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Estimating observable expectation values in eigenstates of quantum systems has a broad range of
applications and is an area where early fault-tolerant quantum computers may provide practical quantum
advantage. We develop a hybrid quantum-classical algorithm that enables the estimation of an arbitrary
observable expectation value in an eigenstate, given an initial state is supplied that has dominant overlap
with the targeted eigenstate—but may overlap with any other eigenstates. Our approach builds on and is
conceptually similar to purification-based error mitigation techniques; however, it achieves exponential
suppression of algorithmic errors using only a single copy of the quantum state. The key innovation is
that random time evolution is applied in the quantum computer to create an average mixed quantum state,
which is then virtually purified with exponential efficacy. We prove rigorous performance guarantees and
conclude that the complexity of our approach depends directly on the energy gap in the problem Hamilto-
nian and remarkably, can be compared to phase estimation combined with amplitude estimation in terms of
its scaling with respect to a target precision. We demonstrate in a broad range of numerical simulations the
applicability of our framework in near-term and early fault-tolerant settings. Furthermore, we demonstrate
in a 100-qubit example that direct classical simulation of our approach enables the prediction of ground
and excited state properties of quantum systems using tensor-network techniques, which we recognize as

a quantum-inspired classical approach.
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I. INTRODUCTION

Estimating eigenstate properties of quantum many-body
systems is a central task in quantum chemistry, material
science, high-energy physics, and beyond [1-4]. While
quantum computers may offer an exponential advantage
over classical techniques when a good initial state is
known [5—7], significant challenges remain [8,9]. For
example, typical fault-tolerant quantum algorithms require
deep circuits beyond the capabilities of early fault-tolerant
machines, expected to emerge in the near term [10,11].
In contrast, variational quantum algorithms are suitable
for near-term quantum devices as heuristic alternatives to
investigate ground [12—-16] and excited state properties
[17—19]; however, they may suffer from large shot-number
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requirements, from getting stuck in local minima, and from
barren plateaus [20-22].

To bridge the gap between variational techniques and
fully fault-tolerant quantum algorithms, a range of promis-
ing hybrid algorithms have been developed that rely on
classically postprocessing data obtained from randomly
sampled quantum circuits with moderate quantum resource
requirements. These include techniques based on clas-
sical shadows [18,19,23,24], statistical phase estimation
[25-29], and on Monte Carlo (MC) methods [30—34].

In this work, we present a hybrid quantum-classical
algorithm (summarized in Fig. 1) that we call distillation
of dominant eigenproperties (DDE). Given an input state
that may have overlap with a large number of eigenstates,
but has dominant overlap with a targeted eigenstate, our
approach enables the estimation of observable expected
values in the targeted eigenstate—therefore, generalizing
statistical phase estimation type approaches that are limited
to eigenenergy estimation [25,26,28,29]. Our approach
is inspired by purification-based quantum error mitiga-
tion (QEM) techniques [35,36] and we show that DDE
exponentially suppresses contributions from nondominant
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FIG. 1. The distillation of dominant eigenproperties approach proceeds by estimating two-time correlators A(¢,#) = (¥ ()| O |y (7))
and B(t,7) = (Y (H)|y¥(¢)) using Hadamard test circuits over a 2D time grid in # and #. Then, Monte Carlo sampling is used to
evaluate high-dimensional integrals, which lead to the estimation of an observable expectation value in a target eigenstate of a prob-
lem Hamiltonian. Theorem 1 guarantees that the error Q of the final estimate is suppressed exponentially with respect to chosen

hyperparameters.

eigenstates, but without having to prepare multiple copies.
It achieves a fundamentally reduced circuit depth at the
cost of a reasonably increased number of quantum cir-
cuit repetitions and is therefore ideally positioned for
early fault-tolerant devices. While related works can esti-
mate expected values using similar quantum resource
requirements [31-34], as we detail in Appendix A, our
approach is not based on imaginary time evolution; there-
fore, it is not limited to the ground state and requires
no explicit knowledge of the relevant eigenenergies of
the problem Hamiltonian. Furthermore, while DDE is
more generally applicable than statistical phase estimation
algorithms, it achieves optimally shallow circuit depths
oA™Y, comparable to state-of-the art energy estima-
tion approaches [26,27]. However, we detail in Appendix
A that estimating arbitrary expectation values in eigen-
states has an increased complexity compared to estimating
the energy alone. Remarkably, our approach for estimat-
ing arbitrary expectation values achieves a scaling (with
respect to the precision) that is comparable to that of

fault-tolerant phase estimation combined with amplitude
estimation.

DDE relies on estimating two-time correlations that can
be computed using a quantum device and subsequently
processed classically. We need only assume the availabil-
ity of a quantum state with dominant overlap with the
targeted eigenstate and a finite energy gap between the
target eigenstate and any other eigenstate in the support
of the initial state, which is a common assumption across
many quantum simulation techniques [37—39]. Obtaining a
good initial state is a challenging task in general, based on
complexity theoretic results [40]. However, very success-
ful classical approximation methods have been developed
for a broad range of important practical problems in quan-
tum chemistry, solid-state physics, and material science,
such as matrix product states, Hartree-Fock, and post-
Hartree-Fock techniques. The community has identified
a range of problems where no known classical approx-
imations are sufficiently accurate to be useful, but can
still be used to provide a reasonably good initial state
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for quantum computation [41,42]. The primary example
here is FeMoco, which is a key target for substantial early
practical quantum advantage [37,38]—classical tensor-
network approximations have been used to prepare an
initial state with above 90% fidelity, but quantum comput-
ing is necessary to improve upon this accuracy in order to
be useful in practical applications.

Our general framework is compatible with a broad range
of initial state preparation and time evolution techniques.
We demonstrate in explicit numerical simulations that the
initial state can be successfully prepared using Hartree-
Fock or matrix product state (MPS) [37—39] approxima-
tions, or through quantum heuristics such as the variational
quantum eigensolver (VQE) [43]. We also demonstrate
that time evolution can be implemented using near-term
methods, such as variational quantum simulation [44], or
early fault-tolerant techniques, such as product formulas
[45,46].

The rest of the paper is organized as follows: In Sec.
II, we first present the theoretical basis of DDE and our
rigorous performance guarantees. The main results are then
presented in Sec. III, in which DDE is formally introduced,
and its implementation is detailed. We demonstrate in Sec.
IV the utility of DDE through numerical simulations, when
combined with existing techniques in both ideal and more
realistic hardware implementations. In Sec. V, we detail a
novel classical simulation technique for estimating ground
and excited state energies in a 100-qubit spin system using
tensor-network classical simulation of our DDE approach.
We finally conclude in Sec. VI.

II. THEORETICAL GUARANTEES

The hybrid DDE algorithm proposed in this work is for-
mally related to, and draws inspiration from, the QEM
technique virtual distillation (VD) [35,36]. Given n copies
of a mixed state that correspond to the noisy execution of
a quantum circuit, VD effectively purifies it to exponen-
tially suppress erroneous contributions in expected values.
The crucial difference is that the present DDE algorithm
deliberately creates a mixed state out of a set of ran-
domly prepared pure states. In the following, we derive
new results to show that sampling random evolution times
enables the preparation of a mixed quantum state that is
nearly diagonal in the energy eigenbasis of a prespeci-
fied problem Hamiltonian. Then, virtually purifying this
state as in Refs. [35,36] allows the estimation of eigenstate
properties with exponential convergence guarantees.

A. Random time evolution

Consider a Hamiltonian expressed in its spectral decom-
position as H =), Ex |¥x) (Y|, with eigenenergies Ej
and energy eigenstates |Y;). An arbitrary initial state can
be expressed as [ (0)) = >, ¢ [¥y). Time evolving this
initial state under H leads to [y (1)) = Y, cxe ™k [yry),

and we define the corresponding density matrix as p(f) =
Y ) (¥ D).

We also define the state p := )", pi [¥) (Y], which
is diagonal in the energy eigenbasis with eigenvalues
related to the initial state amplitudes as p; = |cx|*. The
following lemma guarantees that if we randomly sam-
ple time-evolved states p(f) such that ¢ is chosen from
an appropriate normal distribution, then the average state
approximates p.

Lemma 1. Averaging the time-evolved states p(f) =
e M 4 (0)) (¥ (0)| €™ over evolution times ¢ that are ran-
domly sampled according to a normal distribution A/ (0, o)
leads to a mixed state p given by

o0

p=Elo(] = / Gopdi=p+E& (1)

—00

2
where G(f) = (v/2mo) ‘e 22 is the probability den-
sity function (PDF) of the normal distribution, and
p = PrlYi) (Yl is a diagonal state with eigenval-
ues pr = |cx|* determined by the initial state |y (0)) =
Y ik ¥r). The error term £ decreases superexponen-
tially as we increase the standard deviation as ||€|lys <

A202
e 2 (1 — e—H2(1’)), where

A= min
Jikelcj Lleg|>0

{IE; — Exl} 2)
is the smallest energy gap in the support of the initial
state. Furthermore, H,(p) is the second Rényi entropy
over p = (p1,p2,p3,--.) [see Eq. (3)], and || - [lus is the
usual Hilbert-Schmidt norm. The trace distance is similarly

_ B A242
bounded as |E]l1 = [|p — plli < e 2 |lc|l1, where |cl|;
is the £; norm of the coefficient vector ¢ = (c¢1,¢3,¢3,...)
in the eigenbasis of the residual operator £.

Please refer to Appendix B for a detailed proof of the
Hilbert-Schmidt and the trace distance bounds. The Gaus-
sian window function in the integral enables us to truncate
the time grid to [—7, T] for a sufficiently large 7, e.g.,
T=50.

In Fig. 2(left), we numerically verify the above error
bounds by simulating a 12-qubit random-field Heisen-
berg model with periodic boundary conditions—we defer
details of the simulation to Appendix E 1. We plot both
the Hilbert-Schmidt distance ||£€||gs and the trace distance
I€l1 (dashed lines) for an increasing standard deviation
o, and confirm that they are indeed below their theoretical
upper bounds (solid lines).

