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ABSTRACT

The global super-rotation index ( compares the integrated axial angular momentum of the atmosphere with that of a state of solid-body
co-rotation with the underlying planet. ( is similar to a zonal Rossby number, which suggests its value may be a useful indicator of the
circulation regime occupied by a planetary atmosphere. In this work, we investigate the dependence of ( on planetary rotation rate, S,
by running idealised Earth-like general circulation model experiments over a wide range of rotation rates, in both an axisymmetric and
three-dimensional configuration. Across the range of rotation rates considered – 8SE to SE/512, where SE is the Earth’s rotation rate – (
is of the same order of magnitude in the 3D and axisymmetric experiments. For high rotation rates, we find that ( � 1 and ( ∝S−2, while
at low rotation rates ( ≈ 1/2 = constant. By considering the limiting behaviour of theoretical models for (, we show that the value of ( and
its local dependence on S can be used to define the circulation regime occupied by a planetary atmosphere. ( � 1 and ( ∝ S−2 defines
a circulation regime dominated by geostrophic thermal wind balance, and ( ≈ 1/2 = constant defines a regime where the dynamics are
characterised by conservation of angular momentum within a planetary-scale Hadley circulation. ( � 1 and ( ∝S−1 defines an additional
regime dominated by cyclostrophic balance and strong equatorial super-rotation. This regime, characteristic of Venus and Titan, is not
realised in our numerical experiments.

1. Introduction

The dynamics of planetary atmospheres are sensitive to
planetary parameters such as their radius 0 and sidereal ro-
tation rate S, as well as atmospheric properties such as at-
mospheric composition. This is borne out by the dynamics
of the Solar System atmospheres. The Earth’s atmospheric
circulation is characterised by overturning (Hadley) cells
which feature air rising near the equator and sinking in the
sub-tropics. In the mid-latitudes, prograde jets with zonal
velocities of approximately 30–40ms−1 are present, while
in the tropics weak retrograde flow is found (Schneider
2006). By contrast, Venus and Titan (which are slowly
rotating with respect to the Earth, and in the case of Ti-
tan also smaller) host prograde equatorial jets with zonal
wind velocities in excess of 100ms−1 (Counselman et al.
1980; Bird et al. 2005). Numerical modelling suggests
these atmospheres also feature planetary-scale overturning
circulations formed ofHadley-like cells with a nearly hemi-
spheric meridional extent (Hourdin et al. 1995; Lebonnois
et al. 2010). The atmospheres of the gas giant planets
Jupiter and Saturn (much larger and more rapidly rotating
with respect to the Earth) feature zonal velocity profiles
with strongly prograde jets alternating with weakly retro-
grade jets in a banded pattern (Porco et al. 2003, 2005).

There is now a large body of work that seeks to un-
derstand how atmospheric circulation is sensitive to key
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parameters and processes [as detailed in reviews by Read
(2011), Showman et al. (2013), and Read et al. (2018)].
Numerical modelling using Earth-like General Circula-
tion Models (GCMs; Earth-like as they have a radiative
heating/cooling structure that mimics the Earth’s, and use
Earth’s surface pressure) has revealed that the external ther-
mal Rossby number

R ≡
'dΔ)eq

(S0)2
, (1)

is an important parameter in determining the dynamical
regime occupied by a planetary atmosphere (Geisler et al.
1983; Williams 2003; Mitchell and Vallis 2010; Potter
et al. 2014; Kaspi and Showman 2015; Wang et al. 2018).
Above, 'd is the specific gas constant for dry air (where
‘air’ is the main atmospheric constituent), and Δ)eq is the
radiative equilibrium equator-to-pole temperature contrast.

The numerical experiments presented in the studies
listed above show that for R � 1 (rapid rotation rate), a
regime characterised by geostrophic balance and multi-
ple zonal jets is obtained. For R � 1 (slow rotation rate),
atmospheric circulations typically occupy a regime charac-
terised by cyclostrophic balance and a super-rotating equa-
torial jet, with specific zonal angular momentum greater
than that of the underlying planet at the equator. The emer-
gence of strong super-rotation in simulations with large R
is consistent with the existence of super-rotation in the at-
mospheres of Venus and Titan, for which RV ≈ 570 and
RT ≈ 20 respectively (Read and Lebonnois 2018).
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A planet’s atmospheric circulation is not solely deter-
mined by R however, as it is sensitive to other non-
dimensional parameters [such as the Ekman number or
frictional Taylor number, and the thermal damping num-
ber; Potter et al. (2014); Dias Pinto and Mitchell (2014);
Wang et al. (2018)]. For example, Dias Pinto and Mitchell
(2014) show that when R is large, a strongly super-rotating
state – analogous to that of Venus’ and Titan’s atmospheres
– is not obtained if the thermal damping number ĝa = 2Sga,
where ga is a radiative relaxation timescale, is small (as
may be typical for a slowly rotating planet). This under-
scores the importance of other differences between Venus
and Titan, and Earth-like planets, beyond Venus’ and Ti-
tan’s large external Rossby numbers, for generating strong
super-rotation.

To facilitate the comparison of circulation regimes ob-
tained in different planetary atmospheres, it is useful to
develop bulk quantities that indicate the specific regime
they occupy. However, the utility of R and other input
parameters for this task is limited, by the sensitivity of
atmospheric circulation to multiple input parameters and
atmospheric properties. Instead, it is necessary to use
diagnostic quantities that can be computed from the equi-
librium flow structure in a planetary atmosphere (or a set
of numerical simulations).

In this study, we will investigate the utility of the global
super-rotation index ( for characterising and comparing the
circulation regimes occupied by different planetary atmo-
spheres. ( is defined (Read 1986a,b; Read and Lebonnois
2018)

( ≡
∫
d< d+∫

dS02 cos2od+
−1, (2)

and compares the mass-weighted global integral of the
specific zonal angular momentum

< = 0 coso(S0 coso+D), (3)

with a state of solid-body co-rotation with the underlying
planet (when ( > 0 the atmosphere has more zonal angular
momentum that if it were co-rotating with the planetary
surface). Above, d+ = 02 cosod_dodI is an element of
volume, o, _, and I are the latitude, longitude, and height
coordinates, respectively, D is the zonal wind velocity, and
d is the density.
( can be regarded as the quotient of a mean zonal veloc-

ity *, and S0, and thus shares some characteristics of a
zonal Rossby number [see, e.g., Read (1986a)]. This sug-
gests that (may be a useful quantity to compute when com-
paring planetary atmospheres, as its value is indicative of
the dynamical regime occupied by an atmosphere. (� 1 is
suggestive of a regime where the dynamics are dominated
by geostrophic balance, and (� 1 suggests a regimewhere
the dynamics are dominated by cyclostrophic balance. (
is given further value by the fact that it is constrained to be

( ≤ 1/2 in an axisymmetric, inviscid atmosphere. The con-
straint is due to Hide’s theorem (Hide 1969), which states
that in an axisymmetric, inviscid setting, D</DC = 0. If
we assume that in a thin boundary layer, surface friction
acts to restore < to a state of co-rotation with the under-
lying planet, then the maximum value of < that may be
obtained in the boundary layer is < = S02 (the value of
< for a parcel of air co-rotating with the planetary surface
at the equator). Parcels of air that are then transported
into the free atmosphere (e.g., by an overturning circu-
lation) will then also have < ≤ S02, as < is materially
conserved. The ( = 1/2 limit corresponds to the scenario
where < = S02 everywhere (and the boundary layer has
infinitesimal depth), and if ( > 1/2 then non-axisymmetric
disturbances which transport < up its local gradient must
be present in the atmosphere.

