1996), or in [0, 00), as introduced in Kurtz (2000). Levels typically carry
information about genealogical relations between individuals. The name ‘lookdown’
is used as individuals usually determine their parents by ‘looking down’ at the sub-
population with levels lower than their own.

From a practical perspective, one of the most useful properties of lookdown construc-
tions is that when passing from individual based models to their high density limits, or
continuous approximation, the genealogies are preserved. The importance of this can be
seen in the examples of systems of individual based models approximated by the same
diffusion processes with very different genealogies obtained in Taylor (2009). For further

examples in the context of Lambda-Fleming-Viot models we refer the reader to Miller
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(2015). For an excellent explanation of the general principle of lookdown constructions
we refer to Kurtz and Rodrigues (2011), particularly their death process example in
Section 2.1.

In the context of the Spatial Lambda-Fleming-Viot we would like to point to two
different approaches. The first one is a the construction developed in Etheridge and
Kurtz (2018), Section 4.1.3. This construction forms the basis for our construction of the
SLFV with selection in a fluctuating environment. A special case of this construction
can be found in the Appendix of Chetwynd-Diggle and Klimek (2019). The second
construction, which was the first lookdown construction for the SLFV, was presented
in Véber and Wakolbinger (2015), and was developed using a different approach in
Etheridge and Kurtz (2018), Section 4.1.1. The later construction is much closer in the
flavour to the original ideas of Donnelly and Kurtz (1996).

The rest of this chapter is laid out as follows. We start Section 3.1.1 by carefully
defining the spatial Lambda-Fleming-Viot process with fluctuating selection and Super-
Brownian motion in a random environment. We finish Section 3.1.1 with the statements
of the main results and a brief discussion of the key difference to the results in Chapter 2.
In Section 3.2 we discuss the Lambda-Fleming-Viot model, studying its scaling limits
and discussing the lookdown representation. In particular, Section 3.2.3 contains the
bulk of our proof. In Section 3.3, we discuss the lookdown construction for a version of
Branching Brownian motion in a random environment and the lookdown representation
of the superBrownian motion in a random environment. In Section 3.4, we discuss how
to extend the result of Section 3.2 to the spatial setup. Section 3.5.1 contains some
information of Poisson random measures, which are used extensively throughout this
chapter. Section 3.5.3 briefly recalls a Lemma A.13 from Kurtz and Rodrigues (2011)
which ensures our projected process is a solution to the correct martingale problem.
Section 3.5.2 discusses the Markov Mapping Theorem. Section 3.5.4 contains some of

the proofs of Theorems of Section 3.3.

3.1.1 Statement of main results

We suppose that the population, which is distributed across R?, is subdivided into two

genetic types. We will denote the space of types by K = {kc, k,}. Formally, the state of
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the population at time ¢ is described by a measure M; € M, where M is the space of
measures whose first marginal is Lebesgue measure on R% x K. We note M is compact
when equipped with the topology of weak convergence.

At any fixed time there is a density w(t,-) : R? — [0, 1] such that we can use the

identification

/ (i, k)M (der, dr) = / {w(@) f(z,1) + (1 — w(@))f(z,0)} dz.
R x{0,1} R4

We interpret w(t, ) as the proportion of population of type , at location z at time .
It is defined only up to a Lebesgue null set. For what follows, it is convenient to fix w
as a representative of My through the relation described above and update it according
to a procedure described below. We consider two types of events - neutral and selective
events. Selective events are influenced by the state of the environment.

We begin with a description of the environment, which is used for all models in this

section. Our environment is modelled through a simple random field.

Definition 3.1.1. Let II¢"" be a Poisson process with intensity E, dictating the times
of the changes in the environment. Let {f(m)(‘)}mzo be a family of identically distributed

random fields on R% such that for each

where q(x,y) is the covariance function, which belongs to Cy (Rd X Rd> (continuous
functions vanishing at infinity). Set 7o = 0 and write {7y, }m>1 for the points in I1¢™

and define
C(t) =D ™ ()L i) (B):

m=0
For the construction of the random field in Definition 3.1.1 we refer to Ma (2009),
especially Example 1. We observe that the generator of the process describing the

evolution of the environment, A", is given by

AT f(C) = Ex[f ()] — F(C), (3.1.1)
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with domain given by continuous bounded functions, where 7 is the stationary distribu-
tion of the random field (.

The following version of the Spatial Lambda-Fleming-Viot process with fluctuating
selection (SLFVFS) is a slight modification of the process discussed in Biswas et al.

(2018).

Definition 3.1.2 (Spatial Lambda-Fleming-Viot process with fluctuating selection).
Let v be a o-finite measure on (0,00) and for each r € (0,00), let v, be a probability

measure on [0, 1], such that the mapping r — v, is measurable and

/ rd/ u vp(du)p(dr) < co.
(0,00) [0,1]

Further, fiz s € [0,1] and let II"™", I1°¢ | be independent Poisson point processes on
Ry x R? x (0,00) x [0,1] with intensity measures (1 — s)dt ® dz @ p(dr)v,(du) and
sdt ® dz @ p(dr)v,(du) respectively. Let TI°™ be a Poisson process of Definition 3.1.1,
evolving independently of TI"* TI°. Let o(k,€) : (X x {~1,1}) — RT be a function

which satisfies the symmetry condition
—1| =0. (3.1.2)

We note that the name symmetry condition could be misleading. It is not a symmetry
between the rare and common type, but, rather a symmetry between the effect of the
environment on the rare type within the background population of common type.

The spatial Lambda-Fleming-Viot process with fluctuating selection (SLEVFS) with
driving noises TI™%, TI/$¢L TI¢™ s the My-valued process M; with dynamics described
as follows. Let w(t_,-) be a representative of the density of M;_ immediately before an
event (t,z,r,u) from 1" or 11/5€l. Then the measure My immediately after the event

has density w(t,-) determined by:

1. If (t,z,r,u) € TI™™, a neutral event occurs at time t within the closed ball B(x,r).

Then

(a) Choose a parental location | according to the uniform distribution on B(x,r).
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(b) Choose the parental type k € {kr, K.} according to distribution

Plk = k] = w(t_,l), Plr=k=1—w(t_,1).

(c) A proportion u of the population within B(xz,r) dies and is replaced by

offspring with type k. Therefore, for each pointy € B(z,71),

w(t,y) = w(t—,y)(1 —u) +uly_y,}-

2. If (t,x,r,u) € I3 q selective event occurs at time t within the closed ball B(x,r).

Then

(a) Choose a parental location I according to the uniform distribution on B(z,r).

(b) Choose the parental type k € {kr, kc} according to

o (r, ((2))w(t,

Plk = ky] = )
"ok (@) w(t- 1) + ok, ¢(x)) (1 — w(t-, 1)’
e ] (e, ()1 — (1)
o (kr, ((2))w(t—, 1) + o (ke ((2)) (1 — w(t-, 1))

(c) A proportion u of the population within B(xz,r) dies and is replaced by

offspring with type k. Therefore, for each pointy € B(z, 1),

U}(t,y) = w(t,, y)(l - U) + U]‘{H:Iﬁ?r}'

8. If t € II°™ the environment evolves as in Definition 3.1.1.

The existence of the process follows from results of Etheridge and Kurtz (2018),
Section 4.1.2, Lemma 4.3. We note the symmetry condition is not required for existence
of the model but is convenient for our work. This condition can be relaxed if o depends
on N, however for simplicity, we assume fixed o and so require condition (3.1.2) to be
satisfied. Furthermore, as in the fixed radius case in Chapter 2, we will fix both the
impact and radius of events in our models. We assume, with a slight abuse of notation
that u = ¢, and v, = §,,. The methods used could be extended to take into account the

variable radius case discussed previously.
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We discuss the lookdown representation of the non-spatial version of the model in
Section 3.2, while Section 3.2.2.1 explains how the lookdown relates to the underlying
process. The spatial version of the lookdown representation for this process is described
in Section 3.4.

We shall define the limiting process, which is a variant of superBrownian motion in a
random environment with a drift, in terms of the generator. Let Mz (R?) we denote the

space of finite measures on R?, again equipped with the topology of weak convergence.

Definition 3.1.3 (SuperBrownian motion in a random environment). Let ¢(z,y) €
Co (Rd X Rd) be a covariance function. The superBrownian motion in a random envi-
ronment with a diffusion parameter m, a growth parameter b and a quadratic variation

parameter (a,c) is the unique Mf(Rd) valued Markov process with cadlag sample paths

such that for each f € 62(}1%), » € D(A)

CF(X0,6)) = £/(X16) [ (X1 A) +b(X0, 8,)]
"X (an e +o [ g ool Xl X(dy) ). (3:13)

dwRd
is a martingale.

This model is discussed in more detail in Section 3.3. In particular, we provide a new
lookdown construction of the model, which we derive from the lookdown construction
of branching Brownian motion in a random environment. This follows the ideas behind
the construction of superBrownian motion from branching Brownian motion.

Our results describe the scaling limit of a sequence of processes. At the Nth stage
of our scaling, the local population density will be K = K(N). We shall denote the
representative of the density of the scaled SLFVSRE by w® and the population of rare
individuals by X» = Kw", which is defined Lebesgue almost everywhere. We shall
think of X” as a measure-valued process and abuse notation by writing, for any Borel

measurable ¢,

Xt, K/gi) z)wd ( da:—/qb ) XN (



3.1 Introduction 75

The scaling for the neutral part of the model is nearly the same as in Chapter 2. The
modifications required by the presence of selection and fluctuations in the environment
are inspired by Biswas et al. (2018). For the scaled process, time is sped up by a factor
N, space is shrunk by M(N), and the impact of each event is reduced by a factor
J(N). The rate of environmental changes is multiplied by S (N)? and the proportion
of selective events is multiplied by S(N)/S(N). We use S(N) and S(N) in order to
consider the non-fluctuating environment case in out work. Scaling of the selective events
is motivated by our inclination to model short bursts of strong selection. In the model
without environmental fluctuations the rate of selective events is scaled by 1/S(N). The
additional portion of selective events prevents the averaging out of the action of selection
in the diffusive limit. The Central Limit Theorem suggests the relation between the
rate of additional selective events and rate of changes of the environment. In Biswas
et al. (2018), Section 3.2 and Section 4.2 they discuss this relation further. We let
Vy:=[B,(0)] and C(d) == [5, (o |z|?dz in dimension d. We are now in position to state

the main result of this chapter.

Theorem 3.1.4. Suppose that X(J]V is absolutely continuous with respect to Lebesque
measure with support supp(X{¥) C D, where D is a compact subset of R? independent

of N, and X} converges weakly to Xo. Moreover, suppose that, as N tends to infinity,

Cqur®*2N . K u?V,NK
W%Cl, J,K,M,S,S%m,méo,wﬁa,
N? suNV, (o(ky,() 2 s S
———— —0; E, = -1 b < — 0.

K2Md [{ SJ (a(nc,o >} AR

If there exists an n such that, as N tends to infinity, N(K/J)" — 0 then the sequence
Xn(t) converges weakly to superBrownian motion in a random environment with initial

condition Xo, diffusion parameter Cy, growth parameter b?, quadratic variation parameter

(a,b?).

Remark 3.1.5. We note that the neutral case of our model was analysed in Chapter 2.

The previous scaling requires

N
W%Ch J,K,M—>OO, e



76 Spatial Lambda-Fleming-Viot Model in fluctuating environment

along with a ‘sparsity’ condition which we discuss below. In Chapter 2 we discuss the
heuristic reason for that scaling which also gives a solid justification for our choice of
scaling in Section 2.2.4.

We note that our ‘sparsity’ condition is the requirement K/JM® — 0, which is
stronger than the one present in Chapter 2. This is a feature of the methods we use
and we do not think can be strengthened using lookdown constructions. Our sparsity
condition is equivalent to M?/J — 0 in all dimensions in comparison to the previous

conditions

M log M 1
— o0 ifd=1; %—mifd:z; S 0ifd=s.

It is due to the fact that the lookdown construction ‘sees’ the Hausdorff dimension of
the support of superBrownian motion in a way that previous work did not. QOur set
of test functions does not smooth out the support of the process, in sharp contrast to
our previous approach. We require the intensity of levels within the ball of radius r/M
to tend to infinity. Since the limit has Hausdorff dimension two, in dimensions three
and higher we will see a concentration of mass in the limit which requires an infinite
intensity of levels in arbitrarily small balls. This observation shows why the proof of our
results in the spatial case does not differ significantly from the proof in the non-spatial

case.

3.2 Scaling limits of the LFV - dynamics of the rare type

In this section we are interested in describing the evolution of a subpopulation with a
rare mutation within a population which evolves according to the A-Fleming-Viot model
with selection in a fluctuating environment (LFVSFE). We will again consider a type
space with two types, rare and common. Which of those two types has higher fitness
changes with the environment. We show that the evolution of the rare subpopulation
follows a Feller diffusion in a random environment.

We provide a new description of the LEFVSFE in terms of a lookdown construction.
This construction is inspired by the lookdown construction of the neutral model in

Section 4.1.3 of Etheridge and Kurtz (2018).
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We begin with a description of the model which gives some insight into its construc-
tion before defining the model precisely in Definition 3.2.6. Each of the individuals in
the population is assigned a genetic type r from the set X and a level | € Rt U {0}.
We recall that we restrict our attention to X = {k., k,}, which we refer to as the
‘common’ and ‘rare’ type, respectively. Since in this section we consider a model without
spatial structure, the state of the population can be represented as a collection of points,

n={(l,k)}, or as a measure which can be written, with a slight abuse of notation, as

n= Z (k) Where (I,K) € (R+ U {0},5().
(Lr)en

We assume that the process with levels n is always a conditionally Poisson system with
Cox measure my, X =, where my, is Lebesgue measure on R™. This is because, in our
lookdown model, when our initial condition has this form then our process will have this
form for all subsequent times. This is a key feature in how the lookdown construction
relates to its underlying model.

For lookdown representations we consider test functions of the form

fy = 1] 9, 5), (3.2.1)

(l,x)en

with the additional requirement that there exists a Ay > 0 such that g(I) =1 for all
I > Xy. This set of test functions will be used throughout this chapter for computations
involving lookdown representations.

We are interested in the situation when the type which is selectively advantageous
depends on the environment. We write ¢ for the random process which models the state
of the environment. Therefore the full state of the model at time t is given by a pair
(1, Gt)-

We now proceed to carefully state our non-spatial model, the scaling and the
non-spatial results. The following statements are almost identical to those found
in Section 3.1.1 but we include them for completeness. This further demonstrates

the similarity between the spatial and non-spatial methods when using the lookdown
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construction and motivates why our spatial proof mainly lies within Proposition 3.4.53
and Proposition 3.4.54.

The evolution of the population is determined by two types of reproduction events,
neutral and selective. We assume that a proportion, s, of events are selective and favour
one of the two types. Events are driven by independent Poisson processes I1"¢* and
I1%¢!. For simplicity we assume that the impact of the events is fixed and equal to u.

Both neutral and selective events are composed of two elements, discrete births and
thinning. The birth phase of the events differs between neutral and selective events,
while the thinning phase is the same.

Whenever t € T1"¢%, a birth event produces offspring, with levels distributed according
to an independent Poisson point process with intensity u. Let v* be the smallest of the

new levels. Let (I

*ous ©°) denote the element of 7 with the smallest level greater than

v*, that is
l*

neu

=min{l: (I,k) € n,l > v*}.

The individual (7

¥ ous K°) 1s chosen as the parent of the event and removed from the

population. All new individuals are assigned type k*, the type of the parent. The levels
of old individuals in the population are changed. If the level of the individual was
smaller than v* it remains unaffected by the birth. If the level of the individual was
larger than v*, it is moved to [ — [, + v*.

If the event is selective, the situation is more complicated. We introduce an additional
function o(k, (), which influences the likelihood of an individual of type k being the
parent, given the state of the environment, (. When the environment is in state ¢, the
higher the value of o(k, (), the more likely an individual of type x is to be selected as a
parent during selective events in environment (.

Whenever t € II°¢, a birth event produces offspring, with levels distributed according

to an independent Poisson process with intensity u. As before, let v* be the smallest of

*

the new levels. Let (1%,

k*) denote the element of  which obtains the minimum

l; —v*
min{ — (L, ki) € ,l¢>v*}. 3.2.2
(o o e 22
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It is clear that if o(kc, () = o(kr, () this is identical to neutral events. The individual
(I, k%) is chosen as the parent of the event and removed from the population. All
new individuals are assigned the parent’s type as in neutral events. The levels of old
individuals in the population are then changed. If the level of the individual was smaller
than v* it remains unaffected by the birth. If the level of the individual was larger than
v*, it is moved to o(k, () (I — I%,,, +v*)/o(k*, ().

For both neutral and selective events once the parent has been selected, and the old
levels moved to their new locations, thinning takes place. Thinning does not affect the
new individuals. The thinning takes the level of each individual which is neither a child
or the parent of the event present within the population and multiplies it by 1/(1 — ).
The combined effect of this movement is defined explicitly through the function Jyeq,
defined in (3.2.4), for neutral events and J;, defined in (3.2.6), for selective events.
We note that instead of removing the parent from the population we will consider the
parent to be identified with the lowest offspring. The movement of the levels is chosen
in this way to maintain levels with a conditionally Poisson system after any event.

We now define the main process of interest.

Definition 3.2.6 (Lookdown representation of LEVSFE). Fiz s € (0,1). Let IT"*%, I1%¢
be a pair of independent Poisson point processes with intensity measures (1 —s)dt@v(du)
and sdt ®@ v(du) respectively on RT x (0,1). Moreover, let II*" be a Poisson process
with rate E, independent of TI"®* T1%¢!. Let o : K x {—1,1} — R* be a function.

The lookdown representation of LEVSRE is the process taking values in the set of

{=1,1} times the purely atomic measures on R x K with dynamics described as follows.
1. If (t,u) € 1™
(a) a group of new individuals with levels (vi,ve,...) is added to the population.

Their levels are distributed according to a Poisson process with intensity u.

(b) Let v* = min{vy,v,...}. The type of the new individuals is chosen to be the
same as the type of the individual (k*,1*) whose level is the lowest above v*,
that is

ey =min{l : (I,k) € n,1 > v*}. (3.2.3)

neu
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(c) As a result of an event the levels with position | before an event will have

new position given by

ﬁ(l - (l:rkteu - U*)) Zfl > l:Leuv
1
1—u

l ifl <l (3.2.4)

neu’

gneu(la l;kzeua U*) =

<

* ifl =1

neu*

2. If (t,u) € T1°¢
(a) a group of new individuals with levels (v1,ve,...) is added to the population.
Their levels are distributed according to a Poisson process with intensity u.

(b) Let v* = min{vy,va,...}. The type of the new individuals is chosen to be the

same as the type of the individual (I*, K*) whose level minimizes

{U(/’mC) c (ki) €myli >0 } (3.2.5)

(c) As a result of an event the levels with position | and type k before an event

will maintain their type but will have new position given by

v* ifl =17,
Hsel((lﬂ{)? (l:el’ﬁ'*%gv*) = ﬁ(l - (l* - U*);(E:’:CC))) Zfl 7é l:epl > 1)*7
L1 if 1 < v,

(3.2.6)

3. If t € II°™, the environmental variable (; is resampled uniformly from {—1,1}.

The way the levels move is largely inspired by Kurtz and Rodrigues (2011).
As in the spatial case our results require a symmetry condition on the values of

o(k, (). To be more precise, we require that

g, 20

T - 1} o, (3.2.7)

where 7 is the stationary distribution of (.
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We note that the generator of the process from Definition 3.2.6 is given by

Af(n,¢) = Aneuf (0, Q) + Aser f (0, ¢) + Aenv f(1,C), (3-2'8>

where

]
¥

Aneuf(n7 Q) = (1 _ S)/ [Ueuv*g(m*,v*)e“f (1—g(k*v))dv
0

X H 9(k, Ineu(l; Lyeus U*))] dov* — f(n),
(k,0)en,l£l*

Aself(n, C) = S/ [Ue_uv*g(ﬁ*’ U*)e_uf (1—g(r*,v))dv
0

X H g(H, gsel((la K)? (l:eb I{*)a Cv v*))‘| dv* — f(Tl)7

(K7l)en7l7’él:el

Aenvf(n7 C) = Eﬂ[f(nv C)] - f(777 C)’

and f is of the form (3.2.1). Observe that the only differences between neutral and

selective events are the choice of the parent [* and the movement of levels.

3.2.1 Scaling

We are interested in the evolution of the subpopulation of a rare type within the
population evolving according to LFVSFE. To quantify the rarity, we consider a
population with total density K (which is equal to one for the usual Lambda-Fleming-
Viot model), and will let K tend to infinity. We wish the rare type to make up about
O(1/K) of the population at each level of the scaling. This is represented in the look-
down process by the intensity of levels. The levels of individuals are initially Poisson
distributed with intensity K with individuals given the rare type with probability
O(1/K) and given the common type otherwise.

In order to recover the correct scaling limit we need to readjust our parameters. Let
w” denote the proportion of individuals of the rare type at the N** stage of scaling.
Let X~ = Kw" denote the size of the population of the rare type. Our scaling limit
describes the behaviour of X~. The right scaling of the other parameters is suggested by

work from Chapter 2 and Biswas et al. (2018) as discussed in Remark 3.1.5. We speed
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up the reproduction rate by N and increase the total population size to K(IV), but scale
down both the impact and the selection coefficient. The impact of an event at the N*"
stage of the approximation will be given by u/J(N). The selection coefficient in the
presence of fluctuations will be sS(N)/S(N) and s/S(N) in the absence of fluctuations.
In order to simplify the notation we drop the explicit dependence of scaling parameters
on N in what follows. For our results to hold, certain relations between the parameters
need to be satisfied. In Theorem 3.2.10, Theorem 3.2.12 and Theorem 3.2.13 we specify
scaling limits for the model with fluctuating selection, the model where the direction of
selection does not change and the neutral model respectively. In particular, our results
require a specific relation between the rate of the changes in the environment and the
rate of selection. We therefore assume that the rate of the environmental events is S2.

The generator of the scaled process, where 7 is a Poisson point process with first

marginal given by K times Lebesgue measure, can then be written as

AN F(n,¢) = AN f(0,¢) + SAN, f(n,¢) + 82 AN, £ (n, ©), (3.2.9)

where
Ail,veu (7’” C) — N(/OO [Me_%v*g(ﬂ*’v*)e—uj{ fvof(l—g(,{*’v))dv
0

X H g(ﬁ,gneu(l,l*,v*))‘| dv” — f(ﬁ)>7

(1,0)EnI£L*

SN S8} UK —MU* % N _uK [ . v
Aé\clal (77,():5</0 [Je J g(:‘i , U )6 J fv*(l g(k*,v))d

x H 9(K, dser(l, Ler U*))] dv* — f(”))v

(kL)AL

Ael\iw (na C) = Efr[f(n’ C)] - f(nv C)

3.2.2 Main result of this section

We now state the main results of this section. We recall the definitions of some of the

classical models in terms of their generators, in order to state the results formally.
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Definition 3.2.7 (Feller diffusion). Let a > 0, b € R. The Feller diffusion is the process

taking values in R with generator Cyq, defined for every f € C*(R), given by

Craf(y) = ayf"(y) + by f'(y).

Its lookdown representation is characterised by the process with generator Ayq given by

Asaf(n) Z Qa/ —1)dv + f(n) Z (al? — bl;) i]/((zl;))' (3.2.10)

Definition 3.2.8 (Feller diffusion in random environment). Let a,b > 0. The Feller
diffusion in a random environment is the process taking values in R with generator Cyqy.,

defined for every f € C*(R), of the form

Crarf(y) = (ay +b*y*) ' (y) + by f (y).

Its lookdown representation is characterised by the process with generator A given by

320 [ (o) = 1)+ 700 3 i - 1) 20

; g(L:)

g)g' (L) | 029" ()
+ b2 f£( 1l; + 12 . (3.2.11)
zj: (; g(ly) 7 g(li)
For a more detailed discussion of the lookdown constructions for the Feller diffusion

and the Feller diffusion in a random environment we refer to Kurtz and Rodrigues

(2011), Section 2.

