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Abstract

Classical theorems such as the Poincaré recurrence theorem, the van der Corput

theorem about equidistribution of sequences or the F. and M. Riesz theorem about

measures on the torus show properties of the set N. However, In particular the

Poincaré recurrence easily allows to extend the recurrence result to sets such as

mN for any m ∈ N.

This motivates the notion of recurrence sets, i.e. sets D ⊆ N (or D ⊆ Z) which

are “strong” enough to force certain recurrence properties, and a thorough study

of these sets and their relations with each other has been undertaken since the late

1970s.

This thesis deals with real recurrence sets D ⊆ R. Our first result shows that

integer properties and most associated implications can be transferred to the real

setting and allow a similar treatment.

For a set D ⊆ Z, the integer and real recurrence property coincide for many prop-

erties. This gives non-trivial recurrence examples from the integer theory, but also

yields some counterexamples showing that some recurrence properties are distinct.

Using continuity and appropriate product systems, we show that we can reduce re-

currence sets such as Poincaré or operator recurrence sets, in particular, every such

recurrence set has a countable subset D̃ ⊆
⋃
|n|>N

([sn− ε, sn+ ε] ∩ D) for arbitrary

small ε > 0 and arbitrarily large N ∈ N having the same recurrence property.

We finally indicate how to further extend this topic by discussing topological dy-

namical systems, a quantitative analysis of recurrence sets and the use of locally

compact abelian groups instead of Z and R.
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Chapter 1

Introduction

1.1 Introduction

In his work about the three body problem, Poincaré showed in 1890 that every

(measure preserving) dynamical system is recurrent ([64, Theorem I]).

Caratheodory ([24]) first presented Poincaré’s result in modern terminology, and

it can be stated as follows.

Theorem 1 (Poincaré). Let (Ω,Σ, µ;φ) be a measure preserving system. Then for

any A ∈ Σ with µ(A) > 0, there exists n ∈ N such that

µ(φn(A) ∩ A) > 0.

We call a measure preserving system (Ω,Σ, µ;φ) with a set A of positive measure

recurrent if it satisfies the statement of Theorem 1, i.e. if there exists n ∈ N

such that µ(φn(A) ∩ A) > 0. We call it infinitely recurrent if the set {n ∈ N :

µ(A ∩ φn(A)) > 0} is infinite.

It turns out that not all natural numbers are required to obtain recurrence of a

given measure preserving system (Ω,Σ, µ;φ) with a set A of positive measure. We

also note that the restriction to natural numbers is not essential when discussing

recurrence of invertible measure preserving systems. Using the invertibility of
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CHAPTER 1. INTRODUCTION

(Ω,Σ, µ;φ), recurrence can immediately be extended to integers. This motivates

the following definition.

Definition 1.1 (Poincaré Recurrence). A set D ⊆ Z is Poincaré recurrent

if, given an invertible measure preserving system (Ω,Σ, µ;φ) and A ∈ Σ with

µ(A) > 0, there exists d ∈ D such that

µ(A ∩ φd(A)) > 0.

This means that a set D ⊆ Z is Poincaré if it is “large” enough to force recurrence

of an invertible measure preserving system (Ω,Σ, µ;φ) with a set A of positive

measure. It is easy to see that the set mN for some m ∈ N has this property

simply by considering (Ω,Σ, µ;φm) and Theorem 1.

Using a similar argument, this also shows that a given invertible measure preserving

system (Ω,Σ, µ;φ) with a set A of positive measure is not only once, but infinitely

recurrent. Inductively, we obtain an infinite set {dn : n ∈ N} such that µ(A ∩

φdn(A)) > 0 for all n ∈ N by considering (Ω,Σ, µ;φm) where m > d1, . . . , dn and

dn+1 := min{nm ∈ N : µ(A ∩ φnm(A)) > 0}.

More interesting examples are given by the squares {n2 : n ∈ N}, the set {p(n) :

n ∈ N}\{0} with a polynomial p 6= 0 having integer coefficients and satisfying

p(0) = 0 ([36, Theorem 3.16], [75]), the set of differences {n − m;n > m ∈ I}

with any infinite subset of integers I ([42]), or the sets {p − 1 : p prime} and

{p+ 1 : p prime} ([42]).

Birkhoff ([19], Section VII) introduced and formalised the language of dynamical

systems. He also considered analogous statements for topological systems ([19,

Subsections VII.7-8], Section 7.1). Koopman ([47]) transferred the topic of measure

preserving systems into a Hilbert space setting and allowed the use of functional

analytic methods.

The study of these systems led to the mean ergodic theorems which deal with the

2



1.1. INTRODUCTION

convergence of the Cesàro averages

lim
n→∞

1

n

n−1∑
i=0

T if. (1.1)

In 1931, von Neumann ([59]) showed that this limit exists in L2 for the Koopman

operator Tφf := f ◦ φ of a measure preserving system (Ω,Σ, µ;φ) and equals the

projection onto the fixed space of Tφ. Birkhoff ([20]) subsequently showed that the

same statement holds for almost everywhere convergence and f ∈ L1(Ω,Σ, µ).

Latterly, the concept of the convergence in (1.1) has been generalised in many

directions by allowing more general operators, spaces or different dynamics such

as strongly continuous semigroups or representation of certain groups. The con-

vergence of these Cesàro averages is the central tool of this thesis connecting re-

currence properties and it is a recurrent theme throughout all chapters.

A simple consequence of the mean ergodic theorem, i.e the convergence of 1
N

N−1∑
n=0

Un

for a (suitable) operator U to the projection P onto Fix(U) along ran(Id− U), is

the following result which also implies Theorem 1. This shows that the orbit of

a unitary operator and certain vectors cannot be completely orthogonal to the

spanning vector.

Theorem 2. Let H be a Hilbert space, U a unitary operator on H with mean

ergodic projection P := limN→∞
1
N

N−1∑
n=0

Un and x ∈ H with Px 6= 0. Then there

exists n ∈ N such that

〈Unx, x〉 6= 0.

As with Poincaré recurrence, we do not need all natural numbers to obtain the

statement of Theorem 2. This hence motivates the following definition of operator

recurrence.

Definition 1.2 (Operator Recurrence). A set D ⊆ Z is operator recurrent

if, given a Hilbert space H, a unitary operator U on H and x with ‖x‖ = 1 and

3



CHAPTER 1. INTRODUCTION

Px 6= 0, there exists d ∈ D such that

〈Udx, x〉 6= 0.

Using the Koopman representation of an invertible measure preserving system as a

unitary operator on L2(Ω,Σ, µ), it is straightforward that every operator recurrent

set D is also Poincaré recurrent.

Fürstenberg ([37]) introduced a correspondence principle connecting number the-

oretical results with measure preserving systems (see, e.g. [48] for an overview).

Among other results, this shows that every Poincaré set D ⊆ N is intersective,

i.e. for all E ⊆ Z with dZ(E) := lim supn→∞
|E∩{−n,...,n}|

2n+1
> 0, there exists some

d ∈ D such that E ∩ (E + d) 6= ∅.

Theorem 3 (Fürstenberg). Let E ⊆ Z with dZ(E) > 0. Then there exists an

invertible measure preserving system (Ω,Σ, µ;φ) and A ∈ Σ such that

µ(A) = dZ(E)

and

µ(A ∩ φd(A)) ≤ dZ(E ∩ (E + d))

for all d ∈ Z.

In 1931, van der Corput ([26]) showed an interesting property of the natural num-

bers concerning the equidistribution mod 1 of sequences. We call hereby a sequence

(un)n∈N of real numbers equidistributed mod 1 if

lim
N→∞

1

N

N∑
n=1

1[a,b](un) = b− a

for all 0 ≤ a < b ≤ 1.

Theorem 4 (Van der Corput). Let (un)n∈N be a real sequence such that the dif-

ferences (un+d − un)n∈N are equidistributed mod 1 for all d ∈ N. Then (un)n∈N is

equidistributed mod 1.

4



1.1. INTRODUCTION

As in the case of Theorems 1 and 2, not all natural numbers are required for the

statement of Theorem 4. A set D ⊆ N is said to be van der Corput if, given a

real sequence (un)n∈N, the equidistribution mod 1 of (un+d − un)n∈N for all d ∈ D

implies the equidistribution mod 1 of (un)n∈N. Many examples have been found, in

particular the above mentioned Poincaré sets satisfy this van der Corput property.

Equidistribution however is a rather probabilistic topic. Weyl ([83]) had intro-

duced a criterion to transfer the question of equidistribution mod 1 into analytic

terminology.

Theorem 5 (Weyl). Let (un)n∈N be a real sequence. Then (un)n∈N is equidis-

tributed mod 1 if and only if

lim
n→∞

1

n

n−1∑
k=0

e2πiluk = 0

holds for all 0 6= l ∈ Z.

In view of Weyl’s theorem, van der Corput’s theorem now reads as follows.

Theorem 6 (Van der Corput (Revised)). Let (un)n∈N be a sequence such that

lim
n→∞

1

n

n−1∑
k=0

e2πiluk+de2πiluk = 0

holds for all 0 6= l ∈ Z and for all d ∈ N. Then

lim
n→∞

1

n

n−1∑
k=0

e2πiluk = 0

holds for all 0 6= l ∈ Z.

Another seemingly unrelated result of the natural numbers is the following theorem

([66]).

Theorem 7 (F. and M. Riesz). Let µ be a positive measure on T such that

µ̂(n) =

∫
T
x−n dµ(x) = 0

for all n ∈ N, then µ({1}) = 0.

5



CHAPTER 1. INTRODUCTION

For example, the Lebesgue measure λ on T satisfies λ̂(n) = 0 for all n ∈ N and

indeed λ({1}) = 0. F. and M. Riesz actually showed a much stronger result in

[66], i.e. that if the Fourier coefficients of a complex measure on T vanish, then

it is absolutely continuous, i.e. µ(A) = 0 for all Lebesgue null sets A and in par-

ticular µ({x}) = 0 for all x ∈ T. However, we consider only positive measures

and continuity at 1 in this thesis to set the corresponding FMRiesz set in relation

with other recurrence sets, especially with operator recurrence (using L2-spaces)

and with correlativity (through Lemma 2.17).

The connection of Theorem 7 with Theorem 6 becomes apparent by using the

positive-definiteness of d 7→ γ(d) := limn→∞
1
n

∑n−1
k=0 e

2πiluk+de2πiluk and the Bochner-

Herglotz theorem which yields a measure µ on T such that µ̂(n) = γ(n) for all

n ∈ Z.

The connection of Theorem 6 to harmonic analysis and Theorem 7 was introduced

by Wiener ([84]) and then studied in more depth in France (see for example [4],

[5], [18], [65], [25]). This topic was studied under the name “pseudo-aléatoires”

(pseudo-random) sequences or functions and the van der Corput theorem was re-

proven by harmonic analytic methods (for example [18]). This gives the inspiration

for the equivalence of correlativity and FMRiesz sets.

It is interesting to note that Theorem 2, Theorem 4, Theorem 6 and Theorem 7

share a close relation with each other although they look rather different at first

glance. It is one goal of this thesis to analyse and establish these relations in a

broader context.

The study of recurrence properties and their relations to each other was in par-

ticular started by Kamae and Mendès France ([42]) and Ruzsa ([70], [71]). Later

results ([2], [17], [23], [33], [55], [57], [60], [63]) extended these relations and Bergel-

son and Lesigne gave a good account of recurrence sets in Zk ([14]).

The motivation of this thesis comes from the study of recurrence sets D ⊆ R. All

6



1.2. NOTATION

properties of integer Poincaré or van der Corput sets can be restated in terms of

real numbers and do not rely on the discrete integer structure. In fact, it turns

out that rather the mean ergodic theorem and the interplay between a group and

its dual group are the key element for the characterisations to hold. This is in

particular the case when dealing with FMRiesz and its connection to other recur-

rence properties, and hence with the Fourier transform and the Bochner-Herglotz

theorem. In the integer situation, the duality of Z and T may not be expressed

explicitly, but the proofs are based on the same principles and methods such as

the Fourier transform.

An extensive study of such general recurrence sets D ⊆ R has not yet been done

to our knowledge, the most general studies are concerned with van der Corput

sets D ⊆ Zk ([6], [8], [14], [16]) as well as with the set R itself in the topic of

pseudo-random functions ([4], [5], [18]). Additionally, there are some results about

the connection of Poincaré recurrence and combinatorial recurrence (e.g. [11], [82,

Section 6], [38, Section 2]).

The results in this thesis are almost all formally new. However, in particular the

results in Chapter 3 and 6 follow with minor modifications from the existing in-

teger proofs. We indicate this by giving a reference “compare [X]” between the

statement and the proof. On the other hand, Theorem 10 with the equivalence of

integer and real operator recurrence for a set D ⊆ Z and Theorem 11 about the

reduction of recurrence sets have no precedent.

1.2 Notation

In this thesis, we deal with various notions of recurrence which are defined in detail

in Chapter 3 (particularly in Section 3.1). We call a set D recurrent without

further specification if it satisfies one of the properties listed in Theorems 8 or

9 and we similarly use the term recurrence property to indicate one of these

7



CHAPTER 1. INTRODUCTION

properties without further specification. This name is motivated by properties

such as Poincaré recurrence and combinatorial recurrence, but also applies to the

other properties due to the close relationship between each other, and we use it in

particular to talk about general behaviour of these properties.

When we deal with recurrence sets, two types of recurrence phenomena appear:

Asymptotic recurrence and recurrence due to continuity at 0. We say that a set D

satisfies a recurrence property asymptotically or “at∞” if it is recurrent and

if there exists ε > 0 such that D\(−ε, ε) satisfies the same recurrence property. We

show in Proposition 5.4 for strong operator recurrence, strong recurrence, operator

recurrence and Poincaré that we can choose ε arbitrarily large if 0 is not a limit

point. When we consider N or Z, only such asymptotic recurrence sets appear.

However, with the extension to the real numbers, we have to consider continuity at

0. We say that a set D satisfies a “bounded” recurrence property or “around

0” if it is recurrent and if there is M > 0 such that D ∩ (−M,M) satisfies the

same recurrence property. Bounded recurrence sets of recurrence properties with

continuity are identified as the ones having 0 as a limit point (Section 4.1) and we

can then choose M arbitrarily small.

Particularly in Chapter 5, we consider recurrence properties with continuity and we

sometimes need to exclude 0 as a limit point of D. In this case, there exists ε̃ > 0

for each D such that D ∩ (−ε̃, ε̃) = ∅. We write D ⊆ R∗ where R∗ := R\(−ε̃, ε̃) to

indicate that 0 is not a limit point of D and we assume hereby that ε̃ is implicitly

given by D such that D ∩ (−ε̃, ε̃) = ∅. We can choose ε̃ arbitrarily small, so for

simplicity, we set 0 < ε̃ < 1 to avoid the consideration of extra cases when the

connection with integer properties comes in the play.

When dealing with a locally compact abelian group, we use the (possibly non-finite)

Haar measure which is the unique (up to a positive factor) rotation invariant

positive measure defined on the Borel sets of G (see also Definition 7.23) and

8



1.3. OVERVIEW AND MAIN RESULTS

denote it by λ. When the Haar measure on a group G is finite (for example on the

Torus T = {e2πix : x ∈ [0, 1)}), we assume it to be normalised, i.e λ(G) = 1. All

measures except for λ are assumed to be positive and finite unless noted otherwise

(see also the comment after Theorem 7). We assume throughout the thesis that

sets are measurable with respect to the corresponding σ-algebras and we assume

it to be the Borel σ-algebra if not stated otherwise. We note that the assumption

of measurability for recurrence sets D ⊆ R can be dropped if we do not consider

the property KMF.

All operators are assumed to be linear and bounded if not noted otherwise. We

call an operator T contractive if ‖T‖ ≤ 1. An operator on a Hilbert space H

is unitary if TT ∗ = T ∗T = Id and a lattice isomorphism on L2(Ω,Σ, µ;R) if

it is additionally positive. A (semi)group of operators on a Hilbert space H is

given through a family of operators (Tt)t∈R or (Tt)t≥0 such that TtTs = Tt+s and

T0 = Id. If t 7→ Ttx is continuous for all x ∈ H, we call it strongly continuous

and strongly measurable if t 7→ Ttx is measurable ([3, Subsection A.1.1]) for all

x ∈ H.

We follow the common misuse of notation and consider functions f ∈ Lp(Ω,Σµ)

instead of equivalence classes. Hence, the corresponding equations are only to be

understood almost everywhere.

1.3 Overview and Main Results

The main focus of this thesis is real recurrence in various forms. Our main moti-

vation and focus hereby is in particular the treatment of operator recurrence and

Poincaré recurrence as well as strong operator recurrence and strong recurrence.

Definition 1.3 (Poincaré Recurrence). A set D ⊆ R is Poincaré or Poincaré

recurrent if, given a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0, there

9



CHAPTER 1. INTRODUCTION

exists d ∈ D such that

µ(A ∩ φd(A)) > 0.

Definition 1.4 (Operator Recurrence). A set D ⊆ R is operator recurrent if,

given a Hilbert space H, a strongly continuous unitary group (Tt)t∈R on H and

x ∈ H with ‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Definition 1.5 (Strong Recurrence). A set D ⊆ R is strongly recurrent if,

given a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0, we have

lim sup
|d|→∞,d∈D

µ(φd(A) ∩ A) > 0.

Definition 1.6 (Strong operator recurrence). A set D ⊆ R is strongly operator

recurrent if, given a Hilbert space H, a strongly continuous unitary group (Tt)t∈R

on H and x ∈ H with ‖x‖ = 1 and Px 6= 0, we have

lim sup
|d|→∞,d∈D

|〈Tdx, x〉| > 0.

The following implications follow easily, both for integers and reals, but they also

give a framework for all other properties which are defined in detail in Chapter

3. Whenever we think of recurrence sets, we have one of these four properties in

mind. This is motivated by the results for integer recurrence where every recurrence

property is equivalent to one of these four (see Theorem 8 below).

Strong operator recurrence

Strong recurrenceOperator recurrence

Poincaré

10



1.3. OVERVIEW AND MAIN RESULTS

In Chapter 2, we introduce notation and preliminary results. We discuss top-

ics which are requisite in the later proofs, in particular, we discuss the Fourier

transform, the Bochner-Herglotz theorem, measure preserving systems and their

operator theoretical analogues, mean ergodicity, equidistribution and a version of

the strong law of large numbers. We also include some lemmata which are used

throughout the thesis.

In Chapter 3, we introduce recurrence properties and their relations to each other.

In Section 3.1, we define the main recurrence properties for a set D ⊆ R in a pre-

cise way. We focus hereby on those properties which we consider in more detail in

the subsequent chapters. In Section 3.2, we show how these properties are linked

with each other and introduce additional properties. The following theorem gives

an overview over the integer results ([14], [17], [42], [57], [60], [63], [70], [71]).

Theorem 8. Let D ⊆ Z. Then all integer properties within one of the following

groups are equivalent to each other.

(i) Poincaré, spectral Poincaré, combinatorial recurrence, intersectivity, real cor-

relativity.

(ii) Operator recurrence, FMRiesz, Kamae and Mendès France, van der Corput,

correlativity.

(iii) Strong recurrence, strong combinatorial recurrence, strong correlativity.

(iv) Strong operator recurrence, FC+, enhanced van der Corput.

We have to distinguish two types of real recurrence properties, recurrence with

continuity assumptions (e.g. using strongly continuous groups in operator recur-

rence) and recurrence without continuity, but with corresponding measurability

assumptions (e.g. using strongly measurable groups in operator recurrence).

Most of the relations in Theorem 8 are true for real recurrence sets without con-

tinuity, but in particular the proof of the equivalence of operator recurrence and

correlativity uses FMRiesz as intermediate step which contains a natural continu-

11



CHAPTER 1. INTRODUCTION

ity assumption due to the continuity of µ̂. Hence, it is not clear if correlativity

implies operator recurrence.

For real recurrence with continuity, we still have the equivalences in (ii) and (iv)

as in Theorem 8 and the implications

real correlativity⇒ Poincaré⇒ continuous combinatorial recurrence,

but it is unclear if any of the reverse implications hold. Summarising, the final

result of Section 3.2 is the following theorem.

Theorem 9. Let D ⊆ R. Then all properties within the following groups are

equivalent to each other.

(i) Poincaré without continuity, combinatorial recurrence, real correlativity without

continuity.

(ii) Van der Corput without continuity, correlativity without continuity.

(iia) Operator recurrence, FMRiesz, van der Corput, correlativity.

(iii) Strong recurrence without continuity, strong combinatorial recurrence, strong

correlativity without continuity.

(iv) Strong operator recurrence, FC+, enhanced van der Corput.

In addition, we have the implications

combinatorial recurrence⇒ intersectivity,

real correlativity⇒ Poincaré

⇒ continuous combinatorial recurrence

⇒ continuous intersectivity,

operator recurrence without continuity⇒ correlativity without continuity,

strong correlativity⇒ strong recurrence

⇒ strong continuous combinatorial recurrence,

12



1.3. OVERVIEW AND MAIN RESULTS

strong operator recurrence without continuity

⇒ enhanced van der Corput without continuity.

Up to that point, only the relation between recurrence sets is analysed. In Chapter

4, we focus on examples of recurrence sets. In Section 4.1, we consider rather trivial

examples such as N, R\(−ε, ε) or the characterisation of bounded recurrence sets.

These examples yield also some classical theorems such as the van der Corput

theorem.

In Section 4.3, we discuss how real recurrence and integer recurrence are related

for a set D ⊆ Z. It is rather straightforward that every Z-recurrent set is also R-

recurrent. We show that we even have equivalence for strong operator recurrence

and operator recurrence (and hence for all properties which are equivalent to them).

Theorem 10. Let D ⊆ Z. Then Z-recurrence and R-recurrence coincide for strong

operator recurrence and operator recurrence.

We also show that we obtain the equivalence of Z-recurrence and R-recurrence if

we consider recurrence properties without continuity assumptions.

Using these results, we obtain further interesting examples of recurrence sets using

integer results. We conclude the chapter by discussing the sets { 1
log p

: p prime}

and {log p : p prime}. These examples differ from the previous examples as they

do not come directly from an integer set.

It is immediate that we can always enlarge a recurrence set without losing its

recurrence property. The converse is less obvious. In Chapter 5, we discuss several

ways to reduce a recurrence set. We show hereby the following theorem.

Theorem 11. Let D ⊆ R∗ be strongly operator recurrent (operator recurrent,

strongly recurrent, Poincaré), and let N ∈ N, s > 0 and ε with 0 < ε < s
2

be given.

13
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Then there exists a countable set

D̃ ⊆
⋃
|n|>N

([sn− ε, sn+ ε] ∩ D)

which is still strongly operator recurrent (operator recurrent, strongly recurrent,

Poincaré). If D is strongly operator recurrent (strongly recurrent), then there exists

a set D̃ ⊆ D which additionally satisfies that D̃ ∩ [−N,N ] is finite for all N > 0

and which is still strongly operator recurrent (strongly recurrent).

In Chapter 6, we discuss the problem if there exists a set D ⊆ R which is intersec-

tive, but not FMRiesz. For the integer setting, Bourgain ([23]) constructed such a

set. We extend this result to the real setting by using our results from Section 4.3

and we also show a corresponding result for intersectivity and strong combinatorial

recurrence based on an integer example of Forrest ([33]). We also characterise the

existence of a set which is intersective and not FMRiesz in terms of certain families

of vectors in a Hilbert space.

Theorem 12. There exists a set D ⊂ R∗ which is intersective, but not FMRiesz.

There exists a set D ⊂ R∗ which is intersective, but not strongly combinatorially

recurrent.

In Chapter 7, we indicate how to further extend the topic of recurrence sets.

We firstly note that we restrict our considerations in this thesis on four groups

of recurrence properties (strong operator recurrence, operator recurrence, strong

recurrence and Poincaré recurrence with their variants). One can obtain new recur-

rence properties by varying the type of recurrence and, as an example, we consider

topological recurrence in Section 7.1.

We restrict ourselves to the study of the qualitative analysis of these sets. How-

ever, a quantitative analysis can be done in a similar way as for the integers by

introducing certain “measures” corresponding to a recurrence property. In Section

14



1.3. OVERVIEW AND MAIN RESULTS

7.2, we introduce the quantitative analysis of recurrence sets and give an example

of a quantitative relation.

We lastly note that most proofs in Section 7.3 rely essentially on dual groups and

the mean ergodic theorem. It is therefore straightforward to extend the topic of

recurrence sets to locally compact abelian groups and in particular to Rk and Zk.

While the setting for Rk and Zk is similar to R and Z, it requires some more

background details for a general locally compact abelian group. In Section 7.3, we

introduce the setting for locally compact abelian groups and, as an example, we

prove the equivalence of operator recurrence and FMRiesz.

15



Chapter 2

Preliminaries

2.1 Measure Preserving Systems and the Mean

Ergodic Theorem

A recurrent topic in this thesis are measure preserving systems and the mean

ergodic theorem. They build the basis for strong operator recurrence, operator

recurrence, strong recurrence and Poincaré recurrence.

Definition 2.1 (Measure Preserving System). A measure preserving system

(mps) is a probability space (Ω,Σ, µ) with a group of measure-preserving invertible

transformations (φn)n∈Z or (φt)t∈R on (Ω,Σ, µ) such that φtφs = φt+s = φsφt for

all t, s ∈ R and where t 7→ φt is strongly measurable, i.e. f ◦φt is measurable for all

f ∈ L2(Ω,Σ, µ), or such that φnφm = φn+m = φmφn for all n,m ∈ Z, respectively.

Remark 2.2. Every mps induces an operator Tφ, called the Koopman operator, or

a group (T φt )t∈R on the Hilbert space L2(Ω,Σ, µ) which are defined by Tφf := f ◦φ

and T φt f := f ◦φt (see [29, Section 2.4]). The operators Tφ and T φt are unitary and

positive, and they reflect the behaviour of the original mps, but also allow the use

of linear operator theory.

16
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THEOREM

Definition 2.3 (Strongly Continuous Measure Preserving System). A strongly

continuous measure preserving system (scmps) is a measure preserving sys-

tem (Ω,Σ, µ; (φt)t∈R) such that its Koopman representation (L2(Ω,Σ, µ); (T φt )t∈R)

is strongly continuous or, equivalently, such that limt→s µ(φt(A)4 φs(A)) = 0 for

all t, s ∈ R and A ∈ Σ.

Using the Koopman representation and density arguments, we obtain the following

characterisation of measure preserving.

Lemma 2.4. A scmps is measure preserving if and only if
∫

Ω
T φt fdµ =

∫
Ω
fdµ for

all f ∈ L2(Ω,Σ, µ) or a dense subspace thereof.

We set ∮ b

a

f(t) dλ(t) :=
1

b− a

∫ b

a

f(t) dλ(t)

and ∮
R
f(t) dλ(t) := lim

T→∞

1

2T

∫ T

−T
f(t) dλ(t). (2.1)

whenever the limit exists. If f is vector-valued, then the integral on the right-hand

side is to be understood as a Bochner integral ([3, Section 1.1]). The function f

will usually be given by (Ttx)t∈R, (µ(φt(A) ∩ A))t∈R or µ̂, so is often in particular

continuous, and the Bochner integral then coincides with the Riemann integral

([40]).

The next result gives an estimate about the averaged recurrence (compare [29,

Theorem 3.1.7]).

Theorem 2.5 (Khintchine). Let (Ω,Σ, µ;φ) be a mps and µ(A) > 0. Then

lim
n→∞

1

n

n−1∑
j=0

µ(φn(A) ∩ A) ≥ (µ(A))2.

Let (Ω,Σ, µ; (φt)t∈R) be a scmps and µ(A) > 0. Then∮
R
µ(φt(A) ∩ A) dλ(t) ≥ (µ(A))2.

17
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The convergence of (2.1) plays an important role for recurrence set as it connects

all properties with each other. The mean ergodic theorems 2.7 and 2.8 yield the

convergence of (2.1) towards the orthogonal projection onto the corresponding

fixed space for a strongly continuous group of contractions (see [27, Proposition

Y.2 and Theorem Y.4], [49, Theorem 6.4.1], [29, Corollary 8.15]).

We occasionally write PN and PR instead of P to denote the mean ergodic projec-

tion corresponding to a single operator or a strongly continuous group as well as

other appropriate indications if the context is not clear.

Definition 2.6 (Mean Ergodic). We call an operator T on a Hilbert space H

mean ergodic if the corresponding mean ergodic projection

PNx := lim
N→∞

1

N

N−1∑
n=0

T nx (2.2)

onto Fix(T ) along ran(Id− T ) exists in ‖·‖.

We call a strongly continuous group T = (Tt)t∈R ⊂ L(H) on a Hilbert space H

mean ergodic if the corresponding mean ergodic projection

PRx := lim
T→∞

∮ T

−T
Ttxdλ(t) (2.3)

onto Fix(T ) along lin{(Id− Tt)x : x ∈ H, t ∈ R} exists for all x ∈ H in ‖·‖.

We note that a mean ergodic operator T induces the decomposition

H = Fix(T )⊕ ran(Id− T ), (2.4)

and similarly a strongly continuous group of operators on H induces the decom-

position

H = Fix((Tt)t∈R)⊕ lin{(Id− Tt)x : x ∈ X, t ∈ R},

Theorem 2.7. Let (Tt)t∈R ⊂ L(H) with a Hilbert space H be a strongly continuous

group of contractions on H. Then (Tt)t∈R is mean ergodic. If H = L2(Ω,Σ, µ) with

the Koopman representation of a scmps (Ω,Σ, µ; (φt)t∈R), then the convergence of

(2.3) is also almost everywhere.

18
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The convergence of its discrete variant, Px := limn→∞
1
N

∑N−1
n=0 T

nx, was proven

for the L2-norm by von Neumann ([59]) and almost everywhere by Birkhoff ([20]).

Theorem 2.8. Let T be a contraction on a Hilbert space H. Then T is mean

ergodic. If H = L2(Ω,Σ, µ) with the Koopman representation of a mps (Ω,Σ, µ;φ),

then the convergence of (2.2) is also almost everywhere.

Remark 2.9. We call an scmps (Ω,Σ, µ; (φt)t∈R) ergodic if µ(φt(A)) = µ(A) for

all t ∈ R implies µ(A) ∈ {0, 1}. We then have∮
R
(T φt f)(ω)dλ(t) =

∫
Ω

f dµ

for almost every ω ∈ Ω.

Lemma 2.10. Let T = (Tt)t∈R,S = (St)t∈R be two mean ergodic groups on a

Hilbert space H with mean ergodic projections PT and PS such that Fix(T ) ⊆

Fix(S). Then PT x 6= 0 implies PSx 6= 0.