The global super-rotation index has been used previously
to compare the dynamics of the Solar System atmospheres
(Read and Lebonnois 2018), and to compare different
Venus and Titan GCMs (Lebonnois et al. 2012, 2013). In
addition, the value of ( estimated from zonal velocity mea-
surements in Venus’ atmosphere has been compared with
( computed from the output of Venus GCMs to assess how
well they reproduce the observed circulation (Mendonça
and Read 2016; Read and Lebonnois 2018). The atmo-
spheres of Venus and Titan, for which (V ≈ 7.7 and (T ≈ 2
(Read and Lebonnois 2018), exhibit the greatest degree of
global super-rotation within the Solar System, and ( � 1
is indicative of the dominance of cyclostrophic balance in
the local momentum budget throughout the atmosphere.
For Mars and the Earth, (M ≈ 0.04 and (E ≈ 0.0135 (Read
and Lebonnois 2018), which is consistent with the dom-
inance of geostrophic balance in the their atmospheres.
The fact that ( > 1/2 for Venus and Titan means that eddy
processes, which transport < up its local gradient, must
be important in determining the dominant (cyclostrophic)
dynamical balance that characterises their atmospheric cir-
culations.

It is of interest to understand how different atmospheric
processes contribute to the value of (, and how ( varies
between planetary atmospheres as different parameters are
varied. To date, these questions have only been investi-
gated using axisymmetric models with an eddy-viscosity
parametrisation that diffuses angular velocity, which allows
for up-gradient transport of < (Read 1986a; Yamamoto
et al. 2009; Yamamoto and Yoden 2013). These studies
have shown that ( scales with S−2 (( ∝ R) at high ro-
tation rate (small R), and that at low rotation rate (large
R) ( either saturates (( = constant) when parametrised up-
gradient transport of < is small, or scales with S−1 or
S−2/3 (( ∝

√
R or ( ∝ R1/3) when the eddy diffusion co-

efficient is made large and up-gradient transport of < is
significant. Yamamoto and Yoden (2013) develop a the-
ory that relates ( to R, valid for slowly rotating planets
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with significant up-gradient transport of <. By consider-
ing the limiting behaviour of their theory, they are able to
explicitly demonstrate that ( ∝

√
R or ( ∝R1/3 is associated

with the dominance of cyclostrophic balance in the zonal
momentum budget throughout the atmosphere.

a. Outline of paper

In this work, we investigate the dependence of ( on S
using an idealised three-dimensional (3D) Earth-like GCM
[similar to those used by Geisler et al. (1983); Williams
(2003); Mitchell and Vallis (2010); Potter et al. (2014);
Kaspi and Showman (2015); Wang et al. (2018)]. Our aim
is to identify possible scaling regimes for ( in terms of S
for the case of an Earth-like atmosphere, and the processes
that determine the dependence of ( on S.

Experiments of this type are an obvious extension to
the work of Read (1986a), Yamamoto et al. (2009), and
Yamamoto and Yoden (2013). Unlike in these previous
studies, up-gradient transport of < in our model is not
parametrised, and the existence, direction and strength of
materially non-conservative transport of < is associated
with the existence and characteristics of non-axisymmetric
disturbances that can induce stresses on the zonal flow. To
elucidate the role of eddies in determining the dependence
of ( on S, we run a set of axisymmetric (2D) experiments
alongside our 3D experiments.

For both our 3D and 2D experiments, we will show
that ( scales with S−2 (( ∝ R) for rapid rotation rates,
while for low rotation rates (large R) ( = constant. To
interpret these scalings for (, we derive a theory for (
in terms of R from the axisymmetric model of Held and
Hou (1980), that captures the scaling behaviour of ( in
our numerical experiments. As in Yamamoto and Yoden
(2013), we consider the limiting behaviour of our theory
to show how different dependencies of ( on R correspond
to different dominant dynamical balances.

We argue that by taking the theory we develop in this
work in tandem with that of Yamamoto and Yoden (2013),
the combination of the value of ( and the local depen-
dence of ( on R can be used to identify and compare the
circulation regimes of different planetary atmospheres.

The rest of this work is structured as follows. Our model
configuration and experiment design is described in Sec-
tion 2. To provide context for the rest of the paper, we
describe the zonally-averaged circulation obtained in our
experiments in Section 3. In Section 4, we compute ( for
each experiment, discuss its dependence on S, and inves-
tigate differences in ( between 3D and axisymmetric ex-
periments. This section also includes the derivation of our
theory for ( for the case of an axisymmetric atmosphere in
the inviscid limit. Discussion focussed on illustrating the
relationship between ( and circulation regime is provided
in Section 5. In Section 6 we summarise our findings.

2. Experiment design

a. Numerical model

We make use of Isca, a framework for building ide-
alised general circulation models of varying complexity
(Vallis et al. 2018). Isca is built on-top of theGFDL (Geo-
physical Fluid Dynamics Laboratory, Princeton) primitive
equation spectral dynamical core. In the present work,
Isca is configured as a dry-dynamical core forced by New-
tonian cooling to a statically stable axisymmetric radiative-
convective equilibrium temperature profile.

Dynamical core

The dynamical core integrates the primitive equations
forwards in time, using a semi-implicit leap-frog scheme
with a Robert-Asselin time filter. The equations are solved
on a thin spherical shell using a pseudo-spectral method
in the horizontal (prognostic fields are represented by a
triangular truncation of spherical harmonics), and a finite
difference method in the vertical. For numerical efficiency,
and to avoid formulation of vector fields on the spectral
grid, the primitive equations are solved in terms of the
scalar vorticity and divergence. The vertical coordinate is a
terrain-following coordinate, defined as fℓ = ?/?B . There
are # = 80 vertical levels, roughly evenly spaced in the
troposphere with enhanced resolution in the stratosphere.
The level boundaries are defined fℓ−1/2 = exp(−bℓ−1/2#H)
with bℓ−1/2 = Asℓn + (1− As)ℓ^n , where ℓn = 1− (ℓ − 1)/# ,
As = 0.5, ^ = 7.5, and #H = 6 is the number of scale heights.
f#+1/2 = 1.0.

Thermal forcing

The relaxation temperature profile used for the Newto-
nian cooling is that described inWang et al. (2018), similar
to that of Held and Suarez (1994), and is written

)∗ = )∗I (I) +)∗o (o,f), (4)

where

)∗I = )
∗
I |tp +

√[
!

2
(
Itp− I

) ]2
+ 2 + !

