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UNCERTAINTY QUANTIFICATION FOR THE HOMOGENEOUS
LANDAU-FOKKER-PLANCK EQUATION VIA DETERMINISTIC
PARTICLE GALERKIN METHODS

RAFAEL BAILO*, JOSE A. CARRILLO*,
ANDREA MEDAGLIAT, AND MATTIA ZANELLAT

Abstract. We design a deterministic particle method for the solution of the spatially homogen-
eous Landau equation with uncertainty. The deterministic particle approximation is based on the
reformulation of the Landau equation as a formal gradient flow on the set of probability measures,
whereas the propagation of uncertain quantities is computed by means of a stochastic Galerkin (sG)
representation of each particle. This approach guarantees spectral accuracy in uncertainty space
while preserving the fundamental structural properties of the model: the positivity of the solution,
the conservation of invariant quantities, and the entropy dissipation. We provide a regularity results
for the particle method in the random space. We perform the numerical validation of the particle
method in a wealth of test cases.

Key words. plasma physics, Landau-Fokker-Planck equation, deterministic particle methods,
uncertainty quantification, stochastic Galerkin methods.

MSC codes. 65C35, 65N99, 7T6M28

1. Introduction. This work introduces a deterministic particle scheme that is
able to simultaneously preserve the physical properties of the spatially homogeneous
Landau equation and quantify the evolution of uncertainty due to uncertain model
parameters and initial conditions. The Landau equation is one of the most physically
relevant models to describe particle interactions in a plasma, which is itself a key
ingredient in the development of nuclear fusion and the search for new energy sources.
As such, the development of robust numerical tools in this area is of paramount
importance.

In the absence of uncertainties, the evolution of the distribution function of
charged particles in a plasma, f, in the phase space (z,v) € R? x R%, at time ¢t > 0,
is governed by the Landau-Fokker-Planck equation:

(1.1) Ocf(zyv,t) +v-Vaf(z,v,t) + F(z,v,t) -V, f(z,0,t) = Q(f, f)(z,v,t)

where d > 2 is the dimension, and F'(+) is a force acting on the particles, which may be
either external or self-consistent. The right hand side Q(f, f) is the Landau collision
operator, a non-local term that describes the localised Coulomb interactions between
charged particles. The operator is given by

(12) QU )@ v,t) =V, - » A =) [f(0) Vo [ () = f(0) Vo, f(ve)] dos,

where A(-) is a d X d symmetric and positive-semi-definite matrix that encodes the
so-called collisional cross-section:

Alq) = Cla*25(g), S(g)=1- 124

lq|?’
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2 R. BAILO, J. A. CARRILLO, A. MEDAGLIA, AND M. ZANELLA

where C' > 0 is the collision strength, I is the d x d identity matrix, and S(q) is the
projection matrix onto the perpendicular of q.

The exponent —d — 1 <y < 1 governs the type of interaction: «v > 0 corresponds
to so-called hard potentials, v < 0 to soft potentials, and v = 0 is the Maxwell case.
The Coulomb case, v = —d, plays a crucial role in plasma physics, as it captures the
Coulomb interactions between charged particles, and is deemed the most physically
relevant choice.

This work focusses on the space-homogeneous Landau equation,

atf(v7 t) = Q(f, f) ('Uv t)

for v € R% and t > 0; we briefly recall its properties here. The collision operator (1.2)
can be rewritten (for sufficiently smooth solutions) as

QUL N t) =V [ Alv—v.) f(v)f(ve) [V log f(v) = Vo, log f(v.)] do..

Rd

The weak formulation of the equation can be expressed, after symmetrisation, as

d 1
pn /Rd of dv=—3 //R (Vo — Vi, d4) - A(v —v,) f [ [V log f — V,, log fi] dvdo,,

dyRd

for any test function ¢ = ¢(v), with the notation ¢. = ¢(v.), f = f(v), and f. =
f(v).

The conservation properties of the equation become apparent by choosing ¢ =
1,v,|v[%. Conservation of mass (¢ = 1) and momentum (¢ = v) are immediate, and
conservation of energy (¢ = |v|?) follows by observing the fact that, in that case,
the matrix A projects the vector (V,log f — V,, log f.) onto the perpendicular of
(Voo — Vy, di). Therefore:

1

4 v | fdv=0.
dt Jpa |U|2

The dissipation properties of the equation are best understood by first defining
the entropy functional

H()(E) = | flo,t)log(f(v,t)) do.

Rd

A formal calculation shows the dissipation of the entropy,
d 1
—/ flog fdv=-D(f)(t)=—= // byw, * A — )by o, [ [ dvdo, <0,
dt Jpa 2 ) Jpaxre ’

where b, ,, = V,log f — V,, log f., and where the non-positivity follows from the
positive-semi-definite property of the matrix A. This dissipation property can be used
to characterise the kernel of @), which is comprised exclusively of Maxwellians [24]:
distributions of the form
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UNCERTAINTY QUANTIFICATION FOR THE LANDAU EQUATION 3

for constants p (the mass) and T (the temperature), and constant vector U (the mean
velocity).

The mathematical study of both the homogeneous Landau equation and the
Landau-Fokker-Planck is a challenging and active area of research. Many problems
remain open, particularly in the case of soft potentials, which is the most physically
relevant. Numerically, the challenges arise from the discretisation of the collision op-
erator. Not only is the problem high-dimensional, leading to costly computations; it
is also non-trivial to discretise @) in a way that preserves the rich physical structure of
the equations (the positivity of the solution, the conservation of invariant quantities,
and the dissipation of the entropy functional).

Numerical methods for kinetic plasma equations can generally be classified into
two categories. The first, methods based on a direct discretisation of the PDEs, like
finite-differences and finite-volume methods [18, 15, 21, 37], semi-Lagrangian schemes
[35, 16], and Fourier spectral methods [31, 22]. The second, methods based on a
particle approximation of the distribution function, and consequently of the under-
lying dynamics, like particle-in-cell (PIC) methods [3, 33|, direct simulation Monte
Carlo (DSMC) methods [4, 34, 5, 17], or deterministic particle methods [9, 10].

The study, quantification, and control of the propagation of uncertainty in kinetic
equations is a topic of undeniable relevance [30, 25, 26]. This understanding is crucial
for real-world applications, as knowledge about models is often incomplete. Uncer-
tainty, whether it be in model parameters, initial conditions, or boundary conditions,
can drastically affect model predictions, and their sensitivity must be quantified.