Most prominent quantum simulation algorithms, such as
quantum phase estimation, assume that an initial state that
has a dominant overlap with a target eigenstate |v,) can
be prepared efficiently. In these typical applications, the
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FIG. 2. Numerically verifying our error bounds. Using an initial state with p, ~ 0.85 and a time grid defined on [-50, 50] with
step size df = 1, we apply temporal averaging in a 12-qubit random-field Heisenberg model simulation. Error contributions are shown
against the standard deviation o. (Left) Verifying Lemma 1: numerically computed error £ = 6 — p norms (dashed lines) are indeed
below their corresponding analytical upper bounds (solid lines) and decrease superexponentially as we increase the standard deviation
of the normal distribution. (Right) Numerically demonstrating Theorem 1, the error scaling, as measured in the trace norm of n =
p"/te[p"] — rg) (¥yl, is shown for an increasing number of copies, where [,) denotes the target eigenstate. As stated in Theorem
1, this error norm is a sum of two terms: the first term is suppressed exponentially as we increase the number of copies n, whereas the
second term is suppressed superexponentially as we increase o, as illustrated above.

initial state is low in energy and, therefore, only has sup-
port on the few lowest-lying eigenstates; thus A in the error
bounds in Lemma 1 corresponds to the smallest gap among
the low-lying eigenstates. In complete generality, the error
term £ can be suppressed efficiently as long as the initial
state only overlaps with eigenstates that are well separated
in energy. In such instances, p is of low rank, and we obtain
a tighter general bound on the trace distance as ||£]|; <
24/rank(p)||€]lus < 2+/rank(p)||€|lus. Since rank(p) is
equal to the support of p, this prefactor expresses how
many eigenstates the initial state overlaps with.

Furthermore, the approach becomes more efficient as
we increase the overlap of the initial with the target
state. Specifically, the Hilbert-Schmidt distance bound in
Lemma 1 depends on the Rényi entropy

1 a
Hy(p) = —In [;pk} 3
of order a = 2, which can be upper bounded as
Hy(p) = 2Hoo(p) = —2In[max py]. “

Substituting the above bound back to Lemma 1 confirms
that, indeed, ||£||ys vanishes in the limit where the ini-
tial state is exactly an eigenstate of the Hamiltonian via
H,(p) — 0. In the rest of this work, we will assume that
the initial state has a dominant overlap with a target eigen-
state |,), and we will demonstrate a range of practical
approaches for the preparation of such initial states in Sec.
IV. Our error bound then also scales with this dominant

overlap p, = | (W,|¥(0) P as Ha(p) < —21n[p,].

B. Applying virtual distillation

References [35,36] presented an approach for estimat-
ing nonlinear functionals of the density matrix of the form
tr[p" O], where O is a Hermitian observable. We now use
our result from Lemma 1 to prepare an average mixed state
that has dominant overlap with one specific eigenstate |v,)
and apply Theorem 2 of Ref. [35], which we adapt for the
present context as the following lemma.

Lemma 2 (Theorem 2 of Ref. [35]). Consider the mixed
state p = ), pi |¥x) (Y| and assume that it has a dom-
inant overlap p, with a target eigenstate |/,). Applying
results of Refs. [35,36] for estimating nonlinear function-
als tr[ p" O] for a Hermitian observable O, the expectation
value (Y| O|y,) can be estimated as

u[p"0] _
wry = el Ol + A

©)

where the error term A is exponentially suppressed via
the explicit expression from Ref. [35] as |A| < 2, -

D" exp{—(n — DH,(p")}, where p;=pi/) . pi for
k#q.

Using our results from Lemma 1 and the results of
Refs. [35,36], as summarized above in Lemma 2, we can
apply VD to the time-averaged state p to estimate the
target eigenstate property (| O |v/,) with provably expo-
nential convergence guarantees. The joint error bound is
summarized in the following theorem.

Theorem 1. Given n copies of the time-averaged state
p from Lemma 1, one can apply virtual distillation as
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in Lemma 2 to estimate the expectation value of the
Hermitian observable O as

([p"0] _
wi] = Wl O + Q. ©)

where the error Q can be bounded as

Q1 < 1AI + 4np; Ol IENL + OUIEND. (7

Substituting our bounds on ||£]|; and |.A| from Lemmas 1
and 2, respectively, we obtain

1Ql <2(p," — )" exp{—(n — DH,(p")}
2,2
+4np; e “F el 10l + OUEID),

which shows explicit dependence on the absolute largest
observable eigenvalue ||O| ., the probability distribution
Pr=Pi/ Z#qpi for k # g, and |c||;, the £; norm of
the coefficient vector ¢ = (¢1,¢,¢3,...) from Lemma 1.
Finally, suppressing errors to a desired level of precision
|Q| requires the following number of copies and time
evolution window depth (quantum resources):

n=0(n[|QI"']) and o =OA'In[|Q|'n)),
(8)

ignoring logarithmic factors.

Please refer to Appendix B for a proof. Indeed, our
approach matches the O(A™Y) circuit depth scaling of
state-of-the-art phase estimation protocols [25,26], which
we further detail in Appendix A. The first term in the above
error bound can be suppressed exponentially by increasing
n. As we discuss in the next section, the suppression of this
first term does not require additional quantum resources, as
the number of (virtual) copies only affects classical post-
processing in our approach. Therefore, only the suppres-
sion of the second error term (along with the higher order
terms) requires an increase in quantum resources through
increasing the standard deviation o and consequently the
time of the quantum simulation.

We confirm the above bounds in Fig. 2(right) by plot-
ting the trace distance ||p"/tr[0"] — [¥)(¥yl ll1, which
generally upper bounds the left-hand side of Eq. (7) inde-
pendently of the observable via

tr[p"0]
tr[o"]

Refer to Ref. [47] for a detailed proof of the above
bound. Indeed, Fig. 2(right) nicely illustrates that our error
bound in Theorem 1 is a sum of two terms: The first
term |.A| is suppressed exponentially as we increase n,
whereas the second term is increased linearly in » but gets
superexponentially suppressed as we increase the Gaussian
window o.

< 2[00 Htrf? — 1Y) (¥l

— (Yl O ¥y

1

[U(tn)) ==

FIG. 3. Quantum circuit that enables estimating eigenstate
properties, directly following Lemmas 1 and 2. The initial state
[¥(0)) is time evolved for a randomly sampled duration in each
of the registers before a derangement (denoted D,) and the
observable O are applied, both conditioned on the state of the
ancilla qubit. While this implementation requires » quantum reg-
isters, the distillation of dominant eigenproperties approach only
requires one register for any » by using either the circuits shown
in Fig. 1 or Fig. 10.

I11. DISTILLATION OF DOMINANT
EIGENPROPERTIES

Theorem 1 allows us to apply VD to randomly time-
evolved initial states in order to estimate eigenstate prop-
erties with exponential convergence guarantees as we
increase the number of copies. In this section, we describe
our approach for achieving this convergence through the
DDE algorithm. In particular, we show that virtual purifi-
cation of randomly time-evolved states can be performed
classically via MC integration, without requiring multiple
copies of the quantum state. This way, our approach sepa-
rates into a quantum computation step and a classical post-
processing step. We also provide theoretical guarantees for
the variance of the MC estimator.

A. Suppressing nondominant contributions by
estimating nonlinear functionals

Given n copies of the time-averaged state p from
Lemma 1, we can estimate the required nonlinear function-
als in Lemma 2 via the circuit in Fig. 3. Specifically, the n
input states are randomly time-evolved pure states |y (z;))
fori € {1,2,...,n}, D, is a cyclic permutation or derange-
ment operator [35], and O is the observable of interest. The
controlled O operation is implemented either by applying
individual Pauli terms in the decomposition of O or via a
block encoding using the LCU approach [48]. Estimating
the ancilla probability then allows us to estimate the non-
linear functionals tr[0” O] required in Lemma 2, with its
complexity summarized in Lemma 3.

Lemma 3. Sampling the ancilla qubit in Fig. 3 allows us
to estimate (.| O |[,) to statistical uncertainty € and bias
0 using time evolutions of depth o, and number of copies
n from Eq. (8). The required number of shots then scales
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as
N — A <pq—2ln(|Q|_])€_2> ' )

For a proof, please refer to Appendix B. Therefore,
the total time complexity of our approach is obtained
as the number of shots multiplied with the circuit depth
from Theorem 1—we also compare this complexity with
state-of-the-art statistical phase estimation techniques in
Appendix A.

This implementation is well suited for modular quan-
tum architectures [49,50], given that the deepest part of the
algorithm is the time evolution, which can be performed
independently within each module; then a relatively shal-
low and sparse derangement circuit is used to entangle
the copies. However, this implementation does require n
quantum registers to store the n copies.

In the following, we detail another approach, in which
only one register is required, albeit the classical postpro-
cessing cost is substantially increased. Still, the reduction
in the required number of qubits is worth the trade-off,
especially in an early fault-tolerant setting where the num-
ber of logical qubits may be significantly limited. We high-
light this trade-off by taking a surface code architecture
as an example. In the implementation depicted in Fig. 3,
independent time evolutions are performed on # copies of
the initial state before virtual distillation is applied. If we
instead use only a single copy and repurpose the physi-
cal qubits to increase the size of the surface code logical
qubits, then we can increase the code distance by a fac-
tor of O(4/n). This increase in code distance exponentially
lowers the logical error rate and therefore enables a poly-
nomially increased time evolution depth. The latter implies
that o can be increased, which leads to an exponential
reduction of algorithmic errors via Lemma 1.

B. Suppressing nondominant contributions by MC
integration

We now build on the observation that the nonlinear func-
tional tr[0"O] of time-averaged states can be related to a
high-dimensional integral. This then leads to an approach
that does not require n copies of the average, mixed quan-
tum state, but rather estimates temporal correlators, which
are then fed into a classical postprocessing algorithm to
approximately evaluate a high-dimensional integral.

Proposition 1. The nonlinear functional of time-
averaged states p is equivalent to an n-dimensional integral
overt = (t1,t,...,1,) as

tr[p"0] = / GOF(¢) dt,

where G(¢) is the PDF of an n-variate normal distri-
bution and F(f) = A(t,, ;) ]_[Z;: B(t, t;41) depends only

on the correlators A(t,) = (Y ()| O | (¢)) and B(t,¢) =
(Y ()| (¢)) forall tand 7.

