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Abstract

In this thesis we obtain new estimates and regularity results for some fully nonlinear
elliptic equations arising in conformal geometry.

Our first set of new results concern local pointwise second derivative estimates for
elliptic solutions to the o-Yamabe equation. In Chapter 2 we obtain such estimates
for W?P-strong solutions on Euclidean domains, addressing both the so-called pos-
itive and negative cases. We explore two methods for obtaining these estimates: an
integrability improvement argument coupled with Moser iteration, and a method
using the Alexandrov-Bakelman-Pucci estimate. Our estimates are obtained in the
more general context of augmented Hessian equations. In Chapter 3 we obtain similar
estimates for smooth solutions on manifolds when k& = 2. Our work here contributes
to a growing literature on the regularity theory for the oi-Yamabe equation and, from
a broader perspective, the regularity theory for fully nonlinear, non-uniformly elliptic
equations.

In Chapter 4 we study the existence of conformal metrics satisfying g_lA; eIy,
where A7 is the trace-modified Schouten tensor. When 7 = 1, this is an important
question in the context of the go-Yamabe problem, and it is also of independent geo-
metric and topological interest when 7 < 1. Our focus will be on three dimensions; we
prove a new existence result when 7 < 1, and obtain a new proof of a result of Ge, Lin
& Wang [GLW10] when 7 = 1, with an eye towards tackling some related problems.

In Chapter 5 we obtain integral estimates for a fourth order perturbation of the
(trace-modified) oy-Yamabe equation in three dimensions, in the spirit of Chang,
Gursky & Yang [CGY02b]. Our study of this equation is partly motivated by the
existence problems considered in Chapter 4, but also from the analytic viewpoint of

using fourth order regularisations to study non-uniformly elliptic PDEs of second order.
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Chapter 1

Introduction

Fully nonlinear elliptic partial differential equations (PDEs) involving the eigenvalues
of the Hessian of an unknown function have been the subject of intensive study over
the last few decades, since the seminal work of Caffarelli, Kohn, Nirenberg & Spruck in
the series of papers [CNS84,CKNS85,CNS85, CNS86,CNS88|. Perhaps the most
well-known examples of these PDEs are formulated using the symmetric elementary

polynomials:

Definition 1.0.1. Let Sym,(R) denote the space of real symmetric n X n matrices

and let 1 < k& < n be an integer. For a matrix A € Sym,(R) with eigenvalues

(A, ..., A\n) € R™, we define the k’th symmetric elementary polynomial of A by
1<y < <ip<n

In particular, o1(A) = tr(A), 02(A4) = % (tr(A4)* — |A]?) and 0, (A) = det(A).

1
2

In this thesis we will be concerned with elliptic solutions to equations of the form
ol/k <V2u(m‘) - H[u](m)) = f(z,u(x), Vu(z)) >0, (1.0.1)

where Hlu|(z) = H(z,u(z), Vu(x)) € Sym, (R). We will also study solutions to some
variants of (1.0.1), such as a quotient equation involving the oy and o9 operators, and

solutions to a fourth order perturbation of (1.0.1) when k = 2.



1.1 An overview of the equations considered in this
thesis

We begin this introduction with an overview of some of the equations considered in this
thesis. The focus will be on familiarising the reader with (1.0.1); we will explain the
ellipticity and concavity properties of (1.0.1), and explain how equations of this form
are to be interpreted on Riemannian manifolds. We will also introduce a special case
of (1.0.1) known as the ox-Yamabe equation, which serves as our primary motivation

throughout this thesis. We postpone any discussion on the aforementioned variants of

(1.0.1) until later.

1.1.1 Augmented Hessian equations

In this thesis we will restrict our attention to the case £ > 2 in (1.0.1), which ensures
that these equations are fully nonlinear; we will not consider the case k = 1, in which
(1.0.1) is semilinear.

Let us start by considering (1.0.1) on a domain 2 C R"™. As mentioned above,
we will be concerned with elliptic solutions to (1.0.1). It is shown in [CINS85] that
(1.0.1) is elliptic (non-uniformly, a priori) when restricted to solutions u for which the
eigenvalues of

Aplu)(z) = V*u(z) — H[u)(x)

belong to the positive cone
Fz_:{()\l,,)\n) ER”:aj()\l,...,)\n) >Of0r1§]§k‘}

for all z € €. Note that when £ = n and H = 0, we recover the well-known fact
that the Monge-Ampere equation is elliptic when restricted to either convex or concave
solutions; for a detailed discussion on the general notion of ellipticity for fully nonlinear

equations, we refer the reader to [Kry95].



From now on, we will therefore consider in place of (1.0.1) the elliptic equation
a,i/k (Ag[ul(z)) = f(z,u(z), Vu(z)) >0, Agful(z) €Ty for z € Q. (1.1.1)

Notation: For A € Sym, (R), we write A € '} as shorthand for A\(A) € T}, where
A(A) € R™ denotes the vector of eigenvalues of A.

/ is concave when restricted to matrices with

A further useful feature is that o,
eigenvalues in '} [Gar59]. Moreover, a priori C? estimates on solutions to (1.1.1)
yield uniform ellipticity. Therefore, once a priori C? estimates are known, one may
apply the regularity theory of Evans-Krylov [Eva82,Kry82] (see also [CC95]) for fully
nonlinear, uniformly elliptic concave equations to obtain an a priori C*® estimate.
Classical Schauder theory then allows one to bootstrap according to the regularity of
f. Therefore, in the context of existence and regularity theory for (1.1.1), C? estimates
are key.

We now explain how (1.1.1) may be interpreted as an equation on a Riemannian
manifold (M, g). Let V*u € I'(Sym(T*M ® T*M)) denote the Hessian of u with
respect to the metric g, suppose H[u] € T'(Sym(T*M ® T*M)) is also a symmetric
(0,2)-tensor, and denote as before Ag[u] = V2u—H[u]. Raising an index via the inverse
metric g~! = (¢%), we obtain the (1, 1)-tensor g~ ' Ag[u], with (4, j)-component in local
coordinates given by ¢**(Ag[u])x;. By the canonical identification of 7*M ® T’M with
the endomorphism bundle End(T'M), ¢! Ax[u] can be viewed at each point z € M as
a linear map on the tangent space T, M which, by symmetry of the (0, 2)-tensor Ay [u],
is self-adjoint. In particular, the eigenvalues of g~'Ay[u](z) are well-defined and real

for each = € M, and it makes sense to consider on (M, g) the elliptic equation

ai/k(g_lAH[u](x)) = f(z,u(z),Vu(z)) >0, ¢ 'Ay[(z) €T} for z € M.
(1.1.2)
Both the equations (1.1.1) on Euclidean domains and (1.1.2) on Riemannian mani-

folds will feature heavily in this thesis. Following the recent work of Jiang & Trudinger
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[JT17,JT18,JT19]|, we refer to these collectively as augmented Hessian equations.
The augmented Hessian equations include some well-known PDEs as special cases,
such as the k-Hessian equation, which is obtained by taking H = 0, and the oy-
Yamabe equation, which is our main focus in this thesis and will be described in
the following subsection. We note that the k-Hessian equation includes the standard
Poisson equation (by taking £k = 1 and f = f(z)) and, for convex or concave u, the
elliptic Monge-Ampere equation (by taking k = n and f = f(z)). For additional detail
on the k-Hessian equation, we refer the reader to [TW97, TW99, TWO02|, where
these equations are considered in a very general sense. See also [Wan09] for a detailed

survey.

1.1.2 The o;,-Yamabe equation

Our main motivation for studying the augmented Hessian equations introduced above

comes from conformal geometry, namely in relation to the so-called oy - Yamabe problem,

for which the corresponding oy-Yamabe equations fall into the framework of (1.1.2).
Suppose (M", go) is a closed manifold of dimension n > 3, and denote by Ay the

Schouten tensor of gg:

1

n —

Ag =

5 <Rico—%go). (1.1.3)

n—1
Here, Ricy is the Ricci tensor of gg and Ry is the scalar curvature of gy. In light of the
Ricci decomposition (to be explained in more detail in §2.1.2), the conformal transfor-
mation properties of the full Riemann curvature tensor are completely determined by
those of the Schouten tensor, and thus the Schouten tensor is a natural quantity to
consider in the context of conformal geometry.

The (elliptic) o-Yamabe problem, first studied by Viaclovsky in [Via00a], is to
establish the existence of a conformal metric g € [go] = {fgo : 0 < f € C®(M™)}
satisfying

a;/k(g_lAg) = constant > 0, ¢ 'A, €} on M", (1.1.4)

4



where A is the Schouten tensor of g. More precisely, we refer to (1.1.4) as the oy-
Yamabe problem in the positive case; the o,-Yamabe problem in the negative case is

to establish the existence of a conformal metric g € [go] satisfying
o/F(—g~"A,) = constant >0, —g 'A, € T} on M" (1.1.5)

The o,-Yamabe problem derives its name from the fact that the trace of the
Schouten tensor is a positive multiple of the scalar curvature, and thus when k& = 1,
(1.1.4) (resp. (1.1.5)) reduces to the original semilinear Yamabe problem in the case
of positive (resp. negative) Yamabe invariant.

When k£ > 2, both (1.1.4) and (1.1.5) are fully nonlinear elliptic equations; a pri-
ort, the ellipticity is non-uniform. Moreover, the ox-Yamabe problem in the positive
(resp. negative) case is usually posed under a natural admissibility condition on the
background metric g, namely g, ' Ay € T} (resp. —gy'A4p € T). Under these re-
spective assumptions, a simple continuity argument using the connectedness of I';} (see
[Via02, Prop. 2]) demonstrates that any metric g € [go] with a;/k(g_lAg) > 0 (resp.
Ui/k(—gflAg) > () automatically satisfies g~ ' A, € T} (resp. —g~'A, € T}).

The Yamabe problem was solved through the combined works of Yamabe [Yam60],
Trudinger [Tru68], Aubin [Aub76] and Schoen [Sch84| — see also [LP87]. Under
the admissibility condition g, 1Ay € [}, the o}-Yamabe problem in the positive case
has also been solved when k£ = 2 [CGY02a, GW06, STWO07| and when (M", gy)
is locally conformally flat (LCF) [LL03, GW03a,BV04,STWO07|. Largely relevant
here is the fact that (1.1.4) is variational when k£ = 1 [Yam60], k = 2 or (M™, go) is
LCF [Via00a, BV04]. Relevant also to the LCF case is the work of Schoen & Yau
[SY88] on the developing map of a LCF manifold. The o4-Yamabe problem in the
positive case has also been solved when k& > % [GV07,LN14]; here, positivity of the
Ricci curvature (discussed in more detail in §1.2.2) plays an important role. On the

other hand, the existence problem is open in the positive case for 2 < k£ < 7 when



(M™, go) is not LCF, and there are no general existence results for smooth solutions
in the negative case when k£ > 2.
Now, if we write our conformal metrics in the form g = e=2%g,, where u € C*°(M™"),

then the Schouten tensors Ay and A, are related by the formula

2
Ay = Viu+du® du — MTulogo—FAo (1.1.6)

(see [Bes8T]), where we have denoted using subscript Os those metric quantities that

1 1

are defined with respect to go. Therefore, after writing g=! = e?"g,"' and multiplying

both sides of the equation in (1.1.4) by e~2*, we see that (1.1.4) is equivalent to

|Voul

a;/k<go_1<v(2)u+du®du— 5

9o + A0)> =ce ™ go'A, €T (1LL7)

This is precisely of the form seen in (1.1.2). Similarly, by writing conformal metrics as
g = e*gy, (1.1.5) can be written in a form which falls into the framework of (1.1.2).
To encompass more general prescribed oi-curvature problems, in this thesis we will

refer to equations of the form
o/F (g7 Ay) = flz,u(z), Vu(z)) >0, ¢ 'A, €T} (1.1.8)
as op- Yamabe equations in the positive case, and equations of the form
o/ * (=g Ay) = f(z,u(z), Vu(z)) >0, —g 4, €T} (1.1.9)

as oy~ Yamabe equations in the negative case. Note that in either case, we drop the prefix
‘elliptic’ for brevity, and unless otherwise specified, we will always be assuming that

k > 2 when referring to either the ‘oj-Yamabe problem’ or the ‘oj-Yamabe equation’.

1.2 Summary of new results

In this section we will briefly motivate and state some of our new results. To keep the
exposition concise, more general statements will appear in later chapters, alongside

more detailed literature reviews.



1.2.1 Local second derivative estimates for the o,.-Yamabe
equation

Our first set of new results concern local pointwise second derivative estimates for
W2P_strong solutions to (1.1.8) and (1.1.9) on Euclidean domains (for any 2 < k < n)
and smooth solutions to (1.1.8) and (1.1.9) on Riemannian manifolds (for k£ = 2).
In particular, these estimates apply to (1.1.4) and (1.1.5). In fact, our estimates on
Euclidean domains will be obtained for more general augmented Hessian equations of
the form (1.1.1), although we postpone the statements of these more general results
until Chapter 2.

As we mentioned in §1.1, C? estimates on solutions to (1.1.4) and (1.1.5) are key
in the context of existence and regularity for the o,-Yamabe problem. Let us begin
with an overview of the known estimates in the positive case (1.1.4). It has been
known since the work of Viaclovsky [Via02] that global a priori C? estimates for
(1.1.4) follow from C° estimates. Local a priori C? estimates depending only on one-
sided C° bounds have also been established, see e.g. [LL03,GW03b,Che05, Wan06,
JLLO07,Li09]. The desired C° estimates (assuming that (M™, go) is not conformally
equivalent to the round n-sphere) have also been established in certain settings, see
e.g. [CGY02a,LL03,GV07,LN14]|, leading to some of the aforementioned existence
results for (1.1.4). We note that most of these estimates apply more generally to (1.1.8),
at least when f = f(z).

We emphasise that the estimates mentioned above are a prior: estimates, in that
they are obtained for smooth solutions. On the other hand, the regularity theory for
(1.1.8) has received less attention. Our first new result is a local pointwise second
derivative estimate for W*P-strong solutions to the oj-Yamabe equation (1.1.8) on
Euclidean domains, and is the product of joint work with Luc Nguyen (see the preprint

[IDN20]):



Theorem A ([DN20)). Let Q be a domain in R™ (n > 3) and let f € CH(Q xR x R™)

loc

be a positive function. Suppose that 2 < k < n, p > %” and g = u?|dz|* with

0<u € W2P(Q) is a solution to
J,i/k(g_lAg(x)) = f(z,u(z), Vu(z)) >0, g 'A (x) eT{ forae xe€.

Then u € C2N(Q), and for any concentric balls By C Byp € Q we have

loc
IVl e () < €
where C' is a constant depending only onn,p, R, f and an upper bound for || In ul|w2r(p,,)-

For the negative case (1.1.5) of the o4-Yamabe problem, the situation is quite
different. Here, a priori C' estimates on solutions have been established by Gursky &
Viaclovsky in [GV03b], but it is an open problem as to whether solutions satisfy an a
priori second derivative estimate. Consequently, there are no general existence results
for smooth solutions to (1.1.5) when £ > 2. Our second new result is an analogue of
Theorem A for strong solutions to the o,-Yamabe equation in the negative case (1.1.9),

with a slightly stronger integrability assumption on V2u:

Theorem B ([DN20]). Let Q be a domain in R* (n > 3) and let f € Cio (Qx R x R™)

loc

be a positive function. Suppose that 2 < k < n, p > @ and g = u™?|dx|* with

0<ue€ W2P(Q) is a solution to
ai/k(—g_lAg(az)) = f(z,u(z), Vu(z)) >0, —g 'Ay(x) €T} forae. x €.
Then u € CLH(Q), and for any concentric balls Br C Bar € Q we have

IVull ) < €,

where C' is a constant depending only onn,p, R, f and an upper bound for || In ul|w2r(p,,)-



The proof of Theorems A and B is based on an integrability improvement argument
followed by an application of Moser iteration; see also §2.7 for partial improvements
using the Alexandrov-Bakelman-Pucci estimate. We note that Moser iteration has
previously been utilised in the context of the o,-Yamabe equation to establish local
boundedness of solutions, see for instance [Han04, Gon05, Gon06]. We refer the
reader to Theorem F in Chapter 2 for the more general result that includes Theorems
A and B as special cases.

As far as the author is aware, Theorem B currently provides the only available
pointwise second derivative estimate for solutions to the op-Yamabe problem in the
negative case. It also has the added strength of being a regularity result, rather than
just an a priori estimate. If one is concerned only with a priori second derivative
estimates for smooth solutions on manifolds which, as we have discussed, is still an
open problem in the negative case, then in fact our methods for Theorems A and B

can be adjusted to this setting when k = 2. Our result in the negative case is as follows:

Theorem C. Let (M™, go) be a manifold of dimension n > 3, let f € CZ (M" x
R x TM™) be a positive function and suppose p > 37” Let Bog be a geodesic ball in
(M™, go) of radius 2R < iy, where ig is the injectivity radius of (M", go) at the centre

of the ball. If g = u2gy, 0 < u € C*(Bag), is a solution to
0;/2(—9_1Ag($)) = f(z,u(z), Vu(z)) >0, —g 'A (x) €T on Byp, (1.2.1)

then there exists a constant C' depending only on n,p, R, f, go and an upper bound for
| Inu||w2rp,y,) such that

sup |V2u| < C.
Br

We refer the reader to Theorem J in Chapter 3 for a slightly more general version

of Theorem C which encompasses the positive counterpart to (1.2.1).



1.2.2 The existence of conformal metrics with g~'A] € I'y

For the remainder of the introduction, we will only need to consider the o,-Yamabe
equation in the positive case, so we drop any mention of ‘the positive case’.

As we mentioned in §1.1.2, it is standard to assume the admissibility condition
9o ' Ay € T} when considering the o,-Yamabe problem on [go]. When k = 1, this is
equivalent to imposing positivity of the Yamabe invariant of [go|, although this condi-
tion is less well-understood for k£ > 2. Therefore, it is of interest to ask — from both the
perspective of the o;-Yamabe problem, and more generally — whether certain confor-
mally invariant conditions on a manifold (M", go) imply the existence of a conformal
metric g € [go] with g7'A, € T}

One of the first significant results in this direction is due to Chang, Gursky &
Yang [CGY02b], who showed that if (M?*, go) is a closed 4-manifold with Ry > 0
and [ ma 02(90 'Ag)dvy > 0 (the latter being a conformally invariant condition in
four dimensions — see §4.1.1), then there exists a conformal metric g € [go] satisfy-
ing g~ 'A, € I'y, necessarily with positive Ricci curvature. We note that the conclusion
Ric, > 0 is a special case of a more general result due to Guan, Viaclovsky & Wang
[GVWO03], who showed that if g7'A, € I’} for some k > Z, then Ric, > 0. If this
is the case, it follows as a well-known consequence of Myers’ theorem that the funda-
mental group of M" is finite, thus providing a topological obstruction to the existence
of metrics with g7'A, € I’} for k > 2.

It is of particular interest to generalise the result of [CGY02b] to three dimensions,
where one retains the implication of positive Ricci curvature if 7' A, € T'y. In this
direction, Ge, Lin & Wang [GLW10] showed that if (M3, gy) is a closed 3-manifold
with Ry > 0 and [ e 02(90 'Ag) dvy > 0, then there exists a conformal metric g € [go]
satisfying g~' Ay € I';. The authors also point out that [, 02(g~"Ay) dvy is no longer
a conformal invariant in three dimensions. Moreover, a simple algebraic argument (see

Appendix 5.A) shows that in three dimensions, one only needs to show gflA; eI'd
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for some 7 > % in order to conclude that Ric, > 0, where

1

o i oy — Tt
A=Ay + (1 —T1)oi(yg Ag)g_n_Q(ng 2(n—1)g)

is the so-called trace-modified Schouten tensor. We therefore ask:

Question 1. Fiz 7 € [2,1) and suppose (M?,go) is a closed 3-manifold with Ry > 0
and [, 02(g5 A7) dvg > 0. Does there exist a metric g € [go] with g7*A7 € T3

(necessarily with positive Ricci curvature)?

The trace-modified Schouten tensor was introduced independently in [GV03a] and
[LLO3|, where the parameter 7 < 1 is used to construct a family of equations for
a continuity method and degree argument, respectively. In particular, each of these
methods culminates in an existence result for 7 = 1. On the other hand, it is also of
independent interest to study the quantities ak(ig_lA;) for 7 < 1, e.g. in relation
to the existence of conformal metrics of positive Ricci curvature, as discussed above.
Indeed, existence results for 7 < 1 have been studied by various authors — see e.g.
[GV03b] for an existence result in the negative case that is still open for 7 = 1, and
the following discussion on a result of [CD10] in the positive case.

A first step towards answering Question 1 is to see whether the conclusion Ric, > 0
in three dimensions can be obtained under any weakening of the hypothesis
S 02(90 1 Ao) dvg > 0 of [GLW10]. Indeed, Catino & Djadli [CD10] showed that
if a closed 3-manifold (M?, go) satisfies Ry > 0 and [, 5 02(gy ' Ao) dvg > 0 (note the
non-strict inequality here), then there exists a conformal metric g € [go| satisfying

g tA} € Tg for 7 & =z

15, necessarily with positive Ricci curvature. It is natural to ask

whether, under the same hypotheses as [CD10] and for any 7 < 1, one can obtain a
conformal metric satisfying g’lAg € I'J; this would bridge the gap between the results
of [GLW10] and [CD10]. In fact, we are able to prove a slightly stronger result than

this; the following result is the product of joint work with Luc Nguyen:
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Theorem D. Let (M3, o) be a closed 3-manifold with positive Yamabe invariant and

suppose

-14
Sup fMS 02(9 g)

dv, _
: > 0.
g=e=2ugo, B0 Jpqe € g

Then for all T < 1 there exists a metric g € [go| satisfying g_lA; € 'y (necessarily

with positive Ricci curvature if 7> %)

For the proof of Theorem D, see Chapter 4. Returning more directly to Question
1, one may ask whether the methods of [GLW10] (which gives a positive answer to
Question 1 when 7 = 1) could be adjusted to attack the case 7 < 1. However, as we
will explain in more detail in Chapter 4, the flow-based approach of [GLW10] (which
involves the quotient equation alluded to at the start of the introduction — see (4.1.4))
uses the variational properties of 02(9_1A;) when 7 = 1. We therefore ask whether
there is an elliptic alternative to this approach that is independent of any variational
structure. Our progress on this problem is partial, and so far consists of reproving the
result of [GLW10] using an elliptic method, although still with some dependence on

the variational structure. We refer the reader to Chapter 4 for the details.

1.2.3 Integral estimates for a perturbed o,-Yamabe equation

In a similar vein, one may also ask whether the methods of [CGY02b] in four dimen-
sions could be modified to address Question 1. Therein, the authors consider a fourth

order perturbation of a go-Yamabe equation given by
. 5
oa(g Ay) = ZAgRg + f, (1.2.2)

where f is a carefully chosen positive function. A large part of the proof in [CGY02b]
consists of obtaining a priori integral estimates on solutions to (1.2.2) that are inde-
pendent of §, and it is interesting to ask — both in relation to Question 1, and from

a more general PDE perspective — whether similar estimates can be obtained for such
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a vanishing viscosity-type problem in three dimensions. The following result gener-
alises the higher order integral estimates of [CGYO02b] to three dimensions, and also

addresses the trace-modified case:

Theorem E. Suppose (M3, gy) is a closed 3-manifold with positive Yamabe invariant.
Then for given s < 6, 7 € [3,1], C1 > 0 and positive f € C*(M?® x R), there exist
constants &y > 0 and C' > 0 (depending only on go, s, 7, C1, SUPp@y_cy 0 (f +

(Vo f]) < o0 and inf psw(—cy,cn) f > 0) such that for every C* solution g = €** gy to
—1 AT 5
oa(g Ay) = ZAgRg + f(z,w)
with 0 < 6 < 9y satisfying
||w||Loo(M3) + ||w||W1,s(M3,go) S Cl and Rg Z 0, (123)

one has

[wllwzs(ms go) < C- (1.2.4)

If T e [%, 1), we may replace the W6 norm in (1.2.3) with the WY* norm, and the

same conclusion holds for all s < 12.

We refer the reader to Chapter 5 for more background context to Theorem E,

including a discussion of the work of Chang, Gursky & Yang [CGY02b].

1.3 An outline of the thesis and a list of theorems

We conclude the introduction with an outline of the thesis. In Chapter 2 we consider
local pointwise second derivative estimates for W?2P-strong solutions to the oj-Yamabe
equation on Euclidean domains. We prove Theorems A and B in the more general
context of augmented Hessian equations. More precisely, we state and prove Theorem
F, which contains Theorems A and B as special cases. Various extensions and partial

improvements to Theorem F will also be addressed (see Theorems G, H and I).
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In Chapter 3 we continue our study of local pointwise second derivative estimates
for the o,-Yamabe equation, shifting our focus to smooth solutions on manifolds when
k = 2. We will state and prove Theorem J, which supersedes Theorem C.

In Chapter 4 we study the existence of conformal metrics with g_lA; € I'J in
three dimensions. We will prove Theorem D and give an alternative proof of the
aforementioned result of [GLW10], in which we consider a quotient equation involving
the oy and o, operators.

In Chapter 5 we prove Theorem E in the spirit of [CGY02b]|, obtaining a priori
integral estimates for solutions to a fourth order perturbation of the (trace-modified)
o2-Yamabe equation. We also give an application of our work in Chapter 2.

Finally, in Chapter 6 we summarise our work and list some further problems.

14



The following list of main results may serve as a useful reference for the reader:

Theorem

Theorem A

Theorem B

Theorem C

Theorem D

Theorem E

Theorem F

Theorem G
Theorem H

Theorem 1

Theorem J

Brief description

Local pointwise second derivative
estimates for strong solutions to the
o~ Yamabe equation in the positive
case on Euclidean domains

Local pointwise second derivative
estimates for strong solutions to the
or-Yamabe equation in the negative
case on Euclidean domains

Local pointwise second derivative
estimates for smooth solutions to
the o3-Yamabe equation in the neg-
ative case on manifolds

Existence of conformal metrics with
g 'A} € I'y on closed 3-manifolds,
T<1

A priori W?P estimates for smooth
solutions to a perturbed o,-Yamabe
equation on closed 3-manifolds

Local pointwise second derivative
estimates for strong solutions to
augmented Hessian equations on
Euclidean domains

Extension of Theorem F
Extension of Theorems F and G
Partial improvement of Theorem F

Local pointwise second derivative
estimates for smooth solutions to
the o9-Yamabe equation in the posi-
tive and negative cases on manifolds
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Theorem F
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Introduction

Introduction

Introduction

Introduction

Introduction

Chapter 2

Chapter 2
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Chapter 2

Local pointwise second derivative
estimates for strong solutions to the
o01.-Yamabe equation on Euclidean
domains

In this chapter we consider the problem of obtaining local pointwise second derivative
estimates for elliptic W?2P-strong solutions to the o,-Yamabe equation on Euclidean
domains. We will address simultaneously both the positive and negative cases (see
Theorems A and B in the introduction) by working in the more general context of

augmented Hessian equations. That is, we consider more general equations of the form
U,i/k(AH[u](a:)) = f(z,u(z), Vu(z)) >0, Aglul(z) e T} (2.0.1)

where Ag[u](r) = V*u(x) — Hlu|(z) and H[u|(z) = H(x,u(x), Vu(z)) € Sym, (R).
For the more general result that includes Theorems A and B as special cases, we refer
to Theorem F below. We also prove, concurrently with Theorem F, a more general
result which applies when k£ = 2 — see Theorem G below. The plan of this chapter is

as follows:

1. We begin in §2.1 with a literature review that will serve to motivate Theorems
F and G independently of conformal geometry. After stating Theorems F and
G, we will then return to the setting of the o;-Yamabe equation, and provide a
more extensive literature review of the o;-Yamabe problem. We will explain how

Theorems A and B follow as special cases of Theorem F.
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2. In §2.2 we provide a detailed outline of the proof of Theorems F and G. This will
include a comparison with previous work of Urbas [Urb00], who considered the

k-Hessian case of (2.0.1) where H =0 and f = f(z).

3. The outline given in §2.2 will prompt us to consider the divergence structure of

the linearised operator, which we address in §2.3.
4. In §2.4, we carry out the main body of our integral estimates, as outlined in §2.2.

5. In §2.5, we use our integral estimates and the Moser iteration technique to obtain
the desired C{' estimates, completing the proofs of Theorems F and G (and

loc

therefore Theorems A and B).

After proving Theorems F and G, we will then consider an extension of Theorems

F and G and a partial improvement of Theorem F. More precisely:

6. In §2.6, we give an extension of Theorems F and G to the case k£ > 3.

7. In §2.7, we strengthen Theorem F for a certain class of augmented Hessian equa-
tions. More precisely, we are able to weaken our integrability assumption on
V?2u for certain values of k by appealing to an alternative method which does
not require any divergence structure or Moser iteration. The class of equations

considered includes the o,-Yamabe equation in the positive and negative cases.

The results in §2.1-2.6 of this chapter are the product of joint work with Luc Nguyen

and may also be found in the preprint [DIN20].

2.1 Augmented Hessian equations and the
0,- Yamabe equation

In this section we begin with a brief discussion on some of the known estimates for
augmented Hessian equations. This will motivate (independently of conformal geome-

try) our new results Theorems F and G. After stating these new results in §2.1.1, we
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will return to the case of the o,-Yamabe equation in §2.1.2, giving a detailed account
of the current status of the o;-Yamabe problem and known estimates. We will explain

how Theorems A and B follow as special cases of Theorem F.

2.1.1 Background and new results for augmented Hessian equa-
tions

Let us begin by stating a known a priori second derivative estimate for augmented

Hessian equations, which will help to motivate our main result. The following theorem

was stated in [Tru06], and a proof due to Jiang & Trudinger can be found in [JT18]

(see also [MTWO5] for the case k = n in the context of optimal transport):

Theorem 2.1.1 ([MTWO05, Tru06, JT18]). Let Q be a domain in R" (n > 3),
f e C?*Q xR xR a positive function and H € C?(Q x R x R™; Sym,,(R)). Suppose
u € C*HQ) is a solution to (2.0.1) in 2, and that there exists a constant ag > 0 such
that on the set U = {(z,2,¢) : z = u(z),& = Vu(z)},
Z agk&Hij(x, 2, )GCmem > aolC)*|n? for all (,n € R" s.t. ¢ - = 0. (2.1.1)
ikl
Then for all Q' € 2, we have

sup |Vu| < C,
Q/
where C'is a constant depending only on n, ', f, H and ||ul|c1(q).

Remark 2.1.2. In [JT18]|, the authors are primarily concerned with boundary value
problems for augmented Hessian equations, and in fact the main contributions of
[JT18] are global estimates, rather than the local estimates of Theorem 2.1.1 above.
However, we do not consider boundary value problems in this thesis, and state only

the local version of Jiang & Trudinger’s estimates.

The condition (2.1.1) is variably referred to in the literature as strict co-dimension

one convezity of H, strict reqularity of H, or the strict MTW condition; if we allow
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the inequality (2.1.1) to hold for ap = 0, then we drop the prefix ‘strict’. It has been
well-known since the work of Ma, Trudinger & Wang [MTWO05] that such structural
properties of the augmenting matrix H play a role in obtaining a prior: estimates for
(2.0.1). Moreover, Loeper [Loe09] has constructed counterexamples to C! regularity
when co-dimension one convexity is violated. Theorem 2.1.1 therefore gives rise to
two natural questions: first, to what extent is a convexity condition such as (2.1.1)
necessary to obtain a prior: second derivative estimates, and second, can such estimates
be obtained for less regular solutions?

Regarding the first question, we note that global a priori estimates have been
obtained in [JT17] allowing for ap = 0 in (2.1.1), under certain conditions on 02 and
the boundary data. Regarding interior estimates, the situation is less well-understood:
even for H = 0, it is still unknown whether smooth solutions to (2.0.1) with f = 1,
k =2 and n > 4 admit an a priori local second derivative estimate in terms of ||u||c1
(for n = 3, such an estimate does hold - see [WY09]).

The answer to the second question depends on one’s notion of a generalised solu-
tion to (2.0.1). We again mention Loeper’s counterexample to C! regularity in the
absence of co-dimension one convexity, obtained in the context of optimal transport
[Loe09]. In [PogT78]|, Pogorelov constructed a counterexample to interior C? regularity
for generalised solutions (in the sense of Alexandrov) to the Monge-Ampeére equation
det V24 = 1 in three dimensions. This counterexample was extended by Urbas in
[Urb90] to viscosity solutions of the k-Hessian equations for & > 3. On the other
hand, Urbas showed in [Urb00] that for £ > 2 and p > %”, W?2P_strong solutions to
the k-Hessian equation a;/k(V%(aj)) = f(z) with 0 < f € CLH(Q) satisty a CL1(Q)
estimate depending on the L” norm of V?u.

Our main result of this section is an extension of the interior second derivative
estimates of Urbas [Urb00] to W??-strong solutions of (2.0.1), assuming that H is

a multiple of the identity matrix. We note that when H is of the form H(x,z,§) =
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H,(z,2)|¢* 1 with Hy > 0, our constraint p > %2 coincides with that of [Urb00]:

Theorem F ([DN20)). Let Q be a domain in R* (n > 3), f € CLHQ xR x R") a

loc

positive function and H € C21(Q x R x R"; Sym,, (R)). Suppose 2 <k <n, p>1 and

loc

ue W

oP(2) is a solution to

oM (Au[u)(2)) = f(z,u(z), Vu(z)) >0, Axlu)(z) €T} forae ze€Q, (21.2)
and that one of the following conditions holds:

1. H(z,2,€) = Hi(z, 2)|¢]*] with H; >0 and p > &

2. H(x,2,&) = Hy(z,2,£)] and p > kH)"

Then u € CLYN(Q), and for any concentric balls By C Byr € Q we have

loc
IV?ul| Lo () < C, (2.1.3)
where C' is a constant depending only onn,p, R, f, H and an upper bound for ||u|lw2r(s,y)-

Remark 2.1.3. More precisely, the constant C' in (2.1.3) depends only on n,p, R
and upper bounds for ||ullw2r(p,p), |Hllc1ix) and || In fllc1as), where ¥ = Bag x
[—M, M] x By(0) € QxR xR* and M > [ullcr(B,,- Note that since p > n in
Theorem F, an upper bound for ||ul[w2s(p,,) implies an upper bound for [|lul[c1(z,,),

in light of the Morrey embedding theorem.

The proof of Theorem F uses an integrability improvement argument followed by an
application of Moser iteration, and is inspired by the methods of Urbas [Urb00], who
proved Theorem F in the case H = 0, f = f(x). Other lower bounds on p leading to
Cﬁ)’i regularity for k-Hessian equations have been considered in [CM17,LB05,Urb88,
Urb01, Urb07], for instance. As we will see, new difficulties arise when H # 0. The
estimates of Theorem F are also closely related to certain analytical aspects in the
work of Chang, Gursky & Yang [CGY02b], although we postpone the discussion of

this work until later in the thesis (see Chapter 5).
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Besides providing a regularity result for a large class of augmented Hessian equa-
tions, one of the points to take away from Theorem F is that no convexity assumption
on H is required to obtain interior second derivative estimates, once sufficiently strong
integral estimates are known. In essence, we are able to trade a convexity condition
(see the discussion after Remark 2.1.2) for an integrability condition. This is of interest
even for smooth solutions (in which case the proof of Theorem F is largely simplified).

One of the main difficulties compared with the k-Hessian case considered by Urbas
is that the divergence structure is more complicated when H # 0. In fact, the main
reason for imposing that H is a multiple of the identity matrix in Theorem F is to ensure
a more favourable divergence structure, which turns out to be useful in exploiting a
cancellation phenomenon between higher order terms in our estimates — this will be
explained in more detail in §2.2. That said, it turns out that for £ = 2, one retains
some divergence structure even when H is not necessarily a multiple of the identity

matrix. We prove (concurrently with Theorem F) the following:

Theorem G ([DN20]). Let Q be a domain in R" (n > 3), f € C2H(Q x R x R?)

loc

a positive function and H € CoH(Q x R x R™; Sym,,(R)). Suppose p > 22 and u €

loc 2

W2P(Q) is a solution to (2.1.2) with k = 2. Then u € CoX(Q), and for any concentric

balls Br C Bor € 2 we have

HvzuHLOO(BR) < Ca

where C is a constant depending only onn,p, R, f, H and an upper bound for ||u|lwzr(s,p)-

When k£ > 3, the divergence structure is less tractable, although we are still able
to obtain a generalisation of Theorem G assuming p > kn - see Theorem H in §2.6 for
the details. Once again, we stress that in Theorems G and H, there are no convexity
assumptions on H. We also refer the reader to Theorem I in §2.7 for a partial improve-
ment on Theorem F; our proof of Theorem I uses the Alexandrov-Bakelman-Pucci

estimate in a way that bypasses the divergence structure altogether.
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2.1.2 Background and new results for the 0;- Yamabe equation

We briefly introduced the o,-Yamabe problem in §1.1.2 and stated our new results on
the o-Yamabe equation (Theorems A and B) in §1.2.1. In what follows, we give a
more extensive review of the current status of the o,-Yamabe problem, and explain
how Theorems A and B fit directly into the framework of Theorem F.

