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Abstract

In a recent paper (Cartis, Gould and Toint, Math. Prog. A 144(1-2) 93-106, 2014), the evaluation
complexity of an algorithm to find an approximate first-order critical point for the general smooth
constrained optimization problem was examined. Unfortunately, the proof of Lemma 3.5 in that paper
uses a result from an earlier paper in an incorrect way, and indeed the result of the lemma is false.
The purpose of this corrigendum is to provide a modification of the previous analysis that allows us
to restore the complexity bound for a different, scaled measure of first-order criticality.

Keywords: evaluation complexity, worst-case analysis, constrained nonlinear optimization.

1 Introduction

In a recent paper [4], we aimed to show that the complexity of finding e-approximate first-order critical
points for the general smooth constrained optimization problem requires no more than O(e~?2) function and
constraint evaluations. The analysis involved examining the worst-case behaviour of a short-step homotopy
algorithm in which a sequence of approximately feasible points are tracked downhill. The entire framework
relies on the O(e~?) iteration complexity bound of a general first-order method for non-smooth composite
minimization [2]. Unfortunately, the given proof of [4, Lem. 3.5] invokes [2, Thm. 3.1] incorrectly, and
indeed the result of the lemma is false. Furthermore, the claimed generalization to inequality constraints
[4, §4] fails to account for complementary slackness, and is thus incomplete.

Our aim here is to correct our previous analysis. To do so, we need first to re-examine what we believe
it means to be approximately first-order critical, and this leads to an alternative stopping rule for our
homotopy method. Armed with that, we then use a different merit function for the second phase of our
homotopy method compared to that we considered in [4] to establish a variant of [4, Lem. 3.5], and this
reveals a worst-case evaluation complexity bound of O(e~2) for the revised e-criticality measure.

2 Corrigendum

2.1 Stopping criteria for constrained optimization

In [4], we consider the general nonlinearly constrained optimization problem

minimize f(z) such that cg(x) =0, and c¢;(x) >0, (2.1)
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where cg and ¢; are continuously differentiable functions from IR"™ to IR™ and IR?, respectively, having
Lipschitz continuous Jacobians, and £ and Z are non-intersecting index sets of equality and inequality
constraints, respectively. Ideally, we would like to find a point x., and corresponding Lagrange multiplier
estimates y,, that satisfy the first-order criticality—or Karush-Kuhn—Tucker (KKT)—conditions [8, 9]

g(x) + JT (2)ys = 0, (2.2a)
ci(x.) =0 forall i€é&, (2.2b)

ci(zx) >0 and [y.]; <0 for all i€ Z, (2.2¢)
and ¢;(x4)[y«]; =0 forall i€ Z, (2.2d)

where g(z) := Vf(z), J(z) := Ve(z) and c(z) := (cE(z), T (x))T. Of course, there might be no feasible
point for the problem, or in the absence of a suitable constraint qualification, it might be that we may
have to be satisfied with the John condition [7]

veg(@.) + J7 (@ )y. =0, (2:3)

instead of (2.2a), for which there is an extra, possibly zero, multiplier v, associated with the objective
function and at least one multiplier is nonzero. The last of the KKT conditions, (2.2d), is known as the
complementarity condition and in conjunction with (2.2b) is often written as

(c(z+),y4) =0, (2.4)

while the first, (2.2a), requires that the gradient of the Lagrangian

Uz, y) = f(z) + (c(x),y),

taken with respect to the variables x, vanish at a KKT point; here and elsewhere (-,-) is the Euclidean
inner product. Since it is very unlikely that we can find (z.,y.) exactly, our goal is to find suitable
approximations that satisfy a perturbation of these criticality conditions.

While proper scaling of the objective and constraint functions is to a large extent the responsibility of
the problem formulator—and ideally they should be scaled so that unit changes in z in regions of interest
result in similar changes in f and c—the values of the optimal Lagrange multipliers y. are essentially con-
trolled by (2.2a), and should be taken into account when deriving stopping criteria. Consider perturbations
T =z, +0x and y = y. + oy to some KKT point z, and to a corresponding multiplier y,. Then supposing
for argument’s sake that f and ¢ € C?, a Taylor expansion and the KKT condition g(z.) + J7 (z.)y. =0
give that the perturbed dual feasibility residual

g(x) + T (2)y = [H(z) + Y [yaiHi(w.) | 6+ J" (2.)dy

1€EUL

to first order, where H(x) def Vo f(z) and H;(z) ef Vazci(x). The presence of the multiplier y, here

illustrates that the size of the multiplier should not be ignored when measuring KKT equation residuals.
Similarly, the complementary slackness condition (2.4) is

