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A number of concepts in modern algebra have arisen as abstract versions of
systems of functions of one type or another, the most famous example of course
being groups: the abstractions of systems of bijections or permutations. Going
further, the articulation in the 1920s and 1930s (see, for example, [11]) of the fact
that non-invertible transformations are no less ubiquitous than bijective ones, led
to the abstraction of systems of arbitrary transformations and the beginning of
the theory of semigroups [5].1 Various other types of functions have also been
studied in a similar manner. One particularly interesting instance, though one
that is arguably lesser known, is that of partial transformations. In this article, I
give a taste of the study of partial transformations and the corresponding abstract
theory.

Simply put, a partial transformation α on a set X is a mapping between subsets
of X. For convenience, we typically regard a partial transformation α as mapping
from its domain domα to its image imα. Thus, any partial transformation
is automatically regarded as being surjective. Partial transformations abound
in mathematics, and we can easily construct (often slightly artificial) examples
by tweaking the domain of a given function. Thus, to take an example from
number theory, Euler’s totient function ϕ is a fully-defined transformation of the
integers, but only a partial transformation when considered on the reals. A more
interesting and considerably less contrived example (and one that we will revisit
below) involves transformations between open sets of a topological space: these
are clearly partial transformations of the space as a whole.

The issue remains of how to compose two partial transformations, but this is
easily dealt with: we compose them (from left to right2) on the largest domain
upon which it makes sense to do so, namely, given partial transformations α, β
on a set X, we form their composition α ◦ β on the domain

(1) dom (α ◦ β) = (imα ∩ dom β)α−1,

where α−1 denotes the preimage under α. It is clear that this domain consists
of all those elements in domα that are mapped into dom β by α, and to which

Date: June 7, 2016.
1A semigroup is a set with an associative binary operation.
2We do this not to be perverse but because it sits more easily with the upcoming material

on binary relations. When reading compositions from left to right, it is also more convenient
to write functions on the right of their arguments: thus, our ‘xf ’ denotes what would more
usually be written ‘f(x)’.

1



2 CHRISTOPHER D. HOLLINGS

we may then apply β; the situation is illustrated in Figure 1. As one might
expect, the result of applying the composite partial transformation α ◦ β to any
x ∈ dom (α ◦ β) is x(α ◦ β) = (xα)β.

Figure 1. Composition of partial transformations

In fact, the above comment that the composition of partial transformations is
“easily dealt with” was rather glib, for the issue of how to compose two partial
transformations is one that came with certain conceptual difficulties that vexed
mathematicians for a couple of decades. An early example of the use of partial
transformations may be found in Oswald Veblen and J. H. C. Whitehead’s The
foundations of differential geometry of 1932 [12]: Veblen and Whitehead sought
to devise a structure that would serve as a tool in differential geometry by anal-
ogy with the uses to which groups may be put in, say, Euclidean geometry. Their
solution was the notion of a pseudogroup: a collection of homeomorphisms be-
tween open sets of a topological space such that the collection is closed under
inversion of mappings and under composition. Speaking very loosely, the objects
of interest in differential geometry would then be those structures that remain
invariant under the action of a pseudogroup (cf. invariance under the action of
a group in other geometries). But what was the composition that Veblen and
Whitehead adopted for their pseudogroup? It wasn’t that given in (1) but rather
the rule that we may only compose partial transformations α, β (in that or-
der) if imα = dom β. The pseudogroup was thus endowed only with a partial
composition.



HOW TO HANDLE PARTIAL TRANSFORMATIONS 3

Although by no means unknown in mathematics by this stage (see, for ex-
ample, [1, 7]) the notion of a partial composition is one that appears to have
caused some consternation amongst mathematicians. Certainly, when handling
partial compositions, one must be very careful about where and when composite
functions are defined, with the result that the corresponding mathematics can
be rather fiddly. Well-behaved and fully-defined compositions appear therefore
to have been preferred in general, and this was most certainly the case in con-
nection with the pseudogroup. Efforts were made to extend the operation in a
pseudogroup to a fully-defined one, although it was not immediately obvious how
this might be achieved. The Dutch differential geometers J. A. Schouten and
J. Haantjes, for example, extended the operation in such a way that α ◦ β exists
whenever imα ∩ dom β 6= ∅ [9]. A couple of years later, a Polish mathematician,
Stanis law Go la̧b, developed the beginnings of a broader theory of pseudogroups,
using a composition whereby α ◦ β exists whenever imα ⊆ dom β [3]. We see
immediately, however, that although the compositions adopted by Schouten and
Haantjes, and by Go la̧b, were less restrictive than that of Veblen and Whitehead,
they still failed to be fully-defined operations, for they did not take account of
the possibility that we might have imα ∩ dom β = ∅. The composition of any
such α, β simply was not defined. With the unfair benefit of hindsight, we can
see that the detail that all of these authors were missing was the notion of the
empty transformation. Often denoted by ε, this is the partial transformation on
X with dom ε = ∅. To return to the composition given in (1), we see in fact
that the admission of the empty transformation is essential to this being a fully-
defined composition: the presence of ε enables us to handle those cases where
imα ∩ dom β = ∅. Indeed, the collection of all partial transformations on a set
X (denoted PT X) is closed under the composition (1), and ε serves as the zero
element of this set, i.e., ε ◦ α = ε = α ◦ ε, for all α ∈ PT X .