Of course, the inclusion of random parameters poses, in turn, additional chal-
lenges in the theoretical and numerical analysis of our problem. From an analytical
point of view, it is crucial to study the sensitivity of the solution with respect to the
uncertainties in order to guarantee the regularity of the model, which will be of great
importance in the design of numerical methods. As for the latter, they must also
handle an increased dimensionality in the problem, which could prove computation-
ally expensive.

In this work, we propose a hybrid stochastic Galerkin (sG) particle method for the
numerical solution of the spatially homogeneous Landau equation with uncertainty.
The scheme is based on a particle approximation of the equation in phase space, and
a subsequent generalised Polynomial Chaos expansion (gPC) of the particles in the
random parameter space. In this way, provided sufficient regularity, the method has
spectral accuracy in uncertain space and preserves the structural properties of the
model (the conservation of invariant quantities and the dissipation of the entropy),
which would typically be lost with a standard sG polynomial approximation scheme.

The particle approximation in phase space was first described in [9]. The au-
thors propose a new variational formulation that characterises the Landau equation
as a gradient flow; the flow is formally a continuity equation with a velocity field
defined by a regularisation of the entropy functional. In this way, the solution can
be approximated by an empirical measure, giving rise to a coupled system of ordin-
ary differential equations for the particles. It was shown that the particle method
preserves the positivity, mass, momentum, and energy of the solution, as well as the
dissipation of the entropy functional. For a formal discussion on the properties of the
gradient flow reformulation, see also [7, 8].

Once uncertainty is incorporated into the method, the particles are then approx-
imated by their gPC expansion in the space of the random parameters, thus obtaining
a fully coupled system for the coefficients of this expansion. This approach was re-
cently proposed for particle methods with applications to the homogeneous Boltzmann

This manuscript is for review purposes only.



133
134
135
136
137
138
139
140

144

145

146

147

148

149

4 R. BAILO, J. A. CARRILLO, A. MEDAGLIA, AND M. ZANELLA

[32] and Landau [28] equations, as well as to a Vlasov-Poisson-BGK system [27]. Pre-
viously, the technique was used in multi-agent systems [14, 13, 29].

The rest of the work is organised as follows. In Section 2 we introduce the
deterministic particle method in the absence of uncertainties, recalling the relevant
properties of the scheme. In Section 3 we extend the method to the Landau equation
with uncertainty, and we investigate the regularity of the scheme in the space of the
random parameters. In Section 4 we validate the sG particle method through several
numerical tests; we verify the spectral accuracy of the scheme in the uncertain space,
its agreement with the Bobylev-Krook-Wu (BKW) solution and Trubnikov’s formula,
and its trend to equilibrium.

2. Deterministic particle method. We begin by describing the deterministic
particle method, which is based on the interpretation of the Landau equation as a
gradient flow, and its regularisation.

2.1. The Landau equation as a gradient flow. The Landau equation can
be interpreted as a (formal) gradient flow on the space of probability measures. This
idea has been explored in recent works [9, 7], which are in turn inspired by previous
contributions on the non-linear Fokker-Planck [1, 12, 11] and Boltzmann [20] equa-
tions.

This interpretation relies on the variation of the entropy functional (the L? rep-
resentative of the Gateaux derivative of the functional) with respect to zero-mass
perturbations, which is simply

0H
W =log f.
We may formally rewrite the collision operator (1.2) as
oH OH.
Q(f»f) =V, - (f/RdA(”_U*) (VUCSf _vv*éf*) f*dv*) )

leading to the Landau equation in continuity equation form,

8tf(va t) ==V, (f(’U,t)U(f)(U,t)),

where

U(f)wt) = — / A(v — v0.)b(v,0.) o .,

Rd
OH OH.«
b(U, U*) = VUW - VU* ﬁ

The corresponding weak formulation is

/ 6QUf. f)dv =
Rd

) OH.
- %//RM(VT@— Vo, ) - Av — vy) (Vv;; - VU*;;> f [« dvdu,.

The advantage of this reformulation is that the entropy functional may now be
regularised without altering the structural properties of the operator (the conservation
of invariant quantities and the entropy dissipation). This feature is what permits the
development of structure-preserving deterministic particle methods.
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UNCERTAINTY QUANTIFICATION FOR THE LANDAU EQUATION 5

2.2. Two regularised gradient flows. In this section, we study two different
regularisations of the homogeneous Landau equation, arising from a symmetric and an
anti-symmetric regularisation of the entropy functional. A regularisation is required
in order to define a particle method; with a view to preserving the gradient-flow
structure of the Landau equation, we must regularise the entropy functional H(f) so
that it is well-defined even when f is a sum of Dirac deltas. For a formal discussion
on the properties of the regularised Landau equation, we refer to [9, 7]. We shall use
the regularisations to motivate the deterministic particle methods, as well as their
extension to the case with uncertainty in the sequel.

To construct the regularisations, we follow [6] in considering a Gaussian mollifier

of variance € > 0,
1 v|?
Ye(v) = ——— exp <_|2e|5)

and then we propose:
(a) a symmetric regularisation of the entropy functional,

(2.1) HAPO) = [ (£ log(F ) o

(b) an anti-symmetric regularisation,

(22) HADO = [ sl +.) o

Other mollifiers are investigated in [8], and the structural properties of the upcoming
numerical scheme hold for more general mollifiers [9], even compactly supported ones
[2]; we retain the Gaussian choice in this chapter for simplicity. We remark that, when
f is a sum of Dirac deltas, both of the integrals in (2.2) collapse into sums, which
makes the anti-symmetric regularisation far simpler to implement in practice.