(y, (@) 2= (5, JT (z2)ys) + Oy, c(2))

to first order, and the value of y. is once again relevant.
Thus when trying to solve (2.1), we pick primal and dual feasibility and complementarity tolerances
€p, €d, €c > 0, and aim to find z. along with Lagrange multiplier estimates y. such that

H( es(z) )H < e, lg(ee) + T @y _  {elwo),pe)

min(0, c7(z. )] O R T[S

<e. and [yJz <0 (2.5)
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as a reasonable goal when trying to satisfy (2.2); here || - || is the dual norm to the chosen norm || - ||
induced by the given inner product (-,-). We have previously used this scaled dual-feasibility rule for
equality-constrained problems [3], while the requirement on approximate complementarity is an obvious
generalization.

Notice that the stopping rules (2.5) are consistent with the John conditions (2.2b)—(2.2d) and (2.3)
in which 1/|[(ye, )|lo and ye/||(ye, 1)||p approximate v, and y. respectively, and that if additionally y.
remains bounded, they give an approximate KKT point (2.2a)—(2.2d) in the sense that

(reeed )| e ot + 7 @l < e Dl (i) < el Dl and. s <o

where now y. approximates y.. Thus no constraint qualification will be presumed or required in the
definition of our algorithm or in its analysis.

Having defined our problem, and what we will be looking for with our algorithm, we turn now to the
description and analysis of the algorithm itself.

2.2 Composite-nonsmooth optimization

The analysis of [4, Alg. 2.1], which was intended for problems that only involve equality constraints, and
the extension for mixed equality-inequality problems that we shall shortly describe, depends on basic
properties of critical points of the composite, nonsmooth function

B(x) = h(r(z)), (2.6)

in which r : R™ — IR™ is smooth and h : IR™ — IR is convex and continuous but may be nonsmooth. We
say that z, is a first-order critical point of ® if

J (2.)y =0 for some y € Oh(r(x,)) (2.7)

holds, where Oh denotes the subdifferential of h and J.(z) := Vr(x). It is well known [10] that z, is a
first-order critical point of ® if and only if

Xa(zx) =0, (2.8)

where the predicted reduction of a linear model of ® in a unit ball,

xa(z) == ls(x,0) — ”{irﬁiéll lp(x,d) (2.9)
and
lo(z,d) :==h(r(z) + J-()d), deIR", (2.10)

and that ye(x) is a continuous criticality measure for ® [10]. Our updated analysis hinges on what can
be deduced when xg(z) is small. Theorem 2.1 is a generalization of [2, Thm. 3.1].

Theorem 2.1. Suppose that » € C*', and that h € C? is convex. Given € > 0, suppose that
xo(ze) < e, (2.11)
for some x.. Then
17 (ze)yell < e, (2.12)
where ye € Oh(r(z.) + Jr(z.)de) and
de = in lg(ze, d). 2.13
arg min, (e, d) (2.13)
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Proof. Let d. satisfy (2.13). Suppose that ||d.|| < 1. Then since (2.13) is unconstrained and l¢ (., d)
is convex, applying [6, (14.2.16)] to lg(z., d) shows that there is a y. € Oh(r(z¢) + J-(zc)de) for which
JT(z)ye = 0, and thus (2.12) holds trivially. So it remains to consider ||d || = 1. In this case,
first-order conditions for (2.13) imply that there exists y. € Oh(r(z¢) + Jr(z¢)de) and A, > 0 such that

J’;‘T(‘Tﬁ)yﬁ + Aize =0, (2.14)

where ze € 9||de|]| = {z | |z|lo = 1 and (z,d.) = ||dc||}. It follows from the definition (2.9) of xa(z),
(2.14), the definition of J||d.|| and ||d¢|| = 1 that

xe(re) = [h(r(ze) = h(Jr(zc)de +7’($e))]
= [h(r(ze)) = h(r(ze) + Jr(we)de) + {de, I (we)ye) ]| + Aulde, 2) (2.15)
d