Remark 3.2.9. We observe that our choice of test functions guarantees that all terms
appearing in (3.2.10) and (3.2.11) are well-defined even if g(l;) = 0, by considering this

identity

) lowne)

i i j#i

Theorem 3.2.10. Let XV (t) denote the total intensity of individuals of the rare type

at time t. Suppose that X(])V converges to Xg. Moreover, suppose that, as N tends to
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infinity,
~ uW’NK N?
J,K,S,S%OO, 7—>0, T—>2a, KJ2—>0,
sulN (o(kr, () )}2 , S S
E, —1 »2, 2 50, 2 0. 3.2.12
H SJ <a(;«vc,g) - KU 57 (3:2.12)

In addition, assume that there exists an m such that, as N — oo, NK™/J"™ — 0. Then
the sequence X converges weakly to the Feller diffusion in a random environment with

initial condition Xy and parameters 2a, b2.

We have endeavoured to keep the conditions in (3.2.12) as general as possible but

examples satisfying the conditions are easy to find as described below.

Example 3.2.11. Fiz k € (1/2,1), v € (0,min(k, (3 — k)/2)).. The conditions of

Theorem 3.2.10 are satisfied if

J=N% S=N% K=N' §=N.
As a by-product of our technique, we prove an analogous result for the neutral model

and the model with selection.

Theorem 3.2.12. Let XV (t) denote the total intensity of individuals of the rare type
at time t. Suppose that X}V converges to Xo and the intensity of selective events is zero.
Moreover, suppose that, as N tends to infinity,

N? u’NK

J, K — o0o; — 0; K2 —0; —— — 2a. (3.2.13)

J
In addition, assume that there exists an m such that, as N — oo, NK™/J™ — 0. Then

the sequence Xn(t) converges weakly to the critical Feller diffusion (b= 0) with initial

condition Xgy and variance parameter 2a.

Theorem 3.2.13. Let XV (t) denote the total intensity of individuals of the rare type

at time t. Suppose that Xév converges to Xg, o does not depend on the environment
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and S = 1. Moreover, suppose that, as N tends to infinity,

J, K, S — oo;

— 0;

N? u?NK SUN<0(I€T>

O. 2 .
K2 7 75T ke

72 —1>—>b

J
(3.2.14)
In addition, assume that there exists an m such that, as N — oo, NK™/J"™ — 0. Then

the sequence Xn(t) converges weakly to the Feller diffusion with initial condition X

and parameters 2a and b.

Remark 3.2.14. We stress that our proofs do not guarantee convergence of the lookdown

representations, but only convergence of the projected models.

3.2.2.1 Projected model

We follow the work in Etheridge and Kurtz (2018), in particular their "first construction”
from Section 4.1.1, to show the connection between our lookdown construction and the
standard LFV.

The neutral generator is simply the non-spatial counterpart of the lookdown con-
struction from Etheridge and Kurtz (2018) and so we do not treat it here. However,
in order to clarify how our form of selection acts from the perspective of the underly-
ing process we investigate further. The neutral generator can also be seen by taking
o(ke) = o(k,) in the selective case. This section follows Etheridge and Kurtz (2018) and
all the techniques in this section are taken from there, but formulated in our notation.

The part of the generator of our process which describes selective events is of the form

Aself(n) _ S(/ [ueuv*g(v*? K*)efufvof(lfg(v,,{*))dv
0

(Lr)ENIAL,,

We define h(k) = [;°(1 — g(l,x))dl and note that integration by parts gives

/°° ue " g(v*, n*)(f% Jo Amgtorm)dv g —uh(s")
0
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We also note that if 5 is formed from a Poisson point process with intensity measure

Miep @ Z(dk) then

{Hsel(l?l:elvv*) :l 7& l;kel}v

is a Poisson point process with intensity measure mjp ® (1 — u)Z(dk). Consider the

distribution of £* conditioned on Z(dx). We note that

e o(kr)Z({ke})
P = = B o)) o (r)E ()

and so when we average our selective generator we arrive at

aAN f(E) = se” S h()E(dr)

sel
9 ([ D) T
o 2 ([e}) + o (me)E((r )

o(ke)Z({Kr}) o uh(re) | g [y HE(dR) _ )
T oo E (o)) + o(re)E((m)) ] t)

We finally note that our selection can now be seen as a simple weighted choice of parent
in the (non-spatial) Lambda Fleming-Viot process. The same calculation can be done

for the spatial case.

Remark 3.2.15. We notice that our way of modelling selection differs from the approach
of Etheridge et al. (2014) and Biswas et al. (2018). However, a quick generator calcula-
tion shows that this type of selection should lead to the same diffusion approximation as

in Etheridge et al. (2014) and Biswas et al. (2018).

3.2.3 Convergence of the non-spatial model

We are interested in convergence of the model with selection in a fluctuating environment.
Recall that we study the behaviour of an establishing mutation under this model. We take
this into account by considering test functions which are unaffected by the individuals

of the common type, k..
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We recall the generator of the rescaled process takes the form

ANf(Tla C) = neuf(n C) + SAself(T/ C) + S2 envf(na C)a (3215>

where AN

N . is the part of the generator which describes neutral events, AY, is the part

of the generator which describes selective events, and ALY =~ describes the evolution of
the environment.

In Sections 3.2.3.2 and 3.2.3.3, we show that the terms AN, and AY

sel Converge to

well-defined limits. However, since S — oo as N tends to infinity, it may seem that as
N tends to infinity, (3.2.15) will not converge to a non-trivial limit. However, the naive
limiting procedure does not take into account the changes in the direction of selection.
In order to identify the correct limit, we apply a ‘separation of timescales’ trick due to
Kurtz (1973).

During the calculations in the proof of Theorem 3.2.13 we will show the operator
AN, can be written as

suN (o(kr, () g'(kj,15,¢) 1 1
ans =1 Ty - Sgere o5+ w) 620

We consider a test function f of the form

suN(a(/ir,C) B 1) g(/ﬁ}j,l ;)

- 1 1

Observe that since § — 0o, we can prove the test function f will tend to f(n) as N — co.

We apply the generator (3.2.15) to f. This leads to

ANF(n,¢) = AN f(n) + SAN, f(n) + SAffeufl(n, Q)+ AN (fn(m,€) — Sfn(n,€)

1§ 5
= Apeuf () + A (Fn(n,€)) + <5 st K)

where we have used (3.2.16), that f does not depend on & (to see Aeny f(n) = Ex[f(n)] —

f(77) = 0) and (327)7 (tO see that: as Eﬂ'[fN(U? C)] = 07 Aem;fN(na C) = _fN(777 C))
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Therefore, at least heuristically, the identification of AN, (fn(n,&)) should lead to the
correct limit.

To make this argument rigorous, we shall use a theorem due to Kurtz (1992) which
we recall here. Let us introduce some notation. For a metric space E, let [,,,(F) be the

space of measures on [0,00) x E such that pu € I,,,(E) if and only if u([0,t) x E) = t.

Theorem 3.2.16 (Kurtz (1992), Theorem 2.1). Let Ey, Es be complete separable metric
spaces, and set E = E1 x Ey. For each n, let {(X,,Y,)} be a stochastic process with
sample paths in Dg(]0,00)) adapted to a filtration {F}'}. Assume that {X,} satisfies
the compact containment condition, that is, for each € > 0 and T > 0, there exists a

compact K C E such that
i%f PX,(t) e K,t <T]>1—¢, (3.2.17)

and assume that {Y,(t) : t > 0,n = 1,2,...} is relatively compact (as a collection of
Es-valued random variables). Suppose that there is an operator A : D(A) C C(E;) —
C(Ey x Eo) such that for f € D(A) there is a process €, for which

FOG0) ~ [ ATXas) Yal)ids + (1) (3.2.18)

is an {F7}-martingale. Let D(A) be dense in C(Ey) in the topology of uniform conver-
gence on compact sets. Suppose that for each f € D(A) and each T > 0, there exists

p > 1 such that

supE[ / ! |Af(Xn(t),Yn(t)|pdt] < o0 (3.2.19)
n 0
and

lim E[sup\e{i(t)]] =0. (3.2.20)

Let Ty, be the 1, (E2)-valued random variable given by

([0, 1] x B) = /Ot 15(Y,(s))ds.
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Then {(X,,T's)} is relatively compact in Dg, [0,00) X Iy, (E2), and for any limit point

(X,T) there exists a filration {G;} such that

FX () — /Ot AF(X(s), y)T(ds x dy) (3.2.21)

Es
is a {9 }-martingale for each f € D(A).
We will use Theorem 3.2.16 with our environment taking the place of Y,,. We observe

that

~

t t ~
Flne) — /0 Af (e, C)ds + (Flne, C) — F(me)) + /0 Af (05, ) — AN F(s, C)ds
= f(nh Ct) - /t AN.}‘V(T}S’ Cs)dS,
0

where A is given in (3.2.11). Since fi— fg AN f.ds is a martingale, we have written our

problem in the form (3.2.18) with

) = (F ) = o) + [ AF, ) = 4 e ) (32.22)

To check that the assumptions of Theorem 3.2.16 are satisfied, we work with both
the lookdown representation and the projected model. The projected model allows us to
check the compact containment condition (3.2.17) and prove the LP estimate (3.2.19).

Both are achieved via an intensity estimate given by the following Lemma.

Lemma 3.2.17. Let XV = Kw" denote the total intensity of individuals of the rare

type. Assume that E[ X" (0)] < oco. Then for any T > 0

sup sup E[ X (¢)] <oo, (3.2.23)
t<T N
lim sup]P’[supXN(t) > H} =0. (3.2.24)
H—oo N t<T

We discuss the proof in Section 3.2.3.1.
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The part of the argument which allows us to identify the correct limit and shows

that condition (3.2.20) is satisfied, that is

n—o0 +<T

lim E[supkN( )]1 =0, (3.2.25)

is more involved, and requires the use of the lookdown representation. We will first look

at the behaviour of

t
/0 AN F(10,C5) — Af (s, Co)ds

The terms involving AY,  and AY, are tackled separately.

Let n; be the process obtained from 7; by only considering the individuals of the

rare type, ny = {l: (I, k,) € m}.

Proposition 3.2.18. Under the conditions of Theorem 3.2.12,

sup
t<T

/ AN f(s)

_ f(ng)z.g;nzv“l?i<(zlfff>)>)*2f Z / (1= g(ki,0))dv | ds

[0

This proposition will be proved via Taylor’s formula through Proposition 3.2.24 and
Proposition 3.2.25 in Section 3.2.3.2. An analogous proposition applies to the terms

involving AN el

Proposition 3.2.19. Under the conditions of Theorem 3.2.13 for any T € R

/Asel A YRAC) dsH—>0.

sup
L<T Li(HenV 9(L:)

We discuss the proof of this proposition, along with calculations which allow us
to fully justify the separation of timescales procedure in Section 3.2.3.3. These three
propositions will allow us to conclude Theorem 3.2.12 and Theorem 3.2.13. We then
proceed to use these results to prove Theorem 3.2.10 in Section 3.2.3.4. We notice

that if the random perturbation Y appearing in the statement of Theorem 3.2.16 is
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trivial, the statement itself reduces to the usual condition for relative compactness of the
sequence of stochastic processes, for example in Ethier and Kurtz (1986), Theorem 3.9.1
and Theorem 3.9.4. Therefore as a by-product of our construction we give a proof of
Theorem 3.2.12 and Theorem 3.2.13. The proof of Theorem 3.2.12 is the most technical

of this section.

Remark 3.2.20. Our proof guarantees the relative compactness of the sequences of
scaled lookdown representations and that limit points must satisfy a martingale problem.
However, we do not have a proof of uniqueness of the martingale problem characterizing
the limiting equation. We will use the Markov Mapping Theorem to deduce the relative
compactness of the sequence of projected models and a martingale problem characterising
limit points. Lemma A.13 from Kurtz and Rodrigues (2011) guarantees that every
projection given by the Markov Map solves the projected martingale problem. Since this
projected martingale problem has unique solutions, the relative compactness is enough

to guarantee convergence of the sequence of projected models.

Remark 3.2.21. We are interested in the behaviour of a rare subpopulation. As we
have discussed earlier, we would like it to form O(1/K) of the population. For technical
reasons, instead of the process X (t), it is sometimes convenient to consider a stopped

process XN (t ATV, where

Vo=inf{t>0: XN > ZN.

We require the sequence of real numbers ZN to be finite for each N and to tend to
infinity as N tends to infinity. This requirement coupled with Lemma 3.2.17 guarantees
that the convergence of the stopped processes translates directly into convergence of the
unstopped processes. We shall see that technical assumptions will require that ZN — oo

sufficiently slowly. However, these assumptions will not change our proof.

3.2.3.1 Intensity estimate

This subsection is devoted to the proof of our intensity estimate.
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Proof[Proof of Lemma 3.2.17] The generator of the projected process can be written

as

Lf(w7C) = {wf((l - U)'LU + qu) + (1 _p)f((l - U)'LU,C) - f(w7<)}

O-(’iraC)w
G("ira g)w + 0'("387 C)(l - w)

0(ke, ¢Q)(1 —w) et C)— Flu
et Ow o —wy o (I —ww w0 = flw,¢)

_|_ £6nvf(p7 C)

+s

pf((l - u)w +u, C)

Recall that we are interested in an estimate for the intensity of the process describing
the evolution of the rare individuals. We therefore substitute X = Kw. Under the

assumptions of Theorem 3.2.10 this leads to the generator

s (A(- 3 xe) + (- (s ) s

~ ok, ) u U
+NS< L(nr,c)ii +U(KS’IZ)<1 Y f((l - J)X +KJ,C>

o(ke, (1= % .
o O% + ol O (1 - g)f( 1= 5)X.¢) - X, o]

+ 82 (X, Q).

This means that for any f € C*(R),

FOT) ) = £ o) + [ 200N (6), s+ M(T),

where M is a martingale. Substituting f(z, () = x leads to

X(@) =x(0) + NEE [ [ (0, ) Yo x
SJ Jo U(HT7C)%+U</€C,C)(1—%)K
_O'("{"‘wC) X
* 1-—=)X|ds+ M(T
a(m,C)ﬁJra(nc,g)O_ﬁ)( K) (T)

=X(0)+ NSZ Y 757, <)

T
X
SJJo [a(/ﬁr,C)é +(7(’%7C)(1 - %)
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(ot st
(r )3 + a(nc,o(l - %) ol OF +olhe ) (1- %)

+ M(T).
Since

O-(’{ra Q)
(/{m C) + U(/{c’ C)(l - %)

U("ic: C)U("irv C) - 02("437"7 C)
o(er ) (o r, ) + 0, ) (1= %))

2
=
3
o
> >

. (3.2.26)

this expression can be written as

X(T) = X(0) + N?”{/OTKZE’;g - 1)X ds

Xiz (ch;C) ("‘W,C) Q(KVT,C)
K o(ke, )(U ki, ()% —l—a(/ﬂc,g)(l—%))

ds} + M(T). (3.2.27)
0

Consider the stopping time 7 = inf{t > 0 : XN > H} and the stopped process
XN(t) = XN(t A 7). Since (3.2.27) holds at a bounded stopping time, taking the

expectation and using the symmetry condition (3.2.7) leads to

B[XV(T)] = BIX(0) + N5 5 1R [ / T{ (ZE:: 8 _ 1>XN<S)}ds

T (XN (s))? (1, ) + 0 (te, Y (v, )
< o (5es ) (50, O X2 4 0 (mc,o(l—fl‘”))

~ HsSu
< -
<E[X(0)] + N SJO/ E[X

ds

where C, is a constant depending on o. By Gronwall’s inequality
. H sS
EXN(T)] < E[XY(0)] exp (NSSUCUT)

If one takes H = Z from Remark 3.2.21, combined with the conditions from Theo-

rem 3.2.10, concludes the proof of (3.2.23). To see that (3.2.24) holds, it is enough to
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observe that by Markov’s inequality

E[Xr]

= P[X7 > H] < T

]P’[ sup X; > H (3.2.28)

0<t<T

and for any T, € > 0 we can choose Hy, Ni such that for H > Hy, N > Nyand ¢t <T

the right hand side of (3.2.28) is less than e. O

We also take note of a simple corollary which we will use later in our main proof.

Corollary 3.2.22. The lookdown process satisfies the compact containment condition,

(3.2.17) in Theorem 3.2.16.

Proof We note that the characterisation of convergence given in Theorem 3.5.57 ensures
that a sequence of lookdown processes satisfies the compact containment condition if

and only if the projected processes also satisfy compact containment condition. O

Remark 3.2.23. We do not give details but a simpler calculation also proves Lemma 3.2.17

under the assumptions of Theorem 3.2.12 and Theorem 3.2.13.

3.2.3.2 Neutral model - proof of Theorem 3.2.12

Even though this subsection contains the proof of the result for the least complicated
model, the proof itself is the most involved one. The relative simplicity of the proof for
the more complicated model demonstrates the power of this lookdown method. Proofs
of Theorem 3.2.13 and Theorem 3.2.10 heavily rely on technical observations from this
subsection. We recall that the generator of the neutral part of the process takes the

form
Apeuf(m) =N ( / h [“Kef g(*,v*)e= 5 Jor (=gl )dv
0

X H g(m,Hneu(l,l*,v*))] dv* — f(n)), (3.2.29)

(r,D)En,l#l*
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where (k*,v*) denotes the parent and Jye, is defined as in (3.2.4), that is

L= e —v7)) WIS

Hneu(la l;‘;eua U*) = ﬁl ifl <l

neuw’

v ifl=10*

neu-

Before stating the propositions and lemmas which prove Theorem 3.2.12, let us rewrite

(3.2.29) in a more convenient form.

We start by observing that a Taylor expansion of g gives

g(w" ") TI 9w, 31 0%) = f(n)

(kD) En,l#l*

Q

I(HJ) * o) — g/(Aj\) gI(HJ) * %) — T 7% v* N
e~ + LRSS o ) - D@, 1)

=f(m>
!

Q

and a Taylor expansion of the exponential function about 0 leads to

_uK [

ol A E CARO) RN (S

T S (1_g<ﬂ*7v))dv+o(uj{/voo(l_g(’%*ﬂJ))d'U)Z_

*

(3.2.31)
Applying (3.2.31) we may rewrite (3.2.29) as
N N N K N
Aneu = Aneu,l + Aneu,Z +0 (JAneu,2>7
where
N © ukl _uK g« * ok * ok *
ANy =N([TERe g ) TT 3@ 07) — £l |der ),
0 (k1) En,I£L*
(3.2.32)

©uPK? k. [
Ao :N<— | e [ =g v (o)

X H g(ﬁ,ﬂ(l,l*,u*))du*). (3.2.33)

(mD)EnIAL"
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We begin with statements of the propositions that identify limits of (3.2.32) and

(3.2.33) separately. The proofs appear later in this section.

Proposition 3.2.24. Under the conditions of Theorem 3.2.12,

r g'(Li(t))
/ Aneu lf 775) - f(ns) ( Z CLZZQ g(lz(t)) )dSH — 0.

Li(t)en;y
] — 0.

The proof of Proposition 3.2.24 will use the following elementary lemma:

sup
t<T

Proposition 3.2.25. Under the conditions of Theorem 3.2.12,

/Ot{ nequ(Us)—2af M) Z / (1 — g(ri, ))dv}ds

Li(t)ens

E |sup
t<T

Lemma 3.2.26. Let I' be a stochastic process. Assume that the second moment of I is
bounded uniformly for all times up to time T by e, that is E[(T'(s))?] <€, for0<s < T.

Then

< TW/e.

/Fs

E [sup
t<T

Proof By Jensen’s inequality

E [flglg </0t F(s)ds> flglg t/ot F2(s)ds] = TE l/oT I‘z(s)ds] .

The inequality follows by assumption and a final application of Jensen’s inequality. O

2
<E

Proof [Proof of Proposition 3.2.24] By Lemma 3.2.26, it suffices to prove that, condi-

tioned on the position of rare levels,

E HN(/OOO 1’:5(6—“}‘”*{9(&*7@*)

% 11 g(r, dU(), 1), v")) — f(ns)}dv*>

(r(®),L(t))EnL(t)AL* ()
2
= ()

uniformly for 0 < s < T.
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For simplicity we use the notation g = 0. We will use an ordering /; by assuming

I; > l;—1 and (3.2.30) to observe that A}, | f(n) can be approximated by

v e e -
l _U*>}dv*>

J (k1) ( 14
+ E T — 1>y, m
1#1; g(’%al) 1- Vi

g (f%lz')( _uKy,

— = ll — li, i—1

lg(/ﬂ»li) ( A ¢
u . —“Kli)>

=Nfn)),

7

g K’ja
_l’_
Z Z 9(k;j, l] )1-3%
J#L g<i
where the second line follows from integration. At this stage we note that we can drop

the factor 1 — u/J at the cost of an error of order NK/J?, which tends to zero as N
as

tends to infinity. We also swap the order of summation to rewrite (3.2.34)

_uKjg. J _uKjg. _uKj.
(‘ (li —li1)e” 7 b1 g ﬁ(e e R lz))

+ 1= i7 Z(e*%l"*1 —e

i#]

“;%)].

g K’]a
Z ’{J’ZJ) [Z;

We observe that since the second and the third terms in the inner sum are telescoping

sums and I = 0 we simplify our expression to

P P, + P N 9' (k5 15)
TR+ By = NG )zj: 9(kj,15)

(1 PRSP +64{7,sz) +> (=l = lia

Zg L
~ g(kj,1;

li—
+ T

where
-UN (1 —e Tl e %lf),
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P3—NZ( (1 — lioy) %lH).

i<j

Now we treat each term in the new sum separately. Using the Taylor expansion of the

exponential function about 0 we observe that

P=N Z ( 1)1: 1lk(uK>k 1+O<N(UK)n+l>7

1<k<n+1 k! J Jrtt
ulNl; NK
Py, = J] +O<J2(l]’l]’1)),
(_1)k (uK)kl b1 N(uK)"+1
=N Y — Sl — L)l + 0| ——5— -
1<k<n+1 (k—1I\J i<j Jr

We focus our attention on P3. We investigate the terms corresponding to different values

of k separately. We observe that the first three terms involve
> (L = limy) =1y, (3.2.36)
1<j

> (i = lic)lioy =

1<j

N =

(Z Pl =Y (- lz‘—l)Q)
L (z Z(l —1i1) ) (3.2.37)
l

Z ) - % S —li)® = >l — L) i

(1
<
(l3 L
<j i<j 1<j
1

3 -3 ST —lie1)? =3l = liea) i, (3.2.38)

1<y i<j

1<j

)
Z((li - lz’—l)l?—1) *%
1.
"3

respectively. We are therefore interested in >_,;(l; — l;_1)? conditioned on the locations
of the rare levels, that is, conditioned on n".

Recall that conditioned on the locations of the levels of the rare type, the levels of
the common type will be Poisson distributed with intensity K — Z~. Conditioned on
the number of levels of the rare type between 0 and [; these levels will be independent
uniformly distributed on [0, /;]. We denote n independent uniformly distributed random
variables on [0, 1] by u1,...,u, and define the order statistics by letting ugy = uy if
and only if #{k : up < ug} =i for i € {1,...n}. We note that n points uniformly

distributed on [0, 1] can be identified with n + 1 points uniformly distributed on the unit
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circle with one of these points chosen at random to be a reference point corresponding
to both 0 and 1. This then leads us to see that u) — u;_1) is equal in distribution to
u(y) for i € {1,...,n+ 1}, where, by convention, U(ns1) := 1 and w(g) := 0. From this

one can see that

J
E [Z(z,- ~ L) lo=0,j =n+1,

i=1
) n+1 ) ) 92
—UE [;(u(i) Gl ] =Lt (n+1)(n+2)

We then use that the number of levels of the rare type within [0, ;] will be Poisson

distributed to see

/ e’} . 7N nex . ) N
E zj:(lz —Lii1)?|lo = O,Zj] :Z n2§2 (ZJ(K 4 )> 5‘( (ZJ(K Z )))
=1 i=0 !
:(KiljZN) +0(exp (— (K — 2V))).