2
(
Itp− I

)
, (5)

and
)∗o = ℎ(f)Δ)

∗
ℎ

(
1
3
− sin2o

)
, (6)

with

ℎ =

{
sin

[
c
2

(
f−ftp
1−ftp

)]
, if f ≥ ftp,

0, otherwise.
(7)

Itp = 12 km is the tropopause height (ftp is the correspond-
ing f level), ! = 6.5 K km−1 is the vertical lapse rate,
and )∗I |tp = )0 − !Itp is the temperature at the tropopause,
with)0 = 288K the globally-averaged surface temperature.
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Configuration 8SE 4SE 2SE SE SE/2 SE/4 SE/8 SE/16 SE/32 SE/64 SE/128 SE/256 SE/512

3D, T127 X X X X X X X

3D, T42 X X X X X X X X X X

Axisymmetric X X X X X X X X X X

Table 1. Rotation rates considered for each model configuration. SE = 7.29×10−5 s−1 is the Earth’s rotation rate.

Δ)∗
ℎ
= 60K is the equator-to-pole temperature difference at

the surface.  = 2 K is a smoothing parameter that ensures
a continuous temperature change across the tropopause.
The radiative relaxation timescale is 2.5 days in the bound-
ary layer (f > 0.8), and 30 days in the free atmosphere.

The decision to use the relaxation temperature profile
of Wang et al. (2018) was made so that we could perform
comparisons between the results of experiments run using
their model (PUMA) and those presented in this work (not
shown). We have checked that the circulation obtained
using this forcing is essentially identical to that obtained
using the original Held and Suarez (1994) forcing, at both
high and low rotation rates.

Drag and dissipation

A linear drag is applied in the boundary layer, operating
on a timescale of 0.6 days, and in the upper-atmosphere
(f < 0.01, applied to the eddy components of the flow
only), operating on a timescale of 0.5 days. The drag in
the upper atmosphere is included as a sponge layer, to avoid
the reflection of waves at the model top.

A hyperviscosity term is applied to the momentum and
thermodynamic equations:

mZ

mC
= · · · + a∇2=Z, (8)

m�

mC
= · · · + a∇2=�, (9)

m)

mC
= · · · + ^∇2=), (10)

operating on a timescale of 0.25 days at the grid scale.
= = 4 is the damping order. Z , �, and ) are the vorticity,
divergence, and temperature. This term is included to
parametrise the dissipation of energy by sub-grid scale
dynamics.

b. Description of model runs

We run GCM experiments over a wide range of rotation
rates, from 8SE to SE/512, where SE = 7.29× 10−5 s−1
is the Earth’s rotation rate. All other planetary parameters
are taken to be Earth-like: 0 = 6.4×106m, 6 = 9.81m s−1,
and surface pressure ?0 = 1bar.

Three-dimensional experiments are run at bothT127 and
T42 spectral resolution (corresponding to approximately 1◦

and 2.8◦ lat-lon resolution respectively, at the equator). We
also run axisymmetric experiments, which are constructed
by retaining only zonal wavenumber < = 0 coefficients in
the spectral dynamical core at each time step. Axisymmet-
ric experiments are runwith the samemeridional resolution
as the T127 three-dimensional experiments. The specific
rotation rates run in each configuration are shown in Table
1.

Each of the experiments is run to equilibrium, by which
we mean that ( is no longer evolving with time. In order
to achieve this, three-dimensional experiments with S ≥
SE/4 are run for 3 (Earth) years, the S = SE/8 experiment
is run for 6 years, and experiments with S ≤ SE/16 are
run for 8 years. The axisymmetric experiments are all run
for 3 years.

c. Data analysis

The 3D model data analysed in this paper is output in
daily-averaged format, and the axisymmetric model data is
output in monthly-averaged format. Isca outputs data on
thef coordinate vertical grid. We subsequently interpolate
the data onto pressure levels ?ℓ = fℓ ?0. Occasionally
?ℓ > ?B (C,_,o), in which case the data is set to NaN (the
grid-point being interpolated onto is below the surface). In
order to correctly take account of these subterranean grid
points when computing integrals and averages, we make
use of the techniques described by Boer (1982).

3. Zonally-averaged circulations

To provide context for the rest of the paper, we begin
the presentation of our experiment results by discussing
some aspects of their zonally-averaged circulations. Each
of the experiments discussed in this sectionwas run at T127
resolution. We note that the structure of the circulation ob-
tained in our numerical experiments, and the dependence
of the circulation on rotation rate, is consistent with that
presented in previous work [e.g., Dias Pinto and Mitchell
(2014), Kaspi and Showman (2015), Wang et al. (2018),
and Colyer and Vallis (2019)].

The zonal-mean zonal wind D, and meridional mass
streamfunction

Ψ (o, ?) = 2c0 coso
∫ ?

0
E d?/6 (11)



5

Fig. 1. Zonal-mean zonal wind D (colour), and meridional mass streamfunction Ψ (contours). All experiments shown were run with T127
horizontal resolution. The rotation rate for each experiment is indicated in the top-left corner of each panel. Note that the colour scale for D
varies between panels. The red cross (and number) indicates the location (and value) where Ψ is maximum. The maximum value for Ψ has units
×109 kgs−1. The solid contours delimit 5% and 50% of the maximum, and the dashed contours show ‘−1×’ the solid contours. As the contour
levels are percentages of the maximum value for Ψ, they vary between panels.

Fig. 2. Local super-rotation index, B. As in Figure 1, the red label and contours show the meridional mass streamfunction Ψ (see Figure 1 caption
for details). All experiments shown were run with T127 horizontal resolution.

are shown in Figure 1 (colour for D, contours for Ψ) for
the 3D (top row) and axisymmetric (bottom row) T127
experiments. The zonally-averaged specific axial angular
momentum, normalised by the planetary specific angular
momentum at the equator,

B =
<

S02
−1, (12)

is shown in Figure 2 (colour), with Ψ once again overlaid
for reference (contours). B is often referred to as the local
super-rotation index (Read and Lebonnois 2018), and is
defined such that B ≤ 0 in an axisymmetric atmosphere

(i.e., as < ≤ S02). Where B > 0 the atmosphere may be
termed ‘locally super-rotating’.

In each of the experiments, thermally-direct Hadley cells
which feature air rising at the equator and sinking at higher
latitudes are present. The action of the Hadley cell to fill
the domain with air with < ≈ S02 (equilibrated with the
equatorial surface) is clearly visible in the B field (Figure
2), where the structure of the sub-tropical jets in the D field
(Figure 1) is replaced by a single region within the Hadley
cell where B ≈ 0. The Hadley cells are flanked by a sub-
tropical jet associated with approximate angular momen-
tum conservation within the poleward moving branch of
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each cell. In the axisymmetric experiments, the maximum
sub-tropical jet velocity increases from the 4SE simulation
to the SE/16 simulation, before decreasing when S is de-
creased further. This is consistent with axisymmetric the-
ory, which predicts that the sub-tropical jet velocity should
increase with decreasing S at high and moderate (similar
to the Earth) rotation rates, as the poleward moving branch
of the Hadley cell extends towards higher latitudes (Held
and Hou 1980). Then, for low rotation rates, axisymmetric
theory predicts that the sub-tropical jet velocity decreases
proportionally with S at low rotation rate, when theHadley
cell (and hence the jet) has essentially been pushed as far
poleward as possible (Hou 1984; Colyer and Vallis 2019).
A similar trend may be identified for the sub-tropical jets
in the 3D experiments.

