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Stark many-body localized (SMBL) systems have been shown both numerically and experimen-
tally to have Bloch many-body oscillations, quantum many-body scars, and fragmentation in the
large field tilt limit, but these observations have not been fundamentally understood. We explain
and analytically prove all these observations by rigorously perturbatively showing the existence of
novel algebraic structures that are exponentially stable in time, which we call dynamical l-bits. In
particular, we show that many-body Bloch oscillations persist even at infinite temperature for expo-
nentially long-times using a new type of dynamical algebra and provide a bound on the tilt strength
for this non-ergodic transition. We numerically confirm our results by studying the prototypical
Stark MBL model of a tilted XXZ spin chain. Our work explains why thermalization was observed
in a recent 2D tilted experiment. As dynamical l-bits represent stable, localized, and quantum
coherent excitations, our work opens new possibilities for quantum information processing in Stark
MBL systems even at high temperature.

Introduction — One of the seminal results of condensed
matter physics was Anderson’s discovery of localization
of free electrons on a lattice [1]. Later it was shown that
this localization can possibly persist even when the repul-
sive interactions between electrons cannot be neglected
- a phenomenon dubbed many-body localization (MBL)
[2].

One of the main results in MBL is its explanation in
terms of exponentially localized intensive conservation
laws called l-bits [3, 4]. The existence of these con-
servation laws blocks the flow of quantum information
through the system. MBL has been numerically argued
to lead to logarithmic entanglement growth [5–8] and
subdifussive transport [9–14] among other phenomena.
Notably, MBL systems should be perfect insulators at
any temperature. They have been the subject of huge
study in recent decades (e.g. see the review [2])

However, the existence of disordered MBL has been
somewhat controversial [15] despite certain exact [16] and
renormalization group [17] results being offered. Rigor-
ous results in many-body localization are therefore very
important.

Only very recently has another related form of MBL
without disorder been demonstrated both theoretically
and experimentally [18–21]. This Stark MBL (SMBL)
occurs due to an external gradient field being added to
an otherwise translationally invariant system. Related
to well-known Bloch oscillations of non-interacting elec-
trons, SMBL demonstrates similar oscillations of vari-
ous many-body observables in both numerics and exper-
iments (e.g. [19, 22–24]). Likewise, recently both Hilbert
space fragmentation [23, 25] and quantum many-body
scars [26] have been numerically observed in these mod-
els. Fragmentation means that the Hamiltonian of the
systems contains an exponential number of invariant sub-
spaces [27–31] while quantum many-body scars are eigen-
states that are equally spaced in energy and have low
entanglement. Quantum many-body scars are known to

imply oscillations from special initial states [32–38].

In contrast to aforementioned Bloch oscillations in
SMBL, disordered MBL systems do relax to stationary
(time independent) states, albeit with a memory of their
initial condition given by the l-bits [2, 39]. This sta-
tionarity of disordered MBL is in particular known to be
present when expectation values of observables are aver-
aged across disorder [40, 41]. This is puzzling because
both forms of localization have an otherwise similar phe-
nomenology [18].

In this Letter we rigorously prove that SMBL mod-
els have novel perturbatively approximate dynamical l-
bits that are exponentially stable in time and are quasi-
localized similarly to l-bits explaining all the aforemen-
tioned numerical observations. The decay rate of the
dynamical l-bits is given by the strength of the field gra-
dient. These algebraic structures are distinct from both
standard l-bits of disordered MBL and extensive dynam-
ical symmetries [42]. We show a related new type of
emergent algebraic structure of the model that implies
many-body Bloch oscillations even on the level of correla-
tion functions at high temperatures for exponentially long
times provided that a series converges giving an lower
bound for the tilt field strength implying the existence of
a phase transition. The correlation functions persistently
oscillate at frequencies given by the dynamical l-bits. We
focus on the prototypical example of interacting electrons
in an electric field gradient. We numerically confirm our
theory by studying the infinite temperature correlation
function and construct the dynamical l-bits. These dy-
namical l-bits explain the existence of quantum scars and
fragmentation in SMBL - both are shown to be conse-
quences of the dynamical l-bits. Importantly, dynamical
l-bits are quantum coherent and stable by construction
and allow for storing qubits of information. Our work
thus opens the possibility of quantum information stor-
age and processing in SMBL systems.