Identical arguments show

. 2
E (Z(zi — z,»_l)?) o = 0,1; _(K_‘”%N)g(s + (K — 7))

i=1

+O((K = zN)exp (- (K = 2V))),  (3.2.39)
J .
Var (lz:l(ll — li_1)2|l0 = 0,lj> =0 (M)

We note that we are considering j to be a random variable throughout this calculation,
corresponding to the level of a given rare individual.

From this calculation since we multiply (3.2.37) by NK/J in we see that we require
KN—; — 0. Therefore, we may approximate (%) >i<illi — li1)? by % For k =3 we
again condition on the number of levels of the rare type beneath [; and see that

J
E|> (li—1lic1)?licallo= 0,7 =n+1,1;

=1

= (n+ DE[(r — 1)l allo = 0,5 = n+1,1],
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where I is chosen uniformly at random from (1,---,n+ 1). We then again consider the

levels as n + 1 points chosen uniformly at random from a circle to see that this will be

3
This then gives us

n+2
l2
B (= lien)limallo = 0,0 = — 5 + O(exp(~lj(K - 2V))).  (3.2.40)
i<j
We see that for k > 3
1
E| (- lim)lf ) — — 15 :o(), (3.2.41)
S0 te) - gt ol
Var Z((zi — )ik 1) b pen :o(l) (3.2.42)
= i kE+17 K3)’

which will suffice as each of these terms will be multiplied by 1\;127:*1 in (3.2.35). We
then note that & J2 is bounded and & — 0. We combine (3.2.36), (3.2.37), (3.2.38),

(3.2.41) to see that, conditioned on l;,

4

—1)k+1 K 12K K2 K\ntl
3 ()'<u ) PRy U] +(‘)<> .
oGt B+ DIT 70T J J

E {Z(_(h — li,l)e—%li_l)

1<j

Finally, we observe that all these approximations and cancellations allow us to

approximate (3.2.35) by

i) (1u"NK NK? NEKnt! NK
f(n)zggé:j’l ))<2u N lj +O<J3> +O<Jn+1> +O<Jg(lj —lj1)>>,
J

plus a random, mean zero, correction term with variance O(N2K?2/(J*(K — Z)3)). O

The proof of Proposition 3.2.25 is more involved than that of Proposition 3.2.24.

Once again we begin with an elementary lemma.
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Lemma 3.2.27. Let I'(s) be a stochastic process. For any partition 0 =ty <t; < --- <

tm =T,
sup/ [(s)ds|| < Z E [(s)ds +E sup/ IT(s)|ds|.
t<T = ti1 i Jtj—1
Proof We observe that
t mo o t
E sup/ [(s)ds|| <E Z!/ I'(s)ds| —I—Sup/ IT'(s)|ds
t<TlJo T i Jt—1
n tj t
< ZE [(s)ds|| + E sup/ IT'(s)|ds
j=1 ti—1 7 ti—1
m N 2 N
J J
< Z E ( F(s)ds) +E sup/ |F(8)|d8]
jzl t]’,1 J t_’iil
which concludes the proof. |

We require a few more computations to transform AnNe%Z into a more convenient
form. First of all, we observe that as (1 — g) is bounded, the following approximation is

valid:

l; 00 liA\v
/ / (1 - g(ki,v))dv dv* = / / g(ki,v))dv* dv
li_1 Ju* li—1
oo pl;
= / / (1—g(ki,v))dv* dv + / / (1—g(ki,v))dv* dv
l; I+i—1 li—1 JI4+i—-1

= (lz — lifl) ‘/I.OO (1 — g(ﬁi,v))dv + O((ll — l¢71)2). (3.2.43)

For convenience, we order the individuals present in the system according to their level,
that is we consider n = {(k4, ;) }i>1 where l; < l;41. We observe that the ordering leads
to the following simplification:

NK i yK _uk . 00
Aneu2 (77) = _u J Z(/l u7€_TU f(n)/v (1 - g(Hi,U))d’U d?]*) .

*

Slnce — 0, we may use (3.2.43) to further simplify Aneu 5 to

AN f(m)

neu,2
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u’NK? K 1

--%5 f(n@(zi—zil)( |- g w)(1+0(5 + )

By this calculation and Lemma 3.2.27, it is clear that in order to prove Proposi-

tion 3.2.25, it is enough to show that for any partition 0 =ty <t; < - - <ty =T,

m N 2 .
SR ( ’ FN(s)ds> +E sup/] 1 |1“N(s)ds] 0, (3.2.44)
j=1 tj—1 JoJti—

where

u*NK? %
V(s) = ZZ: <J2(ll(t) —1i1(t) — 2a> f(ne) /li(t) (1 - g(ki,v))dv dv*dt. (3.2.45)

We first turn our attention to the parts without a supremum which we calculate directly.

Lemma 3.2.28. Conditioned on the locations of the rare levels,

E

Li()

</OT ;<U2§QK2 (Li(t) = liz1(t)) — 2a> f(ne) /ZOO (1 —g(ki,v))do dv*dt) ]

= O(LNT> +0o(T?), (3.2.46)

for any L(N) such that & — cc.

Proof We recall that there exists Ay such that for all v > A, g(v) = 1. Therefore

f(m) /ZO;) (1= g(ks,v))dv

is bounded for each test function. As n; is constant between events we condition on
exactly n reproductive events occurring within [0,7]. We denote the time of events
by t; for i € {1,...,n}. Observe that t; are independent random variables uniformly
distributed on [0, T]. For ease of notation we let ty = 0 and ¢,4+1 = T. We will use I, to
denote a rare type individual’s level and lNk to be the highest level across the population

(that is, from individuals of both rare and common type) below lAk and consider

n n

E> Y (tig1 — to)(tj41 — t))

i=0 j=0
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u2 2 _ u 2 B
( ae <zk<ti)—zk<ti>>—za>( K (zk@j)_zk(tj))—za)]. (3.2.47)

We note that the times between events are independent of the level process and so we
use

T2 P .
wiry  LEF T

E[(tit1 —t)(tj+1 — t5)] = .
2 2

ey 1=
We also use the Cauchy—Schwarz inequality to see
- ~ - 2
E[(lk(t:) — Ue(t:)) k() — lk(25))] < K =2V

where we note that we are still looking at the stopped process to see ZV /K — 0.
We denote the intensity, after n events, of the levels of all individuals which were
offspring in one of those n events by I,,. It is then easy to see I,,11 = I,(1 — %) + %

and Ip = 0. This recurrence equation has a solution given by

nex(i(-3))

We now introduce some notation in order to simplify the calculations presented in this
section. For ¢ < j we define Tzew(tj) as the highest level below 1), of an individual (of

either rare or common type) which has been born since ¢;. Then we can see that

(Uety) — Le(ty) < (L) — e (L)),

and so

>E[ (I (t:) — I(t:)) (i (t5) — lk(tﬂ‘))l’fk(t]-):'f,gew(tj)]
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=E[((ts) — 1)) (Ui (ty) = (7))

- E[(z\k(tl) - Zk(tl))(z\k (tj) - lNZew (tj))]_?k(tjﬁélzmw(tj)]

1 1 2 2 ~ —
> — Pl (t; [new (¢ .
_Ij,iK—ZN \/(K_ZN)ZIJZ—i [k( ])7é k (])]7

where we have used the Cauchy-Schwartz inequality for the final line.

We note that

K\:

T Tnew (4 . ( )
P[lk(t]) 7& lk (tf)] = K(l %)]_Z —I—I] —1q

We now consider a function L(V). By splitting (3.2.47) into parts with |i — j| < L and
li — j| > L, we bound it above by

4(n+1)LT? [ N?°K* 2 )

+ 4a

n+1)(n+2)\ J* (K-2ZN)?2

Cln+1)(n+1-L)T*fN*K* 1 1 (NK* 1 N NK? 1
(n+1)(n+2) J* K-ZN1Ip J2 K —-2ZN g2 I

>2a+4a

o N’EY 11 K(l—;)L
J4 K—ZNIL K(l_,) + 1

We observe that

i n+1 (NT)"e N 1 1 N e N = NT
— (n+1)(n+2) n! ~NT (NT)2  (NT)? 2
i (n+1)%2 (NT)"e NT
= (n+1)(n+2) n!

<I.

We may combine the two results above to see

2NK2 00 . 2
[(/ Z( (li(t) = lima(t)) — 2a> f(me) /li(t) (1 —g(ki,v))dv dv dt) ]
LT ( N°K* 2
:(‘)<N< 7 (K—Z)2+4a2>

N2K* 1 1 NK? 1 NK? 1
e D
L

J* K—-ZIp J? K—Z+ J?
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2 g4 K(1— u)L
+4a®>+ 0O Ni( 1 i ( LI) })
JUK-ZIL\K(1-%"+1

Therefore, in order to conclude that (3.2.46) converges to 0, it is enough to find L which

satisfies

u\L
NK? 1 . K(1-14)

— 0; — — 2a;
J? I KQ-%"+1,

L
N

Since % — 00, this is achieved by any L(NN) such that % — oo and % — 0. For example,

we may choose L(N) = v NJ.

a

We now turn our attention back to (3.2.44). We consider (3.2.44) and t; = jo(N)
where 6(N) is a function of V. We see that to ensure the first part of (3.2.44) converges

to zero, we need choices of L and § such that

L
— 0; 7% s 0. (3.2.48)

L
N NS

To show that the second term of (3.2.44) converges to zero, it is enough to show
boundedness of E[sup,<, 'V (¢)], provided that there exists a (V) satisfying (3.2.48)
such that §(N) — 0 as N — oo. This is satisfied by taking 6(N) = /L/N.

To show E[sup,<7-I'" ()] is bounded we consider an auxiliary process 3%, defined

by

2 o~
o =20 3 (1)~ 1) ), (3.2.49)

l(t)yeny

where h is a decreasing, positive cut-off function (that is, we assume that there exists a
A such that h(v) = 0 for v > X) and I(¢) € 7 is the first level below [(¢). To show the
required bound on the expectation of the supremum of the integral of X, (and therefore

conclude the proof), we show that 3V is dominated by a bounded submartingale. We

note that under the conditions of Theorem 3.2.10 NJ—IQ@ = O(K).

Lemma 3.2.29. Define BY as in (3.2.49). Then BV is dominated by a bounded

submartingale.
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Proof We recall that the offspring in an event can be ordered (vy,vs,...) with vy = v*.
Therefore, as the parent is thought of as moving to v* we will refer to (v;);>2 as the
‘children’ after an event. Recall that within the period of time [0, ¢] with probability

O(t?) we will see two or more events. Therefore

t
=N /Ooo “fK{ > {[(w(o» —3(1(0))) — (1(0) — 1(0)) ] n(1(0))
1(0)eny

~ ~

+ (3(U(0)) — 1(t) ) h(1(0))
+ (1(t) = 1(0)) (3(1(0)) = 1(0))O( Hh’!loo} Z i — 0)h(v:) 1{Ware}}dv +0(t),

where we are using v; to denote the highest level below the ith ‘child’, v;. We now
require that h(l) = 0 for all [ > \j. We note that in the proof of Proposition 3.2.24 we
have shown that the parts involving J(1(0)) — I(0) converge in L? to al(0)? and so we

can see that this is approximated by

~

Z {(aﬂ(m - aP(O))h(Z(o» + (1(0> — l<0))al2<0>O(Hh’Hoo>}

E'r]t

+N/ o~ v *{l(z (H(A(o)) ) +Z i — 00)h(vi) 1, is rare}}dv

0)eny

We note that since the ordering of the I(t) € n; which are not the parent is unaffected
by an event, the only possibilities that will force J(1(0)) < I(t) is when a ‘child’ has been
born between the new locations of levels or when lA(O) is chosen as the parent. However
we use the last sum appearing in the previous equation and the fact that h is decreasing

to see that the generator applied to 3{¥, for large enough N, is bounded below by

1—M uK WK« Li_
eVt — 22 o
_u
2 J

NK2
—C NS /

> _Chﬁt Z O( z 2>7

lieny
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where Cj, = A\p||h/||o0- We therefore see that

NK?*Z
J3

5t+/05N+0 ds,

is a sub-martingale. Combined with the conditions of Theorem 3.2.10 this concludes

the proof of the lemma. O

To complete the proof of Proposition 3.2.25 we see that, by using Lemma 3.2.28,

2
<BT / ChﬁN+cN§ Zd)

)

is bounded. Therefore, by Jensen’s inequality,

2
Efsup 8] < |E [(sup Bt]V) ]
t<T t<T

which is also bounded by Doob’s martingale inequality. Proposition 3.2.25 therefore

follows by an application of Lemma 3.2.27.

3.2.3.3 Selective model - proof of Theorem 3.2.13

The generator of the model presented in Theorem 3.2.13 is of the form

ANf( ) A7]:/;iuf( ) self( )

The analysis for the neutral part of the generator, AL, , is the same as in Section 3.2.3.2,
with the exception of a slight modification of Lemma 3.2.29, which we discuss in
Lemma 3.2.32. We therefore turn our attention to Aé\él, which is the part of the

generator describing the selection. It can be written as

Asaf(n) =& il /OO %6_%”*9(#‘,0*)6_% [ (=g (s 0))dv
S\Jo | J

X H g(“agsel((l”%)? (l:elaﬁ*)ﬂj*))] dv* — f(ﬁ))» (3'2'50)

(CRYISUNE
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where we recall that the movement of the levels J4¢; is specified by

v* if =12,
gsel((l’ﬁ)’ (lsehﬂ )7U ) = 1j% (l - ( :el — U*):((:*))> if { 75 l:el’l > U*,
1_1%5 if | < v*.

As in Section 3.2.3.2, we transform Aé\él into a more convenient form. We use the
Taylor approximation (3.2.31) to approximate the generator by

K
Al = Aim + Aé\ézz +0 <JA£Vez,2>7

where

Ai\;l,lf(n)
sN O uK _uk o«
- S</0 7677’0 |:g("£*av*) H g(ﬂagsel(l,lzel,v*)) _f(T]):|d'l)*>,

(mDEN AL,

(3.2.51)

N Oou2K2 Y QYL o * * ok
Ao (77)—5<—/0 e Y / (1 —g(x*,v))dv g(k*,v")

*

X H (K, dser(L, ey v*))dv*). (3.2.52)

(mDEN AL,

Once again, we treat Ai\;l’l and Aé\(’;m separately. We order the levels n = {(k;, ;) }i>1

present in the system by requiring that for each i, I; < l;+1. Arguing in the same
way as for the neutral case, we may conclude that the term involving Aé\;l,2 tends to
0 as N — oo, as the requirements NK/J? — C combined with 1/S — 0 imply that
NK/J%*S — 0. We turn our attention to Ai\;l,l' Recalling the difference between [,

and [7,;, we note that for large N we will very rarely see I}, # (.., and so we consider

Aé\él,S ()

:5( e g 11 g(m,aseza,zzeu,v*))—f(nﬂdv*).

(Hvl)envl#l;eu

(3.2.53)
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We will prove Proposition 3.2.19 by showing that Aé\él,i’) satisfies a suitable estimate and

then showing that A(JS\;M — AN

sel,3 converges to 0 by virtue of Lemma 3.2.31.

Lemma 3.2.30. Under the conditions of Theorem 3.2.13,

i

sN O UK _uk % X %
ST o) T sttt et - s
0 (k.)€ l# ey
g K”La z sulN )
( Z "51, z JS lz) H -

Proof Just as in Proposition 3.2.24, we approximate (3.2.53) using (3.2.30) by

i uK _ux g [ (K, i)
U)(Z/ll 76 J l: (U —lz’)

g(ki, 1)

g ([ by o(#) li =v"\] 1+
> 9(, 1) (1}; 1l>’ia(n*) 1-% Nd )

I,
g (ki) li) _uk J kg kg,

= Nf( )21: lg(:‘%,l» (—(lz lz—l)@ J L. ui[((e 7 1_¢ )

g,(’%jalj) l]% _uKg _uK; >
+ Tle 17 L e 77
;(g(ﬁj,lj)l—J( )
+ ZZ U(Hj) g/(ﬁj’ lj) 1 ((l — L )e_%li—l + i(e_%li_l _ 6_u}<li)>
J#i j<i o(ki) g(kj,15) 1= v uk

where we have used integration by parts and 8; is equal to the terms appearing in
(3.2.34). Now we notice that 8; is multiplied by 1/S and since S — oo it can be
neglected. Consider then the second term. We can neglect the factor 1 —u/J at the
cost of an error of order NK/J3, which tends to zero. We then change the order of

summation and approximate the second term by

g ,‘i, —Mli, J _Mli— —uKli
10 (G )Z 90 ) ]>§<_(“_”‘1)6 7 S G >>'
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Now we proceed precisely as in the proof of Proposition 3.2.24. The final approximation

of AN 3 then takes the form

f(n)((zgzzg - 1) %: M(Sﬁgl - OCS”))

sel

g

We now turn our attention to Ai’\él,l — Aé\él,{i' We must treat the cases when the
rare type is favoured or unfavoured separately. However, we show in both cases that

‘Asel 1 Aé\ém“ — 0 and conclude with Jensen’s inequality.

Lemma 3.2.31. Let [F

new e the lowest level above v*. Let I7,; be the level above v*

. . . . p— *
which minimises 17” Then

N ® yK _u (1)
E Lf(n)/ LG_TKI} U K“ Z Hsel la lsel? ) 3sel(la ljwu? U*))dv* — 0.
S o J ; (1)
Proof We note that for | < v*, Jse1(l,1%,;,v") = Jse1(l, 1oy, v*) as
2r(l- - 0)5G) 1> LA
gsel(lvl*7v*) =yv* I=1*
1_1%l I <v*,
and so we need only consider
sN O UK uk . g () o(k)
—f / —e TV gv, K Lo — Uael) ——<dv™. 3.2.54

We proceed as in Section 3.2.3.2 and consider v* in the interval [l;_1,[;]. We note that

l*

new = Ui and if [; is of the favoured type then I7,; = [; also. If [; is unfavoured we denote

the lowest favoured type above [; by [§ then [, # [; if and only if

sel

Ow

liog <v* < <li — (17 — lz)) Ali-y,

Os — Ow
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where o, = 0(ky), 0s = 0(ks), Ky is the unfavoured type and kg is the favoured type.

Therefore we see that (3.2.54) can be written as

sN G5 2en GliDNi-1 K urc e, g0 . .
Ty [ e gty Y I

(liski)ENyi=HRw lima I>v* g(l)

We can then integrate and use a Taylor expansion to see that we need only show

N g
E{ 572 )

Z #(Zf - li)(li Sy Ap—— (G lz)> A 0] ,

Og — O
(li,ﬁi)en,li<lj,lﬁi=l€w S w

tends to 0 as N — oo. If the rare type is unfavoured we can then conclude by noting

that B[ 2K 12 — 1,)(1; — 1;1)| = O (XK 2 )-

If the rare type is favoured we may bound it by

sulNK 5
Z T(ll N llil) l{li—lifl— Tw (ﬁ_lb)>0}’ (3255)

Os—0w

Il\k71<l¢<lAk

where we recall that lAk is the kth highest rare level. As before, we condition on there
being n individuals of the common type with levels between lAk and lAk,l. We can then
consider the n levels as independent uniformly distributed rather than the ordered levels
l;. Suppose that z, z1, ..., 2,_1 are independent uniformly distributed random variables
on 0,1, Y =1—zand X = min({z}, {(z — 2) }s,<-). We then see that the expectation

of(3.2.55) is bounded by

We now look at

1
E[X?1xsey] :/ E[X*1 x5 (1-u)lz = u]du (3.2.56)
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14c
1 1—c+cu
:/ / (n —1)(1 = v)2%" 2dv du
1«?»3 0
n—1 o ! o2 1
~ ¢ |n(n-1) (n+1) (n+1)(n+2)
6

en(n+1)(n+2)

We can then conclude by noting that

_ Nne*(K*ZN)
(16— 2Y) (e + (-~ ),

o0
Z:: n+ 1)( n—|—2) n! K — ZN)2

which again leads to an error of order O( T R= Z)Q), completing the proof of the

Lemma. O

Proof[Proof of Proposition 3.2.19] By an application of Lemma 3.2.26, Proposition 3.2.19

follows from a combination of Lemma 3.2.30 and Lemma 3.2.31. O
Lemma 3.2.32. If we define BV as in (3.2.49) but with the addition of selection. Then
BN is a dominated by a bounded submartingale.

Remark 3.2.33. Although the statements of Lemma 3.2.29 and Lemma 3.2.32 are
the same, the behaviour of the process 3 is subtly different, as in Lemma 3.2.32 the
movement of the levels is affected by selective events. This difference does not effect the

proof however we include them as seperate lemmas for completeness.

Proof As in the proof of Lemma 3.2.29 (and using the notation introduced there)

E[Sineq (16) = 16) ) UE) = Lioyen; (10) = 1(0) ) A(1(0))|
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= [T §) e K{ 2 {[(H(Z(O))H(A(O)))(l(o)A(O))]h(l(o))

1(0)en;
+ (3(1(0)) — 1(t) ) h(1(0))
+ (16) = 1(0) ) (3(2(0)) = 10) O (| '] } Z I LICHET me}}dv +0(t).
Considering combination of Proposition 3.2.24 and Proposition 3.2.19 we know that the

parts involving J(1(0)) — 1(0) converge to al(0) — bl%(0). Since & — 0 and observing

Lemma 3.2.31, we may proceed as in the proof of Lemma 3.2.29 to conclude. O

3.2.3.4 Model with selection in fluctuating environment: proof of Theo-

rem 3.2.10

Proof We begin by identifying the limit and recall that the rescaled generator takes

the form

where AY is defined as in (3.2.29), AY, is defined as in (3.2.50), and

Aenvf(na 5) = Eﬂ[f(na 5)] - f(777 E)

We also use (3.2.16) and that A, f1 is of order 1 by previous calculations. To
identify the correct limit it is therefore enough to evaluate AN, (fn(n,€)), which can be

approximated as

AN (€)= sez( s (s ‘QZ] >)
Xt

(0<ﬂrv< )] s
{(poet)
9k l) "J’

U(ﬁc,

K’jv +ljg (val) <1 1 )
o(53.1) ol Em)
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The bound (3.2.20) follows directly from proofs of Propositions 3.2.19, 3.2.24, 3.2.25,
with Lemma 3.2.29 modified in a way analogous to Lemma 3.2.32. We can then conclude

by noting that our class of test functions are point separating with dense span. O

3.3 SuperBrownian motion in a random environment

In this section we present a precise definition of superBrownian motion in a random en-
vironment. We begin by defining Branching Brownian Motion in a random environment
and recalling the original definition of the corresponding superprocess from Mytnik
(1996). Then we describe a lookdown construction for both of these models based on

the ideas in Kurtz and Rodrigues (2011).

3.3.1 Definitions

Branching Brownian Motion in a random environment (BBMRE) can be described as
follows. A collection of particles on R¢ where each moves according to independent
standard Brownian motions. Each particle, if alive, gives birth to one new particle at a
time, at rate a. The initial offspring location is the same as that of the parent. After
the birth, the offspring moves and reproduces independently of all other particles. The
particles die at instantaneous rate a — (;(x)b, where (;(z), taking values in {—1,1} as
before, models the random environment and x is the current location of the particle.
We assume that a > b > 0. If (;(x) is positive, the particle is less likely to die, if it is
negative, it is more likely to do so. The evolution of the environment and particles are
independent. We give a more formal definition below.

We begin by recalling the description of our environment, which is used for all

models in this section. Our environment is modelled through a simple random field.

Definition 3.3.34. Let II¢"Y be a Poisson process with intensity E, dictating the times
of the changes in the environment. Let q(x,y) € Cy (Rd X Rd) (continuous functions
vanishing at infinity) and let {f(m)(-)}mzo be a family of identically distributed random
fields on R% such that
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E[¢(@)¢™ (y)] =q(z,y).