Proof. We note that Px = 0 if and only if 〈x, y〉 = 0 for all y ∈ Fix(T ) by

the mean ergodic decomposition in Theorems 2.7 and 2.8. As 〈x, y〉 = 0 for all

y ∈ Fix(S) would imply 〈x, y〉 = 0 for all y ∈ Fix(T ) and hence PTx = 0, we

obtain PSx 6= 0.

Lemma 2.11. Let (Ω,Σ, µ; (φt)t∈R) be a scmps and E ∈ Σ with µ(E) > 0. Then

P1E 6= 0.

Proof. For a contradiction, let us assume P1E = 0. Then 〈1E, x〉 = 0 for all

x ∈ Fix((T φt )t∈R). However, 1 ∈ Fix((T φt )t∈R), hence, 0 < µ(E) = 〈1E,1〉 = 0,

yielding a contradiction.

Definition 2.12 (Upper Density). We define the upper density of a set A as

follows.

For A ⊆ N, we set

dN(A) := lim sup
n→∞

|A ∩ {1, . . . , n}|
n

.
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For A ⊆ Z, we set

dZ(A) := lim sup
n→∞

|A ∩ {−n, . . . , n}|
2n+ 1

.

For A ⊆ R, we set

dR(A) := lim sup
T→∞

1

2T

∫ T

−T
1A(t) dλ(t).

Similarly, we define the densities dN, dZ and dR as the corresponding limits when-

ever they exists.

2.2 Fourier Transform and Bochner-Herglotz

Definition 2.13 (Fourier Transform of a Measure). Let µ be a measure on R.

Then its Fourier transform µ̂ is defined by

µ̂(t) :=

∫
R
e−2πitx dµ(x)

for t ∈ R.

Remark 2.14. We have ∫
R

∣∣e−2πitx
∣∣ dµ(x) = µ(R) <∞

for all t ∈ R. Hence the Fourier transform µ̂ of a finite measure µ always exists.

The Fourier transform µ̂ of a finite measure µ is continuous ([67, 1.3.2]) and satisfies

µ̂(0) = µ(R) and, given 0 6= µ, we have µ̂(t) 6= 0 for a neighbourhood around 0.

Definition 2.15 (Positive-Definite). A function f : R→ C is positive-definite

if f(−t) = f(t) for all t ∈ R and

n∑
i=1

n∑
j=1

αiαjf(ti − tj) ≥ 0

for all n ∈ N, α1, . . . , αn ∈ C and t1, . . . , tn ∈ R.
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The following Bochner-Herglotz theorem ([67, 1.4.3]) yields the connection of

Fourier transforms and positive-definite functions.

Theorem 2.16 (Bochner-Herglotz). Let f : R → C be continuous and positive-

definite. Then there exists a measure µ on R such that

µ̂(t) = f(t)

for all t ∈ R.

Lemma 2.17. Let µ be the Bochner-Herglotz measure associated to the positive-

definite and continuous function f . Then

µ({0}) =

∮
R
f(t) dλ(t).

Proof. Let x = 0. Then∮
R
e−2πitx dλ(t) =

∮
R
1(t) dλ(t) = lim

T→∞

1

2T

∫ T

−T
1(t) dλ(t) = lim

T→∞

2T

2T
= 1.

Let x > 0 and T = n
x

+ r with n ∈ N and 0 ≤ r < 1
x
. Then∣∣∣∣ lim

T→∞

1

2T

∫ T

−T
e−2πitx dλ(t)

∣∣∣∣
≤ lim

T→∞

1

2T

∣∣∣∣∣
∫ n

x

−n
x

e−2πitx dλ(t)

∣∣∣∣∣+ lim
T→∞

1

2T

∣∣∣∣∣
∫ T

n
x

e−2πitx dλ(t)

∣∣∣∣∣
+ lim

T→∞

1

2T

∣∣∣∣∣
∫ −n

x

−T
e−2πitx dλ(t)

∣∣∣∣∣
≤ lim

T→∞

1

2T

[
i

2πx
e−2πitx

]n
x

−n
x

+ 2 lim
T→∞

r

2T
= 0,

and similarly for x < 0, hence,∮
R
e−2πitx dλ(t) = 1{0}(x). (2.5)

We further have

µ({0}) =

∫
R

1{0}(x) dµ(x)
(2.5)
=

∫
R

∮
R
e−2πitx dλ(t) dµ(x)

2.31
=

∮
R

∫
R
e−2πitx dµ(x) dλ(t) =

∮
R
µ̂(t) dλ(t) =

∮
R
f(t) dλ(t).
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2.3 The Strong Law of Large Numbers

We prove a version of the strong law of large numbers for continuous parameters

in this section. We follow hereby the approach of [54] for integers.

We consider a random variable given through the integral
∫ T

0
Xt dλ(t) of a suitable

bounded family (Xt)0≤t≤T of random variables. This integral is to be understood

pathwise, i.e. we consider

ω 7→
∫ T

0

Xt(ω) dλ(t)

for (almost) every ω ∈ Ω.

Without loss of generality, we assume T ∈ N as the fractional part of T yields

a term tending to zero in the strong law of large numbers. We use the following

lemmata ([28], [54, Lemma 2-3]).

Lemma 2.18. Let (an)n∈N be a sequence of nonnegative numbers with

∞∑
n=1

an
n
<∞.

Then there exists a subsequence (ank)k∈N such that
∑∞

k=1 ank <∞ and nk+1

nk
→ 1.

Lemma 2.19. Let (Yn)n∈N be a sequence of random variables with

∞∑
n=1

E
[
|Yn|2

]
<∞.

Then Yn → 0 holds almost surely.

Theorem 2.20. Let (Xt)t≥0 be a family of random variables with mean 0 which

is uniformly bounded by M > 0, has measurable paths and satisfies

∞∑
T=1

1

T
E

[∣∣∣∣ 1

T

∫ T

0

Xt dλ(t)

∣∣∣∣2
]
<∞.

Then the strong law of large numbers holds, i.e.∮ ∞
0

Xt dλ(t) = 0

almost surely.
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Proof. We define new random variables YT :=
∮ T

0
Xt dλ(t). Then by assumption,

we have
∑∞

T=1

E[|YT |2]
T

< ∞, hence, by Lemma 2.18, there exists a subsequence

(Tk)k∈N such that
∑∞

k=1 E
[
|YTk |

2] <∞ and Tk+1

Tk
→ 1. Lemma 2.19 implies YTk → 0

almost surely, i.e.
∮ Tk

0
Xt dλ(t)→ 0 almost surely. We further have

max
0≤s≤Tk+1−Tk

∣∣∣∣ 1

Tk

∫ Tk+s

Tk

Xt dλ(t)

∣∣∣∣
≤M max

0≤s≤Tk+1−Tk

Tk + s− Tk
Tk

≤M
Tk+1 − Tk

Tk

k→∞−→ 0.

Let Tk+1 ≥ T ≥ Tk. Then we have∣∣∣∣ 1

T

∫ T

0

Xt dλ(t)

∣∣∣∣ ≤ ∣∣∣∣ 1

Tk

∫ Tk

0

Xt dλ(t)

∣∣∣∣+ max
0≤s≤Tk+1−Tk

∣∣∣∣ 1

Tk

∫ Tk+s

Tk

Xt dλ(t)

∣∣∣∣ k→∞−→ 0

almost surely.

By considering∮
R
Xt dλ(t) = lim

T→∞

∮ T

−T
Xt dλ(t) = lim

T→∞
2

∮ 0

−T
Xt dλ(t) + 2 lim

T→∞

∮ T

0

Xt dλ(t)

= 2

∮ 0

−∞
Xt dλ(t) + 2

∮ ∞
0

Xt dλ(t),

we obtain the following result.

Theorem 2.21. Let (Xt)t∈R be a family of random variables with mean 0 which

is uniformly bounded by M > 0, has measurable paths and satisfies

∞∑
06=T=−∞

1

|T |
E

[∣∣∣∣ 1

|T |

∫ T

0

Xt dλ(t)

∣∣∣∣2
]
<∞. (2.6)

Then the strong law of large numbers holds, i.e.∮
R
Xt dλ(t) = 0

almost surely.

Remark 2.22. Given a family of uniformly bounded random variables (Xt)t∈R

with possibly E[Xt] 6= 0, where t 7→ E[Xt] is measurable and such that∮
R
E[Xt] dλ(t)
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exists, we consider (Xt−E[Xt])t∈R. If the family (Xt−E[Xt])t∈R satisfies Condition

(2.6), then the statement of Theorem 2.21 still holds and we have∮
R
(Xt − E[Xt]) dλ(t) = 0

almost surely, hence, ∮
R
Xt dλ(t) =

∮
R
E[Xt] dλ(t)

almost surely.

2.4 The Sets l∞∗ (R), l∞c (R) and l∞cc (R)

In order to work with the van der Corput and correlativity property, we introduce

the space l∞∗ (R) as well as the sets l∞c (R) and l∞cc (R).

We set l∞∗ (R) as the space of all measurable and bounded functions on R which

coincides with the usual L∞(R) (i.e. without identifying of functions which coincide

outside a null set). We introduce the set l∞c (R) as it provides the right setting to

consider a continuous version of correlativity on R. We assume for f ∈ l∞c (R) that

f is measurable and bounded such that∮
f(t) dλ(t)

exists and where

γ(s) :=

∮
R
f(t+ s)f(t) dλ(t)

exists for all s ∈ R and is continuous.

We define l∞cc (R,R) as the set of all measurable, bounded and R-valued functions f

on R such that e2πikf ∈ l∞c (R,T) for all k ∈ Z. For a given compact abelian group

K, we set l∞cc (R, K) as the set of all measurable, bounded and K-valued functions

f on R such that χ ◦ f ∈ l∞c (R) for all χ ∈ K∗ (see Section 7.3 for more details on
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the dual group K∗).

It is a priori not clear that the sets l∞c (R) and l∞cc (R) are non-trivial nor that they

are distinct from l∞∗ (R). The set l∞c (R) is non-trivial since it contains for example

f1 defined by f1(t) := btc satisfying
∮
R f1(t) dλ(t) = 1

2
and

∮
R f1(t+d)f1(t) dλ(t) =

1
3
− 1

2
bdc+ 1

2
bdc2 for all d ∈ R which is continuous.

However, it is distinct from l∞∗ (R,R). Consider g ∈ l∞(Z) with g(n) := (−1)m−1

for 2m ≤ |n| < 2m+1 and g(0) = 1. We define f2 recursively by setting f2(t) := 1

for t ∈ [0, 1), f2(t) := g(n−1)
f2(t−1)

for n > 0 and t ∈ [n, n + 1) and f2(t) := g(n)
f2(t+1)

for

n < 0 and t ∈ [n, n+ 1). Then∮ N

−N
f2(t+ 1)f2(t) dλ(t) =

1

2N

N−1∑
n=−N

f2(n+ 1)f2(n) =
1

2N

N−1∑
k=−N

g(n)

does not converge as N →∞, and hence, we have f2 ∈ l∞∗ (R), but f2 /∈ l∞c (R).

The set l∞cc (R,R) is non-trivial and clearly distinct from l∞c (R,R) as it contains f2

since e2πikf2(t) = 1 for all k ∈ Z. However it is also distinct from l∞∗ (R,R). To see

this, consider f3 defined by f3(t) := 1
4

+ 1
4
f2(t). Then f3 ∈ l∞∗ (R), but∮ N

−N
e2πif3(t+1)e−2πif3(t) dλ(t) =

∮ N

−N
f2(t+ 1)f2(t) dλ(t)

does not converge as N →∞, hence, f3 /∈ l∞cc (R,R).

For l∞cc (R, K) and K = T, consider f4(t) = e2πit. Then∮
R
χk(f4(t+ d))χk(f4(t)) dλ(t) =

∮
R

(
e2πi(t+d)

)k (
e−2πit

)k
dλ(t)

=

∮
R
e2πikd dλ(t) = e2πikd

which is continuous, and
∮
R χk(f4(t)) dλ(t) = 0 holds for all k ∈ Z, hence, f4 ∈

l∞cc (R,T). For k = Z3, consider f5 defined by

f5(t) :=


0, btc ∈ [0, 1

3
),

1, btc ∈ [1
3
, 2

3
),

2, btc ∈ [2
3
, 1)
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which satisfies
∮
R f5(t) dλ(t) = 0 and

∮
R
f5(t+ d)f5(t) dλ(t) =


1− 3d+ 3dχ(2), 0 ≤ bdc < 1

3
,

(1− 3d)χ(2) + 3dχ(1), 1
3
≤ bdc < 2

3
,

(1− 3d)χ(1) + 3d, 2
3
≤ bdc < 1

for all χ ∈ Z∗3, hence, f5 ∈ l∞cc (R,Z3).

We need these continuity assumptions on l∞c (R) and l∞cc (R) in particular to relate

correlativity and van der Corput to properties such as FMRiesz as it includes

a natural continuity assumption. If we consider recurrence properties without

continuity, we consider l∞∗ (R) instead.

These sets have not yet been introduced to our knowledge, but are based on the

definition of “pseudo-random” functions or sequences as discussed for example by

Bass ([4], [5]) and Bertrandias ([18]). A pseudo-random function as defined by Bass

([4, Section 2], [5, Section 6]) is a function f ∈ l∞c (R,C) such that f |(−∞,0) = 0,∮
R f(t) dλ(t) = 0, γ(0) = 0 and lim|d|→∞ γ(d) = 0. This definition combines the

set l∞c (R,C) with a variant of correlativity for functions with values in C instead

of T (compare Definition 3.54). Such a correlative set D gives a criterion for f to

be pseudo-random. A non-trivial function f ∈ l∞c (R,C) with f |(−∞,0) = 0 is hence

pseudo-random if it satisfies
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D.

There is a translation invariant Banach limit L on l∞∗ (R) extending
∮
R · dλ(t) ([41,

Example 0.3-0.4]) and we define an inner product on l∞∗ (R) by

〈f, g〉 := L(fg)

for f, g ∈ l∞∗ (R). We factor out the Kernel and we obtain a pre-Hilbert space with

completion H. For f, g ∈ l∞c (R), we have

〈f, g〉 =

∮
R
f(t)g(t) dλ(t)
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Lemma 2.23. We have f ∈ l∞c (R) if and only if Ttf is continuous (continuous at

0) with respect to ‖·‖ for the extension of the shift group (Tt)t∈R on H and∮
R
f(t) dλ(t)

exists.

Proof. Let t 7→ Ttf be continuous. Then

|γ(d)− γ(s)| =
∣∣∣∣∮

R
(f(t+ d)− f(t+ s)) f(t) dλ(t)

∣∣∣∣ = |〈Tdf − Tsf, f〉|

CS

≤ ‖Tdf − Tsf‖‖f‖
d→s−→ 0.

Now let f ∈ l∞c (R) and s ≥ t. We first note that the shift group is unitary on H

since the mean is rotation invariant. Then

‖Ttf − Tsf‖2 = ‖Tt−sf − f‖2 = 〈Tt−sf, Tt−sf〉+ 〈f, f〉 − 2<〈Tt−sf, f〉

= 2‖f‖2 − 2<〈Tt−sf, f〉 = 2‖f‖2 − 2<
∮
R
f(g + t− s)f(g) dλ(g)

t−s→0−→ 0.

The van der Corput property deals with equidistributed functions. We define

equidistribution mod 1 by one of the equivalent statements in Definition 2.24

(Compare [29, Section 4.4], [51, Section 1.9]).

Definition 2.24. A function f ∈ l∞∗ (R, [0, 1]) is equidistributed mod 1 if one

of the following equivalent criteria hold.

(i) Equidistribution mod 1:
∮
R(1[a,b] ◦ f)(t) dλ(t) = b− a for all 0 ≤ a < b ≤ 1.

(ii) Weyl criterion:
∮
R e

2πikf(t) dλ(t) = 0 for all 0 6= k ∈ Z.

2.5 Lemmata

We collect some lemmata here which are used throughout the thesis.
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Lemma 2.25. Let bT → 1. Then lim sup
T→∞

aT bT = lim sup
T→∞

aT .

Lemma 2.26. Let bT → 0. Then lim sup
T→∞

(aT + bT ) = lim sup
T→∞

aT .

Lemma 2.27. Let H be a Hilbert space, (Tt)t∈R be a strongly continuous unitary

group on H and x ∈ H. Then fx(t) := 〈Ttx, x〉 is uniformly continuous and

positive-definite.

Proof. Let ε > 0 be given and δε > 0 be such that ‖x− Ttx‖ < ε for all |t| < δε by

the strong continuity of (Tt)t∈R and, without loss of generality, let ‖x‖ = 1. Let

|t− s| < δε. Then we have

|fx(t)− fx(s)| = |〈Ttx, x〉 − 〈Tsx, x〉| = |〈Ttx− Tsx, x〉| ≤ ‖Ttx− Tsx‖ · ‖x‖

= ‖Ttx− Tsx‖ ≤ ‖Tt‖ · ‖x− Ts−tx‖ = ‖x− Ts−tx‖ ≤ ε,

the map t 7→ 〈Ttx, x〉 is hence uniformly continuous. We further have

n∑
i=1

n∑
j=1

αiαjf(ti − tj) =
n∑
i=1

n∑
j=1

αiαj〈Tti−tjx, x〉 =
n∑
i=1

n∑
j=1

αiαj〈Ttix, Ttjx〉

= 〈
n∑
i=1

αiTtix,
n∑
j=1

αjTtjx〉 ≥ 0

for all n ∈ N, α1, . . . , αn ∈ C and t1, . . . , tn ∈ R and

fx(t) = 〈Ttx, x〉 = 〈x, Ttx〉 = 〈T−tx, x〉 = fx(−t).

Lemma 2.28. Let H be a Hilbert space, (Tt)t∈R be a strongly continuous unitary

group on H, x ∈ H and fx(t) := 〈Ttx, x〉. Let |fx(t0)| > M̃ for some t0 ∈ R and

some M̃ > 0. Then there exists M > 0 and δM > 0 such that |fx(t)| > M for all

t ∈ (t0 − δM , t0 + δM).

Proof. The function fx is uniformly continuous by Lemma 2.27, hence, given ε > 0,

there exists δ > 0, such that |fx(t)− fx(t0)| < ε for all t ∈ (t0 − δ, t0 + δ). Now we
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choose M := M̃
2

and ε := M . Hence, we obtain δ > 0 such that

|fx(t)| > |fx(t0)| − ε > M

for all t ∈ (t0 − δ, t0 + δ).

As corollaries, we obtain the following lemmata.

Lemma 2.29. Let (Ω,Σ, µ; (φt)t∈R) be a scmps and µ(A) > 0. Then

fA(t) := µ(φt(A) ∩ A)

is uniformly continuous and positive-definite.

Lemma 2.30. Let (Ω,Σ, µ; (φt)t∈R) be a scmps, A ∈ Σ with µ(A) > 0 and fA(t) :=

µ(φt(A) ∩ A). Let |fA(t0)| > 0 for some t0 ∈ R. Then there exists M > 0 and

δM > 0 such that |fA(t)| > M for all t ∈ (t0 − δM , t0 + δM).

Lemma 2.31. Let µ be a probability measure on R and f(t, x) be bounded and

measurable. Then∫
R

∮
R
f(t, x) dλ(t) dµ(x) =

∮
R

∫
R
f(t, x) dµ(x) dλ(t)

whenever the corresponding limits exist.

Proof. We have∫
R×R
| 1

2T
1[−T,T ]×R(t, x)f(t, x)| d(λ× µ)(t, x)

≤ ‖f‖∞ ·
∫
R×R

1

2T
1[−T,T ]×R(t, x) d(λ× µ)(t, x) = ‖f‖∞

independently of T , hence, Fubini’s theorem implies∫
R

1

2T

∫ T

−T
f(t, x) dλ(t) dµ(x) =

1

2T

∫ T

−T

∫
R
f(t, x) dµ(x) dλ(t)

and the dominated convergence theorem allows taking the limit, yielding∫
R

lim
T→∞

1

2T

∫ T

−T
f(t, x) dλ(t) dµ(x) = lim

T→∞

1

2T

∫ T

−T

∫
R
f(t, x) dµ(x) dλ(t).
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The definition of the Banach space valued Riemann integral ([40]) and the use of

linearity and continuity of the scalar product yield the following Lemma.

Lemma 2.32. Let t 7→ xt be continuous from R to a Hilbert space H. Then we

have ∮
R
〈xt, y〉 dλ(t) = 〈

∮
R
xt dλ(t), y〉

whenever the corresponding limits exist.
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Chapter 3

Recurrence Properties

This chapter gives the overview of recurrence properties. We first introduce and

define the main versions of recurrence in Section 3.1. In particular, these are the

properties which we discuss in Chapters 4-6 in more detail. We then prove the

implications between them in Section 3.2 and also introduce additional properties.

3.1 Definition of Main Recurrence Properties

There are four main classes of properties which we consider, and all properties

in one class are equivalent to each other in the integer setting (see Theorem 8).

However, fewer implications are true for the real setting, e.g. the Fürstenberg cor-

respondence principle (Subsection 3.2.7) fails to hold without further assumptions

(see Remark 3.82 and Proposition 4.33).

We keep the traditional names where they exist and introduce appropriate ones

where not. We mainly consider real properties and note that associated integer

properties can be defined similarly (see for example [14], [23], [42], [57], [70], [71]).

Occasionally however (in particular in Section 4.3), we also deal with integer re-

currence sets D ⊆ N or D ⊆ Z. We indicate this difference by writing N-FMRiesz,

Z-FMRiesz or R-FMRiesz instead of FMRiesz if it is not clear from the context.
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Real recurrence properties rely often on continuity assumptions in contrast to inte-

ger recurrence properties where continuity is automatically given with the discrete

topology. In the same way, we can define analogous real properties by dropping

or adding these continuity assumptions and replace it with corresponding mea-

surability assumptions (e.g. strong measurability instead of strong continuity or

the use of l∞∗ (R) instead of l∞c (R) or l∞cc (R)). We call these recurrence properties

recurrent with continuity (assumptions) or recurrent without continuity

(assumptions) and denote this with a subscript ∗ (e.g. rCor∗) if we drop a con-

tinuity assumption or a prefix c (e.g. cIS) if we add one.

We note that properties without continuity assumptions always imply the corre-

sponding properties with continuity assumption (e.g. rCor∗ ⇒ rCor). However,

the converse is false at least for Poincaré recurrence (Proposition 4.33).

3.1.1 Poincaré

Definition 3.1 (Poincaré Recurrence). A set D ⊆ R is Poincaré or Poincaré

recurrent (P) if, given a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0, there

exists d ∈ D such that

µ(A ∩ φd(A)) > 0.

Remark 3.2. Poincaré recurrence (and similarly all other properties) can be re-

stated as follows.

A set D ⊆ R is Poincaré if, given a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ

such that µ(A ∩ φd(A)) = 0 for all d ∈ D, we have µ(A) = 0.

Definition 3.3 (Intersectivity). A set D ⊆ R is intersective (IS) if, given E ⊆ R

with dR(E) > 0, we have

(E − E) ∩ D 6= ∅.
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3.1 Operator Recurrence

Definition 3.4 (Combinatorial Recurrence). A set D ⊆ R is combinatorially

recurrent (CR) if, given E ⊆ R with dR(E) > 0, there exists d ∈ D such that

dR(E ∩ (E − d)) > 0.

Definition 3.5 (Real Correlativity). A set D ⊆ R is real correlative (rCor) if,

given 0 ≤ f ∈ l∞c (R,R),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

3.1.2 Operator Recurrence

Definition 3.6 (Operator Recurrence). A set D ⊆ R is operator recurrent

(OR) if, given a Hilbert space H, a strongly continuous unitary group (Tt)t∈R on

H and x ∈ H with ‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Definition 3.7 (F. and M. Riesz). A set D ⊆ R is FMRiesz if every probability

measure on R with µ̂(d) = 0 for all d ∈ D satisfies

µ({0}) = 0.

Definition 3.8 (Correlativity). A set D ⊆ R is correlative (Cor) if, given f ∈

l∞c (R,T),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

Definition 3.9 (Van der Corput). A set D ⊆ R is van der Corput (vdC) if,

given f ∈ l∞cc (R,R), the equidistribution mod 1 of f(· + d) − f(·) for all d ∈ D

implies the equidistribution of f mod 1.
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3.1.3 Strong Recurrence

Strong recurrence sets and their variants, as well as FC+ sets with their variants

are strong versions of the properties around Poincaré and operator recurrence sets.

Instead of satisfying some condition on D, they satisfy asymptotic properties along

D.

Definition 3.10 (Strong Recurrence). A set D ⊆ R is strongly recurrent (SR)

if, given a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0, we have

lim sup
|d|→∞,d∈D

µ(φd(A) ∩ A) > 0.

Definition 3.11 (Strong Combinatorial Recurrence). A set D ⊆ R is strongly

combinatorially recurrent (SCR) if, given E ⊆ R with dR(E) > 0, we have

lim sup
|d|R→∞,d∈D

dR(E ∩ (E − d)) > 0.

Definition 3.12 (Strong Correlativity). A set D ⊆ R is strongly correlative

(SCor) if, given 0 ≤ f ∈ l∞c (R,R), lim|d|→∞,d∈D
∮
R f(t+ d)f(t) dλ(t) = 0 implies∮

R
f(t) dλ(t) = 0.

3.1.4 Strong Operator Recurrence

Definition 3.13 (Strong operator recurrence). A set D ⊆ R is strongly opera-

tor recurrent (SOR) if, given a Hilbert space H, a strongly continuous unitary

group (Tt)t∈R on H and x ∈ H with ‖x‖ = 1 and Px 6= 0, we have

lim sup
|d|→∞,d∈D

|〈Tdx, x〉| > 0.

Definition 3.14 (FC+). A set D ⊆ R is FC+ if every probability measure on R

with lim|d|→∞,d∈D µ̂(d) = 0 satisfies

µ({0}) = 0.
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Definition 3.15 (Enhanced van der Corput). A set D ⊆ R is enhanced van

der Corput (EvdC) if, given f ∈ l∞c (R,T), lim|d|→∞,d∈D
∮
R f(t+ d)f(t) dλ(t) = 0

implies ∮
R
f(t) dλ(t) = 0.

3.2 Characterisations

In this section, we discuss the relationship among the properties introduced in

Section 3.1 (apart from some counterexamples which are included in Chapters 4

and 6). The characterisations do not hold in the extent of Theorem 8 for integers,

but the same spirit lies behind real recurrence. Our final result is the following

theorem (see the appendix for a detailed diagram).

Theorem 3.16. Let D ⊆ R. Then all properties within the following groups are

equivalent to each other.

(i) Poincaré without continuity, combinatorial recurrence, intersectivity, real cor-

relativity without continuity.

(ii) Van der Corput without continuity, correlativity without continuity.

(iia) Operator recurrence, FMRiesz, van der Corput, correlativity.

(iii) Strong recurrence without continuity, strong combinatorial recurrence, strong

correlativity without continuity.

(iv) Strong operator recurrence, FC+, enhanced van der Corput.

In addition, we have the implications

combinatorial recurrence⇒ intersectivity,

real correlativity⇒ Poincaré

⇒ continuous combinatorial recurrence

⇒ continuous intersectivity,
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operator recurrence without continuity⇒ correlativity without continuity,

strong correlativity⇒ strong recurrence

⇒ strong continuous combinatorial recurrence,

strong operator recurrence without continuity

⇒ enhanced van der Corput without continuity.

3.2.1 Operator Recurrence

The following proposition gives the equivalence of FMRiesz and operator recur-

rence. We postpone the proof to Subsection 7.3.3 where we prove this result for

locally compact abelian groups.

Proposition 3.17 (FMRiesz ⇔ OR). The following are equivalent.

(i) Every probability measure on R with µ̂(d) = 0 for all d ∈ D satisfies

µ({0}) = 0.

(ii) Given a Hilbert space H, a strongly continuous unitary group (Tt)t∈R on H

and x ∈ H with ‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

The next results show that it is not necessary for (Tt)t∈R to be unitary in the

definition of operator recurrence and strong operator recurrence since operator re-

currence and its variants are invariant under unitary equivalence and dilations. We

show that an equivalent characterisation with positive-definite families of commut-

ing operators holds by using unitary dilations as well as for unitary multiplicator

groups.

We call a family of operators (Tt)t∈R on a Hilbert space positive-definite if
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T−t = T ∗t for all t ∈ R and

n∑
i=1

n∑
j=1

〈Tti−tjxi, xj〉 ≥ 0

for all n ∈ N, x1, . . . , xn ∈ H and t1, . . . , tn ∈ R.

Definition 3.18 (Operator Recurrence(1)). A set D ⊆ R is called operator

recurrent(1) (OR(1)) if, given a Hilbert space H, a strongly continuous positive-

definite commuting family of operators (Tt)t∈R on H with T0 = Id and x ∈ H with

‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Definition 3.19 (Strong Operator Recurrence(1)). A set D ⊆ R is called strongly

operator recurrent(1) (SOR(1)) if, given a Hilbert space H, a strongly continu-

ous positive-definite commuting family of operators (Tt)t∈R on H with T0 = Id and

x ∈ H with ‖x‖ = 1 and Px 6= 0, we have

lim
|d|→∞,d∈D

|〈Tdx, x〉| > 0.

Definition 3.20 (Unitary Dilation). Let H be a Hilbert space and (Tt)t∈R a strongly

continuous commuting family of operators on H. Then we call (Ĥ, (T̂t)t∈R, J,Q) a

unitary dilation of (H, (Tt)t∈R) if Ĥ is a Hilbert space, (T̂t)t∈R a strongly contin-

uous unitary group on Ĥ, J : H → Ĥ an isometric embedding with corresponding

contraction Q = J∗ : Ĥ → H such that

Tt = QT̂tJ

holds for all t ∈ R.

We use the following dilation theorem ([78, Theorem I.7.1]). We note that all

strongly continuous contractive semigroups (Tt)t≥0 can be extended to R− to obtain

a strongly continuous positive-definite commuting family ([78, Section I.8]) by

setting T−t := T ∗t .
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Theorem 3.21 (Sz.-Nagy). Let H be a Hilbert space and (Tt)t∈R a strongly con-

tinuous positive-definite commuting family of operators on H with T0 = Id. Then

there exists a unitary dilation (Ĥ, (T̂t)t∈R, J,Q).

The following Lemma extends the mean ergodic theorem 2.7, i.e. the norm conver-

gence of
∮
R Ttx dλ(t), to strongly continuous commuting positive-definite families

(Tt)t∈R of operators on H.

Lemma 3.22. Let H be a Hilbert space and (Tt)t∈R a strongly continuous positive-

definite commuting family of operators on H with unitary dilation (Ĥ, (T̂t)t∈R, J,Q).

Then we have

QP̂Jx = Px.

In particular, the mean ergodic projection P exists.