Model — We will focus on the following paradigmatic
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SMBL Hamiltonian,
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where L is the system size, J is the hopping ampli-
tude, ∆ is the interaction strength (anisotropy) and εr
is the external magnetic field at site r. This model of
SMBL is equivalent to the fermionic model used in [22]
via a Jordan-Wigner transformation, i.e. an interact-
ing Wannier-Stark chain [43–45]. The non-interacting
Wannier-Stark chain is well-known to feature Bloch os-
cillations [46–48]. Similarly, in [18], the field used was

given by εr = Wr− αr2

L2 and it was shown that the inclu-
sion of the quadratic component gave rise to a phase with
MBL characteristics. It has also been shown that hav-
ing a linear magnetic field εr = Wr also gives rise to an
MBL-like phase beyond a critical tilt Wc ≈ 2.2 in clean
systems [23, 49]. We are interested in these oscillations
and so we study a linear magnetic field for the rest of this
Letter. However, we remark on the inclusion of a small
quadratic potential in the Supplementary Material. As
we will see, the exact form of the potential is not relevant
for the qualitative conclusions.

Dynamical l-bits — As discussed previously, the key
difference in SMBL is the observation of persistent many-
body Bloch oscillations. To capture these, we look to
the recently introduced concept of dynamical symmetries
[42]. These are defined to be extensive or local spectrum
generating algebras [50] of H, i.e operators A satisfying
the relation [51],

[H,A] = ωA (2)

where ω 6= 0 is the frequency of A.
In this Letter, we extend the notion of dynamical sym-

metry to include dynamical l-bits - these are operators
satisfying (2) which are similar to l-bits in MBL in the
sense that they are quasi-localized (rather than strictly
localized [52]).

Now suppose that our system is initially (at t = −∞)
in thermal equilibrium and then locally perturbed sud-
denly at t = 0. This means that the perturbation takes
the form δ(t)B where B giving the new HamiltonianH ′ =
H + δ(t)B. According to standard results from linear re-
sponse theory, the resulting deviation of the expectation
value of an operator Q at later times from it’s equilibrium
value is given by 〈Q(t)〉pert − 〈Q〉 = −i〈[Q(t), B]〉 where

〈Q(t)〉pert =
〈
eiH

′tQe−iH
′t
〉

. If 〈AQ〉 6= 0, 〈AB〉 6= 0 for

some dynamical symmetry A (2), then 〈Q(t)〉pert will os-
cillate forever with frequency ω [53]. More specifically, a
Mazur lower bound on the amplitude of the oscillations
exists [54].

FIG. 1. Plot of the infinite temperature autocorrela-
tion function in (3) for various choices of local op-
erators. Here we consider three examples. The parameters
used are L = 16,W = 3, J = ∆ = 1. In each case, we take
the sudden perturbation at t = 0 to be B = Sx

L/2. The three

choices of operators Q are S+
L/2 (green), Sz

L/2−1S
+
L/2 (red) and

Sz
L/2+2S

+
L/2+3 (blue).

We will focus on the infinite temperature case for which
the relevant function from linear response theory to con-
sider is the so-called fluctuation function given by

FQB(t) = 1
2 〈{Q(t), B}〉 = 〈Q(t)B〉 (3)

The above form is valid when Q(0) and B are traceless
and this is precisely the case which interests us. We now
numerically compute the autocorrelation function in (3)
for our model Hamiltonian (1) for a few pairs of operators
using DMRG [55] (Fig. 1). Two cases show persistent
many-body Bloch oscillations.