Set 7o = 0 and write {7 }m>1 for the points in II°™ and define

C(t,) = D €M) ) (B)-

m=0

Since the exact labelling of our particles is not important, we identify the particle

component of the process with a counting measure, that is for a vector T = (z1,...xy)
Uz = Z(Swi z; € RY.
i

We are now ready to state the definition of Branching Brownian motion in a random

environment.

Definition 3.3.35 (Branching Brownian motion in a random environment (BBMRE)).
Branching Brownian motion in the random environment ( is the stochastic process
taking values in {—1,1} x R? times purely atomic measures on R? whose evolution

consists of four ingredients.

1. Spatial motion The location of each particle, x;, evolves according to a standard

Brownian motion, independently of all other particles.

2. Birth events At exponential rate a (independent for each particle), a particle
gives birth to a new particle (a new particle is added to the system). The location
of the offspring is the same as the location of their parent. The behaviour of the

new particle after the birth is independent of all other particles.

3. Death events Each particle dies (is removed from the system) at instantaneous

rate a — C¢(x;)b, where x; is its location.
4. Environment changes The environment evolves as described in Definition 3.5.34.

Alternatively, we may define the BBMRE by the means of the generator. For a

counting measure p = ), 0,, define

1) = 3 f(a).
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Let f(C, 1) = fo(O) fi(i) = fo(O);h(x;) be a function such that h € C.(R?), that is h is
a continuous function with a compact support. We define the generator of the BBMRE

as

LF(C )
= f1(w) A" fo(¢) + fo(C) (Z Bfi(p) + > alfi(pegales) — f1(1))
=1 1

+ Z ((I — C(xz)b(fl(ud(x|mz)) — S (M))),

where py(;|2;) denotes the addition of a particle at location z;, and fig(,|,,) denotes a
removal of the particle at location x;.

It is well known that the high density limit for the Branching Brownian Motion
gives rise to a SuperBrownian motion, for example see Etheridge (2000). An analogous
result for branching random walk in a random environment, under certain scaling of the
environment, was established in Mytnik (1996). The limiting object is SuperBrownian

motion in a random environment (SBMRE).

Definition 3.3.36 (SuperBrownian motion in a random environment (SBMRE)). Let
q(x,y) be a covariance function which belongs to Cy (Rd X Rd). The superBrownian

motion in a random environment is the (unique) process for which, for all ¢ € D(A),

X6) = Xlo) — %ol0) — [ 3X.(80)ds (331)

is a square-integrable martingale with quadratic variation given by

K@= [ X+ [ [ gle)o@ol) Xl X, (@)ds

An equivalent characterisation of the SBMRE can be given in terms of the generator,
see Theorem 4.8 in Mytnik (1996). Namely, for f € 62(R+), ¢ € D(A) and ¢(x,y) as

in Definition 3.3.36, the generator is given by

Lf(u(9))
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= 7 @d0) + 5 uo) (W) + [, ale.p)o@olyndon(dy)ds).
R

dyRd

We would like to point out that the process of Definition 3.1.3 which is obtained as a
limiting behaviour of the scaled SLFV in a random environment differs from the one

from Definition 3.3.36 only by a presence of a drift term.

Remark 3.3.37. Uniqueness of solutions to the martingale problem of Definition 3.3.36
is not immediately clear. It was established by Mytnik (1996) using a novel approzimate
duality technique, and later re-proved by the means of the log-Laplace transform by Crisan
(2004). A uniqueness result for the process of Definition 3.1.3 is a simple consequence

of Dawson’s Girsanov Theorem, see Dawson (1978) and Etheridge (2000), Chapter 7.

Remark 3.3.38. A model similar to that in Mytnik (1996) was studied in Sturm
(2003). The main difference between the two is in the behaviour of the environment. For
the limiting model in Sturm (2003), (3.3.1) is again a martingale, but with quadratic

variation of the form

K@= [ [ oot X X, (dy)as.

In this case, the density of the process can be described as a solution to an SPDE in all
dimensions, whereas the SBMRE has a density only in dimension one and the analogous

SPDE has no solution in dimensions d > 2.

Remark 3.3.39. An alternative construction of the SBMRE has been suggested by

Nakashima (2015) based on the model introduced by Birkner et al. (2005b).

3.3.2 Lookdown representation for BBMRE and SBMRE

In this section we describe a new construction of the SBMRE, inspired by the construc-
tions of Kurtz and Rodrigues (2011). As a by-product of this construction, we provide
a lookdown construction for the BBMRE. A precise statement of the results is given
in Theorem 3.3.41 and Theorem 3.3.42. We will use the lookdown representation of

SBMRE in Section 3.4 to describe the behaviour of the ‘rare’ type (by which we mean
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a new mutation establishing in the population) in the Spatial Lambda-Fleming-Viot
model with fluctuating selection.

In order to motivate what follows, let us informally describe the construction of
SBMRE from Mytnik (1996). The SBMRE is constructed via a series of approximations.
Consider a sequence of mean 0 random fields (i, taking values in {—1, 1}, with correlation
as in Definition 3.3.34, althoughin Mytnik (1996) they consider a more general class of
random fields. At stage n of the approximation, we start with a population with size
of order n. Over each time interval (k/n,(k 4+ 1)/n),k € N, each individual, if alive,
moves independently of all the others, according to a standard Brownian motion. At
times k/n, each individual either splits into two with probability 1/2 + (x(z;)/\/n, or
dies with probability 1/2 — (x(z;)/+/n. The state of the environment is resampled with

each reproduction event. If for each set B we define

number of particles in B alive at time ¢

and assume that X converges to some Xy, then passing to the limit as n tends to
infinity the process X™ converges to a SBMRE with initial condition Xy. Intuitively,
this procedure corresponds to increasing the rate of the branching events in BBMRE
by n, while scaling down the impact of the environment by /n. Observe that Mytnik
(1996) considers a model with non-overlapping generations, for purely technical reasons.

We now move to a description of a lookdown construction for BBMRE (with
overlapping generations). Fix A € R. Consider a system of particles in the geographical
space R%. Each particle moves independently, according to a standard Brownian motion.
Each particle i is assigned a level, [;. The level takes values in [0, A].

In order to take environmental fluctuations into account we use the process (;(z) €
{—1,1}, introduced in Definition 3.3.34, to model the environment. The branching rate
of the particles depends on both their level and the state of the environment. We assume
that every particle gives birth at instantaneous rate 2a(\ — [;(¢)), with the location of
offspring being the same as the location of the parent. The initial level of the offspring is

distributed uniformly on the interval [I;, A]. The levels of the particles evolve according
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to an ODE with a random coefficient

dl;
- = al? — ¢ () Vbl

The particle dies when its level reaches A. We are now ready to define the process of

interest.

Definition 3.3.40 (Lookdown representation of Branching Brownian motion in a
random environment). The lookdown representation of BBMRE is the process taking

values in (RY x R)® x {—1,1} with dynamics specified by four components.

1. Spatial motion The spatial location of each particle, z; € R?, evolves according

to a standard Brownian motion with generator B = %A.

2. Birth events Each particle gives birth at instantaneous rate 2a(\ — 1;(t)), where
l; is the level of the particle. The spatial location of the offspring is the same as
the location of their parent, x;. The level of the offspring is chosen uniformly at

random from [l;, .

3. Level movement The level of each of the particles evolves according to the

equation

dl;

i _ a2 — ¢(a :
5 =i C () VDL,

4. Environment changes The environment evolves as described in Definition 3.5.34.

A formal definition, via the generator of the process, is given in (3.3.4). It is

convenient to identify the process with the counting measure

Hzi = Z O 1+
i
We now state the first result of this section.

Theorem 3.3.41 (Lookdown construction for Branching Brownian Motion in random

environment). Let 1o be the measure associated with the initial state of the population.
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Let v : N(R? x [0,))) — M(RY) be given by

1

i
The lookdown process of Definition 3.3.40 corresponds to BBMRE, in the sense
that if n(Z,1) is a solution to the martingale problem for the process defined in Defini-

tion 3.3.40, then fy(n(f, Z)) is the solution to the martingale problem for the process of
Definition 3.3.35.

Our next aim is to write down the generator of the process obtained by passing to
the limit as A — oo, which would correspond to passing to the limit with n passing to
infinity in the sequence of approximations described at the beginning of this section. In
order to formulate the result for the limiting process, we need to consider a special class

of test functions of the form

f(Gm ) = fo(Q) file, 1) = fo(C) Hg(ﬂfu li), (3.3.2)
with the additional requirement there exists Ay € R such that
g(xi, l;) =1 for I; > Ay,
This ensures that we ignore all individuals with levels above \,. We are now in a

position to state the main result of this section.

Theorem 3.3.42 (Lookdown construction for superBrownian motion in random envi-

ronment). Consider the process with generator given by

Al ) = Flat) 3

Ag i, l;
o) 3020 [ atan) = 10+ fa) St~ o) S

)

Og(xi, 13)0ig(x5,l;)  Li07g(wi, ;)
— @) S0 S gl w2 FAe L . (333
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Let po be the measure associated with the initial state of the population in the limit.

Define the map v : N(R? x [0,00)) — M(R?) by

> limy_ oo % >o1;<x 0z, if the limit exists,

Y <Z Oz 1,
i 1o otherwise .

The process described by the limiting generator (3.3.3) corresponds to the SBMRE of
Definition 3.1.8, in the sense that if n(%,1) is a solution to the martingale problem for
the process described by the limiting generator (3.3.3), then v(n(z,1)) is a solution to

the martingale problem for the process in Definition 3.1.3.

We now wish to specify the generator for the process in Definition 3.3.40. In general,
we consider the set of test functions of the form (3.3.2). To make the functional setup
more precise, we need to borrow the following condition from Kurtz and Rodrigues
(2011), which guarantees that the assumptions of the Markov Mapping Theorem are

satisfied.

Condition 3.3.43 (Based on Kurtz and Rodrigues (2011), Condition 3.1). We assume
that the following conditions on the operator B, the coefficients a,b and the test functions

g are satisfied.

1. The operator B is defined on a subset of the space of bounded continuous functions,

and its domain is closed under multiplication and separating.

2. The test functions are of the form (3.3.2), where
H (1—gl(x)g (1))

and g{ € D(B) and g% are twice differentiable with support in [0,\]. Moreover,
there exists py such that

0<glg) <py <1
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3. There exists a continuous, non-negative function Vg such that for every test

function g, and for every x € RY
sup [Bg(w, )] < eqvp(x)

for some constant cq which depends only on the function g.

4. The following bound holds for the test functions:
|l = a1+ supi 4+ PYag(a 1) < i (a)

for some constant cg which depends only on the function g.
5.a>0, Aa—VAb> 0.

Remark 3.3.44. We notice that the conditions for the generator of the motion B
are satisfied by the Laplacian, the generator of the Brownian motion. This is the
only generator that we consider. We provide the general construction for the sake of

completeness and to highlight potential extensions of this work.

The generator Ay of the process of Definition 3.3.40 can be written as

Bg(xiﬂ ll)
g(‘rivli)

A
+1(¢a) 32a [ (glai,v) = Do (3.3.4)

(G ) Yl \F/\C(aﬁi)bli)m.

1

A)\f(C,I‘, l) :f1<l‘, Z)Ainva(C) + f(C:xv l) Z

A naive limiting procedure does not lead to a well defined object, since the form of
the generator does not take into account the cancellations coming from fluctuations in
the environment. In order to identify the correct limit, we once again use the separation
of timescales trick. Proofs of Theorem 3.3.41 and Theorem 3.3.42 are presented in

Section 3.5.4.

Remark 3.3.45. Our computations do not lead to any surprising results - we show that

the SBMRE can be obtained as a scaling limit of BBMRE. Our arguments, combined
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with tightness of the sequence of projected processes, guarantees convergence of the
sequence of projected models. We therefore provide a new construction for the SBMRE.
However, we still refer to results described in Remark 3.3.37 to guarantee the uniqueness
of solutions to the projected martingale problem. The question of uniqueness of solutions

to the martingale problem for the limiting process with levels is left as future work.

3.4 Scaling limits of the SLFV - dynamics of the rare type

In this section we are interested in a spatial analogue of the results from Section 3.2.
We show that, under a certain scaling, the dynamics of the subpopulation with a
rare mutation, which is a part of a population evolving according to a version of the
Spatial-Lambda-Fleming-Viot model with selection in a fluctuating environment, is
given by a superBrownian motion in a random environment. Since under our scaling
the proof of the result does not differ significantly from the one discussed in Section 3.2,
our discussion will be rather brief and focus on highlighting the differences and required
modifications.

We begin with a description of the model. As before, we consider a population with
two genetic types, rare and common, which we denote by x, and k., respectively. We
also consider the random field (, specified by Definition 3.3.34. Since in our model we
consider a population with a countable number of individuals, the state of the population

can be represented as

n= Z 5x,/€,l~

(z,k,)

We assume that 7 is a conditionally Poisson system with Cox measure =Z(dz,dk) x
Myep(dl).

The evolution of the population is determined by reproduction events of two types,
neutral and selective, driven by independent Poisson point processes IT"* and ITI°¢,
which specify the time, location, impact and radius of the events. They are analogous

to those in Section 3.2, but now we assume that an event has a location and radius,
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only individuals within the ball of given radius centred at the location of the event are

affected. A rigorous definition of the model follows.

Definition 3.4.46 (Lookdown representation of SLFVSRE). Let u be a measure on
(0,00) and for each r € (0,00), let v, be a probability measure on [0,1], such that the

mapping r — v, 1s measurable and

/ rd/ u vp(du)p(dr) < oo. (3.4.1)
(0,00) [0,1]

Fiz s € [0,1]. Let TI"** TI°¢ be a pair of independent Poisson processes with intensity
measures (1 — s)dt ® dy ® p(dr)v,(du) and sdt @ dy @ p(dr)v,(du) respectively. Let
II¢" be a Poisson process independent of TI™e% TI%¢,

The lookdown representation of SLFVSRE is a process taking values in purely atomic

measures on R x R x {k,, ke} x {—1,1} with dynamics described as follows.
1. If (t,y,r,u) € 1™

(a) a group of new individuals with levels (vi,va,...,) is added to the population
within the ball B, (y). Their spatial positions are chosen uniformly at random
from the ball centered at x with radius r. Their levels are distributed according

to a Poisson process with intensity u|By|.

(b) Let v* = min{vy,va,...,}. The type of each new individual is chosen to be
the same as the type of the individual with the lowest level above v* within

the ball B,(y).

(c) As a result of an event the individual originally with level, I, and position, x,

has a new level given by

Lo(l—(*=v*) ifl>1*,z € B.(y),
Gneu L1, 0% 2, (y,r) = { 77

ﬁl ifl <1*,2 € By(x),

v* if l=10"x € Br(y).

2. If (t,y,r,u) € I1°¢
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(a) a group of new individuals with levels (vi,va,...,) is added to the population.

Their levels distributed according to a Poisson process with intensity u|B;|.

(b) Let v* = min{vy,ve,...,}. The type of each new individual is chosen to
be the same as the type of the individual with level above v minimizing

(l; — v*)/o(ki, C) within the ball B(x,r).

(c) As a result of an event the individual originally with level, 1, and position, x,

has a new level given by

! if z ¢ Br(y),

(= (= o) ZER) if > 1w € Byu(y),
Hsel(ly l*7v*7x7 (y7r)) = 7 7

1_1%1 ifl <1*,z € B,(y),

v* if l=1*x € B.(y).

3. The dynamics of 11" are specified by Definition 3.3.34.

Definition 3.4.46 is more general than we require, however, we include it to underline
the possibility of extending our results. However, in the interest of keeping our notation
as simple as possible, from now on we shall specialise to fix the radius and impact of

reproduction events.

Assumption 3.4.47. From now on, we fix r € (0,00) and u € (0,1) and take

The integrability condition (3.4.1) is trivially satisfied for our model with fixed
radius and impact.
3.4.1 Scaling and statement of main results

As in Section 3.2 we record two theorems which are a by-product of our technique. We

recall that we have defined V, := |B,(0)| and Cy := f|a:\§1 |z|?dz in dimension d.

Theorem 3.4.48. Suppose that Xév is absolutely continuous with respect to Lebesgue

measure, that the support supp(XéV) C D, where D is a compact subset of R¢ (inde-
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pendent of N ), and that X} converges weakly to Xo. Furthermore suppose that the
intensity of selective events is 0 and as N tends to infinity,

Caur®t2N K N? WV, NK

gz s SEM =mesn g = 0 s 2 0 Ty 7 e

In addition, assume that there exists an n such that, as N tends to infinity, N(K/J)" —
0. Then the sequence X n(t) converges weakly to superBrownian motion without drift,

initial condition Xo, diffusion parameter Cy and quadratic variation parameter 2a.

Theorem 3.4.49. Suppose that X} is absolutely continuous with respect to Lebesgue
measure, that the support supp(XéV) C D, where D is a compact subset of R? (indepen-
dent of N), and that Xév converges weakly to Xo. Furthermore, suppose that S = 1,

0(k,¢) = o(k) and as N tends to infinity,

Cyur®t?N
— Tz —Cy J, K, M — oo —JMd—>O,
N2 o WV, NK o suNV, (O'(Iir) B 1) )
MiKJ2 " M TS \o(ke) ’

In addition, assume that there exists an n such that, as N tends to infinity, N(K/J)" —
0. Then the sequence X n(t) converges weakly to a superBrownian motion with initial

condition Xg, diffusion parameter Cy, growth rate b and quadratic variation parameter

2a.

The strategy of the proof is analogous to that laid out in Section 3.2.3. We
therefore focus on describing the differences. In contrast to the situation described in
the Remark 3.2.20 we do not claim to show any results on the limits of sequences of
lookdown representations. However, we would expect similar results to follow with an
extension of the techniques used here. We focus on the result for the projected version
of the model. We divide the generator of the lookdown representation into two separate
parts: one part describes the spatial movement of the particles, the other describes the
evolution of the levels. We show that the selective events (and therefore the fluctuations
in the direction of selection) do not affect the movement of the particles in the limit.
For the convergence of the neutral model we refer to results in Chapter 2. We then

use the lookdown representation to deduce the form of the limiting generator and to
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justify the separation of timescales trick for the selective part of the generator. The
part of the proof which deals with the evolution of the levels is analogous to that of
Section 3.2, and we do not repeat it here. For the reader’s convenience we include the
intensity estimate and discuss the splitting of the generator.

Once again we consider a stopped process, with ZV = <XN, 1), see Remark 3.2.21.

3.4.2 Intensity estimate

As in Section 3.2.3.1 we observe that the generator of the projected process is given by

u

N f((6, X0 = NMd[ Lo Lo <z>f<KJ s, G014
+K<1 - 3) /BTM(x) ¢(y)wév(y)dy> - f(K /BTM(I) ¢>(y)wév(y)dy) dedz

] o, (! (Z))f<K<1 -9 L) <y>dy>

—f (K /R L@y (y)dy> dz dw}

S 1 (s, Qg (2)
g l/ﬂ%d /me [BM| o (kir, Qui (2) + o (ks O) (1 — w (2))

2 _u N
f(KJ 1) <Z>(y)dy+K(1 J> /B,{Vf(a:) o(y)w} (y)dy>

- f(K /BTM - $(y)wy' (y)dy> dzdz

(ke O = 0 (2) (x(1-2 " )
+/Rd/BM<m> S U (2) + o (e O (1 — W (2)) K<1 J) /By(x)(b(y) 0 (W)dy

- f(K /Rd <Z>(y)wév(y)dy> dz dx]. (3.4.2)

The first two terms represent the part of the generator describing the effect of the
neutral events and is the same as in Chapter 2. The last two terms represent the effects

of selective events. Substituting Kw) = XV this becomes

LNf(<¢7X(])V>) = Lgeu (<¢7 Xév>) + Lé\él (<¢7Xév>)
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+ (1 - 3) /BTM(I) ¢(y)XéV(y)dy> - f(/sy(z) ¢(y)XéV(y)dy>dzdx
+/Rd /By(x) <1 - X(]’;((Z)>f<<1 - 3) /BTM(@ d>(y)XéV(y)dy>
([ o)X )y )az dx]

S§ d ]. (K/T’C)
TN M [/Rd /BM |BM] X X (2)
M B a(mr,chw(ns,o(l—%{)

u u N
f(KJ o) B(y)dy + <1 J) /By(x) o(y) X (y)dy>

(e, 28 w1y )z
(e, )1 - 252

+/Rd /B;\/I(x o mC)X (= ) ok, 0) (1 B Xé;((z)> f<<1 - 3) /B,M(:c) ¢(y)X(JJV(y)dy>

([, o) X8 )y )as d:c] . (343)

XN(Z

We restate useful lemmas from Chapter 2, which describe the form and estimates

for the neutral part of the generator.

Definition 3.4.50. We denote by AN the operator

C(d)Nurd+?

AN(9) =

with C(d) == [, (o) r2dx

Lemma 3.4.51. For f(z,() =z and ¢s(z) : R x R - R € C°,

[ et XN @as = [(XN.0)+ (XN AV 00 )as+ MY (0, (3.4.4)

where

N supoc o< [|9sllcs !
N 0<s<t N
[N (9)] < o( e v, /0 (XN, 1)ds. (3.4.5)
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We proceed to the proof of Lemma 3.4.52. We notice that the proof is a simple

combination of our proof of Lemma 3.2.17 and the proof of, Lemma 2.5.20.

Lemma 3.4.52. Let X = Kw denote the total intensity of individuals of the rare type.

Assume that E[X™(0)] < co. Then for any T > 0

supsup E[(X?,1)] <oo, (3.4.6)
t<T N

lim supIP’[sup(XN 1) > H| =0. (3.4.7)
H—oo N [t<T

Proof We observe that with the test functions chosen as in Lemma 3.4.51, the part of
the generator describing the change in the population resulting from a selective event

can be written as

L6, XN (5))) = N@;SfMd[
L J(&MC) X(Z) B da
/Rd B o) 000, O % + o(h (1 - 31) K /BM(:E)(K X(y))o(y)dydzd

L 0-(57"7() . X(Z) d
_/Rd B B @) 0 (s, €)X +U(/<;C,§)<1 — %) <1 K ) /B%(Z)X(y)dy)dyd d ]

_N@M L O—(K’TvC) X d dd
/Rd |BM| /B (a) a(nr,g)£+a(nc,g)(1_1) (2) /BTM@) ¢(y)dydzdz

SJ
/Rd |BM| /BM /BM dydzdxl (3.4.8)

We observe that by Taylor’s Theorem ¢(y) can be locally approximated as

6(y) = 6(2) + Vo () (y — 2) + || Bllcaa O (Iy — 2I7).

Therefore by using a calculation analogous to (3.2.26) and the fact that |y — z| < R/M

within a ball B, (z) we may approximate (3.4.8) by

sel(<¢>XN( >>) -

usS o (#r, ) usS NS
NSJMQd (O-(H67 C) - 1) <X7 ¢> K<X ¢> < NSJM2d> +0 (S:]]W)’ (349)
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where C, is a constant depending on o.

As in Chapter 2, let XV (t) = E[(X}V,1)] and let hr denote a sequence of smooth
functions such that hp is supported on the ball of radius 2R centred at zero and is equal
to 1 on the ball of radius R centred at zero.

Assume in addition that the sequence hp satisfies
Ahr <€ hgr < hgy1.

We combine (3.4.4) and (3.4.9) and take expectation in (3.4.3) to obtain

E[(X), hr)| = E[(X', hr)] + EU{;<X§V,AN(hR)>ds}

usS T(o(kr,C) ) / Cy ) ] N
+NSJM2dE|:(O.(HC’C) 1 : (X, hgr) + K(X,hR> ds +E[Nt (hR)}
N supg<s<; PRl o3 Vi N usSC.