Proof. We have

〈QP̂Jx, y〉 = 〈P̂ Jx, Jy〉 = 〈
∮
R
T̂tJx dλ(t), Jy〉 2.32

=

∮
R
〈T̂tJx, Jy〉 dλ(t)

=

∮
R
〈QT̂tJx, y〉 dλ(t) =

∮
R
〈Ttx, y〉 dλ(t)

2.32
= 〈

∮
R
Ttx dλ(t), y〉 = 〈Px, y〉

for all y ∈ H.

Proposition 3.23 (OR ⇔ OR(1)). The following are equivalent.

(i) Given a Hilbert space H, a strongly continuous unitary group (Tt)t∈R on H and

x ∈ H with ‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

(ii) Given a Hilbert space H, a strongly continuous positive-definite commuting

family of operators (Tt)t∈R on H with T0 = Id and x ∈ H with ‖x‖ = 1 and

Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.
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Proof. Every strongly continuous unitary group is in particular positive-definite

since
n∑
i=1

n∑
j=1

〈Tti−tjxi, xj〉 =
n∑
i=1

n∑
j=1

〈Ttixi, Ttjxj〉 = 〈
n∑
i=1

Ttixi,
n∑
j=1

Ttjxj〉 ≥ 0

for all n ∈ N, x1, . . . , xn ∈ H and t1, . . . , tn ∈ R, so operator recurrence implies

operator recurrence(1).

For the converse, let a Hilbert space H, a strongly continuous positive-definite

commuting family of operators (Tt)t∈R on H and x ∈ H with ‖x‖ = 1 and Px 6= 0

be given. By Theorem 3.21, there exists a unitary dilation (Ĥ, (T̂t)t∈R, J,Q). Then

we have ‖Jx‖ = ‖x‖ = 1 and

‖P̂ Jx‖2 = 〈P̂ Jx, P̂ Jx〉 = 〈P̂ Jx, Jx〉 = 〈QP̂Jx, x〉
3.22
= 〈Px, x〉 = 〈Px, Px〉 = ‖Px‖2 > 0.

Operator recurrence implies that there exists d ∈ D such that 〈T̂dJx, Jx〉 6= 0,

hence

〈Tdx, x〉 = 〈QT̂dJx, x〉 = 〈T̂dJx, Jx〉 6= 0.

We have defined operator recurrence for unitary groups and extended it to positive-

definite families of operators. However, it suffices to consider only unitary mul-

tiplicator groups by using the spectral theorem. We also consider the associated

Z-properties as we use them to show the equivalence of Z-operator recurrence and

Z-operator recurrence for D ⊆ Z in Subsection 4.3.1.

Definition 3.24 (Multiplicator Operator Recurrence). A set D ⊂ Z is called Z-

multiplicator operator recurrent (Z-OR-M) if, given a Hilbert space H =

L2(Ω,Σ, µ) (with a not necessarily finite measure µ), a multiplicator M on H and

x ∈ H with ‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Mdx, x〉 6= 0.
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A set D ⊂ R is called R-multiplicator operator recurrent (R-OR-M) if, given

a Hilbert space H = L2(Ω,Σ, µ) (with a not necessarily finite measure µ), a strongly

continuous unitary multiplicator group (Mt)t∈R on H and x ∈ H with ‖x‖ = 1 and

Px 6= 0, there exists d ∈ D such that

〈Mdx, x〉 6= 0.

The next theorem is due to Stone ([77]).

Theorem 3.25 (Stone). (Tt)t∈R is a strongly continuous unitary group on a Hilbert

space H if and only if there exists a (not necessarily bounded) self-adjoint operator

A on H such that Tt = eitA for all t ∈ R.

Theorem 3.26. T is a unitary operator on a Hilbert space H if and only if there

exists a (not necessarily bounded) self-adjoint operator A on H such that T n = einA

for all n ∈ Z.

Proof. As a unitary operator, (T n)n∈Z can be embedded into a strongly continuous

unitary group ([30, Proposition 4.1]), and we can apply Theorem 3.25.

The next theorem is the spectral theorem ([3, Theorem B.14]).

Theorem 3.27 (Spectral Theorem). Let A be a (not necessarily bounded) self-

adjoint operator on a Hilbert space H. Then it is unitarily equivalent to a self-

adjoint multiplicator on some L2(Ω,Σ, µ) (with a not necessarily finite measure

µ), i.e.

A = U∗MU

for some unitary U : H → L2(Ω,Σ, µ).

Theorem 3.28. Let (Tt)t∈R be a strongly continuous unitary group on a Hilbert

space H. Then it is unitarily equivalent to a strongly continuous unitary multipli-

cator group.
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Proof. By Stone’s theorem 3.25, Tt = eitA holds for all t ∈ R with some self-

adjoint A. By Theorem 3.27, there exists a self-adjoint multiplicator M on some

L2(Ω,Σ, µ) (with a not necessarily finite measure µ) and a unitary U : H →

L2(Ω,Σ, µ) such that A = U∗MU . By Stone’s theorem 3.25, iM generates a

strongly continuous unitary multiplicator group (Mt)t∈R.

Let x ∈ D(A∞) =
⋂
n∈ND(An) which is dense in H ([31, Proposition II.1.8]). Then

we have

Ttx = eitAx =
∞∑
n=0

(itA)nx

n!
=
∞∑
n=0

(it)n(U∗MU)nx

n!
=
∞∑
n=0

(it)n

n!
U∗MnUx

= U
∞∑
n=0

(it)n

n!
Mn(U∗x) = UeitMU∗x = UMtU

∗x

and we extend it to H by continuity.

Proposition 3.29 (R-OR⇔ R-OR-M). Let D ⊆ R. The following are equivalent

(i) Given a Hilbert space H, a strongly continuous unitary group (Tt)t∈R on H and

x ∈ H with ‖x‖ = 1 and PTtx 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0

(ii) Given a Hilbert space H = L2(Ω,Σ, µ) (with a not necessarily finite measure

µ), a strongly continuous unitary multiplicator group (Mt)t∈R on H and x ∈ H

with ‖x‖ = 1 and PMtx 6= 0, there exists d ∈ D such that

〈Mdx, x〉 6= 0.

Proof. As every strongly continuous unitary multiplicator group (Tt)t∈R is in par-

ticular a strongly continuous unitary group, we obtain R-OR ⇒ R-OR-M.

Now let a strongly continuous unitary group (Tt)t∈R on a Hilbert space H and

x ∈ H with PTtx 6= 0 be given. By Theorem 3.28, we have a multiplicator

group (Mt)t∈R on some L2(Ω,Σ, µ) (with a not necessarily finite measure µ) and
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Tt = U∗MtU for all t ∈ R with a unitary U : H → L2(Ω,Σ, µ). We further note

‖PMtUx‖2 = 〈PMtUx, PMtUx〉 = 〈PMtUx, Ux〉 = 〈
∮
R
MtUx dλ(t), Ux〉

2.32
=

∮
R
〈MtUx, Ux〉 dλ(t) =

∮
R
〈UTtU∗Ux, Ux〉 dλ(t) =

∮
R
〈Ttx, x〉 dλ(t)

2.32
= 〈

∮
R
Ttx dλ(t), x〉 = 〈PTtx, x〉 = 〈PTtx, PTtx〉 = ‖PTtx‖2 > 0.

By R-multiplicator operator recurrence and since ‖Ux‖ = ‖x‖ = 1, there exists

d ∈ D with 〈MdUx, Ux〉 6= 0, hence,

〈Tdx, x〉 = 〈U∗MdUx, x〉 = 〈MdUx, Ux〉 6= 0.

Remark 3.30. Similarly, we obtain the result for integers as well as their strong

variants, i.e.

Z-operator recurrence⇔ Z-multiplicator operator recurrence,

Z-strong operator recurrence⇔ Z-strong multiplicator operator recurrence

⇔ Z-strong operator recurrence(1),

R-strong operator recurrence⇔ R-strong multiplicator operator recurrence

⇔ R-strong operator recurrence(1).

It is a priori not clear that the mean ergodic projection exists for for a unitary group

(Tt)t∈R on a Hilbert spaceH if strong continuity is replaced by strong measurability.

The following theorem yields the existence by using the group structure of (Tt)t∈R

and the two-sided variant of the discrete mean ergodic Theorem 2.8 (compare [13,

Theorem 2.1]).

Theorem 3.31. Let f : R→ H be measurable and bounded such that

At = lim
T→∞

1

2T

T∑
−T

f(T + t)
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exists for almost every t ∈ [0, 1]. Then limT→∞
∮ T
−T f(t) dλ(t) =

∫ 1

0
At dλ(t) exists

for all y ∈ H and ∮
R
f(t) dλ(t) =

∫ 1

0

At dλ(t).

In particular, the mean ergodic projection PTt exists in the strong topology.

Remark 3.32. Similarly, we obtain the same implications for the properties by

replacing strong continuity with weak measurability, i.e.

operator recurrence∗ ⇔ operator recurrence(1)∗

⇔ multiplicator operator recurrence∗,

strong operator recurrence∗ ⇔ strong operator recurrence(1)∗

⇔ strong multiplicator operator recurrence∗,

strong operator recurrence∗ ⇒ operator recurrence∗.

3.2.2 Poincaré and Koopman Recurrence

We discuss several characterisations of Poincaré recurrence connecting it with oper-

ator theory. Having the Koopman representation of a scmps in mind, these results

are not surprising.

Definition 3.33 (Koopman Recurrence). A set D ⊆ R is Koopman recurrent

(KR) if, given a scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L2(Ω,Σ, µ), there exists

d ∈ D such that

〈T φd f, f〉 > 0.

Definition 3.34 (Strong Koopman Recurrence). A set D ⊆ R is strongly Koop-

man recurrent (SKR) if, given a scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L2(Ω,Σ, µ),

we have

lim
|d|→∞,d∈D

〈T φd f, f〉 > 0.
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Proposition 3.35 (P ⇔ KR). Let D ⊆ R. The following are equivalent for any

given scmps (Ω,Σ, µ; (φt)t∈R).

(i) Given A ∈ Σ with µ(A) > 0, there exists d ∈ D such that µ(φd(A) ∩ A) > 0.

(ii) Given 0 < f ∈ L2(Ω,Σ, µ), there exists d ∈ D such that 〈T φd f, f〉 > 0.

Proof. Let a scmps (Ω,Σ, µ; (φt)t∈R) be given. For A ∈ Σ with µ(A) > 0, we have

µ(φd(A) ∩ A) = 〈T φd 1A,1A〉 > 0

for some d ∈ D by Remark 2.2 and Koopman recurrence. On the other hand,

let 0 < f ∈ L2(Ω,Σ, µ) be given. Then there exists A ∈ Σ and a > 0 such that

a1A ≤ f . Using positivity, we obtain

〈T φd f, f〉 ≥ a2〈T φd 1A,1A〉 = a2µ(φd(A) ∩ A) > 0

for some d ∈ D by Poincaré recurrence.

Proposition 3.36 (OR ⇒ KR). Let us assume that, given a Hilbert space H, a

strongly continuous unitary group representation (Tt)t∈R on H and x ∈ H with

‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Then, given a scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L2(Ω,Σ, µ), there exists d ∈ D

such that

〈T φd f, f〉 > 0.

Proof. The Koopman representation (L2(Ω,Σ, µ), (T φt )t∈R) for a given scmps is a

strongly continuous unitary group (Remark 2.2) and similarly (L2(Ω,Σ, µ
µ(A)

),

(T φt )t∈R) which satisfies ‖1A‖ = 1. We note P1A 6= 0 by Lemma 2.11, and hence

operator recurrence and the positivity of T φd and f hence imply that there exists

d ∈ D such that 〈T φd 1A,1A〉 > 0.

44
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We note with the following proposition that it is sufficient to consider only ergodic

scmps for Poincaré recurrence using a certain dilation construction. A lattice

dilation is defined as the unitary dilation on L2(Ω,Σ, µ) in Definition 3.20, but

with the additional assumption of positivity for all operators (see [45], [46]), and

we proceed similarly to Proposition 3.23.

Proposition 3.37. Let D ⊆ R. The following are equivalent.

(i) Given a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0, there exists d ∈ D

such that

µ(A ∩ φd(A)) > 0.

(ii) Given an ergodic scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0, there

exists d ∈ D such that

µ(A ∩ φd(A)) > 0.

Proof. We clearly have (i) ⇒ (ii). For the converse, let a scmps (Ω,Σ, µ; (φt)t∈R)

and A ∈ Σ with µ(A) > 0 be given. We consider its Koopman representation which

satisfies Tt1 = 1 = T ′t1 for all t ∈ R. The lattice dilation (L2(Ω̂, Σ̂, µ̂), (T̂t)t∈R, J,Q)

through the Kolmogoroff-Daniell construction ([45], [46], [81]) yields the Koopman

representation (T̂t)t∈R of an ergodic scmps (Ω̂, Σ̂, µ̂; (φ̂t)t∈R) and Â ∈ Σ̂ with µ̂(Â) >

0 and 1Â = J1A.

Statement (ii) implies that there exists d ∈ D such that

0 < µ̂(Â ∩ φ̂d(Â)) = 〈T̂dJ1A, J1A〉

= 〈QT̂dJ1A,1A〉 = 〈Td1A,1A〉 = µ(A ∩ φd(A)).

Definition 3.38 (Lattice Operator Recurrent). A set D ⊆ R is lattice operator

recurrent (LOR) if, given L2(Ω,Σ, µ), a strongly continuous bistochastic lattice
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semigroup (Tt)t≥0 on L2(Ω,Σ, µ) and 0 < f ∈ L2(Ω,Σ, µ), there exists d ∈ D such

that

〈T|d|f, f〉 > 0.

We can extend a strongly continuous semigroup (Tt)t≥0 on L2(Ω,Σ, µ) to a strongly

continuous family (Tt)t∈R by setting T−t = T ∗t . We note that it suffices to consider

semigroups in Definition 3.38 since 〈Tdf, f〉 = 〈f, T ∗−df〉.

With the approach of Proposition 3.37 and by using the Koopman representation

(Remark 2.2), we obtain the following result.

Proposition 3.39 (LOR ⇔ KR). Let D ⊆ R. The following are equivalent.

(i) Given a scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L2(Ω,Σ, µ), there exists d ∈ D

such that

〈T φd f, f〉 > 0.

(ii) Given L2(Ω,Σ, µ), a strongly continuous bistochastic lattice semigroup (Tt)t≥0

on L2(Ω,Σ, µ) and 0 < f ∈ L2(Ω,Σ, µ), there exists d ∈ D such that

〈T|d|f, f〉 > 0.

Remark 3.40. It has been observed that Poincaré’s theorem 4.11 does not require

countable additivity of the measure (see for example [9]), i.e. it is sufficient to

allow contents instead of measures. It is possible to extend Poincaré recurrence in

some way to more general systems (e.g. by using premeasures instead of measures

through the usual construction of an outer measure). However, it is not clear how

far this approach can go.

Remark 3.41. Similarly, we obtain the implications

strong operator recurrence⇒ strong Koopman recurrence

⇔ strong recurrence

⇔ strong lattice operator recurrence,
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operator recurrence∗ ⇒ Koopman recurrence∗

⇔ Poincaré∗

⇔ lattice operator recurrence∗,

strong operator recurrence∗ ⇒ strong Koopman recurrence∗

⇔ strong Poincaré∗

⇔ strong lattice operator recurrence∗.

3.2.3 Kamae, Mendès France

We give a criterion for a set D to be FMRiesz based on a recurrence property by

Kamae and Mendès France ([42]). For integers, KMF is equivalent to FMRiesz, but

the proof of FMRiesz⇒ KMF relies on the periodicity of exponential polynomials

(see, e.g. [14, Proposition 1.18] and [57, Theorem 2.3]) which is not given for the

functions considered in Definitions 3.42 and Remark 3.44. We note that we write

< (e−2πitx) instead of cos(2πtx) to stress the connection with the dual group and

to indicate how to deal with KMF for a locally compact abelian group (see Section

7.3).

Definition 3.42 (Kamae, Mendès France). A set D ⊆ R is KMF if, for all ε > 0,

there exists a nonzero real function

pε(x) =

∫
D
<
(
e−2πitx

)
dνε(t)

satisfying pε(0) = 1 and pε ≥ −ε where νε is a finite measure on D.

Proposition 3.43 (KMF ⇒ FMRiesz). Let us assume that, for all ε > 0, there

exists a nonzero real function

pε(x) =

∫
D
<
(
e−2πitx

)
dνε(t)
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satisfying pε(0) = 1 and pε ≥ −ε where νε is a finite measure on D.

Then every measure on R with µ̂(d) = 0 for all d ∈ D satisfies

µ({0}) = 0.

Compare [14, Proposition 1.18], see also [57, Theorem 2.3].

Proof. Let µ be a measure on R with µ̂(d) = 0 for all d ∈ D and, for ε > 0, let a

nonzero real function

pε(x) =

∫
D
<
(
e−2πitx

)
dνε(t)

satisfying pε(0) = 1 and pε ≥ −ε with a finite measure νε on D be given. Then we

have ∫
R
pε(x) dµ(x) =

∫
R

∫
D
<
(
e−2πitx

)
dνε(t) dµ(x)

= <
(∫
D

∫
R
e−2πitx dµ(x) dνε(t)

)
= <

(∫
D
µ̂(t) dνε(t)

)
= 0

But from pε(0) = 1 and pε ≥ −ε we deduce

0 =

∫
R

pε(x) dµ(x) =

∫
{0}

pε(x) dµ(x) +

∫
R\{0}

pε(x) dµ(x) ≥ µ({0})− εµ(R\{0}).

As ε > 0 was arbitrary, we obtain µ({0}) = 0.

Remark 3.44. Definition 3.42 is in particular a generalisation of the following

properties.

(i) A set D ⊆ R is KMF(1) if, for all ε > 0, there exists a real

trigonometric polynomial

pε(x) =
∑
t∈D

aεt<
(
e−2πitx

)
satisfying pε(0) = 1 and pε ≥ −ε with aεt ∈ R and where the set

{t : aεt 6= 0} ⊂ D is nonempty and finite.
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(ii) A set D ⊆ R is KMF(2) if, for all ε > 0, there exists a nonzero

real function

pε(x) =

∫
D
f ε(t)<

(
e−2πitx

)
dλ(t)

satisfying pε(0) = 1 and pε ≥ −ε with [f ε 6= 0] ⊂ D ∩K for a compact

set K and f ε ∈ L∞(R,R).

Analogously to Proposition 3.43, every KMF(1) and KMF(2) set is FMRiesz. We

note however that KMF(2) requires D to have positive measure. However, there

are R-FMRiesz sets D ⊆ Z and every R-FMRiesz set has a countable R-FMRiesz

subset (Corollary 5.3), both having λ(D) = 0. The implication R-FMRiesz ⇒

R-KMF(2) hence cannot hold. On the other hand, it is not clear if a complete

discrete treatment as in KMF(1) is sufficient (compare Chapter 5).

3.2.4 Spectral Measures

We discuss a characterisation of Poincaré recurrence using spectral measures. Since

the family (
∫

Ω
f ◦ φt · fdµ)t∈R is positive-definite and continuous (Lemma 2.27), it

is straightforward to consider the corresponding Bochner-Herglotz measures (The-

orem 2.16).

Definition 3.45 (Spectral measure). Let (Ω,Σ, µ; (φt)t∈R) be a scmps. For A ∈ Σ,

its spectral measure σA is defined through

σ̂(t) = µ(A ∩ φt(A))

for t ∈ R. For 0 ≤ f ∈ L2(Ω,Σ, µ;R), its spectral measure σf is defined through

σ̂f (t) =

∫
Ω

f ◦ φt · fdµ

for t ∈ R.
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Definition 3.46 (Spectral Poincaré). A set D ⊆ R is spectral Poincaré (spP)

if one of the following equivalent statements holds for the spectral measure of ev-

ery given ergodic scmps (Ω,Σ, µ; (φt)t∈R), A ∈ Σ with µ(A) > 0 and 0 < f ∈

L2(Ω,Σ, µ).

(i) If σ̂A(d) = 0 for all d ∈ D with a spectral measure σA, then σA = 0.

(ii) If σ̂f (d) = 0 for all d ∈ D with a spectral measure σf , then σf = 0.

Definition 3.47 (Strong Spectral Poincaré). A set D ⊆ R∗ is strong spectral

Poincaré (SspP) if one of the following equivalent statements holds for the spectral

measure of every given ergodic scmps (Ω,Σ, µ; (φt)t∈R), A ∈ Σ with µ(A) > 0 and

0 ≤ f ∈ L2(Ω,Σ, µ).

(i) If lim|d|→∞,d∈D σ̂A(d) = 0 with a spectral measure σA, then σA = 0.

(ii) If lim|d|→∞,d∈D σ̂f (d) = 0 with a spectral measure σf , then σf = 0.

Proposition 3.48. The two statements in Definition 3.46 are equivalent.

Proof. Let an ergodic scmps (Ω,Σ, µ; (φt)t∈R) with Koopman representation (T φt )t∈R

be given.

Let A ∈ Σ with µ(A) > 0 be given and its associated spectral measure σA satisfy

σ̂A(d) = µ(φd(A) ∩ A) = 0. We set f = 1A ∈ L2(Ω,Σ, µ), then σf = σA holds by

σ̂f = σ̂A and the uniqueness of the Fourier transform ([67, Subsection 1.3.6]), and

we have

σ̂f (d) = 〈T φd f, f〉 = µ(φd(A) ∩ A) = 0

for all d ∈ D. Property (ii) then implies σA = 0.

For the converse, let 0 < f ∈ L2(Ω,Σ, µ) be given. There exists A ∈ Σ with

µ(A) > 0 and 0 < c < ∞ such that c1A ≤ f with σA(R) = µ(A) > 0. Statement

(i) implies that there exists d ∈ D such that σ̂A(d) > 0. Using positivity, we have

0 < c2σ̂A(d) = c2〈T φd 1A,1A〉 ≤ 〈T
φ
d f, f〉 = σ̂f (d).
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Proposition 3.49 (rCor ⇒ spP). Let us assume that, given 0 ≤ f ∈ l∞c (R,R),∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

Then, given an ergodic scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L∞(Ω,Σ, µ), σ̂f (d) = 0

for all d ∈ D with the spectral measure σf implies

σf = 0.

Compare [14, Proposition 3.2]

Proof. Let an ergodic scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L2(Ω,Σ, µ) be given,

and let σf be its associated spectral measure.

We assume σ̂f (d) = 0 for all d ∈ D. Hence for all d ∈ D, we have

0 = σ̂f (d) =

∫
Ω

f · f ◦ φd dµ
2.9
=

∮
R
T φt (f · f ◦ φd)(ω) dλ(t)

=

∮
R
(T φt f)(ω) · T φt (f ◦ φd)(ω) dλ(t) =

∮
R
(f ◦ φt)(ω) · (f ◦ φt+d)(ω) dλ(t)

=

∮
R
gω(t)gω(t+ d) dλ(t)

for gω(t) := (f ◦ φt)(ω) and almost every ω ∈ Ω. For every such ω ∈ Ω, we have

gω ∈ l∞c (R,R) by the corresponding properties of σ̂f . Real correlativity then yields

0 =

∮
R
gω(t) dλ(t) =

∮
R
(f ◦ φt)(ω) dλ(t)

for almost every ω ∈ Ω. Remark 2.9 yields

0 =

∮
R
(f ◦ φt)(ω) dλ(t) =

∫
Ω

f dµ.

Hence, we have f = 0 since f is positive and therefore

0 =

∫
Ω

f 2 dµ
3.45
= σ̂f (0)

2.14
= σf (R).
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Proposition 3.50 (spP ⇔ KR). The following are equivalent.

(i) Given an ergodic scmps (Ω,Σ, µ; (φt)t∈R) and 0 ≤ f ∈ L2(Ω,Σ, µ) with spectral

measure σf , σ̂f (d) = 0 for all d ∈ D implies

σf = 0.

(ii) Given a scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L2(Ω,Σ, µ), there exists d ∈ D

such that

〈T φd f, f〉 > 0.

Proof. Let a scmps (Ω,Σ, µ; (φt)t∈R) and 0 < f ∈ L2(Ω,Σ, µ) be given. Without

loss of generality, we can assume that (Ω,Σ, µ; (φt)t∈R) is ergodic (Proposition

3.37).

We note σf (R) = ‖f‖2 > 0 (Remark 2.14). Spectral Poincaré therefore implies

that there exists d ∈ D such that

0 < σ̂f (d) = 〈T φd f, f〉.

Conversely, given a spectral measure σf of an ergodic scmps (Ω,Σ, µ; (φt)t∈R) and

0 < f ∈ L2(Ω,Σ, µ), there exists d ∈ D such that

0 < 〈T φd f, f〉 = σ̂f (d)

by Koopman recurrence.

Remark 3.51. Similarly, we obtain the implications for the corresponding strong

properties as well as without continuity assumptions. In particular, the two state-

ments in Definition 3.47 are equivalent, and we have the implications

strong correlativity⇒ strong spectral Poincaré,

⇔ strong recurrence,

real correlativity∗ ⇒ Poincaré∗,

strong correlativity∗ ⇒ strong recurrence∗.
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3.2.5 Correlativity

In this subsection, we discuss correlativity and connect it with FMRiesz. Closely

connected to real correlativity and combinatorial recurrence is the following cor-

relativity variant.

Definition 3.52 (Real Correlativity0,1
∗ ). A set D ⊆ R is real correlative0,1

∗

(rCor0,1
∗ ) if, given f ∈ l∞∗ (R, {0, 1}),

∮
R f(t + d)f(t) dλ(t) = 0 for all d ∈ D

implies ∮
R
f(t) dλ(t) = 0.

Proposition 3.53 (rCor0,1
∗ ⇔ rCor∗). Let D ⊆ R. The following are equivalent.

(i) Given f ∈ l∞∗ (R, {0, 1}),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

(ii) Given 0 ≤ f ∈ l∞∗ (R,R),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

Proof. As l∞∗ (R, {0, 1}) ⊂ l∞∗ (R,R), we clearly have (ii)⇒ (i). On the other hand,

let 0 ≤ f ∈ l∞∗ (R,R) satisfy
∮
R f(t) dλ(t) = ε > 0. We can approximate f by

positive simple functions in L∞, i.e. there exists fN :=
∑N

n=1 a
N
n 1ANn ↗ f with

aNn > 0 and convergence in L∞-norm.

Let N be such that ‖f − fN‖∞ ≤ ε
2
. Then

∮
R fN(t) dλ(t) ≥ ε

2
, hence, there exists

1 ≤ n ≤ N such that ∮
R
1ANn (t) dλ(t) > 0.

Using (i) and positivity, this implies

0 < lim sup
T→∞

(aNn )2

∮ T

−T
1ANn (t+ d)1ANn (t) dλ(t) ≤ lim sup

T→∞

∮ T

−T
fN(t+ d)fN(t) dλ(t)

≤ lim sup
T→∞

∮ T

−T
f(t+ d)f(t) dλ(t) =

∮
R
f(t+ d)f(t) dλ(t)

for some d ∈ D.
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Definition 3.54 (CorrelativityC
∗ ). A set D ⊆ R is correlativeC

∗ (CorC∗ ) if, given

f ∈ l∞∗ (R,C),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies

∮
R
f(t) dλ(t) = 0.

We similarly obtain the following result (as well as the strong variants for enhanced

van der Corput and strong real correlativity).

Proposition 3.55 (Cor∗ ⇔ CorC∗ ). Let D ⊂ R. The following are equivalent.

(i) Given f ∈ l∞∗ (R,T),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies

∮
R
f(t) dλ(t) = 0.

(ii) Given f ∈ l∞∗ (R,C),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies

∮
R
f(t) dλ(t) = 0.

Remark 3.56. Obviously, we have rCor ⇒ rCor0,1 and CorC ⇒ Cor. However, it

is not clear if Propositions 3.53 and 3.55 (as well as their strong variants) are also

true with the additional continuity assumption. If they were, it would yield the

equivalence of Poincaré recurrence, continuous combinatorial recurrence and real

correlativity.

Lemma 3.57. Let f ∈ l∞c (R,C). Then

γ(d) :=

∮
R
f(t+ d)f(t) dλ(t)

is positive-definite.
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Proof. We have

n∑
i=1

n∑
j=1

αiαjγ(ti − tj) =
n∑
i=1

n∑
j=1

αiαj

∮
R
f(t+ ti − tj)f(t) dλ(t)

t̃:=g−tj
=

n∑
i=1

n∑
j=1

αiαj lim
T→∞

1

2T

∫ T−tj

−T−tj
f(t+ ti)f(t+ tj) dλ(t)

= lim
T→∞

1

2T

∫ T−tj

−T−tj

(
n∑
i=1

αif(t+ ti)

)
·

(
n∑
j=1

αjf(t+ tj)

)
dλ(t)

= lim
T→∞

1

2T

∫ T−tj

−T−tj

∣∣∣∣∣
n∑
i=1

αif(t+ ti)

∣∣∣∣∣
2

dλ(t) ≥ 0

for all n ∈ N, α1, . . . , αn ∈ C, t1, . . . , tn ∈ R as well as

γ(−d) =

∮
R
f(t− d)f(t) dλ(t) =

∮
R
f(t+ d)f(t) dλ(t) = γ(d).

Lemma 3.58. Let f ∈ l∞c (R,C) and m :=
∮
R f(t) dλ(t) as well as g(t) := f(t)−m

and γ̃(d) :=
∮
R g(t+ d)g(t) dλ(t) be given. Then γ(d) = γ̃(d) + |m|2 for all d ∈ R,

g ∈ l∞c (R,C) and
∮
R γ̃(d) dλ(d) ≥ 0.

Proof. We have∮
R
g(t) dλ(t) =

∮
R
(f(t)−m) dλ(t) =

∮
R
f(t) dλ(t)−m

and ∮
R
f(t) dλ(t) = lim

T→∞

1

2T

∫ T

−T
f(t) dλ(t) = lim

T→∞

1

2T

∫ T+d

−T+d

f(t) dλ(t)

= lim
T→∞

1

2T

∫ T

−T
f(t+ d) dλ(t) =

∮
R
f(t+ d) dλ(t)

for all d ∈ R. Therefore, we have

γ̃(d) =

∮
R
g(t+ d)g(t) dλ(t) =

∮
R
(f(t+ d)−m)(f(t)−m) dλ(t)

=

∮
R
f(t+ d)f(t) dλ(t) + |m|2 −m

∮
R
f(t) dλ(t)−m

∮
R
f(t+ d) dλ(t)

=

∮
R
f(t+ d)f(t) dλ(t)− |m|2 = γ(d)− |m|2.
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Hence, γ and γ̃ differ only by a constant, so g ∈ l∞c (R,C). In particular, γ̃ is

continuous and also positive-definite by Lemma 3.57. Hence, there exists a measure

ν on R such that ν̂(d) = γ̃(d). Lemma 2.17 implies

0 ≤ ν({0}) =

∮
R
γ̃(d) dλ(d).

