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Abstract

Classical theorems such as the Poincaré recurrence theorem, the van der Corput
theorem about equidistribution of sequences or the F. and M. Riesz theorem about
measures on the torus show properties of the set N. However, In particular the
Poincaré recurrence easily allows to extend the recurrence result to sets such as
mN for any m € N.

This motivates the notion of recurrence sets, i.e. sets D C N (or D C Z) which
are “strong” enough to force certain recurrence properties, and a thorough study
of these sets and their relations with each other has been undertaken since the late
1970s.

This thesis deals with real recurrence sets D C R. Our first result shows that
integer properties and most associated implications can be transferred to the real
setting and allow a similar treatment.

For a set D C Z, the integer and real recurrence property coincide for many prop-
erties. This gives non-trivial recurrence examples from the integer theory, but also
yields some counterexamples showing that some recurrence properties are distinct.
Using continuity and appropriate product systems, we show that we can reduce re-
currence sets such as Poincaré or operator recurrence sets, in particular, every such
recurrence set has a countable subset D € |J ([sn — €, sn + €] N D) for arbitrary
small € > 0 and arbitrarily large N € N ha@izg the same recurrence property.

We finally indicate how to further extend this topic by discussing topological dy-
namical systems, a quantitative analysis of recurrence sets and the use of locally

compact abelian groups instead of Z and R.
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Chapter 1

Introduction

1.1 Introduction

In his work about the three body problem, Poincaré showed in 1890 that every
(measure preserving) dynamical system is recurrent ([64, Theorem IJ).
Caratheodory ([24]) first presented Poincaré’s result in modern terminology, and

it can be stated as follows.

Theorem 1 (Poincaré). Let (Q, %, p; ¢) be a measure preserving system. Then for

any A € ¥ with p(A) > 0, there exists n € N such that
H(6"(4) N A4) > 0.

We call a measure preserving system (£, X, u; ¢) with a set A of positive measure
recurrent if it satisfies the statement of Theorem 1, i.e. if there exists n € N
such that pu(¢"(A) N A) > 0. We call it infinitely recurrent if the set {n € N :
p(ANg¢"(A)) > 0} is infinite.

It turns out that not all natural numbers are required to obtain recurrence of a
given measure preserving system (2, X, u; ¢) with a set A of positive measure. We
also note that the restriction to natural numbers is not essential when discussing

recurrence of invertible measure preserving systems. Using the invertibility of

1



CHAPTER 1. INTRODUCTION

(Q, %, u; @), recurrence can immediately be extended to integers. This motivates

the following definition.

Definition 1.1 (Poincaré Recurrence). A set D C Z is Poincaré recurrent
if, given an invertible measure preserving system (0,3, u;¢) and A € X with

w(A) > 0, there exists d € D such that
H(A N G(A)) > 0.

This means that a set D C Z is Poincaré if it is “large” enough to force recurrence
of an invertible measure preserving system (2,3, u; ¢) with a set A of positive
measure. It is easy to see that the set mN for some m € N has this property
simply by considering (€2, ¥, ; ¢™) and Theorem 1.

Using a similar argument, this also shows that a given invertible measure preserving
system (2, X, u; ¢) with a set A of positive measure is not only once, but infinitely
recurrent. Inductively, we obtain an infinite set {d, : n € N} such that pu(A N
¢ (A)) > 0 for all n € N by considering (2, 3, y; ™) where m > dy, ..., d, and
dpt1 = min{nm € N: u(An¢"(A)) > 0}.

More interesting examples are given by the squares {n* : n € N}, the set {p(n) :
n € N}\{0} with a polynomial p # 0 having integer coefficients and satisfying
p(0) = 0 ([36, Theorem 3.16], [75]), the set of differences {n — m;n > m € I}
with any infinite subset of integers I ([42]), or the sets {p — 1 : p prime} and
{p+1:pprime} ([42]).

Birkhoff ([19], Section VII) introduced and formalised the language of dynamical
systems. He also considered analogous statements for topological systems ([19,
Subsections VII.7-8], Section 7.1). Koopman ([47]) transferred the topic of measure
preserving systems into a Hilbert space setting and allowed the use of functional
analytic methods.

The study of these systems led to the mean ergodic theorems which deal with the

2



1.1. INTRODUCTION

convergence of the Cesaro averages

1,
JLIQOE;TV. (1.1)
In 1931, von Neumann ([59]) showed that this limit exists in L? for the Koopman
operator T, f := f o ¢ of a measure preserving system (€2, 3, u; ¢) and equals the
projection onto the fixed space of T},. Birkhoff ([20]) subsequently showed that the
same statement holds for almost everywhere convergence and f € L'(Q, %, u).
Latterly, the concept of the convergence in (1.1) has been generalised in many
directions by allowing more general operators, spaces or different dynamics such
as strongly continuous semigroups or representation of certain groups. The con-
vergence of these Cesaro averages is the central tool of this thesis connecting re-
currence properties and it is a recurrent theme throughout all chapters.

A simple consequence of the mean ergodic theorem, i.e the convergence of % Nijl un
for a (suitable) operator U to the projection P onto Fix(U) along ran(Id —n:UO), is
the following result which also implies Theorem 1. This shows that the orbit of

a unitary operator and certain vectors cannot be completely orthogonal to the

spanning vector.

Theorem 2. Let H be a Hilbert space, U a unitary operator on H with mean

N—1
ergodic projection P := limy_ % > U™ and x € H with Px # 0. Then there
n=0
exists n € N such that
(Umz,z) # 0.

As with Poincaré recurrence, we do not need all natural numbers to obtain the
statement of Theorem 2. This hence motivates the following definition of operator

recurrence.

Definition 1.2 (Operator Recurrence). A set D C Z is operator recurrent

if, giwen a Hilbert space H, a unitary operator U on H and x with ||z|| = 1 and

3



CHAPTER 1. INTRODUCTION

Px # 0, there exists d € D such that
(Utz, z) #0.

Using the Koopman representation of an invertible measure preserving system as a
unitary operator on L?(Q, 3, p), it is straightforward that every operator recurrent
set D is also Poincaré recurrent.

Fiirstenberg ([37]) introduced a correspondence principle connecting number the-
oretical results with measure preserving systems (see, e.g. [48] for an overview).
Among other results, this shows that every Poincaré set D C N is intersective,
i.e. for all £ C 7Z with dz(E) := limsup,,_,, Eo{=n..n}l ~ 0 there exists some

2n+1
d € D such that EN(E +d) # 0.

Theorem 3 (Fiirstenberg). Let E C 7Z with dz(E) > 0. Then there exists an

invertible measure preserving system (2, %, p; @) and A € ¥ such that
and

for all d € Z.

In 1931, van der Corput (][26]) showed an interesting property of the natural num-
bers concerning the equidistribution mod 1 of sequences. We call hereby a sequence

(tn)nen of real numbers equidistributed mod 1 if

L
lim — Z Tg(un) =b—a
-1

N—>00N

forall0<a<b<l1.

Theorem 4 (Van der Corput). Let (uy,)nen be a real sequence such that the dif-
ferences (Uupiq — Un)nen are equidistributed mod 1 for all d € N. Then (uy,)nen 18

equidistributed mod 1.



1.1. INTRODUCTION

As in the case of Theorems 1 and 2, not all natural numbers are required for the
statement of Theorem 4. A set D C N is said to be van der Corput if, given a
real sequence (uy)nen, the equidistribution mod 1 of (uy1q — Up)nen for all d € D
implies the equidistribution mod 1 of (u,)nen. Many examples have been found, in
particular the above mentioned Poincaré sets satisfy this van der Corput property.
Equidistribution however is a rather probabilistic topic. Weyl ([83]) had intro-
duced a criterion to transfer the question of equidistribution mod 1 into analytic

terminology.

Theorem 5 (Weyl). Let (un)nen be a real sequence. Then (up)nen S equidis-

tributed mod 1 if and only if

n—1
: 1 2milu
fim 52 =0
holds for all 0 # 1 € Z.

In view of Weyl’s theorem, van der Corput’s theorem now reads as follows.

Theorem 6 (Van der Corput (Revised)). Let (uy,)nen be a sequence such that

n—1

lim l E e2m il va p2miluy, — ()
n—oo N
k=0

holds for all 0 # 1 € Z and for all d € N. Then

n—1

.1 ~
lim — E e2mitue — )
n—oo N,
k=0

holds for all 0 £ 1 € 7Z.
Another seemingly unrelated result of the natural numbers is the following theorem
([66]).
Theorem 7 (F. and M. Riesz). Let p be a positive measure on T such that
fitn) = [ 27" duta) =0
T

for alln € N, then u({1}) = 0.
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For example, the Lebesgue measure A on T satisfies /):(n) =0 for all n € N and
indeed A({1}) = 0. F. and M. Riesz actually showed a much stronger result in
[66], i.e. that if the Fourier coefficients of a complex measure on T vanish, then
it is absolutely continuous, i.e. p(A) = 0 for all Lebesgue null sets A and in par-
ticular p({z}) = 0 for all x € T. However, we consider only positive measures
and continuity at 1 in this thesis to set the corresponding FMRiesz set in relation
with other recurrence sets, especially with operator recurrence (using L2-spaces)
and with correlativity (through Lemma 2.17).

The connection of Theorem 7 with Theorem 6 becomes apparent by using the
positive-definiteness of d > v(d) = lim,,_,o, L Y32, €2k +ae2milur and the Bochner-
Herglotz theorem which yields a measure g on T such that ji(n) = v(n) for all
n € Z.

The connection of Theorem 6 to harmonic analysis and Theorem 7 was introduced
by Wiener ([84]) and then studied in more depth in France (see for example [4],
[5], [18], [65], [25]). This topic was studied under the name “pseudo-aléatoires”
(pseudo-random) sequences or functions and the van der Corput theorem was re-
proven by harmonic analytic methods (for example [18]). This gives the inspiration
for the equivalence of correlativity and FMRiesz sets.

It is interesting to note that Theorem 2, Theorem 4, Theorem 6 and Theorem 7
share a close relation with each other although they look rather different at first
glance. It is one goal of this thesis to analyse and establish these relations in a
broader context.

The study of recurrence properties and their relations to each other was in par-
ticular started by Kamae and Mendes France ([42]) and Ruzsa ([70], [71]). Later
results ([2], [17], [23], [33], [55], [57], [60], [63]) extended these relations and Bergel-
son and Lesigne gave a good account of recurrence sets in Z* ([14]).

The motivation of this thesis comes from the study of recurrence sets D C R. All



1.2. NOTATION

properties of integer Poincaré or van der Corput sets can be restated in terms of
real numbers and do not rely on the discrete integer structure. In fact, it turns
out that rather the mean ergodic theorem and the interplay between a group and
its dual group are the key element for the characterisations to hold. This is in
particular the case when dealing with FMRiesz and its connection to other recur-
rence properties, and hence with the Fourier transform and the Bochner-Herglotz
theorem. In the integer situation, the duality of Z and T may not be expressed
explicitly, but the proofs are based on the same principles and methods such as
the Fourier transform.

An extensive study of such general recurrence sets D C R has not yet been done
to our knowledge, the most general studies are concerned with van der Corput
sets D C Z*F ([6], [8], [14], [16]) as well as with the set R itself in the topic of
pseudo-random functions ([4], [5], [18]). Additionally, there are some results about
the connection of Poincaré recurrence and combinatorial recurrence (e.g. [11], [82,
Section 6], [38, Section 2]).

The results in this thesis are almost all formally new. However, in particular the
results in Chapter 3 and 6 follow with minor modifications from the existing in-
teger proofs. We indicate this by giving a reference “compare [X]” between the
statement and the proof. On the other hand, Theorem 10 with the equivalence of
integer and real operator recurrence for a set D C Z and Theorem 11 about the

reduction of recurrence sets have no precedent.

1.2 Notation

In this thesis, we deal with various notions of recurrence which are defined in detail
in Chapter 3 (particularly in Section 3.1). We call a set D recurrent without
further specification if it satisfies one of the properties listed in Theorems 8 or

9 and we similarly use the term recurrence property to indicate one of these

7



CHAPTER 1. INTRODUCTION

properties without further specification. This name is motivated by properties
such as Poincaré recurrence and combinatorial recurrence, but also applies to the
other properties due to the close relationship between each other, and we use it in
particular to talk about general behaviour of these properties.

When we deal with recurrence sets, two types of recurrence phenomena appear:
Asymptotic recurrence and recurrence due to continuity at 0. We say that a set D
satisfies a recurrence property asymptotically or “at oo” if it is recurrent and
if there exists € > 0 such that D\ (—e¢, €) satisfies the same recurrence property. We
show in Proposition 5.4 for strong operator recurrence, strong recurrence, operator
recurrence and Poincaré that we can choose e arbitrarily large if 0 is not a limit
point. When we consider N or Z, only such asymptotic recurrence sets appear.
However, with the extension to the real numbers, we have to consider continuity at
0. We say that a set D satisfies a “bounded” recurrence property or “around
0” if it is recurrent and if there is M > 0 such that D N (=M, M) satisfies the
same recurrence property. Bounded recurrence sets of recurrence properties with
continuity are identified as the ones having 0 as a limit point (Section 4.1) and we
can then choose M arbitrarily small.

Particularly in Chapter 5, we consider recurrence properties with continuity and we
sometimes need to exclude 0 as a limit point of D. In this case, there exists € > 0
for each D such that D N (—¢,€) = . We write D C R, where R, := R\(—¢,€) to
indicate that 0 is not a limit point of D and we assume hereby that € is implicitly
given by D such that D N (—¢,€) = 0. We can choose € arbitrarily small, so for
simplicity, we set 0 < € < 1 to avoid the consideration of extra cases when the
connection with integer properties comes in the play.

When dealing with a locally compact abelian group, we use the (possibly non-finite)
Haar measure which is the unique (up to a positive factor) rotation invariant

positive measure defined on the Borel sets of G (see also Definition 7.23) and



1.3. OVERVIEW AND MAIN RESULTS

denote it by \. When the Haar measure on a group G is finite (for example on the
Torus T = {e*™@ : z € [0,1)}), we assume it to be normalised, i.e \(G) = 1. All
measures except for A are assumed to be positive and finite unless noted otherwise
(see also the comment after Theorem 7). We assume throughout the thesis that
sets are measurable with respect to the corresponding o-algebras and we assume
it to be the Borel g-algebra if not stated otherwise. We note that the assumption
of measurability for recurrence sets D C R can be dropped if we do not consider
the property KMF.

All operators are assumed to be linear and bounded if not noted otherwise. We
call an operator T' contractive if | T|| < 1. An operator on a Hilbert space H
is unitary if 7T* = T*T = Id and a lattice isomorphism on L?*(Q, Y%, u; R) if
it is additionally positive. A (semi)group of operators on a Hilbert space H is
given through a family of operators (7;)ier or (1}):>0 such that 737, = T}y and
Ty = 1d. If t — T,z is continuous for all x € H, we call it strongly continuous
and strongly measurable if ¢ — Tz is measurable ([3, Subsection A.1.1]) for all
x e H.

We follow the common misuse of notation and consider functions f € LP(Q, X u)
instead of equivalence classes. Hence, the corresponding equations are only to be

understood almost everywhere.

1.3 Overview and Main Results

The main focus of this thesis is real recurrence in various forms. Our main moti-
vation and focus hereby is in particular the treatment of operator recurrence and

Poincaré recurrence as well as strong operator recurrence and strong recurrence.

Definition 1.3 (Poincaré Recurrence). A set D C R is Poincaré or Poincaré

recurrent if, given a scmps (2,5, pu; (¢r)er) and A € ¥ with u(A) > 0, there

9



CHAPTER 1. INTRODUCTION

exists d € D such that
1(AN ¢a(A)) > 0.

Definition 1.4 (Operator Recurrence). A set D C R is operator recurrent if,
giwen a Hilbert space H, a strongly continuous unitary group (Ti)ier on H and

x € H with ||z|| =1 and Px # 0, there exists d € D such that
(Tyx, x) # 0.

Definition 1.5 (Strong Recurrence). A set D C R is strongly recurrent if,

given a scmps (2,3, p; (¢1)ier) and A € ¥ with u(A) > 0, we have

limsup pu(pq(A) NA) > 0.
|d|—00,deD

Definition 1.6 (Strong operator recurrence). A set D C R is strongly operator
recurrent if, given a Hilbert space H, a strongly continuous unitary group (T;)ier

on H and x € H with ||z|| =1 and Pz # 0, we have

limsup [(Tyz,z)| > 0.
|d|—o00,deD

The following implications follow easily, both for integers and reals, but they also
give a framework for all other properties which are defined in detail in Chapter
3. Whenever we think of recurrence sets, we have one of these four properties in
mind. This is motivated by the results for integer recurrence where every recurrence

property is equivalent to one of these four (see Theorem 8 below).

Strong operator recurrence

A A

Operator recurrence Strong recurrence

Poincaré

10



1.3. OVERVIEW AND MAIN RESULTS

In Chapter 2, we introduce notation and preliminary results. We discuss top-
ics which are requisite in the later proofs, in particular, we discuss the Fourier
transform, the Bochner-Herglotz theorem, measure preserving systems and their
operator theoretical analogues, mean ergodicity, equidistribution and a version of
the strong law of large numbers. We also include some lemmata which are used
throughout the thesis.

In Chapter 3, we introduce recurrence properties and their relations to each other.
In Section 3.1, we define the main recurrence properties for a set D C R in a pre-
cise way. We focus hereby on those properties which we consider in more detail in
the subsequent chapters. In Section 3.2, we show how these properties are linked
with each other and introduce additional properties. The following theorem gives

an overview over the integer results ([14], [17], [42], [57], [60], [63], [70], [71]).

Theorem 8. Let D C Z. Then all integer properties within one of the following
groups are equivalent to each other.

(i) Poincaré, spectral Poincaré, combinatorial recurrence, intersectivity, real cor-
relativity.

(i) Operator recurrence, FMRiesz, Kamae and Mendés France, van der Corput,
correlativity.

(#ii) Strong recurrence, strong combinatorial recurrence, strong correlativity.

(iv) Strong operator recurrence, FC+, enhanced van der Corput.

We have to distinguish two types of real recurrence properties, recurrence with
continuity assumptions (e.g. using strongly continuous groups in operator recur-
rence) and recurrence without continuity, but with corresponding measurability
assumptions (e.g. using strongly measurable groups in operator recurrence).

Most of the relations in Theorem 8 are true for real recurrence sets without con-
tinuity, but in particular the proof of the equivalence of operator recurrence and

correlativity uses FMRiesz as intermediate step which contains a natural continu-

11



CHAPTER 1. INTRODUCTION

ity assumption due to the continuity of jz. Hence, it is not clear if correlativity
implies operator recurrence.
For real recurrence with continuity, we still have the equivalences in (ii) and (iv)

as in Theorem 8 and the implications

real correlativity = Poincaré = continuous combinatorial recurrence,

but it is unclear if any of the reverse implications hold. Summarising, the final

result of Section 3.2 is the following theorem.

Theorem 9. Let D C R. Then all properties within the following groups are
equivalent to each other.

(i) Poincaré without continuity, combinatorial recurrence, real correlativity without
continuaty.

(i1) Van der Corput without continuity, correlativity without continuity.

(ia) Operator recurrence, FMRiesz, van der Corput, correlativity.

(#ii) Strong recurrence without continuity, strong combinatorial recurrence, strong
correlativity without continuity.

(iv) Strong operator recurrence, FC+, enhanced van der Corput.

In addition, we have the implications

combinatorial recurrence = intersectivity,
real correlativity = Poincaré
= conlinuous combinatorial recurrence
= continuous intersectivity,
operator recurrence without continuity = correlativity without continuity,
strong correlativity = strong recurrence

= strong continuous combinatorial recurrence,

12



1.3. OVERVIEW AND MAIN RESULTS

strong operator recurrence without continuity

= enhanced van der Corput without continuity.

Up to that point, only the relation between recurrence sets is analysed. In Chapter
4, we focus on examples of recurrence sets. In Section 4.1, we consider rather trivial
examples such as N, R\ (—e¢, €) or the characterisation of bounded recurrence sets.
These examples yield also some classical theorems such as the van der Corput
theorem.

In Section 4.3, we discuss how real recurrence and integer recurrence are related
for a set D C Z. 1t is rather straightforward that every Z-recurrent set is also R-
recurrent. We show that we even have equivalence for strong operator recurrence

and operator recurrence (and hence for all properties which are equivalent to them).

Theorem 10. Let D C Z. Then Z-recurrence and R-recurrence coincide for strong

opemtor recurrence and opemtor recurrence.

We also show that we obtain the equivalence of Z-recurrence and R-recurrence if
we consider recurrence properties without continuity assumptions.

Using these results, we obtain further interesting examples of recurrence sets using

1
logp

integer results. We conclude the chapter by discussing the sets { . p prime}
and {logp : p prime}. These examples differ from the previous examples as they
do not come directly from an integer set.

It is immediate that we can always enlarge a recurrence set without losing its

recurrence property. The converse is less obvious. In Chapter 5, we discuss several

ways to reduce a recurrence set. We show hereby the following theorem.

Theorem 11. Let D C R, be strongly operator recurrent (operator recurrent,

strongly recurrent, Poincaré), and let N € N, s > 0 and € with 0 < € < 5 be given.

13



CHAPTER 1. INTRODUCTION

Then there exists a countable set

DC U ([sn —€,sn+€ ND)
[n|>N

which is still strongly operator recurrent (operator recurrent, strongly recurrent,
Poincaré). If D is strongly operator recurrent (strongly recurrent), then there exists
a set D C D which additionally satisfies that D N [—N, N is finite for all N > 0

and which is still strongly operator recurrent (strongly recurrent).

In Chapter 6, we discuss the problem if there exists a set D C R which is intersec-
tive, but not FMRiesz. For the integer setting, Bourgain ([23]) constructed such a
set. We extend this result to the real setting by using our results from Section 4.3
and we also show a corresponding result for intersectivity and strong combinatorial
recurrence based on an integer example of Forrest ([33]). We also characterise the
existence of a set which is intersective and not FMRiesz in terms of certain families

of vectors in a Hilbert space.

Theorem 12. There exists a set D C R, which is intersective, but not FMRiesz.
There exists a set D C R, which is intersective, but not strongly combinatorially

recurrent.

In Chapter 7, we indicate how to further extend the topic of recurrence sets.
We firstly note that we restrict our considerations in this thesis on four groups
of recurrence properties (strong operator recurrence, operator recurrence, strong
recurrence and Poincaré recurrence with their variants). One can obtain new recur-
rence properties by varying the type of recurrence and, as an example, we consider
topological recurrence in Section 7.1.

We restrict ourselves to the study of the qualitative analysis of these sets. How-
ever, a quantitative analysis can be done in a similar way as for the integers by

introducing certain “measures” corresponding to a recurrence property. In Section

14



1.3. OVERVIEW AND MAIN RESULTS

7.2, we introduce the quantitative analysis of recurrence sets and give an example
of a quantitative relation.

We lastly note that most proofs in Section 7.3 rely essentially on dual groups and
the mean ergodic theorem. It is therefore straightforward to extend the topic of
recurrence sets to locally compact abelian groups and in particular to R¥ and Z*.
While the setting for R¥ and Z* is similar to R and Z, it requires some more
background details for a general locally compact abelian group. In Section 7.3, we
introduce the setting for locally compact abelian groups and, as an example, we

prove the equivalence of operator recurrence and FMRiesz.

15



Chapter 2

Preliminaries

2.1 Measure Preserving Systems and the Mean
Ergodic Theorem

A recurrent topic in this thesis are measure preserving systems and the mean
ergodic theorem. They build the basis for strong operator recurrence, operator

recurrence, StI‘OIlg recurrence and Poincaré recurrence.

Definition 2.1 (Measure Preserving System). A measure preserving system
(mps) is a probability space (€2, 3, u) with a group of measure-preserving invertible
transformations (¢ )nez or (¢¢)icr on (0,3, ) such that ¢ips = ¢rrs = ¢s¢y for

allt,s € R and where t — ¢; is strongly measurable, i.e. fo@; is measurable for all

f e L3Q,%, 1), or such that ¢"¢™ = ¢ = ¢™" for all n,m € Z, respectively.

Remark 2.2. Every mps induces an operator T}, called the Koopman operator, or
a group (Ttd))te]g on the Hilbert space L?(2, 3, 1) which are defined by T, f := fo¢
and T7 f := fog¢, (see [29, Section 2.4]). The operators Ty and T} are unitary and
positive, and they reflect the behaviour of the original mps, but also allow the use

of linear operator theory.
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2.1. MEASURE PRESERVING SYSTEMS AND THE MEAN ERGODIC
THEOREM

Definition 2.3 (Strongly Continuous Measure Preserving System). A strongly
continuous measure preserving system (scmps) is a measure preserving sys-
tem (Q, 3, 5 (¢ )ier) such that its Koopman representation (L*(Q,3, p); (Tf’)teR)
is strongly continuous or, equivalently, such that limy s u(pi(A) A ¢s(A)) =0 for
allt,s € R and A € 3.

Using the Koopman representation and density arguments, we obtain the following

characterisation of measure preserving.

Lemma 2.4. A scmps is measure preserving if and only if fQ ﬂ¢fdp = fQ fdu for
all f € L*(Q, %, 1) or a dense subspace thereof.

]{fd/\ /fdA

ﬁf(t) AA(t) %E‘éoﬁ/ F(8) dA(t 2.1)

whenever the limit exists. If f is vector-valued, then the integral on the right-hand

We set

and

side is to be understood as a Bochner integral ([3, Section 1.1}). The function f
will usually be given by (T;x)ier, ((p:(A) N A))ier or i1, so is often in particular

continuous, and the Bochner integral then coincides with the Riemann integral

([40]).