There is also one case where we observe no significant
oscillations (the blue curve, which is almost flat). In this
case, the time evolved operator acts on sites further away
from the perturbation site. Thus, the memory of the per-
turbation is highly localized. These observations agree
in general with how we expect dynamical l-bits would
behave in autocorrelation functions, even though the os-
cillations are not of fixed amplitude. This leads us to
theorize that the SMBL Hamiltonian possesses dynami-
cal l-bits and that the operators in the plot which show
oscillations have some finite overlap with them in the
sense of [53]. What follows is the main result of this
Letter where we prove that H has exponentially stable
dynamical l-bits, at least in the large tilt case.
Exponentially stable dynamical l-bits in SMBL — We

begin by noting that our Hamiltonian can be written
in the form H = HXX + HZZ + M , where HXX =
J
∑
r(S

x
r S

x
r+1 + SyrS

y
r+1), HZZ = ∆

∑
r(S

z
rS

z
r+1) and

M = W
∑
r rS

z
r . Clearly, the eigenspectrum of M is

comprised of the values {W, 2W, ...,WL(L + 1)/2}. We
now assume that W is large. It directly follows from the
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work of Abanin et al. [56] (see also [57]) that there ex-
ists a quasi-local unitary operator Y close to the identity
such that,

〈O(t)〉 = eiY (D̂+M+V )Y †tOe−iY (D̂+M+V )Y †t (4)

holds for any local operator O, where [D̂,M ] = 0 and
[M,V ] 6= 0. The error in neglecting V is small in
W up to exponentially long times t∗ ∝ expW (the
reader is referred to [56] for a more precise formula-
tion of this statement along with a rigorous proof). In
other words, up to exponentially long times, time evo-
lution is governed by the effective Hamiltonian given by

H ′ = Heff + O
(
J3

W 2

)
= Y HY †. Inspired by [58], in [59]

by constructing Y , we show a rather simple form for Heff

(cf. [28, 60]),

Heff =
∑
r

(
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z
r+1

)
+

J2

4W
(SzL − Sz1 ) (5)

It is important to note that the reason the approaches
[56, 57] are applicable in SMBL, as opposed to disordered
MBL is because the energy of the tilt is equally separated
in SMBL, unlike the energy of the disordered field.

It is now easy to check that for 2 ≤ r ≤ L−1, the four
operators given by
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are exact strictly local dynamical l-bits of Heff with cor-
responding frequencies

ω1 = ω2 = Wr, ω3 = Wr + ∆, ω4 = Wr −∆ (7)

In the original physical basis the actual dynamical l-
bits are Âj(r) = Y Aj(r)Y

†, but since Y is quasi-local,
this gives a set of quasi-local dynamical l-bits up to for
the original Hamiltonian, up to sub-leading corrections.

Note that dynamical l-bits imply regular l-bits by the
simple identity [H, [Aj(r), A

†
j(r)]] = 0, where Qj(r) =

[Aj(r), A
†
j(r)] is an exponentially localized l-bit. Unlike

disordered MBL, dephasing here is not possible because,
unlike the l-bits of disordered MBL, only four funda-
mental frequencies contribute to Stark dynamical l-bits,
rather than a continuum in disordered MBL [39].

More importantly, we show that [59] V is exponen-
tially small which implies that the dynamics is dictated
up to exponentially long times by Heff = D̂ + M . This
implies exponentially long persistent oscillations in wide
classes of observables for both the autocorrelation func-
tions and for quenches from generic initial states. We

now introduce an extended dynamical symmetry condi-
tion generalizing (2),i.e. an operator Ã′ = Y †ÃY such
that,

[M, Ã′] = νÃ′ [D̂,M ] = 0 (8)

for some ν with Heff = D̂ + M . Then we have using
[D̂,M ] = 0,

Ã(t) = Y eiD̂teiMtY †ÃY e−iMte−iD̂tY † = eiνteiH̃tÃe−iH̃t,
(9)

where H̃ = Y D̂Y †. As Y is quasi-local and close to the
identity and D̂ is local, H̃ is pseudo-local [61]. Using
this and the Mazur bound [62] in [59] we show that for
generic local operators Ã, we have persistent oscillations
at frequency ν both for generic quenches and for auto-
correlation functions.