SXN(O)—i—CHAhRH—i-O< v -+ SJM;;)XN(O), (3.4.10)

where we have used the properties of hr. Letting R tend to infinity and using the

Monotone Convergence Theorem, we arrive at

Vi+N

N supge <y 1R cs usSC,
XN(t) SXN(O)+C€+O< 0?]@3 T SJMQd N( )

We can then conclude by Gronwall’s inequality. The second part of the statement follows

exactly as the second part of the proof of Lemma 3.2.17. a

3.4.3 Sketch of the proof of Theorem 3.1.4

The generator of the SLFVRE process is given by

AN f(n)

- NMd/ </OO luf]\‘ﬁi ‘ %v*ay r/M(l‘f*,'U ) uJKJ‘w‘iir‘ foo Ey /0 (K*,0))dv
R4 0 ’

H g(ac, Ky Jneu (1, 1%, 0%, (y,r/M)))] dv* — f(n))dy

(. L) EnlAL*
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Nt ([ [ 5y, e
R4 ’

H g(:v, K, dsel (L, 1", 0%, z, (y, r/M)))] dv* — f(n))dy + A" (3.4.11)
(z,r,0)EN,IAL*
where A°™ is specified as in (3.1.1) and gy ,/as(k,1) = m fBr/M(y) 9(z,k,1)dz.
We split the generator into three parts, by adding and subtracting ¢(y, k*,v) inside

the integral. The first two parts describes the movement of the levels.

full neuf( )

:NMd/ (/oo [ufjﬁ| 7“K|;3dr|v g(x*,n*,v*)e uJK);:irl voo(l gyr/M(li U))dv
R4 0

H 9<x*,ﬁ,3neu(l,l*,v*,w, (y,r/M))) H g(a:,/@,l)]dv*

(Iﬁvl)@?Br/M(y):l?ﬁl* (xﬁvl)¢leT/M(y),l?él*

— f(n)) dy, (3.4.12)

where np_ () = {(z,k,1) €n:2 € By py(y)} and

Agcvull,self(n)

- SSSMd/ </ : [uJKj\lﬁl’ S g2t 1 v e e Jor (B (57 0)dy
R4 0

11 9(96*, K, dser (1,17, 0%, 2, (y, T/M))) 11 g(:n, K, l)] do*

(mvﬁal)enBT/M(y)vl7él* (.’E,h‘,,l)%ﬁBr/M(y),l#l*

— f(n)) dy, (3.4.13)

Observe that g, p/as is symmetrical with respect to y. Therefore (3.4.12) and (3.4.13)
can be treated using arguments which are analogous to those which we applied to

Aneu,1, Aneu2s Aser1 and Agep o in Section 3.2. The second two parts are given by

00
N d uK|B, | _uK|Br| « [ . . s
Afull,neu,Qf(n) =NM ~/Rd </0 [ JMd e gy,T/M(/i U )_.g(y7/<C y U )

uK|By| [o° ~
X 6_ JM‘[ f’u* (1_gy,7'/1\l(’§*7v))dv
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X H g(az,ﬁ,ﬁneu(l,l*,v*,x, (y,r/M)))]dv*)dy (3.4.14)

(.0 En LA

and

sS © N uK|By| _uKIBrl,« . % .
A}Vull,sel,Qf( ) N— S Md /Rd (/(; l J]\Ld‘ Jmd <gy,T/M(/{ y U )_g(yv"'i y U ))

_uK|Byp| [o©
X e JMdT o* (1 gy T/]W(n ’U))d’l)

X H g(x,/@,f]sel(l,l*,v*,m, (y,r/M)))]dv*)dy. (3.4.15)

(.0 € LA

We observe that our scaling implies that if the contribution from (3.4.14) is non-negligible,
the contribution from (3.4.15) vanishes in the limit. For that reason the results from
Chapter 2 are sufficient to deduce the behaviour of the spatial movement of the generator

of all cases of interest. From

uK|B,| skl . .. ..
Afullsel2f NMd/Rd/ JMd " (Qy,r/M(“ y U )—g(x y R,V ))
_uK|Br|
x e o o 0o GE T (0 s g)avdy,
(2,0 EnIAL

we can see as in the calculations in Section 3.2 that this leads to

aA%zz,sel,zh(a

=N d Md fR/B

,K)E(dz, dn)€7(1 “)
RéxK | Br| JB,,p (2* )

T/M(y) fB o h(z,k)E(dz,dk)

uK|Bp |7 * _ uK|Br|
X {e gard Mo/ (80) o= TR M) | gy = (e, di?).

Performing a simple Taylor expansion and noting this is identical to calculations

appearing in Section 2.4 we see that this will give us

C(d)ur®N

aA}Vull,sel,Qf(E) = exp(_<h7 E>)< JM2

Ah+O(1/M),E>,

where we recall that C(d) := [ 2?dz and (h, E) := [ga, g h(z, £)E(dz, dk).
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For the sake of completeness we state the propositions describing the evolution of the
levels. We observe that both (3.4.12) and (3.4.13) are integrals over compact sets (recall
that g(z,l) is equal to 1 outside of a compact set) of their non-spatial counterparts
studied in Section 3.2.3. The task of analysing this generator is then a simple expansion
of arguments in that section. In particular, the sparsity condition K/M¢?% — oo leads to

following analogous of Proposition 3.2.18 and Proposition 3.2.19.

Proposition 3.4.53. Under the conditions of Theorem 3.4.48,

E| sup

t<T

t
/0 A%All,neuf (778)

_ r agalg(xiali(s)) a r > — alz:. o)\ dwv | ds
(f(ns) > ey 2 ) > / (1= g(xi,v))d )d

L;(s)enN li(s)ens Li(s)

[0

Proposition 3.4.54. Under the conditions of Theorem 3.4.49 for any T € R

|0

The proofs of Theorem 3.1.4, Theorem 3.4.48 and Theorem 3.4.49 now follow by

E| sup
t<T

t (@i, i
/0 A%ll,self(név) - f(ﬂév) Z —blz‘g(l)) ds

weny Il

applying Theorem 3.2.16 to the process characterised by the generator of the projected

: N N
version of Afull,neu’ Afull,sel and Aepy.

3.5 Supplementary results

We present in this section some key lemma’s required for the proofs present in this
chapter. We also present the proofs of Theorem 3.3.41 and Theorem 3.3.42 as an aside

to the main body of work.

3.5.1 Poisson random measures

We present some facts about Poisson random measures. Most of the facts presented in
this section have been stated in the papers on lookdown constructions, see, for example
Kurtz and Rodrigues (2011), Etheridge and Kurtz (2018). We present them again as

they are useful for many calculations involving lookdown constructions.



134 Spatial Lambda-Fleming-Viot Model in fluctuating environment

Lemma 3.5.55. Let & be a Poisson random measure with mean measure v. Let

f € LY R v). Then

E[exp (/ f(z)f(dz)ﬂ = exp (/(ef(‘”) - 1)1/(d:1:)>

Similarly, the expected value and variance of the integral with respect to a Poisson

random measure s given by

2| [ 12)5a0)| = [ i) Var| [ Fa)¢)] = [ Pomian)

Definition 3.5.56 (Conditionally Poisson system). Consider a counting measure & on
R?. Let = be a locally finite random measure on R?. We say that & is conditionally
Poisson with Cox measure Z if, conditioned on =, € is a Poisson random measure with

mean measure =.

Conditionally Poisson systems are sometimes referred to as Cox processes. We notice
that to check that a Poisson random measure £ is actually a Cox process, it is enough

to check that

E{exp(—/ﬂ{d fdg)} :E{exp<— /Rd(l—ef)d5>]

for all positive Borel-measurable functions f. Our main application of the presented
theory is to show convergence of the particles systems to their high intensity limits. We
need some more definitions, as the convergence of sequences of conditionally Poisson
systems requires a rather exotic topology.

Consider a family of continuous functions hy, : R? — [0, 1] such that
U Sh, =RY,
k

where Sy denotes the support of f. Let My, (R?) be the collection of Borel measures on

R< such that

/ hi fdv < oc.
Rd
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Let dv* = hidv. The space My, (R%) endowed with the topology of weak convergence
of dv* is metrizable. We observe that checking convergence in My, (R?) is equivalent to

checking convergence of [pa fdv;, for all bounded and continuous functions which satisfy

/dfduk<oof0rf§chk
R

for some constant ¢ > 0. The space My, (R? x [0,00)) can be defined in a similar way.

Theorem 3.5.57 (Kurtz and Rodrigues (2011), Theorem A.9). Let &, be a sequence
of conditionally Poisson random measures on R% x [0, 00) with Cox measures {Z, x A}.
Then &, = & in My, (R? x [0,00)) if and only if Z,, = = in My, (R?) . If the limit exists,

& is a conditionally Poisson random measure with Cox measure Z X A.

3.5.2 Markov Mapping Theorem

We recall some basic definitions and introduce the necessary notation. For a detailed
account of this introductory material we refer to Ethier and Kurtz (1986), Chapter 1,
and Lunardi (2012).

Let (E,d), (Eo,dp) be a pair of complete, separable metric spaces (with metrics
d and dy, respectively). Let B(E) be the space of bounded measurable functions on
E. We notice that equipped with the usual supremum norm || - || B(E) forms a
Banach space. Let C(FE) C B(F) denote the subspace of continuous functions on FE.

A subspace A of B(F) x B(E) is a multivalued linear operator. It domain is given by

D={f:(f,g) € A} and its range by R ={g: (f,9) € A}.

Definition 3.5.58 (Dissipative operator). We say that the operator A is dissipative if
for each (f,g) € A and A >0

IAf = gll = Al £l

Definition 3.5.59 (Graph separable pre-generator). We say that an operator A C
B(E) x B(E) is a pre-generator if it is dissipative and there exists a sequence of functions

wn mapping E to the set of probability measures over P(E), and a sequence of A, € E,
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such that for each (f,g) € A

g(x) = lim An [ (f(y) = f(2))pn(z, dy).

n—oo E

If in addition there exists a countable subset {fi} C D(A)UC(FE) such that the graph
of A is contained in the closure of the linear span of (fn, Afn), we say that it is

graph-separable.

We notice that the generators of Markov process are graph-separable pre-generators.
Let Dg[0,00) denote the space of cadlag functions and Mg[0, c0) denote the space of

Borel measurable functions on [0, 00) taking values in FE.

Theorem 3.5.60 (Kurtz and Rodrigues (2011), Theorem A.15). Let A C C(E) x C(E)
and let 1 be a continuous function taking values in R such that v > 1. Suppose that for

each f € D(A) there exists a constant c; > 0 such that

|Af(@)] < cpp(a).

Let Ay be defined as

Aof(z) =

Suppose that Ay is graph-separable pre-generator and suppose that D(A) = D(Ag) is
closed under multiplication and separating. Let v : E — Ey be Borel measurable, and let
a be a transition function from Eq into E satisfying a(y,y 1 (y)) = 1. Assume that for

each y € Ey

and define

C = {(/E f(z)a(-,dz),/EBf(z)a(-,dz)) . fe D(B)}.

Let po € P(Eo), and define vo(y) = Jg a(y, )uo(dy).
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1. Let Y be a solution of a martingale problem for (C, ug). Assume that it satisfies

the moment condition
t ~
/ E[¢(¥(s)]ds < oo ¥t >0, (3.5.1)
0

Then there exists a solution X of the martingale problem for (A,vy) such that Y

has the same distribution on Mg,[0,00) as Y =~ oY.

2. 1If, in addition, uniqueness holds for the martingale problem for (A,vy), then

uniqueness holds for the martingale problem for (C, ug).

The original proof of the theorem was inspired by the proofs of generalisations of
Burke’s Output Theorem appearing in Kliemann et al. (1990) and the proof of equivalence
of martingale problems for the Moran model and its lookdown representation in Donnelly
and Kurtz (1996).

Since then the Markov Mapping Theorem has been a useful tool in mathematical
population genetics (Etheridge and Kurtz (2018), Kurtz and Rodrigues (2011)), mathe-
matical biology (Gupta (2012)), mathematical finance (Stockbridge (2002)) and analysis
of infinite dimensional stochastic differential equations (Kurtz (2010)).

The main power of the Markov Mapping Theorem comes in simplifications of proofs
of equivalence of seemingly different martingale problems. The main source of the
power is in exploitation of properties of exchangeable process and conditionally Poisson

Systems.

3.5.3 Kurtz-Rodrigues’ Martingale Lemma

The following Lemma plays an important role in our applications of the Markov Mapping
Theorem. Intuitively, it clarifies why the averaged process is a solution to a projected

martingale problem.

Lemma 3.5.61 (Kurtz and Rodrigues (2011), Lemma A.13). Let {F;} and {S:} be

filtrations with Gy C F;. Suppose that for each t > 0

t
E[|X,| +/ 1Y,]ds] < oo.
0
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and that
t
Mt = Xt — / Y:gdS
0
is an Fy-martingale. Then
- t
M, = E[X19)) - [ E[¥:/3.]ds
is a {9} martingale.

3.5.4 Proofs of Theorem 3.3.41 and Theorem 3.3.42

Proof[Proof of Theorem 3.3.41] Before we can proceed, additional objects need to be
defined. Let a\(n,l) be the joint distribution of n i.i.d. uniformly distributed random
variables on [0, \]. Recall that p denotes a point measure representing positions of

individuals. For a test function fy(z;,(;), we define the projection onto type space fas
f(ﬂ) _ Hﬁ(%‘) — e Ziﬂ(g(zi)),
i
where the average for a single level is defined as

A
7D = gar) = 1 /0 9w, 2)dz.

To calculate the generator of the projected model (the generator averaged over the

distribution of the levels), we need to evaluate

/ AyF(C, Dan(dl).

Let us integrate the four terms appearing in Ay separately. We begin with the two
terms which are least involved - the movement of particles and the environment. Since

both of those terms do not depend on the levels, integrals with respect to them do not
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alter our projections, namely

B (3] ’L -
[rcany g(f e =BG m =nBfiCr. @52
Analogously,
[ A1 DA oG m)n(n,d1) = M) AS™ fo(C. ). (3.5.3)

In order to evaluate terms describing births and movement of the levels, which both do
depend on the exact value of the level, it is convenient to note that (here we follow the

calculation on p. 492 in Kurtz and Rodrigues (2011))

2124 /0/\ g(z, 2) /:(g(x,v) —1)dvdz = axe s — 2a\~! /OAg(a:, 2)(A—2)dz, (3.5.4)

where we have used Fubini’s Theorem, and

A1 /())\(czz2 — (b2)g (x,2)dz = =71 /0)\(2az —(b)(g(z) — 1)dz

A
= )\_12a/ 2g(z, z)dz + aX + b(e %7 — 1), (3.5.5)
0

where we have integrated by parts. It will also be useful to describe the changes in our
system due to births and deaths. Whenever a birth event occurs, the new individual
is located at the same place as the parent. If a death occurs, the individual is just
removed from the system. Therefore, if we denote the new collection of particles after
a birth at location y by (b(Z|y)) and the new collection of particles after a death at

location x; by d(Z|z;), we see that

n

i=1 =1

Armed with these observations and identities (3.5.4), (3.5.5) we proceed to evaluate

the remaining terms. A simple calculation shows that
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[ {2 [t 10 Sl - Vi 5
= Zez#ﬂ' jg(xi){2a)\e_jg<’”j) + 2aX7! /)\g(l‘ja z)dz
- 0
—2a\~ / g(z;,2)dz + aX + VA () (e Yatay) _ 1)}
— ahe2oilo(@i) Z(e Jaz) )+ Z (Aa — \qu(xj)) 2 iyl (@i )(1 - ejg(“:i))

J

—ZAa (els)) +Z (Aa — VA (2)b) (f (Ragaleny) — F(1)). (3.5.6)

Combining (3.5.2), (3.5.3) and (3.5.6) we have established that the projected generator

can be written as

LAF(Cm) = M1 (p)AS™ fo(€ +ZBxlf +ZAa Ftp(alen) — F(10))

~

+Z )\a_ xl fb)( (:ud(ac\x )_ (,u))7

which is the generator of the BBMRE with birth rate Aa and death rate (Aa — v/A(D),
as claimed.

Now we only need to check that all assumptions of the Markov Mapping Theorem
are satisfied. Fortunately our Condition 3.3.43 has been imposed to guarantee just that.
The map v : N(R? x [0,\)) — M(R?) (mapping counting measures to measures on R%)

is given by

~y<Z 6xi,li> - ilza
The moment condition (3.5.1) is satisfied if we consider ¢ of the form
Y(x, 1) _1+Z¢B Y(14+a+b)e” (3.5.7)
so that the averaged ¢ is of the form

O(@) =143 wp@)(l+a+b)(1—e™?). (3.5.8)
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We note that the 1 appearing in the definitions of i and @Z has been added only to

ensure that both of these functions are greater than or equal to 1. O

Proof[Proof of Theorem 3.3.42] We define a test function of the form

alg(xla l’L)

and apply the generator (3.3.4) to a test function of the form G = f; + %hl. This

leads to

AA<f1($al) + \/lxh1> = fl(xal)zm

)

A Og(xi, li)
+ fi(@,]) Z 2a/Q (g(xi,v) = Ddv + f(x,1) ;(al? = VX (@bl o

+ VA fi(x,1) ZC 8;9(3(:@} ;)

_ 1 " . Bg(z;,l;) | Bog(zi, i)
ﬁ{ﬁ( DI »;[g(m) o

S Clat 8155(% ; ]fl (z,1) Z2a/ g(zi,v) — 1)

i

_l’_

D) Ylal? ~ VABC Z(ch Do 1) . 1)

‘ J#i (:Ulv lj)g (i, ;)
C(2i)019(wi, ;) + C(2:) ;0% g (s, li)) }
* gz, ;) , (3.5.9)

where we have used the fact that f; does not depend on the environment and that
Er[hi] = 0, (where E; is the expected value over the stationary distribution for the
environment) since E.[¢] = 0. Passing to the limit in (3.5.9) as A tends to infinity we

obtain

= g(xi, ;)

9 8lg (i, 1) 01, 9(x5,1;) C(%)liaizg(%,li)
_f1(x,l,n)zi:b q€D) z<§é o D)9 @) o)
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Conditions of Theorem 3.2.16 are satisfied if we consider A = A (f1) which would
lead too ef = O (%) We now show that if we average the levels of the limiting generator,
we obtain the generator of the SBMRE of Definition 3.3.36. The general principle is the
same as for the proof of Theorem 3.3.41 - we average out the levels and refer to the
Markov Mapping Theorem to show that the distribution of the projected process is the
distribution of the SBMRE.

We consider a Poisson random measure with distribution a(u, dz x dI) on R% x R,
with mean measure p X mgep, where myp is Lebesgue measure. Just as in the Branching

Brownian motion case, we consider a special set of test functions of the form

h(z) = /000(1 g, 1))dL.

In this setup, for a test function f, the projected (averaged) test function, f, takes

the form
Flw) = af(u) = / f(@,v)alp, dr x dv) = elaa Jy (ma@eNdvutda) _ o~

which is a simple consequence of properties of Poisson random measures. Once again,
we integrate the groups of terms that behave similarly separately. Also, to make the
calculations easier to read, we write the averaging ‘level by level’ - performing the
computation for a single level wherever possible.

Since the part of the generator which describes the movement of the particles does

not depend on the value of the level [ the averaging is simply

a<f1<x,5>zm> = |, ~Bh(yu(dy)e= ", (3.5.10)

We now turn our attention to the terms which behave in a very similar fashion to those

in (3.5.6). The computation is analogous.

/Rd /OOO avg(y, z) /:0(1 — g(y, 2))dzdvpu(dy)e P

+/d/ (av® — b?0)Dyg(y, v)dvp(dy)e 1)
R<J0
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:/Rd /OOO avg(y, z) /:0(1—g(y,z))dzdw(dy)e—m,m
- /Rd /000(2“” — b)) g(y, v)dvu(dy)e "
2/ /OO avg(y, z) /00(1 — g(y, 2))dzdvp(dy)e "
/]Rd/ 2a/ (=, v)dzdop(dy)e ") +/Rd/ b%g(y, v)dvp(dy)e” r
- Rda(/o l9(y;v) = 1]dv> p(dy)e=(r) +/ / Bg(y. o)dop(dy)e—5)

:/Rd{ahz(y) +0h(y)p(dy)e” ", (3.5.11)

where we have integrated by parts and used the analogues of identities (3.5.4), (3.5.5).
Finally, the projections of the terms which are a direct consequence of separation of

timescales lead to

/R b / / S (12)v0ug(y, v)20:9(y, 2)dvdzp(dys ) p(dya)e ™ ")

- _ /d I?QC(ZJI)C(ZD) /Oo(g(y,v) —1)dv /Oo(g(y’ z) — 1)dvdzu(dyy) p(dyg)e ™
RexR 0 0
= Rde(?QC(M)C(m)h(yl)h(m)u(dm)u(dyz)e_(hvm, (3.5.12)

where we have integrated by parts, and

/de/ 0202 g(y, v)dvp(dy)e —(hat) — /d2b2/ v0y9(y, v dvu(dy)e_<h’“>
R R

/d2b2/ (1 — g(y,v))dop(dy)e™ /2b2 e~ (3.5.13)
R

where we have integrated by parts twice.
Combining the calculations (3.5.10), (3.5.11), (3.5.12), (3.5.13) and appealing to

Theorem 3.2.16 to average over the environment we arrive at

Lf(n) = LethH /Rd{—Bh(y) +ah?(y) — Ph(y) bu(dy)e )

+ / b2q(y1, y2)h(y1) h(y2)p(dyr)p(dys)e™ M,
R xRd

which is the generator of the SBMRE.
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As before, to ensure that the solution of the martingale problem for the lookdown
process gives us information about the solution of the martingale problem for the
projected process, we need to specify the Markov map v and check that the conditions of
the Markov Mapping Theorem are satisfied. Once again we appeal to Condition 3.3.43.

The Markov map -~ is given by

) limy 00 % >_1;<x0z; if measures converge,
1o otherwise .
Our class of test functions is separating over the counting measures, and closed under

multiplication. The moment condition 3.5.1 is satisfied if we consider 9 of the form

(3.5.7) and the averaged ¢ of the form (3.5.8). O



Chapter 4

Multiple merger coalescents:
truncated offspring distributions

and large sample sizes

4.1 Introduction

The passing of genetic information from parents to offspring is a fundamental character-
istic of living organisms. In population genetics, mathematical models of how genetic
copies are passed on between generations usually focus on the number of offspring, or
gene copies, produced by each individual at any given time. From these models one
develops appropriate tools for statistical inference. Commonly, data takes the form of
the DNA sequence of a given gene (or at a given genetic locus) for each individual in
a sample from the population. The differences between these sequences are then used
to infer information about the genealogical tree relating the genes in the sample. In
particular, if we know the distribution of the genealogical trees under our population
models, we can aim to use DNA sequence data to distinguish between different evolu-
tionary scenarios. The statistic we will focus on is the sight frequency spectrum which
we will discuss further in Section 4.2.1.

The celebrated Kingman coalescent provides a reference point introduced in Kingman

(1982a), Kingman (1982b) and Kingman (1982c). It arises as an approximation to the
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genealogical trees (viewed on an appropriate timescale, determined by the ‘effective
population size’) relating individuals in a sample from a large population. As discussed in
Section 1.1.2 the Kingman coalescent approximation holds for a whole raft of population
models, and it is this stability under small perturbations of the underlying population
model that makes it such a powerful tool.

A key feature of Kingman’s coalescent is that at most two ancestral lineages merge
in a given coalescence event. This reflects two underlying assumptions: first, the
sample size is a negligible fraction of the total effective population size; second, in the
corresponding population models, any given individual has a negligibly small number of
offspring relative to the total effective population size. Regarding the first assumption,
in many cases the effective population size is much smaller than census population size as
discussed in Arnason (2004) and Tenesa et al. (2007). With rapid developments in DNA
sequencing technology, sample sizes are growing rapidly, so that the common assumption
about sample size can increasingly be called into question. In addition, developments in
algorithm design have enabled efficient computer simulations of ancestral trees of very
large samples for example in Kelleher et al. (2016). Regarding the second assumption,
observations from ecology and molecular population genetics suggest that in certain
marine species family sizes may be highly variable. In particular, individuals may
have very many offspring. For instance, May (1967), Arnason (2004) and Arnason and
Halldérsdéttir (2015) discuss Atlantic cod (Gadus morhua), Li and Hedgecock (1998)
discusses Pacific oysters (Crassostrea gigas), Turner et al. (2002) looks at red drum
(Sciaenops ocellatus), Niwa et al. (2016) analyses Japanese sardines (Sardinella zunasi)
and Hedgecock (1994) looks at more general marine life with analysis of Pacific oysters.

