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Abstract. Henstock and Macbeath asked in 1953 whether the Brunn—-Minkowski
inequality can be generalized to nonabelian locally compact groups; questions along
the same line were also asked by Hrushovski, McCrudden, and Tao. We obtain here
such an inequality and prove that it is sharp for helix-free locally compact groups,
which includes real linear algebraic groups, Nash groups, semisimple Lie groups with
finite center, solvable Lie groups, etc. The proof follows an induction on dimension
strategy; new ingredients include an understanding of the role played by maximal
compact subgroups of Lie groups, a necessary modified form of the inequality which
is also applicable to nonunimodular locally compact groups, and a proportionated
averaging trick.
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1 Introduction

1.1 Background. Let p be the usual Lebesgue measure on R%, let X and Y be
nonempty and compact subsets of R? and set X +Y := {r+y:zeX,yeY}
The Brunn—Minkowski inequality says that

X+ Y= (X)) 4 () (1.1)

For fixed p(X) and p(Y'), the inequality provides us with the minimum value of
(X +Y) which is obtained, for example, when X, Y, and X +Y are d-dimensional
hypercubes with side length p(X)V4, u(Y)/? and p(X)Y4+ w(Y)/?, respectively.

Under the further assumption that X and Y are convex, the inequality in an
equivalent form was proven by Brunn [Bru87] in 1887. In the celebrated Geometrie
der Zahlen (Geometry of Numbers) [Min96] published in 1896, Minkowski intro-
duced the current form of the inequality and established that the equality occurs in
(1.1) if and only if X and Y are homothetic convex sets. Lyusternik [Lyu35] removed
the convexity assumption in 1935. However, his proof that the same condition for
equality still holds contained some errors, a situation eventually corrected by Hen-
stock and Macbeath [HM53] in 1953. The Brunn—-Minkowski inequality is widely
considered a cornerstone of convex geometry. See [Gar(2] for an excellent survey on
its numerous generalizations and applications.

In this paper, we consider the problem of generalizing the Brunn—Minkowski
inequality to a locally compact group G. Here, up to positive constant factors, we
have a unique left Haar measure p generalizing the Lebesgue measure in R?; see
Appendix B for the precise definitions.

We temporarily further assume that p is also invariant under the right trans-
lations. Such G is called unimodular. This assumption holds when G = R? and in
many other situations (e.g., when G is compact, discrete, a nilpotent Lie group, a
semisimple Lie group, etc). Set XY = {zy : x € X,y € Y} for nonempty compact
X,Y C G. The translation invariance property of p implies that

u(XY) = max{u(X), p(Y)}

and should intuitively be even larger, hinting at a meaningful generalization of the
Brunn—Minkowski inequality to this setting. This will be shown to be the case.

For an arbitrary locally compact group G, pu might no longer be right invariant.
Hence, we still have u(XY) > p(Y), but we might have u(XY) < u(X). By a result
of Macbeath [Mac60] in 1960, the trivial inequality u(XY) > u(Y") for nonunimod-
ular G is already sharp in the sense that for any «, 3, > 0, there are nonempty
compact X,Y C G with

w(X) = a,u(Y) =3, and u(XY) < u(Y) +¢.

We will later see in this paper that there is still a meaningful generalization of the
Brunn—Minkowski inequality involving both p and a right Haar measure v. Surpris-
ingly, it turns out that if one only cares about unimodular cases, the nonunimodular
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cases are still needed for our proof. We will keep the setting and notation of this
paragraph throughout the rest of the paper.

The problem of generalizing the Brunn—Minkowski inequality was proposed in
1953 by Henstock and Macbeath [HMb53]; different variations of this problem were
also later suggested by Hrushovski [Hru], by McCrudden [McC69], and by Tao
[Taoll]. In the direction of the intuition described earlier, Kemperman [Kem64]
showed in 1964 that p(XY) > p(X) + u(Y) when G is connected, unimodular and
noncompact. Even more important for us is the generalization (1.2), also in the same
paper [Kem64], to all connected noncompact locally compact groups:

v(X) | YY)

v(XY) * u(XY) =1 (12)

While applicable to all locally compact groups, Kemperman’s inequalities are
not sharp: even for R?, they give a weaker conclusion than the Brunn-Minkowski
inequality. The most definite result toward the correct lower bound was obtained
by McCrudden [McC69] in 1969. In effect, he showed that when G is a unimodular
solvable Lie group of dimension d, and m is the dimension of the maximal compact
subgroup, we have

(XYY > () m) () ), (13)

The above differs from McCrudden’s original statement in that m was defined using
an inductive idea in [McCG69]; the form in (1.3) is more suitable to get the later gener-
alizations (Theorems 1.1 and 1.2) and to show that it is indeed sharp (Theorem 1.3).
A number of special cases of this result were rediscovered by Gromov [Gro03], by
Hrushovski [Hrul2], by Leonardi and Mansou [LMO05], and by Tao [Taoll]. Sharp-
ness for nilpotent groups was essentially proven by Monti [Mon03]; see also Tao
[Taoll].

1.2 Statement of main results. Suppose G is a Lie group with connected
component Gg. Following Levi decomposition (Fact E.5), we have an exact sequence
of Lie groups

1-Q—-Gy—5—1

where @ is solvable and S is semisimple. It is known that the center Z(.S) is a finitely
generated abelian group of rank h; see Lemma 2.2 and Facts E.9, E.10. We call h
the helix dimension of G. As an example, SLo(R) has helix dimension 0 while
its universal cover has helix dimension 1. If A = 0, equivalently S has finite center,
we say that G is helix-free. Real linear algebraic groups and more generally, Nash
groups (equivalently, semialgebraic Lie groups or groups definable in the field of
real numbers) are helix free; see [BJO12, Lemma 4.5] and the subsequent discussion
in the same paper. Our first main result is a generalization of Brunn—Minkowski
inequality to Lie groups whose exponent will be seen to be sharp for helix-free Lie
groups:
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Theorem 1.1. Suppose G is a Lie group, u is a left Haar measure, v is a right Haar
measure, the dimension of G is d, the maximal dimension of a compact subgroup
of G is m, the helix dimension of G is h, and X,Y are compact subsets of G with
positive measure. Then
X1/ (d—m—h) y)1/(d=m—h)

v(X) L ) -1 )

V(Xy)l/(dfmfh) N(Xy)l/(dfmfh)
the left-hand-side is interpreted as max{v(X)/v(XY ), u(Y)/u(XY)} ifd—=m—h = 0.

1 1 1

In particular, if G' is unimodular, then p(XY)d—m—h > p(X)d=m—h 4 (Y)d—m—h,

We require that X and Y be compact in our results since there are measurable
sets X and Y such that XY is not measurable. By using the regularity property
of Haar measure, the conclusions in our main theorems still hold for measurable X
and Y if we replace u(XY') and v(XY') with inner Haar measures.

Now consider an arbitrary locally compact group G. Using the Gleason—Yamabe
Theorem (Fact C.2), one can choose an open subgroup G’ of G and a normal compact
subgroup H of G’ such that G’/ H is a Lie group. It is shown in Proposition 2.8 that

n = dim(G'/H) — max{dim(K) : K is a compact subgroup of G'/H}

is independent of the choice of G’ and H satisfying the above properties. We call
n the noncompact Lie dimension of G. Let @ be the radical (i.e., the maxi-
mal connected closed solvable normal subgroup, see Fact E.4 ) of G’/H. Note that
(G'/H)o/Q has discrete center Z(G'/H)o/Q by Facts E.9 and E.10. We call

h = rank(Z((G'/H)o/Q))

the helix dimension of G. We will also show that the helix dimension h of G'/H is
independent of the choice of G’ and H in Proposition 2.8. Here is our second main
result.

Theorem 1.2. Suppose G is a locally compact group with noncompact Lie dimen-
sion n and helix dimension h, p is a left Haar measure, v is a right Haar measure,
and X,Y are compact subsets of G with positive measure. Then

y()VOTD )V
V(XY)l/(”_h) u(XY)l/(”_h) -

the left-hand-side is interpreted as max{v(X)/v(XY ), u(Y)/uw(XY)} when n —h =
1 1 1
0. In particular, if G is unimodular, then u(XY)n=h > p(X)n=h + p(Y)n="h.

(1.5)

When G is as in Theorem 1.1, the noncompact Lie dimension n is simply d — m, so
Theorem 1.2 is a generalization of Theorem 1.1.

Our last main result tells us that when G is helix-free, the exponent 1/(n —h) =
1/n in Theorem 1.1 and Theorem 1.2 are sharp even when we assume further that
X =Y. As usual in the current setting, we write X* for the k-fold product of X.
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Theorem 1.3. Suppose G is a locally compact group with noncompact Lie dimen-
sion n, u is a left Haar measure, and v is a right Haar measure. Then

(1) When n = 0, there is a compact set X with positive left and right measure in
G such that u(X?) = u(X) and v(X?) = v(X).

(2) When n > 0, for every € > 0, there is a compact set X with positive left and
right measure in G such that

1

Y(X) o p(X)n

P(X2)T p(X?)i

As a corollary, if G is unimodular with n > 0, for every ¢’ > 0, there is a compact
set X in G such that p(X?) < (2" + &)u(X).

> 1. (1.6)

The upper bound given in Theorem 1.3 matches the lower bound given in The-
orem 1.2 when the group is helix-free, that is a group has helix dimension 0, which
essentially means the semisimple part of the group has finite center. Hence, for these
groups, our theorems resolve the problem of generalizing the Brunn—Minkowski in-
equality.

We believe that the exponent in Theorem 1.3 should be correct for all locally
compact groups, which is made precise by the following conjecture:

CONJECTURE 1.4 (Nonabelian Brunn—Minkowski Conjecture). Suppose G is a lo-
cally compact group with noncompact Lie dimension n, i is a left Haar measure, v
s a right Haar measure, and X,Y are compact subsets of G with positive measure.
Then

vV ()t ,

v(XY)Un o u(XY)l/n =7
the left-hand-side is interpreted as max{v(X)/v(XY),u(Y)/i(XY)} when n = 0.

While we do not know whether the exponent in Theorem 1.2 is sharp, it does have
the correct order of magnitude. This is because the helix dimension & of G is always
at most n/3, where n is the noncompact Lie dimension of G; see Corollary 2.15. In
particular, if there is a compact subset X of a connected noncompact unimodular
group G with small p(X?)/u(X), Theorem 1.2 still allows us to deduce that G has a
compact subgroup of small codimension, which constrains the structure of GG. In an
upcoming paper [AJTZ21] by An and the authors, we apply Theorem 1.2 to resolve
the last open case of the Kemperman Inverse problem, also answering the connected
case of a question by Tao. Recently, Fanlo and Hrushovski similarly use Theorem 1.2
to obtain a structural result for metric approximate groups [Fan21, FH21].

The next result shows that one can reduce Conjecture 1.4 to simply connected
simple Lie groups. As a consequence of this, the only remaining cases are what one
might regard initially as the simplest cases.

Theorem 1.5. Suppose the nonabelian Brunn—Minkowski conjecture holds for all
simply connected simple Lie groups, then it holds for all locally compact groups.
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1.3 Further remarks. The results of this paper continue a line of work by the
first two authors [JT20] on small measure expansions in locally compact groups.
Through classifying groups G and compact subsets X and Y of G with nearly
minimal expansion, it is shown there that when G is a compact semisimple Lie
group and p(X) sufficiently small,

WX?) > 2+ )u(X)

for a positive constant ¢ independent of the choice of G. It is conjectured by Breuil-
lard and Green [Green, Problem 78] that u(X?) > 3.99u(X) when G = SO3(R) and
X sufficiently small. The following corollary of Theorem 1.1 resolves the counterpart
of the aforementioned conjecture for all noncompact simple Lie group G.

COROLLARY 1.6. Let G be a noncompact semisimple Lie group, and let X C G be
compact. Then pu(X?) > 4u(X).

Equality can occur in (1.4) and (1.5) of Theorems 1.1 and 1.2, for example,
when G = R? for d > 1 as described earlier. In fact, the classical Brunn-Minkowski
inequality in R? comes along with a complete classification of when equality occurs.
For connected locally compact abelian group G with noncompact Lie dimension 1
(automatically has helix dimension 0 by Corollary 2.15), it follows from the work
of Kneser [Kne56] that equality occurs in (1.5) exactly when there is a continuous
surjective group homomorphism x : G — R with the compact kernel, and X, Y are
preimages of compact intervals in R. The same conclusion is recently obtained by
An and the authors [AJTZ21] for general locally compact groups, using the results
of the current paper as ingredients.

On the other hand, a result by McCrudden [McC70] shows that when G is the
Heisenberg group, equality cannot occur. It would be interesting to determine those
groups with helix dimension 0 and compact subsets inside them where equality can
occur. This question can also be asked without the assumption of helix dimension
0 once Conjecture 1.4 is resolved. It would also be interesting to understand when
equality nearly happens and develop a theory similar to that of Christ, Figalli, and
Jerison [Chr12, FJ15, FJ17] for R

Like the Brunn-Minkowski inequality for R¢, our results do not rely on the nor-
malization of Haar measures. However, by fixing a Haar measure p on a unimodular
group G, it would be interesting to determine the value of

min{u(XY): X, Y C G are compact, u(X) = o, u(Y') = g},

for given «, 3 € R>%, and to classify the situations where equality happens. We do
not pursue this question here.

1.4 Overview of the proof. In this subsection, we discuss the idea of the proof
of the main results and the organization of the paper. For expository purposes, we
restrict our attention to helix-free locally compact groups, where we can fully prove
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Figure 1: Let G = SL(2,R) (the open region bounded by the outer torus), and let
K = SO(2,R) be the maximal compact subgroup of G. If we take X to be a small closed
neighborhood of K (closed region bounded by the shaded inner torus), Theorem 1.3 says
when X is sufficiently small, ug(X?) will be very close to 4uc(X) instead of 8ug(X), al-
though G has topological dimension 3.

Conjecture 1.4. The proof of the full versions of Theorems 1.1 and 1.2 requires a
more involved discussion of the helix dimension, which is developed in Sect. 2.

In each of our results, the exponent of the inequalities is controlled by the non-
compact Lie dimension n of G instead of just its topological dimension d as in the
simpler versions for R?. Recall that, for a Lie group G, n = d — m where m is the
maximum dimension of a compact subgroup of G. The proof of Theorem 1.3 ex-
plains the critical role of m: our construction is essentially a small neighborhood of
a compact subgroup of G having maximal dimension, see Fig. 1. One may conjecture
that the above construction is optimal. Theorems 1.1 and 1.2 confirm this intuition
for helix-free groups.

To motivate our proofs of Theorems 1.1 and 1.2, we first recall some proofs of
the known cases of the Brunn-Minkowski inequality. Over R?, the usual strategy is
to induct on dimensions. This is generalized by McCrudden [McC69, Theorem 1.2]
to obtain the following “unimodular exponent splitting” theorem: Given an exact
sequence of unimodular locally compact groups

1-H—-G—G/H—1,

if H and G/H satisfy Brunn—-Minkowski inequalities with exponents 1/n; and 1/ng,
respectively, then the group G satisfies a Brunn—Minkowski inequality with expo-
nent 1/(ny 4+ ng). McCrudden applied his unimodular exponent splitting theorem to
obtain the Brunn—Minkowski inequality for unimodular solvable groups with sharp
exponents. A simpler proof of his theorem is given in Sect. 4 for completeness. In the
proof of our main theorems, one important ingredient will be an exponent splitting
result (that is a generalization of his).