(
= [h(r(ze)) = h(r(ze) + Jr(we)de) + (daJrT(we)yeﬂJr)\*-

Since lg (2, d) is convex, the subgradient inequality implies that l¢ (z¢,0)—lo (2, de) > (y, —Jr-(ze)de) =
—(de, JT (x¢)y), for any y € Oh(r(z.) + Jp(zc)de). Letting y = y., we deduce

h(r(ze)) = h(r(ze) + Jr(ze)de) + (de, J; (ze)ye) = 0,
and so, from (2.11) and (2.15), it follows that
€ > xo(ze) > A (2.16)
From (2.14) and the definition of 9||d||, we deduce
Ao = Nllzell = 17 (e)yell- (2.17)

and this together with (2.16) yields (2.12). O

2.3 A short-step steepest descent algorithm for constrained optimization

Both our original Algorithm 2.1 [4] and the extension to allow inequality constraints that we shall analyse
here work in two phases. The first aims to reduce the infeasibility

e ()|, where ¢ (z) = ( mmc(fl((?) 0 ) (2.18)

to an acceptable level using [2, Alg. 2.1], and terminates when the criticality measure,

P(x) == lc(z,0) — |\gﬁi£1 le(x,d) where l.(z,d):=|[c(z) + J(z)d]" |, (2.19)
for the infeasibility at the terminating point x; is smaller than e4. If the infeasibility is itself smaller than
a fraction 6 € (0,1) of €,, a second phase is performed in which the penalty function

¢(z,t) = max(f(z) —1,0) + [lc” ()] (2.20)

is reduced for a sequence of decreasing parameters ¢t = ¢;, j > 1. This second phase terminates when the
criticality measure for the penalty function (the predicted reduction of a linear model of ¢ in a unit ball),
x(z,t) = lp(z,0;t) — Hglllm lo(z,d;t), where ly(z,d;t) :=l.(z,d) + max(f(x) + (g9(x),d) —t,0), (2.21)
<1
at xy is smaller that e4.
We now formally present our idealised short-step algorithm for (2.1). This is simply a restatement of
[4, Alg.2.1], with the obvious extensions to cope with inequality constraints, the modified merit functions

(2.18) and (2.20) and the replacement criticality measures (2.19) and (2.21) that lie at the heart of the
algorithm.
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Algorithm 2.1: The short-step steepest-descent algorithm.
Let ¢ € (0,1), €p,€q4 € (0,1] and Ay > 0 be given, together with a starting point zo.
Phase 1:
Starting from xo, minimize ||¢”(x)| using the trust-region method of [2] until a point z; is

found such that
’lﬂ(ml) S €d.

If |lc™ (z1)|| > d€p, terminate [locally infeasible].
Phase 2:
1. Set t1 = || (z1)|| + f(z1) —€p and k = 1.
2. While X(xk,ﬁk) > €d,

2a. Compute a first-order step si by solving

miniﬂgﬁze lg(xk, s;tr) such that ||s|| < Ayg. (2.22)
selR™

2b. Compute ¢(xzx + sk;tr) and define

d(zr;te) — ¢(zk + sk tr)

= . 2.23
o lo(h, 03 tk) — Lo (Th, sk tr) (2.23)
If p, > n, then xp 1 = x + si; else xxr1 = xi. Set
A if > k successful
T A ] (2.24)
YA, if pr <n [k unsuccessful]
2c. If pr, > n, set
_ te = ok te) + d(Thtr; tr) if f(zpe1) > tr,
tht1 = . (2.25)
2f (@ht1) =tk — B(wks ) + Q(wptrite) i flarr) < tp.

Otherwise, set tx11 = k.
2d. Increment k by one and return to Step 2.

3. Terminate [(approximately) first-order critical]

The introductory results [4, Lem. 2.1-2.2 & 3.1-3.4] were established for the equality-constrained
problem,
minimize f(z) such that cg(z) =0,

measuring constraint violation by ||cg ()|, and used the penalty function |f(z) —t|+ ||cg(z)|| rather than!
(2.20), but generalize without difficulty for the inequality problem (2.1) and the infeasibility measures
(2.18) and (2.20) needed here. For completeness, we now establish modified versions of [4, Lem. 2.1-2.2 &
3.1-3.4] for the new merit functions (2.18) and (2.20); the only significant difference is that [4, Lem. 2.2
eq.(2.17)] becomes f(zx) — tx < €p, which combines with [4, Lem. 2.2 eq.(2.15)] to give

0 < fzr) —te < €p; (2.26)

see (2.29)—(2.30) in the upcoming Lemma 2.3.