These organisms are characterised by broadcast spawning, external fertilisation,
extremely high fecundity and a so-called Type III survivorship curve (high initial
mortality followed by a slow decrease in survival probability). This is often referred to as
sweepstakes reproduction in the litererature for instance discussed in Beckenbach (1994)
and Hedgecock (1994). Similar considerations can apply to some plant populations,
which distribute pollen, and some insect populations, where individuals of one gender

far outnumber those of the other.
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In multiple-merger coalescent processes, three or more lineages may merge in a single
coalescence event. These are analysed in Sagitov (1999), Pitman (1999) and Donnelly
and Kurtz (1999). Multiple-merger coalescents are referred to as A-coalescent if at most
one group of ancestral lines merge each time, and =-coalescents if at least two distinct
groups of lines can merge at the same time. It has been suggested that multiple-merger
coalescents may provide a more appropriate description, compared to the Kingman
coalescent, of the genealogy of a sample from highly fecund populations with sweepstakes
mode of reproduction for instance Eldon and Wakeley (2006), Arnason (2004) and
Sargsyan and Wakeley (2008) have analysed genetic data. A subfamily of multiple-
merger coalescents, known as Beta-coalescents, has been a focus of mathematical analysis
in Schweinsberg (2003) and Birkner et al. (2005a). Beta-coalescents are parametrised
by a quantity, a, which captures the tail behaviour of the distribution of the random
number of juveniles contributed by a single individual in sweepstakes reproduction. For
a € [1,2) the Beta-coalescent arises naturally from a population model that we shall
refer to as the Schweinsberg model from Schweinsberg (2003). In this model, which is a
Cannings model that shares certain features with the Wright-Fisher model, each of the
current N individuals, independently produces a random number, X, of juveniles. A
new set of (surviving) offspring is then formed by sampling N individuals to survive
to the next generation uniformly at random from the resultant pool of juveniles. It is
assumed that P[X > 2] ~ Cx~® as © — oo. The value of o will determine the timescale
of coalescence. If ¢y is the probability that two individuals, sampled at random from
the population, have a common parent in the previous generation, then as N — oo,
Ne~leny — CaB(2 — a, ) (where the function B(x,y) is the beta function to be made
explicit later). Measuring time in units of 1/cy generations, as N — oo, the genealogy
of a sample from the population converges to a Beta-coalescent with parameter «.

An obvious objection to the Schweinsburg model as a justification of the Beta-
coalescent model is that the parameter, «, is determined by the extreme tail behaviour
of the distribution of the number of juveniles, and while some organisms can produce
vast numbers of juveniles, no organism can produce arbitrarily large numbers of juveniles.
Moreover, Beta-coalescents would be expected to cease to be a good approximation to

genealogies of very large samples from a population of finite size under the Schweinsberg
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model, just as the Kingman coalescent breaks down as an approximation to the genealogy
of a large sample from a population of finite size and Wright-Fisher sampling, for example
see Bhaskar et al. (2014), Wakeley and Takahashi (2003), Fu (2006), Melfi and Viswanath
(2018a) and Melfi and Viswanath (2018b).

The aims in this chapter are threefold. First we address the problems of arbitrary
numbers of juveniles by considering a Schweinsberg type model modified to incorporate
a cutoff, dependent on total population size, of the number of juveniles that can be
produced by a single individual. We will then identify the corresponding coalescent.
Depending on the cut-off, this will be a Beta-coalescent, a ‘truncated’ Beta-coalescent
or a Kingman coalescent. Second, we shall investigate the variability in ¢y for large
N. This provides some insight into how variable estimates of effective population size,
defined to be 1/cy, will be for a population evolving under this model. Third, we shall
investigate the breakdown in the coalescent approximation for large sample sizes. In this
context, we focus on when the breakdown will be evident in data. We shall argue that,
in practice, this will occur at a larger sample size than that at which anomalies first
appear in the full coalescent tree, but nonetheless at sample sizes that are certainly not
out of reach of modern datasets. To our knowledge this is the first study of the impact
of large sample size on gene genealogies in the context of skewed offspring distribution
and multiple-merger coalescents.

The rest of this chapter is laid out as follows. In Section 4.2, we provide some
background on the main statistical tool we analyse, the site frequency spectrum, Schweins-
burg’s model and the Beta-coalescent. In Section 4.3 we introduce our modification
of the Schweinsberg model. We then give a precise statement of our main results in
Section 4.4, presenting the timescaling in Proposition 4.4.1, and the resulting coalescent
models in Proposition 4.4.2 and Proposition 4.4.3. The heuristics on quantifying the
impact of large sample size are in Section 4.5, with the calculations behind them in
Section 4.7. We then gather the details of the proofs into Section 4.6. Many of the
ideas follow Schweinsberg (2003), although we have taken care to keep track of the
error bounds in contrast to Schweinsberg (2003). We note that the error bounds for
Schweinsberg (2003) can be recovered formally by taking W(/N) = oo in our results. In

particular, in Section 4.7 we consider the impact of large sample size. In Section 4.7.1 we
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consider convergence to the Kingman coalescent under our modified Schweinsberg model
and in Section 4.7.2 we consider convergence to the Beta-coalescent. In Section 4.7
we give heuristics for the sample size required to see its effect on the site-frequency

spectrum in the case of the Kingman coalescent and the Beta-coalescent.

4.2 Background

4.2.1 Mutation and the site frequency spectrum

In practice, one does not observe the coalescent process directly, but rather a projection
of it, determined by the mutations that fall on the coalescent tree. We will assume
that the infinitely many sites model of mutations, as discussed in Kimura (1969) and
Watterson (1975), applies. In the infinitely many sites model an individual retains
all the mutations that fall on its ancestral line. For a sample of size n, we define the
‘unfolded site frequency spectrum’ to be the vector (M (n), Ma(n), ..., My—1(n)), where
M;(n) is the number of new mutations carried by exactly j of the n individuals in the
sample. The expected value of M;(n) is just the expected number of mutations to fall
on branches of the genealogical tree that are ancestral to exactly j individuals in the
sample. This shows that, although the site-frequency spectrum is a simple summary
statistic of the full DNA sequence data, it contains valuable information about the
pattern of observed genetic variation due to the structure of the genealogical tree. Under
the Kingman coalescent, it is well known that if the number of new mutations per
individual per generation is p, the ‘effective population size’ is N, and 6 := 2N, then
E[M;(n)] = 6/j, Fu (1995).

The amount of information available to us about the genealogy of the sample is
strictly limited by the mutation rate, it would have to be infinite for us to be able to
resolve the tree entirely. The effective population size appearing in the scaling of 6 above,
is sometimes called the coalescent effective population size in the literature, for instance
in Wakeley and Sargsyan (2008). It is the amount by which time must be rescaled
in order for the Kingman coalescent to approximate the genealogy of a sample from
the population. For the Schweinsberg model Schweinsberg (2003) shows if the limiting

coalescent is the Beta-coalescent with parameter a € (1,2), the corresponding scaling of
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time will be of order N®~!, where N is population size. We write /i for the mutation
rate per individual per generation. In the Beta-coalescent, the expected time until the
first coalescence event among a sample of n lineages is of order 1/n®. Then if we are
to see any mutations at all before the first merger, which is a minimum requirement
but certainly not enough to resolve the coalescent tree, then we require gN®~!n/n®
to be order one; that is fi(N/n)*~! must be order one. In the following discussion of
mutation rates we are considering an individual to be a single genetic locus rather than
a member of the species. In Kong et al. (2012) the mutation rate in humans has been
estimated to be around 1.2 x 1078 per site per generation. In Kumar and Subramanian
(2002) looking at mammals, the point mutation rate has been estimated to be around
2.2 x 1072, In Pacific cod, a mutation rate estimate around 8.3 x 10~ has been reported
by Canino et al. (2010). A population genetic study, Carr and Marshall (2008), of the
mitochondrial DNA of 32 Atlantic cod found 298 polymorphic sites over 15655 sites,
and gave an estimated mutation rate of 1.1 x 10~%. From the mitochondrial DNA study
on Atlantic cod, [i is estimated to be on the order of 107*. Given these mutation rate
estimates, we see that the closer « is to 1, that is the more extreme the sweepstakes
reproduction is, the harder it becomes to obtain the relation fi(N/n)*~! = O(1).

In reality, rather than using the full site frequency spectrum, it is common to use
summary statistics. In order to distinguish between population growth and sweepstakes
reproduction, Koskela (2018) uses the two-dimensional statistic (M1(n), 3,5, M;(n)).
The statistic M1 (n) is referred to as the singletons in the sample in the literature. The
method is not particularly sensitive to the choice of k. The ‘Tumped tail’, 3° - M;(n)),
is a proxy for the internal branch length of the coalescent tree, with the number of
singletons reflecting the external branch length. Often we consider a lumped tail for
J > k rather than j7 > 2 as this has proved a more robust analysis. This statistic also
provides a means of estimating the parameter o that provides the best fit of data to a
Beta-coalescent model.

Previous studies of the impact of large sample size on gene genealogies have been
focussed on models with Wright-Fisher sampling as in Wakeley and Takahashi (2003),
Fu (2006), Bhaskar et al. (2014), Melfi and Viswanath (2018a) and Melfi and Viswanath

(2018b). In order to allow the sample size to exceed the effective population size,
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Wakeley and Takahashi (2003) assume that in each generation N — N, > 0 individuals
die without reproducing, and then assign N offspring to N, parents by multinomial
sampling with equal weights. Through both analysis and simulation, they demonstrate
that a sign of sample size exceeding the effective population size is an excess of singletons
in the site frequency spectrum, compared to the predictions of the Kingman coalescent.

In Section 4.5, we provide a heuristic argument to explain why in the model of
Wakeley and Takahashi (2003) the genealogy will, with high probability, deviate from
the Kingman coalescent as soon as the sample size is of the order of Ne1 /3, However, in
Wakeley and Takahashi (2003), the deviation of their statistic from the predictions of
the Kingman coalescent, only becomes evident when the sample size is on the order of
the effective population size, at which point it revealed itself as an excess of singletons.
We also provide an explanation for why the deviation only becomes evident at such
large sample sizes.

There are many possible explanations for an excess of singletons in a site frequency
spectrum, including large sample size, population growth, and sweepstakes reproduction.
An interesting aspect of the approach of Wakeley and Takahashi (2003) is that for
sufficiently large sample size, they are able to estimate the mutation rate per generation
(12) and the effective population size separately (as opposed to only their product).

In Wakeley and Takahashi (2003) they re-analysed mitochondrial DNA data of
introduced populations of Pacific oysters from Boom et al. (1994) and show that under
their model, in order to explain the excess of singletons simply through large sample
size relative to effective population size, one requires an implausibly large mutation
rate. However, this does not necessarily imply that sweepstakes reproduction is the true
explanation for the excess. Indeed, multiple merger coalescents reflect strong genetic
drift, and a consequent loss of diversity, and it seems very plausible that these models
too will require an implausibly high mutation rate to explain observed data.

Elegant asymptotic results, as sample size n — oo, of branch lengths, and the
site-frequency spectrum, have been obtained for various coalescent models. The results
can be broadly partitioned into studies of the random coalescent tree sampled at a fixed

point in time, the ‘static’ case, and studies of the evolving coalescent, or the ‘dynamic’
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case. All these asymptotic results are obtained under the assumption that the relevant
coalescent model holds for arbitrarily large sample size.

We write T}, for the random time during which the coalescent process, restricted to
{1,...,n}, has exactly k blocks. Under the Kingman-coalescent, the T}, are independent
exponentials with rate k(k — 1)/2. The total tree length L, := 2T + --- + nT,, has
clear biological significance, through its relation to the total mutations which can have
occurred since the most recent common ancestor and are present in the population.
Using Chebyshev’s inequality one can show that L, /log(n) — 2 in probability, as
sample size n — oo.

If E,, denotes the length of a single external branch in a Kingman coalescent, Caliebe
et al. (2007) show that nE, 4 B, where E has density  — 8/(2+ z)3 for x > 0. Let
B} denote the random total length of branches supporting k € {1,...,n — 1} leaves
within the coalescent restricted to a sample size of n. As discussed before these are

closely related to My(n). In Janson and Kersting (2011) they obtain the asymptotic

n n d
2\ Togy B =D S N O

where N(0,1) is the standard normal. This is extended to the joint distribution of

distribution of B}

—_

(B1,...,By) under the Kingman coalescent in Dahmer and Kersting (2015)

1 n n 2 n 2 d
5 /log(n) (Br=3%,....Bp = 3) % N(0, ) (4.2.1)

where I}, is the k x k identity matrix. Furthermore, they use the result in (4.2.1) to

derive a convergence in distribution result for the site-frequency spectrum:
d
(Ml(n), . ,Mk(n)) — (Ml, . ,Mk)

where the M; are independent Poisson with mean 26/i. The scaling \/n/(4logn) carries
over to the evolving Kingman coalescent analysed in Pfaffelhuber and Wakolbinger
(2006) and Pfaffelhuber et al. (2010). Later in Dahmer and Kersting (2017) the total

length of the external branches in the evolving Kingman coalescent is considered and
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they show that
1 n
P (Lt/n - 2))
(2 log(n) R

converges in finite-dimensional distributions to a stationary Gaussian process.

Asymptotics for the lengths of branches in a genealogy under multiple-merger
coalescents in the static case have been extensively studied, for instance Kersting et al.
(2014), Dahmer et al. (2014), M&hle (2010), Berestycki et al. (2007) Berestycki et al.
(2008) and references therein. In Berestycki et al. (2008) they consider a A-coalescent
in particular the Beta-coalescent with 1 < o < 2 as a special case, and show that

L, » ala—1)
ni-a A2 —-a)T(2—a)’

where A is a constant. Furthermore, Berestycki et al. (2007) obtain asymptotic results
on the number of blocks of the Beta-coalescent as ¢ — 0. They also obtain convergence

results for the site-frequency spectrum under the Beta-coalescent

My(n) . 93(2 —o)l'(k+a—-2)

o (o — 1)k almost surely, (4.2.2)

where 6 is the scaled mutation rate and B = a(a — 1)/(AT'(2 — «)(2 — «)) for some
constant A. Then, in Berestycki et al. (2014), they strengthen this to an almost sure
convergence. When « is close to 1 Birkner et al. (2013a) show a very large sample size is
needed for a good agreement between exact computations of the expected site-frequency

spectrum, and the asymptotic results in (4.2.2).

4.3 Beta coalescents and a modified Schweinsberg model

The Beta-coalescents and the coalescents considered by Eldon and Wakeley (2006)
are all special cases of a much more general class known as A-coalescents, which were
constructed independently by Donnelly and Kurtz (1999), Pitman (1999) and Sagitov
(1999) and which have since been studied by many authors, see Berestycki (2009) for a
survey. Like the Kingman coalescent, they are Markov processes, taking their values

among partitions of N. If {m(¢),t > 0} is a A-coalescent, we write {m,(t),t > 0} for
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its restriction to [n] = {1,2,...,n} for each n € N. The elements of [n] are used to
label individuals in a sample from the population. Each block of the partition 7, (%)
corresponds to an individual ancestral to the sample at time ¢ before the present, and
the elements of the block are the labels of the descendants of that ancestor in the
sample. In what follows, we shall abuse terminology and refer to the pure death process
that records the total number of lineages ancestral to the sample at each time ¢ before
the present as the coalescent. The restriction {7, (t),t > 0} is itself a Markov process.
If there are currently k blocks in 7, (¢) then each transition involving j of the blocks
merging into one happens at rate by ; (which is independent of n) and these are the only
possible transitions. The rate of such mergers is not arbitrary; Pitman (1999) shows a
one-to-one correspondence between these coalescents and finite measures on [0, 1]. For
a given finite measure A on [0, 1], in the corresponding coalescent, if there are currently
k lineages ancestral to the sample, then the rate at which a particular subset of j of

them coalesces into a single lineage is
o )
br,j = / 2721 — )P IAdz), je{2,3,...,k}. (4.3.1)
0

A much-studied subfamily of A-coalescents is the Beta-coalescent.

Definition 4.3.1 (Beta-coalescent). The Beta-coalescent with parameter o is the A-
coalescent in which, if there are currently k lineages ancestral to the sample, the rate
at which a particular subset of j of them coalesces into a single lineage is obtained

from (4.3.1) by setting

1

M) = 55 =T

271 —2)* M, 1<a<? (4.3.2)

In Birkner et al. (2005a) they discuss the connections Beta-coalescents have to
continuous-state branching processes. Even though one can take any positive o < 2 in
(4.3.2), the Beta-coalescent with o < 1 does not correspond to any known population
model inspired by natural reproduction dynamics. As before, we shall restrict our
attention to haploid populations. However an analogue of Schweinsberg’s model for

diploid populations has been studied in Birkner et al. (2018).
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Definition 4.3.2 (Schweinsberg type models). Consider a haploid population of fixed
size N which evolves in discrete gemerations. In each generation, each individual,
independently, produces a random number of juveniles (potential offspring). The N
individuals that survive to maturity (and form the next generation) are sampled uniformly
at random from the combined pool of all juveniles. If there are fewer than N juveniles

from which to sample, we suppose that the population is unchanged over the generation.

Since we are only interested in models in which the total number of juveniles
produced each time will almost always exceed the size of the adult population, IV, the
specification of what happens when there are fewer than N juveniles will be completely
irrelevant. However, we assume the population remains fixed for simplicity.

The coalescence probability will be used to rescale time in population models as is

standard in the literature, for instance see Mohle (1998) and Sagitov (1999).

Definition 4.3.3 (The coalescence probability). Define ¢y as the probability that two
individuals, chosen uniformly at random without replacement and at the same time from

a given population, have a common parent in the previous generation.

The effective population size, N, is defined in different ways within the literature.
We will be following Schweinsberg (2003) and take as our definition of N, N, := 1/cn.
In a Wright-Fisher population of size N is 1/cy = N, and the ancestral process is the
Kingman coalescent with time measured in units of IV generations. With Schweinsberg’s
model Schweinsberg (2003) shows in a population of size N, ¢y can be much larger

than 1/N.

Theorem 4.3.4 (Schweinsberg (2003)). Suppose that a haploid population of size N
evolves according to Definition 4.3.2. Let X be the random number of juveniles produced
by an individual. Assume that CkP[XN > k] — 1 as k — oo for some a > 0 and
a normalising constant C > 0. Write {m, ny(t),t > 0} for the ancestral process of a
sample of size n. Then the scaled ancestral process {my n(|t/cn]),t > 0} converges as
N — oo to a process whose law if o > 2 is that of the Kingman coalescent restricted to
{1,...,n} and if « € [1,2) is that of the Beta-coalescent (see Definition 4.3.1) restricted

to{1,...,n}.
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Under the assumptions of Theorem 4.3.4, Schweinsberg (2003) shows if o < 1 the
ancestral process converges to a discrete time analogue of a Z-coalescent. The measure
= is determined by « and there is no scaling of time. We do not consider this scenario in
this work in large part as, given the mutation rates cited above, it is highly non-trivial

to explain any observed genetic variation without a rescaling of time.

4.3.1 Model definition

We shall consider a variant of Schweinsberg’s model in which the distribution of the
number of juvenile offspring produced by each individual can depend upon the total
population size. More precisely, writing XV for the random number of juvenile offspring
of an individual in a population of size N, we suppose that 1 < @ < 2 and there exist

functions f(k) and g(k) such that

R Leyy < PIXY > K] < FOR Ticyv), (4.3.3)
and
g(k) = goo > 0,
(4.3.4)
f(k) = foo >0,

as k — 0o, where goo, foo are finite constants. We also assume

EXN] = my —= meo > 1, (4.3.5)

as N — oo. For example, one can choose f and g in (4.3.3) such that

(Y(NV) + D

S B 70y B

(k= (k+1)"), 1<k<p(N). (4.3.6)

We shall typically suppress the superscript N and write X; for the number of juvenile

offspring of the ith individual in the population. We write

N
Sy = Z X;
i—1
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for the total number of juveniles produced. Recall that if Sy < IV, then we simply
maintain the original population. As in Lemma 5 in Schweinsberg (2003), P[Sy < N] is
exponentially small in N. We also define
f(k) = sup f(i),
i>k

f(k) = inf f(i),

- >k

with g and g similarly defined. We note that, as g, > 0, g can be chosen to ensure
g(i) > 0 for all 4 and we shall assume this throughout.

In order to state the timescaling associated with our model in (4.3.3) it will be
convenient to define (as in Lemma 6 from Schweinsberg (2003))

X1(X1-1)

= NE
ex = v MG

1SN2N] . (4.3.7)

Later in Lemma 4.6.8 we prove that

ow-eivo(}),

where, as before, ¢y denotes the probability that two individuals chosen at random
from the current generation are derived from the same parent in the previous generation

as defined in Definition 4.3.3.

4.4 Results

Our first result identifies € when (4.3.3) holds. Most work in population genetics
concerned with deriving coalescent processes ignores the error in the approximation.
We carefully control the order of the error in all our approximations, in contrast to
Schweinsberg (2003). This provides some insight into the variability that we can expect
in estimates of the effective population size under such a model. Our results highlight

the importance of how the truncation ¢)(N) depends on N.

Proposition 4.4.1. Suppose that the population evolves according to the Schweinsberg

model with juvenile offspring distribution satisfying (4.3.3). In each of the statements
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below, L is a function of N, over which one can optimise for any specific choice of

model.

1. Suppose that foo = goo, Y(N)/N — 0, and L(N)/(N) — 0 as N — oo, then

N N FTy L
SN = e (D) —a()) + O<¢(N)2a>
P(N) B(N) 5"
+O<N )+O<Né ) (4.4.1)

2. Suppose that foo = goo, Y(N)/N — K, and L(N)/N — 0 as N — oo, then

Nt = fot [yt gy + O (E) ~ (D)
N K+mpy
TZ’EVN) — KD + O((L/N)*™) + O<N‘1*‘1 ) (4.4.2)

3

3. Suppose that foo = goo, W(N)/N — 00 and L(N)/N — 0 as N — oo, then

2 1 _
Nt = foop /0 Y (1= y)'=dy + O(|F(L) — g(L)])

+ O((N/H(N)*) + O((L/N)*) + O(N152). (4.4.3)

These results are kept in a general form, however, the parts involving L occur due
to the flexibility of our model. In particular the relationship between the functions
f and g. Similarly, parts involving ¥ also appear due to the flexibility in our cut off.
The remaining factor will tend to be key when considering specific models. We will
prove Proposition 4.4.1 in Section 4.6.2. We will first introduce Proposition 4.6.3 which
includes an extra function, which can be optimised over to give Proposition 4.4.1 as a
simple corollary.

The results in Proposition 4.4.1 highlight the importance of keeping track of the
errors. Although in case 1 the limiting process is the Kingman coalescent (4.4.1) reveals
that the timescale depends on the truncation. In case 2, (4.4.2) shows the effect of
the truncation on the leading term, which is a truncated beta function. If we let

PY(N) = 0O(NlogN), (4.4.3) shows that convergence can be extremely slow.
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We next identify the limiting coalescent for fixed sample sizes, again maintaining

tight control over the errors.

Remark 4.4.1. In Schweinsberg (2003), when o > 2 and without a cutoff, they show
convergence to the Kingman coalescent depends on the small families as the large families
are sufficiently rare. Therefore, for any cutoff, W(N) > 2, when o > 2 we will simply

have convergence to the Kingman coalescent.