The next result gives an estimate about the averaged recurrence (compare [29,

Theorem 3.1.7]).

Theorem 2.5 (Khintchine). Let (2,3, u; ¢) be a mps and u(A) > 0. Then
n—1
: 1 n 2
Jim —~ Zou(¢ (A) N A) > (u(A)).
]:
Let (2,2, 115 (¢1)1er) be a scmps and pu(A) > 0. Then

f u(n(4) N1 A) dA(E) > ((A)2.

17



CHAPTER 2. PRELIMINARIES

The convergence of (2.1) plays an important role for recurrence set as it connects
all properties with each other. The mean ergodic theorems 2.7 and 2.8 yield the
convergence of (2.1) towards the orthogonal projection onto the corresponding
fixed space for a strongly continuous group of contractions (see [27, Proposition
Y.2 and Theorem Y .4], [49, Theorem 6.4.1], [29, Corollary 8.15]).

We occasionally write Py and Py instead of P to denote the mean ergodic projec-
tion corresponding to a single operator or a strongly continuous group as well as

other appropriate indications if the context is not clear.

Definition 2.6 (Mean Ergodic). We call an operator T on a Hilbert space H

mean ergodic if the corresponding mean ergodic projection
.
Py = lim — ;;T"x (2.2)
onto Fix(T) along Tan(Id — T') exists in ||-]|.
We call a strongly continuous group T = (Ti)ier C L(H) on a Hilbert space H

mean ergodic if the corresponding mean ergodic projection

T
Prz := lim Tixd\(t) (2.3)

T—o00 _T

onto Fix(T) along in{(Id — T})x : v € H,t € R} ewists for all x € H in ||-||.
We note that a mean ergodic operator 1" induces the decomposition

H =Fix(T) ®ran(ld - T), (2.4)
and similarly a strongly continuous group of operators on H induces the decom-
position

H = Fix((T})ser) @ lin{(Id — T})z : z € X,t € R},

Theorem 2.7. Let (T})ier C L(H) with a Hilbert space H be a strongly continuous
group of contractions on H. Then (T})er is mean ergodic. If H = L*(, %, u) with
the Koopman representation of a semps (2, %, 15 (¢¢)ier), then the convergence of

(2.3) is also almost everywhere.
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2.1. MEASURE PRESERVING SYSTEMS AND THE MEAN ERGODIC
THEOREM

o . : N—-1
The convergence of its discrete variant, Px = lim,, % Y no Iz, was proven

for the L?-norm by von Neumann ([59]) and almost everywhere by Birkhoff ([20]).

Theorem 2.8. Let T be a contraction on a Hilbert space H. Then T 1is mean
ergodic. If H = L*(Q, %, ) with the Koopman representation of a mps (0,3, i; ¢),

then the convergence of (2.2) is also almost everywhere.

Remark 2.9. We call an scmps (€2, 2, u; (¢1)er) ergodic if pu(¢:(A)) = p(A) for
all t € R implies p(A) € {0,1}. We then have

farneane = [ £
R Q
for almost every w € (2.

Lemma 2.10. Let T = (T})ier, S = (Si)ier be two mean ergodic groups on a
Hilbert space H with mean ergodic projections Pr and Ps such that Fix(T) C
Fix(S). Then Prx # 0 implies Psx # 0.

Proof. We note that Px = 0 if and only if (z,y) = 0 for all y € Fix(7) by
the mean ergodic decomposition in Theorems 2.7 and 2.8. As (z,y) = 0 for all
y € Fix(S) would imply (z,y) = 0 for all y € Fix(7T) and hence Prz = 0, we
obtain Psz # 0. O

Lemma 2.11. Let (2, %, 115 (¢4)ier) be a scmps and E € ¥ with p(E) > 0. Then
Plg #0.

Proof. For a contradiction, let us assume Plgp = 0. Then (1g,z) = 0 for all
z € Fix((T?)er). However, 1 € Fix((T¥)ier), hence, 0 < u(E) = (15,1) = 0,
yielding a contradiction. O
Definition 2.12 (Upper Density). We define the upper density of a set A as

follows.

For A C N, we set

dy(A) := lim sup |An{1,... 7n}|.

n—o00 n
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For A C Z, we set

= . |[AN{-n,...,n}|
dz(A) =1 )
z(A) = lim sup S
For A C R, we set
_ 1 (7T
dg(A) := limsup — Ta(t) dA(2).
T—o0 T -T

Similarly, we define the densities dy, dz and dr as the corresponding limits when-

ever they exists.

2.2 Fourier Transform and Bochner-Herglotz

Definition 2.13 (Fourier Transform of a Measure). Let p be a measure on R.

Then its Fourier transform ji is defined by

Alt) = / e ()
R
fort e R.

Remark 2.14. We have

/R e | dp(z) = p(R) < oo

for all t € R. Hence the Fourier transform p of a finite measure u always exists.
The Fourier transform i of a finite measure p is continuous ([67, 1.3.2]) and satisfies
2(0) = p(R) and, given 0 # p, we have fi(t) # 0 for a neighbourhood around 0.

Definition 2.15 (Positive-Definite). A function f : R — C is positive-definite

if f(—=t) = f(t) for allt € R and

zn:zn:%a_jf(ti —1;) >0

i=1 j=1

foralln e N, ay,...,a, € C and ty,...,t, € R.
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2.2. FOURIER TRANSFORM AND BOCHNER-HERGLOTZ

The following Bochner-Herglotz theorem ([67, 1.4.3]) yields the connection of

Fourier transforms and positive-definite functions.

Theorem 2.16 (Bochner-Herglotz). Let f : R — C be continuous and positive-

definite. Then there exists a measure p on R such that

for all t € R.

Lemma 2.17. Let p be the Bochner-Herglotz measure associated to the positive-

definite and continuous function f. Then

u({0}) = f £(t) dA(E).

Proof. Let x = 0. Then

, 1 (T 2T
—2mitx _ I — | —
fie aA(t) = fﬂiﬂ(t) dA(t) = lim 57 /_T 1) dA(t) = lim 57 = 1.
Letx>0andT:§+rwithn€NandO§7“<%. Then

S
: —2mite

1
lim —
+T1—I>Iolo 2T

/w e—?ﬂ'itm d)\(t)
-T

1 7 Lo | r
< I | 2wtz 2 i I
= e 2T [27rxe ]n e oT 0

< lim —
_Tl—r}(j)loQT n

T .
/ e—27r7,tx d)\(lf)

x

/x e—?m'tx d)\(t)

1
lim —
+T1—r>go 2T

and similarly for z < 0, hence,

ji 2T A1) = 10y (2). (2.5)

We further have

u((0) = [ 1) duta) = [ § e arge) duta)

2&2 /R =2 i (z) dA(E) = ﬁ Alt) dA(t) = ]i F(t) dA().
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CHAPTER 2. PRELIMINARIES

2.3 The Strong Law of Large Numbers

We prove a version of the strong law of large numbers for continuous parameters
in this section. We follow hereby the approach of [54] for integers.

We consider a random variable given through the integral fOT Xy d\(t) of a suitable
bounded family (X;)o<:<r of random variables. This integral is to be understood

pathwise, i.e. we consider

W /T Xi(w) dA(t)

for (almost) every w € .
Without loss of generality, we assume T € N as the fractional part of T' yields
a term tending to zero in the strong law of large numbers. We use the following

lemmata ([28], [54, Lemma 2-3]).

Lemma 2.18. Let (ay,)nen be a sequence of nonnegative numbers with

[e.9]

a

E — < 0.
n

n=1

Then there exists a subsequence (an, )ren such that > - an, < oo and % — 1.

Lemma 2.19. Let (Y,,),en be a sequence of random variables with
S E[Yaf] < oo
n=1

Then Y,, — 0 holds almost surely.

Theorem 2.20. Let (X;)i>0 be a family of random variables with mean 0 which

is uniformly bounded by M > 0, has measurable paths and satisfies
S lg }i/TX¢M@)2<:m
=TT ) ™ '

Then the strong law of large numbers holds, i.e.

%m&dxw:o

almost surely.
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2.3. THE STRONG LAW OF LARGE NUMBERS

Proof. We define new random variables Y := fOT X; d\(t). Then by assumption,

EY .
we have Y =, “TT ] < 00, hence, by Lemma 2.18, there exists a subsequence

(T))ken such that Y2 | E [|YTk] | < oo and T’““ — 1. Lemma 2.19 implies Y7, — 0

almost surely, i.e. fOT’“ X dA(t) — 0 almost surely. We further have

1 /THS X, d)\(t)'

kJ1,
T - T Ty — T, oo
<M max RS A s kki>

0<s<Ty41-Tk Ty N k
Let Tyy1 > T > T}. Then we have

1 [T 1 Ti+s
— Xy dA(t)] < Xy dX(t
7 x| < 7 [ xa

almost surely. O]

max
0<s<Tyy1—Tk

0.

k—o0
— 0
0<8<Tk+1—Tk

k
Xy dA(t) ' max

By considering

T
}{Xt d\(t) = hm Xt d\(t) = hm 2 Xt d\(t) + 2 hm X dX(t)

_ 2]{00 X, dA(t) + ng X, dA(t)

we obtain the following result.

Theorem 2.21. Let (X;)ier be a family of random variables with mean 0 which

1s uniformly bounded by M > 0, has measurable paths and satisfies

o'} 1 1 T 2
—E||= / X dA(t)

2 e |lm

Then the strong law of large numbers holds, 1i.e.

]i X, dA(t) =

Remark 2.22. Given a family of uniformly bounded random variables (X)icr

] < 00. (2.6)

almost surely.

with possibly E[X;] # 0, where ¢ — E[X] is measurable and such that

§ B
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exists, we consider (X; —E[X;])ier. If the family (X; —E[X}]);er satisfies Condition

(2.6), then the statement of Theorem 2.21 still holds and we have

f@a—Emmde:o

almost surely, hence,

ﬁ&w@zﬁm&mw)

almost surely.

2.4 The Sets [°(R), [*(R) and [2(R)

C

In order to work with the van der Corput and correlativity property, we introduce
the space [2°(R) as well as the sets (2°(R) and [22(R).

We set [2°(R) as the space of all measurable and bounded functions on R which
coincides with the usual £>(R) (i.e. without identifying of functions which coincide
outside a null set). We introduce the set {2°(R) as it provides the right setting to
consider a continuous version of correlativity on R. We assume for f € [2°(R) that

f is measurable and bounded such that

74 £(t) dA(H)

exists and where

A(s) = 74 £t + 5)F(@) dA(H)

exists for all s € R and is continuous.

We define [22(R, R) as the set of all measurable, bounded and R-valued functions f
on R such that 2™/ € [*°(R, T) for all k¥ € Z. For a given compact abelian group
K, we set [22(R, K) as the set of all measurable, bounded and K-valued functions

f on R such that y o f € I(R) for all x € K* (see Section 7.3 for more details on
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2.4. THE SETS L®(R), LZ(R) AND L%.(R)

the dual group K*).
It is a priori not clear that the sets {2°(R) and [22(R) are non-trivial nor that they
are distinct from (2°(R). The set [2°(R) is non-trivial since it contains for example
fi defined by fi(t) := [t] satisfying §, f1(t) dA(t) = L and §, fi(t+d) fi(t) dA(t) =
5 — +|d) + 3[d]? for all d € R which is continuous.

However, it is distinct from (>°(R,R). Consider g € [*°(Z) with g(n) := (—1)™!
for 2™ < |n| < 2™*1 and g(O) = 1. We define f recursively by setting fo(t) := 1
for t € [0,1), fa(t) :=

forn>0and t € [n,n+ 1) and fo(t) := 4" for

f (t 1 f2(t+1)

n < 0andt e [n,n+1). Then

N—
jq{ fo(t + 1) fa(t) dA(t) Zf2n+1f2 Z

does not converge as N — oo, and hence, we have f, € [°(R), but fo ¢ I2°(R).
The set [22(R, R) is non-trivial and clearly distinct from [2°(R, R) as it contains fo
since e2™*2() = 1 for all k € Z. However it is also distinct from (°(R,R). To see

this, consider f defined by f3(t) := 1 + 1 f2(¢). Then f; € I°(R), but
N ‘ N
§ RO ) = ple+ DR dAO
-N

—N

does not converge as N — oo, hence, f3 ¢ I2(R,R).
For [2°(R, K) and K = T, consider f4(t) = ¢*™. Then
- . k .
# (e + DD N0 = § (D) () are
R R
f 2mikd d)\( ) 27‘(1de
R

which is continuous, and ¢ xx(f1(t)) dA(t) = 0 holds for all k € Z, hence, f; €
I2(R, T). For k = Zs, consider f5 defined by

(

0, [t]€][0,3),
f(0) =91, [t]eli,?),

2, |t]el31)

\
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CHAPTER 2. PRELIMINARIES

which satisfies §, f5(t) dA(t) = 0 and

;

1 — 3d + 3dx(2), 0< |d] <4,
fiﬁ(wd)fs—(t) dA(t) = { (1= 3d)x(2) +3dx(1), 1< |d] <2,
| (1 3d)x(1) + 3, 2<1df <1

for all x € Z%, hence, f5 € I22(R,Z3).

We need these continuity assumptions on [2°(R) and [22(R) in particular to relate
correlativity and van der Corput to properties such as FMRiesz as it includes
a natural continuity assumption. If we consider recurrence properties without
continuity, we consider [2°(R) instead.

These sets have not yet been introduced to our knowledge, but are based on the
definition of “pseudo-random” functions or sequences as discussed for example by
Bass ([4], [5]) and Bertrandias ([18]). A pseudo-random function as defined by Bass
([4, Section 2], [5, Section 6]) is a function f € I2°(R,C) such that f|_0 =0,
$e f(t) dA(t) = 0, 7(0) = 0 and limjg o y(d) = 0. This definition combines the
set [2°(R, C) with a variant of correlativity for functions with values in C instead
of T (compare Definition 3.54). Such a correlative set D gives a criterion for f to
be pseudo-random. A non-trivial function f € IZ°(R,C) with f|(_,0) = 0 is hence
pseudo-random if it satisfies ¢, f(t +d)f(t) dA(t) =0 for all d € D.

There is a translation invariant Banach limit L on I3°(R) extending ¢, - dA(t) ([41,

Example 0.3-0.4]) and we define an inner product on [$°(R) by

(f,9) = L(fg)

for f,g € I$°(R). We factor out the Kernel and we obtain a pre-Hilbert space with

completion H. For f, g € [2°(R), we have

(f.g) = 7{ F(Dg(E) dA(t)
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2.5. LEMMATA

Lemma 2.23. We have f € I2°(R) if and only if Ty f is continuous (continuous at

0) with respect to ||-|| for the extension of the shift group (T})ier on H and

ﬁ £(t) dA(t)

exists.

Proof. Let t — T, f be continuous. Then

Y (d) = ()] =

jﬁ (F(t+d) — f(t+ ) F@) dAW)| = [(Taf — Tuf. f)

d—s

cs
< || Taf = TfIIFII — 0.

Now let f € [>°(R) and s > t. We first note that the shift group is unitary on H

since the mean is rotation invariant. Then

Tf = Tof1? = |Toes f = FI? = (Tos f. Toes f) + (f, £) = 2R(To s f, £)

= 2|f|I? = 2R(Tio £, f) = 2| f|* — 2R fi flg+1t=35)(g) dA(g) =3 0.
0

The van der Corput property deals with equidistributed functions. We define
equidistribution mod 1 by one of the equivalent statements in Definition 2.24

(Compare [29, Section 4.4], [51, Section 1.9]).

Definition 2.24. A function f € I$°(R,[0,1]) is equidistributed mod 1 if one
of the following equivalent criteria hold.

(i) Equidistribution mod 1: $,(Lia 0 f)(t) dA(t) =b—a for all0 < a <b < 1.
(ii) Weyl criterion: §, e*™ /) dX(t) =0 for all 0 # k € Z.

2.5 Lemmata

We collect some lemmata here which are used throughout the thesis.
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Lemma 2.25. Let by — 1. Then lim sup apby = limsup ar.
T—o0 T—o0

Lemma 2.26. Let by — 0. Then limsup(ar + by) = lim sup ar.
T—o0 T—o00

Lemma 2.27. Let H be a Hilbert space, (1})ier be a strongly continuous unitary
group on H and © € H. Then f.(t) = (Tix,x) is uniformly continuous and

positive-definite.

Proof. Let € > 0 be given and 0. > 0 be such that ||z — Tyz|| < € for all |t| < 0, by
the strong continuity of (7}),cr and, without loss of generality, let ||| = 1. Let

|t —s| < d.. Then we have

[fo(t) = fals)| = (T, ) — (Tox, 2)| = [(Tiw — Tow, x)| < || Tyw — Tox]] - |||

= 1T = Tezl| < T2l - [l = Tomgl| = o = Togzl| <'e,

the map ¢ — (Tix, x) is hence uniformly continuous. We further have

Z Z%Oé_jf(ti — ;) = Z Zaia_j<crti*tjx7$> = Z Zaia_j<7}ix,ﬂjx>

i=1 j=1 i=1 j=1 i=1 j=1
n n
= <§ a; Ty, E :OijthE> >0
i—1 =1

foralln e N, ay,...,a, € Cand t1,...,t, € R and

folt) = (T, ) = (@, Tya) = (T, 2) = u(—0).
]

Lemma 2.28. Let H be a Hilbert space, (T})ier be a strongly continuous unitary
group on H, v € H and f.(t) == (Tix,z). Let |f.(to)] > M for some ty € R and
some M > 0. Then there exists M > 0 and 6y; > 0 such that |f,(t)| > M for all

t € (to — 6M,t0+5M)~

Proof. The function f, is uniformly continuous by Lemma 2.27, hence, given ¢ > 0,

there exists § > 0, such that |f,(¢) — f.(to)| < € for all t € (ty — d,to + ). Now we
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choose M = % and € := M. Hence, we obtain § > 0 such that
[fo(®)] > [falto)| —e> M
for all t € (tog — d,to + 9). O
As corollaries, we obtain the following lemmata.
Lemma 2.29. Let (2,3, u; (é1)er) be a semps and p(A) > 0. Then
Falt) = u(6u(A) 0 4)
18 uniformly continuous and positive-definite.

Lemma 2.30. Let (Q, %, pt; (¢1)ier) be a scmps, A € ¥ with (A) > 0 and fa(t) :=
w(pe(A) N A). Let |fa(to)] > 0 for some ty € R. Then there exists M > 0 and
dn > 0 such that |fa(t)] > M for allt € (to — Onr,to + dnr)-

Lemma 2.31. Let p be a probability measure on R and f(t,z) be bounded and

measurable. Then

/%ftxd)\ e f/ftxdu dA(t)

whenever the corresponding limits exist.

Proof. We have
1
/ | rapen(t,2) £, 2)] dOY X )t )
RxR 2T

1
Wl [ gptemmuatta) dOx wita) = 1]

independently of 7', hence, Fubini’s theorem implies

/ZT/ ft,x) dA(t) du(x QT/ /ftxdu ) dA(t)

and the dominated convergence theorem allows taking the limit, yielding

/Tlggoﬁ/ F(t, ) d\t) du(z g&ﬁ/ /ft:z:du ) dA(2).
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The definition of the Banach space valued Riemann integral ([40]) and the use of

linearity and continuity of the scalar product yield the following Lemma.

Lemma 2.32. Let t — x; be continuous from R to a Hilbert space H. Then we

have

$ o) O = (§ 2 dxO.)

R

whenever the corresponding limits exist.
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Chapter 3

Recurrence Properties

This chapter gives the overview of recurrence properties. We first introduce and
define the main versions of recurrence in Section 3.1. In particular, these are the
properties which we discuss in Chapters 4-6 in more detail. We then prove the

implications between them in Section 3.2 and also introduce additional properties.

3.1 Definition of Main Recurrence Properties

There are four main classes of properties which we consider, and all properties
in one class are equivalent to each other in the integer setting (see Theorem 8).
However, fewer implications are true for the real setting, e.g. the Fiirstenberg cor-
respondence principle (Subsection 3.2.7) fails to hold without further assumptions
(see Remark 3.82 and Proposition 4.33).

We keep the traditional names where they exist and introduce appropriate ones
where not. We mainly consider real properties and note that associated integer
properties can be defined similarly (see for example [14], [23], [42], [57], [70], [71]).
Occasionally however (in particular in Section 4.3), we also deal with integer re-
currence sets D C N or D C Z. We indicate this difference by writing N-FMRiesz,

Z-FMRiesz or R-FMRiesz instead of FMRiesz if it is not clear from the context.
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Real recurrence properties rely often on continuity assumptions in contrast to inte-
ger recurrence properties where continuity is automatically given with the discrete
topology. In the same way, we can define analogous real properties by dropping
or adding these continuity assumptions and replace it with corresponding mea-
surability assumptions (e.g. strong measurability instead of strong continuity or
the use of [$°(R) instead of I°(R) or [22(R)). We call these recurrence properties
recurrent with continuity (assumptions) or recurrent without continuity
(assumptions) and denote this with a subscript * (e.g. rCor,) if we drop a con-
tinuity assumption or a prefix ¢ (e.g. cIS) if we add one.

We note that properties without continuity assumptions always imply the corre-
sponding properties with continuity assumption (e.g. rCor, = rCor). However,

the converse is false at least for Poincaré recurrence (Proposition 4.33).

3.1.1 Poincaré

Definition 3.1 (Poincaré Recurrence). A set D C R is Poincaré or Poincaré
recurrent (P) if, given a scmps (0,2, 15 (9¢)ier) and A € ¥ with p(A) > 0, there

exists d € D such that
p(AN Ga(A)) > 0.

Remark 3.2. Poincaré recurrence (and similarly all other properties) can be re-

stated as follows.

A set D C R is Poincaré if, given a scmps (€2, 2, pt; (¢¢)er) and A € X
such that p(A N ¢4(A)) =0 for all d € D, we have pu(A) = 0.

Definition 3.3 (Intersectivity). A set D C R is intersective (IS) if, given E C R
with dg(E) > 0, we have

(E—E)ND#0.

32



3.1 Operator Recurrence

Definition 3.4 (Combinatorial Recurrence). A set D C R is combinatorially

recurrent (CR) if, given E C R with dg(E) > 0, there exists d € D such that

dx(EN (E - d)) > 0.

Definition 3.5 (Real Correlativity). A set D C R is real correlative (rCor) if,
given 0 < f € IX(R,R), ¢ f(t+d)f(t) d\(t) =0 for all d € D implies

ﬁf@dMﬂzu

3.1.2 Operator Recurrence

Definition 3.6 (Operator Recurrence). A set D C R is operator recurrent
(OR) if, given a Hilbert space H, a strongly continuous unitary group (T)ier on
H and x € H with ||z|| =1 and Px # 0, there exists d € D such that

(Tyz,z) # 0.

Definition 3.7 (F. and M. Riesz). A set D C R is FMRiesz if every probability

measure on R with [i(d) = 0 for all d € D satisfies

p#({0}) = 0.

Definition 3.8 (Correlativity). A set D C R is correlative (Cor) if, given f €

I°(R,T), ¢ f(t+d)f(t) dN(t) =0 for all d € D implies

ﬁf@de:O

Definition 3.9 (Van der Corput). A set D C R is van der Corput (vdC) if,
giwven f € I2(R,R), the equidistribution mod 1 of f(-+d) — f(-) for all d € D

implies the equidistribution of f mod 1.
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3.1.3 Strong Recurrence

Strong recurrence sets and their variants, as well as FC+ sets with their variants
are strong versions of the properties around Poincaré and operator recurrence sets.

Instead of satisfying some condition on D, they satisfy asymptotic properties along

D.

Definition 3.10 (Strong Recurrence). A set D C R is strongly recurrent (SR)

if, given a scmps (82,2, w3 (¢r)ter) and A € 3 with p(A) > 0, we have

limsup pu(pq(A) NA) > 0.

|d|—00,deD
Definition 3.11 (Strong Combinatorial Recurrence). A set D C R is strongly
combinatorially recurrent (SCR) if, given E C R with dg(E) > 0, we have
limsup dr(EN(E —d)) > 0.
|d|p—00,d€D
Definition 3.12 (Strong Correlativity). A set D C R is strongly correlative

(SCor) if, given 0 < f € I2°(R,R), limjg—o0,aep $ f(t + d) f(t) dA(t) = 0 implies

ji F(£) dA(t) = 0.

3.1.4 Strong Operator Recurrence

Definition 3.13 (Strong operator recurrence). A set D C R is strongly opera-
tor recurrent (SOR) if, given a Hilbert space H, a strongly continuous unitary

group (T})ier on H and v € H with ||z|| =1 and Px # 0, we have

limsup [(Tyz,z)| > 0.
|d|—00,d€D

Definition 3.14 (FC+). A set D C R is FC+ if every probability measure on R

with 1im| g0 gep 11(d) = 0 satisfies

p#({0}) = 0.
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Definition 3.15 (Enhanced van der Corput). A set D C R is enhanced van

der Corput (EvdC) if, given f € I2°(R,T), limjgo0,aep $p [t +d) f(t) dA(t) =0

mmplies

ﬁ F(8) dA(t) = 0.

3.2 Characterisations

In this section, we discuss the relationship among the properties introduced in
Section 3.1 (apart from some counterexamples which are included in Chapters 4
and 6). The characterisations do not hold in the extent of Theorem 8 for integers,
but the same spirit lies behind real recurrence. Our final result is the following

theorem (see the appendix for a detailed diagram).