Proposition 3.59 (FMRiesz ⇒ Cor). Let us assume that every probability mea-

sure on R with µ̂(d) = 0 for all d ∈ D satisfies

µ({0}) = 0.

Then, given f ∈ l∞c (R,T),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

Compare [4, Theorems 1-3] and [14, Theorem 1.8].

Proof. Let f ∈ l∞c (R,T) be given with γ(d) =
∮
R f(t + d)f(t) dλ(t) = 0 for all

d ∈ D and such that s 7→ γ(s) is continuous.

By Lemma 3.57, γ is positive-definite, hence, by the Bochner Herglotz theorem

2.16, there exists a measure µ on R such that µ(R) = γ(0) and µ̂(t) = γ(t) for all

t ∈ D.

We set µ̃ := µ
µ(R)

to obtain a probability measure. We have µ̂(d) = 1
µ(R)

γ(d) = 0

for all d ∈ D, hence,

µ({0}) = µ̃({0}) · µ(R) = 0

by FMRiesz. We set m :=
∮
R f(t) dλ(t) as well as g(t) := f(t)−m and

γ̃(d) :=

∮
R
g(t+ d)g(t) dλ(t).
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We finally conclude

µ({0}) 2.17
=

∮
R
γ(t) dλ(t)

3.58
= |m|2 +

∮
R
γ̃(t) dλ(t)

3.58

≥ |m|2 =

∣∣∣∣∮
R
f(t) dλ(t)

∣∣∣∣2
and

0 ≤
∣∣∣∣∮

R
f(t) dλ(t)

∣∣∣∣ ≤√µ({0}) = 0,

and D is therefore correlative.

Similarly, we obtain the following result.

Proposition 3.60 (FMRiesz⇒ rCor). Let us assume that probability measure on

R with µ̂(d) = 0 for all d ∈ D satisfies

µ({0}) = 0.

Then, given 0 ≤ f ∈ l∞c (R,R),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮
R
f(t) dλ(t) = 0.

Remark 3.61. Proposition 3.60 suggests the following property:

A set D ⊆ R is symmetric FMRiesz if every probability measure on

R with µ̂(−t) = µ̂(t) = µ̂(−t) for all t ∈ R and with µ̂(d) = 0 for all

d ∈ D satisfies

µ({0}) = 0.

We obviously have FMRiesz ⇒ symmetric FMRiesz ⇒ real correlativity, but at

least one of the converse implications is false (Remark 6.5).

Lemma 3.62. Let T = m2 + ρ and t = n2 + r with 0 ≤ ρ < 2m + 1 and

0 ≤ r < 2n+ 1, m,n ∈ N. Then

lim
T→∞

1

2T

∫ T

0

e2πirx dλ(t) =
1

2
1{0}(x).
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Proof. Let x = 0. Then

lim
T→∞

1

2T

∫ T

0

e2πirx dλ(t) = lim
T→∞

1

2T

∫ T

0

1 dλ(t) = lim
T→∞

T

2T
=

1

2
.

Let x 6= 0. Then∣∣∣∣∫ T

0

e2πirx dλ(t)

∣∣∣∣ ≤ m−1∑
j=0

∣∣∣∣∣
∫ (j+1)2

j2
e2πirx dλ(t)

∣∣∣∣∣+

∣∣∣∣∣
∫ m2+ρ

m2

e2πirx dλ(t)

∣∣∣∣∣ ≤ 2m+ ρ,

hence,

lim
T→∞

1

2T

∣∣∣∣∫ T

0

e2πirx dλ(t)

∣∣∣∣ ≤ lim
T→∞

2m+ ρ

2m2 + ρ
= 0.

Proposition 3.63 (Cor ⇒ FMRiesz). Let us assume that, given f ∈ l∞c (R,T),∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

Then every probability measure on R with µ̂(d) = 0 for all d ∈ D satisfies

µ({0}) = 0.

Compare [14, Theorem 1.8].

Proof. Let µ be a probability measure on R with µ̂(d) = 0 for all d ∈ D. Let

(Xn)n∈N be i.i.d. random variables distributed by law µ. We define a new family

of random variables (Yt)t∈R with values in T by

Y (t) :=


e2πirXm , t ≥ 0,

0, t < 0,

where t = m2 + r with m ∈ N0 and 0 ≤ r < 2m + 1 (such a decomposition is

unique).

We note that the paths (Yt(ω))t≥0 are piecewise continuous for almost every ω ∈ Ω,

58



3.2 Correlativity

hence,
∮
R Yt dλ(t) is almost surely well-defined, and that Yt and Ys are independent

if t > s + 2mt + 1. In particular, given T = m2 + r > 0 with m ∈ N0 and

0 ≤ r < 2m + 1, the random variables Ys and Yt are independent for t, s ≤ T if

|t− s| > 2
√
T + 1.

For Zt := Yt − E[Yt] with uniform bound M = 2, we hence have∣∣∣∣∣
∞∑

06=T=−∞

1

|T |
E

[∣∣∣∣ 1

|T |

∫ T

0

Zt dλ(t)

∣∣∣∣2
]∣∣∣∣∣

=

∣∣∣∣∣
∞∑
T=1

1

T 3
E

[(∫ T

0

Zt dλ(t)

)(∫ T

0

Zs dλ(s)

)]∣∣∣∣∣
=

∣∣∣∣∣
∞∑
T=1

1

T 3
E
[∫ T

0

∫ T

0

ZtZs dλ(t) dλ(s)

]∣∣∣∣∣
≤

∞∑
T=1

1

T 3

∫ T

0

∫ T

0

∣∣E [ZtZs]∣∣ dλ(t) dλ(s)

≤
∞∑
T=1

1

T 3
· (2
√
T + 1) ·

√
2T ·M2 <∞

since E[XY ] = E[X]E[Y ] for independent random variables X, Y and E[Zt] = 0.

Condition (2.6) in the strong law of large numbers 2.21 is hence satisfied. Then,

almost surely, we have∮
R

Yt dλ(t)
2.21
=

∮
R
E[Yt] dλ(t) = lim

T→∞

1

2T

∫ T

0

∫
R
e2πirx dµ(x) dλ(t)

2.31
=

∫
R

lim
T→∞

1

2T

∫ T

0

e2πirx dλ(t) dµ(x)
3.62
=

∫
R

1

2
1{0}(x) dµ(x) =

1

2
µ({0}).

We note

Y (t+ h)Y (t) = e2πi(r+h)Xme−2πirXm = e2πihXm (3.1)

for 0 ≤ h+ r < 2m+ 1 and t+ h > 0. However, for fixed h ∈ R, we have

λ({t = l2 + r : 0 ≤ h+ r < 2l + 1} ∩ [−T, T ])

T

T→∞−→ 1

For fixed d ∈ R, we define Ed := {t = m2 + r : 0 ≤ d + r < 2m + 1} and note∮
R 1Ecd dλ(t) = 0. Similarly as for (Yt − E[Yt])t∈R, Condition (2.6) is satisfied for
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the family of random variables (Yt+dYt − E[Yt+dYt])t∈R. We therefore have∮
R
Y (t+ d)Y (t) dλ(t)

2.21
=

∮
R
E[Y (t+ d)Y (t)] dλ(t)

= lim
T→∞

1

2T

∮
[−T,T ]∩Ed

E[Y (t+ d)Y (t)] dλ(t)

+ lim
T→∞

1

2T

∫
[−T,T ]∩Ecd

E[Y (t+ d)Y (t)] dλ(t)

(3.1)
= lim

T→∞

1

2T

∫
[−T,T ]∩Ed

E[e2πidXm ] dλ(t)

= lim
T→∞

1

2T

∫
[−T,T ]∩Ed

∫
R
e2πidx dµ(x) dλ(t)

= lim
T→∞

1

2T

∫
[−T,T ]∩Ed

µ̂(d) dλ(t) =
1

2
µ̂(d)

almost surely for all d ∈ R. Since µ̂ is uniformly continuous (Remark 2.14) and

since
∮
R Y (t) dλ(t) = 1

2
µ({0}) exists almost surely as shown before, we obtain

Y ∈ l∞c (R,T) almost surely. Therefore,∮
R
Y (t+ d)Y (t) dλ(t) =

1

2
µ̂(d) = 0

for all d ∈ D almost surely implies

0 = 2 ·
∮
R
Y (t) dλ(t) = µ({0})

by correlativity, and D is hence FMRiesz.

Remark 3.64. Similarly, we obtain the corresponding strong equivalence

enhanced van der Corput⇔ FC+.

3.2.6 Van der Corput

We now prove the equivalence of van der Corput and correlative sets. A major

component is the Weyl equidistribution criterion Proposition 2.24.
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Proposition 3.65 (Cor⇒ vdC). Let us assume that, given f ∈ l∞c (R,T),
∮
R f(t+

d)f(t) dλ(t) = 0 for all d ∈ D implies∮
R
f(t) dλ(t) = 0.

Then, given f ∈ l∞cc (R,R), the equidistribution of f(· + d) − f(·) mod 1 for all

d ∈ D implies the equidistribution mod 1 of f .

Proof. Let f ∈ l∞cc (R,R) be given such that f(·+ d)− f(·) is equidistributed mod

1 for all d ∈ D. Then, by the Weyl equidistribution criterion Proposition 2.24, this

implies

0 =

∮
R
e2πik(f(t+d)−f(t)) dλ(t) =

∮
R
e2πik(f(t+d))e−2πik(f(t)) dλ(t)

for all 0 6= k ∈ Z. Since e2πik(f(t)) ∈ l∞c (R,T) for all 0 6= k ∈ R by assumption on

f , correlativity implies

0 =

∮
R

e2πikf(t) dλ(t)

for all 0 6= k ∈ Z, hence, the Weyl equidistribution criterion Proposition 2.24

implies the equidistribution mod 1 of f .

Let G be a locally compact abelian group (we refer to Section 7.3 for more de-

tails and references on (locally) compact abelian groups). Then there exists a

(nonunique) rotation invariant mean L on l∞(G), in particular on l∞(R), which

is given as a Banach limit extension of Cesàro averages (compare [62, Example

0.3-0.4]).

Given a compact abelian group K with its dual group K∗, we define a generalised

equidistribution as follows. It is a straightforward observation that this definition

coincides with Definition 2.24 when considering K = T (interpreting T as [0, 1]).

Definition 3.66 (K-Equidistribution). Let K be a compact abelian group and L

a rotation invariant mean given as Banach limit extension of Cesàro averages on
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l∞∗ (R). Then f ∈ l∞∗ (R, K) is K-equidistributed if L(χ◦f) =
∫
H
χ dλ = 0 holds

for all e∗ 6= χ ∈ K∗.

Definition 3.67 (K-van der Corput). Let a compact abelian group K be given.

A set D ⊆ R is K-van der Corput (K-vdC) if, given f ∈ l∞cc (R, K), the K-

equidistribution of f(·+ d)− f(·) implies the K-equidistribution of f .

Definition 3.68 (Generalised van der Corput). A set D ⊆ R is generalised van

der Corput (gvdC) if, given a compact abelian group K and f ∈ l∞cc (R, K), the

K-equidistribution of f(·+ d)− f(·) implies the K-equidistribution of f .

Peres ([63, Theorem 4.2]) proved the following result for integers. We extend this

result with a different approach to obtain a general van der Corput result for the

corresponding real properties.

Theorem 3.69 (Peres). Let K = T⊕K0 with a compact abelian metrisable group

K0 be given. Then the following are equivalent.

(i) Given (un)n∈N ⊂ K, the K-equidistribution of u· − u·+d implies the K-equidis-

tribution of (un)n∈N.

(ii) Given (un)n∈N ⊂ R, the equidistribution mod 1 of u·−u·+d implies the equidis-

tribution mod 1 of (un)n∈N.

In other words, a set D ⊆ N is van der Corput if and only if it is K-van der

Corput.

Proposition 3.70 (OR ⇒ K-vdC). Let us assume that, given a Hilbert space H,

a strongly continuous unitary group (Tt)t∈R on H and x ∈ H with ‖x‖ = 1 and

Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Then, given f ∈ l∞cc (R, K), the K-equidistribution of f(· + d) − f(·) implies the

K-equidistribution of f .
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Conpare [63, Theorem 3.3].

Proof. Using the scalar product induced by the Banach limit L on l∞(R,R) (see

Subsection 2.4), the K-equidistribution of f(·+ d)− f(·) rewrites as

L (χ ◦ (f(·+ d)− f(·))) = L
(

(χ ◦ (f(·+ d)))(χ ◦ f))
)

= 〈Td(χ ◦ f), χ ◦ f〉

for all d ∈ D with the strongly continuous rotation group (Tt)t∈R on H (Lemma

2.23). Operator recurrence hence implies Px = 0. Since 1 ∈ Fix((Tt)t∈R) and

x ⊥ Fix((Tt)t∈R), we therefore have

0 = L (1 · (χ ◦ f)) = L(χ ◦ f),

and f is K-equidistributed.

Similarly, we obtain the following result.

Proposition 3.71 (OR ⇒ gvdC). Let us assume that, given a Hilbert space H,

a strongly continuous unitary group (Tt)t∈R on H and x ∈ H with ‖x‖ = 1 and

Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Then, given a compact abelian group K and f ∈ l∞cc (R, K), the K-equidistribution

of f(·+ d)− f(·) implies the K-equidistribution of f .

It is easy to see that any set D ⊆ R is trivially K-van der Corput for the com-

pact group K = {0} since both f ∈ l∞cc (R, K) and f(· + d) − f(·) for all d ∈ R

are always K-equidistributed. We therefore exclude K = {0} from the following

considerations.

We first note the following lemmata which are helpful for the later integrations.

They follow in the same way as the well-known half angle identities for sin and

cos.
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Lemma 3.72. We have

(<(χ(y))2 =
1

2
(<(χ(2y)) + 1),

=(χ(2y)) = 2=(χ(y))<(χ(y)).

Lemma 3.73. Let e∗ 6= χ, χ2 ∈ H∗. Then∫
H

χ(h) dλ(h) = 0 =

∫
H

χ(2h) dλ(h).

Proof. Using the rotation invariance of λ, we have

χ(g)

∫
H

χ(h) dλ(h) =

∫
H

χ(h+ g) dλ(h) =

∫
H

χ(h) dλ(h)

for χ(g) 6= 1. Hence,
∫
H
χ(h) dλ(h) = 0. The same result holds for χ2 6= e∗, i.e.∫
H

χ(2h) dλ(h) =

∫
H

χ2(h) dλ(h) = 0

Proposition 3.53 shows that the use of 0 ≤ f ∈ l∞∗ (R,R) and f ∈ l∞∗ (R, {0, 1})

yields the same real correlativity∗ sets. This indicates that we can extend the

implication van der Corput ⇒ correlativity to generalised van der Corput sets

even with “small” groups such as Z3 or Z5.

However, we have to exclude some groups since χ2 = e∗ yields
∫
H
χ2(h) dλ(h) = 1

and hence

E[Xt(χ)] = <(f(t))

in the proof of Proposition 3.74. We therefore allow only compact abelian groups

such that χ2 6= e∗ for all e∗ 6= χ ∈ K∗. This includes for example Zp for p prime

and T.

The same approach (for all compact abelian groups K 6= {0}) yields

K-van der Corput⇒ real correlativity.
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Proposition 3.74 (K-vdC⇒ Cor). Let K 6= {0} be a compact abelian group such

that χ2 6= e∗ for all e∗ 6= χ ∈ K∗. Let us assume that, given f ∈ l∞cc (R, K), the

K-equidistribution of f(·+ d)− f(·) implies the K-equidistribution of f .

Then, given f ∈ l∞c (R, K),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D, we have∮

R
f(t) dλ(t) = 0.

Compare [71, Section 6].

Proof. Bounded K-van der Corput sets and correlative sets are characterised by

having the limit point 0 (Propositions 4.24 and 4.25). Therefore, the equivalence

of K-van der Corput and correlativity for a set D follows trivially if D has the limit

point 0. Hence, we only have to consider the case when 0 is not a limit point of D

and we therefore assume without loss of generality that D ∩ (−δ, δ) = ∅ for some

δ > 0.

Let f = f1 + if2 ∈ l∞c (R,T) satisfy
∮
R f(t + d)f(t) dλ(t) = 0. For e∗ 6= χ ∈

H∗, let (Yt(χ))t∈R be a family of random variables such that Yt(χ) and Ys(χ) are

independent if |t− s| ≥ δ, with measurable paths as well as with values in H and

distributed with law 1(y) + <(f(t)χ(y)) dλ(y). This is indeed a density function

since <(f(t)χ(y)) ≥ −1 and∫
H

1(y) + <(f(t)χ(y)) dλ(y) =

∫
H

1(y) dλ(y) + <
(
f(t)

∫
H

χ(y) dλ(y)

)
= 1.

Let (Xt(χ) := χ(Yt(χ)))t∈R be a family of random variable with values in T and

measurable paths and where Xt(χ) and Xs(χ) are independent if |t−s| ≥ δ. Then

E[Xt(χ)] =

∫
H

χ(y)(1(y) + <(f(t)χ(y))) dλ(y)

=

∫
H

χ(y) dλ(y)

+

∫
H

(<(χ(y)) + i=(χ(y))) (< ((f1(t) + if2(t))(<(χ(y))− i=(χ(y))) dλ(y)
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3.73
= f1(t)

∫
H

(<(χ(y)))2 dλ(y) + if1(t)

∫
H

=(χ(y))<(χ(y)) dλ(y)

+ f2(t)

∫
H

=(χ(y))<(χ(y)) dλ(y) + if2(t)

∫
H

(=(χ(y)))2 dλ(y)

3.72
=

1

2
f1(t)

∫
H

(<(χ(2y)) + 1(y)) dλ(y) +
1

2
if1(t)

∫
H

=(χ(2y)) dλ(y)

+
1

2
f2(t)

∫
H

=(χ(2y)) dλ(y) + if2(t)

∫
H

(
1(y)− (<(χ(y)))2

)
dλ(y)

=
1

2
f1(t)

(
<
(∫

H

(χ(2y)) dλ(y)

)
+

∫
H

1(y) dλ(y)

)
+

1

2
if1(t)=

(∫
H

χ(2y) dλ(y)

)
+

1

2
f2(t)=

(∫
H

χ(2y) dλ(y)

)
+ if2(t)

(∫
H

1(y)dλ(y)− 1

2

∫
H

(<(χ(2y)) + 1(y)) dλ(y)

)
3.73
=

1

2
(f1(t) + if2(t)) =

1

2
f(t)

for all t ∈ R independently of e∗ 6= χ ∈ H∗. Condition (2.6) for (Xt(χ) −

E[Xt(χ)])t∈R and (Xt+d(χ)Xt(χ)− E[Xt+d(χ)Xt(χ)])t∈R is satisfied similarly as in

the proof of Proposition 3.63. The strong law of large numbers 2.21 hence implies∮
R
Xt(χ) dλ(t) =

∮
R
E[Xt(χ)] dλ(t) =

1

2

∮
R
f(t) dλ(t)

almost surely and independently of e∗ 6= χ ∈ H∗. We further have

E[

∮
Xt+d(χ)Xt(χ) dλ(t)] =

∮
R

E[Xt+d(χ)χ(Xt(χ))] dλ(t)

=

∮
R

E[Xt+d(χ)]E[Xt(χ)] dλ(t) =
1

4

∮
R

f(t+ d)f(t) dλ(t) = 0

for all d ∈ D and j 6= 0 and independently of e∗ 6= χ ∈ H∗ since Xt+d(χ) and

Xt(χ) are independent. Hence,∮
R
Xt+d(χ)Xt(χ) dλ(t)

2.21
=

∮
R
E[Xt+d(χ)Xt(χ)] dλ(t)

2.31
= E[

∮
R
Xt+d(χ)Xt(χ) dλ(t)] = 0

almost surely independently of e∗ 6= χ ∈ H∗ for all d ∈ D. By the equidistribution

criterion Definition 3.66, X(·+d)−X(·) is almost surely equidistributed mod 1 and
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X(·) ∈ l∞cc (R,R) almost surely by assumption on f ∈ l∞c (R, K), hence, Property

K-van der Corput implies

0 =

∮
R
Xt(χ) dλ(t) =

1

2
·
∮
R
f(t) dλ(t).

The next result is a special case of Proposition 3.74 with K = T.

Proposition 3.75 (vdC ⇒ Cor). Let us assume that, given f ∈ l∞cc (R, [0, 1]), the

equidistribution mod 1 of f(·+ d)− f(·) for all d ∈ D implies the equidistribution

mod 1 of f .

Then, given f ∈ l∞c (R,T),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R
f(t) dλ(t) = 0.

We clearly have the implication

generalised van der Corput⇒ van der Corput

since T is a compact abelian group. Therefore, using Propositions 3.75, 3.71 and

3.74 as well as the equivalence of correlativity and operator recurrence, we obtain

the following result.

Proposition 3.76. Let D ⊆ R and let a compact abelian group K 6= {0} be given

such that χ2 6= e∗ for all e∗ 6= χ ∈ K∗. The following are equivalent.

(i) D is operator recurrent.

(ii) D is van der Corput.

(iii) D is K-van der Corput.

(iv) D is generalised van der Corput.

Remark 3.77. Let D ⊆ R. Similarly, given K 6= {0} such that χ2 6= e∗ for all
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e∗ 6= χ ∈ K∗, we obtain some implications without continuity, i.e. we have

operator recurrence∗ ⇒ generalised van der Corput∗

⇒ K-van der Corput∗

⇒ correlativity∗.

However, it is not clear if the implication correlativity∗ ⇒ operator recurrence∗

holds as we cannot use FMRiesz due to its natural continuity property.

3.2.7 Fürstenberg Correspondence Principle

In this subsection, we discuss the Fürstenberg correspondence principle and prove

its variant for real systems. Fürstenberg used this correspondence principle to

translate Szemeredi’s theorem about arbitrarily long arithmetic progressions ([79])

into the language of ergodic theory and to prove it by using a multiple recurrence

variant of Poincaré’s theorem ([37]). This principle is used to prove number the-

oretical results in a similar way by using recurrence results, e.g. that Poincaré

recurrence implies combinatorial recurrence.

The converse, i.e. that combinatorial recurrence and intersectivity imply Poincaré

recurrence for Z was shown by Bertrand-Mathis ([17]) and Bergelson ([7, Theorem

1.5], [6, Section 2]). However, their proofs rely on countability, hence, they cannot

be adapted for R, but, without continuity assumptions, combinatorial recurrence

implies Poincaré recurrence by using real correlativity (see Remark 3.82).

Definition 3.78 (Net). Let I be a directed set, then (ai)i∈I is called a net. A net

(ai)i∈I with values in a topological space (X, T ) is called convergent to a if for

all U ∈ T with a ∈ U there exists β ∈ I such that for all α > β, we have aα ∈ U .

We denote the limit a of a converging net (aj)j∈J by a = limJ aj.

Let I, J be directed sets. Then (bj)j∈J is a subnet of (ai)i∈I if there exists a

monotone function h : J → I such that ∀i ∈ I ∃j ∈ J : i ≤ h(j) and bj = ah(j).
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The following proposition is a Bolzano-Weierstraß type result ([58, Section 3.3]).

Proposition 3.79. A space X is compact if and only if every net with values in

X has a convergent subnet.

We refer to [58] for more details on nets.

Lemma 3.80. Let a compact Hausdorff space X, x∗ ∈ X, a group action of

continuous maps (φt)t∈R on X and a sequence (TS)S∈N ⊂ R with TS
S→∞−→ ∞ be

given. For T > 0 and open A ⊆ X, let µT be the measure defined on X by

µT (A) =
1

2T

∫ T

−T
δφt(x∗)(A) dλ(t) =

1

2T

∫ T

−T
1A(φt(x∗)) dλ(t)

with corresponding integral∫
X

fdµT =
1

2T

∫ T

−T

(∫
X

f dδφt(x∗)

)
dλ(t).

Then there exists a weak∗-cluster point µ of (µTS)S∈N and every weak∗ cluster point

is invariant under (φt)t∈R.

Compare [29, Theorem 4.1].

Proof. We first note that µT (R) = 1 for all T ∈ R, hence, by weak∗-compactness

ofM1 (as consequence of the Banach-Alaoglu theorem ([68, Theorem 3.15])) there

exists a subnet (µj)j∈J and a weak∗-limit µ such that limJ µj = µ.

Let γ ∈ R and f ∈ C(X). Without loss of generality, let γ ≥ 0 to avoid extra

cases in (+). We have∣∣∣∣∫
X

(f ◦ φγ)(x) dµT (x)−
∫
X

f(x) dµT (x)

∣∣∣∣ =

∣∣∣∣∫
X

(f ◦ φγ − f)(x) dµT (x)

∣∣∣∣
=

∣∣∣∣ 1

2T

∫ T

−T

∫
X

(f ◦ φγ − f)(x) dδφt(x∗)(x) dλ(t)

∣∣∣∣
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=

∣∣∣∣ 1

2T

∫ T

−T

∫
X

(f ◦ φγ+t − f ◦ φt)(x) dδx∗(x) dλ(t)

∣∣∣∣
=

∣∣∣∣∣∣ 1

2T

∫
X

T∫
−T

(f ◦ φγ+t − f ◦ φt)(x) dλ(t) dδx∗(x)

∣∣∣∣∣∣
=

∣∣∣∣ 1

2T

∫
X

(∫ T

−T
(f ◦ φγ+t)(x) dλ(t)−

∫ T

−T
(f ◦ φt)(x) dλ(t)

)
dδx∗(x)

∣∣∣∣
=

∣∣∣∣ 1

2T

∫
X

(∫ T

−T
(f ◦ φγ+t)(x) dλ(t)−

∫ T−γ

−T−γ
(f ◦ φγ+t)(x) dλ(t)

)
dδx∗(x)

∣∣∣∣
(+)
=

∣∣∣∣ 1

2T

∫
X

(

∫ T−γ

−T
(f ◦ φγ+t)(x) dλ(t)−

∫ T−γ

−T
(f ◦ φγ+t)(x) dλ(t)

+

∫ T

T−γ
(f ◦ φγ+t)(x) dλ(t)−

∫ −T
−T−γ

(f ◦ φγ+t)(x) dλ(t)) dδx∗(x)

∣∣∣∣
≤ 1

2T

∫
X

2γ‖f‖∞ dδx∗(x) =
γ‖f‖∞
T

T→∞−→ 0,

so in particular, by uniqueness of limits, we have∣∣∣∣∫
X

(f ◦ φγ)(x) dµ(x)−
∫
X

f(x) dµ(x)

∣∣∣∣
= lim

J

∣∣∣∣∫
X

(f ◦ φγ)(x) dµj(x)−
∫
X

f(x) dµj(x)

∣∣∣∣ = 0

for any weak∗ limit µ of (µTS)S∈N, and Lemma 2.4 implies that µ is (φt)t∈R invariant.

Proposition 3.81 (Fürstenberg Correspondence Principle). Let E ⊆ R with

dR(E) > 0 be given. Then there exists a mps (Ω,Σ, µ; (τt)t∈R) and A ∈ Σ such that

µ(A) = dR(E)

and

µ(A ∩ τd(A)) ≤ dR(E ∩ (E − d))

for all d ∈ R.

Compare [29, Section 7.3] (see also [82, section 6] for a similar approach for R2).
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3.2 Fürstenberg Correspondence Principle

Proof. We define X0 := {0, 1}R which is a compact Hausdorff space by Tychonoff’s

theorem ([68, Theorem A3]). We define τ̃s((xt)t∈R) := (xt+s)t∈R as a shift on

X0. We define xE := 1E and Ω := X := {τ̃t(xE) : t ∈ R} with the σ-algebra Σ

generated by the open sets in the subspace topology of X and τt := τ̃t|X .

We set A := {x ∈ X : x(0) = 1} = X ∩ {x ∈ X0 : x(0) = 1} which is clopen and

we note

τt(1E) = τt(xE) ∈ A⇐⇒ 1E(t) = 1⇐⇒ t ∈ E.

Let (TS)S∈N be a sequence with TS
S→∞−→ ∞ such that

1

2TS

∫ TS

−TS
1E(t) dλ(t) −→ lim sup

T→∞

1

2T

∫ T

−T
1E(t) dλ(t) = dR(E).

We define

µTS(·) :=
1

2TS

∫ TS

−TS
δτt(xE)(·) dλ(t).

Lemma 3.80 implies that there exists a weak∗-cluster point µ of (µTS)S∈N with

corresponding subnet (µj)j∈J of (µTS)S∈N which is invariant under the mps

(Ω,Σ, µ;(τt)t∈R) and which satisfies

µ(A) = lim
J
µj(A) = lim

S→∞
µTS(A) = lim

S→∞

1

2TS

∫ TS

−TS
δτt(xE)(A) dλ(t)

= lim
S→∞

1

2TS

∫ TS

−TS
1E(t) dλ(t) = lim sup

T→∞

1

2T

∫ T

−T
1E(t) dλ(t) = d(E)

as the limit limS→∞ µTS(A) exists by construction. Moreover,

µ(A ∩ (τd(A)) = lim
J
µj(A ∩ (τd(A)) ≤ lim sup

S→∞
µTS(A ∩ (τd(A))

≤ lim sup
T→∞

µT (A ∩ (τd(A)) = lim sup
T→∞

1

2T

∫ T

−T
δτt(xE)(A ∩ τd(A)) dλ(t)

= lim sup
T→∞

1

2T

∫ T

−T
1E(t)1E−d(t) dλ(t) = dR(E ∩ (E − d))

holds for all d ∈ R.
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Remark 3.82. The Fürstenberg correspondence principle is used in the classical

setting of N to show that every Poincaré set is also combinatorially recurrent.

For real recurrence sets, however, we would additionally require strong continu-

ity of the system obtained in Proposition 3.81 to show that Poincaré recurrence

implies combinatorial recurrence. Bergelson, Boshernitzan and Bourgain ([11])

showed that the Fürstenberg correspondence principle indeed fails for R in general

(see Theorem 4.27 and Proposition 4.33).

This failure comes from the fact that combinatorial recurrence is a property with-

out continuity assumptions, and merely a combinatorial property. If we drop the

continuity assumptions in our framework, then the Fürstenberg correspondence

principle holds again (see, e.g. [82, Proposition 6.6] and Remark 3.90). Using also

other results from this chapter, this then yields the equivalence of Poincaré recur-

rence, combinatorial recurrence and real correlativity as in the classical setting.

On the other hand, one can impose a continuity assumption on intersectivity and

combinatorial recurrence, and the Fürstenberg correspondence principle then yields

the implication Poincaré recurrence ⇒ continuous combinatorial recurrence (see

Subsection 3.2.8).

The following result has been suggested by [11].