Proposition 4.4.2. In Proposition 4.4.1 Case 1, the scaled ancestral process

{mn.n([t/cn]),t > 0} corresponding to a sample of size n converges to a process whose

law is that of the Kingman coalescent restricted to {1,...,n}. Moreover
N | (X1)s %Z)(N))
—E 1 =0 —— 444
N2 | (X1)2(X2)2 PY(N)*
—E|————1 =0 ————|. 4.4.5
cn l st TN N (4.45)

If you take ¥(N) = N/log(N) then ¢(N)/N — 0 very slowly, and Proposition 4.4.2
implies that for almost any real population the probability of multiple mergers is not
negligible even though the ancestral process converges to the Kingman coalescent. We
will prove Proposition 4.4.2 in Section 4.6.3. We would like to emphasise at this point
that the convergence to Kingman’s coalescent is driven by the cutoff function. In
particular we see that this cutoff ensures families are sufficiently small so we will not
see multiple mergers.

We now specify the limiting coalescent processes for the cases in which Beta-

coalescents are obtained.

Proposition 4.4.3. In Proposition 4.4.1 Case 2, the scaled ancestral process
{U, . ~([t/en]),t > 0} corresponding to a sample of size n converges to a process whose

law is given by a A-coalescent restricted to {1,...,n}, with

A(dx) = (1 — x)a*ll:ﬂS k__dz,

moo+K

B(—£_—_ 2 —a,a)
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where we have used the notation

K K
Bl ———— 2 —qa,a) = /MOOH( 271 — ) N,

and Mmoo was defined in (4.3.5).
In Proposition 4.4.1 Case 3, the scaled ancestral process {¥, n(|t/cn]),t > 0}
corresponding to a sample of size n converges to a process whose law is given by a

A-coalescent restricted to {1,...,n}, with

1

M= —aw

2171 — )% da,

where

1
B2 —-a,a)= / 271 — 2)* e = T(a)T (2a — 1).
0
Moreover, in both cases,

NQE[(Xl)Q(XQ)z

_ 11—«
- St 1sN>N1—o(N ) (4.4.6)

We will prove Proposition 4.4.3 in Section 4.6.4. We note that as o | 1 Proposi-
tion 4.4.3 implies that the error in ignoring simultaneous mergers increases, when the
limit is a Beta-coalescent. This is natural as, formally, by taking o = 1 Schweinsberg
(2003) shows that the limit will be a Z-coalescent rather than a Beta-coalescent.

The results in Proposition 4.4.1, 4.4.2, and 4.4.3 do not relate to sample size; they
only pertain to the ‘bare-bones’ population model of genetic reproduction as given in
(4.3.3). In particular the convergence results hold for a fixed sample size as N — oo.
In Section 4.7 we give arguments for the sample size needed to impact convergence or

inference. We present the key observations here.

Conjecture 4.4.2. Suppose model (4.3.3) holds. In the case foo = goo and Y(N)/N —
0, if the sample size n > O(N/Y(N)), the total probability of 3-mergers is non-negligible

compared to the total probability of 2-mergers.
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In Section 4.7.1 we will give arguments for Conjecture 4.4.2. Then in Section 4.7.2
we consider the sample size required to invalidate convergence to a Beta-coalescent. A

proof of Lemma 4.7.10 is given in Section 4.7.2.

Lemma 4.4.3. Suppose model (4.3.3) holds, n/N — 0, foo = goo, n >k, let K >0 be

s ()

1. When »(N)/N — K then

fized, and write

K

ot = 92 pamie (2) o [T o
0

K

(=) [TV u>"-k+a-1du) (1 +O(F(L) - g(L)) + (/)

+ o(‘wng) - KD +O((L/NY=) + O(k?*/L) + O(Nlb(N)?“"/B%’v))a
(4.4.7)
when L/M — 0.

2. When ¢(N)/N — oo then

1
Nry(k) = leafoom]_vo‘ (Z) (k:/ ukilfa(l — u)"karadu
0

_(n B k) /01 uk—a(l B u)n—k—i—a—ldu) <1 + O(|?(L) — Q(L)D + O(ﬁN/N)

+ O((N/p(N))" 54t} 4 o ((L/N)=) + 0(k*/L) + O(N/ﬁ?{,)) . (4.4.8)

This agrees with our results in Proposition 4.6.3 and we can see that if we cannot
choose L such that both k?/L — 0 and L/N — 0 we will not expect to see convergence
to the limiting rates suggested by Proposition 4.4.3. Recall that L is an arbitrary
function of N (see Proposition 4.4.1). Therefore, the requirement to have convergence of
rates becomes k?/N — 0. In particular the error term O(k?/L) is shown in the proof to

always be negative. Therefore showing that when the limiting Lambda coalescent sees
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mergers of at least v/ N lineages we will be seeing a reduced number of these mergers

and so a different topology in the coalescent tree.

4.5 Large sample size

We wish to establish how large a sample size we can take before the errors that we
make in using the limiting coalescent processes that we have identified to estimate
the distribution of the site frequency spectrum become significant. Of particular
interest is the comparison between the proportion of singletons and the ‘lumped tail’
of the spectrum used by Koskela (2018). Since mutation rates are not infinite these
statistics will not, in particular, be able to differentiate between mergers that happen
instantaneously and those which occur in quick succession, if both lead to the same
topology for the genealogical tree. In what follows we will will refer to events where two

or more separate mergers happen instantaneously as simultaneous mergers.

4.5.1 Large Sample Size in a modified Wright-Fisher Model

We begin with a brief discussion of the modified Wright-Fisher Model considered
by Wakeley and Takahashi (2003), which is closely related to the Wright-Fisher model
discussed in Section 1.1.1. The population is assumed to be of constant size, N, and
evolve in discrete generations. In each generation, first sample N, ‘potential’ parents,
uniformly at random, from the population; and then determine the family sizes of those
individuals by multinomial sampling with equal weights. In other words, each of the
N individuals in the offspring generation chooses a parent uniformly at random from
among the subset of N, available to reproduce.

When N, = N, the model reduces to the Wright-Fisher model, and a detailed
analysis of the coalescent for large samples is then provided by Melfi and Viswanath
(2017). Here we satisfy ourselves with some heuristics. Two types of events can cause
deviations from the predictions of the Kingman coalescent: simultaneous mergers and

multiple mergers. The probability of seeing two pairs of lineages within a sample of size

Ne—1

k merge (into two separate parents) in a single generation is approximately 2(’2) %

Similarly, the probability of seeing a 3-merger in a single generation within a sample
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size of k is approximately (’;)% If neither of these events happens, the number of
generations that it takes for the number of ancestral lineages to change is about N,/ (g),

so the chance that we see a simultaneous merger before we see our first coalescence

Ne k* _ k2
B2 NZ — N,°

event is of order To estimate the chance that we see a simultaneous merger
before the most recent common ancestor of a sample of size n, we sum over k < n to
find that the probability is of order O(J%) In other words, if n is at least on the order
of Ne1 /3 there is an appreciable probability that we will see the simultaneous merger of
two pairs of lineages somewhere in the genealogical tree.

We can use the same heuristics to find the order of sample size at which we expect
to start seeing 3-mergers in the genealogy. The chance of a 3-merger before either a
pairwise merger (or two or more simultaneous pairwise mergers) when the sample size
is k is of the order C %% = N% Summing over k as before, we expect to start seeing
multiple mergers somewhere in the genealogy, once n is at least O(v/N,).

In fact, following Melfi and Viswanath (2017), one can ask how big a sample is
allowed if we only want to see pairwise mergers in the genealogy with at most ¢ pairs
merging at once, and entirely analogous heuristics yield that this breaks down when the
sample exceeds O(n®/(2¢+1)),

Although these arguments suggest that we can expect the genealogy of a sample
to differ from that predicted by the Kingman coalescent once the sample is at least
O( o/ 3), the results of Wakeley and Takahashi (2003) illustrate that this is not evident
in the summary statistic that compares singletons to total number of segregating sites
in the site frequency spectrum. Indeed, this only shows significant deviation from the
predictions of the Kingman coalescent when the sample size is of the same order as the
effective population size, Ne. It has already been observed by Bhaskar et al. (2014) that
simultaneous pairwise mergers may not be too disruptive. To see why, notice that when
the number of ancestral lineages is large, and so coalescence events are frequent, we can
only hope to detect the difference between two mergers happening at the same time,
and two mergers in quick succession, if those mergers lead to different tree topologies;
that is if, in the second scenario, the parental lineage of the first merger is also involved

in the subsequent merger. If there are currently k ancestral lineages, this happens with

probability on the order of 1/k, and our heuristic above says that we will see such
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events with a frequency of the same order as triple mergers. Even if this happens, our
rather coarse summary statistic is only likely to be changed if such anomalous events
make up a significant proportion of coalescence events; that is they must occur on a
comparable timescale to simple pairwise mergers. This requires k3 /Ne2 ~ k%/N,, which
in turn requires sample sizes on the order of N,.

Even when the limiting coalescent is a Kingman coalescent, the modified Schweinsberg
model that we consider here behaves rather differently from that of Wakeley and
Takahashi (2003). Under the conditions of Proposition 4.4.2, for sample size k, we see

simultaneous mergers at rate

N2E{@§§S(2)21$N2Nb® Klp(N)?>~/N

k2
Ve[S

If we define N, = 1/cy, this is of order k?/N,, just as in the modified Wright-Fisher

example above. On the other hand, we see 3-mergers at rate

(X1)3
NE[ 5 lsNzN} (g) N k3 (N)/N _ L Y(N) (4.5.1)
L2 N o

S ET.

If ¢)(N) is unbounded, this is significantly bigger than the k/N, that we saw in the
modified Wright-Fisher model. This is not surprising perhaps, but then suggests that the
Kingman approximation for this model will be poor at sample sizes closer to N/¢(N),

which could be substantially smaller than N,.

4.5.2 Large Sample Size in the Lambda Coalescent

We now turn our attention to the cases in which the limiting coalescent is a A-coalescent,
that is under the conditions of Proposition 4.4.3. Once again there are two possible
ways in which our coalescent may not be well approximated by the limiting coalescent:
first it may contain simultaneous mergers; second the rate of multiple mergers may be
poorly approximated.

Consider first the rate of simultaneous mergers. As before, we wish to compare to

the time-scale of all events which for a Beta coalescent with k& lineages is of order cyk®
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(instead of cyk? in the Kingman case). Our heuristic argument then suggests that the
probability that the next event will involve a simultaneous merger, if the current sample
size is k, is approximately
X1)2(X
e

N

~ ko NTTe (4.5.2)

NE|:(X1)2 ISNEN] ke

Sy

The denominator in the ratio on the left is just the rate at which we expect to see
jumps in the limiting coalescent, while the numerator is the probability that we see
a simultaneous merger of two pairs of lineages in a single generation. Unlike in the
Kingman coalescent, in which the number of ancestral lineages simply reduces by one at
each merger, we don’t have an explicit expression for the jump chain of a Beta-coalescent.
However, we know from our calculations of Section 4.7.2, that it requires a sample of
size n = O(N o/ 2) before we see a merger of size VN, and the same argument gives that,
in our sample of size n, we cannot expect to see mergers of more than n'/® ancestral
lineages. This tells us that an event consisting of two simultaneous mergers, one of k
lineages and one of [ lineages, say, will, with high probability, not be distinguished in
the site frequency spectrum from a k merger rapidly followed by an [ merger, as (just
as in the Kingman case) the lineages involved are very unlikely to overlap. Moreover,
our calculations in Section 4.7.2 show for sample sizes less than O(N/?), the rate of k
mergers is correctly predicted by the limiting coalescent for all possible k, and since
our coalescent must be consistent if we subsample, there cannot be unusual clusters of
mergers of particular sizes. In conclusion, arguing as for the Kingman coalescent, we do
not expect to see any change in the tree topology for sample sizes less than O(N a/ %),
and nor do we expect to see measurable differences in our statistic of the site frequency
spectrum.

In order to see when the topology of the tree will be affected we must look at the
rates of k mergers in a sample of n lineages. Therefore, we consider the probability
that a particular set of k ancestral lineages out of a sample of n converges in a single
generation, and compare to the predictions of the A-coalescent limit. In Section 4.7.2,

we find that the limiting coalescent consistently overestimates the rate of k-mergers
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and that this becomes significant once sample sizes are O(N af 2). If we follow Koskela
(2018) in using the statistic (M1 (n), 2>k M](n)) to estimate the parameter « for such
sample sizes, then we expect to underestimate «. The explanation is that the ratio of
external to total branches in the beta coalescent converges to 2 — « as the sample size
tends to infinity. Substituting actual rates instead of those predicted by the limiting
coalescent has the effect of preventing coalescence of lineages, which only serves to
extend the external branches. However, we are using the same ¢y which depends only
on pairwise mergers. Consequently we will find a higher value for the ratio of external

branch length to total branch length, which will lead us to predict a smaller a.

4.6 Convergence proofs

4.6.1 Key Lemmas

First we recall some key lemmas. Our model is easily recast as a Cannings model,
enabling us to make use of the work of Mohle and Sagitov (2001). For completeness,
but following Schweinsberg (2003), we record the results that we need here. First we fix
notation by describing the Cannings model for reproduction in a haploid population of
constant size N. Again the population evolves in discrete generations. In each generation,
writing v for the number of adult offspring of the kth individual in the parental
generation, v = (v1,vs,...,vyN) is an exchangeable random vector with Z]kV:1 vy = N.
We assume that these vectors are i.i.d. across generations.

Recalling our notation ¢y for the probability that two individuals chosen at random
from the current generation are derived from the same parent in the previous generation,
we see that for the Cannings model

E[l/l(l/l - 1)] '

" (4.6.1)

CN =

We now record general criteria for the convergence of the corresponding rescaled
ancestral processes. The first, due to Mohle (2000), guarantees convergence to a
Kingman coalescent. Recall the standard notation for descending factorials: (0); =

00 —1)(0—2)-- (0 —k+1).
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Proposition 4.6.1 (Mahle (2000), section 4). Suppose cy — 0 and

i El71)s]

=0. 4.6.2
N—o0 NQCN 0 ( 0 )

Then, for each finite sample size n € N, the rescaled ancestral processes

(o, N([t/en]),t > 0) converge as N — oo to the Kingman coalescent restricted to

{1,...,n}.

If the family-size distribution is such that on the timescale determined by cy we
see ‘large families’ (comprising a non-trivial proportion of the total population) then
we recover a coalescent with multiple mergers. The proposition below follows from

Theorem 3.1 of Sagitov (1999).

Proposition 4.6.2 (Sagitov (1999)). Suppose

lim ¢y =0,
N—o0

and

lim El1)2(12)2]

— 0. 4.6.
Noso  Nley 0 (463)

If there exists a probability measure A on [0,1] such that

lim —]P’ 11 > Nz| = / Yy (4.6.4)

N—oo CN

for all x € (0,1), then, for each finite sample size n € N, the rescaled ancestral processes

(7Tn N(lE —1),t> 0) converge as N — oo to the A-coalescent restricted to [n].

Let us pause to consider what the conditions of Propositions 4.6.1 and 4.6.2 guarantee.

First observe that

NI[?][\([I;;);;] _ E[gif/lz)?)] <1+0(]1[)>, (4.6.5)

is the probability that a given sample of three ancestral lineages merge in a single

generation, whereas
NE[(v1)o]

CN = (N>2 )



168 Multiple merger coalescents

is the probability that a given pair of lineages merge. Thus, at least for small samples,

equation (4.6.2), which says that the ratio of these two probabilities tends to zero,

guarantees that we will not see any mergers of three or more lineages before all lineages

have reached a common ancestor through pairwise mergers. However, if the sample
n

size is n, then initially the rate of pairwise mergers is (5)cy and of triple mergers is ()

times the expression in (4.6.5). Thus if n is large enough that

nE[(v1)s]

=01
N2CN O( )7

this conclusion is no longer valid.

The expression

(NV)2E[(v1)2(v2)2]
(N)4 ’

is the probability that two (given) distinct pairs of lineages merge (pairwise) in a single
generation and so, in the same way, condition (4.6.3) guarantees that for small samples
we see 1o simultaneous mergers on the timescale of the coalescent. Méhle (2000) checks
that equation (4.6.2) implies (4.6.3) and so under the conditions of Proposition 4.6.1,
we expect convergence to the Kingman coalescent. Similarly, under the conditions
of Proposition 4.6.2, although we will see multiple mergers, we do not expect to see
simultaneous multiple mergers and so the limiting ancestral process is expected to be a

A-coalescent. Once again, these conclusions will fail as soon as

n’E[(v1)2(v2)2]

=0(1).

4.6.2 Asymptotic rate of the coalescent: calculating cy

We recall the definition of

XY -1)

Cy = NE

Toysn |- (4.6.6)

4.6.2.1 Preliminary lemmas

Following the ideas from Schweinsberg (2003), Lemma 12, we present a supplementary

lemma.
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Lemma 4.6.4. For1 <a <2, M €R and any L(N) < (N)

XNXN -1 - 2M+1 ! N Cu
E e ) TS [,

LT—1+M
OM +1 [T=2rr 1—
(L)iMHa/ L yr(l—y) Ty,
Y(N)—1+M
M+1

2M 21 M o 1—a
Zg(l)W/MH Yy (1_3/) dy

T+M+1
2M % 1—
+ g(L)W/ M1 y*(1—y) “dy.

P(N)+M+1

E[X{V(X{V —1)
(XY + M)2

Proof First we note

3 (k—1)(k—2)
kgl(k"i'M (k—1+M)2>IP’[X{Vzk]

XNXP -1
(XN + M)?

—wg)(k—m 2kM + k + 20>
(k+ M)2(k — 1+ M)?

)P[X{V > k). (4.6.7)

We note that

2kM + k + 2M? (k+ M)(2M +1)
(k1)<(k:+M)2(k:—1+M)2> = (k1)<(k:—|—M)2(/-c—1—|—M)2>
(k—1)(2M + 1)
S( k14 M)p )

and

2kM + k + 2M? (k+ M)2M
(k_1)<(k+M)2(k—1+M)2> > (k_1)<(k+M)2(/€—1+M)2)

oM (k — 1)
T (k—14+M+1)3

We observe that, when o > 1,
k1
(k+ M)3 k>’

is decreasing for positive k. We then see that

b+1 xl—a b k 1 b xl—a
AN PO L S A Y
/a (z + M)3 x_g(k—i—Mﬁka_/a_l(x—i—M)?* .
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We finally note

b gpl-a T M1 -y I—a y\>.
[ wmmer= [ () () v

b+M

M

b+ M

1 [
a+ _
= W/ y (1 - y)l “dy.

Splitting the sum appearing in (4.6.7) into two parts, k < L and L < k < ¢(N) and

exploiting these observations completes the proof. O

Proposition 4.4.1 will follow from the proposition below as an easy corollary by

optimising the choice of Sy below.

Proposition 4.6.3. Suppose that the population evolves according to the Schweinsberg
model with juvenile offspring distribution satisfying (4.3.3). Let Bn be any increasing

sequence of real numbers with By — 0o as N — oo.

1. When foo = goo and (N)/N — 0 then

N  2fx S L2«
WGN—4(2_a)m?V + O(f(L) g(L)D—'—O(w(N)Qa)
BN Y(IV) Ny (N)*—
+O(N)+o( : )+o< = )

where L is any function of N with L(N)/{(N) — 0 as N — co.

2. When foo = goo and Y(N)/N — K then

Nt = ot [ =9y £ HO(T(E) — o(E)) + O /)

N K+mp

o[

P = K)o + o (Vo 6k,
where L is any function of N with L(N)/N — 0 as N — oc.

N

3. When foo = goo and Y(N)/N — oo then

Nty = fao 2 [y - )ty 4 O(T(L) — g(L)) + 0(5x /)
my; Jo

+ O((N/B(N))+*) + O((L/N)>=) + O(N/B%),
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where L is any function of N with L(N)/N — 0 as N — oo.

Remark 4.6.5. To reduce the constant order term in Case 3 to a more familiar form,
note that
Ma+1)I'(2 - «)

1
2/0 y*(1—y)ody =2 T(3) =al(a)'(2 — a).

Proof[Proof of Proposition 4.4.1]

2—« 1

This now follows immediately from Proposition 4.6.3 on setting Sy = ¥(N)™3 /N3

in Case 1, By = N5 in Case 2, and By = N in Case 3. ]

Notation 4.6.4. As we are interested in the behaviour of NE %ISNEN , it is
N

convenient to define Sy = EfVZQ X;. We shall be conditioning on events
Ay = {8y — (N — )my| < Bn}, (4.6.8)

where By is an increasing sequence and we recall from (4.3.5) that my = E[X}V]. We

can see, conditioned on Ay, that
M_ < Sy <My,
where

M_ =(N = 1)my — 8w,

M+ Z(N — l)mN + BN.

We shall use the notation M_ and M4 throughout our calculations. In several lemmas
below, we use M to denote an arbitrary constant. When we do this, we are intending to

use the result with M replaced by either My or M_.

To prove Proposition 4.6.3 we shall partition over the events Ay, A%. Our main

AN]7

focus will be the value, for large N, of

X1(X1—-1)

E
K

lsy>n

AN} _ E[Xl(Xl —1)
(X1 + Sn)2
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under the assumption that Sy/N — 0 as N — oo. The result will then follow if we

prove that

X1(X1-1)

NE
SK

lsy>N A?\,}P[A%],

is sufficiently small.

Lemma 4.6.6. In the notation of Proposition 4.6.3 and Notation 4.6.4,

P[|Sn — (N — 1)my]| > By] = O(éi)
N

Remark 4.6.7. Formally, if we take 1»(N) = oo the rate in Lemma 4.6.6 is optimal as

X will then lie in the domain of attraction of a stable law of index o and so we expect

N
By

Sy — N
P[|Sx — Nma| > Bx] :PH N mN’ BN

N1l/a = Nl/a:| ~C

for large N and some constant C.

Proof[Proof of Lemma 4.6.6] Define
By = {X; < BN Vi},
and observe that

P|Sy—(N — 1)my]| > Bn]

=P[(1ny| Sy — (N = Dmuy| + o5 [Sy — (N = Dmy|) > Bx]
<P[1y 13 — (V = Dl > 2] + L S — (V= Dma > 5
[ ] BN .

<P|15,|Sx — (N = my| = SF| +P[BR].

We can see that

f(By) _ NT()
N

P[BY] < NP[X; > On] < N
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Now observe that defining my := E[X11x,<3,], and recalling that my := E[X1],

E[1p,(Sny — (N — 1)my)? =E[1p, (Sy — (N — iy + (N — Dy — (N — 1)my)]
=E[1p,(Sy — (N = 1)iiy)’] + (N = 1)*(iy — m)?

=O(NBy ) + O(N?/B*12%).

Chebyshev’s inequality then implies

~ E[1p,(Sy — (N -1 2
P 1BN|SN_(N_1)mN‘>ﬁN:| <4 1B, (SN (2 )mn)?]
2 B
NB3- N? ) < N )
:O + o = O 2 |
( B% N PN
for N/B% — 0. O
4.6.2.2 Proof of Proposition 4.6.3
We are now in a position to prove Proposition 4.6.3.
Proof[Proof of Proposition 4.6.3, Case 1]
Consider
W(N) o 2L2—a - 2¢(N)2_a 2L2—oz
E[X1(X; - 1)) < 2 medy < f(1)=—— L -
X =D [ 2@t e <TG + T )( ),

for any L. We now see that

B, (X, - 1)) PO o
(V=D = B2 = (N = Dy — By )?

NP 2f(D) L B
-2 <<2 ey + O(zb(N)“) + o(ﬁ))

E[Xl(Xl_l) <

(X1 + §N)2

Similarly we can see that

] E[X1(X; —1)]
(W(N) + (N = )my + Bn)?

v (@ o) o (7) +o (7))

E[Xl(Xl — 1)
(X1 + Sy)2
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Finally,
N2 X1(X1 - 1) . .
w(N)Qfa]E 512\/' 1SN2N AN ]P)[AN}

.o E[X1<X1—1>]MA5VJ_O<Nw<N>2-a>
= By N R )

where we have used Chebyshev’s inequality to bound P[A%,].