Numerical construction of the dynamical l-bits — Even
though we have shown the existence of dynamical l-bits
for the full Hamiltonian, we have not found them explic-
itly since we do not know the operator Y . Our aim in
this section is to numerically find these dynamical l-bits.
To do this, we note that Y is close to the identity, and so
the exact dynamical l-bits of H ′eff are still highly relevant,
and that the frequencies are unchanged. So we general-
ize the approaches of [63] developed for conservation laws
and we look at the operator given by,

τ = lim
T→∞

1

T

∫ T

−T
dt e−iωtU†(t)OU(t) (10)

where ω 6= 0 is a real number, U(t) = e−iHt is the time
evolution operator and O is some strictly local operator.
It can be shown that this satisfies the relation [H, τ ] = ωτ
regardless of O [59]. However, we require τ to also be
(quasi) localized to be considered a dynamical l-bit and
this is not necessarily satisfied for arbitrary local seed
operators O.

By our previous arguments, we will use O = Aj(r) as
the seed operators, along with their corresponding fre-
quencies. We again use DMRG [55] to carry out these nu-
merical simulations. We then determine locality by eval-
uating it’s components in a complete orthonormal prod-
uct operator basis made up of products of (appropriately
normalised) single site basis operators {I, S+, S−, Sz}.
We then evaluate the total component for each site in
the chain by sharing each component equally among the
sites on which its corresponding basis operator lives (this
is done simply to get the squares of the total site compo-
nents to sum to 1, and is not required to study locality).
The squares of the total components for each site can be
thought of as probabilities and these can be used to de-
termine locality. The results as displayed in Fig. 2 (a).
Since the operator basis can be very large for large L, we
find that it sufficient to only look at the basis operators
acting on a radius of 3 about the site L/2.
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These results make it clear that τ is quasi-local for
these choices of seed operator, which agrees with our hy-
pothesis. Thus we have numerically found quasi-local dy-
namical l-bits of the full Hamiltonian H. The accuracy
of these can be looked at in a couple of ways. Finding
the relative error in the commutator, given by

e =
‖[H, τ ]− ωτ‖
‖[H, τ ]‖

(11)

shows that the error is only about 0.04% which is very
good. We can see how the error behaves when we change
W in Fig. 2 (b) and we can see that it decays with in-
creasing W , as expected. Furthermore, we can look at
the autocorrelation function given by (3), with local op-
erator A = τ and perturbation B = SxL/2 similar to what

we did before. This is plotted in the inset of Fig. 2 (c),
where we can see clear, uniform oscillations at one fre-
quency, which show that we have now found an accurate
dynamical l-bit. The dynamical l-bit thus explains the
existence of oscillations in Fig. 1 at the appropriate fre-
quency. This is confirmed by the Fourier transform in
Fig. 2 (c) and it demonstrates that the frequency of the
oscillations is indeed the corresponding ω (which is 99 in
this case). Moreover, we see that the operators which
caused the non-uniform oscillations in Fig. 1 do in fact
overlap with the operators Ai as conjectured previously.
Furthermore, their support is indeed quasilocalized and
close to the original dynamical l-bits as expected by the
quasilocality of Y .
Quantum many-body scars and fragmentation —

Quantum many-body scars [32–38, 64, 65] are (at least)
an extensive number of eigenstates that have low en-
tanglement. They imply oscillations from special ini-
tial states. These states have recently been numerically
identified in Stark MBL models [26]. Our analytically
proven dynamical l-bits directly imply quantum scars
[34, 35, 66, 67] (see also Suppl of [42] for an earlier proof
implying scarring and that includes dissipation). In our
case, the existence of scars follows from the fact that dy-
namical l-bit when acting on the (product) ground state
|0〉 will create eigenstates with low-entanglement that are
equally separated in energy, e.g.

H

∏
{ri}

Aj(ri) |0〉

 = d(j)ωj

∏
{ri}

Aj(ri) |0〉

 (12)

where [H,Aj(ri)] = ωjAj(ri), and d(j) is the number of
Aj(ri) that appear in the product. We set H |0〉 = 0 for
simplicity. The entanglement of the state is guaranteed
to be low due to the localized structure of Aj(ri).

We note that dynamical l-bits imply quantum scars,
but not the other way around. More specifically, models
with quantum many-body scars have oscillations only for
very special initial states, whereas dynamical l-bits imply
oscillations generically and even at infinite temperature
as shown here.