Employing one of the regularised entropies, we arrive at the regularised gradient
flow:

(2.3) O f(t,v) = Qe(f, ) = =Vu - (fU([)),

UL(f)(t0) = — / A(v — 0.)be(v,0,) . dvs,

Rd
OH. OHe
be(v,v4) =V, 57 V. 5F,

The variation and its gradient (see e.g. [6, 9]) are as follows:
(a) in the symmetric case (2.1), we obtain

OH, 0H.
Sf vof

(b) in the anti-symmetric case (2.2), we obtain

f J,Hs_f*vvdjs f %
Fete SF T e Fegl t VeV

= IOg(f * "/}5) *e, V = IOg(f * we) * Vythe;

5H.
of

= log(f *¢e) + *Ye, Vo
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6 R. BAILO, J. A. CARRILLO, A. MEDAGLIA, AND M. ZANELLA

2.3. Deterministic particle method. Both regularisations (2.1)-(2.2) of the
homogeneous Landau equation will lead to particle methods with suitable properties.
The methods arise by considering the regularised flow (2.3) as a continuity equation
for an empirical solution

N
(2.4) N ) = wid(v — (1),
i=1

where w; > 0 is the weight of the particle ¢ for every ¢ = 1,..., N. A smoothed
solution (blob solution) can be then defined as

N
N, t) = (fN x¥)(v,t) = Zwiws(v —v;(t)).
i=1

Within the particle interpretation, 1. is akin to the “shape” of the particles; by
analogy with (2.4), the Dirac delta is replaced in the blob solution by the mollifier, so
the point particles are replaced by particles that occupy (as distributions) a certain
region of space.

Substituting (2.4) into (2.3) as a distributional solution to the regularised Landau
equation, we obtain the time evolution rule of the system of NV particles

dvi(t)
dt

(2.5) = U(fN)(vit) = - ijA(Ui —v;)b2 (vi, vj)

al SHY SHY
= wsat - o) (VR ) - V= ().
j=1

The variation of the gradient becomes:
(a) for the symmetric regularisation (2.1),

(v;) = y Ve (v — v;) log (fN(v,t)) dv;

(b) for the anti-symmetric regularisation (2.2),

N

o) — VN (i) Wi — o)
(2) fN(’UZ) +’; k fN(7Uk> .

N
o1
of

MY
5f 0

The time dependency of fV, V
of legibility.

and bY is omitted in the notation for the sake

Remark 2.1 (Semi-discrete vs discrete schemes in velocity). The symmetric reg-
ularisation leads only to a semi-discrete—in—velocity scheme, since the evaluation of
the term V,, 5;? requires quadrature. Meanwhile, the anti-symmetric discretisation is
more convenient in practice, since it leads to a fully discrete-in-velocity scheme; every
convolution that appears in the method involves an empirical distribution, and thus

become a discrete sum.

The particle method is structure-preserving with either discretisation:

THEOREM 2.2 (Properties of the semi-discrete—in—velocity scheme).  The de-
terministic particle method (2.5) with the symmetric reqularisation (2.1) preserves
the structural properties of the Landau equation:

This manuscript is for review purposes only.
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UNCERTAINTY QUANTIFICATION FOR THE LANDAU EQUATION 7

1. Conservation of mass, momentum, and energy

d & d & d &
— P = — ivit) =0, — ilvi(8)]* =
dt;w 0, dt;wv() 0 dt;ww(n 0

2. Dissipation of the semidiscrete entropy of the solution

SHY = DN <0
where
%5:/( vo)log (£ ) o
L
DN = B Z (Vi v;) - A(vi — v;)b(v;, v5).
Proof. For the explicit computations, we refer to [9]. O

THEOREM 2.3 (Properties of the discrete-in-velocity scheme). The determin-
istic particle method (2.5) with the anti-symmetric reqularisation (2.2) preserves the
structural properties of the Landau equation:

1. Conservation of mass, momentum, and energy

d & d & d &
- i =0, — ivi(t) =0, — il ()] =
dt;w dt;wv() dt;w“’()
2. Dissipation of the discrete entropy of the solution
d n N
— =-D <0
dtHE ¢ -

where
N N
= Zwi log Zwﬂbs(vi — ;)
i=1 j=1

N
1
Dév = 5 Z wiwjb(vi,vj) . A(Uz - 'Uj)b(’l}i,’l}j).

,j=1

Proof. No proof of Theorem 2.3 is given in [9]; we present it here for completeness.

To prove the conservations, we write the time evolution of any test function
¢ = ¢(v) depending on the particles:

d N d
% ;wicb(vi) = ;wivucﬁ(vi) il

N
= — Z wiwjvvqb(vi) . A(Th - vj)b(vi,vj)

',j:1

=3 Z wle Vo Uz) - Vv¢(vj)) : A(Uz - Uj)b(viavj)a

1,j=1
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8 R. BAILO, J. A. CARRILLO, A. MEDAGLIA, AND M. ZANELLA

invoking the symmetry of A and the antisymmetry of b: A(v) = A(—v) and b(v, v,) =
—b(v4,v). The last line of the previous computation vanishes identically for ¢(v)
1L, [v]?.

To prove the dissipation, we compute:

EHN _ iw ZJ LW Vothe (v — ;) - (v — vy)
e i=1 Zk 1wk1/)€( v; _Uk)

N

$° LTl )
z J
i,j=1 Zi\,:1 wi e (v; — V) dt

_Z ] 1wjv 7/}5(’02'_ ) 4 N wjvvwe(vi—vj) . d

S wite (v —vk) T e wite (v —vg) | B

*Zw . B,
- 1 v p ’L dt K3

N
=S w2 " (00 - Al — u)b(vi,vy)

3,7=1

SHY SHN
_- ;lw w]< ’UT('UZ)_V'U 5f (v )> - A(v; — v;)b(vi, v;)

N
1
= _5 Z winb(Ui7Uj) . A(Uz' — ’l]j)b(’l]i71]j) < O7

ij=1

where we have swapped the ¢ and j labels on the right summand, and have exploited
the anti-symmetry of V¢ (v). The last line is non-positive because the matrix A is
positive semi-definite. ]

3. Stochastic Galerkin particle method. This section extends the particle
method to handle uncertainty in the initial condition and parameters of the Landau
equation.

3.1. The Landau equation with uncertainty. We consider now the space
homogeneous Landau equation with uncertainty

atf(vvta Z) = _vv . (f(U,t,Z)U(f)(’U,t,Z))
—v,. / A — 02,2) (Vo f(0,2) (02, 8) — Vo, f(0.,2) f(0,2)] do.,
R4

where z = (21,...,24,) € R% is a random vector containing all the unknowns of the
system. We assume z has a given distribution p(z) such that

Prob(z € I,) = /1 p(z) dz

z

for any I, € R%. The vector z characterises the missing information on the system
due, for instance, to uncertain initial conditions, or to uncertain model parameters
(e.g. the exponent of the interaction).