Theorem 3.16. Let D C R. Then all properties within the following groups are
equivalent to each other.

(i) Poincaré without continuity, combinatorial recurrence, intersectivity, real cor-
relativity without continuity.

(i) Van der Corput without continuity, correlativity without continuity.

(iia) Operator recurrence, FMRiesz, van der Corput, correlativity.

(iii) Strong recurrence without continuity, strong combinatorial recurrence, strong
correlativity without continuity.

(iv) Strong operator recurrence, FC+, enhanced van der Corput.

In addition, we have the implications

combinatorial recurrence = intersectivity,
real correlativity = Poincaré
= continuous combinatorial recurrence

= continuous intersectivity,
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operator recurrence without continuity = correlativity without continuity,
strong correlativity = strong recurrence
= strong continuous combinatorial recurrence,
strong operator recurrence without continuity

= enhanced van der Corput without continuity.

3.2.1 Operator Recurrence

The following proposition gives the equivalence of FMRiesz and operator recur-
rence. We postpone the proof to Subsection 7.3.3 where we prove this result for

locally compact abelian groups.

Proposition 3.17 (FMRiesz < OR). The following are equivalent.

(i) Every probability measure on R with fi(d) = 0 for all d € D satisfies

p#({0}) = 0.

(i) Given a Hilbert space H, a strongly continuous unitary group (Ti)ier on H

and x € H with ||z|| =1 and Px # 0, there exists d € D such that

(Tyx, x) # 0.

The next results show that it is not necessary for (7;);er to be unitary in the
definition of operator recurrence and strong operator recurrence since operator re-
currence and its variants are invariant under unitary equivalence and dilations. We
show that an equivalent characterisation with positive-definite families of commut-
ing operators holds by using unitary dilations as well as for unitary multiplicator
groups.

We call a family of operators (7;);cg on a Hilbert space positive-definite if
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3.2 Operator Recurrence

T ,=T; forallt € R and

n n

Z Z(Tti—t]’wi, J,’j> >0

i=1 j=1

forallme N, xy,...,x, € H and ty,...,t, € R.

Definition 3.18 (Operator Recurrence(1l)). A set D C R is called operator
recurrent(1) (OR(1)) if, given a Hilbert space H, a strongly continuous positive-
definite commuting family of operators (T})ier on H with Ty = 1d and x € H with
|z|| =1 and Pz # 0, there exists d € D such that

(Tyx,x) # 0.

Definition 3.19 (Strong Operator Recurrence(1)). A set D C R is called strongly
operator recurrent(1) (SOR(1)) if, given a Hilbert space H, a strongly continu-
ous positive-definite commuting family of operators (T;)ier on H with Ty = 1d and

x € H with ||z|| =1 and Pz # 0, we have

lim |(Tyz,z)| > 0.
|d|—o00,deD

Definition 3.20 (Unitary Dilation). Let H be a Hilbert space and (T})ier a strongly
continuous commuting family of operators on H. Then we call (]/-\I, (ﬁ)teR, J,Q) a
unitary dilation of (H, (1}):er) ifﬁ is a Hilbert space, (ﬁ)teR a strongly contin-
wous unitary group on H ,J i H — H an isometric embedding with corresponding

contraction Q) = J* : H — H such that
T, = QT,J
holds for all t € R.

We use the following dilation theorem ([78, Theorem 1.7.1]). We note that all
strongly continuous contractive semigroups (73);>o can be extended to R_ to obtain
a strongly continuous positive-definite commuting family ([78, Section 1.8]) by

setting T, := T}
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Theorem 3.21 (Sz.-Nagy). Let H be a Hilbert space and (T})ier a strongly con-
tinuous positive-definite commuting family of operators on H with Ty = 1d. Then

there exists a unitary dilation (f[, (ﬁ)teR, J, Q).

The following Lemma extends the mean ergodic theorem 2.7, i.e. the norm conver-
gence of fR Tix dA(t), to strongly continuous commuting positive-definite families

(T})ter of operators on H.

Lemma 3.22. Let H be a Hilbert space and (T})ier @ strongly continuous positive-
definite commuting family of operators on H with unitary dilation (PAI, (’_ZA})tGR, J,Q).

Then we have
Q]ng = Pux.
In particular, the mean ergodic projection P exists.

Proof. We have

(QPJz,y) = (PJx, Jy) = { /é T,Jz dA(t), Jy) = qu (T,Jx, Jy) dA(t)

= ﬁ (QT,Jz,y) dA(t) = ¢ (Tyz,y) dA(t) 2 ﬁ Ty dA(t),y) = (P, y)

R

for all y € H. O]

Proposition 3.23 (OR < OR(1)). The following are equivalent.
(i) Given a Hilbert space H, a strongly continuous unitary group (1;)ier on H and

x € H with ||z|| =1 and Px # 0, there exists d € D such that
(Tyx, x) # 0.

(ii) Given a Hilbert space H, a strongly continuous positive-definite commuting
family of operators (T,)ier on H with Ty = 1d and x € H with ||z|]| = 1 and
Px # 0, there exists d € D such that

(Tyx,z) # 0.
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3.2 Operator Recurrence

Proof. Every strongly continuous unitary group is in particular positive-definite

since
n n n n n n
SN Ty =YD (T, Ty = O Towi»  Tya) >0
i=1 j=1 i=1 j=1 i=1 j=1
forallm € N, zq,...,2, € H and tq1,...,t, € R, so operator recurrence implies

operator recurrence(1).

For the converse, let a Hilbert space H, a strongly continuous positive-definite
commuting family of operators (T})cg on H and z € H with ||z|| =1 and Pz # 0
be given. By Theorem 3.21, there exists a unitary dilation (}AI, (ﬁ)teR, J, Q). Then
we have ||Jz| = ||z|| = 1 and

|PJz|? = (PJx, PJz) = (PJx, Jz) = (QPJx, z)

2 (Px,z) = (Px, Px) = ||Pz||*> > 0.

Operator recurrence implies that there exists d € D such that <fd,]$, Jx) # 0,

hence
(Tyx, x) = (QTyJx,x) = (TyJx, Jz) # 0.
[

We have defined operator recurrence for unitary groups and extended it to positive-
definite families of operators. However, it suffices to consider only unitary mul-
tiplicator groups by using the spectral theorem. We also consider the associated
Z-properties as we use them to show the equivalence of Z-operator recurrence and

Z-operator recurrence for D C 7Z in Subsection 4.3.1.

Definition 3.24 (Multiplicator Operator Recurrence). A set D C Z is called Z-
multiplicator operator recurrent (Z-OR-M) if, given a Hilbert space H =
L2(2, 3, ) (with a not necessarily finite measure ), a multiplicator M on H and

x € H with ||z|| =1 and Px # 0, there exists d € D such that

(M%z, x) # 0.
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A set D C R is called R-multiplicator operator recurrent (R-OR-M) if, given
a Hilbert space H = L*(Q, 3, 1) (with a not necessarily finite measure ), a strongly
continuous unitary multiplicator group (My)ier on H and x € H with ||z|| = 1 and

Px # 0, there exists d € D such that
(Myzx,x) # 0.
The next theorem is due to Stone ([77]).

Theorem 3.25 (Stone). (1})er is a strongly continuous unitary group on a Hilbert
space H if and only if there exists a (not necessarily bounded) self-adjoint operator

A on H such that T, = e for all t € R.

Theorem 3.26. T is a unitary operator on a Hilbert space H if and only if there

exists a (not necessarily bounded) self-adjoint operator A on H such that T" = ™4

for alln € 7Z.

Proof. As a unitary operator, (1T"),cz can be embedded into a strongly continuous

unitary group ([30, Proposition 4.1]), and we can apply Theorem 3.25. ]
The next theorem is the spectral theorem ([3, Theorem B.14]).

Theorem 3.27 (Spectral Theorem). Let A be a (not necessarily bounded) self-
adjoint operator on a Hilbert space H. Then it is unitarily equivalent to a self-

adjoint multiplicator on some L*(Q, %, u) (with a not necessarily finite measure

W), i.e.
A=U"MU
for some unitary U : H — L*(, %, u).

Theorem 3.28. Let (T})ier be a strongly continuous unitary group on a Hilbert
space H. Then it is unitarily equivalent to a strongly continuous unitary multipli-

cator group.
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3.2 Operator Recurrence

Proof. By Stone’s theorem 3.25, T} = ¢4 holds for all ¢ € R with some self-
adjoint A. By Theorem 3.27, there exists a self-adjoint multiplicator M on some
L2(2, %, 1) (with a not necessarily finite measure u) and a unitary U : H —
L*(9,%, 1) such that A = U*MU. By Stone’s theorem 3.25, iM generates a
strongly continuous unitary multiplicator group (M;)er-

Let x € D(A*®) =,y D(A™) which is dense in H ([31, Proposition I1.1.8]). Then

we have

A @A) S E)NUTMU) e~ )L
Tix =e x—z o —Z ] —Z U*M"Uzx
n=0 n=0 n=0

— 0y W ) = veMUe = UM
and we extend it to H by continuity. O]

Proposition 3.29 (R-OR < R-OR-M). Let D C R. The following are equivalent
(i) Given a Hilbert space H, a strongly continuous unitary group (T)ier on H and

x € H with ||z|| =1 and Prx # 0, there exists d € D such that
(Tyz,x) #0

(11) Given a Hilbert space H = L*(Q, X, 1) (with a not necessarily finite measure
W), a strongly continuous unitary multiplicator group (My)ier on H and x € H

with ||z|| = 1 and Py,x # 0, there exists d € D such that
(Mgx,z) # 0.

Proof. As every strongly continuous unitary multiplicator group (7});cr is in par-
ticular a strongly continuous unitary group, we obtain R-OR = R-OR-M.

Now let a strongly continuous unitary group (73)cg on a Hilbert space H and
x € H with Prx # 0 be given. By Theorem 3.28, we have a multiplicator

group (M;)ier on some L*(Q, ¥, ) (with a not necessarily finite measure u) and
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T, = U*M,U for all t € R with a unitary U : H — L*(Q2, %, ). We further note
| Pr,Uz||” = (Pa,Uz, Py,Uz) = (Py,Uz,Ux) = (jf MUz dX(t), Ux)
R

22 j'{ (MUz,Uz) dA(t) = ]4 (UTU Uz, Uz) dA(t) = ]{ (Tiw, ) dA(?)

R
2.32

22 ¢ 74 Tie d\(t), z) = (Ppa,2) = (P, Pra) = | Ppal > 0.
R

By R-multiplicator operator recurrence and since |Uz| = ||z|| = 1, there exists

d € D with (MuUx,Uz) # 0, hence,
(Tyx,x) = (U MaUzx,x) = (MUz,Uz) # 0.
[

Remark 3.30. Similarly, we obtain the result for integers as well as their strong

variants, i.e.

Z-operator recurrence < Z-multiplicator operator recurrence,
Z-strong operator recurrence < Z-strong multiplicator operator recurrence
& Z-strong operator recurrence(1),
R-strong operator recurrence < R-strong multiplicator operator recurrence

< R-strong operator recurrence(1).

It is a priori not clear that the mean ergodic projection exists for for a unitary group
(T})ter on a Hilbert space H if strong continuity is replaced by strong measurability.
The following theorem yields the existence by using the group structure of (7})ier
and the two-sided variant of the discrete mean ergodic Theorem 2.8 (compare [13,

Theorem 2.1)).

Theorem 3.31. Let f: R — H be measurable and bounded such that
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exists for almost every t € [0,1]. Then limp_, o fTT f(t) dX(t) = fol Ay d\(t) exists

for ally € H and

1
7§ F(#) dA(t) = / A, dA(B).
R 0
In particular, the mean ergodic projection Pr, exists in the strong topology.

Remark 3.32. Similarly, we obtain the same implications for the properties by
replacing strong continuity with weak measurability, i.e.
operator recurrence, < operator recurrence(1),
< multiplicator operator recurrence,,
strong operator recurrence, < strong operator recurrence(1),
& strong multiplicator operator recurrence,,

StI‘OHg operator recurrence, — operator recurrence,.

3.2.2 Poincaré and Koopman Recurrence

We discuss several characterisations of Poincaré recurrence connecting it with oper-
ator theory. Having the Koopman representation of a scmps in mind, these results

are not surprising.

Definition 3.33 (Koopman Recurrence). A set D C R is Koopman recurrent
(KR) if, given a scmps (0,3, i; (¢)ier) and 0 < f € L*(Q, %, 1), there exists
d € D such that

(T3 f. f) > 0.

Definition 3.34 (Strong Koopman Recurrence). A set D C R is strongly Koop-
man recurrent (SKR) if, given a scmps (Q, 3, p; (¢¢)ter) and 0 < f € L*(Q, 3, u),

we have

lim (T7f, f) > 0.

|d|—00,deD
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Proposition 3.35 (P < KR). Let D C R. The following are equivalent for any

given, scmps (Q, %, 15 (¢ )er)-
(i) Given A € 3 with p(A) > 0, there exists d € D such that u(pqa(A) N A) > 0.
(it) Given 0 < f € L*(Q, %, ), there exists d € D such that (TS f, f) > 0.

Proof. Let a scmps (€, 3, i; (¢4)ier) be given. For A € ¥ with p(A) > 0, we have
H(6a(A) (1 A) = (T{T4,14) > 0

for some d € D by Remark 2.2 and Koopman recurrence. On the other hand,
let 0 < f € L*(,%, 1) be given. Then there exists A € ¥ and a > 0 such that

al 4 < f. Using positivity, we obtain
(T, f) = a* (T, 14) = a®p(¢a(A) N A) > 0
for some d € D by Poincaré recurrence. m

Proposition 3.36 (OR = KR). Let us assume that, given a Hilbert space H, a
strongly continuous unitary group representation (1})ier on H and x € H with

|z|| =1 and Pz # 0, there exists d € D such that

(Tyx,z) # 0.

Then, given a scmps (0,3, w; (¢¢)ier) and 0 < f € L*(Q, X, i), there exists d € D
such that

(TS f, f) > 0.

Proof. The Koopman representation (L?(£2,3, ), (ﬂ¢)teR) for a given scmps is a
strongly continuous unitary group (Remark 2.2) and similarly (L*(€, %, ﬁ),

(T )1er) which satisfies ||14]| = 1. We note P14 # 0 by Lemma 2.11, and hence
operator recurrence and the positivity of Tf and f hence imply that there exists

d € D such that (T914,14) > 0. O
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We note with the following proposition that it is sufficient to consider only ergodic
scmps for Poincaré recurrence using a certain dilation construction. A lattice
dilation is defined as the unitary dilation on L?*(€2, %, i) in Definition 3.20, but
with the additional assumption of positivity for all operators (see [45], [46]), and

we proceed similarly to Proposition 3.23.

Proposition 3.37. Let D C R. The following are equivalent.
(i) Given a scmps (2,3, u; (¢1)ier) and A € 3 with p(A) > 0, there ezists d € D
such that

p(AN ¢a(A)) > 0.

(i1) Given an ergodic scmps (0,5, 1; (¢1)er) and A € X with p(A) > 0, there

exists d € D such that
,LL(A N ¢d<A)) > 0.

Proof. We clearly have (i) = (ii). For the converse, let a scmps (€2, X, 15 (¢4)ier)
and A € ¥ with p(A) > 0 be given. We consider its Koopman representation which
satisfies T;1 = 1 = T/1 for all £ € R. The lattice dilation (L%(Q, =, 1), (T))ser, J, Q)
through the Kolmogoroff-Daniell construction ([45], [46], [81]) yields the Koopman
representation (7})scr of an ergodic scmps (Q, &, 7i: ((Et)teR) and A € ¥ with 1i(4) >
0and 1;=J1,.

Statement (ii) implies that there exists d € D such that

0 < F(ANGg(A)) = (TyJ L, J14)
= (QTuJ14,14) = (Tylla, 1a) = (AN pa(A)).
L]

Definition 3.38 (Lattice Operator Recurrent). A set D C R is lattice operator

recurrent (LOR) if, given L*(Q, %, 1), a strongly continuous bistochastic lattice
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semigroup (T})i>0 on L*(, %, u) and 0 < f € L*(Q, %, ), there exists d € D such
that

<ﬂd\f7f> > 0.

We can extend a strongly continuous semigroup (7} )0 on L*(Q, X, i) to a strongly
continuous family (7});er by setting T_; = T;*. We note that it suffices to consider
semigroups in Definition 3.38 since (Tyf, f) = (f, T, f).

With the approach of Proposition 3.37 and by using the Koopman representation

(Remark 2.2), we obtain the following result.

Proposition 3.39 (LOR < KR). Let D C R. The following are equivalent.
(1) Given a scmps (0,3, 1; (d¢)ier) and 0 < f € L*(Q, %, ), there exists d € D

such that

(TS f, f) > 0.

(ii) Given L*(2,%, 1), a strongly continuous bistochastic lattice semigroup (T})s>o

on L2(,2, 1) and 0 < f € L*(Q, %, u), there exists d € D such that

<,I'\d\f7f> > 0.

Remark 3.40. It has been observed that Poincaré’s theorem 4.11 does not require
countable additivity of the measure (see for example [9]), i.e. it is sufficient to
allow contents instead of measures. It is possible to extend Poincaré recurrence in
some way to more general systems (e.g. by using premeasures instead of measures
through the usual construction of an outer measure). However, it is not clear how

far this approach can go.
Remark 3.41. Similarly, we obtain the implications

strong operator recurrence = strong Koopman recurrence
& strong recurrence

& strong lattice operator recurrence,
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3.2 Kamae, Mendes France

operator recurrence, = Koopman recurrence,
< Poincaré,
& lattice operator recurrence,,
strong operator recurrence, = strong Koopman recurrence,
& strong Poincaré,

& strong lattice operator recurrence,.

3.2.3 Kamae, Mendes France

We give a criterion for a set D to be FMRiesz based on a recurrence property by
Kamae and Mendes France ([42]). For integers, KMF is equivalent to FMRiesz, but
the proof of FMRiesz = KMF relies on the periodicity of exponential polynomials
(see, e.g. [14, Proposition 1.18] and [57, Theorem 2.3]) which is not given for the
functions considered in Definitions 3.42 and Remark 3.44. We note that we write
R (e72m) instead of cos(2mtz) to stress the connection with the dual group and
to indicate how to deal with KMF for a locally compact abelian group (see Section

7.3).

Definition 3.42 (Kamae, Mendes France). A set D C R is KMF if, for alle > 0,

there exists a nonzero real function
pe(x) = / R (e7*™) dv(t)
D
satisfying p.(0) =1 and p. > —e where v, is a finite measure on D.

Proposition 3.43 (KMF = FMRiesz). Let us assume that, for all € > 0, there

exists a monzero real function

Pe(x) :/D?R(e_%m) dv(t)
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satisfying p.(0) = 1 and p. > —e where v, is a finite measure on D.

Then every measure on R with fi(d) = 0 for all d € D satisfies

p#({0}) = 0.

Compare [14, Proposition 1.18], see also [57, Theorem 2.3].

Proof. Let u be a measure on R with ji(d) = 0 for all d € D and, for € > 0, let a

nonzero real function

— /D R (727 du(t)

satisfying p.(0) = 1 and p. > —e with a finite measure v, on D be given. Then we

/ / / R (e 27) du(t) dyz)
— R (/ / “2mite (2 du(t )) — R (/D ) dye(t)) —0

But from p.(0) =1 and p. > —e we deduce

have

0— / pele) du(z) = / pele) du(z) + / o P i) 2 ((0) — en®\(0)).

R {0}

As € > 0 was arbitrary, we obtain u({0}) = 0. O

Remark 3.44. Definition 3.42 is in particular a generalisation of the following

properties.
(i) A set D C R is KMF(1) if, for all ¢ > 0, there exists a real
trigonometric polynomial

o) = SR ()

teD
satisfying p.(0) = 1 and p. > —e with af € R and where the set

{t : af # 0} C D is nonempty and finite.
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(ii) A set D C R is KMF(2) if, for all ¢ > 0, there exists a nonzero

real function

pe(x) = / R (e72) dA(t)
D
satisfying p.(0) = 1 and p. > —e with [f€ # 0] C DN K for a compact

set K and f© € L>®(R,R).

Analogously to Proposition 3.43, every KMF(1) and KMF(2) set is FMRiesz. We
note however that KMF(2) requires D to have positive measure. However, there
are R-FMRiesz sets D C Z and every R-FMRiesz set has a countable R-FMRiesz
subset (Corollary 5.3), both having A(D) = 0. The implication R-FMRiesz =
R-KMF(2) hence cannot hold. On the other hand, it is not clear if a complete

discrete treatment as in KMF(1) is sufficient (compare Chapter 5).

3.2.4 Spectral Measures

We discuss a characterisation of Poincaré recurrence using spectral measures. Since
the family ([, f o ¢ - fdu)er is positive-definite and continuous (Lemma 2.27), it
is straightforward to consider the corresponding Bochner-Herglotz measures (The-

orem 2.16).

Definition 3.45 (Spectral measure). Let (2, %, 11; (¢4 )ier) be a scmps. For A € X,

its spectral measure o, is defined through
5(t) = (A N 64(4))
fort € R. For0 < f € L*(Q,%, u;R), its spectral measure o; is defined through
35(0)= [ 1000 iy
fort e R.
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Definition 3.46 (Spectral Poincaré). A set D C R is spectral Poincaré (spP)
if one of the following equivalent statements holds for the spectral measure of ev-
ery given ergodic scmps (2, %, 1; (d)ier), A € ¥ with u(A) > 0 and 0 < f €
L2(Q, %, 1).

(i) If 54(d) = 0 for all d € D with a spectral measure o4, then o4 = 0.

(ii) If 57(d) = 0 for all d € D with a spectral measure oy, then oy = 0.

Definition 3.47 (Strong Spectral Poincaré). A set D C R, is strong spectral
Poincaré (SspP) if one of the following equivalent statements holds for the spectral
measure of every given ergodic scmps (2,5, u; (dr)er), A € X with p(A) > 0 and
0< fe L% u).

(i) If limig00,4ep 0a(d) = 0 with a spectral measure o4, then o4 = 0.

(ii) If limyg o0 gep 07(d) = 0 with a spectral measure oy, then oy = 0.
Proposition 3.48. The two statements in Definition 3.46 are equivalent.

Proof. Let an ergodic scmps (€, 2, 11; (¢1)1er) with Koopman representation (T7);er
be given.

Let A € ¥ with u(A) > 0 be given and its associated spectral measure o4 satisfy
ga(d) = u(pa(A)NA) =0. Weset f =14 € L*(Q,%,u), then 6; = g4 holds by
o7 = 04 and the uniqueness of the Fourier transform ([67, Subsection 1.3.6]), and

we have

a(d) = (T} f, ) = n(@a(A) N A) = 0

for all d € D. Property (ii) then implies o4 = 0.
For the converse, let 0 < f € L*(Q,X, u) be given. There exists A € ¥ with
1(A) >0 and 0 < ¢ < oo such that ¢l 4 < f with 04(R) = u(A) > 0. Statement

(i) implies that there exists d € D such that g4(d) > 0. Using positivity, we have

0 < AFa(d) = AT, 1) < (TI . f) = 57(d).
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Proposition 3.49 (rCor = spP). Let us assume that, given 0 < f € I*(R,R),
$ F(t+d)f(t) dN(t) = 0 for all d € D implies

Jﬁ £(t) dA() =

Then, given an ergodic scmps (2, 3, p; (¢r)rer) and 0 < f € L®(Q, %X, 1), op(d) =0

for all d € D with the spectral measure oy 1mplies
of = 0.
Compare [14, Proposition 3.2]

Proof. Let an ergodic scmps (Q, 3, ; (é¢)ter) and 0 < f € L3(, X, 1) be given,
and let oy be its associated spectral measure.

We assume o7(d) = 0 for all d € D. Hence for all d € D, we have

0=5id) = [ £-Fooudn™ § TS Fo00)(w) aND)
- 75 (T2 F)(w) - TH(f o 6a)(w) dA(t) = 74 (o d)(w) - (f 0 buya)(w) dA()
_ f 0u(t) gt + d) dA(E)

for g,(t) := (f o ¢4)(w) and almost every w € Q. For every such w € 2, we have

gw € [P (R, R) by the corresponding properties of ;. Real correlativity then yields

0= ﬁgw(t) dA(t) = ﬁ(foqﬁt)(w) dA(t)

for almost every w € (2. Remark 2.9 yields

0= (fov0w) N = [ 1 dn

Hence, we have f = 0 since f is positive and therefore

0= [ 7 dn 50 oy (w),
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Proposition 3.50 (spP < KR). The following are equivalent.
(1) Given an ergodic scmps (0,3, w; (¢)ter) and 0 < f € L*(Q, %, u) with spectral
measure o, o7(d) =0 for all d € D implies

JfZO.

(ii) Given a scmps (0,3, 1; (¢ )er) and 0 < f € L*(Q, X, u), there exists d € D
such that

(TS f, f) > 0.

Proof. Let a scmps (0, %, i1; (¢¢)ter) and 0 < f € L?(Q, %, 1) be given. Without
loss of generality, we can assume that (2, u; (¢¢)ier) is ergodic (Proposition
3.37).

We note o¢(R) = || f]|* > 0 (Remark 2.14). Spectral Poincaré therefore implies

that there exists d € D such that

0 <ay(d) = (TS f. f).