(a) (b)

(c)

FIG. 2. Results of the numerics on the dynamical l-
bit candidate τ . The parameters used throughout are J =
∆ = 1 and W = 10 together with a total time T = 350 to
simulate the limit T → ∞ and timestep dt = 0.005 for the
intergral in (10). The same timestep is also used to calculate
the autocorrelation function. (a) Plots demonstrating locality
of the operator τ . The system size used is L = 30. The seed
operators considered are A2(L/2) (blue) and A4(L/2) (red).
The probabilities give a measure of how much of τ lives on
each site. As we can see, almost all of the operator is always
concentrated on the central five sites, and the shape of the
plot is not affected by the system size. (b) A plot showing
the variation of the error e with tilt strength W . We can see a
high error for smaller values of W , where we naturally expect
a lot of entanglement and thus larger errors due to truncation
in DMRG. (c) Plot of the infinite temperature autocorrelation
function (inset) FAB from (3) with A = Sx

L/2 and B = τ , and
its Fourier transform for L = 20. The seed operator used was
A4(L/2). The single spike in the Fourier transform confirms
that τ is indeed a dynamical l-bit.

Fragmentation follows immediately from the dynam-
ical l-bits by the arguments presented in [68]. This is
likewise consistent with the results of [25]. In fact this
means that Stark MBL fragmentation is not true frag-
mentation [27, 28, 69], but rather local fragmentation as
defined by [68].

Conclusion — In this Letter we developed a theoretical
explanation of SMBL and explained the origin of persis-
tent oscillations which have been previously numerically
and experimentally observed in SMBL [18, 22, 24, 49].
To achieve this we have shown the existence of dynami-
cal l-bits, which should be contrasted with the standard
l-bits of disordered MBL [4]. We then proved that in the
large tilt case, the SMBL Hamiltonian can be reduced to
an effective Hamiltonian up to exponentially long times
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using a theorem from [2] and further showed the exis-
tence of an exact and complete dynamical l-bit basis of
this effective Hamiltonian up to sub-leading corrections.
We likewise have proven that generic observables oscil-
late for exponentially long times by introducing a new
type of extended dynamical symmetry algebra. There-
after, we numerically constructed dynamical l-bits of the
full Hamiltonian with excellent accuracy. A similar ef-
fective Hamiltonian was obtained in a very recent work
(up to a rotating wave basis transform) in [60] where
transport was studied (cf. also [28]). However, here we
focused on oscillations, scars and fragmentation, as well
as found the complete l-bit basis. We have proven that
dynamical l-bits imply persistent oscillations in the au-
tocorrelation function for exponentially long times, even
at infinite temperature, quantum many-body scars, and
Hilbert space fragmentation, as well as l-bits. The fact
that the dynamical l-bits of SMBL have only four funda-
mental frequencies explains why SMBL has many-body
Bloch oscillations, unlike disordered MBL [39]. Even
though the XXZ model we studied is distinct from the
tilted Fermi-Hubbard models with scars and fragmenta-
tion, our results indicate that these models likewise have
dynamical l-bits. Note that dynamical l-bits immediately
imply many-body flat bands [70] in the tilted XXZ spin
chain [52]. Our approach relies on the tilt being single
body and therefore a tilt with with two-body terms is
expected to thermalize, which is fully consistent with the
2D experiment of [71]. Moreover, we predict that the
putting a two-body tilt in both directions will not cause
absence of thermalization in contrast to the proposal in
[71].

Our work opens many new avenues for future work. In
future work we will study in Stark MBL models possi-
ble realizations of time crystals in both driven (discrete)
[72–81] (cf. also [82]) and dissipative models [42, 83–
96], synchronization [97–99], and other possible kinds of
non-stationary dynamics [100–113]. Likewise, connection
with large-tilt and large interactions limits in 1D mod-
els will be explored [114–116]. Most intriguing, however,
is the fact that a dynamical l-bit is local coherent ex-
citation that can store a qubit. This hints that Stark
MBL systems could have potential for robust quantum
information storage and processing.
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[14] H. P. Lüschen, P. Bordia, S. S. Hodgman, M. Schreiber,
S. Sarkar, A. J. Daley, M. H. Fischer, E. Altman,
I. Bloch, and U. Schneider, Phys. Rev. X 7, 011034
(2017).
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Supplementary Material: Dynamical l-bits in Stark many-body localization

In this Supplementary Material, we give more details on some of the assertions made in the main text.