'We may derive similar complexity results for the equality problem with the original penalty function |f(x) —t| + ||cg(z)]|
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To do so, we make the following assumptions. Consider the slightly extended neighbourhood Ca, :=
C1+B(0, BA1) of the feasible region (if there is one), where C1 := {z : ||¢” (z)|| < ke, }y ke, > €p B(0, BA1)
is a unit ball of radius SA; for some £ slightly larger than 1, and A; is the initial trust-region radius in
Algorithm 2.1.

A1. The function c is continuously differentiable on IR™ and f is continuously differentiable in Ca, .

A2. The Jacobian J(x) is globally Lipschitz continuous (with Lipschitz constant L) on IR", and the
gradient g(x) is Lipschitz continuous in Ca, (with constant Ly, > 1).

A3. fi.. < f(z) < fiu, for all z in Cq, where without loss of generality f., > fio. + 1.

Assumptions A1l and A2 ensure that suitable Taylor approximations hold at points required by our
analysis to establish our main result, and are simply extensions of those in [4] to allow for inequality
constraints. The assumptions on f are only needed if Phase 2 of the algorithm is required.

To show that Phase 2 of Algorithm 2.1, most especially (2.23), is well-defined, we use the following
result.

Lemma 2.2. (cf. [4, Lem. 2.1]) Suppose that A1 holds. If z;, € Cy, then the model decrease satisfies

lo(@r, 05 tk) — lp(zp, sk te) = min (Ag, 1) X (2, tk). (2.27)
Proof. Apply [2, Lem.2.1] with h def II- || +max(-,0) and ®p(z) def Xx(x,t) considered as a function
of x only. m|

Our next result shows that x; not only belongs to C; so that Phase 2 is well-defined, but it remains
approximately feasible for all Phase 2 iterations, and, additionally, successive objective function values
stay close to their targets.

Lemma 2.3. (cf. [4, Lem. 2.2]) Suppose that A1l holds. On each Phase 2 iteration £ > 1 of
Algorithm 2.1, we have

Oz ty) = €py (2.28)

fzg) > tg, (2.29)
flzr) =ty < €p, (2.30)
lle™ (@p)ll < €, (2.31)

and xy € Cq, for ¢ defined in (2.20)

Proof. Firstly, note that (2.20) and (2.28) imply (2.30) and (2.31); the latter implies =3 € C; since
€p < kc,. Thus it remains to prove (2.28) and (2.29). The proof of these relations is by induction on
k. For k = 1, recall that we only enter Phase 2 of the algorithm if |¢™(x1)] < dep < €, which gives
(2.29) and (2.28) for k = 1, due to the particular choice of ¢;. Also, (2.27) holds at k = 1 and p; in
(2.23) is well-defined.

Now let k > 1 and assume that (2.28) and (2.29) are satisfied, and so
Saki ) = . (2.32)

If k is an unsuccessful iteration, xp4+1 = zx and tgp+1 = £ and so (2.29) and (2.28) continue to hold at
Tk+1. It remains to consider the case when k is successful. Recall that (2.32) implies ||c™(zx)| < €
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and zy, € C; since €, < k¢,, and so (2.27) holds. Thus, since we have not terminated, Lemma 2.2
shows that (2.23) has a positive denominator, which together with k being successful so that px > 7,
implies
d(rrstr) > P(Triste).

This and (2.25) immediately give that f(zp11) — tg+1 > 0 so that (2.29) holds at k£ + 1. Using the
latter and (2.20), we deduce

P(@rt1;th1) = ¢ (@pr) | + f(@rs1) =t + (Ee — ths1)- (2.33)
Consider first the case when f(xp41) > ¢. Then, using (2.33) and (2.25), we obtain that

O(Tht1;tht1) = O(Tha1;te) + Pz tr) — O(Tht1;th) = O(Th; tr).
If f(xg+1) < t, we have that

P(@rrriterr) = lle”(@npn)l = flentn) + bk + Gan; te) — (Trr; te)
= P(@rrrite) + o(wn;te) — A(Trir; tr)
= ¢(xn;tr),
where we again use (2.33) and (2.25). Combining the two cases and using (2.32), we then deduce that

P(xpy1strr1) = d(Tr;tr) = €p,

and thus (2.28) holds at k£ + 1. This concludes the inductive step. O

Our evaluation-complexity analysis requires that we bound the number of Phase 1 evaluations.