We now sketch a proof of McCrudden’s theorem and introduce a “spillover”
argument which we will also use later on; some of the ideas presented here are also
available in McCrudden’s original approach. For each g in G, we call X NgH a
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fiber of X, and refer to the Haar measure of ¢7'X N H in H as its length. Let
7w : G — G/H be the quotient map. We now partition X and Y each into N parts.
Suppose X = Ul]il X;,and Y = Uf\il Y;, we require that the images under 7 of the
X,’s are pairwise disjoint, the shortest fiber-length in each X; is at least the longest
fiber-length in X; 1, and likewise for the Y;’s.

The induction hypotheses, i.e., the Brunn—Minkowski inequalities, in H and G/H
give us a lower bound [y on fiber-lengths in XYy and a lower bound wy on the
size of m(XnyYx) in G/H. Their product Iywy is a lower bound for pu(XyYyn).
Next we consider (Xy_1 U Xn)(Yn—1 U Yn). Again a lower bound Iny_; on fiber
lengths in this set and a lower bound wpy_1 on the size of its image under 7 can
be obtained from the induction hypotheses on H and G/H. From our method, we
have Iy_1 < Iy and wy_1 > wy. Then {y_jwy_1 will be a weak lower bound for
w((Xn-1 U XN)(Yn—1 UYy)) since the fibers in XyYx are “exceptionally long”.
Taking all of these into account, a stronger lower bound is

INwn + In—1(wy—1 — wN).

Repeating the above process, we get that u(XY) = ,u((Ufil Xl)(UZ]\i1 Y;)) is at least

N-1

INwn + > Ivoi(wy— — wn—is1).
i=1

By choosing X; and Y; “proportionately” to their fiber lengths, applying suitable
Holder’s inequalities, and taking the limit N — oo, we have the “spillover” argument
which yields McCrudden’s theorem.

Induction via the exact sequence method completely stops working when one
is looking to prove Brunn—Minkowski for simple groups since there is no nontrivial
closed normal subgroup to induct from. Next, we explain how we overcome this main
difficulty. Our method turns out to work also for semisimple groups in the same way
and we will explain it in this more general setting.

Let us assume G is a connected semisimple Lie group with the finite center
(hence helix-free and automatically unimodular) and think about how we can prove
the special case of Theorem 1.1 for it. One can consider the Iwasawa decomposition
G = KAN where K has a compact Lie algebra and () = AN is solvable and try to
prove the Brunn—Minkowski inequality for GG from a suitable Brunn—Minkowski-type
inequality for Q). However, QQ may not be unimodular in general, so the classical form
of the Brunn-Minkowski inequality does not apply to @. Let Ag be the modular
function on G. One can compromise by choosing Q" = ker(Ag), which is unimodular,
and try to use the known Brunn—Minkowski inequality for @’ to prove the Brunn—
Minkowski inequality on G. This is indeed a good direction to go but along this
direction one inevitably gives up on the sharp exponent 1/n and can at best prove
a weaker inequality with the worse exponent 1/(n — 1), where n is the noncompact
Lie dimension of G.
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Because of this, we need an analog of (1.1) for nonunimodular groups. We propose
the inequality (1.4), which seems to be new in the literature. To prove (1.4) for
AN, we need a nonunimodular exponent splitting result for the exact sequence
1 — ker(Ag) — G — G/ker(Ag) — 1 coming out from the modular function
Ag : G — R>Y. It turns out that the spillover method can also be used to reduce
the problem to the case where the modular function is almost constant on X and Y.
We work this out in Lemma 5.1. In the next more involved step in the same section,
we obtain an approximate version of McCrudden’s theorem (Proposition 5.2), which
involves another use of the spillover method, to finish off the proof.

In the next crucial step, we prove that the Brunn—Minkowski for a semisimple G
follows from (1.4) for the solvable AN. Our method was motivated by a recent paper
[JT20] by the first two authors, which characterizes nearly minimal expansion sets.
Over there, a key idea is to choose a fiber f uniformly at random in Y and use X f to
estimate XY. For our current proof, we also choose two fibers fx and fy randomly
from X and Y, but with respect to two carefully chosen probability measures px and
py that are in general nonuniform. We show that by constructing px and py based
on the structure of X and Y, u(XY’) can be estimated by the expected size of fx fy
in AN, and the latter is well controlled by the Brunn—Minkowski inequality (1.4) for
AN. This part is done in Sect. 6. It is worth noting that in this case, our inequality
matches the upper bound construction when the semisimple group has a finite center.

With the above preparation, we now explain how we prove Brunn—Minkowski
for a general helix-free Lie group G. By Proposition 6.3, we can replace G with its
identity component and thus assume G is connected. Next, we use Proposition 5.2 to
replace G with ker(Ag) and reduce the problem to the case where G is unimodular.
Such G can be decomposed into a semi-direct product of a unimodular solvable
group @ and a semisimple group S via the Levi decomposition. We already know
how to handle S from the discussion in Sect.6. McCrudden’s theorem can then be
used to deal with @ and to deduce the desired inequality for G.

In many of our reductions, we have an exact sequence of groups 1 — H —
G — G/H — 1 and want to deduce the Brunn—-Minkowski for G from the Brunn—
Minkowski for H and G/H. One tricky issue is that this inductive method only gives
sharp results if the sum of the noncompact Lie dimensions and helix dimensions of H
and G/H is equal to the noncompact Lie dimension of G. Unfortunately, this is not
always true (see the examples after the proof of Lemma 2.11). With this warning in
mind, we must ensure the above property is always satisfied in the whole reduction.
Our discussion in Sect. 2 guarantees this.

In the remaining part, we discuss some new challenges in the proof of Theorem 1.2
for a helix-free locally compact group G. The Gleason—Yamabe Theorem tells us that
G contains an open subgroup G’ that has a Lie quotient G’/ H with H compact. For
the start, we need to handle the nonuniqueness in the choice of G’ and H in order
to show that noncompact Lie dimension and helix dimension are well-defined for
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locally compact groups. This is also done in Sect. 2, making heavy use of Lie theory
and the Gleason—Yamabe Theorem.

Unlike the Lie group case discussed earlier, we cannot directly replace G by its
identity component, as the latter may not be open. We must take the alternating
path of deducing the Brunn—Minkowski inequality for G from its open subgroup
G’ given by the Gleason—Yamabe theorem and its Lie quotient G'/H. When G is
unimodular, this can be achieved using Proposition 6.4 and Proposition 4.2. When
G is not unimodular, we encounter an extra technical difficulty as we do not find
an easy way to generalize Proposition 6.4. Instead, we reduce the problem to the
unimodular case using Proposition 5.2, Proposition 6.3, and Lemma 7.2 to replace
G by ker(A¢) which is unimodular.

2 Noncompact Lie dimension and helix dimension

In this section, we show that noncompact Lie dimensions and helix dimensions are
well-defined in locally compact groups and that they behave well in many exact
sequences. The latter is the underlying reason that the lower bound in Theorem 1.1
and Theorem 1.2 matches the upper bound in Theorem 1.3 for helix-free locally
compact groups.

Throughout this section, all groups are locally compact, and we will use various
definitions and facts from Appendices C, D, and E. The following lemma discusses
the behavior of Iwasawa decomposition undertaking a quotient by a compact normal
subgroup.

LEMMA 2.1. Suppose G is a connected semisimple Lie group, H is a (not necessarily
connected) compact subgroup of G. Then we have the following.

(1) There is an Iwasawa decomposition G = K AN such that H < K.

(2) Assume further that H is a normal subgroup of G, G = KAN is an Iwasawa
decomposition such that H < K, G' = G/H, and 7 : G — G’ is the quotient
map. Then there is an Iwasawa decomposition G' = K' A’N' such that =(K) =
K'.

Proof. We first prove (1). Let Z(G) be the center of G, G' = G/Z(G) and p: G — G’
be the quotient map, and H' = p(H). By Facts E.9 and E.10, p is a covering map and
G’ is centerless. Let g be the common Lie algebra of G and G, and exp : g — G and
exp’ : g — G’ be the exponential maps. Using Fact E.14.2, it suffices to construct a
Cartan involution 7 of g such that if € is the subalgebra of g fixed by 7 and exp(¢) =
K, then H < K. Take a maximal compact subgroup K’ of G’ that contains H'. Let
7p be an arbitrary Cartan involution of g (this exists because of Fact E.13). Let £y
be the the subalgebra of g fixed by 79, and K{j = exp(£y) in G’. Then by Fact E.14.2
about Iwasawa decomposition and the earlier observation that G’ is centerless, K|
is a maximal compact subgroup of G’. By Fact D.4.1 and the assumption that G is
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connected, there is an automorphism ¢’ of G’ such that o/(K()) = K'. Let « be the
automorphism of g obtained by taking the tangent map of o, and let

7 =ara” ! and € = a(t)

As every Cartan—Killing form is invariant under automorphisms of g, we get that
7 is a Cartan involution. It is also easy to check that ¢ is the subalgebra of g
fixed by 7. Using the functoriality of the exponential function (Fact E.2), we get
K' = exp/ (). Now set K = exp(£). By Fact E.14, we get an Iwasawa decomposition
G = KAN. Therefore, by the functoriality of the exponential function (Fact E.2),
K' = p(K). Now as H' < K', every element of H is in Z(G)K. By Fact E.14.2, we
have Z(G) C K, so H < K as desired.

We now prove (2). Set K’ = w(K). Let g, b, and € be the Lie algebras of G, H,
and K, and let kg, kg, k¢ be the Cartan-Killing form of g, b, and €. Then, g’ = g/b
is the Lie algebra of G’, and ¥ = ¢/b is the Lie algebra of K’ by Fact E.1. Let 7 be a
Cartan involution of g that fixes . We will construct from this a Cartan involution
7/ of g’ which fixes ¥'. If we have done so, then using Fact E.14, we obtain A" and N’
such that G’ = K'A’N’ is an Iwasawa decomposition, which completes the proof.

Now we construct 7/ as described earlier. As g is semisimple, the Lie algebras b
and £ are also semisimple. With ¢ the orthogonal complement of £ in g with respect
to kg and ¢ the orthogonal complement of b in £ with respect to k¢, we have g = €D q
and £ = b @ ¢ by Fact E.7. By the same fact, with xq and . the Cartan-Killing
forms of q and ¢, we have kg = k¢ @ kg and ke = Ky @ k. It is then easy to see that
every element of ¢®q is orthogonal to ) with respect to rgq. A dimension comparison
gives us ¢® q = 0 with 0 the orthogonal complement of ) in g. In summary, we have

g=t0q=hDcDq=hD0 and kKg=kKeDKq =Ky DK D kg =Ky D kKo. (2.1)

As a particular consequence, the quotient map from g to g’ restricts to isomor-
phisms of Lie algebras from 9 to g’ = g/h and from ¢ to ¢ = €/h. Since b is a
subalgebra of €, 7 fixes h. As Cartan—Killing forms are invariant under automor-
phisms, 7 restricts to an endomorphism of 9, which is the orthogonal complement
of b in g under ky. Therefore, 7y is an involution of 9. The bilinear form

0 X0 (z,y) — —Kolx,T|o(y))

is positive definite as it is simply the restriction to 9 of the positive definite bilinear
form g x g : (z,y) — —ko(z,7(y)). Hence, 7| is a Cartan involution of d. Recall
that the subalgebra of g fixed by 7 is £. By the first part of (2.1), the subalgebra of
0 fixed by 7|, is ¢. Finally, let 7/ be the pushforward of 7|, under the quotient map
from g to g’. It is easy to see that 7/ satisfies the desired requirement. O

The following lemma allows us to compute the noncompact Lie dimension of
the universal cover of a compact Lie group. Recall that a finitely generated abelian
group G is isomorphic to a direct sum Z" @ G'**, with h > 0 and G finite; the
integer h is called the rank of G.
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LEMMA 2.2. Let K be a covering group of a compact Lie group K’ with covering
map p : K — K', and assume that K and K' are connected. Suppose ker(p) is a
finitely generated abelian group of rank h, and m is the maximum dimension of a
compact subgroup of K. Then h = dim(K) —m.

Proof. We first consider the case when K is a solvable group. Then K’ = T* where
k is the dimension of K by Fact D.5.2. Recall that K is a quotient of the universal
cover of K', which is R¥. Hence, K = R" x T¥="_ Tt is easy to see that the maximum
dimension of a compact subgroup of K is k— h, which gives us the desired conclusion
in this case.

We now prove the statement of the Lemma when K is not solvable. Let Qg
be the radical of K, Qg the radical of K', Sy = K/Qk, and Sk = K'/Qg'.
Note that K and K’ have the same Lie algebra £. By Fact E.4, Qx and Qg have
the same Lie algebra q, which is the radical of &. Moreover, by the functoriality
of the exponential function (Fact E.2), p restricts to a covering map from Qg to
Qi with kernel ker p N Q. By Fact E.1, the Lie algebras of Sk and Sk are both
isomorphic to £/q. Hence, Sk is a connected semisimple Lie group with compact
Lie algebra. Using Fact E.11, we get Sk is compact with finite center Z(Sk). Let
m: K — Sk be the quotient map. Note that ker p is a subgroup of the center of K
by Fact D.6. Hence, the image of 7|k, is a subset of Z(Sk), which is finite. As a
consequence, ker p N Q g, which is the kernel of 7|ier 5, has the same rank h as ker p.
Let my and mso be the maximum dimensions of a compact subgroup of Qi and of Sk
respectively. Then m = mq + mo by Fact D.4.2. By the special case for the solvable
group K proven earlier, h +m; = dim Q. As Sk is compact, mo = dim Sk. Thus,
h+m=h+m;+me =dim(Qg) + dim(Sk) as desired. O

The following proposition links the noncompact Lie dimension and the helix
dimension.

PRrROPOSITION 2.3. Suppose G is a connected semisimple Lie group of dimension d,
m is the maximal dimension of a compact subgroup of G, h is the helix dimension
of G, and G = KAN is an Iwasawa decomposition of G. Then h = dim K — m, or
equivalently, d — m — h = dim(AN).

Proof. Let Z(G) be the center of G. Then Z(G) has rank h by definition. By
Fact E.14.2, we have Z(G) is a subset of K. Let G' = G/Z(G), and K' = K/Z(G).
Using Lemma 2.1.2, we obtain A’ and N’ such that G’ = K'A’N’ is an Iwasawa
decomposition. Let p : G — G’ be the quotient map. The group Z(G) is discrete by
Fact E.9, so p and p|k are covering maps.

Now, the maximum dimension of a compact subgroup of G is the same as that of
K by Lemma 2.1.1. Applying Lemma 2.2 to K, we have that h = dim K — m. Note
that d = dim(K) + dim(AN) by Fact E.14, so we also get d —m — h = dim(AN). O

The next lemma discusses the noncompact Lie dimensions and the helix dimen-
sions of a Lie group and its open subgroups.
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LEMMA 2.4. Suppose G is a Lie group, and G’ is an open subgroup of G. Then
G and G’ have the same dimension, the same maximum dimension of a compact
subgroup, and the same helix dimension.