3D experiments with S ≥ SE feature additional mid-
latitude jets poleward of each sub-tropical jet (Figure 1).
The mid-latitude jets are ‘eddy driven’, accelerated by
Rossby waves generated by mid-latitude baroclinic insta-
bility, which converge momentum into their source region
(Thompson 1980). As the rotation rate is increased from
SE to 4SE, the number of eddy driven jets increases as
the characteristic lengthscale of baroclinic instability de-
creases (Williams 1978; Lee 2005). As the mid-latitude
jets present in the 3D experiments are eddy driven, they
are absent in the axisymmetric experiments at the same
rotation rate, which leads to a very different D field. How-
ever, when the zonal flow is displayed in terms of B (Figure
2), the 3D experiments appear very similar to the axisym-
metric experiments, and the complex structure of the eddy
driven jets is no longer present. For rapidly rotating plan-
ets, the ‘relative’ component of < (<A = D × 0 coso) is
much smaller than the contribution to < from the back-
ground rotation of the planet (<? = S02 cos2o). Eddies
are important for the local angular momentum budget (as
m</mC = m<A/mC), but the absolute value of< is essentially
set by <? .

At rotation rates ≤ SE/4, a prograde (locally super-
rotating) jet emerges at the equator in the 3D experiments
(Figure 1). This is associated with planetary-scale trop-
ical disturbances which converge momentum towards the
equator (Mitchell and Vallis 2010), which are generated
when R is increased to an O(1) value (Wang and Mitchell
2014). Regions of local super-rotation (B > 0, Figure 2)
can clearly be identified for the 3D experiments, while in
the axisymmetric experiments, local super-rotation is no
longer present, in accordance with Hide’s theorem. In
the super-rotating 3D experiments, B is only significantly
positive in the region above the Hadley circulation. This is
because within the Hadley cell, air ascending at the equator
acts to communicate the effects of friction at the surface to
the atmosphere aloft. The meridional extent of the super-
rotating region is confined within the bounds of the Hadley
circulation, indicating that momentum is only converged

towards the equator from within the region where it is
deposited by meridional overturning.

In the 3D experiments, the maximum (super-rotating)
zonal wind velocity at the equator is found in the SE/16
experiment (28ms−1). It is of interest to note that while
equatorial velocities in the SE/4 and SE/16 experiments
are similar (Figure 1), the maximum local super-rotation
relative to the underlying planet is much weaker in the
SE/4 experiment when compared with the SE/16 experi-
ment (Figure 2). When the rotation rate is further decreased
to SE/64 the maximum velocity at the equator is reduced
(8ms−1) (Figure 1). The trend for the maximum equatorial
velocity to decrease as S is reduced at very low rotation
rates is present in the T42 experiments at even slower rota-
tion rate; the maximum equatorial velocity is 1.2ms−1 at
SE/256, and just 0.4ms−1 at SE/512.
The generation of equatorial super-rotation in our exper-

iments is associated with the phase-locking of Kelvin and
equatorial Rossby waves, which induces an equatorward
angular momentum flux (Mitchell and Vallis 2010). The
eastward moving Kelvin waves are able to phase lock with
westward moving equatorial Rossby waves, as the Rossby
waves are situated within the sub-tropical jet, and so are
Doppler shifted westward (Wang and Mitchell 2014). We
suspect that equatorial super-rotation collapses at very low
rotation rate because the waves are no longer able to phase-
lock when the Doppler shifted frequency of the Rossby
waves [essentially D(oH)/(0 cosoH) (Wang and Mitchell
2014), where oH is the Hadley cell extent (i.e. the sub-
tropical jet maximum)] increases as the sub-tropical jet is
pushed to higher and higher latitudes. A full analysis of the
collapse of local super-rotation at very low rotation rate is
beyond the scope of the present study and is left as a topic
for future work.

4. Dependence of global super-rotation on rotation rate

a. Results from numerical experiments

We now turn our discussion towards the dependence of
the global super-rotation index ( on planetary rotation rate
S. Figure 3 shows ( vs. R for each of the experiments run
for this work. We choose to present ( as a function of R
instead ofS in order tomake a cleaner comparison between
our numerical experiments, and estimates of ( for the real
planets (Venus, Titan, Mars, the Earth). This is necessary
as the real planets are of different sizes, in addition to
having different rotation rates, and these parameters can be
of similar dynamical importance [see Mitchell and Vallis
(2010) and Dias Pinto and Mitchell (2014)]. The values
used to calculate R for our numerical experiments and the
real planets are provided in Table 2.

In both the 3D and the axisymmetric experiments, (
((3D and (ax, respectively) increases with decreasing S
(increasing R) when R is small (rapid rotation rate),
and ( � 1, which indicates that the dynamics are in a
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Fig. 3. Global super-rotation index ( vs. thermal Rossby number R. 3D experiments are shown in blue, and axisymmetric (2D) experiments in
purple. Experiments run at T42 are plotted in dark blue, and those run at T127 are plotted in light blue. The orange dots show estimates for ( for
the Earth, Mars, Titan and Venus, and are taken from Read and Lebonnois (2018). The black dashed line indicates a S−2 scaling.

Planet 0 S Δ)eq 'd R

Earth 6371 7.29×10−5 60 287 0.08

Mars 3396 7.09×10−5 60 188 0.19

Venus 6051 2.99×10−7 60 188 3450

Titan 2575 4.56×10−6 10 290 21

Isca 6400 variable 60 287 variable

Table 2. Parameter values used to calculate R for Figure 3. Units: km
for 0, s−1 for S , K for Δ)eq, J kg−1 K−1 for 'd.

regime where the local momentum budget is dominated
by geostrophic balance throughout the domain. When R
is large (slow rotation rate), ( saturates so that it becomes
virtually independent of S (and R). ( saturates at a value
( < 1, indicating that a regime where the atmospheric dy-
namics are dominated by cyclostrophic balance is not ob-
tained – even for the 3D experiments. The sole exception
to this is the 3D S = SE/16 experiment (T42 resolution),
for which ( is close to unity.

For the axisymmetric experiments, (ax appears to scale
inversely with S2 when R is small; this may be inferred
by comparing the black dashed line (S−2) with the solid
purple line. At high R, (ax appears to saturate at a value

(ax ≈ 0.3. This is less than the limiting value of (ax = 1/2
for an axisymmetric atmosphere.

The normalised difference Δ( = ((3D−(ax)/(ax (shown
in Figure 4) between (3D and (ax is generally |Δ( | < 1, with
the exception of the SE/16 T42 experiment, for which
Δ( = 1.25. For the T127 experiments, Δ( is maximal
when S = SE/16, for which Δ( = 0.61, and minimal (most
negative) when S = SE, for whichΔ( =−0.43. The values
taken by (3D appear to be perturbations around (ax (i.e.,
( in each case is of the same order of magnitude). In our
idealised model, eddies are unable to substantially modify
the globally integrated atmospheric angular momentum
away from that realised in axisymmetric setting.