Conversely, given a spectral measure oy of an ergodic scmps (€2, 3, ; (¢¢)ier) and

0< feL*0X%,u), there exists d € D such that
0 < (T7f.f) =55(d)
by Koopman recurrence. O]

Remark 3.51. Similarly, we obtain the implications for the corresponding strong
properties as well as without continuity assumptions. In particular, the two state-
ments in Definition 3.47 are equivalent, and we have the implications
strong correlativity = strong spectral Poincaré,
<> strong recurrence,
real correlativity, = Poincaré,,

strong correlativity, = strong recurrence,.
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3.2.5 Correlativity

In this subsection, we discuss correlativity and connect it with FMRiesz. Closely
connected to real correlativity and combinatorial recurrence is the following cor-

relativity variant.

Definition 3.52 (Real Correlativity®!). A set D C R is real correlative’'
(rCor'?') if, given f € IX(R,{0,1}), ¢ f(t + d)f(t) dX(t) = O for all d € D

;i £(t) dA() =

Proposition 3.53 (rCor?! < rCor,). Let D C R. The following are equivalent.
(i) Given f € 1(R,{0,1}), § f(t+d)f(t) dA(t) =0 for all d € D implies

jé £(t) dA() =

(i) Given 0 < f € IX(R,R), § f(t+d)f(t) dA(t) =0 for all d € D implies

jﬁ £(t) dA() =

Proof. AsI*(R,{0,1}) C I°(R,R), we clearly have (ii) = (i). On the other hand,

implies

let 0 < f € IX(R,R) satisfy ¢, f(t) dA(t) = € > 0. We can approximate f by
positive simple functions in L°°, i.e. there exists fy := 25:1 aﬁynw A f with
all > 0 and convergence in L*®-norm.

Let N be such that || f — fxlle < 5. Then §, fn(t) dA(t) > §, hence, there exists

1 < n < N such that

7(]@@) dA(t) > 0.

Using (i) and positivity, this implies

0 < limsup(a N)Qj{ Tan(t+d)lan(t) dA(t) < limsup fT In(t+d)fn(t) dA(t)

T—oo T—o0

< limsup% ft+d)f(t) dA(t) = ]{ ft+d)f(t) di(t)

T—o0

for some d € D. O
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Definition 3.54 (Correlativity®). A set D C R is correlativet (Cort) if, given

felX(R,C), ¢ f(t+d)f(t) dN(t) =0 for all d € D implies
%f@dezu
R

We similarly obtain the following result (as well as the strong variants for enhanced

van der Corput and strong real correlativity).

Proposition 3.55 (Cor, < Cor®). Let D C R. The following are equivalent.

(i) Given f € I(R,T), ¢, f(t+d)f(t) d\(t) =0 for all d € D implies

ﬁf@de:O

(i) Given f € I3°(R,C), §, f(t+d)f(t) dA(t) =0 for all d € D implies
%f@de:O
R

Remark 3.56. Obviously, we have rCor = rCor®! and Cor® = Cor. However, it
is not clear if Propositions 3.53 and 3.55 (as well as their strong variants) are also
true with the additional continuity assumption. If they were, it would yield the
equivalence of Poincaré recurrence, continuous combinatorial recurrence and real

correlativity.
Lemma 3.57. Let f € [2°(R,C). Then

2(d) = 75 F(t -+ d)FE) dAE)

1s positive-definite.
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3.2 Correlativity

Proof. We have

ZZalajyt — ;) Zozzoz]]{ft—i-t — ;) f(t) dA(t)

i=1 j=1 i=1 j=1

~ T— J
f=g—t; ZZQ% hnéoﬁ/ ’ f(t+ti)f(t+tj) dA(t)

=1 j=1

1 T—t; n
“bnarf,, (Z“) () ae

n 2

> aif(t+t)| dAt) >0

foralln e N, aq, ..., a, €C, ty,..., t, € R as well as

Lemma 3.58. Let f € I2°(R,C) and m := §, f(t) dA(t) as well as g(t) := f(t)—m

and 7(d) := ¢ g(t +d)g(t) dX(t) be given. Then v(d) = F(d) + |m|* for all d € R,
g €1X(R,C) and ¢, 7(d) dA(d) > 0.

Proof. We have

ﬁ g(t) dA(t) = 75 (f(t) —m) dA(t) = 74 £(t) dA(t) -

ji £ axe) = Jim o [ F) axe = Jim o / £(8) dA(®)

T—o0 _T T—o0 27T T+d

and

| — (t+d) dA(t (t+d) dA(t
ngo2T/f+ ff+ (1

for all d € R. Therefore, we have

() = f(wd)(w() ]i(f(Hd)—m)(m—m)dA(t)

fft+d -HmF—mff ) dA(t mfjt+ddm)
ffmz — |ml? = (d) — |ml.
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Hence, v and 4 differ only by a constant, so g € [2°(R,C). In particular, 7 is
continuous and also positive-definite by Lemma 3.57. Hence, there exists a measure

v on R such that ¥(d) = 4(d). Lemma 2.17 implies

0 < v({0}) = § 5() dA(a)
O

Proposition 3.59 (FMRiesz = Cor). Let us assume that every probability mea-
sure on R with ji(d) = 0 for all d € D satisfies

n({0}) = 0.

Then, gwen f € IR, T), ¢, f(t+d)f(t) dA(t) =0 for all d € D implies

ﬁ £(t) dA(t) =

Compare [4, Theorems 1-3] and [14, Theorem 1.8].

Proof. Let f € I°(R,T) be given with v(d) = ¢ f(t + d)f(t) dA(t) = 0 for all
d € D and such that s — ~(s) is continuous.

By Lemma 3.57, v is positive-definite, hence, by the Bochner Herglotz theorem
2.16, there exists a measure g on R such that u(R) = v(0) and fi(t) = ~(t) for all
teD.

We set i := —f& to obtain a probability measure. We have fi(d) = —=~(d) = 0
for all d € D, hence,

1({0}) = a({0}) - u(R) = 0
by FMRiesz. We set m := ¢, f(t) dA(t) as well as g(t) := f(t) —m and
) = ¢ gt + QgD axe)
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3.2 Correlativity

We finally conclude

2

H(OD 2§ 0) axe) 2 mP + f 50 0 Z Il = | 1) axee)
and
0 < ]if(t) dA(t)‘ < V/ul{0p) = o,
and D is therefore correlative. O

Similarly, we obtain the following result.

Proposition 3.60 (FMRiesz = rCor). Let us assume that probability measure on

R with fi(d) = 0 for all d € D satisfies

p({0}) = 0.
Then, giwen 0 < f € IX(R,R), § f(t+d)f(t) dA(t) =0 for all d € D implies
7{ F(#) dA(t) = 0.
R
Remark 3.61. Proposition 3.60 suggests the following property:

A set D C R is symmetric FMRiesz if every probability measure on
R with p(—t) = pu(t) = pu(—t) for all t € R and with zi(d) = 0 for all

d € D satisfies
1({0}) = 0.

We obviously have FMRiesz = symmetric FMRiesz = real correlativity, but at

least one of the converse implications is false (Remark 6.5).

Lemma 3.62. Let T = m?> +p andt = n®> +r with 0 < p < 2m + 1 and

0<r<2n+1, m,neN. Then

tim = [ e aa) = L@
700 2T fy € — oo
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Proof. Let x = 0. Then

lim — /T 2eirs A (t) = lim — /T]l AA(L) = lim = = 1
1m —— € = lm — = lim — = —.
T—o0 2T 0 T—o0 2T 0 T—oo 2T 2
Let z # 0. Then
T mol| e(HD? mitp
/ 627r17’a: d)\(t)‘ < Z / 627rzrx d)\(t) + / 627”7”90 d)\(t) < Qm—i-p,
0 =0 j2 m?2
hence,
I 2
lim — ¥ d\(t)| < lim mtp
T—o00 2T T—oo 22 + P

]

Proposition 3.63 (Cor = FMRiesz). Let us assume that, given f € [2°(R,T),
§ F(t+d)f(t) dA(t) = 0 for all d € D implies

jﬁ £(t) dA(t) =

Then every probability measure on R with ji(d) = 0 for all d € D satisfies

p({0}) = 0.
Compare [14, Theorem 1.8].

Proof. Let u be a probability measure on R with zi(d) = 0 for all d € D. Let
(Xn)nen be ii.d. random variables distributed by law p. We define a new family

of random variables (Y;);cg with values in T by

627rier , t Z O,

where t = m? +r with m € Nyand 0 < r < 2m + 1 (such a decomposition is
unique).

We note that the paths (Y;(w)):>o are piecewise continuous for almost every w € €,
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3.2 Correlativity

hence, fR Y; dA(t) is almost surely well-defined, and that Y; and Y; are independent
if t > s+ 2m; + 1. In particular, given T = m? + r > 0 with m € Ny and
0 <r < 2m+ 1, the random variables Y, and Y; are independent for ¢,s < T if
it —s| > 2T + 1.

For Z, :=Y,; — E[Y;] with uniform bound M = 2, we hence have

7
e[ (o)
_ f; L [ [ 27 a0 dA<s>H
< [ [ 7] a0 o
5%%-(2ﬁ+1)-\/§T-M2<oo

T
Z, dA(t)

imi.

since E[XY| = E[X]E[Y] for independent random variables X,Y and E[Z;] = 0.
Condition (2.6) in the strong law of large numbers 2.21 is hence satisfied. Then,

almost surely, we have

Y, dA(t 221%1@1/ AN(t) = i —//%Wd ) dA(t
FY 02§ B a0 = Jim 5 p(x) dA(1)

2.31 . I i 362/ 1 1
= lim — ™ ANE) d -1 d = — .
[ o [ e ane) aute) ™ [ 1) duta) = Jutio)
We note
Y(t + h)Y(t) — 627ri(r+h)Xm6727rier — eZm’th (31)

forO<h+r<2m+1andt+ h>0. However, for fixed h € R, we have

)\({t:l2+r:0§h—i—Tr<21+1}ﬂ[—T7T]) Tooo g

For fixed d € R, we define E; := {t =m*+7r:0 < d+r < 2m + 1} and note
$ Le dA(t) = 0. Similarly as for (Y; — E[Y}]);cr, Condition (2.6) is satisfied for
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the family of random variables (Y;Y; — E[Y;14Y:])ier. We therefore have

fya+wﬁ5w@%?wawﬂm«ﬂwm

1

= Jm 7[4 g, EY OV A
1

+11m—/ EY({t+d)Y (1)) d\(t

Jin or [ BV OV X0
1

lim — / E[e?mdXm] d\(t

= lim — / / 2midr qu(z) dA(t
T—o0 2T TT ﬂEd H, ( )

almost surely for all d € R. Since f is uniformly continuous (Remark 2.14) and
since ¢, Y (¢) d\(t) = su({0}) exists almost surely as shown before, we obtain

Y € [2°(R, T) almost surely. Therefore,
l—xr
fYt+d J dA(t) = 5i(d) = 0
for all d € D almost surely implies
0=2- ¢ ¥(t) d\®) = ({0}

R
by correlativity, and D is hence FMRiesz. O]
Remark 3.64. Similarly, we obtain the corresponding strong equivalence

enhanced van der Corput < FC+.

3.2.6 Van der Corput

We now prove the equivalence of van der Corput and correlative sets. A major

component is the Weyl equidistribution criterion Proposition 2.24.
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3.2 Van der Corput

Proposition 3.65 (Cor = vdC). Let us assume that, given f € I2°(R,T), ¢, f(t+

d)f(t) dA(t) =0 for all d € D implies

7{@ F(t) dA(t) = 0.

Then, given f € I2(R,R), the equidistribution of f(- + d) — f(-) mod 1 for all

d € D implies the equidistribution mod 1 of f.

Proof. Let f € I2(R,R) be given such that f(-+ d) — f(+) is equidistributed mod
1 for all d € D. Then, by the Weyl equidistribution criterion Proposition 2.24, this

implies
O:%eQWik(f(t—i-d)—f(t)) d)\(t) :%627rik(f(t+d))e—27rik(f(t)) d}\(f)
R R

for all 0 # k € Z. Since e2™*/(®) ¢ [%°(R T) for all 0 # k € R by assumption on
f, correlativity implies

0= %627rikf(t) d/\(t)

R

for all 0 # k € Z, hence, the Weyl equidistribution criterion Proposition 2.24

implies the equidistribution mod 1 of f. m

Let G be a locally compact abelian group (we refer to Section 7.3 for more de-
tails and references on (locally) compact abelian groups). Then there exists a
(nonunique) rotation invariant mean L on [*°(G), in particular on (*°(R), which
is given as a Banach limit extension of Cesaro averages (compare [62, Example
0.3-0.4]).

Given a compact abelian group K with its dual group K*, we define a generalised
equidistribution as follows. It is a straightforward observation that this definition

coincides with Definition 2.24 when considering K = T (interpreting T as [0, 1]).

Definition 3.66 (K-Equidistribution). Let K be a compact abelian group and L

a rotation invariant mean given as Banach limit extension of Cesaro averages on
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I°(R). Then f € I°(R, K) is K -equidistributed if L(xo f) = [,; x d\ =0 holds
for all e* # x € K*.

Definition 3.67 (K-van der Corput). Let a compact abelian group K be given.
A set D C R is K-van der Corput (K-vdC) if, given f € IX(R,K), the K-

equidistribution of f(-+d) — f(-) implies the K -equidistribution of f.

Definition 3.68 (Generalised van der Corput). A set D C R is generalised van
der Corput (qudC) if, given a compact abelian group K and f € I3(R, K), the

cc

K -equidistribution of f(- +d) — f(-) implies the K -equidistribution of f.

Peres ([63, Theorem 4.2]) proved the following result for integers. We extend this
result with a different approach to obtain a general van der Corput result for the

corresponding real properties.

Theorem 3.69 (Peres). Let K = T® Ky with a compact abelian metrisable group
Ky be given. Then the following are equivalent.

(i) Given (u,)nen C K, the K-equidistribution of u. — u.,q implies the K-equidis-
tribution of (un)nen-

(i1) Given (un)nen C R, the equidistribution mod 1 of u. —u.q tmplies the equidis-
tribution mod 1 of (up)nen-

In other words, a set D C N is van der Corput if and only if it is K-van der

Corput.

Proposition 3.70 (OR = K-vdC). Let us assume that, given a Hilbert space H,
a strongly continuous unitary group (Ty)ier on H and x € H with ||| = 1 and

Px # 0, there exists d € D such that
(Tyx, x) # 0.

Then, given f € I2(R, K), the K-equidistribution of f(-+ d) — f(-) implies the
K -equidistribution of f.
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Conpare [63, Theorem 3.3].

Proof. Using the scalar product induced by the Banach limit L on [*(R,R) (see

Subsection 2.4), the K-equidistribution of f(- +d) — f(-) rewrites as

L(xo (f(-+d) = f()) =L ((xo (f(+ a0 ) = (Talxo ) xo f)

for all d € D with the strongly continuous rotation group (73)icg on H (Lemma
2.23). Operator recurrence hence implies Pr = 0. Since 1 € Fix((T})er) and

x L Fix((T})er), we therefore have

0=L(1-(xof))=Llxof),
and f is K-equidistributed. O
Similarly, we obtain the following result.

Proposition 3.71 (OR = gvdC). Let us assume that, given a Hilbert space H,
a strongly continuous unitary group (1;)ier on H and x € H with ||z|| = 1 and

Px # 0, there exists d € D such that
(Tyx, x) # 0.

Then, given a compact abelian group K and f € I2(R, K), the K -equidistribution

cc

of f(- +d) — f(-) implies the K -equidistribution of f.

It is easy to see that any set D C R is trivially K-van der Corput for the com-
pact group K = {0} since both f € I2(R, K) and f(-+d) — f(:) for all d € R
are always K-equidistributed. We therefore exclude K = {0} from the following
considerations.

We first note the following lemmata which are helpful for the later integrations.
They follow in the same way as the well-known half angle identities for sin and

COS.
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Lemma 3.72. We have

Lemma 3.73. Let e* # x,x*> € H*. Then
/ x(h) dA\(h) =0 = / X(2h) dA(h).
H H
Proof. Using the rotation invariance of A\, we have

() /H y(h) dA(R) = /H x(h+ g) dA(R) = / x(h) dA(h)

H

for x(g) # 1. Hence, [, x(h) d\(h) = 0. The same result holds for x* # e*, i.e.

/H (2h) dA(R) = / 2(h) dA(R) = 0

H

]

Proposition 3.53 shows that the use of 0 < f € I*(R,R) and f € I°(R,{0,1})
yields the same real correlativity, sets. This indicates that we can extend the
implication van der Corput = correlativity to generalised van der Corput sets
even with “small” groups such as Z3 or Zs.

However, we have to exclude some groups since x* = e* yields [, x*(h) dA(h) =1

and hence

ELX: ()] = R(f(2))

in the proof of Proposition 3.74. We therefore allow only compact abelian groups
such that x? # e* for all e* # x € K*. This includes for example Z, for p prime
and T.

The same approach (for all compact abelian groups K # {0}) yields

K-van der Corput = real correlativity.
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3.2 Van der Corput

Proposition 3.74 (K-vdC = Cor). Let K # {0} be a compact abelian group such
that x* # €* for all e* # x € K*. Let us assume that, given f € I2(R, K), the

cc

K -equidistribution of f(- +d) — f() implies the K -equidistribution of f.

Then, given f € IZ°(R,K), ¢, f(t+d)f(t) dA(t) =0 for all d € D, we have

7{{ F(8) dA(t) = 0.

Compare [71, Section 6.

Proof. Bounded K-van der Corput sets and correlative sets are characterised by
having the limit point 0 (Propositions 4.24 and 4.25). Therefore, the equivalence
of K-van der Corput and correlativity for a set D follows trivially if D has the limit
point 0. Hence, we only have to consider the case when 0 is not a limit point of D
and we therefore assume without loss of generality that D N (—0d,d) = 0 for some
0> 0.

Let f = fi+if; € IX(R,T) satisfy ¢, f(t + d)f(t) d\(t) = 0. For e* # x €
H*, let (Yi(x))ier be a family of random variables such that Y;(x) and Y;(x) are
independent if |t — s| > J, with measurable paths as well as with values in H and

distributed with law 1(y) + R(f(¢)x(y)) dA(y). This is indeed a density function
since R(f(t)x(y)) > —1 and

[ 1w+ R0x@) ) - [ 1) dA(y)Jr?R(f(t) [ dA<y>) 1

Let (Xi(x) = x(Yi(x)))ter be a family of random variable with values in T and

measurable paths and where X;(y) and X;(x) are independent if |t — s| > §. Then

E[X,(x)] = /H V) (L) + REOXD)) dA)

+ /H (R(x(y)) +iS(x(w))) R((fr(t) +ifa(t))R(x(y) —iS(x(y))) dA(y)
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) [ RO )+ A0 | SR dA)
+£(0) | SR dNw) +i8(0) [ (SO dAw)

i %fl(t)/H(ﬂ%( (29)) + 1(y zf1 /
#3hlt) [ Sz axiy )+2fz()/( () - ROW))?) dA()

- %fl(t) (?R </H(X(2?J)) dk(y)) +/ 1(y) dA(y )>

+%¢f1( o( X(2y) dA(y )+ A0 ( (29) dA(y))

+ifz()</ ) - 5 [ @ )

1 1
LR Fif) = S f (1)
for all ¢ € R independently of e* # x € H*. Condition (2.6) for (X,(x) —

m

DN | —

E[X:(x)])ter and (Xi1a(X) Xe(x) — E[Xi1a(X) Xi(x)])ier is satisfied similarly as in

the proof of Proposition 3.63. The strong law of large numbers 2.21 hence implies

# X000 = B0l 30 = 5 § 50 axee)

almost surely and independently of e* # xy € H*. We further have

E| 74 XoeaOO X () dA(E)] = 74 E[Xoa 00X 500 dA(E)

— § BLOETRD0] dN0) = 5 § (¢ + AT dA() =

R

for all d € D and j # 0 and independently of e* # x € H* since X;,4(x) and

X;(x) are independent. Hence,

74 XpeaO)Xo 00 dA(1) 22 f E[X, (0K (0)] dA(t)
23 ]4 Xora )T () dA(E)] = 0

almost surely independently of e* # x € H* for all d € D. By the equidistribution

criterion Definition 3.66, X (-+d)— X (-) is almost surely equidistributed mod 1 and
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X(+) € IZ2(R,R) almost surely by assumption on f € [°(R, K), hence, Property

K-van der Corput implies

o_]{Xt ) dA(t j{f ) dA(t

The next result is a special case of Proposition 3.74 with K = T.

Proposition 3.75 (vdC = Cor). Let us assume that, given f € I22(R,[0,1]), the
equidistribution mod 1 of f(- +d) — f(-) for all d € D implies the equidistribution
mod 1 of f.

Then, gwen f € IR, T), ¢ f(t+d)f(t) dA(t) =0 for all d € D implies

]i £(t) dA(t) =

We clearly have the implication
generalised van der Corput = van der Corput

since T is a compact abelian group. Therefore, using Propositions 3.75, 3.71 and
3.74 as well as the equivalence of correlativity and operator recurrence, we obtain

the following result.

Proposition 3.76. Let D C R and let a compact abelian group K # {0} be given
such that x* # e* for all e* # x € K*. The following are equivalent.

(i) D is operator recurrent.

(ii) D is van der Corput.

(iii) D is K-van der Corput.

(iv) D is generalised van der Corput.

Remark 3.77. Let D C R. Similarly, given K # {0} such that x* # e* for all
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e* # x € K*, we obtain some implications without continuity, i.e. we have

operator recurrence, = generalised van der Corput,
= K-van der Corput,

= correlativity,.

However, it is not clear if the implication correlativity, = operator recurrence,

holds as we cannot use FMRiesz due to its natural continuity property.

3.2.7 Furstenberg Correspondence Principle

In this subsection, we discuss the Fiirstenberg correspondence principle and prove
its variant for real systems. Fiirstenberg used this correspondence principle to
translate Szemeredi’s theorem about arbitrarily long arithmetic progressions ([79])
into the language of ergodic theory and to prove it by using a multiple recurrence
variant of Poincaré’s theorem ([37]). This principle is used to prove number the-
oretical results in a similar way by using recurrence results, e.g. that Poincaré
recurrence implies combinatorial recurrence.

The converse, i.e. that combinatorial recurrence and intersectivity imply Poincaré
recurrence for Z was shown by Bertrand-Mathis ([17]) and Bergelson (7, Theorem
1.5], [6, Section 2]). However, their proofs rely on countability, hence, they cannot
be adapted for R, but, without continuity assumptions, combinatorial recurrence

implies Poincaré recurrence by using real correlativity (see Remark 3.82).

Definition 3.78 (Net). Let I be a directed set, then (a;)ics is called a net. A net
(a;)ier with values in a topological space (X,T) is called convergent to a if for
allU € T with a € U there exists § € I such that for all a« > 3, we have a, € U.
We denote the limit a of a converging net (a;);es by a =lim; a;.

Let I,J be directed sets. Then (b;)jes is a subnet of (a;)ic; if there exists a

monotone function h : J — I such that Vi € I 35 € J:i < h(j) and bj = anj).
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The following proposition is a Bolzano-Weierstraf} type result ([58, Section 3.3]).

Proposition 3.79. A space X is compact if and only if every net with values in

X has a convergent subnet.
We refer to [58] for more details on nets.

Lemma 3.80. Let a compact Hausdorff space X, x, € X, a group action of
continuous maps (¢y)ier on X and a sequence (Ts)seny C R with Ts 7% 50 be

gwen. For T >0 and open A C X, let ur be the measure defined on X by

r) = 57 [ G (A) dr) = 57 [ tatew)) X

with corresponding integral

/fde— (/ f dog, m) dA(t).

Then there ezists a weak*-cluster point jv of (firg)sen and every weak® cluster point

is invariant under (¢y)ier-

Compare [29, Theorem 4.1].

Proof. We first note that up(R) =1 for all T' € R, hence, by weak*-compactness
of M (as consequence of the Banach-Alaoglu theorem ([68, Theorem 3.15])) there
exists a subnet (y;);e; and a weak*-limit g such that lim; p; = p.

Let v € R and f € C(X). Without loss of generality, let v > 0 to avoid extra

cases in (+). We have

[ (00)(@) dur(a /f e

/X (f 0 6y — F)(x) dur(x)

QT/ / © ¢y — f)(x) dop,(z.)(x) dA(t)
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“|g [ [ oo so0)@ d. i)

~ |5 [ [ o= o0 axe) do..(@

o [ ([ sevman- [ Gonwan) a.e
“lo [ ([ wes@an- | z_:(fwwt)(x) D) dh )

DI [ eom@ i~ [ (7o ixe
w [ Gt e - [ (00,0 dD) di..

[ 2917 . () = W=,

_2T

so in particular, by uniqueness of limits, we have

/X( o s )(x /f dp(z
J/X<fo<m ) dyiy(a /f e

= lim

for any weak* limit p of (i1 )sen, and Lemma 2.4 implies that 1 is (¢;)¢er invariant.

]

Proposition 3.81 (Fiirstenberg Correspondence Principle). Let E C R with
dg(E) > 0 be given. Then there exists a mps (0,2, i; (1¢)er) and A € ¥ such that

and

for all d € R.

Compare [29, Section 7.3] (see also [82, section 6] for a similar approach for R?).
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3.2 Fiirstenberg Correspondence Principle

Proof. We define X, := {0, 1}¥ which is a compact Hausdorff space by Tychonoff’s

theorem ([68, Theorem A3]). We define 75((2¢)icr) ‘= (Zi1s)ter as a shift on

Xo. We define zp := 1 and Q := X = {7fi(vg) : t € R} with the o-algebra ¥
generated by the open sets in the subspace topology of X and 7, := 7| x.
Weset A:={r e X :2(0) =1} = X N{zr € X, : 2(0) = 1} which is clopen and

we note

T(1g) =n(ep) € A<= 1g(t) =1 <=t c E.