A— ASYMPTOTIC EXPANSION FOR Heff

In this section, we derive an asymptotic expansion for the full effective Hamiltonian Heff by using a Schrieffer-Wolff
(SW) transformation [117, 118]. Here we closely follow the method of [119] because their calculations are essentially
the same as what we require due to having the same underlying operator algebra. We begin by noting that the full
Hamiltonian can be written as

H = M +K0 +K1 +K−1 (S1)

where

K0 = HZZ = ∆
∑
r

SzrS
z
r+1, K1 =

J

2

∑
r

S−r S
+
r+1, K−1 =

J

2

∑
r

S+
r S
−
r+1 (S2)

Then it is clear that these operators obey the algebra

[M,Ka] = WaKa (S3)

for a = 0, 1,−1.

The aim of the SW transformation is to systematically eliminate terms which don’t conserve the dominant
term M order by order by carrying out a change of basis. This change of basis is done by the operator Y introduced
in the main text. Let us write Y = eiS where S is a Hermitian operator. Then, by the Hadamard lemma,

H ′ = eiSHe−iS = H + [iS,H] +
[iS, [iS,H]]

2!
+ ... (S4)

Now we further expand S in powers of W−1 as

S =

∞∑
j=1

S(j) (S5)

so that S(j) is of order Jj+1W−j . Thus, grouping the terms in the expansion of H ′ order by order gives

H ′ =

∞∑
j=−1

H
′(j) = M +

(
H −M + [iS(1),M ]

)
+

(
[iS(2),M ] + [iS(1), H −M ] +

[iS(1), [iS(1),M ]]

2!

)
+O(J3W−2)

(S6)
where H

′(j) is of order Jj+1W−j . The non-M conserving terms in the O(JW 0) term are K1 and K−1. So, using (S3)
to eliminate these, we choose

iS(1) = W−1(K1 −K−1) (S7)

Then, have

H ′ = M +K0 +W−1

(
[K1,K−1] + [K0,K−1] + [K1,K0] + [iS(2),M ]

)
+O(J3W−2) (S8)

We now note that it follows from the algebra (S3) that

[M,Ka1Ka2 ...Kak ] = W

(
k∑
i=1

ai

)
Ka1Ka2 ...Kak (S9)
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So a product of the Ka operators does not conserve M iff
∑k
i=1 ai 6= 0. Therefore, looking at (S8), it is clear that we

only want to keep the [K1,K−1] term at O(J2W−1). Thus we choose

iS(2) = W−2

(
[K1,K0] + [K−1,K0]

)
(S10)

Furthermore, using (S2), we find that

[K1,K−1] =
J2

4
(SzL − Sz1 ) (S11)

Hence we have

H ′ = M +K0 +
J2

4W
(SzL − Sz1 ) +O(J3W−2) = Heff +O(J3W−2) (S12)

as stated in the main text.

This process can be continued indefinitely to arbitrary algebraic order by repeatedly using the [iS(j+1),M ]
term together with (S9) to remove terms which don’t conserve M at order Jj+1W−j .

B— PROOF OF PERSISTENT OSCILLATIONS FOR EXPONENTIALLY LONG TIMES

With Ã, H̃, ν being defined as in the main text we have, Ã(t) = eiνteiH̃tÃe−iH̃t. Begin by considering a stan-
dard quench problem from a sufficiently low-entangled initial state [61, 120] (e.g. a ground state of some gapped
Hamiltonian) |ψ〉, 〈

Ã(t)
〉

= eiνt 〈ψ| eiH̃tÃe−iH̃t |ψ〉 . (S13)

However, as Y is quasi-local and close to the identity and D̂ is local, the non-trivial time evolution is given by a

quasi-local H̃ in the sense that the decay of the interaction between sites r, p goes down exponentially as ∝
(
J
W

)|r−p|
.