Please refer to Appendix B for a proof. One can apply
quadrature integration formulas, which we also discuss in
Appendix C, to compute this integral numerically on a
truncated discrete time grid. However, as the number of
copies increases, this approach becomes highly inefficient
as it requires resources that are exponential in the num-
ber of copies. Furthermore, certain quadrature techniques
are highly susceptible to numerical instabilities in practi-
cal applications [51]. Therefore, we focus on approximate
integration via MC sampling that in turn provides unbiased
estimates for the functionals in question.

Lemma 4. Given a quantum state |y (0)), the integral
in Proposition 1 can be replaced by the random variable
F (1), where we choose t = (11,1, . . ., t,) according to the
n-variate normal distribution with G(¢) as the PDF. We
obtain an unbiased estimator as

E[F (] = t[p"O],

through averaging the MC samples,

n—1
F(t) = At 1) [ | Bt tis)-
k=1

(10)

These samples can be computed classically using
the two objects A(¢,7) = (Y ()| O |y ({)) and B(t, 1) =
(Y (O] () that are classically stored in a 2D time grid
as we detail below.

The denominator in Theorem 1 is obtained as a special
case

ﬂMz/ﬂW@% (11)

where J () = B(ty, 1) [1}—) B(tx, tr+1). Evaluating these
two integrals then allows us to estimate the expectation
value of interest (| O [/,) by estimating the ratio of two
nonlinear functionals tr[ 0" O] and tr[p"].

C. Variance of the estimator

We now use median of means estimators to derive rigor-
ous performance guarantees. In the following, by each MC
sample, we refer to one classical evaluation of the object
F(®) or J(f). Using 2K batches of Nypgen samples each, we
obtain two estimators for the numerator F (that estimates
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tr[ 0" 0] ) and denominator J (that estimates tr[p"] ) as

M ’FAVK}’
Axp(J) = median{Jy, . ..,Jx}.

bk p(F) = median{F7, ..
(12)

Using these two unbiased estimators, the error of
their ratio can be bounded as described in the following
theorem.

Theorem 2. Two median of means estimators, which
use 2KNpaen independent samples in total, enable accu-
rately predicting the ratio E[F]/E[J] with failure proba-

bility 6 and precision €. The precision is bounded as
|E[F]| + E[J] — _
€ = W]vbatlc/h2 + O(Nbatlch)' (13)

In leading terms in Npach, We obtain the approximate
sample complexity as

(IB[F]| +EJD? _,
€

K = —8log$
o8 BT

and Nbatch é 4

(14)

Given a vanishing expectation value E[F] = tr[p"0] —
0, the approximate sample complexity scales as Npyeh =

~ _ -1
1%, (pq 2In (|0l )€—2>'

For a proof, please refer to Appendix B.

While the assumption |IE[F]|] — 0 can be seen as a
limiting factor, we argue that it can be approximately
fulfilled using the following technique. We can enforce
tr[ 0" O] = 0 by linearly combining the observable with the
identity operator as O — O — cl for a suitably chosen
scalar ¢, which is equivalent to applying the transformation
Aty — A, ') — cB(¢,7) to our data set. In practice, we
find that choosing ¢ to minimize |A(¢,¢) — cB(t,¢)| also
nearly minimizes the MC variance [52]. We also note that
this technique is not specific to median of means estima-
tion and can be applied to other MC estimators as well,
including those relying on the sample mean.

D. Discrete time integral

So far, we assumed that ¢ and ¢ are sampled from
a continuous normal distribution in our MC approach.
However, as we now detail, the time variables can be
discretized given our correlators are Fourier band-limited
functions of time. Specifically, the two-time correla-
tors A(t,7) = (YOI Oy (7)) and B(t,7) = (Y )Y (1))
are linear combinations of the frequency components
e "E—EVT where Ej are eigenvalues of the Hamilto-
nian. Therefore, the largest frequencies that can appear
are upper bounded via the spectral radius of the Hamil-
tonian as ||H|l, = max;; |E; — Ex|. According to the
Nyquist-Shannon sampling theorem [53], sampling the

correlators on a uniform 2D time grid is informationally
complete, provided the timestep df satisfies the Nyquist
condition relative to the highest angular frequency, i.e.,
dt oc |H||Z!. Thus, as long as the continuous time cor-
relators are sampled according to this condition, they
can be reconstructed uniquely, e.g., one may use Fourier
interpolation methods to reconstruct the correlators to an
arbitrarily fine time resolution without additional quantum
evaluations, given band-limited functions are fully deter-
mined by their Nyquist-rate samples. Furthermore, based
on our error bound in Theorem 1, the maximum evolu-
tion time 7 can be upper bounded by a constant multiple
of A~!. This follows from the rapid decay of the Gaus-
sian distribution, making the truncation error negligible by
choosing T to be a small constant multiple of the standard
deviation o (e.g., 50).

E. Estimating correlators using a quantum computer

We consider a uniform discretization of [—7, T] into
Nr =2T/dt + 1 grid points. Each entry of the grid stor-
ing the B object can be computed using a Hadamard test
circuit shown in Fig. 1, where the initial state [y (0)) =
Uit |0) 1s prepared using Uj,; and then time evolutions
with durations —¢ and ¢ are applied conditioned on the
state of the ancilla qubit. Measuring the ancilla qubit in
the X (Y) basis gives an unbiased estimator for the real
(imaginary) part of B(¢,¢). The circuit to obtain A(¢,¢) is
then identical to that for B(z,¢), except that the observ-
able is additionally applied conditioned on the state of the
ancilla qubit in between the two controlled time evolu-
tions.

Estimating all entries of the B correlator matrix requires
N,N37 executions. The A correlator matrix similarly
requires N;NZ executions if O is implemented via block
encoding and N;NZ|v||} executions when the individual
Pauli terms in the observable are sampled via importance
sampling. Here, ||v||; is the £; norm of the Pauli coefficient
vector v and the number of shots Ny < € 2 is determined
by the required final precision ¢;.

These circuits can be optimized as detailed in Appendix
D (summarized in Fig. 10), so we refer to them as an unop-
timized baseline construction. Specifically, only Ny — 1
entries of the 2D time grid are unique in B, since its
value depends on the time difference ¢ — ¢ rather than
their unique combinations. The latter property also holds
when O commutes with the problem Hamiltonian in 4, in
which case as low as Ny entries are unique. Thus, the num-
ber of circuit executions can be fundamentally reduced to
scale linearly in N7. Moreover, since A corresponds to an
expectation value rather than a two-time correlator when
t = ¢, the diagonal entries of 4 do not require a Hadamard
test and can instead be evaluated using ancilla-free time
evolutions with durations up to 27.
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F. Summary of the DDE algorithm

Here we summarize the workflow of DDE, which begins
with quantum computation, proceeds through classical MC
sampling, and finally estimates the desired eigenstate prop-
erty. The input consists of a Hamiltonian 7, an initial state
[v(0)) that has a dominant overlap with the eigenstate
of interest |y,), and a target observable O. The output
is an estimate of (| O|yy,) via the ratio between MC
estimators IE[F] and E[J].

(1) Quantum computation: Choose temporal grid
with cutoff T (consistent with the Gaussian window
width o) and timestep dt. The correlators A(¢,¢)
and B(t,?) are estimated using a quantum device by
evaluating them at discrete ¢ and ¢ points. Details
are discussed in Sec. Il E and Appendix D.

(2) Generate classical MC samples: Choose hyper-
parameters for classical postprocessing, namely the
number of (virtual) copies 7 and the number of MC
samples Nyc. Calculate a discrete probability distri-
bution by evaluating the PDF of the normal distri-
bution N (0, o) over the grid [—7, T]. Generate two
sets of random time values # = (11,7, ...,1,) and
t,=,t,.... 1) according to the discrete proba-
bility distribution Ny times. Each MC sample F
and J is computed as a product of 4 and B val-
ues at indices determined by the #r and ¢; samples,
respectively, as in Eq. (10).

(3) Estimate eigenstate property: The generated MC
samples are used to estimate both E[F] and E[J]
in Lemma 4. The desired estimate of the target
eigenstate property is obtained by taking the ratio
of empirical means E[F]/E[J] or via the ratio of
median of means as detailed above.

Please note that the procedure outlined here is a baseline
that can be improved in several ways, as we showcase in
the following sections with concrete examples.

IV. DEMONSTRATIONS

In the following, we demonstrate the efficacy of DDE
in numerical experiments using different Hamiltonians
relevant in condensed matter and high-energy physics
applications. We employ several combinations of initial
state preparation, time evolution simulation, and classical
postprocessing techniques.

A. Exact simulation

We first verify our DDE approach by performing exact
time evolution in a random-field Heisenberg model on
10 qubits with periodic boundary condition. Our initial
state has p; = 0.66 overlap with the ground state and p; =
p1 = 0.17 with two other eigenstates, and we estimate the
expectation value of O = Z;.

We evaluate the correlators 4 and B over the time grid
defined by 7' = 200 and dt = 0.5 numerically exactly and
use them in our MC approach. In Fig. 4(left), we plot the
mean error (solid lines) in our estimate of the expected
value A{O). The result confirms that, indeed, statistical
fluctuations are suppressed, and the errors converge to the
systematic bias (dashed lines) that we bounded in Theorem
1 as the number of MC samples is increased. This system-
atic bias can be suppressed exponentially as we increase
the number of virtual copies, and we achieve an error
107276 with 5 copies in the present demonstration.

While the number of copies could be increased fur-
ther, one can alternatively use converged values for up to
five copies and apply extrapolation, as we demonstrate in
Fig. 4(right). Specifically, we approximate our analytical
model of the residual error in Lemma 2 using an expo-
nential function in n given by f(n) = a + cb". We fit the
parameters a and b and extrapolate to » — 0o to obtain
an error 107>!1® in the expectation value, which otherwise
would require 6 copies and &~ 10" MC samples.

In practice, estimating the correlators 4 and B using
a quantum device will introduce shot noise; however, in
Appendix F we demonstrate that our MC approach is
naturally robust against shot noise.

B. Early fault-tolerant implementations

Time evolution is one of the most natural applications
of a quantum computer and is considered to be the most
promising area for achieving early quantum advantage.
However, even the simplest systems that are challenging
for conventional computers to simulate require quantum
circuits potentially beyond the capabilities of non-error-
corrected quantum devices [41]. In the following, we
illustrate how our approach can be implemented on early
fault-tolerant quantum devices.