Lemma 2.4. (cf. [4, Lem. 3.1]) Suppose that A1-A2 hold. Then at most

o lle” (@)l .
\‘K‘TRNM 2 + K‘$RN51| 1Og €d| + Klaust (2'34)
d

evaluations of ¢(z) and its derivatives are needed to complete Phase 1 of Algorithm 2.1, for some

a

Kensty Forns: ad KSpye, > 0 independent of €4 and zp.

Proof. This is a direct application of [2, Th,.2.4] with & %< || - ||, ®n(z) < e~ ()|, Ln = 1,
def def

m=mn =nandy =7 = 7. O

We next use Lemma 2.2 to provide a lower bound on the trust-region radius computed during Phase 2.

Lemma 2.5. (cf. [4, Lem. 3.2]) Suppose that A1-A2 hold. Then any Phase 2 iteration k > 1 of
Algorithm 2.1 satisfying x(xg,tx) > €q and

(1 —m)ea
Ap < —2 < (2.35)
Lg + 1Ly

is successful in the sense of (2.24). Furthermore, while x(z, tx) > €4, we have

Ay > ka€q, for all Phase 2 iterations k > 1, (2.36)
where a )
def . —n)y
KA = min [ A, ———— . 2.37
° ( UL+ ;LJ) (237
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Proof. From (2.23) and (2.20), and using the fact that | max(a,0) — max(b,0)| < |a — b| for all
a,b € IR, we have
|o(xr + sk te) — lo(Tr; tr, Sk)|

lo(xk, 05 tk) — Lo (ks Sks tr)

lor — 1| =
_ Me”(@r + si)ll = llle(@r) + J(@r)sk] ™ || + max(f(zr + sx) — tr, 0) — max(f(zx) + (g(x1), s£) — tr, 0)|
lo(zk, 05tk) — Lok, sk; th)

< e x4 sl = llleCxr) + J@r)se] ||+ [f(zr + s1) = fzx) = (g(@), s5)]
B lo(xr, 05tx) — lg(xk, Sk tr)

(2.38)
Standard Taylor expansions give that
fxzp + sk) = fzp) + g(€x) sy for some & € [zk, 2 + sk,
and
1
c(xg + sk) = c(zk) + / J(xp + tsk)sy dt.
0
Observe that 2 € C; because of Lemma 2.3, and || — x| < ||sk] < Ak < A; (as the radius is never
increased in Phase 2) then implies that &, xx + s € Ca. Thus A1-A2 apply at these points, and
together with the Taylor expansions, gives that
|f (zn + s8) — fxr) = (9(xn), sk)] < Lygllsi]?
and
e (r + sl = Ille(@x) + J(@r)se] "] < 3Lallskl*
Thus, from (2.27), (2.38) and ||si|| < Ay, we deduce
1 2 1
|Pk*1|§ (L!]+ELJ)AI§ < (L9+2LJ)
min (A, 1) x(zk, tk) €d

Akv

where to obtain the second inequality, we use x(zg, tr) > €4 and Ay < 1, where the latter follows from
(2.35), Ly > 1 and ¢4 € (0,1]. Finally, (2.35) implies |pr — 1| <1 — 5, which gives that k is successful
due to (2.24).

Now whenever (2.35) holds, (2.24) sets A1 = Ag. This implies that when Ay > v(1 — n)eq/(Lg +
1Lj), we have A, > v(1—n)eq/(Lg+1Ly) for all k, where the factor v is introduced for the case when
Ay, is greater than (1—n)eq/(Ly+ 1 Ly) and iteration k is unsuccessful. Applying again the implication
resulting from (2.35) and (2.24) for k = 1, we deduce (2.36) when Ay < (1 —n)eq/(Ly + 3Ly) since
~v € (0,1) and € € (0, 1]. O

We now bound the total number of unsuccessful iterations in the course of Phase 2.

Lemma 2.6. (cf. [4, Lem. 3.3]) There are at most

g+ 108 (507 ) H (2.39)

{ 1
|log 7|

unsuccessful iterations in Phase 2 of Algorithm 2.1.