It will be useful to first recall the classical Yamabe problem, which asks whether
every conformal class of metrics on a closed Riemannian n-manifold (M", go) (n > 3)
admits a metric of constant scalar curvature. This question was answered in the affir-
mative through the combined works of Yamabe [Yam60], Trudinger [Tru68], Aubin
[Aub76] and Schoen [Sch84]| (see also [LP8T]); moreover, the sign of any constant
scalar curvature metric in [gg] coincides with the sign of the so-called Yamabe invariant,

the conformal invariant defined by

Y(M™, [g]) = inf Juan By dng' (2.1.4)
oelan] (Vol(M", g)) ™

Following the work of Viaclovsky [Via00a] and Chang, Gursky & Yang [CGY02b]

at the turn of the century, there developed a significant interest in the o,-Yamabe
problem which, as we have seen in §1.1.2, is a fully nonlinear generalisation of the
Yamabe problem. We recall that in the positive case, the o,-Yamabe problem asks
whether, given a closed Riemannian manifold (M™, go) of dimension n > 3, there
exists an elliptic solution to 0;/ k(gflAg) = constant > 0 in the conformal class [go,

that is, a metric g € [go| satisfying
/¥ (97 Ag(x)) = constant > 0, ¢~'Ay(z) €T} for z € M". (2.1.5)

We recall here that

A, = = (Ricg—%g) (2.1.6)

is the Schouten tensor of g.
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As we explained in the introduction, if we write our conformal metrics in the form
g = e ?gp, then the equation on the left of (2.1.5) can be written in terms of u and

the background metric gy using the conformal transformation law

o2 _ [Vouls
A, =Viu+du® du 5 9o + Ao (2.1.7)
(see [Bes87]), giving
2
o/* (gol (Vgu + du @ du — %go + Ao)) = ce . (2.1.8)

We also recall that the oi-Yamabe problem is usually posed under the admissibility
condition g; ' Ay € T}, in which case the ellipticity condition on the right of (2.1.5) is
superfluous (see [Via02, Prop. 2|).

Similarly, for the negative case of the o,-Yamabe problem we seek a solution to
1/k -1 _ -1 + n
o (— g "Ay(z)) = constant > 0, —g 'Ay(z) €T for z € M™ (2.1.9)

As with the positive case, this problem is usually considered with an admissibility
assumption on the background metric, namely —g; 4, € I

We remark that the choice to consider the Schouten tensor as defined in (2.1.6) is
not arbitrary. Rather, the Schouten tensor arises naturally in the Ricci decomposition

of the full curvature tensor of a metric g,
Riem, =W, + A, ® g, (2.1.10)

where W, is the Weyl tensor and (® is the Kulkarni-Nomizu product on symmetric
(0, 2)-tensors defined by
(h @ k)(X1, X2, X5, X4) = h(X1, X3)k(X2, Xa) + h(Xo, Xa)k(X7, X3)
(X0, XDE(Xa, X3) — h(Xo, Xa)E(X1, Xa)  (2.1.11)
(see [Bes87]). It is a well-known fact that the (1,3)-Weyl tensor is conformally in-
variant, so it follows from (2.1.10) that the conformal transformation properties of the

23



Riemann curvature tensor (involving derivatives of the conformal factor) are completely
determined by those of the Schouten tensor. Thus, the Schouten tensor is a natural

quantity to consider in the context of conformal geometry.
2.1.2.1 The positive case of the o,-Yamabe problem

There has been significant progress on the op-Yamabe problem in the positive case
since its inception, largely under the admissibility assumption gy Ay € IF. We first
summarise the developments in the existence theory, in roughly chronological order.
In the special case k = 2, n = 4, existence has been known since the work of Chang,
Gursky & Yang [CGYO02a]. For the case that (M",gg) is locally conformally flat
(LCF), existence was proved by Li & Li in [LL03], and independently by Guan &
Wang [GWO03a] (k # 5) and Brendle & Viaclovsky [BV04] (k = %). The method of
[GWO03a] (and extended in [BV04]) is to obtain the solution as the limiting metric
of a specific conformal flow, which in turn uses the fact that the problem is variational
in the LCF setting. A flow method was also utilised by Sheng, Trudinger & Wang
[STWO07] to prove existence in all cases that the problem is variational, which was
known at the time to include the case k = 2 and the LCF case (see also [GWO06] for
the case k = 2, n > 8). Branson & Gover [BGO8] later showed that the problem is
variational if and only if either £ = 2 or the manifold is LCF. Finally, existence is

: for the case k > 3,

known when k > see Gursky & Viaclovsky [GVO07], and also

|3

Trudinger & Wang [TWO09] for related work. For the case k > 7, see Li & Nguyen
[LN14]. The existence of solutions for 2 < k < § with (M", go) not LCF remains a
major open problem.

As with the Yamabe problem, the main difficulty in the existence theory for (2.1.5)
is obtaining a uniform a priori CY estimate on solutions. By the work of Viaclovsky
[Via02], a C° estimate on C* solutions implies a C? estimate, from which Holder
estimates of any order can be obtained (see the discussion in §1.1.1). A degree or

continuity argument then typically yields existence.
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The desired C° estimates were obtained in the existence proofs of the cases consid-
ered by [CGY02a,LL03,GV07,LN14|, assuming that (M™, go) is not conformally
equivalent to the round n-sphere (in this case, C° compactness fails due to the non-
compactness of the conformal group, but existence is trivial). In each of these papers,
C° compactness is derived from a detailed blow-up analysis for blow-up sequences of
solutions to (2.1.5). This analysis in turn relies on a combination of Liouville-type
theorems (see e.g. [Via00a, Via00b,LL03,LL05,Li07,Li09]) and local a priori first
and second derivative estimates depending on one-sided C° bounds (i.e. either an up-
per bound or a lower bound). These local estimates have been established in varying
levels of generality in the works of Li & Li [LLO3], Guan & Wang [GWO03b], Chen
[Che05], Wang [Wan06], Jin, Li & Li [JLLO7] and Li [Li09], for example.

Remark 2.1.4. Many of the results mentioned above apply more generally if the RHS
of (2.1.5) is variable, say f = f(x) or f = f(z,u). For variable f, there are known
obstructions to existence on the round sphere when k£ = 1 (see e.g. [Li95], [CLO01)),
so one still excludes conformal equivalence to the round sphere when considering C°
compactness in this setting. See the work of Li, Nguyen & Wang [LINW20b] for recent

existence results on the sphere when k£ > 2.

Remark 2.1.5. The existence result of [STWO0T7| exploits the variational structure and
bypasses the need for a C° compactness result for (2.1.5). Therefore, the compactness
of the solution set remains a major open problem when 2 < k < % with (M", go)
not LCF. Now, compactness of the solution set should lead one to an existence theory
by a degree argument, but it may be the case that there is a non-compact set of
solutions. Indeed, when &k = 1, existence is known by the work of [Yam60, Tru68,
Aub76,Sch84]|, but the compactness of the solution set can fail when n > 25, by the
work of Brendle [Bre08| and Brendle & Marques [BMO09]. In dimensions n < 24,
it is known due to Khuri, Marques & Schoen [KMS09] that C? compactness holds

assuming the positive mass theorem; for earlier results in lower dimensions, see e.g.
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[LZ99, Dru04, Mar05, LZ05, LZ07], and see [Sch91]| for compactness in the LCF
case. It is an intriguing question as to whether a similar phenomenon is present for

2 <k < 3, but this falls beyond the scope of this thesis.

Continuing the theme of §2.1.1, we ask whether second derivative estimates for
the o-Yamabe equation can be obtained under lower regularity assumptions on the
conformal factor u. To fit into the framework of §2.1.1, we restrict to the case that
(M™, go) is LCF. Then, restricting to a suitable coordinate chart, we may locally view

(2.1.8) as an equation on a domain  C R” with gy equal to the flat metric, i.e.

2
Ji/k (Vgu +du ® du — %]> =ce ™ in (. (2.1.12)

u

Making the substitution e=* = w~! and multiplying through by a suitable factor of w,

we can rewrite (2.1.12) in the form

1/k [ o2 |V0w|(2) _ .
o/ | Vow — TI = f(z,w) >0 in Q, (2.1.13)
where w > 0. This equation is of the form seen in Case 1 of Theorem F, hence our
local C*! estimate applies if we assume u € WP(M", go) with p > . In particular,
we obtain Theorem A as stated in the introduction.

We remark that although Theorem A applies only in the LCF case, we hope that
a more developed regularity theory for the o,-Yamabe equation could be of use in
relation to the open existence problem for 2 < k < § with (M", go) not LCF. We have

not explored this possibility yet, but of course it would also be of independent interest

to generalise the estimate of Theorem A to arbitrary closed manifolds (see also §5.6).
2.1.2.2 The negative case of the o,-Yamabe problem

There are fewer results on the o,-Yamabe problem in the negative case. In fact, there
are no general existence results for smooth solutions to (2.1.9) when k£ > 2. This is

in stark contrast to the case £ = 1, where the case of negative Yamabe invariant is
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easier than the positive case. Whilst C! estimates are known in the negative case due
to Gursky & Viaclovsky [GV03b], the main difficulty is in obtaining a priori second
derivative estimates — one should compare this to the positive case, where C? estimates
are known to follow from C° estimates [Via02], but C° estimates are not known in
general for 2 <k < 3.

However, there has been some interesting progress in the negative case for non-
smooth solutions. As pointed out by Li & Nguyen in [LN21a], the C! estimates of
[GV03b] imply the existence of a Lipschitz viscosity solution to (2.1.9), assuming
—go ' Ap € ['F. On the other hand, the maximum principle implies that if a smooth
solution to (2.1.9) does exist, then it is unique, and a strong maximum principle of
Caffarelli, Li & Nirenberg [CLIN13| implies that this smooth solution is also the unique
viscosity solution to (2.1.9). In particular, if there are two Lipschitz viscosity solutions
to (2.1.9), then there does not exist a smooth solution.

For the closely related oj-Loewner-Nirenberg problem, it is shown by Gonzélez,
Li & Nguyen in [GLN18| that for a smooth bounded domain in R"™, there exists a
unique continuous viscosity solution which, moreover, is locally Lipschitz. In [LIN21a],
Li & Nguyen show that on an annular domain, this unique viscosity solution is not
differentiable; the authors also announce that in forthcoming work with Xiong, this
result is generalised to domains with boundaries containing two or more connected
components [LNX]. Thus, the question of regularity (and uniqueness) in relation to
the o,-Yamabe equation in the negative case appears to be a delicate matter. For
work on equations similar to (2.1.9), e.g. with the Ricci tensor replacing the Schouten
tensor, see for instance [GV03b, LS05, Gua08, GSW11, Suil7].

In light of the lack of existence results for smooth solutions to (2.1.9), and the
results discussed above, the question of regularity for the o,-Yamabe equation in the
negative case is clearly important. Now, by the same reasoning as in the positive case,

if (M™, go) is LCF then we may locally view the equation in (2.1.9) as an equation on
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a domain €2 C R", with gy equal to the flat metric:

\V4 2
o;i/k( — Viu — du @ du + %I) =ce”™ in Q. (2.1.14)

v = —w~!, we can rewrite (2.1.14) in the same form (2.1.13),

Making the substitution e~
but now with w < 0. Therefore Case 2 of Theorem F applies, and in particular we
obtain Theorem B as stated in the introduction.

As far as the author is aware, Theorem B currently provides the only available
pointwise second derivative estimate for solutions to the o,-Yamabe problem in the

negative case. It also has the added strength of being a regularity result, rather than

just an a priort estimate.

2.2 An outline of the proofs of Theorems F and G

In this section, we provide the reader with an outline of the proofs of Theorems F and
G, meanwhile establishing notation that will be used throughout the chapter. We start
in §2.2.1 with a comparison to the k-Hessian case considered by Urbas [Urb00], which
will highlight the new steps required to prove Theorems F and G. In Section §2.2.2

we provide a more detailed outline of the proof of Theorems F and G.

2.2.1 Difficulties compared with the k-Hessian case

In adapting the methods of [Urb00] to prove Theorems F and G, we will need to deal
with the term H [u] which, whilst being of lower order in the definition of Ay[u|, creates
new higher order terms in our estimates. Roughly speaking, the two terms which are

formally problematic consist of:

(i) a contraction of the linearised operator

Flu]¥ = %‘Z’jj_i ][;i) (2.2.1)

with double difference quotients of H{u|;; (this arises as a result of taking differ-

ence quotients of the equation (2.1.2) twice), and
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(ii) the divergence of F[u]” multiplied by a term formally of third order in w (this

arises after integrating by parts).

In [Urb00], neither of these terms exist since F[u]” is divergence-free when H = 0.
In the more general case that we are considering, it is unclear whether these third
order terms have a favourable sign individually. However, we will estimate them so as
to show that, when combined, they yield a cancellation phenomenon that ensures the
overall higher order contribution is positive. For the estimates of the higher order terms
arising from the divergence of F'[u]”/, see Lemmas 2.4.4 and 2.4.5, and for those arising
from the double difference quotients of H[u], see Lemma 2.4.10. For the resulting

cancellation phenomena, see Corollaries 2.4.12, 2.4.13 and 2.4.14.

2.2.2 An outline of the proofs of Theorems F and G

Our proofs of Theorems F and G use an integrability improvement argument, from
which the C! estimates are obtained by Moser iteration. In Case 1 of Theorem F, we

will obtain, for a solution u € W2 1(Q) to (2.1.2) with ¢ > Br — k+1, the estimate

loc

1/ Cq
Au+C)) < — Au + Cy)TH1 2.2.2
2
Br+p P~ JBrys,
where p € (0, %], B = mf—;gm and (| is a positive constant ensuring Au + C; > 1

a.e. (see the paragraph after Remark 2.2.3 for the justification of the existence of C}).
Similarly, in Case 2 of Theorem F and in Theorem G, we will obtain, for a solution

u € W2IH(Q) to (2.1.2) with ¢ > EED® — k the estimate

1/6 Cq
(/ (Au + Cl)ﬁq) < 5 (Au + Cl)quk, (223)
BR+p P” JBrys,
. o (k+1)n . . .
now with § = G=55=570"775- The estimates (2.2.2) and (2.2.3) then yield an im-

provement in integrability under the respective lower bounds on ¢, which can then be

iterated to yield the desired C,.! estimates.'

!One might ask whether a reverse Holder-type inequality for a single second derivative V;V;u,
similar to (2.2.2) and (2.2.3), can be established. We have been unable to show this.
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In the rest of this subsection we explain how the estimates (2.2.2) and (2.2.3)
are obtained. Due to the lack of regularity, we derive our estimates through taking
difference quotients of the equation (2.1.2). For an index [ € {1,...,n} and increment
h € R\{0}, we recall the first order difference quotient Vu(z) = h= (u(x+he;) —u(z))

and the second order difference quotient

u(x + hey) — 2u(z) + u(x — hep)
h? .

Aju(z) = ViV "u(z)) = (2.2.4)

We also denote
Z Ajju(x

The above expressions are well-defined for x € Q;, = {y €  : dist(y, Q) > |hl|}.

It is well-known (see, for instance, [GT01, Lemma 7.23|) that

IV

@y < |[Viu

Lo foralls>1and Q € Qs.t. dist(Q,00) > |h|. (2.2.5)

It follows from (2.2.4) and (2.2.5) that there exists a constant C' = C'(n) such that

L) < C||V*u

||vn, Lo forall s > 1. (2.2.6)

We will also use the following well-known fact — see Appendix 2.A for a proof:

Lemma 2.2.1. Suppose u € W?*(Q) for some s > 1. Then v, — Au in L{ (Q) as

h — 0.

We assume for now that both the increment A and our solution u are fixed, and write
v as shorthand for v;,. Taking difference quotients of the equation ak "(Ap[u)(z)) =

1/k

flul(z) == f(z,u(x), Vu(z)) and appealing to the concavity of ak in '}, we will

derive (at the start of §2.4) the pointwise estimate
D k(fu) T AL f U] < Flu)?V Vo =Y Fu]Aj(Hlu)); ae in Qy,  (22.7)
I I
where we recall Flu]? = doy(Ap(u])/0(Ax|u]);; is the linearised operator.
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Remark 2.2.2. In (2.2.7), and for the remainder of this chapter, summation notation
is employed only over repeated indices which appear in both upper and lower positions.
Positioning of indices is purely to indicate whether summation convention is being
utilised; since we are working with the Euclidean metric, we are free to raise and
lower indices at will. For instance, A;;, A;, A{ and AY all denote the (i, j)-entry of a
symmetric matrix A. Similarly, we do not distinguish between the derivatives V* and

V,; when using index notation.

Remark 2.2.3. Since u is fixed, we write f[u], H[u], Ag[u], F[u]” etc. to emphasise
that these are to be considered as functions of z. If it is clear from the context (e.g. if

there are no derivatives involved), we will simply write f, H, Ay, F/ etc.

The estimates (2.2.2) and (2.2.3) are derived by testing (2.2.7) against suitable test
functions. First fix a ball Bog € Q. Since Ay € Ty is equivalent to positivity of both
tr(Ay) = Au—tr(H) and o9(Ay) = 2 (tr(An)* —|Ax|?), there exists a constant C; > 0
(depending on an upper bound for || H||co(s) - see Remark 2.1.3) for which Au+C; > 1
and |V?u| < Au + C) a.e. in Byg. We define © = v + €}, and for a small parameter

d > 0 (that we eventually take to zero) we denote
Qs = ((0%)* + 52)1/2.

For p € (0, %] we also let 7 € C°(Bpya,) be a standard non-negative cutoff function.

Testing (2.2.7) against Q% " (for ¢ > 1 to be chosen later) then yields

S [ gt s
1 Y Brt2p

< / N SAAYTEDY / nQi FIAL(Hu])y;  (2.2.8)
BR+2p 1 B

R+2p

for all w € W2IT1(Q) N WL>2(Q) solving (2.1.2).

For ease of outlining our argument, let us suppose that f = f(z,z) (the general

case f = f(x,z &) will only require minor changes - see §2.5.3). Then the integrand
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on the left hand side (LHS) of (2.2.8) is a lower order term, whereas the integrands on
the RHS of (2.2.8) involve higher order terms, formally of fourth and third order in
the limit A — 0, and thus need to be treated.

In §2.4, we integrate by parts in the first integral on the RHS of (2.2.8), using a result
of §2.3 that tells us V;F[u] is a regular distribution belonging to Ll(g:k_l)/(k_l)(ﬁ) if

w e W2IHQ) N Whe(Q).  After taking 6 — 0 and carrying out some further

loc loc

calculations (see Lemmas 2.4.2 and 2.4.3), we will obtain the estimate

g-1 / V(7))

TR aRAvAY AIMAA vty
Cq2 tI‘(AH) +/BR+QP 77(“ ) vz [U] VJU

>/ T B

< %( / (o) / (Au+01)q+’“), (2.2.9)
p Bry2p BRr+3p

where C' is a constant independent of h, ¢ and p.

Whilst the first integral on the LHS of (2.2.9) is a favourable positive higher order
term, the other two integrals on the LHS (which we denote by (I5), and (I3),, respec-
tively) involve higher order terms which are, a priori, of unknown sign. Treating (),
and (I3), is the most technical part of the proof.

Now, if we momentarily assume sufficiently high regularity on wu, say
u € WEIPHHQ) n WX (Q) (¢ > 1), the issue of dealing with (I), and (I3), is
largely simplified. As will be detailed in the proof of Theorem H in §2.6, one may
apply the Cauchy inequality to each of the integrands and absorb the resulting third
order terms into the positive term on the LHS of (2.2.9). Under the stated integrability

assumption, this crude estimation is sufficient to show

-1 v ((5+)9/2)|? C
q _ / fk| (JC(QEA) ))} < _2</ (@+)q+2k—1+/ (Au_i_c«l)qwk—l)
q BRr+tp NAr P Br+2, Bry3p

An estimate analogous to (2.2.2) and (2.2.3) can then be obtained, assuming ¢ >

kn — 2k + 1.

32



The difficulty is to therefore deal with (I), and (I3), under the weaker integrability
assumptions of Theorems F and G. At this point, we make the distinction between the
various cases. In each case, we estimate (I5), and (I3), so as to produce a cancellation
phenomenon when combined, leaving only lower order terms; see Lemmas 2.4.4 and
2.4.5 for the estimates on (I),, Lemma 2.4.10 for the estimates on (I3),, and Corollaries
2.4.12, 2.4.13 and 2.4.14 for the resulting cancellations. It will then follow from (2.2.9)
that, in Case 1 of Theorem F with the relaxed assumption u € W291(Q) WL (Q)

(¢ > 1), we have the estimate

1 v(EHe)P ¢ e B
q _ / fk‘ (t(r(A ))‘ < _2(/ (U+)q+k: 1+/ (Au+01)q+k 1).

q BRip H P Bry2p Brysp
(2.2.10)

Similarly, in the remaining cases with u € W2 (Q)NW,5>(Q) (¢ > 1), we will obtain

loc loc

-1 kM g( St\atk q+k)
q? /Bmpf tr(Apy) Spg /l%R+2p(v) +/BR+3P(AU+01) . (2.2.11)

To obtain (2.2.2) from (2.2.10) (resp. (2.2.3) from (2.2.11)), we proceed as follows
(the details can be found in §2.5). We first obtain an integral estimate for |V ((57)%/2) |2,

to which we can apply the Sobolev inequality. We then justify taking the limit h — 0

and impose the lower bound ¢ + k& — 1 > %" (resp. ¢+ k >

(k+1)n

5 ), from which we

obtain (2.2.2) (resp. (2.2.3)).

2.3 Divergence structure of the linearised operator
Flu]”

In this section we derive a divergence formula for the linearised operator F[u]™ (defined
in (2.2.1)), which we will use at various stages of our proof.

We note that in the case that Ag[u] = V?u or Aglu] = A, = V?u — |V;:L|QI, the

divergence properties of F[u]” are well-documented (for smooth u). In the former case,
F[u]” is divergence-free with respect to the flat metric (see [Rei73]), and in the latter

case, u! FF[u]¥ is divergence-free with respect to the conformal metric g;; = u =24,
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(see [Via0O0a]). For related discussions, see also [GW03a, BV04, Gon05, Han06,
STWO07, BGOS].
For A € Sym,(R) and 1 < k < n, define the k’th Newton tensor of A inductively
by
Te(A) = o) (A — Tp_1(A)A, Tp(A)7 =64, (2.3.1)

It is well-known (see [Rei73]) that

dop(A) ij
alj4ij = Ty1(A) (2.3.2)
and
tr(T(A)) = (n — k)ow(A), (2.3.3)

and moreover Ty_1(A)% is positive definite when A € '} (see [CNS85]). In particular,
by (2.2.1) and (2.3.2), Flu]Y = Ty_1(Ag[u])¥.

We start by deriving a divergence formula in the case that u € C3(Q):

Lemma 2.3.1. Let Q C R" be a domain and u € C3(). Then for H € C'(2 x R x

R™; Sym,(R)) and 2 < k < mn,

k—1
ViF[u)d = 3 (=1 Ty (A (Va(H ] — VE(H[u]) o ) (A5 )] =5 Vul
"~ (2.3.4)
Moreover, if H(x,z,§) = Ho(z,2,£)1, then
ViFu]" = —(n —k+ 1)V;(Hyu]) Tr—2(Ag)?. (2.3.5)

Proof. The identity (2.3.4) will follow once we show that for 1 <k <mn —1,

Mw

VT (Anlu DPHT (g (va(H[u])g — VC(H[U])ab> (AP, (2.3.6)

p:l
Similarly, (2.3.5) will follow once we show that for 1 < k < n —1 and H(z,z2,§) =
H2($7 2, f)la

ViTi(Ag[u))? = —(n — k)Vi(Hyu]) Th_1(Ag)Y. (2.3.7)
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To this end, we take the divergence of both sides in (2.3.1), which yields

ViTu(Anlu])? = Vion(Anu)) — Vi(Ti-1(Aulu])" (Ar[u))])
— 0(An)a

(2.3.2)

=" Tha(Au)" (V(Agul)a — Vi(Aulu))]) = Vi(Te 1 (Anul) ! (An)]

= T (Ap) (Vi(H[u])] — V2 (H[u)a) — Vi(Teer (Anlu]) " (Am)i. (2.3.8)

VI(Aru)a = Vi(Teor(Ap[ul)) (A )] — Tee1(An)"'Vi(Aru))

Then (2.3.6) is readily seen by applying (2.3.8) iteratively.

We now turn to (2.3.7), for which we apply an induction argument on k using
(2.3.8). The base case k = 1 is clear. We suppose that for some k£ > 2 we have the
identity

Vil 1(Ag[u))? = —(n — k + 1)V (Hy[u]) Tho(Ax)?, (2.3.9)

and we show that (2.3.7) then follows. First observe that, by (2.3.9) and the fact

Hij = H25ij7 (238) simpliﬁes to

ViTu(Anlu))? = Vi(H[u)) Ti-1(Ag)"? — V! (Hs[u)) tr(Tir (An))

+(n—k+ DV, (Ha[u))(The—o(Ag) Ag)?. (2.3.10)

After substituting (2.3.1) and (2.3.3) into the last term and the penultimate term in

(2.3.10), respectively, we arrive at (2.3.7). O

Note that V[u}? (defined in (2.3.4)) contains at most second order derivatives of .

As a consequence, V;F[u]” is a regular distribution for u € W2 1(Q) n Wb (Q).

loc loc

More precisely, we have:

Lemma 2.3.2. Let Q C R™ be a domain and u € W2 1(Q) n WL (Q) with ¢ > 1

loc

and 2 < k < n. Then for H € C2HQ x R x R”; Sym,(R)) and ¢ € W,*(Q;R),

loc

q+k—1
q

5 = , we have

/QF[u]ijViapj = —/QV[u]ngj, (2.3.11)
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where V[u)? is defined in (2.3.4). In particular, V;F[u]V = V{u}i € LY D/E=1 ()

loc

and

|ViF[u]?] < C(1+ |V?ul*") ae. in B, (2.3.12)
where C' is a constant depending on an upper bound for || H||co1(s).

Proof. Tt is clear that u € W2T1(Q) N WL(Q) implies V]u} € LT D/ED ().

loc loc loc

Since < + qiﬁl = 1, it suffices to prove (2.3.11) for ¢ € C5°(Q;R™). Let ugm € C*(Q)

loc

be such that w(,) — v in W2IF1(Q). Then by (2.3.4), we have for each m € N the
identity V,;Flugm]” = V{ug,)’, and it follows that

/S]F[U(m)]ijvigoj- = —/ V[U(m)]jgﬁj. (2.3.13)

Q

Now, since () — u in W2 71(Q), we have both Flu,] — Flu] and V[u(m] — V]u]

loc

in Ll(gjkfl)/(kfl)

(). In particular, we can take m — oo in (2.3.13) to get (2.3.11).

The estimate (2.3.12) follows from the definition of V[u)’. O

2.4 Main estimates for the proofs of Theorems F
and G

2.4.1 Initial integral estimates: isolating higher order terms

The following lemma provides the starting point for our integral estimates:

Lemma 2.4.1. Suppose f € CO(QxRxR") is positive, H € C°(QxRxR"; Sym,, (R))

and u is a solution to (2.1.2). Then for fixed h,
> kAL U] < FIV V0 =Y FIAR(H[u))y  ace. in Q. (2.4.1)
1 I

Proof. The proof follows [Urb00], with some adjustments. For A € Sym,(R), let
Gi(A) = 00,"F(A)J0A;; = k1o, (A)-R/EFii(A), and denote G := G (Ay(u]). Fix
le{l,...,n} and h € R\{0}. Then there exists a set S,; C €, with £(Q,\Sh;) =0
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(where L is the Lebesgue measure) such that Apylu|(x), Ag[u](z + he)) € T} for all

x € Sp,. By concavity of ai/k in I'}, it follows that for z € S;,; we have

Ui/k(AH[u](a:ihel))—ak (Aglul(x)) < Gij(ac)(AH[u](x:i:hel)—AH[u](:z:))ij. (2.4.2)

Adding the two equations in (2.4.2), dividing through by h* and summing over [, we

have

ZAga;/’“ ZG“ (@)A} (Anlul(2)),, for z€ Sy =[S, (24.3)

=1
with S}, clearly satisfying £(€;,\Sy,) = 0. Substituting G¥ = kilal(ﬁl_k)/kF"j into (2.4.3)

and recalling that Ag[u] = V?u — H[u], we obtain
Zkak (Ag AZO'; M Aglu]) < ZF”AZ u—Hlu ])w in Sp,. (2.4.4)

Substituting the equation ak "(Ag) = f into the LHS of (2.4.4), and commuting

difference quotients with derivatives on the RHS of (2.4.4), we arrive at (2.4.1). O

As outlined in §2.2, we proceed to derive a series of integral estimates by multiplying
(2.4.1) by suitable test functions and integrating by parts using the divergence structure
proved in Lemma 2.3.2. Recall that for a fixed increment h > 0, we defined v(x) =
>, Alu(x), and that we fixed a ball Bogp € ), and a constant C; (depending on an
upper bound for ||H|cos)) such that Au+ C; > 1 and |[V?u| < Au + Cy ae. in
Bsr. The existence of such a constant is guaranteed by the assumption Ay € I'y. We
then defined o = v 4+ (4, and for a small parameter § > 0 (that we eventually take
to zero) we defined Q5 = ((07)% + 52)1/2. For p € (0, %], we also fix a cutoff function
n € C2(Bpya,) satisfying 0 <n < 1,7=1on Bgy, and [V'y| < C(n)p~" for I = 1,2.

Suppose u € W2 H(Q) nWh®(Q) (¢ > 1) is a solution to (2.1.2). Multiplying

(2.4.1) by nQ?™" and integrating over the domain Bg,g,, we see

Z/B knQu AL flu]

S/ 2 IF”VW—Z / QY FUAL(H[ul)y,  (2.4.5)
BRr+2,

BR+2p
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which is just the estimate (2.2.8) in §2.2, repeated here for convenience.

We are now in a position to prove our first integral estimate. In what follows, let

e :/ (@+)S+/ (Au+ O
Br+2p BRrysp

Roughly speaking, if u € VVI(Q)CS(Q) then J}(Ls) should be interpreted as a lower order term,
and terms bounded by J,gs) are consequently considered ‘good terms’.
We will first address the case f = f(z,z) in Theorems F and G for simplicity and

postpone the more general case until §2.5.3. The relevant equation is therefore
oM (Auld](z)) = f(z,u(z)) >0, Aglul(z) €T} for ae z € Q. (2.4.6)

Throughout §2.4, unless otherwise stated, C' will denote a generic positive constant
which may vary from line to line, depending only on n, R, f, H and an upper bound for
|ullwieo(p,p)- In particular, C'is independent of h, ¢ and p, and any norm of V*u. In
addition, we will often use the inequalities Au + C; > 1 and |V?u| < Au+ C} without

explicit reference.

Lemma 2.4.2. Suppose f € CLH(Q x R) is positive, H € C2H(Q x R x R™; Sym,, (R))

loc

and w € W21 Q)N WL™(Q) (¢ > 1) is a solution to (2.4.6). Then for R > 0 with

loc loc

Byr € Q, p € (0,£] and |h| sufficiently small, we have

- 1)/ n(0) 1P FIN OV +/ (0P u] IV ;0
BR+2p BR+2p
+ Z/ 77({)+)q—1FijAZ(H[u])ij < C«p—2Jf(Lq+k—1)'
l Bri2p
(2.4.7)

Proof of Lemma 2.4.2. Appealing to Lemma 2.3.2 with ¢; = an_lvjf), and noting

that

Vip; = QU 'inV,o + (¢ — DT QY>V,ioV,0 + QY 'V, V0,
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we have
[ (Vv (g - 157 Q4 VAT 4 0] V. 0)
BR+2/J

= - / nQL ™ ViF[u]7V ;0. (2.4.8)
BR+2p
Rearranging (2.4.8) to get the desired integration by parts formula for

fBR+2p nQY ' F9V,V,b, and substituting this back into (2.4.5), we obtain
(g—1) / Nt QI FUN V0 + / nQY 'V, Fu)’V ;o
BRr+t2p Br+2p

+2/

Bri2p

0@ A <~ [ QT PV

Bri2p
S mQrA W (249)
I BRr+t2p

We now take 6 — 0 in (2.4.9), using Fatou’s lemma for the first integral (which is
positive) and the dominated convergence theorem elsewhere (which is justified since

g > 1). This yields
(q — 1)/ n(@H)I P FIV, 0V 0 +/ n(©H)I IV F[u]V ;0
BR+2p BR+2p

£ [ et < - [ @ P
1 Y Bry2p Bri2p

-3 /B Fnp(5)7 I Flu]. (2.4.10)
I R+2p

To conclude the proof of Lemma 2.4.2, we must bound the RHS of (2.4.10) from
above by C’p_QJ,(L‘Hk*l). We begin with the first integral on the RHS of (2.4.10). Ap-
pealing again to Lemma 2.3.2, now with ¢, = %(QN]JF)(IV]'T] and V,p; = (07)17 'V, 0V n+
%(fﬁ)qvivjn, we have

[ (@ Ve 6eTm) = =2 [ @Y
Bry2, q Bry2p

Therefore,

1 1 .
‘/ q 1F”V77 ;U < ‘5/ ~+ qF”V iVin| + ‘q/ (fﬁ)qViF[u]”Vﬂ]
BR+2p Bry2p Br+2p
C . C .
<= JIF|+ — (07)div Flu]|.  (2.4.11)
p R+2p p BRry2p
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Recalling |F| < C(Au + C1)*! and applying Hélder’s inequality to the penultimate
integral in (2.4.11), we see that fBR+2p(f1+)q|F| < CJ,Eq+k_1). The final integral in
(2.4.11) satisfies the same estimate, since | div Flu]| < C'(Au + C;)*1 by (2.3.12).

It remains to estimate the second term on the RHS of (2.4.10). Keeping in mind
that f = f(z,2) € C'ﬁ)’cl(Q x R), we apply Hoélder’s inequality followed by (2.2.6) to

obtain

q

()" (L.,

5 8l )

(2.2.6) B q q é (q)
o[ o) () lasmr) e
BRry2p BRr+3p

(2.4.12)

DY RS LAY
l R+2p

This concludes the proof. O

To clear up notation, we denote the three integrals on the LHS of (2.4.7) involving

higher order terms by
W=(-1 [ @) P,
BR+2p

(1), = / (5 ) V[V and

The terms (I;),, (I3), and (I3), will be considered in turn. In §2.4.2, we prove an
estimate for (I;),. In §2.4.3, we consider the term (I),: in §2.4.3.1, we estimate (I,),
in the case that H is a multiple of the identity, and in §2.4.3.2 we estimate (I,), for
general H when k = 2. In §2.4.4, we consider (I3),. Since the estimate for (I3), in the
general case is slightly involved, for illustrative purposes we first address in §2.4.4.1
the simpler case when H(z,z,£) = Hy(z, 2)|¢|*I with Hy > 0, which includes the oy-
Yamabe equation in the positive case. The estimate for (I3), in the general case is
proved in §2.4.4.2. In the process, we will prove the cancellation phenomenon between

(Iy), and (I3), alluded to earlier — see Corollaries 2.4.12, 2.4.13 and 2.4.14.
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2.4.2 A pointwise lower bound for F[u]YV,;0V ;v

The term F7V,0V,;0 in (I;), can be bounded in the same way as in [Urb00] (see

equation (3.6) therein). We reproduce the argument here for the reader’s convenience.

Lemma 2.4.3. Suppose f € C°(Q x R) is positive, H € C°(Q x R x R"; Sym,,(R))
and u s a solution to (2.4.6). Then for ¢ > 0,

4fk |v((2~}+)q/2) }2

N2 RN 5D >
(v™) VoV v > £ Au— (i)

a.e. in Q. (2.4.13)

In particular, for R > 0 with Bog € 2, p € (0, %], q > 1 and |h| sufficiently small, we

have

_ oH)/2) |2
(1), > % /B f% (2.4.14)

Proof. For 1 <[ < n, denote by FZZJ)(A) the matrix with entries do;(A)/0A;;. Using
the concavity of o4 (A)/ok-1(A) on I'}, we have

FiO(A) | Fi_y(4)

for all A eI 2.4.15
(A = o (A k ( )

(see e.g. [Urb00,LT94]). Applying (2.4.15) inductively, it follows that

F7 (A) F7(A) i
) € A for all A e TF 2.4.1
e (A) 2 Z (A tr(4) or a el). (2.4.16)

Taking A = Ag[u] in (2.4.16), where u is a solution to (2.4.6), we obtain

Flu]¥(x) S 6%
fHul(z) — Au(r) — tr(H[u](z))

for a.e. x € (),

from which (2.4.13) is readily seen. The estimate (2.4.14) then follows from properties
of n. O

2.4.3 Integral estimates for V,;F[u]”V ;0

In this section we obtain estimates for the quantity (I»), = [ B, n(0T) 1V, Flu]¥V ;0.
2p

The case in which H is a multiple of the identity matrix will be dealt with first, in

§2.4.3.1. The case for general H when k = 2 will then be addressed in §2.4.3.2.
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2.4.3.1 The case H = Hy(x,2,£)]

In this section we prove the following two lemmas:

Lemma 2.4.4. Suppose f € C°(Q x R) is positive, H € Cp' (2 x R x R”; Sym, (R))

loc

with H(z,2,€) = Hy(x,2)|€]2], and that u € W21 Q) nW>(Q) (¢ > 1) is a

oc loc

solution to (2.4.6). Then for R > 0 with Bag € Q, p € (0, %] and |h| sufficiently small,

we have

Hy¢]?)