Let (Ts)sen be a sequence with T 2% o such that

1 Ts T

1 _
— 1g(t) d\(t li — 1g(t) dA\(t) = dr(F).
75 |, V0 O — mswp s [ 15(0) a0) = ()

We define
1 (T
ps () = o e Ory(w) () AA(D).
Lemma 3.80 implies that there exists a weak*-cluster point p of (pry)seny with
corresponding subnet (f1;);es of (firy)sen which is invariant under the mps

(Q, %, p;(1¢)ter) and which satisfies

. . N
plA) = limp;(A) = lim g (A4) = lim 7 . Ori(er)(A) dA(E)
.1 T , 1 /T _
= Slggo oTs . 1g(t) dA(t) = hzrfljip T | 1g(t) dA(t) = d(E)
as the limit limg_,o pry (A) exists by construction. Moreover,
AR (7l A) = i (A (7 4)) < B, (A1) (ra(4)
—00
1 (T
< limsup pur(AN (14(A)) = limsup — Or(am) (ANTH(A)) dA(t)
T—o0 T—00 -T
I -
= lim Sup — ]lE'(Zf)]lE,d(t) d)\(t) = dR<E N (E - d))
T—o0 T -T
holds for all d € R. O
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Remark 3.82. The Fiirstenberg correspondence principle is used in the classical
setting of N to show that every Poincaré set is also combinatorially recurrent.
For real recurrence sets, however, we would additionally require strong continu-
ity of the system obtained in Proposition 3.81 to show that Poincaré recurrence
implies combinatorial recurrence. Bergelson, Boshernitzan and Bourgain ([11])
showed that the Fiirstenberg correspondence principle indeed fails for R in general
(see Theorem 4.27 and Proposition 4.33).

This failure comes from the fact that combinatorial recurrence is a property with-
out continuity assumptions, and merely a combinatorial property. If we drop the
continuity assumptions in our framework, then the Flrstenberg correspondence
principle holds again (see, e.g. [82, Proposition 6.6] and Remark 3.90). Using also
other results from this chapter, this then yields the equivalence of Poincaré recur-
rence, combinatorial recurrence and real correlativity as in the classical setting.
On the other hand, one can impose a continuity assumption on intersectivity and
combinatorial recurrence, and the Fiirstenberg correspondence principle then yields
the implication Poincaré recurrence = continuous combinatorial recurrence (see

Subsection 3.2.8).
The following result has been suggested by [11].

Proposition 3.83. Let E C R in Proposition 3.81 satisfy lim;_,o dg((E+t)AE) =
0. Then (R, E) admits the Firstenberg correspondence principle, i.e. the mps

(Q, %, p; (1)1er) from Proposition 3.81 is strongly continuous.

Proof. The open sets A = {x € X : 2(0) = 1} and A° = {z € X : 2(0) = 0} with

their translates generate the topology on X since
Xn{re{0, 1} x(ty) =is,...,2(t,) =in} =7, (B)N...07, (B)

for all n € N, ty,...,t, € R, iy,...,i, € {0,1} and By,...,B, € {4, A°}. We
further note A A ¢,(A) = A° A (¢:(A))°. Hence, it is sufficient to check strong

72



3.2 Intersectivity and Combinatorial Recurrence

continuity on A. We have

p(r(A) A A) = 11§n pi(e(A) A A) < limsup pirg (7:(A) A A)

S—00
1 T
< limsup pr(r(A) A A) = limsup — Ori(ap) (Te(A) A A) dA(t)
T—o00 T—o0 2T -T

= limsup o / (Lpult) + 15(0) = Lo1(0) dA()

T—o00

—d(E+t)AE) 220

and (€2, 3, u; (7¢)1er) from Proposition 3.81 is therefore strongly continuous. [

3.2.8 Intersectivity and Combinatorial Recurrence

Proposition 3.83 allows a continuous version of intersectivity and combinatorial
recurrence. This yields the implication Poincaré recurrence = continuous combi-
natorial recurrence. We further connect combinatorially recurrent sets with real

correlative sets.

Definition 3.84 (Continuous Intersectivity). A set D C R is continuously in-
tersective (cIS) if, given E C R with dg(E) > 0 and lim; o dg((E +1) A E) =0
such that dg(E N (E — d)) exists for all d € R, we have

(E—E)ND#0.

Definition 3.85 (Continuous Combinatorial recurrence). A set D C R is con-
tinuously combinatorially recurrent (cCR) if, given E C R with dg(E) > 0
and lim;_,odg((E +t) A E) = 0 such that dg(E N (E — d)) exists for all d € R,
there exists d € D such that

dz((E — d) N E) > 0.

Definition 3.86 (Continuous Strong Combinatorial Recurrence). 4 set D C R is

continuously strongly combinatorially recurrent (cSCR) if, given E C R
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with dg(E) > 0 and lim;_odg((E +t) A E) = 0 such that dg(E N (E — d)) exists

for all d € R, we have

limsup dp((E —d)NE) > 0.
|d|—o00,deD

Remark 3.87. We need the additional requirement that dg (EN(E —d)) exists for
all d € R to connect combinatorial recurrence with real correlativity (Proposition
3.89).

We also note that it is equivalent to consider dg(E) instead of dg(F) and dg((F —

d) N E) > 0 instead of dg((F — d) N E) > 0 in Definitions 3.84, 3.85 and 3.86.
We obviously have

intersectivity = continuous intersectivity,
combinatorial recurrence = continuous combinatorial recurrence
= continuous intersectivity,

strong combinatorial recurrence =- continuous strong combinatorial recurrence.
But the Fiirstenberg correspondence principle yields more.

Proposition 3.88 (P = cCR). Let us assume that, given a scmps (2, 2, ; (¢t)ter)
and A € 3 with p(A) > 0, there exists d € D such that

(AN ga(A)) > 0.

Then, given E C R with dg(E) > 0 and lim;_odg((E +t) A E) = 0 such that
dr(EN(E —d)) exists for all d € R, there exists d € D such that

dg((E —d)NE) > 0.

Proof. Let E C R with dg(E) > 0 and limy_odr((F +t) A E) = 0 be given.

Proposition 3.81 yields a mps (2, %, u; (¢¢)ier) with u(A) = dr(E) and p(A N
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3.2 Intersectivity and Combinatorial Recurrence

14(A)) < dr(E N (E —d)) for all d € R. The mps is also strongly continuous by
Proposition 3.83. Since D is Poincaré, there exists d € D such that

0 < pu(ANTy(A) <dr(EN(E—d))
and D is hence continuously combinatorially recurrent. O]

Proposition 3.89 (cCR < rCor®!). The following are equivalent.
(i) Given E C R with dg(E) > 0 and lim;_odg((E +t) A E) = 0 such that
dr(E N (E —d)) ezists for all d € R, there exists d € D such that

dr((E —d)NE) > 0.

(i) Given f € I3(R,{0,1}), § f(t+d)f(t) dA(t) =0 for all d € D implies

ff(t) dA(t) =

Proof. Let f =1g € I2(R,{0,1}) be given such that ¢, f(t+d)f(t) dA(t) = 0 for
all d € D. Then

0= ;4 F(t+d)F(t) dA(t) = 75 Lp—a(t)15(t) dA(t) = da((E — d) N E)
for all d € D. Since f € IX(R,{0,1}), dp(E N (E — d)) = § f(t + d)f(t) dA(t)

exists for all d € R and we have

hm dg((E +t) A E) = limlim supj{ (Ipi(s) + 1g(s) — 2L ge(s)LE(s)) dA(s)

=0 7. -T

— lim lim sup f_T (F(s — ) + f(s) — 2f (s — £)(s)) dA(s)

=0 70

T T
:2&%%21010?{ f(s) dA(s)—Qlii%Tliigoj{ f(s—=1t)f(s) dA(s)

zzfif(s)dx —211mffs—t dA(t) = 0.

Continuous combinatorial recurrence then implies

0 = dp(E) = dg(E) = fﬂE(t) () = j[f(t) dA(2).

R R
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On the other hand, let £ C R be given such that

0=dp(EN(E—d)=dg(EN(E—d))

= § Lo t) dNO) = P Lp(t+ DLale) N

R
Since dr(EN(E —d)) exists for all d € R and lim,_,o dg((E+1t) A E) = 0, property

rCor®! then implies

]

Remark 3.90. Similarly, we obtain the same implications for the properties with-

out continuity assumptions, i.e.

Poincaré, = combinatorial recurrence,
strong recurrence = continuous strong combinatorial recurrence,
strong recurrence, = strong combinatorial recurrence,
combinatorial recurrence < real correlativity®!,
strong correlativity’! < continuous strong combinatorial recurrence,

strong correlativity?! < strong combinatorial recurrence.
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Chapter 4

Examples

In this chapter, we present examples of recurrence sets. We first start with rather
trivial examples like N, R\(—¢,€) or the characterisation of bounded recurrence
sets. We continue with a rationally linearly independent sequence which gives a
first nontrivial example. The main part of this chapter is the equivalence of real
and integer recurrence for many properties, and these results yield many more
nontrivial examples by using classical integer recurrence sets. We finally discuss
the sets {log p,p prime} and {@, p prime} which are proper real recurrence sets

and which do not come directly from integer sets.

4.1 First Examples and Classical Theorems

We consider standard examples in this section, in particular, we discuss the sets
R\(—¢,€), N as well as bounded recurrence sets. The results for N are often clas-
sical theorems from the early 20th century such as the van der Corput theorem.

Some of the results in this section follow from each other by using the characterisa-
tions from Section 3.2, but they are interesting enough on their own to be treated

independently.
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CHAPTER 4. EXAMPLES

4.1.1 FMRiesz

Wiener’s Lemma ([44, Corollary 1.7.13]) yields a deep connection of the Fourier

transform [z of a complex measure p with the atoms of .

Theorem 4.1 (Wiener’s Lemma). Let u be a complex measure on T. Then

S IHArHE = Jim e S [

T€T
The following proposition hence can also be obtained as a corollary of Theorem 4.1.
We note that it is not essential for the proof of Proposition 4.2 that pu is positive
or a probability measure, but we require these assumptions to connect FMRiesz

with operator recurrence and correlativity.
Proposition 4.2. Let i be a probability measure on T such that
fitn) = [ o7 du(a) =0
for alln € N. Then
p({1}) = 0.
In particular, N is Z-FMRiesz.
Proof. Let x = 1. Then
lim lnzlx-fz lim lnzlb lim — = 1.
e e s n—00 N

Let = €™ € T\{1}. Then

n—1 n—1

) — o 1— 6—27ritn 2
—J| — 2mit\ —J _
2 (z) P (e*™) ' 1 — e2mit | = |] — ¢—2mit]
for all n € N; hence,
1 n—1
Jim =3 o7 = 1), (4.1
§=0
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4.1 FMRiesz

Then we have

1}))=[1 1 E I du(
p({1}) /{1} /Tnliilon v dpl
1 n—1
y LI
JﬂnZ/ ) = Jim > RO
j:

O

Proposition 4.3. Let an infinite set A C R be given. Then every probability

measure fr on R with fi(a —b) =0 for all a > b € A satisfies
p({0}) = 0.
In other words, D :={a —b:a>be A} is R-FMRiesz.

Compare [14, Corollary 1.13].

Proof. Let u be a probability measure on R such that ji(d) = 0 for all d € D and
we note fi(—d) = p(d) = 0 for all d € D. We set

_ {fa — Qmax .a c A} C LQ(R M)
which satisfies
Il = [l du(o) = [ 1) dute) =1
J R
for all a € A and

<fa1afa2> :/32”‘“162”@21 dﬂ(l‘) :/6 arlaame) d:u( ) ﬁ(aQ _al) =0
R R

for all a; # a; € A. A hence forms an orthonormal family in L*(R, z). Now let

J C A be a finite subset with |J| elements. Then we have

E(0)) = o) [ 0| /}:WW due
JjeJ jeJ
/2627”]:): Ze 2milx d/l, ZZ/ QTFZJI —2milx du( )
jeJ leJ jed led

jedJ led
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Dividing by |J|* and letting |J| — oo, we obtain u({0}) = 0, and D is hence
R-FMRiesz. [

Proposition 4.4. Let € > 0 be given and let p be a probability measure on R such

that fi(t) = 0 for all |t| > €. Then
p#({0}) = 0.
In other words, R\(¢, €) is R-FMRiesz.

Proof. The Fourier transform g is uniformly continuous (Remark 2.14) and in

particular bounded on [—¢, €], hence ||ji]|o < co. We conclude

u({0})] =

7}}2 a) d/\(t)‘ ~ lim iT

T—o0 2

/ﬁ@dwﬂsmn—~%wmw=o
¢ T—00
[]

Proposition 4.5. A set D C R is boundedly R-FMRiesz if and only if 0 is a limit
point of D.

Proof. Let 0 be a limit point of D, so there exists a sequence (d,)neny € D with
d, — 0. Let us assume that there exists a probability measure 4 on R such that

u(d) =0 for all d € D. Then by continuity of 7 and Remark 2.14, we have

0= lim 7i(d,) = p(lim d,) = 7(0) = u(R) =1,

n—00 n—o0
yielding a contradiction. The set D is therefore trivially R-FMRiesz as there exists
no such probability measure.

If 0 is not a limit point of D, then DN (—m,m) = @ for some m > 0 and we can as-
sume that D C [-M, —m]U[m, M] for some 0 < m, M < co. Consider the rotation
(71)ter on (T, ) with period M +m and E = e2™1%™ Then fp(t) := MN(r(E)NE)
is continuous and positive-definite by Lemma 2.29. Hence, there exists a measure
won R such that i(t) = AM(m(E)NE) for all £ € R and with normalised probability

measure fi 1= ﬁ and ji(d) =0 for all d € D.
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4.1 Operator Recurrence and Poincaré

M+ m
t
‘mM

Graph of fg.

However, we have

0D - 1lB) = 500D 2 § 7o) dA(D) = 35>

and D is therefore not R-FMRiesz.

4.1.2 Operator Recurrence and Poincaré

Proposition 4.6. Given a Hilbert space H, a unitary operator T on H and x € H

with Pyx # 0, there exists n € N such that
(T"x,x) # 0.
In other words, N s N-operator recurrent.

Proof. We have
: 1 < 7 7 2
nh_{rgoﬁ E_O (T'z,z) = nh_)nolo - E T'x,x) = (Pyz,z) = ||Pyz|* >0

and hence, there must exist (even inﬁnitely many) n € N such that (T"z,z) #

0. O
Similarly, we obtain the following result.

Proposition 4.7. Let € > 0 be given. Then, given a Hilbert space H, a strongly
continuous unitary group (Ti)er on H and v € H with ||z|]] = 1 and Prx # 0,

there exists d with |d| > € such that
(Tyx,z) # 0
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In other words, R\(e, €) is R-operator recurrent.

Remark 4.8. Propositions 4.6 and 4.7 indicate that the requirement Px # 0 is
essential (see [60]). To illustrate this, consider H = [*(N) and H = L*(R,\),
respectively, with the corresponding shift operators and 0 # x = 1{gy and 0 # y =
%]l((]vg) with ||z|]| = 1 = ||y||. However, PH = {0}, so Pyz = 0 = Pry, and we
indeed have (T"x,x) = 0 for all n € N and (Tyy,y) = 0 for all |t| > €.

Similarly as in Proposition 4.5, we obtain the following result. We note that the

assumption Px # 0 is not necessary in this case since the the proof is based merely

on continuity and ||z|| > 0.

Proposition 4.9. A set D C R is boundedly R-operator recurrent (Poincaré) if

and only if 0 is a limit point of D.

Proposition 4.10. Let an infinite set E := {a; : i € I} C R, the difference set
D:=E—-FE:={a;—a;:a;>a; € B}, ascmps (0,2, i; (¢1)ter) and A € X with
w(A) > 0 be given. Then there exists d =a —b € D such that

p(da_p(A) N A) > 0. (4.2)
In other words, D :={a—b:a>be E} is R-Poincaré.
Compare [35 , Theorem 3.1].

Proof. Let a scmps (€, 3, i; (¢¢)ier) and A € ¥ with p(A) > 0 be given. For a

contradiction, let us assume that p(¢q(A) N A) =0 for all d € D. Then

0 = p(6a(A) N A) = (60,0, (A) N A) = (60, (4) N 64, (A))

for all @; > a; € E. Hence, the (infinite) family (¢q,(A))ic; has no pairwise
intersections of positive measure while each member has measure u(¢,,(A4)) =

u(A) > 0 since ¢, is measure preserving. However, p is a probability measure
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where this is not possible, yielding a contradiction. Hence, there exists a; > a; € E

such that

0 < pu(da;(A) N G, (A)) = p1(¢a;—a,(A) N A)
and a; — a; € D satisfies Requirement (4.2) and D is hence R-Poincaré. O

Similarly, we obtain Poincaré’s recurrence theorem.

Corollary 4.11 (Poincaré). Given a mps (2, %, u;¢) and A € ¥ with u(A) > 0,

there exists n € N such that
(@™ (A)NA)>0.
In other words, N 1s N-Poincaré.

Remark 4.12. Similarly, N is N-strongly operator recurrent and N-strongly recur-
rent. Since N C R\ (€, ¢€) for 0 < € < 1, the set R\(¢, €) is in particular R-strongly
operator recurrent, R-strongly recurrent and R-Poincaré. The same holds for € > 1

(Proposition 5.4).

Remark 4.13. Obviously, a bounded set cannot have any R-strong operator
recurrence or R-strong recurrence properties as defined in Definitions 3.10 and
3.13. However, we can modify this definition by using limsup,;_, 4ep instead of
lim Supg_, 0 gep- We therefore call a set D C R boundedly R-strongly recur-

rent if limsup y_, 4ep is well-defined and if

limsup p(¢pqa(A)NA) >0

|d|—0,deD
holds for any given scmps (2, 3, ; (¢¢)ier) and A € ¥ with p(A) > 0, and we call

D C R boundedly R-strongly operator recurrent if

limsup |(Tyz, x)| # 0
|d|—0,deD

holds for any given Hilbert space H, strongly continuous unitary group (73):cg on

H and x € H with Prx # 0.
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We immediately obtain the following.

Proposition 4.14. A set D is boundedly R-strongly operator recurrent or bound-

edly R-strongly recurrent if and only if 0 is a limit point.

4.1.3 Van der Corput and Correlativity

We prove the van der Corput inequality and use this inequality to deduce van

der Corput and correlativity properties of N, Z and R, and to prove the van der

Corput theorem.

Proposition 4.15 (Van der Corput Inequality). Let 0 < S,T < oo and f €

1°([-T,7T)) CIE(R) be given. Then

[ o ow] <755 [T

Compare [14, Proposition 1.5].

2

Proof. We have

/ £t + )T aAt >‘ dA(d).
[T, T)N[~T—d,T—d]

/f ) dA(t /QS/f ) dA(d) dA(t)| = //f ) dA(t d)\()

2

/ / F(t+d) dA(t) dA(d)

“ o [ [ 1r s s s+ ) ) @]

25//1[ r-s1+5)x[-5.5)(t; ) f (1 + d) dA(d) d)\()

1
482

2

/]1[T5T+s /ft+d>dx<d>dA<>

2 5 [ tersre axe /‘/ o+ ) x| ax)
T+5
_ 2;2 / flt+d) d)\(d) dA(t)
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~Se ] if(t+d) axa) [ Zm dA(s) dA(1)
:TZ%S / [ s T o v ans
ek / / / T )7+ ) dA(d) dA(t) dA(s)
e LS [ [ / £+ D) dAG) dAd) dA(s)
g /ft+d N0 N@) 0N

T+S//
- 252

/ flt+d)f@t) d)\(t)‘ d\(d) dA(s)

T+S /ft+d ()‘ d\(d)
725'
TS o
DT d)| axd
S Jas /[—T,T]m[—T—d,T—d} fe+d)f() (t)‘ @)

and we note that we have used in (+) that f(t) = 0 for |[t| > T, hence,

Lr—ar—axp-s,s(td) f(t +d) = L_p_grysx[-s,5(t, d) f(t + d).

An integer version of Proposition 4.15 is proven similarly (a special case of [14

Proposition 1.5]).

Proposition 4.16 (Van der Corput Inequality). Let 0 < m,n < oo and f €
I°({—n,...,n}) be given. Then

2m

m+n Z

d=—2m

Zf

k=—n

> fE+dfk).

—n<k,k+d<n

Proposition 4.17. Let € > 0 and f € [X(R,R) be given. Let f(-+d) — f(-) be

equidistributed mod 1 for all |d| > €. Then f is equidistributed mod 1. In other

words, R\(—¢, €) is R-van der Corput.
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Proof. By the Weyl Criterion Theorem 2.24, the equidistribution mod 1 of f(- +

d) — f(-) for all d € R, is equivalent to

]{ 2k (t+d) o =2mikf(D) g)\(t) = 0
R

for all 0 # k € Z and all d € R,.We note

%e2ﬂikf(t+d)62ﬂ'ikf(t) d/\(t)‘ < % ‘e2ﬂ’ikf(t+d)‘ ‘efQWikf(t)‘ d)\(t) — % 1 d)\(t) -1
R R R

for |d| < é. Now fix 0 # k € Z. Proposition 4.15 yields

T 2
‘/ eQﬂ'ikf(t) d)\(?f)
=T
25
< T+S

- / e2mikf (t+d) ,—2mikf(t) d)\(t)’ dA(d).
S Joas | Jiermnr—dr—d)

Dividing by (27)? and taking the limit 7' — oo yields

2

f e27rikf(t) d/\(t)
R

i / 627r7jk:f(t+d)e—27rikf(t) d)\(t) ‘ dA(d)
2T Ji—rmnj-1—d.17—d

T 2S5

< lim LS lim /
T—oc0 2TS T—00 _98
1 25

== dA(d
25 | s A(d)

j{ (2RI (1) =2WRS (1) ) (1)
R

<i/251 L dNd) < £ 5%
=28 | g 5 =3 '

And f is hence equidistributed mod 1 by Theorem 2.24. m
Similarly, we obtain the following result by using Proposition 4.16.

Proposition 4.18. Let f € I2(Z,R). Let f(-+d) — f(-) be equidistributed mod
1 for all d € Z\{0}. Then f is equidistributed mod 1. In other words, Z\{0} is

Z-van der Corput.

Remark 4.19. We exclude 0 in Proposition 4.18 since f(-+0) — f(-) = 0 is never

equidistributed mod 1, and Z is therefore trivially Z-van der Corput
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We note

(f(n+d) — f(n))nez is equidistributed mod 1
< (f(n) = f(n — d))nez is equidistributed mod 1

< (f(n—d) — f(n))nez is equidistributed mod 1.

Hence the equidistribution mod 1 of (f(n + d) — f(n))nez for d € N implies the
equidistribution mod 1 of (f(n + (—=d)) — f(n))nez-

Proposition 4.20. Let f € I2(Z,R). Let f(-+d) — f(-) be equidistributed mod
1 for all d € N. Then f is equidistributed mod 1. In other words, N is Z-van der

Corput.

Similarly, since finitely many entries do not matter, the equidistribution of (f(n —
d) — f(n))pen for d < 0 implies the equidistribution mod 1 of (f(n + (—d)) —
f(n))nen. Proposition 4.16 for f € I$°({1,...,n}) C [*®*({—n,...,n}), hence im-

plies the classical van der Corput theorem.

Proposition 4.21 (Van der Corput). Let f € I°(N,R). Let f(-+d) — f(:) be
equidistributed mod 1 for all d € N. Then f is equidistributed mod 1. In other

words, N is N-van der Corput.
Similarly, we obtain the following results.

Proposition 4.22. Let ¢ > 0 be given and let f € I2(R,T). Then §, f(t +

d)f(t) dA(t) =0 for all |d| > € implies

qu £(£) dA(t) = 0.

In other words, R\(—¢€, €) is R-correlative.

Proposition 4.23. Let f € I2°(Z,T). Then limy, o0 500 >, f(k+d) f(k) =0
for all 0 # d € Z implies

n

1
T}Lr?ozn+1kz J(k) =0

=—n

In other words, Z\{0} is Z-correlative.
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Proposition 4.24. A set D C R is boundedly R-correlative if and only if 0 is a

limit point.

Proof. Let 0 be a limit point of D, so there exists a sequence (d,)pen S D
with d, — 0. Let us assume that there exists f € I[2°(R,T) such that §; f
d)f(t) d\(t) = 0 for all d € D. Then by continuity of d $o f(E+ d)f(t) dA(t),

we have

n—o0 n—o0

- fisor axe

yielding a contradiction. The set D is therefore trivially R-correlative as there

0= lim f(t—l—d ]éft—l—hmd )f(t) dA(t)

exists no such f € [°(R, T).
If 0 is not a limit point, then D C [—M, —m] U [m, M] for some 0 < m, M < oc.
We use the function fr from the proof of Proposition 4.5. We note fr € [2°(R, C)

as a consequence of Lemma 2.29 and the Bochner Herglotz theorem 2.16. Then

# folt+ T N0 = § 0 axe) o

for all d € D, but

7& fe(t) dAE) S (u(E))? > 0.

Similarly, we obtain the following result.

Proposition 4.25. A set D C R is boundedly R-strongly correlative (enhanced
van der Corput, real correlative, van der Corput, K-van der Corput, generalised

van der Corput) if and only if 0 is a limit point.