Proof. Note that (2.24) implies that the trust-region radius is never increased, and therefore
Lemma 2.5 guarantees that all iterations must be successful once A; has been reduced (by a fac-
tor 7) enough times to ensure (2.35). Hence there are at most (2.39) unsuccessful iterations during
the complete execution of the Phase 2. O
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The final auxiliary lemma establishes that the targets t; decrease by a quantity bounded below by a
multiple of €3 at every successful iteration.

Lemma 2.7. (cf. [4, Lem. 3.4]) Suppose that A1-A2 hold. Then on each successful Phase 2 iteration
k > 1 of Algorithm 2.1, we have

(xk + sk tr) < d(p;ty) — Koes (2.40)
and
th — thy1 > K€l (2.41)
where
def
Rc = TIKA (2'42)

and ka is defined in (2.37), independently of €4.

Proof. From (2.23) and k being successful, we deduce
d(wrste) — Gk + skite) = 1l (Tk, 0itk) — lp(@k, sk;t)] > nmin (Ag, 1) €q,

where to obtain the second inequality, we use (2.27) and x(zk, tx) > €4. Further, we employ the bound
(2.36) and obtain

O(k;tr) — d(an + sk;te) > nmin (kaeq, 1) € = nracy,

where we also use €4 € (0,1] and kKA <1 due to Ly > 1, n, v € (0,1); this gives (2.40). Finally, (2.41)
results from (2.25) and (2.40). O

2.4 Corrected results

Our flawed version of [4, Lem. 3.5] aimed to connect approximate critical points of the merit functions of
Phases 1 and 2 of [4, Alg. 2.1] to those in (2.5) for our original problem (2.1). Here is our correction.

Lemma 2.8. [Correction to [4, Lem. 3.5]] Given €, €q, €. > 0 for which ¢4 < €, and €, + €4 < €,
suppose that |¢™(zx)]| < €, and x(xk,tr) < €4. Then either z; is an approximate critical point
of (2.1) in the sense that x. = z} and y. = y satisfy (2.5) for some vector of Lagrange multiplier
estimates y, € IR™, or z, is an almost-feasible approximate critical point of ||¢™(z)|| in the sense
that zp and zj satisfy

HJT(:C]C)Z]CH S €d, [Zk]l' S 0 and sz”D =1 (243)

as well as || (xx)|| < ¢, for another vector of Lagrange multiplier estimates z; € IR™. Similarly,
suppose that ¢¥(z1) < €4 and ||c™ (21)]| > Jep, where de, < €q and § € (0,1). Then (2.43) holds with
k =1 for some vector of multipliers z; € IR™.

Proof. Applying Theorem 2.1 to ¢ when x(z, tx) < €4, we have that
kg () + I (2r)zi < ea, (2.44)

where (vg, z) € Olg(xg, di;ty) for some dy with ||dig|| < 1. Now suppose that l4(x,dr;tx) = 0. In
this case

X(@k, tr) = lg(xr, 05 k) = d(k, tr). (2.45)
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But (2.28) ensures that ¢(zx;tr) = €p, in which case (2.45) contradicts the requirement x(zg,tx) <
€4 < €p. Thus

ld)(l'k, dk;tk> > 0. (246)
Standard convex analysis (see for example, [5, Thm. 11.4.1 & Cor. 11.4.2], and use (2.46) to ensure
that [|(v,27)T)||p = 1) gives that

8l¢(zk,dk;tk) =
( y > v v[f(zr) — te + (9(zr), di)] + (2, c(ar) + J (21 )dy)
= ze

y (2.47)
ot v 0. <0 ma ()

=1

ZT b

But since (v, zi) € Oly(zk, di; tr), we deduce

lo(xn, di;ty)
= l/k[f(xk) —tr + (g(mk), dk>] + <Zk, C(.Tk) + J(.Tk)dk> (2.48)
= vi[f(xr) — te] + (zr, c(@r)) + (di, veg () + T 7 (@) 28),

and the definition of l4, together with the fact that dj minimizes l4(xk, d;t;) when ||d|| < 1, gives
0< l¢(l‘k, dk;tk) < l¢($k, 0; tk) = (b(ack; tk). (2.49)

It follows from the definition of the subgradient, (2.49), (2.48), the Cauchy-Schwarz inequality, 0 <
v <1, (2.26), Lemma 2.3, ||di|| <1 and (2.44) that