(I2), = - / a5y () 2 ge. IVl = Cp tJ T, (2.4.17)
BR+2p a

Lemma 2.4.5. Suppose H € CoH(QxRxR™; Sym,, (R)) with H(z,z,£) = Hy(x, 2, €)1,
and that u € W2T™(Q) nW.L>(Q) (¢ > 1). Then for R > 0 with Byr € Q, p € (0, 5

loc

and |h| sufficiently small, we have

0H,

5 (] Vo0 — Cp I, (2.4.18)

(1), > - / D) tx(F)

Remark 2.4.6. Note that in Lemma 2.4.5, we do not assume that u solves (2.4.6). In
contrast, the weaker integrability assumption in Lemma 2.4.4 relies on both the fact

that u solves (2.4.6) and that H, depends quadratically on Vu.

Remark 2.4.7. The first term on the RHS of (2.4.17) and (2.4.18) will later be shown

to cancel with a term arising from our estimate for (Is), .

Proof of Lemmas 2.4.4 and 2.4.5. The proof consists of three steps. In Step 1, we
prove a preliminary estimate assuming only u € I/Vli’cq”Lk_l(Q) N VVllocoo(Q) and H =
Hy(z,z,€)1, but we do not assume at this point that u necessarily solves (2.4.6). Only
in Steps 2 and 3 will we appeal to the specific hypotheses of Lemmas 2.4.4 and 2.4.5.

Our starting point is the following expression for (I5),, which follows from (2.3.5):

Ma)y =~ =k+1) [ 0@V (Halu) Tea(Am) V0

BRry2p
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Step 1: In this step, we show that for every u € W2 1(Q) n W.>(Q),

loc loc

(Io), > - /B () e (F) 22 v - PR /B n(@) 2 ),

86& q aafaagb
— Cpt D, (2.4.19)

Note that the first integral on the RHS of (2.4.19) is the desired integral seen on the
RHS of (2.4.17) and (2.4.18).
To prove (2.4.19), first observe that by the chain rule,

(Iz)h:—(n—k+1)/B n(vh)e ‘ij[ | Teo(An) V0

— (n—k—l—l)/ 7](’17+)q 16]—]2[ }Tk 2(AH) jv UV’U
BR+2p aZ

—(n—k+1) / n(mq—l%?? [u] Ty—o(Ap)"V;V,u V0. (2.4.20)
Br+t2p a

Denote the top two lines of the RHS of (2.4.20) collectively by L;, and the bottom line

by Ls. Recalling that V;V,u = Hydj, + (An)ja and, in view of (2.3.1) and (2.3.3),

that
1

(Tk—Q(AH)AH)ia = —Ea + m tI‘(F)(Sm, (2.4.21)

we have
OH. A

L2 = —(TL — k + 1) / 77('l~}+)q_1 2 [u] Tk_Q(AH)iaHQVZQN)

BR+2p afa

H. ,
k1) [ e SR ] (TheaAn)An) 90
BR+2P a
L2V ka1 / n(o+)1- 18H2[ | Th—o(Ap)ia Ha V%
BR+2p aga

O0H. OH.
Fn—k+1) / ) e ] Vs - /B (@) (F) G ] Vi

Substituting this identity for Lo into (2.4.20) yields

(12>h = L1 — (TL —k -+ 1)/ 77(1) ) 68?2[ ]Tk 2<AH)1(1H2VZ~
Bri2p a
OH , OH
+(n—k+ 1)/BR+2977(6+)Q_1¥;[U] F,,V'0 —/BR+2pn(@+)q—1 tr(F) 85; [u] V0.
(2.4.22)

43



We claim that the terms on the top line of the RHS of (2.4.22) are bounded from
below by —Cp’lJ,(Lquk_l). Indeed, as Ty 2(Ap)" = doy_1(An)/0(An)ij, by Lemma
2.3.2 we have |V,;Tj_o(Ag[u])¥] < C(Au+ Cy)F2. Tt is also clear that |T),_o(Ay)Y| <
C(Au + Cy)*2. Thus, after integrating by parts using Lemma 2.3.2 and applying
Holder’s inequality, the lower bound for these terms follows.

To estimate the penultimate integral in (2.4.22), we integrate by parts using Lemma

2.3.2 and apply the following identity resulting from the chain rule:

¥ (G21ule)) = (e o)) (At )+ 5 0)0) Viaa bl

After an application of Holder’s inequality, this gives

[u] (Ag )iy — Cp~ L0,

o 10Hy . 1 N - 0%H,
gyt u| F;, Vo > ——/ ot)IF!
/B Gl =t o EGe o

from which (2.4.19) follows.

Step 2: In this step we prove Lemma 2.4.5. Indeed, for u € W2’q+k(Q) N Wl’OO(Q)

loc loc

(not necessarily solving (2.4.6)) we have the estimate

n_k+1/ oy Tt / v (q+k)
- v FZ—U A i >—C’ U-‘r qFA >—qu ’
q Brizy nw”) “6&8&,[ [ (Am)i 2 (@)Y F||Ax| > h

BRry2p

with the last inequality following once again from the estimate |F| < C(Au + C;)F1
and Holder’s inequality. Substituting this into (2.4.19) then yields the desired estimate
(2.4.18).

Step 3: In this step we prove Lemma 2.4.4. Since we assume in this case that
Hy(x,2,€) = Hy(x,2)|¢]* and that u solves (2.4.6), rather than estimating as in Step

2 we observe

2
CO92H ‘ ‘
Ey aag ag [u] (A )i = 2H F6°Y (A = 2H FH(Ag)? = 2H ko (Ay) = 2H k f*.
aVSb
(2.4.23)
Substituting (2.4.23) into the second integral in (2.4.19), we arrive at (2.4.17). O
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2.4.3.2 The case k = 2 for general H

In this section we obtain an estimate in the case & = 2 analogous to (2.4.17) and
(2.4.18). We do not assume that H is a multiple of the identity and, as in Lemma

2.4.5, we do not assume that u solves (2.4.6):

Lemma 2.4.8. Suppose H € CL' (2 x R xR™; Sym, (R)), k =2 and u € W2 (Q)N

loc loc
loc

WL(Q) (¢ >1). Then for R > 0 with By € Q, p € (0, 21 and |h| sufficiently small,

we have

ij
.z [ e I v [ g 2D
BRr+2, aga Briz, aga

— Cp T, (2.4.24)

[u] tr(Ay)V,0

Remark 2.4.9. The first two terms on the RHS of (2.4.24) will later be shown to

cancel with a term arising from our estimate for (I3), (cf. Remark 2.4.7).

Proof of Lemma 2.4.8. As k = 2, we have V;F[u]? = V;H[u]" — VItr(H[u]) (by
(2.3.4)) and VIV = tr(Ay)é* — F7* — HI* Using the chain rule to calculate
V:H[u]? =V tr(H[u]) and then substituting in the identity for VI V%, it follows that

(Iy), :/B n(@)I (Vi Hu]? — V7 tr(H[u])) V0

7 ]
- / iy (aH 0] ViV — L) W“U) V0
BR+2p

9 age
/ ey (a;i 2+ 2 ) atar—;jH)[u] - outy,) Vju> Vi
— /B . n(oT)e? (a(;zj [u] ViV, u — agg(f) [u] tr(AH)(Sja) Vo
oy (G + St V= 25 - S v
+ agg[) [u] (F7* + HJ‘“)) V0. (2.4.25)

The integral on the last two lines of (2.4.25) can be bounded from below by

—C’p_lJ}(LqH) in exactly the same way as in the proof of Lemmas 2.4.4 and 2.4.5:
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we integrate by parts using Lemma 2.3.2, estimate the relevant quantities in terms of

Au + Cy and apply Hélder’s inequality. The estimate (2.4.24) then follows. O
2.4.4 Integral estimates for Flu]VAlH[u];;

In this section we obtain estimates for (I5), = 3=, [5, n(oT) T FIAR(H]u]);;. More

precisely, we will prove the following lemma:

Lemma 2.4.10. Suppose H € CLH(QxRxR™; Sym,, (R)), R > 0 is such that Bog € Q

and p € (0, %].

a) If u € W2THQ) N WL>(Q) (¢ > 1), then for |h| sufficiently small, we have

loc loc

(Is), = /B n(5+)q1Fijaaig[u] Vi — CJ. (2.4.26)
R+2p a

b) Ifu € W2 Q)NWL™(Q) (¢ > 1) and H(z, 2,€) = Hy(x, 2)|€|2T with Hy > 0,

loc

then for |h| sufficiently small, we have

OH,. ~
(Is), = /B (@) ”—885’ [u] Vo — CITHY. (2.4.27)
R+2p a

Remark 2.4.11. Neither estimate in Lemma 2.4.10 requires u to be a solution to

(2.4.6).

Before proving Lemma 2.4.10 we first discuss its consequences, namely the resulting
cancellations between (1), and (I3),. We first consider the case H = Hy(z, z)|£|*I with

leO:

Corollary 2.4.12. Suppose f € CoH(QxR) is positive, H € C' (QxRxR™ ; Sym, (R))

loc loc

with H = Hy(z, 2)|¢[*T and Hy > 0, and that v € W2 Q) n W2 (Q) (¢ > 1) is
a solution to (2.4.6). Then for R > 0 with Bog € Q, p € (0,%] and |h| sufficiently
small, we have

(Io), + (1), > —Cp~ Y, (2.4.28)
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In particular,

~ 2
¢—1 / V@) o e s (2.4.29)
¢ Jpp,  Au—tr(H) ~ h '

Proof. The estimate (2.4.28) follows from combining the estimates (2.4.17) and (2.4.27).
The estimate (2.4.29) is then obtained by substituting (2.4.14) and (2.4.28) into (2.4.7).

[
Similarly, we obtain the following in the case that H = Hs(x, z,&)1:

Corollary 2.4.13. Suppose H € CLH(Q x R x R™; Sym, (R)) with H = Hy(x, 2,€)I,
and v € W2THQ)NWL™(Q) (¢ > 1). Then for R > 0 with Bog € Q, p € (0, 2] and

loc loc

|h| sufficiently small, we have
(L), + (Iy),, = —Cp 1, (2.4.30)
If, in addition, u solves (2.4.6) for some positive f € C22(Q x R), then

~ 2
@ Jpp,, Au—tr(H) ~ b

Proof. The estimate (2.4.30) follows from combining the estimates (2.4.18) and (2.4.26).
The estimate (2.4.31) is then obtained by substituting (2.4.14) and (2.4.30) into (2.4.7).
[l

A similar cancellation also holds in the setting of Theorem G, although this requires

a little more work:

Corollary 2.4.14. Suppose H € C2H(Q x R x R*; Sym,(R)), k = 2 and u €

loc

W2’q+2(Q) N Wl’OO(Q) (q > 1). Then for |h| sufficiently small, we have

loc loc

If, in addition, u solves (2.4.6) for some positive f € C22(Q x R), then

. 2
q—1 2 ‘v((vﬂqﬂ)‘ —1 7(q+2)
I — LI S A E . 2.4.33
q2 \/BRJW f Au _ tr(H) — Cp Jh ( )
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Proof. The estimate (2.4.33) will immediately follow once (2.4.32) is established, by
substituting (2.4.14) and (2.4.32) into (2.4.7).
Taking k£ = 2 in Lemma 2.4.10 a) and using F” = tr(Ay)0" — V'Viu— H"  we see

H . OH..
1,2 [ we aan P v - [ e v v,
Bry2p 9&a Br+2p 9&a
- / n(5T)e HY %[u] Vi — CJ. (2.4.34)
BR+2p aga

Now, the first term on the RHS of (2.4.34) cancels with the second term on the RHS of
(2.4.24), and the first term on the last line of (2.4.34) can be estimated from below by
—C’p‘lJ,Eq“), after integrating by parts and applying Holder’s inequality. Therefore,
combining (2.4.24) and (2.4.34), we obtain

1 H;; - o i - _
(L), + (Is),, > E/ naa—gj[U] <V2Vau VvV (01) = V'V7u Va(v+)q) —Cp 1J,(Lq+2).
BRri2p a

Now, if u were to have enough regularity, we could integrate by parts here, observe
that the third derivatives of u cancel, and obtain (2.4.32) by estimating the remaining
terms in the usual way. To circumvent the lack of regularity, we instead apply the

following lemma:

Lemma 2.4.15. Let U C R" be a smooth bounded domain and let B € L>®(U; R™™)
be an antisymmetric matriz with supp(B) € U. For 1 <p < oo and p' = #, consider

the bilinear form B : W'P(U) x WH' (U) — R given by
B(g,h) = / B} Vg Vh. (2.4.35)
U

If div B € LiY(U;R™) with % +é =1- % for some 1 < q,r < oo, then we have the
estimate

B(g. )| < / |div B||Vgllh] (2.4.36)
U

for all g € WH(U) and h € WY (U)n L"(U).
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Before proving Lemma 2.4.15, we use it to complete the proof of (2.4.32): for each

i € {1,...,n}, taking Bf = naalz”[ | — n%gja[ |, 9 = Viu and h = (07)7 in Lemma

2.4.15 we obtain

(2.4.36)

/ i, ](vivauvﬂ‘(mq—vivfuva(f)*)") < Cp! / (Au+ C)* (@)
Bra, BRrt2p

&,
< Cp’lJ,(qu).

It remains to prove Lemma 2.4.15. By a standard approximation argument, it
suffices to prove (2.4.36) for g,h € C*°(U). We are then justified in integrating by
parts in (2.4.35), giving

0.1 = | [ (9B By 9.9 )i < [ i B gln
U N— U

=0

where we have used antisymmetry of B to assert that Bf V.Vig=0. O
2.4.4.1 Proof of Lemma 2.4.10 b)

We now turn our attention back to the proof of Lemma 2.4.10. Whilst the two esti-
mates (2.4.26) and (2.4.27) can be dealt with simultaneously (see the proof of Lemma
2.4.10 in §2.4.4.2), for illustrative purposes we first provide a more direct proof of
(2.4.27), which includes the ox-Yamabe equation in the positive case. Indeed, when
H = Hy(z, 2)|¢]*I we are able to calculate the third order contribution of Al(H[u]);;
explicitly by deriving the following discrete version of the Bochner identity, avoiding

the more involved estimates required for the general case. In what follows, we denote
ul'(z) = u(z + hey).
Lemma 2.4.16 (Discrete Bochner identity). Suppose H; € C°(Q2 x R) and | €
{1,...,n}. Then
Al (H ]| Vul?) = 2H ViuV, Al + (Hy[u)), [ V'V ) + (H[u)F |V V]
- v;hviuviuv;hm [u] + VViuVuV) Hu]
+Vh <Viu(Viu)l_th_hH1 [u]). (2.4.37)
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Assuming the validity of Lemma 2.4.16, the proof of (2.4.27) in Lemma 2.4.10 b)

is then straightforward:

Proof of Lemma 2.4.10 b). Substituting the discrete Bochner identity (2.4.37) into the

definition of (I3), and dropping the two positive terms, we obtain
(Iy), > 2 / ()L te(F) H, ViV o
BRry2p
+ Z/ n(®H) T tr(F) <VthiuViuVth1 [u] + VIV'uVuV] H [u]
1 Y Brt2p
+ Vi <Viu(Viu)l_th_hH1 [u])) . (2.4.38)
After applying the product rule for difference quotients,
Viuv)(z) = ) (2)V]v(z) + v(z) Viu(z), (2.4.39)

to the integrand in the last line of (2.4.38), we may then estimate the last two lines of
(2.4.38) in the usual way. Namely, after applying the bound tr(F) < C(Au + C;)* 1,
using Holder’s inequality and appealing to (2.2.5), we see that the last two lines of
(2.4.38) are collectively bounded from below by —CJ}(qurk_l). The estimate (2.4.27)

then follows. ]

Proof of the discrete Bochner identity (Lemma 2.4.16). Using the product rule (2.4.39)

to first calculate V" (H,[u]|Vul?), we see

Al (Hy[W]|[Vul?) =V} (V[h (Hi [u]VluVlu))

- v?((Hl [u]Viu)ththiu> + v?(H1 [u]ViquhViu> +Vh (viu(viu);hv;hﬂl [u]).

On the other hand, noting that V'u, "u(z) = V;"u(x) and (V;"u)l(z) = Viu(x), we

also have by (2.4.39) the identities

v ((H1 [u]Viu);thhViu) = H\V'uVIV,"Vu+ YV, "VauV, " (Hy [u] Viv)

= H\V'uVAbu + (Hy [u])7 |V V) 4+ ViV VeV H ()
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and

Vi (H1 [u]ViuV;hViu) = VIV v (H1 [u]Vm) + H\VaVI'Vihviy

= (H\[u])}|VVul” + VIVUuVuVEH [u] + H ViV Al
Putting these three identities together, we arrive at (2.4.37). O
2.4.4.2 Proof of Lemma 2.4.10 in the general case

We now prove Lemma 2.4.10 in the general case. To simplify our analysis, we will
make use of the following semi-convexity property of H € Ciol (2 x R x R”; Sym,,(R)):
there exists a constant Cy > 0 such that the mapping & — H(x,z2,§) + Cs|€|?1 is
convex for all (z,2,£) € ¥ (this is an immediate consequence of the C2} regularity of

H). We refer the reader to Remark 2.1.3 for the definition of ¥. We will make use of

this property in the form

0 ij
HZ]<I',Z,§) Z Hij(l',Z, g) + 82-[ (ZE, Z:C)(g - C)a - 0251]|§ - C|2 (2440)

for all (z,z,¢), (x,2,() € 3. Note that in Case 1 of Theorem F, we may take Cx = 0
in (2.4.40), as H(x,2,€) = Hy(z, 2)|[*I is convex with respect to & when H; > 0. The
inequality (2.4.40) will play a role similar to that of the discrete Bochner identity used

in the previous subsection (see Lemma 2.4.16).

Proof of Lemma 2.4.10. We first prove Lemma 2.4.10 a). It suffices to show that

g OH.:
FINL(H u])ij > F”%—g”[u] V. Al + error terms VI € {1,...,n}, (2.4.41)

where the error terms satisfy
/ n(0)7 ! |error terms| < C’J}(Lﬁk). (2.4.42)
BR+2p
To keep notation succinct, we denote x* = x + he; in what follows.

Step 1: We first prove a lower bound for F(z)Al(H]u|(z));;, identifying the error

terms in (2.4.41). Observe that by (2.4.40) and the fact that F¥ is positive definite in
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FZ;Lgx) (H| ](xi))w - H(‘Ti7 u(xi)7 Vau(z))i;
> F‘Z’,igg““) s (o e, V) (V) ~ Vo)~ S wu(e) = vt
> Fzggj) aalzj [u](z) (Vau(z®) — Vou(z)) — 02|2F| |Vu(a™) — v”(@‘z

an

] |Vu(xi) — Vu(:v)} for a.e. © € Bpyio,,

where to obtain the second inequality we have estimated

3

9€a

(*, u(a®), V(@) — 22 0] (@) < [[H o) (|o* —al + u(a®) —u(@)]) < CIh
Recalling (2.2.4), we therefore see that for a.e. © € B,

F9(x) AL (H[ul(z))

> F(a) ) V. Au(o)
Fii
+ 2 (Gt ate), Vg — 20y + Haula ). Valo) )
- CLlFIIV}Vuft — ColFI[V;Vul? — CLF| ViVl — CLF|IV; "Vl

(2.4.43)

Step 2: To prove (2.4.26), we need to show that the error terms in last two lines of
(2.4.43) satisfy (2.4.42). Formally, these terms behave like |F|(|V?u|? +|V?u|), and so
by the estimate |F| < C(Au+ C;)*71, the bound (2.4.42) is then conceivable. We now
give the details.

Denote the terms on the penultimate line of (2.4.43) collectively by Ej, and the
terms on the last line of (2.4.43) collectively by E,. The error terms in Ey are easier to
deal with. Indeed, by the bound |F| < C'(Au+ C;)*~1, Hélder’s inequality and (2.2.5),

we have

2

gtk— q+k
/ n(H ) F||VEVu? < C(J0HR) (/ |vlihvu|q+k> "o CJHh.
BR+2/7 BR+2p
(2.4.44)
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In exactly the same way, one can show fBR+2 n(o ) F|ViE"Vau| < C’J,qurk_l), and
P
combining these estimates we obtain | Bris n(eH) 1 By < €I
P
We now treat the error terms in F;. We first observe that by the fundamental
theorem of calculus followed by the chain rule, we have the identities
H(xi7 u(xi>7 f)’t] - H(Q?, 'Ll,(.T), é)’t]

1

d td
= — H(x & the;, u(z™), €)y; dt—l—/ —H(z,u(z £ they), §); dt
o dt o dt

' OH,; N ' OH,;
=+h o (x £ the, u(z™),&)dt £ h 5 (x,u(x £ the), &) Viu(x + the)) dt,
0 0

and therefore

H(z u(z®),€)i — 2H (x,u(x), )y + H(x ™, u(a™), &)y

1
—h/ (aHij (x,u(x + they), &) Viu(x + the) — OHi; (x,u(z — they), ) Viu(r — thel)) dt
0

0z 0z

! f)HZ aHz B
+h/0 (axlj (z + they, u(z™),§) — axlj (z — the, u(z ),5))@. (2.4.45)

Now, by the C'ﬁ)’cl regularity of H and the Lipschitz regularity of the mapping (x, z, p)

8;23' (x, z,&)p, for fixed £ and each [ € {1,...,n}, we can estimate the last line of (2.4.45)

from above by C'h? and the middle line of (2.4.45) from above by

L |

—_— dt.
tlhi

Ch* + C'hQ/ ‘V;u(x + the)) — Viu(x — they)
0

Applying these estimates in (2.4.45) and taking £ = Vu(x), we therefore see that
1 1
Ey| < C|F| + C|F| / VI u(z)| dt + C|F| / V() dt. (2.4.46)
0 0

Using (2.4.46), one readily obtains the estimate mez n(eh) By < CJ0FY
P
applying the same line of argument as seen above for E5. For example, by Fubini’s

theorem and Young’s inequality, we have

1 1
[ e ([ vevaadae= [ [y FIvet Vs
Bry2p 0 0 JBpry2p

1 (2.2.5)
<CJUD 4o / / IVER | e dt < OO,
0 JBRry2p
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This completes the proof of Lemma 2.4.10 a).

Step 3: It remains to prove Lemma 2.4.10 b) (see §2.4.4.1 for an alternative proof
which is independent of calculations in Steps 1 and 2 above). Note that in this case,
we may take Cy, = 0 in (2.4.43) and so the error terms on the last two lines of (2.4.43)
formally behave like |F'||V?u|. By the same argument as in Step 2, the error terms F;
and E, considered in Step 2 therefore satisfy [ Briay n(@H) T E| < T and the

conclusion follows. O

2.5 Completing the proofs of Theorems F and G

In this section we use Corollaries 2.4.12, 2.4.13 and 2.4.14 to prove Theorems F and
G, as outlined at the end of §2.2. We will start in §2.5.1 with a detailed proof of Case
1 of Theorem F when f = f(z,z2), and then indicate the necessary adjustments for
remaining cases, still when f = f(z,2), in §2.5.2. In §2.5.3, we extend these results to

the case f = f(z, z,&), completing the proofs of Theorems F and G.

2.5.1 Proof of Case 1 of Theorem F when f = f(x, z2)

In this case, we recall that by Corollary 2.4.12 we have the estimate

/ JY@)) _ Ca ey
Bry, Au—tr(H) T p? h ’

where u € W21 Q)N Wh>(Q) (¢ > 1). Let 6 € (0,1) be such that 2l <g+k-1

loc loc

(2.5.1)

(we will eventually take 6 = #H) Also denote by (2—0)* :=n(2—0)/(n—2+0) the

Sobolev conjugate of 2 — 6. We first obtain from (2.5.1) the following:

Lemma 2.5.1. Suppose f € CL'(Q x R) is positive, H = Hy(x,2)|¢|*] with Hy €

loc

CENQ X R) and Hy, > 0, and that u € W21 Q) nW>(Q) (¢ > 1) is a solution to

loc loc loc

(2.4.6). Then

2 7]
a2=0)* \ @0F vo\ 20
([ =) ™ S mrci)* [ ey
Bryp p BRrysp BRry3p
(2.5.2)

o4



Proof. The estimate (2.5.2) will follow immediately once we establish the estimate

2
q(2— * (2*9) C 70 0 _
(/B (7)) > qyJ 7|20 plathn), (2.5.3)
R+p

since we can then apply Fatou’s lemma and the fact that 07 — Au+ Cy a.e. as h — 0

to the term on the LHS of (2.5.3), and Lemma 2.2.1 to the terms on the RHS of (2.5.3).

1

Keeping in mind the lower bound infgp,, f > & > 0, we first observe that by

Holder’s inequality and (2.5.1), we have

2

(/[ G V(] Rﬂ(Au—tr(HW)ﬁe [ f%

2.5.1) (0 2.0y 6 -

< gy g, (2.5.4)
P
On the other hand, since ( 5 < q+ k — 1, Holder’s inequality gives
2 o
(L) < (%) [ e <.

Br+p Br+p BRrip

(2.5.5)

Applying the Sobolev inequality to (7+)%2 € W'?7 and appealing to (2.5.4) and
(2.5.5), we arrive at (2.5.3). O

The inequality (2.5.2) is of reverse Holder-type if 6 satisfies

2 — 2—0)"

For example, if we fix § = 5 and finally impose the assumption ¢ + &k — 1 > ke

I<:+
seethatﬁfe:%”<q+k‘—1and

q(2 — 6)* kn kn
£e—Y s (P ) (T 4 —kg1=0.
2 e RS LR Ly =0

In what follows, we denote

(2—0) kn
= = 1.
b 5 knt+2—2k
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Proof of Case 1 of Theorem F when f = f(z,z). With 0 = ﬁﬂ, we obtain from

(2.5.2) the estimate

1/8 Cq
</ (AU + Cl)ﬁq> < — (AU + Cl)Q+k71 (256)
Br+p

P BRrysp
forall g > % —k+1 and p € (0, £]. The constant C' in (2.5.6) and below now depends
on [ Br.s, (AU + C)F/2 which is finite due to our hypotheses.
13
We now carry out the Moser iteration argument. Let p > %” be as in the statement

of Theorem F, and define a sequence ¢; inductively by
Go=p—k+1, ¢ =p0g-1—k+1forj>1

Then ¢; = Bqj_1 — (k— 1) = g0 — (k — 1)(##~' +--- + B+ 1), which implies

Note that the limit in (2.5.7) is positive by definition of 5 and the fact that gy >
%" — k + 1. In particular, ¢; — 0o as j — oo.

Applying (2.5.6) iteratively with ¢ = ¢; and p = 377"' R, we have for each j > 0

( /B (Au+01)’3qﬂ')5_j_l < (9]’0% /B

" (syc)”” / (Au+Cyp

=0

Ig—j
(Au+ 01)5%'1)
(1+3=i—-1HR (1+3=9)R

(2.5.
<

IN

(gﬁ)Zﬁoiﬁ_iozﬁoﬁ_i/ (Au+ Cy)P.

Bor

Letting 7 — oo and appealing once again to (2.5.7), we arrive at

(a0
||AU+OI||L°°(BR) S C(/ (AU+C’1)P) ,
B

2R

which implies the desired bound on ||V2u||f(g,) by the choice of Ci. O
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2.5.2 Proof of Case 2 of Theorem F and Theorem G when
f=1F(z,2)
In the remaining cases, we recall that by Corollaries 2.4.13 and 2.4.14 we have the

estimate

A w7 , (2.5.8)

/ JY(@) )] Cq 4 jla+)
Bri,

where u € W2 (Q) nWL>(Q) (¢ > 1).

loc loc

Proof of Case 2 of Theorem F and Theorem G when f = f(x,z). We let 6 € (0,1) be
such that 2779 < g+ k. Following the same arguments as in §2.5.1, one readily obtains

the following counterpart to the estimate (2.5.2):

2 6
a(2— 2-0)* 9_ 2-0
(/ (Au+ Cy) 5 ) < C—f(/ (Au+ Ol)e”) / (Au+ Cp)it,
Brip P BRrysp Bry3sp

(2.5.9)
Taking 6 = m and imposing ¢ + k > kH)” , We see
2—-60 (k+1)n q(2 —6)*
= < k< —F—.
0 2 a 2
We thus obtain from (2.5.9) the estimate
/B Cq
(/ (Au + Cl)ﬁq) < — (Au+ Cp)***,
BFH—p p BR+3p
where
k+1
B = (k+ 1)n > 1
(k+1)n+2—-2(k+1)
and C' now depends on [, (Au+Cy )E+Dn/2 - The Moser iteration argument then
follows through as before, using p > (k+—1 and defining ¢; inductively by ¢o = p — k
and q; = 5(]]'*1 —k fOI'j > 1. ]

2.5.3 Proof of Theorems F and G for f = f(x,2,¢)

In this section we explain how the preceding arguments may be adjusted to treat the

general case f = f(z,z,£), thus completing the proofs of Theorems F and G:
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Proof of Theorems F and G. The arguments up until (2.4.12) remain valid for f =
f(x,2,€), but the last term in (2.4.10) can no longer be estimated as in (2.4.12).
Consequently, under otherwise the same hypotheses, the conclusion of Lemma 2.4.2

now reads
(L), + (2), + (Is), + (Ia), < C«p—2J}(lq+k—1)7

where (I),, (I2), and (I3), are as before and (1), is defined by

W =3 [ ke 8 )

The estimates for (I;),, (I2), and (I3), are unchanged (see Lemmas 2.4.3, 2.4.4,
2.4.5, 2.4.8 and 2.4.10), since they do not involve differentiating f. The integrand
of (I4), was previously a lower order term, but is now formally of third order in w.
However, this can be treated using some of the ideas already seen in the proof of Lemma
2.4.10. Indeed, let Cs, > 0 be a constant such that the mapping £ — f(z, 2, &) +Cs €|
is convex for all (z, z,&) € ¥. Then by the same argument leading to (2.4.43), we have

for each [ € {1,...,n} and a.e. © € By, the estimate

of
9€a

+ %(f(ﬂf+ u(z™), Vu(z)) — 2f[ul(x) +f(x,u(:c),vu(x))). (2.5.10)

Ajflu)(z) > 2= [ul (@) VaAju(z) = C| V) Vul? = Cg | V7" Vul* = C| V] Vu| = C| V" Vul

Denoting all but the first term on the RHS of (2.5.10) as error terms, it follows from

(2.5.10) that

(1a),, 2/ kn(ot)a=t - 18f[ ]Vav—/ En(o%)7 f*error terms|.
Bryi2p 0 BRriap
(2.5.11)

Now, in the same way that we dealt with the error terms in Step 2 of the proof of

Lemma 2.4.10, one readily obtains [, kn(57)7 f*Lerror terms| < CJ. For
P

the first integral on the RHS of (2.5.11), we integrate by parts and apply Hoélder’s

inequality to obtain

‘/ ~+ q— 1fk 18f[ ]Vaij < CprJ}(LQ+1)'
BR+2p 85“
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Returning to (2.5.11), we therefore obtain (I4), > —C’pflJ,qu). As a consequence, the
estimates (2.5.1) and (2.5.8) hold, and the arguments of §2.5 therefore apply without

any changes. O

2.6 Extending Theorems F and G: the case k£ > 3
for general H

In this section we consider a minor extension of Theorems F and G. Recall that our
proof of Theorems F and G exploited a cancellation phenomenon between higher order
terms arising from (I), and (I3),, where the divergence structure of F'7 played a role
in estimating (I5),. When 3 <k < n and H is not necessarily a multiple of the identity,
the divergence structure given in (2.3.4) is more involved. That said, if one assumes
higher integrability on V2u from the outset, the terms (I3), and (I3), may be estimated
by using Cauchy’s inequality and absorbing the resulting negative higher order terms
into the positive term (I;),. This avoids the need to prove any cancellation between

(Iy), and (I3),. We establish:

Theorem H. [DN20] Let Q be a domain in R* (n > 3), f = f(x,2,€) € CLH(Q x
R x R™) a positive function and H € Col (2 x R x R™; Sym,,(R)). Suppose 3 < k <n,
p > kn and u € W2P(Q) is a solution to (2.1.2). Then u € Co (), and for any

loc loc

concentric balls B C Borp @ 2 we have
HV2UHL°°(BR) < Ca
where C is a constant depending only onn,p, R, f, H and an upper bound for ||u|lwzr(s,p)-

Proof. Following the proof of Theorem G in §2.5.3 but leaving the terms (Iy), and (I3),

untreated, we have for u € W2’q+k71(§2) NWo®(Q) (¢ > 1)

loc loc

~ 2

qg—1 vV ((oF)e/? _ _

e /B 4 i?(AH))‘ + (1) + (), < Cp ™0 (26)
R+2p
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q+2k—1
L loc

We now suppose further that V2u € (Q) (¢ > 1). By Cauchy’s inequality and

the bound |div Flu]| < C(Au + C;)*~!, we see that for all § > 0

_2 @+q/2 ) uij .ﬁJrq/Q
(Io), = q/BR+2pn( )42V Flu]7V;(57)
da-n [ EF R
T /B" w(An)  dg— 1) /BM,)”(” ) tx(Ap)| div Flul]
_(F(q——l) |V((ﬁ+)q/z)|2 _ ¢ (g+2k—1)
B 7 /BR+2p tr(Ap) 5(g—1) Ih - (2.6.2)

By similar reasoning, it also holds that

(2.4.26) COH.
(I3), > / n(ﬁ*)HFU%[u] Vo — CJ
Brt2p 98a
~ 2
> _5(([ - 1) / {V(<U+)q/2)| i C J(Q+2k—1) (2 6 3)
S P R VR A o

Taking ¢ sufficiently small in (2.6.2) and (2.6.3), and then substituting these estimates

into (2.6.1), we obtain

~ 2
q—1 [V ((@1)"?)] —2 7(q+2k—1)
1= IMNSEPEYA I . 2.6.4
7 /BM" A <O (2.6.4)

The argument then proceeds as in §2.5.1: we let 6 € (0, 1) be such that % < q+2k—-1

and obtain from (2.6.4) the estimate

2 )
a2—0)* \ 2=0)F C 9 g\ 2-6
([ o)™ <S(_om) s
Br+p p Br+3p Br+3p
(2.6.5)

Taking 6 = =25 and imposing ¢ + 2k — 1 > kn, we see that El—fkn<q+2k-1<

@, and we therefore obtain from (2.6.5) the estimate
/8 Cq
(/ (AU + 01)6q) S — (AU + Cl)q+2k_1,
BR+p p BR+3p

where § := kn/(kn+1—2k) > 1 and C now depends on fBR+3p(Au+C'1)k". The Moser

iteration argument then goes through as before, giving the desired conclusion. O
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2.7 An improvement on Theorem F': regularity via
the ABP estimate

2.7.1 Introduction and statement of new result: Theorem I

As we have seen, the proof of Theorems F and G relies on a certain divergence structure.
It is interesting to ask whether such estimates can be obtained without any knowledge
of the divergence structure; in fact, we have already seen one instance of this in the
proof of Theorem H, although the integrability requirements there are quite stringent.

In this final section of Chapter 2, we show using an alternative method that the

integrability assumptions on V?u can be weakened in:

1. Case 1 of Theorem F when k < 7 + 1, assuming either H; =0 or H; > 0 on {2,

2. Case 2 of Theorem F when k < %, assuming Hy(z, 2, &) = Hy(z, 2) €[>

We note that in each case, the assumed quadratic dependence on ¢ will allow us to
apply the discrete Bochner formula derived in §2.4.4.1. This quadratic dependence still
encompasses the op-Yamabe equation in both the positive and negative cases, and in
particular we obtain improvements on both Theorems A and B for certain values of k.

Our method to obtain these improvements is inspired by the work of Bao et. al.
[BCGJ03,LB05| on the quotient Hessian equations, and makes use of the Alexandrov-
Bakelman-Pucci estimate. No integration by parts is involved, and consequently we do

not require any divergence structure. The result is as follows:

Theorem I. Let Q be a domain in R™ (n>3), f = f(x,2) € CL1(Q x R) a positive

loc

function and H € Co'(Q x R x R™; Sym, (R)). Suppose 2 < k < n, p > 1 and

loc
u € W2P(Q) N CYL(Q) is a solution to
a,i/k(AH[u](x)) = f(z,u(z)) >0, Aglu)(z) e} forae z€Q,

and that one of the following conditions holds:

61



1. H(x,2,€) = Hy(z,2)|€]*T with H =0 or H; >0, and

p>n ifk(k—1)<n
p>k(k—1) otherwise.

2. H(x,2,&) = Hy(z,2)|¢*T and p > n+ k(k —1).

Then u € C’l’l(Q), and for any concentric balls Br C Bzr € ) we have

loc
IV2ul| o= () < C,
where C' is a constant depending only onn,p, R, f, H and an upper bound for ||u|lw2r(s,p)-

Remark 2.7.1. When H = 0 and f = f(x), Theorem I was proved in [LBO5] (see

Theorem 1.1 and Proposition 4.3 therein).