Corollary 4.26. Let D C R. Then the bounded recurrence properties of D for the
following properties coincide: R-Poincaré, R-operator recurrence, R-strong recur-

rence, R-strong operator recurrence, R-real correlativity, R-correlativity, R-strong
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correlativity, R-enhanced van der Corput, R-van der Corput, R-K-van der Corput,

R-generalised van der Corput.

4.2 A Rationally Linearly Independent Sequence

In this subsection, we construct a rationally linearly independent sequence which is
strongly operator recurrent. Bergelson, Boshernitzan and Bourgain ([11, Theorem
DJ) however have shown that such a sequence cannot be combinatorially recurrent.
These results show that Poincaré recurrence and combinatorial recurrence (and
hence Poincaré and Poincaré without continuity) are distinct.
We call a set {p; : i € I} rationally linearly independent if for all finite subsets
J C I and ¢; € Q, we have

ZQijZO — VjeJ:q;=0.

jeJ
Theorem 4.27 (Bergelson, Boshernitzan, Bourgain). Let D = (dp)neny C R be a
rationally linearly independent sequence. Then there exists a measurable set E C R

such that

 MEN[-T.T) 1
iu(E) = i MEOLTT) 1

and
dr(EN(E —d,)) =0VneN.
In other words, D is not R-combinatorially recurrent.

Lemma 4.28. The set {logp,, : p, prime} is rationally linearly independent.

Proof. Let n € N. Let further py,...,p, be distinct primes and let ¢q,...,q, € Z,

r1,...,7, € N be given such that

0= 2logp1 —|—...q—nlogpn.
(A1 T

n
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a an a1 an
Then 0 = log(p;* ---ps*) and 1 = p;* ---py~. Expontiating the equation by

_ qn-lem(ry,...,rn

qi-lem(r1,...,mn) )
aelem(ryera) - such

1 » o ™

lcm(rl, . ,rn), we obtain integers [; =
that 1 = plt ---p.

Multiplying this equation by the factors with negative exponent, we obtain

ltl ltm lsl lsk

ptl... tm - 31...psk.
The unique prime factorisation yields [y = ... = [, = 0 and therefore ¢; = ... =
¢» = 0, and the set is rationally linearly independent. O

Proposition 4.29. There exists a rationally linearly independent sequence which

is R-strongly recurrent (R-Poincaré) and which does not have 0 as a limit point.

Proof. We note that N is strongly recurrent (Remark 4.12). We take a rationally

linearly independent sequence such as
P := {logp; : p; prime, i € N}

as shown in Lemma 4.28. We define a set D by d; := ¢;p; with ¢; € Q such that
api € (1,1 + %) Then D := {d, : n € N} is a rationally linearly independent
sequence by the rationally linear independence of P, and we note |d, — n| =30
by construction.

Now let (2, %, 115 (¢4)1er) be a scmps and A € ¥ with u(A) > 0. Since N is N-
strongly recurrent, there exists M > 0 such that lim sup, .y (¢7(A)NA) = M and
there exist also M > 0 and a subsequence (m,)n,en € N such that p(o7"(A)NA) >
M for all n € N. Lemma 2.30 implies that there exist dy;, N > 0 such that
w(pe(A)NA) > N for all t € Upen(mpn — On, My, + 0n).

n—o0

Using |d, — n| — 0, there exists i such that d(d;,i) < ox for all ¢ > iy, hence,

every dp,, with m, > i satisfies y1(¢q,, (A) N A) > N and therefore

limsup pu(da(4) N A) > N

|d|—o00,deD

and D is hence R-strongly recurrent. ]
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As in Proposition 4.29, we obtain the following results.

Proposition 4.30. There exists a rationally linearly independent sequence which
is R-strongly operator recurrent (R-operator recurrent) and which does not have 0

as a limit point.

Proposition 4.31. Let D C N be a N-strong recurrence set and (a,)nen @ sequence
with a, — 0. Then D := {d+ aq : d € D} is R-strongly operator recurrent (R-

strongly recurrent, R-operator recurrent, R-Poincaré).

Proposition 4.32. There exists a rationally linearly independent sequence which
is boundedly R-strong operator recurrent (boundedly R-strong recurrent, boundedly

R-operator recurrent, boundedly R-Poincaré).

Since we have chosen a rationally linearly independent set in Proposition 4.29,

Theorem 4.27 implies the following.

Proposition 4.33. There exists a set D C R which is R-Poincaré, but not R-

combinatorially recurrent and not R-Poincaré,.

4.3 Integer and Real Recurrence Properties for
DCZ

We now consider integer sets and observe that the real and integer version of
many recurrence properties for integer sets coincide. This yields many non-trivial
examples of recurrence sets coming from the classical integer theory.

We note that recurrence properties are symmetric, i.e., D is a recurrence set if

and only if {|d| : d € D} is one. For example, consider (Tyz,z) = (T_4z, ),

AN(A—-d) = (A+d)nAor ¢ f(t+d)f(t) d\t) = § f(t —d)f(t) dA(t) to

see that d and —d have the same effect on recurrence (compare also the comment
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before Proposition 4.21 for the van der Corput property). It hence does not matter
if we consider D C N or D C Z, and all results in this subsection are true for both
cases. However, in order to simplify the arguments and notation, we restrict our
discussion to sets D C Z and note the corresponding N-results without further
mentioning.

Using also implications from Section 3.2, our final result of this section is the

following theorem.

Theorem 4.34. Let D C Z. Then Z-recurrence and R-recurrence coincide for
strong operator recurrence and operator recurrence as well as for all properties of

Theorem 9 without continuity assumptions.

4.3.1 Operator Recurrence and Poincaré

We have shown in Subsection 3.2.1 using Stone’s theorem and the spectral theorem
that it is equivalent to consider only unitary multiplicators instead of unitary
operators when dealing with operator recurrence. This can be used to show that

Z-operator recurrence and R-operator recurrence for a set D C Z are equivalent.

Proposition 4.35. Let D C Z be Z-(multiplicator) operator recurrent. Then it is

R-(multiplicator) operator recurrent.

Proof. Let a Hilbert space H, a strongly continuous (multiplicator) unitary group
(T3)ter on H and x € H with ||z|| = 1 and Prx # 0 be given.

We have Fix((T})ier) C Fix(71), hence, Pzx # 0 by Lemma 2.10. As D is Z-
(multiplicator) operator recurrent and as 7T} is a unitary (multiplicator) operator,

there exists d € D such that

(Tyx, x) = (T2, ) # 0.
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4.3 Operator Recurrence and Poincaré

The equivalence of operator recurrence and multiplicator recurrence is shown in
Proposition 3.29 and 3.30. We use this fact to show that an R-operator recurrence
set D C Z is also Z-operator recurrent.

For simplicity, we set [m = 0] := {w € Q : m(w) = 0} and similarly [m = 2n7,n €

Z] :={w € Q: m(w) = 2nr for some n € Z} and [f # 0] .= {w € Q: f(w) # 0}.

Proposition 4.36. Let (M;)ier = (€"™)icr be a strongly continuous multiplicator

group on L*(Q, X, 1) with a not necessarily finite measure . Then
Fix((M)icx) = L([m = 0}, %, 1) € LA(Q, 3, ).

Proof. Let f € L*(fm =0],3,u). Then M, f = ™™ f = f as e =1 on [m = ().
Let [f # 0] € [m = 0]. Then there exists ¢ € R such that M, f = e"™f # f. If

[f # 0] C [m = 2nm,n € Z], choose irrational ¢, otherwise ¢t = 1 works. ]

Lemma 4.37. Let M be a unitary multiplicator on L*(Q, %, 1) with a not nec-
essarily finite measure . Then there exists m such that 0 < m(w) < 2w for all

w e and M = e™,

Proof. Every unitary multiplicator can be written as e** for some real-valued k.

Define m(w) := k(w) mod 27. Then e™* = ¢ and 0 < m(w) < 27. O

Proposition 4.38. Let M = €™ be a unitary multiplicator on L*(2, %, 1) with a

not necessarily finite measure p such that 0 < m(w) < 27w for allw € Q. Then
Fix(M",n € N)) = L*([m = 0], 2, ) C L*(, 3, ).

Proof. Let f € L*(lm =0],2,u). Then M f =™ f = fase™ = 1on [m = 0]. Let

[f # 0] € [m =0]. Then €™ f|pnz0) # flimeo), hence f ¢ Fix((M™,n € N)). O

Corollary 4.39. Let m € L*(Q, %, u; R) satisfy 0 < m(w) < 27 for almost all w €
Q. Then the associated strongly continuous multiplicator group and multiplicator

operator have the same fized space.
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Proposition 4.40. Let D C 7Z be R-multiplicator operator recurrent. Then it is

Z-multiplicator operator recurrent.

Proof. Let M be a unitary multiplicator on L*(€, ¥, ) with a not necessarily finite

measure p and z € L*(Q, %, ) with
(M%z, 2) =0 (4.3)

for all d € D. Lemma 4.37 yields M = ™ for some m € L*(2, X, u; R) satisfying
0 < m(w) < 27 for all almost w € €.

Let (My)ier = (€"™)4er be the associated strongly continuous unitary multiplicator
group. R-multiplicator operator recurrence and (4.3) imply P,z = 0, hence,
Pyrx = 0 by Corollary 4.39 as their fixed spaces coincide and Py, = Pys. The set

D is therefore Z-multiplicator operator recurrent. O]

Corollary 4.41. Let D C 7Z be R-operator recurrent. Then it is Z-operator recur-

rent

Proof. This follows from the equivalence of operator recurrence and multiplicator

operator recurrence established in Propositions 3.29 and 3.30 . O
We similarly obtain the corresponding strong results, i.e.

Z-strong (multiplicator) operator recurrence

< R-strong (multiplicator) operator recurrence
for D C Z.
Proposition 4.42. Let D C 7Z be Z-Poincaré. Then it is R-Poincaré.

Proof. Let (2,3, u; (¢1)ter) be a scmps and A € ¥ with p(A) > 0. Then there

exists d € D such that

0 < p(¢f(A) N A) = p(ga(A) N A).
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Remark 4.43. It is not clear if the converse of Proposition 4.42 is true. Even
more than with operator recurrence in Proposition 4.40, this question is related to
the problem of embedding a discrete mps into a continuous one.

Ornstein ([61]) gave a counterexample, showing that such an embedding is not
possible in general. But for mps on a standard Borel space (or equivalently on
([0,1], A)), it was shown that the generic mps can be embedded into a continuous
one ([1], [69]).

However, without continuity assumption and using the implications

R-Poincaré, = R-real correlativity’! = Z-real correlativity™

= Z-real correlativity = Z-Poincaré,

where R-real correlativity?! is the correlativity version for functions f € I2°(R, {0,1})

(Definition 3.52), we obtain the equivalence
R-Poincaré, < Z-Poincaré
for D C Z and similarly

R-strong recurrence, < Z-strong recurrence.

4.3.2 FMRiesz, FC+ and KMF

Using the results from Subsection 4.3.1, we immediately obtain the corresponding

results for FMRiesz and FC+.

Proposition 4.44. A set D C Z is Z-FMRiesz (Z-FC+) if and only if it is R-
FMRiesz (R-FC+).

Proof. We note the equivalence of FMRiesz and operator recurrence both for Z
and R (Proposition 3.17 for R and [60] for Z) and that a set D C Z is Z-operator
recurrent if and only if it is R-operator recurrent (Proposition 3.29, Remark 4.41).

[]
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Proposition 4.45. A set D C Z is Z-KMF if and only if it is R-KMF.

Proof. Let D C 7Z be Z-KMF and € > 0. Then there

exist a real trigonometric polynomial p.(z) = >, agh (6_27”"“) satisfying p.(0) =
1 and p. > —e with aj € R and where the set {d : a§ # 0} C D is nonempty and
finite.

The measure v, = ) _,.p a50q yields a nonzero real function

Pe(x) :/D%(e_%m) dv(t)

satisfying p.(0) = 1 and p. > —e where v, is a finite measure on D. Hence, D is
R-KMF.

Let D C Z be R-KMF. Then it is R-FMRiesz by Proposition 3.43, hence Z-
FMRiesz by Proposition 4.44. By the integer characterisation (Theorem 8), it is
therefore Z-KMF. O]

4.3.3 Intersectivity

Proposition 4.46. Let D C 7Z be a R-intersective set. Then it is Z-intersective.

Proof. Let E C Z be given with dz(E) > 0 as well as T = n + + + R with
0 < R < 1. Consider



4.3 Intersectivity

which satisfies

-~ 1 T
dr(F) = lim sup —/ 1:(t) dA(t)
T—o0 2T _-T

1 n+1g 1 T
= limsup — Ls(t) dNt) + = / L5(t) dA(t)

T—o00 2T _n_% 2T +%
L ane
top [ Le) )

"o 1 |En{-n,...,n}|
= lim sup — 1:(t) dA(t) = limsup — - LR
mew o7 [ 160 0 = s o

1—
22 Zdy(E) > 0

By R-intersectivity, there exists d € D and a,b € E such that
a—-b=deDCZ.

Since the difference is an integer, the fractional parts of @ and b are the same. Let

nEEbesuchthatdE[n—%,n—i—l—lo],andletm:l;—(&—n)EZ. Since b € E

and |b — m| < &, we have m € E. Moreover,

10°
n—m=a—b=deD,

hence, D is Z-intersective. O

Similarly, we obtain the following result.

Proposition 4.47. Let D C Z be R-(strongly) combinatorially recurrent. Then it

is Z-(strongly) combinatorially recurrent.

Lemma 4.48. Let E C R with dg(E) > 0 be given. Then there exists v € [0,1)
such that

dy({n€Z:x+n€E}) >0,
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Proof. For a contradiction, let us assume the contrary, i.e. for all x € [0,1), we

have
dz({n €Z:x+ne€E})=0.

We define sets E, := EN[n,n+1) for n € N which satisfy £ = | E,. We also
use the Reverse Fatou Lemma

lim sup / Fr(t) dA(1) < / lim sup fr(t) dA(E), (4.4)

T—oo JE E T—oo

given an integrable g on E such that fr < g for all 7', which is satisfied in our
considerations for F = [0,1] and g = 1. For simplicity, we consider 7' € N as for
T ¢ N, we only obtain an additional term tending to zero (Lemma 2.26). We set
(y) as the fractional part of y. Since n <z < n + 1 for all x € E,,, the expression
(E,) is meaningful.

T

- 1
dp(F) = lim sup — 15(t) dA(t) = limsup — 1 ) dA(t
R( ) T—>oop T -T E( ) ( ) T—>oop / H—X—:oo En
" lim su / 1 ) dA\(t) = limsu / 1 ) dA(t
Tﬁoop oT nzoo En THOOP T Z En )
= lim sup — ) dA(t) = limsu ) d\(t
(4.4) 1 _
< / hmsup— Z Lig,)(t) dA(t) = / dz({n € Z: t+n € E,}) dA(t)
0 T—o0 0
1
= / 0 dA(t) =0,
0
contradicting dg(E) > 0. O

Remark 4.49. We actually even get a set with positive measure on [0, 1) in Lemma
4.48 such that dz({n € Z : x +n € E} > 0 for all z € E, not just a single point
€ [0,1).

Proposition 4.50. Let D C 7Z be a Z-intersective set. Then it is R-intersective.
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Proof. By Lemma 4.48, there exists = € [0,1) such that
dz({n€Z:2+n € E})>0.

We set E := {n € Z : © + n € E} which satisfies dz(E) > 0. Since D is Z-
intersective, there exist m > n € E and d € D such that m — n = d, hence,
(x4+m)—(x+n)=m-—n=4d, but xt +m,z+n € FE, and D is hence R-

intersective. [l

Remark 4.51. For D C 7Z, we also obtain the implication
Z-combinatorial recurrence = R-combinatorial recurrence
by using the equivalences

Z-combinatorial recurrence < Z-real correlativity

& R-real correlativity,
and similarly the implication

Z-strong combinatorial recurrence = R-strong combinatorial recurrence.

4.3.4 Correlativity

Proposition 4.52. Let D C 7Z be R-correlative,. Then it is Z-correlative.

Proof. Let f € 1$°(Z,T) be such that lim, ﬁ S f(G+dA)f(G) =0 for all

j=-n

d € D. We define a function f on R as follows.
F@) = F()1G1()-
jEz
with f(j) € T for all j € Z. Without loss of generality, we only consider T" € N as

the fractional part of T yields a term which vanishes for 7" — oo (Lemma 2.26).

99



CHAPTER 4. EXAMPLES

s aio e = pm o [ e+ afe oo

= lim % / i (Zf(j)ngl,ﬂmd)) > ﬁnm,w)) dA(t)

= Jim =SS S [+ DT () dA)

JEL i€ k=—T+17k~

i LSS ST )+ @i ®

]EZ i€Z k=—T+1

- Jim o7 DD IR G I

k=—T+1 jeZ il
— Th_rgoﬁ Z (Zf iy k—l—d)) < Whi}(@)
=—T+1 \j€Z €7

:TlfolozTﬂk_z_:Tf(ker)m:

for all d € D. R-Correlativity, then implies

74 F(t) () =
R
We hence obtain
1T
0= Rf(t) dA(t) = Jim T |, f(t) dA(t)
T T
~ i o [ S0 (0) N0) = Jim 57 | 10161500 axe)
1 T k
= Ilgrolo o7 Z Z - JOG—15(t) dA(t)
JEZ k=—T+1
T
1 .
:%glgoﬁz Z f ]I{J} —Yll_r}l oT Z Zf(])]l{j}(k)
jGZ k=—T+1 k=—T+1 jeZ
T
1
= jm or Z 2 TGN ®) = Jim 5y 2 S0,
—T+1 jezZ k=—T



4.3 Correlativity

Similarly, we obtain the following result.

Proposition 4.53. Let D C 7Z be R-real correlative, (R-enhanced van der Corput,,
R-strongly correlative, ). Then it is Z-real correlative (Z-enhanced van der Corput,

Z-strongly correlative).

Remark 4.54. As f(- + s)f() is a step function and f is a step function with
interval length 1 in the proof of Proposition 4.52, we even have

JE— JE— | S

T
lm Rf(t+s)f(t) dA(t) = lim ¢ f(£)f() dA(t) + lim Jim 2_TT| ;_:Tak

_ ]4 FOTE) A

with |ag| < 2 whenever the corresponding averaged integrals exist, i.e. we have

continuity. However,

ﬁf(t +d)f(t) dA(t) = lim

m—1

does not need to exist for all d € R, for example, using g with g(n) := (—1)
for 2™ < |n| < 2™*1 and g(0) = 1, we define f recursively by setting f(0) := 1,

f(n) = ?EZ:B for n > 0 and f(n) := ff’éi)l) for n < 0 and

1 al — 1 N
N1 ;_:Nf(n+ 1)f(n) = SN 1 k:ZNg(n)

does not converge, and hence, we have f € I2°(Z,T), but not f € I®(R,T). A
similar problem appears for enhanced van der Corput, strong correlativity, real cor-
relativity, real correlativity®! as well as for continuous intersectivity and continuous

combinatorial recurrence in Propositions 4.46 and 4.47 although the implications

R-enhanced van der Corput < Z-enhanced van der Corput,

R-correlativity < Z-correlativity

101



CHAPTER 4. EXAMPLES

can be obtained by using operator recurrence (Propositions 4.35 and 4.41).

One could adapt the requirements and assume the existence of (4.5) for f € I°(R)
and f € [°(Z) as it is done for the continuous versions. In order to keep the
existing implications, other properties have to be adapted accordingly, also the

integer variants, such as the following.

A set D C R is combinatorially recurrent if, given £ C R with dg(F) >
0 such that dg(F N E —t) exists for all t € R, there exists d € D such
that dg(E' N (E —d)) > 0.

This would yield the equivalence of integer and real recurrence properties for a
set D C Z to hold for all properties in Theorem 9. However, the new constraints
for combinatorial recurrence and intersectivity are stronger then for the classical
recurrence properties and the equivalences
real correlativity’! < real correlativity,,
strong correlativity?! < strong correlativity,

become uncertain, hence, also the equivalences of the properties around Poincaré,
and strong recurrence, in Theorem 9.

Proposition 4.55. Let D C Z be Z-real correlative. Then it is R-real correlative.

Proof. Let 0 < f € I2(R,R) with limsupg_, fTTf(t) dA(t) > 0 be given. Then

we have
T 1 T-1 k+1
0 < lim sup% f(t) dA(t) = limsup — Z f(t) dA(t)
Tooo Jop Tooo 21 = J
1 1 T-1 1 1 T-1
hcrrn_is;ip/ 5T Z ft+ k) d\(t) < / 5T h;n_?ip Z ft+ k) dA(t)
0 k=—T 0 k=—T

by the Reverse Fatou Lemma (4.4). Hence, there exists a set €, C [0,1) with

positive measure such that

-1
1
limsupﬁ Z flt+k)>0
k=—T

T—o0
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for all ¢ € €,. Hence, by Z-real correlativity, for each ¢ € €),, there exists d; € D

such that
=
0< 11;115;1) o7 kZ_Tf(t +d + k) f(t+ k).

In particular, using countability of D and

T-1
1
U{tEQp:limsup— f(t+d+k)f(t—|—k)>0}:§2p,
T

2T
deD =00 k=

there exists d € D and €y C ), with positive measure such that

T-1

0<limsup% Z ft+d+k)f(t+ k).

T—o00 k=—T

for all t € Q4. But this implies

O<limsup/Q % ™ Ft R A+ R) dAG)
a “7 p=—_r

T—o00

T—o0

1 T-1
§limsup/0 o7 D ft+d+ k) f(t+ k) dA(t)
k=-T

T

= lim supjg ft+d)f(t) dA(t)
T— o0 -T

and D is hence R-real correlative. O

Similarly, we obtain the following result.

Proposition 4.56. Let D C Z be Z-strongly correlative set. Then it is R-strongly

correlative.

Remark 4.57. We note that we obtain

Z-real correlativity”' < R-real correlativity”!,

Z-strong correlativity®! < R-strong correlativity®!

as in Propositions 4.52 and 4.55 for D C Z (see Definition 3.52 for the definition

of real correlativity®!).
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4.3.5 Classical Examples

The results in this section show that classical examples of sets having properties
such as intersectivity or operator recurrence also give examples for the associated
real properties. We state some of these examples to present more interesting
recurrence sets.

We state the examples with properties which are most convenient for us (we refer
to the established classic characterisations in Theorem 8). A first example is given

by the perfect squares ([34, Theorem 1.2}, [73], [74]).

Theorem 4.58 (Fiirstenberg, Sarkozy). The set {n* : n € N} is Z-intersective

and Z-Poincaré.
Corollary 4.59. The set {n?: n € N} is R-intersective and R-Poincaré.

Theorem 4.58 can be generalised to polynomials with integer coefficients ([36,

Theorem 3.16] and [75], see also [14, Theorem 0.1]).

Theorem 4.60 (Firstenberg, Sarkozy). Let 0 # f be a polynomial with integer
coefficients and f(0) = 0. Then

{f(n):n e N}\{0}
18 Z-intersective and Z-Poincaré.

Corollary 4.61. Let f be a polynomial with integer coefficients and f(0) = 0.

Then {f(n) : n € N} is R-intersective and R-Poincaré.

Kamae and Mendes France have given necessary and sufficient conditions for a
polynomial to satisfy the condition in Theorem 4.60 ([14, Proposition 1.20], [42,

Example 3]).

Theorem 4.62 (Kamae, Mendes France). Let f # 0 be a polynomial with integer

coefficients. The set {f(n) : n € N} is Z-intersective (Z-operator recurrent) if and
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only if
fN)NaZ # 0 (4.6)
for all a € N.

The condition f(0) = 0 obviously satisfies (4.6) since f can be written as f(n) =

ng(n) with another integer polynomial g.

Corollary 4.63. Let f # 0 be a polynomial with integer coefficients. The set
{f(n) : n € N} is R-intersective (R-operator recurrent) if and only if f(N)NaZ # 0
for all a € N.

Another interesting area is recurrence along primes. The set {p : p prime} cannot
be any set of recurrence which a rotation with period 4 easily shows. However, the
sets {f(p+1) : p prime} and {f(p — 1) : p prime} do exhibit such properties for a
suitable polynomial f ([42, Example 3], [14, Proposition 1.22 and Corollary 2.13]).

Theorem 4.64 (Kamae, Mendes France). Let f # 0 be a polynomial with integer
coefficients and f(0) = 0. Then the sets {f(p + 1) : p prime} and {f(p — 1) :
p prime} are N-strongly operator recurrent. In particular, the sets {p+1: p prime}
and {p — 1 : p prime} are N-strongly operator recurrent (N-operator recurrent, N-

intersective).

Corollary 4.65. Let f # 0 be a polynomial with integer coefficients and f(0) = 0.
Then the sets { f(p+1) : p prime} and {f(p—1) : p prime} are R-strongly operator

recurrent (R-operator recurrent, R-intersective).

Measure preserving systems and Cesaro convergence have a special importance for
recurrence sets. It is therefore not surprising that ergodic sequences yield further

examples ([14, Proposition 2.10], [82, Lemma 5.5, [39, Lemma 1.5]).
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Theorem 4.66 (Bergelson). Let (d,)nen C Z be an ergodic sequence, i.e. given

an ergodic scmps (0, %, ;) and f € L*(Q, 3, i), we have

N
1 d . L2
~ S T /Q f du.
n=1
Then {d, : n € N} is Z-strongly operator recurrent (Z-operator recurrent).

Corollary 4.67. Let (d,)nen € Z be an ergodic sequence. Then {d, : n € N} is

R-strongly operator recurrent (R-operator recurrent).