(zi,c(zr)) < —ve(f(zr) — te) — (di, vig(zr) + J7 (2x)2k) + d(zk; tr)
< |ldilllvkg(ar) + I (k) 26l 4 S(an; te)

< €p +€q.
Similarly
(2, (k) > —vilf(xr) — th] = (dr, veg(ar) + 7 (x1)2k)
> —|f(ax) = til = lde [ lvng(ax) + T (xr) 2]
> —€p — €q.
Thus since €, + €4 < €., we have
|<Zk7 C(xk)>| < €. (250)

Now suppose that v, # 0, so that v, > 0. In this case, define y; = z/vx. Then (2.44) and (2.50)
become

viellg(zr) + J7 (2r)yr|| < ea and vi|{yg, c(xr))| < e,

while || (v, zi)|lo = 1 gives v = 1/||(1, yx)||po. Combining these, and using the assumption |[¢™ (z)| <
€, and the deduction [yx]z < 0 from (2.47), it follows that x. = x and y. = yi satisfy (2.5). If by
contrast v, = 0, then (2.44), (2.47) and (2.50) directly give (2.43).

The proof of (2.43) when 9(x1) < €4 follows in essentially the same way. Applying Theorem 2.1 to
llc™ ()] when 9(x1) < €q, we have that

[T (1) 21| < ea, (2.51)
where z1 € 9l.(x1,d1) for some d; with ||d1|| < 1. Now suppose that l.(z1,d;) = 0. In this case
V(1) = le(z1,0) = [[¢ (21)]]- (2.52)
But this contradicts ¢ (x1) < ¢4 and ||¢™ (x1)|| > Je, since de, < €4. Thus

lc(xl,dl) >0, (253)
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and thus standard convex analysis (see for example, [5, Cor. 11.4.2] , and using (2.53) to ensure that
the dual norm of z is one) gives that

Ol(ar, dy) = {z: ( ze ) ’ 2y () + T(@1)dr) = le(ar, dy), }

27 27 <0 and |z]|p =1

Hence, as z; € Ol.(x1,d1), it follows immediately that [z1]z < 0 and ||z1]|, = 1, and thus (2.51) gives
(2.43). O

In passing, we note that the requirement ¢; < ¢, in Lemma 2.8 may be removed provided we change
Algorithm 2.1 to allow it to take the step sy = d = arg mian||Sll¢(xk, d, t,) that results from calculating
the optimality measure x(zx,tx) whenever lg(xg, dg, tg) = 0.

This leads directly to our desired complexity result.

Theorem 2.9. [Correction to [4, Thm. 3.6]] Suppose that A1-A3 hold. Then there are positive
constants Koy, ccs Fipee and KSpc such that, for any e, € (0, ke, ], €q € (0,min(1,€,)) and €, + €4 < €,

Algorithm 2.1 problem (2.1) requires at most

a ||C_(£E0)H +fup_fow ¢
Rrrice 2 1 1 + K‘$RIGC| IOg 6d| + Krrice (2'54)
L d

evaluations of ¢ and f and their derivatives before an iterate xj is computed for which either

ce (T . llg(ax) + 7 @)y o te@)y)
H<mm0w )= T e i <o e

for some vector y, € IR™, or

min[0, ¢y (xg

(i)
H( o )])H >dep, [l (@r)zell Sea, [alz <O and o =1

for some vector z, € IR™.

Proof. We have from Lemma 2.4 that the number of evaluations required to find x; is bounded
above by

kalle™ (zo)leg” (2.55)

for some constant k1 > 0. Thus, as ¥(x1) < €4, Lemma 2.8 ensures that (2.43) holds. If the
algorithm terminates at this stage, then both (2.43) and ||¢™(zx)|| > dep hold, and thus Lemma 2.8
and €4 < 1 < fi,, — fiow yield alternative (ii) provided k2, >
algorithm is entered. We then observe that Lemma 2.5 implies that successful iterations must happen
as long as x(xg, tx) > €4. Moreover, we have that

k1. So now suppose that Phase 2 of the

fiow flazr) <tp+ep <t —inkces + € = f(x1) + |l (21)] — inkced

2.56
F(21) + e (@o)l| — ixmees, (2.56)

ININA

where ij is the number of these successful iterations from iterations 1 to k& of Phase 2, and where
we use successively A3, (2.26), the fact that t; < tj-1 — ikmcez on each successful iteration j — 1,
cf. (2.41), the definition of ¢; in the algorithm, and the fact that Phase 1 decreases ||¢™(z)||. Hence,
we obtain from the inequality f(z1) < fi., (itself implied by A3 again) that