Remark 2.7.2. Recall that in Theorem A we assumed p > %” Clearly, %" > k(k—1)
if and only & < 5 + 1. Therefore, Case 1 of Theorem I is stronger than Theorem A
when k£ < § +1 and f = f(z,2). Similarly, in Theorem B we assumed p > @ It
is easy to see that W > n+ k(k —1) if and only if k¥ < §. Therefore, Case 2 of

Theorem I is stronger than Theorem B when k < § and f = f(z, 2).

The proof of Case 2 in Theorem I requires only minor adjustments to the proof of
Case 1, so for clarity of exposition we consider only Case 1 in the following section.

We will explain the changes required for Case 2 in §2.7.3.

2.7.2 Proof of Case 1 of Theorem 1

We begin with an outline of the proof of Case 1 of Theorem I, which will establish
notation and highlight the main steps.
To keep notation concise, we denote A'g = >, Al'g for any function g. For p as in

the statement of Theorem I and 8 = B(n, k,p) > 2 a constant to be specified later, we
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will derive the following pointwise upper bound for A on a ball of radius R (assumed

to be centred at the origin):

_ /n B/2
8;15 AMy < CRPP(1+ AUl p,0) " (2.7.1)

Since the RHS of (2.7.1) is finite and independent of h, this yields an upper bound
for supp_ Au, and consequently (see the discussion after Remark 2.2.3) a bound for
supg,, |V2ul.

To this end, we define on Bsyp the function v = nA”u, where

n(z) = (1 - %)B (2.7.2)

is a cutoff and # > 2 is a constant to be determined later. We continue to denote by
F% the linearised operator, as defined in (2.2.1). We will first derive an upper bound
for —F" D;;v (which is formally of fourth order in the derivatives of u) in terms of

|F||DA"Mu| (formally of third order), |F||A”u| (formally second order) and lower order

terms. More precisely, we will show:

Lemma 2.7.3. Let Ap denote the largest eigenvalue of F. In Case 1 of Theorem I,

we have
— FiDv < CAp <77|D(Ahu)| + | A"l + n + | Dyl | D(A")| + IA"U|ID277|) (2.7.3)

In fact, Lemma 2.7.3 is the main novel contribution in this section; once (2.7.3) is
established, the proof of Case 1 of Theorem I proceeds similarly to [LB05], but with
extra terms. We explain this process now. The key point is that on the upper contact

set of v in Byg, defined by

['F(Byr) = {z € Bag : v(z) <wv(x) +v-(z — ) for all 2 € Byg, for some v € R"},
(2.7.4)
we can actually bound |DA"u| from above in terms of |Au|. Combined with (2.7.3)

and an algebraic result of [LBO5], this will give an wupper bound for
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—FD;v/(det F9)Y™ purely in terms of second order terms on I'f(Bsg). At this
point, we will apply the classical Alexandrov-Bakelman-Pucci (ABP) estimate to get
an upper bound for v on Byg (and hence A"u on Bg), from which the desired estimate

will follow after a little more work. We recall the ABP estimate as follows:

Theorem 2.7.4 (see e.g. [GTO01, Chapter 9]). Suppose a™/ is measurable and positive
definite a.e. on a smooth bounded domain ¥ C R™. Then there exists a constant

C = C(n) such that for any v € W2 (£) N CO(X) with v =0 on dX, one has

loc

—di Do)\ "
supvﬁCd(/ Md:ﬂ) ,
» 1"3-(2) det(a”)
where d 1s the diameter of 3.

We now provide the details of the proof of Case 1 of Theorem I, starting with the

proof of Lemma 2.7.3.

Proof of Lemma 2.7.3. Our starting point is again the estimate (2.4.1), which now

reads:

kfk_lAhf[u] S FijDZ'jAhU — FUAh(H1’VU’2)5ZJ (275)
Applying the product rule to calculate D;jv, we therefore have

FijDZ'jU = Fij <77D13Ahu + 2D17]D]Ahu + (Ahu)Dzﬂ]>

275 y g
> nFYAMH | Vul*)oi; + knf* T AN f 4 2FY DinD; AMu 4 AMuFY Dijn.
(2.7.6)

To obtain (2.7.3) from (2.7.6), it suffices to show

AMH [u]|Vul?) > —C|D(A"u)| — C|AMu| — C (2.7.7)

and AP f > —C|AMu| —C. We consider only (2.7.7), since the estimate for A" f follows

the same reasoning and is easier.
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If H =0, then (2.7.7) holds trivially, so we assume H > 0. Recall that in §2.4.4.1

we derived the following discrete Bochner identity: for each [ € {1,...,n},
A (Hy[u][Vul?) = 2H, V'V, Afu + (Hy[u)) |V V] + (H [u))f [V Vil
+ v;hviuviuv,—hﬂl [u] + VIV uV,;uVHy [u]
+Vh <Viu(Viu)l_th_hH1 [u]) . (2.7.8)
Computing the bottom line of (2.7.8) further, by applying the product rule for differ-
ence quotients twice, we see
vh <V¢U(Viu)l_thhH1 [u]) = ViV H W] VIV 4+ V! ((viu);hv;hﬂl [u]>
= VuV!H [u]VIViu + |Vul? Al Hy [u] + ViV H [u] V"V,
and it follows that
AB(H, [u]|Vul?) > 2H, V'V A+ (Hi[u)) [V V] + (H ) [V Vil
= 2V [Vl [V Hufu]| = 2[V V] ul [Vl V] Hy[u]]
+ | VuP Al H, [u]. (2.7.9)
Now, since H; = Hy(z,z) > 0 and u > 0 is continuous, H;[u] is bounded uniformly

away from zero in Byg, and in particular (H; [u])lih > Oy > 0 in Byp. Since Vu and

VlihH 1[u] are also bounded, there exists a constant C; such that
—2|VthUI\VUIIthﬂl[U]|—2IVVhUHVU\IV?Hl[U]I
> _—|vv, ul® — %Wv?uﬁ — Oy,
and substituting this into (2.7.9) and summing over [, we see
AM(H [u]|Vu?) > 2H,ViuV; A + |Vu*A"Hi[u] — C
> —C|D(A"u)| + |Vu|*)A"Hy [u] — C. (2.7.10)

Finally, the fact that A"H,[u] > —C|]A"u| — C follows from exactly the same

arguments as in §2.4.4.2, so we do not repeat the calculations here. O]
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Remark 2.7.5. We reiterate that, in comparison with the proof of [LB05], the main
new difficulty when H; # 0 is to obtain the upper bound for —F“D;;v as in Lemma
2.7.3. As we will see below, it is important that the third order expression in our
estimate (2.7.3) of —F%D;;v is of the form |DA"u|, since we will only be able to
control third order terms of this precise form on I'}(Bsg). It will also be important

that the second order expression in our estimate of —F% D;;v is of the form |Ahul.

We now complete the proof of Theorem I, following the arguments of [LB05] whilst

accounting for extra terms arising when H; # 0.

Proof of Case 1 of Theorem I. We start by observing from the definition of 7 that

C C
Dl < 7n'™F and D] < o0t (2.7.11)

where C' = C(n, 3). Using (2.7.11) in (2.7.3), we see that a.e. in Bsr we have

. CA 2 1

- D0 < S (g (1D + sl + ) + Bt DS )] + gl )
776

(2.7.12)

Now let I} (Bsg) be the upper contact set of v in Bag, as defined in (2.7.4). As
discussed in the outline of the proof, we wish to bound the RHS of (2.7.12) in terms of
v on ['T(Byg). To this end, first observe that since u € C%*(Q), Dv(z) exists for a.e.

x € Byg. For such x € T} (Bag), let z € OByg be such that

z—x Du(z)

2=z [Du(z)|
Since v = 0 on 0Bk and |z — x| > |z| — |z| = 2R — |z| > Rn% (the last inequality

following from the definition of 7), we thus have for a.e. x € I (Bayg) that

v(x) >v(z) — Du(z) - (z —x) = =Dv(x) - (2 — ) = |z — z||Dv(z)| > Rn%|Dv(x)|.
(2.7.13)
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In particular, v = nA”u is non-negative a.e. in I'}(Bag), and a.e. in I} (Byg) we have

n|D(AM)| = |Dv — (A"u) D]

< |Dv| + A™u|Dn)
27.13) o
<

R P CLasl) (2.7.14)

Rps  nR Rny?

Next, we substitute (2.7.14) back into (2.7.12). Using the fact that D;;v is negative
semi-definite a.e. in T} (Byg), and that F¥ is positive definite, we obtain a.e. in

[ (Bsg) the estimate

. (2.7.12) CAF 9 2 h 1+4+ h

0<—FiDg < L Rey? (nID(A)| +v+n) + Ry 5[ D(A)| + 0

R?ns
(2.7.14) OA ) > 2

< 22 L ((1 + B)RnFv + R*nFv + R*'5 + (1 + B + v)

77,6
v v
:CAF( —+v4n+ 2). (2.7.15)
Rn# R%}E

At this point, we apply an algebraic result of [LB05, Prop. 4.2]|, which states

that a.e. in Byp we have the inequality?

An, I
_ <O ——— tr(Ay)) D < C(Au — tr(H))PED < 0(Auw)HE
s <0(Sh ) )0 < OB — ()6 < OB,
(2.7.16)
where C' depends on infg,,, f. It follows that a.e. in I'} (Bag),
—FiUD. .y (2715) v v Ap
<-—— < (J(—l +v+n+ 2> _
(det F9)1/m Rn# 1 R2qy5 ) (det F)L/m
(2.7.16) _
< C( Y vt 2>(Au)k(kn - (2.7.17)
R?]B R%}E

With (2.7.17) established, we are now in a position to apply the ABP estimate

stated in Theorem 2.7.4. This yields

2Note that the F'/ defined in [LBO5] corresponds to our G defined in the proof of Lemma 2.4.1.
However, the inequality (2.7.16) still holds for our definition of F*/, since G* = k~! f!=¥Fi and both
the numerator and denominator on the LHS of (2.7.16) are homogeneous of degree n.
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R D, )" 1/n
supvﬁC’R(/ Mdm)
Bar 't (Bar) det(F)
L 1/n 1/n
< C(/ (nﬁv)”(Au)k(k_1)> +CR(/ U”(Au)k(k_l))
I'Y (B2r) I'f (B2r)

1/n ) 1/n
+ CR(/ n"(Au)k(k_l)) +CR™! (/ (n_ﬁv)”(Au)k(k_l)) :
'Y (B2r) I'f (B2r)
(2.7.18)

Now, the last integral on the RHS of (2.7.18) is where the largest negative exponent of

7 appears alongside v. Writing n_%v = vl_%(Ahu)%, we see that the overall exponent

2

of n in this term is 1 — % which is still positive since we assumed § > 2. With this in

mind, we see

1/n 1/n

CR—l( / (n—év)n(Au>k<’f—l>) < CR—I(supu)l—?a( / |Ahu|2ﬂ(Au)k(k‘1)) ,
Y (B2r) Bar Bar

(2.7.19)

where we have assumed supp,, v > 0 (otherwise we are done). We estimate the re-

maining three terms on the RHS of (2.7.18) so as to put them on equal footing with

(2.7.19). For the first term, note nfév = Ulf%(\/ﬁmhub% < vlf%|Ahu|%, SO

L 1/n . 1/n
O( / <nﬁv>"<Au>k<k—1>) < Clsup )™ ( / |Ahu|B<Au>k<k-1>) .
L4 (Bar) Bar Bag

Similarly, for the second term, v = vl_%(mAhu\)% < vl_%\Ahu|%, SO

1/n . 1/n
C’R(/ v"(Au)k(k_1)> < CR(supv)'~ (/ |Ahu|B(Au)k(’“_1)) .
' (Bar) Bar Brr

Finally, observe

1/n 1/n
CR( / n”(Au)k(k1)> < CR( / (Au)k(k1)> < CR.
FJ(BQR) B?R

Also note that since R is bounded we may replace all coefficients in the three

@[

N

estimates above with CR™!, and it follows that

1/n
supv < CR ™ (sup v)l_% (/ | Ay 2ﬂn(Au)k(kl)> +CR.
Bar

Baor Baogr
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We now choose 8 = %, so that %" =p—k(k—1). After applying Holder’s

inequality and (2.2.6), we obtain
CR™!
Lr(Bsr)

Bsr (supg,, v)lf% '

If supp,,, v < 1, again we are done. So suppose otherwise, then the above implies

(supv)?? < CR™Y|| Aul/py

(supv)? < CR7H 1+ 1Auls, )

We therefore arrive at the estimate

sup A"u < CRP2(1 + || Au ||§§”33R))B/2, (2.7.20)
Br
from which the result follows as explained in the outline of the proof. n

2.7.3 Proof of Case 2 of Theorem 1

Proof of Case 2 of Theorem I. We explain how to adjust the proof of Case 1. We first

note that, without any sign assumption on Hy, (2.7.7) is replaced with the estimate
AMH [u]|Vul?) > —C|D(A"Mu)| — C|AMu|? — O, (2.7.21)

with the additional power of |A"u| coming from the fact that the second and third
terms on the RHS of (2.7.9) are no longer necessarily positive. Keeping track of this

|A™u|? term in the subsequent estimates, then rather than (2.7.15) we obtain

). (2.7.22)

+ oAy 4+ +

O S —FijDijU S CAF( 1 2

R?’]E R2 ne
a.e. in '} (Byg). The second integral on the second line of (2.7.18) is therefore replaced
with

CR( / (B2R)(vAhu)"(Au—tr(H))k(k1)>1/n, (2.7.23)

and writing vA"u = vlf%n%(Ahu)H% < vlf%|Ahu|1+%, we see that (2.7.23) is bounded

from above by

Bar

CR(supv)' 5 ( /B QR(Ahu)””LQﬂn (Au — tr(H))k(kl)).

Choosing § = —1) and proceeding as before yields the result. n

k
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Appendix

2.A A convergence property of second order differ-
ence quotients

In this appendix we prove Lemma 2.2.1, which we recall here:

Lemma 2.A.1. Suppose u € W**(Q) for some s > 1. Then v, — Au in Lj () as

loc

h — 0.

Proof. The proof is a standard argument using Taylor’s theorem. We claim that

n 1
th — Au Ls (V) S Z/ VlVlu(x + th@l) — VlVlu(:c)‘ Lo() dt
1=1 V0
n 1
+ ViViu(z — the —VVux‘ dt 2.A.1
> [ [wvte - e - Vv, @A)

for all u € W2#(Q) and Q' € Q satisfying |h| < dist(€’, 99), from which the conclusion
follows by the continuity of the translation operator in L*(2). By density it suffices
to prove (2.A.1) for u € C%(Q). Let ' be as above. Then for each x € ' and

l€{1,...,n}, we have by Taylor’s theorem
1
u(z £ he)) = u(x) = hVu(z) + h2/ (1 —t)V,\Vu(z £ the;) dt,
0
and thus

() — Au(z) = Z/o (1—1) (Vlvlu(x + the;) — Vlvlu(x)) dt

+ Z/O (1—1) (Vlvlu($ — the;) — Vleu(x)) dt. (2.A.2)

=1
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Let s’ be such that + + & = 1. Tt follows from (2.A.2) and Hélder’s inequality that for

all g € L¥ () satisfying ||g

oy € 1. e hive
[ ) = dut)gte) o
_ Z [0 [ (Sate + they - 9900 )oto) dot
+3 [ [ (Tt~ the) - O o) g

dt
L (@)

VIVZ’LL(iIZ' + thel) — Vlvlu(:z:)

noopl
+ Z/ ViViu(z — the) — VlVlu(x)‘ L) dt. (2.A.3)

1=1 0 l
Taking the supremum over such g in (2.A.3), we obtain (2.A.1). O
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Chapter 3

Local pointwise second derivative
estimates for smooth solutions to
the oo-Yamabe equation on
manifolds

In this chapter we consider the problem of obtaining local pointwise second derivative
estimates for smooth solutions to the o-Yamabe equation on Riemannian manifolds,
addressing both the positive and negative cases. Although we could consider more
general augmented Hessian equations here (as in Chapter 2), to keep the exposition
concise we restrict our attention to the o;-Yamabe equation. On the other hand, the
restriction to the case k = 2 is due to the resulting divergence structure.

In light of the discussion in the introduction, it is of particular interest to prove such
estimates for solutions g = u~2gy (u > 0) to the oo-Yamabe equation in the negative

case
032 (—g7 Ay(x)) = f(w,u(x), Vu(z)) > 0, —g ' Ay(x) €5 on Bop C M", (3.0.1)

as stated in Theorem C. Indeed, a priori second derivative estimates (independent of

any LP norm of V?u) are already known in the positive case
05/2(g*1Ag(x)) = f(z,u(z), Vu(z)) >0, ¢ 'A,(x) €TF on Beg C M"™ (3.0.2)

due to [Via02, GWO03b, LL03, Che05, Wan06, JLL0O7, Li09] etc. However, for the

sake of completeness, we prove a more general version of Theorem C which takes into
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account both the positive and negative cases. This will not overly complicate the
argument, since most of our estimates will deal with both cases simultaneously.

The plan of the chapter is as follows. We begin in §3.1 by setting up our more
general result, Theorem J, which supersedes Theorem C. We will indicate why this
new result is not simply a consequence of our previous work in Chapter 2, and we will

also give an outline of the proof. In §3.3-3.6, we carry out the proof of Theorem J.

3.1 Introduction and statement of new result: The-
orem J

We explained in §2.1.2 how the positive and negative cases of the o,-Yamabe equation
on Euclidean domains could be addressed simultaneously, by instead considering a
class of augmented Hessian equations without any sign assumptions on the solution.
By exactly the same reasoning, the equations (3.0.1) and (3.0.2) may be addressed

simultaneously. Indeed, recalling the transformation law

[Vovl3

Ay =Viv+dv®dv — 5

90 + Ag (3.1.1)

V= —u ! (resp. e7¥ = u~'), we see that

for ¢ = e7?Vgy and making the substitution e~
to obtain our desired second derivative estimates for C* solutions g = u=?go to (3.0.1)
(resp. (3.0.2)), it is equivalent to obtain second derivative estimates for negative (resp.

positive) C* solutions to
oy 2 (Ay(2)) = flz,u(z), Vu(z)) >0, Au(z) €T on By C M, (3.1.2)

where A, is the (1, 1)-tensor defined by

Voulg
2u

A, = go_1 (V%u — go + uA0>.

We note that, unless (M", go) is locally conformally flat, (3.1.2) does not fall into
the framework of Theorem G. Although one could locally write V3u as the flat Hessian

plus lower order terms (which in turn could be incorporated into the matrix H in the
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statement of Theorem G), there is still a factor of g; ' to contend with. Since our work
in Chapter 2 does not address augmented Hessians of the form A(z)V?u(x) — H[u](z)
when A is not the identity matrix, it is not immediately clear whether our methods
will generalise to give estimates for (3.1.2). That said, our approach to the following
result will be to follow the proof of Theorems F and G from Chapter 2, and make the

necessary adjustments as we go along:

Theorem J. Let (M™, gy) be a manifold of dimension n > 3, suppose f € C2_(M™ x
R x TM™) is positive and suppose p > 37" (resp. p > mn). Let Bag be a geodesic ball in
(M™, go) of radius 2R < iy, where ig is the injectivity radius of (M", go) at the centre
of the ball. If u € C*(Bagr) is a negative (resp. positive) solution to (3.1.2), then there

exists a constant C' depending only on n, R, go, || In |ul||w2rp,,) and f such that
sup |Voul, < C.
Br

Notation: For the remainder of this chapter, all computations will be done with
respect to the background metric gy, and all integrals will be with respect to dvy. So
as to make the computations involving index notation more readable, we will drop all

sub/superscript Os until otherwise specified.

3.2 An outline of the proof of Theorem J

The structure of the proof of Theorem J is as follows. We begin in §3.3 by deriving
a pointwise estimate on solutions to (3.1.2), appealing to the concavity of a;/ % in ry;
this essentially amounts to differentiating the equation (3.1.2) twice and commuting
derivatives, and is analogous to Lemma 2.4.1 in Chapter 2.

In §3.4, we multiply our pointwise estimate by a suitable test function, integrate
over a suitable domain, and estimate the integrals involving lower order terms — it is

in this step that we first use the divergence structure of the linearised operator sz
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For a cutoff function 1 and a constant « to be specified below, this will give us for all

q > 1 the following counterpart to Lemma 2.4.2:

. 1 o
(g—1) / n(Au+ ) F V' AuV,;Au — - / n(Au+ «)'V;V'EF,?
BR+2p q BR+2p

+ / n(Au + )t r(F)A (w) <Cp? (Au + )7t (3.2.1)
Bri2, 2u Bry2,

Remark 3.2.1. The second integral on the LHS of (3.2.1) is somewhat analogous to
the term (I), in Chapter 2. Note, however, that in proving (3.2.1), our smoothness
assumption will allow for an extra integration by parts compared to that seen in the
proof of Lemma 2.4.2. This is the reason for the term (Au + a)?V;V'F,’ in (3.2.1),
rather than (Au+a)? 'V, F"V;Au, which may have been expected given the definition
of (I),. On the other hand, the third integral on the LHS of (3.2.1) is the direct

counterpart to (I3), in the smooth setting.

Up to this point, we do not need to distinguish between the two cases in Theorem
J. Our sign assumptions on v will now come into play when estimating the second and
third integrals on the LHS of (3.2.1). After addressing these estimates in §3.5, we will
obtain

/ |V(Au+ oz)(qflw‘2 < C’(q—Q—l) / (Au+ a)7t?
BR+p p BR+2p

in the negative case and

/ !V(Au—i—oz)(q*l)/ﬂz < C’(q—2—1)/ (Au+ )T,
Br+p p Bry2p

in the positive case. Applying the Sobolev inequality and imposing the respective
integrability assumptions in each case, we will obtain a reverse Holder inequality which
gives us an improvement in integrability in each case. At this point, we apply the Moser
iteration procedure as in Chapter 2 to complete the proof.

Throughout our proof of Theorem J, we will often use the following basic estimates

without explicit reference. First, we recall (see Chapter 2 for an explanation) that the
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assumption A, € I'; implies the existence of a constant a > 0 (depending on an upper

bound || In|u|||¢1(B,y,)) for which
0 < |V < Au+ « (3.2.2)

and

0<trAd, <Au+a (3.2.3)

in Byg. In addition, we also assume that « is chosen such that Au+ a > 1. Asin
Chapter 2, we denote by F' = doy(A,)/0A, the linearised operator, given by the first
Newton tensor of A,:

j_ 00a(Au) _ j J_ j J
FJ = W = 01(A,)d] — (Ay)] = (tr A,)d7 — (Ay)/. (3.2.4)

J
It is easy to see from (3.2.2) and (3.2.4) that |F| < C(Au + «) in Byg; here and
henceforth, C' is a constant which we allow to depend on n, R, g9, f and an upper

bound for || In |u|||c1(p,y), but we do not allow C' to depend on any second derivatives

of u until otherwise mentioned. The value of C' may change from line to line.

3.3 Initial pointwise estimate

Taking R smaller if necessary, we may assume that Bsg is contained in a coordi-
nate chart with coordinate functions z', ..., 2". We will utilise summation convention
whenever an index appears in both a lower and upper position.

Our first step is to prove a pointwise estimate analogous to Lemma 2.4.1:

Proposition 3.3.1. Suppose f € C2 (M" xR xTM™) is positive and let u € C*(Bag)

loc
be either a positive or negative solution to (3.1.2). Then

[Vul®

2u

2fAf < FV'V,;Au — tr(F)A( ) + C(Au+a)* on Bag. (3.3.1)

Proposition 3.3.1 will follow from the next lemma (which essentially amounts to dif-
ferentiating the equation (3.1.2) twice) and standard formulae for commuting covariant

derivatives:
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Lemma 3.3.2. Suppose f € CZ (M™ x R x TM™) is positive and let u € C*(Bag) be

a solution to (3.1.2). Then
2fAf < F7A(A,)'; on Bag. (3.3.2)

Proof. We start by observing

1/2 1/2 i
1/2 _ Doy’ "(Au) | 4 _ doy' " (Au) (Ay)
Aoy A) = = = ALy, ok

J

Lk,

Now, if I'}} denote the Christoffel symbols of the Levi-Civita connection of gy, then the

covariant derivative of a 1-form 6 = 6,dz* is given by

90
(V) = a—; — T, (3.3.3)

It follows that the Hessian of o4(A,)"/? is given by

1/2 i 1/2 i
Vi (72" (Au)) = %( 8?14 V. Ok ") - T Q?A V. 9zm :
__P0(A) (A IA, | 00y (A (AL, O(A)
- 0(AW)0(AL)E, Ok O I(A,)E \ Ozkozt W Qxm )
(3.3.4)

q J

By concavity of a%/ > in [y, the first term after the second equality in (3.3.4) is non-

positive. Also observe that the quantity in the final parentheses in (3.3.4) is just

V2 (A,)", and so after contracting the [,k indices and substituting in the equation

%
VE

(3.1.2), we obtain

dos*(A,) A

Af < 2 A(A) 3.
F< g A (335)
The estimate (3.3.2) then follows from (3.3.5), since F,’ = Do3(Au) [0(Ay). O

Expanding out the definition of A,, (3.3.2) reads

B |Vul?

u

2fAf < FIVFV, (vivju &'+ uAij). (3.3.6)

Proposition 3.3.1 will follow from (3.3.6) after commuting derivatives in the term

F,/V*VViV,u. The reason for doing this is the same as in the proof of Theorems F
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and G: a term of the form Ff ViV;Au will allow us to integrate by parts and appeal
to the divergence structure of F.

In the following proof, we demonstrate explicitly the process of commuting deriva-
tives in order to illustrate the error terms that arise in such calculations. However, the
precise curvature terms that arise are not important for our purposes, and we will not

be so explicit in future proofs.

Proof of Proposition 3.3.1. Commuting derivatives, we have

V*ViV'Vju = V*V'V, Vu — VF(R,;, VPu)
= V*V'V,;Viu — V¥R, VPu)
= V'V*V,;Viu — 5PV, Viu + RPV;V,u — VF (R, VPu)
= V'V,;V¥Viu — VI(R;,VPu) — R*PV,Viu+ R?V;V,u
— V*(R,;,VPu), (3.3.7)
the second equality due to the symmetry of the Hessian. Since all the curvature terms in

(3.3.7) are with respect to the background metric gy, they are all bounded by constants

depending on g¢g, and so after contracting both sides of (3.3.7) with Fij we obtain

FIVAVV'Vu < FIVIVAu+ C(Au + o). (3.3.8)

Similarly,
FIAuAY) < C(Au+a)?, (3.3.9)
and after substituting (3.3.8) and (3.3.9) into (3.3.6), we arrive at (3.3.1). O

3.4 Integral estimates for lower order terms

We now proceed as in the proof of Theorems F and G by multiplying (3.3.1) by a
suitable test function and integrating by parts. To describe this test function, for

p € (0, %] we let ) € C§°(Bg+2,) be a non-negative cutoff function satisfying 0 < n < 1,
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n=1on Bgy, and |V'y| < C(n)p~" for | = 1,2. Multiplying both sides of (3.3.1) by

n(Au+a)?! (where ¢ > 1 is to be determined) and integrating over Bpr.s,, we obtain
2/ n(Au+ ) fAS
BR+2p

n(Au + )it tr(F)A <¥)

< / N(Au+ )7 VIV Au — /
BR+2p B

R+2p

+C (Au + )7t (3.4.1)

BR+2p
Following the outline of the proof given in §3.1, we now prove the integral estimate

(3.2.1), which is a direct counterpart to Lemma 2.4.2 in Chapter 2:

Lemma 3.4.1. Suppose ¢ > 1, f € C2 (M" x R x TM") is positive and let u €
CY(Bayr) be either a positive or negative solution to (3.1.2). Then

. 1 o
(g—1) / n(Au+ )" 2F/V' AuV;Au — = / (Au+ a)'nV;V'F,’
BRr+2, q Bgr+2,

2
+ / n(Au + )t r(F)A (ﬂ) < COp? / (Au + )ttt (3.4.2)
BR+2p 2“; BR+2p

Proof. Integrating by parts in the first integral on the RHS of (3.4.1), we see

/ n(Au+ ) EIVIV;Au = — / n(Au+ ) 'V'EV;Au
BRr+2,

BR+2p

- [ @ut e VT A
BRr+2p

—(¢g—1) / n(Au+ ) FV AuV Au.
Bri2p
(3.4.3)

Integrating by parts again, we see that the first integral on the RHS of (3.4.3) is

B / n(Au+ ) 'V'EV;Au
Br+2,

1 S

= ——/ nV'F’V;(Au+ a)?

4 JBry2,

1 N 1 .

= / (Au+ )'V'FVn+ - / (Au+a)'V;V'F7,  (3.4.4)
BRr+2p

q BRri2,
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and similarly the second integral on the RHS of (3.4.3) satisfies

[ (s RV A
BR+2p

1 .
= —- / FV'nV;(Au+ a)?
9 JBrya,p

1 , 1 . ,
——— / (Au+ «)?V'nV,;F7 + —/ (Au+ )?F,’V;V'n
q BR+2p BR+2p

1 . .

> — / (Au+ a)'V'nV,;F,7 — CpQ/ (Au + )?, (3.4.5)
4 JBryiop

Bri2p

Substituting (3.4.4) and (3.4.5) into (3.4.3), then (3.4.3) back into (3.4.1) and rear-
ranging, we obtain

. 1 o
(g—1) / n(Au+ )2 F V' AuV,;Au — - / n(Au+ a)?V;V'E,?
BR+2p q BR+2p

-1 |VU|2 2 i J
v [ aaut e A <2 [ (Bt ViR
Bry2p 2u 9 JBrya,

— 2/ n(Au+ )T fAF 4+ Cp? / (Au+ )7 (3.4.6)
Briap B

R+2p

To obtain (3.4.2), it remains to estimate the first two integrals on the RHS of (3.4.6)
from above by Cp~? | By, (AU «)?L. For the first of these, we need to calculate the
2p
divergence of F"
VET = Vi (tr(4.)57 — (4.)))
n|Vul?

2u

[Vul?

u

=V’ <Au + utr(A)) —V (Vivju - 57 + uAZ-j)

[Vul®
2u
< C(Au+ «), (3.4.7)

= VIAu - V'V;Viu — (n — 1)Vj< ) + Vi (utr(A)) — Vi(uA,)

where to reach the last line, we have commuted derivatives to assert |V’ Au—ViV,;Viuy|
< C|Vu| < C. This gives the desired estimate for the first integral on the RHS of
(3.4.6).

For the second integral on the RHS of (3.4.6), we observe by the chain rule that

Af = ﬁVZAu + gAu + lower order terms, (3.4.8)
oy, ou
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where the lower order terms are bounded by a constant C' (depending, as usual, on f

and || In |u|||c1). Therefore,

—2/BR+2P7)(Au+a)q fAf

< —2/ n(Au + )™ a—fVlAu + C’/ (Au+ a)?
Bgr+2, BRry2p

8ul
2
:__/ nfg—fVZ(Au—l—a)q+C/ (Au+ «a)?
BRry2p

q W Bry2p

<cp? [ (durar
BRr+2,

with the final line again following from integration by parts. O

3.5 Integral estimates for higher order terms

We now turn to the integrals on the LHS of (3.4.2), all of which currently contain
third derivatives of u. The first of these integrals is a positive term that will ultimately
give us improved integrability, whereas the remaining two integrals are of unknown
sign. We note that, unlike in Chapter 2 where we had to combine our estimates for
(Iy), and (I3), in order to obtain a cancellation of higher order terms, our regularity
assumptions here will allow us to obtain cancellations for each of the two remaining
integrals individually.

We start with a pointwise estimate for the integrand in the first integral of (3.4.2)

— the proof is almost identical to the proof of Lemma 2.4.3, so we do not repeat it here:

Lemma 3.5.1. Suppose ¢ > 1, f € CP (M" x R x TM") is positive and let u €

CY(Bayr) be a solution (3.1.2). Then

Cf2
(g —1)

We now turn to the remaining two integrals on the LHS of (3.4.2). Let us start

- 2
(Au+ )1 F/V' AuV,Au > V(Au+ )b/ (3.5.1)

with the second of these, which is analogous to the term denoted by ‘(I3),’ in our proof

of Theorems F and G. Just as we derived a discrete Bochner formula to estimate (I3),
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(see Section 2.4.4.1), we start by deriving a pointwise estimate for A(|Vu|?/2u), this

time appealing to the classical Bochner formula:

Lemma 3.5.2. Suppose u € C3(Byg) is either positive or negative. Then there exists

a constant C, depending on go and an upper bound for || In|ul||c1(p,y), such that

A(|VU\2) > |V2ul? N (Vu, VAu)

e C(Au+ a). (3.5.2)

u u

Proof. A direct computation gives

A(|Vu|2) _ Au|Vu? N Vul*  (Vu, V|Vul?) N AlVul?

2u N 2u? u3 u? 2u

A 2
> _C(Au+a) + ';“' . (3.5.3)

The estimate (3.5.2) then follows after substituting the Bochner formula

2
A <@) = |V?ul]* + (Vu, VAu) + Ric(Vu, Vu) (3.5.4)
into the last term in (3.5.3) and estimating | Ric(Vu, Vu)| < C|Vu|* < C. O

Using (3.5.2), we now derive estimates for the last integral on the LHS of (3.4.2),

distinguishing between the positive and negative cases:

Lemma 3.5.3. Suppose ¢ > 1, f € CZ.(M" x R x TM") is positive and let u €
C*(Bag) be either a positive or negative solution to (3.1.2). Then

[Vul?
2u

[ weusarrama(TeE) oo [ i@ ava
BRry2p Brt2p

n—1 / —1 +2
— nu~ " (Au + «)?
q4+1 JBris, ( )
— C’p_Q/ (Au + )ttt (3.5.5)
BR+2p
In particular, if u is negative then
1 ‘VUF -2 +2
n(Au + )T tr(F)A > —Cp (Au+ )T, (3.5.6)
BR+Zp 2u BR+2p
and if u is positive and ¢ > n — 1, then
-1 |Vul? —2 +1
n(Au+ o) tr(F)Al ——— | > —Cp (Au+ ). (3.5.7)
BR+2ﬂ 2U/ BR+2p
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Proof. By (3.5.2) we see

2
[ nurartama(PE) = [ petae o a)v
BRri2p BRry2p

+ / nu "t (Au + )t tr(F){(Vu, VAu)
BR+2p
— O/ (Au+ )7 (3.5.8)
Bgr+2,
Now,
tr(F) = (n—1)tr(4,) = (n—1) ((Au +a) — %|Vu!2 +utr(A) — a),
and therefore

/ nu~t(Au + )Tt (F)| V2> > (n — 1) / nu~H(Au + )| Vul?
BRr+2,

BR+2p

—Cp? / (Au+ )™ (3.5.9)
Bgr+2,
and
/ nut(Au+ )T tr(F){(Vu, VAu)
BRri2p
=(n-1) / nu~t(Au + a){Vu, VAu)
BR+2/J

+(n—1) / nu~(Au 4 )7t ( - %’VU‘Z +utr(A) — a) (Vu, VAu)
BRry2p

—1
_n / e (Va, V(A + )7
4+ 1 JBris,

n—1
q

+

/ nu~?t ( - E\Vu\z +utr(A) — a) (Vu, V(Au + a)?).
Bz, 2u

(3.5.10)
The last line of (3.5.10) can be estimated from below by —Cp~2 fBR+2p (Au+a)™ after
integrating by parts. Also integrating by parts in the penultimate line of (3.5.10), we
therefore see that

n—1
qg+1

/ nu "t (Au+ ) (F){(Vu, VAu) > — / nu "t (Au + a)it?
BR+2p BR+2p

- CpQ/ (Au+ ). (3.5.11)
BRri2p
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Substituting (3.5.9) and (3.5.11) back into (3.5.8), we arrive at (3.5.5).
The estimate (3.5.6) clearly follows from (3.5.5). On the other hand, if u is positive
then we use the fact n|V?ul? > (Au)? to estimate the first integral on the RHS of

(3.5.5), giving

/B p(dutay tr(F)A<w>

2u
1 1 -1 +2 —2 +1
>n—-1)—-——— nu (Au+ )™ — Cp (Au+ a)?,
n q + 1 BR+2p BR+2p
(3.5.12)
which implies (3.5.7) if ¢ > n — 1. O

Finally, we turn to the second integral on the LHS of (3.4.2):

Lemma 3.5.4. Suppose ¢ > 1, f € CZ.(M" x R x TM") is positive and let u €
C*(Bag) be either a positive or negative solution to (3.1.2). Then
[ Gur e E 2 -1 [ Bu ey VR
Bry2p

BRri2p
n—1

qg+1

—Cp? /B (Au+ )7 (3.5.13)
R+2p

/ - (Au + a)t?
BR+2p

In particular, if u is negative then
- / (Au+a)V;V'F > —C’p_Q/ (Au+ )72 (3.5.14)
Br+2p BRry2p
and if u is positive with ¢ > n — 1, then

- / (Au+a)V;V'F7 > —C’p_z/ (Au+ )t (3.5.15)
BRry2p

BR+2p

Proof. By (3.4.7), we have

[Vul®

Vjviﬂj = VjVjAu — V]Vlvzvju — (n — 1)A< ou

) + Autr(A)) — V;Vi(uA)).
(3.5.16)
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Commuting derivatives to assert |V;VIAu—V,;V'V,;Viu| < C|V*u| < C(Au+«) and

recalling (3.5.2), it follows that

VAl VAL g s

u u

~V,V'E7 > -C(Au+a)+(n—1)
Therefore,

[ @R -1 [ du )P
Bri2p

Bri2p

+(n—1) / nu~" (Au + a)Y{Vu, VAu)
Bry2p
—Cp? / (Au 4+ a)?t, (3.5.18)
BR+2p

and (3.5.13) then follows after writing the penultimate integrand in (3.5.18) as
q%lmfl(Vu,V(Au + )91} and integrating by parts. The estimates (3.5.14) and

(3.5.15) follow from (3.5.13) in the same way as in the proof of Lemma 3.5.3. O

3.6 Completing the proof of Theorem J

Proof of Theorem J. Combining Lemmas 3.4.1, 3.5.1, 3.5.3 and 3.5.4, we obtain the

estimate

/ |V(Au+ oz)(q*l)/z‘2 < C’(q—z—l) / (Au+ a)T*?
BR+p p BR+2p

in the case that u is negative, and

/ |V(Au+ oz)(q*l)/Q‘2 < C<q—2_1) / (Au+ a)?
BR+p p BR+2p

if u is positive and ¢ > n — 1.