1. Robustness to Trotter error

It is expected that early fault-tolerant machines will
enable simple Hamiltonian simulation algorithms such
as Trotterization [45,46]. While advanced variants can
achieve zero algorithmic error [54], product formulas in
early or partially fault-tolerant devices will likely be lim-
ited by circuit depth and therefore will have substantial
algorithmic Trotter errors associated with the limited cir-
cuit depth. Here, we demonstrate the robustness of DDE to
Trotter error and also demonstrate how such errors can be
mitigated by applying straightforward extrapolation to the
estimated A4 and B correlators.

We consider the Jordan-Wigner transformed Hamilto-
nian H of the Fermi-Hubbard model such that a 4-site Sys-
tem is mapped to 8 qubits, as described in Appendix E 3,
and drop the identity term in 7{ to obtain H = Y VP
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FIG. 4. Verifying the distillation of dominant eigenproperties approach in a 10-qubit random-field Heisenberg exact simulation.
(Left) Mean errors A(O) (estimated from 10 independent runs) for an increasing number » of virtual copies (solid lines) converge for
an increasing number of Monte Carlo samples to a systematic bias consistent with Theorem 1. (Right) Plotting the systematic bias for
an increasing number 7 of virtual copies and extrapolating to n — 0o via an exponential model function improves our estimate.

as a linear combination of Np Pauli terms P; with pref-
actors v;. We prepare the initial state \%(HO 100 101) +

|01011010)), which has an overlap of p, ~ 0.62 with the
ground state (assuming half filling). Time evolutions gen-
erated by H are applied on a time grid defined by 7 = 200
and df = 0.5.

First-order Trotterization is implemented by further
dividing each timestep into M uniform intervals such that

M

exp{—iHdt} ~ 1_[ exp{—iijjdt/M}
J

We consider a noiseless implementation of each Trotter
step, such that the only source of error is the algorithmic
Trotter error and choose the Pauli correlation O = 7,2,
as our observable. Figure 5(left) shows the error in the
estimated observable expectation value for an increasing
number M of Trotter steps and for an increasing num-
ber n of virtual copies and confirms that the approach is
indeed robust against algorithmic errors as the Trotter-
ized time evolutions rapidly (in M) converge to exact ones
(horizontal lines).

Given that the correlators 4 and B are estimated expecta-
tion values, algorithmic error mitigation techniques can be
applied [29,55]. Here, we consider a polynomial extrap-
olation of the Trotter error whereby we fit a degree-3
polynomial as f'(x) = ax® + bx? + ¢ to all entries of 4 and
B where x is related to the Trotter step through x = 1/M.
We illustrate this extrapolation on single entries of 4 (blue)
and B (orange) in Fig. 5(right, inset). Figure 5(right) veri-
fies that DDE expectation values obtained via extrapolated
A and B correlators (solid lines) closely approximate those
obtained via exact time evolutions (dotted lines). This con-
firms that DDE is indeed compatible with error mitigation
techniques.

2. Robustness to gate noise

Early fault-tolerant devices will likely be limited by cir-
cuit depth due to non-negligible residual logical errors.
Here, we demonstrate that DDE is robust against such
errors. Our error model assumes that continuous rotation
gates are the dominant source of errors, as these are fun-
damentally expensive components in fault-tolerant archi-
tectures [29,56—58]. For example, when rotations are syn-
thesized using Clifford+T sequences, T gates are typically
the most expensive components and more noise-prone than
Clifford operations, as we detail in Appendix E 5.

In Fig. 6, we report simulations assuming two error
severities such that the average number of errors in the
time evolution circuit is 0.1 (dotted lines) and 0.01 (dashed
lines) by assuming logical errors after each continuous
rotation gate with probability y = 1/(100Ng), and y =
1/(10Ng), respectively, where Ng = NyNpM is the total
number of rotation gates in the Trotter circuits. Indeed,
our DDE approach is robust to both error severities given
the observable expectation values estimated with noisy cir-
cuits (dotted and dashed lines) closely approximate the
estimation errors achieved with noise-free circuits (solid
lines). Given that, in Fig. 6, we choose the observable
to be the Hamiltonian as O = H, we can exploit that O
commutes with the time evolution operator and therefore
our quantum circuits can be significantly simplified (see
Appendix D). Indeed, the optimized circuits yield smaller
errors [Fig. 6(right)] than using the unoptimized circuits
[Fig. 6(left)] for two reasons. First, reduced circuit depths
guarantee less noise accumulation and second, shorter
time evolution durations guarantee less Trotter algorithmic
errors.

C. Variational quantum simulation

While fault-tolerant machines are emerging, it is broadly
expected that the earliest forms of practical quantum
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FIG. 5. Trotter simulation compared with exact time evolution in an 8-qubit Fermi-Hubbard model. (Left) Mean errors in the esti-
mated expectation value (using 10® MC samples and averaging over 10° runs) for an increasing number M of Trotter steps and for
an increasing number # of copies. Mean errors using Trotterization (solid lines) rapidly (in M) converge to errors using exact time
evolution (dashed lines) confirming the robustness of the distillation of dominant eigenproperties approach to algorithmic errors.
(Right, inset) Applying polynomial extrapolation to the real (solid line, circles) and imaginary (dashed line, squares) parts of the single
matrix entries 4(169.5,93.5) (blue) and B(—31.5, —70.5) (orange). The ideal values are also shown for comparison (black triangles).
(Right) Mean errors in the expected value estimation using correlators 4 and B estimated using extrapolated entries (solid lines) closely
approximate mean errors obtained via exact time evolution (dotted lines) confirming the efficacy of extrapolation as an algorithmic

error mitigation technique.

advantage may be achieved with non-error-corrected
devices in simulating the time evolution of relatively sim-
ple quantum systems, with variational simulation tech-
niques [41] considered to be the most promising approach.
Here we consider a simple example from high-energy
physics, the lattice Schwinger model [59], as formulated in
Ref. [60]. Our goal is to estimate the ground state energy
of the corresponding Hamiltonian on 6 qubits, described in
Appendix E 2.

First, we use VQE to obtain an initial state by opti-
mizing parameters in an ansatz circuit | (8)) = U(0) |0)

Unoptimized

Solid: y=0
Dotted: y=1/(100Ng)

100 4 Dashed: y=1/(10Ng)

A(H)

1071 5

10! 102 103 104 10 106
Nmc

using gradient descent and deliberately terminate the
training before convergence (after 50 steps). Here, we
apply 12 layers of a hardware-efficient ansatz with ring
topology and show the training curve in Fig. 7(left),
as well as populations of the 7 lowest energy eigen-
states in the state obtained after 50 training steps. Indeed,
a significant disadvantage of VQE is that it is prone
to getting stuck in local minima [21], which feature
we exploit in the present application: The quantum
state we obtain after only 50 training steps has a suf-
ficiently high p; = 0.53 overlap with the ground state

Optimized

FIG. 6. Noisy Trotter circuit simulation of an 8-qubit Fermi-Hubbard model. The mean error (over 103 independent runs) of the
observable (O = H) expectation value estimate for an increasing number of Monte Carlo samples is shown for increasing logical
error rates (dashed vs dotted) for both unoptimized (left) and optimized (right) circuits. The distillation of dominant eigenproperties
approach is indeed robust against gate errors, given that the observable estimates using noisy circuits (dotted and dashed) closely
approximate the noise-free circuits (solid lines).
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FIG. 7. 6-qubit lattice Schwinger model using variational time evolution. (Left) An initial state is obtained for the distillation of
dominant eigenproperties approach by stopping variational quantum eigensolver (black dots) after only 50 gradient descent steps.
Applying the distillation of dominant eigenproperties approach (dashed lines) improves exponentially on the estimation error of vari-
ational quantum eigensolver as we increase the number of virtual copies. Inset: overlaps |(y|y (0))|*> between the distillation of
dominant eigenproperties approach’s initial state (obtained after 50 VQE iterations) and the lowest energy eigenstates k € [1,7]. The
initial state has an overlap of p; = 0.53 with the ground state and smaller overlaps with excited states. (Right) Mean observable expec-
tation value errors (A (H)) for an increasing number of Monte Carlo samples and number of copies. Dotted lines show results obtained
from exact, while solid lines show the results from variationally simulated time evolution. The initial deviation from the exact ground

state energy is also shown with the dashed horizontal line.

[v1) such that it can be used as an initial state for
DDE.

We choose a main time grid defined by 7 = 50 and
dt = 0.2 and apply ansatz-based variational time evolu-
tion [44,61] using an integration timestep of dz/1000 to
guarantee a sufficiently high fidelity—the fidelity between
the variationally time-evolved state and the exactly time-
evolved state is above 99.4% for all timesteps (as shown
in Fig. 12). For further details on the ansatz-based varia-
tional quantum simulation algorithm, we refer the reader
to Appendix E 4.

Figure 7(left, dashed lines) shows the observable expec-
tation value errors when DDE is applied on these variation-
ally time-evolved states and confirms that as we increase
the number of virtual copies, the VQE energy error can be
improved exponentially. Figure 7(right) shows the mean
observable expectation value errors for an increasing num-
ber of MC samples. Indeed, DDE is robust against algorith-
mic errors introduced by variational time evolution, given
that the observable estimation errors (solid lines) closely
approximate the errors obtained using exact time evolution
(dotted lines).

DDE in combination with variational techniques seems
to be a promising approach for near-term quantum advan-
tage for the following reasons. While VQE is a heuristic
approach that may require exponential resources to con-
verge to the ground state, it almost always gets stuck in
a local minimum [21], and we observe that these local
traps may have sufficient overlap with low-lying eigen-
states in numerical simulations. Applying DDE to these
locally trapped VQE states is guaranteed to exponentially
increase the quality of the observable estimate as long as

efficient time evolution is possible. While variational time
evolution can be conveniently combined with VQE with-
out increasing the ansatz circuit depth, these techniques
typically require a very large number of shots and fine con-
trol of rotation angles [62] to guarantee sufficiently high
time evolution fidelity. We also note that while VQE is lim-
ited to ground states (or to low-lying eigenstates [17]), our
DDE approach can be applied to any eigenstate.