Proposition 3.83. Let E ⊆ R in Proposition 3.81 satisfy limt→0 dR((E+t)4E) =

0. Then (R, E) admits the Fürstenberg correspondence principle, i.e. the mps

(Ω,Σ, µ; (τt)t∈R) from Proposition 3.81 is strongly continuous.

Proof. The open sets A = {x ∈ X : x(0) = 1} and Ac = {x ∈ X : x(0) = 0} with

their translates generate the topology on X since

X ∩ {x ∈ {0, 1}R : x(t1) = i1, . . . , x(tn) = in} = τt1(B1) ∩ . . . ∩ τtn(Bn)

for all n ∈ N, t1, . . . , tn ∈ R, i1, . . . , in ∈ {0, 1} and B1, . . . , Bn ∈ {A,Ac}. We

further note A 4 φt(A) = Ac 4 (φt(A))c. Hence, it is sufficient to check strong
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continuity on A. We have

µ(τt(A)4 A) = lim
J
µj(τt(A)4 A) ≤ lim sup

S→∞
µTS(τt(A)4 A)

≤ lim sup
T→∞

µT (τt(A)4 A) = lim sup
T→∞

1

2T

∫ T

−T
δτt(xE)(τt(A)4 A) dλ(t)

= lim sup
T→∞

1

2T

∫ T

−T
(1E+t(t) + 1E(t)− 1E+t(t)1E(t)) dλ(t)

= dR((E + t)4 E)
t→0−→ 0

and (Ω,Σ, µ; (τt)t∈R) from Proposition 3.81 is therefore strongly continuous.

3.2.8 Intersectivity and Combinatorial Recurrence

Proposition 3.83 allows a continuous version of intersectivity and combinatorial

recurrence. This yields the implication Poincaré recurrence ⇒ continuous combi-

natorial recurrence. We further connect combinatorially recurrent sets with real

correlative sets.

Definition 3.84 (Continuous Intersectivity). A set D ⊆ R is continuously in-

tersective (cIS) if, given E ⊆ R with dR(E) > 0 and limt→0 dR((E + t)4E) = 0

such that dR(E ∩ (E − d)) exists for all d ∈ R, we have

(E − E) ∩ D 6= ∅.

Definition 3.85 (Continuous Combinatorial recurrence). A set D ⊆ R is con-

tinuously combinatorially recurrent (cCR) if, given E ⊆ R with dR(E) > 0

and limt→0 dR((E + t)4 E) = 0 such that dR(E ∩ (E − d)) exists for all d ∈ R,

there exists d ∈ D such that

dR((E − d) ∩ E) > 0.

Definition 3.86 (Continuous Strong Combinatorial Recurrence). A set D ⊆ R is

continuously strongly combinatorially recurrent (cSCR) if, given E ⊆ R
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with dR(E) > 0 and limt→0 dR((E + t)4 E) = 0 such that dR(E ∩ (E − d)) exists

for all d ∈ R, we have

lim sup
|d|→∞,d∈D

dR((E − d) ∩ E) > 0.

Remark 3.87. We need the additional requirement that dR(E∩(E−d)) exists for

all d ∈ R to connect combinatorial recurrence with real correlativity (Proposition

3.89).

We also note that it is equivalent to consider dR(E) instead of dR(E) and dR((E−

d) ∩ E) > 0 instead of dR((E − d) ∩ E) > 0 in Definitions 3.84, 3.85 and 3.86.

We obviously have

intersectivity⇒ continuous intersectivity,

combinatorial recurrence⇒ continuous combinatorial recurrence

⇒ continuous intersectivity,

strong combinatorial recurrence⇒ continuous strong combinatorial recurrence.

But the Fürstenberg correspondence principle yields more.

Proposition 3.88 (P⇒ cCR). Let us assume that, given a scmps (Ω,Σ, µ; (φt)t∈R)

and A ∈ Σ with µ(A) > 0, there exists d ∈ D such that

µ(A ∩ φd(A)) > 0.

Then, given E ⊆ R with dR(E) > 0 and limt→0 dR((E + t) 4 E) = 0 such that

dR(E ∩ (E − d)) exists for all d ∈ R, there exists d ∈ D such that

dR((E − d) ∩ E) > 0.

Proof. Let E ⊆ R with dR(E) > 0 and limt→0 dR((E + t) 4 E) = 0 be given.

Proposition 3.81 yields a mps (Ω,Σ, µ; (φt)t∈R) with µ(A) = dR(E) and µ(A ∩
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τd(A)) ≤ dR(E ∩ (E − d)) for all d ∈ R. The mps is also strongly continuous by

Proposition 3.83. Since D is Poincaré, there exists d ∈ D such that

0 < µ(A ∩ τd(A)) ≤ dR(E ∩ (E − d))

and D is hence continuously combinatorially recurrent.

Proposition 3.89 (cCR ⇔ rCor0,1). The following are equivalent.

(i) Given E ⊆ R with dR(E) > 0 and limt→0 dR((E + t) 4 E) = 0 such that

dR(E ∩ (E − d)) exists for all d ∈ R, there exists d ∈ D such that

dR((E − d) ∩ E) > 0.

(ii) Given f ∈ l∞c (R, {0, 1}),
∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D implies∮

R

f(t) dλ(t) = 0.

Proof. Let f = 1E ∈ l∞c (R, {0, 1}) be given such that
∮
R f(t+ d)f(t) dλ(t) = 0 for

all d ∈ D. Then

0 =

∮
R
f(t+ d)f(t) dλ(t) =

∮
R
1E−d(t)1E(t) dλ(t) = dR((E − d) ∩ E)

for all d ∈ D. Since f ∈ l∞c (R, {0, 1}), dR(E ∩ (E − d)) =
∮
R f(t + d)f(t) dλ(t)

exists for all d ∈ R and we have

lim
t→0

dR((E + t)4 E) = lim
t→0

lim sup
T→∞

∮ T

−T
(1E+t(s) + 1E(s)− 21E+t(s)1E(s)) dλ(s)

= lim
t→0

lim sup
T→∞

∮ T

−T
(f(s− t) + f(s)− 2f(s− t)f(s)) dλ(s)

= 2 lim
t→0

lim
T→∞

∮ T

−T
f(s) dλ(s)− 2 lim

t→0
lim
T→∞

∮ T

−T
f(s− t)f(s) dλ(s)

= 2

∮
R
f(s) dλ(s)− 2 lim

t→0

∮
R
f(s− t)f(s) dλ(t) = 0.

Continuous combinatorial recurrence then implies

0 = dR(E) = dR(E) =

∮
R

1E(t) dλ(t) =

∮
R

f(t) dλ(t).
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On the other hand, let E ⊆ R be given such that

0 = dR(E ∩ (E − d)) = dR(E ∩ (E − d))

=

∮
R

1E∩(E−d)(t) dλ(t) =

∮
R

1E(t+ d)1A(t) dλ(t).

Since dR(E∩ (E−d)) exists for all d ∈ R and limt→0 dR((E+ t)4E) = 0, property

rCor0,1 then implies

0 =

∮
R

1A(t) dλ(t) = dR(E) = dR(E).

Remark 3.90. Similarly, we obtain the same implications for the properties with-

out continuity assumptions, i.e.

Poincaré∗ ⇒ combinatorial recurrence,

strong recurrence⇒ continuous strong combinatorial recurrence,

strong recurrence∗ ⇒ strong combinatorial recurrence,

combinatorial recurrence⇔ real correlativity0,1
∗ ,

strong correlativity0,1 ⇔ continuous strong combinatorial recurrence,

strong correlativity0,1
∗ ⇔ strong combinatorial recurrence.
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Chapter 4

Examples

In this chapter, we present examples of recurrence sets. We first start with rather

trivial examples like N, R\(−ε, ε) or the characterisation of bounded recurrence

sets. We continue with a rationally linearly independent sequence which gives a

first nontrivial example. The main part of this chapter is the equivalence of real

and integer recurrence for many properties, and these results yield many more

nontrivial examples by using classical integer recurrence sets. We finally discuss

the sets {log p, p prime} and { 1
log p

, p prime} which are proper real recurrence sets

and which do not come directly from integer sets.

4.1 First Examples and Classical Theorems

We consider standard examples in this section, in particular, we discuss the sets

R\(−ε, ε), N as well as bounded recurrence sets. The results for N are often clas-

sical theorems from the early 20th century such as the van der Corput theorem.

Some of the results in this section follow from each other by using the characterisa-

tions from Section 3.2, but they are interesting enough on their own to be treated

independently.
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4.1.1 FMRiesz

Wiener’s Lemma ([44, Corollary 1.7.13]) yields a deep connection of the Fourier

transform µ̂ of a complex measure µ with the atoms of µ.

Theorem 4.1 (Wiener’s Lemma). Let µ be a complex measure on T. Then

∑
τ∈T

|µ({τ})|2 = lim
N→∞

1

2N + 1

N∑
n=−N

|µ̂(n)|2

The following proposition hence can also be obtained as a corollary of Theorem 4.1.

We note that it is not essential for the proof of Proposition 4.2 that µ is positive

or a probability measure, but we require these assumptions to connect FMRiesz

with operator recurrence and correlativity.

Proposition 4.2. Let µ be a probability measure on T such that

µ̂(n) =

∫
T
x−n dµ(x) = 0

for all n ∈ N. Then

µ({1}) = 0.

In particular, N is Z-FMRiesz.

Proof. Let x = 1. Then

lim
n→∞

1

n

n−1∑
j=0

x−j = lim
n→∞

1

n

n−1∑
j=0

1 = lim
n→∞

n

n
= 1.

Let x = e2πit ∈ T\{1}. Then∣∣∣∣∣
n−1∑
j=0

(x)−j

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑
j=0

(
e2πit

)−j∣∣∣∣∣ =

∣∣∣∣1− e−2πitn

1− e−2πit

∣∣∣∣ ≤ 2

|1− e−2πit|

for all n ∈ N, hence,

lim
n→∞

1

n

n−1∑
j=0

x−j = 1{1}(x). (4.1)
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Then we have

µ({1}) =

∫
T
1{1}(x) dµ(x)

(4.1)
=

∫
T

lim
n→∞

1

n

n−1∑
j=0

x−j dµ(x)

= lim
n→∞

1

n

n−1∑
j=0

∫
T
x−j dµ(x) = lim

n→∞

1

n

n−1∑
j=0

µ̂(j) = 0.

Proposition 4.3. Let an infinite set A ⊆ R be given. Then every probability

measure µ on R with µ̂(a− b) = 0 for all a > b ∈ A satisfies

µ({0}) = 0.

In other words, D := {a− b : a > b ∈ A} is R-FMRiesz.

Compare [14, Corollary 1.13].

Proof. Let µ be a probability measure on R such that µ̂(d) = 0 for all d ∈ D and

we note µ̂(−d) = µ̂(d) = 0 for all d ∈ D. We set

Ã := {fa := e2πiax, a ∈ A} ⊂ L2(R, µ)

which satisfies

‖fa‖2 =

∫
R

|e2πiax|2 dµ(x) =

∫
R
1(x) dµ(x) = 1

for all a ∈ A and

〈fa1 , fa2〉 =

∫
R
e2πia1xe−2πia2x dµ(x) =

∫
R
e−2πi(a2−a1)x dµ(x) = µ̂(a2 − a1) = 0

for all a1 6= a2 ∈ A. Ã hence forms an orthonormal family in L2(R, µ). Now let

J ⊂ A be a finite subset with |J | elements. Then we have

|J |2µ({0}) = µ({0})

∣∣∣∣∣∑
j∈J

e2πij0

∣∣∣∣∣
2

≤
∫
R

∣∣∣∣∣∑
j∈J

e2πijx

∣∣∣∣∣
2

dµ(x)

=

∫
R

∑
j∈J

e2πijx
∑
l∈J

e−2πilx dµ(x) =
∑
j∈J

∑
l∈J

∫
R
e2πijxe−2πilx dµ(x)

=
∑
j∈J

∑
l∈J

〈fj, fl〉 = |J |.
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Dividing by |J |2 and letting |J | → ∞, we obtain µ({0}) = 0, and D is hence

R-FMRiesz.

Proposition 4.4. Let ε > 0 be given and let µ be a probability measure on R such

that µ̂(t) = 0 for all |t| ≥ ε. Then

µ({0}) = 0.

In other words, R\(ε, ε) is R-FMRiesz.

Proof. The Fourier transform µ̂ is uniformly continuous (Remark 2.14) and in

particular bounded on [−ε, ε], hence ‖µ̂‖∞ <∞. We conclude

|µ({0})| 2.17
=

∣∣∣∣∮
R
µ̂(t) dλ(t)

∣∣∣∣ = lim
T→∞

1

2T

∣∣∣∣∫ ε

ε

µ̂(t) dλ(t)

∣∣∣∣ ≤ lim
T→∞

1

2T
· 2ε · ‖µ̂‖∞ = 0.

Proposition 4.5. A set D ⊂ R is boundedly R-FMRiesz if and only if 0 is a limit

point of D.

Proof. Let 0 be a limit point of D, so there exists a sequence (dn)n∈N ⊆ D with

dn → 0. Let us assume that there exists a probability measure µ on R such that

µ̂(d) = 0 for all d ∈ D. Then by continuity of µ̂ and Remark 2.14, we have

0 = lim
n→∞

µ̂(dn) = µ̂( lim
n→∞

dn) = µ̂(0)
2.14
= µ(R) = 1,

yielding a contradiction. The set D is therefore trivially R-FMRiesz as there exists

no such probability measure.

If 0 is not a limit point of D, then D∩ (−m,m) = ∅ for some m > 0 and we can as-

sume that D ⊆ [−M,−m]∪[m,M ] for some 0 < m,M <∞. Consider the rotation

(τt)t∈R on (T, λ) with period M +m and E = e2πi[0,m]. Then fE(t) := λ(τt(E)∩E)

is continuous and positive-definite by Lemma 2.29. Hence, there exists a measure

µ on R such that µ̂(t) = λ(τt(E)∩E) for all t ∈ R and with normalised probability

measure µ̃ := µ
µ(R)

and µ̂(d) = 0 for all d ∈ D.
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t

y

m M

M +m

Graph of fE.

However, we have

µ̃({0}) · µ(R) = µ({0}) 2.17
=

∮
R
fE(t) dλ(t) =

m

M +m
> 0,

and D is therefore not R-FMRiesz.

4.1.2 Operator Recurrence and Poincaré

Proposition 4.6. Given a Hilbert space H, a unitary operator T on H and x ∈ H

with PNx 6= 0, there exists n ∈ N such that

〈T nx, x〉 6= 0.

In other words, N is N-operator recurrent.

Proof. We have

lim
n→∞

1

n

n−1∑
i=0

〈T ix, x〉 = 〈 lim
n→∞

1

n

n−1∑
i=0

T ix, x〉 = 〈PNx, x〉 = ‖PNx‖2 > 0

and hence, there must exist (even infinitely many) n ∈ N such that 〈T nx, x〉 6=

0.

Similarly, we obtain the following result.

Proposition 4.7. Let ε > 0 be given. Then, given a Hilbert space H, a strongly

continuous unitary group (Tt)t∈R on H and x ∈ H with ‖x‖ = 1 and PRx 6= 0,

there exists d with |d| ≥ ε such that

〈Tdx, x〉 6= 0
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In other words, R\(ε, ε) is R-operator recurrent.

Remark 4.8. Propositions 4.6 and 4.7 indicate that the requirement Px 6= 0 is

essential (see [60]). To illustrate this, consider H = l2(N) and H = L2(R, λ),

respectively, with the corresponding shift operators and 0 6= x = 1{0} and 0 6= y =

1√
ε̃
1(0,ε̃) with ‖x‖ = 1 = ‖y‖. However, PH = {0}, so PNx = 0 = PRy, and we

indeed have 〈T nx, x〉 = 0 for all n ∈ N and 〈Tty, y〉 = 0 for all |t| ≥ ε̃.

Similarly as in Proposition 4.5, we obtain the following result. We note that the

assumption Px 6= 0 is not necessary in this case since the the proof is based merely

on continuity and ‖x‖ > 0.

Proposition 4.9. A set D ⊂ R is boundedly R-operator recurrent (Poincaré) if

and only if 0 is a limit point of D.

Proposition 4.10. Let an infinite set E := {ai : i ∈ I} ⊆ R, the difference set

D := E − E := {ai − aj : ai > aj ∈ E}, a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with

µ(A) > 0 be given. Then there exists d = a− b ∈ D such that

µ(φa−b(A) ∩ A) > 0. (4.2)

In other words, D := {a− b : a > b ∈ E} is R-Poincaré.

Compare [35 , Theorem 3.1].

Proof. Let a scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0 be given. For a

contradiction, let us assume that µ(φd(A) ∩ A) = 0 for all d ∈ D. Then

0 = µ(φd(A) ∩ A) = µ(φai−aj(A) ∩ A) = µ(φai(A) ∩ φaj(A))

for all ai > aj ∈ E. Hence, the (infinite) family (φai(A))i∈I has no pairwise

intersections of positive measure while each member has measure µ(φai(A)) =

µ(A) > 0 since φt is measure preserving. However, µ is a probability measure
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4.1 Operator Recurrence and Poincaré

where this is not possible, yielding a contradiction. Hence, there exists ai > aj ∈ E

such that

0 < µ(φai(A) ∩ φaj(A)) = µ(φai−aj(A) ∩ A)

and ai − aj ∈ D satisfies Requirement (4.2) and D is hence R-Poincaré.

Similarly, we obtain Poincaré’s recurrence theorem.

Corollary 4.11 (Poincaré). Given a mps (Ω,Σ, µ;φ) and A ∈ Σ with µ(A) > 0,

there exists n ∈ N such that

µ(φn(A) ∩ A) > 0.

In other words, N is N-Poincaré.

Remark 4.12. Similarly, N is N-strongly operator recurrent and N-strongly recur-

rent. Since N ⊂ R\(ε, ε) for 0 ≤ ε < 1, the set R\(ε, ε) is in particular R-strongly

operator recurrent, R-strongly recurrent and R-Poincaré. The same holds for ε ≥ 1

(Proposition 5.4).

Remark 4.13. Obviously, a bounded set cannot have any R-strong operator

recurrence or R-strong recurrence properties as defined in Definitions 3.10 and

3.13. However, we can modify this definition by using lim sup|d|→0,d∈D instead of

lim sup|d|→∞,d∈D. We therefore call a set D ⊂ R boundedly R-strongly recur-

rent if lim sup|d|→0,d∈D is well-defined and if

lim sup
|d|→0,d∈D

µ(φd(A) ∩ A) > 0

holds for any given scmps (Ω,Σ, µ; (φt)t∈R) and A ∈ Σ with µ(A) > 0, and we call

D ⊂ R boundedly R-strongly operator recurrent if

lim sup
|d|→0,d∈D

|〈Tdx, x〉| 6= 0

holds for any given Hilbert space H, strongly continuous unitary group (Tt)t∈R on

H and x ∈ H with PRx 6= 0.
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We immediately obtain the following.

Proposition 4.14. A set D is boundedly R-strongly operator recurrent or bound-

edly R-strongly recurrent if and only if 0 is a limit point.

4.1.3 Van der Corput and Correlativity

We prove the van der Corput inequality and use this inequality to deduce van

der Corput and correlativity properties of N, Z and R∗ and to prove the van der

Corput theorem.

Proposition 4.15 (Van der Corput Inequality). Let 0 < S, T < ∞ and f ∈

l∞∗ ([−T, T ]) ⊆ l∞∗ (R) be given. Then∣∣∣∣∫ T

−T
f(t) dλ(t)

∣∣∣∣2 ≤ T + S

S

∫ 2S

−2S

∣∣∣∣ ∫
[−T,T ]∩[−T−d,T−d]

f(t+ d)f(t) dλ(t)

∣∣∣∣ dλ(d).

Compare [14, Proposition 1.5].

Proof. We have∣∣∣∣∣∣
T∫

−T

f(t) dλ(t)

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣
T∫

−T

1

2S

∫ S

−S
f(t) dλ(d) dλ(t)

∣∣∣∣∣∣
2

=

∣∣∣∣ 1

2S

∫ S

−S

∫ T

−T
f(t) dλ(t) dλ(d)

∣∣∣∣2

=

∣∣∣∣ 1

2S

∫ S

−S

∫ T−d

−T−d
f(t+ d) dλ(t) dλ(d)

∣∣∣∣2
=

∣∣∣∣ 1

2S

∫
R

∫
R
1[−T−d,T−d]×[−S,S](t, d)f(t+ d) dλ(t) dλ(d)

∣∣∣∣2
(+)
=

∣∣∣∣ 1

2S

∫
R

∫
R
1[−T−S,T+S]×[−S,S](t, d)f(t+ d) dλ(d) dλ(t)

∣∣∣∣2
=

1

4S2

∣∣∣∣∫
R
1[−T−S,T+S](t)

∫ S

−S
f(t+ d) dλ(d) dλ(t)

∣∣∣∣2
CS

≤ 1

4S2

∫
R
1[−T−S,T+S](t) dλ(t) ·

∫
R

∣∣∣∣∫ S

−S
f(t+ d) dλ(d)

∣∣∣∣2 dλ(t)

=
T + S

2S2

∫
R

∣∣∣∣∫ S

−S
f(t+ d) dλ(d)

∣∣∣∣2 dλ(t)
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=
T + S

2S2

∫
R

∫ S

−S
f(t+ d) dλ(d)

∫ S

−S
f(t+ s) dλ(s) dλ(t)

=
T + S

2S2

∫ S

−S

∫
R

∫ S

−S
f(t+ d)f(t+ s) dλ(d) dλ(t) dλ(s)

d̃:=d−s
=

T + S

2S2

∫ S

−S

∫
R

∫ S−s

−S−s
f(t+ d̃+ s)f(t+ s) dλ(d̃) dλ(t) dλ(s)

t̃:=t+s
=

T + S

2S2

∫ S

−S

∫ S−s

−S−s

∫
R
f(t̃+ d̃)f(t̃) dλ(t̃) dλ(d̃) dλ(s)

≤ T + S

2S2

∫ S

−S

∫ S−s

−S−s

∣∣∣∣∫
R
f(t+ d)f(t) dλ(t)

∣∣∣∣ dλ(d) dλ(s)

≤ T + S

2S2

∫ S

−S

∫ 2S

−2S

∣∣∣∣∫
R
f(t+ d)f(t) dλ(t)

∣∣∣∣ dλ(d) dλ(s)

=
T + S

S

∫ 2S

−2S

∣∣∣∣∫
R
f(t+ d)f(t) dλ(t)

∣∣∣∣ dλ(d)

=
T + S

S

∫ 2S

−2S

∣∣∣∣ ∫
[−T,T ]∩[−T−d,T−d]

f(t+ d)f(t) dλ(t)

∣∣∣∣ dλ(d)

and we note that we have used in (+) that f(t) = 0 for |t| > T , hence,

1[−T−d,T−d]×[−S,S](t, d)f(t+ d) = 1[−T−S,T+S]×[−S,S](t, d)f(t+ d).

An integer version of Proposition 4.15 is proven similarly (a special case of [14,

Proposition 1.5]).

Proposition 4.16 (Van der Corput Inequality). Let 0 < m,n < ∞ and f ∈

l∞∗ ({−n, . . . , n}) be given. Then∣∣∣∣∣
n∑

k=−n

f(k)

∣∣∣∣∣
2

≤ m+ n

m

2m∑
d=−2m

∣∣∣∣∣ ∑
−n≤k,k+d≤n

f(k + d)f(k)

∣∣∣∣∣ .
Proposition 4.17. Let ε̃ > 0 and f ∈ l∞c (R,R) be given. Let f(· + d) − f(·) be

equidistributed mod 1 for all |d| ≥ ε̃. Then f is equidistributed mod 1. In other

words, R\(−ε̃, ε̃) is R-van der Corput.
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Proof. By the Weyl Criterion Theorem 2.24, the equidistribution mod 1 of f(· +

d)− f(·) for all d ∈ R∗ is equivalent to∮
R

e2πikf(t+d)e−2πikf(t) dλ(t) = 0

for all 0 6= k ∈ Z and all d ∈ R∗.We note∣∣∣∣∮
R
e2πikf(t+d)e−2πikf(t) dλ(t)

∣∣∣∣ ≤ ∮
R

∣∣e2πikf(t+d)
∣∣ ∣∣e−2πikf(t)

∣∣ dλ(t) =

∮
R
1 dλ(t) = 1

for |d| ≤ ε̃. Now fix 0 6= k ∈ Z. Proposition 4.15 yields∣∣∣∣∫ T

−T
e2πikf(t) dλ(t)

∣∣∣∣2
≤ T + S

S

∫ 2S

−2S

∣∣∣∣ ∫
[−T,T ]∩[−T−d,T−d]

e2πikf(t+d)e−2πikf(t) dλ(t)

∣∣∣∣ dλ(d).

Dividing by (2T )2 and taking the limit T →∞ yields∣∣∣∣∮
R
e2πikf(t) dλ(t)

∣∣∣∣2
≤ lim

T→∞

T + S

2TS
· lim
T→∞

∫ 2S

−2S

∣∣∣∣ 1

2T

∫
[−T,T ]∩[−T−d,T−d]

e2πikf(t+d)e−2πikf(t) dλ(t)

∣∣∣∣ dλ(d)

=
1

2S

∫ 2S

−2S

∣∣∣∣∮
R
e2πikf(t+d)e−2πikf(t) dλ(t)

∣∣∣∣ dλ(d)

≤ 1

2S

∫ 2S

−2S

1(−ε̃,ε̃) dλ(d) ≤ ε̃

S

S→∞−→ 0.

And f is hence equidistributed mod 1 by Theorem 2.24.

Similarly, we obtain the following result by using Proposition 4.16.

Proposition 4.18. Let f ∈ l∞∗ (Z,R). Let f(· + d) − f(·) be equidistributed mod

1 for all d ∈ Z\{0}. Then f is equidistributed mod 1. In other words, Z\{0} is

Z-van der Corput.

Remark 4.19. We exclude 0 in Proposition 4.18 since f(·+ 0)− f(·) = 0 is never

equidistributed mod 1, and Z is therefore trivially Z-van der Corput
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We note

(f(n+ d)− f(n))n∈Z is equidistributed mod 1

⇔ (f(n)− f(n− d))n∈Z is equidistributed mod 1

⇔ (f(n− d)− f(n))n∈Z is equidistributed mod 1.

Hence the equidistribution mod 1 of (f(n + d) − f(n))n∈Z for d ∈ N implies the

equidistribution mod 1 of (f(n+ (−d))− f(n))n∈Z.

Proposition 4.20. Let f ∈ l∞∗ (Z,R). Let f(· + d) − f(·) be equidistributed mod

1 for all d ∈ N. Then f is equidistributed mod 1. In other words, N is Z-van der

Corput.

Similarly, since finitely many entries do not matter, the equidistribution of (f(n−

d) − f(n))n∈N for d < 0 implies the equidistribution mod 1 of (f(n + (−d)) −

f(n))n∈N. Proposition 4.16 for f ∈ l∞∗ ({1, . . . , n}) ⊂ l∞({−n, . . . , n}), hence im-

plies the classical van der Corput theorem.

Proposition 4.21 (Van der Corput). Let f ∈ l∞∗ (N,R). Let f(· + d) − f(·) be

equidistributed mod 1 for all d ∈ N. Then f is equidistributed mod 1. In other

words, N is N-van der Corput.

Similarly, we obtain the following results.

Proposition 4.22. Let ε̃ > 0 be given and let f ∈ l∞c (R,T). Then
∮
R f(t +

d)f(t) dλ(t) = 0 for all |d| ≥ ε̃ implies∮
R
f(t) dλ(t) = 0.

In other words, R\(−ε̃, ε) is R-correlative.

Proposition 4.23. Let f ∈ l∞∗ (Z,T). Then limn→∞
1

2n+1

∑n
k=−n f(k+ d)f(k) = 0

for all 0 6= d ∈ Z implies

lim
n→∞

1

2n+ 1

n∑
k=−n

f(k) = 0

In other words, Z\{0} is Z-correlative.
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Proposition 4.24. A set D ⊂ R is boundedly R-correlative if and only if 0 is a

limit point.

Proof. Let 0 be a limit point of D, so there exists a sequence (dn)n∈N ⊆ D

with dn → 0. Let us assume that there exists f ∈ l∞c (R,T) such that
∮
R f(t +

d)f(t) dλ(t) = 0 for all d ∈ D. Then by continuity of d 7→
∮
R f(t + d)f(t) dλ(t),

we have

0 = lim
n→∞

∮
R
f(t+ dn)f(t) dλ(t) =

∮
R
f(t+ lim

n→∞
dn)f(t) dλ(t)

=

∮
R
|f(t)|2 dλ(t) = 1,

yielding a contradiction. The set D is therefore trivially R-correlative as there

exists no such f ∈ l∞c (R,T).

If 0 is not a limit point, then D ⊆ [−M,−m] ∪ [m,M ] for some 0 < m,M < ∞.

We use the function fE from the proof of Proposition 4.5. We note fE ∈ l∞c (R,C)

as a consequence of Lemma 2.29 and the Bochner Herglotz theorem 2.16. Then∮
R
fE(t+ d)fE(t) dλ(t) =

∮
R

0 dλ(t) = 0,

for all d ∈ D, but ∮
R
fE(t) dλ(t)

2.5

≥ (µ(E))2 > 0.

Similarly, we obtain the following result.

Proposition 4.25. A set D ⊂ R is boundedly R-strongly correlative (enhanced

van der Corput, real correlative, van der Corput, K-van der Corput, generalised

van der Corput) if and only if 0 is a limit point.

Corollary 4.26. Let D ⊂ R. Then the bounded recurrence properties of D for the

following properties coincide: R-Poincaré, R-operator recurrence, R-strong recur-

rence, R-strong operator recurrence, R-real correlativity, R-correlativity, R-strong
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correlativity, R-enhanced van der Corput, R-van der Corput, R-K-van der Corput,

R-generalised van der Corput.

4.2 A Rationally Linearly Independent Sequence

In this subsection, we construct a rationally linearly independent sequence which is

strongly operator recurrent. Bergelson, Boshernitzan and Bourgain ([11, Theorem

D]) however have shown that such a sequence cannot be combinatorially recurrent.

These results show that Poincaré recurrence and combinatorial recurrence (and

hence Poincaré and Poincaré without continuity) are distinct.

We call a set {pi : i ∈ I} rationally linearly independent if for all finite subsets

J ⊆ I and qj ∈ Q, we have∑
j∈J

qjpj = 0 =⇒ ∀j ∈ J : qj = 0.

Theorem 4.27 (Bergelson, Boshernitzan, Bourgain). Let D = (dn)n∈N ⊂ R be a

rationally linearly independent sequence. Then there exists a measurable set E ⊂ R

such that

dR(E) = lim
T→∞

λ(E ∩ [−T, T ])

2T
=

1

4

and

dR(E ∩ (E − dn)) = 0 ∀n ∈ N.