It follows from the Sobolev inequality in the form

(/ <Au+a>"5"2”)n <c [ [V@urae P [ (duar
Brip Bryp Br+p

that

n—2

( / (Au+a)"f—‘§’) ’ SC’(q—;l) / (Au + )T+ (3.6.1)
BR+p p BR+2p
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in the negative case, and

( / (Au+a)"f—‘2”) ’ Sc*(q_2—1) / (Au + )T+ (3.6.2)
BR+p p BR+2p

in the positive case when ¢ > n — 1. By (3.6.1), we therefore obtain an improvement

in integrability in the negative case whenever % >q+2 ie forqg+2> 37”, and

by (3.6.2), we obtain an improvement in integrability in the positive case whenever

n(g—1)

~—~ >q+1,ie. for ¢+ 1> n. These improvements may be iterated exactly as in

the proof of Theorems F and G to obtain the desired pointwise estimate for Au + «,

and consequently for |V?u|. O
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Chapter 4

The existence of conformal metrics
with g_lAg S F;

In this chapter we consider the problem of obtaining conformal metrics g € [go] with

trace-modified Schouten tensor

. _ 1 ) TR
Ag = Ay + (1 —7)oi(g 1‘49)9 = n_9 (RICQ _z(n—ng)

satisfying gflA; € I'J. In the context of the oy-Yamabe problem, this is a particularly
important question when 7 = 1, as we have seen that the o,-Yamabe problem (in the
positive case) on [go] is usually posed under the admissibility assumption g; ' Ay € T’}
When 7 < 1, this question retains geometric and topological significance, particularly
in three dimensions where g~' A7 € 'y implies Ric, > 0 if 7 > £ (see Appendix 5.A for
a proof of this well-known fact). The results in this chapter are the product of joint
work with Luc Nguyen.

The plan of the chapter is as follows. We begin in §4.1 with a more detailed
literature review on the existence of metrics with gflA; € I'), with an emphasis on
the case k£ = 2 in three dimensions. This discussion will motivate Theorem D, which
unifies and extends the work of Ge, Lin & Wang [GLW10] (see Theorem 4.1.5 below)
and Catino & Djadli [CD10] (see Theorem 4.1.7 below). The proof of Theorem D will
be carried out in §4.2. Our discussion will also motivate a new approach to Theorem
4.1.5, previously obtained in [GLW10] using a flow argument. This new proof will be

given in §4.3.
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Throughout Chapters 4 and 5, we will only be dealing with the o-Yamabe equa-
tion in the positive case, so to keep the discussion concise we will drop any mention
of ‘the positive case’. We will write A7 € I'} as shorthand for g7'A7 € T}, and
01 (4,) as shorthand for o4(g7'4,) ete. If at any point we wish to raise an index us-
ing the background metric gy, then we will write this explicitly as g, lAg. We will use
sub/superscript Os to denote quantities that are defined with respect to the background

metric go.

4.1 Background and new results

In this section we expand on the literature review given in §1.2.2 on the existence of
conformal metrics with A7 € I’ 5. We start in §4.1.1 by considering the case 7 = 1, and

in §4.1.2 we consider the case 7 < 1.

4.1.1 Background on the existence of conformal metrics with
9_1149 = F;

As explained in §2.1.2, it is natural to assume the admissibility condition Ay € '}

when considering the o,-Yamabe problem on [go]. When k& = 1, this is equivalent to

assuming that the Yamabe invariant

f Mn Ry dvg

n—2
n

VM L) = . )

(4.1.1)
of [go] is positive. When k > 2, this condition is less well-understood, and it is interest-
ing to ask — from both the perspective of the o-Yamabe problem, and more generally
— whether certain conformally invariant conditions on a manifold (M™, go) imply the
existence of a conformal metric g € [go] with 4, € T'}.

One of the first significant results in this direction is due to Chang, Gursky & Yang
[CGYO02b], who addressed the case k =2, n = 4:
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Theorem 4.1.1 ([CGYO02b]). Let (M* go) be a closed j4-manifold satisfying
Y (M* [g0]) > 0 and fM4 09(Ag) dvg > 0. Then there exists a metric g € [go] sat-

isfying A, € Ty (necessarily with positive Ricci curvature).

In other words, Theorem 4.1.1 says that if the Yamabe invariant of [go] is positive,
and o9(Ap) is positive in the integral sense, then there exists a conformal metric g with
R, > 0 and 03(A,) > 0 pointwise. The authors also established numerous examples of
simply-connected 4-manifolds satisfying the hypotheses of Theorem 4.1.1.

A crucial point is that in four dimensions, the condition f Mé o9(Ap) dvg > 0 in
Theorem 4.1.1 is conformally invariant. To see this, observe that the four-dimensional

Chern-Gauss—Bonnet formula [Che45] may be written as

8y (M?) = /M4 |Wg|§ dv, + 4//\/14 02(Ay) dvg, (4.1.2)

where y(M?*) denotes the Euler characteristic of M* and W, is the Weyl tensor of
the metric g. It is well-known that [ M ]ngf] dvg is a conformal invariant, and since
x(M?) is a conformal invariant (it is a topological invariant), (4.1.2) implies that
the same is true of [, 02(Ay)dv,. In particular, [, . 02(Ag)dve > 0 if and only if
| i 02(Ag) dvg > 0 for all g € [go], and the hypotheses of Theorem 4.1.1 are equivalent
to imposing the existence of a metric g € [go] satisfying Ry > 0 and [, , 02(Ay) dvg > 0.

We note that the conclusion Ric, > 0 in Theorem 4.1.1 is a special case of a
more general result due to Guan, Viaclovsky & Wang [GVWO03|, who showed that
if A, € I'} for some k > 5, then Ric, > 0. If this is the case, it follows as a well-
known consequence of Myers’ theorem that the fundamental group of M™ is finite,
thus providing a topological obstruction to the existence of metrics with A, € T’} for

n
k>

Remark 4.1.2. It is well-known that there are topological restrictions to the existence
of metrics with positive scalar curvature (equivalently, the existence of metrics with

A, €T]) — see e.g. [Lic63]. In [GLWO5], the authors established further topological
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restrictions on the existence of metrics with A, € I'y for 2 < k < %, namely the

vanishing of certain Betti numbers.

It is of particular interest to generalise Theorem 4.1.1 to three dimensions, where
the implication A, € I'j = Ric, > 0 still holds by [GVWO03] (see also Appendix
5.A). There has already been some interesting progress on such generalisations in the
literature, and for the remainder of this section (and in §4.1.2) we will discuss some of
these results.

We begin with a result of Sheng [She08] that provides one possible extension of
Theorem 4.1.1 to any dimension — we will then focus more specifically on what this
result tells for n = 3, and why it is not the end of the story. To describe Sheng’s result,

we first define for 1 < k < n the functionals Q) by

n—2k

Qr(g) = Vol(M",g)" =

/ or(A,) dv,.
We will also denote
(90l = {9 € [90] : A, €T/} (4.1.3)

and adopt the convention that [go]o = [go]. We then define the conformal invariants

N inf €lgo]k—1 if -1
Velloo) = {_O‘;[ o) e 7

Note that when k = 1, ¥1([go]) is just a positive multiple of the Yamabe invariant (as
defined in (4.1.1)), and thus the quantities Y;([go]) may be viewed as generalisations

of the Yamabe invariant. The result of Sheng is as follows:

Theorem 4.1.3 ([She08|]). Let (M", go) be a closed manifold of dimension n > 3,
and suppose Yi([go]) > 0 for some 2 < k < n. Then [goly # 0, i.e. there exists a metric

g € [go] satisfying A, € T} .

Remark 4.1.4. The proof of Theorem 4.1.3 in [She08] is based on a continuity method

for a family of equations considered by Gursky & Viaclovsky in [GV03a], wherein
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an alternative proof of Theorem 4.1.1 is given. It is also clear that Theorem 4.1.3
reproduces the result of Theorem 4.1.1 when k = 2, n = 4, by the conformal invariance

of Q2(g) in four dimensions.

For k = 2, n = 3, Sheng’s theorem asserts the following: if Y/ (M?3, [go]) > 0 (that
is, [go]1 # ) and

~

Valgo]) = inf Vol(A®, )2 / oa(Ay) dvy > 0,
MS

g9€lgohr
then there exists a metric g € [go] satisfying A, € T} (necessarily with positive Ricci
curvature). This requires that [ s 02(Ay) dvy is positive for all positive scalar curvature
metrics in [go], and it is natural to ask whether the same conclusion holds if this integral

positivity is only satisfied by some positive scalar metric. This question was answered

in the affirmative by Ge, Lin & Wang in [GLW10]:

Theorem 4.1.5 ([GLW10]). Let (M?3 gy) be a closed 3-manifold satisfying
Y (M®, [go]) > 0 and supyey), [y 02(Ag) dvg > 0. Then there exists a metric g € [go]

satisfying A, € Ty (necessarily with positive Ricci curvature).

We wish to indicate two differences between Theorems 4.1.1 and 4.1.5. First, as
pointed out in [GLW10], positivity of [ s 02(Ao) dvg is no longer a conformally invari-
ant condition in three dimensions. Thus, the requirement in Theorem 4.1.5 that there
exists a metric g € [go] satisfying both R, > 0 and [ s 02(Ag) dvg > 0 simultaneously
is, a priori, more restrictive than in Theorem 4.1.1. It would be interesting to deter-
mine, for instance, whether the supremum over [go]; in Theorem 4.1.5 can be replaced
with a supremum over [go], although this possibility will not be addressed directly in
this thesis. Instead, we would like to address another distinction between Theorems
4.1.1 and 4.1.5, namely in relation to their conclusions on positive Ricci curvature.

This leads us to consider the trace-modified Schouten tensor.
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4.1.2 Background on the trace-modified Schouten tensor Aj

As we have stated, metrics satisfying A, € T'} for k& > 5 possess an important geometric
property, namely they have positive Ricci curvature [GVWO03]. A natural question to
ask is whether this condition on the Schouten tensor can be weakened, whilst retaining
the implication of positive Ricci curvature.

To this end, we denote by A7 (7 € R) the trace-modified Schouten tensor

- 1 ) TR
Ag = Ay + (1= 1)o1(Ag)g = (Rlcg _2(72—5’1)9),

as introduced in [GV03a, LL03| (see also the discussion below Question 1 in the
introduction). When 7 = 1, A7 coincides with the Schouten tensor A,, and clearly
A7 > Ay (in the sense that gflA; — g 1A, is positive definite on each tangent space)
whenever R, > 0 and 7 < 1. Now, a simple algebraic argument (see Proposition 5.A.1
in Appendix 5.A) shows that if Ry > 0 and 02(A]) > 0 for some 7 € [2 — 2,2], then
Ricy > 0. In particular, when 7 = 1 and n = 3 or 4, we recover two special cases of
the result of [GVWO03]. But when n = 3, we in fact obtain the (well-known) stronger
result that A7 € ' implies Ric, > 0 whenever 7 > % In light of Theorem 4.1.5, we

therefore ask:

Question 1. Fiz 7 € [3,1) and suppose (M3, go) is a closed 3-manifold satisfying
Y (M3, [go]) > 0 and sup,c(y, [as 02(Af) dvg > 0. Does there exist a metric g € [go]

with Aj € IS (necessarily with positive Ricci curvature)?

Remark 4.1.6. We note that the case 7 = 1, where A7 coincides with the Schouten
tensor Ay, is critical for a number of reasons. As we will expand on later (see e.g.
Remark 4.A.3 in Appendix 4.A), 05(A7) is not variational when 7 < 1, but in some
sense one has additional control on ellipticity when 7 < 1, which often aids in obtaining

estimates. This phenomenon will be reflected in our proofs of Theorems D and E.
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A first step towards answering Question 1 is to see whether the conclusion Ricy >
0 in Theorem 4.1.5 can be obtained under any weakening of the hypotheses. The

following result of Catino & Djadli [CD10] gives an affirmative answer in this direction:

Theorem 4.1.7 ([CD10)). Let (M3, go) be a closed 3-manifold satisfying Ry > 0 and
S 02(Ag) dvg > 0. Then for all T < 19 = &, there exists a metric g € [go] satisfying

A7 € T (necessarily with positive Ricci curvature if 7> ).

Remark 4.1.8. The proof of Theorem 4.1.7 in [CD10] is based on a continuity method
for the family of equations considered in [GV03a] and [She08] (see also Remark 4.1.4

above). This path of equations will also be considered in our proof of Theorem D in

84.2.
We now address our new results stemming from the discussion above.

4.1.3 New results on the existence of conformal metrics with
g AT e I'g
Two natural questions arise from Theorem 4.1.7. First of all, we ask whether the
conclusion of Theorem 4.1.7 can be strengthened under the same hypotheses; in light
of Theorem 4.1.5, it is reasonable to expect that for any 7 < 1, one should be able to
obtain a metric g € [go] satisfying A7 € [';. In fact, in joint work with Luc Nguyen, we
have been able to provide an affirmative answer to this question under an even weaker
assumption than in Theorem 4.1.7. This new result — as given in Theorem D in the
introduction — puts Theorems 4.1.5 and 4.1.7 on an equal footing, and we restate it

here:

Theorem D. Let (M3 gy) be a closed 3-manifold satisfying Y (M3, [g]) > 0 and

suppose

A= sup fMg 72(Ay) dv, > 0.

4u
g=e~2ugo€[go]1 fM36 dvg
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Then for all T < 1 there exists a metric g € [go] satisfying A7 € I'y (necessarily with

positive Ricci curvature if T > s ).

The proof of Theorem D will be given in §4.2.

The second question arising from Theorem 4.1.7 is whether the continuity method
of [CD10] can be adapted to answer Question 1 for any 7 < 1. At the time of writing,
we have been unable to achieve this. We therefore ask whether the method of [GLW10)|
to prove Theorem 4.1.5, or the method of [CGY02b] to prove Theorem 4.1.1, may be
more amenable for this purpose. We make partial progress on both of these possibilities
in this thesis, although in this chapter we only consider the approach of [GLW10] (we
refer the reader to Chapter 5 for more detail on the approach of [CGYO02b]). We
summarise our new contribution here as follows.

The proof of Theorem 4.1.5 in [GLW10] uses a conformal flow to obtain solutions

—2u,

Gu, = € 7" go € [go]1 to the family of quotient equations

oa(Ag, ) — veti

01 (Agu,, )

=, <0 (4.1.4)

for all v > A\, where ¢, are negative constants depending on v and

\ = sup fM3 02(149) dvg‘

4u
g=e~2¥go€lgo1 fM3€ dvg

(4.1.5)

Note that A is positive by the assumptions of Theorem 4.1.5. By establishing a priori
estimates and a suitable rescaling argument, the authors then show that in the limit
v — AT, the solutions obtained converge to a smooth metric ¢ = e 2“gy € [go]s
satisfying o2(4,) = Ae'™. In particular, A, € I'y.

Now, the flow method constructed in [GLW10] uses the variational properties of
02( A7) specific to the case 7 = 1 (see Remark 4.A.3 in Appendix 4.A). With Question
1 in mind, we ask whether we can establish existence of positive scalar curvature
solutions to a family of quotient equations similar to (4.1.4) using elliptic methods,

and without appealing to any variational structure. The family of quotient equations
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should be chosen so that, with suitable estimates in hand (and, if necessary, a scaling
argument similar to that of [GLW10]), one can extract a limiting metric satisfying
A, € T'y. We have made partial progress on this problem, in that we have been able
to obtain the following result using elliptic methods, although not yet independently

of the variational structure:

Proposition 4.1.9. Let (M3, go) be a closed 3-manifold with Ry > 0 and suppose X > 0
(where X is defined in (4.1.5)). Fir a < 0 such that vy(x) := 09(Ag) +e ¥, (Ag) > A,
and define vi(x) = (1 — t)vg(x) + tX for t € [0,1]. Then for all t < 1, there exists a

72'[145

smooth solution g, = e *"tgq to

03(Ayg,) — vi(w)et

o1 (Agt)

=1 (P)

We will explain in §4.3 why Proposition 4.1.9, in combination with a prior:i esti-
mates and a rescaling argument, yields the desired metric with 4, € T'J in the limit

t — 1, thus giving an alternative proof of Theorem 4.1.5.

4.2 Proof of Theorem D

In this section we prove Theorem D. Our proof combines the continuity method of
[CD10] with an existence result of Ge, Lin & Wang [GLW10] and a strong comparison
principle based on the methods of Li, Nguyen & Wang [LNW20a]. The existence result

of Ge, Lin & Wang we will use is as follows:

Theorem 4.2.1 ([GLW10]). Let (M3 ,g0) be a closed 3-manifold satisfying

Y (M3, [go]) > 0 and suppose

\ = sup fM3 72(4,) dv, —
g=e~2%go€[gol1 fM3 et dvg

Then X is attained by a CY' metric g = e~2"gqy satisfying Ry, > 0 and 02(A,) =0 a.e.
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We now state the strong comparison principle that we will use. In order to obtain
the following, only minor modifications to the arguments of [LNW20a] (see Theorem

2.3 therein) are required, and we refer the reader to Appendix 4.B for the details.

Proposition 4.2.2. Suppose 7 < 1 and let Q@ C R"™ be a domain equipped with a

Riemannian metric go. For a function u on ), denote g, = e *“gy. Suppose u, €

CLN(Q) satisfies

loc

1k qr T T+ :
o)/ (45,) =0, A7 €T] ae in,

and that uy € CH(Q) satisfies

loc

ai/k(AT )=0, Af € I ae in Q.

Gus

If uy < wuy in ), then either u; = us in 0 or uy < ug in €.

Proof. See Appendix 4.B. m
We now proceed to give the proof of Theorem D.

Proof of Theorem D. We consider the same path of equations as in [CD10]: using the
assumption of positive scalar curvature, we fix some § < 0 for which A3 = Ricg —gRg 9o
is positive definite, set f = O’;/ ?(A2) > 0, and consider for t > § and g, = e 2" g, the

equations

0;/2(14;) = fet, (4.2.1)

When t = §, us = 0 is a solution to (4.2.1) with A} € T'S, and therefore for any

T € [4,1), the set
Ur = {t € [6,T] : (4.2.1) has a solution u; € C**(M?’) with A}, e T]}

is non-empty. By the proof of Proposition 2.2 in [GV03a], Ur is also open. It remains
to show that Uy is closed, for which we require a priori C*® estimates on solutions to

(4.2.1) for t € [6,T] that are independent of .
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Now, the proof of Proposition 2.4 in [CD10] yields a uniform upper bound u; < C
on solutions to (4.2.1) for all t < 1. A uniform gradient estimate |Vu;| < C forallt <1
then follows, as in Proposition 4.1 of [GV03a]. We now suppose for a contradiction
that the uniform lower bound on solutions to (4.2.1) fails for some t = 7 < 1. Fixing
t = 71in (4.2.1), we therefore have a sequence of solutions u; satisfying min v u; — —00.
By the uniform gradient estimate, it follows that maxys u; — —o0 as well.

—2“1

We denote g; = e *"igy and define the rescaled sequence

1
U = Ui — s i dvo,
g

62 Vol(M3,g0)~

. . . . ~ 94 1 )
which is now bounded in C!. Denoting §; = e 2%g, = Juidv g we see

that by the scaling properties of (4.2.1), the u; satisfy

/2 4ry _ oy — 2 / A 1.2.2
oy (A7) fexp(uZ Vol MP. o) Msuzdvg > 0. (4.2.2)

It follows from the local estimates of [LL03, GW03b, Che05, Wan06, JLLO07,Li09]
(discussed in §1.2.1) that the @; are therefore bounded in C?. (We note that the second
derivative estimates in these works are independent of any lower bound on the RHS
of (4.2.2), and so the fact that exp(4u; — 2 Vol(M?, go) ™" [u; dvg) — 0 as i — oo does
not preclude uniform C? estimates here).

As a consequence of these C? estimates, we may take i — oo along a suitable

sequence in (4.2.2) to obtain 4 € CY1(M3), § = e gy, satisfying
Aj € I, 02(A;) =0 ae. in M. (4.2.3)

On the other hand, by Theorem 4.2.1 we also have v € C1(M?3), g, = e ?“gp, satis-

fying

A, €05, 03(A,,) =0 ae. in M. (4.2.4)
Since 03(A7 ) = 02(Ay,) + (1 —7)(6 — 37)R2, > 0, it follows that u € C"'(M?)

satisfies

AT €T3, 0(A7) >0 ae in M
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We wish to show that v and @ differ by a translation. We start by translating @ by
a constant ¢ € R so that u < 4+ ¢ on M? and u(x) = @(x) + ¢ for some x € M3, For

this constant ¢, the set
C={xec M u(x)=1a(x)+c}

is therefore non-empty and, by continuity of v and «, C is also closed. Moreover, for
any r € C we may apply the strong comparison principle of Proposition 4.2.2 to a
sufficiently small ball centred at x and conclude that C is open. Therefore C = M3,
i.e. u =1+ con M3

Substituting © = @ + ¢ into (4.2.4), we therefore see that oy(A;) = 0, which is
compatible with (4.2.3) if and only if R; = 0 a.e. on M?3. Since the scalar curvature
of a conformal metric g, = e **g is related to the scalar curvature of gy by the

transformation law

R,,e %" = Ry + 4A0w — 2|Vowl} (4.2.5)

(see [Bes87]), the condition R; = 0 corresponds to @ € C''(M?3) satisfying a uni-
formly elliptic equation on M?3. Standard elliptic regularity (see e.g. [GTO01, The-
orem 9.19]) therefore implies & € C*(M?3). But positivity of the Yamabe invariant
Y (M3, [go]) implies there are no smooth scalar-flat metrics in [go], thus we arrive at a
contradiction.

With the uniform lower bound on u; established, we may then proceed exactly as
in [CD10] to obtain the desired C** estimate. It follows that Uy = [6,T], and since

T < 1 was arbitrary, this completes the proof. O

4.3 The continuity method for a perturbed o, quo-
tient equation

In this section, we prove Proposition 4.1.9 and use this to prove Theorem 4.1.5 (which

was previously obtained in [GLW10]). We remind the reader that ultimately, our goal
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is to prove Theorem 4.1.5 without using the variational structure of o2(A,) — the hope
is that such a method should be more amenable to the case 7 < 1 (see Question 1),
where we do not have nice variational properties (see Remark 4.A.3 in Appendix 4.A).
However, our progress in this direction is partial, in that our proof of Proposition 4.1.9,

whilst avoiding a flow argument, still uses some variational structure.

4.3.1 Setting up the problem

Let us begin by recalling the equation under consideration. Using the assumption of
positive scalar curvature, we fix a < 0 such that vy(z) := 9(Ag) + e *¥01(4g) > A,
and define v4(x) = (1 —t)vy(z) +tA for t € [0,1]. Then for t < 1, we consider the path

of equations
03(Ay,) — ve(w)e™™

a1(Ag)

where ¢, = e~ 2%

9o-
Some remarks are in order, which we will refer back to at various stages of our

argument.

Remark 4.3.1. It is shown in [GLW10, Lemma 2] that (F;) is an elliptic equation in
I'T, with ellipticity constants depending on both an upper and lower bound on o1 (4,,).

It is also shown that the operator on the LHS of (F;) is strictly concave in I'f.

Remark 4.3.2. We are free to choose the constant on the RHS of (F;), although it
must be negative (by definition of A and the fact that v, > X for ¢ < 1). Indeed,
since the LHS of (P;) scales by €** under a translation u — u + a, it is clear that any
negative constant on the RHS can be achieved once Proposition 4.1.9 is established.

We will make use of this scaling property later.

Remark 4.3.3. It is also shown in [GLW10, Prop. 1] — independently of any flow

argument — that if a solution to (P;) exists, then it is unique.
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We will prove Proposition 4.1.9 using a continuity method. Note that when ¢ = 0,
ug = « is a solution to (P;) with A, € I'7. To obtain solutions for ¢ € (0, 1), we define

for T € [0,1) the set
Sy ={t €[0,7T] : (P,) has a solution u; € C**(M?) with A,, € T},

and show that Sy is both open and closed. For this purpose, we will need two results
from [GLW10]. The first of these (see Corollary 4 therein) provides first and second
derivative estimates for solutions to (F;), and is obtained independently of any flow

argument or variational structure:

Theorem 4.3.4 ([GLW10]). Suppose v is a positive function, k < 0 and Ay € T .
Let By be a geodesic ball of radius R < 1y, where 7y is the injectivity radius of (M3, go).
Then there exists a constant C' depending only on (Bg, go) (independent of v) such that

for any solution g, = e gy, A,, € I'T, to

o2(A,,) — vet _ .
)

u)
Ul (Agu
one has

sup (|Vul> + [V?u|) < C.

Bry2
Remark 4.3.5. We note in [GLW10, Cor. 4], which corresponds to Theorem 4.3.4
above, it assumed that v is a positive constant. However, their argument goes through

without change if v is a positive function.

To describe the second result of [GLW10] that we will use, we define

My, [u] = — ( /M (02(4y,) = ™) dvgu) ( /M 3 Jl(Agu)dvgu) (4.3.1)

The relevance of the functional #,, is that the Euler-Lagrange equation satisfied by its
critical points is precisely (P;) — we refer the reader to the calculations in Appendix

4.A for a justification of this claim. The result of [GLW10] is then as follows:
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Proposition 4.3.6 ([GLW10)). Lett < 1. Then every critical point of H,, is a global
minimaiser.

Remark 4.3.7. We note that in [GLW10], it is shown (using their flow) that for all
constants v > A, every critical point of H, is a global minimiser, but their argument
goes through without change if v > A is a positive function. We reiterate that we

would like to prove Proposition 4.1.9 independently of Proposition 4.3.6, but this will

be the subject of future study.

The plan for the remainder of the chapter is as follows. In §4.3.2 we show that Sr
is closed, and in §4.3.3 we show that Sr is open. In §4.3.4 we complete the proof of

Proposition 4.1.9 and use it to prove Theorem 4.1.5.

4.3.2 Sy is closed
Proposition 4.3.8. Sr is closed for all T € [0,1).

Proof. For a sequence {t;} C Sy with t; — t,, we wish to show ¢, € Sr, i.e (P,) has
a C? solution ¢, with 4, € I'l. Now, whilst Theorem 4.3.4 implies that solutions to

(P;) satisty an a priori estimate
|Vouely + [Voue, < C on M3, (4.3.2)

it is not clear how to obtain the C” estimate and a positive lower bound on o(4,,)
(both are needed to establish uniform ellipticity — see Remark 4.3.1). We will instead
obtain the desired a priori estimates for a rescaled equation, take the limit ¢, — ¢, on
these rescaled solutions, and then rescale back to obtain a solution to (P, ).

To this end, for each solution w,;, in our sequence, define

2
h(v,) = 2(/ Jl(Agtk)dvgtk> > 0.
M3

By the scaling property of the LHS of (P;), us, solves (F;,) if and only if the function
Uy, = Uy, +In (\/§ o1(4y,) dvgtk)
M3
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satisfies
0a(Ag,, ) — Vi (x)et

01 (Agt )

k

— —h(1,) <0, (4.3.3)

where g;, = e 2% gq.
In light of Remarks 4.3.2 and 4.3.3, the estimates in Theorem 4.3.4 are independent

of the constant k when x < 0, so applying Theorem 4.3.4 to (4.3.3) we have the estimate
Vo], + |Vt l, < C  on M>. (4.3.4)
On the other hand, |1, | < C on M3 if and only if 0 < C7! < e < C or equivalently

0<C! < e / 01(Ay,, ) dvg, < C. (4.3.5)
M3

We derive (4.3.5) as follows. First, we note that the first derivative estimate in (4.3.2)

implies there exists a uniform constant C' such that |u, () — u, (y)| < C for all

z,y € M?, or equivalently —C — u, (y) < —uy, (x) < C — uy, (y) for all z,y € M?.

Exponentiating and integrating with respect to dvy(y), we have

0< C’_l/ e e duy < e M < C/ e " duy,
M3 M3

and therefore

0<Ct< e / e dyy < C. (4.3.6)
MS

The upper bound in (4.3.5) then follows from (4.3.6) and the estimate

/ o1 (Agtk) dvgtk = / 01 (Agtk )e_gutk dvy
M3 M3

4.2.5 —u 1
(425) / e Mtk (al(Ao) + Aguy, — §\V0utk|3) dvg,
M3 A J/

-

<C by (4.3.2)

and the lower bound in (4.3.5) follows from (4.3.6) and positivity of the Yamabe in-

1/3
/ o1 (Agtk) dvg, > c! (/ e~ 3 dUo) > Cl/ e " dvy.
M3 M3 M3
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At this point, we have shown ||ty ||c2(ms,g) < C. To obtain uniform ellipticity, it
remains to show uniform positivity of o1(Ag, ). For this, we use the fact that each w,
being a solution to (P;), is a critical point for #,, with critical value h(v;). Therefore,
by Proposition 4.3.6 and the definition of #,,, the mapping ¢ — h(1;) is non-increasing,

so h(r,) < h(ry) < C. Using the equation (4.3.3) and our C° estimate, it follows that
Co1(Ag, ) = h(v,)o1(Ag, ) = —0a(Ag,, ) + vy, (x)e'™ > —03(Ag, ) + CH,

from which we obtain the desired positive lower bound using o2(A) = 3(o1(A)*—|A[]?) <
101 (A)%

With uniform ellipticity established, concavity of the operator on the LHS of (P;)
in I'} (see Remark 4.3.1) means that the regularity theory of Evans-Krylov [Eva82,
Kry82| applies, and we have a uniform estimate ||t ||c2ams) < C. We can then
extract a subsequence (still denoted {4y, }) which converges in C? to some i, € C?(M?)

satisfying

=, = — < - ,
1Ay ) Qe khm h(ry,) <0 and A; €I

Recall that we wish to obtain a solution to (P, ) in I'f. It suffices to show that
a, < 0, for then we can repeat the scaling argument used at the beginning of the proof
to obtain our desired solution from u,. To this end, suppose for a contradiction that
. = 0. Then u, satisfies o9(Az,) = v, e*™ with Az, € I'f. But since t, € [0,7]
and T' < 1, we have v, (x) = (1 — t)vp(x) + tA > X for z € M?. Thus we obtain a

contradiction to the definition of A, and it must be that a, < 0. ]

4.3.3 Sr is open
Proposition 4.3.9. Sy is open for all T € [0,1).

Proof. To show that Sy is open, we first note that u; is a solution to (P;) if and only
if u; satisfies

Flug] == 09(Ag,) + 01(Ag,) — e™™ = 0.
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It therefore suffices to show that the linearisation of F' (at w;) is invertible. For

the following calculation, we recall from Chapter 2 that if A is a (1,1)-tensor, then

Doy (A)JOA] = Ty (A):

VE

where T1(A)% = 01(A)0% — A’ is the first Newton tensor of A.

We have

L(g)= o

7 Fluy + s¢]

s=0

. o d
= (Tu(g; ' Ag,)l + 6%) —

i) 7 ((e—Q&Pgt)—lAe,ngt)Z — dypettt

s=0

= (Tylar A+ 0,

|:623<p <gt l(Agt + sztsp + S2d80 X ng - §S2|Vgt90|3t gt)) :|

s=0 i

)as

— 41/tg064“t
= (T1(gt_1Agt)§- + 5;) (Qgpgt_lAgt + g,flV?]t(p)Z — 41/t<pe4“t.
Now, Ti(g;'Ag)i(g; " Ag)] = 202(g; " Ay,) by (23.1)-(2.3.3), and di(g; ' A,,)] =
Ul(glf_lAgt)7 S0
L(p) = (TI(Agt) + I) : V;tgp + g0(402(Agt) +201(Ay,) — 41/te4“t)
= (T1(Ag,) + 1) : Vg0 — 2001 (Ay,).
Using the fact that T7(A,,) is divergence free with respect to g, (this follows from a

direct computation and the twice-contracted Bianchi identity V*Ric;; = %V]R), we

may also write the above as

£{p) = div ((T1(Ag) + 1) V) = 2001(4,,),

from which it follows that

(@, —LO) 203, g0) = / \ (@zvﬂﬁvj@ + 290201(14%)) dvg,
M
> C1|IVell 2, g1y + Callpll 23, g1)- (4.3.7)
Here, C'; > 0 depends on the lower ellipticity constant for the positive definite matrix

a’ = Ti(Ag,)% + 65, and Cy > 0 depends on a positive lower bound for o1(Ay,). Note

that we have implicitly used [GLW10, Lemma 2] to assert that a§- is positive definite.
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It follows from (4.3.7) that ker £ is trivial. Since L is of divergence form, the

Fredholm alternative then implies that £ is invertible, as required. O

4.3.4 Completing the proofs of Proposition 4.1.9 and Theorem
4.1.5

Proof of Proposition 4.3.4. Since 0 € Sr, it follows from Propositions 4.3.8 and 4.3.9

that S = [0,7] for any T < 1. Thus (P;) admits a solution u; € C**(M?3) with

A,, € T for any ¢ < 1. By standard elliptic theory, these solutions are smooth. O

Proof of Theorem 4.1.5. As a consequence of Proposition 4.3.4, for ¢ € [0,1) we have
existence of solutions to the rescaled equation (4.3.3), and by the proof of Proposition
4.3.8, we have C*® estimates and a positive lower bound on oy(A,,) that are inde-
pendent of ¢ € [0,1). Taking ¢ — 1 along a suitable sequence tj, we therefore obtain
uy € C?*(M?) satisfying

09 (AguA ) — )\€4u>‘
01 (Agu)\ )

—Kg = —klggj h(vy,) <0 and A, €TY. (4.3.8)

Now, being the C? limit of a sequence of absolute minimisers for Ho,, (by Propo-
sition 4.3.6), u, is an absolute minimiser for H,. On the other hand, by definition of
A, there is a sequence {u;} with e""igy € I'f, normalised so that [ 01(4y,,) dvg, =1
for all 7, such that [(o9(A,, ) — Xe*™)dv,, — 0. Therefore inf2ugoepq), Halu] = 0.

Combining these facts, it follows that

H)\[U)\] = iIlf ,HA[U] = 0, (439)

e~ 2ugo€[gol1

which is compatible with (4.3.8) if and only if k9 = 0. Therefore, A,, € '] with
A

0a(Ay, ) = Ae*™ >0, and in particular A,, €T3. O
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Appendix

4.A Some first variation formulas

In this appendix, we derive first variation formulas for two functionals defined on
the conformal class of a fixed metric gy on a closed 3-manifold, namely the total o
curvature and total oy curvature of a conformal metric g, = e ?%gy. The formulas

below can be used to verify that (F;) is the Euler Lagrange equation of the functional

H,, defined in (4.3.1).

Lemma 4.A.1.

d
% / g1 (Agu+sq;) dvgu-&-scp = = / 900'1 (Agu) dvgu .
s=0 M3 M3

Proof. Recalling (4.2.5), which tells us 4o1(4,,) = Ry, = €**(Ro + 4A¢u — 2|Voul3),
and noting that dv,, = e~ dvy, we have
/ 01 (Agu+s<p) d,Ugu+st - / 62880 (0—1 (Agu) + SAQU,QO + 0(82)) dvgu+sap

M3

= / e % (01(Ay,) + 50y, 0 + 0(s%)) dvg, as s — 0.
M3

Therefore,
d
E / . 01 (A9u+s<p) dvgu+s<p = / <_¢Ul (Agu) + Agu gO) dvgu - - / ) gpo-l (Agu) dvgu’
s=0 M3 M3 M3
]

Lemma 4.A.2.

d

d_ / 02(A9u+s<p) dvgu—o—stp = / 9002 (Agu) dvgu .