Remark 4.68. The sequences {|bn°| : n € N} with b # 0 and irrational ¢ > 1 and
{[bn® + d(logn)*| : n € N} with b,d # 0, ¢ > 1 and a > 1 are ergodic sequences
([14, Proposition 2.10] with reference to [22]), hence, R-strongly operator recurrent

(R-operator recurrent).

Bourgain ([23]) gave a result of a different flavour, showing that the generic density
condition for strongly operator recurrent, operator recurrent, strongly recurrent
and Poincaré sets coincide, i.e. if we choose a set D randomly with some given

pattern, then D has almost surely either all these properties or none.

Theorem 4.69 (Bourgain). Let N = U I, with I, == [22°,22""") be a partition
of the integers in intervals. Choose for each k a random subset Dy, with Ny = |Dy|
elements, assigning to each element of I}, the same probability 6y. Let D = U2 | Dy.
Then the following holds almost surely.

(i) If limsup,_, .. 27" N, < oo, then D is not N-Poincaré.

(ii) If limsup,,_, ., 27" N}, = oo, then D is N-strongly operator recurrent.

Corollary 4.70. Let D C N be chosen as in Theorem 4.69. Then it is either
R-strongly recurrent (hence, operator recurrent, strongly recurrent, Poincaré) or

not R-intersective.
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4.4. THE SETS {5, P PRIME} AND {LOG P, P PRIME}

4.4 The Sets {@,p prime} and {logp,p prime}

We first consider the set {loglp . pp prime} where its recurrence properties are
n

directly characterised by the limit point 0.

Proposition 4.71. The set { . P prime} is strongly operator recurrent around

_1
log pn

0, hence, operator recurrent, strongly recurrent and Poincaré.

1.
logpn -~

Proof. We note that logp, — 0o as n — 00, hence 0 is a limit point of {
pn prime} and the recurrence properties follow by Proposition 4.9 and Corollary

4.26. [l

The set {logp, : p, prime} is more interesting than {@ . pn, prime} as it does
not only depend on log p,, — co. The main tool for the proof of Proposition 4.72

is a version version of the prime number theorem by Erdds ([32]) showing that

Pn+1 n—oo 1,
DPn

and hence

n—oo

log pry1 —logp, — 0.

Using uniform continuity of (T;x,z) for a given Hilbert space H, unitary group
(Ti)ter on H and o € H with ||z|| = 1 and Pz # 0, this implies the following

result.

Proposition 4.72. The set {logp, : p, prime} is strongly operator recurrent,

hence, operator recurrent, strongly recurrent and Poincaré.

Since the set {logp, : p, prime} is rationally linearly independent by Lemma
4.28, it also yields a further counterexample to the equivalence of Poincaré and

combinatorial recurrence since it is not combinatorially recurrent by Theorem 4.27.

Proposition 4.73. The set {logp, : p, prime} is not combinatorially recurrent,

hence, not strongly combinatorially recurrent.
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Chapter 5

Reducing Recurrence Sets

We note that we can arbitrarily enlarge a given recurrence set without loosing its
recurrence property. In this chapter, we discuss several ways to reduce a given set
while keeping its recurrence property. As the main tool is continuity, we restrict
ourselves to the consideration of properties such as Poincaré and operator recur-
rence and their strong variants.

Since bounded recurrence properties are characterised by the limit point 0 (Propo-
sitions 4.9 and 4.14), we can reduce a set D with these properties as long as 0 is
still a limit point of the reduced set D. In particular, every such set has a countable
subset with the same property. Our main focus hence is on asymptotic recurrence

sets.

5.1 Reducing Results

Proposition 5.1. Let D C R. Then the following are equivalent.

(i) D is operator recurrent (strongly operator recurrent, strongly recurrent,
Poincaré) where D denotes an arbitrary dense subset of D.

(ii) D is operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).
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(iii) D is operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).

Proof. We only have to show (iii) = (i) since (i) = (ii) = (iii) follows trivially.
Let the Hilbert space H, the strongly continuous unitary group (7;);cgr on H and
x € H with ||z|| = 1 and Px # 0 be given. We note that f,(t) := (Tyz,z) is
uniformly continuous by Lemma 2.27.

Since D is an operator recurrence set, there exists d € D such that [(Tyz, z)| =
€ # 0. By Lemma 2.28, there exists 0. > 0 such that (T}, z) # 0 for all |t —d| < o..
Since D is dense in D, there exists d € D with |d — d| < d,, hence [(Tjz,z)| > 0

by Lemma 2.28. O

Since any subspace of a separable metric space is itself separable ([58, Section

I11.4]), we obtain the following lemma.

Lemma 5.2. Let D C R. Then there exists a countable set D C D which s dense

n D.
Proposition 5.1 and Lemma 5.2 yield the following corollary.

Corollary 5.3. Let D C R be operator recurrent (strongly operator recurrent,
strongly recurrent, Poincaré). Then there exists a countable subset D which is still

operator recurrent (strongly operator recurrent, strongly recurrent, Poincaré).

Proposition 5.4. Let D C R, be operator recurrent (strongly operator recurrent,

strongly recurrent, Poincaré). Then

D := D\[- M, M]

is still operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).
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Proof. Let the Hilbert space H, the strongly continuous unitary group (7});cg on
H and z € H with ||z|| = 1 and Pz # 0 be given. Without loss of generality, we
assume M > €, where € is taken from the definition of R,.

By the operator recurrence property, there exists d € D such that (Tyx,z) # 0.

For a contradiction, let us assume that
(Tyx,z) =0 (5.1)

for all d € D\[—M, M].

Let (T, X; (¢)ier) be the rotation on the torus with period M + 1€ and let E =
270,38 with ¢ from the definition of R,. We note that P, 1g # 0 by Lemma 2.11
and (I71g,1g) =0 for all t € R, N [—M, M].

Then (H @ L*(T,\); (T; ® T )1er) is a strongly continuous unitary group, and we
have Fix((T})er) ® Fix((T7 )ier) C Fix((T; ® T} )ier) since

(LT ) rey) = (Tr)e(T]y) =r®y

forallt € R and x ®y € Fix((1})ier) ® Fix((17 )ier), hence, (Pr@ P )(z®@1g) # 0

implies
Pz ®1g) #0
as in Lemma 2.10. However, we have
(Tu T )z 1g),z@1p) = (Tyx,x) - (Tj1lp,1g) =0

for all d € D, for D\[-M, M] by Assumption (5.1) and for D N [—M, M| by the
choice of (T, \; (7¢)wer). This yields a contradiction to the operator recurrence

property of D. O]

Corollary 5.5. Every operator recurrence (strongly operator recurrent, strongly

recurrent, Poincaré) set D C R, is unbounded.
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Proof. For a contradiction, let us assume that |d| < M < oo for all d € D and
for some M > 0. Then D\[—M, M| = () is operator recurrent by Proposition 5.4,

yielding a contradiction. O

Proposition 5.6. Let D C R, be operator recurrent (strongly operator recurrent,

strongly recurrent, Poincaré), and let s > 0 and € with 0 < € < 3 be given. Then

D:=DnN (U[sn—e,sn—l—e])

nez
is still operator recurrent (strongly operator recurrent, strongly recurrent,

Poincaré).

Proof. Let the Hilbert space H, the strongly continuous unitary group (7});cr on
H and x € H with ||z| = 1 and Pz # 0 be given.

For a contradiction, let us assume that
(Tqx,x) =0 (5.2)

for all d € DN (Upez[sn — €, sn + €]).

Let (T, X; (1)ser) be the rotation on the torus with period s and let E = 27051,
We note that P.1g # 0 by Lemma 2.11 and (77 1 g, 1g) = 0 for all ¢ € U,ez[sn —
€,sn+¢€|. Then (H® L*(T, \); (T; @ T )er) is a strongly continuous unitary group

and we have
Plx®1g) #0
as in Proposition 5.4. However, we have
(Ty T (xR 1g),r@1g) = (Tyx,x) - (Tjlp,1g) =0

for all d € D, for D N (Upez[sn — €, sn + €]) by Assumption (5.2) and for D ¢
Unez[sn — €, sn + €] by the choice of (T, \; (7:)1er). This yields a contradiction to

the operator recurrence property of D. ]
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In contrast to Poincaré and operator recurrence sets where we obtained countable,
but possibly still at least somewhere dense subsets, we obtain a stronger reduction
result for strongly operator recurrent and strongly recurrent sets.
Without loss of generality, let D C R, be a strong operator recurrence or strong
recurrence set of the form

U ([sn —€,sn+ € ND)

nez

for some 5,0 < € < § (Proposition 5.6). We define a set D as follows. Let

, l
d; := “one of the closest points to” sn + o€

be defined for n € Z and —n < i < n, i.e. we choose d', such that

1

’d (sn —+ WG.

— inf{|d — (sn + :d e D} <

2||)! 2||)!

We note that the same d € D may be chosen multiple times for example if the set
D has a gap around some sn + 3 |e However, this does not matter. The set D is

finally given by
D:={d :neZ -n<i<n}

Remark 5.7. For all d € [sn — €, sn + €] N D, there exists d € D (not necessarily

distinct from d) such that |d — d| < ;ire. This is clearly true if d € D (as it may

2In
happen if d is an isolated point in D). On the other hand, if there did not exist
suchad#£de (d — QW €, d+ 2‘1n| €), then by the above procedure, we would have

chosen d as one of the d' .

Remark 5.8. By construction, the set D is countable and discrete, i.e. ﬁﬂ[—N, N]
is finite for all N > 0.

Proposition 5.9. Let D C R, be strongly operator recurrent (strongly recurrent).

Then D is strongly operator recurrent (strongly recurrent).
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Proof. Let the Hilbert space H, the strongly continuous unitary group (7});cr on
H and x € H with ||lz]| = 1 and Pz # 0 with limsup g, gep|(Taz, )| > M be
given.

By strong operator recurrence, there exists M > 0 and arbitrarily large d € D
such that |(Tyz,z)| > M. By Lemma 2.28 (using the uniform continuity of
((Tix, x))ter), there exist M, 0 > 0 such that |(Tyz, x)| > M for all t € (d—0,d+ )
whenever |(Tyz,z)| > M.

Choose n € N such that se < 1550. Now let [n| < m € Z be such that there
exists d in the interval [sm —e€, sm+ €] with |(Tyz, x)| > M, and we note that there
are infinitely many such m since lim sup|y o sepl(Taz, )| > M.

For each such m, we either obtain d € D or there exists another d, #d € D with
distance |d, — d| < 5ire < § by Remark 5.7, hence [(Ty,x,z)| > M.

We finally conclude

limsup |(Tyz,x)| > M >0
|d|—o00,deD

and D is strongly operator recurrent. O]

5.2 Ramsey Property

We now discuss the Ramsey property of some recurrence properties, i.e. every
finite decomposition of such a recurrent set D contains at least one set still having

the same recurrence property.

Proposition 5.10. Let D = D; UDy C R be Poincaré (strongly recurrent). Then

at least one of Dy and Dy is also Poincaré (strongly recurrent).

Proof. Let us assume that neither Dy nor D, are Poincaré. Then there exist scmps

(21,21, 15 (de)eer), A1 € X with py(Ay) > 0 and (24, X4, p1; (Vr)rer), Az € Xo
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with ps(As) > 0 such that

p1(P: (A1) N A1) =0,  pa(de(A2) N Ag) =0

for all s € Dy, t € Dy. But then the scmps (1 X Qg, 0(21, Xa), i1 X 2 (0 X ¥4)1er)
and the set A = Al X AQ with (/Ll X /LQ)(Al X Ag) = 1 (Al) : IUQ(AQ) satisfy

(p1 X p2) ((Pa X Ya)(Ar x Az) N (Ay X Ag))

= p1(Pe(A1) N Ar) - pa(de(A2) N Az) =0
for all d € D, contradicting the Poincaré property of D. O
Iterating inductively yields the following corollary.

Corollary 5.11. Let D = Dy U ... UD, C R be Poincaré (strongly recurrent).

Then at least one D; is also Poincaré (strongly recurrent).

A similar approach Proposition 5.10 yields the Ramsey property for strong operator
recurrence and operator recurrence. We use the convolution of measures (see [67,
Subsection 1.3.1]) to show the Ramsey property for FMRiesz sets (and therefore

for operator recurrence sets by Subsection 3.2.1). The convolution satisfies

—

L*xV =1V
for measures p and v.

Proposition 5.12. Let D = Dy UDy C R be FMRiesz (FC+). Then at least one
of D1 and Dy is also FMRiesz (FC+).

Compare [14, Corollary 1.12].

Proof. For a contradiction, let us assume that neither D; nor Dy are FMRiesz.

Then there exist probability measures p; and ps on R such that f;(d) = 0 for all
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d € D; and 1;({0}) > 0. Consider the probability measure u := uj * ps on R.

Then we have
fild) = fir T (d) = fi(d) - fa(d) = 0
for all d € D. Property FMRiesz for D then implies
0= G+ p2)({0)) = [ 1oy (o) dm # )0
- / / Loy (& + ) dya(2) dualy) > i ({0}) - pa({0}) > 0,

hence, 11 ({0}) = 0 or pue({0}) = 0, yielding a contradiction. O

Iterating inductively yields the following corollary.

Corollary 5.13. Let D =Dy U...UD, C R be FMRiesz (FC+). Then at least
one D; is also FMRiesz (FC+).

Corollary 5.14. Let D C R, be strong operator recurrent (operator recurrent,

strong recurrent, Poincaré) and V C D be a finite or bounded set. Then
D= D\V
is still strong operator recurrent (operator recurrent, strong recurrent, Poincaré).

Proof. A rotation on T with a sufficiently large period shows that the set V' is not
operator recurrent (compare Proposition 5.4), and we further have D = DUV.

Propositions 5.10 and 5.12 yield the result. O]

Corollary 5.15. Let D C R, be strongly operator recurrent (operator recurrent,
strongly recurrent, Poincaré), and let s € R and ¢ with 0 < € < 5 be given. Then
at least one of Dy := DN (U, czlsm, sn + e]) and Dy :=DN (U, ezlsn — e, sn)) is

strong operator recurrent (operator recurrent, strong recurrent, Poincaré).
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Proof. By Proposition 5.6, the set

D:=DnN (U[sn—e,sn—i—e])

nez

is an operator recurrence set. We have D = D; U D,, and Proposition 5.10 yields

the result. O

Another interesting Ramsey-like decomposition result holds for integer KMF sets.
We note the equivalence of Z-KMF and Z-operator recurrence (Theorem 8), hence,

the following integer variant of Corollary 5.14 can be used (71, Corollary 1}).

Lemma 5.16. Let D C Z be KMF and V C D be finite. Then D := D\V is still
KMF.

Since it is neither clear if the equivalence of KMF and operator recurrence holds
for the reals nor if a real KMF set has the Ramsey property or allows a result as in

Corollary 5.14, we cannot extend the proof of Proposition 5.17 to the real setting.

Proposition 5.17. Let D C Z be a Z-KMF set. Then there exists a countably

infinite partition \J,c, D; C D of disjoint Z-KMF sets.
Compare [71, Corollary 3] and [14, Corollary 1.24].

Proof. Inductively, we obtain a partition ([;)ren of finite subsets I, C D in the
following way.

Take D\([; U ... U I;_1) which is a Z-KMF set by Lemma 5.16. Using the
definition of Z-KMF for ¢ = %, there exists a real trigonometric polynomial
pr(z) = > cp afR (€277 satistying p(0) = 1 and p. > —e with af € R and
where the set {t : aF # 0} C D is nonempty and finite. We set I}, := {t € D : af #
0} CD\(LHU... Ul ).

Let (A;)ies be a (finite or countable) partition of N consisting of infinite sets. We
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define
D= J I
keA;
Then each D; is Z-KMF. To see this, let ¢ > 0 be given and choose k£ € N
such that % < € and [ € D;. By construction, there exists a real trigonometric
polynomial, py, satisfying px(0) = 1 and py > % > —e with af € R and where the

set {t : af # 0} C D is nonempty and finite. O

5.3 Remarks

Summarising, we obtain the following result.

Theorem 5.18. Let D C R, be strongly operator recurrent (operator recurrent,
strongly recurrent, Poincaré), and let N € N, s > 0 and € with 0 < e < 5 be given.
Then there exists a countable set

Dc | (fsn—esn+enD) (5.3)

In|>N

which is still strongly operator recurrent (operator recurrent, strongly recurrent,
Poincaré). If D is strongly operator recurrent (strongly recurrent), then there ezists
a set D C D which additionally satisfies that D N [=N, N]| is finite for all N > 0

and which is still strongly operator recurrent (strongly recurrent).

Theorem 5.18 can be interpreted in such a way that every strong operator recur-
rence, operator recurrence, strong recurrence or Poincaré set D C R, is “almost”
an integer set, i.e. every such set contains a subset in an arbitrarily thin tunnel
around Z which still has the same properties.

Further reductions can be made using the Ramsey property (Section 5.2) such as
in Corollaries 5.14 and 5.15 or going to dense subsets (Proposition 5.1). Corollary

5.3 as well as Proposition 5.9 state that all such sets have countable subsets with
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the same properties, even discrete subsets in the case of strong operator recurrence
and strong recurrence sets.

However, all the methods applied in this chapter are only of finite nature (as
straightforward counterexamples immediately show). We can apply a decomposi-
tion using the Ramsey property only finitely many times and we have to choose a
strictly positive € for (5.3). A step forward is Proposition 5.9 where we obtain a
discrete subset although the gaps within D are not bounded below. However, we

conjecture the following result which stresses the connection to the integer sets.

Conjecture 5.19. Let D C R, be strongly operator recurrent, operator recurrent,
strongly recurrent or Poincaré. Then it contains a discrete subset with the same

recurrence property such that tinfp\t — s/ > 0.
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Chapter 6

Alon-Peres Characterisation of

Bourgain’s Example

Bourgain ([23]) showed that there exists a Z-intersective set D C N which is
not Z-FMRiesz. We extend Bourgain’s result for sets of the reals and discuss a
characterisation of Bourgain’s problem in this section, i.e. the existence of an
intersective set which is not FMRiesz in terms of stationary families in Hilbert

spaces.

Theorem 6.1 (Bourgain). There exists a set D C N which is Z-intersective, but

not Z-FMRiesz.
Using the results from Section 4.3, we extend Bourgain’s integer result to the reals.

Theorem 6.2. There exists a set D C R, which is R-intersective, but not R-

FMRiesz.

Proof. Theorem 6.1 gives a set D C N which is Z-intersective, but not Z-FMRiesz.
By Proposition 4.50, D is also R-intersective while it is not R-FMRiesz by Propo-
sition 4.44. 0
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A similar result holds for strong combinatorial recurrence by using a counterex-

ample of Forrest ([33]).

Theorem 6.3 (Forrest). There exists a set D C N which is Z-intersective, but not

Z-strongly combinatorially recurrent.

Theorem 6.4. There exists a set D C R, which is R-intersective, but not R-

strongly combinatorially recurrent.

Proof. Theorem 6.3 gives a set D C N which is Z-intersective, but not Z-strongly
combinatorially recurrent. By Proposition 4.50, D is also R-Poincaré while it is

not a R-strongly combinatorial recurrent by Proposition 4.47. ]

Remark 6.5. Using different results from Chapters 3 and 4 as well as the inte-
ger characterisations in Theorem 8, we obtain many variants of Theorems 6.2 and
6.4, e.g. the existence of a R-real correlative set D which is not R-correlative or
R-operator recurrent.

This shows that the class of properties around Poincaré recurrence is in particular
distinct from the class of properties around operator recurrence and also R-strong
recurrence differs from R-Poincaré recurrence at least without continuity. On the
other hand, it is not clear if R-strong operator recurrence is indeed a stronger prop-
erty than R-strong recurrence or R-operator recurrence (not even for the integer

properties).

Let a Hilbert space H, v € H with |[v|| = 1 and 0 < ¢ < 1 be given. Then we
define the set H., by

H.,:={heH:{v,h) =c,|hl| = 1}.

Definition 6.6. Let a Hilbert space H be given. We call (hy)ier C H a stationary

famaly if
(Pive, hjre) = (hiy hy)
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holds for alli,j,t € R and if t — hy is continuous. Similarly, we call (hy,)nen € H

a stationary sequence if
(Rite, hj+t> = (hs, hj>
holds for all v,j,t € N.

Alon and Peres ([2]) gave a characterisation of Bourgain’s theorem 6.1 by trans-

lating the statement into the framework of stationary sequences in Hilbert spaces.

Theorem 6.7 (Alon, Peres). There exist 0 < ¢ < 1, a Hilbert space H, v € H with
|v|| =1 and a stationary sequence (hy)nen € H., such that we have (h;, h;) =0

for any S C N with dy(S) > 0 and for some i,j € S.

Theorem 6.8 (Alon, Peres). Fach choice of 0 <c¢ <1, H, v € H and (hy)nen C
H., as in Theorem 6.7 leads to a set D C N which is N-intersective, but not

N-FMRiesz.
We now prove the real variants of Theorems 6.7 and 6.8.

Theorem 6.9. There exist 0 < ¢ < 1, a Hilbert space H, v € H with ||v|]| =1 and
a stationary family (hy)ier € H,, such that we have (h;, h;) =0 for any S C R

with dg(S) > 0 and some i,j € S.
Compare [2].

Proof. Let D C R be a set which is R-intersective, but not R-FMRiesz. Then there
exists a probability measure p on R with 7i(d) = 0 for alld € D and u({0}) = ¢* > 0
for some 0 < ¢ < 1.

We define the Hilbert space H := L*(R, 1) and elements h; := €™ for t € R and

v(z) := 1oy They all have norm 1 since
Il = [ 10 dp = [ 1 dp = () =1
R R
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for t € R and

ol = [ 10 di = Zutfop) = 1.
The family (h;):cr is stationary since
(i o) = [ 080270507 ) = [ mitsesm0e ()
_ / 2l o2 () = (hy, hy),
R

and the map t — h; is continuous since

il = ol =i [ (hu(o) = a(0) - (o) = B )

—=lim [ h(z)hy(x) du(z) +lim [ hy(x)hs(x) du(z) — lim Z%Ahs(x)m du(x)

t—s R t—s R t—s

=2 — 2R [ lim(hy(z)h(x) du(z) = 0.

R t—s

We further have

(v, hy) = /Rv-ht dp = v(0) - he(0) - u({0}) = % 1-F=c
Finally, let S C R be with dg(S) > 0. Using intersectivity of D, we have some
s,t € S and d € D such that s —t = d, hence
0= fild) = ils ~ 1) = [ 0 dua) = [ I (o) = (b,
We have therefore found ¢, H, v, (hy)er as required. ]

Lemma 6.10. Let (hi)ier € H be a stationary sequence. Then ({hg, ho))ier is
positive-definite and continuous.

Proof. We have

n n

ZZ& (e, —1;, ho) = ZZ@ aj(he;, hy,) = (Z aihti,Zajhtj> > ()
i=1 j=1 =1 j=1 =1 Jj=1

foralln e N, ay,...,a, € C, t1,...,t, € R and

|<ht7h0> - <hs;h0>| = ‘(ht — hs,h0>| < Hht — hs||2 Hh0||2 t—s =20
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Theorem 6.11. Fach choice of 0 < ¢ <1, H, v € H and (hi)ier C H., as in

Theorem 6.9 leads to a set D C R which is R-intersective, but not R-FMRiesz.
Compare [2].

Proof. Let us assume the existence of ¢, H, v, (h;);er as stated in Theorem 6.9.
By Lemma 6.10, ({h, ho))ier forms a positive-definite and continuous function,
so by the Bochner-Herglotz Theorem 2.16, there exists a measure p on R with
w(R) = (ho,ho) = 1 and p(t) = (hy, ho) By Lemma 6.10, ({(h¢, ho))ier forms a
positive-definite and continuous function, so by the Bochner-Herglotz Theorem
2.16, there exists a measure p on R with u(R) = (ho, ho) = 1 and i(t) = (he, ho)
for all t € R.

Now consider the family (h; — cv)er which is stationary since

(hity = U by = V) = (Butn, hsss) + (v, v) — (Pttrys V) = (U, Bgy)
= (hy, hg) + cz(v,v> e (he, hs) + cz(v,v> — c(hy,v) — c(hg,v)

= (hy — cv,h 4+ s — cv)
for all £, 5,7 € R and continuous since
(hy — cv) — (hs — cv) = hy — hy 22

by assumption on (h)ier. By Lemma 6.10, ({(h; — cv, ho — cv));er forms a positive-
definite and continuous functions, hence, by the Bochner-Herglotz theorem 2.16,

there exists a measure v on R with v(t) = (h; — cv, hg — cv). We conclude

0<v({0})+ % %(ht — cv, hg — cv) dA(t) + ¢

- fﬁg ((he, ho) + & — c(hy, v) — c{v, ho)) dA(t) + ¢

= (o) ax0) = f N0+ = § (o) 302 (o))
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The set
D:={teR:u(t)=0}

is hence not R-FMRiesz as we have found a probability measure with x({0}) > 0
and ji(d) = 0 for all d € D. However, it is intersective. To see this, let S C R be

with dg(S) > 0. Then
it — s) = (ht—s, ho) = (hy, hs) =0
for some t,s € S by assumption, hence, t — s € D and
(S—=S)ND #0.

We therefore have found the set D which is R-intersective, but not R-FMRiesz. [
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Chapter 7

Extending the theory

In this chapter, we discuss some ways how to extend the theory of recurrence sets.
Firstly, one can consider more properties than we have done so far since we have
focused on the properties around strong operator, operator, strong and Poincaré
recurrence. Then we point out how to do a quantitative analysis of the recurrence
properties. Finally, we extend the theory from Z and R to locally compact abelian

groups and discuss the corresponding framework of recurrence sets.