In other words, D is not R-combinatorially recurrent.

Lemma 4.28. The set {log pn : pn prime} is rationally linearly independent.

Proof. Let n ∈ N. Let further p1, . . . , pn be distinct primes and let q1, . . . , qn ∈ Z,

r1, . . . , rn ∈ N be given such that

0 =
q1

r1

log p1 + . . .
qn
rn

log pn.
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Then 0 = log(p
q1
r1
1 · · · p

qn
rn
n ) and 1 = p

q1
r1
1 · · · p

qn
rn
n . Expontiating the equation by

lcm(r1, . . . , rn), we obtain integers l1 = q1·lcm(r1,...,rn)
r1

, . . . , ln = qn·lcm(r1,...,rn)
rn

such

that 1 = pl11 · · · plnn .

Multiplying this equation by the factors with negative exponent, we obtain

p
lt1
t1 . . . p

ltm
tm = p

ls1
s1 . . . p

lsk
sk .

The unique prime factorisation yields l1 = . . . = ln = 0 and therefore q1 = . . . =

qn = 0, and the set is rationally linearly independent.

Proposition 4.29. There exists a rationally linearly independent sequence which

is R-strongly recurrent (R-Poincaré) and which does not have 0 as a limit point.

Proof. We note that N is strongly recurrent (Remark 4.12). We take a rationally

linearly independent sequence such as

P := {log pi : pi prime, i ∈ N}

as shown in Lemma 4.28. We define a set D by di := qipi with qi ∈ Q such that

qipi ∈ (i, i + 1
i
). Then D := {dn : n ∈ N} is a rationally linearly independent

sequence by the rationally linear independence of P , and we note |dn − n|
n→∞−→ 0

by construction.

Now let (Ω,Σ, µ; (φt)t∈R) be a scmps and A ∈ Σ with µ(A) > 0. Since N is N-

strongly recurrent, there exists M̃ > 0 such that lim supn∈N µ(φn1 (A)∩A) = M̃ and

there exist also M > 0 and a subsequence (mn)n∈N ⊆ N such that µ(φmn1 (A)∩A) >

M for all n ∈ N. Lemma 2.30 implies that there exist δM , N > 0 such that

µ(φt(A) ∩ A) > N for all t ∈ ∪n∈N(mn − δN ,mn + δN).

Using |dn − n|
n→∞−→ 0, there exists i0 such that d(di, i) < δN for all i > i0, hence,

every dmn with mn > i0 satisfies µ(φdmn (A) ∩ A) > N and therefore

lim sup
|d|→∞,d∈D

µ(φd(A) ∩ A) ≥ N

and D is hence R-strongly recurrent.
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As in Proposition 4.29, we obtain the following results.

Proposition 4.30. There exists a rationally linearly independent sequence which

is R-strongly operator recurrent (R-operator recurrent) and which does not have 0

as a limit point.

Proposition 4.31. Let D ⊆ N be a N-strong recurrence set and (an)n∈N a sequence

with an → 0. Then D := {d + ad : d ∈ D} is R-strongly operator recurrent (R-

strongly recurrent, R-operator recurrent, R-Poincaré).

Proposition 4.32. There exists a rationally linearly independent sequence which

is boundedly R-strong operator recurrent (boundedly R-strong recurrent, boundedly

R-operator recurrent, boundedly R-Poincaré).

Since we have chosen a rationally linearly independent set in Proposition 4.29,

Theorem 4.27 implies the following.

Proposition 4.33. There exists a set D ⊂ R which is R-Poincaré, but not R-

combinatorially recurrent and not R-Poincaré∗.

4.3 Integer and Real Recurrence Properties for

D ⊆ Z

We now consider integer sets and observe that the real and integer version of

many recurrence properties for integer sets coincide. This yields many non-trivial

examples of recurrence sets coming from the classical integer theory.

We note that recurrence properties are symmetric, i.e., D is a recurrence set if

and only if {|d| : d ∈ D} is one. For example, consider 〈Tdx, x〉 = 〈T−dx, x〉,

A ∩ (A − d) = (A + d) ∩ A or
∮
R f(t + d)f(t) dλ(t) =

∮
R f(t− d)f(t) dλ(t) to

see that d and −d have the same effect on recurrence (compare also the comment
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before Proposition 4.21 for the van der Corput property). It hence does not matter

if we consider D ⊆ N or D ⊆ Z, and all results in this subsection are true for both

cases. However, in order to simplify the arguments and notation, we restrict our

discussion to sets D ⊆ Z and note the corresponding N-results without further

mentioning.

Using also implications from Section 3.2, our final result of this section is the

following theorem.

Theorem 4.34. Let D ⊆ Z. Then Z-recurrence and R-recurrence coincide for

strong operator recurrence and operator recurrence as well as for all properties of

Theorem 9 without continuity assumptions.

4.3.1 Operator Recurrence and Poincaré

We have shown in Subsection 3.2.1 using Stone’s theorem and the spectral theorem

that it is equivalent to consider only unitary multiplicators instead of unitary

operators when dealing with operator recurrence. This can be used to show that

Z-operator recurrence and R-operator recurrence for a set D ⊆ Z are equivalent.

Proposition 4.35. Let D ⊆ Z be Z-(multiplicator) operator recurrent. Then it is

R-(multiplicator) operator recurrent.

Proof. Let a Hilbert space H, a strongly continuous (multiplicator) unitary group

(Tt)t∈R on H and x ∈ H with ‖x‖ = 1 and PRx 6= 0 be given.

We have Fix((Tt)t∈R) ⊆ Fix(T1), hence, PZx 6= 0 by Lemma 2.10. As D is Z-

(multiplicator) operator recurrent and as T1 is a unitary (multiplicator) operator,

there exists d ∈ D such that

〈Tdx, x〉 = 〈T d1 x, x〉 6= 0.
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4.3 Operator Recurrence and Poincaré

The equivalence of operator recurrence and multiplicator recurrence is shown in

Proposition 3.29 and 3.30. We use this fact to show that an R-operator recurrence

set D ⊆ Z is also Z-operator recurrent.

For simplicity, we set [m = 0] := {ω ∈ Ω : m(ω) = 0} and similarly [m = 2nπ, n ∈

Z] := {ω ∈ Ω : m(ω) = 2nπ for some n ∈ Z} and [f 6= 0] := {ω ∈ Ω : f(ω) 6= 0}.

Proposition 4.36. Let (Mt)t∈R = (eitm)t∈R be a strongly continuous multiplicator

group on L2(Ω,Σ, µ) with a not necessarily finite measure µ. Then

Fix((Mt)t∈R) = L2([m = 0],Σ, µ) ⊆ L2(Ω,Σ, µ).

Proof. Let f ∈ L2([m = 0],Σ, µ). Then Mtf = eitmf = f as eitm = 1 on [m = 0].

Let [f 6= 0] * [m = 0]. Then there exists t ∈ R such that Mtf = eitmf 6= f . If

[f 6= 0] ⊆ [m = 2nπ, n ∈ Z], choose irrational t, otherwise t = 1 works.

Lemma 4.37. Let M be a unitary multiplicator on L2(Ω,Σ, µ) with a not nec-

essarily finite measure µ. Then there exists m such that 0 ≤ m(ω) < 2π for all

ω ∈ Ω and M = eim.

Proof. Every unitary multiplicator can be written as eik for some real-valued k.

Define m(ω) := k(ω) mod 2π. Then eik = eim and 0 ≤ m(ω) < 2π.

Proposition 4.38. Let M = eim be a unitary multiplicator on L2(Ω,Σ, µ) with a

not necessarily finite measure µ such that 0 ≤ m(ω) < 2π for all ω ∈ Ω. Then

Fix((Mn, n ∈ N)) = L2([m = 0],Σ, µ) ⊆ L2(Ω,Σ, µ).

Proof. Let f ∈ L2([m = 0],Σ, µ). ThenMf = eimf = f as eim = 1 on [m = 0]. Let

[f 6= 0] * [m = 0]. Then eimf |[m 6=0] 6= f |[m 6=0], hence f /∈ Fix((Mn, n ∈ N)).

Corollary 4.39. Let m ∈ L2(Ω,Σ, µ;R) satisfy 0 ≤ m(ω) < 2π for almost all ω ∈

Ω. Then the associated strongly continuous multiplicator group and multiplicator

operator have the same fixed space.
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Proposition 4.40. Let D ⊆ Z be R-multiplicator operator recurrent. Then it is

Z-multiplicator operator recurrent.

Proof. Let M be a unitary multiplicator on L2(Ω,Σ, µ) with a not necessarily finite

measure µ and x ∈ L2(Ω,Σ, µ) with

〈Mdx, x〉 = 0 (4.3)

for all d ∈ D. Lemma 4.37 yields M = eim for some m ∈ L2(Ω,Σ, µ;R) satisfying

0 ≤ m(ω) < 2π for all almost ω ∈ Ω.

Let (Mt)t∈R = (eitm)t∈R be the associated strongly continuous unitary multiplicator

group. R-multiplicator operator recurrence and (4.3) imply PMtx = 0, hence,

PMx = 0 by Corollary 4.39 as their fixed spaces coincide and PMt = PM . The set

D is therefore Z-multiplicator operator recurrent.

Corollary 4.41. Let D ⊆ Z be R-operator recurrent. Then it is Z-operator recur-

rent

Proof. This follows from the equivalence of operator recurrence and multiplicator

operator recurrence established in Propositions 3.29 and 3.30 .

We similarly obtain the corresponding strong results, i.e.

Z-strong (multiplicator) operator recurrence

⇔ R-strong (multiplicator) operator recurrence

for D ⊆ Z.

Proposition 4.42. Let D ⊆ Z be Z-Poincaré. Then it is R-Poincaré.

Proof. Let (Ω,Σ, µ; (φt)t∈R) be a scmps and A ∈ Σ with µ(A) > 0. Then there

exists d ∈ D such that

0 < µ(φd1(A) ∩ A) = µ(φd(A) ∩ A).
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Remark 4.43. It is not clear if the converse of Proposition 4.42 is true. Even

more than with operator recurrence in Proposition 4.40, this question is related to

the problem of embedding a discrete mps into a continuous one.

Ornstein ([61]) gave a counterexample, showing that such an embedding is not

possible in general. But for mps on a standard Borel space (or equivalently on

([0, 1], λ)), it was shown that the generic mps can be embedded into a continuous

one ([1], [69]).

However, without continuity assumption and using the implications

R-Poincaré∗ ⇒ R-real correlativity0,1
∗ ⇒ Z-real correlativity0,1

⇒ Z-real correlativity⇒ Z-Poincaré,

where R-real correlativity0,1
∗ is the correlativity version for functions f ∈ l∞∗ (R, {0, 1})

(Definition 3.52), we obtain the equivalence

R-Poincaré∗ ⇔ Z-Poincaré

for D ⊆ Z and similarly

R-strong recurrence∗ ⇔ Z-strong recurrence.

4.3.2 FMRiesz, FC+ and KMF

Using the results from Subsection 4.3.1, we immediately obtain the corresponding

results for FMRiesz and FC+.

Proposition 4.44. A set D ⊆ Z is Z-FMRiesz (Z-FC+) if and only if it is R-

FMRiesz (R-FC+).

Proof. We note the equivalence of FMRiesz and operator recurrence both for Z

and R (Proposition 3.17 for R and [60] for Z) and that a set D ⊆ Z is Z-operator

recurrent if and only if it is R-operator recurrent (Proposition 3.29, Remark 4.41).
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Proposition 4.45. A set D ⊆ Z is Z-KMF if and only if it is R-KMF.

Proof. Let D ⊆ Z be Z-KMF and ε > 0. Then there

exist a real trigonometric polynomial pε(x) =
∑

d∈D a
ε
d<
(
e−2πidx

)
satisfying pε(0) =

1 and pε ≥ −ε with aεd ∈ R and where the set {d : aεd 6= 0} ⊂ D is nonempty and

finite.

The measure νε =
∑

d∈D a
ε
dδd yields a nonzero real function

pε(x) =

∫
D
<
(
e−2πitx

)
dνε(t)

satisfying pε(0) = 1 and pε ≥ −ε where νε is a finite measure on D. Hence, D is

R-KMF.

Let D ⊆ Z be R-KMF. Then it is R-FMRiesz by Proposition 3.43, hence Z-

FMRiesz by Proposition 4.44. By the integer characterisation (Theorem 8), it is

therefore Z-KMF.

4.3.3 Intersectivity

Proposition 4.46. Let D ⊆ Z be a R-intersective set. Then it is Z-intersective.

Proof. Let E ⊆ Z be given with dZ(E) > 0 as well as T = n + 1
10

+ R with

0 ≤ R < 1. Consider

Ẽ :=
⋃
n∈E

[n− 1

10
, n+

1

10
]
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which satisfies

dR(Ẽ) = lim sup
T→∞

1

2T

∫ T

−T
1Ẽ(t) dλ(t)

= lim sup
T→∞

1

2T

∫ n+ 1
10

−n− 1
10

1Ẽ(t) dλ(t) +
1

2T

∫ T

n+ 1
10

1Ẽ(t) dλ(t)

+
1

2T

∫ −n− 1
10

−T
1Ẽ(t) dλ(t)

2.26
= lim sup

T→∞

1

2T

∫ n+ 1
10

−n− 1
10

1Ẽ(t) dλ(t) = lim sup
T→∞

1

5
· |E ∩ {−n, ..., n}|

2T

2.25
=

1

5
dZ(E) > 0.

By R-intersectivity, there exists d ∈ D and ã, b̃ ∈ Ẽ such that

ã− b̃ = d ∈ D ⊆ Z.

Since the difference is an integer, the fractional parts of ã and b̃ are the same. Let

n ∈ E be such that ã ∈ [n− 1
10
, n+ 1

10
], and let m = b̃− (ã− n) ∈ Z. Since b̃ ∈ Ẽ

and |b̃−m| ≤ 1
10

, we have m ∈ E. Moreover,

n−m = ã− b̃ = d ∈ D,

hence, D is Z-intersective.

Similarly, we obtain the following result.

Proposition 4.47. Let D ⊆ Z be R-(strongly) combinatorially recurrent. Then it

is Z-(strongly) combinatorially recurrent.

Lemma 4.48. Let E ⊆ R with dR(E) > 0 be given. Then there exists x ∈ [0, 1)

such that

dN({n ∈ Z : x+ n ∈ E}) > 0.
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Proof. For a contradiction, let us assume the contrary, i.e. for all x ∈ [0, 1), we

have

dZ({n ∈ Z : x+ n ∈ E}) = 0.

We define sets En := E ∩ [n, n+ 1) for n ∈ N which satisfy E =
⋃∞
−∞En. We also

use the Reverse Fatou Lemma

lim sup
T→∞

∫
E

fT (t) dλ(t) ≤
∫
E

lim sup
T→∞

fT (t) dλ(t), (4.4)

given an integrable g on E such that fT ≤ g for all T , which is satisfied in our

considerations for E = [0, 1] and g = 1. For simplicity, we consider T ∈ N as for

T /∈ N, we only obtain an additional term tending to zero (Lemma 2.26). We set

〈y〉 as the fractional part of y. Since n ≤ x < n+ 1 for all x ∈ En, the expression

〈En〉 is meaningful.

dR(E) = lim sup
T→∞

1

2T

∫ T

−T
1E(t) dλ(t) = lim sup

T→∞

1

2T

∫ T

−T

∞∑
n=−∞

1En(t) dλ(t)

MCT
= lim sup

T→∞

1

2T

∞∑
n=−∞

∫ T

−T
1En(t) dλ(t) = lim sup

T→∞

1

2T

T−1∑
n=−T

∫ n+1

n

1En(t) dλ(t)

= lim sup
T→∞

1

2T

T−1∑
n=−T

∫ 1

0

1〈En〉(t) dλ(t) = lim sup
T→∞

∫ 1

0

1

2T

T−1∑
n=−T

1〈En〉(t) dλ(t)

(4.4)

≤
∫ 1

0

lim sup
T→∞

1

2T

T−1∑
n=−T

1〈En〉(t) dλ(t) =

∫ 1

0

dZ({n ∈ Z : t+ n ∈ En}) dλ(t)

=

∫ 1

0

0 dλ(t) = 0,

contradicting dR(E) > 0.

Remark 4.49. We actually even get a set with positive measure on [0, 1) in Lemma

4.48 such that dZ({n ∈ Z : x + n ∈ E} > 0 for all x ∈ E, not just a single point

x ∈ [0, 1).

Proposition 4.50. Let D ⊆ Z be a Z-intersective set. Then it is R-intersective.
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4.3 Correlativity

Proof. By Lemma 4.48, there exists x ∈ [0, 1) such that

dZ({n ∈ Z : x+ n ∈ E}) > 0.

We set Ẽ := {n ∈ Z : x + n ∈ E} which satisfies dZ(Ẽ) > 0. Since D is Z-

intersective, there exist m > n ∈ Ẽ and d ∈ D such that m − n = d, hence,

(x + m) − (x + n) = m − n = d, but x + m,x + n ∈ E, and D is hence R-

intersective.

Remark 4.51. For D ⊆ Z, we also obtain the implication

Z-combinatorial recurrence⇒ R-combinatorial recurrence

by using the equivalences

Z-combinatorial recurrence⇔ Z-real correlativity

⇔ R-real correlativity∗

and similarly the implication

Z-strong combinatorial recurrence⇒ R-strong combinatorial recurrence.

4.3.4 Correlativity

Proposition 4.52. Let D ⊆ Z be R-correlative∗. Then it is Z-correlative.

Proof. Let f ∈ l∞∗ (Z,T) be such that limn→∞
1

2n+1

∑n
j=−n f(j + d)f(j) = 0 for all

d ∈ D. We define a function f̃ on R as follows.

f̃(t) :=
∑
j∈Z

f(j)1(j−1,j](t).

with f(j) ∈ T for all j ∈ Z. Without loss of generality, we only consider T ∈ N as

the fractional part of T yields a term which vanishes for T → ∞ (Lemma 2.26).
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Then ∮
R
f̃(t+ d)f̃(t) dλ(t) = lim

T→∞

1

2T

∫ T

−T
f̃(t+ d)f̃(t) dλ(t)

= lim
T→∞

1

2T

∫ T

−T

(∑
j∈Z

f(j)1(j−1,j](t+ d)

)(∑
i∈Z

f(i)1(i−1,i](t)

)
dλ(t)

= lim
T→∞

1

2T

∑
j∈Z

∑
i∈Z

∫ T

−T
f(j)1(j−1,j](t+ d)f(i)1(i−1,i](t) dλ(t)

= lim
T→∞

1

2T

∑
j∈Z

∑
i∈Z

T∑
k=−T+1

∫ k

k−1

f(j)1(j−1,j](t+ d)f(i)1(i−1,i](t) dλ(t)

= lim
T→∞

1

2T

∑
j∈Z

∑
i∈Z

T∑
k=−T+1

f(j)1{j}(k + d)f(i)1{i}(k)

= lim
T→∞

1

2T

T∑
k=−T+1

∑
j∈Z

∑
i∈Z

f(j)1{j}(k + d)f(i)1{i}(k)

= lim
T→∞

1

2T

T∑
k=−T+1

(∑
j∈Z

f(j)1{j}(k + d)

)(∑
i∈Z

f(i)1{i}(k)

)

= lim
T→∞

1

2T + 1

T∑
k=−T

f(k + d)f(k) = 0

for all d ∈ D. R-Correlativity∗ then implies∮
R
f̃(t) dλ(t) = 0.

We hence obtain

0 =

∮
R
f̃(t) dλ(t) = lim

T→∞

1

2T

∫ T

−T
f̃(t) dλ(t)

= lim
T→∞

1

2T

∫ T

−T

∑
j∈Z

f(j)1(j−1,j](t) dλ(t) = lim
T→∞

1

2T

∑
j∈Z

∫ T

−T
f(j)1(j−1,j](t) dλ(t)

= lim
T→∞

1

2T

∑
j∈Z

T∑
k=−T+1

∫ k

k−1

f(j)1(j−1,j](t) dλ(t)

= lim
T→∞

1

2T

∑
j∈Z

T∑
k=−T+1

f(j)1{j}(k) = lim
T→∞

1

2T

T∑
k=−T+1

∑
j∈Z

f(j)1{j}(k)

= lim
T→∞

1

2T

T∑
k=−T+1

∑
j∈Z

f(j)1{j}(k) = lim
T→∞

1

2T + 1

T∑
k=−T

f(k).
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Similarly, we obtain the following result.

Proposition 4.53. Let D ⊆ Z be R-real correlative∗ (R-enhanced van der Corput∗,

R-strongly correlative∗). Then it is Z-real correlative (Z-enhanced van der Corput,

Z-strongly correlative).

Remark 4.54. As f̃(· + s)f̃(·) is a step function and f̃ is a step function with

interval length 1 in the proof of Proposition 4.52, we even have

lim
s→r

∮
R
f̃(t+ s)f̃(t) dλ(t) = lim

s→r

∮
R
f̃(t)f̃(t) dλ(t) + lim

s→r
lim
T→∞

|s− r|
2T

T∑
k=−T

ak

=

∮
R
f̃(t)f̃(t) dλ(t)

with |ak| ≤ 2 whenever the corresponding averaged integrals exist, i.e. we have

continuity. However,∮
R
f(t+ d)f(t) dλ(t) = lim

T→∞

1

2T + 1

T∑
k=−T

f(k + d)f(k) (4.5)

does not need to exist for all d ∈ R, for example, using g with g(n) := (−1)m−1

for 2m ≤ |n| < 2m+1 and g(0) = 1, we define f recursively by setting f(0) := 1,

f(n) := g(n−1)
f(n−1)

for n > 0 and f(n) := g(n)
f(n+1)

for n < 0 and

1

2N + 1

N∑
n=−N

f(n+ 1)f(n) =
1

2N + 1

N∑
k=−N

g(n)

does not converge, and hence, we have f ∈ l∞∗ (Z,T), but not f̃ ∈ l∞c (R,T). A

similar problem appears for enhanced van der Corput, strong correlativity, real cor-

relativity, real correlativity0,1 as well as for continuous intersectivity and continuous

combinatorial recurrence in Propositions 4.46 and 4.47 although the implications

R-enhanced van der Corput⇔ Z-enhanced van der Corput,

R-correlativity⇔ Z-correlativity
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can be obtained by using operator recurrence (Propositions 4.35 and 4.41).

One could adapt the requirements and assume the existence of (4.5) for f ∈ l∞∗ (R)

and f ∈ l∞∗ (Z) as it is done for the continuous versions. In order to keep the

existing implications, other properties have to be adapted accordingly, also the

integer variants, such as the following.

A set D ⊆ R is combinatorially recurrent if, given E ⊆ R with dR(E) >

0 such that dR(E ∩ E − t) exists for all t ∈ R, there exists d ∈ D such

that dR(E ∩ (E − d)) > 0.

This would yield the equivalence of integer and real recurrence properties for a

set D ⊆ Z to hold for all properties in Theorem 9. However, the new constraints

for combinatorial recurrence and intersectivity are stronger then for the classical

recurrence properties and the equivalences

real correlativity0,1
∗ ⇔ real correlativity∗,

strong correlativity0,1
∗ ⇔ strong correlativity∗

become uncertain, hence, also the equivalences of the properties around Poincaré∗

and strong recurrence∗ in Theorem 9.

Proposition 4.55. Let D ⊆ Z be Z-real correlative. Then it is R-real correlative.

Proof. Let 0 ≤ f ∈ l∞c (R,R) with lim supT→∞
∮ T
−T f(t) dλ(t) > 0 be given. Then

we have

0 < lim sup
T→∞

∮ T

−T
f(t) dλ(t) = lim sup

T→∞

1

2T

T−1∑
k=−T

∫ k+1

k

f(t) dλ(t)

= lim sup
T→∞

∫ 1

0

1

2T

T−1∑
k=−T

f(t+ k) dλ(t) ≤
∫ 1

0

1

2T
lim sup
T→∞

T−1∑
k=−T

f(t+ k) dλ(t)

by the Reverse Fatou Lemma (4.4). Hence, there exists a set Ωp ⊆ [0, 1) with

positive measure such that

lim sup
T→∞

1

2T

T−1∑
k=−T

f(t+ k) > 0

102



4.3 Correlativity

for all t ∈ Ωp. Hence, by Z-real correlativity, for each t ∈ Ωp, there exists dt ∈ D

such that

0 < lim sup
T→∞

1

2T

T−1∑
k=−T

f(t+ dt + k)f(t+ k).

In particular, using countability of D and

⋃
d∈D

{
t ∈ Ωp : lim sup

T→∞

1

2T

T−1∑
k=−T

f(t+ d+ k)f(t+ k) > 0

}
= Ωp,

there exists d ∈ D and Ωd ⊆ Ωp with positive measure such that

0 < lim sup
T→∞

1

2T

T−1∑
k=−T

f(t+ d+ k)f(t+ k).

for all t ∈ Ωd. But this implies

0 < lim sup
T→∞

∫
Ωd

1

2T

T−1∑
k=−T

f(t+ d+ k)f(t+ k) dλ(t)

≤ lim sup
T→∞

∫ 1

0

1

2T

T−1∑
k=−T

f(t+ d+ k)f(t+ k) dλ(t)

= lim sup
T→∞

∮ T

−T
f(t+ d)f(t) dλ(t)

and D is hence R-real correlative.

Similarly, we obtain the following result.

Proposition 4.56. Let D ⊆ Z be Z-strongly correlative set. Then it is R-strongly

correlative.

Remark 4.57. We note that we obtain

Z-real correlativity0,1 ⇔ R-real correlativity0,1
∗ ,

Z-strong correlativity0,1 ⇔ R-strong correlativity0,1
∗

as in Propositions 4.52 and 4.55 for D ⊆ Z (see Definition 3.52 for the definition

of real correlativity0,1
∗ ).
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4.3.5 Classical Examples

The results in this section show that classical examples of sets having properties

such as intersectivity or operator recurrence also give examples for the associated

real properties. We state some of these examples to present more interesting

recurrence sets.

We state the examples with properties which are most convenient for us (we refer

to the established classic characterisations in Theorem 8). A first example is given

by the perfect squares ([34, Theorem 1.2], [73], [74]).

Theorem 4.58 (Fürstenberg, Sárközy). The set {n2 : n ∈ N} is Z-intersective

and Z-Poincaré.

Corollary 4.59. The set {n2 : n ∈ N} is R-intersective and R-Poincaré.

Theorem 4.58 can be generalised to polynomials with integer coefficients ([36,

Theorem 3.16] and [75], see also [14, Theorem 0.1]).

Theorem 4.60 (Fürstenberg, Sárközy). Let 0 6= f be a polynomial with integer

coefficients and f(0) = 0. Then

{f(n) : n ∈ N}\{0}

is Z-intersective and Z-Poincaré.

Corollary 4.61. Let f be a polynomial with integer coefficients and f(0) = 0.

Then {f(n) : n ∈ N} is R-intersective and R-Poincaré.

Kamae and Mendès France have given necessary and sufficient conditions for a

polynomial to satisfy the condition in Theorem 4.60 ([14, Proposition 1.20], [42,

Example 3]).

Theorem 4.62 (Kamae, Mendès France). Let f 6= 0 be a polynomial with integer

coefficients. The set {f(n) : n ∈ N} is Z-intersective (Z-operator recurrent) if and

104



4.3 Classical Examples

only if

f(N) ∩ aZ 6= ∅ (4.6)

for all a ∈ N.

The condition f(0) = 0 obviously satisfies (4.6) since f can be written as f(n) =

nq(n) with another integer polynomial q.

Corollary 4.63. Let f 6= 0 be a polynomial with integer coefficients. The set

{f(n) : n ∈ N} is R-intersective (R-operator recurrent) if and only if f(N)∩aZ 6= ∅

for all a ∈ N.

Another interesting area is recurrence along primes. The set {p : p prime} cannot

be any set of recurrence which a rotation with period 4 easily shows. However, the

sets {f(p+ 1) : p prime} and {f(p− 1) : p prime} do exhibit such properties for a

suitable polynomial f ([42, Example 3], [14, Proposition 1.22 and Corollary 2.13]).

Theorem 4.64 (Kamae, Mendès France). Let f 6= 0 be a polynomial with integer

coefficients and f(0) = 0. Then the sets {f(p + 1) : p prime} and {f(p − 1) :

p prime} are N-strongly operator recurrent. In particular, the sets {p+1 : p prime}

and {p− 1 : p prime} are N-strongly operator recurrent (N-operator recurrent, N-

intersective).

Corollary 4.65. Let f 6= 0 be a polynomial with integer coefficients and f(0) = 0.

Then the sets {f(p+1) : p prime} and {f(p−1) : p prime} are R-strongly operator

recurrent (R-operator recurrent, R-intersective).

Measure preserving systems and Cesàro convergence have a special importance for

recurrence sets. It is therefore not surprising that ergodic sequences yield further

examples ([14, Proposition 2.10], [82, Lemma 5.5], [39, Lemma 1.5]).
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Theorem 4.66 (Bergelson). Let (dn)n∈N ⊆ Z be an ergodic sequence, i.e. given

an ergodic scmps (Ω,Σ, µ;φ) and f ∈ L2(Ω,Σ, µ), we have

1

N

N∑
n=1

T dnφ f
L2

−→
∫

Ω

f dµ.

Then {dn : n ∈ N} is Z-strongly operator recurrent (Z-operator recurrent).

Corollary 4.67. Let (dn)n∈N ⊆ Z be an ergodic sequence. Then {dn : n ∈ N} is

R-strongly operator recurrent (R-operator recurrent).

Remark 4.68. The sequences {bbncc : n ∈ N} with b 6= 0 and irrational c > 1 and

{bbnc + d(log n)ac : n ∈ N} with b, d 6= 0, c ≥ 1 and a > 1 are ergodic sequences

([14, Proposition 2.10] with reference to [22]), hence, R-strongly operator recurrent

(R-operator recurrent).

Bourgain ([23]) gave a result of a different flavour, showing that the generic density

condition for strongly operator recurrent, operator recurrent, strongly recurrent

and Poincaré sets coincide, i.e. if we choose a set D randomly with some given

pattern, then D has almost surely either all these properties or none.

Theorem 4.69 (Bourgain). Let N = ∪∞k=1Ik with Ik := [22k , 22k+1
) be a partition

of the integers in intervals. Choose for each k a random subset Dk with Nk = |Dk|

elements, assigning to each element of Ik the same probability δk. Let D = ∪∞k=1Dk.

Then the following holds almost surely.

(i) If lim supk→∞ 2−kNk <∞, then D is not N-Poincaré.

(ii) If lim supk→∞ 2−kNk =∞, then D is N-strongly operator recurrent.