S s=0 J M3 M3
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Proof. Using 05(A) = 5(01(A)? — |AJ?), we first observe that o5(A,,) = —3| Ricg, 2 +

2 R? . Again by (4.2.5), we have
R’ =e"(R}+8RoAou+...),
and since Ricy, = Ricy+Viu+du® du+ Agu go— |Vouldgo (see [Bes87]), we also have
| Ricy, |2, = €™ (| Rico |§ 4+ 2Rico : Viu+ 2RoAgu+.....).
It follows that

/ OZ(Agu+sgo) dvgu+s<p
MS

=3 e*? (| Ricy, |2, + 2sRicy, : V2 o4 25Rg, Ay 0 + 0(s%)) dug,
M3

3
+ 1_6 /M3 es? (Rﬁu + 8SR9uAgu90 + 0(32)) dvgu a8 5 -5 0

and therefore

d
E s=0 //‘\43‘72(149%590) dv9u+w
1
-5 /M (pIRicy, [}, +2Ricy, : V5,0 + 2Ry, Ay, 0) duy,
3 2
+ 16 M3 ((pRgu +8Ry, Ay, ) dug,. (4.A.1)

But integrating by parts and using the twice-contracted Bianchi identity, we know

—/ Ricg, : V;uga dvg, :/ Vi Ric;i V@ dug,
M3 M3
1

. 1
= — V]Rgungpdvgu = —5/

Rgu Agu 90 dvgu 9
2 M3 M3

and thus (4.A.1) simplifies to

1, . 3
/ 0‘2<Agu+54,a) dvgu+s<p :/ (_5’ R'lcgu |§u+ER§u> (10 dvgu :/ SOUQ (Agu) dvgu .
s=0 J M3 M3 M3

]

d
ds

Remark 4.A.3. Carrying out the above calculation with o(A] ) in place of 0(A,,)
for 7 < 1, one loses the cancellation of the terms involving R, A, . The resulting

Euler-Lagrange equation is then of fourth order, involving a term of the form A, R, .
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4.B A strong comparison principle when 7 < 1

In this appendix we prove the strong comparison principle stated in Proposition 4.2.2,

which we recall here:

Proposition 4.B.1. Suppose 7 < 1 and let Q@ C R" be a domain equipped with a

Riemannian metric go. For a function u on Q, denote g, = e *“gy. Suppose u; €

ChL(Q) satisfies

loc

1k qr T ™ :
o)/ (47,) >0, Aj €T ae in,

and that uy € CLH(Q) satisfies

ke qt T e :
ak/ (Ag,,) =0, Aj € 7 ae. in Q.

If uy < wuy in ), then either u; = us in 0 or uy < ug in €.

The proof of Proposition 4.B.1 follows the proof of [LNW20a, Theorem 2.3],
with some small modifications; the reason we cannot apply their result directly is that
condition (2.3) therein is not satisfied in our case, only the weaker condition (2.6).

An important point for the proof of Proposition 4.B.1 is that the equation

o/f(AT)y=0, AT €T,

is locally strictly elliptic when 7 < 1. That is, for any compact subset K of ﬁ, there

exists a positive constant A = A(K) > 0 such that for any (1, 1)-tensor A satisfying
AT:=A+(1—-71)01 (A € K
and any nonnegative definite N, it holds that
o/ (AT + N7) — o}/F(A7) > AN, (4.B.1)

Indeed, (4.B.1) is easy to check using the conformal transformation law for A7

2—T1

2

Al = Vgu + (1 —7)Aqugo —

g

\dul} go + du @ du + A (4.B.2)
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(which follows from (4.2.5) and the formula for Ric,, given in Appendix 4.A) and
concavity of a;/ " on ﬁ Crucial here is the fact that 7 < 1.

We now turn to the proof of Proposition 4.B.1. Alongside the strict ellipticity
discussed above, our main tool will be the following ‘preliminary’ strong comparison
principle of [LNW20a], which is an immediate consequence of Lemma 2.5 and Propo-

sition 2.7 therein:

Proposition 4.B.2 ([LNW20a]). Let Q@ C R™ be a domain and 7 < 1. Suppose

uy € CLY(Q) satisfies for some constant a > 0

1/k 4 .
oy (Ag, ) =a>0, Al €l aec inf,

and that uy € CLH(Q) satisfies

o/"(A7, ) =0, Ay €T} ae inQ.

If uy < us in Q and u; < ug near 0L), then uy < ug in Q.

Proof of Proposition 4.B.1. We follow [LNW20a], arguing by contradiction. If the
conclusion is false, then we can find a closed ball B C € of some radius R > 0 for

which there exists £ € 0B with
up < ug in B\{2} and (%) = ux(%).

Without loss of generality, we may assume that B is centred at the origin.

We will deform wu; into a strict subsolution #%; in some open ball A around z such
that @ < uy on A and inf4(us — @) = 0. These conditions imply that us — @; must
attain its infimum (of zero) in A, which contradicts the conclusion of Proposition 4.B.2
that 4, < us in A.

We construct u; as follows. For a constant a > 1 to be determined later, we define



For constants ¢ > 0 and v > 0 to be determined later, we also define

(w) =ty (1) = w1 (2) + p(h(z) — v)&(2).

For suitable o, 1 and v, the function @ = 4,,, will determine our strict subsolution @, .

Now, for given «, we may take a ball A centred at Z of sufficiently small radius such
that £ > % on A. We let 1y = sup, h > 0, which is positive since h(z) > 0 whenever
|| < R (e.g. in AN B). Moreover, for 0 < v < 1y and sufficiently small p > 0, it is
easy to see that

U < ug on OA.
We claim that for suitable o and p, the function @ satisfies for some constant a > 0
o/"(AT ) >a>0, AT €Ty ae. in A
To this end, we observe as in [LNW20a] that
Osii(z) = Oyur () — 2uaE(x)é(x)x; — pat?(h(x) — v)sin(a/?(z; — 21))041  (4.B.3)
and
9;0;u(x) = 9;0;u1 () + 2paE(2)E(x) (20mx; — 0y)
+ 4p0®? B (x) sin(a?(z) — 21))0a2;
— pa(h(z) — V)E@) (4.B.4)

We wish to calculate A7 using the formula (4.B.2). We start by using (4.B.4) to

calculate

9;05u(x) + (1 —7) 32, Op0pti() (go)ij ()

= 0;0;uy (v) + | 4pa’ E(2)é(z) ;| — 2uaE(x)E(2)dy

+ 4pa®? B (x) sin(a? (v — 21))0nx; — pah(z)€(2)6i18;1 + | pavé (2)6i105
+ (1= 1) 32, 0,0pu1 () (g0)ij () + | 4(1 — m)pe” E(x)§(x) 2] (g0)is ()
= 2n(1 = T)paE(2)E(w)(g0)ii (x) + 4(1 = T)ua®? B(x) sin(a'/? (1 — @1))z1 (g0)i5 ()

= (1= 7)pah(z)€(x) (g0)i5(x) + | (1 = 7)pavg(x)(go)i; («) | (4.B.5)
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Recalling the definitions of F(z) and h(x) (in particular, observing their exponential

decay as a — 00), inspecting the unboxed terms in (4.B.5), and noting that

0;05u = (V)i + I'f;00

0i0uy = (V5)ijus + Ffjakul
it follows from (4.B.3) and (4.B.5) that

Vaiu(z) + (1 — 7)Aot go(z)
= Viui(z) + (1 — 7)Agus (2) go(z) + 4pa” E(2)€(x) © @ x + pové(z)e; @ e
+ 4(1 = ) pe? E(z)E () |z go(x) + (1 — 7)pavé () go(x)

+ O(u(a3/2E(x) + a1/21/)) as o — 00. (4.B.6)

Also by (4.B.3) we have

9 _
2

L\di)? go + dit @ dii = O (u(0**E(x) + o)) as a — oo, (4.B.7)
and so combining (4.B.6) and (4.B.7) we obtain

AL () = A7 (2) +4pa’ E()é(2) v @  + povg(z)er ® ey

+4(1 = T)pa’ E(z)é(w)|zl*go(x) + (1 — 7)pavé(w)go(x)
+ O(,u(oz?’/QE(x) + a1/2u)) as o — 00. (4.B.8)

Taking « sufficiently large, so that the error terms in (4.B.8) are absorbed by the strictly
positive terms of order ua?E and pav, and raising an index using gz, we obtain for

some positive function p(z) = pa,,, () > C~ > 0 that

9z Ay () > g7 Ay, (2) +p(2)g7  go(2) = g7 A7, (x) + pla)e* ]
It then follows from the strict ellipticity (4.B.1) that for all 1 <1 < k,

011/1 (9147 (x)) > Ull/l (gglAgul (z)) + )\Jll/l (p(z)e*I) > )\p(x)e2ﬁal1/l(]). (4.B.9)
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To complete the proof, we now choose the parameter v € [0,15] so that
infa(uy — @) = 0. Indeed, infs(ue — t,0) < 0 < infa(us — 1y,,), so such a value
of v € [0, 1] exists. Once all the parameters in the definition of 4 have been fixed, it

follows from (4.B.9) that all/l (gglA;ﬂ(x)) >C1>0foreach 1 <[<E. O
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Chapter 5

Integral estimates for a fourth order
perturbation of the oo-Yamabe
equation in three dimensions

In this chapter we obtain a priori integral estimates for solutions g = €?“g, to equations
of the form
4]

o9(Aj) = ZAQRQ + f(z,w), (5.0.1)

where 7 € [%, 1], f is a positive function and § > 0 is a real parameter. We restrict our
attention to solutions to (5.0.1) of positive scalar curvature on closed 3-manifolds.

Equations of the form (5.0.1) with 7 = 1 were previously studied in four dimensions
by Chang, Gursky & Yang [CGY02b], where they were used to establish the existence
of conformal metrics satisfying A, € T’y under certain conformally invariant conditions
on the background metric. We refer the reader to the discussion surrounding Theorem
4.1.1 in Chapter 4 for more details. Our motivation for studying (5.0.1) in part comes
from a desire to generalise the existence result of [CGY02b] to three dimensions and
address the case 7 < 1 — again, we refer the reader to Chapter 4 for a more detailed
discussion. On the other hand, it is also natural and of inherent interest to consider
fourth order regularisations of non-uniformly elliptic equations such as o9(A7) = f > 0,
and it is also from this perspective that we will study (5.0.1).

The plan of this chapter is as follows. We begin in §5.1 by reminding the reader of

Theorem E. We will also provide a brief description of the work of [CGY02b] to put
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Theorem E into more context. In §5.2 we introduce a preliminary result, Theorem E’,
the proof of which will take up most of the chapter. In §5.3 we establish our notation
and conventions for the rest of the chapter. In §5.4 we carry out the proof of Theorem
E’, and then in §5.5 we complete the proof of Theorem E. Finally, in §5.6 we give an

application of Theorem A.

Notation: In keeping with the conventions of [CGY02b], we will denote conformal

metrics in the form g, = e*“go throughout this chapter.

5.1 Statement of Theorem E

We recall from the introduction that we will prove the following result:

Theorem E. Suppose (M3, qo) is a closed 3-manifold satisfying Y (M3,[g0]) > 0.
Then for given s < 6, T € [%, 1], Ci > 0 and positive f € CY (M3 x R), there exist
constants &y > 0 and C' > 0 (depending only on go, s, 7, C1, SUPp@x_cy 0y (f +

(Vo f]) < o0 and inf psw—cy,cn) f > 0) such that for every C* solution g = e€** gy to

09(A7) = %AgRg + f(z,w) (5.1.1)
with 0 < 0 < &g satisfying
[wl]l oo (as) + lwllwrs (s go) < G and - Rg >0, (5.1.2)
one has
|w][w2.s (a3 g9) < C. (5.1.3)

If T € [%, 1), we may replace the WY¢ norm in (5.1.2) with the W'* norm and the

same conclusion holds for all s < 12.

Remark 5.1.1. It is important to bear in mind that the constant C' in (5.1.3) is
independent of §. Also note that the addition of ||w||ze(aps) in (5.1.2) is superfluous
in view of the Morrey embedding W1# < C%* in three dimensions, but we include it

in (5.1.2) to make clear the dependence of C' and d, on f.
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Let us briefly describe how our result fits in with the work of Chang, Gursky &
Yang [CGY02b] in four dimensions. Therein, on a closed 4-manifold (M?*, gg) of
positive Yamabe invariant with [ i 02(Ao) dvg > 0, the authors consider the equation
(5.1.1) for 7 = 1. For a particular choice of f, they establish the existence of a smooth
solution of positive scalar curvature when 6 = 1, calling upon earlier existence results
in spectral geometry — see [CY95,CGY99|. A series of a priori integral estimates,
a regularity result and a proof that the linearised operator is invertible then yields
existence of smooth solutions of positive scalar curvature for all § € (0, 1], via the
continuity method. Now, the a prior: integral estimates obtained in carrying out the
continuity method are not sufficient to take 6 — 0 directly in (5.1.1), so the authors
carry out an integrability improvement argument to obtain W?2* estimates for all s < 5
when 6 > 0 is sufficiently small. Crucially, these estimates are independent of §, and
they imply a C1® estimate by the Morrey embedding theorem. Finally, using these
estimates in combination with a Yamabe flow argument, the authors perturb their
solutions obtained for small § to obtain a conformal metric satisfying A, € '3

Given the above outline, we see that the argument of Chang, Gursky & Yang
can be roughly split into three components: an existence result for § € (0,1], an
integrability improvement argument for small 6 > 0, and a Yamabe flow argument.
Our result, Theorem E, can be interpreted as generalising the second of these steps —
that is, the integrability improvement argument — to three dimensions, allowing also for
7 < 1. Furthermore, an application of Theorem A that we will give in §5.6 provides an
alternative to the third step in [CGY02b] — that is, the Yamabe flow argument — when
(M1, go) is locally conformally flat. Roughly speaking, we will obtain a TW?*-strong
solution to o2(A4,) = f > 0 in the limit § — 0, and Theorem A will then imply that
this solution is smooth.

It remains an interesting open problem as to how to generalise the first step of

[CGYO02b] - that is, the existence problem for § € (0, 1] — to three dimensions. Indeed,
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since f M3 02(Ay) dv, is not a conformal invariant in three dimensions, it is not quite
clear as to what conformally invariant conditions are the most natural replacements

for those seen in Theorem 4.1.1. These questions remain the subject of future study.

5.2 Theorem E’: a provisional result

The proof of Theorem E is essentially carried out in two stages. First, under the
hypotheses of Theorem E, we obtain a uniform W23 estimate when 7 = 1 and a
uniform W?2¢ estimate when 7 < 1. The second step is to bootstrap these estimates
to obtain the W2 estimates claimed in Theorem E. Since the majority of the proof of
Theorem E is contained in the first step, we present this step as a separate theorem,

which will be our initial focus:

Theorem E'. Suppose (M3, go) is a closed 3-manifold satisfying Y (M3, [go]) > 0.
Then for given T € [%, 1], Cy > 0 and positive f € CY(M?3 x R), there exist constants
6o >0 and C' > 0 (depending only on go, s, T, C1, SUP pax -y cq) (f + Ve f]) < oo and

inf v w—cy,cn] f > 0) such that for every C* solution g = e€** gy to

o9(A7) = %AgRg + f(z,w) (5.2.1)
with 0 < 6 < dy satisfying
ol ey + ol orasgey < o and - Ry >0, (5.2.2)
one has
lwllwscass any < C: (5.2

If T e [%, 1), we may replace the WY6 norm in (5.2.2) with the WY* norm, and the

W23 norm in (5.2.3) with the W2 norm.

We note that W23 estimates for equations similar to (5.2.1) were also considered
in three dimensions in the thesis of Reichert [Reil4], although the goals of Reichert

are different to ours and there is not a significant overlap in the estimates obtained.
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5.3 Notation and conventions for the chapter

For the remainder of this chapter, metric quantities that are defined with respect to
the background metric go will be denoted with sub/superscript 0s. Quantities that
appear without any sub/superscripts are assumed to be defined with respect to the
conformal metric g = €*“gy (where for each 6 > 0, w is a fixed solution to (5.2.1)).
For instance, we will now write o9(A;) rather than o9(A7), and dv rather than duv,.
All estimates in this chapter will be global, and we therefore write [ as shorthand for
/ e All d-uniform constants will be denoted by C, and we allow these constants to
vary from line to line. Whether these constants appear within or outside any integrals
is irrelevant, since dv = €3 dvy and by assumption we have a d-uniform C° estimate
on solutions w.

We will often refer to the conformal transformation laws for the scalar curvature and
Ricci curvature in three dimensions. For g = e?“gg, these are given (see e.g. [Bes87])

with respect to gog by

R =e?"(Ry — 4Agw — 2|Vowl}), (5.3.1)
Ric = Ricy —Viw + dw ®@ dw — Aqwgy — |Vow|3 9o, (5.3.2)
or with respect to g as
R = e "Ry — 4Aw + 2|Vuw|?, (5.3.3)
Ric = Ricy —V*w — dw ® dw — Aw g + |Vw|*g. (5.3.4)

Beyond the notation already introduced in this thesis, various new quantities will
be introduced in this chapter. We collect a list of these here for later reference, along

with the first page on which the notation appears:

Ric (0, 2)-traceless Ricci tensor, Ric = Ric &g p.122
G (0,2)-Einstein tensor, G = — Ric+%g p.119
C (0, 3)-Cotton tensor, Cj, = Vi A;; — V,Aig p.125
B (0,2)-Bach tensor, By, = —5(VICijp, — Ric?! W) p.125
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V V = £|Vw]?, where e* is the conformal factor as above p.136

LS see equation (5.4.13) p.123
17 5 see equation (5.4.14) p.123
7,115 see equation (5.4.55) p.136
q(7) the polynomial ¢(1) = 2(7 —5)*> > 0 p.119

5.4 Proof of Theorem E’

The plan for §5.4 is as follows. In §5.4.1 we state four propositions and prove Theorem
E’ assuming these propositions. §5.4.2-5.4.6 are then dedicated to proving the four

propositions assumed in §5.4.1.

5.4.1 Proof of Theorem E’ assuming Propositions I-IV

In this section, we state four results (whose proofs will be delayed until later) and use
them to prove Theorem E'.

First, we recall that in Theorem E’, we have assumed that our solution g = e*“gq
has non-negative scalar curvature R. However, it will be necessary in many of our

calculations to divide by R, and this will be justified by the first of our propositions:

Proposition I. Suppose Y (M" [g]) >0, 7 € R and f € C(M" x R). Then any C*

solution g = e*“ gy to (5.2.1) with either
i) §>0, f>0and R>0, or
i) d=0and f >0
satisfies R > 0. In particular, if § > 0, f >0 and R > 0, then R > 0.

Next, define the Einstein tensor by G = — Ric+£g. Recalling (2.3.1) and (2.3.2),
we see that G is precisely the first Newton tensor of A, i.e. the linearisation of o5(A).
Moreover, G is divergence-free by the twice-contracted Bianchi identity. Thus, G is a
natural tensor to consider in the context of obtaining estimates for (5.2.1), and we will

exploit its divergence structure in obtaining the next two results.
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In what follows, we define the polynomial ¢(7) = %(T — %)2 > 0. The precise
relevance of ¢(7) will become clear in §5.4.2, but for now the reader should bear in

mind that ¢(1) = 5 and ¢(7) > 5; when 7 < 1 — this should give some indication as

2

to why the following estimates are stronger when 7 < 1:

Proposition II. Suppose (M3, go) is a closed 3-manifold satisfying Y (M3, [go]) > 0.
Then for given T € [%, 1], Cy > 0 and positive f € CY (M3 x R) there exist constants
d > 0 and C > 0 (depending only on go, 7, C1, SUPpex-cy.on(f + |Vaf]) < o0
and inf psu_c, 0 f > 0) such that for every C* solution g = €**gy to (5.2.1) with

0 <6 < 9 satisfying
|w|| oo (m3) + (W]l wrams,gy < Crv - and R >0,

one has

1 3 .
0> / <4 (q(T) — ﬁ) IVR|* + % +12trRic’ — CR? — C> dv. (5.4.1)
Now, the first two terms on the RHS of (5.4.1) are of the right sign and will

o 3
ultimately give us improved integrability. But tr Ric is of unknown sign, and so must

be dealt with. This is the content of the next proposition:

Proposition ITI. Suppose (M3, gy) is a closed 3-manifold satisfying Y (M3, [go]) > 0.
Then for given 7 € [3,1], C1 > 0 and positive f € C'(M? x R), there exist constants
do > 0 and C > 0 (depending only on go, 7, C1, SUPpex—cy.0n(f + |Vaf]) < 00
and inf psu_cy o) f > 0) such that for every C* solution g = €**gy to (5.2.1) with

0 <9 < by satisfying
||| zoo ey + [[w]lwrsme gy < C1 and R >0,
one has
C

3
0> / ( —trRic’ + L CR|Vw|* — COR* — CR* — C) dv. (5.4.2)
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Propositions I-11I will be enough to prove Theorem E' when 7 = 1. For the stronger

result when 7 < 1, we will need one last result:

Proposition IV. Suppose (M3, qy) is a closed 3-manifold. Then for given 7 < 1,
§>0,C; >0 and f € C(M? x R), there exists a constant C > 0 (depending only
on go, 7, C1 and Sup ey oy oy f < 00) such that for every C* solution g = e*“gy to

(5.2.1) satisfying
||w||L<x>(M3) —+ ”wHWl"l(MB,gO) < Cl and R > O,

one has

‘|wHW272(M3,go) < C.

In particular, we get from Proposition IV and the Sobolev embedding theorem a
d-uniform W0 estimate when 7 < 1, assuming only a J-uniform W?'* estimate.

Assuming Propositions -1V for now, we proceed to give the proof of Theorem E’:

Proof of Theorem E'. Adding the RHS of (5.4.1) to twelve times the RHS of (5.4.2),

o 3
we get a cancellation of the tr Ric terms which yields the estimate

1 3
0> / (4 (q(T) - ﬁ) IVR|* + % — CR|Vuw|* — CSR* — CR? — C> dv. (5.4.3)

Now, Young’s inequality implies that
RIVuw|* <eR?+ Ce™!|Vuw°

for any € > 0. By our assumed d-uniform W% bound when 7 = 1, and the assumed
d-uniform W*'* bound when 7 < 1 combined with Proposition IV, we therefore obtain

(after fixing € > 0 small enough) from (5.4.3) the estimate

1 3
0> / (4 (q(T) — ﬁ) IVR|* + % — CSR* — CR? — C> dv. (5.4.4)

Thus for sufficiently small 9, it follows that

/ <R3 + 4((](7’) _ i) yvm?) dv<C. (5.4.5)
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and therefore

/ <R3 + 4(q(7) - i) |V0R|3) dvy < C. (5.4.6)

Note that (5.4.6) follows from (5.4.5) by our assumed d-uniform C? estimate, for then

1
dv = > dvy > — duy

C

and

1
VR[> = g(VR, VR) = e *g0(VoR, VoR) = = |VoRf

Now, when 7 = 1 the coefficient of |[VoR|? in (5.4.6) vanishes and we arrive at

[ R?dvy < C. By the transformation law (5.3.1) for the scalar curvature, this implies
/ (|Aowf® — C|Vow|y) dvg < C,

and therefore [ |Agw|®dvy < C by the assumed d-uniform W' bound. The full W23
estimate then follows by standard elliptic theory, completing the proof of Theorem E’
when 7 = 1.
If 7 < 1, then the coefficient of |VoR|2 in (5.4.6) is positive and we can rewrite
(5.4.6) as
/(32 + |VoR|2) dvy < C.

By the Sobolev embedding W2 < L° in three dimensions, this implies [ R®dvy < C
and thus

/ (|A0w] — C|Vowli2) du < C, (5.4.7)

again by (5.3.1). But for the same reason as in the case 7 = 1, we have a W23 estimate
from (5.4.6) (we simply drop the |V R|3 term), and hence a W' estimate for all r < oo
by the Sobolev embedding theorem. In particular we have a W2 estimate, and the
W26 estimate then follows from (5.4.7) as before, completing the proof of Theorem

E. [l
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5.4.2 Proof of Proposition I: positivity of scalar curvature

Proposition I will follow from an application of the maximum principle when § > 0

and a simple algebraic argument when ¢ = 0:

Proof of Proposition I. Letting Aq,..., A\, denote the eigenvalues of A,, we first com-

pute
1 |Ric|? 1 nt?
Ay = (wA) - |4 R) = - o (1-r s )RS (548
Now, if Ric = Ric —&4 is the traceless Ricci tensor, then IRic|? = | Ric|? — %2 and it
follows from (5.4.8) that
Ric[> 1
oa(dy) =~y L (5.4.9)

where

n(T) = ﬁ (T - W) > 0. (5.4.10)

First we prove case i). Substituting (5.4.9) into (5.2.1) we obtain, under the as-

sumption that f > 0,

5 1 >, |Ricl?
— ZLAR+ §qn(T)R =f+ 5

> 0. (5.4.11)

If we were to have R = 0 at some point, then the strong maximum principle applied
to (5.4.11) would imply that R = 0, contradicting Y (M", [go]) > 0. Therefore R > 0.

Next we prove case ii). First note that 7 # @, for then (5.4.9) would imply

Ricl?
0< f=aa) = —E <

which is clearly a contradiction. Hence g,(7) > 0, and so from (5.4.11) we obtain
R? > 0. Therefore either R > 0 or R < 0, and positivity of Y (M",[go]) rules out the

latter case. [
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From here on, we write ¢(7) as shorthand for ¢3(7). The relevance of Proposition I
is that under the assumptions of Theorem E’, we can assume our solutions to (5.2.1)
have positive scalar curvature. Finally, we remark that case ii) in Proposition 1 can be
rephrased as follows: if Y (M™, [go]) > 0 and o9(A;) > 0 (necessarily with 7 # @),

then it holds that R > 0.
5.4.3 Proof of Proposition II: an L? bound for R in terms of
o 3
tr Ric
Before stating Proposition II, we remarked that the proof would stem from the fact that

the Einstein tensor is divergence-free. More precisely, consider the quantity GYV,;V,R.

Integrating by parts, it follows that
/Gijviij dv =0, (5.4.12)

and it is this identity that the estimate (5.4.1) will be based off. In fact, in this section
we will prove a more general version of Proposition II that allows for later application
in our bootstrapping argument for Theorem E. Indeed, for the same reason as above

we have for any p > 0
0= /G”Vi((p +1)RPV;R) dv
=(p+1) / RPGYV,V,;Rdv +p(p+ 1) /Rp‘lGijViR V,Rdv

— P41, (5.4.13)

and since IY = [ G'V;V ;R dv, any estimate for I} gives an estimate for the integral in

(5.4.12) by taking p = 0. This is exactly the approach we take. Denoting
[[;=0p+1) / <ARAR” +2RPY(AR)? + 2pRp—2|VR\2AR) dv, (5.4.14)
we will prove:

Proposition ITT. Suppose (M3, gq) is a closed 3-manifold satisfying Y (M3, [go]) > 0.

Then for given 7 € [2,1], r > 4, C; > 0,0 < p < %(r — 4) and positive f €

3
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CHM?3 x R), there exist constants 6o > 0 and C' > 0 (depending only on gy, 7, C,
P, SUPpax—cy,on)(f + [Vaf]) < oo and infysy—c,c) f > 0) such that for every ct

solution g = e*“ gy to (5.2.1) with 0 < § < &y satisfying
|wl| oo m3) + |wllwirvms g < C1 and R >0, (5.4.15)
one has
B>T5+(p+1) / (12Rp trRic’ + 2q(T)R”+3) dv

+a(p + 1)2/ <q(7) - 2—14)RP|VR]2dv

1
+ 5 /R”‘2|VR|2 dv — C/RW dv — C. (5.4.16)

Remark 5.4.1. It is easy to check that taking p = 0 in (5.4.16) implies (5.4.1).
Note, however, that we have retained two positive terms in (5.4.16) that have been
implicitly dropped in (5.4.1): these are the middle term in the definition of If 5, and
the term & [ RP72|VR|? dv on the last line of (5.4.16). The former term cannot give us
improved d-uniform integral bounds due to the factor of 9§, but is retained for later use
(see Corollary 5.4.4 and Lemma 5.4.5). However, the latter gives rise to a & [ R* du,
term by the Sobolev embedding theorem, and is therefore the highest order positive
term in (5.4.16) when 7 = 1 and p > % Since p = 0 in Proposition II, this term can

be dropped there without weakening the result.

At the heart of Proposition II™ are two lemmas:

e Lemma 5.4.2 will be an identity for the quantity G¥V,;V,R that results from
differentiating a formula for o9(A,) twice. This identity holds on any 3-manifold

(i.e. we don’t need to use the equation (5.2.1)) and is a direct counterpart to

Lemma 5.4 in [CGYO02b].

e Lemma 5.4.3 will be an inequality obtained by differentiating our equation (5.2.1)

and integrating by parts, and is a variation on Lemma 5.6 in [CGY02b].
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Morally speaking, the identity in Lemma 5.4.2 will be a result of commuting co-
variant derivatives, so it will be helpful to recall the definitions of some terms which

naturally arise in such calculations. The first such quantity is the Cotton tensor, defined
Cijk = Vi Ay — VA

The Cotton tensor plays a special role in three dimensions, where it is conformally
invariant and vanishes if and only if the manifold is locally conformally flat. A related

quantity is the Bach tensor, defined in n > 3 dimensions by

1 -
Bz’k - N — Q(VJCZJk — RIC]l I/I/ijkl)a (5417)

where W is the Weyl tensor. When n > 4, the Weyl tensor vanishes if and only if the
manifold is locally conformally flat, and is identically zero when n = 3. We refer the
reader to [Bes87]| for proofs of these well-known facts.

In [CGY02b], the conformal invariance of the Bach tensor is exploited, although
this invariance is unique to four dimensions. That said, in three dimensions the vanish-
ing of the Weyl tensor implies B;;, = V/ Cijk, from which a relatively simple conformal

transformation law follows:
By = e ((Bo)ax + O(|Voul,) ). (5.4.18)

where O(|Vow|,) denotes terms bounded above by C(go)|Vow|,. A short proof of
(5.4.18) is provided in Appendix 5.B.

We now state and prove Lemma 5.4.2:
Lemma 5.4.2. On any 3-manifold (M3, g),
GV, VR = 4A0y(A,) + 4(|VR°1<:\2 - q(T)|VR]2) +12trRic’ + 2R|Ric|?

o ij 1

125



Proof. Taking the viewpoint that (5.4.19) is an identity for Aoy(A,), we start by
recalling (5.4.9) and computing

|Roic|2
2

1
Aoy(A;) = A< + §q(T)R2)
1 °
— —SA[Ric] + g(r) RAR + (7)| VR
— —Ric” ARic;; — |VRic]2 + ¢(r)RAR + q(7)|VR]2. (5.4.20)
The terms |VRic|2, RAR and |V R|? are of a form already appearing in (5.4.19), so we

focus on —PﬁcUAPﬁcU. On the other hand, a routine calculation (see Appendix 5.B)

yields
en. B3R _. S B |
Bij = 3R1Ci Rlek —7 RICU —| Ric ’ Gij + éR Gij + szij — AAU (5421)

which implies, after substituting in Ric = Ric + % and A = Ric + %, that

o R ° R 3R (. R o R?
Bij = ?)(RlczlC + g@k) (RiCjk + ggjk> Ty (Ricij + ggm) — (‘RIC‘Q + ?>gi]’

1 1 °, R
-+ §R2gij + ZVZVJR — A <R1Cij + ng)

° 1 1 o ° o R -

Thus after contracting (5.4.22) with Ric” and using the fact that Ric is trace-free we

get
— Ric” ARic;; = —}lpiic“ V.V,R - 3trRic’ — %R|Roic|2 +Ric' By, (5.4.23)
Substituting (5.4.23) back into (5.4.20) and using Ric = —G + % then gives
Aoy (A,) = —;LRDiCijViVjR — 3trRic’ — %R|Roic|2 + RDiCijBij — |VRic|?
+ q(T)RAR + q(7)|VR|?
_ iGifviij ~ 3trRic — %R[ROicP +Ric’B;; — |VRic]?
+ <q(7) - i) RAR+ ¢(7)|VR]?,
which is precisely (5.4.19) after rearranging. O
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We reiterate that at no point in the proof of Lemma 5.4.2 did we refer to the
equation (5.2.1). In contrast, the inequality in the next lemma will be derived directly
from (5.2.1) by differentiating (5.2.1), integrating by parts and carrying out some simple

estimates:

Lemma 5.4.3. Suppose (M3, qy) is a closed 3-manifold satisfying Y (M?3,[go]) > 0.
Then for given T € [2,1], 6 > 0 and p > 0, and any C* solution g = e* gy to (5.2.1)

with R > 0, one has
/ 4Rp(|VR°ic|2 — q(T)|VR|2) dv > / (25R”‘1(AR)2 + 20pRP?|VR|’AR

—8RPFYVR,Vf)+8 pr‘2|VR|2) dv.

(5.4.24)
Proof. Again using (5.4.9), we can write (5.2.1) in the form
— m}T‘:‘Z + %q(ﬂaﬁ = 03(4,) = gAR + f, (5.4.25)
which we differentiate to obtain
0 = 0V(AR) + 4V f + 4|Ric|V|Ric| — 4¢(7)RVR.
Contracting with RP~!'V R and integrating, we get
0= / <5Rp‘1(VR,V(AR)> +ARFYVR, V)
+ 4RP~Ric|(VR, V|Ric|) — 4q(r)Rp\VR\2) dv. (5.4.26)

Integrating by parts on the first term in (5.4.26) gives

/(5Rp1(VR,V(AR)>dv = / (—(5Rp1(AR)2—6(p—1)Rp2\VR\2AR> dv (5.4.27)
and using Cauchy’s inequality on the third term gives

/4RP-1|ffic|<VR, V|Ric|) dv < / (2RP|V\ROicH2 + sz—2|f{’ic|2|VR|2) dv

< / <2prvr{ic\2+23pnyﬁcmvm?) dv, (5.4.28)
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where to reach the second line we have applied Kato’s inequality |V|Ric|[> < |[VRic|.
Rearranging (5.4.25) to get an equation for |Ric|?, we see that the last integral in

(5.4.28) can be written as

/2Rp_2|Pfic|2]VR]2dv = / (—5Rp‘2|VR|2AR—4pr‘2\VR|2+2q(r)Rp\VR|2> dv.
(5.4.29)
Substituting (5.4.29) into (5.4.28), and then both (5.4.28) and (5.4.27) into (5.4.26),

we obtain
/ (ZRP\VROic]Q — 2q(T)Rp|VR|2> dv > / <<5Rp1(AR)2 + 6pRP2|VR|’AR
—4RPHVR,Vf) +4 fR”‘2|VR\2) dv,
which is precisely (5.4.24) after multiplying both sides by two. O]

We are now in a position to prove Proposition II*, following [CGY02b] (see equa-

tion (6.10) therein):

Proof of Proposition II*. Multiplying the identity (5.4.19) of Lemma 5.4.2 by RP, in-
tegrating over M? and integrating by parts on the last resulting term on the RHS, we

see
=(p+1) /Rp [4A02(AT) + 4<|VR°ic|2 - q(7‘)|VR|2> +12trRic’ + 2R|Ric|?
o ij 1
— 4Ric” By + 4(p + 1) (q(T) - ﬁ) yvm?} dv. (5.4.30)

We then integrate by parts twice on the first term in the square brackets in (5.4.30)

and apply Lemma 5.4.3 to the second term in the square brackets, to obtain the lower
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bound

B> (p+1) / {4ARP (ZAR + f) +26RPHAR)? 4 26pRP2|VR|*AR
_8RPFYVR, V) + 8fRP| VR + 12RP trRic’ + 2R |Ric|?
—arwic’ By + o+ 1) (a(r) - 7 ) RIVRE] o

=(p+1) / (MRARP +20RPY(AR)? + 25pRp2]VR]2AR) dv

+(p+1) / <4 fARP —8RPHVR,Vf)+8fRP?VR|* + 12R tr Ric’

. o ij 1
+ 2Rp+1|RiC|2 _ 4RpRiC]Bij) dv + 4(]? + 1)2/ (q(T) — ﬂ) RP|VR|2 dv
. 1
=1+ +1) / 12R? trRic dv + 4(p + 1)2/ (q(T) - ﬂ)R”WRP dv

-~

X
Y (p+1) / (—4RpR°icij By +4fARF — SRPN(VR,Vf) + 8fRP 2| VR|?
0 @
+ sz“yfﬁcy?) dv, (5.4.31)
)

where If ; is given in (5.4.14). Note that both equalities in (5.4.31) are just a result of
rearranging and labelling terms.