7.1 Topological Recurrence

In this thesis, we focus on the real variants of recurrence properties which form
the four most prominent classes of properties for integers, strong operator recur-
rence, strong recurrence, operator recurrence and Poincaré recurrence (compare
Theorems 8 and 9).

More properties can be considered by using different convergence methods of the
Cesaro averages, e.g. by using different Fglner sequences (see [14, Section 4]) or
different recurrence strengths, e.g. “nice” combinatorial recurrence sets which sat-
isfy limg00.4ep d((E +d) N E) > (d(E))? for any given set E (see [14, Subsection
3.5], [55, Section 2]).
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These properties extend the list of implications in Theorem 9 in many ways (see,
e.g. [76, Figure 4.1]). However, it is not clear, not even for integers, how these
properties are related to each other apart from the obvious implications such as
nice combinatorial recurrence = strong combinatorial recurrence = combinatorial
recurrence. There are examples showing that at least some of these sets indeed
form new classes of properties. Nice combinatorial recurrence for integers is strictly
stronger than strong combinatorial recurrence ([55, Theorem 2.5]) and we discuss
topological recurrence # Poincaré below in Theorem 7.9 and its corollaries (see
[50])-

In the following, we shall discuss recurrence of topological dynamical systems and
the corresponding recurrence sets in more detail.

In analogy to measure preserving systems, one can consider topological dynamical
systems by replacing the invertible measure preserving map ¢ on the measure space

(2,3, 1) with an invertible homeomorphic map 1 on a compact metric space X.

Definition 7.1 (Topological Dynamical System). A topological dynamical sys-
tem (tds) is a compact metric space X ) with a group of invertible homeomorphisms
(@"Vnez or (¢)ier on X such that ¢y = ¢yrs for all t,s € R or ¢"¢™ = ¢™t™
for all n,m € Z, respectively. A tds (X; (¢¢)ier) is strongly continuous (sctds)

if t — f oy is continuous for all f € C(X).

Theorem 7.2, originally due to Birkhoff, is the topological analogue of Poincaré’s

recurrence theorem 4.11 for measure preserving systems (see [36, Subsection 1.1.4]).

Theorem 7.2 (Birkhoff). Let (X;¢) be a tds, and let open O # O C X be given.
Then there exists d € N such that ¢?(O) N (O) # 0.

Let (X;(d¢)ier) be a sctds and O # O C X open. Then there exists d € R, such
that ¢4(O) N (O) # 0.

Definition 7.3 (Topological Recurrence). A set D C R is topologically recur-
rent (TR) if, given a sctds (X; (¢¢)ier) and O # O C X open, there exists d € D
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such that
pa(O) N O # 0.

Definition 7.4 (r-Intersectivity). A set D C R is r-intersective if, given a finite

partition R = Cy U ... UC,, there exists 1 < i < r such that
(C; — C))N'D #0.

Definition 7.5 (Chromatic Intersectivity). A set D C R is chromatically in-

tersective (CI) if it is r-intersective for all r € N.

Proposition 7.6 (P = TR). Let us assume that, given a scmps (Q, %, 1t; (d1)ier)
and A € ¥ with u(A) > 0, there exists d € D such that

1(AN Ga(A)) > 0.

Then, given a sctds (X; (¢)ier) and open O # O C X, there exists d € D such
that

$a(O)NO # 0.

Proof. Let the sctds (X; (¢¢)er) and open § # O C X be given. Without loss of
generality, let X = X := Upery(O) (if not, we set (X \X,) := 0).

There exists an invariant probability measure p on X as in Lemma 3.80. Since
X is compact, there exists t1,...,t, € R such that X = ¢, (O) U ... U ¢, (O)
and since p(O) = p(py, (0)) = ... = u(¢y, (0)) by the invariance of u, we deduce
w(O) > 0.

Using strong continuity with respect to ||| on the dense subspace C(X) C
L*(X, i) (compare [31, Example 5.4]), we obtain a scmps (X, p; (¢¢)ier). Hence,
there exists d € D such that u(¢q(O) N O) > 0, and therefore p4(O)NO £ (. O
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The next result gives a relationship between topological recurrence and chromatic
intersectivity (see also [43], [82, Chapter 5] for a similar characterisation of topolog-
ical recurrence) and we note that both properties are equivalent when considering

the corresponding integer properties ([55, Proposition 0.12]).

Proposition 7.7 (CI = TR). Let us assume that, given r € N and a finite

partition R = C1L U ... UC,, there exists 1 < i < r such that
(C; = C)ND # 0.

Then, given a sctds (X; (¢4)ier) and open O # O C X, there exists d € D such
that

a(0) N O # 0.
Compare [55, Proposition 0.12].

Proof. Let a sctds (X; (é¢)ier) and open @ # O C X be given. Without loss of
generality, we assume X = U;cr¢y(O). Using compactness, we obtain tq,...,t,
such that X = U" ¢y, (O).

Let x € O. We choose a partition R = C; U ... U (), such that
t e Cl = gbt(x) € thz(O)

Chromatic intersectivity implies that there exists 1 < ¢ < n, d € D and s € C;
with s +d € C;, i.e. we have ¢4(x), psra(z) € ¢, (O) and therefore ¢4(z) €
&1,(0O) Ny, —4(O). But this yields ¢y, 1q(z) € ONPg(O) and ONpy(O) # 0. O

Similarly as in Section 4.3.3, we obtain the following.

Proposition 7.8. A set D C 7Z is Z-chromatically intersective if and only if it is

R-chromatically intersective.

K1z [50] showed that topological recurrence or chromatic intersectivity is strictly

weaker than Poincaré recurrence (see also [56, Theorem 3.3.5]).
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Theorem 7.9 (Kiiz). There exists a set D C Z which is Z-chromatically inter-

sective, but not Z-intersective.

The characterisations for Z (Theorem 8, [55, Proposition 0.12]) and the results

from Section 4.3 yield the following corollaries.

Corollary 7.10. There exists a set D C 7Z which is Z-topologically recurrent, but

not Z-Poincaré.

Corollary 7.11. There exists a set D C Z which is R-chromatically intersective,

but not R-intersective.

Proof. Theorem 7.9 yields a set D C Z which is Z-chromatically intersective, but
not Z-intersective. By Proposition 7.8, D is R-chromatically intersective, but not

R-intersective by Proposition 4.46. O]

Remark 7.12. The main tool for reducing a recurrence set in Chapter 5 was the
use of rotations on T and a suitable choice of product systems. The same approach
can be applied for topological recurrence and we obtain analogous reducing and
Ramsey results, i.e. for a given topologically recurrent set D and for given s > 0
and € with 0 <e < 3,

U ([sn —€,sn+ € ND)

nez
is still topologically recurrent, and for a decomposition D = D; U D, of a topolog-

ically recurrent set, at least one of D; and D, is still topologically recurrent.

7.2 Quantitave Analysis

Until this point, the thesis was concerned with a qualitative analysis of the relation
between recurrence properties, i.e. in particular, with the implications given in

Theorem 9. In a similar way, a quantitative analysis can be done. For each
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recurrence property, we can define corresponding “measures” (Definition 7.13).
This has been thoroughly studied for N ([57, Chapter 2|, [60], [63], [71], [72]),
but it can be extended analogously for R. We note that these measures are not
measures in the usual mathematical sense, but we keep this term due to its use in
the integer setting.

We introduce the measures corresponding to the classical measures and we note
that similar measures can be obtained for all properties considered in this thesis, in
particular, by adding or removing corresponding continuity assumptions (denoted
by ¢ or x, respectively). We conclude this section by proving the quantitative
relation between correlativity and continuous intersectivity.

We define the discrepancy mod 1 of a function f € (2°([-T,T1],[0,1]) by

Dr(f) = sup

0<a<b<1

/ (Lasy © £)(8) () — 2T(6 — a)

-T

Definition 7.13. The measure ng corresponding to R-FMRiesz for A C R

s given by

nr(A) == sup u({0})

where the supremum is taken over all measures on R satisfying fi(d) = 0 for all
de A.
The measure ar corresponding to R-van der Corput for A C R is given by

) 1
ag(A) := sup limsup ﬁDT(f)

T—o00

where the supremum is taken over all f € I2°(R,[0,1]) such that f(-+d) — f(-) is
equidistributed mod 1 for all d € A.

The measure Or corresponding to R-correlativity for A C R is given by

Bl = suplimoup | 5 )

T—o00
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where the supremum is taken over all f € I°(R,C) such that
limsupy_,. §-.|f(£)]> dA(t) < 1 and §, f(t+d)f(t) dA(t) =0 for all d € D.

The measure yg corresponding to R-KMF for A C R is given by

Vr(A) := inf p(0)

where the infimum is taken over all € > 0 and all nonzero real functions

Pe(x) :/D%(e_%m) dv(t)

satisfying pe(0) = 1 and pe > —e where v, is a finite measure on A.
The measure 0 corresponding to R-continuous intersectivity for A C R

s given by
55(A) = sup ds (E)

where the supremum is taken over all sets E C R with (E — E)N A # 0 and
limy_o dg((E +t) A E) = 0 and such that d(E N (E —t)) exists for all t € R,
The measure (g corresponding to R-operator recurrence for A C R is

given by

(e(A) := sup|(z, 2)|

where the supremum 1is taken over all Hilbert spaces H, all strongly continuous
unitary groups (Ty)ier, oll x € H with (Tyx,z) = 0 for alld € A, Prz = z and
]} =1 =[=].

Remark 7.14. It is clear that a set D has a property whenever the associated
measure vanishes. Theorem 9 shows that nr, Sr, ag and (g vanish at the same

time and that their vanishing of a set A implies 05(A) = 0.

For N, the following quantitative results hold ([42], [57, Theorem 2.2-2.6], [63,
Theorem 1.3], [70, Theorem 1], [71, Theorem 2]). The measure 5> is defined as /3

with the additional assumption || f]|s < 1.
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Theorem 7.15 (Ruzsa). We have

on < (Bn)? = = (v = < B < B,

);

B
<ay < K5 log
9 N = N (5N

on < min(an, (By)?)
for some K > 0.
Proposition 7.16. We have 65 < (8r)%. In particular, we have
R-correlativity = R-continuous intersectivity.
Compare [71, Section 3| and [57, Theorem 2.8].

Proof. Fix A C R and ¢ > 0. Let £ C R be such that dg(E) > 05(A) — e,
(E—E)NA=0{andlim,odg((E+t) A E) =0 and where d(EN (E —t)) exists
for all ¢ € R. Such an F exists by the approximation property of the supremum.

Consider the function

Then

lim sup ]{T|f(t)|2 d\(t) = (dg(E))™* limsupf{ 1g(t) dA(t) =

T—00 T—00 -T

fgﬂt +d)f(t) d\(t) = (dg(E)) " lim Supf Tt +d)1g(t) dA(t) =0

T—o0 -T

for all d € A since (E — E) N A = (). By assumption on E (compare Proposition
3.89), we have f € I°(R,C). Hence, f is admissible for Sg(A). We therefore have

j{ ‘>hqr3:sip 7( i dA(t)\
= (\/dx(E)) " tim sup

men 74 n;;()dA(t)\:( ER<E>)_13R<E>

= \/dg I5(A) —e.

Pr(A) = sup lim sup

T—oo
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Letting € — 0 yields

Br(A) = /0 (A).

Similarly, we obtain the result without continuity assumptions.
Corollary 7.17. We have dg < (83)2. In particular, we have

R-correlativity, = R-intersectivity.

7.3 Locally compact abelian groups

Another approach to generalise the classical theory is to consider a multidimen-
sional setting with Z* or R* instead of Z or R. For Z this was in particular done
in [14] and it can be extended to a general countable discrete group in a similar
way. The multidimensional extension of the theory for R leads to the treatment
of locally compact abelian groups where R* and Z* are the most natural exam-
ples. Special cases for more general (semi)groups have been discussed, in particular
intersectivity, combinatorial recurrence and Poincaré recurrence (see for example
[10, Subsection 5.2], [12, Theorem 3.3], [15, Theorem 2.2]).

In contrast to R where the whole setup is straightforward, we have to go into more
details if we consider locally compact abelian groups. For our purposes, this will in
particular lead to amenability and the notion of dual groups. For the treatment of
recurrence sets, we assume that G is a locally compact abelian regular Hausdorff
group with Haar measure A and dual group G* (although some more restriction
may be required by the use of pointwise convergence results). However, we note

that some implications can be proven for even more general groups.
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7.3.1 Finite Groups

In this subsection, we discuss some examples to illustrate that it is not interesting
to consider recurrence of finite abelian groups. Most recurrence properties exhibit
a similarly trivial behaviour for a compact group. We therefore assume afterwards

that the groups are infinite and non-compact.

Remark 7.18. By the classification theorem for finite abelian groups ([52, Theo-

rem 2.1.3]), we can assume that a finite abelian group is given by

G=Pz,.
k=1

with powers p of primes.

Proposition 7.19. Let G be a finite abelian group. Then D C G is Poincaré or

operator recurrent if and only if e € D.

Proof. Consider the mps (T", A; (74, X ... X T4, ) (g1,...90)c0p_, 7, ), Where 7y, is the

[0 270

o1
rotation on T by angle 2& and E = ™ "5! x . xe o) with measure ME) =

2
Pk
L_ > (0. Then A(EN7,(E)) =0 for all g # e. Operator recurrence follows in

P1-Pn

the same way by using the Koopman representation. O

Proposition 7.20. Let G be a finite abelian group. Then D C G is intersective if
and only if e € D.

Proof. Clearly we have e € E — E for all E # (). We further have d({e}) > 0 and
{e} —{e} ={e}, hence, {e} —{e}ND=0if e ¢ D. O

Remark 7.21. For a finite group, f(g + d) — f(g) is never equidistributed mod 1
since it only has finitely many values and therefore
1
]{l[a,b]([f(g +d) — f(9)]) d\(g) = @l d Ly (flg+d) = f9) =0#£b—a
G geG
for some 0 < a < b <1 where [f(t)] := f(t) mod 1. The van der Corput property

is hence trivially satisfied for all D C G.
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7.3.2 Setting for Locally Compact Abelian Groups

In this subsection, we introduce the relevant definitions and results for groups and
discuss which restrictions we have to apply and which groups we actually consider

in this section (see [41] and [67] for more details).

General Group Assumptions

We usually denote a group by G, its neutral element by e and its elements by g.
We usually choose addition to denote the group operation and multiplication for
its dual group.

We equip G with a topology such that g — —g and g X h — g+h is continuous. We
assume without further mention that the topology on G is regular and Hausdorff.
We noted in Section 1.2 that there arise two recurrence phenoma for the real num-
bers, bounded recurrence or recurrence around 0 due to continuity at 0, which was
characterised by the limit point 0 (see Section 4.1), and asymptotical recurrence.
The same phenomena may appear for locally compact abelian groups and we can
define bounded recurrence and asymptotic recurrence of a set D similarly by re-
quiring that DN U, or D\U,, respectively, has the same recurrence property where
U, is a neighbourhood of the identity with U, C K for some compact set K with
A(K) > 0.

Definition 7.22 (Locally Compact Group). A group G is locally compact if e
has a compact neighbourhood. It is called o-locally compact if there is a countable

cover of G with compact sets.

Definition 7.23 (Haar Measure). Let G be a locally compact abelian group. A
rotation invariant measure on the o-algebra generated by all open subsets is called
the Haar measure.

The Haar measure always exists for a locally compact abelian group and it is
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unique up to a multiplicative constant and every compact subset of G has finite

Haar measure ([41, Chapter 3 and 4]).

Fdglner Condition and the Mean Ergodic Theorem

We first note that every locally compact abelian group is amenable ([62, Propo-
sition 0.15]). By the Fglner condition, a locally compact group G is amenable if

and only if there exists a Fglner net (E;);cr ([62, Theorem 4.13]).

Definition 7.24 (Fglner Sequence (Net)). An increasing sequence (E,)nen (an in-
creasing net (E;);er) of compact subsets of G is called a Fglner sequence (Fglner

net) if for any compact K C G and § > 0, there exists N € N (J € I) such that
By A KE,) < 0M(E,)
foralln> N (n>J).

We always consider one fixed Fglner net for each group in consideration. If there
exists a Fglner sequence, then we choose the sequence instead of the net for sim-
plicity.

Given a Fglner net, we define the limit limg_, as the limit over the Fglner net
(Ei)ier whenever it exists. Similarly, we define lim supg_, := lim; sup, ;.

Since we often deal with averages, we introduce the notation fG by

]{f ) d\(g /f ) d\(g

whenever \(E) < oo and

]{ F(9) dNg) = Jim < [ () ax(g)

whenever the limit exists. We define the upper density dg of a set S C G by

dg(S) := limsup —— ! AMSNE)= limsupf 1s(g) d\(g)
Esa AME) E-G JE
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and similarly the density ds whenever it exists. It is not obvious a priori how to ex-
tend the strong properties to a locally compact abelian group as lim|g—o0 4ep is not
well-defined anymore. We suggest to define limg_, o aep by setting limg o aep f(g)=

y if
Ve >0 dcompact K CG Yde DN (G\K): |f(d)—y| <e

We note that this definition coincides with the usual definition of lim|g o 4ep for
G=Rand G="7.
As for R and N, the main connection between recurrence properties is the following

mean ergodic theorem ([29, Theorem 8.13], [62, (5.7)], [80, Section 3.3]).

Theorem 7.25 (Mean Ergodic Theorem). Let T = (1,),ec C L(H) with a Hilbert
space H be a strongly continuous group of contractions on H. Then T is mean

ergodic, i.ec.

Pz = ]4 Tix dA(t)
R

exists for all x € H in ||-|| where P is the mean ergodic projection onto Fix(T)

along H{(Id —Ty)x:x € H,g € G} and we have the ergodic decomposition
H =TFix(T)®lin{(Id - T))z: 2 € X, g € G}.

In Section 3.2, we occasionally use pointwise convergence results such as the point-
wise ergodic theorem and the strong law of large numbers. As the pointwise ergodic
theorem does not hold in the generality of Theorem 7.25 ([53, Section 1]), this sug-
gests that we may have to restrict the generality of the group such as to second
countable or g-locally compact groups as well as to allow only certain Fglner nets
where some corresponding pointwise results hold (|29, Subsection 8.6.2], [53, [62,
(5.20) and (5.21)], [80, Section 5.6]).

We define [$°(G), I2°(G) and I2(G) as in Section 2.4. As in Definition 2.24, we

define equidistribution mod 1.
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Definition 7.26. A function f € I°(G,[0,1]) is equidistributed mod 1 if

f€2ﬂikf(g) d>\(g) =0
G

holds for all 0 # k € Z.

Dual Groups, Fourier transforms and the Bochner-Herglotz Theorem

An important element in the theory of abstract harmonic analysis is the notion of

the dual group (see [67, Section 1.2]).

Definition 7.27 (Dual Group). Let G be a locally compact group. A character
v 1s a continuous group homomorphism v : G — T. The dual group G* is the
set of all characters equipped with the “uniform on compact subsets”-topology. The

group operation s given by pointwise multiplication.

The dual group of a locally compact abelian group is again locally compact ([67,
Subsection 1.2.6]). The following shows that the bidual group (G*)* is in fact the

original group G ([67, Theorem 1.7.2]).

Theorem 7.28. Let G be a locally compact abelian group. Then G and (G*)* are

algebraically isomorphic.

We usually denote characters by y and note that Theorem 7.28 allows to inter-
change g(x) and x(g).

We note that the work with the Fourier transform requires abelian groups ([67,
Chapter 1]). In this case, the Fourier transform of a measure on G* is defined as

for measures on R and T.

Definition 7.29 (Fourier Transform). Let G be a locally compact abelian group

and p a measure on G*. Then the Fourier transform i is defined by

filg) = [ X du(x)
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The Bochner-Herglotz theorem ([67, 1.4.3]) yields the correspondence of Fourier

transforms and positive-definite functions on G. A function f : G — C is positive-

definite if f(—g) = f(g) for all g € G and if

SN adgf(gi—gi) =0

i=1 j=1

foralln e N, aq,...,a, € Cand ¢1,...,9, € G.

Theorem 7.30 (Bochner-Herglotz). Let f : G — C be a continuous and positive-

definite function. Then there exists a measure p on G* such that

forallg e G.

7.3.3 Example: Operator Recurrence and FMRiesz

As an example of how to deal with recurrence properties in locally compact abelian
groups, we prove the equivalence of operator recurrence and FMRiesz (see also

Subsection 3.2.1).

Definition 7.31 (FMRiesz). A set D C G is FMRiesz if every probability mea-
sure p on G* with fi(d) = 0 for all d € D satisfies

n({e}) = 0.

Definition 7.32 (Operator Recurrence). A set D C G is operator recurrent
(OR) if, given a Hilbert space H, a strongly continuous unitary group (1,)sec on

H and x € H with ||z|| =1 and Px # 0, there exists d € D such that

(Tyx,x) # 0.

As in Lemmata 2.17, 2.27 and 2.32, we obtain the following lemmata for locally

compact abelian groups.
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Lemma 7.33. Let H be a Hilbert space, (T)gec be a strongly continuous unitary
group on H and v € H. Then f.(9) = (Tyx,x) is uniformly continuous and

positive-definite.

Lemma 7.34. Let g — x4, € H be continuous from G to a Hilbert space H. Then

we have

j{;m,w dA(g) = <% zg dA(9), y)

G

whenever the corresponding limits exist.

Lemma 7.35. Let i be the Bochner-Herglotz measure associated to the positive-

definite and continuous function f. Then

u({e}) = 7{; £(9) dA(9).

Proposition 7.36 (FMRiesz = OR). Let us assume that every probability measure
won G* with fi(d) =0 for all d € D satisfies

p({e’}) =0.

Then, given a Hilbert space H, a strongly continuous unitary group (T,)sec on H

and x € H with ||z|| =1 and Px # 0, there exists d € D such that
(Tyx,z) # 0.
Compare [60].

Proof. For a contradiction, let us assume that D is not operator recurrent, i.e.
there exists a Hilbert space H, a strongly continuous unitary group (7,),ec on H
and z € H with ||z|| = 1 and Pz # 0 such that (Tyx,z) = 0 for all d € D.

The function f, given by f.(g) := (T,x,x) is positive-definite and continuous by

Lemma 7.33, hence, by the Bochner-Herglotz theorem 7.30, there exists a measure
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pon G* such that 7i(g) = f.(9) = (T,z,z) and u(G*) = f(e) = (z,x) = 1.

Then we have ji(d) = (Tyx,z) = 0 for all d € D by assumption and

w({e)) = / Ty 00 duly) 2 / ]f X@ dA(g) du(x)
G G* G

~ ¢ [ X dut) xa) = o) dNo) = f(Tm.0) iAo

G* G G

Hence, D is not FMRiesz, yielding a contradiction. O

Proposition 7.37 (OR = FMRiesz). Let us assume that, given a Hilbert space
H, a strongly continuous unitary group (1,)gec on H and x € H with ||z|]] = 1

and Px # 0, there exists d € D such that
(Tyz,x) # 0.

Then every probability measure p on G* with u(d) = 0 for all d € D satisfies
p({e"}) = 0.

Compare [60].

Proof. For a contradiction, let us assume that D is not FMRiesz, i.e. there exists
a probability measure p on G* with ji(d) = 0 for all d € D and p({e*}) > 0.
We define h,(x) := g(x) with

Il = [ ha00F dt) = [ 100 du) = m(@) =1 < o0

for all ¢ € G and we note

*

(o) = [ B0 i) = [0 din0) "0

for all g # v € G. We set H := lin{h, : g € G} C L*(G*, 1) and define T, : H —

H. by T hy := hgyy for g,v € G. This is a group representation since
(T5T,)(hy) = Ts(Tyhy) = Ts(hginy) = hgirs = Thrshy
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for all g,7v,6 € G. Moreover, T, is unitary for all 7 € G since

*

— / (v + 9)x(=y = f) du(x) = / x(g = f) du(x)
= /G X(9)X(f) du(x) = (hy, hy)

(Tyhg, Tyhg) = (s gy hoygg) = / x(y + 9)x(v + f) du(x)

and T, T, =Id = T_,T,, and it is strongly continuous since

. 2 _ 1 2
BLI}SHTW}LQ —Togl” = yg}s”hg-w — hgsll

= 1 (100~ y2(00) g0~ Fys(0) di(0
=t (g P+ gssl? =28 [ o+ 0N F 700000 )
—2- ([ 1 (o 4+ ORGF) dn() ) =2 - 2R(lgl) =0

« Y—0

We also have
R = [ x0) dutx) = [ y0) B dn) = (g, ) = (Tohes )
and in particular
(Tahe, he) = i(d) = 0
for all d € D. However, we have
0 < u({e"}) = [ Phe|l”,

as in the proof of Proposition 7.36 for x+ = h.. Hence, we have a Hilbert space
H, a strongly continuous unitary group (7,)sec on H and z € H with ||z]| =1
and (Tyz,z) = 0 for all d € D but Pz # 0. The set D is therefore not operator

recurrent, yielding a contradiction. O
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Appendix

The following diagrams show the detailed implications of the recurrence properties

which are summarised in Theorems 8 and 9.

Theorem 1. Let D C Z. Then the following implications for integer recurrence

hold.

| BvdCl | SOR} | FC+

[KMF} | FMRiesz} | ORLI .< SspP

(55} L P e e
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Theorem 2. Let D C R. Then the following implications for real recurrence hold.

clS

»»»»»»»»»» FC+

SpP e

SOR,

vdC,

Cor,

SCor, k| SCR|

SR,

rCor,
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