Moreover, ||H̃||∝ L and tr(H̃Ã) 6= 0 for all L for some local observable Ã. In particular such an observable is the

kinetic part of the Hamiltonian Ã = K1 as H̃ = K1 +K−1 +HZZ +O(J
2

W ). Due to this we may apply the established
theory of pseudolocality and thermalization [61] and claim that in the long time limit the state is described by an
time-independent effective (generalised) Gibbs ensemble for which,

ρGGE =
exp(

∑
j µjQj)

tr(exp(
∑
j µjQj))

, (S14)

where [H̃,Qj ] = 0 are pseudo-local conservation laws including Q0 := H̃ itself [120]. In the long-time limit,

lim
t→∞

〈
Ã(t)

〉
= eiνttr(ρGGEÃ), (S15)

for which tr(ρGGEÃ) 6= 0. This implies that Ã oscillates for generic quenches.
A similar argument holds for the autocorrelation functions. For instance at infinite temperature,〈

Ã(t)Ã
〉

= eiνttr(eiH̃tÃe−iH̃tÃ). (S16)

This can only not oscillate in the long-time limit provided that Z := limt→∞ tr(eiH̃tÃe−iH̃tÃ) = ce−iνt identically for
some constant c. However, provided that tr(QjÃ) 6= 0, a Mazur bound guarantees that [62],∣∣∣∣∣ lim

T→∞

1

T

∫ T

0

tr(eiH̃tÃe−iH̃tÃ)dt

∣∣∣∣∣ > 0, (S17)

which directly implies that an oscillation in the long time limit as Z = ce−iνt identically is impossible. An example
of such an operator with non-zero overlap is again Ã = K1 with Q0 = H̃. Note that even though Ã is not Hermitian
and hence not an observable, equivalent arguments hold for the Hermitian A + A† and i(A− A†) by linearity of the
time evolution. Note that even though this holds at all orders of the perturbation, we cannot discount exponentially
small corrections to the oscillations.
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C— PROOF THAT τ IS A DYNAMICAL SYMMETRY OPERATOR

In this section we show that the operator τ given by (10) does indeed satisfy the commutation relation [H, τ ] = ωτ .
Let the eigenbasis of H be given by {|n〉} with corresponding eigenvalues En. Then, we have

[H, τ ] = lim
T→∞

1

T

∫ T

−T
dt e−iωtU†(t)[H,O]U(t)

= lim
T→∞

1

T

∑
m,n

∫ T

−T
dt ei((Em−En)−ω)t(Em − En) |m〉 〈m| O |n〉 〈n|

= ω

(
lim
T→∞

1

T

∑
m,n

∫ T

−T
dt ei((Em−En)−ω)t |m〉 〈m| O |n〉 〈n|

)
= ωτ (S18)

where the third equality follows from the fact that the integral over time of the complex exponential is zero unless
Em − En = ω. The final equality can be seen by working backwards on τ by introducing resolutions of the identity
similarly to what we did for [H, τ ] above. This shows that τ is in fact a dynamical symmetry operator of H for
arbitrary local operators O.

D— INCLUDING A SMALL QUADRATIC COMPONENT TO THE MAGNETIC FIELD

Here we consider what happens if we add a small quadratic potential to the external magnetic field. This means

that we now consider εr = Wr + αj2

L2 where α � W . In this case, H = HXX + HZZ + M just like before, with HZZ

now changed to

HZZ =
∑
r

(
∆SzrS

z
r+1 +

αr2

L2
Szr

)
(S19)

Since this also commutes with M , the arguments in section A still hold and we now get that

Heff =
∑
r

((
Wr +

αr2

L2

)
Szr + ∆SzrS

z
r+1

)
+

J2

4W
(SzL − Sz1 ) (S20)

Note that everything still works because α � W and so W is indeed large relative to the local energy scales of
HXX +HZZ. Thus it is easy to see that we end up with the same dynamical l-bits as before, but with the frequencies
incremented by the quadratic potential at the central site of the dynamical l-bit.
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