V. QUANTUM-INSPIRED CLASSICAL
SIMULATION

A. Approach

As detailed in Sec. IITE, our approach uses a quan-
tum computer to estimate the correlators A(f,¢) =
(VOO ({)) and B(t,1) = (¥ ()¢ (¢)). However, in a
broad range of practically relevant scenarios, these corre-
lators can instead be obtained using classical simulation
techniques, bypassing the need for a quantum computer.
For example, when the initial state can be represented effi-
ciently as an MPS, time evolution can be implemented
using the well-established time-evolving block decima-
tion (TEBD) algorithm [63,64], and therefore the desired
correlators can be obtained through contractions.

Indeed, tensor networks cannot represent general quan-
tum states efficiently. However, as long as our physical
Hamiltonian of interest admits a time evolution of the
initial state that can be captured by a family of tensor
network states, then DDE can be fully simulated classi-
cally. This also means that DDE can improve and broaden
the class of classical simulation techniques. For example,
while preparing ground states is well-established via, e.g.,
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Matrix product state simulation of a 100-qubit random-field Heisenberg model. (Left) Ground state and excited state energy

estimates for an increasing number # of copies and number of Monte Carlo samples Nyc (triangles) converge to eigenenergy estimates
obtained using alternative techniques—density matrix renormalization group and spectroscopy (dashed lines). This confirms the effi-
cacy of the distillation of dominant eigenproperties approach which, however, is not limited to energy estimation and can be applied to
the estimation of an arbitrary observable in the excited state—whereas obtaining expected values in excited states is nontrivial using
tensor-network techniques. Here we also applied the variance reduction technique detailed in Sec. III C, i.e., the Monte Carlo approach
converges for relatively few samples. (Right) Our rigorous error bounds in Theorem 1 guarantee that the estimation error converges
superexponentially as we increase the Gaussian time window o, demonstrated here for an increasing number of copies using a fixed
number Nyic = 10° (hence the nonsmooth curves, and Myc = 10%3 for n = 8). Note that increasing o increases the depth of time
evolution and thus may require an exponential increase in bond-dimension.

the density matrix renormalization group (DMRG) tech-
nique [65], preparing excited states and highly excited
states is nontrivial using tensor networks.

In contrast, if DDE is supplied with an initial state
that has dominant overlap with one of the excited states,
then time-evolving this state allows us to estimate observ-
able expectation values in the desired excited state without
explicitly preparing it. We demonstrate this application in
the following section. Indeed, time evolution may lead to
an increase in entanglement of the quantum system and
MPS simulation will ultimately be limited to a certain
maximal evolution time, which then limits the achievable
Gaussian window o. This leads to a finite approximation
error in our bounds in Theorem 1 and further suppressing
the simulation error then necessitates a quantum com-
puter—which, however, can efficiently simulate the time
evolution of any physical Hamiltonian.

B. 100-qubit MPS simulation

We demonstrate our quantum-inspired classical DDE
algorithm to obtain ground and excited state properties
of a 100-qubit Heisenberg chain (with open boundary
conditions) in an MPS simulation.

We consider initial states of the form [y (0)) =
c1 |b1) + ¢z 1by), where the amplitudes ¢; and ¢, satisfy
{le11?, le21?} = {0.7,0.3} and {|c;|?, |c2]?} = {0.3,0.7} for
the ground and excited state demonstrations, respectively.
|b1) is the dominant bitstring in the DMRG ground state,
and |b,) is obtained by flipping the single bit in |b;) that
has the least energy (approximation of a low-lying excited
state). We apply TEBD [63,64] to these initial states with a

Trotter error bound 10~* at the maximal evolution time
T =200 using a step size df = 0.5. We report the true
ground and excited state energies in Fig. 8(left, dashed
lines), where the ground state energy was obtained using
DMRG [65]. Our estimate of the excited state energy was
obtained through spectroscopy [29], whereby we com-
puted the overlaps (¥ (0)|v (#)) for all discrete timesteps
t € [0,200] whose Fourier transform is the local density of
states [66] and thus the frequency of the dominant peak
corresponds to the energy of the excited state.

We then use the same time-evolved MPS states to
estimate the correlators A(¢,7) = (Y ()| O |y (¢)) and
B(t,?) = (Y (O|y¥(¢)) and apply DDE for estimating the
expectation value of the Hamiltonian via O = ‘H. Figure
8(left) shows the ground and excited state energies
obtained using DDE for an increasing number of copies
and for an increasing number of MC samples and confirms
that our approach indeed converges to the same energy
estimates as DMRG and spectroscopy. Note that DDE is
not limited to energy estimation and can be applied to esti-
mate the expected value of any observable O in the excited
state that can be represented efficiently as a matrix prod-
uct operator—our motivation for estimating the energy is
to verify DDE against established techniques.

Furthermore, Fig. 8(left) also nicely demonstrates our
MC variance minimization approach detailed in Sec.
NI C, whereby we applied the transformation A(¢,¢) —
A(t, 1) — cB(t,1) via the coefficient ¢ = (¥ (0)| H |1 (0)).
This choice nearly minimizes the MC variance and,
indeed, the MC estimates in Fig. §(left) have sufficiently
low uncertainty for a relatively low number of samples
(please see more details in Appendix F 2).
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In Fig. 8(right), we also demonstrate the exponential
suppression power for the ground state energy estimation
task. This exponential suppression is consistent with our
error bound in Theorem 1 and confirms the scalability
of our approach to large system sizes well beyond exact
diagonalization.

VI. DISCUSSION AND CONCLUSION

In this work, we introduced a hybrid quantum-classical
algorithm, which enables the estimation of eigenstate prop-
erties by distilling the dominant contribution of an initial
input state. Our DDE approach builds conceptually on
purification-based QEM techniques applied to randomly
time-evolved quantum states. In contrast to conventional
VD, which uses multiple copies, our hybrid algorithm
requires only a single quantum register with an ancil-
lary qubit to estimate temporal correlators over a 2D time
grid. In the subsequent classical postprocessing part, the
exponential suppression power is achieved via a high-
dimensional MC integration.

We presented rigorous theoretical guarantees for the
algorithm and proved that estimation errors are suppressed
exponentially as we increase the number of (virtual) copies
and superexponentially as we increase the depth of time
evolution (by increasing a Gaussian window width). Fur-
thermore, we formally introduced performance guarantees
associated with the MC-based classical postprocessing
step using median of means estimators.

We showcased the performance and scalability of our
algorithm through an extensive set of numerical experi-
ments in Sec. [V. We studied the robustness of DDE to
both algorithmic errors associated with Trotterization and
to residual logical errors in quantum gates as relevant
in early fault tolerance. Furthermore, we demonstrated
the compatibility of DDE with near-term-friendly varia-
tional techniques for both initial state preparation and time
evolution.

Our approach is naturally compatible with a broad range
of initial state preparation and time evolution techniques.
For example, while initial state preparation is in general
exponentially expensive, for a broad range of practically
important problems, good initialization is possible, e.g., by
using tensor-network techniques [37,39]. We also demon-
strated that VQE could be used to prepare an initial state
for DDE. Furthermore, while time evolution is one of
the most natural applications of quantum computers, cur-
rent resource estimates suggest that even relatively simple
systems may require deep time evolution circuits. Ran-
domized time evolution formulas can significantly reduce
absolute resource requirements for small to medium-scale
systems and are indeed compatible with DDE [54,67].
While DDE achieves shallow quantum circuits of depth
@(A‘l), its runtime may become impractical when the
spectral gap closes, as relevant, e.g., in glassy systems.

This is, however, a general limitation in quantum com-
puting that is consistent with the Quantum Merlin-Arthur
(QMA) hardness of eigenstate preparation [40,68]. Still,
most candidates for quantum advantage, such as FeMoco,
target gapped Hamiltonians and are therefore well suited
for our approach. Furthermore, our gap dependence may be
reduced significantly by applying quadratic Hamiltonian
factorization, which was originally introduced in the con-
text of adiabatic computation, and recently applied to sum
of squares simulation of the FeMoco Hamiltonian [69—71].

Another promising direction may be to use analog quan-
tum simulation as part of DDE, i.e., applying analog state
preparation with low resource requirements (e.g., using
adiabatic evolution) and then implementing analog time
evolution. Correlators estimated from the analog quantum
simulation experiments would then allow for a better esti-
mate of the expectation value than with the simulation
technique alone.

Finally, we also demonstrated that our approach is viable
as a quantum-inspired classical simulation technique. We
demonstrated that DDE can be effectively combined with
state-of-the-art classical tensor-network methods to esti-
mate both ground and excited state properties, thereby
complementing the existing toolbox of tensor-network
simulation techniques.
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APPENDIX A: RELATED WORKS

Algorithmic cooling techniques [31,32] rely on quan-
tum computation of the same two-time correlations as in
our work, and classical computation of similar integrals
through MC sampling to estimate eigenstate properties.
While these prior works rely on imaginary time evolu-
tion, DDE is based on real-time evolution and provably
converges superexponentially to a mixed state to which
we apply virtual distillation—which latter step provides a
provably exponential error suppression power with respect
to the number of virtual copies. These methods also rely on
prior knowledge of the target eigenstate energy to alleviate
the sampling overhead, similarly to the technique that we
discuss in Sec. III C. While we choose to sample random
time evolutions from a Gaussian distribution, these works
have considered alternative distributions, which may also
prove useful in the context of DDE.

Our work is also closely related to quantum virtual cool-
ing [77], which inputs a thermal state and obtains ground
state properties via virtual purification. This is similar to
applying DDE with the fully quantum implementation of
controlled derangement, rather than offloading the compu-
tational burden to MC-based classical postprocessing, as
discussed in Sec. III A. In our work, the thermal state is
replaced by an average of randomly time-evolved states,
which leads to the following advantages. First, we reduce
the requirement of the number of quantum registers from
n to 1. Second, we enable targeting higher excited states
by appropriately choosing the initial state. Third, we pro-
vide an additional flexibility in how to perform initial state
preparation and classical virtual purification.

Our approach shares similarities with statistical phase
estimation techniques, i.e., it similarly requires only a sin-
gle ancilla qubit and relies on estimating similar objects for
subsequent classical postprocessing. While a range of sta-
tistical phase estimation techniques are known that make
a trade-off between maximal circuit depth and low number
of shots, remarkably, the circuit depth (maximum evolu-
tion time) of DDE matches the optimal @(A’l) scaling
of the algorithms introduced in Refs. [26,27] for energy
estimation.