This manuscript is for review purposes only.
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UNCERTAINTY QUANTIFICATION FOR THE LANDAU EQUATION 9

Following the previous notation, the regularised counterpart of the equation is

(31) atf(vatvz) =—Vy- (f(v,t,Z)Ug(f)(’lJ,t7Z)).

As in (2.4), we consider a set of N particles, defining the empirical distribution

(v,t,2) sz 0(v —v;(t,2));

analogously, we introduce the smoothed solution

We will assume in the following that the weights w; > 0 are independent from the
uncertain vector z, considering only the velocities as functions of z.
A particle method for (3.1) reads

(3.2) %— Us(fN) (v, t,2) = ij ij(t,2z) “j(t z)

N N
:_ij 5(0.2) (VS (0(2) — TR 032 ).

where we have denoted

A;;(t,z) = A(vi(t,z) —v;(t,z)) and bl (t,z) = bév(fui(t,z),vj (t,2)).

€,1j

Again, the term bgij (t,z) can be given by the different regularisations:
(a) symmetric,

SHY x )
VW(UZ(Z)) = y Ve (vi(z) — v) log (fN(v, z)) dw;

(b) anti-symmetric,

N

57‘[?7 vi(z)) = ( z(Z)) w. vwa(vz( )_Uj(z))
57O = ) T2 T @)

Remark 3.1. The sG particle method (3.2) retains the properties of the determin-
istic method; namely, the conservation of the invariant quantities and the dissipation
of the entropy. This follows immediately from the observation that Theorems 2.2-2.3
hold pointwise in z.

3.2. Stochastic Galerkin projection of the particle method. In the fol-
lowing, we will construct a generalised Polynomial Chaos expansion (gPC) expansion
of the particle method (3.2) in the space of the random parameters. A similar ap-
proach, based on a Monte Carlo approximation of the distribution function, has been
proposed for the homogeneous Boltzmann [32] and Landau [28] equations, and for a
Vlasov-Poisson-BGK system [27]. Other applications can be found in [14, 13, 29].
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302 In order to perform an sG expansion of the scheme, we choose a set of M + 1
303 polynomials of degree at most M, ¥ = {¥,,(z)}*_,, orthonormal with respect to the
304  distribution p(z):

305 /1 U, (2)P,(2)p(z) dz = EL [V ()P0 (4)] = Omn-

306  The velocity of each particle can then be approximated by its projection onto the
307 span of ¥

M
308 (3.3) vi(t,z) = v Z U (

m=0

309 where the coefficient of the expansion is

310 Vim(t) = / vi(t,2) U (2)p(z) dz = By [v; (¢, )V ()]

I,

311  The corresponding empirical and smoothed distributions are denoted respectively by

w
—
no

FNM (4 ¢ 7) sz M(t,2)) and fNM (v,t,2) Zwﬂ/fs M(t,2)).

313 The sG particle method is found by substituting the gPC approximation v} (¢,z) into
314 (3.2), and then projecting the scheme onto the span of ¥:

d
315 (3.4) &@i,m(t) = /Iz U (fNM) (03, t,2) W, (2)p(z) dz,
316 U (fNM) (v, t,2) = ijAM (t,2) évzjw(t z),
(mN HY
317 bévljw( ,2) = I (v} (z)) — 5f (v; M (2)),

315 where A} (t,2) = A(v}(t,z) — v} (t,2)) and bi_vzjv‘[(t z); once again there is a choice
319  of regularisation:

320 (a) symmetric regularisation,

321 5?;( ()= | Voe(v =0l (2))log (7Y @.1) av

322 (b) anti-symmetric regularisation,

OHY iy — VIV (E) s V(0 (2) — 0} (2)
o i = ) AT )

324 The method (3.4) is a fully coupled system for the projections {¥; s, i =1,...,N, m =
325 0,..., M}, with computational complexity O(N?M?).

326 In practice, the integral in (3.4) will be computed using Gaussian quadrature.
Once the L nodes {2}, and L weights {w;} | have been chosen, the scheme reduces

o or
~
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UNCERTAINTY QUANTIFICATION FOR THE LANDAU EQUATION 11

to

L
dtvlm ZUE fNM Uutyzl)\ljm(zl)wl-
=1

3.3. Regularity in the space of the random parameters. In Remark 3.1,
we have observed the properties of the sG method for a fixed parameter z € R%.
Here, we investigate the regularity of the discrete particle method (3.2) in the space
of the random parameters.

THEOREM 3.2. Consider {v;(t,z)}Y.,, a particle solution to the regularised Lan-
dau-Fokker-Planck equation (3.1) at time t > 0, following scheme (3.2). We have

N N
> willvit 212,y = D willvi0,2) |22 s,
i=1 i=1

Proof. To make explicitly the computation, we consider the time evolution of any
test function ¢:

d Y 1 Y
T widvi() = —5 > wiw; (V(ui(2) ~ Vol (2)) - (A (6,28, (¢.2))

i,j=1

where we have omitted the time dependency of v; for the sake of brevity. If we choose
é(v;(t,2z)) = |vi(t,z)|?, and then we integrate in I, against p(z) dz, we obtain

sz [|vi(t, z ||L2(Q) =0,

exploiting the conservation of energy result proven in the previous section. 0

THEOREM 3.3. Consider {v;(t,z)}Y.,, a particle solution to the regularised Lan-
dau-Fokker-Planck equation (3.1) at time t > 0, following the scheme (3.2). Consider
also the constant 0 < C'y < +oo such that

||0fAij(t,z)||Loo(Iz) § CA, fOT’ k = 0, ].,

and the constants 0 < Cp < 400 and 0 < Cp,p < +00 such that

Defining Ky == 2C4(1 + 3Cy,p) and Ky :=2NC4Cp, we find

N N
S 0svi(t2) 321,y < €51 10,010, 2) 31, + Kot

i=1 i=1

Proof. We first take the z derivative of the particle method (3.2); then we multiply
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353 by 20,v;(t,z)p(z) dz and integrate over I, to obtain

354 ||8 vi(t,z HLg(I = —2/ ija vi(t,2) - 0, (A (t,z)bY ' (t,2)) p(z) dz
zJ 1
355 < 2ij/l |05 (t,2) - Oy (Aij (t,z)bgij(t, z)) |p(z) dz

356 <20A2wj/ By0i(t, ) DY (1, 2)|
357 +107vi(t,2)||0,bY (£, 2)|) p(z) dz

N
358 =204y w; (I+11).
j=1

359  Applying Young’s inequality on the term I, we find

360 I < |0gvi(t, 2)| 721, + Cb,

361  since

, log N d_

362 /|bsljtzlp()d <d—3 (W) =Cp.