Proof. 1t is clear that G and G’ have the same dimension. Any compact subgroup
of G’ is a compact subgroup of G. If K is a compact subgroup of G, then K NG’ is
an open subgroup of K, hence K N G’ has the same dimension as K. Therefore the
maximum dimension of a compact subgroup of G is the same as that of G’. Finally,
note that G and G’ have the same identity component Gy, and the helix dimension
is defined using Gy. Thus, G and G’ have the same helix dimension. O

The following lemma tells us the behavior of the radical under quotient by a
compact normal subgroup.

LEMMA 2.5. Suppose G is a Lie group, H is a compact normal subgroup of G,
G'=G/H, and 7 : G — G’ is the quotient map. Let Q be the radical of G, and let
S = G/Q. Then we have the following:

(1) with Q" = 7(Q), and S’ = G'/Q’, we have HQ is closed in G, Q' = HQ/H,
and S'=G'/(HQ/H) = (G/H)/(HQ/H) is canonically isomorphic as a topo-
logical group to both G/HQ and (G/Q)/(HQ/Q) = S/(HQ/Q);

(2) Q' is the radical of G'.

Proof. We prove (1). As H is compact, we get that H(Q is closed in G by Lemma A 4.
Then Q' = HQ/H, and S' = G'/(HQ/H) = (G/H)/(HQ/H). The remaining part
of (1) is a consequence of the third isomorphism theorem (Fact A.1.3).

We next prove (2). As Q' is a quotient of the solvable group @, it is solvable.
Moreover, @’ is a connected closed normal subgroup of G’ as @ is a connected closed
normal subgroup of G. By (1), G'/Q’ is a quotient of the semisimple group S. Hence,
G'/Q’ is semisimple. Therefore, @)’ is the maximal connected solvable closed normal
subgroup of G'. In other words, @’ is the radical of G’. O

The next lemma says in a Lie group, taking a quotient by a normal compact
subgroup does not change the helix dimension. Doing so also does not change the
difference between the dimension and the dimension of a maximal compact subgroup.

LEMMA 2.6. Suppose G is a Lie group, H is a compact normal subgroup of GG, and
G' = G/H. Let d, m, and h be the dimension, the maximal dimension of a compact
subgroup, and the helix dimension of G, respectively. Define d', m’, and h' likewise
for G'. Then:

(1) d =d + dim(H) and m = m’ + dim(H);
(2) h="1.

Proof. We prove (1). Clearly, d = d’ +dim(H). If K is a compact subgroup of G and
K’ = m(K), then K’ is a compact subgroup of G’, then
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dim(K’) 4+ dim(H) = dim(K). Conversely, if K’ is a compact subgroup of G’, then
K = 771(K’) is a compact subgroup of G' by Lemma A.5, and Lemma 2.2 implies
that dim(K) = dim(K’) 4+ dim(H). Therefore, m = m’ + dim(H).

We now prove (2). First further assume that both G and G’ are semisimple.
Let 7 : G — G’ be the quotient map. Using Lemma 2.1.1, we obtain an Iwasawa
decomposition G = KAN of G such that H C K. By Lemma 2.1.2, we obtain an
Iwasawa decomposition G’ = K’A'N’ with K’ = n(K), A" = n(A), and N’ = 7(N).
Let mg be the maximum dimension of a compact subgroup of K, and m/, be the
maximum dimension of a compact subgroup of K’. By Proposition 2.3, mg + h =
dim(K), and mg: + ' = dim(K’). Now, by (1) applied to K, we have my =
m/y + dim(H ). Therefore, we get h = h'.

Next, consider the case where G is connected. Let () be the radical of G, S =
G/Q, Q' = w(Q), and S = G'/Q'. Then by Lemma 2.5.2, Q' is the radical of
G'. Hence, it suffices to show that S and S’ have the same helix dimension. By
Lemma 2.5.1, S’ is isomorphic as a topological group to S/(HQ/Q). Note that
HQ/Q is isomorphic as a topological group to H/(HNQ) by the second isomorphism
theorem for Lie groups (Fact D.3.2). In particular, HQ/Q is compact, and S’ is the
quotient of S by a compact group. Applying the known case for semisimple groups,
we get the desired conclusion.

Finally, we address the general case. Let G be the identity component of G. Then
Gy is open by Fact D.2, and GoH/H is an open subgroup of G’ = G/H. Hence, by
Lemma 2.4, G has the same helix dimension as Gy, and G’ has the same helix
dimension as GoH/H. By the second isomorphism theorem (Fact A.1.2), GoH/H
is isomorphic as a topological group to Go/(Go N H), which is a quotient of G by
a compact subgroup. Thus, we get the desired conclusion for the general case from
the known case discussed above for connected groups. O

LEMMA 2.7. Suppose G is an almost-Lie group, H; and Hs are closed normal sub-
groups of G such that G/H; and G/Hy are Lie groups, and H = Hy N Hy. Then
G/H is a Lie group.

Proof. By Fact C.1, G/H is an almost-Lie group. In light of Fact C.2.2, we want to
construct an open neighborhood U of the identity in G/H that contains no nontrivial
compact subgroup. Let 7 : G — G/H, m : G — G/Hy, and w3 : G — G/Ha be the
quotient maps. Using Fact A.1.3, we get continuous surjective group homomorphisms
p1:G/H — G/H; and py : G/H — G/Hj such that

mp=prom and 9y = pso.

As G/H; is a Lie group, we can use Fact C.2.2 to choose an open neighborhood U
of the identity in G/H; such that U; contains no nontrivial compact subgroup of
G/H;. Choose an open neighborhood U; of the identity in G/Hj likewise, and set

U =p; ' (U1)Npy ' (Ua).
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If K CU is a compact subgroup of G/H, then p;(K) is a compact subgroup of Uj.
By our choice of U, p1(K) = {idg/p, }, which implies that 1 (pi(K)) = n7Y(K)
is a subgroup of Hj. A similar argument yields that 7y !(p2(K)) = 77 (K) is a
subgroup of Hy. Hence, 771 (K) must be a subgroup of H = Hy N Hy. It follows that
K = {idg g}, which is the desired conclusion. 0

Proposition 2.8 below ensures us the notion of noncompact Lie dimension and
helix dimension of a locally compact group as described in the introduction are well
defined.

PROPOSITION 2.8. Suppose G’ is an open subgroup of a locally compact group G,
and H <1 G' is compact such that G'/H is a Lie group with dimension d, with m
the maximum dimension of a compact subgroup, and helix dimension h. Then d —m
and h are independent of the choice of G' and H.

Proof. We first prove a simpler statement: if G’ is an almost-Lie subgroup of G, H
is a compact subgroup of G’, and we define d, m, and h as in the statement of the
proposition, then d — m and h are independent of the choice of H. Let H; and Hy
be compact normal subgroups of G such that both G/H; and G/Hs are Lie groups.
Then by Lemma 2.7, G/(H;N Hz) is also a Lie group. Note that G/H; and G/H> are
quotients of G/(H; N Hy) by compact subgroups by the third isomorphism theorem
(Fact A.1.3). Hence, it follows from Lemma 2.6 that G/H; and G/(H1NH3) have the
same difference between the dimension and the maximum dimension of a compact
subgroup, and the same helix dimension. A similar statement holds for G/Hy and
G/(Hy N Hj). This completes the proof of the simpler statement.

Now we prove the proposition in general. Let G and G be open subgroups of
G, and let H; and Hs be compact normal subgroups of G} and G respectively
such that G| /H; and G%/Hj are Lie groups. Using the Gleason—Yamabe Theorem
(Fact C.2), we get an open subgroup G’ of G| N G which is an almost-Lie group.
Then G’ is an open subgroup of G. Note that G’ N H; and G’ N Hy are compact
subgroups of G’. Then G'/(G' N Hy) is an open subgroup of G /H;. It follows from
Lemma 2.6 that G'/H; and G'/(G' N Hy) have the same difference between the
dimension and the maximum dimension of a compact subgroup and the same helix
dimension. A similar statement holds for G'/Hy and G'/(G’ N Hy). Thus, from the
simpler statement we proved in the preceding paragraph, G|/H; and G),/Hs have
the same noncompact dimension and the same helix dimension. O

We have the following two corollaries.

COROLLARY 2.9. If H is an open subgroup of G, then H has the same noncompact
Lie dimension and helix dimension as G.

Proof. Proposition 2.8 implies that the noncompact Lie dimension and helix dimen-
sion of a locally compact group is the same as those of its open almost-Lie subgroups,
if those exist. Hence, it suffices to show that there is a common almost-Lie open
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subgroup of G and H. This is an immediate consequence of the Gleason—Yamabe
Theorem (Fact C.2.1). 0

COROLLARY 2.10. If H is a compact normal subgroup of G, then G/H has the same
noncompact Lie dimension and helix dimension as G.

Proof. Let m be the projection from G to G/H. If G/H is a Lie group, then from
the definitions, G has the same noncompact Lie dimension and helix dimension as
G/H. Hence, the conclusion holds in this special case.

Suppose there is a compact K < G/H such that (G/H)/K is a Lie group, then
(G/H)/K is isomorphic as a topological group to G//7~1(K) by the third isomor-
phism theorem (Fact A.1.3). By Lemma A.5, 7~!(K) is compact. Hence (G/H)/K
is a quotient of G by a compact normal subgroup, and we can use the previous case
to get the desired conclusion.

Now we treat the general situation. By the Gleason—Yamabe Theorem, we get an
almost-Lie open subgroup G’ of G. Then G’ H is an open subgroup of G' and hence has
the same noncompact Lie dimension and helix dimension as G by Corollary 2.9. By
the second isomorphism theorem (Fact A.1.2), we get that G'/(G'N H) is isomorphic
to G’H/H which is an open subgroup of G/H. In particular, G'/(G' N H) has the
same noncompact Lie dimension and helix dimension as G/H by Corollary 2.9. Note
that G'/(G' N H) is an almost-Lie group by Fact C.1. Hence, we can find a compact
subgroup K such that (G'/(G' N H))/K is a Lie group. We are back to the earlier
known situation in the second paragraph. O

We have the following lemma about Iwasawa decompositions.

LEMMA 2.11. Suppose 1l — H — G 5 G/H — 1 is an exact sequence of connected
semisimple Lie groups. Then there are Iwasawa decompositions G = KAN, H =
KA1 N1, and G/H = K9A9 Ny such that K; = (Kﬂ H)O, and Ky = W(K)

Proof. Let g and h be the Lie algebras of G and H, and let k5 and kp be the Cartan—
Killing form of g and h. Then g/b is the Lie algebra of G/H, and g.,h, and g/h are
semisimple. By Fact E.7,

g=b@cand kg = Ky D K

where &, is the orthogonal complement of ki with respect to kg4, and &, is the Cartan—
Killing form of .. Therefore, the quotient map from g to g/h induces an isomorphism
from ¢ to g/h, so we can identify g/h with c. Let 71 and 75 be Cartan involutions of b
and ¢. Then 7 = 71 &7 is an involution of g. As 71 and 79 are Cartan involutions, the
bilinear forms h x b : (x1,y1) — —kp(x1,71(y1)) and e x ¢ : (22, 92) — —Kc(T2, 2(y2))
are positive definite. Hence, the bilinear from g x g : (z,y) — —ry(z,7(y)) is also
positive definite. Therefore, 7 is a Cartan involution of g. Let €, £, and &5 be the Lie
subalgebras of g, h, and ¢ fixed by 7, 71, and 7 respectively. It is easy to see that
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tE=1¢ dt. Let exp: g — G, exp; : h — H, and expy : ¢ — G/H be the exponential
maps, and set

K = exp(t), K = exp,(t1) and K2 = exp(2).

From Fact E.14, we obtain Iwasawa decompositions G = KAN, H = K1 A1 N1, and
G/H = KyA3N,. By the functoriality of the exponential function (Fact E.2), we get
K1 < KNH and Ky = w(K). Since K is connected, by a dimension calculation we
have K :(KQH)O d

In a short exact sequence of locally compact groups, one may hope that the
noncompact Lie dimension and the helix dimension of the middle term is the sum
of those of the outer terms. This is not true in general. For instance, in the exact
sequence

1-Z—->R—-R/Z—1,

the noncompact Lie dimension of R is 1, while both Z and T = R/Z has noncompact
Lie dimension 0. Another example is the following. Let H be the universal cover of
SL(2,R). We identify the kernel of the covering map p : H — SL(2,R) with the
additive group Z of integers. Let G = (H x R)/{(n,n) : n € Z}. Then we have the
exact sequence

1-H—->G—T-—1,

the helix dimension of H is 1, but the helix dimensions of G and T are 0.
Nevertheless, we have the summability of noncompact Lie dimensions and helix
dimensions in many short exact sequences of interest:

PROPOSITION 2.12. Suppose 1 — H — G 5 G/H — 1 is an exact sequence of
connected Lie groups. Then we have the following:

(1) Ifn, n1, and ny are the noncompact Lie dimensions of G, H, and G/H respec-
tively, then n = n1 + no.

(2) If G is moreover semisimple, and h, hy, and hy are the helix dimensions of G,
H, and G/H respectively, then h = hy + ha.

Proof. We first prove (1). Let m be the maximum dimension of a compact subgroup
in G. As G is connected, m is also the dimension of an arbitrary maximal compact
subgroup of G by Fact D.4.1. Defining m; and my likewise for H and G/H, we
get similar conclusions for them from the connectedness of H and G/H. Let K be
a maximal compact subgroup of G. By Fact D.4.2, K N H is a maximal compact
subgroup in H, and 7(K) is a maximal compact subgroup in G/H. The kernel of
7|k is K N H, and the image is 7(K). Hence, m = mj + mg. This gives us (1)
recalling that m +n = dim(G), m; + n; = dim(H), ma + ne = dim(G/H), and
dim(G) = dim(H) + dim(G/H).
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We now prove (2). Since Z(G)NH < Z(H), and 7(Z(G)) < Z(G/H), we have
h < hy + hg. It remains to show h > hy + he. As G is semisimple, H and G/H are
semisimple by Fact E.8. Take Iwasawa decompositions G = KAN, H = K1 A1 Ny,
and G/H = K3A2N> as in Lemma 2.11. By the first isomorphism theorem for Lie
groups (Fact D.3.1), 1 = KNH — K — Ky — 1 is an exact sequence of Lie groups.
With K} = K/K;, we have an exact sequence

1—-K —K— Kj)—1. (2.2)

As K; = (KN H)g, by the third isomorphism theorem, we have Ky = K/(KNH) =
(K/K1)/(KNH)/K1) = Ky/(KNH)/Ky). Since (K N H)/K; is discrete, K} is
a covering group of Ks. Let ¢ : K, — Ky be the covering map. Note that ¢ has
a discrete kernel, and Ko, K} have the same dimension. Suppose S is a compact
subgroup of K} with the maximum dimension. Then ¢(S) is a compact subgroup
of Ky, and S and ¢(S) have the same dimension. This shows that the noncompact
Lie dimension of K} is at least the noncompact Lie dimension of K. By (2.2) and
Statement (1), the noncompact Lie dimension of K is the sum of noncompact Lie
dimensions of K7 and K}, hence it is at least the sum of noncompact Lie dimensions
of K1 and K. It then follows from Proposition 2.3 that h > hi + ho. O

LEMMA 2.13. Suppose 1 — H — G 5 (R™Y, x) — 1 is an exact sequence of Lie
groups, then Hy = H N Gy. In particular, if G is connected, then H is connected.