On the other hand, Refs. [26,27] report a scaling of
@) (p; *€?) with respect to the number of shots but require
prior knowledge of a lower bound on the spectral gap A
and the initial overlap p,. While DDE can operate under
more relaxed assumptions, it requires an increased num-

ber of shots (5(]);2 tn (101 1)6_2). We argue below that (a)
the increased number of shots is inevitable, given DDE is
fundamentally more general, and (b) that we consider prac-
tically important early fault-tolerant settings where p, ~ 1,
which then results in a reasonable number of shots as
demonstrated in our numerical experiments. As a side-
note, we also remark that the approach of Ref. [25] reaches
Heisenberg scaling in the total runtime @(pq‘ 2e~ 1), but it

requires deeper circuits given its O™ scaling.

Let us now illustrate why estimating an arbitrary expec-
tation value in an eigenstate is a more complex task
than estimating eigenenergies given access to an ini-
tial state [40]. Estimating eigenenergies with textbook
phase estimation has a complexity of O(p,2e™") [25,
78,79]. In contrast, using phase estimation to prepare
an eigenstate and then sampling to estimate an arbitrary
expected value would require a significantly increased run-
time O(p,?e ). Remarkably, our sampling-based DDE
matches the complexity of phase estimation combined
with amplitude estimation [80] in its scaling with respect
to the target precision, as the latter has a complexity
of O, 2¢72). We have an increased complexity with

<~ -1
respect to the overlap in the initial state O(p, 2in(l0l )),

However, as we detailed in Sec. I, the most promising
candidates for achieving early quantum advantages are
problems where reasonably good initial states are known
with p, 2 1, thanks to decades of classical advancements.
In these cases, quantum computing is necessary to improve
the precision to a practically useful level, as exemplified by
FeMoco (p, ~ 0.9).

APPENDIX B: PROOFS

1. Proof of Lemma 1

Proof. Explicitly, the time-evolved state is

p(O) = @)Y =Y cicie ™55 [y ) (Yl

ok
(BI)
We can substitute this back into Eq. (1),
[o¢]
o= Gcwpwa
—00
o0 .
= Y gci i [ Goen i 62
—00

Jk
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The integral above is the Fourier transform of the Gaussian
distribution as

00 ) (E;—Ep?o?
/ Ge "G dt =e 72 . (B3)
—00
Substituting this back yields
_ . (B —EpPa?
p:chcke 2 |9 ) (Y|
ik
. @ -Eo?
=D el WUl + > gice 2 1Y) (Yal .
k J#k
o e
(B4)

Let us now bound the Hilbert-Schmidt distance ||£]|ys =
lo — pllus, exploiting the fact that the squared coefficients
Pr = |cx|? form a probability distribution,

2
(E; —Ep)?o?

Y gcte 2 ) (vl

J#k HS

2
(EjfEk)znz
=Z|c,-|2|ck|2<e 2 )

J#k

—A%62 212
<e ™ gl
J#k

=S e = >
Tk %

— e—A202 (1 _ e—Hz(p))

< g%’ <l — (ml?xpk)2> .

2
I€1I4s =

(BS)

Above we introduced the smallest gap in the spectrum of
the Hamiltonian with nonzero contribution in the initial
state, i.e., A = min{|E; — E}| with j, k : |¢;|, |ck| > O}.

Next, we bound || €], the trace distance between the
average state and the diagonal state. This can be written as
the sum of vector norms

€I =D IE &) ll2.
/

(B6)

Here |x1) is the Ith eigenvector of £ with eigenvalue
As, therefore, due to the eigenvalue equation, we have
1€ P} Iz = [4l.

With the notation gy = exp(—(Ej — Ep)?o? /2), each
term of the sum in Eq. (B6) can be written as

2

1€ ) 13 = Z chczgjkxilc

J kA
2 * ! * 1N *
=D lgP | 2o cignni | [ Do cvg@d
J kA K

=l L W le) I, (B7)
J

where ¢ = (¢, ¢3,...), and we introduced the diagonal
matrices W; = diag(gj1,gj2, . ..). With this, the trace norm
of the error term can be bounded as

€N = Z\/ijm (x| W le) 2
! J

2.2
<e 7Y (W) .
1

(B8)

Similarly to the case of the Hilbert-Schmidt norm, here we
also used the fact that (W) )i = gix < exp(—Azaz/Z). The
factor Y, | (xle) | = ||e]l; is the £; norm of the coefficient
vector ¢ in the eigenbasis of the residual operator £. The
vector norm |c|; = 1 is bounded and basis-independent,
but the £; norm is basis-dependent and therefore can in
principle be as large as V2V However, our numerical
demonstrations point to the fact that it remains within a
reasonable scale in practice. This shows that the trace norm
of the error term also vanishes superexponentially with the
standard deviation of the normal distribution. |

2. Proof of Theorem 1
Proof. The quantity of interest is

_ |ul5"0]
Q=S5 — Wal Ol (B9)
which can be bounded as
tr[p" O] tr[p"O]‘ tr[p" O]
— — 0]
Q= ~ wr | a0
(B10)

by the triangle inequality. The second term is simply the
error magnitude |A| from Lemma 2. To bound the first
term, we use the inequality from Ref. [47] as

tr[p"0]  tr[p"O]
tr[p"]  tr[p"]

~n

PP
tr[p"]  tr[p”]

n

‘ < 2|0l

(1311)

Denoting deviations 2 and w such that p” = p” + Q and
tr[p"] = tr[p"] + w, a further use of the triangle inequality
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leads to
" B 0" 0"+ Q B o"
tr[p"] e, |tlp"]l+w  t[p"]],
r___° (B12)
tr[p"] +w  tfo"]ll,  [tlp"] + |,

Both of these terms can be treated using the Maclaurin
series expansion

o0

, oF
”]+a) Z:_)tr[ k1

(B13)

For the first term in Eq. (B12), applying the triangle
inequality to the expansion gives

n n n k

o P o w
tlp"]+w  trlp"] |, T | tle"] ]l = 1tle”]
k
o
Q
sz<—” ,,”1) SNCIEY
=1 \ Pa

where we also used the fact that w = tr[Q2] implies |w| <
[I2]];. The second term in Eq. (B12) can be bounded

similarly as
k
Z(u%)
=2\

(B15)

o0

=2

k=

n] +w tI' n]k+l

Thus, both terms are bounded by the same infinite series
with ||2] /p;’ as the common ratio. We proceed by
expanding p" = (p + £)", which leads to

pkgplgpthfkfl

Il = Zpkep" k4 Z

k=0
l+k<n 2
n—1
o) EpErT R e
k=0 1
n—1 n—2
=2 leeo ™+ o0 [efentep T,
k=0 k,I=0
I+k<n—-2
n—1
+ot o [ERE ] + e,
k=0

(B16)

- n n—
= ( k >pq “IEIT.
k=1

The first inequality follows from the triangle inequal-
ity. The second inequality applies Holder’s inequality,

the monotonicity of Schatten norms, and the fact that
0¥ l0e = p,f for all k. This gives an upper bound on the
base of the infinite series in Eq. (B14) and Eq. (B15) as

Q n
”p,,”‘ < Z( ' )pq"neu’f = (4 I€IL/p)" — L,
q k=1

(B17)
so that Eq. (B12) implies
P <2i(u9ul)k
tr[p"]  t[p"]ll, T =\ P}
< 2mp, €N + OUER).  (BIS)

Piecing all the bounds together through Egs. (B10) and
(B11), we finally obtain

Q] < 1Al + 4np, 0l €N + OCIER.  (B19)

Note that the above expressions assume that we are
interested in the regime of vanishing ||€||;, but higher-
order terms in the upper bound can also be written out
exactly based on Eq. (B17). While these higher-order
terms involve binomial coefficients, the bound

n n k
3 ( \ )qunsn’f =3 (gneul)
=1 \Pa

k=1

(B20)

makes it clear that ||£]|; < p,/(en) serves as a sufficient
condition for the first-order term to be the leading term,
where e is the Euler number.

Finally, let us use the bound from Eq. (B19) to asymp-
totically estimate the resource requirements. Without loss
of generality, we assume

1Q1/2 < 2(p; ! — 1)le” D@D,
After using the monotonicity of Rényi entropies and rear-
ranging the inequality, we get

(B21)

In[4]Q|~'] + Hoo(p")

< —~ . (B22)
In[(pg" — D'+ Hx(p')
From this, we get the scaling n = O(In[|Q|~']).
Similarly, for the second term,
| =22
1Q1/2 S 4np, e 7 llellillOll oo (B23)
By rearranging this, we get
-1

< V21O n] + 2Bl 0] )

A

After Taylor expansion, we get the final scaling o =

O(A~/In[| Q|- 1n]). [ |
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3. Proof of sampling overhead

Consider applying DDE via direct estimation of nonlin-
ear functionals as discussed in Sec. III A. The associated
sampling overhead scales as O (tr[ p"]72) [35,36], which is
upper bounded as

00 k
ulf"] 7 = o' Y (=D Gk + 1) ( - )

= tr[p"]
e Il \*
< tr[p"]? (k+1)( . )
; tr[p"]

< p;2 (1 2m; 1EI + OUER) . (B25)

We used the Maclaurin series expansion for the first equal-
ity. The triangle inequality and the fact that |w| < ||2||; are
applied in the second step. The fact that tr[p"] = ), p >
py and Eq. (B17) are applied in the third step.

Using the bound on the number of copies from Eq.
(B22), in leading terms, the sampling overhead can be

~ 1 .
written as C’)(pqzm(lg| )e_z), where ¢ is the standard

statistical uncertainty. An important observation here is
that the exponent depends only logarithmically on |Q|~!,
meaning that the complexity will be effectively polynomial
in the inverse systematic bias.