When R is small, (3D is less than (ax, and when R is
large, (3D is greater than (ax. Each of the numerical exper-
iments is initiated with D = 0 everywhere, corresponding to
( = 0, and so the equilibrium value of ( is a measure of the
total zonal angularmomentum injected into the atmosphere
during spin-up; d(/dC = 0when the globally integrated sur-
face stress T = 0. Figure 5 shows ( as function of time
over the first 120days of the S = SE experiment, and the
first 360days of the S = SE/16 experiment (both T127
resolution). For both experiments shown, (3D and (ax are
initially nearly identical. During this initial period, angu-
lar momentum is lifted into the atmosphere by the mean
flow, and there is little vertical momentum transport due to
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Fig. 4. Difference between (3D and (ax, normalised by (ax. The
shade of blue indicates the resolution of the 3D experiment. All axisym-
metric experiments were run with meridional resolution equivalent to
the T127 3D experiments.

eddy activity. After day 30 for the S = SE experiment, and
day 180 for the S = SE/16 experiment, non-axisymmetric
disturbances cause (3D and (ax to diverge. For the SE/16
case, eddies which induce an up-gradient transport of< al-
low the mean flow to lift more angular momentum into the
atmosphere by removing angular momentum from the de-
scending branch of the Hadley circulation and depositing
it at the equator (Gierasch 1975). This leads to (3D > (ax.
For the SE case, Rossby waves generated by baroclinic
instability induced a down-gradient transfer of < into the
boundary layer (Andrews et al. 1983), which counteracts
upward transport of < by the mean flow. This causes the
SE experiment to equilibrate with (3D < (ax.
The difference between the 3D and axisymmetric exper-

iments |Δ( | is largest for intermediate values of R ≈ 0.1
– 10. When R � 1 and R � 1 (i.e., at very high and
very low rotation rate) (3D converges towards (ax. This
is consistent with a decrease in the characteristic scale of
baroclinic instability as the rotation rate increased in the
R � 1 regime (Lee 2005; Schneider and Walker 2008),
and the collapse of the instability generating local super-
rotation when the rotation rate is decreased in the R � 1
regime (see discussion at the end of Section 3).

Estimates of ( for the Earth, Mars, Venus, and Titan
[taken from Read and Lebonnois (2018)] are shown as
orange dots in Figure 3. The 3D experiments with R
closest to the Earth (SE) andMars (SE/2) obtain values for
( similar to those obtained by the two real planets. At low
rotation rate, however, experiments with R characteristic
of Venus (SE/128) and Titan (SE/16) do not generate
global super-rotation of a similar order of magnitude to
that estimated for the real planets (particularly for Venus),
indicating that the processes responsible for storing excess
< in the atmospheres of Venus and Titan are not (fully)
represented in our Earth-like numerical model.

Fig. 5. ( vs. C for axisymmetric and 3D experiments. Top panel:
( vs. C for the first 120 days of the SE experiments. Bottom panel: (
vs. C for the first 360 days of the SE/16 experiments. Blue curves show
3D experiments and purple curves show axisymmetric experiments. All
output shown is from experiments with T127 resolution.

b. Theory for ( in axisymmetric case

In this section, we would like to understand which pro-
cesses contribute to the R � 1 and R � 1 scalings for (
obtained in our numerical experiments (Figure 3). To do
so, we will develop a theory for ( in terms of R, for the
case of an axisymmetric, inviscid atmosphere, based on
the model of Held and Hou (1980).

The Held–Hou model

Held and Hou (1980, hereafter HH) present an analytic
model for the circulation of an axisymmetric atmosphere
in the inviscid limit, derived from the Boussinesq approx-
imation of the hydrostatic primitive equations.

The HHmodel consists of essentially two layers, a lower
layer with D ≈ 0, and an upper layer (the free atmosphere)
where D (o, I) ≠ 0 and is in gradient wind balance with the
model temperature field

m

mI

(
5 D + D

2 tano
0

)
= − 6

0\0

m\

mo
, (13)

where 6 is the acceleration due to gravity, \0 is the mean
surface temperature, and \ is the potential temperature.
The advective term which would appear on the left-hand-
side of (13) is assumed to be small and has been omitted.
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The atmospheric circulation is forced by a linear relaxation
to a radiative-convective equilibrium potential temperature
field \eq

\eq

\0
= 1− 2

3
Δℎ%2 (sino) +ΔE

(
I

�
− 1
2

)
(14)

where \0Δℎ is the equator-to-pole surface temperature dif-
ference, %2 (G) = (3G2−1)/2 is the second Legendre poly-
nomial, and \0ΔE is the vertical potential temperature dif-
ference between the surface and the top of the domain.

(13) and (14) may be vertically integrated to yield

5 D + D
2 tano
0

= − 6�
0\0

m\

mo
(15)

at I = �, and

\eq = \0

[
1− 2
3
Δℎ%2 (sino)

]
, (16)

where here an overline denotes a vertical average
�−1

∫ �
0 dI, and � is the domain height.

In the free atmosphere, the circulation is divided into two
regions: a tropical (or Hadley cell) region, and an extra-
tropical region. In the extra-tropical region, E = 0, so D is
determined through gradient wind balance by the radiative-
convective equilibrium temperature field [i.e. \ = \eq in
(13)], and takes the form

DET = S0 coso
(√
2R I

�
+1−1

)
, (17)

where R ≡ (Δℎ6�)/(S0)2 is the analogue of (1) for the
Boussinesq equations [see Appendix A of Colyer and Val-
lis (2019) for a discussion regarding the correspondence
between R in the Boussinesq and non-Boussinesq primi-
tive equations].

In the upper level of the Hadley cell region, D is deter-
mined by conservation of specific axial angularmomentum
<. Air is assumed to rise at the equator with D = 0, and D
depends on o as

DHC =
S0 sin2o
coso

. (18)

The vertically averaged potential temperature field in the
Hadley cell region is then determined to be in gradient
wind balance with DHC [i.e. D = DHC in (15)]:

\ (0) − \
\0

=
D2HC
26�

. (19)

HH then solve for the Hadley cell boundary latitude oH
by enforcing two matching conditions:

\
(
o+H

)
= \

(
o−H

)
, (20)

and ∫ oH

0
\ cosodo =

∫ oH

0
\eq cosodo. (21)

(20) requires that potential temperature be continuous
across the Hadley cell boundary, and (21) requires that
the Hadley cell is thermodynamically closed.

If (16) and (19) are substituted into (21), then (20) and
(21) may be used to derive the following expression

R = 3
4

[
1
3
+ 1
G2H
+

G2H

1− G2H
− 1
2G3H
ln

(
1+ GH
1− GH

)]
(22)

where GH = sinoH, which may be solved numerically for
oH given R (defined in terms of external parameters).

Expression for (

In order to relate ( to R, we will make use of the zonal
velocity profiles found for the tropical and extra-tropical
regions of the HH model. We will assume

D =

{
DHC, o ∈ [0, oH],
DET, o ∈ (oH, c/2] .