Proof. As Lie groups are locally path connected, Gq is open in G. As Gy is an open
connected subgroup of G, the map 7|g, is continuous and open. Hence, its image
7(Go) is an open connected subgroup of (R>?, x). Therefore, 7(Gy) = (R>?, x), and
7|a, is a quotient map by the first isomorphism theorem (Fact A.1.1). The kernel
of 7|, is H NGy, so we get the exact sequence of Lie groups
1 = HNGo— Go "% R0, x) — 1.

We now prove that Hy = H N Gg. The forward inclusion is immediate by definition.
By the third isomorphism theorem (Fact A.1.3), we get the exact sequence of Lie
groups

1— (HﬂGo)/Ho — GQ/H[) — (R>0, X) — 1.

The group (H NGy)/Hy is discrete. Hence, Go/Hy is a Lie group with dimension 1.
As Gy is connected, the Lie group Go/Hj is also connected. By Fact D.5, Go/Hj is
either isomorphic to R or T. But since Go/Hp has (R>?, x) as a quotient, it cannot
be compact, and therefore must be isomorphic to R. This implies that (H N Gy)/Ho
is trivial, and hence Hy = H N Gy. O

The next proposition gives us a summability result of noncompact Lie dimensions

along a short exact sequence of locally compact groups when the quotient group is
(R>9) x).
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PROPOSITION 2.14. Suppose 1 — H — G 5 (R>?, x) — 1 is an exact sequence of
locally compact groups. Then we have the following:

(1) If n, n1, and ny are the noncompact Lie dimensions of G, H, and (R>?, x)
respectively, then n = ny +ne = nj + 1.
(2) G and H have the same helix dimension.

Proof. First, we consider the case when G is a connected Lie group. Then by
Lemma 2.13, H is also connected. Hence, (1) for this case is a consequence of Propo-
sition 2.12.1.

We prove (2) for this special case. Let @ be the radical of G. We claim that QH =
G, or equivalently, that m(Q) = (R>Y, x). Suppose this is not true. Then 7(Q) is a
connected subgroup of (R”%, x), so it must be {1}. Hence, Q C H. Then (R~ x) =
G/H which is isomorphic as a topological group to (G/Q)/(H/Q) by the third
isomorphism theorem (Fact A.1.3). This is a contradiction, because (G/Q)/(H/Q)
is semisimple as a quotient of the semisimple group G/Q, while (R>?, x) is solvable.

We next show that Q N H is the radical of H. The radical of H is a character-
istic closed subgroup of H (by Fact E.4), hence a connected solvable closed normal
subgroup of G. Thus, the radical of H is a subgroup of Q@ N H. It is straightforward
that @ N H is solvable. We also have that Q) N H is second countable as both @ and
H are second countable. From the preceding paragraph, m(Q) = (R>?, x). Using the
first isomorphism theorem for Lie groups (Fact D.3.1), we have the exact sequence

1-QNH—-Q— R x)—1

Applying Lemma 2.13, we learn that Q N H is connected. This completes the proof
that Q N H is the radical of H.

Note that QH = G and Q) is a closed subgroup of G. Hence, by the second isomor-
phism theorem for Lie groups (Fact D.3.2), H/(Q N H) is isomorphic as a topological
group to HQ/Q = G/Q. Therefore G and H have the same helix dimension.

Next, we address the slightly more general case where G is a Lie group but not
necessarily connected. Let Gy be the connected component of G. Then 7(Gy) is an
open subgroup of (R”% x), so 7(Go) = (R”?, x). By the first isomorphism theorem
for Lie groups (Fact D.3.1), we have the exact sequence

1 - GoNH — Gy — (R7?, x) — 1.

Applying Lemma 6.3 and the known case of the current lemma where the middle
term of the exact sequence is a connected Lie group, we obtain both (1) and (2) for
this more general case.

Using the Gleason—Yamabe theorem and a similar argument as in the preceding
paragraph, we can reduce (1) and (2) for general locally compact groups to the
case where we assume that G is an almost-Lie group. Hence, there is a compact
normal subgroup K of G such that G/K is a Lie group. As K is compact, 7(K)
is a compact subgroup of (R>?, x), so m(K) = {1}. Hence K < H. By the third
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isomorphism theorem (Fact A.1.3), we have the exact sequence 1 — H/K — G/K —
(R>?, x) — 1. Applying Lemma 2.6 and the known case of the current lemma where
the middle term of the exact sequence is a Lie group, we obtain both (1) and (2) for
this remaining case. O

We discuss the relationship between the noncompact Lie dimension and helix
dimension of a locally compact group G.

COROLLARY 2.15. Suppose G has noncompact Lie dimension n and helix dimension
h. Then we have h < n/3.

Proof. We first check the result for simple Lie groups. If A = 0, then the statement
holds vacuously. Hence, using Fact E.12, it suffices to consider the case where h = 1.
Let G = KAN be an Iwasawa decomposition. Then by Proposition 2.3, we have
n—1=dim(AN) > 0. Hence, n > 0 and G is not compact. From Fact E.15, we have
dim(AN) > 2. Therefore n > 3. Hence, we get the desired conclusion for simple Lie
groups.

Now consider the case where G is a connected semisimple Lie group which is not
simple. Using induction on dimension, we can assume we have proven the statement
for all connected semisimple Lie groups of smaller dimensions. Using Fact E.6, we
get an exact sequence of semisimple Lie groups 1 — H — G — G/H — 1 with
0 < dim(H) < dim(G). Replacing H with its connected component if necessary, we
can arrange that H is connected. The desired conclusion then follows from Proposi-
tion 2.12.2.

For a general locally compact group G, from Proposition 2.8, we may assume G is
a Lie group. Corollary 2.9 and Fact D.2 allow us to reduce the problem to connected
Lie groups. By Lemma 2.5 and Lemma 2.4, the radical of G only contributes to the
noncompact Lie dimension of G. Using Fact E.5 and Proposition 2.12.1, we reduce
the problem to connected semisimple Lie groups. O

3 Proof of Theorem 1.3

Theorem 3.1 is a version of Theorem 1.3.2 with compact sets replaced by open sets.
We will deduce Theorem 1.3 from Theorem 3.1 at the end of this section using the
inner regularity of the Haar measure. It is convenient to prove Theorem 3.1 first
because, intuitively, the constructed set X is an open neighborhood of the maximal
compact subgroup of G. On the other hand, in Theorem 1.3, we want a compact set
as traditionally stated in the Brunn—Minkowski inequalities.

Theorem 3.1. Suppose G is a locally compact group with noncompact Lie dimen-
sion n > 0, ug is a left Haar measure, and vg is a right Haar measure. Then, for
every € > 0, there is an open set X with positive left and right measure in G such
that

ve(X)F~  pe(X)i

. — > 1.
v(X?)r " pe(X?)-F




1068 Y. JING ET AL. GAFA

As a corollary, if G is unimodular with n > 0, for every ' > 0, there is an open set
X in G such that ug(X?) < (2" + &' )ug(X).

We first prove the theorem when G is a unimodular Lie group.

Proof of Theorem 3.1, unimodular Lie group case. Since G is unimodular, without
loss of generality we assume that pg = vg. Let d be the dimension of G. Let K be
a maximal compact subgroup of G and let m = dim K. Hence n = d — m is the
noncompact Lie dimension of G.

Since K is closed, G/K is a homogeneous (and smooth) manifold. For g € G,
we let [g] denote its quotient image in G/K. Fix an arbitrary G-invariant (smooth)
Riemannian metric on G/K (such a metric exists by first finding a K-invariant
Riemannian metric at [id] and then extend it onto the whole G/K by the action of
G). This metric induces a volume measure Vol on G/K.

Let 7 be the projection from G to G/ K. For any Borel subset U of G/K, 71 (U)
is also Borel and hence pg-measurable. For any r > 0, we use B, to denote the
(open) r-ball around [id] on G/K under the chosen metric and use D, to denote
7~ 1(B,). We claim that:

(i) There exists a constant b > 0 only depending on the metric on G/K such
that as Borel measures m.(ug) = b - Vol, and
(ii) For any r > 0, D,.-D, C Dao,.

We postpone the proofs of claims (i) and (ii) to the end of this proof and first
show how they lead to Theorem 1.3. We can take X to be Dy for a sufficiently small
0 > 0 (depending on ¢) to be determined. Then by (i),

pe(X) = m(pG(Bs)) = b- Vol(Bs).

And by (ii), X2 C Dys and hence as before, we get pua(X?) < ug(Das) = b-Vol(Bas).
Note that the invariant metric on G/K is smooth and thus

(B
lim Vol(By;)

) g,
5—0 Vol(By)

1_.

Hence a sufficiently small § can guarantee % > % and we have proved The-
Ha n

orem 1.3 in this special case.

It remains to prove claims (i) and (ii). To see claim (i), note that Vol is G-
invariant. We also see that m, (1) is G-invariant because ug (7= 1(U)) = pug(gr=1(U))
= pg(n~1(gU)) for any g € G and any Borel subset U C G/ K. Since the G-invariant
Borel measure on G/K is unique up to a scalar (see Theorem 8.36 in [Kna02]), Vol
has to be a scalar multiple of 7, (ug).

Finally we verify claim (ii). Taking arbitrary g1, g2 € D, and it suffices to show
9192 € Do,. By definition, there is a piecewise smooth curve ; connecting [id] and
[gj] such that the length of ; is strictly smaller than r (for j = 1,2). Note that by
the invariance of the metric, [g1]72 must have the same length as ,. Let v be the
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curve formed by [g1]y2 after 1. It is a curve connecting [id] and [g1g2] and by the
reasoning above has two pieces and each of them has length strictly smaller than
r. Hence ~ has length shorter than 2r and thus by definition g1go € Ds,.. We have
verified (ii). O

The following will be proved similarly to the above special case of Theorem 3.1.

PropPOSITION 3.2. Given any unimodular Lie group G, let n be its noncompact Lie
dimension. Let € > 0 be fixed. Then there exists precompact open subsets X and
X1 with pg(X) > 0 such that the closure X C X1 and pg(X1-X) < (24 8)"ug(X).

Proof. We continue to use the notation from the proof. Let X = D5 and X; = Dy, ,
where 0 < § < §; are both to be determined.

We see that X and X, are open, being the preimage of open sets under . Since
Bs and Bs, are both precompact, Lemma A.5 implies X and X are also precompact.
Moreover we have X C 77 1(Bs) C 77 1(Bs,) = X1. It remains to choose § and §;
such that pg(X1-X) < (2+8)"ua(X).

By the same reasoning as in the previous proof of Theorem 1.3 (unimodular Lie
case), we see that X;-X C Ds, 5. Now,

_ Vol(Byy)
hm -
5—0 Vol(Bj)

= 2”” and lim M =1
01—6 VOI(B(;H_(;)

Hence we can take ¢ sufficiently small, and then ¢; sufficiently close to §, such that

pe(X1-X) _ pa(Ds,15)  Vol(Bs, ys) ~n
i) = paDs) - Vol ~ TN

which proves the proposition. O

Next we use Proposition 3.2 to prove Theorem 3.1 for general Lie groups.

Proof of Theorem 3.1, Lie group case. We have already proved the theorem when
G is unimodular. In the rest of this proof, we assume G is nonunimodular. Let Gg
be the connected component of G. Since pgl|g, is a left Haar measure on Go, and
vala, is a right Haar measure on G, we may assume without loss of generality that
G = Go. As the only connected subgroups of (R>Y, x) are itself and {1}, and G
is not unimodular, the modular function Ag must be surjective. Hence, Ag is a
quotient map by the first isomorphism for Lie groups Fact D.3.1.

Let H be the kernel of the modular function on G. By Proposition 2.14.1, the
noncompact Lie dimension of H is n — 1 where n is the noncompact Lie dimension
of G. By Fact B.2.1, H is unimodular. To avoid confusion, we will always use ug
and vg for p and v below and use pp = vy to denote a fixed Haar measure on H.

In light of Fact B.3, we can fix a Haar measure dr on the multiplicative group
(R>Y) x) = G/H such that for any Borel function f on g,

/G £(2) dpic() = /G y /H Fh) dpurz (h) dpage (). (3.1)
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Let g and h be the Lie algebras of G and H, respectively. We fix an element
Z € g such that Z ¢ h. Note that ¢ — A(exp(tZ)) is a nontrivial continuous group
homomorphism from (R, +) to (R>?, x). As the only connected subsets of (R>?, x)
are points and intervals, this map must be surjective, and hence an isomorphism
by the first isomorphism for Lie groups (Fact D.3). In light of the quotient integral
formula (3.1), we can choose an appropriate Haar measure dt on R such that for
any Borel subset A of G, we have the Fubini-type measure formula

p6(A) = [ pnl(exp(~t2)4) 0 H) (3:2)

Without loss of generality we assume dt is the standard Lebesgue measure (otherwise
we multiply ug by a constant).

With the preliminary discussions above, we now construct X satisfying the in-
equality in Theorem 1.3.

Before going into details of the construction, we first describe the intuition behind
it. We arrange our X to live very close to H so that p and v are almost proportional
on X and X?2. We then realize that it suffices to choose our X to be like a thickened
copy of the almost sharp example of Theorem 1.3 for (the unimodular group) H.

More precisely, let £ > 0 be a small number (depending on €) to be determined.
let X and X7 be the X and X1, respectively, in Proposition 3.2 where we replace
G by H. We now take X = {exp(tZ)h : t € [0,],h € X} and will show that X? is
reasonably small when € is small enough.

By (3.2), we have

M(;(Xz):/MH((exp(—tZ)Xz)ﬂH)dt. (3.3)
R

Note that an arbitrary element in X? can be written as
exp(t1Z)hiexp(taZ)ha
= exp((t1 + t2)Z)(exp(—taZ)hiexp(taZ)hy) € exp((t; + t2)Z)H,
where t1,t2 € [0,] and hy, he € H. Hence (3.3) is reduced to

28
no(X) = [ pul(exp(~t2)X*) 0 H) di (3.4
0
and moreover for any 0 < tg < 2, we see from the above discussion that
(exp(—t0Z)X%)NH = U (exp(—t1Z) Xexp(t1 2))-X.
0<t1,t2<Et1+t2=to
By Lemma D.7 and Proposition 3.2, when ¢ is sufficiently small, which we will

always assume, we have the above union contained in X;-X. Now by (3.4),

2¢

He(X?) < /0 it (X1-X) dt = 2851 (X1 X), (3.5)
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On the other hand, by (3.2)

pe(X) = épm(X). (3.6)
Combining (3.5) and (3.6) and using the measure properties of X and X; guar-
anteed by Proposition 3.2, we have

polX) . (%) 1
na(X?) — QMH(Xl'X) 2(2 +é)nl

(3.7)

Recall that the support of X with respect to ug consists of @ € X such that ug(X N
U) > 0} for all open neighborhoods of a. By Fact B.2.4, the support of X with
respect to pug is the same as that with respect to vg, so we can refer to the support
of X without ambiguity. Recall also that A(exp(-Z)) is an isomorphism from (R, +)
to (R”%, x). Hence there exists a constant C' > 0 only depending on Z such that
on the support of X we have e"“¢ < A < ¢“¢ and on the support of X? we have
e 2C% < A < €2%¢. Thus by Fact B.2.4, we have

> 6—05

and

pa(X?) S o20¢
va(X?) ’

Combining the above inequalities with (3.7), we have

Z/G(X) . e—3CE
va(X?) 22+ &)t

(3.8)

Hence for the X we constructed,
va(X)» | pe(X)n
V(Xm0 pe(X2)n

It suffices to take & small enough such that the right hand side of (3.9) is > 1. O

> (14 e 3G N @@+ vt (3.9)

With the Gleason—Yamabe Theorem and the results developed in Sect. 2, we are
able to pass our Lie group constructions to general locally compact groups.