363 To control term II, we consider the symmetric regularisation and we exploit the
364 finiteness of the zeroth and second moments of the Gaussian mollifier:

365 I71 < log(N)/ |04vi(t, z)]| (/ 10,V (Y (vi —v) — Ye(v; —v)) |dv> p(z) dz
I, Rd
366 < C’azD/ |00 (t,2)| (|0zvi(t,2)| + |05v,(t,2)|) p(z) dz
I,
307 < Co, (1000t 2) 31y, + 19030t 2) 21 00050, D 22 ) -
368 We thus have
d N
369 a Haz’l)i(t, Z)”%z(Iz) S 2CA Zl ’lUj |:CazD||azUi(t7 Z) H%?(lz)
=
370 + 105vi(t, 2) | L2(1,) (C + Co, D105 (t,2) | £2(1,)) } :
371 Summing over i, we obtain
q N
372 T ; ||ﬁzvi(t,z)||2L2(I )< ; 204(1 4 3Cy, D)||8zvi(t,z)||2LQ(Iz) +2NC4Cp
N
373 Z ||8 ’Uz t Z HL2(I +K2
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Applying Gronwall’s lemma, we finally arrive at

N N
S 0uvitt D) ecry < D 10,0100, 2) 3 + Kot

=1

Remark 3.4. Theorems 3.2-3.3 imply that, provided v;(0,z) and 9,v;(0,z) are in
L?(I,) at the initial time ¢ = 0, then v;(¢,2) and d,v;(t,z) remain in L?(I,) for times
t € [0,Ty], with Ty < 400, under suitable assumptions. Therefore, in the time span
[0, T], we have

vi(t,z) € H'(I,) ::{ I, —>Rd| GLQ(I) k;:O,l}.

4. Numerical tests. We now present numerical tests to validate the stochastic
Galerkin (sG) particle method. In Test 1, we show spectral convergence for the
Maxwell and Coulomb cases in the presence of an uncertain initial temperature. In
Test 2, we investigate the case with uncertainty in the exponent v, a mixed potential
scenario with a deterministic equilibrium distribution. In Test 3, we consider a
two-dimensional uncertain parameter, and we verify the spectral convergence of the
method. In Test 4, we compare the sG particle method against the exact BKW
solution of the Maxwell case with uncertainty. In Test 5, we test the method against
Trubnikov’s formula for both Maxwellian and Coulombian molecules. In Test 6,
we study the trend to equilibrium of the Coulomb model from an initial condition
consisting of the sum of three Gaussians.

We will discretise the time span in ntor time steps of size At > 0, and we shall
denote with v}(z) the approximation of v;(t",z) at the discrete time t". We employ
the forward Euler scheme for the time discretisation; (3.2) becomes

N N N
@) = @) - 8 Y ws Al e) (Ve (0 (2) - T RE (172 ).
j=1

of of

and consequently (3.4) reads

ol =, — At / Zw]A" M) M (2) 0,0, (2)p(2) dz,
z] 1

bE 7,]_;]M(Z) = 5’](' (vi ’M(Z)) 6f

All the tests are obtained for the two dimensional velocity domain case d = 2, with
a fixed time step At = 0.01, and for a one or two dimensional uncertain parameter
d, = 1,2. We adopt the anti-symmetric regularisation, which has the advantage of
not requiring a continuous convolution (the symmetric regularisation uses quadrature
in practice, which disturbs the energy conservation result, as observed in [9]). In the
case z = (z1,22), we assume that the two components are statistically independent,
such that p(z) = p(z1)p(z2). Following [9], the variance of the Gaussian mollified is
always ¢ = h?, where h = 2L, /N is the size of the discretisation of the truncated
velocity domain [—L,,, L,]?, and where N is the number of particles. The weights of
the particles are fixed to w; = 1/N for every i = 1,...,N. We choose a collision
strength C' = 1/16 in the definition of the operator A, except in Test 5, where we

= (v (2)).
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——M =1 ——M=1
——M=3 ——M =3
——M =5 ——M =5

sG Error
sG Error
sG Error

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

t

Ficure 1. Test 1. Left: L* error of the fourth moment at time t = 1, for increasing
M, with respect to a reference solution, for the Mazwell (v = 0) and Coulomb (v = —3)
cases. Centre: time evolution of the same error for v = 0 in the time span [0,1]. Right:

time evolution of the error for v = —3. In all cases, N = 50? and the reference solution is
computed with M™ = 30. Initial conditions given by (4.1)

declare it case by case. The initialisation of the particles is performed with a Monte
Carlo sampling; for further details, we refer to Appendix A of [27].

The choice of the orthogonal polynomials is done following the Wiener-Askey
scheme [39, 38]. In particular, we will consider the parameter z under a Uniform or
Beta distribution, respectively leading to the Legendre and Jacobi polynomial bases.

4.1. Test 1: spectral convergence with uncertain temperature. In this
test, we consider the initial condition

2
of?e™ 79,

(4.1) v, z) = ﬁ(z)

with d, = 1, and uncertain initial temperature
T(z) =1+ g with 2 ~ U([0, 1]).

We choose the number of particles as N = 502, and we compute a reference solution
with M °f = 30, storing the initial particle sampling. Then, for different M, using the
same sampling, we compute the L? error of the fourth moment of the solution:

sG Error = |\M4Mf(t7 z) — M4(t,2)| 12(1,),

where the moment is approximated by

N
1
M4(ta Z) ~ N Z ‘vzjw(ta Z)‘4'
i=1

Figure 1 shows the sG error for increasing values of M (left), for both the Maxwell
(v = 0) and Coulomb (v = —3) cases at a fixed time ¢ = 1, as well as the time evolution
for fixed M = 1,3,5, both for v = 0 (centre) and v = —3 (right). We observe that
machine precision is reached spectrally fast, with a finite number of modes. Besides,
the sG Error proves approximately constant in time.