(23)

DHC is given by (18) for all ?/?B < 0.8 (i.e., in the free at-
mosphere), and DHC = 0 in the boundary layer. DET is given
by (17) through the depth of the atmosphere. By assuming
that DHC is independent of I in the free atmosphere, we
are assuming that, above the boundary layer, m\/mo→ 0
within the Hadley cell (Fang and Tung 1999).

We note that in our numerical simulations, the Hadley
cell boundary contracts inwards with decreasing altitude,
and consequently so does the region where D = DHC. Our
choice for DHC may lead to an overestimate of (, although
this overestimate will likely be small, as the Hadley cell
width exhibits a weak altitude dependence above 800hPa
in the majority of our experiments (see the boundary of the
white contour in Figure 2).

The definition of ( may be re-written

( =

∫
d0 cosoDd+∫
dS02 cos2od+

, (24)

as the −1 in (2) cancels with the planetary (S02 cos2o)
contribution to < in the numerator. ( may then be split
into contributions from the Hadley cell and extra-tropical
regions

( = (HC + (ET (25)

where

(HC =

∫ 4
5 ?B
0

∫ oHC
0 DHC cos2odod?/6∫ ?B

0

∫ c
2
0 S0 cos3odod?/6

, (26)
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Fig. 6. Theoretical prediction for ( from (28) vs. R for the case of an axisymmetric atmosphere (solid red curve). Also shown are the
contributions to the theoretical ( from the Hadley cell and extra-tropical regions, (HC and (ET. The purple line shows ( for the axisymmetric
numerical experiments.

and,

(ET =

∫ �
0

∫ c
2
oHC

DET cos2odo d0dI∫ �
0

∫ c
2
0 S0 cos3odo d0dI

. (27)

Note that in the Boussinesq framework, d = d0 is a constant
reference density, andwehave used hydrostatic equilibrium
d? = −6d0dI to write (26) as an integration over pressure.
The integration

∫
d_ in each expression cancels between

the numerator and denominator due to axisymmetry, and
is omitted.

(26) and (27) may then be evaluated analytically using
(18) and (17) to obtain

( = (HC + (ET

=
2
5
sin3oH + (28)

1
12

[
(2R +1)

3
2 −1

2R − 3
2

]
(8−9sinoH− sin3oH) .

As oH depends only on R [obtained by solving (22)], ( is
now determined solely by R.

c. Comparison between theoretical ( and simulation re-
sults

( predicted by (28) is plotted against R in Figure 6. The
values for ( calculated for the axisymmetric numerical ex-
periments are also shown, and there is good agreement
between the theoretical prediction for ( and the numerical
experiments in both the high and low rotation rate limits.
For intermediate R, the theoretical prediction for ( is a
slight overestimate of that obtained in the numerical exper-
iments; this is due to our simplifying assumption that oH
is independent of height, which is most strongly violated
by experiments with intermediate R (see, for example, the
SE/4 experiment in Figure 2).
(28) is comprised of two terms, one that measures the

contribution to ( from the Hadley cell region ((HC), and
one that measures the contribution from the extra-tropical
region ((ET). These are shown in Figure 6 as a dashed
and dotted curve, respectively. At high rotation rates, the
extra-tropical term dominates the total value of (, as in this
regime the Hadley cell is small and the ‘extra-tropics’ es-
sentially comprise the whole atmosphere. At low rotation
rates, the contribution to ( from the Hadley cell dominates,
as the Hadley cell expands to fill the domain. The transi-
tion between the extra-tropical and Hadley-cell dominated
regimes occurs when the first and second terms in (28)
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are equal. This occurs when R = 0.11, corresponding to a
Hadley cell latitude oH = 22.8◦.

It is instructive to consider the behaviour of the axisym-
metric theory in the limits R � 1 and R � 1. When R � 1
(rapid rotation)

(2R +1)
3
2 −1

2R − 3
2
≈ 3R
4

(29)

(via Taylor expansion). Additionally oH→ 0, meaning that
sinoH, sin3oH, and sin3oH → 0. We then have

( ≈ 1
2
R . (30)

In the rapidly rotating regime, ( is dominated by the extra-
tropical region (as the Hadley Cell is small), and (30)
predicts that ( scales linearly with R, which corresponds
to a S−2 scaling with rotation rate.

TheR dependence in (28) comes from the expression for
DET, (17), which originally derives from enforcing gradient
wind balance in the extra-tropical regionwith the radiative-
convective equilibrium forcing profile. This tells us that the
( ∝ S−2 scaling in the rapidly rotating regime is simply that
implied by geostrophic thermal wind balance, which in this
scenario is the dominant dynamical balance throughout the
domain.

When R � 1 (slow rotation) then oH → c/2, so that
sinoH and sin3oH→ 1, while sin3oH→−1. In this sce-
nario, the axisymmetric theory approaches

( ≈ 2
5
= const. (31)

The R � 1 limit is the scenario where the Hadley cell has
filled the entire domain. This is qualitatively the same as
the ( = 1/2 limit suggested in Section 1, and the additional
factor 4/5 comes from assuming D = 0 in the boundary
layer (?/?s > 0.8). In this limit, the entire free atmosphere
has specific zonal angular momentum < = S02 due to the
equilibration of air with the equatorial surface, and con-
servation of < in the free atmosphere. In this scenario,
the dominant term in the local momentum budget varies
through the domain; at low latitudes, geostrophic balance is
dominant, and at middle and high latitudes, cyclostrophic
balance dominates. This may be appreciated by consider-
ing the ratio of the cyclostrophic and geostrophic terms in
(13) when D = DHC, i.e., DHC tano/(2S0 sino) = tan2o/2,
which is greater than one (indicating the local dominance
of cyclostrophic balance) when o > 54.7◦, and less than
one otherwise (indicating local dominance of geostrophic
balance).

In summary, the results from our theoretical model sug-
gest that in our axisymmetric experiments, the dependence
of ( onR at high rotation rate is determined by geostrophic
thermal wind balance, while at low rotation rate, it is deter-
mined by approximate conservation of angularmomentum.

The presence of eddies does not alter the dependence of
( on R obtained in our 3D experiments from that in the
axisymmetric experiments, at least to first order (see Sec-
tion 4 a), and so it is likely that the same processes also
determine the R � 1 and R � 1 behaviour of ( in the 3D
model.

5. Discussion

a. Relationship between ( and circulation regime

Part of the motivation for studying ( is due to its simi-
larity with a zonal Rossby number, which means that the
value of ( is indicative of the dynamical regime occupied
by a planetary atmosphere (Read 1986a).

By considering the limits of our axisymmetric theory
for (, we have shown that the relationship between ( and
circulation regime is manifest in the local dependence of
( on R. In the rapid rotation rate limit, ( ∝ R � 1 defines
a regime where geostrophic balance is dominant in the
local momentum budget, throughout the atmosphere. At
low rotation rate, ( = constant defines a regime where the
dynamics are determined by approximate conservation of
angular momentum within the Hadley circulation, which
fills the domain at low rotation rate, and the local mo-
mentum budget is characterised by a mixed gradient wind
balance.