4. Proof of Proposition 1
Proof.

7= ( / G)p (1) dr)

= / Gt)p(t)G(B)p(tr) - - G(ta) p(ty) dty - - - dty

- / (]"[ G(zk)) (1"[ p(m) dry - dy,
k=1 k=1

(B26)
thus

t{5"0] = / (]‘[ G(n)) tlp(t) - p(t)O1dry - diy.
k=1
(B27)

Observing that the product in the expression above is
a multivariate Gaussian distribution [];_, G(#%) = G(¥)
and introducing the notation for the trace as F(f) =
tr[p(t) p(%2) . .. p(t,) O] we can compactly write the inte-
gral as
tr[p"0] = / G@)F(¢) dr. (B28)
We can significantly simplify F () by exploiting that
o(tr) = | () (Y (#)| is a projection operator and using

the cyclic property of the trace as

n—1
F(t) = ()| Oy ) [ [ to¥ (te41))
k=1
n—1
= At 1)) [ [ Bt tis). (B29)
k=1
[ |

5. Proof of Theorem 2

Proof. The variance of the function F(f) can be
bounded as

Var (F) = B[F?] — E[F]* < E[F?] < 1, (B30)

where in the last inequality we used that F2(f) < 1 as

/ GOF?(¢) dt < / G dt=1. (B31)

Let  denote the MC empirical mean estimator for the
numerator using Nyach sSamples. With this, the variance of
the estimator can be expressed as

Var (F) a1 (B32)
M batch Nbatch

A similar bound can be proven for the denominator, which

is contained as a special case.

We can repeat the empirical MC estimation K times
for both F and J to obtain K independent estimates of
the numerator and denominator. In practice, this is done
by obtaining 2K Ny, independent samples, dividing them
into 2K batches and computing the empirical mean for
each batch. By taking the median over these means and
computing their ratio, we get an estimate with rigorous
performance guarantees, as detailed below.

With failure probability § = e~X/%, the median of means
is within & distance from the ideal mean, where

£=2[Var (F) < N2, (B33)

We thus have a median of means estimate for both F and
J with a guarantee (£, §). Equivalently, for a fixed failure
probability § and precision &, we get the required number
of batches K = —8log 8 and batch size Nyyen, = 4/£7.

In the following, let us use the notation f = E[F] and
j = E[J]. As such, if we now take the ratio of F' and J
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with high probability, we guarantee that the error will be

S AT
Z ji+1 S’

11]

S

iff =0,
i—
(B34)

] —

Here we used the Taylor expansion of the ratio in the worst
case. Since j is always non-negative, only these two cases
need to be considered, which can be written in a single
bound as

Fi+5
J—§

€=

(B35)

00 .
Z 3
1+1 :

We can now substitute £ from Eq. (B33) and obtain a first-
order estimate as

1+

e<?2 jz

—-1/2 _
N, batc/h + O(N batlch)‘

(B36)

Thus, the ratio of the two median estimators has guarantee
(€, 8). Inverting Eq. (B36) in the limit of large Npach, as
practically relevant in classical postprocessing, we obtain

<4(lf|+J)2

(B37)
j*

N batch

This gives an estimate that is e-close to the ideal ratio with
high probability, i.e.,
P(fxs(F)/pxsJ) — p(F/)| <€) = 1—8. (B3B)
The batch sample size Ny depends on the expected
value |IE[F]| = |tr[p"O]| and can be minimized in the spe-
cial case where tr[p"O] — 0. In this vanishing limit, the
bound simplifies to
Nbatch 4tr[p ] 2672' (B39)
In this case, we get the same sampling overhead, as in the
Lemma 3, therefore, in leading terms, this sample com-

_ -1
plexity can be written as Nygien = O (pq 2n A2 e‘z) |

APPENDIX C: QUADRATURE INTEGRATION

Quadrature formulas can be used to approximate the
integral. While it may seem natural to use Gauss-Hermite
quadrature, that provides an exact formula to approxi-
mate integrals over the whole real line, it is not reliable
in practice [51]. Instead, we can truncate the limits to
some sufficiently high number and apply Gauss-Legendre,
Clenshaw-Curtis, or Riemann quadrature formulas on the

101 A ‘Y"‘\ a -m- n=2
ey \\ 3 n=3
W N
1072 A ¥
* e \
@) \
| 10754 4
S \
= _7 ] '\
10 \
\ a-m-w-E-u-E
\
1079 1 "'y

5 10 15 20 25 30 35 40
Number of gridpoints

FIG. 9. Deviation from the exactly achievable expectation val-
ues O; for n =2 and n =3 copies. The integrals for estimat-
ing the expectation value (O) are computed using the simple
Riemann rule.

truncated interval. With these quadrature formulas, the
multidimensional integral in Lemma 2 is approximated as

tr[p"0] = / ” G(t)F(p) dt

o0

T
~ / GOF(r)dt

T

n—1
~ Al t) [ [ Wh Gt Bt tis),

..ty k=1

(CD)

where the sum is taken over all combinations of time val-
ues #;. Therefore, this computation is exponential in the
number of copies, besides potentially introducing numeri-
cal instabilities.

In Fig. 9, we show the scaling of the error in the num-
ber of gridpoints available, using the simple Riemann rule.
Here, the error is defined as the deviation from the ana-
lytically achievable estimate with the given number of
copies O;. For this demonstration, we consider the same
10-qubit random-field Heisenberg model as in Sec. IV A
and estimate the observable O = Z,. The integrals for the
numerator and denominator are approximated separately
using the Riemann rule, and the estimate (O) is computed
by taking their ratio.

APPENDIX D: OPTIMIZED QUANTUM
PROCESSING IN THE HYBRID
QUANTUM-CLASSICAL ALGORITHM

An unoptimized method to obtain the 4 and B objects
over a 2D grid was presented in Sec. III E, but charac-
teristics of the 4 and B objects enable significant reduc-
tions in the computational resources, including the total
number of distinct quantum circuit evaluations and the
durations of time evolutions involved in each evaluation.
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t<t

2] T

T

Ui HU(r) HU(72) Hoo H U(rs) e

FIG. 10. Quantum circuits involved in the optimized quantum computation step, each accompanied with a table of parameter values
for different cases. (Left) A Hadamard test used to obtain all nontrivial A(¢,¢) and B(¢,#) objects with # < #. The expectation value of
the measurement on the ancilla qubit gives the real (imaginary) part of the chosen two-time correlator when the St gate is applied (not
applied), corresponding to § = 1 (B = 0). The observable O can be applied by decomposing it into a term that commutes (Oy) or does
not commute (O, ) with the Hamiltonian. (right) A direct time evolution followed by a measurement of O for the remaining case of
t = ¢ for A(t,¢). In practice, the time-evolved state can be measured independently in all of the Pauli-basis terms of O and classically
combined. The duration T = ¢ for O, but no time evolution is needed (i.e., T = 0 for all ¢) for Oy.

Such improvements lead to a lower susceptibility to algo-
rithmic and hardware errors, and we demonstrate this by
considering early fault-tolerant devices in Sec. [IVB2. In
the following, we describe how such improvements can be
made and summarize the resulting circuits in Fig. 10. Note
that, while ancilla-free implementations can be applied for
problems with symmetries [81-84], including spin mod-
els with particle-number conservation considered in this
work, here we focus on a general scenario and optimize
the Hadamard test.

First, consider obtaining B(¢, 1) = (Y (¢)|¥ (¢)). Since
B(t,f) =1 V¢, we do not need to compute the diagonal
of the matrix and can assume that ¢ # ¢. Furthermore, we
only need to compute the case where ¢ > ¢ (i.e., the lower
triangular part), since the other half can be obtained triv-
ially by taking the complex conjugate as B(¢,t) = B(t,1)*.
Finally, (y()[¥ (1)) = (Y (0)|U( — 1[4 (0)) implies that
we only need to evaluate B(z,¢) once for each fixed ¢ — ¢,
and the total duration associated with the Hadamard test is
shorter than the unoptimized construction unless # > 0 and
t < 0, in which case they are both equal to [¢| + |¢]. Utiliz-
ing these symmetries, only N7 — 1 entries are sufficient to
resolve the whole B matrix.

Next, consider obtaining A(t,7) = (Y ()| O ¥ (¢)). As
in the case of B(z,¢), we only need to obtain the lower
half triangle since A(¢,f) = A(t,¢)*. The diagonal, A(z, 1),
can be obtained without introducing ancilla qubits, simply
by applying U(?) Upie to |0) and measuring the observ-
able as shown in Fig. 10(right). To obtain the remaining
entries, suppose we know a decomposition of O as O =
O + O, where [0, H] = 0 and [0, H] # 0. The eval-
uation of A (t,#) = (Y (O] Oy |¥(¢)) can be simplified
further compared to 4, (¢,7) = (Y (®)| OL |y (¢)), and the

desired quantity can be obtained by combining them as
A, ') =Ay(t,f) + A, (¢, 1) for all ¥ > t. Note that O =
O, in the important case where [O, H] = 0 (i.e., when con-
sidering symmetries). As before, each of O and O, can
be treated, e.g., by decomposing it into its Pauli basis or by
block encoding.

Due to commutativity, A(t,¢) = (¥ (0)| OyU{ — 1)
|¥(0)), so the evaluation of 4;(z,¢) is similar to that of
B(t,?). Particularly, the same argument as for B implies
that only N7 entries need to be evaluated. The one addi-
tional entry needed in this case corresponds to a diagonal
entry, which can be obtained from the ancilla-free circuit
shown in Fig. 10(right). Moreover, this ancilla-free circuit
does not require any time evolution, since commutativity
implies that 4 (£, ) = (¥ (0)| Oy |¥(0)). For the remaining
case of /' > t, the quantum circuit used is similar to that of
B, but includes the additional controlled O) operation.

The same argument does not hold for 4, (z,7), and all
%NT(N 7+ 1) entries of the matrix must be obtained. How-
ever, the total duration of the controlled time evolutions
can still be reduced when ¢ and ¢ have the same sign.
When 0 < ¢ < ¢, for example, 4, (t,) = (Y ()| O LU —
f) | (¥)), such that a time evolution of duration # can be
performed without being controlled by the ancilla qubit,
and the controlled time evolution has a duration given
by the time difference # — z. The same holds when ¢ <
¢ < 0, such that the total duration of the time evolu-
tions in each of these cases is max{|/|,|f|} as opposed
to |#] + |¢| required in the unoptimized construction. All
of the simplifications discussed so far do not hold for
Ay (t,¢) with t < 0 and ¢ > 0, and we apply the same cir-
cuit as the unoptimized construction just for this remaining
case.
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APPENDIX E: DETAILS OF NUMERICAL
EXPERIMENTS

In all numerical experiments, the standard deviation of
the normal distribution is set relative to the maximum evo-
lution time as o = 7/4. We note that while the median of
means estimation provides rigorous performance guaran-
tees, it introduces an additional hyperparameter. Therefore,
in the present numerical experiments we simply use an
empirical mean estimator which has a similar performance
in practice. In all numerical experiments we report the
performance in terms of the mean absolute error A(O) =
(1/K) Y, 1{0); — (0)*| over K independent runs, where
(0); is the ith independent estimate of the ratio, and (O)* is
the exact expectation value (in the case of MPS simulation
it is not exact, but obtained using alternative techniques).