Proof of Theorem 3.1. By Fact C.2, there is open subgroup G’ of G which is almost-
Lie. Since ug|gr is a left Haar measure on G’, and same holds v¢|gr, we may assume
without loss of generality that G is almost-Lie.

With this assumption, there is a short exact sequence 1 - H — G = G JH — 1
where H is a compact subgroup, and G/H is a Lie group. Let X be a subset of G/H
such that

vea(X)» ¢ . pey(X)n—e

1, — > 1 (3.10)
vG/a(X?)n paya(X2)n
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where n is the noncompact Lie dimension of G/H. Thus by the quotient integral
formula, we have

ne(n (X)) = / pi(g~ (x 1 (X)) 1 H) dpy(9)
G/H
- / 1 () dpics a1 (9) = iy (X),
G/H

and similarly vg (7~ (X)) = vg/u(X). Observe that 7~ !1(X?) = 7~ 1(X) - 7~ 1(X).
Thus the desired conclusion follows from (3.10) and Propositions 2.8. O

We now prove Theorem 1.3.

Proof of Theorem 1.3. We consider first the case when n = 0 and G is a Lie group.
Then the identity component G of G is compact. Taking X = G, we have X = X2
has positive left and right measures. In particular, we have

pe(X) = ne(X?) and ve(X) = va(X?),

and Theorem 1.3 holds in this case.

Suppose n = 0 and G is a locally compact group. By Fact C.2, there is open
subgroup G’ of G which is almost-Lie. Since pug|¢ is a left Haar measure on G’, and
same holds vg|gr, we may replace G with G’ and assume without loss of generality
that G is almost-Lie. Let H be a compact subgroup of G such that G/H is a Lie
group, and 7w : G — G/H is the quotient map. Choose compact Y C G/H such
that Y2 = Y has positive left and right measure. Choosing X = 7~ 1(Y), we have
X = X? has positive left and right measures, and Theorem 1.3 holds in this case
too.

In the rest of the proof, we assume n > 0. Using Theorem 3.1 we obtain an open
subset Y of G such that

va(Y) 2 ()
V(Y2 pa(Y?)

By the inner regularity of ug and vg, we can choose X C Y such that pg(X) >
pa(Y)—0 and vg(X) > vg(Y)—0 for any given 6 > 0. On the other hand, for such X,
we have pg(X?) < ug(Y?) and vg(X?) < vg(Y?) as X2 C Y2. Hence, by choosing
0 sufficiently small, we can arrange that X satisfies the desired inequality (1.6). O

4 Reduction to outer terms of certain short exact sequences

For n € Z=Y and (z,y) € R?, we set

Iy, = §l "l itn 20,
P2/ /n max{|z|, |y|} if n =0.
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We say that the group G satisfies the Brunn—Minkowski inequality with ex-
ponent n, abbreviated as BM(n), if for all compact X,Y C G,

v(X) pY)
(V(XY)’ M(XY)) Hl/n =L

When G is unimodular and n > 1, the above is equivalent to having the inequality
(XYY > (XY 4 (Y)Y, Note that % <1 and #’&Y}l) < 1. Hence, every
locally compact group G satisfies the Brunn—Minkowski inequality with exponent
n = 0. Moreover, if n < n’ and G satisfies the Brunn—Minkowski inequality with
exponent n’, then it satisfies the Brunn—Minkowski inequality with exponent n.

Given a function f : Q — R, for every ¢ € R, define the superlevel set of f

L?(t) ={reQ: f(z) >t}

We will use this notation at various points in the later proofs. We use the follow-
ing simple consequence of Fubini’s theorem concerning the superlevel sets [Rud87,
Theorem 8.16]:

Fact 4.1. Let p be a positive measure on some o-algebra in the set . Suppose
f:Q —[0,00] is a compactly supportted measurable function. For every r > 0,

"(z T) = ra” ! () da.
| r@ane) = [ ez @)a

The next proposition is the main result of this section. The current statement of
the proposition is proved by McCrudden as the main result in [McC69]. We give a
simpler (but essentially the same) proof here for the sake of completeness.

PROPOSITION 4.2. Assume G is a unimodular group, ni,ne > 0 are integers, H is
a closed normal subgroup of G satisfying BM(n1), and the quotient group G/H is
unimodular satisfying BM(ng). Then G satisfies BM(n; + na).

Proof. Suppose () is a compact subset of G. Let the “fiber length function” fq :
G/H — R2Y be a measurable function such that for every gH € G/H, fo(gH) =
wr (9~ N H). The case when both n; = ny = 0 holds trivially.

Now we split the proof into three cases.
Case 1. When nq1 > 1 and nq1 +ng > 2.

By the quotient integral formula (Fact B.3), we have

1/(ni4ns2)
;@Wﬁﬂm=</ m@mMm@O
G/H

1/(n1+n2)
= (/ (f/ ™ ()™ dﬂG/H(x)) -
G/H
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Now by Fact 4.1 and the fact that pc)p (LT fi/m () = ,ug/H(L;fQ (t")), we get

1/(n14n2) ni—1 + o 1/(ni+ns2)
e Q) = - mt™ gy (L} (E™)) dt (4.1)
Set oo = n17:Li-177,_21_1’ ,6: #7 ’V:n1+n2—1, and

Fo(t) = t*ugyjys (L1, (™))

for compact set 2 in G and t > 0 (Note that Fq is well-defined when ng = 0). Then
(4.1) can be rewritten as

(1) 1/(4) N oD
1y Ha () = /R>0 Fo(t)dt : (4.2)

Fix nonempty compact sets X,Y C G. By (4.2), we need to show that

1/(v+1) 1/(v+1) 1/(v+1)
(/ Fiy (t) dt) > </ Fy(t) dt> + (/ F(t) dt) (4.3)
R>0 R>0 R>0

We will do so in two steps. First, we will show the following convexity property
Fxy(t1 +ta) > Fx(t1) + Fy (t2). (4.4)
For every ti,to € R>?, since H satisfies BM(n1), by definition we have
L (7L} (t5") S LT, ((t+ ta)™). (4.5)
Also, since G/H satisfies BM(n3), we have
el (LE ) + i (L1,) < el (Lh, ((+82)™)) . (46)
Now by (4.6),
(t+ 12" (gl (L, (4 22)™)))
> (b )" (gl (EF0) + el (L5, 650))
= e 3 | (e (25c061) i (25.60) ),

applying Hoélder’s inequality with exponents 1/« and 1/8, and using the fact that
ni1 > 1 and ny + ng > 2 (which would imply 1/a,1/8 € [1, 0]), we obtain

(b +t2)" " (gl (L, (1 + 12)™)))

> (tugs (Lh) + 8ug (LF, 1))




GAFA A NONABELIAN BRUNN-MINKOWSKI INEQUALITY 1075

We remark that the above inequalities also make sense when no = 0. In that case
[(a,b)|1/n, is to be understood as max{a,b} for every a,b € R=%. The first line of
the above inequality is Fy (1 + t2) and the last line is (Fx (1) + Fy (t2))". So we
finished the first step.

We now prove (4.3). As a consequence of the above convexity property (4.4),
when a,b € R and Fx(a) > s1, Fy(b) > sa, we have Fxy(a + b) > s1 + s9. This
implies

L (s1)+ L (s2) € L} (s1+ s2).

Thus using Kneser’s inequality [Kne56] for R (i.e. the Brunn—-Minkowski inequality
for R), we have

pr (L (s1+82)) > pr(Lh, (1) + pr(LE, (s2))- (4.7)

Let Mx = esssup, Fx(z), My = esssup, Fy(x). By Fact 4.1 we have

Mx+My
[omoas= [ 0 (L () ds
1
= (Mx + MY)V/ v g (LE, (Mxs + Mys)) ds.
0

By (4.7), the above quantity is at least
1 1
(Mx + My)" (/ vs" (L}, (Mxs)) ds +/ vs" (L, (Mys)) d3>
0 0

1 1
x JR>0 y JR>0

and the latter is a change of variables.
Finally, by (4.1) and (4.8),

“1/(4D) 1)) ory
ny B TTNXY) = </R Fiy (1) dt)

>0

1 g - 1 - 1/(v+1)
=((M My)? | — F d — F, d .
N O LS -3 BUCLS)

By the fact ny + ny > 2 we see that v > 1. Applying Holder’s inequality with
exponents (y+ 1)/v and v + 1, the above quantity is

1 / o1 1
— Fl(t dt> ( FJ(t dt>
1/(v+1) 1/(v+1)
> ( / FY(t) dt> + < / FJ(t) dt)
R>0 R>U

VO OR) () =1/ 10y,

o7

y+1
>

v+1

,1/
n
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this proves the case 1.
Case 2. When nq1 =1 and ny = 0.

In this case, the conclusion can be derived from (4.1) directly. In particular, using
the fact that G/H satisfies BM(0) and H satisfies BM(1), we have

ey (L, (1 +t2)) > max {ugyu (LF,(40)) snam (L7, (t2)) } -

Let Nx = sup, fx(t) and Ny = sup, fy (t). Therefore, by Holder’s inequality,

no(XV) = [ (L, ()
- / | (Nx o+ Ny (L, ((Nx + Ny)t) dt

1 1
> (Nx + Ny) max {/ pau(Ly, (Nxt) dtv/ pau(Ly, (Nyt) df}
0 0
1 1
> NX/O MG/H(L}FX(NXt))dtJrNY/O payu (L, (Nyt))dt
= p(X) + pa(Y).

Thus G satisfies BM(1).
Case 3. When nq1 =0 and ny > 1.

Applying the Brunn—Minkowski inequality with exponent 0 on H, and the fact
that G/H satisfies BM(ng), we obtain

el (L, (max{ts o)) = ndfy (L5, (00) + el (L7, () (49)
Given a compact set ) in G, we define

Ea(t) = pd 5 (LE, (D), >0,

Clearly Egq is a non-increasing function. By (4.9), we have
EXy(max{al, ag}) > Ex(al) + Ey (a2) (4.10)

for all aq, as. This can be seen as a “convexity property” for E, but the maximum
operator inside the function F prevents us from using the same argument as used in
Case 1 for F. On the other hand, using (4.10), we see that if a,b € R and Ex(a) > s;
and Ey(b) > s9, then Exy(max{a,b}) > s1 + so. Hence LEX(S1) U Lgy<32) C
LJErxy(sl + s2), and thus

ne(Ly,, (s1+ s2)) > max{ua(Lh, (s1)), (L, (52))}. (4.11)

Now we consider pug(XY). We have

1/’!12 1/77,2
Mlc/nQ(XY)=</ E?fy(s)ds> :</ ”23”21MR(LEXy(S))dS> '
R>0 k=0
(4.12)



GAFA A NONABELIAN BRUNN-MINKOWSKI INEQUALITY 1077

Let Px = esssup; Ex(t) and Py = esssup, Ey (t). By (4.11) and (4.12) we see

ng_l/mugnz (XY)
1/ng

> ((PX + Py) max{/o1 s"rm(Lgx(st))ds,/ol " (L, (Pys))ds})

1/n2 1/n2

1 1
> (pp [ e as) (P [ s, (P as)
0

_ n;l/nzlué/ng (X) + n;l/nQ/,ng/HZ (Y)

This proves the case when n; = 0, and hence finishes the proof of the
proposition. O

5 Reduction to unimodular subgroups

The main result of this section allows us to obtain a Brunn—Minkowski inequality
for a nonunimodular group from a certain unimodular normal subgroup. We use pgx
to denote a Haar measure on the multiplicative group (R>?, x). The next lemma
concerns the case when the modular function on X and on Y is “nearly constant”.

LEMMA 5.1. Suppose G is a locally compact group, and the modular function Ag :
G — (R>?, x) is a quotient map of topological groups. Let X,Y be compact subsets
of G, and parameters a,b,e > 0 and n > 0 an integer, such that for every x € X,
Ag(z) € [a,a+¢€) and for every y € Y, Ag(y) € [b,b+ ). Suppose H = ker(Agq)
satisfies BM(n). Then

(X)) () e
VG(Xy)l/(n+1) /.LG(XY)l/(n+1)

<1+ f(e),

where f(e) is an explicit function depending only on a,b,n and ¢, and f(¢) — 0 as
€ — 0. Moreover, this convergence is uniform when n is fixed and a and b vary over
compact sets.

Proof. We first consider the case when n > 1. Fix Haar measures pp, ugx on H and
on (R>?, x), and these two measures will also uniquely determine a left Haar measure
e on G and a right Haar measure v on G via the quotient integral formula. For
every compact subset Q of G, define two functions fq,7q : (R>?, x) — R2Y such
that

la(g) = ,uH(g_lﬂ NH), and rq(g) = ,uH(Qg_1 NH).
Note that given g1,¢92 in G, (X N Hgy)(Y N goH) lies in

Hgi192H = (g192)(9192) " H(g192)H = H(g192)H (9192) " (9192) (5.1)

since H is normal.
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For every compact sets X1, Xo in H, and g1, g2 in G, by (5.1), X19192X2 C g192H.
By Fact B.4.2 and the fact that H satisfies BM(n), we have

1/n

11" ((9192) ' X19192X2) > 10" ((9192) " X1g192) + pil™ (X2)

>
= (Ac(91)Ac(g2) V" (X0) + g (X2). (5.2)

In light of this, for every t;,t5 > 0 we have

Ly, < (xe ;g};ey(Ac(x)Ac(y>>‘””t1 + t2) ) D L (87) + Ly, (13).

Applying the Brunn-Minkowski inequality on (R>Y, x), we get

o (B (Lot Ae@Bo) ™ 01+ 02)") ) 2 e (L () + e (22, (). (5.3)

zeX,yeY

Similarly, for the right Haar measure on H, we have

HRx (ijy (<t1 + inf Y(Ac(m)Ag(y))l/nt2>n>) > ppx (L (11)) + prx (L7, (3)). (5.4)

zeX,ye
Let Mx = sup,, pr~ (L (2)) and My = sup,, pg~ (LZV (y)). By a change of variables
and Fact 4.1,

Ho(XY) = [ g™ XY V) dpe(9) = [t e (L, () .
R>0

By a change of variables the above quantity can be rewritten as

(5055

_ /Olmnw <L;XY (((WMX)”"HM;@)"» dt.