As discussed in the introduction, ( � 1 indicates a fur-
ther regime, characteristic of the atmospheres of Venus
and Titan, where the local momentum budget is dom-
inated by cyclostrophic balance throughout the domain.
We are not able to comment on the cyclostrophic regime
within the framework provided by our axisymmetric the-
ory; ( > 1/2 requires some representation of up-gradient
angular momentum transport, and is not obtainable in an
axisymmetric, inviscid model. However, we can draw on
the results of Yamamoto and Yoden (2013, hereafter YY),
who derive an expression for a non-dimensional measure
of super-rotation strength (′ = 4(/3 (see Appendix A) in
terms of R,[
(′2 +2(′+�(′

(
2+ (′
1+ (′

)] [
�(′

2

(
2+ (′
1+ (′

)
+1

]
= 2R, (32)

derived from the Boussinesq primitive equations on a
sphere forced by Newtonian relaxation (e.g., as in HH and
in this work), in the presence of diffusion of angular veloc-
ity. ( depends on the external parameters �, �, and R. R
is the same as in our axisymmetric theory, and � = c2g/gV
and � = 20c2

(
S−1/√gHgV

)2, where g is the radiative re-
laxation timescale, gV is the timescale for vertical eddy
momentum diffusion, and gH is the timescale for horizon-
tal eddy momentum diffusion. In the YY theory, diffusion
terms are formulated in analogy with molecular viscosity
and so can transport angular momentum up-gradient (Read
1986b). YY assume that the relaxation time for horizon-
tal diffusion is much shorter than the turnover time of the
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Fig. 7. ( vs. R calculated from numerical experiments (solid curves) and theoretical predictions (dashed curves). 3D experiments are shown in
blue, and axisymmetric experiments in purple (see Figure 3 caption for details). The orange dots show estimates for ( for the Earth, Mars, Titan and
Venus taken from Read and Lebonnois (2018). The red dashed curve shows ( predicted by the axisymmetric theory (28). The grey dashed curves
show ( predicted by the quasi-axisymmetric theory of Yamamoto and Yoden (2013, our Eq. 32). In the YY theory, ( depends on parameters � and
� in addition to R. Parameter values for � are shown in the legend, and � is set to � = 0.3 (see text for a definition of � and �, and justification
of the values we choose for each). We only show ( from the YY theory for R > 0.1. This choice is made both to enhance the clarity of the figure
(for � = 0.3 the YY curves are essentially identical to ours when R � 1), and because, when R � 1, it is difficult to place a physical interpretation
on the circulation implied by the YY theory due to the assumption of strong horizontal diffusion [see footnote 2 in the text, and Section 5.5 of
Yamamoto and Yoden (2013)].

meridional circulation, and the relaxation time for vertical
diffusion, which allows the YY theory to access the cy-
clostrophic regime where ( � 1, occupied by Titan and
Venus.
( predicted by the YY theory is shown in Figure 7 along-

side values for ( computed from our axisymmetric, invis-
cid theory (Section 4 b and Section 4 c) and our numerical
experiments (Section a). We only show ( from the YY
theory for R > 0.1, as when R � 1 it is generally no longer
appropriate to assume up-gradient eddy angular momen-
tum transport. Multiple curves are shown, with different
curves corresponding to different values for �. The values
for � are chosen to be in the ‘correct ballpark’ for Venus
and Titan (see Section 5.5 of YY), and multiple values
are shown to demonstrate the dependence of ( on �. For
all YY curves, we set � = 0.3. The parameter � is only
important in determining the behaviour of ( at low and in-
termediate R (high and intermediate rotation rate), and has
no effect on the R � 1 asymptote. � < 1 puts the curves in
the geostrophic regime occupied by our numerical experi-
ments, the Earth, and Mars, and the � = 0.3 is chosen so

that the YY curves join up with our axisymmetric theory
at approximately R = 0.1.

YY show that for intermediate values for R, 1 < R < 10,
( scales with

√
2R ∝ S−1, which corresponds to either (i)

a scaling associated with the dominance of cyclostrophic
balance in the local momentum budget, or (ii) a scaling as-
sociated with the dominance of geostrophic balance, mod-
ified from (∝R (i.e., the scaling in our theory) to (∝

√
R.

This modified-geostrophic scaling arises due to a signif-
icant reduction in the equator-to-pole temperature differ-
ence Δ) with respect to its radiative equilibrium value
Δ)eq. Regime (i) is realised when the timescale for verti-
cal eddy momentum diffusion gV is much longer than the
radiative relaxation time g, gV � g, while regime (ii) cor-
responds to the opposite scenario where gV� g. For large
R > 10 (( � 1), ( scales with R1/3 ∝ S−2/3, indicating a
modified-cyclostrophic regime (again, due to a reduction
in Δ) with respect to Δ)eq).

Strong up-gradient angular momentum transport allows
the YY theory to access the cyclostrophic regime, but it
precludes their theory the angular momentum conserving
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regime occupied by our numerical experiments. Addition-
ally, the strong-diffusion assumption makes it difficult to
place a physical interpretation on the behaviour of the YY
theory when R � 12 (not shown in Figure 7). However,
when our theory for the axisymmetric, inviscid case, is
taken in tandem with the YY theory, the full breadth of dy-
namical regimes accessed by our numerical experiments
and the real planets is captured.

Figure 7 makes clear the utility of ( for characterising
and comparing the dynamical regimes occupied by differ-
ent atmospheres. The Earth and Mars clearly occupy the
geostrophic regime defined by ( � 1 and ( ∝ R, while
Titan and Venus clearly occupy the modified-geostrophic
or cyclostrophic regimes for which ( � 1 and ( ∝

√
R

or ( ∝ R 13 . It is also apparent that the regime towards
which our Earth-like atmospheric model asymptotes when
R � 1, defined by ( = constant ≈ 1/2, is fundamentally
different from that occupied by Venus and Titan. Figure 7
shows that the circulation regime associated with a given
value of R is degenerate when R is made large. This is
due to the high sensitivity of the atmospheric circulation
to other input parameters in the slowly rotating regime (as
discussed in the introduction, cf. Dias Pinto and Mitchell
2014). Unlike the thermal Rossby number R, the com-
bination of the value of ( and the local dependence of (
on R uniquely define the circulation regime occupied by a
planetary atmosphere.

b. A ‘default’ regime for slowly rotating (large R) planets?

Low planetary rotation rate, or more generally, large
R, is commonly taken to imply a dynamical regime char-
acterised by cyclostrophic balance and strong equatorial
super-rotation, which in terms of ( is the regime where
(� 1 (e.g., Read 2011; Showman et al. 2013; Held 2018).
This assumption is partly influenced by the observation of
strong global super-rotation in the atmospheres of Venus
and Titan, and additionally because local super-rotation
has been shown to emerge in idealised ‘Earth-like’ numer-
ical models when R is made large [e.g. Mitchell and Vallis
(2010)].