Corollary 4.70. Let D ⊆ N be chosen as in Theorem 4.69. Then it is either

R-strongly recurrent (hence, operator recurrent, strongly recurrent, Poincaré) or

not R-intersective.
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, P PRIME} AND {LOGP, P PRIME}

4.4 The Sets { 1
log p, p prime} and {log p, p prime}

We first consider the set { 1
log pn

: pn prime} where its recurrence properties are

directly characterised by the limit point 0.

Proposition 4.71. The set { 1
log pn

: pn prime} is strongly operator recurrent around

0, hence, operator recurrent, strongly recurrent and Poincaré.

Proof. We note that log pn → ∞ as n → ∞, hence 0 is a limit point of { 1
log pn

:

pn prime} and the recurrence properties follow by Proposition 4.9 and Corollary

4.26.

The set {log pn : pn prime} is more interesting than { 1
log pn

: pn prime} as it does

not only depend on log pn → ∞. The main tool for the proof of Proposition 4.72

is a version version of the prime number theorem by Erdös ([32]) showing that

pn+1

pn

n→∞−→ 1,

and hence

log pn+1 − log pn
n→∞−→ 0.

Using uniform continuity of 〈Ttx, x〉 for a given Hilbert space H, unitary group

(Tt)t∈R on H and x ∈ H with ‖x‖ = 1 and Px 6= 0, this implies the following

result.

Proposition 4.72. The set {log pn : pn prime} is strongly operator recurrent,

hence, operator recurrent, strongly recurrent and Poincaré.

Since the set {log pn : pn prime} is rationally linearly independent by Lemma

4.28, it also yields a further counterexample to the equivalence of Poincaré and

combinatorial recurrence since it is not combinatorially recurrent by Theorem 4.27.

Proposition 4.73. The set {log pn : pn prime} is not combinatorially recurrent,

hence, not strongly combinatorially recurrent.
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Chapter 5

Reducing Recurrence Sets

We note that we can arbitrarily enlarge a given recurrence set without loosing its

recurrence property. In this chapter, we discuss several ways to reduce a given set

while keeping its recurrence property. As the main tool is continuity, we restrict

ourselves to the consideration of properties such as Poincaré and operator recur-

rence and their strong variants.

Since bounded recurrence properties are characterised by the limit point 0 (Propo-

sitions 4.9 and 4.14), we can reduce a set D with these properties as long as 0 is

still a limit point of the reduced set D̃. In particular, every such set has a countable

subset with the same property. Our main focus hence is on asymptotic recurrence

sets.

5.1 Reducing Results

Proposition 5.1. Let D ⊆ R. Then the following are equivalent.

(i) D̃ is operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré) where D̃ denotes an arbitrary dense subset of D.

(ii) D is operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).
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(iii) D is operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).

Proof. We only have to show (iii) ⇒ (i) since (i) ⇒ (ii) ⇒ (iii) follows trivially.

Let the Hilbert space H, the strongly continuous unitary group (Tt)t∈R on H and

x ∈ H with ‖x‖ = 1 and Px 6= 0 be given. We note that fx(t) := 〈Ttx, x〉 is

uniformly continuous by Lemma 2.27.

Since D is an operator recurrence set, there exists d ∈ D such that |〈Tdx, x〉| =

ε 6= 0. By Lemma 2.28, there exists δε > 0 such that 〈Tt, x〉 6= 0 for all |t− d| < δε.

Since D̃ is dense in D, there exists d̃ ∈ D̃ with |d − d̃| < δε, hence |〈Td̃x, x〉| > 0

by Lemma 2.28.

Since any subspace of a separable metric space is itself separable ([58, Section

III.4]), we obtain the following lemma.

Lemma 5.2. Let D ⊆ R. Then there exists a countable set D̃ ⊆ D which is dense

in D.

Proposition 5.1 and Lemma 5.2 yield the following corollary.

Corollary 5.3. Let D ⊆ R be operator recurrent (strongly operator recurrent,

strongly recurrent, Poincaré). Then there exists a countable subset D̃ which is still

operator recurrent (strongly operator recurrent, strongly recurrent, Poincaré).

Proposition 5.4. Let D ⊆ R∗ be operator recurrent (strongly operator recurrent,

strongly recurrent, Poincaré). Then

D̃ := D\[−M,M ]

is still operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).
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Proof. Let the Hilbert space H, the strongly continuous unitary group (Tt)t∈R on

H and x ∈ H with ‖x‖ = 1 and Px 6= 0 be given. Without loss of generality, we

assume M > ε̃, where ε̃ is taken from the definition of R∗.

By the operator recurrence property, there exists d ∈ D such that 〈Tdx, x〉 6= 0.

For a contradiction, let us assume that

〈Tdx, x〉 = 0 (5.1)

for all d ∈ D\[−M,M ].

Let (T, λ; (τt)t∈R) be the rotation on the torus with period M + 1
2
ε̃ and let E =

e2πi[0, 1
2
ε̃] with ε̃ from the definition of R∗. We note that Pτ1E 6= 0 by Lemma 2.11

and 〈T τt 1E,1E〉 = 0 for all t ∈ R∗ ∩ [−M,M ].

Then (H ⊗ L2(T, λ); (Tt ⊗ T τt )t∈R) is a strongly continuous unitary group, and we

have Fix((Tt)t∈R)⊗ Fix((T τt )t∈R) ⊆ Fix((Tt ⊗ T τt )t∈R) since

(Tt ⊗ T τt )(x⊗ y) = (Ttx)⊗ (T τt y) = x⊗ y

for all t ∈ R and x⊗y ∈ Fix((Tt)t∈R)⊗Fix((T τt )t∈R), hence, (PT ⊗Pτ )(x⊗1E) 6= 0

implies

P (x⊗ 1E) 6= 0

as in Lemma 2.10. However, we have

〈(Td ⊗ T τd )(x⊗ 1E), x⊗ 1E〉 = 〈Tdx, x〉 · 〈T τd 1E,1E〉 = 0

for all d ∈ D, for D\[−M,M ] by Assumption (5.1) and for D ∩ [−M,M ] by the

choice of (T, λ; (τt)t∈R). This yields a contradiction to the operator recurrence

property of D.

Corollary 5.5. Every operator recurrence (strongly operator recurrent, strongly

recurrent, Poincaré) set D ⊆ R∗ is unbounded.
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Proof. For a contradiction, let us assume that |d| < M < ∞ for all d ∈ D and

for some M > 0. Then D\[−M,M ] = ∅ is operator recurrent by Proposition 5.4,

yielding a contradiction.

Proposition 5.6. Let D ⊆ R∗ be operator recurrent (strongly operator recurrent,

strongly recurrent, Poincaré), and let s > 0 and ε with 0 < ε < s
2

be given. Then

D̃ := D ∩

(⋃
n∈Z

[sn− ε, sn+ ε]

)

is still operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).

Proof. Let the Hilbert space H, the strongly continuous unitary group (Tt)t∈R on

H and x ∈ H with ‖x‖ = 1 and Px 6= 0 be given.

For a contradiction, let us assume that

〈Tdx, x〉 = 0 (5.2)

for all d ∈ D ∩ (∪n∈Z[sn− ε, sn+ ε]).

Let (T, λ; (τt)t∈R) be the rotation on the torus with period s and let E = e2πi[0, ε
s
].

We note that Pτ1E 6= 0 by Lemma 2.11 and 〈T τt 1E,1E〉 = 0 for all t /∈ ∪n∈Z[sn−

ε, sn+ ε]. Then (H⊗L2(T, λ); (Tt⊗T τt )t∈R) is a strongly continuous unitary group

and we have

P (x⊗ 1E) 6= 0

as in Proposition 5.4. However, we have

〈(Td ⊗ T τd )(x⊗ 1E), x⊗ 1E〉 = 〈Tdx, x〉 · 〈T τd 1E,1E〉 = 0

for all d ∈ D, for D ∩ (∪n∈Z[sn − ε, sn + ε]) by Assumption (5.2) and for D /∈

∪n∈Z[sn− ε, sn + ε] by the choice of (T, λ; (τt)t∈R). This yields a contradiction to

the operator recurrence property of D.
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In contrast to Poincaré and operator recurrence sets where we obtained countable,

but possibly still at least somewhere dense subsets, we obtain a stronger reduction

result for strongly operator recurrent and strongly recurrent sets.

Without loss of generality, let D ⊆ R∗ be a strong operator recurrence or strong

recurrence set of the form

⋃
n∈Z

([sn− ε, sn+ ε] ∩ D)

for some s, 0 < ε < s
2

(Proposition 5.6). We define a set D̃ as follows. Let

din := “one of the closest points to” sn+
i

2|n|
ε

be defined for n ∈ Z and −n ≤ i ≤ n, i.e. we choose din such that∣∣∣∣|din − (sn+
i

2|n|
ε)| − inf{|d− (sn+

i

2|n|
ε)| : d ∈ D}

∣∣∣∣ < 1

100 · 2|n|
ε.

We note that the same d ∈ D may be chosen multiple times for example if the set

D has a gap around some sn+ i
2|n|
ε. However, this does not matter. The set D̃ is

finally given by

D̃ := {din : n ∈ Z,−n ≤ i ≤ n}.

Remark 5.7. For all d ∈ [sn− ε, sn+ ε] ∩ D, there exists d̃ ∈ D̃ (not necessarily

distinct from d) such that |d − d̃| ≤ 1
2|n|
ε. This is clearly true if d ∈ D̃ (as it may

happen if d is an isolated point in D). On the other hand, if there did not exist

such a d̃ 6= d ∈ (d − 1
2|n|
ε, d + 1

2|n|
ε), then by the above procedure, we would have

chosen d as one of the din.

Remark 5.8. By construction, the set D̃ is countable and discrete, i.e. D̃∩[−N,N ]

is finite for all N > 0.

Proposition 5.9. Let D ⊆ R∗ be strongly operator recurrent (strongly recurrent).

Then D̃ is strongly operator recurrent (strongly recurrent).
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Proof. Let the Hilbert space H, the strongly continuous unitary group (Tt)t∈R on

H and x ∈ H with ‖x‖ = 1 and Px 6= 0 with lim sup|d|→∞,d∈D|〈Tdx, x〉| > M be

given.

By strong operator recurrence, there exists M̃ > 0 and arbitrarily large d ∈ D

such that |〈Tdx, x〉| > M̃ . By Lemma 2.28 (using the uniform continuity of

(〈Ttx, x〉)t∈R), there exist M, δ > 0 such that |〈Ttx, x〉| > M for all t ∈ (d−δ, d+δ)

whenever |〈Tdx, x〉| > M̃ .

Choose n ∈ N such that 1
2|n|
ε ≤ 1

100
δ. Now let |n| < m ∈ Z be such that there

exists d in the interval [sm−ε, sm+ε] with |〈Tdx, x〉| > M , and we note that there

are infinitely many such m since lim sup|d|→∞,d∈D|〈Tdx, x〉| > M̃ .

For each such m, we either obtain d ∈ D̃ or there exists another d∗ 6= d ∈ D̃ with

distance |d∗ − d| ≤ 1
2|n|
ε < δ by Remark 5.7, hence |〈Td∗x, x〉| > M .

We finally conclude

lim sup
|d|→∞,d∈D̃

|〈Tdx, x〉| > M > 0

and D̃ is strongly operator recurrent.

5.2 Ramsey Property

We now discuss the Ramsey property of some recurrence properties, i.e. every

finite decomposition of such a recurrent set D contains at least one set still having

the same recurrence property.

Proposition 5.10. Let D = D1 ∪D2 ⊆ R be Poincaré (strongly recurrent). Then

at least one of D1 and D2 is also Poincaré (strongly recurrent).

Proof. Let us assume that neither D1 nor D2 are Poincaré. Then there exist scmps

(Ω1,Σ1, µ1; (φt)t∈R), A1 ∈ Σ1 with µ1(A1) > 0 and (Ω1,Σ1, µ1; (ψt)t∈R), A2 ∈ Σ2

113



CHAPTER 5. REDUCING RECURRENCE SETS

with µ2(A2) > 0 such that

µ1(φt(A1) ∩ A1) = 0, µ2(φt(A2) ∩ A2) = 0

for all s ∈ D1, t ∈ D2. But then the scmps (Ω1×Ω2, σ(Σ1,Σ2), µ1×µ2; (φt×ψt)t∈R)

and the set A = A1 × A2 with (µ1 × µ2)(A1 × A2) = µ1(A1) · µ2(A2) satisfy

(µ1 × µ2) ((φd × ψd)(A1 × A2) ∩ (A1 × A2))

= µ1(φt(A1) ∩ A1) · µ2(φt(A2) ∩ A2) = 0

for all d ∈ D, contradicting the Poincaré property of D.

Iterating inductively yields the following corollary.

Corollary 5.11. Let D = D1 ∪ . . . ∪ Dn ⊆ R be Poincaré (strongly recurrent).

Then at least one Di is also Poincaré (strongly recurrent).

A similar approach Proposition 5.10 yields the Ramsey property for strong operator

recurrence and operator recurrence. We use the convolution of measures (see [67,

Subsection 1.3.1]) to show the Ramsey property for FMRiesz sets (and therefore

for operator recurrence sets by Subsection 3.2.1). The convolution satisfies

µ̂ ∗ ν = µ̂ · ν̂

for measures µ and ν.

Proposition 5.12. Let D = D1 ∪ D2 ⊆ R be FMRiesz (FC+). Then at least one

of D1 and D2 is also FMRiesz (FC+).

Compare [14, Corollary 1.12].

Proof. For a contradiction, let us assume that neither D1 nor D2 are FMRiesz.

Then there exist probability measures µ1 and µ2 on R such that µ̂i(d) = 0 for all
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d ∈ Di and µi({0}) > 0. Consider the probability measure µ := µ1 ∗ µ2 on R.

Then we have

µ̂(d) = µ̂1 ∗ µ2(d) = µ̂1(d) · µ̂2(d) = 0

for all d ∈ D. Property FMRiesz for D then implies

0 = (µ1 ∗ µ2)({0}) =

∫
R
1{0}(x) d(µ1 ∗ µ2)(x)

=

∫
R

∫
R
1{0}(x+ y) dµ1(x) dµ2(y) ≥ µ1({0}) · µ2({0}) ≥ 0,

hence, µ1({0}) = 0 or µ2({0}) = 0, yielding a contradiction.

Iterating inductively yields the following corollary.

Corollary 5.13. Let D = D1 ∪ . . . ∪ Dn ⊆ R be FMRiesz (FC+). Then at least

one Di is also FMRiesz (FC+).

Corollary 5.14. Let D ⊆ R∗ be strong operator recurrent (operator recurrent,

strong recurrent, Poincaré) and V ⊂ D be a finite or bounded set. Then

D̃ := D\V

is still strong operator recurrent (operator recurrent, strong recurrent, Poincaré).

Proof. A rotation on T with a sufficiently large period shows that the set V is not

operator recurrent (compare Proposition 5.4), and we further have D = D̃ ∪ V .

Propositions 5.10 and 5.12 yield the result.

Corollary 5.15. Let D ⊆ R∗ be strongly operator recurrent (operator recurrent,

strongly recurrent, Poincaré), and let s ∈ R and ε with 0 < ε < s
2

be given. Then

at least one of D̃1 := D ∩
(⋃

n∈Z[sn, sn+ ε]
)

and D̃2 := D ∩
(⋃

n∈Z[sn− ε, sn)
)

is

strong operator recurrent (operator recurrent, strong recurrent, Poincaré).
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Proof. By Proposition 5.6, the set

D̃ := D ∩

(⋃
n∈Z

[sn− ε, sn+ ε]

)

is an operator recurrence set. We have D = D̃1 ∪ D̃2, and Proposition 5.10 yields

the result.

Another interesting Ramsey-like decomposition result holds for integer KMF sets.

We note the equivalence of Z-KMF and Z-operator recurrence (Theorem 8), hence,

the following integer variant of Corollary 5.14 can be used ([71, Corollary 1]).

Lemma 5.16. Let D ⊆ Z be KMF and V ⊂ D be finite. Then D̃ := D\V is still

KMF.

Since it is neither clear if the equivalence of KMF and operator recurrence holds

for the reals nor if a real KMF set has the Ramsey property or allows a result as in

Corollary 5.14, we cannot extend the proof of Proposition 5.17 to the real setting.

Proposition 5.17. Let D ⊆ Z be a Z-KMF set. Then there exists a countably

infinite partition
⋃
i∈I Di ⊆ D of disjoint Z-KMF sets.

Compare [71, Corollary 3] and [14, Corollary 1.24].

Proof. Inductively, we obtain a partition (Ik)k∈N of finite subsets Ik ⊂ D in the

following way.

Take D\(I1 ∪ . . . ∪ Ik−1) which is a Z-KMF set by Lemma 5.16. Using the

definition of Z-KMF for ε = 1
k
, there exists a real trigonometric polynomial

pk(x) =
∑

t∈D a
k
t< (e2πitx) satisfying pε(0) = 1 and pε ≥ −ε with akt ∈ R and

where the set {t : akt 6= 0} ⊂ D is nonempty and finite. We set Ik := {t ∈ D : akt 6=

0} ⊂ D\(I1 ∪ . . . ∪ Ik−1).

Let (Ai)i∈J be a (finite or countable) partition of N consisting of infinite sets. We
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define

Di :=
⋃
k∈Ai

Ik.

Then each Di is Z-KMF. To see this, let ε > 0 be given and choose k ∈ N

such that 1
k
< ε and Ik ∈ Di. By construction, there exists a real trigonometric

polynomial, pk, satisfying pk(0) = 1 and pk ≥ 1
k
> −ε with akt ∈ R and where the

set {t : akt 6= 0} ⊂ D is nonempty and finite.

5.3 Remarks

Summarising, we obtain the following result.

Theorem 5.18. Let D ⊆ R∗ be strongly operator recurrent (operator recurrent,

strongly recurrent, Poincaré), and let N ∈ N, s > 0 and ε with 0 < ε < s
2

be given.

Then there exists a countable set

D̃ ⊆
⋃
|n|>N

([sn− ε, sn+ ε] ∩ D) (5.3)

which is still strongly operator recurrent (operator recurrent, strongly recurrent,

Poincaré). If D is strongly operator recurrent (strongly recurrent), then there exists

a set D̃ ⊆ D which additionally satisfies that D̃ ∩ [−N,N ] is finite for all N > 0

and which is still strongly operator recurrent (strongly recurrent).

Theorem 5.18 can be interpreted in such a way that every strong operator recur-

rence, operator recurrence, strong recurrence or Poincaré set D ⊆ R∗ is “almost”

an integer set, i.e. every such set contains a subset in an arbitrarily thin tunnel

around Z which still has the same properties.

Further reductions can be made using the Ramsey property (Section 5.2) such as

in Corollaries 5.14 and 5.15 or going to dense subsets (Proposition 5.1). Corollary

5.3 as well as Proposition 5.9 state that all such sets have countable subsets with
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the same properties, even discrete subsets in the case of strong operator recurrence

and strong recurrence sets.

However, all the methods applied in this chapter are only of finite nature (as

straightforward counterexamples immediately show). We can apply a decomposi-

tion using the Ramsey property only finitely many times and we have to choose a

strictly positive ε for (5.3). A step forward is Proposition 5.9 where we obtain a

discrete subset although the gaps within D̃ are not bounded below. However, we

conjecture the following result which stresses the connection to the integer sets.

Conjecture 5.19. Let D ⊆ R∗ be strongly operator recurrent, operator recurrent,

strongly recurrent or Poincaré. Then it contains a discrete subset with the same

recurrence property such that inf
t,s∈D
|t− s| > 0.
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Chapter 6

Alon-Peres Characterisation of

Bourgain’s Example

Bourgain ([23]) showed that there exists a Z-intersective set D ⊂ N which is

not Z-FMRiesz. We extend Bourgain’s result for sets of the reals and discuss a

characterisation of Bourgain’s problem in this section, i.e. the existence of an

intersective set which is not FMRiesz in terms of stationary families in Hilbert

spaces.

Theorem 6.1 (Bourgain). There exists a set D ⊂ N which is Z-intersective, but

not Z-FMRiesz.

Using the results from Section 4.3, we extend Bourgain’s integer result to the reals.

Theorem 6.2. There exists a set D ⊂ R∗ which is R-intersective, but not R-

FMRiesz.

Proof. Theorem 6.1 gives a set D ⊂ N which is Z-intersective, but not Z-FMRiesz.

By Proposition 4.50, D is also R-intersective while it is not R-FMRiesz by Propo-

sition 4.44.
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A similar result holds for strong combinatorial recurrence by using a counterex-

ample of Forrest ([33]).

Theorem 6.3 (Forrest). There exists a set D ⊂ N which is Z-intersective, but not

Z-strongly combinatorially recurrent.

Theorem 6.4. There exists a set D ⊂ R∗ which is R-intersective, but not R-

strongly combinatorially recurrent.

Proof. Theorem 6.3 gives a set D ⊂ N which is Z-intersective, but not Z-strongly

combinatorially recurrent. By Proposition 4.50, D is also R-Poincaré while it is

not a R-strongly combinatorial recurrent by Proposition 4.47.

Remark 6.5. Using different results from Chapters 3 and 4 as well as the inte-

ger characterisations in Theorem 8, we obtain many variants of Theorems 6.2 and

6.4, e.g. the existence of a R-real correlative set D which is not R-correlative or

R-operator recurrent.

This shows that the class of properties around Poincaré recurrence is in particular

distinct from the class of properties around operator recurrence and also R-strong

recurrence differs from R-Poincaré recurrence at least without continuity. On the

other hand, it is not clear if R-strong operator recurrence is indeed a stronger prop-

erty than R-strong recurrence or R-operator recurrence (not even for the integer

properties).

Let a Hilbert space H, v ∈ H with ‖v‖ = 1 and 0 < c < 1 be given. Then we

define the set Hc,v by

Hc,v := {h ∈ H : 〈v, h〉 = c, ‖h‖ = 1}.

Definition 6.6. Let a Hilbert space H be given. We call (ht)t∈R ⊆ H a stationary

family if

〈hi+t, hj+t〉 = 〈hi, hj〉
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holds for all i, j, t ∈ R and if t 7→ ht is continuous. Similarly, we call (hn)n∈N ⊆ H

a stationary sequence if

〈hi+t, hj+t〉 = 〈hi, hj〉

holds for all i, j, t ∈ N.

Alon and Peres ([2]) gave a characterisation of Bourgain’s theorem 6.1 by trans-

lating the statement into the framework of stationary sequences in Hilbert spaces.

Theorem 6.7 (Alon, Peres). There exist 0 < c < 1, a Hilbert space H, v ∈ H with

‖v‖ = 1 and a stationary sequence (hn)n∈N ⊆ Hc,v such that we have 〈hi, hj〉 = 0

for any S ⊆ N with dN(S) > 0 and for some i, j ∈ S.

Theorem 6.8 (Alon, Peres). Each choice of 0 < c < 1, H, v ∈ H and (hn)n∈N ⊆

Hc,v as in Theorem 6.7 leads to a set D ⊂ N which is N-intersective, but not

N-FMRiesz.

We now prove the real variants of Theorems 6.7 and 6.8.

Theorem 6.9. There exist 0 < c < 1, a Hilbert space H, v ∈ H with ‖v‖ = 1 and

a stationary family (ht)t∈R ⊆ Hc,v such that we have 〈hi, hj〉 = 0 for any S ⊆ R

with dR(S) > 0 and some i, j ∈ S.

Compare [2].

Proof. Let D ⊂ R be a set which is R-intersective, but not R-FMRiesz. Then there

exists a probability measure µ on R with µ̂(d) = 0 for all d ∈ D and µ({0}) = c2 > 0

for some 0 < c < 1.

We define the Hilbert space H := L2(R, µ) and elements ht := e2πitx for t ∈ R and

v(x) := 1
c
1{0}. They all have norm 1 since

‖ht‖2 =

∫
R
|ht|2 dµ =

∫
R
1 dµ = µ(R) = 1
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for t ∈ R and

‖v‖2 =

∫
R
|v|2 dµ =

1

c2
µ({0}) = 1.

The family (ht)t∈R is stationary since

〈hl+t, hj+t〉 =

∫
R
e2πi(l+t)xe−2πi(j+t)x dµ(x) =

∫
R
e2πi(l+t−j−t)x dµ(x)

=

∫
R
e2πilxe−2πijx dµ(x) = 〈hl, hj〉,

and the map t 7→ ht is continuous since

lim
t→s
‖ht − hs‖2 = lim

t→s

∫
R
(ht(x)− hs(x)) · (ht(x)− hs(x)) dµ(x)

= lim
t→s

∫
R
ht(x)ht(x) dµ(x) + lim

t→s

∫
R
hs(x)hs(x) dµ(x)− lim

t→s
2<
∫
R
hs(x)ht(x) dµ(x)

= 2− 2<
∫
R

lim
t→s

(hs(x)ht(x) dµ(x) = 0.

We further have

〈v, ht〉 =

∫
R
v · ht dµ = v(0) · ht(0) · µ({0}) =

1

c
· 1 · c2 = c.

Finally, let S ⊆ R be with dR(S) > 0. Using intersectivity of D, we have some

s, t ∈ S and d ∈ D such that s− t = d, hence

0 = µ̂(d) = µ̂(s− t) =

∫
R
e−2πi(s−t)x dµ(x) =

∫
R
e2πitxe−2πisx dµ(x) = 〈ht, hs〉.

We have therefore found c, H, v, (ht)t∈R as required.

Lemma 6.10. Let (ht)t∈R ∈ H be a stationary sequence. Then (〈ht, h0〉)t∈R is

positive-definite and continuous.

Proof. We have

n∑
i=1

n∑
j=1

αiαj〈hti−tj , h0〉 =
n∑
i=1

n∑
j=1

αiαj〈hti , htj〉 = 〈
n∑
i=1

αihti ,

n∑
j=1

αjhtj〉 ≥ 0

for all n ∈ N, α1, . . . , αn ∈ C, t1, . . . , tn ∈ R and

|〈ht, h0〉 − 〈hs, h0〉| = |〈ht − hs, h0〉| ≤ ‖ht − hs‖2 · ‖h0‖2 =
t→s−→ 0.
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Theorem 6.11. Each choice of 0 < c < 1, H, v ∈ H and (ht)t∈R ⊆ Hc,v as in

Theorem 6.9 leads to a set D ⊂ R which is R-intersective, but not R-FMRiesz.

Compare [2].

Proof. Let us assume the existence of c, H, v, (ht)t∈R as stated in Theorem 6.9.

By Lemma 6.10, (〈ht, h0〉)t∈R forms a positive-definite and continuous function,

so by the Bochner-Herglotz Theorem 2.16, there exists a measure µ on R with

µ(R) = 〈h0, h0〉 = 1 and µ̂(t) = 〈ht, h0〉 By Lemma 6.10, (〈ht, h0〉)t∈R forms a

positive-definite and continuous function, so by the Bochner-Herglotz Theorem

2.16, there exists a measure µ on R with µ(R) = 〈h0, h0〉 = 1 and µ̂(t) = 〈ht, h0〉

for all t ∈ R.

Now consider the family (ht − cv)t∈R which is stationary since

〈ht+γ − cv, hs+γ − cv〉 = 〈ht+γ, hs+γ〉+ c2〈v, v〉 − c〈ht+γ, v〉 − c〈v, hs+γ〉

= 〈ht, hs〉+ c2〈v, v〉 − c2 − c2 = 〈ht, hs〉+ c2〈v, v〉 − c〈ht, v〉 − c〈hs, v〉

= 〈ht − cv, h+ s− cv〉

for all t, s, γ ∈ R and continuous since

(ht − cv)− (hs − cv) = ht − hs
t→s−→ 0

by assumption on (ht)t∈R. By Lemma 6.10, (〈ht− cv, h0− cv〉)t∈R forms a positive-

definite and continuous functions, hence, by the Bochner-Herglotz theorem 2.16,

there exists a measure ν on R with ν̂(t) = 〈ht − cv, h0 − cv〉. We conclude

0 < ν({0}) + c2 2.17
=

∮
R

〈ht − cv, h0 − cv〉 dλ(t) + c2

=

∮
R

(
〈ht, h0〉+ c2 − c〈ht, v〉 − c〈v, h0〉

)
dλ(t) + c2

=

∮
R
〈ht, h0〉 dλ(t)−

∮
R

c2dλ(t) + c2 =

∮
R
〈ht, h0〉 dλ(t)

2.17
= µ({0}).
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The set

D := {t ∈ R : µ̂(t) = 0}

is hence not R-FMRiesz as we have found a probability measure with µ({0}) > 0

and µ̂(d) = 0 for all d ∈ D. However, it is intersective. To see this, let S ⊆ R be

with dR(S) > 0. Then

µ̂(t− s) = 〈ht−s, h0〉 = 〈ht, hs〉 = 0

for some t, s ∈ S by assumption, hence, t− s ∈ D and

(S − S) ∩ D 6= ∅.

We therefore have found the set D which is R-intersective, but not R-FMRiesz.
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Chapter 7

Extending the theory

In this chapter, we discuss some ways how to extend the theory of recurrence sets.

Firstly, one can consider more properties than we have done so far since we have

focused on the properties around strong operator, operator, strong and Poincaré

recurrence. Then we point out how to do a quantitative analysis of the recurrence

properties. Finally, we extend the theory from Z and R to locally compact abelian

groups and discuss the corresponding framework of recurrence sets.

7.1 Topological Recurrence

In this thesis, we focus on the real variants of recurrence properties which form

the four most prominent classes of properties for integers, strong operator recur-

rence, strong recurrence, operator recurrence and Poincaré recurrence (compare

Theorems 8 and 9).

More properties can be considered by using different convergence methods of the

Cesàro averages, e.g. by using different Følner sequences (see [14, Section 4]) or

different recurrence strengths, e.g. “nice” combinatorial recurrence sets which sat-

isfy lim|d|→∞,d∈D d((E + d)∩E) ≥ (d(E))2 for any given set E (see [14, Subsection

3.5], [55, Section 2]).

125



CHAPTER 7. EXTENDING THE THEORY

These properties extend the list of implications in Theorem 9 in many ways (see,

e.g. [76, Figure 4.1]). However, it is not clear, not even for integers, how these

properties are related to each other apart from the obvious implications such as

nice combinatorial recurrence⇒ strong combinatorial recurrence⇒ combinatorial

recurrence. There are examples showing that at least some of these sets indeed

form new classes of properties. Nice combinatorial recurrence for integers is strictly

stronger than strong combinatorial recurrence ([55, Theorem 2.5]) and we discuss

topological recurrence ; Poincaré below in Theorem 7.9 and its corollaries (see

[50]).

In the following, we shall discuss recurrence of topological dynamical systems and

the corresponding recurrence sets in more detail.