1. Random-field Heisenberg model

We consider the 1D Heisenberg chain with periodic
boundary conditions, random local magnetic fields and
nearest neighbor interactions as

N

N
H:ngj '§j+1+zhjzj-
j=1 ‘

J

(ED)

Here §j = [Xj, Y, Zj] is a Pauli vector on qubit j, J is a cou-
pling constant, and s; € [—h, h] is sampled uniformly at
random. In our demonstrations, we use J = 0.1 and # = 1.

2. Lattice Schwinger model
For the demonstrations involving variational meth-
ods, we considered a simple toy model in high-energy
physics. We use the lattice Schwinger model [59] in its
spin Hamiltonian formulation [60] H = Hzz + H+ + Hy.
These individual Hamiltonian terms are defined as

J N—-1
Hzz = - o> zz
n=2 1<k<lI<n
J = m
Ha=2 3 0= (=" 2 sin@)X X1 + YaYs]

n=1

mcosf J =l "
Hy = > ;(—1)"2,1 -3 X_;(nmodZ) ;Z;.

(E2)

We set the hyperparameters heuristically to J = 1.0, m =
0.1,6 =0.5,and w = 0.1.

3. Fermi-Hubbard model

The Fermi-Hubbard model describes the behavior
of interacting fermions and is defined by the second-
quantized Hamiltonian

7:[ = —t Z(CZSCJ',S + C}:SC,',S) + UZ nipn;y . (E3)
(ij).s i

The operators cj’s, Cjs, and nj; = c}tscj,s denote creation,
annihilation, and particle-number operators, respectively,
at site j and spin s. The sum over (i,j) runs over all
neighboring lattice sites i and j. The first term corresponds
to the tunneling of fermions with tunneling amplitude ¢,
and the second term accounts for on-site interactions with
interaction strength U.

In this work, we consider a 2 by 2 square lattice with
t=1 and U = 12 and impose periodic boundary condi-
tions. After applying the Jordan-Wigner transformation,
we obtain a Hamiltonian defined on 8 qubits,

H =12 —0.5X.X — 0.5X:X3 — 0.5X3X; — 0.5X5Xs
— 0.5XeX7 — 0.5X7X5 — 0.5Y,Y> — 0.5Y,Y; — 0.5Y3 Y,
—0.5YsYs — 0.5YY7 — 0.5Y7Ys — 32 — 32,

— 37y — 0.5X,2,Z5Xs — 0.5Y1 2,73 Y4 — 3Z4 — 3Zs

+ 32175 — 3Z¢ + 37276 — 377 + 37374

— 0.5X5Z¢Z7Xs — 0.5YsZ¢Z7Ys — 323 + 3Z4Z5.  (E4)
In the time evolution of the hybrid quantum-classical
algorithm, it is important to choose an initial state that has
a high overlap with the target eigenstate. By choosing the
lowest energy state within the subspace of four spins as the
target state, we explicitly diagonalize the Hamiltonian and
identify the computational basis states that have the high-
est overlap with it. Since two computational basis states
have equally dominant overlap with the target eigenstate,
we choose the initial state to be an equal superposition
between them, which is \/%(HO 100101) + 01011 010))
with an overlap of p, ~ 0.62. Note that this is a state
that can be easily prepared by applying bit flips onto a
Greenberger-Horne-Zeilinger state, as shown in Fig. 11.

4. Ansatz-based variational quantum simulation

Variational quantum simulation leverages the varia-
tional principle to simulate the dynamics of quantum
systems. This method is particularly useful for near-term
quantum hardware, where implementing deep quantum
circuits may not be feasible.

In our demonstration, we rely on an ansatz-based
approach, using the hardware-efficient ansatz with ring
topology, as shown in Fig. 13. Using the time grid with
T =50 and dt = 0.2, we define the step size of the sim-
ulation algorithm as §¢ = dt/1000. Having the optimized
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FIG. 11. An example of a quantum circuit that prepares the
initial state T(IIO 100 101) + 101011 010)) when applied onto
the all zero state |00 000 000) (i.e., Ujnit) considered in the Fermi-
Hubbard model. The circuit can be viewed as applying bit flips
onto a Greenberger-Horne-Zeilinger state.

parameters at t = 0, we seek to estimate the parameters
corresponding to the time-evolved state at each step. For
this, we need to solve, the linear system of equations

ZAR 0 =Cl, (ES)
where
Ay = 3 (Y (0(0)] 3|y (0(1) E6)
0; 6;
is the quantum metric tensor, and
G = <w9( i1y 0) (E7)

is the gradient vector. Here A%, and C! denote the real
and imaginary parts respectively. By solving for the time
derivatives @, we can compute the updated parameters at
the next timestep as 6/ = 6, + 6,8¢. In practical scenarios,
the quantum metric tensor can be ill conditioned, therefore
instead of solving (ES5) we find the time derivatives, that
minimize the Tikhonov-regularized system

S, = cl.
J

where M = 4 + A1, and we set L. = 10~%.

It is obvious from this update rule that the fidelity of
the states in this iterative process highly depends on the
step size. Therefore, we chose §¢ small enough to maintain
high fidelity. The fidelity of the variationally time-evolved
states [y (0(¢))) compared to the exact time evolution
|¢(?)) is shown in Fig. 12.

(E8)

1.000 4

0.999 1

0.998 A

0.997 A

0.996 A

(@B |w(O(1)))]?

0.995 1

0.994 1

-40 -20 0 20 40
Time

FIG. 12. Fidelity of the variationally time-evolved states.

5. Early fault-tolerant quantum devices

For our simulations in Sec. IV B2, we assume that the
dominant error source of an early fault-tolerant device
is the approximation of continuous rotation gates by
sequences of Clifford+T gates, which noise model is often
assumed in the literature [29,56—58]. Since the magic state
distillation required to implement T gates with sufficiently
suppressed errors is costly, an early fault-tolerant device
would have to resort to shallow approximation sequences.
This results in deviations from the ideal continuous rota-
tion gate, which we model by applying small depolariz-
ing errors after continuous rotation gates [56,57,85] are
applied.

Both the unoptimized construction described in Sec.
[II E (shown in the quantum computation step of Fig. 1)
and the optimized construction given in Appendix D
(shown in Fig. 10) involve either direct or controlled time
evolutions generated by the Hamiltonian with the term pro-
portional to the identity operator removed. When applying
Trotterization as in Sec. IV B 1 for the Fermi-Hubbard
Hamiltonian in Eq. (E4), each continuous rotation gate is
generated by a Pauli string of the form S;Z;,...Z;_S;
with S € {X, Y, Z}. Errors for rotations that correspond to

{1 &x J{ Rz | By |

N [7:]

N ]
I rx Rz || By b—9— R ]
{1 &x | Rz | Ry |9 R~ ]

{Rx { Rz | Ry | Rz |

FIG. 13. A single layer of the hardware-efficient ansatz used
for variational quantum simulation.
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FIG. 14. Exact simulation results for a 10-qubit random-field Heisenberg model, considering shot noise. Here, we used the same
settings as in Fig. 4. The effect of having a finite number of shots N; was modeled by adding random noise sampled from a Gaussian

distribution with standard deviation set to 1/4/Nj.

terms with i =j orj =i+ 1 are modeled by single-qubit
depolarizing errors occurring with equal probabilities on
qubits i andj (without double-counting when i = j ). Since
a network of fermionic SWAP gates are able to remove the
Z operators sandwiched between S; and S; in the rest of
the terms [86—88], we model errors for these more gen-
eral rotation terms similarly by only applying depolarizing
errors on qubits i and j. When the time evolution is con-
trolled by the state of an ancilla qubit, the ancilla qubit
is also subject to a depolarizing error with the same error
probability.

APPENDIX F: ADDITIONAL NUMERICAL
RESULTS

1. Exact simulation with shot noise

We also consider shot noise arising from the finite num-
ber of quantum circuit evaluations for the random-field
Heisenberg model, rerunning the MC estimator with noisy
data. For a single Pauli string, sampling the quantum
state corresponds to sampling from a binomial distribu-
tion B(N;, p), and this can be approximated by a Gaussian

== Initial error =~ =—— n=2

101 4

10*1 4

1072

FIG. 15.
of'a 100-qubit random field Heisenberg model.

distribution N (Nyp, Nyp (1 — p)) for large number of shots
N;. Considering the upper bound p(1 — p) < 1, we model
the effect of shot noise on the corresponding 4 and B
objects by sampling from the Gaussian distribution with
standard deviation 1/4/N;. We consider cases where both
the real and imaginary parts of each entry of the 4 and
B correlators are estimated using 10, 100, or 1000 uncor-
related shots. The corresponding results are shown in
Fig. 14.

With a standard deviation corresponding to only 1000
shots, our MC method shows similar performance to the
noiseless case. Considering fewer shots, we get irregular
behavior that does not necessarily reach the theoretical per-
formance of the noiseless results, but in most cases, it still
suppresses the initial error along with the shot noise itself.

2. MPS simulations with variance reduction

We compare the effect of the variance reduction method
described in Sec. IIIC for the ground state estimation
with MPS simulation. In Fig. 15 we show the error com-
pared to the DMRG energy without (left) and with (right)
the variance reduction for different number of copies and

10*1 4

1072

10! 10? 10° 10 10 106
Nwuc

Matrix product state simulation results without (left) and with (right) the variance reduction technique for the ground state
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increasing number of MC samples. It is clear that the ini-
tial bias without the reduction technique can be substantial,
when it is not yet suppressed by the number of samples.
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