2The YY theory does have a geostrophic regime for R � 1 where
( ∝ R (if additionally � � 1), but the implied circulation structure is
quite different from that assumed by our theory. While the D wind
profiles are similar (see Fig. 3 of YY), the structure of meridional
overturning is different due to the assumed importance of horizontal
diffusion. Even at high rotation rate, a single Hadley cell spans each
hemisphere (see, e.g., the left-most columns Fig. 4 in YY). This feature
of the circulation in the YY theory, combined with the sensitivity of
the YY theory to the parameter �, make it difficult to place physical
interpretation on its behaviour when R � 1. In particular, in our theory
the transition from the geostrophic to angular momentum conserving
scaling for ( is associated the expansion of the Hadley cell region (and
contraction of the extra-tropical region). In the YY theory, where the
Hadley cell always spans each hemisphere, the physical interpretation
of the transition away from the geostrophic regime is less clear. The
limitations of the YY theory when R � 1 are discussed in greater depth
in Section 5.5 of Yamamoto and Yoden (2013).

However, the circulations obtained from the numerical
experiments presented in this work indicate that the de-
gree of global super-rotation in an Earth-like atmosphere
may saturate before reaching a strength comparable to that
in Venus’ and Titan’s atmospheres. In our experiments,
the non-axisymmetric disturbances that maintain equato-
rial super-rotation collapse at low rotation rate, and the
atmospheric circulation approaches an axisymmetric state
where it enters an angular momentum conserving regime,
as opposed to the cyclostrophic regime occupied by Venus
and Titan. This is consistent with previous work (Dias
Pinto and Mitchell 2014), which has shown that strong
super-rotation does not necessarily emerge in an Earth-like
atmosphere at low rotation rate. Furthermore, Lu and Ya-
mamoto (2020) have shown that the stronger super-rotation
obtained in Earth-like simulations with small planetary ra-
dius, such as those presented in Mitchell and Vallis (2010),
Potter et al. (2014) and Dias Pinto and Mitchell (2014),
may be sensitive to the strength of parametrised horizontal
diffusion in these models (with weaker diffusion leading to
weaker super-rotation).

Based on the results from our numerical experiments,
those presented in previous work, and the different limiting
behaviours of our axisymmetric, inviscid theory for (, and
the YY theory, we conclude that it is not necessarily ap-
propriate to assume that cyclostrophic balance and strong
equatorial super-rotation are ‘default’ characteristics of a
slowly rotating atmosphere (as is common), as both are
clearly sensitive to other parameters and atmospheric pro-
cesses. For example, Venus’ strong global super-rotation
is strongly sensitive to the existence of diurnal and semi-
diurnal tides, excited due to its long solar day and sub-
stances in the atmosphere that absorb at UV wavelengths
(Sánchez-Lavega et al. 2017). If these features are removed
in a numerical model, then much weaker super-rotation is
generated (Lebonnois et al. 2010). For Titan, the source of
strong super-rotation is less clear, although it may be re-
lated (Williams 2006) to the fact that Titan’s stratosphere,
where super-rotation is strongest, is strongly statically sta-
ble (Fulchignoni et al. 2005; Flasar and Achterberg 2009).

6. Summary

In this work, we have studied the dependence of global
super-rotation on planetary rotation rate using a combina-
tion of numerical and theoretical modelling. Our aim was
to investigate the utility of the global super-rotation index
( for characterising and comparing the circulation regimes
occupied by different planetary atmospheres. Our results
are summarised graphically in Figure 7.

We studied the dependence of ( on S using an ide-
alised Earth-like general circulation model in both 3D and
axisymmetric configurations (Figure 3). In both configu-
rations, we find that for R � 1 (rapid rotation rate) (� 1,
and ( increases as S is decreased. When S is decreased
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sufficiently so that R � 1, ( stops increasing with decreas-
ing S, and instead saturates at a constant value ( ≈ 1/2.
Over the entire parameter space considered, ( in the 3D
and axisymmetric experiments ((3D and (ax) are always of
the same order of magnitude (Figure 4). Eddies are unable
to substantially modify (3D away from (ax, and instead (3D
takes the form of perturbations about (ax. At high rotation
rate, eddies induce down-gradient transport of < which
causes (3D < (ax, while at low rotation rate, eddies induce
up-gradient transport of < which leads to (3D > (ax. At
both very high and very low rotation rates (3D and (ax con-
verge. In the high rotation rate limit, this is because the
characteristic scale of eddies generated by baroclinic insta-
bility decreases as the rotation rate is increased. In the low
rotation rate limit, we suggest that this is due to a collapse of
the instability accelerating equatorial super-rotation when
the rotation rate is decreased sufficiently, although a full
investigation of this collapse is left for future work.

We are able to capture the dependence of ( onS (ormore
generally R) obtained in our numerical experiments with
an axisymmetric theoretical model for ( (Figure 6), that we
derive from themodel of Held andHou (1980). In the rapid
rotation rate limit (R � 1), the theoretical model predicts
( ≈ R/2, and in the low rotation rate limit (R � 1), the
theoretical model predicts that ( ≈ 2/5, both of which are
consistent with the results of our numerical experiments.
By considering the limiting behaviour of our theory, we
showed how the value of ( and its local dependence on R
is related to the dominance of different dynamical balances
in the atmosphere. (� 1 and ( ∝R defines a regimewhere
geostrophic thermal wind balance is dominant throughout
the domain, and ( ≈ 1/2 = constant defines a regime dom-
inated by conservation of angular momentum within the
overturning circulation. In this scenario, the dominant
momentum balance is geostrophic at low latitudes, and
cyclostrophic at middle and high latitudes.

By considering our axisymmetric theory in tandemwith
an alternative theory for ( proposed by Yamamoto and
Yoden (2013), which defines a cyclostrophic regime when
(� 1 and ( ∝

√
R or ( ∝ R1/3, we are able to characterise

each of the circulation regimes accessed by our numerical
experiments, and the Solar System planets (Figure 7). In
particular, our analysis makes clear that the atmospheres
of Venus and Titan, characterised by cyclostrophic balance
and strong equatorial super-rotation, are in a fundamentally
different dynamical regime to our Earth-like simulations
in their low rotation rate limit. With this in mind, we argue
that slowly rotating planets do not enter a cyclostrophic,
strongly super-rotating regime by ‘default’, as is often as-
sumed.

In the present study, we have demonstrated that the
global super-rotation index ( is a useful quantity to study
when comparing the dynamics of different planetary atmo-
spheres. We hope that this work, in combination with that

of Yamamoto and Yoden (2013), will provide a framework
for future work to make more use of (.
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APPENDIX A

Relation between ( and (′ for YY model

Yamamoto and Yoden (2013, YY) consider a non-
dimensional measure of super-rotation strength (′, defined
as

(′ ≡ *

S0
, (A1)

where * is a scale for the zonal velocity at the model top.
(′, like (, is an internal Rossby number.
When deriving their theory for (′, YY assume that the

meridionally integrated ‘relative’ component of specific
angular momentum <A = D× 0 coso,

<0 (I) =
∫ c

2

0
<A (o, I) cosodo, (A2)

has the following vertical structure:

<0 (I) =*0
[
1− cos

( cI
�

)]
/2, (A3)

where � is the height at the model top.
As YY specify a vertical structure for their model, we

may relate (′, which measures super-rotation at the model
top, to the global super-rotation index (,

( =

*0
2

∫ �
0

[
1− cos

(
cI
�

) ]
dI

S02�
∫ c
2
0 cos

3odo
=
3
4
(′. (A4)
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