Using (5.3), the above quantity is at least

[(aram59

1 1
~ </ nt" g (L (Mxt™)) dt+/ nt" L g« (L, (Myt™)) dt)
0 0

(o), (3ot + 3na).

Thus applying Holder’s inequality with exponents (n + 1)/n and n 4 1, we get

)
1/n

Mx, MY) Hl/n

‘ué/(”Jrl) (XY)
1

) )| ((Grre0) ™ (ipmet) ™)

] (== s



GAFA A NONABELIAN BRUNN-MINKOWSKI INEQUALITY 1079

1 Yo
2 (WVG(X)> +pd Y. (5.5)

Similarly, for v¢(XY) by (5.4) and a change of variables we get

VG(XY):/ pr(XY g™t N H) dpugs (g)

X

:/ nt" g (L (7)) dt
R>0

1 1
>M,bM>H — ve(X) F ——pa(Y) ),
= o), (o0 )
and using Holder’s inequality in a similar way as in (5.5), we obtain
v/ "D (xY) > D (X) 4 (abpe(Y)) Y., (5.6)
Therefore, combining (5.5) and (5.6), we conclude

v "X) ")
Vé/(n-i—l) (XY) Mé/(n—&-l) (XY)
1 1

< +
1+ (Cab)t/(n+1) 4 i (C(a+;)(b+€))1/(n+1)

<14 (Clab+e(a+b+e))/ D — (Cab)/("+Y
=7 (1 + (Cab)Y/m+D) (1 + (Cla+¢€)(b+¢))/ (D))’

where C = pug(Y)/va(X).

Hence
000 wd "0
1/(n+1) 1/(n+1) —
Vg (XY)  pe (XY)
where

_ (r(ab+e(a + b+ €)Y/ D) — (pap)l/(n+1)
T = O G ab D)1+ (r(a+ )b + ) T)

depends only on a,b,n and € and we see lim._,o f(¢) = 0 uniformly when a,b takes
values in a compact set by an elementary computation.
The remaining case is when n = 0. Note that in this case, inequality (5.2) becomes

pr ((9192) ' X19192X2) > max{(Ac(g1)A¢(92)) " 1r(X1), pr (X2)}.

This implies for every t1, to,

pe (2, mac{_jnt | (Aa@)Ac) nta ) > e (L (0)) + e (L2, ().
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For any compact set 2 in G, define two functions ®q, Vg : R — R, by

Do(t) = prx (L (1), and  Wo(t) = prx (L, (1)).

Thus we have

pr(Ly  (t1 4 t2)) > max {me)i(I}SGY(AG(x)AG(y))_IMR(LJqCX (t1)), i (L, (b))} -

Let Nx = sup, ,uR(L$X (z)) and Ny = sup, ,LLR(L$Y (y)). By a change of variable,
for pa(XY) we have

pa(XY) = [ pe(Lg, ()

1 Vg(X) NG(Y)
Z(NX+NY)maX{(a+e)(b+€) Nx ' Ny }
V(;<X) + NG(Y)' (5.7)

S CEBIED

Similarly, for every t1,ts we also have

HURx <L;,FXY max {tl, inf Ag(m)Ag(y)t2}> > pipx (L (1)) + prx (LZ (t2)),
reX,yeY

which implies

pr(Ly  (t1 +t2)) > max {MR(L$X (t1)), xe;{I}yfey Ag(x)Ac(y)pr(L, (t2))} -

Therefore, for vg(XY') we get
va(XY) = va(X) + abug(Y).

Together with (5.7), as in the case when n > 1, we get

va(X) n ua(Y) < 1 n 1
<lte Cla+b+e)

- (14+Cab)(1+C(a+e)b+e))’

where C' = pui(Y)/vg(X). The conclusion follows by taking

B er(a+b+e)
T = ) (4 rla )07 )

and we can see that f(¢) — 0 as ¢ — 0 uniformly when a, b taken values in a compact
set by elementary computations. a
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The next proposition is the main result of the section. As mentioned in the
introduction, the proof uses a discretized “spillover” method. We remark that one
can always make the proof continuous as we did in Sect. 4, but we give a discrete
proof here since we believe this reflects our idea in a clearer way.

PROPOSITION 5.2. Suppose G is a locally compact group with H = ker(A¢) satis-
fying BM(n). Suppose the map Ag : G — (R”Y, x) is a quotient map of topological
groups, then G satisfies BM(n + 1).

Proof. Since X and Y are compact, there are ai,as,b; and by > 0, such that

a1 = inf Ag(e), a = sup Ac(e), b = inf Aa(y). by = sup Ac(y).
reX 2EX yey yey

We fix pg and vg as in the proof of Lemma 5.1, and let € > 0 be a sufficiently small
number (depending on ap, ag, by and by). Then by Fact B.3 and familiar properties
of integrable functions on R, there is an N > 0, such that we can partition [a1, as]
and [by, be] into N subintervals, that is

N N

la1,a) = | J As,  [br,b2] = | Bi,

=1 =1

such that each subinterval has length at most €, and the intersection of X with
AZN(A;) has vg-measure vg(X)/N, the intersection of Y with AZ'(B;) has ug-
measure pug(Y)/N, for every 1 <i < N.

Let X; = X N AZ'(4;) and let V; = Y N AZN(B;). Then vg(X) = SN, va (X))
and ug(Y) = ZZ]\;l pe(Y;). In particular, we have pug(XY) > Zfil pa(X;Y;) and
va(XY) > Ziil v;(X;Y;). Observe that given 1 < i,7 < N and i # j, X;Y; and
X;Y; are disjoint. Indeed, the modulus of every element in X;Y; lies in A;B; and
the modulus of every element in X;Y; lies in A;B;. But A;B; and A;B; are disjoint
subsets of R>? when i # j.

By Lemma 5.1, for every 1 < i < N, there is a function f;(¢), such that f;(¢) — 0
when € — 0 uniformly, and

vd X)L g ")

v ") g (G

<1+ fi(e).

Take f(e) = sup; fi(), hence f(e) — 0 as & — 0. Therefore, for every 1 <t < N,

Vé:/(nﬂ)(X) Mg("+1)(Y) Nvg(Xy) B Nug(Yy) ntl
1/t D) 1/t 1) < N T\ =~ :

Va (XY)  ug (XY) > i1 Va(XeY)) > oimq ha(XiY5)
(5.8)
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n+2

Also by Holder’s inequality with exponents 7= and n+ 2, we observe that for every

t we have
nt1 1
N L _.nd2\ 42 N nt2
Ve (X) )
—_— va(X,;Y;
(z(me) > ety

va(Xi) e 1 L
> — X;Y;)»2 = Nyt (Xy).

After simplification, the above inequality can be rewritten as

N(Nvg(X,)w < (i (VGT) )(ZVG (X;Y)) )"“ (5.9)

v (

Averaging (5.8) over all ¢ and using inequality (5.9), we have
1/(n+1 1/(n+1
vd X))

Vé/(n+1) (XY) MlG/(nJrl) (XY)

N n N n
< i I/G’(Xi) e +1) Z ) Y1) < 1+f(€)
- N — Z/G(XZ'Yi) — ,U,G XY -
The desired conclusion follows by taking £ — 0. O

6 Reduction to cocompact and codiscrete subgroups

The main results in this section will help us to reduce the problem to cocompact
subgroups or open normal subgroups. We make use of the following integral formula,
see [Kna86, Proposition 5.26, Consequence 1].

Fact 6.1. Let G be a connected unimodular Lie group. Suppose S, T are closed sub-
groups of G, such that G = ST, and the intersection S N'T is compact. Then there
is a left Haar measure pus on S and a right Haar measure vy on T, such that

[ f@dnota) = [ (st dus(s) e,
G SxT
for every f € C.(G).

The next proposition allows us to reduce the problem to closed cocompact sub-
groups with the same noncomapct Lie dimension.

PROPOSITION 6.2. Suppose G is a connected unimodular Lie group, H is a con-
nected closed subgroup of G satisfying BM(n), K is a connected unimodular sub-
group of G, such that G = KH and K N H is compact. Then G satisfies BM(n).
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Proof. We assume n > 1, otherwise the result is trivial. Note that both G and K are
unimodular. In light of this we will not be using vg, vk, etc. and only use ug = vg
and uxg = vi below.

We fix a Haar measure ux on K, and a Haar measure ug on G. These measures
will also uniquely determine a left Haar measure py and a right Haar measure vy
on H such that we have the integral formula in Fact 6.1 and another similar formula
involving dpp(h)duk (k). For a compact subset 2 of G, we define two functions
ra,lo 1 K — R2%, such that

ro(k) =vg(EQNH), Llo(k):=pg(QknH),

for every k € K. We also define two bivariate functions Rq, Lo : K x K — RZ° that
for every ki, ko in K,

RQ(kl, kz) = I/H(lekQ N H), LQ(kl, kg) = MH(lekQ N H)
Thus Fact 6.1 gives us

pa() = [ v 0 ) dpach) = [ (@80 H) dprc ()

We define two probability measures px and py on K in the following way:

rx dpg dou — by dpg

P ) P )

Now, we choose a left coset k1 H of H in G randomly with respect to the probability
measure py, and choose a right coset Hky of H in G randomly with respect to the
probability measure py. By the fact that H satisfies BM(n), we get

TX(k'l) 1/n fy(k‘Q) 1/n
(ny(kl,k2)> +<ny(k1,k2)> =t

TX(kl) 1/n EY(]CQ) 1/n
(ny(kl,k2)> - (ny(kl,k2)> =t (6.1)

On the other hand, by the definition of px,

rx (k1) > 1 / wii s
E = " (k1)) Ry (k1, ko) d k1). 6.2
px (k1) <ny(k¢1,k‘2) 11 (X) KTX (k1) XY( 1, k2) dpg (k1) (6.2)

Applying Hoélder’s inequality with exponents (n +1)/n and n + 1, we get

This implies

pr (kl)Epy (k2)

[ el (i)

n+1

- ”77‘:'1 % n+1
duK(k1)> (/K‘R;;;(kl,kg)‘ duK(k1)>

1
n+1

1
= (/ ’TX(kl)iniﬂ (k1, k2)
K
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Thus (6.2) gives us

E Tx(lﬁ) i
px (k1) RXY(kth)

n+1

rx (k1) dpg (k1) - </ Rxvy (k1, ko) dpg (B )
MG(X)<K (k1) dp (K1) . (K1, k2) dprc (k1)
Finally, using Fact 6.1 and the fact that G is unimodular, we conclude that
o ) = (29

P\ Ry (ki ko)) = \pa(XY)

We have a similar inequality concerning E,_(,) (%) . Combining both

>

3=

inequalities with (6.1), we get

( pa(X) >"+( pa(Y) )" <1
pa(XY) na(XY)
and hence G satisfies BM(n). 0

Using the proportionated averaging trick in a similar fashion, the next result
allows us to reduce the problem to certain open subgroups.

PROPOSITION 6.3. Let G be a locally compact group, and let G' be an open normal
unimodular subgroup of G. Suppose G’ satisfies BM(n) for some integer n > 1. Then
G satisfies BM(n).

Proof. Let pg: be a left (and hence right) Haar measure on G’. By Fact B.4.2, there
is a left Haar measure ug and a right Haar measure vg on G, such that for every
compact set 2 in G we have

va(@) = > Aclga e (92N GE), na(@) = Y Aclgpna(Qg;' NG,
a€G/G’ BEG'\G

with g, and gg are representative elements of o and 3 respectively.
Now we fix two compact sets X, Y in G. For every a € G/G’, let X, = g;' X NG,
and we similarly define Y3 = Ygﬁ_1 NG’ for every 5 € G'\G. Since G’ satisfies BM(n),

we have that
(X, 1/n (Y, 1/n
<MG()> + (M) <1. (6.3)
pe (XaYp) pa (XaY3)
— Acl9apgr(Xa)

Now we choose a from G/G’ randomly with probability px(«a) = o ()
Therefore by Holder’s inequality,

(Xa) \™ (Xa)Ac(gah)
E, . ( NG(X)> 1 3 (ne(Xa)Ac(gat))

per (XaYp) va(X) accjcr (per (Xayﬁ)AG(g‘;l))%
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S vex) L ( vG(X) )i
~ \ve(XYgyh) va(XY) )
Ac(gs)rc (Ys)

Similarly, we choose (3 from G'\G randomly with probability py (5) = 1o (V)

Again using Holder’s inequality, we conclude that

o (i) = (i)

Hence by (6.4),
o (X

1/n 1/n
per (Xa) per (Yp) )
= E x (& E Y + < 17
P Tor() [(MG/(Xa ﬂ)) (MG'(XaYﬁ)

and thus G also satisfies BM(n). 0

The normality assumption in Proposition 6.3 is used to control the modular
function via Fact B.4.2. Thus when the ambient group G is unimodular, the same
proof of Proposition 6.3 will allow us to reduce the problem to a not necessarily
normal open subgroup. We include the proof here for the sake of completeness.

PROPOSITION 6.4. Let G be a unimodular group, and let G’ be an open subgroup
of G. Suppose G’ satisties BM(n) for some integer n > 0, then G satisfies BM(n).

Proof. When n = 0, the conclusion follows from p(XY) > p(Y). In the remainder
of the proof we assume n > 1.

Let pug be a Haar measure on G, and let pug be the restricted Haar measure of
ue on G'. As G’ is open, it is also unimodular. By Fact A.1.1, for every compact set
Q) in G we have

pa@ = Y pe(@@nG)= > pe(Qgnd),
9QeG/G gQeEG\G’

Now we fix two compact sets X,Y in G. For every a € G/G’, let X, = g5 ' XNG’,
and we similarly define Y3 = Ygg1 NG’ for every € G'\G. Since G’ satisfies BM(n),

we have that

(X, 1/n (Y, 1/n

<MG()> + ('uG(ﬁ)> <1. (6.4)
pe (XaYp) pa (XaY3)

Now we choose a from G/G’ randomly with probability px(«) = %))((‘*)) and 0

from G’\G randomly with probability py (8) = %&;‘3). Then Holder’s inequality
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gives us,

1

per(Xa) ) * pe(X) \"( ne(X) \»
Fox(@ <#G’(Xayﬁ)> 2<MG<XY951>> ‘<uG<XY>> ’

Hence by (6.4),
(sem)+ (uswy)

and thus G also satisfies BM(n). O

and

7 Proof of Theorems 1.1, 1.2, and 1.5 and Corollary 1.6

7.1 A dichotomy lemma. In this subsection, we prove a dichotomy result for
the kernel of a continuous homomorphism to (R>?, x).

The following lemma records a fact on open maps between locally compact
groups.

LEMMA 7.1. Suppose G, H are locally compact groups, ¢ : G — H is a continuous
and surjective group homomorphism, and there is an open subgroup G’ of G such
that ¢|g is open. Then ¢ : G — H is a quotient map of locally compact groups.

Proof. By the first isomorphism theorem (Fact A.1.1), it suffices to check that ¢ is
open. Suppose U is an open subset of G. Then U = |J,; U NaG’. For each a € G,
we have

H(UNaG") = ¢(a)d|la(aUNG).