Proof[Proof of Proposition 4.6.3, Case 2]
Recall, the assumption ¥)(N)/N — K as N — oo, and the notation M_ = (N —

1)my — By from Notation 4.6.4. We use Lemma 4.6.4 to see that if L(N)/N is bounded,

then

1 _
| it [y w000 070 - 1)

N K+m

QEHXI(le 1)
(X1 + SN)2

<‘¢(N —1+M— KTZ];%ND

+0 (/l v Y- y)l_“)

o [y )y + 0T — f)

2M_+1 2

my KTTNRN
+O(Bx/N) + o(MVN) - KD + O((L/N)2).

We also see, recalling M, = (N — 1)my + Sy,

QEHXI(Xl: 1)
(X1 + SN)2

2 1 .
AN] S / o 97197y Og(E) ~ g

N K+m

e K )
(N +14+ My K +mn

11—«
M +1 1 - )
L+M++1

Ol |—————N%—
+ < M++1 1+a m(]l\f
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2 1 —a
> oo / Y (1 — )y + 0(lg(L) — goo)
mN K+m

O(Bn /N)+O(‘¢S\]TV KD+O ((L/N)?>~).

We finally turn our attention to

ey Xl(Xl - 1) c c
E[X; (X1 — 1)]P[AS N)2=@ Nyp(N)2—@
N2 « N2 « ﬁN
where we have used Chebyshev’s inequality to bound P[A%,]. O

Proof[Proof of Proposition 4.6.3, Case 3] Now assuming that ¢(N)/N — oo and

L(N)/N bounded, we again turn to Lemma 4.6.4 to see

R [| Xl(Xl: 1)
(X1 + SN)2

2 1 _
AN] e [0 =) e+ O - )
/OW)_HM* y* (1 - y)lo‘dy)

1
+ O( v Y- y)““)

L—14+M_

< [0 =y 4 O(F(L) ~ )

O(Bn/N) + O((N/B(N) ) + O((L/N)*~).
Similarly, recalling that M, = (N — 1)my + Bn,

aEHXﬂle 1)
(X1 + SN)2

2 ! (e —x
] zon i [y 0000 - )
N

il
ol
[

2M, 2

«

My + D mg

My 41
WNHM* Y (1 — y)l_ady)

+0

1—
My +1 1 - y) a)

L+I\/I++1
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2 1 o
> oo / Y (1 — )y + 0(1g(L) — gool)

+O(BN/N) + O((N/B(N)F) + O((L/N)*~).
We finally turn our attention to

X1 (X; — 1)
K

X1(X1-1)

N°E —— | IP[AS
max{X%,NQ}] [AN]

lsy>nN

A?V]P[Aﬁv] < NO‘E[

X1(X1—-1)

< N%E{W}Pmm — O(P[43]) = o( N

By

), (4.6.10)

where we have used Lemma 4.6.6 to bound P[A%/] and Lemma 4.6.4 to control all other
terms.

|

We conclude this section with a slight modification of Schweinsberg (2003), Lemma 6.

Lemma 4.6.8 (Lemma 6, Schweinsberg (2003)). For allr > 1 and ky, ..., k. > 2, we

have

El(v1, vk - i)k ] _ N o | (X)ky - (X )k, o Lo ® +o k)
NRtFh—rey oy Ghittk, NN N ’
(4.6.11)
and
ey =C (1+o(1)> (4.6.12)
N —_ N N . .U,

Our proof follows that presented in Schweinsberg (2003). However, we include it in
order to emphasize that the source of the error term is the distinction between sampling
with and without replacement from the juvenile population.

Proof

Label individuals in the current generation by {1,2,...,N}. For each 1 <r < N,
set ko = 0 and write By, ., for the event that for each ¢ = 1,...,r, the individuals
labelled {ko+---+k;i—1+1,...,ko+---+k;—1+k;} are all descended from the individual

with label 7 in the previous generation.
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We then see that

P[Bky,...k,] = E[P[Bg,,.. k. Jvi,n5 - soNN] = E (1.0t - (Vv )i :
(N kot

and

P[Bk,....k,] =P[Biy,.. .k, N {SN = N} +P[By, .k, N{Sn < N}]

:E[P[Bkl,...,kr N {SN > N}’Xl, R ,XNH + P[Bkl,...,kr N {SN < N}]

(X1, - (Xy)

=
(SN k1t tkr

ko
lsy>n|,

where we have used that when Sy < N we will maintain the previous population, and
so will see exactly one individual in the ith generation descended from each individual
in the previous generation. The result follows on replacing (Sy )k, +--+k, by S]]i[ﬁ"'JrkT.

We recall the definition of Cy from (4.6.6). We may deduce (4.6.12) from (4.6.11)
with r = 1 and k1 = 2, by using that ¢y = E[(v1 n)2]/(IN — 1) and that, in this case,

the left hand side of (4.6.11) is equal to (N —1)/N. ]

4.6.3 Convergence to the Kingman Coalescent

In this section, we use Proposition 4.6.1 to prove Proposition 4.4.2.
Proof[Proof of Proposition 4.4.2.]

From Lemma 4.6.8, it will suffice to replace ¢y by €y, and from Proposition 4.4.1,
Cy = O((N)?7%/N). Recall also that we are assuming that 1(N)/N — 0. We then

see

N X4 N E|[(X; N? N)3—«@ N
@VEl(S;JslsNzN] <X [<N3>3] :O<w(N)2_aw<N>3 >:O<w<N>>

For the converse of (4.4.4), recalling the definition of Ay and M, from Notation 4.6.4,

and setting By = N, we see

N X N X
ELS1 KCLSDE BRI LR} B ©.5) . IR PR P
Sy (0
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(NP RN ()
‘O<¢<N>2—a N )‘O(N)’

where we used Lemma 4.6.6 to deduce that P[Ax] is O(1).

Now consider (4.4.5).

J\jE (X1)2(X2)2 V2 E[(X1)2(X3)] _ E[(X1)o)
CN Sjl\f Snv=N T CN N4 N CN]V2
o NN Lp(N)Pe
o))

A\N = { ZXzN - (N—2)mN < BN},
i=3
and proceed as before to see
N—QE (X1)2(X2)21 § >£2 (X1)2(X2)2 vls
ex | SE T Tav [ un) + S XY A
N? E[(X1)2(X2)q] n
>— P[A
Zon @) + (V- Jm + Byt Y
o N3 w(N)4—20¢ _ 0 w(N)Z—a
I ) i N R &
where again we chose Sy = N, and used Lemma 4.6.6. O

4.6.4 Convergence to the Lambda coalescent

In this section we use Proposition 4.6.2 to prove Proposition 4.4.3.

We divide the proof of Proposition 4.4.3. into two parts, first controlling the
probability of simultaneous multiple mergers, and then identifying the measure A in the
limiting coalescent.

Proof[Proof of (4.4.6)]

From Lemma 4.6.8, we can replace ¢y by €y, and from Proposition 4.4.1, Cny =
O(1/N*~1) and (assuming that N is large enough that my > 1), following Schweinsberg
(2003) we see
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1s >N] < —2 (X1)2(X2)> ]
A )

N2E[(X1)2(X2)2

CN Sjlv cNE{(maX{X%,NQ})(maX{Xg,N2}

-2 ) 2] o)

where we have used Lemma 4.6.4 for the final estimate. For the lower bound, using the

Notation 4.6.4, we have

N2 T (X1)2(X2)2 ]
> —E|———~~1
“eoy LXMWY

CNZ T (X1)2

CN _(Xl +M+)4

N2 T (X1)
>U Rl 2U2 g
“en L(X1+ My)* XISMJ

—E S;LV 1SN2N

N? l(Xl)Q(XQ)Q
en

E[(X2)21ay]

X E|:(X2)21

N2 [(Xl)2

N 1
ISN X~ (N=2)m | <2 T X —my | <2 ]

> E
= 16M%

1X1§M+]
CN

N
X E{(X2)21|X2_mNS5N]Pl Z?)Xl — (N = 2)m,

2

N ME
-0 - + 512\704) -0 lea ,
<N1 i (V=)

where we choose Sy = N to optimise on the final line and Lemma 4.6.6 to deduce that

the probability on the penultimate line is O(1).

Proof[Proof of Proposition 4.4.3: identifying the measure A]

We first note that (4.4.6) and Lemma 4.6.8 reduce the proof of Proposition 4.4.3 to
examining
X1

. N . N
A}gnoo aP[vl,N > Nzx| = A}gnoo JP [SN15N>N > x},

for x > 0. We essentially follow Schweinsberg (2003), pp 129-131. We start in a familiar
way by conditioning on {Sy > (N — 1)my — 8y} = {Sy > M_}. We assume that
BN /N — 0 and recall the definition of Ay from Notation 4.6.4. We see

N
—P

Xl X1 Xl ]
CN

N N ~
<_Pl— - _ —_— >
{SN].SN>N>$} _CN]P)|:X1+M_ >x}+CNP[{SN<M }}P{N >
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N

gCNIP{Xl > xM‘} + gV]P’[Aﬁv]]P’[Xl > zN]
N ( —x)af<a:M_>

T enM* x© 1—=x

— X

N
Lere cyny 79 </3]o¢f(””N)> '

In the opposite direction, still requiring Sy /N — 0, we have

N X1 N Xl :|
—P|—1 > PAN|IP| ————
CN [SN SnzN = 4 “cn An] {X1 + M, -
:NIP[AN]IP{Xl 5 ZMy
CN 1—=x

N (1—-x) [faMy N

where we recall M = (N — 1)my + On.
Using Lemma 4.6.8 to replace cy by Cxn from Proposition 4.4.1, the proof of

Proposition 4.4.3 is complete. O

4.7 Large sample size calculations

We wish to establish how large a sample size we can take before the errors that we
make in using the limiting coalescent processes that we have identified to estimate the
distribution of the site frequency spectrum for data become significant. Of particular
interest is understanding how large sample size affects the site-frequency spectrum, since
the site-frequency spectrum is frequently used in inference, in both the single locus and
multi-locus case, for instance see Eldon et al. (2015) and Koskela (2018) respectively.
Since mutation rates are not infinite most statistics will not be able to differentiate
between mergers that happen instantaneously and those which occur in quick succession

if both lead to the same topology for the genealogical tree.

4.7.1 Large Sample Size and the Kingman coalescent

We consider what sample size will show divergence from Kingman in a haploid population
of size N with Wright-Fisher sampling, and ¢y = 1/N. The probability of seeing a
3-merger in a single generation within a sample size of n is (g)/ N?2. Similarly the

probability of seeing two simultaneous pairwise mergers within a sample size of n is
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(})(N —1)/N3. We see that 2-mergers have a rate (})/N. Therefore, in order to see a
3-merger or simultaneous merger they must happen at a rate at least comparable to
2-mergers. A straightforward calculation then leads us to expect to see simultaneous
mergers when n = O(v/N) and 3-mergers when n = O(N). One would, therefore, expect
the Kingman approximation to break down due to occurrence of simultaneous mergers.
However it can be seen, for instance in Wakeley and Takahashi (2003), that one only
starts to see the impact of large sample size on the site-frequency spectrum when n is
of the same order as the effective population size (1/cy), which in our example above is
N. This leads us to look for when the sample size is sufficiently large to change the
topology of the coalescent tree.

For example with sample size n in the case covered by Proposition 4.6.3, (1), we

will see 3-mergers (recall (4.6.2)) when

X n
NE[(S%)\T):)’ ISNZN] (3) nip(N) 40 (471)
Pla 2-merger given n lines| X n Y ’ o
[ ger giv ] NE[(5]§V)215N>N] (2)

Pla 3-merger given n lines]

and we will see simultaneous mergers (recall (4.6.3)) when

P[two simultaneous 2-mergers given n lines]

P[a 2-merger given n lines|

NQE[(Xl)z(Xz)z 1g >N] 1(n) B
S4 N= 2\4 2 N 2—«
_ N LN L, (4.7.2)

Ve[

We then see that simultaneous mergers happen when n is of order y/1/cy as in the
simple Wright-Fisher example above. Whereas 3-mergers only happen when n is of
order N/v(N) which is larger than \/1/cy for 1 < a < 2. As such in Proposition 4.6.3,
case (1), we would expect the Kingman coalescent to be a valid approximation for
sample sizes up to order N/ (N). The assumption here is that ¢¥(N)/N — 0. If
P(N) = N/log(N), then our results show that sample size of order O(log N) can be

sufficient to invalidate the Kingman-coalescent approximation.
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4.7.2 Large Sample Size and the Lambda Coalescent

We now turn our attention to proving our claims about the effects of large sample size
when the limit is a A-coalescent. In particular, we show that as a result of approxi-
mating sampling without replacement, by sampling with replacement, we consistently
overestimate the rate of k-mergers and that the error is on the same order as the rate of
mergers for k = O(\/N ). We shall then provide a heuristic argument, based on known
results for the number of blocks in the limiting coalescent, that suggests that this will
significantly distort our prediction of things like the ratio of external branch length to
total tree length, and hence the site frequency spectrum, for sample sizes of order IV a2,

Recall the notation §N = Z{LZ Xp.

P[Exactly k from n lineages merge in 1 generation]

= E[P[Exactly k from n lineages merge in 1 generation|Xy, ... Xy]]
X1\ (Sv—X
() i)
S
)

:N<H)E[X1(X1—l)(Xl—]{)—l-l)(gN)(gN—n—l-k—i-l)

:NE[ 1SN>N]

~ = ls >N |-
k (X1 +Sy)...( X1+ Sy —n+1) V=

Note that we have not prohibited simultaneous mergers. Now we wish to calculate

E[ X1(X1 —1)... (X —k+1)
X1+ M) .. (X1 +M-n+1))

As usual we consider the set Ay defined in Notation 4.6.4. Conditioned on Ay, for any n
with n/Sy — 0, we approximate (Sy) ... (Sy—n—k-+1) and (X;+Sy) ... (X+Sy—n+1)
by 5]’@_’“ and (X + Sy)™ respectively.

We shall make use of the following observation:

/b LA %Mmi(l_y)py—q%dy
o (x+ M) s yr My
2 .
— Mlﬂ,,q/«;; (1 —y)Pyt P 2dy = M”P*q/ 1; uP (1 — )T P 2du. (4.7.3)
1

b+M T atM
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We also recall from the calculations in Section 4.6.4 that, for ¢»(N)/N — oo,

N 1
lim —Py; > Nz :/ y2A(dy)
N—oo CN T

with A(dy) = C(a)(1 — y)*!/y*~!dy, where the constant C(a) = 1/T'(a)T'(2 — ).
Lemma 4.7.9. For M € R we have

M1+p—q /1_1)%” ul’(l _ u)lI—p—Qdu < i >
B 1=a (Z + M)q

1M
< M1+p—q/ b*};M uP(1 — u) P2y + O(MP™9)
e v

Proof We begin with

-7 2 ey o
< . -
Z (7/ + M)q — ‘/a + M)q T+ ( )

i=a -1 (CL‘

1—_ M
= MHra / TP (1 — )P 2du + O(MPI),

where the O(MP~9) correction appears since for p # ¢, i?/(i + M)? has a maximum at

i =pM/(q —p). A similar calculation provides the opposite inequality. |

We now present a lemma which is similar in nature to Proposition 4.6.3.

Lemma 4.7.10. Consider a sample of n individuals from a population evolving according

to model (4.3.3). Suppose that n/N — 0 and n > k.
1. When foo = goo and (N)/N — K, for any L = L(N) with L/M — 0,
Xl) SN7X1)

K
NE [( k ((S;)k 1SN2N‘| = Nl_afoom&a (Z) (k/OK+mN uk_l_“(l — u)" R Tedy

n

(=) [TV ke - u>"k+a1du> (1 +O(F(L) - g(L)) + O(3/N)

+0 (MVN) - K’) + o((L/N)’“*a) + O(K*/L) + O(Nz/;(N)Z“/ﬁ?V))

(4.7.4)
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2. When foo = goo and Y(N)/N — oo then

X1\ (SnN—X1 1
NE[( k )((S]\'I;,)—k ) 1SN>N‘| — leafoom]—va <Z> <k/0 ukflfa(l _ u)nfk+adu

n

_(n B k) /01 uk—a(l . u)n—k—i—a—ldu) (1 + O(’?(L) — Q(L)D + O(ﬁN/N)
O((N/p(N))"=REHY) 4 O(Ly g (N/3p(N))F 1)

OQUNWQ)+mﬁu4+mNmm).umm

Equation (4.7.5) arises naturally in our proof and so we have left it in this form.

However, observe that

k/ k—1— a _u)nfkfadu_(n_k) /01 ukfa(l_unfk%»afldu
kn—k+a)l'k—a)l(n—k+a) (k—a)n—EkKT(k-a)l(n—k—a)

T(n+1) I(n+1)

_ F(k — a)l—‘(n —k+ Oé) _ ! k—a—1 n—k—a—1
=an Tn+ 1) —oz/o u (1 —w) du,

as expected from Proposition 4.4.3.
Proof[Proof of Lemma 4.7.10]

As usual we partition over Ay, A%, with Ay from (4.6.8). First note that

(M_—n+k+1)”kIE[ X (X—k+ 1) }

(X +My)...(X+M, —n+1)
Xi(X;—1)...(X1 —k+1)Sy...(Sy —n+k+1)
(Xl—i—SN)...(Xl—l-SN—n—I-l)

X.. . (X—k+1)
(X+M_)...(X+M_—n+1)

<E

lsy>n

x|

< Mﬁ’“E{ ] . (4.7.6)

We now look at

E X .(X-k+1)

[X"‘M) (X—i—M_—n—i—l)]
$(N) (i—k+1) (i—1)...(1 — k) .

= Z:k<z—|—M (i+M_—n+1) (z’+M—1)...(i+M_n)>]P’[XZZ]
(N) (t—1)...(i—k+1) kM — (n — k)i .
zzk(l—i—M_—l (i+M—_n+1>(i+M_)(i+M__n)>P[XZZ]
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W), :
B (i—1)...(i—k+1) .
_Z;<U+My.”u+Mr—nfM>mXZ“
P(N) . i
_§:< 1) @+Zi?n%”—@QMXZ“'

Our next task is to control the first term in this expression. For any L < ¢(N), using

Lemma 4.7.9 to bound the sum for ¢ > L

Y(N)

(i—1)...(i—k+1) |
z'gk ((i+M_)...(z‘+M_ _n)kM)P[X > 1]

ik—1 i
- Z < (i 4+ M_ —n)ntl kM) fz(“)

i=k
1 M_-n
S T(L)kM, (M, _ n)k—n—l—a/ w;jztf,7n+l ukj—l—a(l _ u)n—k+adu
T L+M_—n—1

o((L/k=e),

where the error arises as O(kM_(M_ — n)F=n—1=a(L/M)*~

To find a corresponding lower bound, first observe that

Y(N) . )
(i—1)...(i —k+1) .
g ((i+M_)...(z‘+M__n)kM>P[X>z]

(i — k4 1)1 i
- Z ( z+J\}r_)l+1 kM) gz'(a)

M_

11— =
2gu»(kaAﬁi"1<{A jYHMubJ_%l—wQ”*+%m)(1+CKkWL))

T LM_

where the O(k?/L) error term (which is always negative) appears since, for i > L,
(i—1)...(i—k+1)/i* 1t =1-0(k?/L).

Similarly,

M_—n

< ?(L) ((n — /{)(M, _ n)k—n—a /llw uk_a(l _ u)n—k+a—1du)

T ILFM_—n—1
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O((L/M)k=e),

and

P(N)

(i—1)...(i—k+1) . .
2 <(i+M)...(i+M_n)(”_k)Z>P[XZZ]

(i — ko 1h! i
- Z(W(nk)>iga()l

;ig(L)((n-—kgﬂ4ﬁ—”—atﬁq_"ﬁ§¥*M uka(l-u)”k+a1du> (1+0(1?/1)).

kol

1=

T L¥M_

Bounds involving M follow from entirely analogous arguments.

We must now estimate the terms conditioned on A%,. When n/N — 0, for sufficiently

large NNV,
Xi(X1—1)...(X1—k+1)Sy...(Sy —n+k+1) .
]E = = 1SNZNAN
(X1+Sy)...(X1+Sy—n+1)
X1(X7-1)...( X1 —-k+1
<E XX —1)... (X —k+1) TS
(X1—|—SN—77,—|—]€)...(X1—|-SN—TL+1)

X1(X1 -1
SEll(Si)lsNzN
N

] o(e51)

The error term is calculated by partitioning over X7 < N and X7 > N. In the first case,
cach of the k ‘spare terms’ (X1 — j)/(X1 4+ Sy —n+j), is bounded by N/(N — (n—k));
if X1 > N each such term is bounded by X;/(X; +n — k). Now using the elementary
facts that (i + b)*/i* = 14+ O(kb/i) and (i — b)¥/i* = 1 — O(kb/i), we recover the error
term above.

We can now see that the final two error terms in (4.7.4) and (4.7.5) come from

(4.6.9) in the case ¥(N)/N — K and from (4.6.10) when ¢)(N)/N — oc.

Corollary 4.7.11. If k*/N /£ 0 we will not see convergence to the limiting rates

suggested by Proposition 4.4.3.

In particular, we see from the proof above that the O(k?/L) error term is always be

negative. Therefore, when the limiting A-coalescent has mergers of at least /N lineages



4.7 Large sample size calculations 187

we will be see a reduced number of such mergers, and so a different topology, in the
coalescent tree corresponding to the prelimiting model.

We now present some heuristic calculations to establish how large the sample size
must be in order for there to be an O(1) probability of seeing a merger of at least v N

lineages in the limiting A-coalescent. Since

e gh=a=l(1 — g)m—kta-l Tk—a)l(m—k+a)
Ame = /0 M2 —a) = Tz —a) ’

the total rate of k mergers within m lineages is given by
my, _[(m I'k—a)l'(m—k+«a)
k)™ T\ k) Tm)T(@)D(2 = a)

~om! 'k —a)l'(m—k+ «)
CEl(m—k)! (m— 1T (a)T(2 - a)

m!  T(k—1)I(m-—k+2) 1
R m =k (m—DIT(@T2—a) (k=1 1(m -kt 2)2a
. om! (k=2)!(m—Fk+1)! 1
CEl(m—k)! (m— D)IT(@)T(2 —a) (k—1)o"1(m — k + 2)2~«
m(m —k+1) 1

k(-1 (k-1 1(m—-k+2)22T(a)T(2—a)’

where we have used Gautschi’s inequality, Gautschi (1959/60),

. Dx+1) _

1-s 1-s

<< 1

B I(x+s) (z+1)

for z > 0 and s € (0,1). Summing over £k = 1,...,m, and approximating the sum

by an integral, since k = vV N — oo, the total rate of mergers involving more than k

individuals can be approximated (up to a constant) by

m(m d T 1/m—k\*®
/ xo‘“ :n—/ T k ’

m—-x
Tz

where we have used the substitution u =
Now consider the number of ancestral lineages present in the Lambda coalescent.
This has been well studied. For example, we recall the following result from Berestycki

et al. (2008).
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Theorem 4.7.1 (Theorem 1.1, Berestycki et al. (2008)). Let Ny be the remaining

number of blocks in the Beta-coalescent, then

NS B .
2lg%t TNy = (ol'()) o1,

almost surely.
We now present some simple heuristic arguments. We will be looking at small time

results and so, with an abuse of notation, we take

N, = (O‘F;O‘)Yl_l.

We then see that the expected number of mergers involving more than & individuals

when started from m individuals is approximated by

1 «
ol (o al'(a) ) a—1
/ki(1>1 () dt_@(m)
al(a) o k ke

The integral is dominated by the contribution for times arbitrarily close to the starting

time, so as soon as m = O(N%/?) we expect to see mergers of at least v/ N lineages at
arbitrarily small times.
Since the external branches of a Beta-coalescent make up a positive proportion of
the total branch length even in the limit (unlike in the Kingman case in which the
ratio of external to internal branched tends to zero), such mergers can be expected to

influence our statistic (Mi(n), = ;55 Mj(n)) for sample sizes of O(N/?), as claimed.
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