The terms denoted by (x) in the second equality appear in our desired estimate
(5.4.16), so require no further work. Of the remaining terms, (3) is positive and of the
highest order (formally it behaves like | V?w|P3) whereas the components of (1) and (2)
that are of unknown sign will be of lower order. For instance, we can see immediately
from (5.4.18) that B;; does not contribute any second derivatives of w, and so any
negative contribution from (1) formally behaves (at worst) like |V2w[PTVw|. After
integrating by parts and applying Young’s inequality, we will see that any negative
contribution of (2) formally behaves (at worst) like |V2w|P|Vw|?. We carry out these

estimates rigorously now.
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(1) We start with an application of Young’s inequality, which yields
R'Ric” B;; < C(Rp+2 + |Ric|*? + |B|p+2). (5.4.32)

First consider |Ric[P™. By our assumed C° estimate we have |Ric| < C|Ric|o, and

combining (5.3.1) with (5.3.2) also we see
IRiclo < O(|Vawl|o + |Agw| + | Vow|? +1). (5.4.33)
Therefore
/\Roic\p+2 dv < C/ Ric|2 dug
<C [ (V3w + 1Boul 2 + [Vawi* + 1) du
< C/ | Aqw|P2 dvy + C, (5.4.34)

the last line following from standard elliptic theory applied to the Hessian term, and
the assumption p < %(r —4) applied to the gradient term. Now, by the transformation

law (5.3.1), we also have
|Aow| < C(R+ [Vowlg + 1),
which when combined with (5.4.34) implies

/ IRic["*2dv < C / (B2 + [Vow|p ™)) dug + C

< C/Rp+2 dv + C. (5.4.35)

Next consider |B|P*2. This is dealt with in the same way as |Ric[P*2, although the

estimate is simpler: we have |B| < C|B|y, and the transformation law (5.4.18) implies
| Blo < CVowlo + C,
so it follows that
/ BIP*2dy < C / B2+ dvy < C / Vow[P*2 dvy + C < C. (5.4.36)
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Combining (5.4.32), (5.4.35) and (5.4.36), it follows that
/ —4RPRic” By dv > —C / R™2dy — C. (5.4.37)

(2) To deal with (2), we integrate by parts (IBP), collect terms and apply Cauchy’s

inequality (CI) followed by Young’s inequality (YT) to get

(p+1) / (4 fARP —8RPFYVR,Vf)+8 pr‘2|VR|2> dv

By 4+ 1) / ( — 4pRPYVR,V[) — 8RPYVR,Vf) + 8pr‘2|VR|2) dv
=(p+1) / ( —8(p+2)fY2RP-YVR, V%) + 8pr2]VR]2) dv

I 1/2 2 R 2|V £1/2|?
Cz(p+1)/ {—8(p+2>f1/2Rp—1(§(p|+v2};]|%+ (p+2;1‘/2f | >+8fR”_2\VR|2}

=(p+1) / - (4(p +2)2RP|V V2" 4 4pr‘2|VR|2> dv
> —C/Rp\vﬂ/?f dv + % / RP2|VR|?* dv
> —O/RP“ dv — 0/ V2P du + é/R”‘QWRF dv
> —C/Rp+2 dv + é /RP—Q\VRPdU - C. (5.4.38)
Note that we have used to uniform positivity of f to retain the integral [ RP~2|VR|*dv

in (5.4.38).

(3) Finally, to deal with (3) observe that in view of (5.4.25),

/QRP“yREcy? dv = /2Rp+1 (q(T)R2 - gAR - 2f> dv
= /2q(7)Rp+3 dv + §(p + 1)/RP|VR|2dv — 4/pr+1 dv
> 2q(7) / RP3 dy — C/RIDJrl dv
> 2¢(7) / R dy — C / R dv — C. (5.4.39)
Substituting (5.4.37), (5.4.38) and (5.4.39) into (5.4.31) then gives the desired estimate

(5.4.16). 0
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We conclude this section with the following corollary, which is essentially a result
of taking p = 0 in the above calculations, and will be the basis for our estimate in the

next section:

Corollary 5.4.4. Under the same hypotheses as Proposition II,
AR)? o .
0> / (25% +12trRic” + 2R|Ric] — OR? — C’) dv. (5.4.40)

Proof. Integrating the identity (5.4.19) of Lemma 5.4.2 and using the fact that G is
divergence free yields
0= / <4(\VROiC|2 — q(7’)\VR\2) +124rRic + 2R|Ric|? — 4RoicijBij
1
- 4(q(7’) - ﬂ> RAR) dv. (5.4.41)
The terms 12tr Ric® and 2R|Ric|? are already of a form appearing in (5.4.40), so we
do not address these further. Moreover, the final term in (5.4.41) can be integrated

by parts to give a positive term, so can be neglected. This leaves —4RoicZ]Bij and

4(|VRic|2 = q(7)|VR[?), which are also easy to deal with: taking p = 0 in (5.4.37) gives
/ —4Ric’ By dv > —C / R*dv - C, (5.4.42)

and similarly taking p = 0 in Lemma 5.4.3 yields

/4<|VR°1(;\2 - q(T)|VR|2) dv > / <25(A5)2 —8RYVR,Vf)+ 8fR—2|VR|2) dv

2
> /25(A§) dv — C, (5.4.43)

where we have estimated the tail terms in (5.4.43) as in (5.4.38). Substituting (5.4.42)

and (5.4.43) back into (5.4.41), we arrive at (5.4.40). O

5.4.4 An integral bound for §|VR|?

In this transitional section, we prove an integral bound for §|VR|* which will come

into use when we prove Proposition III in the next section. We present this estimate
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separately, as the proof is again based on manipulating GV,;V;R (as in the proof of
Proposition II), although the result is only needed for proving Proposition III. The
reader may wish to skim over the details for now and refer back to the result when it

is utilised later.

Lemma 5.4.5. Under the same hypotheses as Proposition II,
5/ IVR|* dv < 0/ (6R® 4+ R* + 1) dv. (5.4.44)

The proof of Lemma 5.4.5 stems from the estimate (5.4.40) of Corollary 5.4.4, and
the idea is as follows. First note that by integrating by parts and applying Cauchy’s

inequality, we have

2 ]
/(5|VR|2dv = —/5RARdv < / (5% + 1533) dv,

from which we see that

/5(A}§)2 dv > / (5|VR|2 — ;léR?’) dv. (5.4.45)

Substituting (5.4.45) into (5.4.40) then yields

5/ IVR|? dv + /(12 trRic’ + 2R|Ric|?) dv > 0/(533 + R? + 1) dv,

which is the desired estimate (5.4.44), except for the integral [(12tr Pfic3+2R|Pfic|2) dv
on the LHS. The bulk of the proof of Lemma 5.4.5 is then dedicated to estimating this

integral, so as to create terms only of a form appearing in (5.4.44).

Proof of Lemma 5.4.5. As indicated above, we focus first on estimating [(12tr Roic3 +

2R|Ric|?) dv. Since Ric is trace-free we have the inequality

o 3 1 o
trRic’ > ———|Ric/|?,

V6

(see [GVO01, Lemma 4.2] for a proof), and thus

12 tr Ric” + 2R|[Ric|? > [Ric|?( — 2V/6|Ric| + 2R). (5.4.46)
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But by Cauchy’s inequality,
—2/6|Ric| = —2(\/61PiicyR*%>R% > _6|Ric?’R™' — R

and substituting this into (5.4.46) we see

-
/(12trRic3+2R|Ric|2) dv > / |R}1§|

-
> /%(—6]Ric]2+6q(7)R2) dv

4, Ric|? AR .
(5.425) /%(%ARJF 12f) dv > /3(5?\Ric\2dv.
(5.4.47)

( — 6|Ric|® + R2> dv

To reach the middle line in (5.4.47), we have used the fact that ¢(7) = (7 — 5)* and

2

the assumption 7 € [£, 1], which implies ¢(7) < %. Next, Cauchy’s inequality again

gives
AR . (AR)? |Ric|*
- > _ _
/3(5 = |Ric| dv_/( J iR 99 7 dv
(5.4.25) (AR)? |Ric|? , 0
= /{ b — 90 (a(r) R = SAR—2f ) | do
(AR)? 98°AR, . -

> _ - =/ _
_/( J 7w TR |Ric|” — 9¢(7)0R|Ric|* | dv,

which after collecting terms becomes

35 AR ©, 2 (AR)Z ©, 2
- | — > — ) —  — .
/3(5(1 2) = |Ric]| dv_/( ) iR 9¢(7)0 R|Ric|* | dv

Therefore for § € [0, 2),

AR . 36\ ' (AR)? 30\ ' e
- > — - - 7 -
/3(5 = |Ric|* dv > /[ (5(1 2) iR 99q(7)( 1 5 R|Ric|*| dv,

and substituting this into (5.4.47) then yields
/ (12 trRic” + 2R|Roic|2) dv

/ {_ 5(1 _ 3_25>_1% — 98¢(7) (1 - 3;) _IR\ROicP} dv.  (5.4.48)
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The next step is to substitute (5.4.48) into the estimate (5.4.40) of Corollary 5.4.4.

After collecting terms, this reads

7 — 126 (AR)2 30 -t ° 19 9
> — [ — — j— 4.
0 / lé 535 9R 99q(T) (1 5 > R|Ric| CR C| dv, (5.4.49)

. . . . . ~125
which can be simplified by observing that for sufficiently small §, one has 572_1326 > 20

and 90¢(7)(1 — 22)~! < 26. It follows that for sufficiently small 4, (5.4.49) implies

AR)? 5
0> / (5( R) — 26 R|Ric|* — OR? — C) dv. (5.4.50)
It remains to estimate [ R|Ric|>dv and [ (5% dv in (5.4.50), in such a way so as
to produce terms of the form appearing in (5.4.44). First observe that

5.4.25)

/6|VR|2dv = —/5RARdv( = /R(4f+2\R°ic|2 - 2q(7’)R2) dv  (5.4.51)

and thus
o 1
/R|Ric|2dv < / (§5IVR|2 + q(T)R?’) dv. (5.4.52)

Similarly, applying Cauchy’s inequality instead of (5.4.25) in (5.4.51) yields

2
/6|VR|2dv = —/6RARdv < / (6(A§) + %51{3) dv

and thus

/5(A§)2 dv > / (5|VR|2 — ;léR?’) dv. (5.4.53)

Substituting (5.4.52) and (5.4.53) into (5.4.50) then gives
0> / (5(1 —0)|VR]* — COR® — CR* — (J) dv,
which implies (5.4.44) for small §. O

5.4.5 Proof of Proposition III: an integral bound for tr Ric?

The estimate (5.4.1) in Proposition IT gives us an L? bound for VR when 7 < 1 and

an L? bound for R when 7 = 1. However, in their current state these bounds are not
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useful, due to the presence of the term tr Ric3 which is of unknown sign. So one needs
a bound for [ trRic?dv, which is achieved in the estimate (5.4.2) of Proposition III
(we refer the reader back to the proof of Theorem E’ to see how the estimates (5.4.1)
and (5.4.2) then fit together).

In this section we prove the estimate (5.4.2), which is the most technical step in
the proof of Theorem E’. We would still like to exploit the divergence structure of the
Einstein tensor G, say be replacing the scalar curvature in G¥V,;V,;R by some other
smooth function V. It turns out that V = %|Vw|2 is a good choice, in the sense that
this will produce a negative tr Roic3 term which we can use to cancel out the positive

one appearing in (5.4.2). Integrating by parts, we now have
/Gijvivjv dv = 0, (5.4.54)

and it is this identity that the estimate (5.4.2) will be based off.
Now, in a similar vein to (5.4.13), one could be tempted to consider more generally

the quantity GYV,;(RPV;V) for p > 0, so that

0= / GV (RPV,;V) dv
=p / RP'GYV,RV,;V dv + / RPGV,V,;V dv

= I +112. (5.4.55)

Then since 11y = [ G¥V,;V,V dv, any estimate for II5 would give an estimate for the
integral in (5.4.54) by taking p = 0. However, we cannot seem to obtain a counterpart
to Proposition ITT for 115 which is useful given anything less than or equal to a W15
starting estimate. This is in contrast to Proposition IIT which is clearly applicable
from the outset (indeed we only required r > 4 in the hypotheses). Therefore, in this
section we settle for proving Proposition III as it is, and refer the reader to §5.5.1 for
its higher order version (Proposition IIIT).

The first step is a purely algebraic result, giving a lower bound for GYV,V,V:
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Lemma 5.4.6. On any 3-manifold (M3, g) where g = e*“gy,

. o 1 1 .
GV, V,;V > —trRic’ + —R* — SRVl = (Vw, Vo (4)) = GIV,| Ve V,u

288
— C|Ric|? — C|Ric||Vw|* - C. (5.4.56)

The first three terms on the RHS of (5.4.56) are already of a form appearing in
the desired estimate (5.4.2), and the final three terms (i.e. those on the bottom line
of (5.4.56)) are clearly of lower order. So it remains to estimate the two middle terms,

and for this purpose we will use the equation (5.2.1). The estimates are as follows.

Lemma 5.4.7. Under the same hypotheses as Proposition I1,
/ (= (Vw,Voy(A)) — GV, |Vw|’V,w) dv

1
> / ( — C§|V2w|?|Vuw|* - ZR|vw|4 — C|Ric||Vw|* — C|Ric|* — C> dv.
(5.4.57)

Now all but the first term on the RHS of (5.4.57) are either of a form appearing in
(5.4.2) or of lower order, so it remains to estimate this term. This is achieved in the

final lemma of the section:

Lemma 5.4.8. Under the same hypotheses as Proposition 111,
/—5|V2w]2\Vw|2dv > c/ (= 6R*— B>~ 1) do. (5.4.58)

Assuming Lemmas 5.4.6-5.4.8 for now, we see that Proposition III follows relatively

quickly:

Proof of Proposition I1I. Substituting (5.4.58) into (5.4.57), then (5.4.57) into (5.4.56)

(after integrating both sides) we obtain

3 . 1
/Gwvivjv dv > / ( ~ trRic + Tang — §R|Vw\4 — C|Ric||[Vw]?

— C|Ric]* - COR® — CR* — C) dv. (5.4.59)
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But in a similar vein to the calculations in (5.4.33)—(5.4.35), we have

/—C’|Ric|2dv Z/(—C’R2 —C)dv

and
/—|Ric]|Vw|2dv 2/(— IRic|? - [Val') do
2/(—032—0)dv.
Combining these estimates with (5.4.59) then implies
g -3 R3
/G”vivjv dv > / ( —trRic” + voln CR|Vw|* — COR® — CR? — C) dv,

as required. N

For the remainder of §5.4.5, we focus on proving Lemmas 5.4.6-5.4.8.
5.4.5.1 Proof of Lemma 5.4.6

The proof of Lemma 5.4.6 consists of a series of computations. We will begin (under

the heading (0) below) by showing that

- - - R
GV, V,;V = GV, V*wV,;Viw —GIVFwV, Ay + 7 (Vw, V|Vuwl?)

11 IIo ﬁ;
+ Rijm GOV 0wV w —GIV, | Vw |’V w + GIV* WV, AL, (5.4.60)

which will follow from directly computing V;V;V in terms of w.

Inspecting the terms in (5.4.60) we see that II5 is already of a form appearing in
(5.4.56), so this term will need no further work. Furthermore, Ils is of lower order
compared to the remaining terms, so can also be left alone. But by continuing to
substitute various transformation laws and identities into II;-1I (dealt with under the

headings (1)-(4) in the proof below), we will start to see some of the other desired
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terms in (5.4.56) appearing. In particular, we will have

. 3 1 R
I, = — trRic’ + — R* + |Vl + - --
1 r Ric +288R + 8|Vw| + e
I, = —(Vw,Voy(A)),

R
113 = —Z|VU)|4 + .- y

whereas I, will completely cancel with terms appearing elsewhere, which we indicate
using boxes around such terms. It will then remain to estimate the lower order terms

(carried out under the heading (5)), which will complete the proof.

Proof of Lemma 5.4.6. (0) We start by deriving (5.4.60). Differentiating V = |Vuw|?
once gives

1
VjV = §V](kavkw) = VijwV’“w,

and differentiating again we obtain
V.V;V = V,V*uV;Viw + V,V,; ViV,

Now, by symmetry of the Hessian and standard formulas for commuting covariant

derivatives,
VZVJka = VZVkV]w = VszV]w + Rikjmvmw
and thus
ViV,;V = V,VFuV,Viw + Vi ViV wVFw 4+ Ripjm V0V 0. (5.4.61)

Roughly speaking, our approach throughout this proof is to replace second and third
order derivatives of w appearing in terms such as (5.4.61) by more relevant tensors such
as the Schouten tensor. We start by considering V;V,;V,w in (5.4.61). By combining

(5.3.3) and (5.3.4), the Schouten tensor A = Ric —%g transforms as

1
A=Ay — Vw — dw ® dw + §|Vw!29,
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and rearranging this we see
ViViw =AY, — Ajj — ViwVjw + %\Vwﬁgij. (5.4.62)
Therefore
ViViVijw = Vi AY — Vi Ay — ViViwViw — VawVeViw + %vkwwﬁg@j,
which when substituted into (5.4.61) yields
Giij'Vjv = GY [Vivkwvjvkw + VkA?ijw — VkAiijw - Vkviwvjkaw
— ViwVFwV,Vw + %vkwwﬁv% 9ij + Rigjm V"0V 0
=G [vivkwvjvkw + Vi AL VR — VA Vi — V| VP Vw
+ 50V, VIVuP) g+ R V"0,

which is precisely (5.4.60) after rearranging.
Now we address the terms II;-11y:

(1) Again using the transformation law (5.4.62) for the Schouten tensor, we have

Hl = Gijvivkwvjvkw

=G —AF (AN V. awVFE 1V25k A+ A% —V.wV 1V2
= G (= AS (AN Vv + S Vulst) (- At A%~ Vw Vi + 5 Ve )
= GYAFAj, —2GTAFA) + GI(A%) FAY + 2GY A ViwViw — 2G9 (A°) FVjwvw

— G Ajj|Vw]? + GYAY | Vw|? + gva‘. (5.4.63)

Now,

id o i R o k R 3 R
GIAFA; = ( — Ric™ + 59 ]) (RICZ' + ﬁ(;ik) (Rlek + Eij;)

o ij_o o R _ o ij_o R _- ij o RZ . i
= —Ric JRicikRicjk - ERiC jRiCikgjk — ERiC jRicjk(Sik - mRic jéikgjk
R_ - k_- i R? o k ;i R? o i R3 i
+ G Ric; Ricjrg” + =5 Rie; 7 g; + =5 Ricjrg” 0" + 222976, g
. 1
— —trRic’ + — R®, (5.4.64)
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where to reach the last line we have used the fact that Ric is trace-free to assert
Pficij5ikgjk = Roicikgijgjk = Pficjkgij(Sik =0,
and also observed that
—%P&e” Ric, ;1 — 1—};1{’1(;” Ric;0,F + %ﬁieikﬁicjkgij ~0.
We also have
Gl A, = ( — Ric _|_§gij) (Ri%, —%gi]’) _ 2( _ M + 3R2> (5.4.8) 205(A),

2 16
(5.4.65)
and substituting (5.4.64) and (5.4.65) back into (5.4.63) we arrive at

° 1 =
I, = —tr Ric’ + @R:g + g\Vw]‘l +2G" Aj VwVFEw — 2| Vw|?oy( A)

= 2GYASAG + GU(A°) FAT, = 2GY ARV jwV i w + GV AY VP,

(2) For IIy, we simply observe that

60'2(14)
It follows immediately that I, = —V*wV09(A) = —(Vw, Voo (A)).

GiijAij - va%J == VkUQ(A)

(3) For II3, we again have by (5.4.62) that

R R .
I3 = Z(Vw, VIVw|?) = Ev%vmviwvjw

R ~ 3 o 1 ~
= 5 ((AO)U — AY — V'wVw + §|Vw|2g“> Vzwvjw

R R . R y
= —Z|VU)‘4 —EAZ]V{U)VJ"U) + §(AO)UV¢’U)VJ"U).

(4) For Iy, recall that the full curvature tensor decomposes as Riem = A® g in three

dimensions since the Weyl tensor is identically zero. Thus, using the definition of @®
in (2.1.11),
I, = (gijAkm — JimAjk — GjxAim + gkmAij) GV wV w

= EAijviwvjw —2GF ALV WVIw + AyGY | Vw]?
2
(5.4.65)

—2G AV WV w + gAijV@-ijw + 202 (A)|[Vwl*.
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(5) We now wrap up the argument. First observe that the boxed terms above can-
cel exactly with Il4, so after substituting the above expressions for II;-II; back into
(5.4.60), it’s easy to verify that cancellation of terms yields
. o 1 1 .
GV, V,;V = — trRic’ + @33 - gR|wa4 — (Vw, Vay(A)) — GV, |Vw|*V ;w
—2GYAFAY + G (AY)FAY, — 2GY (AY) "V jwVrw 4+ GY AL | Vw|?
R

+ Gijv’“kaA?j + E(Ao)ijviwvjw- (5.4.66)

Comparing (5.4.66) with (5.4.56), it remains to estimate the terms on the bottom two
lines of (5.4.66). In three dimensions, |A]* = |Ric|* — 2R? and |G|* = |Ric > — 1 R?,
therefore |A] < |Ric| and |G| < |Ric|. Furthermore, |[VA?| < C|Vw| + C since
ViAY = 0pAY; — TRA) . — T AY  and the Christoffel symbols I'J; with respect to g

satisfy the transformation law
I = (U)o + 61" 05w + 07" Okw — (g0)™*(go0) jx0sw

(see e.g. [Bes8T]). The estimate (5.4.56) then follows from (5.4.66) and the above
estimates for |A|,|G| and |[VA?| as in the proof of Proposition 5.16 in [CGY02b],

namely because the last six terms of (5.4.66) then satisfy:

—2GY A A% > —C|Ricf,

GiI(A%) A%, > —C/Ric|,
—2G7(A°) FV,;wV*w > —C|Ric||Vw|?,
G A% |Vw]? > —C|Ric||Vw|?,

GIVFwV LAY > —C|Ric||[Vw| — C| Ric || Vw/?,

1 .
§R(AO)UV7;'LUV]"LU > —C'Ric||Vw|*. O
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5.4.5.2 Proof of Lemma 5.4.7

Proof of Lemma 5.4.7. Recall that we want to prove the estimate (5.4.57):

/ (= (Vw,Voy(A)) — GVV;|Vw|*V;w) dv

> / ( — CS§|V2w)?|[Vw|? - iRwa\‘* — C|Ric||Vw|* — C|Ric|* — C) dv,

which we carry out in three steps. The first step (1) will be an estimate for the integral
[ —(Vw, Vos(A)) dv, the second (2) will be an estimate for [ —GYV,;|Vw|*V;w dv,
and in the final step (3) we combine these two estimates to obtain (5.4.57).

(1) Integrating by parts and using the transformation law (5.3.1) for scalar curva-

ture, we compute

[~ vu vy o= [t

R R 1
= /O’Q(A)(— Z + Zoeimﬂ + §|Vw|2) dv

_ / (— L Ros(A) + SRoe 2 0y(A) + %|Vw|202(14)) .

4
(5.4.67)

Consider the first term on the last line of (5.4.67). Writing the equation (5.2.1) in the

form

o9(A,) = gAgRg + flx,w) — %(Q(T) — i) R? (5.4.68)

. 1
and using the fact that ¢(7) > 5; for 7 < 1, we have

/—iRag(A) dv = /—}LR(ZA}%L Fo %(q(T) . 21—4>R2) v
(bt a3
> / (%NR\Z _ ifR) dv

> / (%WRP — C|Ric ] - c> . (5.4.69)
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Similarly,

1 o Gaos) (1, 5, (0 1 _ N\
/4Roe oy(A)dv = /4R0€ (4AR+JC 2<Q(T) 24>R dv

5
. (e_Qw(VRO, VR) + Ry(Ve 2", VR>)

/ (iRoe_QU’AR + iRoe_%’f — éROe_M (q(T) ! )R2> dv
/|
+ ;lRoezwf — %Roe% (q(T) — i)]f] dv
> / (= C8|VR| — C§|Vw||[VR| — C|Ric|* = C) dv
/ ( - %WRF — C|Vw]* — C|Ric |* - (J) dv
/ ( — —|VR|* = C|Ric|* - C> dv. (5.4.70)
Substituting (5.4.69) and (5.4.70) into (5.4.67), we therefore get
/—(Vw, Voo(A)) dv > / <?%|VR|2 + %|Vw|202(A) — C|Ric | - (J) dv. (5A.71)
(2) Integrating by parts and using the fact that G is divergence-free, we get
/—GijV¢|Vw|2ij dv = / IVw|* GV, V jw dv
(5.4.62) / |Vw|>GY (Ag’j — Ay; — VowoVw + %|Vw|2gij) dv
(5-4.65) / <\vw12GijA§j — 205(A)|Vu|? — |Vw|?G7VwV jw + %wﬁ) dv
= / (IVw? GV AY; — 205(A)|[Vw]® + [Vw|* AYV;wV jw) dv, (5.4.72)
where to reach the final line we have used —G = A — £4. But since |G| < | Ric],

/|vw|2GijA0 dv > /—C|Ric|]Vw|2dv,

]
and substituting this into (5.4.72) therefore gives
/—Gijvi\VwPij dv

> / (= 203(A)|Vw]® + |Vu? A”V,wVw — C|Ric||Vw|*).  (5.4.73)
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(3) Combining (5.4.71) and (5.4.73) then yields
/ (= (Vw, Voy(A)) — GV, |Vw|*V,w) dv
0 2 3 2 2 pij
— C|Ric||[Vw]* — C|Ric |* — C’) dv. (5.4.74)

The first three terms on the RHS of (5.4.74) are still not of a form seen in (5.4.57),

but we cancel out the first term by suitably estimating the second:
3 9 (.468) [ 3 5[ 0 1 1N
/ 2|Vw| oa(A)dv = / 2|Vw| (4AR+f 2((](7’) )R dv
> / < — 38—6|VU)|QAR — g|vw|2f) dv
36 9 9
> g(V|Vw| ,VR) — C|Vw|* | dv

3
> / ( 292V [VR| - o) v

> / ( ~ AVRP — D5V Vul? - 0) v, (54.75)

where to reach the last line we have used Cauchy’s inequality.

Substituting (5.4.75) into (5.4.74) then gives
/ (= (Vw,Voy(A)) — GV, |Vw|*V,w) dv

9 y
> / ( — 55|v2w|2|Vw|2 + |[Vw]?AYV,wV,;w — C|Ric||Vw|* — C| Ric |* — O) dv,
(5.4.76)
and it remains to estimate [ |Vw|?AYV,wV;wdv. Using A = Ric—£g followed by

(5.A.1) in Appendix 5.A, we have
. . 1
/|Vw|2A”Vinjwdv:/|Vw|2Ric” Vinjwdv—/ZR|Vw|4dv
TV 2 AVl d LRIVt d
> [ gpoanivultao - [ {Rulta

san [ 2 (0 Ry
2 /KR(4AR+f)va| dv— [ JRIVul do

b AR

1
> _— 4 — — 4 . 4.
_/QK |l do /4R|Vw| dv (5.4.77)
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But integrating by parts and applying Cauchy’s inequality, we see

5 AR_ 5 LS
/2K [Vl do —/(—ﬁWR VR )|Vult — 2 (VR V|Vl ))

2
:/ [%|VR§| |Vw|4—?|Vw|2V2w(%,Vw)} dv

S IVR2 _ 6 |VRE— 4 20— e
> —_——
/(2K R? Vwl® — 2K R2? [Vl Klv w|*|Vw|* | dv

= ——|V2w\2|Vw|2 dv (5.4.78)
K
and substituting (5.4.78) into (5.4.77), and (5.4.77) into (5.4.76), we get (5.4.57). O
5.4.5.3 Proof of Lemma 5.4.8
Proof of Lemma 5.4.8. Again by (5.4.62),
|V2w|? < C<|A|2 + [ Vw|* + 1)
and hence by our assumed W% estimate,
/—(5\V2w]2|Vw]2 dv > / (— COlAP|Vw]2 — C5|Vuwl® — 05|wa2) dv
> / (— CO|AP|Vw|* = C6) dv. (5.4.79)
But 05(A) = |A|2 + 35 R%, s0 (5.4.79) becomes
/ (= 8]V Vul) > / {— C<5|Vw|2( — 9205(A) + 1632) - 05} v
_ / (C8|VwlPos(A) — ColVw|*R? — C6) du
(5.4.68) 9 1 9 912
/ {05|Vw| ( AR+f——( (7) —ﬂ>R ) — CS|Vuw|?R —05} dv
(C&|VwlP AR + Co|Vw]? f — CO|Vw]*R* — C§) dv

8*(V|Vw|?, VR) — C5|Vw|*R* — C6) du

v

(V2 Vv
\\\\

(-
(= CO*|V*w||Vw||VR| — C§|Vw|’R* — C§) dv
(-

C&*|VR|* — C&|V*w|*|Vuw|* — C8|Vw|*R* — C6) dv.
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Therefore
/5(05 — )|V Vw|* dv > / (= CO*|IVR|* — C8|Vw|*R* — C6) dv
which implies that for 4 small enough
/—5]V2wl2\Vw|2 dv > / (= C&*|VR|? — Cé|Vw[*R* — C96) dv. (5.4.80)
But we know from Lemma 5.4.5 that
/—C§2IVR]2 dv > / (= CO*R* — C6R* — C9) dv,

and finally since Young’s inequality implies R?|Vw|? < CR3+C|Vw|®, (5.4.80) reduces

to (5.4.58) and the lemma is proved. O

5.4.6 Proof of Proposition IV: a W?? estimate when 7 < 1

To complete the proof of Theorem E/, it remains to show that under the assumption of
a d-uniform a priori W4 estimate on solutions to (5.2.1), one can obtain a d-uniform
a priori W%? estimate (and hence the §-uniform a priori W° estimate) when 7 < 1.

The proof is similar in style to our previous estimates, but much shorter:
Proof of Proposition IV. As G is divergence-free, we compute
4.62)

. , g 1
0= /GUVZ‘VﬂU dv L /G” (A?j — Aij = ViwVw + §|Vw|29ij> dv

) ' ) R
5 4:65) / (G”A?j . 202(14) . G”Viwvjw + Z|Vw|2) dv.
(5.4.81)
Now, by (5.4.68) we have

—Q/JQ(A) dv = (q(T) - i) /32 dv — 2/fdv, (5.4.82)

and it follows from substituting (5.4.82) into (5.4.81) that
(q(T) . i) /R2 dv = / 2f — GIAY 1 GV 0V w0 — LTl ) do
24 K e 4

< C/ (| Ric |[|[Vw|* + | Ric| + 1) dv. (5.4.83)
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Now, for any € > 0 we have |Ric| < Ce|Ric|* + Ce™! and | Ric ||[Vw|* < Ce| Ric |? +

Ce™!|Vw|*, which when combined with (5.4.83) implies

1
(Q<7)—ﬂ)/R2dv < C€/|Ric]2dv+051/|Vw]4dv—|—6’61
§C€/|Ric|2dv—|—05_1

< Ce / R*dv + Ce + Ce™?, (5.4.84)

the last line following from arguments as in (5.4.33)—(5.4.35) with p = 0. Taking ¢ > 0

sufficiently small in (5.4.84), we conclude that

/R2dU§C,

and the W22 estimate then follows by the transformation law (5.3.1). O

5.5 Proof of Theorem E

Let us summarise where we stand. In Theorem E’ we showed that we could obtain a
d-uniform W?23 a priori estimate assuming a J-uniform W% a priori estimate when
7 =1, and a W26 estimate from a W'* estimate when 7 < 1. We note that in the
latter setting, this implies a C** estimate by the Sobolev embedding theorem, although
the former result does not quite get us beyond the critical Sobolev exponent. Next,
we bootstrap the estimates of Theorem E’ to obtain up to (but not including) a W26
estimate when 7 = 1 (which gives a C1® estimate) and up to a W*!? estimate when

7 < 1. This will complete the proof of Theorem E.

5.5.1 Proof of Theorem E assuming two further propositions
(V, III")

Following a similar format to the proof of Theorem E’, we will first state two propo-
sitions without proof, and use them to complete the proof of Theorem E. The rest of

the chapter will then be dedicated to proving these two propositions.
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Before stating these propositions, recall from (5.4.13) that we have
0=(p+1) /RpGijVZ-VjR dv +p(p+ 1) /R”‘IG”VZ-R ViRdv=:T+15
and from (5.4.55)
0= p/Rp_lGijViRVjV dv + / RPGIN,V,;V do =: T} + 115 .

Bootstrapping our previous estimates will require estimates for each of I}, T5, TI}
and IT5. An estimate for I} was already obtained in Proposition II", although this still
involves a potentially troublesome term I’L s, defined in (5.4.14). The next proposition
gives an estimate for I} 5, If and II7 collectively. For this, it will be useful to denote

the integral quantities
A, = /Rp‘l(AR)de >0,
B, = /Rp2|VR]2ARdv,

C, = /RP—3|VR|4dv > 0. (5.5.1)

Proposition V. Suppose (M3, go) is a closed 3-manifold satisfying Y (M3, [go]) > 0.
Then given T € [%, 1], r > 12, C; >0, 1 < p < 2 and positive f € CY(M3 x R), there
exist constants 6o > 0 and C' > 0 (depending only on go, T, C1, p, SUPpsx(—cy 0y (f +
(Vo f]) < 00 and inf ppsx_cy 0y f > 0) such that for every C* solution g = e*gq to

(5.2.1) with 0 < 0 < &y satisfying
|w]| Loe (pm3) + [w|lwrr(mes gy < C1 o and R >0,
one has
1 4r %
s+ B+12(p+ DI 2 23(4,+ ;) - C / R do — c(/Rp+3 dv)

—3p(p+ 1) (qm - i) /RP|VR]2 d—C.  (552)
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The important point is that even though A, and C), are of higher order, their
coefficients in (5.5.2) are positive and so these terms can eventually be neglected (the
factor of § prevents either from being useful in obtaining better uniform estimates).
Using our current methods, it seems that we cannot ensure the coefficient of C, is
positive once p > 2, hence the restriction to p < 2; this phenomenon also appears in
the work of [CGYO02b]. The restriction p > 1 is also a technical one, but does not
affect the proof of Theorem E. The remaining terms in (5.5.2) can then be dominated
by corresponding terms with positive sign in the estimate (5.4.16) of Proposition II7.
This will become clear when we prove Theorem E below.

Now, since I 5 is positive when p = 0, and I; and IIj are both zero when p = 0,
Proposition V cannot be viewed as a higher order extension of any of Propositions
II-IV that we studied before. However, the final proposition we will need in order to

prove Theorem E is a direct generalisation of Proposition III:

Proposition III". Suppose (M3, go) is a closed 3-manifold satisfying Y (M3, [go]) > 0.
Then given T € [%,1], r>6C; >0 0<p< %(7‘ —6), 8,7, > 0 and positive
f € CY M3 x R), there exist constants 6o > 0, C; > 0 (depending only on go, T, C1,
D, SUPAsx|—cy.oq (f + [ Vaf]) < oo and infpeycy 0 f > 0) and C' (depending only

on go, 7, C1, p, SupM3><[—Cl,Cl](f+ (Vo fl) < oo,infupsxicycy) f >0, 8, v and €) such

that for every C* solution g = e**gy to (5.2.1) with 0 < & < g satisfying
|w]| oo (m3) + [w|lwrrmsg) < C1 o and R >0,
one has
I = /RpGijViVjV dv

288

- Cﬁ/Rp+3 dv — C(q(T) — i) (S/RP|VR|2dU - ﬁal/R“?’ dv) - C".

(5.5.3)

o 1
> /Rp( — trRic. + —RS) dv — CydA, — CydC, — Coy 3 / RP3 du
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Assuming Propositions V and IIIT, we proceed to give the proof of Theorem E:

Proof of Theorem E. The approach is the same as in the proof of Theorem E’ on p.120:

we start with the identity
0=T+T+12(p+ 1) II§ +12(p + 1) 115 (5.5.4)

(with the coefficients chosen in (5.5.4) so as to cancel out the tr Ric’ terms appearing
in Propositions IT* and IIT"), and then apply the estimates in Propositions IT*, V and
ITT*. We can then choose the parameters (3,7, e carefully so as to force coefficients to
have the desired sign, and finally take § small enough to get the desired estimate.

For simplicity we first assume that 7 = 1. First recall that by the W23 estimate of
Theorem E’ we have a d-uniform W?" estimate for all r < co. Therefore by Propositions

II* and III*, we have for all p the estimate

0= +DB+12(p+ 1)1 +12(p + 1) 11}
231 1
> {171’75 +(p+ 1)/(12Rp tr Ric3+ERp+3> dv + 5/Rp—?|v1~2|2du—c/Rp+2 dv—C’}

TV
The estimate for I} in Proposition I

. 1
+I5+12(p+ 1) I +12(p + 1) {/Rp( — trRic’ + @Ri”) dv — CyoA, — Cv6C,

—CoyE / RT3 dy — OB / RPH3 dy — c’]

[N

The estimate for IT% in Proposition IIIT

1 1 .
> Bi+I5+12(p+1) Hﬁi +5/RP-2\VR\2 dv+ = / RPP3 dv — Cy5A, — CyoC,
To be estimated gng Proposition V

—Céy? / R dy — OB / R dy — . (5.5.5)

Applying Proposition V to the collective term 1f ; + 15 +12(p + 1) II} in (5.5.5) and

estimating ( [ RPT3 dv)% < B [ RPT3dv+ C', we get for 1 < p < 2 the estimate
1 Ar 1 -2 2 1 +3
02 Z3(4,+C) —C [ R v+ = [ RTRP Ao+ = [ R du—Cr64,

— Cv6C, — Oy 3 / RP3 dv — OB / RP3 dy — . (5.5.6)
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Since p > 1 and we are free to choose r as large as we like, we can immediately absorb
the term —C [ R dv into the positive term J RP*3 dv in (5.5.6). We also fix v > 0
small enough so that the overall coefficients of A, and C, in (5.5.6) are non-negative

and so can be neglected. Then it follows that
0> é/R”_2|VR|2 dv + é/Rer?) dv — Oé/Rp+3 dv — C’B/R”+3 dv — C".
Finally we can take the remaining parameters $ and 6 small enough to obtain
/ RP2|V B2 dv + / RP3 gy < C (5.5.7)
for p < 2 and sufficiently small §, which implies
/ R*® dvy < C

for p < 2 and sufficiently small § by the Sobolev embedding theorem. The desired
estimate then follows from (5.3.1) as in the proof of Theorem E'.