As ¢|g is open, ¢(U NaG’) is open for each a € G. Hence, ¢(U) = U, (U NaG’)
is open in H, which is the desired conclusion. O

In the next lemma, we present our main dichotomy result.

LEMMA 7.2. Suppose G is a locally compact group, and 7 : G — (R>?, x) is a
continuous group homomorphism. Then exactly one of the following holds:

(1) we have the short exact sequence of locally compact groups

1 —kerm — G5 (R x) — 1;
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(2) ker w is an open subgroup of G.

Proof. Tt is easy to see that (1) and (2) are mutually exclusive, so we need to prove
that we are always either in (1) or (2). Consider first the case when G is a Lie group.
Let Gy be the identity component of G. Then Gy is open by Fact D.2. Hence 7(Gy)
is a connected subgroup of (R>?, x). As the only connected subsets of (R>Y, x) are
points and intervals, we deduce that 7(Gg) can only be {1} or (R*?, x). In the former
case, ker 7 is open as a union of translates of Gy. Now suppose 7(Go) = (R>?, x).
Since Gy is a connected Lie group. Using the first isomorphism theorem for Lie
groups (Fact D.3.1), we get m|g, is open. Applying Lemma 7.1, we get that 7 is a
quotient map as desired.

We now deal with the general situation where G is locally compact. Using the
Gleason—Yamabe Theorem (Fact C.2.1), we obtain an almost-Lie open subgroup G’
of G. Since G’ is open, the natural embedding of i : G’ — G induces a continuous
homomorphism 7|g : G’ — (R>?, x). Note that there is a compact normal subgroup
H of G’ such that G'/H is a Lie group. Then H < ker(7|¢g/) since 7|g/ (H) is a
compact subgroup of (R>Y, x). Let ¢ : G’ — G’/H be the quotient map. Hence
the homomorphisms induce a continuous group homomorphism 1 from G'/H to
(R>9) x).

o —2 G'/H

JY |
? 1P

G —— (R”Y) x)

Note that the above diagram commutes. By the proven special case for Lie groups,
we then either have the exact sequence

1 —keryp — G'/H — (R, x) =1

or ker is open in G'/H. In the former case, 7|gs is open as a composition of open
maps. By Lemma 7.1, we conclude that 7 is a quotient map in this case. In the latter
case, ker(m|g/) is open in G'. Therefore ker 7 is open in G because ker 7 is a union
of translations of ker(m|g). 0

The modular function Ag : G — (R>?, x) is a continuous group homomorphism
by Fact B.2.2, but generally not a quotient map. It is easy to construct examples
where G/(ker Ag) is discrete. The above proposition claims that these are the only
two possibilities, which will be used in the later proofs.

7.2 Proofs of the main theorems. In this subsection, we prove Theorems 1.1
and 1.2. For the reader’s convenience, Proposition 7.3 gathers together all the induc-
tion steps we can do using the earlier results with the exception of Proposition 6.2,
which will be used in the proof of Theorem 1.1 directly.
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ProprosSITION 7.3. Let G be a locally compact group with noncompact Lie dimen-
sion n and helix dimension h. Then G satisfies BM(n — h) if one of the following
assumptions holds:

(1) Let Ag : G — (R”Y x) be the modular function of G. With n' and h' the
noncompact Lie dimension and the helix dimension of the locally compact
group ker Ag respectively, the locally compact group ker A¢ satisfies BM(n' —
n).

(2) G is unimodular, G’ is an open subgroup of G, n' and h' are the noncompact Lie
dimension and the helix dimension of G’ respectively, and the locally compact
group G’ satisfies BM(n' — 1/).

(3) G is unimodular, H is a compact normal subgroup of G, n' and h' are the
noncompact Lie dimension and the helix dimension of G/H respectively, and
the locally compact group G/H satisfies BM(n' — 1').

(4) There is an exact sequence of connected semisimple Lie groups

1-H—-G—G/H—1,

n1 and hy are the noncompact Lie dimension and the helix dimension of H
respectively, no and hs are the noncompact Lie dimension and the helix di-
mension of G/H respectively, and the locally compact groups H and G/H
satisfy BM(n1 — h1) and BM(ng — hg) respectively.

(5) There is an exact sequence of connected unimodular Lie groups

l1-H—-G—-G/H—1

ny, and hy are the noncompact Lie dimension and the helix dimension of H
respectively, ne and ho are the noncompact Lie dimension and the helix di-
mension of G/H respectively, hy = 0, hg = h, and the locally compact groups
H and G/H satisfy BM(n1 — h1) and BM(n2 — ha) respectively.

Proof. We first prove (1). Note that by Fact B.2.1, ker A is unimodular. By Lemma 7.2,
we either have the exact sequence of locally compact groups

1 —»kerAg — G — (R7%, %) — 1

or ker Ag is open in G. In the former case, by Proposition 2.14, we have n = n’ + 1
and h = h'. Hence, in this case G satisfies BM(n — h) by Proposition 5.2. In the
latter case, by Corollary 2.9, n = n’ and h = h’. Here, we have that G satisfies
BM(n — h) by Proposition 6.3.

Next we prove (2). By Corollary 2.9, we have n = n’ and h = h’. The desired
conclusion then follows from Proposition 6.4.

We now prove (3). By Corollary 2.10, we have n = n’ and h = I/. Also by Corol-
lary 2.10, the compact group H has noncompact Lie dimension and helix dimension
0. Hence, using Proposition 4.2, we obtain the conclusion that we want.
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We prove (4). By Proposition 2.12.1 and Proposition 2.12.2 respectively, we have
n =mny +ng and h = h; + ha. Recall that semisimple groups are unimodular. Using
Proposition 4.2, we learn that G satisfies BM(n — h).

Finally, we prove (5). By Proposition 2.12.1, we have n = nj +ns. Since the helix
dimension of H is 0, and the helix dimension of G/H is h, by Proposition 4.2, G
satisfies BM(n — h). O

The following corollary says that when G is a Lie group, we can further reduce
the problem to connected unimodular groups.

COROLLARY 7.4. Let G be a Lie group with noncompact Lie dimension n and helix
dimension h. Let Ag : G — (R>° x) be the modular function of G. Let G’ =
(ker Ag)o be the identity component of ker Ag with noncompact Lie dimension n'/
and helix dimension h'. Then G’ is connected and unimodular, and if G' satisfies
BM(n' — h'), G satisfies BM(n — h).

Proof. Note that (ker Ag)o is open in ker Ag by Fact D.2. The desired conclusion
is then a consequence of Proposition 7.3.1 and Proposition 7.3.2. O

Now we are able to prove the main inequality (1.4) for Lie groups. As mentioned
earlier, the main strategy is induction on dimension.

Proof of Theorem 1.1. Consider first the case where G is a solvable Lie group. Using
Corollary 7.4, we can also assume that G is connected and unimodular. Recall that
d is the topological dimension of G. The case when d = 0 or 1 is trivial, as every
group satisfies BM(0), and the one dimensional solvable Lie group is either T or R
by Fact D.5.1. If G is abelian, then it is isomorphic to T™ x R4, We get the desired
conclusion by applying Proposition 7.3.5 repeatedly. Otherwise, from the solvability
of G we get the exact sequence

1—-[G,G] - G—G/|G,G] =1

with both [G,G] and G/[G, G| connected, solvable and having smaller dimensions
than G. Note that G/[G,G] is abelian, and hence unimodular. Applying Propo-
sition 7.3.5, and the statement of the theorem for abelian Lie groups, we get the
desired conclusion for this case.

Consider next the case where G is connected and semisimple. We may further
assume that G is a connected simple Lie group, otherwise by Fact E.6, we can always
find a connected group H < G such that both H and G/H are connected semisim-
ple Lie groups with lower dimension; by Proposition 7.3.4, the Brunn—Minkowski
inequality on G can be obtained from the Brunn—Minkowski inequalities on H and
G/H. Now we write G = KAN as in Fact E.14. We first consider the case when G
has a finite center, and then K is compact. Let n be the noncompact Lie dimension
of G. Hence, n is the dimension of the solvable Lie group @Q = AN. Note that A and
N are simply connected by Fact E.14. Hence their noncompact Lie dimensions are
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the same as their dimensions by Fact D.5.2. By Proposition 2.12.1 and Fact E.14, the
noncompact Lie dimension of @ is n, and hence @) satisfies BM(n) from the solvable
Lie case. We obtain the desired conclusion for G' by applying Proposition 6.2.

Suppose the connected simple Lie group G has a center of rank h > 1. We again
apply Proposition 6.2 and obtain inequality (1.4) for G with exponent dim(AN). By
Proposition 2.3, we have dim(AN) = n—h. The desired conclusion for the connected
semisimple Lie groups follows similarly from Fact E.6 and Proposition 7.3.4.

Finally, we prove the statement for an arbitrary Lie group G. Using Corollary 7.4
again, we can assume that G is connected and unimodular. Then by Fact E.5 we
obtain an exact sequence

1-Q—-G—5—1,

where @ is a connected unimodular solvable group and S is a connected semisimple
Lie group. We then apply Proposition 7.3.5 and the earlier two cases to get the
desired conclusion. ]

Finally, we prove the inequality (1.4) for all locally compact groups.

Proof of Theorem 1.2. By Proposition 7.3.1, replacing G by ker Ag if necessary, we
can assume that G is unimodular. By the Gleason—Yamabe Theorem (Fact C.2.1),
G has an almost-Lie open subgroup. Now using Proposition 7.3.2, we can further
assume that G is a unimodular almost-Lie group. Then we can choose a compact
subgroup K of G such that G/K is a unimodular Lie group. The desired conclusion
then follows from Theorem 1.1 and Proposition 7.3.3. O

We briefly discuss Theorem 1.5, which is a consequence of the proof of Theo-
rem 1.2.

Proof of Theorem 1.5. Repeating the arguments in the proofs of Proposition 7.3,
Corollary 7.4, Theorem 1.1, Theorem 1.2, and Fact E.6 while ignoring the helix
dimension, it suffices to prove the theorem when G is a simple Lie group.

From the hypothesis, we already have the desired conclusion under the further
assumption that our simple Lie group G is also simply connected. We now consider
the general case. If G has finite center, the result is a special case of Theorem 1.1.
So suppose the center Z(G) of G is infinite. Let G' be the universal cover of G,
Z(G) its center, and p : G — G the covering map. Then ker p is a subgroup of
Z(G) by Fact E.10. Using Fact E.12, the center Z(G) has rank at most 1. By the
earlier assumption, the center Z(G) also has rank at least 1. Hence, by Fact E.10,
both Z(G) and Z(G) must have rank 1, and ker p is finite. Therefore, the desired
conclusion for G can be reduced to that of G by taking the inverse image under p,

which we already know from the hypothesis. O

Proof of Corollary 1.6. Let G be a noncompact semisimple Lie group. By Proposi-
tion 2.12.1, Fact E.14.3 and Fact E.14.4, and Fact E.15, the noncompact Lie dimen-
sion of G is at least 2. The conclusion then follows from Theorem 1.1. O
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Appendix A. Some results about topological groups

This section gathers some facts about topological groups which are needed in the proof.
We begin with the three isomorphism theorems of topological groups. Note that the third
isomorphism theorem is almost the same as the familiar result for groups, whereas the first
two isomorphism theorems require extra assumptions; see [Bou98, Proposition I11.2.24],
[Bou98, Proposition I11.4.1], and [Bou98, Proposition II1.2.22] for details. For Fact A.1, we
do not need to assume that G is locally compact. The quotient G/H is equipped with the
quotient topology (i.e., X C G/H is open if and only if it inverse image under the quotient
map is open).

Fact A.1. Suppose H is a closed normal subgroup of G. Then we have the following:
(1) (First isomorphism theorem) Suppose ¢ : G — Q is a continuous surjective group homo-
morphism with ker = H. Then the exact sequence of groups

1-H—-G—-Q—1

18 an exact sequence of topological groups if and only if ¢ is open; the former condition
is equivalent to saying that Q is canonically isomorphic to G/H as topological groups.

(2) (Second isomorphism theorem) Suppose S is a closed subgroup of G and H is compact.
Then S/(S N H) is canonically isomorphic to the image of SH/H as topological groups.
This is equivalent to saying that we have the exact sequence of topological groups

1—-H—-SH—-S/(SNH)—1.
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(3) (Third isomorphism theorem) Suppose S < G is closed, and H < S. Then S/H is a
closed subgroup of G/H. If S < G is normal, then S/H is a normal subgroup of G/H,
and we have the exact sequence of topological groups

1—-S/H—-G/H—G/S—1;

this is the same as saying that (G/H)/(S/H) is canonically isomorphic to G/S as topo-
logical groups.

Recall that a topological space X is completely regular if points can be separated from
closed sets via continuous real-valued functions. More precisely, for any closed set C C X
and any point a € X \ A, there exists a real-valued continuous function f : X — R such
that f(a) =1 and f(c) =0 for all c € C.

Fact A.2. The underlying topological space of a topological group is completely reqular.

We also need the following simple property of locally compact groups [Fol95, Theorem 6.7].

Fact A.3. Closed subgroups and quotient groups of locally compact groups are locally com-
pact.

The following lemma holds for all topological groups.
LEMMA A.4. Suppose X,Y C G, X is compact and Y is closed. Then XY is closed.

Proof. Let a be in G\XY. Then X 'a is compact and X 'aNY = (. For each point
x € X~ ta, we choose an open neighborhood of identity U, such that zU2 NY = (. Then
(2Ug)pex-14 is an open cover of X 'a. Using the fact that X ~'a is compact, we get a
subcover (U;)¥_,. Set U = ﬂle U;. It is easy to check that X “1aUNY = (). Then aUNXY =
(), which implies that XY is closed as a can be chosen arbitrarily. ]

The next lemma records a simple fact of compact subgroups.

LEMMA A.5. If H is a compact subgroup of G, then the quotient map © : G — G/H is a
proper map (i.e., the inverse images of compact subsets are compact).

Proof. Let Q be a compact subset of G/ H. In particular Q is closed. Hence, 771(€2) is closed,
so it suffices to find a compact set containing 7=*(£2). Since G is locally compact, we can
find an open covering (U;);er of 7~1(Q) such that U; has compact closure U; for each i € I.
Then (wU;);cr is an open cover of Q as 7 is open. Using the assumption that Q is compact,
we get a finite I’ C I such that (7(U;))ier is an open cover of Q. Then |J,c;, U:H is a
compact set containing 7= 1(€2). O

Appendix B. Measures and the modular function

We say that a measure i on the collection of Borel subsets of G is a left Haar measure
[Fol95, Section 2.2] if it satisfies the following properties:

(1) (nonzero) u(X) > 0 for all open X C G;

(2) (left-translation-invariant) p(X) = p(aX) for all @ € G and all measurable sets X C G;

(3) (inner regular for open sets) when X is open, u(X) = sup p(K) with K ranging over
compact subsets of X;
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(4) (outer regular for Borel sets) when X is Borel, u(X) = inf u(U) and U ranging over
open subsets of G containing X;
(5) (compactly finite) p takes finite measure on compact subsets of G.

The notion of a right Haar measure is obtained by making the obvious modifications to the
above definition. The following classical result by Haar guarantees the existence of such a
measure on every locally compact group.