In analogy to measure preserving systems, one can consider topological dynamical

systems by replacing the invertible measure preserving map φ on the measure space

(Ω,Σ, µ) with an invertible homeomorphic map ψ on a compact metric space X.

Definition 7.1 (Topological Dynamical System). A topological dynamical sys-

tem (tds) is a compact metric space X) with a group of invertible homeomorphisms

(φn)n∈Z or (φt)t∈R on X such that φtφs = φt+s for all t, s ∈ R or φnφm = φn+m

for all n,m ∈ Z, respectively. A tds (X; (φt)t∈R) is strongly continuous (sctds)

if t 7→ f ◦ φt is continuous for all f ∈ C(X).

Theorem 7.2, originally due to Birkhoff, is the topological analogue of Poincaré’s

recurrence theorem 4.11 for measure preserving systems (see [36, Subsection I.1.4]).

Theorem 7.2 (Birkhoff). Let (X;φ) be a tds, and let open ∅ 6= O ⊆ X be given.

Then there exists d ∈ N such that φd(O) ∩ (O) 6= ∅.

Let (X; (φt)t∈R) be a sctds and ∅ 6= O ⊆ X open. Then there exists d ∈ R∗ such

that φd(O) ∩ (O) 6= ∅.

Definition 7.3 (Topological Recurrence). A set D ⊆ R is topologically recur-

rent (TR) if, given a sctds (X; (φt)t∈R) and ∅ 6= O ⊆ X open, there exists d ∈ D
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such that

φd(O) ∩ O 6= ∅.

Definition 7.4 (r-Intersectivity). A set D ⊆ R is r-intersective if, given a finite

partition R = C1 ∪ . . . ∪ Cr, there exists 1 ≤ i ≤ r such that

(Ci − Ci) ∩ D 6= ∅.

Definition 7.5 (Chromatic Intersectivity). A set D ⊆ R is chromatically in-

tersective (CI) if it is r-intersective for all r ∈ N.

Proposition 7.6 (P ⇒ TR). Let us assume that, given a scmps (Ω,Σ, µ; (φt)t∈R)

and A ∈ Σ with µ(A) > 0, there exists d ∈ D such that

µ(A ∩ φd(A)) > 0.

Then, given a sctds (X; (φt)t∈R) and open ∅ 6= O ⊆ X, there exists d ∈ D such

that

φd(O) ∩ O 6= ∅.

Proof. Let the sctds (X; (φt)t∈R) and open ∅ 6= O ⊆ X be given. Without loss of

generality, let X = X0 := ∪t∈Rφt(O) (if not, we set µ(X\X0) := 0).

There exists an invariant probability measure µ on X as in Lemma 3.80. Since

X is compact, there exists t1, . . . , tn ∈ R such that X = φt1(O) ∪ . . . ∪ φtn(O)

and since µ(O) = µ(φt1(O)) = . . . = µ(φtn(O)) by the invariance of µ, we deduce

µ(O) > 0.

Using strong continuity with respect to ‖·‖∞ on the dense subspace C(X) ⊆

L2(X,µ) (compare [31, Example 5.4]), we obtain a scmps (X,µ; (φt)t∈R). Hence,

there exists d ∈ D such that µ(φd(O) ∩O) > 0, and therefore φd(O) ∩O 6= ∅.
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The next result gives a relationship between topological recurrence and chromatic

intersectivity (see also [43], [82, Chapter 5] for a similar characterisation of topolog-

ical recurrence) and we note that both properties are equivalent when considering

the corresponding integer properties ([55, Proposition 0.12]).

Proposition 7.7 (CI ⇒ TR). Let us assume that, given r ∈ N and a finite

partition R = C1 ∪ . . . ∪ Cr, there exists 1 ≤ i ≤ r such that

(Ci − Ci) ∩ D 6= ∅.

Then, given a sctds (X; (φt)t∈R) and open ∅ 6= O ⊆ X, there exists d ∈ D such

that

φd(O) ∩ O 6= ∅.

Compare [55, Proposition 0.12].

Proof. Let a sctds (X; (φt)t∈R) and open ∅ 6= O ⊆ X be given. Without loss of

generality, we assume X = ∪t∈Rφt(O). Using compactness, we obtain t1, . . . , tn

such that X = ∪ni=1φti(O).

Let x ∈ O. We choose a partition R = C1 ∪ . . . ∪ Cn such that

t ∈ Ci ⇒ φt(x) ∈ φti(O).

Chromatic intersectivity implies that there exists 1 ≤ i ≤ n, d ∈ D and s ∈ Ci

with s + d ∈ Ci, i.e. we have φs(x), φs+d(x) ∈ φti(O) and therefore φs(x) ∈

φti(O)∩ φti−d(O). But this yields φs−ti+d(x) ∈ O∩ φd(O) and O∩ φd(O) 6= ∅.

Similarly as in Section 4.3.3, we obtain the following.

Proposition 7.8. A set D ⊆ Z is Z-chromatically intersective if and only if it is

R-chromatically intersective.

Kř́ıž [50] showed that topological recurrence or chromatic intersectivity is strictly

weaker than Poincaré recurrence (see also [56, Theorem 3.3.5]).
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Theorem 7.9 (Kř́ıž). There exists a set D ⊂ Z which is Z-chromatically inter-

sective, but not Z-intersective.

The characterisations for Z (Theorem 8, [55, Proposition 0.12]) and the results

from Section 4.3 yield the following corollaries.

Corollary 7.10. There exists a set D ⊂ Z which is Z-topologically recurrent, but

not Z-Poincaré.

Corollary 7.11. There exists a set D ⊂ Z which is R-chromatically intersective,

but not R-intersective.

Proof. Theorem 7.9 yields a set D ⊂ Z which is Z-chromatically intersective, but

not Z-intersective. By Proposition 7.8, D is R-chromatically intersective, but not

R-intersective by Proposition 4.46.

Remark 7.12. The main tool for reducing a recurrence set in Chapter 5 was the

use of rotations on T and a suitable choice of product systems. The same approach

can be applied for topological recurrence and we obtain analogous reducing and

Ramsey results, i.e. for a given topologically recurrent set D and for given s > 0

and ε with 0 < ε < s
2
,

⋃
n∈Z

([sn− ε, sn+ ε] ∩ D)

is still topologically recurrent, and for a decomposition D = D1 ∪D2 of a topolog-

ically recurrent set, at least one of D1 and D2 is still topologically recurrent.

7.2 Quantitave Analysis

Until this point, the thesis was concerned with a qualitative analysis of the relation

between recurrence properties, i.e. in particular, with the implications given in

Theorem 9. In a similar way, a quantitative analysis can be done. For each
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recurrence property, we can define corresponding “measures” (Definition 7.13).

This has been thoroughly studied for N ([57, Chapter 2], [60], [63], [71], [72]),

but it can be extended analogously for R. We note that these measures are not

measures in the usual mathematical sense, but we keep this term due to its use in

the integer setting.

We introduce the measures corresponding to the classical measures and we note

that similar measures can be obtained for all properties considered in this thesis, in

particular, by adding or removing corresponding continuity assumptions (denoted

by c or ∗, respectively). We conclude this section by proving the quantitative

relation between correlativity and continuous intersectivity.

We define the discrepancy mod 1 of a function f ∈ l∞∗ ([−T, T ], [0, 1]) by

DT (f) = sup
0≤a<b≤1

∣∣∣∣∫ T

−T
(1[a,b] ◦ f)(t) dλ(t)− 2T (b− a)

∣∣∣∣
Definition 7.13. The measure ηR corresponding to R-FMRiesz for A ⊆ R

is given by

ηR(A) := supµ({0})

where the supremum is taken over all measures on R satisfying µ̂(d) = 0 for all

d ∈ A.

The measure αR corresponding to R-van der Corput for A ⊆ R is given by

αR(A) := sup lim sup
T→∞

1

2T
DT (f)

where the supremum is taken over all f ∈ l∞c (R, [0, 1]) such that f(·+ d)− f(·) is

equidistributed mod 1 for all d ∈ A.

The measure βR corresponding to R-correlativity for A ⊆ R is given by

βR(A) := sup lim sup
T→∞

∣∣∣∣∮ T

−T
f(t) dλ(t)

∣∣∣∣
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where the supremum is taken over all f ∈ l∞c (R,C) such that

lim supT→∞
∮ T
−T |f(t)|2 dλ(t) ≤ 1 and

∮
R f(t+ d)f(t) dλ(t) = 0 for all d ∈ D.

The measure γR corresponding to R-KMF for A ⊆ R is given by

γR(A) := inf pε(0)

where the infimum is taken over all ε > 0 and all nonzero real functions

pε(x) =

∫
D
<
(
e−2πitx

)
dνε(t)

satisfying pε(0) = 1 and pε ≥ −ε where νε is a finite measure on A.

The measure δcR corresponding to R-continuous intersectivity for A ⊆ R

is given by

δcR(A) := sup dR(E)

where the supremum is taken over all sets E ⊆ R with (E − E) ∩ A 6= ∅ and

limt→0 dR((E + t)4 E) = 0 and such that d(E ∩ (E − t)) exists for all t ∈ R.

The measure ζR corresponding to R-operator recurrence for A ⊆ R is

given by

ζR(A) := sup|〈x, z〉|

where the supremum is taken over all Hilbert spaces H, all strongly continuous

unitary groups (Tt)t∈T , all x ∈ H with 〈Tdx, x〉 = 0 for all d ∈ A, PRz = z and

‖x‖ = 1 = ‖z‖.

Remark 7.14. It is clear that a set D has a property whenever the associated

measure vanishes. Theorem 9 shows that ηR, βR, αR and ζR vanish at the same

time and that their vanishing of a set A implies δcR(A) = 0.

For N, the following quantitative results hold ([42], [57, Theorem 2.2-2.6], [63,

Theorem 1.3], [70, Theorem 1], [71, Theorem 2]). The measure β∞ is defined as β

with the additional assumption ‖f‖∞ ≤ 1.
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Theorem 7.15 (Ruzsa). We have

δN ≤ (βN)2 =γN = ζN = ηN ≤ β∞N ≤ βN,

β∞N
2
≤αN ≤ Kβ∞N log(

2

β∞N
),

δN ≤ min(αN, (βN)2)

for some K > 0.

Proposition 7.16. We have δcR ≤ (βR)2. In particular, we have

R-correlativity⇒ R-continuous intersectivity.

Compare [71, Section 3] and [57, Theorem 2.8].

Proof. Fix A ⊆ R and ε > 0. Let E ⊂ R be such that dR(E) > δcR(A) − ε,

(E −E) ∩A = ∅ and limt→0 dR((E + t)4E) = 0 and where d(E ∩ (E − t)) exists

for all t ∈ R. Such an E exists by the approximation property of the supremum.

Consider the function

f̃(t) :=

(√
dR(E)

)−1

1E(t).

Then

lim sup
T→∞

∮ T

−T
|f̃(t)|2 dλ(t) = (dR(E))−1 lim sup

T→∞

∮ T

−T
1E(t) dλ(t) = 1

and ∮
R
f(t+ d)f̃(t) dλ(t) = (dR(E))−1 lim sup

T→∞

∮ T

−T
1E(t+ d)1E(t) dλ(t) = 0

for all d ∈ A since (E − E) ∩ A = ∅. By assumption on E (compare Proposition

3.89), we have f̃ ∈ l∞c (R,C). Hence, f̃ is admissible for βR(A). We therefore have

βR(A) = sup lim sup
T→∞

∣∣∣∣∮ T

−T
f(t) dλ(t)

∣∣∣∣ ≥ lim sup
T→∞

∣∣∣∣∮ T

−T
f̃(t) dλ(t)

∣∣∣∣
= (

√
dR(E))−1 lim sup

T→∞

∣∣∣∣∮ T

−T
1E(t) dλ(t)

∣∣∣∣ =

(√
dR(E)

)−1

dR(E)

=

√
dR(E) >

√
δcR(A)− ε.
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Letting ε→ 0 yields

βR(A) ≥
√
δcR(A).

Similarly, we obtain the result without continuity assumptions.

Corollary 7.17. We have δR ≤ (β∗R)2. In particular, we have

R-correlativity∗ ⇒ R-intersectivity.

7.3 Locally compact abelian groups

Another approach to generalise the classical theory is to consider a multidimen-

sional setting with Zk or Rk instead of Z or R. For Z this was in particular done

in [14] and it can be extended to a general countable discrete group in a similar

way. The multidimensional extension of the theory for R leads to the treatment

of locally compact abelian groups where Rk and Zk are the most natural exam-

ples. Special cases for more general (semi)groups have been discussed, in particular

intersectivity, combinatorial recurrence and Poincaré recurrence (see for example

[10, Subsection 5.2], [12, Theorem 3.3], [15, Theorem 2.2]).

In contrast to R where the whole setup is straightforward, we have to go into more

details if we consider locally compact abelian groups. For our purposes, this will in

particular lead to amenability and the notion of dual groups. For the treatment of

recurrence sets, we assume that G is a locally compact abelian regular Hausdorff

group with Haar measure λ and dual group G∗ (although some more restriction

may be required by the use of pointwise convergence results). However, we note

that some implications can be proven for even more general groups.
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7.3.1 Finite Groups

In this subsection, we discuss some examples to illustrate that it is not interesting

to consider recurrence of finite abelian groups. Most recurrence properties exhibit

a similarly trivial behaviour for a compact group. We therefore assume afterwards

that the groups are infinite and non-compact.

Remark 7.18. By the classification theorem for finite abelian groups ([52, Theo-

rem 2.1.3]), we can assume that a finite abelian group is given by

G =
n⊕
k=1

Zpk .

with powers pk of primes.

Proposition 7.19. Let G be a finite abelian group. Then D ⊆ G is Poincaré or

operator recurrent if and only if e ∈ D.

Proof. Consider the mps (Tn, λ; (τg1 × . . . × τgn)(g1,...,gn)∈⊕nk=1Zpk ), where τgk is the

rotation on T by angle 2π
pk

and E = e
2πi[0, 1

p1
]× . . .× e2πi[0, 1

pn
] with measure λ(E) =

1
p1···pn > 0. Then λ(E ∩ τg(E)) = 0 for all g 6= e. Operator recurrence follows in

the same way by using the Koopman representation.

Proposition 7.20. Let G be a finite abelian group. Then D ⊆ G is intersective if

and only if e ∈ D.

Proof. Clearly we have e ∈ E − E for all E 6= ∅. We further have d({e}) > 0 and

{e} − {e} = {e}, hence, {e} − {e} ∩ D = ∅ if e /∈ D.

Remark 7.21. For a finite group, f(g + d)− f(g) is never equidistributed mod 1

since it only has finitely many values and therefore∮
G

1[a,b]([f(g + d)− f(g)]) dλ(g) =
1

|G|
∑
g∈G

1[a,b] ([f(g + d)− f(g)]) = 0 6= b− a

for some 0 ≤ a < b ≤ 1 where [f(t)] := f(t) mod 1. The van der Corput property

is hence trivially satisfied for all D ⊆ G.
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7.3.2 Setting for Locally Compact Abelian Groups

In this subsection, we introduce the relevant definitions and results for groups and

discuss which restrictions we have to apply and which groups we actually consider

in this section (see [41] and [67] for more details).

General Group Assumptions

We usually denote a group by G, its neutral element by e and its elements by g.

We usually choose addition to denote the group operation and multiplication for

its dual group.

We equip G with a topology such that g 7→ −g and g×h 7→ g+h is continuous. We

assume without further mention that the topology on G is regular and Hausdorff.

We noted in Section 1.2 that there arise two recurrence phenoma for the real num-

bers, bounded recurrence or recurrence around 0 due to continuity at 0, which was

characterised by the limit point 0 (see Section 4.1), and asymptotical recurrence.

The same phenomena may appear for locally compact abelian groups and we can

define bounded recurrence and asymptotic recurrence of a set D similarly by re-

quiring that D∩Ue or D\Ue, respectively, has the same recurrence property where

Ue is a neighbourhood of the identity with Ue ⊆ K for some compact set K with

λ(K) > 0.

Definition 7.22 (Locally Compact Group). A group G is locally compact if e

has a compact neighbourhood. It is called σ-locally compact if there is a countable

cover of G with compact sets.

Definition 7.23 (Haar Measure). Let G be a locally compact abelian group. A

rotation invariant measure on the σ-algebra generated by all open subsets is called

the Haar measure.

The Haar measure always exists for a locally compact abelian group and it is
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unique up to a multiplicative constant and every compact subset of G has finite

Haar measure ([41, Chapter 3 and 4]).

Følner Condition and the Mean Ergodic Theorem

We first note that every locally compact abelian group is amenable ([62, Propo-

sition 0.15]). By the Følner condition, a locally compact group G is amenable if

and only if there exists a Følner net (Ei)i∈I ([62, Theorem 4.13]).

Definition 7.24 (Følner Sequence (Net)). An increasing sequence (En)N∈N (an in-

creasing net (Ei)i∈I) of compact subsets of G is called a Følner sequence (Følner

net) if for any compact K ⊆ G and δ > 0, there exists N ∈ N (J ∈ I) such that

λ(En4KEn) ≤ δλ(En)

for all n ≥ N (n ≥ J).

We always consider one fixed Følner net for each group in consideration. If there

exists a Følner sequence, then we choose the sequence instead of the net for sim-

plicity.

Given a Følner net, we define the limit limE→G as the limit over the Følner net

(Ei)i∈I whenever it exists. Similarly, we define lim supE→G := limj supi≥j.

Since we often deal with averages, we introduce the notation
∮
G

by∮
E

f(g) dλ(g) :=
1

λ(E)

∫
E

f(g) dλ(g)

whenever λ(E) <∞ and∮
G

f(g) dλ(g) := lim
E→G

1

λ(E)

∫
E

f(g) dλ(g)

whenever the limit exists. We define the upper density dG of a set S ⊆ G by

dG(S) := lim sup
E→G

1

λ(E)
λ(S ∩ E) = lim sup

E→G

∮
E

1S(g) dλ(g)
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and similarly the density dG whenever it exists. It is not obvious a priori how to ex-

tend the strong properties to a locally compact abelian group as lim|d|→∞,d∈D is not

well-defined anymore. We suggest to define limd→∞,d∈D by setting limd→∞,d∈D f(g)=

y if

∀ε > 0 ∃ compact K ⊆ G ∀d ∈ D ∩ (G\K) : |f(d)− y| < ε.

We note that this definition coincides with the usual definition of lim|d|→∞,d∈D for

G = R and G = Z.

As for R and N, the main connection between recurrence properties is the following

mean ergodic theorem ([29, Theorem 8.13], [62, (5.7)], [80, Section 3.3]).

Theorem 7.25 (Mean Ergodic Theorem). Let T = (Tg)g∈G ⊂ L(H) with a Hilbert

space H be a strongly continuous group of contractions on H. Then T is mean

ergodic, i.e.

Px :=

∮
R
Ttx dλ(t)

exists for all x ∈ H in ‖·‖ where P is the mean ergodic projection onto Fix(T )

along lin{(Id− Tg)x : x ∈ H, g ∈ G} and we have the ergodic decomposition

H = Fix(T )⊕ lin{(Id− Tg)x : x ∈ X, g ∈ G}.

In Section 3.2, we occasionally use pointwise convergence results such as the point-

wise ergodic theorem and the strong law of large numbers. As the pointwise ergodic

theorem does not hold in the generality of Theorem 7.25 ([53, Section 1]), this sug-

gests that we may have to restrict the generality of the group such as to second

countable or σ-locally compact groups as well as to allow only certain Følner nets

where some corresponding pointwise results hold ([29, Subsection 8.6.2], [53, [62,

(5.20) and (5.21)], [80, Section 5.6]).

We define l∞∗ (G), l∞c (G) and l∞cc (G) as in Section 2.4. As in Definition 2.24, we

define equidistribution mod 1.
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Definition 7.26. A function f ∈ l∞∗ (G, [0, 1]) is equidistributed mod 1 if∮
G

e2πikf(g) dλ(g) = 0

holds for all 0 6= k ∈ Z.

Dual Groups, Fourier transforms and the Bochner-Herglotz Theorem

An important element in the theory of abstract harmonic analysis is the notion of

the dual group (see [67, Section 1.2]).

Definition 7.27 (Dual Group). Let G be a locally compact group. A character

γ is a continuous group homomorphism γ : G → T. The dual group G∗ is the

set of all characters equipped with the “uniform on compact subsets”-topology. The

group operation is given by pointwise multiplication.

The dual group of a locally compact abelian group is again locally compact ([67,

Subsection 1.2.6]). The following shows that the bidual group (G∗)∗ is in fact the

original group G ([67, Theorem 1.7.2]).

Theorem 7.28. Let G be a locally compact abelian group. Then G and (G∗)∗ are

algebraically isomorphic.

We usually denote characters by χ and note that Theorem 7.28 allows to inter-

change g(χ) and χ(g).

We note that the work with the Fourier transform requires abelian groups ([67,

Chapter 1]). In this case, the Fourier transform of a measure on G∗ is defined as

for measures on R and T.

Definition 7.29 (Fourier Transform). Let G be a locally compact abelian group

and µ a measure on G∗. Then the Fourier transform µ̂ is defined by

µ̂(g) =

∫
G∗
χ(g) dµ(χ).
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The Bochner-Herglotz theorem ([67, 1.4.3]) yields the correspondence of Fourier

transforms and positive-definite functions on G. A function f : G→ C is positive-

definite if f(−g) = f(g) for all g ∈ G and if

n∑
i=1

n∑
j=1

αiαjf(gi − gj) ≥ 0

for all n ∈ N, α1, . . . , αn ∈ C and g1, . . . , gn ∈ G.

Theorem 7.30 (Bochner-Herglotz). Let f : G→ C be a continuous and positive-

definite function. Then there exists a measure µ on G∗ such that

µ̂(g) = f(g)

for all g ∈ G.

7.3.3 Example: Operator Recurrence and FMRiesz

As an example of how to deal with recurrence properties in locally compact abelian

groups, we prove the equivalence of operator recurrence and FMRiesz (see also

Subsection 3.2.1).

Definition 7.31 (FMRiesz). A set D ⊆ G is FMRiesz if every probability mea-

sure µ on G∗ with µ̂(d) = 0 for all d ∈ D satisfies

µ({e∗}) = 0.

Definition 7.32 (Operator Recurrence). A set D ⊆ G is operator recurrent

(OR) if, given a Hilbert space H, a strongly continuous unitary group (Tg)g∈G on

H and x ∈ H with ‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

As in Lemmata 2.17, 2.27 and 2.32, we obtain the following lemmata for locally

compact abelian groups.
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Lemma 7.33. Let H be a Hilbert space, (Tg)g∈G be a strongly continuous unitary

group on H and x ∈ H. Then fx(g) := 〈Tgx, x〉 is uniformly continuous and

positive-definite.

Lemma 7.34. Let g 7→ xg ∈ H be continuous from G to a Hilbert space H. Then

we have ∮
G

〈xg, y〉 dλ(g) = 〈
∮
G

xg dλ(g), y〉

whenever the corresponding limits exist.

Lemma 7.35. Let µ be the Bochner-Herglotz measure associated to the positive-

definite and continuous function f . Then

µ({e∗}) =

∮
G

f(g) dλ(g).

Proposition 7.36 (FMRiesz⇒OR). Let us assume that every probability measure

µ on G∗ with µ̂(d) = 0 for all d ∈ D satisfies

µ({e∗}) = 0.

Then, given a Hilbert space H, a strongly continuous unitary group (Tg)g∈G on H

and x ∈ H with ‖x‖ = 1 and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Compare [60].

Proof. For a contradiction, let us assume that D is not operator recurrent, i.e.

there exists a Hilbert space H, a strongly continuous unitary group (Tg)g∈G on H

and x ∈ H with ‖x‖ = 1 and Px 6= 0 such that 〈Tdx, x〉 = 0 for all d ∈ D.

The function fx given by fx(g) := 〈Tgx, x〉 is positive-definite and continuous by

Lemma 7.33, hence, by the Bochner-Herglotz theorem 7.30, there exists a measure
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µ on G∗ such that µ̂(g) = fx(g) = 〈Tgx, x〉 and µ(G∗) = f(e) = 〈x, x〉 = 1.

Then we have µ̂(d) = 〈Tdx, x〉 = 0 for all d ∈ D by assumption and

µ({e∗}) =

∫
G∗

1{e∗}(χ) dµ(χ)
7.35
=

∫
G∗

∮
G

χ(g) dλ(g) dµ(χ)

=

∮
G

∫
G∗

χ(g) dµ(χ) dλ(g) =

∮
G

µ̂(g) dλ(g) =

∮
G

〈Tgx, x〉 dλ(g)

7.34
= 〈

∮
G

Tgx dλ(g), x〉 = 〈Px, x〉 = 〈Px, Px〉 = ‖Px‖2 > 0.

Hence, D is not FMRiesz, yielding a contradiction.

Proposition 7.37 (OR ⇒ FMRiesz). Let us assume that, given a Hilbert space

H, a strongly continuous unitary group (Tg)g∈G on H and x ∈ H with ‖x‖ = 1

and Px 6= 0, there exists d ∈ D such that

〈Tdx, x〉 6= 0.

Then every probability measure µ on G∗ with µ̂(d) = 0 for all d ∈ D satisfies

µ({e∗}) = 0.

Compare [60].

Proof. For a contradiction, let us assume that D is not FMRiesz, i.e. there exists

a probability measure µ on G∗ with µ̂(d) = 0 for all d ∈ D and µ({e∗}) > 0.

We define hg(χ) := g(χ) with

‖hg‖2 =

∫
G∗
|hg(χ)|2 dµ(χ) =

∫
G∗
1(χ) dµ(χ) = µ(G∗) = 1 <∞

for all g ∈ G and we note

〈hg, hγ〉 =

∫
G∗
hg(χ)hγ(χ) dµ(χ) =

∫
G∗
hg−γ(χ) dµ(χ)

3.73
= 0

for all g 6= γ ∈ G. We set H := lin{hg : g ∈ G} ⊆ L2(G∗, µ) and define Tγ : H →

H. by Tγhg := hg+γ for g, γ ∈ G. This is a group representation since

(TδTγ)(hg) = Tδ(Tγhg) = Tδ(hg+γ) = hg+γ+δ = Tγ+δhg
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for all g, γ, δ ∈ G. Moreover, Tγ is unitary for all γ ∈ G since

〈Tγhf , Tγhg〉 = 〈hγ+f , hγ+g〉 =

∫
G∗
χ(γ + g)χ(γ + f) dµ(χ)

=

∫
G∗
χ(γ + g)χ(−γ − f) dµ(χ) =

∫
G∗
χ(g − f) dµ(χ)

=

∫
G∗
χ(g)χ(f) dµ(χ) = 〈hg, hf〉

and TγT−γ = Id = T−γTγ, and it is strongly continuous since

lim
γ→δ
‖Tγhg − Tδg‖2 = lim

γ→δ
‖hg+γ − hg+δ‖2

= lim
γ→δ

∫
G∗

(hg+γ(χ)− hg+s(χ))(hg+γ(χ)− hg+δ(χ)) dµ(χ)

= lim
γ→δ

(
‖hg+γ‖2 + ‖hg+δ‖2 − 2<

(∫
G∗
χ(g + δ)χ(g + γ)dµ(χ)

))
= 2− 2<

(∫
G∗

lim
γ→δ

(
χ(g + δ)χ(g + γ)

)
dµ(χ)

)
= 2− 2<(‖hg+δ‖2) = 0.

We also have

µ̂(g) =

∫
G∗
χ(g) dµ(χ) =

∫
G∗
hg(χ) · he(χ) dµ(χ) = 〈hg, he〉 = 〈Tghe, he〉

and in particular

〈Tdhe, he〉 = µ̂(d) = 0

for all d ∈ D. However, we have

0 < µ({e∗}) = ‖Phe‖2,

as in the proof of Proposition 7.36 for x = he. Hence, we have a Hilbert space

H, a strongly continuous unitary group (Tg)g∈G on H and x ∈ H with ‖x‖ = 1

and 〈Tdx, x〉 = 0 for all d ∈ D but Px 6= 0. The set D is therefore not operator

recurrent, yielding a contradiction.
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[50] I. Kř́ıž - Large independent sets in shift-invariant graphs: solution of Bergel-

son’s problem. Graphs Combin. 3 (1987), 145–158.

[51] L. Kuipers and H. Niederreiter - Uniform distribution of sequences. Wiley-

Interscience, New York, 1974.

[52] H. Kurzweil and B. Stellmacher - The theory of finite groups. An introduc-

tion. Springer-Verlag, New York, 2004.

[53] E. Lindenstrauss - Pointwise theorems for amenable groups. Invent. Math.

146 (2001), 259–295.

[54] R. Lyons - Strong laws of large numbers for weakly correlated random vari-

ables. Michigan Math. J. 35 (1988), 353–359.

[55] R. McCutcheon - Three results in recurrence. London Math. Soc. Lecture

Note Ser. 205 (1995), Cambridge Univ. Press, Cambridge, 349–358.

[56] R. McCutcheon - Elemental methods in ergodic Ramsey theory. Springer

Lecture Notes in Mathematics 1722 (1999). Springer-Verlag, Berlin.

[57] J.L. Montgomery - Ten lectures on the interface between analytic number

theory and harmonic analysis. CBMS Regional Conference Series in Mathe-

matics 84 (1994), American Mathematical Society, Providence, RI.

[58] J. Nagata - Modern general topology. North-Holland Publishing Co., Ams-

terdam, 1985.

[59] J. von Neumann - Proof of the quasi-ergodic hypothesis. Proc. Nat. Acad.

Sci. U.S.A. 18 (1932), 70–82.

[60] M. Nincevic, B. Rabar and S. Slijepcevic - Ergodic characterization of van

der Corput sets. Arch. Math. (Basel) 98 (2012), 355-360.

148



BIBLIOGRAPHY

[61] D.S. Ornstein - A K-automorphism with no square root and Pinsker’s con-

jecture. Advances in Math. 10 (1973), 89-102.

[62] A.L.T. Paterson - Amenability. Mathematical Surveys and Monographs 29

(1988). American Mathematical Society, Providence, RI.

[63] Y. Peres - Applications of Banach limits to the study of sets of integers. Israel

J. Math 62 (1988), 17–31.
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Appendix

The following diagrams show the detailed implications of the recurrence properties

which are summarised in Theorems 8 and 9.

Theorem 1. Let D ⊆ Z. Then the following implications for integer recurrence

hold.

IS CR rCorspPP

vdC

Cor

FMRiesz ORKMF

SCor

SspPSR

SCR

EvdC FC+SOR
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Theorem 2. Let D ⊆ R. Then the following implications for real recurrence hold.

cIS

cCR rCor0,1 rCor spP P

vdC Cor FMRiesz OR KMF

SCor SspP SRcSCR
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