o | tlemtcll

ncez

(2.57)
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The number of Phase 2 iterations satisfying x(zx,tr) > €4 is therefore bounded above, and the
algorithm must terminate after (2.57) such iterations at most, yielding, because of Lemma 2.8, an
e-first-order critical point satisfying one of the alternatives (i) or (ii). Remembering that only one
evaluation of ¢ and f (and their derivatives, if successful) occurs per iteration, we therefore conclude
from (2.57) and Lemma 2.6 that the total number of such evaluations in Phase 2 is bounded above by

V}up — fiow £ ¢ (0|

3 J+m2|loge|+m3
Ko€s

for some positive constants ko and k3.

Summing this upper bound with that for the number of iterations in Phase 1 given by (2.55) and using
also that €4 <1 < fi., — fiow, then yields (2.54) with

a _ L b _ _
Kirie = K1 + P Krrice = K2 and KRirige = K3-
c

3 Conclusion

We have corrected two errors that appeared in our paper [4] on the complexity of finding e-approximate
first-order critical points for the general smooth constrained optimization problem. We did so by re-
defining both the stopping rules and merit function that we used. Our new algorithm and analysis reveals
a worst-case complexity bound of O(e~2) function and derivative evaluations to find either an approximate
(scaled) KKT point or an approximate stationary point of the violation of the constraints.

As was the case in [4], we make no claim that this is an effective method in practice, merely that we
are able to find an algorithm whose worst-case evaluation complexity matches that which is known for
first-order methods for non-convex unconstrained minimization [1].

Acknowledgement

The authors wish to thank Ernesto Birgin, John Gardenghi, Jose-Mario Martinez and Sandra Santos for
discussing the issue with them while this correction was being polished, and Sven Leyffer, an anonymous
associate editor and two referees for their helpful comments on a earlier draft of this work.

References

[1] C. Cartis, N. I. M. Gould, and Ph. L. Toint. On the complexity of steepest descent, Newton’s
and regularized Newton’s methods for nonconvex unconstrained optimization. SIAM Journal on

Optimization, 20(6):2833-2852, 2010.

[2] C. Cartis, N. I. M. Gould, and Ph. L. Toint. On the evaluation complexity of composite function
minimization with applications to nonconvex nonlinear programming. SIAM Journal on Optimization,
21(4):1721-1739, 2011.

[3] C. Cartis, N. I. M. Gould, and Ph. L. Toint. On the evaluation complexity of cubic regularization meth-
ods for potentially rank-deficient nonlinear least-squares problems and its relevance to constrained
nonlinear optimization. STAM Journal on Optimization, 23(3):1553-1574, 2013.

[4] C. Cartis, N. I. M. Gould, and Ph. L. Toint. On the complexity of finding first-order critical points
in constrained nonlinear optimization. Mathematical Programming, Series A, 144(2):93-106, 2014.



Cartis, Gould, Toint: Complexity of constrained nonlinear optimization 13

[5]

(6]

[10]

A. R. Conn, N. I. M. Gould, and Ph. L. Toint. Trust-Region Methods. Number 01 in MPS-STAM
Series on Optimization. STAM, Philadelphia, USA, 2000.

R. Fletcher. Practical Methods of Optimization. J. Wiley and Sons, New York and Chichester, second
edition, 1987.

F. John. Extreme problems with inequalities as subsidiary conditions. In O. Neugebauer
K. O. Friedrichs and J. J. Stoker, editors, Studies and Essays Presented to R. Courant on His 60th
Birthday, Jan. 8, 1948, page 187204, New York and Chichester, 1948. J. Wiley and Sons.

W. Karush. Minima of functions of several variables with inequalities as side conditions. Master’s
thesis, Department of Mathematics, University of Chicago, Illinois, USA, 1939.

H. W. Kuhn and A. W. Tucker. Nonlinear programming. In J. Neyman, editor, Proceedings of
the second Berkeley symposium on mathematical statistics and probability, California, USA, 1951.
University of Berkeley Press.

Y. Yuan. Conditions for convergence of trust region algorithms for nonsmooth optimization. Mathe-
matical Programming, 31(2):220-228, 1985.