Fact B.1. [Fol95, Theorem 2.20] Up to multiplication by a positive constant, there is a
unique left Haar measure of G. A similar statement holds for right Haar measure.

Given a locally compact group G, and pu is a left Haar measure on G. For every x € G, recall
that Ag : & — pg/p is the modular function of G, where p, is a left Haar measure on G
defined by p,(A) = pu(Ax), for every measurable set A. When the image of Ag is {1}, we
say G is unimodular. In general, Ag () takes values in R>. We use (R>°, x) to denote the
multiplicative group of positive real numbers together with the usual Euclidean topology.
The next fact records some basic properties of the modular function; see [Fol95, Section 2.4].

Fact B.2. Let G be a locally compact group. Assume p is a left Haar measure and v is a
right Haar measure.

(1) Suppose H is a normal closed subgroup of G, then Ay = Ag|u. In particular, if H =
ker Ag, then H is unimodular.

(2) The function Ag : G — (R>, x) is a continuous homomorphism.

(3) For everyxz € G and every measurable set A, we have u(Ax) = Ag(z)u(A), andv(zA) =
AGN (2)v(A).

(4) There is a constant ¢ such that fG fdp= ch fAgdv for every f € C.(G).

We use the following integral formula [Fol95, Theorem 2.49] in our proofs.

Fact B.3. (Quotient integral formula) Let G be a locally compact group, and let H be a
closed normal subgroup of G. Let ug and pyg be left Haar measures on G and on H, re-
spectively. Then there is a unique left Haar measure pg g on G/H, such that for every

feC.(G),
@ e = [ [ s ) dug e

The following fact is a consequence of a result of Haar measure on closed subgroups and
quotients [Bou04, Proposition VIIL. 2.7.10].

Fact B.4. Suppose G is nonunimodular, and Ag : G — (R>°, x) is the modular function
of G, then we have the following:

(1) If K < G is a compact normal subgroup of G, Ag/k is the modular function of G/K,
and 7 : G — G/K is the quotient map, then we have Ag = Ag/k o T.

(2) If H < G is a closed unimodular group, and pg s a Haar measure on H. Suppose G/H
is unimodular, and X is a compact subset of H. Then for every g € G, ug(9Xg~') =

Ac(g)pr(X).
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Appendix C. Almost-Lie groups and the Gleason—Yamabe Theorem

In our proof we need the solution of Hilbert’s 5th problem, which is known as the Gleason—
Yamabe Theorem [Gle52, Yamb3], to reduce the problem into Lie groups. For convenience,
we introduce the following terminology. A locally compact group G is an almost-Lie group
if every open neighborhood U of the identity in G contains a compact H < G such that
G/H is a Lie group.

LEmMA C.1. Suppose G is an almost-Lie group. Then every open subgroup of G and every
quotient of G by a closed normal subgroup is an almost-Lie group.

Proof. We first show that every open subgroup of G is almost-Lie. Let S be an open subgroup
of G, and U be an open neighborhood of identity in S. We need to find a compact subgroup
K of S such that K C U and S/K is a Lie group. Since U is also a neighborhood of identity
in G, U contains a compact normal subgroup K of G such that G/K is a Lie group. Note
that K <1 S. As S is open, S/K is open in G/K and hence a Lie group as desired.

Next, suppose H is a closed normal subgroup of G, and 7 : G — G/H is the quotient map.
If U is an open neighborhood of the identity in G/H, then 7~!(U) is an open neighborhood
of identity in G. Hence, we can get a normal compact subgroup K of G such that K C
7~1(U) and that G/K is a Lie group. Then 7(K) is a compact subgroup of U. With S =
7} (n(K)), we have m(K) = S/H. Since K is normal in G we have 7(K) is normal in
G/H and thus S is normal in G. Whence by the third isomorphism theorem (Fact A.1.3),
we conclude that (G/H)/n(K) = G/S. By the third isomorphism theorem again, we have
G/S = (G/K)/(S/K), thus G/S is a Lie group. 0

We use the following strong version of the Gleason—Yamabe Theorem.

Fact C.2. We have the following:

(1) (Gleason—Yamabe Theorem) Suppose G is a locally compact group. Then there is an open
subgroup of G which is an almost-Lie group.

(2) An almost-Lie group G is a Lie group if and only if there is an open neighborhood U of
the identity in G that contains no nontrivial compact subgroup of G.

Fact C.2.2 is not officially part of the Gleason—Yamabe Theorem. However, the forward
direction is an easy fact about the no small subgroup property of Lie groups, and the
backward direction is a direct consequence of Fact C.2.1.

Appendix D. Some results about Lie groups

In this section, we gather some facts and lemmas about Lie groups and Lie algebras.
Throughout the paper, all Lie groups are finite dimensional second countable real Lie groups.

Fact D.1. Closed subgroups and quotient groups of Lie groups are Lie groups.

The identity component of a topological group G is the connected component containing the
identity element. The identity component of a topological group GG might not be open even if
G is locally compact. For instance, there are nondiscrete totally disconnected locally compact
groups. For these groups, the identity component only consists of the identity element, and
it is not open because the topology is not discrete. Nevertheless, the following holds for Lie
groups [HN12, Proposition 9.1.15].
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Fact D.2. If G is a Lie group, then the identity component of G is open and is contained
in every open subgroup of G.

In Fact A.1, we introduce the three isomorphism theorems of topological groups. When G is
a Lie group, we can weaken the assumption required for the first two isomorphism theorems;
see [Bou89, Proposition 3.11.2, Proposition 3.31].

Fact D.3. Suppose G is a Lie group, and H is a closed normal subgroup of G. Then we
have the following:

(1) (First isomorphism theorem for Lie groups) Suppose Q is a Lie group, ¢ : G — Q is a
surjective and continuous group homomorphism, and G has countably many connected
components. Then @Q is isomorphic as a topological group to G/H.

(2) (Second isomorphism theorem for Lie groups) Suppose G is a finite dimensional Lie
group, S is a closed subgroup of G, and SH is a closed subgroup of G. Then S/(SNH)
is canonically isomorphic to the image of SH/H as Lie groups. This is also equivalent
to saying that we have the exact sequence of Lie groups

1—-—H—SH—-S/(SNH)—1.

We also need the following fact about maximal compact subgroups consisting of Theorem
14.1.3 (iii) and Theorem 14.3.13 (i) (a) of [HN12]:

Fact D.4. Suppose G is a Lie group with finitely many connected components. Then we
have the following:

(1) All mazimal compact subgroups of G are conjugate.

(2) If0 - H— G5 G/H — 0 is an exact sequence of connected Lie groups, and K is a
mazximal compact subgroup of G, then K N H 1is a maximal compact subgroup of H, and
7(K) is a mazimal compact subgroup of G/H.

We also use the following classification results for Lie groups. Fact D.5 can be found on
[Vin94, p. 212]. Fact D.5(2) is from Corollary 3 of [Vin94, Theorem 2.3.1] and [Vin94,
Proposition 4.1.2].

Fact D.5. Let G be a connected Lie group.

(1) If G has dimension 1, then it is isomorphic to either R or T as a topological group.

(2) Suppose G is a solvable group with dimension d, and the mazimal compact subgroups of
G have dimension m. Then G is diffeomorphic to T™ xRI~™. Moreover, if G is compact,
then G = T¢.

We say that a topological group G (not necessarily simply connected) is a covering group of
a topological group G’ with covering homomorphism p if p : G — G’ is a topological group
homomorphism which is also a covering map. The following is a consequence of [HN12,
Theorem 9.5.4]:

Fact D.6. Suppose that G and G’ are connected Lie groups and that G is a covering group
of G’ with covering homomorphism p. Then ker p is a closed normal subgroup of the center

Z(G) of G.

We end this section with a lemma about conjugate actions on compact sets in Lie groups.



1096 Y. JING ET AL. GAFA

LEMMA D.7. For a Lie group G and a closed normal subgroup H, if a precompact A C H
such that the closure of A is contained in B and B is a relative open subset in H, then the
following holds: when g € G is sufficiently close to idg, we have gAg—! C B.

Proof. We prove the lemma by contradiction. Assuming there exist sequences g,, — id and
{hn} C A such that g, h,g,,! ¢ B. Since A is precompact we may assume h,, — h € A. But
then g,hng,' — h € A. This contradicts the fact that each g,h,g, "' is in the closed set
H \ B that does not meet A. Hence the assumption is false and the conclusion holds. a

Appendix E. Solvable and Semisimple Lie groups

From [HN12, Section 9.1], there is a functor L from the category of Lie groups to the category
of Lie algebras that assigns to each Lie group G its Lie algebra L(G) and to a Lie group
morphism ¢ : G — H its tangent morphism L(¢) : L(G) — L(H) of Lie algebras. We will
adopt a more colloquial language in this paper, invoking this functor implicitly.

Fact E.1. Suppose G and H are Lie groups, and g and b are their Lie algebras. If H is a
subgroup of G, then b is a subalgebra of g. If H is a normal subgroup of G, then b is an
ideal in g, and g/h is canonically isomorphic to the Lie algebra of G/H.

Suppose g is the Lie algebra of G. The exponential function exp : g — G is defined as
in [HN12, Section 9.2]. We will use the functoriality of the exponential function [HN12,
Proposition 9.2.10]

Fact E.2. Suppose G and H are Lie groups, ¢ : G — H is a homomorphism of Lie groups,
g and b are the Lie algebras of G and H, a : g — b is the tangent morphism of ¢, and
expg 9 — G and expy : h — H are the exponential maps. Then expy oo = expg o ¢. In
other words, the following diagram commutes:

GLH

cxpGT EXPHT

Suppose g is a Lie algebra. The derived Lie algebra [g, g] of g is the subalgebra of g generated
by the Lie brackets of the pairs of elements of g. We say that g is solvable if the derived
sequence

g> g, 0] >[lg, 0] [g,0]>...

eventually arrives at the trivial Lie algebra {0}. A Lie group is solvable if its Lie algebra is
solvable. The following is a consequence of [HN12, Proposition 5.4.3]:

Fact E.3. Fvery subalgebra and quotient algebra of a solvable Lie algebra is solvable. Hence,
every closed subgroup and quotient group of a solvable Lie group is solvable.

The following is another consequence of [HN12, Proposition 5.4.3, Theorem 5.6.6]:

Fact E.4. Suppose g is a Lie algebra. Then g has a largest solvable ideal q. If G is a Lie
group with Lie algebra g and exp : g — G is the exponential map, then Q = {(exp(q)) is the
largest closed connected solvable normal subgroup of G. Hence, @Q is a characteristic subgroup

of G.
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The subalgebra g as in Fact E.4 is called the radical of g, and the subgroup @ as in Fact E.4
is called the radical of G. A Lie algebra is semisimple if it has a trivial radical. A lie group
is semisimple if its Lie algebra is semisimple, or equivalently, if it has trivial radical. The
following results follows from [HN12, Theorem 5.6.6, Corollary 5.6.14]:

Fact E.5. Let G be a connected Lie group and let Q be its radical. Then S = G/Q is a
semistmple Lie group.

A Lie algebra is simple if it is semisimple and contains no ideals other than itself and the
trivial ideal {0}. A Lie group is simple if its Lie algebra is simple. Note that a simple Lie
group is not necessarily simple as a group. We use the following fact for simple Lie groups.

Fact E.6. A connected Lie group G is a simple Lie group if and only if all its normal proper
subgroups are discrete, and contained in Z(G).

Suppose g is a finite dimensional Lie algebra. For = € g, let adx : g — g,y — [z, y]. Then ad
is an endomorphism of g. The Cartan-Killing form of kg : g x g — R is given by

kg(x,y) = tr(adz ady).

The Cartan—Killing form is invariant under an automorphism of g; this follows from a direct
computation and the fact that if p is an automorphism of g, then adp(z) = poadz o p~!.

The following fact is from [HN12, Lemma 5.5.8].

Fact E.7. Suppose g is a Lie algebra, kg is the Cartan—Killing form of g, and b is an ideal
of g. Then the orthogonal space b of b with respect to kg 15 also an ideal. If g is semisimple,
then g = h® bt and Kg = Ky D Ky where ky and Ky are the Cartan—Killing form of b and

ht.

The following fact follows from [HN12, Lemma 5.5.13]. It is also a consequence of Fact E.7
and the alternative characterization of semisimple Lie algebras as those whose Cartan—
Killing form is nondegenerate.

Fact E.8. FEvery ideal and quotient algebra of a semisimple Lie algebra is semisimple. Hence,
every closed normal subgroup and quotient group of a semisimple Lie group is semisimple.

The first and second assertions in the following fact are immediate consequences of Facts E.4,
E.3, E8

Fact E.9. If G is a connected semisimple Lie group, then its center Z(G) is a finitely
generated discrete group, the quotient map p : G — G/Z(Q) is a covering map.

The following fact is a consequence of [HN12, Proposition 9.5.2 and Theorem 9.5.4].

Fact E.10. If G and G’ are connected Lie groups, p : G — G’ is covering map, Z(G) and
Z(G") are the centers of G and G'. Then we have ker p < Z(G) and Z(G') = Z(G)/ ker p.

The first assertion in the following fact is known as Weyl’s theorem on Lie groups with
semisimple compact Lie algebra [HN12, Theorem 12.1.17].

Fact E.11. If G is a connected semisimple Lie group with compact Lie algebra, then G is
compact and Z(Q) is finite.
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The following fact is a consequence of Fact E.11 and the result in [Sir60]. This can also be
proven directly using [HN12, Proposition 13.1.10 (ii)]; we thank Jinpeng An for pointing
this out to us.

Fact E.12. If G is a simply connected simple Lie group, then the center Z(G) of G has rank
at most 1.

Suppose g is a finite dimensional Lie algebra with Cartan—Killing form k4. A Lie algebra
automorphism 7 of g is a Cartan involution if 72 = idy and (z,y) — —kg(z,7(y)) is a
positive definite bilinear form. The following fact is [HN12, Theorem 13.2.10]

Fact E.13. Let g be a semisimple Lie algebra. Then g has a Cartan involution T.

We refer the reader to [Kna02, Section 6.4] for the full definition of Iwasawa decomposition;
we will need the following fact which is a consequence of [Kna02, Theorem 6.31, Theorem
6.46] and [HN12, Theorem 13.3.8].

Fact E.14 (Iwasawa decomposition). Suppose G is a connected semisimple Lie group with
Lie algebra g, T is a Cartan involution of g, € the subalgebra of g fixed by 7, andexp : g — G
is the exponential map. Then there is an Twasawa decomposition G = KAN such that the
following holds:

(1) the multiplication map
O:KxAxN—G:(ka,n)— kan

s a diffeomorphism.

(2) K = exp(¥) is a connected closed subgroup of G, Z(G) C K, and K is a mazimal compact
subgroup of G if Z(Q) is finite.

(3) A is an abelian closed subgroup of G, N is a nilpotent closed subgroup of G, and both A
and N are simply connected.

(4) Q@ = AN, we have that Q is a solvable closed subgroup of G, and N < Q.

The following fact is a consequence of the definition of Iwasawa decomposition in [Kna02,
Section 6.4].

Fact E.15. If G is a noncompact semisimple Lie group with Iwasawa decomposition G =

KAN, then AN has dimension at least 2.
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