It is difficult for us to appreciate nowadays the conceptual difficulties that ac-
companied the admission of ε as a valid partial transformation, although perhaps
we could draw parallels between this and the only-very-gradual admission of 0 as
a valid number in centuries past. The realisation that the empty transformation
ought to be employed in this way appears to have been made first by yet another
differential geometer, the Russian V. V. Wagner, who also pointed to an easier
way of viewing it [14]. The contribution of a lengthy appendix to the Russian
translation of Veblen and Whitehead’s text seems to have set Wagner thinking
about pseudogroups and related concepts. His key observation in this connection
was that the composition of partial transformations, as given in (1), is merely a
special case of that of binary relations. A binary relation ρ on a set X is simply
a subset of X ×X. We may compose two binary relations ρ, σ on the same set
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X in the following manner:3

(2) (x, y) ∈ ρ ◦ σ if there exists z ∈ X such that (x, z) ∈ ρ and (z, y) ∈ σ.
Any partial transformation α on X may be viewed as a binary relation, namely

{(x, y) ∈ domα× imα : y = xα}.
It is left as an exercise for the reader to verify that, upon adopting this new point
of view, the composition rules (1) and (2) are in fact one and the same in the case
of partial transformations. If one thus views partial transformations as particular
subsets of X × X, it no longer seems like such a conceptual leap to admit the
empty transformation: this simply corresponds to the empty subset of X ×X.

The case that particularly interested Wagner was that of injective partial trans-
formations; given the convention that any partial transformation is defined so as
to be surjective, we see that an injective partial transformation on a set X is then
a bijection between subsets of X, and is therefore often called a partial bijection,
a term that we adopt here. Indeed, the transformations that made up Veblen
and Whitehead’s pseudogroup were assumed to be injective, and hence provided
a description of ‘local symmetries’ within the space in question: a bijection from
one subset to another expresses the fact that the two subsets ‘look alike’.

Given a partial bijection α on a set X, we clearly have the inverse partial bijec-
tion α−1 : imα → domα. However, as Wagner observed, something interesting
happens when we apply (1) to a partial bijection and its inverse: we do not ob-
tain the identity transformation on X as we would in the case of a group (indeed,
this need not belong to the collection of partial bijections under consideration),
but rather a partial identity. If we denote by IA the identity transformation on
A ⊆ X, then it is easy to verify that α◦α−1 = Idomα and α−1◦α = Iimα. Applying
(1) again, we may further deduce that α ◦ α−1 ◦ α = α and α−1 ◦ α ◦ α−1 = α−1.
Indeed, these latter relationships proved to be key to Wagner’s investigations,
for not only did he seek to ‘complete’ Veblen and Whitehead’s composition, but
he also, to return to the theme of our opening paragraph, sought to derive the
abstract version of a system of partial bijections [15, 16]. The abstraction in
question was dubbed a generalised group by Wagner, although it is now known
as an inverse semigroup, a name coined by the British mathematician G. B. Pre-
ston, who devised the same structure independently [8]. An inverse semigroup
is a semigroup S in which every element s has a unique ‘inverse’ in the sense
that there exists an element s−1 ∈ S such that ss−1s = s and s−1ss−1 = s−1.
We see from above that the collection of all partial bijections on a set X, de-
noted IX , forms an inverse semigroup under the composition (1); IX is termed4

3It is because it seems more natural to read the composition of binary relations from left to
right that we have adopted the same convention for composition of functions.

4It should be noted that the point of view presented here is very much the semigroup-
theoretic one. Amongst combinatorialists and representation theorists, what we have termed
the symmetric inverse semigroup is more commonly known, in the case of finite X, as the rook
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the symmetric inverse semigroup on X because it plays a role in the theory of
inverse semigroups that is analogous to that of the symmetric group in group
theory, namely that any inverse semigroup may be embedded in some IX . Thus,
to revisit the ideas noted in the preceding paragraph, inverse semigroups provide
us with an abstract theory of ‘local symmetries’ [6].

The study of partial transformations can of course be taken in many other
directions. For instance, we might choose to drop the requirement of injectivity
and thus return to the study of arbitrary partial transformations. Since these are
not quite so well behaved as the injective ones, a slightly more elaborate theory
is needed to describe the structure of PT X : for an outline of one approach
to this, see [4]. On the other hand, we might instead follow the approach to
pseudogroups taken by Charles Ehresmann [2] and try to overcome any prejudices
that we might have against partial compositions by reverting to that of Veblen
and Whitehead: α ◦ β is defined only if imα = dom β. The reader may already
have observed that such a composition is redolent of that in a category, and
so it is no coincidence that the modern theories of categories (in the special
case of so-called inductive groupoids) and inverse semigroups share such rich
interconnections (see, for example, [6]). To conclude, we note that one further
direction in which we might take things would be to do as Wagner did and study
partial transformations between two distinct sets A and B, i.e., mappings from
subsets of A to subsets of B [13, 16]. Here, the theory has a rather different
character, as we need to introduce a ternary operation into consideration, and
that is another story entirely...
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