4.2. Test 2: spectral convergence with uncertain potential. In this test,
we consider a sample of N = 502 particles of the initial conditions (4.1) with de-
terministic temperature 7' = 1. The one dimensional uncertainty is now assumed in
the exponent v: y(z) = —3z. We observe that, with these choices, the equilibrium
distribution is deterministic; namely, the centred Gaussian with unit temperature.
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sG Error
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FIGURE 2. Test 2. Left: time evolution of the variance with respect to z of the fourth
moment M4(t,z), for different values of M. Centre: L* error of Mj(t,z) with respect to a
reference solution, at times t = 0.01,1,2, and increasing M. Right: time evolution in [0, 1]
of the same error for fied values of M = 1,3,5. In all cases, N = 50° and the reference
solution is computed with M™ = 30. Initial conditions gwen by (4.1) with deterministic
temperature T = 1. The uncertainty is in v(z) = —3z, with z ~ U([0, 1]).

0035
— M=1 ——M=1
003 AN . ——M=3
——M=3 107 -
[i ——M=5
ooz > ---M =5
N . =
+ 3 3 <]
= ooz A = s
= R =} B
= 3\ ] SRS
o ° U]
< 0018 N o] 9]
S N 7 %
< AN
= o 1 106
0.005 . 1072
o 101 100
o 10 2 . 4 s 6 7 8 90 100 o s 10 15 0 o1 0z 03 o4 0s o0s 07 08 03 1
t M

FIGURE 3. Test 2. Left: time evolution of the variance with respect to z of the fourth
moment M/(t,z), for different values of M. Centre: L* error of Mj(t,z) with respect to a
reference solution, at times t = 0.01,1,2, and increasing M. Right: time evolution in [0, 1]
of the same error for fized values of M = 1,3,5. In all cases, N = 50% and the reference
solution is computed with M"™ = 30. Initial conditions giwen by (4.1) with deterministic
temperature T = 1. The uncertainty is in y(z) = —3z, with z ~ Beta(2,5).

However, the dynamic is governed by an uncertain potential, ranging from the Cou-
lombian to the Maxwell case. This is equivalent to considering the uncertainty in a
relaxation parameter, as was already done in [19], Test 1, case (a).

In the left panel of Figure 2, we show the variance with respect to uniformly
distributed z ~ U([0,1]) of the time evolution of the fourth moment, for different
M. In the central plot, we display the sG error of M4(¢,z) at times ¢t = 0.01,1,2,
for increasing M, with respect to a reference solution computed with M™f = 30.
Finally, in the right panel, we present the time evolution of the same error, for fixed
M =1,3,5. Figures 3-4 perform the same analysis for the distributions z ~ Beta(2, 5)
and z ~ Beta(5, 2), respectively.

We note that the variance, which starts at zero, decreases in time after reaching a
maximum. This is due to the fact that both the initial condition and the asymptotic
equilibrium are deterministic, while the uncertainty is present only in the time evol-
ution. Similarly to [19, 23], the accuracy of the gPC approximation deteriorates over
time. This contrasts with Test 1, which had uncertainty in the initial temperature,
and consequently also in the equilibrium state.

4.3. Test 3: two dimensional uncertain parameter. This tests combines

Test 1 and Test 2. We consider now a two dimensional (d, = 2) uncertain parameter
z = (21, 22) and we suppose that the components are statistically independent in a
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FIGURE 4. Test 2. Left: time evolution of the variance with respect to z of the fourth
moment M4(t,z), for different values of M. Centre: L* error of Mj(t,z) with respect to a
reference solution, at times t = 0.01,1,2, and increasing M. Right: time evolution in [0, 1]

of the same error for fied values of M = 1,3,5. In all cases, N = 50° and the reference

solution is computed with M™ = 30. Initial conditions gwen by (4.1) with deterministic
temperature T' = 1. The uncertainty is in v(z) = —3z, with z ~ Beta(5, 2).

way that p(z) = p(z1)p(22). We initialise the particles according to

1 v|2
0 _ 2,— z
(4.2) fPlu,z1) = T2 [v[2e” TGD

with uncertain initial temperature
T(z) =1+ %1 with 21 ~ U([0, 1)).

Moreover, we assume that the exponent v depends on za: y(z2) = —32a, where 2z
follows a uniform or Beta distribution. Under this hypothesis, the gPC expansion
(3.3) becomes

M1 M2
vilt, 21, 22) A 0] MR (21, 20) = ) 0D D (U (20) U (22)
m=0n=0

where {\I/g) (21)}M1 ) and {\11%2) (22)}M2, are the polynomials orthogonal with respect
to p(z1) and p(z2), respectively.

Figures 5-6-7 show the spectral error of the fourth moment M4(t, 21, z9) with
respect to a reference solution computed with M}ef = M3ef = 30, for increasing order
My, My, at times t = 0.01,1,2. We consider z5 ~ U([0,1]) in Figure 5, zo ~ Beta(2,5)
in Figure 6, and 2, ~ Beta(5,2) in Figure 7. The number of particles is N = 502.
The error is presented in log;, scale in all the figures.

The results are consistent with the previous tests. We note that, as the time
increases, the error in zo (and thus the global error) deteriorates.

4.4. Test 4: BKW solution. In this test we consider the model with Max-
wellian molecules, i.e., v = 0, with d, = 1 and uncertain initial temperature. In this
scenario, a benchmark is given by the Bobylev-Krook-Wu (BKW) solution (see, for
instance, Appendix A of the works [9, 32])

|v[?
B 1 T9K(t,2 2K (t,z) —T(z) T(z)— K(t,2)
(18) (o) = g K (1 )( e |v|2>7

where K is given by

K(t,2) = T(2) (1 _ ;e—t/fﬂ) .
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£=0.01, 2~ U(, 1]), 22 ~ U([0,1]) =1, 2~ U(O,1]), 2 ~ U(0,1]) =2, 2 ~ U(0,1]), 2 ~ U(0.1])

10
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[ aaaaa— |
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[ aaaaaa— |
M,
[ |

FiGURE 5. Test 3. Convergence of the L* error of fourth moment M4(t, z1, 22) at times
t = 0.01 (left), t = 1 (centre), t = 2 (right), for increasing M1 and Ms. In all cases,
N =502 and M7 = M} = 30. Initial conditions given by (4.2) with v(z2) = —3z, and
zg ~U([0,1]). The error is presented in log,, scale.