If 7 < 1, then by taking € small enough in Proposition III*" we can absorb the
additional terms in (5.5.2) and (5.5.3) into the additional positive term in (5.4.16),
which is possible since 3p(p + 1) < 4(p + 1)2. Carrying out a similar argument to the

above, we obtain in place of (5.5.7) the estimate
/RP|VR]2 dv+ /RM i< C (5.5.8)
for p < 2 and sufficiently small ¢, and the estimate

/R3p+6 d’UO < C

then follows from the Sobolev embedding theorem. [

Having now established Theorem E using Propositions V and IITT, the rest of §5.5

will be dedicated to proving these two propositions.
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5.5.2 Proof of Proposition V

The structure of this section follows a similar format to before: we first prove an
identity that holds on any three-manifold, and then we obtain an estimate using this
identity and the equation (5.2.1). The identity and estimate will be for the quantity

B,. In what follows, we denote
D, = / RP2V2R(VR,VR) = / RP?V'V'RV,RV,R,
and we also denote the traceless Hessian of R by
V2R = V°R — %(AR)g.
We then define two further integral quantities by
A, = / RFYVARP? and D, = / RP2V2R(VR,VR).

The following lemma is a three-dimensional counterpart to Lemma 6.3 in [CGYO02b],

and gives an identity for B, in terms of some of the integral quantities defined above.

Lemma 5.5.1. On any 3-manifold (M3, go) and for any p > 0,

8p+2

44, - gAp —9(p—2)C, +4(p—2)D, + 4 / R Ric(VR, VR). (5.5.9)
Proof. Integrating by parts in the definition of B, and applying the Bochner formula
%A|VR|2 = |V?R> + (VR,VAR) + Ric(VR, VR),

we see
B, — /Rp2|VR|2AR _ /A(RMWR\?)R
= /ARP‘QIVR|2R+2/(VRP‘2,V|VR|2>R+/A|VR|2RP‘1

:/ARP‘2|VR|2R+2/<VRP‘2,V|VR|2>R+2/|V2R|Rp‘1

v~ ~~

M) (1) (1)

+2 / RPYVR,VAR) +2 / RP'Ric(VR,VR). (5.5.10)

()
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We now estimate each of the braced terms:

(I): Calculating ARP~2 using the identity
AR? = qR" AR+ q(q — 1)R" ?|VR)?, (5.5.11)
we see that

(I) = /ARM\VR\?R =(p—2) /R”2|VR\2AR +(p—2)(p—3) /R”3\VR\4

=(—=2)B,+ (p—2)(p — 3)Cp.
(IT): Observing that
(VR VIVR>)R = (p — 2)RP*(VR,V|VR|*) = 2(p — 2)RP*V'V'RV,;RV,R,
we have
(I1) = 2 /(VR”‘Q, VIVR*)R = 4(p — 2) / RP2V'V'RV,RV,;R = 4(p — 2)D,,.
(ITI): We calculate

2A, = 2/RP—1WQR|2 - 2/Rp—1

= Q/R”‘l (|V2R|2 - %(ARV)

2
_ 2/R”1|V2R12 -4,

2 1 2
v R—gARg‘

from which it follows that
(I11) = 2 / RPYV2RP? = 24, + gAp.

(IV): Integrating by parts and applying (5.5.11), we see

(IV) = 2 / RP-U(VR, VAR) — z / (VRP,VAR) —y% / AR AR

(5.5.11) 2

- / (pRP AR+ p(p — 1)R**|VR*) AR

= _2(Ap +(p— 1)Bp>‘
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Substituting the above identities for (I)-(IV) back into (5.5.10) then gives

4 o
B, = _gAp + 2Ap —pB, + (p - 2)(]? - 3)017 + 4(]7 - Z)Dp +2 / R RiC(VRa VR)'
(5.5.12)
Now, if we substitute D, = D, + B, into (5.5.12) and collect terms, we obtain
]_1—p 4 ° cl p—1 s
— | Br = —3 A%+ 24, + 40 = 2)D, + (0 = 2)(p = 3)C, + 2 | B Rie(VR, VR).
(5.5.13)

On the other hand, if we substitute
1 —2i 2 1
Dy=35 [ REVIRVIVRE = ~5(B, + (0 - 2)C,)

into (5.5.12) and collect terms, we also see that

4 o
3(p—1)B, = —gAp +24, - (p—1)(p—2)C, + Q/Rpl Ric(VR,VR). (5.5.14)

Adding (5.5.13) and (5.5.14) gives precisely (5.5.9). O

Using the equation (5.2.1) and the above identity for B,,, we now derive the following

estimate for B,, which corresponds to Lemma 6.4 in [CGYO02b].

Corollary 5.5.2. Let w € C* be a solution of positive scalar curvature to (5.2.1) and

define K as in Proposition 5.A.1. Then for all p > 0,
36
L+dp— | By > —44, + (2= p)(1+ p)C,. (5.5.15)

Proof. We claim that on any 3-manifold, we have the estimate 4/01p > 4(2 — p)lo)p
— 2(2 — p)?C,. Assuming this estimate for now, and substituting it into (5.5.9) and

collecting terms, we see that

8p + 2 8 2
p; B, > —§AP + 5(2 —p)(1+p)C,+ 4/1%’"‘1 Ric(VR,VR). (5.5.16)
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Applying Proposition 5.A.1 in Appendix 5.A with X = VR to the last integral in
(5.5.16), we therefore have

8p+2 8 2 8 _
B,z —SA 4 2= D+ PIC+ [ R n(A)VRP
(5.2.1) 8 2 8 0 2 9
20 24,4 2@ -p0 +p)Cp+K/(4AR+f)R VA
8 2 26
>~ A+ §(2 —p)(1+p)C, + E/ARNRPR”‘Q

8 2 20
- _gAp + 5(2 —p)(1+p)Cp+ ?Bp-

Multiplying through by % and collecting terms, we arrive at (5.5.15).
It remains to prove the claim. As explained in the proof of Proposition 5.A.1 in

Appendix 5.A, the fact that V2R is trace-free implies
o 2
V2R(VR,VR)| < \@\WRHVRP.
It follows from Holder’s inequality that
42 —-p)D, < 4‘(2 —p) / RPV2R(VR, VR)'
2 p—22 2 2 11/2 ,~1/2

and finally applying Cauchy’s inequality we obtain

. . 1 p 2
42-p)D, < 4(Ap + 6(2 - p)20p> =44, + §(2 - p)QCp. u

We next present a technical lemma, adapted from Lemma 6.6 in [CGYO02b], that

we will refer back to at numerous points in our later arguments.

Lemma 5.5.3. Fiz a background metric gy and suppose A C C*°(M3) is such that
|w][wirms gy < Cr and R = Rewgy > Cyt > 0 for all w € A, for some uniform

constants 0 < C1,Cy < co. Ifr > 6, then for 1 <p < %(r —4),

p+2

P p+3
/Rp—lyvzwﬂvw < C(/Rp“) +C, (5.5.17)
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and for 0 < p < 3(r —6),

pt+2
3

p+
/R”\V%PWUJ]Q < C(/Rp+3> + C. (5.5.18)
If r > 8, then for 1 <p < %(r—6),
%
/Rp—l\v%mw? < C(/Rp+3> +C (5.5.19)
and
%
/Rpllvzw\QIVw\4 < C(/Rp”) +C. (5.5.20)

Finally, if r > 12 and p < 3, then there exists 4 < a < 6 depending on r and gy but

not p for which
/Rp_3|V2w|4]Vw\4 < C/Ra +C. (5.5.21)

Proof. The transformation law (5.3.3) implies
|R| < C(|Ro| + |Aw| + [Vw|?) < C(1+ |V?w| + |[Vw|?).

Therefore if a,b,¢ > 0 and s = a + b + g, it follows from Holder’s inequality that

/Rﬂv?wybvar < c/ V2] [Tl + [V 20 [V + [V 2]Vl
< b 2a+c
< C(/|v2w|s> (/|Vw|25) : +c(/|v2wys)s(/\w|28> :

. se
+0(/\v2wys>s(/\vwﬁ“ﬁc> o

If 25 < r, then it follows from Young’s inequality and our assumed W™ bound that

a+b
s
b

a+b
/R“|V2w|”|Vw|c < O(/|V2w|5) + C.

But by (5.3.4),

[V2w] < C(1+ |Ric| + [Vw]?), (5.5.22)
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so for such values of s we have

a-+b a+b
/R“|V2w|b|Vw|C§C(/|Rie|5) S +C’§C(/RS) Qe

The first four estimates claimed in Lemma 5.5.3 then follow.

Finally, if p < 3, then using the assumption 0 < R~ < (3 and (5.5.22), we obtain

/Rp3]V2w|4]Vw\4 < c/ V20| V|t < c/ | Ric ['|Vul* + V|2 + [Vl
§0/|Ric|a+|Vw|7"+O
< C’/R”‘ e

Note that we have used Young’s inequality on the term |Ric [*|Vw|? and the fact that

r > 12 to ensure that 4 < o < 6. ]

Recall that we are looking to obtain an estimate for I ; + 15 +12(p+1) II] in Propo-
sition V, but we are yet to consider the term IIf. The next lemma is an estimate for

[T}, and corresponds to Lemma 6.5 in [CGY02b]:

Lemma 5.5.4. Fiz 7 € [3,1], r > 12 and e, > 0, and suppose Y (M3 [go]) > 0,
Cy >0 and 1 < p < 3. Then there exists 6o = do(g0, C1,p,7) > 0, @ = a(go, C1,7) < 6
and constants C = C(go,C1,p,7), C' = C'(g0,C1,p,7,€,m) such that for every C*

solution g = e*“ gy to (5.2.1) with 0 < & < &y satisfying
||w||Loo(M3) + ||w||W1,'r(M37gO) < Cl and R > 0,

one has

1 g Coe? 1
I’ > —ing / RPIGYV,RV,R — Cée’nA, — 775 C, — C¢? <q(7’) — ﬂ) /RP|VR|2

p+2
p+3
_ R — 9(/3??“’) - (5.5.23)

ebn g2
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Proof. For any € > 0, we may write

7 =p / RPIGYV,RV;V

1 . 1 1
= ip/Rp_lG”Vi <€R+ EV) Vj <€R + EV)

1 . 1 iy
- §p€2/Rp1G”V¢RVjR— §p82/Rp1G”VZ-VVjV. (5524)

We immediately see that the penultimate term in (5.5.24) is precisely the first term on
the RHS of (5.5.23), so it does not need to be addressed. We start by considering the
middle line of (5.5.24), and towards the end of the proof we will estimate the last term
n (5.5.24).

Taking 7 =1 in (5.A.4) so that K = 3, we see that the integral on the middle line

of (5.5.24) can be estimated as

Jrom e 2 e 13) 1 [ )

(5'4:'68)4/1%@—2( AR+ f - %(q ) ) V(5R+ v)

> 5/RP‘QAR‘ <5R+ 1v) ( ) <ER+ 1v)
£ £

Now,
1 ’ 2 2, 1 2
RP\V | eR + EV <’ e“RP|VR|* + ;RP\VV] (5.5.26)

and for any n > 0
) L\ 2
5/Rp‘2AR’V(5R+ gv) > —0A4,7 /R”‘3 V(ER—{— Ev)
—caA;ﬂ( 2007 + ! </RP 3|VV|4)>
g2
1/2 1
— (52 A2 02 %(/RP3IVV\4)
p p 82
Cde? C

> —Cée*nA, — ; C, — %/RP?’NV]‘*. (5.5.27)

2

2

(5.5.25)

2

\Y
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Substituting (5.5.26) and (5.5.27) back into (5.5.25), we obtain for all £, > 0

/Rp—laiﬂ'vi (eR - %v) V; (5R - %v)

2
> —osga, - %0, - & [ Ry
1 e
_ — i 2 pp 2 l D 2
C(q(f) 24)/(5 RI\VER]? + S RVV] ). (5.5.28)

Now, since we assume uniform W'" estimates for some r > 12, and V,;V =V, V/wV,w

implies |VV| < C|V?w||Vw|, we can apply (5.5.21) using the fact that p < 3 to get
/Rp‘3]VV\4 < C’/Rp_3]V2w|4]Vw\4 < C/R” + C,

where « is as in the statement of Lemma 5.5.3. Similarly, we have by (5.5.18)

p+2

p+3
/prvw? < C/prv%y?\vw < C(/RW’) + C.

Substituting these two estimates back into (5.5.28), we therefore have

3 1 1
/Rp‘lG”Vi (sR + gv> \ (5R + gv)

Coe? C 1
> 2 - - > _ 0| () = — PV R|?
CoenA, ” Cp =6 /R Ce (q( ) 24) /R |IVR|

C p+3 ,
— g(/R””’) - (5.5.29)

Having estimated the middle line of (5.5.24), it now remains to estimate the last

integral in (5.5.24). Given the transformation law for G and the estimates (5.5.17),

(5.5.19) and (5.5.20) of Lemma 5.5.3, we see that
/Rp—laiﬂ'vivvjv < C/Rp—l(yGoy + V2| + |[Vw|?) V2w [ Vw]?
< C/Rp1|v2w|2va|2 +C/Rpl|v2w\3|w|2

+ C/Rp—1|v2w|2|vw|4

p+2

< O(/Rp+3) e (5.5.30)

Substituting (5.5.29) and (5.5.30) back into (5.5.24), we arrive at (5.5.23). O
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We now combine the results above to prove Proposition V.

Proof of Proposition V. Using the definition of If ; in (5.4.14) and the identity (5.5.11),

(5.5.11)
1110,5 =

o(p+1) /AR(pRp‘IAR +p(p — 1)RP?|VR]?)
+2RPY(AR)? + 2pRP?|VR’AR
=d(p+1) ((p +2) A4, +plp + 1)Bp>-
Also recall that I§ = p(p + 1) [ RP"'GV,RV;R. Using these identities and the
estimate for IT} in Lemma 5.5.4, we therefore have
[ s+ 4+12(p + 1) 11

>6(p+1) <(p +2)A, +p(p + 1)Bp) +p(p+1)(1 — 6¢?) /RplG”ViR ViR

Coe? 1 C
— Cée’nA, — ; C, — C¢? <q(7) - ﬂ) /RP|VR|2 — %/RO‘

pt
C b3 )
— g(/RW’) - (5.5.31)

Next, we use (5.A.4) to assert

/Rp—laijviRij > /411217—202(,4)|wz|2

(5.4.68) p2( 0 1 R 2
el /4R (4AR+f Q(q(ﬂ o)) IVE]
1
> 5/R”_2|VR|2AR—2(q(T) — ﬂ> /R”|VR|2
1
= 6B, — 2(q(¢) — ﬂ) /RP|VR|2, (5.5.32)

and it follows that if 6e? < 1, we can substitute (5.5.32) into (5.5.31) to get

I s+ 15 +12(p + 1) 11§

> 6(p+ 1) ((p+2) 4, + p(p + 1) B, + p(1 - 6:) B,

) Coe? ) ) 1 )
— Coe“nA, — Cp— |2p(p+1)(1 —6e%) + Ce*| | q(7) — 2 RPIV R
p+2
C C pt3
—— [ R*— = RPT3 — . 5.5.33
gbn g2 (/ ) ( )
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Let us first consider the second line of (5.5.33). Corollary 5.5.2 tells us
30
L+dp— 2 | By > —44, + C,(2 = p)(1 +p), (5.5.34)

but since 1 — ‘/75 <K <lforTe [%, 1], we can take K = 1 and the inequality will
hold independently of 7 in this range. We do this in order to simplify the following

calculation. With this in mind, (5.5.34) implies

44, Cp(2 —p)(1+p)
sz_ )
1+4p—30 1+4p—30

and therefore the second line of (5.5.33) can be estimated as

o(p+1) ((p +2)A4, +p(p+ 1)B, +p(1 - 662)Bp>

dp(p+1)  4p(1 - 6e?)
> 1)|A 2 — -
Zolp+1) p<p+ 1+4p—30 1+4p—30
plp+1)*2—p)  p(1—6¢*)(2—p)(1+p)
+C, +
1+4p—30 1+4p—30
_ g (Ml + D)ot 32+ 1D(p+2) S+ 1)(p+2)
P\ 1 +4p -3 1+ 4p — 36 1+4p — 36
Sp(p+1)*(2—p)(p + 2 — 62
+C,
14+4p—36
24p(p +1)de?  38%(p+ 1)(p +2) dp(p+1)%2(2 —p)(p + 2 — 6&2)
> A, - c, .
1+4p—30 1+4p—36 1+4p—36

Since we have assumed 6¢2 < 1, clearly p + 2 — 62 > 1. Moreover, since we assume

p>1and d < 1, we can bound

P > P > _ >
- 14+4p—36 —

1
> - ~1.
1+4p—35 ~ 1+4p — 5

and

It follows that if we additionally assume p < 2 (and this is crucial, otherwise the

coefficient of C), in the above calculation is negative), then

50+ 1) (0 +2)4, + p(p + 1B, +p(1 — 6°)B,
> 2020+ 1) 4, — 38+ D(p+ DA, + 00+ 172 - )G,

24
= E(sé?(p + 1A, — 024, + B,0C, (5.5.35)
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where «a,, and (3, are positive. Then, substituting (5.5.35) into (5.5.33) we obtain

N, b [24 5 ) ) Coe?
s+5 +12(p+ 1) 11} > 356 (p+1)—Coen| A, — a,6° Ay + | Bpd — » Cy
1
— {Qp(p +1)(1 — 6£%) + 052} (q(T) — ﬂ) /Rp]VR|2

pt2
G e g(/RP+3) SRGT (5.5.36)

ebn

Taking 7 sufficiently small so that C'den < %552 (p+ 1), and then e sufficiently small

so that 0‘252 < By0 and Ce? < p(p+ 1), we get

p+2

1 p+3
s+ +12(p+ 1)1 > 504 +Gy) —ap52Ap—C/R"‘—C(/RP+3) e
1
~sp+ (o) - 55 ) [ RIRE

Finally, we observe that for § > 0 small enough, the overall coefficient of A, is positive,

so we obtain (5.5.2) for sufficiently small 0. O

Remark 5.5.5. The importance of taking p < 2 here is to ensure that (3, is positive,
which in turn allows us to pick ¢ sufficiently small so that the overall coefficient of C),
in (5.5.36) is positive. As seen in the proof of Theorem E on p.151, the positivity of
the coefficients in front of A, and C, allows us to drop these terms, which is crucial

since they are of higher order.

5.5.3 Proof of Proposition ITI"

To complete the proof of Theorem E, it remains to prove Proposition III*.

Proof of Proposition III*. Multiplying both sides of (5.4.56) by RP and integrating,

we obtain
I = / RPGYV,V,;V

> /Rp< — trRic’ + %R?’) — éRp“Ww\“ — RP(Vw, Voy(A))

— RPGYV,|Vw|*V;w — CRP| Ric |* — CRP| Ric||Vw|* — CRP.  (5.5.37)
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Comparing (5.5.37) with the desired estimate (5.5.3), we see that we do not need to

address the term [ RP(— tr Ric’ + 55 R%) in (5.5.37). In fact, most of the proof will

focus on estimating the term [ —RP(Vw, Voy(A)) in (5.5.37); our estimates for the

remaining terms will be easier. We claim that for all 5,7, > 0, we have the estimate

- / RP(Vw, Voy(A)) > —CoyA, — CyC,y — Cy~> / RP3 — CB / RT3

_ C’<q(7') _ i) <5/RP|VR]2 + 551/Rp+3> _o

(5.5.38)

We reiterate that, as in the statement of Proposition IIIT, C is a constant independent
of B, and ¢, but C’ is allowed to depend on these quantities.

To obtain (5.5.38), we start by integrating by parts and appealing to the equation
(5.4.68) to get

_ / RP(Vw, Voo (A))
_ / 0a(A)RP Aw + / 03(A) (Vaw, V R)
(5.4.68) / RPARAwW + / FRPAw — —( ) / RP2 Aw
+/§AR(Vw,VRP>+/f<Vw,VRP> —%(q(T) 214> /RZ<Vw VRP)
(

_ /ZRPARAM+/§pRp_1AR(Vw,VR>—/Rp Vuw,Vf)

~~

1
_%<q(7) _ i) /R’H'QAui—g(q(T) - i) /Rp+1<Vw,VR>, (5.5.39)

(V) ™)

() (1)

=

We now estimate each of the braced terms.
(I): By Holder’s inequality and the definition of A,,

2

I) > —5/prARHAw\ > —5A;/2</RP+1(AU))2)

(5.3.3) 3
> —CM;/2</RP+3+/RP“|WU|4+/RP+1) .
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But by Young’s inequality,
/RP+1|Vw|4 < O/RP+3 +C/|Vw|2(p+3), (5.5.40)

and so it follows that for any v > 0,

(1) = —CdA;/Q(/RpH n / T2 1 C)%
> —CéA;/Q(/Rers n C)%
> —CovyA, — 057—1/Rp+3 _
(IT): Estimating in a similar manner as above, we have for any v > 0

(I1) > —Cé/R”‘1|AR||Vw||VR| > —CM;/Q(/RP—WRFMF)

> —05,4;/20;/4< / RP+1|va4)4

> —05A;/2c;/4< / RPS o)

> —CoyA, — 057—105/2</Rp+3 — C) ’ + '
> —CoyA, — C6yC, — CS(v ! + 7_3)/RP+3 - C".
(III): Here we only require an application of Young’s and Cauchy’s inequalities:
(I11) > _/RP\wany\ > —C/Rp+2—c/|w|”‘52\w\”¥2
> _C/Rp+2 _ C’/|Vw|p+2 _ C’/|Vf|p+2
> —C’/RPJr2 - C.

(IV): Again referring to the transformation law (5.3.3) for R, and then applying

Young’s inequality, we see that for any 5 > 0
1
/Rp+2Aw _ Z/Rp“(—R e R+ 2|wa2>
< C/Rp”(l +Vul)

< Oﬁ/RP” +C". (5.5.41)
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Therefore,

Iv) = —%(qm - i) / RV Aw > —CP / RV

(V): By Young’s inequality, we have for all €, 5 > 0

(V) > —c(qm - i) [ #vulva

> —c(q(T) - i) G—/prvz%y? +5-1/Rp+2|w2)
> _¢ (q(T) _ i) <g / RYVRP + fe! / Rp+3) _c.

Substituting the above estimates for (I)—(V) back into (5.5.39), we therefore obtain
(5.5.38).

With (5.5.38) established, it remains to estimate the terms on the bottom line of
(5.5.37) (note that the term [ RP*|Vw|* on the top line of (5.5.37) is already addressed
using (5.5.40)). Indeed, to obtain the desired estimate (5.5.3) of Proposition IIIT, it

suffices to show that the bottom line of (5.5.37) satisfies the estimate

‘ /—RPGZ’J’VWwPij — CRP|Ric |* — CRP?|Ric ||Vw|* — CRP

<CB / RIS 4 ¢
(5.5.42)
for arbitrary 5 > 0 and C’ depending on f5.

To this end, using |G| < |Ric| and (5.5.22), we first observe that

‘/Rpcﬂjwwﬁvjw

< C/Rp|Ric||V2w||Vw|2
< C/Rp\Ric|2|Vw|2+C’/Rp|RicHVw|4—|—C’/Rp|RicHVw]2. (5.5.43)

It is then easy to see that the integrals on the bottom line of (5.5.43) can be estimated

in exactly the same way as we have done before. Explicitly, for any £ > 0 we have
/Rpl Ric *|Vw|?* < O/ | Ric [P*2|Vw|* < Cﬁ/Rp“’ +COp7 / [Vw[PE),
[ wivic|vur < [ Ricval < cs [ mes v ot [vepes,

/RP|Ric|wa|2 < C/|Ric T < 05/3P+3+05—1/|W|P+3.
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Combining the above we see that for any § > 0,
‘/RpGijVi|Vw|2ij‘ < C’ﬁ/R”+3—|—C”. (5.5.44)

Inspecting the remaining three terms on the LHS of (5.5.42), we see that these have
already been dealt with by our estimates preceding (5.5.44), and (5.5.42) follows.
Substituting (5.5.38) and (5.5.42) back into (5.5.37), we obtain (5.5.3), completing

the proof of Proposition III" and therefore Theorem E. O

5.6 An application of Theorem A

In this section we provide an application of Theorem A, relevant to the work of
[CGYO02b] discussed in §5.1. We recall that in [CGY02b], the authors establish the

existence of smooth solutions g,,, = €23 gy of positive scalar curvature to the equations

J
O—Q(Agwé) = Z_lAgwéng‘; + f(:v,w5) (561)

for each § € (0,1], where f € C>®(M* x R) is a carefully chosen positive function that

we do not specify here. Moreover, solutions are shown to satisfy the uniform estimates
||w5||W2,5(M4,g0) < C forall § e (O, 1], 1 <s<b, (562)

where the constant C' = C(s) is independent of §. A Yamabe flow argument is then
applied to obtain a conformal metric g with A, € I'.

Using Theorem A, we now provide an alternative to the flow argument of [CGY02b]
in the case that (M?%, g) is locally conformally flat. Roughly speaking, we will use a
result of Li & Nguyen [LN21b]| to assert that, along a subsequence, the solutions ws
converge weakly to a W2*-strong solution of o5(4,,) = f(x,w) > 0. Theorem A will
then imply that this solution is smooth.

To this end, fix 4 < s < 5. By (5.6.2), there is a sequence §; — 0 for which

w; := wg, converges weakly in W25(M*, go) to some w € W25(M?*, gy). By the Morrey
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embedding W25 (M?*, gg) < C175(M*, gy), we may assume w; — w in CH(M?, go)

for some o > 0. It then follows from [LN21b, Prop. 5.3| that for all ¢ € C°(M*),

lim o2(Ay, ) dvy = / o2(Ay, ) dug. (5.6.3)
71— 00 M4 4 M4

Substituting the equation (5.6.1) into (5.6.3) and integrating by parts, we see that

: 0
[ rttnpdn=tim [ (RSt flowe)dn= [ fawpd
M4 M4 M4

1—00
for all p € C?(M?*, gy), and it follows that w € W2(M?, g,) satisfies
o9(Ay,) = f(z,w) >0 ae. in M* (5.6.4)

In order to apply Theorem A, it remains to show that R,, > 0 a.e. in M*. Clearly,
Ry, > 0 since Ry, >0 for all 7. On the other hand, by (5.6.4)

1
O < OQ(Agw) = (0-1<Agw)2 - |Agw‘2) S 50-1(‘/4'910)27 (565)

N —

which implies either R, > 0 or R;,, < 0. Only the former possibility is compatible
with Ry, > 0.

Therefore, if (M?, go) is locally conformally flat, we obtain from Theorem A that
u:i=e" e CHY (M1 gy), and consequently (5.6.4) is uniformly elliptic at w. We wish
to apply the Evans-Krylov theorem to assert that u € C?*%(M?*, go). Indeed, by the
proof of [CC95, Theorem 6.6], it suffices to observe that, by Lemmas 2.4.1 and

2.4.16, v = Y, Alu is a subsolution to a uniformly elliptic linear equation, namely
FIV,;Vjv+ B'Div > C,

where F'¥ is uniformly elliptic and F¥, B' and C are essentially bounded. Thus
u € C?**(M* g), and since f1/2 € C<(M*, go), standard elliptic regularity ensures

that « (and hence w) belongs to C™(M?*, go).
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Appendix

5.A Inequalities involving the trace-modified
Schouten tensor

In this appendix, we first show that that in three dimensions, g~'A] € I'; implies

Ricy, > 0 if 7 € [%, 1]. We in fact obtain an explicit lower bound that will be used

throughout our analysis in Chapter 5:

Proposition 5.A.1. Suppose (M",g) satisfies R, > 0 and fir 7 € [2 — %,2]. Then

there exists a constant K = K(n,7) > 0 such that

n—1

Ric, (X, X) > KR, oo (A7) X (5.A.1)

Therefore, if Ry > 0 and 03(A}) > 0 for some 1 € [2— %, 2] (necessarily with T # %

by the proof of Proposition I), it holds that Ric, > 0.

Proof. We will use the basic result (see e.g. [SWT1, p.234]) that for a traceless

(n x n)-matrix M = (m;;) with Hilbert-Schmidt norm

M| = (Zm?jf,
,J

it holds that

-1
max [Mo[? < 2= | M2
veSn—1 n

Applying this to the traceless Ricci tensor Roicg = Ric, —%Rgg gives

o -1
[Ricy (X, X)| < /= [Ric, || X"
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Using this inequality and subsequently applying Cauchy’s inequality, we see that for

any K > 0 it holds that

-1 . R
Ricy (X, X) > —/ = - IRic, || X2 + ngXP

! n—1)\2 R,K\° R
> — ([ |Ricy|y/— ) |X|* - g X2+ =2 1X?
> <|Rlcg| 2KR9> | X] ( o ) X7+ 21X
n—1/( |Ric|?  R2K? RK ,
= - - X 5.A.2
KR, ( 2 2n(n — 1) i n(n—1) X ( )

Note that we have used the fact R, > 0 in applying Cauchy’s inequality. Since 05(A]) =
_Riel® 10 (7 (see (5.4.9) and (5.4.10)), the estimate (5.A.1) will follow from (5.A.2)

if we can choose K real and positive such that

%qn(T) = 2n(_nK_2 5tn (nK_ D (5.A.3)
It is routine to check that (5.A.3) has solutions
P 2+ /4—4(n—1)2+4n(n — 1)7 — n27?
5 ;
so that K can be chosen real and positive if and only if 7 € [2 — 2, 2]. O

Remark 5.A.2. Taking 7 = 1 in Proposition 5.A.1, we see that A, € 'y implies

Ric, > 0 when n = 3,4, in agreement with [GVWO03]

A similar lower bound can be obtained for the Einstein tensor G, = — Ric, +%g.

Observing that G, = —Roicg + ”2—ng g, a calculation analogous to the one above yields

n—1_e- n—2
Go(X, X) = —/ T|R1Cg||X|2 + WRHXF
Sn-1 < _ [Ric, RIK? (n — 2)R§K>

~ KR, > nin—1) " 2nn—1)
for all K > 0. Then %qn(T) = —M{sz_l) + éZ(_quil(; has a positive real solution for K if

and only if 7 € [1,3 — 4], which gives us a counterpart to Proposition 5.A.1:

n
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Proposition 5.A.3. Suppose (M™,g) satisfies R > 0 and fix 7 € [1,3 — %] Then

there exists a constant K = K(n,7) > 0 such that

G, (X, X) > o2 (A7) | X (5.A.4)

2
KR,
We see that in contrast to Proposition 5.A.1, in no dimension does Proposition
5.A.3 allow us to take 7 < 1 and obtain positivity of the Einstein tensor from positive
02(A7). This is not surprising in light of the ellipticity properties discussed in §2.3 and
the fact that G, is precisely the first Newton tensor of A,. However, by taking 7 =1
and appealing to (5.4.68), when n = 3 we have

GX.X) = gl A)IXP = [ ona)) - 5 (4t - g ) R|IXE. GA)

The negative R; term on the RHS of (5.A.5) will introduce some unfavourable terms in
the proof of Theorem E when 7 < 1. However, by keeping a careful track of constants
(see the paragraph above (5.5.8)), these negative terms will be dominated by positive

terms also appearing when 7 < 1.

5.B Some properties of the Bach tensor

5.B.1 The conformal transformation law for the Bach tensor
Here we prove the transformation law (5.4.18) for the Bach tensor in three dimensions,

By, = e2v ((Bo)ik n O(|V0w|0)>, (5.B.1)
whee O(|Vow|o) denotes terms bounded above by C'(go)|Vow|o.

Proof. Using the standard formula for the covariant derivative of a (0, 3)-tensor in

terms of partial derivatives and Christoffel symbols (see e.g. [Bes87]), we observe
B, = VCij = 6_2wggjvpcijk
= 6_2wggj [apCijk — C’djkl“zi — C’idkfgj — Cl]dl—gk}

=e gl [%C%k — Capel i — CianTy; — C?jdl“;‘fk], (5.B.2)

1,
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where to reach the last line we have used the conformal invariance of the Cotton tensor.
On the other hand, we have the following standard formula for the Christoffel

symbols under a conformal change of metric g = e*g, (see e.g. [Bes87]),
F;}; = (F%)o + (5,2”8]11) + 5;”(9kw - (go)ms(go)jké’sw = (F%)o + O(|V0w|0>, (5B3)

and substituting (5.B.3) into each Christoffel symbol on the last line of (5.B.2), we

obtain (5.B.1). O

5.B.2 An identity for the Bach tensor

In this section we prove the identity (5.4.21) for the Bach tensor in three dimensions,

which we recall here:
ko 3R _. .9 1 5 1
Bij = 3R1Ci R,lek —7 RlCij —| Ric | Gij -+ ER Gij —+ szij — AA” (5B4)
Proof. Directly from the definitions of A, B and C', we see
1
Bij = Vpcipj = vainp — AA” = VPVJ' RiCip _ZVZVJR — AAU (5B5)

The remainder of the calculation amounts to computing V?V;Ric;,. Commuting

derivatives and applying the twice contracted Bianchi identity, we first have
VPV, Ric;, = V; VP Rici, +Rpjix Ric®” + R, | Ric,”

1
= §VJVZR + Rpjz‘k Ric*? + RiCjk Ricik . (5B6)

Next, we recall from (2.1.10) (keeping in mind that W = 0) that Ry = gpidjr —

9pkAij — 9ijApk + g1 Api, from which we obtain
R Ri kp _ p: kp . 1 . 1
pjik Ric” = Ric gm-(Rlcjk _Zjok> — gpk<Rlcij —ZRgiJ)
: 1 . 1
_ gij ( RICpk —ZRgpk> —+ gjk ( Rlcpi _ZRgpi)]
3R 1
=2 RiCjk RICZk —7 RiCi]’ +§R29ij — | Ric |2gi]~. (5B7)

Substituting (5.B.7) into (5.B.6), then (5.B.6) back into (5.B.5), we arrive at (5.B.4).
[
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Chapter 6

Closing remarks

In this thesis we have obtained new estimates and regularity results for some fully
nonlinear equations arising in conformal geometry. In Chapter 2 we obtained local
pointwise second derivative estimates for W?P-strong solutions to a class of augmented
Hessian equations. This class included the o;-Yamabe equation on Euclidean domains
in both the positive and negative cases. In Chapter 3 we obtained similar estimates
for smooth solutions on manifolds when k£ = 2. Our work contributes to a growing
literature on the regularity theory for the o.-Yamabe equation and, from a broader
perspective, the regularity theory for fully nonlinear, non-uniformly elliptic equations.

In Chapter 4 we established the existence of conformal metrics satistying A7 € Iy in
three dimensions, under natural assumptions on the background metric. We obtained
a new existence result when 7 < 1, and developed a new proof of an existing result
when 7 = 1, which we hope will be useful in tackling some related problems. The
existence problems considered here are of relevance in the context of the o-Yamabe
problem, and are also of independent geometric and topological interest, with direct
implications on the existence of conformal metrics with positive Ricci curvature on
closed 3-manifolds.

Finally, in Chapter 5 we obtained a priori integral estimates for fourth order per-
turbations of the (trace-modified) oo-Yamabe equation. Our study of these equations

was partly motivated by the existence problems considered in Chapter 4, but was
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also motivated from the analytical viewpoint of using fourth order regularisations to
study non-uniformly elliptic equations of second order. In this context we also gave an
application of our work in Chapter 2.

To conclude, we touch upon what we believe to be some pertinent questions leading

on from the results of this thesis.

e Can we extend the local pointwise second derivative estimates of Theorems A, B etc.

to Riemannian manifolds that are not locally conformally flat?

It is not immediately clear how to modify our method involving difference quotients
to obtain local estimates on arbitrary manifolds. It may be that a different way of
approximating the Laplace-Beltrami operator is better suited, e.g. as the average over
balls. A restriction to the case k = 2 is reasonable if one hopes to use the divergence

structure.
e Can we lower the starting exponent p in Theorems A, B etc.?

We have seen an improvement on the starting exponent p for certain values of £ in
§2.7, but it would be particularly interesting to determine the sharp lower bounds for
p in Theorems A and B. We note that once p < n, the Morrey embedding theorem no
longer implies our solution is in Cloo’cl (2), and in this case it would also be interesting

to explore local pointwise first derivative estimates.

e Can we obtain a WP estimate (depending on a C* bound) on smooth solutions to

the oi- Yamabe equation in the negative case, for any p > 17

As we have discussed, it is a major open problem as to whether one can establish an
a priori second derivative estimate (depending on a C'!' bound) on solutions to the oy-
Yamabe equation in the negative case. An intermediary problem is to establish a WP
estimate for some p > 1, or to establish conditions under which such an estimate holds.

If one can obtain sufficiently strong W?? estimates, then a result such as Theorem C

174



may yield the full C? estimate.
e Can we obtain an affirmative answer to Question 1 in Chapter 4?

We would like to remove our reliance on the variational structure in the proof of
Proposition 4.1.9, in order to extend our method to the case 7 < 1. There is also the
possibility of addressing Question 1 by extending our work in Chapter 5, which brings

us on to our final problem.

e In three dimensions: can we establish suitable conformally invariant conditions on
go which ensure that (5.0.1) admits positive scalar curvature solutions for ¢ in some

positive range § € (0, o] and some positive function f?

More generally, it remains an interesting open problem to determine natural confor-
mally invariant conditions on a closed 3-manifold (M3, go) which ensure the existence
of a conformal metric satisfying A7 € ['y. An existence result for (5.0.1) combined

with Theorem E is one possible approach.
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