=001, 21 ~U(0,1]), 2 ~ Beta(2,5

) o
2
.
.
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o
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t=1, 21 ~ U([0,1]), 22 ~ Beta(2,5) t=2, 21 ~ U([0,1), 22 ~ Beta(2,5)
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Ficure 6. Test 3. Convergence of the L* error of the fourth moment M4(t,z1, z2) at
times t = 0.01 (left), t = 1 (centre), t = 2 (right), for increasing My and M. In all cases,
N =502 and M{" = M;* = 30. Initial conditions given by (4.2) with v(z2) = —3z2, and
zo ~ Beta(2,5). The error is presented in log,, scale.

We initialise the sG particle scheme by sampling N particles from (4.3) at ¢t = 0 and
uncertain initial temperature:

T(z) =05+ 0.1z, with z~U([0,1]).

We fix M = 3 as the order of the gPC expansion, and we compare the numerical
solution with the exact solution. We choose N = 120? for Figures 8-9-10, and N =
602, 802,1002, 1202 for Figure 11.

Figures 8-9-10 show the comparison between the exact BKW solution (4.3) and
the sG particle approximation. In the first two, we report at times t = 0,1,5 the
expectation E,[f(v,t,2z)] and the variance Var,[f(v,t,2z)] of the distributions. In the
third one, we compare directly the marginals of the expectation and the variance of
the distributions. The sG particle method matches the exact BKW solution very well.

In Figure 11, the expectation in z of the relative L? error with respect to the
exact BKW solution (4.3) is displayed:

BKW _ fnum 2 1/2
L2 Error = </ |f (Uataz) f (”U,t,Z)| dv> )
]RQ

|fBKW(’U, t’ Z>|2

The error decreases as the number of particles increases, and it also decreases mono-
tonically in time.

4.5. Test 5: Trubnikov’s formula. We study here the Trubnikov’s formula,
which describes the relaxation towards equilibrium of anisotropic initial temperatures
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£ = 0.01, 21 ~ U(0,1]), 22 ~ Beta(3,2) t=1, 21~ U([0, 1)), 2 ~ Beta(5,2) (=2, 21 ~ U0, 1]), 22 ~ Beta(5,2)
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Ficure 7. Test 8. Convergence of the L? error of the fourth moment M4(t, 21, z2) at
times t = 0.01 (left), t = 1 (centre), t = 2 (right), for increasing My and M. In all cases,
N =50% and M]“ = M} = 30. Initial conditions given by (4.2) with v(z2) = —3z22, and
z2 ~ Beta(5,2). The error is presented in log,, scale.
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Ficure 8. Test 4. Ezpected distributions E,[f(v,t,2)] at times t = 0,1,5 for the BKW
test. Upper row: sG particle solution obtained with N = 120% and M = 3. Lower row: ezact
BKW solution (4.3).
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Ficure 9. Test 4. Variance of the distributions Var,[f(v,t,2)] at times t = 0,1,5 for
the BKW test. Upper row: sG particle solution obtained with N = 120° and M = 3. Lower
row: exact BKW solution (4.3).
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This manuscript is for review purposes only.



497

498

UNCERTAINTY QUANTIFICATION FOR THE LANDAU EQUATION

Marginal E,[f(v,t,2)], t = 0

Marginal E,[f(v,,2)], ¢

=1

O Particle-sG
| —BKW

O Particle-sG

?d —BKW

19

Marginal E,[f(v,t,2)), t =5

06

04

03

02

01

O Particle-sG

Vg

Marginal Var,[f (v, t,2)], t = 0

Uy

Marginal Var,[f (v, t,2)], t

=1

Uy
Marginal Var,[f(v, t,2)], t = 5

O Particle-sG
—BKW

O Particle-sG
—BKW

O Particle-sG
——BKW

Ficure 10. Test 4. Marginals of Ex[f(v,t,2)] and Vary[f(v,t,2z)] at times t = 0,1,5,

of the sG particle approximation and the exact BKW solution

obtained with N = 1202 and M = 3.

64.3). Numerical solution

Expected L? Error

FIGURE 11.

602,802,100, 1202. In all the tests, we choose M = 3.

Test 4. FExpectation in z of the relative L* error with respect to the
exact BKW solution, as a function of the time, for different number of particles N

in the Maxwellian and Coulombian scenarios. The particles are initialised as

(4.4) fo(v,z):llexp{—v%}exp —i
21 /T, (2)T, 2T9(z) 27y

with uncertain temperature 70 (z) > T?? . Trubnikov’s formula (see Appendix A for
further details) states

AT(t,z) ~ AT(0,z)e /7@,
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when AT(0,z) is sufficiently small. The relaxation rate 7(z) depends on the potential
considered:

1
@ Maxwell case
7(z) =
4T3/2
ﬂ Coulomb case.
Cp\/m
In the Maxwell case (7 = 0) we choose
(4.5) T2(z) = 0.7+ 0.1z, with z~U([0,1]),
0 _
T, =0.5,
with M = 3, and C' = 1/2. We investigate the trend to equilibrium with N = 302, 1202
particles. The left panel of Figure 12 shows the evolution of the anisotropy of the
temperature in time; as the number of particles increases, the sG particle method
recovers Trubnikov’s behaviour.

In the Coulomb case (7 = —3) we fix the uncertain total temperature

T(z):0.6+0.lg, with 2 ~ ([0, 1]),

which is conserved in time. We vary the temperatures along the y-axis in order to
study different values of AT(0,z). In particular, we fix N = 120, M = 3, C = 2,
and we consider two scenarios:

(4.6) (a) T) =03, sothat T9(z)=09+0.1z, with z~U([0,1]);
(b) T,) =05, sothat T)(z)=0.7+0.1z, with z~U([0,1]).

The right panel of Figure 12 shows the evolution of the anisotropy of the temperature
in time. The anisotropy tends to zero in time and, as expected, the agreement with
Trubnikov’s formula is better when the initial temperature difference is smaller.

4.6. Test 6: Gaussians on a triangle. To conclude, we study the trend to
equilibrium of the Coulomb model (y = —3) from an initial condition consisting of
the sum of three Gaussian with uncertain temperature (d, = 1).

We consider the initial datum

1

(47) fo(vvz) = g (Mp,Ul,T(z) + Mp,Ug,T(z) + Mp,Ug,T(z)) ;

where T'(z) is the uncertain common variance of each Gaussian, and U, Us, Uz are
the vertices of an equilateral triangle in velocity space which is inscribed in a circle
of radius d, centred at the origin:

(48) U = (07 dr)a Us = <_dr\/§7 _dr> , U= (dr\/§7 —dr> .

2 2 2 2

The total temperature of the system is 7(z) = T(z) + d2/2, since

1 1
T(Z) = 5 /R? \v|2f0(v,z) dv = 6 /]R? |1)|2 (Mp,UhT(z) +Mp,U2,T(z) + Mp,Ug,'f(z)) dv

Ll Y S
= 5 "U| Mp,Ul,T(Z) dU:T(Z)-i-dT. — ? :T(Z)‘F?
R2
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Ficure 12. Test 5. Left: expectation of AT(t,z)/AT(0,2z) for Mazwellian molecules,
i.e., v = 0. Initial conditions given by (4.4) with initial temperatures (4.5). We choose M =

3, C = 1/2 and we investigate N = 30%,120%. Trubnikov relazation rate Ta = ﬁ. Right:

expectation of AT (t,z)/AT(0,z) for Coulomb potential, i.e., v = —3. Initial conditions
. . .. 2
given by (4.4) with initial temperatures (4.6). We choose M = 3, C = 2, and N = 120°.
. . _aT3/2(2)
Trubnikov relazation rate T¢(z) = o
A Eu[f(v.1.2)). Particle-sG, ¢ = 0 - . E.[f(0.t,2)). Particle-sG, t = 50 . L El/(v..2)] Particle-sG, ¢ = 500
S o 2o
Vs vy v,

Var,[f(v,1,2)), ParticlesG. £ = 50 07  Van[f(v,t,2)], ParticlesG, ¢ = 500

FIGURE 13. Test 6. Upper row: expected distributions E,[f(v,t,z)] at timest = 0,50, 500
for the Gaussians on a triangle test. Lower row: variance of the distributions Varz[f(v,t,z)]

at times t = 0,50,500 for the same test. Numerical solution obtained with N = 120° and
M = 3. Initial data given by (4.7) with (4.8), and d, = 2.

The asymptotic equilibrium is therefore the centred Maxwellian with mass p and

temperature T'(z).
We choose N = 1202 particles and M = 3. We fix d, = 2 and

T(z) =054 0.1z, with z~U([0,1]).
Figure 13 shows the expectation E,[f(v,t,2)] and the variance Var,[f(v,t,2z)] of the
solution at times ¢ = 0,50,500. The system reaches the correct equilibrium, the

centred Gaussian with temperature T'(z), and both the expectation and the variance
are asymptotically radially symmetric.
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Conclusions. We have designed a sG formulation of a deterministic particle
method for the spatially homogeneous Landau equation with uncertainty. We have
proven the structural properties of the sG particle method (conservation of the in-
variant quantities and dissipation of the entropy), which hold pointwise in the un-
certainty variable, and thus also in expectation. We have also shown the regularity
of the method in the random space. We have validated the method in a range of
numerical tests, involving uncertainty in the initial data, the interaction exponent -,
or both. We have demonstrated the spectral convergence of the method in suitable
scenarios. We have shown the method’s ability to capture known behaviours, such
as the BKW solution, and Trubnikov’s formula. Future research directions will deal
with the detailed analysis of the asymptotic propagation of regularity for the homo-
geneous model together with the design of a particle solver for the inhomogeneous
Landau-Fokker-Planck equation in the presence of uncertain quantities.

Appendix A. Trubnikov’s formula for the Landau equation.

We derive Trubnikov’s formula for the relaxation of anisotropic initial temperat-
ures in dimension two (d = 2), both for Maxwellian and Coulombian molecules. We
follow the original contribution by Trubnikov [36] (Section 20, pages 200-203) and
the derivation for Maxwellian molecules presented in [28] (Appendix A).

We consider the space homogeneous version of equation (1.1) written in flux form,

af (v,t)

T = V'u : J(f)(’l},t),

with initial conditions given by

) = £ Ao { e Yo {2
V) = —————exp{ — expl ——2 o,
0 or JTT, T\ 2T, P e,

where T, > T,,. Obviously T'= (T, + T,)/2 is constant in time, so that

d d 1 0 2
7T$:_fTU:_7/ UQ—de:f/ vy Jy dv,
dt dt ° P JRr2 Yot P JRr2

where the y-component of the flux J, reads
By==C [ 3D P, = 3) (7000, 1(02) = (000, (0) do.
je{z,y}

for arbitrary C' > 0. Now, we exploit the knowledge of the initial distribution fy(v)
to write explicitly the term inside the integral

d d 2CT, - T,
(A1) ETHE = _ETy = _TTiTy /R2 /]Rz lal vyayaz £ (v) f () dvs do.
zty
I

To compute the integral I in (A.1), we perform the change of variables (v, v.) — (V, q),
where V = (v+v,)/2 and ¢ = v — v.. In the general case, we also suppose that the
temperature difference is small, i.e., |T, — T,| < 1, so that T, ~< T and T, = T

I:/ / g vyay @i f(V) f(q)dV dg
R2 JR2

This manuscript is for review purposes only.



582

584

586
587
588
589

590
591
592
593
594
595
596
597
598
599

600

UNCERTAINTY QUANTIFICATION FOR THE LANDAU EQUATION 23
with
p V2 p 'S
= £ d = N
V)= % exp{ T } and  f(g) = eXP{4T
As already observed in [28], this condition can be relaxed in the Maxwell case, since
we can compute I independently from the magnitude of |T, — Tj|.

Now we consider separately the Maxwell case (y = 0) and the Coulomb case
(v = —3). In the first scenario, we have

I = / / vy (V) F(q) dV dg = 2p°T2,
R2 JR2

in the second one

Uyqz;qx _PZ\/ﬁ
/R/R I (V) @) dV dg =

Returning to (A.1), and observing that

d d
7At— Tm*T :2*Tza
dt dt( ) dt
we obtain AT(t) = AT(0)e~*/7, where the relaxation parameter is 7y = rép for
413/

Maxwellian molecules, and 7¢ = Coim for the Coulomb case. Consistently with the
results for the three dimensional case, the relaxation parameter is only independent
of the temperature for Maxwellian particles.
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